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Recent developments of V2V, V2I, and vehicle automation
technologies have enabled the concept of the connected
and/or automated vehicles (CAVs) to be tested and explored
in practice. Connected vehicles are those that communicate
with neighbouring vehicles (V2V) and nearby infrastructure
(V2I), while automated vehicles are those partially or com-
pletely controlled by computers with less or no intervention
from human drivers. It is predicted that very soon CAVs
will share transport infrastructurewith conventional vehicles,
which may fundamentally revolutionize our transport sys-
tems.With coordination, cooperation, and automation,many
believe that CAVs hold promise to improve transport safety,
efficiency, and sustainability. However, detailed modelling
and technical paths for our existing transport systems to fully
capitalize on the CAV concept are yet to be explored, inves-
tigated, and examined. It is imperative to develop innovative
ideas of utilizing CAVs technologies to improve our transport
systems from various aspects, scales, and dimensions. This
special issue is focused on the recent advances in modelling
connected and automated vehicles. 36 papers were submitted
to this special issue, 14 ofwhichwere accepted for publication.
As the guest editors of this special issue, we would like to
summarize the 14 accepted papers below.

With regard to “Modeling Travel Time Reliability of Road
Network Considering Connected Vehicle Guidance Char-
acteristics Indexes” by J. Wang et al., travel time reliability
has been widely used to evaluate the performance of a
transport network. With real-time traffic guidance system,
the reliability can be largely improved. In this research, the
authors propose a new travel time reliability model using

a multilogistic regression approach to account for five char-
acteristics of connected vehicles.The results show that higher
penetration rate and compliance rate of connected vehicles
will lead to significant improvement of travel time reliability.

“A Trial-and-Error Method with Autonomous Vehicle-
to-Infrastructure Traffic Counts for Cordon-Based Con-
gestion Pricing” by Z. Liu et al., the authors propose a
practical trial-and-error method to solve the optimal toll
design problem of cordon-based pricing, where only the
traffic counts autonomously collected on the entry links of
the pricing cordon are needed. With the fast development
and adoption of vehicle-to-infrastructure (V2I) facilities, it
is very convenient to autonomously collect these data. A
standard stochastic user equilibrium (SUE) with asymmetric
link travel time functions is used to assess each feasible toll
pattern.

In “The Effect of Connected Vehicle Environment on
Global Travel Efficiency and Its Optimal Penetration Rate” by
R. Dai et al., the authors examine the effect of connected vehi-
cle environment and the relationship between the penetration
rate of connected vehicles and its efficiency. A classical two-
route network is used to conduct a case study with two types
of drivers: informed and uninformed drivers. The authors
further analyse the merits and demerits of the connected
vehicle environment. Different scenarios are subsequently
simulated and the results are compared. The findings of this
research can be used to better understand the effect of vehicle
connectedness and automation in future.

In “Developing a Distributed Consensus-Based Coop-
erative Adaptive Cruise Control System for Heterogeneous
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Vehicles with Predecessor Following Topology” by Z. Wang
et al., the authors propose a novel cooperative adaptive cruise
control (CACC) system and design algorithm and protocols
for platoon formation, merging maneuvers, and splitting
maneuvers. Each vehicle is assumed to only communicate
with its following vehicle to reach consensus of the whole
platoon, making the vehicle-to-vehicle (V2V) communica-
tion more efficient. A simulation study is carried out under
different scenarios and a sensitivity analysis is also conducted
on the distributed consensus algorithm.

“Analysis of an Automated Vehicle Routing Problem in
Logistics considering Path Interruption” by Y. Zhang et al.
is focused on the last-mile problem. The authors modify the
conventional vehicle routing problem (VRP). An automated
vehicle routing problem with time windows (AVRPTW)
model considering path interruption is developed and an
improved particle swarm optimisation (PSO) algorithm is
used to solve the problem.The results show that it is of consid-
erable significance for the promotion of automated vehicles
in last-mile problems.

In “Optimal Signal Design for Mixed Equilibrium Net-
works with Autonomous and Regular Vehicles” by N. Jiang,
a signal design problem is proposed for efficiently managing
autonomous vehicles (AVs) and regular vehicles (RVs) simul-
taneously in transport networks. AVs and RVs are assumed
to move on separate lanes and share the green time. This
problem is formulated as a bilevel programming model. The
lower-level describes a mixed equilibrium problem and the
upper-level optimises signal timings to allocate green times
for both AVs and RVs. Various signal control strategies are
evaluated through numerical examples and some insights are
obtained.

“DSRC versus 4G-LTE for Connected Vehicle Applica-
tions: A Study on Field Experiments of Vehicular Commu-
nication Performance” by Z. Xu et al. is focused on testing
connected and automated vehicles. Dedicated short-range
communication (DSRC) and 4G-LTE are two widely used
candidate schemes for connected vehicle (CV) applications.
These two standards are compared in this study. A connected
vehicle test-bed is established, which integrates the DSRC
roadside units, 4G-LTE cellular communication stations, and
vehicular on-board terminals. Results show that 4G-LTE
is more preferred for the nonsafety applications, such as
traffic information transmission, file download, or Internet
accessing, which does not necessarily require the high-speed
real-time communication, while, for the safety applications,
such as collision avoidance or electronic traffic sign, DSRC
outperforms the 4G-LTE.

“Accelerated Lane-Changing Trajectory Planning of
Automated Vehicles with Vehicle-to-Vehicle Collaboration”
by H. Bai et al. aims to generate an accelerated lane-changing
trajectory using vehicle-to-vehicle collaboration (V2VC). A
polynomial method and cooperative strategies are used to
establish a lane-changing model under different degrees of
collaboration of vehicles. A simulationmodel is developed for
the accelerated lane-changing process. Results show that safe
accelerated lane-changing trajectories can be achieved with
the proposed V2VC.

“A 𝑑𝜙-Strategy: Facilitating Dual-Formation Control of
a Virtually Connected Team” by B. Sharma describes the

design of new centralized acceleration-based controllers for a
multitask problem of motion planning and control of a coor-
dinated lead-carrier team fixed in a dual-formation within
an obstacle-ridden environment. A 𝑑𝜙-Strategy is developed
to ensure virtual connectivity of the carrier robots to the
lead robot. For the first time, a dual-formation control
problem of a lead-carrier teamofmobilemanipulators is con-
sidered. Computer simulations are used to demonstrate the
strategy.

“Will Automated Vehicles Negatively Impact Traffic
Flow?” By S. C. Calvert et al. examines whether the low-level
vehicle automation will have negative impact on traffic flow.
It has been widely accepted that a long gradual transition will
occur frommanual driving to automated driving.The authors
investigate the potential positive and negative effects using
an empirically calibrated and validated simulation experi-
ments. They found that low-level automated vehicles will
initially have a minor negative effect on traffic flow and road
capacities. According to their experiments, any improvement
in traffic flowwill only be seen at penetration rates above 70%.

In “Characteristic Analysis of Mixed Traffic Flow of
Regular and Autonomous Vehicles Using Cellular Automata”
by Y. Liu et al., the authors explore the effects of autonomous
vehicles and their penetration on heterogeneous traffic
flow dynamics. An improved cellular automata model was
employed to simulate the problem. According to the sim-
ulation results, autonomous vehicles will improve road
capacity and free flow speed; the lane-changing frequency
between neighbouring lanes evolves with traffic density
along a fundamental-diagram-like curve; and the impacts of
autonomous vehicles on the collective traffic flow character-
istics are mainly related to their smart maneuvers in lane
changing and car following.

In “A Genetic Algorithm Approach for Expedited Cross-
ing of Emergency Vehicles in Connected and Autonomous
Intersection Traffic” by Q. Lu and K.-D. Kim, an intersection
control algorithm is proposed to determine an efficient
vehicle-passing sequence that allows the emergency vehicle
to cross an intersection as soon as possible while minimising
the negative impact on other vehicles. The efficiency of
the proposed approach for expedited crossing of emergency
vehicles is validated through comparisons with DICA and a
reactive traffic light algorithm through extensive simulations.
The results show that the proposed genetic algorithm is
able to decrease the travel times of emergency vehicles
significantly in light and medium traffic volumes without
causing any noticeable performance degradation of normal
vehicles.

“Commute Equilibrium for Mixed Networks with
Autonomous Vehicles and Traditional Vehicles” by Y. Ji et al.
is focused on the commute equilibrium for mixed networks
with autonomous vehicles and traditional vehicles. A
traditional bottleneck model is used to investigate the user
equilibrium traffic pattern considering both autonomous
vehicles and traditional vehicles. Numerical examples are
provided to demonstrate the usefulness of the proposed
model. Sensitivity analyses are conducted to show the impact
of autonomous vehicles’ fees on the traffic pattern and travel
costs.
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“PaTAVTT: A Hardware-in-the-loop Scaled Platform for
Testing Autonomous Vehicle Trajectory Tracking” by Z. Xu
et al. is focused on the testing connected and automated
vehicles. Due to the high cost and low flexibility of full-
scale test site, a hardware-in-the-loop (HIL) scaled platform
was developed in Chang’an University. The system consists
of scaled autonomous vehicles, scaled roadway, monitor-
ing centre, transmission device, positioning device, and
computers. A high-speed U-turn case is used to test the
reliability of trajectory control in this scaled platform. The
experiment results demonstrate the effectiveness of the HIL
scaled platform.

Taken together, these 14 papers point to three key
directions of modelling connected and automated vehicles
(i.e., testing, trajectory control and planning, and network
optimisation) and applications to special vehicles.

Xiaobo Qu
Xiaopeng Li
Meng Wang

Vinayak Dixit
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With the advent of autonomous vehicles, in particular its adaptability to harsh conditions, the research and development of
autonomous vehicles attract significant attention by not only academia but also practitioners. Due to the high risk, high cost, and
difficulty to test autonomous vehicles under harsh conditions, the hardware-in-the-loop (HIL) scaled platform has been proposed
as it is a safe, inexpensive, and effective test method. This platform system consists of scaled autonomous vehicle, scaled roadway,
monitoring center, transmission device, positioning device, and computers. This paper uses a case of the development process
of tracking control for high-speed U-turn to build the tracking control function. Further, a simplified vehicle dynamics model
and a trajectory tracking algorithm have been considered to build the simulation test. The experiment results demonstrate the
effectiveness of the HIL scaled platform.

1. Introduction

Autonomous vehicles, also known as self-driving vehicles or
driverless vehicles, are capable of sensing the traffic environ-
ment, navigating through software algorithm, and controlling
vehicle movement without driver’s decisions and actions.
Such vehicles have been widely used in logistics and cargo
transportation, military purpose, and planetary exploration
due to its great potential ability to improve safety, increase
transportation capacity and minimize pollution [1–8]. In the
past 40 years, the development of autonomous vehicles has
been greatly increased. Recently, Google, Tesla, Uber, and
Baidu had demonstrated their autonomous cars, which can
run on various roads company with live traffic [9].Therefore,
with the resolution of technological, societal and legal issues,
people will finally free themselves from the mental and
physical burden of driving [4].

Although autonomous vehicles have many advantages,
recent several accidents slow down their process of com-
mercialization. Tesla cancelled the propaganda of self-driving

function, and Uber also terminated all autonomous vehicle
testing. In reality, both government and academia have
reached an agreement that the autonomous vehicle needs
to conduct comprehensive, systematic, and rigorous tests
before it is officially commercialized. However, the testing
of autonomous vehicle requires extremely time-consuming
work and huge economic cost [10]. An autonomous vehicle
consists of five functions (as shown in Figure 1): (1) sensing
and location systems; (2) global route planning; (3) behavior
reasoning; (4) trajectory planning; (5) trajectory tracking
control. Among these five functions, the first four can be
simulated and tested by using the data collected from the
autonomous vehicle sensors. Basically, it is a test of the
software function of the autonomous vehicles. However,
the trajectory tracking control process needs to be tested
with real vehicles as the vehicle kinematic and dynamic
constraints; controller responsiveness will influence the reli-
ability, smooth, and comfort of autonomous vehicles. For
the trajectory tracking control function, it requires that the
control algorithm can provide the spatial path planning and
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Autonomous vehicle “Sinda” 
developed by Chang’an University

Figure 1: The generic function chart of an autonomous vehicle.

handle the direction/speed of the vehicle according to the
real-time surrounding traffic information and high-accuracy
map information [10].

The main two existing testing approaches of autonomous
vehicle trajectory tracking are simulation testing and real
vehicles testing. Although the software-based simulation has
the advantages of low cost and high efficiency, the simulation
model is based on the ideal mathematical model which
ignores many practical factors might cause large difference
between the simulation results and real cases results. It should
be noted that the real world testing, although with much
higher accuracy, is very time-consuming, expensive, and
limited by weather and scenarios [11–13]. In this regard,
shortening the development cycle without sacrificing accu-
racy and reliability has been concerned [14]. There are
many well-known testbeds around the world for testing
connected and automated vehicles, such as the MCity of the
University of Michigan and the GoMento test site located
in Contra Costa County, California, and CU CVIS testbed
of Chang’an University in China. The former two testbeds
focus on demonstration for applications of future Intelligent
Transportation Systems. CU CVIS focuses on the metafunc-
tion testing for each part of CAVs and the comprehensive
performance testing under the limit conditions [15].

Hardware-in-the-loop (HIL) simulation has combined
both mathematical and mechanical models to emulate real
vehicles as considering the influence of gravity, resistance,
and friction which may cause the inaccuracy of the model.
Compared to the testing in real traffic system, the HIL has the
merit of low construction cost, short development cycle, and
reproducible method [16]. At present, HIL-based simulation
has been widely used in the field of automotive testing.
Deng et al. [17] proposed a HIL simulation system as an
integral part of various autonomous driving programs, which
is a laboratory environment to support the development,
test and verification of many functions, and algorithms
related to sensor-guided autonomous driving. Zulkefli et al.
[18] proposed a HIL testbed to evaluate the performance

of connected vehicle applications. This testbed integrated a
laboratory powertrain research platform with a microscopic
traffic simulator (VISSIM), which could be used to test
various ITS applications such as CACC, Eco-Driving, and
Speed Harmonization. Gietelink et al. [19] developed an
indoor vehicle hardware-in-the-loop simulation system to
test the advanced driver assistance systems embedded in a
real vehicle. To best of our knowledge, most of HIL-based
simulations embed a vehicle or vehicle parts into the system,
which are usually complex and costly, and require large space.
A research group from RWTH Aachen University, Germany,
proposed a hardware implementation of a platoon of four
1 : 14 scaled trucks to test the cooperative platoon control
algorithm [20]. As considering critical safety factors, HIL
simulation system is also used to precrash threat assessment
[21].

In the proposed paper, a HIL scaled platform for test-
ing autonomous vehicle trajectory tracking (PaTAVTT) is
presented, which is a mechatronic testbed consists of scaled
roadway, scaled vehicles, indoor positioning subsystem, and
computer-aided Graphical User Interfaces. Compared with
other HIL test systems, PaTAVTT has the following advan-
tages. First, it is equipped with an indoor ultra-wideband-
(UWB-) based high-precision positioning system matches
the GPS precision in outdoor field, which can record the
accurate trajectory of the scaled vehicle in motion. The
deviation between the real trajectory and the reference would
be an important criterion to evaluate the performance of the
trajectory tracking algorithm. Second, the scaled platform
bridges the software-based vehicle dynamics model with the
real vehicle.The algorithmmodules and parameters validated
by Matlab or Carsim can be downloaded into the scale
vehicle. After passing the tests on PaTAVTT, the algorithms
can be further transplanted into the real vehicle. Third,
many external factors such as the road surface material, road
geometry and slope, and static or dynamic obstacles can be
tested due to the low establishment and testing costs.

In this paper, the system structure of this HIL plat-
form and the implementation of each submodule have
been described. Further, a new methodology of U-turn has
been developed and tested which can also be used in an
autonomous vehicle. The testing results demonstrate that the
HIL platform can be used to test the trajectory planning and
tracking control of an autonomous vehicle, which potentially
shorten its development cycle. The remainder of this article
is organized as follows. Section 2 is the overview of the
PaTAVTT. Section 3 presents a real-case study and the
methodology of U-turn.The simulation results are presented
in Section 4. Section 5 concludes the paper.

2. Overview of PaTAVTT

In this paper, PaTAVTT consists of scaled roadway, position-
ing system, scaled vehicle, transmission system, and software
simulator. As can be seen in Figure 2, the scaled roadway
is a rounded rectangle platform which has two lanes, and
the width of each lane is 37.5 cm. Additionally, the scaled
roadways has different kinds of road infrastructures, such as
traffic signs and LED information board.
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Figure 2: The system structure of PaTAVTT.
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Figure 3: Structure of scaled autonomous vehicle.

The scaled vehicles are 37 cm in length, 30 cm in width,
and 14 cm in height. The scaled vehicle is battery powered
and the highest speed is 3m/s.The positioning system is pro-
duced by Ubsense based on UWB wireless communication
technology, which consists of a positioning antennamounted
on the wall and a label on the vehicle. Its positioning accuracy
is about 30 cm which is approximately equal to the length
of the scale vehicle. At this point, it matches the positioning
precision of GPS, which has a precision of 3–5m and is
close to the length of a real vehicle. Each scaled vehicle is
equipped with dual controllers and dual Central Processing
Units (CPUs): oneCPU is used to control the vehicle steering;
the other is used to handle the output data from four kinds
of sensors (UWB positioning sensor, ultrasonic distance
sensor, camera/image sensor, and photoelectric encoder; see
Figure 3). Ultrasonic distance sensors are used to detect the
location of the front vehicle or obstacles to prevent collisions.
The image sensor is used to detect the lane line to ensure
that the vehicle is traveling within the lane.The photoelectric

encoder is used tomeasure the speed and displacement of the
vehicle.

The wireless communication system is realized by using
802.11ac wireless Wi-Fi technology. Wi-Fi modules are
installed to smart vehicles. All wireless communication is
connected to a network router using Intranet. It should
be noted that the system is able to simulate the trajectory
control/optimization strategies.

PaTAVTT platform can be used to test various types
of autonomous vehicle tracking control functions, such as
single-vehicle control and platoon control. Please refer to
Table 1 for details.

3. A Case Study of U-Turn

3.1. U-Turn and Its Negative Effects to Traffic Dynamics.
U-turn is a common traffic scenario which lowers vehicle
speeds and affects the traffic flow. The U-turn signs from
different countries are shown in Figure 4. It may cause
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Table 1: Function list of PaTAVTT platform.

Autonomous vehicle trajectory control type Description
Single-vehicle control(1) Vehicle longitudinal control Start, stop, accelerate, decelerate(2) Vehicle lateral control Turn left, turn right, serpentine(3) Lane-keeping control According to the image captured by the camera to keep the vehicle driving in the lane(4) U-turn control Turn the vehicle to reverse lane(5) Obstacle avoidance Decelerate and change lane when the vehicle detects an obstacle
Platoon control(6) Vehicle following control Verification of various vehicle following models(7) Lane changing controller Vehicles automatically change lane in the case of security(8) Overtaking control Vehicles overtake the front one and then return to the original lane(9) Intersection coordination Vehicles pass through the intersection in an optimal way(10)Headway control Control the vehicle headway to prevent collision

Figure 4: Different signs of U-turn.

sideslip or rollover accident if the vehicle accelerates in a
U-turn maneuver [22]. As autonomous vehicles are able to
automatically plan and control the trajectories, a proper U-
turn algorithm can significantly improve the overall traffic
efficiency, reduce fuel consumption, and minimize other
negative effects.

Based on the PaTAVTT platform, this paper uses U-turn
trajectory tracking as a case study and builds an autonomous
vehicle dynamics model. We use Model Prediction Control
(MPC) algorithm to perform and test the autonomous
vehicles trajectory tracking control in U-turn scenario under
different speed conditions.

3.2. Vehicle Dynamics Model. The trajectory tracking control
of autonomous vehicles is achieved by controlling the vehicle
function system. Mathematical vehicle dynamics model is
useful in vehicle design, crash simulation, and kinematic
behavior analysis as it provides a quick simulation anal-
ysis compared with finite element (FE) models [23]. In
this regard, in this paper, we use vehicle dynamics model
to be the prediction model and the autonomous vehicle
dynamics model can be simplified as two-wheeled bike
model.

In the plane Cartesian coordinate system (𝑜𝑥𝑦), the
vehicle dynamics model has been shown in Figure 5. (𝑥𝑟, 𝑦𝑟)
and (𝑥𝑓, 𝑦𝑓) are the center coordinates of the vehicle rear
axle and front axle, respectively. V𝑟 and V𝑓 are velocity of the
vehicle rear axle and front axle, respectively. 𝜑 is the driving

l

y

o x

(xf, yf)

(xr, yr) r
f

f



Figure 5: Vehicle dynamics model.

direction of the vehicle, 𝛿𝑓 is the angle of front wheel, and 𝑙 is
the wheelbase between the front and rear axle.

From Figure 5, we have

V𝑟 = �̇�𝑟 cos𝜑 + ̇𝑦𝑟 sin𝜑 (1)

�̇�𝑟 sin𝜑 − ̇𝑦𝑟 cos𝜑 = 0 (2)

V𝑟 = V𝑓 cos 𝛿𝑓 (3)

�̇� = V𝑓 sin
𝛿𝑓𝑙 , (4)



Journal of Advanced Transportation 5

where �̇�𝑟 and ̇𝑦𝑟 are the lateral velocity and the longitudinal
velocity of rear axle, respectively.

By combining (1) and (4), the model is simplified as

[[
[
�̇�𝑟̇𝑦𝑟�̇�
]]
]
= [[[[[
[

cos𝜑
sin𝜑

(tan 𝛿𝑓)𝑙

]]]]]
]
V𝑟. (5)

The general expression of (5) is

̇𝜒 = 𝑓 (𝜒, 𝑢) , (6)

where the state variable 𝜒 = [𝑥𝑟, 𝑦𝑟, 𝜑]𝑇 and the control input𝑢 = [V𝑟, 𝛿𝑓]𝑇.
Trajectory tracking control is implemented by tracking

reference vehicle. Therefore, assuming that the reference

vehicle follows the given path, the reference vehicle will
satisfy the above equation at any time. Using 0 to notate the
reference vehicle,

̇𝜒0 = 𝑓 (𝜒0, 𝑢0) . (7)

By using Taylor series and ignoring the higher-order func-
tion, (7) can be approximated by (8) as follows:

̇𝜒 = 𝑓 (𝜒0, 𝑢0) + 𝜕𝑓 (𝜒, 𝑢)𝜕𝜒
𝜒=𝜒0𝑢=𝑢0 (𝜒 − 𝜒0)

+ 𝜕𝑓 (𝜒, 𝑢)𝜕𝑢
𝜒=𝜒0𝑢=𝑢0 (𝑢 − 𝑢0) ⋅ ⋅ ⋅ .

(8)

By substituting (8) with (7), we have

̇̃𝜒 = 𝐴𝜒 + 𝐵�̃�

where 𝐴 = [[
[
0 0 −V0 sin𝜑00 0 V0 cos𝜑00 0 0

]]
]
𝐵 = [[[[[

[

cos𝜑0 0
sin𝜑0 0
(tan 𝛿0)𝑙 V0(𝑙 cos2 𝛿0)

]]]]]
]

̇̃𝜒 = [[
[
�̇� − �̇�0̇𝑦 − ̇𝑦0�̇� − �̇�0

]]
]
, 𝜒 = [[

[
𝑥 − 𝑥0𝑦 − 𝑦0𝜑 − 𝜑0

]]
]
, �̃� = [V − V0𝛿 − 𝛿0] .

(9)

Themodel predictive control (MPC) used in this paper is
a discrete time control method. Let ̇̃𝜒 = (𝜒(𝑘 + 1) − 𝜒(𝑘))/𝑇,
where 𝑇 is the sampling period.

Therefore, we can discretize the continuous dynamics
function and (10) is the discrete time model, which will be
used as the predictive model in this research.

𝜒 (𝑘 + 1) = 𝐴 (𝑘) 𝜒 (𝑘) + 𝐵 (𝑘) �̃� (𝑘) , (10)

where 𝐴 and 𝐵 are represented by

𝐴 (𝑘) = [[
[
1 0 −V0 sin𝜑0𝑇0 1 V0 cos𝜑0𝑇0 0 1

]]
]

𝐵 (𝑘) = [[[[[
[

cos𝜑0𝑇 0
sin𝜑0𝑇 0
(tan 𝛿0𝑇)𝑙 V0𝑇𝑙 cos2 𝛿0

]]]]]
]
.

(11)

3.3. The Trajectory Tracking Control Algorithm of U-Turn
Based on MPC. MPC predicts the future state or output
of the system via the established prediction model, which
solves the optimal control sequence based on the constraints
and performance of vehicle dynamics. It can calculate the
following optimal control sequence by predicting the future
state or output of the control object under previous optimal
control sequence. After alternating this cycle, the object can

be controlled by the system. MPC is effortless to be modelled
and controlled, and it also has good robustness. Then, it can
be used to solve multivariable and constrained problems and
implement online optimization [24].

As shown in Figure 6, the control strategy forMPC-based
U-turn trajectory tracking is as follows: it starts from the 𝑘th
sampling period, generating a set of control increments by
optimization Δ𝑈∗𝑘 = [Δ𝑢∗𝑘 , Δ𝑢∗𝑘+1, . . . , Δ𝑢∗𝑘+𝑁𝑐−1]𝑇 to ensure
the predicted trajectory highly fits the reference trajectory in
the predictive time domain [𝑘 + 𝑇,𝐾 +𝑁𝑝 × 𝑇]. It also limits
the minimum amount changes of controlling output. 𝑁𝑐 is
the number of sampling points of control inputs, and 𝑁𝑝 is
the number of predictive points of the system state outputs,
which usually commits𝑁𝑝 ≥ 𝑁𝑐.
3.4. Objective Function Design. As the objective function
needs to ensure autonomous vehicle track the reference
trajectory quickly and smoothly, the deviation of system state
variables and the optimization of control variables should
be considered. Then, the following objective function will be
used to design the trajectory tracking controller,

𝐽 (𝑘) = 𝑁𝑝∑
𝑗=1

𝜒𝑇 (𝑘 + 𝑗 | 𝑘)𝑄𝜒 (𝑘 + 𝑗)

+ 𝑁𝑐∑
𝑗=1

�̃�𝑇 (𝑘 + 𝑗 − 1) 𝑅�̃� (𝑘 + 𝑗 − 1) ,
(12)
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Figure 6: Control strategy for MPC-based U-turn trajectory track-
ing.

where 𝑄 and 𝑅 are weight matrixes. The first item reflects
the performance of trajectory tracking; the second item
reflects the constraints on changes.This function can be easily
converted into a standard quadratic programming form [25].
Therefore, considering the vectors

𝜒 (𝑘 + 1) =
[[[[[[
[

𝜒 (𝑘 + 1 | 𝑘)
𝜒 (𝑘 + 2 | 𝑘)

⋅ ⋅ ⋅
𝜒 (𝑘 + 𝑁𝑝 | 𝑘)

]]]]]]
]
,

𝑢 (𝑘) = [[[[[
[

�̃� (𝑘𝑘)
�̃� (𝑘 + 1𝑘)

⋅ ⋅ ⋅
�̃� (𝑘 + 𝑁𝑐 − 1𝑘)

]]]]]
]
,

(13)

(12) can be represented by

𝐽 (𝑘) = 𝑥𝑇 (𝑘 + 1)𝑄𝑥 (𝑘 + 1) + 𝑢𝑇 (𝑘) 𝑅𝑢 (𝑘) , (14)

with 𝑄 = [
[
𝑄 0 ⋅⋅⋅ 0
0 𝑄 ⋅⋅⋅ 0
...
... d
...

0 0 ⋅⋅⋅ 𝑄

]
]
𝑅 = [ 𝑅 0 ⋅⋅⋅ 00 𝑅 ⋅⋅⋅ 0

...
... d
...

0 0 ⋅⋅⋅ 𝑅

].
In order to simplify the solving to (12), assuming 𝑁𝑝 =𝑁𝑐 = 𝑁, we have

𝜒 (𝑘 + 1) = 𝐴 (𝑘) 𝜒 (𝑘 | 𝑘) + 𝐵 (𝑘) 𝑢 (𝑘) , (15)

where

𝐴 (𝑘) =
[[[[[[[[
[

𝐴 (𝑘 | 𝑘)
𝐴 (𝑘 + 1 | 𝑘) 𝐴 (𝑘 | 𝑘)

⋅ ⋅ ⋅
𝑁−1∏
𝑖=0

𝐴 (𝑘 + 𝑖 | 𝑘)

]]]]]]]]
]

𝐵 (𝑘)

=
[[[[[[[
[

𝐵 (𝑘𝑘) 0 ⋅ ⋅ ⋅ 0
𝐴 (𝑘 + 1𝑘) 𝐵 (𝑘𝑘) 𝐵 (𝑘 + 1𝑘) ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅
𝐴 (𝑘 + 𝑁 − 2𝑘) × ⋅ ⋅ ⋅ × 𝐴 (𝑘 + 1𝑘) 𝐵 (𝑘𝑘)

⋅ ⋅ ⋅
𝐴 (𝑘 + 𝑁 − 2𝑘) × ⋅ ⋅ ⋅ × 𝐴 (𝑘 + 2𝑘) 𝐵 (𝑘 + 1𝑘)

⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅ ⋅ ⋅
0𝐴 (𝑘 + 𝑁 − 1𝑘) × ⋅ ⋅ ⋅ × 𝐴 (𝑘 + 1𝑘) 𝐵 (𝑘𝑘) 𝐴 (𝑘 + 𝑁 − 1𝑘) × ⋅ ⋅ ⋅ × 𝐴 (𝑘 + 2𝑘) 𝐵 (𝑘 + 1𝑘) ⋅ ⋅ ⋅ 𝐵 (𝑘 + 𝑁 − 1𝑘)

]]]]]]]
]
.

(16)

From (15)∼(16), the objective function can be converted
into a standard quadratic form:

𝐽 (𝑘) = 𝑢𝑇 (𝑘)𝐻 (𝑘) 𝑢 (𝑘) + 𝑓𝑇 (𝑘) 𝑢 (𝑘) + 𝐿 (𝑘) , (17)
where

𝐻(𝑘) = (𝐵𝑇 (𝑘) 𝑄𝐵 (𝑘) + 𝑅)
𝑓 (𝑘) = 2 (𝐵 (𝑘)𝑇𝑄𝐴 (𝑘) 𝜒 (𝑘 | 𝑘))
𝐿 (𝑘) = 𝜒𝑇 (𝑘 | 𝑘) 𝐴𝑇 (𝑘) 𝑄𝐴 (𝑘) 𝜒 (𝑘 | 𝑘) .

(18)

𝐿(𝑘) can be ignored as it is independent of �̃� and can not affect
the determination of 𝑢∗.

Thus, we can redefine the function as

𝐽 (𝑘) = 𝑢𝑇 (𝑘)𝐻 (𝑘) 𝑢 (𝑘) + 𝑓𝑇 (𝑘) 𝑢 (𝑘) . (19)
This above function is expressed in standard form which

can be solved by online QP problems solver such as Matlab.
The amplitude constraints in the control variables of (19) can
be represented as

𝑢min − 𝑢0 (𝑘 + 𝑗) ≤ �̃� (𝑘𝑘 + 𝑗) ≤ 𝑢max − 𝑢0 (𝑘 + 𝑗) . (20)
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After solving (19), the control inputs sequence can be derived
as

𝑈∗𝑘 = [�̃�∗𝑘 , �̃�∗𝑘+1, . . . , �̃�∗𝑘+𝑁−1]𝑇 . (21)

Thefirst element in𝑈∗𝑘 is applied to the system to get an actual
control increment, which is

Δ𝑢∗𝑘 = �̃�∗ (𝑘) − �̃� (𝑘 − 1) . (22)

After entering the next control cycle, we repeat the above
cycle processes to achieve the whole tracking control system.

4. Simulation and Testing on PaTAVTT

According to the road design standards, as considering the
vehicle sideslip, the formula to calculate the road safety speed
with large transverse gradients is

V𝑠 = √ 𝜇 + tan (𝛽)
1 − 𝜇 tan (𝛽)𝑔𝑅𝑐, (23)

where 𝜇 is the tire-road adhesion coefficient; 𝛽 is the trans-
verse gradient of road; 𝑅𝑐 is the radius of curvature; 𝑔 is the
gravitational acceleration [26].

When the vehicle is driving on the road with large tire-
road adhesion coefficient under high-speed condition, the
vehicle will have an overturning moment which is caused
by centrifugal force and lateral adhesion. The overturning
moment may result in the gravity of the vehicle to shift to the
outside tire (i.e., the phenomenon of lateral-load transfer).
Once the overturning moment is increased to the extent
that makes the inside tire leaves off the road, the untripped
rollover will occur. The critical rollover speed of the vehicle
on the load with large tire-road adhesion coefficient, V𝑟, is

V𝑟 = √𝐵 + 2ℎ tan (𝛽)2ℎ − 𝐵 tan (𝛽)𝑔𝑅, (24)

where𝐵 is the wheel-track and ℎ is the center of gravity height
[27].

The main factor of vehicle rollover is the center of gravity
height, ℎ, and if the center of gravity height is lower enough,
the rollover will not occur. In this paper, the research object
is small vehicles, which usually have relatively low center of
gravity height. Therefore, the road safety speed, V𝑟, is greater
than V𝑝.

In this case study, the following parameters are used: 𝜇 =0.65, 𝛽 = 3∘, 𝑔 = 9.8m/s2 ℎ = 0.7m, 𝑅 = 10m, and
V𝑝 = 8.442m/s. The simulation trajectory tracking results
based on MPC under different vehicle speed conditions are
shown in Figure 7. The speed varied from 8.4m/s to 3.6m/s
with a negative step of−0.3. From the figure, we see that when
the vehicle speed decreases, the vehicle movement trajectory
gets closer to the reference trajectory.

The snapshots of lab tests are presented in Figure 8. Using
the simulation results, we deploy 5 scaled vehicles to conduct
the trajectory tracking experiment, and we set the desired
speed of the vehicles the one tenth of the simulation reference

Table 2: Statistical results of the trajectories of 5 homogenous scaled
vehicles.

Veh # Trajectory overlap
ratio (TOR) Travel time (s) Average speed (s)

(1) 89.9% 3.8 0.62
(2) 86.3% 3.7 0.61
(3) 89.4% 4.1 0.59
(4) 88.3% 4.0 0.61
(5) 90.2% 4.1 0.58

Table 3: Statistical results of a real autonomous vehicle for 10
rounds.

Round # Trajectory overlap
ratio (TOR)

Travel time
(s)

Average speed
(m/s)

(1) 96.7% 11.6 6.3
(2) 99.1% 12.0 6.1
(3) 98.2% 12.1 5.9
(4) 96.3% 13.6 6.6
(5) 97.6% 14.1 5.8
(6) 94.8% 11.6 6.2
(7) 96.5% 12.2 5.9
(8) 95.7% 12.6 6.4
(9) 97.8% 12.7 6.1
(10) 98.0% 12.8 6.1

speed (V = 0.6m/s). The testing results on PaTAVTT
platform are shown in Figure 9. As can be seen in the
figure, the trajectories are pretty closewhich demonstrates the
effectiveness of the proposed testing platform.

Furthermore, we calculated the parameters of the trajec-
tories of 5 homogenous vehicles as shown in Table 2. The
trajectory overlap ratio (TOR) is defined as follows:

TOR = 𝑁𝑏𝑁 , (25)

where 𝑁 is the number of the total trajectory points at
a sampling period of 0.04 s and 𝑁𝑏 is the number of the
trajectory points located in the reference trajectory buffer,
which is a stripe with a width equal to the scaled vehicle
and takes the reference trajectory as its mean axle. From the
table, it can be concluded that the proposed U-turn algo-
rithm does well in repeatability, robustness, and trajectory
tracking.

We further apply the proposed algorithm to real world
testing environments (see Figure 10) and conduct the sameU-
turn trajectory experiment for 10 times. Experimental results
(see Figure 11) show that the algorithm can generate very
consistent results.This further demonstrates the effectiveness
of the proposed methodology and the scaling effect can be
controlled. Moreover, the control effect of the same MPC
algorithm on a real vehicle is better than that on a scaled
vehicle (see Table 3), mainly because the real vehicle is
equipped with ESP and other electronic devices to help
control the stability of the vehicle.
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Figure 7: U-turn trajectory tracking results based on MPC. (a) The simulation trajectory tracking results based on MPC under different
vehicle speed conditions. (b) Longitudinal speed error (vehicle speed = 8.44m/s). (c) Yaw angle of the trajectory (vehicle speed = 8.44m/s).
(d) Longitudinal position error (vehicle speed = 8.44m/s). (e) Lateral position error (vehicle speed = 8.44m/s).
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Figure 8: A snapshot of the testing process.

Figure 9: U-turn trajectory tracking results on PaTAVTT platform.

5. Conclusion

It is difficult to test real autonomous vehicle under harsh
conditions. Using the hardware-in-loop scaled platform to
test scaled autonomous vehicle becomes an apparent alter-
native. In this paper, we use the HIL platform to test the
slip of scaled autonomous passing through U-turn under
high-speed condition. After comparing its result with the real
vehicle testing, we have proved the feasibility of using HIL
scaled platform as surrogates of the real autonomous vehicle
for testing automated vehicle. Note that the proposed test
platform has a very high flexibility in simulating real world
traffic operations, including those with purely traditional
vehicles. For example, it can be used for conducting traffic
capacity analysis [28–30], LongDistanceCommuter lane (Qu
and Wang, 2015), traffic oscillations [31, 32], traffic safety
analysis [33–35], and others. At the end of this paper, we use a
simple case study of high-speed U-turn to build the tracking
control function. A simplified vehicle dynamics model and a
trajectory tracking algorithm have been considered to build
the simulation test. The experiment results demonstrate the
effectivity of HIL scaled platform.

In the future, we will continue this research on three
aspects. Firstly, we will theoretically discuss the factors that
result in the trajectory difference between scaled vehicles
and real vehicles with the same trajectory tracking algo-
rithm. Secondly, we will test scaled vehicles on its dynamic
trajectory planning and tracking performance under traffic
disturbances. Last but not least, we will utilize PaTAVTT
to conduct experiments and validations on the trajectory

Figure 10: U-turn trajectory tracking testing on CU CVIS testbed.
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Figure 11: U-turn trajectories of a real autonomous vehicle for 10
rounds.

optimization and control of multiple scaled and connected
vehicles.

Notations

(𝑥𝑟, 𝑦𝑟): The center coordinates of the vehicle rear
axle(𝑥𝑓, 𝑦𝑓): The center coordinates of the vehicle front
axle

V𝑟: Velocity of the vehicle rear axle
V𝑓: Velocity of the vehicle front axle𝜑: The driving direction of the vehicle𝛿𝑓: The angle of front wheel𝑙: The wheelbase between the front and rear

axle�̇�𝑟: The lateral velocity of rear axlė𝑦𝑟: The longitudinal velocity of rear axle𝜒: The configuration (position and
orientation) of the center of the axis of the
wheels𝜒0: State output of the reference vehicle𝑢: Control input𝑢0: Control input of the reference vehicle
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𝜒: The convergence of 𝜒 to 𝜒0�̃�: Associated perturbation control input of
the reference vehicle𝑇: The sampling period𝑘: The sampling timeΔ𝑈∗𝑘 : Control increments𝑁𝑐: The number of sampling points of control
inputs𝑁𝑝: The number of predictive points of the
system state outputs𝑄: Weight matrix𝑅: Weight matrix𝐽(𝑘): Objective function𝐻(𝑘): (A Hessian matrix) the quadratic part of
the objective function𝑓(𝑘): The linear part𝜇: Tire-road adhesion coefficient𝛽: Transverse gradient of road𝑅𝑐: Radius of curvature𝑔: Gravitational acceleration

V𝑠: The road safety speed with large transverse
gradients

V𝑟: The critical rollover speed of the vehicle
on the load with large tire-road adhesion
coefficient𝐵: Wheel-trackℎ: The center of gravity height𝑁: The number of the total trajectory points
at a sampling period𝑁𝑏: The number of the trajectory points
located in the reference trajectory buffer𝑢min: Lower bound of the input vector𝑢max: Upper bound of the input vector.
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Recent development of autonomous vehicle (AV) provides new travel opportunities for citizens, and traditional vehicles (TVs)
will still be used for a long time. Therefore, it is highly possible that both AVs and TVs will be used as travel modes in a
city. In a transportation system with both AVs and TVs, the traffic pattern is worthy of studying. This paper investigates user
equilibrium traffic pattern based on the traditional bottleneck model considering AVs and TVs. For both TVs and AVs, travel costs
include queuing delay and schedule delay. However, they also have different components of travel costs; more specifically, for AVs,
passengers have to pay a riding fare, and, for TVs, travelers encounter a walking time cost after parking their cars. For different
combinations of travel demands and riding fare of AVs, analytical solutions of three different user equilibrium traffic patterns are
obtained. Finally, numerical examples are provided to demonstrate the usefulness of the analytical models. Sensitivity analyses are
examined to show the impacts of AV’s time-dependent fee and trip-based fixed fee on the traffic pattern and travel costs.

1. Introduction

Recent technical progress suggests that autonomous vehicles
(AVs) have attracted increasing attention owing to their
potential benefits of improving traffic safety, expanding road
capacity, saving energy consumption, and reducing vehicular
emission [1–3]. With the future deployment of AVs, there
would be a stage with heterogeneous traffic streams con-
sisting of both traditional vehicles (TVs) and AVs in road
networks. The joint implementation of AV technology and
taxi service would bring about a remarkable improvement
in travel service. For a taxi company, a taxi fleet with AVs
can be more easily operated and its operational efficiency
can be substantially enhanced due to the application of
information technology in AVs. In turn, travelers can enjoy
comfortable AV services and reduction of travel time due
to the improvement of traffic flow by reducing random
delays [4]. With the implementation of AV-type taxi service,
the ownership of private cars would decrease and less land
demand would be required for car parking. Researchers also

found that AVs can improve freeway traffic flow; for example,
Zhou et al. [5] investigated the impact of cooperative AVs in
improving freewaymerging based on themodified intelligent
driver model.

Based on the classical bottleneckmodel [6–8], we investi-
gate the user equilibrium traffic patterns for a mixed network
with both AVs and TVs. Every commuter is assumed to
minimize his/her travel cost, including travel time cost,
schedule delay penalty, walking time cost for TV drivers,
and riding cost for AV passengers, while making decisions
on departure time and travel mode. At the equilibrium, no
individual can reduce his/her trip travel cost by unilaterally
changing his/her departure time and switching travel mode.
The first seminal research that characterized the bottleneck
congestion effect and departure time choice behavior can
be traced back to the 1960s. Vickrey [6] built a single
bottleneck rush-hour congestion model for a home-to-work
single road network, where all commuters drive to work.
Analytical results were derived for the equilibrium traffic
pattern. The model proposed by Vickrey [6] is also called
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the bottleneck model, and more detailed extensions can be
found in Hendrickson and Kocur [9], Smith [10], Daganzo
[11], Cohen [12], Arnott et al. [7, 8], Braid [13], and Zhang et
al. [14], to name a few.

The peak-load congestion of multiple routes (modes)
with one alternative road bottleneck was also investigated by
many researchers, such as Tabuchi [15], Braid [16], Verhoef et
al. [17], Yang andHuang [18], Danielis andMarcucci [19], and
Huang [20]. Yang andMeng [21] further considered travelers’
departure time and route choice behaviors, taking into
account the effects of congestion tolls and elastic demand.

One important work considering bottleneck congestion
and parking space in a line city is the work of Arnott et al.
[7]. They examined the effects of parking on morning rush-
hour congestion by assuming on-street parking spots spread
outside from the CBD (Central Business District). Road tolls
and parking fees are used as tools for congestion relief. They
found that a spatial parking fee can be used to reverse the
parking order and reduce schedule delay cost. Furthermore,
the joint implementation of parking fees and road tolls can
achieve a system optimum traffic pattern.

In this study, we investigate a user equilibrium traffic
pattern based on the traditional bottleneck model consid-
ering two travel modes: AVs and TVs. For both TVs and
AVs, travelers have to encounter travel costs of queuing delay
and schedule delay. However, TVs and AVs have different
components of travel costs. Specifically, AV passengers have
to pay a riding fare, which comprises a trip-based fixed fee
plus a time-dependent variable fee. On the other hand, TV
travelers encounter a walking time cost after parking their
cars, which is dependent on the parking location.

Arnott et al. [7] showed that TV travelers will depart
earlier to compete for a convenient parking spot in order
to save walking time. In accordance with this theory, all the
TV travelers depart earlier than the AV travelers for the
sake of competing for a parking spot that is closer to the
workplace. However, a specific TV or AV traveler can be
either early or late for work, depending on the demands of
TV and AV travelers. Therefore, traffic patterns, or departure
rates, highly depend on the traffic demands of TV and AV
travelers, as well as themodel parameters, including schedule
delay penalties and fee rates. To analytically investigate the
equilibrium traffic pattern, we have to examine the problem
in three different scenarios. In the first scenario (scenario A),
all AV travelers are assumed to arrive late to work, while TV
travelers can arrive either early or late. In the second scenario,
all TV travelers are assumed to arrive early to work, while
AV travelers can arrive either early or late (scenario B). In
the third scenario, both TV and AV travelers can arrive either
early or late to work (scenario C).

In the following sections, for different combinations of
travel demands and riding fare of AVs, analytical solutions of
three different user equilibrium traffic patterns are obtained.
Furthermore, numerical examples are provided to demon-
strate the usefulness of the analytical models. Sensitivity
analyses are also conducted to show the impacts of AV’s time-
dependent fee and trip-based fixed fee on the traffic pattern
and travel costs.

Home Bottleneck Work Parking lots

Figure 1: An illustrative trip based on the bottleneck model.

2. The User Equilibrium Traffic Pattern on
a Bottleneck Constrained Road

Figure 1 shows a trip in the morning commuting period,
where a traveler departs from home and passes the bottle-
neck-constrained road by taking either AV or TV and even-
tually arrives at the workplace, which has a parking pool
that includes several parking spots offered at the destination.
Suppose that there are N commuters during the morning
commuting period and the travel demand can be further
divided between AV users and TV users. It is assumed that
the commuters have the same preferred arrival time 𝑡∗ at the
workplace, and the fixed service capacity of the bottleneck is
set as 𝑠. Without loss of generality, the free flow travel time on
the road is set to zero to facilitate the model analysis.

All TV users have to park their vehicles before they
walk to the workplace. Parking spots, which are treated as
a continuous variable, are indexed by 𝑛 in the order of
increasing distance outward from the office. Hence, walking
time to the office from location 𝑛 is taken to be 𝜔𝑛, where𝜔 is the value of unit walking time and it depends on the
spatial concentration of parking, walking speed, and so on.
Thus, TV users’ total travel cost includes the queuing time
cost, schedule delay cost, and walking time cost.

Let 𝛼 be the value of time for TV travelers, and let 𝛽 and𝛾 be the penalty costs of early and late arrivals, respectively
(empirically 𝛾 > 𝛼 > 𝛽).

Then, TV users’ travel cost is represented by the following
function:

𝐶1 = 𝛼 (travel time) + 𝛽 (time early) + 𝛾 (time late)
+ 𝜆 ⋅ (walking time) . (1)

Meanwhile, the travel cost of AV users consists of three
parts: a queuing delay cost, a nonpunctual schedule delay
cost, and the riding fare, which comprises a trip-based fixed
cost 𝜏 plus a time-dependent variable cost. For a unit time
of riding in an AV vehicle, passengers have to pay a time-
dependent fee 𝜂. Therefore, the cost of AV users is expressed
as follows:

𝐶2 = (𝛼 + 𝜂) (travel time) + 𝛽 (time early)
+ 𝛾 (time late) + 𝜏. (2)

We set 𝑡∗ as the preferred arrival time, 𝑡0 as the first
user’s departure time, and 𝑡2 as the last user’s departure time.
In the equilibrium condition, each commuter will face the
same travel cost in choosing the departure time; that is, no
individual can reduce his/her travel cost by changing his/her
departure time. The user equilibrium traffic patterns in the
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Figure 2: User equilibrium traffic pattern for both TVs and AVs in
scenario A.

three different scenarios will be discussed in the following
section.

2.1. Scenario A: All AV Users Arrive Late. In this scenario,
we assume that TV users can arrive early or late, while all
AV users will arrive late. Based on the above assumption, the
distribution of users’ departure and arrival times is depicted
in Figure 2. The first TV user departs at time 𝑡0. The last TV
user departs at time 𝑡𝑑1 and arrives at a parking lot at time 𝑡1.
He/she then walks to the office and arrives at office at time 𝑡𝑝.
The one who arrives at office on time leaves at �̂� and arrives
at 𝑡∗, without encountering schedule delay. The last AV user
will leave and arrive at time 𝑡2.Thedeparture rate for TVusers
who arrive at office early is 𝑟1, while that for those who arrive
late is 𝑟2. The departure rate for all AV users who arrive late
is 𝑟3. The total number of TV commuters is 𝑛0. There are 𝑛∗
commuters who arrive for work before 𝑡∗.

According to the user equilibrium condition, the travel
costs of the first and last users should be equal. That is,

𝛽 (𝑡∗ − 𝑡0) = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (3)

All users pass through the bottleneck with full capacity 𝑠
during the period from 𝑡0 to 𝑡2; namely,

𝑡2 − 𝑡0 = 𝑁
𝑠 . (4)

Simultaneously solving (3) and (4), the times of the first
and last users can be calculated, respectively, as

𝑡0 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 , (5)

𝑡2 = 𝑡∗ + 𝛽
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 . (6)

The number of cumulative arrivals 𝑛∗ at 𝑡∗ can be
expressed as follows:

𝑛∗ = 𝑠 (𝑡∗ − 𝜔𝑛∗ − 𝑡0) = (𝑡∗ − 𝑡0) 𝑠1 + 𝜔𝑠 . (7)

The user who arrives on time has no schedule delay cost;
thus, his/her total travel cost is denoted as (𝑡∗ − 𝜔𝑛∗ − �̂�)𝛼 +𝜆𝜔𝑛∗, in which 𝜆 indicates the unit cost for walking time,
equaling the first user’s total travel cost.

(𝑡∗ − 𝑡0) 𝛽 = (𝑡∗ − 𝜔𝑛∗ − �̂�) 𝛼 + 𝜆𝜔𝑛∗. (8)

The departure time �̂� of the user who arrives on time is

�̂� = 𝑡∗ − (𝛽 + (𝛽 + 𝛼 − 𝜆) 𝜔𝑠
(1 + 𝜔𝑠) 𝛼 )( 𝛾

𝛽 + 𝛾
𝑁
𝑠 + 𝜏

𝛽 + 𝛾) . (9)

In equilibrium, �̂� is definitely later than 𝑡0; we have
�̂� > 𝑡0. (10)

Combining (5), (9), and (10), we obtain

𝜔 < 𝛼 − 𝛽
(𝛽 − 𝜆) 𝑠 . (11)

Similarly, the first AV user and the last AV user have the
same travel cost; namely,

(𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛾 (𝑡1 − 𝑡∗) = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (12)

We can obtain

(𝛼 + 𝛾 + 𝜂) 𝑡1 = 𝛾𝑡2 + (𝛼 + 𝜂) 𝑡𝑑1. (13)

Equating the travel costs of the last TV user and the last
AV user, the following equation is obtained:

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛾 (𝑡1 + 𝜔𝑛0 − 𝑡∗)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛾 (𝑡1 − 𝑡∗) . (14)

Therefore, we have

[(𝛾 + 𝜆) 𝜔𝑠 − 𝜂] 𝑡1 + 𝜂𝑡𝑑1 = (𝜆 + 𝛾) 𝜔𝑠𝑡0 + 𝜏. (15)

Simultaneously treating (13) and (15), 𝑡1 and 𝑡𝑑1 can be
obtained as follows:

𝑡1 = 𝑡∗ − 𝜏
𝛽 + 𝛾 − 𝑟

𝛽 + 𝑟
𝑁
𝑆

+ 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂) 𝜔𝑠 ,

(16)

𝑡𝑑1 = 𝑡∗ − 𝜏
𝛽 + 𝛾 − 𝑟

𝛽 + 𝑟
𝑁
𝑆

+ 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂) 𝜔𝑠

𝛼 + 𝜂 + 𝛾
𝛼 + 𝜂

− 𝛾
𝛼 + 𝜂

𝑁
𝑆 .

(17)
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The 𝑛0-th user can choose AV or TV, because both AV
and TV have the same travel cost when departing at time 𝑡𝑑1,
and the slope of arrival curve AG in Figure 2 is 𝑠. Then,

𝑛0 = 𝑠 (𝑡𝑝 − 𝑡0 − 𝜔𝑛0) . (18)

It is easy to derive

𝑛0 = 𝑠 (𝑡𝑝 − 𝑡0)
1 + 𝑠𝜔 . (19)

With 𝑛0 = 𝑠 ⋅ 𝑡1, 𝑡𝑝 can be expressed by 𝑡1and 𝑡0 as follows:
𝑡𝑝 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (20)

In this scenario, all the AV users will arrive late, and the
arrival time 𝑡1 of the first AV user should be later than the
official arrival time 𝑡∗.

𝑡1 ≥ 𝑡∗. (21)

Combining (16) and (21), we obtain

(𝛾𝑁𝑠 + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] 𝜂
≥ 𝛼 [(𝛾𝑁𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)] .

(22)

The solutions can be obtained for the following situations:

𝑁
𝑠 < 𝜏 (𝛽 + 𝛾)

𝛾𝛼 (𝛾 + 𝜆) 𝜔𝑠 −
𝜏
𝛾 ,

If 𝜔 > 𝛽

s (𝜆 + 𝛾) , 0 < 𝜂 ≤ 1
(𝛾 (𝑁/𝑠) + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] [𝛼 [(𝛾

𝑁
𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)]] .

𝑁
𝑠 > 𝜏 (𝛽 + 𝛾)

𝛾𝛼 (𝛾 + 𝜆) 𝜔𝑠 −
𝜏
𝛾 ,

If 𝜔 < 𝛽

s (𝜆 + 𝛾) , 𝜂 ≥ 1
(𝛾 (𝑁/𝑠) + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] [𝛼 [(𝛾

𝑁
𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)]] .

𝑁
𝑠 ≤ 𝜏 (𝛽 + 𝛾)

𝜔𝑠𝛾 − 𝜏
𝛾 , If 𝜔 = 𝛽

s (𝜆 + 𝛾) , 𝜂 > 0, 𝛼 [(𝛾𝑁𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)] ≥ 0.

(23)

The arrival time 𝑡𝑝 of the last TV user will not be later
than the last AV user’s arrival time 𝑡2.

𝑡𝑝 ≤ 𝑡2. (24)

Combining (6) and (20), (24) can be simplified as

[(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁] 𝜂 ≤ 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔𝑠 + 1) 𝜏𝛼. (25)

Because (𝑠𝜔 + 1)𝜏 − 𝜔𝜆𝑁 < 0, the range of value 𝜂 that
supports the above traffic pattern is given in the following:

If 𝜏 < 𝜔𝜆𝑁
𝑠𝜔 + 1 ,

then 𝜂 > 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔 + 1) 𝜏𝛼
(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁 ,

if 𝜏 > 𝜔𝜆𝑁
𝑠𝜔 + 1 ,

then 𝜂 < 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔 + 1) 𝜏𝛼
(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁 .

(26)

Due to user equilibrium, each traveler travel cost is equal,
and the total travel cost (TTC) is represented by

TTC = (𝑡∗ − 𝑡0) 𝛽𝑁 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁. (27)

Furthermore, the total AV company’s profit (TAP1) in this
scenario is

TAP1 = (𝑁 − 𝑛0) 𝜏 − (𝑁 − 𝑛0)2 (𝑡1 − 𝑡𝑑1) 𝜂. (28)

We can obtain the total system cost (TSC1) by subtracting
TTC from TAP1:

TSC1 = TTC − TAP1 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− (𝑁𝜆 + 𝑁𝛾 − 𝜏) 𝜏𝑠 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂)𝑤𝑠 𝜏 − 𝜂

2
⋅ (𝑁𝜆 + 𝑁𝛾 − 𝜏) 𝜏𝑠 (𝛼 + 𝜂)

𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂)𝑤𝑠
⋅ 𝛾
𝛼 + 𝜂 (𝑁

𝑠 − 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
(𝛼 + 𝜂) (𝜆 + 𝛾)𝑤𝑠 + 𝜂𝛾) .

(29)

2.2. Scenario B: All TV Users Arrive Early at the Destination.
Now we turn to the second user equilibrium traffic pattern:
all TV users will arrive early, while AV users can arrive
either early or late, as shown in Figure 3. In the figure, the
parameters, 𝑡0, 𝑡𝑑1, 𝑡1, 𝑡𝑝, �̂�, 𝑡∗, 𝑛0, 𝑛∗, and 𝑡2 are the same as
in Figure 2. The departure rate for those who use TVs and



Journal of Advanced Transportation 5

N

0
A

B

C

G

F

D

E

t

n0

n∗

t0 td1 t t∗t1 tp t2

r1

r2

r3

Figure 3: User equilibrium traffic pattern for both TVs and AVs in
scenario B.

arrive at office early is 𝑟1, while that for those who arrive early
and take AVs is 𝑟2.The departure rate for AV users who arrive
late is 𝑟3.

Similar to Section 2.1, by equating the schedule delay costs
of the first and last arrivals, we can obtain 𝑡0 and 𝑡2, which are
identical to (5) and (6) in Section 2.1.

In the user equilibrium, equating the travel cost of the first
and the last TV users, we have

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛽 (𝑡∗ − 𝑡𝑝) = 𝛽 (𝑡∗ − 𝑡0) . (30)

Similarly, the travel cost of the last TV user equals that of
the first AV user; namely,

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛽 (𝑡∗ − 𝑡𝑝)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) .

(31)

Simultaneously solving (30) and (31), we obtain the
departure time of the last TV user as

𝑡𝑑1 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 + 𝜏
𝜂

− 𝛼𝜏
𝜂

𝜔𝑠 (𝜆 − 𝛽) − 𝜂
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂

(32)

and his/her arrival time as

𝑡1 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾
+ 𝛼𝜏
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂 .

(33)

Similar to Section 2.1, 𝑡𝑝 can also be expressed by 𝑡1 and𝑡0:
𝑡𝑝 = 𝑡1 + 𝜔𝑛0 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (34)

The first TV user’s travel cost equals that of the AV user
who arrives at office on time.

𝛽 (𝑡∗ − 𝑡0) = (𝛼 + 𝜂) (𝑡∗ − �̂�) + 𝜏. (35)

Then,

�̂� = 𝑡∗ + 1
𝛼 + 𝜂 (𝜏 − 𝛽𝛾

𝛽 + 𝛾
𝑁
𝑆 − 𝜏𝛽

𝛽 + 𝛾) . (36)

To support the user equilibrium traffic pattern, the
following conditions have to bemaintained.The last TVuser’s
arrival time 𝑡𝑝 should be less than the official work start time
𝑡∗; that is, 𝑡𝑝 < 𝑡∗, which, together with (34), yields

𝛼𝜏 (1 + 𝜔𝑠)
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂 < 𝛾

𝛽 + 𝛾
𝑁
𝑠 + 𝜏

𝛽 + 𝛾 ,

If 𝜔 > 𝛽𝜂
𝑠 (𝛼 + 𝜂) (𝜆 − 𝛽) ,

then 𝜂
> 𝛼𝜏 (1 + 𝜔𝑠) (𝛽 + 𝛾)

𝛾𝑁/𝑆 + 𝜏 [(𝜆 − 𝛽) 𝜔𝑠 − 𝛽]
− 𝛼𝜔𝑠 (𝜆 − 𝛽)
𝜔𝑠 (𝜆 − 𝛽) − 𝛽 > 0;

If 𝜔 < 𝛽𝜂
𝑠 (𝛼 + 𝜂) (𝜆 − 𝛽) ,

then 0 < 𝜂
< 𝛼𝜏 (1 + 𝜔𝑠) (𝛽 + 𝛾)

𝛾𝑁/𝑆 + 𝜏 [(𝜆 − 𝛽) 𝜔𝑠 − 𝛽]
− 𝛼𝜔𝑠 (𝜆 − 𝛽)
𝜔𝑠 (𝜆 − 𝛽) − 𝛽 .

(37)

The TTC at the equilibrium in this scenario is the same
as that in scenario A, as shown in (27). However, the total
AV company’s profit in this scenario is different from that in
scenario A. We can obtain TAP2 as follows:

TAP2 = (𝑁 − 𝑛∗) 𝜏 + 𝑁 − 𝑛∗
2 (𝑡∗ − �̂�) 𝜂. (38)

The total system cost (TSC2) is given by

TSC2 = TTC − TAP2 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝑠𝜏

− 𝜂
𝛼 + 𝜂 ( 𝛽𝛾

𝛽 + 𝛾
𝑁
𝑆 + 𝜏𝛽

𝛽 + 𝛾 − 𝜏)

⋅ ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾)
𝑠𝜏
2 .

(39)

2.3. Scenario C: Both TV and AV Users Can Arrive Early or
Late. In this scenario, both TV andAVusers can arrive either
early or late, where departure rate changes from early arrival
to late arrival for both TV and AV travelers, as shown in
Figure 4. The departure rate for TV users who arrive at office
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Figure 4: User equilibrium traffic pattern for both TVs and AVs in
scenario C.

early is 𝑟1, while the departure rate for TV users who arrive
late is 𝑟2. In the figure, the parameters, 𝑡0, 𝑡𝑑1, 𝑡1, 𝑡𝑝, 𝑡∗, 𝑛0, and

𝑡2 are the same as in Figure 2. Suppose that �̂� is the departure
time of the TV traveler who arrives on time and �̂�𝑎 is the
departure time of the AV traveler who arrives on time. The
departure rate for AV users who arrive early is 𝑟3, while that
for AV users who arrive late is 𝑟4.

In the user equilibrium, the travel cost of the last TV user
equals that of the first AV user:

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛾 (𝑡1 + 𝜔𝑛0 − 𝑡∗)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) . (40)

Furthermore, the travel cost of the last AVuser equals that
of the first AV user:

𝜏 + 𝛾 (𝑡2 − 𝑡∗) = (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) . (41)

Simultaneously solving (40) and (41), we obtain the
departure time and arrival time of the last TV user as follows:

𝑡1 = 𝑡∗ + 𝜏 (𝛼 + 𝜂) + 𝛾𝜂 (𝑁/𝑆) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) [(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝜂𝛾]
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 , (42)

𝑡𝑑1 = 𝑡∗

+ 𝜏 (𝛼 + 𝜂 − 𝛽) − [(𝜆 + 𝛾) 𝜔𝑠 (𝛼 + 𝜂 − 𝛽 − 𝛾) + 𝛾𝜂 − 𝛾 (𝛽 + 𝛾)] ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) − 𝛾 [(𝛾 + 𝜆) 𝜔𝑠 + 𝛽 + 𝛾 − 𝜂] (𝑁/𝑠)
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 . (43)

Because the travel cost of the AV user who arrives on time
equals that of the last AV user, we have

(𝛼 + 𝜂) (𝑡∗ − �̂�𝑎) + 𝜏 = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (44)

Then the departure time �̂�𝑎 for the AV user who can arrive
at the office on time can be obtained as follows:

�̂�𝑎 = 𝑡∗ − ((𝛾𝛽/ (𝛽 + 𝛾)) (𝑁/𝑠) − 𝜏𝛾/ (𝛽 + 𝛾))
(𝛼 + 𝜂) . (45)

Moreover, similar to Section 2.1, the arrival time of the last
TV user is

𝑡𝑝 = 𝑡1 + 𝜔𝑛0 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (46)

The user equilibrium traffic pattern requires that the first
AV user arrive early for work; that is,

𝑡1 < 𝑡∗. (47)

Together with (42), we obtain the following:

𝜏 (𝛼 + 𝜂) + 𝛾𝜂 (𝑁/𝑆) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) [(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝜂𝛾]
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 < 0. (48)

Therefore, the following inequality about 𝜂 holds:

0 < 𝜂 < 𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)] . (49)

It is also required that the arrival time of the last TV user𝑡𝑝 should not be later than the last user’s arrival time 𝑡2 and
not be earlier than the punctual arrival time 𝑡∗.

𝑡∗ < 𝑡𝑝 < 𝑡2. (50)

Combining (46) and (50), we obtain

[ 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼 < [(1 + 𝜔𝑠) (𝜏 + 𝛾𝑁𝑠 ) − ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) (𝜆 + 𝛾) 𝜔𝑠 − ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝛾] 𝜂;
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if 𝜔 > (𝛽 + 𝛾) 𝜏
(𝛾 + 𝜆) 𝛾𝑁 + (𝜆 − 𝛽) 𝜏𝑠 − (𝛽 + 𝛾)2 𝑠 ,

then 𝜂 > (1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠)) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) (𝜆 + 𝛾) 𝜔𝑠 − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) 𝛾
[(𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼

> 0;
if 𝜔 < (𝛽 + 𝛾) 𝜏

(𝛾 + 𝜆) 𝛾𝑁 + (𝜆 − 𝛽) 𝜏𝑠 − (𝛽 + 𝛾)2 𝑠 ,
then 0 < 𝜂

< (1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠)) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) (𝜆 + 𝛾) 𝜔𝑠 − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) 𝛾
[(𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼 .

(51)

Together with (46) and (6), we have

0 < 𝜂 < 𝛼 + 1
(1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠))

𝑁
𝑠 . (52)

Considering the inequalities in (49) and (52), it is easy to
verify that the following condition is required for supporting
the traffic pattern in this scenario.

𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)]

< 𝛼 + 1
(1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠))

𝑁
𝑠 .

(53)

Hence, we obtain the reasonable range of 𝜂 in this
scenario as follows:

0 < 𝜂 < 𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)] . (54)

In this scenario, the total AV company’s profit is given by

TAP3 = (𝑁 − 𝑛∗𝑎 ) 𝜏 − 𝑁 − 𝑛∗𝑎2 (𝑡∗ − �̂�𝑎) 𝜂. (55)

Furthermore, the total system cost is the total travel cost
minus the profit of the AV company:

TSC3 = TTC − TAP3 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝑠𝜏

− (𝛾𝛽/ (𝛽 + 𝛾)) (𝑁/𝑠) − 𝜏𝛾/ (𝛽 + 𝛾)
𝛼 + 𝜂 ( 𝛾

𝛽 + 𝛾
𝑁
𝑠

+ 𝜏
𝛽 + 𝛾)

𝑠𝜂
2 .

(56)

3. Numerical Examples

In this section, three numerical examples are carried out
to demonstrate and validate the derivations of the model

formulation. We also conduct some numerical analyses to
measure the impacts of AVs’ trip-based charge and time-
dependent charge onTSCandTAPand expect to obtain some
meaningful insights for traffic management.

3.1. Case I for Scenario A. In this case, all AV commuters
arrive late for work, and TV travelers can arrive either early
or late at the destination. The home-to-work place network
with the following particular conditions is considered: (a)
travel demand is set to be 2,000; (b) all the commuters
have identical preferred arrival time of 8:00 AM; (c) the
bottleneck-constrained road has a service capacity of 500
vehicles per hour and its free flow travel time is set to
zero; and (d) other parameters are set as 𝛼 = 1.0 Chinese
Yuan (CNY)/min, 𝛽 = 0.8 CNY/min, 𝛾 = 1.0 CNY/min, 𝜆 =
1.0 CNY/min, and 𝜔 = 1.0 CNY/min. To arrive at the first-
type user equilibrium state (scenario A), according to the
derivations in Section 2.1, the parameter settings of trip-based
charge 𝜏 and time-dependent charge 𝜂 for AV users are listed
in Table 1.

The computed results in terms of total system cost (TSC)
varying with different charge settings are plotted in Figure 5.
It can be observed that the TSC increases with the trip-based
charge 𝜏, as well as the time-dependent charge. Moreover, it
can be found that, given a trip-based charging level, the TSC
increases quickly at the beginning and then slows down as
the time-dependent charge increases. Normally, when 𝜂 > 5,
TSC remains unchanged. This implies that it would be more
effective and sensitive to adjust the trip-based charge rather
than the time-dependent charge to pursue a low TSC.That is,
under the first-type user equilibrium (scenario A), we suggest
setting both trip-based charge and time-dependent charge as
low as possible to minimize the TSC.

3.2. Case II for Scenario B. In this case, all TV users arrive
early for work, and AV travelers can be either early or
late. Here, we set the travel demand as 10,000 and all
commuters have the same preferred arrival time of 8:00
AM. The free flow travel time of the bottleneck-constrained
road is set to zero and the capacity of the bottleneck is set
to be 5,000 vehicles/hour. Other parameters are given as 𝛼
= 1.0 CNY/min, 𝛽 = 0.8 CNY/min, 𝛾 = 1.2 CNY/min, 𝜆 =
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Table 1: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario A.

