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Damage modelling and assessment is a growing field of
fundamental research and a practical problem at the same
time. A rapid progress in damage assessment has become
possible due to new mathematical approaches developed in
the last years. Combined with efficient computer simulations,
they are able to predict structural damage at various scales
from micromechanics to real large-scale structures. Recent
developments enable efficient structural design, healthmoni-
toring, and lifetimemanagement. New approaches to damage
simulation and assessment traditionally stay also in focus of
the present issue.

H. Liu et al. present a hybrid neurogenetic algorithm-
based procedure for damage identification of urban overpass.
Change rate of frequency and strain ratio is treated as
input parameters. The optimized weight and threshold are
incorporated as the initial value of ANNs to identify the
structural damage condition.The proposed procedure is able
to identify the location and the severity of damage (both for
single-damage and for multidamage cases). The numerical
technique is applied on the Qianjin Bridge. The results
reveal that the proposedmethod can successfully identify the
locations and severities of damage.

X. Li et al. present an experimental investigation on
the deformation process of a sand-filled cylindrical shell.
One side of the shell experienced a contact explosive load.
The shapes of the deformation were analysed. An analytical
approach has been developed based on the rigid plastic
hinge theory. A significant agreement has been achieved
between the calculated and the experimental results. Thus,
the analytical approach can be considered as a reliable tool
in describing the deformationmechanism and predicting the

deformation shapes of the sand-filled cylindrical shell under
a lateral contact explosion.

H. He et al. present an evolution model based on
Diffusion-Limited Aggregation (DLA) for the durability
analysis, considering the coupling action of the chloride ion
erosion and the carbonization. The evolutionary process of
the chloride ion erosion, the carbonization, and the coupling
action are simulated based on the chloride ion diffusion
equation and carbonation depth equation. The DLA model
presented has been applied on a reinforced concrete bridge
structure.

H. Zhou et al. present an improved model of the slant
crack on a microbeam, based on the fracture mechanics
theory. The nonlinear performance of microbeams with a
bending induced slant crack of different geometry parameters
is compared and investigated with regard to the dynamic
behaviours.The effects of the slant crack and the electric actu-
ation of an electrostatically actuated fixed-fixed microbeam
on the dynamic characteristics are examined in detail. It
is concluded that the crack position has more significant
influence in the pull-in voltage value than the slant angle
or the depth ratio. Approaching the slant crack to the fixed
end or enlarging the external incentives will amplify the
nonlinearity of the microbeam system, while the effects of
depth ratio and slant angle are dependent on the crack
position.

H. Lin et al. present a new method based on the
deformation-energy for characterizing damage to high
strength concrete structures. The material model incorpo-
rates several nonlinearities like stiffness and strength degra-
dation under a cyclic loading. The proposed model was
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embedded into the IDARC program. An example of a high
strength RC multistorey frame was used to evaluate the
structural damage under various seismic excitations. The
degree of structural damage was predicted satisfactorily.

By compiling these papers, the editors hope that the
readers will benefit from the latest development in the
field of structural damage modelling and assessment of civil
engineering structures.

Anaxagoras Elenas
Yuri Petryna

Nawawi Chouw
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Chloride attack and carbonization are the main factors which affect the durability of concrete structures, and the respective
theoreticalmodels are systematically established.However, the quantitative analysis andmodels about the coupling effect of chloride
attack and carbonization are less, so the precision and level of durability analysis of reinforced concrete are restricted. Diffusion-
limited aggregation (DLA) model can finely simulate the process of gas diffusion and condensation with randomness and fractal
characteristics, which is suitable for revealing the durability evolution process of the chloride attack, carbonization, and the coupling
action in concrete. Based on the principle of DLA, considering the factors such as diffusion depth, concrete properties, and exposure
conditions which influence the characteristics of chloride diffusion and carbonization, as well as the coupling effect, an integrated
DLA model is established. The concentration of carbon dioxide and chloride at any time and any location can be obtained and
dynamically displayed based on the DLA model. The performance predict method for concrete and steel bars considering fatigue
effect is presented based onDLA, according to the demand for bridge durability analysis. Numerical examples show that themethod
can dynamically and intensively simulate the durability evolution process of reinforced concrete bridge.

1. Introduction

Reinforced concrete is an excellent construction material:
highly durable, economical, under proper conditions, and
semipermanent. However, unsuitable use of reinforced con-
crete in design or construction is likely to result in low perfor-
mance and deterioration of the concrete long before the end
of its intended service life [1]. Early deterioration of structures
increases their maintenance costs and requires them to be
rehabilitated or dismantled, thus producing building waste
and greatly impacting local and global environments.

In recent years, various reinforced concrete structures
worldwide have suffered rapid deterioration. Therefore, the
durability of concrete structures, especially those exposed
to aggressive environment, is of great concern [2]. Many
deterioration causes and factors have been investigated.
There are many factors that cause deterioration of reinforced

concrete structures: neutralization, chloride damage, freez-
ing and thawing, chemical corrosion, and alkali-aggregate
reactions are often indicated as causes for the deterioration
of reinforced concrete structures and each involves the
corrosion and expansion of a reinforcing bar, which cracks
the concrete and deteriorates the capacity and performance of
the structure. The durability of reinforced concrete structure
is one of the issues of common concern to civil engineering.

At present, the research on the durability of concrete
includes three levels, which aremicroscopic level,mesoscopic
level, andmacroscopic level.The focus of microlevel research
is the deterioration mechanics and damage rules of hardened
cement paste and rebar. The scope of mesoscopic level
research refers to the influence ofmaterial phase composition
and structure on the durability. The scope of macroscopic
level research involves the integrated performance and the
structural durability evaluation and life prediction, and so
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forth. According to the achievements from above levels, the
theoretical methods on the concrete structure durability are
mainly divided into three types.The first one is mathematical
model method, which calculates the evolution of thematerial
parameters directly using the chloride ion diffusion equation
and carbonation equation [3, 4]. The second method is
numerical analysis, which derives the deterioration process
ofmaterials in time-space dimension by specified algorithms.
For example, cellular automata algorithm has been proposed
according to the given local rules [5].The third method is the
finite element method; the 3D model of reinforced concrete
structures are usually created by the multiphysics coupling
finite element software such as ANSYS and COMSOL, and
the materials or the structures are simulated precisely [6].
Though extensive research is conducted on the durability of
concrete structures, there are alsomany respective limitations
in each type of method at present.

As a key type of infrastructure in civil engineering, bridge
is an important part of the national transportation system,
and the reinforced concrete bridge is the most common form
in highway bridges. Due to the rigorous environment and the
insufficient measurement of construction and maintenance
worldwide, the durability of a great many reinforced concrete
bridges reduced rapidly, the normal operation and safety are
affected [7]. Therefore, the analysis and evaluation of the
durability of the reinforced concrete bridge has become an
important problem in engineering research.

The durability of the reinforced concrete bridge mainly
involves the chloride ion erosion, the carbonation of concrete,
and the reinforcement corrosion caused by the above factors
and these factors are mainly affected by the diffusion depth,
the characteristics of concrete, and the exposure conditions.
Until now, the study on the durability degradation due to the
single environmental factor such as carbonation and chloride
ion penetration of reinforced concrete structure has been
thoroughly developed [8]. However, it is worth noting that
the actual durability of the concrete structure degradation
in practical conditions is the long-term and coupling action
of many factors in load, environment, and climate. The
combined results are different with the law from a single
factor, but the relevant research results and analysis methods,
especially those that can be applied in the actual model or
equations, are still very limited [9, 10].

In view of the above deficiency in the corresponding
research limitations, a numerical analysis model based on
diffusion-limited aggregation (DLA) is proposed, in order to
reveal the coupling effect about the chloride ion erosion and
concrete carbonization on the macroscopic capacity deteri-
oration of the reinforced concrete structures. The change of
the concrete and steel rebar in the microlevel, the evolution
of the chemical composition and the interaction between the
transmission performances in the mesoscopic level, and the
durability in the macrolevel are studied. Finally, the chloride
ion concentration and the carbonation degree on any location
and at any time can be predicted; furthermore, the structural
durability can also be calculated and the optimization strategy
for maintenance can be provided.

2. Diffusion-Limited Agglomeration

Stochastic models of fractal growth have inspired a number
of studies and applications in applied sciences, and the best
known model is the diffusion-limited aggregation (DLA).
DLA has been extensively employed since its proposition in
1981 byWitten and Sander tomodel cluster growth controlled
by the random process of diffusion [11].

The basicmodel operates according to the following basic
rule. The initial starting point for the growing cluster is fixed,
so that the primary cluster consists of a single particle. At
every step another particle is attached to the cluster according
to some rule so that the cluster remains connected with
respect to some neighboring relationship. This is replicated
on every new step until the cluster reaches the predetermined
size.

The mathematical description of the DLA model is as
follows: on the system point group, fixed in a certain location
layout particles as the initial state. From that position,
different particles are produced once certain threshold value
is surpassed, and the particles will move randomly until
they are adsorbed by other fixed particles. The adsorption
principle is as follows: in four nearest neighbors (up, down,
left, and right lattice) that are fixed in particles, themovement
of the particles will be adsorbed. And then a particle is
produced, and a calculation is done according to the above
rules. So it will be a coherent set design. The neighbors in
DLAmodel are not equally likely to be attached to the cluster.
Instead, the next particle is chosen among all neighbors with
a distribution proportional to the equilibrium electrostatic
potential on the boundary of the existing cluster, which is
the solution of Δ𝑢 = 0 where Δ = ∇

2 is the Laplace
operator. Therefore, DLA captures the essential features of a
typical dynamic growth process that is related to the Laplace
equation. If the particles on the random walk are beyond the
scope of limit state matrix, then the corresponding boundary
condition treatment scheme should be considered as (1) the
periodic boundary conditions, the particle will not escape,
and it will produce a new particle after the old particle is
adsorbed; (2) the absorption boundary condition, the particle
will be given up when it is beyond the border anda new
particle generates.

The advanced features of the DLA model are as follows:
(1) with a very simple algorithm, the DLA embody the
primary components in a wide range of natural phenomena
but the physical mechanism does not need clear forms; (2)
the self-similar fractal structure with invariance scale can
be generated through a simple kinematics and dynamics
process, and the mechanism of fractal growth in practical
system is revealed in certain extent; (3) the interface has
complex shape and instability, and the growth process is a
process far from equilibrium dynamics, but cluster structure
is stable andhas determined fractal dimension. Formore than
20 years, researchers with great interest in the mechanism of
DLA model carried out extensive study, and rich theoretical
research results are obtained, and the achievement is applied
in the fields including fractal physics, environmental science,
materials science, and urban planning [12].
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The applications of diffusion-limited agglomeration the-
ory in civil engineering are very few; in this paper, the parti-
cles are used to simulate the chemical material in microlevel,
and the arrangement is controlled by the algorithm of
DLA. The concentration of chlorine ion and carbon dioxin
in the corresponding depth can be calculated according
to the theoretical formula; thus a determined number of
particles which randomly move in the horizontal direction
are placed in the concrete.Hence, the randomness in the loca-
tion and the precision in the calculation are simultaneously
embodied through DLA model. In addition, the tiny cracks
will occur when the reinforced concrete beam is subjected
to the bending moment, and the chloride ion erosion and
the carbonization will aggravate near the cracks, and the
coupling phenomenon can be simulated in detail by the
mutual adsorption display function in the DLA model. The
durability analysis based on the diffusion-limited aggregation
has important research significance and broad application
prospects.

3. Chloride Ion Erosion Based on the DLA

If the pore distribution in concrete is assumed to be uniform,
the chloride ions do not react with concrete, and the relative
concrete exposed surface is a semi-infinite medium body;
thus the chlorine ion in the intrusion of saturated concrete
meet the second Fick diffusion law [2]. The one-dimensional
diffusion equation is as follows:

𝜕𝐶

𝜕𝑡
= 𝐷

𝜕
2
𝐶

𝜕𝑥2
, (1)

where 𝑡 is the time of chloride ion erosion, 𝑥 is the distance
from the concrete surface to the specified location, 𝑐 is the
chloride ion concentration on the specified location, and𝐷 is
the chloride ion diffusion coefficient. The initial condition is
𝐶(𝑥, 0) = 0, and the boundary condition is 𝐶(0, 𝑡) = 𝐶

𝑠
and

𝐶(∞, 𝑡) = 𝐶
0
. The solution of (1) is

𝐶 = 𝐶
0
+ (𝐶
𝑠
− 𝐶
0
) [1 − erf 𝑥

2√𝐷𝑡
] , (2)

where 𝐶
0
is the initial concentration of chloride ions in

concrete, and 𝐶
𝑠
is the chloride ion concentration on the

exposed surface, and erf(𝑧) is the error function written as
follows:

erf (𝑧) =
2

√𝜋
∫

𝑧

0

exp (−𝑢
2
) d𝑢. (3)

For the chloride ion diffusion process in complex condi-
tion, especially for the chloride ion diffusion based on the
principle of diffusion-limited aggregation [13], the diffusion

model considering multiple factors is advised to be written as
follows:

𝐶
𝑓

= 𝐶
0
+ (𝐶
𝑠
− 𝐶
0
)

⋅ [

[

1 − erf

⋅ ( (𝑥)

⋅(2√
𝐾𝐷
0
𝑇𝑡
0

𝑚

(1 + 𝑅) (1 − 𝑚)𝑇
0

𝑒𝑞[1/𝑇0−1/𝑇]𝑡1−𝑚)

−1

)]

]

,

(4)

where 𝑐
𝑡
is the total chlorine ion concentration at 𝑡 moment

in the location which has the distance 𝑥 from the surface,
𝑐
𝑏
is the combination of chlorine ion concentration, and 𝑐

𝑧

is the free chlorine ion concentration. 𝑅 is the chloride ion
combining ability, and 𝑅 = 𝑐

𝑏
/𝑐
𝑧

= (𝑐
𝑡
− 𝑐
𝑧
)/𝑐
𝑧
. 𝑚 is the

experimental constant,𝐾 is the degradation effect coefficient
for the performance of concrete chloride ion diffusion, 𝑇 is
temperature, 𝐷

0
is the chloride ion diffusion coefficient on

temperature 𝑇
0
, and 𝑡

0
is the concrete hydration age for 𝑞 is

the activated constant, which associated with water cement
ratio [14]; when 𝑚

𝑤
/𝑚
𝑐
= 0.4, 𝑞 is 6000K, when 𝑚

𝑤
/𝑚
𝑐
=

0.5, 𝑞 is 5450K, and when𝑚
𝑤
/𝑚
𝑐
= 0.6, 𝑞 is 3850K.

The chlorine ion concentration in the location which has
the distance 𝑥 from the surface can be calculated according
to (4); thus, the corresponding number of chloride ions
which moves at random in the horizontal direction can be
arranged in the location of 𝑥, by using the theory of diffusion-
limited aggregation.When the chloride ions approach others,
adsorptionwill occur and the combination of the chloride ion
diffusion equations and the DLA algorithm is realized.

According to the above basic idea, the flow chart of DLA
model considering the chloride ion erosion calculation is
proposed, as shown in Figure 1.

Assuming the concrete surface chloride ion concentra-
tion is known as 2.0 Kg/m3, the original concentration of
chloride ion in concrete was 0.01 Kg/m3 and the concrete
hydration age is 28 days. The protective layer thickness is
35mm, the diameter of the steel bar is 25mm, the water
cement ratio is 0.4, and the temperature is 20 degrees
Celsius; the diffusion coefficient can be obtained through the
experiment, and 2.5 × 10−11m2/s is determined in this study.
When the chloride ion erosion time is 10 years, the chloride
ion erosion model based on DLA simulation results is shown
in Figure 2. It is obvious that the DLA model can intensively
reveal the randomness and uncertainty in the process of chlo-
ride ion erosion in concrete, and it can simultaneously reflect
the concentration variation and performance evolution in the
process of chloride ion propagation accurately.
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Figure 1: Flow chart of chloride attack in the DLA model.

Figure 2: Chloride attack in 10 years based on DLA.

4. Reinforcement Corrosion under
Chloride Ion Erosion

The chloride ion erosion accumulates in the concrete under
severe conditions, and the corrosion will occur in the rein-
forcement bar when the chloride ion concentration reaches a
critical value. There are two criteria to predicate the critical
concentration, one is the chloride ion concentration, and
the other is the ratio of chloride ion to hydroxide ion,
that is, [Cl−/OH−]. A new criteria was proposed to apply
in engineering structures; for a new structure, 0.6 Kg/m3
is defined, and 0.6 Kg/m3–0.9 Kg/m3 can be chosen for
important existing structures, and 1.0 Kg/m3 is for normal
structures [15]. In this paper, 0.6 Kg/m3 is defined as the
critical concentration. The exposure condition of the case is

in offshore atmospheric environment which is about 0.1 km
far from the sea, and the average chloride concentration
on concrete surface is 3.0 Kg/m3 based on empirical data.
Assuming that the chloride ion concentration on the concrete
surface is 3.0 Kg/m3, other parameters are the same as
the previous section. The initial corrosion time is 9 years
according to (4), and the destruction process of concrete
structure is shown in Figure 3 as the DLA algorithm is used.

The quantity formula of the reinforcement corrosion in
the corrosion time 𝑡 is as follows:

Δ𝑔 =
𝑁𝑆∫ 𝑖corrd𝑡

𝐹
, (5)

where 𝑁 is the molar mass of the reinforcement, and 𝑁 =

𝑔/𝑛; 𝐹 is Faraday constants, and 1𝐹 = 96500C/mol =
26.8 A⋅h/mol. 𝑆 is the surface area of the reinforcement in
the concrete and the unit is cm2; 𝑖corr is the corrosion current
density and the unit is A/cm2.

After considering the comprehensive function of factors
such as chloride ion concentration, layer resistance, and
temperature, the corrosion current density model is obtained
by the regression analysis of the test results as follows:

ln 1.08𝑖 = 8.37 + 0.618 ln 169Cl

−
3034

𝑇
− 0.000105𝑅

𝑐
+ 2.32𝑡

−0.215
,

(6)

where 𝑖 is the corrosion current density and the unit is
𝜇A/cm2. Cl is the chlorine ion around the reinforcement and
the unit is Kg/m3; 𝑇 is degree Fahrenheit; 𝑅

𝑐
is the resistance

of concrete cover and the unit is Ω; 𝑡 is the time after rust
begin and the unit is year.

The average corrosion rate based on the corrosion
amount of the reinforcement is given by

𝜂 =
Δ𝑔

𝑔
0

=
𝑁𝑆∫ 𝑖corrd𝑡

𝐹𝑔
0

, (7)

where 𝑔
0
is the original quality of the rebar.

After studying the bending test of the reinforced con-
crete members under the coastal environment, the following
model of steel corrosion current density is presented as [16]

𝑖corr (𝑡) = 0.3683 ln (𝑡) + 1.1305. (8)

Substituting (6) into (7) gives

𝜂 =
Δ𝑔

𝑔
0

=
𝑁𝑆∫ (0.3683 ln (𝑡) + 1.1305) d𝑡

𝐹𝑔
0

. (9)

5. Corrosive Cracks Analysis under
Chloride Ion Erosion

The reinforcement corrosion can cause the rust expansion
and the cracking and spalling in the concrete cover, further-
more, inducing the deterioration of the structural bearing
capacity and durability. The study on the cover-cracking
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Figure 3: Corrosion process under chloride attack.

induced by steel corrosion mainly focuses on the early stage,
and less research is carried out for the damage mechanism
after the corrosion cracking. Because the corrosion state
should be determined in the case of nondestructive operation
in the actual engineering, the relationship between the
corrosion rate and the corrosive crack width is necessary
to the durability evaluation. At present, the corresponding
function can be obtained by the methods, including normal
test, elastic mechanics method, and finite element method
(FEM), and mostly through the experienced formula of the
accelerated corrosion experiments.

François and Arliguie [17] and Vidal et al. [18] focused
on the effects on cracks to the reinforcement corrosion
in reinforced concrete structure and established the life
prediction models based on crack width and steel cross-
sectional loss. Arya andWood [19] studied the effect of crack
spacing and different forms of cracks to the corrosion, and
the cracks are divided into the lateral cracks, vertical cracks,
live cracks, and dormant cracks; furthermore, the impact of
different types of steel corrosion cracks was studied.

Assuming the reinforced depth rusty and crack width
have a linearly proportional relationship and they are inde-
pendent of the bar diameter, the cover thickness, the concrete
strength, and other parameters; the equation on the steel
corrosion rate and the corrosive crack width of concrete can
be expressed in the form based on the impressed current
accelerated corrosion of corrosive test according to [20] as

𝜂s = 4 [
1

𝑑
(0.222𝑤 − 0.011) −

1

𝑑2
(0.222𝑤 − 0.011)

2
] , (10)

where 𝜂s is the rebar corrosion rate, 𝑑 is the rebar diameter,
and 𝑤 is the corrosive crack width of concrete.

Assuming the material parameters are as stated above,
the concrete chloride ion erosion model considering the
corrosive cracks is established based on DLA algorithm and
the formula above, as shown in Figure 4. It is obvious that the
chloride ion erosion model based on DLA can dynamically
reveal the diffusion state of chloride ions at different time
points and the shape of the apparent derivative corrosion

crack. Compared with the existing simulation methods, the
DLA model has the advantages in the fineness, the accuracy,
the computational efficiency, and the dynamic display.

