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Physics at its core is an experimental pursuit. If one theory
does not agree with experimental results, then the theory
is wrong. However, it is becoming harder and harder to
directly test some theories of fundamental physics at the high
energy/small distance frontier exactly because this frontier is
becoming technologically harder to reach.The Large Hadron
Collider is getting near the limit of what we can do with
present accelerator technology in terms of directly reaching
the energy frontier. The motivation for this special issue was
to try and collect together ideas and potential approaches to
experimentally probe some of our ideas about physics at the
high energy/small distance frontier. Someof the papers in this
special issue directly deal with the issue of what happens to
spacetime at small distance scales. In the paper by A. Aurilia
and E. Spallucci a picture of quantum spacetime is given
based on the effects of ultrahigh velocity length contractions
on the structure of the spacetime.Thework of P. Nicolini et al.
further pursues the idea that spacetime has a minimal length.
The consequences of this minimal length are investigated
in terms of the effects it would have on the gravitational
collapse of a star to form a black hole. In the article by G.
Amelino-Camelia et al. the quantum structure of spacetime is
studied through the Fermi LATdata on theGammaRayBurst

GRB130427A. The article by S. Hossenfelder addressed the
question of whether spacetime is fundamentally continuous
or discrete and postulates that in the case when spacetime is
discrete it might have defects which would have important
observational consequences.

Shortly after the formulation of general relativityTheodor
Kaluza proposed the idea that one could unify gravity and
electromagnetism by allowing spacetime to have four spatial
dimensions rather than the three spatial dimensions which
are normally observed. Depending on the size of the extra
dimensions, one might have interesting and observable con-
sequences connected with these extra dimensions.The article
by M. Gogberashvili and P. Midodashvili investigates gravi-
tational and scalar field standing waves in a five-dimensional
spacetime (one time dimension and four spatial dimensions).
Their model gives rise to standing wave modes which could
lead to observable consequences at accelerators. The paper
by A. Chopovsky et al. argues that there are constraints in
certain extra dimensional models which lead to an absence
of Kaluza-Klein excitations.

In the past decade or more, satellite experiments such
as COBE, WMAP, and PLACNK have given us new insight
into the fundamental workings of the Universe. The results
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of these and other observational cosmological experiments
have shown that there is much in the Cosmos that we still
do not understand (e.g., dark energy), but through studying
these unknown quantities hopefully a better understanding
of the fundamental laws of physics will emerge. The work
of R. Peron studies and discusses how the LAGEOS satellite,
launched mainly for geodetic and geodynamical purposes,
is being used to perform studies of fundamental physics.
In the paper by Y. V. Dumin the application of nonlocal
quantum effects to the large scale structure of the Universe is
investigated, using an analogy with superconducting multi-
Josephson-junction loops and ultracold gases in periodic
potentials.Thework of T. Asselmeyer-Maluga and J. Król uses
the idea of exotic smoothness of spacetime to propose that
the initial inflationary phase of the Universe was caused by a
topological phase transition.

One of the first steps in the direction of formulating a
quantum theory of gravity is Stephen Hawking’s results that
black holes give off a thermal radiation at a temperature
inversely proportional to the mass of the black hole. This
result is the consequence of studying quantum fields in a
curved spacetime background. However, astrophysical black
holes have Hawking temperatures too small to detect with
present technology. To this end people have looked at analog
systems which exhibit phenomenon similar to Hawking
radiation. The work of P. Castorina and H. Satz looks at
the idea that some unusual features of high energy collision
can be explained by invoking thermal hadron production via
Hawking-Unruh-like radiation.The paper by R. Balbinot and
A. Fabbri looks at the Hawking effect in terms of the analog
system of Bose-Einstein condensates, where one has acoustic
black holes, with quanta of light (i.e., photons) replaced by
quanta of sound (i.e., phonons) and with the black hole event
horizon replaced by an acoustic horizon.

Much of modern physics is based on symmetries (e.g.,
gauge symmetries and spacetime symmetries) and in some
cases the breaking of the symmetry (e.g., the breaking of
some of the gauge symmetries of the Standard Model of
particle physics via the Higgs mechanism). The paper by S.
A. Hojman and B. Koch looks at the gauge symmetry of E&M
which would, if unbroken, predict that the photon is exactly
massless. S. A. Hojman and B. Koch derive an astrophysical
lower bound on the photon mass, which when combined
with the present experimental upper bound would imply that
the photon is required to be exactly massless—the gauge
symmetry of E&M is not broken. The work by A. G. Lebed
studies potential violations of the Equivalence Principle,
which forms the conceptual basis of general relativity via
the superposition of quantum states. The violations of the
Equivalence Principle proposed by A. G. Lebed lead to
experiments which can be performed using satellites in Earth
orbit.

By editing the present volume, we offer a panoramic
overview of the experimental and phenomenological aspects
of quantum gravity and exotic quantumfield theory effects to

inspire future investigation in this fundamental and develop-
ing field.

Emil T. Akhmedov
Stephen Minter
Piero Nicolini

Douglas Singleton
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The spacetime around Earth is a good environment in order to perform tests of gravitational theories. According to Einstein’s view
of gravitational phenomena, the Earth mass-energy content curves the surrounding spacetime in a peculiar way. This (relatively)
quiet dynamical environment enables a good reconstruction of geodetic satellites (test masses) orbit, provided that high-quality
tracking data are available. This is the case of the LAGEOS satellites, built and launched mainly for geodetic and geodynamical
purposes, but equally good for fundamental physics studies. A review of these studies is presented, focusing on data, models, and
analysis strategies. Some recent and less recent results are presented. All of them indicate general relativity theory as a very good
description of gravitational phenomena, at least in the studied environment.

1. Introduction

Thegeneral theory of relativity byAlbert Einstein is nowadays
themost precise description of the gravitational dynamics we
have at our disposal. Notwithstanding its precise accounting
of gravitational interaction as the effect of curved spacetime
on the dynamics of matter and the other fundamental
fields, it is challenged by several theoretical ideas, mainly
related to the search for a quantum theory of gravitation
and to the unification of gravitation itself with the other
known fundamental interactions of nature. These issues
are ultimately related to the question mark on the small-
scale structure of spacetime and to the appearance in the
theory of singularities. At the astrophysical and cosmological
levels, several unresolved problems may imply a revision of
our knowledge of gravitational phenomena. All these issues
reflect themselves also on the smaller scale of Solar System,
in particular the near-Earth environment, where—thanks to
space exploration andmore andmore advanced experimental
techniques—many experimental setups can be conceived and
put in place.

Among the ways to test gravitational dynamics one of the
simplest is to follow (track) the motion of an object orbiting
in the gravitational field produced by another, bigger one (the
primary). The orbiting object should be as close as possible
to a point mass, in order not to perturb in a significant way
the gravitational field of the primary; it should be what is
called a test mass. A suitable modellization (analytical or
numerical) of this system gives a prediction for the resulting
orbit which can be compared with experimental tracking
data. Such a scheme is rather general and could be applied
to a variety of experimental situations. We describe here a
particular such situation, given by the availability around
the Earth of objects (satellites) specifically designed to be as
much as possible close to the ideal concept of a test mass:
the LAGEOS satellites [1]. These, as well as similar ones,
have been designed, built and launched for geodetic and
geodynamic purposes. In 2012 the LARES satellite has been
launched and placed in orbit around Earth. The data from
this new laser-ranged satellite, together with those of the
LAGEOS, are expected to open the way to still more accurate
tests of general relativity; See, for example, [2]. The study of

Hindawi Publishing Corporation
Advances in High Energy Physics
Volume 2014, Article ID 791367, 12 pages
http://dx.doi.org/10.1155/2014/791367

http://dx.doi.org/10.1155/2014/791367


2 Advances in High Energy Physics

their orbital motion, indeed, helps to characterize the fine
details of the Earth gravitational field (and therefore of its
structure and composition) and to establish and maintain
a global reference frame with applications that range from
astronomy to navigation (see, e.g., [3, 4]).

The LAGEOS are target for laser pulses sent from
ground stations, used to calculate their instantaneous dis-
tance (range); the outstanding precision of this tracking
technique, named satellite laser ranging (SLR), allows a
precise determination of their orbits. This can be done with
dedicated procedures and a finemodelling of their dynamics.
Along the years, the availability to the scientific community
of the ranging data allowed a variety of studies. Many of
them, as said above, are related to geodesy and geophysics.
At the same time, however, it is possible to exploit the same
data to perform fundamental physics tests, by comparing the
(measured and reconstructed) orbit with the ones predicted
by several, competing, gravitational theories.This very simple
objective requires a number of steps to be performed, which
will be described in the following. It has to be stressed that,
in this quest, to better data better models must follow. This
is especially true since the sought for signals often lie several
orders of magnitude below the “competitive” signals.

2. Gravitational Physics Opportunities

As mentioned above, along the years the LAGEOS satellites
turned out to be very good targets to be tracked. They
materialize very finely (though not exactly) the ideal concept
of a test mass, which has to satisfy the following requirements
[5]:

(i) no electric charge,

(ii) gravitational binding energy negligiblewith respect to
rest mass-energy,

(iii) angular momentum negligible,

(iv) sufficiently small to neglect tidal effects.

An ideal test mass follows a purely gravitational orbit (a
geodesic in metric theories) and is therefore an appropriate
tool to study gravitational phenomena.

2.1. Relativistic Effects on Test Masses around Earth. General
relativity, in its weak-field and slow-motion limit, provides an
effective description of the gravitational phenomena around
Earth. The weak-field condition considers the spacetime
curvature so small that the metric can be written as 𝑔𝜇] =

𝜂𝜇] + ℎ𝜇] (Minkowski metric plus a “small” perturbation).
The slow-motion condition requires V ≪ 𝑐. Given the relative
smallness of the masses at play, as well as that of their speed
when compared with that of light, this approximation of
the theory is sufficient for the purpose. A formulation of
the relevant equations of motion in a geocentric noninertial
reference system (nonrotating with respect to the barycentric
one) is given in [6], from which we quote the relevant
terms. The analyses described here are consistent with this
formulation.

A test mass orbiting around Earth is subjected in its
motion to three main relativistic effects. The biggest contri-
bution comes from the gravitoelectric curvature of spacetime
induced by the Earth mass-energy:

𝑎Schw =
𝐺𝑚E
𝑐2𝑟3

[(
4𝐺𝑚E
𝑟

− V2) 𝑟 + 4 (V ⋅ 𝑟) V] . (1)

This is called Einstein or Schwarzschild precession [7]. The
satellite, in its motion around Earth, follows its revolution
in the spacetime curved by the Sun mass-energy; this (via
parallel transport of the normal to the satellite orbit) induces
the de Sitter or geodetic precession [8]:

𝑎dS = 2Ω × V Ω ≈ −
3

2
(𝑉E − 𝑉S) ×

𝐺𝑀S𝑋ES
𝑐2𝑅

3

ES
. (2)

In general relativity, unlike Newtonian physics, mass-energy
currents also cause effects, named gravitomagnetic (see [5]).
In particular, Earth intrinsic angular momentum curves
spacetime and induces a further effect on the satellite orbit,
called Lense-Thirring effect [9, 10] (also termed dragging of
inertial frames in a more general setting):

𝑎LT =
2𝐺𝑚E
𝑐2𝑟3

[
3

𝑟2
(𝑟 × V) (𝑟 ⋅ 𝐽) + V × 𝐽] . (3)

In the previous expressions, 𝑐 is the speed of light, 𝐺 the
Newtonian gravitational constant, 𝑚E and 𝐽 are Earth mass
and angular momentum, 𝑟 and V are the test mass position
and velocity in the geocentric frame,𝑀S is the Sun mass, 𝑉E
and𝑉S are the Earth and Sun geocentric positions, and𝑋ES is
the geocentric Earth-Sun vector, with distance 𝑅ES.

Using the methods of celestial mechanics (in particular
first-order perturbation theory), the secular effects of rela-
tivistic corrections in the satellite Keplerian elements can be
evaluated (see, e.g., [11]). In first-order perturbation theory,
two kinds of behavior for a given element can arise. The
first is a term ∝ sin 𝑡 or cos 𝑡; this is called periodic. The
second is a term∝ 𝑡 (or higher powers); this is called secular,
since it tends to accumulate over time. It turns out that the
Schwarzschild term is mainly effective on the argument of
perigee

̇𝜔Schw =
3(𝐺𝑀⊕)

3/2

𝑐2𝑎5/2 (1 − 𝑒2)
, (4)

the de Sitter one on the longitude of the ascending node

Ω̇dS = |Ω| cos 𝜀 (5)

(with 𝜀 obliquity of the ecliptic) and the Lense-Thirring one
on both node

Ω̇LT =
2𝐺𝐽⊕

𝑐2𝑎3(1 − 𝑒2)
3/2 (6)

and perigee

̇𝜔LT =
−6𝐺𝐽⊕

𝑐2𝑎3(1 − 𝑒2)
3/2

cos 𝐼. (7)

Numerical values can be found in Table 1.
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Table 1: Rate (mas/yr) and orbital shift (over 14 days) of the different types of secular relativistic precession on LAGEOS and LAGEOS II
longitude of ascending node and argument of pericenter, and their sum (1mas/yr = 1 milli—arc—second per year).

Precession Rate (mas/yr) Shift (m)

LAGEOS
Δ ̇𝜔

Schw 3278.77 7.49
ΔΩ̇

LT 30.88 7.46 × 10
−2

Δ ̇𝜔
LT 32.00 7.31 × 10

−2

LAGEOS II
Δ ̇𝜔

Schw 3351.95 7.60
ΔΩ̇

LT 31.48 7.14 × 10
−2

Δ ̇𝜔
LT

−57.00 −1.29 × 10
−1

Are the expected values compatible with the uncertainty
associated with tracking data? An estimate of the orbital shift
due to each effect can be obtained for nearly circular orbits by
Δ𝑥|14𝑑 ≃ 𝑎Δ𝛼|14𝑑; here 𝑎 is the semimajor axis of the orbit and
Δ𝛼 is the precession (on node or perigee) integrated over the
14-day estimation period.The values can be seen in the fourth
column of Table 1: given a typical SLRNormal Point precision
of ≃1mm, we can notice that the Schwarzschild signal is well
above the noise, while the gravitomagnetic one is barely above
it.

Another important issue is testing for the inverse-square
law behaviour of gravitation. On one side, this is useful to
better characterize gravitation itself, especially in the short
and intermediate range. On another side, possible violations
of this behaviour could be related to new interactions between
bodies acting at macroscopic distances (new long range
interaction (NLRI)). In addition, theseNLRIsmay be thought
of as the residual of a cosmological primordial scalar field
related to the inflationary stage (dilaton scenario) [12].

Usually this supplementary interaction is modelled via
a Yukawa-type potential added to the Newtonian one, such
that, between two bodies of masses 𝑚1 and 𝑚2, respectively,
at distance 𝑟 apart

𝑉 = −𝛼𝐺∞

𝑚1𝑚2

𝑟
𝑒
−𝑟/𝜆

. (8)

Here the Yukawa-type part has a characteristic range 𝜆

beyond which it becomes negligible, and a relative strength
𝛼 with respect to the Newtonian part 𝐺∞ is the Newtonian
constant of gravitation in the limit 𝑟 → ∞. The suggestion
in the eighties of a possible “fifth force” [13] boosted further
research on this (see also [14, 15] for reviews and [16] for
recent results).

An adequate observable in order to test for such non-
Newtonian behaviour is the pericenter of a binary system. A
perturbative analysis of pericenter shift has been performed
in [17]. The effect is maximum at a scale comparable with
the system semimajor axis; therefore, in the Earth LAGEOS
II case, the experiment would be sensitive mainly to an
interaction with 𝜆 ≃ 𝑎 (𝑎 being the semimajor axis of
LAGEOS II orbit). The maximum secular effect is given by

⟨Δ ̇𝜔
Yuk
⟩
2𝜋
≃ 8.29 ⋅ 10

11
𝛼 (mas/yr) (9)

and it corresponds to the peak value at a range 𝜆 = 6082 km,
very close to 1 Earth radius.

2.2. Measurement Concept. Among the various techniques
used to track satellites, SLR is one of the most precise [18]. It
uses the propagation of a collimated laser pulse to measure
the instantaneous distance between a station on Earth and
a satellite. At the ground station a definite laser pulse is
generated and—through a telescope—is sent towards the
satellite, where it is reflected back in the same direction by
optical elements called cube corner retroreflectors (CCR); it
then comes back to the same station, and it is focused by
the telescope and detected by a proper sensing device. By
precisely measuring the start and stop times of the pulses, it
is then possible to recover the instantaneous station-satellite
distance (range):

Δ𝑠 =
𝑐Δ𝑡

2
. (10)

This is of course the basic concept of the measurement. In
practice, things are made more complex from having to take
into account various phenomena, from the propagation of the
pulse in the atmosphere to instrumental biases due to (among
other things) laser stability, detector, and timing device. A
hint into the complexities of each single measurement can
be found in [19]. Laser range observations from the various
stations on the globe are collected by the International Laser
Ranging Service (ILRS) [18] and are publicly available.

Presently, the two (almost twin) LAGEOS satellites
are among the best tracked ones through SLR. LAGEOS,
launched by NASA (1976), and LAGEOS II, launched by
NASA/ASI (1992), have been designed spherical in shape,
with high density and small area-to-mass ratio in order to
minimize the effects of the nongravitational perturbations
[20]. Their radius is just 30 cm and their mass about 407 kg.
Their aluminum surface is covered with 426 CCRs. LAGEOS
has an almost circular orbit, with an eccentricity 𝑒I ≃ 0.004,
a semimajor axis 𝑎I ≃ 12270 km and an inclination over the
Earth’s equator 𝑖I ≃ 109.8

∘. The LAGEOS II corresponding
elements are: 𝑒II ≃ 0.014, 𝑎II ≃ 12162 km and 𝑖II ≃ 52.66

∘.
Their aluminum surface is covered with 426 CCRs.

In the analyses described here, a multiarc technique has
been employed [21]. The time period considered in the data
analysis has been divided into shorter periods, called arcs.
For each arc, the tracking data are reduced, resulting in
an estimate of the state vector (position and velocity) at
the beginning of the arc and of selected parameters for the
dynamics. A very precise orbit is therefore obtained for each
arc, which can be expressed in terms of Keplerian elements.
The arcs have a 1-day overlap, calculating the difference in
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Table 2: Magnitude of the main disturbing effects on the LAGEOS II spacecraft (adapted from [20]).

Effect Estimate Magnitude (ms−2)

Earth’s monopole
𝐺𝑀

⊕

𝑟2
2.69

Earth’s oblateness 3
𝐺𝑀

⊕

𝑟2
(
𝑅

⊕

𝑟
)

2

𝐶
20

−1.1 × 10
−3

Low-order geopotential harmonics 3
𝐺𝑀

⊕

𝑟2
(
𝑅

⊕

𝑟
)

2

𝐶
22

5.4 × 10
−6

High-order geopotential harmonics 19
𝐺𝑀

⊕

𝑟2
(
𝑅

⊕

𝑟
)

18

𝐶
18,18

1.4 × 10
−12

Moon perturbation 2
𝐺𝑀P

𝑡
3

P
𝑟 2.2 × 10

−12

Sun perturbation 2
𝐺𝑀

⨀

𝑟
3

⨀

𝑟 9.6 × 10
−13

General relativistic correction
𝐺𝑀

⊕

𝑟2

𝐺𝑀
⊕

𝑐2

1

𝑟
9.8 × 10

−10

Atmospheric drag 1

2
𝐶

𝐷

𝐴

𝑀
𝜌𝑉

2
3.4 × 10

−12

Solar radiation pressure 𝐶
𝑅

𝐴

𝑀

Φ
⨀

𝑐
3.2 × 10

−9

Albedo radiation pressure 𝐶
𝑅

𝐴

𝑀

Φ
⨀

𝑐
𝐴

⊕
(
𝑅

⊕

𝑟
)

2

3.5 × 10
−10

Thermal emission 4

9

𝐴

𝑀

Φ
⨀

𝑐
𝛼
Δ𝑇

𝑇
0

2.8 × 10
−11

Dynamic solid tide 3𝑘
2

𝐺𝑀P

𝑟P
(
𝑅

⊕

𝑟P
)

2
𝑅

3

⊕

𝑟4
3.7 × 10

−6

Dynamic ocean tide ∼0.1 of the dynamic solid tide 3.7 × 10
−7

elements at the middle of this overlap provides time series of
residuals which contain information on the part of dynamics
which has not been modelled (or has been mismodelled).
The fundamental observable being the range, strictly also the
residuals, in theirmeaning of “observedminus computed”, are
range.The elements difference method used in these analyses
retains the concept for the various Keplerian elements, as
shown in [22].The analysis of the residuals time series allows
recovering a posteriori the signature of effects which have not
been modelled, as it was purposely done for the relativistic
part.

2.3. Analysis Strategy. The tracking data contain the informa-
tion associated with the satellite dynamics, as well as with the
measurement procedure and the observational “constraints”
(i.e., station positions, reference frames). This information
has to be extracted in someway from the data.The problem is
not trivial, considering the relative magnitudes of the effects
involved (see Table 2). A direct comparison between the
Normal Point precision and the average size of orbit shift
due to the relativistic effects shows that these effects could
be recovered once the satellite dynamics has been properly
modelled (for a description of the models employed see
Section 3). The recovery of the information could be done
with the least-squares procedure, in which data are fit to a
model by a proper estimation of a set of selected parameters.

For the analyses the NASA/GSFC software GEODYN II
[23, 24] has been used. This software is dedicated to satellite
orbit determination and prediction, geodetic parameters

estimation, tracking instruments calibration, andmany other
applications in the field of space geodesy. The software
numerically integrates the equations of motion of the satellite
using the Cowell’s method (a predictor-corrector one, with
a fixed time step). The equations of motion for the satellite
are integrated in an inertial reference frame, which for
GEODYN is the mean equinox and equator of J2000. The
orbit determination employs the least-squares solution of the
range residuals:

𝑂𝑖 −𝑀𝑖 = −∑

𝑗

𝜕𝑀𝑖

𝜕𝑃𝑗

𝑑𝑃𝑗 + 𝑑𝑂𝑖, (11)

where 𝑂𝑖 are the range observations, 𝑀𝑖 are their modelled
values, 𝑑𝑃𝑗 are the corrections to the vector P of parameters
to be estimated, and 𝑑𝑂𝑖 are the errors associated with each
observation. Concerning these errors, the 𝑑𝑂𝑖 account for
both the contribution from the noise in the observations, as
well as for the incompleteness of the mathematical model
included in the orbit determination software. The least-
squares algorithm seeks to minimize the residuals 𝑂𝑖 − 𝑀𝑖

by adjusting at the same time the state vector at the epoch of
arc and the parameters selected for estimation.

A basic choice of the analysis has been to use the
residuals in order to recover the relativistic effects. By
construction, they provide a measure of the discrepancy
between experimental data and models; by purposely not
including relativity into the modelling set, the residuals time
series is expected to contain signatures of relativity itself.
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Table 3: Modelling setup as included in a typical analysis of LAGEOS satellites range data.

Model for Model type Reference
Geopotential (static) EIGEN-GRACE02S, EGM96 [73, 74]
Geopotential (time-varying, tides) Ray GOT99.2 [75]
Geopotential (time-varying, nontidal) IERS Conventions (2003) [41]
Third body JPL DE-403 [52]
Relativistic correctionsa Parameterized post-Newtonian [6]
Direct solar radiation pressure Cannonball [23]
Earth albedo Knocke-Rubincam [76]
Station positions ITRF 2000 [77, 78]
Ocean loading Schernek and GOT99.2 tides [23, 75]
Earth Rotation Parameters IERS EOP C04 [79]
aIn fact, as explained in the text, these corrections have not been included in the modellization setup used in the analysis.

The basic observable being distance, the residuals are strictly
speaking on station-satellite distances. Being interested in
effects related to individuals orbital elements, the method
outlined in [22] has been employed in order to obtain derived
residual time series for the various elements. This is the
method that has been employed in the relativistic precessions
measurements performed so far [25–33].

The strategy employed here could be considered as
“minimal” or “conservative” in the following sense. The
precise modelling of the orbits requires complex models,
which depend on thousands of parameters (see Section 3).
We underline that, while in general geodetic and geophys-
ical problems often the majority of model parameters are
estimated, in the analyses only few of them were estimated,
namely, those most directly related to the particular orbit of
the satellites; the other parameters were selected as consider
parameters, that is, ones which are already known with
sufficient accuracy from other sources.

This approach considerably simplifies the mathematical
structure of the problem being solved, moreover, strongly
lowering the chance of estimation biases. In particular, the so-
called empirical accelerations have not been included in the
set of models fitting the SLR data.These can bias the estimate
procedure and corrupt, in particular, the argument of perigee
residuals [34].

2.4. LAGEOS Range Data Sets. The basic products of SLR
observations are the Fullrate ranges. In the 1980s, a more
compact format has been introduced, called Normal Point
(NP), which is the one commonly used. A NP is basically
an “average” of the Fullrate observations over a defined time
period (bin); for the LAGEOS the bin size amounts to 120 s.
In the formation of NP for bin 𝑖, the observation 𝑂𝑖 nearest
to the midpoint of the bin is located, and a fit residual FR𝑖 (a
residual fromwhich systematic trends in the predictions have
been removed) is calculated. The NP is then calculated as

NP𝑖 = 𝑂𝑖 − FR𝑖 + FR𝑖, (12)

where FR𝑖 denotes the mean value of FR𝑖. The NP so
calculated is characterized by the fact that its random error
is reduced to that of the mean of the bin. More details can be
found in [35].

The precision of the measurements is mainly related with
the pulse width, which is usually ≈ 1 × 10

−10 s down to 3 ×
10

−11 s for the best laser ranging stations. In the case of the
two LAGEOS satellites, the NPs are characterized by a RMS
down to a few mm, that corresponds to an accuracy in the
orbit reconstruction at a few cm levels, when using the best
dynamical models.

3. Models

The procedures for determining the satellite orbit at a level
comparable with the quality of tracking data require models
not only for satellite dynamics but also for measurement
procedure and reference frame transformations.The dynam-
ics of LAGEOS satellites, seen at the level enabled by the
accuracy of SLR data, is rather complex. Several gravitational
and nongravitational effects are at work; estimates of their
magnitude are provided in Table 2 (see [20, 36]).

Themodels included inGEODYNare devoted to describe
not only the satellite dynamics, but also the measurement
procedure and the reference frame transformations. These
models include (i) the geopotential (both in its static and
dynamic part), (ii) lunisolar and planetary perturbations,
(iii) solar radiation pressure and Earth’s albedo, (iv) Rubin-
cam and Yarkovsky-Schach effects (which need the satellite
spin-axis orientation in order to be modelled), (v) drag
effects, (vi) SLR stations coordinates, (vii) ocean loading,
(viii) Earth Orientation Parameters and (ix) measurement
procedure. Usually, the models implemented in the code also
include the general relativistic corrections in the so-called
parameterized post-Newtonian (PPN) formalism [37–40]. In
the analyses performed in order to solve for the relativistic
secular precessions, such correctionswere not included in the
setup.

The particular models used for the analyses described
here are listed in Table 3. For the relevant part, the Con-
ventions established by the International Earth Rotation
and Reference Systems Service (IERS), which constitute
the general framework for reference systems related issues
and measurement models, have been followed as much as
possible. The reference version has been IERS Conventions
(2003) [41].
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3.1. Gravitational Perturbations. The deviations of the Earth’s
gravitational field from the point mass one, due to the
inhomogeneous mass density distribution inside the Earth,
are by far the most important source of perturbations in
the orbits of LAGEOS satellites. It is customary in geodesy
and geophysics to represent the gravitational potential by
expanding it in spherical harmonics (real basis):

𝑈(r) =
𝐺𝑀⊕

𝑟

×[1+

∞

∑

𝑙=1

(
𝑅⊕

𝑟
)

𝑙 𝑙

∑

𝑚=0

𝑃𝑙𝑚 (sin 𝜃) (𝐶𝑙𝑚 cos (𝑚𝜙)+𝑆𝑙𝑚 sin (𝑚𝜙))] .

(13)

See, for example, [36, 42, 43]. Here 𝑟, 𝜃, and 𝜙 represent
the polar coordinates of the point at which the potential
𝑈 is evaluated, 𝑃𝑙𝑚 are the normalized associated Legendre
functions, 𝑀⊕ is the Earth mass, and 𝑅⊕ is the Earth
mean equatorial radius. The normalized coefficients 𝐶𝑙𝑚

and 𝑆𝑙𝑚, with 𝑙 called degree and 𝑚 order, are function of
the mass density distribution, and completely characterize
the gravitational potential outside the distribution itself. In
practice, the series is truncated at some finite 𝑙max: the model
is then sensitive to inhomogeneities at the scale of 𝜋𝑅⊕/𝑙max.
The lower degree harmonics are related to the choice of the
reference frame in which the potential itself is expressed. Of
paramount importance are the so-called zonal harmonics,
that is, the ones with 𝑚 = 0: they represent the part of the
potential with rotational symmetry and play an important
role in the error budget of themeasurements. Some caremust
be put in dealing with the permanent tide. In GEODYN, a
“tide-free” geopotential ismodelled, that is, one inwhich both
the permanent part and the related deformation of the Moon
and Sun tidal perturbations have been removed.The𝐶2,1 and
𝑆2,1 coefficients describe the position of the Earth’s figure axis.

The Earth gravitational field, also seen in an “Earth fixed”
frame, is not static: it varies in time due to a series of phenom-
ena, from tides to mass transport in the Earth/atmosphere
system at various scales. The tidal deformations of the
Earth—both solid and ocean—and of its atmosphere are
of primary interest for our measurement because of their
combined periodic variations in the gravitational attraction
of the planet on the satellite [44–49]. In particular, solid tides
account for about 90% of the total response to the Moon and
Sun tidal disturbing potential.

A convenient way to describe these deformations is
through the so-called Love numbers (𝑘𝑓

2,𝑚
≃ 0.30, where 𝑓

represents the frequency of the tidal wave), which measure
the ratio between the response of the real Earth and the the-
oretical response of a perfect fluid sphere and are determined
with very high accuracy because of their long-term effects on
geodetic satellites, as in the case of the two LAGEOS [50, 51].
In particular, in the case of solid tides, the degree 𝑙 = 2 terms,
that is, those due to the quadrupole tidal potential, are the
most important to be considered. Ocean tides are difficult
to model because of the greater complexity of the involved
phenomena. Indeed, even if ocean tides account for ≈10%

only of the total response to the external potentials, their
uncertainties are a factor of 10 larger than those of solid tides.

The effect of third-body perturbations has been mod-
elled as well, using the well-established JPL Solar System
ephemerides, DE-403 [52]. As discussed in Section 2.1, the
relativistic corrections are consistent with the formulation
of [6]. In line with the chosen strategy of recovering the
relativistic effects a posteriori in the residuals time series, in
fact these corrections have been not included in the setup.

3.2. Nongravitational Perturbations. An important part of the
satellites dynamics is represented by the effects caused by
nongravitational forces. These, of various origin, are caused
by the interaction of the satellite body with the near-Earth
radiation and particle environment. Such forces are typically
surface ones and depend in a complex way on the physical
properties of the satellite, as well as on its attitude. Even for
very simple satellites as the LAGEOS (spherical in shape, very
dense, and passive) these effects are relevant and, especially,
very difficult to model. A wide literature is available on the
subject; see, for example, [20, 53–55].

The biggest contribution is given by the push of radiation
on the satellite surface (radiation pressure), in particular
direct visible radiation from the Sun; also reflected visible
radiation from Earth (albedo) and infrared radiation emitted
from Earth surface are important. They depend on the way
this radiation is reflected, diffused, and absorbed by the
satellite surface and therefore on the optical properties of this
surface.

The most important nongravitational effect is the direct
solar radiation pressure. The resultant acceleration, for a body
of spherical shape, can be modelled as

a⊙ = −𝐶R
𝐴

𝑚

Φ⊙

𝑐
(
⟨𝐷⊙⟩

𝐷⊙

)

2

ŝ, (14)

where 𝐴 is the cross-sectional area of the satellite, 𝑚 is its
mass, Φ⊙ is the solar radiation flux at 1 AU, 𝑐 is the speed
of light, and 𝐶R (called radiation coefficient) summarizes the
optical properties of the satellite surface. The last squared
term is due to the modulation coming from the eccentricity
of the Earth orbit around the Sun (𝐷⊙ is the Earth-Sun
distance and ⟨𝐷⊙⟩ its average value) and ŝ is the Sun unit
vector direction. Equation (14) corresponds to the so-called
cannonballmodel for the direct solar radiation pressure from
the Sun.This model is rather good for the LAGEOS satellites,
provided an estimate is done of the 𝐶R parameter. Evidences
have been provided that LAGEOS II optical properties could
have been changed since the launch time [56].

More subtle perturbing effects are due to the so-called
thermal forces; these are caused by an inhomogeneous
temperature distribution of the body (due to its finite thermal
inertia), resulting in a thrust force due to emitted radiation. In
particular, thermal forces depend on the satellite spin vector,
giving different contributions on the orbit as a function of
the spin orientation and rate; see, for example, [54]. We
have a seasonal-like Yarkovsky-Schach effect in the case of a
rapidly spinning satellite, and a diurnal-like Yarkovsky-Schach
effect when the fast rotation approximation is no more valid.
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Figure 1: LAGEOS II postfit weighted RMS (a) and residuals in range (b) computed for each of the arcs in which it has been divided the
analysed time period.

The Yarkovsky-Rubincam effect [57–59], or Earth-Yarkovsky
effect, is related to the infrared radiation emitted by the Earth’s
surface.

In order to model—as accurately as possible—the per-
turbing thermal thrust effects, and especially the Yarkovsky-
Schach effect, a detailed description of the evolution of the
spin-axis is crucial. Several authors have focused on this
problem and tried to explain the evolution of the LAGEOS
satellites spin-axis, in either an analytical [60–62] or a more
empirical approach [63].

3.3. Empirical Accelerations. A modellization piece that is
often used in precise orbit determination is given by the so-
called empirical accelerations. These are general acceleration
terms added to the equations of motion and are aimed at
modelling small otherwise unknown effects which may be
relevant to the dynamics.They are usually decomposed in the
three Gauss directions 𝑟, �̂�, 𝑤 (radial, transverse, and out-of-
plane), in the form (for each component)

𝐴 (𝑡) = 𝐴0 + 𝐴1 sin𝑀+𝐴2 cos𝑀, (15)

where𝑀 represents the satellite mean anomaly, aiming thus
at modelling constant or once-per-revolution accelerations.
This orbit modelling tool is useful when long wavelengths
orbit errors, including secular disturbing effects, need to be
removed, as well as for long-period resonances and also
nongravitational perturbations that are not included in the
software dynamicalmodel. Experience shows that, while they
are useful to improve the fit quality, they can easily bias the
estimation of other quantities.

We highlight once more that, in order to avoid the
orbit corruption, in particular of the satellite argument of
pericenter, they have not been used during the data reduction.

4. Data Reduction

In the analyses described here more than ten years of
LAGEOS and LAGEOS II laser tracking data, provided by
ILRS, have been reduced using the GEODYN II software.The
selected period has been divided into 15-day arcs, with a 1-
day overlap. For each of them, the data reduction provides

an estimate of the initial conditions (state vector) and of
selected parameters. The models employed (see Table 3)
enabled a very good fit of the data, as can be seen in the
statistics. In particular, in Figure 1 the postfit weighted RMS
and a histogram of the residuals in range are shown. These
plots are related to runs dedicated to analyze the LAGEOS
II perigee behavior (see [31]). The average RMS is somewhat
higher than the “ideal” level that could be expected based
on data quality: this is due to the fact that in this analysis
no relativistic effects were inserted in the modellization set,
thereby lowering the overall accuracy. In this way, however,
the residuals contain useful information, which is indeed
related to relativity itself. This can be seen in the histogram
of the residuals in range: their distribution appears close to
but is not exactly Gaussian, indicating that some information
is still present in the residuals themselves (more information
on this can be found in [33]).The same reasoning applies also
to the analysis reported in [29]; in that case, however, only the
gravitomagnetic contribution was taken out.

5. Zonal Harmonics Related
Uncertainties and Combination Formula for
Lense-Thirring Measurements

Detailed error budget calculations show the importance of
the zonal harmonics uncertainties in the overall effective-
ness of the analysis procedure in extracting the relativistic
signals. This is especially true in the case of Lense-Thirring
measurements employing the nodal residuals. In particular,
the quadrupole coefficient𝐶20 has been found to be themajor
source of uncertainty. Its secular effect on the nodal longitude
is given by

Ω̇class =
3√5

2
𝑛(
𝑅

𝑎
)

2 cos 𝐼
(1 − 𝑒2)

2
𝐶20. (16)

See, for example, [64, 65] (we use here the normalized
coefficients 𝐶𝑙0 instead of the nonnormalized 𝐶𝑙0 or the 𝐽𝑙;
we remember that 𝐽2 = −𝐶20 = −√5𝐶20). Therefore the orbit
of the satellite is subject to a classical precession whose value
is much higher than the relativistic (gravitomagnetic) one to
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Table 4: Values (in mas yr−1) of the nodal precession for LAGEOS and LAGEOS II orbits due to relativistic and classical gravitational effects.

Effect LAGEOS LAGEOS II
Lense-Thirring 30.88 31.48
𝐶

20
(EGM96) 2.702 × 10

10
−4.982 × 10

10

𝛿𝐶
20
(EGM96) −3.240 × 10

3
5.975 × 10

3

𝛿𝐶
20
(EIGEN-GRACE02S) −2.960 × 10

3
5.458 × 10

3

be measured; see Table 4 (for the purpose of this work we
consider only the quadrupolar part of this classical preces-
sion). Of course, what really matters is the unknown part of
this precession due to the uncertainty in the accepted value of
𝐶20; its value based on two geopotential models is shown in
Table 4.This precession actually hides the relativistic one and
must be handled in someway. To this aim, in [66] a procedure
based on the combination of orbital residuals frommore than
one satellite to get rid of this masking precession has been
developed; see also [67].

The simplest case is that of two satellites, along with their
two nodal longitudes. Let us consider a single arc of orbit
determination; the procedure allows obtaining a residual for
each orbital element, in particular for the nodal longitude:
𝛿Ω̇ (in [22] it is shown that the residuals obtained with
their method are in fact rates). If the modellization setup is
accurate enough, this residual, that is, the difference between
the calculated and the observed value, is mainly function
of two quantities, the classical quadrupole precession and
the relativistic (Lense-Thirring) one, so that the following
equation can be reasonably considered to hold:

𝛿Ω̇ = 𝛿Ω̇class + 𝛿Ω̇rel. (17)

In writing this equation we neglect higher-degree multipoles
and other sources of perturbation for the node. Regarding the
two terms on the right-hand side of the previous equation,
these can be expressed as follows. Following (16), the classical
precession can be written as Ω̇class = 𝑁20𝐶20, with 𝑁20

function of Earth equatorial radius and satellite orbit. Upon
the assumption that the biggest uncertainty comes from 𝐶20,
one can write

𝛿Ω̇class =
𝜕Ω̇class

𝜕𝐶20

𝛿𝐶20 = 𝑁20𝛿𝐶20. (18)

In the same way, the relativistic precession can be written as
Ω̇rel = Ω̇LT𝜇; here Ω̇LT comes from (6), while 𝜇 is an empirical
parameter measuring the actual value of the relativistic effect
((𝜇 = 0) in Newtonian physics, (𝜇 = 1) in general relativity).
In fact, in the post-Newtonian framework 𝜇 = (1+𝛾)/2, with
𝛾 the PPN parameter quantifying how much space curvature
is produced by unit rest mass; see [68]. In writing Ω̇rel this
way, we in fact parameterize the general relativistic prediction
with𝜇 and assume that the error is contained in this empirical
parameter (in fact, this equals to admit no a priori knowledge
on the amplitude of Lense-Thirring effect), so

𝛿Ω̇rel =
𝜕Ω̇rel
𝜕𝜇

𝛿𝜇 = Ω̇LT𝛿𝜇. (19)

4

2

0

−2

−4

−6

−8

50000 51000 52000 53000 54000

Time (MJD)
𝛿
𝜇

Figure 2: Relativistic effect from the combined nodal longitude
residuals of LAGEOS and LAGEOS II (squares). The average value
is 1.056, to be compared with the general relativistic prediction
value, 1 (continuous line). MJD stands for “Modified Julian Day”;
the considered time period for the analysis starts on 1993.

The total uncertainty from (17) can therefore be written as

𝛿Ω̇ = 𝑁20𝛿𝐶20 + Ω̇LT𝛿𝜇. (20)

We see that each residual can be expressed as a function of
two uncertainties, 𝛿𝐶20 and 𝛿𝜇. As such, (20) is not much
useful. But adding a further observable (i.e., taking the nodal
residuals of two satellites, as LAGEOS and LAGEOS II) one
can construct a system of two equations:

𝛿Ω̇
I
= 𝑁

I
20
𝛿𝐶20 + Ω̇

I
LT𝛿𝜇,

𝛿Ω̇
II
= 𝑁

II
20
𝛿𝐶20 + Ω̇

II
LT𝛿𝜇

(21)

which can be solved to obtain 𝛿𝜇:

𝛿𝜇 =
𝑁

I
20
𝛿Ω̇

II
− 𝑁

II
20
𝛿Ω̇

I

𝑁I
20
Ω̇II

LT − 𝑁
II
20
Ω̇I

LT
. (22)

This 𝛿𝜇, together with 𝛿𝐶20, is just the right one to account
for the total residuals 𝛿Ω̇I and 𝛿Ω̇II.

It is worth emphasizing two things. First, the solution
given by (22) clearly does not contain 𝛿𝐶20 and so the
expression overcomes the problem of the uncertainty in 𝐶20,
both static and time-dependent. Second, 𝛿𝜇 as expressed by
(22) is related to a single arc of orbit determination, so what
one obtains is a time series covering the period of analysis.
The outcome can be seen in Figure 2, in which the relativistic
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Figure 3: Nodal longitude residuals, LAGEOS (a) and LAGEOS II (b). The average values are 141.3 as yr−1 and −167.3 as yr−1 for LAGEOS
and LAGEOS II, respectively.

parameter 𝛿𝜇 from LAGEOS and LAGEOS II combined
nodal residuals is plotted as a function of time. Notice the
cancellation of the nonseasonal, “anomalous” change in Earth
quadrupole (apparent in the nodal longitude residuals; see
Figure 3), as reported in [29, 69].

6. A Review of Recent Measurements

The idea of using laser-ranged satellites in order to test
selected predictions of general relativity theory dates back to
the 1970s and 1980s. The test of Schwarzschild precession has
been discussed in [70]. The measurement of Lense-Thirring
effect has been suggested by [71] and proposed by [72]. We
review here some recent results which come out from precise
orbit determinations of LAGEOS and LAGEOS II satellites.
These analyses produced residuals time series of the satellites
Keplerian elements in the way discussed in Section 2.2. The
expected relativistic signals, both in longitude of ascending
node and in argument of perigee, were of a secular type, so
they should appear as a secular trend upon time integration
of the relevant time series.

In [28, 29, 32] such an analysis has been performed on
LAGEOS and LAGEOS II tracking data, and an accuracy
of about 10% was achieved in the test of the Lense-Thirring
effect as predicted by General Relativity. We concentrate here
on [29]. Given the limitations due to Earth gravitational
quadrupole uncertainty, the node residuals of both satellites
have been combined as discussed in Section 5. The corre-
sponding combined time series have been fittedwith a secular
trend plus a number of periodic terms (in order to account for
mismodelling in some perturbations). They report a value of

𝜇 = 0.984 ± 5%−10% (23)

using the EIGEN-GRACE02S as geopotential model (the
reported value has been obtained fitting the combined residu-
als with a secular trend plus ten periodic terms). See Figure 4
for the related fit.

In [30] a dedicated analysis has been performed, focused
on the LAGEOS II perigee behavior. In that case, the residuals
being analyzed were directly those of the Keplerian element:
the combination was not necessary, since the overall mag-
nitude of the relativistic effects (Schwarzschild plus Lense-
Thirring) is much bigger. A fit valueΔ ̇𝜔meas = 3306.58mas/yr
for the slope has been reported (see Figure 5). This value
can be taken as an estimate of the total relativistic perigee
precession, given by

Δ ̇𝜔rel ≃ 𝜀SchwΔ ̇𝜔Schw + 𝜀LTΔ ̇𝜔LT. (24)

The slope estimate has small variations depending on the
number of periodic effects which are fitted together with
the linear trend. The following conservative result for the
magnitude of the total relativistic effect has been reported, at
the post-Newtonian level:

𝜀𝜔 = 1 + (0.28 ± 2.14) × 10
−3
, (25)

where 𝜀𝜔 = 1 in general relativity. Since the dominant
contribution in (24) comes from

𝜀Schw =
2 + 2𝛾 − 𝛽

3
, (26)

the estimate given by (25) is mainly a measurement of such
a combination of 𝛾 and 𝛽 PPN parameters. A preliminary
error budget for the measurement, taking into account the
various systematics, estimated the error to be at 2% level [17].
A complete error budget has been reported in [33]:

𝜖𝜔 − 1 = [−0.12 ⋅ 10
−3
± 2.10 ⋅ 10

−3
] ± [1.74 ⋅ 10

−2
] , (27)

where in the first square bracket it is shown the result and
the statistical error from the best fit and in the second square
bracket the error budget due to the gravitational and non-
gravitational systematic sources of error is represented.

The measured value for the argument of perigee preces-
sion can also be used to constrain a non-Newtonian contri-
bution to the satellite dynamics, as discussed in Section 2.1.
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Figure 5: Figure 1 of [30]. The perigee residuals are shown together
with their fit with a secular trend plus four periodic terms.

Indeed, the absence of such a signal in the residuals time
series allows placing a strong constraint to the strength 𝛼 at
𝜆 ≃ 𝑎. In [30] it has been reported the following upper bound:

|𝛼| ≃ |1.0 ± 8.9| × 10
−12
, (28)

this result has been improved in [33]:

|𝛼| ≃ |(0.5 ± 8.0) ± 69| ⋅ 10
−12
. (29)

These results represent a huge improvement with respect
to previous constraints at this scale and are comparable with
the Lunar Laser Ranging results.

7. Conclusions

There is a great deal of interest in testing the experimental
consequences of general relativity, given the many challenges
to the theory. Alternative theories, devised to solve at least
in part some of these issues, have testable consequences in
the weak-field and slow-motion conditions at work in the
Solar System, and in particular around Earth. Thanks to
advances in experimental techniques, these consequences
can be nowadays explored. In particular, laser ranging to
geodetic satellites in orbit around Earth offers the possibility
of studying with high precision the motion of objects which
can be considered very good approximations to a test mass.
Their geodetic motion shows some peculiarities with respect
to the Newtonian one; in particular, some of the Keplerian
elements undergo a precession, also due to gravitomagnetism
(the rotating Earth being the source).

Analyses of LAGEOS satellites tracking data, aimed at a
precise reconstruction of their orbits, have been discussed.
Digging in their dynamics down to the level of the small
relativistic effects is made possible not only by the precise
laser range data, but also by the accurate modellization
of their motion (gravitational and nongravitational parts,
reference frames, and measurement models). Some results
have been discussed, which provide confirmation of gen-
eral relativistic predictions (Schwarzschild precession, Lense-
Thirring effect) and rule out to a high degree alternative
theories (NLRIs/Yukawa potential). Such investigations have
still a great potential of improvement and are being carried on
in order to further constrain the space of possible theories.
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Since it is commonly believed that the observed large-scale structure of the universe is an imprint of quantum fluctuations existing
at the very early stage of its evolution, it is reasonable to pose the question: do the effects of quantum nonlocality, which are well
established now by the laboratory studies, manifest themselves also in the early universe?We try to answer this question by utilizing
the results of a few experiments, namely, with the superconducting multi-Josephson-junction loops and the ultracold gases in
periodic potentials. Employing a close analogy between the above-mentioned setups and the simplest one-dimensional Friedmann-
Robertson-Walker cosmological model, we show that the specific nonlocal correlations revealed in the laboratory studies might be
of considerable importance also in treating the strongly nonequilibrium phase transitions of Higgs fields in the early universe.
Particularly, they should substantially reduce the number of topological defects (e.g., domain walls) expected due to independent
establishment of the new phases in the remote spatial regions. This gives us a hint on resolving a long-standing problem of the
excessive concentration of topological defects, inconsistent with observational constraints. The same effect may be also relevant to
the recent problem of the anomalous behavior of cosmic microwave background fluctuations at large angular scales.

1. Introduction

The concept of quantum nonlocality originates actually from
the paper by Einstein et al. (EPR) [1] who posed the problem
of correlation between the measurements of two physical
objects located in the causally disconnected regions of space,
that is, beyond the light cones of each other. As regards
the modern and most frequently used in the experiments
form, this phenomenon can be illustrated in Figure 1. Here,
an original particle of zero spin decays at the instant 𝑡 = 0

into two particles with equal but oppositely directed spins
𝑠1 and 𝑠2, which subsequently move from each other in the
opposite directions. Next, if measurements of the spins of
both particles are performed in the remote spatial points 𝑥1
and 𝑥2 at the same instant of time, their values turn out to be
perfectly correlated (𝑠1 = −𝑠2) just because of the law of spin
conservation.

At first sight, such correlation is quite surprising because
the measurements are performed in the spots of space-time
lying beyond the mutual light cones (i.e., in the causally

disconnected regions). However, the existence of EPR corre-
lations is well confirmed now by a lot of laboratory experi-
ments. In fact, these correlations look much less surprising
if we keep in mind the fact that both light cones include
the same common source in the past. It might be reasonable
to emphasize also that despite of a “superluminal” character
of the EPR correlations, they cannot be employed for a
faster-than-light communication because the outcomes of
correlated measurements of 𝑠1 and 𝑠2 in the points 𝑥1 and 𝑥2

are random.
Turning attention to cosmology, we should first of all

mention that it is widely believed now that the observed
large-scale structure of the universe is an imprint of quantum
fluctuations existing at the very early stages of cosmological
evolution. Therefore, it becomes interesting to pose the
question: can the effects of quantum nonlocality, similar to
EPR correlations, manifest themselves also in cosmology? In
particular, it should be kept in mind that Higgs field, filling
the entire universe and giving masses to the elementary par-
ticles, represents actually a kind of Bose-Einstein condensate
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Figure 1: Sketch of the typical laboratory ERP experiment.

(BEC), that is, a macroscopic quantum state in which the
specific quantum correlations may naturally occur.

The most important feature in temporal dynamics of
the Higgs field is phase transition caused by the evolving
temperature of the universe, which can finally result in the
formation of the nontrivial states of the physical vacuum
[2]. In fact, the problem of complex vacuum was recognized
a long time ago just after the appearance of the idea of
spontaneous symmetry breaking in the quantum field theory.
Particularly, at the conference on the occasion of the 400th
anniversary of Galileo Galilei’s birth, held in Pisa in 1964,
Bogoliubov emphasized that “it is hard to admit, for example,
that the “phases” are the same everywhere in the space.
So it appears necessary to consider such things as “domain
structure” of the vacuum” [3]. In the next decade, the
problem of formation of the domain walls in the course of
cosmological evolution was considered in much detail in the
work by Zeldovich et al. [4] and later in papers bymany other
authors. (A quite comprehensive overview of the domainwall
dynamics was given, e.g., in [5].)

A commonly accepted scenario of formation of the
domain walls by the phase transition in the early universe is
illustrated in Figure 2. A uniform initial (symmetric) state of
the Higgs field, existing soon after the Big Bang, cools down
due to the expansion of the universe, so that the symmetric
phase of the field becomes energetically unfavorable and the
seeds of a new (symmetry-broken) phase emerge in some
spatial points. (For the sake of simplicity, we will assume that
these points are equally separated along the coordinate 𝑟 and
originate at the same instant of time 𝑡 = 0.) Since the seeds
of the low-temperature phase emerge independently in the
remote spatial regions, their states of the degenerate vacuum,
in general, will be different from each other.

Then, the domains of the new phase quickly grow in the
course of time and at the instant 𝑡 = 𝑡0 collide with each
other. However, if the values of the symmetry-broken phase
in two neighboring domains were different, they cannot
merge smoothly. Instead, a stable topological defect—domain
wall (or “kink”)—should be formed at their boundary. So,
if the initial separation between the seeds of the new phase
was 𝜉, then the resulting concentration of the domain walls
can be roughly estimated as 𝑛 ≈ 1/𝜉. This is the so-
called Kibble-Zurek (KZ) mechanism for the formation of
topological defects after the strongly nonequilibrium phase
transformations [6, 7].

Instant of
observation
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phase transition

Onset of
phase transition

Big Bang
Symmetric state
of the field

Symmetry-broken
state of the field

Domains
of various
phases

Seeds
of new phase
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Figure 2: Sketch of development of the phase transition in the
expanding universe.

Strictly speaking, the scenario outlined in Figure 2 refers
to the simplest case of Higgs field possessing Z2 symme-
try group (i.e., admitting a discrete symmetry breaking).
However, the same basic idea is applicable also to more
realistic Higgs fields with the continuous symmetries whose
breaking can lead to the formation of more complex defects
of the vacuum, such as the monopoles and cosmic strings
(or vortices). In general, KZ mechanism gives the following
estimate for concentration of the topological defects:

𝑛 ≈
1

𝜉
𝑑

eff
, (1)

where 𝜉eff is the effective correlation length, that is, a typical
distance between the seeds of the new phase; and 𝑑 = 3,
2, and 1 for the monopoles, cosmic strings, and domain
walls, respectively. (Their concentrations refer evidently to
unit volume, area, and length.)

An accurate calculation of the effective correlation length,
in general, is a difficult task. However, its upper bound can be
obtained from a simple causality argument: 𝜉eff ≤ 𝑐𝑡pt, where
𝑐 is the speed of light and 𝑡pt is the characteristic time from
the Big Bang to the instant of phase transition. Next, the time
from the Big Bang in Friedmann-Robertson-Walker (FRW)
cosmology is estimated as ∼ 1/𝐻, where 𝐻 is the value of
Hubble parameter at the respective instant. Consequently,

𝜉eff ≲
𝑐

𝐻pt
. (2)

At last, substituting (2) into (1), we get

𝑛 ≳ (
𝐻pt

𝑐
)

𝑑

, (3)

where 𝐻pt is the value of Hubble parameter at the instant of
phase transition. (To avoidmisunderstanding, let us mention
thatmost of laboratory experiments, aimed at the verification
of KZ mechanism, measured a scaling relationship between
the size of uniform domains and the quench rate rather than
the absolute number of the defects. However, in cosmological
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applications it is more appropriate to discuss just the absolute
concentration of the defects.)

Unfortunately, the lower theoretical bound (3) is inconsis-
tent with the upper bounds following from observations (e.g.,
review [8]). One possible way to mitigate this disagreement
is to modify Lagrangian of the field theory under consider-
ation, typically, by the introduction of the “biased” vacuum
(thereby, a priori removing the degeneracy) [4, 5]. Yet another
conceivable approach, which was not exploited before, is to
take into account the nonlocal quantum correlations which
might manifest themselves in the macroscopic BEC.

However, exploiting the idea of macroscopic quantum
correlations, one should bear in mind the following two
subtle points:

(i) Firstly, most of laboratory studies of EPR correlations,
performed since the 1970s, dealt with themicroscopic
quantum objects (e.g., atoms and photons). There
were only a very few number of experiments on the
nonlocal correlations in macroscopic systems; and
they will be discussed in detail in the next section.

(ii) Secondly, the correlations studied in microscopic
objects were always associated with the exact conser-
vation laws (most typically, the conservation of the
total spin). In contract to these cases, themacroscopic
BECs do not usually obey the suitable conserva-
tion laws. Nevertheless, it might be expected that
correlations in the macroscopic systems could be
caused just by the energetic criteria: if the correlated
state of a large system possesses less energy than
its uncorrelated state, then it should emerge with
a greater probability. As will be shown in the next
section, a number of recent laboratory experiments
support this idea.

2. Review of the Laboratory Experiments

As far as we know, there are by now two groups of experi-
ments confirming the phenomenon of nonlocal correlations
in macroscopic BECs. The first of them are the experi-
ments with superconductingmulti-Josephson-junction loops
(MJJL), which were started in the very beginning of the 2000s
[9]; and the second are the experiments with ultracold gases
in the periodic optical potentials, which began a few years
later [10, 11].

2.1. MJJL Experiment. A general scheme of the original
MJJL experiment [9] is shown in Figure 3: a thin quasi-
one-dimensional loop was fabricated from the YBa2Cu3O7-𝛿
superconductor and contained 214 segments separated from
each other by the Josephson junctions, which are the micro-
scopic domains of the same substance but with a higher crit-
ical temperature due to defects in the crystalline lattice. (The
actual loop used in the experiment was not perfectly circular,
as in figure, but represented a winding strip engraved in the
superconductor film.)The experimental procedure consisted
of numerous cycles of very quick cooling (approximately
from 100K to 77K) and subsequent heating of the loop and
measurement of the resulting electromagnetic response.

Random phases Correlated phases

I

T > Tc

TcJ < T < Tc

T < TcJ

NΦ NΦ

Φ Φ

Φ

3.6𝜙0 9 ÷ 10𝜙0

Figure 3: Basic design and principal results of theMJJL experiment.

In the phase of cooling, when temperature 𝑇 drops
approximately to 𝑇𝑐 = 90K, the segments separated by the
junctions become superconducting. However, the junctions
themselves remain normal and, therefore, the supercon-
ducting segments are effectively separated from each other.
Consequently, a random phase of the superconducting order
parameter should be established in each of them. (They are
schematically illustrated in Figure 3 by the randomly oriented
arrows.) The total phase variation of the order parameter
along the loop, in general, should be nonzero.

