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Since the emergence of radars in the middle of the last
century, the determination of the direction of arrival (DOA)
has been an active research topic with applications in various
areas including, in addition to the radar itself, sonar and com-
munications. DOA estimation has come a long way from its
early days whenmechanically steered narrow-beam antennas
were employed to determine the direction of incidence of
the incoming signal [1, 2]. The introduction of digital signal
processors hasmade awide range ofmathematical techniques
available for DOA estimation. Approaches such as subspace
decomposition, eigenanalysis, sparsity, and compressed sens-
ing based methods, as well as the advanced Fourier based
processing techniques, are playing a fundamental role in
achieving performance enhancements in speed, accuracy,
and robustness.

Presently, the range of applications of DOA estimation
continues to expand and the devices that rely upon it
continue to proliferate. Automotive radars are currently being
deployed for situational awareness, thus assisting in emer-
gency braking, steering, and cruise control [3]. In communi-
cations, the quality of thewireless services is greatly enhanced
if the user information is known. DOA estimation is, for
instance, essential for the delivery of context-based and tar-
geted information to the user [4]. In navigation, interference
localization permits interferers to be disabled [5–7], which is
essential to ensure safety in critical applications such as air
travel.

DOA estimation is often implemented using either sensor
arrays or multiple antennas working cooperatively. There

exist a wide variety of approaches in the literature for
obtaining the DOA of single and multiple sources. High-
resolution (HR)methods and subspace-based techniques can
achieve very good resolution and accuracy at the expense of
high computational cost. Perhaps the best known methods
are the MUSIC [8] and ESPRIT [9] algorithms, although
other well-known methods include the Capon estimator [10]
and matrix pencil [11]. HR approaches, however, incur a high
computational cost and cannot resolve correlated sources.
They also cannot be applied in the single snapshot case unless
spatial smoothing is employed, which compromises both the
resolution and the accuracy. In contrast, discrete Fourier
transform (DFT) methods (e.g., [12, 13]) are computationally
much simpler and suitable for the single snapshot case.

Owing to the widening range of applications for DOA
estimation, the increased variety of sensor configurations,
and the spread of constraints imposed by the hardware (e.g.,
low power devices), the research into novel DOA estimation
strategies has continued unabated.This special issue presents
a collection of papers detailing recent advances in technolo-
gies and techniques for enhanced DOA estimation and its
applications in radar, sonar, wireless communications, and
other fields.

The classical maximum likelihood (ML) DOA estimation
of a number of sources using an array of antennas is studied
by H. Chen et al. in the paper titled “Efficient AMAlgorithms
for Stochastic ML Estimation of DOA.” The paper adopts
an alternating minimization strategy where each source is
estimated sequentially and the process is then repeated until
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all source estimates have converged. This allows the authors
to reduce the computational complexity of the stochastic
ML (SML) algorithm. In the paper “Robust Cyclic MUSIC
Algorithm for Finding Directions in Impulsive Noise Envi-
ronment,” the DOA estimation problem of cyclostationary
signals in impulsive noise environments is addressed. The
impulsive noise is modeled using the family of alpha stable
distributions that has a heavy tail. Such distributions do not
have finite second-order statistics, which limits the applicabil-
ity of subspace-based methods. The authors circumvent this
problem by defining robust cyclic correlation functions and
then employ the MUSIC algorithm to obtain the DOAs.

Reconfigurable, sparse, coprime, and conformal arrays
are playing an important role in enhancing the DOA esti-
mation performance as well. Indeed, these allow the array
configuration to be used as an extra degree of freedom. In
the paper titled “Experimental Results of Novel DoA Esti-
mation Algorithms for Compact Reconfigurable Antennas,”
H. Paaso et al. study the problem of estimating the DOA
when the antenna is reconfigurable. The authors consider a
reconfigurable composite right/left handed (CRLH) leaky-
wave antenna. They then evaluate and compare the adjacent
pattern power ratio (APPR) and MUSIC algorithms for esti-
mating the DOA.TheAPPR is a lookup table based approach
that requires the prior characterization of the antenna.

Reduction in the number of sensors is desirable and is
achieved using coprime arrays, which allow the estimation of
the DOAs ofmore sources than sensors. A. Liu et al. deal with
this problem in the paper “Direction-of-Arrival Estimation
for Coprime Array Using Compressive Sensing Based Array
Interpolation” by employing compressive sensing in tandem
with array interpolation in order to achieve improved DOA
estimation performance. Another variation in the array con-
figuration allows the array geometry to conform to a nonflat
surface, which complicates the estimation process.The paper
“DOA Estimation of Cylindrical Conformal Array Based on
Geometric Algebra” by M. Wu et al. addresses the DOA
estimation for conformal arrays by combining a geometric
algebra approach with MUSIC.The authors propose the GA-
MUSIC algorithm which simplifies the calculations.

Antenna arrays provide multiple multidimensional data,
permitting the estimation of multiple spatial parameters such
as azimuth and elevation as well as temporal parameters, such
as range and Doppler. Therefore, two- and multidimensional
data processing techniques play an enabling role in source
parameter estimation. In the paper “Azimuth/Elevation
Directional Finding with Automatic Pair Matching,” N.
Tayemdeals with the problem of two-dimensional (2D)DOA
estimation for multiple far-field sources. The azimuth and
elevation angles are obtained via constructing three cross-
correlation matrices and applying parallel factor analysis.
Automatic pair matching is achieved via using trilinear least
squares based solutions. In the paper “Performance Analysis
of Two-Dimensional Maximum Likelihood Direction-of-
Arrival Estimation Algorithm,” on the other hand, Y.-S. Cho
et al. consider the 2D problem of estimating the azimuth
and elevation using a uniform circular array (UCA). More
specifically, the authors study the ML estimator and derive
explicit expressions for the mean squared error.

Higher dimensional data comprising, for instance, space,
time, frequency, and polarization is studied in the paper
“Tensor-Based Methods for Blind Spatial Signature Estima-
tion in Multidimensional Sensor Arrays.” The work presents
two tensor-based techniques that employ the covariance
tensor to obtain the DOAs. The first method assumes that
the sources are correlated and hence the covariance matrix
is not diagonal. In the second case, the sources are assumed
to be uncorrelated and the method is shown to be equivalent
to parallel factor analysis (PARAFAC). The DOA estimation
is obtained using an alternating least squares (ALS) approach.

DOA estimation finds an interesting application in the
paper “Application Research of the Sparse Representation of
Eigenvector on the PD Positioning in the Transformer Oil.”
In this work, the authors consider the problem of detecting
partial discharge in high voltage transformer oil where the
ultrasonic signal is wideband. Using a circular array, the
signal is spatially sampled and thenDOA estimation is imple-
mented using sparse decomposition and thematching pursuit
algorithm.

The works presented in this special issue showcase the
depth of the DOA estimation problem as well as the range
of challenges and breadth of applications. We hope that the
contributions made by the published papers will advance the
state of the art and contribute to this fertile field.
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Reconfigurable antenna systems have gained much attention for potential use in the next generation wireless systems. However,
conventional direction-of-arrival (DoA) estimation algorithms for antenna arrays cannot be used directly in reconfigurable
antennas due to different design of the antennas. In this paper, we present an adjacent pattern power ratio (APPR) algorithm for two-
port composite right/left-handed (CRLH) reconfigurable leaky-wave antennas (LWAs). Additionally, we compare the performances
of the APPR algorithm and LWA-based MUSIC algorithms. We study how the computational complexity and the performance of
the algorithms depend on number of selected radiation patterns. In addition, we evaluate the performance of the APPR andMUSIC
algorithms with numerical simulations as well as with real world indoor measurements having both line-of-sight and non-line-of-
sight components. Our performance evaluations show that the DoA estimates are in a considerably good agreement with the real
DoAs, especially with the APPR algorithm. In summary, the APPR and MUSIC algorithms for DoA estimation along with the
planar and compact LWA layout can be a valuable solution to enhance the performance of the wireless communication in the next
generation systems.