Number 𝜏 𝜂
(1) 0 [0.65, 20]
(2) 0.1 [0.57, 20]
(3) 0.2 [0.49, 20]
(4) 0.3 [0.41, 20]
(5) 0.4 [0.34, 20]
(6) 0.5 [0.27, 19]
(7) 0.6 [0.20, 3.3]
(8) 0.7 [0.13, 1.7]
(9) 0.8 [0.07, 0.89]
(10) 1 [0.00, 0.18]
Table 2: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario B.

Number 𝜏 𝜂
(1) 0.01 [0, 0.89]
(2) 0.02 [0, 0.87]
(3) 0.04 [0, 0.75]
(4) 0.06 [0, 0.63]
(5) 0.08 [0, 0.51]
(6) 0.1 [0, 0.40]

1.0 CNY/min, and 𝜔 = 4 × 10−4 CNY/min. To arrive at the
second-type user equilibrium state (scenario B), according
to the derived condition (36), we list the parameter setting
of trip-based charge 𝜏 and time-dependent charge 𝜂 for AV
users in Table 2.

The results in terms of TSC, TAP, and TAN varying
with different charges of 𝜏 and 𝜂 are plotted in Figures 6–8,
respectively. Let us first look at the TSC under the second-
type user equilibrium. As shown in Figure 6, we can see some
different trends from that appearing in case I. In scenario B,
it is shown that TSC increases with the decrease of trip-based
charge 𝜏 and decreases with the increase of time-dependent
charge 𝜂.

We then look at the variation of total AV profit (TAP).
As the trip-based charge 𝜏 increases from 0.01 to 0.1, the
TAP increases steadily. In addition, TAP also increases
with the increase of time-dependent charge 𝜂. In this case,
increasing either trip-based charge or time-dependent charge
is beneficial to the profit of the AV company.

We also analyze the modal split between the two travel
alternatives, TV and AV. We here use the total AV numbers
(TAN) to characterize the variation of modal split with
variable charge levels. Similar to the TSC, the TAN goes
down with the increase of the trip-based charge 𝜏 and time-
dependent charge 𝜂.

In addition, we could determine the optimal charging
levels to minimize the TSC and simultaneously maintain a
certain level of AV market share. For example, as shown in
Table 3, with a market of 9,000AVs, we can set the trip-
based charge of 0.06CNY and time-dependent charge of
0.25 CNY/min to obtain the minimal TSC of 9,210 CNY.
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Figure 5: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case I).
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Figure 6: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).

Moreover, when maintaining a market with 8,300AVs, the
minimal TSC of 9011 CNY can be obtained by setting the trip-
based charge as 0.02 CNY and the time-dependent charge as
0.86CNY/min. The optimal charging level for the profit of
AV company is different from that of the system optimum in
scenario B.

3.3. Case III for Scenario C. Recall that, under scenario C,
both TV and AV travelers can be early or late for work. The
network parameters used in case III are set to be the same as
those in case II, expect the parameter 𝜔 = 4 × 10−5 CNY/min.
It follows from (51) that if the parameter settings of trip-based
charge 𝜏 and time-dependent charge 𝜂 for AV users fall into
the ranges given in Table 4, the third-type user equilibrium
(scenario C) is obtained.

The TSCs with different charges of 𝜏 and 𝜂 are shown
in Figure 9. It can be seen that the TSC increases with
the increase of trip-based charge 𝜏 and decreases with the
increase of time-dependent charge 𝜂. More specifically, the
decreasing rate of theTSCwith respect to the time-dependent
charge level decreases gradually. Therefore, the network
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Figure 7: TAPs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).

Table 3:The outcomes of TAN and corresponding pricing solutions
for case II.

TAN (Vehs) 𝜏 (CNY) 𝜂 (CNY/min) TSC (CNY)
9000 0.01 0.88 9221.9
9000 0.02 0.75 9230
9000 0.04 0.5 9220
9000 0.06 0.25 9210
8300 0.02 0.86 9011.1
8300 0.04 0.71 9023.7
8300 0.06 0.56 9025.5
8300 0.08 0.41 9024.7
8300 0.1 0.26 9022.9

Table 4: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario C.

Number 𝜏 𝜂
(1) 0 [0.13, 1.22]
(2) 0.1 [0.01, 0.99]
(3) 0.2 [0.01, 0.79]
(4) 0.3 [0.01, 0.60]
(5) 0.4 [0.01, 0.42]
(6) 0.5 [0.01, 0.24]

authority can set a pricing scheme with low trip-based charge
and high time-dependent charge to minimize the TSC as
much as possible.

Figure 10 shows the TANs varying with different charges
of 𝜏 and 𝜂. Obviously, given a trip-based charging level, the
TAN decreases with the increase of time-dependent charge𝜂. For example, when 𝜏 = 0.1, the TAN is 4695 when 𝜂 is
set to zero and the TAN turns to be 3800 when 𝜂 increases
to 0.91 CNY/min. The TAN also decreases with the increase
of trip-based charge 𝜏. In this scenario, increasing trip-based
charge or time-dependent charge will result in the decrease
of the TAN in the network.
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Figure 8: TANs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).
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Figure 9: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case III).

4. Conclusion

In this study, the user equilibrium traffic patterns were inves-
tigated based on the traditional bottleneckmodel considering
both automatic vehicles (AV) and traditional vehicles (TV).
For both TVs and AVs, travelers consider queuing delay and
schedule delay as important parts of individual travel cost.
On the other hand, they also have different components of
travel costs. AV passengers have to pay a riding fare, that is, a
trip-based charge plus a riding time-dependent charge; TV
travelers encounter a walking time cost after parking their
cars at the destination. For different combinations of travel
demands and riding fare of AVs, analytical solutions of three
different user equilibrium traffic patterns are obtained.

The usefulness of the analytical models is demonstrated
in three numerical examples. We investigated the impacts of
AV’s time-dependent charge rate and the trip-based fixed fee
on the TSC, TAP, and TAN. We found that the developed
model is helpful in setting a reasonable price for AVs to raise
TAP and reduce the TSC. Apart from the above analysis, the
model derived in the study can also be further improved for
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Figure 10: TANs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case III).

application in other related issues, such as setting parking
pricing and parking location numbers.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This research was substantially supported by the grants
from the National Natural Science Foundation Council of
China (71531011 and 71201103), the Humanities and Social
Science Project of the Ministry of Education (16YJC630044),
Shanghai Soft Science Research Plan Project (17692108800),
the Shanghai Pujiang Program (16PJC090), and the Shanghai
Shuguang Program (Project no. 13SG23).

References

[1] S. Shladover, D. Su, and X. Lu, “Impacts of cooperative adaptive
cruise control on freeway traffic flow,” Transportation Research
Record, vol. 2324, pp. 63–70, 2012.

[2] J. B. Greenblatt and S. Saxena, “Autonomous taxis could greatly
reduce greenhouse-gas emissions of US light-duty vehicles,”
Nature Climate Change, vol. 5, no. 9, pp. 860–863, 2015.

[3] A. C. Mersky and C. Samaras, “Fuel economy testing of
autonomous vehicles,” Transportation Research Part C: Emerg-
ing Technologies, vol. 65, pp. 31–48, 2016.

[4] N. Jiang, “Optimal signal design for mixed equilibrium net-
works with autonomous and regular vehicles,” Journal of
Advanced Transportation, vol. 2017, pp. 1–13, 2017.

[5] M. Zhou, X. Qu, and S. Jin, “On the impact of cooperative
autonomous vehicles in improving freewaymerging: amodified
intelligent driver model-based approach,” IEEE Transactions on
Intelligent Transportation Systems, vol. PP, no. 99, pp. 1–7, 2016.

[6] W. Vickrey, “Congestion theory and transport investment,”
American Economic Review, vol. 59, pp. 251–261, 1969.

[7] R. Arnott, A. de Palma, and R. Lindsey, “A temporal and spatial
equilibrium analysis of commuter parking,” Journal of Public
Economics, vol. 45, no. 3, pp. 301–335, 1991.

[8] R. Arnott, A. de Palma, and R. Lindsey, “A structural model
of peak-period congestion: a traffic bottleneck with elastic
demand,”TheAmerican Economic Review, vol. 83, no. 1, pp. 161–
179, 1993.

[9] C. Hendrickson and G. Kocur, “Schedule delay and departure
time decision in a deterministic model,” Transportation Science,
vol. 15, no. 1, pp. 62–77, 1981.

[10] M. J. Smith, “Existence of a time-dependent equilibrium distri-
bution of arrivals at a single bottleneck,” Transportation Science,
vol. 18, no. 4, pp. 385–394, 1984.

[11] C. F. Daganzo, “Uniqueness of a time-dependent equilibrium
distribution of arrivals at a single bottleneck,” Transportation
Science, vol. 19, no. 1, pp. 29–37, 1985.

[12] Y. Cohen, “Commuter welfare under peak-period congestion
tolls: who gains and who loses?” International Journal of
Transport Economics, vol. 14, no. 3, pp. 239–266, 1987.

[13] R. M. Braid, “Peak-load pricing of a transportation route with
an unpriced substitute,” Journal of Urban Economics, vol. 40, no.
2, pp. 179–197, 1996.

[14] X. Zhang, H.-J. Huang, and H. M. Zhang, “Integrated daily
commuting patterns and optimal road tolls and parking fees in a
linear city,” Transportation Research Part B: Methodological, vol.
42, no. 1, pp. 38–56, 2008.

[15] T. Tabuchi, “Bottleneck congestion and modal split,” Journal of
Urban Economics, vol. 34, no. 3, pp. 414–431, 1993.

[16] R. M. Braid, “Uniform versus peak-load pricing of a bottleneck
with elastic demand,” Journal of Urban Economics, vol. 26, no. 3,
pp. 320–327, 1989.

[17] E.Verhoef, P.Nijkamp, andP. Rietveld, “Second-best congestion
pricing: The case of an untolled alternative,” Journal of Urban
Economics, vol. 40, no. 3, pp. 279–302, 1996.

[18] H. Yang and H.-J. Huang, “Analysis of the time-varying pricing
of a bottleneck with elastic demand using optimal control
theory,” Transportation Research Part B: Methodological, vol. 31,
no. 6, pp. 425–440, 1997.

[19] R. Danielis and E. Marcucci, “Bottleneck road congestion pric-
ing with a competing railroad service,” Transportation Research
Part E: Logistics and Transportation Review, vol. 38, no. 5, pp.
379–388, 2002.

[20] H.-J. Huang, “Pricing and logit-based mode choice models of
a transit and highway system with elastic demand,” European
Journal of Operational Research, vol. 140, no. 3, pp. 562–570,
2002.

[21] H. Yang and Q. Meng, “Departure time, route choice and
congestion toll in a queuing network with elastic demand,”
Transportation Research Part B: Methodological, vol. 32, no. 4,
pp. 247–260, 1998.



Research Article
A Genetic Algorithm Approach for Expedited
Crossing of Emergency Vehicles in Connected and Autonomous
Intersection Traffic

Qiang Lu1 and Kyoung-Dae Kim2

1Department of Electrical and Computer Engineering, University of Denver, Denver, CO 80210, USA
2Department of Information and Communication Engineering, DGIST, Daegu 42988, Republic of Korea

Correspondence should be addressed to Kyoung-Dae Kim; kkim@dgist.ac.kr

Received 12 May 2017; Revised 27 July 2017; Accepted 29 August 2017; Published 11 October 2017

Academic Editor: Meng Wang

Copyright © 2017 Qiang Lu and Kyoung-Dae Kim. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

This paper proposes an intersection control algorithm which aims to determine an efficient vehicle-passing sequence that allows
the emergency vehicle to cross an intersection as soon as possible while the travel times of other vehicles are minimally affected.
When there are no emergency vehicles within the intersection area, the vehicles are controlled by the DICA that we proposed in
our earlier work. When there are emergency vehicles entering the communication range, we prioritize emergency vehicles through
optimal ordering of vehicles. Since the number of possible vehicle-passing sequences increases rapidly with the number of vehicles,
finding an efficient sequence of vehicles in a short time is the main challenge of the study. A genetic algorithm is proposed to
solve the optimization problem which finds the optimal vehicle sequence that gives the emergency vehicles the highest priority.
The efficiency of the proposed approach for expedited crossing of emergency vehicles is validated through comparisons with DICA
and a reactive traffic light algorithm through extensive simulations. The results show that the proposed genetic algorithm is able to
decrease the travel times of emergency vehicles significantly in light and medium traffic volumes without causing any noticeable
performance degradation of normal vehicles.

1. Introduction

Roads have become more and more congested because of
the rapidly increasing demand for transportation due to the
larger and growing population in the world in recent years.
Usually, such transportation problems could be alleviated by
careful city planning, but planning does not usually workwell
with the unexpected growth in the population and vehicle
usage. As efficient ways to address congestion problems,
self-driving vehicles and autonomous transportation systems
have attracted a lot of research and development efforts from
academia, industry, and governments. For example, during
the mid-1990s, the California PATH (Partners for Advanced
Transportation Technology) launched the Automated High-
way System program [1] and the US DARPA (Defense
Advanced Research Projects Agency) held a series of
autonomous vehicle challenges during the 2000s [2]. Also,

many companies have already made decisions to hugely
invest in developing their own self-driving vehicles or vehi-
cles with advanced driving assistance systems [3]. Further-
more, it is also shown in [4] that the overall capacity of the
traffic can be improved substantially when all vehicles on
roads are autonomous and connected for collision avoid-
ance. In recent years, many researches have been done to
improve intersection control performance by using optimiza-
tion approaches. Reference [5] developed a novel linear pro-
gramming formulation for autonomous intersection control
in which the nonlinear constraints were relaxed by a set
of linear inequalities. While the objective function of the
optimization problem in [5] involves the travel time, other
studies [6, 7] are trying to solve similar control problems
using an objective function with multiple criteria like safe
speeds and accelerationwhile avoiding collisions.The authors
of [8] proposed an algorithm with provable guarantees on
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safety and performance. A rigorous upper bound is provided
for the expected wait time in their approach. Compared
with centralized control approaches, infrastructure support
is not needed in decentralized control. In the approach [9]
proposed by Wu et al., the estimated arrival time is shared
wirelessly among vehicles to obtain the best passing sequence.
The problem of coordinating online a continuous flow of
Connected and Autonomous Vehicles crossing two adjacent
intersections was formulated as a decentralized optimal
control problem in [10]. The solution gives the optimal accel-
eration/deceleration for each vehicle at any time to minimize
fuel consumption. Some researchers also studied the control
mechanism when only a part of the traffic is autonomous
vehicles [11]. While there are already numerous research
efforts in the autonomous traffic area, the development of
safe and efficient autonomous transportation systems is still
at its early stage. We have proposed the DTOT- (Discrete-
Time Occupancies Trajectory-) based Intersection Control
Algorithm toward this objective in previous work [12, 13], and
we want to augment the algorithm to give emergency vehicles
(EVs) preferences to cross intersections quickly.

Human lives and the amount of financial loss highly
depend on the response time (from the time the emergency
service is called to the time help is offered) of emergency
vehicles.The travel time of emergency vehicles to the accident
scene is critical to the response time. So, it is very useful and
helpful to reduce the travel time of emergency vehicles on
roads, especially on intersections where congestions aremore
likely to happen. The survival chance of injured people in an
accident falls sharply if they reach the operating table later
than 60minutes after the accident [14]. Hence, shortening the
travel times of crossing intersections for emergency vehicles
will help save lives. In reality, the current way to handle emer-
gency vehicles is similar to using Vehicle-to-Vehicle (V2V)
communication (siren and lights) to warn nonemergency
vehicles on roads to yield to the emergency vehicle. Some
drivers cannot respond quickly to the warnings, which may
result in additional time delay for emergency vehicles and
even serious accidents. Many studies have been carried out to
allow emergency vehicles to have a faster travel across inter-
sections. Based onMAS (Multiagent System), [15] introduced
a statemachine for the intersection controller to change traffic
signal status according to lane occupation when an emer-
gency vehicle is approaching. Some researchers have explored
the priority evacuation of emergency vehicles under an
autonomous and connected traffic environment.Viriyasitavat
andTonguz proposed an intersection control system that only
uses Vehicle-to-Vehicle (V2V) communication to give emer-
gency vehicles priority of crossing [16]. The paper proposed
that, at an intersection, a leader should be elected from all
approaching vehicles to serve as the temporary traffic light
infrastructure and stop at the intersection to coordinate the
traffic.The green signal is always given to the lane of detected
emergency vehicles and through coordination “green-wave”
signals are displayed for the emergency vehicles to let them
move at a faster speed. Dresner and Stone proposed a
simple way to deal with emergency vehicles under their
intersection control framework AIM (Autonomous Inter-
section Management) [17]. Their algorithm only grants

reservations to vehicles in the lanes that have approaching
emergency vehicles, which allows the emergency vehicle to
continue on its way relatively unhindered.However, the travel
times of nonemergency vehicles will be affected significantly
and no global coordination is made for optimal traffic flow.

This paper extends our previously proposedDTOT-based
Intersection Control Algorithm (DICA) approach to include
emergency vehicles in the traffic to be controlled. Our goal
of intersection control is to let emergency vehicles cross
intersections as fast as possible while maintaining adequate
traffic performance. In this paper, we assume that emergency
vehicles are taking normal routes, which means that they will
not travel in a wrong lane. A genetic algorithm is proposed to
find the optimal passing sequence of vehicles whose trajecto-
ries can be rearranged. This optimal sequence aims to make
the emergency vehicles cross the intersection in the fastest
way. Among many sequence forming approaches [18–21]
in the literature, the authors of [21] proposed themost similar
approach to ours, which also proposed a genetic algorithm
to form vehicle sequences. However, unlike the approach
proposed in this paper, they are essentially not allowing
vehicles with conflicting routes to be inside the intersection
at the same time.

The rest of the paper is arranged as follows. Section 2
recalls the previously proposed intersection control scheme,
DICA, which is the foundation of this paper’s approach for
emergency vehicles. A new architecture and algorithm, called
Reactive DICA, for emergency vehicle handling is described
in Section 3. In Section 4, we propose a genetic algorithm
that efficiently solves the optimal vehicle sequencing problem
formulated in Section 3. The efficiency and accuracy of the
approach are evaluated through simulations in Section 5.
Finally, we draw the conclusion in Section 6.

2. DICA

In our previous work, we proposed a novel algorithm
named DICA [12] to coordinate autonomous intersection
traffic and later improved the computational complexity of
the algorithm significantly through several computational
approaches [13]. In this section, we review the basic idea of the
algorithm DICA which is the base algorithm to be extended
for emergency vehicles in this paper.

At the intersection considered in our work, a vehicle
communicates with the Intersection Control Agent (ICA) to
get a permission to cross. As shown in Figure 1, we define
two regions in an intersection. The communication region is
determined by the wireless vehicular communication range,
and the intersection region is the common area within an
intersection that is shared by all roads connected to the inter-
section.All vehicles areConnected andAutonomousVehicles
(CAVs) and are capable of wireless communications with the
ICA. It is also assumed that each vehicle is equipped with
a RFID (Radio Frequency IDentification) chip and detectors
are installed on every incoming lane at the entrance of
the communication region. Thus, ICA can detect the infor-
mation of each vehicle such as Vehicle Identification Num-
ber (VIN), the lane on which a vehicle is approaching
an intersection, and the time when a vehicle enters the
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Figure 1: DTOTs of two conflicting vehicles. 𝑂𝑝𝑞 represents the 𝑞th occupancy in a vehicle V𝑝’s DTOT. Note that occupancies in this figure
are intentionally made very sparse for clear illustration purposes. DTOT starts with the occupancy in which the vehicle’s front bumper first
comes into contact with the entering line of its lane of an intersection, and ends with the occupancy that the vehicle is completely out of the
intersection region.

communication region. It is assumed that a CAV can obtain
its current position, speed, and the relative distance to an
intersection precisely and also can avoid collisions with other
vehicles autonomously. We also assume an ideal wireless
vehicular communication performance such that all data
packages are exchanged correctly and timely since this paper
focuses on developing an algorithm for ICA to evacuate
emergency vehicles as quickly as possible. It is important
to note that, however, despite this ideal communication
assumption, the DICA algorithm could still be applicable
in practice with minor modifications to deal with imperfect
communication thanks to the above-mentioned information
collection mechanism through detectors. For example, if the
communication between CAVs and ICA is not perfect, we
may have two possible problems to solve: package delay and
loss. For delayed data packages, we can obtain the upper
bound for communication delay and integrate this delay
with the proposed DTOT by extending every occupancy to
take into account the delay upper bound. This approach will
make the algorithm a little bit more conservative but safe for

vehicles. For lost data packages, we can add an ACKmessage
in the algorithm.Ahead vehicle (or ICA)will sendREQUEST
(or RESPONSE) again if it does not receive an ACK message
from ICA (or the head vehicle). These simple approaches
can make DICA applicable in practice to deal with imperfect
communications.

2.1. Interaction between a CAV and ICA. Based on the above
basic assumptions, we now introduce the interactions
between CAVs and ICA in the autonomous and connected
intersection traffic considered in this paper. As shown in
Figure 2, a CAV and ICA may begin their interaction with
each other through vehicular wireless communications if the
CAV enters the communication region of ICA. A vehicle is
called the head vehicle on its lane if there are no vehicles in
front of it or the vehicle which is immediately in front of it
has begun entering the intersection region. One can see from
the figure that a CAV and ICA exchange information through
two specific types of messages, REQUEST and RESPONSE,
for the ICA’s intersection crossing coordination.
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Figure 2: Interaction between a CAV and ICA.

A REQUESTmessage contains information that is neces-
sary for a vehicle’s space-time reservation for its intersection
crossing, for example, (i) the VIN, (ii) the Vehicle Size
(VS) which consists of a vehicle’s length and width, and
(iii) a vehicle’s discrete-time state trajectory, which we name
the Timed State Sequence (TSS). A RESPONSE message
contains (i) the VIN and (ii) TSS. The TSS in RESPONSE
is a feasible TSS processed by ICA. Inside the DICA block
in Figure 2, ICA first uses the VS information contained in
the received REQUEST message to convert the TSS to the
corresponding DTOT which is simply a sequence of timed
rectangular spaces that the vehicle needs to occupy to cross
the intersection. If the requested DTOT has any potential
risk of collision with all other vehicles that have already
been approved to cross the intersection, then it is adjusted
appropriately to avoid the collisions. Then, ICA confirms the
adjusted collision-freeDTOT and sends it back to the vehicle.
DICA will be introduced in more detail in the next section.
In the sequel, we call a vehicle confirmed vehicle if it has
received a confirmed DTOT from ICA. We assume that each
CAV is equipped with a trajectory tracking controller so that
the vehicle can follow the confirmed DTOT with reasonably
small tracking error as long as the DTOT satisfies the
kinematic constraints for feasibility such as maximum speed,
acceleration, and deceleration.

2.2. DTOT-Based Intersection Traffic Coordination. This sec-
tion introduces the high-level idea of how aDTOT is checked
and adjusted to avoid potential collisions by ICA. Algo-
rithm 1 which we call the DTOT-based intersection traffic
coordination algorithm (DICA) shows the process for ICA
to deal with a REQUEST message from a head vehicle.

We introduce the sets and notations that are used in
DICA in Algorithm 1. S is used to denote the set of vehicles
which have already been confirmed at the time when the
REQUEST message is received by ICA. A pair of vehicles
is defined to be space-time conflicting if their DTOTs have
at least one pair of occupancies that are conflicting in both
space and time. Another set C in the algorithm represents
the subset of S which contains vehicles whose confirmed

DTOTs have space-time conflicts with the DTOT of the
vehicle that is currently being processed for confirmation. As
shown in Algorithm 1, after converting TSS to DTOT, ICA
determines if there exist front vehicles that affect the vehicle
V𝑖’s motion and also adjusts V𝑖’s DTOT if needed by calling the
function checkFV(). Then, the function getCV()is called
to determine the initial set C. The first vehicle V𝑗 in the set
C is the earliest vehicle that is space-time-conflicting with
vehicle V𝑖. The updateDTOT() function adjusts DTOT(V𝑖)
appropriately so that DTOT(V𝑖) avoids space-time conflicting
with vehicle V𝑗’s DTOT. These two functions are iteratively
called within the while loop in Algorithm 1 until the set C
becomes empty, which indicates that no vehicles in the set
C will potentially collide with vehicle V𝑖. After DTOT(V𝑖) is
appropriately adjusted and confirmed that there is no space-
time conflicting with all other confirmed vehicles, then the
confirmed DTOT(V𝑖) is converted into TSS(V𝑖). Finally, ICA
sends RESPONSE with the confirmed TSS(V𝑖) back to the
vehicle V𝑖 so that the vehicle can cross the intersection safely
by following the confirmedDTOT.More detailed explanation
on each individual function called within DICA can be found
in our previous papers [12, 13].

3. Reactive DICA

In this paper, the problem we want to solve is how to let
EVs which are driven autonomously cross an intersection
as soon as possible under the connected and autonomous
traffic environment. In the meantime, we aim to keep all
other vehicles having similar travel times as when there are
no EVs in the traffic. In short, our objective is to evacuate
EVs through an intersection as quickly as possible while other
vehicles’ travel times are minimally affected. Note that, for
simplicity, the term “emergency vehicle” in this paper means
an emergency vehicle in an emergency status (i.e., with siren
and the lights on). The same assumptions as in our previous
work [12, 13] are employed in this problem. Overtaking
and lane changing inside the communication region are not
allowed, which means that vehicles on each lane will keep
their lane once they enter the communication region. As an
approach to give preference to EVs in autonomous traffic,
we give priority to EVs in an intersection crossing traffic
by optimizing the sequence of crossing vehicles. Also, since
we are augmenting the original DTOT-based intersection
control algorithm, the new algorithm will only be used
to coordinate vehicles when there is an EV within the
communication region of an intersection while the crossing
traffic is controlled the same way as before when all vehicles
are normal vehicles inside the communication region. Thus,
the entering of an EV activates the new algorithm, so we
call the augmented DICA the Reactive DICA (R-DICA).
DICA is only taking care of head vehicles which reduces
computational complexity and communication load of ICA
a lot. However, unlike in DICA, more vehicles are needed to
be considered in R-DICA in order to allow EVs to cross an
intersection as fast as possible. Specifically, all vehicles on the
lane of an EV which are ahead of the EV should be included
in the set of vehicles whose intersection crossing order is to
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(1) Let S be the set of confirmed vehicles and 𝑛 = |S|.
(2) Let V𝑖 be the vehicle to be considered for confirmation.
(3) Convert TSS(V𝑖) to DTOT(V𝑖)
(4) Call checkFV(S,DTOT(V𝑖)) → DTOT(V𝑖)
(5) Call getCV(S,DTOT(V𝑖)) → C

(6) whileC ̸= 0 do
(7) Pop the first vehicle inC → V𝑗

(8) Call updateDTOT(DTOT(V𝑖),DTOT(V𝑗)) → DTOT(V𝑖)
(9) Call getCV(S,DTOT(V𝑖)) → C

(10) end while
(11) Store DTOT(V𝑖) for vehicle V𝑖
(12) Convert DTOT(V𝑖) to TSS(V𝑖)
(13) Send TSS(V𝑖) to vehicle V𝑖

Algorithm 1: DICA (DTOT-based intersection traffic coordination algorithm).

be optimized. In the sequel, we call all those vehicles vehicles
on EV’s lane.Thus, the set of vehicles that we need to consider
for vehicle ordering includes all unconfirmed vehicles onEV’s
lane and also all confirmed vehicles which are not on EV’s
lane. All these vehicles can be divided into two types: vehicles
whose DTOTs cannot bemodified (vehicles that have already
entered the intersection or cannot make a stop at the entering
line even with maximum deceleration) and vehicles whose
DTOTs could be changed (vehicles that are stopping at the
entering line of the intersection or are able to make a stop at
the entering line, or unconfirmed vehicles that are ahead of
the EV).The sequence of vehicles of the latter type is what we
can optimize to expedite the crossing of EVs. We define the
set of these vehicles as S∗.

Roughly speaking, our approach for fast crossing of
emergency vehicles is to assign the highest priority to them
and delay confirmation for all other normal vehicles. Thus,
incorporating a priority based ordering of vehicles into the
basic DICA framework would achieve this goal. To find such
an optimal vehicle ordering, we formulate an optimization
problem based on the entrance time of vehicles which is the
time a vehicle enters the line of an intersection. Let P(S∗)
be the set of ordered vehicle sequences (or simply called a
sequence in the sequel) from the set of vehicles inS∗. Then, if
we use𝑇V

𝑒 to represent entrance time of vehicle V, a reasonable
objective function for our optimization problem would be

min
P(S∗)

𝑇EV
𝑒 , (1)

where 𝑇EV
𝑒 is the entrance time of an EV at an intersection.

Thus, to solve this optimization problem, we first need to
introduce an approach that determines the entrance time of
an EV.

First, we note that some sequences in P(S∗) can be
eliminated if we impose some constraints for optimal vehicle
ordering. For example, the order of vehicles on EV’s lane
cannot be altered and hence should be preserved. Also, since
all confirmed vehiclesS∗ are able to stop before the entering
line of an intersection, we can allocate higher priorities for
vehicles on EV’s lane than those in other lanes.We useP(S∗)
to denote the set of ordered sequences of vehicles satisfying

these constraints. Now, let us consider a sequence 𝑠 in the
set P(S∗). Then, if we consider the first vehicle V in the
sequence 𝑠, then it is easy to see that the vehicle is always a
head vehicle on EV’s lane and has a confirmedDTOT. Hence,
the entrance time of this vehicle V can be determined simply
by its 𝜏(OV

1)which is the time when the vehicle V occupies the
first occupancy of its DTOT. For any other vehicles which are
not the first vehicle in the sequence 𝑠, the way of computing
their entrance times is a bit different. We need a time interval
between any two successive vehicles in a sequence to ensure
safety. This time interval is called separation time 𝜏𝑠. In this
paper, as shown in Figure 3, we define three separation times
for different situations between two vehicles.

𝜏𝑠 =
{{{{
{{{{
{

𝛿𝑐 V𝑖 ⊗ V𝑗 Figure 3(a), or

𝛿𝑠 V𝑖 ≺ V𝑗 or V𝑗 ≺ V𝑖 Figure 3(b), or

0 V𝑖 ⊙ V𝑗 Figure 3(c),
(2)

where symbols⊙ and⊗ are used to represent that two vehicles’
routes are compatible and conflicting, respectively. V𝑖 ≺
V𝑗 represents that vehicles V𝑖 and V𝑗 are on the same lane
and V𝑖 is following V𝑗. The separation time’s value depends
on pavement conditions, vehicle mechanical errors, and
weather conditions. The focus of this paper is on proposing
a coordination algorithm not the determination of these
values. Thus, we just approximate the values from current
empirical estimations which are widely accepted [22]. Then,
the expression to compute the entrance time of V𝑗 which is
not the first vehicle V1 in the sequence is

𝑇𝑗𝑒 = max {𝑇𝑗𝑎 , 𝑇𝑖𝑒 + 𝜏𝑠} , (3)

where V𝑖 is the immediate predecessor of V𝑗 in the sequence
and 𝑇𝑗𝑎 is the predicted arrival time of the vehicle V𝑗 which
is the shortest time for the vehicle to arrive at the entering
line of an intersection under the constraints of maximum
acceleration and speed without considering other vehicles in
traffic. 𝑇𝑖𝑒 is V𝑖’s entrance time and 𝜏𝑠 is the separation time
between V𝑖 and V𝑗. Starting from the second vehicle in
sequence, this equation is iteratively used to compute the
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(a) (b) (c)

Figure 3: Three different situations for separation time.

entrance time of each vehicle in the sequence until the
entrance time of the emergency vehicle is computed.

Now, the complete form of an optimization problem for
optimal vehicle ordering tominimize the entrance time of the
EV is formulated as follows: Given predicted arrival times𝑇V𝑖

𝑎

for all V𝑖 ∈ S∗, find 𝑠∗ such that

𝑠∗ = min
𝑠∈P(S∗)

𝑇EV
𝑒

s.t. 𝑇
𝑖
𝑒 − 𝑇𝑗𝑒

 ≥
{{{{
{{{{
{

0 V𝑖 ⊙ V𝑗

𝛿𝑐 V𝑖 ⊗ V𝑗

𝛿𝑠 V𝑖 ≺ V𝑗 or V𝑗 ≺ V𝑖

𝑇V
𝑒 ≥ 𝑇V
𝑎 ∀V ∈ S

∗.

(4)

A naive approach to solve the optimization problem in
(4) is an exhaustive search in all possible sequences that can
be generated from the set S∗. If we suppose that there are
𝑛 vehicles in S∗ (i.e., 𝑛 = |S∗|) and there are 𝑛EV vehicles
on EV’s lane, then there are 𝑛!/𝑛EV! sequences in P(S∗).
However, if 𝑛 is becoming large, then the computational time
and resources required to solve the optimization problem are
increasing significantly. Hence, it might not be an efficient
approach to use an exhaustive search method when we want
to solve problem (4) with many vehicles. Such computation
issues of the problem present the need to seek heuristic
approaches which are good at solving complex problems in
a very short time compared with exhaustive search. Several
heuristic optimization approaches like genetic algorithm,
ant colony system, and artificial neural networks exist in
the literature. Reference [23] used permutation encoding
scheme and solved the flow shop scheduling problem with
an objective of minimizing the makespan. The paper [21]
proposed a genetic algorithm to optimize the groups of
compatible vehicles in a very short time. References [24, 25]
reviewed many researches where genetic algorithms can be
used to solve job scheduling problems which can meet our

Detect a new vehicle

Yes EV? No

GA DICA

No Yes
EV exited?

Stop confirmation of new vehicles;
con�rm vehicles based on the optimal
order from GA

Figure 4: Control flow diagram of ICA in R-DICA.

requirements. Thus, we also choose to use genetic algorithm
(GA) to obtain the optimal sequence of vehicles.

The high-level architecture of R-DICA combining GA
and DICA is shown in Figure 4. R-DICA activates GA
when ICA detects an EV. Then, ICA stops accepting any
confirmation of new vehicles which are detected after the EV.
All vehicles that belong to S∗ are rearranged to obtain the
optimal sequence for the EV’s crossing byGA.Then, ICAonly
confirms vehicles that are already included in the setS∗ until
the EV exits the intersection.Once the EV is completely out of
the intersection, ICA switches back to using DICA tomanage
normal intersection crossing traffic.

4. Genetic Algorithm for Vehicle Ordering

In this section, we discuss the details of how GA is used to
find the optimal vehicle sequence in (4).
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(1) Generate 𝑁pop different individuals randomly for 𝑛 vehicles in S∗ → I

(2) 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘(I) → I

(3) 𝑘 = 0
(4) 𝑗 = 0
(5) 𝑓𝑖𝑡𝑛𝑒𝑠𝑠 𝑏𝑒𝑠𝑡 𝑙𝑎𝑠𝑡 = 0
(6)
(7) while 𝑘 < 𝑁max and 𝑗 < 𝑁noChange do
(8) 𝑐𝑟𝑜𝑠𝑠𝑂V𝑒𝑟(𝑃𝑐,I) → I

(9) 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘(I) → I

(10) 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛(𝑃𝑚,I) → I

(11) 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘(I) → I

(12)
(13) 𝑓𝑖𝑡𝑛𝑒𝑠𝑠 𝑏𝑒𝑠𝑡, 𝑖𝑛𝑑𝑖V𝑖𝑑𝑢𝑎𝑙 𝑏𝑒𝑠𝑡 = 𝑓𝑖𝑡𝑛𝑒𝑠𝑠(I)
(14) if𝑓𝑖𝑡𝑛𝑒𝑠𝑠 𝑏𝑒𝑠𝑡 > 𝑓𝑖𝑡𝑛𝑒𝑠𝑠 𝑏𝑒𝑠𝑡 𝑙𝑎𝑠𝑡 then
(15) 𝑗 = 0
(16) else
(17) 𝑗 = 𝑗 + 1
(18) end if
(19) top 𝑁pop individuals → I

(20) 𝑘 = 𝑘 + 1
(21) end while
(22) Decode 𝑖𝑛𝑑𝑖V𝑖𝑑𝑢𝑎𝑙 𝑏𝑒𝑠𝑡

Algorithm 2: Genetic algorithm for vehicle ordering.

Genetic algorithms, which have been widely used to
solve problems in computer science, artificial intelligence,
information technology, and engineering, are techniques of
self-organized and self-adapting artificial intelligence mim-
icking the evolutionary process of creatures in nature [24,
26]. A solution in GA is called an individual which is
encoded compactly to facilitate the processes of crossover and
mutation that are essential in a genetic algorithm. A group
of individuals is called a population in which some individ-
uals are selected as parents to generate offspring through
crossover and mutation. Based on some features of each
individual, some individuals survive and others die among
all the original population and new individuals. Individuals
who correspond or near correct solution have a better chance
to survive during evolving since they have high objective
values, which is called fitness. Fitness function should be
defined properly to evaluate each individual. As introduced
above, solutions in GA evolve to adapt the objective prob-
lem. Optimal or near-optimal solutions are expected to be
obtained after a certain number of generations. In this paper,
we propose a GA to solve the complex traffic control problem
for emergency vehicles in a short time. Permutation encoding
scheme is used in the algorithm. And crossover andmutation
operators suitable for the permutation encoding scheme are
devised. The proposed GA for vehicle ordering is shown
in Algorithm 2. The detailed discussion for permutation
scheme, crossover,mutation, and so forth of the proposedGA
is given in the following sections.

In the proposed GA, we first generate a random popu-
lation I that contains 𝑁pop individuals which are encoded
by permutation scheme. The function 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘()
takes a set of individuals and makes modifications to the
infeasible individuals. Feasible individual corresponds to

a sequence of vehicles that does not violate the order of
vehicles on EV’s lane. After propermodification, the function
returns a set containing individuals which are all feasible.The
function 𝑐𝑟𝑜𝑠𝑠𝑂V𝑒𝑟() then perform crossover on randomly
selected pairs of individuals from the population I with a
probability 𝑃𝑐 to generate new offspring. Then, the feasibility
of the offspring is checked. Notice that, after crossover, the
number of individuals is larger than 𝑁pop. Mutation on
the produced offspring with probability of 𝑃𝑚 is done by
function 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛(). The mutated individuals also need to
be checked for feasibility and modified if needed. Based on
given conditions, each individual in I is evaluated by a
fitness function 𝑓𝑖𝑡𝑛𝑒𝑠𝑠() which computes the reciprocal of
the entrance time of the emergency vehicle in that individual.
The highest fitness value and the corresponding individual
are recorded. Notice that the fitness can also be obtained
by using other metrics like the exit time of the EV, the
trip time of the EV, and so forth. These metrics will give
us similar results. We choose the entrance time because we
have the predicted arrival time for each vehicle. Thus, it
is easy to implement the algorithm. Then, we use the top
𝑁pop individuals from the original population and offspring
to form the new population. If any of the stopping criteria
(maximum number of iterations or the best solution is not
updated for a certain number of generations) is met, then the
algorithm terminates. Otherwise, the algorithm repeats the
steps inside the while loop.

4.1. Chromosome Encoding and Feasibility Check. Instead
of using the popular binary encoding scheme for genetic
algorithms, we choose to use permutation encoding scheme
which ismore suitable to find an optimal sequence for vehicle
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Figure 5: An example of the permutation encoding scheme; the
leftmost vehicle has the highest priority while the rightmost one has
the lowest priority.

ordering. As shown in Figure 5, the individual corresponds
to a sequence of vehicles which is {V1, V2, V3, V4, V7,EV, V5, V6}
where the leftmost vehicle V1 is the first one and the rightmost
vehicle V6 is the last one. Different chromosomes denote
different sequences of vehicles. Once an individual is created,
it is not always true that the corresponding sequence is a
feasible one since vehicles’ order on EV’s lane cannot be
altered. Every newly generated individual should be checked
against the subsequence of vehicles on EV’s lane for feasibility.
Figure 6 is provided to have a visual impression of the
situation when vehicles’ sequence needs to be optimized.
In the figure, V1, V3, and EV are the vehicles on EV’s lane
whose order could not be altered. And note that, except
for vehicles on EV’s lane, all other vehicles that are not
a head vehicle are not part of the sequence. The vehicles
from south and west that are not head vehicles are such
vehicles that will be confirmed only after EV exits. If an
individual is not feasible, the corresponding bits of vehicles
on EV’s lane should be changed to conform to the correct
relative order. The function 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘() is making the
corresponding modifications to an infeasible individual. An
example of adjustment according to the sequence of vehicles
that are ahead of the EVon the same lane is shown in Figure 7.

4.2. Crossover andMutation. Two individuals perform cross-
over to generate offspring if they are selected to be parents.
The offspring inherit features (i.e., gene structures) from their
parents. Different encoding schemes have different crossover
operators since they have different gene structures. For the
most popular binary encoding scheme, it is easy to do
crossover and mutation since a chromosome only contains
binary bits. For our permutation encoding scheme,we choose
to apply one-point crossover [26] which is implemented in
the function 𝑐𝑟𝑜𝑠𝑠𝑂V𝑒𝑟(). As shown in Figure 7, the same
bits may exist in one chromosome after the parts behind the
randomly chosen position are swapped. In the second step in
the figure, the two children have the same bits {V2, V3} and
{V5, V6}, respectively. To generate correct chromosomes, we
adjust the chromosome of one child by swapping those same
bits from another child’s chromosome while preserving the
relative ordering of parents. Note that the new chromosomes
may also not be feasible since the order of vehicles on EV’s
lane in a chromosome may not be the same as the actual
order. If this happens, since the order of the vehicles on
EV’s lane cannot be changed, we manually adjust the relative
order of vehicles to be the correct order to have a feasible
chromosome. For example, in Figure 7, we adjust the order of
V1 and V3 for the second child in the last step. Feasibility check
and adjustment are done by the function 𝑓𝑒𝑎𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝐶ℎ𝑒𝑐𝑘().

Similar to probabilistically selecting two individuals for
crossover, we apply mutation on the produced chromosomes

based on a given probability by the function 𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛().
Different from binary encoding scheme’s mutation which
could be done by simply changing the value of a randomly
selected bit from 1 to 0 or 0 to 1, our permutation encoding
scheme exchanges the bits on two randomly chosen positions
to obtain a new chromosome. As shown in Figure 8, positions
of V2 and EV are randomly chosen to exchange values and
feasibility check based on vehicles’ order on EV’s lane is
performed after mutation.

4.3. Fitness and Selection of New Generation. The reciprocal
of the entrance time of the emergency vehicle is defined as
the fitness of an individual in our proposed GA.The entrance
time of the emergency vehicle can be determined as discussed
in Section 3. Among all individuals in the population and the
offspring produced, the best 𝑁pop individuals are selected to
form the next generation.

4.4. Stopping Criterion. The constant 𝑁max represents the
number of maximum generations and 𝑁noChange represents
the number of continuous generations where solutions are
not changed. As shown in Algorithm 2, if the best solution
is not updated after 𝑁noChange generations or the 𝑁maxth
generation has been reached, then the algorithm terminates
and stops searching for a better solution.

5. Simulation

The performance of the proposed optimization approach for
EVs is evaluated against the DICA and a reactive traffic
light algorithm which is explained below. All simulations
are implemented in an open-source traffic simulator, SUMO
(Simulation of Urban MObility) [27]. The default traffic
management for intersections in SUMO is not used and the
control algorithms are programmed as Python applications.
The TraCI is used for the interaction between the Python
applications and SUMO. Configurations for intersections in
the simulation and corresponding results are described in this
section, followed by discussions on the obtained results.

5.1. Simulation Setup. Extensive simulations of different traf-
fic volumes are performed on an isolated perfect 4-way
intersection where each approach has three incoming lanes
and two exit lanes. Similar to real intersections in the United
States, among the three incoming lanes, the leftmost lane is
dedicated for left-turn vehicles, and through vehicles can use
the other two lanes. The rightmost lane can also be used by
right-turn vehicles. All roads have a speed limit of V𝑚 =
70 km/h. The maximal acceleration (𝑎max) and deceleration
(𝑎min) for all vehicles are set to be 2m/s2 and −4.5m/s2,
respectively. In the simulation, for simplicity, we used the
same size for normal vehicles and EVs so that they both have
5-meter length and 1.8-meter width.We let vehicles approach
an intersection with different speeds when they enter into
the communication region of the intersection to make the
simulation more realistic. In detail, when a new vehicle is
spawned outside of the communication region, the speed of
the vehicle is set with a random value within the range from
40% to 100% of the maximum allowed speed V𝑚. In those
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Figure 6: Example situation of vehicles whose sequence is to be optimized in the intersection space; note: vehicles on EV’s lane are V1, V3,
and EV.
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Figure 7: An example of one-point crossover. The relative ordering of parents is preserved when the chromosomes are adjusted due to the
existence of the same bits. Feasibility is checked for the two children based on vehicles’ sequence on EV’s lane and adjustments are made.

cases where vehicles need to stop just before the entering line
of the intersection region to avoid potential collisions with
other confirmed vehicles, the distance between the entering
line of the communication region and the entering line of the
intersection region should be long enough for a vehicle to

be able to stop from the maximum allowed speed V𝑚. Thus,
it is easy to conclude that the distance should be at least
−V2𝑚/(2𝑎min) ≈ 42.01m. So, in simulation, we set the distance
between the entering lines of the communication region and
the intersection region as 50m.
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Figure 8: An example of mutation. Feasibility is checked for the
mutated chromosome based on vehicles’ sequence on EV’s lane and
adjustment is made. V2 and EV are randomly chosen to swap to
perform mutation. EV is swapped with V3 to conform to vehicles’
sequence on EV’s lane.

Table 1: Parameters used for various traffic volumes and patterns.

Parameter Value
Traffic volumes∗ 100/200/300/400/500
𝑝𝑉 0.03/0.06/0.08/0.11/0.14
𝑝𝐿 0.20
𝑝𝑆 0.60
𝑝𝑅 0.20
𝑝EV 0.02
Random seeds 12/21/66
∗Expected number of vehicles per 10 minutes.

Vehicles are generated randomly on each road with
a randomly assigned intersection route. Every generated
vehicle has the probability of 𝑝EV to be an EV; otherwise, it
will be a normal vehicle. In our simulation, an emergency
vehicle is generated only when there is no such vehicle inside
the communication region. To create variations on the traffic
pattern, we use several different random seeds to generate dif-
ferent traffic patterns andmake the simulations reproducible.
Table 1 summarizes the parameters used for various traffic
volumes and patterns that were employed in many of our
simulations where 𝑝𝑉 corresponds to traffic volumes and 𝑝𝐿,
𝑝𝑆, and 𝑝𝑅 are the probabilities for a generated vehicle to
take left, straight, and right routes, respectively. For every
traffic volume, we run three simulations with different traffic
patterns and then use the averages of these simulation results
as the result for each traffic volume case. For the genetic
algorithm, we set 𝑁pop = 100, 𝑁noChange = 10, 𝑃𝑐 = 0.85,
𝑃𝑚 = 0.05, and 𝑁max = 100.

Simulations were run by 0.05 s time step. We terminate
each simulation when the simulation time reaches one hour.
The simulation time here represents the simulated time in
simulation programs. And the computation time which will
be used in the following discussion is the time that a computer
takes to run a simulation program. All simulations were run

Red

If an EV exists

If an EV exists

If an EV exists

YellowGreen

Lights for conflicting
lanes set to yellow

Figure 9: Reactive traffic light diagram.

on a 64-bit Windows computer, and its processor is Intel(R)
Core(TM) i7-4770 CPU @ 3.40 GHz with 8 GB RAM.

5.2. Reactive Traffic Light. To show the effectiveness of the
proposed R-DICA for emergency vehicles, a reactive traffic
light algorithm for emergency vehicles is implemented and
tested. As shown in Figure 9, the traffic light for the lane of
an EV changes to green as quickly as possible when an EV
is detected on the boundary of the communication region.
Arrows with a single line represent the state transitions (i.e.,
conventional traffic light algorithm) when there is no EV
inside the communication region, while arrows with double
lines show the actions that the algorithm will perform if an
EV exists. The conventional traffic light algorithm we used is
the default traffic light implemented in SUMO which has 31-,
13-, and 83-second durations for green, yellow, and red light
phases, respectively. As shown in Figure 9, if the current status
is yellow or green when an EV is detected, the algorithm
changes the light back to green or just extends the green light
for a fixed amount of time, respectively. If the current status
of the lane is red when an EV enters the communication
region, the algorithm immediately sets the green lights of
conflicting lanes to yellow and then the lane of the EV will
have green light after the yellow phase of the conflicting
lanes. This augmentation of the reactive mechanism in the
traditional traffic light system certainly helps an EV to cross
an intersection as quickly as possible.

5.3. Simulation Results. Performances of three different traf-
fic patterns for all five volume cases are recorded from
simulations. Figure 10 shows a series of screenshots of
simulation employing R-DICA in SUMO when an EV (the
vehicle in red) is crossing the intersection from the south. In
the simulation, normal vehicles in yellow are not confirmed
by ICA while green normal vehicles are the confirmed ones.
In Figure 10(a), we can see that R-DICA activated the GA
algorithm which establishes an optimal order of vehicles to
expedite the crossing of the EV. As one can note, in Figures
10(a) and 10(b), the head vehicle on the right lane of the west
road is not confirmed, which means that this vehicle has a
lower priority than the EV. All vehicles whose DTOTs cannot
be modified are confirmed vehicles. And head vehicles that
have a higher priority than the EV are confirmed. Figures
10(b) and 10(c) show that the EV is crossing the intersection
unhindered while lower priority vehicles are waiting before
the intersection. As shown in Figure 10, as soon as the EV
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Figure 10: A series of screenshots of simulation which illustrates a situation when an EV is crossing the intersection.

Table 2: Computation time comparison between ES and GA.

Traffic volume
(number of vehicles per 10 minutes) 100 200 300 400 500

Computation time of ES (h) 0.05 0.52 N/A N/A N/A
Computation time of GA (h) 0.05 0.15 0.35 0.65 0.72

exits the intersection, all head vehicles get confirmed, which
means R-DICA operates the same way as DICA.The optimal
vehicle-passing sequence from the genetic algorithm ensures
the fast crossing of an intersection for the EV.

5.3.1. Computation Time. To show the computational effi-
ciency of R-DICA using GA, we implemented R-DICA in
two different versions: one with GA and the other one with
the exhaustive search (ES) method to solve the optimization
problem. Computation times of different volume cases are
recorded for both methods. Simulation results are shown in
Table 2 where “N/A” means that the computer was not able
to complete the simulation due to memory errors.

From the result, we can see that R-DICA with GA has
definite advantages over R-DICA with ES in terms of com-
putational efficiency. As shown in the table, the exhaustive
search method only works for light traffic volumes while it
has memory issues for traffic of higher volumes.

5.3.2. Performance of EVs. The following performance mea-
sures are obtained to compare the performance of R-DICA
with DICA and the reactive traffic light: a vehicle’s trip
time (𝜏) is defined as the time taken for a vehicle from the
moment when it enters into the communication region of an
intersection until the vehicle exits the intersection. Based on
the measurement of 𝜏 for all crossed vehicles, we obtained
the average trip time (𝜏) and the maximum trip time (𝜏𝑚)
which show the performance of the crossed vehicles. Besides
these performance measures, we also calculated throughput
(𝜌) which is the percentage of all crossed vehicles against the
total number of generated vehicles. We calculated the rate of
average trip time to throughput, which we call the effective
average trip time (𝜏𝑒).The detailed explanation for this metric
can be found in [12].
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Figure 11: Performance comparison of EVs for DICA, R-DICA, and the reactive traffic light: (a) average trip time; (b) maximum trip time.
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Figure 12: Performance comparison of normal vehicles for DICA, R-DICA, and the reactive traffic light: (a) throughput; (b) effective average
trip time.

As shown in Figure 11, the average trip times of EVs in
all three algorithms (DICA, R-DICA, and the reactive traffic
light) are compared. For traffic volumes from 100 to 400, R-
DICA has the least average trip time of EVs compared with
the other two algorithms. Especially in light traffic volumes,
R-DICA reduces the EVs’ average travel time by more than
50% from the reactive traffic light. However, the algorithm
has a bit longer average trip time for EVs than that of the
reactive traffic light in 500 traffic volume. The worst case for
EVs’ travels is illustrated by the maximum trip time of EVs
in Figure 11(b). The maximum trip time of R-DICA increases
and becomes greater than that of the reactive traffic light.
Both average trip time and maximum trip time of EVs for
DICA are increasing along the volumes. One may note that
the average trip time and the maximum trip time of the
reactive traffic light keep almost the same with the increase
of the traffic volume.Through observation of the simulations,
part of this is because too many vehicles accumulate before
the intersection when the lane of the EV is under red light. In

this situation, the EV is not detected and is stopping outside
the communication region. When the light for the lane of
the EV turns green, the EV accelerates from rest to enter the
communication region which results in a higher speed for
the EV.Thus, for the heavier traffic volumes, EVs always have
a higher speed when detected and are expedited to cross by
preference.The trip time within the communication region is
then reduced compared with R-DICA.

5.3.3. Performance of Normal Vehicles. Comparison of the
performance for normal vehicles for all three algorithms is
shown in Figure 12. From this result, we can see that the
throughput and effective average trip time of R-DICA are
nearly the same as those of DICA, which shows that the
performance of normal vehicles is minimally affected by EVs.
Both the throughput and effective average trip time of normal
vehicles become worse with the increase of traffic volumes.
This is consistent with the result in our previous work [12, 13].
Also, one can see from Figure 12 that the reactive traffic light
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Table 3: Comparison of maximum trip times of normal vehicles
between DICA and R-DICA.

Traffic volume
(number of vehicles per 10
minutes)

100 200 300 400 500

Maximum trip time of normal
vehicles (DICA) (s) 17.88 35.80 55.37 89.47 132.90

Maximum trip time of normal
vehicles (R-DICA) (s) 18.62 38.52 61.68 99.15 150.00

has steady and worse performance for normal vehicles than
the other two algorithms.

Tomore investigate the negative effect of prioritizing EVs
on other normal vehicles, we compare the maximum trip
time of normal vehicles for DICA and R-DICA in Table 3.
The maximum trip time of R-DICA is very close to that of
DICA and their difference increases with traffic volumes.This
shows that it will bring about more negative effect on normal
vehicles to evacuate an EV in congested traffic.

6. Conclusion

In this paper, we have shown that the DICA algorithm can be
augmented to allow emergency vehicles to cross intersections
faster. A genetic algorithm based approach is proposed as
part of the augmented algorithm, called R-DICA, to opti-
mize the sequence of vehicles which gives the emergency
vehicle the highest priority and keeps the influence on other
vehicles’ travel times as minimum as possible. The R-DICA
operates the same way as DICA if there is no EV inside
the communication region and optimizes vehicle-passing
sequence if an EV enters the communication region. Reactive
traffic light and DICA algorithms are also implemented for
simulation and their results are compared with R-DICA
to evaluate the performance of R-DICA. Simulation results
show that R-DICA is effective in reducing travel times of
EVs and has better performance than the reactive traffic
light for normal vehicles. We conclude that the performance
of normal vehicles is not noticeably affected based on the
simulation results of DICA and R-DICA. Currently, it is
in progress to optimize each vehicle’s trajectory to achieve
the maximum traffic control performance. In the future,
we will relax assumptions like perfect communication and
accurate prediction of DTOT to make the algorithm more
applicable to real situations. Also, DICA will be generalized
to include nonautonomous traffic like human-driven vehicles
and pedestrians.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] R. Horowitz and P. Varaiya, “Control design of an automated
highway system,” Proceedings of the IEEE, vol. 88, no. 7, pp. 913–
925, 2000.

[2] DARPA, The darpa urban challenge, 2007, http://archive.darpa
.mil/grandchallenge/.

[3] K. Bengler, K. Dietmayer, B. Farber, M. Maurer, C. Stiller, and
H. Winner, “Three decades of driver assistance systems: review
and future perspectives,” IEEE Intelligent Transportation Systems
Magazine, vol. 6, no. 4, pp. 6–22, 2014.

[4] P. Tientrakool, Y.-C. Ho, and N. F. Maxemchuk, “Highway
capacity benefits from using vehicle-to-vehicle communication
and sensors for collision avoidance,” in Proceedings of the IEEE
74th Vehicular Technology Conference, VTC Fall,TheHilton San
Francisco Union Square, San Francisco, USA, September 2011.

[5] F. Zhu and S. V. Ukkusuri, “A linear programming formulation
for autonomous intersection control within a dynamic traffic
assignment and connected vehicle environment,” Transporta-
tion Research Part C: Emerging Technologies, vol. 55, pp. 363–
378, 2015.

[6] P. Dai, K. Liu, Q. Zhuge, E.H.-M. Sha, V. C. S. Lee, and S.H. Son,
“Quality-of-experience-oriented autonomous intersection con-
trol in vehicular networks,” IEEE Transactions on Intelligent
Transportation Systems, vol. 17, no. 7, pp. 1956–1967, 2016.

[7] M. A. S. Kamal, J.-I. Imura, T. Hayakawa, A. Ohata, and K.
Aihara, “A vehicle-intersection coordination scheme for
smooth flows of traffic without using traffic lights,” IEEE
Transactions on Intelligent Transportation Systems, vol. 16, no.
3, pp. 1136–1147, 2015.

[8] D. Miculescu and S. Karaman, “Polling-systems-based auton-
omous vehicle coordination in traffic intersections with no
traffic signals,” 2016, https://arxiv.org/abs/1607.07896.

[9] W. G. Wu, J. B. Zhang, A. Luo, and J. N. Cao, “Distributed
mutual exclusion algorithms for intersection traffic control,”
IEEE Transactions on Parallel and Distributed Systems, vol. 26,
no. 1, pp. 65–74, 2015.

[10] Y. J. Zhang, A. A. Malikopoulos, and C. G. Cassandras, “Opti-
mal control and coordination of connected and automated
vehicles at urban traffic intersections,” in Proceedings of the 2016
American Control Conference, ACC 2016, pp. 6227–6232, usa,
July 2016.

[11] S. I. Guler, M. Menendez, and L. Meier, “Using connected
vehicle technology to improve the efficiency of intersections,”
Transportation Research Part C: Emerging Technologies, vol. 46,
pp. 121–131, 2014.

[12] Q. Lu and K. Kim, “Intelligent intersection management of
autonomous traffic using discrete-time occupancies trajectory,”
Journal of Traffic and Logistics Engineering, 2016.

[13] Q. Lu and K.-D. Kim, “Autonomous and connected intersection
crossing traffic management using discrete-time occupancies
trajectory,” 2017, https://arxiv.org/abs/1705.05231.

[14] F. J. Martinez, C.-K. Toh, J.-C. Cano, C. T. Calafate, and P. Man-
zoni, “Emergency services in future intelligent transportation
systems based on vehicular communication networks,” IEEE
Intelligent Transportation Systems Magazine, vol. 2, no. 2, pp. 6–
20, 2010.

[15] E. Oliveira and N. Duarte, “Making way for emergency vehi-
cles,” in Proceedings of the 2005 European Simulation and
Modelling Conference, vol. 128, p. 135, 2005.

[16] W. Viriyasitavat and O. K. Tonguz, “Priority management of
emergency vehicles at intersections using self-organized traffic
control,” in Proceedings of the 76th IEEE Vehicular Technology
Conference, VTC Fall 2012, can, September 2012.

[17] K. Dresner and P. Stone, “Human-usable and emergency
vehicle-aware control policies for autonomous intersection

http://archive.darpa.mil/grandchallenge/
http://archive.darpa.mil/grandchallenge/
https://arxiv.org/abs/1607.07896
https://arxiv.org/abs/1705.05231


14 Journal of Advanced Transportation

management,” in Proceedings of the Fourth International Work-
shop on Agents in Traffic and Transportation (ATT), Hakodate,
Japan, 2006.

[18] D. Carlino, S. D. Boyles, and P. Stone, “Auction-based
autonomous intersection management,” in Proceedings of the
2013 16th International IEEE Conference on Intelligent Trans-
portation Systems: Intelligent Transportation Systems for All
Modes, ITSC 2013, pp. 529–534, nld, October 2013.

[19] X. Qian, J. Gregoire, F. Moutarde, and A. De La Fortelle,
“Priority-based coordination of autonomous and legacy vehi-
cles at intersection,” in Proceedings of the 2014 17th IEEE
International Conference on Intelligent Transportation Systems,
ITSC 2014, pp. 1166–1171, chn, October 2014.

[20] J.Wu, A. Abbas-Turki, and A. ElMoudni, “Cooperative driving:
An ant colony system for autonomous intersection manage-
ment,” Applied Intelligence, vol. 37, no. 2, pp. 207–222, 2012.

[21] F. Yan, M. Dridi, and A. E. Moudni, “An autonomous vehi-
cle sequencing problem at intersections: A genetic algorithm
approach,” International Journal of Applied Mathematics and
Computer Science, vol. 23, no. 1, pp. 183–200, 2013.

[22] X. Chen, L. Li, and Y. Zhang, “A markov model for head-
way/spacing distribution of road traffic,” IEEE Transactions on
Intelligent Transportation Systems, vol. 11, no. 4, pp. 773–785,
2010.

[23] T. Murata, H. Ishibuchi, and H. Tanaka, “Genetic algorithms
for flowshop scheduling problems,” Computers and Industrial
Engineering, vol. 30, no. 4, pp. 1061–1071, 1996.

[24] E. Hart, P. Ross, and D. Corne, “Evolutionary scheduling: a
review,” Genetic Programming and Evolvable Machines, vol. 6,
no. 2, pp. 191–220, 2005.

[25] F. Werner, “Genetic algorithms for shop scheduling problems: a
survey,” Preprint 11-31, FMA, OvGUMagdeburg, 66 p., 2011.

[26] K. Dahal, K. C. Tan, and P. I. Cowling, Evolutionary scheduling,
vol. 49, Springer Science Business Media, 2007.

[27] K. Daniel, E. Jakob, B. Michael, and B. Laura, “Recent develop-
ment and applications of sumo - simulation of urban mobility,”
in Proceedings of the International Journal On Advances in
Systems and Measurements, vol. 5, pp. 128–138, December 2012.



Research Article
Characteristic Analysis of Mixed Traffic Flow of Regular and
Autonomous Vehicles Using Cellular Automata

Yangzexi Liu,1 Jingqiu Guo,1 John Taplin,2 and YibingWang3

1Transportation Engineering, Tongji University, Shanghai, China
2Business School, The University of Western Australia, Crawley, WA, Australia
3College of Civil Engineering & Architecture, Zhejiang University, Hangzhou, China

Correspondence should be addressed to Yibing Wang; wangyibing@zju.edu.cn

Received 12 May 2017; Revised 18 July 2017; Accepted 10 August 2017; Published 1 October 2017

Academic Editor: Xiaobo Qu

Copyright © 2017 Yangzexi Liu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The technology of autonomous vehicles is expected to revolutionize the operation of road transport systems. The penetration rate
of autonomous vehicles will be low at the early stage of their deployment. It is a challenge to explore the effects of autonomous
vehicles and their penetration on heterogeneous traffic flowdynamics.This paper aims to investigate this issue. An improved cellular
automaton was employed as the modeling platform for our study. In particular, two sets of rules for lane changing were designed to
address mild and aggressive lane changing behavior. With extensive simulation studies, we obtained some promising results. First,
the introduction of autonomous vehicles to road traffic could considerably improve traffic flow, particularly the road capacity and
free-flow speed. And the level of improvement increases with the penetration rate. Second, the lane-changing frequency between
neighboring lanes evolves with traffic density along a fundamental-diagram-like curve. Third, the impacts of autonomous vehicles
on the collective traffic flow characteristics are mainly related to their smart maneuvers in lane changing and car following, and it
seems that the car-following impact is more pronounced.

1. Introduction

During the last decade, there has been an intensive effort to
develop a variety of vehicle automation systems. Besides their
remarkable capabilities in performing various driving tasks,
automated/autonomous vehicles may have the potential to
influence the operation of traffic systems in terms of effi-
ciency, safety, and greenness [1–5]. More specifically, autono-
mous vehicles (AVs) have negligible reaction time delays as
compared to regular vehicles (RVs) and are able to run with
much less spacing or headwaywith possibly a broad spectrum
of speed. It is therefore expected that traffic capacity of roads
with AVs would be increased [6–9]. AVs are also able to
access the running status of neighboring vehicles so as to
make more informed and smarter decisions on their lane-
change maneuvers. This could also have a positive impact on
road capacity. In addition, AVs may help decrease fuel con-
sumption and emissions [10]. Nevertheless, current vehicle
automation technologies are typically developed to benefit

individual vehicles, without a clear view of the possible
advantages and disadvantages they may contribute to the
characteristics of traffic flow.

The penetration rate of autonomous vehicles will be low
at the early stage of their deployment, and RVs and AVs are
expected to travel together on roads over a long period of
time. The mixture of AVs and RVs may reveal some com-
plicated traffic flow characteristics unlike that with only RVs
[11, 12]. So far, studies on such mixed traffic flow are still
quite limited [13, 14]. Appropriate models and modeling
approaches are needed, at all (microscopic, mesoscopic, and
macroscopic) levels, which could allow for a proper reflection
of evolving dynamics and capabilities of mixed traffic flow.

This paper intends to explore the characteristics of mixed
traffic flow of RVs and AVs, including capacity, fundamental
diagram, and lane-changing frequency. Since AVs are not
yet in the market, current investigations concerning AVs are
performed either via field experiments, whichmainly address
issues at the individual vehicle level, or via simulation studies
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that could also deliver implications at the traffic flow level.
Available simulation studies are not yet sufficient. And (1)
effects of AVs were neither fully analyzed nor compre-
hensively interpreted; (2) identified effects were not always
consistent; (3) no unified modeling approach is available.
This paper follows the simulation avenue. Since our major
concern is about individual vehicles’ behavior on overall
traffic flow dynamics, we would choose either mesoscopic
simulation models like cellular automata (CA) or micro-
scopic simulation models like VISSIM and AIMSUN for this
work. As discussed in the literature, an important issue is
the balance between the model performance and complexity.
Considering the capability of CA in modeling complex
nonlinear traffic flowdynamics despite its essential simplicity,
we have decided to use CA for this study.More specifically, an
improved cellular automata (CA) model is employed in this
work. A brief literature review on CA is presented below.

The first cellular automata model that was introduced
to traffic simulation is the NaSch model proposed by Nagel
and Schreckenberg [15]. CA is essentially a discrete spa-
tiotemporal dynamic system based on local rules [16]. Using
CA, complexity and emergence in traffic systems can be
modeled and simulated with terse conditions and rules [17].
Because of its simplicity, efficiency, and effectiveness, a large
number of extended CAmodels have been developed follow-
ing the NaSch model [18]. For instance, Chowdhury et al.
[19] developed the Symmetric Two-lane Cellular Automata
(STCA) model, which was later expanded by Pederson and
Ruhoff [20] to the multilane case. CA models were also used
to mimic heterogeneous traffic flow [21–24].

This work models and simulates heterogeneous traffic
flow of RVs and AVs using an improved STCA model, in
an attempt to identify impacts of AVs on mixed traffic flow
dynamics. Different levels of penetration rate of AVs are
considered to reflect gradual growth of AVs in traffic flow. At
the core of ourCA-basedmesoscopic traffic simulationmodel
are two specific sets of lane-changing rules for AVs and RVs.
Onemajor goal of this research is to determine theAV impact
on lane-changing frequency of all involved vehicles. For this
reason, a brief literature review on the study of lane changing
is presented below.

Frequent lane changes certainly affect traffic flow [25],
and improper lane changing has been identified as a main
source of traffic congestion and accidents [26, 27]. Gipps
introduced probably the first well-known lane-changing
model for urban traffic [28], while several other models were
developed on the basis of Gipps’s model and extended to the
freeway case [15, 29]. Ahmed et al. [30] applied the random
utility theory to model lane-changing behavior and defined
the lane-changing decision process. Toledo [31] developed a
discrete choice framework to model integrated lane changes
and estimated the relevant parameters. Under the condition
of dense or congested traffic, a vehicle attempting to change
lanes needs cooperation from at least one following vehicle
in the target lane. Hidas [25] developed a cooperative lane-
changing model based on a “driver courtesy” concept. The
vehicle that wants to change lane sends a courtesy request
to subsequent vehicles in the target lanes; the request is
evaluated by each subsequent vehicle. If a vehicle provides

courtesy to the requesting vehicle, it reduces its acceleration
to ensure that a free gap of sufficient length is created.

By comprehensively reviewing previous works on lane
changes, Kesting et al. [32] proposed themodelMOBIL (Min-
imizingOverall Braking Induced by Lane changes) to address
cooperative lane changing of intelligent vehicles. MOBIL
emulates the lane-changing decision as a trade-off between
the incentive that a vehicle intends to do lane changing so
as to gain a higher speed and the politeness that this vehicle
would exhibit so as to introduce the least disturbance possible
to the adjacent vehicles in the target lane. Based on MOBIL,
other researchers further studied intelligent lane-changing
models [33]. On the empirical side, the studies of lane-
changing behavior were far less comprehensive than those of
longitudinal driving behavior (such as car following) due to
the lack of extensive vehicle trajectory data [34]. The emer-
gence of autonomous and connected vehicle technology
offers some great future opportunities.