At subsequent cooling down to the temperature 𝑇𝑐𝐽,
which is 5 ÷ 7K below 𝑇𝑐, the Josephson junctions become
also superconducting. Consequently, due to the above-
mentioned phase variation, a superconducting current 𝐼 will
develop along the loop. As a result, the loopwill be penetrated
by themagnetic fluxΦ, which is just themeasurable quantity.
It should be mentioned that this setup is quite close to
the original idea by Zurek [7] who proposed to observe a
spontaneous rotation produced by a rapid phase transition
to the superfluid phase in a thin annular tube. Unfortunately,
such an experiment was never implemented in practice, since
it is hardly possible to observe a mechanical rotation of the
macroscopic body with angular momentum of just a few
quantaℎ. On the other hand, themagnetic fluxmeasurements
by modern apparatus can easily detect the individual quanta
of the magnetic flux. Therefore, an electromagnetic analog of
the original Zurek’s proposal became feasible.

In summary, because of the phase jumps between the
isolated segments formed at the stage when 𝑇𝑐𝐽 < 𝑇 <

𝑇𝑐, the final magnetic flux Φ through the loop turns out to
be nonzero and varies randomly from one heating-cooling
cycle to another. The histogram 𝑁Φ(Φ) derived from a large
number of cycles is well described by the normal (Gaussian)
law with zero average value and standard deviation 7.4𝜙0

(where𝜙0 is themagnetic flux quantumand𝑁Φ is the number
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of cases with the total magnetic flux Φ). This standard
deviation is just the typical value of the flux spontaneously
generated in one cycle.

In fact, the above-written value is unreasonably large:
if the phase jumps between the segments were absolutely
independent of each other, then the expected width of the
distribution would be only 3.6𝜙0. However, the excessive
value was satisfactorily explained by the authors of the exper-
iment under assumption that phases of the superconducting
order parameter in the isolated (i.e., “causally disconnected”)
segments were correlated to each other, so that probability
𝑃(𝛿𝑖) of the phase jump 𝛿𝑖 in the 𝑖’th junction was given by
the Gibbs law:

𝑃 (𝛿𝑖) ∝ exp[
−𝐸𝐽 (𝛿𝑖)

𝑘𝐵𝑇
] , (4)

where 𝐸𝐽 is the energy concentrated in the Josephson junc-
tion, 𝑇 is the temperature, and 𝑘𝐵 is the Boltzmann constant.

So, the main conclusion following from the above exper-
iment is that the energy concentrated in the defects should
be taken into account in the calculation of the probability of
realization of various field configurations even if the phase
transformation develops independently in the remote parts
of the system.

2.2. Experiments with Ultracold Gases in Optical Lattices. The
MJJL experiment, discussed in the previous section, gave the
first hint about the importance of using the Gibbs law even
for the systems composed of the apparently isolated parts.
Unfortunately, this experiment did not enable us to check
the particular functional dependence (4). (To do so, it would
be necessary to perform the same experiment with different
types of superconductors, which has not been fulfilled by
now.)

Nevertheless, a few years later it became possible to solve
this tack by using the BECs of ultracold gases in periodic
potentials (or the so-called optical lattices) formed by the
intersecting laser beams. These systems represent a close
analog of the multiple Josephson junctions and, as distinct
from the solid-state setups, their parameters can be easily
varied. A diagnostics of the phase jumps in such installations
is performed by a removal of the external potential, thereby
enabling the pieces of BEC to expand and interfere with each
other.

For example, an array of 30 BECs of the ultracold gas in
a regular one-dimensional lattice was created in the experi-
ment [10]. Next, it was demonstrated that such condensates
can well interfere with each other even if they were produced
independently, that is, “have never seen one another.”

A further experiment of the same group [11] was devoted
to a detailed study of the phase defects. In particular, an
efficiency of the defect formation was measured as a function
of temperature. (In fact, the determination of temperature
is not an easy task in the experiments with ultracold gases.
So, the primary independent parameter was taken to be
the average contract of the interference pattern 𝑐0 which is,
roughly speaking, inversely proportional to the temperature
𝑇.) As a result, it was found that the number of defects
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(dislocations) formed in the BEC of ultracold gas increases
with temperature by qualitatively the same law as (4); see
Figure 4 (a sharp outlier at 𝑐0 ≈ 0.2 is most probably an
experimental inaccuracy).

Therefore, both the MJJL and ultracold-atom experi-
ments suggest that the probability of the realization of
various configurations of the BEC order parameter should be
calculated taking into account the total energy of the system
even if separate parts of this system do not interact with each
other during a particular physical process (e.g., the phase
transformation). Of course, these parts of the system must
be causally connected during its previous evolution. This is
always satisfied in the laboratory experiments but requires a
special consideration in the cosmological context.

In some sense, the above phenomenon can be interpreted
as analog of EPR correlation for the system that does not
possess an exact conservation law. In such a case, just the
energetic criteria should come into play (see also discussion
in the end of Section 1).

3. Cosmological Implications

There is evidently a close similarity between the symmetry-
breaking phase transitions in the multi-Josephson-junction
loop, depicted in Figure 3, and in the simplest one-
dimensional (1D) Friedmann-Robertson-Walker (FRW) cos-
mological model, schematically illustrated in Figure 5. For
the sake of definiteness, we will consider only the simplest
type of defects, namely, the domain walls or kinks.

To make the quantitative estimates, let us consider the
space-time metric

𝑑𝑠
2
= 𝑑𝑡
2
− 𝑎
2
(𝑡) 𝑑𝑥

2
, (5)



Advances in High Energy Physics 5

t

a(t)

0

Symmetric
phase

Symmetry-
broken
phase

Figure 5: Sketch of the phase transition in 1D FRW cosmological
model (the physical distance is measured along the circles).

where 𝑡 is the time, 𝑥 is the spatial coordinate, and 𝑎(𝑡) is the
scale factor of FRW model. (From here on, we will assume
that 𝑐 ≡ 1.) Let this space-time be filled with the real scalar
field 𝜑 simulating Higgs field in the theory of elementary
particles. Its Lagrangian

L (𝑥, 𝑡) =
1

2
[(𝜕𝑡𝜑)

2
− (𝜕𝑥𝜑)

2
] −

𝜆

4
[𝜑
2
− (

𝜇
2

𝜆
)]

2

(6)

possessesZ2 symmetry group, which should be broken by the
phase transition.

As is known, the stable low-temperature vacuum states of
the field (6) are

𝜑0 = ±
𝜇

√𝜆
, (7)

and a transition region between them (domain wall) is
described as

𝜑 (𝑥) = 𝜑0 tanh [(
𝜇

√2
) (𝑥 − 𝑥0)] . (8)

Such a domain wall contains the energy

𝐸 =
2√2

3

𝜇
3

𝜆
. (9)

We will assume that the thickness of the wall, ∼ 1/𝜇, is small
in comparison with a characteristic distance between them;
that is, the domain walls can be treated as point-like objects.

Next, it is convenient to introduce the conformal time 𝜂 =

∫ 𝑑𝑡/𝑎(𝑡). As a result, the space-time metric (5) will take the
conformal flat form [12]:

𝑑𝑠
2
= 𝑎
2
(𝑡) [𝑑𝜂

2
− 𝑑𝑥
2
] , (10)

Δ𝜂

𝜂0

0

𝜂∗

𝜂

x

Figure 6: Conformal diagram of 1D FRW cosmological model.

so that the light rays (𝑑𝑠2 = 0) will represent the straight lines
inclined at ±𝜋/4:

𝑥 = ±𝜂 + const. (11)

The entire structure of the space-time can be conveniently
described by the conformal diagram in Figure 6. Let 𝜂 = 0

and 𝜂 = 𝜂0 be the beginning and end of the phase transition,
respectively, and let 𝜂 = 𝜂∗ be the instant of observation. (The
instants 𝜂 = 0, 𝜂0, and 𝜂∗ of the conformal time correspond to
the instants 𝑡 = 0, 𝑡0, and 𝑡∗ of the physical time in Figure 2.)
Since it is commonly assumed that bubbles of the new phase
grow at the rate close to the speed of light, their boundaries
can be well depicted by the light rays. Then, as follows from a
simple geometric consideration,

𝑁 =
(𝜂∗ − 𝜂0)

𝜂0

≈
𝜂∗

𝜂0

(at large 𝑁) (12)

is the number of spatial subregions in the observable universe
causally disconnected during the phase transition.Their final
vacuum states can be conveniently denoted by the arrows, like
spins.

Let us calculate a probability of the phase transition with-
out formation of the domain walls in the observable space-
time (the past light cone) 𝑃0

𝑁
, where subscript 𝑁 implies the

number of subregions and superscript 0 implies the absence
of domain walls. A trivial estimate can be obtained by taking
a ratio of the number of field configurations without domain
walls (which equals 2) to their total number (2𝑁):

𝑃
0

𝑁
=

2

2𝑁
=

1

2𝑁−1
. (13)

This quantity evidently tends to zero very quickly at large𝑁.
In other words, the observable part of the universe, repre-
sented by the large upper triangle in Figure 6, will inevitably
contain some number of the domain walls. Unfortunately, as
recognized a long time ago [4, 5], a presence of the domain
walls is incompatible with astronomical observations.
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A possible resolution of this paradox can be based just
on taking into consideration the nonlocal Gibbs-like correla-
tions (4). First of all, we must ensure that such correlations
can really develop; that is, the subdomains of the new phase
were causally connected in the past. As seen in Figure 6, this
is really possible if a sufficiently long interval of the conformal
time

Δ𝜂 ≥ 𝜂∗ (14)

preceded the phase transition. Then, the lower shaded tri-
angle will cover at the instant 𝜂 = 0 the upper triangle
representing the observable part of the universe.

The inequality (14) can be satisfied, particularly, in the
case of sufficiently long inflationary (de Sitter) stage. Really,
if 𝑎(𝑡) ∝ exp(𝐻𝑡), where𝐻 is the Hubble constant, then

𝜂 ∝ −
1

𝐻
𝑒
−𝐻𝑡

+ const → −∞ at 𝑡 → −∞, (15)

so that the above-mentioned interval Δ𝜂 can be suffi-
ciently large. Let us be reminded that from the viewpoint
of elementary-particle physics, the de Sitter stage can be
naturally realized in the overcooled state of the Higgs field
immediately before its first-order phase transition; and just
this idea was the starting point of the first inflationarymodels
[13].

Next, if the condition (14) is satisfied, then it is reasonable
to assume that the above-mentioned correlations (4) should
take place between all𝑁 subdomains drawn in the conformal
diagram, Figure 6. (It is interesting to mention that in our old
work [14], performed before the MJJL experiment, the same
Gibbs-like correlations were introduced on the basis of some
metaphysical speculations.) In such a case, the probability𝑃 0

𝑁

should be calculated taking into account Gibbs factors for the
field configurations involving the domain walls:

𝑃
0

𝑁
=

2

𝑍
, (16)

where

𝑍 =

𝑁

∑

𝑖=1

∑

𝑠𝑖=±1

exp
{

{

{

−
𝐸

𝑇

𝑁

∑

𝑗=1

1

2
(1 − 𝑠𝑗𝑠𝑗+1)

}

}

}

. (17)

Here, 𝑠𝑗 is the spin-like variable denoting a sign of the vacuum
state in the 𝑗’th subdomain,𝐸 is the domainwall energy, given
by (9), and 𝑇 is the characteristic temperature of the phase
transition. (From here on, the temperature will be expressed
in energetic units, so the Boltzmann constant 𝑘𝐵 will be
omitted.)

From a formal point of view, the statistical sum (17) is very
similar to the sum for Ising model, well studied in the physics
of condensedmatter, for example [15]. Using exactly the same
mathematical approach, we get the final result:

𝑃
0

𝑁
=

2

[1 + 𝑒−𝐸/𝑇]
𝑁
+ [1 − 𝑒−𝐸/𝑇]

𝑁 (18)

(attention should be paid to the appropriate choice of zero
energy, which is different from the one commonly used in the
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transition temperature 𝐸/𝑇.

condensed-matter physics). Yet another method for the cal-
culation of the same quantity, which is more straightforward
and pictorial but less informative, can be found in [14]; the
approach outlined here was employed for the first time in our
paper [16].

The quantity 𝑃
0

𝑁
as a function of 𝑁 and 𝐸/𝑇 is plotted

in Figure 7. It is seen that 𝑃 0
𝑁

drops very sharply with the
increase in 𝑁 at small values of 𝐸/𝑇 (when the effect of
Gibbs-like correlations is insignificant), but it becomes a
gently decreasing function of 𝑁 when the parameter 𝐸/𝑇 is
sufficiently large. Some other plots illustrating the suppres-
sion of concentration of the domain walls by the nonlocal
correlations can be found in paper [17], devoted to the
phase transformations in superfluids and superconductors.
Therefore, just the large energy concentrated in the domain
walls turns out to be the factor substantially reducing the
probability of their creation.

Next, as can be easily derived from (18), the probability
of absence of the domain walls in the observable universe
becomes on the order of unity, for example 1/2, if 𝐸/𝑇 ≳

ln𝑁. Taking into account (9) and (12), this inequality can be
rewritten as

𝜇
3

𝜆𝑇
≳ ln

𝜂∗

𝜂0

. (19)

Because of the very weak logarithmic dependence in the
right-hand side, such a condition could be reasonably satis-
fied for a certain class of field theories.

Moreover, the situation becomes even more favorable in
the case of two- or three-dimensional space. The point is
that a well-known property of the 2D and 3D Ising models
is a tendency for aggregation of the domains with the same
value of the order parameter when the temperature drops
below some critical value 𝑇𝑐 ∼ 𝐸 [18]. In the condensed-
matter applications, this corresponds, for example, to the
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spontaneous magnetization of a solid body. Regarding the
cosmological context, one can expect that probability of
formation of the domain walls will be reduced dramatically
at the sufficiently large values of 𝐸/𝑇; some illustrations of
this phenomenon can be found in [17]. (To avoid misunder-
standing, let us emphasize that the above-mentioned Ising
models are only the auxiliary mathematical constructions,
describing a final distribution of the domain walls after the
phase transformation. So, the formal phase transitions in the
2D and 3D Ising models should not be associated with the
physical phase transition in the original 𝜑4-field model (6);
for more details, see Table 2 in [17].)

4. Discussion and Conclusions

As discussed in the present paper, a few laboratory exper-
iments suggest the presence of the nonlocal Gibbs-like
correlations between the phases of BECs after the rapid phase
transformations. Therefore, it can be reasonably conjectured
that the same correlations should occur in the BEC of
Higgs field, which is formed in the course of evolution
of the universe. As follows from our quantitative estimates
for the simplest case of 1D FRW cosmological model, such
correlations can show a way to resolve the well-known
problem of the excessive concentration of the domain walls
resulting from phase transitions in the early universe. In
fact, this problem was recognized in the mid 1970s [4] and
since that time a commonly used approach to its resolution
was based on the introduction of the so-called “biased” (or
asymmetric) vacuum. As a result, under the appropriate
choice of parameters, the regions of “false” (energetically
unfavorable) vacuum should quickly disappear, eliminating
the corresponding domain walls [5]. Unfortunately, the con-
cept of biased vacuum was not supported by independent
data in the physics of elementary particles. On the other hand,
the idea of nonlocal correlations, employed in the present
study, is supported by at least a few laboratory experiments.
Therefore, from our point of view, it looks more attractive.

It should be emphasized again that a number of argu-
ments from the modern observational cosmology impose
severe constraints on the concentration of domain walls. In
particular, an appreciable number of the domain walls would
produce an unacceptable anisotropy of the cosmicmicrowave
background (CMB) radiation, change the overall rate of the
cosmological expansion, and so forth. Besides, it is com-
monly believed now that the primordial spectrum of density
fluctuations, responsible for the formation of the large-scale
structure, is formed by the Gaussian quantum fluctuations
in the very early universe amplified by the subsequent
inflationary stage, while contribution from the topological
defects is quite insignificant. All these facts imply that there
should be an efficient mechanism for the suppression of
the domain walls, and the nonlocal quantum correlations
discussed in the present paper might be a reasonable option.

Yet another recent cosmological problem, recognized due
to WMAP and confirmed by the Planck satellite data, is the
anomalous behaviour of CMB fluctuations at large angular
scales, approximately over 10∘ [19, 20]. It can be conjectured

that such anomalies are associated just with the nonlocal
correlations in the early universe but, of course, a muchmore
elaborated analysis must be performed to draw a reliable
conclusion.

At last, we would like to mention a recent activity in the
experiments with ultracold gases for simulation of various
dynamical phenomena in cosmology, for example, the so-
called Sakharov oscillations [21]. From our point of view, a
more careful study of the nonlocal correlations may become
an important branch in this rapidly growing research field.
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The thermal multihadron production observed in different high energy collisions poses many basic problems: why do even
elementary, 𝑒+𝑒− and hadron-hadron, collisions show thermal behaviour?Why is there in such interactions a suppression of strange
particle production? Why does the strangeness suppression almost disappear in relativistic heavy ion collisions? Why in these
collisions is the thermalization time less than ≃ 0.5 fm/c? We show that the recently proposed mechanism of thermal hadron
production throughHawking-Unruh radiation can naturally answer the previous questions. Indeed, the interpretation of quark (q)-
antiquark (𝑞) pairs production, by the sequential string breaking, as tunneling through the event horizon of colour confinement
leads to thermal behavior with a universal temperature, 𝑇 ≃ 170Mev, related to the quark acceleration, a, by 𝑇 = 𝑎/2𝜋. The
resulting temperature depends on the quark mass and then on the content of the produced hadrons, causing a deviation from full
equilibrium and hence a suppression of strange particle production in elementary collisions. In nucleus-nucleus collisions, where
the quark density is much bigger, one has to introduce an average temperature (acceleration) which dilutes the quark mass effect
and the strangeness suppression almost disappears.

1. Introduction

Hadron production in high energy collisions shows remark-
ably universal thermal features. In 𝑒+𝑒− annihilation [1–3],
in 𝑝𝑝, in 𝑝𝑝 [4], and more general ℎℎ interactions [3], as
well as in the collisions of heavy nuclei [5–11], over an energy
range from around 10GeV up to the TeV range; the relative
abundances of the produced hadrons appear to be those of an
ideal hadronic resonance gas at a quite universal temperature
𝑇𝐻 ≈ 160–170MeV [12].

There is, however, one important nonequilibrium effect
observed: the production of strange hadrons in elementary
collisions is suppressed relative to an overall equilibrium.
This is usually taken into account phenomenologically by
introducing an overall strangeness suppression factor 𝛾𝑠 < 1
[13], which reduces the predicted abundances by 𝛾𝑠, 𝛾

2

𝑠
, and 𝛾3

𝑠

for hadrons containing one, two, or three strange quarks (or
antiquarks), respectively. In high energy heavy ion collisions,
strangeness suppression becomes less and disappears at high
energies [14, 15].

The origin of the observed thermal behaviour has been
an enigma for many years and there is a still ongoing debate
about the interpretation of these results [16–24]. Indeed, in
high energy heavy ion collisions multiple parton scattering
could lead to kinetic thermalization, but 𝑒+𝑒− or elementary
hadron interactions do not readily allow such a description.

The universality of the observed temperatures, on the
other hand, suggests a common origin for all high energy
collisions, and it was recently proposed [25] that thermal
hadron production is the QCD counterpart of Hawking-
Unruh (H-U) radiation [26, 27], emitted at the event horizon
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due to colour confinement. In the case of approximately
massless quarks, the resulting hadronization temperature is
determined by the string tension 𝜎, with 𝑇 ≃ √𝜎/2𝜋 ≃

170Mev [25]. Moreover in [28], it has been shown that
strangeness suppression in elementary collisions naturally
occurs in this framework without requiring a specific sup-
pression factor.The crucial role here is played by the nonneg-
ligible strange quark mass, which modifies the emission tem-
perature for such quarks: in the Hawking-Unruh approach
the temperature associated with strange particle production
is different from that one of nonstrange particles. Although
this conclusion has been obtained by a full analysis in the
statistical hadronization model in [28], here we propose an
elementary scheme of understanding strangeness suppres-
sionwhich,moreover, opens the possibility of explaining why
this suppression disappears in heavy ion collisions where the
large parton density in causally connected space-time region
of hadronization produces a unique temperature for strange
and nonstrange particles.

In particular, in the second section, after recalling the
statistical hadronizationmodel, one discusses the subsequent
description in terms of H-U radiation in QCD, including
the dependence of the radiation temperature on the mass
of the produced quark and the strangeness suppression in
elementary collisions. In Section 3 the dynamical mechanism
for strangeness enhancement (i.e., no suppression) in rela-
tivistic heavy ion scatterings is introduced giving a coarse
grain evaluation of the Wroblewski factor [29], a parameter
which counts the relative number of strange and nonstrange
quarks and antiquarks. Section 4 is devoted to comments and
conclusions.

2. Hawking-Unruh Hadronization

In this section we will recall the essentials of the statistical
hadronization model and of the Hawking-Unruh analysis of
the string breaking mechanism. For a detailed descriptions
see [3, 25, 28].

2.1. Statistical Hadronization Model. The statistical hadr-
onization model assumes that hadronization in high energy
collisions is a universal process proceeding through the
formation ofmultiple colourlessmassive clusters (or fireballs)
of finite spacial extension. These clusters are taken to decay
into hadrons according to a purely statistical law: every
multihadron state of the cluster phase space defined by its
mass, volume, and charges is equally probable. The mass
distribution and the distribution of charges (electric, bary-
onic, and strange) among the clusters and their (fluctuating)
number are determined in the prior dynamical stage of the
process. Once these distributions are known, each cluster can
be hadronized on the basis of statistical equilibrium, leading
to the calculation of averages in themicrocanonical ensemble,
enforcing the exact conservation of energy and charges of
each cluster.

Hence, in principle, one would need the mentioned
dynamical information in order to make definite quantitative
predictions to be compared with data. Nevertheless, for

Lorentz-invariant quantities such as multiplicities, one can
introduce a simplifying assumption and thereby obtain a
simple analytical expression in terms of a temperature. The
key point is to assume that the distribution of masses and
charges among clusters is again purely statistical [3], so that,
as far as the calculation of multiplicities is concerned, the
set of clusters becomes equivalent, on average, to a large
cluster (equivalent global cluster) whose volume is the sum
of proper cluster volumes and whose charge is the sum of
cluster charges (and thus the conserved charge of the initial
colliding system). In such a global averaging process, the
equivalent cluster generally turns out to be large enough in
mass and volume so that the canonical ensemble becomes
a good approximation. In other words, a temperature can
be introduced which replaces the a priorimore fundamental
description in terms of an energy density.

To obtain a simple expression for our further discussion,
we neglect for the moment an aspect which is important in
any actual analysis. Although in elementary collisions the
conservation of the various discrete abelian charges (electric
charge, baryon number, strangeness, heavy flavour) has to
be taken into account exactly [30], we here consider for
the moment a grand-canonical picture. We also assume
Boltzmann distributions for all hadrons. The multiplicity of
a given scalar hadronic species 𝑗 then becomes

⟨𝑛𝑗⟩
primary

=

𝑉𝑇𝑚
2

𝑗

2𝜋2
𝛾
𝑛𝑗

𝑠 𝐾2 (
𝑚𝑗

𝑇
) (1)

with 𝑚𝑗 denoting its mass and 𝑛𝑗 the number of strange
quarks/antiquarks it contains. Here primary indicates that
it gives the number at the hadronisation point, prior to all
subsequent resonance decay. The Hankel function 𝐾2(𝑥),
with 𝐾(𝑥) ∼ exp{−𝑥} for large 𝑥, gives the Boltzmann
factor, while𝑉 denotes the overall equivalent cluster volume.
In other words, in an analysis of 4𝜋 data of elementary
collisions, 𝑉 is the sum of the all cluster volumes at all
different rapidities. It thus scales with the overall multiplicity
and hence increases with collision energy. A fit of produc-
tion data based on the statistical hadronisation model thus
involves three parameters: the hadronisation temperature 𝑇,
the strangeness suppression factor 𝛾𝑠, and the equivalent
global cluster volume 𝑉.

As previously discussed, at high energy the temperature
turns out to be independent of the initial configuration
and this result calls for a universal mechanism underlying
the hadronization. In the next paragraph we recall the
interpretation of the string breaking as QCD H-U radiation.

2.2. String Breaking and Event Horizon. Let us outline the
thermal hadron production process through H-U radiation
for the specific case of 𝑒+𝑒− annihilation (see Figure 1). The
separating primary 𝑞𝑞pair excites a further pair 𝑞1𝑞1 from the
vacuum, and this pair is in turn pulled apart by the primary
constituents. In the process, the 𝑞

1
shields the 𝑞 from its

original partner 𝑞, with a new 𝑞𝑞
1
string formed. When it is

stretched to reach the pair production threshold, a further
pair is formed, and so on [31, 32]. Such a pair production
mechanism is a special case ofH-U radiation [33–37], emitted
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Figure 1: String breaking through 𝑞𝑞 pair production.

as hadron 𝑞
1
𝑞2 when the quark 𝑞1 tunnels through its event

horizon to become 𝑞
2
. The corresponding hadron radiation

temperature is given by the Unruh form 𝑇𝐻 = 𝑎/2𝜋, where 𝑎
is the acceleration suffered by the quark 𝑞

1
due to the force

of the string attaching it to the primary quark 𝑄. This is
equivalent to that suffered by quark 𝑞2 due to the effective
force of the primary antiquark 𝑄. Hence we have

𝑎𝑞 =
𝜎

𝑤𝑞

=
𝜎

√𝑚
2
𝑞
+ 𝑘2
𝑞

, (2)

where 𝑤𝑞 = √𝑚2𝑞 + 𝑘2𝑞 is the effective mass of the produced
quark, with 𝑚𝑞 for the bare quark mass and 𝑘𝑞 the quark
momentum inside the hadronic system 𝑞1𝑞1 or 𝑞2𝑞2. Since
the string breaks [25] when it reaches a separation distance

𝑥𝑞 ≃
2

𝜎
√𝑚2
𝑞
+ (

𝜋𝜎

2
), (3)

the uncertainty relation gives us 𝑘𝑞 ≃ 1/𝑥𝑞

𝑤𝑞 = √𝑚
2
𝑞
+ [

[

𝜎
2

(4𝑚2
𝑞
+ 2𝜋𝜎)

]

]

(4)

for the effective mass of the quark. The resulting quark-mass
dependent Unruh temperature is thus given by

𝑇 (𝑞𝑞) ≃
𝜎

2𝜋𝑤𝑞

. (5)

Note that here it is assumed that the quark masses for 𝑞1 and
𝑞2 are equal. For𝑚𝑞 ≃ 0, (5) reduces to

𝑇 (00) ≃ √
𝜎

2𝜋
, (6)

as obtained in [25].
If the produced hadron 𝑞

1
𝑞2 consists of quarks of different

masses, the resulting temperature has to be calculated as
an average of the different accelerations involved. For one

massless quark (𝑚𝑞 ≃ 0) and one of strange quark mass 𝑚𝑠,
the average acceleration becomes

𝑎0𝑠 =
𝑤0𝑎0 + 𝑤𝑠𝑎𝑠

𝑤0 + 𝑤𝑠

=
2𝜎

𝑤0 + 𝑤𝑠

. (7)

From this the Unruh temperature of a strange meson is given
by

𝑇 (0𝑠) ≃
𝜎

𝜋 (𝑤0 + 𝑤𝑠)
, (8)

with 𝑤0 ≃ √1/2𝜋𝜎 and 𝑤𝑠 given by (4) with 𝑚𝑞 = 𝑚𝑠.
Similarly, we obtain

𝑇 (𝑠𝑠) ≃
𝜎

2𝜋𝑤𝑠

, (9)

for the temperature of a meson consisting of a strange quark-
antiquark pair (𝜙). With 𝜎 ≃ 0.2GeV2, (6) gives 𝑇0 ≃

0.178GeV. A strange quark mass of 0.1 GeV reduces this to
𝑇(0𝑠) ≃ 0.167GeV and 𝑇(𝑠𝑠) ≃ 157MeV, that is, by about 6%
and 12%, respectively.

The scheme is readily generalized to baryons.Theproduc-
tion pattern is illustrated in Figure 2 and leads to an average
of the accelerations of the quarks involved. We thus have

𝑇 (000) = 𝑇 (0) ≃
𝜎

2𝜋𝑤0
(10)

for nucleons,

𝑇 (00𝑠) ≃
3𝜎

2𝜋 (2𝑤0 + 𝑤𝑠)
(11)

for Λ and Σ production,

𝑇 (0𝑠𝑠) ≃
3𝜎

2𝜋 (𝑤0 + 2𝑤𝑠)
(12)

for Ξ production, and

𝑇 (𝑠𝑠𝑠) = 𝑇 (𝑠𝑠) ≃
𝜎

2𝜋𝑤𝑠
(13)

for that of Ω’s. We thus obtain a resonance gas picture with
five different hadronization temperatures, as specified by the
strangeness content of the hadron in question: 𝑇(00) =

𝑇(000), 𝑇(0𝑠), 𝑇(𝑠𝑠) = 𝑇(𝑠𝑠𝑠), 𝑇(00𝑠) and 𝑇(0𝑠𝑠).

2.3. Strangeness Suppression in Elementary Collisions. In
order to evaluate the primary hadron multiplicities, the pre-
vious different species-dependent temperatures, fully deter-
mined by the string tension 𝜎 and the strange quark mass
𝑚𝑠, have been inserted into a complete statistical model
calculation [28].

Apart from possible variations of the quantities of 𝜎 and
𝑚𝑠, the description is thus parameter-free. As illustration, we
show in Table 1 the temperatures obtained for 𝜎 = 0.2GeV2
and three different strange quark masses. It is seen that in
all cases, the temperature for a hadron carrying nonzero
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Figure 2: Nucleon formation by string breaking through 𝑞𝑞 pair
production.

Table 1: Hadronization temperatures for hadrons of different
strangeness content, for 𝑚

𝑠
= 0.075, 0.100, 0.125GeV and 𝜎 =

0.2GeV2.

𝑇 𝑚
𝑠
= 0.075 𝑚

𝑠
= 0.100 𝑚

𝑠
= 0.125

𝑇(00) 0.178 0.178 0.178
𝑇(0𝑠) 0.172 0.167 0.162
𝑇(𝑠𝑠) 0.166 0.157 0.148
𝑇(000) 0.178 0.178 0.178
𝑇(00𝑠) 0.174 0.171 0.167
𝑇(0𝑠𝑠) 0.170 0.164 0.157
𝑇(𝑠𝑠𝑠) 0.166 0.157 0.148

strangeness is lower than that of nonstrange hadrons and
this leads to an overall strangeness suppression in elementary
collisions, in good agreement with data [28], without the
introduction of the ad-hoc parameter 𝛾𝑠.

Although a complete statistical hadronization model
calculation has been necessary for a detailed comparisonwith
experimental results [28], a rather simple, coarse grain argu-
ment can illustrate why a reduction of the H-U temperature
for strange particle production reproduces the 𝛾𝑠 effect.

To simplify matters, let us assume that there are only two
species: scalar and electrically neutral mesons, “pions” with
mass𝑚𝜋, and “kaons” with mass𝑚𝑘 and strangeness 𝑠 = 1.

According to the statistical model with the 𝛾𝑠 suppression
factor, the ratio𝑁𝑘/𝑁𝜋 is obtained by (1) and is given by

𝑁𝑘

𝑁𝜋



stat

𝛾𝑠

=
𝑚
2

𝑘

𝑚2
𝜋

𝛾𝑠

𝐾2 (𝑚𝑘/𝑇)

𝐾2 (𝑚𝜋/𝑇)
(14)

because there is thermal equilibrium at temperature 𝑇.
On the other hand, in the H-U based statistical model

there is no 𝛾𝑠, 𝑇𝑘 = 𝑇(0𝑠) ̸=𝑇𝜋 = 𝑇(00) = 𝑇 and therefore

𝑁𝑘

𝑁𝜋



stat

H-U
=
𝑚
2

𝑘

𝑚2
𝜋

𝑇𝑘

𝑇𝜋

𝐾2 (𝑚𝑘/𝑇𝑘)

𝐾2 (𝑚𝜋/𝑇𝜋)
. (15)

Which corresponds to a 𝛾𝑠 parameter given by

𝛾𝑠 =
𝑇𝑘

𝑇𝜋

𝐾2 (𝑚𝑘/𝑇𝑘)

𝐾2 (𝑚𝑘/𝑇𝜋)
. (16)

For 𝜎 = 0.2GeV2, 𝑚𝑠 = 0.1GeV, 𝑇𝜋 = 178Mev, and 𝑇𝑘 =
167Mev (see Table 1), the crude evaluation by (16) gives 𝛾𝑠 ≃
0.73.

In conclusion, our picture implies that the produced
hadrons are emitted slightly “out of equilibrium,” in the sense
that the emission temperatures are not identical. As long
as there is no final state interference between the produced
quarks or hadrons, we expect to observe this difference and
hence amodification of the production of strange hadrons, in
comparison to the corresponding full equilibrium values.

Once such interference becomes likely, due to the
increases of parton density, as in high energy heavy ion
collisions, equilibrium can be essentially restored producing
a small strangeness suppression as we will discuss in the next
section.

3. Hawking-Unruh Strangeness Enhancement
in Heavy Ion Collisions

As previosuly discussed, in elementary collisions the produc-
tion of hadrons containing 𝑛 strange quarks or antiquarks is
reduced in comparison to nucleus-nucleus scattering and this
reduction can be accounted for by the introduction of the
phenomenological universal strangeness suppression factor
𝛾
𝑛

𝑠
.
However, the hadron production in high energy collisions

occurs in a number of causally disconnected regions of
finite space-time size [38]. As a result, globally conserved
quantumnumbers (charge, strangeness, and baryon number)
must be conserved locally in spatially restricted correlation
clusters. This provides a dynamical basis for understanding
the suppression of strangeness production in elementary
interactions (𝑝𝑝, 𝑒+𝑒−) due to a small strangeness correlation
volume [11, 30, 39, 40].

The H-U counterpart of this mechanism is that in
elementary collisions there is a small number of partons
in a causally connected region and the hadron production
comes from the sequential breaking of independent 𝑞𝑞 strings
with the consequent species-dependent temperatures which
reproduce the strangeness suppression.

In contrast, the space-time superposition of many colli-
sions in heavy ion interactions largely removes these causality
constraints [38], resulting in an ideal hadronic resonance gas
in full equilibrium.

In the H-U approach, the effect of a large number of
causally connected quarks and antiquarks can be imple-
mented by defining the average temperature of the systemand
determining the hadronmultiplicities by the statistical model
with this “equilibrium” temperature.

Indeed, the average temperature depends on the numbers
of light quarks, 𝑁𝑙, and of strange quarks, 𝑁𝑠, which, in
turn, are counted by the number of strange and nonstrange
hadrons in the final state at that temperature.
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A detailed analysis requires again a full calculation in the
statistical model that will be done in a forthcoming paper;
however the mechanism can be roughly illustrated in the
world of “pions” and “kaons” introduced in Section 2.

Let us consider a high density system of quarks and
antiquarks in a causally connected region. Generalizing our
formulas in Section 2, the average acceleration is given by

𝑎 =
𝑁𝑙𝑤0𝑎0 + 𝑁𝑠𝑤𝑠𝑎𝑠

𝑁𝑙𝑤0 + 𝑁𝑠𝑤𝑠

. (17)

By assuming 𝑁𝑙 ≫ 𝑁𝑠, by ((6)–(8)), after a simple algebra,
the average temperature, 𝑇 = 𝑎/2𝜋, turns out to be

𝑇 = 𝑇 (00) [1 −
𝑁𝑠

𝑁𝑙

𝑤0 + 𝑤𝑠

𝑤0

(1 −
𝑇 (0𝑠)

𝑇 (00)
)] + 𝑂[(

𝑁𝑠

𝑁𝑙

)

2

] .

(18)

Now in our world of “pions” and “kaons” one has𝑁𝑙 = 2𝑁𝜋 +
𝑁𝑘 and𝑁𝑠 = 𝑁𝑘 and therefore

𝑇 = 𝑇 (00) [1 −
𝑁𝑘

2𝑁𝜋

𝑤0 + 𝑤𝑠

𝑤0

(1 −
𝑇 (0𝑠)

𝑇 (00)
)]

+ 𝑂[(
𝑁𝑘

𝑁𝜋

)

2

] .

(19)

On the other hand, in the H-U based statistical calculation
the ratio 𝑁𝑘/𝑁𝜋 depends on the equilibrium (average)
temperature 𝑇; that is,

𝑁𝑘

𝑁𝜋

=
𝑚
2

𝑘

𝑚2
𝜋

𝐾2 (𝑚𝑘/𝑇)

𝐾2 (𝑚𝜋/𝑇)
, (20)

and, therefore, one has to determine the temperature 𝑇
in such a way that (19) and (20) are self-consistent. This
condition implies the equation

2
[1 − 𝑇/𝑇 (00)]𝑤0

[1 − 𝑇 (0𝑠) /𝑇 (00)] (𝑤𝑠 + 𝑤0)
=
𝑚
2

𝑘

𝑚2
𝜋

𝐾2 (𝑚𝑘/𝑇)

𝐾2 (𝑚𝜋/𝑇)
, (21)

that can be solved numerically.
For 𝜎 = 0.2GeV2, 𝑚𝑠 = 0.1, and the temperatures in

Table 1, the average temperature turns out 𝑇 = 174Mev and
one can evaluate the Wroblewski factor defined by

𝜆 =
2𝑁𝑠

𝑁𝑙

, (22)

where𝑁𝑠 is the number of strange and antistrange quarks in
the hadrons in the final state and 𝑁𝑙 is the number of light
quarks and antiquarks in the final state minus their number
in the initial configuration.

The experimental value of the Wroblewski factor in high
energy collisions is rather independent on the energy and is
about 𝜆 ≃ 0.26 in elementary collisions and 𝜆 ≃ 0.5 for
nucleus-nucleus scattering.

In our simplified world, for 𝑒+𝑒− annhilation, 𝜆 = 𝑁𝑘/𝑁𝜋
and is given by (15) with the species-dependent temperatures
in Table 1. One gets 𝜆 ≃ 0.26.

To evaluate the Wroblewski factor in nucleus-nucleus
collisions one has to consider the average “equilibrium”
temperature 𝑇 and the number of light quarks in the initial
configuration. The latter point requires a realistic calculation
in the statitical model which includes all resonances and
stable particles.

However to show that one is on the right track, let us
neglect the problem of the initial configurationa and let
us evaluate the effect of substituting in (15) the species-
dependent temperatures with the equilibrium temperature
𝑇. With this simple modification the Wroblewski factor
increases, 𝜆 = 0.33.

In other terms, the change from a nonequilibrium condi-
tion, with species-dependent temperatures, to an equilibrated
system with the average temperature 𝑇 is able to reproduce
part of the observed growing of the number of strange quarks
with respect to elementary interactions.

4. Conclusions and Comments

The Hawking-Unruh hadronization mechanism gives a
dynamical basis to the universality of the temperature
obtained in the statistical model, to the strangeness sup-
pression in elementary collisions and to its enhancement in
nucleus-nucleus scatterings.

We are aware that the simplified formulation in Section 3
has to be checked by a full analysis in the hadron reso-
nance gas framework or by montecarlo simulations and that,
in addition, the interpretation of production of charmed
hadrons in 𝑒

+
𝑒
− annihilations, which is very successfully

described by the hadron resonance gas model with an exact
charm conservation, should be addressed through Hawking-
Unruh radiation mechanism to check if there is a consistent
picture.

However the proposed approach is also able to under-
stand the extremely fast equilibration of hadronic matter.
Indeed, Hawking-Unruh radiation provides a stochastic
rather than kinetic approach to equilibrium, with a random-
ization essentially due to the quantum physics of the color
horizon. The barrier to information transfer due to the event
horizon requires that the resulting radiation states excited
from the vacuum be distributed according to maximum
entropy, with a temperature determined by the strength of the
confining field.

The ensemble of all produced hadrons, averaged over
all events, then leads to the same equilibrium distribution
as obtained in hadronic matter by kinetic equilibration. In
the case of a very high energy collision with a high average
multiplicity already one event can provide such equilibrium;
because of the interruption of information transfer at each of
the successive quantum color horizons, there is no phase rela-
tion between two successive production steps in a given event.
The destruction of memory, which in kinetic equilibration
is achieved through sufficiently many successive collisions,
is here automatically provided by the tunnelling process. So
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the thermal hadronic final state in high energy collisions is
obtained through a stochastic process.

Finally, high energy particle physics, and in particular
hadron production, is, in our opinion, the promising sector
to find the analogue of the Hawking-Unruh radiation for two
main reasons: color confinement and the huge acceleration
that cannot be reached in any other dynamical systems.
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We consider simple models of Bose-Einstein condensates to study analog pair-creation effects, namely, the Hawking effect from
acoustic black holes and the dynamical Casimir effect in rapidly time-dependent backgrounds. We also focus on a proposal
by Cornell to amplify the Hawking signal in density-density correlators by reducing the atoms’ interactions shortly before
measurements are made.

1. Introduction

Analogue models in condensedmatter systems are nowadays
an active field of investigation, not only on the theoretical
side but, more importantly, also on the experimental one.
The underlying idea is to reproduce in a condensed matter
context peculiar and interesting quantum effects predicted
by Quantum Field Theory in curved space, whose experi-
mental verification in the gravitational context appears at the
moment by far out of reach.

Many efforts are devoted to find the most famous of these
effects, namely, the thermal emission by black holes predicted
byHawking in 1974 [1]. Among the condensedmatter systems
under examination, Bose-Einstein condensates appear as
the most promising setting to achieve this goal [2–13]. The
major problem one has to face experimentally is the correct
identification of the signal corresponding to the analogue of
Hawking radiation, namely, a thermal emission of phonons
as a consequence of a sonic horizon formation, since it can
be covered by other competing effects, like large thermal
fluctuations.

A major breakthrough to overcome this problem came
in 2008, when it was predicted that, as a consequence of
Hawking radiation being a genuine pair creation process,
a characteristic peak in the density correlation function of

the condensate should appear for points situated on opposite
sides with respect to the horizon [14]. This is the “smoking
gun” of the Hawking effect. Soon after this proposal, Eric
Cornell at the first meeting on “experimental Hawking radia-
tion” held in Valencia in 2009 suggested that one can amplify
this characteristic signal by reducing the interaction coupling
among the atoms of the BEC shortly before measuring the
density correlations [15].

Here we review in a simple pedagogical way, using toy
models, how the analogous of Hawking radiation occurs in
a supersonic flowing BEC and how the corresponding char-
acteristic peak in the correlation function can be amplified
according to Cornell’s suggestion. It should be stressed that
nowadays correlation functions measurements are becoming
the basic experimental tool to investigate Hawking-like radi-
ation in condensed matter systems.

2. BECs: The Gravitational Analogy
and Hawking Radiation

A Bose gas in the dilute gas approximation is described by a
field operator Ψ̂ with equal-time commutator (see, e.g., [16])

[Ψ̂ (𝑡, ⃗𝑥) , Ψ̂
†
(𝑡, ⃗𝑥

)] = 𝛿

3
( ⃗𝑥 − ⃗𝑥


) (1)
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satisfying the time-dependent Schrödinger equation

𝑖ℏ𝜕𝑡Ψ̂ = (−
ℏ
2

2𝑚
∇⃗
2
+ 𝑉ext + 𝑔Ψ̂

†
Ψ̂) Ψ̂, (2)

where 𝑚 is the mass of the atoms, 𝑉ext is the external
potential, and 𝑔 is the nonlinear atom-atom interaction
coupling constant. At sufficiently low temperatures a large
fraction of the atoms condense into a common ground state
which is described, in themean field approach, by a 𝑐-number
field Ψ0(𝑡, ⃗𝑥).

To consider linear fluctuations around this classical mac-
roscopic condensate, one writes the bosonic field operator Ψ̂
as

Ψ̂ ∼ Ψ0 (1 + 𝜙) , (3)

where 𝜙 is a small (quantum) perturbation. Ψ0 and 𝜙 satisfy,
respectively, Gross-Pitaevski

𝑖ℏ𝜕𝑡Ψ0 = (−
ℏ
2

2𝑚
∇⃗
2
+ 𝑉ext + 𝑔𝑛0)Ψ0, (4)

where 𝑛0 = |Ψ0|
2 is the number density, and Bogoliubov-de

Gennes equations

𝑖ℏ𝜕𝑡𝜙 = −(
ℏ
2

2𝑚
∇⃗
2
+
ℏ
2

𝑚

∇⃗Ψ0

Ψ0

∇⃗) 𝜙 + 𝑚𝑐
2
(𝜙 + 𝜙

†
) , (5)

with 𝑐 = √𝑔𝑛0/𝑚 being the speed of sound.
Contact with the gravitational analogy (see, e.g., [13]) is

achieved in the (long wavelength) hydrodynamic approxima-
tion, more easily realised by considering the density-phase
representation for the Bose operator Ψ̂ = √𝑛𝑒

𝑖𝜃 and the
splitting 𝑛 = 𝑛0 + 𝑛1, 𝜃 = 𝜃0 + 𝜃1 in which 𝑛1, 𝜃1 represent the
linear (quantum) density and phase fluctuations, respectively.
In terms of 𝜙 and 𝜙† we have

𝑛1 = 𝑛0 (𝜙 + 𝜙
†
) , 𝜃1 = −

𝑖

2
(𝜙 − 𝜙

†
) . (6)

Provided that the condensate density 𝑛0 and velocity ⃗V0 =
ℏ∇𝜃0/𝑚 vary on length scales much bigger than the healing
length 𝜉 = ℏ/𝑚𝑐 (the fundamental length scale of the
condensate), the BdG equation reduces to the continuity and
Euler equations for 𝑛1 and 𝜃1 and these can be combined
to give a second-order differential equation for 𝜃1 which is
mathematically equivalent to a Klein-Gordon (KG) equation

◻𝜃1 = 0, (7)

where◻ is the covariantKGoperator from the acousticmetric

𝑑𝑠
2
=

𝑛0

𝑚𝑐
[− (𝑐
2
− ⃗V2
0
) 𝑑𝑡
2
− 2 ⃗V0𝑑𝑡𝑑 ⃗𝑥 + 𝑑 ⃗𝑥

2
] . (8)

For a flow which presents a transition from a subsonic
(|V0| < 𝑐) flow to a supersonic one (| ⃗V0| > 𝑐 in some
region) the metric (8) describes an acoustic black hole, with

horizon located at the surface where |V0| = 𝑐. The same
analysis performed by Hawking in the gravitational case can
be repeated step by step, leading to the prediction [17] that
acoustic black holes will emit a thermal flux of phonons at
the temperature

𝑇𝐻 =
𝜅

2𝜋
, (9)

where 𝜅 = (1/2𝑐)(𝑑(𝑐
2
− ⃗V2)/𝑑𝑛)|hor, with 𝑛 being the normal

to the horizon, is the horizon’s surface gravity.

3. The Model

To simplify the mathematics involved in the process, we will
consider a 1D configuration (in 1D one shouldmore correctly
speak of quasi-condensation [18, 19]) in which 𝑛0 and V0 are
constant and where the only nontrivial quantity is the speed
of sound 𝑐. As explained in [20], this can be achieved by
varying the coupling constant 𝑔 (and therefore 𝑐) and the
external potential but keeping the sum 𝑔𝑛0 + 𝑉ext constant.
In this way, the plane-wave function Ψ0 = √𝑛0𝑒

𝑖𝑘0𝑥−𝑖𝑤0𝑡,
where V0 = ℏ𝑘0/𝑚 is the condensate velocity and ℏ𝑤0 =

ℏ
2
𝑘
2

0
/2𝑚 + 𝑉ext + 𝑔𝑛0, where ℏ𝑤0 is the chemical potential

of the gas, is a solution of (4) everywhere. Note that such a
stationary configuration is difficult to reach experimentally;
nevertheless it gives results similar to those obtained by more
realistic configurations [21].

The fluctuation operator 𝜙 is expanded in the usual form
in terms of positive and negative norm modes as

𝜙 (𝑡, 𝑥) = ∑

𝑗

[𝑎𝑗𝜙𝑗 (𝑡, 𝑥) + 𝑎
†

𝑗
𝜑
∗

𝑗
(𝑡, 𝑥)] , (10)

where 𝑎𝑗 and 𝑎
†

𝑗
are quasi-particle’s annihilation and creation

operators. From (5) and its Hermitean conjugate, we see that
the modes 𝜙𝑗(𝑡, 𝑥) and 𝜑𝑗(𝑡, 𝑥) satisfy the coupled differential
equations

[𝑖 (𝜕𝑡 + V0𝜕𝑥) +
𝜉𝑐

2
𝜕
2

𝑥
−
𝑐

𝜉
] 𝜙𝑗 =

𝑐

𝜉
𝜑𝑗,

[−𝑖 (𝜕𝑡 + V0𝜕𝑥) +
𝜉𝑐

2
𝜕
2

𝑥
−
𝑐

𝜉
] 𝜑𝑗 =

𝑐

𝜉
𝜙𝑗.

(11)

Thenormalizations are fixed, via integration of the equal-time
commutator obtained from (1), namely,

[𝜙 (𝑡, 𝑥) , 𝜙
†
(𝑡, 𝑥

)] =

1

𝑛0

𝛿 (𝑥 − 𝑥

) , (12)

by

∫𝑑𝑥 [𝜙𝑗𝜙
∗

𝑗
− 𝜑
∗

𝑗
𝜑𝑗] =

𝛿𝑗𝑗

𝑛0

. (13)

In order to get simple analytical expressions, in the
following we will consider simple models with step-like
discontinuities in the speed of sound 𝑐 and impose the
appropriate boundary conditions for the modes that are
solutions to (11). For more general profiles a numerical
analysis can be performed; see, for example, [22–25].
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3.1. Acoustic Black Holes and the Hawking Effect. A simple
analytical model of an acoustic black hole [26] can be
obtained by gluing two semi-infinite stationary and homo-
geneous 1D condensates, one subsonic (𝑥 < 0) and the
other supersonic (𝑥 > 0), along a spatial discontinuity
at 𝑥 = 0 (see [27], to which we refer for more detailed
explanations throughout this paragraph, and the references
therein): 𝑐(𝑥) = 𝑐𝑙𝜃(−𝑥) + 𝑐𝑟𝜃(𝑥). We take V0 < 0; that
is, the flow is from right to left, and 𝑐𝑙 < |V0| < 𝑐𝑟. We
denote the modes solutions in each homogeneous region and
corresponding to the fields 𝜙 and 𝜑 as

𝜙𝜔 = 𝐷 (𝜔) 𝑒
−𝑖𝑤𝑡+𝑖𝑘(𝜔)𝑥

, 𝜑𝜔 = 𝐸 (𝜔) 𝑒
−𝑖𝑤𝑡+𝑖𝑘(𝜔)𝑥

, (14)

so that (11) become

[(𝜔 − V0𝑘) −
𝜉𝑐𝑘
2

2
−
𝑐

𝜉
]𝐷 (𝜔) =

𝑐

𝜉
𝐸 (𝜔) ,

[− (𝜔 − V0𝑘) −
𝜉𝑐𝑘
2

2
−
𝑐

𝜉
]𝐸 (𝜔) =

𝑐

𝜉
𝐷 (𝜔) ,

(15)

while the normalization condition (13) gives

|𝐷 (𝜔)|
2
− |𝐸 (𝜔)|

2
=

1

2𝜋𝑛0



𝑑𝑘

𝑑𝑤


. (16)

The combination of the two equations (15) gives the Bogoli-
ubov dispersion relation for a one-dimensional Bose liquid
flowing at constant velocity

(𝜔 − V0𝑘)
2
= 𝑐
2
(𝑘
2
+
𝜉
2
𝑘
4

4
) (17)

containing the positive and negative normbranches𝑤−V0𝑘 =
±𝑐√𝑘2 + (𝜉2𝑘4/4) ≡ ±Ω(𝑘) which, for the subsonic and
supersonic regions, are given, respectively, in Figures 1 and 2.
Moreover, inserting the relation between 𝐷 and 𝐸 from (15)
into (16) we find the mode normalizations

𝐷 (𝜔) =
𝜔 − V𝑘 + (𝑐𝜉𝑘2/2)

√4𝜋𝑛0𝑐𝜉𝑘
2

(𝜔 − V𝑘) (𝑑𝑘/𝑑𝜔)−1



,

𝐸 (𝜔) = −
𝜔 − V𝑘 − (𝑐𝜉𝑘2/2)

√4𝜋𝑛0𝑐𝜉𝑘
2

(𝜔 − V𝑘) (𝑑𝑘/𝑑𝜔)−1



,

(18)

where 𝑘 = 𝑘(𝜔) are the roots of the quartic equation (17) at
fixed 𝜔.

In the subsonic case (17) admits two real and two complex
solutions. Regarding the real solutions, Figure 1, we call 𝑘V(∼
𝜔/(V0−𝑐)+𝑂(𝜉

2
)) and 𝑘𝑢(∼ 𝜔/(V0+𝑐)+𝑂(𝜉

2
)) the ones corre-

sponding to, respectively, negative and positive group velocity
V𝑔 = 𝑑𝜔/𝑑𝑘 (the other two complex conjugated solutions
correspond to, respectively, spatially decaying 𝑘𝑑 and growing
𝑘𝑔 modes). In the supersonic case (see Figure 2) we see that,
for the most interesting regime (𝜔 < 𝜔max ∼ 1/𝜉), there are
now four real solutions, corresponding to four propagating
modes: 𝑘V, 𝑘𝑢 (present also in the hydrodynamical limit 𝜉 = 0)

1.0

0.5

0.0

−0.5

−1.0
−2 −1 0 1 2

k

𝜔

Figure 1: Dispersion relation in the subsonic region (𝜔 is given in
units of the chemical potential and 𝑘 in units of the healing length).
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Figure 2: Dispersion relation in the supersonic region (again, 𝜔 is
given in units of the chemical potential and 𝑘 in units of the healing
length).

and 𝑘3, 𝑘4(∼ 1/𝜉), two of which (𝑘𝑢 and 𝑘4) belong to the
negative norm branch.

To findmodes evolution for all 𝑥 one needs to write down
the general solutions for𝜙 (𝜑) in the left supersonic (𝑙) and the
right subsonic (𝑟) regions (we restrict to the most interesting
case 𝜔 < 𝜔max)

𝜙
𝑙

𝜔
= 𝑒
−𝑖𝜔𝑡

× [𝐷
𝑙

V𝐴
𝑙

V𝑒
𝑖𝑘
𝑙

V𝑥 + 𝐷
𝑙

𝑢
𝐴
𝑙

𝑢
𝑒
𝑖𝑘
𝑙

𝑢
𝑥
+ 𝐷
𝑙

3
𝐴
𝑙

3
𝑒
𝑖𝑘
𝑙

3
𝑥
+ 𝐷
𝑙

4
𝐴
𝑙

4
𝑒
𝑖𝑘
𝑙

4
𝑥
] ,

𝜙
𝑟

𝜔
= 𝑒
−𝑖𝜔𝑡

× [𝐷
𝑟

V𝐴
𝑟

V𝑒
𝑖𝑘
𝑟

V𝑥 + 𝐷
𝑟

𝑢
𝐴
𝑟

𝑢
𝑒
𝑖𝑘
𝑟

𝑢
𝑥
+ 𝑑𝜙𝐴

𝑟

𝑑
𝑒
𝑖𝑘
3

𝑑
𝑥
+ 𝐺𝜙𝐴

𝑟

𝑔
𝑒
𝑖𝑘
𝑟

𝑔
𝑥
]

(19)

(the expansions for 𝜑 are the same up to the replacement
𝐷 → 𝐸) and impose, from (11), the matching conditions

[𝜙] = 0, [𝜙

] = 0, [𝜑] = 0, [𝜑


] = 0, (20)
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where [ ] indicates the variation across the jump at 𝑥 = 0,
allowing us to write down the relations between left and right
amplitudes 𝐴 through a scattering matrix𝑀scatt in the form

(

𝐴
𝑙

V

𝐴
𝑙

𝑢

𝐴
𝑙

3

𝐴
𝑙

4

) = 𝑀scatt(

𝐴
𝑟

V

𝐴
𝑟

𝑢

𝐴
𝑟

𝑑

𝐴
𝑟

𝑔

). (21)

This allows us to construct explicitly the decomposition of
the field operator 𝜙 in terms of the “in” and “out” bases. The
“in” basis is constructed with 𝜙in modes propagating from the
asymptotic regions (𝑥 → ±∞) towards the discontinuity
(𝑥 = 0), while the “out” basis is constructed with modes
𝜙
out propagating away from the discontinuity to 𝑥 = ±∞.

Looking at Figures 1 and 2, we see that unit amplitude modes
defined on the left moving 𝑘

𝑟

V and right moving 𝑘
𝑙

3
, 𝑘
𝑙

4
(∼

1/𝜉)momenta define the ingoing scattering states, while unit
amplitude modes defined on the right moving 𝑘

𝑟

𝑢
and left

moving 𝑘𝑙V, 𝑘
𝑙

𝑢
momenta define the outgoing scattering states.

One can then write down the “in” decomposition in terms of
the “in” scattering states

𝜙 = ∫

𝜔max

0

𝑑𝜔 [𝑎
V,in
𝜔

𝜙
V,in
𝜔

+ 𝑎
3,in
𝜔

𝜙
3,in
𝜔

+ 𝑎
4,in†
𝜔

𝜙
4,in
𝜔

+ ℎ.𝑐.]

