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1. Introduction

Singular systems, also referred to as descriptor systems,
semistate systems, differential-algebraic systems, or gen-
eralized state-space systems, have been one of the main
research topics in control theory for nearly half a century as
such systems have broad applications in different areas, for
example, in the Leontief dynamic model, electrical systems,
and mechanical systems.

Many classical control theories and new concepts have
been developed for singular systems in the last twenty years
such as controllability, impulsive control, and optimal con-
trol. In recent years, with the development of communication
systems, computer network, and biological systems, some
new trends in optimization and control theory for singular
systems have emerged and evolved [1–4], which motivated
this special issue.

Control systems are developing fast with the advance-
ment of new technologies as well as new systems such as
network control, biological systems, and quantum control
systems. As we know singular systems can be used to model
dynamic systems in a more general framework and more
attention should be paid to the development of singular sys-
tems with currently occurring applications. Recently, notable
advances in biological systems, communication systems,
and computer network have increasingly promoted some
important new directions in the study of singular systems.

This special issue is intended to present and discuss the
new development in singular systems and their applications
in different engineering areas. The focuses of this special
issue are on the analysis and control of singularly perturbed
systems, robust control of singular systems, stability analysis
of nonlinear singular systems, singular Markovian systems,
and applications of singular systems.

2. The Special Issue

For this special issue, we solicited high quality, original
research articles on singular system, theory, and applications.
There are 28 submissions in total, and 14 of them are
published after a fair and rigorous review process organized
by the guest editorial team with the help of the journal edito-
rial office. The accepted papers are more oriented on the
robust control of singular systems and the applications of
singular systems.

Seven accepted papers are on robust estimation and
robust control of singular systems. The paper by Y. Feng et
al. investigated the problem of H∞ filtering for a class of
discrete-time Lipschitz nonlinear singular systems with mea-
surement quantization. Y. Wang et al. presented their work
on the dynamic output-feedback H∞ tracking control for
fuzzy networked systems, in which each system is discrete-
time nonlinear and missing measurable data. The paper by
Y. Wang et al. considered the robust H∞ fault detection for
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networked Markov jump systems with random time-delay.
The random time-delay is modeled as a Markov process,
and the networked Markov jump systems are modeled as
control systems containing two Markov chains. The delay-
dependent fault detection filter is constructed. Q. Wang et al.
presented their work on the design of fuzzy controller with
guaranteedH∞ performance for a class of the Takagi-Sugeno
fuzzy singularly perturbed switched systems.The paper byW.
Yan et al. designed a fault detection and estimation algorithm
for the robust fault detection and estimation in nonlinear
systems with unknown inputs and unknown constant time-
delays. G. Wang and Z. Li presented their work on the
stabilization of continuous-time random switching systems
via exploiting a fault-tolerant controller, where the dwell time
of each subsystem consists of a fixed part and random part.
In the paper by G. Wang and H. Cai, a general stabilization
problemof stochastic delay systems is realized by a disordered
controller and studied by exploiting the disorder-dependent
approach.

Seven accepted papers are on the different applications
of singular systems. J. Liu et al. proposed a singular system
model of the aphid ecosystems by considering the change of
the parameter related to the natural enemy population and
the impact on the aphid populations in the fold catastrophe
manifold. They also performed qualitative analysis and con-
trol of the singular system model of aphid ecosystems. Q.
Zhao and A. Wang considered the problem of optimization
of multiresonant wireless power transfer network based
on generalized coupled matrix. Z. Wang et al. considered
the problem of tension control in a two-motor winding
system; a sensorless tension control method with PI param-
eters of speed controllers adaptive is proposed. H. Chen
et al. considered the application of sensor fault estimation
in the inverter of high-speed railway. They proposed a
data-driven incipient sensor fault estimation methodology
under multivariate statistics frame, which incorporates the
Kullback–Leibler divergence in information domain and
neural network approximation in machine learning. Y. Ding
and Q. Liu proposed a data-driven fault diagnosis method
which combines the Kriging model and neural network with
applications to power transformers. W. Chen et al. presented
an automated tool trajectory planning of spray painting
robot for complex curved surface based on exponential
mean Bézier method. Finally, S. Liu et al. applied a singular
perturbation approach to the robust course keeping control
of a fully submerged hydrofoil vessel. A two-time scale model
is established so that the controllers of the fast and slow
subsystems can be designed separately.

Although the selected topics and published papers may
not represent all of the recent development in the area, the
guest editorial team hope that readers find the special issue
helpful and useful.
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Considering the change of the parameter related to the natural enemy population and the impact on the aphid populations in the
fold catastrophe manifold, the singular system model of aphid ecosystems is proposed. Combining singular system theory with
catastrophe theory, the corresponding dynamics behaviors and the existence conditions of the impasse points are given by using
the qualitative analysis. The biological significance of the analytical results is also discussed. The controllers are designed to make
the aphid populations stabilize the refuge level by releasing natural enemy. Some numerical simulations are carried out to prove the
results.

1. Introduction

Aphid populations are serious pests of wheat andmany crops
in the world. In some environment and physiography, aphid
populationsmay lead to yield and economic losses [1–4]. Due
to the fact that the fast reproduction of the aphid populations
and the outbreak is always happening, insecticides are usually
used to manage aphid pests. However, insecticides cause
environment pollution and the lower quality of agricultural
products. To avoid adverse effects of total reliance on insec-
ticides and to ensure the well balanced ecosystems, there is a
need to have ecofriendlymanagementmeasures like releasing
natural enemy [5].Thus it is important to reveal the outbreak
of aphid populations using mathematical models. In [6], the
characteristics of catastrophe model are first used to describe
and explain the phenomena of the population outbreak. In
[7], a fold catastrophe model is proposed to explain the
outbreak mechanism of the aphid populations by taking the
proportion of winged aphid for the state variable and the
effective leaf area for a control variable. In [8], on the basis of
the Logistic model, a fold catastrophe model is built to show
the complex dynamics behaviors of the aphid populations
by taking the density of the aphid population for the state
variable and the environmental factor for themain parameter.

In [9], based on the fold catastrophe model, a new model is
proposed by applying the Allee effect to the logistic equation
and the corresponding ecological interpretations are pro-
vided. According to the model above, Zhao et al. explain
the sudden decrease of the aphid populations after spraying
pesticides by means of real data and predict the outbreak
of the aphid populations by determining catastrophe regions
[10, 11]. The results above show the application of catastrophe
theory in aphid ecosystems. In fact, catastrophe theory is the
theory related to the bifurcation theory, singularity theory,
and structure stability [11].

Catastrophe is a widespread phenomenon in various
fields, which frequently appears in engineering systems (such
as the voltage load jump phenomenon in power systems).
Some singular system models are usually used to describe
the jump phenomenon in power systems and some results
are obtained. Based on the singularity induced bifurcation
of singular system, the complex dynamics behavior of power
systems is studied and jump mechanisms are investigated
[12–14]. According to the theory related to impasse points,
the structure stability of power systems is analyzed and the
impasse points in a circuit system are used to show the voltage
load jump phenomenon [15, 16].
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What is the similarity between aphid populations’ out-
break or sudden decrease and the voltage load jump phe-
nomenon in power systems? Can the singular systemmodels
be used to describe the outbreak or sudden decrease phe-
nomenon of aphid populations? It is what we are thinking
about the focus of the paper.

The paper is organized as follows: In Section 2, the
singular system model of aphid ecosystems is proposed. In
Section 3, the dynamics behavior of aphid populations is
discussed and the existence conditions of the impasse point
are obtained by using qualitative analyses. In Section 4, the
controllers are designed to keep aphid populations at refuge
level and some numerical simulations are carried out to prove
the results.

2. Modelling

Consider the following fold catastrophemanifold of the aphid
populations [11]:

0 = 𝑟𝑁𝑁(𝑡) (1 − 𝑁 (𝑡)𝑘𝑁 ) − 𝑚𝑃𝑁 (𝑡)𝑁 (𝑡) + 𝑑 , (1)

where 𝑁(𝑡) is the density of the aphid population; 𝑃 is the
parameter related to the natural enemy population; 𝑟𝑁, 𝑘𝑁
represent the intrinsic rate and the environmental carrying
capacity of the aphid population, respectively;𝑚, 𝑑 represent
the predation rate of the natural enemy population and the
half saturation coefficient, respectively.

In model (1), 𝑃 is the parameter related to the natural
enemy population. Without loss of generality, let it be the
density of the natural enemy population and change as
follows:

𝑑𝑃 (𝑡)𝑑𝑡 = 𝑟𝑃𝑃 (𝑡) (1 − 𝑃 (𝑡)𝑐𝑁 (𝑡) + 𝑘𝑝 ) , (2)

where 𝑟𝑃 is the intrinsic rate of the natural enemy population;𝑐𝑁(𝑡) is the carrying capacity of the natural enemy popula-
tion related to the density of the aphid population; and 𝑘𝑝 is
the carrying capacity of the natural enemy population related
to other environmental factor, such as crop and prey (except
aphid) populations and so on, and it is the maximum density
of the natural enemy population when the aphid population
is absented.

Coupling the algebraic equation (1) with the differential
equation (2), the singular systemmodel for the aphid ecosys-
tem is got:

𝑑𝑃 (𝑡)𝑑𝑡 = 𝑟𝑃𝑃 (𝑡) (1 − 𝑃 (𝑡)𝑐𝑁 (𝑡) + 𝑘𝑝 ) ,
0 = 𝑟𝑁𝑁(𝑡) (1 − 𝑁 (𝑡)𝑘𝑁 ) − 𝑚𝑃 (𝑡)𝑁 (𝑡)𝑁 (𝑡) + 𝑑 ,

(3)

where 𝑟𝑁, 𝑟𝑃,𝑚, 𝑑, 𝑘𝑁, 𝑐, and 𝑘𝑝 are defined as the above.

For model (3), let

𝑥 = ℎ𝑃,
𝑦 = 𝑔𝑁,
𝜏 = 𝑞𝑡;

(4)

applying transformation (4) to model (3), the following
model is got:

𝑑𝑥 (𝜏)𝑑𝜏 = 𝑥 (𝜏) (𝑟𝑁𝑞 − (𝑔𝑟𝑃/𝑐𝑞ℎ) 𝑥 (𝜏)𝑦 (𝜏) + 𝑘𝑝𝑔/𝑐 ) ,
0 = 𝑦 (𝜏) (𝑟𝑁𝑔 − 𝑟𝑁𝑔2𝑘𝑁𝑦 (𝜏) − (𝑚/ℎ) 𝑥 (𝜏)𝑦 (𝜏) + 𝑔𝑑 ) .

(5)

Let

𝑟𝑁𝑔2𝑘𝑁 = 1,
𝑚ℎ = 1,

𝑔𝑟𝑃𝑐𝑞ℎ = 1;
(6)

the following are given:

𝑔 = √ 𝑟𝑁𝑘𝑁 > 0,
ℎ = 𝑚 > 0,
𝑞 = 𝑔𝑟𝑃𝑐ℎ > 0.

(7)

In model (5), let

𝑎 = 𝑟𝑃𝑔 ,
𝑏 = 𝑘𝑃𝑔𝑐 ,
𝑙 = 𝑟𝑁𝑔 ,
𝑛 = 𝑔𝑑.

(8)

It becomes

𝑑𝑥 (𝜏)𝑑𝜏 = 𝑥 (𝜏) (𝑎 − 𝑥 (𝜏)𝑦 (𝜏) + 𝑏) ,
0 = 𝑦(𝑙 − 𝑦 (𝜏) − 𝑥 (𝜏)𝑦 (𝜏) + 𝑛) .

(9)

Model (9) is discussed on the domain𝐷, where𝐷 is

𝐷 = {(𝑥 (𝜏) , 𝑦 (𝜏)) | 𝑥 (𝜏) ≥ 0, 𝑦 (𝜏) ≥ 0} . (10)
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3. Qualitative Analysis

3.1. Impasse Points. Consider the following model:

𝑑𝑥 (𝑡)𝑑𝑡 = 𝑓 (𝑥 (𝑡) , 𝑦 (𝑡)) ,
0 = 𝑔 (𝑥 (𝑡) , 𝑦 (𝑡)) . (11)

According to literature [17], the equilibria and singular
points of model (11) are defined as follows:

EQ ≜ {(𝑥0, 𝑦0) | 𝑓 (𝑥0, 𝑦0) = 0, 𝑔 (𝑥0, 𝑦0) = 0} ,
𝑆 ≜ {(𝑥0, 𝑦0) | 𝑔 (𝑥0, 𝑦0) = 0, det

𝜕𝑔 (𝑥0, 𝑦0)𝜕𝑦 = 0} . (12)

Lemma 1. For model (9),

(1) there may exist five equilibria 𝑀1(0, 0), 𝑀2(0, 𝑙),𝑀3(𝑎𝑏, 0), 𝑀∗1 (𝑥∗1 , 𝑦∗1 ), and 𝑀∗2 (𝑥∗2𝑦∗2 ), where 𝑦∗1 <𝑦∗2 and 𝑥∗𝑖 , 𝑦∗𝑖 , 𝑖 = 1, 2 satisfy the following equation
set:

𝑦 (𝜏) = 𝑥 (𝜏)𝑎 − 𝑏,
𝑥 (𝜏) = (𝑙 − 𝑦 (𝜏)) (𝑦 (𝜏) + 𝑛) ; (13)

(2) there exist two singular points 𝑆1(𝑥𝑆1 , 𝑦𝑆1) and 𝑆2(𝑥𝑆2 ,𝑦𝑆2), where 𝑥𝑆1 = (𝑙 + 𝑛)2/4, 𝑦𝑆1 = (𝑙 − 𝑛)/2, 𝑥𝑆2 = 𝑙𝑛,
and 𝑦𝑆2 = 0.

According to literature [16], letΨ = {𝑦 | ℎ(𝑦0, 𝜆) = 𝑔(𝑥0+𝜆𝑓(𝑥0, 𝑦0), 𝑦) = 0} be the induced solution curve, then the
limit points and impasse points are defined as follows.

Definition 2. For model (11), for any 𝜆+ > 𝜆0 (resp., 𝜆− < 𝜆0),
there exists a neighbourhood 𝑁0 of (𝑦0, 𝜆0) such that Ψ+ ∩𝑁 = ⌀ (resp., Ψ− ∩ 𝑁 = ⌀), then the point (𝑦0, 𝜆0) is called
right (resp., left) limit point of the induced solution curve Ψ
at 𝜆 = 𝜆0, where𝑁 is any of subsets of𝑁0 and

Ψ+ = {(𝑦, 𝜆) | ℎ (𝑦, 𝜆) = 0, 𝜆0 < 𝜆 < 𝜆+} ,
Ψ− = {(𝑦, 𝜆) | ℎ (𝑦, 𝜆) = 0, 𝜆− < 𝜆 < 𝜆0} . (14)

Definition 3. For model (11), the point 𝑄(𝑥0, 𝑦0) is forward
(resp., backward) point, if (𝑦0, 0) is a right (resp., left) limit
point of the induced solution curve Ψ.

According to the definitions above, in order to find the
impasse points, the following conditions are given:

(1) The impasse points must be the singular points.
(2)The corresponding limit point must be the solution toℎ(𝑦, 𝜆) = 0.
(3)The corresponding limit point must be the solution to𝜕ℎ(𝑦, 𝜆)/𝜕𝑦 = 0.
(4) The linear coefficient for 𝜆 must not be zero in the

Taylor expansion of the ℎ(𝑦, 𝜆) at the point (𝑦𝑆1 , 0).

In fact, for singular points of model (9),

ℎ (𝑦, 𝜆)(𝑦𝑆1 ,0) = 𝑦𝑆1 (𝑙 − 𝑦𝑆1 − 𝑥𝑆1𝑦𝑆1 + 𝑛) = 0,
ℎ (𝑦, 𝜆)(𝑦𝑆2 ,0) = 𝑦𝑆2 (𝑙 − 𝑦𝑆2 − 𝑥𝑆2𝑦𝑆2 + 𝑛) = 0;

(15)

thus, (𝑦𝑆1 , 0) and (𝑦𝑆2 , 0) are the solution to ℎ(𝑦, 𝜆) = 0.
Since

𝜕ℎ (𝑦, 𝜆)𝜕𝑦
(𝑦𝑆1 ,0) = 𝑙 − 𝑦𝑆1 −

𝑥𝑆1𝑦𝑆1 + 𝑛
+ 𝑦𝑆1 (−1 + 𝑥𝑆1(𝑦𝑆1 + 𝑛)2) = 0,

(16)

one has 𝜕ℎ (𝑦, 𝜆)𝜕𝑦
(𝑦𝑆2 ,0) = 𝑙 − 𝑦𝑆2 −

𝑥𝑆2𝑦𝑆2 + 𝑛
+ 𝑦𝑆2 (−1 + 𝑥𝑆2(𝑦𝑆2 + 𝑛)2)

= 𝑙 + (𝑙 + 𝑛)24𝑛 ̸= 0;
(17)

thus, (𝑦𝑆1 , 0) is the solution to 𝜕ℎ(𝑦, 𝜆)/𝜕𝑦 = 0, but (𝑦𝑆2 , 0) is
not.

And the Taylor expansion of the ℎ(𝑦, 𝜆) at the point(𝑦𝑆1 , 0) is
ℎ (𝑦, 𝜆) = ℎ (𝑦𝑆1 , 0) + 𝜕ℎ (𝑦, 𝜆)𝜕𝜆

(𝑦𝑆1 ,0) (𝜆 − 0)
+ 𝜕ℎ (𝑦, 𝜆)𝜕𝑦

(𝑦𝑆1 ,0) (𝑦 − 𝑦𝑆1)
+ 𝜕2ℎ (𝑦, 𝜆)𝜕𝜆2

(𝑦𝑆1 ,0) (𝜆 − 0)
2

+ 𝜕2ℎ (𝑦, 𝜆)𝜕𝑦2
(𝑦𝑆1 ,0) (𝑦 − 𝑦𝑆1)

2 + 𝑜 (𝜀3)
= −𝑙2 − 𝑛24 (𝑎 − (𝑙 + 𝑛)22 (𝑙 − 𝑛 + 2𝑏)) 𝜆
− 𝑙 − 𝑛𝑙 + 𝑛 (𝑦 − 𝑙 − 𝑛2 ) + 𝑜 (𝜀3) ;

(18)

thus, the following result is got.

Theorem 4. For model (9),

(1) if 𝑎 < (𝑙 + 𝑛)2/2(𝑙 − 𝑛 + 2𝑏), then the point (𝑦𝑆1 , 0) is a
left limit point of the induced solution curveΨ, and the
point 𝑆1 is a backward impasse point;
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Figure 1: 𝑙 > 𝑛, 𝑎𝑏 > 𝑙𝑛 and 𝑎 = 1.
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Figure 2: 𝑙 > 𝑛, 𝑎𝑏 > 𝑙𝑛 and 𝑎 = 1.2.

(2) if 𝑎 > (𝑙 + 𝑛)2/2(𝑙 − 𝑛 + 2𝑏), then the point (𝑦𝑆1 , 0) is
a right limit point of the induced solution curveΨ, and
the point 𝑆1 is a forward impasse point;

(3) if 𝑎 = (𝑙 + 𝑛)2/2(𝑙 − 𝑛 + 2𝑏), then there is no limit point
or impasse point.

3.2. Qualitative Analysis Results. Based on the characteristics
of the equilibria, singular points, and impasse points, using
the geometrical analysis method, the qualitative analysis
results of the singular system model (9) are obtained.

Theorem 5. The equilibria 𝑀1, 𝑀2 are both unstable nodes,
and the equilibrium𝑀3 is a stable node.
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Figure 3: 𝑙 > 𝑛, 𝑎𝑏 > 𝑙𝑛 and 𝑎 = 1.5.
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Figure 4: 𝑙 > 𝑛, 𝑎𝑏 > 𝑙𝑛 and 𝑎 = 2.

Theorem6. Formodel (9), if 𝑙 > 𝑛 and 𝑎𝑏 > 𝑙𝑛, the qualitative
analysis results are as follows:

(1) If the points𝑀∗1 and𝑀∗2 are on either side of point 𝑆1,
respectively, then they are both stable nodes and the point 𝑆1 is
a backward impasse point (see Figure 1).

(2) If the points𝑀∗2 and 𝑆1 coincide, then that is a saddle
point; the point 𝑀∗1 is a stable node; and there is no impasse
point (see Figure 2).

(3) If the points𝑀∗1 and𝑀∗2 locate below the point 𝑆1, then
the point𝑀∗1 is a stable node; the point𝑀∗2 is a saddle point;
and the point 𝑆1 is a forward impasse point (see Figure 3).

(4) If the points𝑀∗1 and𝑀∗2 coincide, then that is a saddle
point and the point 𝑆1 is a forward impasse point (see Figure 4).
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Figure 5: 𝑙 > 𝑛, 𝑎𝑏 > 𝑙𝑛 and 𝑎 = 3.
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Figure 6: 𝑙 > 𝑛, 𝑎𝑏 = 𝑙𝑛 and 𝑎 = 1.25.

(5) If the points𝑀∗1 and𝑀∗2 disappear, then the point 𝑆1 is
a forward impasse point (see Figure 5).

Theorem7. Formodel (9), if 𝑙 > 𝑛 and 𝑎𝑏 = 𝑙𝑛, the points𝑀∗1 ,𝑀1, and 𝑆2 and the qualitative analysis results are as follows:
(1) If the point 𝑀∗2 locates above the point 𝑆1, then it is a

stable node; the point𝑀∗1 is a stable node; and the point 𝑆1 is a
backward impasse point (see Figure 6).

(2) If the points𝑀∗2 and 𝑆1 coincide, then that is a saddle
point; the point 𝑀∗1 is a stable node; and there is no impasse
point for this case (see Figure 7).

(3) If the point 𝑀∗2 locate below the point 𝑆1, then it is a
unstable node; the point𝑀∗1 is a stable node; the point𝑀∗2 is a

−1 0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

g(x, y) = 0

f(x, y) = 0

S2/M3/

S1/

M2

M1 M∗
1

M∗
2

Figure 7: 𝑙 > 𝑛, 𝑎𝑏 = 𝑙𝑛 and 𝑎 = 2.2.

−1 0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

g(x, y) = 0

f(x, y) = 0

S2/M3/

S1

M2

M1 M∗
1

M∗
2

Figure 8: 𝑙 > 𝑛, 𝑎𝑏 = 𝑙𝑛 and 𝑎 = 3.5.

saddle point; and the point 𝑆1 is a forward impasse point (see
Figure 8).

(4) If the points𝑀∗2 disappear, then the point𝑀∗1 is a saddle
point and the point 𝑆1 is a forward impasse point (see Figure 9).

Theorem 8. For model (9), if 𝑙 > 𝑛 and 𝑎𝑏 < 𝑙𝑛, the point𝑀∗1
disappears and the qualitative analysis results are as follows:

(1) If the point 𝑀∗2 locates above the point 𝑆1, then it is a
stable node and the point 𝑆1 is a backward impasse point (see
Figure 10).

(2) If the points𝑀∗2 and 𝑆1 coincide, then that is a saddle
point and there is no impasse point for this case (see Figure 11).
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Figure 9: 𝑙 > 𝑛, 𝑎𝑏 = 𝑙𝑛 and 𝑎 = 5.5.

−1 0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

g(x, y) = 0

f(x, y) = 0

S2M3

S1

M2

M1

M∗
2

Figure 10: 𝑙 > 𝑛, 𝑎𝑏 < 𝑙𝑛 and 𝑎 = 1.5.
(3) If the point 𝑀∗2 locate below the point 𝑆1, then it is a

unstable node and the point 𝑆1 is a forward impasse point (see
Figure 12).

Theorem 9. For model (9), if 𝑙 ≤ 𝑛, the points𝑀∗1 , 𝑆1 and 𝑆2
disappear and the qualitative analysis results are as follows:

(1) If 𝑎𝑏 < 𝑙𝑛, then the point 𝑀∗2 disappears, too (see
Figure 13).

(2) If 𝑎𝑏 = 𝑙𝑛, then the points 𝑀∗2 and 𝑀3 coincide and
that is a stable node (see Figure 14).

(3) If 𝑎𝑏 > 𝑙𝑛, then the point 𝑀∗2 is a stable node (see
Figure 15).

Remark 10. For model (9), if the point 𝑆1 is the forward
impasse point, then there is catastrophe, that is, the aphid
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Figure 11: 𝑙 > 𝑛, 𝑎𝑏 < 𝑙𝑛, and 𝑎 = 2.5.

−1 0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

g(x, y) = 0
f(x, y) = 0

S2

S1

M3M1

M2

M∗
2

Figure 12: 𝑙 > 𝑛, 𝑎𝑏 < 𝑙𝑛, and 𝑎 = 3.

population outbreak or sudden decrease (see Figures 3, 4, 5,
8, 9, and 12).

3.3. Biological Significance. According to the qualitative
analysis and the corresponding figures, 𝑎 is an important
parameter, which has a positive correlation with the intrinsic
rate of the natural enemy population and the environmental
carrying capacity of the aphid population and negative
correlation with the intrinsic rate of the aphid population.
The stable state of the aphid ecosystems will change over the
increase of the parameter 𝑎. Moreover, for different initial
states, the corresponding change process will be different.

In fact, all the qualitative analysis results can be divided
into two categories: the first one is that the lower part of the
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Figure 13: 𝑙 ≤ 𝑛, 𝑎𝑏 > 𝑙𝑛, and 𝑎 = 1.5.
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Figure 14: 𝑙 ≤ 𝑛, 𝑎𝑏 = 𝑙𝑛, and 𝑎 = 2.5.

parabola 𝑥(𝜏) = (𝑙 − 𝑦(𝜏))(𝑦(𝜏) + 𝑛) intersects with the 𝑥-
axis and the corresponding results are Theorems 6–8. The
second one is that the upper part of the parabola intersects
with the 𝑥-axis and the corresponding result is Theorem 9.
And the following biological significance is discussed to the
two categories.

For the first category, one has the following:(1) If the environmental carrying capacity of the natural
enemy population is larger than 𝑥𝑆2 , the following biological
significance is got: when the density of the aphid population
of the initial state is higher than 𝑦𝑆1 , with gradual increase
of the parameter 𝑎, the system state is changed from the
final state with the high aphid population density to the
occurrence of the beneficial catastrophe; that is, the aphid
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Figure 15: 𝑙 ≤ 𝑛, 𝑎𝑏 < 𝑙𝑛, and 𝑎 = 3.

population density is suddenly decreased and the aphid
ecosystem finally stays in the state of the aphid population
absence. When the density of the aphid population of the
initial state is lower than 𝑦𝑆1 , with gradual increase of the
parameter 𝑎, the density of the aphid population in the stable
state of the aphid ecosystem is gradually increased until the
catastrophe occurs.(2) If the environmental carrying capacity of the natural
enemy population is equal to 𝑥𝑆2 or smaller than 𝑥𝑆2 , the
following biological significance is got: when the density of
the aphid population of the initial state is higher than𝑦𝑆1 , with
gradual increase of the parameter 𝑎, the aphid ecosystem state
is changed from the final state with the high aphid population
density to the state of the aphid population absence, then to
the beneficial catastrophe occurs. When the density of the
aphid population of the initial state is lower than 𝑦𝑆1 , with
gradual increase of the parameter 𝑎, the aphid ecosystem state
is changed from the final state with the aphid population
absence to the occurrence of catastrophe.

For the second category, with gradual increase of the
parameter 𝑎, the aphid ecosystem state is changed from the
state of the aphid population absence to the statewith the high
aphid population density.

According to the qualitative analysis and the biological
significance above, the following two important results are
got:(1) If the point 𝑀∗2 appears above the point 𝑆1, then
it must be a stable node. In this case, the solution to any
initial state above the point 𝑆1 will be stable at the point𝑀∗2 ,
which represents the high density of the aphid population.
This phenomenon is not what people want and the control is
needed to reduce the density of the aphid population.(2) For model (9), the curve segment 𝑆1𝑆2 of the catas-
trophe manifold is in the refuge level of the aphid ecosystem,
and once the system reaches the curve segment 𝑆1𝑆2, it either
becomes stable at the point 𝑀3 or 𝑀∗1 (that is, the aphid
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Figure 16: Time response before control.

systems stabilize at the low density of the aphid population)
or causes a beneficial catastrophe to the 𝑥-axis after reaching
the impasse point 𝑆1.

The controllers are designed to manage the aphid ecosys-
tems in the next section.

4. Controller Design

Taking releasing natural enemy as the control means, the
corresponding control model of model (9) is proposed,

𝑑𝑥 (𝜏)𝑑𝜏 = 𝑥 (𝜏) (𝑎 − 𝑥 (𝜏)𝑦 (𝜏) + 𝑏) + 𝑢 (𝜏) ,
0 = 𝑦(𝑙 − 𝑦 (𝜏) − 𝑥 (𝜏)𝑦 (𝜏) + 𝑛) ,

(19)

where 𝑢(𝜏) is the releasing amount of the natural enemy
population and 𝑢(𝜏) ≥ 0.
Controller 11. The controller 𝑢(𝜏) is only related to the density
of the natural enemy population, then 𝑢(𝜏) = 𝐹1(𝑥(𝜏)).
Controller 12. The controller 𝑢(𝜏) is related to both the
density of the natural enemy population and the density of
the aphid population, then 𝑢(𝜏) = 𝐹2(𝑥(𝜏), 𝑦(𝜏)).

Without loss of generality, for Controller 11, take

𝐹1 (𝑥 (𝜏)) = 𝑐1𝑥 (𝜏) , 𝑐1 > 0, (20)

and for Controller 12, take

𝐹2 (𝑥 (𝜏) , 𝑦 (𝜏)) = 𝑥 (𝜏) (𝑐2 − 𝑐3𝑥 (𝜏)𝑦 (𝜏) + 𝑏) ,
𝑐2, 𝑐3 > 0,

(21)
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Figure 17: Time response after Controller 11 (stability).
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Figure 18: Time response after Controller 11 (catastrophe).

then the point 𝑀∗2 does not appear above the point 𝑆1 and
either the aphid ecosystem stabilizes in the low density of
the aphid population or a beneficial catastrophe occurs (see
Figures 17–20).

Figure 16 shows the phenomenon that the system stabi-
lizes in high density of the aphid population before control.
For the phenomenon, Figures 17 and 19 verify Controllers
11 and 12 can make the system stable in low density of the
aphids populations. Figures 18 and 20 show the catastrophe
after control implementation, namely, the extinction of the
aphids population, which is not ideal from the perspective of
ecological diversity. So aiming at this situation, the controller
parameters should continue to be adjusted to make the
system stable in the lowdensity of aphids population. Because
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Figure 20: Time response after Controller 12 (catastrophe).

the controlled quantity can be determined by monitoring
the density of the natural enemy population in the aphid
ecosystem, it is easy to implement Controller 11. Although
it is relatively complex to implement Controller 12, it can
effectively avoid using too many natural enemies in the state
with low density of natural enemy population and density of
the aphid population, so as to avoid unessential economic
input.
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In a winding system, it is very important to control the tension precisely. Based on the process of rewinding and unwinding,
a sensorless tension control method with PI parameters of adaptive speed controllers is proposed in this paper. According to
the principle of torque balance, a tension observer is designed to replace the tension sensor, and the observed value instead of
the measured value of tension is used as feedback. Then the measurement delay caused by tension sensor is reduced. For the
time-variable inertia, Landau discrete-time recursive algorithm is used to estimate the inertias of the rewind and unwind motors.
Moreover, the estimated inertias are used to adjust the PI parameters of the speed controllers. As the tension control system has the
ability to adapt to the change of inertia, its dynamic performance is improved to some extent. In addition, the proposed sensorless
tension control method is simple and easy to implement, which only uses the current and speed signals of the motors without
any additional hardware needed. At last, the feasibility and effectiveness of the proposed method are verified by the experimental
results.

1. Introduction

Tension control system is widely applied in industrial fields
where high precision and productivity are required, including
printing, textile, chemical fiber, and metallurgy. Improper
control of tension will result in the windingmaterial fracture,
wrinkle, deviation, and so on [1–3]. Currently, there are three
ways to control the tension in industrial application: open-
loop control, direct closed-loop control, and indirect closed-
loop control [4–7]. Since the precision is lower in open-
loop control method, the direct closed-loop control methods
are commonly used in actual industry. However, tension
sensors need to be installed in direct closed-loop control
method. Besides the high price and the existing delay, the
signal of the tension sensor is also very weak, which is easily
interfered by the environment, so this method cannot be
applied in some special occasions. Therefore, if a tension
observer can be designed to replace the tension sensor and
the same control performance can be obtained compared

with the direct closed-loop control method, it will be of great
significance in tension control field.

Domestic and foreign scholars have put forward a variety
of implementations about tension control without tension
sensor in winding systems. Valenzuela et al. at the University
of Concepcion, Chile, proposed a control scheme without
tension sensor in papermaking system. Two new tension
estimators are developed for a two-drum electric-braking-
generator production winder that are based on unwinding
and rewinding variables, respectively, with the essential
dynamic, friction, and inertial variation effects considered
in the scheme [8–11]. Lynch from the University of Alberta
in Canada exploited linear time-varying error dynamics to
design a reduced-order, nonlinear tension observer. Expo-
nential stability of the error dynamics is also demonstrated
in this method, and the performance of the estimator is
experimentally compared with two competing designs on
real web-handing machine [12]. Song and Sul proposed a
tension control method with tension observer, which is used
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in continuous strip processing line, including the acceleration
torque. As this scheme directly controls torque current of
motors, faster dynamic response can be obtained in case
of linear speed acceleration or deceleration [13, 14]. In [15],
a sliding-mode (SM) feedback linearization control system
is designed for a multimotor web-winding system. This
method consists of a SM velocity controller and two SM
tension controllers. Two tension observers are suggested to
eliminate the need of tension sensors in a web-winding
system. Moreover, the effectiveness and capability of the
proposed control strategy are verified by simulation. In the
field of multimotor control, sliding-mode variable structure
control method is a very effective control algorithm. In [16,
17], the basic principle of the SM method is introduced
in detail, and some of the unique problems in the motor
control and multimotor control are introduced. In [18], to
filter out the measurement noises of velocities and estimate
the load torque of motors, an augmented observer is pro-
posed. In [19], a novel data-based hybrid tension estimation
and fault diagnosis method is proposed to estimate the
unmeasured tension between two neighbouring rolls. The
tension error compensation model is designed by applying
neural networks principal component regression, and the
corresponding tension fault diagnosis method is designed
using the estimated tensions. Moreover, the proposed ten-
sion estimation and fault diagnosis method is applied to
a real continuous annealing process line in a steel-making
company.

There are many factors that influence the tension control
performance in actual industrial production, among which
one of themost important is the time-varying inertia [20, 21].
Themoment of inertiawill changewith the radii of the rewind
and unwind rolls, which will change with the operation of the
system.Theperformancemay further deteriorate if controller
parameters are not adjusted properly according to the time-
varying inertia. The traditional solution is to estimate the
moment of inertia based on speed, thickness, and density of
the winding material and correct the controller parameters
using the estimated inertia to achieve the desired control
performance. However, in some instances the density and
thickness are unknown or vary with the humidity, tempera-
ture, and other external environment changes. Therefore, the
traditional method of estimating the inertia cannot be used
in some special occasions.

This paper is organized as follows. In Section 2, the
dynamic model is set up, and the traditional tension control
structure is analyzed. In Section 3, a new tension control
strategy without tension sensor is proposed. For the iden-
tification of tension, a reduced-order observer is designed
to observe the tension, which eliminates the use of tension
sensor. For the time-varying inertia, Landau discrete-time
recursive algorithm is adopted to estimate the inertia, and
the estimated inertias are used to correct the PI parameters
of speed controllers, so that the tension control system can
still have good dynamic performance even if the inertia
changes substantially. At last, a series of comparative exper-
iments are conducted, and the feasibility and effectiveness
of the proposed method are verified by the experimental
results.

2. The Description and Modelling of
the Winding System

The tension control system that contains only one tension
zone is shown in Figure 1(a). This is the simplest unit of
tension control system of multispan. This structure mainly
contains rewind roll, unwind roll, tension sensor, controllers,
and so on. Then, the changes of radii and inertia of the
rewind and unwind rolls are analyzed. According to the
relationship of the volume diameter, thickness of the winding
material, and the rotation angle, the following equation can
be obtained:

𝑅r (𝑡) ≈ 𝑅ro + 𝜃r2𝜋ℎ,
𝑅u (𝑡) ≈ 𝑅uo − 𝜃u2𝜋ℎ,

(1)

where 𝑅r and 𝑅u are the radii of rewind and unwind rolls,
respectively; 𝑅ro and 𝑅uo are the initial radii of rewind and
unwind rolls, respectively; 𝜃r and 𝜃u represent the rotation
angles of rewind and unwind rolls, respectively; and ℎ
represents the thickness of the winding material.

After differentiation of (1), the change rates of the volume
diameters of rewind and unwind rolls are obtained

d𝑅r (𝑡)
d𝑡 = 𝜔rℎ2𝜋 ,

d𝑅u (𝑡)
d𝑡 = −𝜔uℎ2𝜋 ,

(2)

where 𝜔r and 𝜔u are the angular velocity of rewind and
unwind rolls, respectively. The inertia of rewind and unwind
rolls can be expressed as follows [19]:

𝐽r (𝑡) = 𝐽ro + 𝜋2 𝜌𝑏 (𝑅4r − 𝑅4ro) ,
𝐽u (𝑡) = 𝐽uo + 𝜋2 𝜌𝑏 (𝑅4u − 𝑅4uo) .

(3)

In (3), 𝐽r(𝑡) and 𝐽u(𝑡) represent the inertias of rewind and
unwind rolls, respectively; 𝐽ro and 𝐽uo represent the inertias
when the rewind and unwind rolls are empty; 𝜌 is the density
of the winding material; and 𝑏 is the width of the winding
material. After differentiation of (3), the change rate of the
inertias of rewind and unwind rolls are obtained

d𝐽r (𝑡)
d𝑡 = 2𝜋𝜌𝑏𝑅3r d𝑅r (𝑡)

d𝑡 ,
d𝐽u (𝑡)
d𝑡 = 2𝜋𝜌𝑏𝑅3u d𝑅u (𝑡)

d𝑡 .
(4)

According to the torque balance principle and the
Karnopp friction model used in this manuscript [22], then
the dynamic equations can be expressed as

d
d𝑡 (𝐽r𝜔r) = 𝑇er − 𝐹𝑅r − 𝑇fr − 𝐵r𝜔r,
d
d𝑡 (𝐽u𝜔u) = 𝑇eu + 𝐹𝑅u − 𝑇fu − 𝐵u𝜔u,

(5)
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Figure 1: Winding system with two motors. (a) Tension control system with two motors; (b) tension controller with tension sensor.

where 𝑇er and 𝑇eu are the output torque of the rewind and
unwind rolls, respectively; 𝐹 is the tension of the system;𝐵r and 𝐵u are viscous friction coefficients; and 𝑇fr and𝑇fu are coulomb friction. The viscous friction coefficients
and coulomb friction are obtained by measurements in
experiment at the offline state. During the operation, the
friction torque changes over time, with degradation of bear-
ings, lubrication, and so on. Accurate estimation or online
measurement of the friction is actually very difficult and
is impossible in real-world industrial winders. However,
the change of the friction with degradation of bearings
and lubrication is small and very slow, so viscous friction
coefficients and coulomb friction can be considered constant
value during the operation.

Substituting (1)∼(4) into (5) and rearranging (5), the
following equation can be obtained:

𝐹 ⋅ (𝑅ro + 𝜃r2𝜋ℎ) = 𝑇er − 𝑇fr − 𝐵r𝜔r

− 2𝜋𝜔r𝜌𝑏𝑅3r d𝑅r (𝑡)
d𝑡

− [𝐽ro + 𝜋2 𝜌𝑏 (𝑅4r − 𝑅4ro)]
⋅ d𝜔r
d𝑡 ,

𝐹 ⋅ (𝑅uo − 𝜃u2𝜋ℎ) = −𝑇eu + 𝑇fu + 𝐵r𝜔u

+ 2𝜋𝜔u𝜌𝑏𝑅3u d𝑅u (𝑡)
d𝑡

+ [𝐽uo + 𝜋2 𝜌𝑏 (𝑅4u − 𝑅4uo)]
⋅ d𝜔u
d𝑡 .

(6)

According to the analysis above, the size of the tension is
influenced by many factors, such as the density and width of
the winding material, volume diameter, friction coefficient,
and velocity. Variation in any of the aforementioned factors

will impose a certain effect on the tension.Therefore, tension
control system is a multivariable, nonlinear, strong coupling
control system. To accurately control the tension, the impact
of various factors must be considered.

Presently, tension sensor is commonly used in direct
closed-loop tension control structure among the actual
industrial production. The structure is shown in Figure 1(b).
The unwind motor is used to control the entire system
speed and the rewind motor is used to control the tension.
In Figure 1(b), V∗ represents the reference velocity and 𝑇cc
corresponds to the time constant of the first-order delay of
the current controller.

3. The Design of No-Tension Sensor Control
System with Adaptive PI Parameters

3.1. The Design of the Tension Observer. From the dynamic
equations of rewind and unwindmotors, it is easy to find that
the change of tension is reflected in the torque elements of the
rewind and unwind rolls. Therefore, a tension observer can
be implemented based on the drive torque components that
is related to the tension zone. The tension could be obtained
through analyzing the dynamic equation of the rewindmotor
or unwind motor, and they should be equal in theory. The
rewind roll is taken as an example in the following analysis.

Taking the tension 𝐹 as a state variable, as the change
rate of tension is far less than the sampling frequency of the
controller, the tension can be considered as a constant value
in a control period; that is to say,

d𝐹
d𝑡 = 0. (7)

Since the change rate of inertia is much less than the
change rate of angular velocity in the tension control system,
(5) can be approximated by

d
d𝑡 (𝐽r𝜔r) ≈ 𝐽r d𝜔r

d𝑡 ≈ 𝑇er − 𝐹𝑅r − 𝑇fr − 𝐵r𝜔r,
d
d𝑡 (𝐽u𝜔u) ≈ 𝐽u d𝜔u

d𝑡 ≈ 𝑇eu + 𝐹𝑅u − 𝑇fu − 𝐵u𝜔u.
(8)



4 Mathematical Problems in Engineering

According to (7) and the first equation of (8), the dynamic
state equation of the rewind motor can be obtained as

ẋ = Ax + Bu,
y = Cx, (9)

where x = [𝜔r 𝐹]T is state variable; u = [𝑇er − 𝑇fr] is input
signal; y = [𝜔r] is the output signal; A = [ −𝐵r/𝐽r −𝑅r/𝐽r

0 0
]; B =

[ 1/𝐽r
0
]; and C = [1 0].
The necessary and sufficient condition for system (9) to

have an observer and be able to choose the observer poles
arbitrarily is the observability of system (9).The observability
matrix of (9) is

Q = [ C
CA

] = [[
[
1 0
−𝐵r𝐽r −𝑅r𝐽r

]]
]
. (10)

As |Q| = −𝑅r/𝐽r ̸= 0, the matrix rank of Q is rankQ = 2,
so system (9) is observable.

According to the idea of reduced-order state observer in
modern control theory [23], if we take the angular velocity
of the rewind motor as a correction variable in the tension
observer, the tension observer can be expressed as

̇̂x = Ax̂ + Bu + K (y − ŷ) ,
ŷ = Cx̂, (11)

where x̂ = [�̂�r 𝐹]T is the state variable of the observer; ŷ =
[�̂�r] is the output of the observer; and K = [𝑘1 𝑘2]T is the
feedback gain.

From (9) and (11), the observation error can be obtained
as

ẋ − ̇̂x = Ax + Bu − [(A − KC) x̂ + Bu + Ky]
= (A − KC) (x − x̂) . (12)

The characteristic of (12) can be expressed as follows:

det [𝑠I − (A − KC)] = 𝑠2 + (𝐵r𝐽r + 𝑘1) 𝑠 −
𝑅r𝐽r 𝑘2 = 0. (13)

Through the stability conditions of state observer, it is
known that if an appropriate matrix K is selected to make all
roots of the characteristic equation have negative real parts,
the following equation is obtained:

lim
𝑡→∞

(x − x̂) = 0. (14)

The key to observe the state variables accurately is the
selection of K matrix, which is independent of the state
variable x and the input u. Assuming that the desired two
observer eigenvalues are 𝛼 and 𝛽, the expected characteristic
equation can be obtained as

𝑠2 − (𝛼 + 𝛽) 𝑠 + 𝛼 ⋅ 𝛽 = 0. (15)

According to (13) and (15), the K matrix can be selected
as

𝑘1 = − (𝛼 + 𝛽) − 𝐵r𝐽r ,
𝑘2 = −𝛼𝛽 𝐽r𝑅r

.
(16)

The positions of the poles 𝛼 and 𝛽 should be chosen
according to the desired characteristics of the system. The
tension observer will be asymptotically stable as long as the
poles 𝛼 and 𝛽 have negative real parts. 𝛼 = 𝛽 = −6 is adopted
in this paper.

The observer input signal coulomb friction𝑇fr is obtained
by repeated measurements in experiment at the offline state;
the electromagnetic torque is obtained by the current of q-
axis; it can be expressed as follows:

𝑇er = 𝐾T ⋅ 𝑖qr, (17)

where 𝐾T is the torque coefficient of rewind motor and 𝑖qr is
the q-axis current of rewind motor.

3.2. Identification of the Inertia. The moment of inertia will
change with the radii of the rewind and unwind rolls, which
will change with the operation of the system. Therefore, if
the controller parameters are not corrected according to the
inertia, the dynamic performance of the tension control sys-
tem will deteriorate.The conventional method is to use (3) to
estimate the inertia approximately, for which the knowledge
of the density, thickness, and other variables of the winding
material is required. However, these variables are unknown
or difficult to obtain by measurement in some cases. In this
paper, Landau discrete-time recursive algorithm is used to
observe the inertias [24]. The main idea of Landau algorithm
is to use the equation with the unknown parameter as the
reference model and the equation without the unknown
parameter as the adjustable model. The two models have the
same physical input and output. Then, the parameters of the
adjustable model are adjusted in real time by the error of the
output of the two models until the difference between the
two is no longer further reduced, thus realizing the output
of the adjustable model’s output tracking control object [25].
Thus the inertias can be obtained accurately even under the
condition that the density, thickness, and other parameters of
the winding material are unknown. Taking rewind roll as an
example for analysis and ignoring friction coefficient, (8) can
be described as follows:

𝜔r (𝑘) = 𝜔r (𝑘 − 1)
+ 𝑇s𝐽r [𝑇er (𝑘 − 1) − 𝑅r (𝑘 − 1) 𝐹 (𝑘 − 1)] ,

𝜔r (𝑘 − 1) = 𝜔r (𝑘 − 2)
+ 𝑇s𝐽r [𝑇er (𝑘 − 2) − 𝑅r (𝑘 − 2) 𝐹 (𝑘 − 2)] .

(18)

In (18), 𝑇s is the control period. Since the sampling time
is very short, it can be assumed that the change periods of
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tension and radii are much greater than the speed calculation
period; then the following equation can be obtained:

𝑅r (𝑘 − 1) 𝐹 (𝑘 − 1) ≈ 𝑅r (𝑘 − 2) 𝐹 (𝑘 − 2) . (19)

By the subtraction of the two equations in (18), the
following equation is obtained:

𝜔r (𝑘) = 2𝜔r (𝑘 − 1) − 𝜔r (𝑘 − 2) + 𝑏𝑈 (𝑘 − 1) . (20)

In (20), 𝑈(𝑘 − 1) = 𝑇er(𝑘 − 1) − 𝑇er(𝑘 − 2); 𝑏 = 𝑇s/𝐽r;
if we take (20) as the reference model, the adjustable model
expressed in the a priori form can be described as follows,
namely, the estimated angular speed in the 𝑘th control cycle.

�̂�0r (𝑘) = 2𝜔r (𝑘 − 1) − 𝜔r (𝑘 − 2)
+ �̂� (𝑘 − 1)𝑈 (𝑘 − 1) . (21)

In (21), �̂�(𝑘−1) = 𝑇s/𝐽r is the variable to be identified and�̂�0r (𝑘) is the adjustable model expressed in the a priori form;
the priori error can be expressed as follows:

𝑒0 (𝑘) = 𝜔r (𝑘) − �̂�0r (𝑘) . (22)

According to Landau discrete-time recursive algorithm,
the adaptive rate of inertia can be expressed as

�̂� (𝑘) = �̂� (𝑘 − 1) + 𝛾 𝑈 (𝑘 − 1)1 + 𝛾𝑈2 (𝑘 − 1)𝑒0 (𝑘) . (23)

In (23), 𝛾 represents the adaptive gain; since 𝑇s is a
constant value, the inertia 𝐽r can be calculated through the
observed value �̂�(𝑘).

According to the basic principle of Landau algorithm,
it can be seen that changing the value of 𝛾 can change the
convergence speed and precision of �̂�(𝑘). And the higher the
adaptive gain, the smaller the convergence time of Landau
algorithm. But the jitter amplitude of the result of themoment
of inertia identification increases with the increase of the
adaptive gain 𝛾 value. When the value of the adaptive gain is
too large, the chattering of themoment of inertia is too severe
to be unrecognizable, and the magnitude of the adaptive
gain 𝛾 needs to be compromised between the convergence
time and the recognition accuracy. Therefore, the value of
the adaptive gain 𝛾 needs to be compromised between the
convergence time and the identification accuracy.

3.3. Structure Diagram of the Proposed Tension Control
Method. The control block diagram of the tension control
method proposed in this paper is shown in Figure 2(a).
It mainly consists of a rewind motor, an unwind motor, a
tension observer, and two inertia observers. The rewind and
unwind motors are used to drive the winding rolls. The two
motors are both surface mounted permanent magnet syn-
chronous motors. Double-closed-loop vector control struc-
ture with inner current loop and outer speed loop is adopted
in this system. The controllers of current loop, velocity loop,
and tension loop are all integral isolated PI regulators.The PI

parameters of speed controllers are designed according to the
bandwidth related in [26, 27].

And the speed signal is obtained by incremental encoder.
The tension observer is used to observe the tension, which
eliminates the application of tension sensor. The inertia
observers are used to observe the inertias of the rewind and
unwind motors. Moreover, the observed inertias are used
to correct the parameters of speed controllers. Therefore,
the tension control system can still have a good dynamic
performance even if the inertia changes dramatically.

Then the methods of how to set the PI parameters and
how to revise the PI parameters are described. Taking the
rewind motor as an example, as can be seen from (8), the
inertia of the motor can affect system dynamic performance.
The response time of electromagnetic torque is much less
than the response time of the mechanical system as to
the PMSM Vector Control System. So the dynamic process
of the current loop can be ignored when analyzing the
speed tracking performance and the disturbance rejection
performance. Figure 3 shows the simplified control block
diagram of the velocity loop.

In Figure 3, 𝜔ref is the reference speed, 𝑇L = 𝐹𝑅r + 𝑇fr is
the load torque, and 𝑒𝜔 is the tracking error.

Considering that the friction factor 𝐵r is generally much
smaller, therefore, the friction factor 𝐵r is ignored in the
subsequent analyses. In this case, the closed-loop transfer
function from 𝜔ref to 𝜔r can be expressed as

𝐺io (𝑠) = 𝜔r (𝑠)𝜔ref (𝑠) =
𝑘vp𝐽r

𝑠 + 𝑘vi/𝑘vp
𝑠2 + (𝑘vp/𝐽r) 𝑠 + 𝑘vi/𝐽r , (24)

where 𝑘vp is the proportional gain of the PI controller and 𝑘vi
is the integral gain of the PI controller; 𝑘vp > 0, 𝑘vi > 0.

The closed-loop transfer function from 𝑇L to 𝜔r can be
expressed as

𝐺do (𝑠) = 𝜔r (𝑠)𝑇L (𝑠) = −
1𝐽r

𝑠
𝑠2 + (𝑘vp/𝐽r) 𝑠 + 𝑘vi/𝐽r . (25)

The speed tracking performance and the disturbance
rejection performance are good or bad when using PI con-
troller depends on the pole-zero distribution of the transfer
function (24) and (25), respectively. As can be seen from (24)
and (25), the pole-zero distributions are closely related to 𝑘vp
and 𝑘vi. The parameters 𝑘vp and 𝑘vi are mainly determined
by the dynamic performance index of tension control system.
The bandwidth of speed loop can be determined through the
speed loop rise time 𝑡rc.

𝛼s = ln 9𝑡rc ≈ 2.2𝑡rc . (26)

If the proportionality coefficient 𝑘vp is set as follows, it can
guarantee that the speed loop rise time is less than 𝑡rc.

𝑘vp = 𝛼s𝐽0, (27)

where 𝐽0 is the default value of the inertia.
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Figure 2: Structure diagram of the proposed tension control method. (a) Structure diagram of the proposed tension control method; (b)
simplified control block diagram of the rewind motor velocity loop; (c) block diagram of the tension observer; (d) block diagram of the
inertia observer.

The integral coefficient 𝑘vi can be set as

𝑘vi = (𝛼s2𝜁)
2 𝐽0, (28)

where 𝜁 is the damping ratio.
Substitute (27) and (28) into (24) and (25); then the

following equations are obtained:

𝐺io (𝑠) = 𝜔r (𝑠)𝜔ref (𝑠)
= 𝐽0𝐽r

𝛼s (𝑠 + 𝛼s/4𝜁2)
𝑠2 + (𝐽0/𝐽r) 𝛼s𝑠 + (𝐽0/𝐽r) (𝛼s/2𝜁)2 ,

𝐺do (𝑠) = 𝜔r (𝑠)𝑇L (𝑠)
= − 1𝐽r

𝑠
𝑠2 + (𝐽0/𝐽r) 𝛼s𝑠 + (𝐽0/𝐽r) (𝛼s/2𝜁)2 .

(29)

As can be seen from (29), the above two equations have
the same characteristic equation.

𝑠2 + 2𝐽0𝐽r 𝜁𝜔0𝑠 +
𝐽0𝐽r 𝜔20 = 0, (30)

where 𝜔0 = 𝛼s/2𝜁; it is the natural angular frequency of the
speed loop.

When the system robustness is analyzed, it is necessary to
evaluate the performance of the maximum drop value 𝜔tm of
the motor speed as the sudden load is applied and the speed
error integral value IE in the recovery process.

When there is load disturbance, there are

𝜔tm ≤ 𝑇L𝑘vp ,
IE = lim
𝑡→∞

∫𝑡
0

L
−1 ( 𝑠𝐽r𝑠2 + 𝑘vp𝑠 + 𝑘vi ⋅

𝑇L𝑠 )
= lim
𝑠→0

𝑠 ⋅ 1𝑠 ⋅ 𝑠𝐽r𝑠2 + 𝑘vp𝑠 + 𝑘vi ⋅
𝑇L𝑠 = 𝑇L𝑘vi .

(31)
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It can be seen from (31) that maximum speed drop
value will reduce by improving 𝑘vp and the integral value
of speed error in the process of recovery can be lowered by
increasing 𝑘vi. However, the improvement of 𝑘vi corresponds
to the decrease of 𝜁. This will reduce the robustness of the
permanent magnet synchronous motor control system and
oscillation can occur in severe cases.Therefore, it is generally
necessary to constrain the value of the parameter by the phase
margin of the system.The open-loop transfer function of the
system 𝐺open(𝑠) is

𝐺open (𝑠) = 𝑠𝑘vp + 𝑘vi𝑠 ⋅ 1𝑠𝐽r . (32)

Let |𝐺open(𝑠)| = 1; we can get the shear frequency 𝜔c of
the system as follows:

𝜔c = 𝛼s2𝜁√2𝜁2 + √4𝜁4 + 1. (33)

Furthermore, the phase margin 𝜙m of the system is as
follows:

𝜙m = 𝜋 + arg𝐺open (𝑗𝜔c)
= arctan(2𝜁√2𝜁2 + √4𝜁4 + 1) . (34)

In order to ensure the robustness of the permanent
magnet synchronous motor control system, we should take𝜙m ≥ 60∘; then we can obtain 0.61 ≤ 𝜁 ≤ 1. In this paper, we
take 𝜁 = 0.707.

Through the analysis above, the following can be
obtained: the PI parameter tuning strategy has good adapt-
ability to the permanent closed-loop control system of
permanent magnet synchronous motor. The range of 𝜁 will
be determined according to the range of the phase margin
firstly and then the speed loop bandwidth value of the speed
control system is determined according to the actual needs,
for permanent magnet synchronous motor with different
moment of inertia. The PI parameter can be set by the
magnitude of its moment of inertia. Meanwhile, the PI
parameter tuning method above is also applicable to the
current loop PI parameter tuning.The derivation process will
not be repeated in this paper.

4. Simulation and Experimental
Results Analysis

4.1. Simulation Results Analysis. In addition, the effectiveness
of the observer is also simulated analysis. The simulation
parameters are shown in Table 1 except the material inertia.
We simulated the larger density material as the motor load,
while employing a longer observation time. Figure 3 shows
the simulation waveforms of the whole process of the tension
control system. The simulation parameters are basically the
same as the experimental ones. Only the empty volumes
inertia and the full volumes inertia are different, and they
are 0.01 kg⋅m2 and 0.022 kg⋅m2, respectively.The figures from

Current
sensors

Voltage
sensors

DC-link
capacitor

Main control board

Tension
signal

amplifier

Tension sensor

Unwind motor Rewind motor

Winding
material

Idle roll

AC → DC DC → DC

2∗IPM

Figure 4: Experimental platform.

top to bottom in turn are line speed of reference values,
tense values (reference value and actual value, observed
value), winding and rewinding roller radius, winding and
rewinding motor angular speed, winding and rewinding
motor electromagnetic torque, and winding and rewinding
roll moment of inertia (actual value and observed value). In
simulation, the system linear velocity changed from 4m/s
to 5m/s and then to 4m/s, and the tension reference value
changed from 30N to 60N suddenly.

It can be seen from the figure that when the linear
velocity of the system is constant, with the operation of
the system, the winding roller radius increases gradually
and roll radius decreases. As the winding and rewinding
roll radius changes continuously, the winding of the motor
angular velocity decreases and rolling motor angular velocity
increases gradually. We can see from the 6th and 7th picture,
with the operation of the system, the rotational inertia of
the rewinding motor increases gradually, rolling moment
of inertia of the motor decreases, and the inertia observer
proposed in this paper can estimate the moment of inertia in
real time. The analysis results have been added to the revised
manuscript.

4.2. Experimental Platform. In order to verify the correct-
ness of the proposed strategy, an experimental platform of
tension control system is established shown in Figure 4.
The experimental platform consists of a main control board,
power circuit, drive circuit, current sensor, voltage sen-
sor, winding material, unwinding motor, rewinding motor,
idle rollers, and so on. The DSP applied in the system is
TMS320F28335 produced by TI, and the Intelligent Power
Module (IPM) is PS21867 produced by Mitsubishi. The
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Figure 5: Closed-loop control method with tension sensor.

switching frequency of the inverter is 5 kHz. Two identical
permanent magnet synchronousmotors (PMSM) are applied
as the rewind and unwind motors in the experiment. The
winding material applied in the system is kraft paper. In
order to do comparison experiment, a tension sensor is
installed, the tension sensor applied in this system is LX-015-
TD produced by Mitsubishi, and the tension signal amplifier
applied in this system is KTC820. The size of the experi-
mental prototype is 2.5m × 0.6m, and the detailed mechan-
ical parameters of experimental platform are shown in
Table 1.

4.3. Verification Experiment of Tension Identification. Fig-
ure 5 shows the experimental waveforms of the direct closed-
loop control method with tension sensor and Figure 6 shows
the method proposed in this paper. Figures 5 and 6 show,
respectively, the experimental waveforms under the circum-
stance that the reference linear velocity remains 1.0m/s and
the reference tension changes in the sinusoidal manner, the
experimental waveforms under the circumstance that the
reference linear velocity remains 1.0m/s and the reference

tension changes in the triangular manner, the experimental
waveforms under the circumstance that the reference linear
velocity remains 1.0m/s and the reference tension changes
from 30N to 100N abruptly, and the experimental waveforms
under the same circumstance that the reference tension
remains 60N and the reference linear velocity changes from
0.5m/s to 1.0m/s abruptly. In the experimental waveforms,
V represents the linear velocity and 𝐹ref , 𝐹1, and 𝐹2 are,
respectively, the reference tension, the tension measured by
tension sensor, and the tension observed by the proposed
method.

Due to the characteristics of the tension sensor, its output
signal is very weak, generally only 200mV.Therefore, usually
it takes an amplifier circuit and a filter circuit to process the
output signal.The filter time constant used in this experiment
is 100ms. However, some delay of tension sensor signal will
be caused inevitably.

As can be seen from Figures 5(a)∼5(b) compared to the
reference tension 𝐹ref , in the tension 𝐹1 measured by the
tension sensor, there exists a delay. And 𝐹2 is the observed
value by the proposed method in the paper. Because tension
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Table 1: Mechanical parameters of experimental prototype.

PMSM (rewind motor and unwind motor)
Rated power 𝑃N kW 2.3
Rated speed 𝑛 r/min 1500
Inertia 𝐽 kg⋅m2 0.00272
Resistance 𝑅 Ω 0.635
Inductance 𝐿 mH 4.025
Coulomb friction torque (𝑇fr/𝑇fu) N⋅m 0.06/0.06
Viscous friction coefficient (𝐵r/𝐵u) N⋅m/(rad/s) 0.0004/0.0004
Number of poles 𝑝 4
Winding rolls and winding material
Radii (empty volumes/full volumes) m 0.05/0.1
Inertia (empty volumes/full volumes) kg⋅m2 0.00138/0.00348
Width 𝑏 m 0.18
Thickness ℎ mm 0.15
Specification (kraft paper) g 120
Tension sensor (LX-015-TD) and signal amplifier (KTC820)
Rated capacity N 150
Output voltage V 3
Filter time ms 100
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Figure 6: Closed-loop control method without tension sensor.
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Figure 7: Inertia identification results. (a) Empty volumes; (b) full volumes.

sensor method is used at this time, there is a bigger delay
between 𝐹ref and 𝐹2. For the tension system, it can be seen
that control method with tension sensor will be difficult to
meet the requirements for many high-speed applications.
However, from Figures 6(a)∼6(b), there is a smaller delay
between 𝐹ref and 𝐹2, compared to Figures 5(a)∼5(b).

Thus, from Figures 5(c) and 6(c), when the reference ten-
sion changes from 30N to 100N abruptly (tensionmutation),
the linear velocity change without tension sensor control
method is smaller than that with tension sensor. And the
tension observed by the proposed method can track the
reference tension excellently. From Figures 5(d) and 6(d),
when the reference linear velocity changes from 0.5m/s to
1.0m/s abruptly (velocity mutation), it can be seen that the
observed tension by the proposed method can track the
reference tension precisely even if the linear velocity changes
abruptly. In summary, the proposed method can achieve
nearly the same control performance as the direct closed-loop
control method with tension sensor.

4.4. Verification Experiments of Inertia Identification and
Adaptive Parameter of the Controller. The total inertia on the
rewind motor side consists of the inertia of motor armature,
driving shaft, the winding material, and so on. Among them,
the inertias ofmotor armature anddriving shaft are constants,
while the inertia of windingmaterial is time-varying, because
the material is continuously released into the process. After
calculation, the theoretical values of inertia when the rewind
roll is empty and full are 0.0041 kg⋅m2 and 0.0062 kg⋅m2,
respectively. Landau algorithm adaptive gain 𝛾 is 0.05 in
the experiment. Because the identification process of inertia
involves the division calculation, to prevent the arithmetic
overflow in the early operation, the output limiter is adopted.
As can be seen from Figure 7, the proposed identification
method can converge to the theoretical value of inertia within
two seconds.

In order to verify the parameters self-adaptive function
of the proposed method, a series of comparative experiments
are conducted. In some large industrial applications such as
the steel rolling production line, the inertia changes generally
substantially. It is necessary to correct the parameters of
speed controllers based on the inertia. However, due to the

limitations of the experimental platform in this paper, the
inertia changes very slowly, and the effect is difficult to
observe in one set of experiments. Therefore, in order to
observe the effect of the algorithm clearly, the experiments
are carried out in two stages that the unwind roll is empty
and full, respectively. In the two cases of unchanged param-
eters and adaptive parameters, the reference linear velocity
remains 1.0m/s and the reference tension changes from 30N
to 110N. Moreover, the reference tension remains 60N, and
the reference linear velocity changes from 0.5m/s to 1.0m/s.
Experimental waveforms are shown in Figure 6. Since the
observed inertias have yet to converge to the actual value
during the start-up phase of the motor, the algorithm of
adaptive parameters is not applied until the system goes
through the start-up phase and reaches the steady state.

Figure 8(a) shows that since the PI parameters of speed
controller are not self-adaptive in case of inertia variation,
when the parameters are unchanged, a slight overshoot is
generated when the unwind roll is in full volume.However, in
Figure 8(b), because the parameters adapt themselves to the
inertia variation, the waveform is basically the same whether
the rewind roll is empty or full. Figures 8(c) and 8(d) show
that when the unwind roll is empty, the changes of velocity
have the same influence on tension whether the speed con-
troller parameters are unchanged or adaptive. However, when
the unwind roll is full, velocity changes have greater influence
on the tensionwhen the controller parameters are unchanged
than when the controller parameters are adaptive, which
demonstrates the effectiveness of the proposed method.

5. Conclusion

This paper proposes a novel tension control strategy which
needs no additional hardware. A sensorless tension control
strategy only using the speed signal obtained by the encoder
and the current signal of the rewind motor is realized. The
unwind motor is used to set the linear velocity, and the
rewind motor is used to control the tension. With respect
to the variation of the inertias caused by the radii of rewind
and unwind rolls, Landau discrete adaptive algorithm is
adopted in this paper, which overcomes the shortcomings
of the conventional method to estimate the inertia that the



12 Mathematical Problems in Engineering

Full volumesEmpty volumes [2.000 s/div][2.000 s/div]

(2 s/div) (2 s/div)

Sample time: 16 s Sample time: 16 s

0

F
1

(3
0

N
/d

iv
)

(a)

Full volumesEmpty volumes [2.000 s/div][2.000 s/div]

(2 s/div) (2 s/div)

Sample time: 16 s Sample time: 16 s

0

F
1

(3
0

N
/d

iv
)

(b)

Full volumesEmpty volumes

Full volumesEmpty volumes

[2.000 s/div][2.000 s/div]

[2.000 s/div][2.000 s/div]

0
(0

.5
m

/s
/d

iv
)

(2 s/div) (2 s/div)

Sample time: 16 s Sample time: 16 s

0

F
1

(3
0

N
/d

iv
)

(c)

Full volumesEmpty volumes

Full volumesEmpty volumes

[2.000 s/div][2.000 s/div]

[2.000 s/div][2.000 s/div]

0
(0

.5
m

/s
/d

iv
)

(2 s/div) (2 s/div)

Sample time: 16 s Sample time: 16 s

0

F
1

(3
0

N
/d

iv
)

(d)

Figure 8: Adaptive controller parameters experiment when the tension and velocity mutation. (a) Tension mutation, parameters unchanged;
(b) tension mutation, adaptive parameters; (c) velocity mutation, parameters unchanged; (d) velocity mutation, adaptive parameters.
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knowledge of the density, thickness, and other information
of the winding material is required. Moreover, the observed
inertia is used to adjust the parameters of speed controllers
online, which enables the tension control system to still
maintain good dynamic performance even if the inertia
changes dramatically. Experimental results demonstrate the
feasibility of the program.The tension sensor is replaced by a
tension observer in this paper, which reduces the cost, solves
the problems that tension sensor cannot be ins f matalled in
some special occasions, and avoids the quality degradation
caused by the delay of sensors. In addition, the structure of
the method is simple and easy to implement. Therefore, the
proposed method proves to be of practical value in industrial
applications.
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The tracking control of𝐻∞ dynamic output feedback is proposed for the fuzzy networked systems of the same category, in which
each system is discrete-time nonlinear and is missing measurable data. In other words, the loss of data packet occurs randomly
in both the uplink and the downlink. The independent variables that are called the Bernoulli random variables are considered to
design the loss of data packets. The method of parallel distributed compensation (PDC) in terms of the T-S fuzzy model is applied
to investigate the dynamic controller of tracking control on the systems. Then, it is presented that the analytical 𝐻∞ performance
of the output error between the reference model and the fuzzy model for the closed-loop system containing dynamic output
feedback controller is proven. Furthermore, the achieved sufficient conditions in terms of LMIs ensure that the closed-loop system
is stochastically stable in the𝐻∞ sense. Finally, a numerical system is offered to show the effectiveness of the established technique.

1. Introduction

The fundamental problem of control application and its
theory is the problem of control tracking [1, 2]. With the
development of modern science and technology, the tracking
control of network control systems (NCSs) has witnessed
significant achievements in the past twenty years [3–6].
The problems of synthesis, analysis, and modeling of NCSs
become more and more difficult with the introduction of
communication networks. To tackle these challenges, for the
singular systems of the same category in which the input and
state were quantitated, the plan of an event-based𝐻∞ control
was supposed in [7].