1. Introduction

Direction-of-arrival (DoA) estimation algorithms using
compact antenna sizes are of significant importance to next
generation wireless systems. Directive adaptive antennas can
estimate the DoA, steer the beam to the desired direction,
and suppress the power in undesired directions to avoid
interference. Thus, they can greatly improve the spectrum
reuse, interference avoidance, and device localization.

Adaptive antennas can be divided into two categories:
phased arrays and reconfigurable antennas. Convention-
ally, phased arrays use many antenna array elements to
adapt the radiation pattern shape and beam direction [1,
2]. Antenna arrays usually require one receiver chain per
antenna branch. The cost usually increases with the number
of antenna elements because the array needs the same
number of radio frequency (RF) high-power or low-noise
amplifiers as the elements in traditional antenna arrays [3].

Particularly for digital beamforming antennas, the same
number of frequency converters, RF amplifiers, and digital-
to-analog (D/A) or analog-to-digital (A/D) converters are
needed. This leads to high-power consumption and high
fabrication cost. In contrast to multielement antenna arrays,
reconfigurable antennas do not need the multiple antenna
elements or feeding networks [4]. In this paper, we present
a certain type of compact reconfigurable antennas, namely,
the composite right/left-handed (CRLH) leaky-wave antenna
(LWA) [5]. The reconfigurable LWAs have many advantages:
low manufacturing cost, low DC power consumption, full-
space beam scanning using significantly less printed circuit
board space, and absence of extra RF circuitry. By considering
these advantages, especially compactness and beamsteering,
CRLH-LWAs have a significant potential to be used in DoA
systems.

In the context of conventional antenna arrays, DoA
estimation algorithms have been extensively researched in
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the literature [6–10]. However, these algorithms cannot
be used directly in CRLH-LWAs because of the inherent
design and operation of the LWAs versus multielement
antenna arrays. An LWA has only one port and thus it
has a single observation available at each sampling incident
unlike in multielement antenna arrays where signals can
be detected from different elements of the antenna array
[11]. For this reason, DoA estimation algorithms for LWAs
require that the LWA receives the transmitted signal 𝑀
times through𝑀 different radiation patterns, as illustrated in
Figure 1.

There are only a limited number of papers where DoA
estimation algorithms are introduced for LWAs. In [12, 13],
we preliminarily introduced a modified multiple signal clas-
sification (MUSIC) algorithm for LWAs.TheCRLH-LWAhas
the inherent difference in the design. Our modified MUSIC
algorithm uses 𝑀 received signals, each obtained with a
different radiation pattern and measured from two antenna
ports.Then, a correlationmatrix can be formed by using these
𝑀 received signals. We presented experimental results of a
LWA-based MUSIC algorithms in [14] where we introduced
the performance of the MUSIC and power pattern cross-
correlation (PPCC) algorithms in real wireless multipath
environment. However, the paper presents only results for
one radiation pattern configuration and does not study how
different configurations affect the performance of the algo-
rithms. Additionally, an adjacent pattern power ratio (APPR)
algorithm and the complexity analysis of the algorithms are
not presented in [14]. Similar work for DoA estimation has
also been presented independently in [15, 16] that use the
MUSIC algorithm forCRLH-LWA. In [15], only experimental
results are introduced and the authors do not present how the
MUSIC algorithm can be built up using LWAs. Additionally,
[15, 16] present only experimental results of the MUSIC
algorithm in an anechoic chamber. In addition, [17, 18] intro-
duce reactance domain MUSIC [17] and unitary MUSIC [18]
algorithms for electronically steerable parasitic array radiator
(ESPAR) antennas. In [19], APPR algorithm is introduced

for the ESPAR antenna. The APPR algorithm is a simple
DoA estimation algorithm which measures signal powers
from𝑀 different directions and chooses the radiation pattern
with the maximum signal power. Then, the adjacent pattern
power ratios with respect to the maximum signal power
pattern are calculated and theDoA is estimated by comparing
these ratios with the predefined ratios from a look-up table
(LUT). The performance of the algorithm is presented by
using computer simulations and experiments in an anechoic
chamber.

In this paper, we apply the APPR DoA estimation
algorithm for CRLH-LWA. Additionally, we compare the
performance of the APPR algorithm with the performance
of the LWA-based MUSIC algorithm. The computational
complexity of the APPR algorithm is much smaller than
that of the MUSIC algorithm without much degradation in
estimation accuracy. Unlike in our previous studies [12–14]
and other DoA estimation techniques in the literature [19],
we now study how the computational complexity and the
performance of the algorithms depend on the number of
selected radiation patterns in different kinds of environments:
theoretical additive white Gaussian noise (AWGN) channel
and a real world indoor multipath wireless environment
with both line-of-sight (LoS) and non-line-of-sight (NLoS)
components.

This paper is organized as follows: Section 2 introduces
a detailed description of the DoA estimation algorithms
for a compact CRLH-LWA. Section 3 presents shortly the
CRLH-LWA design. Numerical and complexity analysis and
experimental results of the DoA estimation algorithms are
presented in Section 4. Finally, conclusions are drawn in
Section 5.

2. CRLH-LWA-Based DoA
Estimation Algorithms

In this section, we introduce an APPR DoA estimation algo-
rithm for LWAs. Additionally, we present briefly a modified
single/two-port MUSIC algorithms [12] whose performance
we compare with the APPR algorithm. The first algorithm is
based on evaluating the received powers for different voltage
sets and the second algorithm is variant of the popular
MUSIC algorithm [6] that we have modified to work with
LWA. In the following sections, 𝜃 denotes the DoA and 𝜃 an
estimate thereof.

2.1. Single/Two-Port MUSIC Algorithm. Traditionally, the
MUSIC algorithm [6] defines the spatial correlation matrix
using the signals received by multiple antenna elements. In
this subsection, we present how the spatial capabilities of the
traditional antenna array can be virtually formulated with the
CRLH-LWA and how the correlation matrix can be defined
when using the two-port LWA.

Firstly, we have to collect the same transmitted signal
𝑢(𝑘), 𝑀 times, while the LWA switches between 𝑀 different
radiation patterns. Thus, we can recreate spatial diversity
due to 𝑀 observations of the same signal but with different
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beams. With the LWA, the 𝑀 × 1 received signal vector y(𝑘)
can be expressed as

y (𝑘) = a (𝜃) 𝑢 (𝑘) + z (𝑘) , (1)

where 𝑘 denotes the received symbol index, z(𝑘) is an𝑀 × 1
AWGN vector, where the elements have variance equal to 𝜎2,
and a(𝜃) is the𝑀× 1 steering vector. The𝑚th element of the
steering vector can be defined as

𝑎�푚 (𝜃)

= √𝐺�耠�푚
�푁

∑
�푛=1

𝐼�푛 exp [𝑗 (𝑛 − 1) 𝑘0𝑑 (sin (𝜃) − sin (𝜃�푚))] ,
(2)

where𝑚 = 1, . . . ,𝑀,𝑁 is the number of cascaded unit cells,
and

𝐺�耠�푚 = 𝐺�푚
(∑�푁�푛=1 𝐼�푛)

2
, (3)

where 𝜃 is the angular direction of the received signal, 𝜃�푚
is the main beam direction of the LWA with control voltage
set 𝑚, 𝐼�푛 = 𝐼0exp[−𝛼(𝑛 − 1)𝑑] is an exponential function
with a leakage factor 𝛼, and 𝐺�푚 is the measured antenna gain
(in linear scale) of set 𝑚. The initial value of the exponential
function 𝐼0 = 1, with structure period 𝑑 [5].