The paper is organized as follows. Section 2 introduces
the modeling and simulation framework based on improved
cellular automata and particularly presents two specific sets
of rules for lane changing. Section 3 conducts extensive sim-
ulation studies, with promising results presented. Section 4
concludes the paper.

2. Modeling

2.1. Modeling Setup. A typical traffic CA model accounts for
three key components: the road environment, the cells’ states,
and local transition rules. We consider a three-lane stretch of
a freeway, which is represented by a lattice of a number 𝐿 of
cells per lane. The cell length is set to be 5 meters, approx-
imately the average length of a vehicle. The simulation time
step is set to be 1 second, and the simulation time horizon is
of 10,000 time steps.The speed of any regular vehicle is at one
of the six discrete levels, which are 0–5 cells per time step.
“0” means that the vehicle is at a standstill, while “5” means
the vehicle can travel across 5 cells within one time step and
the corresponding speed is 90 km/h. On the other hand, the
maximum speed of any autonomous vehicle is 7 cells per time
step (i.e., 126 km/h). A cell is in either of two states at any
time instant, vacant or occupied by a vehicle.With the vehicle
speed information taken into account, we may view the state
of each cell as varying from −1 to 7, with “−1” addressing
the vacant status and “0–7” the occupying status with the
corresponding vehicle speed at level 0–7.

2.2. Basic Rules for Updating System State. Some rules are
based to update the states of all vehicles over one time step
from 𝑡 to 𝑡 + 1. Each rule addresses a specific maneuver of
vehicles. In the sequence of how the system is updated in each
time step, these rules are presented as follows:

(i) Lane changing,
(ii) Acceleration: V𝑛 → min(Vmax, V𝑛 + 1),
(iii) Deterministic deceleration: V𝑛 → min(V𝑛, 𝑑𝑛),
(iv) Randomization: V𝑛 → max(V𝑛 − 1, 0),
(v) Position updates: 𝑥𝑛 → 𝑥𝑛 + V𝑛,
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where V𝑛(𝑡) denotes the velocity of a certain vehicle 𝑛 at time
instant 𝑡, Vmax denotes the maximum velocity limit, which is
equal to either 5 or 7 in this work, 𝑑𝑛 represents the front
spacing of vehicle 𝑛 on the same lane, and 𝑥𝑛 stands for the
current position of vehicle 𝑛.

For every time step, these rules are sequentially con-
sidered for each vehicle to update its state, and the lane-
changing maneuver is always conducted first, of which the
rules are detailed in Section 2.3. The acceleration rule says
that any vehicle 𝑛 may not increase its speed over one time
step by more than one level. The deceleration rule means
that a vehicle keeps its current speed unless it has to slow
down to adapt to its current front spacing.The randomization
rule applies only to RVs with the probability 𝑝 ∈ (0, 1). This
means that a percentage of drivers are not able to maintain
the current speed constantly and may randomly slow down
their vehicles. The position-updating rule states that vehicles
update their locations according to their current speeds. This
rule is taken from the single-lane NaSch model.

2.3. Lane-Changing Rules. Any vehicle, AV or RV, is assumed
to obey a basic rule that lane changing could be conducted
only at the least cost of speed reduction of neighboring vehi-
cles; that is, a vehiclewould change lane only if its neighboring
vehicles in the target lane would not have to accordingly
slow down too much. In addition, it is assumed that the
left lane changing has the first priority if lane changing in
either direction is acceptable.

The major difference between RVs and AVs in terms of
lane changing is that anAV could communicate with adjacent
AVs in the target lanes for the possibility of more flexible lane
changing. More specifically, two sets of lane-changing rules
are considered, which are Polite Lane Changing (PLC) and
Aggressive Lane Changing (ALC) rules. Depending on the
situation, an AV may follow either PLC or ALC while an RV
can only follow the ALC rule.

(1) Polite Lane Changing (PLC).The fundamental hypothesis
concerning PLC is that drivers are cautious when they
attempt to change lanes; that is, their lane-change maneuvers
are not supposed to interfere with the motion of neighboring
vehicles on the adjacent lanes. This is basically consistent
with the MOBIL model with its politeness parameter equal
to 1. Instead of assuming self-centered behavior in most
lane-changing models, PLC rules support a more altruistic
behavior.

Generally speaking, two aspects need to be taken into
account while studying lane changing: the incentive and
safety. Only if some criteria concerning both aspects are met
will vehicles change lanes. We make reference to the STCA
model [19] to set up the incentive and safety criteria for PLC.
The PLC rules are illustrated with Figure 1, where vehicles in
red represent AVs preparing to change lanes.

As shown in Figure 1(a), vehicle 𝑛 takes the left lane as the
target lane and may conduct lane changing if the following
conditions are met:

𝑑𝑛 < min (V𝑛 (𝑡) + 1, Vmax) (1)

𝑑𝑛,𝑙 > 𝑑𝑛 (2)

𝑑𝑛,𝑙,back > Vmax, (3)

where V𝑛(𝑡) denotes the velocity of the 𝑛th vehicle at time
instant 𝑡, Vmax denotes the maximum velocity limit of the 𝑛th
vehicle, and 𝑑𝑛, 𝑑𝑛,𝑙, and 𝑑𝑛,𝑙,back represent the front spacing
of vehicle 𝑛 on the same lane, the front spacing of vehicle 𝑛
on the left lane, and rear spacing of vehicle 𝑛 on the left lane.
Similar nomenclature applies to the right lane-changing case.

Equation (1) formulates the incentive criterion while (2)
and (3) address the safety criterion. More precisely, (1) means
that current front spacing is not sufficient if the current speed
is increased by one level; (2) and (3)mean that the left (target)
front spacing is adequate for lane changing and the left rear
spacing is absolutely safe. If (1)–(3) are not met, vehicle 𝑛
checks the possibility of lane changing on the right side:

𝑑𝑛,𝑟 > 𝑑𝑛 (4)

𝑑𝑛,𝑟,back > Vmax. (5)

If (1), (4), and (5) are not met, vehicle 𝑛 remains in
the current lane. When (1)–(3) or (1), (4), and (5) are met,
vehicle 𝑛 could do lane changing with a probability of𝑃𝑐.This
parameter is introduced to reflect the individuality of vehicles
in lane changing (i.e., even under the same conditions that
favor lane changing, some vehicles may not choose to do it).

As plotted in Figures 1(b) and 1(c), two more sets of rules
are considered to address cooperative lane changing of two
AVs:

𝑑𝑛+2,𝑟,back > Vmax (6)

𝑑𝑛,𝑙,back + 𝑙𝑛 + 𝑑𝑛 ≥ V𝑛+2 (𝑡) (7)

𝑑𝑛+2,𝑙,back > Vmax (8)

𝑑𝑛+2,𝑙 ≥ V𝑛+2 (𝑡) , (9)

where 𝑙𝑛 denotes the length of vehicle 𝑛. Equations (6) and
(7) correspond to Figure 1(b), where the two AVs cooperate
via intercommunication to do lane changing in the oppo-
site directions. Equations (8) and (9) address the case of
Figure 1(c), where the two AVs cooperate to do lane changing
in the same direction. The probability parameter 𝑃𝑐 applies.

The PLC rules are assumed in this work to be obeyed only
by AVs, while the ALC rules to be introduced below can be
followed by both AVs and RVs.

(2) Aggressive Lane Changing (ALC). ALC represents a set of
more realistic lane-changing rules than PLC, especially for
RVs. Research on the lane-changing behavior of RVs [35,
36] indicates that slower preceding vehicles would in many
situations tempt the following drivers to consider overtaking.
In addition, 95% of drivers would choose to do lane changing
only if the rear spacing on the target lane is bigger than a 3-
cell length (15 meters) and their speeds are higher than the
following vehicles on the target lane [37, 38]. As inspired by
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Figure 1: The lane-changing rules and simulation scenarios.

these findings, we have designed theALC rules to supplement
the PLC rules:

𝑑𝑛,target,back ≥ 𝑑0

V𝑛 (𝑡) ≥ V𝑛,target,back (𝑡) .
(10)

If vehicle 𝑛 is an RV, 𝑑0 is set to be equal to 3-cell length;
otherwise, 𝑑0 is set equal to a 2-cell length to represent the
different accuracy of driving behavior of AVs and RVs.

(3) PLC or ALC for an AV. Given an AV at a certain time
instant, if the conditions for it to do PLC are met, it chooses
PLC; otherwise, if the conditions for ALC are satisfied, it
opts for ALC with aggression under a certain probability
𝑝aggressive, which indicates that this maneuver will influence
adjacent vehicles’ velocities. However, if neither lane-chang-
ing maneuver is possible, it remains in the current lane (see
also Figure 3).

3. Numerical Simulation and Result Analysis

3.1. Simulation Setup. As shown in Figure 1, a freeway stretch
of 3 lanes without on/off-ramps was considered for the
simulation studies. The stretch consists of 50 cells (i.e., the
stretch length is 250m). The maximum speed of a regular
or autonomous vehicle is 5 or 7 cells per time step. Let 𝑁,
𝑁𝑎, and 𝑁𝑟 denote the total number of vehicles, AVs, and
RVs within the simulated stretch. As routine practice in the

cellular automata based simulations, the periodic boundary
condition is considered. At the start of each simulation,
only some cells are occupied with vehicles and these initial
locations are randomly selected.

Denote by 𝑄, V, 𝜌, and 𝜌𝑖 the average flow, the average
speed, the average density of the stretch, and the density of
the lane 𝑖 (𝑖 = 1, 2, 3). More specifically,

V = 1
𝑇

𝑇+𝑡0−1

∑
𝑡=𝑡0

1
𝑁

𝑁

∑
𝑛=1

V𝑛 (𝑡)

𝜌 = 𝑁
3𝐿

𝜌𝑖 =
𝑁𝑖
𝐿

(11)

and the flow can be determined as

𝑄 = 𝜌 ⋅ V. (12)

The simulation was run 20 times for each scenario. The
simulation time horizon 𝑇 is 20,000 time steps, and for each
simulation run, the outcome from the first 104 simulation
time steps was discarded in order to remove transient effects,
and the results of the next 104 time steps were recorded.

3.2. The Impact of AVs on Traffic Flow Characteristics.
Figure 2 shows the characteristics of mixed traffic flow,
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Figure 2: Fundamental diagrams of mixed traffic flow.
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Figure 3: PLC or ALC for an AV.

where the legend addresses different AV proportions (i.e.,
the market penetration rate of AVs), and the solid/dash line
for each AV proportion refers to the PLC/ALC rules. First,
Figure 2(a) presents the speed-density relation obtained with
the simulation data. With the increase of the AV proportion,
the speed-density curve moves to the right. This indicates
that, first, the increase of the AV ratio increases the mean
speed given the same density, and second, with more AVs
involved, the entire traffic flow could endure a higher density
for any given speed. All these are basically consistent with
our general understanding of the capacity of AVs, particularly
their negligible reaction time delays. Second, Figure 2(b)
presents the flow-density relation extracted from the simula-
tion data. Clearly, the inclusion of AVs considerably increases
the road capacity and free-flow speed. More specifically, the
road capacity is about 2000 vehs/h at zero percentage of AVs
(𝛼 = 0) and becomes 3070 vehs/h when all vehicles are AVs
(𝛼 = 100%). The free-flow speed is about 78.85 km/h when
𝛼 = 0 and becomes 115.20 km/h when 𝛼 = 100%, about

46% higher. In addition, the increase of the AV proportion
also improves the critical density slightly, indicating that the
introduction of AVs makes the entire traffic flowmore stable.
On the other hand, the use of different rules of lane changing
(PLC or ALC) seems to have made little difference. Further
studies are needed for a more concrete conclusion on this
issue.

3.3. The Impact of Lane-Changing Probability. As mentioned,
when some preset conditions are met, vehicles may change
lanes or not, and in our simulation studies, a probability 𝑃𝑐 is
assigned so that only a portion of candidate vehicles choose
to change lanes. Figure 4 illustrates the impact of 𝑃𝑐 on the
fundamental diagram under different AV proportions, where
only the ALC lane-changing rule is considered. Clearly, there
is a contrast between Figures 2 and 4: the involvement of AVs
does improve traffic flow characteristics a lot (Figure 2) while
the impact of lane changing on flow seems to be much less
than expected. This may indicate that the change in the car-
following maneuvers of AVs (compared to RVs) contributes
more to the improvement of traffic flow characteristics than
the smarter lane-changing operation of AVs. To further
investigate the impact of lane changing, next we look into the
lane-wise lane-changing frequency for details.

3.4. Lane-Changing Frequency. In this section, we focus on
the case of 𝑃𝑐 = 1 and explore the details of lane-wise
lane changing. First of all, the lane-changing frequency 𝑓𝑖,𝑗
between lanes 𝑖 and 𝑗 is defined as follows:

𝑓𝑖,𝑗 =
𝑁𝑖,𝑗,lane-changing
𝑇 ⋅ 𝑁

, (13)
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Figure 5: Lane-changing frequency of mixed traffic flow: (a, c) 𝑖 = 1 and 𝑗 = 2; (b, d) 𝑖 = 2 and 𝑗 = 3; (a, b) PLC; (c, d) ALC.

where the numerator refers to the total number of lane-
changing instances between lane 𝑖 and lane 𝑗 over the simula-
tion horizon 𝑇, while the denominator represents the total
number of vehicles involved in the entire simulation.

The simulation results are presented in Figure 5, where
the 𝑧 (height) dimension of each subfigure refers to 𝑓𝑖,𝑗 (%)
and the 𝑥 and 𝑦 dimensions refer to traffic densities of lanes
𝑖 and 𝑗. Figures 5(a) and 5(c) address the case where 𝑖 = 1

and 𝑗 = 2, and Figures 5(b) and 5(d) address the case where
𝑖 = 2 and 𝑗 = 3. Moreover, Figures 5(a) and 5(b) are with the
PLC rule, and Figures 5(c) and 5(d) are with theALC rule. For
simplicity, the values of densities are taken along the dashed
diagonal line on the bottom plane in each subfigure.

Focusing on Figure 5(a), we see that, with each AV ratio
alpha, 𝑓𝑖,𝑗 evolves along a fundamental-diagram-like curve
over densities of lanes 𝑖 and 𝑗, and this is in fact consistent
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Table 1: Turning points in the fundamental-diagram-like curves of
𝑓𝑖,𝑗 over densities.

Scenario Lane density [veh/km] 𝛼 Lane-changing frequency
𝜌1 𝜌2 𝜌3

(a) 38.7 41.02 0% 0.0723
(b) 41.02 40.29 0% 0.0096
(c) 38.12 40.76 0% 0.0131
(d) 40.76 41.12 0% 0.0160

with our intuitive understanding; that is, when the densities
of both lanes are low, vehicles have more freedom to do lane
changing, and 𝑓𝑖,𝑗 increases with the number of vehicles on
roads until reaching a critical/turning point and then starts to
decrease. In addition, the more the AVs involved, the less the
value of𝑓𝑖,𝑗.This is becauseAVs canmanage the car-following
process more efficiently even with much smaller intervehicle
spacing than RVs and hence have less incentive to change
lanes. And in the extreme casewhen all vehicles areAVs, there
is no need at all to do any lane changing as shown with the
black curve in Figure 5(a). Comparison of Figures 5(a) and
5(c) with Figures 5(b) and 5(d) shows that using ALC rather
than PLC can substantially increase 𝑓𝑖,𝑗, though the impact
on the overall traffic flow characteristics is not so obvious (see
solid and dashed lines in Figure 2).

It is interesting to mention that the turning points in
Figure 5 are in most cases quite close to those in Figure 2
in terms of traffic densities (around 40 vehs/km) (see Table 1
for details). This indicates that when the underlying traffic
densities are low, more lane changes are welcome and also
beneficial for better usage of road capacity. And around the
critical point, both the incentive and the possibility of lane
changing are maximized while the flow also reaches its peak.
After that, lane changing becomes less and less practical.
The simulation results also indicate that the critical/turning
points are not much sensitive to the AV ratio values.

3.5. Congestion Degree. Whenever a vehicle’s speed is at the
level of 0 or 1 cell per time step, we say that the vehicle
is experiencing congestion, and thus the congestion degree
(CD) is calculated as follows:

CD =
𝑁𝑐
𝑇 ⋅ 𝑁
, (14)

where 𝑁𝑐 denotes the number of congested vehicles over
the whole simulation horizon T and 𝑇 ⋅ 𝑁 denotes the total
number of vehicles involved in the whole simulation horizon.
It is natural that CD increases with density (see Figure 6).
The presence of AVs does lower CD under the same density
conditions. In particular, before density reaches the critical
density of 40 vehs/km, which corresponds to the capacity
flow, the involvement of AVs definitely helps to keep CD at a
lower level.Throughout the whole density spectrum, it seems
that the mixed traffic flow with an AV proportion of 50%
works best tomaintain a constantly lowerCD.The authors are
doing further work to explore the mechanism underpinning
this observation.
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Figure 6: Congestion degree.

4. Conclusions

This paper has studied the impact of autonomous vehicles on
the characteristics of mixed traffic flow. As no autonomous
vehicle is really running on roads, current investigations are
mainly performed via simulation. Based on an improved cel-
lular automata model, a simulation platform was developed
for this work.

The following conclusions are obtained through intensive
simulation studies:

(1) Traffic capacity and free-flow speed increase posi-
tively with the penetration rate of autonomous vehi-
cles.

(2) The lane-changing frequency between neighboring
lanes evolveswith trafficdensity along a fundamental-
diagram-like curve.

(3) The impact on the overall traffic flow characteristics
of smart lane changing by autonomous vehicles seems
to be much less pronounced than that of smart car
following.

Further work is being conducted to address extended and
more practical traffic scenarios.
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With low-level vehicle automation already available, there is a necessity to estimate its effects on traffic flow, especially if these could
be negative. A long gradual transitionwill occur frommanual driving to automated driving, inwhichmany yet unknown traffic flow
dynamics will be present.These effects have the potential to increasingly aid or cripple current road networks. In this contribution,
we investigate these effects using an empirically calibrated and validated simulation experiment, backed up with findings from
literature. We found that low-level automated vehicles in mixed traffic will initially have a small negative effect on traffic flow and
road capacities. The experiment further showed that any improvement in traffic flow will only be seen at penetration rates above
70%. Also, the capacity drop appeared to be slightly higher with the presence of low-level automated vehicles. The experiment
further investigated the effect of bottleneck severity and truck shares on traffic flow. Improvements to current traffic models are
recommended and should include a greater detail and understanding of driver-vehicle interaction, both in conventional and in
mixed traffic flow. Further research into behavioural shifts in driving is also recommended due to limited data and knowledge of
these dynamics.

1. Introduction

Road vehicles have gradually become technologically more
advanced throughout the past decades with a focus on
advancing vehicle safety and comfort. Although vehicle
automation has been on the horizon for just as long [1], it is
only since the turn of the century that it has started to find its
way into production vehicles. Current low-level automated
vehicles have technologies such as (adaptive) cruise control
and lane-keeping assistance. These advancements form the
start of the era of vehicle automation from vehicles that are
human-controlled to vehicles that are (partially) automati-
cally controlled [2, 3]. With this, safety and comfort remain
a focus for vehicle manufacturers; however, improved traffic
throughput is also now seen as an achievable goal through
(partial) vehicle automation [4, 5].

Different definitions for the levels of vehicle automation
exist. Arguably, the most used definition is that of the Society
of Automotive Engineers (SAE) [7], which defines five levels,
with the also commonly used definition by Gasser and
Westhoff [8], which defines four levels of automation. These
levels are (1) driver assistance, (2) partial automation, (3)

high automation, and (4) full automation. The SAE scale has
an additional level, “conditional automation,” which sits in
between partial and high automation. Driver assistance and
partial automation are considered low levels of automation
in which the driver is still required to monitor the system
and to perform certain tasks [7, 9]. In this paper, the use of
the term “vehicle automation” refers ambiguously to any level
of automated technology, while the main focus of the contri-
bution is on the lower levels of automation.

There is no lack of predictions stating that automated
vehicles will solve many of the current problems experienced
on roads today, such as congestion, traffic accidents, and lost
time [10, 11]. Many of these claims are based outside of the
scientific community. However, many similar claims are also
made within the community, often based on assumptions
and forecasts that lack sufficient validation and realism [12].
This cannot always be faulted, as there is still so little known
about the actual real-life consequences of automated vehicles
in many situations [2, 3, 13].

There is a lot of evidence that suggests that automated
systems will be able to improve traffic flow in the future with
sufficient penetration [14–17] and cooperation [18]. These
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advancements would allow for higher operational capacity
and may even allow for a reduction in physical infrastructure
[19]. However, in the coming years, there will be a slow
transition towards (partial) vehicle automation that may not
be as positive for traffic flow and operational road capacity.
This has also been identified by some, with it also being stated
that the wider effects of driver assistance and partial vehicle
automation systems are not yet sufficiently understood [20].
Some mechanisms that cause much of this uncertainty are
portrayed to the unknown effects in practice. These are the
trade-off between safety and efficiency [12, 21], interaction
between automated and nonautomated vehicles [2, 22], traffic
flow stability [23, 24], and a large number of human factor
issues [12, 25, 26], such as user acceptance and meaningful
human control.

While many in science and industry focus on the utopic
future of vehicle automation, there will be many years to
decades in which there is a real possibility that vehicle
automation may have a negative effect on traffic flow [24,
27]. This forms a very real and demanding challenge for
road authorities in terms of traffic management and control
strategies and in terms of strategic and tactical planning
of investment decisions [28]. A significant decrease in road
capacity for a vast number of years cannot go unanswered
without mitigating action at a cost of millions of dollars or
euros of damage to the local economy in delays. On the other
hand, expensive expansion and construction of infrastructure
also cannot be deemed acceptable if a significant increase in
capacity due to vehicle automation could become reality.This
forms a difficult balance in strategic decision-making to deal
with the effects of vehicle automation, while at the same time
somuch remains uncertain in relation towhat exactly the real
effects will be and when and how long they are expected to
prevail.

To aid this discussion, this contribution lays out the
main foreseen effects of vehicle automation of traffic flow
based on a state-of-the-art review of literature and gradually
growing understanding of many of the aspects that are
expected to influence traffic flow. Further quantification of a
number of the effects is estimated in simulation experiments
that apply empirically derived characteristics and behaviour
of specific types of low-level vehicle automation systems.
Application of empirically derived data allows amore realistic
estimate, compared to widely applied assumptions. For other
effects that cannot yet be realistically modelled due to a
lack of behavioural and technological ground truths, further
estimations are made of their potential effects based on
current advances and best guess estimates.

In the next section, the current state of the art on the
effects of traffic flow in mixed traffic is given, especially
focusing on vehicle dynamics, traffic flow phenomena, and
some additional behavioural aspects. In Section 3, the results
of an experimental case are given, in which the effects of low-
level automated vehicles on traffic flow are estimated for the
transition period towards vehicle automation. A discussion
of all of the findings from literature and the case is given in
Section 4, followed by the main conclusions in Section 5.

2. Effects of Automated Vehicles on Traffic
Flow in Mixed Traffic

While the theoretical opportunities of vehicle automation
to revolutionise traffic flow are undeniable, they are not
expected to be achievable for a number of decades. In the
meantime, traffic has already started to undergo a slow transi-
tion fromhuman-controlled vehicles to (partially) automated
vehicles.Therefore, this section begins with an analysis of the
possible time frame in which certain levels of automation
may be expected. This is followed by a concise review of
literature on the potential effects from changing vehicle-
driver dynamics and the effects on traffic phenomena. The
wider effects of driving behaviour are not explicitly consid-
ered in this research, as the quantitative effects on traffic
throughput have not been clearly shown yet from research.
There are also potential behavioural effects for drivers of
conventional vehicles reacting to automated vehicles, which
are again insufficiently researched at this time.

2.1. Advancement of Automated Driving. Giving an accurate
estimate of the uptake of automated technology is extremely
difficult and is heavily dependent on many factors, such as
technological development, regulatory incentives or barriers,
and economic development [29, 30]. Furthermore, once a
technology is available, it will still take a considerable time
before it demands a considerable share of vehicles due to
generic market adaption and phasing out of the current
vehicle fleet which usually takes approximately 15 years [28].
Many recent attempts have beenmade to estimate the deploy-
ment horizon of automated vehicles. A timeline is given in
Figure 1 showing an estimation of the deployment of various
levels of vehicle automation in sufficiently large numbers
(>1% penetration of vehicle population). This timeline is an
estimate based on a wide range of various estimations from
academia, industry, and government [27–35]. The figure is
by no means meant to be definitive but is meant to give
an indication of the duration of the transition phase and
what percentages of different automated technologies may
be present simultaneously, which is relevant for simulating
different types of vehicles.

Based on the cited literature, the vehicle fleet share of
automated vehicles will start to significantly increase from
2020 onwards but may still be less than 25% of all vehicles in
2030. This is not a conservative estimate and shows that the
transitional phase from conventional vehicles to automated
vehicles is going to be long, lasting many decades [28],
which makes it incredibly important to carefully consider.
The deployment and share of vehicle cooperationwill initially
lag behind the penetration rate of automated vehicles but
will start to increase from 2025 onwards; however, it will
still lag behind due to early automated vehicles remaining
uncooperative (note many will be “connected”) [13, 19, 34].
For this reason, initial estimates of the effects of vehicle
automation should be strongly reluctant to depend too
heavily on the presence of any significant share of cooperative
vehicle technology. It is conceivable that many, if not most,
of the automated vehicles will be connected vehicles from
an early stage [15, 18], which means that they will be able
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Figure 1: Estimated automated vehicle share on roads.

to communicate information, even if that does not mean
cooperation. Some difficulties are foreseen for connectivity,
due to challenges in protocols, willingness to share data
between vehicles from different manufacturers, reliability,
and user acceptance [13, 18, 36, 37].Nevertheless, connectivity
will make it easier to gradually switch to vehicle cooperation.
In this intermediate phase, there will be a varying share of dif-
ferent levels of automated vehicles and conventional vehicles
[13]. Traffic will be characterised by human drivers reacting,
as they always have, to other conventional vehicles but also
needing to consider vehicles that are no longer controlled
by a human being. At the same time, vehicles with some
level of automation will be present and will also be diverse
in capability and technological advancement. These vehicles
will need to consider not only conventional vehicles but also
actions of other automated vehicles. Vehicle connectivity and
cooperation have been rightly hailed as the main requisite to
achieve many of the traffic flow and safety gains [5, 18]. How-
ever, cooperative capability and the level of cooperative pen-
etration will initially be too low to be effective and therefore
cannot be relied on [17, 18, 38].

In the following subsection, aspects of this transitional
phase are discussed, aided by the current state of the art on
these subjects. The main focus in the discussion relates to
automation systems and levels of automation which already
exist or are currently close to deployment and for which
tangible information is available about their effects in mixed
conventional-automated traffic and are expected to be present
in this phase of deployment. To that extent, the main focus is
on driver assistance systems (SAE level 1) and partial automa-
tion (SAE level 2), while not disregarding higher levels of
automation.

2.2. Traffic Flow Effects

2.2.1. Headway. Much research has been performed on the
theoretical benefits of vehicle automation on traffic flow, with
the majority of the work carried out using microsimulation
[12, 14, 16, 39]. With respect to systems that control car-
following behaviour, such as Adaptive Cruise Control (ACC),
these approaches may be valid, assuming that the accompa-
nying assumptions are also valid.That, however, is not always
the case [12]. The maximum flow of a road, the capacity,

is inversely related to the minimum average time headway
between vehicles on the road: 𝑞cap = 1/𝐸[𝑡hw]. In general,
a highway is likely to have a capacity between 1800 and 2400
vehicles per hour per lane if only conventional vehicles are
present, which translates to operational time headways of
on average between 1.5 and 2.0 seconds. In practice, time
headways are typically much shorter. This is because the
average time headway that governs capacity is a result of amix
of platooning traffic with larger gaps between platoons. Note
that when discussing car-following, especially in relation to
modelling, one often refers to a desired time gap, which is the
time that a driver would like to follow a predecessor at, not
including the length of a vehicle.The time headway considers
the time difference including the length of the leading
vehicle. There is a need to be careful to make a distinction
between time headway and time gap and between desired
time headway and average time headway (or time gaps), as
discussed here.

When considering the longitudinal effect of vehicle
automation on operational time headways and time gaps,
there are two main things to consider: the actual operational
time gap of automated vehicles and their influence on
surrounding traffic. The latter is considered later in this sub-
section in the paragraph on “vehicle dynamics.” Experiments
carried out in studies on ACC systems have applied varied
desired time gaps [40]. Numerous recent studies used time
gap settings in a range between 1.0 and 3.0 seconds for the
desired time gap of the ACC vehicles, with a main focus
on desired time gaps of 1.2–1.8 seconds [14, 16, 17, 20, 26,
30, 39, 41–43]. Although these are simulation studies, the
authors have derived the values from practice. Desired time
gaps of human drivers are thought to generally be in the
range of 0.5–1.5 seconds [44, 45]. Note again that these are
not operational headways that determine capacity but the
desired gaps of drivers. This means that the use of ACC in
traffic, from a headway point of view, will lead to higher
average time headways and therefore to lower capacities. The
results of traffic flow effects based on simulations give varying
outcomes. Both Calvert et al. [2] and Hoogendoorn et al. [12]
suggest that the quality of simulations and their validity are
paramount to results being valid. It is questioned to what
extent all simulations are sufficiently valid due to a lack of
ground truths or use of restrictivemodels, such asmodels that
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insufficiently consider driver behaviour. A previous study
[14, 15] found that a time gap of 1.4 seconds is the critical
point between deterioration and improvement of traffic flow
although only above a penetration rate of 60%. Others have
found vastly varying results from −5% to +10% on capacity
[3], however often applying models that may advantage a
more positive outcome due to the mentioned restrictions on
realistic driving behaviour. For this reason, a greater amount
of empirical evidence is required [2]. It should also be noted
that improving technology and string-stability issues also
may play a role [24, 46, 47].

2.2.2. Lane-Changing. Although traffic flow capacity is
defined by the longitudinal time headways and time gaps,
these are also greatly influenced by lateral movement of
vehicles, mainly involving lane-change manoeuvres. When
a vehicle changes lane, it requires a sufficient gap in the
destination lane and will leave a gap in the origin lane, which
requires and results in larger average time headways in the
two lanes. Therefore, more lane changes will lead to lower
capacities purely based on average time headways. Further-
more, lane changes often lead to other vehicles accelerating
or decelerating and therefore increase traffic heterogeneity,
which is well known to reduce operational capacity. This is
relevant as it has been found that the use of ACC systems
generally leads to fewer lane-changing manoeuvres [6, 48,
49]. There is, however, a possible negative side to this: when
lane changes are made, they tend to be performed earlier
than a human might make them [50]. Furthermore, Lane
Change Assistance (LCA) technology or partially automated
vehicles with LCAmay generally require a large available gap
before changing lanes. While this is alright in free flowing
conditions, in busy traffic this may mean that a desired lane-
change manoeuvre cannot be carried out or a driver may
retake control to manually perform the manoeuvre [43]. It
is unclear to what extent these differences in lane-change
behaviour will impact traffic flow, as research is lacking in this
area at the current time.

2.2.3. Vehicle Dynamics and Interaction. Traffic flow is an
interactive and dynamic process in which vehicle interactions
play an important role in determining its efficiency. The
longitudinal and lateral movements of vehicles are inherently
related to vehicle interaction; however, there are more subtle
effects of interaction on a vehicular level which play a role.
These relate to various stochastic effects and to the level of
homogeneity in traffic flow. Disturbances and heterogeneity
are known to reduce traffic flow capacity, as larger time head-
ways can appear between vehicles [51, 52]. Human behaviour
is inherently stochastic and is wrought with variation on
many levels. This is also the case for the driving task;
drivers are unable to perfectly maintain a constant speed and
following distance, for example, which influences the way
vehicles interact. When this stochasticity is applied to traffic
flow, it results in heterogeneity in traffic and can be observed
in variables such as varying desired speeds between vehicles,
at different times, variable gaps, and lateral variations. For
many of these dynamic processes, a vehicle with automation
technology can perform the same task in a much more

stable fashion. For example, when a desired speed is set, the
vehicle will hardly deviate from this speed, which has been
broadly found from field operation tests [48, 50, 53]. The
same is also the case for acceleration and deceleration of a
vehicle, which are generally performed much smoother and
contribute to a more stable traffic flow [54]. Furthermore, the
reaction time with vehicle automation is vastly smaller than
for conventional vehicles, which means that disturbances
are promptly reacted to, presuming that the time headway
is sufficient for traffic to remain string-stable [55, 56]. At
this point, it must be stated that, to achieve the majority of
homogeneity gains, a significant penetration of vehicles must
be present on the road with longitudinal driving assistance
or partial automation [17, 20]. Due to the requirement of
having significant penetration levels, it is not realistic to
presume that any major stabilising effect will take place
during the transitional period in the coming decade before
cooperation is widely available between vehicles. Finally, in
relation to vehicle interaction, the time required of vehicles
with automated technology to react to other vehicles is much
shorter due to substantially shorter reaction times.

2.2.4. Congestion and Propagation. While local capacity and
flow conditions are probably the most important aspects to
consider for traffic efficiency, other traffic phenomena are also
important to consider on a macroscopic scale. Propagation
of kinematic waves in traffic is highly relevant for the way
local disturbances affect traffic flow along an entire corridor
or network. In particular, congestion propagation is of special
relevance in this respect. String stability of traffic using a
controlled system, such as with ACC, is important and is
relevant when considering propagation of kinematic waves
in traffic. Most research on string stability is focused on
the aggravation or attenuation of disturbances in controlled
automated traffic [55]. Experiments have shown that ACC
has a limited contribution to the stability of traffic flow
[42, 47, 57] if controllers are set at a string-stable value, often
well above 1.0 seconds. For high penetration rates of ACC,
say 60–100%, there is evidence that traffic flow will not be
stable and will aggravate disturbances [55] and can create
and send congestion waves throughout a network. However,
as stated previously, such high levels of low-level automated
systems are not expected any time soon and when higher
penetration rates do appear, the level of automation and,
more importantly, vehicle cooperation will be much higher.
Both of these developments, especially that of cooperation,
have been demonstrated and are widely expected to improve
traffic flow stability [47]. In the meantime, there is very little
solid evidence on the actual effects ofmacroscopic traffic flow
phenomena for low penetration rates without cooperation
and inmixed traffic. Some have generalised the overall effects
to be limited and state that low penetration rates will have
little effect [14, 58]. The truth is really that there are too
many variables and uncertainties to consider on a traffic
microscopic and vehicular level, let alone on a behaviour
level, to be able to make accurate statements on the actual
traffic kinematic effects at this moment. Trafficmodelling has
also yet to completely catch up with the advancements [2],
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Table 1: Traffic flow effects.

Aspect Potential effect Literature

Headway Negative (highly dependent on time-headway settings,
driver-use, and stability) [3, 14, 15]

Lane-changing
(i) Fewer
(ii) Different dynamics

Unclear
Small positive
Small negative possibility

[6, 43, 48–50]

Vehicle dynamic stochastics
(i) Greater homogeneity
(ii) Shorter reaction time in emergency situations

Small positive
Small positive (restricted by low penetration)
Unknown positive (no evidence)

[48, 50, 53–56]

Congestion and propagation Negligible [14, 42, 47, 55, 57]

and even with accurate models still too little is known of the
applicable parameters.

2.2.5. Summary of Effects. Overall, there are many dynamic
processes that will be affected by vehicle automation in
traffic flow, of which varying estimates and evidence exist.
The initial car-following effects are generally expected to
be negative for traffic flow in the transitional phase before
expansive cooperation is available due to higher desired time
gaps. The effects of lane-changing remain understudied and
its total effect may be minimal when considering all aspects
involved. The greatest advantage in the transitional phase in
traffic flowmay be expected to come from a greater degree of
homogeneity in traffic. However, these effects may require a
higher penetration rate than will be readily expected during
2020–2030. Initially, the effect on other traffic phenomena
appears to be limited based on literature, mainly due to the
relatively large penetration rates required to have a substantial
effect. An overview of the main vehicle related effects is given
in Table 1.

3. Experimental Case

From the initial analysis, it is clear that there is a potential
that there may be negative effects on traffic flow in reality
during the transitional phase to vehicle automation.However,
there are many uncertainties to this depending on different
variables. There are three main areas that can be improved
compared to previous (simulation) experiments: the validity
of the applied parameter settings, the realism of the applied
models, and the inclusion of extensive behavioural aspects
of driving. In this experimental case, we will improve on
the first two areas, validity and modelling practices, to
attempt to answer the hypothesis that “low-level automated
systems may have a negative impact on traffic flow.” At the
moment, insufficient quantitative evidence and modelling
methodologies exist to be able to reasonably include the
third aspect of accurate and complete driver behaviour in
reaction to automated vehicles. Note that driving behaviour
will of course be included, just not specifically in relation
to the secondary effects described in the previous section.
Improvements in validity will be gained through use of data
derived from empirical experiments of ACC systems, carried
out by Gorter [6]. These experiments give up to date and
cross-manufacturer information about the operational use of

ACC in practice. Although the data does not give information
on the reaction of other drivers, it does give information
on how the ACC driver and vehicle behave. Improvements
in modelling are included through the use of improved car-
following models including stochastic driver behaviour and
state-of-the-art lane-changing models.

3.1. Applied Model

3.1.1. Integrated SimulationModel. The traffic simulations are
carried out using the Lane-changeModelwithRelaxation and
Synchronization (LMRS) [59], which can be integrated with
any car-following model. The LMRS incorporates relaxation
[60, 61], where small headways are accepted during lane
changes, and synchronization as a form of lane-change
preparation. Consequently, lane changes can occurwith small
initial deceleration and relaxing headways to normal values.
This results in realistic traffic flow characteristics regarding
perturbations from lane changes. The integration is formed
by the use of the car-following model by the LMRS for
gap acceptance and to adjust speed and position for a lane
change, which influences car-following parameters. In our
case, we use the IDM+ [62] as longitudinal model. IDM+
is an adaptation of the Intelligent Driver Model (IDM) [63].
The IDM has previously been found to be a valid basis for
modelling of automated vehicles and extensions have even
been implemented in real automated vehicle tests [16, 64,
65]. The car-following acceleration is determined using (1),
where parameter 𝑎 is the maximum acceleration, 𝑏 is the
maximum comfortable deceleration, V0 is the desired speed,𝑇 is the desired time gap, and 𝑠0 is the stopping distance.
Furthermore, we have speed V, speed difference ΔV, and
headway with the leader 𝑠. Finally, for parameter 𝛿, we use a
standard value of 4, which reduces themaximumacceleration
as speed increases.

V = 𝑎 ⋅min(1 − ( V
V0
)𝛿 , 1 − ( 𝑠𝑠∗ )

2) ,

𝑠∗ = 𝑠0 + V ⋅ 𝑇 + V ⋅ ΔV
2√𝑎 ⋅ 𝑏 .

(1)

The LMRS includes lane-change incentives regarding the
route, own speed, and keeping to the right lane. Each
incentive is included in a normalized lane-change desire
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ranging from −1 to 1. Different incentives are combined into
a single desire to change lane as shown in (2), where 𝑑 is lane-
change desire from one lane to another, 𝑑𝑟 is the desire from
the route incentive, 𝑑𝑠 is the desire from the speed incentive,
and 𝑑𝑏 is the desire for keeping to the right lane. The latter
two, which are voluntary incentives, are included in a factor𝜃V, which decreases as the absolute mandatory incentive 𝑑𝑟
increases.

𝑑 = 𝑑𝑟 + 𝜃V ⋅ (𝑑𝑠 + 𝑑𝑏) . (2)

Depending on the lane-change desire, a few behaviours are
assumed to occur. These are divided into four regions of
desire as seen in (3). For 𝑑 < 𝑑free, no lane change is per-
formed. For 𝑑free < 𝑑 < 𝑑sync, lane changes are only initiated
if they happen to be possible. For 𝑑sync < 𝑑 < 𝑑coop, the
subject driver will adjust speed and position relative to the
target lane to increase the chance of being able to change lane.
Finally, for 𝑑coop < 𝑑, the potential follower in the target lane
will start to cooperate by adjusting speed and position to the
subject vehicle.

0 < 𝑑free < 𝑑sync < 𝑑coop < 1. (3)

The level of lane-change desire also affects the accepted decel-
eration regarding gap acceptance, specifically the threshold
given by 𝑑 ⋅ 𝑏 (where 𝑏 is the same parameter as in
IDM+). Also, the acceptable headway is linearly reduced
for increasing lane-change desire, ranging between 𝑇max and𝑇min. Should a lane change be initiated, the desired dependent
headway is used from regular car-following and relaxed
towards the regular value of 𝑇max exponentially, using a
relaxation time 𝜏. The LMRS-IDM+ model in this research
is coded in JAVA. For more details on the LMRS and how it
is integrated with IDM+, the reader is referred to Schakel et
al. [59].

3.1.2. Model Setup. Themodel is configured using values that
have been derived from practice and are therefore feasible
real-life values for the variables. Three types of vehicles are
defined: regular manual vehicles, low-level automated ACC
vehicles (referred to as ACC vehicles from now on), and
manual trucks. The regular manual vehicles make use of the
standard settings of the IDM+ and LMRS models, as far as
these are compatible with the experiment and consistent with
the validation data. A similar approach is also used for the
manual trucks, whose total modal share is limited in any
case. The ACC vehicles are configured differently compared
to themanual vehicles, mainly with regard to the longitudinal
settings, with a few adjustments also in their lateral lane-
change desire. The main variables that differ for the ACC
vehicles compared to the manual vehicles are the desired
time headway, the desired free flow speed, and the desired
lane-change speed difference (i.e., the difference in speed that
is required to increase the lane-change desire of a vehicle).
Otherminor differences are also present but have very limited
effect on the model outcome. The minor variable settings
are given in Table 2 and the derivation of the desired time
headway and desired speeds is explained now in more detail.

Table 2: Other relevant vehicles settings used in the model.

Variable Manual
vehicles

ACC
vehicle Manual truck

Maximum speed [km/hr] 200 140
85 (Gaussian

distribution with 2.5
standard deviation)

Maximum deceleration
[m/s2] 6.0 6.0 6.0

Maximum acceleration
[m/s2] 1.25 2.0 0.4

Lane-change speed
insensitivity [km/h] 69.6 85 69.6

Minimum lane-change
headway [s] 0.4 0.8 0.56

In this research, theACC settings are derived from empir-
ical data, for which we use the work of [6]. In this, empirical
time gaps and speeds of vehicle using ACC are measured
(see Figure 2). It should be noted that these values are not
desired time headways but rather the resulting gaps from
the unknown applied settings. A discrete distribution of the
desired time headway for the ACC and the manual vehicles
is calibrated using the data from Gorter [6] as the resulting
distribution. To do this, the distribution from Figure 2(a)
is first applied in the model and compared with the output
distribution in the model for ACC and manual vehicles.
Next, the input distribution is incrementally adjusted until
the resulting output is similar to Figures 2(a) and 2(b). The
resulting discrete distribution for the input is given in Figures
3(a) and 3(b) and is also applied in the experiment.

From Figure 3, it is clear that there are present values
that may not be selectable in most ACC systems. This might
raise questions on the validity of the input. However, the
difference between the desired time headway settings and the
actual time gaps may account for much of this. Furthermore,
there is always some discrepancy between model input and
real settings in models due to errors that all models make
compared to real driving behaviour. Also, a driver’s use of
ACC and their ability to manually adjust settings and driving
behaviour, such as giving extra acceleration, are expected to
also be present in the real data, while not being explicitly
present in the model. The fact remains that the resulting
output of the model using these input values is calibrated
and validated against real empirical data and therefore does
hold validity to make predictions using these settings. In
the following experiment, a further analysis is performed in
which the ACC vehicles are given a different distribution for
the desired time gap based on an arbitrary range of settings,
often seen in other experiments and fitting with the design
settings of real ACC systems, which vary from 1.0 to 2.0
seconds [24, 46, 66, 67]. This distribution is given by

𝑃 (𝑠 = {1.1; 1.3; 1.5; 1.7; 1.9}) = 0.2. (4)

Of course, this adjusted distribution is hypothetical and is
furthermore not validated using data but does give what we
consider to be the upper bounds based on wider literature.
The desired free flow speeds for the vehicles are also derived
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Figure 2: Vehicle time gaps found adapted from Gorter [6].
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Figure 3: Vehicle time gaps calibrated in the model.

from the same work by Gorter [6]. From Gorter’s analy-
sis, it became apparent that manual vehicles are generally
driven with a distributed speed with a mean just above the
speed limit. This also corresponds to the validated standard
settings used in the LMRS, and therefore a Gaussian speed
distribution for the manual vehicles is derived with a mean
of 104 km/hr and a standard deviation of 10 km/hr for a
100 km/hr speed limit. For the ACC vehicles, three distinct
peaks were found for their speed settings: one very distinct
peak at approximately 104 km/hr and two lesser ones at 98
and 100 km/hr, respectively. Following these findings, the
desired speed settings for the ACC vehicles are set at [98; 100;
104] km/hr with a probability of [0.1; 0.3; 0.6]. Themaximum
speeds of passenger cars, both manual and ACC, are vehicle
default settings and have no real relevance for the simulation
as the desired speed settings are dominant.

3.2. Case Description

3.2.1. Road Setup and Traffic Demand. For the experiment,
use is made of a simple corridor consisting of a uniform 19-
kilometre motorway corridor with three lanes and a nominal
speed limit of 100 km/h. After kilometre 16.5, there is an
onramp present which acts as a bottleneck, with variable
severity depending on the inflow from the bottleneck (see
Figure 4). The final 7 kilometres of the corridor are used for
qualitative analysis, while the first 12 kilometres are mainly

present to complywith goodmodelling practice by not letting
any congestion spill out of the corridor and affect the results
of the experiment either by preventing traffic entering the
corridor or by biasing the derived travel times.The corridor is
shown in Figures 4(a)–4(c), along with the detector location
in Figure 4(a), and a demonstration bymeans of the exploded
view and detailed view of traffic flow is given in Figures 4(b)
and 4(c).

Traffic demand is identical for all scenarios and seeds
in the experiment. The experiment is carried out for a 120-
minute period with an additional 30-minute run-off period,
in which no traffic is added, to ensure that the corridor is
clear at the end of the simulation. Traffic is released onto the
road corridor at an initial rate of 3300 veh/hr and is slowly
increased to 6270 veh/hr between 10 and 60 minutes to allow
capacity to gradually be reached on the road.This level of flow
is maintained for 10 minutes and is linearly decreased again
at simulation time of 70 minutes towards 0 veh/hr at time of
120minutes to allow congestion to dissipate.The simulation is
continued for further 30minutes to ensure that the corridor is
empty when finished to allow a fair comparison of all metrics.
During the simulation, the inflow rate on the onramp is kept
as a percentage of the inflow onto the main corridor. The
exact percentage of inflow on the onramp is dependent on
the scenario. Therefore, when traffic demand increases on
the main corridor, it also increases at the same rate on the
onramp.
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(a) (b)

(c)

Figure 4: (a) Road corridor for model experiment with detector locations. (b) Exploded view of traffic flow; (c) detailed view of traffic at the
bottleneck.

3.2.2. Scenarios. The experiment is set up to test the vehicle
dynamic aspects of automated vehicles driving in mixed
traffic and therefore considers scenarios in which longitu-
dinal driving, lane-changing, and homogeneity are present
to derive their effects on traffic flow. The variables for the
experiment scenarios are grouped as follows:

(1) Share of ACC-LKA vehicles using calibrated gap
times

(2) Inflow rate from the onramp
(3) Percentage of trucks on road
(4) Share of ACC-LKA vehicles using higher selected gap

times

The scenarios that are considered are given in Table 3 and
include values thatmay be expected in the years up to 2030 for
ACC share and for an arbitrary onramp flow and truck share.
Furthermore, some scenarios make use of higher unlikely
levels of ACC vehicles to give an impression of the extremities
on traffic flow and for comparison with other literatures.
For each scenario, 90 seeded runs are performed to ensure
validity and significance of the results.

3.2.3. Performance Indicators. Three performance indicators
are used to evaluate the effect on traffic flow from the different
scenarios. These are the following:

(1) The breakdown capacity flow, which is defined here
as the highest observed aggregated flow during a 5-
minute simulation period prior to or during traffic
breakdown. Traffic breakdown is presumed when the
mean traffic speed during the 5-minute period is
lower than 70 km/hr

(2) The discharge capacity flow, which is defined as the
highest observed aggregated flow during a 5-minute
simulation period out of the congested bottleneck.
Again, congestion is presumed when the mean traffic
speed during the 5-minute period is lower than
70 km/hr

(3) Travel time along the entire length of the corridor.This
is measured per individual vehicle and grouped by

Table 3: Overview of simulated scenarios.

Scenario group Applied scenario settings

(1) Share of ACC

Static settings for each scenario: onramp:
18%/trucks: 6%
ACC gap time settings: calibrated
distribution (see Figure 3)
ACC reference scenarios: 2% (2015), 12%
(2025), 28% (2030)
ACC scenarios: 5%, 10%, 15%, 20%, 30%,
40%, 50%, 60%, 70%, 80%, 90%, 100%

(2) Onramp

Static settings for each scenario: trucks: 6%
ACC gap time settings: calibrated
distribution (see Figure 3)
ACC scenarios: 2%, 12%, 28%, 50%, 70%,
85%, 100%
For all combinations of onramp: 14%, 18%,
22%

(3) Truck

Static settings for each scenario: onramp:
18%
ACC gap time settings: calibrated
distribution (see Figure 3)
ACC scenarios: 2%, 12%, 28%, 50%, 70%,
85%, 100%
For all combination of trucks: 2%, 6%, 10%

(4) ACC with higher
gaps

Static settings for each scenario: onramp:
18%/trucks: 6%
ACC gap time settings: higher nominal
distribution (see (4))
ACC reference scenarios: 2% (2015), 12%
(2025), 28% (2030)
ACC scenarios: 5%, 10%, 15%, 20%, 30%,
40%, 50%, 60%, 70%, 80%, 90%, 100%

time of departure.Therefore this is the actual realised
travel time that is collected.

The breakdown capacity allows us to determine the maxi-
mum potential flow under the scenario conditions, while the
discharge capacity allows comparison with the breakdown
to determine possible effects on the capacity drop for the
different scenarios. The travel time allows us to evaluate the
effects on efficiency throughout all traffic states, from freely
flowing traffic through capacity conditions to congested
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traffic.This also captures the efficiency of traffic to transverse
resulting congestion shockwaves produced by the bottleneck.

Further qualitative analysis of congestion patterns and
onset from speed and flow contour plots allows us to analyse
specific traffic flow phenomena and characteristics that may
not be as evident from the quantitative analysis.

3.3. Results. In total, 72 scenarios are considered. For all
scenario groups, 90 runs per scenario are performed, totaling
6480 in all. After presenting the results, each set of scenarios
are discussed for each of the applied performance indicators,
and finally an overall comparison is made between scenarios.
Visualisation of the three applied metrics for all scenarios is
performed with the use of boxplot regression, in which each
boxplot is the accumulation of all seeded runs per scenario.
The boundaries for the boxplots are the 25th and 75th
percentiles, with thewhiskers set at amaximumof 150%of the
boxplot range. The results are shown in Figures 5(a)–5(l).

To compare the results of the scenario groups with each
other for the influence of ACC share, bottleneck severity
(measured by onramp%), truck share, and ACC gap time,
the trends of the means from each scenario are compared
in a single figure per performance indicator. This is shown
for travel times in Figure 6(a), for the breakdown capacity
in Figure 6(b), for the discharge flow in Figure 6(c), and for
the capacity drop in Figure 6(d). In each of these figures, a
horizontal line indicates the mean value from the base refer-
ence scenario of 2%ACC, 18%onrampflow, and 6% trucks, as
presumed for the year 2015.

The results are now discussed per scenario group starting
with the percentage share of ACC. All results that are
discussed are statistically significant at a 99% confidence
interval of the sample mean for the 90 runs per scenario. A
greater share of ACC vehicles has a limited negative effect on
the travel times. The effect on capacity is a small decrease in
capacity for a share of 10–80% of ACC vehicles of less than
2% (see Figure 6(b)). Only for a share of above 90% of ACC
vehicles do we see an improvement in traffic flow and road
capacity.

The influence of a higher and lower onramp flow gave
an unsurprising reduction and increase in capacity and
travel times, respectively, as the bottleneck became more
severe. The only real outcome of interest for the onramp
flow percentage is that, for a low onramp flow, there is no
significant deterioration of traffic flow, as seen from higher
onramp flows. Further analysis of the results showed that a
greater onramp flow forcedmanual vehicles to performmore
lane changes, while for a lower onramp flow fewer additional
lane changes weremade, which had a positive effect on traffic.

The trend for different traffic shares of trucks also fol-
lowed an expected trend without any surprises. The results
show that a higher truck share leads to lower capacity and
longer travel times, while lower truck shares have the opposite
effect. There are no further discrepancies in the data to
suggest any specific correlation with the ACC vehicle share.

Finally, when the ACC vehicles are set at a higher gap
time, there are significantly different outcomes. The travel
time trend follows a similar line to the calibrated gap
times, only with a high negative deviation and without any

eventual improvement at 100%ACC share.The capacity trend
does show a significantly different trend compared to the
calibrated gap times; the capacity continues to decrease with
increasing ACC share, even for the higher ACC shares. It
would seem that the positive effect of more stable traffic with
fewer lane changes does not outweigh the larger difference in
gap times compared to themanual vehicles. However, the fact
that the travel times do improve for the higher ACC shares
can be explained when the capacity drop trend is considered.
The capacity drop for ACC vehicles with larger time gaps
hardly changes for increasing levels of ACC share. For all
other scenarios, we see that the capacity drop significantly
increases for higher ACC shares in just about equal measure.
This increase is not down to a lower discharge flow but
rather a higher breakdown capacity with the discharge flow
remaining constant. A higher breakdown capacity must be
seen as positive; however, a higher capacity drop is bad
for travel time reliability. Therefore, the results need to be
considered carefully from a policy perspective.

The main findings from the experiments show that,
under realistic levels of ACC share, there may be a limited
negative effect on both road capacity and traffic flow. For the
empirically calibrated gap times, there was a small decrease
in capacity of just 1-2%, while for the larger ACC gap times a
decrease of 2–7% was found in capacity. A higher mean gap
for ACC vehicles at lower penetration rates is the probable
cause, while the advantages of smoother traffic flow only
start to occur at higher penetration rates. The experiments
further show that there are no substantial effects due to
bottleneck severity (in this case, onramp flow) or truck share
in relation to the ACC share.The experiment further showed
that the negative influence on the discharge flow ismarginally
greater than on the capacity flow, which in turn results in
slightly higher capacity drop values for greater ACC shares.
However, the higher capacity drops were only significant for
unrealistically high shares of ACC vehicles, certainly higher
than the 28% ACC share estimated in Section 2 for the year
2030. These findings are summarised in Table 4.

3.4. Sensitivity Analysis. To give some indication of the influ-
ence of the assumptions made for the static variables in the
experiment, an additional sensitivity analysis is performed.
This allows us to convey the extent that these variables have
on the results and acts as a further face validation of the
results.The sensitivity analysis is performed for the following
variables: maximum speed, acceleration/deceleration, lane-
change speed insensitivity, and lane-change relaxation. The
main variables viewed in the experiment do not require any
further analysis, as their effect is clear from the experiment
results. The analysis is carried out for the 2030-reference
scenario (28% ACC; 18% onramp flow; 6% trucks) as a com-
parison between the ACC settings used in the experiment
and the manual vehicles settings. For the analysis, the values
for automated vehicles are varied for 30 seeded runs, with
the mean and the 25th and 75th percentiles being shown in
Figure 7.

The maximum speed settings of the low-level automated
vehicles, given in Figure 7(a), show that the maximum speed
has a small positively correlated effect on capacity and the
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Figure 5: Results of all scenarios for the four scenario groups (vertical) and three performance indicators (horizontal). “+” represents outliers.

opposite for the travel time. This can be expected, especially
during the parts of the experiment, when traffic is fluent,
as traffic can move at higher speeds. The default value in
the experiment for AVs is 140 km/hr and 200 km/hr for
other vehicles.The lane-change desire of vehicles (Figure 7(b))
affects vehicles willingness to voluntarily change lane, with
a higher “vGain” value indicating a lower desire. The trend

from the analysis shows that variation of the variable has a
limited effect on traffic. The effect shown in the figure can
possibly be described as negatively correlated to the travel
time; however, the results are not significant. The capacity
and travel time are shown to be completely insensitive to
the maximum acceleration settings of vehicles (Figure 7(c)).
The reason behind this is that very few vehicles require, or



Journal of Advanced Transportation 11

0 10 20 30 40 50 60 70 80 90 100
Scenario (ACC%)

600

700

800

900

1000

1100

1200

1300

1400

1500

Tr
av

el
 ti

m
e (

se
c)

Travel time trend

Ref. (18% onramp, 
6% trucks)
Higher ACC gap time
Low onramp flow (14%)
High onramp flow (22%)

Low truck flow
(2%)
High truck flow
(10%)
Reference travel time
(2% ACC)

(a) Travel time trend

0 10 20 30 40 50 60 70 80 90 100
Scenario (ACC%)

5200

5400

5600

5800

6000

6200

6400

6600

6800

7000

7200

Fl
ow

 (v
eh

/h
r)

Capacity (breakdown) trend

Ref. (18% onramp,
6% trucks)
Higher ACC gap time
Low onramp flow (14%)
High onramp flow (22%)

Low truck flow
(2%)
High truck flow
(10%)
Reference capacity
(2% ACC)

(b) Capacity trend

0 10 20 30 40 50 60 70 80 90
Scenario (ACC%)

5000

5200

5400

5600

5800

6000

6200

6400

Fl
ow

 (v
eh

/h
r)

Discharge capacity trend

Ref. (18% onramp,
6% trucks)
Higher ACC gap time
Low onramp flow (14%)
High onramp flow (22%)

Low truck flow
(2%)
High truck flow
(10%)
Reference flow
(2% ACC)

(c) Discharge flow trend

0 10 20 30 40 50 60 70 80 90 100
Scenario (ACC%)

2

4

6

8

10

12

14

16

18

20

22

Ca
pa

ci
ty

 d
ro

p 
(%

)

Capacity drop trend

Ref. (18% onramp,
6% trucks)
Higher ACC gap time
Low onramp flow (14%)
High onramp flow (22%)

Low truck flow
(2%)
High truck flow
(10%)
Reference flow
(2% ACC)

(d) Capacity drop trend

Figure 6

can achieve, acceleration above 1.0m/s2 for the considered
scenario. Finally, the lane-change relaxation variable is con-
sidered, which indicates the gap value that a vehicle can
accept in its destination lane for a lane change.Manual vehicle
uses 0.4 seconds, with AVs using 0.8 seconds. The results in
Figure 7(d) show that there is fair sensitivity to this variable,

with lower capacity values for less relaxation (in this case,
higher𝑇min setting) and the opposite trend for the travel time.
The effects of the settings of the variables on the experiment
and their sensitivity do not through up any surprises. The
sensitivities show trends that can be expected and their effects
are all plausible.
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Table 4: Overall findings from the experiment.

Aspect Found effect of low-level vehicle automation (ACC with
reduced lane-changing) Main possible cause

Gap time

Small negative
Capacity decrease ranging from 1-2% to 2–7%
(highly dependent on time-headway settings applied in
the future)

Higher mean gap for ACC vehicles, especially
relevant for low penetration rates

Very small negative
Increase of capacity drop, <2% Lower discharge flow at high penetration rate

due to less aggressive acceleration
Interaction with trucks No substantial effect
Bottleneck severity No substantial effect

4. Discussion: Dealing with the Traffic Flow
Effects of Low-Level Automation

4.1. Overview of Effects on Traffic. The findings from the
experiment and from the review of literature lead us to a
number of conclusions with regard to the traffic flow effects
of automated vehicles in the initial transitional period. The
transition from the current fleet of manual vehicles to the
future fleet of vehicles in the coming decades ranging from
2015 to 2035 is expected to be gradual, leading to a combined
share of low-level automated vehicles (SAE levels 1 and 2)
between 25 and 30%.These vehicles can influence traffic flow
through their different behaviour and through the extent of
their share of all vehicles. The experiments showed that the
relatively low share, of less than 30% low-level automated
vehicles, has a limited effect compared to higher arbitrary
penetration levels. Nevertheless, some effects are found and
are summarised:

(i) Small negative impact on capacity and flow due to
higher gap times

(ii) Marginal increase of capacity drop
(iii) Negligible effect on secondary traffic flowphenomena

These findings should be considered by road authorities,
as even small decreases in traffic flow on heavily used
roads can have a substantial effect on traffic performance.
However, on the other hand, the extent to which negative
effects are expected are probably sufficiently limited to not
require significant expansion of infrastructure to alleviate the
effects.Therefore, we can revisit the hypothesis that “low-level
automated systems may have a negative impact on traffic flow”
by stating that there is a negative effect; however, the overall
effect is limited.

The years following the initial transitional period, prob-
ably 2030–2050, are going to be characterised by a strong
uptake of vehicle cooperation.Obviously, before 2030, vehicle
cooperation may already be present on roads, however at a
penetration rate that is too low to make a substantial differ-
ence to traffic flow. The positive effects of cooperation have
already been well stated, such as increased flow stability and
efficiency, and are not explicitly the subject of this paper; how-
ever, they do act as a boundary in which the following phase
of automation transition in traffic will occur.

There are also other effects on traffic flow as a conse-
quence of low-level automation which are not considered

in this research but may also be relevant. Examples are the
following:

(i) Effect on user awareness and alertness
(ii) Effect on safety due to quicker reactions times
(iii) Effect on safety due to performing secondary tasks
(iv) User acceptance, particularly in critical situations

such as merging

The effects of driver interaction with the system are an
intriguing area of research that has yet to lead to conclusive
generic effects for traffic flow. Also, safety is indirectly of
importance to traffic flow. An estimated 25% of delays in
Netherlands were attributed to incidents on motorways, with
similar values found in countries like UK [68]. Improved
safety allowing the reduction of these delays can only act to
improve traffic performance as a whole.

4.2. Discussion:Modelling and Simulating AutomatedVehicles.
Simulation of low-level automated vehicles with current sim-
ulation models is relatively achievable in many cases through
use of current model settings. In fact, one could argue
that prevailing traffic simulation models essentially model
automated vehicles instead of their human counterparts.This
is particularly true for car-following, since in the longitudinal
direction drivers are largely constrained by forward system
dynamics. The ideal driver model (as well as IDM+ used
in this paper) describes an elegant control law that can
reproducemost of the longitudinal phenomenawe observe in
(macroscopic) data, such as the capacity drop, flow instability,
and wide moving jams.

The term ideal implies drivers not hampered by typical
human behavioural or physiological traits and limitations
such as errors in perception, reaction time, risk assessment,
and aggressiveness. The same holds for many other car-
following models, ranging from safe-distance models [69,
70], optimal velocity models [71], or other approaches in
the more general group of stimulus-response models [72,
73]. Most “ideal” models can, of course, straightforwardly
be augmented to include reaction times, and there are
approaches that include more sophisticated mechanisms. So-
called psycho-spacing (or action point) models [74] incorpo-
rate drivers’ inertia to observe and respond to small changes
in stimuli, whereas multianticipatory models [75, 76] include
terms for anticipation of drivers to traffic conditions further
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Figure 7

downstream. Other attempts describe more sophisticated
human-factor mechanisms. For example, Hamdar and coau-
thors [77] propose a car-following model based on prospect
theory inwhich drivers increase travel time to prevent the risk
of rear-end collisions, and several authors have experimented
with Fullers’ Task-Capacity-Interface model [78–80]. Incor-
porating human factors in car-following models remains a
very lively research field.

In terms of lateral movement, the discrepancies between
what models predict and how human drivers really behave
may be even larger. The applied LMRS model in the exper-
iment in this research has a wide range of lane-change and
lane-choice parameters and settings that allow for plausible
lateral movements at least in terms of the phenomena they
reproduce (lane distributions and speed synchronization).
But results that seem plausible may not necessarily reflect
actual underlying behaviour. Recent empirical research [81]

reveals that drivers may follow strategies different from those
incorporated in LMRS or any other lane-changing model
for that matter. While the LMRS improves on traditional
lane-change models by including more strategic lane-change
behaviour, there is still some way to go before this behaviour
is completely understood and implemented in models. The
difficulty clearly lies in the availability of empirical data to
validate the lateral movements and choices and to include
behavioural changes in that behaviour due to low-level
automation in models.

The conclusion must be that simulating longitudinal
driving behaviour of automated vehicles may be straight-
forward; modelling the response of human drivers to these
automated vehicles certainly is not. For lateral behaviour,
the picture is blurrier, because we lack sufficient empirical
evidence to model real human behaviour.The paradox is that
most traffic simulation models mimic “ideal” (collision-free)
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human behaviour. Now that vehicle automation becomes a
reality, there is a stronger need than ever to incorporate more
sophisticated human factors in the underlyingmodels for car-
following and lane-changing behaviour.

This alsomeans that conclusions drawn from simulations,
including the ones in this paper,must be viewed in the light of
the (many) assumptions made. This is especially the case for
the influence of lateral movement, both in decision-making
and in action. Nevertheless, the macroscopic behaviour and
calibration of the vehicle behaviour which primarily focused
on longitudinal behaviour in this paper still stand and
constitute a clear advancement in estimation of the effects of
automated driving.

5. Conclusions

The gradual introduction of automation technology in vehi-
cles will influence traffic flow in the future; however, there
are too many uncertainties to be able to clearly state to what
extent. We have summarised many of the common effects
that may be expected in the transitional period from manual
driving to low-level automated driving and added to the
knowledge base with additional findings. This transitional
period will be elongated and will probably last well into
the 2030s before any significant penetration rate of higher
automated vehicles or cooperative vehicles will be present on
roads.

The summary, aidedwith the help of an additional experi-
ment case, gives us reason to believe that low-level automated
vehicles in mixed traffic will have a small negative effect
on traffic flow and road capacities. The main reason behind
the reduction is higher gap times maintained by automated
vehicles, while the influence of decreased lane changes does
not show significant effects and can only be claimed in theory.
The experiment further showed that any improvement in
traffic flow will only be seen at penetration rates above 70%,
which is far higher thanwill be the case in reality.The capacity
drop also appears to be slightly higher with the presence of
automated vehicles; however, large negative effects only occur
at the higher unrealistic penetration rates. The experiment
also investigated the effect of bottleneck severity and the
influence of slower truck shares on traffic flow. Neither of
these variables was significantly influenced by the presence
of the low-level automated vehicles.

The main focus of the experiment was not on macro-
scopic traffic flow effects, such as on networks or during an
elongated period; however, from literature, it can be argued
that there may be a reduction of accidents, which could result
in fewer delays. Furthermore, there is also much deliberation
on the behavioural effects on drivers and their ability to
be able to drive appropriately when faced with a different
workload and mental tasks. This is the case for both the
drivers of automated vehicles and manual vehicles drivers
encountering automated vehicles. For these effects, too little
is known to be able to properly quantify the traffic flow effects
and this requires many additional researches.

Furthermore, we argue that current knowledge and
model development still lack with regard to appropriately
capturing much of real driving behaviour, especially in a

lateral sense. The applied LMRS-IDM+ model combination
offers an improvement in model development but still lacks
full implementation of real driver behaviour due to a lack of
empirical ground truths and theoretical constructs. A greater
effort is required to acquire these behavioural aspects, as
well as the previously mentioned cognitive aspects, if traffic
simulation models are to be sufficiently enhanced to allow a
full comprehensive evaluation of future traffic systems, which
involve yet nondeployed vehicle types.
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This paper describes the design of new centralized acceleration-based controllers for themultitask problem ofmotion planning and
control of a coordinated lead-carrier team fixed in a dual-formationwithin an obstacle-ridden environment. A 𝑑𝜙-strategy, where 𝑑
and 𝜙 are Euclidean measures with respect to the lead robot, is developed to ensure virtual connectivity of the carrier robots to the
lead robot.This connectivity, built into the system itself, inherently ensures globally rigid formation between each lead-carrier pair
of the team. Moreover, a combination of target configuration, 𝑑𝜙-strategy, orientation consensus, and avoidance of end-effector of
robots results in a second, locally rigid formation (not infinitesimally rigid). Therefore, for the first time, a dual-formation control
problem of a lead-carrier team of mobile manipulators is considered. This and other kinodynamic constraints have been treated
simultaneously via the overarching Lyapunov-based control scheme, essentially a potential field method favored in the field of
robotics. The formulation of this new scheme, demonstrated effectively via computer simulations, is timely, given that the current
proposed engineering solutions, allowing autonomous vehicles on public roads, include the development of special lanes imbued
with special sensors and wireless technologies.