The tracking control of output, playing an important role
in the industrial, economic, and biological control processes,
which is known as the control of reference model, can
approximate the reference output of a given model. In some
fields, the tracking control of output is employed far and
wide, such as motors [8, 9], robots [10], and flights [11]. Based
on the tracking control of output, many preliminary studies
have been produced [12–15]. Papers [6, 16–18] proposed some
questions about stability, and some scholars proposed some
thinking about 𝐻∞ control [19] as well as the problem

of designing about the filter in the literature [20]. As a
result of the increased complicacies of the systems, nonlinear
characteristics occur randomly in reality. Furthermore, the
aforementioned methods for linear networked control sys-
tems cannot be used more directly. In the light of nonlinear
characteristics, a few classes of advanced techniques con-
taining sliding mode control [21], adaptive control [22, 23],
and fuzzy control [24, 25] were applied. The tracking control
of network control system involves some nonlinear factors,
such as bandwidth constraints, packet dropouts, and network
delays.Then, the designing and analysis of the systembecome
more difficult and complex. In general, T-S [26] fuzzy model
can approximate to the smooth nonlinear system as much
as possible and in fuzzy system theories we can use the
developed technology to research nonlinear systems. It can be
seen that the T-S fuzzymodel has been successfully applied in
a large number of realistic nonlinear systems from literature
[27–29]. Between the controlled output and external input,
literatures [30–32] describe that the 𝐻∞ control minimizes
the gain of energy. In the tracking control of 𝐻∞ output,
the system that contains nonlinear perturbations and time-
varying delay is studied by Zhang and Yu [33]. In the case of
packet loss and time delay, at home and abroad, the scholars
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are researching the problem about the performance analysis
of the network control system with 𝐻∞ output tracking and
the design issues of controller [34]. In literatures [35, 36],
the faulty links of communication are often described by
the Markov chain and the distribution of Bernoulli random
variables. In literature [37], under the links of imperfect
communication, the feedback control of𝐻∞ output has been
studied for the systems of the same category. However, it
should be pointed out that the above researches do not take
fully into account the links of faulty communication and a
complete message of the state vector, which is the critical
shortcoming of the state-feedback controller when put into
effect in reality. In [38], the design of tracking control is
investigated by applying IT2T-Smethod and it is employed to
a classical practical application which is called mass-spring-
damping system. Moreover, the authors researched the pre-
sented issue for nonlinear structures in view of the fuzzy
observer as well as the influence of unknown state variables
and data loss in Ethernet transmission. However, they did
not take into account the dynamic output feedback controller
in the systems. Therefore, our idea is that for the nonlinear
tracking systems of discrete time with packet loss consisting
in both the downlink and the uplink a dynamic output
feedback controller is designed and the parallel distributed
compensation (PDC) using T-S fuzzy model is constructed
to tackle nonlinearity.

In this paper, the tracking control of𝐻∞ dynamic output
feedback is suggested for the fuzzy networked systems with
missing data. The independent variables which are called
the Bernoulli random variables are considered to design the
loss of data packets when it occurs randomly in both the
uplink and the downlink. The method of parallel distributed
compensation (PDC) in terms of the T-S fuzzy model is
employed to plan the dynamic output controller of tracking
control.Then, the analysis of𝐻∞ performance for the closed-
loop system containing dynamic controller is presented.
Furthermore, the sufficient conditions in terms of LMIs
guarantee that the closed-loop system is stochastically stable
in the sense of𝐻∞ performance.

The rest of this article is as follows. Under data missing,
the researched problem of𝐻∞ tracking control for the fuzzy
networked systems of the same species is formulated in
Section 2. It is presented that the designing of fuzzy dynamic
output controller and the performance analysis of𝐻∞ output
tracking are the main results in Section 3. Section 4 gives
a numerical example and in Section 5 we put forward the
conclusion of paper.

Notation. In this paper, the notation applied is comparatively
standard.Thematrix transposition is stood for by superscript
“𝑇” and the space of 𝑛-dimensional Euclidean is denoted
by 𝑅𝑛. Zero matrix and the identity matrix are signified by
0 and 𝐼, respectively. The symbol ∗ is employed to denote
the symmetry term in the expressions of complex matrix
and symmetric block matrices, and 𝑃 ≥ 0 stands for 𝑃
being real symmetric and positive definite (semidefinite).The
space of square-integrable vector over [0,∞) is suggested by𝑙2[0,∞). ‖𝑀‖ = √tr(𝑀𝑇𝑀) shows matrix norm. | ⋅ | shows
the norm of Euclidean vector and the norm of 𝑙2[0,∞) is

defined by ‖ ⋅ ‖2. The notation 𝐸{𝛼} indicates the expectation
of the event 𝛼. 𝐸{𝛼/𝛽} indicates the expectation of the event𝛼 conditional on the event 𝛽. It is assumed that the matrices
in this paper have compatible dimensions if the dimensions
are not demonstrably prescribed.

2. Problem Formulation

Firstly, we consider the T-S fuzzy model. It is a discrete-time
nonlinear system with data missing. The overall fuzzy model
is described by fuzzy aggregation of the linear models.

2.1. T-S FuzzyModel. The 𝑖-th rule of the T-S is the following:
Model Rule 𝑖:

If 𝑧1 (𝑡) is𝑀𝑖1, . . . , 𝑧𝑔 (𝑡) is𝑀𝑖𝑔
Then 𝑥 (𝑡 + 1) = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) + 𝐸𝑖𝜛 (𝑡) ,

𝑟 (𝑡) = 𝐶1𝑖𝑥 (𝑡) + 𝐷𝑖𝑢 (𝑡) + 𝐹𝑖𝜛 (𝑡) ,
𝑦 (𝑡) = 𝐶2𝑖𝑥 (𝑡) ,

(𝑖 = 1, 2, . . . , 𝑟) ,

(1)

where 𝑀𝑖𝑑 (𝑑 = 1, 2, . . . , 𝑔) is the fuzzy set associated with
the 𝑖-th model rule and 𝑑-th premise variable component;𝑥(𝑡) ∈ 𝑅𝑛𝑥×1 denotes the state vector; 𝑢(𝑡) ∈ 𝑅𝑛𝑢×1 denotes
the control input vector; 𝑦(𝑡) ∈ 𝑅𝑛𝑦×1 denotes the vector
of measured output; 𝑟(𝑡) ∈ 𝑅𝑛𝑟×1 denotes the vector of
controlled output; 𝜛(𝑡) ∈ 𝑙2[0,∞) are external disturbances
and 𝜛(𝑡) ∈ 𝑅𝑛𝜛×1. 𝐴 𝑖, 𝐵𝑖, 𝐸𝑖, 𝐷𝑖, 𝐹𝑖, 𝐶1𝑖, and 𝐶2𝑖 are
local system matrices with appropriate dimensions. 𝑧(𝑡) =[𝑧1(𝑡) ⋅ ⋅ ⋅ 𝑧𝑔(𝑡)]𝑇 are known premise variables. The scalar 𝑟 is
the number of rules. The final fuzzy system is listed:

𝑥 (𝑡 + 1) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) + 𝐸𝑖𝜛 (𝑡)] ,

𝑟 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐶1𝑖𝑥 (𝑡) + 𝐷𝑖𝑢 (𝑡) + 𝐹𝑖𝜛 (𝑡)] ,

𝑦 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖𝐶2𝑖𝑥 (𝑡) ,
(2)

where for all 𝑡 we suppose the following: ℎ𝑖(𝑧(𝑡)) = 𝜔𝑖(𝑧(𝑡))/∑𝑟𝑖=1 𝜔𝑖(𝑧(𝑡)), 𝜔𝑖(𝑧(𝑡)) = ∏𝑔𝑑=1𝑀𝑖𝑑(𝑧𝑑(𝑡)), 𝜔𝑖(𝑧(𝑡)) ≥ 0,∑𝑟𝑖=1 𝜔𝑖(𝑧(𝑡)) > 0, ∑𝑟𝑖=1 ℎ𝑖(𝑧(𝑡)) = 1, and ℎ𝑖(𝑧(𝑡)) ≥ 0 (𝑖 =1, 2, . . . , 𝑟). In what follows, we write ℎ𝑖 ≜ ℎ𝑖(𝑧(𝑡)) for brevity.
The designing of fuzzy dynamic output controller is our

objective. In this way, the output 𝑟(𝑡) of the controlled model
can track the signal 𝑟𝑟(𝑡) of reference model to satisfy the
performance of the required tracking. Assume the reference
model as follows:

𝑥𝑟 (𝑡 + 1) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐺𝑟𝑖𝑥𝑟 (𝑡) + 𝐵𝑟𝑖𝜎 (𝑡)] ,

𝑟𝑟 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐻𝑟𝑖 𝑥𝑟 (𝑡) + 𝐿𝑟𝑖𝜎 (𝑡)] ,
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𝑦𝑟 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖𝑀𝑟𝑖 𝑥 (𝑡) ,
(3)

where 𝑥𝑟(𝑡) ∈ 𝑅𝑛𝑥×1 is the state of reference model; 𝑟𝑟(𝑡) ∈𝑅𝑛𝑟×1 is the controlled output of reference model; 𝑦𝑟(𝑡) ∈𝑅𝑛𝑦×1 is the measured output of reference model; 𝜎(𝑡) ∈𝑅𝑛𝜛×1 is the input of bounded reference energy;𝐺𝑟𝑖 (Hurwitz),𝐵𝑟𝑖 , 𝐻𝑟𝑖 , 𝐿𝑟𝑖, and 𝑀𝑟𝑖 are constant matrices with appropriate
dimensions.

From (2) and (3), the augmented error system is as
follows:

𝜉 (𝑡 + 1) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝜉 (𝑡) + 𝐵𝑖𝑢 (𝑡) + 𝐸𝑖] (𝑡)] ,
𝑒 (𝑡) = 𝑟 (𝑡) − 𝑟𝑟 (𝑡)

= 𝑟∑
𝑖=1

ℎ𝑖 [𝐶1𝑖𝜉 (𝑡) + 𝐷𝑖𝑢 (𝑡) + 𝐹𝑖] (𝑡)] ,

𝑒 (𝑡) = 𝑦 (𝑡) − 𝑦𝑟 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖𝐶2𝑖𝜉 (𝑡) ,

(4)

where

𝜉 (𝑡) = [ 𝑥 (𝑡)𝑥𝑟 (𝑡)] ,

] (𝑡) = [𝜛 (𝑡)𝜎 (𝑡)] ,

𝐴 𝑖 = [𝐴 𝑖 0
0 𝐺𝑟𝑖] ,

𝐵𝑖 = [𝐵𝑖0 ] ,

𝐸𝑖 = [𝐸𝑖 0
0 𝐵𝑟𝑖] ,

𝐶1𝑖 = [𝐶1𝑖 −𝐻𝑟𝑖 ] ,
𝐷𝑖 = 𝐷𝑖,
𝐹𝑖 = [𝐹𝑖 −𝐿𝑟𝑖] ,
𝐶2𝑖 = [𝐶2𝑖 −𝑀𝑟𝑖 ] .

(5)

2.2. Fuzzy Dynamic Output Feedback Controller Design.
Based on the T-S fuzzy model (4), in this paper, we construct
the following dynamical output feedback controller:

Rule 𝐶𝑖:
If 𝑧1 (𝑡) is𝑀𝑖1, . . . , 𝑧𝑔 (𝑡) is𝑀𝑖𝑔

Then 𝜂𝑐 (𝑡 + 1) = 𝐴𝑐𝑖𝜂𝑐 (𝑡) + 𝐵𝑐𝑖 𝑒𝑐 (𝑡) ,
𝑢𝑐 (𝑡) = 𝐶𝑐𝑖 𝜂𝑐 (𝑡) ,

(6)

where 𝜂𝑐(𝑘) ∈ 𝑅𝑛𝜂×1 is the state vector of the controller; 𝑒𝑐(𝑡) ∈𝑅𝑛𝑒×1 is the input vector of the controller; 𝑢𝑐(𝑡) ∈ 𝑅𝑛𝑢×1 is the
output vector of the controller; 𝐴𝑐𝑖, 𝐵𝑐𝑖 , and 𝐶𝑐𝑖 are matrices
with appropriate dimensions. Then

𝜂𝑐 (𝑡 + 1) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐴𝑐𝑖𝜂𝑐 (𝑡) + 𝐵𝑐𝑖 𝑒𝑐 (𝑡)] ,

𝑢𝑐 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖𝐶𝑐𝑖𝜂𝑐 (𝑡) .
(7)

2.3. Unreliable Communication Links. It can be seen that the
model is with the links of communication network from
Figure 1. In this paper, we consider that a few elements are
introduced via network and the loss of data packets occurs
randomly in both the uplink and the downlink. Thus 𝑒(𝑡) ̸=𝑒𝑐(𝑡) and 𝑢𝑐(𝑡) ̸= 𝑢(𝑡). We represent the above phenomenon
by applying a stochastic method and it is described as follows:

𝑒𝑐 (𝑡) = 𝛼 (𝑡) 𝑒 (𝑡) ,
𝑢 (𝑡) = 𝛽 (𝑡) 𝑢𝑐 (𝑡) , (8)

where {𝛼(𝑡)} and {𝛽(𝑡)} satisfy the process of Bernoulli ran-
dom distribution. {𝛼(𝑡)} presents the downlink of unreliable
communication and {𝛽(𝑡)} describes the uplink. Assume{𝛼(𝑡)} and {𝛽(𝑡)} as follows:

prob {𝛼 (𝑡) = 1} = 𝐸 {𝛼 (𝑡)} = 𝛼,
prob {𝛼 (𝑡) = 0} = 1 − 𝛼,
prob {𝛽 (𝑡) = 1} = 𝐸 {𝛽 (𝑡)} = 𝛽,
prob {𝛽 (𝑡) = 0} = 1 − 𝛽.

(9)

According to (8), we obtain

𝜂𝑐 (𝑡 + 1) = 𝑟∑
𝑖=1

ℎ𝑖 [𝐴𝑐𝑖𝜂𝑐 (𝑡) + 𝛼 (𝑡) 𝐵𝑐𝑖 𝑒 (𝑡)] ,

𝑢𝑐 (𝑡) = 𝑟∑
𝑖=1

ℎ𝑖𝐶𝑐𝑖𝜂𝑐 (𝑡) .
(10)

Combining (4) and (10), one has the augmented closed-loop
system:

𝜉 (𝑡 + 1) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [𝐴 𝑖𝑗𝜉 (𝑡) + Ξ𝑖] (𝑡)] ,

𝑒 (𝑡) = 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [𝐶𝑖𝑗𝜉 (𝑡) + 𝐹𝑖] (𝑡)] ,
(11)
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where

𝐴 𝑖𝑗 = [ 𝐴 𝑖 𝛽 (𝑡) 𝐵𝑖𝐶𝑐𝑗
𝛼 (𝑡) 𝐵𝑐𝑗𝐶2𝑖 𝐴𝑐𝑗 ] ,

Ξ𝑖 = [𝐸𝑖0 ] ,
𝐶𝑖𝑗 = [𝐶1𝑖 𝛽 (𝑘)𝐷𝑖𝐶𝑐𝑗] ,
𝜉 (𝑡) = [ 𝜉 (𝑡)𝜂𝑐 (𝑡)] .

(12)

Assume that

𝛼 (𝑡) = 𝛼 + �̃� (𝑡) ,
𝛽 (𝑡) = 𝛽 + 𝛽 (𝑡) ; (13)

then

𝐸 {�̃� (𝑡) �̃� (𝑡)} = 𝛼 (1 − 𝛼) ,
𝐸 {𝛽 (𝑡) 𝛽 (𝑡)} = 𝛽 (1 − 𝛽) . (14)

In this paper, we design the output feedback controller to
ensure the stochastic stability of closed-loop system which
fulfills the performance of external disturbance attenuation.
Therefore, the definition is as follows.

Definition 1 (see [39]). Any initial condition is considered𝜉(0). Under ](𝑡) ≡ 0, if there exists a matrix 𝑊 > 0, then
𝐸{∑∞𝑡=0 |𝜉(𝑡)|2|𝜉(0)} < 𝜉𝑇(0)𝑊𝜉(0), and the closed-loop system
(11) is stochastically stable.

Then, in this paper, the problem that is dealt with is drawn
up as follows: the augmented system in (11) is asymptotically
stable with ](𝑡) ≡ 0 and satisfies

𝐸{∞∑
𝑡=0

|𝑒 (𝑡)|2} ≤ 𝛾2 ‖]‖22 , (15)

where 𝛾 > 0; then the𝐻∞ performance 𝛾 of output tracking
is obtained.

3. Main Results

Two parts of results are included in this section, containing
the conditions of designing controller and the criteria of
sufficient stability.

Theorem 2. Consider the model of the augmented fuzzy
system (11). With the supposed matrices 𝐴𝑐𝑗, 𝐵𝑐𝑗, and 𝐶𝑐𝑗 (𝑗 =1, . . . , 𝑟) of the controller gain, the system of closed-loop fuzzy
model in (11) is stochastically stable and fulfills 𝐻∞ perfor-
mance 𝛾 of external disturbance attenuation, if there exist
matrices 𝑝𝑙 (𝑙 = 1, . . . , 𝑟), fulfilling the following inequality:

(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗 − 𝑃𝑖 < 0, (16)

[[[[[[[[[[[[
[

−𝐼 0 0 0 𝐶1𝑖𝑗 𝐹𝑖
0 −𝐼 0 0 𝐶2𝑖𝑗 0
0 0 −𝑃−1𝑙 0 𝐴1𝑖𝑗 Ξ𝑖
0 0 0 −𝑃−1𝑙 𝐴2𝑖𝑗 0
∗ ∗ ∗ ∗ −𝑃𝑖 0
∗ ∗ ∗ ∗ 0 −𝛾2𝐼

]]]]]]]]]]]]
]

< 0, (17)
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where

𝐴1𝑖𝑗 = [
[

𝐴 𝑖 𝛽𝐵𝑖𝐶𝑐𝑗
𝛼𝐵𝑐𝑗𝐶2𝑖 𝐴𝑐𝑗 ]

]
,

𝐴2𝑖𝑗 = [
[

0 √𝛽 (1 − 𝛽)𝐵𝑖𝐶𝑐𝑗√𝛼 (1 − 𝛼)𝐵𝑐𝑗𝐶2𝑖 0 ]
]
,

𝐶1𝑖𝑗 = [𝐶1𝑖 𝛽𝐷𝑖𝐶𝑐𝑗] ,
𝐶2𝑖𝑗 = [0 √𝛽 (1 − 𝛽)𝐷𝑖𝐶𝑐𝑗] .

(18)

Proof. Defining ](𝑡) ≡ 0, the stochastic stability of system (11)
is proven. For system (11), the following Lyapunov function is
chosen:

𝑉 (𝑡) = 𝜉𝑇 (𝑡) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (𝑡) , (19)

where 𝑃𝑖 > 0; supposing that ℎ+𝑙 = ℎ+𝑙 (𝑧(𝑡 + 1)), we have
𝐸 {Δ𝑉 (𝑡)} = 𝐸 {𝑉 (𝑡 + 1)| 𝜉 (𝑡)} − 𝑉 (𝑡) = 𝐸{{{

𝜉𝑇 (𝑡)

⋅ 𝑟∑
𝑙=1

ℎ+𝑙 [[
𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝑟∑
𝑠=1

𝑟∑
𝑡=1

ℎ𝑖ℎ𝑗ℎ𝑠ℎ𝑡 (𝐴 𝑖𝑗𝑇𝑃𝑙𝐴 𝑠𝑡)]]
𝜉 (𝑡)}}}

− 𝜉𝑇 (𝑡) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (𝑡) ≤ 𝜉𝑇 (𝑡) 𝑟∑
𝑙=1

ℎ+𝑙
⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗] 𝜉 (𝑡)

− 𝜉𝑇 (𝑡) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (𝑡) = 𝜉𝑇 (𝑡) 𝑟∑
𝑙=1

ℎ+𝑙
⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗 − 𝑃𝑖] 𝜉 (𝑡) .

(20)

Let

Ψ
= 𝑟∑
𝑙=1

ℎ+𝑙 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗 − 𝑃𝑖] . (21)

From

𝜆min (−Ψ) 𝜉 (𝑡)2 ≤ 𝜉𝑇 (𝑡) (−Ψ) 𝜉 (𝑡)
≤ 𝜆max (−Ψ) 𝜉 (𝑡)2

(22)

we obtain

𝐸{𝜉𝑇 (𝑡 + 1) [ 𝑟∑
𝑙=1

ℎ+𝑙 𝑃𝑙] 𝜉 (𝑡 + 1)}

− 𝜉𝑇 (𝑡) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (𝑡)
≤ −𝜆min (−Ψ) 𝜉𝑇 (𝑡) 𝜉 (𝑡) .

(23)

From 𝑡 = 0, 1, . . . , 𝑘 and 𝑘 ≥ 1, for the above inequality,
calculating and summing mathematical expectation, we can
have

𝐸{𝜉𝑇 (𝑘 + 1) [ 𝑟∑
𝑙=1

ℎ+𝑙 𝑃𝑙] 𝜉 (𝑘 + 1)}

− 𝜉𝑇 (0) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (0)

≤ −𝜆min (−Ψ) 𝐸{ 𝑘∑
𝑡=0

𝜉 (𝑡)2} .

(24)

Then, when 𝑘 = 1, . . . ,∞ and given
𝐸{𝜉𝑇(∞)[∑𝑟𝑙=1 ℎ+𝑙 𝑃𝑙]𝜉(∞)} ≥ 0, we obtain

𝐸{ 𝑘∑
𝑡=0

𝜉 (𝑡)2} ≤ (𝜆min (−Ψ))−1

⋅ {𝜉𝑇 (0) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (0)

− 𝐸{𝜉𝑇 (𝑘 + 1) [ 𝑟∑
𝑙=1

ℎ+𝑙 𝑃𝑙] 𝜉 (𝑘 + 1)}}

≤ (𝜆min (−Ψ))−1 𝜉𝑇 (0) [ 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (0) = 𝜉𝑇 (0)

⋅ [(𝜆min (−Ψ))−1 𝑟∑
𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (0) .

(25)

Let 𝑊 ≜ (𝜆min(−Ψ))−1∑𝑟𝑖=1 ℎ𝑖𝑃𝑖; we obtain Ψ < 0 and𝑊 > 0.Therefore, we acquire that system (11) is stochastically
stable in terms of Definition 1.

The following sectionwill introduce the𝐻∞ performance
of external disturbance attenuationwhen the initial condition
is zero. The𝐻∞ index is as follows:

𝐽 ≜ 𝐸 {𝑒𝑇 (𝑡) 𝑒 (𝑡)Θ(𝑡)} − 𝛾2]𝑇 (𝑡) ] (𝑡)
+ 𝐸 {𝑉 (𝑡 + 1)|Θ(𝑡)} − 𝑉 (𝑡) . (26)

Let Θ(𝑘) = [ 𝜉(𝑘)](𝑘) ]; then, we obtain
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𝐽 ≜ 𝐸 {𝑉 (𝑡 + 1)|Θ(𝑡)} − 𝑉 (𝑡) + 𝐸 {𝑒𝑇 (𝑡) 𝑒 (𝑡)Θ(𝑡)} − 𝛾2]𝑇 (𝑡) ] (𝑡) = 𝐸{{{
Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝑟∑
𝑠=1

𝑟∑
𝑡=1

ℎ𝑖ℎ𝑗ℎ𝑠ℎ𝑡 ([𝐴 𝑖𝑗 Ξ𝑖]𝑇 𝑃𝑙 [𝐴 𝑠𝑡 Ξ𝑠])Θ (𝑡)}}}
− 𝛾2]𝑇 (𝑡) ] (𝑡) − 𝜉𝑇 (𝑡) [ 𝑟∑

𝑖=1

ℎ𝑖𝑃𝑖] 𝜉 (𝑡) + 𝐸{{{
Θ𝑇 (𝑡)

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝑟∑
𝑠=1

𝑟∑
𝑡=1

ℎ𝑖ℎ𝑗ℎ𝑠ℎ𝑡 ([𝐶𝑖𝑗 𝐹𝑖]𝑇 [𝐶𝑠𝑡 𝐹𝑠])Θ (𝑡)}}}
= Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝑟∑
𝑠=1

𝑟∑
𝑡=1

ℎ𝑖ℎ𝑗ℎ𝑠ℎ𝑡 [[
(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑠𝑡 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑠𝑡 (𝐴1𝑖𝑗)𝑇 𝑃𝑙Ξ𝑠

Ξ𝑇𝑖 𝑃𝑙𝐴1𝑠𝑡 Ξ𝑇𝑖 𝑃𝑙Ξ𝑠
]
]
Θ (𝑡) − Θ𝑇 (𝑡) 𝑟∑

𝑖=1

ℎ𝑖 [𝑃𝑖 0
0 𝛾2𝐼]Θ (𝑡) + Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

𝑟∑
𝑠=1

𝑟∑
𝑡=1

ℎ𝑖ℎ𝑗ℎ𝑠ℎ𝑡 [[
(𝐶1𝑖𝑗)𝑇𝐶1𝑠𝑡 + (𝐶2𝑖𝑗)𝑇𝐶2𝑠𝑡 (𝐶1𝑖𝑗)𝑇 𝐹𝑠

𝐹𝑇𝑖 𝐶1𝑠𝑡 𝐹𝑇𝑖 𝐹𝑠
]
]
Θ (𝑡) ≤ Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [[
(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗 (𝐴1𝑖𝑗)𝑇 𝑃𝑙Ξ𝑖

Ξ𝑇𝑖 𝑃𝑙𝐴1𝑖𝑗 Ξ𝑇𝑖 𝑃𝑙Ξ𝑖
]
]
Θ (𝑡) − Θ𝑇 (𝑡) 𝑟∑

𝑖=1

ℎ𝑖 [𝑃𝑖 0
0 𝛾2𝐼]Θ (𝑡) + Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗 [[
(𝐶1𝑖𝑗)𝑇𝐶1𝑖𝑗 + (𝐶2𝑖𝑗)𝑇𝐶2𝑖𝑗 (𝐶1𝑖𝑗)𝑇 𝐹𝑖

𝐹𝑇𝑖 𝐶1𝑖𝑗 𝐹𝑇𝑖 𝐹𝑖
]
]
Θ (𝑡) = Θ𝑇 (𝑡) 𝑟∑

𝑙=1

ℎ+𝑙

⋅ 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗{{{
[
[
(𝐴1𝑖𝑗)𝑇 𝑃𝑙𝐴1𝑖𝑗 + (𝐴2𝑖𝑗)𝑇 𝑃𝑙𝐴2𝑖𝑗 (𝐴1𝑖𝑗)𝑇 𝑃𝑙Ξ𝑖

Ξ𝑇𝑖 𝑃𝑙𝐴1𝑖𝑗 Ξ𝑇𝑖 𝑃𝑙Ξ𝑖
]
]
+ [
[
(𝐶1𝑖𝑗)𝑇𝐶1𝑖𝑗 + (𝐶2𝑖𝑗)𝑇𝐶2𝑖𝑗 (𝐶1𝑖𝑗)𝑇 𝐹𝑖

𝐹𝑇𝑖 𝐶1𝑖𝑗 𝐹𝑇𝑖 𝐹𝑖
]
]
− [𝑃𝑖 0

0 𝛾2𝐼]
}}}

⋅ Θ (𝑡) = Θ𝑇 (𝑡) 𝑟∑
𝑙=1

ℎ+𝑙 𝑟∑
𝑖=1

𝑟∑
𝑗=1

ℎ𝑖ℎ𝑗{{{
[𝐶1𝑖𝑗 𝐹𝑖𝐶2𝑖𝑗 0]

𝑇

[𝐶1𝑖𝑗 𝐹𝑖𝐶2𝑖𝑗 0] + [𝐴1𝑖𝑗 Ξ𝑖𝐴2𝑖𝑗 0 ]
𝑇

[𝑃𝑙 0
0 𝑃𝑙][

𝐴1𝑖𝑗 Ξ𝑖
𝐴2𝑖𝑗 0 ] − [𝑃𝑖 0

0 𝛾2𝐼]
}}}
Θ (𝑡) .

(27)

From Schur complement, according to (17), we can obtain 𝐽 ≤0 and 𝐸{∑∞𝑡=0 |𝑒(𝑡)|2} ≤ 𝛾2‖V‖22.
The proof is finished.

4. Simulation Results

A numerical example is applied to explain the validity of
the proposed method in the following section of this paper.
Consider the following systems:

Model Rule 𝑖:
If 𝑥𝑖 (𝑡) is ℎ𝑖 (𝑥𝑖 (𝑡)) 𝑖 = 1, 2.

Then 𝑥 (𝑡 + 1) = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) + 𝐸𝑖𝜛 (𝑡) ,
𝑟 (𝑡) = 𝐶1𝑖𝑥 (𝑡) + 𝐷𝑖𝑢 (𝑡) + 𝐹𝑖𝜛 (𝑡) ,
𝑦 (𝑡) = 𝐶2𝑖𝑥 (𝑡) ,

(28)

where
𝐴1 = [−0.4618 0.8913; −0.6137 1.2153] ;
𝐴2 = [−0.0146 −1.1552; 1.0101 0.3005] ;

𝐵1 = [0.5857 1.5251] ;
𝐵2 = [2.2415 2.9953] ;
𝐸1 = [−0.0099 0.0258] ;
𝐸2 = [−0.0623 0.0774] ;
𝐹1 = 0.0023;
𝐹2 = 0.0290;
𝐶11 = [−1.0789 0] ;
𝐶21 = [0.9962 0] ;
𝐷1 = −1;
𝐶12 = [0.0585 0] ;
𝐶22 = [0.4795 0] ;
𝐷2 = 1.

(29)
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The corresponding reference model is assumed as follows:

𝑥𝑟 (𝑡 + 1) = 𝐺𝑟𝑖𝑥𝑟 (𝑡) + 𝐵𝑟𝑖𝜎 (𝑡) ,
𝑟𝑟 (𝑡) = 𝐻𝑟𝑖 𝑥𝑟 (𝑡) + 𝐿𝑟𝑖𝜎 (𝑡) ,
𝑦𝑟 (𝑡) = 𝑀𝑟𝑖 𝑥 (𝑡) ,

(30)

where

𝐺𝑟1 = −0.02;
𝐵𝑟1 = 0.5;
𝐻𝑟1 = −0.3;
𝐿𝑟1 = 0.5;
𝑀𝑟1 = −0.15;
𝐺𝑟2 = 0.1;
𝐵𝑟2 = 0.2;
𝐻𝑟2 = 0.03;
𝐿𝑟2 = −0.35;
𝑀𝑟2 = 0.135.

(31)

The corresponding form of controller is expressed as follows:

𝜂𝑐 (𝑡 + 1) = 𝐴𝑐𝑖𝜂𝑐 (𝑡) + 𝐵𝑐𝑖 𝑒𝑐 (𝑡) ,
𝑢𝑐 (𝑡) = 𝐶𝑐𝑖𝜂𝑐 (𝑡) . (32)

When the minimum value of 𝛾 is 𝛾 = 0.6039, prob{𝛼(𝑡) =1} = 0.95, and prob{𝛽(𝑡) = 1} = 0.85, the gains of controller
are as follows:

𝐴𝐶1 = [[
[
0.0144 0.0452 −0.0090
0.0461 0.1613 −0.0242
0.0066 −0.0245 −0.0159

]]
]
,

𝐴𝐶2 = [[
[
−0.0023 −0.0180 0.0019
0.0022 −0.0423 −0.0004
−0.0039 0.0156 0.0021

]]
]
,

𝐵𝐶1 = [[
[
0.0518
0.2082
−0.0842

]]
]
,

𝐵𝐶2 = [[
[
0.1035
0.2613
0.0835

]]
]
,

𝐶𝐶1 = [0.0045 0.0133 −0.0037] ,
𝐶𝐶2 = [−0.0016 −0.0043 0.0014] .

(33)
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Figure 2: Random packet dropouts.

The Membership functions are as follows:

ℎ1 (𝑥1 (𝑡)) =
{{{{{{{{{{{{{

(𝑥1 (𝑡) + 3)3 , −3 ≤ 𝑥1 (𝑡) ≤ 0,
(3 − 𝑥1 (𝑡))3 , 0 ≤ 𝑥1 (𝑡) ≤ 3,
0, else,

ℎ2 (𝑥1 (𝑡)) = 1 − ℎ1 (𝑥1 (𝑡)) .

(34)

In Figure 2, the dropouts of randomdata packet are displayed,
in which it contains both the uplink and the downlink.
Furthermore, it is assumed that the initial value of the model
is [−1 4]𝑇 and the initial value of the reference system
is 1. The external disturbance of the model is assumed as
follows: 𝜛(𝑡) = 1/(2 + 𝑡); and the disturbance term of the
reference system is 𝜎(𝑡) = sin(1/0.5 ∗ (𝑡)); in Figure 3,
output 𝑟𝑟(𝑡) of the reference model and the output 𝑟(𝑡) of
the system are opened up before our eyes, in which 𝑟𝑟(𝑡)
is tracked well by the output 𝑟(𝑡), despite the fact that the
initial values are not equal to zero. The initial value of the
controller is [−2 1 0]𝑇. Figure 4 draws up the state of
dynamic output feedback controller. Figure 5 illustrates that
the dynamical output feedback controller can make the error
system tend towards stability. In this simulation, the external
disturbances are added to characterize the fluctuation of
system. In Figure 6, under the action of the dynamical output
feedback controller, the controlled output result of the closed-
loop system is shown. At each sampling time, as a result of
the controller, the error 𝑒(𝑡) is gradually approaching 0 and
the steady states of the closed-loop system are finally reached
by continuously adjusting. Therefore, in this paper, the plan
of dynamic output feedback controller can ensure that 𝐻∞
performance is satisfied and the required stochastic stability
is obtained.

Based on the above survey, the simulation outcome may
certify that the project of dynamic output feedback controller
satisfies the defined requirements of designing. It can be seen
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Figure 3: Output tracking response of the system.
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Figure 4: State response of the dynamic output feedback controller.

that under the circumstances of questionable communication
links the method [27] of state-feedback control is not valid
for the nonlinear tracking systems when the state variables of
the tracking systems are unmeasured or undiscovered. In this
paper, the proposed plan results of dynamic output feedback
controller can finish off the above questionable system in
which the measurements are missing.

5. Conclusions

In this paper, the tracking control of 𝐻∞ dynamic output
feedback is suggested for the fuzzy networked systems with
missing data. When the loss of data packets occurs randomly
in both the uplink and the downlink, the Bernoulli random
variables are considered to design it.Themethod of planning
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Figure 5: State response of the error system.
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Figure 6: Output response of the closed-loop system.

the dynamic output controller is employed to achieve the
stability of tracking control systems. Then, the analysis
of 𝐻∞ performance for the closed-loop system is shown.
Furthermore, the achieved sufficient conditions in terms of
LMIs ensure that the closed-loop system is stochastically
stable in the𝐻∞ sense.

We will devote ourselves to the more realistic and practi-
cal output feedback framework for tracking control. We will
consider unknown state variables and data loss. In view of
T-S fuzzy model, the problem of tracking control with the
observer is proposed for uncertain nonlinear networked con-
trol systems. The unmeasurable state variables are estimated
by the fuzzy observer rather than themodel, whichmay bring
about more precise results. The controller of fuzzy tracking
control is proposed in terms of the fuzzy observer.The applied
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controller designing method may cut down complexity and
strengthen the flexibility.
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Automated tool trajectory planning for spray painting robots is still a challenging problem, especially for a large complex curved
surface. This paper presents a new method of trajectory optimization for spray painting robot based on exponential mean Bézier
method. The definition and the three theorems of exponential mean Bézier curves are discussed. Then a spatial painting path
generation method based on exponential mean Bézier curves is developed. A new simple algorithm for trajectory optimization
on complex curved surfaces is introduced. A golden section method is adopted to calculate the values. The experimental results
illustrate that the exponential mean Bézier curves enhanced flexibility of the path planning, and the trajectory optimization
algorithm achieved satisfactory performance. This method can also be extended to other applications.

1. Introduction

Spray painting robot is an important advanced paint produc-
tion equipment, which is widely used in the paint production
line of automotive.The complex shape of the workpiece in the
actual industrial production is often encountered. The basic
steps of the existingmethod in the trajectory optimization for
spray painting on this kind of complex curved surface are as
follows:(1) After obtaining the CAD (Computer Aided Design)
data of the workpiece surface, triangulation is directly per-
formed on the surface. And the surface is modeled by the
corresponding method.(2) After patching the complex curved surface according
to the surface topology, each patch is approximated as a plane.
Then the spray painting trajectory is optimized on each patch.(3)The spray painting trajectory at the junction between
patches is optimized. It needs to be optimized according
to the geometric position relation of the painting path on
every two patches: PA-PA (parallel-parallel), PA-PE (parallel-
perpendicular), and PE-PE (perpendicular-perpendicular)
[1–3].

(4) Perform the tool trajectory optimal integration on
each patch. Specifically, we can use ant colony algorithm or
genetic algorithm.

In general, such trajectory optimizationmethod for spray
painting on a complex curved surface can basically meet
the requirement of spray painting. However, this method
has many steps to perform, and it needs to undergo three
optimization operations such as the trajectory optimization
on patch, optimization for spray painting trajectory at the
junction of every two patches, and the tool trajectory optimal
integration on each patch in actual process [4–6]. The
operation will be more troublesome, and a lot of system time
will be consumed. In addition, when the area of complex
curved surface is larger or with more patches, the following
two problems will occur:(1) It is necessary to combine the optimized trajectories
at the junction between the patches after the optimization for
the painting path. The error will be larger, which will make
the uniformity of the paint thickness at the junction of the
patches worse. What is more, a lot of system execution time
will be consumed in this process [7].
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2 Mathematical Problems in Engineering(2)When the number of patches is large, the population
size (this is the concept of ant colony algorithm) will increase
when performing the tool trajectory optimal integration on
each patch. In this case, the convergence speed of genetic
algorithm or ant colony algorithm is slow, and the algorithm
is easy to fall into different local optimum fields, which
leads to poor spray painting effect and lower spray painting
efficiency [8–10].

Because of the existence of the problems above, the
spray painting effect of the complex workpiece surface is
still not very satisfactory in the current spray painting
operations. Under this background, a new trajectory opti-
mization method on curved surface based on Bézier surface
is proposed in this paper. The specific idea for this method
is after modeling the complex curved surface by using the
Bézier triangular surface modeling technique, the discrete
point array on the equidistant surface of the complex curved
surface is found by the calculation method for discrete
point array on equidistant surface of Bézier surface. Then
the spatial painting path generation method based on the
exponential mean Bézier curve is used to obtain the spatial
painting path on the complex curved surface. According
to the new trajectory optimization method on the complex
curved surface, the spray painting trajectory is optimized
along the specified spatial path, and the complete optimized
trajectory for spray painting on the complex curved surface
is obtained. The advantage of this method is that it does
not need to split the complex curved surface but makes the
full use of the flexible regulatory property of exponential
mean Bézier curve to plan for the spatial painting path. This
method not only increases the flexibility in the optimization
process, but also greatly simplifies the steps of spray painting
operations on complex curved surfaces.

2. Path Planning

Trajectory optimization of the spray painting robot consists
of two parts, one is the path planning and the other is the
spray speed optimization. The effect of spray painting on the
complex curved surfaceworkpiece is still not very satisfactory
in the current spray painting operation. In the spray painting
operation, the curvature of the workpiece surface is likely
to be large due to the complexity of curved surface and the
shape of the workpiece surface, which makes it more difficult
to optimize the spray painting trajectory. In the first part of
the description, the existing method is curved triangulation.
In this method, Cubic Cardinal spline curves are used to
connect the discrete point arrays on the equidistant surface
of the Bézier surface, and each adjacent Cardinal spline
curve is connected by Hermite spline curve [11–13]. Since
both Cardinal and Hermite curves are parametric cubic
polynomials, the local control properties for the curves are
particularly poor and it is difficult to make a direct and
geometric intuitionistic estimate of the geometry of the curve
under normal circumstances.

In the current surface modeling technology of CAGD
(Computer Aided Geometric Design) for free-form curved
surface, Bézier theory and method have been widely used
in the CAM/CAD system as a set of mature algorithm

theories, which shows a strong vitality and practical value.
The main reason is that Bézier method is easy to operate
and it has good geometric properties. The traditional Bézier
curve is defined as a convex combination of spatial position
vector with the Bernstein basis function as weight, which
is also a kind of average value. But the traditional Bézier
curve has great limitations on describing the geometry of the
entity, and its rational and polynomial form also have many
shortcomings. Therefore, it is of vital importance to find the
new basis functions of Bézier curves. In this section, Bézier
curves are evenly combined with exponential mean, and the
definition of exponential mean Bézier curves with parameter
is put forward [14, 15]. The three basic properties of this
kind of curves are given, such as the elevation, de Casteljau
algorithm, and segmentation theorem which are applied to
the method for generating the painting path in complicated
surface. Finally, better results can be obtained.

2.1. Definition and Properties of Exponential Mean Bézier
Curves. The traditional arithmetic weighted Bézier curve is
defined as follows:𝐵𝑛 (𝑡) = 𝑛∑

𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑖, 0 ≤ 𝑡 ≤ 1, (1)

where basis Bernstein function 𝐵𝑖,𝑛(𝑡) = 𝐶𝑖𝑛𝑡𝑖(1 − 𝑡)𝑛−𝑖, 0 ≤𝑡 ≤ 1. 𝑉𝑖 (𝑖 = 0, 1, . . . , 𝑛) is the control vertices. Since∑𝑛𝑖=0 𝐵𝑖,𝑛(𝑡) = 1, 𝐵𝑛(𝑡) can be seen as the weighted average
of control vertices 𝑉0, 𝑉1, . . . , 𝑉𝑛.

Make the exponential mean of control vertices𝑉0, 𝑉1, . . . , 𝑉𝑛 on this basis; we can get the definition of
exponential mean Bézier curve.

Definition 1. Define

𝐿𝑠𝑛 (𝑡) = {{{{{{{{{
log𝑠
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑠𝑉𝑖 , 𝑠 ∈ 𝑅∗+
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑖, 𝑠 = 1 0 ≤ 𝑡 ≤ 1 (2)

for ∀𝑠 ∈ 𝑅+; 𝐿𝑠𝑛(𝑡) is called the 𝑛-time 𝑠-order exponential
mean Bézier curve.

Obviously, 𝑛-time first-order exponential mean Bézier
curve is the Bézier curve in traditional sense. After introduc-
ing the displacement operator 𝐸, difference operator Δ, and
unit operator 𝐼motioned above, then we have

log𝑠
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑠𝑉𝑖 = log𝑠 ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑛 𝑠𝑉0
= log𝑠 (𝐼 + 𝑡Δ)𝑛 𝑠𝑉0 (3)

so, 𝐿𝑠𝑛(𝑡) has the following operator representation:𝐿𝑠𝑛 (𝑡) = {{{log𝑠 (𝐼 + 𝑡Δ)𝑛 𝑠𝑉0 , 𝑠 ∈ 𝑅∗+(𝐼 + 𝑡Δ)𝑛 𝑉0, 𝑠 = 1. (4)
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The derivative formula of 𝐿𝑠𝑛(𝑡) is given as follows:

(𝐿𝑠𝑛 (𝑡)) = {{{{{
𝑛 (𝐼 + 𝑡Δ)𝑛−1 Δ𝑠𝑉0(𝐼 + 𝑡Δ)𝑛 𝑠𝑉0 ln 𝑠 , 𝑠 ∈ 𝑅∗+𝑛 (𝐼 + 𝑡Δ)𝑛−1 Δ𝑉0, 𝑠 = 1; (5)

obviously,

(𝐿𝑠𝑛 (0)) = {{{{{ 𝑛
ln 𝑠 𝑠𝑉1 − 𝑠𝑉0𝑠𝑉0 , 𝑠 ∈ 𝑅∗+𝑛 (𝑉1 − 𝑉0) , 𝑠 = 1,

(𝐿𝑠𝑛 (1)) = {{{{{
𝑛
ln 𝑠 𝑠𝑉𝑛 − 𝑠𝑉𝑛−1𝑠𝑉𝑛 , 𝑠 ∈ 𝑅∗+𝑛 (𝑉𝑛 − 𝑉𝑛−1) , 𝑠 = 1.

(6)

Note the exponential mean Bézier curves determined
by the control vertices 𝑉0, 𝑉1, . . . , 𝑉𝑛 as 𝐿𝑠𝑛(𝑉0, 𝑉1, . . . , 𝑉𝑛; 𝑡).
Then, it satisfies the interpolation properties at the endpoints,
which is 𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 0) = 𝑉0,𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 1) = 𝑉𝑛 (7)

and when 𝑠 ∈ 𝑅∗+, from 𝐵𝑖,𝑛(𝑡) = 𝐵𝑛−𝑖,𝑛(1 − 𝑡), we can obtain𝐿𝑠𝑛 (𝑉𝑛, 𝑉𝑛−1, . . . , 𝑉0; 𝑡) = log𝑠
𝑛∑
𝑖=0

𝐵𝑛−𝑖,𝑛 (1 − 𝑡) 𝑠𝑉𝑛−𝑖
= log𝑠

𝑛∑
𝑖=0

𝐵𝑖,𝑛 (1 − 𝑡) 𝑠𝑉𝑖 = 𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 1 − 𝑡) (8)

and when 𝑠 = 1, similarly we can obtain𝐿𝑠𝑛 (𝑉𝑛, 𝑉𝑛−1, . . . , 𝑉0; 𝑡) = 𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑛−𝑖
= 𝑛∑
𝑖=0

𝐵𝑛−𝑖,𝑛 (1 − 𝑡) 𝑉𝑛−𝑖 = 𝑛∑
𝑖=0

𝐵𝑖,𝑛 (1 − 𝑡) 𝑉𝑖= 𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 1 − 𝑡) .
(9)

It can be seen that the exponential mean Bézier curve
defined by the same control polygon is unique. The paramet-
ric cubic Hermite interpolation does not have the symmetry
represented by the formula above.

In the Bézier curve design, the flexibility of curve design-
ing can be improved by increasing the number of control
vertices while keeping the curve shape unchanged, which
is called elevation. The exponential mean Bézier curve is
also a parametric polynomial curve segment with global
properties. In the discrete point arrays on the equidistant
surface of a complex curved surface, it is possible that the
control vertices cannot reach the ideal curve (path) shape
no matter how we adjust them. That is, the “rigidity” of the
curve (path) is adequate while the “flexibility” is insufficient.

The control vertices are added by elevation, which reduces
the “rigidity” of the painting path on the complex curved
surface, increases its “flexibility,” and enhances the potential
flexibility of controlling the shape of the painting path on
complex curved surfaces.

Theorem 2. When 𝑠 ∈ 𝑅∗+, suppose a 𝑛-time 𝑠-order expo-
nential mean Bézier curve is expressed as𝐿𝑠𝑛 (𝑡) = log𝑠

𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑠𝑉𝑖,𝑛 . (10)

The control vertices are 𝑉0,𝑛, 𝑉1,𝑛, . . . , 𝑉𝑛,𝑛; 𝑛 + 𝑚-time 𝑠-order
exponential mean Bézier curve is expressed as𝐿𝑠𝑛+𝑚 (𝑡) = log𝑠

𝑛+𝑚∑
𝑖=0

𝐵𝑖,𝑛+𝑚 (𝑡) 𝑠𝑉𝑖,𝑛+𝑚 (11)

and the control vertices are 𝑉0,𝑛+𝑚, 𝑉1,𝑛+𝑚, . . . , 𝑉𝑛+𝑚,𝑛+𝑚, and
then 𝑛-time curve 𝐿𝑠𝑛(𝑡) can be elevated to 𝑛 + 𝑚-time curve𝐿𝑠𝑛+𝑚(𝑡) and satisfies𝑠𝑉𝑖,𝑛+𝑚 = 𝑚∑

𝑗=0

𝐶𝑖−𝑗𝑛 𝐶𝑗𝑚𝐶𝑖𝑛+𝑚 𝑠𝑉𝑖−𝑗,𝑚 , 𝑖 = 0, 1, . . . , 𝑛 + 𝑚. (12)

Proof.𝐿𝑠𝑛 (𝑡) = log𝑠
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑠𝑉𝑖,𝑛
= log𝑠

𝑛∑
𝑖=0

𝐶𝑖𝑛𝑡𝑖 (1 − 𝑡)𝑛−𝑖 (1 − 𝑡 + 𝑡)𝑚 𝑠𝑉𝑖,𝑛
= log𝑠

𝑚∑
𝑗=0

𝑛∑
𝑖=0

𝐶𝑖𝑛𝐶𝑗𝑚𝐶𝑖+𝑗𝑛+𝑚𝐶𝑖+𝑗𝑛+𝑚 𝑡𝑖+𝑗 (1 − 𝑡)𝑛+𝑚−(𝑖+𝑗) 𝑠𝑉𝑖,𝑛
= log𝑠

𝑚∑
𝑗=0

𝑛+𝑗∑
𝑘=𝑗

𝐶𝑘−𝑗𝑛 𝐶𝑗𝑚𝐶𝑘𝑛+𝑚𝐶𝑘𝑛+𝑚 𝑡𝑘 (1 − 𝑡)𝑛+𝑚−𝑘 𝑠𝑉𝑘−𝑗,𝑛
= log𝑠

𝑛+𝑚∑
𝑖=0

𝐵𝑖,𝑛+𝑚 (𝑡) 𝑚∑
𝑗=0

𝐶𝑖−𝑗𝑛 𝐶𝑗𝑚𝐶𝑖𝑛+𝑚𝐶𝑖𝑛+𝑚 𝑠𝑉𝑖−𝑗,𝑛
(13)

and 𝐿𝑠𝑛+𝑚(𝑡) = log𝑠∑𝑛+𝑚𝑖=0 𝐵𝑖,𝑛+𝑚(𝑡)𝑠𝑉𝑖,𝑛+𝑚 ; thus𝑠𝑉𝑖,𝑛+𝑚 = 𝑚∑
𝑗=0

𝐶𝑖−𝑗𝑛 𝐶𝑗𝑚𝐶𝑖𝑛+𝑚 𝑠𝑉𝑖−𝑗,𝑚 , 𝑖 = 0, 1, . . . , 𝑛 + 𝑚 (14)

and when 𝑠 = 1, 𝑛-time first-order exponential mean Bézier
curve 𝐿𝑠𝑛 (𝑡) = 𝑛∑

𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑖,𝑛 (15)

can be also elevated to 𝑛 + 𝑚-time first-order exponential
mean Bézier curve 𝐿𝑠𝑛+𝑚(𝑡) = ∑𝑛+𝑚𝑖=0 𝐵𝑖,𝑛+𝑚(𝑡)𝑉𝑖,𝑛+𝑚.

In particular, when𝑚 = 1 and 𝑠 ∈ 𝑅∗+,𝑠𝑉𝑖,𝑛+1 = 𝑖𝑛 + 1𝑠𝑉𝑖−1,𝑛 + (1 − 𝑖𝑛 + 1) 𝑠𝑉𝑖,𝑛 ,𝑖 = 0, 1, . . . , 𝑛 + 1 (16)
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and when 𝑠 = 1,𝑉𝑖,𝑛+1 = 𝑖𝑛 + 1𝑉𝑖−1,𝑛 + (1 − 𝑖𝑛 + 1)𝑉𝑖,𝑛,𝑖 = 0, 1, . . . , 𝑛 + 1, (17)

where𝑉𝑖,𝑛 is the control point of the 𝑛-time 𝑠-order exponen-
tial mean Bézier curve 𝐿𝑠𝑛(𝑡) and 𝑉𝑖,𝑛+1 is the control point
of the (𝑛 + 1)-time 𝑠-order exponential mean Bézier curve𝐿𝑠𝑛+1(𝑡) after elevation.

In the process of selecting the control vertices according
to the discrete point arrays on the equidistant surface of
the complex curved surface, the geometric properties of
the complex curved surfaces themselves determine that the
geometrical properties of the Bézier curves obtained from
these control vertices are also complex. The process of each
intermediate vertex generated by the de Casteljau algorithm
is linear interpolation. This algorithm can resolve a complex
geometric computation problem into a series of linear opera-
tions.The algorithm is easy to program and the speed is quite
fast. Also, it facilitates the rapid generation of spatial painting
path on complex curved surface.

Theorem 3 (de Casteljau algorithm theorem). 𝐿𝑠𝑛(𝑡) is the 𝑛-
time 𝑠-order exponential mean Bézier curve. Suppose that the
control vertex {𝑉𝑖}𝑛𝑖=0 and parameter 𝑡 ∈ [0, 1] are given. Then𝑉[𝑟]𝑖 is defined as follows:𝑉[𝑟]𝑖

= {{{{{{{{{{{
log𝑠 ((1 − 𝑡) 𝑠𝑉[𝑟−1]𝑖 + 𝑡𝑠𝑉[𝑟−1]𝑖+1 ) , 𝑠 ∈ 𝑅∗+(1 − 𝑡) 𝑉[𝑟−1]𝑖 + 𝑡𝑉[𝑟−1]𝑖+1 , 𝑠 = 1, 𝑟 = 1, 2, 𝐿, 𝑛 − 𝑟𝑉[0]𝑖 = 𝑉𝑖,

(18)

and this satisfies 𝐿𝑠𝑛(𝑡) = 𝑉[𝑛]0 , 𝑠 ∈ 𝑅+.
Proof. When 𝑠 = 1,𝐿𝑠𝑛 (𝑡) = 𝑛∑

𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑖 = ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑛 𝑉0 (19)

while𝑉[𝑟]𝑖 = (1 − 𝑡) 𝑉[𝑟−1]𝑖 + 𝑡𝑉[𝑟−1]𝑖+1 = ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑉[𝑟−1]𝑖= ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑟 𝑉[0]𝑖 = ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑟 𝑉0. (20)

Let 𝑖 = 0 and 𝑟 = 𝑛; then we have𝑉[𝑛]0 = ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑛 𝑉0 = 𝐿𝑠𝑛 (𝑡) . (21)

When 𝑠 ∈ 𝑅∗+,𝐿𝑠𝑛 (𝑡) = log𝑠
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑠𝑉𝑖 = log𝑠 ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑛 𝑠𝑉0 (22)

while 𝑉[𝑟]𝑖 = log𝑠 ((1 − 𝑡) 𝑠𝑉[𝑟−1]𝑖 + 𝑡𝑠𝑉[𝑟−1]𝑖+1 )= log𝑠 ((1 − 𝑡) 𝐼 + 𝑡𝐸) 𝑠𝑉[𝑟−1]𝑖 (23)

and thereby𝑉[𝑟]𝑖 = ((1 − 𝑡) 𝐼 + 𝑡𝐸) 𝑠𝑉[𝑟−1]𝑖 = ⋅ ⋅ ⋅= ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑟 𝑠𝑉[0]𝑖 = ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑟 𝑠𝑉𝑖 ; (24)

thus 𝑉[𝑟]𝑖 = log𝑠 ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑟 𝑠𝑉𝑖 . (25)

Let 𝑖 = 0 and 𝑟 = 𝑛; then we have𝑉[𝑛]0 = log𝑠 ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑛 𝑠𝑉0 = 𝐿𝑠𝑛 (𝑡) . (26)

de Casteljau’s algorithm theorem improves the rapidity
of generating the spatial paths on complex curved surfaces.
However, since the curvature of the complex curved surface
itself changes greatly, in the actual spray painting operations,
sometimes the entire painting path needs to be processed by
segment. That is, the entire path curve needs to be divided
into two subpath curve segments.The de Casteljau algorithm
can not only determine a point on the path curve, but also
introduce the path curve segmentation problem. There are
two vertices sets 𝑉0, 𝑉[1]0 , . . . , 𝑉[𝑛]0 and 𝑉[𝑛]0 , 𝑉[𝑛−1]1 , . . . , 𝑉𝑛 in
the de Casteljau algorithm. We can get the two subcurve seg-
ments divided from the entire exponential mean Bézier curve
by using the exponential mean Bézier curve determined by
these two vertices sets as the control vertex.

Theorem 4 (path curve segmentation theorem). Suppose 𝑡 ∈[0, 1] and 𝑢 ∈ [0, 1], for ∀𝑠 ∈ 𝑅+; we have𝐿𝑠𝑛 (𝑉0, 𝑉[1]0 , . . . , 𝑉[𝑛]0 ; 𝑢) = 𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 𝑢𝑡) ,𝐿𝑠𝑛 (𝑉[𝑛]0 , 𝑉[𝑛−1]1 , . . . , 𝑉𝑛; 𝑢)= 𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 1 − (1 − 𝑢) (1 − 𝑡)) . (27)

Proof. When 𝑠 ∈ 𝑅∗+,𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 𝑢𝑡) = log𝑠
𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑢𝑡) 𝑠𝑉𝑖= log𝑠 ((1 − 𝑢𝑡) 𝐼 + 𝑢𝑡𝐸)𝑛 𝑠𝑉0= log𝑠 [(1 − 𝑢) 𝐼 + 𝑢 ((1 − 𝑡) 𝐼 + 𝑡𝐸)]𝑛 𝑠𝑉0= log𝑠
𝑛∑
𝑖=0

𝐶𝑖𝑛 (1 − 𝑢)𝑛−𝑖 𝑢𝑖 ((1 − 𝑡) 𝐼 + 𝑡𝐸)𝑖 𝑠𝑉0
= log𝑠

𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑢) 𝑠𝑉[𝑖]0 = 𝐿𝑠𝑛 (𝑉0, 𝑉[1]0 , . . . , 𝑉[𝑛]0 ; 𝑢) ,



Mathematical Problems in Engineering 5

Figure 1: The 𝑈-direction spatial path of the surface.

𝐿𝑠𝑛 (𝑉0, 𝑉1, . . . , 𝑉𝑛; 1 − (1 − 𝑢) (1 − 𝑡))= log𝑠 [(1 − 𝑢) (1 − 𝑡) 𝐼 + (1 − (1 − 𝑢) (1 − 𝑡)) 𝐸]𝑛 𝑠𝑉0= log𝑠 [𝑢𝐸 + (1 − 𝑢) [(1 − 𝑡) 𝐼 + 𝑡𝐸]]𝑛 𝑠𝑉0= log𝑠
𝑛∑
𝑖=0

𝐶𝑖𝑛𝑢𝑖 (1 − 𝑢)𝑛−𝑖 [(1 − 𝑡) 𝐼 + 𝑡𝐸]𝑛−𝑖 𝑠𝑉𝑖
= log𝑠

𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑢) 𝑠𝑉[𝑛−𝑖]𝑖 = 𝐿𝑠𝑛 (𝑉[𝑛]0 , 𝑉[𝑛−1]1 , . . . , 𝑉𝑛; 𝑢) .
(28)

When 𝑠 = 1, it can be proved as the same token.
The aim of the segmentation theorem is actually to find

the two control vertices on the subcurve segment of the
painting path in order to get the two small control polygons,
which are closer to the curve than the original control
polygon.

2.2. Spatial Path Generation of Exponential Mean Bézier
Curves. Due to the large curvature changes of the complex
curved surface studied in this paper, the Cardinal splines and
the parametric polynomial expressions of theHermite splines
themselves determine that the local control is relatively
poor. Therefore, the exponential mean Bézier curves with
parameter are used in order to overcome these shortcomings.
The discrete point arrays (𝑈-direction or 𝑉-direction) are
regarded as the experimental data point arrays, and an
exponential mean Bézier curve is used to fit the data points.
Then the control vertices of the curves are inverted to
generate the spatial painting path, where the 𝑈-direction
spatial path of the surface is shown in Figure 1 and the 𝑉-
direction spatial path of the surface is shown in Figure 2.

In the following, we will make the following first-order
(𝑠 = 1) exponential mean Bézier curve as an example.

Figure 2: The 𝑉-direction spatial path of the surface.

Take the 𝑈-direction as an example; the discrete point
array is represented as a set of data points:𝑃𝑖 (𝑖 = 0, 1, . . . , 𝑚) . (29)

Obtain an exponential menial Bézier curve𝐿1𝑛 (𝑡) = 𝑛∑
𝑖=0

𝐵𝑖,𝑛 (𝑡) 𝑉𝑖, 0 ≤ 𝑡 ≤ 1, 𝑛 < 𝑚; (30)

these data points are fitted, and the control vertex 𝑉𝑖 is to be
determined. The curve is obtained by using the least-squares
approximation method.

First, 𝑃𝑖 (𝑖 = 0, 1, . . . , 𝑚) is parameterized.The parameter
sequence is determined by using the specification accumula-
tion chord length parameterization: 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑚 =1, so we have𝐿1𝑛 (𝑡𝑖) = 𝑛∑

𝑖=0

𝐵𝑖,𝑛 (𝑡𝑖) 𝑉𝑖 = 𝑃𝑖, 𝑖 = 0, 1, . . . , 𝑚. (31)

The problem is transformed into solving the least-squares
solution of the equation set. The problem can be solved by
solving the following regularization equation:

Φ𝑇Φ(𝑉0𝑉1...𝑉𝑛) = Φ𝑇(𝑃0𝑃1...𝑃𝑛), (32)

where

Φ = (𝐵0,𝑛 (𝑡0) 𝐵1,𝑛 (𝑡0) ⋅ ⋅ ⋅ 𝐵𝑛,𝑛 (𝑡0)𝐵0,𝑛 (𝑡1) 𝐵1,𝑛 (𝑡1) ⋅ ⋅ ⋅ 𝐵𝑛,𝑛 (𝑡1)... ... d
...𝐵0,𝑛 (𝑡𝑛) 𝐵1,𝑛 (𝑡𝑛) ⋅ ⋅ ⋅ 𝐵𝑛,𝑛 (𝑡𝑛)). (33)
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In practical problems, we often hope that 𝑉0 = 𝑃0, 𝑉𝑛 = 𝑃𝑚.
That is, the two ends of the curve coincide with the first and
last points of the data point.Then (32) becomes the following
equation:

𝑛−1∑
𝑗=1

𝐵𝑗,𝑛 (𝑡𝑖) 𝑉𝑖 = 𝑃𝑖 − [𝐵0,𝑛 (𝑡𝑖) 𝑃0 + 𝐵𝑛,𝑛 (𝑡𝑖) 𝑃𝑚] ,𝑖 = 1, 2, . . . , 𝑚 − 1; (34)

then its least-squares solution𝑉𝑗 (𝑖 = 1, 2, . . . , 𝑛 − 1) together
with the two endpoints 𝑃0, 𝑃𝑚 forms the control vertices of
the curve.

In the following, the smooth stitching condition of two
adjacent curves is obtained by using Beta constraint formula.
Suppose that the control vertex of the curve on the left of𝐿−(𝑡) is {𝑉−𝑖 }𝑛𝑖=0, the control vertex of the curve on the right
of 𝐿+(𝑡) is {𝑉+𝑖 }𝑚𝑖=0. In order to obtain a common unit tangent
vector and a common curvature vector at the connection
point of the two curved segments, we need to meet the
following requirements:𝐿+ (0) = 𝐿− (1) ,𝐿+ (0) = 𝛽1𝐿− (1) ,𝐿+ (0) = 𝛽2𝐿− (1) + 𝛽21𝐿− (1) . (35)

By solving the derivative of 𝐿(𝑡), the above condition can be
transformed into 𝑉+𝑜 = 𝑉−𝑛 ,𝑚Δ𝑉+𝑜 = 𝛽1𝑛Δ𝑉−𝑛−1. (36)

ThenΔ𝑉+1 = 𝑛𝑚 (𝑚 − 1)𝛽2Δ𝑉−𝑛−1 + 𝑛 (𝑛 − 1)𝑚 (𝑚 − 1)𝛽21Δ2𝑉−𝑛−2. (37)

At this point, the curve obtained by the smooth stitching of
two adjacent curves is the specified spatial painting path.

The application of the three basic properties of exponen-
tial mean Bézier curves and their own parameters improves
the flexibility of the painting path on complex curved sur-
faces. And the potential flexibility of shape controlling on the
painting path is also enhanced. At the same time, it makes the
algorithm very simple, stable, and reliable. The algorithm is
easy to program and the speed is quite fast. Also, it facilitates
the rapid generation of spatial painting path on complex
curved surface.

3. Trajectory Algorithm

After generating the exponential mean Bézier curves accord-
ing to the method described in Section 2, a new simple
algorithm for trajectory optimization on complex curved
surfaces is introduced in this section. The method is simple
in expression and fast in operation speed, which can meet

End e�ector

(x, y)

rns
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Figure 3: Spray painting model of the system.

the requirement of spray painting quality on complex curved
surface.

When the end effector is in a specific position, the
trajectory and position vector p(𝑡) at a point (𝑥, 𝑦, ℎ(𝑥, 𝑦))
on the surface can be expressed as 𝑓𝑠(p(𝑡), 𝑥, 𝑦)𝑢(𝑡), where𝑓𝑠(p(𝑡), 𝑥, 𝑦) is the spray painting trajectory and 𝑢(𝑡) is the
paint flow which 𝑢(𝑡) changes with the movement of the
end effector. The spray painting trajectory 𝑓𝑠(p(𝑡), 𝑥, 𝑦) is
determined by the distance of the end effector and the surface
and its spatial position. The spray painting model of the
system is shown in Figure 3. Here, an experimental method
is used to establish the paint deposition rate model. In the
experiment, after a period of time, the paint deposition rate
of the end effector is measured at a fixed position, and the
paint deposition rate model is determined by the reverse flow
distribution method.When the position of the end effector is
p(𝑡), the expression of spray painting trajectory is

𝑓𝑠 (p (𝑡) , 𝑥, 𝑦) = cos (𝜃imp)Θ (𝜃, 𝛾) 𝜁 (𝜃imp)r2 , (38)

where r denotes the vector of the end effector to point (𝑥, 𝑦),𝜃imp denotes the angle between r and the normal vector n𝑠 of
point (𝑥, 𝑦), andΘ(𝜃, 𝛾) represents the droplet distribution of
the conical paint stream.The droplet distribution depends on
the normal vector of the end effector (it is determined by the
position of the end effector), the angle 𝜃 between r and the
perpendicular bisector of the end effector, and the inner half-
angle 𝛾 of the conical paint flow, which can be represented as
a regularized Dirac function:

Θ(𝜃, 𝛾) = (𝛾2 − 𝜋2) [1 + cos (𝜋𝜃/𝛾)]2𝜋 [2𝛾2 − 𝜋2 + 𝜋2 cos 𝛾] . (39)

Through a large number of spray painting experiments, it can
be found that 𝛾 = 0.32 rad under normal circumstances.
In some spray painting experiments (especially on metal
surfaces), a significant portion of the paint is wasted due to
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splashing and sticking efficiency 𝜁(𝜃imp). The expression of
sticking efficiency 𝜁(𝜃imp) is𝜁 (𝜃imp) = 𝜁 (0) [1 − 𝛼𝜃2imp(1 − 2𝜃2imp𝜋2 )] , (40)

where 𝜁(0) represents the paint efficiency, 𝛼 represents the
fitting parameters in usual case 𝜁(0) = 0.67, and 𝛼 = 0.04. In
fact, it has been assumed in the model of Figure 1 that there
is no paint deposition outside the paint cone angle 𝛾. In the
actual spray painting operation, there will be a small amount
of splash paint falling outside the paint cone angle, but this
situation can be ignored.

Assuming that the paint thickness distribution on the
curved surface is 𝑚(𝑥, 𝑦), one of the objectives of the
spray painting operation is to achieve the desired paint
thickness distribution𝑚(𝑥, 𝑦). In practice, the paint thickness
distribution 𝑚(𝑥, 𝑦) varies on the curved surface. However,
in the experiment, it is common to predefine an expected
value in the system. That is, the paint thickness distribution
is a constant. Therefore, for determining the vector p(𝑡) of
the locus and position of the nozzle as well as the flow

rate 𝑢(𝑡), the minimum difference between the actual paint
distribution and the actual paint thickness distribution can
be selected as the optimization objective function. That is,

min
p(𝑡),𝑢(𝑡)

∬
𝑆

𝑚 (𝑥, 𝑦) − ∫𝑇
0
𝑓𝑠 (p (𝑡) , 𝑥, 𝑦) 𝑢 (𝑡) 𝑑𝑡2 𝑑𝑥 𝑑𝑦, (41)

where 𝑆 represents a paint curved surface and 𝑇 indicates the
completion time of the spray painting operation. Since the
objective function is not a convex function, the optimization
problem is difficult to solve. Suppose that ℎ(𝑥, 𝑦) is a constant,
the distance of the end effector and the curved surface
remains constant and is always perpendicular to the curved
surface. Then the expression of spray painting trajectory is𝑓𝑠 (p (𝑡) , 𝑥, 𝑦) = 𝑓 (𝑥 − 𝑥𝛼 (𝑡) , 𝑦 − 𝑦𝛼 (𝑡)) , (42)

where 𝑓(𝑥−𝑥𝛼(𝑡), 𝑦−𝑦𝛼(𝑡)) represents the constant painting
path. If the moving speed of end effector remains unchanged
while the paint flow can be adjusted in the process of spray
painting operation, then the above optimization problem can
be transformed into

min
𝑥𝛼 ,𝑦𝛼,𝑢(𝑡)

∬
𝑆

𝑚 (𝑥, 𝑦) − ∫𝑇
0
𝑓 (𝑥 − 𝑥𝛼 (𝑡) , 𝑦 − 𝑦𝛼 (𝑡)) 𝑢 (𝑡) 𝑑𝑡2 𝑑𝑥 𝑑𝑦. (43)

Here, the golden section method in mathematical program-
ming can be used to solve the discrete points on the spray
painting trajectory, from which we can get the optimized
trajectory on the complex curved surface.