The MUSIC algorithm makes eigenvalue decomposition
of the signal covariancematrix and uses a subspace algorithm
to estimate DoA. Firstly, we have to estimate the covariance
matrix from the received signals. The estimated covariance
matrix can be expressed as

R̂�푦�푦 = 1
𝑁s

�푁s

∑
�푘=1

y (𝑘) y† (𝑘) , (4)

where 𝑁s denotes the number of samples and the Hermitian
transpose of y is denoted as y†. Then, the eigenvalue decom-
position (EVD) of R̂�푦�푦 can be represented as

R̂�푦�푦 = Ê�푠Λ̂ �푠Ê†�푠 + Ê�푛Λ̂ �푛Ê†�푛, (5)

where Ê�푠 = [ê1, ê2, . . . , ê�퐿] includes the estimated eigen-
vectors for the signal subspace, Λ̂ �푠 = diag[�̂�1, �̂�2, . . . , �̂��퐿]
denotes a diagonal matrix of the largest estimated eigenval-
ues, and 𝐿 is the number of incident sources. Additionally,
Ê�푛 = [ê�퐿+1, ê�퐿+2, . . . , ê�푀] is the noise subspace matrix
and Λ̂ �푛 = diag[�̂��퐿+1, �̂��퐿+2, . . . , �̂��푀] denotes the diagonal
matrix of 𝑀 − 𝐿 noise eigenvalues. Finally, the MUSIC
pseudospectrum can be generated as

𝑃MUSIC (𝜃) = a† (𝜃) a (𝜃)
a† (𝜃) Ê�푛Ê†�푛a (𝜃)

. (6)

The estimated direction-of-arrival (DoA) is the angle where
the pseudospectrum 𝑃MUSIC(𝜃) attains its maximum; that is,

𝜃MUSIC = argmax
�휃

𝑃MUSIC (𝜃) . (7)

The MUSIC algorithm is limited to uncorrelated signals.
The estimated covariance matrix R̂�푦�푦 is nonsingular as long
as the incident signals are not highly correlated [20]. When
the incident signals are highly correlated signals or signals
with a low SNR, the performance of the MUSIC algorithms
reduces or the algorithm fails even completely [21]. Thus,
the MUSIC algorithm has problems when determining the
number of impinging source; that is, it cannot divide the
signal subspace and noise subspace correctly, and thus it
is not able to estimate the spatial spectrum correctly. This
problem can be solved by using spatial smoothing techniques,
signal feature vector technique, and frequency smoothing
techniques, among others. However, these techniques are out
of the scope of this paper.

2.2. Adjacent Pattern Power Ratio. Adjacent pattern power
ratio is introduced for ESPAR antennas in [19]. The APPR
algorithmcalculates the adjacent power pattern ratio between
the maximum received power pattern and the adjacent
patterns. In this paper, we show how to apply the APPR
algorithm to LWAs and show how configuring the antenna
radiation patterns for signal observations can impact the
performance of the algorithm, which has not been further
evaluated in [19]. We first calculate the received power
𝑃�푚 from 𝑀 different directions and normalize each power
yielding the gain-normalized powers 𝑃norm

�푚 = 𝑃�푚/𝐺�푚.
Then, the radiation pattern that gives the maximum received
power is selected. Thereafter, the adjacent pattern power
ratio between the adjacent pattern to the selected pattern
is calculated. Firstly, the APPR ratio is calculated from the
measured radiation patterns in an anechoic chamber. The
APPR can be presented as

Γ�푚+ (𝜃) =
𝑃norm
�푚 (𝜃)

𝑃norm
�푚+1 (𝜃) , (8)

Γ�푚− (𝜃) =
𝑃norm
�푚 (𝜃)

𝑃norm
�푚−1 (𝜃) . (9)

Equation (8) tells that when the DoA falls into the right side
of the 𝑚th pattern, 𝑃norm

�푚+1 (𝜃) > 𝑃norm
�푚−1 (𝜃), as illustrated in

Figure 2. Additionally, (9) tells that when the DoA falls into
the left side of the 𝑚th pattern, 𝑃norm

�푚−1 (𝜃) > 𝑃norm
�푚+1 (𝜃). These

ratios for the selected 𝜃 range are calculated and stored into
an LUTbeforehand to reduce run-time computations.Hence,
the DoA is to be estimated over the 𝜃 range. The length of 𝜃
range, 𝐽, depends on how radiation pattern configuration is
selected. These searching areas are illustrated as a dotted line
in Figure 2. Secondly, the APPR is measured for the received
power and it can be presented as

Γ̂�푚+ (𝜃) =
�̂�norm
�푚 (𝜃)

�̂�norm
�푚+1 (𝜃) ,

Γ̂�푚− (𝜃) =
�̂�norm
�푚 (𝜃)

�̂�norm
�푚−1 (𝜃) .

(10)

Finally, we compare these adjacent pattern power ratios.
The selection of Γ�푚+/�푚− is defined in the following way: if
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Figure 2: Theoretical radiation patterns.

�̂�norm
�푚+1 (𝜃) > �̂�norm

�푚−1 (𝜃), we compare Γ�푚+(𝜃) and Γ̂�푚+(𝜃). If
�̂�norm
�푚+1 (𝜃) < �̂�norm

�푚−1 (𝜃), we compare Γ�푚−(𝜃) and Γ̂�푚−(𝜃). Hence,
the estimated DoA can be defined as

𝜃

= {
{
{

argmin Γ�푚− (𝜃) − Γ̂�푚− (𝜃) if �̂�norm
�푚+1 (𝜃) < �̂�norm

�푚−1 (𝜃) ,
argmin Γ�푚+ (𝜃) − Γ̂�푚+ (𝜃) if �̂�norm

�푚+1 (𝜃) > �̂�norm
�푚−1 (𝜃) .

(11)

The computational complexity and the performance of
the algorithm depend on the number of received directions.
These options are researched in Section 4.

3. Antenna Design

TheAPPR and MUSIC algorithms were designed to perform
the DoA estimation using reconfigurable CRLH-LWA. The
leaky-wave antenna is a traveling-wave antenna [5]. As
opposed to conventional resonating-wave antennas, LWAs
leak out energy progressively as the wave travels along the
waveguide structure. The main radiation beam of the LWA
is normal to the plane of the antenna and can be in general
directed by changing the electrical properties of the radiating
elements.

The introduced LWAconsists of 12 cascadedmetamaterial
CRLH unit cells which are populated with two varactor
diodes in series and one in shunt configuration. The physical
size of the antenna is 156mm–38mm. By changing the two
DC bias voltages across the varactors, the antenna is able
to steer the main beam from broadside to backward and
forward directions. Due to the practically symmetric antenna
structure, the ports of the antenna have symmetric radiation
properties with respect to the broadside direction. The beam
symmetry is illustrated in Figure 1 where 𝜃1 = −𝜃2. The
used LWAs are able to steer their main beam orientation
approximately from −50∘ to +50∘. The CRLH-LWAs were
adjusted to operate within the entire 2.4GHzWiFi band.The
measurements of the radiation patterns were measured at the

Table 1: Measured LWAmain beam directions and gains.

Sector 1 2 3 4 5 6
Main beam direction 𝜃�푚 (∘) ±0 ±8 ±18 ±28 ±39 ±47
Gain 𝐺�푚 (dB) 5.0 5.1 5.6 5.8 4.9 3.5

Table 2: Selection of radiation patterns in DoA estimation cases.