1. Introduction

1.1. Motivational Work. Researchers have continually designed
and introduced numerous robotic systems that have a large
array of possibilities for real world applications. One such
system of increasing practical importance is based on swarm
intelligence, which is a coordinated robot collective that is
frequently sighted in airports, factories, wharfs, farms, and
mines [1] and will play a huge role in the future as well.
Swarms or flocks in nature are commonly dovetailed with
formation types and unique patterns, seen, for example,
in schools of fishes, flocks of birds, swarms of insects,
and herds of animals. In addition, a wide spectrum of the
“formation rigidity” has also appeared in literature using the
nomenclature from [2, 3]; on one end there are split/rejoin
maneuvers also known as minimally rigid formations [2, 3]
which are required in applications such as reconnaissance,
sampling, and surveillance, while on the other end there are
globally rigid formations which are required in applications
that require cooperative payload transportation [4–6]. Then

there are locally rigid formations (required in convoying and
demining [1, 7]) which are not infinitesimally rigid and allow
for slight distortions temporarily. A dual-formation would
be accomplishing two different formation types or patterns
in parallel from a team in motion. However, it is noted
that motion planning and control of a dual-formation are
usually avoided due to the complexity of the algorithms and
associated computer simulations and roll out to experimental
designs.

Formation control can be defined as controlling the
configuration or state of a team of agents en route to a
target, normallymaintaining constant their relative locations,
hence maintaining the formation type and pattern [8–11].
Indeed, scalable formations with increased heterogeneity are
evidently deployed to satisfy stringent time, labor, and cost
demands. The literature contains rich and diverse research
on motion planning and control of such collectives, which
are ideally suited and capable of performing wide-ranging
tasks such as those mentioned above. These can take place
in known or partially known environments; an environment
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may be harsh or hazardous or even inaccessible to humans
[1]. Collectives provide increased performance, redundancy,
flexibility, robustness, and multibehaviors which is difficult,
and at times impossible, with single agents [12–14].

A number of approaches such as leader-follower, vir-
tual structure, nearest neighbors, social potentials, behavior-
based, and formation-constrained functions have been uti-
lized to address formation control [11]. While the lead-
carrier approach is known for its poor disturbance rejection
properties [15] and dependence placed upon a single agent,
it is commonly utilized in literature because of its simplicity,
scalability, and ability to contain an array of formations with
richer specifications and complexities [3, 9, 11, 15–17]. This
work deploys a new lead-carrier scheme to establish and
control a team fixed in a dual-formation, for the first time.

1.2. Mechanical System. Of the many mechanical systems
recorded in literature, mobilemanipulators play a pivotal role
inmost industries that require a certain degree of automation
and repetition. The literature takes into account the type of
mobility of mobile manipulators with four possible configu-
rations: (1) Type (ℎ, ℎ) where both platform and manipulator
contain holonomic constraints, (2) Type (ℎ, 𝑛ℎ) where the
platform is holonomic and manipulator is nonholonomic,
(3) Type (𝑛ℎ, ℎ) where the platform is nonholonomic but the
manipulator is holonomic, and (4) Type (𝑛ℎ, 𝑛ℎ) where both
the platform and the manipulator contain nonholonomic
constraints.

In this paper we consider Type (𝑛ℎ, ℎ) which was intro-
duced by Seraji in [18] in 1998 and classified as the non-
holonomic mobile manipulators. Since then the literature has
grown with research using Type (𝑛ℎ, ℎ)mobile manipulators
(see, e.g., [11, 19–21]). The challenges associated with motion
planning and control of the Type (𝑛ℎ, ℎ) are amplified by
the intimate coupling of the nonholonomic and holonomic
constraints arising from the amalgamation of an articulated
robotic arm and a wheeled platform.

1.3. Lyapunov-Based Control Scheme. The Lyapunov-based
control scheme (LBCS), proposed by Sharma et al. in [3,
11], can be categorized under the artificial potential field
method commonly deployed in the area of robotics research,
especially applied to motion planning and control of various
robotic systems [1, 3, 11]. We utilize the control scheme to
derive centralized acceleration-based controllers for a dual-
formation control of a team of lead-carrier 2-link mobile
manipulators.

The seminal idea behind LbCS is to design an appropriate
Lyapunov function which acts as total potentials. LbCS
entails the construction of attractive and obstacle avoidance
functions for the attraction to target and repulsion from
various obstacles, respectively. While the attractive functions
can be treated as attractive potential field functions, per se, the
repulsive potential field functions are designed as ratios with
the obstacle avoidance function in the denominator and a
positive tuning parameter in the numerator.The sum of these
potential functions is termed as the total potentials, a basis to
design the controllers for the team. The governing principle
behind themethod is to attach attractive field to the target and

repulsive field to each obstacle. The whole workspace is then
inundatedwith positive and negative fields, with the direction
ofmotion facilitated via the notion of steepest descent. For the
vehicular systems, the gradient of the total potentials, referred
to as the input force, determines the speed and the direction
along which the vehicle moves.

1.4. Contributions. The Lyapunov-based control scheme uti-
lized in this paper has been introduced in numerous appli-
cations for various robotic systems including ones tagged
with holonomic or nonholonomic constraints [3, 22]. It is
relatively easier to construct mathematical functions from
limitations, inequalities, restrictions, and mechanical con-
straints tagged to the robotic systems and incorporate them
in the controllers derived from LbCS, compared to the other
motion and control schemes from literature [3, 23, 24].
For example, amongst others it is very difficult to capture
the dynamical constraints (such as limitations on steering
angle) of a system into the controllers, but LBCS has an in-
built process of converting these into artificial obstacles and
incorporating them into the nonlinear controllers.

While many papers have considered motion planning
and control of Type (𝑛ℎ, ℎ) formation, this paper adds a new
concept called virtual connectivity to formation control. This
is where all the carrier robots are virtually connected to
the lead robot along the trajectory to task completion. The
concept inspired by the work by Consolini et al. in 2008 in
[15] and Sharma et al. in 2012 in [25], is classified as the 𝑑𝜙-
strategy where 𝑑 and 𝜙 are Euclidean measures of a lead-
carrier robot scheme. Fixing the values of 𝑑 enables us to
maintain a fixed distance between the lead robot and each of
its carriers. In addition, 𝜙 enables orientation change of the
carriers which will optimize avoidance and the lane change
and lane merge maneuvers.

In this research, the team of robots is virtually con-
nected, meaning that all agents are bounded mathemat-
ically as an automated and intelligent swarm in forma-
tion. While connected vehicles can normally be seen to
facilitate the Vehicle-to-Vehicle (V2V) and the Vehicle-to-
Infrastructure (V2I) communications, collectively defined
as Vehicle-to-Everything (V2X) communications, on our
roads more recently through wireless technologies such as
cellular networks, this research takes a step towards possible
applications of the connected vehicles through the dual-
formation of an autonomous swarm in a obstacle-ridden
environment, such as heavy-traffic highways with multiple
lanes. In order to recognize this difference, we consider
the swarm to be virtually connected and behave as an
autonomous and intelligent robot system, controlled via the
Lyapunov-based control scheme. Another advantage of the
virtual connectivity is the fact that the lead-carrier team
have the capability to satisfactorily complete diverse tasks
which is not possible with merely cooperative agents. Typical
examples of the connected mobile manipulators are the
freight vehicles which are responsible for payload transfer,
transportation of large objects, and transportation ofmultiple
objects simultaneously on highways and roads, with safe and
collision-free motion through vehicular internetworking and
V2I communications. While the swarm intelligence ensures
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energy efficiency and reduced costs, the new dual-formation
ensures multitasking, job precision and another solution to
applications on roads such as convoying and payload transfer.

It is the authors’ belief that the problem of maintaining
a dual-formation of a lead-carrier team with virtual connec-
tively within an obstacle cluttered environment such as a
heavy-traffic highway is treated for the first time within a
framework of LbCS.While global rigidity of formations is not
possible with nonholonomic constraints, we maintain local
rigidity of the team in formation with reference to the end-
effectors and also establish a globally rigid formation of every
lead-carrier pair in the team. The overarching framework is
a lead-carrier scheme to establish, maintain, and translate
the whole team under dual-formation through centralized
control laws.

Finally, treatment of various categories of obstacles is
included within the research problem. For connected and
automated vehicle system on roads and highways, stationary
obstacles can be treated as road pavements or lane boundaries
which need to be avoided in order to contain and maintain
individual or multiple vehicles in designated road lane(s).
As an application, we consider a number of rigid-shaped
objects needed to be dropped off at precise coordinates and
bearings, en route a collision and obstacle-free trajectory.This
is very useful in situations involving loading/offloading on
docks, mines, and military bases and the lane changing and
maneuverability on roads and highways, where precision is
paramount.

2. System Modelling

Let 𝐴 𝑖, 𝑖 ∈ {0, 1, . . . , 𝑛} be the 𝑖th 2-link mobile manipulator
(2MM) consisting of a car-likewheeled platform (front-wheel
steered) with a 2-link planar arm mounted on the midfront
axle of the wheeled platform. 𝐴0 and 𝐴 𝑙 for 𝑙 = 1, . . . , 𝑛 are
the lead and carrier robots, respectively, of a team of 2MMs.

The 𝑚th articulated body of the 2MM, 𝑚 = 1, 2, 3, is a
disk with radius 𝑟𝑖𝑚 and is positioned at center (𝑥𝑖𝑚, 𝑦𝑖𝑚) and
it represents the set 𝐴 𝑖𝑚 = {(𝑧1, 𝑧2) ∈ R2 : (𝑧1 − 𝑥𝑖𝑚)2 +(𝑧2 − 𝑦𝑖𝑚)2 ≤ 𝑟𝑖𝑚}. Note that 𝑚 = 1 represents the wheeled
platform while 𝑚 = 2, 3 represent links 1 and 2, respectively
(see Figure 1). Precisely, the 𝑖th 2MM is the set given by 𝐴 𝑖 ={(𝑧1, 𝑧2) ∈ R2 : 𝐴 𝑖1 ∪ 𝐴 𝑖2 ∪ 𝐴 𝑖3}.

The dimensions of each 2MMs are kept the same; that
is, 𝑟𝑖𝑚 = 𝑟𝑚 for 𝑖 ∈ {0, 1, . . . , 𝑛}. The maximum speed 𝜐max
and maximum steering angle 𝜙max of each mobile car-like
platform are also kept the same.

The planar workspace is a fixed, closed, and bounded
rectangular region defined for some 𝜂1 > 2(𝑟1 + 𝑟2 + 𝑟3) and𝜂2 > 2(𝑟1 + 𝑟2 + 𝑟3), as WS = {(𝑧1, 𝑧2) ∈ R2 : 0 ≤ 𝑧1 ≤ 𝜂1, 0 ≤𝑧2 ≤ 𝜂2}.

With reference to Figure 1, (𝑥𝑖1, 𝑦𝑖1) gives the location
of the center of the wheeled platform of 𝐴 𝑖, while 𝜓𝑖 is the
steering angle with respect to the platform’s longitudinal axis.
Now, 𝜃𝑖1 gives the platform’s orientation with respect to the𝑧1-axis, 𝜃𝑖2 gives the orientation of Link 1 with respect to its
platform, and 𝜃𝑖3 gives the orientation of Link 2 with respect
to Link 1. For simplicity, we let 𝜓𝑖 = 𝜃𝑖1.
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Figure 1: Schematic representation of 𝐴 𝑖 in the 𝑧1-𝑧2 plane.

Note the presence of clearance parameters 𝜖1, 𝜖2, 𝜖3 > 0
for safety of the wheeled platform and the gripper [1]. The
position (𝑥𝑖, 𝑦𝑖) of the end-effector of 𝐴 𝑖 with respect to its
wheeled platform can be written as

𝑥𝑖 = 𝑥𝑖1 + ℓ12 cos 𝜃𝑖1 + ℓ2 cos (𝜃𝑖1 + 𝜃𝑖2)
+ ℓ3 cos (𝜃𝑖1 + 𝜃𝑖2 + 𝜃𝑖3) ,

𝑦𝑖 = 𝑦𝑖1 + ℓ12 sin 𝜃𝑖1 + ℓ2 sin (𝜃𝑖1 + 𝜃𝑖2)
+ ℓ3 sin (𝜃𝑖1 + 𝜃𝑖2 + 𝜃𝑖3) .

(1)

One can comfortably show that the dynamic model of 𝐴 𝑖 for𝑖 ∈ {0, 1, . . . , 𝑛} with respect to the end-effector is

�̇�𝑖 = V𝑖 cos 𝜃𝑖1 − 3∑
𝑚=1

[ 3∑
𝑘=𝑚

ℓ𝑘𝜔𝑖𝑚 sin( 𝑘∑
𝑝=1

𝜃𝑖𝑝)] ,

̇𝑦𝑖 = V𝑖 sin 𝜃𝑖1 + 3∑
𝑚=1

[ 3∑
𝑘=𝑚

ℓ𝑘𝜔𝑖𝑚 cos( 𝑘∑
𝑝=1

𝜃𝑖𝑝)] ,
̇𝜃𝑖𝑗 = 𝜔𝑖𝑗,
V̇𝑖 = 𝑢𝑖1,
�̇�𝑖𝑗 = 𝑢𝑖𝑗+1,

𝑗 = 1, 2, 3.

(2)

The reader is referred to [11] for a detailed deriva-
tion of the system of ODEs. We see that 𝑢𝑖1 and 𝑢𝑖2 are
the instantaneous translational and rotational accelerations,
respectively, of the wheeled platform, while 𝑢𝑖3 and 𝑢𝑖4
are the instantaneous angular accelerations, respectively, of
the lower and upper links of 𝐴 𝑖, the latter being relative
accelerations since the torque and moment of inertia of the
system are considered as constants. In addition, we assume
no slippage (i.e., �̇� sin 𝜃 − ̇𝑦 cos 𝜃 = 0) and pure rolling (i.e.,
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Figure 2: The design process of the nonlinear acceleration-based continuous control laws.

�̇� cos 𝜃 + ̇𝑦 sin 𝜃 = 𝜐) of the platform wheels. These noninte-
grable constraints, denoted as the nonholonomic constraints,
are captured in system (2).

To ensure that the complete 𝐴 𝑖 safely steers past an
obstacle, we adopt the nomenclature of [1] to enclose each
body of𝐴 𝑖 by the smallest possible circle. Given the clearance
parameters 𝜖1, 𝜖2, 𝜖3 > 0 (see Figure 1), we enclose the
wheeled platform by a protective circular region with radius
𝑟1 = √(ℓ1 + 2𝜖1)2 + (𝑏1 + 2𝜖2)2/2, Link 1 with radius 𝑟2 =ℓ2/2, and Link 2 with radius 𝑟3 = ℓ3/2 + 𝜖3. This procedure
provides the 2MMs with maximized free space.

Furthermore, the positions of the articulated bodies of the𝑖th 2MM can be expressed completely in terms of the state
variables 𝑥𝑖, 𝑦𝑖, 𝜃𝑖1, 𝜃𝑖2, and 𝜃𝑖3. Hence, for the articulated
bodies𝑚 = 1, 2, 3 of 𝐴 𝑖 we ascertain

𝑥𝑖𝑚 = 𝑥𝑖 − 3∑
𝑘=𝑚

ℓ𝑘2⌊𝑚/𝑘⌋ cos(
𝑘∑
𝑝=1

𝜃𝑖𝑝) ,

𝑦𝑖𝑚 = 𝑦𝑖 − 3∑
𝑘=𝑚

ℓ𝑘2⌊𝑚/𝑘⌋ sin(
𝑘∑
𝑝=1

𝜃𝑖𝑝) ,
(3)

where ⌊𝑚/𝑘⌋ is a floor function. These position constraints
are known as the holonomic constraints of the 2MM system
[11].

Note that for the target attraction and obstacle avoidance
functions that will be defined in later sections, we consider𝑖 = 0, 1, . . . , 𝑛 for 𝐴 𝑖 and 𝑚 = 1, 2, 3 for the 𝑚th articulated
body of 𝐴 𝑖.
3. Main Objective

The main objective is to design artificial potential functions
(APFs) from LbCS described in [1, 3, 25, 26] and, accordingly,
derive centralized acceleration-based controls such that the

lead-carrier pairs in the team, represented by system (2),
can transfer rigid rod-shaped loads, which approximate the
desired orientations of the loads and the carriers. In addition,
to ensure that the carriers move cohesively in a prescribed
pattern and do not collide with each other, their end-effectors
will also be fixed in a locally rigid formation. We work with
a random number of carriers displaced from the lead robot.
That is, we let set 𝑆 = {𝑑1, 𝑑2, . . . , 𝑑𝑛} as the set of distances
between the lead robot and the carriers.

While each lead-carrier robot pair is maintained in a
globally rigid formation (global rigidity) to carry rigid objects
precisely, we also want the the whole team to be fixed in
parallel within a locally rigid formation (local rigidity) to
ensure an overall pattern for cohesiveness, safety, and specific
task-requirements.

The design of the nonlinear control laws is captured in
Figure 2, clearly illustrating the roles of the new control
scheme and the 𝑑𝜙-strategy.
4. Globally Rigid Formation of
Lead-Carrier Pairs

A globally rigid formation is a configuration in which distance
and angle between the end-effectors of the lead-carrier pairs
are strictly maintained en route to the destination. To ensure
globally rigid formation of every lead-carrier pair and their
cohesiveness, we propose a new strategy which we now
classify as the 𝑑𝜙-strategy.

The 𝑑𝜙-strategy is inspired by the work carried out by
Sharma et al. in 2014 in [25] and Consolini et al. in 2008 in
[15]. In the latter, hierarchical formations were achieved for
unicycleswith input constraints on the admissible trajectories
of the lead robot guiding the formation. The shape of the
formation also changed according to the motion of the lead
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robot. The advantages of the 𝑑𝜙-strategy over earlier leader-
follower schemes from the authors [3, 26] are the following:
(1) it contributes to the cohesion of the team; (2) the lead
robot needs not be positioned in front of the pack; (3) there
is a need for velocity consensus of the team; (4) there is no
need to design separate attractive functions for the carriers,
with the function established for the lead sufficing; and (5)
rotation(s) of the formation is enabled, if needed, during
avoidance maneuvers.

The 𝑑𝜙-strategy establishes a virtual connection between
the lead and each carrier of the team. This ensures that the
lead-carrier distances required for the rigid formation are
fixed and maintained at all times. Specifically, the strategy
requires that the end-effector of the 𝑖th carrier robot be fixed
via parameters𝑑𝑖 and𝜙𝑖 with respect to the end-effector of the
unconstrained leader (see Figure 3). While 𝑑𝑖 is the length of
the line from the end-effector of the leader to the end-effector
of the 𝑖th carrier robot of the team, 𝜙𝑖 is the angle to the line
with respect to the main frame (𝑧1, 𝑧2) for 𝑖 ∈ {1, . . . , 𝑛}.

Now, with reference to Figure 3, we have

𝑥𝑖 = 𝑥0 + 𝑑𝑖 cos𝜙𝑖,
𝑦𝑖 = 𝑦0 + 𝑑𝑖 sin𝜙𝑖, (4)

which is true for 𝜙𝑖 = (𝜙𝑖, 𝜋−𝜙𝑖, 𝜙𝑖−𝜋, 2𝜋−𝜙𝑖), considering all
possible orientations in the workspace. The addition formula
for cosine gives

√2𝑑𝑖 cos(𝜙𝑖 − 𝜋4 ) = (𝑥𝑖 + 𝑦𝑖) − (𝑥0 + 𝑦0) , (5)

which differentiated as

̇𝜙𝑖 = 1𝑑𝑖 sin (𝜙𝑖 − 𝜋/4) {V0 sin(𝜃01 + 𝜋4 )

− 3∑
𝑚=1

[ 3∑
𝑘=𝑚

ℓ𝑘𝜔0𝑚 sin( 𝑘∑
𝑝=1

(𝜃0𝑝) − 𝜋4)]
− V𝑖 sin(𝜃𝑖1 + 𝜋4 )
+ 3∑
𝑚=1

[ 3∑
𝑘=𝑚

ℓ𝑘𝜔𝑖𝑚 sin( 𝑘∑
𝑝=1

(𝜃𝑖𝑝) − 𝜋4)]} .

(6)

Then the ODEs governing the dynamic model of 𝑛 2MMs,
incorporating the 𝑑𝜙-strategy, and hence ensuring virtual
connectivity between all lead-carrier pairs can be rewritten
as

�̇�𝑖 = V0 cos 𝜃01 − 3∑
𝑚=1

3∑
𝑘=𝑚

ℓ𝑘𝜔0𝑚 sin( 𝑘∑
𝑝=1

𝜃0𝑝)
− 𝑓 (𝑖) sin𝜙𝑖,

̇𝑦𝑖 = V0 sin 𝜃01 + 3∑
𝑚=1

3∑
𝑘=𝑚

ℓ𝑘𝜔0𝑚 cos( 𝑘∑
𝑝=1

𝜃0𝑝)
+ 𝑓 (𝑖) cos𝜙𝑖,

̇𝜃𝑖𝑗 = 𝜔𝑖𝑗,
V̇𝑖 = 𝑢𝑖1,
�̇�𝑖𝑗 = 𝑢𝑖𝑗+1,

𝑗 = 1, 2, 3,
(7)

where

𝑓 (𝑖) = 1
sin (𝜙𝑖 − 𝜋/4) [V0sin(𝜃01 + 𝜋4 )

− V𝑖sin(𝜃𝑖1 + 𝜋4 )
− 3∑
𝑚=1

3∑
𝑘=𝑚

ℓ𝑘𝜔0𝑚 sin( 𝑘∑
𝑝=1

𝜃0𝑝 − 𝜋4)

+ 3∑
𝑚=1

3∑
𝑘=𝑚

ℓ𝑘𝜔𝑖𝑚 sin( 𝑘∑
𝑝=1

𝜃𝑖𝑝 − 𝜋4)] ,

(8)

for 𝑖 ∈ {0, 1, . . . , 𝑛}. We note that 𝑖 = 0 corresponds
to the lead robot and if 𝑓(0) = 0 system (7) basically
collapses into system (2), which governs the motion of
2MMs not constrained by any connectivity. System (7) is a
description of the instantaneous velocities and accelerations
of the various bodies of 𝐴 𝑖. We assume that the instanta-
neous accelerations 𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, and 𝑢𝑖4 can move the end-
effector of 𝐴 𝑖, within the framework of virtual connec-
tivity, to the final designation. Ultimately (𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, 𝑢𝑖4)
for 𝑖 = 0, 1, 2, . . . , 𝑛 are considered by the LbCS as the
nonlinear acceleration controls of the 2MMs. Let the vector
x𝑖 = (𝑥𝑖, 𝑦𝑖, 𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3, V𝑖, 𝜔𝑖1, 𝜔𝑖2, 𝜔𝑖3) ∈ R9 refer to the
position (𝑥𝑖, 𝑦𝑖) of the end-effector of A𝑖, the orientations(𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3) of the various components of A𝑖, and the
velocities (V𝑖, 𝜔𝑖1, 𝜔𝑖2, 𝜔𝑖3) of the various components ofA𝑖 at
time 𝑡 ≥ 0. Let

q𝑖 (x𝑖) = (𝑞𝑖1 (x𝑖) , . . . , 𝑞𝑖5 (x𝑖) , 0, 0, 0, 0)
fl (�̇�𝑖, ̇𝑦𝑖, ̇𝜃𝑖1, ̇𝜃𝑖2, ̇𝜃𝑖3, 0, 0, 0, 0) ∈ R

9, (9)

and u𝑖(𝑡) fl (𝑢𝑖1(𝑡), 𝑢𝑖2(𝑡), 𝑢𝑖3(𝑡), 𝑢𝑖4(𝑡)) ∈ R4. Then system
(7) can be written compactly as

ẋ𝑖 fl q𝑖 (x𝑖) + B𝑖u𝑖 (𝑡) , (10)
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where B𝑖 is the 9 × 4matrix

B𝑖 =

[[[[[[[[[[[[[[[[[[[
[

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]]]]]]]]]]]]]]]]]]]
]

. (11)

Let x fl (x0, x1, . . . , x𝑛) ∈ R9(𝑛+1) refer to the positions,
orientations, and the velocities for 𝑛 2MMs, 𝑛 ∈ N. Let
q(x) fl (q0(x), q1(x), . . . , q𝑛(x)) ∈ R9(𝑛+1) and u(𝑡) fl(u0(𝑡), u1(𝑡), . . . , u𝑛(𝑡)) ∈ R4(𝑛+1). Then we have the following
initial-value problem for 𝑛 2MMs:

ẋ = q (x) + Bu (𝑡) ,
x (𝑡0) š x0, 𝑡0 ≥ 0, (12)

where if 0 is the 9 × 4matrix of all zero entries,

B =
[[[[[[
[

B0 0 ⋅ ⋅ ⋅ 0
0 B1 ⋅ ⋅ ⋅ 0... ... d

...
0 0 ⋅ ⋅ ⋅ B𝑛

]]]]]]
]
. (13)

Now, assume that the final position of the end-effector ofA𝑖
is at the point (𝑥𝑖, 𝑦𝑖) = (𝑝𝑖1, 𝑝𝑖2) and final orientation at this

point is (𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖3) = (𝜃𝑓𝑖1, 𝜃𝑓𝑖2, 𝜃𝑓𝑖3). Its final instantaneous
velocity vector is (V𝑖, 𝜔𝑖0, 𝜔𝑖1, 𝜔𝑖2) = (0, 0, 0, 0). Then the
points,

x∗𝑖 fl (𝑝𝑖1, 𝑝𝑖2, 𝜃𝑓𝑖1, 𝜃𝑓𝑖2, 𝜃𝑓𝑖3, 0, 0, 0, 0) ∈ R
9, (14)

are the components of the equilibrium point of system (12),
with

x∗ fl (x∗0 , x∗1 , . . . , x∗𝑛 ) ∈ R
9(𝑛+1). (15)

5. Locally Rigid Formation of the Team

A locally rigid formation is a configuration in which all the
interrobot distances in a prescribed formation aremaintained
en route to the destination; however, temporary slight dis-
tortions are allowed. That is, the formation gives the end-
effectors freedom to distort from their arrangement in the
overall team pattern temporarily to be able to carry out a task
effectively, such as collision avoidance of obstacles.

Our work requires a coordinated transfer of loads by the
lead-carrier team.Therefore, we need the team to be fixed in a
locally rigid formation at all times 𝑡 > 0. The purpose of this
is threefold: (1) it prevents the end-effectors from colliding
or drifting off, therefore ensuring cohesion, (2) it maintains
a prescribed formation which heralds order and purpose,
and (3) it ensures that all lead-carrier pairs are contained
in a neighborhood. We note that only the lead robot has
the global information of the workspace, which includes the
target configuration; thus, the carrier robots are guided by the
lead robot.This implies the centralized nature of the problem.

Inspired by the work of Li and Xiao [27], Schneider and
Wildermuth [7], and Sharma et al. [1], we introduce a new
design in order to establish, maintain, and translate a locally
rigid formation during the motion. This design is an amal-
gamation of the following modules: (1) interrobot bounds,
(2) target configuration, and (3) orientation consensus, which
will be considered separately in the next sections. We will
design the repulsive and attraction functions (which will be
part of a Lyapunov function) to elucidate the importance and
contribution of these modules to locally rigid formations.

5.1. Interrobot Bounds

5.1.1. Minimum Interrobot Bound. To prevent any possible
collisions between the end-effectors we shall adopt the
following obstacle avoidance function from [25]:

MI𝑖𝑗 (x) = 12 [(𝑥𝑖 − 𝑥𝑗)2 + (𝑦𝑖 − 𝑦𝑗)2 − 𝑁2𝑖𝑗] ,
for 𝑗 ∈ {0, 1, . . . , 𝑛} , 𝑗 ̸= 𝑖, (16)

where𝑁2𝑖𝑗 = 4𝜖2 is the minimum Euclidean distance between
end-effectors of 𝐴 𝑖 and 𝐴𝑗 on R2.

5.1.2. Maximum Interrobot Bound. The relative distance
between the end-effectors of any two robots needs to be
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Figure 4: Total potentials, with (𝑝1, 𝑝2) = (25, 12.5), 𝑟0 = 1.25,
while 𝛼12 = 0.01, 𝛾12 = 0.01,𝑀12 = 5.0, and𝑁12 = 3.0.
bounded. Accordingly, we design an obstacle avoidance
function

MA𝑖𝑗 (x) = 12 [𝑀2𝑖𝑗 − (𝑥𝑖 − 𝑥𝑗)2 − (𝑦𝑖 − 𝑦𝑗)2] ,
for 𝑗 ∈ {0, 1, . . . , 𝑛} , 𝑗 ̸= 𝑖, (17)

where𝑀2𝑖𝑗 is the maximum Euclidean distance between end-
effectors of 𝐴 𝑖 and 𝐴𝑗 on R2. These bounds are treated as
artificial obstacles. To avoid these obstacles we design new
repulsive potential field functions. The reader is referred
to [25] for a detailed account of the relationship between
bounds, artificial obstacles, and avoidance functions.

To generate repulsive effects from (16) and (17) we design
the corresponding repulsive potential field function which
in essence is a ratio that encodes the avoidance function
in the denominator and a positive tuning parameter in the
numerator.Manipulation of the tuning parameters associated
with functions MA𝑖𝑗 and MI𝑖𝑗 provide an added degree of
control and help maintain the locally rigid formation.

Figure 4 illustrates the total potentials generated from
the attractive potentials produced by (19), and the repulsive
potentials produced from 𝛼12/MA12 and 𝛾12/MI12 to observe
the maximum andminimum bounds between robots𝐴1 and𝐴2.

Henceforth, for each obstacle (fixed, moving, or artifi-
cial), we will construct an appropriate avoidance function
and, in accordance with the LBCS, design similar repulsive
potential field functions to generate the collision and obstacle
avoidance maneuvers. All-in-all the avoidance capability of
the control scheme lies in the creation of repulsive potential
functions that induce an increase or decrease in the instanta-
neous rate of change of total potentials.

5.2. Target Configuration. This work aims to imitate a real-
life application wherein a number of rigid-shaped objects

need to be dropped off simultaneously at precise coordinates
and bearings, which is very useful in applications such as
loading/offloading on docks or parking bays where precision
is paramount. This translates to the control of the final
configurations of the end-effectors.

5.2.1. End-Effectors. First, we need to affix a target for 𝐴0,
with respect to its end-effector, to reach after some time 𝑡 > 0.
A possible target with center (𝑝01, 𝑝02) and radius 𝑟𝑡0 can be

𝑇 = {(𝑧1, 𝑧2) ∈ R
2: (𝑧1 − 𝑝01)2 + (𝑧2 − 𝑝02)2 ≤ 𝑟𝑡20} . (18)

Second, the load is to be presented (deposited or dropped
off) at the target with a precise orientation. Since we have
the ends of the load held and carried by the end-effectors,
there is a need to consider the final positional coordinates
and orientation of each end-effector. However, with the
introduction of the 𝑑𝜙-strategy there is no need to establish
separate attractive functions for the positional coordinates
of the carriers, illustrating the centralized nature of the
controllers.

To establish an attraction to the final configuration of𝐴0 and the overall final bearing of the team, we consider
attractive potential field functions

𝐻0 (x) = 12 [[(𝑥0 − 𝑝01)2 + (𝑦0 + 𝑝02)2

+ 3∑
𝑗=2

𝜌0𝑗 (𝜃0𝑗 − 𝑝0𝑗+2)2 + V20 + 3∑
𝑘=1

𝜔20𝑘]] ,

𝐻𝑖 (x) = 12 [[
3∑
𝑗=2

𝜌𝑖𝑗 (𝜃𝑖𝑗 − 𝑝𝑖𝑗+2)2 + V2𝑖 + 3∑
𝑘=1

𝜔2𝑖𝑘]] ,

(19)

for the lead and the 𝑖th carrier, respectively.The functions are
positive for all x ∈ R9(𝑁+1). Note that 𝜃𝑓𝑖1, 𝜃2𝑖2, 𝜃𝑓𝑖3 are the final
orientations of the wheeled platform, Link 1 and Link 2, while𝜌𝑖2, 𝜌𝑖3 > 0 are the angle-gain parameters, which have a value
of 1 if a final orientation is warranted, or 0 as the default value
[11].Then in the LbCS, (19) will act as attractors by having the
teammove to the target configuration and ensure that system
trajectories start and remain close to a stable equilibrium
point of system (7).

5.2.2. Mobile Platforms. In situations that reflect the objec-
tives of this work, we observe that the mobile platforms of
the carriers are parked at specific coordinates and bearings
such as the parking bays. Since the end-effectors converge
to the final target with the desired orientations of the links,
the positional requirement of the mobile platforms is already
captured in (19). Therefore, we need to consider only their
final orientations and thus complete fixing the overall bearing
of the team. For thiswe adopt theminimumdistance technique
(MDT) and the concept of ghost parking bays from [3, 26].
Ghost parking bays are constructed with precise coordinates
in the neighborhood of the final configuration of eachmobile
platform, like caging with a single entrance.
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Utilizing MDT, we identify the closest point on each
boundary line (treated as a line segment) of a ghost parking
bay measured from the CoM of the wheeled platform of 𝐴 𝑖.
The underlying assumption of the technique is that avoidance
of the closest point ensures avoidance of the entire line
segment at every iteration 𝑡 ≥ 0. Now, the parametric
representation of this 𝑘th line segment with initial coordinate(𝑎𝑘1, 𝑏𝑘1) and final coordinate (𝑎𝑘2, 𝑏𝑘2) where 𝜆𝑖𝑘 is the
parameter is

𝑐𝑖𝑘 = 𝑎𝑘1 + 𝜆𝑖𝑘 (𝑎𝑘2 − 𝑎𝑘1) ,
𝑑𝑖𝑘 = 𝑏𝑘1 + 𝜆𝑖𝑘 (𝑏𝑘2 − 𝑏𝑘1) . (20)

Minimizing the Euclidian distance from 𝐴 𝑖 to the 𝑘th line
segment, we get

𝜆𝑖𝑘 = (𝑥𝑖1 − 𝑎𝑘1) 𝑞𝑘1 + (𝑦𝑖1 − 𝑏𝑘1) 𝑞𝑘2, (21)

where

𝑞𝑘1 = (𝑎𝑘2 − 𝑎𝑘1)(𝑎𝑘2 − 𝑎𝑘1)2 + (𝑏𝑘2 − 𝑏𝑘1)2 ,
𝑞𝑘2 = (𝑏𝑘2 − 𝑏𝑘1)(𝑎𝑘2 − 𝑎𝑘1)2 + (𝑏𝑘2 − 𝑏𝑘1)2 ,

(22)

while we utilize a saturation function 𝜆𝑖𝑘 : R2 → [0, 1]
given as

𝜆𝑖𝑘 (𝑥𝑖, 𝑦𝑖) =
{{{{{{{{{

0, if 𝜆𝑖𝑘 < 0
𝜆𝑖𝑘, if 0 ≤ 𝜆𝑖𝑘 ≤ 1
1, if 𝜆𝑖𝑘 > 1.

(23)

We note that a specific ghost parking bay needs to be fixed for
each 2MM; hence, a mobile platform will be surrounded by
three boundary lines which have to be avoided. This means
that the 𝑖th mobile platform will be avoiding (3𝑖 + 1), (3𝑖 +2), and (3𝑖 + 3) boundary lines. For avoidance, we consider
a measurement LS𝑖𝑘 : R2 → R+ of the distance between 𝐴 𝑖
and the closest point on 𝑘th boundary line

LS𝑖𝑘 (x) = 12 {(𝑥𝑖1 − 𝑐𝑖𝑘)2 + (𝑦𝑖1 − 𝑑𝑖𝑘)2 − 𝑟2𝑖1} ,
for 𝑘 ∈ {3𝑖 + 1, 3𝑖 + 2, 3𝑖 + 3} . (24)

To generate repulsive field around these ghost parking bays
we again design new repulsive potential field functions, as
discussed in the previous section.

5.3. Orientation Consensus. An important feature of locally
rigid formation navigation of the robot team is its orientation
consensus or, perhaps more frequently, being cited in litera-
ture as common heading. Potential functions which facilitate
an orientation consensus are needed to be incorporated into
the total potentials to provide the connected swarm or team

with a common heading and to ensure that the mobile
platforms are all orientated in the same direction. A failure
of the orientation consensus not only unnecessarily upsets
the locally rigid formation but also compromises the overall
purpose of the transportation of transferring motion of the
team. For example, the payload transportation or multiple-
load transfer can be difficult or impossible if the mobile bases
are not aligned and travelling on different headings with
respect to the lead robot.

In this work, the orientation consensus with reference to
the mobile platform is established by the attractive function:

𝑅𝑖 (x)
= 12 [[(𝜃𝑖1 −

1𝑛
𝑛∑
𝑗=1

𝜃𝑗1)
2

+ (𝑤𝑖1 − 1𝑛
𝑛∑
𝑗=1

𝑤𝑗1)
2]
] . (25)

This function is also responsive to the cohesion of the team
where the lead’s orientation matches the average orientation
of the team. The function stands well with the overall
centralized architecture of the controls in this work, although
the literature is rich with forms that contribute to distributed
controls.

6. Integrated Subtasks

We further include in this work a number of kinodynamic
constraints from the workspace or ones tagged to the 2MMs.

6.1. Avoidance of Stationary Obstacles. Let us fix 𝑞 stationary
obstacles within the boundaries of the workspace.We assume
that the 𝑙th stationary obstacle, for 𝑙 = 1, 2, . . . , 𝑞, is circular
with center given as (𝑜𝑙1, 𝑜𝑙2) and radius rad𝑙 and defined as𝑂𝑙 fl {(𝑧1, 𝑧2) ∈ R2 : (𝑧1 − 𝑜𝑙1)2 + (𝑧2 − 𝑜𝑙2)2 ≤ rad2𝑙 }.
Note that it is only for simplicity of analysis and illustration
of the Lyapunov-based methodology that we have chosen
circular obstacles. However, any convex polygonal obstacle
can be considered in our methodology because we can apply
the MDT (minimum distance technique) that we utilized in
Section 5.2.2 to ensure avoidance between the end-effector
and the nearest point of a line segment.

For the avoidance of the stationary circular obstacles we
construct separate avoidance functions for each𝑚 body of𝐴 𝑖:
FO𝑖𝑚𝑙 (x)

= 12 [(𝑥𝑖𝑚 − 𝑜𝑙1)2 + (𝑦𝑖𝑚 − 𝑜𝑙2)2 − (𝑟𝑚 + rad𝑙)2] ,
for 𝑙 = 1, . . . , 𝑞.

(26)

For the vehicle system on roads and highways, these sta-
tionary obstacles can be treated as road pavements or lane
boundaries which need to be avoided in order to contain
and maintain individual or multiple vehicles in designated
road lane(s). The road infrastructure is assumed to be well
equipped with sensors and wireless technologies to ensure
adequate and timelyVehicle-to-Infrastructure (V2I) commu-
nication for the real-life applications of the automated and
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intelligent vehicle system to work. The assumption is appli-
cable keeping in mind that the current proposed engineering
solutions (to the problem of allowing autonomous vehicles
on public roads) include the development of special lanes on
roads purely for self-driving vehicles imbued with the special
sensors and wireless technologies.

6.2. Avoidance of Moving Obstacles. Each solid body of an
articulated 2MM has to be treated as a moving obstacle for
all the other 2MMs in WS. Avoidance of the end-effectors is
already captured in the recipe to generate and maintain the
locally rigid formation. Therefore, for the platform of 𝐴 𝑖 to
avoid the platform of𝐴𝑗, we shall use an avoidance function:

MO𝑖𝑗 (x) = 12 [(𝑥𝑖1 − 𝑥𝑗1)2 + (𝑦𝑖1 − 𝑦𝑗1)2 − (2𝑟1)2] ,
for 𝑗 = 0, 1, . . . , 𝑛, 𝑗 ̸= 𝑖. (27)

Mechanical singularities and bounds on velocities are treated
as dynamic constraints. In practice, bending angles of the
links are limited due to themechanical singularities, while the
velocities of the links and the wheeled platform are restricted
due to safety reasons [1]. In accordance with the LbCS, each
dynamic constraint is treated as an artificial obstacle and
appropriate obstacle avoidance function designed for the
avoidance.

6.3. Mechanical Singularities. Singular configurations arise
when we have the following.

(i) 𝜃𝑖3 = 0, 𝜃𝑖3 = 𝜋, or 𝜃𝑖3 = −𝜋. Subsequently, the
condition placed on 𝜃𝑖3 is 0 < |𝜃𝑖3| < 𝜋 for 𝜃𝑖3 ∈(−𝜋, 0) ∪ (0, 𝜋), which implies that Link 2 can neither
be fully stretched nor be folded back.

(ii) The angle between Link 1 and the platform is bounded
by −𝜋/2 < 𝜃𝑖2 < 𝜋/2. Simply worded, Link 1 of the 𝑖th
2MM can only freely rotate within (−𝜋/2, 𝜋/2).

(iii) Due to the inclusion of the 𝑑𝜙-strategy, singularities
arise when 𝜙𝑖 − 𝜋/4 ∈ {−𝜋, 0, 𝜋}. To avoid this we
should include 0 < |𝜙𝑖 − 𝜋/4| < 𝜋, for 𝑖 = 0, 1, . . . , 𝑛.

For avoidance of these singularities, the following obstacle
avoidance functions will be included:

𝑆𝑖1 (x) = 𝜃𝑖3 , (28a)

𝑆𝑖2 (x) = 𝜋 − 𝜃𝑖3 , (28b)

𝑆𝑖4 (x) = 𝜙𝑖 − 𝜋4
 , (28c)

𝑆𝑖5 (x) = 𝜋 − 𝜙𝑖 − 𝜋4
 , (28d)

𝑆𝑖3 (x) = 12 (𝜋2 − 𝜃𝑖2)(𝜋2 + 𝜃𝑖2) . (28e)

These positive functions would guarantee a strict observation
of the mechanical singularities of the 2MMs when encoded
into specific repulsive potential field function.

6.4. Modulus Bound on Velocities. From a practical view-
point, the translational and rotational velocities of the 2MMs
are limited, so we include the following constraints:

(i) |V𝑖| < Vmax, where Vmax is the maximal achievable
speed.

(ii) |𝜔𝑖1| < Vmax/|𝜌min|, where 𝜌min = ℓ0/ tan(𝜙max). This
condition arises from the boundedness of the steering
angle, 𝜙𝑖. That is |𝜓𝑖| ≤ 𝜓max, where 𝜓max is maximal
steering angle.

(iii) |𝜔𝑖2| < 𝜔2max and |𝜔𝑖3| < 𝜔3max, where 𝜔2max, 𝜔3max
are themaximal rotational velocities of Link 1 and Link
2, respectively.

We construct avoidance functions so that𝐴 𝑖 can successfully
avoid the artificial obstacles created from the constraints
above:

𝑈𝑖1 (x) = 12 (V2max − V2𝑖 ) , (29a)

𝑈𝑖2 (x) = 12 (V2max𝜌2min
− 𝜔2𝑖1) , (29b)

𝑈𝑖3 (x) = 12 (𝜔22max − 𝜔2𝑖2) , (29c)

𝑈𝑖4 (x) = 12 (𝜔23max − 𝜔2𝑖3) , (29d)

for 𝑖 = 0, 1, . . . , 𝑛. These positive functions guarantee the
adherence to limitationswhen encoded appropriately into the
repulsive potential field functions.

7. Controller Design

Wenowdefine a Lyapunov function and subsequently extract
from it the nonlinear control laws for system (7). However,
to guarantee that the total potentials vanish precisely at the
equilibrium state, we design an auxiliary function that would
be multiplied to the repulsive potential field functions.

7.1. Auxiliary Function

𝐹𝑖 (x) = 12 [[(𝑥𝑖 − 𝑝𝑖1)2 + (𝑦𝑖 − 𝑝𝑖2)2

+ 3∑
𝑗=1

𝜌𝑖𝑗 (𝜃𝑖𝑗 − 𝑝𝑖𝑗+2)2]] .
(30)
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7.2. Lyapunov Function. Combining the attractive and repul-
sive potential field functions and introducing tuning param-
eters, 𝛼𝑖𝑗 > 0, 𝜉𝑖𝑝 > 0, 𝛾𝑖𝑚𝑙 > 0, 𝜁𝑖𝑘 > 0, 𝛽𝑖𝑟 > 0 and𝜑𝑖𝑗 > 0 for 𝑖, 𝑗, 𝑙, 𝑚, 𝑝 ∈ N, we consider a Lyapunov function
for system (12) (suppressing x):

𝐿 = 𝑛∑
𝑖=0

{{{{{{{
𝐻𝑖 + 𝑅𝑖 + 𝐹𝑖 [[[

[
𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝜓𝑖𝑗
MO𝑖𝑗

)

+ 3𝑖+3∑
𝑘=3𝑖+1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟 +
3∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

]]]
]
}}}}}}}

+ 𝑛∑
𝑖=1

5∑
𝑝=4

𝐹𝑖𝜉𝑖𝑝𝑆𝑖𝑝 .

(31)

7.3. Nonlinear Acceleration Controllers. We utilize LbCS [28]
to derive the acceleration-based controllers. It is easy to see

that the Lyapunov function in (31) is continuous and positive
and has continuous first partial derivatives on the domain:

𝐷 = {x ∈ R
9(𝑁+1) : MI𝑖𝑗 (x) > 0, MA𝑖𝑗 (x)

> 0, MO𝑖𝑗 (x) > 0, 𝑖, 𝑗 ∈ {0, 1, . . . , 𝑛} , 𝑗
̸= 𝑖; LS𝑖𝑘 (x) > 0, 𝑘

∈ {3𝑖 + 1, 3𝑖 + 2, 3𝑖 + 3} ; FO𝑖𝑚𝑙 (x) > 0, 𝑚
= 1, 2, 3, 𝑙 ∈ {1, 2, . . . , 𝑞} ; 𝑆𝑖𝑝 (x) > 0, 𝑝
∈ {1, 2, . . . , 5} ; 𝑈𝑖𝑟 (x) > 0, 𝑟 ∈ {1, 2, 3, 4}} .

(32)

Moreover, 𝐿(x) vanishes at the equilibrium point x∗. Let 𝛿𝑖1 >0, 𝛿𝑖2 > 0, 𝛿𝑖3 > 0, and 𝛿𝑖4 > 0. The time derivative of 𝐿, along
a solution of system (12), is

�̇� (5) (x) = − 𝑛∑
𝑖=0

(𝛿𝑖1V2𝑖 + 𝛿𝑖2𝜔2𝑖1 + 𝛿𝑖3𝜔2𝑖2 + 𝛿𝑖4𝜔2𝑖3) , (33)

provided we set the control laws as

𝑢𝑖1 = −[𝛿𝑖1V𝑖 + (𝑓𝑖1 + 𝑓𝑖3 + 𝑓𝑖5 + 𝑓𝑖7) cos 𝜃𝑖1 + (𝑓𝑖2 + 𝑓𝑖4 + 𝑓𝑖6 + 𝑓𝑖8) sin 𝜃𝑖1]𝑔𝑖4 ,
𝑢𝑖2 = −([𝛿𝑖2𝜔𝑖1 − (𝑓𝑖1 + 12𝑓𝑖3 + 𝑓𝑖5 + 𝑓𝑖7) ℓ1 sin 𝜃𝑖1 + (𝑓𝑖2 + 12𝑓𝑖4 + 𝑓𝑖6 + 𝑓𝑖8) ℓ1 cos 𝜃𝑖1 − (𝑓𝑖1 + 12𝑓𝑖5 + 𝑓𝑖7) ℓ2 sin 𝜃𝑖𝑄

+ (𝑓𝑖2 + 12𝑓𝑖6 + 𝑓𝑖8) ℓ2 cos 𝜃𝑖𝑄 − (𝑓𝑖1 + 12𝑓𝑖7) ℓ3 sin 𝜃𝑖𝑇 + (𝑓𝑖2 + 12𝑓𝑖8) ℓ3 cos 𝜃𝑖𝑇 + 𝑔𝑖1]) (𝑔𝑖5)−1 ,
𝑢𝑖3 = −([𝛿𝑖3𝜔𝑖2 − (𝑓𝑖1 + 12𝑓𝑖5 + 𝑓𝑖7) ℓ2 sin 𝜃𝑖𝑄 + (𝑓𝑖2 + 12𝑓𝑖6 + 𝑓𝑖8) ℓ2 cos 𝜃𝑖𝑄 − (𝑓𝑖1 + 12𝑓𝑖7) ℓ3 sin 𝜃𝑖𝑇

+ (𝑓𝑖2 + 12𝑓𝑖8) ℓ3 cos 𝜃𝑖𝑇 + 𝑔𝑖2]) (𝑔𝑖6)−1 ,
𝑢𝑖4 = −[𝛿𝑖4𝜔𝑖3 − (𝑓𝑖1 + (1/2) 𝑓𝑖7) ℓ3 sin 𝜃𝑖𝑇 + (𝑓𝑖2 + (1/2) 𝑓𝑖8) ℓ3 cos 𝜃𝑖𝑇 + 𝑔𝑖3]𝑔𝑖7 ,

(34)

where 𝜃𝑖𝑇 = 𝜃𝑖1 + 𝜃𝑖2, 𝜃𝑖𝑄 = 𝜃𝑖1 + 𝜃𝑖2 + 𝜃𝑖3, 𝛿𝑖𝑗 > 0, for 𝑖 ∈{0, 1, 2, . . . , 𝑛} and 𝑗 ∈ {1, 2, 3, 4} are constants classified as
convergence parameters and the functions 𝑓𝑖1, 𝑓𝑖2, . . . , 𝑓𝑖8 and𝑔𝑖1, 𝑔𝑖2, . . . , 𝑔𝑖7 are defined as

𝑓01 = [
[1 +

5∑
𝑝=1

𝜉0𝑝𝑆0𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾0𝑚𝑙
FO0𝑚𝑙

+ 𝑛∑
𝑗=1

( 𝜑0𝑗
MI0𝑗

+ 𝛼0𝑗
MA0𝑗

+ 𝜓0𝑗
MO0𝑗

) + 3∑
𝑘=1

𝜁0𝑘
LS0𝑘

+ 4∑
𝑟=1

𝛽0𝑟𝑈0𝑟]] (𝑥0 − 𝑝01)
− 𝑛∑
𝑖=1

𝐹𝑖 𝜙𝑖 − 𝜋/4√2𝑑𝑖 (𝜙𝑖 − 𝜋/4) sin (𝜙𝑖 − 𝜋/4) (𝜉𝑖4𝑆2𝑖4 −
𝜉𝑖5𝑆2𝑖5)

− 𝑛∑
𝑗=1

( 𝜓0𝑗𝐹𝑖
MO20𝑗

+ 𝜓𝑗0𝐹𝑗
MO2𝑗0

)(𝑥0 − 𝑥𝑗) ,

𝑓𝑖1 = [[[
[
5∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

+ 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜓𝑖𝑗
MO𝑖𝑗

) + 3∑
𝑘=1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟
]]]
]
(𝑥𝑖 − 𝑝𝑖1)
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+ 𝐹𝑖 𝜙𝑖 − 𝜋/4√2𝑑𝑖 (𝜙𝑖 − 𝜋/4) sin (𝜙𝑖 − 𝜋/4) (𝜉𝑖4𝑆2𝑖4 −
𝜉𝑖5𝑆2𝑖5)

− 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜓𝑖𝑗𝐹𝑖
MO𝑖𝑗2 +

𝜓𝑗𝑖𝐹𝑗
MO2𝑗𝑖

)(𝑥𝑖 − 𝑥𝑗) ,

𝑓02 = [
[1 +

5∑
𝑝=1

𝜉0𝑝𝑆0𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾0𝑚𝑙
FO0𝑚𝑙

+ 𝑛∑
𝑗=1

( 𝜑0𝑗
MI0𝑗

+ 𝛼0𝑗
MA0𝑗

+ 𝜓0𝑗
MO0𝑗

) + 3∑
𝑘=1

𝜁0𝑘
LS0𝑘

+ 4∑
𝑟=1

𝛽0𝑟𝑈0𝑟]] (𝑦0 − 𝑝02)

− 𝑛∑
𝑖=1

𝐹𝑖 𝜙𝑖 − 𝜋/4√2𝑑𝑖 (𝜙𝑖 − 𝜋/4) sin (𝜙𝑖 − 𝜋/4) (𝜉𝑖4𝑆2𝑖4 −
𝜉𝑖5𝑆2𝑖5)

− 𝑛∑
𝑗=1

( 𝜓0𝑗𝐹𝑖
MO20𝑗

+ 𝜓𝑗0𝐹𝑗
MO2𝑗0

)(𝑦0 − 𝑦𝑗) ,

𝑓𝑖2 = [[[
[
5∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

+ 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜓𝑖𝑗
MO𝑖𝑗

) + 3∑
𝑘=1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟
]]]
]
(𝑦𝑖 − 𝑝𝑖2)

+ 𝐹𝑖 𝜙𝑖 − 𝜋/4√2𝑑𝑖 (𝜙𝑖 − 𝜋/4) sin (𝜙𝑖 − 𝜋/4) (𝜉𝑖4𝑆2𝑖4 −
𝜉𝑖5𝑆2𝑖5)

− 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜓𝑖𝑗𝐹𝑖
MO2𝑖𝑗

+ 𝜓𝑗𝑖𝐹𝑗
MO2𝑗𝑖

)(𝑦𝑖 − 𝑦𝑗) ,

𝑓𝑖3 = − 𝑞∑
𝑙=1

𝛾𝑖1𝑙𝐹𝑖
FO2𝑖1𝑙

(𝑥𝑖1 − 𝑜𝑙1) − 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜓𝑖𝑗𝐹𝑖
MO2𝑖𝑗

+ 𝜓𝑗𝑖𝐹𝑗
MO2𝑗𝑖

)

⋅ (𝑥𝑖1 − 𝑥𝑗1) − 3∑
𝑘=1

𝜓𝑖𝑘𝐹𝑖
LS2𝑖𝑘

⋅ [(1 − (𝑎𝑘2 − 𝑎𝑘1) 𝑞𝑘1) (𝑥𝑖1 − 𝑐𝑖𝑘)
− (𝑏𝑘2 − 𝑏𝑘1) 𝑞𝑘1 (𝑦𝑖1 − 𝑑𝑖𝑘)] ,

𝑓𝑖4 = − 𝑞∑
𝑙=1

𝛾𝑖1𝑙𝐹𝑖
FO2𝑖1𝑙

(𝑦𝑖1 − 𝑜𝑙2) − 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜓𝑖𝑗𝐹𝑖
MO2𝑖𝑗

+ 𝜓𝑗𝑖𝐹𝑗
MO2𝑗𝑖

)

⋅ (𝑦𝑖1 − 𝑦𝑗1) − 3∑
𝑘=1

𝜓𝑖𝑘𝐹𝑖
LS2𝑖𝑘

⋅ [(1 − (𝑏𝑘2 − 𝑏𝑘1) 𝑞𝑘2) (𝑦𝑖1 − 𝑑𝑖𝑘)
− (𝑎𝑘2 − 𝑎𝑘1) 𝑞𝑘2 (𝑥𝑖1 − 𝑐𝑖𝑘)] ,

𝑓𝑖5 = − 𝑞∑
𝑙=1

𝛾𝑖2𝑙𝐹𝑖
FO2𝑖2𝑙

(𝑥𝑖2 − 𝑜𝑙1) ,
𝑓𝑖6 = − 𝑞∑

𝑙=1

𝛾𝑖2𝑙𝐹𝑖
FO2𝑖2𝑙

(𝑦𝑖2 − 𝑜𝑙2) ,
𝑓𝑖7 = − 𝑞∑

𝑙=1

𝛾𝑖3𝑙𝐹𝑖
FO2𝑖3𝑙

(𝑥𝑖3 − 𝑜𝑙1) ,
𝑓𝑖8 = − 𝑞∑

𝑙=1

𝛾𝑖3𝑙
FO2𝑖3𝑙

(𝑦𝑖3 − 𝑜𝑙2) ,

𝑔𝑖1 = 𝜃𝑖1 − 1𝑛
𝑛∑
𝑗=1

𝜃𝑗1 + [[[
[
5∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

+ 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜓𝑖𝑗𝑀𝑂𝑖𝑗) + 3∑
𝑘=1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟
]]]
]
𝜌𝑖1 (𝜃𝑖1 − 𝑝𝑖3) ,

𝑔𝑖2 = [[[
[
1 + 5∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

+ 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜓𝑖𝑗
MO𝑖𝑗

) + 3∑
𝑘=1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟
]]]
]
𝜌𝑖2 (𝜃𝑖2 − 𝑝𝑖4) + 𝜉𝑖3𝐹𝑖𝑆2𝑖3 𝜃𝑖2,

𝑔𝑖3 = [[[
[
1 + 5∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 +
3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙

+ 𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝜑𝑖𝑗
MI𝑖𝑗

+ 𝛼𝑖𝑗
MA𝑖𝑗

+ 𝜓𝑖𝑗
MO𝑖𝑗

) + 3∑
𝑘=1

𝜁𝑖𝑘
LS𝑖𝑘

+ 4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟
]]]
]
𝜌𝑖3 (𝜃𝑖3 − 𝑝𝑖5) + 𝐹𝑖 (𝜉𝑖1𝑆2𝑖1 −

𝜉𝑖2𝑆2𝑖2)(𝜃𝑖3𝜃𝑖3 ) ,
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𝑔𝑖4 = 1 + 𝛽𝑖1𝐹𝑖𝑈2𝑖1 ,
𝑔𝑖5 = 1 + 𝛽𝑖2𝐹𝑖𝑈2𝑖2 + 𝜔𝑖1 − 1𝑛

𝑛∑
𝑗=1

𝜔𝑗1,
𝑔𝑖6 = 1 + 𝛽𝑖3𝐹𝑖𝑈2𝑖3 ,
𝑔𝑖7 = 1 + 𝛽𝑖4𝐹𝑖𝑈2𝑖4 .

(35)

7.4. Proof of Stability of Equilibrium Point. Wenote that LbCS
produces feedback controllers, which depend explicitly on
the state variables, x = x(𝑡), and hence implicitly on time, 𝑡.
That is, 𝑢𝑖1(𝑡) = 𝑢𝑖1(x(𝑡)), 𝑢𝑖2(𝑡) = 𝑢𝑖2(x(𝑡)), 𝑢𝑖3(𝑡) = 𝑢𝑖3(x(𝑡)),
and 𝑢𝑖4(𝑡) = 𝑢𝑖4(x(𝑡)). Thus, we can let h(x) fl q(x) + Bu(x).
Theorem 1. The equilibrium point x∗ of system (12) is stable
provided 𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, 𝑢𝑖4 for, 𝑖 = 1, . . . , 𝑛, are defined as in (34).
Proof. Thehigher-order partial derivatives of 𝑢𝑖1, 𝑢𝑖2, 𝑢𝑖3, and𝑢𝑖4 are continuous on 𝐷 for the simple fact that functions
that appear in the denominator of these functions are in 𝐷
and will also appear in the higher-order partial derivatives
of the controllers. Since the other ODEs in (12) also have
higher-order partial derivatives in x, with each continuous
over 𝐷, we have that h ∈ 𝐶1[𝐷,R9(𝑁+1)]; that is, h is locally
Lipschitz on 𝐷. This implies there are unique solutions of
system (12) in 𝐷 on some finite time interval [0, 𝛼], 𝛼 > 0.
To prove their stability, we see that 𝐿(x) > 0 for all x ∈ 𝐷/x∗,𝐿(x∗) = 0, �̇� (5)(x) ≤ 0 for all x ∈ 𝐷, and �̇� (5)(x∗) = 0.
Hence, 𝐿 ∈ 𝐶1[𝐷,R+], where R+ = [0, +∞), and 𝐿(x) is
a Lyapunov function for system (12). Thus, not only does
the conclusion of Theorem 1 readily follows from the Direct
Method of Lyapunov, but also that the solutions of system
(12) globally exist and are unique and bounded on [0,∞) in𝐷.

Corollary 2. Every solution x ∈ 𝐷 of system (12) converges to
the largest invariant set contained in 𝑆0 fl {x ∈ 𝐷: �̇�(x) = 0}.
Proof. By Theorem 1, all solutions of system (12) in 𝐷 are
bounded. Hence the convergence to the largest invariance set
in 𝑆0 is guaranteed by LaSalle’s invariance principle. The fact
that x(𝑡) → 𝑆0 as 𝑡 → ∞ shows that a trajectory of system
(12), with an appropriate initial condition, could approach a
neighborhood of x∗ ∈ 𝑆0.

This does not contradict with Brockett’s result on non-
holonomic systems because it is clear that the largest invariant
set in 𝑆0 does not contain only x∗. In other words, our result
guarantees only the stability for this type of system. There
are methods that yield controllers guaranteeing asymptotic
stability for general systems, some recent ones of which
are referenced in [29]; however, these are no continuous
time-invariant controls. To the authors’ knowledge, this
paper is a first attempt to construct bounded yet continuous

time-invariant controllers for the specific case of a multi-
ple system represented in (12) via LbCS and the LaSalle’s
invariance principle. Even though our result guarantees only
stability, the approach meets our main objective which is to
derive centralized acceleration controls such that the lead-
carrier pairs in the team, represented by system (2), can
transfer rigid rod-shaped loads to a small neighborhood
of the final destination and can approximate the desired
orientations of the loads and the carriers fixed in a dual-
formation.

7.5. Proof of Collision Avoidance. The fact that solutions of
system (12) globally exist and are unique and bounded in 𝐷
means if x(0) ∈ 𝐷, then x(𝑡) ∈ 𝐷 for all 𝑡 ≥ 0. This, in turn,
implies that the avoidance of every type of obstacle, physical
or artificial, is guaranteed via the Lyapunov function 𝐿. To
prove that 𝐷 is a positively invariant set, we simply invoke
the existence, uniqueness, and continuity of the solutions of
(12) in a standard argument expounded in Khalil [30], page
653.

Corollary 3. The set𝐷(𝑉) is positively invariant.
Proof. Theorem 1 and Corollary 2 guarantee the global
existence, uniqueness, and boundedness of the solutions on[0,∞) in 𝐷. This allows us to let, say, 𝜒(𝑡; y) ∈ 𝐷 be the
solution of (12) that passes through a point y ∈ 𝐷 at 𝑡 = 0;
that is, 𝜒(0; y) = y ∈ 𝐷. In other words, for a solution
x(𝑡) ∈ 𝐷, there must be a sequence {𝑡𝑘} with 𝑡𝑘 → ∞ such
that x(𝑡𝑘) → y as 𝑘 → ∞. One then has that x(𝑡𝑘) = 𝜒(𝑡𝑘; x0),
where x0 is the initial state of x(𝑡) at 𝑡 = 0. By the uniqueness
of solutions,

𝜒 (𝑡 + 𝑡𝑘; x0) = 𝜒 (𝑡; 𝜒 (𝑡; x0)) = 𝜒 (𝑡; x (𝑡𝑘)) , (36)

where, for sufficiently large 𝑘, 𝑡 + 𝑡𝑘 > 0. By the continuity of
solutions,

lim
𝑡→∞

𝜒 (𝑡 + 𝑡𝑘; x0) = lim
𝑡→∞

𝜒 (𝑡; x (𝑡𝑘)) = 𝜒 (𝑡; y) , (37)

which shows that

𝜒 (0; y) ∈ 𝐷 (𝑉) ⇒
𝜒 (𝑡; y) ∈ 𝐷 ∀𝑡 ≥ 0, ∀y ∈ 𝐷 (𝑉) . (38)

8. Implementation of the Control Laws

In this section, we demonstrate the simulation results of a
lead-carrier team of 2MMs transporting a randomnumber of
rigid objects in an obstacle-ridden workspace. The scenarios
capture realistic situations to illustrate the effectiveness of
the new control scheme and the centralized acceleration
controllers.The section starts with a simple scenario and then
considers teams with multiple carriers in the later scenarios.

8.1. Scenario 1. In this scenario, we consider a single lead-
carrier pair carrying a rigid object, hence establishing and
translating a globally rigid formation, while avoiding all
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Table 1: Scenario 1: tuning parameters.

Types 2MM 1 2MM 2
Workspace restrictions for 𝑠 = 1, . . . , 8 𝛼1𝑠 = 0.01 𝛼2𝑠 = 0.01
Parking bay 𝜁11 = 𝜁12 = 𝜁13 = 0.01 𝜁21 = 𝜁22 = 𝜁23 = 0.01
Fixed obstacle for𝑚 = 1, 2, 3 𝛾1𝑚1 = 0.5 𝛾2𝑚1 = 0.5
Maximum interrobot bounds 𝛼12 = 0.1 𝛼21 = 0.1
Minimum interrobot bound 𝜑12 = 0.1 𝜑21 = 0.1
Mechanical singularities 𝜉11 = 𝜉12 = 0.5 𝜉21 = 𝜉22 = 0.5𝜉13 = 𝜉14 = 𝜉15 = 0.01 𝜉23 = 𝜉24 = 𝜉25 = 0.01
Bounds on velocities for 𝑟 = 1, . . . , 4 𝛽1𝑟 = 0.1 𝛽2𝑟 = 0.1
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Figure 5: The resulting trajectories of 2MM teams transferring a
rigid object. The positions of the lead and carrier robots are given
as (𝑥1, 𝑦1) = (5m, 3m) and (𝑥2, 𝑦2) = (5m, 5m), respectively.
The translational velocities are given as 3m/s while the rotational
velocities are 𝜋/360 rad/s. The targets are fixed at (𝑝11, 𝑝12) =(24m, 26.5m) and (𝑝21, 𝑝22) = (26m, 26.5m) with a radii of 0.5m.

obstacles in its trajectory. For simplicity and illustration
purpose, we consider one leader and only one carrier. The
final configuration that has the desired orientation of the
pair is achieved through the use of ghost parking bays.
The initial values and robot parameters are given below,
while the values of each tuning parameter are summarized
in Table 1. The control laws were implemented to generate
feasible trajectories.

Figure 5 shows the trajectories of the lead-carrier pair
and we see that the prescribed globally rigid formation is
maintained during themotion evenwhen the pair approaches
a fixed obstacle in its path. The behavior of the nonlinear
centralized acceleration-based controllers of the lead-carrier
is shown in Figure 6(a), for the wheeled platform and
Figure 6(b) for the 2 links, indicating its inherent convergent
nature.

(1) Robot parameters (𝑚): ℓ1 = 2, 𝑏1 = 1 and ℓ2 = ℓ3 =1.2.
(2) Angular positions (rad): 𝜃11 = 𝜃21 = 0, 𝜃12 =−𝜋/4, 𝜃13 = 𝜋/2, 𝜃22 = 𝜋/4, 𝜃23 = −𝜋/2.
(3) Fixed obstacle (𝑚): center is at (𝑜11, 𝑜12) = (15, 14),

radius is 𝑟𝑜1 = 2.
(4) Physical Limitations: maximum translational velocity

is fixed at Vmax = 5m/s. A maximum steering angle𝜙max = 70∘ has been fixed. The maximum rotational
velocities of links are as follows: 𝜔1max = 𝜔2max =1 rad/s.

(5) Clearance and safety parameters (𝑚): 𝜖1 = 𝜖2 = 0.1,𝜖3 = 0.3.
(6) Convergence parameters: 𝛿𝑖V = 20 for V = 1, . . . , 4 and𝑖 = 1, 2.
(7) Workspace boundaries (𝑚): 𝑧1 = 𝜂1 = 28, 𝑧2 = 𝜂2 =28.

8.2. Scenarios 2 and 3. Scenarios 2 and 3 consider differ-
ent lead-carrier teams with 3 and 4 carriers, respectively,
maneuvering from initial to final states, while avoiding fixed
and moving obstacles in their trajectories. The control laws
were implemented to generate feasible trajectories. We note
from Figures 7(a) and 7(b) that the globally rigid formation
of each lead-carrier pair and the locally rigid formation of
the whole team are maintained en route the destination.
The slight distortion of the team’s formation is observed
when it approaches and avoids the fixed obstacles in the
path. However, the original formation is reachieved after the
avoidance of fixed obstacles, but with different bearing of the
team. The changing rotation of the formation, because of the
need for obstacle avoidance, has been achieved because of the
new 𝑑𝜙-strategy, which can also be seen to optimize the lane
change and lane merge maneuvers.