4. Experimental Verification

4.1. Spray Painting Simulation. Taking the automotive body
of a brand as the paint objective, we have simulated the
feasibility of exponential mean Bézier method. Since the left
and right sides are completely symmetrical, only one side is
listed. In addition, the car body spraying path is shown in
Figure 4.

According to the actual spray painting requirements in
the production process of the car, the ideal paint thickness𝑞𝑑 = 50 um, the error of the maximum paint thickness 𝑞𝑤
= 10 um, painting radius 𝑅 = 60mm, painting distance ℎ =
80mm, and painting speed 𝑉 = 389mm/s (the optimization
speed on the plane). We have collected 200 discrete points
at the top, side, and rear of the body. The paint thickness
curve of each sampling point on the automobile body is
shown in Figure 5.The graph shows that the coating thickness
meets the requirements, and the simulation results verify the
effectiveness of the trajectory optimization method.

4.2. Spray Painting Experiment. We use FANUC industrial
robots in the experiment. According to the characteristics of
FANUC industrial robot off-line programming and spraying
space trajectory, the method of spraying space trajectory
converting to the robot motion trajectory is proposed.

By analyzing the relationship between the workpiece
coordinate system and the robot coordinate system, the robot
tool coordinate system is calibrated, and then the space
trajectory in the workpiece coordinate system is transformed
into the robot coordinate system. In the inverse solution of
the robot, the optimal model of the shortest joint motion is
established, and the inverse solution of the robot is derived
[16].

Finally, the best inverse combination is obtained to realize
the transformation of the spraying space trajectory to the
robot motion trajectory.

The spatial paths obtained from different directions are
shown in Figures 6, 7, and 8.

The spray painting experiment will be carried out along
the specified painting path. Before the experiment, the
following two points need to be explained:(1) In the literature [12], the experimental results show
that the spray painting effect is better with the path planning
scheme along the 𝑈-direction path, and it is not easy to
further improve the effect with the prior technology. As the
spray painting effect along the 𝑉-direction path is not ideal,
we just generate the 𝑉-direction path here in order to form a
contrast between the two.(2)The spatial painting path generationmethod based on
the exponential mean Bézier curve is used in the experiment
of this paper. As this method is more accurate but the calcu-
lation process is more complex, more discrete points of the
equidistant surface need to be generated in the calculation.
Then the spatial path density in𝑉-direction generated by this
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Figure 4: The spraying path for part of car body.
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Figure 5: Material thickness of random chosen points on the car
body.

method is also large (i.e., the distance between adjacent two
paths is small). Therefore, in the spray painting experiment,
we no longer need to optimize the spray painting speed. We
can only perform uniform spray painting operation along the
generated path in the experiment.

Figure 9 shows the robotic spray painting experiment of𝑉-direction path planning for FANUC robot. Because the
shape of the workpiece is symmetrical, half of the workpiece
is sprayed in the experiment.

In the spray experiment, the ideal paint thickness is 𝑞𝑑
= 50 um, maximum allowable error 𝑞𝑤 = 10 um, painting
radius 𝑅 = 50mm, painting distance ℎ = 100mm, and
painting speed 𝑉 = 256mm/s (the optimization speed on
the plane) when performing uniform spray painting. We
take 400 discrete points evenly on the workpiece surface
after spray painting operation. The paint thickness curve is
shown in Figure 10 after using a paint thickness gauge to
measure the paint thickness at the discrete points.The results
of the experimental data obtained by using the surface spray
painting method are shown in Table 1.

It can be seen from the comparison of the experimental
results that the spray painting effect is better when using the

Figure 6: Spray painting path (𝑥-axis direction).

Figure 7: Spray painting path (𝑦-axis direction).
Table 1: Comparison of spray painting experiment.

Data for
this paper

Data for
literature [12]

Average (𝜇m) 51.8 52.2
Maximum (𝜇m) 58.1 58.3
Minimum (𝜇m) 44.2 43.1
Painting time (s) 136 99

method proposed in this paper, but the spray painting time is
obviously increased. There are two main reasons accounting
for this:(1) The painting path obtained by the spatial painting
path generation method based on the exponential mean
Bézier curve is longer, which leads to the longer spray
painting time.
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Figure 8: Spray painting path (𝑧-axis direction).

Figure 9: Spray painting experiment of 𝑉-direction path planning
for FANUC robot.
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Figure 10: Material thickness of random chosen points for 𝑉-
direction trajectory.

(2) Since the method is carried out with uniform spray
painting, the spray painting speed is not optimized. That is,
the robot does not have the acceleration and deceleration
process during the spray painting operation. So the spray
painting time is longer.

However, it should be noted that although the method
in literature [12] can optimize the spray painting speed, it is
based on the situation that the workpiece is divided into a
number of triangular facets. When the sprayed workpiece is
relatively large, the number of triangles will also be very large.
In the multiobjective optimization problem with constraints,
the two optimization objectives: paint thickness uniformity
and spray painting time are coupled and competing with each
other, which makes it difficult to solve the exact solution
of this multiobjective optimization problem. In this case,
for workpiece with large curved surface, the solution will
inevitably lead to slower system operation and system real-
time deterioration, and the calculation error will become
larger. At this point, the spray painting effect should be better
when using the method proposed in this chapter for uniform
spray painting.

5. Conclusion

In this paper, a new trajectory optimizationmethod based on
the Bézier method on complex curved surface is proposed.
By using the Bézier triangular surface modeling technique,
the complex surface is modeled and the discrete points array
on the equidistant surface of the toric surface is found by
using the discrete point array calculation method of Bézier
surface equidistant surface. Then the spatial painting path
generation method based on the exponential mean Bézier
curve is used to obtain the spatial painting path on the
complex curved surface. And then, according to a new paint
thickness algorithm in the spray painting model on complex
curved surface, the spray painting trajectory is optimized
along the specified spatial path and a complete spray painting
trajectory on the complex curved surface is obtained. The
biggest advantage of this method is that it does not need to
patch the complex curved surface but makes full use of the
flexible feature of exponential mean Bézier curves to plan
the spatial painting path first. This method enhances the
potential flexibility of the shape control on painting path.The
experimental results show that it is better to use the method
proposed in this paper to make the uniform spraying effect
when spraying the large surface workpiece.
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A data-driven fault diagnosis method that combines Kriging model and neural network is presented and is further used for power
transformers based on analysis of dissolved gases in oil. In order to improve modeling accuracy of Kriging model, a modified
model that replaces the global model of Kriging model with BP neural network is presented and is further extended using linearity
weighted aggregation method. The presented method integrates characteristics of the global approximation of the neural network
technology and the localized departure of theKrigingmodel, which improvesmodeling accuracy. Finally, the validity of thismethod
is demonstrated by several numerical computations of transformer fault diagnosis problems.

1. Introduction

Transformer is one of the most important equipment in
power system [1], which is mainly used to transfer electrical
energy between two or more circuits through electromag-
netic induction. In the course of using this equipment, some
factors such as electrical, thermal, and mechanical stresses
may lead to irreversible damage to the insulating material
[2]. In order to improve the reliability of power supply, fault
diagnosis for transformer has drawn much attention from
researchers, and many fault diagnosis methods have been
widely proposed during the past decades.

At present, Dissolved Gas-in-oil Analysis (DGA) is a
commonly used method to identify incipient failures of
transformer fault [3]. With the development of artificial
intelligence and computer technology, many fault diagnosis
algorithmshave beenproposed based onDGA, such as neural
network [4, 5], fuzzy logic [6, 7], expert system [8], support
vector machine [2, 9], and rough set theory [10]. Given that
existing methods have their own characteristics and some
limitations, effective fault diagnosis methods that integrate
advantages of existing technologies to improve the modeling
accuracy still remain an open area of research.

As a classic modeling technology, Kriging model com-
bines a global model plus localized departures to construct

approximation from sample data. It has been widely used
in the field of Computer-Aided Engineering (CAE) [11,
12]. On the other hand, neural network technology is a
well-known information processing paradigm and has been
widely applied in various areas due to its advantages such as
adaptive learning. In this paper, a data-driven fault diagnosis
model based on Kriging model and BP neural network is
constructed and then is used for transformer fault diagnosis
problems based on DGA. In order to improve the modeling
accuracy of Kriging model, BP neural network is used to
modify the global model of Kriging model, where the modi-
fied formula is given in detail. The modified Kriging model
combines global and adaptive learning abilities of neural
network technology and retains the localized departures of
the Kriging model in the meantime. It integrates the advan-
tages of both methods, which thus effectively improve the
modeling accuracy. Finally, some examples of transformer
fault diagnosis show that the proposed method is effective
and feasible.

2. Overall Design of Modified Kriging Model:
A Hybrid Model

TheKrigingmodel is an unbiased estimationmodel based on
the minimum variance estimation of sample points and their
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response values. The output can be viewed as a combination
of a regression model and a stochastic process [13, 14]. The
regression model is equivalent to the global simulation of the
sample space, and the stochastic process is equivalent to local
deviation.

In order to further improve the accuracy of the Kriging
model, this paper proposes a transformer fault diagnosis
method that combines Kriging model and neural network
technology. The structure of this hybrid model is shown in
Figure 1. The main steps for constructing the hybrid model
are as follows:

(1) Determine characteristic variables and fault types
based onDGAmethod, and collect sample data and test data.

(2) According to sample data, construct BP network
model.

(3) Construct the Kriging model based on sample data.
(4) The global simulation of Kriging model is modified

and updated by neural network, and then the hybrid model
is constructed.

3. Modeling Method of Hybrid Model

3.1. Kriging Model and Parameter Optimization. The Kriging
model contains global simulation plus localized departures,
and the basic principles of which can be briefly given as
follows [13, 14]: set approximate function as 𝑦(𝑥), and the
function between the response value and the independent
variable of the system can be formulated as follows:

𝑦 (𝑥) = 𝐹 (𝛽, 𝑥) + 𝑍 (𝑥) , (1)

where 𝑦(𝑥) is the unknown function of interest, 𝐹(𝛽, 𝑥) is the
regression model that is equivalent to the global simulation,
and 𝛽 is regression parameter; 𝑍(𝑥) is a normal stochastic

process in which the mean value is 0 and the variance is
denoted as 𝜎2. It reflects the randomness of the response and
is equivalent to partial divergence.

The covariance matrix of 𝑍(𝑥) is formulated as follows:

cov [𝑍 (𝑥𝑖) , 𝑍 (𝑥𝑗)] = 𝛿2R [𝑅 (𝜃, 𝑥𝑖, 𝑥𝑗)] , (2)

where R is correlation matrix; the order of matrix is 𝑀. 𝑖, 𝑗 =1, 2, . . . ,𝑀; 𝑀 is the number of sample points; 𝑥𝑖 and 𝑥𝑗 are
the 𝑖th and the 𝑗th sample points;𝑅(𝜃, 𝑥𝑖, 𝑥𝑗) is the correlation
function between 𝑥𝑖 and 𝑥𝑗. In this paper, we utilize the
Gaussian correlation function:

𝑅 (𝜃, 𝑥𝑖, 𝑥𝑗) = exp(− 𝑁∑
𝑘=1

𝜃𝑘
𝑥(𝑘)𝑖 − 𝑥(𝑘)𝑗 2) , (3)

where𝑁 is the dimension of the problem; 𝑥(𝑘)𝑖 and 𝑥(𝑘)𝑗 are the𝑘th dimensional components of the 𝑖th and the 𝑗th sample
points, respectively; 𝜃𝑘 is the unknown related parameters of
the interpolation model.

In general, 𝜃𝑘 can be replaced with a scalar 𝜃. Thus,
formula (3) can be formulated as

𝑅 (𝜃, 𝑥𝑖, 𝑥𝑗) = exp(−𝜃 𝑁∑
𝑘=1

𝑥(𝑘)𝑖 − 𝑥(𝑘)𝑗 2) . (4)

Therefore, the estimated value of test point 𝑥 can be given
by the following equation:

𝑦 (𝑥) = 𝛽 + r𝑇 (𝑥)R−1 (y − f𝛽) , (5)

where 𝛽 is the estimate of the global simulation; y is sample
data response; f is𝑀 column vectors; r𝑇(𝑥) is the correlation
vector between observation point 𝑥 and sample data, which
can be formulated as follows:

r𝑇 (𝑥) = (𝑅 (𝑥, 𝑥1) , 𝑅 (𝑥, 𝑥2) , . . . , 𝑅 (𝑥, 𝑥𝑀))𝑇 . (6)

When 𝑓(𝑥) is a constant, 𝛽 can be simplified and
estimated by the following equation:

𝛽 = (f𝑇R−1f)−1 (f𝑇R−1y) . (7)

The parameter 𝜃 determines the accuracy of the Kriging
model, which can be solved by the following optimization
problem:

min 𝐿 (𝜃) = |R|1/𝑀 𝛿2, (8)

where 𝛿2 is variance estimation, which can be determined by
the following equation:

𝛿2 = 1𝑀 (y − f𝛽)𝑇R−1 (y − f𝛽) . (9)

To optimize parameter 𝜃, intelligent optimization algo-
rithms are commonly used. In this paper, a modified particle
swarm optimization (MPSO) [15] is used to optimize the
parameters of Kriging model. The key points of applying
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MSPO to perform optimization are threefold: (1) make 𝜃
as encoding in real numbers; (2) take (8) as the objective
function; and (3) with respect to the constraint condition
of 𝜃 > 0, the commonly used penalty function method is
applied.

The inertia weight and learning factors in MPSO [15] are
updated as follows:

𝜔 = (𝜔𝑠 − 𝜔𝑒) ( 𝑡𝑇) + (𝜔𝑒 − 𝜔𝑠) (2𝑡𝑇 ) + 𝜔𝑠, (10)

𝑐1 = (𝑐1𝑠 − 𝑐1𝑒) ( 𝑡𝑇) + (𝑐1𝑒 − 𝑐1𝑠) (2𝑡𝑇 ) + 𝑐1𝑠, (11)

𝑐2 = (𝑐2𝑠 − 𝑐2𝑒) ( 𝑡𝑇) + (𝑐2𝑒 − 𝑐2𝑠) (2𝑡𝑇 ) + 𝑐2𝑠, (12)

where 𝜔𝑠 and 𝜔𝑒 are the initial value and the final value of
inertia weight 𝜔, respectively; 𝑐1𝑠 and 𝑐1𝑒 and 𝑐2𝑠 and 𝑐2𝑒 are
the initial value and the final value of learning factors 𝑐1 and𝑐2, respectively; 𝑇 is the maximum number of iterations; 𝑡 is
the current iteration number.

3.2. Combinations of Neural Network and Kriging Model.
The mapping relationship between the characteristic vari-
ables and fault types of transformer is very complex, which
increases difficulty in improving high accuracy of Kriging
model. On the other hand, neural network technology, for
example, BP network, is a well-known information process-
ing paradigmwith some advantages such as adaptive learning
and strong adaptability.The basic principle of BP network can
be found inmany references such as [4, 5, 16], details of which
are not introduced here. In general, the output of BP network
can be formulated as follows:

𝑜𝑖 = 𝑓( 𝑛∑
𝑖=0

𝜔𝑖𝑗𝑥𝑗 + 𝑞𝑖) , (13)

where 𝑜𝑖 are the outputs of BP network,𝑓 is transfer function,𝜔𝑖𝑗 are network weights, 𝑞𝑖 are network thresholds, and 𝑥𝑗 are
the outputs of the upper layer node.

To improvemodeling accuracy, amodifiedKrigingmodel
(hybrid model) is constructed by combining Kriging model
and BP neural network technology, and the overall design
of which has been shown in Figure 1. More specifically, the
global model of Kriging model is replaced with BP neural
network, which is given by (14):

𝑦 (𝑥) = 𝑜𝑖 + r𝑇 (𝑥)R−1 (y − f𝛽) . (14)

Further, this modified method can be extended using
linearity weighted aggregation method, which is formulated
by (15):

𝜆 = 𝛾1𝑜𝑖 + 𝛾2𝛽, (15)

where 𝜆 is the modified global model and 𝛾1 and 𝛾2 are
weighting coefficients.

Thus, the final output of the hybrid model can be given as
follows:

𝑦 (𝑥) = 𝜆 + r𝑇 (𝑥)R−1 (y − f𝛽) . (16)

Table 1: Data distribution of each fault type.

Fault type Coding mode Sample data Test data
Normal 𝑌1 15 15
High temperature
overheating 𝑌2 25 25

Medium temperature
overheating 𝑌3 15 15

Low temperature
overheating 𝑌4 9 9

Partial discharge 𝑌5 9 8
Low energy discharge 𝑌6 20 16
High energy discharge 𝑌7 20 23

Table 2: Comparisons of diagnostic results.

Test method Average calculation time Accuracy rate
BP network 5.06 s 72.07%
SVM 6.21 s 75.67%
Kriging model 2.49 s 81.08%
Hybrid method 7.84 s 91.89%

Obviously, the hybridmodel is of generality.When 𝛾1 = 0
and 𝛾2 = 1, the hybridmodel becomes original Krigingmodel
and (16) can be rewritten by (5). When 𝛾1 = 1 and 𝛾2 = 0,
the hybrid model can be formulated by (14), where the global
model of Kriging model is replaced with BP neural network.

4. Application of Transformer Fault Diagnosis

4.1. Feature Variable and Fault Type. In general, the con-
centrations of five gases (H2, CH4, C2H6, C2H4, and C2H2)
dissolved in transformer oil can be selected as characteristic
variables based on DGA data samples. The corresponding
fault types of the characteristic variables contain normal, high
temperature overheating, medium temperature overheating,
low temperature overheating, partial discharge, low energy
discharge, and high energy discharge. In this paper, we select
some DGA data published in [17, 18]. The distributions and
coding of these fault data are shown in Table 1.

4.2. Parameter Setting. In this paper, BP network structure
is set as three-layer network. The selected sample data have 5
characteristic variables; thus the number of nodes in the input
layer of the network is set as 5; the number of nodes in the
output layer is set as 1; the number of hidden layer nodes is
set as 8 by trial and error. The initial weights and thresholds
of the network are randomly initialized, and Log-sigmoid is
selected as function transfer function.

Parameters of MPSO are set as follows: 𝜔𝑠 = 0.95, 𝜔𝑒 =0.55, 𝑐1𝑠 = 𝑐2𝑒 = 2.25, 𝑐1𝑒 = 𝑐2𝑠 = 0.75, 𝑇 = 40, and
population size 𝑃 = 20. Figure 2 shows the MPSO conver-
gence curve of objective function.

4.3. Analysis of Examples. (1) Table 2 shows the comparisons
between the proposed method and other methods. As far
as these test examples are concerned, the proposed method
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Table 3: Some test results (𝜇L/L).
Serial number H2 CH4 C2H6 C2H4 C2H2

Fault type
Actual fault Fault analysis

(1) 93 58 43 37 0 Middle temperature overheating Middle temperature overheating
(2) 139 52 6.8 63 9.6 Middle and low temperature overheating Middle temperature overheating
(3) 19.6 320.7 279.2 574.7 0 High temperature overheating High temperature overheating
(4) 457 79 54 190 2.4 High temperature overheating High temperature overheating
(5) 279 41 18.1 42 31.8 High energy discharge High energy discharge
(6) 14.67 3.68 10.54 2.71 0.2 Normal Normal
(7) 345 112.25 27.5 51.5 58.75 Low energy discharge Low energy discharge
(8) 217.5 40 4.9 51.8 67.5 High energy discharge High energy discharge
(9) 181 262 210 528 0 Middle and low temperature overheating Low temperature overheating
(10) 44.3 17.3 3.6 23.3 10.4 High energy discharge High energy discharge
(11) 172.9 334.1 172.9 812.5 37.7 Partial discharge Partial discharge
(12) 12.26 8.86 13.95 18.21 0 Normal Low energy discharge
(13) 56 78 18 173 0 Low temperature overheating Low temperature overheating
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Figure 2: Convergence curve of MPSO.

can effectively improve the accuracy of transformer fault
diagnosis.

(2) Tables 2 and 1 also show that the calculation time
of presented method is averagely about 7.84 s for test data
including 111 sample points (hardware configuration: CPU i5,
RAM 4G; programming software: Matlab), which demon-
strates the efficiency of the presented method.

(3) Table 3 lists some test results using the presented
method (due to limitation of paper length, the complete
results are not listed here). The results show that diagnosis
accuracy is basically satisfactory.

5. Conclusions

In this paper, a data-driven fault diagnosis model based on
Krigingmodel and neural network is proposed.Theproposed
model is based on the Kriging model and integrates neural
network technology. Meanwhile, the localized departures of
Kriging model are retained.

The presented hybrid model is further used for power
transformer fault diagnosis problems based onDGAmethod.
Some numerical computations of transformer fault diagnosis
problems are conducted, and the results show the feasibility
and efficiency of the proposed method. In addition, the
presented modified Kriging model is of some potential
application value in other areas such as power system and
engineering machinery.
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This paper is concerned with the design of fuzzy controller with guaranteed 𝐻∞ performance for a class of Takagi-Sugeno (T-S)
fuzzy singularly perturbed switched systems. First, by using the average dwell time approach together with the piecewise Lyapunov
function technique, a state feedback controller that depends on the singular perturbation parameter 𝜀 is developed. This controller
is shown to work well for all 𝜀 ∈ (0, 𝜀0]. Then, for sufficiently small 𝜀, an 𝜀-independent controller design method is proposed.
Furthermore, under the 𝜀-independent controller, the 𝜀-bound estimation problem of the overall switched closed-loop system is
solved. Finally, an inverted pendulum system is used to evaluate the feasibility and effectiveness of the obtained results.

1. Introduction

Many practical systems possessmultiple time scale character-
istics [1–4]. It is well known that control methods for normal
systems can not be directly applied to this class of systems,
since these methods may cause ill-conditioned numerical
problems. To conquer these problems, singular perturbation
methods have been widely used in control design of multiple
time scale systems (see [5–9] and the references therein).

Singularly perturbed systems (SPSs), whose partial time
derivatives involve a small singular perturbation parameter𝜀, have been widely investigated by many researchers. It is
important to obtain the 𝜀-bound such that stability and other
performances of SPSs can be ensured. Studies on 𝜀-bound can
be mainly divided into two types: one only presents sufficient
conditions for the existence of the 𝜀-bound [10, 11], and the
other proposes methods to estimate the 𝜀-bound [9, 12].

Singularly perturbed switched systems (SPSSs) consist
of a group of SPSs and a certain switching law, which
specifies the active SPS at the switching instance. In practical
processes, a great number of control systems, whose behavior
is simultaneously determined by multiple time scales and
switching, can be modeled as SPSSs [13–15]. The control
model of the hot strip mill was treated as a SPSS and an 𝐻2
robust controller was designed in [15]. Recently, SPSSs have

attained much attention in the literature (see [16–20]). It has
been shown in [17–20] that the stability of fast/slow switched
subsystems can not guarantee the stability of the original
switched systems. In order to guarantee the system stability
under an arbitrary switching signal, a common Lyapunov
function for individual SPSs or a dwell time scheme has to
be considered. In [19], by combining the multiple Lyapunov
functionsmethod with the dwell time scheme, sufficient con-
ditions for ensuring exponential stability of time-delay SPSSs
with stable fast switched subsystems were derived. These
conditions were described by a few 𝜀-dependent algebraic
inequalities, which led to a heavy and tedious calculation.The
proposed method in [19] was further extended to time-delay
SPSSs with impulsive effects [20]. However, few results on the𝜀-bound estimation are available for SPSSs. The exceptions
were given by [21, 22]. A convex optimization based method
was presented to make the best estimate of 𝜀-bound for
SPSSs whose fast switched subsystems can not depend on
the switching signal in [21]. The 𝜀-dependent stabilization
and 𝜀-bound problems were addressed by adopting dwell
time switching signal and constructing 𝜀-dependent multiple
Lyapunov functions for SPSSs in [22].

Fuzzy control has been widely used for engineering
practice [23, 24]. The Takagi-Sugeno (T-S) model, which
has elegant ability to approximate a certain class of complex
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nonlinear functions, was extensively utilized in control sys-
tem design [25–27]. Based on T-S fuzzy control, many LMI-
based fuzzy control design methods have been developed
for SPSs. The stabilization problem was addressed for fuzzy
SPSs in [28], and some LMI-based control algorithms were
proposed. Over past a few years, 𝐻∞ control for fuzzy SPSs
has attained a lot of attention. 𝐻∞ control was addressed
for fuzzy SPSs in [11, 29–31], and sufficient conditions
independent of 𝜀 for the existence of 𝐻∞ controller were
presented. The resulting conditions in [11, 28–31] are only
applicable to stabilizing the system and being with an 𝐻∞
performance for sufficiently small 𝜀. Hence, some researchers
have concentrated on the 𝜀-bound design problem for fuzzy
SPSs [32–34].

As an important class of hybrid systems, switched fuzzy
systems have been a hot spot of present research. Recently, a
great number of theoretical results are available for switched
fuzzy systems. By using a common or multiple Lyapunov
functions method, stability issues for switched fuzzy systems
were considered in [35–39]. However, the existing literature
on fuzzy SPSSs is rather limited. An LMI-based dynamic state
feedback controlmethodwas given and the 𝜀-bound problem
of systemwas solved for nonaffine-in-control SPSSs [40].This
method decomposed the switched system into fast and slow
subsystems and can not be suitable for nonstandard fuzzy
SPSSs. In our previous paper [41], where the stabilization
and 𝜀-bound problems were addressed for T-S fuzzy SPSSs
without the external disturbance input by constructing the𝜀-dependent piecewise Lyapunov function. Moreover, to the
authors’ best knowledge,𝐻∞ control for fuzzy SPSSs has not
been addressed yet.

In this paper, we will investigate the design of fuzzy
controller with guaranteed 𝐻∞ performance for a class of
T-S fuzzy SPSSs. The problem is composed of stabilization
control, 𝐻∞ control, and 𝜀-bound design. First, for a given
upper bound 𝜀0 for 𝜀 and a prespecified 𝐻∞ performance
bound 𝛾 > 0, an 𝜀-dependent controller is developed, such
that, for any 𝜀 ∈ (0, 𝜀0], the switched system is asymptotically
stable and the 𝐿2-gain from the disturbance input to the
controlled output is less than or equal to 𝛾. This controller
is shown to work well for all 𝜀 ∈ (0, 𝜀0]. Then, an 𝜀-
independent controller design method is proposed in terms
of LMIs. Furthermore, under the 𝜀-independent controller,
the 𝜀-bound estimation approach is given. Finally, an inverted
pendulum system is used to evaluate the feasibility and
effectiveness of the obtained results.

The rest of this paper is organized as follows. In Section 2,
the problems to be considered are formulated and prelimi-
naries are presented. The main results are given in Section 3.
An example is given in Section 4 to illustrate the obtained
methods. And Section 5 concludes the paper. The notations
used in this paper are standard. The notations 𝑇 and ⋆ stand
for the matrix transpose and the transpose of the off diagonal
element of the LMI, respectively. 𝜆𝑀(𝑄) and 𝜆𝑚(𝑄) denote
the maximal and minimal eigenvalues of a symmetric matrix𝑄, respectively. ‖⋅‖ denotes Euclidean norm for vectors or the
spectral normofmatrices.𝐻𝑒{⋅} is defined as𝐻𝑒{Θ} = Θ+Θ𝑇
for a square matrix Θ.

2. Problem Formulation

Consider a T-S fuzzy SPSS, which involves 𝑟𝜎(𝑡) rules of the
following form.

The 𝑙th rule is

Plant Rule 𝑙:
IF 𝜐1 (𝑡) is 𝑀𝑙𝜎(𝑡)1, 𝜐2 (𝑡) is 𝑀𝑙𝜎(𝑡)2, . . . , 𝜐𝜙 (𝑡) is 𝑀𝑙𝜎(𝑡)𝜙
THEN

𝐸 (𝜀) �̇� (𝑡) = 𝐴𝜎(𝑡)𝑙𝑥 (𝑡) + 𝐵𝜎(𝑡)𝑙𝑢 (𝑡) + 𝐸𝜎(𝑡)𝑙𝑤 (𝑡)
𝑧 (𝑡) = 𝐶𝜎(𝑡)𝑙𝑥 (𝑡)
for 𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡),

(1)

where 𝐸(𝜀) = [ 𝐼𝑛1 00 𝜀𝐼𝑛2
], 𝜀 is a small positive scalar which

represents the singular perturbation parameter. 𝜎(𝑡) is a
piecewise constant function with respect to time, referred as
to a switching signal, which takes its values in the finite set𝑆 = {1, 2, . . . ,𝑀}, 𝑀 represents the number of individual
subsystems. 𝑀𝑙𝜎(𝑡)𝑚 (𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡), 𝑚 = 1, 2, . . . , 𝜙)
are fuzzy sets, 𝑟𝜎(𝑡) is the number of fuzzy rules, 𝜐(𝑡) =
[𝜐1(𝑡) 𝜐2(𝑡) ⋅ ⋅ ⋅ 𝜐𝜙(𝑡)]𝑇 is the premise vector that may
depend on states in many cases, 𝜙 is the number of premise
variables, 𝑥(𝑡) ∈ 𝑅𝑛 is the state vector, 𝑢(𝑡) ∈ 𝑅𝑚 is the
control input,𝑤(𝑡) ∈ 𝑅𝑟 is the disturbance input that belongs
to 𝐿2[0,∞], and 𝑧(𝑡) ∈ 𝑅𝑝 is the controlled output. For any
given 𝑇𝑓, a time sequence of 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑘+1 (𝑘 ≥ 1) is labeled
as the switching instants over the interval (0, 𝑇𝑓). It means
that the 𝑘th T-S fuzzy subsystem is active as 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1).
And 𝐴𝜎(𝑡)𝑙, 𝐵𝜎(𝑡)𝑙, 𝐸𝜎(𝑡)𝑙, and 𝐶𝜎(𝑡)𝑙 are of the following form:

𝐴 𝑖𝑙 = [𝐴 𝑖𝑙11 𝐴 𝑖𝑙12𝐴 𝑖𝑙21 𝐴 𝑖𝑙22] ,

𝐵𝑖𝑙 = [𝐵𝑖𝑙1𝐵𝑖𝑙2] ,

𝐸𝑖𝑙 = [𝐸𝑖𝑙1𝐸𝑖𝑙2] ,
𝐶𝑖𝑙 = [𝐶𝑖𝑙1 𝐶𝑖𝑙2] ,

𝑖 ∈ 𝑆.

(2)

Denote

𝜉𝜎(𝑡)𝑙 (𝜐 (𝑡)) =
𝜙∏
𝑘=1

𝑀𝑙𝜎(𝑡)𝑘 (𝜐𝑘 (𝑡)) , 𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡), (3)

where 𝑀𝑙𝜎(𝑡)𝑘(𝜐𝑘(𝑡)) is the grade of membership of 𝜐𝑘(𝑡) in𝑀𝑙𝜎(𝑡)𝑘.
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It is assumed in this paper that

𝜉𝜎(𝑡)𝑙 (𝜐 (𝑡)) ≥ 0,
𝑟𝜎(𝑡)∑
𝑙=1

𝜉𝜎(𝑡)𝑙 (𝜐 (𝑡)) > 0,
𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡), ∀𝑡 ≥ 0.

(4)

Let

𝜇𝜎(𝑡)𝑙 (𝜐 (𝑡)) = 𝜉𝜎(𝑡)𝑙 (𝜐 (𝑡))∑𝑟𝜎(𝑡)
𝑙=1

𝜉𝜎(𝑡)𝑙 (𝜐 (𝑡)) , 𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡). (5)

Then
𝜇𝜎(𝑡)𝑙 (𝜐 (𝑡)) ≥ 0,

𝑟𝜎(𝑡)∑
𝑙=1

𝜇𝜎(𝑡)𝑙 (𝜐 (𝑡)) = 1,
𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡), ∀𝑡 ≥ 0.

(6)

For the convenience of notations, we denote 𝜇𝜎(𝑡)𝑙 =𝜇𝜎(𝑡)𝑙(𝜐(𝑡)), 𝑙 = 1, 2, . . . , 𝑟𝜎(𝑡).
Then, the 𝑖th T-S fuzzy subsystem can be inferred as

𝐸 (𝜀) �̇� (𝑡) = 𝑟𝑖∑
𝑙=1

𝜇𝑖𝑙 [𝐴 𝑖𝑙𝑥 (𝑡) + 𝐵𝑖𝑙𝑢 (𝑡) + 𝐸𝑖𝑙𝑤 (𝑡)]

𝑧 (𝑡) = 𝑟𝑖∑
𝑙=1

𝜇𝑖𝑙𝐶𝑖𝑙𝑥 (𝑡) .
(7)

Throughout the paper, it is assumed that the singular
perturbation parameter 𝜀 is available for feedback. By using
the concept of parallel distributed compensation (PDC),
the state feedback fuzzy controller can be described by the
following.

The 𝑙th rule is
Controller Rule 𝑙:
IF 𝜐1 (𝑡) is 𝑀𝑙𝑖1, 𝜐2 (𝑡) is 𝑀𝑙𝑖2, . . . , 𝜐𝜙 (𝑡) is 𝑀𝑙𝑖𝜙
THEN

𝑢 (𝑡) = 𝐾𝑖𝑙 (𝜀) 𝑥 (𝑡)
for 𝑖 = 1, 2, . . . ,𝑀, 𝑙 = 1, 2, . . . , 𝑟𝑖.

(8)

Because the controller rules are the same as the plant
rules, the state feedback controller is given as follows:

𝑢 (𝑡) = 𝑟𝑖∑
𝑙=1

𝜇𝑖𝑙𝐾𝑖𝑙 (𝜀) 𝑥 (𝑡) . (9)

Remark 1. In many SPSs, 𝜀 is usually a known physical
parameter. Based on the fact that 𝜀 is available for feedback
control, some synthesis problems are considered in [19, 20,
22]. In [22], for a given 𝜀-bound 𝜀0, under the dwell time
switching law, the 𝜀-dependent multiple Lyapunov function
method was proposed to ensure exponential stability of the
original switched system.

Substituting (9) into (7) yields the closed-loop system

𝐸 (𝜀) �̇� (𝑡)
= 𝑟𝑖∑
𝑙=1

𝑟𝑖∑
𝑠=1

𝜇𝑖𝑙𝜇𝑖𝑠 [(𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑠 (𝜀)) 𝑥 (𝑡) + 𝐸𝑖𝑙𝑤 (𝑡)]

𝑧 (𝑡) = 𝑟𝑖∑
𝑙=1

𝜇𝑖𝑙𝐶𝑖𝑙𝑥 (𝑡) .
(10)

Upon introducing the indicator function

𝜃 (𝑡) = [𝜃1 (𝑡) , . . . , 𝜃𝑀 (𝑡)] , (11)

where 𝜃𝑖(𝑡) = 1 if the switching system is inmode 𝑖 and 𝜃𝑖(𝑡) =0 if it is in a different mode, and the overall switched closed-
loop system can be expressed as follows:

𝐸 (𝜀) �̇� (𝑡) = 𝑟𝑖∑
𝑙=1

𝑟𝑖∑
𝑠=1

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜇𝑖𝑠𝜃𝑖 (𝑡)
⋅ [(𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑠 (𝜀)) 𝑥 (𝑡) + 𝐸𝑖𝑙𝑤 (𝑡)]

𝑧 (𝑡) = 𝑟𝑖∑
𝑙=1

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜃𝑖 (𝑡) 𝐶𝑖𝑙𝑥 (𝑡) .
(12)

We now recall standard notations and preliminaries,
which will help formulate our main results.

Definition 2 (see [42]). For 𝑢(𝑡) = 0, 𝑤(𝑡) = 0 and the initial
condition 𝑥(𝑡0), the equilibrium 𝑥 = 0 of system (7) is said to
be asymptotically stable under certain switching signal 𝜎(𝑡) if
there exist constants 𝛼 > 0, 𝛿 > 0 such that the solution of the
system satisfies ‖𝑥(𝑡)‖ < 𝛼𝑒−𝛿𝑡‖𝑥(𝑡0)‖, ∀𝑡 ≥ 𝑡0.
Definition 3 (see [43]). For any switching signal 𝜎(𝑡) and any𝑡2 ≥ 𝑡1 ≥ 0, let𝑁𝜎(𝑡1, 𝑡2)denote the number of discontinuities𝜎(𝑡) in the interval (𝑡1, 𝑡2). We say that 𝜎(𝑡) has the average
dwell time property if

𝑁𝜎 (𝑡2, 𝑡1) ≤ 𝑁0 + 𝑡2 − 𝑡1𝜏𝑎 , 𝑁0 ≥ 0, 𝜏𝑎 > 0, (13)

holds, where 𝑁0 and 𝜏𝑎 are called the chatter bound and
average dwell time, respectively. As commonly used in the
literature, we choose𝑁0 = 0.
Definition 4 (see [30]). Given 𝛾 > 0, a system of the form (7)
is said to be with an𝐻∞-norm less than or equal to 𝛾 if

∫𝑇𝑓
0

𝑧𝑇 (𝑡) 𝑧 (𝑡) 𝑑𝑡 ≤ 𝛾2 ∫𝑇𝑓
0

𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡 (14)

holds for 𝑥(0) = 0.Where 𝑇𝑓 is the terminal time of control
and 𝑥(0) denotes the initial condition of system (7).

Lemma 5 (see [44]). Given any constant 𝜂 and any matrices𝑁, Γ, 𝑌 of compatible dimensions, then we have

2𝑥𝑇𝑁Γ𝑌𝑦 ≤ 𝜂𝑥𝑇𝑁𝑁𝑇𝑥 + 1𝜂𝑦𝑇𝑌𝑇𝑌𝑦, (15)
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for all 𝑥, 𝑦 ∈ 𝑅𝑛, where Γ is an uncertain matric satisfyingΓ𝑇Γ ≤ 𝐼.
Lemma6 (see [34]). For a positive scalar 𝜀0 and the symmetric
matrices 𝑆1 and 𝑆2 of compatible dimensions, if the inequalities

𝑆1 ≥ 0,
𝑆1 + 𝜀0𝑆2 > 0 (16)

hold, then
𝑆1 + 𝜀𝑆2 > 0, ∀𝜀 ∈ (0, 𝜀0] . (17)

Lemma7 (see [34]). If there existmatrices𝑍𝑖 (𝑖 = 1, 2, 3)with𝑍𝑖 = 𝑍𝑇𝑖 (𝑖 = 1, 2) satisfying
𝑍1 > 0,

[ 𝑍1 𝜀0𝑍𝑇3𝜀0𝑍3 𝜀0𝑍2] > 0, (18)

then

𝐸 (𝜀) 𝑍 (𝜀) = 𝑍𝑇 (𝜀) 𝐸 (𝜀) > 0, ∀𝜀 ∈ (0, 𝜀0] , (19)

where 𝑍(𝜀) = [ 𝑍1 𝜀𝑍𝑇3
𝑍3 𝑍2

] .
The problems under consideration are formulated as

follows.

Problem 8. Given an 𝐻∞ performance bound 𝛾 > 0 and
an upper bound 𝜀0 for the singular perturbation parameter𝜀, under admissible switching signals with ADT property,
determine a state feedback controller of form (9), such that,
for all 𝜀 ∈ (0, 𝜀0], the overall switched closed-loop system (12)
is asymptotically stable and with an 𝐻∞-norm less than or
equal to 𝛾.
Problem 9. Given an 𝐻∞ performance bound 𝛾 > 0,
determine a state feedback controller of the form (9), such
that, under admissible switching signals with ADT property,
the overall switched closed-loop system (12) is asymptotically
stable and with an 𝐻∞-norm less than or equal to 𝛾 for any
sufficiently small 𝜀.
Problem 10. Given an 𝐻∞ performance bound 𝛾 > 0 and a
controller, determine an 𝜀-bound 𝜀max, as large as possible,
such that, for any 𝜀 ∈ (0, 𝜀max], under admissible switching
signals with ADT property, the overall switched closed-loop
system (12) is asymptotically stable and with an 𝐻∞-norm
less than or equal to 𝛾.
Remark 11. The synthesis problems for T-S fuzzy SPSs have
attracted much attention of many researchers. 𝐻∞ control
and 𝜀-bound design for T-S fuzzy SPSs with pole placement
constraints were considered in [34]. This paper will extend
the stability analysis and control methods for normal systems
to T-S fuzzy SPSSs. Problem 8 considers the stabilization
controller design, 𝜀-bound design, and𝐻∞ control. Problem
9 aims to design a controller without considering the 𝜀-
bound. Problem 10 is used to estimate the 𝜀-bound of the
switched system.

3. Controller Design

This section will present a controller design method to solve
Problem 8.

Theorem 12. Give an𝐻∞ performance bound 𝛾 > 0, an upper
bound 𝜀0, and two constants, 𝜆 > 0 and 𝜇 ≥ 1, if there exist
matrices 𝐹𝑖𝑙 (𝑙 = 1, 2, . . . , 𝑟𝑖), 𝑍𝑖1, 𝑍𝑖2, and 𝑍𝑖3 of compatible
dimensions with 𝑍𝑖𝑘 = 𝑍𝑇𝑖𝑘 (𝑘 = 1, 2), such that
𝑍𝑖1 > 0, (20)

[ 𝑍𝑖1 ∗
𝜀0𝑍𝑖3 𝜀0𝑍𝑖2] > 0, (21)

[[[
[

𝐻𝑒 {𝐴 𝑖𝑙𝑍𝑖 (0) + 𝐵𝑖𝑙𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (0) 𝐸 (0) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) 0 −𝛾2
]]]
]
< 0, (22)

[[[
[

𝐻𝑒 {𝐴 𝑖𝑙𝑍𝑖 (𝜀0) + 𝐵𝑖𝑙𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (𝜀0) 𝐸 (𝜀0) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀0) 0 −𝛾2
]]]
]

< 0,
(23)

[[[
[

Υ1 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) + 𝐶𝑖𝑠𝑍𝑖 (0) 0 −2𝛾2
]]]
]
< 0, 𝑙 < 𝑠, (24)

[[[
[

Υ2 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀0) + 𝐶𝑖𝑠𝑍𝑖 (𝜀0) 0 −2𝛾2
]]]
]
< 0, 𝑙 < 𝑠, (25)

𝑍𝑗1 ≤ 𝜇𝑍𝑖1, 𝑖 ̸= 𝑗, (26)

[ 𝑍𝑗1 ∗
𝜀0𝑍𝑗3 𝜀0𝑍𝑗2] ≤ 𝜇[ 𝑍𝑖1 ∗

𝜀0𝑍𝑖3 𝜀0𝑍𝑖2] , 𝑖 ̸= 𝑗, (27)

where 𝑙, 𝑠 = 1, 2, . . . , 𝑟𝑖, 𝑖, 𝑗 = 1, 2, . . . ,𝑀, Υ1 = 𝐻𝑒{𝐴 𝑖𝑙𝑍𝑖(0) +𝐵𝑖𝑙𝐹𝑖𝑠 + 𝐴 𝑖𝑠𝑍𝑖(0) + 𝐵𝑖𝑠𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (0)𝐸(0), Υ2 = 𝐻𝑒{𝐴 𝑖𝑙𝑍𝑖(𝜀0) +𝐵𝑖𝑙𝐹𝑖𝑠 + 𝐴 𝑖𝑠𝑍𝑖(𝜀0) + 𝐵𝑖𝑠𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (𝜀0)𝐸(𝜀0), and 𝑍𝑖(𝜀) =
[ 𝑍𝑖1 𝜀𝑍𝑇𝑖3
𝑍𝑖3 𝑍𝑖2

].
Then, for any 𝜀 ∈ (0, 𝜀0], the overall switched closed-loop

system (12) with 𝐾𝑖𝑙(𝜀) = 𝐹𝑖𝑙𝑍−1𝑖 (𝜀) (𝑙 = 1, 2, . . . , 𝑟𝑖), 𝑍𝑖(𝜀) =𝑈𝑖1 + 𝜀𝑈𝑖2 is asymptotically stable and with an 𝐻∞-norm less
than or equal to 𝛾 under any switching signal with ADT

𝜏𝑎 ≥ ln𝜇𝜆 . (28)

Proof. Based on Lemma 6, LMIs (22) and (23) imply that

[[[
[

𝐻𝑒 {𝐴 𝑖𝑙𝑍𝑖 (𝜀) + 𝐵𝑖𝑙𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (𝜀) 𝐸 (𝜀) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀) 0 −𝛾2
]]]
]

< 0, ∀𝜀 ∈ (0, 𝜀0] .
(29)
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By the Schur complement, inequality (29) is equivalent to

𝐻𝑒 {𝐴 𝑖𝑙𝑍𝑖 (𝜀) + B𝑖𝑙𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (𝜀) 𝐸 (𝜀) + 𝐸𝑖𝑙𝐸𝑇𝑖𝑙
+ 1𝛾2𝑍𝑇𝑖 (𝜀) 𝐶𝑇𝑖𝑙𝐶𝑖𝑙𝑍𝑖 (𝜀) < 0, ∀𝜀 ∈ (0, 𝜀0] . (30)

Pre- andpostmultiplying (30) by𝑍−𝑇𝑖 (𝜀) and its transpose,
respectively, we obtain

𝐻𝑒 {𝑃𝑇𝑖 (𝜀) (𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑙 (𝜀))} + 𝜆𝐸 (𝜀) 𝑃𝑖 (𝜀)
+ 𝑃𝑇𝑖 (𝜀) 𝐸𝑖𝑙𝐸𝑇𝑖𝑙𝑃𝑖 (𝜀) + 1𝛾2𝐶𝑇𝑖𝑙 × 𝐶𝑖𝑙 < 0,

∀𝜀 ∈ (0, 𝜀0] ,
(31)

where𝐾𝑖𝑙(𝜀) = 𝐹𝑖𝑙𝑍−1𝑖 (𝜀) and 𝑃𝑖(𝜀) = 𝑍−1𝑖 (𝜀).
Using Lemma 6 again, it follows from (24) and (25) that

[[[
[

Υ3 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀) + 𝐶𝑖𝑠𝑍𝑖 (𝜀) 0 −2𝛾2
]]]
]
< 0,

∀𝜀 ∈ (0, 𝜀0] , 𝑙 < 𝑠,
(32)

where Υ3 = 𝐻𝑒{𝐴 𝑖𝑙𝑍𝑖(𝜀) + 𝐵𝑖𝑙𝐹𝑖𝑠 + 𝐴 𝑖𝑠𝑍𝑖(𝜀) + 𝐵𝑖𝑠𝐹𝑖𝑙} +𝜆𝑍𝑇𝑖 (𝜀)𝐸(𝜀).
By the Schur complement, inequality (32) can be replaced

by the following inequality:

Υ3 + 12 (𝐸𝑖𝑙 + 𝐸𝑖𝑠) (𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠)
+ 12𝛾2 (𝐶𝑖𝑙𝑍𝑖 (𝜀) + 𝐶𝑖𝑠𝑍𝑖 (𝜀))𝑇
⋅ (𝐶𝑖𝑙𝑍𝑖 (𝜀) + 𝐶𝑖𝑠 × 𝑍𝑖 (𝜀)) < 0,

∀𝜀 ∈ (0, 𝜀0] , 𝑙 < 𝑠.

(33)

By using Lemma 5, we get from inequality (33) that

Υ3 + 𝐻𝑒{𝐸𝑖𝑙𝐸𝑇𝑖𝑠 + 1𝛾2𝑍𝑇𝑖 (𝜀) 𝐶𝑇𝑖𝑙𝐶𝑖𝑠𝑍𝑖 (𝜀)} < 0,
∀𝜀 ∈ (0, 𝜀0] , 𝑙 < 𝑠.

(34)

Pre- andpostmultiplying (34) by𝑍−𝑇𝑖 (𝜀) and its transpose,
respectively, we have

𝐻𝑒{𝑃𝑇𝑖 (𝜀) (𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑠 (𝜀) + 𝐴 𝑖𝑠 + 𝐵𝑖𝑠𝐾𝑖𝑙 (𝜀))
+ 𝑃𝑇𝑖 (𝜀) 𝐸𝑖𝑙𝐸𝑇𝑖𝑠𝑃𝑖 (𝜀) + 1𝛾2 × 𝐶𝑇𝑖𝑙𝐶𝑖𝑠} + 𝜆𝐸 (𝜀) 𝑃𝑖 (𝜀)
< 0, ∀𝜀 ∈ (0, 𝜀0] , 𝑙 < 𝑠.

(35)

By Lemma 7, LMI conditions (20) and (21) guarantee that
the inequality

𝐸 (𝜀) 𝑍𝑖 (𝜀) = 𝑍𝑇𝑖 (𝜀) 𝐸 (𝜀) > 0, 𝜀 ∈ (0, 𝜀0] , (36)

holds, which implies

𝐸 (𝜀) 𝑃𝑖 (𝜀) = 𝑃𝑇𝑖 (𝜀) 𝐸 (𝜀) > 0, 𝜀 ∈ (0, 𝜀0] . (37)

Define the piecewise Lyapunov function

𝑉 (𝑡) = 𝑉𝜎(𝑡) (𝑥 (𝑡)) = 𝑥𝑇 (𝑡) 𝐸 (𝜀) 𝑃𝜎(𝑡) (𝜀) 𝑥 (𝑡) ,
𝑡 ≥ 0, (38)

where 𝐸(𝜀)𝑃𝜎(𝑡)(𝜀) is switched among 𝐸(𝜀)𝑃𝑖(𝜀), 𝑖 =1, 2, . . . ,𝑀, in accordancewith the piecewise constant switch-
ing signal 𝜎(𝑡).

Computing the derivative of 𝑉𝑖(𝑥(𝑡)) with respect to 𝑡
along the trajectories of system (12), we have

�̇�𝑖 (𝑥 (𝑡)) = 2𝑥𝑇 (𝑡) 𝐸 (𝜀) 𝑃𝑖 (𝜀) �̇� (𝑡) = 2𝑥𝑇 (𝑡) 𝑃𝑇𝑖 (𝜀)
⋅ 𝐸 (𝜀) �̇� (𝑡) = 𝑟𝑖∑

𝑙=1

𝑀∑
𝑖=1

𝜇2𝑖𝑙𝜃𝑖 (𝑡) 𝑥𝑇 (𝑡)𝐻𝑒 {𝑃𝑇𝑖 (𝜀)

⋅ (𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑙 (𝜀))} 𝑥 (𝑡) +
𝑟𝑖∑
𝑙=1

𝑟𝑖∑
𝑙<𝑠

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜇𝑖𝑠𝜃𝑖 (𝑡) 𝑥𝑇 (𝑡)
⋅ 𝐻𝑒 {𝑃𝑇𝑖 (𝜀) (𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑠 (𝜀) + 𝐴 𝑖𝑠 + 𝐵𝑖𝑠𝐾𝑖𝑙 (𝜀))}
⋅ 𝑥 (𝑡) + 𝑟𝑖∑

𝑙=1

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜃𝑖 (𝑡)𝐻𝑒 {𝑥𝑇 (𝑡) 𝑃𝑇𝑖 (𝜀) × 𝐸𝑖𝑙𝑤 (𝑡)} ,
𝜀 ∈ (0, 𝜀0] .

(39)

Using Lemma 5 again, we obtain

2𝑥𝑇 (𝑡) 𝑃𝑇𝑖 (𝜀) 𝐸𝑖𝑙𝑤 (𝑡)
≤ 𝑥𝑇 (𝑡) 𝑃𝑇𝑖 (𝜀) 𝐸𝑖𝑙𝐸𝑇𝑖𝑙𝑃𝑖 (𝜀) 𝑥 (𝑡) + 𝑤𝑇 (𝑡) 𝑤 (𝑡) ,

𝜀 ∈ (0, 𝜀0] .
(40)

From equality (39) and inequality (40), it follows that

�̇�𝑖 (𝑥 (𝑡)) ≤
𝑟𝑖∑
𝑙=1

𝑀∑
𝑖=1

𝜇2𝑖𝑙𝜃𝑖 (𝑡) 𝑥𝑇 (𝑡) {𝐻𝑒 {𝑃𝑇𝑖 (𝜀)
⋅ (𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑙 (𝜀))} + 𝑃𝑇𝑖 (𝜀) 𝐸𝑖𝑙𝐸𝑇𝑖𝑙 × 𝑃𝑖 (𝜀)} 𝑥 (𝑡)
+ 𝑟𝑖∑
𝑙=1

𝑟𝑖∑
𝑙<𝑠

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜇𝑖𝑠𝜃𝑖 (𝑡) 𝑥𝑇 (𝑡) {𝐻𝑒 {𝑃𝑇𝑖 (𝜀)
⋅ (𝐴 𝑖𝑙 + 𝐵𝑖𝑙 × 𝐾𝑖𝑠 (𝜀) + 𝐴 𝑖𝑠 + 𝐵𝑖𝑠𝐾𝑖𝑙 (𝜀))} + 𝑃𝑇𝑖 (𝜀)
⋅ (𝐸𝑖𝑙𝐸𝑇𝑖𝑠 + 𝐸𝑖𝑠𝐸𝑇𝑖𝑙) 𝑃𝑖 (𝜀)} 𝑥 (𝑡) + 𝑤𝑇 (𝑡) 𝑤 (𝑡) ,

𝜀 ∈ (0, 𝜀0] .

(41)
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It follows from (31), (35), and (41) that

�̇�𝑖 (𝑥 (𝑡)) ≤ −𝜆𝑉𝑖 (𝑥 (𝑡)) −
𝑟𝑖∑
𝑙=1

𝑀∑
𝑖=1

𝜇2𝑖𝑙𝜃𝑖 (𝑡) 1𝛾2 𝑥𝑇 (𝑡)

⋅ 𝐶𝑇𝑖𝑙𝐶𝑖𝑙𝑥 (𝑡) −
𝑟𝑖∑
𝑙=1

𝑟𝑖∑
𝑙<𝑠

𝑀∑
𝑖=1

𝜇𝑖𝑙𝜇𝑖𝑠𝜃𝑖 (𝑡) 1𝛾2 𝑥𝑇 (𝑡)
⋅ (𝐶𝑇𝑖𝑙𝐶𝑖𝑠 + 𝐶𝑇𝑖𝑠𝐶𝑖𝑙) 𝑥 (𝑡) + 𝑤𝑇 (𝑡) 𝑤 (𝑡)
= −𝜆𝑉𝑖 (𝑥 (𝑡)) − 1𝛾2 𝑧𝑇 (𝑡) 𝑧 (𝑡) + 𝑤𝑇 (𝑡) 𝑤 (𝑡) ,

𝑡 ≥ 0.

(42)

Furthermore, by Lemma 6, LMIs (26) and (27) imply that

𝐸 (𝜀) 𝑍𝑗 (𝜀) ≤ 𝜇𝐸 (𝜀) 𝑍𝑖 (𝜀) , 𝑖 ̸= 𝑗, ∀𝜀 ∈ (0, 𝜀0] . (43)

Applying the Schur complement to (43) shows that

[−𝑍−1𝑗 (𝜀) 𝐸−1 (𝜀) ∗
𝐼 −𝜇𝐸 (𝜀) 𝑍𝑖 (𝜀)] ≤ 0,

𝑖 ̸= 𝑗, ∀𝜀 ∈ (0, 𝜀0] .
(44)

Pre- and postmultiplying (44) by [ 𝐸(𝜀) 0
0 𝐼

]𝑇 and its trans-
pose, respectively, and taking into account the fact that𝑃𝑖(𝜀) =𝑍−1𝑖 (𝜀), inequality (44) is equivalent to

[−𝐸𝑇 (𝜀) 𝑃𝑗 (𝜀) ∗
𝐸 (𝜀) −𝜇𝐸 (𝜀) 𝑃−1𝑖 (𝜀)] ≤ 0,

𝑖 ̸= 𝑗, ∀𝜀 ∈ (0, 𝜀0] .
(45)

By the Schur complement, it follows from (45) that

𝐸 (𝜀) 𝑃𝑖 (𝜀) ≤ 𝜇𝐸 (𝜀) 𝑃𝑗 (𝜀) , 𝑖 ̸= 𝑗, ∀𝜀 ∈ (0, 𝜀0] . (46)

Then, the following properties are obtained for (38):
(1) Each 𝑉𝑖(𝑥(𝑡)) = 𝑥𝑇(𝑡)𝐸(𝜀)𝑃𝑖(𝜀)𝑥(𝑡) is continuous

and its derivative along the trajectories of the corresponding
subsystem satisfies (42).

(2) There exist constant scalars 𝜅1 > 0, 𝜅2 > 0, such that

𝜅1 ‖𝑥 (𝑡)‖2 ≤ 𝑉𝑖 (𝑥 (𝑡)) ≤ 𝜅2 ‖𝑥 (𝑡)‖2 ,
∀𝑥 (𝑡) ∈ Ω (𝐸 (𝜀) 𝑃𝑖 (𝜀)) , (47)

where 𝜅1 = inf 𝑖∈𝑆𝜆𝑚(𝐸(𝜀)𝑃𝑖(𝜀)), 𝜅2 = sup𝑖∈𝑆𝜆𝑀(𝐸(𝜀)𝑃𝑖(𝜀)).
(3) There exists a constant scalar 𝜇 ≥ 1 such that (46)

holds.
Thus, 𝑉(𝑡) is piecewise monotonically decreasing and its

value at switching instants is nonincreasing.

Using the differential inequality (42), we obtain that

𝑉(𝑇𝑓) ≤ 𝑉 (𝑡𝑘+1) 𝑒−𝜆(𝑇𝑓−𝑡𝑘+1) + ∫𝑇𝑓
𝑡𝑘+1

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏
≤ 𝜇𝑉 (𝑡−1𝑘+1) 𝑒−𝜆(𝑇𝑓−𝑡𝑘+1) + ∫𝑇𝑓

𝑡𝑘+1

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏
≤ 𝜇 [𝑉 (𝑡𝑘) 𝑒−𝜆(𝑡𝑘+1−𝑡𝑘) + ∫𝑡𝑘+1

𝑡𝑘

𝑒−𝜆(𝑡𝑘+1−𝜏)Γ (𝜏) 𝑑𝜏]
⋅ 𝑒−𝜆(𝑇𝑓−𝑡𝑘+1) + ∫𝑇𝑓

𝑡𝑘+1

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏 = 𝜇𝑉 (𝑡𝑘)
⋅ 𝑒−𝜆(𝑇𝑓−𝑡𝑘) + 𝜇∫𝑡𝑘+1

𝑡𝑘

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏
+ ∫𝑇𝑓
𝑡𝑘+1

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏,

(48)

where Γ(𝜏) = 𝑤𝑇(𝜏)𝑤(𝜏) − (1/𝛾2)𝑧𝑇(𝜏)𝑧(𝜏).
It follows from (48) that

𝑉(𝑇𝑓) ≤ 𝜇𝑘+1𝑒−𝜆𝑇𝑓𝑉 (0) + 𝜇𝑘+1 ∫𝑡1
0
𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏

+ 𝜇𝑘 ∫𝑡2
𝑡1

𝑒−𝜆(𝑇𝑓−𝜏) × Γ (𝜏) 𝑑𝜏 + ⋅ ⋅ ⋅
+ 𝜇∫𝑡𝑘+1

𝑡𝑘

𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏 + ∫𝑇𝑓
𝑡𝑘+1

𝑒−𝜆(𝑇𝑓−𝜏)
× Γ (𝜏) 𝑑𝜏

= 𝜇𝑁𝜎(0,𝑇𝑓)𝑒−𝜆𝑇𝑓𝑉 (0)
+ ∫𝑇𝑓
0

𝜇𝑁𝜎(𝜏,𝑇𝑓)𝑒−𝜆(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏
= 𝑒−𝜆𝑇𝑓+𝑁𝜎(0,𝑇𝑓)ln𝜇𝑉 (0)
+ ∫𝑇𝑓
0

𝑒−𝜆(𝑇𝑓−𝜏)+𝑁𝜎(𝜏,𝑇𝑓)ln𝜇Γ (𝜏) 𝑑𝜏.

(49)

The following proof consists of two parts. First, we will
show that the overall switched closed-loop system (12) with𝑤(𝑡) ≡ 0 is asymptotically stable under any switching signal
with ADT (28). Then, we will verify that system (12) is with
an𝐻∞-norm less than or equal to 𝛾.
Part 1. We consider the following average dwell time scheme:
for any 𝑇𝑓 > 0 and a positive scalar 𝜆⋆ smaller than 𝜆,

𝑁𝜎 (0, 𝑇𝑓) ≤ 𝑇𝑓𝜏∗𝑎 , 𝜏∗𝑎 = ln𝜇𝜆⋆ . (50)

It follows from (50) that𝑁𝜎(0, 𝑇𝑓)ln𝜇 ≤ 𝜆⋆𝑇𝑓.Then, from
(49), we obtain

𝑉(𝑇𝑓) ≤ 𝑒−(𝜆−𝜆∗)𝑇𝑓𝑉 (0) , (51)
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where 𝜆 − 𝜆∗ > 0, and one can see from [45] that

𝑥 (𝑇𝑓)2

≤ max
𝑖,𝑗∈[1,𝑀]

𝜆𝑀 (𝐸 (𝜀) 𝑃𝑖 (𝜀))𝜆𝑚 (𝐸 (𝜀) 𝑃𝑗 (𝜀))𝑒
−(𝜆−𝜆∗)𝑇𝑓 ‖𝑥 (0)‖2 , (52)

which indicates that system (12) with 𝑤(𝑡) ≡ 0 is asymptoti-
cally stable under any switching signal with ADT (28).

Part 2. Similar to Part 1, for a positive scalar 𝜆∗ smaller than𝜆, the inequality
𝑁𝜎 (𝜏, 𝑇𝑓) ln 𝜇 ≤ 𝜆∗ (𝑇𝑓 − 𝜏) (53)

holds.
Taking into account the fact that 𝑥(0) = 0 and𝑉(𝑇𝑓) ≥ 0,

it follows from (49) that

∫𝑇𝑓
0

𝑒−𝜆(𝑇𝑓−𝜏)+𝑁𝜎(𝜏,𝑇𝑓)ln𝜇Γ (𝜏) 𝑑𝜏 ≥ 0. (54)

It follows from (53) and (54) that

∫𝑇𝑓
0

𝑒−(𝜆−𝜆∗)(𝑇𝑓−𝜏)Γ (𝜏) 𝑑𝜏 ≥ 0, (55)

which implies that ∫𝑇𝑓
0

𝑧𝑇(𝑡)𝑧(𝑡)𝑑𝑡 ≤ 𝛾2 ∫𝑇𝑓
0

𝑤𝑇(𝑡)𝑤(𝑡)𝑑𝑡.
This completes the proof.

Remark 13. 𝑍𝑖(𝜀) = [ 𝑍𝑖1 𝜀𝑍𝑖3𝑍𝑖3 𝑍𝑖2
] = 𝑈𝑖1 + 𝜀𝑈𝑖2, 𝜀 ∈ (0, 𝜀0],

where 𝑈𝑖1 = [ 𝑍𝑖1 0𝑍𝑖3 𝑍𝑖2
], 𝑈𝑖2 = [ 0 𝑍𝑖3

0 0
] . It follows from LMIs

(20) and (21) that 𝑍𝑖1 > 0 and 𝑍𝑖2 > 0, which imply that
the matrices 𝑍𝑖(0) = 𝑈𝑖1 are nonsingular. So, the matrices𝑍𝑖(𝜀) are nonsingular for all 𝜀 ∈ (0, 𝜀0]. This nonsingularity
can ensure that 𝐾𝑖𝑙(𝜀) = 𝐹𝑖𝑙𝑍−1𝑖 (𝜀) (𝑙 = 1, 2, . . . , 𝑟𝑖) always
work well for all 𝜀 ∈ (0, 𝜀0]. For sufficiently small 𝜀, the 𝜀-
dependent controller is reduced to an 𝜀-independent one,
since lim𝜀→0+𝐾𝑖𝑙 = 𝐹𝑖𝑙𝑈−1𝑖1 (𝑙 = 1, 2, . . . , 𝑟𝑖).
Remark 14. The multiple Lyapunov functions method has
been widely used in control design of switched systems
[36–39]. By employing the average dwell time scheme, the
problem of extended dissipative state estimation for a class of
discrete-time Markov jump neural networks with unreliable
links was addressed in [36]. In this paper, the 𝜀-dependent
piecewise Lyapunov function will be constructed to solve𝐻∞
control problem for T-S fuzzy SPSSs.

Remark 15. Theorem 12 is concerned with the situation that𝜀0 is known according to prior information. Moreover, the
bisectional search algorithm developed in [46] can be used
to derive the 𝜀-bound.
Remark 16. 𝜀-bound, which is an essential index of SPSs,
has attained much attention. 𝜀-bound was considered in [40,
47]. Both results were derived by constructing a common
Lyapunov function, which may lead to conservatism in
some cases. In [41], the piecewise Lyapunov function was

constructed and 𝜀-bound estimation problem was solved for
T-S fuzzy SSPSs without the external disturbance input.

By Theorem 12, under the assumption that the singular
perturbation parameter 𝜀 is known, sufficient conditions for
both stability and𝐻∞ performance of system (12) are derived.
In the following theorem, for sufficiently small and unknown𝜀, the above sufficient conditions are generalized to design the𝜀-independent controller.
Theorem 17. Given an 𝐻∞ performance bound 𝛾 > 0, two
constants, 𝜆 > 0 and 𝜇 ≥ 1, if there exist matrices 𝐹𝑖𝑙, 𝑍𝑖1, 𝑍𝑖2,
and 𝑍𝑖3 of compatible dimensions with 𝑍𝑖𝑘 = 𝑍𝑇𝑖𝑘 (𝑘 = 1, 2),
such that
𝑍𝑖1 > 0, (56)

𝑍𝑖2 > 0, (57)

[[[
[

𝐻𝑒 {𝐴 𝑖𝑙𝑍𝑖 (0) + 𝐵𝑖𝑙𝐹𝑖𝑙} + 𝜆𝑍𝑇𝑖 (0) 𝐸 (0) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) 0 −𝛾2
]]]
]

< 0,
(58)

[[[
[

Υ1 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) + 𝐶𝑖𝑠𝑍𝑖 (0) 0 −2𝛾2
]]]
]
< 0, 𝑙 < 𝑠, (59)

𝑍𝑗1 ≤ 𝜇𝑍𝑖1, 𝑖 ̸= 𝑗, (60)

𝑍𝑗2 ≤ 𝜇𝑍𝑖2, 𝑖 ̸= 𝑗, (61)

where 𝑙, 𝑠 = 1, 2, . . . , 𝑟𝑖, 𝑖, 𝑗 = 1, 2, . . . ,𝑀, Υ1 = 𝐻𝑒{𝐴 𝑖𝑙𝑍𝑖(0) +𝐵𝑖𝑙𝐹𝑖𝑠 +𝐴 𝑖𝑠𝑍𝑖(0)+𝐵𝑖𝑠𝐹𝑖𝑙}+𝜆𝑍𝑇𝑖 (0)𝐸(0),𝑍𝑖(0) = [ 𝑍𝑖1 0𝑍𝑖3 𝑍𝑖2
], and𝐸(0) = [ 1 ∗0 0 ].

Then there exists a positive scalar 𝜀max such that, for all 𝜀 ∈(0, 𝜀max], the overall switched closed-loop system (12) with the
controller gains of the form 𝐾𝑖𝑙 = 𝐹𝑖𝑙𝑍−1𝑖 (0) (𝑙 = 1, 2, . . . , 𝑟𝑖) is
asymptotically stable and with an𝐻∞-norm less than or equal
to 𝛾 under any switching signal with ADT

𝜏𝑎 ≥ ln𝜇𝜆 . (62)

Proof. For sufficiently small 𝜀, LMI conditions (20)–(27) in
Theorem 12 can be reduced to LMI conditions (56)–(61) in
Theorem 17. Thus, we omit the proof of Theorem 17 that can
be carried out by referring to the standard techniques used in
Theorem 12.

𝜀-bound is an essential stability index of SPSs.Theorem 17
ensures the existence for 𝜀-bound 𝜀max. In the following
theorem, we will propose a method to estimate the 𝜀-bound
of the closed-loop system with the obtained controllers in
Theorem 17.