Case Main beam directions (∘)
−47 −39 −28 −18 −8 0 8 18 28 39 47

Case 1 x x x x x x x x x x x
Case 2 x x x x x x
Case 3 x x x x x
Case 4 x x x x
Case 5 x x x

frequency of 2.46GHz in the anechoic chamber facility. The
measuredmain beam directions and the corresponding gains
are presented in Table 1.

4. Numerical and Complexity
Analysis and Experimental Results of
DoA Estimation Algorithms

To verify and validate the performance of the proposed
DoA estimation algorithms for the LWA, we perform several
simulations to numerically evaluate the performances and
conduct experimental measurements, which are performed
in an indoor multipath environment. We research the effect
of the number of radiation patterns on the accuracy of the
estimatedDoAs.We particularly consider different choices of
the radiation patterns for estimating the DoA. In Table 2, dif-
ferent radiation pattern choices are shown. The first column
in this table shows cases 1 to 5 that correspond to different
choices for the number of radiation patterns and their main
beam directions. For each case, we estimate the DoA using
only the radiation patterns which are identified by cross-
marks.

4.1. Simulation Setup andNumerical Analysis. Firstly, we have
studied how the selection of the radiation pattern impacts
on the performance of the DoA estimation algorithms. In
the simulations, we formulate the received signal according
to the signal model (1). We generate orthogonal frequency-
division multiplexing (OFDM) with 48 active subcarriers as
the physical signal waveform. We use the same radiation
patterns as in our experimental measurements. The LWA
is chosen to have 6 radiation patterns with the 12 main
beam directions, as shown in Table 1. In all estimation cases,
100 complex in-phase/quadrature (I/Q) samples are used to
estimate the DoA. The estimations are done prior to fast
Fourier transform (FFT) processing. The direction of the
incoming signal is steered from −54∘ to 54∘ with a resolution
of 1∘. The estimation results are averaged over 1000 signal
realizations for each estimated DoA.

In Figure 3, the root-mean-squared error (RMSE) of the
MUSIC and APPR algorithms as a function of the SNR is
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Figure 3: RMSE of the APPR and MUSIC algorithms as a function
of the SNR.

presented.The plot shows results for cases 1–5. FromFigure 3,
it can be noted that the MUSIC algorithm works better than
the APPR algorithm. However, if the SNR is higher than
10 dB, the RMSE difference between the algorithms in case 3
is lower than 0.5∘. It can be observed that case 1 gives clearly
the best result for the MUSIC algorithm. Furthermore, the
MUSIC algorithm has less performance difference between
different cases than the APPR algorithm. For example, if
the SNR is higher than 10 dB, the differences between the
different cases are less than 0.3∘ for the MUSIC algorithm. It
can be also seen that the APPR algorithm works reasonably
well in all cases, except in case 5. Cases 2-3, in turn, give
the best performances in all SNR values and their RMSEs
are almost the same. Moreover, we can see that the RMSE
is significantly large for case 5. Additionally, case 1 works
worse than cases 2–4. The reason for these observations is
that the radiation patterns cover very well the estimation
area in cases 2–4, especially in case 3, as seen in Figure 4.
The radiation patterns are not too near to or too far from
each other. However, in case 1, the radiation patterns are too
near, whereas they are too far in case 5 (as also visible in
Figure 5), causing higherDoA estimation errors for theAPPR
algorithm.

Figures 6 and 7 depict the simulated performance of the
APPR and MUSIC algorithm as a function of the DoA when
the SNR is fixed to 10 dB. It is visible in Figure 6 that the
RMSE is the smoothest in cases 2-3. We can also notice that
the configuration of the radiation pattern should be selected
carefully for the APPR algorithm. If we selected five radiation
patterns, as in case 3, instead of the 11 radiation patterns, as
in case 1, the overall signal storing time would be halved.
However, the estimation DoA range increases when using
fewer radiation patterns because of the increased gap between
the adjacent radiation patterns. However, we do not need
to calculate the power of the signal so many times if fewer
radiation patterns are selected. Furthermore, the amount of
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Figure 4: Measured radiation patterns for case 3.
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Figure 5: Measured radiation patterns for case 5.

data to be processed offline and online will be decreased if
fewer radiation patterns are selected. Based on the results in
Figure 7 for the MUSIC algorithm, we notice that the RMSE
behaves similarly in all cases, and only the absolute level of
the RMSE is varying in different cases. The highest number
of radiation patterns provides again the best performance,
as expected. From the results, we can say that the selection
of the number of radiation patterns is a trade-off between
the desired performance and computational complexity. In
Section 4.2, computational complexity is analyzed in more
detail.

4.2. Computational Complexity Analysis. In this section, we
analyze the computational complexity of the single/two-port
MUSIC and APPR algorithms. We define the complexity of
these DoA estimation algorithms in terms of basic operations
[22], that is, additions and subtractions, multiplications, and
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divisions, and refer to them as ADD, MUL, and DIV, respec-
tively. In theAPPRalgorithmcase, part of the calculations can
be calculated offline and stored into the LUT, in which case
they do not need to be calculated in real time. The analysis
is presented in Table 3. There, 𝐽0 is the number of the DoA
estimation points and is here equal to 109∘ (−54∘ to 54∘ with
1∘ resolution). In addition, 𝐽 is the length of the specific
range of 𝜃 for the APPR algorithm which depends on how
the radiation pattern configuration is selected, as explained
in Section 2.2. Selecting 𝑀 = 11 results in 𝐽 = 15∘, whereas
for 𝑀 = 5 we get 𝐽 = 31∘. Regarding the computational
complexities, the covariance matrix of the MUSIC algorithm
has 𝑁�푠𝑀2 multiplications and (𝑁�푠 − 1)𝑀2 additions and
subtractions. Additionally, the EVD has the complexity of

RX5

TX2

RX6

TX1

RX3 TX3
RX4 RX2

RX1

2
3
.9
8

m

16.70m

18.75m

Stairs

1
5
.6
0

m

1m

Receiver
Transmitter

Figure 8: Layout of the measurement lobby area and the locations
of the TXs and RXs.

Table 3: The computational complexity analysis.

Algorithm MUSIC APPR
MUL 𝑀3 +𝑀2(𝑁�푠 + 2𝐽0) 2𝑀𝑁�푠
DIV 𝐽0 2
ADD 𝑀2(𝑁�푠 − 1 + 2𝐽0) − 2𝐽0𝑀 𝐽 +𝑀(𝑁�푠 − 1)
LUT — (𝑀𝐽0)MUL

(2𝑀𝐽 +𝑀𝐽0)DIV

𝑀3 and the calculations of the MUSIC spectra need 𝐽02𝑀2
multiplications, 𝐽0 divisions, and 𝐽0(2𝑀2 − 2𝑀) additions
and subtractions. The APPR algorithm, in turn, needs 2𝑀𝑁�푠
multiplications, 2 divisions, and 𝐽 +𝑀(𝑁�푠 − 1) additions and
subtractions. In addition, we need 𝑀𝐽0 multiplications and
2𝑀𝐽+𝑀𝐽0 divisions that are calculated offline and stored into
a LUT. It is clear that the APPR algorithm has much lower
computational complexity than the MUSIC algorithm.

