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This is the second special issue [1] devoted to evolu-
tionary algorithms (EAs) applied to antennas and prop-
agation problems.

A multitude of evolutionary algorithms (EAs) have been
developed over the last years that imitate the evolution of
biological entities. EAs are applied for the numerical solution
of optimization problems with single and multiple objectives.
Of particular interest here is EAs that have been adapted to
solve problems related to design of antennas and propagation
of electromagnetic waves in challenging environments. These
techniques, among others, include genetic algorithms (GAs),
evolution strategies (ES), particle swarm optimization (PSO),
differential evolution (DE), and ant colony optimization
(ACO). EAs combined in various instances with numerical
methods in electromagnetics have increased their impact on
antenna design and propagation problems. Moreover, hybrid
combinations of EAs with other algorithms inspired by
physics or chemistry are also emerging.

The papers of the special issue demonstrate a continuous
interest for application of new EAs to an ever increasing
range of problems in the antennas and propagation areas.

The special issue consists of five research papers, two for
propagation and three for antenna problems. The algorithms
used by the authors are genetic algorithms (two papers),
swarm optimization (one paper), invasive weed optimization

(one paper), and a hybrid technique (one paper). Below, a
short description of the papers is given.

R. Wang et al. present a hybrid method suitable for the
predictions of radio wave propagation in small areas found
in urban environments in the paper “Combination of the
Improved Diffraction Nonlocal Boundary Condition and
Three-Dimensional Wide-Angle Parabolic Equation Decom-
position Model for Predicting Radio Wave Propagation”.
The method enhances the finite-difference parabolic equa-
tion by introducing the recursive convolution with vector
fitting to improve the computation speed. The new method,
termed WA-3DPE, is also verified by measurement results.

L. A. R. Ramirez and J. C. A. dos Santos in the paper
“Design, Simulation, and Optimization of an Irregularly
Shaped Microstrip Patch Antenna for Air-to-Ground Com-
munications” combine the finite difference time-domain
method (FDTD) in conjunction with a genetic algorithm
(GA). The hybrid technique is used to design an efficient
patch antenna at 14.25GHz with 35 dB return loss with a
10 dB bandwidth of 3.7GHz.

The application of a generic algorithm (GA) to lightings
is given by V. Javor et al. In the paper “Application of Genetic
Algorithm to Estimation of Function Parameters in Light-
ning Currents Approximations,” the genetic algorithm is
applied for the estimation of the parameters of two-peaked
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analytically extended function (2P-AEF) which are used for
approximation of measured and typical lightning discharge
currents. Good agreement with experimentally measured
waveshapes is achieved.

S. Lee et al. present a method that is based on a genetical
swarm optimization (GSO) which is combined with an
orthogonal array (OA). Their paper “Hybrid Robust Opti-
mization for the Design of a Smartphone Metal Frame
Antenna” presents an inverted-F antenna design imple-
mented in a metal frame. The antenna design is robust
to the tolerances resulting from the fabrication process
by over 60%, compared to that of a conventional antenna.

G. Sun et al. apply the invasive weed optimization
(IWO) algorithm in the classic problem of maximum side-
lobe level (SLL). The paper “An Antenna Array Sidelobe
Level Reduction Approach through Invasive Weed Opti-
mization” addresses both the linear antenna array and
the circular antenna arrays. The IWO algorithm for this
problem is compared favourably with other EAs such as
the cuckoo search, firefly algorithm, and biogeography-
based optimization.
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Hybrid robust optimization that combines a genetical swarm optimization (GSO) scheme with an orthogonal array (OA) is
proposed to design an antenna robust to the tolerances arising during the fabrication process of the antenna in this paper. An
inverted-F antenna with a metal frame serves as an example to explain the procedure of the proposed method. GSO is adapted
to determine the design variables of the antenna, which operates on the GSM850 band (824–894MHz). The robustness of the
antenna is evaluated through a noise test using the OA. The robustness of the optimized antenna is improved by approximately
61.3% relative to that of a conventional antenna. Conventional and optimized antennas are fabricated and measured to validate
the experimental results.

1. Introduction

Recently, as the interest in smartphones has increased in the
mobile communication market, metal frames are becoming
widely used to provide the consumer with a stylish and luxu-
rious exterior for their devices. However, when the metal
frame is near the antenna in a smartphone, it causes unde-
sired coupling effects which degrade the antenna perfor-
mance [1]. The performance can also be deteriorated due to
the tolerances arising during the manufacturing process of
an antenna. Therefore, noise factors such as tolerance levels
should be considered in the design of an antenna. Taguchi’s
method (TM) is a well-known technique which can be used
to find a robustly optimized condition against such noise fac-
tors [2]. Moreover, a method which is realized on the basis of
an orthogonal array (OA) can dramatically reduce the time
required to design the antenna [3]. However, it is very diffi-
cult to find a global optimum using only TM because an
OA consists of a limited number and limited level sizes of
design variables [4]. In order to resolve the drawbacks of
TM, hybrid methods have been introduced [5–7]. In one
study [5], a hybrid method which combined TMwith an evo-
lution strategy (ES) was proposed. The ES is used to

determine the geometry of the antenna, which operates at
around 920MHz. Subsequently, based on the result acquired
from the ES, a robust antenna configuration is obtained by
TM. TM with a genetic algorithm (GA) or particle swarm
optimization (PSO) was also investigated in schemes where
robust genes or particles were selected and utilized [6, 7].

In the present paper, a hybrid robust optimization
(HRO) which combines genetical swarm optimization
(GSO) with an OA is proposed. The standard TM is ineffi-
cient when used with an extensive search boundary because
it considers only limited cases. To overcome this drawback,
the GSO algorithm is used instead of OA to obtain a new
combination of design parameters in the proposed method.
GSO as used here is developed based on PSO, and randomly
chosen parts of the population evolve with a GA during each
iteration. Accordingly, GSO is less likely to fall to the local
optimum and its convergence speed is also faster than those
of the GA and PSO methods [8]. Besides, the total number
of experiments is reduced because an OA is used for noise
testing. An inverted-F antenna (IFA) with a metal frame
[9–11] is employed as an example to explain the procedure
of the proposed method. The geometry of the IFA is illus-
trated in Section 2. The procedure of the HRO is described

Hindawi
International Journal of Antennas and Propagation
Volume 2018, Article ID 6325806, 8 pages
https://doi.org/10.1155/2018/6325806

http://orcid.org/0000-0002-8074-1137
https://doi.org/10.1155/2018/6325806


in detail in Section 3. The robust optimization result is
depicted in Section 4. The experimental results are demon-
strated in Section 5.

2. Geometry

In general, the main antenna in a smartphone is positioned at
the bottom, as shown in Figure 1(a). Figure 1(b) shows the
detailed configuration of the main antenna in this case, which
operates as an IFA. The antenna is aligned with the protrud-
ing L-shaped and inverted L-shaped metal frame. A rectan-
gular hole in the antenna exists for the universal serial bus
connector. g1 and g2 denote the left and right gaps between
the antenna and the metal frame, respectively. The length
of the antenna is defined as l1, and that of the tail of the
antenna is denoted by l2. w1 and w2 are widths of the short
and feed posts, respectively. The distances from the edge of
the protruding L-shaped metal frame to the left edge of the
short post and to that of the feed post are correspondingly
represented by d1 and d2. h1 is the height of the antenna.
The dimensions of the conventional main antenna are as

follows: g1 = 1 7mm, g2 = 1 7mm, l1 = 48.2mm, l2 = 2mm,
w1 = 2mm, w2 = 2mm, d1 = 4.4mm, d2 = 13.8mm, and
h1 = 6.9mm.

3. Hybrid Robust Optimization

Figure 2 shows a flow chart of the proposed HRO. This
method is conducted on the basis of GSO, and the robustness
of the antenna is evaluated through the OA matrix. The
detailed procedure for the HRO is given below:

(1) Randomly initialize the design variables within the
range given in Table 1.

y
z

x

USB hole

Main antenna

Metal frame

(a)

Metal

Resin

Top view

Front view

w2w1

g1 g2l1

l2

h1

d1
d2

Short post Feed post

(b)

Figure 1: The geometry of a smartphone body and main antenna: (a) 3D view of the smartphone body and (b) expanded view of the
main antenna.

Table 1: Optimization range of design variables.

Design variable (mm)
g1 g2 l1 l2 w1 w2 d1 d2 h1

Max 0.2 0.2 47.2 0 1.5 1.5 3.7 11.5 6.9

Min 3.5 3.5 49.2 10 3.5 3.5 5.7 13.5 7.9

Start

Randomly initialize
the design variables

Simulate the initial antenna by HFSS

Is the cost value 0? YesNo

End

Hybrid Robust
Optimization

Define the noise factors

Create the OA matrix
against noise factors

Are termation
criteria met?

Yes

No

Noise test

Evaluate the cost function of initial antenna

Update the design variables
according to updating rule of GSO

Simulate the updated antenna by HFSS

Evaluate the cost function of updated antenna

Evaluate the robustness

Simulate experiments
in OA matrix by HFSS

Figure 2: Flow chart of the proposed hybrid robust optimization scheme.
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(2) Simulate the initial antenna using ANSYS high-
frequency structure simulation (HFSS) software,
and evaluate the cost function of the antenna. The
cost function is defined such that the −6 dB reflection
bandwidth of the antenna covers the GSM850 (824–
894MHz) band,

cost = 〠
n

i=1
F i , 1

where

F i =
1, if S11 f i > −6 dB,
0, otherwise,

2

where f i is ith sampling frequency within the
GSM850 band, S11 f i is reflection coefficient at each
sampling frequency, and n is the number of sampling
frequencies. In this paper, n is set to 71.

(3) Update the design variables according to the updat-
ing rule of GSO. Figure 3 shows a flowchart of the
updating rule of GSO. In this paper, GSO with a
hybridization coefficient of 0.2 is realized. Specifi-
cally, 20% of the design variables are optimized by
the GA while the others are optimized by the
PSO. The optimization performance is usually
dependent on the level of the hybridization coeffi-
cient. It was found that a hybridization coefficient

of 0.2 is optimum in this optimization problem.
An analysis of the performance of the GSO algo-
rithm is available in the literature [8]. The GSO
converges more rapidly than the GA or PSO under
any search condition.

(4) Simulate the updated antenna, and evaluate the cost
function of the antenna based on (1).

(5) Steps 3 to 4 are repeated until the cost function is 0.

(6) Define the noise factors, and create the OA matrix
against the noise factors [12]. In this article, the noise
factor is defined as the parameter that affects the res-
onant frequency of the conventional main antenna.
Figure 4 shows the simulated resonant frequencies
of the conventional antenna while changing the
design variables by ±0.2mm. The variances of the
resonant frequency of the antenna in accordance
with the changes in each design variable are listed
in Table 2. Among the nine design variables, the four
parameters of g2, l1, l2, and h1 that have resonant fre-
quency variance of 4MHz or more are used as the
noise factors in this paper.

(7) Create the OA (9, 4, 3, and 0.2) matrix against the
noise factors, and implement the experiments in the
matrix using HFSS.

(8) Evaluate the robustness of the antenna as optimized
by GSO. The robustness is defined as the variance

Start

Splitting of
the design variables

Design variables
oft he initial antenna

Selective reproduction Velocity updating

Crossover

Mutation

Resulting new combination
of design variables

Calculation of new position

Personal and global
best updating

GA PSO

GSO

End

Figure 3: Flowchart of the updating rule of GSO.
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of the resonant frequency obtained from the experi-
ments in the OA matrix:

Robustness = f r max − f r min , 3

where f r max and f r min are the maximum and
minimum resonant frequencies in the experiments,
respectively.

(9) When the robustness meets the termination criteria,
the process of the proposed method is terminated.
The termination criteria stipulate that the robustness
of the optimized main antenna must be improved by
more than 50% as compared to that of the conven-
tional antenna.
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Figure 4: Simulated resonant frequencies of the conventional antenna according to the changes in (a) g1, (b) g2, (c) l1, (d) l2, (e) w1, (f) w2,
(g) d1, (h) d2, and (i) h1.
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Figure 5: Simulated reflection coefficients of the conventional and
optimized antennas.
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Figure 6: Simulated peak gains of the conventional and optimized
antennas.

Table 2: Variance of the resonant frequency of each design variable.

Design variable Variance

g1 2MHz

l1 5MHz
w1 1MHz

d1 1MHz
h1 18MHz
g2 12MHz

l2 4MHz
w2 2MHz

d2 1MHz
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4. Robust Optimization Result

The simulated reflection coefficients of the conventional
and optimized antennas are depicted in Figure 5. The
−6 dB reflection bandwidths of the conventional and opti-
mized antennas are 72MHz (822–894MHz) and 70MHz
(824–894MHz), respectively. Therefore, the optimized

antenna covers the GSM850 band. The dimensions of the
optimized antenna are as follows: g1 = 1 7mm, g2 = 2 8mm,
l1 = 48.2mm, l2 = 4.2mm, w1 = 2mm, w2 = 2mm, d1 =
4.5mm, d2 = 13.5mm, and h1 = 6.9mm.

The simulated peak gains of the conventional and opti-
mized antennas are shown in Figure 6. In the GSM850 band,
the peak gains of the conventional and optimized antennas
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Figure 7: Simulated radiation patterns of the conventional and optimized antennas: (a) xy-plane, (b) xz-plane, (c) yz-plane, (d) 3D radiation
pattern of the conventional antenna, and (e) 3D radiation pattern of the optimized antenna.

Table 3: OA (9, 4, 3, and 0.2) matrix for the conventional antenna.

Experiment
Design variable (mm)

g2 l1 l2 h1
1 1.5 48 1.8 6.7

2 1.5 48.2 2 6.9

3 1.5 48.4 2.2 7.1

4 1.7 48 2 7.1

5 1.7 48.2 2.2 6.7

6 1.7 48.4 1.8 6.9

7 1.9 48 2.2 6.9

8 1.9 48.2 1.8 7.1

9 1.9 48.4 2 6.7

Table 4: OA (9, 4, 3, and 0.2) matrix for the optimized antenna.

Experiment
Design variable (mm)

g2 l1 l2 h1
1 2.6 48 4 6.7

2 2.6 48.2 4.2 6.9

3 2.6 48.4 4.4 7.1

4 2.8 48 4.2 7.1

5 2.8 48.2 4.4 6.7

6 2.8 48.4 4 6.9

7 3 48 4.4 6.9

8 3 48.2 4 7.1

9 3 48.4 4.2 6.7
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vary from −1.56 to 0.62 dBi and from −1.21 to 0.79 dBi,
respectively. The peak gain of the optimized antenna is
slightly higher than that of the conventional antenna at
higher frequencies. Figure 7 shows the simulated radiation
patterns for the conventional and optimized antennas. The
radiation patterns are simulated at the resonant frequency
of each antenna and observed on three cutting planes (xy-,
xz-, and yz-planes). The 3D radiation patterns of each
antenna are also depicted. The simulation results provide evi-
dence that the radiation patterns are similar to each other.

The OA matrices for the noise factors of the conven-
tional and optimized antennas are listed in Tables 3 and 4,

respectively. Based on the design variables listed in Tables 3
and 4, the reflection coefficients of the antennas are simu-
lated, as shown in Figure 8. In Figure 8(a), the minimum
and maximum resonant frequencies among the nine results
for the conventional antenna are 837MHz and 868MHz
(variance: 31MHz). For the optimized antenna, the mini-
mum and maximum resonant frequencies arise at 849MHz
and 861MHz (variance: 12MHz; see Figure 8(b)). These
results demonstrate that the robustness of the optimized
antenna is improved by 61.3% as compared to that of the
conventional antenna.

5. Experimental Result

In this work, the metal frame exists near the IFA, which can
deteriorate the robustness of the antenna. Strong undesired
coupling can be generated between the metal frame and the
edge of the antenna because the antenna emits most of its
radiation energy from its edge. In order to investigate the
degree of coupling, the magnitudes of the electric fields at
the center of g2 are simulated. These results are presented
in Figure 9. The magnitudes of the electric fields in the con-
ventional and optimized antennas are 87.5 dB and 83.1 dB
at 856MHz, respectively. This outcome indicates that the
coupling between the metal frame and the antenna can be
decreased by increasing g2. For this reason, g2 is the domi-
nant parameter in the design of the robust antenna proposed
in this paper.

To verify the experimental results, conventional and opti-
mized antennas are fabricated and measured while varying
g2. Figure 10 shows a photograph of the fabricated models
and the test jig used for the measurement. In the test jig, short
and feed pins are connected to the ground plane of the PCB
and SMA connectors (port), respectively. In addition, the
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Figure 8: Simulated reflection coefficients of the antenna using the experimental parameters listed in (a) Table 3 and (b) Table 4.
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short and feed posts of the fabricated antennas corre-
spondingly linked to the short and feed pins on the test
jig to obtain the reflection coefficient, which is measured
using an Agilent 8510C network analyzer. Figure 11 shows
the measured reflection coefficients of the conventional and
optimized antennas according to variations of g2. When g2
for the conventional antenna is changed from 1.2mm to
2.2mm, the variance of the resonant frequency is 30MHz
(834–864MHz). On the other hand, for the optimized
antenna, the variance is 15MHz (850–865MHz) under iden-
tical conditions. These results indicate that the robustness of
the optimized antenna is enhanced compared to that of the
conventional antenna.

6. Conclusion

In this study, a hybrid robust optimization method devel-
oped on the basis of the GSO and OA was proposed.
The proposed method was utilized to satisfy the −6 dB
reflection bandwidth requirement of the metal frame
antenna and to derive robust design parameters for
antenna manufacturing tolerances. Conventional and opti-
mized antennas were fabricated to verify the simulated
results. The simulated and measured results indicated that
the robustness of the optimized antenna is enhanced by
61.3% compared to that of the conventional antenna. There-
fore, the proposed optimization scheme can be feasibly
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Figure 10: Photograph of the fabricated models and test jig.
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Figure 11: Measured reflection coefficients of the (a) conventional and (b) optimized antennas according to variation of the g2.
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applied to the robust design of various antennas for smart-
phone applications.
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The problems of synthesizing the beam patterns of the linear antenna array (LAA) and the circular antenna array (CAA) are
addressed. First, an optimization problem is formulated for reducing the maximum sidelobe level (SLL) of the beam patterns.
Then, the formulated problem is solved by using the invasive weed optimization (IWO) algorithm. Various simulations are
performed to evaluate the effectiveness of the IWO algorithm for the synthesis of the beam patterns of the LAA and the CAA.
The results show that IWO has a better performance in terms of the accuracy, the convergence rate, and the stability compared
with other algorithms for the SLL reductions. Moreover, the electromagnetic simulation results also show that IWO achieves the
best performance for the beam pattern synthesis of the antenna arrays in practical conditions.