Theorem 18. Give an𝐻∞ performance bound 𝛾 > 0, an upper
bound 𝜀max, controller gains 𝐾𝑖𝑙, and two constants, 𝜆 > 0 and𝜇 ≥ 1, if there exist matrices 𝑍𝑖1, 𝑍𝑖2, and 𝑍𝑖3 of compatible
dimensions with 𝑍𝑖𝑘 = 𝑍𝑇𝑖𝑘 (𝑘 = 1, 2), such that
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𝑍𝑖1 > 0, (63)

[ 𝑍𝑖1 ∗
𝜀max𝑍𝑖3 𝜀max𝑍𝑖2] > 0, (64)

[[[
[

𝐻𝑒 {(𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑙) 𝑍𝑖 (0)} + 𝜆𝑍𝑇𝑖 (0) 𝐸 (0) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) 0 −𝛾2
]]]
]
< 0, (65)

[[[
[

𝐻𝑒 {(𝐴 𝑖𝑙 + 𝐵𝑖𝑙𝐾𝑖𝑙) 𝑍𝑖 (𝜀max)} + 𝜆𝑍𝑇𝑖 (𝜀max) 𝐸 (𝜀max) ∗ ∗
𝐸𝑇𝑖𝑙 −𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀max) 0 −𝛾2
]]]
]
< 0, (66)

[[[
[

Υ̃1 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (0) + 𝐶𝑖𝑠𝑍𝑖 (0) 0 −2𝛾2
]]]
]
< 0, 𝑙 < 𝑠, (67)

[[[
[

Υ̃2 ∗ ∗
𝐸𝑇𝑖𝑙 + 𝐸𝑇𝑖𝑠 −2𝐼𝑟 ∗

𝐶𝑖𝑙𝑍𝑖 (𝜀max) + 𝐶𝑖𝑠𝑍𝑖 (𝜀max) 0 −2𝛾2
]]]
]
< 0, 𝑙 < 𝑠, (68)

𝑍𝑗1 ≤ 𝜇𝑍𝑖1, 𝑖 ̸= 𝑗, (69)

[ 𝑍𝑗1 ∗
𝜀max𝑍𝑗3 𝜀max𝑍𝑗2] ≤ 𝜇[ 𝑍𝑖1 ∗

𝜀max𝑍𝑖3 𝜀max𝑍𝑖2] , 𝑖 ̸= 𝑗, (70)

where 𝑙, 𝑠 = 1, 2, . . . , 𝑟𝑖, 𝑖, 𝑗 = 1, 2, . . . ,𝑀, Υ̃1 = 𝐻𝑒{(𝐴 𝑖𝑙 +𝐵𝑖𝑙𝐾𝑖𝑠 + 𝐴 𝑖𝑠 + 𝐵𝑖𝑠𝐾𝑖𝑙)𝑍𝑖(0)} + 𝜆𝑍𝑇𝑖 (0)𝐸(0), Υ̃2 = 𝐻𝑒{(𝐴 𝑖𝑙 +𝐵𝑖𝑙𝐾𝑖𝑠+𝐴 𝑖𝑠+𝐵𝑖𝑠𝐾𝑖𝑙)𝑍𝑖(𝜀max)}+𝜆𝑍𝑇𝑖 (𝜀max)𝐸(𝜀max), and𝑍𝑖(𝜀) =[ 𝑍𝑖1 𝜀𝑍𝑇𝑖3
𝑍𝑖3 𝑍𝑖2

].
Then, for all 𝜀 ∈ (0, 𝜀max], the overall switched closed-loop

system (12) is asymptotically stable and with an𝐻∞-norm less
than or equal to 𝛾 under any switching signal with ADT

𝜏𝑎 ≥ ln𝜇𝜆 . (71)

4. Example

To illustrate the proposed results, we consider thewell-known
inverted pendulum system. The equations of motion for the
pendulum are given by

�̇�1 (𝑡) = 𝑥2 (𝑡) + 0.1𝑤 (𝑡)
�̇�2 (𝑡)
= 𝑔 sin (𝑥1 (𝑡)) − 𝑎𝑚𝑙𝑥22 (𝑡) sin (2𝑥1 (𝑡)) /2 − 𝑎 cos (𝑥1 (𝑡)) 𝑢 (𝑡)4𝑙/3 − 𝑎𝑚𝑙 cos2 (𝑥1 (𝑡))
+ 0.1𝑤 (𝑡)

𝑧 (𝑡) = 0.1𝑥1 (𝑡) + 0.1𝑥2 (𝑡) ,

(72)

where 𝑥1(𝑡) = 𝜃𝑝(𝑡) denotes the angle of the pendulum
from the vertical upward, 𝑥2(𝑡) = ̇𝜃𝑝(𝑡), 𝑔 is the gravity
acceleration, 𝑎 = 1/(𝑚 + 𝑀), 𝑚 and 𝑀 are the masses of
the pendulum and the cart, respectively, 𝑙 is the length of the
pendulum, 𝑢 is a horizontal force applied to the cart, and𝑤(𝑡) is the external disturbance variable, which is a piecewise
function of time of the form

𝑤 (𝑡) = {{{
sin (2𝜋𝑡) 0 ≤ 𝑡 < 5
sin (2𝜋𝑡) 𝑒−0.5𝑡 𝑡 ≥ 5, (73)

𝑧(𝑡) is the controlled output.The parameters for the plant are
as follows: 𝑔 = 9.8m/s2,𝑚 = 2Kg,𝑀 = 8Kg, and 𝑙 = 0.5m.

The angle of the pendulum [−30∘ 30∘] is divided into two
areas 𝑅1 and 𝑅2, where 𝑅1 is |𝑥1| ≤ 15∘; 𝑅2 is 15∘ < |𝑥1| ≤ 30∘,
which results in two fuzzy subsystems [39].

For the individual system, we choose the membership
functions of the fuzzy sets as follows.

Mode 1

𝑀11 (𝑥1 (𝑡)) = 1 − 𝑥1 (𝑡)15
𝑀12 (𝑥1 (𝑡)) =

𝑥1 (𝑡)15 .
(74)
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Mode 2

𝑀21 (𝑥1 (𝑡)) =
𝑥1 (𝑡)15 − 1

𝑀22 (𝑥1 (𝑡)) = 2 − 𝑥1 (𝑡)15 .
(75)

Then, the dynamics of Mode 1 can be exactly represented
by the following T-S fuzzy model under |𝑥1(𝑡)| ≤ 15∘:

Plant Rule 1:
IF 𝑥1 (𝑡) is 𝑀11 (𝑥1 (𝑡)) , THEN

�̇� (𝑡) = 𝐴11𝑥 (𝑡) + 𝐵11𝑢 (𝑡) + 𝐸11𝑤 (𝑡)
𝑧 (𝑡) = 𝐶11𝑥 (𝑡)
Plant Rule 2:
IF 𝑥1 (𝑡) is 𝑀12 (𝑥1 (𝑡)) , THEN

�̇� (𝑡) = 𝐴12𝑥 (𝑡) + 𝐵12𝑢 (𝑡) + 𝐸12𝑤 (𝑡) ,
𝑧 (𝑡) = 𝐶12𝑥 (𝑡) ,

(76)

where

𝐴11 = [ 0 1
9.0673 0] ,

𝐵11 = [ 0
−0.0688] ,

𝐸11 = [0.10.1] ,
𝐶11 = [0.1 0.1] ,
𝐴12 = [ 0 1

10.5717 0] ,

𝐵12 = [ 0
−0.0779] ,

𝐸12 = [ 0.1
0.1 ] ,

𝐶12 = [0.1 0.1] .

(77)

Thedynamics ofMode 2 can be exactly represented by the
following T-S fuzzy model under 15∘ < |𝑥1| ≤ 30∘:

Plant Rule 1:
IF 𝑥1 (𝑡) is 𝑀21 (𝑥1 (𝑡)) , THEN

�̇� (𝑡) = 𝐴21𝑥 (𝑡) + 𝐵21𝑢 (𝑡) + 𝐸21𝑤 (𝑡)
𝑧 (𝑡) = 𝐶21𝑥 (𝑡)
Plant Rule 2:

IF 𝑥1 (𝑡) is 𝑀22 (𝑥1 (𝑡)) , THEN

�̇� (𝑡) = 𝐴22𝑥 (𝑡) + 𝐵22𝑢 (𝑡) + 𝐸22𝑤 (𝑡) ,
𝑧 (𝑡) = 𝐶22𝑥 (𝑡) ,

(78)
where

𝐴21 = [ 0 1
10.5717 0] ,

𝐵21 = [ 0
−0.0779] ,

𝐸21 = [0.10.1] ,
𝐶21 = [0.1 0.1] ,
𝐴22 = [ 0 1

11.1243 0] ,

𝐵22 = [ 0
−0.0811] ,

𝐸22 = [0.10.1] ,
𝐶22 = [0.1 0.1] .

(79)

Choosing 𝜀 = 0.1, the above switched system can be
modeled by a SPSS (1) with the following.

Mode 1

𝐸 (𝜀) = [1 ∗
0 𝜀 ] ,

𝐴11 = [ 0 1
0.90673 0] ,

𝐵11 = [ 0
−0.00688] ,

𝐸11 = [ 0.10.01] ,

𝐸 (𝜀) = [1 ∗
0 𝜀 ] ,

𝐴12 = [ 0 1
1.05717 0] ,

𝐵12 = [ 0
−0.00779] ,

𝐸12 = [ 0.10.01] .

(80)
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Mode 2

𝐸 (𝜀) = [1 ∗
0 𝜀 ] ,

𝐴21 = [ 0 1
1.05717 0] ,

𝐵21 = [ 0
−0.00779] ,

𝐸21 = [ 0.10.01] ,

𝐸 (𝜀) = [1 ∗
0 𝜀 ] ,

𝐴22 = [ 0 1
1.11243 0] ,

𝐵22 = [ 0
−0.00811] ,

𝐸22 = [ 0.1
0.01 ] .

(81)

The fuzzy controller is described as follows.

Mode 1
Plant Rule 1:
IF 𝑥1 (𝑡) is 𝑀11 (𝑥1 (𝑡)) , THEN

𝑢 (𝑡) = 𝐾11 (𝜀) 𝑥 (𝑡)
Plant Rule 2:
IF 𝑥1 (𝑡) is 𝑀12 (𝑥1 (𝑡)) , THEN

𝑢 (𝑡) = 𝐾12 (𝜀) 𝑥 (𝑡) .

(82)

Mode 2
Plant Rule 1:
IF 𝑥2 (𝑡) is 𝑀21 (𝑥1 (𝑡)) , THEN

𝑢 (𝑡) = 𝐾21 (𝜀) 𝑥 (𝑡)
Plant Rule 2:
IF 𝑥2 (𝑡) is 𝑀22 (𝑥1 (𝑡)) , THEN

𝑢 (𝑡) = 𝐾22 (𝜀) 𝑥 (𝑡) .

(83)

Taking 𝜀 = 0.1, 𝜆 = 10, and 𝜇 = 20 and solving the LMIs
inTheorem 12, we obtain the stabilization controller gains:

𝐾11 = [7.3418 ∗ 103 5.7720 ∗ 102] ,
𝐾12 = [6.6701 ∗ 103 5.2617 ∗ 102] ,

2 4 6 8 100
t (seconds)

0

2

4

6

8

10

12
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×10
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x2

Figure 1: State trajectories without the controller.

𝐾21 = [6.4503 ∗ 103 4.8956 ∗ 102] ,
𝐾22 = [6.2518 ∗ 103 4.7497 ∗ 102] .

(84)

Taking 𝜆 = 10 and 𝜇 = 20 and solving the LMIs in
Theorem 17, we obtain the stabilization controller gains:

𝐾11 = [1.0908 ∗ 104 8.6334 ∗ 102] ,
𝐾12 = [1.0237 ∗ 104 8.1009 ∗ 102] ,
𝐾21 = [9.8518 ∗ 103 7.7925 ∗ 102] ,
𝐾22 = [9.6513 ∗ 103 7.6329 ∗ 102] .

(85)

Under the controller obtained by Theorem 17, the 𝜀-
bound of the closed-loop system is 𝜀max = 0.5493 by using
Theorem 18 and the bisectional search algorithm developed
in [46].

To illustrate the proposed method, we first consider the
simulation of system (10) without the controller and then
apply the designed controller to system (10).

Choosing 𝜀 = 0.1, 𝑥1(0) = 0∘, 𝑥2(0) = 0∘, 𝜆 = 10,= 20, 𝛾 = 1, and any switching signal with ADT (71), the
simulation result without the controller is shown in Figure 1.
It can be seen from Figure 1 that system (10) is not stable.
Applying the fuzzy controller obtained by Theorem 12 to the
original system, the sate trajectories of the overall switched
closed-loop system are shown in Figure 2 and the ratio of
the output energy to the disturbance input energy, that is,
∫𝑇𝑓
0

𝑧𝑇(𝑠)𝑧(𝑠)𝑑𝑠/ ∫𝑇𝑓
0

𝑤𝑇(𝑠)𝑤(𝑠)𝑑𝑠, is depicted in Figure 3. It
is easy to find that after 5 seconds the ratio of the output
energy to the disturbance input energy is fixed at a constant
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Figure 2: State trajectories.
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Figure 3: The ratio of the output energy to the disturbance input
energy.

value, which is about 7.7265∗10−5. So 𝛾 = √7.7265 ∗ 10−5 =8.79 ∗ 10−3, which is less than the prescribed value 1.

5. Conclusion

In this paper, we are concerned with the design of fuzzy
controller with guaranteed 𝐻∞ performance for T-S fuzzy
SPSSs. An LMI-based method of designing an 𝜀-dependent
controller has been proposed. Through this method, the
obtained controller canworkwell for any 𝜀 ∈ (0, 𝜀0].This con-
troller guarantees that, for a given upper bound 𝜀0 for 𝜀 and a

prespecified𝐻∞ performance bound 𝛾 > 0, under admissible
switching signals, the switched system is asymptotically stable
and with an 𝐻∞-norm less than or equal to 𝛾. Then, for
sufficiently small 𝜀, the 𝜀-independent feedback controller has
been developed. Furthermore, under this controller, the 𝜀-
bound estimation problem of the switched system has been
solved. The involved example has shown the feasibility and
effectiveness of the obtained results.
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Incipient faults in high-speed railway have been rarely considered before developing into faults or failures. In this paper, a new
data-driven incipient fault estimate (FE) methodology is proposed under multivariate statistics frame, which incorporates with
Kullback-Leibler divergence (KLD) in information domain and neural network approximation in machine learning. By defining
one sensitive fault indicator (SFI), the incipient fault amplitude can be precisely estimated. According to the experimental platform
of China Railway High-speed 2 (CRH2), the proposed incipient FE algorithm is examined, and the more sensitivity and accuracy
to tiny abnormality are demonstrated. Followed by the incipient FE results, several factors on FE performance are further analyzed.

1. Introduction

Due to its high efficiency and loading capacity, high-speed
railway has been rapidly developed in the past two decades
[1–3]. As one of the most important equipment of high-speed
railway, inverter is the actuator of motors, and its sensor
information is used to construct the control law of motors
[4]. Typically, sensors equipped in inverter are vulnerable
to faults as they are direct interactions with the working
environment [3, 5]. This may lead to abnormal operation of
motors and effectiveness loss of the traction force and even
cause an emergency stop. Thus, the real-time sensor fault
detection and diagnosis (FDD) and fault estimation (FE) are
urgently needed in high-speed railway to improve its reliabil-
ity.

There exists abundant researches for inverter sensor FDD
over the past several decades [2, 4, 6–9]. All of them can
be mainly classified into two general categories, including
model-based methods and knowledge-based methods. For
the model-based FDD methods, they are mainly to build the
mathematical model of electrical traction systems via outputs
or work mechanisms of being monitored system. Usually, a
residual is to generate the fault indicating by available input
and output information from sensors of inverter [4, 6, 9, 10].
In addition, the knowledge-based methods [2, 8] mainly

depend on prior knowledge of inverter whose characteristics
are to be summarized to distinguish or diagnose the faults.

Besides that, the data-driven FDDmethods coming from
chemical industry use the information of sampling data
to directly analyze some features, such as data correlation,
spectrum, and mean value.These kinds of latent information
are crucial factors to identify and diagnose the sensor faults
without considering the mathematical model of system.
Recently, somemodified data-drivenmethodswere proposed
to improve the process monitoring performance. For exam-
ple, key-performance-indicator-related PLSwas developed to
acquire more meaningful fault information [11]; and fault-
relevant PCA was designed to select variable optimally [12].
In addition, some detailed reviews on data-driven methods
can be found in [13–15]. But these methods are rarely found
to be FDD in electrical domains.

The accurate inverter mathematical model of high-speed
railway is needed for model-based incipient fault estimation
method. However, due to the complex operation environ-
ments, the model of inverter is time-varying and effected by
unknown noise and cannot be represented by some accurate
functions. In addition, the expertise cannot be completely
acquired and is often invalid when coming to incipient faults.
Therefore, the data-driven method is considered to estimate
incipient faults in inverter of high-speed railway.
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In this paper, the main contributions of the proposed
method are summarized as follows:

(1) Considering non-Gaussian characteristics of traction
system, the rotary principal component subspace
(RPCS) and rotary residual subspace (RRS) are firstly
used and introduced for data-driven FE problems.

(2) Aiming at incipient FE, a sensitive fault indicator
(SFI) is definedwithout any improper assumptions on
measuring signals.

(3) The analytic relation between incipient fault ampli-
tude and SFI is analyzed and is then estimated by the
neural network.

The rest of this paper is organized as follows. In Section 2,
a brief introduction on inverter of China RailwayHigh-speed
2 (CRH2), PCA, and Kullback-Leibler divergence (KLD)
scheme is given. In Section 3, a rotary data space including
RPCS and RRS is presented, in which SFI is defined by a
information distance named KLD; then the relation between
incipient fault amplitude and SFI is analyzed and obtained
by theoretical derivations and function approximation. The
whole FE strategy is presented in Section 4. Section 5 presents
FE results and discussions about the performance of the
proposed method. Finally, the conclusion drawn from the
research along with discussions is given in Section 6.

2. Related Work

2.1. A Three-Phase Three-Level VSI of CRH2. CRH2 traction
system is a complex electrical system consisting of several
electrical types of equipment, such as traction transformers,
traction rectifiers, traction inverters, and traction motors.
Traction inverter is reviewed as a major part which supply
variable velocity variable frequency voltage. A three-phase
three-level voltage source inverter (VSI) of CRH2 is mainly
component of a filter circuit, overvoltage suppression unit,
Insulated-Gate Bipolar Transistor (IGBT), and so on. As
shown in Figure 1, every IGBT switch is composed of
transistor unit (TU) and diode unit (DU), and there are
altogether twelve switches in the inverter.

The incipient faults in CRH2 had not been considered
sufficiently. Numerous studies [5, 16, 17] have mentioned that
the incipient fault should be characterized with the following
features:

(i) Qualitative aspect: the degree of deteriorated system
performance is such insignificant that it is not enough
to trigger any set alarms.

(ii) Quantitative aspect: the gain percent of deviation,
fault signal comparing with the actual value under
normal condition, is quite small, for example, ranking
from 1% to 10%.

(iii) Necessity aspect: if the incipient fault cannot be
detected successfully and no action is taken, it must
develop to fault or even failure as time goes on.

Based on the main circuit protection list of CRH2, there
are altogether 41 types of faults [1]. Though some 3%–15%

abnormalities can be detected, many missing alarm and false
alarm cases still exist actually. For example, the over current
fault encoded Fault 28 will not trigger any fault alarm.

A physical model of common train systems via first
principals contains 84 differential equations together [18].
When coming to the more complex CRH2, it is impossible
to set up accurate system model. Besides that, charging and
discharging ofmany energy storage devices in high frequency
make signals change frequently. This leads, predominantly,
to the fact that all signals in inverter obey non-Gaussian
distribution. In the following two subsections, preliminaries
of SFI are presented.

2.2. Basic Form of PCA Process Monitoring. PCA is a popular
multivariate statistical method which is proposed for dimen-
sionality reduction of a mass correlated data [19]. The lower
dimensional subspace obtained by projecting contains most
of the original data features [20]. This data-driven method
and its many variants [13, 21, 22] have been successfully
applied in fault detection and diagnosis [14, 15].

The offline training data 𝑋off contains 𝑁 sampling mea-
surements from 𝑚 sensors and can be completely denoted
as 𝑋off = [𝑥1, . . . , 𝑥𝑁], where 𝑥𝑖 is 𝑖-th sampling. It is
usually normalized to zero mean and unit variance before
PCA modeling and its normalized former can be written as𝑋off . Then, the sample covariance matrix can be denoted as

𝑆off = 1𝑁 − 1𝑋𝑇off𝑋off . (1)

Doing SVD on the covariance matrix 𝑆off as

𝑆off = 𝑃Λ𝑃𝑇, (2)

where Λ = diag(𝜆1, 𝜆2, . . . , 𝜆𝑚), all eigenvalues rank in des-
cending order. As given in [20], the loading matrix 𝑃 and
the diagonal eigenvalue matrix Λ are usually divided into the
following formers according to 𝑙:

𝑃 = [𝑃𝑝 𝑃𝑟] ,
Λ = [Λ 𝑝 0

0 Λ 𝑟] ,
(3)

where 𝑃𝑝 ∈ 𝑅𝑚×𝑙, 𝑃𝑟 ∈ 𝑅𝑚×(𝑚−𝑙), Λ 𝑝 ∈ 𝑅𝑙×𝑙, Λ 𝑟 ∈
𝑅(𝑚−𝑙)×(𝑚−𝑙), and 𝑙 is the number of principal components. In
this application, 𝑙 can be obtained by cumulative percent vari-
ance.Then the principal and residual parts of𝑋off can be cal-
culated by 𝑋 = 𝑋off𝑃𝑝𝑃𝑇𝑝 and𝑋 = 𝑋 − 𝑋, respectively.

2.3. Kullback-Leibler Divergence. The KLD is a most fun-
damental quantity in information domain [23]. It has been
reviewed as a power tool in many applications [24, 25]. The
original definition can be found in [26] with the following
former:

𝐼 (𝑓1 ‖ 𝑓2) = ∫𝑓1 (𝑥) log 𝑓1 (𝑥)𝑓2 (𝑥)𝑑𝑥, (4)
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Figure 1: Schematic diagram of CRH2 inverter.

where log(⋅) has base 𝑒, 𝑓1(𝑥) and 𝑓2(𝑥) are the continuous
probability density functions (PDFs), and 𝐼(𝑓1 ‖ 𝑓2) is the
defined KLD of 𝑓2(𝑥) with respect to 𝑓1(𝑥). As pointed in
[23], KLD have the characteristic with Pythagorean inequal-
ity, so a symmetric quantity is usually defined to be

𝐾(𝑓1, 𝑓2) = 𝐼 (𝑓1 ‖ 𝑓2) + 𝐼 (𝑓2 ‖ 𝑓1) . (5)

Given two normal PDFs such that

𝑓1 (𝑥) = 1√2𝜋𝛿1 exp{−
(𝑥 − 𝜇1)22𝛿21 } ,

𝑓2 (𝑥) = 2√2𝜋𝛿2 exp{−
(𝑥 − 𝜇2)22𝛿22 }

(6)

then theKLDbetween two above normal distributions in case
of positive variances in (5) can be equal to

𝐾(𝑓1, 𝑓2)
= 12 [𝛿

2
1𝛿22 +

𝛿22𝛿21 + (𝜇1 − 𝜇2)2 ( 1𝛿21 +
1𝛿22) − 2] . (7)

3. Incipient Fault Estimation Method

3.1. Data Preprocessing. As explained in Section 2.1, CRH2
is a non-Gaussian system which prevents from adapting
existed PCA-based FDD methods. Therefore, preprocessing
the system data combined with its properties should be
considered to cater for the Gaussian distribution of the
measurements from three current sensors in Figure 1. Fol-
lowed by this problem, some preprocessing steps based on

q

b

c

d

a()







Figure 2: Two data space transformations to deal with non-
Gaussian data set.

the characteristic of selected signals should be implemented
before incipient FE.

Let 𝑋𝑎𝑏𝑐,off = [𝑖𝑎 𝑖𝑏 𝑖𝑐] ∈ 𝑅𝑁×𝑚 be the offline normal
current signals of the CRH2; it is straightforward to know
that 𝑚 = 3. Figure 2 gives the relationship among three date
spaces, as 𝑎-𝑏-𝑐 coordinate, 𝛼-𝛽 coordinate, and 𝑑-𝑞 coordi-
nate. In Figure 1, the currents, 𝑖𝑎, 𝑖𝑏, and 𝑖𝑐, are revolving axes
with the same constant length in original 𝑎-𝑏-𝑐 coordinate if
there is no fault.

In stationary coordinates, the phase currents can be
transformed from 𝑎-𝑏-𝑐 frame to 𝛼-𝛽 frame by Clarke
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transformation, and the mathematical formulation is given
in

[𝑖𝛼𝑖𝛽]

= 23
[[[
[
cosΘ cos(Θ − 23𝜋) cos(Θ + 23𝜋)
sinΘ sin(Θ − 23𝜋) sin(Θ + 23𝜋)

]]]
]
𝑋𝑇𝑎𝑏𝑐,off

= 𝐶3𝑆/2𝑆𝑋𝑇𝑎𝑏𝑐,off ,

(8)

where𝐶3𝑆/2𝑆 is the Clarke transformationmatrix andΘ is the
angle between the coordinate𝛼 and the coordinate 𝑎. In order
to reduce complexity, Θ is used to be chosen as 0, which is
depicted in Figure 2.𝑑-𝑞 coordinate in Figure 2 is a rotary frame, and its rotary
angular velocity 𝜔 is synchronous angular velocity. And the
transformation angle can be calculated by 𝜃 = 𝜔𝑡. Then the
currents 𝑖𝑑 and 𝑖𝑞 can be derived from 𝑖𝛼 and 𝑖𝛽 in stationary𝛼-𝛽 frame, and the Park transformationmatrix𝐶2𝑆/2𝑅 is given
as follows:

𝐶2𝑆/2𝑅 = [ cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃] . (9)

Furthermore, the transformationmatrix from 𝑎-𝑏-𝑐 coor-
dinate to 𝑑-𝑞 coordinate can be obtained by combination of
Clarke and Park transformation matric, and its form can be
given as

𝐶3𝑆/2𝑅 = 𝐶2𝑆/2𝑅𝐶3𝑆/2𝑆

= 23
[[[
[

cos 𝜃 cos(𝜃 − 23𝜋) cos(𝜃 + 23𝜋)
− sin 𝜃 − sin(𝜃 − 23𝜋) − sin(𝜃 + 23𝜋)

]]]
]
. (10)

With𝑋𝑑𝑞,off ∈ 𝑅𝑁×2 = [𝑖𝑑 𝑖𝑞]𝑇, it can be obtained by

𝑋𝑑𝑞,off = 𝑋𝑎𝑏𝑐,off𝐶𝑇3𝑆/2𝑅. (11)

By the nonlinear projections in (11), 𝑋𝑑𝑞,off can be expressed
as

𝑋𝑑𝑞,off = 𝑋𝑑𝑞,off + 𝑋𝑑𝑞,off
= 𝑋𝑑𝑞,off𝑃pc𝑃𝑇pc + 𝑋𝑑𝑞,off𝑃res𝑃𝑇res
= 𝑋𝑎𝑏𝑐,off𝐶𝑇3𝑆/2𝑅𝑃pc𝑃𝑇pc + 𝑋𝑎𝑏𝑐,off𝐶𝑇3𝑆/2𝑅𝑃res𝑃𝑇res,

(12)

where 𝑋𝑑𝑞,off and 𝑋𝑑𝑞,off are the principal and residual
subspace belonging, respectively, to 𝑋𝑑𝑞,off , and 𝑃pc and 𝑃res
are principal and residual vectors of 𝑋𝑑𝑞,off . Since 𝐶3𝑆/2𝑅
is closely related to the rotary angular velocity 𝜔 of 𝑑-𝑞
coordinate, both of the two subspaces must be rotary. Then,
the three-phase sine currents can be projected on RPCS and
RRS, which are, respectively, spanned by 𝑃pc and 𝑃res.

Remark 1. Thedata processing in (12) transforms the original
data set𝑋𝑎𝑏𝑐,off into a new rotary data set𝑋𝑑𝑞,off which obeys
Gaussian distribution approximately. It make an important
connection between Λ in (2) and 𝛿2 in (7). Rewriting 𝑇 =(𝑡1, . . . , 𝑡𝑚) and combining (1) with (2), it is easy to know that𝛿2𝑖 = var(𝑡𝑖) = 𝜆𝑖, where 𝑖 = 1, . . . , 𝑚. Considering 𝑓(𝑘) as
the referencedmodel obtained by offline data and calculating𝑓(𝑘) from the online data, then KLD can be used as a SFI to
estimate amplitude of incipient fault online.

3.2. SFI. After the above nonlinear projections, the measure-
ment signals obey Gaussian distribution. Let the reference
PDF of score be that 𝑓𝑘 = N(𝜇𝑘, 𝛿2𝑘), 𝑘 ∈ [1,𝑚]. After data
normalization for 𝑋𝑑𝑞,off , every column of 𝑋𝑑𝑞,off will have
zero mean and unit variance.Then, 𝜇𝑘 is zero and every vari-
ance parameter 𝛿𝑘 of principal score 𝑡𝑘 can be obtained byΛ 𝑝
in (3). For online sampling, the online PDF 𝑓(𝑘) = N(𝜇𝑘, 𝛿2𝑘)
can be estimated via scores in RPCS and RRS.

If the incipient fault can be estimated accurately, one
SFI with high sensitivity to fault should be chosen. In order
to emphasize the unpredictable small changes caused by
incipient faults, the SFI using KLD can be defined as

SFI𝑘 = 𝐾 (𝑓𝑘, 𝑓𝑘) = 12 sgn (𝜇𝑘 − 𝜇𝑘)
⋅ [𝛿2𝑘𝛿2
𝑘

+ 𝛿2𝑘𝛿2
𝑘

+ (𝜇𝑘 − 𝜇𝑘)2( 1𝛿2
𝑘

+ 1̃
𝛿2
𝑘

) − 2] , (13)

where sgn(𝑥) is the sign of 𝑥.
For the SFI in (13), it contains two terms of parameters, as𝜇𝑘 and 𝛿2𝑘 obtained from offline data and 𝜇𝑘 and 𝛿2𝑘 calculated

in real-time.

Remark 2. If the slight abnormality can be estimated accu-
rately, SFI in (13) should conform with four conditions: (i)
sufficient sensitivity to faults; (ii) appropriate robustness to
noises; (iii) precise relation between fault amplitude and SFI;
(iv) the relation from fault amplitude to SFI which is a double
mapping function.

For condition (i), the proposed SFI is more sensitive
thanMahalanobis distance and Euclidean; similar theoretical
demonstration can be found in [27]. For condition (ii), the
satisfied robustness to noises is analyzed in Section 5.3.
Condition (iii) is easy to achieve because many curve fitting
techniques can be used. In this application, neural network
is adopted; this relation and approving experimental results
are presented in Sections 3.3 and 5.2, respectively. And the
mapping relation in condition (iv) is established, because sgn
function ensures that fault and SFI share the same sign, and
the positive correlation between fault amplitude and SFI can
be known from Sections 3.3 and 3.4.

Remark 3. The developed SFI in (13) has three advantages
over other related works. Firstly, it is more effective in
detecting the change inmean deviation, while themethods in
[16, 17] are not capable because they used the assumption that
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(𝜇𝑘 −𝜇𝑘) is 0. Secondly, it can determine the sign of the faulty
parameter, which is useful in the subsequent fault isolation.
Thirdly, it is more robust to noises and disturbances than the
methods in [16], because a moving window strategy is used
in (13).

3.3. Covariance Matrix Analysis. For simplicity, 𝑋𝑑𝑞,off is
replaced by 𝑋off = [𝑥𝑑 𝑥𝑞] in the following analysis. In this
study, let 𝑖-th measurement variable of fault-free portion be𝑥𝑖. In the presence of an incipient fault 𝑓𝑖, the sample value𝑥𝑓 can be described as follows [13]:

𝑥𝑓 = 𝑥𝑖 + 𝑓𝑖. (14)

In order to simplify analysis, (14) can be further rewritten as

𝑥𝑓 = (1 + 𝜁𝑖) 𝑥𝑖, (15)

where 𝜁𝑖 = 𝑓𝑖./𝑥𝑖 is the amplitude variation rate on𝑥𝑖. Assume
that there are 𝑁 observations; then (15) within multivariate
statistical former can be expressed as the following expres-
sion:

𝑋𝑓 = 𝑋off + Ξ ∘ 𝑋off , (16)

where Ξ = [𝜁1, . . . , 𝜁𝑖, . . . , 𝜁𝑚] ∈ 𝑅𝑁×𝑚 is fault magnitude rate
(FMR) matrix and ∘ denotes Hadamard product.

Assume that 𝑑-th sensor is affected by incipient fault after
the sampling step 𝑏, and the change of fault amplitude 𝑎
depends on sampling step 𝑗; then Ξ = [0 ⋅ ⋅ ⋅ 𝜁𝑑 ⋅ ⋅ ⋅ 0], and the
FMR vector 𝜁𝑑 = [0 ⋅ ⋅ ⋅ 𝑎𝑏𝑑 ⋅ ⋅ ⋅ 𝑎𝑁𝑑]𝑇. For simplicity, the single
FMR value 𝑎𝑗𝑑 is abbreviated as 𝑎(𝑗) where 𝑗 = 1, . . . , 𝑁.
Here, 𝑎(𝑗) = 0 when 𝑗 ∈ [1, 𝑏 − 1]; and ∃𝑎(𝑗) ̸= 0 if 𝑗 ≥ 𝑏.
For incipient fault, the fault magnitude satisfy 𝑎(𝑗)𝑥𝑗𝑖 = 𝛿𝑖
in a size of small moving window 𝑛; then one can know that𝑎(𝑏) = ⋅ ⋅ ⋅ = 𝑎(𝑛) = 𝑎. After data normalization using the
means and variances obtained by offline data set, 𝑋𝑓 in (16)
can be rewritten as

𝑋𝑓 = 𝑋off + Ξ ∘ 𝑋off , (17)

where 𝑋off = [𝑥1/𝛿1, 𝑥2/𝛿2, . . . , 𝑥𝑚/𝛿𝑚] ∈ R𝑁×𝑚. Substitut-
ing𝑋off by𝑋𝑓 in (2), the online covariance matrix is

𝑆𝑓 = 1𝑁 − 1𝑋𝑓𝑇𝑋𝑓 = 𝑆off + 1𝑁 − 1 [𝑋𝑇𝑛 (Ξ ∘ 𝑋𝑛)
+ (Ξ ∘ 𝑋𝑛)𝑇𝑋𝑛 + (Ξ ∘ 𝑋𝑛)𝑇 Ξ ∘ 𝑋𝑛] = 𝑆off
+ 𝑎𝑁 − 1 (Ψ1 + Ψ2 + Ψ3) = 𝑆off + Δ𝑆,

(18)

where Ψ1 = 𝑋𝑇off (Ξ ∘ 𝑋off )/𝑎, Ψ2 = (Ξ ∘ 𝑋off )𝑇𝑋off/𝑎, Ψ3 =(Ξ ∘ 𝑋off )𝑇Ξ ∘ 𝑋off/𝑎, and Δ𝑆 = (𝑎/(𝑁 − 1))(Ψ1 + Ψ2 + Ψ3).

Based on the computation rule of Hadamard product, we can
see that

Ψ1 =
[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ 𝛽1 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛽𝑑 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝛽𝑚 ⋅ ⋅ ⋅ 0

]]]]]]]]]]
]

,

Ψ2 =
[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0
... ... ... ... ...
𝛽1 ⋅ ⋅ ⋅ 𝛽𝑑 ⋅ ⋅ ⋅ 𝛽𝑚... ... ... ... ...
0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0

]]]]]]]]]]
]

,

Ψ3 =
[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 ⋅ ⋅ ⋅ 𝜑 ⋅ ⋅ ⋅ 0
... ... ... ... ...
0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0

]]]]]]]]]]
]

,

(19)

where 𝛽𝑖 = 𝑥𝑇𝑖 𝜏𝑑, 𝜏𝑑 = [0, . . . , 𝑥𝑏𝑑/𝛿𝑑, . . . , 𝑥𝑁𝑑/𝛿𝑑]𝑇, and 𝜑 =∑𝑁𝑗=1[𝑎(𝑗)𝜏𝑗𝑑]2.
Asymptotically, Δ𝑆 → 0 as 𝑎 → 0. Comparing the

covariance matrices 𝑆𝑓 to 𝑆off , the statistical parameters Δ𝑆
will be changed slightly by the amplitude of incipient fault 𝑎.
Because the spanned vectors in RPCS andRRS share the same
directions, variations in the eigenvalues will be tinily affected
by 𝑎 from the expression of 𝑆𝑓. Based on (18), there is

𝑆𝑓 = 𝑆𝑛 + Δ𝑆 = 𝑃 (Λ 𝑛 + ΔΛ)𝑃𝑇 = 𝑃Λ 𝑓𝑃𝑇. (20)

That is to say thatΔΛ ≈ 0when themeasurements are affected
by tiny abnormal value.Then Taylor development forΛ 𝑓 can
be used in the neighborhood of 𝑎 = 0with the following form:

Λ 𝑓 = Λ 𝑛 + 𝜕Λ 𝑓𝜕𝑎 𝑎 + 12
𝜕2Λ 𝑓𝜕𝑎2 𝑎2 + ⋅ ⋅ ⋅ + 1𝑜!

𝜕𝑜Λ 𝑓𝜕𝑎𝑜 𝑎𝑜
+ 𝑅𝑜 (𝑎) .

(21)

From (20), Λ 𝑓 = 𝑃𝑇𝑆𝑓𝑃. Substituting (21) into (20), it has
ΔΛ = Λ 𝑓 − Λ 𝑛

= 𝑎 × 𝑃𝑇 𝜕𝑆𝑓𝜕𝑎 𝑃 + 𝑎22! × 𝑃𝑇 𝜕2𝑆𝑓𝜕𝑎2 𝑃 + ⋅ ⋅ ⋅ + 𝑎𝑜𝑜!
× 𝑃𝑇 𝜕𝑜𝑆𝑓𝜕𝑎𝑜 𝑃 + 𝑃𝑇𝑅𝑜 (𝑎) 𝑃,

(22)
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where
𝜕𝑆𝑓𝜕𝑎 = 1𝑁 − 1 (Ψ1 + Ψ2) + 2𝑎𝑁 − 1Ψ3,
𝜕2𝑆𝑓𝜕𝑎2 = 2𝑁 − 1Ψ3;

(23)

then 𝜕3𝑆𝑓/𝜕𝑎3 = ⋅ ⋅ ⋅ = 𝜕𝑜𝑆𝑓/𝜕𝑎𝑜 = 𝑅𝑜(𝑎) = 0. It is interesting
to find that all higher-order partial derivatives of 𝑆𝑓 are equal
to 0 if their order is more than 2. Thus, ΔΛ can be described
as

ΔΛ = 𝑎𝑁 − 1𝑃𝑇 (Ψ1 + Ψ2) 𝑃 + 3𝑎2𝑁 − 1𝑃𝑇Ψ3𝑃. (24)

Remark 4. From (24), ΔΛ is only affected by fault amplitude.
As Λ = Var(𝑋off𝑃) and ΔΛ = Var(𝑋𝑓𝑃), the KLD
between offline and online PDFs can be directly calculated
by Λ and ΔΛ instead of obtaining PDFs by kernel density
estimation, the merit of which is a remarkable computational
cost reduction.

3.4. Incipient FE Analysis. Recall (13) and combine assump-
tions 𝑓𝑘 and 𝑓𝑘 which are the PDFs of 𝑡𝑘 and �̃�𝑘; then the 𝑘-th
SFI can be written as

SFI𝑘 = sign (𝜇𝑘 − 𝜇𝑘)2 [𝜆𝑘�̃�𝑘 +
�̃�𝑘𝜆𝑘

+ (𝜇𝑘 − 𝜇𝑘)2 ( 1𝜆𝑘 +
1̃
𝜆𝑘) − 2] = sign (𝜂3)

⋅ (𝑎𝜂1 + 𝑎2𝜂2)2 + 𝜂23 [2𝜆𝑘 + 𝑎𝜂1 + 𝑎2𝜂2]2 (𝜆𝑘 + 𝑎𝜂1 + 𝑎2𝜂2) ,

(25)

where

𝜂1 = 1𝑁 − 1𝑃𝑇 (Ψ1 + Ψ2) 𝑃,
𝜂2 = 3𝑁 − 1𝑃𝑇Ψ3𝑃,
𝜂3 = 𝜇𝑘 − 𝜇𝑘.

(26)

In (25), 𝜂1, 𝜂2, and 𝜂3 can be obtained according to online
data. The variations of SFI caused by incipient fault only
depend on fault magnitude from the above expressions. In
fact, there exists four candidate items for analytical expression
of 𝑎which allow one to derive relation among fault amplitude
and KLD. However, two main reasons make this solution
improper results: (i) this may lead to a undetermined result
from four analytical expressions of 𝑎; (ii) some approximate
conditions are used in the above expressions, which must
introduce estimation bias on fault amplitude even if the
system noise is considered.

By considering the relation in (25), the correlation
between SFI and fault amplitude can be hence given as

𝑎 = 𝑓 (SFI𝑘) ∝ SFI𝑘. (27)
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Figure 3: The relation between 𝑎 and SFI1.
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Figure 4: The relation between 𝑎 and SFI2.

In (27), the correlation 𝑓 must be nonlinear and monotonic
increasing. Then, an alternative solution based on neural
network is used to determine the nonlinear relationship𝑓. By backpropagation neural network, the correlations for
application in Section 5 are shown in Figures 3 and 4. Both
curves reflect the correlations which are described in (27).
The curves in both Figures 3 and 4 providing an indicator
proportional to abnormality allow for the possibility of FE.

4. On-Line Fault Estimation Strategy

The flow diagram of fault estimation strategy is given in
Figure 5, which contains data preprocessing, SFI, and fault
estimation. The data processing is one of the key steps in
Figure 5, which can make the original data set obey Gaussian
distribution in the rotary space. And the rotary speed
depends on the rotary angular velocity 𝜔 of traction motor
in CRH2. In addition, data normalization is needed, which
gives the same weighting for 𝑖𝑑 and 𝑖𝑞 and simplifies the
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Figure 5: Flow diagram of incipient FE based on the proposed
approach.

online fault diagnosis algorithms. The data normalization
steps are summarized in Algorithm 5, and projecting original
data into a rotary space is embedded in Algorithms 6 and 7.
In addition, the complete fault estimation strategy shown in
Figure 5 can be implemented by Algorithms 6 and 7.

Algorithm 5. Consider the following.

Step 1. Define 𝑋 = [𝑥𝑘(1), . . . , 𝑥𝑘(𝑚)] ∈ 𝑅𝑁×𝑚, where 𝑘 =1, . . . , 𝑁 and 𝑖 = 1, . . . , 𝑚; then calculate the mean value and
variance of every column as

𝑥 (𝑖) = 1𝑁
𝑁∑
𝑘=1

𝑥𝑘 (𝑖) ,

𝜎2 (𝑖) = 1𝑁 − 1
𝑁∑
𝑘=1

(𝑥𝑘 (𝑖) − 𝑥 (𝑖))2 .
(28)

Step 2. Based on 𝑥(𝑖) and 𝜎, the normalization data 𝑥𝑘(𝑖) can
be defined by the following equation:

𝑥 (𝑖) = [𝑥1 (𝑖) − 𝑥 (𝑖)𝜎 (𝑖) ⋅ ⋅ ⋅ 𝑥𝑁 (𝑖) − 𝑥 (𝑖)𝜎 (𝑖) ]𝑇 . (29)

4.1. Offline Modeling Steps

Algorithm 6. Consider the following.

Step 1. Collect normal operating data 𝑋𝑎𝑏𝑐,off ∈ 𝑅𝑁×3 from
three current sensors in CRH2 under steady state.

Step 2. Project𝑋𝑎𝑏𝑐 into a rotary data space𝑋𝑑𝑞,off ∈ 𝑅𝑁×2 by
(11).

Step 3. Normalize𝑋𝑑𝑞,off by Algorithm 5.

Step 4. Do an SVD as follows:

1𝑁 − 1𝑋𝑇𝑑𝑞,off𝑋𝑑𝑞,off = 𝑃Λ 𝑛𝑃𝑇, (30)

where Λ 𝑛 = diag(𝜆1, 𝜆2) and 𝜆1 > 𝜆2.
Step 5. Calculate the score matrix in RPCS by

𝑇 = (𝑡1, 𝑡2) = 𝑋𝑑𝑞,off𝑃, (31)

where 𝑡𝑖 = [𝑡1,𝑖 ⋅ ⋅ ⋅ 𝑡𝑗,𝑖 ⋅ ⋅ ⋅ 𝑡𝑁,𝑖]𝑇, 𝑖 = 1, 2.
Step 6. Obtain the mean value and variance of score vector by

𝜇𝑖 = 1𝑁
𝑁∑
𝑗=1

𝑡𝑗,𝑖,
𝛿2𝑖 = 𝜆𝑖.

(32)

Step 7. Determine the nonlinear double mapping relations
between 𝑎 and SFI1, SFI2.

4.2. Online FE Steps

Algorithm 7. Consider the following.
Step 1. Load a new current data 𝑥new from the running CRH2.

Step 2. Project 𝑥new into RPCS and normalize the data 𝑥𝑑𝑞,new
as 𝑥𝑑𝑞,new using Algorithm 5.

Step 3. Obtain online score vector 𝑇new by

𝑇𝑑𝑞,new = (�̃�1, �̃�2) = 𝑋𝑑𝑞,new𝑃, (33)

where �̃�𝑖 = [𝑡1,𝑖 ⋅ ⋅ ⋅ 𝑡𝑗,𝑖 ⋅ ⋅ ⋅ 𝑡𝑛,𝑖]𝑇 and 𝑛 is the size of moving
window.

Step 4. Calculate the mean value and variance of the online
score vector by

𝜇𝑖 = 1𝑛
𝑛∑
𝑗=1

�̃�𝑗,𝑖,
𝛿2𝑖 = var (�̃�𝑗,𝑖) .

(34)

Step 5. Compute SFI by (13).

Step 6. Estimate the fault amplitude according to the obtained
relations in Step 7 of Algorithm 6. And then go back to Step1.
Remark 8. The reasons for adopting moving window ap-
proach in Step 3 of Algorithm 6 are the following: (i) the
single sampling value has no mean and variance; (ii) the
moving window approach can weaken the influences caused
by noises.
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Figure 6: Experimental setup with fault injection.

5. Results and Illustrations

In order to test the performance of the proposed method,
some experiments of CRH2 explored by Central South
University [28] are conducted in this section, as shown in
Figure 6. The experimental setup with fault injection oper-
ations of CRH2 consists of DSP controller, upper computer,
dSPACE, data acquisition, and display devices. Its main
parameters in electric multiple unit (EMU) are given in
Table 1. In this part, we concentrate on incipient sensor FE
to illustrate the effectiveness of the proposed methodology.

5.1. Incipient Fault Injections. When the reference running
speed 200Km/h is given, the tendency of six curves will be
invariable after 1 s. It indicates that the traction system is
running in the steady state. Therefore, the historical data are
generated after 1 s to establish the offline data model. In this
paper, we consider three continuous output currents as the
selected signals.

For simplification without generality, 𝑎-phase current is
chosen as the corrupted signal. And two types of incipient
current sensor faults are considered.

Case 1 (incipient bias fault 𝑓1). After 0.5 s, 𝑓1 = 0.5A is
injected into 𝑖𝑎.
Case 2 (incipient ramp fault 𝑓2). After 0.5 s, 𝑓2 = 2(𝑡 − 0.5)A
is injected into 𝑖𝑎.
5.2. Incipient Fault Estimation Results

(1) Results for 𝑓1. For the normal and the corrupted current
signalswith𝑓1, both data sets under SNR=30 db are provided
in rotary space, as shown in Figure 7.The added sensor noise
allows the SNR of 30 db which is a reasonable noise level
for electric system. And the equivalent value of actual fault
is presented in Figure 8. As the current sensors are infected
by the zero-mean Gaussian noises, there exists extreme tiny
value in the case of normal condition which can be filtered
out by using the proposed method. After 0.5 s, the constant
bias fault will be invariably fluctuating by the preprocessing,
as shown in Figure 8. In rotary data space, this waving
abnormality is sine wave whose period and amplitude is
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Figure 7: The influence on rotary date space caused by 𝑓1.
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Figure 8: Fault amplitude of 𝑓1 in rotary date space under SNR =
30 db.

dependent on synchronous angular velocity 𝜔 and abnormal
value, respectively.

Based on the online strategy in Section 4, two latent com-
ponents are selected to describe the data model in rotary
space. This is caused by two approximate equalities of eigen-
values in (30). In Figures 9 and 10, two SFIs display the
sensitivity to tiny distortion. Both figures clearly show this
effectiveness for small bias. This performance is actually per-
fect for practical application under 30 db noise level.

In Figures 11 and 12, the red line is actual incipient fault
value on 𝑖𝑎, and the blue line marked by + is the estimation
value 𝑎 by using the proposed method. On the basis of
the enlarge figure in Figure 11, the estimation amplitude is
close to actual fault value, which can show the correctness
of the proposed incipient fault estimation method. However,
there exists small acceptable delay for estimation results. The
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Table 1: The system parameter for EMU in CRH2.

Variables Variable name Setting value (units)
𝑈𝑑 Intermediate DC voltage 2600 (V)
𝜙 Set magnetic flux linkage 1.858 (Wb)
𝑇𝑠 Inverter switching time 1𝑒 − 4 (s)
𝑡𝑠 Sampling time 1𝑒 − 5 (s)
𝑇 Rectifier switching time 8𝑒 − 4 (s)
𝐿𝑚 Mutual inductance 3.285𝑒 − 2 (H)
𝐿 𝑟 Rotor self-inductance 3.414𝑒 − 2 (H)
𝐿 𝑟𝑙 Leakage inductance in rotor side 1.294𝑒 − 3 (H)
𝐿 𝑠 Inductance in stator side 3.427𝑒 − 2 (H)
𝐿 𝑠𝑙 Leakage inductance in stator side 1.417𝑒 − 3 (H)
𝑛𝑝 Pole pairs 2 (1)
𝐾𝐼𝑀 Integral value in the first phase controller 0 (1)
𝐾𝑃𝑀 Proportion value in the first phase controller 30 (1)
𝐾𝐼𝑇 Integral value in the second phase controller 0 (V)
𝐾𝑃𝑇 Proportion value in the second phase controller 50 (V)
𝑅𝑟 Rotor resistance 0.146 (Ω)
𝑅𝑠 Stator resistance 0.114 (Ω)
𝐿𝑁 Leakage inductance in secondary side of transformer 0.002 (H)
𝐶1, 𝐶2 Supported capacitance 16 (mF)
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Figure 9: SFI1 for 𝑓1 in the case of SNR = 30 db.

reason for this phenomenonwill be discussed in the following
subpart. Similarly, the result depended on SFI2 in Figure 12
also showing its satisfied estimation performance.

(2) Results for 𝑓2. For a ramp incipient fault, its wave and the
corresponding corrupted signals 𝑖𝑎 are shown in Figure 13.
In this case, the tiny amplitude 𝑎 is steadily climbing from 0
to 1% when the time ranged from 0.5 s to 1 s. Therefore, this
must lead to the higher difficulty for FE than constant bias
distortion. By using the nonlinear projection onto the rotary
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Figure 10: SFI2 for 𝑓1 in the case of SNR = 30 db.

space, its characteristic of gradually changing is invariable,
which is depicted in Figure 14.

For this type of slight abnormality, Figures 15 and 16
present SFI1 and SFI2. From two indicators, both SFI1 and
SFI2 can emphasize the tiny fault successfully. It is interesting
to see that two curves are fluctuated with fault amplitude.

After successfully detecting drifting fault, Figures 17 and
18 display the actual and estimated incipient fault amplitude
under SNR = 30 db. In Figures 17 and 18, the estimated
amplitude is close to actual fault value according to the red
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Figure 11: FE result for 𝑓1 via SFI1.
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Figure 12: FE result for 𝑓1 via SFI2.

line and marked blue line. Even coming to the very tiny fault
amplitude, the accuracy of results is still acceptable.

5.3. Discussions. Based on (11), if there exists an incipient
fault𝑓𝑎𝑏𝑐 in current sensors, the derived forms in rotary space
can be described as

𝑓𝑑,𝑎 = 23 cos 𝜃𝑓𝑎𝑏𝑐,𝑎,
𝑓𝑞,𝑎 = −23 sin 𝜃𝑓𝑎𝑏𝑐,𝑎,

(35)

where 𝑓𝑎𝑏𝑐,𝑖 is the incipient fault in 𝑖-th sensor, 𝑖 = 𝑎, 𝑏, 𝑐, and𝑓𝑑𝑞,𝑗 is its equivalent form in 𝑗 coordinate, 𝑗 = 𝑑, 𝑞.Therefore,
both bias and drifting fault will be transformed to periodic
signals which are described in Figures 7 and 14.
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Figure 13: 𝑖𝑎 sensor with 𝑓2.
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Figure 14: The influence on the rotary space cased by 𝑓2.
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Figure 16: SFI2 for 𝑓2 in the case of SNR = 30 db.
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Figure 17: FE result for 𝑓2 via SFI1.
In this paper, the number of scores within the moving

window is chosen, 20. Following the results in two examples,
a window size of 𝑛 = 20 is sufficient for perfect FE per-
formance. However, it has a little flawwhich is the short delay.
On the online stage, the estimated mean 𝜇 and variance 𝛿 of
score vector in (34) are calculated by using multiple current
measurements. This will lead to two results.

(i) Improving the robustness: by using the moving win-
dow approach in online computation part, the sensor
noise effect can be notably reduced.Theoretically, the
effect caused by noise will be completely filtered out if
the window size trends toward infinity.

(ii) Producing the time or step delay: because of peri-
odicity of fault value after nonlinear projection, the
amplitude will fluctuate between its bottom and peak
in the rotary space. Combining with multiple score
values, the evaluation function at step 𝑘 will be
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Figure 18: FE result for 𝑓2 via SFI2.

impacted by 𝑡𝑘−𝑛+1, . . . , 𝑡𝑘−1 which are in the window.
In fact, the length of delay is dependent on themoving
window size. If 𝑛 is chosen as 1, the SFI can be only
determined by the current score value. In this case,
the delay can be eliminated.

Therefore, the tradeoff between robustness and the esti-
mation delay should be considered in choosing the window
size 𝑛. From the asymptotic behavior of SFI, increasing the
number of score value does not affect the robustness when𝑛 > 30. In fact, this effect can be approximately achieved
if 𝑛 ≥ 20. This characteristic was illustrated and shown in
incipient fault detection [27]. Moreover, the waves of SFI and
estimation values are similar to actual fault value. As the
longer window size is chosen, the similarity among them will
be reduced, and fault estimation delay will become bigger. In
addition, for the degradation in sensor precision, the large
window size is problematic.

The sampling time of the experimental platform in Table 1
gives the step time. Then, the constant delay time is 0.4ms
which can be obtained by the size of moving window. From
the enlarge pictures in four fault estimation figures, the
short delay is acceptable for industrial application. Among
them, Figures 11 and 12 perform better amplitude estimation
because of the bigger fault amplitude.

Beyond the moving size, Fault-to-Noise-Ratio (FNR)
is introduced to explain the effectiveness of the proposed
method from the results in Figures 17 and 18. It is well known
that FNR is defined as FNR = 10 log(𝛿2𝐹/𝛿2𝑁), where 𝛿2𝐹 and𝛿2𝑁 are fault power and noise level, respectively, although
the weaker results than Figures 11, 12, 17, and 18 show more
useful information by varying FNR. For the drifting fault
in Figure 13, the peak of FNR level in every period ranges
from minus infinity to 10 db after 0.5 s. From the FE results,
it can be seen that the proposed SFI in this paper is sensitive
enough to emphasize such tiny abnormality under high noise
levels.
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6. Conclusion

In this paper, the real-time incipient sensor FE in CRH2
is investigated. An effective SFI based on KLD and PCA
is developed and analyzed. In order to cater for the latent
requirement of PCA, a rotary space is firstly introduced into
data-driven FDD and FE domain. The proposed FE metho-
dology can not only emphasize the tiny abnormality but also
be insensitive to sampling noises. Through testing incipient
faults in experimental setup of CRH2, the feasibility and
efficiency of the developed method are validated. The effect
of some factors on FE results have further been explored.
Moreover, the proposed method can be extended to other
electrical systems based on the nonlinear projections and SFI
from both theoretical and practical points.
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Leibler divergence,” IEEE Transactions on Information Theory,
vol. 60, no. 7, pp. 3797–3820, 2014.

[24] X. Nguyen, M. J. Wainwright, and M. . Jordan, “Estimating
divergence functionals and the likelihood ratio by convex risk
minimization,” IEEE Transactions on Information Theory, vol.
56, no. 11, pp. 5847–5861, 2010.

[25] A.-K. Seghouane, “A Kullback-Leibler divergence approach to
blind image restoration,” IEEETransactions on Image Processing,
vol. 20, no. 7, pp. 2078–2083, 2011.

[26] S. Kullback and R. A. Leibler, “On information and sufficiency,”
Annals of Mathematical Statistics, vol. 22, pp. 79–86, 1951.



Mathematical Problems in Engineering 13

[27] J. Zeng, U. Kruger, J. Geluk, X. Wang, and L. Xie, “Detecting
abnormal situations using the Kullback-Leibler divergence,”
Automatica, vol. 50, no. 11, pp. 2777–2786, 2014.

[28] C. Yang, C. Yang, T. Peng, X. Yang, and W. Gui, “A fault-injec-
tion strategy for traction drive control systems,” IEEE Transac-
tions on Industrial Electronics, vol. 64, no. 7, pp. 5719–5727, 2017.



Research Article
Robust Course Keeping Control of a Fully
Submerged Hydrofoil Vessel with Actuator Dynamics:
A Singular Perturbation Approach

Sheng Liu, Changkui Xu, and Lanyong Zhang

College of Automation, Harbin Engineering University, Harbin 150001, China

Correspondence should be addressed to Changkui Xu; xuchangkui@hrbeu.edu.cn

Received 27 May 2017; Accepted 26 July 2017; Published 5 September 2017

Academic Editor: Shoudong Huang

Copyright © 2017 Sheng Liu et al.This is an open access article distributed under theCreativeCommonsAttributionLicense, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper presents a two-time scale control structure for the course keeping of an advancedmarine surface vehicle, namely, the fully
submerged hydrofoil vessel. The mathematical model of course keeping control for the fully submerged hydrofoil vessel is firstly
analyzed. The dynamics of the hydrofoil servo system is considered during control design. A two-time scale model is established
so that the controllers of the fast and slow subsystems can be designed separately. A robust integral of the sign of the error (RISE)
feedback control is proposed for the slow varying system and a disturbance observer based state feedback control is established
for the fast varying system, which guarantees the disturbance rejection performance for the two-time scale systems. Asymptotic
stability is achieved for the overall closed-loop system based on Lyapunov stability theory. Simulation results show the effectiveness
and robustness of the proposed methodology.

1. Introduction

With the development of science and technology, maritime
transport has entered a high-speed era. As an advanced
marine surface vehicle, the fully submerged hydrofoil vessel
(FSHV) can cruise at a high speed under rough sea wave.The
lift force of the hydrofoils generated by the high-speed fluid
can elevate the ship hull from the water, which highly reduces
the wave resistance and friction to the ship [1–3]. However, it
also leads to instability of the open loop system of the FSHV.
Therefore, an autopilot is necessary for this type of hydrofoil
vessels. Currently, the commercial control system equipped
on board is based on optimal control theory which has a weak
disturbance rejection property [3–5]. For the sake of the high
cruising speed, the nonlinear hydrodynamic damping of the
FSHV cannot be neglected [6], so that the widely used model
of marine surface vessels can be no longer applicable for the
existence of strong coupling between yaw and roll dynamics.
Moreover, themodel uncertainties and stochastic disturbance
caused by wind, waves and currents also make it difficult for
precise steering of this species of marine vehicle.

In fact, the path ofmarine vessels is usually straight line or
straight lines formed by waypoints, on which condition there

is little coupling between the heave/pitch dynamics and the
yaw/roll dynamics. Some literatures have been investigated
about the riding control [3, 4]. This paper mainly focuses on
the steering control of the FSHV.

As for the nonlinear steering control for marine vessels,
a series of control methodologies have been explored, such
as advanced sliding mode control [7–9], robust control [10,
11], and adaptive control [12–14]. But these passive distur-
bance attenuation control methods may suffer from actuator
chattering, system conservation, derivative explosion, and
rigorous proof for stability. In some literatures, intelligent
approximations, such as fuzzy logic [15] and neural network
[16], are introduced as feedforward components for estima-
tion and disturbance compensation. But the convergence rate
of weight function and the problem of extremum solving still
remain to be settled. Disturbance rejection control is widely
applied in rigid-body dynamics and servo systems [17–19].
Disturbance observer based control (DOBC) approaches
can estimate the generalized disturbances and improve the
robustness of the systems in an active way. Control applica-
tions in many different fields have validated the effectiveness
of the DOBC, such as manipulator tracking control [20],
power system control [17, 18], and missile guidance and
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control [19, 21]. Due to the simple structure of the DOB,
it is often used in real-time control applications for high
precision. To enhance the disturbance rejection performance,
a composite hierarchical antidisturbance control (CHADC)
is proposed in [22–25]. In this method, the disturbance
observer is built in the inner-loop to estimate the generalized
disturbance, and an outer-loop robust controller is also
developed to compensate for the residual error of the DOB
[22]. However, time scale separation and cascade analysis for
multi-time scale subsystem are not included.

In the existing literatures about motion control of marine
vehicles with actuator dynamics, the actuator system is always
regarded as a first-order inertial element [26]. However,
most actuator systems are servo systems driven by electric
motors or electronic-hydraulic mediums. The first-order
inertial model cannot present the main features of these
servo systems since there are high-order dynamic elements
and model uncertainties in the servo systems, and most
servo systems do not have static stability. Therefore, the
controller for the inner-loop needs to be designed addition-
ally. Current approaches for control design together with
actuator dynamics are based on backstepping and cascade
system theory, which consider the rigid-body dynamics and
the actuator dynamics as an integrated system [26], so that
the control input can be calculated directly. However, these
methodologies take little emphasis on the interconnection
between actuator dynamics and attitude stabilization, as well
as the closed-loop stability analysis for the overall systemwith
different time scales. The main reasons for this problem are
listed as follows.

(1) In most cases, adding the servo system for the
actuator mechanism into the control objective will
lead to the increase of the relative degree of the overall
system, which will cause the so-called “explosion of
complexity,” such that backstepping based control
strategies are no longer conventional.

(2) The frequency response of the actuator servo system
is different from that of the attitude tracking system.
Therefore, it is not advisable to make the system
control design using classical state feedback control
methodologies just in a simply single scheme.

(3) External disturbance and model uncertainties exist
in both of the systems mentioned above, where their
physical characteristics are different according to the
time scales of the attitude tracking subsystem and
the actuator subsystem. In order to guarantee the
control precision and disturbance rejection perfor-
mance, time scale separation is required to justify
the implementation of the controller design for each
subsystem.

When the actuator dynamics is considered in the control
design for the course keeping control of the FSHV,multi-time
scale phenomenon tends to be particularly sensitive for the
interconnection analysis of the overall system. Singular per-
turbation approach is such a method to analyze and separate
different time scale motions in control problems [27–30]. In
this approach, by introducing a small time scale parameter 𝜀,

the overall system is decomposed into two different time scale
subsystems, namely, the quasi-steady-state (slow) subsystem
and the boundary-layer (fast) subsystem. For the course keep-
ing control of the FSHV, the attitude stabilization for rigid-
body dynamics is obviously the slow dynamic subsystem
while the actuator servo system is the fast dynamic subsystem
since natural frequency of the servo system is definitely much
higher than the rigid-body dynamics and the response time
of the servo system to a steady state is much less than the
rigid-body dynamics of the FSHV for the different inertias of
these subsystems. Accordingly, to analyze the characteristic
of the multi-time scales and design a control strategy without
the drawbacks of the aforementioned high-order controllers,
a singular perturbation based hierarchical control structure
is required for the compound system.

The basis of singular perturbation theory can be referred
to [27]. And this methodology has been applied in nonlinear
systems such as control practices in aerospace and UAV
systems [27–30] for many years. However, to the best of
our knowledge, although singular perturbation method has
been reported for motion control of conventional marine
vessels [31, 32], applications on multi-degree-of-freedom
stabilization of marine vessels with actuator dynamics can
rarely be seen in the open literatures. Moreover, in the liter-
atures above, the proposed controllers for the fast and slow
subsystems are basic state feedback methods and feedback
linearization based approaches, which are designed based
on the nominal models of the objective systems without
the consideration of the lumped disturbances. Therefore, the
disturbance rejection performance cannot be guaranteed. For
the complex motion control of marine vehicles, the distur-
bances caused by winds, waves, and currents severely affect
the control performance and precision, so the robustness
of the closed-loop system must be particularly evaluated in
control design.

In this paper, a hierarchical robust control structure is
proposed for the course keeping of the FSHV with actuator
dynamics against composite disturbances. The main contri-
butions are listed as follows.

(1) Different from the CHADC methodology, singular
perturbation theory is used for the time scale sepa-
ration of the lateral dynamics of the FSHV and the
actuator servo system to explore the interconnection
of the slow dynamics and the fast dynamics.

(2) A robust integral of the sign of the error (RISE)
feedback control is presented for the stabilization
of the slow-time scale subsystem and a DOB based
feedback control is utilized for the fast-time scale
subsystem. All control signals are continuous which
are practical for engineering implementation.

(3) Disturbance attenuation performance is guaranteed
in both quasi-steady-state subsystem and boundary-
layer subsystem. Interconnection of the subsystems
is analyzed and uniformly asymptotic stability is
achieved at the equilibrium point.

The rest of the paper is organized as follows. In Section 2,
the mathematical models of the lateral dynamics of a FSHV
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Figure 1: Fully submerged hydrofoil vessel.

and its hydrofoil servo system are developed. In Section 3,
a hierarchical robust disturbance rejection control strategy
is proposed based on singular perturbation theory. Stability
of the hierarchical system is analyzed via Lyapunov stability
theory. Simulation is carried out in Section 4 to validate the
effectiveness of the proposed control method, followed by
conclusions in Section 5.

2. Problem Formulation

A typical configuration of a fully submerged hydrofoil vessel
is shown in Figure 1. The T-shaped bow foil is equipped with
two controlled flaps, acting together. The aft foil has a pair of
central flaps and two pairs of ailerons. Struts of the aft foil
are equipped with rudders, which is used for roll and yaw
dynamics together with the ailerons. And the bow foil and
the central part of the aft foil are for longitudinal motion
control.

Assuming that the surge speed is controlled by an indi-
vidual propulsion system, themaneuveringmodel of a typical
marine vehicle is shown as follows:

̇𝜂 = 𝐽 (𝜂) ],
𝑀]̇ + 𝐶 (𝑢0, ]) ] + 𝐷 (𝑢0, ]) ] + 𝐺 (𝜂) = 𝐵𝑢 + 𝜏𝑑, (1)

where 𝜂 ∈ [𝜙, 𝜓]𝑇 is a vector of position and orientation with
coordinates in the earth-fixed frame and ] ∈ [𝑝, 𝑟]𝑇 is a vector
of linear and angular velocities with coordinates in the body-
fixed frame.

𝐽 = [1 0
0 cos𝜙] (2)

is the Jacobian transformation matrix related to the above
frames.𝑀 ∈ 𝑅2×2 denotes the inertia including added mass.

𝑀 = [ 𝐼𝑥 − 𝐾�̇� 𝑚𝑥𝑔 − 𝐾 ̇𝑟𝑚𝑥𝑔 − 𝑁�̇� 𝐼𝑧 − 𝑁 ̇𝑟 ] . (3)

𝐶(𝑢0, ]) is the Coriolis and centripetal matrix with the
following form:

𝐶 (𝑢0, ]) = [0 0
0 𝑚𝑥𝑔𝑢0] . (4)

𝐷(𝑢0, ]) is the coupling interactions caused by the non-
linear hydrodynamic damping, which is expressed as

𝐷(𝑢0, ]) = [−𝐾𝑝 −𝐾𝑟 − 𝐾𝑟𝜙𝜙𝜙2−𝑁𝑝 −𝑁𝑟 − 𝑁𝑟𝑟𝜙𝑟𝜙] , (5)

where𝐾𝑝,𝐾𝑟𝜙𝜙, and𝐾𝑟, and𝑁𝑝,𝑁𝑟, and𝑁𝑟𝑟𝜙 are the hydro-
dynamic coefficients. On the low-speed mode, however, the
high-order terms and coupling interactions among the forces
from each DOF are not considered; that is, 𝐷(𝑢0, ]) is often
regarded as a linear term, even canceled in many literatures.𝐺(𝜂) represents the gravity term which is described as𝐺(𝜂) = [𝑊𝐺𝑀𝑇, 0]𝑇, where𝑊 = 𝑚𝑔 is the weight and 𝐺𝑀𝑇
is the transverse metacenter height.