(22)

or, equivalently, on the basis of the “out” scattering ones. Note
that since 𝑘𝑙

4
belongs to the negative norm branch the corre-

sponding “in” mode 𝜙in
4,𝑙

is multiplied by a creation operator
𝑎
4,in†
𝜔

(the same thing happens, in the “out” decomposition,
for 𝜙out
𝑢,𝑙

). Using (21) one can construct the 3 × 3 S-matrix
relating 𝜙in and 𝜙out modes

𝜙
V,in
𝜔

= 𝑆V𝑙,V𝑟𝜙
V,out
𝜔

+ 𝑆𝑢𝑟,V𝑟𝜙
𝑢𝑟,out
𝜔

+ 𝑆𝑢𝑙,V𝑙𝜙
𝑢𝑙,out
𝜔

,

𝜙
3,in
𝜔

= 𝑆V𝑙,3𝑙𝜙
V,out
𝜔

+ 𝑆𝑢𝑟,3𝑙𝜙
𝑢𝑟,out
𝜔

+ 𝑆𝑢𝑙,3𝑙𝜙
𝑢𝑙,out
𝜔

,

𝜙
4,in
𝜔

= 𝑆V𝑙,4𝑙𝜙
V,out
𝜔

+ 𝑆𝑢𝑟,4𝑙𝜙
𝑢𝑟,out
𝜔

+ 𝑆𝑢𝑙,4𝑙𝜙
𝑢𝑙,out
𝜔

,

(23)

which is not trivial since it mixes positive and negative norm
modes. As a consequence, the Bogoliubov transformation
between “in” and “out” creation and annihilation operators
is also not trivial because it mixes creation and annihilation
operators. This has the crucial consequence that the “in” and
“out” Hilbert spaces are not unitary related; in particular the
corresponding vacua are different; that is, |0, in⟩ ̸= |0, out⟩.
The physical consequence is that if we prepare the system
in the |0, in⟩ vacuum state, so that there are no incoming
phonons at 𝑡 = −∞, we will have, at late times, outgoing
quanta on both sides of the horizon: the vacuum has sponta-
neously emitted phonons,mainly in the 𝑘𝑟

𝑢
channel (Hawking

quanta) and 𝑘
𝑙

𝑢
(partners). The analytical calculations show

that the number of emitted Hawking quanta [26]

⟨0, in 𝑎
𝑢𝑟,out†
𝜔

𝑎
𝑢𝑟,out
𝜔


0, in⟩ = 𝑆𝑢𝑟,4𝑙


2
∼
1

𝜔
(24)

and partners

⟨0, in 𝑎
𝑢𝑙,out†
𝜔

𝑎
𝑢𝑙,out
𝜔


0, in⟩ = 𝑆𝑢𝑙,4𝑙


2
∼
1

𝜔
(25)

follow an approximate (low-frequency) thermal (1/𝑤) spec-
trum [21], the proportionality factor allowing the identifica-
tion of a Hawking temperature (∼ 1/𝜉) in this idealised set-
ting. We can understand the mechanism by which Hawking
radiation is emitted by looking, using (6), at the equal-time
density-density correlator

𝐺
(2)
(𝑡; 𝑥, 𝑥


) ≡

1

𝑛2
0

lim
𝑡→ 𝑡

⟨0, in 𝑛
1
(𝑡, 𝑥) , 𝑛

1
(𝑡

, 𝑥

)

0, in⟩ ,

(26)

whose main contribution in the 𝑥 < 0 and 𝑥

> 0 sector

comes from the 𝑢𝑙-𝑢𝑟 term

1

𝑛2
0

⟨𝑛1𝑛1⟩

Hawking

∼ Re∫
𝑤max

0

𝑑𝑤𝑆𝑢𝑙,4𝑙𝑆
∗

𝑢𝑟,4𝑙
(𝜙
𝑤,out
𝑢,𝑙

+ 𝜑
𝑤,out
𝑢,𝑙

)

× (𝜙
𝑤,out∗
𝑢,𝑟

+ 𝜑
𝑤,out∗
𝑢,𝑟

)

∼
sin [𝜔max (𝑥


/ (V0 + 𝑐𝑟) − 𝑥/ (V0 + 𝑐𝑙))]

𝑥/ (V0 + 𝑐𝑟) − 𝑥/ (V0 + 𝑐𝑙)
.

(27)

The existence of the peak at

𝑥


V0 + 𝑐𝑟
=

𝑥

V0 + 𝑐𝑙
(28)

was first pointed out in [14] in the hydrodynamical approxi-
mation using QFT in curved space techniques. The physical
picture that emerges is that Hawking quanta and partners are
continuously created in pairs from the horizon at each time
𝑡, propagate on opposite directions at speeds V0 + 𝑐𝑙 < 0 and
V0 + 𝑐𝑟 > 0, and after time Δ𝑡 are located at 𝑥 and 𝑥 related
as in (28). The existence of the Hawking peak was nicely
confirmed by numerical “ab initio” simulations with more
realistic configurations performed in [20]. How correlation
measurements can reveal the quantum nature of Hawking
radiation is discussed in [28–30].

3.2. Analog Dynamical Casimir Effect. Adistinct type of pair-
creation takes place in time-dependent backgrounds, with
one important example being quantum particle creation in
cosmology. We will study the analogue of these phenomena
in BECs with another simple model in which the speed of
sound has a step-like discontinuity in time at 𝑡 = 0 separating
two “initial” and “final” infinite homogeneous condensates:
𝑐(𝑡) = 𝑐in𝜃(−𝑡) + 𝑐fin𝜃(𝑡); see for more details [31, 32]. The
modes solutions in the initial (𝑡 < 0) and final (𝑡 > 0) regions
are now of the type

𝜙𝑘 = 𝐷 (𝑘) 𝑒
−𝑖𝑤(𝑘)𝑡+𝑖𝑘𝑥

, 𝜑𝑘 = 𝐸 (𝑘) 𝑒
−𝑖𝑤(𝑘)𝑡+𝑖𝑘𝑥

, (29)
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for which (11) become

[− (𝜔 − V𝑘) +
𝑐𝜉𝑘
2

2
+
𝑐

𝜉
]𝐷 (𝑘) = −

𝑐

𝜉
𝐸 (𝑘) ,

[(𝜔 − V𝑘) +
𝑐𝜉𝑘
2

2
+
𝑐

𝜉
]𝐸 (𝑘) = −

𝑐

𝜉
𝐷 (𝑘) ,

(30)

while the normalization condition (13) yields

|𝐷 (𝑘)|
2
− |𝐸 (𝑘)|

2
=

1

2𝜋𝑛0
(31)

giving

𝐷 (𝑘) =
𝜔 − V𝑘 + (𝑐𝜉𝑘2/2)

√4𝜋𝑛0𝑐𝜉𝑘
2 |(𝜔 − V𝑘)|

,

𝐸 (𝑘) = −
𝜔 − V𝑘 − (𝑐𝜉𝑘2/2)

√4𝜋𝑛0𝑐𝜉𝑘
2 |(𝜔 − V𝑘)|

.

(32)

Here, 𝜔 = 𝜔(𝑘) corresponds to the two real solutions to (17),
which is quadratic in 𝜔 at fixed 𝑘. These read

𝜔+ (𝑘) = V𝑘 + √𝑐2𝑘2 +
𝑐
2
𝑘
4
𝜉
2

4
≡ V𝑘 − Ω (𝑘) ,

𝜔− (𝑘) = V𝑘 − √𝑐2𝑘2 +
𝑐
2
𝑘
4
𝜉
2

4
≡ V𝑘 − Ω (𝑘) ,

(33)

where 𝜔+(𝑘) corresponds to the positive norm branch and
𝜔−(𝑘) corresponds to the negative norm one. To find modes
evolution for all 𝑡 one first writes down the general solutions
in the initial and final regions for 𝜙 (𝜑)

𝜙
fin(in)
𝑘

= 𝑒
𝑖𝑘𝑥

× [𝐷
+

fin(in) (𝑘) 𝐴fin(in)𝑒
−𝑖𝜔

fin(in)
+
(𝑘)𝑡

+𝐷
−

fin(in) (𝑘) 𝐵fin(in)𝑒
−𝑖𝜔

fin(in)
−
(𝑘)𝑡

]

(34)

(for 𝜑we have the same expansion with𝐷 replaced by 𝐸) and
impose the matching conditions, from (11),

[𝜙] = 0, [𝜑] = 0, (35)

where [ ] now indicates the variation across the discontinuity
at 𝑡 = 0. They allow the final amplitudes 𝐴fin to be related to
the initial ones 𝐴in through the matrix𝑀Bog:

(
𝐴fin
𝐵fin

) = 𝑀bog (
𝐴 in
𝐵in

) , (36)

where

𝑀bog =
1

2√ΩinΩout
(
Ωin + Ωfin Ωfin − Ωin

Ωfin − Ωin Ωin + Ωfin
) . (37)

One can easily construct “in” and “fin” decompositions for the
field 𝜙 by considering initial (final) unit amplitude positive
norm modes (𝐴 in(fin) = 1, 𝐵in = 0) 𝜙in(fin)

𝑘
(𝜑in(fin)
𝑘

) modes for
all 𝑡 using (36):

𝜙(𝑡, 𝑥)
in(fin)

= ∫

∞

−∞

𝑑𝑘 [𝑎
in(fin)
𝑘

𝜙
in(fin)
𝑘

+ 𝑎
in(out)†
𝑘

𝜑
in(fin)∗
𝑘

] .

(38)

The modes are related through a nontrivial Bogoliubov
transformation mixing positive and negative norm modes

𝜙
in
𝑘
= 𝛼𝑘𝜙

fin
+ 𝛽𝑘𝜙

out∗
−𝑘

, (39)

where

𝛼𝑘 =
Ωin + Ωfin

2√ΩinΩfin
, 𝛽𝑘 =

Ωfin − Ωin

2√ΩinΩfin
, (40)

and, consequently, also the relation between “in” and “fin”
annihilation and creation operators will mix annihilation and
creation operators, implying again that the two decomposi-
tions are inequivalent and in particular the two vacuum states
|0, in⟩ and |0, fin⟩ are different. The physical consequence is
that the step-like discontinuity at 𝑡 = 0 will induce particle
creation, the features of which can be understood by looking
at the time-dependent terms of the one-time density-density
correlator which in the hydrodynamical limit reads

𝐺
(2)
(𝑡, 𝑥, 𝑥


)
dyncas

∼
1

(2𝑐fin𝑡 − (𝑥 − 𝑥
))
2
+

1

(2𝑐fin𝑡 − (𝑥
 − 𝑥))

2
.

(41)

At 𝑡 = 0 and everywhere in space correlated pairs of particles
with opposite momentum are created out of the vacuum
state, with velocities V − 𝑐fin (left moving) and V + 𝑐fin (right
moving). At time 𝑡 such particles are separated by a distance


𝑥 − 𝑥

= 2𝑐fin𝑡, (42)

which is indeed the correlation displayed in (41). This effect
was recently observed in [33] by considering homogeneous
condensates with trapping potential 𝑉ext rapidly varying in
time, where correlation functions in velocity/momentum
space were measured.

3.3. Amplification of the Hawking Signal in Density Corre-
lators. It has been argued by Cornell [15] that a way to
amplify the Hawking signal in density-density correlators
is to reduce the interactions shortly before measuring the
density correlations. Since 𝑐 = √𝑔𝑛0/𝑚, reducing 𝑔 means
that the speed of sound is also reduced. We will model
this situation by matching our idealised acoustic black hole
configuration of Section 3.1 with a final infinite homogeneous
condensate characterised by a small sound velocity 𝑐fin (< 𝑐𝑙 <

𝑐𝑟); see Figure 3. To study this situation, in which a spatial
step-like discontinuity in 𝑐 at 𝑥 = 0 is combined with a
temporal step-like discontinuity at some 𝑡 = 𝑡0, we will use
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the tools introduced in the previous two subsections. We will
calculate the density-density correlator in the “in” vacuum by
expanding the density operator in the “in” decomposition

𝑛
1
(𝑡, 𝑥)

≃ 𝑛0 ∫

𝜔max

0

𝑑𝑤 [𝑎
V,in
𝜔

(𝜙
in
V,𝑟 + 𝜑

V,in
V,𝑟 ) + 𝑎

3,in
𝜔

(𝜙
in
3,𝑙
+ 𝜑

in
3,𝑙
)

+ 𝑎
4,in†
𝜔

(𝜙
in
4,𝑙
+ 𝜑

in
4,𝑙
) + ℎ.𝑐.]

(43)

to get

1

𝑛2
0

⟨0, in 𝑛1𝑛1
 0, in⟩

= ∫

𝑤max

0

𝑑𝑤 [(𝜙
in
V,𝑟 + 𝜑

V,in
V,𝑟 ) (𝜙

in∗
V,𝑟 + 𝜑

V,in∗
V,𝑟 )

+ (𝜙
in
3,𝑙
+ 𝜑

in
3,𝑙
) (𝜙

in∗
3,𝑙

+ 𝜑
in∗
3,𝑙
)

+ (𝜙
in∗
4,𝑙

+ 𝜑
in∗
4,𝑙
) (𝜙

in
4,𝑙
+ 𝜑

in
4,𝑙
)] .

(44)

By expressing the “in” modes in terms of the “out” modes
and in the absence of the temporal step-like discontinuity (say
𝑡0 → +∞) the Hawking signal is given by

1

𝑛2
0

⟨0, in 𝑛1𝑛1
 0, in⟩

Hawking

∼ Re∫
𝑤max

0

𝑑𝑤𝑆𝑢𝑙,4𝑙𝑆
∗

𝑢𝑟,4𝑙
(𝜙
𝑤,out
𝑢,𝑙

+ 𝜑
𝑤,out
𝑢,𝑙

)

× (𝜙
𝑤,out∗
𝑢,𝑟

+ 𝜑
𝑤,out∗
𝑢,𝑟

) .

(45)

In the presence of the temporal step-like discontinuity we
need to evolve the relevantmodes𝜙out

𝑢,𝑙
(𝜑out
𝑢,𝑙

) and𝜙out
𝑢,𝑟

(𝜑out
𝑢,𝑟

), at
the same value of 𝑤, across the discontinuity at 𝑡 = 𝑡0. Going
to the 𝑘 basis and considering 𝑘, 𝑘 small (𝑤 ∼ (V + 𝑐𝑙)𝑘 ∼

(V + 𝑐𝑟)𝑘
) we have

𝜙
𝑘,out
𝑢,𝑙

+ 𝜑
𝑘,out
𝑢,𝑙

∼ √
|𝑘|

𝑐𝑙

𝑒
−𝑖(V+𝑐𝑙)𝑘𝑡+𝑖𝑘𝑥

→ √
|𝑘|

𝑐fin
𝑒
𝑖𝑘𝑥

(𝛼𝑒
−𝑖(V+𝑐fin)𝑘𝑡 + 𝛽𝑒

−𝑖(V−𝑐fin)𝑘𝑡) ,

(46)

where 𝛼 = ((𝑐𝑙 + 𝑐fin)/2√𝑐𝑙𝑐fin)𝑒
𝑖(𝑐fin−𝑐𝑙)𝑘𝑡0 , 𝛽 = ((𝑐fin − 𝑐𝑙)/

2√𝑐𝑙𝑐fin)𝑒
−𝑖(𝑐fin+𝑐𝑙)𝑘𝑡0 , and

𝜙
𝑘

,out
𝑢,𝑟

+ 𝜑
𝑘

,out
𝑢,𝑟

∼ √
𝑘


𝑐𝑟

𝑒
−𝑖(V+𝑐𝑟)𝑘


𝑡+𝑖𝑘

𝑥


→ √
𝑘


𝑐fin
𝑒
𝑖𝑘

𝑥


(𝛼

𝑒
−𝑖(V+𝑐fin)𝑘


𝑡
+ 𝛽

𝑒
−𝑖(V−𝑐fin)𝑘


𝑡
) ,

(47)

cfin

c1 cr

Figure 3: Spacetime diagram sketch of a spatial step-like disconti-
nuity (acoustic black hole-like) followed by a temporal one leading
to a final homogeneous configuration.

with 𝛼


= ((𝑐𝑟 + 𝑐fin)/2√𝑐𝑟𝑐fin)𝑒
𝑖(𝑐fin−𝑐𝑟)𝑘


𝑡0 , 𝛽 = ((𝑐fin −

𝑐𝑟)/2√𝑐𝑟𝑐fin)𝑒
−𝑖(𝑐fin+𝑐𝑟)𝑘


𝑡0 .

It is useful to rewrite (46) and (47) in terms of 𝑤 to
compare with the standard result without the temporal step-
like discontinuity

𝜙
𝑤,out
𝑢,𝑙

+ 𝜑
𝑤,out
𝑢,𝑙

∼ √
𝑤

𝑐𝑙

𝑒
−𝑖𝑤𝑡+𝑖(𝑤𝑥/(V+𝑐𝑙)) → √

𝑤

𝑐fin
𝑒
𝑖(𝑤𝑥/(V+𝑐𝑙))

× (𝛼𝑒
−𝑖((V+𝑐fin)/(V+𝑐𝑙))𝑤𝑡 + 𝛽𝑒

−𝑖((V−𝑐fin)/(V+𝑐𝑙))𝑤𝑡) ,

𝜙
𝑤,out
𝑢,𝑟

+ 𝜑
𝑤,out
𝑢,𝑟

∼ √
𝑤

𝑐𝑟

𝑒
−𝑖𝑤𝑡+𝑖(𝑤𝑥


/(V+𝑐𝑟)) → √

𝑤

𝑐fin
𝑒
𝑖(𝑤𝑥

/(V+𝑐𝑟))

× (𝛼

𝑒
−𝑖((V+𝑐fin)/(V+𝑐𝑟))𝑤𝑡 + 𝛽


𝑒
−𝑖((V−𝑐fin)/(V+𝑐𝑟))𝑤𝑡) .

(48)

The standard result is, from (45), a stationary peak at

𝑥

V + 𝑐𝑙
−

𝑥


V + 𝑐𝑟
= 0 (49)

weighted by the 𝑤-independent factor (see (24) and (25))

𝑤

√𝑐𝑙𝑐𝑟

𝑆𝑢𝑙,4𝑙𝑆
∗

𝑢𝑟,4𝑙
. (50)

The effect of the temporal step-like discontinuity at 𝑡 = 𝑡0 (see
(48)) is to modify this signal into a main signal located at

𝑥

V + 𝑐𝑙
−

𝑥


V + 𝑐𝑟
= (

(V + 𝑐fin)
V + 𝑐𝑙

−
(V + 𝑐fin)
V + 𝑐𝑟

) (𝑡 − 𝑡0) (51)

with strength

𝑤𝛼𝛼


𝑐fin
𝑆𝑢𝑙,4𝑙𝑆

∗

𝑢𝑟,4𝑙
(52)

and three smaller signals located at 𝑥/(V + 𝑐𝑙) − 𝑥

/(V + 𝑐𝑟) =

((V+𝑐fin)/(V+𝑐𝑙)−(V−𝑐fin)/(V+𝑐𝑟))(𝑡−𝑡0),𝑥/(V+𝑐𝑙)−𝑥

/(V+𝑐𝑟)=
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((V−𝑐fin)/(V+𝑐𝑙)−(V+𝑐fin)/(V+𝑐𝑟))(𝑡−𝑡0), and𝑥/(V+𝑐𝑙)−𝑥

/(V+

𝑐𝑟) = ((V−𝑐fin)/(V+𝑐𝑙)−(V−𝑐fin)/(V+𝑐𝑟))(𝑡−𝑡0)with strengths
given by (52) in which 𝛼𝛼 is substituted, respectively, by 𝛼𝛽,
𝛼

𝛽, and 𝛽𝛽.
We see immediately that we loose the stationarity of the

Hawking signal (49) and that the main signal is multiplied by

𝜂 =
√𝑐𝑟𝑐𝑙

𝑐fin
𝛼𝛼

=
(𝑐fin + 𝑐𝑙) (𝑐fin + 𝑐𝑟)

4𝑐2fin
(53)

with respect to the standard result. This results indeed in an
amplification (i.e., the above term is >1) when 𝑐fin < 𝑐𝑙, 𝑐𝑟.
Being the Hawking peak expected to be of order 5 × 10

−3

for realistic experimental settings [20] (where 𝑐𝑟 = 2𝑐𝑙 was
considered), we obtain an amplification factor 𝜂 = 15/4 for
𝑐𝑟 = 2𝑐𝑙 = 4𝑐fin.

4. Conclusions

In this paper we have briefly reviewed the analysis of
the analog Hawking effect and of the analog dynamical
Casimir effect by considering simple analytical models of
Bose-Einstein condensates in which the speed of sound has
step-like discontinuities. We focussed on the study of the
density-density correlators which show, in the former case,
the existence of a characteristic stationary Hawking quanta-
partner peak located at (28) and, in the latter, that of a time-
dependent feature (42). Following a suggestion byCornell, we
combined these two analyses to construct a model in which
the atoms’ interactions are rapidly lowered (and so the speed
of sound) before the correlations are measured. This results
in an amplification of the main Hawking peak, now time-
dependent and located at (51), by the factor (53) that could
be useful in the experimental search.
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[7] C. Barceló, S. Liberati, andM. Visser, “Towards the observation
of Hawking radiation in Bose-Einstein condensates,” Interna-
tional Journal ofModern Physics A, vol. 18, no. 21, pp. 3735–3745,
2003.
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Whether or not space-time is fundamentally discrete is of central importance for the development of the theory of quantum gravity.
If the fundamental description of spacetime is discrete, typically represented in terms of a graph or network, then the apparent
smoothness of geometry on large scales should be imperfect—it should have defects. Here, we review a model for space-time
defects and summarize the constraints on the prevalence of these defects that can be derived from observation.

1. Introduction

A theory of quantum gravity is necessary to describe the
quantum behavior of space and time and to understand
what happens in strong gravitational fields, when curvature
reaches the Planckian regime. Finding this missing theory of
quantumgravity is one of the big openproblems in theoretical
physics today, and it concerns the most fundamental ingredi-
ents of our existing theories: space-time and its curvature, the
arena in which physics happens.

But general relativity still stands apart from the quantum
field theories of the standard model as a classical theory.
There exists to date no known way to consistently couple a
classical theory to a quantum theory and neither do we know
how to quantize gravity.While several theoretical approaches
are being pursued with success, this success has so far been
exclusively on the side of mathematical consistency, and the
connection of these approaches to reality is still unclear.

Theproblemhow to resolve the tension between quantum
field theory and general relativity is more than an aesthetic
unease.This tension signals that our understanding of nature
is incomplete, but it also offers an opportunity to improve
our theories. The missing theory of quantum gravity has the
potential to revolutionize our understanding of space, time,
and matter.

Progress on the theory of quantum gravity, however, has
been slow. The problem has been known since more than
80 years now. Since then, we gained a great many insights

about the nature of the problem but the big breakthrough has
left us waiting. Next to the technical difficulties, the reason
for the slow progress is the lack of experimental guidance.
The possibility that quantum gravitational phenomenamight
be observable has not been paid much attention to till the
late 90s, and even now the awareness that this possibility
exists is slow to sink into the minds of the community.
However, without making contact to observation, no theory
of quantum gravity can ever be accepted as a valid description
of nature.

In the absence of a fully fledged theory, this search
for observable consequences proceeds by the development
of phenomenological models. Such models parameterize
properties that the theory of quantum gravity could have
with the purpose of allowing to experimentally test or at
least constrain the presence of these properties. This in turn
guides the development of the theory. General reviews of
phenomenological models for quantum gravity can be found
in [1, 2]. In this contribution to the AHEP special issue
on “Experimental Tests of Quantum Gravity and Exotic
Quantum Field Theory Effects,” we will discuss a possible
phenomenological consequence of quantum gravity that has
so far received very little attention—the existence of space-
time defects.

In many approaches to quantum gravity—such as causal
sets, spin foams, causal dynamical triangulation, loop quan-
tum gravity, and emergent and induced gravity scenarios
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based on condensed matter analogies—space-time is funda-
mentally discrete and the smooth background geometry that
we see only emerges as an approximation at low energies
and large distances [3]. In this case, one expects that the
apparently smooth background geometry is imperfect and
has defects, just because perfection would require additional
explanation.

In the following, we will review the recently proposed
model for space-time defects [4, 5] and summarize the
constraints on the prevalence of these defects that can be
derived from observation. We will then discuss which steps
can be taken to improve the model so that the constraints
touch on the interesting parameter range.

2. Space-Time Defects

Whether or not space-time is fundamentally discrete is a
question of central importance for the development of the
theory. But this discreteness typically makes itself noticeable
at the Planck length, which is hard if not impossible to access
experimentally.Thus, instead of searching for direct evidence
for the Planck scale discreteness, we here propose to look
for imperfections in this discreteness. Such imperfections in
space-time will cause deviations from general relativity, since
general relativity rests on the assumption that space-time is
a manifold and locally smooth and differentiable. Because
general relativity is an extremely well-tested theory even the
smallest deviations can become noticeable, making space-
time defects a promising phenomenological consequence to
search for. Looking for space-time defects as evidence for the
presence of a discrete geometry is akin to looking for specks
of dirt as evidence for the presence of a window.

That such defects should exist is a model-independent
expectation for all approaches to quantum gravity in which
geometry has a fundamentally discrete structure. But the
prevalence, distribution, and properties of the defects will
depend on the details of the underlying fundamental theory.
This way, the phenomenological model can bridge the gap
between theory and experiment. In the following, we will
aim to parameterize the consequences of space-time defects
so that contact can be made to the underlying theory if the
relevant parameters can be extracted. The defects considered
here are quantum gravitational effects in the sense that they
are relics of the underlying discrete structure.

In contrast to defects in condensed matter systems,
analogues of which have also been considered for General
Relativity [6], space-time defects are not only localized in
space but also in time. They do not have world lines but
are space-time events. Space-time defects can come in two
different versions, local defects and nonlocal defects. The
general case would be a hybrid of both, but treating these two
types separately is helpful to develop the theory. We will first
discuss the nonlocal defects.

2.1. Nonlocal Space-Time Defects. One of the reasons we
expect that quantum gravity necessitates nonlocality is that
the notion of the Planck length as a minimal length implies
that it is meaningless to distinguish points below this

distance—these points are not local (or not points, depending
on your perspective). But besides this, during the last decades,
it has also become increasingly clear that a resolution of
the black hole information loss problem requires some type
of nonlocality [7]. Meanwhile, a completely different line of
investigation has led to the conclusion that requiring the
Planck energy to be an observer-independent component of
a four-momentum necessitates giving up absolute locality.
Instead, one might have to settle on a weaker locality
requirement, which has been called “relative locality” [8].

While Planck-scale nonlocality has received quite some
attention, for example, in the well-studied models for quan-
tumfield theorywith aminimal length [9], here, wewill focus
on a feature whose phenomenology has so far received very
little attention: macroscopic nonlocality, where macroscopic
means much larger than the Planck length.

Macroscopic nonlocality can be expected to arise in
approaches towards quantum gravity in which space-time is
only to good approximation a smooth manifold but funda-
mentally a network (graph) consisting of nodes and links
which can carry additional charges or degrees of freedom.
The reason is that the emergence of a manifold from the
network will not be perfect, but it will have defects. And
since our macroscopic notion of distance only emerges with
the space-time and the metric that we define on it, there
is no reason why these defects should respect the emergent
macroscopic locality.

This has been demonstrated explicitly by Markopoulou
and Smolin in [10] for the case of spin networks. Their
argument can be briefly summarized as follows.

States of the spin network describe spatial slices of space-
time and they change in time by a set of allowed evolution
moves, which are local according to the locality of the
network. Certain spin network states, called “weave states,”
match to good precision (up to Planck scale corrections),
slowly varying classical spatial metrics. The structure of
nodes and links of the network carries information about
area and volumes and thus the geometry that the network
fundamentally describes. It can then be shown that it is
possible to act with a large number of local evolution moves
on a state without nonlocal links and by this create a state
that contains macroscopically nonlocal links. This is possible
without changing the classical state that it approximates; thus
the existence of the classical approximation alone cannot be
used to rule out these nonlocal links.

A nonlocal link is, intuitively, a link in the network that
does not respect the emergent macroscopic locality. More
strictly, it can be identified by the number of nodes on the
shortest closed loop that it is part of. For the nonlocal link,
these will be a large number of nodes, while all the local links
have a small number of nodes (depending on the valence of
the network). See Figure 1 for illustration.

In the example by Markopoulou and Smolin, the states
with nonlocal links are still allowed solutions and thus valid
semiclassical space-times but do not respect the macroscopic
locality. Because of simple combinatorics, one finds that there
are in fact many more nonlocal states than local states. This
means that the locality of the state that we live in today is not
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Figure 1: Schematic picture for nonlocal links on a regular lattice.
The lattice represents space-time.The link, which represents a defect
in the regularity of the background, is long according to the distance
measure of the background. Note that all nodes remain 4-valent. If
space-time is fundamentally discrete, similar defects should be all
around us.

perfect; nonlocal links should be all around us.This situation
was aptly dubbed “disordered locality” in [10].

The argument by Markopoulou and Smolin is an explicit
example that one can have in mind. But the expectation for
the existence of nonlocal defects is more general than that; it
arises because perfection requires additional explanations or
selection criteria that we do not have.

Now, such macroscopic nonlocality might strike one as
something to be avoided, since we do not seem to experi-
ence it, but this is a question of experimental constraints.
To really understand the implications of such nonlocality,
one first needs to develop a phenomenological model that
parameterizes the effects and then contrast them with data.
Such a model was developed in [4]. This model does not
start with an underlying discrete structure but instead deals
with the defects in the local structure as deviations from the
smooth background geometry of general relativity.

The central assumption for the model [4] is that Lorentz-
invariance is preserved on the average, since violations
of Lorentz-invariance are strongly disfavored by the data.
Lorentz-invariance, maybe not so surprisingly, proves to be
very restrictive on the type of nonlocality that is allowed.The
distribution of nonlocal defects in thismodel is assumed to be
given by the only presently known Lorentz-invariant discrete
distribution on Minkowski space, which is defined by the
Poisson-process described in [11, 12]. With this distribution,
the probability of finding𝑁 points in a space-time volume 𝑉
is

𝑃𝑁 (𝑉) =
(𝛽𝑉)
𝑁 exp (−𝛽𝑉)

𝑁!
, (1)

where 𝛽 = 𝐿
4 is a constant space-time density and 𝐿 a

parameter of dimension length.
A particle that encounters a nonlocal defect will expe-

rience a translation in space-time. The translation vector is
parameterized in a probability distribution which, besides
𝐿, introduces a parameter of dimension mass, Λ, and a
parameter of dimension length, 𝛼. Λ and 𝛼 (both real-
valued and positive) quantify the translation, 𝑦](𝛼, Λ), that
the particle experiences at the nonlocal defect. Consider

𝑝]𝑦
]
= 𝛼Λ, 𝑦]𝑦

]
= ±𝛼
2
, (2)

where the choice of sign determines whether the translation
is time-like or space-like. The interpretation of Λ is roughly
speaking that the particlewill be translated a distance of about
𝛼 in the rest frame in which its energy is about Λ.

The translation that the particle experiences when it
encounters the nonlocal defect is then given by a probability
distribution 𝑃𝑁𝐿(𝛼, Λ) over the endpoints. By construction,
this is all entirely Lorentz-invariant. The density 𝛽 together
with the distribution 𝑃𝑁𝐿(𝛼, Λ) determines the phenomenol-
ogy of the model. One can further simplify this situation
by approximating the probability distribution by a Gaussian
with mean values ⟨𝛼⟩, ⟨Λ⟩ and variances Δ𝛼, and ΔΛ. This
leaves one with 5 parameters. These can be further reduced
by assuming that there is only one new length scale 𝐿 ∼ ⟨𝛼⟩

and that the width of the distributions is comparable to the
mean values ⟨𝛼⟩ ∼ Δ𝛼 and ⟨Λ⟩ ∼ ΔΛ. One is then left
with two parameters, one length scale and onemass scale that
can be constrained by experiment quite simply. While this
might not be the most general case, it allows one to get a first
impression onwhat amount of nonlocality is compatible with
observation.

A massless particle that encounters a nonlocal defect will
be deviated from the light cone and on the average travel
either faster or slower than the normal speed of light (depend-
ing on the choice of sign in (2)). It is possible to restrict
translations to be time-like and velocities to be subluminal
to avoid causality problems because such a restriction does
not violate Lorentz-invariance. The repeated scattering on
nonlocal defects creates a small effective mass for the photon
that is the mass that a particle of the photon’s energy would
have on the average trajectory that contains nonlocal links.
This is reflected in the average speed of the particle which, in
the presence of nonlocal defects, can deviate from the speed
of light because the translations that the particle experiences
when it encounters a nonlocal defects may be space-like or
time-like rather than light-like.

It is important to note that the distribution of translation
vectors in this model is not an independent property of
space-time but depends on the wave function of the incident
particle. This is in the simplest case its momentum vector,
in the general case the average momentum vector and
the spatial width of the wave function (at the moment it
encounters the defect). It is the dependence on the incident
particle that allows one to construct a normalizable and
Lorentz-invariant distribution. While the full Lorentz group
is noncompact, using measurable properties of the incident
particle as reference prevents the need to introduce a Lorentz-
invariance violating cutoff while still maintaining observer
independence.

The central feature that distinguishes this model from
other randomwalk-likemodels for propagation in a quantum
space-time is that the probability of the particle being affected
by the quantum properties, here the space-time defects,
depends on the (Lorentz-invariant) world volume that is
swept out by the particle’s wave function. Thus, the larger
the position uncertainty of the particle and the longer its
propagation time, themore likely the particle to be affected by
the space-time defects. This generically means that particles
of longwavelength are better suited to findphenomenological
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consequences than highly energetic ones, in contrast to the
phenomenology that arises, for example, within deformations
or violations of Lorentz-invariance [2, 13].

With the use of this model for nonlocal space-time
defects, constraints on the density of defects and the param-
eters of the model can then be derived from various observ-
ables.

For example, we have good evidence that protons of ultra-
high energy which give rise to cosmic ray showers originate
in active galactic nuclei. The protons have a finite mean-
free path when traveling through the cosmic microwave
background (CMB) because they can scatter on the CMB
photons and produce pions. In the presence of nonlocal
defects, the protons’ mean-free path can increase because the
particles effectively donot travel the full distance. If themean-
free path increases substantially, this would be in conflict with
observation and can thus be used to derive bounds on the
density of defects. Other constraints come from the blurring
of interference rings in images of distant quasars and from
the close monitoring of single photons in a cavity. For details
and references, please refer to [4].The constraints onnonlocal
defects can be visually summarized in Figure 2. Roughly
speaking, it can be concluded that the density of nonlocal
defects has to be less than one in a space-time volume of fm4.

In the cosmological context, a natural scale is given
by the length scale associated with the measured value of
the cosmological constant, which is about 1/10mm. The
constraints on 𝐿 are presently about 10 orders of magnitude
below this interesting parameter range. One can expect,
however, that the existing data is actually sensitive to larger
values of 𝐿. It is just that the model in its present form cannot
be used to reliably analyze much of the existing cosmological
data because it does not take into account background
curvature. It is clearly desirable to generalize the model to
at least a Friedmann-Robertson-Walker background to be
able to analyze cosmological data for evidence of space-time
defects.

2.2. Local Space-Time Defects. A model for local defects can
be developed based on a similar approach as that for the
nonlocal defects [5]. Much like the fact that the nonlocal
defects cause a statistically distributed translation in position
space, local defects cause a statistically distributed translation
inmomentum space. In other words, the local defect stochas-
tically changes the momentum of the incident particle,
thereby violating momentum conservation. Since the defect
transfers a distribution of momenta, it consequently has a
finite size. The finite size of the defect, together with the
preservation of locality,makes the local defectsmuch easier to
treat and incorporating them into a quantum field theoretical
framework is relatively straightforward.

The distribution of local defects is again assumed to
be given by the Poisson sprinkling (1). The momentum
nonconservation is then parameterized in the length scale 𝐿

of the distribution and a mass scale 𝑀. These could a priori
be different from the parameters relevant for local defects.

The coupling of quantum fields to the local defects
is incorporated by adding a term to the gauge covariant
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Figure 2: Summary of constraints on nonlocal space-time defects,
from [4].The red shaded region is excluded.The dashed (black) line
indicates the value of the cosmological constant.

derivative 𝜕 + 𝑒𝐴 → 𝜕 + 𝑒𝐴 + 𝑔𝜕𝑃. Here, 𝐴 is some gauge
field with coupling constant 𝑒, 𝑔 is a coupling constant for the
space-time defects, and 𝑃 is essentially the Fourier transform
of the distribution of the momentum that is stochastically
transmitted by the defect.This then allows one to calculate the
probability for different scattering processes in an 𝑆-matrix
expansion as usual. Importantly, this particular coupling to
the defects has the effect that an on-shell particle that scatters
on a defect is necessarily off-shell after scattering.

For a massless particle with energy 𝐸 in 1+1 dimensions,
the assumption that the momentum has a Gaussian distribu-
tion over the model parameters leads to a space-time defect
that also has a Gaussian distribution in light cone coordinates

𝑃 (𝑥
+
, 𝑥
−
) = exp(

(𝑥
+
)
2

(2𝜎+)
2
+

(𝑥
−
)
2

(2𝜎−)
2
)

𝑒
𝑖(⟨𝑘+⟩𝑥

+
+⟨𝑘−⟩𝑥

−
)

2𝜋√𝜎+𝜎−
, (3)

with widths

𝜎
+
=

√2𝐸

Δ𝑀2
, 𝜎

−
=

√2

𝐸
, (4)

where Δ𝑀2 is the variance of the distribution of the parame-
ter𝑀2. One sees that the typical space-time patch covered by
the defect is

𝜎
+
𝜎
−
= 2(Δ𝑀

2
)
−1

. (5)

The defect has a Lorentz-invariant volume independent of 𝐸,
though it will deform under boosts that red- or blue-shift𝐸 as
one sees from (4). Care must be taken in higher dimensions
to properly normalize the momentum distribution. As with
the nonlocal defects, the normalization can be achieved using
the same method that is commonly used in the evaluation
of scattering amplitudes, by taking into account that, in
reality, we strictly speaking never deal with plane waves. The
finite spatial extension of the incident particle’s wave function
serves to regularize the distribution.

Massive particles can be treated similar to the massless
ones. Again, it is of central relevance that the momentum
distribution of the defect is a function of the properties of
the incident particle. For massive particles, the distribution
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can be assigned most easily in the rest frame of the particle,
and, in that rest frame, it will have an especially simple
form. Thus, while the distribution is not Lorentz-invariant
in the sense that its expression changes under arbitrary
Lorentz-transformations, observer independence is main-
tained because all observers can use the incident particle’s
momentum as a reference and obtain the same result.

With this setup, constraints can be derived fromprocesses
normally forbidden in the standard model, which are now
allowed. The most important bounds come from long-lived
particles that travel long distances and are the following.

(1) Photon decay: after scattering on a defect, a photon
is off-shell and subsequently decays into a fermion
pair. This effect is similar to pair production in the
presence of an atomic nucleus in standard quantum
electrodynamics (QED). This process results in a
finite photon lifetime and leads to excess electron-
positron pairs.

(2) Photon mass: the presence of space-time defects
makes a contribution to the photon propagator and
creates a small photon mass. (Gauge invariance is
violated.)

(3) Vacuum Cherenkov radiation: an electron can emit
a (real) photon after scattering on a defect. This is
similar to QED Bremsstrahlung.

The constraints from these effects can be summarized in
Figure 3. Again, note that the existing bounds on 𝐿 are several
orders of magnitude, but not too far, below the interesting
parameter range. (Making 1/𝑀 smaller than shown in the
plot means that it becomes comparable to the Planck length
∼ 10
−35m and then it does not make sense any more to speak

of defects.) It would thus be highly desirable to improve the
model to tighten the bounds.

Notmuchwork has been done on local space-time defects
prior to [5], except for themodel proposed in [14].Themodel
in [14] differs from the one discussed here in three important
ways.

First, in [14], the interaction with the defect is mediated
by scalar field. Second, the treatment in [14] necessitates the
introduction of a cutoff in the momentum-space integration
which breaks Lorentz-invariance and defeats the point of
using a Lorentz-invariant distribution of defects to begin
with. Such a cutoff is unnecessary in the model discussed
here, where the regulator is essentially the spatial width of
the wave packet. Third, and most important, the coupling
to the defect in [14] is different. The approach in [5] started
from the assumption that the defects originate in a distortion
of space-time regularity and make themselves noticeable as
a modification in the covariant derivative. This leads to a
specific structure of the coupling terms, which was not used
in [14].

In summary, it can be said that space-time defects are
pretty much unexplored territory, where not much previous
work has been done. That makes the topic very exciting as it
harbors a potential for breakthrough.
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Figure 3: Summary of constraints on local space-time defects, from
[5]. The red (dark) shaded region is excluded. The peachy (light)
shaded region indicates a stronger constraint from photon decay
with the ad hoc assumption that the typical distance between defects
increases with the cosmological scale factor.

3. Discussion

The preliminary work [4, 5] tested the potential of detecting
space-time discreteness by the occurrence of defects in the
background’s regularity. The models used in this preliminary
work can deliver only rough estimates. They are suitable for
these estimates but are theoretically unsatisfactory. Since the
estimates show that it seems possible to reach the interesting
parameter ranges experimentally, a further investigation and
improvement of the theory and phenomenology of space-
time defects are desirable. In the following, we will propose
some steps into this direction.

First, the models proposed in [4, 5] are for flat 3 + 1

dimensional Minkowski space. Since the best constraints on
the presence of local andnonlocal defects come fromparticles
that have traveled long times and distances, one could derive
better constraintswhenbackground curvature in general, and
an expanding Friedmann-Robertson-Walker (FRW) metric
in particular, can be taken into account. This would then
allow one to use cosmological data, for example, from the
cosmic microwave background, to constrain the density of
defects.

First, steps towards a cosmology with nonlocal defects
have been taken in [15, 16] based on the quantum graphity
model developed by Konopka et al. [17]. It was assumed in
[15] that the nonlocal connections lie within a time-like slice
that is assumed to be identical to the cosmological time.
This of course violates Lorentz-invariance, but, in a time-
dependent background, this can be expected. However, this
specific violation of Lorentz-invariance is very strong and
artificial: there is really no reason why the time evolution
of the network should be identical to the cosmological time,
which is only an approximation based on the assumption of a
homogeneous matter distribution anyway. More realistically,
one would expect both types of slicing to differ, so that the
links would still have a spread in the time-like coordinate.
Thiswould alter phenomenological consequences.Themodel
for defects discussed here provides a good basis to study this
phenomenology.
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Second, the model with nonlocal defects also so far
only operates on a kinematical level and a full dynamical
description in terms of a quantum field theoretical treatment
is missing. It would be desirable to develop a quantum field
theoretical model for this case and thus also be able to
combine both local and nonlocal defects. One way to address
this point would be to use the dual nature of the local and
nonlocal defects and tomake the ideamathematically precise
that nonlocal defects act like local defects, just in position
space rather than in momentum space. This would allow one
to express them as operators on the particles’ Hilbert space
and facilitate their incorporation into quantum field theory.

Third, while the search for defects as a model-independ-
ent expectation for space-time discreteness is interesting in
its own right, contact to theoretical approaches to quantum
gravity would serve as a better identification of the parame-
ters. The density of defects might, for example, be possible to
extract in approaches that display a phase transition from a
pregeometrical phase to an approximately smooth geometry.
In this case, the density of remaining defects should depend
on the properties of the phase transition.

4. Conclusion

If space-time is fundamentally of nongeometric origin, then
the smooth background geometry of general relativity should
have defects. The consequences of these defects can be
parameterized and described in phenomenological models,
which allow one to put constraints on the density of the
defects and the strength of their effects. These models are in
their infancy and much remains to be done, but they harbor
the possibility that a targeted search for space-time defects
will allow us to find evidence for quantum gravity.
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We will discuss a model which describes the cause of inflation by a topological transition. The guiding principle is the choice of an
exotic smoothness structure for the space-time. Here we consider a space-time with topology 𝑆3 × R. In case of an exotic 𝑆3 × R,
there is a change in the spatial topology from a 3-sphere to a homology 3-sphere which can carry a hyperbolic structure. From
the physical point of view, we will discuss the path integral for the Einstein-Hilbert action with respect to a decomposition of the
space-time.The inclusion of the boundary terms produces fermionic contributions to the partition function.The expectation value
of an area (with respect to some surface) shows an exponential increase; that is, we obtain inflationary behavior. We will calculate
the amount of this increase to be a topological invariant.Then we will describe this transition by an effective model, the Starobinski
or 𝑅2 model which is consistent with the current measurement of the Planck satellite. The spectral index and other observables are
also calculated.

1. Introduction

General relativity (GR) has changed our understanding of
space-time. In parallel, the appearance of quantum field
theory (QFT) has modified our view of particles, fields,
and the measurement process. The usual approach for the
unification of QFT and GR, to a quantum gravity, starts
with a proposal to quantize GR and its underlying structure,
space-time. There is a unique opinion in the community
about the relation between geometry and quantum theory:
the geometry as used in GR is classical and should emerge
from a quantum gravity in the limit (Planck’s constant tends
to zero). Most theories went a step further and try to get
a space-time from quantum theory. Then, the model of a
smooth manifold is not suitable to describe quantum gravity.
But, there is no sign for a discrete space-time structure or
higher dimensions in current experiments. Hence, quantum
gravity based on the concept of a smooth manifold should
also able to explain the current problems in the standard
cosmological model (ΛCDM) like the appearance of dark
energy/matter or the correct form of inflation. But before we

are going in this direction we will motivate the usage of the
smooth manifold as our basic concept.

When Einstein developed GR, his opinion about the
importance of general covariance changed over the years.
In 1914, he wrote a joint paper with Grossmann. There, he
rejected general covariance by the now famous hole argu-
ment. But after a painful year, he again considered general
covariance now with the insight that there is no meaning in
referring to the space-time point A or the event A, without
further specifications. Therefore the measurement of a point
without a detailed specification of the whole measurement
process is meaningless in GR. The reason is simply the
diffeomorphism invariance of GR which has tremendous
consequences. Furthermore, GR do not depend on the
topology of space-time. All restrictions on the topology of
the space-time were formulated using additional physical
conditions like causality (see [1]). This ambiguity increases
in the 80’s when the first examples of exotic smoothness
structures in dimension 4 were found. The (smooth) atlas of
a smooth 4-manifold 𝑀 is called the smoothness structure
(unique up to diffeomorphisms).Onewould expect that there
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is only one smooth atlas for 𝑀; all other possibilities can
be transformed into each other by a diffeomorphism. But in
contrast, the deep results of Freedman [2] on the topology
of 4-manifolds combined with Donaldson’s work [3] gave the
first examples of nondiffeomorphic smoothness structures
on 4-manifolds including the well-known R4. Much of the
motivation can be found in the FQXI essay [4, 5]. Herewewill
discuss another property of the exotic smoothness structure:
its quantum geometry in the path integral.

Diffeomorphism invariance is the most important prop-
erty of the Einstein-Hilbert action with far reaching conse-
quences [6]. One of our results is a close relation between
geometry and foliation to exotic smoothness [7, 8]. In the
particular example of the exotic R4, we discussed the exotic
smoothness structures as a manifestation of quantum gravity
(by using string theory [9, 10]). This exotic R4 has some
interesting properties as first noted by Brans [11, 12]. More
importantly as shown by Sładkowski [13], the exotic R4 has
a nontrivial curvature in contrast to the flat standard R4.
It was the first result that an exotic R4 can be seen as a
source of gravity (or it must contain sources of gravity).
Sładkowski [14–16] went further and showed a relation to
particle physics also related to quantum gravity. But why
there is a relation to quantum gravity? In [17] we presented
the first idea to understand this relation which was further
extended in [18]. An exotic 4-manifold like 𝑆3 × R is also
characterized by the property that there is no smoothly
embedded 3-sphere but a topological embedded one. This
topological 𝑆3 is wildly embedded; that is, the image of the
embedding must be triangulated by an infinite polyhedron.
In [18], we proved that the (deformation) quantization of a
usual (or tame) embedding is a wild embedding which can
be seen as a quantum state. But then any exotic 4-manifold
can be interpreted as a quantum state of the 4-manifold
with standard smoothness structure. From this point of
view, the calculation of the path integral in quantum gravity
has to include the exotic smoothness structures. Usually it
is hopeless to make these calculations. But by using the
close relation of exotic smoothness to hyperbolic geometry,
one has a chance to calculate geometric expressions like
the expectation value of the surface area. In this paper we
will show that this expectation value has an inflationary
behavior; that is, the area grows exponentially (along the
time axis). Therefore quantum gravity (in the sense of exotic
smoothness) can be the root of inflation.

2. Space-Time and Smoothness

From the mathematical point of view, the space-time is
a smooth 4-manifold endowed with a (smooth) metric as
basic variable for general relativity. The existence question
for Lorentz structure and causality problems (see Hawking
and Ellis [1]) give further restrictions on the 4-manifold:
causality implies noncompactness; Lorentz structure needs
a nonvanishing normal vector field. Both concepts can be
combined in the concept of a global hyperbolic 4-manifold
𝑀 having a Cauchy surface S so that𝑀 = S ×R.

All these restrictions on the representation of space-time
by the manifold concept are clearly motivated by physical
questions. Among these properties there is one distinguished
element: the smoothness. Usually one starts with a topolog-
ical 4-manifold𝑀 and introduces structures on them. Then
one has the following ladder of possible structures:

Topology → piecewise-linear (PL) → Smoothness

→ bundles, Lorentz, Spin, etc.

→ metric, geometry, . . . .

(1)

We do not want to discuss the first transition, that is, the
existence of a triangulation on a topological manifold. But we
remark that the existence of a PL structure implies uniquely
a smoothness structure in all dimensions smaller than 7 [19].
Herewe have to consider the following steps to define a space-
time.

(i) Fix a topology for the space-time𝑀.
(ii) Fix a smoothness structure, that is, a maximal differ-

entiable atlasA.
(iii) Fix a smoothmetric or get one by solving the Einstein

equation.

The choice of a topology never fixes the space-time uniquely;
that is, there are two space-times with the same topology
which are not diffeomorphic.Themain idea of the paper is the
introduction of exotic smoothness structures into space-time.
If two manifolds are homeomorphic but nondiffeomorphic,
they are exotic to each other. The smoothness structure is
called an exotic smoothness structure.

In dimension four there are many examples of com-
pact 4-manifolds with countable infinite nondiffeomorphic
smoothness structures andmany examples of noncompact 4-
manifolds with uncountable infinite many nondiffeomorphic
smoothness structures. But in contrast, the number of non-
diffeomorphic smoothness structures is finite for any other
dimension [19]. As an example, we will consider the space-
time 𝑆3 × R having uncountable many nondiffeomorphic
smoothness structures in the following.

3. The Path Integral in Exotic 𝑆3 ×R

For simplicity, we consider general relativity without matter
(using the notation of topological QFT). Space-time is a
smooth oriented 4-manifold 𝑀 which is noncompact and
without boundary. From the formal point of view (no diver-
gences of the metric) one is able to define a boundary 𝜕𝑀 at
infinity. The classical theory is the study of the existence and
uniqueness of (smooth)metric tensors𝑔 on𝑀 that satisfy the
Einstein equations subject to suitable boundary conditions.
In the first order Hilbert-Palatini formulation, one specifies
an SO(1, 3)-connection 𝐴 together with a cotetrad field 𝑒
rather than a metric tensor. Fixing 𝐴|𝜕𝑀 at the boundary,
one can derive first-order field equations in the interior (now
called bulk) which are equivalent to the Einstein equations
provided that the cotetrad is nondegenerate. The theory is
invariant under space-time diffeomorphisms 𝑀 → 𝑀.
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In the particular case of the space-time 𝑀 = 𝑆
3
× R

(topologically), we have to consider a smooth 4-manifolds
𝑀𝑖,𝑓 as parts of𝑀 whose boundary 𝜕𝑀𝑖,𝑓 = Σ𝑖 ⊔ Σ𝑓 is the
disjoint union of two smooth 3-manifolds Σ𝑖 and Σ𝑓 to which
we associate Hilbert spaces H𝑗 of 3-geometries, 𝑗 = 𝑖, 𝑓.
These contain suitable wave functionals of connections 𝐴|Σ𝑗 .
We denote the connection eigenstates by |𝐴|Σ𝑗⟩. The path
integral,

⟨𝐴|Σ𝑓

𝑇𝑀
 𝐴|Σ𝑖

⟩

= ∫
𝐴|𝜕𝑀𝑖,𝑓

𝐷𝐴𝐷𝑒 exp( 𝑖
ℎ
𝑆𝐸𝐻 [𝑒, 𝐴,𝑀𝑖,𝑓]) ,

(2)

is the sum over all connections 𝐴 matching 𝐴|𝜕𝑀𝑖,𝑓 and
over all 𝑒. It yields the matrix elements of a linear map
𝑇𝑀 : H𝑖 → H𝑓 between states of 3-geometry. Our basic
gravitational variables will be cotetrad 𝑒𝐼

𝑎
and connection𝐴𝐼𝐽

𝑎

on space-time 𝑀 with the index 𝑎 to present it as 1-forms
and the indices 𝐼, 𝐽 for an internal vector space 𝑉 (used for
the representation of the symmetry group). Cotetrads 𝑒 are
“square-roots” of metrics and the transition from metrics to
tetrads is motivated by the fact that tetrads are essential if
one is to introduce spinorial matter. 𝑒𝐼

𝑎
is an isomorphism

between the tangent space 𝑇𝑝(𝑀) at any point 𝑝 and a fixed
internal vector space 𝑉 equipped with a metric 𝜂𝐼𝐽 so that
𝑔𝑎𝑏 = 𝑒

𝐼

𝑎
𝑒
𝐽

𝑏
𝜂𝐼𝐽. Here we used the action

𝑆𝐸𝐻 [𝑒, 𝐴,𝑀𝑖,𝑓, 𝜕𝑀𝑖,𝑓]

= ∫
𝑀𝑖,𝑓

𝜖𝐼𝐽KL (𝑒
𝐼
∧ 𝑒

𝐽
∧ (𝑑𝐴 + 𝐴 ∧ 𝐴)

KL
)

+ ∫
𝜕𝑀𝑖,𝑓

𝜖𝐼𝐽KL (𝑒
𝐼
∧ 𝑒

𝐽
∧ 𝐴

KL
) ,

(3)

in the notation of [20, 21]. Here the boundary term 𝜖𝐼𝐽KL(𝑒
𝐼
∧

𝑒
𝐽
∧𝐴

KL
) is equal to twice the trace over the extrinsic curvature

(or the mean curvature). For fixed boundary data, (2) is
a diffeomorphism invariant in the bulk. If Σ𝑖 = Σ𝑓 are
diffeomorphic, we can identify Σ = Σ𝑖 = Σ𝑓 and H = H𝑖 =

H𝑓; that is, we close themanifold𝑀𝑖,𝑓 by identifying the two
boundaries to get the closed 4-manifold𝑀. Provided that the
trace overH can be defined, the partition function,

𝑍(𝑀

) = trH𝑇𝑀 = ∫𝐷𝐴𝐷𝑒 exp( 𝑖

ℎ
𝑆𝐸𝐻 [𝑒, 𝐴,𝑀, 𝜕𝑀]) ,

(4)

where the integral is now unrestricted, is a dimensionless
number which depends only on the diffeomorphism class of
the smooth manifold 𝑀. In case of the manifold 𝑀𝑖,𝑓, the
path integral (as transition amplitude) ⟨𝐴|Σ𝑓 |𝑇𝑀|𝐴|Σ𝑖⟩ is the
diffeomorphism class of the smooth manifold relative to the
boundary. But the diffeomorphism class of the boundary is
unique and the value of the path integral depends on the

topology of the boundary as well on the diffeomorphism class
of the interior of𝑀𝑖,𝑓. Therefore we will shortly write

⟨Σ𝑓
𝑇𝑀

 Σ𝑖⟩ = ⟨𝐴|Σ𝑓

𝑇𝑀
 𝐴|Σ𝑖

⟩ (5)

and consider the sum of manifolds like𝑀𝑖,ℎ = 𝑀𝑖,𝑓 ∪Σ𝑓
𝑀𝑓,ℎ

with the amplitudes

⟨Σℎ
𝑇𝑀

 Σ𝑖⟩ = ∑

𝐴|Σ
𝑓

⟨Σℎ
𝑇𝑀

 Σ𝑓⟩ ⟨Σ𝑓
𝑇𝑀

 Σ𝑖⟩ , (6)

where we sum (or integrate) over the connections and frames
on Σℎ (see [22]). Then the boundary term

𝑆𝜕 [Σ𝑓] = ∫
Σ𝑓

𝜖𝐼𝐽KL (𝑒
𝐼
∧ 𝑒

𝐽
∧ 𝐴

KL
) = ∫

Σ𝑓

𝐻√ℎ𝑑
3
𝑥 (7)

is neededwhere𝐻 is themean curvature ofΣ𝑓 corresponding
to themetric ℎ atΣ𝑓 (as restriction of the 4-metric).Therefore
we have to divide the path integration into two parts: the
contribution by the boundary (boundary integration) and the
contribution by the interior (bulk integration).