1. Introduction

With the rapid development of the communication tech-
nologies and the explosive growth of the number of users,
the capacity of a communication system has bottlenecks
[1]. Usage of the antenna arrays can improve the capacity
and the spectral efficiency of a wireless communication
system [2, 3]. For example, the fifth generation (5G) com-
munications adopt the millimeter wave (mm-wave) and
beamforming technologies based on antenna arrays, to
improve the spectral efficiency and communication rate
of the system [4]. Moreover, the energy efficiency of a
communication system can be enhanced by using the
antenna arrays [5].

Beam pattern characteristic is one of the most important
properties of an antenna array [6]. A directional mainlobe
with the low sidelobe level (SLL) of the beam pattern will
effectively enhance the communication quality and reduce
the interferences [7, 8]. Thus, synthesizing the beam pattern

of an antenna array is very important. The classical synthesis
methods for antenna arrays, such as the perturbation
methods [9], are used to optimize the beam patterns, but
it requires considerable work and rich debugging experi-
ences. Thus, practicing this method is not reliable. More-
over, existing array-weighting optimization schemes, for
example, the Dolph-Chebyshev [10] and the Taylor [11]
approaches, have already been tested experimentally to be
an effective method to solve the beam pattern optimization
problems. However, these approaches are only suitable for
synthesizing the antenna arrays with less numbers of antenna
elements. In addition, there are strict restrictions for using
such approaches.

Swarm intelligence and evolutionary algorithms are effi-
cient methods for the beam pattern synthesis of the antenna
arrays. These algorithms are suitable for solving large-scale
antenna array synthesis problems since they do not require
any restrictions on antenna arrays. Todnatee and Phong-
charoenpanich [12] use a method based on genetic algorithm
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(GA) to synthesize the radiation pattern of a nonuniform
linear antenna array (LAA), and a maximum SLL of
−20 dB can be achieved by the proposed method. Chakra-
varthy and Rao [13] propose to use a particle swarm opti-
mization- (PSO-) based algorithm to synthesize the beam
pattern of a circular antenna array (CAA). Reference
[14] also uses PSO as the optimizer to synthesize the pen-
cil beam pattern of the time-modulated concentric circular
antenna array (CCAA). Sharaqa and Dib [15] optimize the
beam patterns of the CAA and the CCAA by using the firefly
algorithm (FA); the excitation currents and the spacing
between the elements are jointly optimized for reducing
the maximum SLL. Singh and Salgotra [16] use the flower
pollination algorithm (FPA) to determine the excitation
currents of a LAA for reducing the maximum SLL and
controlling the nulls. Li et al. [7] utilize a biogeography-
based optimization (BBO) algorithm to suppress the maxi-
mum SLL of the LAA and CAA. Reference [4] also uses a
BBO-based method to reduce the maximum SLL as well as
to achieve the deep nulls. Saxena and Kothari [17] optimize
the beam pattern of the LAA by using the grey wolf optimi-
zation (GWO) algorithm. Sun et al. [18] adopt a strategy
based on cuckoo search (CS) algorithm to suppress the
maximum SLL of the CCAA. The authors in [19] also
use a CS-based algorithm to synthesize the beam patterns
of a large-scale planar antenna array (PAA). Reference [20]
utilizes the social network optimization (SNO) algorithm to
design the PAA, and the results are compared with the stud
genetic algorithm. Saxena and Kothari [21] use the ant lion
optimization (ALO) to suppress the maximum SLL and to
control the deep nulls of the LAA. In reference [22], a hybrid
approach called particle swarm optimization and gravita-
tional search algorithm-explore (PSOGSA-E) is proposed to
reduce the maximum SLL of the random antenna array.
Reference [23] uses the binary spider monkey optimization
algorithm to design the work status of each element of the
CCAA for achieving a lower maximum SLL.

In this paper, the invasive weed optimization (IWO) [24]
is employed to solve the beam pattern synthesis problems
of the LAA and the CAA for reducing the maximum SLL.
First, we formulate a beam pattern optimization problem
for reducing the maximum SLLs of the LAA and the
CAA. Second, we use the IWO algorithm to solve the for-
mulated problem. Then, the key parameters of the IWO
algorithm are tuned to achieve better performance for syn-
thesizing the beam patterns. Finally, we conduct simulations
based on different numbers of antenna elements for the LAA
and the CAA, respectively, to verify the effectiveness of IWO.
Moreover, the electromagnetic (EM) simulations are also
conducted to evaluate the beam patterns in practical condi-
tions. The results show that IWO achieves the best perfor-
mance compared with other algorithms for the LAA and
the CAA optimization problems.

The rest of this paper is organized as follows. Section 2
discusses the geometries and the array factors of LAAs and
CAAs. Section 3 formulates the sidelobe reduction problem.
Section 4 introduces the IWO algorithm. Section 5 shows
the simulation results. Section 6 summarizes the findings
and concludes the paper.

2. System Model

In this section, the geometry structures and the array factors
(AF) of LAA and CAA are introduced.

2.1. LAA. Figure 1 shows an LAA with 2N elements that are
symmetrically distributed along the x-axis. The elements of
the LAA are assumed as the isotropic radiators. Thus,
according to the electromagnetic wave superposition princi-
ple, the AF of an LAA is expressed as follows [25]:

AF ϕ = 〠
N

n=−N
Incos kxn cos ϕ + φn , 1

where k represents the wave number, In is the excitation
current of the nth element, αn is the phase of the nth ele-
ment, xn is the location of the nth element, and ϕ is the
azimuth angle measured from the positive x-axis.

2.2. CAA. Figure 2 shows the geometry of a CAA with N
isotropic antenna elements lying on the x-y plane (θ = 90°).
These elements are uniformly placed on a ring with the
radius of a. Similar with the LAA, the elements of the CAA
are also assumed to be isotropic radiators. The AF of a
CAA can be written as follows [4]:

�휙
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Figure 1: Geometry of 2N-element-symmetric LAA placed along
the x-axis.
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AF θ, ϕ = 〠
N

i=1
Inexp j ka sin θ cos ϕ − ϕn + αn ,

ka = 2π
λ
a = 〠

N

i=1
di,

ϕn =
2π〠n

i=1di
ka

,

αn = −ka sin θ0 cos ϕ0 − ϕn ,

2

where In is the excitation current of the nth element, αn is
the phase of the nth element, and dn represents the arc
distance between elements n and n − 1 (d1 is the arc dis-
tance between the first (n = 1) and the last (n =N) ele-
ments). ϕn and θn represent the azimuth angle measured
from the positive x-axis and the elevation angle measured
from the z-axis, respectively. Moreover, θ0 and ϕ0 are set
to be 90° and 0°, respectively.

3. Problem Formulation

This work is aiming to design the antenna arrays with mini-
mum SLL. The excitation currents I of the antenna elements
affect the beam pattern directly; hence, an optimal set of exci-
tation currents for each element need to be determined to
achieve lower SLL. Therefore, the optimization problem can
be formulated as follows:

Minimize

f = 10 log10
AF ϕMSL
AF ϕML

, 3

subject to

ϕML = arg max AF ϕ , ϕ ∈ −π, π , 4

ϕMSL ∈max −π, ϕFN1 ∪ ϕFN2, π , 5

0 ≤ In ≤ 1, 6

where ϕMSL is the angle of the maximum SLL and ϕML is
the angle of the mainlobe, ϕFN1 and ϕFN2 are the first nulls in
(−π, ϕFN1) and (−π, ϕFN2), respectively, and the first null
beamwidth (FNBW) of the beam pattern can be determined
by them. The constraint (4) determines the location of the
mainlobe, the constraint (5) shows the range of the sidelobe,
and the constraint (6) specifies the range of the normalized
excitation current of each element.

4. Invasive Weed Optimization Algorithm

IWO is a novel numerical stochastic optimization algorithm
inspired from weed colonization, and it is first proposed
by Mehrabian and Lucas in reference [24]. In the IWO
approach, the whole population is composed of a certain
number of weeds, and each weed is made up of a set of
decision variables. The weed is a plant that is vigorous
and invasive, and it poses a serious threat to the desirable
plants. These features show that the weeds are very robust
and troublous in the agriculture.

The working mechanism of IWO tried to imitate adapta-
tion, robustness, and randomness of weeds in a very concise
and efficient pattern. For a minimization problem, a weed
with lower fitness value can generate more number of seeds.
On the contrary, a weed with higher fitness value generates
less number of seeds. The number of the newly generated
seeds is decreased linearly from the maximum to the mini-
mum allowable seeds in the colony. These newly generated
seeds will be dispersed among the solution space with mean
zero and varying standard deviations of normal distribution,
and they will grow into new weeds. These weeds will generate
new seeds. Moreover, in order to keep the certain number of
the whole population, the weeds with worse fitness values will
be eliminated from the colony.

The main procedure of IWO is shown in Figure 3, and
the details of this algorithm are presented as follows.where
Smin and Smax are the minimum and maximum number of
the seeds, respectively, f is the fitness value of a certain weed,
fworst and fbest denote the worst and best fitness values in a
certain iteration, respectively, and floor is the round down
operation.where σinitial and σ

final are the predefined initial
and final standard deviations, respectively. iter is the current

Start

Generate random seeds through initialization and
disperse them in the solution area

Dispersed seeds grow into plants

Calculate fitness of individual plant

Sort the plants in ascending or descending order
of their fitness

Generate new seeds using spatial distribution

Calculate the fitness of new seed-plant
combination

Competitive exclusion based on fitness of the
seeds and plants combined

Check if the maximum iteration is
reached

End

No

Yes

Figure 3: Flowchart of the IWO algorithm.
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iteration and m is the nonlinear modulation index. Witer is a
weed in the iterth iteration, N 0, σ2iter is a normal random
number with mean zero and standard deviation σiter.

Step 1. Initialization. In the first step of IWO, the algorithm
initializes a certain number of weeds (candidate solutions)
to construct a population and disperse these solutions to
the d dimensional problem space uniformly and randomly.

Step 2. Reproduction. In this step, each solution in the popu-
lation reproduces seeds according to its own lowest and high-
est fitness values in the colony. The number of seeds
reproduced by a weed is given as follows:

S = f loor Smin + Smax − Smin × f − f worst
f best − f worst

, 7

Step 3. Spatial dispersal. Next, the newly generated seeds will
be distributed over the d dimensional searching space and
randomly spread in the vicinity of their parent weeds in the
normal distribution with mean zero and varying standard
deviations, to grow into new weeds. By this way, the search
efficiency can be enhanced. The computing method of the
standard deviation σiter in a specific iteration is shown in
(8), and the new weeds can be generated by (9).

σiter =
itermax − iter m

itermax
m × σinitial − σf inal + σf inal, 8

W iter
new =W iter +N 0, σ2

iter , 9

Step 4. Competitive exclusion. After several iterations, the
number of weeds in the colony will exceed the predefined
maximum limited value due to the growth and reproduc-
tion of the weeds. Therefore, an elimination mechanism
needs to be applied to eliminate the weeds with worse fit-
ness values until the maximum number of weeds in the
colony is reached. Then, the reserved ones will remain to
the next iteration.

For the beam pattern synthesis of the antenna array with
IWO, the excitation currents of the elements can be regarded

as a candidate solution in IWO and the solution can be
expressed as follows:

x = I1, I2, I3,… , In , 10

where n is the number of antenna elements. Then, the popu-
lation of IWO can be written as follows:

pop =

x1

x1

…
xN

=

I11, I12, I13,… , I1n
I21, I22, I23,… , I2n

…
IN1 , IN2 , IN3 ,… , INn

, 11

where N is the population size.

5. Simulation and Analysis

In this section, the beam pattern synthesis for reducing the
SLL of the LAA and the CAA is simulated by Matlab. The
simulations are performed on a computer with an Intel (R)
Core (TM) 2 Duo CPU and a 3.00GB RAM. First, the main
parameters of IWO are tuned to achieve the best perfor-
mance for the beam pattern synthesis. Second, usage of
IWO to synthesize the beam pattern is simulated and the
results are compared with CS, FA, BBO, and PSO. Then,
the stabilities of IWO and these benchmark algorithms
are compared. Finally, we conduct EM simulations to verify
the optimization performance of the antenna arrays in
practical conditions.

5.1. Parameter Tunings and Setups. The parameter values
of σinitial and σ

final control the main updating procedure
of IWO. Thus, they will be jointly tuned for achieving bet-
ter performance of the algorithm. In the tuning test, the
ranges of σinitial and σ

final are (0.01, 0.1) and (0.01, 0.1),
respectively, and the steps are both 0.002. Thus, the total
number of points for a tuning test is 2500. The tests are inde-
pendently repeated for 50 times and the average values are
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Figure 4: Parameter tunings for σinitial and σfinal in IWO for reducing the maximum SLL of the 8-element antenna arrays. (a) LAA. (b) CAA.
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presented. Figures 4(a), 4(b), 5(a), 5(b), 6(a), and 6(b) show
the tuning results of the LAAs and the CAAs with 8, 16,
and 32 elements. It can be seen from the figures that the opti-
mal values of σinitial and σ

final are 0.05 and 0.01, respectively,
for both LAA and CAA.

The other parameters of IWO and the benchmark algo-
rithms are shown in Table 1. Moreover, for the benchmark
algorithms, we use the versions and the parameter values in
[26–29] for BBO, CS, FA, and PSO, and the detailed param-
eter setups of these algorithms are shown in Table 2. More-
over, the population size and the maximum iteration of
each algorithm are 20 and 200, respectively, for fairness.

The time complexities of the algorithms above are ana-
lyzed here. The main computational cost will be the fitness
function evaluations. Supposing the maximum number of
iteration is t for each algorithm, then the time complexity
of IWO is O N · t because there is only one inner loop in
the algorithm; N is the population size. CS, FA, BBO, and
PSO have similar algorithm structure with IWO; hence, the
time complexities of these benchmark algorithms are also O
N · t . As can be seen, the computational costs of these algo-
rithms are relatively inexpensive because the complexities are
linear in terms of t.
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Figure 5: Parameter tunings for σinitial and σfinal in IWO for reducing the maximum SLL of the 16-element antenna arrays. (a) LAA. (b) CAA.

Table 1: Parameter setups of IWO.

Parameters Values

Smax 5

Smin 0

σinitial 0.05

σ
final 0.01

m 3

Table 2: Parameter setups of the benchmark algorithms.

Algorithms Parameters

BBO
Habitat modification probability: 1;

immigration rate: 1; emigration rate: 1;
mutation rate: 0.005

CS
Probability of egg detection: 0.25;

step size of Lévy flight: 1

FA Light absorption coefficient: 0.2; step factor: 0.6

PSO Learning factor 1: 2; learning factor 2: 2
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Figure 6: Parameter tunings for σinitial and σfinal in IWO for reducing the maximum SLL of the 32-element antenna arrays. (a) LAA. (b) CAA.
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Figure 7: Beam patterns and convergence rates of the 8-element LAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.

−80 −60 −40 −20 0 20 40 60 80
−60

−50

−40

−30

−20

−10

0

Azimuth angle (degrees)

N
or

m
al

iz
ed

 A
F 

(d
B)

Radiation pattern

Uniform
PSO
BBO

FA
CS
IWO

(a)

0 50 100 150 200
−28

−26

−24

−22

−20

−18

−16

−14

M
ax

 S
LL

 (d
B)

Iteration

IWO
CS
FA

BBO
PSO

(b)

Figure 8: Beam patterns and convergence rates of the 16-element LAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.

Table 3: Excitation currents and maximum SLL of the 8-element LAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8) Max SLL (dB)

IWO 0.5891, 0.6562, 0.8840, 0.9855, 1.0000, 0.8575, 0.6712, 0.6115 −19.5215
CS 0.5853, 0.5491, 0.8083, 0.8071, 0.7859, 0.6131, 0.5531, 0.3801 −18.9278
FA 0.7033, 0.7033, 0.9412, 0.9381, 0.9565, 0.9082, 0.5943, 0.4540 −18.5229
BBO 0.4311, 0.4227, 0.6133, 0.6035, 0.8779, 0.6096, 0.5785, 0.4397 −18.3868
PSO 0.4634, 0.6319, 0.8124, 1.0000, 1.0000, 1.0000, 0.7746, 0.9151 −17.7736
Uniform 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000 −12.7972
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5.2. Beam Pattern Synthesis of the LAA. In this section, we
use different algorithms to synthesize the beam patterns of
the 8-element, 16-element, and 32-element LAAs, to com-
pare the performances of these algorithms for the different
dimensions of solutions.

5.2.1. Sample 1: Beam Pattern Synthesis for the 8-Element
LAA. Figure 7(a) shows the beam patterns of an 8-element
LAA obtained by the uniform array, PSO, BBO, FA, CS,
and IWO. Note that the uniform array means that the excita-
tion current of each antenna element is fixed as 1. Figure 7(b)
shows the convergence rates during the optimization process
of different algorithms. As can be seen, IWO has the best per-
formance in terms of the accuracy as well as the convergence
rate. Table 3 shows the maximum SLL obtained by these
methods. It can be seen that the maximum SLL obtained by
IWO is −19.5215 dB, which is the lowest among all the

algorithms. Moreover, the excitation currents optimized by
each algorithm is also listed in Table 3.

5.2.2. Sample 2: Beam Pattern Synthesis for the 16-Element
LAA. In this sample, the beam patterns of a LAA with 16 ele-
ments are synthesized by different approaches. Figure 8(a)
shows the beam patterns obtained by different algorithms
and Figure 8(b) shows the convergence rate of these algo-
rithms. Table 4 compares the numerical results. It can be seen
from the figures and table that IWO has the best performance
in terms of the maximum SLL suppression and convergence
rate in this case. In addition, the excitation currents obtained
by different algorithms are also shown in Table 4.