𝐵 = [𝐾𝛿𝑅 𝐾𝛿𝐴𝑁𝛿𝑅 𝑁𝛿𝐴] (6)

is the control moment coefficient matrix subjected to the
control surface, and 𝛿 = [𝛿𝑅 𝛿𝐴]𝑇 is the control input, where𝛿𝑅 and 𝛿𝐴 represent the rudder angle and aileron angle of the
hydrofoil system.
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Figure 2: Control structure for the course keeping of FSHV.

By substituting (16) into (17), we rewrite the dynamics of
the FSHV as follows:

𝑀∗ ̈𝜂 + 𝐶∗ (𝑢0, ], 𝜂) ̇𝜂 + 𝐷∗ (𝑢0, ], 𝜂) ̇𝜂 + 𝐺∗ (𝜂)
= 𝐽−𝑇 (𝜂) (𝐵𝛿 + 𝜏𝑑) , (7)

where 𝑀∗ = 𝐽−𝑇𝑀𝐽−1, 𝐶∗ = 𝐽−𝑇[𝐶 − 𝑀𝐽−1 ̇𝐽]𝐽−1, 𝐷∗ =𝐽−𝑇𝐷𝐽−1, and 𝐺∗ = 𝐽−𝑇𝐺.
Define [𝑥1, 𝑥2]𝑇 ≜ [𝜂, ̇𝜂]𝑇; then (18) can be rewritten into

the following form:

�̇�1 = 𝑥2,
�̇�2 = 𝐹 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝛿 + 𝜏𝑑, (8)

where𝐹(𝑥1, 𝑥2) = −𝑀∗−1[𝐶∗𝑥2+𝐷∗𝑥2+𝐺∗(𝑥1)],𝐵(𝑥1, 𝑥2) =𝑀∗−1𝐽−𝑇𝐵, and 𝜏𝑑 = 𝑀∗−1𝐽−𝑇𝜏𝑑.
If the parameter uncertainties are considered in the

modeling and control of the FSHV, the following notation is
introduced:

𝐹 (𝑥1, 𝑥2) = 𝐹0 (𝑥1, 𝑥2) + 𝐹Δ (𝑥1, 𝑥2) , (9)

where subscript 0 denotes the nominal part of the corre-
spondingmatrix and the subscriptΔ represents the perturbed
part of the system dynamics. The yaw/roll dynamics of the
FSHV with model uncertainties can be rewritten as follows:

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝛿 + 𝑓1 (𝑡) , (10)

where 𝑓1(𝑡) = 𝐹Δ(𝑥1, 𝑥2) + 𝜏𝑑.
As to the actuator system, AC motor based electric servo

solution and hydraulic servo scheme are often used for the
implementation of the hydrofoil servo system [5, 6]. Without
loss of generality, a typical second-order system is established
for the mathematical model of the hydrofoil transmission
system as follows:

̈𝛿 = −𝑎2 ̇𝛿 + 𝑏2𝑢𝑐 + 𝑑2 (𝑡) . (11)

Define 𝑧1 ≜ 𝛿 ∈ 𝑅2 and 𝑧2 ≜ ̇𝛿 ∈ 𝑅2. Considering
the model uncertainties of the actuator dynamics, (11) can be
rewritten as the following form:

�̇�1 = 𝑧2,
�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) , (12)

where 𝑎2 = diag[𝑎21, 𝑎22] represents the speed factor of the
servo system; 𝑏2 = diag[𝑏21, 𝑏22] is the gain of the power
amplifier for the servo system. 𝑢𝑐 = [𝑢𝑐1, 𝑢𝑐2]𝑇 is the flap
command of the hydrofoil transmission system, and 𝑓2(𝑡) =𝑑2(𝑡) − Δ𝑎2𝑧2 is the composite disturbance caused by model
uncertainties and external wave disturbance, and Δ𝑎2 is the
perturbation item of 𝑎2.

The control objective is to stabilize the maneuvering
dynamics of the FSHV for the task of course keeping
based on time scale separation and singular perturbation
control theory. The control scheme of the overall system is
summarized in Figure 2. For the subsequent control design,
the following assumptions are brought in for convenience.

Assumption 1. The nonlinear functions 𝑀(⋅), 𝐶(⋅), 𝐷(⋅), and𝐺(⋅) are continuously differentiable and locally Lipschitz.

Assumption 2. The generalized disturbances 𝑓1(𝑡), 𝑓2(𝑡) are
bounded, and 𝑓2(𝑡) varies slowly.
3. Time Scale Separation and Control Design

3.1. Multi-Time Scale Analysis of the FSHV. In this section,
the multi-time scale decomposition of the full model (10)
is analyzed. Generally, in marine vehicle control problems,
no singular perturbation parameter appears explicitly in the
dynamical model of the marine vessels. As for the fully
submerged hydrofoil vessels, themathematicalmodel ismore
complex than that of the ordinary marine vessels, making it
more difficult for the modeling of the singular perturbation
system. In such cases, a singular perturbation parameter may
be artificially inserted to define a rapid response of a certain
dynamics. In other cases, this parameter may be inserted to
suppress the variables in the equations that are expected to
have relatively slight effects on the original system model.
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The slow-fast time scale character is often associated with
a small parameter multiplying some of the state variables of
the state equations describing a physical system. However,
usually that parameter may not be identifiable at all and only
by physical insight and experiences does one know the details
of fast and slow dynamics for the system.

Experience implies that the yaw and roll dynamics are
slow relative to the dynamics of the servo system for flap
mechanism among the state variables of the proposed math-
ematical model of the FSHV, which is the motivation to
establish a singular perturbation control scheme as follows:

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑧1 + 𝑓1 (𝑡) ,
𝜀�̇�1 = 𝜃𝑧2,
𝜀�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) ,

(13)

where 𝜃 = 𝜀, 𝑎2 = 𝜀𝑎2, 𝑏2 = 𝜀𝑏2, 𝑓2(𝑡) = 𝜀𝑓2(𝑡), and0 < 𝜀 ≪ 1 is the artificial parameter for singularly perturbed
system analysis. Hence, the overall system can be divided into
a slow varying subsystem ∑𝑆(�̇� = 𝑓(𝑡, 𝑥, 𝑧, 𝜀)) and a fast
varying subsystem ∑𝐹(𝜀�̇� = 𝑔(𝑡, 𝑥, 𝑧, 𝜀)) as follows:

∑
𝑆

{{{
�̇�1 = 𝑥2
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑧1 + 𝑓1 (𝑡) , (14)

∑
𝐹

{{{
𝜀�̇�1 = 𝜃𝑧2
𝜀�̇�2 = −𝑎2𝑧2 + 𝑏2𝑢𝑐 + 𝑓2 (𝑡) . (15)

According to the two-time scale structure of the FSHV
system with actuator dynamics, a hierarchical control strat-
egy can be deployed for themaneuvering control of the FSHV.
Before the following control design, a brief introduction
of the singular perturbation control theory is given for
convenience.

Singular perturbations cause a multi-time scale behavior
of dynamical systems characterized by the presence of slow
and fast transients in the system’s response to external stimuli.
Loosely speaking, the slow response is appropriated by the
reduced model, while the discrepancy between the response
of the reduced model and the full model is the fast transient.
To see this point, let us consider the following generalized
state equations:

�̇� = 𝑓 (𝑡, 𝑥, 𝑧, 𝜀) ,
𝑥 (𝑡0) = 𝑥0 (𝜀) , (16)

𝜀�̇� = 𝑔 (𝑡, 𝑥, 𝑧, 𝜀) ,
𝑧 (𝑡0) = 𝑧0 (𝜀) . (17)

Let 𝜀 = 0; we can get

0 = 𝑔 (𝑡, 𝑥, 𝑧, 0) , (18)

where the bar is used to indicate that the variables belong
to a system with 𝜀 = 0. Then it yields the quasi-steady-state
equilibrium of the fast dynamics in (17); namely,

𝑧 = ℎ (𝑡, 𝑥) . (19)

Substituting (19) into (16), we can get

�̇� = 𝑓 (𝑡, 𝑥, ℎ (𝑥) , 0) , (20)

which is called quasi-steady-state subsystem.
Stretching the time to 𝜏 = 𝑡/𝜀, the fast subsystem becomes

𝑑𝑧𝑑𝜏 = 𝑔 (𝑥, 𝑧 (𝜏)) , 𝜏 = 𝑡𝜀 , (21)

which is called boundary-layer subsystem. It describes the
fast dynamics in a stretched time scale, where 𝑥 can be
regarded as a constant parameter.

Since the system is separated into the quasi-steady-state
subsystem and the boundary-layer subsystem, the control
strategy can be designed individually for each subsystem;
namely, the hierarchical control law is integrated by two parts
as follows:

𝑢𝑐 = 𝑢𝑠 + 𝑢𝑓, (22)

where 𝑢𝑠 is designed for the slow varying subsystem and 𝑢𝑓
is for the fast varying subsystem.

3.2. Control Design for the FSHV. In this section, the com-
posite control law is designed individually for the slow
subsystem and fast subsystem. Inspired by [28], the fast
control law is designed first to stabilize the fast varying
system. The feasibility of this proposed procedure will be
analyzed afterwards.

Because of the disturbance property of the actuator
servo system, a disturbance observer based state feedback
controller is designed for the fast subsystem as

𝑢𝑓 = 𝑏−12 (𝑐1𝑧1 + 𝑐2𝑧2 − �̂�2) , (23)

where 𝑐1, 𝑐2 are two control gain matrices with appropriate
dimensions to be determined; �̂�2 is the estimate of 𝑓2. And
the disturbance observer is presented as follows:

�̂�2 = 𝜉 + 𝑙𝑧2,
̇𝜉 = −𝑙𝜉 − 𝑙 (𝑙𝑧2 + 𝑎2𝑧2 + 𝑏2𝑢𝑓) ,

(24)

where 𝜉 ∈ 𝑅2 is the internal state of the observer, and 𝑙 is the
gain matrix of the observer with appropriate dimension to be
determined.

Define 𝑓2 as the disturbance estimate error. Differentiate𝑓2 with respect to time. Based on the assumptions above, it
yields that

̇̃𝑓2 = ̇̂𝑓2 − �̇�2 = ̇𝜉 + 𝑙�̇�2
= −𝑙 (𝑧2 + 𝑎2𝑧2 + 𝑏2𝑢𝑓) + 𝑙𝑎2𝑧2 + 𝑙𝑏2𝑢𝑓 + 𝑙𝑓2
= −𝑙�̂�2 + 𝑙𝑓2 = −𝑙 ̇̃𝑓2,

(25)
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which implies that the disturbance estimate error can con-
verge to zero asymptotically if the gain matrix is Hurwitz.

Remark 3. Sometimes the external disturbance is fast vary-
ing; namely, the derivative of the disturbance is not zero. In
this condition, the error dynamics of disturbance estimation
still can be ultimately uniformly bounded [20, 21, 25]. The
bound of the estimate error can be arbitrarily small by
approximately selecting the gain function.

Despite the fast control law (23) being established first, the
fast varying subsystem together with the above control law
remains to be a standard singular perturbation system, and
in fact the fast controller 𝑢𝑓 is inactive for the quasi-steady-
state subsystem 𝑧 = ℎ(𝑡, 𝑥, 𝑢𝑠) [27]. Analysis for this point is
derived as follows.

Rewriting subsystem ∑𝐹 in a block form by substituting
(23) into (15) results in

𝜀 [�̇�1�̇�2] = [0 𝜃
𝑐1 𝑐2 − 𝑎2][

𝑧1𝑧2] + [ 0
𝑏2]𝑢𝑠. (26)

Let 𝜀 = 0; then we can get 𝑧 = ℎ(𝑡, 𝑥) = [𝑐−11 𝑢𝑠, 0]𝑇 as
ℎ (𝑡, 𝑥) = −𝐴−1𝐵𝑢𝑠, (27)

where

𝐴 = [0 𝜃
𝑐1 𝑐2 − 𝑎2] ,

𝐵 = [ 0
𝑏2] .

(28)

Hence, the equation𝑔(𝑡, 𝑥, 𝑧, 𝑐1𝑧1+𝑐2𝑧2−𝑏−12 �̂�2+𝑢𝑠) = 0 has a
unique root, which satisfies the requirements for a singularly
perturbed system. It is more convenient to work in the (𝑥, 𝑦)
coordinate where

𝑦 = 𝑧 − ℎ (𝑡, 𝑥) , (29)

because this change of variables shifts the equilibrium of the
boundary-layer model to the origin. In the new coordinate,
the singularly perturbed system is given by

�̇� = 𝑓 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) ,
𝜀 ̇𝑦 = 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) − 𝜀𝜕ℎ𝜕𝑥𝑓 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) . (30)

The reduced system �̇� = 𝑓(𝑥, 𝑦 + ℎ(𝑡, 𝑥)) has equilibrium
point at 𝑥 = 0 and the boundary-layer system

𝑑𝑦𝑑𝜏 = 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = 𝐴 (𝑦 + ℎ (𝑡, 𝑥)) + 𝐵𝑢𝑠. (31)

By substituting (27) into (31), it yields

𝑑𝑦𝑑𝜏 = 𝐴𝑦. (32)

Define the following Lyapunov function candidate:

𝑊 = 12𝑦𝑇𝑃𝑦, (33)

where 𝑃 is positively defined symmetric matrices with appro-
priate dimension to be determined. Then it yields

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = 12𝑦𝑇 (𝐴𝑇𝑃 + 𝑃𝐴)𝑦. (34)

If there exists positively defined symmetric matrices 𝑄
satisfied with 𝐴𝑇𝑃 + 𝑃𝐴 = −𝑄, then we can get

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑡, 𝑥)) = −12𝑦𝑇𝑄𝑦 ≤ −𝜆min (𝑄) 𝑦2 , (35)

where 𝜆min(𝑄) is the minimum eigenvalue of 𝑄.
Hence the closed-loop boundary-layer system has an

asymptotically stable equilibrium point.
Then consider control design of the slow varying sub-

system. Assume 𝜀 = 0. Then the reduced system �̇� =𝑓(𝑡, 𝑥, ℎ(𝑡, 𝑥), 0) is given by

�̇�1 = 𝑥2,
�̇�2 = 𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠 + 𝑓1 (𝑡) . (36)

To stabilize the slow varying system, an adaptive RISE
feedback control strategy is proposed.

Define a stabilizing error 𝑒1 ∈ 𝑅2 as
𝑒1 ≜ 𝑥𝑑 − 𝑥1, (37)

where 𝑥𝑑 = [𝜙𝑑, 𝜓𝑑]𝑇.
Two auxiliary tracking errors 𝑒2, 𝑟 ∈ 𝑅2 are defined as

𝑒2 ≜ ̇𝑒1 + 𝛼1𝑒1, (38)

𝑟 ≜ ̇𝑒2 + 𝛼2𝑒2. (39)

Substituting (37) and (38) into (39), then it yields

𝑟 = �̈�𝑑 − 𝐹0 (𝑥1, 𝑥2) − 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠 − 𝑓 (𝑡) + 𝛼1 ̇𝑒1
+ 𝛼2𝑒2. (40)

Define an auxiliary function 𝑆 ∈ 𝑅2 as
𝑆 ≜ 𝐹0 (𝑥𝑑, 𝑡) − 𝐹0 (𝑥1, 𝑥2) + 𝛼1 ̇𝑒1 + 𝛼2𝑒2. (41)

Then (40) can be rewritten as

𝑟 = �̈�𝑑 + 𝑆 − 𝐹0 (𝑥𝑑, 𝑡) − 𝑓 (𝑡) − 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠. (42)

A RISE based controller can be designed as

𝑢𝑠
= 𝑐1𝐵−1 (𝑥1, 𝑥2) [(𝑘1 + 1) 𝑒2 − (𝑘1 + 1) 𝑒2 (0) + 𝑢int]

�̇�int = (𝑘1 + 1) 𝛼2𝑒2 + 𝛽 sgn (𝑒2) ,
(43)
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where 𝛽 ∈ 𝑅+ is a constant control gain and 𝑘1 ∈ 𝑅+ is a time-
varying control gain. An adaptive law is applied as follows for
the time-varying gain design:

�̇�1 = 𝛼3𝑒𝑇2 𝑟. (44)

By substituting (46) into (42), the time derivative of 𝑟 can be
expressed as

̇𝑟 = ...𝑥𝑑 + ̇𝑆 − �̇�0 (𝑥𝑑, 𝑡) − ̇𝑓 (𝑡) − (𝑘1 + 1) 𝑟 − �̇�1𝑒2
− 𝛽 sgn (𝑒2) . (45)

Define auxiliary variables as follows:

�̃� = ̇𝑆 + 𝑒2. (46)

𝑁𝑑 = ...𝑥𝑑 − �̇�0 (𝑥𝑑, 𝑡) − ̇𝑓 (𝑡) , (47)

Then it yields

̇𝑟 = �̃� + 𝑁𝑑 − 𝑒2 − (𝑘1 + 1) 𝑟 − �̇�1𝑒2 − 𝛽 sgn (𝑒2) . (48)

Using (40) and (41) together with the mean value theorem,
we can obtain

�̃� ≤ 𝜌 (‖𝑧‖) ‖𝑧‖ , (49)

where 𝑧 ∈ 𝑅3×2 is defined as

𝑧 ≜ [𝑒𝑇1 , 𝑒𝑇2 , 𝑟𝑇]𝑇 , (50)

and 𝜌(⋅) is a positively defined, globally invertible, nonde-
creasing function.

Assuming that the generalized disturbances and the guid-
ance command input are sufficiently smooth, the following
inequalities can be obtained:

𝑁𝑑 ≤ 𝜁1,�̇�𝑑 ≤ 𝜁2, (51)

where 𝜁1,𝜁2 ∈ 𝑅+ are known constants.
Define 𝑌(𝑧, 𝑃) ∈ 𝑅3×2+1 as

𝑌 ≜ [𝑧𝑇, √𝑃]𝑇 , (52)

where 𝑃(𝑒2, 𝑡) ∈ 𝑅 is defined as the Filippov solution to the
following differential equation:

�̇� = −𝑟𝑇 (𝑁𝑑 − 𝛽 sgn (𝑒2)) ,
𝑃 (𝑒2 (𝑡0) , 𝑡0) = 𝛽 𝑛∑

𝑖=1

𝑒2𝑖 (𝑡0) − 𝑒2 (𝑡0)𝑇𝑁𝑑 (𝑡0) , (53)

where the subscript 𝑖 = 1, . . . , 𝑛 denotes the 𝑖th element of the
vector. Accordingly, 𝑃 is expressed as

𝑃 (𝑡) = 𝛽 𝑛∑
𝑖=1

𝑒2𝑖 (0) − 𝑒2 (0)𝑇𝑁𝑑 (0) − ∫𝑡
0
𝐿 (𝜎) 𝑑𝜎, (54)

where the auxiliary function 𝐿(𝑡) ∈ 𝑅 is defined as

𝐿 (𝑡) ≜ 𝑟𝑇 (𝑁𝑑 − 𝛽 sgn (𝑒2)) . (55)

If the control gain 𝛽 satisfies

𝛽 > 𝜁1 + 1𝛼2 𝜁2, (56)

the following inequality can be obtained:

∫𝑡
0
𝐿 (𝜎) 𝑑𝜎𝐿 (𝑡) ≤ 𝛽 𝑛∑

𝑖=1

𝑒2𝑖 (0) − 𝑒2 (0)𝑇𝑁𝑑 (0) , (57)

which can conclude that 𝑃(𝑡) ≥ 0.
Theorem 4. Given the slow varying dynamics of a FSHV
presented in (36), if the following conditions are satisfied:

𝛼1 > 12 ,
𝛼2 > 12 ,
𝛽 > 𝜁1 + 1𝛼2 𝜁2,

(58)

the controller designed in (43) and (44) guarantees that all the
signals of the error dynamics of the slow varying subsystem are
bounded under closed-loop operation and the stabilizing error
converges in the sense that

𝑒1 (𝑡) → 0 as 𝑡 → ∞. (59)

Proof. Define the following Lyapunov function as

𝑉 = 12𝑒𝑇1 𝑒1 + 12𝑒𝑇2 𝑒2 + 12𝑟𝑇𝑟 + 𝑃, (60)

which satisfies the following inequalities:

𝑈1 (𝑌) ≤ 𝑉 (𝑌, 𝑡) ≤ 𝑈2 (𝑌) , (61)

where 𝑈1(𝑌), 𝑈2(𝑌) ∈ 𝑅 are positively defined functions
defined as

𝑈1 (𝑦) ≜ 𝑚1 ‖𝑌‖2 ,
𝑈2 (𝑦) ≜ 𝑚2 ‖𝑌‖2 . (62)

Differentiate 𝑉 with respect to time; then it yields

�̇� = 𝑒𝑇1 ̇𝑒1 + 𝑒𝑇2 ̇𝑒2 + 𝑟𝑇 ̇𝑟 + �̇�. (63)

According to (37)–(48), �̇� can be further expanded as

�̇� = 𝑟𝑇�̃� − (𝑘1 + 1) ‖𝑟‖2 − �̇�1𝑟𝑇𝑒2 − 𝛼1 𝑒12
− 𝛼2 𝑒22 + 𝑒𝑇1 𝑒2.

(64)
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Substituting the adaptive law in (47) into (64) together with
(49), we can obtain

�̇� ≤ 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖ − (𝑘1 + 1) ‖𝑟‖2 − 𝛼3 𝑟𝑇𝑒22
− 𝛼1 𝑒12 − 𝛼2 𝑒22 + 𝑒𝑇1 𝑒2.

(65)

Since 2𝑒𝑇1 𝑒2 ≤ ‖𝑒1‖2 + ‖𝑒2‖2, (65) becomes

�̇� ≤ 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖ − (𝑘1 + 1) ‖𝑟‖2 − 𝛼3 ‖𝑟‖2 𝑒22
− (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22

= − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22

+ 4𝑘1 (−𝑘1 ‖𝑟‖2 + 𝜌 (‖𝑧‖) ‖𝑟‖ ‖𝑧‖)
4𝑘1

= − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22
+ −4𝑘21 ‖𝑟‖2 + 2 ⋅ 2𝑘1 ‖𝑟‖ 𝜌 (‖𝑧‖) ‖𝑧‖4𝑘1 ,

(66)

�̇� ≤ − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22
− 𝛼3 ‖𝑟‖2 𝑒22
+ −4𝑘21 ‖𝑟‖2 + 4𝑘21 ‖𝑟‖2 + 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1

≤ − ‖𝑟‖2 − (𝛼1 − 12) 𝑒12 − (𝛼2 − 12) 𝑒22

+ 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1 ≤ −𝜆 ‖𝑧‖2 + 𝜌2 (‖𝑧‖) ‖𝑧‖24𝑘1 ,

(67)

where 𝜆 = min{𝛼1 −1/2, 𝛼2 −1/2, 1}, and the bounding func-
tion 𝜌(‖𝑧‖) is a positive, globally invertible, nondecreasing
function. Therefore, 𝛼1 and 𝛼2 must be selected based on the
sufficient conditions inTheorem 4.

The expression in (67) can be further upper bounded by
a continuous, positive semidefinite function

�̇� ≤ −𝑐 ‖𝑧‖2 = 𝑈 (𝑌) , (68)

where 𝑐 ∈ 𝑅 is a positive constant.
According to the inequalities in (61) and (67), we can

prove that 𝑉(𝑌, 𝑡) ∈ 𝐿∞. Thus 𝑒1, 𝑒2, 𝑟 ∈ 𝐿∞. The closed-
loop error system can be utilized to guarantee that the
remaining signals are bounded and the definition of 𝑈(𝑦)
and 𝑧(𝑡) can conclude that 𝑈(𝑌) is uniformly continuous.
According to Theorem 8.4 of [24], 𝑐‖𝑧‖2 → 0 as 𝑡 → ∞.
Then based on the definition of 𝑧(𝑡), it can be concluded that

‖𝑒1(𝑡)‖ → 0 as 𝑡 → ∞. Hence the asymptotical stability
is achieved for the equilibrium point of the slow varying
subsystem.

Theorem 5. Consider the multi-time scale mathematical
model for course keeping of a FSHV with actuator dynamics
in (14), (15). With a hierarchical control strategy designed in
(22), (23), (24), and (43), there exists 𝜀∗ > 0 so that, for all𝜀 < 𝜀∗, the overall system can achieve asymptotic stability at
the equilibrium point.

Proof. In order to analyze the closed-loop stability of the
overall system, we need to explore the interconnection
between the slow varying subsystem and the fast varying
subsystem.

Define a composite Lyapunov function candidate as
follows:

] (𝑥, 𝑦) = (1 − 𝑑)𝑉 (𝑥) + 𝑑𝑊(𝑥, 𝑦) , 0 < 𝑑 < 1, (69)

where the constant 𝑑 is to be chosen. Calculating the
derivative of ] along the trajectories of the full system (14),
(15), we can obtain

]̇ = (1 − 𝑑) 𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜀 𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥))
− 𝑑𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜕𝑊𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))

= (1 − 𝑑) 𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥))
+ 𝑑𝜀 𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥))
+ (1 − 𝑑) 𝜕𝑉𝜕𝑥 [𝑓 (𝑥, 𝑦 + ℎ (𝑥)) − 𝑓 (𝑥, ℎ (𝑥))]
+ 𝑑 [𝜕𝑊𝜕𝑥 − 𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥]𝑓 (𝑥, 𝑦 + ℎ (𝑥)) .

(70)

According to the former analysis,

𝜕𝑉𝜕𝑥 𝑓 (𝑥, 𝑦 + ℎ (𝑥)) ≤ −𝑐 ‖𝑧‖2 ,
namely 𝜔1 = 𝑐, 𝜓1 (𝑥) = ‖𝑧‖ .

𝜕𝑊𝜕𝑦 𝑔 (𝑥, 𝑦 + ℎ (𝑥)) ≤ −𝜆min (𝑄) 𝑦2 ,
namely 𝜔2 = −𝜆min (𝑄) , 𝜓2 (𝑦) = 𝑦 .

(71)
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Then the restrictions of the last two terms are derived as
follows:

𝜕𝑉𝜕𝑥 [𝑓 (𝑥, 𝑦 + ℎ (𝑥)) − 𝑓 (𝑥, ℎ (𝑥))]
= 𝑥1�̇�1 + 𝑥2�̇�2 − 𝑥1�̇�1

+ 𝑥2 (𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠)
= 𝑥2𝐵 (𝑧1 − 𝑐−11 𝑢𝑠) ≤ 𝛽1 ‖𝑧‖ 𝑦

(72)

[𝜕𝑊𝜕𝑥 − 𝜕𝑊𝜕𝑦 𝜕ℎ𝜕𝑥]𝑓 (𝑥, 𝑦 + ℎ (𝑥))
= −𝑐−11 𝜕𝑢𝑠𝜕𝑥1𝑦1𝑥2

− 𝑐−11 𝜕𝑢𝑠𝜕𝑥2𝑦1 (𝐹0 (𝑥1, 𝑥2) + 𝐵 (𝑥1, 𝑥2) 𝑐−11 𝑢𝑠)

≤ −2𝑐−11 √ 𝜕𝑢𝑠𝜕𝑥1𝑦1𝑥2
𝜕𝑢𝑠𝜕𝑥2𝑦1�̇�2

≤ 𝛽2 𝑦 ‖𝑧‖ + 𝛾 𝑦2 .

(73)

Therefore, according toTheorem 11.3 in [24], it yields

]̇ ≤ 𝜓𝑇 (𝑥, 𝑦) Λ𝜓 (𝑥, 𝑦) , (74)

where 𝜓(𝑥, 𝑦) = [𝜓1(𝑥), 𝜓2(𝑦)]𝑇, and
Λ
= [[
[

(1 − 𝑑) 𝜔1 −12 (1 − 𝑑) 𝛽1 − 12𝑑𝛽2−12 (1 − 𝑑) 𝛽1 − 12𝑑𝛽2 𝑑((𝜔2𝜀 ) − 𝛾)
]]
]
. (75)

The right-hand side of the last inequality is a quadratic form
in 𝜓(𝑥, 𝑦). The quadratic form is negative definite when

𝑑 (1 − 𝑑) 𝜔1 (𝜔2𝜀 − 𝛾) > 14 [(1 − 𝑑) 𝛽1 + 𝑑𝛽2]2 (76)

which is equivalent to

𝜀 < 𝜔1𝜔2𝜔1𝛾 + (1/4𝑑 (1 − 𝑑)) [(1 − 𝑑) 𝛽1 + 𝑑𝛽2]2 ≜ 𝜀𝑑. (77)

It can be seen that the maximum value of 𝜀𝑑 occurs at 𝑑∗ =𝛽1/(𝛽1 + 𝛽2), which is given by

𝜀∗ = 𝜔1𝜔2(𝜔1𝛾 + 𝛽1𝛽2) . (78)

Then the origin of (14) and (15) is asymptotically stable for all𝜀 < 𝜀∗.
4. Simulation

In this section, a mathematical model of a fully submerged
hydrofoil vessel is applied to validate the performance of

Table 1: Model parameters of the FSHV.

Parameter Value SI-unit𝑢0 23.15 m/s𝑚 2.62 ∗ 105 kg𝐼𝑥 2.59 ∗ 105 kgm2𝐼𝑧 1.47 ∗ 107 kgm2𝐺𝑀𝑇 0.025 m𝐾𝑝 −13.0354 ∗ 105 kgm2/s𝐾𝑟 −2.4864 ∗ 105 kgm2/s𝐾𝑟𝜙𝜙 12.5615 ∗ 105 kgm2/s𝑁𝑝 −0.2182 ∗ 107 kgm2/s𝑁𝑟 −1.3818 ∗ 107 kgm2/s𝑁𝑟𝑟𝜙 0.9261 ∗ 107 kgm2/s𝑎21 −15.27 kgm2/s𝑎22 −38.27 kgm2/s𝑏21 22.18 kgm2/s𝑏22 32.45 kgm2/s

the proposed control laws (22), (23), (24), and (43) through
simulations [1, 2, 5].The parameters of the model are given in
Table 1.

In the simulation, the irregular wave disturbance is
simulated based on trip theory and equivalent energy division
method, with the significant wave height 𝐻1/3 = 1.5m. To
validate the disturbance attenuation performance, a standard
state feedback singular perturbation approach [28, 30] is
established for comparison.

The command course angle is set to be −30∘ and 60∘,
respectively, to verify the proposed control design. The
control parameters are selected as follows:

𝑐1 = diag [6.75, 5.41] ,
𝑐2 = diag [7.56, 4.89] ,
𝑑 = 0.9147,
𝑙 = diag [1352, 835] ,

𝛼3 = 15.45,
𝛼1 = 40,
𝛼2 = 28,
𝛽 = 12.81,
𝛽1 = 1,
𝛽2 = 1,
𝜀 = 0.0214.

(79)

Figures 3–6 show the roll/yaw angles and angle velocities
of the FSHV with command course of −30 degrees and 60
degrees. It can be seen that during the changes of course angle,
the coupling roll movement will appear, and the composite
control law could stabilize this dynamics quickly and there
is no reciprocating roll movement as ordinary vessel does.
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Figure 3: Roll dynamics of the FSHV with command course angle of −30∘.
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Figure 4: Yaw dynamics of the FSHV with command course angle
of −30∘.
According to Figures 4 and 6, with the stochastic wave
disturbances, the proposed methodology acquires a faster
convergence than the standard singular perturbation control.
During the transient process, the roll motion using standard
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Figure 5: Roll dynamics of the FSHV with command course angle
of 60∘.

singular perturbation control is much larger than that of the
proposed control, and the severely reciprocating motion is
more obvious, which has a negative effect on the sea-keeping
capacity of the FSHV.
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Figure 6: Yaw dynamics of the FSHV with command course angle of 60∘.

At the steady state of the lateral dynamics, the proposed
control acquires higher precision and better disturbance
attenuation performance since the model uncertainties and
external disturbances are considered in both slow dynamics
and fast dynamics of the FSHV. The composite control law
guarantees the robustness against the lumped disturbances
while the control design of the standard singular perturbation
approach does not take the disturbance effects into account.

From Figures 7–10, the slow-time scale and fast-time
scale response of each subsystem can be seen to verify the
different system characteristic of the servo system and the
lateral dynamics of the FSHV. The position of the heading
of arrows point out the time of convergence. When course
command is generated, the servo system has a fast response
to step into the steady state first. Due to the large inertia,
the trajectory of the lateral dynamics of the FSHV moves
relatively slower than the hydrofoil servo system.

Figures 11 and 12 show the composite control input𝑢𝑐 for the system. We can see that the proposed control
input is continuous, and the amplitude is lower than the
standard singular perturbation approach. According to the
fast dynamics in Figures 7–10 and the composite control input
in Figures 11 and 12, it implies that, based on the proposed
method, the robust stabilization can be guaranteed with
less energy consumption. And the conservation is less than
standard singular perturbation approachwith no disturbance
rejection performance.

5. Conclusion

In this paper, a two-time scale robust control structure is
proposed for the course keeping control of the FSHV with
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Figure 7: Roll response of different time scalewith command course
angle of −30∘.

actuator dynamics. We first analyze the lateral model of the
FSHV as well as the hydrofoil servo system. Then a two-time
scale separated model is established for the hierarchical con-
trol design. A RISE feedback control is designed for the slow
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Figure 8: Yaw response of different time scale with command course angle of −30∘.
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Figure 9: Roll response of different time scalewith command course
angle of 60∘.

varying subsystem and a DOB based state feedback control
is used for the fast varying subsystem to achieve disturbance
attenuation performance. Uniformly asymptotic convergence
is achieved for the overall system. Simulation results indicate
the effectiveness of the time separationmethod, which shows
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Figure 10: Yaw response of different time scale with command
course angle of 60∘.

the advantages for control design of complicated intercon-
nection systems with different time scale. In future work,
a hardware-in-loop simulation testbed will be implemented
so that further experiments can be assigned to verify the
effectiveness of the proposedmethodology. New structures of
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Figure 11: Composite control input of the FSHV with command course angle of −30∘.
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Figure 12: Composite control input of the FSHV with command
course angle of 60∘.

DOB will be discussed to relax the restrictions of the lumped
disturbances. And adaptive estimator is to be considered to
handle unknown hydrodynamics combined with the RISE
feedback.
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This paper investigates the problem of robust 𝐻∞ fault detection for networked Markov jump systems with random time-delay
which is introduced by the network. The random time-delay is modeled as a Markov process, and the networked Markov jump
systems are modeled as control systems containing two Markov chains. The delay-dependent fault detection filter is constructed.
Furthermore, the sufficient and necessary conditions which make the closed-loop system stochastically stable and achieve
prescribed𝐻∞ performance are derived.Themethod of calculating controller, fault detection filter gain matrices, and the minimal𝐻∞ attenuation level is also obtained. Finally, one numerical example is used to illustrate the effectiveness of the proposed method.

1. Introduction

Feedback control systems wherein the control loop is closed
through a real-time network are called networked control
systems (NCSs) [1, 2]. The information is exchanged among
control system components (sensor, controller, actuator, etc.).
Due to the advantages such as simple installation, reduced
wiring, increased system agility, and high reliability, NCSs
have beenwidely used in broad areas, for example, unmanned
aerial vehicles, mobile sensor networks, environment moni-
toring, and automated highway systems [3–5]. However, the
introduction of communication networks also brings com-
munication constraints to the control systems, for example,
network-induced time-delays and packet dropouts [6–8].
Fault detection (FD) is very important for practical control
systems, especially in safe-critical systems [9–11]. The theory
of FD forNCSs is different from that of the traditional control
systems due to the limitations induced by the network, such
as time-delays and data packet dropouts which should be
taken into consideration.

In recent years, many results of FD for NCSs have been
reported. In [12], the problem of FD for a kind of nonlinear
NCS with time-delays and data packet dropouts was investi-
gated, and the sufficient conditions for the existence of FD
filter were presented in terms of linear matrix inequalities

(LMIs) using Lyapunov function in the continuous domain.
In [13], by considering random time-delays, the NCSs were
modeled as discrete-time, finite-dimensional Markov jump
linear systems (MJLSs). The FD problem was formulated as
a robust 𝐻∞ FD filter design problem, and the sufficient
condition to solve this problem was given in terms of LMIs.
In [14], with the presence of stochastic packet dropouts in
the network, the problem of FD filter design for NCSs was
investigated. A design method for FD filter which made the
residual generation system stable in the mean-square sense
was proposed by the MJLSs theory. In [15], the problem of
robust FD filter design and optimization was investigated
for NCSs with random delays. The NCSs were modeled
as Markov jump systems by assuming that the random
delays obeyed the Markov characteristics. Based on the
model, an observer-based residual generator was constructed
and the corresponding FD problem was formulated as a
filtering problem. A sufficient condition for the existence
of the desired FD filter was derived in terms of LMIs.
In [16], by employing the multirate sampling method and
the augmented state matrix method, the NCSs with long
random delays were modeled as MJLSs. Then based on the
model, a filter was designed for detecting faults. In [17], two
independent Markov chains were introduced to describe the
transmission characterization of the data packet dropouts in
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both channels from sensors to controller and from controller
to actuator, and a nonlinear Markov jump system model was
established. By employing a mode-dependent FD filter as
residual generator, the FD filter design problem of nonlinear
NCSs was formulated as a nonlinear𝐻∞ filtering problem. In
[18], by use of the augmented matrix approach, the FD error
dynamic systems were transformed to the MJLSs. With the
established model and using the bounded real lemma (BRL)
for MJLSs, a 𝐻∞ observer-based FD filter was established
in terms of LMIs to guarantee that the error between the
residual and the weighted faults was made as small as
possible. In [19], the problem of FD was investigated for
NCSs with signal quantization and random packet dropouts.
A residual generator was constructed, and the corresponding
FD problem was converted into a 𝐻∞ filtering problem.
In [20], the time-delays from sensor to controller and the
time-delays from sensor to actuator are both considered
which were described by two independent Markov chains.𝐻∞ FD problem for NCSs with time-delays on condition
that the transition probabilities were partly unknown was
investigated.

Markov jump systems are appropriate to model the
systems whose structures are subject to the random changes
which are widely used in the field of communications sys-
tems, power systems, and so on; thus, they have attracted
much attention [21–24]. It is significant and necessary to
investigate the FD problems for NCSs with the Markov
jump controlled plants. However, the controlled plants in
most of the existing literature were assumed to be the time-
invariant systems (see [12–20]). To the best of the authors’
knowledge, up to now, very limited efforts have been devoted
to investigating the FD problem for NCSs with the Markov
jump controlled plant, which motivates our investigation.

Compared to the previous relevant works, the main
contribution of this paper is that, for theMarkov jumpNCSs,
the sufficient and necessary conditions for the stochastically
stability of the closed-loop system are derived, and the
method of calculating the minimal 𝐻∞ attenuation 𝛾min is
obtained by constructing proper Lyapunov function candi-
date.

The rest of this paper is organized as follows. The FD
filter is constructed and the closed-loop system model is
obtained in Section 2.The sufficient and necessary conditions
which make the closed-loop system stochastically stable
and achieve prescribed 𝐻∞ performance are derived in
Section 3. Section 4 presents the simulation results to show
the effectiveness of the proposedmethod.The conclusions are
provided in Section 5.

2. Problem Formulation

Without loss of generality, we assume that the time-delay 𝜏𝑘
only exists between sensor and controller, and 𝜏𝑘 is modeled
as a homogeneous Markov chin which takes value in the set𝑀 ≜ {0, . . . , 𝜏}, and the transition probability matrix is Λ =[𝜆𝑖𝑗]. That is, 𝜏𝑘 jumps from mode 𝑖 to 𝑗 with probability 𝜆𝑖𝑗,
which is defined by 𝜆𝑖𝑗 = Pr(𝜏𝑘+1 = 𝑗 | 𝜏𝑘 = 𝑖), where 𝜆𝑖𝑗 ≥ 0
and ∑𝜏𝑗=0 𝜆𝑖𝑗 = 1, for all 𝑖, 𝑗 ∈ 𝑀.

In this paper, the followingMarkov jump controlled plant
is considered:

𝑥𝑘+1 = 𝐴𝜃𝑘𝑥𝑘 + 𝐵𝑢𝜃𝑘𝑢𝑘 + 𝐵𝑑𝜃𝑘𝑑𝑘 + 𝐵𝑓𝜃𝑘𝑓𝑘,
𝑦𝑘 = 𝐶𝜃𝑘𝑥𝑘, (1)

where 𝑥𝑘 ∈ 𝑅𝑛 is the state vector, 𝑢𝑘 ∈ 𝑅𝑚 is the input
vector, 𝑦𝑘 ∈ 𝑅𝑟 is the measured output vector, 𝑑𝑘 ∈ 𝑅𝑑
is the external disturbance noise belonging to 𝑙2 ∈ [0, ∞),
and 𝑓𝑘 ∈ 𝑅𝑓 is the fault to be detected. 𝐴𝜃𝑘 , 𝐵𝑢𝜃𝑘 , 𝐵𝑑𝜃𝑘 , 𝐵𝑓𝜃𝑘 ,
and 𝐶𝜃𝑘are all known real constant matrices with appropriate
dimensions. {𝜃𝑘, 𝑘 ≥ 0} is a discrete-time homogeneous
Markov chain,which takes values in a finite set𝐺 ≜ {1, . . . , 𝑁}
with a transition probability matrix Π = [𝜋𝑝𝑞]; namely, for𝜃𝑘 = 𝑝, 𝜃𝑘+1 = 𝑞, one has 𝜋𝑖𝑗 = Pr(𝜃𝑘+1 = 𝑞 | 𝜃𝑘 = 𝑝), where𝜋𝑝𝑞 ≥ 0 and ∑𝑁𝑞=1 𝜋𝑝𝑞 = 1, for all 𝑝, 𝑞 ∈ 𝐺.

It is noticed that the information of 𝜃𝑘 is not available
for the controller at the time instant 𝑘 duo to the time-delay𝜏𝑘; however, the information of 𝜏𝑘 is known to the controller.
Consequently, the controller gain can be designed depending
on 𝜏𝑘; that is,

𝑢𝑘 = 𝐾𝜏𝑘𝑥𝑘−𝜏𝑘 . (2)

Construct a full-order FD filter at the side of controller as
follows:

𝑥𝑘+1 = 𝐴𝜃𝑘𝑥𝑘 + 𝐵𝑢𝜃𝑘𝐾𝜏𝑘𝑥𝑘−𝜏𝑘 + 𝐿𝜏𝑘 (𝑦𝑘−𝜏𝑘 − 𝑦𝑘−𝜏𝑘) ,
𝑦𝑘 = 𝐶𝜃𝑘𝑥𝑘,
𝑟𝑘 = 𝑉 (𝑦𝑘−𝜏𝑘 − 𝑦𝑘−𝜏𝑘) ,

(3)

where 𝑥𝑘 ∈ 𝑅𝑛 is the filter state vector, 𝑟𝑘 ∈ 𝑅𝑔 is the residual
vector which is sensitive to the fault, 𝐿𝜏𝑘 is the filter gain
matrix to be determined, and 𝑉 is the gain matrix of the
residual 𝑟𝑘.

Define the state estimation error and residual error as
follows:

𝑒𝑘 = 𝑥𝑘 − 𝑥𝑘,
𝑟𝑒𝑘 = 𝑟𝑘 − 𝑓𝑘. (4)

The closed-loop systems can be obtained as

𝜉𝑘+1 = 𝐴𝜃𝑘𝜉𝑘 + (𝐵𝑢𝜃𝑘𝐾𝜏𝑘𝐼1 − 𝐼2𝐿𝜏𝑘𝐶𝜃𝑘) 𝜉𝑘−𝜏𝑘 + 𝐵𝜔𝜃𝑘𝜔𝑘,
𝑟𝑒𝑘 = 𝑉𝐶𝜃𝑘𝜉𝑘−𝜏𝑘 − 𝐼3𝜔𝑘,
𝜉𝑘 = 𝜂𝑘, 𝑘 ∈ {−𝜏, . . . , 0} ,

(5)

where

𝐴𝜃𝑘 = [𝐴𝜃𝑘 0
0 𝐴𝜃𝑘] ,

𝐵𝑢𝜃𝑘 = [𝐵𝑢𝜃𝑘0 ] ,
𝐶𝜃𝑘 = [0 𝐶𝜃𝑘] ,
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𝐵𝜔𝜃𝑘 = [𝐵𝑑𝜃𝑘 𝐵𝑓𝜃𝑘𝐵𝑑𝜃𝑘 𝐵𝑓𝜃𝑘] ,
𝐼1 = [𝐼 0] ,
𝐼2 = [0𝐼] ,
𝐼3 = [0 𝐼] ,
𝜉𝑇𝑘 = [𝑥𝑇𝑘 𝑒𝑇𝑘 ] ,
𝜔𝑇𝑘 = [𝑑𝑇𝑘 𝑓𝑇𝑘 ] .

(6)

Definition 1 (see [25]). System (5) is stochastically stable if for𝜔𝑘 = 0 and every initial mode 𝜏0 ∈ 𝑀, 𝜃0 ∈ 𝐺, there exists a
finite matrix𝑊 > 0 such that

𝐸{∞∑
𝑘=0

𝜉𝑘2 | 𝜉0, 𝜏0, 𝜃0} < 𝜉𝑇0𝑊𝜉0. (7)

In this paper, our objective is to design controller (2) and the
FD filter (3), such that one has the following:

(a) The closed-loop system (5) is stochastically stable for𝜔𝑘 = 0.
(b) Under the zero-initial conditions, the residual error𝑟𝑒𝑘 satisfies the following𝐻∞ noise attenuation performance:

𝐸{∞∑
𝑘=0

𝑟𝑇𝑒𝑘𝑟𝑒𝑘} < 𝛾2𝐸{∞∑
𝑘=0

𝜔𝑇𝑘𝜔𝑘} , (8)

where 𝛾 > 0 is the attenuation level.
For the purpose of FD, an evaluation function and a

threshold should be provided, and in this paper the evalua-
tion function 𝐽𝑘 and a threshold 𝐽th are selected as

𝐽𝑘 = 𝐸{{{
𝑙0+𝑘∑
𝜌=𝑙0

√𝑟𝑇𝜌 𝑟𝜌}}} ,

𝐽th = sup
𝜔𝑘∈𝐿2,𝑓𝑘=0

𝐸{{{
𝑙0+𝐿0∑
𝜌=𝑙0

√𝑟𝑇𝜌 𝑟𝜌}}} ,
(9)

where 𝑙0 is the initial evaluation time instant and 𝐿0 is
the evaluation step length. The occurrence of fault can be
detected by comparing 𝐽𝑘 and 𝐽th with the following rule:

𝐽𝑘 ≤ 𝐽th ⇒ normal,
𝐽𝑘 > 𝐽th ⇒ fault. (10)

Remark 2. It should be pointed out that if time-delay also
exists between controller and actuator which is written as
]𝑘, the control input of the controlled plant (1) should be𝐾𝜏𝑘𝑥𝑘−𝜏𝑘−]𝑘which is different from the control input of the FD
filter which is𝐾𝜏𝑘𝑥𝑘−𝜏𝑘 .
Remark 3. If there is no time-delay in system (5), the FD filter
(3) can still detect the fault effectively.

Remark 4. In almost all the existing literatures related to
the FD for NCSs, the standard infinite impulse response
(IIR) filter (3) is commonly used. However, the researches
about FD for NCSs using finite impulse response (FIR) filter
including deadbeat dissipative FIR filtering, hybrid particle
FIR filtering, and composite particle FIR filtering have not
been reported, which is a completely new research area.

3. Main Results

In this section, the sufficient and necessary conditions which
make system (5) stochastically stable will be derived. Further,
we will present the calculation method of the controller gain
matrix𝐾𝜏𝑘 , the FDfilter gainmatrix𝐿𝜏𝑘 , and theminimal𝐻∞
attenuation 𝛾min in terms of matrix inequalities. To proceed,
we will need the following lemma.

Lemma 5 (see [26]). For any positive-definite matrix 𝑅,
scalars 𝛿, 𝛿0 satisfying 𝛿 ≥ 𝛿0 ≥ 1, and vector function 𝜐𝑙,
one always has (∑𝛿𝑙=𝛿0 𝜐𝑙)𝑇𝑅∑𝛿𝑙=𝛿0 𝜐𝑙 ≤ (𝛿−𝛿0+1)∑𝛿𝑙=𝛿0 𝜐𝑇𝑙 𝑅𝜐𝑙.
Theorem 6. When 𝜔𝑘 = 0, the closed-loop system (5) is
stochastically stable if and only if there exist positive-definite
matrices 𝑃𝑖,𝑝 > 0, 𝑃𝑗,𝑞 > 0, 𝑄1 > 0, 𝑄2 > 0, 𝑍1 > 0 and
matrices 𝐾𝑖, 𝐿 𝑖 such that the inequality

Ω ≜ [[
[
Ω11 ∗ ∗
Ω21 Ω22 ∗
0 𝑍1 −𝑄1 − 𝑍1

]]
]
< 0, (11)

where

Ω11
= 𝐴𝑇𝑝𝑃𝑗,𝑞𝐴𝑝 + 𝜏2𝐴𝑇𝑝𝑍1𝐴𝑝 + 𝑄1 + (𝜏 + 1)𝑄2 − 𝑍1

− 𝑃𝑖,𝑝,
Ω21
= (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇 𝑃𝑗,𝑞𝐴𝑝

+ 𝜏2 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇𝑍1𝐴𝑝 + 𝑍1,
Ω22
= (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇 𝑃𝑗,𝑞 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)

+ 𝜏2 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇𝑍1 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)
− 𝑄2 − 2𝑍1,

𝑃𝑗,𝑞 = 𝜏∑
𝑗=0

𝑁∑
𝑞=1

𝜆𝑖𝑗𝜋𝑝𝑞𝑃𝑗,𝑞,

(12)

holds for all 𝑖, 𝑗 ∈ 𝑀 and 𝑝, 𝑞 ∈ 𝐺.
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Proof.

Sufficiency. Choose the Lyapunov function candidate as

𝑉 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) ≜ 𝜉𝑇𝑘Ψ𝜏𝑘,𝜃𝑘𝜉𝑘 = 4∑
𝜇=1

𝑉𝜇 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) , (13)

where

𝑉1 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) = 𝜉𝑇𝑘𝑃𝜏𝑘,𝜃𝑘𝜉𝑘,
𝑉2 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) = 𝑘−1∑

𝑚=𝑘−𝜏

𝜉𝑇𝑚𝑄1𝜉𝑚,
𝑉3 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) = 𝑘−1∑

𝑚=𝑘−𝜏𝑘

𝜉𝑇𝑚𝑄2𝜉𝑚 + 0∑
𝑛=−𝜏+1

𝑘−1∑
𝑚=𝑘+𝑛

𝜉𝑇𝑚𝑄2𝜉𝑚,

𝑉4 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) = 0∑
𝑛=−𝜏+1

𝑘−1∑
𝑚=𝑘+𝑛

𝜏𝜑𝑇𝑚𝑍1𝜑𝑚,
𝜑𝑚 = 𝜉𝑚+1 − 𝜉𝑚.

(14)

Apparently, we have Ψ𝜏𝑘,𝜃𝑘 > 0.
Along the solution of system (5), we have

𝐸 {Δ𝑉1} = 𝐸 {𝜉𝑇𝑘+1𝑃𝜏𝑘+1,𝜃𝑘+1𝜉𝑘+1 | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝}
− 𝜉𝑇𝑘𝑃𝜏𝑘,𝜃𝑘𝜉𝑘
= (𝐴𝑝𝜉𝑘 + (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝) 𝜉𝑘−𝜏𝑘)𝑇
⋅ 𝜏∑
𝑗=0

𝑁∑
𝑞=1

𝜆𝑖𝑗𝜋𝑝𝑞𝑃𝑗,𝑞
⋅ (𝐴𝑝𝜉𝑘 + (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝) 𝜉𝑘−𝜏𝑘) − 𝜉𝑇𝑘𝑃𝑖,𝑝𝜉𝑘,

𝐸 {Δ𝑉2} = 𝜉𝑇𝑘𝑄1𝜉𝑘 − 𝜉𝑇𝑘−𝜏𝑄1𝜉𝑘−𝜏,
𝐸 {Δ𝑉3} = 𝜉𝑇𝑘𝑄2𝜉𝑘 − 𝜉𝑇𝑘−𝑖𝑄2𝜉𝑘−𝑖 + 𝑘−1∑

𝑙=𝑘+1−𝜏𝑘+1

𝜉𝑇𝑙 𝑄2𝜉𝑙
− 𝑘−1∑
𝑙=𝑘+1−𝜏𝑘

𝜉𝑇𝑙 𝑄2𝜉𝑙 + 𝜏𝜉𝑇𝑘𝑄2𝜉𝑘 − 𝑘∑
𝑙=𝑘+1−𝜏

𝜉𝑇𝑙 𝑄2𝜉𝑙.

(15)

Note that

𝑘−1∑
𝑙=𝑘+1−𝜏𝑘+1

𝜉𝑇𝑙 𝑄2𝜉𝑙 = 𝑘−1∑
𝑙=𝑘+1−𝜏𝑘

𝜉𝑇𝑙 𝑄2𝜉𝑙 + 𝑘−𝜏𝑘∑
𝑙=𝑘+1−𝜏𝑘+1

𝜉𝑇𝑙 𝑄2𝜉𝑙
≤ 𝑘−1∑
𝑙=𝑘+1−𝜏𝑘

𝜉𝑇𝑙 𝑄2𝜉𝑙 + 𝑘∑
𝑙=𝑘+1−𝜏

𝜉𝑇𝑙 𝑄2𝜉𝑙.
(16)

Hence, we can obtain

𝐸 {Δ𝑉3} ≤ 𝜉𝑇𝑘𝑄2𝜉𝑘 − 𝜉𝑇𝑘−𝑖𝑄2𝜉𝑘−𝑖 + 𝜏𝜉𝑇𝑘𝑄2𝜉𝑘,
𝐸 {Δ𝑉4} = 𝜏2𝜑𝑇𝑘𝑍1𝜑𝑘 − 𝑘−1∑

𝑙=𝑘−𝜏

𝜏𝜑𝑇𝑙 𝑍1𝜑𝑙
= 𝜏2𝜑𝑇𝑘𝑍1𝜑𝑘 − 𝑘−1∑

𝑙=𝑘−𝑖

𝜏𝜑𝑇𝑙 𝑍1𝜑𝑙 − 𝑘−𝑖−1∑
𝑙=𝑘−𝜏

𝜏𝜑𝑇𝑙 𝑍1𝜑𝑙
≤ 𝜏2𝜑𝑇𝑘𝑍1𝜑𝑘 − 𝑘−1∑

𝑙=𝑘−𝑖

𝑖𝜑𝑇𝑙 𝑍1𝜑𝑙
− 𝑘−𝑖−1∑
𝑙=𝑘−𝜏

(𝜏 − 𝑖) 𝜑𝑇𝑙 𝑍1𝜑𝑙.

(17)

By Lemma 5, one can obtain

− 𝑘−1∑
𝑙=𝑘−𝑖

𝑖𝜑𝑇𝑙 𝑍1𝜑𝑙 − 𝑘−𝑖−1∑
𝑙=𝑘−𝜏

(𝜏 − 𝑖) 𝜑𝑇𝑙 𝑍1𝜑𝑙
≤ − [𝜉𝑘 − 𝜉𝑘−𝑖]𝑇𝑍1 [𝜉𝑘 − 𝜉𝑘−𝑖]

− [𝜉𝑘−𝑖 − 𝜉𝑘−𝜏]𝑇𝑍1 [𝜉𝑘−𝑖 − 𝜉𝑘−𝜏] .
(18)

From (15)–(18), we have

𝐸 {Δ𝑉 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝} ≤ 𝜁𝑇𝑘Ω𝜁𝑘
≤ −𝜆min (−Ω) 𝜁𝑇𝑘 𝜁𝑘
= −𝜆min (−Ω) (𝜉𝑇𝑘 𝜉𝑘 + 𝜉𝑇𝑘−𝑖𝜉𝑘−𝑖 + 𝜉𝑇𝑘−𝜏𝜉𝑘−𝜏)
≤ −𝛼 𝜉𝑘2 ,

(19)

where

𝜁𝑇𝑘 = [𝜉𝑇𝑘 𝜉𝑇𝑘−𝑖 𝜉𝑇𝑘−𝜏] ,
𝛼 = inf {−𝜆min (−Ω)} > 0. (20)

From (19), we can see that for any 𝑇 ≥ 1
𝐸{∞∑
𝑘=0

𝜉𝑘2} ≤ 1𝛼𝐸 {𝑉 (𝜉0, 𝜏0, 𝜃0)}
− 1𝛼𝐸 {𝑉 (𝜉𝑇+1, 𝜏𝑇+1, 𝜃𝑇+1)}

≤ 1𝛼𝐸 {𝑉 (𝜉0, 𝜏0, 𝜃0)} = 𝜉𝑇0Ψ𝜏0,𝜃0𝜉0.
(21)

That is, the closed-loop system (5) is stochastically stable
according to Definition 1.

Necessity. Assume that the closed-loop system (5) is stochas-
tically stable. Thus, we have

𝐸{∞∑
𝑘=0

𝜉𝑘2 | 𝜉0, 𝜏0} < 𝜉𝑇0𝑊𝜉0. (22)
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Let

𝜉𝑇𝑘 Ψ̂𝜏𝑘,𝜃𝑘𝜉𝑘 = 𝐸{ 𝑇∑
𝑡=𝑘

𝜉𝑇𝑡 𝐻𝜏𝑡,𝜃𝑡𝜉𝑡} , (23)

where𝐻𝜏𝑡,𝜃𝑡 > 0.
Assume 𝜉𝑘 ̸= 0, from (23), it can be easily inferred thatΨ̂𝜏𝑘,𝜃𝑘 is bounded, and the following limit exists:

𝜉𝑇𝑘Ψ𝜏𝑘,𝜃𝑘𝜉𝑘 ≜ lim
𝑇→∞

𝜉𝑇𝑘 Ψ̂𝜏𝑘,𝜃𝑘𝜉𝑘
= lim
𝑇→∞

𝐸{ 𝑇∑
𝑡=𝑘

𝜉𝑇𝑡 𝐻𝜏𝑡,𝜃𝑡𝜉𝑡} . (24)

Since (24) holds for any 𝜉𝑘, we have Ψ𝜏𝑘,𝜃𝑘 = lim𝑇→∞Ψ̂𝜏𝑘,𝜃𝑘 .
Since𝐻𝜏𝑡,𝜃𝑡 > 0, it can be seen that Ψ𝜏𝑘,𝜃𝑘 > 0 from (24).

Let us consider

𝐸 {𝜉𝑇𝑘 Ψ̂𝜏𝑘,𝜃𝑘𝜉𝑘 − 𝜉𝑇𝑘+1Ψ̂𝜏𝑘+1,𝜃𝑘+1𝜉𝑘+1 | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝}
= 𝜉𝑇𝑘𝐻𝜏𝑘,𝜃𝑘𝜉𝑘 > 0. (25)

Letting 𝑇 → ∞, we have

𝐸 {𝜉𝑇𝑘Ψ𝜏𝑘,𝜃𝑘𝜉𝑘 − 𝜉𝑇𝑘+1Ψ𝜏𝑘+1,𝜃𝑘+1𝜉𝑘+1 | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝}
= −𝐸 {Δ𝑉 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝} ≥ −𝜁𝑇𝑘Ω𝜁𝑘
> 0,

(26)

which completes the proof.

Corollary 7. When 𝜔𝑘 ̸= 0, consider the closed-loop system
(5) and let 𝛾 > 0 be a given real scalar. If there exist 𝑃𝑖,𝑝 >0, 𝑃𝑗,𝑞 > 0, 𝐹𝑗,𝑞 > 0, 𝑄1 > 0, 𝑄2 > 0, 𝑌1 > 0, 𝑍1 > 0 and
matrices 𝐾𝑖, 𝐿 𝑖 such that

[[
[
Ξ11 ∗ ∗
Ξ21 Ξ22 ∗
Ξ31 0 Ξ33

]]
]
< 0, (27)

𝑃−1𝑗,𝑞𝐹𝑗,𝑞 = 𝐼,
𝑍−11 𝑌1 = 𝐼, (28)

where

Ξ11 = [[[
[
𝑄1 + (𝜏 + 1)𝑄2 − 𝑍1 − 𝑃𝑖,𝑝 ∗ ∗

𝑍1 −𝑄2 − 2𝑍1 ∗
0 0 −𝛾2𝐼

]]]
]
,

Ξ21 = [ 0 𝑍1 0
𝐴𝑝 − 𝐼 𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝 𝐵𝜔𝑝] ,

Ξ22 = [𝑄1 − 𝑍1 ∗
0 −𝑌1] ,

Ξ31

= [[[[[
[

√𝜆𝑖0𝜋𝑝1𝐴𝑝 √𝜆𝑖0𝜋𝑝1 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝) √𝜆𝑖0𝜋𝑝1𝐵𝜔𝑝... ... ...
√𝜆𝑖𝜏𝜋𝑝𝑁𝐴𝑝 √𝜆𝑖𝜏𝜋𝑝𝑁 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝) √𝜆𝑖𝜏𝜋𝑝𝑁𝐵𝜔𝑝

]]]]]
]
,

Ξ33 = diag {−𝐹0,1, . . . , −𝐹𝜏,𝑁} ,
(29)

holds for all 𝑖, 𝑗 ∈ 𝑀, 𝑝, 𝑞 ∈ 𝐺, system (5) is stochastically
stable with𝐻∞ performance index 𝛾.
Proof. From (19), we can obtain

𝐸 {Δ𝑉 (𝜉𝑘, 𝜏𝑘, 𝜃𝑘) | 𝜏𝑘 = 𝑖, 𝜃𝑘 = 𝑝} + 𝐸 {𝑟𝑇𝑒𝑘𝑟𝑒𝑘}
− 𝛾2𝐸 {𝜔𝑇𝑘𝜔𝑘} ≤ 𝜍𝑇𝑘Ω𝜍𝑘, (30)

where

Ω = [[[[[
[

Ω11 ∗ ∗ ∗
Ω21 Ω22 ∗ ∗
Ω31 Ω32 Ω33 ∗
0 𝑍1 0 −𝑄1 − 𝑍1

]]]]]
]
,

Ω22
= (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇 𝑃𝑗,𝑞 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)

+ 𝜏2 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)𝑇𝑍1 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝)
− 𝑄2 − 2𝑍1 + (𝑉𝐶𝑝)𝑇𝑉𝐶𝑝,

Ω31 = 𝐵𝑇𝑝𝑃𝑗,𝑞𝐴𝑝,
Ω32 = 𝐵𝑇𝑝𝑃𝑗,𝑞 (𝐵𝑢𝑝𝐾𝑖𝐼1 − 𝐼2𝐿 𝑖𝐶𝑝) − 𝐼𝑇3 𝑉𝐶𝑝,
Ω33 = 𝐵𝑇𝑝𝑃𝑗,𝑞𝐵𝑝 + 𝐼𝑇3 𝐼3 − 𝛾2𝐼,
𝜍𝑇𝑘 = [𝜉𝑇𝑘 𝜉𝑇𝑘−𝑖 𝜔𝑇𝑘 𝜉𝑇𝑘−𝜏] .

(31)

IfΩ < 0, from (30) and under zero-initial condition, we have𝐸{∑∞𝑘=0 𝑟𝑇𝑒𝑘𝑟𝑒𝑘} < 𝛾2𝐸{∑∞𝑘=0 𝜔𝑇𝑘𝜔𝑘}.
By Schur compliment,Ω < 0 is equivalent to

[[[
[
Ξ11 ∗ ∗
Ξ21 Ξ22 ∗
Ξ31 0 Ξ33

]]]
]
< 0, (32)

where

Ξ22 = [𝑄1 − 𝑍1 ∗
0 −𝑍−11 ] ,

Ξ33 = diag {−𝑃−10,1 , . . . , −𝑃−1𝜏,𝑁} .
(33)
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Letting 𝑃−1𝑗,𝑞 = 𝐹𝑗,𝑞, 𝑗 ∈ 𝑀, 𝑞 ∈ 𝐺, 𝑍−11 = 𝑌1, (27) and (28)
can be obtained, which completes the proof.

In Corollary 7, the conditions are a set of LMIs with some
inversion constraints. Though they are nonconvex which
cannot be solved by using the existing convex optimization
tool, we can use the cone complementarity linearization
(CCL) algorithm [27] to transform this problem into the
nonlinear minimization problem as follows:

min tr( 𝜏∑
𝑗=0

𝑁∑
𝑞=1

𝑃𝑗,𝑞𝐹𝑗,𝑞 + 𝑍1𝑌1)
s.t. (27) , (35) ,

(34)

[𝑃𝑗,𝑞 𝐼
𝐼 𝐹𝑗,𝑞] > 0, 𝑗 ∈ 𝑀, 𝑞 ∈ 𝐺,
[𝑍1 𝐼
𝐼 𝑌1] > 0.

(35)

Furthermore, the iterative algorithm which can be used to
calculate the controller gain 𝐾𝑖, FD gain matrix 𝐿 𝑖, and the
minimal𝐻∞ attenuation 𝛾min is given bellow.

Algorithm 8.

Step 1. Let 𝛾 = 𝛾0 and set the maximum iterations number as𝑛max.

Step 2. Find a feasible solution satisfying (27), (35) and set it
as (𝑃0𝑗,𝑠, 𝐹0𝑗,𝑠, 𝑍01, 𝑌01 , 𝐾0𝑖 , 𝐿0𝑖 ). Let 𝑘 = 0.
Step 3. Solve the following LMI optimization problem for
variables (𝑃𝑗,𝑞, 𝐹𝑗,𝑞, 𝑍1, 𝑌1, 𝐾𝑖, 𝐿 𝑖):

min tr( 𝜏∑
𝑗=0

𝑁∑
𝑞=1

(𝑃𝑘𝑗,𝑞𝐹𝑗,𝑞 + 𝑃𝑗,𝑞𝐹𝑘𝑗,𝑞) + 𝑍𝑘1𝑌1 + 𝑍1𝑌𝑘1) ,
subject to (27) , (35) ;

(36)

set (𝑃𝑘𝑗,𝑠 = 𝑃𝑗,𝑠, 𝐹𝑘𝑗,𝑠 = 𝐹𝑗,𝑠, 𝑍𝑘1 = 𝑍1, 𝑌𝑘1 = 𝑌1, 𝐾𝑘𝑖 =𝐾𝑖, 𝐿𝑘𝑖 = 𝐿 𝑖).
Step 4. If (27) and (28) are satisfied, let 𝛾 = 𝛾 − 𝛿, 𝛿 > 0 and
return to Step 3. If the number of iterations exceeds 𝑛max, the
iteration is terminated.

Step 5. Check 𝛾: if 𝛾 = 𝛾0, the optimization problem has
no solutions within the maximum iterations number 𝑛max.
Otherwise, 𝛾min = 𝛾 + 𝛿.
Remark 9. In this paper, we assume that the transition
probabilities of 𝜏𝑘 and 𝜃𝑘 are completely known. When
transition probabilities of 𝜏𝑘 and 𝜃𝑘 are partly unknown, we
can separate the unknown ones from the known ones; see
[28].

4. Numerical Example

In this section, we present an example to demonstrate the
effectiveness of the proposed method. Consider the con-
trolled plant with the following parameter:

𝐴1 = [ 1 0
0.25 0.15] ,

𝐵𝑢1 = [0.30.5] ,
𝐵𝑑1 = [0.20.1] ,
𝐵𝑓1 = [0.230.81] ,
𝐶1 = [0.1 0.3] ,
𝐴2 = [0.65 0.05

0.1 0.3 ] ,
𝐵𝑢2 = [0.20.6] ,
𝐵𝑑2 = [0.10.3] ,
𝐵𝑓2 = [0.370.32] ,
𝐶2 = [0.2 0.3] ,

(37)

the system mode 𝜃𝑘 ∈ {1, 2}, and the transition probability
matrix of 𝜃𝑘 is Ω = [ 0.2 0.80.9 0.1 ]. The random time-delay 𝜏𝑘 ∈{0, 1} and the transition probability matrix is Λ = [ 0.7 0.30.6 0.4 ].
Given 𝑉 = 0.1, by Corollary 7, we can obtain the delay-
dependent controller gainmatrix𝐾𝑖, filter gainmatrix𝐿 𝑖, and𝛾min as follows:

𝐾0 = [−0.0004 0.003] ,
𝐿0 = [ 0.0481

−0.1333] ,
𝐾1 = [0.0036 −0.0020] ,
𝐿1 = [−0.0342−0.0906] ,

𝛾min = 1.6125.

(38)

The initial value 𝑥−1 = [0 0]𝑇 , 𝑥0 = [−1.1 1]𝑇 , 𝑥−1 =[0 0]𝑇 , 𝑥0 = [1 −1.1]𝑇 , 𝜏−1 = 𝜏0 = 0, 𝜃−1 = 𝜃0 =0. Assume that the external disturbance 𝑑𝑘 is uniformly
distributed random signal on [−0.15 0.15]; when there is no
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Figure 1: The state 𝑥1 and its estimated value 𝑥1.
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Figure 2: The state 𝑥2 and its estimated value 𝑥2.
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Figure 3: The time-delay 𝜏𝑘.
fault, the trajectories of the closed-loop system’s states and the
corresponding estimated value are shown in Figures 1 and 2.