6. Carbonation Analysis Based on DLA

As same as the chloride ion erosion, the concrete carbonation
is also an important factor for the durability deterioration
of the material and reinforced structure. Carbonation is
the result of the carbon dioxide diffuse from the environ-
ment of the concrete inside, usually changing the chemical
composition and organization of concrete structure and the
mechanical properties of concrete vary significantly.

Peter et al. [21] theoretically analyzed the carbonation
reaction and provide a general theory for carbonation assess-
ment. Papadakis et al. [22] deduced the classic experiment
carbonation coefficients according to the content of minerals
and cement hydration products. Baroghel-Bouny [23] estab-
lished a model based on high concentrations of carbonation
of concrete porosity and water saturation rate, thus providing
a theoretical basis for on-site testing for carbonation. Saetta
and Vitaliani [24] and Isgor and Razaqpur [25] established
the uncracked concrete carbonation established theoretical
model according to the mathematical theory and finite
element method. In addition, Song et al. [26], Alahmad
et al. [27], and Niu [28] systematically analyzed the effect
of the cracks on the carbon dioxide transport and studied
the cracking concrete carbonation process and carbonation
models.

The theory on the concrete carbonation can be studied
based on diffusion theory, and the assumptions are as follows:
(1) the carbon dioxide concentration in the concrete is
linear distribution; (2) the carbon dioxide concentration on
the concrete surface is equal to the concentration of the
external environmental condition and the concentration of
noncarbonation area is 0; (3) the quantity of unit volume to
absorb carbon dioxide is a constant value.

Under these assumptions, the concrete carbonation pro-
cess follows Fick’s first law of diffusion, and the formula for
calculating the concrete carbonation depth can be derived as
follows:

𝑋 = √
2𝐷CO2𝐶CO2

𝑀CO2

√𝑡, (11)

where 𝑋 is the carbonation depth, 𝐷CO2 is the effective
diffusion coefficient of the carbon dioxide in concrete, and
𝐶CO2 is the concrete surface carbon dioxide concentrations.
𝑀CO2 is the absorption amount of the carbon dioxide in unit
volume concrete and 𝑡 is the carbonization time.

On the grounds of the theoretical model of concrete car-
bonation, a modified carbonation depth model is presented,
and two major acting factors including the environmental
conditions and the concrete quality are considered in the
model. Besides, other factors such as the carbonation loca-
tion, the casting surface, and the working stress are also
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Figure 4: DLA evolution model for chloride attack.

involved [26–28]. The stochastic forecasting model is given
by

𝑋
𝑐
= 𝐾mc ⋅ 𝑘𝑗 ⋅ 𝑘co2 ⋅ 𝑘𝑝 ⋅ 𝑘𝑠 ⋅ 𝐾𝑒 ⋅ 𝐾𝑓

√𝑡, (12)
where 𝐾mc is the random variable which represents the
difference between the carbonation model calculation and
the actual test; at the same time, some other minor random
factors are also included. 𝑘

𝑗
is the correction coefficient on

concrete corner, taken as 1.4 for corner and 1.0 for normal
location. 𝑘co2 is the efficient for carbon dioxide concentration;
𝑘
𝑝
is the correction coefficient for casting surface, taken as 1.2

for the casting surface and 1.0 for normal surface. 𝑘
𝑠
is the

influence coefficient for working stress, taken as 1.1 for the
concrete in tension, and 1.0 for the compressed concrete.𝐾

𝑒
is

the environment influence coefficient and𝐾
𝑓
is the influence

coefficient for concrete quality.
For the carbonationmodel using diffusion-limited aggre-

gation algorithm, the modified carbonation depth can be
calculated by (12), and the carbon dioxide concentration in
the location which is 𝑥 far from the surface can be deduced,
supposing the carbon dioxide concentration in concrete is
linear distribution. In the DLA model, the corresponding
amount of carbondioxide is arranged to be in randommotion
and these carbon dioxide particles will adsorb together once
their mutual distance is less than the given value.

Assuming the carbonization time is 1 year, 10 years,
25 years, and 50 years, respectively, the concrete strength
is 20Mpa, the temperature is 21 degrees Celsius, and the
relative humidity is 0.8. The efficient for carbon dioxide
concentration is 1.5, the protective layer thickness is 35mm,
and the diameter of rebar is 25mm. The carbonation model
based on DLA is shown in Figure 5. It is apparent that the
concrete carbonation based on DLA model can simulate the
all evolutionary process and display the carbonizing state
at different time points, perfectly having both accuracy and
randomness.

7. DLA Model for Coupling Action of Chloride
Ion Erosion and Carbonization

In actual environment, the decrease of structural perfor-
mance due to the deterioration of the durability is usually the
integrated consequence of multiple factors such as variable
loads, climate, and service conditions. The deterioration
process is not the simple superposition of each single factor
but the interaction and accumulation of all the factors; this
phenomenon causes the concrete deteriorationwhich ismore
complicated and the related conclusions and experience for-
mula based on the single factor effect have certain limitations.
Thus, study on the durability under multiple factors is more
intricate.

The study on the carbonization reaction can destruct the
original filtering mechanism in the basal body of concrete
[29] and promote the Friedel salt decomposition, and the
chloride ion content increases.The carbonization can slightly
reduce the chloride ion diffusion coefficient, and the chloride
ion concentration has amaximum in the carbide cutting edge
[30]. The experiments on the coupling effect of carbonation
and chloride ion erosion are generally carried out considering
limited factors and the specific conditions. The common
qualitative conclusion is that the chloride ion concentration
has less effect on the depth of carbonation but the carboniza-
tion can evoke the decline of the alkalinity in the pore solu-
tion, and the corrosion of the rebar placed on the carbonated
concrete under the erosion of chloride ion will be more
serious. Hence, the effect of carbonization on the chloride ion
erosion is more obvious, which has more related factors.

The theoretical model and achievement of the coupling
effect of carbonation and chloride ion erosion are little.
Beaudoin [31] proposed the modified coefficient of the chlo-
ride ion diffusion under carbonation; the total chlorine ion
content will increase under the carbonation; that is, the con-
strained chloride ion content on the surface is proportional
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Figure 5: DLA evolution model for carbonation.

to the relative increased free chloride ion content, and the
modified carbonation coefficient is given by

𝛼 =
Cl−lib

Cl−lib + Cl−free
=

𝐶


𝑠
− 𝐶
𝑠

𝐶
𝑠

, (13)

where 𝛼 is the carbonation modified coefficient, Cl−lib is the
free chlorine ion content under the action of carbonation,
Cl−free is the original free chlorine ion content, 𝐶

𝑠
is the

original chloride ion concentration on the concrete surface,
and 𝐶



𝑠
is the chloride ion concentration on the concrete

surface under carbonation.
The concentration of the internal free chloride ion is

assumed to be higher than the concentration of the outside
free chloride ion under carbonation action, and the internal
free chloride ions will spread to the external environment;
thus a modified factor 𝛽 is introduced as follows:

𝐶


𝑠
=

𝛽𝐶
𝑠

1 − 𝛼
. (14)

In this assumption, the chloride ion erosion depth is con-
stant due to the fact that the carbonation depth is irrelevant to
the carbon concentration on the concrete surface. However,
the chloride ion erosion depth can actually increase and the
initial corrosion time will be reduced; thus, the formula on
the modified erosion depth is adopted as follows:

𝐼cl;ca =

(1 − √𝑐crit/𝑐


𝑠
)

2

(1 − √𝑐crit/𝑐𝑠)
2
, (15)

where 𝑐crit is the chloride ion concentration of the location
whose distance from the surface is 𝑥.

According to the above discussion, theDLAmodel on the
chloride ion erosion and the DLAmodel on the concrete car-
bonation can be combined and calculate the comprehensive

damage and deterioration.Theflow chart ofDLA considering
coupling action is shown in Figure 6. By determining the
modified coefficient of carbonation, the surface chloride ion
concentration under the carbonation action and chloride
ion erosion depth can be calculated simultaneously. Thus,
the coupling DLA model on both chloride ion erosion and
carbonation can be established.

Assuming the example parameters are still as stated
earlier, the influence coefficient of the carbon dioxide con-
centration is 1.5, and the evolution results obtained from the
coupling model are shown in Figure 7. Compared with the
results in Figure 4, it can be seen that the severity of the
carbonation and the chloride ion erosion aggravates after
considering the coupling effect, and the corrosive crack width
which is induced by the chloride ion erosion in the concrete
will obviously enlarge.

These results indicate that the durability degradation
phenomenon can be precisely simulated considering the
coupling action of both the chloride ion erosion and the
carbonization, and DLA method has better ability than tra-
ditional methods. In addition, the chloride ion concentration
increaseswith the chloride ion erosion depth and the chloride
ion erosion is the primary factor and the influence of the
carbonation is less, especially for the environment where
the chlorine ion concentration is higher, such as the coastal
region. Hence, only the effect of the carbonization on the
chloride ion erosion is usually discussed and studied.

8. Durability Analysis for Bridge under
Coupling Effect and Fatigue Condition

The reinforced bridges in service are subjected to coupling
effect of the chloride ion erosion and the carbonization, so
it is suitable to carry out the durability analysis by using the
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Figure 6: DLA flow chart of coupling action.

coupling DLAmodel proposed in this study. In addition, due
to the reinforced concrete bridges bear also bear the effect
of traffic load, the fatigue failure will occur under the action
of cyclic loading although the actual stress is less than the
yield strength. The rebar corrosion induced by the coupling
effect of the chloride ion erosion and carbonization can not
only reduces the effective cross section but also increases the
fatigue stress amplitude; at the same time the steel fatigue
strength decreases; thus, the service life of the structure will
seriously shorten.

Therefore, for the reinforced concrete bridges under the
condition of traffic load and complicated environment, the
study on the time-varying fatigue durability considering the
coupled action of chloride ion erosion and carbonization is
significant.

In the effect of the chloride ion erosion, the corrosion rate
will increase and the stress concentration will arise from the
partial dents on the rebar. Under fatigue load, the chloride
ion diffusion rate increases, the corrosion aggravates, and
the fatigue resistance degrades. According to the data from
the reinforcement degradation test with different corrosion

states, the time-varying model for the corrosion depth and
fatigue strength [32] is concluded as

𝜑 (𝑡) = {
1.066 Δ𝛿 < 1.23mm
1.066 − 0.002e2.859Δ𝛿(𝑡) Δ𝛿 ⩾ 1.23mm,

(16)

where 𝜑(𝑡) is the steel fatigue strength coefficient; Δ𝛿 is the
reinforcement corrosion depth, which can be obtained from
the rebar corrosion rate. According to (10)–(16) and simulated
results from the coupling DLA model, the reinforced time-
varying fatigue strength and the integral durability index can
be calculated.

In order to verify the accuracy of the method in this
paper, a simply supported reinforced concrete highway bridge
with T section is chosen as an example, and the cross section
diagram is shown in Figure 8. The span is 16m, the axial
compression strength of the concrete is 20.7N/mm2, and
protective layer thickness is 30mm.The yield strength of the
rebar is 235N/mm2, 12 rebars are set in the beam bottom, the
diameter of the six main rebar is 32mm, and the diameter of
other rebar is 16mm.The surface chloride ion concentration
of the concrete is 3.0 Kg/m3, and the original chloride ions
concentration in the concrete is 0.01 Kg/m3, the concrete
hydration age is 28 days, the water cement ratio is 0.4, the
environmental temperature is 20 degrees Celsius, and the
humidity is 0.8. The diffusion coefficient can be obtained
through the experiment, and 2.5 × 10−11m2/s is assumed
in this study. The carbon dioxide concentration influence
coefficient is 1.5.

The action time for the environmental factors and fatigue
load is from 1 year to 50 years, and the evolutionary process
of thematerial performance of themain sections is calculated
based on the coupling DLA model, considering the effect of
both the chloride ion erosion and carbonization.The concrete
carbonation, chloride ion erosion, and the corrosive crack
propagation state of the midspan cross section after 25 years
are shown in Figure 9. It can be seen that the cracks in the
midspan cross section grown rapidly after the bridge served
25 years and the maximum width has been larger than the
limit value 0.3mm; thus major repair should adopt for the
upper structure. Furthermore, it is verified that the DLA
model can integrate the theoretical equations and simulation
algorithm, and the coupling evolution process of the chloride
ion erosion and carbonization can be dynamically and con-
tinuously displayed. Hence, the DLAmodel is appropriate for
the engineering application.

The evolutionary process of the chloride ion concentra-
tion on the surface of the rebar located at the bottom of the
cross section is shown in Figure 10. The evolution process
about the concrete carbonation depth distribution is shown
in Figure 11.Thedevelopment trend about the rebar corrosion
rate and the fatigue strength reduction coefficient of the rebar
located at the bottom of the cross section under different
service time is shown in Figures 12 and 13, respectively.

According to the results and comprehensive analysis, it
can be seen that the increment speed of both the chloride ion
concentration on the surface of the rebar and the concrete
carbonation depth will diminish with the service time, and
the fatigue strength of the rebar will reduce in the corrosion
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Figure 7: DLA evolution model for coupling action.
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Figure 9: Evolutionary results for coupling action in 25 years.

environment induced by the chloride ion erosion. The rebar
in the T type beam begun to rust in the 9th service year, and
the corrosive cracks gradually expand under fatigue loads and
environmental factors. The general durability of the bridge
significantly decline until the 20th service year and necessary
maintenance and repair strategy should be adopted.
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9. Conclusions

In this paper, an evolution model based on diffusion-limited
aggregation is presented for the durability analysis of the
reinforced concrete bridge, and the coupling action of the
chloride ion erosion and the carbonization is considered.
The evolutionary process of the chloride ion erosion, the
carbonization, and the coupling action is simulated based on
the chloride ion diffusion equation and carbonation depth
equation.

The DLA model can meet the actual conditions of the
diffusion of the chloride ion and carbon. Meanwhile, it also
embodies the randomness by using the diffusion-limited
aggregation principle. In addition, the DLA model can
simulate the evolutionary process of microcracks, especially
for the reinforced concrete structure subjected to bending
moment, chloride ion erosion, and carbonation.

The DLA model can be used to simulate the concrete
cracks of steel bar under the corrosive action according to

the formula about the rebar corrosion rate and corrosive
action, and the results are detailed and precise.

Through the relationship between the corrosion depth
and the fatigue strength reduction, the fatigue strength under
the coupling of the chloride ion erosion and the carbonization
can be calculated, and the phenomena are also revealed by
the DLAmodel. In general, the DLAmodel can be utilized to
analyze the durability of the reinforced concrete bridge in all
the service period.

It should be pointed out that there are many aspects
need to be further studied in performance simulation by the
DLA model, such as the application of the multidimensional
diffusion equations, and the differences in different cross
sections and lateral sections, and the effect on bond-slip effect
between rebar and concrete in the final service time.
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Urban overpass is an important component of transportation system. Health condition of overpass is essential to guarantee the
safe operation of urban traffic. Therefore, damage identification of urban overpass possesses important practical significance. In
this paper, finite element model of left auxiliary bridge of Qianjin Overpass is constructed and vulnerable sections of structure are
chosen as objects for damage recognition. Considering the asymmetry of Qianjin bridge, change rate of modal frequency and strain
ratio are selected as input parameters for hybrid neurogenetic algorithm, respectively. Identification effects of damage location and
severity are investigated and discussed.The results reveal that the proposedmethod can successfully identify locations and severities
with single and multiple damage locations; its interpolation ability is better than extrapolation ability. Comparative analysis with
BP neural network is conducted and reveals that the damage identification accuracy of hybrid neurogenetic algorithm is superior
to BP. The effectiveness between dynamic and static properties as input variable is also analyzed. It indicates that the identification
effect of strain ratios is more satisfactory than frequency ratio.

1. Introduction

Bridge structures are exposed to various external environ-
ments including vehicle, wind, and temperature.The security
and durability of many bridges decline and damage appears,
which will lead to unexpected collapse. Therefore, damage
identification for these bridges has important practical sig-
nificance [1–3].

Traditional nondestructive evaluation- (NDE-) based
methods such as ultrasonic and X-ray techniques have been
widely applied for damage detection. However, the NDE-
based damage detection approaches face the criticism that
users have to know the damage vicinity in advance and dam-
age prone areas have to be readily accessible in bridge mon-
itoring [4]. To overcome the shortcomings of these local
damage detection methods, overall identification method
based on modal properties was put forward. Its theoretical
background is that damage will modify the stiffness and
mass of structure and then alter the modal data. Conversely,
modal parameters can be regarded as damage indicators of
structure. Most widely used modal parameters for damage

identification include modal frequency, modal flexibility,
modal strain energy, and modal curvature [5–8].

Frequency is the most easily obtained modal parameter
[9–12]. With improvement of signal processing and analyz-
ing, the identification precision of frequency becomes more
favorable. Cawley and Adams proposed a nondestructive
method to assess the integrity of structures using measure-
ments of structural natural frequencies. The results have
shown that it could detect, locate, and quantify damage
[13]. Guo and Yi built the functional relationship between
structural damage and change rate of frequency based on
modal perturbation theory and successfully realized the
damage identification of location and level [14]. Patil and
Maiti put forward amulticrack damage identificationmethod
based onmodal frequency for slender Bernoulli-Euler beams
[15]. Kim and Stubbs presented a method to locate and
estimate size of crack by using natural frequency changes;
numerical simulation verified its feasibility [16].

In recent years, Artificial Neural Networks- (ANNs-)
based damage identification methods have been widely uti-
lized because of their excellent pattern recognition capacity
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[17–19]. Kao and Hung [20] presented a novel neural
network-based approach for detecting structural damage by
using two-step method. Fang et al. [21] proposed a back-
propagation (BP) neural network-based damage identifica-
tion method using frequency response functions as input
data. Numerical simulation demonstrated that neural net-
work can assess damage conditions with favorable accuracy.
Mehrjoo et al. [22] presented a method for estimating the
damage intensities of joints for truss bridge structures using a
BP neural network. Bakhary et al. [23] developed a statistical
approach to take into account the effect of uncertainties
in developing ANNs model. However, ANNs have several
drawbacks. Their convergence rate is very low and the
chances of getting struck in local minima are relatively high
[17]. Complementarily, genetic algorithm (GA) is able to find
global optimal solution on a complicated optimization prob-
lem. Therefore, hybrid neurogenetic algorithm is promising
choice for damage identification of bridge.

This paper is aimed at damage assessment of urban
overpass, whose structural characteristics and mechanical
properties are more complicated than traditional bridges.
Taking advantages of calculation features of ANNs and GA,
the initial weights and thresholds of BP neural networks are
optimized by GA. The change rate of frequency and nodal
strain before and after damage are chosen as input parame-
ters, respectively. Comparative analysis is conducted to verify
the superiority between BP and neurogenetic algorithm and
also between dynamic property and static property.

2. Theoretical Background

2.1. BasicTheory of ANNs. ANNs are information processing
systems which mimic the network structure of actual human
brain [24]. It can process complex logic operations and
achieve nonlinear mapping adaptively through learning. The
process contains the forward propagation and back propaga-
tion. BP neural network is a widely used back-propagation
network and consists of an input layer, hidden layers, and
an output layer. The typical three-layer neural network is
shown in Figure 1, in which successive layers are connected
by adaptive interconnected weights. Training process of
neural network is tominimize the objective function through
adjusting the interconnected weights. The objective function
is generally taken as the sum-squared error function [17], as
shown in

𝐸 =

𝑝

∑

𝑘=1

𝑛

∑

𝑚=1
(𝑂
𝑘𝑚

− 𝑇
𝑘𝑚

)
2

, (1)

where 𝑂
𝑘𝑚

and 𝑇
𝑘𝑚

are the actual and target output of 𝑚th
neuron in output layer for 𝑘th training pattern, respectively.
𝑛 is the number of outputs and 𝑝 is the number of patterns.
The calculation process of actual output in neural network
with three layers is shown in Figure 2.

The design of suitable network is based on the selection
of the number of hidden layers, number of neurons in the
hidden layers, and the training algorithm. This paper adopts
the BP neural network with one hidden layer, shown in
Figure 1, as basic network architecture. The suitable number
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Figure 1: Architecture of three-layer BP neural network.
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Figure 2: Calculation process of neural network.

of neurons in hidden layer is determined bymultiple trial and
errors in the standard neural network procedure. Consider-
ing the performance inminimizingmean square error (MSE)
and accelerating convergence, neural networks with 10-13-4
topology (10 input layer neurons, 13 hidden layer neurons,
and 4 output layer neurons) and 20-25-4 topology (20 input
layer neurons, 25 hidden layer neurons, and 4 output layer
neurons) are utilized to identify damage based on frequency
and strain, respectively. In addition, the activation functions
on hidden and output layers are sigmoid and linear function,
respectively, while training algorithm adopts the Levenberg-
Marquardt (L-M) algorithm.

2.2. Basic Theory of GA. Genetic algorithm is adaptive prob-
abilistic search algorithm for global optimization [25]. It is
derived from the biological natural selection and genetic
mechanisms. It is especially suitable for dealing with the
complex and nonlinear problems which traditional search
methods cannot resolve. Comparing with conventional opti-
mization methods, the most highlighted advantage of GA is
being not easy to trap in local optima due tomany individuals
(population) exploring in their search space [26].