4.3. Measurement Setup. The performance of the LWA-based
APPR and MUSIC DoA estimation algorithms is evaluated
using experimental measurements performed in a multi-
path indoor environment. The experiments are done in the
premises of theDrexelUniversity.The indoor setup is a closed
large lobbywith stairs and glasswalls. In this lobby setting, the
measured signals experience both LoS andNLoS components
due to severe multipath between the transmitters (TXs) and
the receivers (RXs). The layout, illustrated in Figure 8, shows
the arrangement of TXs and RXs in the described indoor
environment. In our measurements, we used three TX nodes
and six RX nodes.
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In the RX nodes, the reconfigurable two-port CRLH-
LWAs were used and the three TX nodes were equipped
with two standard omnidirectional antennas. The lobby
dimensions and the locations of the transceiver antennas are
carefully measured with a measuring tape. In Figure 8, the
orange arrows show the broadside direction 𝜃 = 0∘ of the RX
LWAs. We made measurements in such a way that only one
TX-RX pair was active at a time.Thus, we needed to ensure a
justness between different transmission links by transmitting
the same data over all links.Wemeasured all the TX-RX pairs
but the data with TX3 were studied only for RX1–RX3 and
RX5-RX6 because the TX3-RX4 pair was out of the spatial
scanning directions.

In our measurement campaign, each transceiver uses
a field-programmable gate array (FPGA) based software
defined radio platform which is called wireless open-access
research platform (WARP) v3 [23]. Each WARP board was
connected to its own antenna and to a centralized controlling
system which centrally synchronize all the nodes, control
antenna beam directions, and collect all the measurement
data. We used OFDM signals with the total of 64 sub-
carriers where 48 subcarriers were used for loading data
symbols, 4 for carrier frequency offset (CFO) correction,
and 12 empty subcarriers. After each transmission, all the
RXs stored 300 packets, each containing 5420 binary phase
shift keying (BPSK) complex symbols and then the antenna
beam direction was steered for the next reception. The TX
power of the TX nodes was set to 15 dBm. Additionally, we
used 𝑑 = 1.3 cm and 𝛼 = 1 in the measurement processing
for the MUSIC algorithm. Furthermore, we assume that
only one signal is received in the RX, and thus we set
𝐿 = 1.

All the measured data were saved for offline postpro-
cessing with the DoA estimation algorithms introduced in
Section 2. The DoA estimation was done before the FFT.
Furthermore, the measurements were carried out in theWiFi
frequency range of 2.452GHz–2.472GHz as the leaky-wave
antennas (LWAs) were calibrated for this range. Since the
measurements were carried out at open WiFi frequencies
with various WiFi access points in the close vicinity, all WiFi
traffic acts directly as cochannel interference making the
measurement environment very challenging. Additionally,
this WiFi traffic and passersby are not stationary during the
measurements.

4.4. Experimental Results Based on Measurements. The aim
of our experiment measurement is to demonstrate the DoA
estimation capabilities for LWAs using the algorithms which
were introduced in Section 2. Based on the simulation results
with the AWGN channel, cases 2-3 give the best RMSE results
for the APPR algorithm and case 1 gives the best results
for the MUSIC algorithm, and thus we analyzed these three
cases also in a real multipath environment. Here, we present
also the results of the power detector (PD) algorithm, as a
reference because the APPR algorithm is based on these PD
results. The summary of the results for the APPR, MUSIC
algorithms, and PD is presented in Tables 4–12. DoA estima-
tion results for TX1-RX6, TX3-RX6, and TX2-RX6 pairs are

Table 4: DoA estimation results for TX1 with PD, APPR, and
MUSIC algorithms in case 1.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −3 8 11 12 15 25 28
RX2: 12 −18 −30 −21 −33 −16 −28
RX3: 3 8 5 8 5 0 −3
RX4: 2 −8 10 −13 −15 0 −4
RX5: −9 −28 −19 −33 −24 1 10
RX6: 22 28 6 22 0 28 6
RMSE 16.0 18.9 16.8

Table 5: DoA estimation results for TX2 with PD, APPR, and
MUSIC algorithms in case 1.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −39 −47 −8 −41 −2 −54 −15
RX2: −5 −28 −23 −24 −19 −1 −4
RX3: 22 0 −22 4 −18 18 −4
RX4: 3 8 5 6 3 0 −3
RX5: 14 8 −6 8 −6 1 −13
RX6: 49 39 −10 39 −10 54 5
RMSE 14.4 11.8 8.7

Table 6: DoA estimation results for TX3 with PD, APPR, and
MUSIC algorithms in case 1.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: 35 47 12 42 7 48 13
RX2: 62 47 −15 41 −21 54 −8
RX3: −57 −47 10 −47 10 −54 3
RX5: −34 −47 −13 −44 −10 −54 −20
RX6: −1 −28 −27 −32 −31 −17 −16
RMSE 16.5 18.1 13.4

also illustrated in Figures 9–11 for three considered cases. In
the figures, the first column (a) illustrates ameasurement case
when all methods estimate very well the DoA of the received
signal.The second column (b) presents a measurement when
the APPR algorithm and PD fail to estimate the DoA.The last
column (c) illustrates the measurement case when the APPR
algorithm estimates very well the DoA while the MUSIC
algorithm fails the DoA estimation.

4.4.1. Case 1. Based on the results of Tables 4–6, the total
RMSE, calculated over all TX cases, is 13.9∘ for the PD, 9.8∘
for the APPR algorithm, and 13.6∘ for the MUSIC algorithm
in case 1. If the DoA estimation error is large in the PD case,
the APPR algorithm cannot estimate the DoA accurately, as
illustrated in Figure 9(b). It can be noticed that the APPR
has the best performance if we compare overall results. As
we explained earlier in Section 2.1, the MUSIC algorithm
works well only for uncorrelated signals. In our experimental
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Table 7: DoA estimation results for TX1 with PD, APPR, and
MUSIC algorithms in case 2.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −3 8 11 1 4 19 22
RX2: 12 −28 −40 −18 −30 −4 −16
RX3: 3 8 5 1 −2 0 −3
RX4: 2 −8 10 −17 −19 −1 −3
RX5: −9 −28 −19 −19 10 1 10
RX6: 22 28 6 22 0 38 16
RMSE 19.3 15.2 13.6

Table 8: DoA estimation results for TX2 with PD, APPR, and
MUSIC algorithms in case 2.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −39 −47 −8 −39 0 −54 −15
RX2: −5 −28 −23 −21 −16 13 18
RX3: 22 28 6 35 13 36 14
RX4: 3 8 5 3 0 0 −3
RX5: 14 8 −6 17 3 1 −13
RX6: 49 47 −2 37 −12 37 −12
RMSE 10.8 9.8 13.3

Table 9: DoA estimation results for TX3 with PD, APPR, and
MUSIC algorithms in case 2.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: 35 47 12 40 5 54 19
RX2: 62 47 −15 38 −24 54 −8
RX3: −57 −47 10 −46 11 −54 3
RX5: −34 −47 −13 −42 −8 −54 −20
RX6: −1 −28 −27 −33 −32 −23 −22
RMSE 16.5 19.0 16.2

Table 10: DoA estimation results for TX1 with PD, APPR, and
MUSIC algorithms in case 3.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −3 −18 −15 −8 −5 −4 1
RX2: 12 −18 −30 −26 38 −13 −25
RX3: 3 0 −3 8 5 32 29
RX4: 2 −18 10 −9 −11 −2 −4
RX5: −9 −39 −30 −28 −19 −19 −10
RX6: 22 18 −4 26 4 17 −5
RMSE 20.2 18.2 16.4

measurements, the measured signals experience both LoS
and NLoS components due to severe multipath between
the TX and the RX in the indoor environment. Multipath
signals are mutually correlated, and the signal covariance
becomes rank-deficient [21]. Consequently, the eigenvalue

Table 11: DoA estimation results for TX2 with PD, APPR, and
MUSIC algorithms in case 3.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: −39 −39 0 −32 7 −54 −15
RX2: −5 −18 −13 −26 −21 −3 2
RX3: 22 0 −22 6 16 −15 −37
RX4: 3 −18 21 −11 −14 −1 −4
RX5: 14 0 −14 9 −5 6 −8
RX6: 49 39 −10 32 −17 54 5
RMSE 15.2 14.5 16.8

Table 12: DoA estimation results for TX3 with PD, APPR, and
MUSIC algorithms in case 3.