9. Effect of Noise in Simulation

In this section, we consider the effect of noise in the control
laws. Following the idea proposed in [31], we include the
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Figure 6: The time evolution of the acceleration-based controllers of the lead-carrier shown in (a) for the wheeled platform and (b) for the
2 links when transporting a rigid object.
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Figure 7: Scenarios 2 and 3. Evolution of trajectories for different lead-carrier teams. (a) and (b) have 3 (C1–C3) and 4 (C1–C4) carriers
attached to the lead robot, respectively.

noise components into the obstacle avoidance functions and
redefine the Lyapunov function as follows:

𝐿 = 𝑛∑
𝑖=0

{{{{{{{
𝐻𝑖 + 𝑅𝑖

+ 𝐹𝑖 [[[
[
𝑛∑
𝑗=0
𝑗 ̸=𝑖

( 𝛼𝑖𝑗
MA𝑖𝑗 + 𝜎𝜇𝑖𝑗 +

𝜑𝑖𝑗
MI𝑖𝑗 + 𝜎𝜇𝑖𝑗 +

𝜓𝑖𝑗
MO𝑖𝑗 + 𝜎𝜇𝑖𝑗)

+ 3𝑖+3∑
𝑘=3𝑖+1

𝜁𝑖𝑘
LS𝑖𝑘 + 𝜎𝜌𝑖𝑘 +

4∑
𝑟=1

𝛽𝑖𝑟𝑈𝑖𝑟 + 𝜎]𝑖𝑟 +
3∑
𝑝=1

𝜉𝑖𝑝𝑆𝑖𝑝 + 𝜎𝜒𝑖𝑝
+ 3∑
𝑚=1

𝑞∑
𝑙=1

𝛾𝑖𝑚𝑙
FO𝑖𝑚𝑙 + 𝜎𝑖𝑚𝑙

]]]
]
}}}}}}}
+ 𝑛∑
𝑖=1

5∑
𝑝=4

𝐹𝑖𝜉𝑖𝑝𝑆𝑖𝑝 + 𝜎𝜒𝑖𝑝 .
(39)

The terms 𝜇𝑖𝑗, 𝜌𝑖𝑘, ]𝑖𝑟, 𝜒𝑖𝑝, and 𝑖𝑚𝑙 are time-dependent vari-
ables randomized between and including −1 and 1 and 𝜎 ∈[0, 1] is the noise level.
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(b) Controllers 𝑢03 in red and 𝑢02 in blue

Figure 9: Controllers for end-effector of leader with 𝜎 = 0.

Simulation. To include the effect of noise we have generated a
simulation with a leader and 3 carriers having a rectangular
formation as shown in Figure 8. We have also generated the
graphs of the controller for the leader at various noise levels
as shown in Figures 9–11, showing the effectiveness of the new
set of controllers.

10. Conclusion and Future Work

This paper heralds a new set of centralized acceleration-based
control laws that successfully tackles motion planning and
dual-formation (locally rigid and globally rigid) control of
a lead-carriers team of connected and autonomous 2-link
mobile manipulators, in a priori known environment includ-
ing our roads and highways. The overarching framework for
the problem was the Lyapunov-based control scheme, which
is essentially an artificial potential field method. The paper
is a theoretical exposition into the applicability of the LbCS
method. We restrict ourselves to showing the effectiveness of

the motion planners and the control laws using simulations
including the effect of noise.

A 𝑑𝜙-strategy is introduced to ensure virtual connectivity
of the carrier robots to the lead robot during transportation
of, but not limited to, large ormultiple objects simultaneously
on highways and roads, with safe and collision-free motion
through V2X communications. This connectivity which has
been built into the governing system of ODEs inherently
ensures globally rigid formation between each lead-carrier
pair of the team. On the other hand, a new recipe involving
target configuration, 𝑑𝜙-strategy, orientation consensus, and
interrobot avoidances results in a locally rigid formation of
the team.The new strategy also facilitates a rotation change of
the formation, because of the need for obstacle avoidance, and
this can be seen to optimize the lane change and lane merge
maneuvers in heavy-traffic roads and highways.

For the very first time, a dual-formation control problem
of a lead-carrier team of 2-link mobile manipulators has
been successfully solved, while the stability of the system
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Figure 10: Controllers for end-effector of leader with 𝜎 = 0.1.
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Figure 11: Controllers for end-effector of leader with 𝜎 = 0.2.

has been proved in the sense of Lyapunov. While the swarm
intelligence ensures energy efficiency and reduced costs, the
new dual-formation ensures multitasking, job precision, and
another solution to applications on roads such as convoying
and payload transfer. In a nutshell, the centrally planned con-
trol algorithmdesigned in this paper demonstrates autonomy

and to a certain extent the multitasking capabilities of the
virtually connected collective in nature, while being fixed
in more than one formation pattern. The methodology can
be further developed to encompass practical considerations,
such as wireless communications, to suit current proposed
engineering solutions (to the problem of allowing connected
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and autonomous vehicles on public roads) that include a
special lane equipped with sensors and wireless technologies
to ensure adequate and timely V2I communication.
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Considering the complexity of lane changing using automated vehicles and the frequency of turning lanes in city settings, this paper
aims to generate an accelerated lane-changing trajectory using vehicle-to-vehicle collaboration (V2VC). Based on the characteristics
of accelerated lane changing, we used a polynomial method and cooperative strategies for trajectory planning to establish a lane-
changing model under different degrees of collaboration with the following vehicle in the target lane by considering vehicle
kinematics and comfort requirements. Furthermore, considering the shortcomings of the traditional elliptical vehicle and round
vehicle models, we established a rectangular vehicle model with collision boundary conditions by analysing the relationships
between the possible collision points and the outline of the vehicle. Then, we established a simulation model for the accelerated
lane-changing process in different environments under different degrees of collaboration. The results show that, by using V2VC,
we can achieve safe accelerated lane-changing trajectories and simultaneously satisfy the requirements of vehicle kinematics and
comfort control.

1. Introduction

In automated environments, the ability to sense surrounding
traffic and the ability to control the trajectory of a vehicle
in real time are significant factors for the safe and efficient
operation of automated vehicles. The existing trajectory
planningmethod is an extension of the path planningmethod
in the field of robotics research. Trajectory planning can
result in a smooth and continuous trajectory that satisfies
the vehicle kinematics and comfort control requirements.The
method proposes finding a global trajectory to connect the
origin point to a target point. However, analysing changes in
the driving environment requires significant time and is not
suitable for handling emergency situations,making it difficult
to achieve a global trajectory [1, 2]. The local trajectory is
generated under the guidance of the global trajectory, which
is a type of real-time trajectory that is created by sensing the
environmental information and can thus be widely used in
the trajectory planning of automated vehicles [3, 4].

The trajectory of an automated vehicle includes the
vehicle following trajectory, the lane-changing trajectory,
and the overtaking trajectory. Vehicle following research

has rapidly developed, and relevant techniques have been
applied in real vehicles. Since overtaking behaviour can be
regarded as two occurrences of lane changing, lane-changing
trajectory planning has become one of the key components of
automated vehicles. Bézier [5, 6], spline [7, 8], and polynomial
curves [9, 10] are currently the must utilized lane-changing
trajectory planning methods for automated vehicles. The
Bézier curve can continuously generate a lane-changing
trajectory using the radius of curvature but is only applicable
for static planning because it requires the selection of control
points and cannot achieve real-time obstacle avoidance. The
spline curve can be used to plan both the arc trajectory and
sine trajectory while overcoming the problems associated
with the original curve, such as abrupt changes in the
curvature and discontinuities; however, spline curves cannot
be used to achieve real-time control.The polynomial curve is
rapidly calculated, has continuous curvature, and can achieve
real-time control. In addition, polynomial curves can be used
to obtain the comfort equation using the cubic derivatives.

In automated environments, it is difficult to change
lanes because the majority of the vehicles are driving at a
high speed, the velocities of the vehicles are stable, and the
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Figure 1: Position of the host vehicle relative to the surrounding vehicles.

headway between the vehicles is small. Although overtaking
and nonturning lane changes can be reduced or even avoided,
mandatory lane changes at road entrances in cities and turn-
ing lane changes on urban roads are inevitable. However, the
occurrence of vehicle-to-vehicle traffic can require different
forms of lane changing because the vehicles can have the same
velocity andmaintain the same relative position to each other
[11].

In this paper, based on automated environments, we
generate a strategy using vehicle-to-vehicle collaboration
(V2VC) in Section 2. Considering the real-time performance
of the polynomial curve and the quantic polynomial obtained
from the triple integral of the comfort function, we use
the quantic polynomial for trajectory planning in Section 3.
Then, using the safety requirements, kinematic requirements,
comfort requirements, and cost function of the accelerated
lane changing, we determine the constraint function of the
optimal trajectory fromSection 4 to Section 6.The simulation
analysis of a scenario that utilizes the optimal lane-changing
trajectory is shown in Section 7.

2. Strategy of V2VC

As shown in Figure 1, when the host vehicle (𝑀) changes lanes
from the present lane to the target lane, the other vehicles
around it include the leading vehicle in the present lane (𝐿𝑜),
the following vehicle in the present lane (𝐹𝑜), the leading
vehicle in the target lane (𝐿𝑑), and the following vehicle in
the target lane (𝐹𝑑). Among these vehicles, 𝐿𝑜 and 𝐹𝑑 have
the greatest influence on 𝑀 when 𝑀 performs accelerated
lane changes. The headway between 𝑀 and 𝐿𝑜 determines
whether𝑀 can accelerate, and the headway between𝑀 and
𝐹𝑑 determines whether𝑀 can move to the target lane.

When 𝑀 intends to change lanes, it will generate safe
lane-changing trajectories according to the headway between
𝑀 and 𝐿𝑜 and the velocity difference between its current
speed and the desired speed. At the same time, a lane-
changing signal will be sent to 𝐿𝑜 and 𝐹𝑑, which will both
provide feedback according to their own driving conditions
and the driving state of the nearby vehicles. This V2VC
process is shown in Figure 2.

Before changing lanes, the headways between𝑀 and 𝐿𝑜
and between𝑀 and 𝐹𝑑 are 𝑑𝑀,𝐿𝑜 and 𝑑𝑀,𝐹𝑑 , respectively, and

the vehicle speeds are 𝑉𝑀, 𝑉𝐿0 and 𝑉𝐹𝑑 . When 𝐿𝑜 and 𝐹𝑑
receive the lane-changing signal, they assess whether or not
to accept the lane-changing request according to their current
driving state based on the following criteria:

(1)The leading vehicle in the present lane (𝐿𝑜): due to the
limitations of the vehicles ahead of 𝐿𝑜, it is difficult for 𝐿𝑜 to
accelerate to provide lane-changing space for 𝑀, but it can
drive at a constant velocity because of the stable traffic flow
in the automated environment. After 𝐿𝑜 receives the lane-
changing signal from𝑀, it assesses whether it would collide
with𝑀 while maintaining a constant speed according to the
surrounding environment. If it can guarantee that a collision
will not occur while driving at a constant speed, it will accept
the request; otherwise, it will refuse the request.

(2) The following vehicle in the target lane (𝐹𝑑): when𝐹𝑑 receives the lane-changing request from 𝑀, the planned
lane-changing trajectories of 𝑀 are also obtained by 𝐹𝑑.𝐹𝑑 determines whether a collision will occur in the lane-
changing process of 𝑀. If a collision will not occur, 𝐹𝑑 will
accept the lane-changing request and drive at a constant
speed; if a collision will occur, 𝐹𝑑 will consider the relative
position of the following vehicle and the requirements of
the collaboration degree, decelerate under an acceptable
degree of collaboration, and assess whether 𝑀 will collide
with collaborative deceleration. If collision will not occur,
𝐹𝑑 will accept the lane-changing request and drive at the
predetermined deceleration degree of collaboration until𝑀
completes the lane change; otherwise, 𝐹𝑑 will refuse the lane-
changing request.

Under the effect of V2VC, when 𝐿𝑜 and 𝐹𝑑 receive and
accept a lane-changing request, they will change their driving
state. To simplify the calculation, we utilize the rectangular
coordinate system and regarded the current driving direction
of the vehicles as the 𝑋-axis and the perpendicular direction
of travel as the 𝑌-axis. Then, we can acquire the driving
trajectory of 𝐿𝑜 and 𝐹𝑑 under the lane-changing process of
𝑀.

The driving trajectory of 𝐿𝑜 is defined as

𝑋𝐿𝑜 (𝑡) = 𝑑𝑀,𝐿𝑜 + 𝑉𝐿𝑜𝑡
𝑌𝐿𝑜 (𝑡) = 0

(1)
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Figure 2: Schematic of the V2VC process.

and the driving trajectory of 𝐹𝑑 is defined as

𝑋𝐹𝑑 (𝑡) = −𝑑𝑀,𝐹𝑑 − 12 ∗ 𝑎𝐹𝑑𝑡𝐹𝑑
2 + 𝑉𝐹𝑑𝑡𝐹𝑑 + 𝑉1𝐹𝑑 (𝑡 − 𝑡𝐹𝑑)

𝑌𝐹𝑑 (𝑡) = 𝑊,
(2)

where 𝑑𝑀,𝐿𝑜 and 𝑑𝑀,𝐹𝑑 are the headways between𝑀 and 𝐿𝑜
and between 𝑀 and 𝐹𝑑, respectively; 𝑉𝐿𝑜 and 𝑉𝐹𝑑 are the
initial speeds of 𝐿𝑜 and 𝐹𝑑, respectively;𝑊 is the horizontal
distance from𝐹𝑑 to𝑀, the value of which is equal to the value
of the lane width; 𝑎𝐹𝑑 is the deceleration of 𝐹𝑑; and 𝑡𝐹𝑑 is the
time it takes 𝐹𝑑 to decelerate from its current velocity to an
acceptable speed𝑉1𝐹𝑑 . When 𝐹𝑑 maintains a constant velocity,
𝑉𝐹𝑑 = 𝑉1𝐹𝑑 and 𝑡𝐹𝑑 = 0.

3. Lane-Changing Trajectory Planning of𝑀
The comfort degree is usually described using the jerk of the
vehicle during research, and the comfort degree function is
often formulated as a quadratic function of time [3, 5]. The
vehicle trajectory is a 5-order polynomial function of time
and can be derived from the triple integral of the comfort
degree function.

𝑋𝑀 (𝑡) = 𝑎5𝑡5 + 𝑎4𝑡4 + 𝑎3𝑡3 + 𝑎2𝑡2 + 𝑎1𝑡 + 𝑎0
𝑌𝑀 (𝑡) = 𝑏5𝑡5 + 𝑏4𝑡4 + 𝑏3𝑡3 + 𝑏2𝑡2 + 𝑏1𝑡 + 𝑏0,

(3)

where𝑋𝑀(𝑡) and𝑌𝑀(𝑡) represent the longitudinal and lateral
coordinates, respectively, which are quantic polynomials with
independent variables of time; 𝑎𝑖, 𝑖 ∈ {0, 1, 2, 3, 4, 5}, and
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Figure 3: Collision types between vehicles while changing lanes.

𝑏𝑖, 𝑖 ∈ {0, 1, 2, 3, 4, 5}, are the parameters of the longitudinal
and lateral coordinates of𝑀, respectively; and 𝑡 is the driving
time.

Twelve unknown coefficients must be determined in the
above functions. Considering the boundary conditions of the
initial state and final state of the lane-changing process, we
can solve the above equations as follows:

Initial state:
{
{{
𝑥 (0) = 𝑥0, �̇� (0) = V𝑥,0, �̈� (0) = 𝑎𝑥,0
𝑦 (0) = 𝑦0, ̇𝑦 (0) = V𝑦,0, ̈𝑦 (0) = 𝑎𝑦,0

Final state:
{
{{
𝑥 (𝑡𝑐) = 𝑥𝑐, �̇� (𝑡𝑐) = V𝑥,𝑐, �̈� (𝑡𝑐) = 𝑎𝑥,𝑐
𝑦 (𝑡𝑐) = 𝑦𝑐, ̇𝑦 (𝑡𝑐) = V𝑦,𝑐, ̈𝑦 (𝑡𝑐) = 𝑎𝑦,𝑐,

(4)

where 𝑥0 and 𝑦0 are the current longitudinal and lateral
coordinates of 𝑀, respectively; V𝑥,0 and V𝑦,0 are the current
longitudinal and lateral velocities of𝑀, respectively; 𝑎𝑥,0 and𝑎𝑦,0 are the current longitudinal and lateral accelerations of
𝑀, respectively; 𝑥𝑐 and 𝑦𝑐 are the longitudinal and lateral
coordinates of 𝑀, respectively, when it completes the lane-
changing process; V𝑥,𝑐 and V𝑦,𝑐 are the longitudinal and lateral
velocities of 𝑀, respectively, when it completes the lane-
changing process; 𝑎𝑥,𝑐 and 𝑎𝑦,𝑐 are the current longitudinal
and lateral accelerations of𝑀, respectively, when it completes
the lane-changing process; and 𝑡𝑐 is the lane-changing time.
Among them, parameters 𝑥𝑐 and 𝑡𝑐 are the most difficult
to determine, and they are required to solve the quantic
polynomial lane-changing trajectory. The solution to this
problem is determined in Section 7.

4. Safety Requirements for Lane Changing

Previous studies on lane changing have utilized a minimum
safe space to ensure that 𝑀 can take emergency braking
precautions to avoid a collision in the event of the sudden
deceleration of the leading vehicle. A set of minimum safe
distances is used which does not allow for lane changing
when the headway between vehicles is too close; these

distances are not appropriate in automated environments.
The V2VC ensures that the vehicles around 𝑀 maintain a
stable driving state and do not decelerate suddenly when they
accept the request of 𝑀. Therefore, the lane-changing gap
can be reduced to the minimum gap, and the lane-changing
probability in the automated environment can be increased
considerably via V2VC.

4.1. Collision Type during Lane Changing. The safety require-
ments of the vehicles when changing lanes mainly refer to
the collision avoidance requirements of the vehicles. For𝑀
to successfully move to the target lane, a collision should
be avoided during the lane-changing process if possible. In
general, the methods presented in previous studies could
not achieve real-time collision avoidance because they only
considered the relative positions between the vehicles before
lane changing and rarely considered whether collision would
occur during the lane-changing process due to changes in the
vehicle steering angle.

Vehicle collision accidents can be divided into frontal
collisions, rear-end collisions, head-on side collisions, and
oblique collisions. During the lane-changing process of 𝑀,
themost likely collisions are rear-end collisions with 𝐿𝑜 in the
original line, oblique collisions with 𝐿𝑜 during the steering
process, oblique collisions during the steering process, and
rear-end collisions with 𝐹𝑑 in the target lane, as shown in
Figure 3.

4.2. Selection of the Vehicle Model. During the lane-changing
process, the geometric characteristics of the vehicles influ-
ence the vehicle collision angle and collision point; thus, an
appropriate vehicle model is necessary. Previous studies have
regarded the vehicle as a particle to simplify the modelling
and calculation processes. Considering the geometric prop-
erties of a circle, a few scholars have used a circle around
the vehicle to build a vehicle model, as shown in Figure 4(a).
However, treating the length of the vehicle as a diameter
results in a significant amount of space in the lateral direction
which does not contain a vehicle, and the vehicle width can
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(a) Static circle model (b) Dynamic circle model (c) Dynamic ellipse model (d) Rectangular vehicle
model

Figure 4: Schematic diagram of the different vehicle models.
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Figure 5: Collision relationships between the vehicles during the accelerated lane-changing process.

thus exceed that of a single lane; therefore, this approach
is not appropriate for lane-changing maneuvering. A few
scholars have used a dynamic circle to cover the entire vehicle,
where the width of the vehicle is the diameter of the dynamic
circle and the swept area of the dynamic circle is regarded as
the vehicle area [9, 12], as shown in Figure 4(b). However,
this method only considers the physical characteristics of
the vehicle and neglects the different collision possibilities
in terms of the different driving velocities and the different
collision probabilities in the horizontal and vertical direc-
tions. Other scholars have used an ellipse to cover the vehicle,
as shown in Figure 4(c), where the long half shaft of the
ellipse changes with changes in the velocity. Furthermore,
determining the appropriate length of the short half shaft
is difficult, and steering during the lane-changing process is
difficult to achieve [13, 14].

Considering the advantages and disadvantages of var-
ious vehicle models and combining the requirements to
achieve collision avoidance during the lane-changing process,
we adopted the rectangular vehicle model, as shown in
Figure 4(d). The rectangular vehicle model can accurately
simulate the size and contour of the vehicle and is thus con-
venient for microscopic simulations. However, calculating all
distances from the centre point of the vehicle model to the
external contour is difficult. A previous analysis of the vehicle
lane-changing process indicated that not all of the distances
from the centre of the vehicle to the external contour of
the vehicle must be calculated. We can assess whether lane

changing is feasible as long as we ascertain the possible
collision points of the external vehicle contour during the
lane-changing process.

4.3. Safety Requirements for Lane Changing with the Rectan-
gular Vehicle Model. During the accelerated lane-changing
process, only 𝑀 is steering; the other vehicles are relatively
stable. The potential collision points are shown in Figure 5:
collision points 1 and 2 are possible collisions between𝑀 and
𝐿𝑜, and collision point 3 is a possible collision between𝑀 and
𝐹𝑑. To avoid collisions during the lane-changing process, we
must assess the relationships between collision point 1 and
line 1, collision point 2 and line 2, and collision point 3 and
lines 3 and 4.

After analysing the above position relationships com-
bined with the driving trajectories of𝑀,𝐿𝑜, and 𝐹𝑑, we can
obtain the collision conditions between 𝐿𝑜 and𝑀:

𝑋𝐿𝑜 (𝑡) −
𝐿𝐿𝑜
2 − ((𝑋𝑀 (𝑡) + 𝑅 ∗ cos (−𝛽 + 𝛼))) ≤ 0,

(𝑌𝐿𝑜 (𝑡) +
𝑤𝐿𝑜
2 ) − (𝑌𝑀 (𝑡) + 𝑅 ∗ sin (−𝛽 + 𝛼)) − tan𝛼

∗ ((𝑋𝐿𝑜 (𝑡) −
𝐿𝐿𝑜
2 )

− (𝑋𝑀 (𝑡) + 𝑅 ∗ cos (−𝛽 + 𝛼))) ≥ 0

(5)
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and the collision conditions between 𝐹𝑑 and𝑀 are

(𝑌𝐹𝑑 (𝑡) −
𝑤𝐹𝑑
2 ) − (𝑌𝑀 (𝑡) + 𝑅 ∗ sin (𝛽 + 𝛼)) − tan𝛼

∗ ((𝑋𝐹𝑑 (𝑡) +
𝐿𝐹𝑑
2 )

− (𝑋𝑀 (𝑡) + 𝑅 ∗ cos (𝛽 + 𝛼))) ≤ 0,

(𝑌𝐹𝑑 (𝑡) −
𝑤𝐹𝑑
2 ) − (𝑌𝑀 (𝑡) + 𝑅 ∗ sin (𝜋 − 𝛽 + 𝛼))

− tan(𝛼 + 𝜋2 ) ∗ ((𝑋𝐹𝑑 (𝑡) +
𝐿𝐹𝑑
2 )

− (𝑋𝑀 (𝑡) + 𝑅 ∗ cos (𝜋 − 𝛽 + 𝛼))) ≥ 0,

(6)

where 𝐿𝐿𝑜 and 𝑤𝐿𝑜 are the length and width of 𝐿𝑜, respec-
tively; 𝐿𝐹𝑑 and 𝑤𝐹𝑑 are the length and width of 𝐹𝑑, respec-
tively; 𝑅 = (1/2) ∗ √𝐿𝑀2 + 𝑤𝑀2 is the radius of rotation
along the centroid; 𝛼 is the steer angle of 𝑀; and 𝛽 =
arctan(𝑤𝑀/𝐿𝑀) is the angle of the vertex of the rectangle
model with the horizontal direction.

5. Kinematic and Comfort Requirements of
Accelerated Lane Changing

Considering the accelerated lane-changing characteristics
and automated environment described in this paper, we
combined previous studies and considered the following
kinematic constraints.

(1) The Steering Angle. 0 < Δ𝛼 = arctan((�̇�𝑀(𝑡 + Δ𝑇) −�̇�𝑀(𝑡))/(�̇�𝑀(𝑡 + Δ𝑇) − �̇�𝑀(𝑡))) < Δ𝛼max, where Δ𝛼 is the
change in the vehicle steering angle with an increment of time
(Δ𝑇), Δ𝛼max is the change in the maximum vehicle steering
angle with Δ𝑇 within the range of maintaining a safe driving
performance; �̇�𝑀(𝑡) is the lateral velocity of𝑀 at time 𝑡; and
�̇�𝑀(𝑡) is the longitudinal velocity of𝑀 at time 𝑡.
(2) Curvature. 0 < 𝑘 = 1/𝑟 = tan𝛼/𝑧𝑀 < 𝑘max, where 𝑘 is the
curvature, 𝑟 is the turning radius, 𝑧𝑀 is the wheelbase of the
vehicle, and 𝑘max is the maximum curvature of𝑀 within the
range of maintaining safe driving performance.

(3) Velocity. 0 < V𝑥,𝑀(𝑡) < V𝑥,max, where V𝑥,𝑀(𝑡) is the lon-
gitudinal velocity of𝑀 at time 𝑡 and V𝑥,max is the maximum
longitudinal velocity of the road section.

(4) Position. 0 < 𝑌𝑀(𝑡) < 𝑊, where 𝑌𝑀(𝑡) is the lateral
displacement of𝑀 and𝑊 is the lane width.

5.1. Comfort Requirements. Comfort is the subjective feeling
of the passengers and is also the key factor for evaluating
whether lane changing is reasonable in automated environ-
ments. In the model, comfort can be assessed based on

the acceleration and jerk in the longitudinal and lateral
directions.

𝑎𝑥 < 𝑎𝑥,max𝑎𝑦 < 𝑎𝑦,max
𝑗𝑥 < 𝑗𝑥,max𝑗𝑦 < 𝑗𝑦,max,

(7)

where 𝑎𝑥 and 𝑗𝑥 are the longitudinal acceleration and jerk,
respectively; 𝑎𝑦 and 𝑗𝑦 are the lateral acceleration and jerk,
respectively; 𝑎𝑥,max and 𝑗𝑥,max are the maximum longitudinal
acceleration and jerk, respectively, for the comfort require-
ments; and 𝑎𝑦,max and 𝑗𝑦,max are the maximum lateral accel-
eration and jerk, respectively, for the comfort requirements.

6. Cost Function

When lane changing occurs,𝑀 will have a certain impact on
the other vehicles, pedestrians, and traffic flow. To minimize
this impact, we established a cost function to evaluate the
impact of the lane-changing trajectory. The cost function
consists of three components: the comfort level, longitudinal
displacement, and lane-changing time.

The comfort level of human beings is an important
criterion for evaluating the optimal lane-changing trajectory.
The comfort level of a human is defined as follows [15]:

𝐽 = ∫𝑡𝑐
0

...𝑋𝑀2 (𝑡) + ...𝑌𝑀2 (𝑡) 𝑑𝑡, (8)

where
...𝑌𝑀(𝑡) and ...𝑋𝑀(𝑡) are the third-order derivatives of

the lateral and longitudinal displacement functions of 𝑀,
respectively, indicating the relationship between the jerk and
time in the lateral and longitudinal directions, and 𝑗 is a
function of the evaluated comfort level, where a smaller value
of 𝑗 indicates a higher degree of comfort.

The lane-changing longitudinal distance (𝑥𝑐) is a traffic
flow indicator that evaluates the degree of influence of the
host vehicle on the surrounding traffic. A smaller value of 𝑥𝑐
indicates a lesser impact on the traffic flow.The lane-changing
time (𝑡𝑐) is related to the lane-changing efficiency. Consider-
ing the influential factors above,we establish the cost function
as follows considering the uniform coordination of 𝐹𝑑:

𝐶con,Cop = 𝑤1 ∗ 𝑗
max (𝑗) + 𝑤2 ∗

𝑥𝑐
max (𝑥𝑐) + 𝑤3

∗ 𝑡𝑐
max (𝑡𝑐) ,

(9)

where 𝑤1, 𝑤2, and 𝑤3 are weighted coefficients with a sum of
1 andmax(𝑗), max(𝑥𝑐), andmax(𝑡𝑐) are the comfort function,
longitudinal lane-changing distance, and maximum lane-
changing time in the feasible trajectory set, respectively.

When 𝐹𝑑 is used to select the deceleration coordination,
its deceleration will have an effect on the surrounding
traffic. Considering the negative effects, we establish a cost
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Figure 6: Lane-changing trajectory set of𝑀 under the uniform coordination of 𝐹𝑑.

function as follows when 𝐹𝑑 is used to select the deceleration
coordination:

𝐶slow,Cop = 𝜆1 ∗ 𝑗
max (𝑗) + 𝜆2 ∗

𝑥𝑐
max (𝑥𝑐) + 𝜆3

∗ 𝑡𝑐
max (𝑡𝑐) + 𝜆4 ∗

𝑥𝐹𝑑 ,con − 𝑥𝐹𝑑 ,slow
𝑥𝐹𝑑 ,con ,

(10)

where 𝜆1, 𝜆2, 𝜆3, and 𝜆4 are weighted coefficients with a
sum of 1; 𝑥𝐹𝑑 ,slow is the deceleration collaborative distance
of 𝐹𝑑 during the lane-changing time (𝑡𝑐); and 𝑥𝐹𝑑 ,con is the
theoretical uniform collaborative distance of 𝐹𝑑 during 𝑡𝑐.
7. Scenario Simulation Analysis

Based on Matlab simulation software, the uniform coor-
dination, and the deceleration coordination, we studied
the differences between the two types of cooperative lane-
changing trajectories using a scenario simulation. The main
test parameters are as follows: the length and width of the
vehicle are 4.5m and 1.8m, respectively; the initial velocity
of𝑀 is 30 km/h; the target velocity of𝑀 is 40 km/h when𝑀
completes the lane-changing process; and the current head-
way between𝑀 and𝐿𝑜 is 20m.Considering that the difficulty
of solving the quantic polynomial is determining the lane-
changing time (𝑡𝑐) and the longitudinal displacement (𝑥𝑐),
based on the real lane-changing situations, 𝑡𝑐 is varied from
0 s to 12 s. Previous studies [7, 16, 17] have found that when
the influence of the comfort requirements is considered, the

accelerated lane change will have an approximately constant
acceleration process. Thus, the acceleration of 𝑀 can be
obtained, and the longitudinal displacement of the lane-
changing process can be determined by determining the lane-
changing time (𝑡𝑐) and speed difference between the initial
and final states of𝑀.

7.1. Uniform Coordination of 𝐹𝑑. When space in the target
lane is sufficiently large, 𝐹𝑑 can result in uniform coordina-
tion. However, we must avoid a collision between 𝑀 and
𝐹𝑑 which could be caused by the sudden acceleration of
𝐹𝑑. The test parameters are as follows: the velocity of 𝐹𝑑 is
40 km/h, the headway between 𝐹𝑑 and 𝑀 is 20m, and the
headway between 𝐿𝑑 and𝑀 is 12m. In this paper, we obtain
the unconstrained lane-changing trajectory set based on the
quantic polynomial, as shown in Figure 6(a). However, a few
trajectories in the unconstrained lane-changing trajectory set
do notmeet the vehicle kinematic and comfort requirements;
thus, we can obtain the constrained trajectory set by deleting
these trajectories, as shown in Figure 6(b). At the same
time, we acquire the relationship between the velocity and
acceleration of the trajectory, as shown in Figure 7. Because of
the influence of the comfort level, we can obtain the trajectory
that satisfies the requirements when the lane-changing time
exceeds 4.8 s in our simulation.On this basis, we can acquire a
practical and feasible lane-changing trajectory set by finding
the trajectory that avoids a collision, as shown in Figure 6(c).
According to the cost function (𝐶con,Cop) obtained in this
simulation, the optimal lane-changing time of𝑀 is 7.0 s, and
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Figure 7: Velocity and acceleration diagrams of the host vehicle (𝑀).

the optimal longitudinal displacement is 68.06m, which is
marked in black in the figure.

After obtaining the optimal trajectory, we conducted
a dynamic simulation of the trajectory, as shown in Fig-
ure 8. Through the simulation, the host vehicle can achieve
lane changing without collision with a relatively smooth
lane-changing trajectory; this behaviour meets the comfort
requirements of the passengers in the automated environ-
ment.

7.2. Deceleration Coordination of 𝐹𝑑. When there is insuffi-
cient space for the lane-changing process, 𝐹𝑑 must perform
deceleration coordination.The test parameters are as follows:
the velocity of 𝐹𝑑 is 48 km/h, the cooperative velocity of 𝐹𝑑
is 40 km/h, the headway between 𝐹𝑑 and 𝑀 is 20m, and
the headway between 𝐿𝑑 and𝑀 is 12m. The unconstrained
trajectory set obtained from the quantic polynomial and the
constrained trajectory set that satisfies the kinematic and
comfort requirements are the same as those in Figure 6.
Because the velocity of 𝐹𝑑 is too large, 𝐹𝑑 will collide with𝑀
if𝑀 maintains a uniform driving velocity. When 𝐹𝑑 detects
this situation, it will decelerate according to the acceptable
collaboration degree and follow the predetermined trajec-
tory after accepting the lane-changing request. The feasible
lane-changing trajectory set of 𝑀 is shown in Figure 9.
According to the cost function (𝐶slow,Cop), we obtain an
optimal lane-changing time for𝑀 as 6.1 s in this simulation
and an optimal longitudinal displacement of 59.31m, which

is marked in black in the figure. The optimal trajectory
simulation of the deceleration coordination of 𝐹𝑑 is shown in
Figure 10.

7.3. Mixture of Uniform and Deceleration Coordination.
When the headway between 𝐹𝑑 and 𝑀 exceeds a certain
amount, the accelerated lane-changing trajectory set of 𝑀
is divided into two parts: one part is related to the uniform
coordination of 𝐹𝑑 and the other part is related to the decel-
eration coordination of 𝐹𝑑. In other words, a few trajectories
may not be satisfied under the uniform coordination of 𝐹𝑑
butwill be satisfied under the deceleration coordination of𝐹𝑑.
Theoretically, the deceleration coordination will increase the
lane-changing opportunity of the host vehicle (𝑀), but dur-
ing the actual process of our simulation, the lane-changing
time is generally increased due to the comfort requirements
of automated environments; hence, the uniform coordination
of𝑀 can meet the short lane-changing time. However, when
the lane-changing time is excessively long, because the speed
of 𝐹𝑑 is higher than 𝐿𝑜, the headway between 𝐹𝑑 and 𝐿𝑜
is not sufficiently large to satisfy the lane-changing process
of 𝑀 with the uniform coordination of 𝐹𝑑, as shown in
Figure 11. Therefore, the optimal trajectory is located within
the part of the lane-changing trajectory set of 𝑀 which
involves the uniform collaboration of 𝐹𝑑. The test parameters
are as follows: the velocity of 𝐹𝑑 is 48 km/h, the collaboration
degree is 40 km/h, and the headway between 𝐹𝑑 and 𝑀 is
30m.
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(c) Position relationship between𝑀 and 𝐹𝑑
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(d) Final state of the lane-changing process

Figure 8: Optimal trajectory simulation of 𝐹𝑑 with uniform coordination.
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Figure 9: Lane-changing trajectory set of𝑀 with the deceleration coordination of 𝐹𝑑.

8. Conclusion

In this paper, considering the difficulty of the lane-changing
process and the accelerated lane-changing characteristics in
an automated environment, we achieved lane changing using
V2VC. We studied the accelerated lane-changing process
of 𝑀 with the coordination of 𝐹𝑑 in an automated envi-
ronment, and the process was described as a near-uniform
acceleration process based on previous studies. Then, we
generated an unconstrained lane-changing trajectory set

using quantic polynomials, minimized the lane-changing
set using actual vehicle kinematic constraints and comfort
requirements, and obtained a range of actual trajectories.
The results show that we can achieve trajectory planning
with the uniform and deceleration collaboration of 𝐹𝑑. We
determined the optimal lane-changing trajectory by calculat-
ing the cost function, and the scenario simulations indicated
that the generated optimal lane-changing trajectory could
achieve safe and comfortable lane changing in an automated
environment.
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(d) Completion of the lane-changing process

Figure 10: Optimal trajectory simulation of the deceleration coordination of 𝐹𝑑.
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Figure 11: The lane-changing trajectory set of𝑀 with both the uniform collaboration and deceleration coordination of 𝐹𝑑.
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Dedicated short-range communication (DSRC) and 4G-LTE are two widely used candidate schemes for Connected Vehicle (CV)
applications. It is thus of great necessity to compare these twomost viable communication standards and clarify which one canmeet
the requirements ofmostV2X scenarioswith respect to road safety, traffic efficiency, and infotainment. To the best of our knowledge,
almost all the existing studies on comparing the feasibility of DRSC or LTE in V2X applications use software-based simulations,
which may not represent realistic constraints. In this paper, a Connected Vehicle test-bed is established, which integrates the DSRC
roadside units, 4G-LTE cellular communication stations, and vehicular on-board terminals. Three Connected Vehicle application
scenarios are set as Collision Avoidance, Traffic Text Message Broadcast, and Multimedia File Download, respectively. A software
tool is developed to record GPS positions/velocities of the test vehicles and record certain wireless communication performance
indicators.The experiments have been carried out under different conditions.According to our results, 4G-LTE ismore preferred for
the nonsafety applications, such as traffic information transmission, file download, or Internet accessing, which does not necessarily
require the high-speed real-time communication, while for the safety applications, such as Collision Avoidance or electronic traffic
sign, DSRC outperforms the 4G-LTE.

1. Introduction

In 2011, the US Department of Transportation (US DOT)
announced plans to support the introduction of vehicle-to-
vehicle (V2V) communication among light-duty vehicles
in the USA, commonly known as “Connected Vehicles”
[1–4]. Connected Vehicle focuses on localized V2V, Vehicle-
to-Infrastructure (V2I), and Vehicle-to-Device (V2X)
Systems to support safety, mobility, and environmental
applications using Dedicated Short-Range Communications
(DSRC)/Wireless Access for Vehicular Environments
(WAVE) [5]. A pilot study was conducted at UMTRI to
examine the feasibility of V2V communication in a large-
scale, real-world environment [6].

Many vehicle manufacturers also pay due attention to
the research and implementation of Connected Vehicle.
The Crash Avoidance Metrics Partnership (CAMP) Vehicle
Safety Consortium Communications (VSCC) comprising
BMW, Daimler Chrysler, Ford, GM, Kia, Nissan, Toyota, and
Volkswagen, in partnership with USDOT, proposed more
than 57 application scenarios about Connected Vehicle, like
safety applications, nonsafety applications, high potential
benefit safety applications, and other applications [7]. Miao
et al. [8] listed 8 safety-related applications and their latency
requirements (See Table 1).

US DOT has developed a Connected Vehicle Reference
Architecture (CVRA) to help guide deployment of com-
ponents by road operators and automotive, highway, and
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Table 1: Active safety latency requirements (units: seconds).

Traffic signal violation warning 0.1
Curve speed warning 1.0
Emergency electronic brake lights 0.1
Precrash sensing 0.02
Cooperative forward collision warning 0.1
Left turn assistant 0.1
Lane change warning 0.1
Stop sign movement assistance 0.1

aftermarket equipment manufacturer and service providers
[9]. In CVRA, wireless communication technology is the
key and fundamental part, which directly affects the imple-
mentation, performance, reliability, and interoperation of the
transportation applications.

Between DSRC and LTE, which one is an appropriate
technology for Connected Vehicle applications? Will the
combination or hybrid solution be more promising? This is
an urgent open question which has been discussed recently.

Considering the harsh vehicular environment and related
communication concerns, such as high level of the mobility
of the nodes, multipath, and environmental dynamics caused
by vehicles and pedestrians, IEEE proposed a modified
version of the Wireless Local Area Network (WLAN) pro-
tocol, IEEE802.11p (commonly called “DSRC”), for vehicle-
vehicle and vehicle-infrastructure communication. A dedi-
cated bandwidth of 75MHz in the 5.850 to 5.925GHz band
has been allocated by the US Federal Communications Com-
mission (FCC) [10]. But, to the DSRC, a key drawback is its
low scalability. It lies in the fact that the protocol is unable to
provide the required time-probabilistic characteristics when
travelling in a dense traffic [11].

The existing cellular wireless infrastructure, particularly
the 4G-LTE, has potential to be redesigned as a communica-
tion basis for vehicular cooperative safety systems, which can
offer low latencies and high throughputs simultaneously, thus
enabling more bandwidth-demanding and real-time critical
services for end-users [12]. Nevertheless, US DOT has been
reluctant of considering cellular-based telematics over a long
time as it would force car owners and stateDOTs to constantly
upgrade equipment in vehicles and intersections, respectively
[13]. On December 13, 2016, US DOT issued a proposed rule
that would advance the deployment of Connected Vehicle
technologies throughout the US light vehicle fleet. The rule
will mandate equipping DSRC devices on all new light-duty
vehicles produced in the USA [14].

In China, there still exists a debate on whether DSRC
should be utilized as the communication standard of the
physical layer in theConnectedVehicle architecture of China,
since the LTE networks are widely deployed all over the
country and the cellular capabilities have already been on the
roadmap for many vehicle manufacturers and for telematics
applications [15]. Therefore, LTE-based technologies, as well
as DSRC, are currently supported by different stakeholders,
government departments, infrastructure vendors, and vehicle
manufacturers in China [16]. In 2016, Chen et al. [17, 18]

from China Academy of Telecommunication Technology
proposed long-term evolution-V (LTE-V) as a systematic
and integrated V2X solution based on time-division LTE
(TD-LTE). Compared with DSRC, LTE-V-direct is a new
decentralized architecture which modifies TD-LTE physical
layer and tries to keep commonality as possible to provide
short-range direct communication, low latency, and high
reliability improvements. However, LTE-V is still on trial
stage, and it is a long term to freeze its standardization and
deploy large-scale commercial applications. In this regard, it
is necessary to compare these two most viable communica-
tion standards (DSRC and 4G LTE) in terms of functionality
and performance.

Many researchers have expressed considerable research
interests on the vehicular networking and proposed various
solutions. However, themajority of these studies are based on
computer simulation to avoid the high costs in the real field
experiments. Vinel [19] provides a theoretical framework
which compares the basic patterns of both DSRC and LTE in
the context of the safety of life vehicular scenarios. According
to the numerical experiments, the author concludes that the
abilities of LTE to support beaconing for vehicular safety
applications are poor as the LTE network easily becomes
overloaded even under the idealistic assumptions. Trichias
et al. [20] analyze the feasibility of LTE technology for the
Intelligent Transportation Systems (ITS). The model built
in his paper simulates the Uplink operations of LTE, in a
vehicular network supporting ITS. It indicates that LTE can
meet the ITS requirements in terms of latency and capacity
and in some cases even outperformsDSRC.Mir andFilali [21]
conduct the performance evaluation of IEEE 802.11p and LTE
using the ns-3 simulator. Both DSRC and LTE are compared
in terms of delay, reliability, scalability, and mobility support
in the context of various application requirements.The results
indicate that IEEE 802.11p offers acceptable performance for
sparse network topologies with limited mobility support. On
the other hand, LTE meets most of the application require-
ments regarding reliability, scalability, and mobility support.
However, LTE is challenging when obtaining stringent delay
requirements in the presence of higher cellular network traffic
load. There is still a lack of practical measurement between
DSRC and LTE for developing vehicular applications in the
open literature.

Compared with field testing, the software-based protocol
simulation testing has the advantages of low cost, short
deployment cycle, and flexible parameters setting.The short-
comings are also obvious: (1) the mathematical models used
in a software-based simulation is formulated in an idealistic
environment. The signal attenuations caused by vehicles,
surrounding buildings, or vegetation are neglected; (2) the
differences among the communication equipment and user
terminals such as the performance diversity and installation
conditions are hardly considered; and (3) the results of a
software-based simulation are generally better than the actual
field tests. However, in the practical application environment,
these results will degrade to some extent.

1.1. Research Objectives. On the basis of the above literature
survey, it can be confirmed that it is greatly necessary to test
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the function and performance of DSRC and LTE in a real
road environment, so as to verify the simulation results of
various theoreticalmodels and provide important data for the
development of various vehicular networking applications.

This study tests the communication quality and reliability
of the DSRC and LTE in a real road environment under
3 classic Connected Vehicle scenarios: Collision Avoidance,
Traffic Message Broadcast, and Multimedia File Download
between vehicle and infrastructure. This can be a critical
baseline for many other Connected Vehicle applications.
This paper made 3 key contributions. First, we build an
independent and private wireless network platform made
up of DSRC and LTE in Chang’an University Cooperative
Vehicle and Infrastructure System (CU-CVIS) test-bed. This
platform integrates the 4G-LTE cellular stations and the
core network, DSRC roadside units, and vehicular on-board
terminals. With the platform, lots of vehicular communi-
cation experiments under different mobility conditions can
be conducted. Second, three Connected Vehicle application
scenarios are set as Collision Avoidance, Traffic Text Message
Broadcast, and Multimedia File Download, respectively. A
software tool is developed to record the GPS-based position
and velocity of the vehicles that are moving on the test-
bed. With the tool, some crucial wireless communication
performance indicators of DSRC and 4G-LTE such as the
throughput, data loss rate, and the latency time under the
above scenarios are acquired. Third, the results of the on-
field vehicular communication performance are analyzed.
The suitability of DSRC and 4G-LTE on the most pop-
ular Connected Vehicle scenarios is discussed. Moreover,
some suggestions are given on how to integrate these two
kinds of technologies in the future Connected Vehicle
applications.

This paper is organized as follows. Section 2 presents
the architecture of the CU-CVIS test-bed and deployment
scheme of the DSRC and LTE wireless network platform.
Section 3 presents the setting of the experiment. Section 4
presents the experimental data and discussion on the com-
parison of DSRC and LTE. The paper ends with some
concluding remarks in Section 5.

2. Construction of Vehicular
Communication Platform

As shown in Figure 1, a vehicular communication platform
in CU-CVIS (Chang’an University Cooperative Vehicle-
Infrastructure System) test-bed is built. CV-CVIS is located
in Weishui Campus of Chang’an University, which occupies
282,000 square meters (about 70 acres). It includes a 2.4-
kilometer high-speed circular test road with 2 lanes and an
extra 1.1-kilometer straight 4-lane test track with 4 kinds
of pavement (asphalt, concrete, bricks, and dirt). It is a
comprehensive and closed environment for the testing of
various Connected Vehicle applications. It is made up of 4
parts (see Figure 1(b)), which are smart roadsides, connected
and automated vehicles, heterogeneous network, and trans-
portation applications severs, respectively.

On the test-bed, we install a short-range wireless system
with 4 DSRC roadside units (RSUs) and a 4G-LTE cellular

communication system, which comprise a specialized vehic-
ular communication platform. Both DSRC and LTE systems
are isolated with the public telecom network.The locations of
the RSUs and LTE antennas are denoted in Figure 3.

The DSRC RSUs are mounted on the gantries established
on the test-bed (see Figure 2). The core part of the RSU is
themoduleWBOX1001, which is developed byChinaGenvict
Tech Co., Ltd.The module utilizes a high-performance ARM
chip NXP SAF5100 as the processor, which is running IEEE
802.11p and IEEE1609 protocol stacks.Theworking frequency
is 5.850GHz–5.925GHz with a data rate up to 27Mb/s. The
maximal communication distance is 300 meters under the
default transmitting power. The maximal latency time is 150
milliseconds with a 4096-bit package.

The 4G-LTE system is a private cellular wireless net-
work operating on the frequency of 1.88–1.9GHz with TD-
LTE protocol, which is developed by China Datang Mobile
Co., Ltd. As shown in Figure 3 it comprises of eNode-B
base station, Customer Premise Equipment (CPE) terminals,
Evolved Packet Core (EPC), servers cluster, and switches.
Their functions are described as follows:

(1) OBU connects LTE network through CPE, which
realizes LTEprotocol stack andTCP/IP protocol stack
by wireless or wired mode and transmits data to the
destination through 4G network.

(2) eNode-B is made up of RRU and BBU, which is a
terminal of the air interface protocol and the first
node to contact with user equipment (UE). eNode-
B is responsible for the wireless bearer, downlink
dynamic wireless resources, data packet scheduling,
and mobility management.

(3) EPC is made up of Serving Gateway (SGW), PDN
Gateway (PGW), Mobility Management Entity
(MME), and Policy and Charging Rules Function
(PCRF), which is responsible for data exchange and
processing.

The application servers play very important roles, which
are used for data collection, storage, and processing, and are
connected to the base station through Gigabit Ethernet. The
LTE platform has 4 directional antennas with the maximal
transmission power of 60w, which realize the full wireless
signal coverage of the whole test-bed. The LTE platform is
divided into 4 cells. Each cell can accommodate up to 200
items of UE with Uplink rate of 20Mb/s and downlink rate of
80Mb/s.

The constructed vehicular communication platform can
conduct 4 kinds of wireless communication experiments: (1)
V2V via DSRC; (2) V2V via LTE; (3) V2I via DSRC; (4) V2I
via LTE. There are many famous test-beds around the world
for testing connected and automated vehicles, such as the
MCity of the University of Michigan and the GoMento test
site located in Contra Costa County, California. These two
test-beds focus on demonstration testing for applications of
future Intelligent Transportation Systems, whichmainly aims
to verify the integrity performance and data-flow logic of
the applications developed for the connected and automated
vehicles (CAVs). CU CVIS test-bed of Chang’an University



4 Journal of Advanced Transportation

DSRC RSU1

DSRC RSU2

DSRC RSU3 DSRC RSU4

LTE Antenna 1

LTE Antenna 2

LTE Antenna 3

(a) The bird-view satellite image of CU-CVIS test-bed

Acquisition
unit

Weather 
sensing Cameras Loops

Rain
Snow
Fog
Ice
Wind
Visibility

Temperature
Humidity

Cluster

Heterogeneous networks

Vehicle data Road data

Parallel 
computing
services

Services and 
applications

Gigabit Ethernet

text

Smart roadside

Entertainment
and media

Acquisition
unit

Acquisition
unit

Traffic jam
Accidents
Pedestrian
Road 
condition

Traffic flow 
Parameters
Volume
Density
Average 
Speed

4G-LTE Wi-FiDSRC Gigabit 
Ethernet

Fiber 
networks

Variable sign, 
traffic light, and 
variable message
sign

Cluster

Connected and
automated vehicles

V2V

V2R

operation
management

Traffic

60 KＧ/Ｂ

(b) The logic architecture of CU-CVIS test-bed

Figure 1: Chang’an University Cooperative Vehicle-Infrastructure System test-bed.

focuses on the metafunction testing for each part of CAVs
and the comprehensive performance testing under the limit
conditions. For instance, CU CVIS can test the performance
of different communication modes and verify whether these
communication methods can meet the requirements of some
intelligent transportation applications on the real time and
reliability of data transmission. It can test some fundamental
functions of CAVs, such as positioning accuracy, target
recognition accuracy based on vision, vehicle lateral or
longitudinal control ability in high-speed condition, complex
environment, and bad weathers.

3. Experimental Setup

3.1. Setup of the On-Board Devices. We have two midsize
vehicles to carry out the experiment. The setup of the on-
board devices is shown in Figure 4(a). A computer with an
Intel Core 2 DuoP8600 is fixed on each of the vehicles. A
GPS receiver is connected to the computer via RS-232 serial
interface. A LTE CPE manufactured by Datang Mobile Co.,
Ltd., and a DSRC Wavebox developed by Genvict Co., Ltd.,
are linked to the computer via Ethernet interfaces. Three
kinds of antennas are mounted on the roof of the vehicles
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Figure 2: The DSRC RSU on the test-bed.

(see Figure 4(b)), they are connected to LTE terminal, DSRC
terminal, and GPS module respectively. Each vehicle can talk
with the other via 2 kinds of networkwithin the coverage area.
The DSRC RSU and LTE eNode-B can also send text message
or digital file to the vehicle through the background servers.

3.2. Development of the Testing Software. Wedevelop a testing
software kit to test the dynamic performance of DSRC and
LTE. The software kit encrypts the API functions from the
device manufacturer, which can achieve the transmission of
packages or files between the vehicles and roadside devices.
The software kit enables 3 functions. The first is to synchro-
nize the on-board units with the GPS clock time. The second
function is to calculate the communication parameters using
the encrypted APIs. For instance, the Round-Trip Time
(RTT) is acquired based on the Ping function supplied by
Linux OS, the Packet Loss Rate is calculated through the
success rate of the transmission of the WSMP packages, and
the throughput is computed on the counts of the received
UDP packages during a specified time segment. The last
function is to record the GPS data of the vehicles, including
longitude, latitude, and velocity, which is used to analyze
the effect of the distance and movement on the wireless
communication performance. The software interfaces are
shown in Figure 5. (a) is the client interface and (b) is the
server interface.

3.3. Scenario Design. We distill 3 general scenarios from
the 75 safety applications proposed by CAMP [22] to con-
duct the comparison experiments on the communication
performance of the DSRC and LTE, which are Collision
Avoidance, Traffic Text Message Broadcast, and Multimedia
File Download, respectively. The weather condition of the
experiments is sunny with the temperature of 25∘C and the
humidity of 50%. The wind speed is 10 Km/h.

3.3.1. Collision Avoidance. In this scenario (see Figure 6),
the emergency Car A broadcasts the status packages to the
following Car B via DSRC or LTE network at a frequency
of 10Hz. The package size is 100 bytes, including vehicle
ID, package ID, package type, package time tag, GPS data,
and vehicle kinematic parameters. This scenario can also be
extended to many safety applications such as approaching

emergency vehicle warning, emergency electronic brake light
[23–28], and platoon, The gap between Car A and Car B is
controlled by the Gipps minimal safety distance model [29],
which helps the following car predict the optimal speed based
on current gap, velocities, and maximal acceleration (decel-
eration) of the cars. To ensure the usability and reliability of
testing results of this scenario, the two cars run on the circular
test road for 5 times at different speeds, which are 30Km/h,
60Km/h, 90Km/h, and 120Km/h, respectively. Under each
speed condition, we only analyze the testing data within the
effective communication distance.

3.3.2. Traffic Text Message Broadcast. In this scenario (see
Figure 7), when the vehicles are passing by the DSRC RSU or
entering the LTE cell, the traffic information releasing system
will frequently send short text messages to the vehicles. The
text messages generally include the information of weather,
road condition, traffic flow, work zone, accidents, travel
service, and so forth.This scenario can also be extended to the
applications of electronic traffic signs extension and mobile
advertising push. This scenario hires a server to control the
DSRCRSU and LTE to broadcast text messages to the around
environment at a frequency of 10Hz, and the size of each
message is less than 340 bytes.Theon-board units installed on
the passing vehicles will record not only the message content
but also the affiliated information including the message ID,
source ID, and time tag. The two cars will run on the circular
test road for 5 times at different speeds, which is the same as
in Scenario I.

3.3.3. Multimedia File Download. In this scenario, when the
vehicles are passing by the DSRC RSU or entering the LTE
cell, the OBUs will request file download. This scenario can
also be extended to the applications of map download, Video
on Demand (VOD), and so forth. In this scenario, we only
employ one car to conduct the testing in order to avoid the
two cars’ competition for the wireless bandwidth. Once the
car enters the effective communication area, it will send a
download request to the server. If the request is accepted,
the downloading starts and the OBU begins to record the
throughput of the link. The running model of the car is
the same as the above two scenarios. In order to ensure the
reliability of the testing data, the testing cars will run on the
circular test road for 5 times at different speeds to execute the
application of Multimedia File Download.

4. Experimental Results and Analysis

4.1. Collision Avoidance. Figure 8 shows the fading character-
istic of DSRC and LTE network as the velocity of the testing
vehicle increases under Scenario I. Figure 8(a) shows the
relationship between the average Packet Loss Rate (PLR) and
the vehicle running velocity.The average PLR is calculated by
the rate of the lost packages among the total sent packages.
From Figure 8(a), it can be found that the average PLR of
LTE jumps from 4% to 7.5% when the velocity of vehicles
changes from 60Km/h to 90Km/h, while the average PLR
of DSRC changes slightly. Figure 8(b) shows the relationship
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between the Round-Trip Time (RTT) and the vehicle running
velocity. The average RTT is calculated by the response of
Ping command. From Figure 8(b), it can be found that the
average RTT of DSRC is very low (below 10 milliseconds)
and satisfies the most critical requirement in Table 1. But
the average RTT of LTE at different vehicle speeds is much
higher than that of DSRC. It is also higher than 100 mil-
liseconds, which is the regular demand in Table 1 for safety-
related applications. The RTT of LTE increases gradually

as the vehicle speed increases, while that of DSRC keeps
stable.

As can be seen in Figure 8, it can be concluded that
performance degradation of LTE is worse than that of DSRC
in Scenario I, which is mainly caused by Doppler Effect and
cellular handoff of LTE network. In realistic case of Collision
Avoidance, the latency would be higher than the measured
results we got from the test because of the dense traffic flow
and hash communication environment. In summary, DSRC
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is more suitable for Collision Avoidance and other related
safety V2V traffic applications.

4.2. Traffic Text Message Broadcast. Figure 9 shows the per-
formance degradation ofDSRCas the vehicle is passing by the
DSRC RSU at a speed of 120Km/h, which is used to confirm
the effective communication range for DSRC RSU. We can
clearly observe that the average PLR and RTT abruptly begin
to increase when the absolute distance between vehicle and
RSU is longer than 300 meters, which is particularly evident
in the Packet Loss Rate. When the distance between vehicle
and RSU ismore than 450m, it is too long for terminal on the
vehicle to keep connected. Because LTE has a long coverage
rangewhileDSRChas not.Wemust conduct the performance
comparison experiments within the effective communication

range of both. Figure 9(a) shows the relationship between
the Packet Loss Rate (PER) and the distance of vehicle to
RSU. Figure 9(b) shows the relationship between the Round-
Trip Time (RTT) and the distance. From this figure, it can
be clearly observed that the PLR and RTT delay of DSRC
dramatically drop off when the distance between the vehicle
and RSU is close to 300 meters. So we only analyze the data
captured within this range.

Figure 10 shows the of DSRC and LTE network as the
velocity of the testing vehicle increases in Scenario II. Fig-
ure 10(a) shows the relationship between the average Packet
Loss Rate (PLR) and the vehicle running velocity.The average
PLR is calculated by the rate of the lost packages among the
total sent packages. From Figure 10(a), it can be found that
the average PLR of LTE jumps from 1.7% to 3.5% when the
velocity of vehicles changes from 30Km/h to 90Km/h, while
the average PLR of DSRC is almost unchanged. Figure 10(b)
shows the relationship between the Average Round-Trip
Time (RTTand the vehicle running velocity.The averageRTT
is calculated by the mean of the RTT of all the broadcasted
packages. From Figure 10(b), it can be found that the RTT
of DSRC is very low (below 10 milliseconds, and the average
RTT of LTE at 30Km/h is lower than 100milliseconds, which
is the lowest requirement proposed by CAMP for electronic
traffic sign application. When the vehicle running velocity
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exceeds 50Km/h, the average RTT of LTE is beyond 100
milliseconds and achieves 150 milliseconds at 120Km/h. The
communication performance of DSRC is nearly irrelevant to
the vehicle running velocity under Scenario II.

From Figure 10, it can be concluded that if the Traffic Text
Message Broadcast is for the nonsafety applications, both LTE
and DSRC are acceptable. And LTE has a longer coverage
scope than DSRC, which helps to cut the costs of dense
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deployments of DSRC RSU. But, for the safety application
such as wrong way driver warming, LTE cannot satisfy the
requirement.

4.3. Multimedia File Download. Figure 11 shows the through-
put performance of DSRC and LTE in the scenario of Multi-
media File Download. It is found that the throughput of LTE
is significantly higher than that of DSRC at different vehicle
running velocities although the Doppler Effect reduces their
performance at high-speed conditions. Furthermore, DSRC
is a kind of ad hoc network, and its throughput performance
will significantly drop as the number of the nodes increases
rapidly because of the traffic congestion. At the same time,
LTE has a long coverage range, and it means that the vehicle
equipped with LTE terminal can download the file for longer
time than the ones with DSRC OBU. It is very important
for download a file with big size. Besides, WAVE is a kind
of ad hoc network, which makes the throughput reduced
while the number of terminals increases in certain area. So
in real scenarios throughput performance of WAVE may not
be as good as that which we obtain in the test. Hence, it can
be concluded that LTE is more suitable for Multimedia File
Download scenario than DSRC.

5. Conclusions

In this paper, three Connected Vehicle application scenarios
are set as Collision Avoidance, Traffic Text Message Broad-
cast, and Multimedia File Download, respectively. The com-
munication performance of DSRC and LTE is investigated
and analyzed with the developed hardware and software plat-
form. Compared with the traditional computer simulation
method for vehicle network performance, there are several
innovations as follows:

(1) The performance of LTE is worse than that of DSRC
under Collision Avoidance scenario, which is mainly
caused by Doppler Effect and cellular handoff of LTE
network. It means that LTE cannot meet the lowest

requirement of 100milliseconds for the safety applica-
tions. DSRC is more suitable for Collision Avoidance
and other safety-related V2V traffic applications.

(2) Under the scenario of Traffic TextMessage Broadcast,
LTE has a long coverage range while DSRC has
not. But, within the effective communication range,
DSRC has better communication performance than
LTE. Both LTE and DSRC are acceptable for the
broadcast of the nonsafety text message. For the
safety application such as the message broadcast from
an electronic traffic sign, DSRC outperforms LTE.
Because of the high costs of the dense deployment of
DSRC RSUs, it is suggested that DSRC RSU can be
installed on the spots where it is strongly related to
safety.

(3) Under the scenario of Multimedia File Download,
the throughput performance of LTE is significantly
higher than that of DSRC at different vehicle running
velocities. Furthermore, LTE has a long coverage
range, which is more suitable for Multimedia File
Download than DSRC.

(4) The combination of DSRC and LTE should be a good
solution for Connected Vehicles. It not only enables
the safe driving but also can supply high-quality
telematics service to the drivers.

(5) In the future, the comparison experiments with more
vehicles need to be conducted, because it is closer to
the real-world scenarios and can test communication
performance of DRSC and LTE in the extreme condi-
tions.
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A signal design problem is studied for efficiently managing autonomous vehicles (AVs) and regular vehicles (RVs) simultaneously
in transportation networks. AVs and RVs move on separate lanes and two types of vehicles share the green times at the same
intersections. The signal design problem is formulated as a bilevel program. The lower-level model describes a mixed equilibrium
where autonomous vehicles follow the Cournot-Nash (CN) principle and RVs follow the user equilibrium (UE) principle. In the
upper-level model, signal timings are optimized at signalized intersections to allocate appropriate green times to both autonomous
and RVs to minimize system travel cost. The sensitivity analysis based method is used to solve the bilevel optimization model.
Various signal control strategies are evaluated through numerical examples and some insightful findings are obtained. It was found
that the number of phases at intersections should be reduced for the optimal control of the AVs and RVs in the mixed networks.
More importantly, incorporating AVs into the transportation network would improve the system performance due to the value of
AV technologies in reducing random delays at intersections. Meanwhile, travelers prefer to choose AVs when the networks turn to
be congested.

1. Introduction

In the past decade, the automobile industries have made
significant technological development by bringing comput-
erization into driving. Such development is constantly accel-
erated under the circumstance where quite a few companies
such as Google, Volvo, and BMW have been advocating
autonomous vehicles (AVs) that navigate without direct
human operations. Once AVs enter into the market, there is a
mixed traffic in the transportation networks. Moreover, the
traffic pattern and related management in a transportation
system change accordingly when AVs are involved.

With no doubt, AVs could alleviate vehicle crashes
dramatically. According to the study of NHTSA, more than
40% of fatal crashes are attributed to human fails, such as
alcohol, distraction, and fatigue [1]. In this regard, the AVs
have potential to reduce quite a number of fatal accidents
in that the related human failings can be overcome by
AVs essentially. In addition, to improve driving safety, AVs
are introduced in the transportation system to mitigate
traffic congestion. Baking and acceleration actions of leading

vehicles can be well detected and anticipated by the advanced
automated driving technology. Such technology could reduce
the traffic-destabilizing shockwave propagation and conse-
quently enhance the capacity of road links. Traffic speed could
be increased by 8% to 13% in freeway, depending on the
communication method and traffic smoothing approaches
[2]. In fact, other techniques such as vehicle-to-vehicle (V2V)
and vehicle-to-infrastructure (V2I) communication can be
applied to alleviate traffic congestion as well as automated
driving technology.

AVs can pass intersections more efficiently by shorten-
ing start-up times and headways among vehicles at signal
controlled intersections [3]. Moreover, by utilizing the V2V
and V2I communication, random delays at signal controlled
intersections can be decreased substantially. Therefore, AVs
can more effectively use green times at signals and eventually
better use intersection capacities. In the presence of V2V
communication, all involved AVs could be programmed to
choose their own routes to maximize the group interest by
following the principle of Cournot-Nash (CN) equilibrium.
In other words, AVs are under the control of a central
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manager and behave cooperatively in travel routing decisions.
In contrast, RVs behave fully competitively and follow user
equilibrium to find the path with the shortest travel cost.
Overall, the AVs have the potential and inherent advantage
in reducing traffic congestion in the network.

In order to keep upwith the technical development ofAVs
and make full use of the related merits, it is critical for the
government to design tangible policies and control strategies
to adapt the deployment of the technology. In this paper, we
focus on designing optimal signal control strategies of AVs.

Despite the infusive technical developments, there is still
a long time, perhaps several decades, to go for the AV vehicles
to reach a high market share or dominate the full market.
In this case, a heterogeneous traffic stream consisting of
both RVs and AVs is more reasonable in the foreseeable
future. In fact, it is believed that the government can identify
critical locations for managing and/or separating AVs from
the heterogeneous traffic steam. Meanwhile, in spirit of
applying exclusive bus lanes, an exclusive AV lane would be
an attractive and effective choice to implement AVs in urban
traffic system. For example, Tientrakool et al. reported that
the efficiency of the AVs lane is three times the common lane
with mixed traffic flows [4]. Therefore, the use of AV lanes
can save travel time substantially, which can in turn enhance
the market share of AVs.

So far, much of the research in AV filed from micro
perspective focused on analyzing AVs’ on-road vehicle-
following behaviors [5–10]. Different from the comparatively
simple on-road moving condition, the driving actions of AVs
at intersections turn to be more complicated because several
conflict points resulted from crossing, moving in different
directions. To characterize such problem, Dresner and Stone
proposed an intersection management algorithm for AVs by
utilizing a cell-based intersection reservation system [3].

The research of AVs from the macro perspective of travel
mode split, network design, and parking behavior analysis
has attracted an increasing attention in recent years. For
example, quite a few studies suggested that a shared taxi fleet
composed of AVs may replace the traditional taxi pattern.
More importantly, incorporating AVs into the transportation
system could alleviate traffic congestion in the networks [11].
Fagnant and Kockelman developed an agent-based model to
investigate the impact of AVs on urban transport system, and
they found that one AV would be able to replace eleven RVs
but would only lead to 10% more travel cost [12].

Some researchers studied the traffic improvement meth-
ods based on transportation networks, considering the
behaviors of drivers or travelers. Network optimization
problems for the mixed AV traffic flows include AV lane
configuration problem [13] andAV zone design problem [14].
For example, Chen et al. [13] proposed a time-dependent
model to optimally deploy AV lanes on a general network
with mixed AVs and RVs. Zhou et al. found that cooperative
autonomous vehicles can substantially improve the efficiency
of freeway merging [15].

In this paper, we investigate the signal design problem
in the transportation system consisting of AVs and RVs. The
signal design problem in this paper shows some new features
from previous studies. Firstly, the routing choice decisions of

two types of vehicle in a mixed network give rise to a mixed
equilibrium, rather than the conventional UE. Specifically,
AV users follow the CN principle in routing decision-making
and travelers who drive RVs behave as UE players to seek
their respective shortest paths. Secondly, asmentioned above,
the travel (random) delay at interactions can be reduced by
applying the merits of V2V and V2I techniques. Therefore, it
is attractive for the government to design an optimal signal
control scheme to make better use of the green times so as to
enhance network performance. However, it is a challenging
task to formulate the network signal design problemby taking
into the mixed routing choice behaviors of AV and RV users.
We attempt to propose a general mathematical programming
model to help governments design and implement tangible
signal control strategies to minimize the total travel cost of a
transportation network with mixed traffic flows.

In the network, AVs and RVs in the road links are man-
aged to, respectively, use exclusive lanes (common lane and
AV lane). In this case, no interference between two different
types of vehicles exists in the links so that the advantage of AV
technology would be fully utilized. At the same intersections,
AVs andRVs share the green time.Themerit of lower random
delay in AV lane will attract more travelers to use AVs.
The signal design problem is a Stackelberg game between
the government (network management authority) and the
travelers. The government is the leader of designing signal
control schemes. And the travelers who use RVs and AVs
behave as followers. Therefore, we can formulate the signal
design problem as a bilevel programming model, where in
the upper level the government designs optimal signal control
schemes to manage the movement of AVs and RVs, and
in the lower level a CN-UE mixed equilibrium is given to
characterize the AV users’ and RV users’ routing behaviors.
Note that the link traffic model used in the paper is a BPR
static function, and some recently calibrated link model can
be utilized in the future study [16].

The rest of this paper is organized as follows. Section 2
defines and formulates the signal design problem and pro-
poses the solution algorithm. Numerical examples are pro-
vided in Section 3. The last section concludes the paper.