We can see that the filter can track the states of the system
closely. Assume the fault signal is

𝑓𝑘 = {0.5, 𝑘 = 10, . . . , 200, others. (39)

The residual evaluation function is adopted as 𝐽𝑘 =𝐸{∑𝑘𝜌=0√𝑟𝑇𝜌 𝑟𝜌}, and the FD threshold can be obtained as

𝐽𝑘 = sup𝜔𝑘∈𝐿2,𝑓𝑘=0𝐸{∑𝑘𝜌=0√𝑟𝑇𝜌 𝑟𝜌} = 0.0122. Figures 3 and 4
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Figure 4: The system mode 𝜃𝑘.
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Figure 5: The residual signal 𝑟𝑘.
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Figure 6: The residual evaluation function 𝐽𝑘 and the threshold 𝐽th.

show one simulation run of the time-delay and the system
mode under the transition probability matrices Π and Λ,
respectively.

Figures 5 and 6 show the residual signal 𝑟𝑘 and the
residual evaluation function 𝐽𝑘, respectively, from which we
can see that when fault occurs, 𝑟𝑘 and 𝐽𝑘 change obviously.
Moreover, it is noticed that 𝐽11 = 0.0114 < 𝐽th < 𝐽12 = 0.0170.
This means that the fault has been detected at the third time
period after it occurs.
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5. Conclusion

With the presence of random time-delay introduced by
the network, the problem of robust 𝐻∞ FD for networked
Markov jump systems is investigated in this paper. By con-
structing delay-dependent FD filter, the closed-loop systems
are established.The sufficient and necessary conditionswhich
make the closed-loop system stochastically stable and achieve
prescribed𝐻∞ performance are derived. The method of cal-
culating controller, FD filter gain matrices, and the minimal𝐻∞ attenuation level is also obtained.The numerical example
shows that the proposed FD filter is both sensitive to the fault
and also robust to the exogenous disturbance.
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This paper studies the problem of fault detection and estimation in nonlinear time-delayed systems with unknown inputs, where
the time-delays are supposed to be constant but unknown. A new fault detection filter, which can estimate online the time-delays,
is first introduced. Then, a reference residual model is proposed to formulate the robust fault detection filter design problem as
an 𝐻∞ model-matching problem. Furthermore, by a novel robust adaptive fault estimation algorithm, the classical assumption
that the time derivative of the output error should be known is removed. In addition, applying a robust 𝐻∞ optimization control
technique, sufficient conditions for the existence of the fault detection filter (FDF) are derived in terms of linear matrix inequality
(LMI). Finally, simulation results are presented to illustrate the effectiveness of the proposed algorithm.

1. Introduction

Modern industrial control systems become more and more
complex, with an increasing number of interconnected
physical components, such as actuators and sensors [1]. In
the system life, faults inevitably occur in these elements,
which leads to the drop of systems performances, or even
worse to system damage, with dramatic consequences on
the environment. Consequently, in parallel with the develop-
ment of high-performance technological systems, industrials
express a growing demand for reliability, maintainability,
and survivability [2]. Fault Tolerant Control (FTC) is an
effective way of maintaining system performances under
faulty conditions. FTC can be achieved either by a passive
way or using an active method. Passive FTC uses feedback
control laws that are robust with respect to an a priori fixed
set of possible system faults [3, 4]. On the other hand, active
FTC uses a Fault Detection and Isolation (FDI) module that
provides online fault information. Active FTC may consist
of a fault accommodation scheme [5, 6], which is in fact an
adaptive control with respect to the fault information, or may
be a control system reconfiguration scheme, which consists
of a switching control with a supervision layer that selects the

most suitable control law for the identified faulty situation
[7–10]. One difficulty is that FDI module and active FTC
algorithm have to be designed jointly because of their mutual
interactions.

In distributed or large-scale processes, the dynamic con-
tains time-delays whichmay cause instability and degrade the
systemperformances [11].These time-delaysmay generally be
considered as constant ones for given operating conditions.
However these constant values are generally not known.
The existence of such time-delays renders the control design
problem much more difficult [12]. Increasing attention has
recently been devoted to stability control and fault diagnosis
of linear/nonlinear time-delayed systems, see, for example,
[4–6, 11–16]. In [14], an observer-based fuzzy control scheme
with adaptation to the time-delay was proposed. In [15],
fault detection and identification for uncertain linear time-
delay systems were investigated. In [16], by using 𝐻∞ con-
trol theory, a robust fault detection scheme was proposed
for a class of discrete time-delay systems with parameter
uncertainty. However, the sensitivity of the residual signals
to the faults was not studied. In [17], the fault detection filter
design problem for linear time-delay systems was studied
by introducing an idealized reference residual model. Based
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on [16, 17], the robust fault detection filter (RFDF) design
problem was studied in [18] for nonlinear time-delay systems
with unknown inputs. In [19],𝐻∞ fault detection filter design
for linear discrete time systems with multiple time-delays
was discussed. The fault detection filter design problem was
investigated in [20] for LTI (Linear Time-Invariant) system
with time-delays. In [21, 22], the fault estimation problem
for linear systems with state time-delays was studied, and
an adaptive fault detection observer was designed. Many
observers that are proposed in the literature, as in [16–23],
use explicitly the time-delay value that is supposed to be
accessible. However, in practical applications, this time-delay
is generally not available, which makes these techniques not
applicable. Another drawback of many diagnosis techniques
that are proposed in the literature is that they need the deriva-
tive of the output signal for the fault estimation algorithm.
These derivatives are generally not directly measured and are
difficult to compute in a noisy environment.

In this paper, we investigate the problem of fault detection
and estimation of nonlinear time-delayed systems. Five main
contributions are worth emphasis.

(1) Comparedwith some results (see [16–22], for instance),
by online estimating the real value of state time-delay,
the assumption that the time-delay must be a priori
known is removed.

(2) An adaptive fault estimation algorithm is proposed
where the classical assumption that the time deriva-
tive of the output errors has to be known (see [22],
for instance) and is removed. Moreover, our scheme
is robust to bounded disturbances.

(3) Differing from numerous FDI schemes in the litera-
ture, the bounds of the time derivatives of the faults
have not been known in our proposed adaptive fault
estimation algorithm.

(4) In this paper, in contrast with [18], not only the fault
detection filter design problem is discussed, but also
an adaptive fault estimation algorithm is proposed.

(5) Sufficient conditions for the existence of the adaptive
fault observer are expressed using the Lyapunov
stability theory.

The paper is organized as follows. The problem formulation
is presented in Section 2. In Section 3, the main technical
results of this paper are given, which include the choice of
the reference residual model, the design of a robust fault
detection observer/filter, and the fault estimation algorithm.
Simulations are presented in Section 4. Finally, Section 5
draws the conclusion.

2. Problem Formulation

Consider the following class of nonlinear time-delay systems
[18]:

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ) + 𝐵𝑢 (𝑡)
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ)) + 𝐵𝑓𝑓 (𝑡) + 𝐵𝑑𝑑 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) + 𝐷𝑓𝑓 (𝑡) + 𝐷𝑑𝑑 (𝑡) ,
𝑥 (𝑡) = 0, 𝑡 ∈ [−ℎ, 0] ,

(1)

where 𝑥(𝑡) ∈ 𝑅𝑛 is the unknown state vector, 𝑢(𝑡) ∈ 𝑅𝑝 is the
control input vector, 𝑦(𝑡) ∈ 𝑅𝑞 is the measured output, 𝑑(𝑡) ∈𝑅𝑚 that belongs to 𝐿𝑚2 [0, +∞] is an exogenous disturbance
input vector that regroups all the model uncertainties, 𝑓(𝑡) ∈𝑅𝑙 is the fault vector to be detected, ℎ ≥ 0 is an unknown
but constant time-delay that satisfies ℎ ≤ ℎ, where ℎ is a
known constant, 𝑔(⋅, ⋅) : 𝑅𝑛 ×𝑅𝑛 → 𝑅𝑛𝑔 is a known nonlinear
function, and 𝐴,𝐴𝑑, 𝐵, 𝐵𝑓, 𝐵𝑑, 𝐶, 𝐷,𝐷𝑓, 𝐷𝑑, 𝐺 are all known
matrices with appropriate dimensions.

Throughout this paper, the following assumptions are
made.

Assumption 1. The pair (𝐶, 𝐴) is detectable.
Assumption 2 (Lipschitz condition). It is supposed that𝑔(0, 0) = 0 and ‖𝑔(𝑥1, 𝑥2) − 𝑔(𝑦1, 𝑦2)‖ ≤ ‖𝜌1(𝑥1 − 𝑦1)‖ +‖𝜌2(𝑥2 − 𝑦2)‖, ∀𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ 𝑅𝑛, where 𝜌1 > 0 ∈ 𝑅, 𝜌2 >0 ∈ 𝑅, are known constant.

To detect the fault, the following so-called fault detection
filter (FDF) is proposed:

̇̂𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) + 𝐵𝑢 (𝑡)
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ̂)) + 𝐻 [𝑦 (𝑡) − 𝑦 (𝑡)] ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) ,
𝑟 (𝑡) = 𝑉 [𝑦 (𝑡) − 𝑦 (𝑡)] ,

(2)

where 𝑥(𝑡) ∈ 𝑅𝑛 and𝑦(𝑡) ∈ 𝑅𝑞 denote the state and the output
of the filter, respectively; ℎ̂ is the estimation of the unknown
constant time-delay ℎ; 𝑟(𝑡) is the so-called residual signal.The
observer gain matrix 𝐻 and the residual weighting matrix 𝑉
will be defined later.

For the above observer design, the following assumption
is made.

Assumption 3. There exists a known constant 𝑀 > 0 ∈ 𝑅
such that ‖𝑥(𝑡) − 𝑥(𝑡)‖ ≤ 𝑀.

Remark 4. Assumption 3 is not restrictive. In fact, this
is a common assumption in the literature concerning fil-
ter/observer design. In practical application, it may be diffi-
cult to knowaccurately the upper boundof the observer error.
Therefore, 𝑀 can be chosen large in practical applications.
It must be pointed out that 𝑀 is only needed for stability
analysis of the closed-loop system. Choosing a large 𝑀 does
not degrade the performance of the closed-loop system.

Define

𝑒 = 𝑥 (𝑡) − 𝑥 (𝑡) . (3)
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The error dynamics can be computed as

̇𝑒 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ

= (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ 𝐴𝑑𝑥 (𝑡 − ℎ) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ

= (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑒 (𝑡 − ℎ) + 𝐴𝑑𝑥 (𝑡 − ℎ̂)
− 𝐴𝑑𝑥 (𝑡 − ℎ) + (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ,

(4)

where Ψ = 𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ)) − 𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ̂)).
From Newton-Leibniz formula, we have

𝑥 (𝑡 − ℎ̂) − 𝑥 (𝑡 − ℎ) = ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠. (5)

Thus, error dynamics (4) can further be described as

̇𝑒 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑒 (𝑡 − ℎ)
+ 𝐴𝑑 ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 + (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ,

𝑟 (𝑡) = 𝑉𝐶𝑒 (𝑡) + 𝑉𝐷𝑓𝑓 (𝑡) + 𝑉𝐷𝑑𝑑 (𝑡) .

(6)

From (6), it is seen that the dynamics of the residual signal
depends not only on fault 𝑓(𝑡) and uncertainty 𝑑(𝑡), but also
on the nonlinear part Ψ. Motivated by the method presented
in [18], we propose using a reference residual model that
describes the desired behavior of the residual vector 𝑟(𝑡),
to formulate the RFDF design problem as an 𝐻∞ model-
matching problem. In other words, the objectives are finding
an idealized reference residual and minimizing the distance
between the generated residual and the idealized reference
residual. In the idealized case, the observed state 𝑥(𝑡) and
the time-delayed state 𝑥(𝑡 − ℎ̂) should be equal, respectively,
to 𝑥(𝑡) and 𝑥(𝑡 − ℎ); thus we have 𝑥(𝑡) − 𝑥(𝑡) = 0 and𝑥(𝑡 − ℎ) − 𝑥(𝑡 − ℎ̂) = 0. Consequently, Ψ = 𝑔(𝑥(𝑡), 𝑥(𝑡 −ℎ)) − 𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ̂)) = 0. Therefore, according to (6), and
assuming Ψ = 0, the corresponding reference residual error
model is given by

̇𝑒𝑓 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒𝑓 (𝑡) + 𝐴𝑑𝑒𝑓 (𝑡 − ℎ)
+ (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) ,

𝑟𝑓 (𝑡) = 𝑉𝐶𝑒𝑓 (𝑡) + 𝑉𝐷𝑓𝑓 (𝑡) + 𝑉𝐷𝑑𝑑 (𝑡) ,
𝑒𝑓 (𝑡) = 0 (𝑡 ≤ 0) ,

(7)

where 𝑒𝑓(𝑡) ∈ 𝑅𝑛 is the reference model error state vector,𝑟𝑓(𝑡) is the reference model residual signal, and𝐻 and 𝑉 are
the parameters of the reference residualmodel to be designed.

Thus the overall system can be described by

̇𝜂 (𝑡) = 𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐴𝑑 ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠
+ 𝐵𝑤 (𝑡) + 𝐺Ψ,

𝑟𝑒 (𝑡) = 𝑟 (𝑡) − 𝑟𝑓 (𝑡) = 𝐶𝜂 (𝑡) + 𝐷𝑤 (𝑡) ,
(8)

where

𝜂 (𝑡) = [ 𝑒 (𝑡)
𝑒𝑓 (𝑡)] ,

𝑤 (𝑡) = [𝑓𝑑] ,

𝐴 = [𝐴 − 𝐻𝐶 0
0 𝐴 − 𝐻𝐶] ,

𝐴𝑑 = [𝐴𝑑 0
0 𝐴𝑑

] ,

𝐴𝑑 = [𝐴𝑑0 ] ,

𝐺 = [𝐺0] ,

𝐵 = [𝐵𝑓 − 𝐻𝐷𝑓 𝐵𝑑 − 𝐻𝐷𝑑

𝐵𝑓 − 𝐻𝐷𝑓 𝐵𝑑 − 𝐻𝐷𝑑

] ,
𝐶 = [𝑉𝐶 −𝑉𝐶] ,
𝐷 = [𝑉𝐷𝑓 − 𝑉𝐷𝑓 𝑉𝐷𝑑 − 𝑉𝐷𝑑] .

(9)

From (8), the design of the robust fault detection filter, which
is the main objective of this work, may be formulated as
an 𝐻∞ model-matching design problem. Applying a robust𝐻∞ optimization control technique, for all exogenous distur-
bance inputs and nonlinear parts, the generated residual 𝑟(𝑡)
will be designed as closely as possible to the reference model
residual 𝑟𝑓(𝑡), independently of the unknown time-delay ℎ.
Thus, the problem of designing an observer-based RFDF can
be described as designing the observer gainmatrix𝐻 and the
residual weighting matrix 𝑉 such that

(i) systems (8) are robustly asymptotically stable;
(ii) under zero initial condition, for given constant 𝛾 > 0

and any nonzero 𝑤(𝑡) ∈ 𝐿2[0,∞), systems (8) satisfy
the following inequality:𝑟𝑒 (𝑡)2 < 𝛾 ‖𝑤 (𝑡)‖2 . (10)

After designing the RFDF, the remaining important task is
to decide, from the generated residual, if an alarm has to be
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generated. One of the widely adopted approaches is to choose
a so-called threshold 𝐽th > 0 and, based on this, use the
following logical relationship for fault detection:

‖𝑟 (𝑡)‖2,𝜏 > 𝐽th ⇒ a fault has occured ⇒ alarm

‖𝑟 (𝑡)‖2,𝜏 < 𝐽th ⇒ no fault has occured, (11)

where ‖𝑟(𝑡)‖2,𝜏 = [∫𝑡2
𝑡1

𝑟(𝑡)𝑇𝑟(𝑡)𝑑𝑡]1/2, 𝜏 = 𝑡1 − 𝑡2, 𝑡 ∈ [𝑡1, 𝑡2].
The threshold 𝐽th > 0 can be chosen as 𝐽th = 𝑓+ 𝑑, where𝑓 > 0 ∈ 𝑅 and 𝑑 > 0 ∈ 𝑅 denote, respectively, the upper

bound of the norm of fault 𝑓 and exogenous disturbance 𝑑,
that is, ‖𝑓‖2 ≤ 𝑓, ‖𝑑‖2 ≤ 𝑑.
Remark 5. There are many results on fault detection
observer/filter design for time-delayed systems in the litera-
ture. In general, the observer, as the one in [16, 18], is designed
in the following form:

̇̂𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ) + 𝐵𝑢 (𝑡)
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ))
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ)) + 𝐻 [𝑦 (𝑡) − 𝑦 (𝑡)] ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) ,
𝑟 (𝑡) = 𝑉 [𝑦 (𝑡) − 𝑦 (𝑡)] .

(12)

However, just as said in [14], the shortcoming of the above-
mentioned observer is that the constant state time-delay ℎ
must be exactly known. If the time-delay ℎ is unknown, the
above observer will not work in practical applications.

3. Main Results and Proof

As mentioned in [24, 25], the design of a RFDF for the
nonlinear time-delay system (1) can be formulated as an𝐻∞

model-matching problem. In this section, we first design the
reference residual model and then express the RFDF design
problem under an LMI formulation.

3.1. Choice of the Reference Residual Model. As pointed out
in [18], the selection of a suitable reference residual model is
one of the key steps to design an RFDF for nonlinear time-
delay systems. If the reference residual model is not selected
suitably, miss alarms or false alarms may occur. In order to
select a suitable reference residual model, we consider the
following performance index 𝐽𝑓:

𝐽𝑓 = 𝑇𝑟𝑓𝑑 (𝑠)∞ − 𝑇𝑟𝑓𝑓 (𝑠)∞ , (13)

where 𝑇𝑟𝑓𝑑(𝑠) and 𝑇𝑟𝑓𝑓(𝑠) are the transfer functions from 𝑓
and 𝑑 to the reference model residual 𝑟𝑓.

Notice that if 𝐽𝑓 → min {𝐽𝑓}, then one has

𝑇𝑟𝑓𝑑 (𝑠)∞ → max {𝑇𝑟𝑓𝑑 (𝑠)} ,𝑇𝑟𝑓𝑓 (𝑠)∞ → min {𝑇𝑟𝑓𝑓 (𝑠)} . (14)

Therefore, according to the performance index 𝐽𝑓 (13), the
reference residual model can be designed, which takes into
account not only the robustness of the reference model
residual against disturbance but also the sensitivity to faults.

For the sake of simplicity, we assume that 𝑙 = 𝑚.
Consider the following transfer function:

𝑇 = 𝑀𝑇𝑟𝑓𝜗𝑁 = 𝑀[𝑇𝑟𝑓𝑓𝑇𝑟𝑓𝑑]𝑁, (15)

where the matrices 𝑀 ∈ 𝑅𝑞×𝑞, 𝑁 ∈ 𝑅2𝑙×𝑙 select the appro-
priate input/output channels or channels combinations and𝑇 satisfies the following equalities:

𝑇{ ̇𝑒𝑓 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒𝑓 (𝑡) + 𝐴𝑑𝑒𝑓 (𝑡 − ℎ) + 𝐵1𝜗 (𝑡) ,
𝑟𝑓 (𝑡) = 𝑀𝑉𝐶𝑒𝑓 (𝑡) + 𝑀𝐷1𝑁𝜗 (𝑡) , (16)

where 𝐵1 = [𝐵𝑓 − 𝐻𝐷𝑓 𝐵𝑑 − 𝐻𝐷𝑑], 𝐷1 = [𝐷𝑓 𝐷𝑑], and𝜗(𝑡) = [𝑑 − 𝑓].
Choosing 𝑀 = 𝐼𝑞×𝑞, 𝑁 = [−𝐼𝑙×𝑙 𝐼𝑙×𝑙]𝑇, and giving 𝛼 > 0,

it follows that

‖𝑇‖∞ = 𝑇𝑟𝑓𝑑 − 𝑇𝑟𝑓𝑓∞ > 𝑇𝑟𝑓𝑑∞ − 𝑇𝑟𝑓𝑓∞ ,
‖𝑇‖∞ < 𝛼 ⇒ 𝑇𝑟𝑓𝑑∞ − 𝑇𝑟𝑓𝑓∞ < 𝛼. (17)

Then the reference residual model can be designed by solving
the following optimization problem:

min 𝛼
s.t. (13) , (17) hold. (18)

The following theorem provides a sufficient condition to
ensure that, for a given 𝛼 > 0, the reference RFDF satisfies
(16).

Theorem 6. Given 𝛼 > 0 and the reference residual model (7),
if there exist symmetric matrices 𝑃 = 𝑃𝑇 > 0, 𝑄 = 𝑄𝑇 > 0,𝑍 > 0, and 𝑌 such that

Ξ = [[[
[

𝐴𝑇𝑃 + 𝑃𝐴 − 𝐶𝑇𝑌𝑇 − 𝑌𝐶 + 𝐶𝑇𝑍𝐶 + 𝑄 𝑃 (𝐵𝑑 − 𝐵𝑓) + 𝑌 (𝐵𝑓 − 𝐵𝑑) + 𝐶𝑇𝑍(𝐷𝑑 − 𝐷𝑓) 𝑃𝐴𝑑

∗ (𝐷𝑑 − 𝐷𝑓)𝑇𝑍(𝐷𝑑 − 𝐷𝑓) − 𝛼2𝐼 0
∗ ∗ −𝑄

]]]
]

< 0 (19)

holds and applying the time-delay adaptive law

̇̂ℎ = −1𝜂𝑀(𝑃𝐴𝑑
 + 𝑃𝐺𝜌2) 𝛼 (𝑡) , ℎ̂ (0) > ℎ (20)

then system (7), subject to Assumptions 1–3, is stable and
satisfies ‖𝑇𝑟𝑓𝑑‖∞ − ‖𝑇𝑟𝑓𝑓‖∞ < 𝛼, where 𝛼(𝑡) = ‖ ̇̂𝑥(𝑡)‖, 𝜂 > 0,
ℎ̂(𝑡) ≥ ℎ,𝐻 = 𝑃−1𝑌, and 𝑉 = 𝑍1/2.
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Proof. Consider the following Lyapunov-Krasovskii func-
tion:

𝑉1 (𝑡) = 𝑒𝑇𝑓 (𝑡) 𝑃𝑒𝑓 (𝑡) + ∫𝑡

𝑡−ℎ
𝑒𝑇𝑓 (𝜏) 𝑄𝑒𝑓 (𝜏) 𝑑𝜏

+ 2𝑀𝑃𝐴𝑑
 ∫−ℎ

−ℎ̂
𝑑𝜃∫0

𝜃
𝛼 (𝑡 + 𝑠) 𝑑𝑠

+ 𝜂2 (ℎ̂ − ℎ)2 .
(21)

Differentiating 𝑉1 with respect to time 𝑡, one has
�̇�1 ≤ 𝑒𝑇𝑓 (𝑡) (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃) 𝑒𝑓 (𝑡)

+ 𝑒𝑇𝑓 (𝑡) 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃𝑒𝑓 (𝑡) + 𝑒𝑇𝑓 (𝑡 − ℎ)𝑄𝑒𝑓 (𝑡 − ℎ)

+ 2𝑒𝑇𝑓 (𝑡) 𝑃𝐴𝑑 ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 + 𝑒𝑇𝑓 (𝑡) 𝑄𝑒𝑓 (𝑡)
− 𝑒𝑇𝑓 (𝑡 − ℎ)𝑄𝑒𝑓 (𝑡 − ℎ) + 𝜂 (ℎ̂ − ℎ) ̇̂ℎ
− 2𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2) [(ℎ̂ − ℎ) 𝛼 (𝑡)
− ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝜃) 𝑑𝜃 + ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠] .

(22)

Since ̇̂ℎ = −(1/𝜂)𝑀‖𝑃𝐴𝑑‖𝛼(𝑡) ≤ 0, one has ̇̂ℎ ∫0
−ℎ̂

𝛼(𝑡 +𝑠)𝑑𝑠 ≤ 0. Under idealized condition, using the FDF (2), the
observer error is asymptotically converging to zero; that is,𝑥(𝑡) − 𝑥(𝑡) → 0, 𝑥(𝑡 − ℎ) − 𝑥(𝑡 − ℎ̂) → 0.

Then, one has

�̇�1 ≤ 𝑒𝑇𝑓 (𝑡)
⋅ (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇

𝑑𝑃 + 𝑄)
⋅ 𝑒𝑓 (𝑡) .

(23)

Define the following performance index 𝐽1:
𝐽1 = ∫∞

0
𝑟𝑇𝑓 (𝑡) 𝑟𝑓 (𝑡) 𝑑𝑡 − 𝛼2 ∫∞

0
𝜗𝑇 (𝑡) 𝜗 (𝑡) 𝑑𝑡

= ∫∞

0
[𝑟𝑇𝑓 (𝑡) 𝑟𝑓 (𝑡) − 𝛼2𝜗𝑇 (𝑡) 𝜗 (𝑡) + �̇�1 (𝑡)] 𝑑𝑡

− 𝑉1 (𝑡)𝑡 + 𝑉1 (𝑡)𝑡=0 .
(24)

Then, we have

𝐽1 < ∫∞

0
[𝑟𝑇𝑓 (𝑡) 𝑟𝑓 (𝑡) − 𝛼2𝜗𝑇 (𝑡) 𝜗 (𝑡) + �̇�1 (𝑡)] 𝑑𝑡. (25)

Let 𝑌 = 𝑃𝐻, 𝑍 = 𝑉𝑇𝑉, 𝑀 = 𝐼𝑞×𝑞, and 𝑁 = [−𝐼𝑙×𝑙 𝐼𝑙×𝑙]𝑇;
then

𝑟𝑇𝑓𝑟𝑓 = (𝑀𝑉𝐶𝑒𝑓 + 𝑀𝐷1𝑁𝜗)𝑇 (𝑀𝑉𝐶𝑒𝑓 + 𝑀𝐷1𝑁𝜗)
= (𝑉𝐶𝑒𝑓 + 𝐷1 [−𝜗 𝜗]𝑇)𝑇 (𝑉𝐶𝑒𝑓 + 𝐷1 [−𝜗 𝜗]𝑇)
= (𝑒𝑇𝑓𝐶𝑇𝑉𝑇 + [−𝜗 𝜗]𝐷𝑇

1 ) (𝑉𝐶𝑒𝑓 + 𝐷1 [−𝜗 𝜗]𝑇)
= 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝑉𝐶𝑒𝑓 − 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝐷𝑓𝜗𝑇 + 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝐷𝑑𝜗𝑇

− 𝜗𝐷𝑇
𝑓𝑉𝐶𝑒𝑓 + 𝜗𝐷𝑇

𝑓𝐷𝑓𝜗𝑇 − 𝜗𝐷𝑇
𝑓𝐷𝑑𝜗𝑇

+ 𝜗𝐷𝑇
𝑑𝑉𝐶𝑒𝑓 − 𝜗𝐷𝑇

𝑑𝐷𝑓𝜗𝑇 + 𝜗𝐷𝑇
𝑑𝐷𝑑𝜗𝑇.

(26)

Therefore,

𝐽1 < ∫∞

0
Δ𝑑𝑡, (27)

where

Δ = 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝑉𝐶𝑒𝑓 − 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝐷𝑓𝜗𝑇 + 𝑒𝑇𝑓𝐶𝑇𝑉𝑇𝐷𝑑𝜗𝑇
− 𝜗𝐷𝑇

𝑓𝑉𝐶𝑒𝑓 + 𝜗𝐷𝑇
𝑓𝐷𝑓𝜗𝑇 − 𝜗𝐷𝑇

𝑓𝐷𝑑𝜗𝑇
+ 𝜗𝐷𝑇

𝑑𝑉𝐶𝑒𝑓 − 𝜗𝐷𝑇
𝑑𝐷𝑓𝜗𝑇 + 𝜗𝐷𝑇

𝑑𝐷𝑑𝜗𝑇 + 𝑒𝑇𝑓 (𝑡)
⋅ (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇

𝑑𝑃 + 𝑄)
⋅ 𝑒𝑓 (𝑡) + −𝛼2𝜗𝑇 (𝑡) 𝜗 (𝑡)

(28)

which may be rewritten as

𝐽1 < ∫∞

0
[𝑟𝑓 (𝑡)
𝜗 (𝑡) ]

𝑇 Ξ[𝑟𝑓 (𝑡)
𝜗 (𝑡) ] 𝑑𝑡. (29)

SinceΞ < 0, we have 𝐽1 < 0 and ‖𝑇𝑟𝑓𝑑(𝑠)−𝑇𝑟𝑓𝑓(𝑠)‖∞ < 𝛼. And
since ‖𝑇𝑟𝑓𝑑‖∞ − ‖𝑇𝑟𝑓𝑓‖∞ ≤ ‖𝑇𝑟𝑓𝑑 − 𝑇𝑟𝑓𝑓‖∞, we get ‖𝑇𝑟𝑓𝑑‖∞ −‖𝑇𝑟𝑓𝑓‖∞ < 𝛼.

If 𝑃(𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇𝑃 + 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃 + 𝑄 < 0 holds,

that is,

[𝐴𝑇𝑃 + 𝑃𝐴 − 𝑌𝐶 − 𝐶𝑇𝑌𝑇 + 𝑄 𝑃𝐴𝑑

𝐴𝑇
𝑑𝑃 −𝑄 ] < 0 (30)

then, �̇�1 < 0 under the condition 𝜗 = 0. If (19) holds, then
(30) holds. Thus, system (7) is asymptotically stable.

The proof is completed.

3.2. Design of Robust Fault Detection Filter. In this section,
we propose a theorem that gives a sufficient condition to
guarantee that the RFDF system is stable and has a pre-
scribed 𝐻∞ performance, independently of the time-delay.
Before presenting the theorem, the following lemmas are
introduced.

Lemma 7. Given constant matrices 𝜒1 = 𝜒𝑇1 , 𝜒2 = 𝜒𝑇2 > 0,
and 𝜒3, then 𝜒1 + 𝜒𝑇3 𝜒−12 𝜒3 < 0, if and only if
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[𝜒1 𝜒𝑇3𝜒3 −𝜒2] < 0
or equivalently [−𝜒2 𝜒3

𝜒𝑇3 −𝜒1] < 0.
(31)

Lemma 8. Let 𝐴 and 𝐵 be real matrices of appropriate
dimensions. For any scalar 𝜀 > 0 and vectors 𝑥, 𝑦 ∈ 𝑅𝑛, the
following inequality holds:

2𝑥𝑇𝐴𝐵𝑦 ≤ 𝜀−1𝑥𝑇𝐴𝐴𝑇𝑥 + 𝜀𝑦𝑇𝐵𝑇𝐵𝑦. (32)

Recall the nonlinear time-delay system (8).

Theorem 9. For a given positive constant 𝛾 > 0, if there exist
a scalar 𝜀 > 0 (2𝜀𝜌𝑇2 𝜌2 < 𝑄1) and matrices 𝑃1 = 𝑃𝑇1 > 0,𝑃2 = 𝑃𝑇2 > 0, 𝑄1 = 𝑄𝑇

1 > 0, 𝑄2 = 𝑄𝑇
2 > 0, 𝑌, and 𝑉 such that

the following LMI:

[[[[[[[[[[[[[[[[[[[
[

Ω1 0 𝑃1𝐴𝑑 0 𝑃1𝐵𝑓 − 𝑌𝐷𝑓 𝑃1𝐵𝑑 − 𝑌𝐷𝑑 𝐶𝑇𝑉𝑇 𝑃1𝐺
∗ Ω2 0 𝑃2𝐴𝑑 𝑃2 (𝐵𝑓 − 𝐻𝐷𝑓) 𝑃2 (𝐵𝑑 − 𝐻𝐷𝑑) −𝐶𝑇𝑉𝑇 0
∗ ∗ 2𝜀𝜌𝑇2 𝜌2 − 𝑄1 0 0 0 0 0
∗ ∗ ∗ 𝑄2 0 0 0 0
∗ ∗ ∗ ∗ −𝛾2𝐼 0 𝐷𝑇

𝑓 (𝑉𝑇 − 𝑉𝑇) 0
∗ ∗ ∗ ∗ ∗ −𝛾2𝐼 𝐷𝑇

𝑑 (𝑉𝑇 − 𝑉𝑇) 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀𝐼

]]]]]]]]]]]]]]]]]]]
]

< 0 (33)

holds and applying the time-delay adaptive law

̇̂ℎ = −1𝜂𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2) 𝛼 (𝑡) , ℎ̂ (0) > ℎ (34)

then system (8), subject to Assumptions 1–3, is stable and
satisfies ‖𝑧‖2 < 𝛾‖𝑤‖2, where ℎ̂(𝑡) ≥ ℎ, Ω1 = 𝑃1𝐴 + 𝐴𝑇𝑃1 −𝑌𝐶−𝐶𝑇𝑌𝑇+2𝜀𝜌𝑇1 𝜌1+𝑄1,Ω2 = 𝑃2𝐴+𝐴𝑇𝑃2−𝑃2𝐻𝐶−𝐶𝑇𝐻𝑇𝑃2+𝑄2, 𝜂 > 0,𝐻 = 𝑃−1𝑌, 𝛼(𝑡) = ‖ ̇̂𝑥(𝑡)‖, and 𝑄 − 𝐼 > 0; 𝐼 denotes
the identity matrix with appropriate dimensions.

Proof. Define the following Lyapunov-Krasovskii function:

𝑉2 = 𝑉
1 + 𝑉

2 + 𝑉
3 + 𝑉

4 (35)

with

𝑉
1 = 𝜂𝑇 (𝑡) 𝑃𝜂 (𝑡) ,

𝑉
2 = ∫𝑡

𝑡−ℎ
𝜂𝑇 (𝑠) 𝑄𝜂 (𝑠) 𝑑𝑠,

𝑉
3 = 𝜎2 (ℎ̂ − ℎ)2 ,

𝑉
4 = 2𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2)∫−ℎ

−ℎ̂
𝑑𝜃∫0

𝜃
𝛼 (𝑡 + 𝑠) 𝑑𝑠,

(36)

where 𝑃 = [ 𝑃1 0
0 𝑃2

], 𝑄 = [ 𝑄1 0
0 𝑄2

].

Differentiating 𝑉 with respect to time 𝑡, one has
�̇�
1 (𝑡) = 2𝜂𝑇 (𝑡) 𝑃 [𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐺Ψ + 𝐺Δ
+ 𝐵𝑤 (𝑡)] + 2𝜂𝑇 (𝑡) 𝑃𝐴𝑑 ∫−ℎ

−ℎ̂

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠,
�̇�
2 (𝑡) = 𝜂𝑇 (𝑡) 𝑄𝜂 (𝑡) − 𝜂𝑇 (𝑡 − ℎ)𝑄𝜂 (𝑡 − ℎ) ,

�̇�
3 (𝑡) = 𝜎 (ℎ̂ − ℎ) ̇̂ℎ,

�̇�
4 (𝑡) = 2𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2)
⋅ {∫−ℎ

−ℎ̂
[𝛼 (𝑡) − 𝛼 (𝑡 + 𝜃)] 𝑑𝜃 + ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠}

= 2𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2) [∫−ℎ

−ℎ̂
𝛼 (𝑡) 𝑑𝜃

− ∫−ℎ̂

−ℎ
𝛼 (𝑡 + 𝜃) 𝑑𝜃 + ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠]

= −2𝑀(𝑃𝐴𝑑

 + 𝑃𝐺𝜌2)
⋅ [(ℎ̂ − ℎ) 𝛼 (𝑡) ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝜃) 𝑑𝜃

+ ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠] .

(37)
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From Assumption 2, it yields

‖Ψ‖ ≤ 𝜌1 (𝑥 (𝑡) − 𝑥 (𝑡))
+ 𝜌2 (𝑥 (𝑡 − ℎ) − 𝑥 (𝑡 − ℎ̂))

≤ 𝜌1𝑒 (𝑡) + 𝜌2 (𝑥 (𝑡 − ℎ) − 𝑥 (𝑡 − ℎ̂))
= 𝜌1𝑒 (𝑡) +

𝜌2 ∫
−ℎ

−ℎ̂

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 .

(38)

From Lemma 8, one has

2𝜂𝑇 (𝑡) 𝑃𝐺Ψ ≤ 2 𝜂𝑇 (𝑡) ⋅ 𝑃𝐺 ⋅ ‖Ψ‖
≤ 2 𝜂 (𝑡) ⋅ 𝑃𝐺

⋅ (𝜌1𝑒 (𝑡) +
𝜌2 ∫

−ℎ

−ℎ̂

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠)
≤ 2 𝜂 (𝑡) ⋅ 𝑃𝐺

⋅ (𝜌1𝑒 (𝑡) + 𝜌2 ∫−ℎ

−ℎ̂

 ̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠)
≤ 2 𝜂 (𝑡) ⋅ 𝑃𝐺

⋅ (𝜌1𝑒 (𝑡) + 𝜌2 ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠)

≤ 𝜀−1𝜂𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝜂 (𝑡) + 2𝜀𝑒𝑇 (𝑡) 𝜌𝑇1 𝜌1𝑒 (𝑡)
+ 2 𝜂 (𝑡) ⋅ 𝑃𝐺𝜌2 ∫

−ℎ

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠.

(39)

Then

�̇�2 ≤ 𝜀−1𝜂𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝜂 (𝑡) + 2𝜀𝑒𝑇 (𝑡) 𝜌𝑇1 𝜌1𝑒 (𝑡)
+ 2 𝜂 (𝑡) ⋅ 𝑃𝐺 ⋅ 𝜌2 ∫

−ℎ

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠 + 𝜂𝑇 (𝑡)

⋅ 𝑄𝜂 (𝑡) − 𝜂𝑇 (𝑡 − ℎ)𝑄𝜂 (𝑡 − ℎ) + 𝜎 (ℎ̂ − ℎ) ̇̂ℎ
− 2𝑀𝑃𝐴𝑑

 [(ℎ̂ − ℎ) 𝛼 (𝑡) − ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝜃) 𝑑𝜃

+ ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠] .

(40)

Since ̇̂ℎ = −(1/𝜂)𝑀(‖𝑃𝐴𝑑‖+‖𝑃𝐺𝜌2‖)𝛼(𝑡), we have ̇̂ℎ ∫0
−ℎ⃖

𝛼(𝑡+𝑠)𝑑𝑠 ≤ 0. Because ‖𝑥(𝑡) − 𝑥(𝑡)‖ = ‖𝑒(𝑡)‖ ≤ 𝑀, and the
above fault detection observer error is equal to zero under
ideal condition, it holds that ‖𝜂(𝑡)‖ ≤ 𝑀.

From Lemma 8, one has

�̇�2 ≤ 2𝜂𝑇 (𝑡) 𝑃 [𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐵𝑤 (𝑡)]
+ 𝜀−1𝜂𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝜂 (𝑡) + 2𝜀𝑒𝑇 (𝑡) 𝜌𝑇1 𝜌1𝑒 (𝑡)
+ 𝜂𝑇 (𝑡) 𝑄𝜂 (𝑡) − 𝜂𝑇 (𝑡 − ℎ)𝑄𝜂 (𝑡 − ℎ) .

(41)

And 𝑒(𝑡) = [𝐼 0] [ 𝑒(𝑡)
𝑒𝑓(𝑡)

] = [𝐼 0] 𝜂(𝑡), 𝑒(𝑡 − ℎ) =
[𝐼 0] [ 𝑒(𝑡−ℎ)

𝑒𝑓(𝑡−ℎ)
] = [𝐼 0] 𝜂(𝑡 − ℎ). Thus, (41) can be rewritten

as

�̇�2 ≤ 2𝜂𝑇 (𝑡) 𝑃 [𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐵𝑤 (𝑡)]
+ 𝜀−1𝜂𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝜂 (𝑡)
+ 2𝜀𝜂𝑇 (𝑡) [𝐼0] 𝜌𝑇1 𝜌1 [𝐼0]

𝑇

𝜂 (𝑡) + 𝜂𝑇 (𝑡) 𝑄𝜂 (𝑡)
− 𝜂𝑇 (𝑡 − ℎ)𝑄𝜂 (𝑡 − ℎ)

= 𝜂𝑇 (𝑡) 𝑃 [𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐵𝑤 (𝑡)]
+ [𝐴𝜂 (𝑡) + 𝐴𝑑𝜂 (𝑡 − ℎ) + 𝐵𝑤 (𝑡)]𝑇 𝑃𝜂 (𝑡)
+ 𝜀−1𝜂𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝜂 (𝑡)
+ 2𝜀𝜂𝑇 (𝑡) [

[
𝜌𝑇1 𝜌1 0
0 0]]

𝜂 (𝑡) + 𝜂𝑇 (𝑡) 𝑄𝜂 (𝑡)

− 𝜂𝑇 (𝑡 − ℎ)𝑄𝜂 (𝑡 − ℎ) .

(42)

Consider the following performance index:

𝐽2 = ∫∞

0
𝑟𝑇𝑒 (𝑡) 𝑟𝑒 (𝑡) 𝑑𝑡 − 𝛾2 ∫∞

0
𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡

= ∫∞

0
[𝑟𝑇𝑒 (𝑡) 𝑟𝑒 (𝑡) − 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡) + �̇�2 (𝑡)] 𝑑𝑡

− 𝑉2 (𝑡)𝑡 + 𝑉2 (𝑡)𝑡=0
≤ ∫∞

0
[𝑟𝑇𝑒 (𝑡) 𝑟𝑒 (𝑡) − 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡) + �̇�2 (𝑡)] 𝑑𝑡

≤ ∫∞

0

[[[
[

𝜂 (𝑡)
𝜂 (𝑡 − ℎ)
𝑤 (𝑡)

]]]
]

𝑇

Ω[[[
[

𝜂 (𝑡)
𝜂 (𝑡 − ℎ)
𝑤 (𝑡)

]]]
]
𝑑𝑡,

(43)
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where

Ω =

[[[[[[[[[[[[[
[

𝐴𝑇𝑃 + 𝑃𝐴 + [2𝜀𝜌𝑇1 𝜌1 0
0 0] + 𝑄 𝑃𝐴𝑑 𝑃𝐵 𝐶𝑇 𝑃𝐺

𝐴𝑇

𝑑𝑃 [2𝜀𝜌𝑇2 𝜌2 0
0 0] 0 0 0

𝐵𝑇𝑃 0 −𝛾2𝐼 𝐷𝑇 0
𝐶 0 𝐷 −𝐼 0

𝐺𝑇𝑃 0 0 0 −𝜀𝐼

]]]]]]]]]]]]]
]

. (44)

From (35), one has Ω < 0. Hence 𝐽2 < 0 and ‖𝑧‖2 < 𝛾‖𝑤‖2.
If 𝑤(𝑡) = 0, from the above analysis, one has

𝐽2 ≤ ∫∞

0

[[
[

𝜂 (𝑡)
𝜂 (𝑡 − ℎ)
𝑤 (𝑡)

]]
]

𝑇

Ω [[
[

𝜂 (𝑡)
𝜂 (𝑡 − ℎ)
𝑤 (𝑡)

]]
]
𝑑𝑡, (45)

whereΩ = [ 𝐴
𝑇
𝑃+𝑃𝐴+𝜀−1𝑃𝐺𝐺

𝑇
𝑃+2𝜀𝜌𝑇1 𝜌1+𝐶

𝑇
𝐶+𝑄 𝑃𝐴𝑑 0

𝐴
𝑇

𝑑𝑃 −𝑄 0

0 0 −𝛾2𝐼

].
Obviously, Ω < 0 ⇒ Ω < 0. Furthermore, transferringΩ, one has

[[[[
[

𝐴𝑇𝑃 + 𝑃𝐴 + 2𝜀𝜌𝑇1 𝜌1 + 𝐶𝑇𝐶 + 𝑄 𝑃𝐴𝑑 𝑃𝐺
𝐴𝑇

𝑑𝑃 −𝑄 0
𝐺𝑇𝑃 0 −𝜀𝐼

]]]]
]

< 0 (46)

which implies that if𝑤(𝑡) = 0, then �̇�2 < 0. If (35) holds, then
(46) holds. Hence, system (8) is stable.

The proof is completed.
The last step of fault detection is to evaluate the residual.

This is a decision making process that always comes down to
a threshold logic of a decision function. From Assumption 2
(𝑑 ∈ 𝐿2), we can further have ‖𝑑(𝑡)‖2 = 𝑆, where𝑆 > 0 is a constant. By using Theorem 9, we obtain𝛾𝑑 = sup𝑑∈𝐿2‖𝑟‖2/‖𝑑‖2. In the fault-free case, the generated
residual 𝑟(𝑡) is only affected by the disturbance input 𝑑(𝑡).
Therefore, the threshold 𝐽th can be determined by

𝐽th = 𝛾𝑑 ‖𝑑 (𝑡)‖2 = 𝛾𝑑𝑆. (47)

The fault detection decision logic can be designed as

‖𝑟 (𝑡)‖2,𝜏 > 𝐽th ⇒ a fault has occured ⇒ alarm

‖𝑟 (𝑡)‖2,𝜏 < 𝐽th ⇒ no fault has occured. (48)

Remark 10. In [18],Ψwas described asΨ = 𝑔(𝑥(𝑡), 𝑥(𝑡−ℎ))−𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ)). From Assumption 2 in [18], one has

‖Ψ‖ ≤ 𝜌1 (𝑥 (𝑡) − 𝑥 (𝑡))
+ 𝜌2 (𝑥 (𝑡 − ℎ) − 𝑥 (𝑡 − ℎ))

≤ 𝜌1𝑒 (𝑡) + 𝜌2𝑒 (𝑡 − ℎ) ,
‖Ψ‖2 ≤ 2 𝜌1𝑒 (𝑡)2 + 2 𝜌2𝑒 (𝑡 − ℎ)2 .

(49)

However, if time-delay ℎ is an unknown constant, ‖Ψ‖ and‖Ψ‖2 are not available and can not be used in the design
procedure. In this paper, an improved observer is proposed,
in which ℎ is replaced by the estimation value ℎ̂. Then, Ψ is
presented in the following form:

Ψ = 𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ)) − 𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ̂)) . (50)

Furthermore, by using Newton-Leibniz Formula, one has

‖Ψ‖ ≤ 𝜌1 (𝑥 (𝑡) − 𝑥 (𝑡))
+ 𝜌2 (𝑥 (𝑡 − ℎ) − 𝑥 (𝑡 − ℎ̂))

≤ 𝜌1𝑒 (𝑡) +
𝜌2 ∫

−ℎ

−ℎ̂

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 .
(51)

3.3. Fault Estimation. After detecting the fault, fault isolation
and estimation are considered. Similar to [21], by a bank of
so-called fault isolation observers, fault pattern and location
can be obtained. In this paper, it is assumed that faults have
been isolated and fault isolation is not studied further. In the
following, we will investigate the fault estimation problem.

In order to estimate the fault, a following observer is
constructed:

̇̂𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) + 𝐵𝑢 (𝑡)
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ̂)) + 𝐵𝑓𝑓 (𝑡)
+ 𝐻 [𝑦 (𝑡) − 𝑦 (𝑡)] ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) + 𝐷𝑓𝑓 (𝑡) ,
𝑟 (𝑡) = 𝑉 [𝑦 (𝑡) − 𝑦 (𝑡)] ,

(52)



Mathematical Problems in Engineering 9

where 𝑥(𝑡) ∈ 𝑅𝑛 is the observer state vector, 𝑦(𝑡) ∈ 𝑅𝑞 is the
observer output vector, ℎ̂ and 𝑓 are the estimation values of ℎ
and𝑓, respectively, and 𝑟(𝑡) is the so-called generated residual
signal.The observer gainmatrix𝐻 and the residual weighting
matrix 𝑉 will be defined later.

Let

𝑒 = 𝑥 (𝑡) − 𝑥 (𝑡) ,
𝑓 = 𝑓 (𝑡) − 𝑓 (𝑡) . (53)

Then, the error dynamics can be described as

̇𝑒 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡)
+ 𝐺Ψ

= (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑥 (𝑡 − ℎ̂) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ 𝐴𝑑𝑥 (𝑡 − ℎ) − 𝐴𝑑𝑥 (𝑡 − ℎ)
+ (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡)
+ 𝐺Ψ

= (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑒 (𝑡 − ℎ) + 𝐴𝑑𝑥 (𝑡 − ℎ̂)

− 𝐴𝑑𝑥 (𝑡 − ℎ) + (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ,

(54)

where Ψ = 𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ)) − 𝑔(𝑥(𝑡), 𝑥(𝑡 − ℎ̂)).
By using Newton-Leibniz Formula, one has

𝑥 (𝑡 − ℎ̂) − 𝑥 (𝑡 − ℎ) = ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠. (55)

Equation (54) can be rewritten as

̇𝑒 (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐴𝑑𝑒 (𝑡 − ℎ)
+ 𝐴𝑑 ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 + (𝐵𝑓 − 𝐻𝐷𝑓) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝐺Ψ,

𝑟 (𝑡) = 𝑉𝐶𝑒 (𝑡) + 𝑉𝐷𝑓𝑓 (𝑡) + 𝑉𝐷𝑑𝑑 (𝑡) .

(56)

To realize the above-mentioned fault diagnosis objective, the
followingTheorem 11 is proposed.

Theorem 11. Consider system (1) subject to Assumptions 1–3.
For a given positive constant 𝛼 > 0, if there exist a scalar 𝜀 > 0
and matrices 𝑃1 = 𝑃𝑇1 > 0, 𝑃2 = 𝑃𝑇2 > 0, 𝑄1 = 𝑄𝑇

1 > 0,𝑄2 = 𝑄𝑇
2 > 0, 𝑌, and 𝑉 such that

Ξ =

[[[[[[[[[[[[[[[[
[

Ω1 0 𝑃1𝐴𝑑 0 𝑃1𝐵𝑓 − 𝑌𝐷𝑓 𝑃1𝐵𝑑 − 𝑌𝐷𝑑 𝐶𝑇𝑉𝑇 𝑃1𝐺
∗ Ω2 0 𝑃2𝐴𝑑 𝑃2 (𝐵𝑓 − 𝐻𝐷𝑓) 𝑃2 (𝐵𝑑 − 𝐻𝐷𝑑) −𝐶𝑇𝑉𝑇 0
∗ ∗ 2𝜀𝜌𝑇2 𝜌2 − 𝑄1 0 0 0 0 0
∗ ∗ ∗ 𝑄2 0 0 0 0
∗ ∗ ∗ ∗ −𝛾2𝐼 0 𝐷𝑇

𝑓 (𝑉𝑇 − 𝑉𝑇) 0
∗ ∗ ∗ ∗ ∗ −𝛾2𝐼 𝐷𝑇

𝑑 (𝑉𝑇 − 𝑉𝑇) 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀𝐼

]]]]]]]]]]]]]]]]
]

< 0, (57)

𝐹𝐶 = (𝐵𝑓 − 𝐻𝐷𝑓)𝑇 𝑃 (58)

then, using the following adaptive laws:

̇̂ℎ = −1𝜂𝑀(𝑃𝐴𝑑
 + 𝑃𝐺𝜌2) 𝛼 (𝑡) , ℎ̂ (0) > ℎ,

̇̂𝑓 (𝑡) = −𝜂−1𝑓 Γ𝐹𝑒𝑦 (𝑡) , ̇̂𝑓 (0) = 0,
(59)

the closed-loop system (56) is stable with ‖𝑒‖2 < 𝛼‖𝑑‖2, where𝛼(𝑡) = ‖ ̇̂𝑥(𝑡)‖, 𝜂𝑓 > 0, and Γ = Γ𝑇 > 0 are adaptive rates, and𝜂 is selected such that ℎ̂(0) ≥ ℎ, 𝑄 − 𝐼 > 0, and 𝐼 denotes the
identity matrix with appropriate dimensions.

Proof. Define the following Lyapunov-Krasovskii function:

𝑉3 (𝑡) = 𝑒𝑇 (𝑡) 𝑃𝑒 (𝑡) + ∫𝑡

𝑡−ℎ
𝑒𝑇 (𝜏) 𝑄𝑒 (𝜏) 𝑑𝜏

+ 2𝑀(𝑃𝐴𝑑
 + 𝑃𝐺𝜌2) ∫−ℎ

−ℎ̂
𝑑𝜃∫0

𝜃
𝛼 (𝑡 + 𝑠) 𝑑𝑠

+ 𝜂2 (ℎ̂ − ℎ)2 + 𝜂𝑓 (𝑓 − 𝑓)𝑇 Γ−1 (𝑓 − 𝑓) ,
(60)

where 𝑃 = [ 𝑃1 0
0 𝑃2

], 𝑄 = [ 𝑄1 0
0 𝑄2

] .
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Differentiating 𝑉3 with respect to time 𝑡, one has
�̇�3 ≤ 𝑒𝑇 (𝑡) (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃) 𝑒 (𝑡)

+ 𝑒𝑇 (𝑡) 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃𝑒 (𝑡) + 𝑒𝑇 (𝑡 − ℎ) 𝑒 (𝑡 − ℎ) + 2𝑒𝑇 (𝑡)

⋅ 𝑃(𝐴𝑑 ∫−ℎ̂

−ℎ

̇̂𝑥 (𝑡 + 𝑠) 𝑑𝑠 + 𝐺Ψ) + 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑓
− 𝐻𝐷𝑓) 𝑓 + 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) + 𝑒𝑇 (𝑡)
⋅ 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡 − ℎ)𝑄𝑒 (𝑡 − ℎ) + 𝜂 (ℎ̂ − ℎ) ̇̂ℎ
− 2𝑀 (𝑃𝐴𝑑

 + 𝑃𝐺𝜌2) [(ℎ̂ − ℎ) 𝛼 (𝑡)
− ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝜃) 𝑑𝜃 + ̇̂ℎ ∫0

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠]

+ 2𝜂𝑓𝑓𝑇Γ−1 ̇̂𝑓.

(61)

From Assumption 2 and ‖Ψ‖ ≤ ‖𝜌1𝑒(𝑡)‖ + ‖𝜌2 ∫−ℎ−ℎ̂ ̇̂𝑥(𝑡 + 𝑠)𝑑𝑠‖,
it yields

2𝑒𝑇 (𝑡) 𝑃𝐺Ψ ≤ 𝜀−1𝑒𝑇 (𝑡) 𝑃𝐺𝐺𝑇𝑃𝑒 (𝑡)
+ 2𝜀𝑒𝑇 (𝑡) 𝜌𝑇1 𝜌1𝑒 (𝑡) + 2 ‖𝑒 (𝑡)‖
⋅ 𝑃𝐺𝜌2 ∫−ℎ

−ℎ̂
𝛼 (𝑡 + 𝑠) 𝑑𝑠.

(62)

Because ̇̂ℎ = −(1/𝜂)𝑀(‖𝑃𝐴𝑑‖ + ‖𝑃𝐺𝜌2‖)𝛼(𝑡) ≤ 0, we havė̂ℎ ∫0
−ℎ̂

𝛼(𝑡 + 𝑠)𝑑𝑠 ≤ 0. Notice that 𝑄 − 𝐼 > 0; then
�̇�3 ≤ 𝑒𝑇 (𝑡) (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇

𝑑𝑃
+ 𝑄 + 𝜀−1𝑃𝐺𝐺𝑇𝑃 + 2𝜀𝜌𝑇1 𝜌1) 𝑒 (𝑡) + 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑓

− 𝐻𝐷𝑓) 𝑓 + 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡)
+ 2𝜂𝑓𝑓𝑇Γ−1 ̇̂𝑓 ≤ 𝑒𝑇 (𝑡) (𝑃 (𝐴 − 𝐻𝐶)
+ (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇

𝑑𝑃 + 𝑄 + 𝜀−1𝑃𝐺𝐺𝑇𝑃
+ 2𝜀𝜌𝑇1 𝜌1) 𝑒 (𝑡) − 2𝑓𝑇𝐹𝐷𝑓𝑓 (𝑡) − 2𝑓𝑇𝐹𝐷𝑑𝑑 (𝑡)
+ 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑) 𝑑 (𝑡) .

(63)

Now, define the following performance index:

𝐽3 = ∫∞

0
𝑒𝑇 (𝑡) 𝑒 (𝑡) 𝑑𝑡 − 𝛼2 ∫∞

0
𝑑𝑇 (𝑡) 𝑑 (𝑡) 𝑑𝑡

= ∫∞

0
[𝑒𝑇 (𝑡) 𝑒 (𝑡) − 𝛼2𝑑𝑇 (𝑡) 𝑑 (𝑡) + �̇�3 (𝑡)] 𝑑𝑡

− 𝑉1 (𝑡)𝑡 + 𝑉3 (𝑡)𝑡=0
(64)

Since under zero initial condition and ℎ̂(0) > ℎ and𝑉1(𝑡)|𝑡=0 = 0, 𝑉1(𝑡) ≥ 0 for all 𝑡. Thus,

𝐽3 < ∫∞

0
[𝑒𝑇 (𝑡) (𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃

+ 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃 + 𝑄 + 𝜀−1𝑃𝐺𝐺𝑇𝑃 + 2𝜀𝜌𝑇1 𝜌1 + 𝐼) 𝑒 (𝑡)

− 2𝑓𝑇𝐹𝐷𝑓𝑓 (𝑡) − 2𝑓𝑇𝐹𝐷𝑑𝑑 (𝑡) + 2𝑒𝑇 (𝑡) 𝑃 (𝐵𝑑
− 𝐻𝐷𝑑) 𝑑 (𝑡) − 𝛼2𝑑𝑇 (𝑡) 𝑑 (𝑡)] 𝑑𝑡

(65)

which can be rewritten as

𝐽3 < ∫∞

0

[[[
[

𝑒 (𝑡)
𝑓 (𝑡)
𝑑 (𝑡)

]]]
]

𝑇

Ξ1 [[[
[

𝑒 (𝑡)
𝑓 (𝑡)
𝑑 (𝑡)

]]]
]
𝑑𝑡, (66)

where

Ξ1 = [[[
[

𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃 + 𝑄 + 𝜀−1𝑃𝐺𝐺𝑇𝑃 + 2𝜀𝜌𝑇1 𝜌1 + 𝐼 0 (𝐵𝑑 − 𝐻𝐷𝑑)𝑇 𝑃

0 −𝐹𝐷𝑓 −𝐷𝑇
𝑑𝐹

𝑃 (𝐵𝑑 − 𝐻𝐷𝑑) −𝐷𝑑𝐹 −𝛼2𝐼
]]]
]

(67)

From (57), one has Ξ1 < 0. Therefore, 𝐽3 < 0 with ‖𝑒‖2 <𝛼‖𝑑‖2. If

Ξ1 = [[[[
[

𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝑃𝐴𝑑𝐴𝑇
𝑑𝑃 + 𝑄 + 𝜀−1𝑃𝐺𝐺𝑇𝑃 + 2𝜀𝜌𝑇1 𝜌1 + 𝐼 0 0

0 −𝐹𝐷𝑓 0
0 0 −𝛼2𝐼

]]]]
]

< 0. (68)
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holds, then, �̇�3 < 0 under the condition 𝑑(𝑡) = 0. Obviously,
if (57) holds, then (68) holds. Therefore, system (56) is
asymptotically stable.

The proof is completed.

Remark 12. Because of the existence of unknown distur-
bances, from the fault detectionmechanism (54), the adaptive
laws can be redesigned as

̇̂𝑓 = 𝑃 {−𝜂−1𝑓 Γ𝐹𝑒𝑦 (𝑡) 𝐷 [𝑒𝑦 (𝑡) , 𝐽 (𝑡)]} , (69)

where the dead-zone operator𝐷[⋅] is defined by

𝐷[𝑒𝑦 (𝑡) , 𝑟 (𝑡)] = {{{
0, ‖𝐽 (𝑡)‖ ≤ 𝐽th
𝑒𝑦 (𝑡) , ‖𝐽 (𝑡)‖ > 𝐽th, (70)

where 𝐽th = 𝛾𝑑‖𝑑(𝑡)‖2 = 𝛾𝑑𝑆.
Remark 13. If there exist two known constants𝑓min,𝑓max such
that 𝑓min ≤ |𝑓(𝑡)| ≤ 𝑓max, then the fault 𝑓(𝑡) can be modeled
in the following form:

𝑓 (𝑡) = 12 (𝑓max − 𝑓min) (1 − tanh 𝜃) + 𝑓min, (71)

where 𝜃 is an unknown constant. Thus, estimating the fault𝑓(𝑡) consists in estimating 𝜃; that is to say
̇̂𝑓 (𝑡) = 12 (𝑓max − 𝑓min) (1 − tanh ̇̂𝜃) + 𝑓min (72)

which prevents the phenomenon of parameter drift in the
presence of bounded disturbances and ensures 𝑓min ≤|𝑓(𝑡)| ≤ 𝑓max.

4. Simulation Results

Consider the following time-delayed nonlinear system:

�̇� (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − 𝑑) + 𝐵𝑢 (𝑡)
+ 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ)) + 𝐵𝑓𝑓 (𝑡) + 𝐵𝑑𝑑 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) + 𝐺𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ))
+ 𝐷𝑓𝑓 (𝑡) + 𝐷𝑑𝑑 (𝑡) ,

𝑥 (𝑡) = 0, 𝑡 ∈ [−ℎ, 0] ,

(73)

where

𝐴 = [−1.2 0.1
−0.1 −1.0] ,

𝐴𝑑 = [−0.6 0.7
−1.0 −0.8] ,

𝐵 = [ 0
0.2] ,

𝐶 = [1 0
0 1] ,

𝐷 = 0,
𝐺 = [0.1 0.3

0.2 0.5] ,

𝐵𝑓 = [ 0.7 0
−0.5 0] ,

𝐵𝑑 = [0 1.0
0 0.2] ,

𝐷𝑓 = [0 −0.4
0 0.8 ] ,

𝐷𝑑 = [1.5 0
0.2 0] ,

𝑔 (𝑥 (𝑡) , 𝑥 (𝑡 − ℎ)) = sin 0.2𝑥 (𝑡) + sin 0.1𝑥 (𝑡 − ℎ) ,
ℎ = 0.5 s,
𝑑 = 0.1 sin 𝑡.

(74)

FromTheorem 6, by solving LMI (19), one has

𝑃 = [0.6248 0.0610
0.0610 0.4262] ,

𝑄 = [ 1.1752 −0.1434
−0.1434 1.4028 ] ,

𝑍 = [0.8685 0.0672
0.0672 1.8887] ,

𝑌 = [0.8536 −0.5914
0.2573 1.9270 ] ,

𝛼min = 0.6391.

(75)
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Furthermore, we obtain the observer gain matrix 𝐻 and the
residual weighting matrix 𝑉,

𝐻 = [1.3259 −1.4076
0.4140 4.7225 ] ,

𝑉 = [0.9315 0.0291
0.0291 1.3740] .

(76)

In this study, 𝜀, 𝜌1, 𝜌2 are selected as [16, 18]

𝜀 = 0.1,
𝜌1 = [0.2 0.1

0.3 0.2] ,

𝜌2 = [0.1 0.2
0.3 0.1] .

(77)

By usingTheorem 11, we obtain the solutions of LMI (35) with𝑃1, 𝑃2, 𝑄1, 𝑄2, 𝑉, 𝑌 and minimal 𝛾min, respectively, as follows:

𝑃1 = [ 24.0724 −12.6296
−12.6296 10.7939 ] ,

𝑄1 = [44.0436 2.0634
2.0634 71.8486] ,

𝑃2 = [29.9378 8.3931
8.3931 16.0890] ,

𝑄2 = [64.3589 17.5958
17.5958 67.3153] ,

𝑉 = [ 0.4468 −0.0364
−0.0364 0.0128 ] ,

𝑌 = [35.0527 28.7520
28.7520 78.3480] ,

𝛾min = 0.6402.

(78)

Then, one has the observer gain matrix𝐻:

𝐻 = [4.2442 12.9558
5.3140 22.4176] . (79)

In this paper, to illustrate the effectiveness of the proposed
algorithm, two fault cases are considered: abrupt fault case
and incipient fault case.
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Figure 1: Fault signal 𝑓(𝑡).

2 4 6 8 10 12 14 16 18 200
Time (s)

r1(t)

r2(t)

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5
Re

sid
ua

l s
ig

na
ls

Figure 2: Generated residual 𝑟(𝑡).

4.1. Abrupt Fault Case. In this case, fault𝑓(𝑡) = [𝑓1(𝑡), 𝑓2(𝑡)]𝑇
is defined in following form:

𝑓1 (𝑡) =
{{{{{{{

0, 0 ≤ 𝑡 ≤ 3
0.5, 3 < 𝑡 ≤ 8
0, 𝑡 > 8,

𝑓2 (𝑡) =
{{{{{{{

0, 0 ≤ 𝑡 ≤ 3
0.4, 3 < 𝑡 ≤ 8
0, 𝑡 > 8.

(80)

The fault signal 𝑓(𝑡) and the generated residual signals𝑟(𝑡) (including 𝑟1(𝑡) and 𝑟2(𝑡)) are shown in Figures 1 and
2, respectively. Figure 3 shows the evolution of residual
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Figure 3: Evolution of the residual evaluation function ‖𝑟(𝑡)‖.
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Figure 4: Fault signal 𝑓(𝑡).

evaluation function ‖𝑟(𝑡)‖, from which the fault can be
detected.

4.2. Incipient Fault Case. As pointed out in [18], in many real
physical systems, the fault evolves slowly. In this case, the fault𝑓(𝑡) is assumed to be an incipient fault, which is shown in
Figure 4. The generated residual signals 𝑟(𝑡) (including 𝑟1(𝑡)
and 𝑟2(𝑡)) and the evolution of residual evaluation function
are illustrated in Figures 5 and 6, respectively.

5. Conclusions

In this paper, the problem of fault detection and estimation of
nonlinear time-delayed systems with constant but unknown
state time-delay is studied. A new fault detection filter with
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Figure 5: Generated residual 𝑟(𝑡).
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Figure 6: Evolution of the residual evaluation function ‖𝑟(𝑡)‖.

adaptation to the time-delay is proposed. Then, a reference
residual model is introduced to formulate the robust fault
detection filter design problem as an 𝐻∞ model-matching
problem. A novel robust adaptive fault estimation algorithm
is proposed where the time derivative of the output errors
has not been computed. In addition, applying a robust 𝐻∞

optimization control technique, sufficient conditions for the
existence of the fault detection filter are derived in terms of
LMI. In future, we will consider the fault diagnosis and fault
tolerant control of actuators and sensors when both the input
and the state are time-delay.
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Magnetic coupling resonant wireless power transfer network (MCRWPTN) system can realize wireless power transfer for some
electrical equipment real-time and high efficiency in a certain spatial scale, which resolves the contradiction between power transfer
efficiency and the power transfer distance of the wireless power transfer. A fully coupled resonant energy transfer model for
multirelay coils and ports is established. A dynamic adaptive impedance matching control based on fully coupling matrix and
particle swarm optimization algorithm based on annealing is developed for the MCRWPTN. Furthermore, as an example, the
network which has twenty nodes is analyzed, and the best transmission coefficient which has the highest power transfer efficiency
is found using the optimization algorithm, and the coupling constraints are considered simultaneously. Finally, the effectiveness of
the proposed method is proved by the simulation results.

1. Introduction

Since wireless power transfer was firstly proposed by Nikola
Tesla 100 years ago [1], much attempts have been devoted to
this field. But these attempts did not get much breakthrough
for several decades. Until 2006, a MIT research team found
that efficient mid-range wireless power transfer could be
achieved by utilizing near field magnetic coupling between
two identical resonators [2, 3]. This progress excited renewed
interest in this subject.

The magnetic coupling resonant wireless power trans-
mission network (MCRWPTN) is to achieve wireless energy
transmission through the resonant coils. In order to improve
the transmission efficiency and power and adapt to the needs
of the system, the MCRWPT has a variety of advanced
multiresonator transmission structures, including relay res-
onator structure, multitransmit coil, or transmit coil array
structure, multireceive coil, or multiple load structure. With
the increase of the complexity of themultiresonator structure,
a series of new design problems have been introduced in the
MCRWPT system, which is a hot research direction in the
field of MCRWPT technology.

From the mutual inductance formula, the transmission
distance can be increased by increasing the size of the coil,

but it is not feasible to apply themethod to the limit of the coil
geometry. Reducing the load of the transmitter and receiver
can also increase the transmission distance of [4], but the
actual application of the load cannot be arbitrarily changed;
this method also has a lot of limitations.The increase of relay
resonator is an effective way to improve the transmission
distance.

The concept of relay coil was put forward in [5] based on
the induction of electromagnetically induced transparency in
quantum interference. By using the coupledmode theory, the
energy transfer efficiency of the system was greatly improved
by adding a coil with the same resonant frequency between
the transmitting coil and the receiving coil. Further study in
[6–10] showed that the higher transmission efficiency and
power level can be achieved at a larger distance by increasing
the relay resonator.

The effect of the addition of 1 relay coil on the trans-
mission efficiency of the MCRWPT system with four coils
was studied in [7], and the coaxial relay coil placed on the
system to enhance the transmission efficiency was greater,
but the vertical display had wider practical application
prospects.The [8] proposedMCRWPT array resonator based
on 𝑁 resonator through the relay placed level could achieve𝑁 times the diameter of the resonator of wireless power
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transmission (WPT) distance, when using the 10-array res-
onator, the efficiency of energy transmission was still close to
85%. An efficient WPT system with a relay coil was designed
in [10]. Based on the analysis and simulation of the circuit
model, the appropriate operating frequency was selected to
achieve a transmission power of 6.6 kW at a distance of
200mm and transmission efficiency was 95.57%.