3.1. Boundary Integration. The boundary Σ of a 4-manifold
𝑀 can be understood as embedding (or at least as immer-
sion). Let 𝜄 : Σ → 𝑀 be an immersion of the 3-manifold
Σ into the 4-manifold 𝑀 with the normal vector

→

𝑁. The
spin bundle 𝑆𝑀 of the 4-manifold splits into two subbundles
𝑆
±

𝑀
, where one subbundle, say 𝑆+

𝑀
, can be related to the spin

bundle 𝑆Σ of the 3-manifold.Then the spin bundles are related
by 𝑆Σ = 𝜄

∗
𝑆
+

𝑀
with the same relation 𝜙 = 𝜄∗Φ for the

spinors (𝜙 ∈ Γ(𝑆Σ) and Φ ∈ Γ(𝑆
+

𝑀
)). Let ∇𝑀

𝑋
, ∇

Σ

𝑋
be the

covariant derivatives in the spin bundles along a vector field
𝑋 as section of the bundle 𝑇Σ. Then we have the formula

∇
𝑀

𝑋
(Φ) = ∇

Σ

𝑋
𝜙 −

1

2
(∇𝑋

→

𝑁) ⋅
→

𝑁 ⋅𝜙, (8)

with the obvious embedding 𝜙 → (
𝜙

0
) = Φ of the spinor

spaces.The expression∇𝑋
→

𝑁 is the second fundamental form
of the immersion, where the trace tr(∇𝑋

→

𝑁) = 2𝐻 is related
to themean curvature𝐻.Then from (8) one obtains a similar
relation between the corresponding Dirac operators

𝐷
𝑀
Φ = 𝐷

3𝐷
𝜙 − 𝐻𝜙, (9)

with the Dirac operator 𝐷3𝐷 of the 3-manifold Σ. Near the
boundary Σ, the 4-manifolds looks like Σ×[0, 1] and a spinor
Φ on this 4-manifold is a parallel spinor and has to fulfill the
following equation:

𝐷
𝑀
Φ = 0; (10)

that is, 𝜙 yields the eigenvalue equation

𝐷
3𝐷
𝜙 = 𝐻𝜙, (11)

with the mean curvature𝐻 of the embedding 𝜄 as eigenvalue.
See our previous work [23] for more details.
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Now we will use this theory to get rid of the boundary
integration. At first we will discuss the deformation of an
immersion using a diffeomorphism. Let 𝐼 : Σ → 𝑀

be an immersion of Σ (3-manifold) into 𝑀 (4-manifold).
A deformation of an immersion 𝐼


: Σ


→ 𝑀

 is
diffeomorphisms 𝑓 : 𝑀 → 𝑀

 and 𝑔 : Σ → Σ
 of𝑀 and Σ,

respectively, so that

𝑓 ∘ 𝐼 = 𝐼

∘ 𝑔. (12)

One of the diffeomorphisms (say 𝑓) can be absorbed
into the definition of the immersion and we are left with
one diffeomorphism 𝑔 ∈ Diff(Σ) to define the deformation
of the immersion 𝐼. But as stated above, the immersion is
directly given by an integral over the spinor 𝜙 on Σ fulfilling
the Dirac equation (11). Therefore we have to discuss the
action of the diffeomorphism group Diff(Σ) on the Hilbert
space of 𝐿2-spinors fulfilling the Dirac equation. This case
was considered in the literature [24].The spinor space 𝑆𝑔,𝜎(Σ)
on Σ depends on two ingredients: a (Riemannian) metric 𝑔
and a spin structure 𝜎 (labeled by the number of elements
in 𝐻

1
(Σ,Z2)). Let us consider the group of orientation

preserving diffeomorphismDiff+(Σ) acting on 𝑔 (by pullback
𝑓
∗
𝑔) and on 𝜎 (by a suitable defined pullback 𝑓∗

𝜎). The
Hilbert space of 𝐿2-spinors of 𝑆𝑔,𝜎(Σ) is denoted by 𝐻𝑔,𝜎.
Then according to [24], any 𝑓 ∈ Diff+(Σ) leads in exactly
two ways to a unitary operator 𝑈 from 𝐻𝑔,𝜎 to 𝐻𝑓∗𝑔,𝑓∗𝜎.
The (canonically) defined Dirac operator is equivariant with
respect to the action of𝑈 and the spectrum is invariant under
(orientation preserving) diffeomorphisms. In particular we
obtain for the boundary term

𝑆𝜕 [Σ𝑓, ℎ] = ∫
Σ𝑓

𝐻√ℎ𝑑
3
𝑥 = ∫

Σ𝑓

𝜙 𝐷
3𝐷
𝜙𝑑

3
𝑥, (13)

with |𝜙|2 = const. (see [25]). But then we can change the
integration process from the integration over the metric class
ℎ on the 3-manifoldΣ𝑓 withmean curvature to an integration
over the spinor 𝜙 on Σ𝑓. Then we obtain

𝑍(Σ𝑓) = ∫𝐷ℎ exp( 𝑖
ℎ
𝑆 [Σ𝑓, ℎ])

= ∫𝐷𝜙𝐷𝜙 exp( 𝑖
ℎ
∫
Σ𝑓

𝜙 𝐷
3𝐷
𝜙𝑑

3
𝑥)

= √det (𝐷3𝐷𝐷∗3𝐷)𝑒
𝑖𝜋𝜂(Σ𝑓)/2,

(14)

where 𝜂(Σ𝑓) is the Eta invariant of the Dirac operator at the
3-manifold Σ𝑓 (here we use a result of Witten; see [26]).

From the physical point of view, we obtain fermions at the
boundary. The additional term with the Eta invariant reflects
also an important fact. The state space of general relativity is
the space of the (Lorentzian) metric tensor up to the group
of coordinate transformations. This group of coordinate
transformations is not the full diffeomorphism group; it is
only one connected component of the diffeomorphism. That
is the group of diffeomorphisms connected to the identity.
In addition, there is also the (discrete) group of global

diffeomorphisms which is in our case detected by the Eta
invariant. For 3-manifolds there is a deep relation to the
Chern-Simons invariant [27] which will be further studied at
our forthcoming work.

3.2. Bulk Integration. Nowwewill discuss the path integral of
the action

𝑆𝐸𝐻 [𝑒, 𝐴,𝑀] = ∫
𝑀

𝜖𝐼𝐽KL (𝑒
𝐼
∧ 𝑒

𝐽
∧ (𝑑𝐴 + 𝐴 ∧ 𝐴)

KL
) (15)

in the interior of the 4-manifold𝑀. The contribution of the
boundary was calculated in the previous subsection. In the
(formal) path integral (2) we will ignore all problems (ill-
definiteness, singularities, etc.) of the path integral approach.
Next we have to discuss the measure 𝐷𝑒 of the path integral.
Currently there is no rigorous definition of this measure and
as usual we assume a product measure.

Then we have two possible parts which are more or less
independent from each other:

(i) integration𝐷𝑒𝐺 over geometries;
(ii) integration𝐷𝑒𝐷𝑆 over different differential structures

parametrized by some structure (see below).

Now we have to consider the following path integral:

𝑍 (𝑀)

= ∫
Diff structures

𝐷𝑒𝐷𝑆 (∫
Geometries

𝐷𝑒𝐺 exp ( 𝑖
ℎ
𝑆𝐸𝐻 [𝑒,𝑀])) ,

(16)

and we have to calculate the influence of the differential
structures first. At this level we need an example, an exotic
𝑆
3
×R.

3.3. Constructing Exotic 𝑆3 × R. In [28], Freedman con-
structed the first example of an exotic 𝑆3 × R of special type.
There are also uncountable many different exotic R4 having
an end homeomorphic to 𝑆3 × R but not diffeomorphic to
it. But Freedman’s first example is not of this type (as an
end of an exotic R4). Therefore to get an infinite number of
different exotic 𝑆3 × R one has to see 𝑆3 × R as an end of
R4 also expressible as complement R4

\ 𝐷
4 of the 4-disk. A

second possibility is the usage of the end-sum technique of
Gompf, so that the standard 𝑆3 × R can be transformed into
an exotic 𝑆3 × R by end-sum with an exoticR4. Here we will
concentrate on the first construction; that is, the exotic 𝑆3×R
is an end of an exotic R4.

Furthermore we will restrict on a subclass of exotic R4

called small exotic R4 (exotic R4 which can be embed-
ded in a 4-sphere 𝑆4). For this class there is an explicit
handle decomposition. Small exotic R4’s are the result of
an anomalous behavior in 4-dimensional topology. In 4-
manifold topology [2], a homotopy equivalence between two
compact, closed, simply connected 4-manifolds implies a
homeomorphism between them (the so-called h cobordism).
But Donaldson [29] provided the first smooth counterex-
ample that this homeomorphism is not a diffeomorphism;
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that is, both manifolds are generally not diffeomorphic to
each other. The failure can be localized at some contractible
submanifold (Akbulut cork) so that an open neighborhood of
this submanifold is a small exotic R4. The whole procedure
implies that this exotic R4 can be embedded in the 4-sphere
𝑆
4. The idea of the construction is simply given by the fact
that every smooth h-cobordism between nondiffeomorphic
4-manifolds can be written as a product cobordism except
for a compact contractible sub-h-cobordism 𝑉, the Akbulut
cork. An open subset 𝑈 ⊂ 𝑉 homeomorphic to [0, 1] × R4

is the corresponding sub-h-cobordism between two exotic
R4’s. These exotic R4’s are called ribbon R4’s. They have
the important property of being diffeomorphic to open
subsets of the standardR4. In [30] Freedman andDeMichelis
constructed also a continuous family of small exoticR4. Now
we are ready to discuss the decomposition of a small exotic
R4 by Bi ̌zaca andGompf [31] using special pieces, the handles
forming a handle body. Every 4-manifold can be decomposed
(seen as handle body) using standard pieces such as𝐷𝑘

×𝐷
4−𝑘,

the so-called 𝑘-handle attached along 𝜕𝐷𝑘
× 𝐷

4−𝑘 to the
boundary 𝑆3 = 𝜕𝐷

4 of a 0-handle 𝐷0
× 𝐷

4
= 𝐷

4. The
construction of the handle body for the small exoticR4, called
𝑅
4 in the following, can be divided into two parts:

𝑅
4
= 𝐴cork⋃

𝐷2

CH decomposition of small exotic R
4
.

(17)

The first part is known as the Akbulut cork, a contractible 4-
manifold with boundary a homology 3-sphere (a 3-manifold
with the same homology as the 3-sphere). The Akbulut cork
𝐴cork is given by a linking between a 1-handle and a 2-handle
of framing 0.The second part is the Casson handle CHwhich
will be considered now.

Let us start with the basic construction of the Casson
handle CH. Let𝑀 be a smooth, compact, simple-connected
4-manifold and 𝑓 : 𝐷2

→ 𝑀 a (codimension-2) mapping.
By using diffeomorphisms of 𝐷2 and𝑀, one can deform the
mapping 𝑓 to get an immersion (i.e., injective differential)
generically with only double points (i.e., #|𝑓−1

(𝑓(𝑥))| = 2)
as singularities [32]. But to incorporate the generic location
of the disk, one is rather interesting in the mapping of a 2-
handle 𝐷2

× 𝐷
2 induced by 𝑓 × 𝑖𝑑 : 𝐷2

× 𝐷
2
→ 𝑀 from 𝑓.

Then every double point (or self-intersection) of 𝑓(𝐷2
) leads

to self-plumbings of the 2-handle 𝐷2
× 𝐷

2. A self-plumbing
is an identification of𝐷2

0
×𝐷

2 with𝐷2

1
×𝐷

2, where𝐷2

0
, 𝐷

2

1
⊂

𝐷
2 are disjoint subdisks of the first factor disk. In complex

coordinates the plumbing may be written as (𝑧, 𝑤) → (𝑤, 𝑧)

or (𝑧, 𝑤) → (𝑤, 𝑧) creating either a positive or negative
(resp.,) double point on the disk 𝐷2

× 0 (the core). Consider
the pair (𝐷2

× 𝐷
2
, 𝜕𝐷

2
× 𝐷

2
) and produce finitely many self-

plumbings away from the attaching region 𝜕𝐷2
× 𝐷

2 to get a
kinky handle (𝑘, 𝜕−𝑘), where 𝜕−𝑘 denotes the attaching region
of the kinky handle. A kinky handle (𝑘, 𝜕−𝑘) is a one-stage
tower (𝑇1, 𝜕

−
𝑇1) and an (𝑛+1)-stage tower (𝑇𝑛+1, 𝜕

−
𝑇𝑛+1) is an

𝑛-stage tower union kinky handles ∪𝑛
ℓ=1
(𝑇ℓ, 𝜕

−
𝑇ℓ), where two

towers are attached along 𝜕−𝑇ℓ. Let 𝑇
−

𝑛
be (interior𝑇𝑛)∪𝜕

−
𝑇𝑛

and the Casson handle,

CH = ⋃

ℓ=0

𝑇
−

ℓ
, (18)

is the union of towers (with direct limit topology induced
from the inclusions 𝑇𝑛 → 𝑇𝑛+1).

Themain idea of the construction above is very simple: an
immersed disk (disk with self-intersections) can be deformed
into an embedded disk (disk without self-intersections) by
sliding one part of the disk along another (embedded) disk
to kill the self-intersections. Unfortunately the other disk can
be immersed only. But the immersion can be deformed to
an embedding by a disk again and so forth. In the limit of
this process one “shifts the self-intersections into infinity” and
obtains the standard open 2-handle (𝐷2

× R2
, 𝜕𝐷

2
× R2

). In
the proof of Freedman [2], themain complications come from
the lack of control about this process.

A Casson handle is specified up to (orientation preserv-
ing) diffeomorphism (of pairs) by a labeled finitely branching
tree with base-point ∗, having all edge paths infinitely
extendable away from ∗. Each edge should be given a label
+ or −. Here is the construction: tree → CH. Each vertex
corresponds to a kinky handle; the self-plumbing number of
that kinky handle equals the number of branches leaving the
vertex. The sign on each branch corresponds to the sign of
the associated self-plumbing. The whole process generates a
tree with infinitely many levels. In principle, every tree with a
finite number of branches per level realizes a corresponding
Casson handle. Each building block of a Casson handle, the
“kinky” handle with 𝑛 kinks, is diffeomorphic to the 𝑛-times
boundary connected sum ♮𝑛(𝑆

1
×𝐷

3
) (see Appendix A)with

two attaching regions. The number of end connected sums is
exactly the number of self-intersections of the immersed two
handle. One region is a tubular neighborhood of band sums
of Whitehead links connected with the previous block. The
other region is a disjoint union of the standard open subsets
𝑆
1
× 𝐷

2 in #𝑛𝑆
1
× 𝑆

2
= 𝜕(♮𝑛𝑆

1
× 𝐷

3
) (this is connected with

the next block).
For the construction of an exotic 𝑆3 × R, denoted

by 𝑆3×𝜃 R, we consider the complement 𝑅4
\ 𝐷

4 or the
decomposition:

𝑆
3
×𝜃 R = 𝑅

4
\ 𝐷

4
= (𝐴cork \ 𝐷

4
)⋃

𝐷2

CH. (19)

The first part𝐴cork \𝐷
4 contains a cobordism between the

3-sphere 𝑆3 and the boundary of the Akbulut cork 𝜕𝐴cork (a
homology 3-sphere).The complementR4

\𝐷
4 is conformally

equivalent to 𝑆3 × R. Equivalently, the complement 𝑅4
\ 𝐷

4

is diffeomorphic to an exotic 𝑆3 ×R. But the exoticness is not
confined to a compact subset but concentrated at infinity (for
instance at +∞). In our case we choose a decomposition like

𝑆
3
×𝜃 R = 𝑀(𝑆

3
, 𝜕𝐴cork)⋃

𝐷2

CH, (20)

where 𝑀(𝑆3, 𝜕𝐴cork) is a cobordism between 𝑆3 and 𝜕𝐴cork.
For the Casson handle we need another representation
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obtained by using Morse theory (see [33]). Every kinky
handle (𝑘, 𝜕−𝑘) is given by 𝑛 pairs of 1-/2-handle pairs, where
𝑛 is the number of kinks (or self-intersections).These handles
are given by the level sets of the Morse functions

𝑓1 = 𝑥
2
+ 𝑦

2
+ 𝑧

2
− 𝑡

2 for the 1-handle,

𝑓2 = 𝑥
2
+ 𝑦

2
− 𝑧

2
− 𝑡

2 for the 2-handle,
(21)

that is, by the sets 𝐿(𝑓𝑖, 𝐶) = {(𝑥, 𝑦, 𝑧, 𝑡) | 𝑓𝑖(𝑥, 𝑦, 𝑧, 𝑡) = 𝐶 =
const.} for 𝑖 = 1, 2. Now we represent the Casson handle by
the union of all 𝑛-stage towers

CH = ⋃

level ℓ of treeT
(int (𝑇ℓ) ∪ 𝜕

−
𝑇ℓ) , (22)

arranged along the treeT. But every tower 𝑇ℓ is given by the
union of pairs (𝑓1, 𝑓2). But what is the geometry of 𝑇ℓ (and
better of int(𝑇ℓ))? Every level set 𝐿(𝑓1, 𝐶) and 𝐿(𝑓2, 𝐶) is a
hyperbolic 3-manifold (i.e., with negative curvature) and the
union of all level sets is a hyperbolic 4-manifold. A central
point in our argumentation is Mostow rigidity, a central
property of all hyperbolic 3-manifolds (or higher) with finite
volume explained in the next subsection.

3.4. The Hyperbolic Geometry of 𝐶𝐻. The central element in
the Casson handle is a pair of 1- and 2-handles representing
a kinky handle. As we argued above this pair admits a
hyperbolic geometry (or it is a hyperbolic 3-manifold) having
negative scalar curvature. A 3-manifold admits a hyperbolic
structure in the interior if there is a diffeomorphism to
H3
/Γ, where Γ is a discrete subgroup Γ ⊂ SO(3, 1) of

the Lorentz group and we have a representation of the
fundamental group 𝜋1(𝑀) into SO(3, 1) (the isometry group
of the hyperbolic space H3). One property of hyperbolic 3-
and 4-manifolds is central: Mostow rigidity. As shown by
Mostow [34], every hyperbolic 𝑛-manifold 𝑛 > 2 with finite
volume has this property: Every diffeomorphism (especially
every conformal transformation) of a hyperbolic 𝑛-manifold
with finite volume is induced by an isometry. Therefore one
cannot scale a hyperbolic 3-manifold with finite volume.
Then the volume vol() and the curvature are topological
invariants but for later usages we combine the curvature and
the volume into the Chern-Simons invariant CS(). But more
is true: in a hyperbolic 3-manifold there are special surfaces
which cannot be contracted, called incompressible surface.
A properly embedded connected surface 𝑆 ⊂ 𝑁 in a 3-
manifold𝑁 is called 2-sided if its normal bundle is trivial and
1-sided if its normal bundle is nontrivial.The “sides” of 𝑆 then
correspond to the components of the complement of 𝑆 in a
tubular neighborhood 𝑆 × [0, 1] ⊂ 𝑁. A 2-sided connected
surface 𝑆 other than 𝑆2 or 𝐷2 is called incompressible if
for each disk 𝐷 ⊂ 𝑁 with 𝐷 ∩ 𝑆 = 𝜕𝐷 there is a disk
𝐷


⊂ 𝑆 with 𝜕𝐷

= 𝜕𝐷; that is, the boundary of the disk
𝐷 can be contracted in the surface 𝑆. The boundary of a 3-
manifold is an incompressible surface.More importantly, this
surface can be detected in the fundamental group 𝜋1(𝑁) of
the 3-manifold, that is; there is an injective homomorphism
𝜋1(𝑆) → 𝜋1(𝑁). The consequence of all properties is the
following conclusion.

The tower 𝑇ℓ has a hyperbolic geometry (with finite
volume) and therefore fixed size; that is, it cannot be scaled
by any diffeomorphism or conformal transformation. Then
we obtain an invariant decomposition of the Casson handle
into towers arrangedwith respect to a tree. Secondly, inside of
every tower𝑇ℓ there is (at least one) an incompressible surface
also of fixed size.

In case of the tower 𝑇ℓ, one knows two incompressible
surfaces, the two tori coming from the complement of
the Whitehead link (with two components) used in the
construction.

3.5.The Path Integral of the Exotic 𝑆3×R. Nowwewill discuss
the path integral using the decomposition

𝑆
3
×𝜃 R

= 𝑀(𝑆
3
, 𝜕𝐴cork)⋃

𝐷2

( ⋃

level ℓ of treeT
(int (𝑇ℓ) ∪ 𝜕

−
𝑇ℓ)) ,

(23)

and we remark that the construction of the cobordism
𝑀(𝑆

3
, 𝜕𝐴cork) requires the usage of a Casson handle again,

denoted by𝑀(𝑆3, 𝜕𝐴cork)∪CHcork.Therefore we have to clar-
ify the role of the Casson handle. In the previous Section 3.4,
we discussed the strong connection between geometry and
topology for hyperbolic manifolds.The topology of 𝑆3×𝜃 R is
rather trivial but the smoothness structure (and therefore the
differential topology) can be very complicate.

As stated above, the boundary terms can be factorized
from the terms in the interior. Formally we obtain

𝑍(𝑆
3
×𝜃 R) = {∏

ℓ

𝑍 (𝜕
−
𝑇ℓ) 𝑍 (𝜕𝐴cork) 𝑍 (𝑆

3
)}

× (∏

ℓ

𝑍 (int (𝑇ℓ))𝑍 (CHcork) ,

(24)

and for an expectation value of the observable O

⟨𝑆
3
×𝜃 R |O| 𝑆

3
×𝜃 R⟩ , (25)

but for the following we have to discuss it more fully. To
understand the time-like evolution of a disk (or a surface), we
have to describe a disk inside of a Casson handle as pioneered
by Bi ̌zaca [35]. With the same arguments, one can also
describe the modification of the 3-sphere into homology 3-
spheres Σ. But then we obtain (formally) an infinite sequence
of homology 3-spheres Σ1 → Σ2 → ⋅ ⋅ ⋅ with amplitudes

𝑍(𝑆
3
×𝜃 R) = ⟨Σ1

𝑇𝑀
 Σ2⟩ ⟨Σ2

𝑇𝑀
 Σ3⟩ ⋅ ⋅ ⋅ , (26)

including the boundary terms. Every spatial section Σ𝑛 can
be seen as an element of the phase space in quantum gravity.
Therefore this change of transitions is a topological phase
transition which will be further investigated in our work.

The choice of the boundary term has a kind of arbitrari-
ness. We can choose the decomposition much finer to get
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more boundary terms. Therefore the path integral (14) must
be extended away from the boundary. We will discuss this
extension also in our forthcoming work.

Before we go ahead we have to discuss the foliation
structure of 𝑆3×𝜃 R or the appearance of different time
variables. As stated above, our space-time has the topology
of 𝑆3 ×R with equal slices parametrized by a topological time
𝑡TOP; that is,

(𝑆
3
×𝜃 R)TOP

= {(𝑝, 𝑡TOP) | 𝑝 ∈ 𝑆
3
, 𝑡TOP ∈ R}

= {𝑆
3
× {𝑡TOP} | 𝑡TOP ∈ {−∞, . . . , +∞}} ,

(27)

defined by the topological embedding 𝑆3 → 𝑆
3
×𝜃 R. It is

the defining property of exotic smoothness that 𝑆3 inside
of 𝑆3×𝜃 R is only a topological 3-sphere; that is, it is wildly
embedded and so only represented by an infinite polyhedron.
There is another possibility to introduce 𝑡TOP whichwill point
us to the smooth case. For that purpose we define a map 𝐹 :
𝑆
3
×R → R by (𝑥, 𝑡)→ 𝑡 so that 𝑡TOP = 𝐹(𝑝) for 𝑝 ∈ 𝑆

3
×R.

In contrast one also has the smooth time 𝑡Diff which we have
to define now. Locally it is the smooth (physical coordinate)
time. We know also that the exotic 𝑆3×𝜃 R is composed by a
sequence Σ1 → Σ2 → Σ3 → ⋅ ⋅ ⋅ of homology 3-spheres
or better by a sequence 𝑀(Σ1, Σ2)∪Σ2𝑀(Σ2, Σ3)∪Σ3 . . . of
(homology) cobordism between the homology 3-spheres.
All sequences are ordered and so it is enough to analyze
one cobordism 𝑀(Σ1, Σ2). Every cobordism between two
homology 3-spheres Σ1 and Σ2 is characterized by the
existence of a finite number of 1-/2-handle pairs (or dually
2-/3-handle pairs). Now we define a smooth map 𝐹cob :

𝑀(Σ1, Σ2) → [0, 1] which must be a Morse function (i.e.,
it has isolated critical points) [33]. The number of critical
points 𝑁 of 𝐹 is even, say 𝑁 = 2𝑘, where 𝑘 is the number
of 1-/2-handle pairs. These critical points are also denoted as
naked singularities in GR (but of bounded curvature). Like
in the case of topological time 𝑡TOP we introduce the smooth
time by 𝑡Diff = 𝐹cob(𝑝) for all 𝑝 ∈ 𝑀(Σ1, Σ2) ⊂ 𝑆

3
×𝜃 R. The

extension of 𝑡Diff to the whole 𝑆3×𝜃 R by the Morse function
𝐹 : 𝑆

3
×𝜃 R → R is straightforward 𝑡Diff = 𝐹(𝑝) for all 𝑝 ∈

𝑆
3
×𝜃 R. The cobordism𝑀(Σ1, Σ2) is part of the exotic 𝑆

3
×𝜃 R

and can be embedded to make it 𝑆3 × [0, 1] topologically.
Therefore function 𝐹cob is a continuous function which is
strictly increasing on future directed causal curves, so it is a
time function (see [36, 37]). But there is also another method
to construct 𝑡Diff by using codimension-1 foliations. In [7] we
uncovered a strong relation between codimension-1 foliations
(also used to construct a Lorentz structure on a manifold)
and exotic smoothness structures for a small exotic R4. The
coordinate of this codimension-1 submanifold is also the
smooth time 𝑡Diff. This approach will be more fully discussed
in our forthcoming work.

4. The Expectation Value of
the Area and Inflation

In Section 3.4 we described the hyperbolic geometry origi-
nated in the exotic smoothness structure of 𝑆3×𝜃 R. Because

of this hyperbolic geometry, there are incompressible surfaces
inside of the hyperbolic manifold as the smallest possible
units of geometry. Then Mostow rigidity determines the
behavior of this incompressible surface. At first we will
concentrate on the first cobordism𝑀(𝑆

3
, 𝜕𝐴cork) between 𝑆

3

and the boundary 𝜕𝐴cork of the Akbulut cork. The area of a
surface is given by

𝐴 (𝑒, 𝑆) = ∫
𝑆

𝑑
2
𝜎√𝐸𝑎𝐸𝑏𝑛𝑎𝑛𝑏, (28)

with the normal vector 𝑛𝑎 and the densitized frame 𝐸𝑎 =

det(𝑒)𝑒𝑎. The expectation value of the area 𝐴,

⟨𝑆
3
|𝐴 (𝑒, 𝑆)| 𝜕𝐴cork⟩

=
1

𝑍 (𝑀(𝑆3, 𝜕𝐴cork))

× ∫𝐷𝑒𝐴 (𝑒, 𝑆) exp ( 𝑖
ℎ
𝑆𝐸𝐻 [𝑒,𝑀 (𝑆

3
, 𝜕𝐴cork]) ,

(29)

depends essentially on the hyperbolic geometry. As argued
above, this cobordism has a hyperbolic geometry but in
the simplest case, the boundary of the Akbulut cork is
the homology 3-sphere 𝜕𝐴cork = Σ(2, 5, 7), a Brieskorn
homology 3-sphere. Now we study the area of a surface
where one direction is along the time axis. Then we obtain
a decomposition of the surface into a sum of small surfaces
so that every small surface lies in one component of the
cobordism. Remember, that the cobordism 𝑀(𝑆

3
, 𝜕𝐴cork) is

decomposed into the trivial cobordism 𝑆
3
× [0, 1] and a

Casson handle CH = ∪ℓ𝑇ℓ. Then the decomposition of the
surface

𝑆 = ∪ℓ𝑆ℓ, (30)

corresponds to the decomposition of the expectation value of
the area

𝐴ℓ (𝑒, 𝑆ℓ) = ∫
𝑆ℓ

𝑑
2
𝜎√𝐸𝑎𝐸𝑏𝑛𝑎𝑛𝑏, (31)

so that

⟨𝜕
−
𝑇ℓ
𝐴ℓ(𝑒, 𝑆ℓ)

 𝜕
−
𝑇ℓ+1⟩ = ⟨𝜕

−
𝑇ℓ
𝐴ℓ (𝑒, 𝑆ℓ)

 𝜕
−
𝑇ℓ+1⟩ 𝛿ℓℓ ,

⟨𝑆
3
|𝐴 (𝑒, 𝑆)| 𝜕𝐴cork⟩ = ∑

ℓ

⟨𝜕
−
𝑇ℓ
𝐴ℓ (𝑒, 𝑆ℓ)

 𝜕
−
𝑇ℓ+1⟩ .

(32)

The initial value for ℓ = 0 is the expectation value

⟨𝜕
−
𝑇0
𝐴0 (𝑒, 𝑆0)

 𝜕
−
𝑇1⟩ = 𝑎

2

0
, (33)

where 𝑎0 is the radius of the 3-sphere 𝑆3. But because of
the hyperbolic geometry (with constant curvature because of
Mostow rigidity) every further level scales this expectation
value by a constant factor. Therefore, to calculate the expec-
tation value, we have to study the scaling behavior.
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Consider a cobordism𝑀(Σ0, Σ1) between the homology
3-spheres Σ0, Σ1. As shown by Witten [38–40], the action,

∫
Σ0,1

3

𝑅√ℎ𝑑
3
𝑥 = 𝐿 ⋅ CS (Σ0,1) , (34)

for every 3-manifold (in particular for Σ0 and Σ1 denoted by
Σ0,1) is related to the Chern-Simons action CS(Σ0,1) (defined
in Appendix B). The scaling factor 𝐿 is related to the volume
by 𝐿 = 3√vol(Σ0,1) and we obtain formally

𝐿 ⋅ CS (Σ0,1, 𝐴) = 𝐿
3
⋅
CS (Σ0,1)
𝐿2

= ∫
Σ0,1

CS (Σ0,1)
𝐿2

√ℎ𝑑
3
𝑥,

(35)

by using

𝐿
3
= vol (Σ0,1) = ∫

Σ0,1

√ℎ𝑑
3
𝑥. (36)

Together with

3
𝑅 =

3𝑘

𝑎2
, (37)

one can compare the kernels of the integrals of (34) and (35)
to get for a fixed time

3𝑘

𝑎2
=
CS (Σ0,1)
𝐿2

. (38)

This gives the scaling factor

𝜗 =
𝑎
2

𝐿2
=

3

CS (Σ0,1)
, (39)

where we set 𝑘 = 1 in the following.The hyperbolic geometry
of the cobordism is best expressed by the metric

𝑑𝑠
2
= 𝑑𝑡

2
− 𝑎(𝑡)

2
ℎ𝑖𝑘𝑑𝑥

𝑖
𝑑𝑥

𝑘
, (40)

also called the Friedmann-Robertson-Walker metric (FRW
metric) with the scaling function 𝑎(𝑡) for the (spatial) 3-
manifold. But Mostow rigidity enforces us to choose

(
̇𝑎

𝑎
)

2

=
1

𝐿2
, (41)

in the length scale 𝐿 of the hyperbolic structure. But why
is it possible to choose the FRW metric? At first we state
that the FRW metric is not sensitive to the topology of
the space-time. One needs only a space-time which admits
a slicing with respect to a smooth time 𝑡Diff and a metric
of constant curvature for every spatial slice. Then for the
cobordism𝑀(Σ1, Σ2) between Σ1 and Σ2 we have two cases:
the curvature parameter 𝑘(Σ1) of Σ1 (say 𝑘(Σ1) = +1)
jumps to the value 𝑘(Σ2) of Σ2 (say 𝑘(Σ2) = −1) or both
curvatures remain constant.The second case is the usual one.
Each homology 3-sphere Σ1, Σ2 has the same geometry (or
geometric structure in the sense of Thurston [41]) which is

hyperbolic in most case. The first case is more complicated.
Here we need the smooth function to represent the jump
in the curvature parameter 𝑘. Let us choose the function
𝑘 : R → R

𝑡→ {
+1 0 ≤ 𝑡

1 − 2 ⋅ exp (−𝜆 ⋅ 𝑡−2) 𝑡 > 0,
(42)

which is smooth and the parameter 𝜆 determines the slope of
this function. Furthermore the metric (40) is also the metric
of a hyperbolic space (which has to fulfill Mostow rigidity
because the cobordism𝑀(Σ1, Σ2) is compact).

In the following we will switch to quadratic expressions
because we will determine the expectation value of the area.
Then we obtain

𝑑𝑎
2
=
𝑎
2

𝐿2
𝑑𝑡

2
= 𝜗𝑑𝑡

2
, (43)

with respect to the scale 𝜗. By using the tree of the Casson
handle, we obtain a countable infinite sum of contributions
for (43). Before we start we will clarify the geometry of the
Casson handle. The discussion of the Morse functions above
uncovers the hyperbolic geometry of the Casson handle (see
also Section 3.4). Therefore the tree corresponding to the
Casson handle must be interpreted as a metric tree with
hyperbolic structure in H2 and metric 𝑑𝑠2 = (𝑑𝑥2 + 𝑑𝑦2)/𝑦2.
The embedding of the Casson handle in the cobordism is
given by the following rules.

(i) The direction of the increasing levels 𝑛 → 𝑛 + 1 is
identified with 𝑑𝑦2 and 𝑑𝑥2 is the number of edges
for a fixed level with scaling parameter 𝜗.

(ii) The contribution of every level in the tree is deter-
mined by the previous level best expressed in the
scaling parameter 𝜗.

(iii) An immersed disk at level 𝑛 needs at least one disk to
resolve the self-intersection point.This disk forms the
level 𝑛 + 1 but this disk is connected to the previous
disk. So we obtain for 𝑑𝑎2|𝑛+1 at level 𝑛 + 1

𝑑𝑎
2
|𝑛+1 ∼ 𝜗 ⋅ 𝑑𝑎

2𝑛
(44)

up to a constant.
By using the metric 𝑑𝑠2 = (𝑑𝑥

2
+ 𝑑𝑦

2
)/𝑦

2 with the
embedding (𝑦2 → 𝑛+1, 𝑑𝑥2 → 𝜗) we obtain for the change
𝑑𝑥

2
/𝑦

2 along the 𝑥-direction (i.e., for a fixed 𝑦) 𝜗/(𝑛+1).This
change determines the scaling from the level 𝑛 to 𝑛 + 1; that
is,

𝑑𝑎
2𝑛+1

=
𝜗

𝑛 + 1
⋅ 𝑑𝑎

2𝑛
=

𝜗
𝑛+1

(𝑛 + 1)!
⋅ 𝑑𝑎

20
; (45)

and after the whole summation (as substitute for an integral
for the discrete values) we obtain for the relative scaling

𝑎
2
=

∞

∑

𝑛=0

(𝑑𝑎
2𝑛
) = 𝑎

2

0
⋅

∞

∑

𝑛=0

1

𝑛!
𝜗
𝑛

= 𝑎
2

0
⋅ exp (𝜗) = 𝑎2

0
⋅ 𝑙scale

(46)
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with 𝑑𝑎2|0 = 𝑎
2

0
. With this result in mind, we consider the

expectation value where we use the constant scalar curvature
(Mostow rigidity). By using the normalization, many terms
are neglected (like the boundary terms):

⟨𝑆
3
|𝐴 (𝑒, 𝑆)| 𝜕𝐴cork⟩

= (({∏

ℓ

𝑍 (𝜕
−
𝑇ℓ) 𝑍 (𝜕𝐴cork) 𝑍 (𝑆

3
)}

×

∞

∑

𝑛=0

⟨𝜕
−
𝑇𝑛
𝐴𝑛 (𝑒, 𝑆𝑛)

 𝜕
−
𝑇𝑛+1⟩)

×({∏

ℓ

𝑍 (𝜕
−
𝑇ℓ) 𝑍 (𝜕𝐴cork) 𝑍 (𝑆

3
)})

−1

)

=

∞

∑

𝑛=0

⟨𝜕
−
𝑇𝑛
𝐴𝑛 (𝑒, 𝑆𝑛)

 𝜕
−
𝑇𝑛+1⟩ .

(47)

Finally we obtain for the area 𝑎2
0
for the first level ℓ = 0,

⟨𝑆
3
|𝐴 (𝑒, 𝑆)| 𝜕𝐴cork⟩ =

∞

∑

𝑛=0

⟨𝜕
−
𝑇𝑛
𝐴𝑛 (𝑒, 𝑆𝑛)

 𝜕
−
𝑇𝑛+1⟩

= 𝑎
2

0
⋅

∞

∑

𝑛=0

1

𝑛!
(

3

CS (𝜕𝐴cork)
)

𝑛

= 𝑎
2

0
⋅ exp( 3

CS (𝜕𝐴cork)
) ,

(48)

with the radius 𝑎0 of Σ0 and arrive at 𝑎 for Σ1. From the
physical point of view we obtain an exponential increase
of the area; that is, we get an inflationary behavior. This
derivation can be also extended to the next Casson handle
but we have to determine the 3-manifold in which 𝜕𝐴cork can
change. It will be done below.

5. An Effective Theory

Now will ask for an effective theory where the influence of
the exotic smoothness structure is contained in some moduli
(or some field). As explained above, the main characteris-
tics is given by a change of the (spatial) 4-manifold (but
without changing the homology). Therefore let us describe
this change (the so-called homology cobordism) between
two homology 3-spheres Σ0 and Σ1. The situation can be
described by a diagram

Σ1

Ψ

→ R,

𝜙 ↓ ↻ ↕ 𝑖𝑑,

Σ0

𝜓

→ R,

(49)

which commutes. The two functions 𝜓 and Ψ are the Morse
function of Σ0 and Σ1, respectively, with Ψ = 𝜓 ∘ 𝜙. The
Morse function over Σ0,1 is a function Σ0,1 → R having only
isolated, nondegenerated, critical points (i.e., with vanishing

first derivatives at these points). Ahomology 3-sphere has two
critical points (located at the two poles). The Morse function
looks like ±‖𝑥‖2 at these critical points. The transition 𝑦 =

𝜙(𝑥) represented by the (homology) cobordism 𝑀(Σ0, Σ1)

maps the Morse function 𝜓(𝑦) = ‖𝑦‖
2 on Σ0 to the

Morse function Ψ(𝑥) = ‖𝜙(𝑥)‖2 on Σ1. The function −‖𝜙‖2
represents also the critical point of the cobordism𝑀(Σ0, Σ1).
But as we learned above, this cobordism has a hyperbolic
geometry and we have to interpret the function ‖𝜙(𝑥)‖2 not
as Euclidean form but change it to the hyperbolic geometry
so that

−
𝜙

2
= − (𝜙

2

1
+ 𝜙

2

2
+ 𝜙

2

3
) → −𝑒

−2𝜙1 (1 + 𝜙
2

2
+ 𝜙

2

3
) ; (50)

that is, we have a preferred direction represented by a single
scalar field 𝜙1 : Σ1 → R. Therefore, the transition Σ0 →

Σ1 is represented by a single scalar field 𝜙1 : Σ1 → R and
we identify this field as the moduli. Finally we interpret this
Morse function in the interior of the cobordism𝑀(Σ0, Σ1) as
the potential (shifted away from the point 0 ) of the scalar field
𝜙 with Lagrangian

𝐿 = 𝑅 + (𝜕𝜇𝜙)
2

−
𝜌

2
(1 − exp (−𝜆𝜙))2, (51)

with two free constants 𝜌 and 𝜆. For the value 𝜆 = √2/3

and 𝜌 = 3𝑀
2 we obtain the Starobinski model [42] (by a

conformal transformation using 𝜙 and a redefinition of the
scalar field [43])

𝐿 = 𝑅 +
1

6𝑀2
𝑅
2
, (52)

with the mass scale 𝑀 ≪ 𝑀𝑃 much smaller than the
Planck mass. From our discussion above, the appearance of
this model is not totally surprising. It favors a surface to be
incompressible (which is compatible with the properties of
hyperbolic manifolds). In the next section we will determine
this mass scale.

6. A Cosmological Model Compared to
the Planck Satellite Results

In this section we will go a step further and discuss the
path integral for 𝑆3 × R, where we sum over all smoothness
structures. Furthermore we will assume that 𝑆3 × R is the
end of a small exotic R4. But then we have to discuss
the parametrization of all Casson handles. As discussed
by Freedman [2], all Casson handles can be parametrized
by a dual tree where the vertices are 5-stage towers (with
three extra conditions). We refer to [2] or to [44] for the
details of the well-known construction.This tree has one root
from which two 5-stage towers branch. Every tower has an
attaching circle of any framing. Using Bizacas technique [35],
we obtain an attaching of a 5-tower along the sum 𝑃#𝑃 of
two Poincare spheres𝑃 (for the two towers).Therefore for the
universal case, we obtain two transitions

𝑆
3 cork
→ 𝜕𝐴cork

tower
→ 𝑃#𝑃, (53)
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with the scaling behavior,

𝑎 = 𝑎0 ⋅ exp(
3

2 ⋅ CS (𝜕𝐴cork)
+

3

2 ⋅ CS (𝑃#𝑃)
) . (54)

It can be expressed by the expectation value

⟨𝑆
3
|𝐴 (𝑒, 𝑆)| 𝑃#𝑃⟩ = 𝑎2

0
⋅ exp( 3

CS (𝜕𝐴cork)
+

3

CS (𝑃#𝑃)
) ,

(55)

for the transition 𝑆3 → 𝑃#𝑃. It is important to note that this
expectation value is the sum over all smoothness structures
of 𝑆3 ×R and we obtain also

⟨𝑆
3
×R |𝐴 (𝑒, 𝑆)| 𝑆

3
×R⟩

= ∑

diff structures
⟨𝑆

3
×𝜃 R |𝐴 (𝑒, 𝑆)| 𝑆

3
×𝜃 R⟩

= 𝑎
2

0
⋅ exp( 3

CS (𝜕𝐴cork)
+

3

CS (𝑃#𝑃)
) ,

(56)

with 𝑎2
0
as the size of the 3-sphere 𝑆3 at −∞. With the

argumentation above, the smoothness structure has a kind of
universality so that the two transitions above are generic.

In our model (using the exotic smoothness structure), we
obtain two inflationary phases. In the first phase we have a
transition

𝑆
3
→ 𝜕𝐴cork, (57)

and for the simplest case 𝜕𝐴cork = Σ(2, 5, 7), a Brieskorn
homology 3-sphere.Nowwewill assume that the 3-sphere has
Planck-size

𝑎0 = 𝐿𝑃 =
√
ℎ𝐺

𝑐3
; (58)

then we obtain for the size

𝑎 = 𝐿𝑃 ⋅ exp(
3

2 ⋅ CS(Σ (2, 5, 7)
) . (59)

We can use the method of Fintushel and Stern [45–47] to cal-
culate theChern-Simons invariants for the Brieskorn spheres.
The calculation can be found in Appendix C. Note that the
relation (34) is only true for the Levi-Civita connection.Then
the Chern-Simons invariant is uniquely defined to be the
minimum, denoted by 𝜏() (see (B.4)). Then we obtain for the
invariant (C.7) so that

𝐿𝑃 ⋅ exp(
140

3
) ≈ 7.5 ⋅ 10

−15
𝑚 (60)

is the size of the cosmos at the end of the first inflationary
phase.This size can be related to an energy scale by using it as
Compton length and one obtains 165MeV, comparable to the
energy scale of the QCD. For the two inflationary transitions

𝑆
3
→ Σ (2, 5, 7) → 𝑃#𝑃 (61)

one obtains the size

𝑎 = 𝐿𝑃 ⋅ exp(
140

3
+ 90) ≈ 9.14 ⋅ 10

24
𝑚 ≈ 10

9
𝐿𝑗. (62)

As explained above, the effective theory is the Starobinsky
model. This model is in very good agreement with results of
the Planck satellite [48] with the two main observables:

𝑛𝑠 ∼ 0.96 spectral index for scalar perturbations,
𝑟 ∼ 0.004 tensor-to-scalar ratio,

but one parameter of the model is open, the energy scale
𝑀 in Planck units. In our model it is related to the second
derivative of the Morse function, which is the curvature of
the critical point. In our paper [49], we determined also the
energy scale of the inflation by using a simple argument to
incorporate only the first 3 levels of the Casson handle. For
the scale

𝜗 =
3

2 ⋅ CS (Σ (2, 5, 7))
, (63)

of the first transition, we obtain the scaling of the Planck
energy (associated with the Planck-sized 3-sphere at the
beginning)

𝐸Inflation =
𝐸Planck

(1 + 𝜗 + (𝜗2/2) + (𝜗3/6))
, (64)

with the relative scaling

𝛼 =
𝐸Inflation
𝐸Planck

=
1

(1 + 𝜗 + (𝜗2/2) + (𝜗3/6))
≈ 5.5325 ⋅ 10

−5
,

(65)

leading to the energy scale of the inflation

𝐸Inflation ≈ 6.7547 ⋅ 10
14
𝐺𝑒𝑉, (66)

by using 𝐸Planck ≈ 1.2209 ⋅ 10
19
𝐺𝑒𝑉. We remark that the

relative scaling 𝛼 ≈ 5.5325 ⋅ 10−5 (in Planck units) above is
an energy scale for the potential in the effective theory (52).
Therefore we have to identify𝑀 = 𝛼 in the parameter 1/6𝑀2

of the Starobinsky model (in very good agreement with the
measurements). Nowwe can go a step further and discuss the
appearance of the cosmological constant.

Again we can use the hyperbolic geometry to state that
the curvature is negative and we have the Mostow rigidity;
that is, the scalar curvature of the 4-manifold has a constant
value, the cosmological constant Λ. If we assume that the 3-
sphere has the size of the Planck length (as above), then we
obtain

Λ =
1

𝐿2
𝑃

⋅ exp(− 3

CS (Σ (2, 5, 7))
−

3

CS (𝑃#𝑃)
) . (67)

With the values of the Chern-Simons invariants (C.7), we
obtain the value

Λ ⋅ 𝐿
2

𝑃
= exp(−280

3
− 180) ≈ 5 ⋅ 10

−118
, (68)
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in Planck units. In cosmology, one usually relate the cosmo-
logical constant to the Hubble constant 𝐻0 (expressing the
critical density) leading to the length scale

𝐿
2

𝑐
=

𝑐
2

3𝐻2

0

. (69)

The corresponding variable is denoted byΩΛ and we obtain

ΩΛ =
𝑐
5

3ℎ𝐺𝐻2

0

⋅ exp(− 3

CS (Σ (2, 5, 7))
−

3

CS (𝑃#𝑃)
) , (70)

in units of the critical density. This formula is in very good
agreement with theWMAP results; that is, by using the value
for the Hubble constant

𝐻0 = 74
km

𝑠 ⋅Mpc
, (71)

we are able to calculate the dark energy density to be

ΩΛ = 0.729, (72)

agreeing with the WMAP results. But it differs from the
Planck results [50] of the Hubble constant

(𝐻0)Planck = 68
km

𝑠 ⋅Mpc
, (73)

for which we obtain

ΩΛ ≈ 0.88, (74)

in contrast with the measured value of the dark energy

(ΩΛ)Planck = 0.683. (75)

But there is another possibility for the size of the 3-sphere at
the beginning and everything depends on this choice. But we
can use the entropy formula of a Black hole in Loop quantum
gravity

𝑆 =
𝐴 ⋅ 𝛾0

4 ⋅ 𝛾 ⋅ 𝐿2
𝑃

⋅ 2𝜋, (76)

with

𝛾0 =
ln (2)
𝜋 ⋅ √3

, (77)

according to [51] with the Immirzi parameter 𝛾, where the
extra factor 2𝜋 is given by a different definition of 𝐿𝑃

replacing ℎ by ℎ. In the original approach of Ashtekar in Loop
quantum gravity one usually set 𝛾 = 1. If we take it seriously
then we obtain a reduction of the length in (70)

1

𝐿2
𝑃

→
1

𝐿2
𝑃

⋅
2 ⋅ ln (2)
√3

=
2𝜋𝛾0

𝐿2
𝑃

≈ 0.80037 ⋅
1

𝐿2
𝑃

, (78)

or the new closed formula

ΩΛ =
𝑐
5

3ℎ𝐺𝐻2

0

⋅ 𝛾0 ⋅ exp(−
3

CS (Σ (2, 5, 7))
−

3

CS (𝑃#𝑃)
) ,

(79)

correcting the valueΩΛ ≈ 0.88 to

ΩΛ ≈ 0.704. (80)

But 𝛾0 depends on the gauge group and if one uses the value
[52]

𝛾0 =
ln (3)
𝜋 ⋅ √8

, (81)

agreeing also with calculations in the spin foam models [53],
then one gets a better fit

ΩΛ ≈ 0.6836, (82)

which is in good agreement with the measurements.

7. Conclusion

The strong relation between hyperbolic geometry (of the
space-time) and exotic smoothness is one of the main
results in this paper. Then using Mostow rigidity, geometric
observables like area and volume or curvature are topological
invariants which agree with the expectation values of these
observables (calculated via the path integral). We compared
the results with the recent results of the Planck satellite and
found a good agreement. In particular as a direct result
of the hyperbolic geometry, the inflation can be effectively
described by the Starobinski model. Furthermore we also
obtained a cosmological model which produces a realistic
cosmological constant.

Appendices

A. Connected and Boundary Connected
Sum of Manifolds

Now we will define the connected sum # and the boundary
connected sum ♮ of manifolds. Let𝑀,𝑁 be two 𝑛-manifolds
with boundaries 𝜕𝑀, 𝜕𝑁. The connected sum 𝑀#𝑁 is the
procedure of cutting out a disk𝐷𝑛 from the interior int(𝑀) \
𝐷

𝑛 and int(𝑁)\𝐷𝑛 with the boundaries 𝑆𝑛−1 ⊔𝜕𝑀 and 𝑆𝑛−1 ⊔
𝜕𝑁, respectively, and gluing them together along the com-
mon boundary component 𝑆𝑛−1. The boundary 𝜕(𝑀#𝑁) =
𝜕𝑀 ⊔ 𝜕𝑁 is the disjoint sum of the boundaries 𝜕𝑀, 𝜕𝑁. The
boundary connected sum𝑀♮𝑁 is the procedure of cutting out
a disk𝐷𝑛−1 from the boundary 𝜕𝑀\𝐷

𝑛−1 and 𝜕𝑁\𝐷𝑛−1 and
gluing them together along 𝑆𝑛−2 of the boundary. Then the
boundary of this sum𝑀♮𝑁 is the connected sum 𝜕(𝑀♮𝑁) =

𝜕𝑀#𝜕𝑁 of the boundaries 𝜕𝑀, 𝜕𝑁.

B. Chern-Simons Invariant

Let 𝑃 be a principal 𝐺 bundle over the 4-manifold 𝑀 with
𝜕𝑀 ̸=0. Furthermore let 𝐴 be a connection in 𝑃 with the
curvature,

𝐹𝐴 = 𝑑𝐴 + 𝐴 ∧ 𝐴, (B.1)
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and Chern class,

𝐶2 =
1

8𝜋2
∫
𝑀

tr (𝐹𝐴 ∧ 𝐹𝐴) , (B.2)

for the classification of the bundle 𝑃. By using the Stokes
theorem we obtain

∫
𝑀

tr (𝐹𝐴 ∧ 𝐹𝐴) = ∫
𝜕𝑀

tr(𝐴 ∧ 𝑑𝐴 + 2
3
𝐴 ∧ 𝐴 ∧ 𝐴) , (B.3)

with the Chern-Simons invariant

CS (𝜕𝑀,𝐴) = 1

8𝜋2
∫
𝜕𝑀

tr(𝐴 ∧ 𝑑𝐴 + 2
3
𝐴 ∧ 𝐴 ∧ 𝐴) . (B.4)

Now we consider the gauge transformation 𝐴 → 𝑔
−1
𝐴𝑔 +

𝑔
−1
𝑑𝑔 and obtain

CS (𝜕𝑀, 𝑔−1𝐴𝑔 + 𝑔−1𝑑𝑔) = CS (𝜕𝑀,𝐴) + 𝑘, (B.5)

with the winding number

𝑘 =
1

24𝜋2
∫
𝜕𝑀

(𝑔
−1
𝑑𝑔)

3

∈ Z, (B.6)

of the map 𝑔 : 𝑀 → 𝐺. Thus the expression,

CS (𝜕𝑀,𝐴) mod 1, (B.7)

is an invariant, the Chern-Simons invariant. Now we will
calculate this invariant. For that purpose we consider the
functional (B.4) and its first variation vanishes

𝛿CS (𝜕𝑀,𝐴) = 0, (B.8)

because of the topological invariance. Then one obtains the
equation

𝑑𝐴 + 𝐴 ∧ 𝐴 = 0; (B.9)

that is, the extrema of the functional are the connections
of vanishing curvature. The set of these connections up to
gauge transformations is equal to the set of homomorphisms
𝜋1(𝜕𝑀) → SU(2) up to conjugation. Thus the calculation
of the Chern-Simons invariant reduces to the representation
theory of the fundamental group into SU(2). In [45] the
authors define a further invariant

𝜏 (Σ) = min {CS (𝛼) | 𝛼 : 𝜋1 (Σ) → SU (2)} , (B.10)

for the 3-manifold Σ. This invariants fulfills the relation

𝜏 (Σ) =
1

8𝜋2
∫
Σ×R

tr (𝐹𝐴 ∧ 𝐹𝐴) , (B.11)

which is the minimum of the Yang-Mills action


1

8𝜋2
∫
Σ×R

tr (𝐹𝐴 ∧ 𝐹𝐴)

≤

1

8𝜋2
∫
Σ×R

tr (𝐹𝐴 ∧ ∗𝐹𝐴) , (B.12)

that is, the solutions of the equation 𝐹𝐴 = ± ∗ 𝐹𝐴. Thus the
invariant 𝜏(Σ) of Σ corresponds to the self-dual and anti-self-
dual solutions on Σ ×R, respectively. Or the invariant 𝜏(Σ) is
the Chern-Simons invariant for the Levi-Civita connection.

C. Chern-Simons Invariant of
Brieskorn Spheres

In [45–47] an algorithm for the calculation of the Chern-
Simons invariant for the Brieskorn sphere Σ(𝑝, 𝑞, 𝑟) is
presented. According to that result, a representation 𝛼 :

𝜋1(Σ(𝑝, 𝑞, 𝑟) → SU(2) is determined by a triple of 3 numbers
⟨𝑘, 𝑙, 𝑚⟩with 0 < 𝑘 < 𝑝, 0 < 𝑙 < 𝑞, 0 < 𝑚 < 𝑟 and the further
relations

𝑙

𝑞
+
𝑚

𝑟
< 1 𝑙 mod 2 = 𝑚 mod 2,

𝑘

𝑝
+
𝑙

𝑞
+
𝑚

𝑟
> 1,

𝑘

𝑝
−
𝑙

𝑞
+
𝑚

𝑟
< 1,

𝑘

𝑝
+
𝑙

𝑞
−
𝑚

𝑟
< 1.

(C.1)

Then the Chern-Simons invariant is given by

CS (𝛼) = 𝑒
2

4 ⋅ 𝑝 ⋅ 𝑞 ⋅ 𝑟
mod 1, (C.2)

with

𝑒 = 𝑘 ⋅ 𝑞 ⋅ 𝑟 + 𝑙 ⋅ 𝑝 ⋅ 𝑟 + 𝑚 ⋅ 𝑝 ⋅ 𝑞. (C.3)

Now we consider the Poincaré sphere 𝑃 with 𝑝 = 2, 𝑞 =

3, 𝑟 = 5. Then we obtain

⟨1, 1, 1⟩CS = 1

120
,

⟨1, 1, 3⟩CS = 49

120
,

(C.4)

and for the Brieskorn sphere Σ(2, 5, 7)

⟨1, 1, 3⟩CS = 81

280
,

⟨1, 3, 1⟩CS = 9

280
,

⟨1, 2, 2⟩CS = 169
280

,

⟨1, 2, 4⟩CS = 249
280

.

(C.5)

In [45] the authors define a further invariant

𝜏 (Σ) = min {CS (𝛼) | 𝛼 : 𝜋1 (Σ) → SU (2)} , (C.6)

for a homology 3-sphere Σ. For 𝑃 and Σ(2, 5, 7) one obtains

𝜏 (𝑃) =
1

120
, 𝜏 (Σ (2, 5, 7)) =

9

280
. (C.7)

And we are done.
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We define passive and active gravitational mass operators of the simplest composite quantum body—a hydrogen atom. Although
they do not commute with its energy operator, the equivalence between the expectation values of passive and active gravitational
masses and energy is shown to survive for stationary quantum states. In our calculations of passive gravitational mass operator,
we take into account not only kinetic and Coulomb potential energies but also the so-called relativistic corrections to electron
motion in a hydrogen atom. Inequivalence between passive and active gravitational masses and energy at a macroscopic level is
demonstrated to reveal itself as time-dependent oscillations of the expectation values of the gravitational masses for superpositions
of stationary quantum states. Breakdown of the equivalence between passive gravitational mass and energy at a microscopic level
reveals itself as unusual electromagnetic radiation, emitted bymacroscopic ensemble of hydrogen atoms, moved by small spacecraft
with constant velocity in the Earth’s gravitational field. We suggest the corresponding experiment on the Earth’s orbit to detect this
radiation, which would be the first direct experiment where quantum effects in general relativity are observed.

1. Introduction

Formulation of a successful quantum gravitational theory
is considered to be one of the most important problems in
physics and the major step towards the so-called “Theory
of Everything.” On the other hand, fundamentals of general
relativity and quantum mechanics are so different that it is
possible that these two theories will not be united in the feasi-
ble future. In this difficult situation, it seems to be important
to suggest a combination of quantum mechanics and some
nontrivial approximation of general relativity. In particular,
this is important in the case where such theory leads to
meaningful physical results, which can be experimentally
tested.

A notion of gravitational mass of a composite body is
known to be nontrivial in general relativity and related to
the following paradoxes. If we consider a free photon with
energy 𝐸 and apply to it the so-called Tolman’s formula for
active gravitational mass (see, e.g., [1]), we will obtain 𝑚𝑔

𝑎
=

2𝐸/𝑐
2 (i.e., two times bigger value than the expected one) [2].

If a photon is confined in a box with mirrors, then we have
a composite body at rest. In this case, as shown in [2], we
have to take into account a negative contribution to 𝑚𝑔

𝑎

from stress in the box walls to restore Einstein’s equation,
𝑚
𝑔

𝑎
= 𝐸/𝑐

2. It is important that the latter equation is restored
only after averaging over time. A role of the classical virial
theorem in establishing the equivalence between averaged
over time active and passive gravitational masses and energy
is discussed in detail in [3, 4] for different types of classical
composite bodies. In particular, for electrostatically bound
two bodies, it is shown that gravitational field is coupled
to a combination 3𝐾 + 2𝑈, where 𝐾 is kinetic and 𝑈 is
the Coulomb potential energies. Since the classical virial
theorem states that the following time average is equal to zero,
⟨2𝐾 + 𝑈⟩𝑡 = 0, then we conclude that averaged over time
active and passive gravitationalmasses are proportional to the
total amount of energy [3, 4],

⟨𝑚
𝑔

𝑎,𝑝
⟩
𝑡
= 𝑚1 + 𝑚2 +

⟨3𝐾 + 2𝑈⟩𝑡

𝑐2
=
𝐸

𝑐2
, (1)
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where 𝑚1 and 𝑚2 are bare masses of the above considered
bodies.