2. Signal Design Problem with
Mixed Traffic Flows

In this section, we firstly describe the signal design problem
where both AVs and RVs share a transportation network.
Then, a bilevel programming model is developed, to charac-
terize the leader-follower behavior of the manager and the
travelers. The upper-level model optimizes the total travel
time in the network by determining optimal green time ratios
of all phases at the signal control intersections. The lower-
level problem is the CN-UE mixed equilibrium problem
that determines the mixed traffic pattern. To facilitate the
model formulations, the following assumptions aremade. For
each link, the AVs and RVs use their exclusive lanes, which
means the traffic streams of AVs and RVs would not interfere
with each other. The travel mode split for each commuter is
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determined by the discrete choice model (logit model). The
capacity of AV lane is much larger than of the capacity of
RV lane. The performance functions of AV and RV links are
strictly increasing, as well as convex functions with respect to
link flows. At the intersections, AVs and RVs share the same
green times. The total delay at the intersections consists of
average delay and random delay, and the AVs technologies
can reduce the random delay. Thus, for AVs, the weight of
random delay in the total delay is smaller than that for RVs.
AVs follow the CN principle to choose the routes while the
RVs follow the UE principle.

2.1. The Lower-Level Problem. The lower level of the model
is a logit-based traffic equilibrium problem. RVs follow user
equilibrium (UE) for traffic assignment, while AVs follow
Cournot-Nash equilibrium (CN) for traffic assignment. Logit
model is used to split the travel demands of the two modes.

We assume that travel time consists of road travel time
and intersection delay time. The travel time of RVs and
AVs can be represented by the following BPR functions,
respectively:

𝑡1𝑎 = 𝑡1𝑓𝑎 [1 + 𝛽1 (𝑥1𝑎𝐶1𝑎)
𝑝1] , ∀𝑎 ∈ 𝐴

𝑡2𝑎 = 𝑡2𝑓𝑎 [1 + 𝛽2 (𝑥2𝑎𝐶2𝑎)
𝑝2] , ∀𝑎 ∈ 𝐴.

(1)

Functions (1) represent link travel timewith respect to the
link flow for RVs and AVs, respectively. Parameters 𝛽1, 𝛽2,𝑝1 and 𝑝2 represent the sensitivities of link flow to the travel
time. Due to the technical advantages of AVs, we assume𝛽1 >𝛽2 and 𝑝1 > 𝑝2.

The intersection delay times of RVs andAVs of each phase
at the intersection can be expressed as

𝑑1𝑖𝑎 = 𝑇𝑦 (1 − 𝜛1𝑎𝑖)22 (1 − 𝑥1𝑎𝑖/𝐶1𝑖𝑎 ) + 𝜆1 𝑥1𝑎𝑖/𝐶1𝑖𝑎 𝜛1𝑎𝑖2𝐶1𝑖𝑎 (𝜛1𝑎𝑖 − 𝑥1𝑎𝑖/𝐶1𝑖𝑎 ) ,
𝑎 ∈ 𝐴𝑦, 𝑖 ∈ 𝑀1𝑎

𝑑2𝑖𝑎 = 𝑇𝑦 (1 − 𝜛2𝑎𝑖)22 (1 − 𝑥2𝑎𝑖/𝐶2𝑖𝑎 ) + 𝜆2 𝑥2𝑎𝑖/𝐶2𝑖𝑎 𝜛2𝑎𝑖2𝐶2𝑖𝑎 (𝜛2𝑎𝑖 − 𝑥2𝑎𝑖/𝐶2𝑖𝑎 ) ,
𝑎 ∈ 𝐴𝑦, 𝑖 ∈ 𝑀2𝑎

(2)

Delay functions (2) consist of the average delay and the
random delay; 𝜆1 and 𝜆2 represent the weight of the random
delay in the total delay. Due to the technical improvement of
AVs, we believe that AVs can effectively reduce the random
delay (𝜆1 > 𝜆2), thus reducing the total delay at the
intersections.

Assume that the path set of the RV is 𝐾1 and that of
the AVs is 𝐾2. We can establish a user equilibrium model as
follows:

min 𝑍
= 𝑘1∑
𝑎∈𝐴

∫𝑥1𝑎
0

𝑡1𝑎 (𝜔) d𝜔 + 𝑘1∑
𝑎∈𝐴

∑
𝑖∈𝑀1
𝑎

∫𝑥1𝑎𝑖
0

𝑑1𝑖𝑎 (𝜐) d𝜐 + 𝑘2∑
𝑎∈𝐴

𝑡2𝑎 (𝑥2𝑎) 𝑥2𝑎 + 𝑘2∑
𝑎∈𝐴

∑
𝑖∈𝑀2
𝑎

𝑑2𝑖𝑎 (𝑥2𝑎𝑖) 𝑥2𝑎𝑖
+ 1𝜃 ∑𝑞1,𝑤 (ln 𝑞1,𝑤 − 1) + 1𝜃 ∑𝑞2,𝑤 (ln 𝑞2,𝑤 − 1)

(3)

subject to ∑
𝑗∈𝐾1

𝑓𝑤1𝑗 = 𝑞1,𝑤𝑘1 (4)

∑
𝑗∈𝐾2

𝑓𝑤2𝑗 = 𝑞2,𝑤𝑘2 (5)

𝑓𝑤1𝑗 ≥ 0,
𝑓𝑤2𝑗 ≥ 0 (6)

𝑥1𝑎 = ∑
𝑗∈𝐾1

𝑓𝑤1𝑗𝛿1𝑤𝑎𝑗 , ∀𝑎 ∈ 𝐴 (7)

𝑥2𝑎 = ∑
𝑗∈𝐾2

𝑓𝑤2𝑗𝛿2𝑤𝑎𝑗 , ∀𝑎 ∈ 𝐴 (8)

𝑥1𝑎𝑖 = ∑
𝑗∈𝐾1

∑
𝑖∈𝑀1
𝑎

𝑓𝑤1𝑗𝛿1𝑤𝑖𝑎𝑗 , ∀𝑎 ∈ 𝐴 (9)

𝑥2𝑎𝑖 = ∑
𝑗∈𝐾2

∑
𝑖∈𝑀2
𝑎

𝑓𝑤2𝑗𝛿2𝑤𝑖𝑎𝑗 , ∀𝑎 ∈ 𝐴 (10)
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𝑥1𝑎 = ∑
𝑖∈𝑀1
𝑎

𝑥1𝑎𝑖, ∀𝑎 ∈ 𝐴 (11)

𝑥2𝑎 = ∑
𝑖∈𝑀1
𝑎

𝑥2𝑎𝑖, ∀𝑎 ∈ 𝐴 (12)

𝑞1,𝑤 + 𝑞2,𝑤 = 𝑞𝑤 (13)

𝑞1,𝑤 = 𝑞𝑤 11 + 𝑒𝜃(𝑢1,𝑤−𝑢2,𝑤) (14)

𝑞2,𝑤 = 𝑞𝑤 11 + 𝑒𝜃(𝑢2,𝑤−𝑢1,𝑤) . (15)

For a mathematical programming problem, any local
minimum solution satisfies the first-order conditions. If the
first-order conditions of the model satisfy the path and mode
choice principles, then the mixed equilibrium holds. We
construct the following Lagrangian function:

𝐿 (𝑥, 𝑞, 𝜇1, 𝜇2, 𝜆) = 𝑍 +∑
𝑤

𝑢1,𝑤(𝑞1,𝑤𝑘1 − ∑
𝑗∈𝐾1

𝑓𝑤1𝑗)

+∑
𝑤

𝑢2,𝑤(𝑞2,𝑤𝑘2 − ∑
𝑗∈𝐾2

𝑓𝑤2𝑗)
+∑
𝑤

𝜆𝑤 (𝑞𝑤 − 𝑞1,𝑤 − 𝑞2,𝑤) .

(16)

The first-order conditions are

𝑓𝑤1𝑗 𝜕𝐿𝜕𝑓𝑤1𝑗 = 0, 𝜕𝐿𝜕𝑓𝑤1𝑗 ≥ 0
𝑓𝑤2𝑗 𝜕𝐿𝜕𝑓𝑤2𝑗 = 0, 𝜕𝐿𝜕𝑓𝑤2𝑗 ≥ 0

𝜕𝐿𝜕𝑞1,𝑤 = 0,
𝜕𝐿𝜕𝑞2,𝑤 = 0
𝜕𝐿𝜕𝑢1,𝑤 = 0,
𝜕𝐿𝜕𝑢2,𝑤 = 0,
𝜕𝐿𝜕𝜆𝑤 = 0.

(17)

By function (17), the following necessary complementary
conditions can be derived:

[
[∑
𝑎∈𝐴

𝑡1𝑎 (𝑥1𝑎) 𝑥1𝑎𝛿1𝑤𝑎𝑗 + ∑
𝑎∈𝐴

∑
𝑖∈𝑀1
𝑎

𝑑1𝑖𝑎 (𝑥1𝑎𝑖) 𝛿1𝑤𝑖𝑎𝑗 − 𝑢1,𝑤]]
⋅ 𝑓𝑤1𝑗 = 0, 𝑗 ∈ 𝐾1

(18)

∑
𝑎∈𝐴

𝑡1𝑎 (𝑥1𝑎) 𝑥1𝑎𝛿1𝑤𝑎𝑗 + ∑
𝑎∈𝐴

∑
𝑖∈𝑀1
𝑎

𝑑1𝑖𝑎 (𝑥1𝑎𝑖) 𝛿1𝑤𝑖𝑎𝑗 − 𝑢1,𝑤 ≥ 0,
𝑗 ∈ 𝐾1

(19)

{{{∑
𝑎∈𝐴

[𝑡2𝑎 (𝑥2𝑎) 𝑥2𝑎𝛿2𝑤𝑎𝑗 + d𝑡2𝑎 (𝑥2𝑎)
d𝑥2𝑎 ]

+ ∑
𝑎∈𝐴

∑
𝑖∈𝑀2
𝑎

[𝑑2𝑖𝑎 (𝑥2𝑎𝑖) 𝛿2𝑤𝑖𝑎𝑗 + 𝑥2𝑎𝑖 d𝑑
2𝑖
𝑎 (𝑥2𝑎𝑖)
d𝑥2𝑎𝑖 ]

− 𝑢2,𝑤}}}𝑓𝑤2𝑗 = 0, 𝑗 ∈ 𝐾2

(20)

∑
𝑎∈𝐴

[𝑡2𝑎 (𝑥2𝑎) 𝑥2𝑎𝛿2𝑤𝑎𝑗 + d𝑡2𝑎 (𝑥2𝑎)
d𝑥2𝑎 ]

+ ∑
𝑎∈𝐴

∑
𝑖∈𝑀2
𝑎

[𝑑2𝑖𝑎 (𝑥2𝑎𝑖) 𝛿2𝑤𝑖𝑎𝑗 + 𝑥2𝑎𝑖 d𝑑
2𝑖
𝑎 (𝑥2𝑎𝑖)
d𝑥2𝑎𝑖 ] − 𝑢2,𝑤

≥ 0, 𝑗 ∈ 𝐾2

(21)

∑
𝑗∈𝐾1

𝑓𝑤1𝑗 = 𝑞1,𝑤𝑘1 (22)

∑
𝑗∈𝐾2

𝑓𝑤2𝑗 = 𝑞2,𝑤𝑘2 (23)

𝑓𝑤1𝑗 ≥ 0,
𝑓𝑤2𝑗 ≥ 0 (24)

𝑥1𝑎 = ∑
𝑗∈𝐾1

𝑓𝑤1𝑗𝛿1𝑤𝑎𝑗 , ∀𝑎 ∈ 𝐴 (25)

𝑥2𝑎 = ∑
𝑗∈𝐾2

𝑓𝑤2𝑗𝛿2𝑤𝑎𝑗 , ∀𝑎 ∈ 𝐴 (26)

𝑥1𝑎𝑖 = ∑
𝑗∈𝐾1

∑
𝑖∈𝑀1
𝑎

𝑓𝑤1𝑗𝛿1𝑤𝑖𝑎𝑗 , ∀𝑎 ∈ 𝐴 (27)

𝑥2𝑎𝑖 = ∑
𝑗∈𝐾2

∑
𝑖∈𝑀2
𝑎

𝑓𝑤2𝑗𝛿2𝑤𝑖𝑎𝑗 , ∀𝑎 ∈ 𝐴 (28)
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𝑥1𝑎 = ∑
𝑖∈𝑀1
𝑎

𝑥1𝑎𝑖, ∀𝑎 ∈ 𝐴 (29)

𝑥2𝑎 = ∑
𝑖∈𝑀1
𝑎

𝑥2𝑎𝑖, ∀𝑎 ∈ 𝐴 (30)

𝑞1,𝑤 + 𝑞2,𝑤 = 𝑞𝑤 (31)

𝑞1,𝑤 = 𝑞𝑤 11 + 𝑒𝜃(𝑢1,𝑤−𝑢2,𝑤) (32)

𝑞2,𝑤 = 𝑞𝑤 11 + 𝑒𝜃(𝑢2,𝑤−𝑢1,𝑤) . (33)

Functions (18) and (19) satisfy the UE principle of RVs.
Functions (18) and (19) satisfy the CN principle of AVs.
Functions (31)–(33) satisfy the logit-based mode choice. It
is obvious that the solution of the minimization problem
(3)–(11) satisfies the logit-based mode choice, namely, the
mixed equilibrium condition of RVs and AVs.

And the local optimal solution of a convex program is
also the global optimal solution. If the objective function
is a strictly convex function, there is only one optimal
solution of the model. Obviously (1/𝜃)∑ 𝑞1,𝑤(ln 𝑞1,𝑤 −1) and(1/𝜃)∑ 𝑞2,𝑤(ln 𝑞2,𝑤 − 1) are both strictly convex functions.
Furthermore, the link performance functions are strictly
increasing and convex. Thus, objective function (3) is strictly
convex. So the lower-level model has a unique solution.
Therefore, the existence and uniqueness of the solution of the
lower-level model are guaranteed.

2.2. The Upper-Level Model. The upper-level model intro-
duces the optimal signal control scheme for AVs and RVs,
with the aim of minimizing system travel time:

min 𝑊
= 𝑘1(∑

𝑎∈𝐴

𝑡1𝑎 (𝑥1𝑎) 𝑥1𝑎 + ∑
𝑎∈𝐴

∑
𝑖∈𝑀1
𝑎

𝑑1𝑖𝑎 (𝑥1𝑎𝑖) 𝑥1𝑎𝑖)

+ 𝑘2(∑
𝑎∈𝐴

𝑡2𝑎 (𝑥2𝑎) 𝑥2𝑎 + ∑
𝑎∈𝐴

∑
𝑖∈𝑀2
𝑎

𝑑2𝑖𝑎 (𝑥2𝑎𝑖) 𝑥2𝑎𝑖) .
(34)

The decisional variables are the green time ratios of
all phases at the signal controlled intersections. Meanwhile,
different phases have to meet certain requirements at the
same signal controlled intersections; namely, the following
constraint needs to be added to the upper model:

BI𝑦 = D, ∀𝑦 ∈ 𝑌. (35)

B andD are the matrixes to represent the relationship among
different phases at the intersection 𝑦, so that function (35)
implies that the phases at the intersection 𝑦 should satisfy
certain linear constraints.

2.3. Solution Algorithm. This problem belongs to the second-
best network design problem; the sensitivity analysis based
method is used to solve this model. Thus, we must evaluate
the changes in equilibrium link flows caused by the changes

in the green time ratios. It is difficult to evaluate the changes
in equilibrium link flows directly because of the implicit,
nonlinear function form of equilibrium link flows.The linear
function can be used to approximate the nonlinear function
of equilibrium link flows. Relative algorithm was proposed
by Yang and Yagar [17]. The procedure of the algorithm is
outlined below.

Step 0. Determine an initial set of green time ratio I(0)𝑦 and let𝑛 = 0.
Step 1. By using the given I(𝑛)𝑦 , solve the lower-level mixed
equilibrium problem which yields the initial vector of traffic
volume x(𝑛), intersection delay d(𝑛), and link travel time t(𝑛).

Step 2. Calculate the derivatives, using the sensitive analysis,
and derive 𝜕x(𝑛)/𝜕I(𝑛)𝑦 , 𝜕t(𝑛)/𝜕I(𝑛)𝑦 , and 𝜕d(𝑛)/𝜕I(𝑛)𝑦 .

Step 3. Formulate local linear approximations of upper-level
objective function (36) by using derivative information and
solve the linear programming to obtain an auxiliary solution.

𝑊(x, d, t) = 𝑊(x(𝑛), d(𝑛), t(𝑛)) + (𝑑𝑊(x, d(𝑛), t(𝑛))
𝑑I𝑦

+ 𝑑𝑊(x(𝑛), d, t(𝑛))
𝑑I𝑦 + 𝑑𝑊(x(𝑛), d(𝑛), t)

𝑑I𝑦 )(I𝑦
− I(𝑛)𝑦 ) .

(36)

Step 4. Update the toll vector I(𝑛+1)𝑦 = I(𝑛)𝑦 + (1/(𝑛 + 1))(I(𝑛)𝑦 −
I(𝑛)𝑦 ).
Step 5. Terminate the algorithmwhen ‖I(𝑛+1)𝑦 −I(𝑛)𝑦 ‖ ≤ 𝜀, where𝜀 is the convergence criterion; otherwise 𝑛 = 𝑛 + 1 and go to
Step 1.

For detailed equations of calculating the derivatives,
please refer to [18, 19].

3. Numerical Examples

The road network with 14 links and 6 nodes in the numerical
examples is provided in Figure 1. The road network has 12
OD pairs: 1-3, 1-5, 1-6, 3-1, 5-1, 6-1, 5-6, 6-5, 3-5, 5-3, 3-6,
and 6-3. The solid lines in the figure represent the lanes
for RVs. The dash lines indicate the lanes for AVs. Relevant
parameters of the road network are shown in Table 1. Nodes
2 and 4 represent signal controlled intersections. For the sake
of simplicity, we assume that, at intersections 2 and 4, for
RVs the capacity proportion of left turn lane, through lane,
and the right turn lane is 1 : 2 : 1. At intersection 2, for AVs,
the capacity proportion of left turn lane, through lane, and
right turn lane is 1 : 2 : 1. At intersection 4, the AVs lane has
only through lane. In this study, intersection 4 takes one
control strategy, while there are four different signal control
strategies for intersection 2 as candidates. In our numerical
examples, we examine the optimal green time ratios and some



6 Journal of Advanced Transportation

Table 1: Relevant parameters of the road network.

Link 𝑡1𝑓𝑎 𝐶1𝑎 𝑡2𝑓𝑎 𝐶2𝑎
1 18 2000 18 2000
2 18 2000 18 2000
3 26 2000 26 2000
4 26 2000 26 2000
5 21 2000 21 2000
6 21 2000 21 2000
7 14 2000 14 2000
8 14 2000 14 2000
9 35 2000 — —
10 35 2000 — —
11 40 2000 — —
12 40 2000 — —
13 25 2000 25 2000
14 25 2000 25 2000
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Figure 1: Topology of the transportation network.

sensitive analyses under different signal control strategies. In
the numerical examples, we have 𝑘1 = 2, 𝑘2 = 3, 𝑇𝑦 =2, 𝜆1 = 0.9, 𝛽1 = 0.3, 𝑝1 = 4, and 𝑝2 = 1.
3.1. Different Signal Control Strategies. Based on the expe-
rience and theories of traffic engineering, we make the
following assumptions for the traffic organization and signal
control at the intersections as follows:

(i) Conflict points between RVs and AVs are not allowed
in the same phase, because it is difficult to establish
the communication between RVs and AVs. So these
conflict points should be eliminated by signal control
strategies for the sake of safety.
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Figure 2: Illustration of green time ratios in intersection 4.

(ii) The conflicts among AVs are allowed in one phase,
but the number should be limited in one signal phase,
because the V2V technologies could help the AVs to
avoid crash if there is enough space. But if too many
conflict points exist in the same phase, the space is not
insufficient for AVs to prevent crashes. So we assume,
in the numerical examples, that there are at most four
conflict points in the same phase.

For intersection 4, we propose only one control strategy.
Illustration of green time ratios of different movements is
shown in Figure 2.

A five-phase control strategy is used at intersection 4;
in the strategy, 4 phases are utilized by RVs; one phase is
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Figure 3: Five-phase signal control strategy in intersection 4.

utilized by AVs.The illustration is shown in Figure 3. And the
relationship among the green time ratios in the strategy can
be represented by the following linear functions:

𝜛191 = 𝜛193 = 𝜛1121 = 𝜛1123
𝜛192 = 𝜛1122
𝜛161 = 𝜛163 = 𝜛1131 = 𝜛1133
𝜛162 = 𝜛1132
𝜛261 = 𝜛2131

𝜛191 + 𝜛192 + 𝜛161 + 𝜛162 + 𝜛261 = 1.

(37)

For intersection 2, illustration of green time ratios of
different directions is shown in Figure 4.

And then we propose four signal control strategies for
intersection 2.

Control Strategy 1. There are five phases in Strategy 1; the
illustration of the five phases is shown in Figure 5.

And the relationship among the green time ratios in the
strategy can be represented by the following linear functions:

𝜛182 = 𝜛183 = 𝜛152 = 𝜛153 = 𝜛283 = 𝜛253
𝜛181 = 𝜛151 = 𝜛281 = 𝜛251
𝜛112 = 𝜛113 = 𝜛142 = 𝜛143 = 𝜛213 = 𝜛243
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Figure 4: Illustration of green time ratios in intersection 2.

𝜛111 = 𝜛141 = 𝜛211 = 𝜛241
𝜛213 = 𝜛243 = 𝜛253 = 𝜛283
𝜛281 + 𝜛282 + 𝜛112 + 𝜛111 + 𝜛213 = 1.

(38)

Control Strategy 2. There are five phases in Strategy 2. The
illustration of the five phases is shown in Figure 6.
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Figure 6: Illustration of control strategy 2 in intersection 2.
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And the relationship among the green time ratios in the
strategy can be represented by the following linear functions:

𝜛182 = 𝜛183 = 𝜛152 = 𝜛153 = 𝜛283 = 𝜛253
𝜛181 = 𝜛151 = 𝜛281 = 𝜛251
𝜛112 = 𝜛113 = 𝜛142 = 𝜛143 = 𝜛213 = 𝜛243
𝜛111 = 𝜛141 = 𝜛211 = 𝜛241
𝜛213 = 𝜛243 = 𝜛253 = 𝜛283
𝜛281 + 𝜛282 + 𝜛112 + 𝜛111 + 𝜛213 = 1.

(39)

Control Strategy 3. There are six phases in strategy 3; the
illustration of the six phases is shown in Figure 7. The
relationship among the green time ratios in the strategy can
be represented by the following linear functions:

𝜛182 = 𝜛183 = 𝜛152 = 𝜛153 = 𝜛283 = 𝜛253
𝜛181 = 𝜛151 = 𝜛281 = 𝜛251
𝜛112 = 𝜛113 = 𝜛142 = 𝜛143 = 𝜛213 = 𝜛243
𝜛111 = 𝜛141 = 𝜛211 = 𝜛241
𝜛213 = 𝜛243 = 𝜛253 = 𝜛283
𝜛281 + 𝜛282 + 𝜛112 + 𝜛111 + 𝜛213 = 1.

(40)

Control Strategy 4. There are five phases in strategy 6; the
illustration of the six phases is shown in Figure 8.

The relationship among the green time ratios in the
strategy can be represented by the following linear functions:

𝜛182 = 𝜛183 = 𝜛152 = 𝜛153 = 𝜛283 = 𝜛253
𝜛181 = 𝜛151 = 𝜛281 = 𝜛251
𝜛112 = 𝜛113 = 𝜛142 = 𝜛143 = 𝜛213 = 𝜛243
𝜛111 = 𝜛141 = 𝜛211 = 𝜛241
𝜛213 = 𝜛243 = 𝜛253 = 𝜛283
𝜛281 + 𝜛282 + 𝜛112 + 𝜛111 + 𝜛213 = 1.

(41)

3.2. Four Numerical Examples under Different Strategies. The
first example is simulated to examine the performance of
signal control strategies. In the example, there are 3000
travelers for each OD pair. For AVs, we set the weight of the
random delay in the total delay 𝜆2 = 0.1, and 𝛽2 = 0 in the
case. The results are shown in Table 2. From these results, the
green time ratios for AVs are relatively small. For example, in
strategy 1, the green time ratios for phase 5 of intersection 4
is just 0.073, which implies that the exclusive phase for the
AVs occupies the least green time. One can conclude that
in order to minimize system travel time by setting traffic
signals at intersections, AVs always need to occupy less green
time; more green time should be allocated to the RVs. For
strategy 4, total system travel cost is 2995322, increased by
3.38%, 19.40%, and 23.65% compared with the results of
strategy 3, strategy 2, and strategy 1, respectively. Remarkably,
strategies 3 and 4 are the 6 phases’ control strategies, and
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Table 2: Optimal green time ratios under different strategies.

Strategy 1 Strategy 2 Strategy 3 Strategy 4

Optimal green time ratios of intersection 4

Phase 1 0.288 0.265 0.276 0.225
Phase 2 0.212 0.158 0.208 0.156
Phase 3 0.225 0.164 0.254 0.278
Phase 4 0.202 0.285 0.162 0.228
Phase 5 0.073 0.128 0.1 0.113

Optimal green time ratios of intersection 2

Phase 1 0.252 0.229 0.201 0.189
Phase 2 0.164 0.182 0.223 0.301
Phase 3 0.284 0.256 0.189 0.156
Phase 4 0.192 0.165 0.172 0.123
Phase 5 0.108 0.168 0.119 0.165
Phase 6 — — 0.096 0.066

Total system cost 2422422 2508682 2897253 2995322
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Figure 8: Illustration of control strategy 4 in intersection 2.

the gap of total travel cost between them is relatively small.
Meanwhile, by using 5-phase control strategies, the social
cost can be decreased greatly. The results indicate that the
total system cost is more sensitive to the number of phases.
For the optimal control of the AVs and RVs mixed network,
government should reduce the number of phases at the
intersections by arranging the AVs and RVs into the same
phase as much as possible.

The second example is proposed to examine the sensitiv-
ity of the parameter 𝜆2 to the total travel time in the four
strategies. Parameter 𝜆2 is the weight of the random delay in
the total intersection delay for AVs. It reflects the technical
development of AVs. With the V2V technology developing,
the random delay at the intersection would be smaller; that
is to say, 𝜆2 decreases. In the example travel demands of

all OD pairs are 3000, and 𝛽2 = 0. And results are shown
in Figure 9. Above all, in all the four strategies, total travel
time is positively related to 𝜆2. And the total travel time is
more sensitive to 𝜆2 when 𝜆2 is smaller than 0.2. Otherwise
when 𝜆2 is greater than 0.2, it is less sensitive to the total
travel time. That is to say, the initial technical development
of AVs for reducing 𝜆2 improves the network performance
slowly. However, the subsequent development of technical
development for reducing 𝜆2 (approaching 0) could improve
the network performance significantly.Thus, we can find that
themarginal benefit of technologies for reducing intersection
delay increases as the technical development. The results
imply that the systemcost can be reduced due to theAVs tech-
nologies of reducing the random intersection delay, and the
technology accumulation can accelerate the improvement.
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Table 3: Total travel time and travel ratio of AVs under different travel demand.

Travel demand 500 1000 1500 2000 2500 3000 3500 4000

Strategy 1 Travel time 242242 581380.8 944743.8 1356555 1816815 2422422 3391388 5038634
Travel ratio of AVs 0.58 0.62 0.66 0.7 0.74 0.82 0.8 0.78

Strategy 2 Travel time 250868 602083.2 978385.2 1404861 1881510 2508682 3512152 5218054
Travel ratio of AVs 0.58 0.62 0.65 0.71 0.74 0.82 0.82 0.76

Strategy 3 Travel time 289725 695340 1129928 1622460 2172938 2897253 4056150 6026280
Travel ratio of AVs 0.47 0.51 0.56 0.6 0.63 0.75 0.83 0.78

Strategy 4 Travel time 299532 718876.8 1168175 1677379 2246490 2995322 4193448 6230266
Travel ratio of AVs 0.48 0.52 0.56 0.6 0.63 0.75 0.83 0.78
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Figure 9: Relation between 𝜆2 and total travel time.

The third example is proposed to exam the sensitivity of
the parameter 𝛽2 in BPR function to the total travel time in
the four strategies. It also reflects the technical development
of AVs. With the technology development, 𝛽2 decreases so
that the delay in the road link is reduced. In the example,
numbers of travelers in all OD pairs are 3000, and 𝜆2 = 0.1.
And results are shown in Figure 10. In all of the four strategies,
total travel time is positively related to 𝛽2. And the total
travel time is less sensitive to 𝛽2 if 𝛽2 is smaller than 0.03;
otherwise it is more sensitive to 𝛽2. That is to say, the initial
technical development of AVs for reducing 𝛽2 improves the
network performance substantially. However, the subsequent
technical development for reducing 𝛽2 close to 0 could not
improve the network performance significantly. The results
imply that network system cost can be further reduced due to
the application of AV technologies in reducing the road link
delay, but the technology accumulation could not accelerate
the improvement.

The fourth example is proposed to examine the effect of
travel demand on the total travel time in the four strategies.
In the case of 𝜆2 = 0.1 and 𝛽2 = 0, we set eight sets of
travel demand and stimulate the optimal travel time and the
travel ratio of AVs. The results are shown in Table 3. When
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Figure 10: Relation between 𝛽2 and total travel time.

the travel demand increases, total travel time increases more
significantly in all the four strategies. And travel ratio of AVs
is not positively related to the total travel demand. For the first
two strategies, the travel ratio of AVs reaches the maximum
when travel demand is 3000, and if travel demand is greater
than 3000, the ratio decreases. For example, in strategy 1,
when travel demand is 3000, the ratio of AVs is 0.82, but if the
travel demand increases to 3500 and 4000, the ratio decreases
to 0.8 and 0.78, respectively. For the last two strategies, the
ratio gets its peak value when travel demand reaches 3500.
For example, in strategy 3, when travel demand is 3500, the
ratio of AVs is 0.83. But when the travel demand increases
to 4000, the ratio decreases to 0.78. It implies that travelers
tend to choose the AVs as the travel demand increases until
it exceeds a threshold.

4. Conclusions

In order to keep up with the technical development of
AVs and make full use advantages of AVs technology, it is
critical for government to adopt suitable policies and control
strategies to adapt the deployment of the technology. In the
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paper, we investigate the optimal signal control of AVs in
the road network. In the network, AVs and RVs in the road
link use exclusive lanes, respectively. So they do not interfere
with each other in the links. But at intersections AVs and RVs
share the green times. Since information and communication
technologies are beneficial to reducing the random delay of
AVs, it is important to design a reasonable signal system to
improve the efficiency of AV movements.

A bilevel model is proposed to describe the problem of
signal design formixed networkswith bothAVs andRVs.The
lower-level model is described as amixed equilibrium of both
types of vehicles. The AV vehicles follow the CN principle
for route choice, and the RVs follow the UE principle. In
the upper-level model, system managers use optimal signal
control schemes to allocate appropriate green times to AVs
and RVs to optimize the performance of the network. The
sensitivity analysis based method is used to solve the model.
Numerical examples are presented based on a road network
with 14 links and 6 nodes. Four numerical examples are
used to demonstrate the optimal green time ratios under
different signal control strategies. Some observations have
been obtained from the examples. First, for the optimal
signal control of the mixed network, the number of phases
at the intersections should be reduced, to improve the
efficiency. Second, the system cost can be reduced due to
the AVs technologies of reducing the random intersection
delay, and the technology accumulation could accelerate the
performance improvement.Third, system cost can be further
reduced due to theAVs technologies in reducing the road link
delay, but the technology accumulation could not accelerate
the improvement. Finally, travelers would tend to choose the
AVs as the total travel demand increases until it exceeds a
threshold.

Symbols

𝑁: The set of intersections in the
road network𝑌: The set of signal control
intersections in the road
network𝑦: Signal controlled intersection,𝑦 ∈ 𝑌𝐴𝑦: The set of road links where the
signal control intersection 𝑦 is
downstream𝑇𝑦: The total time period of signal
control intersection 𝑦𝐴: A set of upstream links at all
intersections𝑀1𝑎 = {1, 2, . . . , Δ1𝑎}: A set of phases of RVs at the
intersection downstream of the
road link 𝑎𝑀2𝑎 = {1, 2, . . . , Δ2𝑎}: A set of phases of AVs at the
intersection downstream of the
road link 𝑎Δ1𝑎 = |𝑀1𝑎|: The number of phases of RVs at
the intersection downstream of
the road link 𝑎

Δ2𝑎 = |𝑀2𝑎|: The number of phases of AVs at
the intersection downstream of
the road link 𝑎𝐼1𝑎 = {𝜛1𝑎1, 𝜛1𝑎2, . . . , 𝜛1Δ 𝑎}: A set of green time ratios of each
phase of RVs at the intersection
downstream of the road link 𝑎𝐼2𝑎 = {𝜛2𝑎1, 𝜛2𝑎2, . . . , 𝜛2Δ2

𝑎

}: A set of green time ratios of each
phase of AVs at the intersection
downstream of the road link 𝑎

Iy = {𝐼1𝑎 , 𝐼2𝑎 , ∀𝑎 ∈ 𝐴𝑦}: A set of green time ratios of each
phase of intersection 𝑦𝑋1𝑎 = {𝑥1𝑎1, 𝑥1𝑎2, . . . , 𝑥1𝑎Δ1

𝑎

}: A set of RVs flows based on
phases at the road link 𝑎𝑋2𝑎 = {𝑥2𝑎1, 𝑥2𝑎2, . . . , 𝑥2𝑎Δ2

𝑎

}: A set of AVs flows based on
phases at the road link 𝑎𝛿1𝑤𝑎𝑗 : 𝛿1𝑤𝑎𝑗 = 1 if the path 𝑗 of RVs
within the O–D pair 𝑤 uses link𝑎 otherwise 𝛿1𝑤𝑎𝑗 = 0𝛿2𝑤𝑎𝑗 : 𝛿2𝑤𝑎𝑗 = 1 if path 𝑗 of AVs within
the O–D pair 𝑤 uses link 𝑎
otherwise 𝛿2𝑤𝑎𝑗 = 0𝛿1𝑤𝑖𝑎𝑗 : if the path 𝑗 of RVs within the
O–D pair 𝑤 uses link 𝑎 and
belongs to the phase 𝑖 ∈ 𝑀1𝑎 ,𝛿1𝑤𝑖𝑎𝑗 = 1; otherwise 𝛿1𝑤𝑖𝑎𝑗 = 0𝛿2𝑤𝑖𝑎𝑗 : 𝛿2𝑤𝑖𝑎𝑗 = 1, if the path 𝑗 of RVs
within the O–D pair 𝑤 uses link𝑎 and belongs to the phase𝑖 ∈ 𝑀2𝑎 ; otherwise 𝛿2𝑤𝑖𝑎𝑗 = 0𝑡1𝑎: The travel time of RVs at the
link 𝑎𝑡2𝑎: The travel time of AVs at the
link 𝑎𝑡1𝑓𝑎: The free flow travel time of RVs
at the link 𝑎𝑡2𝑓𝑎: The free flow travel time of AVs
at the link 𝑎𝐶1𝑎: The traffic capacity of RVs at the
link 𝑎𝐶2𝑎: The traffic capacity of AVs at the
link 𝑎𝑥1𝑎𝑖: The traffic volume of RVs of the
phase 𝑖 ∈ 𝑀1𝑎 at the link 𝑎𝐶1𝑖𝑎 : The traffic capacity of RVs of the
phase 𝑖 ∈ 𝑀1𝑎 at the link 𝑎𝑥2𝑎𝑖: The traffic volume of AVs of the
phase 𝑖 ∈ 𝑀2𝑎 at the link 𝑎𝐶2𝑖𝑎 : The traffic capacity of AVs of the
phase 𝑖 ∈ 𝑀2𝑎 at the link 𝑎𝑑1𝑖𝑎 : The average of RVs of the phase𝑖 ∈ 𝑀1𝑎 at the link 𝑎𝑑2𝑖𝑎 : The average of AVs of the phase𝑖 ∈ 𝑀2𝑎 at the link 𝑎𝑘1: The average passengers of a RV𝑘2: The average passengers of an AV
vehicle.
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The application of automated vehicles in logistics can efficiently reduce the cost of logistics and reduce the potential risks in the last
mile. Considering the path restriction in the initial stage of the application of automated vehicles in logistics, the conventionalmodel
for a vehicle routing problem (VRP) is modified. Thus, the automated vehicle routing problem with time windows (AVRPTW)
model considering path interruption is established. Additionally, an improved particle swarm optimisation (PSO) algorithm is
designed to solve this problem. Finally, a case study is undertaken to test the validity of themodel and the algorithm. Four automated
vehicles are designated to execute all delivery tasks required by 25 stores. Capacities of all of the automated vehicles are almost fully
utilised. It is of considerable significance for the promotion of automated vehicles in last-mile situations to develop such research
into real problems arising in the initial period.

1. Introduction

Due to fierce competition in the global market, an intelligent,
efficient logistics system has become one of the most critical
assets needed for an enterprise to stand out from others. The
rapid development of the urbanisation and car ownership has
produced big impacts on the transport systems, leading to
challenges to many transport topics/areas, including demand
management [1–3], traffic signalization [4, 5], traffic safety
[6, 7], and public transport [8–11]. Modern logistics industry
asserts a strict claim to high efficiency.

Compared to conventional modes of transport, auto-
mated vehicles are proved to offer a huge improvement in
service efficiency and quality. In dense urban cities, labour
costs are high. Manpower is one of the significant elements
in any logistics system, which undoubtedly leads to the high
level of inputs into the logistics system. Additionally, fatigue
driving and bad driving behaviours cause potential risks for
the transportation safety, but automated vehicles are free from
these worries. To be concluded, the application of automated
vehicles in logistics can efficiently cut down the operation
costs, improve the efficiency of freightage, and eliminate
the potential risks caused by human beings. In this regard,

the methodology of automated vehicle routing planning in
logistics is proposed. Implementing automated equipment in
the last mile can largely cut down the cost of the logistics
and render the logistics system “smart” or “intelligent,” which
thus meets consumer expectations; however, unmanned
equipment is still on the test bed. Defects and instabilities in
the technology limit the scale of the application of automated
vehicles in the initial period. According to a report of public
views on automated vehicles from the American Automobile
Association (AAA), 75% of interviewees hold pessimistic
views on unmanned technology: 54% of drivers maintain
that automated vehicles on real roads must increase the
potential risk of a traffic accident and intensify public anxiety.
Thus, selectively opening or prohibiting sections of road is
an essential stage in the promotion of the use of automated
vehicles.

The conventional VRP model is modified by considering
a traffic interruption. The partial blocking of roads is con-
sidered as a constraint in the proposed model. This work
focuses on the automated vehicle routing problem with time
windows (AVRPTW) model of single distribution centre-
mass client mode. The purpose of the distribution centre is
to plan the driving circuit and satisfy the demands of all
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of the consumers: the objective function is to minimise the
operational cost.Thus, we examine the similarity between the
conventional VRP and the AVRPTW.The greatest difference
is that AVRP model is faced with stricter constraint condi-
tions, such as path interruption. Additionally, cost structure
in VRP andAVRP is different: cost in the VRPmodel consists
of dispatching and human costs. However, these costs are
simplified in the AVRPTWmodel. Based on the fundamental
particle swarm optimisation (PSO) algorithm, an improved
PSO algorithm is designed by modifying the inertia weights
and learning factors to improve the performance thereof.
The AVRPTW model and the improved PSO algorithm are
tested in a case study: their validity and practicability are
certified. Additionally, the application of automated vehicles
in logistics is proved to offer a huge improvement in efficiency
and other benefits.

The paper is organised as follows: Section 2 summarises
the literature review, in Section 3, the AVRPTW model
considering a traffic interruption is formulated, Section 4
introduces the improved PSO algorithm, the AVRPTW
model and improved PSO algorithm are applied in a case
study in Section 5, and Section 6 draws the conclusions.

2. Literature Review

The application of unmanned vehicle technology and vehicle
networking technology can effectively reduce the severity
of traffic congestion, traffic accidents, and environmental
pollution. Some scholars applied this technology to some
fields of transportation. For example, unmanned vehicle
technology was applied in intersection control to ensure the
safety and efficiency thereof [12, 13]; however, as for last-
mile logistics distribution, transportation, and other areas,
the application of unmanned vehicles has not yet started.

Jozefowiez et al. [14] analysed a multiobjective path
optimisation problem by comparing the definition of each
problem, objectives, and algorithms [14]. Baldacci et al. [15]
reviewed recent research into the exact algorithms for the
VRP with capacity and time window constraints [15]. Nagy
and Salhi [16] proposed an improved heuristic algorithm to
solve the pick-up and delivery VRPwithmultiple depots [16].

In Europe, as a source of air pollution, transportation
activities in the logistics sector activities account for 24%of all
European emissions. In recent decades, more environmental
problems related to economic activities have been transferred
to the logistics field. Based on this background, a multiobjec-
tive vehicle routing problem was proposed [17]. Michallet et
al. [18] studied a periodic VRP with time constraints in high
value goods transportation. Archetti et al. [19] considered
enterprises that not only used company drivers and delivery
vehicles, but also allowed others willing to participate in one-
way distribution runs, close to their delivery destination, so
as to reduce the cost of distribution [19].

Considering a multivehicle scheduling problem, an
example of a distribution enterprise was studied by Coelho
et al. [20]. The problem consisted of a number of service
constraints for specific customer requirements, considering
fixed vehicle, and transportation costs. An adaptive search
procedure with a local search and an improved process using

a variable neighbourhood were designed. Coelho et al. [20]
used this algorithm to derive an optimal transportation plan
and reduced the cost thereof [20]. The path planning of
an unmanned aerial vehicle (UCAV) was a complex global
optimisation problem, which could be used to search for
the optimal path on the field of combat. Zhang et al. [21]
proposed a new heuristic algorithm to solve the wolf UCAV
2D path planning problem. Then, UCAV could avoid the
threat by connecting the two-dimensional coordinates of the
node, achieving the lowest cost while finding a safe path.
The simulation results showed that the proposed method
considered the quality, speed, and ultimate stability in path
planning [21]. An energy-efficient path planning problem
was developed: the experimental results showed that the
method could save energy effectively [22]. In the last-mile
logistics considering the use of electric cars as a means
of conveyance, Klumpp [23] studied the logistics cost and
undertook a sustainability evaluation [23]. A mixed integer
linear programming optimisation algorithm was proposed
to solve the VRP, to validate the algorithm. A periodic
vehicle routing problem (PVRP) was used as a case study by
Cacchiani et al. [24]. The results verified the effectiveness of
the proposed algorithm and were the best known solutions
[24]. The hybrid particle swarm optimisation algorithm was
used to solve the conventional VRP [25].

VRP is an NP-hard problem, and a heuristic algorithm is
usually needed to solve this kind of problem. Chen et al. [26]
used system dynamics to modify the particle and established
the adaptive particle swarm algorithm to solve the set of
multiproductmaterial transport path optimisation problems.
To minimise the total cost, corresponding constraints were
set and this model algorithm was used to solve various
problem instances, which further verified the effectiveness
of the algorithm [26]. In order to generate an effective
solution way to fix the VRPSPD, which was known as an
NP-hard problem, Goksal et al. [27] proposed an approach
which was a solution based on particle swarm optimisation
algorithm. At the same time, an annealing strategy was used
to maintain the diversity of population. The effectiveness of
the algorithm was verified by experiments, and the optimal
solution was obtained by using the improved ant colony
algorithm [27]. Combined with a real-life application, Goel
and Gruhn [28] studied the rich VRP. GVRP was a solution
in the highly restricted search space, which was suggested
to improve the iterative search process by changing the
neighbourhood structure [28]. Although 2L-VRPB was often
applied, few researchers studied this method. Based on this
fact, Liu [29] proposed a hybrid metaheuristic algorithm
to solve the problem and verified the effectiveness of the
algorithm experimentally [29]. Cinar et al. [30] designed a
finite time, two-phase, cumulative algorithm to solve theVRP
and proposed a fast, easy way to implement their CumVRP-
LD algorithm. The algorithm could change in response to
changes in the actual situation; the high response speed was
necessary to develop the system [30].

Yu et al. [31] proposed an improved ant colony algorithm
to solve the VRP. The effectiveness of the algorithm was ver-
ified by the data of fourteen datum points [31]. Pisinger and
Ropke [32] proposed a general heuristic algorithm to solve
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Figure 1: AVRPTWmodel diagram.

the following five kinds of VRP: VRP with time windows,
capacity-limited VRP, multidepot VRP, site-dependent VRP,
and open VRP [32]. Christian [33] established a relatively
simple, but effective, hybrid genetic algorithm. In terms of
the average cost, the performance of the hybrid genetic
algorithm was better than that of most heuristic algorithms.
It was proved that this algorithm was the best solution in
20 large cases studies [33]. Schyns [34] used the ant colony
algorithm to solve the VRP including mixed batch arrival
and dynamic capacity with time windows [34]. The ant
colony algorithm is a metaheuristic algorithm, which was
used to solve the VRP. Bell and McMullen [35] compared
the ant colony algorithm with the TS search algorithm and
genetic algorithm and found that the ant colony algorithm
required less computation time [35]. Gribkovskaia et al. [36]
proposed a mixed integer programming model (SVRPPD),
which was compared with the classical algorithm and the
improved heuristic algorithm. The results showed that the
best solution was often generated by the heuristic algorithm
[36]. Kumar et al. [37] used a self-learning particle swarm
optimisation (PSO) algorithm to solve the multiobjective
model of production and pollution, and the total operating
cost was minimised [37].

Previous studies are limited with regard to their appli-
cation in practice. To sum up, contributions of this paper
are two twofold: (i) AVRPTW model considering a traffic
interruption is built for the consideration of the policy
restriction when applying automated vehicles in last-mile
situations in the initial stage; (ii) an improved PSO algorithm
is developed for the AVRPTWmodel with path interruption.

3. Mathematical Model for AVRPTW

3.1. Problem Statement. The automated vehicle routing prob-
lem (AVRP) model can be described as follows, and the
model is shown in Figure 1: the total number of the consumers
in one certain area is 𝑁; the distribution centre has to
distribute a certain amount of goods to certain consumers;
presently, this distribution centre is preparing to put in
several automated vehicles to carry out the assignment. In
the initial stage of the application of the automated vehicle,

considering the restrictions imposed by the transportation
policy, some sections among certain distribution paths can
be seen as a break-off point, which is shown as the red line in
Figure 1. Meanwhile, when vehicles arrive, consumers have to
sign for the goods. Thus, the AVRP model can be identified
as an automated vehicle routing problem with time windows
(AVRPTW). Time windows are defined as [𝑒𝑖, 𝑙𝑖]. When the
vehicle arrives before 𝑒𝑖, then a vehicle has towait, which is the
cause of the penalty cost.When the vehicle arrives after 𝑙𝑖, this
distribution service is regarded as a failure. The distribution
centre has to plan a certain path for each automated vehicle
and all the consumer demandsmust be satisfied: the objective
is to minimise the total cost of the operation.

Considering practical circumstances, several assump-
tions are made: each automated vehicle is assumed to have
the same capacity. Additionally, the total load in one journey
cannot surpass this value. Each automated vehicle starts
from the distribution centre and must return there after
the delivery. Besides, each consumer is only served by one
automated vehicle. Considering policy restrictions, some
paths among certain consumers are break-off points.

In addition, this model is defined as a VRP model with
hybrid time windows. That is to say, when the vehicle arrives
before 𝑒𝑖, the penalty cost and waiting time have a linear
relationship.When the vehicle arrives after 𝑙𝑖, the penalty cost
is seen as infinite. Considering the real operational process
and the cost structure of a distribution centre, the total
operating cost in this model is composed of three parts: fixed
costs, transportation costs, and the penalty cost.

The notation in this paper is summarised in Notations.

3.2. AVRPTWModel with Path Interruption

Min 𝑎
𝐾

∑
𝑘=1

𝑛

∑
𝑗=1

𝑋0𝑗𝑘 +
𝐾

∑
𝑘=1

𝑛

∑
𝑗=0

𝑛

∑
𝑖=0

𝑐𝑖𝑗𝑋𝑖𝑗𝑘

+
𝐾

∑
𝑘=1

𝑛

∑
𝑖=1

𝛼max (0, (𝑠𝑖 − 𝑇𝑖𝑘))

+ 𝑀max (0, (𝑇𝑖𝑘 − 𝑙𝑖)) ,

(1)

s.t.
𝐾

∑
𝑘=1

𝑛

∑
𝑖=0

𝑋𝑖𝑗𝑘 = 1 𝑗 = 1, 2, . . . , 𝑛, (2)

𝑛

∑
𝑗=1

𝑛

∑
𝑖=1

𝑞𝑖𝑋𝑖𝑗𝑘 ≤ 𝑄 𝑘 = 1, 2, . . . , 𝐾, (3)

𝐾

∑
𝑘=1

𝑛

∑
𝑖=0

𝑋𝑖0𝑘 ≤ 𝐾 𝑘 = 1, 2, . . . , 𝐾, (4)

𝑛

∑
𝑖=0

𝑋𝑖0𝑘 ≤ 1 𝑘 = 1, 2, . . . , 𝐾, (5)

𝑛

∑
𝑖=0

𝑋𝑖𝑗𝑘 =
𝑛

∑
𝑖=0

𝑋𝑗𝑖𝑘

𝑗 = 1, 2, . . . , 𝑛 𝑘 = 1, 2, . . . , 𝐾,
(6)
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𝑇𝑗𝑘 ≥ 𝑇𝑖𝑘 + 𝑓𝑖 + 𝑡𝑖𝑗 +max (0, (𝑠𝑖 − 𝑇𝑖𝑘))
𝑖 = 1, 2, . . . , 𝑛 𝑗 = 0, 1, 2, . . . , 𝑛 𝑘 = 1, 2, . . . , 𝐾,

(7)

∑
𝑖∈𝑆

∑
𝑗∈𝑆

𝑋𝑖𝑗𝑘 ≤ |𝑆| − 1 ∀𝑆 ⊆ 𝐼 𝑘 = 1, 2, . . . , 𝐾, (8)

𝑋𝑖𝑗𝑘 = {0, 1} , (9)

𝑋𝑔ℎ𝑘 = 0 𝑔, ℎ ∈ 𝐼 𝑘 = 1, 2, . . . , 𝐾, (10)

𝑇0𝑘 = 0 𝑘 = 1, 2, . . . , 𝐾, (11)

𝑇𝑖𝑘 ≥ 0 𝑖 = 1, 2, . . . , 𝑛 𝑘 = 1, 2, . . . , 𝐾. (12)

The objective function in (1) aims to minimise the fixed
costs, transport costs, and penalty cost. Equation (2) implies
that each consumer is only served by one automated vehicle.
Equation (3) denotes the capacity limitation of each auto-
mated vehicle. Equation (4) requires that the total number
of automated vehicles cannot surpass the sum of the vehicles
that the distribution centre has at its disposal. Equation (5)
implies that each path can only pass by the distribution centre
once or not at all. Equation (6) shows that the number of
vehicles entering a location equals the number of vehicles
leaving it. Equation (7) defines the time windows. Equation
(8) is the branch elimination constraint. Equation (9) defines
the decision variables as binary values. Equation (10) denotes
the interrupted paths. Equation (11) denotes the time when
the automated vehicles leave the distribution centre. Equation
(12) denotes that the time is nonnegative.

The conventional VRP model with hybrid windows is
known as a combinational optimisation problem, which is
an NP-hard problem and cannot be solved by simple algo-
rithms. Clearly, solving the AVRP problem is also difficult;
thus to solve the AVRP model, existing exact algorithms
cannot efficiently obtain the solution. Therefore, heuristic
algorithms are efficientways of solving thisNP-hard problem.
The particle swarm optimisation algorithm offers excellent
performance with regard to solving the various VRP models.
Therefore, the PSO algorithm is adopted here to solve the
AVRPTWmodel.

4. Solution Algorithm

4.1. The Particle Swarm Optimisation (PSO) Algorithm. The
PSOalgorithm is an evolutionary algorithm,which originates
from research into bird flock preying behaviour. The PSO
algorithm is similar to a genetic algorithm, both of which are
based on iteration.

In the PSO algorithm, a particle swarm is initialised,
which is also identified as the initial solution.Then the parti-
cle follows the best particle through iteration. For the 𝑖th par-
ticle in the𝑑th dimension, the position vector and the velocity
vector are defined as follows: 𝑋𝑖 = (𝑥𝑖,1 𝑥𝑖,2 ⋅ ⋅ ⋅ 𝑥𝑖,𝑑)
and 𝑉𝑖 = (V𝑖,1 V𝑖,2 ⋅ ⋅ ⋅ V𝑖,𝑑). During each iteration, each
particle refreshes itself by following the two types of best
solutions: (i) the optimal solution for each individual and (ii)
the optimal solutions of the population. After finding these

two optimal solutions, the particle refreshes its position and
velocity according to

V𝑖,𝑗 (𝑡 + 1) = 𝜔V𝑖,𝑗 (𝑡) + 𝑐1𝑟1 [𝑝𝑖,𝑗 − 𝑥𝑖,𝑗 (𝑡)]

+ 𝑐2𝑟2 [𝑝𝑔,𝑗 − 𝑥𝑖,𝑗 (𝑡)] ,

𝑥𝑖,𝑗 (𝑡 + 1) = 𝑥𝑖,𝑗 (𝑡) + V𝑖,𝑗 (𝑡 + 1) 𝑗 = 1, 2, . . . , 𝑑.

(13)

The specific steps are as follows.

Step 1. Random initialisation of the position and velocity of
all particles.

Step 2. Calculation of the adaptive value for each particle and
then storing the optimal solution of the present individual in
pbest, while storing the optimal solution of the population in
gbest.

Step 3. Refreshment of the position vector and velocity
vector.

Step 4. Adjustment of the optimal solution of each individual.

Step 5. Adjustment of the optimal solution of the population.

Step 6. Execution of a stop-check as to whether, or not, the
number of iterations is greater than the preset end value.

Step 7. Output and end.

4.2. The Improvement of the PSO Algorithm. The adjustable
parameters in the PSO algorithm include learning factors 𝑐1,𝑐2 and an inertia weight 𝑤. Inertia weight is used to control
the impact of histories of velocities on the current velocity.
The particle adjusts its trajectory based on information about
its previous best performance and the best performance
of its neighbours. Learning factors, 𝑐1 and 𝑐2, decide how
the interaction between the particle itself and its neighbour
affects the adjustment of both position and velocity. Thus,
they are used to control the convergence behaviour of the
PSO. And the function 𝑦 = cos𝑥 is applied to adjust the
inertia weight and learning factors.

(1) The Improvement of Inertia Weight. Apply 𝑦 = cos𝑥 in the
formula for the inertia weight, and the improved expression
for inertia weight is given by

𝑊 = 𝑤max − (𝑤max − 𝑤min) cos(( 𝑡
𝑇 − 1)𝜋) , (14)

where 𝑤max and 𝑤min denote the maximum and the mini-
mum inertiaweight, respectively: these two values are defined
as 0.9 and 0.4 according to the last experienced value. The
range of 𝑡/𝑇 is [0, 1].
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(2) The Improvement of Learning Factors. According to the
improvement of inertia weight, the calculation of learning
factors is given by

𝑐1 = 𝑐1max − (𝑐1max − 𝑐1min) cos(( 𝑡
𝑇) − 1)𝜋,

𝑐1 = 𝑐2.
(15)

4.3. The PSO Algorithm for AVPRTW Model. Applying the
PSO algorithm to solve the AVRP model, it is vital to realise
that each particle should be in correspondence with its
coding. Two spatial vectors are designed to represent the
solution: 𝑘 denotes the number of the vehicle for each path,
while 𝑟 denotes the precedence order of vehicle arrival at
the consumers. These two spatial vectors are 𝑋𝑘 and 𝑋𝑟. To
illustrate the coding, an example is given; assuming that there
are 10 consumers in this area and the distribution centre is
equipped with three vehicles, we assume an optimal solution
as follows:

𝑋𝑘 1 3 3 2 2 3 3 1 1 1
𝑋𝑟 2 3 2 1 2 4 1 4 1 3

(16)

The optimal solution denotes that all of the three vehicles
are assigned to execute the distribution task. The first vehicle
serves consumers 1, 8, 9, and 10. The second vehicle serves
consumers 4 and 5, and consumers 2, 3, 6, and 7 are served
by the third vehicle. According to 𝑋𝑟, the distribution order
of the first vehicle is 0 → 9 → 1 → 10 → 8 → 0, that of
the second vehicle is 0 → 4 → 5 → 0, and that of the third
vehicle is 0 → 7 → 3 → 2 → 6 → 0.

The specific steps are as follows.

Step 1 (initialisation of the particle swam). Firstly, several
parameters of the PSO algorithm have to be set, including
the population, the maximum number of iterations, and the
spatial dimension. 𝑋𝑘 and 𝑋𝑟 are, respectively, confined to
[1, 𝐾] and [1,𝑁]. The corresponding velocity vectors 𝑉𝑘 and𝑉𝑟 are, respectively, confined to [−(𝐾−1), (𝐾−1)] and [−(𝑁−
1), (𝑁 − 1)].
Step 2. According to (14) and (15), the position and velocity
are refreshed.The refreshed values of position and velocity are
substituted into the fitness function and the optimal value of
each individual and the population are initialised.

Step 3. Compare the adaptive value with its optimal value,
and refresh pbest.

Step 4. Calculate the refreshed optimal value of the popula-
tion, compare this value to the present gbest, and refresh the
value of gbest.

Step 5. Judge whether, or not, the maximum number of
iterations has been reached, and if so, output the optimal
solution (otherwise, return to Step 2).
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Figure 2: Locations of the distribution centre and consumers.

5. Case Study

5.1. Background Information. One certain chain supermarket
has one distribution centre (DC) in this area and there are
25 stores. The distribution centre adopts a self-distribution
strategy and has to schedule deliveries and plan the path
of each vehicle, so that all demands from the 25 stores are
satisfied.The geographical position of the distribution and all
stores are shown in Figure 2 and the position coordinates are
simplified and specific data are given in Table 1.

In the practical delivery operation, considering the
employee cost and risk cost caused by fatigue while driving,
the enterprise is preparing to assign several automated
vehicles in these real services. Due to anxiety from the public,
prohibited sections are used in the initial stage and break-
off sections are marked by the red dotted line in Figure 2.
Each store should arrange some people to be on duty within
a specific time frame, the time windows, and the service time
of each store is given in Table 1.

5.2. Analysis of the Case Study. Based on the AVRPTW
model, the improved PSO algorithm is used to solve the
problem. To simplify the calculation, some parameters of the
model are assumed when carrying out the experimental test.
The specific parameters of the model are as listed in Table 2.
With the help ofMATLAB� 2015b, this problem is solved and
the solutions are given in Figure 3 and Table 3.

5.3. Analysis and Discussion. According to the solution, the
distribution centre has to allocate four automated vehicles
to execute the task. All of the stores are included in these
planned paths. Based on Figure 3, after the 145th iteration, the
algorithm converges and the optimal solution is given. The
minimum total cost is 11,328. From Figure 3, it is seen that
the convergence performance of the PSO algorithm is good,
and its antijamming capability is realised.

Considering four paths are interrupted, a total four
automated vehicles are assigned to serve all the stores, and
the load factor of each one is 76%, 76%, 80%, and 100%,
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Table 1: Position coordinates and time windows.

Number Coordinate Earliest Latest Demand Service time
DC (35, 35) — — — —
1 (41, 49) 161 171 10 10
2 (35, 17) 50 60 7 10
3 (55, 45) 116 126 13 10
4 (55, 20) 149 159 19 10
5 (15, 30) 34 44 26 10
6 (25, 30) 99 109 3 10
7 (20, 50) 81 91 5 10
8 (10, 43) 95 105 9 10
9 (55, 60) 97 107 16 10
10 (30, 60) 124 134 16 10
11 (20, 65) 67 77 12 10
12 (50, 35) 63 73 19 10
13 (30, 25) 159 169 23 10
14 (15, 10) 32 42 20 10
15 (30, 5) 61 71 8 10
16 (10, 20) 75 85 19 10
17 (5, 30) 157 167 2 10
18 (20, 40) 87 97 12 10
19 (15, 60) 76 86 17 10
20 (45, 65) 126 136 9 10
21 (45, 20) 62 72 11 10
22 (45, 10) 97 107 18 10
23 (55, 5) 68 78 29 10
24 (65, 35) 153 163 3 10
25 (65, 20) 172 182 6 10

Table 2: Model parameters.

Parameter Value
Fixed cost of each automated vehicle 200
Index of the penalty function 1.5
Capacity 100
Transport cost per unit hauled 8
Average speed of an automated vehicle 40

respectively. The capacities of the automated vehicles are
almost fully utilised.The results show that the transportation
resources available have been used to full advantage.

6. Conclusion

Considering the partial sections interruption and the time
windows in the initial stage of the application of automated
vehicles in last-mile mode, the conventional VRP model is
modified. The AVRPTW model with traffic interruptions
is established. Additionally, an improved PSO algorithm is
designed by changing the inertia weight and learning factors.
Finally, a case study has been analysed and the validity and
practicability of the mathematical model and algorithm have
been verified.
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Figure 3: Convergence of the solution algorithm.

Due to the immaturity of unmanned vehicle technology,
the promotion and popularisation of automated vehicles in
real applications are likely to be faced with strict restrictions
in the initial stage. First, it is inevitable that automated
vehicles must exert a negative influence on the public and
general transport environment. Second, the potential risks
caused by traffic congestion and the unregulated behaviour
of other drivers are likely to affect the promotion of such
unmanned technology and unmanned vehicles in general.
Accordingly, a policy that partially opens, or restricts, road
sections for automated vehicles can both ensure the safety of
the automated vehicles and reduce anxiety about unmanned
vehicle technology from the public. Thus, it is of practical
significance to study automated vehicle route problems.

Apart from the aforementioned problems, there may also
be other issues that must be taken into consideration when
applying unmanned vehicles in the logistics sector, such as the
influence that automated vehicles have on ordinary vehicles
and the safety of automated vehicles. These issues should be
addressed in future research.

Notations

𝑖, 𝑗: The number of consumers, where 0
denotes the distribution centre,
𝑖, 𝑗 = 0, 1, 2, . . . , 𝑁

𝑘: The number of the automated vehicles,
𝑘 = 1, 2, 3, . . . , 𝐾

𝑥𝑖𝑗𝑘: 𝑥𝑖𝑗𝑘 = 1 if arc(𝑖, 𝑗) is in the path of the 𝑘th
automated vehicle, and 𝑥𝑖𝑗𝑘 = 0 otherwise

𝑑𝑖: The delivery to the 𝑖th consumer
𝑄: The capacity of each automated vehicle
𝑓𝑖: The service time to the 𝑖th consumer
𝑡𝑖𝑗: The transport time from the 𝑖th consumer

to the 𝑗th consumer
𝑠𝑖: The earliest service time of the 𝑖th

consumer
𝑙𝑖: The latest service time of the 𝑖th consumer
𝛼: The index of the penalty function
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Table 3: Paths and load factors.

Number Path Load factor (%)
1 0 → 24 → 17 → 23 → 18 → 21 → 4 → 0 76
2 0 → 11 → 1 → 7 → 5 → 13 → 0 76
3 0 → 20 → 9 → 10 → 3 → 12 → 2 → 0 80
4 0 → 16 → 14 → 15 → 19 → 8 → 6 → 22 → 25 → 0 100

𝑀: The infinite value
𝑎: The fixed cost of one automated vehicle
𝑇𝑖𝑘: The time when the 𝑘th vehicle arrives at the

𝑖th consumer.
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Connected and automated vehicle (CAV) has become an increasingly popular topic recently. As an application, Cooperative
Adaptive Cruise Control (CACC) systems are of high interest, allowing CAVs to communicate with each other and coordinating
their maneuvers to form platoons, where one vehicle follows another with a constant velocity and/or time headway. In this study, we
propose a novel CACC system, where distributed consensus algorithm and protocol are designed for platoon formation, merging
maneuvers, and splitting maneuvers. Predecessor following information flow topology is adopted for the system, where each
vehicle only communicates with its following vehicle to reach consensus of the whole platoon, making the vehicle-to-vehicle (V2V)
communication fast and accurate. Moreover, different from most studies assuming the type and dynamics of all the vehicles in
a platoon to be homogenous, we take into account the length, location of GPS antenna on vehicle, and braking performance of
different vehicles. A simulation study has been conducted under scenarios including normal platoon formation, platoon restoration
fromdisturbances, andmerging and splittingmaneuvers.We have also carried out a sensitivity analysis on the distributed consensus
algorithm, investigating the effect of the damping gain on convergence rate, driving comfort, and driving safety of the system.

1. Introduction

Recently, the rapid development of our transportation sys-
tems has led to a worldwide economic prosperity, where
transportation for both passengers and goods is much more
convenient both domestically and internationally. The num-
ber of motor vehicles worldwide is estimated to be more than
1 billion now andwill double again within one or two decades
[1]. Such a huge quantity of motor vehicles and intensive
transportation activities has brought about various social-
economic issues. For example, more than 30,000 people still
perish from roadway crashes on US highways every year [2].
For the past few years, cities that have experienced more
economic improvements are at a higher risk to faceworsening
traffic conditions, resulting in increased pollutant emissions
and decreased travel efficiency. In terms of average time
wasted on the road, Los Angeles, for example, tops the global
ranking with 104 hours spent in congestion per commuter
during the year of 2016 [3]. It was also estimated by [4] that

there were 3.1 billion gallons of energy wasted worldwide due
to traffic congestion in 2014, which equated to approximately
19 gallons per commuter.

Significant efforts have been made around the world to
address these transportation issues. Many propose simply
expanding our existing transportation infrastructure to help
solve these traffic-related problems. However, not only is this
costly but also it has many negative social and environmental
effects. As an alternative solution, the development of con-
nected and automated vehicle (CAV) can help better manage
traffic, thus improving traffic safety, mobility, and reliability
without the cost of infrastructure build-out. One of the more
promising CAV applications is Cooperative Adaptive Cruise
Control (CACC), which extends Adaptive Cruise Control
(ACC) with CAV technology (e.g., mainly via vehicle-to-
vehicle (V2V) communication) [5]. By sharing information
among vehicles, a CACC system allows vehicles to form pla-
toons and be driven at harmonized speeds with constant time
headways between vehicles. The main advantages of a CACC
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system are as follows: (a) connected and automated driving is
safer than human driving by minimizing driver distractions;
(b) roadway capacity is increased due to the reduction of
intervehicle time gaps without compromising safety; and (c)
fuel consumption and pollutant emissions are reduced due to
the reductions of both unnecessary acceleration maneuvers
and aerodynamic drag on the vehicles in the platoon [6].

The core of a CACC system is the vehicle-following
control model, which depends on the vehicle information
flow topology. The topology determines how all CAVs in a
CACC system communicate with others, and it has been well
studied by researchers. Zheng et al. [7] proposed some typical
types of information flow topologies, including predecessor
following, predecessor-leader following, and bidirectional
types. In our research, each vehicle in the CACC system
only receives information from the predecessor (if it exists),
which is exactly the predecessor following type. The vehicle-
following controller efficiently describes the vehicle dynamics
and cooperative maneuvers residing in the system. The
performance and robustness of a CACC consensus algorithm
were discussed in [8], where packet loss, network failures,
and beaconing frequencies were all taken into consideration
when the simulation framework is built with the CACC
controller developed by [9]. Di Bernardo et al. [10] designed a
distributed control protocol to solve the platooning problem,
which depends on a local action of the vehicle itself and a
cooperative action received from the leader and neighboring
vehicles. Lu et al. [11] used a nonlinear model to describe
the vehicle longitudinal dynamics, where the engine power,
gravity, road and tire resistance, and aerodynamics drag are
all considered. However, since the complexity of such non-
linear models is problematic for system analysis, a linearized
model is typically used for field deployment, such as the one
in [12]. Wang et al. [13] proposed an Eco-CACC system with
a novel platoon gap opening and closing protocol to reduce
the platoon-wide fuel consumption and pollutant emissions.
Based on this study, Hao et al. [14] developed a bilevel
model to synthetically analyze the platoon-wide impact of the
disturbanceswhen vehicles join and leave the Eco-CACC sys-
tem. Amoozadeh et al. [15] developed a platoonmanagement
protocol for CACC vehicles, including CACC longitudinal
control logic and platoon merge and split maneuvers. In
terms of intervehicle distance in motion (at relatively high
speed), the existing vehicle-following models can be divided
into two categories: one that regulates the spatial gap, where
one vehicle follows its predecessor with a fixed intervehicle
distance [16] and the other that is based on time gap or
velocity-dependent distance, where the intervehicle distance
may vary with vehicle velocity and vehicle length by keeping
a constant time headway. Our approach falls into the second
category.