5.2.3. Sample 3: Beam Pattern Synthesis for the 32-Element
LAA. Figure 9(a) shows the beam patterns of a 32-element
LAA optimized by different algorithms, and Table 5 pre-
sents that the maximum SLLs obtained by IWO, CS, FA,

Table 4: Excitation currents and maximum SLL of the 16-element LAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8, I9, I10, I11, I12, I13, I14, I15, I16) Max SLL (dB)

IWO
0.3816, 0.3518, 0.4807, 0.5730, 0.7230, 0.8449, 0.8716, 0.9607, 0.9015, 0.9152, 0.8064,

0.7165, 0.6284, 0.4646, 0.3593, 0.3754
−26.3889

CS
0.2746, 0.4124, 0.4454, 0.6572, 0.6341, 0.7431, 0.8423, 0.8115, 0.9066, 0.7848, 0.7173,

0.7259, 0.5137, 0.3320, 0.3200, 0.3043
−25.0106

FA
0.2945, 0.3581, 0.4739, 0.6472, 0.6065, 0.6275, 0.7910, 0.9785, 0.7978, 0.6976, 0.7821,

0.6515, 0.5205, 0.4430, 0.1535, 0.2805
−24.2705

BBO
0.2211, 0.1887, 0.3124, 0.2465, 0.7824, 0.6565, 0.7495, 0.8711, 0.8811, 1.0000, 0.5846,

0.8090, 0.8059, 0.5463, 0.5439, 0.3832
−21.2792

PSO
1.0000, 0.0131, 0.4806, 0.5739, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,

1.0000, 1.0000, 1.0000, 1.0000, 1.0000
−17.6110

Uniform
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,

1.0000, 1.0000, 1.0000, 1.0000, 1.0000
−13.1476
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Figure 9: Beam patterns and convergence rates of the 32-element LAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.
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Table 5: Excitation currents and maximum SLL of the 32-element LAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8, I9, I10, I11, I12, I13, I14, I15, I16, I17, I18, I19, I20, I21, I22, I23, I24, I25, I26, I27, I28, I29, I30, I31, I32)
Max SLL
(dB)

IWO
0.3595, 0.2528, 0.2958, 0.3072, 0.3827, 0.5186, 0.5869, 0.6160, 0.7092, 0.7786, 0.8304, 0.8904, 0.9424, 0.9575,
1.0000, 0.9988, 0.9969, 1.0000, 0.9757, 0.9049, 0.8868, 0.8317, 0.7572, 0.7039, 0.6628, 0.5290, 0.4582, 0.4497,

0.3931, 0.2831, 0.1987, 0.3559
−31.0751

CS
0.2486, 0.2294, 0.2216, 0.2620, 0.3370, 0.3843, 0.5987, 0.4521, 0.6567, 0.7068, 0.6782, 0.8299, 0.7822, 0.8434,
0.9187, 0.8264, 0.8709, 0.9340, 0.8826, 0.9019, 0.7806, 0.7302, 0.6980, 0.6499, 0.6384, 0.4761, 0.4184, 0.4811,

0.3425, 0.3564, 0.2256, 0.3078
−29.3774

FA
0.3088, 0.3535, 0.2421, 0.2778, 0.2115, 0.5247, 0.5540, 0.5362, 0.6946, 0.4153, 0.9206, 0.7328, 0.7733, 0.6621,
0.8531, 0.9776, 0.6737, 0.8532, 0.8282, 0.6933, 0.6005, 0.7362, 0.4963, 0.7293, 0.4923, 0.3749, 0.4827, 0.4852,

0.2467, 0.4119, 0.3348, 0.1415
−26.0192

BBO
0.5337, 0.4577, 0.2699, 0.3218, 0.5073, 0.5301, 0.7161, 0.4816, 0.8820, 0.7761, 0.7917, 0.8377, 0.6430, 1.0000,
0.9200, 0.7889, 0.9439, 1.0000, 0.9507, 0.9818, 0.8549, 0.9857, 0.6930, 0.7569, 0.7569, 0.6903, 0.1542, 0.2614,

0.6717, 0.2748, 0.4760, 0.1863
−23.4108

PSO
0.4101, 1.0000, 1.0000, 0.1596, 0.5696, 1.0000, 1.0000, 0.4572, 1.0000, 0.8231, 1.0000, 1.0000, 1.0000, 1.0000,
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 0.8257, 1.0000, 1.0000, 0.9728, 0.5698, 1.0000, 0.2918, 0.0373,

0.9013, 0.0004, 1.0000, 0.4027
−20.4785

Uniform
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,

1.0000, 1.0000, 1.0000, 1.0000
−13.2318
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Figure 10: Beam patterns and convergence rates of the 8-element CAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.

Table 6: Excitation currents and maximum SLLs of the 8-element CAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8) Max SLL (dB)

IWO 0.3985, 0.6434, 0.4675, 1.0000, 0.4329, 0.6780, 0.4401, 0.9638 −6.2535

CS 0.8433, 0.5502, 0.3853, 0.9240, 0.2821, 0.5422, 0.4995, 0.8207 −5.6903
FA 0.5079, 0.8003, 0.6064, 0.6958, 0.4866, 0.2004, 0.5056, 0.9449 −5.6191
BBO 0.2853, 0.2541, 0.5133, 0.7834, 0.6841, 0.7279, 0.3247, 0.6775 −5.5380
PSO 0.9702, 1.0000, 0.4337, 1.0000, 0.7317, 0.0000, 1.0000, 1.0000 −5.4304
Uniform 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000 −4.1702
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BBO, and PSO are −31.0751 dB, −29.3774 dB, −26.0192 dB,
−23.4108 dB, and −20.4785 dB, respectively. Moreover, the
maximum SLL of the uniform array is −13.2318 dB. The
excitation currents of these algorithms are also presented
in the table. Figure 9(b) shows the convergence rates during
the optimization process. Similar to the previous samples,
IWO also has the best performance for this case.

5.3. Beam Pattern Synthesis of the CAA. The beam pattern
synthesis results of the CAA are presented in this section.
Corresponding to the case of LAA, three samples that are
8-element, 16-element, and 32-element CAAs are optimized
by different algorithms.

5.3.1. Sample 4: Beam Pattern Synthesis for the 8-Element
CAA. Figure 10(a) shows the beam patterns of an 8-
element CAA optimized by different algorithms, and the

convergence rates of these methods are shown in
Figure 10(b). The maximum SLLs obtained by these algo-
rithms are listed in Table 6. As can be seen, the maximum
SLL obtained by IWO is −6.2535 dB, which is the lowest
among all the approaches. Moreover, the excitation currents
obtained by different algorithms are also shown in Table 6.

5.3.2. Sample 5: Beam Pattern Synthesis for the 16-Element
CAA. In this sample, we use different algorithms to optimize
a 16-element CAA. Figures 11(a) and 11(b) show the beam
pattern results and the convergence rates, respectively, and
Table 7 compares the numerical results of the maximum SLL.
As can be seen, the maximum SLL obtained by the uniform
array, CS, FA, BBO, and PSO are −6.7578 dB, −10.1490 dB,
−9.2885 dB, −9.1592 dB, and −9.0261 dB, respectively, and
it is −10.7440 dB by using IWO. Thus, IWO achieves the
best results for reducing the maximum SLL. Moreover,
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Figure 11: Beam patterns and convergence rates of the 16-element CAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.

Table 7: Excitation currents and maximum SLLs of the 16-element CAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8, I9, I10, I11, I12, I13, I14, I15, I16) Max SLL (dB)

IWO
0.6134, 0.8125, 0.1244, 0.0000, 0.2476, 0.8644, 0.6049, 0.8260, 0.3362, 0.9878, 0.1337,

0.0000, 0.0091, 0.9322, 0.3423, 0.6827
−10.7440

CS
0.5780, 0.7596, 0.2491, 0.0546, 0.1192, 0.7774, 0.7137, 0.4641, 0.7711, 0.6402, 0.2849,

0.0799, 0.4616, 0.5811, 0.6121, 0.7003
−10.1490

FA
0.3282, 0.8088, 0.3292, 0.2406, 0.3882, 0.4132, 0.8062, 0.4230, 0.8580, 0.2449, 0.2122,

0.2156, 0.2339, 0.6581, 0.3901, 0.4245
−9.2885

BBO
1.0000, 1.0000, 0.4136, 0.0000, 0.0000, 0.9361, 0.7941, 1.0000, 0.3357, 1.0000, 0.0000,

0.4629, 0.0000, 1.0000, 0.5478, 1.0000
−9.1592

PSO
1.0000, 1.0000, 0.2790, 0.0003, 1.0000, 1.0000, 1.0000, 1.0000, 0.7687, 0.9998, 0.0000,

1.0000, 0.0000, 0.9998, 0.9564, 1.0000
−9.0261

Uniform
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,

1.0000, 1.0000, 1.0000, 1.0000, 1.0000
−6.7578
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the excitation currents optimized by these algorithms are
presented in Table 7.

5.3.3. Sample 6: Beam Pattern Synthesis for the 32-Element
CAA. Figure 12(a) shows the beam patterns of a 32-element
CAA optimized by different approaches, and the conver-
gence rates of these algorithms are shown in Figure 12(b).
Table 8 lists the maximum SLLs as well as the excitation cur-
rents obtained by these algorithms. Similar with the 8-
element and the 16-element cases, IWO achieves the lowest
SLL compared with other algorithms.

5.4. Stability Test. The swarm intelligence optimization algo-
rithms such as PSO are stochastic, hence the optimization
results that are likely to be different for each independent
run. Therefore, statistical tests are necessary to analyze the
performance of such algorithms. Thus, tests for synthesizing
the beam patterns of the LAAs and the CAAs with different
numbers of elements are conducted, and each test is with
30 independent trials.

Figures 13(a), 13(b), 14(a), 14(b), 15(a), and 15(b) show
the maximum SLLs obtained by different algorithms of the
30 trials for the LAAs and the CAAs with different numbers
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Figure 12: Beam patterns and convergence rates of the 32-element CAA obtained by different algorithms. (a) Beam patterns. (b)
Convergence rates.

Table 8: Excitation currents and maximum SLL of the 32-element CAA obtained by different algorithms.

Algorithm (I1, I2, I3, I4, I5, I6, I7, I8, I9, I10, I11, I12, I13, I14, I15, I16, I17, I18, I19, I20, I21, I22, I23, I24, I25, I26, I27, I28, I29, I30, I31, I32)
Max SLL
(dB)

IWO
0.6962, 0.8724, 0.9469, 0.3662, 0.6728, 0.0000, 0.1661, 0.1986, 0.3027, 0.0027, 0.4057, 0.4835, 0.8900, 0.9488,
0.5514, 0.3984, 0.6691, 0.9885, 0.5369, 0.5013, 0.1124, 0.0000, 0.2475, 0.5433, 0.0866, 0.0022, 0.2773, 0.4401,

0.5761, 0.9800, 0.6543, 0.6568
−12.7489

CS
0.4882, 0.7702, 0.6405, 0.3620, 0.6630, 0.0012, 0.0000, 0.4578, 0.6467, 0.0000, 0.6134, 0.9036, 1.0000, 1.0000,
0.3819, 0.7429, 1.0000, 0.5358, 0.7066, 0.6653, 0.4260, 0.0733, 0.3589, 0.2861, 0.0822, 0.0613, 0.2267, 0.3179,

0.5606, 0.7464, 0.4997, 0.7752
−11.6105

FA
0.5033, 0.9810, 0.9763, 0.7815, 0.2773, 0.2609, 0.2942, 0.2791, 0.3200, 0.4224, 0.1447, 0.5089, 0.4782, 0.4259,
0.9683, 0.6367, 0.8785, 0.7848, 0.5544, 0.8588, 0.3806, 0.1826, 0.1038, 0.3516, 0.3241, 0.0781, 0.4653, 0.4521,

0.7865, 0.9838, 0.6276, 0.5940
−11.3841

BBO
0.9960, 0.8963, 0.7448, 0.8392, 0.6942, 0.3150, 0.0000, 0.2426, 0.0171, 0.2492, 1.0000, 0.6806, 0.6796, 0.4954,
0.4173, 0.9256, 0.9525, 0.5485, 1.0000, 0.6544, 0.8278, 0.1468, 0.6944, 0.4708, 0.0000, 0.0000, 0.2895, 0.5924,

0.9188, 0.9119, 0.6243, 1.0000
−10.8523

PSO
0.4045, 1.0000, 1.0000, 0.6247, 1.0000, 0.0000, 0.0000, 0.9881, 1.0000, 0.0000, 0.0606, 0.8151, 1.0000, 1.0000,
0.6900, 0.4287, 1.0000, 0.6354, 0.6957, 1.0000, 0.0136, 0.0000, 1.0000, 0.3149, 0.0000, 0.3271, 0.6709, 0.3145,

1.0000, 1.0000, 0.8568, 1.0000
−10.6564

Uniform
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,
1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000, 1.0000,

1.0000, 1.0000, 1.0000, 1.0000
−7.5386
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Figure 13: Stability test results of different algorithms of the 8-element antenna arrays. (a) LAA. (b) CAA.
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Figure 14: Stability test results of different algorithms of the 16-element antenna arrays. (a) LAA. (b) CAA.
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Figure 15: Stability test results of different algorithms of the 32-element antenna arrays. (a) LAA. (b) CAA.
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of antenna elements. Tables 9, 10, 11, 12, 13, and 14 show the
statistical results in terms of the best, the worst, the mean
values of the maximum SLLs, and the standard divisions

(SD) of these trials. As can be seen, IWO achieves the lowest
average maximum SLLs for both LAA and CAA. Moreover,
the SDs of IWO are also the lowest which means that the

Table 9: Statistical results of different algorithms for the beam pattern synthesis of the 8-element LAA.

IWO CS FA BBO PSO

Best max SLL (dB) −19.5215 −18.9278 −18.5229 −18.3868 −17.7736
Worst max SLL (dB) −19.2991 −18.0124 −17.6362 −17.5935 −16.4526
Mean max SLL (dB) −19.4814 −18.5891 −18.2556 −18.1386 −17.2987
SD max SLL (dB) 0.0623 0.3190 0.2489 0.2489 0.3416

Table 11: Statistical results of different algorithms for the beam pattern synthesis of the 32-element LAA.

IWO CS FA BBO PSO

Best max SLL (dB) −31.2566 −30.5608 −27.4520 −24.1520 −21.3014
Worst max SLL (dB) −31.0004 −29.1010 −26.0192 −23.2783 −20.4785
Mean max SLL (dB) −31.0725 −29.6016 −26.5173 −23.6655 −20.7816
SD max SLL (dB) 0.0770 0.3706 0.3293 0.2554 0.2256

Table 10: Statistical results of different algorithms for the beam pattern synthesis of the 16-element LAA.

IWO CS FA BBO PSO

Best max SLL (dB) −26.5733 −26.0809 −25.3447 −22.2250 −18.5918
Worst max SLL (dB) −25.3512 −25.0106 −24.2640 −21.2444 −17.5628
Mean max SLL (dB) −26.4087 −25.2805 −24.6071 −21.5447 −17.9288
SD max SLL (dB) 0.0550 0.2293 0.3180 0.3140 0.2986

Table 12: Statistical results of different algorithms for the beam pattern synthesis of the 8-element CAA.

IWO CS FA BBO PSO

Best max SLL (dB) −6.2535 −5.6903 −5.6191 −5.5380 −5.4304
Worst max SLL (dB) −6.2351 −4.9543 −4.9435 −4.8355 −4.7435
Mean max SLL (dB) −6.2502 −5.3487 −5.2555 −5.1819 −5.1311
SD max SLL (dB) 0.0042 0.2408 0.2336 0.2399 0.2222

Table 13: Statistical results of different algorithms for the beam pattern synthesis of the 16-element CAA.

IWO CS FA BBO PSO

Best max SLL (dB) −10.8352 −10.7847 −10.4207 −9.7679 −10.1871
Worst max SLL (dB) −10.6590 −10.1100 −9.2688 −9.1071 −9.0261
Mean max SLL (dB) −10.7242 −10.4058 −9.7527 −9.3833 −9.3953
SD max SLL (dB) 0.0541 0.1895 0.3816 0.2323 0.2946

Table 14: Statistical results of different algorithms for the beam pattern synthesis of the 32-element CAA.

IWO CS FA BBO PSO

Best max SLL (dB) −12.9380 −11.2514 −12.6309 −11.5015 −11.4336
Worst max SLL (dB) −12.6506 −11.6105 −11.3092 −10.5104 −10.5015
Mean max SLL (dB) −12.7218 −11.8298 −11.7194 −10.8731 −10.7724
SD max SLL (dB) 0.0675 0.2268 0.3515 0.2972 0.2660
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Figure 16: 2D beam pattern comparisons in polar coordinates based on different excitation currents obtained by different optimization
methods in EM simulations. (a) 8-element LAA. (b) 8-element CAA.
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Figure 17: 2D beam pattern comparisons in polar coordinates based on different excitation currents obtained by different optimization
methods in EM simulations. (a) 16-element LAA. (b) 16-element CAA.
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stability performance of IWO is the best compared with
other benchmark algorithms for the sidelobe reductions of
both LAA and CAA.

5.5. EM Simulations. To verify the beam pattern perfor-
mances of the antenna arrays obtained by IWO as well as
other algorithms in practical conditions, we design the LAAs
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Figure 18: 2D beam pattern comparisons in polar coordinates based on different excitation currents obtained by different optimization
methods in EM simulations. (a) 32-element LAA. (b) 32-element CAA.
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Figure 19: Beam patterns obtained by uniform excitation currents and IWO in ideal and practical conditions with EM simulations. (a) 32-
element LAA. (b) 32-element CAA.
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(8-element, 16-element, and 32-element) and the CAAs (8-
element, 16-element, and 32-element) for EM simulations
based on ANSYS Electromagnetics 2016 (HFSS 15.0). First,
a physical structure of the array element is designed and we
use the element to construct the LAAs and the CAAs. Then,
we use the excitation currents obtained by uniform excita-
tions, IWO, CS, FA, BBO, and PSO from Tables 3 to 8 for
the LAAs and the CAAs, respectively, to conduct the EM
simulations. Figures 16(a) and 16(b) show the beam patterns
of the 8-element LAA and CAA with different excitation cur-
rents obtained by uniform excitations, IWO, CS, FA, BBO,
and PSO, respectively. It can be seen from the figures that
all of the optimization algorithms can reduce the maximum
SLL compared with the uniform excitation method. How-
ever, IWO achieves the lowest maximum SLL among other
methods. Figures 17(a) and 17(b) show the beam patterns
of the 16-element LAA and CAA obtained by different algo-
rithms. Figures 18(a) and 18(b) show the optimization results
of EM simulation for the 32-element LAA and CAA, respec-
tively. As can be seen, similar with cases of the 8-element
LAA and CAA, the beam patterns obtained by IWO also
have the lowest maximum SLL with a high number of
antenna elements. Therefore, IWO has a better performance
for reducing the maximum SLLs of the LAAs and the CAAs
in practical conditions.

Moreover, to verify the differences of the beam patterns
caused by the mutual coupling, we compare the results
obtained by the model used for optimization and the EM
model. Figures 19(a) and 19(b) show the beam patterns
obtained by the uniform excitation currents and by IWO in
ideal (the array model used for optimization and simulation)
and practical (the array model used for EM simulation) con-
ditions with EM simulations. As can be seen, the beam pat-
terns of the practical condition are distorted compared to
the ideal beam patterns. Moreover, the maximum SLLs of
practical condition in EM simulation are higher than that
in ideal condition obtained by Matlab. Thus, the mutual cou-
pling affects the beam pattern performance. However, the
IWO algorithm is still able to provide improvement for
reducing the maximum SLL in practical conditions with
mutual coupling.