𝜃real (∘) PD APPR MUSIC
𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘) 𝜃 (∘) 𝜖 (∘)

RX1: 35 39 4 35 0 54 19
RX2: 62 39 −23 29 33 54 −8
RX3: −57 −39 18 −42 15 54 111
RX5: −34 −39 −5 −34 −34 −54 −20
RX6: −1 −39 −38 −29 −28 −6 −5
RMSE 21.6 20.5 51.3

decomposition of the signal covariance fails to split the signal
and noise subspaces. That is the reason why the results
of the MUSIC algorithms are so much poorer in indoor
environments than in the AWGN channel environment.
What is also interesting is that we can notice multiple peaks
in the PD plots in Figures 9(b) and 9(c) and the power of the
signal is noticeably lower than in Figure 9(a). The peaks are
most likely affected by the multipath effects like reflections
from the walls and stairs, passersby, or WiFi traffic acting
directly as cochannel interference in these measurements.
For the PD, it is clear that multipath or other signals result
in additional peaks in the figures. In cases where the PD
estimator has no high peaks in the results or there are two or
more low peaks or the received signal power level is low, the
MUSIC algorithm has difficulties in estimating the DoA.This
somewhat flat response is, again, most probably affected by a
weak LoS component as well as rich scattering environment
causing multiple impinging NLoS signal paths.

There are large differences in the DoA estimation accu-
racy in different receiver locations. The estimated DoAs are
in good agreement with the real DoAs in the several APPR
algorithm cases, particularly in TX1-RX3, TX1-RX6, TX2-
RX1, and TX2-RX4 cases. The MUSIC algorithm has also
good accuracy in these TX-RX pairs, except the TX2-RX1
case.This is clearly the worst result for theMUSIC algorithm,
as seen in Figure 9(c), and is most probably affected by
harmful reflections from the stairs which are made of metal,
concrete, and glass.

4.4.2. Case 2. Based on the results of Tables 7–9, the total
RMSE, calculated over all TX cases, is 15.0∘ for the PD, 10.2∘
for the APPR algorithm, and 14.8∘ for the MUSIC algorithm
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Figure 9: DoA estimation results with PD, APPR, and MUSIC algorithms in case 2 with different TX-RX pairs: (a) TX1-RX6 𝜃real = 22∘, (b)
TX3-RX6 𝜃real = −1∘, and (c) TX2-RX1 𝜃real = −39∘.

in case 2. It can be seen that there is not a significant
performance difference between case 1 and case 2. From the
tables, we can notice again that the estimation error is rather
small, smaller than 11∘ in many TX-RX pairs in several
cases. However, there are also many larger DoA estimation
errors which are most likely caused by severe reflections and
other multipath effects, as explained earlier and illustrated in
Figure 10(b).

4.4.3. Case 3. Based on the results of Tables 10–12, the total
RMSE, calculated over all TX cases, is 14.1∘ for the PD,
11.2∘ for the APPR algorithm, and 32.1∘ for the MUSIC

algorithm in case 3. It can be noticed that the difference
of the performance is not big between cases 1–3 for the
APPR algorithm. In particular, the difference of the RMSE
is only 1.4∘ between case 1 and case 3. The results show that
we can achieve almost the same performance using fewer
radiation patterns; thus the overall signal storing time will be
decreased. However, the adjacent radiation patterns cannot
be too far away from each other, as seen in Section 4.1.
Regarding theMUSIC algorithm, the RMSEs are significantly
higher in case 3 when compared with cases 1-2. We can
conclude that the MUSIC algorithm does not work very
well if the number of radiation patterns is only five in our
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Figure 10: DoA estimation results with PD, APPR, andMUSIC algorithms in case 2 with different TX-RX pairs: (a) TX1-RX6 𝜃real = 22∘, (b)
TX3-RX6 𝜃real = −1∘, and (c) TX2-RX1 𝜃real = −39∘.

real world measurements. We can also notice that the total
RMSE difference between case 1 and case 2 is only 1.2∘ for
theMUSIC algorithm. If fewer radiation patterns are selected,
the complexity of the MUSIC algorithm will be reduced
significantly, as explained in Section 4.2. To conclude, the
selection of the number of radiation patterns is a trade-
off between the desired performance and computational
complexity.

4.4.4. Discussion of the Experimental Results. Based on
our observations from the experimental results, it seems

that the APPR algorithm works better in a real multipath
environment than the MUSIC algorithm. In our measure-
ments, the measured signals experience both LoS and NLoS
components due to severe multipath between the TX and
the RX in the indoor environment. Due to the correlated
multipath signals, the eigenvalue decomposition of the signal
covariance cannot split the signal and noise subspaces; thus
the RMSE increases significantly when compared with the
AWGN channel simulations. In case 1, the total RMSE is
3.8∘ less with the APPR algorithm than with the MUSIC
algorithm. It can be concluded that the performance gap
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Figure 11: DoA estimation results with PD, APPR, and MUSIC algorithms in case 3 with different TX-RX pairs: (a) TX1-RX6 𝜃real = 22∘, (b)
TX3-RX6 𝜃real = −1∘, and (c) TX2-RX1 𝜃real = −39∘.

between these two algorithms increases when the number of
radiation patterns is decreased.

The resolution of both the algorithms is the same, that
is, 1∘. However, the computational complexity of the algo-
rithms is significantly different, as explained in Section 4.2.
The APPR algorithm has clearly lower computational com-
plexity than MUSIC algorithm because the algorithm does
not use eigenvalue decomposition. We can conclude that
both algorithms, especially the APPR algorithm, and the
considered LWA structure enable reliable DoA estimation,
despite very challenging demonstration and measurement
environment.

In ourmeasurement, we have assumed, particularly in the
MUSIC algorithm case, that only one signal is received in
each receiver.Wehave noticed that there aremultiple peaks in
the PDplots. It is clear thatmultipath or other signals result in
additional peaks in the figures. These interference signals are
one reason why the performance of the MUSIC algorithm is
much poorer than in AWGN simulations. In general, signals
are better resolvable if the bandwidth is increased (e.g., using
impulse radio [24]) and if the beamwidth of the antenna is
decreased. In literature, Akaiake information criterion (AIC)
[25] is presented and theminimumdescription length (MDL)
[26] algorithms estimate the number of the incident signals.
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However, it is shown that these algorithms can estimate a
wrong number of components for a small sample size and
a low SNR [27]. In future work, we will study how we
could resolve the received signals, that is, multipath and
interference signals, and estimate the number of the received
signals reliably so that the DoA estimation algorithms can
work in a more robust way.