In the practical application of radio energy transmission,
such as charging for mobile electronic devices, there was a
large demand for the supply of multiple devices simultane-
ously. With the development ofWPT system, more andmore
attention had been paid to the research of multireceiving coil
and multiple load structure.

The basic transmission characteristics such as transmis-
sion efficiency and power of multireceiving coil in [11–13]
were studied by using circuit model or coupled mode theory.
The research on the multireceiver coil structure in WPT
was carried out in [11], which verified the feasibility of
transmitting the power to a plurality of receiving coils. In
a single transmitting coil to the two receiving coils power
supply research in [12], the results show that although the
transmission efficiency of each single coil is relatively not
high, it overall can achieve higher transmission efficiency
of the system. Based on the coupled mode theory, [13] was
used to study the transmission of multiple load coils. With
the same conclusion as in [12], with the two receiving coils,
the overall transmission efficiency of multiple receive coils
is higher than that of a single receiver coil, but as the
number of receivers increases, the overall efficiency of the
system tends to saturate and the efficiency of each individual
receive coil becomes very low. In [14], the cross-coupling of
multireceiving coils was considered, and the optimal design
of multiload reception was realized by impedance matching
of the transmitter. The paper [15] presented a novel analysis
method using band-pass filter model, which made the circuit
model withmultireceiving coil systemmore simple and easier
to analyze, but its use conditions were relatively harsh.

In [16], the concept of time-sharing transmission in
communication system was used to study the multiload
charging inMCRWPT system. It was found that time-sharing
wireless transmission can achieve efficient and uniform
power transmission. The literature [17] was further extended
to𝑁 resonant coils.The simulation results showed that when
there were𝑁 resonant coils in the system and the frequency
splitting occurred, there would be 𝑁 efficiency peak points.
When there were odd resonant coils, the system transmission
efficiency could reach the peak at the original resonant
frequency of the coil, and when the number of resonant
coils was even, the transmission efficiency was shifted at the
original resonant frequency.

The impedance matching method on the load side can
simultaneously realize the compensation of the frequency
splitting phenomenon and the control of the power distri-
bution. Considering the limitation of the frequency track-
ing method, the impedance matching is the main control
strategy in the multicoil system. The impedance matching
strategy for power allocation was studied in [15, 18, 19]. In
the actual system, the coupling cannot be ignored when the

number of receiving coils is very close [15, 18], considering
the cross-coupling between multiple receiving coils. The
impedance matching and power division method utilizing
impedance inverters only at receiver sides was proposed.The
mathematical equations in the proposed method were then
generalized for arbitrary number of receivers and arbitrary
number of repeaters. The coupling of the driving coil and the
multiple receiving coils was studied in [19], and it was pointed
out that the coupling will change the optimal impedance
matching condition given the design method of matching
impedance at this time.

Using the scattering parameters as the objective func-
tion of the fully coupling matrix extraction and combining
the particle swarm optimization algorithm with simulated
annealing technique to optimize impedance matching are
the goal of this work. The control strategy must overcome
some difficulties such as the highly nonlinear and coupled
dynamicsmore over the dynamic, complex, and unstructured
environments which may cause unpredictable disturbances
to the impedance matching. So dealing with some states
in each step will improve matching speed and accuracy.
Using the coupling analysis and extraction condition of fully
coupling matrix to design an optimal impedance matching
strategy for MCRWPTN, it has been shown that the resulting
optimization has excellent performance, as demonstrated by
simulations.

The paper is outlined as follows. The model of multirelay
MCRWPTN is established, and the coupling relation between
multiple coils is analyzed in Section 2. The generalized
coupling matrix of the system is extracted and an optimal
design method is given in Sections 3 and 4. Simulations
using FEKO and MATLAB and experiments are performed
to validate the new method in Section 5. Finally, Section 6
presents some conclusions.

2. Problem Formulation

Wireless power transfer network (WPTN) is an energy-
centric network, which includes an exciting coil, a transmit-
ting coil, a relay coil, a receiving coil, and a pickup coil. The
generalized couplingmodel of the single energy transmission
link composed of 𝑛 relay energy nodes in theWPTN network
is shown in Figure 1.

An internal resonance network is composed of a trans-
mitting, a relay, and a receiving coil, and the resonant
frequency and the structure of the transmitting coil, the relay
coil, and the receiving coil are the same. The exciting coil
and the pickup coil are connected to the power and load
ports, respectively, and form an external resonant network
with the internal resonant network. The magnetic coupling
of the internal resonant network forms a contactless energy
transmission link, and multiple transmission links constitute
the entire WPTN.

In Figure 1, 𝐶𝑝, 𝐿𝑝, and 𝑅𝑝 (𝑝 = 𝑆, 𝐿) are power and load
port parameters; 𝐶𝑖, 𝐿 𝑖, and 𝑅𝑖 are the parameters of each
coupling node. 𝑀𝑖𝑝 is the mutual inductance between the
port and the node;𝑀𝑖,𝑖+1 is the mutual inductance between
adjacent nodes.
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Figure 1: Schematic of a wireless power transfer route.

The 𝑍 parameter equation of the two-port system can be
expressed as

[𝑍] ∗ [𝐼] = 𝑗 (𝑚𝑛 − 𝜆𝑟 − 𝑗𝑝) ∗ [𝐼] = [𝑉] , (1)

[[[[[[[[[
[

𝑍𝑆𝑆 𝑍𝑆1 ⋅ ⋅ ⋅ 𝑍𝑆𝑛 𝑍𝑆𝐿𝑍𝑆1 𝑍11 ⋅ ⋅ ⋅ 𝑍1𝑛 𝑍1𝐿... ... d
... ...

𝑍𝑆𝑛 𝑗𝑍1𝑛 ⋅ ⋅ ⋅ 𝑍𝑛𝑛 𝑍𝑛𝐿𝑍𝑆𝐿 𝑍1𝐿 ⋅ ⋅ ⋅ 𝑍𝑛𝐿 𝑍𝐿𝐿

]]]]]]]]]
]

[[[[[[[[[
[

𝐼𝑆𝐼1...
𝐼𝑛𝐼𝐿

]]]]]]]]]
]

=
[[[[[[[[
[

𝑉𝑠0...
0
0

]]]]]]]]
]
, (2)

where [𝑍] is the system equivalent impedancematrix and [𝑚]
is a fully coupling matrix. For systems with 𝑖 (𝑖 = 1, . . . , 𝑛)
resonant networks and 𝑝 ports, the order of the equivalent
impedance matrix [𝑍] is 𝑛 + 2. 𝜆 is the normalized frequency
factor; 𝑟 is the unit matrix. 𝑝 is the port matrix, except for𝑝11 = 𝑍𝑆𝑆 and 𝑝𝑛+2,𝑛+2 = 𝑍𝐿𝐿 and other elements are zero.

The impedance matrix of the system is shown in (3).
Matrix [𝑍] is derived from the loop equation formulation of
the source and load, external and inner-resonator couplings,
and resonator impedances.

[𝑍]

=

[[[[[[[[[[[[[[[[[[[[[[[[[[
[

𝑅𝑆 + 𝑗𝜔𝐿𝑆 − 𝑗 1𝜔𝐶𝑆 𝑗𝜔0𝑀𝑆1 𝑗𝜔0𝑀𝑆2 ⋅ ⋅ ⋅ 𝑗𝜔0𝑀𝑆,𝑛−1 𝑗𝜔0𝑀𝑆𝑛 𝑗𝜔0𝑀𝑆𝐿
𝑗𝜔0𝑀𝑆1 𝑅1 + 𝑗𝜔𝐿1 − 𝑗 1𝜔𝐶1 𝑗𝜔0𝑀12 ⋅ ⋅ ⋅ 𝑗𝜔0𝑀1,𝑛−1 𝑗𝜔0𝑀1𝑛 𝑗𝜔0𝑀1𝐿
𝑗𝜔0𝑀𝑆2 𝑗𝜔0𝑀12 𝑅2 + 𝑗𝜔𝐿2 − 𝑗 1𝜔𝐶2 ⋅ ⋅ ⋅ 𝑗𝜔0𝑀2,𝑛−1 𝑗𝜔0𝑀2𝑛 𝑗𝜔0𝑀2𝐿
... ... ... d

... ... ...
𝑗𝜔0𝑀𝑆,𝑛−1 𝑗𝜔0𝑀1,𝑛−1 𝑗𝜔0𝑀2,𝑛−1 ⋅ ⋅ ⋅ 𝑅𝑛−1,𝑛−1 + 𝑗𝜔𝐿𝑛−1,𝑛−1 − 𝑗 1𝜔𝐶𝑛−1,𝑛−1 𝑗𝜔0𝑀𝑛−1,𝑛 𝑗𝜔0𝑀𝑛−1,𝐿
𝑗𝜔0𝑀𝑆𝑛 𝑗𝜔0𝑀1𝑛 𝑗𝜔0𝑀2𝑛 ⋅ ⋅ ⋅ 𝑗𝜔0𝑀𝑛−1,𝑛 𝑅𝑛 + 𝑗𝜔𝐿𝑛 − 𝑗 1𝜔𝐶𝑛 𝑗𝜔0𝑀𝑛𝐿
𝑗𝜔0𝑀𝑆𝐿 𝑗𝜔0𝑀1𝐿 𝑗𝜔0𝑀2𝐿 ⋅ ⋅ ⋅ 𝑗𝜔0𝑀𝑛−1,𝐿 𝑗𝜔0𝑀𝑛𝐿 𝑅𝐿 + 𝑗𝜔𝐿𝐿 − 𝑗 1𝜔𝐶𝐿

]]]]]]]]]]]]]]]]]]]]]]]]]]
]

. (3)

Without loss of generality, we can assume that all nodes
are fixed and stationary randomly distributed within the

network, and each node has a unique number. All nodes have
the same structure and circuit topology, and the coupling
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between nonadjacent nodes is negligible. Each node has the
same function and status equivalence as the source node,
relay node, and destination node.

The impedance matrix [𝑍] is normalized as shown in

[𝑍] =

× (√𝑅𝑆)
−1

× (√𝜔0𝐿1)
−1

× (√𝜔0𝐿2)
−1

...

...

× (√𝜔0𝐿𝑛)
−1

× (√𝑅𝐿)
−1

× (√𝑅𝑆)−1

[[[[[[[[[[[[[[[[[[[[
[

𝑍𝑆𝑆
𝑍𝑆1
0
...
0
0
0

× (√𝜔0𝐿1)−1
𝑍𝑆1
𝑍11
𝑍12
...
0
0
0

× (√𝜔0𝐿2)−1
0
𝑍12
𝑍22
...
0
0
0

⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅
d

⋅ ⋅ ⋅
⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅ ⋅ ⋅
0
0
0
...

𝑍𝑛−1,𝑛−1
𝑍𝑛−1,𝑛
0

× (√𝜔0𝐿𝑛)−1
0
0
0
...

𝑍𝑛−1,𝑛
𝑍𝑛𝑛
𝑍𝑛𝐿

× (√𝑅𝐿)−1
0
0
0
...
0
𝑍𝑛𝐿
𝑍𝐿𝐿

]]]]]]]]]]]]]]]]]]]]
]

, (4)

where 1/√𝑅𝑝 is an impedance scaling factor (𝑝 = 𝑆, 𝐿),
1/√𝜔0𝐿 𝑖 (𝑖 = 1, . . . , 𝑛) is a resonator scaling factor, and𝜔0 = 1/√𝐿 𝑖𝐶𝑖.

Generalize matrix [𝑍] such that the resultant matrix can
be normalized in terms of couplings and port impedances
only. The resultant matrix is the normalized impedance
matrix [𝑍], as shown in

[𝑍] =

[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 + 𝑗𝑋𝑆𝑅𝑆 𝑗 𝜔𝑀𝑆1√𝜔0𝑅𝑆𝐿1 0 ⋅ ⋅ ⋅ 0 0 0
𝑗 𝜔𝑀𝑆1√𝜔0𝑅𝑆𝐿1

1𝑄1 + 𝑗𝜆 𝑗 𝑀12√𝐿1𝐿2 ⋅ ⋅ ⋅ 0 0 0
0 𝑗 𝑀12√𝐿1𝐿2

1𝑄2 + 𝑗𝜆 ⋅ ⋅ ⋅ 0 0 0
... ... ... d

... ... ...
0 0 0 ⋅ ⋅ ⋅ 1𝑄𝑛−1 + 𝑗𝜆 𝑗 𝑀𝑛−1,𝑛√𝐿𝑛−1𝐿𝑛 0
0 0 0 ⋅ ⋅ ⋅ 𝑗 𝑀𝑛−1,𝑛√𝐿𝑛−1𝐿𝑛

1𝑄𝑛 + 𝑗𝜆 𝑗 𝜔𝑀𝑛𝐿√𝜔0𝐿𝑛𝑅𝐿
0 0 0 ⋅ ⋅ ⋅ 0 𝑗 𝜔𝑀𝑛𝐿√𝜔0𝐿𝑛𝑅𝐿 1 + 𝑗𝑋𝐿𝑅𝐿

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

. (5)

Normalized variables are used in representing the impedance
matrix as follows. 𝑄𝑖 = 𝜔0𝐿 𝑖/𝑅𝑖 is the unloaded 𝑄 factor
of resonator 𝑖, 𝜆 = (𝜔/𝜔0 − 𝜔0/𝜔) is the normalized
frequency factor, which reflects the relationship between
the resonant network and the frequency in the frequency
response of MCRWPT. The coupling coefficient of the

internal resonator is defined as 𝑘𝑖,𝑖+1 = 𝑀𝑖,𝑖+1/√𝐿 𝑖𝐿 𝑖+1,
and the external coupling between resonator 𝑖 and port𝑝 for 𝑖 = 1, 𝑛 and 𝑝 = 𝑆, 𝐿 is defined as 𝐸𝑆1 =𝜔𝑀𝑆1/√𝜔0𝑅𝑆𝐿1 and 𝐸𝑛𝐿 = 𝜔𝑀𝑛𝐿/√𝜔0𝐿𝑛𝑅𝐿. The normal-
ized reactance of port 𝑝 for 𝑝 = 𝑆, 𝐿 is 𝑥𝑆 = 𝑋𝑆/𝑅𝑆 and𝑥𝐿 = 𝑋𝐿/𝑅𝐿.
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This normalized impedance matrix will be referred to as[𝑍]. Substituting in these variables allows us to make the
decomposition of the matrix seen below:

[𝑍] = 𝑗

[[[[[[[[[[[[[[[[[[[
[

𝑥𝑆 𝐸𝑠1 0 ⋅ ⋅ ⋅ 0 0 0
𝐸𝑠1 − 𝑗𝑄1 𝑘12 ⋅ ⋅ ⋅ 0 0 0
0 𝑘12 − 𝑗𝑄2 ⋅ ⋅ ⋅ 0 0 0
... ... ... d

... ... ...
0 0 0 ⋅ ⋅ ⋅ − 𝑗𝑄𝑛−1 𝑘𝑛−1,𝑛 0
0 0 0 ⋅ ⋅ ⋅ 𝑘𝑛−1,𝑛 − 𝑗𝑄𝑛 𝐸𝑛𝐿
0 0 0 ⋅ ⋅ ⋅ 0 𝐸𝑛𝐿 𝑥𝐿

]]]]]]]]]]]]]]]]]]]
]

+

[[[[[[[[[[[[[[[
[

1 0 0 ⋅ ⋅ ⋅ 0 0 0
0 0 0 ⋅ ⋅ ⋅ 0 0 0
0 0 0 ⋅ ⋅ ⋅ 0 0 0
... ... ... d

... ... ...
0 0 0 ⋅ ⋅ ⋅ 0 0 0
0 0 0 ⋅ ⋅ ⋅ 0 0 0
0 0 0 ⋅ ⋅ ⋅ 0 0 1

]]]]]]]]]]]]]]]
]

+ 𝑗𝜆

[[[[[[[[[[[[[[[
[

0 0 0 ⋅ ⋅ ⋅ 0 0 0
0 1 0 ⋅ ⋅ ⋅ 0 0 0
0 0 1 ⋅ ⋅ ⋅ 0 0 0
... ... ... d

... ... ...
0 0 0 ⋅ ⋅ ⋅ 1 0 0
0 0 0 ⋅ ⋅ ⋅ 0 1 0
0 0 0 ⋅ ⋅ ⋅ 0 0 0

]]]]]]]]]]]]]]]
]

.

(6)

Using algebraic manipulation, [𝑍] is separated into constitu-
tive components into the form given by

[𝑍] = 𝑗 [𝑚] + 𝑗𝜆 [𝑟] + [𝑝] . (7)

For the purposes of WPT optimization, the variable 𝜆
simply reflects the frequency dependency of the MRCWPT
frequency response. The unit matrix [𝑟] of the resonant
network is 𝑛 ∗ 𝑛 identity matrix, the port normalized
impedance matrix [𝑝] is zero except for the power and load
port elements, the coupling matrix [𝑚] is a reciprocal matrix
of 𝑛 ∗ 𝑛, and the other nondiagonal elements represent
the coupling between the two resonators. If it is zero, the
corresponding two resonators are not coupled.

3. Fully Coupling Matrix Extraction

From (1) we can see that the current vector can be expressed
as

[𝐼] = −𝑗 [𝑍]−1 [𝑉] . (8)

Thus, the scattering parameter 𝑆 of the entire coupling circuit
can be expressed as

𝑆21 = 2√𝑍𝑆𝑆𝑍𝐿𝐿 [𝐼]𝑛 = −2𝑗√𝑍𝑆𝑆𝑍𝐿𝐿 [𝑍]−1𝑆𝐿 ,
𝑆11 = 1 − 2𝑍𝑆𝑆 [𝐼]1 = 1 + 2𝑗𝑍𝑆𝑆 [𝑍]−1𝑆𝑆 .

(9)

We can get from (7) that

[𝐴] = −𝑗 [𝑍] = [𝑚] − 𝑗 [𝑝] + 𝜆 [𝑟] , (10)

where the matrix [𝐴] is built from the coupling matrix [𝑚],
the source matrix [p], and the resonator matrix [𝑟]. It can
be shown that, from inverting the [𝐴] matrix, the scattering
parameters can be found.

𝑆21 = −2𝑗 [𝐴]−1𝑆𝐿 ,
𝑆11 = 1 + 2𝑗 [𝐴]−1𝑆𝑆 . (11)

The objective function 𝐾 is uniquely determined by the zero
position, the pole position, and the in-band return loss.

𝐾 = 𝑛∑
𝑖=1

𝑆11 (𝜔𝑧𝑖)2 +
𝑝∑
𝑖=1

𝑆21 (𝜔𝑝𝑖)2

+ (𝑆11 (𝜔 = −1) − 𝜀√1 + 𝜀2)
2

+ (𝑆11 (𝜔 = 1) − 𝜀√1 + 𝜀2)
2 , (𝑝 ≤ 𝑛) ,

(12)

where𝜔𝑝𝑖 is artificially specified quantity and𝜔𝑧𝑖 is a function
of 𝜔𝑝𝑖. 𝜔𝑧𝑖 and 𝜔𝑝𝑖 are the zero and pole of the characteristic
function 𝐶𝑛(𝜔), respectively. The latter two are used to
determine the in-band return loss. When 𝐾 = 0, the target
is satisfied and the optimization is finished. Set the following
expression:

𝐶𝑛 (𝜔) = 12 𝐺𝑛 (𝜔) + 𝐺

𝑛 (𝜔)∏𝑛𝑖=1 (1 − 𝜔/𝜔0) , (13)

𝐺𝑛 (𝜔) = 𝑛∏
𝑖=1
[(𝜔 − 1𝜔0) + √(𝜔2 − 1)(1 −

1𝜔20)] , (14)

𝐺𝑛 (𝜔) = 𝑛∏
𝑖=1
[(𝜔 − 1𝜔0) − √(𝜔2 − 1)(1 −

1𝜔20)] , (15)

𝐺𝑛 (𝜔) = 𝑈𝑛 (𝜔) + 𝑉𝑛 (𝜔) , (16)

𝐺𝑛 (𝜔) = 𝑈𝑛 (𝜔) − 𝑉𝑛 (𝜔) , (17)

𝑈𝑛 (𝜔) = 𝑢0 + 𝑢1𝜔 + 𝑢2𝜔2 + ⋅ ⋅ ⋅ + 𝑢𝑛𝜔𝑛, (18)

𝑉𝑛 (𝜔) = √𝜔2 − 1 (V0 + V1𝜔 + V2𝜔2 + ⋅ ⋅ ⋅ + V𝑛𝜔𝑛) . (19)
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𝐺1(𝜔) can be obtained as substituting the first pole 𝜔𝑝1 into
(14), and the values of 𝑢0, 𝑢1, V0, V1 are obtained by comparing
the coefficients, and then determine 𝑈1(𝜔), 𝑉1(𝜔).

𝐺𝑛 (𝜔) = [𝑈𝑛−1 (𝜔) + 𝑉𝑛−1 (𝜔)]
⋅ [(𝜔 − 1𝜔0) + √(𝜔2 − 1)(1 −

1𝜔20)] .
(20)

𝐺2(𝜔) can be obtained as substituting the first pole 𝜔𝑝2, and
so on, until the 𝑁 pole is replaced. From formulas (16) and
(17), the molecules of 𝐶𝑛(𝜔) can be obtained by iteration.

NUM [𝐶𝑛 (𝜔)] = 12 [𝐺𝑛 (𝜔) + 𝐺𝑛 (𝜔)] = 𝑈𝑛 (𝜔) . (21)

Solving the roots of 𝑈𝑛(𝜔) = 0 can obtain the 𝑁 zeros of
the characteristic function. The parameters of the objective
function can be determined after substituting the zero point,
the pole, and the return loss into (12). The relation between
generalized couplingmatrix [𝑚] and objective function𝐾 can
be established by the above derivation, and the optimization
model of the coupling matrix extraction is shown in formula
(22).

min 𝐾
= 𝑛∑
𝑖=1

𝑆11 (𝜔𝑧𝑖)2 +
𝑝∑
𝑖=1

𝑆21 (𝜔𝑝𝑖)2

+ (𝑆11 (𝜔 = −1) − 𝜀√1 + 𝜀2)
2

+ (𝑆11 (𝜔 = 1) − 𝜀√1 + 𝜀2)
2 , (𝑝 ≤ 𝑛)

s.t. 𝐶𝑛 (𝜔) = 12 𝐺𝑛 (𝜔) + 𝐺

𝑛 (𝜔)∏𝑛𝑖=1 (1 − 𝜔/𝜔0)

𝐺𝑛 (𝜔)
= 𝑛∏
𝑖=1
[(𝜔 − 1𝜔0) + √(𝜔2 − 1)(1 −

1𝜔20)]
𝐺𝑛 (𝜔)
= 𝑛∏
𝑖=1
[(𝜔 − 1𝜔0) − √(𝜔2 − 1)(1 −

1𝜔20)] .

(22)

4. Impedance Matching Optimization

In order to improve the extraction speed of generalized
coupling matrix, a particle swarm optimization algorithm
based on simulated annealing is presented. Fitness function
can be expressed as follows:

fittness = 𝐺𝑛 (𝜔)
= 𝑛∏
𝑖=1
[(𝜔 − 1𝜔0) + √(𝜔2 − 1)(1 −

1𝜔20)] .
(23)

Firstly, the initial population is generated randomly, and a
new group of individuals is generated by the basic particle
swarm optimization algorithm.

𝑉𝑖+1 = 𝑤 ∗ 𝑉𝑖 + 𝑐1 ∗ rand ( ) ∗ (𝑝𝑏𝑒𝑠𝑡 − 𝑥𝑖) + 𝑐2
∗ rand ( ) ∗ (𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖)

𝑥𝑖+1 = 𝑥𝑖 + 𝑉𝑖,
(24)

where 𝑝𝑏𝑒𝑠𝑡 is the best location of the particle itself and 𝑔𝑏𝑒𝑠𝑡
is the best location for all particles in the population.

Then, the crossover and the Gaussian mutation opera-
tion are carried out independently. Simulated annealing is
performed for each individual, and the result is used as an
individual in the next generation.

In each evolution, crossover operation selects a speci-
fied number of particles into a pool according to crossing
probability, which are randomly crossed to produce the same
number of children, instead of parents to keep the number
of particles unchanged. The position of the child particle is
calculated by the weighted sums of the parent particles.

child1 (𝑥) = 𝑝 ∗ parent1 (𝑥) + (1 − 𝑝) ∗ parent2 (𝑥) ,
child2 (𝑥) = 𝑝 ∗ parent2 (𝑥) + (1 − 𝑝) ∗ parent1 (𝑥) , (25)

where𝑥 is the𝐷-dimension position vector and child𝑘(𝑥) and
parent𝑘(𝑥), 𝑘 = 1, 2, respectively, are the location of the child
or parent particles. 𝑝 is a uniform random number vector of𝐷-dimension, with each component in [0, 1] value.The speed
of the child particles is given by the following formula:

child1 (V) = parent1 (V) + parent2 (V)parent1 (V) + parent2 (V)
parent1 (V) ,

child2 (V) = parent1 (V) + parent2 (V)parent1 (V) + parent2 (V)
parent2 (V) ,

(26)

where V is the velocity vector of the𝐷-dimension.
In each evolution, the specified number of particles is

selected by mutation operation according to the mutation
probability, which was mutated by Gaussian mutation opera-
tor, and the mutated particles are used instead of the original
particles.

mutation (𝑥) = 𝑥 ∗ (1 + Gaussian (𝛿)) . (27)

The implementation of the algorithm is composed of two
parts. Firstly, the evolution of the basic particle swarm opti-
mization algorithm (global search) is used to produce a better
group, and then the crossover and mutation operations are
applied, and the particles are further optimized by simulated
annealing (local search). The evolution process is iterated
until the termination condition is satisfied. The algorithm
flow is as follows:

(1) Initialization parameters.
(2) The population of randomly generated𝑁 particles.
(3) Using (24) to manipulate the particles in the popula-

tion.
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Table 1: The system parameters configuration.

Parameters Values
𝑅𝑆 50Ω
𝑅𝐿 50Ω
Port coils

Radius 𝑟 100mm
Number of turns𝑁 1 turn

Resonant coils
Radius 𝑅 100mm
Number of turns𝑁 5 turns
Resonant frequency 𝑓0 12.85MHz
Coupling coefficient between resonators 𝑘𝑖,𝑖+1 0.2
Coupling coefficient between nonadjacent

resonators 0

(4) The population generated by (3) select the particle to
form the subpopulation by the crossover probability
and carries out the following operations to produce
a new species population: from the subpopulation
randomly selected individuals 𝑥𝑗 and 𝑥𝑘 according
to (25) for cross-operation to produce two new indi-
viduals 𝑥𝑗, 𝑥𝑘, calculate the adaptive function value𝑓(𝑥𝑗), 𝑓(𝑥𝑘), 𝑓(𝑥𝑗), 𝑓(𝑥𝑘); if min{1, exp(−(𝑓(𝑥𝑗)) −𝑓(𝑥𝑗))/𝑇} > random, then 𝑥𝑗 is a new individual;
if min{1, exp(−(𝑓(𝑥𝑘)) − 𝑓(𝑥𝑘))/𝑇} > random, then𝑥𝑘 is a new individual, where random is a random
number on the [0, 1] interval.

(5) The population generated by crossing selects the
particle to form the subpopulation by the mutation
probability and carries out the following operations
to produce a new species population. An individual is
selected from the subpopulation to perform a Gaus-
sian mutation operation to produce a new individual𝑥𝑗, and calculate the adaptive function value 𝑓(𝑥𝑗)
and 𝑓(𝑥𝑗); if min{1, exp(−(𝑓(𝑥𝑗)) − 𝑓(𝑥𝑗))/𝑇} >
random, then 𝑥𝑗 is a new individual.

(6) If the current optimal individual satisfies the conver-
gence condition, the evolution process ends success-
fully and returns the global optimal solution.

(7) If the number of evolutions is less than the maximum
number of times of evolution, the annealing tempera-
ture of the population is modified, and then return to
step (3).

5. Simulation Results

In order to optimize the extraction of generalized coupling
matrix parameters fast convergence, the initial value should
be set close to the actual value. The parameters of the
MCRWPTN system are shown in Table 1. The optimized and
simulated 𝑆 parameters are shown in Figures 2–4.
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Figure 2: The curves of scattering parameters of WPTN.
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Figure 3: The curves of the scattering parameters of external
coupling network of power port.

When the number of ports is 𝑝 = 2, the number of
coupling relay coils is 𝑛 = 20, and the system scatter-
ing parameter curve is shown in Figures 2–4. These three
curves represent the specific distribution of the scattering
parameters of the total transmission network and the two
transmission subnetworks of the MCRWPTN, respectively,
which can reflect the law of the scattering parameters of the
system with frequency, where 𝑆21 is forward transmission
coefficient and 𝑆11 is reflection coefficient of port 1. They
can respond to the transmission characteristics of the system,
the higher 𝑆21 is better, and the opposite of 𝑆11 is as low as
possible.

As can be seen from Figure 2, the frequency division
of the system has low frequency resonance and high fre-
quency resonance. At the resonant frequency, 𝑆21 reaches the
maximum, and 𝑆11 = 0.1 is the smallest. So the maximum
power transmission efficiency is obtained.The response curve
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Figure 4: The curves of the scattering parameters of external
coupling network of load port.

S22

S11

Figure 5: Simulation validation of complex load impedance accom-
modation.

obtained after optimization is in good agreement with the S
parameters obtained from the simulation. FromFigures 3 and
4, the existence of external coupling network makes the port
impedance match well.

Figure 5 shows the simulated 𝑆11 and 𝑆22 responses of the
complex load impedance accommodated response measured
at the interresonator coupling location 𝑘ST = 0.01. As shown,
the resonance dip of 𝑆22 response approaches the center of
the Smith chart. This indicates that the output impedance of
the impedance matching optimized system is the complex
conjugate of 𝑍𝑝 = 𝑅𝑝 + 𝑗𝑋𝑝.

Figure 6 is the modulus value of the reflection coeffi-
cient obtained by different algorithms. By comparing the
three different algorithms of reflection coefficient magnitude,
the particle swarm optimization combined with simulated
annealing algorithm is a new type of impedance matching
algorithm, and the reflection coefficient tends to zero to
achieve impedance matching finally, which is better than the
improved particle swarm algorithm in speed.
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Figure 6: The modulus value of the reflection coefficient obtained
by different algorithms.
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Figure 7: Multicoupled node network optimization.

The relationship between the number of coupled nodes
and the number of iterations is shown in Figure 7. As the
number of nodes increases, the algorithm is superior to other
algorithms and is easy to extend to multirelay MCRWPTN.

6. Conclusion

A fully coupling matrix for multirelay MCRWPTN is pro-
posed and theory to impedance matching optimization algo-
rithm is developed. This combination will emphasize not
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only the energy transfer but also the matching speed and
scalability. The optimization algorithm combines the ability
of the simulated annealing algorithm to jump out of the
local optimal solution and the global optimization ability
of the particle swarm optimization algorithm, which avoids
the shortcomings of falling into the local extreme point and
improves the algorithm convergence speed and accuracy.
Theoretical results are supported by numerical simulations
with impedance matching of the proposed fully coupled
matrix and optimization algorithm.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] A. Kurs, A. Karalis, R.Moffatt, J. D. Joannopoulos, P. Fisher, and
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This paper investigates the problem ofH∞ filtering for class discrete-time Lipschitz nonlinear singular systems with measurement
quantization. Assume that the system measurement output is quantized by a static, memoryless, and logarithmic quantizer before
it is transmitted to the filter, while the quantizer errors can be treated as sector-bound uncertainties. The attention of this paper is
focused on the design of a nonlinear quantizedH∞ filter to mitigate quantization effects and ensure that the filtering error system
is admissible (asymptotically stable, regular, and causal), while having a unique solution with a prescribed H∞ noise attenuation
level. By introducing some slack variables and using the Lyapunov stability theory, some sufficient conditions for the existence
of the nonlinear quantized H∞ filter are expressed in terms of linear matrix inequalities (LMIs). Finally, a numerical example is
presented to demonstrate the effectiveness of the proposed quantized filter design method.

1. Introduction

The study on singular systems (also known as descriptor
systems, generalized state-space systems, differential alge-
braic systems, or implicit systems) has attracted a recurring
interest in the past several decades as the singular systems
can provide a better description of many physical systems
than regular ones such as circuit systems, economic systems,
power systems, chemical processes, robotic systems, and
networked systems. The problem of stability analysis and
controller design for singular systems has achieved many
valuable results (see, e.g., [1–7] and references therein). The
related problem of robustH∞ static output-feedback control
for singularly perturbed systems has been addressed in [1];
also the stability, robust stabilization, and H∞ control of
singular systems with impulsive behavior have been studied
in [2]; the problem of observer-based resilient 𝑙2-𝑙∞ control
for singular systems with time-delay has been investigated
in [3]; the work in [4] considered the problem of designing
stabilizing controllers for singularly perturbed fuzzy systems;

by using a new type generalized Lyapunov equation, some
new stability conditions for discrete singular systems have
been derived in [5]; and [6] investigated the problem state
feedback control for uncertain singular systems with time-
delay. Due to the fact that the state variables of system are not
always available, the problem of state estimation for singular
systems has also received considerable attention (see, e.g.,
[7–17] and references therein). H∞ filtering problem for
continuous-time linear singular systems has been considered
in [8]; in [9], the problem of energy-to-peak filtering for
discrete-time linear singular systems has been addressed;
H∞ unbiased filtering problem for linear descriptor systems
has been studied in [10]; the problem of H∞ filtering
for continuous- and discrete-time singular systems with
communication constraints has been investigated in [11] and
[12], respectively; the study in [13] considered the problem
of robust nonlinear H∞ filtering for Lipschitz nonlinear
descriptor systems with parametric uncertainties; the prob-
lem of robust H∞ filter design of uncertain descriptor
systems with distributed delays has been studied in [14]; the
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paper [15] concerned the problem of generalized nonlinear𝑙2-𝑙∞ filtering for discrete-time Markov jump descriptor
systems with Lipschitz nonlinearity; the generalized non-
linear H∞ filter design problem for discrete-time Lipschitz
nonlinear descriptor systems has been considered in [16]; and
[17] studied the observer design problem for discrete-time
linear descriptor systemswhich is also applicable to nonlinear
descriptor systems with Lipschitz constraints.H∞ approach-
based fault detection filter design for a continuous-time
networked control system and unmanned surface vehicles in
network environments has been investigated in [18] and [19],
respectively, and some novel filter design criteria have been
presented.

On the other hand, due to inherent network-limited
bandwidth, quantization effects are unavoidable in practical
systems, especially in networked control systems (NCSs);
see [20–22] for results in NCSs. As early as 1956, Kalman
investigated the effect of quantization in a sampled data
control system and pointed out that if a stabilizing controller
was quantized using a finite-alphabet quantizer, the feedback
system would exhibit limit cycles and chaotic behavior [23].
Over the past several years, significant efforts have been
devoted to the study of analysis and synthesis for linear
system with quantized feedback [24–29]. The problem of
quantized H∞ filter design for different systems has been
investigated in [30–34]. In [30], the quantized state esti-
mation problem for discrete-time linear systems has been
addressed; thework in [31] considered theH∞ filtering prob-
lem for a class continuous-time polytopic uncertain systems
subject to measurement quantization, signal transmission
delay, and data packet dropout; the problem ofH∞ filtering
for discrete-time T-S fuzzy systems with measurement quan-
tization and packet dropouts has been studied in [32]; and
[33] investigated the problem of H∞ filtering for discrete-
time polytopic uncertain systems with measurement quan-
tization; in [34], the quantized H∞ filtering problem for a
class of discrete-time polytopic uncertain systemswith packet
dropout has been considered. To the best of our knowledge,
few attempts have been made on an H∞ filter design for
singular systems with quantized measurement, especially
for the singular systems with Lipschitz nonlinearity, which
motivates us for this study.

This paper focuses on the design of H∞ filter for a class
of discrete-time Lipschitz nonlinear singular systems with
measurement quantization. Via introducing auxiliary relaxed
variables by Fisher lemma and using the Lyapunov stability
theory, some sufficient conditions for the existence of the
nonlinear quantizedH∞ filter are obtained in terms of linear
matrix inequalities (LMIs), which can not only ensure that
the filtering error system is admissible and has a unique
solution but also achieve a prescribed H∞ performance.
Finally, we will illustrate the effectiveness of our main results
by a numerical example.

Notations. The notations that are used throughout this paper
are standard.The notation ∗ is used to indicate the terms that
can be induced by symmetry. Generally, for a square matrix
A,A𝑇 denotes its transpose and He{A} denotes (A +A𝑇).

2. Problem Formulation

Consider the following nonlinear discrete-time singular sys-
tems described by

𝐸𝑥 (𝑡 + 1) = A𝑥 (𝑡) + Ψ (𝑡, 𝑥 (𝑡)) +B𝑤 (𝑡) ,
𝑦 (𝑡) = C𝑥 (𝑡) +D𝑤 (𝑡) ,
𝑧 (𝑡) =L𝑥 (𝑡) ,

(1)

where 𝑥(𝑡) ∈ R𝑛 is the state variable; 𝑦(𝑡) ∈ R𝑙 is the
measurement output; 𝑧(𝑡) ∈R𝑞 is the signal to be estimated;𝑤(𝑡) ∈ R𝑝 is the noise signal that is assumed to be the
arbitrary signal in 𝑙2[0, ∞); thematrix𝐸maybe singular, and
we shall assume that rank(𝐸) = 𝑟 < 𝑛; the matricesA,B,C,
D, andL are known matrices with appropriate dimensions.

The nonlinear term we consider here is locally Lipschitz
with respect to 𝑥(𝑡) in a regionD containing the origin; that
is,

Ψ (0, 𝑥 (0)) = 0,
Ψ (𝑡, 𝑥1 (𝑡)) − Ψ (𝑡, 𝑥2 (𝑡)) ≤ F

Ψ (𝑥1 (𝑡) − 𝑥2 (𝑡)) ,
∀𝑥1 (𝑡) , 𝑥2 (𝑡) ∈ D,

(2)

where F denotes the Lipschitz real matrix of Ψ(𝑡, 𝑥(𝑡)) with
appropriate dimension.

For the unforced discrete-time singular system𝐸𝑥(𝑡+1) =
A𝑥(𝑡) + Ψ(𝑡, 𝑥(𝑡)), we have the following definition.
Definition 1 (see [9]). The pair (𝐸,A) is said to be regular if
there exists a scalar 𝑠 ∈ C such that det(𝐸,A) ̸= 0, the pair(𝐸,A) is said to be causal if deg(det(𝐸,A))= rank(𝐸), and the
pair (𝐸,A) is said to be stable if all the roots of det(𝐸,A) lie in
the interior of unit disk. We call the pair (𝐸,A) admissible if
it is regular, causal, and stable, simultaneously. The unforced
discrete-time singular system is said to be regular, causal, and
stable (asymptotically stable) if the pair (𝐸,A) is admissible.

The designed full-order nonlinear quantizedH∞ filter is
in the form of

𝑥𝑓 (𝑡 + 1) = A𝑓𝑥𝑓 (𝑡) + 𝜆1Ψ(𝑡, 𝑥𝑓 (𝑡)) +B𝑓𝑦𝑞 (𝑡) ,
𝑧𝑓 (𝑡) = C𝑓𝑥𝑓 (𝑡) +D𝑓𝑦𝑞 (𝑡) , (3)

where 𝑥𝑓(𝑡) ∈ R𝑛 is the state of the filter and 𝑧𝑓(𝑡) ∈ R𝑞

is the output of the filter; the matrices A𝑓, B𝑓, C𝑓, and D𝑓
are filtermatrices with appropriate dimensions to be designed
and 𝑦𝑞(𝑡) is the quantized measurement.

Remark 2. Note that the filter we consider here has a standard
form, which is convenient for both theoretical analysis and
implementation in practical engineering compared to the
singular form.

The quantizer we consider is logarithmic static and time-
invariant quantizer given in [30]. The set of quantized levels
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is described by 𝑈(𝑗) = {±𝑢𝑗𝑖 , 𝑢𝑗𝑖 = (𝜌𝑗)𝑖𝑢𝑗0, 𝑖 = ±1, ±2, . . .} ∪{±𝑢𝑗0} ∪ {0}, 𝑢𝑗0 > 0 and the quantizer is defined as follows:

𝑞𝑗 (𝑦) =
{{{{{{{{{{{{{

V(𝑗)𝑖 0 ≤ V(𝑗)𝑖(1 + 𝛿𝑗) < 𝑦 ≤
V(𝑗)𝑖(1 − 𝛿𝑗)0 𝑦 = 0

−Q𝑗 (−𝑦) 𝑦 < 0,
(4)

𝛿𝑗 = 1 − 𝜌𝑗1 + 𝜌𝑗 , 0 < 𝜌𝑗 < 1, V
(𝑗)
𝑖 > 0. (5)

Then, by using the sector-bound method described in
[30], we can obtain that, for any 𝑦(𝑡), 𝑦𝑞(𝑡) = 𝑞(𝑦(𝑡)) = (𝐼 +Δ(𝑡))𝑦(𝑡), whereΔ(𝑡) = diag{Δ 1(𝑡), Δ 2(𝑡), . . . , Δ𝑓(𝑡)}, |Δ(𝑡)| ≤𝛿.

Combining (1) and (3) and defining 𝑥(𝑡) = [𝑥𝑇(𝑡), 𝑥𝑇𝑓(𝑡)]𝑇
and 𝑒(𝑡) = 𝑧(𝑡) − 𝑧𝑓(𝑡), one can obtain the filtering error
system as follows:

𝐸𝑥 (𝑡 + 1) = Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)) + B̃𝑤 (𝑡) ,
𝑒 (𝑡) = C̃𝑥 (𝑡) + D̃𝑤 (𝑡) , (6)

where

𝐸 = [𝐸 00 𝐼] ,
Ã = A + ΔA
= [ A 0

B𝑓C A𝑓
] + [ 0 0

B𝑓Δ (𝑡)C 0] ,

M = [𝐼 0
0 𝜆1] ,

Φ (𝑡, 𝑥 (𝑡)) = [ Ψ (𝑡, 𝑥 (𝑡))Ψ (𝑡, 𝑥𝑓 (𝑡))] ,

B̃ =B + ΔB = [ B

B𝑓D
] + [ 0

B𝑓Δ (𝑡)D] ,
C̃ = C + ΔC
= [L −D𝑓C −C𝑓] + [−D𝑓Δ (𝑡)C 0] ,

D̃ = D + ΔD = −D𝑓D −D𝑓Δ (𝑡)D.

(7)

To this end, we aim to design a quantized H∞ filter
such that the filtering error system (6) satisfies the following
requirements.

(R1) The filtering error system (6) is admissible and of a
uniquely discrete solution with 𝑤(𝑡) = 0.

(R2) The filtering error system (6) has a prescribed
level 𝛾 of H∞ noise attenuation; that is, ∑∞𝑡=0 𝑒𝑇(𝑡)𝑒(𝑡) <𝛾2∑∞𝑡=0 𝑤𝑇(𝑡)𝑤(𝑡) is satisfied for any nonzero𝑤(𝑡) ∈ 𝑙2[0, ∞)
with the zero initial condition.

To solve the quantized H∞ filtering analysis problem
of the considered nonlinear singular system, we need the
following preliminary results to prove our main results.

Lemma 3 (see [35]). Let 𝜉 ∈R𝑛, Q ∈R𝑛×𝑛, andB ∈R𝑚×𝑛
with rank(B) < 𝑛 and B⊥ such that BB⊥ = 0.Then, the
following conditions are equivalent:

(1) 𝜉𝑇Q𝜉 < 0, ∀𝜉 ̸= 0 :B𝜉 = 0.
(2) B⊥𝑇QB⊥ < 0.
(3) ∃𝜇 ∈R : Q − 𝜇B𝑇B < 0.
(4) ∃X ∈R𝑛×𝑚 : Q +XB +B𝑇X𝑇 < 0.

Lemma 4 (see [16]). System (6) is regular, causal, and of a
unique discrete solution, if there exists a matrixP = P𝑇 such
that the following inequality holds:

𝐸𝑇P𝐸 ≥ 0,
[Ã𝑇PÃ − 𝐸𝑇P𝐸 + F̃𝑇F̃ ∗

M𝑇PÃ M𝑇PM − 𝐼] < 0.
(8)

Lemma 5 (see [36]). For real matrices Ω = Ω𝑇, Γ, Λ, and 𝐹
with appropriate dimensions and𝐹𝑇𝐹 ≤ 𝐼.Then, for any scalar𝜖 > 0, the following inequality holds:

Ω + Γ𝐹Λ + Λ𝑇𝐹𝑇Γ𝑇 ≤ Ω + 𝜖−1ΓΓ𝑇 + 𝜖Λ𝑇Λ. (9)

3. Main Results

In this section, the quantized H∞ filtering problem for
nonlinear singular systems will be considered. First, we will
give a new H∞ performance analysis criterion based on
Fisher lemma given in Lemma 3 such that the filtering error
system (6) is admissible and of a unique solution with a
prescribedH∞ performance 𝛾.
Theorem 6. Let us consider the nonlinear singular system
(1) and the quantized filter (3). Then the quantized filtering
error system (6) is admissible and of a unique solution with
a prescribed H∞ performance 𝛾 > 0, if there exist matrix
P = P𝑇 = [ P1 P2

P𝑇
2
P3
] , P1 > 0, matricesG andN, and scalar

𝜆1 such that the following matrix inequality holds:
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[[[[[[[[[
[

−3𝐸𝑇P𝐸 +He {NÃ} + F̃𝑇F̃ ∗ ∗ ∗ ∗
M𝑇N𝑇 −𝐼 ∗ ∗ ∗
B̃𝑇N𝑇 0 −𝛾2𝐼 ∗ ∗

PÃ −N𝑇 +GÃ PM +GM PB̃ +GB̃ P −He {G} ∗
C̃ 0 D̃ 0 −𝐼

]]]]]]]]]
]

< 0, (10)

where F̃ = diag{F𝑇F,F𝑇F}.
Proof. Firstly, we shall show the filtering error system is
regular and causal with 𝑤(𝑡) = 0. Equation (10) implies

−3𝐸𝑇P𝐸 +NÃ + Ã𝑇N𝑇 + F̃𝑇F̃ < 0. (11)

Without loss of generality, we assume that 𝐸 = [ 𝐼𝑛+𝑟 0
0 0
]

and N = [N1 0
0 K

], and then (11) can be rewritten as

[−3P1 +He {N1A} ∗
KB𝑓 (𝐼 + Δ (𝑡))C He {KA𝑓}] < 0. (12)

Form (12) we have He{KA𝑓} < 0 that implies A𝑓 is
nonsingular.

det (𝑠𝐸 − Ã) = det (𝑠𝐼𝑛+𝑟 − Ã) ⋅ det (−A𝑓) . (13)

By choosing nonzero scalar 𝑠, we have det(𝑠𝐸 − Ã) ̸= 0; that
is, det(𝑠𝐸 − Ã) ̸= 0. Furthermore, we can obtain

deg det (𝑠𝐸 − Ã) = 𝑛 + 𝑟 = rank𝐸. (14)

Then, we have that the pair (𝐸, Ã) is regular and causal. Based
on Definition 1, we can obtain the fact that filtering error
system (6) is regular and causal when condition (10) holds.

Now, by constructing a Lyapunov function as 𝑉(𝑥(𝑡)) =
3𝑥𝑇(𝑡)𝐸𝑇P𝐸𝑥(𝑡), P = P𝑇 = [ P1 P2

P𝑇
2
P3
], P1 > 0, we have

Δ𝑉 (𝑥 (𝑡)) = 𝑉 (𝑥 (𝑡 + 1)) − 𝑉 (𝑥 (𝑡))
= (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))𝑇P𝐸𝑥 (𝑡 + 1)
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P𝐸𝑥 (𝑡 + 1)
− 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡)

≤ (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))𝑇P𝐸𝑥 (𝑡 + 1)
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P𝐸𝑥 (𝑡 + 1)
− 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡) + 𝑥𝑇 (𝑡) F̃𝑇F̃𝑥 (𝑡)
− Φ𝑇 (𝑡, 𝑥 (𝑡)) Φ (𝑡, 𝑥 (𝑡)) = 𝜉𝑇 (𝑡) Γ𝜉 (𝑡) ,

(15)

where 𝜉(𝑡) = [𝑥𝑇(𝑡) Φ𝑇(𝑡, 𝑥(𝑡)) 𝑥𝑇(𝑡 + 1)𝐸𝑇] and

Γ = [[[
[

−3𝐸𝑇P𝐸 + F̃𝑇F̃ ∗ ∗
0 −𝐼 ∗

PÃ PM P

]]]
]
. (16)

Form the filtering error system (6), we have

[Ã B̃ −𝐼]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
B

𝜉 (𝑡)⏟⏟⏟⏟⏟⏟⏟
𝜉

= 0, (17)

and, by using conditions (1) and (4) of Lemma 3 with X𝑇 =
[N𝑇 0 G𝑇]𝑇, we can obtain Γ < 0 if and only if (10) is
true. Therefore, we have Δ𝑉(𝑥(𝑡)) < 0 for any nonzero𝜉(𝑡), and one can infer that the filtering error system (6) is
asymptotically stable with 𝑤(𝑡) = 0.

Next, we will prove that the filtering system (6) is of
unique solution.The difference of the Lyapunov function can
be rewritten as follows:

Δ𝑉 (𝑥 (𝑡)) = 𝑉 (𝑥 (𝑡 + 1)) − 𝑉 (𝑥 (𝑡))
≤ (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))𝑇P𝐸𝑥 (𝑡 + 1)
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P𝐸𝑥 (𝑡 + 1) − 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡)
+ 𝑥𝑇 (𝑡) F̃𝑇F̃𝑥 (𝑡) − Φ𝑇 (𝑡, 𝑥 (𝑡)) Φ (𝑡, 𝑥 (𝑡))
= 3 (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)))𝑇
⋅P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡))) − 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡)
+ 𝑥𝑇 (𝑡) F̃𝑇F̃𝑥 (𝑡) − Φ𝑇 (𝑡, 𝑥 (𝑡)) Φ (𝑡, 𝑥 (𝑡))
= 3𝛿𝑇 (𝑡) Θ𝛿 (𝑡) ,

(18)

where 𝜉(𝑡) = [𝑥𝑇(𝑡) Φ𝑇(𝑡, 𝑥(𝑡))] and
Θ = [Ã𝑇PÃ − 𝐸𝑇P𝐸 + F̃𝑇F̃ ∗

M𝑇PÃ −𝐼 +M𝑇PM
] , (19)

and then from (10) we can obtainΔ𝑉(𝑥(𝑡)) < 0; that is,Θ < 0.
Therefore, based on Lemma 4, we can prove that the filtering
error system (6) is of unique solution.
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Finally, let us consider the H∞ performance of the
filtering system (6). For any nonzero 𝑤(𝑡) ∈ 𝑙2[0, ∞) and
zero initial condition, we have

Δ𝑉 (𝑥 (𝑡)) + 𝑒𝑇 (𝑡) 𝑒 (𝑡) − 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)
= (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)) + B̃𝑤 (𝑡))𝑇
⋅P𝐸𝑥 (𝑡 + 1) + 𝑥𝑇 (𝑡 + 1)
⋅ 𝐸𝑇P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)) + B̃𝑤 (𝑡))
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P𝐸𝑥 (𝑡 + 1) − 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡)
+ (C̃𝑥 (𝑡) + D̃𝑤 (𝑡))𝑇 (C̃𝑥 (𝑡) + D̃𝑤 (𝑡))
− 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)
≤ (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)) + B̃𝑤 (𝑡))𝑇
⋅P𝐸𝑥 (𝑡 + 1) + 𝑥𝑇 (𝑡 + 1)
⋅ 𝐸𝑇P (Ã𝑥 (𝑡) +MΦ (𝑡, 𝑥 (𝑡)) + B̃𝑤 (𝑡))
+ 𝑥𝑇 (𝑡 + 1) 𝐸𝑇P𝐸𝑥 (𝑡 + 1) − 3𝑥𝑇 (𝑡) 𝐸𝑇P𝐸𝑥 (𝑡)
+ (C̃𝑥 (𝑡) + D̃𝑤 (𝑡))𝑇 (C̃𝑥 (𝑡) + D̃𝑤 (𝑡))
− 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡) + 𝑥𝑇 (𝑡) F̃𝑇F̃𝑥 (𝑡) − Φ𝑇 (𝑡, 𝑥 (𝑡))
⋅ Φ (𝑡, 𝑥 (𝑡)) = 𝜂𝑇 (𝑡) Λ𝜂 (𝑡) ,

(20)

where 𝜂(𝑡) = [𝑥𝑇(𝑡) Φ𝑇(𝑡, 𝑥(𝑡)) 𝑤𝑇(𝑡) 𝑥𝑇(𝑡 + 1)𝐸𝑇] and
Λ

=
[[[[[[
[

−3𝐸𝑇P𝐸 + C̃𝑇C̃ + F̃𝑇F̃ ∗ ∗ ∗
0 −𝐼 ∗ ∗

D̃𝑇C̃ 0 −𝛾2𝐼 + D̃𝑇D̃ ∗
PÃ PM PB̃ P

]]]]]]
]
. (21)

Form the filtering error system (6), we have

[Ã M B̃ −𝐼]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
B

𝜂 (𝑡)⏟⏟⏟⏟⏟⏟⏟
𝜉

= 0, (22)

and, by using conditions (1) and (4) of Lemma 3 with X =[N 0 0 G] and Schur complement lemma, we can obtainΛ < 0 if and only if (10) is true. Then for any 𝜂(𝑡) ̸= 0 we
have 𝑉(𝑥(𝑡 + 1)) − 𝑉(𝑥(𝑡)) + 𝑒𝑇(𝑡)𝑒(𝑡) − 𝛾2𝑤𝑇(𝑡)𝑤(𝑡) < 0,
which implies that 𝑉(𝑥(∞)) − 𝑉(𝑥(0)) + ∑∞𝑡=0 𝑒𝑇(𝑡)𝑒(𝑡) −𝛾2∑∞𝑡=0 𝑤𝑇(𝑡)𝑤(𝑡) < 0. Consider the zero initial condition
and we obtain ∑∞𝑡=0 𝑒𝑇(𝑡)𝑒(𝑡) < 𝛾2∑∞𝑡=0 𝑤𝑇(𝑡)𝑤(𝑡) for any
nonzero 𝑤(𝑡) ∈ 𝑙2[0, ∞).

Based on the H∞ performance analysis criterion given
in Theorem 6, we will present a sufficient condition for
designing the quantized H∞ filter in the form of (3), that
is, to determine the filter gain matrices in (3) such that the
prescribed H∞ performance 𝛾 > 0 is guaranteed for the
quantized filtering error system (6).

Theorem 7. Let us consider the nonlinear singular system (1)
and the quantized filter (3). For given quantization density𝜌 > 0, the quantized filtering error system (6) is admissible
and of a unique solution with a prescribed H∞ performance𝛾 > 0, if there exist matrices P1 = P𝑇1 > 0, G1, G2, N1,
and nonsingular matrixK and some scalars 𝜆1, 𝑎1, 𝑎2, 𝑎3, and𝜀 > 0 such that the following matrix inequality holds:

[[[[[[[[[[[[[[[[[[[[[[
[

Υ11 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
Υ21 −𝐼 ∗ ∗ ∗ ∗ ∗ ∗ ∗
Υ31 0 −𝛾2𝐼 ∗ ∗ ∗ ∗ ∗ ∗
Υ41 Υ42 Υ43 Υ44 ∗ ∗ ∗ ∗ ∗
C 0 D 0 −𝐼 ∗ ∗ ∗ ∗
Υ61 0 0 Υ64 −D𝑇𝑓 −𝜀𝐼 ∗ ∗ ∗
Υ71 0 0 Υ74 0 0 −𝜀𝐼 ∗ ∗
𝜀𝛿H2 0 𝜀𝛿D 0 0 0 0 −𝜀𝐼 ∗
𝜀𝛿H2 0 𝜀𝛿D 0 0 0 0 0 −𝜀𝐼

]]]]]]]]]]]]]]]]]]]]]]
]

< 0,

(23)

where

Υ11 = [−3𝐸
𝑇P1𝐸 +He {N1A} +F𝑇F ∗

K𝑇𝐸 +B𝑓C He {A𝑓} +F𝑇F + 𝑎1K] ,

Υ21 = [N
𝑇
1 0
0 𝜆𝑇1K𝑇] ,

Υ31 = [B𝑇N𝑇1 D𝑇B
𝑇

𝑓
] ,
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Υ41 = [P1A +G1A + (1 + 𝑎2)B𝑓C −N
𝑇
1 (1 + 𝑎2)A𝑓

K𝑇A +G2A + (𝑎1 + 𝑎3)B𝑓C (𝑎1 + 𝑎3)A𝑓 −K𝑇] ,

Υ42 = [P1 +G1 (𝑎2 + 1) 𝜆1K
K𝑇 +G2 (𝑎1 + 𝑎3) 𝜆1K −K𝑇] ,

Υ43 = [ P1B +G1B + (𝑎2 + 1)B𝑓D
K𝑇B +G2B + (𝑎1 + 𝑎3)B𝑓D] ,

Υ44 = [ P1 −He {G1} ∗
K𝑇 −G2 − 𝑎2K𝑇 𝑎1K −He {𝑎3K}] ,

Υ61 = Υ71 = [0 B𝑓
𝑇] ,

Υ64 = [B𝑓𝑇 𝑎1B𝑓𝑇] ,
Υ74 = [𝑎2B𝑓𝑇 𝑎3B𝑓𝑇] .

(24)

The H∞ filter gain matrices in (3) can be obtained from
(23) as A𝑓 = K−1A𝑓, B𝑓 = K−1B𝑓, C𝑓 = C𝑓, and
D𝑓 = D𝑓.

Proof. The condition of (10) can be rewritten as follows:

Π +He{Π1Δ (𝑘)𝛿 Π2} , (25)

where

Π =
[[[[[[[[[[
[

−3𝐸𝑇P𝐸 +He {NA} + F̃𝑇F̃ ∗ ∗ ∗ ∗
M𝑇N𝑇 −𝐼 ∗ ∗ ∗
B
𝑇
N𝑇 0 −𝛾2𝐼 ∗ ∗

PA −N𝑇 +GA PM +GM PB +GB P −He {G} ∗
C 0 D 0 −𝐼

]]]]]]]]]]
]

,

Π1 = [H
𝑇
1N
𝑇 0 0 H𝑇1P

𝑇 −D𝑇𝑓
H𝑇1N

𝑇 0 0 H𝑇1G
𝑇 0 ]

𝑇

,

Π2 = [𝛿H2 0 𝛿D 0 0
𝛿H2 0 𝛿D 0 0] ,

(26)

andH1 = [0 B𝑇𝑓]𝑇 andH2 = [𝛿C 0] .
Then, by Lemma 5, we have that there exists a constant

scalar 𝜀 > 0 such that

[Π ∗
Σ1 Σ2] < 0, (27)

where

Σ1 =
[[[[[[
[

H𝑇1N
𝑇 0 0 H𝑇1P

𝑇 −D𝑇𝑓
H𝑇1N

𝑇 0 0 H𝑇1G
𝑇 0

𝜀𝛿H2 0 𝜀𝛿D 0 0
𝜀𝛿H2 0 𝜀𝛿D 0 0

]]]]]]
]
,



Mathematical Problems in Engineering 7

Table 1: The minimumH∞ filtering performances 𝛾min under different quantization density 𝜌.
𝜌 0.3 0.4 0.5 0.6 0.7 0.8𝛿 0.5385 0.4286 0.3333 0.2500 0.1765 0.1111𝛾min 0.1951 0.1924 0.1820 0.1586 0.1363 0.1177

Σ2 =
[[[[[
[

−𝜀𝐼 ∗ ∗ ∗
0 −𝜀𝐼 ∗ ∗
0 0 −𝜀𝐼 ∗
0 0 0 −𝜀𝐼

]]]]]
]
.

(28)

We can design the filter if (27) is solvable. Here, assume
that the matrix variables involved in (27) have the following
form:

{P,G,N}
= {[P1 ∗

K𝑇 𝑎1K] , [
G1 𝑎2K
G2 𝑎3K] , [

N1 00 K
]} . (29)

With the aforementioned relatedmatrices considered and
letting A𝑓 = KA𝑓, B𝑓 = KB𝑓, C𝑓 = C𝑓, D𝑓 = D𝑓,
Theorem 7 can be obtained from (27).

Remark 8. For given 𝑎1, 𝑎2, 𝑎3, and 𝛿, Theorem 7 is strictly
LMIs. The quantization error bound 𝛿 can be calculated
according to the given quantization density 𝜌 by (5) and the
optimal values of 𝑎1, 𝑎2, and 𝑎3 can be obtained by using
fminsearch function in optimization toolbox of MATLAB
(see [34, 37] for more details). ThenTheorem 7 can be easily
solved with the help of LMI control box in MATLAB [38].

4. A Numerical Example

In this section, a numerical example will be presented to
illustrate the effectiveness and applicability of the proposed
method. Let us consider the following nonlinear system in
form of (1) borrowed from [16]:

[1 00 0] [
𝑥1 (𝑡 + 1)𝑥2 (𝑡 + 1)] = [

−0.5 0
1 −1] [

𝑥1 (𝑡)𝑥2 (𝑡)]

+ [ 0.5−0.5]𝑤 (𝑡)

+ [[
[
1√10 sin (𝑥1 (𝑡))1√10 sin (𝑥2 (𝑡))

]]
]
,

𝑦 (𝑡) = [0.1 0.2] [𝑥1 (𝑡)𝑥2 (𝑡)] − 𝑤 (𝑡) ,

𝑧 (𝑡) = [0.2 −0.1] [𝑥1 (𝑡)𝑥2 (𝑡)] ,

(30)

and then we haveF = [ 0.1 00 0.1 ] from (2).
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Figure 1: Responses of 𝑧(𝑡) and 𝑧𝑓(𝑡).

Table 1 shows the minimumH∞ attention level obtained
by using Theorem 7 with 𝑎1 = −1.20, 𝑎2 = 0.11, 𝑎3 = 3.50,
and𝜆1 = 1, under different quantization density. As expected,
we can obtain that 𝛾min increases as the quantization density𝜌 decreases from this table. Moreover, when 𝛾min = 0.1820,
the corresponding filter parameters of Theorem 7 can be
calculated as follows:

A𝑓 = [ 0.2688 0.5305
−0.2087 −0.9779] ,

B𝑓 = [ 0.4268−0.5199]
C𝑓 = [0.0456 0.0620] ,

D𝑓 = 0.0114.

(31)

We assume the external disturbance 𝑤(𝑡) = sin(𝑡)𝑒−2𝑡,
and the simulation results of signals 𝑧(𝑡) and 𝑧𝑓(𝑡) are shown
in Figure 1. Figure 2 shows the response of the filtering error𝑒(𝑡). From Figures 1 and 2, we can see that the designedH∞
filter is effective.

5. Conclusion

The quantized H∞ filtering problem for a class of discrete-
time Lipschitz nonlinear singular systems has been addressed
in this paper, where the system measurement output is
quantized by a static, memoryless, and logarithmic quantizer.



8 Mathematical Problems in Engineering

−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

5 10 15 20 250

e(t)

Figure 2: Filtering error 𝑒(𝑡).

By introducing some variables and applying Lyapunov stabil-
ity theory, sufficient conditions for designing the quantized
H∞ filter are presented in linear matrix inequalities (LMIs),
which ensure the quantized filtering error systems to be
admissible and has a unique solution with a prescribed H∞
performance. A numerical example is given to show the
effectiveness of the proposed design method. The results
proposed in this paper can be further developed by the novel
LMI decoupling approach presented in [39] which has also
been used to deal with theH∞ filtering problem; see [40] for
more details.
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This paper focuses on the stabilization problem of continuous-time random switching systems via exploiting a fault-tolerant
controller, where the dwell time of each subsystem consists of a fixed part and random part. It is known from the traditional
design methods that the computational complexity of LMIs related to the quantity of fault combination is very large; particularly
system dimension or amount of subsystems is large. In order to reduce the number of the used fault combinations, new sufficient
LMI conditions for designing such a controller are established by a robust approach, which are fault-free and could be solved
directly. Moreover, the fault-tolerant stabilization realized by a mode-independent controller is considered and suitably applied to
a practical case without mode information. Finally, a numerical example is used to demonstrate the effectiveness and superiority
of the proposed methods.

1. Introduction

As we know, Markovian jump system (MJS) is a particular
kind of hybrid systems, which contains two parts of mech-
anism. One mechanism is related to system state over time,
and another mechanism is named to operation mode and
derived from the finite set of discrete time Markov jump
parameters. Because of experiencing random characteristics,
Markovian jump system is greatly suitable to describe many
practical systems whose parameters or structures change
abruptly, such as [1–3]. In the past few years, a lot of topics
on many kinds of MJSs have been widely studied, such as
stability analysis [4–7], stabilization [8–11], 𝐻∞ control and
filtering [12–14], output control [15–17], adaptive control [18–
20], synchronization [21, 22], and robust control [23–26].

On the other hand, any system is inevitable to have
faults in practice. It is necessary and meaningful to study the
related problems of system experiencing faults. Fault-tolerant
control problem [27–29] is when the faults of actuator,
sensor, or internal component occur, the closed-system is
still stable and has ideal characteristics. It is known that
the classical fault-tolerant control methods may be divided
into two categories: passive and active fault-tolerant control

methods. Passive fault-tolerant control method is to use
a fixed controller which ensures the closed-loop system
insensitive to some specific faults. In other words, it could
maintain the system stable. Therefore, this strategy is similar
to the robust control technique [30, 31]. On the contrary,
active fault-tolerant control method needs to reconstruct the
controller design and reschedule the control law. In other
words, according to the characteristics of expectation, we
need to design a new control system after the faults occurred
[32, 33]. Compared with the active fault-tolerant control
method, the passive fault-tolerant control method does not
need the real-time fault information or adjust the structure
of controller online. In this sense, it is said that passive fault-
tolerant control method is relatively simple to implement.
When the underlying system is referred to Markovian jump
system, some results about fault-tolerant control were given
in [34–36]. By investigating such references, it is seen that
the considered problems and studied methods between such
cited references and this paper are quite different. Firstly, the
considered system is different from the traditionalMarkovian
jump system,where the dwell time considered here consists of
a fixed part and random part. Secondly, the fault considered
here is described by using a binary structured uncertainty
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rather than that simply described by a vector in some existing
references. In fact, this structure is more clear to describe the
fault. Compared with the traditional methods dealing with
the fault, the method to be presented has a better relaxation
and is more applicable. Thirdly, but not the last, because of
the fault of controller described by a binary structured uncer-
tainty, the quantity of fault combinationwill be very large and
have large computation complexity. Moreover, due to the
fixed and random dwell time contained simultaneously, how
to make the existence conditions for such a fault-tolerant
controller within LMI framework and have a concise form are
also necessarily studied. It is said that the abovementioned
problems not only are important in theory, but also have
practical applications. For example, from [37], it was shown
that the helicopter system could be modeled as an Marko-
vian jump system, whose dynamic characteristics are clearly
described by a Markov chain with three different states
according to airspeeds of 135 (nominal value), 60, and 170
knots. Moreover, the helicopter system is also inevitable to
have kinds of faults due to the internal components faults
happening or the external environment changing in practice.
In order to guarantee it still works when these faults occur,
a better and necessary scheme is to design an effective fault-
tolerant controller. On the other hand, though the switching
of helicopter among such threemodes satisfies aMarkov pro-
cess, it ismore reasonable that each subsystem is likely to hold
for a period of time. In other words, there will be a fixed and
randomdwell time in each subsystem. Finally, but not the last,
it is also important that the desired control method should be
with less computation complexity and easily realized. Based
on these explanations, it is said that it is significative to design
a fault-tolerant controller for Markovian jump systems expe-
riencing forced dwell time and also has practical significance.
To the best of our knowledge, very few results are available to
design fault-tolerant controller for random switching system.
All the facts motivate the current research.

In this paper, the stabilization problem of continuous-
time random switching systems closed by a fault-tolerant
controller will be studied, whose conditions are presented in
terms of LMIs and without any fault. The main contributions
of this paper are summarized as follows: (1) A kind of fault-
tolerant controller is proposed to stabilize a continuous-time
random switching system which contains fixed and random
dwell time simultaneously, whose conditions are obtained
by exploiting a robust method; (2) the sufficient conditions
for the desired controller are presented with LMI forms and
fault-free, which could be solved directly; (3) due to the
results without any fault, the complexity of computation will
be smaller than ones obtained by the traditional methods;
(4) because of the given conditions being LMIs, the existence
conditions for fault-tolerant controller without any mode
operation are obtained easily.