6. Conclusion

In this paper, the IWO algorithm is used to solve the beam
pattern synthesis problem of the LAA and the CAA. We for-
mulate an optimization problem for this goal and use IWO as
the optimizer to determine a set of optimal excitation cur-
rents to achieve the desired beam patterns. Six samples
including 8-element, 16-element, and 32-element LAAs and
CAAs are conducted to verify the optimization performances
of the SLL reductions. Simulation results show that the SLLs
can be effectively reduced by IWO.Moreover, compared with
other benchmark algorithms, IWO has a better performance
in terms of the accuracy, the convergence rate, and the stabil-
ity. In addition, EM simulation results demonstrate that the
optimization results obtained by IWO are also effective for
the antenna arrays in practical conditions.
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Diffraction nonlocal boundary condition (BC) is one kind of the transparent boundary condition which is used in the finite-
difference (FD) parabolic equation (PE).The greatest advantage of the diffraction nonlocal boundary condition is that it can absorb
the wave completely by using one layer of grid. However, the speed of computation is low because of the time-consuming spatial
convolution integrals. To solve this problem, we introduce the recursive convolution (RC) with vector fitting (VF) method to
accelerate the computational speed. Through combining the diffraction nonlocal boundary with RC, we achieve the improved
diffraction nonlocal BC. Then we propose a wide-angle three-dimensional parabolic equation (WA-3DPE) decomposition
algorithm in which the improved diffraction nonlocal BC is applied and we utilize it to predict the wave propagation problems
in the complex environment. Numeric computation and measurement results demonstrate the computational accuracy and speed
of the WA-3DPE decomposition model with the improved diffraction nonlocal BC.

1. Introduction

Electromagnetic lateral propagation, which includes lateral
scattering, lateral diffraction, and the depolarization effect,
affects the actual propagation in irregular terrains, especially
in situations with steep transverse gradients. In this situation,
the two-dimensional (2D) parabolic equation (PE) is no
longer accurate. In order to get more accurate results, the
three-dimensional parabolic equation (3DPE) is adopted.
The 3DPE has two forms of scalar and vector, which comes
from the scalar and vector wave equation, respectively. The
scalar 3DPE has only one equation that can just reflect the
propagation characteristics of an electromagnetic field in
a particular component in 3D space. By contrast, vector
3DPE is composed of three equations, which can include all
field components, with their boundary conditions. Levy [1]
first used scalar 3DPE to calculate the diffraction problem
behind urban buildings. Saini and Casiragh [2] studied
the 3D split-step Fourier transformation method, in which

a 2D plane Fourier transformation was used, and the plane
was perpendicular to the propagation direction. Compared
with the 3D finite-difference method, 3D split-step Fourier
transformationmethod decreased computational complexity,
but the computational amount was still very large for large-
scale computing problems. Zelley and Constantinou [3]
established a 3DPE model based on implicit finite-difference
method. The implicit finite-difference method can deal with
the boundary conditions flexibly; therefore, it is relatively
simple to solve the radio wave propagation problem on
different terrains. However, due to the large-scale matrix
operation, the computation amounts are still very large and
the demand for resource is high. In recent years, using 3DPE
to predict the radio wave propagation in a small area such as
in the urban district environment has become a hot topic and
has achieved many results [4–6].

The gradual improvement of the 3D geographic infor-
mation system in recent years has caused the large-scale 3D
electromagnetic propagation prediction to become a trend.
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Similar to the case of the 2DPE development, the computa-
tional amount of the 3DPE is the main obstacle, especially
for radio wave propagation on irregular terrains. The con-
vergence rate depends on the height and lateral width of the
computational domain. For large-scale and real-time compu-
tation, there still exists a considerable challenge. To accelerate
the computational speed of the scalar wide-angle 3DPE (WA-
3DPE), we propose a decomposition algorithm. According
to this algorithm, the total field at the receiving point is
approximately the sum of the straight wave and diffraction
wave with the shortest propagation path. In our proposed
algorithm, the WA-3DPE can be decomposed into two wide-
angle 2DPEs which is called a WA-3DPE decomposition
model. The WA-3DPE decomposition model can deal with
the horizontal diffraction and vertical diffraction caused by
irregular terrain obstructions simultaneously. Furthermore
this approximation can largely decrease the computational
complexity of the WA-3DPE and can accelerate the speed of
computation.

Boundary condition (BC) is critical to the use of PE for
accurate prediction of radio wave propagation. The 2DPE
prediction of radio wave propagation involves two BCs,
which are the upper BC and the lower BC, respectively. For
the lower BC, before the 1990s, the smooth and perfect con-
ducting BC was adopted. However, the ideal conducting BC
caused large errors in practice. Until 1991, the introduction
of hybrid Fourier transform method [7] made it possible
to apply impedance BC in the solution PE. For non-PEC
surfaces and buildings, the fields on them generally meet the
impedance BC. For the upper boundary condition, the most
used BCs include window function BC [8], perfect matching
layers [9], and transparent BC [10, 11]. For the 3DPE, it
contains four BCs. It needs to consider the left and right BCs
as well as the upper and lower BCs like the 2DPE. And the
most used left and right BCs of 3DPE are thewindow function
BCs [12].

The nonlocal BC is an exact boundary that does not
require the additional computational space in the form
of absorbing layers. In the previous studies [13], we used
the traditional nonlocal boundary conditions in wide-angle
two-dimensional parabolic equation model to calculate the
propagation loss. However, it has the disadvantage that the
2DPE ignored the lateral scattering and diffraction, and, due
to the presence of a spatial convolution integral, the compu-
tation is time-consuming. This computation is also memory
demanding as it requires the storage and use of all previous
values of the field along the boundary. To solve this problem,
[14] proposed the recursive convolution (RC) formulation to
reduce the computational burden.TheRCwas achieved using
the vector fitting (VF) method. The nonlocal BC combined
with RC formulationwas applied in a wide-angle 2DPE based
on the FD solving method. The computational speed and the
accuracy of the nonlocal BC combined with RC formulation
were demonstrated. For the actual radio wave propagation
problem, the initial source is often fixed at the start position,
and there is no need to use the nonlocal BC. Using the
simpler diffractive nonlocal BC [15] is enough. Therefore,
we adopt the RC formulation to improve the computational
speed of the diffraction nonlocal BC. As the diffraction

nonlocal BC is a simplified form of the nonlocal BC, the
RC formulation can be applied directly from nonlocal BC
to diffraction nonlocal BC. The RC formulation is applicable
to the nonlocal BC as well as to the corresponding simpler
diffractive nonlocal BC. We call the diffraction nonlocal BC
combined with RC as improved diffraction nonlocal BC. We
will apply this improved diffraction nonlocal BC in the WA-
3DPE decomposition model (described in Section 2).

2. WA-3DPE Decomposition Model

In 3D Cartesian coordinate system, if radio wave propagates
along the positive direction of 𝑥-axis, the 3DPE [15] can be
written as

𝜕𝑢 (𝑥, 𝑦, 𝑧)
𝜕𝑥 = −𝑖𝑘0 (1 − √1 + 𝑞) 𝑢 (𝑥, 𝑦, 𝑧) , (1)

where 𝑞 = 1/𝑘20(𝜕2/𝜕2𝑦 + 𝜕2/𝜕2𝑧) + 𝑛2 − 1, (𝑘0 = 2𝜋/𝜆) is the
wave number in the free space, and 𝑛 is the refractive index.
Equation (1) corresponds to forward propagating wave.

For numerical implementation, we need a suitable
approximation of the 𝑞 operator. With the help of Padé
approximation [15],

√1 + 𝑞 ≈ (1 + 0.75𝑞)
(1 + 0.25𝑞) , (2)

a WA-3DPE is obtained.

{(1 + 14 (𝑛2 − 1)) 𝜕𝜕𝑥 + 1
4𝑘20

𝜕𝜕𝑥 ( 𝜕2𝜕𝑦2 + 𝜕2𝜕𝑧2)

+ 𝑖2𝑘0 (
𝜕2𝜕𝑦2 + 𝜕2𝜕𝑧2) + 𝑖2 (𝑛2 − 1)} 𝑢 (𝑥, 𝑦, 𝑧) = 0.

(3)

Equation (3) is called the Claerbout WA-3DPE, which keeps
the propagation angle up to 40 degrees. Although the WA-
3DPE can model radio wave propagation in 3D space, the
computing efficiency is low because of large-scale matrix
operations.

In order to accelerate the WA-3DPE speed of computa-
tion, similar to the ray tracing method, the main considera-
tion is given to the straight wave and diffraction wave with
the shortest propagation path, which can largely decrease the
computational complexity of the WA-3DPE. It is assumed
that the 3D function 𝑢(𝑥, 𝑦, 𝑧) can be expressed as the sum
of two 2D functions:

𝑢 (𝑥, 𝑦, 𝑧) ≈ 𝑢ℎ (𝑥, 𝑦) + 𝑢V (𝑥, 𝑧) , (4)

where 𝑢ℎ(𝑥, 𝑦) is propagation waves in (𝑥, 𝑦) plane and𝑢V(𝑥, 𝑧) is propagation waves in (𝑥, 𝑧) plane. By applying (4),
(3) can be reduced to two 2DPEs:

{(1 + 14 (𝑛2 − 1)) 𝜕𝜕𝑥 + 1
4𝑘20

𝜕3𝜕𝑥𝜕𝑦2 + 𝑖2𝑘0
𝜕2𝜕𝑦2

+ 𝑖𝑘02 (𝑛2 − 1)} 𝑢ℎ (𝑥, 𝑦) = 0,
(5)
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{(1 + 14 (𝑛2 − 1)) 𝜕𝜕𝑥 + 1
4𝑘20

𝜕3𝜕𝑥𝜕𝑧2 + 𝑖2𝑘0
𝜕2𝜕𝑧2

+ 𝑖𝑘02 (𝑛2 − 1)} 𝑢V (𝑥, 𝑧) = 0.
(6)

Equations (5) and (6) are called WA-3DPE decomposition
model. The WA-3DPE decomposition model actually con-
tains two wide-angle 2DPEs. The total field at the receiving
point is the sum of 𝑢ℎ(𝑥, 𝑦) and 𝑢V(𝑥, 𝑧).
3. Finite-Difference Method of
the WA-3DPE Decomposition Model

Since (5) and (6) are symmetrical in form, here we only
take (5) as an example to introduce finite-difference imple-
mentation, and the finite-difference implementation of (6)
can be obtained in the same way. We start by defining the
integration grid, which is fixed in the 𝑦 direction, but not in
the 𝑥 direction, so that it can adapt to the terrain shape.We let𝑦𝑛ℎ = 𝑛ℎ ⋅Δ𝑦, 𝑛ℎ = 0, . . . , 𝑁ℎ be the grid point at 𝑦 direction
and 𝑥𝑚 = 𝑚 ⋅ Δ𝑥, 𝑚 = 0, . . . ,𝑀, . . . be the successive

integration ranges. Using the central difference approxima-
tion, the derivatives of (5) are discretized as follows:

𝜀𝑚 = 𝑥𝑚−1 + 𝑥𝑚2 , (7)

𝑢ℎ (𝜀𝑚, 𝑦𝑛ℎ) = 𝑢ℎ (𝑥𝑚, 𝑦𝑛ℎ) + 𝑢ℎ (𝑥𝑚−1, 𝑦𝑛ℎ)2 . (8)

In order to advance the solution from range 𝑥𝑚−1 to range 𝑥𝑚,
(7) and (8) give the midpoint

𝜕𝑢ℎ𝜕𝑥 (𝜀𝑚, 𝑦𝑛ℎ) = 𝑢ℎ (𝑥𝑚, 𝑦𝑛ℎ) − 𝑢ℎ (𝑥𝑚−1, 𝑦𝑛ℎ)Δ𝑥 . (9)

Equation (9) gives the central finite-difference approximation
of the derivative in range

𝜕2𝑢ℎ𝜕𝑦2 (𝜀𝑚, 𝑦𝑛ℎ)
= 𝑢ℎ (𝜀𝑚, 𝑦𝑛ℎ+1) + 𝑢ℎ (𝜀𝑚, 𝑦𝑛ℎ−1) − 2𝑢ℎ (𝜀𝑚, 𝑦𝑛ℎ)Δ𝑦2 .

(10)

Equation (10) gives the central finite-difference approxima-
tion of the second-order derivative in 𝑦:

𝜕3𝑢ℎ𝜕𝑥𝜕𝑦2 (𝑥𝑚, 𝑦𝑛ℎ)
= 𝑢ℎ (𝑥𝑚, 𝑦𝑛ℎ+1) + 𝑢ℎ (𝑥𝑚, 𝑦𝑛ℎ−1) − 2𝑢ℎ (𝑥𝑚, 𝑦𝑛ℎ) − 𝑢ℎ (𝑥𝑚−1, 𝑦𝑛ℎ+1) − 𝑢ℎ (𝑥𝑚−1, 𝑦𝑛ℎ−1) + 2𝑢ℎ (𝑥𝑚−1, 𝑦𝑛ℎ)Δ𝑥Δ𝑦2 .

(11)

Equation (11) gives the central finite-difference approxima-
tion of the third-order mixed derivative.

Substituting (8)–(11) in (5) yields

𝛼ℎ,𝑚𝑢𝑚ℎ,𝑛ℎ+1 + 𝛽ℎ,𝑚𝑢𝑚ℎ,𝑛ℎ + 𝛼ℎ,𝑚𝑢𝑚ℎ,𝑛ℎ−1
= 𝛼ℎ,𝑚−1𝑢𝑚−1ℎ,𝑛ℎ+1 − 𝛽ℎ,𝑚−1𝑢𝑚−1ℎ,𝑛ℎ − 𝛼ℎ,𝑚−1𝑢𝑚−1ℎ,𝑛ℎ−1, (12)

where we have used the following notations:

𝛼ℎ,𝑚 = 1 + 𝑗𝑘0Δ𝑥
4𝑘20 (Δ𝑦)2 ,

𝛼ℎ,𝑚−1 = 1 − 𝑗𝑘0Δ𝑥
4𝑘20 (Δ𝑦)2 ,

𝛽ℎ,𝑚 = 1 + 14 (𝑛2 (𝜀𝑚, 𝑦𝑛ℎ) − 1) (1 + 𝑗𝑘0Δ𝑥)
− 1 + 𝑗𝑘0Δ𝑥
2𝑘20 (Δ𝑦)2 ,

𝛽ℎ,𝑚−1 = 1 + 14 (𝑛2 (𝜀𝑚, 𝑦𝑛ℎ) − 1) (1 + 𝑗𝑘0Δ𝑥)
− 1 − 𝑗𝑘0Δ𝑥
2𝑘20 (Δ𝑦)2 .

(13)

Equation (12) has expressed values at range 𝑥𝑚 as a function
of values at range 𝑥𝑚−1 in the form of a linear system. When𝑚 = 1, (12) can be written as

𝛼ℎ,1𝑢1ℎ,𝑛ℎ+1 + 𝛽ℎ,1𝑢1ℎ,𝑛ℎ + 𝛼ℎ,1𝑢1ℎ,𝑛ℎ−1
= 𝛼ℎ,0𝑢0ℎ,𝑛ℎ+1 − 𝛽ℎ,0𝑢0ℎ,𝑛ℎ − 𝛼ℎ,0𝑢0ℎ,𝑛ℎ−1.

(14)

For the Gaussian source,

𝑢0ℎ,𝑛ℎ = 𝑢ℎ (0, 𝑛ℎ ⋅ Δ𝑧) = 𝑢ℎ (0, 𝑧) = 𝐴 𝑘0𝐵2√2𝜋 log 2
⋅ exp (−𝑗𝑘0𝜃𝑧) exp(− 𝐵28 log 2𝑘20 (𝑧 − 𝑧𝑠)2) ,

(15)

where 𝐴 is a normalization constant; 𝐵 is half-power
beamwidth; 𝜃 is elevation angle; and 𝑧𝑠 is transmitting
antenna height.

The finite-difference implementation of (6) is similar to
(5). We let 𝑧𝑛V = 𝑛V ⋅ Δ𝑧, ( 𝑛V = 0, . . . , 𝑁V) be the grid point
in 𝑧 direction and 𝑥𝑚 = 𝑚 ⋅ Δ𝑥, (𝑚 = 0, . . . ,𝑀, . . .) be the
successive integration ranges. The difference equation of (6)
can be written as follows:

𝛼V,𝑚𝑢𝑚V,𝑛V+1 + 𝛽V,𝑚𝑢𝑚V,𝑛V + 𝛼V,𝑚𝑢𝑚V,𝑛V−1
= 𝛼V,𝑚−1𝑢𝑚−1V,𝑛V+1 − 𝛽V,𝑚−1𝑢𝑚−1V,𝑛V − 𝛼V,𝑚−1𝑢𝑚−1V,𝑛V−1, (16)
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where we have used the following notations:

𝛼V,𝑚 = 1 + 𝑗𝑘0Δ𝑥4𝑘20 (Δ𝑧)2 ,

𝛼V,𝑚−1 = 1 − 𝑗𝑘0Δ𝑥4𝑘20 (Δ𝑧)2 ,
𝛽V,𝑚 = 1 + 14 (𝑛2 (𝜀𝑚, 𝑧𝑛V) − 1) (1 + 𝑗𝑘0Δ𝑥)

− 1 + 𝑗𝑘0Δ𝑥2𝑘20 (Δ𝑧)2 ,
𝛽V,𝑚−1 = 1 + 14 (𝑛2 (𝜀𝑚, 𝑧𝑛V) − 1) (1 + 𝑗𝑘0Δ𝑥)

− 1 − 𝑗𝑘0Δ𝑥2𝑘20 (Δ𝑧)2 .

(17)

Equation (16) has expressed values at range 𝑥𝑚 as a function
of values at range 𝑥𝑚−1 in the form of a linear system. When𝑚 = 1, the values of 𝑢0V,𝑛V can be obtained by the same way as
𝑢0ℎ,𝑛ℎ.

Equations (12) and (16) are the difference equations
of the WA-3DPE decomposition model. In order to com-
plete the equation system, we need to include equations
at boundaries. For the WA-3DPE decomposition model, it
contains 4 boundaries in ±𝑦 and ±𝑧 directions, respectively.
Here we employ the 2nd-order accurate discretization of the
derivatives 𝜕𝑢ℎ/𝜕𝑦 and 𝜕𝑢V/𝜕𝑧. Thus, at the boundaries,

𝜕𝑢ℎ (𝑚Δ𝑥, 𝑦max)𝜕𝑦 ≈ 3𝑢𝑚ℎ,0 − 4𝑢𝑚ℎ,1 + 𝑢𝑚ℎ,22Δ𝑦 ,
𝜕𝑢ℎ (𝑚Δ𝑥, 𝑦min)𝜕𝑦 ≈ −3𝑢𝑚ℎ,𝑁ℎ − 4𝑢𝑚ℎ,𝑁ℎ−1 + 𝑢𝑚ℎ,𝑁ℎ−22Δ𝑦 .

(18)

Equations (18) give the 2nd-order accurate finite-difference
approximation of the boundary conditions at ±𝑦:

𝜕𝑢V (𝑚Δ𝑥, 𝑧max)𝜕𝑧 ≈ 3𝑢𝑚V,0 − 4𝑢𝑚V,1 + 𝑢𝑚V,22Δ𝑧 ,
𝜕𝑢V (𝑚Δ𝑥, 0)𝜕𝑧 ≈ −3𝑢𝑚V,𝑁V − 4𝑢𝑚V,𝑁V−1 + 𝑢𝑚V,𝑁V−22Δ𝑧 .