In the optimization process of GA, the basic purpose is to
maximize the fitness function by employing the three genetic
operators called selection, crossover, and mutation. Firstly,
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a population of individuals is initially generated at random
and their fitness values are evaluated. Then, the selection
operator selects a better set of individuals with higher fitness
values in order to generate the next generation by the next
two operators: crossover and mutation. In the crossover
operator, two parents are selected randomly to breed two
newoffspring by exchanging different segments of the parents
with each other. The mutation operator selects a random
genome of a particular solution and alters its value to create
new individual. Finally, with the evaluation of fitness for the
new generation, the selection operator is utilized to select
better parents for next generation. The above procedures are
repeated for few generations until a given terminal criterion
is satisfied. The basic calculation flow is shown in Figure 3.

The performance of GA is closely associated with coding,
initial population, fitness function, genetic operation, and
terminal condition. They are introduced in detail in the
following.

(1) Coding. In GA, the individual in population is coded as
a string of chromosome of given length 𝑙, and each string
of chromosome represents a feasible solution to the opti-
mization problem [27]. Because of the easy implementation
to crossover and mutation operation, the binary code is
usually used in GA. However, binary code makes the string
of chromosome too long and fails to obtain high learning
precision. It is incapable of coding parameter composed of the
weights and thresholds of BP neural network. The real code
is adopted in this paper to code the string of chromosome
representing the weights and thresholds. Each position in
chromosome denotes a weight or threshold of BP neural
network.

(2) Initial Population. The production of GA begins with the
initial population. Suppose that the population size is 𝑁.

The individuals in initial population are assigned values to
their chromosomes randomly. The fitness of population is
evaluated to guide the genetic operation. Each generation
possesses the same size with initial population. The low
number of the chromosomes will lead to searching a small
part of the search space. According to the researches, a
suitable population with 20–100 chromosomes can get best
answers [28].

(3) Fitness Function. Each individual corresponds to different
initial weights and thresholds of BP neural network. The
fitness values of individuals represent the difference between
actual outputs and expected outputs of BP neural network.
The individual with bigger fitness is considered to have
a better chance of survival. Fitness function is defined as
follows:

𝐹 =
1

1 + 𝐸
, (2)

where 𝐸 is the sum-squared error of BP neural network.

(4) Genetic Operation

(a) Selection. Roulette wheel selection is a selection operator
based on the fitness of individuals. The selection probability
of each individual as next generation is in proportion to its
fitness. This probability of the 𝑖th individual in population is
calculated as follows:

𝑃
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=
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, (3)

where 𝐹
𝑖
is the fitness of 𝑖th individual in population and 𝑁

is the population size. According to the Darwinian theory of
survival of the fittest, it is more possible for the individual
with better fitness in the current population to be selected and
duplicated into the next generation.

(b) Crossover. Crossover operation creates offspring through
the intersection of two parent chromosomes. The arith-
metic crossover operator is adopted to perform crossover
between two parent chromosomes coded as real variables.
Suppose that two parent chromosome vectors are 𝑁1 =

(𝑥
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2 , . . . , 𝑥
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) are the random numerical

values between 0 and 1. The calculation process of nonuni-
form arithmetic crossover is defined as follows:
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where 𝑖 = 1, 2, . . . , 𝑚 and 𝑚 is the number of real variables in
individual chromosome.

(c) Mutation. The nonuniform mutation operator is used
to perform mutation in chromosomes. Suppose that par-
ent chromosome 𝐴 = (𝑥1, 𝑥2, . . . , 𝑥

𝑘
, . . . , 𝑥

𝑚
) produces

mutation randomly at 𝑘th variable and the variation range
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Δ is defined as

Δ (𝑡, 𝑦) = 𝑦 ⋅ 𝑟 ⋅ (1−
𝑡

𝑇
)

𝜆

, (6)

where rnd and 𝑟 are the random numbers between 0 and
1; 𝑡 and 𝑇 are the current iteration time and the maximum
number of iterations, respectively; 𝜆 is a constant between
2 and 5, which controls the dependency of algorithm on
iteration times.

(5) Terminal Condition.The optimization process of GA stops
when the fitness of optimal individual satisfies the given
critical value or the evolution reaches themaximum iteration.
Generally, the maximum number of iterations is set between
100 and 500. In this paper, themaximumnumber of iterations
is adopted as stoppage criteria.

2.3. Basic Theory of Hybrid Neurogenetic Algorithm. The pre-
diction performance of BP neural network highly depends
on the initial weights and thresholds of BP model. In this
paper, the initial weights and thresholds are optimized by
genetic algorithm. The combination of neural network and
genetic algorithm can effectively overcome the shortcomings
of neural network in order to realize the identification of

damage location and severity for urban overpasses. The
method of hybrid neurogenetic algorithm includes three
steps: the determination of network structure, the optimiza-
tion of genetic algorithm, and output prediction of BP neural
network. Its basic process is shown in Figure 4.

The architectures of BP neural networks used to identify
damage based on frequency and strain are determined as 10-
13-4 and 20-25-4, respectively. In order to avoid overfitting
in neural network, the hidden layer neurons are defined
based on the available data and multiple trials. Initial weights
and thresholds are selected and coded as real variables in
chromosomes. The optimization of GA is carried out with
a population of 50 and the maximum number of iterations
of 100. After the optimization for the initial weights and
thresholds, BP neural network is trained with the setting
parameters. The maximum number of iterations is 2000,
tolerance error is 1.0e−13, and learning coefficients are set
as 0.3. In addition, a good preprocessing plays an important
role in robustness and reliability of the networks. Therefore,
the normalization for the input dada is carried out before
using any databases. Hybrid neurogenetic algorithm makes
the BP neural networkmore practical and accurate to identify
damage in structure.

3. Numerical Simulation

3.1. Model Overview. Left auxiliary bridge of Qianjin Over-
pass in Changchun is a four-span continuous prestressed
concrete box girder bridge. Each span has the length of 23m,
and the height of girder is 1.3m. Schematic diagram for
structure plan is shown in Figure 5.
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Figure 5: Structural plan.
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Figure 6: Determination of damaged sections.

3.2. Determination of Damage Sections. In consideration of
the complexity of calculation model, it is unpractical to
identify all elements of the structure, so vulnerable areas are
chosen as objects for study in order to improve the computing
efficiency. Bifurcation portion of bridge bears complicated
bending-torsion coupling effect and becomes the emphasis
area to identify damage. Therefore, research objects of this
model include the middle section of the first span (section
1), the fulcrum section of the first span (section 2), and the
middle section of the second span (section 3 and section 4).
They are shown in Figure 6.The element damage is simulated
through the reduction of elastic modulus and the percentage
of reduction represents the damage extent.

3.3. Determination of Parameters for Damage Identification

(1) Input Parameters. Change rates of frequencies and nodal
strains at characteristic sections are chosen as input param-
eters for hybrid neurogenetic algorithm. The dynamic input
parameter can be calculated by

FCR
𝑖

=
𝑓
𝑢𝑖

− 𝑓
𝑑𝑖

𝑓
𝑢𝑖

, (7)

where FCR
𝑖
is the 𝑖th-order frequency ratio and 𝑓

𝑢𝑖
and 𝑓

𝑑𝑖

represent 𝑖th-order frequency of the model before and after
damage, respectively.

The static input parameter can be expressed by

SCR
𝑗

=



𝑆
𝑢𝑗

− 𝑆
𝑑𝑗

𝑆
𝑢𝑗



, (8)

where SCR
𝑗
is the strain ratio at node 𝑗 and 𝑆

𝑢𝑗
and 𝑆

𝑑𝑗

represent measured data of strains at node 𝑗 before and after
damage, respectively.

Totally 20 nodes are selected as characteristic nodes, and
strain ratios at these nodes are treated as input variables
of hybrid neurogenetic algorithm. The characteristic nodes
locate at the first mid-span, second mid-span, third mid-
span, and forth mid-span and also related fulcrum sections.

(2) Output Parameter. Damage levels of elements are simu-
lated by the decline of element rigidity, defined as follows:

𝛼
𝑖

= 1−
𝑘
𝑖,𝑑

𝑘
𝑖,𝑢

, (9)

where 𝑖 is the number of element, 𝛼
𝑖
is the damage level, 𝑘

𝑖,𝑑

is the element rigidity with damage, and 𝑘
𝑖,𝑢

is the element
rigidity without damage.

The output parameter of hybrid neurogenetic algorithm
is defined as follows:

output = {𝑜1, 𝑜2, . . . , 𝑜
𝑛
}
𝑇

. (10)

For identification of damage location, 𝑜
𝑖

= 1 represents
that section 𝑖 has damage and 𝑜

𝑖
= 0 represents that section 𝑖

is undamaged.
For identification of damage severity, 𝑜

𝑖
represents dam-

age level of section 𝑖 (𝛼
𝑖
).

3.4. Damage Identification Based on Change Rate of
Frequency and Hybrid Neurogenetic Algorithm

(1) Damage Identification with Single Damage Location. Tak-
ing damage identification of sections 1, 2, 3, and 4, for
example, the levels of damage are considered in the range
between 10% and 50%, or six damage levels of 10%, 20%,
30%, 35%, 40%, and 50%. 16 training samples are chosen
with damage levels of 10%, 20%, 30%, and 40%, while 8 test
samples with damage levels of 35% and 50% are used to
check the damage identification performance. Testing cases
are listed in Table 1.

Results of damage location identification are shown in
Table 2. It indicates that hybrid neurogenetic algorithm can
successfully identify the location of damage, and it has favor-
able generalization ability.

As for damage severity identification, the damage identi-
fication results are shown in Table 3, and the corresponding
error curve and fitness curve are shown in Figures 7 and 8.

As can be seen from Table 3, the maximum error for
testing samples with damage level 35% is 3.1%, while it is
4.66% for damage level 50%. It indicates that hybrid neuroge-
netic algorithm has better interpolation ability and relatively
weaker extrapolation ability.

(2) Damage Identification with Multiple Damage Locations.
Damage cases with multiple damage locations are listed in
Table 4. For example, the case with damage levels of 20%-20%
in damage sections 1 and 3 represents that the damage severity
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Table 1: Testing cases for damage identification with single damage
location.

Testing
case

Damage section
(corresponding
expected output)

Damage severity
(corresponding
expected output)

S1 1 (1-0-0-0) 35% (0.35-0-0-0)
S2 1 (1-0-0-0) 50% (0.5-0-0-0)
S3 2 (0-1-0-0) 35% (0-0.35-0-0)
S4 2 (0-1-0-0) 50% (0-0.5-0-0)
S5 3 (0-0-1-0) 35% (0-0-0.35-0)
S6 3 (0-0-1-0) 50% (0-0-0.5-0)
S7 4 (0-0-0-1) 35% (0-0-0-0.35)
S8 4 (0-0-0-1) 50% (0-0-0-0.5)
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Figure 7: Error curve of damage severity identification with single
damage location.
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Figure 8: Fitness curve of damage severity identification with single
damage location.

of section 1 is 20% and that of section 3 is also 20%. Eight
samples with damage levels of 20%-30%, 30%-35%, 35%-35%,
and 40%-20% of sections 1 and 3 and 20%-30%, 30%-35%,
35%-35%, and 40%-20% of sections 2 and 4 are selected as
testing cases, as shown inTable 5, while the others are training
samples.
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Figure 9: Error curve of damage severity identification with multi-
ple damage locations.
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Figure 10: Fitness curve of damage severity identification withmul-
tiple damage locations.

Results of damage locations identification are listed in
Table 6. The results reveal that damage localization of hybrid
neurogenetic algorithmwithmulti-damage locations is favor-
able.

The damage severity identification results with multiple
locations are shown in Table 7, and the corresponding error
curve and fitness curve are shown in Figures 9 and 10.

As can be seen from Table 7, hybrid neurogenetic algo-
rithm can successfully identify the damage levels for multiple
damage locations with favorable accuracy. The maximum
relative error is 5%.

3.5. Damage Identification Based on Strain Ratio and
Hybrid Neurogenetic Algorithm

(1) Damage Identificationwith Single Damage Location. Train-
ing and test samples are the same with damage identification
using frequency ratio. Results of damage location identifi-
cation are listed in Table 8. The results reveal that damage
localization results are favorable.

The damage severity identification results are shown in
Table 9. As can be seen from Table 9, the maximum error
for samples with damage level 35% is 2.29%, while it is
2.5% for damage level 50%. It also indicates that hybrid
neurogenetic algorithm has better interpolation ability and
relatively weaker extrapolation ability.
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Table 2: Damage localization with single damage using frequency ratio.

Output results Testing cases
S1 S2 S3 S4 S5 S6 S7 S8

Expected outputs

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

Actual outputs

1.004 1.003 0.000 −0.004 0.000 −0.003 −0.001 −0.001
−0.004 −0.003 1.000 1.005 0.000 0.003 0.001 0.001
−0.001 0.001 −0.001 −0.003 1.001 1.001 −0.001 0.002
0.001 0.000 0.000 0.002 −0.001 −0.001 1.000 0.998

Table 3: Damage severity identification with single damage location using frequency ratio.

Output results Testing cases
S1 S2 S3 S4 S5 S6 S7 S8

Expected outputs

0.35 0.5 0 0 0 0 0 0
0 0 0.35 0.5 0 0 0 0
0 0 0 0 0.35 0.5 0 0
0 0 0 0 0 0 0.35 0.5

Actual outputs

0.3453 0.5268 0.0002 0.0078 0.0014 0.0047 −0.0016 0.0078
0.0034 0.0085 0.3503 0.5034 −0.0024 0.0020 −0.0002 −0.0096

−0.0047 0.0038 −0.0015 −0.0016 0.3391 0.5190 −0.0007 −0.0036
−0.0050 0.0039 0.0048 −0.0092 0.0024 0.0013 0.3541 0.5218

Relative errors (%)

1.34 4.66
0.08 0.68

3.1 3.8
1.17 4.36

Table 4: Cases for damage identification with multiple locations.

Damage section Damage severity

Sections 1 and 3

20%-20%; 20%-30%; 20%-35%; 20%-40%;
30%-20%; 30%-30%; 30%-35%; 30%-40%;
35%-20%; 35%-30%; 35%-35%; 35%-40%;
40%-20%; 40%-30%; 40%-35%; 40%-40%;

Sections 2 and 4

20%-20%; 20%-30%; 20%-35%; 20%-40%;
30%-20%; 30%-30%; 30%-35%; 30%-40%;
35%-20%; 35%-30%; 35%-35%; 35%-40%;
40%-20%; 40%-30%; 40%-35%; 40%-40%;

Note: case with damage levels of A%-B% in damage sections C1 and C2
represents that the damage severity of section C1 is A% and that of section
C2 is B%.

Table 5: Testing cases for damage identification with multiple dam-
age location.

Testing
case

Damage section
(corresponding
expected output)

Damage severity
(corresponding expected output)

M1 1 and 3 (1-0-1-0) 20%-30% (0.2-0-0.3-0)
M2 1 and 3 (1-0-1-0) 30%-35% (0.3-0-0.35-0)
M3 1 and 3 (1-0-1-0) 35%-35% (0.35-0-0.35-0)
M4 1 and 3 (1-0-1-0) 40%-20% (0.4-0-0.2-0)
M5 2 and 4 (0-1-0-1) 20%-30% (0-0.2-0-0.3)
M6 2 and 4 (0-1-0-1) 30%-35% (0-0.3-0-0.35)
M7 2 and 4 (0-1-0-1) 35%-35% (0-0.35-0-0.35)
M8 2 and 4 (0-1-0-1) 40%-20% (0-0.4-0-0.2)

Table 6: Damage localization of multi-damage locations using fre-
quency ratio.

Output results Testing cases
M1 M2 M3 M4 M5 M6 M7 M8

Expected outputs

1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1

Actual outputs

1.01 1.01 0.99 1.01 0.01 0.00 0.00 0.00
−0.02 −0.01 0.01 −0.01 0.99 1.00 1.00 1.00
1.01 1.01 1.00 1.01 0.01 0.00 0.00 0.00

−0.01 −0.01 0.00 −0.01 0.99 1.00 1.00 1.00

Table 7: Damage severity identification with multiple damage loca-
tions using frequency ratio.

Output results Testing cases
M1 M2 M3 M4 M5 M6 M7 M8

Expected outputs

0.2 0.3 0.35 0.4 0 0 0 0
0 0 0 0 0.2 0.3 0.35 0.4
0.3 0.35 0.35 0.2 0 0 0 0
0 0 0 0 0.3 0.35 0.35 0.2

Actual outputs

0.21 0.31 0.34 0.41 0.00 0.00 0.00 0.00
0.00 −0.01 0.01 −0.02 0.20 0.30 0.35 0.40
0.30 0.35 0.34 0.21 0.00 0.00 0.00 0.00
0.02 0.01 0.00 0.00 0.31 0.35 0.35 0.20

Relative errors (%)

5.00 3.33 2.85 2.50
0 0 0 0

0 0 2.85 5.00
3.33 0 0 0
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Table 8: Damage location identification with single damage using strain ratio.

Output results Testing cases
S1 S2 S3 S4 S5 S6 S7 S8

Expected outputs

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

Actual outputs

1.0000 0.9999 0.0001 −0.0002 0.0002 0.0009 0.0000 0.0000
0.0000 0.0000 1.0000 0.9999 0.0002 −0.0005 −0.0001 −0.0001
0.0000 0.0000 0.0000 −0.0001 1.0001 0.9997 0.0000 0.0000
0.0000 0.0000 −0.0001 0.0001 0.0000 −0.0003 1.0000 0.9998

Table 9: Damage severity identification with single damage location using strain ratio.

Output results Testing cases
S1 S2 S3 S4 S5 S6 S7 S8

Expected outputs

0.35 0.5 0 0 0 0 0 0
0 0 0.35 0.5 0 0 0 0
0 0 0 0 0.35 0.5 0 0
0 0 0 0 0 0 0.35 0.5

Actual outputs

0.342 0.5125 −0.0006 0.0036 −0.0004 0.0083 0.0032 0.0028
0.0005 0.0007 0.3526 0.5011 0.0001 0 −0.0008 −0.0012
0.0000 −0.0001 −0.0001 −0.0002 0.3512 0.5023 0.0001 0.0002
0.0022 0.0036 0.0007 −0.0034 0 −0.0019 0.3468 0.5081

Relative errors (%)

2.29 2.5
0.74 0.22

0.33 0.47
0.9 1.6

(2) Damage Identification with Multiple Damage Locations.
Results of damage locations identification are listed in
Table 10. The results reveal that damage localization of
hybrid neurogenetic algorithm with multi-damage locations
is favorable.

The damage severity identification results with multiple
locations are shown in Table 11.

As can be seen from Table 11, hybrid neurogenetic algo-
rithm can successfully identify the damage levels of multi-
damage cases with favorable accuracy.Themaximum relative
error is 2.42%.

4. Comparative Analysis

In order to verify the effectiveness of the proposedmethod in
this paper, comparative analysis between hybrid neurogenetic
algorithm and BP network is conducted.

Taking the damage identification of sections 1 and 3 using
frequency ratio as input variable, for example, damage cases
are shown in Table 12. Two samples with damage degrees
of 20%-35% and 30%-40% are selected as testing cases,
while the others are training samples. Corresponding damage
identification results are listed in Table 13.

As can be seen from Table 13, the maximal relative error
of hybrid neurogenetic algorithm and BP is 5% and 8.57%,

respectively. It reveals that the damage identification accuracy
of hybrid neurogenetic algorithm is superior to BP.

As for the effect using static and dynamic properties
as input variables, comparison between Tables 7 and 11
presents that the identification effect of strain ratios is more
satisfactory than frequency ratio.

5. Conclusions

A hybrid neurogenetic algorithm-based method is proposed
for damage identification of urban overpass. Change rate of
frequency and strain ratio are treated as input parameters,
respectively. The optimized weight and threshold are treated
as the initial value of ANNs to identify the damage of bridge
structure. Damage identification with single and multiple
locations is used to verify the feasibility of the proposed
method.

For both input parameters, numerical simulation results
reveal that hybrid neurogenetic algorithmpossesses favorable
ability to identify the location of damage both for single
damage case and multi-damage cases. For damage severity
identification, the interpolation ability is better than extrapo-
lation ability.

Comparative analysis with BP neural network indicates
that maximal error of hybrid neurogenetic algorithm and BP
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Table 10: Damage location identification of multi-damage locations using strain ratio.

Output results Testing cases
M1 M2 M3 M4 M5 M6 M7 M8

Expected outputs

1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1
1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1

Actual outputs

1.0003 1.0003 0.9998 1.0001 0.0000 0.0000 0.0000 0.0005
−0.0001 −0.0001 0.0001 0.0030 1.0001 1.0001 0.9999 1.0002
0.9999 0.9999 1.0002 1.0025 0.0001 0.0001 0.0000 −0.0004

−0.0002 −0.0001 −0.0001 0.0014 1.0000 1.0001 1.0000 0.9999

Table 11: Damage severity identification result of multidamage using strain ratio as parameter.

Output results Testing cases
M1 M2 M3 M4 M5 M6 M7 M8

Expected outputs

0.2 0.3 0.35 0.4 0 0 0 0
0 0 0 0 0.2 0.3 0.35 0.4
0.3 0.35 0.35 0.2 0 0 0 0
0 0 0 0 0.3 0.35 0.35 0.2

Actual outputs

0.205 0.302 0.349 0.397 −0.001 0.000 0.000 0.000
0.000 0.000 0.000 −0.001 0.203 0.301 0.349 0.410
0.307 0.350 0.348 0.200 0.000 0.000 0.000 −0.003
0.000 0.000 0.000 0.003 0.307 0.348 0.348 0.203

Relative errors (%)

2.39 0.64 0.42 0.64
1.69 0.21 0.37 2.41

2.17 0.02 0.62 0.17
2.42 0.43 0.55 1.71

Table 12: Damage cases for comparative analysis.