2. Goal

The main goal of our paper is to study a quantum problem
about passive [5–7] and active gravitational masses of a
composite body. As the simplest example, we consider a
hydrogen atom.We claim four main results in the paper. Our
first result is that the equivalence between passive and active
gravitational masses and energy survives at a macroscopic
level for stationary quantum states. In the calculations of
passive gravitational mass operator, we take into account
both nonrelativistic kinetic and Coulomb potential energies
and the so-called relativistic corrections (see, e.g., [8]) to an
electron motion in a hydrogen atom, whereas in calcula-
tions of active gravitational mass we take into account only
nonrelativistic kinetic and Coulomb potential energies. More
specifically, we show that the expectation values of passive
and active gravitational masses of the atom are equivalent
to its energy for stationary quantum states due to some
mathematical theorems. In the case of active gravitational
mass, the corresponding theorem is known as the quantum
virial theorem (see, e.g., [9]), whereas, in the case of pas-
sive gravitational mass, the corresponding theorem is more
complicated than that in [9]. In fact the latter is an extension
of the relativistic quantum virial theorem [10] for the case
of a particle with spin 1/2. We would like to draw attention
to the fact that the abovementioned results are nontrivial.
Indeed, below we define passive and active gravitational
mass operators of an electron, �̂�𝑔𝑝 and �̂�𝑔𝑎 , respectively, in
the post-Newtonian approximation to general relativity. It is
important that these operators occur not to commute with
electron energy operator, taken in the absence of the field.
Therefore, from the first point of view, it seems that the
equivalence between passive and active gravitational masses
and energy is broken.Nevertheless, using rather sophisticated
mathematical tools, we show that the expectation values of
passive and active gravitational mass operators are ⟨�̂�𝑔𝑝⟩ =
⟨�̂�
𝑔

𝑎
⟩ = 𝑚𝑒 + 𝐸𝑛/𝑐

2 for stationary quantum states in a
hydrogen atom, where 𝑚𝑒 is the bare electron mass and 𝐸𝑛
is the total electron energy of 𝑛th atomic energy level.

Our second result is that the equivalence between elec-
tron energy and its passive and active gravitational masses is
shown to be broken for superpositions of stationary quantum
states. More strictly speaking, we demonstrate that there exist
such quantum states where the expectation values of energy
are constant, whereas the expectation values of passive and
active gravitational masses are oscillatory functions of time.
Our third result is a breakdown of the equivalence between
passive gravitational mass and energy at a microscopic
level. It is a consequence of the fact that passive electron
gravitational mass operator, �̂�𝑔𝑝, does not commute with its
energy operator, taken in the absence of the field. Therefore,
an atom with a definite energy in the absence of gravitational
field, 𝐸, is not characterized by a definite passive gravitational
mass in an external gravitational field. Passive gravitational
mass is shown to be quantized and can significantly differ

from the value 𝐸/𝑐2. Our fourth result is that we suggest how
the abovementioned inequivalence can be experimentally
observed. In particular, we propose experimental detection of
electromagnetic radiation, emitted by macroscopic ensemble
of hydrogen atoms (in a real experiment—molecules), sup-
ported by and moving with constant velocity in the Earth’s
gravitational field, using small spacecraft or satellite. If such
experiment is done, to the best of our knowledge, it will
be the first direct experimental test of quantum effects in
general relativity. We stress that so far only quantum effects
in the Newtonian variant of gravity, where general relativity
corrections are negligible, have been directly studied in the
famous COW [11] and ILL [12] experiments.

Most of the abovementioned results, related to passive
gravitational mass, have been recently published by us in [5–
7]. All results, related to active gravitationalmass, and results,
related to the so-called relativistic corrections to passive
gravitational mass, are new and, to the best of our knowledge,
have not been published.

3. Equivalence of the Expectation Values of
Passive Gravitational Mass and Energy for
Stationary States

Let us use the standard weak field approximation to describe
spacetime outside the Earth (see, e.g., [13]). (We pay attention
to the fact that, to calculate the Hamiltonian in a linear with
respect to a small parameter 𝜙(𝑅)/𝑐2 approximation, we do
not need to keep the terms of the order of [𝜙(𝑅)/𝑐2]2 in
the metric (2), in contrast to the classical problem about
perihelion precession of Mercury’s orbit [13].),

𝑑𝑠
2
= −(1 +

2𝜙

𝑐2
) (𝑐𝑑𝑡)

2
+ (1 −

2𝜙

𝑐2
) (𝑑𝑥

2
+ 𝑑𝑦
2
+ 𝑑𝑧
2
) ,

𝜙 = −
𝐺𝑀

𝑅
,

(2)

where𝐺 is the gravitational constant, 𝑐 is the velocity of light,
𝑀 is the Earth’s mass, and 𝑅 is a distance from center of the
Earth. Then, in the local proper spacetime coordinates:

𝑥

= (1 −

𝜙

𝑐2
)𝑥, 𝑦


= (1 −

𝜙

𝑐2
)𝑦,

𝑧

= (1 −

𝜙

𝑐2
)𝑧, 𝑡


= (1 +

𝜙

𝑐2
) 𝑡,

(3)

the Schrödinger equation for an electron motion in a hydro-
gen atom can be approximately written in the following
standard form:

𝑖ℏ
𝜕Ψ (r, 𝑡)
𝜕𝑡

= �̂� (p̂, r)Ψ (r, 𝑡) , (4)

where �̂�(p̂, r) is the standard Hamiltonian. We stress that,
in (4) and everywhere below,we disregard all tidal effects (i.e.,
we do not differentiate gravitational potential with respect
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to electron coordinates, r and r, corresponding to electron
positions in the center of mass coordinate systems). It is
possible to show that this means that we consider a hydrogen
atom as a point-like body and disregard all tidal terms in
electronHamiltonian, which are usually very small and of the
order of (𝑟𝐵/𝑅0)|𝜙/𝑐

2
| ∼ 10

−17
|𝜙/𝑐
2
| ∼ 10

−26 in the Earth’s
gravitational field. (Here 𝑟𝐵 is the so-called Bohr’s radius and
𝑅0 is the Earth’s radius.)

3.1. Nonrelativistic Case. Let us first consider nonrelativistic
Schrödinger equation for electron motion in a hydrogen
atom, where we take into account only kinetic and Coulomb
potential energies:

𝑖ℏ
𝜕Ψ (r, 𝑡)
𝜕𝑡

= �̂�0 (p̂, r

)Ψ (r, 𝑡) ,

�̂�0 (p̂, r

) = 𝑚𝑒𝑐

2
+

p̂
2

2𝑚𝑒

−
𝑒
2

𝑟
,

(5)

where 𝑒 is the electron charge, 𝑟 is a distance between elec-
tron and proton, and p̂ = −𝑖ℏ𝜕/𝜕r is electron momentum
operator in the local proper spacetime coordinates. Below,
we treat the weak gravitational field (2) as a perturbation
in inertial coordinate system, corresponding to spacetime
coordinates (𝑥, 𝑦, 𝑧, 𝑡) in (3) [3, 4], and calculate the corre-
sponding Hamiltonian:

�̂�0 (p̂, r, 𝜙) = 𝑚𝑒𝑐
2
+

p̂2

2𝑚𝑒

−
𝑒
2

𝑟

+ 𝑚𝑒𝜙 + (3
p̂2

2𝑚𝑒

− 2
𝑒
2

𝑟
)
𝜙

𝑐2
.

(6)

From (6), it is clear that the Hamiltonian can be rewritten in
the following form:

�̂�0 (p̂, r, 𝜙) = 𝑚𝑒𝑐
2
+

p̂2

2𝑚𝑒

−
𝑒
2

𝑟
+ �̂�
𝑔

𝑒
𝜙, (7)

where we introduce passive gravitational mass operator of an
electron:

�̂�
𝑔

𝑝
= 𝑚𝑒 +

((p̂2/2𝑚𝑒) − (𝑒2/𝑟))
𝑐2

+
((2 (p̂2/2𝑚𝑒)) − (𝑒2/𝑟))

𝑐2
,

(8)

which is proportional to its weight operator in the weak
gravitational field (2). (Note that passive gravitational mass
of a composite body, as a measurable quantity, has to be
represented in quantummechanics by someHermitian oper-
ator. The most logical and straightforward way is to define
the passive gravitational mass operator to be proportional
to a weight operator in a weak gravitational field (i.e., the
operator which couples with gravitational potential in a
linear approximation in (6)). This extends definitions of
gravitational mass in classical case [3, 4] and corresponds to

the so-called Eötvös method to measure gravitational mass
[13].). Note that, in (8), the first term corresponds to the bare
electron mass, 𝑚𝑒, and the second term corresponds to the
expected electron energy contribution to the gravitational
mass operator, whereas the third nontrivial term is the virial
contribution to passive gravitational mass operator. It is
possible to make sure [5, 14] that (7) and (8) can be obtained
directly from the Dirac equation in a curved spacetime,
corresponding to the weak centrosymmetric gravitational
field (2) (see, e.g., (3.24) in [15]), if we disregard all tidal
terms).

Here, we discuss some important consequence of (7) and
(8). It is crucial that the operator (8) does not commute with
electron energy operator, taken in the absence of gravitational
field. Therefore, it is not clear from the beginning that the
equivalence between electron passive gravitational mass and
its energy exists. To establish the equivalence at amacroscopic
level, we consider amacroscopic ensemble of hydrogen atoms
with each of them being in a stationary quantum state
with a definite energy 𝐸𝑛. Then, from (8), it follows that
the expectation value of electron passive gravitational mass
operator per atom is

⟨�̂�
𝑔

𝑝
⟩ = 𝑚𝑒 +

𝐸𝑛

𝑐2
+
⟨(2 (p̂2/2𝑚𝑒)) − (𝑒2/𝑟)⟩

𝑐2

= 𝑚𝑒 +
𝐸𝑛

𝑐2
,

(9)

where the third term in (9) is zero in accordance with the
quantum virial theorem [9]. Therefore, we conclude that the
equivalence between passive gravitational mass and energy
survives at a macroscopic level for stationary quantum states,
if we consider only pairings of nonrelativistic kinetic and
Coulomb potential energies with an external gravitational
field. Note that an important difference between our result (9)
and the corresponding result in classical case [3, 4] is that the
expectation value of passive gravitational mass corresponds
to averaging procedure over a macroscopic ensemble of
hydrogen atoms, whereas in classical case we average over
time.

3.2. Relativistic Corrections. In this section, we study a more
general case, where the so-called relativistic corrections to an
electron motion in a hydrogen atom are taken into account.
As well-known [8], there exist three relativistic correction
terms, which have different physical meanings. The total
Hamiltonian in the absence of gravitational field can be
written as

�̂� (p̂, r) = �̂�0 (p̂, r) + �̂�1 (p̂, r) , (10)

where

�̂�1 (p̂, r) = 𝛼p̂
4
+ 𝛽𝛿
3
(r) + 𝛾 Ŝ ⋅ L̂

𝑟3
, (11)

with the parameters 𝛼, 𝛽, and 𝛾 being

𝛼 = −
1

8𝑚3
𝑒
𝑐2
, 𝛽 =

𝜋𝑒
2
ℏ
2

2𝑚2
𝑒
𝑐2
, 𝛾 =

𝑒
2

2𝑚2
𝑒
𝑐2
. (12)
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(Here, 𝛿3(r) = 𝛿(𝑥)𝛿(𝑦)𝛿(𝑧) is a three-dimensional Dirac’s
delta function.)Note that the first contribution in (11) is called
the kinetic term, the second one is the so-called Darwin’s
term, and the third one is the spin-orbital interaction,
where L̂ = −𝑖ℏ[r × 𝜕/𝜕r] is electron angular momentum
operator. In the presence of the weak gravitational field
(2), the Schrödinger equation for an electron motion in the
local proper spacetime coordinates (3) can be approximately
written as

𝑖ℏ
𝜕Ψ (r, 𝑡)
𝜕𝑡

= [�̂�0 (p̂, r

) + �̂�1 (p̂, r


)]Ψ (r, t) . (13)

(Note that, as discussed above, we disregard everywhere all
tidal effects.)

By means of the coordinates transformation (3), the
corresponding Hamiltonian in inertial coordinate system
(𝑥, 𝑦, 𝑧, 𝑡) can be expressed as

�̂� (p̂, r, 𝜙)

= [�̂�0 (p̂, r) + �̂�1 (p̂, r)] (1 +
𝜙

𝑐2
)

+ (2
p̂2

2𝑚𝑒

−
𝑒
2

𝑟
+ 4𝛼p̂4 + 3𝛽𝛿3 (r) + 3𝛾 Ŝ ⋅ L̂

𝑟3
)
𝜙

𝑐2
.

(14)

For the Hamiltonian (14), passive gravitational mass operator
of an electron can bewritten in amore complicated form than
(8):

�̂�
𝑔

𝑝

= 𝑚𝑒

+
((p̂2/2𝑚𝑒) − (𝑒2/𝑟) + 𝛼p̂4 + 𝛽𝛿3 (r) + (𝛾 ((Ŝ ⋅ L̂) /𝑟3)))

𝑐2

+
((2 (p̂2/2𝑚𝑒))−(𝑒2/𝑟)+4𝛼p̂4+3𝛽𝛿3(r)+(3𝛾 ((Ŝ ⋅ L̂)/𝑟3)))

𝑐2
.

(15)

Let us consider again a macroscopic ensemble of hydrogen
atoms with each of them being in a stationary quantum state
with a definite energy 𝐸

𝑛
, where 𝐸

𝑛
takes into account the

relativistic corrections (11) to electron energy. In this case, the
expectation value of the electron mass operator (15) per atom
can be written as

⟨�̂�
𝑔

𝑝
⟩

= 𝑚𝑒 +
𝐸


𝑛

𝑐2

+
⟨(2 (p̂2/2𝑚𝑒))−(𝑒2/𝑟)+4𝛼p̂4+3𝛽𝛿3(r)+(3𝛾 ((Ŝ ⋅ L̂)/𝑟3))⟩

𝑐2
.

(16)

Below, we show that the expectation value of the third
term in (16) is zero and, therefore, Einstein’s equation, related

to the expectation value of passive gravitational mass and
energy, can be applied to stationary quantum states. Here, we
define the so-called virial operator [9] as

𝐺 =
1

2
(p̂r + rp̂) , (17)

and write the standard equation of motion for its expectation
value:

𝑑

𝑑𝑡
⟨𝐺⟩ =

𝑖

ℏ
⟨[�̂�0 (p̂, r) + 𝐻1 (p̂, r) , 𝐺]⟩ , (18)

where [𝐴, 𝐵], as usual, stands for a commutator of two
operators,𝐴 and 𝐵. If we consider a stationary quantum state
with a definite energy, 𝐸

𝑛
, then the derivative 𝑑⟨𝐺⟩/𝑑𝑡 in (18)

has to be zero and, thus,

⟨[�̂�0 (p̂, r) + 𝐻1 (p̂, r) , 𝐺]⟩ = 0, (19)

where the Hamiltonians �̂�0(p̂, r) and �̂�1(p̂, r) are defined by
(5) and (11). By means of rather lengthy but straightforward
calculations it is possible to show that

[�̂�0 (p̂, r) , 𝐺]
−𝑖ℏ

= 2
p̂2

2𝑚𝑒

−
𝑒
2

𝑟
,

[𝛼p̂4, 𝐺]
−𝑖ℏ

= 4𝛼p̂4,

[𝛽𝛿
3
(r) , 𝐺]
−𝑖ℏ

= 3𝛽𝛿
3
(r) , 1

−𝑖ℏ
[𝛾

Ŝ ⋅ L̂
𝑟3
, 𝐺] = 3𝛾

Ŝ ⋅ L̂
𝑟3
,

(20)

where we take into account the following equality: 𝑥𝑖(𝑑𝛿(𝑥𝑖)/
𝑑𝑥𝑖) = −𝛿(𝑥𝑖). As directly follows from (19) and (20):

⟨2
p̂2

2𝑚𝑒

−
𝑒
2

𝑟
+ 4𝛼p̂4 + 3𝛽𝛿3 (r) + 3𝛾 Ŝ ⋅ L̂

𝑟3
⟩ = 0, (21)

and, therefore, (16) can be rewritten in Einstein’s form:

⟨�̂�
𝑔

𝑝
⟩ = 𝑚𝑒 +

𝐸


𝑛

𝑐2
. (22)

(Note that (21) extends the so-called relativistic quantum
virial theorem [10], derived for spinless particles, to the case
of particles with spin 1/2.)

It is important that (22) directly establishes the equiv-
alence between the expectation value of electron passive
gravitational mass and its energy in a hydrogen atom,
including the relativistic corrections, for the Eötvös’ type of
experiments [13]. We speculate that such equivalence exists
also formore complicated quantum systems, includingmany-
body systems with arbitrary interactions of particles. These
reveal and establish the physical meaning of a coupling of
a macroscopic quantum test body with a weak gravitational
field.

4. Inequivalence between Passive Gravitational
Mass and Energy for Superpositions of
Stationary States

In the previous section, we have shown that the expectations
values of passive gravitational mass and energy are equiv-
alent to each other in stationary quantum states. Here, we
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investigate if such equivalence survives for superpositions of
stationary quantum states. For this purpose, we consider the
simplest superposition of the ground and first excited 𝑠-wave
states in a hydrogen atom, where electron wave function has
the following form:

Ψ1,2 (𝑟, 𝑡) =
1

√2
[Ψ1 (𝑟) exp (−𝑖𝐸1𝑡) + Ψ2 (𝑟) exp (−𝑖𝐸2𝑡)] .

(23)

It is important that wave function (23) is characterized by
the time-independent expectation value of energy, ⟨𝐸⟩ =
(𝐸1 + 𝐸2)/2. Nevertheless, the expectation value of passive
gravitational mass operator (8) occurs to be the following
time-dependent oscillatory function:

⟨�̂�
𝑔

𝑝
⟩ = 𝑚𝑒 +

𝐸1 + 𝐸2

2𝑐2
+
𝑉1,2

𝑐2
cos[

(𝐸1 − 𝐸2) 𝑡

ℏ
] , (24)

where 𝑉1,2 is a matrix element of the virial operator:

𝑉1,2 = ∫Ψ
∗

1
(𝑟) (2

p̂2

2𝑚𝑒

−
𝑒
2

𝑟
)Ψ2 (𝑟) 𝑑

3r. (25)

Note that the above obtained result holds both for non-
relativistic passive gravitational mass operator (8) and for
the operator (15), which takes into account the so-called
relativistic corrections (11). Therefore, we make a conclusion
that the oscillations of passive gravitation mass (24) directly
demonstrate inequivalence of passive gravitational mass and
energy at a macroscopic level at any given moment of time.

Let us discuss a relativemagnitude of the oscillations (24).
By using actual numbers for a hydrogen atom, it is possible to
obtain the following numerical value of the matrix element
of the virial operator: 𝑉1,2 = 5.7 eV. Since 𝑚𝑒𝑐

2
≃ 0.5MeV

and 𝑚𝑝 ≃ 1800𝑚𝑒, we can come to the conclusion that
the oscillations (24) are weak but not negligible: 𝛿𝑚𝑒/𝑚𝑒 ∼
10
−5 and 𝛿𝑚𝑒/𝑚𝑝 ∼ 10

−8. They correspond to the following
angular and linear frequencies: 𝜔1,2 ≃ 1.6 × 10

16Hz and ] ≃
2.5×10

15Hz, respectively. We hope that the abovementioned
oscillations of passive gravitational mass are experimentally
measured, despite the fact that the quantum state (23) decays
with time.

On the other hand, if we average the oscillations (24)
over time, we obtain the modified equivalence principle
between the averaged over time expectation value of passive
gravitational mass and the expectation value of energy in the
following form:

⟨⟨�̂�
𝑔

𝑝
⟩⟩
𝑡
= 𝑚𝑒 +

(𝐸1 + 𝐸2)

2𝑐2
= ⟨

𝐸

𝑐2
⟩ . (26)

We pay attention that the physical meaning of averaging
procedure in (26) is completely different from that for
classical time averaging procedure (1) and does not have the
corresponding classical analogs.

5. Breakdown of the Equivalence between
Passive Gravitational Mass and Energy at
a Microscopic Level

In this section, we study how noncommutation of passive
gravitational mass operators (8) and (15) and the correspond-
ing energy operators, taken in the absence of gravitational
field, results in a breakdown of the equivalence between
passive gravitational mass and energy. This conclusion does
not depend on the relativistic corrections (11); therefore,
for certainty, below we consider passive gravitational mass
operator in the form of (8). The physical meaning of the
abovementioned breakdown is that an electron in its ground
state with a definite energy,𝑚𝑒𝑐

2
+𝐸1, is not characterized by

a definite passive gravitational mass and, thus, measurements
of the mass can give values, which are not related to electron
energy by Einstein’s equation, 𝑚𝑔𝑝 ̸=𝑚𝑒 + 𝐸1/𝑐

2. As we show
below, the passive electron gravitational mass values in a
hydrogen atom are quantized: 𝑚𝑔𝑝 = 𝑚𝑒 + 𝐸𝑛/𝑐

2, where 𝐸𝑛
is energy corresponding to 𝑛th energy level.

5.1. First Thought Experiment. Here, we describe the first
thought experiment, illustrating inequivalence of energy and
passive gravitational mass at a microscopic level. Suppose
that we create quantum state of a hydrogen atom with a
definite energy in the absence of a gravitational field and
then adiabatically switch on the gravitational field (2). More
specifically, at 𝑡 → −∞ (i.e., in the absence of gravitational
field), a hydrogen atom is in its ground state with wave
function,

Ψ1 (𝑟, 𝑡) = Ψ1 (𝑟) exp(−
𝑖𝑚𝑒𝑐
2
𝑡

ℏ
−
𝑖𝐸1𝑡

ℏ
) , (27)

whereas, in the vicinity of 𝑡 = 0 (i.e., in the presence of the
gravitational field (2)), it is characterized by the following
wave function:

Ψ (𝑟, 𝑡) =

∞

∑

𝑛=1

𝑎𝑛 (𝑡) Ψ𝑛 (𝑟) exp(−
𝑖𝑚𝑒𝑐
2
𝑡

ℏ
−
𝑖𝐸𝑛𝑡

ℏ
) . (28)

(Here, Ψ𝑛(𝑟) is a normalized electron wave function in a
hydrogen atom in the absence of gravitational field, corre-
sponding to energy 𝐸𝑛 (due to symmetry of our problem, we
need to keep in (28) only wave functions, corresponding to
𝑛𝑆 quantum states).)

As follows from (7) and (8), adiabatically switched
on gravitational field corresponds to the following time-
dependent small perturbation:

�̂� (r, 𝑅, 𝑡)

= 𝜙 (𝑅) [𝑚𝑒 +
((p̂2/2𝑚𝑒) − (𝑒2/𝑟))

𝑐2

+
((2 (p̂2/2𝑚𝑒)) − (𝑒2/𝑟))

𝑐2
] exp (𝜆𝑡) ,

(29)
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where 𝜆 → 0. (Note that our choice of adiabatically switched
on gravitational potential (29) with 𝜆 → 0 allows to avoid
extra velocity-dependent terms (see, e.g., the Largangian
in [3]).) The standard calculations by means of the time-
dependent quantummechanical perturbation theory [8] give
the following results:

𝑎1 (𝑡) = exp[−
𝑖𝜙 (𝑅)𝑚𝑒𝑐

2
𝑡 + 𝑖𝜙 (𝑅) 𝐸1𝑡

𝑐2ℏ
] , (30)

𝑎𝑛 (0) = −
𝜙 (𝑅)

𝑐2

𝑉𝑛,1

𝐸𝑛 − 𝐸1

, 𝑛 ̸=1, (31)

where

𝑉𝑛,1 = ∫Ψ
∗

𝑛
(𝑟) (2

p̂2

2𝑚𝑒

−
𝑒
2

𝑟
)Ψ1 (𝑟) 𝑑

3r. (32)

(Note that the perturbation (29) is characterized by the
following selection rule. Electron from 1𝑆 ground state of a
hydrogen atom can be excited only into 𝑛𝑆 excited state.)

Let us discuss (30)–(32). It is important that (30) corre-
sponds to the well-known red shift of atomic ground state
energy 𝐸1 in the gravitational field (2). On the other hand,
(31) demonstrates that there is a finite probability,

𝑃𝑛 =
𝑎𝑛(0)


2
= [
𝜙 (𝑅)

𝑐2
]

2

(
𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2

, 𝑛 ̸=1, (33)

that, at 𝑡 = 0, electron occupies 𝑛th energy level. In fact,
this means that measurements of gravitational mass (8) in
a quantum state with definite energy (27) give the following
quantized values:

𝑚
𝑔

𝑝
(𝑛) = 𝑚𝑒 +

𝐸𝑛

𝑐2
, (34)

with the probabilities (33) for 𝑛 ̸=1. Note that although the
probabilities (33) are quadratic with respect to gravitational
potential and, thus, small, the corresponding changes of
gravitational mass (34) are large and of the order of 𝛼2𝑚𝑒,
where 𝛼 is the fine structure constant. It is important that
the excited levels of a hydrogen atom spontaneously decay;
therefore, one can detect the above discussed quantization
law of gravitational mass (34) by measuring electromagnetic
radiation, emitted by a macroscopic ensemble of hydrogen
atoms.

5.2. Second Thought Experiment. Let us discuss the second
thought experiment, which directly demonstrates inequiv-
alence between energy and passive gravitational mass at a
microscopic level. Suppose that, at 𝑡 = 0, we create a ground
state wave function of a hydrogen atom, corresponding to
the absence of gravitational field (see (27)). Then, in the
presence of the gravitational field (2), the wave function (27)
is not anymore a ground state of the Hamiltonian (7) and (8),
where we treat gravitational field as a small perturbation in
inertial coordinate system [3, 4, 15]. It is important that, for an
inertial observer, in accordance with (3), a general solution of

the Schrödinger equation, corresponding to the Hamiltonian
(7) and (8), can be written as

Ψ (𝑟, 𝑡) = (1 −
𝜙

𝑐2
)

3/2 ∞

∑

𝑛=1

𝑎𝑛Ψ𝑛 [(1 −
𝜙

𝑐2
) 𝑟]

× exp[
−𝑖𝑚𝑒𝑐

2
(1 + 𝜙/𝑐

2
) 𝑡

ℏ
]

× exp[
−𝑖𝐸𝑛 (1 + 𝜙/𝑐

2
) 𝑡

ℏ
] .

(35)

We pay attention to the fact that wave function (35) is a series
of eigenfunctions of passive gravitational mass operator (8),
if we take into account only linear terms with respect to small
parameter 𝜙/𝑐2. (Here, factor 1−𝜙/𝑐2 is due to a curvature of
space, whereas the term 𝐸𝑛(1 + 𝜙/𝑐

2
) represents the famous

red shift in gravitational field.We also pay attention to the fact
that the wave function (35) contains a normalization factor
(1 − 𝜙/𝑐

2
)
3/2.)

In accordance with the basic principles of the quantum
mechanics, probability that, at 𝑡 > 0, an electron occupies
excited state with energy𝑚𝑒𝑐

2
(1 + 𝜙/𝑐

2
) + 𝐸𝑛(1 + 𝜙/𝑐

2
) is

𝑃𝑛 =
𝑎𝑛

2
,

𝑎𝑛 = ∫Ψ
∗

1
(𝑟) Ψ𝑛 [(1 −

𝜙

𝑐2
) 𝑟] 𝑑

3r

= −(
𝜙

𝑐2
)∫Ψ

∗

1
(𝑟) 𝑟Ψ



𝑛
(𝑟) 𝑑
3r.

(36)

(Note that it is possible to demonstrate that for 𝑎1 in (36)
a linear term with respect to gravitational potential, 𝜙, is
zero, which is a consequence of the quantum virial theorem.)
Taking into account that the Hamiltonian is a Hermitian
operator, it is possible to show that, for 𝑛 ̸=1,

∫Ψ
∗

1
(𝑟) 𝑟Ψ



𝑛
(𝑟) 𝑑
3r =

𝑉𝑛,1

(𝐸𝑛 − 𝐸1)
, (37)

where 𝑉𝑛,1 is a matrix element of the virial operator given by
(32).

Let us discuss (36) and (37). We stress that they directly
demonstrate that there is a finite probability,

𝑃𝑛 =
𝑎𝑛

2
= [
𝜙 (𝑅)

𝑐2
]

2

(
𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2

, 𝑛 ̸=1, (38)

that, at 𝑡 > 0, an electron occupies 𝑛th (𝑛 ̸=1) energy level,
which breaks the expected Einstein’s equation, 𝑚𝑔𝑝 = 𝑚𝑒 +
𝐸1/𝑐
2. In fact, this means that quantum measurement of

passive gravitational mass (i.e., weight in the gravitational
field (2)) in a quantum state with a definite energy (27)
gives the quantized values (see (34)), corresponding to the
probabilities (33) and (38), which are equal. (Note that, as
it follows from quantum mechanics, we have to calculate
wave function (35) in a linear approximation with respect
to small parameter 𝜙/𝑐2 to obtain probabilities (38), which
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are proportional to (𝜙/𝑐2)2. A simple analysis shows that
inclusion in (35) terms of the order of (𝜙/𝑐2)2 would change
electron passive gravitational mass of the order of (𝜙/𝑐2)𝑚𝑒 ∼
10
−9
𝑚𝑒, which is much smaller than the typical distance

between the quantized values in (34), 𝛿𝑚𝑔𝑝 ∼ 𝛼
2
𝑚𝑒 ∼

10
−4
𝑚𝑒.) We pay attention to the fact that small values

of probabilities (33), (38), 𝑃𝑛 ∼ 10
−18, do not contradict

the existing Eötvos type measurements [13], which have
confirmed the equivalence principle with the accuracy of
the order of 𝛿𝑚/𝑚 ∼ 10

−12–10−13. As we mentioned in
the previous section, for our case, it is crucial that the
excited levels of a hydrogen atom spontaneously decay with
time; therefore, one can detect the quantization law (34) by
measuring electromagnetic radiation, emitted by a macro-
scopic ensemble of hydrogen atoms. The abovementioned
optical method is much more sensitive than the Eötvos type
measurements and we, therefore, believe that it will allow us
to detect the breakdown of the equivalence between passive
gravitational mass and energy, revealed in the paper.

6. Suggested Realistic Experiment

6.1. Hamiltonian. Let us consider a realistic experiment,
which can be done on the Earth’s orbit to detect photons,
emitted by a macroscopic ensemble of hydrogen atoms with
the following frequencies:

𝜔𝑛,1 =
(𝐸𝑛 − 𝐸1)

ℏ
. (39)

As discussed above, these photons are the consequences of
the quantization rule (34), breaking Einstein’s equation for
energy and passive gravitational mass. In the experiment we
have to use a macroscopic ensemble of hydrogen atoms to
make the number of the emitted photons to be large. More
specifically, a tank of a pressurized hydrogen is located in
small spacecraft or satellite and moved from a distant place,
where gravitational potential is small, |𝜙(𝑅)| ≪ |𝜙(𝑅0)|,
with constant velocity, 𝑢 ≪ 𝛼𝑐, towards the Earth. Note
that the latter inequality allows us to disregard additional
velocity-dependent corrections to the Hamiltonian (7) and
(8), which can be derived from the Lagrangian of [3]. It is
also important that each hydrogen atom is at rest with respect
to the spacecraft (satellite), which means that gravitational
force is compensated by some forces of nongravitational
nature. Note that this changes a little the allowed frequencies
(39). Nevertheless, the latter effect is out of our current
consideration, since it is possible to show [14] that the changes
of the frequencies (39) are less than the existing accuracies of
their measurements. Other words, each hydrogen atom does
not feel gravitational acceleration, g, but rather feels time-
dependent gravitational potential, 𝜙(𝑅 − 𝑢𝑡). Therefore, each
hydrogen atom is affected by the following time-dependent
Hamiltonian:

�̂� =
p̂2

2𝑚𝑒

−
𝑒
2

𝑟
+
𝜙 (𝑅 − 𝑢𝑡) − 𝜙 (𝑅)

𝑐2
[𝑚𝑒 + 3

p̂2

2𝑚𝑒

− 2
𝑒
2

𝑟
] .

(40)

(For more rigorous derivation of (40), see [6].)

6.2. Photon Emission and Mass Quantization. Here, we de-
scribe the suggested realistic experiment in more detail. We
consider a hydrogen atom to be in its ground state, at 𝑡 = 0,
and located at distance𝑅 from a center of the Earth, where the
gravitational potential is small.Thewave function of a ground
state, corresponding to the Hamiltonian (7) and (8), can be
written as

Ψ̃1 (𝑟, 𝑡) = (1 −
𝜙

𝑐2
)

3/2

Ψ1 [(1 −
𝜙

𝑐2
) 𝑟]

× exp[
−𝑖𝑚𝑒𝑐

2
(1 + 𝜙/𝑐

2
) 𝑡

ℏ
]

× exp[
−𝑖𝐸1 (1 + 𝜙/𝑐

2
) 𝑡

ℏ
] ,

(41)

where 𝜙 = 𝜙(𝑅). At arbitrary moment of time, 𝑡 > 0, elec-
tron wave function and time-dependent perturbation for the
Hamiltonian (7) and (8) in inertial coordinate system, related
to the spacecraft (satellite), can be expressed as

Ψ̃ (𝑟, 𝑡) = (1 −
𝜙

𝑐2
)

3/2 ∞

∑

𝑛=1

𝑎𝑛 (𝑡) Ψ𝑛 [(1 −
𝜙

𝑐2
) 𝑟]

× exp[
−𝑖𝑚𝑒𝑐

2
(1 + 𝜙/𝑐

2
) 𝑡

ℏ
]

× exp[
−𝑖𝐸𝑛 (1 + 𝜙/𝑐

2
) 𝑡

ℏ
] ,

(42)

�̂� (r, 𝑅, 𝑡) =
𝜙 (𝑅 − 𝑢𝑡) − 𝜙 (𝑅)

𝑐2
(3

p̂2

2𝑚𝑒

− 2
𝑒
2

𝑟
) . (43)

Application of the time-dependent quantum mechanical
perturbation theory [9] gives the following solutions for
functions 𝑎𝑛(𝑡) in (42):

𝑎𝑛 (𝑡) = −
𝑉𝑛,1

ℏ𝜔𝑛,1𝑐
2

× { [𝜙 (𝑅 − 𝑢𝑡) − 𝜙 (𝑅)] exp (𝑖𝜔𝑛,1𝑡)

+
𝑢

𝑖𝜔𝑛,1

∫

𝑡

0

𝑑𝜙 (𝑅 + 𝑢𝑡)

𝑑𝑅
𝑑 [exp (𝑖𝜔𝑛,1𝑡)]} ,

𝑛 ̸=1,

(44)

where 𝑉𝑛,1 and 𝜔𝑛,1 are given by (32) and (39). It is important
that under the suggested experiment the following inequality
is obviously fulfilled:

𝑢 ≪ 𝜔𝑛,1𝑅 ∼ 𝛼𝑐(
𝑅0

𝑟𝐵

) ∼ 10
13
𝑐; (45)
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therefore, we can disregard the second term in the amplitude
(44):

𝑎𝑛 (𝑡) = −
𝑉𝑛,1

ℏ𝜔𝑛,1𝑐
2
[𝜙 (𝑅 − 𝑢𝑡) − 𝜙 (𝑅)] exp (𝑖𝜔𝑛,1𝑡) ,

𝑛 ̸=1.

(46)

Since |𝜙(𝑅)| ≪ |𝜙(𝑅 − 𝑢𝑡)|, we can write probabilities,
corresponding to amplitudes of (46), in the following way:

�̃�𝑛 (𝑡) = (
𝑉𝑛,1

ℏ𝜔𝑛,1

)

2
𝜙(𝑅 − 𝑢𝑡)

2

𝑐4
= (

𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2

[
𝜙 (𝑅

)

𝑐2
]

2

,

(47)

where 𝑅 = 𝑅 − 𝑢𝑡. It is important that the probabilities
(47) depend only on gravitational potential, 𝜙 = 𝜙(𝑅), in
the final position of a spacecraft (satellite). Moreover, they
coincide with the probabilities, obtained in both thought
experiments (see (33) and (38)).This allows us to clarify their
physical meaning. Indeed, since the probabilities (47), (33),
and (38) are equal, we can conclude that all photons, emitted
by a macroscopic ensemble of hydrogen atoms during the
suggested realistic experiment, correspond to the breakdown
of Einstein’s equation for passive gravitation mass due to
quantization of the mass (34). As we discussed above, the
excited levels spontaneously decay with time and, therefore,
it is possible to observe the quantization law (34) indirectly
by measuring electromagnetic radiation from a macroscopic
ensemble of the atoms. In this case, (47) gives probabilities
that a hydrogen atom emits a photon with frequencies (39)
during the time interval 𝑡. (We note that dipole matrix
elements for 𝑛𝑆 → 1𝑆 quantum transitions are zero. Nev-
ertheless, the corresponding photons can be emitted due to
quadrupole effects.)

Let us estimate the probabilities (47):

�̃�𝑛 = (
𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2 𝜙
2
(𝑅

)

𝑐4
≃ 0.49 × 10

−18
(
𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2

,

(48)

where, in (48), we use the following numerical values of the
Earth’s mass, 𝑀 ≃ 6 × 10

24 kg, and its radius, 𝑅0 ≃ 6.36 ×
10
6m. It is important that although the probabilities (47)

and (48) are small, the number of photons, 𝑁, emitted by
macroscopic ensemble of the atoms, can be large since the
factor𝑉2

𝑛,1
/(𝐸𝑛 −𝐸1)

2 is of the order of unity. For instance, for
1000 moles of hydrogen atoms,𝑁 is estimated as

𝑁𝑛,1 = 2.95 × 10
8
(
𝑉𝑛,1

𝐸𝑛 − 𝐸1

)

2

,

𝑁2,1 = 0.9 × 10
8
,

(49)

which can be experimentally detected, where𝑁𝑛,1 stands for a
number of photons, emittedwith frequency𝜔𝑛,1 = (𝐸𝑛−𝐸1)/ℏ
(see (39)).

7. Active Gravitational Mass in
Classical Physics

Here, we introduce active gravitational mass for a classical
model of a hydrogen atom. Suppose that we have a heavy
positively charged particle (i.e., proton) with bare mass 𝑚𝑝
and light negatively charged particle (i.e., electron) with bare
mass 𝑚𝑒, where 𝑚𝑝 ≫ 𝑚𝑒. At large distances, 𝑅 ≫ 𝑟𝐵, from
the atom, gravitational potential in the first approximation is

𝜙 (𝑅) = −𝐺
𝑚𝑝 + 𝑚𝑒

𝑅
, (50)

where we do not take into account kinetic and Coulomb
potential energies contributions. Since 𝑚𝑝 ≫ 𝑚𝑒, we
below disregard kinetic energy of proton and consider it as
a center of mass of the atom. The next step is to define
how kinetic and Coulomb potential energies of electron
contribute to the electron active gravitational mass. To be
more specific, we define active gravitational mass of the atom
from gravitational potential acting on a small test body at
rest at distances much high than the “size” of the atom, 𝑟𝐵.
For simplicity, we prescribe potential and kinetic energies
to electron and, therefore, consider corrections to electron
gravitational mass. It is possible to show from general theory
of a weak gravitational field [1, 13] that gravitational potential
in our case can be written as

𝜙 (𝑅, 𝑡) = −𝐺
𝑚𝑝 + 𝑚𝑒

𝑅
− 𝐺∫

Δ𝑇
𝑘𝑖𝑛

𝛼𝛼
(𝑡, r) + Δ𝑇𝑝𝑜𝑡

𝛼𝛼
(𝑡, r)

𝑐2𝑅
𝑑
3r,
(51)

where Δ𝑇𝑘𝑖𝑛
𝛼𝛽
(𝑡, r) and Δ𝑇𝑝𝑜𝑡

𝛼𝛽
(𝑡, r) are changes of stress-energy

tensor component 𝑇𝛼𝛽(𝑡, r) due to kinetic and Coulomb
potential energies, respectively. (Note that in (51) and every-
where below we disregard the so-called retardation effects.)
Therefore, in the second approximation in 1/𝑐2, active elec-
tron gravitational mass can be written as

𝑚
𝑔

𝑎
= 𝑚𝑒 +

1

𝑐2
∫ [Δ𝑇

𝑘𝑖𝑛

𝛼𝛼
(𝑡, r) + Δ𝑇𝑝𝑜𝑡

𝛼𝛼
(𝑡, r)] 𝑑3r. (52)

Let us write the standard expression for stress-energy
tensor of a moving point particle without electrical charge
[1, 13]:

𝑇
𝛼𝛽
(r, 𝑡) = 𝑚V

𝛼
(𝑡) V𝛽 (𝑡)

√1 − V2/𝑐2
𝛿
3
[r − rp (𝑡)] , (53)

where V𝛼 is a four-velocity, 𝛿3[⋅ ⋅ ⋅ ] is the three-dimensional
Dirac’s delta function, and rp(𝑡) is a trajectory of the particle
in three-dimensional space. It is easy to showbymeans of (53)
that at low enough velocity, V ≪ 𝑐,

Δ𝑇
𝑘𝑖𝑛

𝛼𝛼
= 3
𝑚V2

2
. (54)

The standard expression for stress-energy tensor of electro-
magnetic field [1] can be written as

𝑇
𝜇]
𝑒𝑚
=
1

4𝜋
[𝐹
𝜇𝛼
𝐹
]
𝛼
−
1

4
𝜂
𝜇]
𝐹𝛼𝛽𝐹
𝛼𝛽
] , (55)
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where 𝐹𝛼𝛽 is the so-called electromagnetic field tensor and
𝜂𝛼𝛽 ismetric of theMinkowski spacetime.This expression can
be significantly simplified in our case, where only electrical
field is present. As a result, we obtain the following formula
for change of the stress-energy tensor in the presence of the
Coulomb potential energy:

Δ𝑇
𝑝𝑜𝑡

𝛼𝛼
= −2

𝑒
2

𝑟
. (56)

Therefore, the total electron active gravitational mass can be
written in the same way as the electron passive mass:

𝑚
𝑔

𝑎
= 𝑚𝑒 +

((𝑚𝑒k
2
/2) − (𝑒

2
/𝑟))

𝑐2

+
((2 (𝑚𝑒k

2
/2)) − (𝑒

2
/𝑟))

𝑐2
,

(57)

where the last term is the virial one. Since the virial term
changes with time, we come to the conclusion that active
gravitational mass of a classical body changes with time.
Nevertheless we can introduce averaged over time active
gravitational mass, which occurs to be equivalent to energy
[3, 4], since the averaged over time virial term is zero:

⟨𝑚
𝑔

𝑎
⟩ = 𝑚𝑒 +

⟨((p̂2/2𝑚𝑒)) − (𝑒2/𝑟)⟩𝑡
𝑐2

+

⟨(2 (𝑚𝑒k
2
/2)) − (𝑒

2
/𝑟)⟩
𝑡

𝑐2

= 𝑚𝑒 +
𝐸

𝑐2
.

(58)

8. Equivalence of the Expectation Values of
Active Gravitational Mass and Energy for
Stationary States

Here, we use the so-called semiclassical approach to the gen-
eral relativity (see, e.g., [16, 17]), where Einstein’s gravitational
equation can be written as

𝑅𝜇] −
1

2
𝑅𝑔𝜇] =

8𝜋𝐺

𝑐2
⟨�̂�𝜇]⟩ , (59)

where the last term represents the expectation value of
quantum stress-energy operator of the matter. In our case,
expression for active gravitational mass (57) can be repre-
sented as the following Hamiltonian:

𝑚
𝑔

𝑎
= 𝑚𝑒 +

((p2/2𝑚𝑒) − (𝑒2/𝑟))
𝑐2

+
((2 (p2/2𝑚𝑒)) − (𝑒2/𝑟))

𝑐2
,

(60)

which can be easily quantized:

�̂�
𝑔

𝑎
= 𝑚𝑒 +

((p̂2/2𝑚𝑒) − (𝑒2/𝑟))
𝑐2

+
((2 (p̂2/2𝑚𝑒)) − (𝑒2/𝑟))

𝑐2
.

(61)

Therefore, in the framework of semiclassical theory of gravity,
the expectation value of active gravitational mass, corre-
sponding to macroscopic ensemble of the atoms with each
of them being in its ground state, is equal to

⟨�̂�
𝑔

𝑎
⟩ = 𝑚𝑒 +

⟨(p̂2/2𝑚𝑒) − (𝑒2/𝑟)⟩
𝑐2

+
⟨(2 (p̂2/2𝑚𝑒)) − (𝑒2/𝑟)⟩

𝑐2

= 𝑚𝑒 +
𝐸1

𝑐2
.

(62)

Thus, we conclude that the expectation values of active
gravitational mass and energy are equivalent for stationary
quantum states.

9. Inequivalence between Active Gravitational
Mass and Energy for Superpositions of
Stationary States

In the previous section we have established the equivalence
for the expectation values of active gravitational mass and
energy for stationary quantum states. Below, we study if
such equivalence survives for superpositions of stationary
quantum states. As in Section 4, we consider the simplest
superposition of the ground andfirst excited s-wave states in a
hydrogen atom, where electron wave function can be written
as

Ψ1,2 (𝑟, 𝑡) =
1

√2
[Ψ1 (𝑟) exp (−𝑖𝐸1𝑡) + Ψ2 (𝑟) exp (−𝑖𝐸2𝑡)] .

(63)

As we discussed this before, the expectation value of energy
for the wave function (63) does not depend on time. Nev-
ertheless, the expectation value of active gravitational mass
operator (61) oscillates with time and has the following form:

⟨�̂�
𝑔

𝑎
⟩ = 𝑚𝑒 +

𝐸1 + 𝐸2

2𝑐2
+
𝑉1,2

𝑐2
cos[

(𝐸1 − 𝐸2) 𝑡

ℏ
] , (64)

which coincides with (24), describing time-dependent oscil-
lations of passive gravitational mass, where matrix element
of the virial operator, 𝑉1,2, is given by (25). As we discussed
before such oscillations are of a pure quantum origin and
do not have classical analogs. They directly demonstrate
inequivalence of active gravitational mass and energy at
a macroscopic level. Nevertheless, in the same way as in
Section 4, we can introduce modified equivalence principle
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for the expectation values of active gravitational mass and
energy by means of averaging of (64) over time:

⟨⟨�̂�
𝑔

𝑎
⟩⟩
𝑡
= 𝑚𝑒 +

(𝐸1 + 𝐸2)

2𝑐2
= ⟨

𝐸

𝑐2
⟩ . (65)

As we stressed in Section 4, such averaging procedure is
principally different from that in (1) and (58) and does not
have classical analogs.
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We process the Fermi LAT data onGRB130427A using the Fermi Science Tools, andwe summarize some of the key facts that render
this observation truly remarkable. We then perform a search of spectral lags, of the type that has been of interest for its relevance in
quantum-spacetime research. We do find some evidence of systematic soft spectral lags: when confining the analysis to photons of
energies greater than 5GeV there is an early hard development of minibursts within the burst. The effect is well characterized by a
linear dependence, within such aminiburst, of the detection time on energy.We also observe that some support for these features is
noticeable also in earlier Fermi-LATGRBs. Some aspects of the comparison of these features for GRBs at different redshifts could be
described within a quantum-spacetime picture, but taking into account results previously obtained by other studies we favour the
interpretation as intrinsic properties of GRBs. Even if our spectral lags do turn out to have astrophysical origin their understanding
will be important for quantum-spacetime research, since any attempt to reveal minute quantum-spacetime-induced spectral lags
evidently requires a good understanding of intrinsic mechanisms at the sources that can produce spectral lags.

1. Introduction and Motivation

The study of Gamma-Ray Bursts (GRBs) has been for some
time one of the main themes of astrophysics research, and
over the last 15 years it became also of interest for research
on quantum gravity.These more recent developments look at
GRBs as signals and hope to decode properties of quantum-
spacetime from the implications of spacetime quantization
for how such signals propagate from the distant source to our
telescope. Even tiny quantum-spacetime effects modifying
the structure of the signal could cumulate along the way, as
the signal travels over cosmological distances.

As we here contribute to assess, the remarkable very
recent observation of GRB130427A is bound to teach us a lot
about the astrophysics of GRBs and has the potential to also
empower some of the quantum-spacetime studies of GRBs.

This GRB130427Awas extremely powerful, also thanks to
the fact that it was among the nearest longGRBs observed.We

here take the perspective that GRB130427A is an opportunity
to look at a long GRB in “high resolution,” allowing us to
notice features which could not be noticed in previous GRBs.

In this study we test the potentialities of using
GRB130427A in this way by focusing on a much studied class
of effects, involving spectral lags with a linear dependence
on energy. These possible effects deserve intrinsic interest
and their study is further motivated by quantum-spacetime
research: in some quantum-spacetime pictures one has that
a group of photons ideally emitted all in exact simultaneity
at some distant source should reach our telescope with
systematic linear spectral lags.

In the next section, besides discussing some aspects of
the exceptionality of GRB130427A and the procedures we
followed for retrieving Fermi-LAT data on this GRB, we
briefly describe the quantum-spacetime picture that inspired
this GRB phenomenology.
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Then in Section 3 we look at GRB130427A Fermi-LAT
data from the perspective of a search of linear spectral lags.
We do not find any evidence of such spectral lags on the
low side of the LAT energy range, but we notice that if
one restricts attention to GRB130427A photons with energy
in excess of 5GeV there is some rather robust evidence of
spectral lags, specifically linear soft spectral lags (lags that
are linear in energy and such that higher-energy photons are
detected earlier). This feature is even more pronounced if
one restricts attention to GRB130427A photons with energy
in excess of 15GeV. In the course of characterizing these
spectral lags we also stumble upon a feature which might
be labeled “hard minibursts”: if one restricts attention to
GRB130427A photons with energy in excess of 5GeV a
significant fraction of them is found to be part of bursts
that last much shorter than the time scale set by the overall
duration of the GRB130427A signal in the LAT. Our analysis
finds that the first photon in such hard minibursts is always
the highest-energy photon in the miniburst.

Section 4 is where we try to use our findings for
GRB130427A as guidance for noticing features in data avail-
able on previous GRBs.

In the closing Section 5 we offer a perspective on our
findings and comment on various scenarios for their inter-
pretation.

2. Preliminaries on GRB130427A and
Quantum-Spacetime

2.1. The Remarkable GRB130427A and Fermi-LAT Data. At
07:47:06 UT on 27 April, 2013, Fermi-LAT detected [1]
high-energy emission from GRB 130427A, which was also
detected [2] at lower energies by Fermi-GBM and by several
other telescopes including Swift [3], Konus-Wind [4], SPI-
ACS/INTEGRAL [5], and AGILE [6].

From these early (and however sketchy) reports it
emerges that GRB130427A is a record setter in many ways.
From the point of view of high-energy astrophysics and fun-
damental physics, relevant for the study we are here report-
ing, particularly significant is the fact that GRB130427A is
the new record holder as the highest-fluence LAT-detected
GRB.Moreover the GRB130427A signal contains 𝑎 ≃ 95GeV
photon, which establishes the new record for a GRB, by a
very widemargin (all previous Fermi-LATGRB-photons had
energy lower than 35GeV).

Indications of an extreme fluence for this GRB is also
confirmed at lower energies by the SPI-ACS detector onboard
INTEGRAL and by Swift, that reported an extremely lumi-
nous X-ray afterglow.

Looking back at GRB catalogues one can tentatively
estimate that such an exceptional GRB is only observed not
more frequently than once in a quarter century (a good
benchmark [7], on the basis of fluence,might beGRB881024),
and the opportunity is exciting since the quality of our
telescopes made so much progress over this last quarter of
a century.

The long list of records is surely in part due to the fact
that GRB130427A was a rather near long GRB. The redshift

was determined [8–10] to be 0.3399 ± 0.0002, so we probably
got to see from up close (in “high definition”) a GRB which
already intrinsically was rather powerful.

For the purposes of the analysis we are here reporting, we
retrieved LATExtendedData, in a circular region centered on
the optical position [11] R.A. = 11:32:32.84, Dec. = +27:41:56
from the Fermi LAT data server.

We prepared the data files for the analysis using the LAT
ScienceTools-v9r31p1 package, which is available from the
Fermi Science Support Center. An overall characterization of
the data we retrieved is offered in Figure 1, which shows the
Fermi-LAT light curve of GRB130427A.

Following the photon selection suggested by the Fermi
team for GRB analysis, we selected all the events of
“P7TRANSIENT” class or better, in the energy range
100MeV–300GeV and with the zenith angle ≤ 100 deg.
“P7TRANSIENT” class contains lower quality photons, the
“transient” class events. These cuts are optimized [12] for
transient sources for which the relevant timescales are suf-
ficiently short that the additional residual charged-particle
backgrounds are much less significant. We selected photons
in a circular region centered on the GRB130427A optical
position and with a maximum radius of 10 degrees which
ensures that all GRB photons (“FRONT” and “BACK,” as
described in [13]) are considered. Nevertheless, since our
study is mainly focused on photons with energy greater than
5GeV and because the LAT Point Spread Function is energy
dependent, we have decided to use also a more conservative
source extraction regionwith amaximum radius of 3 degrees,
which corresponds to about 60% and about 90% of the
LAT Point Spread Function at energy greater than 5GeV for
the P7TRANSIENT and P7SOURCE class [14], respectively.
More on this aspect is in Section 3.3.

The times and energies of detection of GRB130427A
photons with energy in excess of 5 GeV are shown in Figure 2.

2.2. A Scenario for Quantum-Spacetime. A rich phenomeno-
logical program was developed over the last decade on
the basis of results for models of spacetime quantization
suggesting that (see, e.g., [15–19]) it is possible for the quan-
tum properties of spacetime to introduce small violations
of the special relativistic properties of classical spacetime.
A particularly valuable opportunity for phenomenology is
provided by pictures of quantum-spacetime in which the
time needed for a ultrarelativistic particle (of course the only
regime of particle propagation that is relevant for this paper is
the ultrarelativistic regime, since photons have no mass and
the neutrinos we will consider in Section 4.5 have energies
such that theirmass is negligible) to travel froma given source
to a given detector is 𝑡 = 𝑡0 + 𝑡𝑄𝐺. Here 𝑡0 is the time that
would be predicted in classical spacetime, while 𝑡𝑄𝐺 is the
contribution to the travel time due to quantum properties
of spacetime. For energies much smaller than 𝑀𝑄𝐺, the
characteristic scale of these quantum-spacetime effects, one
expects that at lowest order 𝑡𝑄𝐺 is given by [20]

𝑡𝑄𝐺 = −𝑠±

𝐸

𝑀𝑄𝐺

𝐷 (𝑧)

𝑐
, (1)
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Figure 1: Fermi-LAT light curves for GRB130427A (bin size of 3
seconds). Photons selected within 10 degrees of the GRB130427A
optical position.The contribution from the subset of photons within
3 degrees of the GRB130427A optical position is shown in blue.

where

𝐷 (𝑧) =
𝑐

𝐻0

∫

𝑧

0

𝑑𝜁
(1 + 𝜁)

√ΩΛ + (1 + 𝜁)
3
Ω𝑚

. (2)

Here the information cosmology gives us on spacetime
curvature is coded in the denominator for the integrand in
𝐷(𝑧), with 𝑧 being the redshift andΩΛ,𝐻0, andΩ𝑚 denoting,
as usual, respectively, the cosmological constant, the Hubble
parameter, and the matter fraction. The “sign parameter” 𝑠±,
with allowed values of 1 or −1, as well as the scale 𝑀𝑄𝐺,
would have to be determined experimentally. We must stress
however that most theorists favor naturalness arguments
suggesting that𝑀𝑄𝐺 should take a value that is rather close
to the “Planck scale”𝑀planck = √ℏ𝑐

5/𝐺𝑁 ≃ 1.22 ⋅ 10
19 GeV.

The picture of quantum-spacetime effects summarized in
(1) does not apply to all quantum-spacetime models. One
can envisage quantum-spacetime pictures that do not violate
Lorentz symmetry at all, and even among the most studied
quantum-spacetime pictures that do violate Lorentz symme-
try one also finds variants producing (see, e.g., [15, 21, 22])
features analogous to (1) but with the ratio 𝐸/𝑀𝑄𝐺 replaced
by its square, (𝐸/𝑀𝑄𝐺)

2, in which case the effects would be
much weaker and practically undetectable at present.
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Figure 2: Times and energies of detection of GRB130427A photons
with energy in excess of 5GeV, selected within 10 degrees of
the GRB130427A optical position. Darker points are for photons
observed fromwithin 3 degrees of theGRB130427Aoptical position.

It is important that some quantum-spacetime models
allow for laws roughly of the type (1) to apply differently
to different types of particles. For example, in the so-called
“Moyal noncommutative spacetime,” which is one of the
most studied quantum-spacetimes, it is remarkably found
[23] that the implications of spacetime quantization for
particle propagation end up depending on the standard-
model charges carried by the particle and its associated
coupling to other particles.

But let us stress, since it will be relevant later on in
our discussion, that, while particle-dependent effects would
indeed not be surprising, we know of no model that predicts
an abrupt onset of such effects: the quantum-spacetime
model building so far available offers candidates for particle-
dependent effects, but in none of the known models the
effects are exactly absent at low energy and then switch on to
full strength above some threshold value of energy. Formula
(1) illustrates the type of mechanisms that are known in the
quantum-spacetime literature, with the effects confined to the
ultraviolet by the behaviour of analytic functions introducing
energy dependence such that the effects are small at low
energies and become gradually stronger at higher energies.