(19)

Equations (19) give the 2nd-order accurate finite-difference
approximation of the boundary conditions at ±𝑧.
4. The Improved Diffraction Nonlocal BC

4.1. Diffraction Nonlocal BC. In order to use one equation
to express the diffraction nonlocal BCs of (𝑥, 𝑦) plane and(𝑥, 𝑧) plane uniformly, we use “𝑠” to represent “𝑦” and “𝑧”;
therefore, for (𝑥, 𝑦) plane, 𝑠 = 𝑦, and, for (𝑥, 𝑧) plane, 𝑠 = 𝑧.
According to [14, 15], the diffraction nonlocal BC in (𝑥, 𝑠)
plane can be written as

𝜕𝑓 (𝑥, 𝑠)
𝜕𝑠 = −𝑗𝜒2𝑘0 ∫𝑥

0
𝜔 (𝑥 − 𝜉) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉, (20)

where the convolution kernel 𝜔 is given by

𝜔 (𝑥) = 𝐽0 (𝑘0𝑥) 𝑒−𝑗𝑘0𝑥, (21)

where 𝜒 = 1 for 𝑦 = 𝑦max and 𝑧 = 𝑧max, 𝜒 = −1 for 𝑦 = 𝑦min
and 𝑧 = 0. 𝐽0 is the zero-order Bessel function.
4.2. Recursive Convolution. According to [14], if the function
in the convolution term in (20) can be expressed as𝐴 𝑖exp(𝐵𝑖 ⋅𝑥) then

𝑅 (𝑥) = ∫𝑥
0
𝜔 (𝑥 − 𝜉) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉 = 𝑅𝑖 (𝑥)

= ∫𝑥
0
𝐴 𝑖 exp (𝐵𝑖 (𝑥 − 𝜉)) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉

= 𝑅𝑖 (𝑚 ⋅ Δ𝑥)
= ∫𝑚⋅Δ𝑥
0

𝐴 𝑖 exp (𝐵𝑖 (𝑚 ⋅ Δ𝑥 − 𝜉)) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉
= 𝑅𝑚𝑖 .

(22)

Therefore

𝑅𝑚−1𝑖 = 𝑅𝑖 [(𝑚 − 1) ⋅ Δ𝑥] = ∫(𝑚−1)⋅Δ𝑥
0

𝐴 𝑖
⋅ exp (𝐵𝑖 ((𝑚 − 1) ⋅ Δ𝑥 − 𝜉)) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉.

(23)

From (22) and (23), the following recursive formula can be
derived:

𝑅𝑚𝑖
= exp (𝐵𝑖 ⋅ Δ𝑥) 𝑅𝑚−1𝑖
+ ∫𝑚⋅Δ𝑥
(𝑚−1)⋅Δ𝑥

𝐴 𝑖 exp (𝐵𝑖 (𝑚 ⋅ Δ𝑥 − 𝜉)) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉.
(24)

In general, 𝜔(𝑥) is approximately expressed as

𝜔 (𝑥) ≈ �̃� (𝑥) = 𝑇∑
𝑖=1

𝐴 𝑖𝑒𝐵𝑖 ⋅𝑥; (25)

thus,

𝑅 (𝑥) = 𝑅𝑚 ≈ 𝑇∑
𝑖=1

𝑅𝑖 (𝑥) =
𝑇∑
𝑖=1

𝑅𝑚𝑖
= 𝑇∑
𝑖=1

𝑒𝐵𝑖 ⋅Δ𝑥𝑅𝑚−1𝑖
+ 𝑇∑
𝑖=1

𝐴 𝑖𝑒𝐵𝑖 ⋅𝑚Δ𝑥 ∫𝑚⋅Δ𝑥
(𝑚−1)⋅Δ𝑥

exp(−𝐵𝑖 ⋅ 𝜉𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 ) 𝑑𝜉,

(26)

where 𝑅0𝑖 = 0.
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The integral term in (26) can be discretized as follows:

∫𝑚⋅Δ𝑥
(𝑚−1)⋅Δ𝑥

exp(−𝐵𝑖 ⋅ 𝜉𝜕𝑓 (𝜉, V)𝜕𝜉 ) 𝑑𝜉
≈ ∫𝑚⋅Δ𝑥
(𝑚−1)⋅Δ𝑥

exp(−𝐵𝑖
⋅ 𝜉𝑓 (𝑚 ⋅ Δ𝑥, V) − 𝑓 ((𝑚 − 1) ⋅ Δ𝑥, V)

Δ𝑥 )𝑑𝜉
= 𝑓 (𝑚 ⋅ Δ𝑥, V) − 𝑓 ((𝑚 − 1) ⋅ Δ𝑥, V)

Δ𝑥
× ∫𝑚⋅Δ𝑥
(𝑚−1)⋅Δ𝑥

exp (−𝐵𝑖 ⋅ 𝜉) 𝑑𝜉 = exp (−𝐵𝑖 ⋅ 𝑚Δ𝑥)
⋅ (𝑓 (𝑚 ⋅ Δ𝑥, V) − 𝑓 ((𝑚 − 1) ⋅ Δ𝑥, V)

Δ𝑥 )
× (1 − exp (−𝐵𝑖 ⋅ Δ𝑥)−𝐵𝑖 ) .

(27)

From (26) and (27), it follows that

𝑗𝜒2𝑘0 ∫𝑥
0
𝜔 (𝑥 − 𝜉) 𝜕𝑓 (𝜉, 𝑠)𝜕𝜉 𝑑𝜉

= 𝜏𝜒𝑓𝑚 − 𝜏𝜒𝑓𝑚−1 + 𝜒Ψ𝑓𝑚,
(28)

where we have used the following notations:

𝜏 = 2𝑗𝑘0
𝑇∑
𝑖=1

𝐴 𝑖 (1 − 𝑒−𝐵𝑖 ⋅Δ𝑥−𝐵𝑖 ⋅ Δ𝑥 ) ,

Ψ𝑓𝑚 = 2𝑗𝑘0
𝑇∑
𝑖=1

𝑒𝐵𝑖 ⋅Δ𝑥𝑅𝑚−1𝑖 .
(29)

In (28), the integral term in (20) is expressed by recursive
convolution method.

4.3.TheVFApproximation. As indicated in (25), the function𝜔(𝑥) must be curve fitted with a function �̃�(𝑥) which is a
summation of exponential terms. In 𝐴 𝑖exp(𝐵𝑖 ⋅ 𝑥), 𝐴 𝑖 and𝐵𝑖 are complex numbers. To achieve this we use first the VF
method [14] to express the function 𝑔(𝑟) = 𝐽0(𝑟) as a sum of
exponential terms. In the VF method, the Laplace transform
of 𝑔(𝑟), that is, 𝐺(𝑠), is approximated with a sum of fractions𝑎𝑖/(𝑠 − 𝑏𝑖):

𝐺 (𝑠) = 1√𝑠2 + 1 ≈ 𝑇∑
𝑖=1

𝑐𝑖𝑠 − 𝑑𝑖 ; (30)

thus

𝑔 (𝑟) = 𝐽0 (𝑟) ≈ 𝑔 (𝑟) = 𝑇∑
𝑖=1

𝑐𝑖 ⋅ 𝑒𝑑𝑖 ⋅𝑟. (31)

Therefore, (21) can be written as

𝜔 (𝑥) = 𝐽0 (𝑘0𝑥) 𝑒−𝑗𝑘0𝑥 ≈
𝑇∑
𝑖=1

𝑐𝑖 ⋅ 𝑒𝑑𝑖 ⋅𝑘0𝑥𝑒−𝑗𝑘0𝑥. (32)

From (25) and (32), it follows that 𝐴 𝑖 = 𝑐𝑖, 𝐵𝑖 = 𝑘0(𝑑𝑖 − 𝑗).
According to [14], 𝑔(𝑟) is curve fitted over the argument
region 0 ≤ 𝑟 ≤ 65000. It was found that 𝑇 = 20 was sufficient
for the computations. The values of 𝑐𝑖 and 𝑑𝑖 can be found in
[14].

5. The WA-3DPE Decomposition Model with
the Improved Diffraction Nonlocal BCs

Through formulae (18), (20), and (28), where 𝑠 = 𝑦 and 𝑓 =𝑢ℎ, we can obtain the following expression:

𝑢𝑚ℎ,𝐴 = 𝜌ℎ𝑢𝑚ℎ,𝐵 + 𝜂ℎ𝑢𝑚ℎ,𝐶 + Ξ𝑚ℎ,𝐴, (33)

where we have used the following notations:

𝜌ℎ = 4
(3 + 2𝜏Δ𝑦) ,

𝜂ℎ = − 1
(3 + 2𝜏Δ𝑦) ,

Ξ𝑚ℎ,𝐴 = 𝜌ℎ𝜏Δ𝑦2 (𝑢𝑚−1ℎ,𝐴 ) − 𝜌ℎΔ𝑦2 (Ψ𝑚,𝐴) ,
(34)

where 𝐴 = 0, 𝐵 = 1, 𝐶 = 2 for 𝑦 = 𝑦max, 𝐴 = 𝑁ℎ, 𝐵 =𝑁ℎ − 1, 𝐶 = 𝑁ℎ − 2 for 𝑦 = 𝑦min
Through formulae (19), (20), and (28) where 𝑠 = 𝑧 and𝑓 = 𝑢V, we can also obtain the following expression:

𝑢𝑚V,𝐴 = 𝜌V𝑢𝑚V,𝐵 + 𝜂V𝑢𝑚V,𝐶 + Ξ𝑚V,𝐴, (35)

where we have used the following notations:

𝜌V = 4
(3 + 2𝜏Δ𝑧) ,

𝜂V = − 1
(3 + 2𝜏Δ𝑧) ,

Ξ𝑚V,𝐴 = 𝜌V𝜏Δ𝑧
2 (𝑢𝑚−1V,𝐴 ) − 𝜌VΔ𝑧2 (Ψ𝑚,𝐴) ,

(36)

where 𝐴 = 0, 𝐵 = 1, 𝐶 = 2 for 𝑧 = 𝑧max, 𝐴 = 𝑁V, 𝐵 =𝑁V − 1 , 𝐶 = 𝑁V − 2 for 𝑧 = 0.
Equations (33) and (35) are the two-dimensional

improved diffraction nonlocal BCs in (𝑥, 𝑦) plane and (𝑥, 𝑧)
plane, respectively. As the improved diffraction nonlocal
BCs are linear equations, they can be applied in (12) and
(16) directly. From (12) and the BC (33), the following global
matrix equation is obtained:

Λ ℎ,𝑚𝑈ℎ,𝑚 = Λ ℎ,𝑚−1𝑈ℎ,𝑚−1 + Ωℎ. (37)

From (16) and the BC (35), the following global matrix
equation is obtained:

Λ V,𝑚𝑈V,𝑚 = Λ V,𝑚−1𝑈V,𝑚−1 + ΩV. (38)

Equations (37) and (38) are the WA-3DPE decomposition
model with the improved diffraction nonlocal BCs. The
details of the matrices/vectors are given in Appendix.
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Figure 1: Pseudocolor maps of field amplitude. Field amplitude of 𝑢ℎ in (𝑥, 𝑦) plane and at 𝑧 = 2.5m, computed by (a) the standard 3DPE
decomposition model with the window function BCs; (b) the WA-3DPE decomposition model with the improved diffraction nonlocal BCs.
Field amplitude of 𝑢V in (𝑥, 𝑧) plane and at 𝑦 = 10m, computed by (c) the standard 3DPE decomposition model with the window function
BCs; (d) the WA-3DPE decomposition model with the improved diffraction nonlocal BCs.

6. Numerical and Experimental Results

6.1. Free Space Propagation. The biggest advantage of diffrac-
tion nonlocal BCs is that it can be used in conjunction with
any initial source. In the following computation, we choose
Gaussian source [15] as the initial field. We consider radio
wave propagation along the positive direction of𝑥-axis in free
space, which means that the improved diffraction nonlocal
BC can be applied in ±𝑦 and ±𝑧 four boundaries. The sizes
of computational region are that 𝑧max = 5m, 𝑧min = 0m,𝑦max = 20m, 𝑦min = 0m, 𝑥max = 100m, and 𝑥min =0m. The transmitting antenna is fixed at the point (𝑥 =0, 𝑦 = 10, 𝑧 = 2.5). The transmitting antenna frequency
is 3GHz; the 3 dB beamwidth is 5 deg and elevation angle
is 0 deg. The refractive index 𝑛 = 1. In order to verify
the computational accuracy and efficiency of the WA-3DPE
decompositionmodel with the improved diffraction nonlocal
BCs, we choose the computation results of the standard
3DPE decomposition model [16] as a comparison. As it is
accurate when the elevation angle is 0 deg, the standard
3DPE decomposition model computation results can be
chosen as a comparison. The standard 3DPE decomposition
model was solved by the Split-Step Fourier Transform (SSFT)
method with the window function BCs. Figures 1(a) and
1(b) are the pseudocolor map of field amplitude of 𝑢ℎ in

(𝑥, 𝑦) plane and at 𝑧 = 2.5m. Figure 1(a) gives the
standard 3DPE decomposition model with window function
BC computation results and Figure 1(b) shows the WA-
3DPE decomposition model with the improved diffraction
nonlocal BC computation results. Figures 1(c) and 1(d) are the
pseudocolormap of field amplitude of𝑢V in (𝑥, 𝑧) plane and at𝑦 = 10m. Figure 1(c) gives the standard 3DPE decomposition
model with window function BC computation results and
Figure 1(d) shows the WA-3DPE decomposition model with
the improved diffraction nonlocal BC computation results.

Table 1 gives some specific parameters involved in the
computation of the WA-3DPE decomposition model and the
standard 3DPE decomposition model. The computer CPU is
the Intel(R) Core(TM) i5-2400 @3.1 GHz. For the standard
3DPE decomposition model solved by SSFT, four window
functions are necessary in ±𝑦 and ±𝑧 directions.The window
function in the computation is Hanning window function
[8]. Theoretically, the greater the thickness of the absorbing
layer is, the better the absorbing effect is; but for large-scale
radio propagation problems in complex environments, the
thickness of the absorbing layer cannot be large enoughdue to
the restriction of computation amount. In our computation,
the thickness of the absorbing layer is 20 times larger than
the computation area in 𝑦 and 𝑧 directions. The size of the
actual computation area of the standard 3DPEdecomposition



International Journal of Antennas and Propagation 7

Ta
bl
e
1:
C
om

pu
ta
tio

n
pa
ra
m
et
er
sf
or

th
eW

A-
3D

PE
de
co
m
po

sit
io
n
m
od

el
an
d
th
es

ta
nd

ar
d
3D

PE
de
co
m
po

sit
io
n
m
od

el.

C
om

pu
ta
tio

n
m
et
ho

ds
D
isc

re
tiz
at
io
n
Si
ze

(m
)

Ac
tu
al
co
m
pu

ta
tio

n
ra
ng
e(
m
)

N
um

be
ro

fs
te
ps

C
om

pu
ta
tio

n
tim

es
(s
)

Δ𝑥
Δ𝑦

Δ𝑧
𝑥 ma

x
𝑦 ma

x
𝑧 max

𝑀
𝑁ℎ

𝑁V
W
A-

3D
PE

de
co
m
po

sit
io
n
m
od

el
w
ith

th
ei
m
pr
ov
ed

di
ffr
ac
tio

n
no

nl
oc
al
BC

s
0.
5

0.
01

0.
01

10
0

20
5

20
0

20
00

50
0

1.2
16
93
4

St
an
da
rd

3D
PE

de
co
m
po

sit
io
n

m
od

el
w
ith

w
id
ow

fu
nc
tio

ns
0.
5

0.
1

0.
1

10
0

40
0

10
0

20
0

40
00

10
00

0.
19
19
47



8 International Journal of Antennas and Propagation

Table 2: Parameters of knife edge propagation.

Names Values
Tx antenna height 0.8 cm
Rx antenna height 1 cm
Range 2.5m
Width 1m
𝑑1 30 cm
𝑑2 25 cm
𝑤1 84.7 cm
𝑤2 89 cm
ℎ1 6.5 cm
ℎ2 4.9 cm

model in 𝑦 direction reaches 𝑦max = 400m. It means
that the total thickness of the absorbing layer is 380m
and 190m in the +𝑦 and −𝑦 direction, respectively. The
size of the actual computation area of the standard 3DPE
decomposition model in 𝑧 direction reaches 𝑦max = 100m.
It means that the total thickness of the absorbing layer is
95m and 47.5m in the +𝑧 and −𝑧 direction, respectively. It
can be seen from Table 1 that the computational speed of
the standard 3DPE decomposition model is faster than the
WA-3DPE decomposition model. But it is easy to find in
Figure 1 that the computational accuracy of the WA-3DPE
decomposition model is higher than the standard 3DPE
decomposition model. Besides, it can be found that although
the discretization size of FD is more restrictive than SSFT, the
improved nonlocal BCs can absorb wave completely without
increasing extra computation space. For the window function
BCs, it is difficult to absorb the wave completely even if the
computation space is further increased.

Paper [14] had already investigated the improvement of
computation speed brought by RC formulation with VF
method, so it does not need to be analyzed again. For
the above-mentioned 3D problem, the computing time of
Dalrymple and Martin method [14] is 18.9054 s.

6.2. Knife Edge Propagation. To verify the effectiveness of
the WA-3DPE decomposition model with the improved
diffraction nonlocal BCs, knife edge propagation problems
are computed and measured. As depicted in Figure 2, two
knife edges are center symmetrically situated on a metal
plane. The parameters of their size and location are given in
Table 2.

The measurements are made by transmitting a con-
tinuous wave signal which are generated by the Agilent
Signal Generator. The transmitter output power is 0 dBm.
The transmitting antenna for the measurements is a quarter
wavelength monopole antenna, and the gain of it is ignored.
The Agilent Spectrum Analyzer is used as a receiver with
very narrow bandwidth.The receiving antenna is awaveguide
antenna, having a gain of 0 dBi andworking at the frequencies
from 8GHz to 10GHz. According to the aforementioned
properties of experiment equipment, the working frequency
is chosen at 9.375GHz. Both the transmitting antenna and

Tx

Rx

Range

h1

d1

h2

d2

Width

O1

O2

x

y

z

w2

w1

Figure 2: Knife edge propagation.

receiving antenna are set on an aluminous plane which is
surrounded by wave-absorbing materials to simulate free
space propagation environment.