Damage section Damage severity

Sections 1 and 3

20%-20%; 20%-30%; 20%-35%; 20%-40%;
30%-20%; 30%-30%; 30%-35%; 30%-40%;
35%-20%; 35%-30%; 35%-35%; 35%-40%;
40%-20%; 40%-30%; 40%-35%; 40%-40%;

Table 13: Identification results of hybrid neurogenetic algorithm
and BP.

Output results Methods
Hybrid neurogenetic algorithm BP networks

Expected outputs

0.2 0.3 0.2 0.3
0 0 0 0

0.35 0.4 0.35 0.4
0 0 0 0

Actual outputs

0.21 0.29 0.2 0.31
0.00 0.02 −0.02 0.01
0.34 0.40 0.38 0.42
−0.01 0.00 0.01 −0.02

Errors (%)

5 3.33 0 3.33

2.86 0 8.57 5

is 5% and 8.57%, respectively. Hybrid neurogenetic algorithm
possesses more favorable results for damage identification.

As for using static and dynamic properties as input
variables, the damage identification effect using strain ratio
as input variable is more favorable. However, the frequency
ratio is more convenient to obtain in practical application.
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[8] D. Ribeiro, R. Calçada, R. Delgado, M. Brehm, and V. Zabel,
“Finite element model updating of a bowstring-arch railway
bridge based on experimental modal parameters,” Engineering
Structures, vol. 40, pp. 413–435, 2012.

[9] O. S. Salawu, “Detection of structural damage through changes
in frequency: a review,” Engineering Structures, vol. 19, no. 9, pp.
718–723, 1997.

[10] M. A.-B. Abdo and M. Hori, “A numerical study of structural
damage detection using changes in the rotation of mode
shapes,” Journal of Sound and Vibration, vol. 251, no. 2, pp. 227–
239, 2002.

[11] P. Z. Qiao, K. Lu, W. Lestari, and J. L. Wang, “Curvature mode
shape-based damage detection in composite laminated plates,”
Composite Structures, vol. 80, no. 3, pp. 409–428, 2007.

[12] Q. Lu, G. Ren, and Y. Zhao, “Multiple damage location with
flexibility curvature and relative frequency change for beam
structures,” Journal of Sound and Vibration, vol. 253, no. 5, pp.
1101–1114, 2003.

[13] P. Cawley and R. D. Adams, “The location of defects in struc-
tures from measurements of natural frequencies,” Journal of
Strain Analysis for Engineering Design, vol. 14, no. 2, pp. 49–57,
1979.

[14] G. H. Guo and W. J. Yi, “A numerical study on the damage
assessment of a simply-supported beamonnatural frequencies,”
Journal of Chongqing Jianzhu University, vol. 23, pp. 17–21, 2001.

[15] D. P. Patil and S. K. Maiti, “Detection of multiple cracks using
frequency measurements,” Engineering Fracture Mechanics, vol.
70, no. 12, pp. 1553–1572, 2003.

[16] J.-T. Kim and N. Stubbs, “Crack detection in beam-type struc-
tures using frequency data,” Journal of Sound and Vibration, vol.
259, no. 1, pp. 145–160, 2003.

[17] B. Sahoo and D. Maity, “Damage assessment of structures
using hybrid neuro-genetic algorithm,” Applied Soft Computing
Journal, vol. 7, no. 1, pp. 89–104, 2007.

[18] C. Na, S.-P. Kim, and H.-G. Kwak, “Structural damage evalua-
tion using genetic algorithm,” Journal of Sound and Vibration,
vol. 330, no. 12, pp. 2772–2783, 2011.

[19] J. J. Lee, J. W. Lee, J. H. Yi, C. B. Yun, and H. Y. Jung, “Neu-
ral networks-based damage detection for bridges considering
errors in baseline finite element models,” Journal of Sound and
Vibration, vol. 280, no. 3-5, pp. 555–578, 2005.

[20] C. Y. Kao and S.-L. Hung, “Detection of structural damage via
free vibration responses generated by approximating artificial
neural networks,” Computers and Structures, vol. 81, no. 28-29,
pp. 2631–2644, 2003.

[21] X. Fang,H. Luo, and J. Tang, “Structural damage detection using
neural network with learning rate improvement,” Computers
and Structures, vol. 83, no. 25-26, pp. 2150–2161, 2005.

[22] M. Mehrjoo, N. Khaji, H. Moharrami, and A. Bahreininejad,
“Damage detection of truss bridge joints using Artificial Neural
Networks,” Expert Systems with Applications, vol. 35, no. 3, pp.
1122–1131, 2008.

[23] N. Bakhary, H. Hao, and A. J. Deeks, “Damage detection using
artificial neural network with consideration of uncertainties,”
Engineering Structures, vol. 29, no. 11, pp. 2806–2815, 2007.

[24] M. T. Hagan, H. B. Demuth, and M. H. Beale, Neural Network
Design, University of Colorado Bookstore, 2002.

[25] H.-B. Liu and Y.-B. Jiao, “Application of genetic algorithm-
support vectormachine (GA-SVM) for damage identification of
bridge,” International Journal of Computational Intelligence and
Applications, vol. 10, no. 4, pp. 383–397, 2011.

[26] A. Rabiei,H. Sayyad,M.Riazi, andA.Hashemi, “Determination
of dew point pressure in gas condensate reservoirs based on
a hybrid neural genetic algorithm,” Fluid Phase Equilibria, vol.
387, pp. 38–49, 2015.

[27] A. Azadeh, S. F. Ghaderi, S. Tarverdian, and M. Saberi, “Inte-
gration of artificial neural networks and genetic algorithm to
predict electrical energy consumption,” Applied Mathematics
and Computation, vol. 186, no. 2, pp. 1731–1741, 2007.

[28] D. E. Goldberg, Genetic Algorithm in Search, Optimization and
Machine Learning, Addison-Wesley, Harlow, UK, 1989.



Research Article
An Analytical Approach for Deformation Shapes of
a Cylindrical Shell with Internal Medium Subjected to
Lateral Contact Explosive Loading

Xiangyu Li, Zhenduo Li, and Minzu Liang

College of Science, National University of Defense Technology, Changsha 410073, China

Correspondence should be addressed to Xiangyu Li; xiangyulee@nudt.edu.cn

Received 27 February 2015; Revised 18 June 2015; Accepted 24 June 2015

Academic Editor: Yuri Petryna

Copyright © 2015 Xiangyu Li et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

An experimental investigation on deformation shape of a cylindrical shell with internal medium subjected to lateral contact
explosion was carried out briefly. Deformation shapes at different covered width of lateral explosive were recovered experimentally.
Based on the experimental results, a corresponding analytical approach has been undertaken with rigid plastic hinge theory. In the
analytical model, the cylindrical shell is divided into end-to-end rigid square bars. Deformation process of the cylindrical shell is
described by using the translations and rotations of all rigid square bars. Expressions of the spring force, buckling moment, and
deflection angle between adjacent rigid square bars are conducted theoretically. Given the structure parameters of the cylinder
and the type of the lateral explosive charge, deformation processes and shapes are reported and discussed using the analytical
approach. A good agreement has been obtained between calculated and experimental results, and thus the analytical approach
can be considered as a valuable tool in understanding the deformation mechanism and predicting the deformation shapes of the
cylindrical shell with internal medium subjected to lateral contact explosion. Finally, parametric studies are carried out to analyze
the effects of deformation shape, including the covered width of the lateral explosive, explosive charge material, and distribution of
initial velocity.

1. Introduction

Cylindrical shells are used in a wide variety of engineer-
ing applications, from the containment pressure vessels of
nuclear reactors to the bracing elements of aerospace struc-
tures. Such structures may be subjected to a wide variety
of short duration transient loads throughout the course of
their working life, such as air blasts, underwater explosions,
and high velocity impact. Accurate prediction of the dynamic
plastic deformation and rupture of the cylindrical shell
subjected to high intensity transient loading is of great
importance in many industrial applications.

Early researches on the dynamic buckling and failure
of cylinders were restricted to axisymmetric external radial
pulse loading [1] and axial impact loading. However, the
corresponding analysis, though presented in an elegant ana-
lytical form, is of limited applicability because axisymmetric
dynamic loading seldom occurs in practice. In real world

situations loading is usually applied to one side of the cylinder
and is characterized by various degrees of locality. It may
consist of a projectile, missile or mass impact, standoff
explosion described by a pressure pulse, or contact explosion
often approximated as an ideal impulsive loading.

Depending on the load intensity and the special distribu-
tion of contact pressures, various forms of damage may result
ranging from large amplitude lateral deflections to punch-
through penetration, fracture initiation at the base plate,
progression of tearing fracture, and finally massive structural
damage. Yakupov [2, 3] studied the dynamic response of
the cylindrical shell subjected to a planar plastic shock wave
with rigid plastic hinge theory and presented the residual
deformation of the cylindrical shell as a function of a planar
wave pressure. Gefken et al. [4] extended the earlier analysis
by Lindberg and Florence to one-side inward radial pressure
that varied as the cosine of the angular position around the
shell and was uniform along length, to identify the structural
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response modes of thin cylindrical shell, with and without
internal pressure, subjected to external radial impulsive loads.
For unpressurized shells the response modes consisted of
dynamic pulse buckling followed by large inward deflections
of the loaded surface. In shell with high internal pressure,
these response modes were followed by an outward motion
driven by the internal pressure. Fatt and Wierzbicki [5] and
Wierzbicki and Fatt [6] investigated the large amplitude
transient response of plastic cylindrical shells using a string-
on-foundation model, and the model incorporated two main
load-resistance mechanisms in the shell: stretching in the
longitudinal direction and bending in the circumferential
direction. Jiang and Olson [7] presented a numerical model
for large deflection, elastic-plastic analysis of the cylindrical
shell structures under air blast loading condition based on a
transversely curved finite strip formulation. Li and Jones [8]
studied the dynamic response of a “short” cylindrical shell,
which is made from a rigid, perfectly plastic material, and the
plastic behavior of thematerial is controlled by the transverse
shear force as well as the circumferential membrane and the
longitudinal bending moment.

In recent years, increasing attention of both engineering
communities and government agencies has turned to the
dynamic response of the cylindrical shell subjected to under-
water explosion. Pédron and Combescure [9] presented a
modal method of analysis to determine the response of
an infinitely long stiffened cylindrical shell of revolution
lateral pressure produced by an underwater explosion and
propagating in an acoustic fluid. Rajendran and Lee [10]
studied comparative damage of air-backed and water-backed
plates subjected to noncontact underwater explosion. Hung
et al. [11] investigated the linear and nonlinear dynamic
responses of three cylindrical shell structures subjected to
underwater small charge explosion under different standoff
distances. The three cylindrical shell structures were unstiff-
ened, internally stiffened, and externally stiffened, respec-
tively. Li and Rong [12] studied the dynamic response of the
cylindrical shell structures subjected to underwater explosion
by using experimental and numerical methods. Li et al.
[13] investigated two kinds of the cylindrical shell models
with the same geometry characteristics: unfilled and main
hull sand-filled. The main hull sand-filled cylindrical shell
is more difficult to be damaged by the shock wave loading
than the unfilled model. Hu et al. [14] studied the effects of
elastic modulus, shell radius, and thickness on the transient
response characteristics of the cylindrical shell. Yao et al. [15]
presented a new shock factor based on energy acting on the
structure to describe the loading of underwater explosion.
Jama et al. [16] reported an experimental and analytical
investigation of steel square hollow sections subjected to
transverse blast load, and the energy dissipated in the local
deformation is discussed. In recent decades, the research on
the performance of the cylindrical shell is still very limited. A
series of analyticalmodels have been developed, to predict the
dynamic response of a cylindrical shell subjected to a lateral
shock loading, or localized loading, or underwater explosion.
Because of complexities introduced by unsymmetric loading,
large displacements, and rotations of the shell amplified
by material nonlinearities, the problem does not lend itself

easily to an analytical treatment. However, very few studies
have been reported on cylindrical shell filled with medium
subjected to contact explosion loading.

To investigate the behavior of the cylindrical shell with
internal medium loaded by lateral contact explosion, sev-
eral experiments have been conducted, and the experimen-
tal results are presented and discussed in detail in this
paper. Based on the experiments, a corresponding analytical
approach was conducted with rigid plastic hinge theory.
Deformation processes of cylindrical shells are described
using the translations and rotations of all rigid square bars.
In this study, an infinitely long cylindrical shell filled with
medium subject to lateral contact explosion is performed.
Because the cylindrical shell has the unique deformation
shape in the symmetric axis direction, we take a ring repre-
senting the cylinder. Due to solving the inertiamoment of the
ring, a unit height ring represents deformation of the infinite
cylinder. Because the ring has the same value of thickness and
height in the radial and axial direction, the cross section of
the ring in the circumferential direction is square, so we call
it “square bar.”

Given the structural parameters of the ring and the type
of the explosive charge, deformation processes and shapes are
reported using the analytical approach. A good agreement
has been obtained between calculated and experimental
results. Finally, parametric studies are carried out to analyze
the effects of deformation shapes, depending on the covered
width of the lateral explosive, explosive charge material, and
distribution of initial velocity.

2. Experimental Procedure and Results

2.1. Experimental Procedure. In order to investigate the
dynamic response of the cylindrical shell with internal
medium subjected to lateral contact explosion loading, some
experiments were carried out with respect to the different
covered widths of the lateral explosive charge. The photog-
raphy and assembly schematics of experimental setups are
shown in Figures 1 and 2, respectively.

The experimental setup consists of a cylindrical shell
with internal medium (sand), a lateral explosive charge, a
connecting rod, and two endplates. The thickness 𝑡, the outer
radius 𝑟

1
, and the axial length𝐻 of the cylindrical shell, made

from 1020 Steel, are 2mm, 100mm, and 220mm, respectively.
The radius of the cylindrical shell is more than 10 times the
thickness. The internal medium with a center hole reserved
is local sand, having a density of 1.75 g/cm3. Two endplates,
made from LY12 Aluminium, having a thickness of 10mm,
are fixed by the connecting rod so that fully closed condition
will be simulated. Material properties of 1020 Steel, LY12
Aluminum, and sand are listed in Table 1.

The lateral charge is an emulsion explosive (DL103-80),
which is made from 75% PETN, 20% emulsion, and 5%
Pb
3
O
4
, and the density is 0.95 g/cm3. The emulsion explosive

DL103-80 is a sort of mild and flexible material that can be
easily shaped.The inner radius, the thickness, and the covered
width of the lateral explosive charge are 100mm, 5mm, and
𝜑, respectively. The explosion of each test is initiated by an
electric detonator on the top of the lateral explosive charge.
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Table 1: Material properties of 1020 Steel, LY12 Aluminium, and sand.

Material Density (g/cm3) Yield stress (MPa) Young’s modulus (GPa) Poisson’s ratio
1020 Steel 7.85 275 210 0.29
LY12 Aluminium 2.78 230 70 0.29
Sand 1.75 4.23 0.01 0.26

Upper
endplate

Lower
endplate

Emulsion
explosive

Electric
detonator

Casing

Figure 1: Photography of the experimental setups.

2.2. Experimental Results. Deformation shapes of the cylin-
drical shell with internal medium at three different covered
widths of the lateral explosive charge were recovered. Defor-
mation shapes after tests are shown in Figure 3. From the
deformation shapes recovered, the angle of the lateral charge
has a significant effect on the deformation shape, and the
deformation shapes are concave, linear, and convex when
the covered widths of lateral charges are 45∘, 90∘, and 135∘,
respectively.

3. Analytical Model

3.1. Basic Assumptions. Deformation processes of the cylin-
drical shell with internal medium subjected to lateral contact
explosion are a high nonlinear problem. Due to complexities
introduced by unsymmetric loading, large displacements,
and rotations of the cylinder amplified by material non-
linearities, the problem does not lend itself easily to an
analytical treatment.However, by introducing a suitable set of
assumptions, a simple and realistic model can be established
to describe the deformation processes of the cylindrical shell
with internal medium.

Basic assumptions are as follows: (1) the cylindrical shell
is infinitely long, and the axial thickness selected is equal to
the thickness of cylinder; (2) the cylinder is divided into end-
to-end rigid square bars along the circumferential direction;
(3) the square bars close to the lateral explosive charges
have an instantaneous velocity pointing to the centre of the
cylinder.

During deformation processes of the cylindrical shell,
some parameters of square bars may vary at different
moments, such as translational displacements, translational
velocities, rotational displacements, rotational angles, and
area surrounded by square bars, which affect the value of the
spring force, the bending moment, and the deflection angle
intensively.

3.2. Analytical Approach. Based on the above-mentioned
assumptions, the analytical model is established, shown in
Figure 4, where the origins for 𝑥 and 𝑦 are given, and the
range 𝑥 is from 0 to 2𝑟

𝑖
, and the range 𝑦 is from −𝑟

𝑖
to 𝑟
𝑖
.

The cylindrical shell is divided into end-to-end rigid square
bars along the circumferential direction. The arc length 𝑙 of
each square bar is 2𝜋𝑟

1
/𝑁 (𝑁 is the total number of square

bars).The relationships between two adjacent square bars are
established by using a spring force, a bending moment, and a
deflection angle.

The spring force between adjacent square bars assumed as
the perfect elastic-plastic is described by a changeable spring
force (Figure 5). The spring force between adjacent square
bars is expressed by the equation

𝐹 =
{

{

{

𝐸 ⋅ 𝑠 ⋅ 𝑡
2

𝑠 ≤ 𝑠0

𝜎
𝑦
⋅ 𝑡

2
𝑠 > 𝑠0,

(1)

where 𝐸, 𝜎
𝑦
, and 𝑠

0
are Young’s modulus, the yield stress,

and the elastic limit displacement of bar, respectively. 𝐹 is the
spring force between adjacent square bars, and 𝑠 is the relative
displacement between the end of the current bar and the head
of the next bar.

The relative displacements between the end of the current
bar and the head of the next bar are obtained by using
the end displacement of the current square bar subtracting
the head displacement of the next square bar. The relative
displacements of adjacent square bars are described by the
equation

𝑠
𝑥
(𝑖) = [𝑑𝑡 ⋅ V

𝑥
(𝑖) −

𝑙 ⋅ 𝜃 (𝑖)

2
sin𝛼 (𝑖)]

− [𝑑𝑡 ⋅ V
𝑥
(𝑖 + 1) − 𝑙 ⋅ 𝜃 (𝑖 + 1)

2
sin𝛼 (𝑖 + 1)] ,

𝑠
𝑦
(𝑖) = [𝑑𝑡 ⋅ V

𝑦
(𝑖) +

𝑙 ⋅ 𝜃 (𝑖)

2
cos𝛼 (𝑖)]

− [𝑑𝑡 ⋅ V
𝑦
(𝑖 + 1) + 𝑙 ⋅ 𝜃 (𝑖 + 1)

2
cos𝛼 (𝑖 + 1)] ,

(2)

where 𝑠
𝑥
(𝑖) and 𝑠

𝑦
(𝑖) are relative displacements between two

adjacent square bars in the 𝑥-axis and 𝑦-axis directions,
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Figure 2: Assembly schematics of experimental setups: (a) section drawing and (b) profile drawing.

(a) 45∘ (b) 90∘ (c) 135∘

Figure 3: Experimental result of deformation shapes after tests at three different covered widths of the lateral explosive charge.

respectively. 𝑑𝑡 is a time step. V
𝑥
(𝑖) and V

𝑦
(𝑖) are translational

velocities of the current square at the 𝑥-axis and 𝑦-axis
directions, respectively. V

𝑥
(𝑖+1) and V

𝑦
(𝑖+1) are translational

velocities of the next square at the 𝑥-axis and 𝑦-axis direc-
tions, respectively. 𝜃(𝑖) is the relative deflection angle between
two adjacent square bars. The spring force between two
adjacent square bars is calculated by the following equation
when 𝑠

𝑥
(𝑖) and 𝑠

𝑦
(𝑖) are less than 𝑠

0
:

𝐹
𝑥
(𝑖) = 𝐸 ⋅ 𝑡

2
⋅ 𝑠
𝑥
(𝑖) ,

𝐹
𝑦
(𝑖) = 𝐸 ⋅ 𝑡

2
⋅ 𝑠
𝑦
(𝑖) ,

(3)

where 𝐹
𝑥
(𝑖) and 𝐹

𝑦
(𝑖) are spring forces between two adjacent

square bars in the 𝑥-axis and 𝑦-axis directions, respectively.
Bending moment and corresponding deflection angle

between two adjacent square bars are shown in Figure 6.
Based on the rigid plastic hinge theory, the plastic hinges are
achievedwhen the bendingmoment of the square bar reaches
the plastic ultimate bending moment. During the defor-
mation processes of the cylindrical shell, the relationships
between the bending moment 𝑀 and the deflection angle 𝜃
are assumed to be linear when the bending moment is less
than the plastic ultimate bending moment 𝑀

𝑝
. Meanwhile,

the deflection 𝜃 is set to the plastic limit deflection angle 𝜃
𝑝

when the bending moment is greater than or equal to the
plastic ultimate bending moment.
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Figure 4: Analytical model.