Stability is a basic requirement to ensure the safety
of a CACC system. The control system should be capa-
ble of dealing with various disturbances and uncertainties.
Laumônier et al. [17] proposed a reinforcement learning
approach to design the CACC system, where the system is
modeled as aMarkovDecision Process incorporated together
with stochastic game theory. They showed that the system
was capable of damping small disturbances throughout the

platoon. The uncertainties in communication network and
sensor information were modeled by a Gaussian distribution
in [18], which was applied to calculate the minimal time
headway for safety reasons. Qin et al. [19] studied the effects
of stochastic delays on the dynamics of connected vehicles
by analyzing the mean dynamics. Plant and string stability
conditions were both derived, and the results showed that
stability domains shrink alongwith the increases of the packet
drop ratio or the sampling time. In [20], propagation of
motion signals was attenuated by adjusting the controller
parameters in the system, which guaranteed the so-called
string stability of the platoon. Since the inherent commu-
nication time delay and vehicle actuator delay significantly
limit the minimum intervehicle distance in view of string
stability requirements, Xing et al. [21] carried out Padé
approximations of the vehicle actuator delay to arrive at
a finite-dimensional model. It was shown in [22] that the
standard constant time-gap spacing policy can guarantee
string stability of the platoon as long as a sufficient large
time gap is maintained. In this study, we also adopted the
time-gap spacing policy and selected time gap large enough
to ensure the platoon’s string stability. A simulation study
of platoon restoration after disturbances is demonstrated to
further prove the string stability of our system.

Communication plays a crucial role in the formation of a
CACC system.The United States Department of Transporta-
tion (USDOT) developed a Connected Vehicle Reference
Implementation Architecture (CVRIA) to provide the com-
munication framework for different applications, including
V2V and Vehicle-to-Infrastructure (V2I) communications
[23]. IEEE 802.11p-based Dedicated Short Range Commu-
nication (DSRC) has been developed by the automotive
industry for use in V2V and V2I communication, considered
as a promising wireless technology to improve both trans-
portation safety and efficiency. Bai et al. [24] used a large set of
empirical measurement data taken in various realistic driving
environments to characterize communication properties of
DSRC. Since the increase of CAVs in a certain coverage
area may lead to a shortage of communication bandwidth, a
distributed methodology is more advantageous for vehicular
communication. In our study, the V2V communication is
only conducted between predecessor and follower, making
the proposed system more distributed.

Essentially, the proposed system is different from a
conventional Adaptive Cruise Control (ACC) system for the
following reasons. (1) In the proposed system, although some
forward ranging sensing techniques such as camera, radar,
and lidar (Light Detection and Ranging) might be needed
as supplementary methods, the core technique for CAVs
to form platoon is V2V communication. CAVs send their
absolute position and instantaneous velocity information
measured by equipped sensors (e.g., high-precision GPS,
inertial measurement unit, and on-board diagnostic system)
to their followers by V2V communication. However, for
a conventional ACC system, V2V communication is not
enabled, where vehicles need to use their forward ranging
sensing equipment to obtain predecessors’ information. (2) A
conventional ACC system can only implement the function
of vehicle following; however, the proposed CACC system
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allows individual vehicle to merge into the platoon by using
V2V communication. “Ghost” vehicles are created as prede-
cessors for following vehicles to follow; however, since they
are virtual and only for V2V communication, it is impossible
for forward ranging sensing techniques to sense them. (3)The
measurement delay of forward ranging sensing techniques
in a conventional ACC system is apparently different from
the V2V communication delay of DSRC in the proposed
system, which leads to different system behaviors in different
scenarios, especially the one we talk about in Section 3.2.

Despite the advantages of consensus-based platooning
approach for the CACC system, several issues still need to be
addressed to improve the reliability and practicality.

(a) The primary V2V communication method being
used nowadays is DSRC, which normally has a 300-
meter transmission range [24]. As the transmission distance
increases, the safety message reception probability dramati-
cally decreases, and the relative signal strength index (RSSI)
from DSRC antenna also decreases [25, 26]. However, many
existing CACC systems such as [27] adopted predecessor-
leader following information flow topology, which required
the leader of a platoon to communicate with all the vehicles
in the broadcast mode. Therefore, when a platoon expands
to a bigger size, the V2V communication between the
leader and the last vehicle may introduce lower RSSI or be
impaired by obstructions along the platoon. In this study, we
adopt predecessor following information flow topology (i.e.,
“distributed”), where each vehicle in the platoon only com-
municates with its following vehicle to reach consensus of the
whole platoon. Therefore, the platoon size is not limited by
the DSRC transmission range, and the V2V communication
has a higher safetymessage reception probability and a higher
RSSI than in the predecessor-leader following topology.

(b) Most existing CACC-related research has only con-
sidered vehicles in the system as homogenous point mass
models. However, in reality, vehicles should be heterogeneous
with different lengths and braking performances. Therefore,
we take into account the vehicle length together with the
position of GPS antenna on vehicle in this study. Moreover,
according to different braking performances, we assign differ-
ent braking factors to different types of vehicles in our system,
allowing the intervehicle distances to be weighted based on
these factors.

(c) While the information flow topology and algorithm
have been well studied, not many protocols have been
developed to apply the theory to real-world transportation
systems, especially for different traffic scenarios. In this study,
we design protocols for the normal platoon formation sce-
nario and merging and splitting scenario. Sensitivity analysis
is also conducted to study the practical issues of the proposed
CACC system, including the convergence rate of a platoon,
the driving comfort for human passengers, and the driving
safety of the whole system. By optimizing the damping gain
value of our algorithm, the proposed system is supposed to
be efficient, comfortable, and safe.

The remainder of this paper is organized as follows.
Section 2 describes the methodology used for our distributed
consensus-based CACC system. Section 3 describes the
detailed simulation study and analyzes the results. Section 4

is focused on a sensitivity analysis for different aspects of
driving in our CACC system. The last section provides
general conclusions and outlines some future steps.

2. Methodology

2.1. Mathematical Preliminaries and Nomenclature. We rep-
resent the information flow topology of a distributed network
of vehicles by using a directed graph G = (V,E), where
V = {1, 2, . . . , 𝑛} is a finite nonempty node set andE ⊆V×V
is an edge set of ordered pairs of nodes, called edges.The edge(𝑖, 𝑗) ∈ E denotes that vehicle 𝑗 can obtain information from
vehicle 𝑖. However, it is not necessarily true in reverse. The
neighbors of vehicle 𝑖 are denoted by N𝑖 = {𝑗 ∈ V : (𝑖, 𝑗) ∈
E}. The topology of the graph is associated with an adjacency
matrix A = [𝑎𝑖𝑗] ∈ R, which is defined such that 𝑎𝑖𝑗 = 1
if edge (𝑗, 𝑖) ∈ E, 𝑎𝑖𝑗 = 0 if edge (𝑗, 𝑖) ∉ E, and 𝑎𝑖𝑖 = 0.
L = [ℓ𝑖𝑗] ∈ R (i.e., ℓ𝑖𝑗 = −𝑎𝑖𝑗, 𝑖 ̸= 𝑗, and ℓ𝑖𝑖 = ∑𝑛𝑗=1,𝑗 ̸=𝑖 𝑎𝑖𝑗)
is the nonsymmetrical Laplacian matrix associated with G.
A directed spanning tree is a directed tree formed by graph
edges which connects all the nodes of the graph.

Before proceeding to designing our distributed consensus
algorithm for the CACC system, we recall here some basic
consensus algorithms which can be used to apply similar
dynamics on the information states of vehicles. If the com-
munication between vehicles in the distributed networks is
continuous, then a differential equation can be used to model
the information state update of each vehicle.

The single-integrator consensus algorithm [28] is given by

�̇�𝑖 (𝑡) = − 𝑛∑
𝑗=1

𝑔𝑖𝑗𝑘𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)) , 𝑖 ∈ 𝑉, (1)

where 𝑥𝑖 ∈ R, 𝑘𝑖𝑗 > 0, and 𝑔𝑖𝑗 = 1 if information flows from
vehicle 𝑗 to 𝑖 and 0 otherwise, ∀𝑖 ̸= 𝑗. The adjacency matrix𝐴 of the information flow topology is defined accordingly as𝑎𝑖𝑖 = 0 and 𝑎𝑖𝑗 = 𝑔𝑖𝑗𝑘𝑖𝑗, ∀𝑖 ̸= 𝑗. This consensus algorithm
guarantees convergence of multiple agents to a collective
decision via local interactions.

Equation (1) can be extended to second-order dynamics
to better model the movement of a physical entity, such
as a CAV. For a second-order model, the double-integrator
consensus algorithm [29] is given by

�̇�𝑖 (𝑡) = V𝑖 (𝑡) ,
V̇𝑖 (𝑡) = − 𝑛∑

𝑗=1

𝑔𝑖𝑗𝑘𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))
+ 𝛾𝑔𝑖𝑗𝑘𝑖𝑗 (V𝑖 (𝑡) − V𝑗 (𝑡)) , 𝑖 ∈ 𝑉,

(2)

where𝑥𝑖 ∈ R, V𝑖 ∈ R, 𝑘𝑖𝑗 > 0, 𝛾 > 0, and𝑔𝑖𝑗 = 1 if information
flows from vehicle 𝑗 to 𝑖 and 0 otherwise, ∀𝑖 ̸= 𝑗.
2.2. System Specifications and Assumptions. It shall be noted
that since our study mainly focuses on communication
topology and control algorithm of the system, we make some
reasonable assumptions while modelling the general system
to enable the theoretical analysis.
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(a) All vehicles are CAVs with the ability to send and
receive information among the same transmission range, and
there is no vehicle actuator delay in the proposed system.

(b) Every vehicle in the proposed system is equipped
with appropriate sensors (e.g., high-precision GPS, inertial
measurement unit, and on-board diagnostic system) to mea-
sure its absolute position and instantaneous velocity, and the
measurement is precise without noise.

(c) Vehicle types are assumed to be heterogeneous, with
different vehicle length, location of GPS antenna on vehicle,
and braking performance.

2.3. Distributed Consensus Algorithm for the CACC System.
The objective of the distributed consensus-based CACC sys-
tem is to use algorithms and protocols that ensure consensus
of a platoon of vehicles. Toward this end, the meaning of
consensus is twofold: one is the absolute position consensus,
where one vehicle maintains a certain distance with its
predecessor, and the other is the velocity consensus, where
one vehicle maintains the same velocity with its predecessor.
Taking into account second-order vehicle dynamics, we
propose the distributed consensus algorithm for the CACC
system, for 𝑖 = 2, . . . , 𝑛, 𝑗 = 𝑖 − 1:

�̇�𝑖 (𝑡) = V𝑖 (𝑡) ,
V̇𝑖 (𝑡) = −𝑎𝑖𝑗 [𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) + 𝑙𝑖𝑓 + 𝑙𝑗𝑟
+ �̇�𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) (𝑡𝑔𝑖𝑗 + 𝜏𝑖𝑗 (𝑡)) 𝑏𝑖] − 𝛾𝑎𝑖𝑗 [�̇�𝑖 (𝑡)
− �̇�𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡))] ,

(3)

where vehicle 𝑖’s predecessor is vehicle 𝑗; 𝑥𝑖(𝑡) is the absolute
position of theGPS antenna on vehicle 𝑖 at time 𝑡; �̇�𝑖(𝑡) or V𝑖(𝑡)
is the velocity of vehicle 𝑖 at time 𝑡; 𝜏𝑖𝑗(𝑡) is the unavoidable
time-varying communication delay when information is
transmitted fromvehicle 𝑗 to vehicle 𝑖 at time 𝑡; 𝑙𝑖𝑓 is the length
between the GPS antenna and the front bumper of vehicle 𝑖;𝑙𝑗𝑟 is the length between theGPS antenna and the rear bumper
of vehicle 𝑗; 𝑡𝑔𝑖𝑗 is the desired intervehicle time gap between
vehicle 𝑖 and vehicle 𝑗; 𝑏𝑖 is the braking factor of vehicle 𝑖; 𝑎𝑖𝑗 is
the (𝑖, 𝑗)th entry of the adjacency matrix; 𝛾 is a damping gain.
The part [𝑥𝑖(𝑡)−𝑥𝑗(𝑡−𝜏𝑖𝑗(𝑡))+𝑙𝑖𝑓+𝑙𝑗𝑟+�̇�𝑗(𝑡−𝜏𝑖𝑗(𝑡))(𝑡−𝜏𝑖𝑗(𝑡))𝑏𝑖]
is the absolute position consensus term, and the part [�̇�𝑖(𝑡) −�̇�𝑗(𝑡 − 𝜏𝑖𝑗(𝑡))] is the velocity consensus term. The positions
of vehicles in the proposed CACC system are illustrated in
Figure 1.

With (3), consensus is reached by a platoon of vehicles if,
for all 𝑥𝑖(0) and �̇�𝑖(0) and all 𝑖 = 2, . . . , 𝑛, 𝑗 = 𝑖−1, as 𝑡 → ∞,

𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡))
→ 𝑙𝑖𝑓 + 𝑙𝑗𝑟 + �̇�𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) (𝑡𝑔𝑖𝑗 + 𝜏𝑖𝑗 (𝑡)) 𝑏𝑖,�̇�𝑖 (𝑡) − �̇�𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) → 0,

(4)

which means the absolute position difference of the two
vehicles converges to a velocity-determined distance plus two
constant vehicle length terms, while the velocity difference of
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Figure 1: Positions of vehicles in the proposed system.

the two vehicles converges to zero. Details of the convergence
analysis of (3) can be found in Appendix B.

As mentioned in Section 1, a common issue regarding
CACC systems is the string stability. This refers to the
capability of attenuating traffic shockwaves by vehicles in
platoons. Generally, string stability is defined with respect
to the propagation of vehicle spacing errors and/or vehicle
accelerations [30]. In particular, if we define 𝑑𝑖𝑗 as the
vehicle spacing error (i.e., intervehicle distance) between two
consecutive vehicles in a platoon, then string stability with
respect to vehicle spacing error indicates that


𝐷(𝑖+1)(𝑗+1) (𝑠)𝐷𝑖𝑗 (𝑠)

∞ ≤ 1, (5)

where 𝐷𝑖𝑗(𝑠) is the Laplace transform of the vehicle spacing
error 𝑑𝑖𝑗. This criterion can be therefore applied to guarantee
that the vehicle spacing errors are not amplified upstream
in the platoon. Likewise, if we define 𝑎𝑖 as the acceleration
of vehicles in a platoon, then string stability with respect to
vehicle acceleration implies that


𝐴 𝑖+1 (𝑠)𝐴 𝑖 (𝑠)

∞ ≤ 1, (6)

where 𝐴 𝑖(𝑠) is the Laplace transform of the vehicle accelera-
tion 𝑎𝑖. This guarantees that the vehicle accelerations are not
amplified upstream in the platoon. We adopt (6) to analyze
the string stability of our system, and the details are discussed
in Appendix C. Simulation results in Section 3.2 show that
the tuning parameters in (3) are chosen to guarantee string
stability of the system.

The braking performance of a vehicle can be affected
by many factors, including the mass of the vehicle and
the aerodynamics performance of the vehicle. We assign a
braking factor 𝑏𝑖, which is assumed to be an aggregate of
the aforementioned factors, to each vehicle of the proposed
CACC system. This braking factor itself does not affect but
reflects the braking performance of vehicles. Specifically,
it works as a weighting factor of the desired intervehicle
distance 𝑑𝑖𝑗 (safety braking distance), making it different for
different vehicles in the proposed system. In this study, the
braking factors are assumed to be known constants, while the
exactmethodology to calculate the braking factor is discussed
as future research in Section 5.

We assume that the vehicle in the proposed system
receives its absolute position (location) information by the
GPS antenna that is installed on a certain position of the
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vehicle’s roof. Both the length between antenna and the front
bumper 𝑙𝑖𝑓 and the length between antenna and the rear
bumper 𝑙𝑖𝑟 of each vehicle are assumed to be known constants.
Thus the length of vehicle 𝑖 is 𝑙𝑖 = 𝑙𝑖𝑓 + 𝑙𝑖𝑟. We use time
gap 𝑡𝑔𝑖𝑗 to adjust the intervehicle distances that are subject
to the change of vehicles’ velocities. By referring to Figure 1,
the relationship between time headway and time gap can be
denoted as 𝑡ℎ = 𝑡𝑔𝑖𝑗𝑏𝑖 + (𝑙𝑖𝑓 + 𝑙𝑗𝑟)/�̇�𝑗(𝑡 − 𝜏𝑖𝑗(𝑡)). The damping
gain 𝛾 needs to meet a specific requirement to ensure the
convergence property of the distributed consensus algorithm,
which will be analyzed in Section 4 of the paper.

Equation (3) is designed for all but the leading vehicle in
our CACC system. The dynamics of the leading vehicle can
be characterized as �̇�1 (𝑡) = V1 (𝑡) ,

V̇1 (𝑡) = 𝑎1 (𝑡) , (7)

where 𝑥1(𝑡), V1(𝑡), and 𝑎1(𝑡) represent the absolute position,
velocity, and acceleration of the leading vehicle, respectively.
The leading vehicle of a platoon is set to cruise at a certain
velocity, with 𝑎1(𝑡) = 0. Equation (3) will allow all the
following vehicles in the platoon to track the dynamics of the
leading vehicle on the above two scenarios.

2.4. Distributed Consensus Protocol for the CACC System.
Considering different scenarios in our system, two protocols
are designed in the following.

2.4.1. Normal Platoon Formation Protocol. This protocol is
designed for vehicles to form a platoon. For vehicle 𝑖 in
our CACC system, it needs to check whether there is a
predecessor in a certain distance 𝑟 after the platoon formation
mode is activated.

(a) If yes, then vehicle 𝑖 will communicate with its
predecessor and (3) will be applied, which enables vehicle 𝑖
to be a following vehicle.

(b) If no, then vehicle 𝑖 may become a leading vehicle of
a platoon (where 𝑖 = 1) and cruise at a constant velocity. The
driver can also take over the control to drive however he/she
wants, but the vehicle may still potentially act as a leading
vehicle of the platoon.

After the above procedure, vehicle 𝑖 is in the distributed
consensus-based CACC system whether it plays the role
of a following vehicle or a leading vehicle. However, the
“following” and “leading” roles for vehicle 𝑖may switch under
the following conditions.

(a) For a following vehicle 𝑖, if all of its predecessors move
out of the distance 𝑟 ahead of vehicle 𝑖, then vehicle 𝑖 changes
from a following vehicle to a leading vehicle, where 𝑖 = 1.

(b) For a leading vehicle 𝑖 (i.e., 𝑖 = 1), if one or more
vehicles move into the distance 𝑟 ahead of vehicle 𝑖, then
vehicle 𝑖 changes from a leading vehicle to a following vehicle,
where 𝑖 = 2, . . . , 𝑛.

Figure 2 shows the flowchart of this protocol for the
distributed consensus-based CACC system.

2.4.2. Merging and Splitting Maneuvers Protocol. Normal
platoon formation protocol addresses the longitudinal

Predecessor
in a distance

of r

Yes

Follower

Communicate with
its predecessor

Leader

Cruise at a 
constant velocity

Equation (3)
is applied

Platoon 
mode 

switched on

Yes

No Vehicle i leaves the
platoon

Vehicle i

No

Figure 2: Normal platoon formation protocol.

maneuvers, while merging and splitting maneuvers protocol
is aimed at handling the lateral maneuvers (i.e., lane change).
It is introduced in [31] that there are four different cases
for the lane change within the platoon maneuvers: (1) free-
agent-to-free-agent lane change, (2) free-agent-to-platoon
lane change, (3) platoon-to-free-agent lane change, and (4)
platoon-to-platoon lane change. In this study, we focus on
the second and third cases. Since this part is about applying
the proposed algorithm (see (3)) to lane change scenarios,
which is focused on gap creation and gap closure maneuvers
implemented by V2V communication, the specific lane
change behavior is considered as a manual driving behavior.

For the case where vehicle 𝑖 (as a free agent) tries tomerge
into a platoon on the adjacent lane, after the merging mode is
activated, vehicle 𝑖 will communicate with the platoon leader
and decide which position it will be in the platoon, as shown
in Figure 3(a). If it decides to be the 𝑗th vehicle of the platoon
after merging maneuvers, then a “ghost” vehicle with respect
to vehicle 𝑗−1 of the platoonwill be created in front of vehicle𝑖, as shown in Figure 3(b). This “ghost” vehicle has all the
same parameters but the lateral position as vehicle 𝑗−1.Then,
vehicle 𝑖 will automatically adjust its absolute position and
velocity with the “ghost” vehicle by (3). After that, vehicle 𝑖
sends amerging signal to vehicle 𝑗+1 in the platoon, as shown
in Figure 3(c). Upon receiving the merging signal, a “ghost”
vehicle with respect to vehicle 𝑖 is created in front of vehicle𝑗 + 1, and vehicle 𝑗 + 1 starts to adjust its absolute position
and velocity to create a gap for vehicle 𝑖 by (3), as shown in
Figure 3(d). After the gap is fully created, vehicle 𝑗+1 sends a
confirmation signal to vehicle 𝑖, and vehicle 𝑖merges into the
platoon, as shown in Figure 3(e).

The casewhere vehicle 𝑗 (in the platoon) tries to split from
the platoon is easier. It is studied in [32] that there are two
strategies for splitting maneuvers or so-called CACC string
dissolution. The most efficient action is for the departing
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Figure 3: Merging maneuvers protocol (assuming merging into the
2nd position).

driver to do a simple lane change in the direction of the
off-ramp. The other strategy is for the departing vehicle to
deactivate the CACC function by tapping on the brakes
before changing lanes, creating a split in the CACC string
and becoming the manually driver leader of the platoon
until it moves out of the lane. In our system, we adopt the
first strategy. After the splitting mode is activated, the driver
can take over the lateral control of the vehicle and perform
the lane change without adjusting the velocity longitudinally.
After vehicle 𝑗 completes the lane change, vehicle 𝑗 + 1 will
be informed that its predecessor changes from vehicle 𝑗 to
vehicle 𝑗−1 and therefore adjusts its velocity to close the gap.
A new platoon is formed, where vehicle 𝑗+1 becomes vehicle𝑗, and vehicle 𝑗 + 2 becomes vehicle 𝑗 + 1, and so on.

3. Simulation Study

We use MATLAB Simulink [33] to simulate three different
scenarios of our distributed consensus-based CACC system.
For the sake of brevity, in the simulation study, we assume
that the communication delay between two CACC-equipped

vehicles is 𝜏𝑖𝑗(𝑡) = 60ms [9]. Results of vehicle velocity and
weighted and unweighted intervehicle distance are shown in
different scenarios.

3.1. Normal Platoon Formation. In the first scenario, we
assume that there are four CAVs of different types (i.e.,
2 sedans, 1 SUV, and 1 truck) driving at randomly varied
velocities on the same lane of a highway. At a certain time
(𝑡 = 0), they all switch on the platoon mode. From then on,
they adjust their absolute positions and velocities based on
(3) and (7) as well as normal platoon formation protocol to
reach consensus and form a platoon. The vehicle parameters
of this distributed consensus-based CACC system are listed
in Table 1.

As can be seen from Table 1, we assume that vehicles 1
and 2 are sedans with vehicle lengths of 5m and braking
factor of 1, vehicle 3 is a SUV with a vehicle length of 5m
and a braking factor of 1.1, and vehicle 4 is a truck with a
vehicle length of 10m and a braking factor of 1.6. We further
assume that the GPS antenna is located at a point of vehicle
satisfying 2𝑙𝑖𝑓 = 3𝑙𝑖𝑟. The weighted intervehicle distances
are used instead of time gaps to measure the consensus of
vehicles’ absolute positions in a more intuitive manner. They
can be written as

𝑑𝑖𝑗0 = �̇�𝑖0 (𝑡) 𝑡𝑔𝑖𝑗0,
𝑑𝑖𝑗 = �̇�𝑖 (𝑡) 𝑡𝑔𝑖𝑗. (8)

As a key parameter, the damping gain 𝛾 in (3) will affect
the convergence rate of absolute positions and velocities of all
the vehicles in the platoon. In this study, 𝛾 = 7 is set to all three
simulation scenarios.More detailed analysis on how the value
of 𝛾 may affect the system performance (e.g., driving safety
and driving comfort) is conducted in the next section. By
implementing our distributed consensus-based strategy, the
simulation results of our CACC system are shown in Figures
4(a)–4(c).

Figure 4(a) shows that, after the platoonmode is activated
at 𝑡 = 0, all of the three unweighted intervehicle distances
converge to 13m at around 35 seconds. This unweighted
intervehicle distance can be considered as a “virtual” target
value we set for the system to achieve, not the “real” inter-
vehicle distance. Figure 4(b) shows the results for weighted
intervehicle distance. By introducing the braking factor, the
steady state of weighted intervehicle distance varies with
different vehicle pairs. The weighted intervehicle distance
indicates the “real” value for intervehicle distance in our
CACC system. In this case, at the steady state of the system,
vehicle 1 and vehicle 2 have a 13m (0.43 s) gap, vehicle 2
and vehicle 3 have a 14.3m (0.48 s) gap, and vehicle 3 and
vehicle 4 have a 20.8m (0.69 s) gap. It is shown in Figure 4(c)
that velocities of the four vehicles converge within around 35
seconds after the platoonmode is activated. After running the
distributed consensus algorithms, they all converge to 30m/s,
which is the constant velocity of the leading vehicle and also
the desired velocity of this platoon.

3.2. Platoon Restoration from Disturbances. In this scenario,
a simulation test is conducted to demonstrate the string
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Table 1: Values of vehicle parameters.

Parameters Vehicle 1 Vehicle 2 Vehicle 3 Vehicle 4
GPS antenna to front bumper 𝑙𝑖𝑓 3m 3m 3m 6m
GPS antenna to rear bumper 𝑙𝑖𝑟 2m 2m 2m 4m
Braking factor 𝑏𝑖 1 1 1.1 1.6
Initial velocity �̇�𝑖0 30m/s 33m/s 36m/s 39m/s
Desired velocity �̇�𝑖 30m/s 30m/s 30m/s 30m/s
Initial time gap 𝑡𝑔𝑖𝑗0 0.91 s 1.11 s 1.67 s
Initial weighted intervehicle distance 𝑑𝑖𝑗0 30m 40m 65m
Desired time gap 𝑡𝑔𝑖𝑗 0.43 s 0.48 s 0.69 s
Desired time headway 𝑡ℎ𝑖𝑗 0.6 s 0.64 s 0.86 s
Desired weighted intervehicle distance 𝑑𝑖𝑗 13m 14.3m 20.8m
Desired unweighted intervehicle distance 𝑑𝑖𝑗/𝑏𝑖 13m 13m 13m

stability of our CACC system, where the distributed consen-
sus algorithm has the capability of attenuating the impact of
sudden disturbances. In the platoon mode of our distributed
consensus-based CACC system, if one vehicle (e.g., leading
vehicle) suddenly brakes and reduces its velocity due to emer-
gency, then the following vehicles will decelerate accordingly
to maintain certain weighted intervehicle distances.

For example, we assume that all the parameters remain
the same as the first scenario. At time 𝑡 = 45 s, suppose that
the leading vehicle suddenly brakes due to a flat tire, and
its velocity decreases from 30m/s to 15m/s. To simplify the
scenario, we assume that the brake happens only suddenly
(Δ𝑡 ≈ 0), that is, a step change in leading vehicle’s velocity.

The simulation results of sudden brake are shown in
Figures 5(a)–5(c). Figure 5(a) shows that the unweighted
intervehicle distance between vehicle 1 and vehicle 2 suffers
an approximately 4m decrease at time 𝑡 = 45 s. However,
the unweighted intervehicle distance between vehicle 2 and
vehicle 3 only suffers an approximately 0.7m decrease, and
the one between vehicle 3 and vehicle 4 is further smaller.This
result implies that the sudden disturbance on the intervehicle
distance is attenuated along the rest of the platoon.

The velocity of vehicles in platoon is shown in Figure 5(c).
The sudden brake originates from vehicle 1, and vehicle 2
tends to avoid the collision with vehicle 1 with a hard braking
event. The braking event of vehicle 3 is not as hard as vehicle
2 (the slope is smaller), and the braking of vehicle 4 is further
smoother than vehicle 3. The smoother their braking is, the
smaller the absolute value of their acceleration will be. After
the braking event, the velocities of the three following vehicles
are slowly restored to the desired velocity. This result implies
that the sudden disturbance on the vehicle acceleration is
attenuated along the rest of the platoon.

Figure 5(b) presents the results for weighted intervehicle
distance; that is, the unweighted intervehicle distance mul-
tiplies by the braking factor of different vehicles. Overall,
the simulation results of this scenario indicate that our
distributed consensus-based CACC system is capable of
attenuating sudden disturbances and restoring to normal
conditions; that is, this system is string-stable.

3.3. Merging and Splitting Maneuvers. In this scenario, we
show the effects when the proposed distributed consensus
algorithm is performed together with the merging and
splitting maneuvers protocol as presented in Section 3.

For merging maneuvers, assume that, at time 𝑡 = 0,
a three-vehicle platoon (same parameters as vehicles 1, 3,
and 4 in the first scenario) is operating at the steady state
(i.e., cruising at the velocity of 30m/s). Another individual
vehicle (same parameters as vehicle 2 in the first scenario)
traveling at the velocity of 35m/s on the adjacent lane plans
to merge into the platoon, and the simulation result is shown
in Figure 6(a).

It can be observed from Figure 6(a) that the individual
vehicle switches on the merging mode at time 𝑡 = 5 s.
From then on, a “ghost” vehicle with respect to the first
vehicle in the platoon is created, and the individual vehicle
adjusts its velocity from 35m/s to 30m/s by (3). After that,
the individual vehicle sends a merging signal to the second
vehicle of the platoon. Then a “ghost” vehicle with respect
to the merging vehicle is created in front of the second
vehicle of the platoon. Based on (3), both the second and
third vehicles of the platoon decelerate to create a gap, and
the second vehicle sends a signal to the individual vehicle
upon the completion of gap opening. Finally, the individual
vehiclemerges into the platoon, and the velocities of the other
two following vehicles are restored to consensus in around
8 s.

For splittingmaneuvers, assume that, at time 𝑡 = 0, a four-
vehicle platoon (same parameters as vehicles 1, 2, 3, and 4 in
the first scenario) is cruising at the velocity of 30m/s. The
second vehicle will split from the platoon, and the simulation
result is shown in Figure 6(b).

The second vehicle of the platoon switches off the platoon
mode and drives away (constantly accelerates from 30m/s to
35m/s) fromplatoon at time 𝑡 = 10 s. After the second vehicle
completes its lane change, the third vehicle confirms that its
predecessor has changed to the first vehicle of the platoon.
Then it adjusts its velocity based on (3) to close the gap. The
fourth vehicle accordingly adjusts its velocity to follow the
movement of its predecessor.
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Figure 4: Simulation results of normal platoon formation.

Therefore, the simulation results of the third scenario
show that our distributed consensus-based CACC system is
capable of carrying out merging and splitting maneuvers.

4. Sensitivity Analysis

In this section, a sensitivity analysis is conducted to study how
the uncertainty in the damping gain 𝛾 can affect the uncer-
tainties in the convergence rate of the system, the acceleration
and jerk (time rate of change of acceleration) of vehicles in
the system, and the minimumweighted intervehicle distance
between two consecutive vehicles in the system.

This sensitivity analysis is based on the normal platoon
formation scenario, where the information flow topology G
contains a directed spanning tree as shown in Figure 7.

The adjacency matrix then can be defined as

A =
[[[[[[
[

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

]]]]]]
]
, (9)
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Figure 5: Simulation results of platoon restoration from disturbances.

and the nonsymmetrical Laplacianmatrix is

L = [[[[[
[

0 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1

]]]]]
]
. (10)

Recall that, in (3), there is a damping gain 𝛾 before
the velocity consensus term. Similar to the second-order
consensus algorithm in [34], we can get the conclusion that

(3) achieves consensus asymptotically if and only if directed
graphG has a directed spanning tree and

𝛾 > max
∀𝜇𝑖 ̸=0

{{{{{
Im {𝜇𝑖}

√Re {𝜇𝑖} ⋅ 𝜇𝑖
}}}}}
, (11)

where 𝜇𝑖, 𝑖 = 1, . . . , 𝑛, denotes the 𝑖th eigenvalue of −L.
The detailed proof of the above conclusion is included in
Appendix B. Since the specific value of 𝛾 has significant
influences on our CACC system in different respects, a
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Figure 6: Simulation results of merging and splitting maneuvers.
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Figure 7: Information flow topology of normal platoon formation
scenario.

sensitivity analysis is conducted in this section, including
three different parts.

4.1. Convergence Rate Analysis. The convergence rate of the
proposed distributed consensus algorithmwill affect the time
required for our CACC system to reach the steady state. The
faster the convergence rate is, the less time will be consumed
and thus the higher efficiency of our CACC system is.

In this case, we study the convergence rate of our system
without communication delay for the sake of brevity. Define
𝑥 = [𝑥𝑇1 , . . . , 𝑥𝑇𝑖 , . . . , 𝑥𝑇4 ]𝑇 and ̇̃𝑥 = [ ̇̃𝑥𝑇1 , . . . , ̇̃𝑥𝑇𝑖 , . . . , ̇̃𝑥𝑇4 ]𝑇,
where 𝑥𝑖 = 𝑥𝑖(𝑡) − 𝑥𝑗(𝑡) + 𝑙𝑖𝑓 + 𝑙𝑗𝑟 + �̇�𝑗(𝑡)𝑡𝑔𝑖𝑗𝑏𝑖 and ̇̃𝑥𝑖 = �̇�𝑖(𝑡) −�̇�𝑗(𝑡). The information states with second-order dynamics
of our system, which are in this four-vehicle platoon case
without communication delay, can be written in a matrix
form as

[ ̇̃𝑥
̈̃𝑥] = Γ[

𝑥
̇̃𝑥] , (12)

where

Γ = [04×4 𝐼4−L −𝛾L] . (13)

The way to find the eigenvalues of Γ is to solve the
characteristic polynomial of Γ, which is

det (𝜆𝐼8 − Γ) = det([𝜆𝐼4 −𝐼4
L 𝜆𝐼4 + 𝛾L])

= det (𝜆2𝐼4 + (𝛾𝜆 + 1)L) = 0.
(14)

As aforementioned, 𝜇𝑖 is the 𝑖th eigenvalue of −L.
Therefore, it can be given that

det (𝜆𝐼4 +L) = 4∏
𝑖=1

(𝜆 − 𝜇𝑖) . (15)

By comparing (14) to (15), we can get

det (𝜆𝐼8 − Γ) = det (𝜆2𝐼4 + (𝛾𝜆 + 1)L)
= 4∏
𝑖=1

(𝜆2 − (𝛾𝜆 + 1) 𝜇𝑖) = 0, (16)

which implies that the solution of (14) is the same as the
solution of

𝜆2 − (𝛾𝜆 + 1) 𝜇𝑖 = 0. (17)

Therefore, the eigenvalues of Γ can be given by

𝜆𝑖1 = 𝛾𝜇𝑖 + √𝛾2𝜇𝑖2 + 4𝜇𝑖2 ,

𝜆𝑖2 = 𝛾𝜇𝑖 − √𝛾2𝜇𝑖2 + 4𝜇𝑖2 .
(18)
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Table 2: Values of vehicle parameters.

Parameters Vehicle 1 Vehicle 2
GPS antenna to front bumper 𝑙𝑖𝑓 3m 3m
GPS antenna to rear bumper 𝑙𝑖𝑟 2m 2m
Braking factor 𝑏𝑖 1 1
Initial velocity �̇�𝑖0 30m/s 33m/s
Desired velocity �̇�𝑖 30m/s 30m/s
Initial weighted intervehicle distance 𝑑𝑖𝑗0 30m
Desired weighted intervehicle distance 𝑑𝑖𝑗 13m

The convergence rate is an exponential decay term known
as 𝑒−𝜂(𝛾)𝑡, where

𝜂 (𝛾) = max {Re {𝜆𝑖𝑗} | 𝑖 = 2, 3, 4; 𝑗 = 1, 2} . (19)

Since Re{𝜆𝑖1} ≥ Re{𝜆𝑖2}, 𝑗 = 1 is set in (19). To find out
the maximum convergence rate, we need to find out 𝛾∗ > 0
such that 𝜂(𝛾∗) = min 𝜂(𝛾). It is proven in [35] that the
minimum of 𝜂(𝛾) is achieved if Re{𝜆21} = 𝜆𝑛1; that is,

𝛾𝜇22 = 𝛾𝜇𝑛 + √𝛾2𝜇𝑛2 + 4𝜇𝑛2 . (20)

Therefore, the maximum convergence rate is achieved as

𝛾 = 𝛾∗ = 2√−𝜇𝑛
√−𝜇2 (𝜇2 − 2𝜇𝑛) . (21)

Noting that the Laplacian matrix L is previously given
and𝜇2 and𝜇𝑛 can be derived, a value of 𝛾 = 𝛾∗ = 2 is obtained
to reach the maximum convergence rate. When 𝛾 < 2, the
larger 𝛾 is, the faster convergence rate will be. When 𝛾 > 2,
the larger 𝛾 is, the slower convergence rate will be. Therefore,
to reach higher efficiency of our CACC system, we design the
value of damping gain 𝛾 as close to 2 as possible.
4.2. Driving Comfort Analysis. In this part, we analyze the
effect of 𝛾 on driving comfort. The change of vehicle velocity
is related to vehicle acceleration and jerk, and it is studied
in [36, 37] that a limitation of ±2.5m/s2 and ±10m/s3
for acceleration and jerk separately will be comfortable for
human passengers. We measure the values of argmax |𝑎| and
argmax |jerk| through normal platoon formation process and
check under which value of 𝛾 will −2.5m/s2 < 𝑎 < 2.5m/s2
and −10m/s3 < jerk < 10m/s3 be satisfied. If 𝑎 and jerk
are both in the range, then driving is comfortable for human
passengers.

Parameters of this analysis are set in Table 2, which are
exactly the same as the first two vehicles in aforementioned
simulation scenarios. The result of the sensitivity analysis on
driving comfort is shown in Figure 8. As can be seen from it,
when 7 ≤ 𝛾 ≤ 7.8, both the acceleration and the jerk are in the
“comfort” ranges. Since a faster convergence rate is desired, a
value of 7 can be chosen for 𝛾.

Driving comfort analysis
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Figure 8: Driving comfort analysis.

4.3. Driving Safety Analysis. In this part, we analyze the
effect of 𝛾 on driving safety. We measure the value of
minimum weighted intervehicle distance through normal
platoon formation process and check whether it goes to
negative. If it does, then a collision between the leading
vehicle and the following vehicle occurs.

We first analyze how the changes of 𝛾 and the initial
weighted intervehicle distance 𝑑𝑖𝑗0 will affect the minimum
weighted intervehicle distance min(𝑑𝑖𝑗). All parameters but
the initial weighted intervehicle distance (𝑑𝑖𝑗0 is a variable
in this case) of this sensitivity analysis are set the same as in
Table 2. The result is shown in Figure 9.

As shown in the result, the areas indicating min(𝑑𝑖𝑗) < 0
appear mostly when 𝑑𝑖𝑗0 > 25m and meanwhile 𝛾 < 1.
This is because when the absolute position difference is large
and the damping gain of velocity consensus term is small,
the system tends to put more weight on the absolute position
consensus term, resulting in a large overshoot of the absolute
position consensus. When the initial weighted intervehicle
distance is sufficiently large (𝑑𝑖𝑗0 > 0.18m), we can avoid
this by choosing the value of 𝛾 no smaller than 2. Also, there
is a linear area indicating min(𝑑𝑖𝑗) < 0, where 𝑑𝑖𝑗0 is small.
A hypothesis is that, at time 𝑡 = 0, the following vehicle
has a higher velocity and the weighted intervehicle distance
is rather small, so there exists no 𝛾 to ensure the following
vehicle to avoid the collision with the leading vehicle. If we
fix the value of 𝛾, it is found that the closer 𝑑𝑖𝑗0 approaches to𝑑𝑖𝑗 (13m), the larger min(𝑑𝑖𝑗) is.

We also analyze how the changes of 𝛾 and the initial
velocity difference 𝛿�̇�𝑖𝑗0 will affect the minimum weighted
intervehicle distance min(𝑑𝑖𝑗). All parameters but the initial
velocity (the difference of �̇�𝑖0 and �̇�𝑗0 is a variable in this case)
of this sensitivity analysis are set the same as in Table 2. The
result is shown in Figure 10.

As shown in the figures, collision only happens in the
areas where 𝛾 is small. If we fix the value of 𝛾, it is found
that the closer 𝛿�̇�𝑖𝑗0 approaches to 0m/s, the larger min(𝑑𝑖𝑗)
is. A potential explanation is that although the weighted
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Figure 9: Driving safety analysis related to initial weighted interve-
hicle distance.
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Driving safety analysis

Figure 10: Driving safety analysis related to initial velocity differ-
ence.

intervehicle distance will change regardless of the initial
value, the changewill beminimizedwhen the initial velocities
of the two vehicles are the same. When 𝛾 ≥ 2, no matter how
much the initial velocity difference is, theminimumweighted
intervehicle distance will always be 13m.

By analyzing the results of driving safety analysis, we
know that the preliminary value of 𝛾 (𝛾 = 7) chosen for
our CACC system is safe without any collision between two
vehicles.When the parameter setting changes, the procedures
of convergence rate analysis, driving comfort analysis, and
driving safety analysis can be applied to choose the best value
of 𝛾, which ensures the platoon in our CACC system to be
efficient, comfortable, and safe.

5. Conclusions and Future Research

In this study, we have proposed a novel CACC system
based on a distributed consensus algorithm, which takes
into account the unavoidable time-varying communication
delay, as well as the length, GPS antenna’s location, and

braking ability of different vehicles. We have also developed
distributed consensus protocol, allowing our CACC system
to process the algorithm to implement the function of
forming a platoon, merging, and splitting.The algorithm and
protocol have been implemented in MATLAB Simulink and
the system is shown to have the ability to be restored from a
variety of disturbances and carry out merging and splitting
maneuvers. In addition, a sensitivity analysis was performed
on the algorithm, indicating that the distributed consensus
algorithm reaches the maximum convergence rate when 𝛾 =2, and 𝛾 = 7 is an optimal value for our system to be efficient,
comfortable, and safe under the given parameter setting.

It should be pointed out that although the system level
(cyberspace) of vehicles has been taken into account in this
study, the actual vehicle dynamics model (physical space)
has been neglected. Combination of the cyberspace and the
physical space may be a future goal of this study. Also,
as discussed in Section 2, the braking factor we proposed
may be an aggregate of many different factors, including
the mass of the vehicle (light or heavy), the aerodynamics
performance of the vehicle (good or bad), the status of the
brake (new or worn), the status of the tires (new or worn),
the type of the tires (all-season tires or snow tires), the
status of the road surface (dry or wet), and the gradient
of the road surface (flat or steep). By applying fuzzy logic
theory [38], a control model considering above factors as
inputs and braking factor as output can be developed in the
future to decide the value of braking factor for each vehicle
in the system. Moreover, although the proposed distributed
consensus algorithm has taken into account some system
uncertainties like communication delay, many other issues
that may occur in the field implementation still have not been
addressed in this study, such as packet loss, signal fading,
and signal interference. This unlocks more opportunities for
future research.

Appendix

A. Closed-Loop Vehicle Dynamics Analysis

Given the proposed distributed consensus algorithm (see
(3)), if we define the absolute position error and velocity error
with respect to the leading vehicles 𝑥1(𝑡) and �̇�1(𝑡) as

𝑥𝑖 = 𝑥𝑖 (𝑡) − 𝑥1 (𝑡 − 𝜏𝑖1 (𝑡)) + 𝑙𝑖𝑓 + 𝑙1𝑟
+ �̇�1 (𝑡 − 𝜏𝑖1 (𝑡)) (𝑡𝑔𝑖1 + 𝜏𝑖1 (𝑡)) 𝑏𝑖

̇̃𝑥𝑖 = �̇�𝑖 (𝑡) − �̇�1 (𝑡 − 𝜏𝑖1 (𝑡)) ,
(A.1)

and by expressing the time gap constant 𝑡𝑔𝑖𝑗 between vehicle 𝑖
and vehicle 𝑗 with respect to the leading vehicle, that is, 𝑡𝑔𝑖𝑗 =𝑡𝑔𝑖1 + 𝑡𝑔𝑗1, and, for the sake of brevity in the proof, we assume
that each vehicle in this system has the same vehicle length
and the same GPS antenna location, that is, 𝑙𝑖𝑓 = 𝑙𝑗𝑓 and 𝑙𝑖𝑟 =𝑙𝑗𝑟, and the communication delay is an identical value for each
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pair of vehicles, that is, 𝜏𝑖𝑗(𝑡) = 𝜏𝑖1(𝑡) = 𝜏𝑗1(𝑡), then, after some
algebraic manipulations, we can rewrite (A.1) as

�̇�𝑖 (𝑡) = V𝑖 (𝑡) ,
V̇𝑖 (𝑡) = −𝑎𝑖𝑗 [𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡))]

− 𝛾𝑎𝑖𝑗 [ ̇̃𝑥𝑖 (𝑡) − ̇̃𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡))] .
(A.2)

If we define the dynamics of the system in a compact form as

𝑥 = [𝑥𝑇1 , 𝑥𝑇2 , . . . , 𝑥𝑇𝑖 , . . . , 𝑥𝑇𝑁]𝑇 ,
̇̃𝑥 = [ ̇̃𝑥𝑇1 , ̇̃𝑥𝑇2 , . . . , ̇̃𝑥𝑇𝑖 , . . . , ̇̃𝑥𝑇𝑁]𝑇 ,

(A.3)

then the error state vector can be defined as

𝜒 = [𝑥𝑇 ̇̃𝑥𝑇]𝑇 . (A.4)

Therefore, from (A.2), the vehicle dynamics can be trans-
formed into a compact form as

̇̃𝜒 (𝑡) = Γ1𝜒 (𝑡) + Γ𝑘𝜒 (𝑡 − 𝜏𝑘 (𝑡)) , (A.5)

where 𝜏𝑘(𝑡), 𝑘 = 1, 2, . . . , 𝑚, with 𝑚 ≤ 𝑁(𝑁 − 1) is defined
as an element of the time-varying communication delay 𝜏𝑖𝑗(𝑡)
and

Γ1 = [0𝑁×𝑁 𝐼𝑁×𝑁
−𝐴 −𝛾𝐴] ,

Γ𝑘 = [0𝑁×𝑁 0𝑁×𝑁
𝐴𝑘 𝛾𝐴𝑘 ] ,

𝐴 = diag {𝑎21, 𝑎32, . . . , 𝑎𝑖𝑗, . . . , 𝑎𝑁(𝑁−1)} ∈ R
𝑁×𝑁.

(A.6)

B. Convergence Analysis of the Distributed
Consensus Algorithm

The Newton-Leibniz formula can be introduced as

𝜒 (𝑡 − 𝜏𝑘 (𝑡)) = 𝜒 (𝑡) − ∫0
−𝜏𝑘(𝑡)

̇̃𝜒 (𝑡 + 𝑠) 𝑑𝑠
= 𝜒 (𝑡)
− Γ𝑙 ∫0
−𝜏𝑘(𝑡)

𝜒 (𝑡 + 𝑠 − 𝜏𝑙 (𝑡 + 𝑠)) 𝑑𝑠,
(B.1)

where 𝑙 = 0, 1, 2, . . . , 𝑚. By substituting (B.1) into (A.5), we
can obtain

̇̃𝜒 (𝑡) = 𝐵𝜒 (𝑡) − Γ𝑘Γ𝑙 ∫0
−𝜏𝑘(𝑡)

𝜒 (𝑡 + 𝑠 − 𝜏𝑙 (𝑡 + 𝑠)) 𝑑𝑠, (B.2)

where

𝐵 = Γ1 + Γ𝑘 = [0𝑁×𝑁 𝐼𝑁×𝑁
−𝐴 −𝛾𝐴] , (B.3)

with

𝐴 = −𝐴 + 𝐴𝑘. (B.4)

Then the following lemmas can be proposed to study the
convergence of our distributed consensus algorithm (see (3)).
For the proof of Lemma 1, refer to [39].

Lemma 1. Matrix 𝐴 in (B.2) is positive stable if and only if
there exists a directed spanning tree in the information flow
topology.

Lemma 2. Let matrix 𝐵 and matrix𝐴 be defined in (B.2). 𝐵 is
Hurwitz-stable if and only if 𝐴 is positive stable and

𝛾 > max
𝜇𝑖∈𝜂(𝐴)

{{{{{
Im {𝜇𝑖}

√Re {𝜇𝑖} ⋅ 𝜇𝑖
}}}}}
, (B.5)

where 𝜇𝑖 is the 𝑖th eigenvalue of 𝐴 and 𝜂(𝐴) is the set of all
eigenvalues of 𝐴.
Proof. Given by Lemma 1,𝐴 is positive stable.We then define𝜆 as the eigenvalue of 𝐵; then the characteristic polynomial of𝐵 can be written as

det (𝜆𝐼2𝑁×2𝑁 − 𝐵) = det([𝜆𝐼𝑁×𝑁 −𝐼𝑁×𝑁
𝐴 𝛾𝐴 + 𝜆𝐼𝑁×𝑁])

= det (𝜆2𝐼𝑁×𝑁 + 𝜆𝛾𝐴𝑀𝐼𝑁×𝑁 + 𝐴)
= 𝑁∑
𝑖=1

(𝜆2 + 𝛾𝜇𝑖𝜆 + 𝜇𝑖) .
(B.6)

Therefore, the Hurwitz stability of matrix 𝐵 can be stated as
the Hurwitz stability of the following polynomial, for all 𝜇𝑖 ∈𝜂(𝐴):

𝜁 (𝜆, 𝜇𝑖) = 𝜆2 + 𝛾𝜇𝑖𝜆 + 𝜇𝑖. (B.7)

According to [40], (B.7) is Hurwitz-stable if and only if

Re {𝜇𝑖} > 0,
𝛾 > Im {𝜇𝑖}

√Re {𝜇𝑖} ⋅ 𝜇𝑖
. (B.8)

This is equivalent to the fact that all the eigenvalues of 𝐵 have
negative real parts if and only if (B.5) suffices.

Given Lemmas 1 and 2, the convergence of the closed-
loop vehicle dynamics can be demonstrated as follows.

Theorem 3. If there exists a directed spanning tree in the
platoon information flow topology G and the damping gain 𝛾
of (3) suffices

𝛾 > max
𝜇𝑖∈𝜂(𝐴)

{{{{{
Im {𝜇𝑖}

√Re {𝜇𝑖} ⋅ 𝜇𝑖
}}}}}
, (B.9)
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where 𝐴 is defined in (B.4), 𝜇𝑖 is the 𝑖th eigenvalue of 𝐴, and𝜂(𝐴) is the set of all eigenvalues of𝐴, then there exists a constant𝜏0 > 0 such that when 0 ≤ 𝜏𝑘 ≤ 𝜏0 (𝑘 = 1, 2, . . . , 𝑚), the agents
of the same platoon in the CACC system can achieve consensus
as defined in (4).

Proof. Since matrix 𝐵 is Hurwitz-stable based on Lemma 2,
there exists a positive-definite matrix 𝐶 ∈ R2𝑁×2𝑁 such that

𝐶𝐵 + 𝐵𝑇𝐶 = −𝐼2𝑁×2𝑁. (B.10)

Consider Lyapunov-Razumikhin function candidate

𝑉 (𝜒) = 𝜒𝑇𝐶𝜒, (B.11)

satisfying the condition

𝜎1 (𝐶) 𝜒2 ≤ 𝑉 (𝜒) ≤ 𝜎2 (𝐶) 𝜒2 , (B.12)

where𝜎1(𝑠),𝜎2(𝑠), and𝜎3(𝑠) are continuous, nonnegative, and
nondecreasing functions with 𝜎1(𝑠) > 0, 𝜎2(𝑠) > 0, and𝜎3(𝑠) > 0 for 𝑠 > 0 and 𝜎1(0) = 𝜎2(0) = 𝜎3(0) = 0 (also
defined in Lemma 4).

Take derivative of 𝑉 in (B.11) as

�̇� (𝜒) = ̇̃𝜒𝑇𝐶𝜒 + 𝜒𝑇𝐶 ̇̃𝜒, (B.13)

and substitute ̇̃𝜒 with (B.2):

�̇� (𝜒) = 𝜒𝑇 (𝐶𝐵 + 𝐵𝑇𝐶)𝜒
− 2𝜒𝑇𝐶Γ𝑘Γ𝑙 ∫0

−𝜏𝑘(𝑡)
𝜒 (𝑡 + 𝑠 − 𝜏𝑙) 𝑑𝑠. (B.14)

Next, we apply Lemma 3 proposed by [40] and Lemma 4
proposed by [41] to further our proof of Theorem 3.

Lemma 3. For any 𝛼, 𝛽 ∈ R and any positive-definite matrix𝜙 ∈ R𝑁×𝑁,

2𝛼𝑇𝛽 ≤ 𝛼𝑇𝜙−1𝛼 + 𝛽𝑇𝜙𝛽. (B.15)

Lemma4. If there is a continuous function𝑉(𝑡, 𝑥), 𝑡 ∈ R, 𝑥 ∈
R𝑁, such that

𝜎1 (‖𝑥‖) ≤ 𝑉 (𝑡, 𝑥) ≤ 𝜎2 (‖𝑥‖) , (B.16)

and the derivative of 𝑉 satisfies the fact that

�̇� (𝑡, 𝑥) ≤ −𝜎3 (‖𝑥‖) (B.17)

if 𝑉 (𝑡 + 𝜁, 𝑥 (𝑡 + 𝜁)) < 𝜎 (𝑉 (𝑡, 𝑥 (𝑡))) ,
𝜁 ∈ [−𝑟, 0] , (B.18)

where [−𝑟, 0] is an interval for a Banach space of continuous
functions, then the solution 𝑥 = 0 is uniformly asymptotically
stable.

Based on Lemma 3, define 𝛼 = −Γ𝑘Γ𝑙𝐶𝜒, 𝛽 = 𝜒(𝑡 + 𝑠 − 𝜏𝑙),
and 𝜙 = 𝐶. After integrating both sides of (B.15), we have

�̇� (𝜒) ≤ 𝜒𝑇 (𝐶𝐵 + 𝐵𝑇𝐶)𝜒
+ 𝜏𝑙𝜒𝑇𝐶Γ𝑘𝑇Γ𝑙𝑇𝐶−1Γ𝑙Γ𝑘𝐶𝜒
+ ∫0
−𝜏𝑘(𝑡)

𝜒𝑇 (𝑡 + 𝑠 − 𝜏𝑙) 𝐶𝜒 (𝑡 + 𝑠 − 𝜏𝑙) 𝑑𝑠.
(B.19)

Define 𝜎(𝑠) = 𝜉𝑠 with constant 𝜉 > 1; then, according to
Lemma 4, if

𝑉 (𝜒 (𝑡 + 𝑠 − 𝜏𝑙) = 𝜒𝑇 (𝑡 + 𝑠 − 𝜏𝑙) 𝐶𝜒 (𝑡 + 𝑠 − 𝜏𝑙)
≤ 𝜉𝑉 (𝜒) , 𝜏𝑙 ≤ 𝜏2 ,

(B.20)

then we have
�̇� (𝜒) ≤ −𝜒𝑇𝜒 + 𝜏𝑙𝜒𝑇 (𝐶Γ𝑘𝑇Γ𝑙𝑇𝐶−1Γ𝑙Γ𝑘𝐶 + 𝜉𝐶) 𝜒

≤ −𝜒𝑇𝜒 + 𝜏2𝜒𝑇 (𝐶Γ𝑘𝑇Γ𝑙𝑇𝐶−1Γ𝑙Γ𝑘𝐶 + 𝜉𝐶) 𝜒.
(B.21)

Therefore, if the value of 𝜏 suffices

𝜏 < 𝜏0 = 2𝐶Γ𝑘𝑇Γ𝑙𝑇𝐶−1Γ𝑙Γ𝑘𝐶 + 𝜉𝐶 , (B.22)

then, for 𝜓 > 0,
�̇� (𝜒) ≤ 𝜓−𝜒𝑇𝜒. (B.23)

ThusTheorem 3 is proven.

C. String Stability Analysis of
the Distributed Consensus Algorithm

Writing the distributed consensus algorithm (see (4)) in a
second-order form as

𝑎𝑖 (𝑡) = −𝑎𝑖𝑗 [𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) + 𝑙𝑖𝑓 + 𝑙𝑗𝑟
+ V𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)) (𝑡𝑔𝑖𝑗 + 𝜏𝑖𝑗 (𝑡)) 𝑏𝑖] − 𝛾𝑎𝑖𝑗 [V𝑖 (𝑡)
− V𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡))] ,

(C.1)

where 𝑖 = 2, . . . , 𝑛, 𝑗 = 𝑖 − 1, and 𝑎𝑖(𝑡) and V𝑖(𝑡) are the
acceleration and velocity of vehicle 𝑖 at time 𝑡, we can write
(C.1) in the Laplace domainwith the time-varying time delays
set to a unique constant value 𝜏 as

𝐴 𝑖 (𝑠) = −𝑎𝑖(𝑖−1) [[
𝑋𝑖 (𝑠) − 𝑋𝑖(𝑖−1) (𝑠) 𝑒−𝜏𝑠

+ 𝑙𝑖𝑓 + 𝑙(𝑖−1)𝑟𝑠 + 𝑉𝑖−1 (𝑠) 𝑒−𝜏𝑠 (𝑡
𝑔
𝑖𝑗 + 𝜏) 𝑏𝑖𝑠 ]

]
− 𝛾𝑎𝑖(𝑖−1) [𝑉𝑖 (𝑠) − 𝑉𝑖−1 (𝑠) 𝑒−𝜏𝑠] .

(C.2)
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Since we adopt the predecessor following topology, the
adjacencymatrix input 𝑎𝑖(𝑖−1) should be equal to 1. After some
algebraic manipulations, the transfer function (C.2) can be
written as

𝐴 𝑖 (𝑠) = 𝑒−𝜏𝑠 + 𝑠𝑒−𝜏𝑠 (𝑡𝑔𝑖𝑗 + 𝜏) 𝑏𝑖 + 𝑠𝛾𝑒−𝜏𝑠𝑠2 + 𝛾𝑠 + 1 𝐴 𝑖−1 (𝑠)

+ 𝑒−𝜏𝑠 + 𝑠𝑒−𝜏𝑠 (𝑡
𝑔
𝑖𝑗 + 𝜏) 𝑏𝑖 + 𝑠𝛾𝑒−𝜏𝑠𝑠2 + 𝛾𝑠 + 1 V𝑖−1 (0)

+ 𝑠𝑠2 + 𝛾𝑠 + 1𝑥𝑖−1 (0) − 𝛾𝑠 + 1𝑠2 + 𝛾𝑠 + 1V𝑖 (0)
+ 𝑠𝑠2 + 𝛾𝑠 + 1𝑥𝑖 (0)
+ 𝑠𝑠2 + 𝛾𝑠 + 1 (𝑙𝑖𝑓 + 𝑙(𝑖−1)𝑟)

(C.3)

At low frequencies, we have


𝑠𝑠2 + 𝛾𝑠 + 1𝑥𝑖−1 (0)

 ≪ 1,


𝑠𝑠2 + 𝛾𝑠 + 1𝑥𝑖 (0)
 ≪ 1,


𝑠𝑠2 + 𝛾𝑠 + 1 (𝑙𝑖𝑓 + 𝑙(𝑖−1)𝑟)

 ≪ 1.
(C.4)

Furthermore, since it can be assumed that V𝑖(0) = V𝑖−1(0), we
have that

𝑒−𝜏𝑠 + 𝑠𝑒−𝜏𝑠 (𝑡𝑔𝑖𝑗 + 𝜏) 𝑏𝑖 + 𝑠𝛾𝑒−𝜏𝑠𝑠2 + 𝛾𝑠 + 1 V𝑖−1 (0)
− 𝛾𝑠 + 1𝑠2 + 𝛾𝑠 + 1V𝑖 (0) = 0

(C.5)

is also satisfied at low frequencies. Therefore, (C.3) can be
rewritten as

𝐴 𝑖 (𝑠) = 𝑒−𝜏𝑠 + 𝑠𝑒−𝜏𝑠 (𝑡𝑔𝑖𝑗 + 𝜏) 𝑏𝑖 + 𝑠𝛾𝑒−𝜏𝑠𝑠2 + 𝛾𝑠 + 1 𝐴 𝑖−1 (𝑠) , (C.6)

where the tuning parameters in (4) can be chosen to satisfy
the string stability requirement:

𝑒−𝜏𝑠 + 𝑠𝑒−𝜏𝑠 (𝑡𝑔𝑖𝑗 + 𝜏) 𝑏𝑖 + 𝑠𝛾𝑒−𝜏𝑠𝑠2 + 𝛾𝑠 + 1 ≤ 1, (C.7)

for all frequencies of interest [20].
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The effect of connected vehicle environment on the transportation systems and the relationship between the penetration rate of
connected vehicle and its efficiency are investigated in this study. An example based on the classical two-route network is adopted in
this study, in which the drivers consist of two types: informed and uninformed.The advantages and disadvantages of the connected
vehicle environment are analyzed, and the concentration phenomenon is proposed and found to be mitigated when only a fraction
of drivers are informed. The simulation tool embodying the characteristics of the connected vehicle environment is developed
using the multiagent technology. Finally, different scenarios are simulated, such as the zero-information environment, the full-
information environment, and the connected vehicle environment with various penetration rates. Moreover, simulation results of
the global performance of the transportation system are compared. The results show that the connected vehicle environment can
efficiently improve the performance of the transportation system, while the adverse effects due to concentration rise out from the
excessive informed drivers. An optimal penetration rate of the connected vehicles is found to characterize the best performance of
the system.These findings can aid in understanding the effect of the connected vehicle environment on the transportation system.

1. Introduction

Traffic congestion imposes a high cost on individuals and
communities with the rapid growth of vehicle ownership. In
addition, the resulting problems, such as vehicle emissions
and environmental contamination, have become common.
Two approaches have been generally applied to deal with
the increasing travel demand: (1) increasing capacity by
road transportation infrastructure construction and (2) rea-
sonable traffic allocation by demand management [1]. Facts
proved that the second method is more sustainable and
efficient without large investments compared with the first
method; therefore it has attracted widely attention. For
instance, Ding et al. [2, 3] attempted to understand travel
behavior and its relationship to urban forms aiming to realize
property management of the supply and demand condi-
tion and provide better policy recommendations. Besides,
Ma et al. [4, 5] modeled the travel patterns of transit
riders in Beijing through the data-mining technology for

better marketing strategies contributed to alleviating traffic
congestion. However, in recent years, researchers find that
traffic information can influence the traffic assignment more
directly and efficiently. Majority of studies have concluded
that information is expected to be beneficial in improving the
traffic efficiency [6–8]. Traffic information has been typically
conveyed to drivers through broadcast media and variable
message signs. Recent traditional patterns have experienced
reformation. Connected vehicles compile information from
various sources and convey this information to drivers, which
have been aided by the rapidly developing technologies, such
as computers, communication, big data, and the Internet.

The connected vehicle technology is rapidly developing
as a substantial technology for monitoring and collecting
data; traffic information collected from connected vehicles
includes detailed spatial, temporal, and operational charac-
teristics contrasting with the information provided by the
traditional resources and traffic sensors [9]. In the con-
nected vehicle environment, each network vehicle acts as
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a formidable traffic information collector. Meanwhile, the
information collected by the vehicles will be transmitted
to the connected vehicles, which can obtain accurate, real-
time, and comprehensive traffic information by processing
the multisource information. The information feedback to
each vehicle provides changes in driving modes [10–13]
and improves safety significantly meanwhile [14]. Evidently,
connected vehicles serve as a feedback loop between traf-
fic supply and demand based on the traffic information.
Therefore, connected vehicles can properly realize the time-
variant traffic distributed to the traffic network [15]. This
condition contributes to smooth traffic oscillation and reduc-
ing environmental impacts [16], which can lessen the costs
of individuals and the entire system; as a major develop-
ment direction, connected vehicles have attracted increasing
attention [17, 18]. Hence, the effect of the connected vehicle
environment on the transportation system is the focus of this
study.

The fact that substantial resources are devoted to con-
nected vehicles indicates that the connected vehicles are valu-
able for individual travelers. However, individual travelers
fail to internalize the costs of congestion delay and other
external costs they impose on other travelers, in which the
private cost of a trip that they face is less than the social
cost [19]. In fact, the responses of drivers to information and
its dynamic influence on the transportation network are not
a priori knowledge. A precise understanding of the effects
of information is essential to the policy determination and
management of connected vehicles.

Numerous studies on the effects of information have
been conducted. Ben-Elia et al. [20], Popovič and Habjan
[21], and Litescu et al. [22] explored the influence of infor-
mation considering information quality. Besides, Ben-Elia
and Shiftan [23] and Levinson [24] investigated the route
choice problems. Recently, Lindsey et al. [19] conducted a
detailed investigation of the effects of pretrip information
on route choice decisions and system efficiency; and the
authors then presented and discussed an experiment to test
the model [25]. However, most of these studies do not
consider deficient information. One recurring finding is that
the performance of traffic reaches the optimal result when
some drivers are informed. Emmerink et al. [26] found that
information has negative effects due to the concentration and
overreaction when the penetration exceeds 20%. Litescu et
al. [27] discovered that the system performance is influenced
by the number of participants that access real-time infor-
mation; furthermore, the system performance with seamless
information is not different from and perhaps even worse
than that with zero-information. The focus of the present
study is on the effects of information penetration at different
levels.

Most of the previous studies have failed to embody the
characteristics of the connected vehicle environment which
cannot take the traffic system performance as a dynamic
evolution process. The environment of connected vehicles is
a dynamic feedback process between the driver route choice
behavior and the traffic system performance. The drivers
with travel information provided by connected vehicles can
adjust their travel patterns according to this information.

Then, the operation performance of the traffic network will
change according to the behavior of the motorists. In this
study, a transportation system is simulated by an agent-based
simulation method. The system consists of agents (i.e.,
vehicle driver units) who operate and interact in a shared
environment (i.e., road network), where the behavior of the
entire system is the emergent of all its elements [27]. The
multiagent technology can research the operating conditions
of the traffic network developing over time, resulting from
route choices of the drivers under the connected vehicle
environment.

This study focuses on the effects of information on the
transportation system and the effects of the various pene-
tration rates of connected vehicles on concentration. Hence,
the performance of the traffic system is analyzed when the
coverage of connected vehicles is at different levels (i.e., zero-
information, full-information, and partial-information). The
simulation environment with the features of connected vehi-
cles is also developed. Finally, the relationship between the
penetration rates of the connected vehicles and the traffic
system performance is analyzed through simulation results.

The remainder of this paper is organized as follows.
Section 2 lays out the model to analyze the advantages and
disadvantages of connected vehicles and the effect of the
penetration rate of connected vehicles on the transportation
system. Section 3 develops the simulation environment by
the agent-based simulation framework, namely, NetLogo;
based on this, the simulation experiments are carried out
in different scenarios and then the experiment results are
analyzed. Section 4 concludes with a summary and points out
the future research directions.

2. Effect of Connected Vehicle Environment on
Global Travel Efficiency

Generally, drivers make their route choice according to their
perception of the transportation system attributes, such as
conditions in travel time, travel speed, travel cost, and road
usage; it is a reasonable assumption that travel time is the
most important one among these factors. For simplicity, this
study focuses only on travel time. The perception about the
transportation system attributes originates from the acquired
traffic information, which influences the route choice behav-
ior.Therefore, this information affects the performance of the
entire system.

Drivers obtain traffic information based on their day-
to-day travel experience and surrounding traffic environ-
ment within their range of vision under a traditional traffic
condition. Thus, their acquired traffic information is limited
and seriously time lagging. However the basic value which
maximizes the travel interests is adhered to the process of
travel decision-making. The interests of drivers can barely
realize the maximum because the information they obtain
misrepresents the real-time performance of the transporta-
tion system. Meanwhile, drivers who receive high-quality
information services can obtain the comprehensive and real-
time traffic information in the connected vehicle environ-
ment. Apparently, these drivers can make a better route
choice in pursuit of self-interest maximization. However,
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Figure 1: Dynamic feedback process.

although in this case, whether the performance of the entire
transportation system can reach the optimum under the
circumstance is uncertain.

User equilibrium (UE) rarely coincides with the sys-
tem optimum (SO) according to Wardrop’s principles. The
transportation systemperformance achieves the optimal state
when the total travel time is minimized. In the connected
vehicle environment, drivers dynamically select the opti-
mal routes for themselves according to real-time operating
conditions of the traffic system, where the operation state
of the traffic system changes accordingly. Therefore, the
transportation system condition continuously adjusts if the
differences between the travel times of different routes exist
(i.e., some routes have relatively less travel times than others).
Finally, the traffic assignment will be consistent with UE
within an acceptable range in a relatively stable situation after
a period of time adjustment. Through the above analysis,
the transportation system performance with all the drivers
receiving the service of connected vehicles is not system
optimal.