Both of the single knife edge propagation and double
knife edges propagation are simulated and measured. In the
simulation and experiment of single knife edge propagation,
we only keep the knife edge O1 and take the knife edge O2
away. The curves of propagation loss varying with range are
given in Figure 3. Figure 3(a) gives the simulation and experi-
ment results of the single knife edge propagation.Thenwe put
on the knife edge O2 and measured again. Figure 3(b) gives
the simulation and experiment results of the double knife
edges propagation. In order to increase the comparability,
we also give the MoM (Method of Moment) and WA-2DPE
(wide-angle two-dimensional parabolic equation) computa-
tion results in Figure 3. In the simulations, the surface BC is
set as PEC, which means the improved diffraction nonlocal
BC is applied in up, left, and right boundaries. The results of
MoM are obtained by the commercial solver FEKO 7.0.

It can be seen from Figure 3 that the results of the WA-
3DPE decomposition model with the improved diffraction
nonlocal BCs, MoM, measurement, and WA-2PDE are basi-
cally the same nomatter for the single knife edge propagation
or the double knife edge propagation. However, there exists a
big difference in whichMoM computation presents fluctuant
results while the WA-3DPE decomposition model with the
improved diffraction nonlocal BCs and measurement does
not. This is because PE only deals with the forward prop-
agation wave, and the signal fluctuation caused by forward
propagation and backward propagation interference is not
modeled in front of the edges.Theoretically, themeasurement
should also present fluctuant results in front of the edges, but
they are not be shown in Figure 3 in that the receiving antenna
in our experiment is a waveguide antenna, which can only
receive forward propagation waves. The computation results
of WA-3DPE are more closer to measurement results than
those ofWA-2PDE, as theWA-3DPE considers the horizontal
diffraction propagation.
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Figure 3: Comparison of the results of the WA-3DPE decomposition model with the improved diffraction nonlocal BCs with the
measurement, MoM, and WA-2PDE results: (a) propagation loss versus range for single knife edge and (b) propagation loss versus range
for double knife edges.

7. Conclusion

In order to accelerate the computational speed, we proposed
to apply the RC formulation with VF method in the diffrac-
tion nonlocal BC. Furthermore, the improved diffraction
nonlocal BC with RCs was applied in the WA-3DPE decom-
positionmodel.The computational accuracy and speed of the
WA-3DPE decomposition model with diffraction nonlocal
BC with RC formulation were demonstrated through the
comparison with the standard 3DPE decomposition model,
MoM, measurement, and WA-2PDE. The proposed WA-
3DPE decomposition model with the improved diffraction
nonlocal BC with RC formulation is suitable for the predic-
tions of radio wave propagation in small areas like urban
district environments.

Appendix

Λ ℎ,𝑚 =

[[[[[[[[[[[[[[[[[
[

𝛽ℎ,𝑚 𝛼ℎ,𝑚 0 ⋅ ⋅ ⋅ 0 0
𝛼ℎ,𝑚 𝛽ℎ,𝑚 𝛼ℎ,𝑚 ⋅ ⋅ ⋅ 0 0
0 𝛼ℎ,𝑚 𝛽ℎ,𝑚 𝛼ℎ,𝑚 ⋅ ⋅ ⋅ 0
... ... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚 𝛽ℎ,𝑚 𝛼ℎ,𝑚 0
0 0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚 𝛽ℎ,𝑚 𝛼ℎ,𝑚
0 0 0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚 𝛽ℎ,𝑚

]]]]]]]]]]]]]]]]]
]

,

𝛽ℎ,𝑚 = 𝛽ℎ,𝑚 + 𝜌ℎ𝛼ℎ,𝑚,

𝛼ℎ,𝑚 = 𝛼ℎ,𝑚 + 𝜂ℎ𝛼ℎ,𝑚,
Λ ℎ,𝑚−1

=

[[[[[[[[[[[[[[[[[
[

𝛽ℎ,𝑚−1 𝛼ℎ,𝑚−1 0 ⋅ ⋅ ⋅ 0 0
𝛼ℎ,𝑚−1 𝛽ℎ,𝑚−1 𝛼ℎ,𝑚−1 ⋅ ⋅ ⋅ 0 0
0 𝛼ℎ,𝑚−1 𝛽ℎ,𝑚−1 𝛼ℎ,𝑚−1 ⋅ ⋅ ⋅ 0
... ... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚−1 𝛽ℎ,𝑚−1 𝛼ℎ,𝑚−1 0
0 0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚−1 𝛽ℎ,𝑚−1 𝛼ℎ,𝑚−1
0 0 0 ⋅ ⋅ ⋅ 𝛼ℎ,𝑚−1 𝛽ℎ,𝑚−1

]]]]]]]]]]]]]]]]]
]

,

Ωℎ =
[[[[[
[

−𝑢𝑚−1ℎ,0
...

−𝑢𝑚−1ℎ,𝑁ℎ

]]]]]
]
− [[[[
[

Ξ𝑚ℎ,0
...

Ξ𝑚ℎ,𝑁ℎ

]]]]
]
,

𝑈ℎ,𝑚 = [[[[
[

𝑢𝑚ℎ,1
...

𝑢𝑚ℎ,𝑁ℎ−1

]]]]
]
,

𝑈ℎ,𝑚−1 =
[[[[[
[

𝑢𝑚−1ℎ,1
...

𝑢𝑚−1ℎ,𝑁ℎ−1

]]]]]
]
,
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Λ V,𝑚 =

[[[[[[[[[[[[[[
[

𝛽V,𝑚 𝛼V,𝑚 0 ⋅ ⋅ ⋅ 0 0
𝛼V,𝑚 𝛽V,𝑚 𝛼V,𝑚 ⋅ ⋅ ⋅ 0 0
0 𝛼V,𝑚 𝛽V,𝑚 𝛼V,𝑚 ⋅ ⋅ ⋅ 0
... ... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛼V,𝑚 𝛽V,𝑚 𝛼V,𝑚 0
0 0 ⋅ ⋅ ⋅ 𝛼V,𝑚 𝛽V,𝑚 𝛼V,𝑚
0 0 0 ⋅ ⋅ ⋅ 𝛼V,𝑚 𝛽V,𝑚

]]]]]]]]]]]]]]
]

,

𝛽V,𝑚 = 𝛽V,𝑚 + 𝜌V𝛼V,𝑚,
𝛼V,𝑚 = 𝛼V,𝑚 + 𝜂V𝛼V,𝑚,
Λ V,𝑚−1

=

[[[[[[[[[[[[[[
[

𝛽V,𝑚−1 𝛼V,𝑚−1 0 ⋅ ⋅ ⋅ 0 0
𝛼V,𝑚−1 𝛽V,𝑚−1 𝛼V,𝑚−1 ⋅ ⋅ ⋅ 0 0
0 𝛼V,𝑚−1 𝛽V,𝑚−1 𝛼V,𝑚−1 ⋅ ⋅ ⋅ 0
... ... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛼V,𝑚−1 𝛽V,𝑚−1 𝛼V,𝑚−1 0
0 0 ⋅ ⋅ ⋅ 𝛼V,𝑚−1 𝛽V,𝑚−1 𝛼V,𝑚−10 0 0 ⋅ ⋅ ⋅ 𝛼V,𝑚−1 𝛽V,𝑚−1

]]]]]]]]]]]]]]
]

,

ΩV = [[[[
[

−𝑢𝑚−1V,0...
−𝑢𝑚−1V,𝑁V

]]]]
]
− [[[
[

Ξ𝑚V,0...
Ξ𝑚V,𝑁V

]]]
]
,

𝑈V,𝑚 = [[[
[

𝑢𝑚V,1...
𝑢𝑚V,𝑁V−1

]]]
]
,

𝑈V,𝑚−1 = [[[[
[

𝑢𝑚−1V,1...
𝑢𝑚−1V,𝑁V−1

]]]]
]
.
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Genetic algorithm (GA) is applied for the estimation of two-peaked analytically extended function (2P-AEF) parameters in this
paper. 2P-AEF is used for approximation of measured and typical lightning discharge currents. Lightning discharge channel is
often modeled as thin-wire vertical antenna at perfectly conducting ground. Engineering lightning stroke models assume that
the current along that channel is related to the channel-base current which may be measured at the instrumented tall towers
and in triggered lightning experiments. Mathematical modeling of lightning currents is important in verification of lightning
strokes models based on simultaneously measured electromagnetic fields at various distances, so as in lightning protection studies,
computation of lightning induced effects and simulation of overvoltages in power systems. Typical lightning discharge currents
of the first positive, first negative, and subsequent negative strokes are defined by IEC 62305 Standard based on comprehensive
measurements. Parameters of 2P-AEF’s approximation of the typical negative first stroke current are determined by GA and
compared to approximations obtained by other functions. Measured currents at Monte San Salvatore in Switzerland, at Morro
de Cachimbo Station in Brazil, and in rocket-triggered lightning experiments at Camp Blanding in Florida are approximated by
2P-AEFs, and good agreement with experimentally measured waveshapes is obtained.

1. Introduction

Besides cloud-to-ground lightning discharges, intracloud
and discharges between thunderclouds, there are also great
transient luminous events above troposphere, such as blue
jets, gigantic jets, red sprites, elves, and halos. A small
percentage of powerful thunderstorms, mostly with positive
cloud-to-ground flashes and lightning discharge currents of
the order of hundreds of kA, trigger such phenomena at tens
of kilometers above thunderclouds. However, the majority of
cloud-to-ground lightning discharges (about 90%) transfer
negative charges from thunderclouds to the ground. Typical
waveshapes of the first positive, first negative, and subsequent
negative strokes currents are obtained from comprehensive
measurements of Berger et al. [1, 2] and Lin et al. [3] and
measurements at tall instrumented towers [4] and in rocket-
triggered lightning experiments [5, 6]. These currents, so
as some estimated parameters of lightning discharges, are
often used in modeling of lightning strokes, in research and

lightning protection studies [2, 7], and in the IEC 62305
Standard [8]. Engineeringmodels [9] assume that the current
pulse propagates with distortion and attenuation along the
channel between the ground and the center of charges in
thunderclouds. Spatial and temporal current distribution (or
charge-density distribution) along the channel radiates light-
ning electromagnetic field over the conducting ground. Based
on lightning strokes parameters (measured channel-base
currents and their derivatives, estimated speed of propagating
front, and return stroke speed evaluated from the channel
luminosity), model-predicted electromagnetic field results
are compared to the measured data at various distances from
the channel in order to validate suchmodels. Electromagnetic
models assume that the lightning channel is a lossy thin-wire
monopole antenna at perfectly conducting ground. Current
distribution along the channel is determined by solving
Maxwell’s equations, for the satisfied boundary conditions,
and afterwards, electric and magnetic fields are computed
and compared to the measured ones. The influence of finite
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ground conductivity may be also taken into account in these
models. Approximation of various channel-base currents
waveshapes by analytical functions is very important, so as
evaluation of their parameters.

There are many possible applications of evolutionary
algorithms in lightning research and modeling of lightning
strokes. Particle Swarm Optimization (PSO) is used for eval-
uation of lightning return stroke models’ parameters (return
stroke speed, channel height, and the constant of exponential
current attenuation factor), based on electromagnetic theory
relations andmeasuredmagnetic flux density in [10], whereas
remote electric fields are used for estimation of lightning
current waveforms and return stroke velocity profiles in
[11, 12]. Genetic algorithm (GA) is proposed in [13] and
Powell algorithm combined with PSO in [14] for identifying
channel-base current parameters in the sum of two Heidler’s
functions [15], but only for single-peaked waveshapes of
typical negative subsequent strokes. GA is also used for
evaluation of parameters in the same function based on
measured triggered lightning currents, and for the estimation
of reflection coefficients [16] based on lightning discharge
currents measured at tall instrumented towers, but also
for the single-peaked channel-base current. An inversion
method based on time series neural network and back-
propagation neural network is presented in [17].

Approximation of negative first stroke currents is more
difficult than of negative subsequent stroke currents, due to
multiple peaks in waveshapes. For approximations of such
waveshapes, linear combinations of a few functions from
literature are usually used, as double-exponential function
[18], Pulse function [19], Heidler’s function, and others.
A sum of seven Heidler’s functions is used in [20] to
approximate first negative strokes currents as measured in
Brazil [21]. Such waveshapes are approximated, for example,
in order to calculate overvoltages induced in transmission
lines [22]. There are in total 28 parameters needed for
that sum. Two-peaked analytically extended function (2P-
AEF) uses just 7 parameters for the same waveshape [23].
The accuracy is estimated in [20] from the current’s peaks
values obtained by the sum of seven Heidler’s functions,
whereas in the case of 2P-AEF, these peaks are chosen as
exact values at the corresponding time moments. Besides,N-
peaked AEF is a linear combination itself, so its number of
peaks and parameters determine the accuracy of the obtained
approximation. It is suitable for a variety of multipeaked
waveshapes.

Application of GA to estimation of 2P-AEF parameters
is presented in this paper. This function is based on the
new channel-base current function [24], used to approximate
the IEC 62305 Standard currents and other typical lightning
currents [25]. Marquardt least squares method is used for
estimation of its parameters in [26]. In this paper, 2P-AEF
parameters are obtained by GA and given for an assumed
negative first stroke current [27], but also for the measured
currentswaveshapes atMonte San Salvatore in Switzerland [1]
and at Morro de Cachimbo Station in Brazil [21]. Parameters
of 2P-AEF are determined also for the typical first negative
stroke current [1] and compared to results obtained by other
functions. Triggered lightning current waveshape measured

in artificially induced lightning discharge [28] is also approx-
imated by 2P-AEF and its parameters are optimized by GA.
2P-AEF is described in Section 2 and application of GA to
estimation of its parameters for the assumed two-peaked
current waveshape in Section 3. Measured negative stroke
currents are approximated in Section 4, the typical negative
stroke current in Section 5, and triggered lightning current
in Section 6. In order to validate the results of the obtained
approximations, Feature Selective Validation (FSV) method
[29, 30] is applied in this paper, adopted by the IEEE Standard
1597.1 [31] for validation of computational electromagnetics
results, computer modeling, and simulations. GA proved to
have better results than least squares method used for the
Two-rise function (TRF) [23].

2. Two-Peaked Analytically Extended Function

Analytical functions used for approximation of lightning cur-
rents with satisfying accuracy usually have a few parameters
to be determined. The simplest function for representing
pulse waveshapes is double-exponential (DEXP) function
[18]. First derivative of this function at 𝑡 = 0 is not of zero
value, as in realistic cases, which results in certain difficulties
in lightning electromagnetic field computation. Its convex
waveshape from zero to the maximum value is also not
suitable for representing realistic lightning currents.

Heidler’s function [15] has a concave rising part of the
waveshape and first derivative of zero value at 𝑡 = 0. It is given
by

𝑖 (𝑡) = 𝐼0
𝜂

(𝑡/𝜏1)𝑛
(𝑡/𝜏1)𝑛 + 1 exp(−

𝑡
𝜏2) , (1)

for the current 𝐼0, time constants 𝜏1 and 𝜏2, degree 𝑛 (usually
chosen from 2 to 10), and the current peak correction
factor 𝜂 = exp[−(𝜏1/𝜏2)(𝑛𝜏2/𝜏1)1/𝑛]. It is often used in
the literature and adopted in the IEC 62305 Standard [8]
for representation of typical lightning currents. A sum of
two Heidler’s functions is used for approximation of single-
peaked lightning currents, as suggested in [32], and used in
[10–14]. For themeasured negative first stroke currents, a sum
of seven Heidler’s functions is needed [20].

Linear combination of Heidler’s function (for 𝑛 = 2) and
DEXP function is used in [33] for the negative subsequent
stroke current and given by

𝑖 (𝑡) = 𝐼01
𝜂

(𝑡/𝜏1)2
(𝑡/𝜏1)2 + 1

exp(− 𝑡𝜏2)

+ 𝐼02 [exp(− 𝑡𝜏3) − exp(− 𝑡𝜏4)] .
(2)

In order to approximate waveshapes with two distinct rise
portions, a combination of power and exponential functions
from [34] is simplified in [27], so the following form is
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obtained:

𝑖 (𝑡) = 𝐼0
𝜂 [(1 − 𝑐)𝑋 (𝑡) + 𝑐𝑌 (𝑡)] exp(−

𝑡
𝜏) , (3)

for 𝑌(𝑡) = [𝑎(𝑡/𝑇)𝑘 + (𝑡/𝑇)𝑛1]/[1 + (𝑡/𝑇)𝑛1],𝑋(𝑡) = (𝑏𝑡/𝑇)𝑛2/
[1 + (𝑏𝑡/𝑇)𝑛2], parameters 𝑎, 𝑏, 𝑐, 𝑇, 𝑘, 𝑛1, 𝑛2, current 𝐼0, and
peak correction factor 𝜂.

Pulse function [19] is given by the following expression:

𝑖 (𝑡) = 𝐼0
𝜉 [1 − exp(− 𝑡𝜏1)]

𝑛

exp(− 𝑡𝜏2) , (4)

for the current 𝐼0, time constants 𝜏1 and 𝜏2, degree 𝑛, and the
current peak correction factor 𝜉 = [𝑛𝜏2/(𝜏1 + 𝑛𝜏2)]𝑛[𝜏1/(𝜏1 +𝑛𝜏2)]𝜏1/𝜏2 .

2P-AEF is given by the following expression:

𝑖 (𝑡) =

{{{{{{{{{{{
{{{{{{{{{{{{

𝐼𝑚1
𝑘1∑
𝑖=1

𝑏1𝑖 [ 𝑡
𝑡𝑚1 exp(1 −

𝑡
𝑡𝑚1)]

𝑎1𝑖 , 0 ≤ 𝑡 ≤ 𝑡𝑚1,

𝐼𝑚1 + 𝐼𝑚2
𝑘2∑
𝑖=1

𝑏2𝑖 [ 𝑡 − 𝑡𝑚1
𝑡𝑚2 − 𝑡𝑚1 exp(1 −

𝑡 − 𝑡𝑚1
𝑡𝑚2 − 𝑡𝑚1)]

𝑎2𝑖 , 𝑡𝑚1 ≤ 𝑡 ≤ 𝑡𝑚2,

(𝐼𝑚1 + 𝐼𝑚2)
𝑘3∑
𝑖=1

𝑏3𝑖 [ 𝑡
𝑡𝑚2 exp(1 −

𝑡
𝑡𝑚2)]

𝑎3𝑖 , 𝑡𝑚2 ≤ 𝑡 < ∞,

(5)

for the first peak 𝐼𝑚1 at 𝑡𝑚1 and the second peak 𝐼𝑚1 + 𝐼𝑚2
at 𝑡𝑚2. There are 2𝑘1 parameters to be determined (𝑎1𝑖 and𝑏1𝑖, for 𝑖 = 1, . . . , 𝑘1) for the first interval (from zero to the
first peak), 2𝑘2 parameters (𝑎2𝑖 and 𝑏2𝑖, for 𝑖 = 1, . . . , 𝑘2) for
the second interval (from the first to the second peak), and
2𝑘3 parameters (𝑎3𝑖 and 𝑏3𝑖, for 𝑖 = 1, . . . , 𝑘3) for the last
interval (after the second peak).The following three relations
are valid:

𝑘𝑛∑
𝑖=1

𝑏𝑛𝑖 = 1, 𝑛 = 1, 2, 3, (6)

which results in𝐾 = 2(𝑘1 +𝑘2 +𝑘3) − 3 unknown parameters
to be determined for 2P-AEF(𝑘1, 𝑘2, 𝑘3). For the two-peaked
waveshapes, satisfying accuracy is obtained by 2P-AEF(2,1,2),
for 𝑘1 = 2, 𝑘2 = 1, 𝑘3 = 2, and just 𝐾 = 7 unknown
parameters to be estimated by GA. Greater 𝑘𝑖 increase the
accuracy in i-th interval, at the expense of increased number
of parameters to be determined.