The relationship between the bending moment and the
deflection angle is expressed by the equation

𝜃 =
{

{

{

𝑀𝑙

𝐸𝐼
𝑀 < 𝑀

𝑝

𝜃
𝑝

𝑀 ≥ 𝑀
𝑝
,

(4)

where𝑀 is the bending moment; 𝐼 is the moment of inertia,
which is equal to 𝑡

4
/12; 𝜃 is the deflection angle; 𝑀

𝑝
is the

plastic ultimate bending moment, which is equal to 𝑡3𝜎
𝑦
/4.

Moment of each square bar consists of two aspects: the
moment generated by the spring force and the moment
resulting from the bar bending. Moments of square bars are
described by the equation

𝑀
ℎ
(𝑖) = (

𝑙

2
) ⋅ 𝐹
𝑥
(𝑖 − 1) sin𝛼 (𝑖) − ( 𝑙

2
)

⋅ 𝐹
𝑦
(𝑖 − 1) cos𝛼 (𝑖) +𝑀 (𝑖) ,

𝑀
𝑒
(𝑖) = (

𝑙

2
) ⋅ 𝐹
𝑥
(𝑖) sin𝛼 (𝑖) − ( 𝑙

2
)

⋅ 𝐹
𝑦
(𝑖) cos𝛼 (𝑖) −𝑀 (𝑖) ,

(5)

where 𝑀
ℎ
(𝑖) and𝑀

𝑒
(𝑖) are the moment generated by the

spring force at the head and end of the current square bar,
respectively. 𝑀(𝑖) is the moment generated by the relative
bending between two adjacent square bars.

The internal medium is compressed because of the
translation and rotation of square bars. During movement
processes of all bars, interactions between square bars and
internal medium are shown in Figure 7, where velocities of
previous bar, current bar, and next bar are V(𝑖 − 1), V(𝑖), and
V(𝑖 + 1), respectively. The resistance forces suffered by the
internal medium are 𝑓(𝑖 − 1), 𝑓(𝑖), and 𝑓(𝑖 + 1), respectively.

It is assumed that the processes of the internal medium
compressed undergo two stages. The first stage is that voids
of internal medium are compacted, and the resistance force
of each square bar is equal to 𝜌

𝑒
𝑡
2
(
⇀V ⋅

⇀
𝑛 𝑙)

⇀V , where 𝜌
𝑒
is the

internal medium density. The second stage is that medium

compacted suffers a shock compression, and the relationship
between shock pressure and volume is assumed to be linear:

𝑝 =
𝜂 (𝑑𝑉 − 𝑗0 ⋅ 𝑉0)

(1 − 𝑗0) ⋅ 𝑉0
, (6)

where 𝑝 is the shock pressure; 𝜂 is a scale factor; 𝑉
0
and 𝑑𝑉

are the initial volume and the compression volume of internal
medium, respectively; 𝑗

0
is the compression ratio of medium.

The resistance forces of bar generated by internalmedium
during the two stages are expressed by the equation

⇀
𝑓 =

{

{

{

𝜌
𝑒
𝑡
2
(
⇀V ⋅

⇀
𝑛 𝑙)

⇀V 𝑗 < 𝑗0

𝑝𝑡 ⋅
⇀
𝑛 𝑙 𝑗 ≥ 𝑗0.

(7)

By calculating the spring forces between adjacent square
bars and the resistance forces generated by the internal
medium, translational accelerations of all square bars are
obtained at corresponding time. By calculating the bending
moments of all square bars, the rotational accelerations
are obtained at corresponding time. The translational and
rotational accelerations of square bars are described by

⇀
𝑎 (𝑖) =

⇀
𝑓 (𝑖) +

⇀
𝐹 (𝑖 − 1) + ⇀

𝐹 (𝑖)

𝑚
,

𝛽 (𝑖) =
𝑀
ℎ
(𝑖) + 𝑀

𝑒
(𝑖)

𝐼
,

(8)

where 𝛼(𝑖) and 𝛽(𝑖) are the translational and rotational
accelerations of the current square bar, respectively.

Utilizing (8), the translational and rotational accelera-
tions are calculated, which are the initial conditions at the
next time step.

3.3. Initial Conditions. Initial translational acceleration, rota-
tional acceleration, and velocities of all square bars are set to
0, and the distributions of initial velocities are as follows:

⇀V =

{{

{{

{

[V0 cos𝛼, V0 sin𝛼] −
𝜑

2
≤ 𝛼 ≤

𝜑

2
0 𝛼 < −

𝜑

2
, 𝛼 >

𝜑

2
,

(9)

where 𝜑 is the half angle covered by the lateral explosive
charge, 𝛼 is the angle between the current square bar and 𝑥-
axis, and V

0
is the initial velocity of cylindrical shell close to

the lateral explosive charge.
According to the Gurney equations on contact explosion,

the ring velocity can be obtained by using the equation [17]

V0 = √2𝐸√
3

1 + 5𝑀
𝑓
/𝐶
𝑒
+ 4 (𝑀

𝑓
/𝐶
𝑒
)
2 , (10)

where V
0
is the ring velocity (m/s);√2𝐸 is the Gurney energy

unit mass (m/s); 𝐶
𝑒
is the mass of lateral explosive charge

(kg);𝑀
𝑓
is themass of the cylindrical shell close to the lateral

charge (kg). The Gurney equation is a classical method to
solve the metal velocity in recent decades, the error between
the experimental and calculated results is about 5%, and its
accuracy is acceptable for our work.
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Figure 7: Interactions between square bars and internal medium.

4. Calculated Results

According to specific structure parameters and the type of
the explosive charge, the velocity of the ring can be obtained
with (8). It is assumed that the ring, made of 1020 Steel,

has a thickness of 2mm, and the explosive,made ofDL103-80,
has the thickness of 5mm. Based on detonation parameters
of DL103-80, substituting these parameters into the Gurney
equation, the velocity is approximately 200m/s. If the explo-
sive DL103-80 is replaced with RDX or HMX, the velocity is
greater, and the different initial velocity distribution can be
obtained by varying the explosive charge material and the
explosive mass.

Based on the analytical approach, calculated results are
reported and discussed. Deformation processes of the cylin-
drical shell consist of two stages: stage I, velocities of the cylin-
drical shell obtained by the lateral contact explosion loading,
and stage II, interactions between the cylindrical shell and
internalmedium. Figure 8 illustrates distribution of positions
and velocities of the cylindrical shell at five differentmoments
under the covered width 45∘ and the initial velocity of the
cylindrical shell 200m/s, respectively. Figures 9 and 10 show
distributions of positions and velocities of the cylindrical
shell at five classical times under the covered widths 90∘ and
135∘, respectively. The ultimate translational velocities of the
cylindrical shell are 6.1m/s, 7.3m/s, and 10.9m/s with the
covered widths 45∘, 90∘, and 135∘, respectively.

From the results of deformation shapes, a good agreement
has been obtained between calculated and experimental
results, and thus the analytical approach can be considered as
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Figure 8: Distributions of positions and velocities of the cylindrical shell at different moments (𝜑 = 45∘).
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Figure 9: Distributions of positions and velocities of the cylindrical shell at different moments (𝜑 = 90∘).

a valuable tool in understanding the deformationmechanism
and predicting the deformation shape of the cylindrical shell
under lateral contact explosion loading.

5. Parametric Studies

Deformation shapes of the ring have a significant relation-
ship with the covered width of lateral explosive, explosive
materials, and initial velocities distribution. In order to better
understand the deformation mechanism, parametric studies
are carried out for the deformation shapes and corresponding
results were discussed.

5.1. Effect of Covered Width of Lateral Explosive. From the
calculated and experimental results, it is obvious that the
covered width of the lateral explosive charge is a key factor
to the deformation shapes. Deformation shapes of various
covered widths of the lateral charge are shown in Figure 11,
where initial velocity of the ring equals 200m/s. Various
deformation shapes can be achieved by changing the width
of lateral charge.

5.2. Effect of Lateral Explosive Materials. In order to inves-
tigate the effect of lateral charge, a series of calculated
results are obtained by adjusting various initial velocities
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of the cylindrical shell, because higher initial velocities of
cylindrical shell represent greater power of charge.

Figure 12 shows the deformation shapes of the cylindrical
shell at various initial velocities with the covered width 60∘,
in which velocities are 50m/s, 100m/s, 150m/s, 200m/s,
250m/s, and 300m/s, respectively.The compression capacity
of the sand medium increases with initial velocities; while
initial velocities reach a certain extent, there is little change
in deformation shapes.
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Figure 12: Deformation shapes of the cylindrical shell at various
initial velocities (𝜑 = 60∘).

5.3. Effect of Initial Velocities Distribution. In general, the
lateral explosive charge has a uniform thickness in the cir-
cumferential direction within the central angle, and the ring
close to the lateral explosive has the same velocity value. The
velocity values varies with thickness of the circumferential
explosive. The simplest assumption is that the thickness of
the lateral explosive is a linear distribution from one side to
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middle position, and the thickness of one side is a half of
middle position.

Due to the explosive mass reduction, the initial velocities
close to the lateral charge are assumed to have a cosine
distribution. Figure 13 illustrates distribution of positions and
velocities of the cylindrical shell at five classical times under
the coveredwidth 90∘ and the initial velocities having a cosine
distribution.

The plotted data in Figures 8–13 are from mathematical
modeling, including deformation process, different covered
width, and initial velocity, where there are several results
compared with the experimental results. For example, in
Figure 8, the deformation shape remains stationary at 2000
microsecond moment, which is in good agreement with
the experimental results. From the calculated results of the
velocity distributions of the ring, the velocity of each discrete
bar is zero almost at 2000 microsecond moment, so it can
represent the experimental result.

6. Conclusions

This paper presents brief results of an experimental inves-
tigation on the deformation process of the cylindrical shell
with internal medium under lateral contact explosion, and
the deformation shapes were obtained. Based on the exper-
iments, a corresponding analytical approach has been under-
taken using the rigid plastic hinge theory.

Given the structural parameters and explosive charge,
deformation processes and shapes are reported using the
analytical approach. A good agreement has been obtained
between calculated and experimental results, and thus the
analytical approach can be considered as a valuable tool in
understanding the deformation mechanism and predicting

the deformation shapes of the cylindrical shell with internal
medium subjected to lateral contact explosion. Finally, a
parametric study is carried out to analyze the effects of
deformation shapes, depending on the covered width of
the lateral explosive, explosive materials, and distribution of
initial velocities. Therefore, an optimal deformation shape
can be achieved by adjusting the covered width of lateral and
initial velocities distribution.
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A new method of characterizing the damage of high strength concrete structures is presented, which is based on the deformation
energy double parameters damage model and incorporates both of the main forms of damage by earthquakes: first time damage
beyond destruction and energy consumption. Firstly, test data of high strength reinforced concrete (RC) columns were evaluated.
Then, the relationship between stiffness degradation, strength degradation, and ductility performance was obtained. And an
expression for damage in terms ofmodel parameterswas determined, aswell as the critical input data for the restoring forcemodel to
be used in analytical damage evaluation. Experimentally, the unloading stiffness was found to be related to the cycle number.Then,
a correction for this changing was applied to better describe the unloading phenomenon and compensate for the shortcomings of
structure elastic-plastic time history analysis. The above algorithm was embedded into an IDARC program. Finally, a case study of
high strength RCmultistory frames was presented. Under various seismic wave inputs, the structural damages were predicted.The
damage model and correction algorithm of stiffness unloading were proved to be suitable and applicable in engineering design and
damage evaluation of a high strength concrete structure.

1. Introduction

Structural concrete is a material with quite outstanding
cumulative damage characteristics; however, damage devel-
opment and damage accumulation under different conditions
are fundamental for understanding structural failure. Seismic
damage greatly influences the bearing capacity of a building
or structure during the follow-up service period and remain-
ing life. Structural damage and its accumulation occur under
dynamic loading, and a reasonable damage model must be
constructed so that the damage can be described.

The structure damage caused by earthquakes is closely
related to the maximum structural deformation and the low
cycle fatigue effect caused by the accumulation of damage.
In this paper, we have adopted a model based on two major
forms of seismic damage [1]: (1) damage which occurs the
first time the structure is taken beyond initial cracking and (2)
damage due to subsequent energy dissipation. These forms

of damage are incorporated into a double parameter damage
model based on deformation and energy dissipation.

In this paper, we use the stiffness degradation trilinear
model (DT3 model, Figure 1). The DT3 model uses three
lines to describe the loading and restoring force skeleton
curve and considers the stiffness degradation properties of
the reinforced concrete structure or structural component.
The model can describe in more detail the real restoring
force curve of a reinforced concrete structure. Depending
on whether a particular structure or structural member is
expected to harden after yielding, the curve is divided into
two parts—one part using the maximum top hardening
degradation from the trilinear model, while the other part
without this consideration. The degradation trilinear model,
as used in this paper, is widely applied in engineering projects.

For these structures, the elastic-plastic time history anal-
yses of the structure are carried out in order to determine
the effect of accumulated damage on performance. Since
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Figure 1: Degrading trilinear model (DT3).

the relationship between the unloading stiffness and ductility
coefficient is also unknown, IDARC [2] analysis is introduced
in this paper (Scheme 1).

2. Parameter Determination for Deformation-
Energy Damage Model of High Strength
Concrete

2.1. Model for Deformation-Energy Consumption Damage.
We chose the Park and Ang’s double parameters damage
model for this paper [1].Thismodel is based on the test results
of 261 groups of reinforced concrete. The seismic damage
is modeled via using a double parameter combination of
the maximum deformation and cumulative hysteresis energy
dissipation, and expressed as

𝐷 =
𝛿
𝑚

𝛿
𝑢

+
𝛽

𝛿
𝑢
𝑄
𝑦

∫𝑑𝐸, (1)

𝐷 =
𝛿
𝑚

𝛿
𝑢

+ 𝛽∫(
𝛿

𝛿
𝑢

)

𝛼
𝑑𝐸

𝐸
𝑐
(𝛿)

. (2)

𝛿
𝑢
is ultimate deformation under monotonic loading; 𝛿

𝑚

is maximum deformation under earthquake;𝑄
𝑦
is calculated

yield strength (if 𝑄
𝑢
is smaller than 𝑄

𝑦
, 𝑄
𝑦

= 𝑄
𝑢
); 𝑑𝐸

is incremental absorbed hysteretic energy, and 𝛼, 𝛽 are
nonnegative parameters. Under elastic response, the value of
𝐷 should theoretically be zero; 𝐷 ≥ 1.0 signifies complete
collapse or total damage.

Park and Ang represented the effect of cyclic loading
on structural damage by the parameter 𝛽. The absorbed
hysteretic energy (excluding potential energy) was integrated
up to the failure point for 261 groups of cyclic test data from
columns and beams.Only those inwhich a sudden failurewas
clearly observed or gradual failure could be identified from
the envelope curve were included.

When calculating the damage index, the load-deforma-
tion curve for each test is traced up to the failure point; at
the point of failure (𝐷 = 1), the corresponding value of 𝛽
is evaluated. In fact, these 𝛽 values also depend on the value
of local plastic rotation supply and the concrete strengths
beyond. Based on the calculated 𝛽 values [1], a negative

correlation was observed between 𝛽 and the confinement
ratio, 𝜌

𝑤
, and weak positive correlations were observed

between 𝛽 and the shear span ratio, 𝑙/𝑑, longitudinal steel
ratio, 𝜌

𝑙
, and axial stress, 𝑛0. Consider

𝛽 = (−0.447 + 0.73 𝑙

𝑑
+ 0.24𝑛0 + 0.314𝜌

𝑙
) × 0.7𝜌𝑤 , (3)

𝛽 = (−0.165 + 0.0315 𝑙

𝑑
+ 0.131𝜌

𝑙
) × 0.84𝜌𝑤 . (4)

In which, 𝑙/𝑑 is shear span ratio (replaced by 1.7 if 𝑙/𝑑 < 1.7);
𝑛0 is normalized axial stress (replaced by 0.2 if 𝑛0 < 0.2); 𝜌

𝑙

is longitudinal steel ratio as a percentage (replaced by 0.75%
if 𝜌
𝑙
< 0.75%); and 𝜌

𝑤
: confinement ratio, (replaced by 2.0%

if 𝜌
𝑤
> 2.0%). Table 1 shows the correlation between 𝛽 values

from the model and the extent of damage.

2.2. Serviceable Range of Double Parameters Damage Model.
Park and Ang proposed their model based on a large number
of test data, covering the following range of parameters: 1.0 <

𝑙/𝑑 < 6.6; 0.2 < 𝜌
𝑤
< 2.0; 0 < 𝑛0 < 0.52; 15.84N/mm2

<

𝑓


𝑐
< 41.34N/mm2; and 0.04 < 𝜌

𝑙
< 0.45. They used

standard compressive tests with cylindrical samples (150mm
in diameter, 300mm high) to determine the compressive
strength and the failure strength. Beolchini et al. [3], taking
test data for concrete columns under repeated loading cycles,
believe that the value of 𝛽 depends on 𝜌

𝑤
, 𝜌
𝑙
, 𝜆 = 𝑙/𝑑 (shear

span), and 𝑁/𝑓
𝐶
𝐴
𝐶
= 𝑛0 (axial compression ratio) as given

in the following expression:

𝛽 = (−0.28 + 0.06𝜆 + 0.47𝑛0 + 0.19𝜌
𝑙
) × 0.66𝜌𝑤 . (5)

More recently, high strength concrete (𝑓
𝑐

> 41.34N/

mm2) has been widely used in engineering; such concrete
is beyond the strength range of Park and Ang’s model. So,
the parameters for the damage model expression of high
strength concrete must be adapted. These parameters can
then be assessed to determine the damage mechanism, and
an appropriate extension created for the damage calculation
program.

Relevant tests of high strength concrete columns have
been performed by authors, including component design,
seismic tests, design of loading devices, and evaluation of the
test data to determine the loading mechanism, failure mode,
𝑃 − Δ curve, ductility coefficient, and yield displacement.
The tests data are presented in reference [4]. Ductility is an
important indicator of high strength, constrained, concrete.
The comparison between component stiffness degradation,
strength degradation, and ductility is shown in Figures 2 and
3.

2.3. Calculating Coefficient of Cyclic Loading Effect 𝛽. Defin-
ing 𝛽1 as that calculated using formula (3) and 𝛽2 as that
calculated using formula (5), failure points can be obtained
from 𝑃 − Δ curves of each test extrapolating to the damage
point, 𝐷 = 1. Then, values of the damage parameter 𝛽3
can then be calculated; see Table 2. Then, the comparison
of parameters 𝛽1, 𝛽2, and 𝛽3 for a variety of values of beam
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Table 1: Damage evaluation rules from Park and Ang model based on value of 𝛽.

Damage model Intact Slight damage Medium damage Serious damage Collapsed

Park and Ang model 0–0.4
(damage which can be repaired)

0.4–1.0
(damage which cannot be repaired) >1.0
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Figure 2: Relationship between stiffness degradation and ductility
coefficient.

stiffness coefficient, KZ, is shown in Figure 4. The trends in
the theoretical values (𝛽1, 𝛽2) and the experimental regres-
sion value (𝛽3) are consistent. However, formulas (3) and (5)
do not adequately consider the effect of the greater strength of
high strength concrete; the influence of the concrete strength
grade on the component ductility and energy consumption
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Figure 3: Relationship between strength degradation and ductility
coefficient.

is quite significant. Component tests are therefore necessary
for determining the appropriate parameters for high strength
concrete. Table 2 shows the parameters obtained by fitting the
expression 𝛽(𝜆, 𝑛, 𝜌

𝑙
, 𝜌
𝑤
) for high strength concrete columns

in the following procedure: (1) calculate formula (1) using 𝛽1
evaluated from formula (3); (2) calculate formula (2) using
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Table 2: Calculation of 𝛽 (parameter of damage model for cyclic loading).

Specimen 𝛿
𝑢

𝑄
𝑦

𝛿
𝑚

∫𝑑𝐸 𝑄
𝑦
𝛿
𝑢

𝛽3 Double parameters damage model Modified model
mm kN mm kN⋅mm kN⋅mm

TS-1 6.51 223 2.74 8292.0 1451.73 0.104 6.994 0.941
TS-2 6.25 236 2.41 6053.0 1475 0.144 10.028 0.929
TS-3 6.25 269 2.43 9619.0 1681.25 0.101 9.857 0.950
TS-4 5.62 241 2.18 5120.0 1354.42 0.153 6.625 0.912
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Figure 4: Comparison of values of 𝛽 (parameter of damage model)
obtained with different models.

𝛽2 evaluated from formula (5); (3) extrapolate each test curve
to the failure point, and finally (4) determine the value at
the damage point. The intermediate calculations are given in
Table 2. Consider

𝛽 = (−0.447 + 0.73 𝑙

𝑑
+ 0.24𝑛0 + 0.314𝜌

𝑙
)

𝛾

× 0.7𝜌𝑤 . (6)

Formula (6) was used to calculate modified parameters
for the deformation-energy damagemodel.These parameters
were then used in the evaluation of testing member, and
the new damage index was obtained, as shown in Table 2.
The experimentally observed parameters—structural mem-
ber ruptures, yield, and the final state—correlated well with
the damage index. The damage index is close to 1 when the
structure fails. The observed phenomena during the tests
corresponded well with the predictions from the damage
index. While, Park and Ang’s model damage index at failure
had a value more than 1.0.