This point is important since there is an apparently robust
limit at𝑀𝑄𝐺 > 1.2𝑀Planck derived in [24] (also see [22, 25–
28]) applying two different techniques to GRB090510 data.
One technique, in which photons with energy below 5GeV
play the primarily role, is based primarily on statistical prop-
erties of the arrival-time versus energy of photons, whereas
the other technique exploits mainly the good coincidence
of detection times between a single 31 GeV photon and a
very short duration burst (miniburst) of GRB090510 at lower
energies. It should also be noticed that at energies higher than
the range of energies we shall consider for GRB130427A the
implications of (1) have been studied through observations of
blazars by ground telescopes such as MAGIC and HESS, and
this also produces [27, 29, 30] significant bounds on𝑀𝑄𝐺 at
a level just below the Planck scale. In light of this the initial
objective of our study was to establish whether the unusual
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quality of GRB130427A data could be used to study the effects
of (1) with sensitivity providing constraints on the energy
scale even slightly above the Planck Mass.

3. Soft Spectral Lags for Minibursts within
GRB130427A

3.1. Spectral Lags for Minibursts within GRB130427A. As
evident from what we already summarized in Section 2.2,
part of our interest in GRB130427A originates from it being
an opportunity for looking, at higher energies than in previ-
ous GRBs, for spectral lags of the type predicted for GRBs
on the basis of (1). Let us however postpone commenting
on the possible quantum-spacetime picture and (1) and
instead contemplate first from a more general perspective
the possibility of spectral lags with linear dependence on
energy. Looking from this perspective at the GRB130427A
data summarized in Figure 1, including only photons with
energy greater than 5GeV, one cannot fail to notice a very
clear hint of systematic spectral lags. This is highlighted
in Figure 3: for each of the four highest-energy photons in
GRB130427A we find at least one more photon which lies
on the same “spectral lag line,” for a fixed choice of slope of
such lines. The central line of Figure 3 is impressive because
it suggests that 3 of the top-9 most energetic photons in
GRB130427A lie on one of such parallel spectral-lag lines.

Another way to visualize the content of Figure 3 is to
consider the 7 points on those 3 lines and fit the values of the
time translations needed to superpose the 3 lines. The result
of this fit is shown in Figure 4, where we also show the single
line which then best fits the 7 points.

For the slope one finds −2.81 ± 0.27GeV/s. We observe
that from the perspective of (1) this slope of about −3GeV/s
could be described as the case with 𝑠± = 1 and 𝑀𝑄𝐺 ≃ 4 ⋅
10
−2
𝑀planck.

3.2. Supporting Evidence from aCorrelation Study. Theobser-
vation visualized in Figures 3 and 4 is evidently noteworthy
but it is not easy to quantify from it a statistical significance
of the feature we are contemplating. Therefore we have
performed a correlation study. We essentially studied the
frequency of occurrence of linear spectral lags in our sample,
that is, the number of times a line passing from a high-energy
photon intercepts (within errors) a lower energy photon (in
any casewith energy greater than 5 or 15GeV).This ultimately
gives us an alternative way for determining the slope of
lines such as those in Figure 3 that fit well the spectral lags
present in the data, allowing for an easy estimate of statistical
significance.

Our result for this correlation study is summarized in
Figure 5, which gives a result in perfect agreement with
the message conveyed in Figures 3 and 4 of the previous
subsection, including the determination of the slope 𝑑𝐸/𝑡
of about −3 in GeV per second. Light dashed face, bold
dashed, and dotted lines in Figure 5 represent, respectively,
the 10%, 1%, and 0.23% probability that the given frequency
of occurrence of spectral lags is a chance occurrence.The lines
have been calculated using 10000 Monte Carlo simulations
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Figure 3: The three parallel straight lines here shown identify
cases where photons on one such worldline could have been even
emitted simultaneously (up to experimental errors) if (1) holds at
the relevant energies.
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Figure 4: Here we show the results of a fit that superposes the three
parallel lines in Figure 3. The seven points here shown are the ones
on those parallel lines of Figure 3.

of photon energy versus time realizations assuming the same
photon energy distribution as the data. We run the simu-
lations by either randomizing the time arrival of the high-
energy photons or scrambling them, obtaining similar results
(Figure 5 shows the casewith randomization of arrival times).
Figure 5 shows that the probability of chance occurrence of
spectral lags of about 3GeV/second is ≾ 0.23% for an energy
threshold of 15GeV and just below the 1% level for an energy
threshold of 5GeV.

This comparison between our correlation study with a
5GeV lower cutoff and our correlation study with a 15GeV
lower cutoff also suggests that the feature we are exposing
emerges at high energies. This after all is also the message of
Figure 3 where one immediately sees a pattern of spectral-lag
correlations among the highest-energy photons and between
the highest energy photons and some lower-energy photons,
whereas such correlations among pairs of photons both with
energy smaller than 15GeV are not clearly visible (if at all
present). We confirm this message with the study visualized
in Figure 6 which is of the same type reported in Figure 5 but
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Figure 5: Here shown is a study of the frequency of occurrence
of spectral lags in our sample as a function of a minimum photon
energy and without any prior assumption on high energy photons.
The red (resp., blue) solid line describes the frequency of occurrence
of a certain spectral-lag slope within the sample of GRB130427A
events with energy grater than 5GeV (resp., 15 GeV). Dotted/dashed
lines represent the 10%, 1%, and 0.23% probability that the given
frequency of occurrence of spectral lags is a chance occurrence.The
peak of the 𝑑𝐸/𝑑𝑡 distribution is consistent with the estimate of
−2.8GeV/s obtained from the best-fit analysis described in Figure 4.
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Figure 6: Here shown are the results of a study of the type already
described in Figure 5, but now restricting the analysis to photons
with energy between 1GeV and 5GeV. Again the dotted line and
the dashed line estimate, respectively, the 1% and 10% probability
that the given frequency of occurrence of spectral lags is a chance
occurrence.

focuses on GRB130427A photons with energy between 1 and
5GeV: contrary to what was shown in Figure 5 we find no
significant signal in the study shown in Figure 6.

3.3. Aside on the Structure at Late Times. Itmight be notewor-
thy that the statistical significance of our analysis increases if
we focus on late times in the development ofGRB130427A. To
see that this is the case we look at the data points in Figure 3
focusing on a 450-second interval, from 190 seconds to 640
seconds after the trigger. What we find is shown in Figure 7.
Comparing Figure 7 to Figure 5 one sees clearly that after the
first 190 seconds the evidence of spectral lags with a slope of
about −3GeV/s is significantly stronger. In particular, when
focusing on times after the first 190 seconds also the study
of correlations taking into account all photons with energy
greater than 5GeV produces an outcome whose probability
of chance occurrence is significantly less than 0.23%.

Considering the potential significance of the findings
reported in Figure 7 it is appropriate here to pause for an
assessment of the possibility that background events might
be affecting the rather striking evidence we are gathering.
In this respect it is noteworthy that two events among those
that contribute to the result of Figure 7 were observed at
more than 3 degrees (but less than 10 degrees; see Section 1)
off the optical position of GRB130427A. We must therefore
attribute to them a somewhat higher risk (higher than for
those observed within 3 degrees of GRB130427A) of being
background events. These two events are the 19GeV event
visible in the bottom central part of Figure 3 at about 250
seconds after trigger and the 5.2GeV event visible in the
bottom right part of Figure 3 at about 610 seconds after
trigger.

In Figures 8 and 9 we offer a quantification of how dif-
ferent the outlook of our analysis would be when considering
the possibility of excluding from it one of these two events.
Comparing Figure 8 to Figure 7 one sees that renouncing
to the 5.2GeV event has tangible but not very significant
implications for our analysis. Comparing Figure 9 to Figure 7
one sees that renouncing to the 19GeV event does have rather
significant implications for our analysis, but our findings
would be noteworthy even without the 19GeV event.

In light of this special role played by the 19GeV event,
we have estimated the probability of a background event
of energy between 15 and 30GeV within the 450-second
window considered for Figure 7.We find that this probability
is of about 15% by both modeling the background and using
data available in a temporal and directional neighborhood of
GRB130427A. It appears legitimate to also notice that if such a
19GeVeventwas truly background and therefore unrelated to
GRB130427A it could have come at any time within that 450-
second window, but it turned out to contribute so strongly to
the significance of our analysis only because it happened to be
an excellent match for the central straight line in Figure 3. In
order for it to be such a strong contributor to the significance
of our analysis it had to be detectedwithin a temporal window
around that straight line of about 5 seconds, so we are dealing
with a 15% probability overall but only 𝑎 ∼ 0.17% probability
of a background event contributing that strongly to our case.
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Figure 7: Here shown are the results of a study of the type
already described in Figure 5, but now restricting the analysis
to the time interval from 190 seconds to 640 seconds after the
trigger. Dotted/dashed lines represent again the 10%, 1%, and 0.23%
probability that the given frequency of occurrence of spectral lags is
a chance occurrence.
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Figure 8: Here shown are the results of a study exactly of the type
already described in Figure 7 (including the restriction to the time
interval from 190 seconds to 640 seconds after the trigger), but now
excluding from the analysis a 5.2 GeV event from about 610 seconds
after trigger. Dotted/dashed lines represent again the 10%, 1%, and
0.23% probability that the given frequency of occurrence of spectral
lags is a chance occurrence.
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Figure 9: Here shown are the results of a study exactly of the type
already described in the previous Figure 7 (including the restriction
to the time interval from 190 seconds to 640 seconds after the
trigger), but now excluding from the analysis a 19GeV event from
about 250 seconds after trigger. Dotted/dashed lines represent again
the 10%, 1% and 0.23% probability that the given frequency of
occurrence of spectral lags is a chance occurrence.

(Note however that we are assuming “a posteriori” that the
19GeV photon is correlated with the 95 and 50GeV events.)

As stressed above, if we were to exclude the 19GeV
event we would still be left with the noteworthy outcome
shown in Figure 9. And evidently the blue line in Figure 9
is independent of the contribution by the 5.2GeV event. It
would require a significant “conspiracy” for it to be the case
that both the 19GeV event and the 5.2 event were background
events which happened to be detected just at the right times
to improve the outlook of our analysis.

4. Seeking Further Evidence and
Redshift Dependence

We are assuming that looking at GRB130427A is like looking
at GRBs in high definition. This allowed us to notice some
unexpected features in the previous section, and we shall
now try to use this guidance to go back to previous bright
high-energy GRBs and try to recognize the same features. As
we do this we shall also monitor any indication of redshift
dependence of these features. It would be of particular
interest from a quantum-spacetime perspective if we could
find encouragement for redshift dependence governed by the
𝐷(𝑧) of (1), but we shall remain open to other options (and
we shall end up favouring the hypothesis of description of
the features presented in this work not based on quantum-
spacetime pictures).
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4.1. The Case of GRB080916C. GRB080916C is our first
attempt to recognize in another GRB the features here
uncovered for GRB130427A. This is a very interesting GRB
for our purposes, particularly for the issue of possible redshift
dependence, since GRB080916C was [28, 31] at redshift
of 4.35, much higher than the 0.34 of GRB130427A. And
GRB080916Cmust be viewed as a very powerful high-energy
GRB, if one indeed reassesses its LAT fluence in light of its
high redshift.

There is at least one more criterion which would char-
acterize GRB080916C as a GRB in the Fermi-LAT catalogue
whose comparison to GRB130427A is particularly significant
from the viewpoint of the analysis we are here reporting:
GRB080916C contains a 13.3 GeV photon, a 7GeV photon,
and a 6.2GeV photon, and when converting these energies
at time of detection into energies at time of emission, taking
into account the large redshift of 4.35, one concludes that
all these 3 photons had energy at time of emission of more
than 30GeV. This compares well with one aspect which we
stressed about GRB130427A, which has 4 photons above
30GeV (actually above 40GeV).

It is clear that the presence, in a GRB, of photons of such
high inferred energies at emission time does notmean that we
are assured to see one of our “hard minibursts with spectral
lags.” On the contrary the probability of such success remains
rather low, since surely often when we see 3 or 4 such photons
they belong to different hard minibursts within the GRB. To
see how this is the case imagine that from GRB130427A we
only observed 3 rather than 9 photons with energy greater
than 19GeV: if we take off randomly 6 photons among the
top-9 most energetic ones from Figure 3 no hard miniburst
would be noticeable. But in some cases we are bound to get
lucky, and this is what at least appears to be the case with
GRB080916C, as shown in Figure 10, which reports the events
for GRB080916C with energy higher than 1GeV.

Our readers should easily notice fromFigure 10 that some
features we exposed earlier in this paper for GRB130427A
are present also in this GRB080916C case. In particular,
the highest energy photon (13.3 GeV) is detected as first
photon after the longest time interval of “high-energy silence”
during the first 25 seconds. And then some other high-
energy photons are detected soon after this highest-energy
photon. So actually GRB080916C provides us with a very
clear example of the feature we are proposing, describable as
early hard development of minibursts within a long burst.

Next we should use GRB080916C as an opportunity for
finding further evidence of linear spectral lags. A challenge
for this of course comes from the fact that the slope of
these spectral lags could depend on redshift. In the quantum-
spacetime picture of (1) the redshift dependence would be
governed by the𝐷(𝑧) of (1), but if (as we shall end up favour-
ing) the linear spectral lags hve astrophysical origin then
various forms of redshift dependence could be conjectured
(a promising hypothesis will be discussed in Section 5, but
several alternatives could be considered).

In order to test the hypothesis of redshift dependence
governed by the 𝐷(𝑧) of (1) one should do as in Figure 10,
that is, rescale the slope taking into account the differ-
ence of redshifts. According to (1) the relationship between
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Figure 10: Here shown is the Fermi-LAT sequence of photons with
energy greater than 1GeV for GRB080916C. We visualize error bars
at the 15% level for the energies of the most energetic events, which
play a special role from our perspective. The slope of the straight
line here shown is not fit on this data but rather is obtained from the
slope fit in Figure 4 (for GRB130427A) by rigidly rescaling it by the
factor of𝐷(0.34)/𝐷(4.35) dictated by (1).

the GRB080916C slope and the GRB130427A slope is fixed to
be 𝐷(0.34)/𝐷(4.35). The slope of straight lines characteristic
of high-energy spectral lags should be then for GRB080916C
much lower than for GRB130427A. A straight line with such
a slope is shown in Figure 10 and it gives a rather intriguing
result: that straight line obtained from the ones of Section 3
by correcting for the redshift, assuming the validity of (1),
is consistent with as many as 3 other GRB080916C events.
And one should notice that among the 4 events that would
reasonably fit this straight line one finds the 3 highest-
energy photons which we highlighted at the beginning of this
subsection.

As mentioned, if the features we are uncovering do not
have quantum-spacetime origin (and therefore are pure-
astrophysics effects) then one would not expect redshift
dependence governed by the 𝐷(𝑧) of (1). Rather than specu-
lating here about the possible forms of redshift dependence
that astrophysics could produce, we choose to explore the
issue by simply assuming redshift (and context) indepen-
dence of the slope of spectral lags within hard minibursts.
This simple hypothesis is probably unrealistic, but at least it
gives us a hypothesis alternative to the redshift dependence
of (1) and this will help us to assess the significance of what
we find assuming the redshift dependence of (1). In Figure 11
we let go through the point (with error bar) corresponding
to the highest-energy photon a straight line with the slope we
determined in the previous section.

Figure 11 shows that by not rescaling the slope for red-
shift one establishes no connection between the highest-
energy photon and the second and third most energetic
photons in the sample. This is disappointing for the redshift-
independence hypothesis. But of course it may well be that
the remarkable feature highlighted in Figure 10, for (1)-
governed-redshift case, ismerely accidental and instead a true
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Figure 11: Here shown are the same data points already shown in
Figure 10, but now the straight line added on top of the data point
has exactly the slope we derived in Section 3 (Figure 4), without any
rescaling.

connection is the one visible in Figure 11 for the redshift-
independence hypothesis, with a linear soft spectral lag
between the highest-energy photon and the photon detected
immediately after it.

Still it is noteworthy that if one relies on just the
comparison of Figures 10 and 11 the conclusion must be
that GRB080916C scores a point for the redshift dependence
governed by the𝐷(𝑧) of (1).

4.2. The Case of GRB090926A. GRB090926A is another long
burst of the pre-GRB130427A Fermi-LAT catalogue that
compares well in terms of the brightness of the high-energy
component with GRB080916C. And GRB090926A was at a
redshift [28, 31] of 2.106, so that it provides a case with a value
of redshift somewhere in between the ones for GRB130427A
and GRB080916C.

In considering GRB090926A we restrict our focus on
the photons shown in Figure 12, with energy greater than
1.5 GeV. Again in Figure 12 we see that for GRB090926A
(just as observed above for GRB130427A and GRB080916C)
there is a clearly noticeable “hard miniburst” with early hard
development whose onset coincides with the highest-energy
photon in the whole signal: the figure shows several photons
rather densely distributed between 6 and 21 seconds after
trigger; then “hard-photon silence” for 5 seconds, and at 26
seconds after trigger the highest-energy photon in the burst
is observed, followed by other high-energy photons.

Concerning the other feature of our interest, involving
the presence of soft spectral lags which are linear in energy
and the possible redshift dependence of this linear law, in the
spirit of what we did in the preceding subsection we show in
Figure 12 straight lines on which the highest-energy photon
lies (within errors). In Figure 12(b) the line has exactly the
same slope derived in Section 3 (our redshift-independent
scenario) and it is notable that the first photon in our sample
after the highest-energy photon lies on that line. But it is
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Figure 12: Here shown is the Fermi-LAT sequence of photons with
energy greater than 1.5 GeV for GRB090926A.We visualize an error
bar at the 15% level for the energy of the two most energetic events.
(b) A straight line with the slope we derived in Section 3. (a) A
straight line with slope obtained from the slope derived in Section 3
by rigidly rescaling it by the factor of𝐷(0.34)/𝐷(2.106) (2.106 being
the redshift of GRB090926A) dictated by our (1).

Figure 12(a) which apparently contains the most intriguing
message: both in GRB130427A and in GRB080916C the slope
predicted by (1) for the same value of𝑀𝑄𝐺 (and taking into
account the redshift) gave a straight line compatible with the
highest-energy photon and two other of the most energetic
photons in the bursts, and here again, as shown indeed in
Figure 12, the same strategy of analysis places on the same
spectral-lag straight line the highest-energy photon and the
second-highest-energy photon of GRB090926A. Again the
slope of the straight line shown in Figure 12(a) was obtained
by rigidly rescaling the GRB130427A slope found in Figure 4
by the factor 𝐷(0.34)/𝐷(2.106) as dictated by the redshift
dependence of (1).

4.3. The Case of GRB090902B. GRB090902B, which was at
a redshift [28, 31] of 1.822, is the other long burst in the
pre-GRB130427AFermi-LAT catalogue that compareswell in
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terms of the brightness of the high-energy component with
GRB080916 and GRB090926A.

As stressed already in the previous subsection, even in
presence of a few high-energy photons one has no guarantee
to see in the data a single hard miniburst containing more
than one of the highest-energy photons. More often than not
the few highest-energy photons Fermi does catch will have
originated from different hard minibursts within the burst.
In light of this it may appear that we were unreasonably
lucky in Figure 10 for GRB080916C and in Figure 12(a) for
GRB090926A.This unreasonably high level of success of our
ansatz does not apply to the case of GRB090902B which we
are now considering: as we show in Figure 13(a), focusing on
GRB090902B photons with energy greater than 1GeV, our
spectral-lag straight lines, with slope computed from the one
derived in Section 3 according to the redshift dependence
coded in (1) (the correction factor for the slope in this case
being𝐷(0.34)/𝐷(1.822)), do not connect the highest-energy
photon with any other one of the most energetic photons
in GRB090902B. Figure 13(a) does show that the highest-
energy photon of GRB090902B is reasonably compatible
within our ansatz with a group of five photons with energy
1 < 𝐸 ≲ 5GeV detected between 100 and 125 seconds after
trigger, but this is far less impressive than what we found for
GRB130427A, GRB080916C, and GRB090926A.

As shown in Figure 13(b), even in the case of
GRB090902B the redshift-independence hypothesis does
not provide a better match to the data than the hypothesis of
redshift dependence governed by (1).

Particularly noteworthy is the fact that even in the case
of GRB090902B we can observe again the structure of our
“hardminibursts”: the sequence of high-energy photons has a
relatively long silent time interval between the highest-energy
photon and the photon that precedes it (long compared to the
typical time interval between subsequent detections of these
GRB090902B high-energy photons). So the highest-energy
photon is detected after a sizable time interval of high-energy
silence and then a few high-energy photons are detected soon
after.

4.4. The Case of a Short Burst: GRB090510. Our analysis
of the four Fermi-LAT bursts with most significant high-
energy signal, GRB130427A, GRB080916C, GRB090902B,
andGRB090926A, gave rather consistent indications. At least
one miniburst with early hard development was found in all
of them in correspondence of the highest-energy photon in
the GRB. And in all four cases the onset of this miniburst
containing the highest-energy photon was preceded by a
relatively large time interval of high-energy silence: one finds
in all these fourGRBs a suitable lower cutoff on the energies of
the photons to be included in the analysis such that there are
no detections of photons in such a sample for a certain time
interval before the detection of the highest-energy photons,
while going at still earlier times one finds a denser rate of
detections of photons in the sample.

Concerning the quantification of the soft spectral lags
within suchminibursts in terms of a linear law of dependence
on energy GRB080916C, GRB090902B, and GRB090926A
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Figure 13: Here shown is the Fermi-LAT sequence of photons with
energy greater than 1GeV for GRB090902B. We visualize an error
bar at the 15% level for the energy of the most energetic event. (b) A
straight line with the slope we derived in Section 3. (a) Some straight
lines with slope obtained from the slope derived in Section 3 by
rigidly rescaling it by the factor of𝐷(0.34)/𝐷(1.822) dictated by our
(1) for a GRB at redshift of 1.822.

did not add any particularly decisive evidence but offered an
overall consistent picture. As stressed above (particularly for
GRB080916C and GRB090926A) this additional supporting
evidence for the linear quantification of the soft spectral lags
was consistent with the possibility of redshift dependence
governed by (1), as required by the quantum-spacetime
hypothesis. However, the next burst we now want to analyze
will lead us to favour overall the interpretation as intrinsic
properties of the long GRBs. This burst that we want to
analyze next is the only short bursts with strong high-energy
signal in the Fermi catalogue5: GRB090510 whose sequence
of detection times for photons with energy greater than 1GeV
is shown in Figure 14.

In this case let us start by discussing our test with
the spectral-lag straight lines derived in Section 3 from
GRB130427A data. As shown in Figure 14 one does find
some potential candidates as high-energy photons lagging
the highest energy photon according to the quantification we
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first derived in Section 3, but with respect to the outcome
of the analogous tests we did previously on long bursts
in this case the outlook is less promising: both for the
redshift-independent hypothesis and for (1) based redshift-
dependent hypothesis the test does not fail badly but it also
gives only marginally plausible candidates. This is because
in Figure 14 one notices that the highest-energy photon lies
in time-of-detection quasi-coincidence with several other
high-energy photons. It is hard to believe that this time
coincidence is accidental (not a manifestation of an inter-
relation between the highest-energy photons an those other
nearly coincident high-energy photons). Figures 14(a) and
14(b) would suggest that the highest-energy photon happens
to have been detected in reasonably good time coincidence
with those other high-energy photons but actually it is part of
a miniburst involving photons detected at much later times.
This is certainly possible, but we feel it is somewhat hard to
believe.

We observe that in the Fermi-LAT data on GRB090510
there is only one photon with energy greater than 30GeV
(indeed the 31-GeV eventwe discussed), and, considering that
the redshift of GRB090510 was [28, 31] 0.897, there was no
other photon in GRB090510 data set with energy greater than
30GeV even at time of emission.

4.5. An Observation about GRB Neutrinos. Having consid-
ered the brightest pre-GRB130427A Fermi-LAT GRBs we
shall now offer also an observation about GRB neutrinos.
This involves data of more uncertain status, but it highlights
another striking quantitative match for one of the features
we noticed in GRB130427A data. Actually this will also
render manifest why we were in good position to notice such
features in GRB130427A data, since this observation about
GRB neutrinos was already reported by some of us in [32],
before GRB130427A (the arXiv preprint version of [32] is
fromMarch 2013).

Reference [32] also contemplates the type of energy
dependence of times of arrival that is produced by (1), exactly
as we are doing in the present study. But [32] was aimed at the
context of GRB-neutrino searches by IceCube.

Recently IceCube reported [33] no detection of any GRB-
associated neutrino in a data set taken fromApril 2008 toMay
2010. Reference [32] focuses however on 3 Icecube neutrinos
that are described in publicly available studies [33, 34] and
are plausible (though weak) GRB-neutrino candidates.These
are [34] a 1.3 TeV neutrino 1.95∘ off GRB090417B, with
localization uncertainty of 1.61∘, and detection time 2249
seconds before the trigger of GRB090417B, a 3.3 TeVneutrino
6.11∘ off GRB090219, with a localization uncertainty of 6.12∘,
and detection time 3594 seconds before the GRB090219
trigger, and a 109 TeV neutrino, within 0.2∘ of GRB091230A,
with a localization uncertainty of 0.2∘, and detected some 14
hours before the GRB091230A trigger.

The fact that all 3 of these GRB-neutrino candidates
were detected sizably in advance of the triggers of the GRBs
they could be associated with is not particularly significant
from the standard perspective of this sort of analysis, and
actually obstructs any such attempt to view them as GRB
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Figure 14: Here shown is the Fermi-LAT sequence of photons with
energy greater than 1GeV for GRB090510. We visualize an error bar
at the 15% level for the energy of the most energetic event. (b) A
straight line with the slope we derived in Section 3. (a) A straight
line with slope obtained from the slope derived in Section 3 by
rigidly rescaling it by the factor of 𝐷(0.34)/𝐷(0.897) (0.897 being
the redshift of GRB090510), as dictated by (1).

neutrinos: no current GRB model suggests that neutrinos
could be emitted thousands of seconds before a GRB. But a
collection of GRB-neutrino candidates all sizably in advance
of corresponding GRB triggers is just what one would expect
from (1) (for 𝑠± = 1). Using this observation in [32] it
was shown that possibly 2 of the 3 mentioned GRB-neutrino
candidates could be actual GRB neutrinos, governed by (1).

The most appealing possibility discussed in [32] is for the
3.3 TeV and the 109 TeV neutrinos to be actual GRB neutrinos
and requires 𝑀𝑄𝐺 ≃ 𝑀planck/25. The other possibility is
for the 1.3 TeV and the 3.3 TeV neutrinos to be actual GRB
neutrinos and requires an even smaller value of𝑀𝑄𝐺, of about
𝑀𝑄𝐺 ≃ 𝑀planck/100.

Evidently what we found in the present analysis inspired
by and based in part on GRB130427A is at least to some
extent consistent with what was found in [32] for the 3.3 TeV
and the 109 TeV neutrinos. In order to be more precise
in this assessment we must take into account the fact
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that the redshifts of GRB090219 and of GRB091230A were
not determined. We shall deal with this in the next (closing)
section by handling the uncertainty in the redshift as another
source of uncertainty for testing (1) with these two neutrinos:
since GRB090219 was a short burst we can reasonably [35]
assume that its redshift was between 0.2 and 1, whereas for
GRB091230A, a long burst, we can reasonably [36] assume
that its redshift was between 0.3 and 6.

5. Perspective on Results and Closing Remarks

We here took as starting point the remarkable Fermi-LAT
observation of GRB130427A. We looked at this GRB assum-
ing that it was giving us a chance to see a long bright burst in
high resolution. Using as guidance the quantum-spacetime-
inspired ansatz of (1) we stumbled upon a few related features
present in the highest-energy portion of the Fermi-LAT
data GRB130427A. We then used this insight gained from
the high-resolution GRB130427A to recover some evidence
of the same features in the brightest previous Fermi-LAT
observations of GRBs and even for some candidate GRB
neutrinos.

Since we considered a few features in several contexts it
is useful to close this paper by offering a perspective on our
findings.We articulate this section into subsections, each one
devoted to one of the features and aspects we have considered
and ordered according to the strength of the supporting
evidence which we found.

5.1. Structure of Hard Minibursts. The feature that emerged
most robustly from our analysis concerns the presence of
hard minibursts, whose onset is marked by the highest-
energy photon observed in a given GRB. We found this fea-
ture (here illustrated in Figure 15) in all the top four brightest
high-energyGRBs in the Fermi-LAT catalogueGRB130427A,
GRB080916C, GRB090902B, and GRB090926A.

The minibursts become noticeable only when focusing
the analysis on the few highest-energy photons in the signal:
for GRB130427A it was clearly visible for photonswith energy
higher than 5GeV, while for GRB080916C, GRB090902B,
and GRB090926A it manifested itself when restricting the
analysis to photons of energy higher than 1GeV or 2GeV.

The structure of these hard minibursts was in all cases
such that the high-energy signal (composed of photons
selected with energy above a certain high value, as we just
stressed) has a long silent time interval between the highest-
energy photon and the high-energy photon that precedes
it (long compared to the typical time interval between
subsequent detections of these high-energy photons). So the
highest-energy photon is detected after a sizable time interval
of high-energy silence of the signal, and then a few high-
energy photons are detected soon after.

Besides being identifiable in connection with the
highest-energy photon of all the four brightest long Fermi-
LAT GRBs, GRB130427A, GRB080916C, GRB090902B, and
GRB090926A, in the case of GRB130427A one can tentatively

identify two more of such hard minibursts, with exactly the
same structure (see Figure 3).

We have some evidence for a specific behaviour of these
soft spectral lags, with linear dependence on energy. This
found rather sizable support in our analysis of GRB130427,
as shown in Section 3.1 by exhibiting some rather compelling
candidate photons for 3 hard minibursts and shown in
Sections 3.2 and 3.3 by statistical analyses taking the shape
of studies of the frequency of occurrence of a given type of
spectral lags in our GRB130427A sample.

GRB130427A on its own provides a rather compelling
case for the presence of these linear-in-energy soft spectral
lags. And when we considered available data on other
bright Fermi-LAT GRBs we did find some additional sup-
porting evidence, though significantly weaker than in the
GRB130427A case.

5.2. Strength and Weakness of the Quantum-Spacetime-
Inspired Hypothesis. When we looked to other bright Fermi-
LAT GRBs as opportunities for additional evidence support-
ing our linear spectral lags it was necessary to contemplate
a redshift dependence of the linear law. We had a candi-
date ready for the task, taking the shape of the redshift
dependence codified by 𝐷(𝑧) for the linear spectral lags
of (1). We explored the efficaciousness of this hypothesis
by taking the linear energy-versus-time dependence derived
on GRB130427A data and assuming that it should apply to
other bursts upon rigidly rescaling the slope by𝐷(0.34)/𝐷(𝑧),
(where𝐷(0.34) is for the redshift of 0.34 of GRB130427A).

A dramatic confirmation would have been to find for
each burst several photons lining up (in energy versus
time of detection) just according to the linear relation-
ship, with slope rigidly rescaled by 𝐷(0.34)/𝐷(𝑧). But this
was clearly unlikely since, even for the bright long bursts,
GRB080916C, GRB090902B, and GRB090926A the Fermi-
LAT only detected a rather small overall number of pho-
tons with energy greater than a few GeV. Nonetheless
at least in two cases our investigation of this possibility
appears to have been successful beyond expectations. For
GRB080916C by rigidly rescaling the slope of our lin-
ear law by 𝐷(0.34)/𝐷(4.35) (with 4.35 for the redshift of
GRB080916C) and insisting that the relevant straight line be
consistent with the highest-energy photon, we found a rather
noteworthy group of four photons with energy and detection
times all consistent with our linear law for soft spectral lags.
These are the four photons on the straight line in Figure 10,
which include in particular the highest-energy photon and
the second and thirdmost energetic photons ofGRB080916C.
And in the analogous analysis of GRB090926A we found
that our quantum-spacetime ansatz for the dependence on
redshift of the linear spectral lags remarkably also placed
in connection the two highest energy photons. While all
this may well be accidental, the cases of GRB080916C and
GRB090926A clearly can seen as providing encouragement
for the law of redshift dependence of (1) and with it the
possible quantum-spacetime interpretation of the features we
here exposed.
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Figure 15: Here (d) shows data points with energy greater than 15GeV, which illustrate the structure of our hard minibursts: a miniburst
occurring between 230 and 260 seconds after trigger is preceded by a relatively long time interval (≃ 100 seconds) of “high-energy silence,”
and farther back in time one finds rather frequent detections of high-energy photons. Even for GRB130427A (observed in “high resolution”)
the hard minibursts are composed of only a few photons, characterized by soft spectral lags, with in particular the highest-energy photon
in the miniburst observed as the first photon in the miniburst. When we looked for supporting evidence for these features within the three
brightest pre-GRB130427A Fermi-LAT long GRBs (other three panels in this figure (a), (b), and (c)) we did not find conclusive evidence of
small bunches of photons governed by soft spectral lags. This also suggests that the size of the spectral lags within such hard minibursts gets
bigger at higher redshift. We did find that in all three of these pre-GRB130427A Fermi-LAT long GRBs, when selecting only events above a
suitably-high energy, the highest-energy photon was observed after a relatively large time interval of “high-energy silence,” as first photon of
a phase of rather frequent detections of high-energy photons.

Let us therefore summarize the most striking elements in
support of this spacetime interpretation which were encoun-
tered in our analysis. For this purpose, since we are going to
compare data obtained from GRBs at different redshifts, it is
useful to look at data from the perspective of the following
way to rewrite (1) (restricting of course our focus to 𝑠± = 1):

𝐸 =
𝑐𝑀𝑄𝐺

𝐷 (0.34)
𝜏𝑄𝐺 (𝑧) , (3)

with

𝜏𝑄𝐺 (𝑧) = −
𝐷 (0.34)

𝐷 (𝑧)
𝑡𝑄𝐺. (4)

By rewriting (1) in this way we can place data from different
GRBs (at different redshifts) on the same 𝐸-versus-𝜏𝑄𝐺(𝑧)

plots. The change of perspective we are now adopting is
to compare data not by rescaling the slope on the basis
of redshift but instead equivalently rescaling the measured
times 𝑡𝑄𝐺 in such a way as to englobe the redshift depen-
dence of 𝐷(𝑧) in the new time observable 𝜏𝑄𝐺(𝑧) =
−𝐷(0.34)𝑡𝑄𝐺/𝐷(𝑧).

This allows us to produce Figure 16 inwhichwe collect the
7 events from GRB130427A already considered in Figure 4,
thementioned 4 events fromGRB080916C that are consistent
with our (1) based straight line of soft spectral lags, and we
tentatively also show the two candidate GRB neutrinos of
3.3 TeV and 109 TeV discussed in Section 4.5. The horizontal
orange segments reflect a 30% energy uncertainty for the
neutrinos, while the vertical segments reflect an uncertainty
in the computation of 𝜏𝑄𝐺(𝑧) for those two neutrinos,
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which, as mentioned, is due to the fact that the redshifts
of the GRBs to which they are tentatively associated is not
known. Specifically the two neutrino points are for a 3.3 TeV
(with 30% uncertainty) neutrino with 𝑡𝑄𝐺 of −3594 seconds
assumed to have originated from a source at redshift between
0.2 and 1 (the short GRB090219) and for a 109 TeV (with 30%
uncertainty) neutrino with 𝑡𝑄𝐺 of −14 hours assumed to have
originated from a source at redshift between 0.3 and 6 (the
long GRB091230A).

Figure 16 contains information from 13 data points, much
of which was unconstrained by the setup of the analysis. We
already discussed in Section 3 how the information contained
in the seven points from GRB130427A is only in part used
to the determine the slope of our linear relation between
energy and time of detection and the parameters of rigid time
translation needed to align the 3 straight lines from Figure 3.
Since the slope of the straight line in Figure 16 is still the
one determined using that procedure, the information in the
remaining 6 points in Figure 16 was largely unconstrained
within our analysis. The two neutrino points are located in
the figure just where they naturally should be: for spectral
lags of thousands of seconds with respect to a GRB trigger
there is nothing to be gained by leaving some freedom for the
actual emission time of the neutrino within the GRB event.
The information in the 4 points fromGRB080916Cwas nearly
all unconstrained: the points were only used to determine
the single parameter of rigid time translation needed to reset
the onset of that candidate hard miniburst of GRB080916C
conveniently at 𝜏𝑄𝐺 = 0.

The message of Figure 16 is rather intriguing and may
encourage further investigation (in future studies and par-
ticularly with future observations) of the quantum-spacetime
interpretation of the features we here exposed.

But as much as the message contained in Figure 16 is
intriguing, we feel that on balance our findings disfavour the
quantum-spacetime interpretation. A first aspect of this intu-
ition merely originates from theory prejudice: as mentioned
there are solid models of spacetime quantization that predict
a behaviour of the type given in (1) but none of these known
models predicts that the onset of the validity of (1) should
be abrupt at some energy scale. We get the intriguing picture
of Figure 16 focusing on a few high-energy photons from
GRBs, but the possibility that the spectral lags predicted by
the straight line in Figure 16 apply also to the abundant obser-
vations of lower-energy GRB photons is already excluded
experimentally [22, 24–28]. And, as mentioned, the available
literature suggests that at energies above the range which
was here considered for Fermi-LAT GRBs observations one
should take into account data from observations of some
Blazars which also exclude the applicability of (1) with𝑀𝑄𝐺
as low as𝑀planck/25.

Of course we could (and eventually would) set aside
this theory prejudice in the face of a clear experimental
situation showing the validity of (1) only in a rather specific
energy range. But even then there is a severe interpretational
challenge in the data which resides in a single but very
well observed photon: the 31 GeV event in GRB090510. That
31 GeV event occurred during a time of about 0.2 seconds
for which Fermi’s LAT observed a rather intense burst
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Figure 16: We here show in a logarithmic plot a straight line with
the slope we determined in Section 3. Also shown (as thick points)
are the 7 data points forGRB130427A already shown in Figure 4.The
red triangles describe data on four events found on a single spectral-
lag straight line in Figure 10 for GRB080916C. The orange point
with sizable error bars are for the 3.3 TeV neutrino and the 109 TeV
neutrino discussed from our perspective in [32], with 30 percent
uncertainty on neutrino energies reflected in horizontal segments
and vertical segments reflecting the uncertainty in redshift of the
GRB possibly associated to the two neutrinos.

of photons with energy between 1 and 2GeV. Figure 14
suggests that one could interpret that 31 GeV event consis-
tently with (1) and consistently with the slope determined
in Figure 4 from GRB130427A data by arguing that the
coincidence in timing is accidental: the 31 GeV event should
have happened to occur at some point during those special
0.2 seconds just by accident, without having any connection
between the mechanism and time of emission of the 1-to-
2GeV photons being detected in that 0.2 seconds interval and
the mechanism and time of emission of that 31 GeV photon.
This is not impossible but it is hard to believe.

5.3. The Possibility of an Astrophysical Interpretation. Our
study was set in motion by interest in possible quantum-
spacetime signatures, but we stumbled upon features for
which, as stressed in the previous subsection, we remain
open to a quantum-spacetime interpretation (which however
would require a novel formalism, not exactly producing (1),
at least not at all scales) but ended up actually favouring
an astrophysical interpretation, as intrinsic properties of the
mechanisms producing the GRBs.

The only other case we contemplated in the previous
sections as an alternative to the case of redshift dependence
of the slope governed by the 𝐷(𝑧) of (1) is the case of a
slope that is redshift independent and context independent.
For us this served exclusively the purpose of placing in
some perspective the outcome of our investigation of the
hypothesis of redshift dependence governed by (1). Of course
if one was to exclude the interpretation as a quantum-
spacetime/propagation effect, it would be most natural not to
think of some redshift independent and context independent
features, but rather think of intrinsic features of astrophysical
origin, and with some context dependence.
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An example of avenue for a description based on intrinsic
properties of the sources can be inspired by the fact that the
features here discussed all are relevant at very high energies:
this may suggest an inverse-compton origin, which in turn
may allow a description of the soft spectral lags in terms of
the corresponding cooling time being faster at progressively
high energies.

We should stress that, independently of the actual nature
of the mechanism involved, even within an astrophysical
interpretation of the timing features we here highlighted
one could expect some redshift dependence. To see this one
can think of the simple-minded hypothesis of an energy-
dependent timing features which at the emission are always
exactly the same: then because of redshift and time dilation
one would have a picture of such energy-dependent timing
features at detection which does depend on redshift. Such
an interpretation would lead one to contemplate for our
picture the possibility that the slope of the relevant linear
dependence might scale with redshift according to (1 + 𝑧)−2.
So in comparing this slope of linear spectral lags between a
GRB at redshift of 𝑧1 and a redshift of 𝑧2 one would expect a
behaviour at least roughly rescaling the slope by (1+𝑧1)

2
/(1+

𝑧2)
2 (given a certain value for the slope found for a GRB at

redshift 𝑧1 then for a GRB at higher redshift 𝑧2 one would
expect the slope to be less steep by a factor of (1 + 𝑧1)

2
/(1 +

𝑧2)
2).
It is interesting to observe that this natural estimate of
(1 + 𝑧1)

2
/(1 + 𝑧2)

2 for the redshift dependence in case of an
astrophysical interpretation leads to a quantification which is
not wildly different from the quantum-spacetime prediction
𝐷(𝑧1)/𝐷(𝑧2). We give an intuitive characterization of this in
Figure 17, where we compare the two predictions for the case
of GRB080916C, which is the highest-redshift GRB among
the bright GRBs we here considered.

Confirming what we just stressed, the blue and the red
lines in Figure 17 reflect slopes which are not wildly different
and as a result they lead to a comparably compelling picture
based on the hypothesis of linear soft spectral lags for the data
available for GRB080916C. This also shows that (assuming
that linear soft spectral lags within hard miniburst are even-
tually fully established) it might require more than just a few
GRBswith suitable properties in order to distinguish between
the hypothesis of slope with astrophysics-inspired redshift
dependence of (1 + 𝑧1)

2
/(1 + 𝑧2)

2 and the hypothesis of slope
with the quantum-spacetime-inspired redshift dependence of
𝐷(𝑧1)/𝐷(𝑧2).

5.4. Outlook. We here provided evidence both for the more
general structure of hard minibursts, as perhaps best sum-
marized in Figure 15, and for the specific feature of linear-
in-energy soft spectral lags within the development of such
hard minibursts, as perhaps best summarized in Figures 5, 7,
and 16.

In gaining an intuition for the robustness of themore gen-
eral hard-miniburst structure one should take into account
on one side the fact that Figure 15 involves all the Fermi-
LAT long GRBs bright enough for one to search for such a
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Figure 17: The blue line and the data points in this figure exactly
match the ones for Figure 10, concerning GRB08091C. The only
difference is that now we add the red line whose slope is obtained
from the slope fit in Figure 4 (for GRB130427A) by rigidly rescaling
it by the factor of 1.342/5.352, that is, (1+𝑧

1
)
2
/(1+𝑧

2
)
2 for 𝑧

1
= 0.34

(GRB130427A) and 𝑧
2
= 4.35 (GRB080916C).

feature and on the other side the fact that these are after all
just 4GRBs. While the “lower resolution” of observed high-
energy images of more distant GRBs did not allow us to
conclusively identify bunches of photons governed by soft
spectral lags, we did interpret as encouraging the consistent
pattern highlighted in Figure 15 for the structure of a time
interval around the time of detection of the highest-energy
photon in a GRB. Also considering that this hard-miniburst
feature is something that was not expected by us and was
recognized on available data (rather than being predicted
in advance) we feel it should at this point be considered as
a promising hypothesis to be tested on future data. In this
respect we should acknowledge that a limitation of the notion
of hard miniburst which we here introduced is its rather
qualitative nature, indeed best summarized in Figure 15. We
notice however that a quantitative requirement could be
based on the studies here reported in Section 3.3. There we
focused on “late times,” essentially defined as times starting
with the detection of the highest-energy photon in the burst,
andwe usedMonteCarlo-randomization criteria for showing
that in that late-time window the data on GRB130427A
manifest a strong bias toward soft spectral lags that is rather
unlikely as just a chance occurrence. This is a quantitative
aspect of our hypothesis that the highest-energy photons in
a long GRBmight all be part of hard miniburst involving soft
spectral lags (as here observed for GRB130427A).

For what concerns the robustness of the hypothesis that at
least in some bright high-energy GRBs such hard minibursts
involve soft spectral lags with linear dependence on energy
themost impressive indication of significance of the evidence
we here found is contained in Figure 5 and in Figure 7.
Especially Figure 7 indicates that this feature is present with
a rather high statistical significance in GRB130427A. Still
some prudence may be invited by the observation that
this statistical significance emerges from a remarkable sharp
timing feature for just very few events (think in particular
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of the blue line in Figure 7, which focuses only on the few
events with energy greater than 15GeV at times greater than
190 seconds after the GRB130427A trigger). This of course
is automatically taken into account in the assessment of the
statistical significance shown in Figure 7, but still somehow,
because of the fact that only few events are involved, we
do feel it would be important to gather additional evidence.
This aspect however illustrates very clearly the significance
of the observation of GRB130427A for the overall effort
of understanding GRBs: one could perhaps have noted the
implications for linear soft spectral lags of Figure 10 for
GRB080916C, but that observation, even when combined
with a few similar observations for other bright GRBs, could
never lead to a robust indication. The indication in favour
of linear soft spectral lags contained in the “high-resolution”
image for GRB130427A contained in Figure 3 brings us
already so close to conclusive evidence that we can already
describe Figure 10 for GRB080916C as supporting evidence.
In order for the evidence to be assessed as conclusive, it would
now take only a few more GRBs, even with “low-resolution”
images like Figure 10 for GRB080916C.

Even taking as working assumption that this linear soft
spectral lags are a true feature a lot remains to be worked
out about their interpretation. Evidently the most fascinating
interpretationwould be the one based onquantum-spacetime
effects. This quantum-spacetime interpretation requires that
the effects are present in exactly the same way in all bursts,
with the only differences allowed being governed by redshift,
through a function of redshift of the type of the 𝐷(𝑧) of
(1). One is allowed (in spite of this being something that
lacks any support in the quantum-spacetime formalisms so
far explored) to speculate about possible scales of abrupt
onset or offset of the spacetime effects, but a dependence
on redshift of the type of the 𝐷(𝑧) is nonnegotiable for the
quantum-spacetime interpretation. At least on the basis of the
consistency between Figure 3 for GRB130427A and Figure 10
for GRB080916C further exploration of this interpretation is
to some extent encouraged. But the specific model based on
(1), extending over all values of energy, is clearly inadequate
for such explorations because of the limits established for
effects of this magnitude in previous studies of GRB photons
at energies below the ones that played a key role here and
in previous studies of blazars at energies above the ones
that played a key role here. Moreover, as we also stressed,
the quantum-spacetime interpretation of the features here
exposed is significantly challenged by the applicability to
GRB090510, with its 31 GeV photon detected in sharp time
coincidence with several photons of energy between 1GeV
and 2GeV.

Considering the outmost importance of the scientific
issues at stake the quantum-spacetime avenue should be
nonetheless pursued vigorously, but our findings evidently
favour a description of the features here highlighted based
on intrinsic properties of the sources, in terms of a pure
astrophysics interpretation.

It is intriguing that even if spectral lags within our hard
minibursts do not have a quantum-spacetime origin their
understanding will be important for quantum-spacetime
research: the search of possibly minute quantum-spacetime-

induced spectral lags evidently requires as a prerequisite our
best possible understanding of intrinsic mechanisms at the
sources that can produce spectral lags. As the understanding
of our hard minibursts improves they may well turn into
“standard candles,” with distinctive standard features, ideally
suited for the search of possible additional contributions to
the spectral lags with characteristic dependence on redshift
of the type 𝐷(𝑧) and therefore attributable to quantum-
spacetime effects.
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We consider a multidimensional Kaluza-Klein (KK) model with a Ricci-flat internal space, for example, a Calabi-Yau manifold. We
perturb this background metrics by a system of gravitating masses, for example, astrophysical objects such as our Sun. We suppose
that these masses are pressureless in the external space but they have relativistic pressure in the internal space. We show that metric
perturbations do not depend on coordinates of the internal space and gravitating masses should be uniformly smeared over the
internal space.Thismeans, first, that KKmodes corresponding to themetric fluctuations are absent and, second, particles should be
only in the ground quantum state with respect to the internal space. In our opinion, these results look very unnatural. According to
statistical physics, any nonzero temperature should result in fluctuations, that is, in KKmodes. We also get formulae for the metric
correction terms which enable us to calculate the gravitational tests: the deflection of light, the time-delay of the radar echoes, and
the perihelion advance.

1. Introduction

Itmay turn out that ourUniverse ismultidimensional and has
more than three spatial dimensions. This fantastic idea was
first proposed in the twenties of the last century in the papers
by Kaluza and Klein [1, 2], and since then it has consistently
attracted attention of researchers. Obviously, to be compat-
ible with our observable four-dimensional spacetime, the
extra dimensions should be compact and sufficiently small.
According to the recent accelerator experiments, their size
should be of the order or less than the Fermi length 10−17 cm.
(In the brane-world models, the extra dimensions can be
significantly larger [3, 4]. We do not consider such models
in our paper.) If the internal space is very small, the hope to
detect them is connected with Kaluza-Klein (KK) particles
which correspond to appropriate eigenfunctions of the inter-
nal manifold, that is, excitations of fields in the given internal
space. Such excitations were investigated in many articles
(see, e.g., the classical papers [5–7]). Quite recently, KK
particles were considered, for example, in the papers [8, 9].

The internal compact space can have different topology.
The Ricci-flat space is of special interest because Calabi-
Yau manifolds, which are widely used in the superstring
theory [10], belong to this class. A particular case of toroidal
compactification was considered in our previous paper [11].
We demonstrate in this paper that metric perturbations
depend only on coordinates of the external spacetime; that is,
the corresponding KK particles are absent. In our approach,
themetric perturbations are caused by a system of gravitating
masses, for example, by astrophysical objects. This is the
main difference between our investigation and studies in
[8, 9] where the metric and form-field perturbations are
considered without taking into account the reason of such
fluctuations. Our analysis in [11] clearly shows that the
inclusion of the matter sources, being responsible for the
perturbations, imposes strong restrictions on the model. In
the present paper, we investigate this important phenomenon
in the case of Ricci-flat internal spaces and arrive again at the
same conclusions. That is, KK modes corresponding to the
metric fluctuations are absent. We also show that gravitating
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masses should be uniformly smeared over the internal space.
From the point of quantum mechanics, this means that
particles must be only in the ground state with respect to the
internal space. Of course, it looks very unnatural. According
to statistical physics, any nonzero temperature should result
in fluctuations, that is, in KK states.

The paper is structured as follows. In Section 2, we
consider the multidimensional model with the Ricci-flat
internal space. This background spacetime is perturbed by
the system of gravitating masses. We demonstrate that the
metric perturbations do not depend on the coordinates of the
internal space and gravitating masses are uniformly smeared
over the internal space. That is, KK modes are absent. In
Section 3, we provide the exact expressions for the metric
correction terms. The main results are briefly summarized in
concluding Section 4.

2. Smeared Extra Dimensions

We consider a block-diagonal background metrics,

[𝑔
(D)
𝑀𝑁
(𝑦)] = [𝜂

(4)

𝜇] ] ⊕ [𝑔
(𝑑)

𝑚𝑛
(𝑦)] , (1)

which is determined on (D = 1 + 𝐷 = 4 + 𝑑)-dimensional
product manifold MD = M4 × M𝑑. Here, 𝜂

(4)

𝜇] (𝜇, ] =
0, 1, 2, 3) is the metrics of the four-dimensional Minkowski
spacetime and 𝑔(𝑑)

𝑚𝑛
(𝑦) (𝑚, 𝑛 = 4, . . . , 𝐷) is the metrics of

some 𝑑-dimensional internal (usually compact) Ricci-flat
space with coordinates 𝑦 ≡ 𝑦𝑚:
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[𝑔
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𝑚𝑛
] = 0. (2)

In what follows, 𝑋𝑀 (𝑀 = 0, 1, 2, . . . , 𝐷) are coordinates
onMD, 𝑥

𝜇
= 𝑋
𝜇
(𝜇 = 0, 1, 2, 3) are coordinates onM4, and

𝑦
𝑚
= 𝑋
𝑚
(𝑚 = 4, 5, . . . , 3 + 𝑑) are coordinates on M𝑑. We

will also use the definitions for the spatial coordinates 𝑋 :
𝑋
�̃�
(�̃� = 1, 2, . . . , 𝐷) and 𝑥 : 𝑥𝜇 = 𝑋𝜇 (𝜇 = 1, 2, 3).
Now, we perturb the metrics (1) by a system of𝑁 discrete

massive (with rest masses𝑚𝑝, 𝑝 = 1, . . . , 𝑁) bodies. We sup-
pose that the pressure of these bodies in the external three-
dimensional space is much less than their energy density.
This is a natural approximation for ordinary astrophysical
objects such as our Sun. For example, in general relativity,
this approach works well for calculating the gravitational
experiments in the solar system [12]. In other words, the
gravitating bodies are pressureless in the external/our space.
On the other hand, we suppose that theymay have pressure in
the extra dimensions. Therefore, nonzero components of the
energy-momentum tensor of the system can be written in the
following form for a perfect fluid [11, 12]:

𝑇
𝑀]
= 𝜌𝑐
2 𝑑𝑠

𝑑𝑥0
𝑢
𝑀
𝑢
]
, 𝑢
𝑀
=
𝑑𝑋
𝑀

𝑑𝑠
,

𝑇
𝑚𝑛
= −𝑝𝑚𝑔

𝑚𝑛
+ 𝜌𝑐
2 𝑑𝑠

𝑑𝑥0
𝑢
𝑚
𝑢
𝑛
,

(3)

with the equation of state (EoS) in the internal space,

𝑝𝑚 = 𝜔𝜌𝑐
2 𝑑𝑠

𝑑𝑥0
, 𝑚 = 4, 5, . . . , 𝐷, (4)

where 𝜔 is the parameter of EoS (we should note that the
pressure (4) is the intrinsic pressure of a gravitating mass in
the extra dimensions and is not connected with its motion;
in other words, 𝜔 is the parameter of a particle) and the rest-
mass density is

𝜌 ≡

𝑁

∑

𝑝=1

[

𝑔
(D)
]
−1/2

𝑚𝑝𝛿 (X̃ − X̃𝑝) , (5)

where X̃𝑝 is a 𝐷-dimensional “radius vector” of the 𝑝th
particle. In EoS, we include the factor 𝑑𝑠/𝑑𝑥0 just for
convenience. We can also eliminate this factor from EoS
and include it in the definition of the rest-mass density (5)
(see, e.g., [11]). For our purpose, it is sufficient to consider a
steady-state model. (For example, we can consider just one
gravitating mass and place the origin of a reference frame on
it.)That is, we disregard the spatial velocities of the gravitating
masses.

In the weak-field approximation, the perturbed metric
components can be written in the following form:

𝑔𝑀𝑁 ≈ 𝑔𝑀𝑁 + ℎ𝑀𝑁, 𝑔
𝑀𝑁
≈ 𝑔
𝑀𝑁
− ℎ
𝑀𝑁
, (6)

where ℎ𝑀𝑁 ∼ 𝑂(1/𝑐
2
) and ℎ𝑁

𝑀
≡ 𝑔
𝑁𝑇
ℎ𝑀𝑇. Hereafter, the

“hats” denote the unperturbed quantities. For example, the
metric coefficients in (3)–(5) are already perturbed quantities.

To get the metric correction terms, we should solve
(in the corresponding order) the multidimensional Einstein
equation

𝑅𝑀𝑁 =
2𝑆𝐷𝐺D

𝑐4
[𝑇𝑀𝑁 −

1

𝐷 − 1
𝑇𝑔𝑀𝑁] ,

(7)

where 𝑆𝐷 = 2𝜋
𝐷/2
/Γ(𝐷/2) is the total solid angle (the surface

area of the (𝐷 − 1)-dimensional sphere of the unit radius)
and 𝐺D is the gravitational constant in the (D = 𝐷 + 1)-
dimensional spacetime. For our model and up to the𝑂(1/𝑐2)
terms, the Einstein equation (7) is reduced to the following
system of equations (see [11] for details):

𝑅00 [𝑔
(D)
] ≈ −

1

2
∇̂
�̃�
∇̂
�̃�
ℎ00 =

2𝑆𝐷𝐺D

𝑐2
(
𝐷 − 2 + 𝜔𝑑

𝐷 − 1
)𝜌,

�̃� = 1, 2, . . . , 𝐷,

(8)

𝑅𝜇]̃ [𝑔
(D)
] ≈ −

1

2
∇̂
�̃�
∇̂
�̃�
ℎ𝜇]̃ =

2𝑆𝐷𝐺D

𝑐2
(
1 − 𝜔𝑑

𝐷 − 1
)𝜌𝛿𝜇]̃,

𝜇, ]̃ = 1, 2, 3,

(9)

𝑅𝑚𝑛 [𝑔
(D)
] ≈ −

1

2
∇̂
�̃�
∇̂
�̃�
ℎ𝑚𝑛

= −
2𝑆𝐷𝐺D

𝑐2
(
𝜔 (𝐷 − 1) + 1 − 𝜔𝑑

𝐷 − 1
)𝜌𝑔𝑚𝑛,

(10)

where the Ricci-tensor components 𝑅𝑀𝑁[𝑔
(D)
] are deter-

mined by (A.11).
Obviously, the solution of this system is determined by

the rest-mass density 𝜌(𝑋). Let us suppose, for example,
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that the physically reasonable solution ℎ00(𝑋) of (8) exists.
(The exact form of such solution depends on the topology
of the internal space. For example, in the case of toroidal
internal spaces with the periodic boundary conditions in
the directions of the extra dimensions, the corresponding
solutions can be found in [13, 14].However, aswewill see later,
the exact form of 𝐷-dimensional solutions is not important
for our purpose. A similar situation took place in our paper
[15] where this point was discussed in detail after Equation
(2.56).) Then, we can write it in the form

ℎ00 (𝑋) ≡
2𝜑 (𝑋)

𝑐2
. (11)

It is clear that the function 𝜑(𝑋) describes the nonrela-
tivistic gravitational potential created by the system ofmasses
with the rest-mass density (5). From (9) and (10) we get

ℎ𝜇 ]̃ =
1 − 𝜔𝑑

𝐷 − 2 + 𝜔𝑑
ℎ00𝛿𝜇 ]̃,

ℎ𝑚𝑛 = −
𝜔 (𝐷 − 1) + 1 − 𝜔𝑑

𝐷 − 2 + 𝜔𝑑
ℎ00𝑔𝑚𝑛.