Different techniques may be employed for evaluation
of these functions parameters. Among procedures based
on least squares fitting are nonlinear curve fitting method
(NLCF) [19] applied to Pulse function parameters and Mar-
quardt least squares method [35] applied to DEXP [36],
Heidler’s function [37–39], Pulse function [39], and NP-
AEFs [26]. GA is applied in this paper for evaluation of 2P-
AEF’s parameters for the typical and measured waveshapes
of negative first strokes.

3. Application of GA to Estimation of
2P-AEF’s Parameters

GA is an evolutionary algorithm which has been applied for
a few decades already [40] to a great variety of problems in
different domains. A problem plays the role of an environ-
ment with an initial population of individuals generated at
random or heuristically. An individual represents a possible

solution to the problem with a certain degree of adaptation
to its environment. Biological principle of natural evolution
is used for artificial selection based on the computed fitness
function. The candidate solution is encoded in its “genome”
and new genetic material is introduced in each generation as
in natural evolutionary mechanisms. Like in nature, better
solutions to the problem are obtained, and GA is possibly
leading to the optimal ones. One of the possible applications
is curve fitting [41].

GA is applied in this paper with a goal to optimize
2P-AEFs parameters, so that the resulting waveforms well
approximate measured and typical negative first stroke cur-
rents. Fitness function ff is the L-infinity norm described as

𝑓𝑓 = max
𝑖

𝐼𝑔𝑖 − 𝐼AEF𝑖 , (7)

for steps 𝑖 = 1, . . . , 𝑁, whereas 𝐼𝑔𝑖 are function’s goal values
and 𝐼AEF𝑖 values obtained by 2P-AEF. The goal values may
be obtained either by measurements or by using another
reference current function already validated as an appropriate
one for representing the recorded data. For the following
examples, GA parameters setting is given in Table 1. Number
of randomly created individuals that populate the initial
generation, that is, the population size parameter, is set to 100
in all the examples. Based on calculated fitness values, parents
are being chosen. Subsequent generations are created through
crossover and mutation processes which are defined by the
crossover fraction parameter (the fraction of individuals
in the next generation that are created by crossover) and
the number of elite individuals (certain number of most
fit individuals in the current population that automatically
survive to the next generation). The stopping criterion is
the number of generations, that is, maximum number of
iterations after which the procedure is stopped. In order
to assist GA, upper and lower bounds (UB-upper bound;
LB-lower bound) for each parameter being optimized are
defined. These search regions are given in Table 2. It should
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Table 1: Parameter settings for the genetic algorithm.

Parameter Value
Population size 100
Number of generations 150
Number of elite individuals 2

Crossover fraction 0.8, which equals 78
individuals

Individuals created by mutation 20

Table 2: Search regions of the genome variables.

Example 1 Example 2 Example 3 Example 4
LB UB LB UB LB UB LB UB

𝑏11 0.2 0.8 0.2 0.8 0.2 0.3 0.05 1.2
𝑎11 1.5 3 1.5 3 1.5 6 1.5 10
𝑎12 5 90 5 60 10 45 10 45
𝑎21 4.5 15 5 20 10 30 0.1 1.1
𝑏31 0.35 0.45 0.35 0.6 0.2 0.9 0.3 0.9
𝑎31 1.5 2.5 2.5 4 0.005 0.04 0.001 0.01
𝑎32 0.02 0.08 0.02 0.06 0.2 1.3 2 5

be noticed that for 2P-AEF(2,1,2) no bounds are needed for
𝑏12, 𝑏21, and 𝑏32, as these are not unknowns, but determined
from (6) as 𝑏12 = 1 − 𝑏11, 𝑏21 = 1, and 𝑏32 = 1 − 𝑏31.

An assumed two-peaked waveshape [27], based on (3),
is given in Figure 1. It is chosen to be approximated by
2P-AEF(2,1,2), for the first peak 𝐼𝑚1 = 16.5 kA at 𝑡𝑚1 =
3.3 𝜇s and the second peak 𝐼𝑚1 + 𝐼𝑚2 = 30 kA at 𝑡𝑚2 =
4.6 𝜇s. In order to do so, lower and upper bounds of all
parameters being optimized are given in Table 3. Values of
2P-AEF parameters obtained by GA are denoted by GA 2P-
AEF, whereas results obtained by least squares method for
TRF [23] are denoted by LS TRF in Table 3. Parameters values
[27] corresponding to the function given by (3) are also
shown in Table 3.These three current functions are presented
in Figure 2. Amplitude Difference Measure (ADM) obtained
by 1D FSV Tool [42], which is applied to the assumed
current from [27] and its approximation by 2P-AEF(2,1,2)
using GA, shows the quality of this approximation. The
corresponding Grade-Spread chart is presented in Figure 3.
Grade and Spread values obtained by 1D FSV Tool may
range from 1 (best quality) to 6 (worst quality). ADMc is
probability density function showing the proportion of point-
by-point analysis in Figure 4(a) in order to check themeasure
of approximation’s confidence. ADMi is showing point-by-
point comparison of the amplitude differences in Figure 4(b).

In the 𝑥-axis shown in Figure 4(a), EX stands for excel-
lent, VG for very good, G for good, F for fair, P for poor, and
VP for very poor approximated data.TheEX score (for 92.5%)
and VG score (for 7.5%) of this approximation are confirmed
by 1D FSV Tool. For smaller values of Grade (rated from 1
to 6), the quality of approximation is better, and for smaller
values of Spread (rated from 1 to 6), the reliability of results
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Figure 1: An assumed two-peaked current waveshape from [27]
given by (3).
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Table 3: Upper and lower bounds of the genome variables and parameters values for 2P-AEF, TRF, and current function (3).

GA bounds GA 2P-AEF LS TRF [23] Equation (3) [27]
LB UB

𝑏11 0.2 0.5 0.2000 0.2 𝐼max [kA] 30
𝑏12 / / 0.8000 0.8 𝜂 0.937
𝑎11 1.5 2.7 2.7000 2.5 n1 30
𝑎12 30 45 33.287 35 n2 18
𝑏21 / / 1 1 k 1.5
𝑎21 3.4 5 3.4029 3 𝑇 [𝜇s] 4
𝑏31 0.5 0.9 0.8491 0.75 𝜏 [𝜇s] 75
𝑏32 / / 0.1509 0.25 𝑎 0.4
𝑎31 0.02 0.06 0.0579 0.04 𝑏 1.5
𝑎32 0.6 1.2 1.1513 0.6 𝑐 0.65

EX VG G F P VP

ADMc

0.00

0.10

0.20

0.05

0.15

0.30

0.40

0.25

0.35

0.50

0.60

0.45

0.55

0.70

0.80

0.65

0.75

0.90
0.85

0.95

(a)

0.00

0.02

0.04

0.01

0.03

0.06

0.08

0.05

0.07

0.10

0.12

0.09

0.11

0.14

0.16

0.13

0.15

0.17

0.0000000 0.0000025 0.0000100

ADMi

Time t (s)
0.0000050 0.0000075

A
m

pl
itu

de
 d

iff
er

en
ce

 o
f G

A
 2

P-
A

EF
 an

d 
th

e a
ss

um
ed

 cu
rr

en
t

(b)

Figure 4: (a) ADMc and (b) ADMi obtained by FSV applied to the assumed current from [27] and its approximation by 2P-AEF(2,1,2) using
GA for parameters evaluation.

is higher. Results obtained by 1D FSV Tool for GA 2P-AEF
approximation areGrade value 1 and Spread value 1 (Figure 3)
for the threshold set at 85% by default. These two values (1,1)
stand for the best quality of approximation.

The first derivative of the current (3) for the assumed
waveshape [27], TRF’s derivative, and 2P-AEF’s derivative for
parameters obtained by GA are given in Figure 5.

4. Approximation of the Measured Negative
First Stroke Currents by 2P-AEF

Previously described GA procedure is employed for opti-
mizing 2P-AEFs parameters in order to approximate the
measured negative first stroke currents. For all the examples,

GAuses exact values for the current peaks and corresponding
timemoments as the input data (peaks are 𝐼𝑚1 at 𝑡𝑚1 and 𝐼𝑚1+𝐼𝑚2 at 𝑡𝑚2). As the first example, two-peakedwaveshape of the
negative first stroke current measured atMonte San Salvatore
[1] is approximated by 2P-AEF(2,1,2) with 7 parameters
estimated by GA. Parameters values for Example 1 are given
in Table 4. Waveshape of the measured current denoted
by MSS-FST#2peaks in [20], approximated by the sum of
seven Heidler’s functions (1), is the goal function for GA.
Parameters of TRF are obtained by the least squares method
[23] and denoted by LS TRF in Table 4.

Results of these approximations are given in Figure 6 in
100 𝜇s, and first derivatives of these currents are given in
Figure 7 in 20 𝜇s.
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Figure 6: Measured current MSS FST#2peaks [20], TRF [23], and
2P-AEF(2,1,2).

As the second example, the negative first stroke current
measured at Morro do Cachimbo station in Brazil [21]
is approximated by 2P-AEF(2,1,2) with 7 parameters esti-
mated by GA. Parameters values for Example 2 are given
in Table 4. Waveshape of the measured current denoted
by MCS-FST#2peaks in [20], approximated by the sum of
seven Heidler’s functions (1), is the goal function for GA.
Parameters of TRF are obtained by the least squares method
[23] and denoted by LS TRF in Table 4. Results of these
approximations are given in 100𝜇s in Figure 8, and first
derivatives of these currents are given in 20𝜇s in Figure 9.
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Figure 7: Derivatives of MSS FST#2peaks [20], TRF [23], and 2P-
AEF(2,1,2).
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Figure 8: Measured current MCS FST#2peaks [20], TRF [23], and
2P-AEF(2,1,2).

Grade-Spread chart, obtained by FSV code which is
applied to the sum of seven Heidler’s functions represent-
ing MSS FST#2peaks results from [20] and its approxima-
tion by 2P-AEF(2,1,2) using GA, is presented in Figure 10.
ADMc confidence histogram is given in Figure 11(a), ADMi
point-by-point comparison of the amplitude differences in
Figure 11(b). EX score is obtained (94%). For the approxi-
mation of amplitudes by GA 2P-AEF, the following scores
are obtained: EX for 94%, VG for 5%, and G for 1% of
results. Analysis by FSV code results in the Grade value
1 and Spread value 1 which stand for the best quality of
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Table 4: 2P-AEF parameters in approximations of lightning currents.

Example 1 Example 2 Example 3 Example 4
GA 2P-AEF LS TRF [23] GA 2P-AEF LS TRF [23]

𝑏11 0.4020 0.37 0.4653 0.37 0.2366 1.1997
𝑏12 0.5980 0.63 0.5347 0.63 0.7634 −0.1997
𝑎11 2.7948 2.2 2.5624 2.2 1.5045 8.5640
𝑎12 83.551 28 58.8574 28 12.487 12.1617
𝑏21 1 1 1 1 1 1
𝑎21 9.6746 5.5 12.2015 15 27.919 0.9004
𝑏31 0.3784 0.4 0.4551 0.45 0.6191 0.6475
𝑏32 0.6216 0.6 0.5449 0.55 0.3809 0.3525
𝑎31 1.9436 2 2.7653 3.3 0.0399 0.0100
𝑎32 0.0754 0.06 0.0583 0.055 1.2955 4.0248
𝑡𝑚1 [𝜇s] 7.53 8.2 8 8.2 10.6 3.6733
𝐼𝑚1 [kA] 27.7 27.66 40.1 40.07 29.67 14.862
𝑡𝑚2 [𝜇s] 13.6 13.6 13.6 13.8 15.9 6.9
𝐼𝑚1 + 𝐼𝑚2 [kA] 31 31 45.1 45.28 30 10.862
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Figure 9: Derivatives of MCS FST#2peaks [20], TRF [23], and 2P-
AEF(2,1,2).

approximation. For MCS FST#2peaks current from [20]
and its approximation obtained by 2P-AEF(2,1,2) using GA,
Grade value is 1 and Spread value 1, as given in Figure 12.
Amplitude approximation has EX (89%) and VG (11%) scores
as given in Figure 13(a), and ADMi is as in Figure 13(b).

5. Approximation of the Typical Negative First
Stroke Current by 2P-AEF

Typical waveshape representing 88 measured negative first
stroke currents [1], normalized to the maximum current
value, is approximated by 2P-AEF(2,1,2) and presented in
Figure 14. As 50% of measured negative first strokes currents
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Figure 10: Grade-Spread value obtained by FSV applied to
MSS FST#2peaks results [20] and its approximation by 2P-
AEF(2,1,2) using GA for parameters evaluation.

exceed 30 kA [1], it is often chosen as typical maximum
current for this waveshape (which is the second peak 𝐼𝑚 =
𝐼𝑚1 + 𝐼𝑚2 = 30 kA at 𝑡𝑚2 = 15.9 𝜇s).

DEXP function parameters are obtained in [36] by Mar-
quart least squares method in order to approximate current
waveshape of typical negative first stroke from [1]. However,
due to a very steep rise of DEXP function at 𝑡 = 0, unlike
slow rise of the approximated waveshape, this could not
result in an accurate approximation. Certain improvement
in the rising part is obtained by using Pulse function and is
somewhat better by using Heidler’s function, both optimized
by Marquart least squares method [39]. Such a waveshape
may be approximated only by more complex functions or by
a linear combination of usually used functions. However, 2P-
AEF(2,1,2) is suitable for approximation of this waveshape
with just 7 parameters to be determined, as in previous
examples. 2P-AEF’s parameters are obtained by GA and their
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Figure 11: (a) ADMc and (b) ADMi obtained by FSV applied to MSS FST#2peaks results [20] and its approximation by 2P-AEF(2,1,2) using
GA for parameters evaluation.
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Figure 12: Grade-Spread value obtained by FSV applied to
MCS FST#2peaks results [20] and its approximation by 2P-
AEF(2,1,2) using GA for parameters evaluation.

values are given in Table 4 for Example 3. Waveshapes of the
normalized typical negative first stroke current [1] and its
approximations by DEXP, Pulse, Heidler’s function, and 2P-
AEF(2,1,2), for parameters evaluated by GA, are presented in
Figure 14.

Better approximation in the decaying part may be also
obtained by 2P-AEF with more parameters in the third inter-
val (after the second peak), for example, by 2P-AEF(2,1,3)
with 𝐾 = 9 parameters or 2P-AEF(2,1,4) with 𝐾 = 11
parameters. A simple form of the function is preferable in
many applications, if it is still able to correctly approximate
the measured waveshape, so it was the reason to choose the
smaller number of parameters.

6. Approximation of Rocket-Triggered
Negative Stroke Currents by 2P-AEF

The approximation of rocket-triggered lightning current [28]
was dealt with in [38, 39]. Heidler’s, Pulse, and DEXP
functions were optimized by using Marquart least squares
method in order to represent this set of measured data.
Heidler’s function is better than the other two in representing
the rising part of this current waveshape, but the decaying
part is not represented well by any of these functions, due
to its two-peaked waveshape. These waveshapes are given in
Figure 15. However, the maximum current value and time
to half of the maximum value are well approximated. 2P-
AEF(2,1,2) is applied for approximation of this waveshape and
its parameters are obtained by GA.The parameters values are
given in Table 4 (Example 4). This function is also presented
in Figure 15 and denoted by 2P-AEF.

If compared to other functions, the waveshape obtained
by 2P-AEF’s approximation has better accuracy for just 7
parameters determined by GA. Accuracy of this approxima-
tion may be also improved by introducing more terms in the
decaying part (for 𝑘3 ≥ 3).

7. Conclusion

There are many possible applications of evolutionary algo-
rithms in lightning research [10–14, 16, 17, 43]. Among
these, genetic algorithm application to estimation of function
parameters for curve fitting is presented in this paper.
Measured multipeaked waveshapes of lightning currents and
typical lightning current waveshapes of the negative first
strokes are approximated in this paper by 2P-AEFs with
parameters estimated by GA. If compared to other functions
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used for this purpose, better accuracy of approximation is
obtained by 2P-AEF for a smaller number of parameters
to be determined. Analytical expressions for 2P-AEF’s first
derivative, integral, integral of the square of this function,
and its Fourier transform are given in [23–25] which makes
2P-AEF suitable for time and frequency domain calculations
of lightning electromagnetic fields and lightning induced
effects.

Genetic algorithm is applied to the estimation of 2P-
AEF’s parameters in approximation of an assumed current
waveshape [27], and the same procedure is used in cases
of measured lightning currents of negative first strokes. For
2P-AEF and its parameters evaluated by GA, the quality of
approximation is confirmed by FSV tools [29–31, 42]. There
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Figure 15: Measured rocket-triggered lightning current [28] and
its approximations by DEXP, Pulse, Heidler’s function, and 2P-
AEF(2,1,2).

is an excellent agreement of results obtained by 2P-AEFs and
the goal functions. Currents derivatives waveshapes are also
compared. Further researchwill aim at approximation of both
currents and currents derivatives waveshapes by using GA.
In comparison to other functions from the literature, the best
quality of 2P-AEF’s approximation is obtained for the typical
negative first stroke [1] which is useful in lightning mod-
els verification and lightning protection studies. Measured
rocket-triggered lightning currents are also well represented
by 2P-AEFs.

The main advantage of this function is that its N-peaked
form may be used for approximation of various multipeaked
waveshapes. For such waveshapes, N peaks at the corre-
sponding time moments are chosen prior to application of
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GA. Greater numbers of terms in the intervals between
the peaks improve the accuracy of approximation at the
expense of increased number of parameters to be determined.
However, a procedure applying GA for optimization of NP-
AEF’s parameters is generalized, so it may be useful in curve
fitting of any waveshape.
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of Heidler function parameters for reproduction of various
standardized and recorded lightning currentwaveshapes,” Inter-
national Transactions on Electrical Energy Systems, vol. 23, no. 2,
pp. 290–300, 2013.
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In this study an irregularly shaped microstrip patch antenna was designed, simulated, and optimized for air-to-ground
communication (ATG) applications. The process started with the design of a rectangular patch antenna with the traditional
transmission line and cavity methods, followed by a simulation with the finite-difference time-domain method (FDTD) in
conjunction with a genetic algorithm (GA). The aim of the study was to design an efficient patch antenna. The designed antenna is
resonating at 14.25GHz with 35 dB return loss. The 10 dB bandwidth of the antenna is 3.7 GHz.