Notation. R𝑛 denotes the 𝑛-dimensional Euclidean space;
R𝑞×𝑛 is the set of all 𝑞 × 𝑛 real matrices. ‖ ⋅ ‖ refers to the
Euclidean vector normor spectralmatrix norm.Ω is the sam-
ple space,F is the 𝜎-algebras of subsets of the sample space,
and P is the probability measure on F. In symmetric block
matrices, we use “∗” as an ellipsis for the terms induced by

symmetry, diag{⋅ ⋅ ⋅ } for a block-diagonal matrix, and (𝑀)⋆ ≜𝑀 +𝑀𝑇.
2. Problem Formulation

Consider a class of switched linear systems defined on a
complete probability space (Ω,F,P) and described as

�̇� (𝑡) = 𝐴𝜂(𝑡)𝑥 (𝑡) + 𝐵𝜂(𝑡)𝑢 (𝑡) , (1)

where 𝑥(𝑡) ∈ R𝑛 is the system state vector, 𝑢(𝑡) ∈ R𝑞 indicates
the control input vector, and 𝜂(𝑡) ∈ S ≜ {1, 2, . . . , 𝑁}
represents the switching signal and determines the current
system operation mode. For any 𝜂(𝑡) = 𝑖 ∈ S, 𝐴𝜂(𝑡) = 𝐴 𝑖
and 𝐵𝜂(𝑡) = 𝐵𝑖 are knownmatrices of compatible dimensions.
Time instant 𝑡𝑘 represents the current operation mode of the
system to another operation mode. The parameter 𝑑𝑖 > 0
represents a fixed dwell time of system (1) with mode 𝑖. If
the system occurs to interval [𝑡𝑘, 𝑡𝑘 + 𝑑𝑖), where there is no
switching, it will surely follow

Pr (𝜂 (𝑡 + ℎ) = 𝑗 | 𝜂 (𝑡) = 𝑖) = {{{
0, if 𝑗 ̸= 𝑖1, if 𝑗 = 𝑖, (2)

where ℎ represents a very short amount of time and satisfies
limΔ𝑡→0+(𝑜(ℎ)/ℎ) = 0. For the time interval [𝑡𝑘, 𝑡𝑘 + 𝑑𝑖), if𝑡 ≥ 𝑡𝑘 + 𝑑𝑖, at this time the mode switching follows the mode
transition probabilities with TRM Π ≜ (𝜋𝑖𝑗) ∈ R𝑁×𝑁 given
by

Pr (𝜂 (𝑡 + ℎ) = 𝑗 | 𝜂 (𝑡) = 𝑖)
= {{{

𝜋𝑖𝑗ℎ + 𝑜 (ℎ) , 𝑖 ̸= 𝑗1 + 𝜋𝑖𝑖ℎ + 𝑜 (ℎ) , 𝑖 = 𝑗, (3)

where ℎ > 0, 𝜋𝑖𝑗 ≥ 0, if 𝑖 ̸= 𝑗, and 𝜋𝑖𝑖 = −∑𝑗 ̸=𝑖 𝜋𝑖𝑗.
In this paper, the designed state feedback controller may

have faults, which is referred to be a fault-tolerant controller
(FTC) and described by

𝑢 (𝑡) = Δ (𝑡)𝐾𝜂(𝑡)𝑥 (𝑡) , (4)

where 𝐾𝜂(𝑡) is the control gain to be determined. The param-
eter Δ(𝑡) is a diagonal matrix and used to describe the con-
troller fault happening or not. Its form is defined as

Δ (𝑡) ∈ Λ = {Δ = diag (𝛿1, . . . , 𝛿𝑞) | 𝛿𝑖 ∈ {0, 1}} . (5)

Particularly, we could clearly find thatΔ(𝑡) = 𝐼𝑞 if there are no
faults. It is seen that there are 2𝑞 possible combinations repre-
senting the controller faults. Equivalently, Λ has 2𝑞 elements.
Then, the resulting closed-loop system is rewritten to be

�̇� (𝑡) = 𝐴𝜂(𝑡)𝑥 (𝑡) , (6)

where 𝐴𝜂(𝑡) = 𝐴𝜂(𝑡) + 𝐵𝜂(𝑡)Δ(𝑡)𝐾𝜂(𝑡).
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Remark 1. It is worth mentioning that the fault of controller
(4) is described by a binary structured uncertainty. Compared
with some existing references [27, 31, 32, 34–36] where the
fault is modeled to be a vector, this formulation has a better
description and more application scope. However, it is also
seen that 2𝑞 possible combinations are included to represent
the controller faults. This will make the computation com-
plexity very large; in particular the underlying system is a
switching system with 𝑁 operation modes. Thus, how to
reduce the complexity and make the obtained results with
concise and easily solvable forms are necessary andmeaning-
ful problems.

Lemma 2 (see [4]). System (1) without any control is stochas-
tically stable if and only if there exists matrix𝑃𝑖 > 0, 𝑖 ∈ S, such
that

𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴 𝑖 + 𝜋𝑖𝑖𝑃𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑒𝐴𝑇𝑗𝑑𝑗𝑃𝑗𝑒𝐴𝑗𝑑𝑗 < 0. (7)

Lemma 3 (see [33]). Let 𝑇1 = 𝑇𝑇1 , 𝑇2, 𝑇3, and 𝑇4 be given
matrices with appropriate dimensions, whereΔ = diag(Δ1, . . . ,Δ𝑚) and Δ = diag(Δ, . . . , Δ𝑚). Define 𝑇min

4 = 𝐼 − 𝑇4Δ, 𝑇max
4 =𝐼 − 𝑇4Δ, where det(𝑇min

4 ) ̸= 0 and det(𝑇max
4 ) ̸= 0 should be

satisfied. Consider the following inequality

T (Δ) = 𝑇1 + {𝑇2Δ (𝐼 − 𝑇4Δ)−1 𝑇3}⋆ < 0 (8)

holds for any Δ ∈ Λ, if there exist matrices 𝑆 and𝑊 such that

[[
𝑇1 − 𝑇2 (Δ𝑆Δ𝑇)⋆ 𝑇𝑇2 ∗𝑇3 + (𝑇4𝑆Δ𝑇 + 𝑇4𝑆𝑇Δ𝑇 −𝑊)𝑇𝑇2 − (𝑇4𝑆𝑇𝑇4 +𝑊𝑇𝑇4 )⋆ ]]< 0,

(9)

where 𝑆 ∈ R𝑞×𝑞 and𝑊 ∈ R𝑞×𝑞 satisfied Δ𝑊 +𝑊𝑇Δ𝑇 = 0.
3. Main Results

Theorem 4. For given system (1), there exists an FTC (4) such
that the resulting close-loop system (6) is stochastically stable, if
for given scalars 𝛾𝑖 > 1 and 𝜇𝑖 > 0, there exist matrices𝑋𝑖 > 0,𝑌𝑖, and 𝑆𝑖, such that

[Ω𝑖1 Ω𝑖2∗ (−𝑆𝑖)⋆] ≤ 0, (10)

[Ψ𝑖1 Ψ𝑖2∗ (−𝑆𝑖)⋆] ≤ 0, (11)

[[[[
Φ𝑖1 Φ𝑖2 Ω𝑖2∗ Φ𝑖3 0∗ ∗ − (𝑆𝑖)⋆

]]]]
< 0, (12)

𝑋𝑖 ≥ 𝜇𝑖𝐼, (13)

where

Ω𝑖1 = (𝐴 𝑖𝑋𝑖)⋆ − 2 ln 𝛾𝑖𝑑𝑖 𝜇𝑖𝐼,
Ω𝑖2 = 𝑌𝑇𝑖 + 𝐵𝑖𝑆𝑇𝑖 ,
Ψ𝑖1 = − (𝐴 𝑖𝑋𝑖)⋆ − 2 ln 𝛾𝑖𝑑𝑖 𝜇𝑖𝐼,
Ψ𝑖2 = 𝑌𝑇𝑖 − 𝐵𝑖𝑆𝑇𝑖 ,Φ𝑖1 = (𝐴 𝑖𝑋𝑖)⋆ + 𝜋𝑖𝑖𝑋𝑖,Φ𝑖3 = −diag [𝜇1𝐼, . . . , 𝜇𝑖−1𝐼, 𝜇𝑖+1𝐼, . . . , 𝜇𝑁𝐼] ,Φ𝑖2 = [𝛾1√𝜋𝑖1𝑋𝑖 ⋅ ⋅ ⋅ 𝛾𝑖−1√𝜋𝑖(𝑖−1)𝑋𝑖 𝛾𝑖+1√𝜋𝑖(𝑖+1)𝑋𝑖 ⋅ ⋅ ⋅ 𝛾𝑁√𝜋𝑖𝑁𝑋𝑖] .

(14)

Thus, the gain of controller (4) is computed as𝐾𝑖 = 𝑌𝑖𝑋−1𝑖 . (15)

Proof. Replacing𝐴 𝑖 with𝐴𝑖 = 𝐴 𝑖+𝐵𝑖Δ(𝑡)𝐾𝑖 in (7), it is clearly
known from Lemma 2 that the resulting closed-loop system
is stochastically stable if the following condition is

(𝐴𝑇𝑖 𝑃𝑖)⋆ + 𝜋𝑖𝑖𝑃𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑒𝐴𝑇𝑗 𝑑𝑗𝑃𝑗𝑒𝐴𝑗𝑑𝑗 < 0, ∀𝑖 ∈ S. (16)

It is further guaranteed by

(𝐴𝑇𝑖 𝑃𝑖)⋆ + 𝜋𝑖𝑖𝑃𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗 𝑒𝐴𝑇𝑗 𝑑𝑗 𝑃𝑗 𝑒𝐴𝑗𝑑𝑗 𝐼 < 0. (17)

For any matrix 𝐴 ∈ R𝑛×𝑛, ∀𝑡 ≥ 0, it is claimed that ‖𝑒𝐴𝑡‖ ≤𝑒‖𝐴‖𝑡. Then, it is obtained that

(𝐴𝑇𝑖 𝑃𝑖)⋆ + 𝜋𝑖𝑖𝑃𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑒‖𝐴𝑇𝑗 ‖𝑑𝑗 𝑃𝑗 𝑒‖𝐴𝑗‖𝑑𝑗𝐼 < 0. (18)
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By pre- and postmultiplying (18) with𝑋𝑖 = 𝑃−1𝑖 , it is get that

(𝐴𝑖𝑋𝑖)⋆ + 𝜋𝑖𝑖𝑋𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑋𝑖𝑒‖𝐴𝑇𝑗 ‖𝑑𝑗 𝑋−1𝑗  𝑒‖𝐴𝑗‖𝑑𝑗𝑋𝑖
< 0. (19)

Based on Lemma 3, it is known that conditions (10), (11), and
(12) imply the following conditions, respectively. That is,

Ω𝑖1 + (𝐵𝑖Δ𝑌𝑖)⋆ ≤ 0, (20)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [ Ω𝑖1 𝐵𝑖𝑌𝑖 0 ] , (21)

Ψ𝑖1 − (𝐵𝑖Δ𝑌𝑖)⋆ ≤ 0, (22)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [ Ψ𝑖1 −𝐵𝑖𝑌𝑖 0 ] ,
Φ𝑖 + (𝐵𝑖Δ𝑌𝑖)⋆ < 0, (23)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [ Φ𝑖 𝐵𝑖𝑌𝑖 0 ] ,
Φ𝑖 = Φ𝑖1 + ∑

𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝛾2𝑗𝜇𝑗 𝑋2𝑖 .
(24)

Because of Δ = Δ𝑇 in addition to Δ = 0𝑞×𝑞 and Δ = 𝐼𝑞, it is
concluded that𝑊 = 0𝑞×𝑞 and 𝑆𝑖 ∈ R𝑞×𝑞. Based on (20) and
(22), one gets

(𝐴 𝑖𝑋𝑖 + 𝐵𝑖Δ𝑌𝑖)⋆ ≤ 2 ln 𝛾𝑖𝑑𝑖 𝜇𝑖. (25)

From condition (13), we have

𝑋−1𝑖 ≤ 𝜇−1𝑖 𝐼, (26)

implying 𝑋−1𝑖  ≤ 𝜇−1𝑖 . (27)

By considering representation (15), (25) is equivalent to(𝐴𝑖𝑋𝑖)⋆ 𝜇−1𝑖 ≤ 2 ln 𝛾𝑖𝑑𝑖 . (28)

Then, it is obtained that(𝐴𝑖𝑋𝑖)⋆ 𝑋−1𝑖  ≤ (𝐴𝑖𝑋𝑖)⋆ 𝜇−1𝑖 ≤ 2 ln 𝛾𝑖𝑑𝑖 . (29)

It is further derived that𝐴𝑖 = 𝐴𝑖𝑋𝑖𝑋−1𝑖  ≤ 𝐴𝑖𝑋𝑖 𝑋−1𝑖  ≤ ln 𝛾𝑖𝑑𝑖 . (30)

Then, we get

𝑒‖𝐴𝑖‖𝑑𝑖 ≤ 𝛾𝑖. (31)

Based on this, condition (19) is guaranteed by

(𝐴𝑖𝑋𝑖)⋆ + 𝜋𝑖𝑖𝑋𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝛾2𝑗𝜇𝑗 𝑋2𝑖 < 0, (32)

which could be implied by condition (12). This completes the
proof.

Remark 5. As for stability problem, [4] firstly presented a
necessary and sufficient condition.However, when the system
synthesis problems such as stabilization are mentioned, there
are few results available. The main reason is that some
nonlinear termswill be inevitably encountered, which are not
handled easily and directly. From the proof of Theorem 4,
such nonlinear terms encountered in condition (7) have been
done suitably. Though the large quantity of fault combina-
tion, fixed, and random dwell time are included, sufficient
existence conditions for fault-tolerant controller (4) are given
in terms of LMIs, which are more general than ones in [38].
Moreover, the established conditions are fault-free. In other
words, instead of 2𝑞 combinations involved, only two special
cases of no fault and all fault are taken into account, which are
fewer than ones in [39–41]. Based on these facts, it is said that
the conditions given in this theorem have small computation
complexity and could be solved directly and easily.

FromTheorem 4, it is seen that the desired controller (4)
is mode-dependent and needs its operation mode available
online. It is very known that this assumptionwill be limited in
some practical applications. In order to deal with the general
condition, amode-independent controller is usually designed
and described as 𝑢 (𝑡) = Δ (𝑡)𝐾𝑥 (𝑡) , (33)

where 𝐾 is the common control gain to be determined.

Theorem 6. For given system (1), there exists a mode-
independent FTC (33) such that the resulting system is stochas-
tically stable, if for given scalars 𝛾𝑖 > 1, and 𝜇𝑖 > 0, there exist
matrices 𝑋𝑖 > 0, 𝐺, 𝑌, and 𝑆𝑖 satisfying (13) and

[[[[
Ω𝑖1 Ξ𝑖 Ω̂𝑖2∗ (−𝐺)⋆ 𝑌𝑇∗ ∗ (−𝑆𝑖)⋆

]]]]
≤ 0, (34)

[[[[
Ψ𝑖1 Ξ𝑖 Ψ̂𝑖2∗ (−𝐺)⋆ 𝑌𝑇∗ ∗ (−𝑆𝑖)⋆

]]]]
≤ 0, (35)

[[[[[[[

Φ𝑖1 Ξ𝑖 Ω̂𝑖2 Φ𝑖2∗ (−𝐺)⋆ 𝑌𝑇 0∗ ∗ (−𝑆𝑖)⋆ 0∗ ∗ ∗ Φ𝑖3
]]]]]]]
< 0, (36)
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where Ω̂𝑖2 = 𝑌𝑇 + 𝐵𝑖𝑆𝑇𝑖 ,Ψ̂𝑖2 = 𝑌𝑇 − 𝐵𝑖𝑆𝑇𝑖 ,Ξ𝑖 = 𝑋𝑖 − 𝐺𝑇.
(37)

The other variables are given in Theorem 4. Then, the gain of
controller (33) is computed by

𝐾 = 𝑌𝐺−1. (38)

Proof. Similar to the proof of Theorem 4, it is concluded that
conditions (34)–(36) could imply

[Ω𝑖1 Ξ𝑖∗ (−𝐺)⋆] + ([𝐵𝑖0 ]Δ [𝑌 𝑌])⋆ ≤ 0, (39)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [[[
Ω𝑖1 Ξ𝑖 𝐵𝑖∗ (−𝐺)⋆ 0𝑌 𝑌 0 ]]] , (40)

[Ψ𝑖1 Ξ𝑖∗ (−𝐺)⋆] + ([−𝐵𝑖0 ]Δ [𝑌 𝑌])⋆ ≤ 0, (41)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [[[
Ψ𝑖1 Ξ𝑖 −𝐵𝑖∗ (−𝐺)⋆ 0𝑌 𝑌 0 ]]] , (42)

[[[
Φ𝑖1 Ξ𝑖 Φ𝑖2∗ (−𝐺)⋆ 0∗ ∗ Φ𝑖3

]]] +([[[
𝐵𝑖00
]]]Δ [𝑌 𝑌 0])

⋆

< 0, (43)

where

[ 𝑇1 𝑇2𝑇3 𝑇4 ] = [[[[[
Φ𝑖1 Ξ𝑖 Φ𝑖2 𝐵𝑖∗ (−𝐺)⋆ 0 0∗ ∗ Φ𝑖3 0𝑌 𝑌 0 0

]]]]]
. (44)

Without loss of generality, we only consider (43) in detail. By
using Lemma 3 and the Schur complement lemma, it is got
that the following condition

[Φ𝑖 + (𝐵𝑖Δ𝑌)⋆ Ξ𝑖 + 𝐵𝑖Δ𝑌∗ (−𝐺)⋆ ] < 0 (45)

is guaranteed by condition (43). Moreover, it is concluded
from (36) that matrix 𝐺 is nonsingular. Based on represen-
tation (38), it is claimed that

Φ̂𝑖 + ∑
𝑗∈S,𝑗 ̸=𝑖

𝜋𝑖𝑗𝛾2𝑗𝜇𝑗 𝑋2𝑖 < 0, (46)

where

Φ̂𝑖 = (𝐴 𝑖𝑋𝑖 + 𝐵𝑖Δ𝑌𝑖)⋆ + 𝜋𝑖𝑖𝑋𝑖 (47)

is implied by pre- and postmultiplying both sides of (45) with

[𝐼 𝐵𝑖Δ𝐾] (48)

and its transpose, respectively.The next is similar to the proof
of (32). On the other hand, as for conditions (39) and (41),
it is concluded that they can imply conditions (20) and (22)
by pre- and postmultiplying both sides with [𝐼 𝐵𝑖Δ𝐾] and[𝐼 −𝐵𝑖Δ𝐾], respectively. The next steps are similar to the
ones inTheorem 4. This completes the proof.

Remark 7. In order to deal with the mode-independent con-
trol problem, a simple and direct way is to select a common
Lyapunov function for all modes. Though the gain of con-
troller or filter could be get without any mode information,
the choice of mode-independent Lyapunov function usually
brings larger conservatism, which may make the design of
mode-independent controller fail. In this case, a better way
is to make the requirements of mode-independent controller
and mode-dependent Lyapunov function be satisfied simul-
taneously. FromTheorem 6, it is seen that such requirements
could be satisfied well by letting mode-dependent matrix 𝑋𝑖
and common matrix 𝐺. In other words, the conservatism of
the obtained results could be reduced,while the goal ofmode-
independent control could also be achieved.

4. Numerical Examples

Example 1. Consider a continuous-time random switching
system of form (1) with 𝜂(𝑡) ∈ S = {1, 2}, whose parameters
are described as follows:

𝐴1 = [−1.5 0.1−1 −2] ,
𝐵1 = [−1 0.30.4 1 ] ,
𝐴2 = [−2.1 00.2 −2.5] ,
𝐵2 = [0.1 −0.20.5 −2 ] .

(49)

The transition rate matrix is given as

Π = [−1.2 1.20.5 −0.5] . (50)

Without loss of generality, the fixed dwell time of such two
subsystems is assumed to be 𝑑1 = 0.1 and 𝑑2 = 0.2, respec-
tively. As for this example, one could design a stabilizing con-
troller by solving a set of LMIs. In this section, we will com-
pare two types of controller: the standard mode-dependent
controller (“𝑆” as the subscript, “𝑖” as the superscript) and
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Table 1: Stability analysis of system closed by two types of con-
trollers.Δ Combinations (1, 2, 3, 4)𝛿1 0 0 1 1𝛿2 0 1 0 1𝐾𝑖𝑆 𝑠 𝑢 𝑢 𝑠𝐾𝑖FTS 𝑠 𝑠 𝑠 𝑠
the mode-dependent fault-tolerant controller (“FTC” as the
subscript, “𝑖” as the superscript). Particularly, the existence
conditions of such two controllers are both LMIs, which are
described in conditions (20), (22), (23), and (25) with Δ = 𝐼𝑞
and conditions inTheorem4, respectively. ByTheorem4with𝛾1 = 1.6, 𝛾2 = 2, 𝜇1 = 0.1, and 𝜇2 = 0.3, we have the gains of
the mode-dependent fault-tolerant controller (4) computed
as

𝐾1FTC = [ 0.8033 −0.0584−0.1135 0.1752 ] ,
𝐾2FTC = [−4.1769 −0.9585−0.9030 −0.2501] .

(51)

The gains of standard mode-dependent controller are given
as

𝐾1𝑆 = [−277.9190 −724.2014−786.8851 247.5663 ] ,
𝐾2𝑆 = [−4.7291 −1.1025−1.1025 −0.3494] ,

(52)

which are similar to the ones in [38]. After applying the above
controllers, respectively, the stability effects of the resulting
closed-loop system are given in Table 1. Here, four types
of fault combinations are contained in Δ. In this table, “𝑠”
represents the stable closed-loop system, while “𝑢” denotes
that the closed-loop system is unstable. Since the above
standard mode-dependent controller is without considering
faults, the resulting closed-loop system will be unstable for
two types of fault combinations. To the contrary, the resulting
system closed by the designedmode-dependent fault-tolerant
controller (FTC) is always stable. Moreover, though the
existence conditions for the desired fault-tolerant controller
arewithin LMI framework, only two special cases of complete
fault and no fault are taken into account. Instead of four
types of fault combinations involved such as [39–41], the
complexity of computation could be reduced; particularly
system dimension 𝑛 or amount of subsystems𝑁 is large. Even
for a simple case that system dimension 𝑛 = 2 and number
of subsystems 𝑁 = 2, there will be 4 fault combinations,
where the amount of LMIs is 8. In other words, the amount of
the fault combinations or system dimension 𝑛 in addition to
quantity of operation mode 𝑁 has a very large influence on
the complexity of the calculation. Under the initial condition𝑥0 = [1 −1]𝑇, the state response of the resulting closed-loop
system by the standard mode-dependent controller is given

0.5

1

1.5

2

2.5

10 20 30 40 500
Time (s)

�휂
(t
)

(a)

10 20 30 40 500
Time (s)

−1

−0.5

0

0.5

1

1.5

x
(t
)

x1(t)

x2(t)

×1041

(b)

Figure 1: Simulation of system closed by mode-dependent con-
troller.
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Figure 2: State response of system closed by mode-dependent FTC.

in Figure 1(b), while Figure 1(a) is simulation of operation
mode. From this simulation, it is said that the fault of
controller plays a negative effect to system and could make
the system unstable. To the contrary, after applying the above
mode-dependent fault-tolerant controller, one could get the
state response given in Figure 2. It is obvious that the
resulting closed-loop system is stable though there are faults
in the desired controller. Moreover, when system mode is
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Figure 3: The curves of system closed by mode-independent FTC.

unavailable, a kind of mode-independent fault-tolerant con-
troller (33) could be designed by Theorem 6, and its gain is
computed as

𝐾FTC = [0.2595 0.04590.0616 0.0422] . (53)

The corresponding matrices of Lyapunov function are com-
puted as

𝑋1 = 𝑃−11 = [ 0.1549 −0.0125−0.0125 0.1738 ] ,
𝑋2 = 𝑃−12 = [ 0.3185 −0.0054−0.0054 0.3450 ] .

(54)

It is seen that the obtained controller is mode-independent,
while the corresponding Lyapunov function is mode-depen-
dent. Because of this, without selecting a common Lyapunov
function, the solvable set of mode-independent controller
will be larger. Thus, the results will be less conservative than
the ones obtained bymode-independent Lyapunov functions.
Under the same fault combinations and the initial condition,
we could obtain the state response of the resulting closed-
loop system given in Figure 3 and stable too. Based on these
simulations, it is said that ourmethods based on fault-tolerant
controller are superior to ones without considering faults.

5. Conclusions

In this paper, the stabilization problem of continuous-time
random switching systems has been realized by a fault-tol-
erant controller, where both fixed and random dwell time
are included. Based on the robust method, sufficient condi-
tions for both mode-dependent and mode-independent con-
trollers are established in terms of LMIs, which are also fault-
free. Because of all the results without fault information, they

are with smaller computation complexity. Compared with
the ones obtained by the traditional approaches, the given
conditions have fewer LMIs and could be solved easily and
directly. Finally, an example has been used to demonstrate the
effectiveness and superiority of the proposed methods.
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In this paper, a general stabilization problem of stochastic delay systems is realized by a disordered controller and studied by
exploiting the disorder-dependent approach. Different from the traditional results, the stabilizing controller here experiences a
disorder between control gains and system states. Firstly, the above disorder is described by the robust method, whose probability
distribution is embodied by a Markov process with two modes. Based on this description, a kind of disordered controller having
special uncertainties and depending on a Markov process is proposed. Then, by exploiting a disorder-dependent Lyapunov
functional, two respective conditions for the existence of such a disordered controller are provided with LMIs. Moreover, the
presented results are further extended to a general case that the corresponding transition ratematrix of the disordered controller has
uncertainties. Finally, a numerical example is exploited to demonstrate the effectiveness and superiority of the proposed methods.

1. Introduction

It is very known that time delay is commonly encountered
in variously practical dynamical systems, such as chemi-
cal systems, heating systems, biological systems, networked
control systems (NCSs), and telecommunication and eco-
nomic systems. Due to the presence of time delay in such
practical systems, many negative effects, for example, oscil-
lation, instability, and poor performance, could be caused.
Motivated by these facts, various research topics of time-
delayed systems have been considered. By investigating the
existing results, it is found that they are mainly classified
into two classes: delay-dependent and delay-independent
ones. Because of delay-dependent results making use of the
information on the length of delays, they are less conservative
than delay-independent ones, especially when time delay is
small. During the past decades, many important results on
all kinds of delay systems have emerged, such as stability
analysis [1–9], stabilization [10–18], dissipativity analysis [19]
and dissipative and passive control [20–22], output control
[23, 24], 𝐻∞ control and filtering [25–34], state estimation
[35–37], synchronization [38–40], slide control [41, 42], and
positivity analysis [43]. It is said that the more information

about time delay is used, the less conservative results will
be obtained. In order to achieve this aim, some methods
or techniques applied to improved Lyapunov functionals are
proposed and used, such as slack variable method [1, 5, 11],
Jensen inequality algorithm [2, 4, 12], delay decomposition
technique [3, 15, 26], and stochastic approach [13, 14, 17, 27],
where the other results or methods can be found in the
existing large references.

By investigating the most results on the system synthesis
in the literature, it is seen that there were few references
to consider the disordering problem. The motivation of
disordering problemusually comes from the data transmitted
through the shared communication networks. It is a phe-
nomenon that the transmitted data arriving at the destination
is usually out of order [44] and usually complicates its
analysis and synthesis. During the past years, very few results
were considered on this issue. Some new interesting and
challenging problems could also been introduced. In [45],
some LMI conditions were presented by exploiting a packet
disordering compensation method. Based on transforming
the underlying system into a discrete-time system with mul-
tistep delays, the stability and𝐻∞ control problems of NCSs
with packet disordering were considered in [46, 47], while
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some less conservative results were given in [48]. Recently, a
kind of packet reorderingmethod based on the average dwell-
time method was proposed in [49]. By investigating such
references, it will be seen that the considered problems and
studied methods between these references and this paper are
quite different. Firstly, the considered systems between these
references and this paper are different. The originally consid-
ered systems of such references are ones without any time
delay, while there is time delay in our considered systems.
Secondly, the places of disordering happening are different.
In the above references, the disordering only exists in system
states transmitted through networks, while the disordering to
be considered in this paper takes place between system states
and control gains. A suitablemodel to describe such problems
correctly should be established firstly. Thirdly, but not the
last, even if a suitable model is presented, how to make the
existence conditions of the desired controller with solvable
forms is also necessary studied. To our best knowledge, very
few results are available to design a disordered controller for
delay systems. All the facts motivate the current research.

In this paper, the general stabilization for a class of
stochastic delay systems closed a disordered controller is
studied by a disorder-dependent approach. The main con-
tributions of this paper are summarized as follows: (1) a
kind of stabilizing controller experiencing a disorder between
control gains and system states is proposed. Not only is
the disorder described by the robust method but also its
probability distribution is expressed by a Markov process
with two modes; (2) based on the established model of
disordered controller, two different sufficient conditions for
such a controller are presented with LMI forms, where a
disorder-dependent approach in terms of depending on the
Markov process is exploited; it was also shown by a numerical
example that the conservatism of above conditions is not
constant and should be considered on the concrete situations;
(3) because of all the results being LMIs, they are further
extended to another general case that the TRMdescribing the
disorder has uncertainties.

Notation. R𝑛 denotes the 𝑛-dimensional Euclidean space.
R𝑚×𝑛 is the set of all 𝑚 × 𝑛 real matrices. E[⋅] means the
mathematical expectation of [⋅]. ‖ ⋅ ‖ refers to the Euclidean
vector norm or spectral matrix norm. In symmetric block
matrices, we use “∗” as an ellipsis for the terms induced by
symmetry, diag{⋅ ⋅ ⋅ } for a block-diagonal matrix, and (𝑀)⋆ ≜𝑀 +𝑀𝑇.
2. Problem Formulation

Consider a kind of stochastic delay systems described as

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐴𝜏𝑥 (𝑡 − 𝜏) + 𝐵𝑢 (𝑡)] 𝑑𝑡
+ [𝐶𝑥 (𝑡) + 𝐶𝜏𝑥 (𝑡 − 𝜏) + 𝐷𝑢 (𝑡)] 𝑑𝜔 (𝑡)

𝑥 (𝑡) = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0] ,
(1)

where 𝑥(𝑡) ∈ R𝑛 is the system state, 𝑢(𝑡) ∈ R𝑚 is the control
input, and 𝜔(𝑡) is a one-dimensional Brownian motion or
Wiener process. Matrices 𝐴, 𝐴𝜏, 𝐵, 𝐶, 𝐶𝜏, and 𝐷 are known

matrices of compatible dimension. Time delay 𝜏 satisfies 𝜏 ≥0. 𝜙(𝑡) is a continuous function and defined from [−𝜏, 0] to
R𝑛.

As we know, the traditional state feedback controllers for
delay systems are commonly described as follows:

𝑢1 (𝑡) = 𝐾𝑥 (𝑡) , (2)

𝑢2 (𝑡) = 𝐾𝜏𝑥 (𝑡 − 𝜏) , (3)

𝑢3 (𝑡) = 𝐾𝑥 (𝑡) + 𝐾𝜏𝑥 (𝑡 − 𝜏) , (4)

where 𝐾, 𝐾𝜏, 𝐾, and 𝐾𝜏 are control gains to be determined.
It is said that controller (4) compared to (2) and (3) is more
general and has some advantages in terms of being less
conservatism. The main reason is both delay and nondelay
states are taken into account. However, it is said that the
action of controller (4) needs an assumption that the control
gains and theirs related states should be available in a right
sequence. Unfortunately, due to some practice constraints,
this assumption may be very hard satisfied. In this paper, a
kind of controller experiencing disordering phenomenon is
proposed and described by

𝑢 (𝑡)
= {{{

𝐾𝑥 (𝑡) + 𝐾𝜏𝑥 (𝑡 − 𝜏) , no disordering

𝐾𝜏𝑥 (𝑡) + 𝐾𝑥 (𝑡 − 𝜏) , disordering occurring.

(5)

It is rewritten to be

𝑢 (𝑡) = (𝐾 + Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐾𝜏 + Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏) , (6)

where 𝐾 = (1/2)(𝐾 + 𝐾𝜏) and 𝐾𝜏 = (1/2)(𝐾𝜏 − 𝐾).
Particularly, the process {𝜂𝑡, 𝑡 ≥ 0} introduced here is a
Markov process having two modes and assumed to take
values in a finite set S ≜ {1, 2}. Its transition rate matrix
(TRM) Π ≜ (𝜋𝑖𝑗) ∈ R2×2 is given by

Pr (𝜂𝑡+Δ𝑡 = 𝑗 | 𝜂𝑡 = 𝑖) = {{{
𝜋𝑖𝑗Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 ̸= 𝑗
1 + 𝜋𝑖𝑖Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 = 𝑗, (7)

where Δ𝑡 > 0, 𝜋𝑖𝑗 ≥ 0, if 𝑖 ̸= 𝑗, and 𝜋𝑖𝑖 = −∑𝑗 ̸=𝑖 𝜋𝑖𝑗. Here, the
gain fluctuations are selected to be

Δ𝐾 (𝜂𝑡)
= {{{{{{{

12 (𝐾 − 𝐾𝜏) , if 𝜂𝑡 = 1 or no disordering

12 (𝐾𝜏 − 𝐾) , if 𝜂𝑡 = 2 or disordering occurring

Δ𝐾𝜏 (𝜂𝑡)
= {{{{{{{

12 (𝐾 + 𝐾𝜏) , if 𝜂𝑡 = 1 or no disordering

12 (3𝐾 − 𝐾𝜏) , if 𝜂𝑡 = 2 or disordering occurring.

(8)
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Applying controller (6) to system (1), we get

𝑑𝑥 (𝑡) = [(𝐴 + 𝐵Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐴𝜏 + 𝐵Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏)] 𝑑𝑡
+ [(𝐶 + 𝐷Δ𝐾 (𝜂𝑡)) 𝑥 (𝑡)
+ (𝐶𝜏 + 𝐷Δ𝐾𝜏 (𝜂𝑡)) 𝑥 (𝑡 − 𝜏)] 𝑑𝜔 (𝑡)

𝑥 (𝑡) = 𝜙 (𝑡) , 𝜂𝑡 = 𝜂0, ∀𝑡 ∈ [−𝜏, 0] ,

(9)

where

𝐴 = 𝐴 + 𝐵𝐾,
𝐴𝜏 = 𝐴𝜏 + 𝐵𝐾𝜏
𝐶 = 𝐶 + 𝐷𝐾,
𝐶𝜏 = 𝐶𝜏 + 𝐷𝐾𝜏.

(10)

In this paper, the gain fluctuations Δ𝐾(𝜂𝑡) and Δ𝐾𝜏(𝜂𝑡) with
forms (8) satisfy

Δ𝐾𝑇 (𝜂𝑡) Δ𝐾 (𝜂𝑡) ≤ 𝑊,
Δ𝐾𝑇𝜏 (𝜂𝑡) Δ𝐾𝜏 (𝜂𝑡) ≤ 𝑊𝜏 (𝜂𝑡) ,

(11)

where 𝑊 and 𝑊𝜏(𝜂𝑡) are positive-definite matrix to be
determined.

Remark 1. Different from the traditional stabilization meth-
ods of delay systems that no disorder occurs in controllers,
controller (5) has a disordering phenomenonbetween control
gains and system states. Based on the robust method, the
controller with disorder is transformed into a controller with
special uncertainties. Moreover, the probabilities of nondis-
order and disorder happening are described by aMarkov pro-
cess with two operation modes. It is seen that the proposed
model (6) with conditions (8) and (11) is fundamental in the
disorder-dependent approach.

Remark 2. It is said that disordered controller (5) not only
is important in theory but also has the practical significance.
From [44], it is known that disordering is usually encountered
in practice especially in NCSs. This phenomenon makes the
system analysis and synthesis very complicated. In order
to deal with this practical problem, some methods have
been proposed in [45–48]. Though such results are useful
in studying this problem, more generally practical problem
about disordering could be proposed. By investigating these
references, it is seen that there is no delay in the originally
considered systems. More importantly, the place of disorder
occurring only exists in system states transmitted through
networks. From [14, 50], it is seen that not only system state
but also operation mode of controller could be transmitted
through networks and suffer the effect of network. Based on
these facts, it is said that the proposed model for controller
having a disorder between control gain and system state is

seen to be a meaningful extension of the existing results and
will play important roles in the developments of theory and
applications.

Definition 3. System (9) is said to be stochastically stable, if
there exists a constant𝑀(𝑥0, 𝜂0) such that

E{∫∞
0

‖𝑥 (𝑡)‖2 𝑑𝑡 | 𝑥0, 𝜂0} ≤ 𝑀(𝑥0, 𝜂0) . (12)

Lemma 4. Let 𝐴, 𝐷, 𝐿, 𝑊, and 𝐹 be real matrices of
appropriate dimensions such that 𝑊 > 0 and 𝐹𝑇𝐹 ≤ 𝐼. Then,
for any 𝜀 > 0 such that𝑊− 𝜀𝐷𝐷𝑇 > 0,

(𝐴 + 𝐷𝐹𝐿)𝑇𝑊−1 (𝐴 + 𝐷𝐹𝐿)
≤ 𝐴𝑇 (𝑊 − 𝜀𝐷𝐷𝑇)−1 𝐴 + 𝜀−1𝐿𝑇𝐿. (13)

3. Main Results

Theorem 5. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable, if given positive scalars 𝜀𝑖 > 0, there
exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0, 𝑊 > 0, 𝑊𝜏𝑖 > 0, 𝐺, 𝑌,
and 𝑌𝜏, such that the following LMIs hold for all 𝑖 ∈ S:

[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]
]

< 0 (14)

2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 ≤ 𝑄 (15)

[−𝑊𝜏𝑖 𝑌𝑖𝑇∗ −𝐼] ≤ 0 (16)

[−𝑊 𝑌𝑇 − 𝑌𝑇𝜏∗ −𝐼 ] ≤ 0, (17)

where

Θ𝑖1 = (Λ 𝑖1)⋆ + 𝜋𝑖𝑖𝑋𝑖 + 2𝐵𝐵𝑇,
Θ𝑖2 = Λ 𝑖1 + 𝑋𝑖 − 𝐺𝑇,
Θ𝑖3 = (−𝐺)⋆ ,
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Θ𝑖4 = −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖,
Θ𝑖5 = − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇) ,
Θ𝑖6 = Θ𝑖3 + 𝑄𝑖,
Θ𝑖7 = Θ𝑖3 + 𝑄,
Θ𝑖8 = Θ𝑖3 +𝑊,
Λ 𝑖1 = 𝐴𝐺 + 𝐵 (𝑌 + 𝑌𝜏) ,
Λ 𝑖2 = 𝐴𝜏𝐺 + 𝐵 (𝑌𝜏 − 𝑌) ,
Λ 𝑖3 = 𝐺𝑇𝐶𝑇 + (𝑌 + 𝑌𝜏)𝑇𝐷𝑇,
Λ 𝑖4 = 𝐺𝑇𝐶𝑇𝜏 + (𝑌𝜏 − 𝑌)𝑇𝐷𝑇,
Φ1 = √𝜋12𝑋1,
Φ2 = √𝜋21𝑋2,
Γ1 = −𝑋2,
Γ2 = −𝑋1,
𝜀𝑖 = (1 + 𝜀−1𝑖 )1/2 ,
𝑌1 = 𝑌 + 𝑌𝜏,
𝑌2 = 3𝑌 − 𝑌𝜏.

(18)

Then, the gains of disordered controller with form (5) or (6) are
obtained by

𝐾 = 2𝑌𝐺−1,
𝐾𝜏 = 2𝑌𝜏𝐺−1. (19)

Proof. Choose a stochastic Lyapunov functional for the
closed-loop system (9) as

𝑉 (𝑥𝑡, 𝜂𝑡) = 𝑥𝑇 (𝑡) 𝑃 (𝜂𝑡) 𝑥 (𝑡)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑄 (𝜂𝑡) 𝑥 (𝑠) 𝑑𝑠
+ ∫0
−𝜏

∫𝑡
𝑡+𝜃

𝑥𝑇 (𝑠) 𝑄𝑥 (𝑠) 𝑑𝑠.
(20)

LetL be the weak infinitesimal generator of random process{𝑥𝑡, 𝜂𝑡} for each 𝜂𝑡 = 𝑖 ∈ S; it is defined as

L𝑉 (𝑥𝑡, 𝑡, 𝑖)
= lim
Δ𝑡→0+

1Δ𝑡 {E [𝑉 (𝑥𝑡+Δ𝑡, 𝜂𝑡+Δ𝑡, 𝑡 + Δ𝑡) | 𝑥𝑡, 𝜂𝑡 = 𝑖]
− 𝑉 (𝑥𝑡, 𝑖, 𝑡)} .

(21)

Then, based on condition (11) and Lemma 4, it is obtained
that

L𝑉 (𝑥𝑡, 𝑡, 𝑖) = 𝑥𝑇 (𝑡) (𝑃𝑖𝐴)⋆ 𝑥 (𝑡) + 𝑥𝑇 (𝑡)
⋅ 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]𝑇
× 𝑃𝑖 [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]
+ 𝑥𝑇 (𝑡) 𝑄𝑖𝑥 (𝑡) − 𝑥𝑇 (𝑡 − 𝜏)𝑄𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗𝑥 (𝑠) 𝑑𝑠 + 𝜏𝑥𝑇 (𝑡) 𝑄𝑥 (𝑡)
− ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠) 𝑄𝑥 (𝑠) 𝑑𝑠 = 𝑥𝑇 (𝑡)

⋅ [[(𝑃𝑖𝐴)
⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄]]𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]𝑇
× 𝑃𝑖 [(𝐶 + 𝐷Δ𝐾𝑖) 𝑥 (𝑡) + (𝐶𝜏 + 𝐷Δ𝐾𝜏𝑖) 𝑥 (𝑡 − 𝜏)]
− 𝑥𝑇 (𝑡 − 𝜏)𝑄𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 = 𝜉𝑇 (𝑡)
⋅ [(𝐶 + 𝐷Δ�̃�𝑖)𝑇 𝑃𝑖 (𝐶 + 𝐷Δ�̃�𝑖) + Ω𝑖] 𝜉 (𝑡)
+ 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 ≤ 𝜉𝑇 (𝑡)
⋅ [𝐶𝑇 (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)−1 𝐶 + 𝜀−1𝑖 �̃� + Ω𝑖] 𝜉 (𝑡)
+ 𝜉𝑇 (𝑡) [2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊 0

∗ 𝑊𝜏𝑖] 𝜉 (𝑡)

+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 < 0,

(22)
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where

𝜉 (𝑡) = [ 𝑥 (𝑡)
𝑥 (𝑡 − 𝜏)] ,

Ω𝑖 = [Ω𝑖1 𝑃𝑖𝐴𝜏
∗ −𝑄𝑖 ] ,

𝐶 = [𝐶 𝐶𝜏] ,
𝐷 = [𝐷 𝐷] ,

Δ�̃�𝑖 = [
[
Δ𝐾𝑖 0
∗ Δ𝐾𝜏𝑖]] ,

�̃� = [𝑊 0
∗ 𝑊𝜏𝑖] ,

Ω𝑖1 = (𝑃𝑖𝐴)⋆ + 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄.

(23)

From condition (11), it is implied by

𝐶𝑇 (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)−1 𝐶 + Ω̃𝑖 < 0, (24)

which is equivalent to

[
[
Ω̃𝑖 𝐶𝑇
∗ − (𝑃−1𝑖 − 𝜀𝑖𝐷𝐷𝑇)]] < 0, (25)

2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 ≤ 𝑄, (26)

where

Ω̃𝑖 = [
[
Ω̃𝑖1 𝑃𝑖𝐴𝜏
∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖]] ,

Ω̃𝑖1 = (𝑃𝑖𝐴)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄 + 2𝑃𝑖𝐵𝐵𝑇𝑃𝑖
+ 𝜀2𝑖𝑊.

(27)

From (14), one concludes that 𝐺 is nonsingular. Then, it is
known that condition (25) is equivalent to

[[[[[
[

Ω̂𝑖1 𝐴𝜏𝐺 𝑋𝑖𝐶𝑇
∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖 𝐺𝑇𝐶𝑇𝜏
∗ ∗ − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇)

]]]]]
]
< 0, (28)

where

Ω̂𝑖1 = (𝐴𝑋𝑖)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖,

𝑋𝑖 = 𝑃−1𝑖 ,
𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺,
𝑊 = 𝐺𝑇𝑊𝐺,

𝑊𝜏𝑖 = 𝐺𝑇𝑊𝜏𝑖𝐺,

(29)

which is obtained by pre- and postmultiplying both sides
of (25) with diag {𝑋𝑖, 𝐺𝑇, 𝐼} and its transpose, respectively.
Moreover, it is further implied by

[[[[[[[[
[

Ω̌𝑖1 Ω̌𝑖2 𝐴𝜏𝐺 𝐺𝑇𝐶𝑇
∗ Θ𝑖3 0 𝐺𝑇𝐶𝑇
∗ ∗ −𝑄𝑖 + 𝜀2𝑖𝑊𝜏𝑖 𝐺𝑇𝐶𝑇𝜏
∗ ∗ ∗ − (𝑋𝑖 − 𝜀𝑖𝐷𝐷𝑇)

]]]]]]]]
]
< 0, (30)

where

Ω̌𝑖1 = (𝐴𝐺)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖,

Ω̌𝑖2 = 𝐴𝐺 + 𝑋𝑖 − 𝐺𝑇,
Θ𝑖3 = (−𝐺)⋆ ,

(31)

via pre- and postmultiplying it with the following matrix

[[[
[

𝐼 𝐴 0 0
0 0 𝐼 0
0 𝐶 0 𝐼

]]]
]

(32)

and its transpose. Taking into the representation (19), condi-
tion (30) is equivalent to

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖
∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0
∗ ∗ ∗ ∗ −𝑄−1𝑖 0 0 0
∗ ∗ ∗ ∗ ∗ −𝑄−1 0 0
∗ ∗ ∗ ∗ ∗ ∗ −𝑊−1 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0. (33)
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As for −𝑄−1𝑖 , based on representation 𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺, it is
known that

−𝑄−1𝑖 = −𝐺 (𝐺𝑇𝑄𝑖𝐺)−1 𝐺𝑇 ≤ Θ𝑖3 + 𝑄𝑖, (34)

while −𝑄−1 and −𝑊−1 can be done similarly with represen-
tation 𝑄 = 𝐺𝑇𝑄𝐺 and 𝑊 = 𝐺𝑇𝑊𝐺. Based on (34), we
have (14) implying (33). As for condition (26), based on the
above representations, it is claimed that it is equivalent to
(15). Moreover, from the proof of this theorem, it is seen that
condition (11) is important, which is equivalent to

[−𝑊 (Δ𝐾 (𝜂𝑡))𝑇∗ −𝐼 ] ≤ 0, (35)

or

[−𝑊𝜏𝑖 (Δ𝐾𝜏 (𝜂𝑡))𝑇∗ −𝐼 ] ≤ 0. (36)

Because of𝑊 = 𝐺𝑇𝑊𝐺 and considering representation (19),
it is obvious that either of them is equivalent to (16) and (17).
This completes the proof.

Remark 6. Based on the disordered controller (6), a stochas-
tic Lyapunov functional depending on system mode 𝜂𝑡 is
exploited. It is different from the traditional methods in
which a single or common Lyapunov functional is used.
Because of the Markov process coming from the disorder,
the adopted Lyapunov functional is said to be disorder-
dependent, which could reduce the conservatism of common
or disorder-independent Lyapunov functional. It is worth
mentioning that the introduced stochastic Lyapunov func-
tional (20) is not unique, which could be replaced by others
similarly. In addition, the existing improved techniques such
as slack variable method, Jensen inequality approach, and
delay decomposition technique may be used in the process
of controller design.

Theorem 7. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable, if given positive scalars 𝛽𝑖 > 0, there
exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0, 𝑊 > 0, 𝑊𝜏𝑖 > 0, 𝐺, 𝑌,
and 𝑌𝜏 satisfying conditions (15), (16), (17), and

[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝛽𝑖𝑋𝑖 Φ𝑖∗ Θ𝑖3 0 Λ𝑖3 0 0 0 0
∗ ∗ Θ𝑖4 Λ𝑖4 0 0 0 0
∗ ∗ ∗ −𝑋𝑖 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖

]]]]]]]]]]]]]]]]]
]

< 0, (37)

[−𝛽𝑖𝐼 𝐷𝑇
∗ −𝑋𝑖] ≤ 0, (38)

where

Θ𝑖4 = −𝑄𝑖 + 𝛽2𝑖𝑊𝜏𝑖,
Λ𝑖3 = √2Λ 𝑖3,
Λ𝑖4 = √2Λ 𝑖4,
𝛽𝑖 = (1 + 4𝛽𝑖)1/2 .

(39)

The other symbols are given in Theorem 5. Then, the gains of
controller (5) are computed by (19).

Proof. Choosing the same Lyapunov functional (20), similar
to the computation of (22), it is obtained that

L𝑉 (𝑥𝑡, 𝑡, 𝑖) = 𝑥𝑇 (𝑡) [[(𝑃𝑖𝐴)
⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 + 𝑄𝑖 + 𝜏𝑄]]
⋅ 𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐴𝜏𝑥 (𝑡 − 𝜏) + 2𝑥𝑇 (𝑡)
⋅ 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏) + 𝜉𝑇 (𝑡)
⋅ (𝐶 + 𝐷Δ�̃�𝑖)𝑇 𝑃𝑖 (𝐶 + 𝐷Δ�̃�𝑖) 𝜉𝑇 (𝑡) − 𝑥𝑇 (𝑡 − 𝜏)
⋅ 𝑄𝑖𝑥 (𝑡 − 𝜏) + ∫𝑡

𝑡−𝜏
𝑥𝑇 (𝑠)( 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠
= 𝜉𝑇 (𝑡) [Ω𝑖 + 𝐶𝑇𝑃𝑖𝐶 + 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖
+ Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖] 𝜉 (𝑡) + 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝑖𝑥 (𝑡)
+ 2𝑥𝑇 (𝑡) 𝑃𝑖𝐵Δ𝐾𝜏𝑖𝑥 (𝑡 − 𝜏)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 ≤ 𝜉𝑇 (𝑡)
⋅ [Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 𝐶𝑇𝑃𝑖𝐶
+ 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖 + Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖] 𝜉 (𝑡)
+ ∫𝑡
𝑡−𝜏

𝑥𝑇 (𝑠)( 2∑
𝑗=1

𝜋𝑖𝑗𝑄𝑗 − 𝑄)𝑥 (𝑠) 𝑑𝑠 < 0

(40)

which is guaranteed by

Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 𝐶𝑇𝑃𝑖𝐶
+ 2𝐶𝑇𝑃𝑖𝐷Δ�̃�𝑖 + Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖 < 0, (41)

and condition (26). From the representations of 𝐶, 𝐷, andΔ�̃�𝑖 and the following condition

−𝛽𝑖𝐼 + 𝐷𝑇𝑃𝑖𝐷 ≤ 0, (42)
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condition (41) is guaranteed by

Ω𝑖 + diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2Δ�̃�𝑇𝑖 𝐷𝑇𝑃𝑖𝐷Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2Δ�̃�𝑇𝑖 𝐼𝑇𝐷𝑇𝑃𝑖𝐷𝐼Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 +𝑊,𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶
+ 2𝛽𝑖Δ�̃�𝑇𝑖 𝐼𝑇𝐼Δ�̃�𝑖 ≤ Ω𝑖
+ diag {2𝑃𝑖𝐵𝐵𝑇𝑃𝑖 + 𝛽2𝑖𝑊,𝛽2𝑖𝑊𝜏𝑖} + 2𝐶𝑇𝑃𝑖𝐶 < 0,

(43)

where 𝐼 = [𝐼 𝐼] and 𝛽𝑖 = (1 + 4𝛽𝑖)1/2. Similar to the proof
of (28) implying (25), it is obtained that condition (43) is
guaranteed by

[[[[
[

Ω̆𝑖1 𝐴𝜏𝐺 √2𝑋𝑖𝐶𝑇
∗ −𝑄𝑖 + 𝛽2𝑖𝑊𝜏𝑖 √2𝐺𝑇𝐶𝑇𝜏∗ ∗ −𝑋𝑖

]]]]
]
< 0, (44)

where

Ω̆𝑖1 = (𝐴𝑋𝑖)⋆ + 2∑
𝑗=1

𝜋𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖
+ 2𝐵𝐵𝑇 + 𝛽2𝑖𝑋𝑖𝑊𝑋𝑖.

(45)

The next process is similar to the process of (28) guaranteed
by condition (14), which is omitted here. As for condition
(42), it is known that it is equivalent to (38). Similar to the
proof of Theorem 5, conditions (11) and (34) are also needed.
This completes the proof.

Remark 8. From the forms of Theorems 5 and 7, one cannot
conclude which one is less conservative. However, in the
following numerical example, it is seen that sometimes the
former theorem is less conservative, while sometimes the
latter one has less conservatism. Thus, it is concluded that it
is impossible to claim that either of them is less conservative
and should be considered in the concrete situations.

From the established result, it is seen that TRMΠ related
to disorder is assumed to be exact. However, due to many
practical situations in practice, it is impossible or high cost
to get it exactly. Instead, it has admissible uncertainty ΔΠ̃ ≜(Δ�̃�𝑖𝑗) and is described as

Π = Π̃ + ΔΠ̃
with Δ�̃�𝑖𝑗 ≤ 𝜖𝑖𝑗, 𝜖𝑖𝑗 ≥ 0, 𝑗 ̸= 𝑖. (46)

In (46), TRM Π̃ ≜ (�̃�𝑖𝑗) is the known constant estimation ofΠ with �̃�𝑖𝑗 satisfying (7). It is assumed that Δ�̃�𝑖𝑗, 𝑗 ̸= 𝑖, takes
any value in [−𝜖𝑖𝑗, 𝜖𝑖𝑗]. Then, it is concluded that |Δ�̃�𝑖𝑖| ≤ −𝜖𝑖𝑖,
where 𝜖𝑖𝑖 ≜ −𝜖𝑖𝑗, 𝛼𝑖𝑗 ≜ �̃�𝑖𝑗 − 𝜖𝑖𝑗, and 𝛼𝑖𝑖 ≜ −𝛼𝑖𝑗, ∀𝑗 ̸= 𝑖.

Theorem 9. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable over uncertainty (46), if given positive
scalars 𝜀𝑖 > 0, if there exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0,𝑊𝑖 > 0, 𝑊𝜏𝑖 > 0, 𝑇𝑖 > 0, 𝑆𝑖 > 0, 𝑀𝑖 = 𝑀𝑇𝑖 , 𝑉𝑖 = 𝑉𝑇𝑖 , 𝑌, and𝑌𝜏 satisfying conditions (16), (17), and

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ 𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝜀𝑖𝑋𝑖 Φ𝑖 𝑀𝑖∗ Θ𝑖3 0 Λ 𝑖3 0 0 0 0 0
∗ ∗ Θ𝑖4 Λ 𝑖4 0 0 0 0 0
∗ ∗ ∗ Θ𝑖5 0 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝑇𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0,

(47)

[Θ𝑖9 𝑉𝑖∗ −𝑆𝑖] < 0, (48)

[−𝑋𝑖 −𝑀𝑖 𝑋𝑖∗ −𝑋𝑗] ≤ 0, 𝑗 ̸= 𝑖 (49)

𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖 < 0, 𝑗 ̸= 𝑖, (50)

where

Θ𝑖1 = (Λ 𝑖1)⋆ + 𝛼𝑖𝑖𝑋𝑖 + 2𝐵𝐵𝑇 − 𝜖𝑖𝑖𝑀𝑖 + 0.25𝜖2𝑖𝑖𝑇𝑖,
Φ1 = √𝛼12𝑋1,
Φ2 = √𝛼21𝑋2,
Θ𝑖9 = −𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 0.25𝜖2𝑖𝑖𝑆𝑖 + 2∑

𝑗=1

𝛼𝑖𝑗𝑄𝑗.
(51)

The other symbols are given in Theorem 5. Then, the gains of
controller (5) can be get by (19).

Proof. From the proof ofTheorem 5, it is seen that only some
terms are related to uncertainty (46), which are referred to be
(26) and (30), respectively. As for Ω̌𝑖1 in (30), it is equivalent
to

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

(�̃�𝑖𝑗 + Δ�̃�𝑖𝑗)𝑋𝑖𝑃𝑗𝑋𝑖 − 2∑
𝑗=1

𝜖𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖
+ 2∑
𝑗=1

𝜖𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − 2∑
𝑗=1

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗)𝑀𝑖
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= (𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − (Δ�̃�𝑖𝑖 + 𝜖𝑖𝑖)𝑀𝑖
+∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖) ,
(52)

where𝑀𝑖 = 𝑀𝑇𝑖 , which is guaranteed by

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − (Δ�̃�𝑖𝑖 + 𝜖𝑖𝑖)𝑀𝑖 < 0, (53)

∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖) ≤ 0. (54)

For any 𝑇𝑖 > 0, it is concluded that

−Δ�̃�𝑖𝑖𝑀𝑖 ≤ 0.25𝜖2𝑖𝑖𝑇𝑖 +𝑀𝑖𝑇−1𝑖 𝑀𝑖. (55)

Based on conditions (54) and (55), (52) is implied by

(𝐴𝐺)⋆ + 𝑋𝑖𝑄𝑖𝑋𝑖 + 𝜏𝑋𝑖𝑄𝑋𝑖 + 2𝐵𝐵𝑇 + 𝜀2𝑖𝑋𝑖𝑊𝑋𝑖
+ 2∑
𝑗=1

𝛼𝑖𝑗𝑋𝑖𝑃𝑗𝑋𝑖 − 𝜖𝑖𝑖𝑀𝑖 + 0.25𝜖2𝑖𝑖𝑇𝑖
+𝑀𝑖𝑇−1𝑖 𝑀𝑖 < 0,

𝑋𝑖𝑃𝑗𝑋𝑖 − 𝑋𝑖 −𝑀𝑖 ≤ 0,

(56)

where the latter one is equivalent to (49). Then, based on the
proof of Theorem 5, it is concluded that conditions (47) and
(49) imply (30) with Π replaced by (46), where 𝑄𝑖 = 𝐺𝑇𝑄𝑖𝐺,𝑄 = 𝐺𝑇𝑄𝐺, and 𝑊 = 𝐺𝑇𝑊G. As for condition (15), similar
to the method of (52), it is equivalent to

− 𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 2∑
𝑗=1

𝛼𝑖𝑗𝑄𝑗 − Δ�̃�𝑖𝑖𝑉𝑖
+∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖) ≤ 0 (57)

with 𝑉𝑖 = 𝑉𝑇𝑖 . It is further guaranteed by

−𝑄 − 𝜖𝑖𝑖𝑉𝑖 + 0.25𝜖2𝑖𝑖𝑆𝑖 + 2∑
𝑗=1

𝛼𝑖𝑗𝑄𝑗 + 𝑉𝑖𝑆−1𝑖 𝑉𝑖 < 0,
∑
𝑗 ̸=𝑖

(Δ�̃�𝑖𝑗 + 𝜖𝑖𝑗) (𝑄𝑗 − 𝑄𝑖 − 𝑉𝑖) ≤ 0, (58)

which are implied by (48) and (50).This completes the proof.

Theorem 10. Given stochastic delay system (1), there is disor-
dered controller (5) such that the resulting closed-loop system
(9) is stochastically stable over uncertainty (46), if given positive
scalars 𝛽𝑖 > 0, there exist matrices 𝑋𝑖 > 0, 𝑄𝑖 > 0, 𝑄 > 0,𝑊𝑖 > 0,𝑊𝜏𝑖 > 0, 𝑇𝑖 > 0, 𝑆𝑖 > 0,𝑀𝑖 = 𝑀𝑇𝑖 , 𝑉𝑖 = 𝑉𝑇𝑖 , 𝑌, and 𝑌𝜏
satisfying conditions (16), (17), (38), (48), (49), (50), and

[[[[[[[[[[[[[[[[[[[[
[

Θ𝑖1 Θ𝑖2 Λ 𝑖2 Λ𝑖3 𝑋𝑖 𝜏1/2𝑋𝑖 𝛽𝑖𝑋𝑖 Φ𝑖 𝑀𝑖∗ Θ𝑖3 0 Λ𝑖3 0 0 0 0 0
∗ ∗ Θ𝑖4 Λ𝑖4 0 0 0 0 0
∗ ∗ ∗ −𝑋𝑖 0 0 0 0 0
∗ ∗ ∗ ∗ Θ𝑖6 0 0 0 0
∗ ∗ ∗ ∗ ∗ Θ𝑖7 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Θ𝑖8 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Γ𝑖 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝑇𝑖

]]]]]]]]]]]]]]]]]]]]
]

< 0,

(59)

where symbols are given in Theorems 5–9. Then the gain of
controller (5) can be get by (19).

Proof. Similar to the proof of Theorem 9, its proof could be
obtained and is omitted. This completes the proof.

4. Numerical Examples

Example 1. Consider a stochastic delay system (1) with para-
meters as follows:

𝐴 = [−2 −0.6
0.5 −1 ] ,

𝐴𝜏 = [−0.4 −0.1
0 −0.5] ,

𝐵 = [−11 ] ,
𝐶 = [−0.4 0

0.2 −0.1] ,
𝐶𝜏 = [−0.3 0

0.2 −0.1] ,
𝐷 = [ 0

0.2] .

(60)

Firstly, by the traditional methods such as [10–12, 15, 17]
where no disorder between control gains and system
states happens, one can design controller (4) by exploit-
ing a disorder-independent Lyapunov functional 𝑉(𝑥𝑡)= 𝑥𝑇(𝑡)𝑃𝑥(𝑡) + ∫𝑡

𝑡−𝜏
𝑥𝑇(𝑠)𝑄𝑥(𝑠)𝑑𝑠. Here, it should be pointed

out that the above selected Lyapunov functional is without
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Table 1:The correlation between 𝜏max and 𝜀2 with given different 𝜀1.
𝜀1 = 2 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.002 0.760 1.559 2.092 2.312 2.425𝜀1 = 11 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.005 0.950 1.759 2.306 2.547 2.677𝜀1 = 20 & 𝜀2 = 0.221 0.3 0.5 1 2 5𝜏max 0.002 0.760 1.559 2.092 2.312 2.425
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Figure 1: The curves of the resulting system via controller experi-
encing disorder.

loss of generality. Its form given here is determined by the
one exploited in (20). In other words, in order to make some
comparisons in this example, they should be coincident. On
the other hand, based on the existing methods where some
improved Lyapunov functionals or some techniques are used
to deal with delay systems, less conservative results could be
obtained.Thus, if either of the Lyapunov functionals referred
to cases (4) and (5), respectively, is selected to be an improved
form or some techniques are exploited, the other one should
be done similarly. Based on these illustrations, it is said that
the comparisons between controllers (4) and (5) based on
similar Lyapunov functionals and similar techniques are
without loss of generality. Then, the corresponding gains of
controller (4) are computed as

𝐾 = [−0.2600 0.0923] ,
𝐾𝜏 = [−2.0000 1.0000] , (61)

where delay is 𝜏 = 0.3. When the above desired controller
experiences a disorder between control gains and system
states, without loss of generality, the TRM of such a disorder
is described as

Π = [−0.4 0.4
0.6 −0.6] . (62)

�휀1 = 2

�휀1 = 11

�휀1 = 20

0

0.5

1

1.5

2

2.5

3

�휏 m
a
x

1 2 3 4 50
�휀2

Figure 2: The simulation of correlation between 𝜏max and 𝜀2.
Its simulation is given in the smaller subgraph of Figure 1.
Under the initial condition 𝑥0 = [1 −1]𝑇, the state response
of the resulting closed-loop system is presented in the larger
subgraph of Figure 1, which is obviously stable. It is claimed
that such a disorder plays a negative effect and couldmake the
resulting closed-loop system unstable. Thus, it is necessary
and important to consider such a disorder problem. Under
the same TRM and letting 𝜀1 = 11 and 𝜀2 = 2, we could have
the gains of controller (5) with disorders (8) obtained by
Theorem 5 and given as

𝐾 = [−0.0396 −0.0289] ,
𝐾𝜏 = [−0.1443 −0.0454] . (63)

However, when the parameters of Theorem 7 are selected
to be 𝛽1 = 11 and 𝛽2 = 2, respectively, it is known that
there is no solution to controller (5). In this case, it is said
that Theorem 5 is less conservative. However, when the
above parameters are chosen to be 𝜀1 = 0.2 (𝛽2 = 0.2) and𝜀2 = 0.1 (𝛽1 = 0.1), it is concluded that there is no solution
to Theorem 5, while the gains of controller (5) can be gotten
byTheorem 7 and given as

𝐾 = [−0.0083 −0.0128] ,
𝐾𝜏 = [−0.0650 −0.0258] . (64)

As for this case, it is obtained thatTheorem 5 has less conser-
vatism. Thus, it is claimed that which one of such two theo-
rems is less conservative is not constant and should be con-
sidered in the concrete situations. In order to further demon-
strate this conclusion, more additional comparisons are done
in Tables 1 and 2, where 𝜏max denotes the allowable upper
bound of 𝜏. Moreover, the simulations of such comparisons
given in the above tables are further demonstrated in Figures
2 and 3, which are used to show the statements about the con-
servatism ofTheorems 5 and 7 vividly. For a given parameter
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Table 2: The correlation between 𝜏max and 𝛽2 with given different 𝛽1.
𝛽1 = 0.2 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.749𝜏max 1.498 1.493 1.488 1.444 1.385 1.061 0.614 0.001𝛽1 = 0.3 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.694𝜏max 1.196 1.192 1.188 1.149 1.099 0.844 0.452 0.001𝛽1 = 0.5 & 𝛽2 = 0.001 0.005 0.01 0.05 0.1 0.3 0.5 0.527𝜏max 0.578 0.575 0.571 0.539 0.497 0.305 0.044 0.0001
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Figure 3: The simulation of correlation between 𝜏max and 𝛽2.

𝜀1, it is known from Figure 2 that larger 𝜀2 will result in less
conservative results in terms of larger 𝜏max. In addition, it is
also seen that smaller 𝜀1 will lead to less conservative results
with larger 𝜏max. To the contrary, from Figure 3, it is found
that, for a given parameter 𝛽1, larger 𝛽2 will make the results
more conservative in terms of smaller 𝜏max. Moreover, there
is an inverse phenomenon about the correlation between 𝜏max
and𝛽1. From these simulations, it is claimed that the effects of
parameters 𝜀𝑖 and𝛽𝑖, 𝑖 = 1, 2, are different, which are contrary.
More importantly, based on the curves of such figures in addi-
tion to considering the correlation between the upper and
lower bounds, it is known that there is a cross section of Fig-
ures 2 and 3. In other words, it is concluded that sometimes
Theorem 5 is less conservative, while sometimes Theorem 7
is less conservative. Based on these facts, it is said that the
conservatism of such theorems is not deterministic, and their
applications should be considered in the concrete situations.
In addition, even there is uncertainty (46) in Π, such as

Π̃ = [−0.4 0.4
0.6 −0.6] (65)

with ΔΠ̃ = (Δ�̃�𝑖𝑗) satisfying Δ�̃�𝑖𝑗 ≤ 𝜖𝑖𝑗 = 0.3�̃�𝑖𝑗, ∀𝑖, 𝑗 ∈ S, and𝑖 ̸= 𝑗; we can also design effective stabilizing controllers with

form (5). Firstly, based onTheorem 9with 𝜀1 = 11 and 𝜀2 = 2,
we have the gains of disordered controller (5) computed as

𝐾 = [−0.0065 −0.0027] ,
𝐾𝜏 = [−0.0180 −0.0053] . (66)

On the other hand, based on Theorem 7 with 𝛽1 = 0.2 and𝛽2 = 0.1, the corresponding gains are given by

𝐾 = [−0.0030 −0.0045] ,
𝐾𝜏 = [−0.0268 −0.0101] . (67)

Under the same initial condition, after applying the above
desired controllers, respectively, we have the state response
of the resulting closed-loop systems illustrated in Figure 4.
There, the upper subgraph is simulation of the resulting sys-
tems obtained byTheorem 9, while the under one is gotten by
Theorem 10. It is found that all the states of the resulting sys-
tems are stable. Based on these simulations, it is seen that
both the desired controllers are useful; even TRM Π experi-
ences uncertainties.
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Figure 4: The state responses of the resulting system with uncertain TRM.

5. Conclusions

In this paper, the general stabilization for stochastic delay
systems closed by a disordered controller has been studied by
a disorder-dependent approach. Firstly, a kind of disordered
controller whose control gains and system states experience
a disorder has been proposed. Based on the robust method
and exploiting a Markov process, the above controller is
transformed to be a controller having special uncertainties
and depending on a Markov process with two modes.
Several sufficient LMI conditions for the desired controller
are obtained by using the disorder-dependent Lyapunov
functional. In addition, more applications about the TRM
of the described disorder having uncertainties have been
considered too. Finally, a numerical example has been used
to demonstrate the effectiveness of the proposed methods.
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