2.4. Skeleton Curve of High Strength Concrete. Through
research on the restoring force model of high strength
reinforced concrete columns, we have established a restoring
force model which can adequately explain the nonlinear
characteristics, using the principle of simplified calculation,
in addition to considering the hysteresis characteristics of
component, using the degrading trilinear model (Figure 1).

The route and hysteresis movement of the component can be
described from the figure by tracing around the figure in the
following sequence: 𝑂 → 𝐶 → 𝐶


→ 𝑋 → 𝑋


→ ⋅ ⋅ ⋅ →

𝑀 → 𝑃 → 𝑀


→ 𝑃
. The 𝑂𝐶 section represents the

elastic behavior, the 𝐶𝑋𝑌 section is the strengthening, 𝑌𝑀
is degradation, 𝐶𝑋𝑌 is the reverse strengthening period,
and 𝑌


𝑀
 is the reverse degradation period.

The data at key points on the skeleton curve were
determined experimentally and then used to initialize an
analysis program that is implemented in IDARC.

3. High Strength Reinforced Concrete
Unloading Rigidity and Ductility Coefficient

3.1. Elastic Principle of Dynamic Unloading Stiffness. The
IDARC program for structural damage analysis had been
used to simulate the earthquake response of a frame structure
collocated with a high strength concrete column. To better
simulate the dynamic performance of a high strength con-
crete structure, the dependency of the unloading stiffness and
ductility coefficient is analyzed after being introduced into
the IDARC program. Loading and unloading standards can
be expressed as follows: loading (𝜕𝜑/𝜕𝜀

𝑖𝑗
)𝑑𝜀
𝑖𝑗

> 0; neutral
loading (𝜕𝜑/𝜕𝜀

𝑖𝑗
)𝑑𝜀
𝑖𝑗
= 0; unloading (𝜕𝜑/𝜕𝜀

𝑖𝑗
)𝑑𝜀
𝑖𝑗
< 0 (𝜑 =

0).
Unloading during structural vibration is complicated,

as structure unloading stiffness matrix changes with time,
leading to a time varying parameter system. At present,
structure elastic-plastic time history analysis generally does
not consider the influences that the unloading stiffness and
motion state have on each other. These influences mean that
the dynamic equations represented by tangent stiffness and
secant stiffness are not equivalent, as the matrix is constantly
changing during this process.

From the deformation properties and the restoring force
model tests of high strength concrete columns, Figure 5
shows the relationship between the structural member stiff-
ness and number of unloading cycles; it indicates that the
variation of𝐾

𝑢
(𝑥) shows changes consistent with linear drag.

The unloading stiffness 𝐾
𝑢
of for all samples changes with

cycling, implying that the system is not fully elastic.Themost
important feature is that 𝑑𝐾

𝑢
(𝑥) is approximately constant,

although it varies from sample to sample.

3.2. Unloading Stiffness Correction Coefficient. Theunloading
stiffness degradation used to determine the damage index
conforms to observed evolution of structure damage. As the
cyclic stress presenting in structural member, the strain 𝜀 can
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Figure 5: Measured𝐾
𝑢
and unloading number.

be divided into reversible strain 𝜀
𝑒
and irreversible strain 𝜀



and 𝜀 includes the plastic strain 𝜀
𝑝
and the residual strain due

to unrecoverable damage, 𝜀
𝑢
. From the principle of damage,

𝜎 = 𝐸 (1 − ]𝐷) 𝜀
𝑒
= 𝐸 (1 − ]𝐷)Δ

𝑒
. (7)

In formula (7), destruction of the member is defined
as 𝐷 = 1. For the damage model, 𝐷, we have used the
deformation-energy double parameter combination; ] is only
taken into account by the combination of factors of the
maximum displacement damage coefficient (0.5 ≤ ] <

1.0). According to independent state variables principle in
thermomechanics, the 𝑃 − Δ state during damage evolution
can be expressed as

𝐹 = 𝐾0 (1 − ]𝐷)Δ
𝑒
= 𝐾0 (1 − ]𝐷) (Δ − Δ

𝑝
− Δ
𝑢
) ,

]𝐷 = 1 − 𝐹

𝐾0 (Δ − Δ
𝑝
− Δ
𝑢
)

= 1 −
𝐾
𝑢
(𝑥)

𝐾0
.

(8)

Formula (8) implies that using unloading stiffness 𝐾
𝑢
(𝑥)

to describe the structure damage value 𝐷 is feasible. For
ductile members (2.0 < 𝜇 < 4.0), assuming that the damage
function𝐷 = 𝑓

𝐷
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) is amonotonically increasing

function, we can obtain the following from formula (8):

𝐾
𝑢
(𝑥) = [1 − ]𝑓

𝐷
(𝑥1, 𝑥2, . . . , 𝑥𝑛)]𝐾0, (9)

where for the 𝑖th cycle, unloading stiffness is 𝐾
𝑢𝑖
and elastic

stiffness ratio is 𝜂
𝑖
. At cycle (𝑖 + 1), the unloading stiffness is

𝐾
𝑢𝑖+1

and elastic stiffness ratio is 𝜂
𝑖+1

. 𝜉 is defined as the ratio
for the 𝑖th and (𝑖 + 1)th cycles:

𝜉 =
𝜂
𝑖+1
𝜂
𝑖

. (10)

Figure 6 charts the relationship between the measured
value 𝜉 and cycle number,𝑁. The value of 𝜉 remained steady
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Figure 6: Measured 𝜉 and unloading number.

between 0.85 ≤ 𝜉 ≤ 0.95, implying that this parameter can
be fixed during modeling; we suggest 𝜉 = 0.9 for HSC. The
test specimens reflect the phenomenon of degeneration of
unloading stiffness with increasing displacement amplitude
and can explain the fact that for an actual component the
response excursion is always larger in one direction (i.e., off-
set), and eventually the accumulated errors as a result of this
can lead to computational instability. Dynamic adjustment of
unloading stiffness is simple but practically important.

4. Damage Evaluation of Highly Confined
Concrete Structure Damage Evaluation
Based on IDARC

4.1. Design Information of High Column Structure. In this
paper, we model a structure comprising a six-floor frame of
cast-in-situ high strength reinforced concrete. The strength
grades of the concrete beams are C60–C80 and themain rein-
forcement and lateral reinforcement are HRB400 (𝑓

𝑦
), where

the effects on structure ductility while utilizing HRB400 as
reinforcement in high strength concrete have been studied to
be limited under certain conditions [5, 6]. The columns use
symmetric steel reinforcement, the cover thickness is 30mm,
and the gravitational load of each floor is: 𝐺

1
= 6800 kN,

𝐺
2
= 𝐺
3
= 𝐺
4
= 𝐺
5
= 𝐺
6
= 6600 kN. The earthquake

intensity is at level VIII (Liedu scale, CSIS). According
to the structure facade height, earthquake intensity, and
design ground acceleration, the seismic design parameters
are design grade 2, site category II, and design group 1 (feature
period 𝑇

𝑔
= 0.35 s). Therefore, the average material strength

of the high strength concrete is necessary to consider the
dynamic response characteristics (including the restoring
force) of the structural members; as the natural period of
structure is 𝑇1 = 0.49 s, the design ground acceleration is
0.15 g.
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The axial forces applied to each column in the structure
are computed by elastic analysis. This paper adopts two
indices to characterize the wave, the design characteristic
period of site structure 𝑇

𝑔
, and structure basic natural period

𝑇
1
. To choose the earthquake duration and natural period for

the model, we have selected two strong earthquake records
P0151 and P0994 from the PEER Strong Motion Database
[7], the EL Centro wave (Figure 7) which is widely used in
engineering, and also the RH4TG040 artificial seismic wave,
ThiTG040 natural seismic wave, and TH2TG040 natural
seismic wave from the EPDA module [8].

4.2. Damage Programming. IDARC is from the Earthquake
Engineering Research Centre of the State University of
New York at Buffalo and is widely used for various types
of nonlinear dynamic response time history analysis and
damage analysis of structures. Details of our IDARC analysis
will be given below.

(1) Hysteretic Rules Model. The program provides a three-
parameter Park’s model, bilinear hysteretic model, Kelvin’s
model, Maxwell’s model, and smooth hysteretic model. For
this paper, we have chosen a three-line attenuation model
created by authors; all control information required by the
preprocessor is obtained from the experimental skeleton
curve.
(2) Nonlinear Dynamic Analysis. Nonlinear dynamic analysis
is carried out using a combination of the Newmark-beta inte-
gration method, and the pseudoforce method. The equation
is solved numerically, according to

[𝑀] {Δ ̈𝑢} + [𝐶] {Δ ̇𝑢} + [𝐾
𝑡
] {Δ𝑢}

= − [𝑀] ({𝐿ℎ} Δ ̈𝑥
𝑔ℎ

+ {𝐿V} Δ ̈𝑥
𝑔V) − {Δ𝑃

𝐼𝑊
}

+ 𝑐corr {Δ𝐹err} ,

(11)

where [𝑀] is the lumped mass matrix of the structure; [𝐶]
is the viscous matrix of the structure; [𝐾

𝑡
] is the tangent

stiffness matrix; {Δ𝑢}, {Δ ̇𝑢}, and {Δ ̈𝑢} are the incremental
vectors for displacement, velocity, and acceleration in the
structure; {𝐿

ℎ
} and {𝐿V} are the allocation vectors for the

horizontal and vertical ground accelerations; Δ ̈𝑥
𝑔ℎ

and Δ ̈𝑥
𝑔V

are the increments in the horizontal and vertical ground
accelerations; 𝑐corr is a correction coefficient; and {Δ𝐹err} is
the vector containing the unbalanced forces in the structure.
At the end of step 𝑡 + Δ𝑡, the difference between the
restoring force calculated using the hysteretic mode {𝑅} and
the restoring force considering no change in stiffness during
the step {𝑅


} yields the residual force {Δ𝐹err} = {𝑅} − {𝑅


}.

This corrective force is then applied for the next time
step of the analysis. The unbalanced forces are computed
whenmoments, shears, and stiffness are being updated in the
hysteretic model. We selected a step length of 0.02 seconds,
to produce smaller changes at each step and thus avoid larger
residual forces, which could lead to unstable calculations.

(3) Damage Index. IDARC incorporates three models for
damage index, (a) classical Park-Ang’s model; (b) a model
based on low cycle fatigue damage characteristics; and (c)
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Figure 7: El Centro, P0151 and P0994 seismic waves.

according to the structural basic cycle for the overall struc-
ture damage index. This paper used the modified double
parameters damage index and calculated the indices using
the embedded computing methods (a), (b), and (c) for
comparison.

4.3. Structural Nonlinear Dynamic Analysis Results

4.3.1. The Maximal Displacement and Angular Displacement
between Floors. This paper selects high strength RC struc-
tures as an example to investigate dynamic analysis, study
the seismic performance, and evaluate the degree of damage.
Under seismic action (3 waves of structure PEER ground
motion, 2 waves of EPDA ground motion, 1 wave of artificial
seismic wave and the SATWE program), the maximum
displacement of each floor and the maximum angular dis-
placement between the floors are shown in Figure 8. For
different input seismic waves, the trends in the maximum
displacements and angular displacements of floors are con-
sistent. It suggests that the damage assessment program is
reliable. The maximum angular displacements appeared in
floor 3 and floor 2, and the angular displacement exceeds the
limit of 0.02 by code, but no obviousweak floors are observed.

4.3.2. Plastic Hinge Law and Damage Distribution. The
implemented program provides the structural damage index
and plastic hinge distribution for each seismic wave. The
structural plastic hinge distribution and sequence of their
appearances under earthquake ground motion PEER are
shown in Figure 9, and the profile of the damage distribution
is in Figure 10. The behavior of the structural damage dis-
tribution and structure plastic hinge distribution are almost
identical. A greater damage index means that the members
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Figure 10: Damage index statistics of frame.

yield earlier and the plastic rotation is larger and vice versa.
The damage to columns is light, the damage level of most
columns is “mediumdestruction,” and the performance of the
high-performance concrete is satisfactory. While the damage
in the beams is much serious, the distribution of the damage
index reflects the seismic design principle of “strong column,
weak beam”. Apart from the top floor, all beam ends act
as plastic hinges, whilst only the column bottoms and a
few centers of columns show hinge behavior. The beams act
as hinges earlier than columns, nearly forming an overall
symmetrical beam hinge system. The structure performance
measured by the quantitative damage index is more reliable
than displacement-based design.

The shear-displacement hysteresis curves for the bot-
tom of the structure are shown in Figure 11. Qualitative
analysis of the hysteric performance of each floor can be
performed based on the lateral displacement-shear hysteresis
relationships under the action of the shock wave. Preliminary
analysis of the graphs shows that the bottom layer has yielded,
and the extent of rigidity degradation shows that the first
shock transcends beyond destruction and the maximum
displacement appears only for a few seconds. Most of the
time, the displacement is relatively small, and the plastic
energy dissipation and cumulative plastic deformation are
small.

4.3.3. Seismic Damage Analysis of Whole Structure. The
modified parameter damage model was used to calculate
damage parameters for all columns in each floor of the frame
structure under the earthquake waves. The results are shown
in Table 3. Both the results and value range of the modified
damage model calculation are close to those observed in real
damaged structures. Getting instantaneous snapshots from
the program during time history analysis, we can calculate
the instantaneous damage index for the whole structure as

a function of the time period. We find that for this example
wave used the damage index is

DI = 1 −
(𝑇0)initial

(𝑇0)equivalent
= 1 − 0.49

1.410
= 0.652, (12)

where (𝑇
0
)initial is the initial fundamental period and

(𝑇0)equivalent is the equivalent fundamental period.The overall
damage can reflect more accurately the reaction of the
whole structure. This is probably because that, using the
vibration frequency attenuation method (i.e., the change in
stiffness with time), it accurately simulates the real behavior
of structures.The results show that the high strength concrete
frame had been damaged, but not up to the extent of complete
collapse; it reaches the seismic design goal of not collapsing
under a major earthquake. The presented algorithm results
in a damage index always less than 1.0. This modified
double parameters damage model is correctly describing the
performance of damaged structures, because it predicts the
results that are quite close to those observed in real damaged
structures.

5. Conclusions

In this paper, based on the deformation-energy damage
model and using experimental test data, we determined the
expressions for the coefficient of the cyclic load effect and
values required for the double parameter damage model
of members of a high strength reinforced concrete column
member. Ductility is the key index of high-performance
concrete, as found by the analysis of the relationships between
stiffness degradation, strength degradation, and ductility. A
model of the restoring force was used; this model allowed
extrapolation of the data to the point of failure to obtain
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Figure 11: Base shear-drift hysteretic curve of building first floor.

the restoring force. A trilinear model was employed to
describe damage.

Generally, the elastic-plastic time history analysis does
not consider the relationship between unloading stiffness
and motion state which influence each other. Thus, we
evaluate the structure elastic-plastic time history analysis by
introducing the unloading correction coefficient, which is
a parameter that characterizes the change with time of the
unloading stiffness matrix structure, and solve the equivalent
problem between the structural dynamic equation indicated
by tangential stiffness and secant stiffness. This gives a good
description of the elastic-plastic structure vibration dynamic
process, which can be used to describe the concrete structure
unloading in the dynamic elastic-plastic state. We then
implemented these modifications into the elastic-plastic time
history analysis in IDARC program.

Presenting the case study of a high strength RC frame,
themember dynamic response characteristics of the restoring
force was calculated from the material average strengths,

where the longitudinal bar and stirrup bar were high strength
bar and the concrete strength of the beam-column was
high. The structural damages were observed under various
seismic waves, including two strong artificial seismic wave
records from the PEER library, the El Centro wave, two
natural seismic waves, and one artificial seismic wave from
EPDA. Dynamic analysis was used to analyze the seismic
performance and evaluate the degree of damage. Under a
strong earthquake, the maximum displacement and angular
displacement between floors are consistent. The maximum
angular displacement is more than limits by code, but there
is no obvious weak floor; the damage to the base of the
structure accumulates up until the maximum impact of
reaction. The distribution of the damage index reflects the
seismic design criterion of “strong column, weak beam,”
nearly forming a symmetrical beamhinge system.The lateral-
shear hysteresis curve is showing the yielding and the stiffness
degradation degree. The displacements only appear to be
exceeding initially and to be later small generally.
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Table 3: Damage index of middle columns in each floor under seismic waves.

Earthquake wave 𝛿
𝑢

𝐹
𝑦

𝛿
𝑚

∫𝑑𝐸 IDARC Modified damage model
mm kN mm kN⋅mm

P 1 173 362 102 4.07𝐸 + 04 0.205 0.65
0 2 135 419 60.8 1.01𝐸 + 04 0.181 0.77
1 3 124 111 44.7 1.62𝐸 + 04 0.275 0.76
1 4 58.6 245 14.6 3.81𝐸 + 03 0.198 0.79
5 5 27.8 191 19.6 1.12𝐸 + 03 0.152 0.64

6 140.1 404 65 3.33𝐸 + 02 0.134 0.56
P 1 70.1 346 41.9 2.28𝐸 + 04 0.081 0.5
0 2 73.1 373 43.3 2.12𝐸 + 03 0.069 0.65
9 3 60 341 43.4 7.27𝐸 + 03 0.131 0.65
9 4 45.1 245 29.4 3.19𝐸 + 03 0.078 0.68
5 5 32.5 113 15.2 6.60𝐸 + 02 0.06 0.48

6 72.7 352 40.6 3.36𝐸 + 02 0.05 0.47
E 1 148 276 69 2.54𝐸 + 04 0.135 0.53
L 2 96.5 294 68.3 4.68𝐸 + 03 0.11 0.73

3 98.1 221 66.1 1.01𝐸 + 04 0.162 0.7
4 28.8 330 19.8 2.54𝐸 + 03 0.1 0.71
5 26.7 184 13.5 7.67𝐸 + 02 0.085 0.53
6 30.8 212 15.8 2.08𝐸 − 02 0.081 0.53

To improve the calculation efficiency, the implementation
of themodified damagemodel in IDARCprogramwas devel-
oped and performed well for evaluating highly constrained
high strength reinforced concrete structures. Comparison
and further validation analysis and evaluation of damagewith
more software and programs will be done in future work, and
more structural members data is necessary in evaluating the
more precise correlation between damage model parameters
and exact damage to structures.
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An improved model of the slant crack on a microbeam is presented. Based on fracture mechanics, the rotation coefficient for
the slant crack is derived as a massless rotational spring accounting for the additional stress intensity factors generated by the
orientation of the crack compared to the transverse crack. Comparisons between microbeams with a slant crack of different
geometry parameters (slant angle, depth ratio, and crack position) are investigatedwith regard to the dynamicmechanical behaviors
and nonlinear response. By presenting a mathematical modeling, the effects of the slant crack and the electric actuation of an
electrostatically actuated fixed-fixed microbeam on the dynamic characteristics are examined in detail. It is shown that the crack
position has more significant influence on the pull-in voltage value than the slant angle or the depth ratio. Approaching the slant
crack to the fixed end or enlarging the external incentives amplifies the nonlinearity of the microbeam system, while the effects of
depth ratio and slant angle are dependent on the crack position.The resonance frequency and the resonance amplitude are affected
as well.

1. Introduction

With the advantages in miniaturizing reducing cost and
energy consumption, the microelectromechanical systems
(MEMS) are a growing industry finding their application
in different fields such as resonators for sensing [1, 2] and
electric filtering applications [3, 4]. Microbeams such as can-
tilever and doubly clamped beam are the major components
of MEMS devices, and the preferred actuation method is
always the electric actuation. In an electrostatically actuated
microbeam, an air gap capacitor, composed of a movable
microbeam (upper electrode) and a fixed (lower) electrode,
is connected to a voltage source. This generates electric field
and electrostatic force. The elastic force grows linearly with
displacement, whereas the electrostatic force grows inversely
proportional to the square of the distance when a potential
difference is applied between the two electrodes. Conse-
quently, the moveable beam deforms, and the displacement
grows when the voltage is increased until at one point the
growth rate of the electrostatic force exceeds than the elastic
force. The system cannot reach a force balance without

a physical contact, and the pull-in instability occurs. This
phenomenon is known as “pull-in,” and the critical voltage
is the pull-in voltage. The reason for this phenomenon is the
electrostatic force nonlinearity [5, 6].

In order to avoid or use the characteristic of the phe-
nomenon, it is essential to study the pull-in. The pull-in
instability is firstly found out in 1967 [7], and later Bernstein
et al. [8] proved the existence of a bifurcation point at pull-
in, where the microbeam deflection becomes unstable, and
then Pelesko [9] proved the uniqueness property of the point.
A review including the overview of the pull-in phenomenon
in electrostatically actuated MEMS and NEMS devices and
the physical principals of the pull-in instability provide a
comprehensive understanding of the phenomenon [10]. In
recent decades, differentmodels have been developed to solve
the pull-in problems, such as the nonlinear model of a beam
including the electrostatic force, midplane stretching, and
applied axial load [11, 12]. In the same time, different analyt-
ical numerical methods are improved, such as the shooting
method [11], the differential quadrature method (DQM) [13],

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 208065, 13 pages
http://dx.doi.org/10.1155/2015/208065

http://dx.doi.org/10.1155/2015/208065


2 Mathematical Problems in Engineering

and the combination of step-by-step linearization method
(SSLM) and Galerkin-based reduced order model [6].