5. Conclusion

In this paper, we considered DoA estimation with a certain
type of reconfigurable antennas, namely, CRLH-LWAs. We
started by presenting the APPR algorithm for two-port
LWAs.Thereafter, we evaluated the performance of the APPR
solution by numerical simulations in an AWGN channel and
with varying numbers of selected radiation patterns. The
results were also compared with those of the LWA-based
MUSIC algorithm. We continued by evaluating the DoA
estimation performance of both methods in an indoor envi-
ronment based on real worldmeasurements involving typical
multipath propagation with both line-of-sight and non-
line-of-sight components. Not only the results of numerical
simulations but also the measurement-based results showed
that the DoA estimates were in a good agreement with the
real DoAs, especially with the APPR method, indicating
that CRLH-LWAs are capable of successful DoA estimation
while having often a smaller form factor than conventional
antenna arrays with multiple antenna elements. To conclude,
the combination of the proposed DoA estimation algorithms
and the CRLH-LWA implementation can provide a valu-
able solution for future generation wireless communications
systems where spectrum reuse, interference avoidance, and
device localization are of special interest.
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This paper addresses the issue of direction finding of a cyclostationary signal under impulsive noise environments modeled by 𝛼-
stable distribution. Since 𝛼-stable distribution does not have finite second-order statistics, the conventional cyclic correlation-based
signal-selective direction finding algorithms do not work effectively. To resolve this problem, we define two robust cyclic correlation
functions which are derived from robust statistics property of the correntropy and the nonlinear transformation, respectively. The
MUSIC algorithm with the robust cyclic correlation matrix of the received signals of arrays is then used to estimate the direction
of cyclostationary signal in the presence of impulsive noise. The computer simulation results demonstrate that the two proposed
robust cyclic correlation-based algorithms outperform the conventional cyclic correlation and the fractional lower order cyclic
correlation based methods.

1. Introduction

Arrays of sensors such as radio antennas can be used to
detect the presence of propagating signals and estimate
their directions of arrival (DOA) and other parameters.
Their applications have been found in many areas, for
example, radar, sonar, biomedical signal processing, and
communication systems [1, 2]. Conventional array processing
methods generally exploit spatial properties of the signals
impinging on an array of sensors. In applications for radar,
sonar, or telecommunications there are many man-made
signals whose cyclostationary properties can be used to
cancel interference and background noise [3]. The earliest
approach was proposed by Gardner [4] who introduced the
concept of cyclostationarity into array signal processing to
suppress interference and noise. Including this property in
signal processing algorithm design can improve the perfor-
mance of existing algorithms, especially the DOA estimation
algorithms. Several algorithms have been proposed in the
literature along this line [5–7]. Instead of using the corre-
lation matrix as being done in conventional methods, these
cyclostationarity–based algorithms require estimating the
cyclic correlation (CCO) matrix to reflect the cyclostation-
arity of incoming signals which can be one of the following

three cases: (1) having baud rates or (2) being modulated by a
carrier signal in the way that they are used in radar and radio
communication applications or (3) both.

One common assumption made by conventional meth-
ods and cyclostationarity methods is that the ambient noise
is assumed to be Gaussian distributed and can be char-
acterized by only second-order statistics (SOS). However,
in many real world applications the noise often exhibits
non-Gaussian properties and sometimes is accompanied by
strong impulsiveness [8]. For example, natural sources such
as atmospheric noise resulting from thunder storms, car
ignitions, microwave ovens, and other types of man-made
signal sources generally result in aggregating noises that may
produce high amplitudes during small time intervals. To
address this type of noise the 𝛼-stable distribution was pro-
posed as a better and suitable noisemodel [9]. It has been also
shown to have potential in characterizing various impulsive
noises via selecting different values of the parameter 𝛼.

Since 𝛼-stable distribution has no finite SOS, the SOS-
based estimation of signal parameters, such as DOA, is
generally not applicable. Therefore, to address this issue
the fractional lower order statistics (FLOS) was recently
proposed [10, 11] such as the fractional lower order moments
(FLOM) [11] and the phased fractional lower order moments
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(PFLOM) [10, 11]. However, FLOS requires a priori knowl-
edge of 𝛼-stable distribution, which is difficult to esti-
mate in some practical applications. In order to measure
similarity between two random variables, correntropy has
been proposed and successfully applied in 𝛼-stable signal
processing [12]. By virtue of correntropy, [13, 14] defined a
robust correlation criterion, the correntropy-based correla-
tion (CECO) to estimate DOA by MUSIC, which can be
called CECO-MUSIC algorithm. Recently, [15] also defined
a robust correlation, called nonlinear transform correlation
(NTCO), by introducing a nonlinear compression function
into correlation. This paper developed a novel algorithm for
DOA estimation in impulsive noise, to be called NTCO-
MUSIC which uses the NTCO matrix to replace the corre-
lation matrix of the common used by MUSIC algorithm.

To further handle the cyclostationary signals under 𝛼-
stable impulsive noise environment, You et al. defined the
fractional lower order cyclic correlation (FLOCC) [16, 17]
and the phased fractional lower order cyclic correlation
(PFLOCC) [18] for theDOAestimation. Liu et al. also defined
the fractional lower order cyclic cross-ambiguity function
[19] for joint estimation of time difference of arrival and
frequency difference of arrival for cyclostationary signals
under 𝛼-stable impulsive noise.

In this paper, we introduce two robust cyclic statistics
based on CECO and NTCO for cyclostationary signal,
called the correntropy-based cyclic correlation (CECCO) and
nonlinear transform based cyclic correlation (NTCCO), both
of which can be implemented in conjunctionwith theMUSIC
algorithm for DOA estimation of cyclostationary signals
under 𝛼-stable impulsive noise environment. Specifically, the
MUSIC algorithm uses CECCO or NTCCOmatrix of signals
received from the array which are called CECCO-MUSIC
andNTCCO-MUSIC algorithms. To demonstrate the perfor-
mance of the proposed two methods to the FLOCC-based
MUSIC algorithm (FLOCC-MUSIC) and cyclic correlation-
based MUSIC algorithm (CCO-MUSIC), computer simula-
tion experiments are conducted for comparative study and
analysis.

2. 𝛼-Stable Distribution Specified Noise Model

This section describes a noise model specified by 𝛼-stable
distribution with its characteristic function specified by

𝜙 (𝑡) = 𝑒{𝑗𝑎𝑡−𝛾|𝑡|𝛼[1+𝑗𝛽 sgn (𝑡)𝜛(𝑡,𝛼)]}, (1)

where 𝛾 and 𝑎 are the dispersion and location parameters,
respectively, and 𝜛(𝑡, 𝛼) is defined by

𝜛 (𝑡, 𝑎) = {{{{{
tan𝜋𝛼2 , if 𝛼 ̸= 1
2𝜋 log |𝑡| , if 𝛼 = 1 (2)

and the sign function, sgn (𝑡), is given as

sgn (𝑡) = {{{
𝑡|𝑡| , if 𝑡 ̸= 0
0, if 𝑡 = 0. (3)

In particular, 𝛼 (0 < 𝛼 ⩽ 2) is the characteristic exponent
that measures the thickness of the tails of the distribution
where the smaller 𝛼 is, the thicker its tails are. Also, 𝛽 is the
symmetry parameter, if 𝛽 = 0, the distribution in which case
the observation is referred to as the symmetry 𝛼-stable (S𝛼S)
distribution. When 𝛼 = 2 and 𝛽 = 0, the 𝛼-stable distribution
becomes a Gaussian distribution. An important difference
between the Gaussian and the 𝛼-stable distribution is that
the former has only first two moments while the latter does
not have any statistics when the moments of order are greater
than or equal to 𝛼.
3. Problem Formulation and
CCO-Based Method

3.1. ProblemDefinition. Suppose that there is a uniform linear
array (ULA) of 𝐿 antennas and 𝐾 electromagnetic waves
impinging on the array from angular directions 𝜃𝑘, 𝑘 =1, . . . , 𝐾 where the incident waves are also assumed to be
far-field narrowband point sources. In this paper, 𝐾𝜀 signals
of interest (SOIs) are further assumed to be cyclostationary
signals with cycle frequency 𝜀 (with 𝐾𝜀 ≤ 𝐾), and all of the
remaining 𝐿-𝐾𝜀 signals are referred to as signals of no interest
(SONIs), which either have different cycle frequencies or
are not cyclically correlated with SOIs. Furthermore, the
noise is also assumed to be i.i.d and is not correlated with
signals. Based on the above assumptions, the signal received
from the 𝑙th sensor in the array with the complex envelope
representation is given by

𝑥𝑙 (𝑡) = 𝐾𝜀∑
𝑘=1

𝐴 𝑙𝑘𝑠𝑘 (𝑡) + 𝑛𝑙 (𝑡) , 𝑙 = 1, 2, . . . , 𝐿, (4)

where 𝐴 𝑙𝑘 is the response of the 𝑙th sensor with respect to𝑠𝑘(𝑡) which is the signal emitted by the 𝑘th source with the
cycle frequency 𝜀 and 𝑛𝑙(𝑡) represents all SONIs plus noise
received by the 𝑙th sensor.