(12)

It is worth noting that now we can easily determine (via
the gravitational potential 𝜑(𝑋)) the functions 𝜉1, 𝜉2, and 𝜉3
introduced in (A.10).

It is well known (see, e.g., [16]) that, to be in agreement
with the gravitational tests (the deflection of light and the
Shapiro time-delay experiment) at the same level of accuracy
as general relativity, the metric correction terms should
satisfy the equalities

ℎ00 = ℎ11 = ℎ22 = ℎ33. (13)

This results in the black string/brane condition [17, 18]:

𝜔 = −
1

2
. (14)

Thus, to be in agreement with observations, this parame-
ter should not be negligibly small; that is, 𝜔 ∼ 𝑂(1).

The solutions (11)-(12) should satisfy the gauge condition
(A.7). Taking into account that ℎ = 𝑔𝑀𝑁ℎ𝑀𝑁 = [2(𝜔𝑑 −
1)/(𝐷 − 2 + 𝜔𝑑)]ℎ00, we can easily get that for 𝑁 = ] (] =
0, 1, 2, 3) this condition is automatically satisfied. However, in
the case𝑁 = 𝑛 (𝑛 = 4, 5, . . . , 𝐷) we arrive at the condition

∇̂𝐿𝑔
𝐿𝑇
ℎ𝑇𝑛 −

1

2
𝜕𝑛ℎ = −

𝜔 (𝐷 − 1)

𝐷 − 2 + 𝜔𝑑
𝜕𝑛ℎ00 = 0. (15)

Because 𝜔 ̸=0, to satisfy this equation, we must demand that

𝜕𝑛ℎ00 =
2

𝑐2
𝜕𝑛𝜑 (𝑋) = 0. (16)

Hence, the gravitational potential is the function of the
spatial coordinates of the external/our space: 𝜑(𝑋) = 𝜑(𝑥).
Obviously, it takes place only if the rest-mass density also
depends only on the spatial coordinates of the external space:
𝜌(𝑋) = 𝜌(𝑥). In other words, the gravitating masses should

be uniformly smeared over the internal space. In short, we
usually call such internal spaces “smeared” extra dimensions.

This conclusion has the following important effect. Sup-
pose that we have solved for the considered particle amultidi-
mensional quantumSchrödinger equation and found itswave
function Ψ(𝑋). In general, this function depends on all
spatial coordinates 𝑋 = (𝑥, 𝑦), and we can expand it in
appropriate eigenfunctions of the compact internal space,
that is, in the Kaluza-Klein (KK) modes. The ground state
corresponds to the absence of these particles. In this state the
wave function may depend only on the coordinates 𝑥 of the
external space.The classical rest-mass density is proportional
to the probability density |Ψ|2. Therefore, the demand that
the rest-mass density depends only on the coordinates of the
external space means that the particle can be only in the
ground quantum state, and KK excitations are absent. This
looks very unnatural from the viewpoint of quantum and
statistical physics.

3. Metric Components

Now, we want to get the expression for the metrics up to 1/𝑐2
terms. Since 𝑥0 = 𝑐𝑡, the component 𝑔00 should be calculated
up to 𝑂(1/𝑐4):

𝑔00 ≈ 𝜂00 + ℎ00 + 𝑓00, (17)

where ℎ00 ∼ 𝑂(1/𝑐
2
) and 𝑓00 ∼ 𝑂(1/𝑐

4
). For the rest metric

coefficients, we still have (6): 𝑔
�̃��̃�
≈ 𝑔
�̃��̃�
+ ℎ
�̃��̃�

, ℎ
�̃��̃�
∼

𝑂(1/𝑐
2
). We recall that we consider the steady-state case:

𝑔
0�̃�
= 0.
According to the results of the previous section, the

gravitating masses are uniformly smeared over the internal
space. Therefore, the rest-mass density (5) now reads

𝜌 =
1

𝑉𝑑

𝑁

∑

𝑝=1

𝑚𝑝

𝛿 (x̃ − x̃𝑝)

√−𝑔(4)
=
1

𝑉𝑑

3

√−𝑔(4)
, (18)

where 𝑉𝑑 = ∫M𝑑 𝑑
𝑑
𝑦√|𝑔(𝑑)| is the volume of the internal

space and

3 (𝑥) ≡

𝑁

∑

𝑝=1

𝑚𝑝𝛿 (x̃ − x̃𝑝) . (19)

Here, x̃ is a three-dimensional radius vector in the external
space. Additionally, it is clear that all prefactors 𝜉1, 𝜉2, and 𝜉3
in (A.10) are also functions of the external spatial coordinates
𝑥. For convenience, we redetermine the function 𝜉3 : 𝜉3(𝑥) ≡
𝛼(𝑥). Then, ℎ𝑚𝑛(𝑥, 𝑦) = 𝛼(𝑥)𝑔𝑚𝑛(𝑦), where 𝛼(𝑥) ∼ 𝑂(1/𝑐

2
).

To get the metric correction terms, we should solve the
Einstein equation (7). First, we consider the 𝑂(1/𝑐2) terms
ℎ𝑀𝑁. These terms satisfy the system (8)–(10), where we must
perform the following replacements: 𝜌 → 3/�̂�𝑑, where �̂�𝑑 =
∫
M𝑑
𝑑
𝑑
𝑦√|𝑔(𝑑)| is the volume of the unperturbed internal
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space and −∇̂
�̃�
∇̂
�̃�
→ Δ = 𝛿

𝜇]̃
𝜕
2
/𝜕𝑥
𝜇
𝜕𝑥

]̃. Introducing the
definition ℎ00 ≡ 2𝜑/𝑐

2, we can easily get from this system

𝜑 = −𝐺𝑁

𝑁

∑

𝑝=1

𝑚𝑝

x̃ − x̃𝑝



, (20)

where

𝐺𝑁 =
𝑆𝐷 (𝐷 − 2 + 𝜔𝑑)

2𝜋�̂�𝑑 (𝐷 − 1)
𝐺D (21)

is theNewtonian gravitational constant and𝜑(𝑥) is the nonre-
lativistic gravitational potential created by 𝑁 masses. At the
same time

ℎ𝜇 ]̃ =
1 − 𝜔𝑑

𝐷 − 2 + 𝜔𝑑
ℎ00𝛿𝜇 ]̃,

ℎ𝑚𝑛 (𝑥, 𝑦) = 𝛼 (𝑥) 𝑔𝑚𝑛 (𝑦) ,

𝛼 = −
𝜔 (𝐷 − 1) + 1 − 𝜔𝑑

𝐷 − 2 + 𝜔𝑑
ℎ00.

(22)

Now, we intend to determine the 𝑓00 ∼ 𝑂(1/𝑐
4
) correc-

tion term. Obviously, to do it, we need to solve only the 00-
component of the Einstein equation (7). Keeping in mind the
prefactor 1/𝑐4 in the right hand side of (7), it is clear that
the energy-momentum tensor component 𝑇00 and the trace
𝑇 must be determined up to 𝑂(1). Therefore, similar to the
paper [11], we get

𝑇00 ≈
3𝑐
2

�̂�𝑑

[1 +
3𝐷 − 4 + 𝜔𝑑

2 (𝐷 − 2 + 𝜔𝑑)
ℎ00] ,

𝑇 ≈
3𝑐
2

�̂�𝑑

[1 +
𝐷 − 𝜔𝑑

2 (𝐷 − 2 + 𝜔𝑑)
ℎ00] (1 − 𝜔𝑑) .

(23)

To get the Ricci-tensor component 𝑅00 up to 𝑂(1/𝑐4), we
can use (B.2) and Equations (2.29), (2.38) and (2.39) in [15]
and arrive at the following formula:

𝑅00 ≈
1

2
Δ(𝑓00 −

2

𝑐4
𝜑
2
) +
1

𝑐2
Δ𝜑

+
𝐷 − 1

𝐷 − 2 + 𝜔𝑑

2

𝑐4
𝜑Δ𝜑,

(24)

where Δ = 𝛿𝜇]̃𝜕2/𝜕𝑥𝜇𝜕𝑥]̃ is the 3-dimensional Laplace oper-
ator. Therefore, the 00-component of the Einstein equation
reads

1

2
Δ(𝑓00 −

2

𝑐4
𝜑
2
) =
1

𝑐4
𝜑Δ𝜑

=
4𝜋𝐺𝑁

𝑐4

𝑁

∑

𝑝=1

𝑚𝑝𝜑

(x̃𝑝) 𝛿 (x̃ − x̃𝑝) ,

(25)

where we used the equation Δ𝜑 = 4𝜋𝐺𝑁∑
𝑁

𝑝=1
𝑚𝑝𝛿(x̃ − x̃𝑝).

The function 𝜑(x̃𝑝) is the potential of the gravitational field

at a point with the radius vector x𝑝 produced by all particles,
except the 𝑝th:

𝜑

(x̃𝑝) = ∑

𝑞 ̸=𝑝

𝜑𝑞 (x̃𝑝 − x̃𝑞) ,

Δ𝜑𝑝 (x̃ − x̃𝑝) = 4𝜋𝐺𝑁𝑚𝑝𝛿 (x̃ − x̃𝑝) .
(26)

Therefore, the solution of (25) is

𝑓00 (x̃) =
2

𝑐4
𝜑
2
(x̃) + 2

𝑐4

𝑁

∑

𝑝=1

𝜑𝑝 (x̃ − x̃𝑝) 𝜑

(x̃𝑝) . (27)

Obviously, in the case of the toroidal internal space,
this section reproduces the results of our paper [11]. The
found metric correction terms enable us to calculate the
gravitational tests (the deflection of light, the time-delay of
the radar echoes, and the perihelion advance) in full analogy
with the paper [18].

4. Conclusion

In our paper, we have studied the multidimensional KK
model with the Ricci-flat internal space. Such models are
of special interest because Calabi-Yau manifolds, which are
widely used in the superstring theory [10], belong to this class.
In the absence of matter sources, the background manifold is
a direct product of the four-dimensional Minkowski space-
time and the Ricci-flat internal space. Then, we perturbed
this background metrics by a system of gravitating masses,
for example, astrophysical objects such as our Sun. It is well
known that pressure inside these objects is much less than
the energy density. Therefore, we supposed that gravitating
masses are pressureless in the external space. However,
they may have relativistic pressure in the internal space.
Moreover, the presence of such pressure is the necessary
condition for agreement with the gravitational tests (the
deflection of light, the time-delay of the radar echoes, and the
perihelion advance) [16–18]. We clearly demonstrated that
metric perturbations do not depend on the coordinates of the
internal space and gravitating masses are uniformly smeared
over the internal space. This means, first, that KK modes
corresponding to the metric fluctuations are absent and,
second, the particles corresponding to the gravitating masses
should be only in the ground quantum state with respect
to the internal space. Of course, it looks very unnatural.
According to statistical physics, any nonzero temperature
should result in fluctuations, that is, in KK modes. On the
other hand, the conclusion about the absence of KK particles
is consistent with the results of [19, 20], where a mechanism
for the symmetries formation of the internal spaces was
proposed. According to this mechanism, due to the entropy
decreasing in the compact subspace, its metric undergoes
the process of symmetrization during some time after its
quantum nucleation. A high symmetry of internal spaces
actually means suppression of the extra degrees of freedom.

We also obtained the formulae for the metric correction
terms. For the 00-component, we got it up to 𝑂(1/𝑐4). We
found other components up to 𝑂(1/𝑐2). This enables us to
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calculate the gravitational tests: the deflection of light, the
time-delay of the radar echoes, and the perihelion advance.
It also gives a possibility to construct the Lagrange function
for the considered many-body system (see, e.g., [11]).

Appendices

A. Ricci Tensor in the Weak-Field
Approximation

In our paper we use the signature of the metrics (+, −, −,
−, . . .) and determine the Ricci-tensor components as follows:

𝑅𝑀𝑁 ≡ 𝑅
𝑆

𝑀𝑆𝑁
= 𝜕𝐿Γ

𝐿

𝑀𝑁
− 𝜕𝑁Γ

𝐿

𝑀𝐿
+ Γ
𝐿

𝑀𝑁
Γ
𝑆

𝐿𝑆
− Γ
𝑆

𝑀𝐿
Γ
𝐿

𝑁𝑆
,

(A.1)

where the Christoffel symbols are

Γ
𝐿

𝑀𝑁
=
1

2
𝑔
𝐿𝑇
(−𝜕𝑇𝑔𝑀𝑁 + 𝜕𝑀𝑔𝑁𝑇 + 𝜕𝑁𝑔𝑀𝑇) ,

𝑀,𝑁, 𝐿, . . . = 0, 1, 2, . . . , 𝐷.

(A.2)

The metrics 𝑔(D)
𝑀𝑁
≡ 𝑔𝑀𝑁 is determined on (D = 1 + 𝐷)-

dimensional manifoldMD.
Now, we suppose that the metric coefficients 𝑔𝑀𝑁 cor-

respond to the perturbed metrics, and in the weak-field
approximation they can be decomposed as

𝑔𝑀𝑁 ≈ 𝑔𝑀𝑁 + ℎ𝑀𝑁, 𝑔
𝑀𝑁
≈ 𝑔
𝑀𝑁
− ℎ
𝑀𝑁
, (A.3)

where 𝑔𝑀𝑁 is the background unperturbed metrics and the
metric perturbations ℎ𝑀𝑁 ∼ 𝑂(1/𝑐

2
) (𝑐 is the speed of

light). As usual, ℎ𝑁
𝑀
≡ 𝑔
𝑁𝑇
ℎ𝑇𝑀. Here and after, the “hats”

denote unperturbed quantities. Then, up to linear terms ℎ,
the Christoffel symbols read

Γ
𝐿

𝑀𝑁
≈ Γ̂
𝐿

𝑀𝑁
+
1

2
𝑔
𝐿𝑇
[−𝜕𝑇ℎ𝑀𝑁 + (𝜕𝑀ℎ𝑁𝑇 − Γ̂

𝑃

𝑀𝑁
ℎ𝑃𝑇)

+ (𝜕𝑁ℎ𝑀𝑇 − Γ̂
𝑃

𝑁𝑀
ℎ𝑃𝑇)]

= Γ̂
𝐿

𝑀𝑁
+
1

2
𝑔
𝐿𝑇
[−∇̂𝑇ℎ𝑀𝑁 + ∇̂𝑀ℎ𝑁𝑇 + ∇̂𝑁ℎ𝑀𝑇] ,

(A.4)

and for the Ricci tensor we get

𝑅𝑀𝑁 ≈ �̂�𝑀𝑁 +
1

2
(−∇̂𝐿∇̂

𝐿
ℎ𝑀𝑁 + 𝑄𝑀𝑁) , (A.5)

where we introduced a new tensor:

𝑄𝑀𝑁 ≡ ∇̂𝐿∇̂𝑀ℎ
𝐿

𝑁
+ ∇̂𝐿∇̂𝑁ℎ

𝐿

𝑀
− ∇̂𝑁∇̂𝑀ℎ

𝐿

𝐿

= [∇̂𝑀 (∇̂𝐿ℎ
𝐿

𝑁
−
1

2
𝜕𝑁ℎ
𝐿

𝐿
) + ∇̂𝑁 (∇̂𝐿ℎ

𝐿

𝑀
−
1

2
𝜕𝑀ℎ
𝐿

𝐿
)]

− (�̂�
𝐿

𝑁𝑃𝑀
+ �̂�
𝐿

𝑀𝑃𝑁
) ℎ
𝑃

𝐿
+ �̂�𝑃𝑀ℎ

𝑃

𝑁
+ �̂�𝑃𝑁ℎ

𝑃

𝑀
.

(A.6)

To get the last expression, we used the relation (91.8) in
[12].Thegauge conditions (see, e.g., the paragraph 105 in [12])

∇̂𝐿ℎ
𝐿

𝑁
−
1

2
𝜕𝑁ℎ
𝐿

𝐿
= 0 (A.7)

simplify considerably this expression:

𝑄𝑀𝑁 = − (�̂�
𝐿

𝑁𝑃𝑀
+ �̂�
𝐿

𝑀𝑃𝑁
) ℎ
𝑃

𝐿
+ �̂�𝑃𝑀ℎ

𝑃

𝑁
+ �̂�𝑃𝑁ℎ

𝑃

𝑀
. (A.8)

Now, we suppose that the manifold MD is a product
manifoldMD =M4×M𝑑 with a block-diagonal background
metrics of the form (1). However, in this appendix we do not
assume that the internal manifoldM𝑑 is a Ricci-flat one. For
the metrics (1) and an arbitrary internal space M𝑑, the only
nonzero components of the Riemann tensor �̂�𝐿𝑁𝑀𝑃[𝑔

(D)
]

and the Ricci tensor �̂�𝑁𝑀[𝑔
(D)
] are

�̂�𝑙𝑛𝑚𝑝 [𝑔
(D)
] = �̂�𝑙𝑛𝑚𝑝 [𝑔

(𝑑)
] ,

�̂�𝑚𝑛 [𝑔
(D)
] = �̂�𝑚𝑛 [𝑔

(𝑑)
] .

(A.9)

Typically, the matter, which perturbs the background
metrics, is taken in the form of a perfect fluid with isotropic
pressure. In the case of the product manifold, the pressure
is isotropic in each factor manifold (see, e.g., the energy-
momentum tensor (3)). Obviously, such perturbation does
not change the topology of the model, for example, the
topologies of the factor manifolds in the case of the product
manifold. Additionally, it preserves also the block-diagonal
structure of the metric tensor. In the case of a steady-state
model (our case) the nondiagonal perturbations ℎ

0�̃�
(�̃� =

1, 2, 3, . . . , 𝐷) are also absent.Therefore, themetric correction
terms are conformal to the background metrics:

ℎ00 = 𝜉1𝑔
(D)
00
= 𝜉1𝜂00,

ℎ𝜇]̃ = 𝜉2𝑔
(D)

𝜇]̃ = −𝜉2𝛿𝜇]̃, 𝜇, ]̃ = 1, 2, 3,

ℎ𝑚𝑛 = 𝜉3𝑔
(D)
𝑚𝑛
= 𝜉3𝑔

(𝑑)

𝑚𝑛
,

(A.10)

where 𝜉1,2,3 are some scalar functions of all spatial coordinates
𝑋. It can be easily verified that under these conditions (it is
worth noting that, as it follows from (A.8),𝑄𝑀𝑁 is also equal
to zero when the following condition holds: �̂�𝐿

𝑁𝑃𝑀
= −�̂�
𝐿

𝑀𝑃𝑁
,

resulting in the Ricci-flat space �̂�𝑀𝑁 = 0 (but not vice versa))
the tensor𝑄𝑀𝑁 in (A.8) is equal to zero:𝑄𝑀𝑁 = 0.Therefore,
up to 𝑂(1/𝑐2) terms, we get

𝑅𝑀𝑁 [𝑔
(D)
] ≈ �̂�𝑀𝑁 [𝑔

(D)
] −
1

2
∇̂𝐿∇̂
𝐿
ℎ𝑀𝑁

= �̂�𝑀𝑁 [𝑔
(D)
] −
1

2
∇̂
�̃�
∇̂
�̃�
ℎ𝑀𝑁 + 𝑜 (

1

𝑐2
) ,

(A.11)

where �̃� = 1, 2, . . . , 𝐷 and we took into account that𝑋0 = 𝑐𝑡.

B. Ricci Tensor for a Block-Diagonal Metrics

In this appendix we consider a block-diagonal metrics:

[𝑔
(D)
𝑀𝑁
(𝑥, 𝑦)] = [𝑔

(𝑑1)

𝜇] (𝑥)] ⊕ [𝑔
(𝑑2)

𝑚𝑛
(𝑥, 𝑦)]

= [𝑔
(𝑑1)

𝜇] (𝑥)] ⊕ [𝑒
𝛼(𝑥)
𝑔
(𝑑2)

𝑚𝑛
(𝑦)] .

(B.1)
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Then, for the Ricci-tensor components we get the follow-
ing expressions:

𝑅𝜇] [𝑔𝑀𝑁] = 𝑅𝜇] [𝑔
(𝑑1)

𝜆𝜏
] −
𝑑2

2
[∇
(𝑑1)

𝜇
(𝜕]𝛼) +

1

2
(𝜕𝜇𝛼) (𝜕]𝛼)],

(B.2)

𝑅𝑚] [𝑔𝑀𝑁] = 0, (B.3)

𝑅𝑚𝑛 [𝑔𝑀𝑁] = 𝑅𝑚𝑛 [𝑔
(𝑑2)

𝑘𝑙
] −
1

2
𝑒
𝛼(𝑥)
𝑔
(𝑑2)

𝑚𝑛
𝑔
(𝑑1)𝜆𝜏

× [∇
(𝑑1)

𝜆
(𝜕𝜏𝛼) +

𝑑2

2
(𝜕𝜆𝛼) (𝜕𝜏𝛼)] .

(B.4)
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2 Departamento de Fı́sica, Facultad de Ciencias, Universidad de Chile, Santiago, Chile
3 Centro de Recursos Educativos Avanzados (CREA), Santiago, Chile
4 Instituto de Fı́sica, Pontificia Universidad Católica de Chile, Avenida Vicuña Mackenna 4860,
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Working with the assumption of nonzero photonmass and a trajectory that is described by the nongeodesic world line of a spinning
top we find, by deriving new astrophysical bounds, that this assumption is in contradiction with current experimental results. This
yields the conclusion that such photons have to be exactly massless.

1. Introduction

Although there are good theoretical reasons to believe that
the photon mass should be exactly zero, there is no exper-
imental proof of this belief. A long series of very different
experiments lead to the current experimental upper bound
on the photon mass 𝑚𝛾 < 10

−18 eV. However, even with
further improvement of the experimental technology and
precision a complete exclusion of a nonzero photon mass by
those techniques will never be possible. In order to improve
on this situation we will work with the assumption that
the photon mass is different from zero 𝑚𝛾 ̸= 0. We will not
speculate on the origin of this mass and its underlying theory.
In the simplest case, such a photonwill be described by awave
equation of the Proca type. For waves describing massless
particles with spin, it is well understood, in the eikonal
approximation, how the propagating wave can be treated as
geometric path that minimizes a Lagrangian described by the
length

𝑔𝜇]𝑢
𝜇
𝑢
]
= 𝑢
2
, (1)

where 𝑢𝜇 = ̇𝑥
𝜇. As soon as mass and rotational degrees of

free-dom (𝑚2,𝜎𝜇]) are involved, it is natural to assume that,
in the eikonal approximation, the resulting geometric action

also involves the invariant functions of the corresponding
additional degrees of freedom:

𝑔𝜇]𝑔𝛼𝛽𝜎
𝛼𝜇
𝜎
]𝛽
= tr𝜎2,

𝑔𝜇]𝑔𝛼𝛽𝑔𝛾𝛿𝑢
𝜇
𝜎
]𝛼
𝜎
𝛽𝛾
𝑢
𝛿
= 𝑢𝜎𝜎𝑢,

𝑔𝜇]𝑔𝜌𝜏𝑔𝛼𝛽𝑔𝛾𝛿𝜎
𝛿𝜇
𝜎
]𝜌
𝜎
𝜏𝛼
𝜎
𝛽𝛾
= tr𝜎4.

(2)

This generic approach to the geometric action which includes
spin and mass was developed and discussed in the context of
a spinning top, a point on a world line to which a rotating
frame has been attached [1–10]. The resulting equations of
motion do not depend on the particular form in which the
Lagrangian terms (1, 2) are combined. This formulation and
the corresponding equations of motion can also be derived
as consistent eikonal limit as quantum field theory in curved
space-time. This has been shown independently for spin one
half [11, 12], for spin one [13, 14], and for spin three half [15, 16].

Exact solutions to those equations coupled to gravity
via the metric 𝑔𝜇] show that spinning tops without mass
follow geodesics, while massive spinning tops have different
trajectories. Further implications and discussions of the
spinning top approach can be found in [17–22].
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2. Astrophysical Bound

Asmaster equation for the trajectory ofmassive particles with
spin we use the solution of the spinning top equations in a
Schwarzschild background [5, 6, 9, 10]:

𝑑𝜙

𝑑𝑟
= (

2𝜂 + 1

𝜂 − 1
)(

𝑃𝜙

𝑟2𝑃𝑟
) , (3)

where one has to insert the following definitions:

𝜂 =
𝐽
2
𝑟0

2𝑚2
𝛾
𝑐2𝑟3

, (4)

where 𝐽 = ℎ is the photon spin. For a given angular momen-
tum 𝑗, the momenta are

𝑃𝜙 =
−𝑗 + (±𝜙) 𝐸𝐽/ (𝑚𝛾𝑐

2
)

1 − 𝜂
,

𝑃𝑡 =
𝐸 − (±𝑡) 𝑗𝐽𝑟0/ (2𝑚𝛾𝑟

3
)

1 − 𝜂
,

𝑃
𝑟
= ±[

𝑃
2

𝑡

𝑐2
− (

𝑃
2

𝜙

𝑟2
+ 𝑚
2
𝑐
2
)(1 −

𝑟0

𝑟
)]

1/2

.

(5)

The orientation of this problem is chosen such that the angle
𝜃 = 𝜋/2 is constant along the trajectories, which implies that

𝑃𝜃 = 0. (6)

The solution is such that ±𝜙 = ±𝑡 and 𝑃𝜇𝑃
𝜇
= 𝑚
2

𝛾
𝑐
2 are ful-

filled.
For small spin corrections and large radii one can approx-

imate

(
𝑑𝑟

𝑑𝜙
)

2

= 𝑟
4
(
1

𝑗2
+ (±𝜙)

2ℎ

𝑐𝑗3𝑚𝛾

) − 𝑟
2
+ 𝑟𝑟0 (1 −

(±𝑡) ℎ

𝑐𝑗𝑚𝛾

) .

(7)

In this equation one can easily verify that for spinless case
(ℎ → 0), the geodesic trajectory is recovered. One can
express the angular momentum 𝑗 in terms of the minimal
radial distance 𝑟𝑚:

𝑗 =
2𝑐𝐸ℎ𝑚 ± (3𝑟0 − 2𝑟𝑚) 𝑟

4

𝑚

𝑐ℎ2𝑟2
0
𝑟𝑚 + 4𝑐

3𝑚2 (𝑟0 − 𝑟𝑚) 𝑟
4
𝑚

+ 2√𝑟𝑚 (𝑟𝑚 − 𝑟0)

⋅

√𝐸2ℎ4𝑟2
0
𝑟4
𝑚
+ 4𝑐8𝑚6 (𝑟0 − 𝑟𝑚) 𝑟

9
𝑚
+ 𝑐6ℎ2𝑚4𝑟0𝑟

6
𝑚
(4𝑟𝑚 − 3𝑟0) + 𝑐

2ℎ2𝑟0 (ℎ
4𝑟
3

0
/4 − 4𝐸2𝑚2𝑟7

𝑚
) + 𝑐4𝑚2𝑟3

𝑚
(4𝐸2𝑚2𝑟7

𝑚
− ℎ4𝑟2
0
𝑟𝑚)

𝑐ℎ2𝑟2
0
𝑟𝑚 + 4𝑐

3𝑚2 (𝑟0 − 𝑟𝑚) 𝑟
4
𝑚

.

(8)

Due to the steep behavior of 𝑑𝜙/𝑑𝑟 at the minimal radius
𝑟𝑚 one has to use (8), since one cannot rely a priori on the
approximate value 𝑗 ≈ 𝑟3/2

𝑚
/√𝑟𝑚 − 𝑟0.

Due to the involved form of (8), the complete angular
deviation has to be computed essentially numerically, as it was
done here. In order to gain a better intuition of the numerical
results one can however do approximations and expansions
for small ℎ,𝑚𝑐2/𝐸, and 𝑟0/𝑟𝑚 as follows:

Δ𝜙 = 2(∫

∞

𝑟𝑚

(
𝑑𝜙

𝑑𝑟
) 𝑑𝑟) − 𝜋 ≈ 2

𝑟0

𝑟𝑚

(1 +
ℎ

𝑟𝑚𝑐𝑚𝛾

) , (9)

where ±𝑡 = −1 and ±𝜙 = 1 were used. One observes that the
standard result 2𝑟0/𝑟𝑚 is modified by a spin-dependent cor-
rection. In order to be in agreement with the experimentally
well confirmed gravitational lensing effect, this dimensionless
modification has to be much smaller than one:

1 ≫ Δ 𝐽 ≈
ℎ

𝑟𝑚𝑐𝑚𝛾

. (10)

This modification is inversely proportional to the photon
mass𝑚𝛾. This inverse proportionality implies that practically
no deviations from the usual trajectories are observable
for massive standard model particles. Please note that this
nonperturbative feature in 𝑚𝛾 is also known from theories
of massive gravity where the limit 𝑚𝑔 → 0 does not give
standard gravity where the graviton was massless right from
the start 𝑚𝑔 = 0. Further similarities to massive gravity have
been recently discussed in [23]. It is further interesting to
note that Δ 𝐽 actually increases the usual angular deflection.
However, a deviation from the geodesic bending of light has
been excluded to high precision [24]. Thus, relation (10) can
be interpreted as an estimate for the numerical lower photon
mass limit:

𝑚𝛾 ≫
ℎ

𝑟𝑚𝑐
≈ 3 × 10

−16 eV/𝑐2. (11)

In Figure 1 we compare this estimate to the observed value
[25, 26] and to the precise numerical results by using the solar
radius 𝑟𝑚 = 6.96 × 10

8m, the solar Schwarzschild radius 𝑟0 =
2964m, and photon energy of 𝐸 = 1 eV.
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m (eV)

3.0

2.0

1.5

Δ
𝜙
(
)

1 × 10−16 5 × 10−161 × 10−15 5 × 10−151 × 10−14 5 × 10−14

Figure 1: Numerical results for the angular deviation Δ𝜙 as a
function of 𝑚

𝛾
. The horizontal lines represent a conservative range

for the measured gravitational lensing by the sun [25]. Please note
that this range can be largely improved bymeasurements using radio
astronomy [24, 26]. The red line is the numerical value for both
configurations of ±

𝜙
= ±
𝑡
. The black dotted line is the analytic

estimate (9). The vertical line is the deduced minimal value for 𝑚
𝛾

given in (12).

One finds that the estimated deviation is in very good
agreement with the lower numerical result. By using conser-
vative exclusion ranges for Δ𝜙 one can read from the figure a
more precise limit:

𝑚𝛾 > 1.1 × 10
−15 eV/𝑐2. (12)

The lower limit (12) can be combined with the upper limit
for a photon mass from the Particle Data Group [27]; 𝑚𝛾 <
10
−18 eV/𝑐2. Some of the limits in the PDG tables [27] are

however derived by assuming a spinless coupling of the
photon to gravity and to matter. But this might not be true.
When deriving the limit (12), we found that the gravitational
coupling of the massive particles with spin is different from a
spinless or massless coupling. Thus, out of the limits in [27]
only those can be applied straightforwardly, where the grav-
itational coupling is not relevant. For example, results from
laboratory experiments that do not involve astrophysical or
gravitational components [28–34] can be used directly. Also
results from other experiments that do involve astrophysical
components but where the actual trajectory of the photon
does not play any role [35–45] should be applicable, but a
sound revision is in order. Nevertheless, the bounds on 𝑚𝛾
from some experiments are not directly applicable because
they are not sufficiently general [46–48] or because they
make explicit use of the photon trajectory in a gravitational
field [34, 49–52] (note that those experimental references
are ordered by the strength of their respective bounds on
𝑚𝛾).The experimental bounds that are directly applicable are
𝑚𝛾 < {1.2 × 10

−18 eV/𝑐2 [28, 29], 5.6 × 10
−17 eV/𝑐2 [30],

1×10
−14 eV/𝑐2 [31], 4.5×10−10 eV/𝑐2 [32, 33], 1.6×10−4 eV/𝑐2

[34]}.
Thus, three of the applicable experimental limits [31–

34], combined with the limit (12), leave only a window for

the photon mass. However, if one refers only to the more
stringent upper limits on𝑚𝛾 [28–30] one finds

𝑚𝛾 < {1.2 × 10
−18 eV/𝑐2, 5.6 × 10−17 eV/𝑐2} , (13)

which is in clear contradiction to (12).Therefore, one can con-
clude that confronting the assumption of a nonzero photon
mass with an astrophysical lower bound and the established
upper bounds excludes the existence of any photon mass.
Thus, the photon, if it is actually correctly described by the
model that is discussed throughout this paper, has to be
massless right from the start:

𝑚𝛾 = 0. (14)

At this point, another word of caution is at place: when
combining bounds that arise from different descriptions, as
it was done here when combining the bounds from a geo-
metrical description (12) with bounds that arise from a wave
description (13), one might end up comparing parameters
of different models. Even within the upper bounds obtained
from wave descriptions of the massive photons there exist
problems of generality, which imply that bounds that were
observed for one model of 𝑚𝛾 do not apply to other models
of𝑚𝛾 [27].

Thus, despite of the generality of the geometric equations
of motion, the criterion of applicability that was used here
can be made more precise by explicitly deriving specific
geometrical equations as eikonal limit of a particular wave
model of photon mass, as it was done in [14, 53]. A useful
guiding tool for anticipating those results might be the
peculiar noncontinuous behavior in the 𝑚𝛾 → 0 limit of
the geometric description, as it appears in (10). For example
for the wave descriptions of 𝑚𝛾 that use the Proca equations
[54], it has been shown that the limit 𝑚𝛾 → 0 converges
to Maxwell’s theory only if one demands 𝜕𝜇𝐴

𝜇
= 0 [55–

60]. On the other hand, the same limit for Proca equations
with 𝜕𝜇𝐴

𝜇
̸= 0 does not lead continuously toMaxwell’s theory

[61, 62]. The corresponding geometrical descriptions in the
eikonal limit are expected to have an analogous behavior in
the 𝑚𝛾 → 0 limit as their counterpart in the wave de-
scription. However, the eikonal limit of Maxwell’s theory is
described by the usual geodesics.Therefore, onemight expect
that the limit (12) could only apply to Proca mass models
with 𝜕𝜇𝐴

𝜇
̸= 0 and not to Proca mass models with 𝜕𝜇𝐴

𝜇
= 0.

However, this argument does not disqualify the applicability
of the geometric approximation (2) a priori. For example, in
[61] it has been shown that although the longitudinal modes
of the Proca equation (even with 𝜕𝜇𝐴

𝜇
= 0) decouple from

matter for𝑚𝛾 → 0 in flat space-times, the coupling to gravity
of those modes does not vanish in this limit.

3. Discussion and Conclusion

Under the assumption that the trajectory of a photon can
be described by the world line of a top with one spin, it
was shown that such a photon has to have either zero mass
𝑚𝛾 = 0 or a minimal nonzero mass 𝑚𝛾 > 1.1 × 10

−15 eV/𝑐2.
This new phenomenological bound is the main result of this
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paper. If one further imposes an agreement with the observed
gravitational light bending by the sun [24–26] one finds that
when combining those results with the experimental bounds
from laboratory experiments such as𝑚𝛾 < 5.6 × 10

−17 eV/𝑐2
[28–30], in this theoretical framework, there is no room for a
photon mass different from zero.
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In the presence of aminimal length, physical objects cannot collapse to an infinite density, singular, matter point. In this paper, we
consider the possible final stage of the gravitational collapse of “thick” matter layers. The energy momentum tensor we choose to
model these shell-like objects is a proper modification of the source for “noncommutative geometry inspired,” regular black holes.
By using higher momenta of Gaussian distribution to localize matter at finite distance from the origin, we obtain new solutions of
the Einstein equation which smoothly interpolates between Minkowski’s geometry near the center of the shell and Schwarzschild’s
spacetime far away from the matter layer. The metric is curvature singularity free. Black hole type solutions exist only for “heavy”
shells; that is,𝑀 ≥ 𝑀

𝑒
, where𝑀

𝑒
is themass of the extremal configuration.We determine theHawking temperature and amodified

area law taking into account the extended nature of the source.

1. Introduction

Relativistic, self-gravitating matter shells have been thor-
oughly investigated in different sectors of theoretical physics:
“...from cosmic inflation to hadronic bags” [1]. Remarkable
applications of gravitational shell models can be found in
the framework of inflationary cosmology, where both the
“birth” and the evolution of vacuumbubbles can be effectively
described in terms of the dynamics of the boundary surface
engulfing a false vacuum domain [1–4]. Matter shells in
general relativity aremodeled as “zero-thickness”membranes
endowed with some characteristic tension determined by
the underlying classical, or quantum, physics. Neglecting the
real width of the mass-energy distribution affects Einstein’s
equations by introducing a surface of discontinuity in the
background spacetime. This approximation allows to encode
all the dynamics in thematching condition between the inner
and outer geometries [5, 6]. Furthermore, contracting matter
shells provide useful analytic toymodels of collapsingmassive
bodies leading to black hole formation. In the spherically
symmetric case, the only dynamical degree of freedom is
given by the shell radius and the system can be quantized
according to the standard principle of quantum mechanics.

In this framework, self-gravitating quantum shells open a
window over the still “murky” quantum features of evaporat-
ing mini black holes [7–11].

In this paper, we are going to investigate the static,
final stage of collapsed matter shell in the presence of a
fundamental minimal length forbidding the shell to contract
into a singular matter point. The emergence of a minimal
length, as a new fundamental constant of nature on the same
ground as 𝑐 and ℎ, is a general feature of different approaches
to quantum gravity [12–14].

In recent years, we showed that the very concept of
“point particle” is meaningless if there exists a lower bound
to physically measurable lengths. For instance, in a series
of papers the repercussions of a natural ultraviolet cutoff
have been analyzed in the context of quantum field theory
[15–20]. This basic notion can be also encoded into the
Einstein equations through a proper choice of the energy
momentum tensor. The most remarkable outcomes of this
procedure are the disappearance of curvature singularities in
the solutions of the Einstein equations [21], a regular behavior
of the Hawking temperature which allows to determine the
physical character of the evaporation remnant [22–26], and
a different form of the relation between entropy and area of
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the event horizon reproducing the celebrated area law for
large, semiclassical black holes [27, 28].

The procedure has been applied in the whole array of
physically meaningful black hole solutions like the neutral,
nonrotating case [29–32], the charged, nonrotating case [33,
34], the “dirty,” neutral, and nonrotating case [35], and the
spinning, neutral [36] and charged cases [37]. In addition,
the regularity of the above metrics has been exploited in
several complementary contexts like the decay of the de Sitter
universe by quantum black hole nucleation [38] and the case
of dimensionally reduced spacetimes [39]. The procedure we
followed has been also recognized as a special result [40] of
recently formulated nonlocal gravity proposals [41, 42] with
important cross-fertilization in the AdS/CFT paradigm [43].

The paper is organized as follows. In Section 2, we will
derive new solutions of Einstein’s equations describing spher-
ically symmetric, static, self-gravitating, thickmatter layers in
the presence of a fundamental minimal length. These types
of objects are modeled by means of a proper modification of
the source for “noncommutative geometry inspired,” regular
black holes. We replace the Gaussian profile of mass-energy,
peaked around the origin, with higher moments of Gaussian
distribution with maxima shifted at finite distance from the
origin. The finite width of the distribution is determined
by the minimal length. In the case of lump-type objects,
the minimal length measures the spread of mass-energy
around the origin and removes the curvature singularity. For
finite width matter layers, with energy density vanishing at
short distance, not only the central curvature singularity is
removed, but the extrinsic curvature discontinuity between
“inner” and “outer” geometry is cured as well. Spacetime
geometry is continuous and differentiable everywhere and
smoothly interpolates between Minkowski’s metric near the
center and Schwarzschild’s spacetime far away from the
matter layer.

As in the cases previously discussed, black hole type
solutions exist only for “heavy” shells; that is,𝑀 ≥ 𝑀𝑒, where
𝑀𝑒 is the mass of the extremal configuration. “Light” matter
layers with 𝑀 < 𝑀𝑒 will settle down in a smooth solitonic
type configuration with no horizons or curvature singularity.

In Section 3, we study the thermodynamic properties
of black hole solutions and determine both the Hawking
temperature, 𝑇𝐻, and the relation between entropy and area
of the horizon. We recover the celebrated area law in the
limit of large, semiclassical black holes. On a general ground,
we find the leading term is one-fourth of the area but in
units of an “effective” gravitational coupling constant,𝐺𝑁(𝑟+),
depending on the radius of black hole. For “large” 𝑟+, the
Newton constant is recovered. Finally, in Section 4, we will
draw the conclusions.

2. Thick Shells

In a previous series of papers we solved the Einstein equations
including the effects of a minimal length on a proper energy-
momentum tensor

𝑅𝜇] −
1

2
𝑔𝜇]𝑅 = 8𝜋𝐺𝑁𝑇𝜇], (1)

where 𝑇𝜇] = diag(𝜌, 𝑝𝑟, 𝑝⊥, 𝑝⊥). The energy density is a min-
imal width Gaussian distribution

𝜌 = 𝜌0 (𝑟) ≡
𝑀

(4𝜋𝜃)
3/2
𝑒
−𝑟
2
/4𝜃
, (2)

representing a “blob-like” object, centred around the origin,
with a characteristic extension given by 𝑙 ∝ √𝜃. A simple way
to derive the above energy profile is based on the following
considerations. At classical level point-like objects in spheri-
cal coordinates are described by a profile

𝜌cl (𝑟) =
𝑀

4𝜋𝑟2
𝛿 (𝑟) , (3)

where 𝛿(𝑟) is the Dirac delta. We recall that a Dirac delta
function can be represented as the derivative of a Heaviside
step-function Θ(𝑟)

𝛿 (𝑟) =
𝑑

𝑑𝑟
Θ (𝑟) . (4)

However, in the presence of a minimal length the very con-
cept of sharp step is no longer meaningful. Rather we expect
the local loss of resolution to sweeten the step. Accordingly,
it can be shown that in the framework of a minimal length
a modified step function can be defined through an integral
representation of the Heaviside function without taking the
limit√𝜃 → 0 [44]:

Θ (𝑟) → 𝑃0 (𝑟) =
1

√4𝜋𝜃3/2
∫

𝑟

0

𝑥
2
𝑒
−𝑥
2
/4𝜃
𝑑𝑥. (5)

The Gaussian profile (2) is therefore obtained as

𝜌0 (𝑟) =
𝑀

4𝜋𝑟2

𝑑

𝑑𝑟
𝑃0 (𝑟) . (6)

In order to solve Einstein’s equations, we need to determine
the remaining components of the energy-momentum tensor.
The radial pressure 𝑝𝑟 is fixed by the equation of state 𝑝𝑟 =
−𝜌 reproducing the de Sitter “vacuum” equation of state at
short distance. This is a key feature to build up a regular,
stable configuration, where the negative pressure balances the
gravitational pull. In other words, the singularity theorem is
evaded by a violation of null energy condition triggered by
the short distance vacuum fluctuations.

Finally, the tangential pressure 𝑝⊥ is obtained in terms of
𝜌 by the divergence-free condition ∇𝜇𝑇

𝜇]
= 0.

As the source is static and spherically symmetric, the line
element can be cast in the form

𝑑𝑠
2
= −𝑓 (𝑟) 𝑑𝑡

2
+
𝑑𝑟
2

𝑓 (𝑟)
+ 𝑟
2
Ω
2 (7)

with

𝑓 (𝑟) = 1 −
2𝐺𝑁𝑚(𝑟)

𝑟
. (8)

The cumulative mass distribution𝑚(𝑟) is given by

𝑚(𝑟) = 4𝜋∫

𝑟

0

𝑑𝑟

(𝑟

)
2

𝜌0 (𝑟

) . (9)



Advances in High Energy Physics 3
P
k
(r
)

r

√𝜃

1

0.8

0.6

0.4

0.2

0

0 5 10 15 20 25

Figure 1: Plot of the function 𝑃
𝑘
(𝑟) as a function of 𝑟/√𝜃 for 𝑘 = 0

(purple), 𝑘 = 1 (cyan), 𝑘 = 2 (blue), 𝑘 = 7 (red), 𝑘 = 8 (pink),
𝑘 = 20 (green), and 𝑘 = 21 (yellow). For comparison, the Heaviside
function is plotted in black.

We notice that the parameter𝑀 corresponds to the totalmass
energy of the system; namely,

𝑀 = lim
𝑟→∞

𝑚(𝑟) . (10)

The above profile cures the usual Dirac delta (singular) dis-
tribution associated to a point particle, and leads to a family
of regular black hole solutions [29–39].

A crucial point at the basis of the above line of reasoning
is the modification of the step function in the presence of a
minimal length. We notice that the profile (5) is just one of
the possible choices one can have to account for the loss of
resolution of the edge of the step [44]. In other words, there
exist alternative representations of the Heaviside function for
which one can deliberately avoid the limit √𝜃 → 0. For
instance, the family of distributions

Θ (𝑟) → 𝑃𝑘 (𝑟) =
1

√𝜋𝜃𝑘+3/2

(𝑘 + 1)!

[2 (𝑘 + 1)]!
∫

𝑟

0

𝑥
2𝑘+2

𝑒
−𝑥
2
/4𝜃
𝑑𝑥

(11)

account for minimal length effects growing with the index 𝑘,
where 𝑘 = 0, 1, 2, . . . is a natural number (see Figure 1). This
can be seen by the limit 𝑟/√𝜃 ≫ 1

𝑃𝑘 (𝑟) ≈ 1 −
4
𝑘+1

√𝜋

(𝑘 + 1)!

[2 (𝑘 + 1)]!
(
𝑟

2√𝜃
)

2𝑘+1

𝑒
−𝑟
2
/4𝜃 (12)

which shows that the distributions 𝑃𝑘(𝑟) reach the plateau
(i.e., 𝑃𝑘 ≈ 1) more slowly as 𝑘 increases.

Here, we want to explore the nature of the solutions
emerging for the above admissible profiles for amodified step

2 4 6 8 10

0.001

0.002

0.003

0.004

0.005

Figure 2: Plot of the radial density profile 𝜌(𝑟) as a function of 𝑟 in
√𝜃-units for 𝑘 = 1 (cyan), 𝑘 = 2 (blue), 𝑘 = 7 (red), 𝑘 = 8 (pink),
𝑘 = 20 (green), and 𝑘 = 21 (yellow). The function 𝜌(𝑟) has been
normalized so that its integration over a spherical volume gives 1.

function. By replacing 𝑃0 with a generic 𝑃𝑘 in (6), we derive
the following energy density profile:

𝜌𝑘 (𝑟) ≡ 𝑀
𝑟
2𝑘
𝑒
−𝑟
2
/4𝜃

4𝑘+2𝜋𝜃𝑘+3/2 Γ (𝑘 + 3/2)
, (13)

which corresponds to higher moments of the Gaussian.
For 𝑘 = 0, the function 𝜌𝑘 turns into the Gaussian

distribution, centred around the origin, while for 𝑘 ≥ 1 the
matter distribution is more and more diluted near the origin,
being peaked at 𝑟𝑀 = 2√𝑘𝜃. As a result, the density function
(13) describes a whole family of “mass-degenerate” shells,
with the same 𝑀, but concentrated at a distance given by
𝑟𝑀 (see Figure 2). Equation (13) discloses further properties
of the minimal length, which assumes a new intriguing
meaning. In the case of point particle, √𝜃 represents the
spread of the object around the origin. For matter shells, we
see that √𝜃 relates to the shell thickness or, in other words, a
measure of the intrinsic fuzziness of the layer. Just as a particle
cannot be exactly localized at a single point, we cannot have
zero-width layers as well. Thus, as the matter distribution is
smooth everywhere, there is no discontinuity in the extrinsic
curvature between the “inner” and “outer” geometries. No
matching condition is required and we can look for a single,
smooth, metric inside, across, and outside the matter layer.

We can define the distance between two shells corre-
sponding to different moments as the distance between the
peaks:

Δ𝑟𝑀

2√𝜃
= √𝑘 + 1 − √𝑘. (14)

We see that for higher moments Δ𝑟𝑀 vanishes as we are at
length scale much larger than √𝜃 and the relative distance
cannot be resolved anymore.

A stable solution of the Einstein equations can be
obtained by sourcing the gravitational field by the energy
momentum tensor of an anisotropic fluid; the choice 𝑝𝑟 =
−𝜌𝑘 for thematter equation of state allows to have 𝑔00 = −𝑔

−1

𝑟𝑟
.

Furthermore, the hydrodynamic equilibrium equation will
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give 𝑝⊥ in terms of 𝜌𝑘, while the metric itself results in being
independent from 𝑝⊥. The solution of the Einstein equations
reads in geometric units, 𝑐 = 1, 𝐺𝑁 = 1:

𝑑𝑠
2
= −(1 −

2𝑚 (𝑟)

𝑟
) 𝑑𝑡
2
+ (1 −

2𝑚 (𝑟)

𝑟
)

−1

𝑑𝑟
2
+ 𝑟
2
𝑑Ω
2
,

(15)

𝑚(𝑟) ≡ 4𝜋∫

𝑟

0

𝑑𝑟

𝑟
2
𝜌 (𝑟

) = 𝑀

𝛾 (𝑘 + 3/2; 𝑟
2
/4𝜃)

Γ (𝑘 + 3/2)
, (16)

where 𝛾(𝑘+3/2; 𝑟2/4𝜃) is the lower, incomplete Euler Gamma
function. By taking into account the asymptotic form of 𝛾(𝑘+
3/2; 𝑟
2
/4𝜃) for small argument, one finds that the metric (15)

is essentially flat near the origin, the contrary towhat happens
for the case 𝑘 = 0 in which a regular de Sitter core forms.
Indeed, one finds that

𝑓 (𝑟) ≃ 1 −
1

2𝑘 + 3
[

4𝑀

𝑟Γ (𝑘 + 3/2)
](

𝑟
2

4𝜃
)

𝑘+3/2

, (17)

𝑑𝑠
2
= − (1 − 𝑂 (𝑟

2𝑘+2
)) 𝑑𝑡
2

+ (1 − 𝑂 (𝑟
2𝑘+2

))
−1

𝑑𝑟
2
+ 𝑟
2
𝑑Ω
2
.

(18)

The asymptotic behavior (18) can be seen as a generalization
of the “Gauss Theorem”: inside an empty, classical, thin shell
of matter, the Newtonian gravitational field is zero; that is,
spacetime is flat. Introducing a finite width density, smoothly
decreasing both toward the origin and space-like infinity,
causes small deviations from perfect flatness.

Going back to (15), the presence of event horizons is read
from the zeroes of 𝑔−1

𝑟𝑟
(see Figure 3). Due to the nontrivial

structure of the metric, it is more convenient to look at the
“horizon equation” in the form

𝑀 ≡ 𝑈(𝑟𝐻) , 𝑈 (𝑟𝐻) ≡
𝑟𝐻

2

Γ (𝑘 + 3/2)

𝛾 (𝑘 + 3/2; 𝑟2
𝐻
/4𝜃)

. (19)

The problem of finding the horizons in the metric (15) is
mapped in the equivalent problemof determining the turning
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Figure 4: Plot of 𝑈(𝑟
𝐻
) as a function of 𝑟

𝐻
in √𝜃-units for 𝑘 = 0

(blue), 𝑘 = 1 (magenta), and 𝑘 = 4 (brown).

points for the motion of a “test particle” of energy𝑀 subject
to the “potential” 𝑈(𝑟𝐻). The intersection(s) between a line
𝑀 = const. and the plot of the function 𝑈(𝑟𝐻), in the
plane𝑀-𝑟𝐻, represent the allowed radii of inner/outer event
horizons (see Figure 4). The asymptotic behavior of 𝑈(𝑟𝐻) is
obtained from the corresponding approximate forms of 𝛾:

𝑈 (𝑟𝐻) ≈
𝑟𝐻

2
, 𝑟𝐻 ≫

√𝜃,

𝑈 (𝑟𝐻) ≈
√𝜃Γ (𝑘 +

5

2
)(

𝑟
2

𝐻

4𝜃
)

−(𝑘+1)

, 𝑟𝐻 ≪
√𝜃.

(20)

Thus, 𝑈(𝑟𝐻) is a convex function with a single minimum
determined by the condition

𝑑𝑈

𝑑𝑟𝐻

= 0 →
𝑟
2𝑘+3

𝑒

22𝑘+2𝜃𝑘+3/2
= 𝛾(𝑘 +

3

2
;
𝑟
2

𝑒

4𝜃
) 𝑒
𝑟
2

𝑒
/4𝜃
. (21)

The radius 𝑟𝑒 represents the size of an extremal configuration
with a couple of degenerate horizons: 𝑟− = 𝑟+ ≡ 𝑟𝑒.
Once 𝑟𝑒 is numerically determined from (21), one gets the
corresponding mass𝑀𝑒 from the potential:

𝑀𝑒 = 𝑈 (𝑟𝑒) = 𝑈min . (22)

An order ofmagnitude estimate for 𝑟𝑒 and𝑀𝑒 can be obtained
by keeping only the leading theta term:

𝑟𝑒 ∝
√𝜃 → 𝑀𝑒 ∝

√𝜃

𝐿Pl.
𝑀Pl., (23)

where 𝐿Pl. is the Planck length; that is, 𝐿Pl. = 𝑀
−1

Pl. = √𝐺𝑁.
This estimate suggests that (near/)extremal configurations
are close to a full quantum gravity regime. As such, they
are appropriate candidates to describe the end-point of
the Hawking evaporation process where the semiclassical
description breaks down.

In summary

(i) for𝑀 > 𝑀𝑒, we find a geometry with noncoincident
inner and outer horizons 𝑟− < 𝑟+. It is worth to
remark that there is no curvature singularity in 𝑟 = 0.
Spacetime is flat near the origin;
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(ii) for𝑀 = 𝑀𝑒, we have an extremal configuration with
a pair of degenerate horizons, 𝑟− = 𝑟+ ≡ 𝑟𝑒.

(iii) for𝑀 < 𝑀𝑒, there are neither horizons nor curvature
singularities.Themetric is smooth and regular every-
where. The shell is too light and diluted to produce
any relevant alteration of the spacetime fabric. After
collapse, it will settle into a sort of solitonic objectwith
no horizon of curvature singularity.

Massive layers will produce horizons, but no curvature singu-
larities. This is a crucial point which marks a departure with
respect to all the existing literatures. Our approach must not
be confusedwith previous contributions inwhich generalized
matter shells containing polytropic and Chaplygin gas cannot
ultimately resolve the emergence of singularities [45].

We can estimate the size of these objects by solving iter-
atively (19) and truncating the procedure at the first order in
the expansion parameter exp(−𝑀2/𝜃):

𝑟+ ≃ 2𝑀
[

[

1 −
(𝑀
2
/𝜃)
𝑘+1/2

Γ (𝑘 + 3/2)
𝑒
−𝑀
2
/𝜃]

]

. (24)

This quantity can be compared with the shellmean radius

⟨𝑟⟩ ≡
4𝜋

𝑀
∫

∞

0

𝑑𝑟𝑟
2
𝑟𝜌 (𝑟) = 2√𝜃

Γ (𝑘 + 2)

Γ (𝑘 + 3/2)
. (25)

We notice that for 𝑘 ≫ 1 the leading contribution to the
ratio 𝑟+/⟨𝑟⟩ is given by

𝑟+

⟨𝑟⟩
≈
𝑀

√𝜃

1

√𝑘 + 1
. (26)

Thus, for an assigned 𝑀 the ratio decreases with 𝑘. The
horizon radius is determined by the total mass energy𝑀 and
is weakly 𝑘 dependent. On the contrary, ⟨𝑟⟩ ∝ √𝑘 + 1√𝜃

and grows with 𝑘, which means that for higher moments the
horizon is surrounded by a cloud of matter.

3. Thermodynamics

Massive shells will collapse into black holes described by
the line element (7), (8). This is not the end of story as
these objects are semiclassically unstable under Hawking’s
emission. We are now ready to study the thermodynamic
properties of these solutions starting from the Hawking
temperature:

𝑇𝐻 =
1

4𝜋𝑟+

[1 −
𝑟
2𝑘+3

+

22𝑘+2𝜃𝑘+3/2

𝑒
−𝑟
2

+
/4𝜃

𝛾 (𝑘 + 3/2; 𝑟2
+
/4𝜃)

] . (27)

It can be easily verified that 𝑇𝐻 is vanishing for the extremal
configuration 𝑇𝐻(𝑟+ = 𝑟𝑒) = 0. For 𝑘 = 0, we obtain
the temperature of the black hole as in [31]. The behavior
of the temperature can be found in Figure 5 and Table 1. We
notice that the regularity of the manifold for any 𝑘 leads to
a cooling down of the horizon in the terminal phase of the
Hawking process. At 𝑟+ = 𝑟max, the presence of a maximum
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Table 1: Some values of parameters of the matter shells.

𝑟
𝑒

𝑀
𝑒

𝑇max 𝑟max

𝑘 = 0 3.0224 1.9041 0.014937 4.76421
𝑘 = 1 4.0431 2.3698 0.012783 5.72632
𝑘 = 4 5.9269 3.2647 0.009960 7.56069
𝑘 = 15 9.7347 5.1245 0.006799 11.3419

temperature corresponds to an infinite discontinuity of the
heat capacity which is usually interpreted as the signal of a
“change of state” for the system. For 𝑟+ > 𝑟max, the black hole
is thermodynamically unstable and increases its temperature
by radiating away its own mass. After crossing 𝑟max, that
is, for 𝑟+ < 𝑟max, the black hole enters a stability phase
asymptotically ending into a degenerate (zero-temperature)
extremal configuration. By increasing 𝑘, we just lower down
the maximum temperature. As a result, the solution is
unaffected by any relevant quantum back reaction as already
proved for the case 𝑘 = 0 in [31].

A further important consequence of 𝑇𝐻 ≤ 𝑇max is that (in
extradimensional models) the black hole mainly radiates on
the brane [46], it never becomes hot enough to warm up the
bulk in a significant way.