1. Introduction

The use of microstrip structures to radiate electromagnetic
waves started in the 1950s [1]. The earliest form of planar
antennas, integrated with planar transmission lines, was
developed by Deschamps and Sichak [2]. Practical imple-
mentation started to increase in the 1970s when suitable
substrate materials became available. The development of
microstrip antennas in the 1970s and 1980s has been well
documented by Bahl and Bhartia [3] and James and Hall [4],
and later several good books were published on this subject
[5–16].

A microstrip patch antenna in its simplest configuration
consists of a radiating patch on one side of a dielectric
substrate and a ground plane on the other side. With regard
to the shape, microstrip antenna patches can be regular
or irregular. Typical regular shapes are rectangular, square,
circular, elliptic, and triangular, among others. These shapes
have been widely studied and the design procedures are
well established. They are used as conformal antennas for
airplanes, cars, missiles, portable devices and many other
applications. Regularly shaped antennas are more common,
mainly because they are easy to analyze and usually present
a symmetric radiation pattern. The irregularly shaped patch
antenna refers to amicrostrip antenna whose patch geometry
is designed to fulfill a specific antenna property such as

compactness, wideband characteristics, and multiresonant
operation. Examples includeH-Shape, E-Shape, and L-Shape,
as well as combinations of these antennas [3–16]. In the past
few years, patch antennas with nonintuitive and novel shapes
have appeared. The radiating patch is modified through
an optimization process, aimed at improving its specific
properties, in particular increasing the bandwidth [17–22].

In [17], Michael Johnson and Rahmat-Samii described
the technique of combining GA optimization with method
of moments for broadband patch antenna design. Their
study included the optimization of a simple patch antenna
to produce a wider operational bandwidth than classical
designs. Specifically, the goal was to produce an irregularly
shaped patch antenna with a voltage standing wave ratio
(VSWR) of 2 : 1 over 20% bandwidth centered at 3GHz. The
GA optimized the subpatch by removing the square metal
sections from the patch region. Choo et al. [18] designed a
broadband patch antenna using an approach similar to that
described in [17]. They began with a metal patch, in which
subpatches were represented by Boolean subpatches, either
ones (metal) or zeros (nonmetal). The goal was to broaden
the bandwidth of a microstrip antenna around the center
frequency of 2GHz by changing the patch shape. Chapter 32
of a handbook published by Balanis [19] presents an overview
of antenna optimization using GA and provides some cases
of use and a selected bibliography. In [20], Griffiths et al.
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report the use of GA for the generation of compact antennas
(broadband and multiband), where the patch is modified
using ellipses to create new forms, with higher bandwidth and
return loss. In [21], a semiautomatic antenna design method
is proposed to design a multiband monopole antenna. In
the antenna optimization, particle swarmoptimization (PSO)
was used, with a new technique of grid patch generation, and
good simulation and measurement results were obtained. In
[22], Modiri and Kiasaleh used the binary particle swarm
optimization (BPSO) algorithm to design several irregularly
shaped microstrip antennas, the main focus being the fre-
quency selectivity of a software-defined radio (SDR).

As in [17–22], an irregularly shaped microstrip antenna
is the object of this study; however, here it will be applied to
air-to-ground (ATG or A2G) communication.

Ground-to-ground radio communication is a common
application of mobile wireless networks. ATG communi-
cation has received increased attention recently [23]. It is
used for communication between aircraft and stations on
the ground or on water. Line-of-sight (LOS) conditions are
usually established. Internet service providers also use ATG
to connect planes to the Internet, which has significant limita-
tions in terms of the speed and latency of the connection (on-
board WiFi allows no video streaming and no fast browsing,
phone calls are of poor quality, etc.). ATG systems are less
expensive than satellite-based systems and, thus, services
can be provided to passengers at lower cost [23]. Also, this
technology will enable a much larger set of applications due
to the lower latency and cost per bit. Interest is enhanced
by the fact that several companies (e.g., Alcatel and Nokia)
currently provide 4G services using air-to-ground LTE [24].
This technology has also become of interest for unmanned
aerial vehicles (UAVs), commonly known as a drones, for
military, agriculture, and surveillance applications [25].

In this paper, we report the design of a microstrip
patch antenna for the ATG frequency band, starting from
the classical rectangle microstrip antenna with an inset-
fed line to obtain an improved antenna. In this study, the
finite-difference time-domain numerical method FDTD-3D

is combined with a genetic algorithm (GA) to optimize
the bandwidth and return loss of the antenna. The full
wave FDTD-3D method is described in Section 2. Section 3
presents the GA. The design of the antenna is described in
Section 4, and the numerical results are reported in Section 5.
Finally, Section 6 provides the conclusions.

2. Finite Differences in Time Domain

In the finite-difference time-domain method, Maxwell equa-
tions in a differential form are transformed into discrete
finite-difference equations. This results in a fully explicit
system of difference equations, whereby chronological values
of the electric and magnetic field components are obtained
in a leap-frog manner; that is, the electric field is solved at a
given instant of time and the magnetic field is solved at the
next time instant.The process is cyclically repeated. Spatially,
the calculation of the electric and magnetic field components
is dependent only on the neighbors in each case.

For the FDTD-3D case, the computational domain is
divided into small cells (Figure 1(a)). The components ⇀𝐸 and⇀𝐻 are distributed in space, with the components⇀𝐸 positioned
on the edges and components ⇀𝐻 distributed at the center of
the faces of the cells (Figure 1(b)) [26].

With this field distribution, with two adjacent cubes con-
nected by a vertex, each field component of ⇀𝐸 is surrounded
by four components of ⇀𝐻, and similarly each component of⇀𝐻 is surrounded by four components of⇀𝐸 , which can be seen
in detail in Figure 2.

In linear, homogeneous, isotropic, and free source media,
Maxwell equations can be written as

∇ × ⇀𝐸 = −𝜇𝜕⇀𝐻
𝜕𝑡 ,

∇ × ⇀𝐻 = 𝜎⇀𝐸 + 𝜀𝜕
⇀𝐸
𝜕𝑡 .

(1)
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The spatial and temporal derivatives in (1) are written in
a discrete form using a central difference scheme.

The choice of cell size is critical in applying the FDTD
method. It must be small enough to permit accurate cal-
culations at the highest frequencies of interest and yet be
large enough to ensure that the computational resources are
manageable. The cell size is directly affected by the objects in
themesh.Once the cell size is chosen, themaximum time step
is determined by satisfying the Courant stability criterion

Δ𝑡 ≤ 1
Vmax√1/ (Δ𝑥min)2 + 1/ (Δ𝑦min)2 + 1/ (Δ𝑧min)2 (2)

which enforces the property that an incident waveform
cannot pass throughmore than one cell during one time step.
This is because during one time step the FDTD algorithm can
only propagate across one cell to its nearest neighbor. In (2),
Vmax is themaximumspeed ofwave propagation in themodel,Δ𝑥, Δ𝑦, and Δ𝑧 are the space increments, and Δ𝑡 is the time
step [26].

Together with the FDTD method, the uniaxial perfectly
matched layer (UPML) [26, 27] was used.This is an absorbent
boundary condition, used to simulate the propagation of
waves in free space outside the computational domain, such
as an anechoic chamber. Figure 3 illustrates the UPML with
an FDTD grid.

3. Genetic Algorithm

A genetic algorithm (GA) is an optimization technique that
can handle the common characteristics of electromagnetic
fields. It is an iterative optimization procedure and it main-
tains a population of probable solutions (chromosomes)
within a search space (which is usually discrete) over many
simulated generations.

The basic principles of GA were inspired by the mecha-
nism of natural selection of Darwin and genetic laws, where
stronger individuals are likely to be winners (the fittest) in
a competing environment and present better characteristics
for adaptation [28]. GA assumes that the potential solution
of any problem is an individual from a population. Any
chromosome can be represented by a set of parameters.These
parameters are regarded as the genes and can be structured

by a string of values (alleles) in binary form or real values.
In a computer algorithm, genes represent the basic building
blocks of a genetic algorithm. Figure 4 shows a sample of a
binary chromosome and three of its components.

A chromosome (or individual) is an array of genes, and
a group of chromosomes is known as a population (see the
following).

Matrix representation of components of a genetic algo-
rithm, adapted from [28], is as follows:

population =
[[[[[
[

chrom1
chrom2
chrom3
chrom4

]]]]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

chromosomes

=
[[[[[[
[

𝑔11 𝑔12 𝑔1𝑀
𝑔21 𝑔22
... d

...
𝑔𝑁1 ⋅ ⋅ ⋅ 𝑔𝑁𝑀

]]]]]]
]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

genes

. (3)

Each gene of a chromosome will represent a property of
the patch antenna and all genes belonging to a chromosome
will represent an antenna configuration. At each iteration
(or generation) three basic genetic operations (“selection,”
“crossover,” and “mutation”) are performed. The initial
population is a randomly generated chromosome satisfying
boundary or system constraints to the known configuration
that needs to be optimized. A good choice of the population
size optimizes the convergence of the simulation.

During each generation, the chromosomes are evaluated,
using an associated cost function, and this gives some mea-
surements for the fitness or relative merit. A new generation
is formed by selection, according to the fitness values, to
create the next generation of individuals from the previous
population. These individuals are called parents while those
created by applying evolutionary operators to the parents are
referred to as offspring. These new chromosomes (offspring)
can be formedusing several techniques, for instance, by either
merging two chromosomes from the current generation
using a crossover operator ormodifying a chromosome using
a mutation operator. In this process, some of the parents
and offspring are chosen while others are rejected, so as to
keep the population size constant. Fitter chromosomes have a
higher probability of being selected.After several generations,
the algorithms converge to the best chromosome, which is
expected to represent the optimum or suboptimal solution to
the problem. Figure 5 shows a flowchart of the GA used.

4. Microstrip Antenna Design

4.1. Antenna Design. The first step in the design of the pro-
posed antenna was the dimensioning of a classical rectangu-
lar patch antenna through the transmission line and resonant
cavity methods [29]. The antenna is shown in Figure 6. The
frequency of resonance was chosen in accordance with air-
to-ground technology. Input data were center frequency (f 0)
at 14.25GHz and frequency band range of 13.25 to 15.25GHz.
The three metal components (ground plane, antenna patch,
and feed line) have a conductivity of 5.8 × 107 S/m (for
copper clad substrates). The substrate RT/duroid 5880 was
used, which has a relative permittivity of 2.20. Additional
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(a) (b)

Figure 3: UPML layers around the FDTD mesh with (a) all layers and (b) removed frontal layers. The FDTD mesh is highlighted.

Table 1: Characteristics of microstrip inset patch antenna.

Component Width (mm) Length (mm) Thickness (mm)
Ground plane (copper) 16.8 24.5 0.5
Patch (copper) 8.0 10.0 0.5
Substrate (duroid 5880) 16.6 28.5 3.5
Feed line (copper) 1.5 17.0 0.5

GeneGeneGene

1 1 1 1 1 1 100000

Chromosome

Allele

Figure 4: Sample of a binary chromosome.

parameters are given in Table 1. The origin of the coordinate
systemwas set at the center of the ground plane, at zero height
on the base.

4.2. FDTD Considerations. The FDTD method works in the
time domain. Thus, the use of signals with variant spectrum
is recommended. There are three approaches to this method:
total field/scattered field formulation; additive source; and
hard-source. Since the energy is introduced into the space-
time lattice, the hard-source solution was used. This is
incorporated into the FDTD code by specifying the electric
field value at a specific location by a time function (typically
Gaussian or a Gaussian derivative), which takes advantage of
the wideband nature of the problem. In this study, Morlet’s
wavelet function was used. The driving field is given by

𝐸𝑧 (𝑡) = 𝐸0 exp [− (2 𝜋𝑓𝑏 (𝑡 − 𝑡0))2] cos [2 𝜋𝑓𝑐 (𝑡 − 𝑡0)] (4)

with 𝐸0 = 12V/m, 𝑡0 = 375 ps, 𝑓𝑐 = 14.25GHz, and 𝑓𝑏 =2000MHz, where 𝐸0 is the signal amplitude, 𝑡0 is the time at
which the pulse reaches its maximum value, 𝑓𝑐 is the center
frequency, and 𝑡 represents the propagation time signal with0 ≤ 𝑡 ≤ 8000Δ𝑡, where Δ𝑡 = 0.0342 ns is the time step. This
signal is shown in Figure 7.The spatial steps Δ𝑥 = 0.234mm,Δ𝑦 = 0.21mm, and Δ𝑧 = 0.11mm were used. A mesh is
generated by dividing the computational domain into 72 ×
113 × 39 tiny cells. The time step is calculated according to
Courant criterion (see (2)). 8000 iterations were necessary to
address the steady-state, rendering approximately 9 minutes
of computer time.

4.3. Validation. The software implemented was verified by
comparing the results for a common microstrip inset patch
antenna with those obtained from the commercial software
package CST-MWS�. The magnitudes of 𝑆11 for both pack-
ages are shown in Figure 8. The nature of the variation of 𝑆11
obtained with FDTD follows closely that obtained by CST-
MWS.

4.4. GA Considerations. For the optimization process, all
elements of the initial population refer to a standard rectan-
gular patch antenna with inset (Figure 6).The corresponding
resonant patch is divided into a binary matrix of 17 ×
17 subpatches (see sample in Figure 9). The subpatches
correspond to the intrinsic representation of the problem.
This indicates the presence (set as 1) or the absence (set as
0) of copper in a candidate solution (chromosome). The idea
is that, in the random generation of the initial population,
the subpatches to be generated have behavior similar to that
of the passive resonating elements. Considering that both
the FDTD and GA are time-consuming processes, various
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Figure 5: Flowchart of the basic genetic algorithm.
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Figure 6: Microstrip antenna with inset (unscaled).

chromosome sizes were tested. A digital individual with
289 elements showed a good balance between accuracy and
computational burden.

Each chromosome is composed of 289 alleles. Within
the program a one-dimensional binary array represents the
irregular patch antenna. Each subpatch is an exact multiple
of the size of the corresponding dimensional step in order to
create a second 17 × 17mesh of subpatches.The latter is stored
in a two-dimensional array. The corresponding conversion
from vector to matrix and vice versa is done through a
subroutine.

The initial size of the population was set at 70 chromo-
somes (all different). This number should be sufficient to
ensure the generation of good parents (i.e., with sufficient
diversity to ensure that some chromosomes have the desired
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Figure 7: Signal excitation in time and frequency domains.

characteristics). For the evaluation of each population, the
time consumed was 10.5 hours on a PC with i7 processor,
12 GB of RAM, and Nvidia© GeFORCE GT 610 Graphics
Accelerator, with 2GB DDR3/ 64 bits.

Another consideration is related to the fitness function
used to evaluate if the individual is a good solution. Each
chromosome in a population has a fitness value associated
with it and the chromosomes are ranked from best to worst
based on this value. This function is considered to be the
most important part of the algorithm, because its success
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Figure 9: Patch antenna configuration in the evolutionary process.

is dependent on how well the fitness function evaluates
each solution in relation to the overall objectives of the
optimization problem. The fitness function is related to the
bandwidth and the return loss (see (5)).The two optimization
objectives functions were combined to form a single overall
fitness function.

In (5), 𝛼 is a weighting factor in the range [0, 1]. This
parameter allows us to choose the emphasis or preference
of one parameter with respect to another. The fitness func-
tion related to bandwidth is set to a minimum bandwidth
of 2.0GHz, as in the study described in [30], and the
related return loss value is better than 20 dB, as reported in
[31].

fit = 𝛼 fitBW + (1 − 𝛼) fitPR. (5)

For the application of the basic genetic operators, that is,
selection, crossover, and mutation, the specific bit operator
roulette wheel, single point crossover, and elitism, were used.
In the roulette wheel, each member of the new population is
selected in a random way from the elements of the previous
population, where the probability of selecting amember from

the previous population is proportional to its fitness value.
Crossover involves creating two “offspring” chromosomes
from the complementary part of two “parent” chromosomes.
A random point is chosen, the two parents are then divided,
and in the left side the first parent becomes the left side of
second parent and vice versa. A crossover probability controls
the frequency of the operator, which was fixed at 0.8. In
the mutation process, the operator mutation randomly flips
some of the bits in a chromosome. Mutation probability was
fixed at 0.05, changing the offspring properties. Crossover
andmutation are important operators that are responsible for
improving the diversity.

Elitism is the process of retaining or inserting the best
individual into the next generation from the current gener-
ation. This is performed to avoid the loss of the best indi-
vidual in any population during the crossover and mutation
operations. Thus, using these operators, good candidates are
retained while others are discarded in such a way that the
population size remains constant.

5. Results

Figure 10 shows snapshots of the iterative evolutionary
process, together with their respective 𝑆11 graphs (dB).
Wideband andhigh return losswere the optimization criteria.
Figures 10(a) and 10(b) show two instants in the evolutionary
process in which the corresponding chromosomes have
distinct characteristics. Figure 10(a) shows a return loss of
the order of 26 dB and a poor bandwidth of 1 GHz, while
Figure 10(b) shows a poor return loss but frequency response
with a wideband behavior. These two chromosomes are the
arguments in the crossover process that will generate the next
individuals. The antennas in Figures 10(c) and 10(d) were
the best solutions. In Figure 10(c) the peak value for the
return loss is 27.04 dB, with a 10 dB bandwidth of 6GHz. In
Figure 10(d), the values for the return loss are around 35 dB,
with a 10 dB bandwidth of 3.7 GHz, and better return loss is
observed in the middle frequencies.

For the antenna of Figure 10(d), the corresponding
radiation patterns are presented in Figure 11, at 13 GHz,
14.25GHz, and 15GHz, corresponding to the columns of the
figure. This antenna presents 15 dB minimum return loss at
ATG frequency range. The XY plane (azimuth) responses
are shown in Figures 11(a), 11(b), and 11(c); the XZ plane
responses are shown in Figures 11(d), 11(e), and 11(f); and
the YZ plane responses are shown in Figures 11(g), 11(h), and
11(i).

6. Conclusions

In this study, a compact irregularly shaped microstrip patch
antenna for use in ATG devices was designed. Excellent
return loss and bandwidth values were obtained, with 10 dB
bandwidths up to 6GHz, and peak return loss of around
27 dB. The best antenna showed 15 dB minimum return loss
over the full ATG frequency band.The finite-difference time-
domain method (FDTD) was used in conjunction with a
genetic algorithm.The proposedmethodology can be applied
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Figure 10: Some snapshots from the evolutionary optimization process.
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Figure 11: Radiation patterns of the antenna of Figure 10(d) for 13, 14.25, and 15GHz.
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to the design of other microstrip antennas. This is currently
under investigation.
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