Another important problem generated during the
machining process is the fatigue crack [14]. The existence of
the crack was found to induce considerable local flexibility
due to the strain energy concentration in the vicinity of the
crack tip under load. Moreover, the crack will open or close
in time depending on the loading conditions and vibration
amplitude, which will change the dynamic characteristics.
Eventually, the detection of the structural flaw can be
available through measuring such changes. Moreover, a lot
of analytical, numerical, and experimental investigations
are reported now. Whether the crack is an open or a closed
one depends on the combination of the static deflection
of the cracked beam caused by some loading components
such as the residual loads and the structure weights with
the vibration effect. In detail, the crack remains open all
the time, or it opens and closes regularly when the static
deflection is larger than the vibration amplitudes. But if the
static deflection is small, then the crack will open and close
in time depending on the vibration amplitude. In these two
cases, the former system is linear, while the latter one is
nonlinear. So most of the researchers made the assumption
that the crack in a structural element is open and remains
open during vibration in their work, in order to avoid the
complexities that resulted from the nonlinear characteristics
presented by introducing a breathing crack (a crack which
opens and closes during vibration) [15–17].

Many researchers are focused on developing suitable
models to describe the effect of damage on the beam-like
structures, and different approaches for crack modeling have
been reported. The approaches can be generally divided into
three categories [18]: spring models or elastic hinges [19],
local stiffness reduction [20], and finite element models [21].
According to Friswell and Penny in [22], simple models
of crack flexibility based on beam elements are adequate
comparedwith other approaches, and thosemodels belong to
the category relying on the spring models. In particular, the
model of crack as an internal hinge endowedwith a rotational
spring connecting the two adjacent beam segments is of high
accuracy.

Based on that, the crack is modeled as an equivalent
massless rotational spring with a local compliance, and this
method was often used to quantify the relation between the
applied load and the strain concentration around the tip of
the crack in a macroscopic way [23, 24]. With improvement
of the method in recent years, the crack is substituted by
the additional local compliance of a cracked beam with
relation to the strain energy concentration as well as to the
stress intensity factor, and a lot of results both analytical
and experimental are gained under different loading and
geometry for a number of cases. Most researchers assumed
the crack to be open but not close, which guaranteed a
constant stiffness and frequency shift during vibration. Lin
et al. [25] investigated the cracked beamsmodel as a function
of the crack depth as well as the consequently dynamic
behaviors and the stability characteristics. Furthermore,
Rubio and Fernández-Sáez studied the applicability of
different approximate closed-form solutions to evaluate

the natural frequencies for bending vibrations of simply
supported Euler–Bernoulli cracked beams [26]. Motallebi et
al. [6] presented investigation of the effects of the geometry
parameters, such as the crack depth, crack position, and
the crack number, of open crack on the static and dynamic
pull-in voltages of the microbeams under different support
methods. Afshari and Inman presented results that the
proposed crack modeling approach as a massless rotational
spring was beneficial as it provided twice-differentiable
mode shapes for the cracked beam and can be used as trial
functions in the assumed mode approximations [27].

Since resonant sensors are important components in
micromechanical devices, the investigations into the fre-
quency response of a resonant microbeam to an electric
actuation are of big significance [28]. As reported, frequency
of a resonant microbeam is very sensitive to the axial strain
induced by external loads, such as pressure, temperature,
force, and acceleration, and consequently causes a shift in
its natural frequencies. Such shift is generally converted to a
digital signal related to the physical quantity being measured
[29]. Additionally, some reports show that some other factors
such as squeeze-film damping [30] and the elasticity of the
microbeam supports can also originate the frequency shift
[31]. Alsaleem et al. [32] presented results of modeling,
analysis and experimental investigation for nonlinear reso-
nances, and the dynamic pull-in instability in electrostatically
actuated resonators. Caddemi et al. [18] studied the nonlinear
dynamic response of the Euler–Bernoulli beam in presence of
multiple concentrated switching cracks (i.e., cracks that are
either fully open or fully closed). Besides the transverse crack
analyses, the dynamic characteristics of slant crack attract
attention of researchers. But most such study is based on the
vibrations analysis of rotors with slant crack, for example,
[33, 34]. Little investigation of effect of slant crack on the
dynamic response of microbeams is carried out.

In this paper, an improved model of beam with slant
open crack is presented as a massless rotational spring.
It is based on a continuous beam model and the stress
and strain energy analysis of the vicinity of the crack. The
combinatorial method of SSLM and Galerkin-based reduced
order model is used to investigate the static response of
MEMS devices, and the fixed-fixed beam model is applied.
The natural frequencies and corresponding cracked mode
shapes of the microbeam are calculated with the usage of the
transfer matrix method under the boundary and patching
conditions. And then the comparisons of the dynamic
vibration behaviors and the pull-in voltages of beams with
different geometry parameters of slant crack are shown. The
effects of the crack depth, crack slant angle, and crack position
on the dynamic vibration behaviors and the pull-in voltages
are discussed. Finally, an investigation into the dynamic
response of the microbeam is presented by using the multiple
scalesmethod, and the effects of the crack parameters and the
electric actuation are discussed on the vibration nonlinearity.

2. Mathematical Modeling

Figure 1 shows the schematic of an electrostatically actuated
fixed-fixed microbeam with a slant crack on the surface.
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Figure 1: Schematic of a microbeam with a slant crack on the surface. (a) The mathematical modeling of an electrostatically actuated fixed-
fixed microbeam with a slant crack. (b) Top view of stress components analysis of the microbeam loaded with a bending moment 𝑀. (c)
Optical image of an actual beam specimen with a slant crack located at the center of aMEMS fatigue device and anchored to two lateral plates
acting as electrostatic actuators [35].

The specimen is the small suspended fixed-fixed microbeam
with a rectangular cross section located at the center
of a MEMS device, which is fabricated using the gold
electrodeposition technique [35]. The beam specimen is
anchored to two lateral plates acting as electrostatic actuators
(Figure 1(c)). When the plates are actuated, the beam struc-
ture deforms and undergoes a tensile load. The magnified
section reveals the formation of intruded and extruded
sections and the propagated crack. Figure 1(a) depicts the
simplified mathematical modeling of the electrostatically
actuated fixed-fixed microbeam, including a suspended elas-
tic beam with an applied electrostatic force and another
beam fixed at both ends to the ground conductor. The upper
beam is suspended over a dielectric film deposited on top
of the center conductor, which will be pulled down for the
electrostatic force when a voltage is applied between the
upper and lower electrodes. The microbeams are considered
as Euler-Bernoulli beams of length 𝐿, width 𝑏, thickness ℎ,
density 𝜌, Young’s modulus 𝐸, Poisson’s ratio ], and 𝐸 =

𝐸/(1 − 𝜐
2
). On the surface of the beam, an slant crack was

located at point𝑋𝑐, having a depth 𝑎 oriented at an angle of 𝜃
relative to the normal direction of the beam, the depth ratio
of 𝛾 = 𝑎/ℎ. 𝑑 and 𝜀 are initial gap and dielectric constant,
respectively. 𝑥 and 𝑤(𝑥, �̃�) denote the coordinate along the
length of the microbeam with its origin at the left end and
the transverse displacement of the beam, respectively. Now,
the entire beam is divided into two parts with length of
𝑋𝑐 and 𝐿 − 𝑋𝑐, respectively [6], and the global nonlinear
system can be separated into two linear subsystems joined
by an additional local stiffness discontinuity. According to

the theory of fracture mechanics, the additional rotation
coefficient can be derived from the strain energy release rate
𝐽 and the strain energy 𝑈. For plane strain, the expression of
𝐽, 𝑈 and the relation of them are [36, 37]

𝐽 =
1

𝐸
(𝐾
2

𝐼
+ 𝐾
2

𝐼𝐼
+ (1 + 𝜐)𝐾

2

𝐼𝐼𝐼
)

𝑈 = ∬
𝐴

𝐽 𝑑𝐴

Θ =
𝜕𝑈
2

𝜕𝑃2
,

(1)

where 𝐴 is the area of the crack. 𝐾
𝐼
, 𝐾
𝐼𝐼
, 𝐾
𝐼𝐼𝐼

represent
the stress intensity factors (SIFs) corresponding to opening,
sliding, and tearingmode of crack displacement, respectively.
Θ is the additional rotation in the slope due to the existence
of the crack, and 𝑃 is the force loaded on the beam.

The SIFs are derived as follows. To simplify the problem,
the slant-cracked beam is loaded with pure bending moment
𝑀. As shown in Figure 1(b), compared to a transverse crack,
the bending𝑀 leads to more numbers of stress components
responsible for the opening and tearing mode of crack
displacement.The stress components include the shear stress
𝜏 and the normal stress 𝜎, which cause tearing mode and
opening mode of the crack, respectively. According to stress
analysis [38], it can be gotten that

𝜎
0
=
𝑀

𝐼
𝛽; 𝜏

0
= 0; 𝜎

𝑐
= 𝜎
0
cos2𝜃;

𝜏
𝑐
= 𝜎
0
cos 𝜃 sin 𝜃,

(2)
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where 𝛽 is the distance from the centre point of the crack
along the crack edge. 𝜎

0
, 𝜏
0
and 𝜎

𝑐
, 𝜏
𝑐
are the stress com-

ponents in the transverse crack surface and the slant crack
surface, respectively. And 𝐼 = 1/12𝑏ℎ

3 is the inertia moment
of microbeam cross section. To simplify the calculation, we
take the largest stress, which means 𝜎

0
= 6𝑀/𝑏ℎ

2.
Then, SIFs for opening, sliding, and tearing mode can be

expressed as

𝐾
0

𝐼
= 𝜎
0
√𝜋𝛼𝐹

2
, 𝐾

0

𝐼𝐼
= 𝐾
0

𝐼𝐼𝐼
= 0;

𝐾
𝑐

𝐼
= 𝜎
𝑐
√𝜋𝛼𝐹

2
, 𝐾

𝑐

𝐼𝐼
= 0, 𝐾

𝑐

𝐼𝐼𝐼
= 𝜏
𝑐
√𝜋𝛼𝐹

𝐼𝐼𝐼
,

(3)

where 𝐾0
𝐼
, 𝐾0
𝐼𝐼
, and 𝐾

0

𝐼𝐼𝐼
represent SIFs related to the trans-

verse crack, while 𝐾𝑐
𝐼
, 𝐾𝑐
𝐼𝐼
, and 𝐾

𝑐

𝐼𝐼𝐼
are related to the slant

crack, and one has

𝐹
2
(
𝑎

ℎ
)

= √
2ℎ

𝜋𝑎
tan(𝜋𝑎

2ℎ
)(

0.923 + 0.199 [1 − sin (𝜋𝑎/2ℎ)]4

cos (𝜋𝑎/2ℎ)
)

𝐹
𝐼𝐼𝐼
(
𝑎

ℎ
) = √

2ℎ

𝜋𝑎
tan(𝜋𝑎

2ℎ
).

(4)

With the expressions of SIFs derived above, synthesizing (1)
to (3), adopting the correction function given by Anifantis
and Dimarogonas and Taylor’s series expansion [23], the
nondimensional rotation expression is obtained as

Θ = 6𝜋 (1 − 𝜐
2
) (

ℎ

𝐿
) [cos3 (𝜃) 𝑓

1
(𝛾)

+ (1 + 𝜐) cos (𝜃) sin2 (𝜃) 𝑓
2
(𝛾)]

𝑓
1
(𝛾) = 0.6348𝛾

2
− 1.035𝛾

3
+ 3.7201𝛾

4
− 5.1773𝛾

5

+ 7.553𝛾
6
− 7.332𝛾

7
+ 2.4909𝛾

8

𝑓
2
(𝛾) = 0.2026𝛾

2
+ 0.03378𝛾

4
+ 0.009006𝛾

6
+ 0.002734𝛾

8
.

(5)

The microbeam is subject to a viscous damping due
to squeeze-film damping. And this effect is approximated
by an equivalent damping coefficient 𝑐 per unit length
[39, 40]. �̃�

𝑎
and �̃�

𝑟
are the stretching and residual forces,

respectively.Thus, the nondimensional governing equation of
the transverse vibration of the beam can be given by [6]

𝜕
4
𝑤

𝜕𝑥4
+
𝜕
2
𝑤

𝜕𝑡2
+ 𝑐

𝜕𝑤

𝜕𝑡
− (𝑁
𝑎
+ 𝑁
𝑟
)
𝜕
2
𝑤

𝜕𝑥2
= 𝛼 [

𝑉 (𝑡)

(1 − 𝑤)
]

2

.

(6)

The boundary conditions of the fixed-fixed microbeam are as
follows:

𝑤 (0, 𝑡) = 𝑤 (1, 𝑡) =
𝜕𝑤

𝜕𝑥
(0, 𝑡) =

𝜕𝑤

𝜕𝑥
(1, 𝑡) = 0, (7)

where the nondimensional variables and parameters are

𝑤 =
𝑤

𝑑
, 𝑥 =

𝑥

𝐿
, 𝑡 =

�̃�

𝑡∗
,

𝛼 =
6𝜀𝐿
4

𝐸ℎ3𝑑3
, 𝑡

∗
= √

𝜌𝑏ℎ𝐿
4

𝐸𝐼

𝑁
𝑟
=
12�̃�
𝑟
𝐿
2

𝐸ℎ3𝑏
, 𝑐 =

12𝑐𝐿
4

𝐸ℎ3𝑏𝑡∗
,

𝑁
𝑎
= 6(

𝑑

ℎ
)

2

∫

1

0

(
𝜕𝑤

𝜕𝑥
)

2

𝑑𝑥.

(8)

By dropping the time dependence of (6), the governing
equation can be rewritten as

𝜕
4
𝑤

𝜕𝑥4
− (𝑁
𝑎
+ 𝑁
𝑟
)
𝜕
2
𝑤

𝜕𝑥2
= 𝛼 [

𝑉

(1 − 𝑤)
]

2

. (9)

3. Numerical Analysis

In order to study the effect of the slant crack on the local
stiffness discontinuity, each segment divided by the crack
can be considered as a separate beam under undamped free
vibration, with nondimensional equation form as follows:

𝜕
4
𝑤
𝑖

𝜕𝑥4
+
𝜕
2
𝑤
𝑖

𝜕𝑡2
= 0, 𝑖 = 1, 2. (10)

Using the separable solutions, 𝑤
𝑖
(𝑥, 𝑡) = 𝑌

𝑖
(𝑥)𝑒
𝑗𝜔𝑡, in (10)

leads to the associated eigenvalue problem:

𝜕
4
𝑌
𝑖

𝜕𝑥4
− Λ
4
𝑌
𝑖
= 0, 𝑖 = 1, 2 (11)

with patching conditions as [25]

𝑌
1
(𝑙𝑐
−
) = 𝑌
2
(𝑙𝑐
+
) , 𝑌



1
(𝑙𝑐
−
) = 𝑌


2
(𝑙𝑐
+
)

𝑌


1
(𝑙𝑐
−
) = 𝑌


2
(𝑙𝑐
+
) , 𝑌



2
(𝑙𝑐
+
) − 𝑌


1
(𝑙𝑐
−
) = Θ𝑌



2
(𝑙𝑐
+
) ,

(12)

where Λ4 = 𝜔
2 and 𝑙𝑐 = 𝑋𝑐/𝐿, with 𝜔 being the nondimen-

sional nature frequency andΛ being the frequency parameter.
The general solution of the eigenvalue problem in (11)

with boundary conditions in (7) and patching conditions in
(12) is written as

𝑌
1
(𝑥) = 𝐴

1
sin [Λ𝑥] + 𝐵1 cos [Λ𝑥] + 𝐶1 sinh [Λ𝑥]

+ 𝐷
1
cosh [Λ𝑥] , (0 ≤ 𝑥 ≤ 𝑙𝑐)

𝑌
2
(𝑥) = 𝐴

2
sin [Λ (𝑥 − 𝑙𝑐)] + 𝐵2 cos [Λ (𝑥 − 𝑙𝑐)]

+ 𝐶
2
sinh [Λ (𝑥 − 𝑙𝑐)] + 𝐷2 cosh [Λ (𝑥 − 𝑙𝑐)] ,

(𝑙𝑐 ≤ 𝑥 ≤ 1) ,

(13)

where 𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, 𝐷
𝑖
(𝑖 = 1, 2) are constants associated with

the 𝑖th segment. And along with the process, the square of
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the series value of Λ obtained corresponds to the nondimen-
sional natural frequencies of associated modes.

Because of the nonlinearity of the static equation, the
numerical solution is complicated and time consuming, and
the direct application of the Galerkin method or finite differ-
ence method creates a set of nonlinear algebraic equations.
In this paper, a method of two steps is used. In the first step,
the SSLM is used [8, 41], and in the second step, the Galerkin
method for solving the linear equation obtained is applied.
Using the SSLM, it is assumed that 𝑤𝑘 is the displacement of
beam due to the applied voltage 𝑉𝑘. Therefore, by increasing
the applied voltage to a new value, the displacement can be
written as [6]

𝑤
𝑘+1

𝑠
= 𝑤
𝑘

𝑠
+ 𝛿𝑤 = 𝑤

𝑘

𝑠
+ 𝜓 (𝑥) (14)

when

𝑉
𝑘+1

= 𝑉
𝑘
+ 𝛿𝑉. (15)

So, the equation of the static deflection of the fixed-fixed
microbeam (equation (9)) can be rewritten in the step of 𝑘+1
as follows:

𝜕
4
𝑤
𝑘+1

𝑠

𝜕𝑥4
− (𝑁
𝑘+1

𝑎
+ 𝑁
𝑟
)
𝜕
2
𝑤
𝑘+1

𝑠

𝜕𝑥2
= 𝛼[

𝑉

(1 − 𝑤𝑘+1
𝑠

)
]

2

. (16)

By considering the small value of 𝛿𝑉, it is expected that
𝜓 would be small enough. Thus by using the calculus of
variation theory and Taylor’s series expansion about 𝑤𝑘 in
(16) and applying the truncation to its first order for suitable
value of 𝛿𝑉, it is possible to obtain the desired accuracy. The
linearized equation for calculating 𝜓 can be expressed as

𝑑
4
𝜓

𝑑𝑥4
− (𝑁
𝑘

𝑎
+ 𝛿𝑁
𝑎
+ 𝑁
𝑟
)
𝑑
2
𝜓

𝑑𝑥2
− 𝛿𝑁
𝑎

𝑑
2
𝑤

𝑑2𝑥

(𝑤𝑘 ,𝑉𝑘)

− 2

𝛼 (𝑉
𝑘
)
2

(1 − 𝑤𝑘
𝑠
)
3
𝜓 − 2

𝛼𝑉
𝑘
𝛿𝑉

(1 − 𝑤𝑘
𝑠
)
2
= 0,

(17)

where the variation of the hardening term based on the
calculus of variation theory can be expressed as 𝛿𝑁

𝑎
=

∫
1

0
𝜓(𝑥)𝑑

2
𝑤/𝑑
2
𝑥|
(𝑤
𝑘
,𝑉
𝑘
)
𝑑𝑥. Similarly, because of the small

value of 𝛿𝑉 and 𝜓, the value of multiplying 𝛿𝑁
𝑎
by 𝑑2𝜓/𝑑𝑥2

would be small enough that can be neglected.
The linear differential equation obtained is solved by the

Galerkin method, and 𝜓(𝑥) based on function spaces can be
expressed as

𝜓 (𝑥) =

𝑛

∑

𝑗=1

𝑎
𝑗
𝑌
𝑗
(𝑥) , (18)

where 𝑌
𝑗
(𝑥) is selected as the 𝑗th undamped linear mode

shape of the cracked microbeam. 𝜓(𝑥) is approximated by
truncating the summation series to a finite number 𝑛 in this
work.

Substituting (18) into (17) and multiplying by 𝑌
𝑖
(𝑥) as a

weight function in the Galerkin method and then integrating

the outcome from 𝑥 = 0 to 1, a set of linear algebraic equa-
tions can be obtained as follows:

𝑛

∑

𝑗=1

𝐾
𝑖𝑗
𝑎
𝑗
= 𝐹
𝑖

(𝑖 = 1, 2, . . . , 𝑛) , (19)

where
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∫
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0

𝑌
𝑖
𝑌
𝑗
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3
𝑑𝑥

𝐹
𝑖
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𝑘
) ∫
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0

𝑌
𝑖
(𝑥)

(1 − 𝜔𝑘)
2
𝑑𝑥.

(20)

Considering the resonant microbeam (see Figure 1) actu-
ated by an electric load that is composed of a DC component
(polarization voltage) 𝑉

𝑝
and an AC component Vac, the

voltage signal can be given by

𝑉 (𝑡) = 𝑉
𝑝
+ Vac cos (𝜔𝑒𝑡) , (21)

where 𝜔
𝑒
is the excitation frequency and 𝑉

𝑝
≫ Vac.