The area-entropy law can be recovered from the relation

𝑑𝑀 = 𝑇𝐻𝑑𝑆, (28)

where 𝑑𝑆 is the horizon entropy variation triggered by a
variation 𝑑𝑀 in the total mass energy𝑀. In order to translate
the first law of black hole thermodynamics (28) into a relation
involving the area of the event horizon, we need to write mass
energy variation as

𝑑𝑀 =
𝜕𝑈

𝜕𝑟+

𝑑𝑟+ (29)

and to take into account that the minimum of 𝑈(𝑟+) is the
mass of the extremal black hole. Thus, when integrating
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(29), the lower integration limit is the radius of the extremal
configuration

𝑆 = ∫

𝑟+

𝑟𝑒

𝑑𝑥
1

𝑇𝐻

𝜕𝑈

𝜕𝑥

= 2𝜋Γ (𝑘 +
3

2
) ∫

𝑟+

𝑟𝑒

𝑑𝑟
𝑟

𝛾 (𝑘 + 3/2; 𝑟2/4𝜃)
,

(30)

wherewe have inserted (27) and (29) into (30). By performing
the integral, one gets

𝑆 = 𝜋Γ (𝑘 +
3

2
)

× (
𝑟
2

+

𝛾 (𝑘 + 3/2; 𝑟2
+
/4𝜃)

−
𝑟
2

𝑒

𝛾 (𝑘 + 3/2; 𝑟2
𝑒
/4𝜃)

)

+ 𝜋Γ (𝑘 +
3

2
)∫

𝑟+

𝑟𝑒

𝑑𝑟𝑟
2 𝛾


𝛾2
.

(31)

The first term can be written in terms of the area of the event
horizon as

𝑆 =
1

4𝐺𝑁

Γ (𝑘 +
3

2
)

× (
𝐴𝐻

𝛾 (𝑘 + 3/2; 𝑟2
+
/4𝜃)

−
𝐴𝑒

𝛾 (𝑘 + 3/2; 𝑟2
𝑒
/4𝜃)

) + ⋅ ⋅ ⋅

(32)

and represents the “area law” in our case. We have reinserted
the Newton constant into (32) for reasons to become clear in
a while. The standard form, which is one-fourth of the area,
is recovered in the large black hole limit, 𝑟𝐻 ≫ √𝜃.

Once (32) is written in natural units, we can define an
effective Newton constant as

𝐺𝑁 → 𝐺𝑁 (𝑟+) ≡ 𝐺𝑁

𝛾 (𝑘 + 3/2; 𝑟
2

+
/4𝜃)

Γ (𝑘 + 3/2)

(33)

and introduce a “modified” area law as

𝑆 (𝑟𝐻) =
𝜋𝑟
2

𝐻

4𝐺𝑁 (𝑟𝐻)
. (34)

The interesting feature of𝐺𝑁(𝑟𝐻) is to be “asymptotically free”
in the sense that it is smaller than 𝐺𝑁, which represents the
asymptotic value of the gravitational coupling for large black
holes only (it is interesting to remark that if we apply the
same reasoning to the Newton constant in (8), and replace
𝑟𝐻 with the radial coordinate 𝑟, we find a radial distance-
dependent gravitational coupling, which is quickly vanishing
in the limit 𝑟 → 0. This asymptotically free behavior of our
model, at short distance, provides an alternative explanation
for the absence of curvature singularity in 𝑟 = 0).

Finally, the second term in (31) gives exponentially small
corrections to the leading area term. It can be analytically
computed for 𝑘 ≫ 1, but it does not introduce any relevant
new effect.

4. Conclusions

In this paper, we derived new static, spherically symmetric
regular solutions of Einstein’s equations, describing the final
state of collapsing matter shells in the presence of an effective
minimal length. This derivation is the result of a long path
starting with the quest of quantum gravity regularized black
hole solutions [21, 29–40]. We showed that our previous
discoveries of noncommutative geometry inspired solutions
correspond to the simplest case within a larger class of regular
gravitational objects. This class, the family of gravitational
shells here presented, has peculiar properties which descend
from the common key feature of the absence of curvature
singularities. Such properties are the existence of extremal
configurations, characterized by aminimalmass belowwhich
horizon cannot form, even in the case of neutral, nonrotating
black holes; the occurrence of a phase transition from a
thermodynamically unstable classical phase to a thermody-
namically stable cooling down in the final stage of the horizon
evaporation. As for the case of regular black holes, these
matter shells correspond to final configurations of dynamical
processes of gravitational collapse in which matter cannot
be compressed below a fundamental length scale. The above
properties are also common to other models of quantum
geometry that have been derived by means of different
formalisms. Specifically the shell profile of the energy density
resembles what one has in the case of loop quantum black
holes, with consequent thermodynamic similarities [47–50].

The study of these objects is far from being complete. We
believe that these new solutions can have repercussions in
a variety of fields. Here we just mention that these regular
shells could affect the stability of the de Sitter space, at
least during inflationary epochs [38] and they could lead
to new insights into the physics of nuclear matter via the
gauge/gravity duality paradigm as well [43].
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We introduce the new 5D braneworld with the real scalar field in the bulk.Themodel represents the brane which bounds collective
oscillations of gravitational and scalar field standing waves. These waves are out of phase; that is, the energy of oscillations passes
back and forth between the scalar and gravitational waves. When the amplitude of the standing waves is small, the brane width and
the size of the horizon in extra space are of a same order of magnitude, and matter fields are localized in extra dimension due to the
presence of the horizon. When oscillations are large, trapping of matter fields on the brane is provided mainly by the pressure of
bulk waves. It is shown that in this case the mass of the lightest KK mode is determined by the smaller energy scale corresponding
to the horizon size; that is, these modes can be created in accelerators at relatively low energies, which gives a chance to check the
present model.

1. Introduction

Braneworld models involving large extra dimensions [1–6]
have been very useful in addressing several open questions
in high energy physics (e.g., the hierarchy problem and
the nature of flavor). Most of the braneworlds are realized
as time-independent field configurations. However, mostly
within the framework of cosmological studies, there were
proposed models with time-dependent metrics and matter
fields, as well as branes with tensions varying in time [7–
10]. One of the 5D braneworld models with nonstationary
metric coefficients was proposed by one of us in [11–14] (for
the generalization to 6D case, see [15, 16]). In this scenario
the braneworldwas generated by standing gravitationalwaves
coupled to a phantom-like bulk scalar field, rapid oscillations
of thesewaves provide universal gravitational trapping of zero
modes of all kinds of matter fields on the brane [17–21].

In this paper we introduce the new nonstationary 5D
braneworld generated by standing waves of the gravitational
and real scalar fields, instead of the phantom-like scalar
fields of [11–14]. The model also has new features: it does
not require a bulk cosmological constant and the oscillation
frequency of the standing waves can be small.

2. The Model

We consider 5D space-time without bulk cosmological con-
stant containing a brane and a non-self-interacting real scalar
field coupled to gravity

𝑆 = ∫𝑑
5
𝑥√𝑔(

𝑀
3

2
𝑅 +

1

2
𝑔
𝑀𝑁

𝜕𝑀𝜑𝜕𝑁𝜑 + 𝐿𝐵) . (1)

Here𝐿𝐵 is the brane Lagrangian and𝑀 is the 5D fundamental
scale, which relates to the 5D Newton constant, 𝐺 =

1/(8𝜋𝑀
3
). Capital Latin indexes numerate the coordinates of

5D space-time with the signature (+, −, −, −, −), and we use
the units where 𝑐 = ℏ = 1. Variation of the action (1) with
respect to 𝑔𝐴𝐵 leads to the 5D Einstein equations

𝑅𝐴𝐵 −
1

2
𝑔𝐴𝐵𝑅 =

1

𝑀3
(𝜎𝐴𝐵 + 𝑇𝐴𝐵) . (2)

Here the source term is the combination of the energy-
momentum tensors of the brane, 𝜎𝐴𝐵, and of the bulk scalar
field,

𝑇𝐴𝐵 = 𝜕𝐴𝜑𝜕𝐵𝜑 −
1

2
𝑔𝐴𝐵𝜕
𝐶
𝜑𝜕𝐶𝜑. (3)
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Using (3), the Einstein equations (2) can be rewritten in the
form

𝑅𝐴𝐵 =
1

𝑀3
(𝜎𝐴𝐵 −

1

3
𝑔𝐴𝐵𝜎 + 𝜕𝐴𝜑𝜕𝐵𝜑) , (4)

where 𝜎 = 𝑔𝐴𝐵𝜎𝐴𝐵.
To solve (4), we take the metric ansatz

𝑑𝑠
2
=

𝑒
𝑆

(1 − 𝑎 |𝑟|)
2/3

(𝑑𝑡
2
− 𝑑𝑟
2
)

− (1 − 𝑎 |𝑟|)
2/3

(𝑒
𝑢
𝑑𝑥
2
+ 𝑒
𝑢
𝑑𝑦
2
+ 𝑒
−2𝑢

𝑑𝑧
2
) ,

(5)

where 𝑎 is a positive constant and 𝑆 = 𝑆(|𝑟|) and 𝑢 = 𝑢(𝑡, |𝑟|)

are some functions.
The metric (5) is some combination of the 5D general-

izations of the known domain wall solution [22–24] (when
𝑆 = 𝑢 = 0) and of the colliding plane wave solutions [25–
27] (when 𝑆 = 𝑎 = 0). Similar ansatz in the 4D case was
considered by one of us in [28].

To find a solution to the system of Einstein and back-
ground real scalar field equations, let us assume that the 5D
scalar field,

𝜑 ≡ 𝜑 (𝑡, |𝑟|) , (6)

depends only on time, 𝑡, and on the absolute value of the extra
coordinate, |𝑟|. Then its equation of motion

1

√𝑔
𝜕𝑀 (√𝑔𝑔

𝑀𝑁
𝜕𝑁𝜑) = 0, (7)

where

√𝑔 = (1 − 𝑎 |𝑟|)
1/3
𝑒
𝑆 (8)

is the determinant of the background metric (5), reduces to

𝜑

+ [2𝛿 (𝑟) −

𝑎

1 − 𝑎 |𝑟|
] 𝜑

− ̈𝜑 = 0, (9)

where overdots and primes denote derivatives with respect to
𝑡 and |𝑟|, respectively.

For the ansatz (5), the Einstein equations (4) split into the
system of the equations for the metric functions

−
3

2
̇𝑢
2
+
1

2
𝑆

−
1

2

𝑎

(1 − 𝑎 |𝑟|)
𝑆

=

1

𝑀3
̇𝜑
2
,

−
3

2
𝑢

̇𝑢 =

1

𝑀3
𝜑

̇𝜑,

(1 − 𝑎 |𝑟|) (𝑢

− ̈𝑢) − 𝑎𝑢


= 0,

−
3

2
𝑢
2

−
1

2
𝑆

−
1

2

𝑎

(1 − 𝑎 |𝑟|)
𝑆

=

1

𝑀3
𝜑
2

(10)

and for the brane tensions

𝑀
3
𝛿 (𝑟) (

2

3
𝑎 + 𝑆

) = 𝜎𝑡𝑡 −

1

3

𝑒
𝑆

(1 − 𝑎 |𝑟|)
2/3
𝜎,

𝑀
3
𝛿 (𝑟) (

2

3
𝑎 − 𝑢

) 𝑒
−𝑆+𝑢

= 𝜎𝑥𝑥 +
1

3
(1 − 𝑎 |𝑟|)

2/3
𝑒
𝑢
𝜎,

𝑀
3
𝛿 (𝑟) (

2

3
𝑎 − 𝑢

) 𝑒
−𝑆+𝑢

= 𝜎𝑦𝑦 +
1

3
(1 − 𝑎 |𝑟|)

2/3
𝑒
𝑢
𝜎,

𝑀
3
𝛿 (𝑟) (

2

3
𝑎 + 2𝑢


) 𝑒
−𝑆−2𝑢

= 𝜎𝑧𝑧 +
1

3
(1 − 𝑎 |𝑟|)

2/3
𝑒
−2𝑢

𝜎,

𝑀
3
𝛿 (𝑟) (

4

3
𝑎 − 𝑆

) = 𝜎𝑟𝑟 +

1

3

𝑒
𝑆

(1 − 𝑎 |𝑟|)
2/3
𝜎.

(11)

The solution to (9) and (10) is

𝑢 (𝑡, |𝑟|) = 𝐴 sin (𝜔𝑡) 𝐽0 (
𝜔

𝑎
− 𝜔 |𝑟|) ,

𝜑 (𝑡, |𝑟|) = √
3𝑀
3

2
𝐴 cos (𝜔𝑡) 𝐽0 (

𝜔

𝑎
− 𝜔 |𝑟|) ,

𝑆 (|𝑟|) =
3𝜔
2
(1 − 𝑎 |𝑟|)

2

2𝑎2

× 𝐴
2
[𝐽
2

0
(
𝜔

𝑎
− 𝜔 |𝑟|) + 𝐽

2

1
(
𝜔

𝑎
− 𝜔 |𝑟|)

−
𝑎

𝜔 (1 − 𝑎 |𝑟|)
𝐽0 (

𝜔

𝑎
− 𝜔 |𝑟|)

× 𝐽1 (
𝜔

𝑎
− 𝜔 |𝑟|)] − 𝐵,

(12)

where 𝐴 and 𝐵 are some dimensionless constants, 𝐽0 and
𝐽1 are Bessel functions of the first kind, and the integration
constant 𝜔 corresponds to the frequency of standing waves.

Using (12) from (11), one can easily find the brane energy-
momentum tensor

𝜎
𝐵

𝐴
= 𝑀
3
𝛿 (𝑟) diag [𝜏𝑡

𝑡
, 𝜏
𝑥

𝑥
, 𝜏
𝑦

𝑦
, 𝜏
𝑧

𝑧
, 0] , (13)

where the brane tensions are
𝜏
𝑡

𝑡
= 2𝑎,

𝜏
𝑥

𝑥
= 𝜏
𝑦

𝑦
=
2

3
𝑎 + 𝑎𝐵 + 𝐴𝜔 sin (𝜔𝑡) 𝐽1 (

𝜔

𝑎
) ,

𝜏
𝑧

𝑧
=
2

3
𝑎 + 𝑎𝐵 − 2𝐴𝜔 sin (𝜔𝑡) 𝐽1 (

𝜔

𝑎
) .

(14)

To interpret solution (12) as describing the brane at 𝑟 =
0, which bounds the scalar and gravitational bulk standing
waves, one needs to assume that the oscillatory metric
functions and 5D scalar field vanish at the origin; that is,

𝑢|𝑟=0 = 0, 𝜑
𝑟=0 = 0, 𝑆|𝑟=0 = 0. (15)

These conditions can be achieved assuming the relation
between 𝜔 and 𝑎 as follows:

𝜔

𝑎
= 𝑍
(𝐽0)

𝑛
, (16)
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where 𝑍(𝐽0)
𝑛

is the 𝑛th zero of the function 𝐽0, and simultane-
ously fixing the constant 𝐵 as follows:

𝐵 =
3𝜔
2
𝐴
2

2𝑎2
𝐽
2

1
(
𝜔

𝑎
) . (17)

In fact, the conditions (15) lead to the quantization, (16), of
the ratio of the standing wave frequency, 𝜔, to the curvature
scale, 𝑎.

From (12), one can also see that the metric function,
𝑢(𝑡, |𝑟|), and the scalar field, 𝜑(𝑡, |𝑟|), having similar depen-
dence on spatial coordinates, are oscillating 𝜋/2 out of phase
in time; that is, the energy of the oscillations is passing back
and forth between the gravitational and scalar field standing
waves bounded by the brane.

There are three free parameters in ourmodel: the constant
𝐴 (defining the amplitude of oscillations), the curvature scale
𝑎 (giving the size of extra space for observers on the brane),
and the ratio 𝑍(𝐽0)

𝑛
= 𝜔/𝑎 (the 𝑛th zero of Bessel function

𝐽0). Below, we consider two limiting cases corresponding to
the small, 𝐴 ≪ 1, and the large, 𝐴 ≫ 1, amplitudes of bulk
standing waves.

3. The Small Extra Space

In the first limiting case, the amplitude is 𝐴 ≪ 1, and
consequently the energy of the oscillations is small. Then,
neglecting the terms containing the constants 𝐴 and 𝐵 ∼

𝐴
2 in the brane tensions (14), one gets the brane energy-

momentum tensor,

𝜎
𝐵

𝐴
≈ 𝑀
3
𝛿 (𝑟) diag [2𝑎, 2

3
𝑎,
2

3
𝑎,
2

3
𝑎, 0] , (18)

which obeys the equation of state E = 3P, with E and P

being the brane energy density and pressure, respectively.
Moreover, from (12), it is clear that in this case the

functions 𝑢, 𝑆, and 𝜑 do not play significant role and from
the very beginning one can assume the following:

𝑆 (|𝑟|) = 𝑢 (𝑡, |𝑟|) = 𝜑 (𝑡, |𝑟|) = 0 (19)

and consider the metric ansatz without oscillatory metric
functions as follows:

𝑑𝑠
2
=

1

(1 − 𝑎 |𝑟|)
2/3

(𝑑𝑡
2
− 𝑑𝑟
2
)

− (1 − 𝑎 |𝑟|)
2/3

(𝑑𝑥
2
+ 𝑑𝑦
2
+ 𝑑𝑧
2
) .

(20)

This metric is 5D generalizations of the 4D domain wall
solution of [22–24]. Due to the presence of the absolute value
of the extra coordinate, |𝑟|, the Ricci tensor at 𝑟 = 0 has
𝛿-function-like singularity which corresponds to the brane
tension; see (11). Solution (20) has also new features, since,
in contrast to 4D domain walls [22–24], the parameter 𝑎 has
the opposite sign. Due to this fact, the metric (20) has the
horizon at |𝑟| = 1/𝑎 in the bulk. At these points 𝑅𝑡𝑡 and 𝑅𝑟𝑟
components of the Ricci tensor get infinite values, while all
gravitational invariants, for example, Ricci scalar,

𝑅 = 𝑒
−𝑆
(1 − 𝑎 |𝑟|)

2/3
[
3

2
(𝑢
2
− ̇𝑢
2
) + 𝑆

]

− 𝑎 (2𝐵 +
8

3
) 𝛿 (𝑟) ,

(21)

are finite there. It resembles the situation with the Schwarz-
schild Black Hole; however, in contrast the determinant of
our metric (20) becomes zero at |𝑟| = 1/𝑎. As the result,
nothing can cross the horizon of (20), and matter fields are
confined inside of the 3-brane of the width ∼1/𝑎 in the extra
space. To provide experimentally acceptable localization of
matter fields, the actual size of the extra dimension must be
sufficiently small,≤1/𝑀𝐻, where𝑀𝐻 denotes theHiggs scale.
So in the limiting case 𝐴 ≪ 1, the curvature scale 𝑎 must be
large,𝑀𝐻 ≤ 𝑎 ≤ 𝑀, where𝑀 is the 5D fundamental scale. As
regards the brane, its width, in fact, is defined by the horizon
size.

4. The Large Extra Space

In the second large amplitude limiting case, it is obvious that
𝐴
2
∼ 𝐵 ≫ 1. (22)

Now, assuming that curvature scale 𝑎 is relatively small, the
width of the brane, located at the origin of the large (of the
size ∼1/𝑎) but finite extra space, is determined by the metric
function 𝑆(|𝑟|) in (5). Indeed, for small 𝑎 ∼ 𝜔, the time-
dependent terms in the brane tensions (14) are negligible,

𝜎
𝐵

𝐴
≈ 𝑀
3
𝛿 (𝑟) diag [2𝑎, 𝑎𝐵, 𝑎𝐵, 𝑎𝐵, 0] , (23)

and the brane width is of the order of ∼1/(𝑎𝐵). So trapping of
matter fields is caused by the pressure of the bulk oscillations
and not by the existence of the horizon in the extra space.

As an illustrative example of this trappingmechanism, let
us consider localization of a real massless scalar field,Φ(𝑥𝐴),
on the brane in the background metric (5). From the 5D
action,

𝑆Φ =
1

2
∫𝑑𝑥
5
√𝑔𝑔
𝑀𝑁

𝜕𝑀Φ𝜕𝑁Φ, (24)

we obtain the Klein-Gordon equation forΦ(𝑥𝐴) as follows:
1

√𝑔
𝜕𝑀 (√𝑔𝑔

𝑀𝑁
𝜕𝑁Φ) = 0. (25)

Using (8), equation (25) can be written as

[𝜕
2

𝑡
−

𝑒
𝑆

(1 − 𝑎 |𝑟|)
4/3

(𝑒
−𝑢
𝜕
2

𝑥
+ 𝑒
−𝑢
𝜕
2

𝑦
+ 𝑒
2𝑢
𝜕
2

𝑧
)]Φ

=
1

(1 − 𝑎 |𝑟|)
𝜕𝑟 [(1 − 𝑎 |𝑟|) 𝜕𝑟Φ] .

(26)

In addition, it is easy to find that the assumption (22) leads to
the following relation between the metric functions:



𝑢 (𝑡, |𝑟|)

𝑆 (|𝑟|)


≪ 1. (27)

Then, in the scalar field equation (26), we can drop the
function 𝑢(𝑡, 𝑟) in the exponents and rewrite it as

[𝜕
2

𝑡
−

𝑒
𝑆

(1 − 𝑎 |𝑟|)
4/3

(𝜕
2

𝑥
+ 𝜕
2

𝑦
+ 𝜕
2

𝑧
)]Φ

=
1

(1 − 𝑎 |𝑟|)
𝜕𝑟 [(1 − 𝑎 |𝑟|) 𝜕𝑟Φ] .

(28)

We look for the solution in the form
Φ(𝑡, 𝑥, 𝑦, 𝑧, 𝑟) = 𝜙 (𝑥

𝜇
) 𝜌 (𝑟) , (29)
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where Greek indexes numerate 4D coordinates, and the 4D
factor of the scalar field wavefunction 𝜙(𝑥𝜇) obeys the equa-
tion

𝜂
]𝛽
𝜕]𝜕𝛽𝜙 (𝑥

𝜇
) = −𝑚

2
𝜙 (𝑥
𝜇
) . (30)

In what follows, we assume

𝜙 (𝑥
𝜇
) = 𝑒
−𝑖(𝐸𝑡−𝑝𝑥𝑥−𝑝𝑦𝑦−𝑝𝑧𝑧). (31)

Then extra dimension factor 𝜌(|𝑟|) of the scalar field wave-
function obeys the equation

𝜌

−
𝑎 sgn (𝑟)
1 − 𝑎 |𝑟|

𝜌

− 𝐸
2
[

𝑒
𝑆

(1 − 𝑎 |𝑟|)
4/3

− 1] 𝜌

= −𝑚
2 𝑒

𝑆

(1 − 𝑎 |𝑟|)
4/3
𝜌,

(32)

with the boundary conditions

𝜌
|𝑟|=0

= 0,

𝜌||𝑟|→1/𝑎 = 0.

(33)

For the scalar field zero mode wavefunction, 𝜌0(𝑟), with the
dispersion relation

𝐸
2
= 𝑝
2

𝑥
+ 𝑝
2

𝑦
+ 𝑝
2

𝑧
, (34)

equation (32) reduces to

𝜌


0
−

𝑎 sgn
(1 − 𝑎 |𝑟|)

𝜌


0
− 𝐸
2
[

𝑒
𝑆

(1 − 𝑎 |𝑟|)
4/3

− 1] 𝜌0 = 0. (35)

To show that (35) has the solution localized on the brane,
we investigate the equation in two limiting regions: close to
the brane (|𝑟| → 0) and close to the horizon in the extra
space (|𝑟| → 1/𝑎).

In the first limiting region, |𝑟| → 0,

𝑢||𝑟|→0 = sin (𝜔𝑡) [√2

3
𝐵𝑎 |𝑟| + 𝑂 (𝑎

2
|𝑟|
2
)] ,

𝑆||𝑟|→0 = −𝐵𝑎 |𝑟| + 𝑂 (𝑎
2
|𝑟|
2
) ,

√𝑔
|𝑟|→0 = 1 − (𝐵 +

1

3
) 𝑎 |𝑟| + 𝑂 (𝑎

2
|𝑟|
2
) ,

(36)

equation (35) has the following asymptotic form:

𝜌


0
− 𝑎 sgn (𝑟) 𝜌

0
+ 𝐵𝐸
2
𝑎 |𝑟| 𝜌0 = 0. (37)

This equation has the general solution

𝜌0 (𝑟) = 𝑒
𝑎|𝑟|/2 [

[

𝐶1𝐴𝑖(
1

4

3
√

𝑎
4

𝐵2𝐸4
−
3
√
𝐵𝐸
2

𝑎2
𝑎 |𝑟|)

+𝐶2𝐵𝑖(
1

4

3
√

𝑎
4

𝐵2𝐸4
−
3
√
𝐵𝐸
2

𝑎2
𝑎 |𝑟|)]

]

,

(38)

where 𝐶1 and 𝐶2 are integration constants, and𝐴𝑖 and 𝐵𝑖 are
Airy functions. To fulfill the conditions (33), the constants𝐶1
and 𝐶2 must obey the relation

𝐶2 = − (2
3
√
𝐵𝐸
2

𝑎2
𝐴𝑖

(
1

4

3
√

𝑎
4

𝐵2𝐸4
) − 𝐴𝑖(

1

4

3
√

𝑎
4

𝐵2𝐸4
))

× (2
3
√
𝐵𝐸
2

𝑎2
𝐵𝑖

(
1

4

3
√

𝑎
4

𝐵2𝐸4
)

− 𝐵𝑖(
1

4

3
√

𝑎
4

𝐵2𝐸4
))

−1

𝐶1,

(39)

where 𝐴𝑖 and 𝐵𝑖 denote the first derivatives of Airy func-
tions. Then, at the origin of the extra space, that is, on
the brane, the function 𝜌0(|𝑟|) will have the following series
expansion:

𝜌0 (𝑟) ||𝑟|→0 = 𝐶(1 −
1

6
𝐵𝐸
2
𝑎|𝑟|
3
) + 𝑂 (𝑎

4
|𝑟|
4
) , (40)

where we introduced the constant
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√
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(41)

In the second limiting region, |𝑟| → 1/𝑎,

𝑢||𝑟|→1/𝑎 = sin (𝜔𝑡) [𝐴 −
1

4
𝐴
𝜔
2

𝑎2
(1 − 𝑎 |𝑟|)

2

+𝑂 ((1 − 𝑎 |𝑟|)
3
) ] ,

𝑆||𝑟|→1/𝑎 = −𝐵 +
3

4
𝐴
2𝜔
2

𝑎2
(1 − 𝑎 |𝑟|)

2
+ 𝑂 ((1 − 𝑎 |𝑟|)

4
) ,

√𝑔
|𝑟|→1/𝑎 = 𝑒

−𝐵
(1 − 𝑎 |𝑟|)

1/3
+ 𝑂 ((1 − 𝑎 |𝑟|)

7/3
) ,

(42)

equation (35) has the following asymptotic form:

𝜌


0
−
𝑎 sgn (𝑟)
1 − 𝑎 |𝑟|

𝜌


0
−

𝑐
2

(1 − 𝑎 |𝑟|)
4/3
𝜌0 = 0, (43)

where

𝑐
2
= 𝐸
2
𝑒
−𝐵
. (44)
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The general solution to this equation is

𝜌0 (𝑟) = 𝐶3𝐼0 (
3𝑐

𝑎

3
√1 − 𝑎 |𝑟|) + 𝐶4𝐾0 (

3𝑐

𝑎

3
√1 − 𝑎 |𝑟|) , (45)

where 𝐶3 and 𝐶4 are some integration constants and 𝐼0 and
𝐾0 are zero-order modified Bessel functions of the first and
second kind, respectively. To fulfill the conditions (33), we
must choose 𝐶4 = 0 (the function𝐾0 is unbounded function
at |𝑟| → 1/𝑎). Then, for the series expansion of 𝜌0(𝑟) at
|𝑟| → 1/𝑎, we get

𝜌0 (𝑟)
|𝑟|→1/𝑎 = 𝐶3 [1 +

9𝑐
2

4𝑎2
(1 − 𝑎 |𝑟|)

2/3
]

+ 𝑂 ((1 − 𝑎 |𝑟|)
4/3
) .

(46)

According to (27), the action (24) of the 5D scalar filed
zero mode reduces to

𝑆0 =
1

2
∫𝑑𝑥
4
𝑑𝑟 [𝑄1 (𝑟) 𝜕𝑡𝜙

2
− 𝑄2 (𝑟)

× (𝜕𝑥𝜙
2
+ 𝜕𝑦𝜙

2
+ 𝜕𝑧𝜙
2
) − 𝑄3 (𝑟) 𝜙

2
] ,

(47)

where integration over 𝑟 is performed on the finite integration
region [−1/𝑎, +1/𝑎], and 𝑄𝑖 functions are defined as

𝑄1 (𝑟) = (1 − 𝑎 |𝑟|) 𝜌
2

0
,

𝑄2 (𝑟) = (1 − 𝑎 |𝑟|)
−1/3

𝑒
𝑆
𝜌
2

0
,

𝑄3 (𝑟) = (1 − 𝑎 |𝑟|) 𝜌
2

0
.

(48)

It is easy to see that, for the extra dimension factor of the
scalar field zero mode, 𝜌0(𝑟), having asymptotes (40) and
(46), the integral over extra coordinate 𝑟 in (47) is finite.
This means that the scalar field zero mode wavefunction is
localized on the brane. Also note that on the brane, 𝑟 = 0,
due to the boundary conditions (33), the Lagrangian in the
action (47) gets the standard 4D form for the massless scalar
field.

To estimate themasses of KK excitations on the brane, we
consider the scalar particles with zero 3-momentum, 𝑝2 = 0.
Then (32) for the massive modes reduces to

𝜌

−
𝑎 sgn (𝑟)
1 − 𝑎 |𝑟|

𝜌

+ 𝑚
2
𝜌 = 0. (49)

The exact general solution to this equation is

𝜌 (𝑟) = 𝐷1𝐽0 (
𝑚

𝑎
(1 − 𝑎 |𝑟|)) + 𝐷2𝑌0 (

𝑚

𝑎
(1 − 𝑎 |𝑟|)) ,

(50)

where𝐷1 and𝐷2 are some constants. Imposing the boundary
conditions (33), we get

𝐷2 = 0,

𝐽1 (
𝑚

𝑎
) = 0,

(51)

from which we get the KK mass spectrum of scalar field on
the brane

𝑚𝑛 = 𝑎𝑍
(𝐽1)

𝑛
, (52)

where 𝑍(𝐽1)
𝑛

is the 𝑛th zero of the Bessel function 𝐽1. So the
mass gap between the zero and the first massive modes will
be

Δ𝑚 = 𝑚1 = 𝑎𝑍
(𝐽1)

1
≈ 3.8𝑎. (53)

In the limiting case of this section, the curvature scale 𝑎,
which determines the size of extra dimension, is smaller than
the scale associated with the width of the brane, ∼ 𝑎𝐵, where
𝐵 ≫ 1. SoKKmodes, having themasses≈3.8 𝑎, can be created
in accelerators at relatively low energies, what gives a chance
to check this model.

5. Conclusion

In this paper, we have introduced the new nonstationary
5D braneworld model with the real scalar field in the bulk.
The model represents single brane which bounds collective
bulk oscillations of gravitational and scalar field standing
waves. These waves are out of phase; that is, the energy of
oscillations passes back and forth between the scalar and
gravitational waves. The metric of the model has the horizon
in the extra space, and, consequently, the extra space is finite
for the observer on the brane. We have investigated limiting
cases of large and small extra space, depending on the two
dimensional parameters of themodel, the curvature scale and
the energy scale associated with the brane.

In the limiting case of small extra space, when the ampli-
tude of the standing waves is small, these two parameters are
of the sameorder ofmagnitude, andmatter fields are localized
on the brane due to the presence of the metric horizon.

In the case of large oscillations, the distance to the horizon
is relatively large as compared with the brane width, and
trapping of matter fields on the brane is caused mainly by
the pressure of bulk oscillations. The mass of the lightest KK
mode in this case is determined by the smaller energy scale
associated with the horizon size, and therefore such particles
can be created in future accelerators at relatively low energies.
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We propose a quantum gravity-extended form of the classical length contraction law obtained in special relativity.More specifically,
the framework of our discussion is the UV self-complete theory of quantum gravity. We show how our results are consistent with
(i) the generalized form of the uncertainty principle (GUP), (ii) the so-called hoop-conjecture, and (iii) the intriguing notion of
“classicalization” of trans-Planckian physics. We argue that there is a physical limit to the Lorentz contraction rule in the form of
some minimal universal length determined by quantum gravity, say the Planck Length, or any of its current embodiments such
as the string length, or the TeV quantum gravity length scale. In the latter case, we determine the critical boost that separates the
ordinary “particle phase,” characterized by the Compton wavelength, from the “black hole phase,” characterized by the effective
Schwarzschild radius of the colliding system.

1. Introduction and Background

High energy particle physics is based on the notion that
smaller and smaller distance scales can be investigated by
increasing the energy of the probe particle. Elementary
projectiles colliding with a target can resolve distances
comparable with their quantummechanical wavelength. The
more is the energy, the shorter is the wavelength in agreement
with the relativistic rule of length contraction. Quantum
mechanics and special relativity work together to open a
window on the microscopic world.

This simple picture becomes less clear when we begin to
approach the Planck scale of distance or energy and consider
the concomitant quantum gravity effects. This problem has
long been ignored on the basis that the Planck energy, roughly
10
19 GeV, is so huge that no particle accelerator will ever be

able to approach it.
However, the picture is completely different when we

consider the string-inspired unified models with large extra-
dimensions, where the unification scale can be as low as some
TeV. In this kind of scenario, quantum gravity effects, includ-
ing microblack hole production in partonic hard scattering,
have been suggested to occur near the LHC peak energy,

that is, 14 TeV [1–10]. In this new physics, the distinction
between “point-like” elementary particles and “extended”
quantum gravity excitations, whatever they are, that is, black
holes, 𝐷-branes, string balls, and so forth, turns out to be
fuzzy, so that standard notions, such as the Lorentz-Fitzgerald
length contraction, require a substantial revision, at least
insofar as its domain of validity is concerned. For instance,
a fundamental, quantum string is, presumably, the smallest
object in nature with a linear size given by 𝑙𝑠 = √𝛼. Thus, in
this string perspective, no distance shorter than 𝑙𝑠 can be given
a physical meaning. Furthermore, by supplying more and
more energy, higher and higher vibration modes are excited
making the string longer and longer, in conflict with the
length-contraction rule but not unlike the increasing size of a
Schwarzschild black hole. To ourmind, this signals the end of
the validity of special relativity and the onset of gravitational
effects.

How can we account for that?
Before trying to answer this question, it is useful to

recall the derivation of the fundamental units that define the
domain of quantum gravity, as the answer to our question lies
in the very definition of those units.
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The appropriate standards of length, mass, and time were
originally introduced byMax Planck on a purely dimensional
basis by combining the speed of light 𝑐, the gravitational
coupling constant 𝐺∗ (𝐺∗ can be either the Newton constant
or the higher-dimension gravitational coupling of TeV quan-
tum gravity.), and the Planck constant ℎ. In other words,
Planck recognized that it is possible to combine special
relativity, quantum mechanics, and gravity in the following
dimensional package:

𝐿𝑃 ∝
√
ℎ𝐺∗

𝑐3
, 𝑇𝑃 ∝

√
ℎ𝐺∗

𝑐5
, 𝑀𝑃 ∝ √

ℎ𝑐

𝐺∗

. (1)

Clearly, this dimensional approach defines the Planck units
up to a numerical factor providing only an “orders of
magnitude” estimate. In the old days, the Planck world was
envisaged as the arena of violent quantum gravity fluctua-
tions disrupting the very fabric of space and time [11, 12].
Eventually, the notion of “space-time foam” evolved into
a “Planckian phase” with a different description according
to string/M-theory, loop quantum gravity, noncommutative
geometry, fractal space-time, and so forth.

In order to determine the numerical constants in (1),
some extra argument is due.

For instance, one may declare that the Planck mass is
defined by the equality between the quantum mechanical
wavelength of a particle and its gravitational critical radius

ℎ

𝑀∗𝑐
=
2𝑀∗𝐺∗

𝑐2
. (2)

Thus,

𝐿∗ =
√
2ℎ𝐺∗

𝑐3
, 𝑀∗ = √

ℎ𝑐

2𝐺∗

. (3)

An alternative, but consistent, definition of (3), which to our
knowledge has never been noted before, is the following. 𝐿∗
is the geometric mean of the quantummechanical wavelength
𝜆𝐶 = ℎ/𝑚𝑐 of the particle and its critical gravitational radius
𝑅𝑠 = 2𝑚𝐺∗/𝑐

2:

𝐿∗ ≡ √𝜆𝐶𝑅𝑠 =
√
2ℎ𝐺𝑁

𝑐3
. (4)

Further insight into the physical meaning of 𝐿∗ can be
obtained from the generalized uncertainty principle (GUP)
[13–15], where 𝐿∗ is often identified with the string length,
that is, 𝐿∗ = √𝛼:

Δ𝑥 ≥
ℎ

Δ𝑝
+
𝐿
2

∗

4

Δ𝑝

ℎ
. (5)

By minimizing the uncertainties, one finds

Δ𝑝∗ =
2ℎ

𝐿∗

, Δ𝑥∗ = 𝐿∗. (6)

From (6)we see that𝐿∗ represents theminimal uncertainty in
the particle/string localization. From this point of view, 𝐿∗ is

theminimal lengthwhich is physically meaningful since, for a
shorter one, the uncertainty is larger than the length itself. In
contrast to this, it seemsworth observing that the Planckmass
is neither an absolute minimum nor an absolute maximum.
It is, rather, an extremal value or turning point, in the sense
that, as implied by definition (2), it represents the largestmass
that an elementary particle may possess or the smallest mass
attributable to a microblack hole. Interestingly enough, we
will argue in Section 2 as well as in Section 3 of this paper
that there exists in nature a universal, unsurpassable linear
energy density or tension that lies at the core of every black
hole, regardless of its mass or size.

2. Critical Boost and Minimal Length

We have remarked earlier that the existence of a “quantum
of length” [16, 17] is in conflict with the conventional rule of
“length contraction” derived in special relativity. In a nutshell,
the quantum of length 𝐿∗ is a new universal constant on the
same footing as 𝑐 and ℎ, and as such it must be an observer
independent. It follows that 𝐿∗ must act as an unbreakable
barrier to the Lorentz-Fitzgerald contraction.

We propose to get around this problem by redefining
the Lorentz-Fitzgerald contraction law in the presence of a
short-distance Planck barrier.This is the crux of the following
discussion.

In special relativity, a rod of length 𝐿0 in its rest frame is
seen to be contracted in the direction of motion according to
the rule

𝐿 (𝛽) = 𝐿0 √1 − 𝛽2, 𝛽 ≡
V
𝑐
. (7)

An immediate consequence of (7) is that 𝐿 can contract to
an arbitrarily small length as 𝛽 → 1. There are, however, at
least two types of objections to this conclusion that require a
redefinition of the contraction rule.

(i) “Quantum” objection or the absence of ℎ: even though
(7) is routinely applied to the world of particle
physics, it was conceived with macroscopic, that is,
“classical” objects in mind. Stated otherwise, the
quantum of action ℎ seemingly has no effect in the
length-contraction rule, but we expect this to change
in the ultrarelativistic regime when one approaches
distances of the order of the Planck length.

(ii) “Gravitational” objection or the absence of 𝐺𝑁: (7)
refers to “abstract” lengths ignoring the fact that
any physical object produces its own gravitational
field and thus introduces a “critical” gravitational
length scale, that is, the Schwarzschild radius 𝑅𝑠 =
2𝑀𝐺𝑁/𝑐

2. If 𝐿 ≤ 𝑅𝑠, the rod is not a rod anymore,
rather, it will look like a black hole!This is the so-called
“hoop-conjecture”: any physical object extending
along a certain direction less than its Schwarzschild
radius collapses into a black hole [18]. How a black hole
appears in a boosted frame is an overlooked problem
except in the somewhat ambiguous “shockwave limit”
where 𝛾 → ∞, 𝑀 → 0 while the product is kept
finite, that is, 0 < 𝛾𝑀 < ∞ [19].
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By considering both arguments at the same time, one expects
that quantum gravity imposes intrinsic limits to the rela-
tivistic contraction of physical objects. Presently, the most
promising candidate for a self-consistent theory of quantum
gravitational phenomena is super-string theory. From its
vantage point, string theory “solves” the problem from the
very beginning by assuming that the building blocks of
everything are finite length, vibrating strings. Nothing can be
“smaller,” in the sense that any distance (length) smaller than
the string length √𝛼 does not have physical meaning. As
string theory is a quantum theory of gravity, the string length
may be identified with the Planck Length 𝐿𝑃 ≈ 10

−33 cm.
Unfortunately, to our knowledge string theory says nothing
about the Lorentz-Fitzgerald contraction and how to modify
it.

Our foregoing discussion, on the other hand, requires
that any quantumgravity-inspired extension ought to contain
both Newton and Planck constant,𝐺𝑁 and ℎ, and reproduces
(7) when 𝐺𝑁 or ℎ are “switched off”.

According to the hoop-conjecture there must be a critical
boost factor 𝛾∗ ≡ 1/√1 − 𝛽2

∗
that characterizes the transition

from a gravitationally interacting two-particle system into a
black hole. In order to determine 𝛾∗, let us tentatively change
the contraction formula into the following expression:

�̃� (𝛽) = 𝐿0√1 − 𝛽2 +
𝐿
2

∗
𝜃𝐻 (𝛽)

4𝐿0√1 − 𝛽2
, (8)

where 𝜃𝐻 is theHeaviside step functionwhich guarantees that
the extra term does not affect the measure of 𝐿 at rest. (We
define 𝜃𝐻(𝑥) as 𝜃𝐻(𝑥) = 1 ← 𝑥 > 0 and 𝜃𝐻(𝑥) = 0 ← 𝑥 ≤ 0.
Sometimes, it is conventionally chosen as 𝜃𝐻(0) ≡ 1/2. In this
case, a 𝛽-independent quantity 𝐿2

∗
/8𝐿0must be subtracted in

(8).) Moreover, since anymacroscopic length is tens of orders
of magnitude larger than 𝐿∗, the second term in (8) gives a
relevant contribution only in the ultrarelativistic regime 𝛽 ≈

1. The minimum of the function �̃�(𝛽) is

𝑑�̃�

𝑑𝛽
= 0 → 𝛾∗ =

2𝐿0

𝐿∗

, �̃� (𝛽∗) = 𝐿∗. (9)

For 𝛾 > 𝛾∗, the function �̃�(𝛽) “bounces back” and increases as
stipulated in our earlier discussion on the basis that a similar
behavior is shown by a fundamental string which cannot
shrink below its minimal length 𝑙𝑠 =

√𝛼, while increasing
its energy excites higher and higher vibration modes forcing
the string to elongate. Thus, a natural choice for 𝐿∗ is 𝐿∗ =
𝑙𝑠 =

√𝛼. For later convenience, it seems also worth recalling
again that a highly excited string looks rather like a black hole.
With this identification, (9) tells that in any inertial reference
frame no physical length can be smaller than the string length

�̃� (𝛽) ≥ √𝛼, (10)

and the critical boost representing the turning point between
contraction and dilatation turns out to be 𝛾∗ = 2𝐿0/

√𝛼.
Now, let us take a closer look at (8) by way of some

illustrative examples.

(i) Take for 𝐿0 the Compton wavelength 𝜆𝐶 = 1/𝑚 of a
particle. In analogy with the string improvedGUP, we
obtain the following modified de Broglie formula:

�̃� (𝛽) = 𝜆𝐶√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

4𝜆𝐶√1 − 𝛽2
. (11)

As 𝜆(𝛽) cannot be smaller than√𝛼 it follows that the
mass spectrumof an “elementary” particle is bounded
from above by the limiting mass 1/√𝛼

𝜆 ≥ √𝛼 → 𝑚 ≤
1

√𝛼
. (12)

(ii) Next, consider the case of a Schwarzschild black hole,
𝐿0 = 𝑅𝑠. Equation (8) tells us how the horizon radius
will appear from a Lorentz boosted frame as follows:

𝑅𝑠 (𝛽) = 2𝑀𝐺𝑁√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

8𝑀𝐺𝑁√1 − 𝛽2
. (13)

The first term shows how the Schwarzschild radius
of a moving mass appears contracted as any other
physical length. The second term in (13) takes into
account the existence of a “hard core” characterized
by a universal, unsurpassable linear energy density or
tension that prevents further contraction or collapses
into a point singularity. We will come back to this
essential point in the concluding section of this paper.

The critical boost is

𝛾∗ =
4𝑀𝐺𝑁

√𝛼
. (14)

For 𝛾 = 𝛾∗, the Schwarzschild radius reaches its minimal
value 𝑅𝐻(𝛽

∗
) = √𝛼. A snapshot of a black hole at this

minimal size will show an object with an effective mass 𝑀∗
defined as

𝑅𝐻 (𝛽
∗
) ≡ 2𝑀∗𝐺𝑁 → 𝑀∗ =

√𝛼

2𝐺𝑁

. (15)

In a string theoretical formulation of quantumgravity, the
Regge slope can be related to the Newton constant through
𝛼

= 2𝐺𝑁. Thus, we find𝑀∗ = 1/√2𝐺𝑁 =𝑀𝑃 and 𝑅𝐻(𝛽

∗
) =

𝐿𝑃.
If we formally assign to the black hole a Compton

wavelength 𝜆𝐵𝐻 ≡ 1/𝑀, we can write (13) as follows:

𝑅𝑠 (𝛽) =
𝐿
2

𝑃

𝜆𝐵𝐻

√1 − 𝛽2 +
𝜆𝐵𝐻𝜃𝐻 (𝛽)

4√1 − 𝛽2
. (16)

Comparison with (11) shows that 𝜆𝐵𝐻 enters themodified
contraction law in the inverse way with respect to 𝜆𝐶, thus
suggesting that the de Broglie wavelength of a black hole can
be written as

𝜆
𝑑𝐵

𝐵𝐻
≡

𝜆𝐵𝐻

√1 − 𝛽2
= 𝛾𝜆𝐵𝐻. (17)
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Once the critical boost 𝛾∗ = 2𝑀√𝛼 = 𝑀/𝑀𝑃 is passed,
the first term in (16) is negligible and the Schwarzschild radius
expands as follows:

𝑅𝑠 (𝛽) ≈
𝜆
𝑑𝐵

𝐵𝐻

4
. (18)

It is worth mentioning that, recently, a new family of
singularity-free black hole-metrics was reported in [20–25],
where the existence of a minimal length is assumed at the
outset in the Einstein equations. A remarkable property of
these black holes is to admit extremal configurations even in
the neutral nonspinning case. Extremality corresponds to the
lowest mass state of the system and to aminimal radius of the
event horizon which equals few times the minimal length. In
some simple models, it is possible to choose the free length
scale that regularizes the short distance behavior in such a
way that the radius of the extremal configuration is exactly the
Planck length [9, 26, 27]. Without introducing the improved
Lorentz law, the very idea of a minimal size object would
become observer dependent.

To sum up, at this point we have

(1) equation (8) for a (semi)classical length 𝐿0 with string
corrections;

(2) equation (11) for the de Broglie wave length with
string corrections;

(3) equation (13) for the Schwarzschild radius with string
corrections.

Now, it is time to consider the hoop-conjecture and check the
self-consistency of our formulae.

Let us start with case (1) and address the central question
as follows. Can a boosted object be seen contracted below its
Schwarzschild radius?

If so, the hoop-conjecture would imply the original object
is seen as a black hole:

𝐿0√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

4𝐿0√1 − 𝛽2

≤ 𝑅𝑠√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

4𝑅𝑠√1 − 𝛽2
.

(19)

We may regard this relation either as an equation for the
radius 𝐿0 below which the object is shielded by horizon, or
as an equation for a hypothetical “terminal speed” 𝛽 that,
once surpassed, will make the object appear inside its own
Schwarzschild hoop. In the first case, it is immediate to rec-
ognize that 𝐿0 ≤ 𝑅𝑠 is the 𝛽 independent, somewhat “trivial”
solution. In order to be seen as a black object, the maximal
length, at rest, must be smaller than the Schwarzschild radius
𝑅𝑠. On the other hand, if one assumes that 𝐿0 > 𝑅𝑠 and tries
to determine 𝛽 from (19), then one finds

𝛽
2
= 1 +

𝛼


4𝑅𝑠𝐿0

> 1 (20)

which is unphysical. Only by moving at a speed greater than
the speed of light can an object turn into a black hole. Thus,
even in the presence of quantum corrections, there is no inertial
frame where a classical object with linear size 𝐿0 > 𝑅𝑠 may
appear as a black hole.

Let us consider now a quantum particle rather than a
classical object as follows:

𝜆𝐶√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

4𝜆𝐶√1 − 𝛽2

≤ 𝑅𝑠√1 − 𝛽2 +
𝛼

𝜃𝐻 (𝛽)

4𝑅𝑠√1 − 𝛽2
.

(21)

Once more, the “terminal boost” is unphysical, that is, 𝛽 > 1,
and the only acceptable solution is

𝜆𝐶 = 𝑅𝑠 → 𝑚 =
1

𝛼
= 𝑀𝑃. (22)

Thus, as before, there does not exist an inertial frame where
an isolated elementary particle with (invariant) mass 𝑚 <

𝑀𝑃 looks like a black hole. However, this conclusion does
not prevent the production of a black hole in the final state
of a two-body high energy scattering where the hoop con-
jecture has been validated using numerical/computational
techniques [28]. This different case will be discussed in the
next section using a more analytical approach.

2.1. High Energy Collisions and BlackHole Production. We are
now ready to extend (11) to the case of a two-body system
of colliding partons in the framework of higher dimensional
quantum gravity. In this case, the gravitational coupling
constant is𝐺∗ with dimensions (in natural units) [𝐺∗] = 𝑙

𝑑−1,
much below the Planck energy, and 𝑑 is the number of space-
like dimensions (≥3). If the two partons have four-momenta
𝑝1 and 𝑝2, it is useful to introduce the Mandelstam variable
𝑠 = −(𝑝1 + 𝑝2)

2. In terms of 𝑠, we can define the “effective
Schwarzschild radius” of the system as

𝑟𝐻 (𝑠) = (2√𝑠𝐺∗)
1/(𝑑−2)

≡ (√𝑠𝐿
𝑑−1

∗
)
1/(𝑑−2)

, (23)

where 𝐿∗ is the higher dimensional minimal length. The
hoop-conjecture states that whenever the two partons collide
with an impact parameter 𝑏 ≤ 𝑟𝐻(𝑠), a microblack hole is
produced. In our approach, we can rephrase this statement
as follows: the two-parton system will collapse into a black
hole if the de Broglie wavelength (11) is smaller or equal to
the Schwarzschild radius (13)

1

√𝑠
+
𝐿
2

∗

4
√𝑠 ≤ (√𝑠𝐿

𝑑−1

∗
)
1/(𝑑−2)

+
𝐿
2

∗

4
(√𝑠𝐿
𝑑−1

∗
)
−1/(𝑑−2)

, (24)

where we have switched to natural units ℎ = 𝑐 = 1 and no
step-function is needed as the two particles are by definition
in a relative state ofmotion. Solving for 𝑠, we find the threshold
invariant energy for the creation of amicroblack hole.This is a
necessary, but not a sufficient condition for this event to occur.
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As it can be expected, the production channel opens up once
the quantum gravity energy scale is reached:

√𝑠 ≥
1

𝐿∗

= 𝑀∗. (25)

Equation (25) tells us that in a high energy scattering
experiment we can probe distances down to 𝐿∗ but not
beyond. The would be trans-Planckian region is shielded by
the creation of a black hole with linear dimension increasing
with 𝑠. This argument is the essence of a recent proposal by
Dvali and coworkers [29, 30] to explain how quantum gravity
can self-regularize in the deep ultraviolet region [26] (The
scenario of UV self-complete quantum gravity is especially
attractive when realized in the more general framework of
TeV quantum gravity. In this case, the Planck scale is lowered
down to the TeV scale, and it opens the exciting possibility
to detect quantum gravity signals at LHC.). Thus, the trans-
Planckian regime is actually inaccessible, and the deep UV
region is dominated by large, “classical” field configurations.
This mechanism has been dubbed “classicalization” [31, 32].

There is a second important consequence of the relation
(24) regarding the final stage of black hole evaporation.
Microblack holes are known to be semiclassically unsta-
ble because of Hawking radiation. However, the standard
description of thermal decay breaks down when the black
hole approaches the full quantum gravity regime. Even
worse, no semiclassical model can foresee the endpoint of
the process which remains open to largely unsubstantiated
speculations.

Equation (24), on the other hand, shows not only the
transition of a two-particle system into black hole, but the
inverse process as well. Start from the black hole region and
decrease the invariant mass of the object. Effective models
of “quantum gravity-improved” black holes suggest that for
𝑀 ≫ 𝑀∗ the semiclassical model is correct and the particle
emission is to a good degree of approximation a grey-body
thermal radiation. However, as the mass of the black hole
approaches the value 𝑀∗, and the size becomes comparable
with 𝐿∗, the mass of the object reveals a discrete spectrum
and the decay process goes on through the emission of a
few quanta while jumping quantum mechanically towards
the ground state. In this late stage of decay, the black hole
behaves like a hadronic resonance or an unstable nucleus,
rather than a hot body. Thus, it is not surprising that after
crossing the critical point 𝑀 = 𝑀∗ one is left with an
“ordinary” elementary particle system [33].

3. Final Remarks: A New ‘‘Black Hole
Universal Constant’’ and the Existence of
a Maximal Force in Nature

In this note we have proposed a consistent framework to
reconcile the existence of a new fundamental constant of
nature, with length dimension, with the Lorentz-Fitzgerald
contraction expected from special relativity. The presence of
an ultimate length barrier has been related to the presence of
a black hole barrier that shields the trans-Planckian regime
from a direct investigation. The critical boost factor 𝛾∗

that marks the sharp transition from special relativity to the
“quantum gravity” regime has been related to the threshold
energy where gravitationally interacting point particles col-
lapse into an extendedmicroblack hole.This threshold energy
is determined by the final unification scale where quantum
gravity becomes as strong as the other interactions.

Assuming that the “superunification” scale is the Planck
scale, is there any clue as to what the expression of the “supe-
runified force” might be? This question leads us to confront
the notion of maximal tension introduced by Gibbons in the
framework of general relativity [34].

Gibbons’ conjecture is that there exists in nature a limiting
force; let us call it a superforce, whose exact expression is given
by

𝐹𝑠 =
𝑐
4

4𝐺𝑁

. (26)

With the above expression in hand, we are in a position to
add some final remarks that may shed a different light on
the whole sequence of arguments presented in this paper. A
more comprehensive account of the following points will be
presented in a forthcoming article [35].

(1) Note, first, that our definitions of Planck units are
consistent withGibbons’ expression of the superforce.
In other words, on dimensional grounds alone, the
superforce is the “Planck force.” Having established
that, it takes an elementary calculation to verify that
the Gibbons-Planck force 𝐹𝑠 = 𝑐

4
/4𝐺𝑁 is, indeed,

the Planckian limit of both the electrostatic Coulomb
force and the static gravitational Newton’s force!
While this is a definite clue that (26) is the unification
point of the electrogravitational force, it remains an
open question whether it also represents the supe-
runified value of all fundamental forces.

(2) With hindsight, the conspicuous absence of ℎ from
the Gibbons-Planck expression seems to support the
classicalization idea as well as the idea of a transi-
tion from “contraction” to “dilation” in the modified
expression of the Lorentz-Fitzgerald formula. Again,
with hindsight, both ideas are inherent in the funda-
mental relationship (2)

ℎ

𝑀∗𝑐
=
2𝑀∗𝐺∗

𝑐2
. (27)

As a matter of fact, inspection of the above equation
shows that, on the one hand, it defines the Planck
scale of mass-energy, but, on the other hand, it
signals a trade-off, at the Planck scale of energy,
between a quantum length (Compton) and a classical
one (Schwarzschild) with the concomitant transition
from “Lorentz contraction” in the particle phase to
“Schwarzschild expansion” in the black hole phase.

(3) The appearance of 𝐺𝑁 in 𝐹𝑠 makes one wonder
about the specific role of gravity in the unification
of fundamental forces. Here we offer an alternative,
gravity inspired, interpretation of the superforce: it
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represents the ultimate linear energy density of a
black hole. In order to underscore this point, consider
the conventional volume density of a body. In the
case of a black hole, this leads to the somewhat
counterintuitive result that the density is inversely
proportional to the square of the mass

𝜌𝐵𝐻 =
𝑀

4𝜋𝑅3
𝑠
/3

=
3𝑐
6

32𝜋𝐺
3

𝑁

1

𝑀2
, (28)

so that, while mini black holes may possess a nuclear
density, galactic black holes can be less dense than
water. On the other hand, by considering the linear
energy density, one obtains the universal constant

𝜌∗ =
𝑀𝑐
2

2𝑅𝑠

=
𝑐
4

4𝐺𝑁

. (29)

In other words, there exists in nature a limiting
linear density that is a universal characteristic of all
(Schwarzschild) black holes regardless of their mass
or size. At first sight, this result may seem surprising
and hard to understand. In actual fact, the physical
explanation rests on the duality between deep UV
and far IR domains in quantum gravity. The unique
properties of black holes bridge the gap between
trans-Planckian and classical physics [36]!

(4) Last but not least, given the background of ideas
advanced in this paper, it seems natural to identify
𝜌∗ with the energy density of a relativistic string, and,
therefore, we identify the superforce equation (29)
with the universal string tension

𝜌∗ ≡
ℎ𝑐

2𝜋𝛼
≡ 𝑇𝑠. (30)

Therefore, there are two equivalent ways of writing 𝜌∗:

(i) classical, macroscopic form given by Gibbons’ maxi-
mal tension (29);

(ii) quantum,microscopic formwhich is the string tension
(30).

The two definitions are linked through

(i) the existence of a universal linear energy density for
black holes exposing their “stringy nature.” [37];

(ii) the “classicalization mechanism” of quantum gravity
that identifies trans-Planckian black holes with clas-
sical, macroscopic objects.

It seems to be a unique property of gravity to bridge the gap
between micro- and macroworlds.
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