2.1. Advantages and Disadvantages of Connected Vehicles.
The benefit of receiving information to improve traffic effi-
ciency has been widely proven. Meanwhile, as mentioned,
some studies found that information can adversely affect
the system efficiency in some ways, such as concentration,
overreaction, and oversaturation, where there are too many
informed drivers. The classical two-route network is used
in this study to facilitate the analysis. Drivers start from a
single origin according to a certain come-rate 𝜆 to a single
destination. In contrast to the existing literature [19, 26], this
study considers the characteristics of connected vehicles, in
which it is a dynamic feedback process between the driver
route choices and the transportation system performance, as
shown in Figure 1. The transportation system performance
depends on driver route choices and sequentially influences
driver route choices in turn by the aid of real-time traffic
information.

Since the real-time travel time of each route is known by
drivers before they choose a route, they usually would choose
the better route for themselves; the operation condition of
the transportation system is then influenced by their choices
and further influences the drivers who come later, and so on.
Therefore, although in the connected vehicle environment,
it is a dynamic process with continuous adjustment. Rather

than the system finally relative steady state (i.e., UE), we focus
on the dynamic process itself.

The variations of the transportation system performance
are continuous, and the changes in the transportation system
are caused by the cumulative process of driver route choices.
Therefore, the operating condition is assumed to be constant
in a relatively short time 𝜏, and the dynamic and continuous
process is discretized by this time interval. During each cycle
time 𝜏,𝑁 agents enter the network, which are assigned to the
two routes, 𝑟1 and 𝑟2.

𝑁 = 𝜆 ⋅ 𝜏 (1)

𝑁 = 𝑁1 + 𝑁2 (2)

𝑁1 and 𝑁2 represent the numbers of agents who enter 𝑟1
and 𝑟2, respectively. In the connected vehicle environment
(i.e., full-information, F), the numbers of agents 𝑁1 and
𝑁2 are determined by the real-time travel times of these
two routes, 𝑇1 and 𝑇2. Although in the connected vehicle
environment, it is the drivers that make the route choices for
themselves according to their perception about the attributes
of the transportation system which are inevitably influenced
by their travel experience. Besides, the driversmaynot believe
the real-time traffic information completely because this
information provided by connected vehicles is not always
entirely accurate. Therefore, the actual operation condition
of the transportation system cannot be entirely known by
the drivers. Thereby we assume that the drivers make the
route choice that confirms the Discrete Choice Model in
the connected vehicle environment as well as the traditional
environment. But unlike the traditional environment, in the
connected vehicle environment, the perception of drivers
about the attributes of the transportation system is based on
the real-time traffic information. The travel time determines
the proportion of each route; thus, 𝑃1𝐹 and 𝑃2𝐹 establish the
agent distribution on the network.

𝑃1
𝐹 ∝ 𝑇2
𝑇1 + 𝑇2

= 1 + 𝑇2
𝑇1
∝ 𝑇2
𝑇1

(3)

𝑃𝐹
2
= 1 − 𝑃𝐹

1
∝ 𝑇1
𝑇2

(4)

𝑁 ⋅ 𝑃1
𝐹 = 𝐸 [𝑁1] (5)

𝑁 ⋅ 𝑃
2

𝐹 = 𝐸 [𝑁2] = 𝑁 − 𝐸 [𝑁1] = 𝑁 ⋅ (1 − 𝑃1
𝐹) . (6)

In (5) and (6), 𝐸[𝑁
𝑖] is the expected number of operators,

𝑖 = 1, 2, which expresses the number of drivers entering each
route within circle time 𝜏.

2.1.1. Benefits of Information. In the traditional traffic envi-
ronment (i.e., zero-information, Z), drivers only know the
unconditional probability distribution of states. They select
the optimal routes to their preference according to the
expected travel times of routes, which originate from their
previous travel experience. Therefore, the probability of each
route is constant over a relatively long period, as well as
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the number of drivers entering each route within circle
time 𝜏.

𝑃1
𝑍 ∝
𝐸 [𝑇2]
𝐸 [𝑇1]
;

𝑃2
𝑍 ∝
𝐸 [𝑇1]
𝐸 [𝑇2]

(7)

𝑁 ⋅ 𝑃1
𝑍 = 𝐸 [𝑁1] (8)

𝑁 ⋅ 𝑃
2

𝑍 = 𝐸 [𝑁2] = 𝑁 − 𝐸 [𝑁2] = 𝑁 ⋅ (1 − 𝑃1
𝑍) . (9)

The feedback loop between the driver route choice and
the transportation system performance is relatively long to
adjust the assignment of traffic demand based on the real-
time running state of the system. Given that the network
capacity can satisfy the traffic demand, the expected running
state of 𝑟1 stays at point𝐴. However, under a certain probabil-
ity, several drivers entering 𝑟1 (𝑟2) will lead to congestion. In
this situation, the traffic flow of this route may have two cases
with the traffic flow shown in Figure 2. In the last cycle, the
number of agents exiting 𝑟1 (i.e., arriving at the destination)
in unit time equals the traffic flow 𝑄 (𝑄), which changes
over the next cycle. Meanwhile, substitute (1) into (8) for the
expected number of agents entering 𝑟1 per unit time to get
𝐸[𝑁
1]/𝜏 = 𝑃1𝑍 ⋅ 𝜆, which is without any change compared

with that in the last cycle.Thus, the number of agents entering
may be larger (𝑄, first case) or smaller (𝑄, second case) than
that exiting in unit time at the beginning of the next cycle.

In the zero-information regime, drivers cannot adjust
along the real-time system performance because they cannot
acquire real-time traffic information.Therefore, the expected
number of agents entering 𝑟1 in unit time in the first case is
as good as the second case. In the first case, the queue can
be released finally within a certain time because the number
of agents entering 𝑟1 is smaller than that exiting the route
over the next period of time. In the second case, the situation
may become worse if the queue extends beyond the capacity
of congestion evacuation, which is characterized by a greater
variability of the travel time. Although the evacuation process
is within the capacity of congestion evacuation, it will require
a relatively long period of time.
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Figure 3: Decrease of expected number of agents entering route per
unit time.

In the full-information regime, drivers adjust their route
choices according to the real-time information about the
network performance (𝑇1 and 𝑇2). Substitute (1) into (5) for
the expected number of agents entering 𝑟1 per unit time to
get 𝐸[𝑁1]/𝜏 = 𝑃1𝐹 ⋅ 𝜆. As mentioned above, given that
network capacity can satisfy the traffic demand, one route
becomes congested, whereas the other route must be free.
Thus, 𝑇2 becomes smaller as 𝑇1 becomes larger. Therefore,
the expected number of agents entering 𝑟1 per unit time will
become smaller in the next cycle compared with the last cycle
according to (3), as shown in Figure 3. In the first case, the
running state moves from point 𝐴 to point 𝐵 at the starting
point. The execution process is shortened because of the
decrease in the number of agents entering 𝑟1 per unit time.
In the second case, congestion is more serious than that of
the first case; thus, the relationship between two cases can be
written as

𝑇First
1
< 𝑇Second
1
,

𝑇First
2
> 𝑇Second
2

𝑇First
2

𝑇First
1

>
𝑇Second
2

𝑇Second
1

.

(10)

According to (3), the expected number of agents entering
𝑟
1 per unit time in the second case is smaller than that of the
first case over the next cycle. The running state moves from
point𝐴 to point𝐶 or𝐷 at the starting point. In this condition,
evenwhen the expected number of agents entering 𝑟1 per unit
time is larger than the agents exiting, the evacuation is made
easier by diminishing the gap between the values of 𝑃1𝐹 ⋅ 𝜆
and 𝑄.

2.1.2. Concentration Analysis. From the analysis above, the
information is beneficial for the system operation efficiency.
However, in the full-information regime, travel behavior is
adjusted by every driver, similarly according to the real-time
system performance; however, the drivers are unaware of
the behavior of others, which may lead to concentration.
In the full-information regime, drivers intend to select the
route with better performance that can maximize their own
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interests, which causes several drivers to select the same
route, which ultimately will lead to an unstable and inefficient
traffic system.

Therefore, concentration may lead to an excessive
response to the changes of operation conditions when a
slight adjustment will suffice or the self-adjustment of the
system is sufficient, such as in the first case. Moreover, the
less agents selecting 𝑟1 means the more agents selecting 𝑟2
according to (6). Thus, in the second case, the usage of 𝑟1
significantly decreases due to concentration that leads to
the sharp increase of the usage of 𝑟2. Finally, the operation
condition of 𝑟2 is expected to become congested as well. All
these conditions contribute to an unstable traffic system.

2.2. Effect of the Penetration Rate of the Connected Vehicles.
From the above analysis, the concentration phenomenon
is thus related to excessive route choice adjustment after
obtaining the traffic information.The tendency of overshoot-
ing arises from many drivers making similar adjustments
at the same time. Apparently, only a fraction of drivers can
acquire real-time traffic information provided by connected
vehicles and make route choice according to the real-time
system performance that can mitigate or even avoid the
concentration.

Suppose the penetration rate of connected vehicles is
𝑃 (0 < 𝑃 < 1). In other words, the proportion of
drivers who can obtain real-time traffic information is 𝑃. The
system comprises two types of drivers, namely, informed and
uninformed. The informed drivers can select the appropriate
routes according to the current situation in the next cycle;
thus, the probability of the informed drivers selecting 𝑟1 is
𝑃1𝐹. Conversely, the uninformed drivers make route choice
only according to the expected operation condition of the
system rather than the current situation; thus, the probability
of using 𝑟1 is a constant value of𝑃1𝑍.The number of informed
drivers entering 𝑟1 per unit time equals 𝑃 ⋅ 𝑃1𝐹 ⋅ 𝜆 according
to (1) and (5). Meanwhile, the number of uninformed drivers
is (1 − 𝑃) ⋅ 𝑃1𝑍 ⋅ 𝜆. The total number of drivers entering 𝑟1 per
unit time 𝑞1 is obtained as follows:

𝑞1 = 𝑃 ⋅ 𝑃1
𝐹 ⋅ 𝜆 + (1 − 𝑃) ⋅ 𝑃1

𝑍 ⋅ 𝜆. (11)

Based on the assumptions above, when congestion occurs
in 𝑟1, 𝑇1 > 𝐸[𝑇1] and 𝑇2 < 𝐸[𝑇2]. Thus,

𝑃1
𝐹 < 𝑃1

𝑍. (12)

The equality in (11) and the inequality in (12) yield

𝑞1 = 𝑃 ⋅ 𝑃1
𝐹 ⋅ 𝜆 + (1 − 𝑃) ⋅ 𝑃1

𝑍 ⋅ 𝜆

= 𝑃
1

𝐹 ⋅ 𝜆 + (1 − 𝑃) ⋅ 𝜆 ⋅ (𝑃1
𝑍 − 𝑃1

𝐹) > 𝑃1
𝐹 ⋅ 𝜆

𝑞1 = 𝑃 ⋅ 𝑃1
𝐹 ⋅ 𝜆 + (1 − 𝑃) ⋅ 𝑃1

𝑍 ⋅ 𝜆

= 𝑃
1

𝑍 ⋅ 𝜆 − 𝑃 ⋅ 𝜆 ⋅ (𝑃1
𝑍 − 𝑃1

𝐹) < 𝑃1
𝑍 ⋅ 𝜆.

(13)

Usage levels are therefore ranked as follows:

𝑃
1

𝐹 ⋅ 𝜆 < 𝑞1 < 𝑃1
𝑍 ⋅ 𝜆. (14)

This ranking is consistent with the above analysis; that is,
with the proportion of informed drivers 𝑃, the incomplete
connected vehicles can not only ease congestion quickly by
reducing the usage of 𝑟1 compared with the situation in
the zero-information regime but also contribute to system
stability by avoiding excessive adjustment compared with the
situation in the full-information regime.

A larger value of the penetration rate of connected
vehicles means that the system is nearly in a full-information
regime. Otherwise, the system is nearly in a zero-information
regime. Therefore, between the polar regimes of zero-
information and full-information, an optimal value exists
under certain conditions for the penetration rate of the
connected vehicles which canmake the connected vehicles be
able not only to exert its advantages but also to overcome its
drawbacks so as to play its excellent performance. The opti-
mal value may be influenced by several factors, such as traffic
demand condition (𝜆) and congestion status (𝑃1𝑍 − 𝑃1𝐹).

3. Simulation Experiment Based on
Multiagent Technology

The transportation system is simulated using an agent-based
simulation environment (i.e., NetLogo). Network perfor-
mance is defined by transportation engineers, combining the
analysis of individual traffic elements. The system consists of
agents (i.e., vehicle driver units) who operate and interact in
a shared environment (i.e., limited-capacity road network).
The performance of the entire system is the emergence of
behavior of all its interacting elements [27]. NetLogo is a
programmable modeling environment for simulating natural
and social phenomena and particularly appropriate for mod-
eling complex systems that develop over time. Modelers can
present instructions to agents who operate independently.
This situation makes it possible to explore the connection
between the microlevel route choice behavior of individuals
and the macrolevel patterns that emerge from their actions
and interactions.

3.1. Development of the Simulation Environment. The devel-
opment of simulation environment based on NetLogo is
mainly composed of three parts: road network generation
and initialization, agent’s generation and rule setting, and
human–machine interaction module establishments. In the
simulation environment, the network with 9 nodes and 12
roads is used, as shown in Figure 4. The gray segments
in Figure 4 represent the roads; and the green segments
represent the buildings. Agent generation and rule setting
are organized as follows. This study focuses on the inves-
tigation of the effects of information on global network
performance and system performance with a fraction of
drivers receiving information service of connected vehicles.
Agents can be informed or uninformed. Each agent that
represents a vehicle is created with an arbitrary rate at the
certain point within the simulation environment. When an
agent is generated, it is assigned with individual attributes
and rules, such as experiences, information, and route choice
rules. Besides, the agents in this simulation environment
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Figure 4: Road network in the simulation environment.

Figure 5: Interface of the simulation environment.

are given the microlevel behavior rules on the roads, such
as the car-following model. Therefore the cars can respond
to the conditions of the surrounding roads and cars, and
the substantial cars traveling information can reflect the
transportation system performance. So in the simulation
environment, we can obtain the real-time traffic information
about the transportation system performance through the
running status data of substantial cars directly.

Human–machine interaction module establishments:
NetLogo enables developers to set up human–machine inter-
action modules, as shown in Figure 5. The modules can
produce data generated by the simulationmodel monitoring,
where the parameters determine the simulation scenario
adjustment and the simulation animation display (Figure 4).

Thus, several simulation scenarios that represent the corre-
sponding application environments of connected vehicles can
be easily changed by the simulation parameter adjustment
modules (i.e., the green parts of Figure 5; the cover rate of
the connected vehicles is adjusted by the part marked in
red circle).The significant characteristics of this simulation
environment embody the collection and transmission of real-
time information, which is relatively consistent with the
connected vehicle environment. Specifically, each agent that
represents the car in the network can perceive and record
its own operating condition data and send this information
to the agent that represents the central control unit of
connected vehicles.Thus, the central control agent can collect
real-time instantaneous traffic information and transmit the
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Table 1: OD in the network and the alternative routes.

OD OD from 1 to 9

Alternatives 1-2-3-6-9 1-2-5-6-9 1-2-5-8-9
1-4-7-8-9 1-4-5-8-9 1-4-5-6-9

Note. The routes are represented by ordered arrays, which are elements that
store the position of each node in Figure 4.
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Figure 6: Time-dependent change of travel time under the tradi-
tional driving environment.

information to the driver agents who are receiving the service
of connected vehicles. These agents use this information as
the basis of decision-making.

3.2. Simulation Experiment Results. In the experiments, only
a pair of origin-destination (OD) is presented in the net-
work, as shown in Table 1. To ensure that the experiments
are conducted with moderate traffic loads that avoid the
extremes, the vehicle come-rate at the point of departure is
set as follows: come-rate = 0.22.

First, the simulation experiments are performed under
the traditional driving environment and the connected vehi-
cle environment. The time-dependent changes in the travel
time of each road under the traditional driving environment
and the connected vehicle environment are shown in Figures
6 and 7, respectively. It should be noted here that the unit of
time is the ticks in the simulation environment. The traffic
system performance under the connected vehicle environ-
ment (i.e., full-information regime) is better without the
large spikes and high volatility compared with the traditional
environment (i.e., zero-information regime).

This phenomenon is in accordance with the analysis
above that drivers can receive real-time traffic information
under the connected vehicle environment to avoid congested
roads. Thus, the congestions are prevented from getting fur-
ther deterioration caused by vehicles continuously entering
these roads. In addition, the maximum and mean values of
travel time are small in the absence of serious congestion,
as shown in Figures 8 and 9. In other words, the connected
vehicles have improved traffic efficiency.The results illustrate
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Figure 7: Time-dependent change of travel time under the con-
nected vehicle environment.
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Figure 8: Maximum value of travel time under the traditional
driving environment.

the effectiveness of the connected vehicles, which distributes
the traffic loads on road network in a practical way in space
and time.

Simulation results show that the connected vehicles can
improve the performance of the traffic system. However,
the relationship between the penetration rate of connected
vehicles and the effect of connected vehicles on the traf-
fic system has not been proven. Therefore, the simulation
experiments are performed to reveal the best coverage of
the connected vehicles. Figure 10 shows the performances of
road_1a (without loss of generality) under different coverages
of connected vehicles. Above all, we can clearly see that the
performance of road_1a is not the best when the coverage of
connected vehicles is 100% (i.e., full-information regime).

Statistically, the performance of road_1a has the best
condition when the coverage is approximately 70% rather
than 100%, as shown in Figure 11. This result might be caused
by the concentration of information when the coverage of
connected vehicles is excessive. The real-time information
prompted the drivers to select the roads with less travel
time simultaneously. However, this scenario would lead to
these roads to become crowded with the short distance
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Figure 9: Mean value of travel time under the connected vehicle
environment.
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Figure 10: Travel time of in different penetration rates of connected
vehicles (road_1a).

following driving phenomenon. The vehicles in these roads
inevitably drove accompanied by frequent acceleration and
deceleration, which caused not only confusion of the traffic
flow but also the fluctuation of travel time aggravation. Other
drivers may alter selections when the performance of these
selections becomes worse in a vicious cycle. All of these
conditions make the traffic system unstable. Figure 12 shows
the evidence for this phenomenon.

4. Summary and Conclusions

This study aids in understanding the effects of connected
vehicles on global transportation system. This system has
favorable and unfavorable characteristics, and its efficiency is
influenced by the penetration rate of the connected vehicles.
The conclusions drawn in this study can be divided into two
aspects: implemented methodology and policy guidance. In
terms of implementedmethodology, an example based on the
classical two-route network is adopted, in which the drivers
are either informed or uninformed. Based on the charac-
teristic summary of the connected vehicles, the benefits of
connected vehicles for the efficiency of global transportation
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system are revealed in comparison with the traditional envi-
ronment.Meanwhile, the concentration phenomenon, which
is caused by the excessively informed drivers simultaneously
selecting certain routes with better performance, is proposed
when the penetration rate of the connected vehicles is
excessive. The efficiency of the connected vehicles influenced
by its penetration rate is analyzed andproved, and the optimal
penetration rate of the connected vehicles is identified by the
simulation experiments under a certain condition.

One of the most important contributions of this paper is
that the characteristics of the connected vehicle environment
are considered. The transportation system consists of users
(i.e., vehicle driver units) who operate and interact in a shared
environment (i.e., road network). The performance of the
entire transportation system is the emergence of behavior of
all its interacting elements. In addition, the analysis for the
model is based on the principle that the connected vehicles
are a dynamic feedback process between the driver route
choice behavior and the transportation system performance
over time. Furthermore, the multiagent technology has the
potential to research the operating conditions of a traffic
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network developing over time, resulting from driver route
choice under the connected vehicle environment. Therefore,
based on multiagent technology, NetLogo is used to develop
the simulation environment that embodies the features of
connected vehicles. Various scenarios (i.e., zero-information,
full-information, and connected vehicles with various pene-
tration rates) are simulated, and the results are analyzed. In
terms of policy guidance, the results aid in understanding
connected vehicles. In addition, the results are beneficial for
traffic managers to make appropriate management measures.
The connected vehicle environment is proven to enhance
the efficiency of the global transportation system. However,
an optimal penetration rate of connected vehicles exists
instead of having more information. Thus, having more
informeddrivers does notmean the better performance of the
transportation system. Hence, trafficmanagers should ensure
that the penetration rate must be controlled within a certain
range according to the application conditions by measures,
such as containing the expenses of information services of the
connected vehicles. For further studies, more efforts should
be made to investigate the influential factors of the optimal
penetration rate of connected vehicles.
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This study proposes a practical trial-and-error method to solve the optimal toll design problem of cordon-based pricing, where
only the traffic counts autonomously collected on the entry links of the pricing cordon are needed. With the fast development
and adoption of vehicle-to-infrastructure (V2I) facilities, it is very convenient to autonomously collect these data. Two practical
properties of the cordon-based pricing are further considered in this article: the toll charge on each entry of one pricing cordon is
identical; the total inbound flow to one cordon should be restricted in order to maintain the traffic conditions within the cordon
area. Then, the stochastic user equilibrium (SUE) with asymmetric link travel time functions is used to assess each feasible toll
pattern. Based on a variational inequality (VI) model for the optimal toll pattern, this study proposes a theoretically convergent
trial-and-error method for the addressed problem, where only traffic counts data are needed. Finally, the proposed method is
verified based on a numerical network example.

1. Introduction

Traffic congestion has become one of the key problems for
the operation of urban transport systems. Traffic congestion
not only is a daily source of frustration for many motorists
but also results in environmental issues and social expenses.
Congestion causes longer travel times, increased travel time
variability, air and noise pollution, and lower productivity in
the work force [1–5]. Road pricing has been well recognized
as an important tool for the land transport authority to
manage the traffic demand, shifting transit ridership [6–8],
and eventually ameliorate the traffic congestion; see Small
and Verhoef [9], Lawphongpanich et al. [10], and Cheng et al.
[11] among many others. A prosperous literature is observed
for the theoretical studies of urban congestion pricing. Many
studies have focused on determining the optimal toll fares.
Two economics concepts, first-best pricing (no restriction
on the pricing locations) and second-best pricing (only part
of the network is tolled), have been widely discussed in the

context of urban congestion pricing. Despite their theoret-
ical soundness, the achievements of many studies on toll
determination are not suitable for practical implementations,
mainly because they require the accurate data on many
network attributes, including travel demand function and
link travel time functions as well as network users’ value-
of-time [12], and it is difficult to obtain these data for the
whole transport network. This article thus accounts for the
practical implementation of congestion pricing by solving the
toll determination problem while obviating these data.

Since the practical implementation of urban congestion
pricing is an important focus of this study, we then investigate
some existing congestion pricing practices in Singapore since
1975 [13], in London since 2003 [14], and in Stockholm since
2007 [15].These three well-known practices all adopt cordon-
based schemes, where London uses an area licensing charge
and the other two cities take entry-based charge. The entry-
based charge is known to bemore equitable and efficient than
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area licensing charge [16]. Therefore, this article also takes
cordon-based scheme with entry-based charge as a target.

Two practical properties of the cordon-based pricing are
further considered in this article. Firstly, when cordon-based
pricing is implemented in practice, the network authority is
concerned more about the traffic conditions within the cor-
don area; for instance, when the congestion pricing was first
established in Singapore in 1975, Singapore Land Transport
Authority’s original target of implementing this scheme is to
reduce the total traffic volume to the cordon area by 25% to
35% [13]. This article thus further takes into consideration
this point; namely, the total inbound traffic volume of one
cordon should be restricted by a predetermined threshold.
Secondly, the toll charge on each entry to one cordon should
be identical, in view of the convenience for recognition by the
drivers and for administration by the authority; for example,
toll charge on each link is the same at the Orchard Cordon
and Bugis-Marina Centre of Electronic Road Pricing (ERP)
system in Singapore.

To sum up, this article aims to propose a method for
the toll determination of such a cordon-based pricing, where
massive data is not needed. Traffic flow data is of crucial
value for the studies of urban transport system, for example,
the studies on traffic signaling [17, 18] as well as traffic
safety studies [19]. With the fast development of intelligent
transportation systems and the Internet of things, it is very
convenient to collect the number of vehicles in any particular
link. Hence, the proposed trial-and-error method only needs
the autonomous traffic counts data on the tolled links, which
can be easily gathered based on the vehicle-to-infrastructure
(V2I) communications.

2. Literature Review

The concept of obviating network attributes data and instead
using traffic survey data to adjust the toll fares until achieving
the optimal tolls is termed as “trial-and-error” method in
the literature. Based on the seminal works by Downs [20]
and Vickrey [21], Li [22] first proposed a trial-and-error
method for marginal cost pricing based on a simple two-
link example, where the Origin-Destination (OD) demand
function is avoided.This work by Li has been well recognized
in the literature, and only recently Wang and Yang [23]
pointed out that under some extreme conditions (when the
demand function is too flat) this solution method could not
converge, and a bisection-based trial-and-error method was
then developed to remedy this problem. Such a concept of
trial-and-error is also of considerable importance for other
sorts of transportation networks [24, 25].

Yang et al. [26] proposed a trial-and-error method for
the first-best pricing in a general transport network assum-
ing deterministic user equilibrium (DUE) circumstances,
which was then extended to the logit-based stochastic user
equilibrium (SUE) case by Zhao and Kockelman [27]. As
an extension of Yang et al. [26], Han and Yang [28] have
proposed a more efficient trial-and-error method for the
first-best pricing using advanced step sizes. In the context
of second-best pricing, Yang et al. [29] then proposed a
convergent trial-and-error mechanism for the optimal toll

pattern, which is recently extended by Ye et al. [30] by
considering the day-to-day dynamics of network flows.

The aforementioned trial-and-error methods obviate the
origin-destination (OD) demand function, yet they still rely
on the data of link travel time functions and drivers’ value-
of-time, which are not all readily available in practice. Based
on the concept of traffic-restraint pricing (the objective is
to restrict traffic volumes on some links to a desirable
target level), Meng et al. [31] have proposed a trial-and-error
method that only requires the traffic counts on certain links.
This traffic count data could be efficiently and accurately
obtained in practice from the toll booths or detection loops.
Thus, it is an engineering-basedmethod suitable for practical
use. Yang et al. [32] then extended this work by considering
elastic demand and asymmetric link flow interactions. In
the context of general SUE, Meng and Liu [12] built a
trial-and-error method based on the gradient projection
algorithm, where the convergence can be guaranteed under
mild conditions. Zhou et al. [33] developed a new trial-and-
error method for the first-best congestion pricing solution
with restriction to link capacity constraints. Recently, Xu et al.
[34] have developed a trial-and-error method for the traffic-
restraint congestion pricing scheme in a network with day-
to-day flow dynamics.

As to the cordon-based pricing, these existing methods
in the literature, however, are not valid to use, especially
considering the two practical properties of cordon-based
pricing addressed in this article, namely, (a) the total inbound
flow to one cordon should be restricted and (b) toll charge
on each link to one cordon should be identical. Considering
the wide practicality of cordon-based pricing in reality,
an extension of the previous trial-and-error methods for
cordon-based pricing is of considerable significance.

Assuming the users’ route choice behavior follows the
General SUE principle; this article proposed a trial-and-error
method based on the variational inequality (VI) model built
by Liu et al. [35] for the side-constrained SUE problem.
The total inbound traffic flow to each cordon is limited by
a predetermined threshold value, which is taken as a side
constraint to the SUE traffic assignment problem. It is shown
that the optimal toll pattern equals the optimal Lagrangian
multiplier of the side constraints.

The remainder of this article is organized as follows.
The next section describes the connection between the
optimal toll pattern and side constraints to the cordons.
Then, a convergent trial-and-error method for the optimal
toll pattern is developed, which is numerically verified by a
network example. Finally, the conclusions and future works
are presented.

3. Problem Description and
Mathematical Model

3.1. Assumptions and Notations. Let𝐺 denote a strongly con-
nected network; the attributes of this network are represented
by the following notations:𝑁: set of nodes𝐴: set of links; |𝐴| is the cardinality of set 𝐴
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𝑊: set of OD pairs; |𝑊| is the cardinality of𝑊𝑞𝑤: travel demand between OD pair 𝑤 ∈ 𝑊
q: column vector of all the OD travel demands; q =(𝑞𝑤, 𝑤 ∈ 𝑊)T𝑅𝑤: set of all the paths between OD pair 𝑤 ∈ 𝑊, and |𝑅𝑤|

is the cardinality of 𝑅𝑤𝛿𝑤𝑎𝑘: 𝛿𝑤𝑎𝑘 = 1 if path 𝑘 ∈ 𝑅𝑤 between OD pair 𝑤 ∈ 𝑊
traverses link 𝑎 ∈ 𝐴; 𝛿𝑤𝑎𝑘 = 0 otherwiseΔ𝑤: link/path incidence matrix associated with OD pair𝑤 ∈ 𝑊; namely, Δ𝑤 = (𝛿𝑤𝑎𝑘, 𝑎 ∈ 𝐴, 𝑘 ∈ 𝑅𝑤)Δ: link/path incidencematrix for the entire network;Δ =(Δ𝑤, 𝑤 ∈ 𝑊)𝑓𝑤𝑘: traffic flow on path 𝑘 ∈ 𝑅𝑤 between OD pair 𝑤 ∈ 𝑊

f𝑤: column vector of traffic flows on all the paths between
OD pair 𝑤 ∈ 𝑊; namely, f𝑤 = (𝑓𝑤𝑘, 𝑘 ∈ 𝑅𝑤)T

f : column vector of traffic flow on all the paths in the
network; that is, f = (f𝑤, 𝑤 ∈ 𝑊)TΛ: OD pair/path incidence matrix, Λ = (𝛿𝑤𝑘, 𝑤 ∈𝑊, 𝑘 ∈ 𝑅𝑤), where 𝛿𝑤𝑘 equals 1 if path 𝑟 ∈ 𝑅𝑤 and
0, otherwise

V𝑎: traffic flow on link 𝑎 ∈ 𝐴
k: column vector of all the link traffic flows, k = (V𝑎, 𝑎 ∈𝐴)T𝑡𝑎(k): asymmetric link travel time function on link 𝑎 ∈ 𝐴,

and it is a nonnegative,monotonically increasing, and
continuously differentiable function of the link flow
vector k𝑐𝑤𝑘(k): travel time on path 𝑘 ∈ 𝑅𝑤, and 𝑐𝑤𝑘(k) =∑𝑎∈𝐴 𝑡𝑎(k)𝛿𝑤𝑎𝑘

c𝑤(k): columnvector of travel times on all the paths connect-
ing OD pair 𝑤 ∈ 𝑊.

According to the flow conservation law, path flows, link
flows, and OD travel demands should fulfill the following
equations:

k = Δf ,
q = Λf ,
f ≥ 0.

(1)

Equations (1) define the feasible set for path flows and link
flows, denoted by Ω𝑓 andΩV, respectively.

Assume there are totally 𝐼 cordons in the network, and
all the entry links to cordon 𝑖, 𝑖 = 1, 2, . . . , 𝐼, are charging
with the same toll fare denoted by 𝜏𝑖. The toll charges of all
the cordons are grouped into vector 𝜏 = (𝜏𝑖, 𝑖 = 1, 2, . . . 𝐼)T.
Let 𝐴𝑖 denote the set of all the entry links to cordon 𝑖, 𝑖 =1, 2, . . . , 𝐼, and all the tolled links are then grouped into set𝐴.
Denoted by 𝜏𝑎, the toll charge on link 𝑎 equals 𝜏𝑖 if 𝑎 ∈ 𝐴𝑖 and𝜏𝑎 = 0 if link 𝑎 is not an entry link to any cordon. Different
toll pattern 𝜏 will affect the drivers’ route choice and thus
give rise to different equilibrium flows. Let V𝑎(𝜏) denote the

equilibrium link flow on link 𝑎 ∈ 𝐴 in terms of the following
generalized link travel time functions:

𝑇𝑎 (k, 𝜏) = 𝑡𝑎 (k) + 𝜏𝑎𝛼 , 𝑎 ∈ 𝐴, (2)

where 𝛼 is the drivers’ value-of-time. It should be noted that
this value-of-time is actually not needed when the trial-and-
error method proposed below is used in practice.

As mentioned before, the optimal toll pattern 𝜏∗ is one
that can restrict the inbound flow to each cordon 𝑖 to a
predetermined threshold𝐻𝑖, namely,

∑
𝑎∈𝐴𝑖

V𝑎 (𝜏∗) ≤ 𝐻𝑖, 𝑖 = 1, 2, . . . , 𝐼. (3)

To further reflect the equity issue, the toll charge should
be zero if the total inbound flows are strictly less than the
threshold value; that is,

𝜏∗𝑖 × (∑
𝑎∈𝐴𝑖

V𝑎 (𝜏∗) − 𝐻𝑖) = 0, 𝑖 = 1, 2, . . . , 𝐼. (4)

In addition, the toll charge of each cordon 𝜏∗𝑖 should be
nonnegative,

𝜏∗𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝐼. (5)

Herein, (3), (4), and (5) define the mathematical conditions
for the optimal toll pattern 𝜏∗. The objective of this article
then becomes to find a trial-and-error method for such an
optimal toll pattern based on only traffic count data, which
can be easily gathered based on the V2I facilities on the road
side.

3.2. Mathematical Model. We first discuss the mathematical
model for the traffic assignment problem, namely, how to get
the equilibrium link flows V𝑎(𝜏), 𝑎 ∈ 𝐴 in terms of a given
toll pattern 𝜏 = (𝜏𝑖, 𝑖 = 1, 2, . . . 𝐼)T. In view of its better
representativeness, the general SUE is adopted to depict the
drivers route choice behavior. Hence, with given toll charge
pattern 𝜏 = (𝜏𝑖, 𝑖 = 1, 2, . . . 𝐼)T, the drivers make their route
choice decisions based on the perceived path travel time

𝐶𝑤𝑘 (k, 𝜏) = ∑
𝑎∈𝐴

𝑇𝑎 (k, 𝜏) 𝛿𝑤𝑎𝑘 + 𝜁𝑤𝑘, 𝑘 ∈ 𝑅𝑤, 𝑤 ∈ 𝑊, (6)

where the random variable 𝜁𝑤𝑘 is assumed to cover the
perception error of all the drivers across thewhole population
on the travel time of path 𝑘 ∈ 𝑅𝑤. In the literature, 𝜁𝑤𝑘 is
usually assumed to follow Gumbel distribution (Logit-based
SUE) or normal distribution (probit-based SUE); see Liu et
al. [36, 37].

For the general SUE problem with asymmetric link travel
time functions, the following fixed point model proposed by
Daganzo [38] can be used to formulate the traffic assignment
problem

V𝑎 = ∑
𝑤∈𝑊

[[𝑞𝑤 × ∑𝑘∈𝑅𝑤𝑝𝑤𝑘 (k, 𝜏) 𝛿
𝑤
𝑎𝑘
]] , 𝑎 ∈ 𝐴, (7)
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where 𝑝𝑤𝑘(k, 𝜏) is the path choice probability equal to the
probability that 𝑘 is perceived as the shortest path among
all the paths in set 𝑅𝑤. Equation (7) can be solved by the
convergent Method of Successive Average [39].

We proceed to build a mathematical model for the
optimal toll pattern 𝜏∗ that can fulfill (3), (4), and (5). In fact,
since the feasible set of toll pattern 𝜏 is the whole positive
orthant, the nonlinear complementarity conditions (3), (4),
and (5) are equivalent to the following variational inequality
(VI) problem [40]:

Φ (𝜏∗) (𝜏 − 𝜏∗) ≥ 0, 𝜏 ∈ Ω, (8)

where Ω = {𝜏 | 𝜏𝑖 ≥ 0, 𝑖 = 1, 2, . . . 𝐼} is the feasible set of 𝜏
and the VI functionΦ(𝜏) is defined as

Φ (𝜏) = (Φ𝑖 (𝜏) , 𝑖 = 1, 2, . . . , 𝐼)T
= (𝐻𝑖 − ∑

𝑎∈𝐴𝑖

V𝑎 (𝜏) , 𝑖 = 1, 2, . . . , 𝐼)
T

:
Ω → R

𝐼.
(9)

Hence, solving theVImodel gives the optimal toll pattern
𝜏
∗ that can satisfy the mathematical conditions (3), (4),

and (5). The monotonicity of this type of VI model in the
context of cordon-based pricing has been rigorously proven
by Liu et al. [35], which guarantees the convergence of
many projection-based solution algorithms. It is shown in
the following section that a trial-and-error mechanism can
be built based on the solution algorithm for the VI model (8).

4. Trial-and-Error Method

Many projection-type methods can be observed in the lit-
erature for solving the VI models proposed for transport
problems, for example, the works by Nagurney [41], Meng
and Liu [39], and Zhou et al. [42]. In this section, we adopt
the self-adaptive predictor-corrector (PC) method proposed
by He and Liao [43], which is an extension of the PC method
with advanced self-adaptive step sizes. We see that this
method can converge linearly, which is efficient for practical
implementations. The self-adaptive PC method takes the
calculation of projection operations of a toll charge pattern
as a subroutine. In view of the fact that the feasible set of
toll vector here is the nonnegative orthant, calculating the
projection operation is very efficient and convenient; for
example, for a vector 𝜏, its projection to the feasible set Ω
of the toll patterns, denoted by 𝑃Ω[𝜏], equals

𝑃Ω [𝜏] = (max (0, 𝜏𝑖 ) , 𝑖 = 1, 2, . . . , 𝐼)T . (10)

Accordingly, model (8) can be efficiently solved using the
self-adaptive PC method. The main steps of the self-adaptive
PC method are then summarized as follows.

Step 0 (initialization). Choose an initial vector 𝜏(1) = (𝜏(1)𝑎 =0, 𝑎 ∈ 𝐴)T, three constants 0 < 𝜅2 < 𝜅1 < 1, 𝛾 ∈ (0, 2), and
initial step size 𝜂(1) > 0. Let the number of iterations 𝑛 = 1.
Step 1 (prediction process).

Step 1.1. Implement the toll pattern 𝜏(𝑛) in the network and
then observe the traffic flows on the entry links to each
cordon, which are denoted by V𝑎(𝜏(𝑛)), 𝑎 ∈ 𝐴𝑖, 𝑖 = 1, 2, . . . 𝐼,
and then compute Φ(𝜏(𝑛)) = (𝐻𝑖 − ∑𝑎∈𝐴𝑖 V𝑎(𝜏(𝑛)), 𝑖 =1, 2, . . . , 𝐼)T.
Step 1.2. Find auxiliary vector 𝜏(𝑛) by the projection:

𝜏
(𝑛) = 𝑃Ω [𝜏(𝑛) − 𝜂(𝑛)Φ (𝜏(𝑛))] . (11)

Step 1.3. Consequently, levy the toll pattern 𝜏(𝑛) in the
network and then count the corresponding traffic flows on
the entry links, denoted by V𝑎(𝜏(𝑛)), 𝑎 ∈ 𝐴𝑖, 𝑖 = 1, 2, . . . 𝐼,
which is used to calculateΦ(𝜏(𝑛)) = (𝐻𝑖 − ∑𝑎∈𝐴𝑖 V𝑎(𝜏(𝑛)), 𝑖 =1, 2, . . . , 𝐼)T.
Step 1.4. Calculate ratio 𝑟(𝑛) by

𝑟(𝑛) = 𝜂(𝑛) Φ (𝜏(𝑛)) −Φ (𝜏(𝑛))2 / 𝜏(𝑛) − 𝜏(𝑛)2. (12)

If 𝑟(𝑛) ≤ 𝜅1, go to Step 2; otherwise reduce the step size
according to

𝜂(𝑛) = 23𝜂(𝑛)min {1, 1𝑟(𝑛) } , (13)

and go to Step 1.2.

Step 2 (correction process). Based on 𝜏(𝑛), 𝜏(𝑛), and 𝜂(𝑛),
calculate a step size 𝜋(𝑛) for correction and then get an
updated vector 𝜏(𝑛+1).

Step 2.1. Calculate another step size 𝜋(𝑛) as per the formula

𝜋(𝑛) = 𝛾 × 𝜂(𝑛) × ∑𝐼𝑖=1 [(𝜏(𝑛)𝑖 − 𝜏(𝑛)𝑖 ) × ℎ(𝑛)𝑖 ]∑𝐼𝑖=1 (ℎ(𝑛)𝑖 )2 , (14)

where

ℎ(𝑛)𝑖 = (𝜏(𝑛)𝑖 − 𝜏(𝑛)𝑖 ) − 𝜂(𝑛) (Φ𝑖 (𝜏(𝑛)) − Φ𝑖 (𝜏(𝑛))) ,
𝑖 = 1, 2, . . . , 𝐼. (15)

Step 2.2. Update the vector 𝜏(𝑛+1) by this projection:

𝜏
(𝑛+1) = 𝑃Ω [𝜏(𝑛) − 𝜋(𝑛)Φ (𝜏(𝑛))] . (16)
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Step 3. Slightly enlarge step size 𝜂(𝑛) according to the follow-

ing scheme:

𝜂(𝑛+1)
= 32𝜂(𝑛) if 𝜂(𝑛) Φ (𝜏(𝑛)) −Φ (𝜏(𝑛))2 / 𝜏(𝑛) − 𝜏(𝑛)2
≤ 𝜅2.

(17)

Step 4 (stop check). If

𝜏(𝑛) − 𝜏(𝑛) ≤ 𝜀, (18)

where 𝜀 is a predetermined positive tolerance, then stop;
otherwise, let 𝑛 = 𝑛 + 1 and go to Step 1.

Theoutput of PCmethod gives the optimal toll pattern𝜏∗,
and it can be seen from the solution procedure that only traffic
count data autonomously collected on entry links in Steps 1.1
and 1.3 are needed in practice. Thus, this method can avoid
gathering the data of OD demand, link travel time functions,
or users’ VOT that are extremely difficult to be accurately
collected.

5. Numerical Example

A numerical example is employed in this section to validate
the proposed model and effectiveness of the self-adaptive PC
method. As shown in Figure 1, this example contains 7 nodes,
11 links, and one pricing cordon. The cordon area is defined
by its vertex nodes 1, 4, 5, and 7.The three entry links 5, 6, and
7 to this cordon are charging. Denoted by 𝜏∗, the optimal toll
charges on the entry links are identical.

There are four OD pairs on the network, and their travel
demands are tabulated in Table 1.

The travel time function on each link follows the BRP type
function:

𝑡𝑎 (V𝑎) = 𝑡0𝑎 (1.0 + 0.15 ( V𝑎𝐶𝑎)
4) , 𝑎 ∈ 𝐴, (19)

where 𝑡0𝑎 denotes the free flow travel time and 𝐶𝑎 is the
capacity of each link. The effects of merging links are taken
into consideration; for instance, the flows on link 1 and link
7 are merging to link 3; thus traffic flows on link 1 would
also influence the travel time on link 7. There are two pairs
of merging links on the network: links 1 and 7, as well as links
2 and 6. Thus, for these two pairs of links, their travel time
functions are taken as

𝑡𝑎 (k) = 𝑡0𝑎 (1 + 0.15 × (V𝑎 + 0.5V̂𝑎1.5𝐶𝑎 )4) , 𝑎 ∈ 𝐴, (20)

where V̂𝑎 denotes the flow on the paired link of link 𝑎 ∈ 𝐴.
For example, for link 1, V̂𝑎 should be the flow on link 7. This
type of functions has given rise to the asymmetric link travel
time functions. The specific values of 𝑡0𝑎 and 𝐶𝑎 on each link
are provided in Table 2.
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Figure 1: Network structure for the numerical experiment.

Table 1: OD demand.

OD pair Travel demand
(vehicle/hour)1 → 7 60002 → 7 50003 → 7 50006 → 7 4000

Table 2: Parameters in link travel time functions.

Link number𝑎
Free flow travel
time (seconds)𝑡0𝑎

Capacity
(vehicles/hour)𝐶𝑎

1 60 4000
2 50 4000
3 60 4000
4 70 4000
5 60 2000
6 10 2000
7 50 3000
8 100 3000
9 110 4000
10 110 4000
11 150 4000

5.1. Probit-Based SUE Framework. For any given toll charge
pattern, its corresponding link flows on the entry links are
needed by the autonomously collected traffic counts. In this
numerical example, we solve a probit-based SUEproblemand
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Table 3: Three scenarios of threshold and the optimal toll charges.

Scenario 1 Scenario 2 Scenario 3
Threshold𝐻 6000.0 5000.0 4000.0
Toll price (cents) 12.4 32.4 59.5
Total inbound flow 5999.9 5000.0 4000.3

use the equilibrium link flows on the entry links to estimate
these traffic count data. It should be noted that we assume that
the network users’ travel behavior follows the probit-based
SUE here, because of its better representativeness to the prac-
tical conditions, while the proposedmethodology is also suit-
able in terms of other types of SUE models. We also assume
that the drivers’ value-of-time is 1.0 cent/second. It should
be noted that, in practice, the value-of-time is not needed
in the trial-and-error method.

The MSA is utilized to solve the probit-based SUE prob-
lem. It is well recognized that there is no close form for the
path choice probability of probit-based SUE problem, thus
the stochastic network loading is approximated by Monte
Carlo simulation, as used in Liu and Meng [44], where an
accurate approximation can be obtained. To further guaran-
tee the accuracy, the number of simulations in this section
is taken as 1000. In each run of the Monte Carlo simulation,
there are three tasks: (1) the normally distributed perception
errors are first sampled using pseudorandom numbers, (2)
then the shortest path between each OD pair is searched, and
(3) finally all the OD demands are assigned to the shortest
path. Evidently, most of the computation efforts are allocated
on solving the shortest path problem.

It should be pointed out that since the travel time per-
ception error 𝜁𝑤𝑘 is defined on paths, thus a direct sampling
of the perception errors requires path enumeration. In order
to avoid the path enumeration, a link-based interpretation
is adopted for 𝜁𝑤𝑘 (see, e.g., Liu and Meng [44]); that is, a
perception error is defined on each link, denoted by 𝜉𝑎; thus
the users’ perceived generalized link travel time equals

𝑇𝑎 = 𝑇𝑎 + 𝜉𝑎, (21)

where 𝑇𝑎 is the generalized travel time defined by (2). The
link travel time perception error 𝜉𝑎 is assumed to be normally
distributed with zero mean and constant variance.

5.2. Computation Results on Three Scenarios. As claimed in
the beginning of Introduction, the objective of cordon-based
pricing is to maintain the traffic conditions within cordon
area. This objective can be realized by restricting the number
of inbound vehicles to the cordon area to a predetermined
threshold value. In order to see the sensitivity of optimal toll
charge pattern to the threshold, three scenarios are tested,
where the threshold values are given in the second row of
Table 3.

The self-adaptive PC method is then used to solve the
optimal toll charge pattern for each scenario.The stop criteria
in (18) is taken as 1 × 10−4, and the parameters used are𝜅1 = 0.9, 𝜅2 = 0.1, 𝛾 = 1.8, and 𝜂(0) = 1.0.

The output optimal toll charge value is provided in the
third row of Table 3. As illustrated in the fourth row of Table 3,
the total inbound flow (total flow on entry links 5, 6, and 7)
to the cordon area of each scenario is equal to the threshold
value, implying that themathematical conditions (3), (4), and
(5) can be fulfilled. It can be seen that from scenarios 1 to 3,
as the threshold is getting more restrictive, implying a better
traffic condition, the toll price becomes larger. This phe-
nomenonmeans that the drivers need to pay more to achieve
and maintain a better traffic condition.

6. Conclusions

This article addressed the trial-and-errormethod for cordon-
based pricing, with the aim of avoiding gathering mas-
sive network data including OD demand functions, link
travel time functions, and value-of-time. To better reflect
the practical conditions, two properties of cordon-based
pricing are further considered, including restricting the total
inbound flow to the cordon to a predetermined threshold and
assuming the tolls on all the entry links of one cordon to be
identical.

Assuming the drivers’ route choice behavior follows gen-
eral SUE with asymmetric link travel time functions, a varia-
tional inequality (VI) model was used to formulate the opti-
mal toll pattern.Then, based on this VImodel, a self-adaptive
predictor-corrector (PC) method was then employed, which
gives the optimal toll pattern. It can be seen that this
PC method provides a mechanism for the trial-and-error
method, and only traffic count data on the entry links of each
cordon are needed, which is quite convenient for practical
use and the accuracy of these data could also be guaranteed.
The numerical example showed that the resultant toll pattern
can successfully limit the total inbound flow to any predeter-
mined threshold value.
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Travel time reliability (TTR) is one of the important indexes for effectively evaluating the performance of road network, and TTR
can effectively be improved using the real-time traffic guidance information. Compared with traditional traffic guidance, connected
vehicle (CV) guidance can provide travelers with more timely and accurate travel information, which can further improve the
travel efficiency of road network. Five CV characteristics indexes are selected as explanatory variables including the Congestion
Level (CL), Penetration Rate (PR), Compliance Rate (CR), release Delay Time (DT), and Following Rate (FR). Based on the five
explanatory variables, a TTR model is proposed using the multilogistic regression method, and the prediction accuracy and the
impact of characteristics indexes on TTR are analyzed using a CV guidance scenario.The simulation results indicate that 80% of the
RMSE is concentrated within the interval of 0 to 0.0412.The correlation analysis of characteristics indexes shows that the influence
of CL, PR, CR, and DT on the TTR is significant. PR and CR have a positive effect on TTR, and the average improvement rate is
about 77.03% and 73.20% with the increase of PR and CR, respectively, while CL and DT have a negative effect on TTR, and TTR
decreases by 31.21% with the increase of DT from 0 to 180 s.

1. Introduction

Travel time reliability (TTR) is an important concern issue
for traveler in daily travel and is influenced by various factors
such as traffic accidents and weather and flow states. Traffic
guidance information can help travelers make better travel
plans and improve their travel efficiency and TTR. Compared
to the traditional variable message signs, connected vehicle
(CV) guidance can in real time transmit traffic informa-
tion through vehicle-to-vehicle (V2V) communication and
vehicle-to-infrastructure (V2I) communication, which make
traffic guidance information released in a more timely man-
ner, and can effectively improve the effect of guidance [1–3].

Previous studies on TTR and CV guidance have mainly
focused on analyzing the impact of traditional factors such
as weather [4–8] and the impact of CV guidance on the
travel time, fuel consumption, and average delay [9–12]. Few
studies were conducted on the impact of CV guidance on
TTR considering theCVcharacteristics indexes. Based on the
current research status, a TTR model in a CV environment
was presented using the multilogistic regression method.

In order to validate the effectiveness of the proposed TTR
model, a CV guidance simulation scenario was established to
analyze the prediction accuracy of the proposed model and
to explore the interaction between CV characteristics indexes
and TTR in a CV environment.

2. Literatures Review

Many scholars have conducted the numerous basic studies
on TTR of road networks, and several definitions of TTR
were proposed. Asakura and Kashiwadani [4] first proposed
the concept of TTR considering the travel demands of road
networks. Iida [13] also presented a definition for TTR using
a probability theory, which is defined as the probability
of traveler successfully reaching their destination within a
specified time. Liu et al. [14] studied the TTR of stochastic
road networks using an approximation algorithm based on
the user equilibrium distribution model. Based on the user
equilibrium and punishing user equilibrium models, Wang
et al. [15] proposed a biobjective user equilibrium model for
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analyzing the TTR. In addition, Pei and Gai [16] analyzed the
TTR of a road network using the Monte Carlo simulation
method. Based on the previous studies, several scholars
proposed some evaluation indexes to further analyze the TTR
[17–20].

Aimed at the impact of abnormal conditions on TTR of
road networks, such as traffic demands, adverse weather, and
road feature, many studies were conducted [21–23]. Asakura
[24] analyzed the impact of variable traffic demand on TTR.
Tavassoli Hojati et al. [5] modeled and analyzed TTR under
the influence of Traffic Accident. As one of the important
influence factors, many studies were focused on the impact
of adverse weather on TTR. Leng [6] studied the TTR for
urban road networks under the conditions of snow and ice
and analyzed the traffic characteristics under such conditions.
Wu et al. and Wang et al. [7, 8] explored the impact of
fog and rainy conditions on freeway networks using the
proposed evaluation indexes. The above results indicate that
the traffic demand, poor weather, and Traffic Accidents all
have a significant impact on TTR. However, less research has
been conducted on the impact of CV guidance characteristics
indexes on TTR.

Comparing to traditional traffic guidance, CV guidance
can in real time share the traffic information through V2V
and V2I communication, which were effective methods to
improve the guidance effect of road networks. Lee and Park
[9] analyzed the performance of CV guidance under accident
conditions using simulation, and the results indicated that
Penetration Rate of the CV equipment has a significant
impact on the guidance effect. Yang et al. [25] found that the
total travel time, average travel time, and average delay of a
vehicle in a CV environment were significantly lower than
under a traditional traffic environment. Noori and Valkama
[26] also found that a dynamic route guidance strategy based
on CV technology can reduce the travel time by 52% and the
fuel consumption by 48%.Nie [27] studied the impact of V2V
communication on traffic flow, and the results showed that
V2V communication can reduce the average travel time. In
addition, Paikari et al. [28] analyzed the impact of Following
Rate, and the results indicated that V2V communication not
only can reduce the travel time of vehicleswithCVequipment
but can also reduce the travel time of vehicles without CV
equipment.

Generally, CV guidance characteristics, such as Penetra-
tion Rate and Following Rate, have a significant effect on TTR
of road networks in a CV environment [29, 30]. It is very
essential to establish comprehensive characteristics indexes
for CV guidance and to analyze the impact of characteristics
indexes on TTR of road networks.

3. Methodology

3.1. Definition of TTR. By referring to the available research,
TTR is defined as the probability of a traveler successfully
completing a trip within a specified time in this study, as
shown in Figure 1.

According to the definition, the TTR formula is

𝑅 (𝑡) = Pr {𝑡𝑖 ≤ Φ} , (1)

Travel time

Frequency

Reliability

0
0

Distribution curve

Threshold

Φ

Figure 1: Definition of TTR.

where Φ is the travel time threshold (s), which is related to
the service level. The travel time threshold Φ is calculated by

Φ = 𝑡𝑎 × 𝑙𝑎, (2)

where 𝑡𝑎 is the travel time of unit distance a (s), which can be
found in the HCM. 𝑙𝑎 is the length of route 𝑎 (km).

3.2. CV Characteristics Indexes. Based on the above-men-
tioned references, the CV guidance characteristics indexes
will affect the TTR of road networks in a CV environment.
To explore the impact of characteristics indexes, the charac-
teristics indexes system is established, as shown in Figure 2.

In this study, the Compliance Rate (CR), Following Rate
(FR), Penetration Rate (PR), release Delay Time (DT), and
Congestion Level (CL) are selected as the characteristics
indexes to analyze the impact of these characteristics indexes
on TTR. CR is the ratio of vehicles with CV ability to comply
with route adjustments to all vehicles with CV ability. FR
refers to the ratio of vehicles without CV ability to adjust
the route because of the influence of the leading vehicle
changing the route to all vehicles without CV ability. PR
refers to the proportion of vehicles with CV ability to all
vehicles. DT refers to the interval from the generation of
traffic information to the reception of traffic information
by the vehicle. CL is an important index for evaluating the
flow operation states of the road network, and the duration
of congestion caused by an accident vehicle is used as an
alternative variable in this paper.

3.3. TTR Model. A road network is composed of several
paths, and a path selection model is established to design
the TTR model for road networks. A multilogistic regression
method is used to establish path selection model.

Supposing that there are 𝑘 paths between O-D pairs 𝑅𝑆 in
theCVguidance environment and the fiveCVguidance char-
acteristics indexes are selected as the explanatory variables of
themultilogisticmodel, the path𝑚 is the reference route, and
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Figure 2: CV characteristics indexes system.

the utility function of the path 𝑖 relative to the reference path𝑚 is

𝑈𝑅𝑆𝑖 = ln(𝑝𝑅𝑆𝑖𝑝𝑅𝑆𝑚 ) = 𝛽
𝑅𝑆
𝑖,0 +

5∑
𝑗=1

𝛽𝑅𝑆𝑖,𝑗 ⋅ 𝑥𝑗, (3)

where 𝑈𝑅𝑆𝑖 is the utility of selecting the path i relative to the
path 𝑚, 𝑖 ̸= 𝑚, 1 ⩽ 𝑖 ⩽ 𝑘; 𝑝𝑅𝑆𝑖 and 𝑝𝑅𝑆𝑚 are the probability of
selecting the path i and pathm, respectively; 𝛽𝑅𝑆𝑖,0 is a constant
of the utility function for selecting the path i; 𝑥𝑗 is the CV
characteristic index j; and 𝛽𝑅𝑆𝑖,𝑗 is the coefficient of 𝑥𝑗 of the
path 𝑖.

Letting 𝑦 = ∑𝑘−1𝑖=1 exp(𝑈𝑅𝑆𝑖 ) = ∑𝑘−1𝑖=1 (𝑝𝑅𝑆𝑖 /𝑝𝑅𝑆𝑚 ), the selec-
tion probability of path i between O-D pairs RS is

𝑝𝑅𝑆𝑖 = 𝑒𝑈𝑅𝑆𝑖1 + 𝑦 . (4)

The TTR of O-D pairs RS is obtained based on the weighted
method, which is expressed as

𝑅𝑅𝑆 = ∑
𝑖

𝑅𝑅𝑆𝑖 ⋅ 𝑝𝑅𝑆𝑖 , (5)

where 𝑅𝑅𝑆 is the TTR of O-D pairs RS and 𝑅𝑅𝑆𝑖 is the TTR of
the path i between O-D pairs RS.

The calculation of the TTR of road network is based on
the TTR of O-D pairs, and the weighted average of the TTR
of all OD pairs in the road network is selected as the TTR of

the network. The TTR model of road network is established
in a CV guidance environment as follows:

𝑅CV = ∑
𝑅

∑
𝑆

∑
𝑖

(𝑅𝑅𝑆𝑖 × 𝑝𝑅𝑆𝑖 ) × ( 𝑞𝑅𝑆∑𝑅∑𝑆 𝑞𝑅𝑆)

= ∑
𝑅

∑
𝑆

∑
𝑖

(𝐹𝑅𝑆𝑖 (Φ𝑅𝑆𝑖 ) × 𝑒𝑈𝑅𝑆𝑖1 + 𝑦)

× ( 𝑞𝑅𝑆∑𝑅∑𝑆 𝑞𝑅𝑆) ,

(6)

where 𝑅CV is the TTR of the road network; 𝑞𝑅𝑆 is the volume
of O-D pairs RS, pcu/h; 𝐹𝑅𝑆𝑖 (⋅) is the travel time distribution
function of the path i between the O-D pairs RS; and Φ𝑅𝑆𝑖 is
the travel time threshold of the path i between the O-D pairs
RS.

4. Simulation Scenario

4.1. Experimental Scene. To evaluate the TTRmodel, a simple
road network with three routes is selected to establish the
simulation scenario, as shown in Figure 3. In the initialization
stage, vehicles with connected vehicle ability (CVs) and
vehicles without connected vehicle ability (non-CVs) are
arranged in the road network. Car-Agent is used to control
the vehicles’ traffic behaviors, such as car following and
lane changing by the agents programing using the EstiNet
tool. The Roadside Unit (RSU) at an intersection is used
to collect the volume entering the intersection and transmit
the volume to the Central-Roadside Unit (C-RSU) in real
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Table 1: Parameter settings.

Route number Route node Passing intersection Length Number of lanes Lane width
1 A-B-C-M-F-G-J B, C, F, G 15.74 km 2 3.5m
2 A-B-C-D-E-F-G-J B, C, F, G 15.94 km 2 3.5m
3 A-B-H-I-G-J B, G 16.14 km 2 3.5m

BV

CVGS

Route 2

Route 1

Route 3

Traffic

accident

CV Non-CV

C-RSURSU

ABCFG

DE

HI

M
Traffic Flow

J

RSU RSU RSU

CV

Figure 3: Road network structure.

time.TheC-RSU is responsible for receiving the volume from
the downstream intersections, which calculates the shortest
route using the Bureau of Public Roads (BPR) impedance
function. To generate the traffic congestion, a broken vehicle
(BV) is set on Route 1. During the simulation stage, all
vehicles, including CV and non-CV, choose the shortest
route to travel depending on the real-time traffic information
obtained through V2V and V2I communication. When the
simulation starts, the BV sends the accident information to
the C-RSU. Meanwhile, the C-RSU broadcasts the guidance
information to all vehicles. CVs will choose the shortest route
to travel according to the CV guidance information, and
non-CVs will choose their routes to travel based on their
own reasonable judgment. For example, these non-CVs may
change their initial route by following the leading vehicles
depending on the FR.

The basic parameters of the three routes are shown in
Table 1.

Using the proposed CV guidance scenario, a guidance
strategy is designed. The flow chart of this guidance strategy
is shown in Figure 4.

When simulation starts, all vehicles including non-CVs
and CVs travel according to the respective shortest routes.
Once a Traffic Accident occurs in the shortest Route 1, the
C-RSU will recalculate the shortest route using the BPR
impedance function and broadcasts the guidance informa-
tion to all vehicles. Non-CVs and CVs will replan their routes
to travel based on the values of characteristics indexes, such
as CR and FR.

Table 2: CV characteristics indexes and parameters settings.

Parameter Value
Simulation time (s) 1800
Maximum speed (m/s) 18
Acceleration(m/s2) −4∼1
CL (s) 300/500
PR (%) 0/25/50/75/100
CR (%) 25/50/75/100
FR (%) 0/10/20/30
DT (s) 0/120/180
Number of test vehicles 100
Antenna height (m) 1.5
Average height of buildings (m) 10
Average spacing of buildings (m) 80
Communication protocol 802.11p
Signal attenuation (dbm) 5
Frequency (GHz) 10
Communication distance (m) 1000
Signal interference range (m) 550

4.2. Experimental Scheme. CL, PR, CR, FR, and DT are se-
lected as the influence factors in the simulation experiment.
The travel time for each route could be obtained through
the simulation. The CV characteristics and other parameter
settings are shown in Table 2.
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Figure 4: Flow chart of traffic guidance strategy.

To obtain different experimental scenarios, different val-
ues for the five CV characteristics indexes are applied. For a
PR of zero, there are 24 scenarios (2CL × 1PR × 4CR × 1FR ×3DT = 24) used. For the different value of PR, there are 288
scenes (2CL × 3PR × 4CR × 4FR × 3DT = 288). A simulation
is carried out for each experimental scenario, and the model
is calibrated using the data from 200 of the experimental
scenarios.The remaining 112 experimental scenarios are used
for route prediction.

5. Results Analysis

5.1. Parameter Calibration. Before calibrating the model, we
first verified the effectiveness of the guidance strategy. The
traffic conditions for CL = 500 s, PR = 100%, CR = 100%,
FR = 0, and DT = 120 s are selected to establish the CV
guidance scenario. The proportion of volumes along each
route is shown in Figure 5.

It is shown in Figure 5 that vehicles initially travel on
the shortest Route 1. Traffic jam occurs in Route 1 to cause
the increasing of the impedance of Route 1 when a broken
vehicle (BV) is set on Route 1. The jam information is in
real time transmitted to the upstream vehicles via V2I and
V2V. C-RSU will replan the routes by comparison of three
routes’ impedance according to the guidance information.
Thus vehicles will select Route 2 and Route 3 to travel. The
distribution of volume in Route 2 and Route 3 gradually tends
to balance in CV guidance environment according to the
impedance of two routes.

Without CV guidance, Route 1
With CV guidance, Route 1
With CV guidance, Route 2
With CV guidance, Route 3
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Figure 5: Traffic conditions of the road network.

Using the calibration samples and considering Route 3 as
the reference choice route, the calibrated results are as follows:

𝑈𝑅𝑆1 = ln(𝑝𝑅𝑆1𝑝𝑅𝑆3 )
= 7.600 − 0.002CL − 3.142PR − 3.491CR
− 3.739FR + 0.003DT,
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Figure 6: The travel time distribution of vehicles.

𝑈𝑅𝑆2 = ln(𝑝𝑅𝑆2𝑝𝑅𝑆3 )
= 4.089 − 0.002CL − 1.534PR − 1.483CR
− 1.860FR + 0.001DT.

(7)

According to the route selection model, the selection proba-
bility of each route can be obtained as follows:

𝑝𝑅𝑆1 = 𝑒𝑈𝑅𝑆1
1 + 𝑒𝑈𝑅𝑆1 + 𝑒𝑈𝑅𝑆2 ,

𝑝𝑅𝑆2 = 𝑒𝑈𝑅𝑆2
1 + 𝑒𝑈𝑅𝑆1 + 𝑒𝑈𝑅𝑆2 ,

𝑝𝑅𝑆3 = 1
1 + 𝑒𝑈𝑅𝑆1 + 𝑒𝑈𝑅𝑆2 ,

(8)

where 𝑝𝑅𝑆1 , 𝑝𝑅𝑆2 and 𝑝𝑅𝑆3 are the selection probability of Route
1, Route 2, and Route 3 in the simulation, respectively.

Based on the calibrated route selection model, the selec-
tion probability of each route is obtained, and, according
to the experiment data, the TTR of road network can be
determined:

𝑅CV = 3∑
𝑖=1

𝑅𝑅𝑆𝑖 × 𝑝𝑅𝑆𝑖 , (9)

where 𝑅CV is the prediction value of TTR of road network
and 𝑅𝑅𝑆𝑖 is the TTR of 𝑖th route, 𝑖 = 1, 2, 3.
5.2. Model Prediction Accuracy. To calculate the TTR of road
network, the TTR of each route is first determined. Using (1),
the TTR of each route can be obtained based on the travel
time distribution. Therefore, the travel time distribution of
vehicles in each route is analyzed, as follows in Figure 6.

Figures 6(a) and 6(b) showed the travel time distribution
of the vehicles running along Route 2 and Route 3 during
the simulation, respectively. The TTR for each route can be
obtained according to (1) and (2), and the values of TTR of
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Figure 7: Cumulative probability distribution curve of RMSE.

road network can be obtained according to (8) ∼ (9). Thus
the prediction accuracy of TTR model can be determined.

The cumulative probability distribution curve of the root
mean square error (RMSE) is shown in Figure 7.

The results indicate that 80% of the RMSE is in the range
of 0 to 0.0412. It can be concluded that the proposed TTR
model has a good prediction accuracy, which can reflect the
TTR for a road network in a CV guidance environment.

5.3. Sensitivity Analysis of TTR. The 312 sets of experimental
data are applied to conduct a correlation analysis, and the
results are shown in Table 3.

As can be seen from Table 3, CL, PR, CR, and DT can
be considered to have a significant impact on TTR at a 0.01
significance level. To clarify the impact of these four factors
on TTR, a sensitivity analysis is conducted, as shown in
Figure 8.

Figure 8(a) indicates that higher CL means lower TTR,
which is consistent with common sense. When the Conges-
tion Level is severe, TTR will decrease even if CV guidance
is applied. Figure 8(b) showed that TTR increases with an
increase in PR. The reason is that more vehicles can receive
guidance information, and thus more vehicles will choose
an alternative route to travel. When PR is increased from 0
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Table 3: Results of correlation analysis.

Factor Degrees of freedom
intergroups

Degrees of freedom
intragroup

Mean square
intergroups

Mean square
intragroup 𝐹 Significance

level

CL 1 310 4.320 0.027 157.407 0.000

PR 3 308 0.669 0.035 19.029 0.000

CR 3 308 1.238 0.030 41.846 0.000

FR 3 308 0.117 0.041 2.879 0.036

DT 2 309 0.449 0.039 11.638 0.000
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Figure 8: The impact of these four characteristics indexes on TTR.

to 100%, TTR can be improved by 20.03% to 134.04% using
CV guidance information. It can be seen from Figure 8(c)
that the effect of CR on TTR is similar to that of PR.
TTR gradually increases with an increase in CR, and the
improvement trend is slower and slower. The reason for
this is that an increase in CR also means more vehicles
will accept the guidance information, which makes more
vehicles select the lower impedance route to travel. When
CR increases from 25% to 100%, TTR improves from 11.08%
to 135.31%. It can be seen from Figure 8(d) that TTR
gradually decreases as DT increases. The reason is that
the greater the delay receiving the guidance information
the fewer the vehicles to detour in time, which affects the
TTR.

6. Conclusions

In this study, a travel time reliability model in a CV envi-
ronment is developed, and the prediction accuracy of the
proposed model and its correlation with five selected char-
acteristics indexes are analyzed. The results indicate that the
prediction accuracy of themodel is good, and some influence
rules are summarized. (1) Among the five characteristics
indexes, the influence of CL, PR, CR, and DT on TTR is
significant; (2) PR and CR have a positive effect on TTR, and
the average improvement rate is about 77.03% and 73.20%
with the increase of PR and CR, respectively; (3) meanwhile
CL andDThave a negative effect on TTR, andTTRdecreased
by 31.21% as DT increased from 0 to 180 s.
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There is a limitation for this paper, because only five
characteristics indexes are analyzed. In future studies, more
CV characteristics indexes should be selected to explore the
impact of the characteristic indexes on the TTR of road
networks. Simulation should still be extended, providing
further comparison in detail.
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