In order to investigate the dynamic behavior of the
microbeams more simply, the linearization of the right part
of the governing equation (6) can be written as

[
𝑉(𝑡)

(1 − 𝑤)
]

2

= [𝑉
2

𝑝
+ 2𝑉
𝑝
Vac cos (𝜔𝑒𝑡) + V2accos

2
(𝜔
𝑒
𝑡)]

⋅ (1 + 2𝑤 + 3𝑤
2
⋅ ⋅ ⋅ )

= 𝑉
2

𝑝
(1 + 2𝑤 + 3𝑤

2
) + 2𝑉

𝑝
Vac cos (𝜔𝑒𝑡) ,

(22)

where the term involving V2ac is dropped because typically
Vac ≪ 𝑉

𝑝
in resonant sensors. Using the Rayleigh-Ritz

method, assuming the bending deflection of the beam to be
of the form 𝑤(𝑥, 𝑡) = 𝑌(𝑥) ∗ 𝑢(𝑡) as analyzed previously, and
substituting (22) into (6), we can get the governing equation
as a single degree-of-freedom Duffing equation as follows:

̈𝑢+ 𝜔
2

0
𝑢 − ℏ𝑢

3
= 𝜆 ̇𝑢 + ℓ𝑢

2
+ 𝜒 cos (𝜔

𝑒
𝑡) + 𝜅, (23)

where 𝑢(𝑡), ̇𝑢(𝑡), ̈𝑢(𝑡) are the displacement, speed, and
acceleration of the center layer of the beam. And one has

𝜔
2

0
= 𝑎
1
− 𝑁
𝑟
𝑎
2
− 2𝛼𝑉

2

𝑝
, ℏ =

6𝑑
2
𝑎
3

ℎ2

𝜆 = −𝑐, ℓ = 3𝛼𝑏
3
𝑉
2

𝑝
, 𝜒 = 2𝛼𝑏

1
Vac𝑉
2

𝑝
,

𝜅 = 𝛼𝑏
1
𝑉
2

𝑝
,

(24)
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where

𝑎
1
= ∫

1

0

𝑌
(4)
(𝑥) 𝑌 (𝑥) 𝑑𝑥, 𝑎

2
= ∫

1

0

𝑌
(2)
(𝑥) 𝑌 (𝑥) 𝑑𝑥

𝑎
3
= 𝑎
2
∫

1

0

[𝑌

(𝑥)]
2

𝑑𝑥, 𝑏
𝑖
= ∫

1

0

𝑌
𝑖
(𝑥) 𝑑𝑥,

(𝑖 = 1, 2, 3) , 𝑏
2
= 1.

(25)

To calculate the nonlinear response of the electrostatically
actuated microbeam given by (23), the multiple scale per-
turbation theory is employed. The response to the primary
resonance excitation of its first mode is analyzed because
it is the case that is used in resonator applications. Still,
the analysis is general and can be used to study nonlinear
responses of the beam to a primary resonance of any of its
modes. The excitation frequency 𝜔

𝑒
is usually tuned close to

the fundamental nature frequency of mechanical vibrations,
namely, 𝜔

𝑒
= 𝜔
0
+ 𝜂𝜎, where 𝜂 is a dimensionless small

parameter and 𝜎 is a small detuning parameter. By redefining
the parameters as ℏ = 𝜂ℏ, 𝜆 = 𝜂𝜆, ℓ = 𝜂ℓ, 𝜒 = 𝜂𝜒, and 𝜅 = 𝜂𝜅,
(23) can be written as

̈𝑢+ 𝜔
2

0
𝑢 = 𝜂 [ℏ𝑢

3
+ 𝜆 ̇𝑢 + ℓ𝑢

2
+ 𝜒 cos (𝜔

0
+ 𝜀𝜎) 𝑡 + 𝜅] . (26)

To solve (26), two time scales, 𝑇
0
= 𝑡 and 𝑇

1
= 𝜂𝑡, are

introduced, and the first-order uniform solution is given in
the form

𝑢 (𝑡, 𝜂) = 𝑢
0
(𝑇
0
, 𝑇
1
) + 𝜂𝑢

1
(𝑇
0
, 𝑇
1
) . (27)

Substituting (27) into (26) and equating coefficients of
like powers of 𝜀, the linear partial differential equations of
order 𝜂0 and order 𝜂1 are obtained as

𝐷
2

0
𝑢
0
+ 𝜔
2

0
𝑢
0
= 0

𝐷
2

0
𝑢
1
+ 𝜔
2

0
𝑢
1
= −2𝐷

0
𝐷
1
𝑢
0
+ ℏ𝑢
3

0
+ 𝜆𝐷
0
𝑢
0
+ ℓ𝑢
2

0

+ 𝜒 cos (𝜔
0
+ 𝜂𝜎) 𝑇

0
+ 𝜅,

(28)

where 𝐷
0
= 𝜕/𝜕𝑇

0
and 𝐷

1
= 𝜕/𝜕𝑇

1
. The general solution of

the first equation of (28) can be written as

𝑢
0
(𝑇
0
, 𝑇
1
) = 𝑎 (𝑇

0
) cos [𝜔

0
𝑇
0
+ 𝛿 (𝑇

1
)] = 𝐴 (𝑇

1
) 𝑒
𝑗𝜔0𝑇0 + cc,

(29)

where 𝐴(𝑇
1
) = 𝑎(𝑇

0
)𝑒
𝑗𝛿(𝑇1)/2 and cc denotes a com-

plex conjugate. Equation (29) is then substituted into the
second equation of (28), and the trigonometric functions
are expanded. The elimination of the secular terms yields
two first-order nonlinear ordinary differential equations that
allow for a stability analysis. Furthermore, the modulation of
the response with the amplitude 𝑎 and phase 𝛿 is given by

𝐷
1
𝑎 =

𝜆𝑎

2
+

𝜒

2𝜔
0

sin𝜑

𝑎𝐷
1
𝛿 = −(

3ℏ𝑎
3

8𝜔
0

+
𝜒

2𝜔
0

cos𝜑) ,
(30)

where 𝜑 = 𝜎𝑇
1
− 𝛿. The steady-state motion occurs when

𝐷
1
𝑎 = 𝐷

1
𝜑 = 0, which corresponds to singular points of

(30). Then the steady-state frequency response is obtained as

[(𝜔
𝑒
− 𝜔
0
+
3ℏ𝐴
2

0

8𝜔
0

)

2

+ (
𝜆

2
)

2

]𝐴
2

0
= (

𝜒

2𝜔
0

)

2

, (31)

where 𝐴
0
is the resonance amplitude when it is steady-state.

While one has 𝐴
0
≤ 𝜒/(𝜆𝜔

0
), a function of the independent

incentive frequency is found to be

𝜔
𝑒
= 𝜔
0
−

3ℏ

8𝜔
0

𝐴
2

0
± √

𝜒
2

4𝜔
2

0
𝐴
2

0

−
1

4
𝜆2. (32)

Defining nondimensional resonance frequency, Ω = 𝜔
𝑒
/𝜔
0
,

(32) can be expressed as

Ω = 1 −
3ℏ

8𝜔
2

0

𝐴
2

0
± √

𝜒
2

4𝜔
4

0
𝐴
2

0

−
𝜆
2

4𝜔
2

0

. (33)

As indicated in (33), the nondimensional design param-
eters affect the resonance frequency through changing the
effective nonlinearity of the undamped linear mode shape.

The maximum resonance amplitude is reached when the
magnitude under the square root is zero [42]. Hence,

𝐴max =
𝜒

𝜆𝜔
0

(34)

and the corresponding frequency is

Ω = 1 −
3ℏ

8𝜔
2

0

𝐴
2

max. (35)

The curve determined by (35) is defined as the skeleton
line, which manifests the relation between the peak ampli-
tude and the resonance frequency, dominating the shape of
the amplitude-frequency response (AFR). The AFR curves
indicate the nonlinear characteristics of the microbeam.
According to (33) and (35), the AFR curves and the skeleton
lines not only are affected by parameters of the beam structure
and the slant crack, but also are related to the external
incentives, namely, the DC and AC voltages.

4. Results and Discussion

4.1. Frequency andMode Shapes. The geometric andmaterial
properties of the microbeam are as follows: 𝐿 = 250 𝜇m,
𝑏 = 50 𝜇m, 𝜀 = 8.85PF/m, ℎ = 3 𝜇m, 𝑑 = 1 𝜇m, 𝐸 =

1.69GPa, 𝜌 = 2331 kg/m3, and ] = 0.06 [6]. Figure 2 shows
the effects of the crack depth ratio for selected crack positions
(𝑙𝑐 = 0.05, 0.25, 0.5) and slant angles (𝜃 = 0

∘
, 20
∘) on the

value of the first four (𝑛 = 1–4) nature frequencies along the
depth ratio. It can be found that increasing the depth ratiowill
gradually decrease the natural frequencies, with the tendency
serving as the confirmation of the EBB theory according to
Hasheminejad et al. [43]. Some important observations are
found. Increasing the crack depth ratio does not have any
impact on the cases of 𝑛 = 2 (𝑙𝑐 = 0.5) and 𝑛 = 4 (𝑙𝑐 = 0.5),
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Figure 2:The first four nondimensional natural frequencies of themicrobeam along with the depth ratio of the crack for three crack positions
and two slant angles.

Table 1: Values of the first four frequency parameters for a fixed-fixed beamwith different crack positions and crack slant angles. Crack depth
ratio 𝛾 = 0.5.

Λ
𝑙𝑐 = 0.05 𝑙𝑐 = 0.5

𝜃 = 0∘ 𝜃 = 15∘ 𝜃 = 30∘ 𝜃 = 45∘ 𝜃 = 0∘ 𝜃 = 45∘ 𝜃 = 30∘ 𝜃 = 45∘

𝑛 = 1 4.6392 4.6452 4.6616 4.6836 4.6673 4.6719 4.6840 4.6995
𝑛 = 2 7.7647 7.7702 7.7855 7.8065 7.8532 7.8532 7.8532 7.8532
𝑛 = 3 10.929 10.933 10.944 10.960 10.806 10.819 10.854 10.901
𝑛 = 4 14.100 14.102 14.108 14.117 14.137 14.137 14.137 14.137

which exhibits the same trend with results presented by
Hasheminejad et al. [43]. This can be explained by the fact
that none of the crack positions (𝑙𝑐 = 0.5) lie on the vibration
nodes for the beam vibrating in first and third modes (𝑛 = 1,
3), while in the case of the second and fourth modes (𝑛 = 2,
4), the crack position (𝑙𝑐 = 0.5) is exactly set on the vibration
nodes.

Take the slant angle of the crack into account, the
increment in angle leads to a gradual increase of the four

nature frequencies, except the special cases mentioned above.
Besides, the effect of the crack position on frequency differs
in different modes.

More detailed changes of the first four frequency param-
eters for the fixed-fixed microbeam with different crack slant
angles 𝜃 for a crack located at positions 𝑙𝑐 = 0.05 and 0.5 are
given in Table 1, and the crack depth ratio 𝛾 = 0.5.

The first-mode shapes of the cracked microbeam of
different geometry characteristics are displayed in Figure 3.
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Figure 3: The effects of the depth ratio (a, b) and the slant angle (c, d) of the slant crack on the first-mode shapes of the beam at different
positions. (a) and (c) 𝑙𝑐 = 0.5; (b) and (d) 𝑙𝑐 = 0.05.

The abscissa is the nondimensional distance of the crack
from the left end of the microbeam, and the ordinate is the
vibration amplitude of first-mode shape. It manifests that
the effects of the slant angle and depth ratio on the first-
mode shapes depend on the crack position. For example,
the growth in the depth ratio will increase the maximum
vibration amplitude along the beam length when the crack is
near the center point of the beam (𝑙𝑐 = 0.5, see Figure 3(a)),
but it will lead the inverse trend when the crack is located
at the end part (𝑙𝑐 = 0.05, see Figure 3(b)). Similarly, when
it comes to the slant angle (see Figures 3(c) and 3(d)), the
angle increment causes decrease in the maximum vibration
amplitude when the crack is located near the center part of
the beam, but it increases when it is near the end. The effect
differences in vibration amplitude are in good agreementwith
the ones in the nature frequency. Additionally, the maximum
vibration amplitude is larger when the crack position gets
near the center part.

4.2. Pull-In Voltage Analysis. In the pull-in voltage analy-
sis, voltages will differ when different voltage increment is
applied, but the difference is small enough to be neglected.
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Figure 4:The displacement of center point of the beamwith the DC
voltage for case of position 0.5, slant angle 45∘, and a static voltage
increment of 0.02V, for three depth ratios (0.1, 0.5, and 0.6).

Just as seen in Figure 4, the abscissa is the value of the applied
DC voltage, and the ordinate is the transverse deflection of
the middle point of the beams. Figure 4 illustrates how the
microbeam resonator loses stability. Before the DC voltage
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Figure 5: Variation of the pull-in voltage of the fixed-fixed
microbeamwith the crack depth ratio (for three crack positions and
three slant angles).

increases to a certain value, it exhibits a steady increase trend
in the deflection of center point of the beam. Once the DC
voltage reaches a critical point, it enters the pull-in instability
zone, where the deflection begins oscillating violently with
the increasing of the DC voltage. This critical point indicates
the pull-in voltage, and the corresponding displacement is the
pull-in displacement.

By using the modified model proposed, the effects of the
slant crack parameters on static pull-in voltage of the fixed-
fixedmicrobeam are investigated.The variation of the pull-in
voltages of the cracked beam of different crack depth ratio
(for three crack positions and three slant angles) is shown in
Figure 5. It is shown that the crack position has a strong effect
on the pull-in voltage.When the crack is near to themiddle of
the microbeam, especially for the higher crack depth ratios,
the pull-in voltage is greatly reduced. And the position of
𝑙𝑐 = 0.25 and 0.75 is more ineffective on the pull-in voltage
than other positions. In addition, the effect of the slant angle
on the pull-in voltage is appreciable. The pull-in voltage is
increased slightly along with the increase of the angle. In
addition, the detailed effect of the crack position on pull-in
voltage of the beam is investigated and shown in Figure 6. As
shown, interestingly, there are several extreme points located
in 𝑙𝑐 = 0.25, 0.5, 0.75 and two endpoints. As shown in the
figure when the crack is located at 𝑙𝑐 = 0.25 and 0.75, it has
the lowest effect on the pull-in voltage and when 𝑙𝑐 = 0.5,
the effect is greater, but endpoints are still lower. As shown,
the rate of the variation is smaller in larger crack slant angle.
The results gained above show that the crack position has
more significant effect on the pull-in voltage of the beam than
the crack depth ratio or the slant angel. And the slant angel
exhibits a contrary effect on the pull-in voltage compared
with the crack depth ratio.

4.3. Dynamic Response Analysis. The dynamic response of
themicrobeamdescribed by (31) has been taken into account.
The set of parameters applied in all the numerical simulations
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Figure 6: Comparison of the pull-in voltage of the slant-cracked
microbeam with the crack position (for four slant angles).

Table 2: Parameters values for the solution and results values.

Figure Varying parameters Resonant
frequency Max-amplitude

Figure 7
𝑙𝑐 = 0.05 21.63 0.4317
𝑙𝑐 = 0.25 22.34 0.4150
𝑙𝑐 = 0.5 22.06 0.4193

Figure 8(a)
𝛾 = 0.1 𝑙𝑐 = 0.5 22.34 0.4141
𝛾 = 0.5 𝑙𝑐 = 0.5 22.04 0.4188
𝛾 = 0.7 𝑙𝑐 = 0.5 21.43 0.4289

Figure 8(b)
𝛾 = 0.1 𝑙𝑐 = 0.05 22.33 0.4143
𝛾 = 0.5 𝑙𝑐 = 0.05 21.88 0.4235
𝛾 = 0.7 𝑙𝑐 = 0.05 21.09 0.4407

Figure 9(a) 𝜃 = 0∘ 𝑙𝑐 = 0.5 18.29 0.4399
𝜃 = 23∘ 𝑙𝑐 = 0.5 18.53 0.4377

Figure 9(a) 𝜃 = 45∘ 𝑙𝑐 = 0.5 20.88 0.4453
𝜃 = 70∘ 𝑙𝑐 = 0.5 21.56 0.4305

Figure 9(b)

𝜃 = 0∘ 𝑙𝑐 = 0.05 20.41 0.4561
𝜃 = 23∘ 𝑙𝑐 = 0.05 20.53 0.4532
𝜃 = 45∘ 𝑙𝑐 = 0.05 20.88 0.4453
𝜃 = 70∘ 𝑙𝑐 = 0.05 21.56 0.4305

Figure 10(a)
𝑉
𝑝
= 1.0V 22.06 0.07172

𝑉
𝑝
= 6.0V 22.04 0.2513

𝑉
𝑝
= 6.0V 21.99 0.4317

Figure 10(a)
Vac = 0.01V 22.04 0.04188
Vac = 0.5V 22.04 0.2094
Vac = 0.1V 22.04 0.4188

are 𝜃 = 45
∘, 𝑙𝑐 = 0.5, 𝛾 = 0.5, 𝑉

𝑝
= 3.5V, and Vac = 0.1V. The

resonance frequency and resonance amplitude are acquired
by varying one of the parameters, as listed in Table 2.

As plotted in Figures 7–10, the dynamic response curves
of the first mode are acquired. The abscissa is the nondimen-
sional resonance frequency, and the ordinate is the resonance
amplitude. But the abscissa of the subgraphs in the graphs
is the excitation frequency. As plotted, when the resonance
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Figure 8: The effects of the slant angle of the crack on the dynamic response of microbeams. (a) 𝑙𝑐 = 0.5; (b) 𝑙𝑐 = 0.05.
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Figure 9: The effects of the crack depth ratio of the crack on the dynamic response of microbeams. (a) 𝑙𝑐 = 0.5; (b) 𝑙𝑐 = 0.05.
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Figure 10: The effects of the external incentives on the dynamic response of microbeams. (a) DC voltage; (b) AC voltage.

frequency grows sufficiently large, the two branches of all the
curves merge and produce a standard resonance peak with a
hardening characteristic. A larger degree of curvature means
the stronger hardening behavior, which points out that the
nonlinearity strengthens.

Figure 7 illustrates the influence of the crack position on
the frequency response of the microbeam. When the crack
is located at the middle point of the beam, the nonlinear
behavior of the system is not evident. As the crack approaches
the fixed end, the influence of the nonlinearities becomes
more obvious showing a typical hardening characteristic. At
most frequencies, it is noted that the fact that the crack
approaches the fixed end results in a decrease in the steady-
state amplitude. For case of 𝑙𝑐 = 0.01, the value of the
nondimensional resonance frequency where the maximum
amplitude occurs is bigger than the other two cases.

The influence of the slant angles of crack 𝜃 on the
dynamic response differs at different crack locations as shown
in Figure 8. When the crack is located at the center part
of the microbeam (𝑙𝑐 = 0.5, Figure 8(a)), the microbeam
with a slant crack of a bigger angle displays a stronger
nonlinearity but a less resonance amplitude at most fre-
quencies. Increasing the slant angle decreases the maximum
resonance amplitude and slightly increases the corresponding
frequency. But if the crack is located at the fixed end of the
microbeam (𝑙𝑐 = 0.05, Figure 8(b)), the result becomes that
the microbeam with a slant crack of a smaller angle depicts
the stronger nonlinearity and the less resonance amplitude.
Meanwhile, increasing the slant angle of the crack has no
significant influence on the maximum resonance amplitude
but decreases the corresponding frequency.

When it comes to the influence of the crack depth ratio
𝛾 on the dynamic response, the characteristics displayed
in Figure 9 are similar to what is seen in Figure 8. It is
noted that a deeper crack affects the dynamic response of
the microbeam in the same way with how a slant crack
with a smaller slant angle does. Increasing the depth ratio
of the crack located at the center part of the microbeam
(𝑙𝑐 = 0.5, Figure 9(a)) weakens the nonlinear behavior of

themicrobeam and enlarges the resonance amplitude at most
frequencies, as well as the maximum resonance amplitude,
but it has no significant influence on the corresponding
resonance frequency, contrary to the effects of the crack depth
ratio on the response characteristics located at the fixed end
(𝑙𝑐 = 0.05, Figure 9(b)).

Figure 10 illustrates the influence of the external incen-
tives on the dynamic response of microbeams including the
DC voltage (Figure 10(a)) and the AC voltage (Figure 10(b)).
As plotted in the two figures, it can be directly seen that
increased external incentives result in an obvious increase in
the steady-state amplitude at most frequencies as expected.
As the value of the external incentives is decreased, the
hardening behavior weakens. A resonance response will not
be seen if the incentive values are significantly reduced. This
result is in agreement with that found by Younis and Nayfeh
[44].

5. Conclusion

In this work, the model of slant open crack is established,
and it is applied into the continuous vibration equation of
electrostatically actuated fixed-fixed microbeams. Analytic
results of the natural frequency, the corresponding mode
shapes, and the numerical results of the pull-in voltages are
presented. By comparing the calculated results in different
cases, the effects of the crack depth ratio, crack position,
and the slant angle on the dynamic behaviors and the pull-
in voltages are investigated. It is shown that except for some
special cases the first four nature frequencies decrease with
the increase of the crack depth ratio, but the opposite change
is displayed when the slant angle of the crack increases.
In addition, the effect of the crack position on frequency
differs in different modes. Furthermore, the influences of the
crack position, slant angle, and the depth ratio on the pull-
in voltages are similar to those on frequencies, respectively.
The pull-in voltage decreases the most when the crack is
located at the middle point of the beams and the least
when the crack is located at the quarter point. Finally,
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the dynamic response of the beam is investigated by employ-
ing the multiple scale perturbation theory. It is found that
the response demonstrates a hardening characteristic, which
is affected by the geometry parameters of the slant crack
and the electric incentives. The nonlinearity of the resonance
response gets enlarged when the crack position approaches
the fixed end of the microbeam or the DC voltage and AC
voltage value amplifies. The effects of the crack depth ratio
and the slant angle on the dynamic response vary in different
positions.
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