Now we assume that an observation vector 𝑋(𝑡) received
from the array is denoted by 𝑋(𝑡) = [𝑥1(𝑡), . . . , 𝑥𝐿(𝑡)]𝑇 and
expressed as

𝑋 (𝑡) = 𝐴 (𝜃) 𝑆 (𝑡) + 𝑁 (𝑡) , (5)

where 𝑆(𝑡) = [𝑠1(𝑡), . . . , 𝑠𝐾𝜀(𝑡)]𝑇 contains the SOIs and 𝑁(𝑡)
represents SONIs plus noise. Let 𝐴(𝜃) = {𝐴 𝑙𝑘}𝐿×𝐾𝜀 = [a(𝜃1),. . . , a(𝜃𝐾𝜀)] be the matrix made up of steering vectors of the
arriving SOIs with their steering vector a(𝜃𝑘), 𝑘 = 1, . . . , 𝐾𝜀

given by

a (𝜃𝑘) = [1, 𝑒−𝑗(2𝜋/𝜆)𝑑 sin 𝜃𝑘 , . . . , 𝑒−𝑗(2𝜋/𝜆)(𝐿−1)𝑑 sin 𝜃𝑘]𝑇 , (6)

where 𝜆 is the carrier wavelength of all SOIs and 𝑑 is the
interspacing.

3.2. CCO-Based Method. Under the Gaussian noise assump-
tion, for the cyclic frequency 𝜀 and some lag parameter 𝜏, the
CCO matrix of the received data vector 𝑋(𝑡) is defined by

𝑅𝑋𝑋 (𝜀, 𝜏) = ⟨𝑋 (𝑡)𝑋𝐻 (𝑡 + 𝜏) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡
. (7)
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Instead of using the eigenvalue decomposition (EVD) to
decompose (7), the DOA estimation algorithm uses the
singular value decomposition (SVD) to decompose (7) as into

𝑅𝑋𝑋 (𝜀, 𝜏) = [𝐸𝑠 𝐸𝑛] [Σ𝑠 0
0 Σ𝑛] [𝑉𝑠 𝑉𝑛]𝐻 , (8)

where the subscripts 𝑠 and 𝑛 stand for signal and noise
subspaces, respectively, [𝐸𝑠 𝐸𝑛] and [𝑉𝑠 𝑉𝑛] are unitary
matrices, and the diagonal elements of the diagonal matricesΣ𝑠 and Σ𝑛 are arranged in the decreasing order. Specifically,
the diagonal elements of Σ𝑛 tend to approach to zero as the
number of samples increases to infinity.Thus, theCCO-based
MUSIC algorithm, defined as CCO-MUSIC, can estimate
DOA by searching for the peaks of the following spatial
spectrum:

𝑃 (𝜃) = 1
a𝐻 (𝜃) 𝐸𝑛𝐸𝐻𝑛 a (𝜃) . (9)

4. FLOCC-Based Method

Despite the fact that the CCO_MUSIC algorithm has been
shown to be effective in high-resolution direction finding
under the Gaussian noise assumption, it cannot be applied to𝛼-stable distributed randomprocesses because CCOdoes not
have finite variance in these processes. To deal with this issue,
the FLOCC statistics was proposed to be implemented with
MUSIC algorithm to obtain the DOA estimations of SOIs
[16, 17].The resulting algorithm is called the FLOCC-MUSIC
algorithm.

In the FLOCC-MUSIC algorithm, the CCO matrix
defined in (7) was replaced by the FLOCC matrix 𝑅𝑝𝑋𝑋(𝜀, 𝜏),
defined by

𝑅𝑝𝑋𝑋 (𝜀, 𝜏) = ⟨𝑋 (𝑡) [𝑋𝑇 (𝑡 + 𝜏)]⟨𝑝−1⟩ 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡
, (10)

where𝑝 is the order of the fractional lower ordermoment and1 < 𝑝 < 𝛼 ≤ 2. For a complex process 𝑥, 𝑥⟨𝑝⟩ = |𝑥|𝑝−1𝑥∗. If 𝑥
is expressed in the form of polar coordinates as 𝑥 = 𝑟𝑒𝑗𝜃, it is
easy to derive 𝑥⟨𝑝⟩ = |𝑟|𝑝−1𝑒−𝑗𝜃 which can be used to suppress
the amplitude of the impulsive noise rather than the phase 𝜃.
So, the cyclic frequency defined by the second-order cyclic
statistics is also suitable for the FLOCC.

5. Robust Cyclic Correlation

Although FLOCCcan effectively suppress the𝛼-stable impul-
sive noise contained in the cyclostationary signal, it needs
to know the characteristic exponent of the 𝛼-stable distri-
bution in advance which is difficult to estimate in practical
applications. So, in this paper we introduce two new robust
cyclic correlation functions which can be used under 𝛼-
stable impulsive noise environment without knowing the
characteristic exponent of 𝛼-stable distribution.

5.1. Correntropy-Based Cyclic Correlation. By taking advan-
tage of CECO and Gaussian kernel, a new cyclic statistics for
two random variables 𝑥 and 𝑦 can be defined as an effective
alternative to the conventional cyclic correlation which can
be used in 𝛼-stable impulsive noise environment, to be called
correntropy-based cyclic correlation (CECCO) as follows:

𝑟CECCO (𝜀, 𝜏) = ⟨exp(−𝑥 (𝑡) − 𝜇𝑦∗ (𝑡 + 𝜏)22𝜎2 )𝑥 (𝑡)

⋅ 𝑦∗ (𝑡 + 𝜏) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡

, 𝜇 ̸= 1,
(11)

where 𝜇 is a given positive constant and 𝜎 is the scale
parameter. It was shown in [13] that the CECO behaved
like a correlation in Gaussian noise as well as a robust𝑀-estimation correlation in impulsive noise environment.
Similarly, the CECCO also behaves like a cyclic correlation in
Gaussian noise and a robust 𝑀-estimation cyclic correlation
in impulsive noise environment.

5.2. Nonlinear Transform Based Cyclic Correlation. By apply-
ing a nonlinear transform to cyclic correlation, we can define
a nonlinear transform based cyclic correlation (NTCCO) as
follows:

𝑟NTCCO (𝜀, 𝜏) = ⟨ 𝑥 (𝑡) 𝑦∗ (𝑡 + 𝜏)𝑥 (𝑡) 𝑦 (𝑡 + 𝜏) + 𝛿2 𝑒−𝑗2𝜋𝜀𝑡⟩𝑡

,
𝛿 ≥ 1,

(12)

where 𝛿 is called scale factor.
Equations (11) and (12) can be further combined as

⟨𝜑 (𝑥 (𝑡) 𝑦∗ (𝑡 + 𝜏)) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡
, (13)

where 𝜑(𝑥(𝑡)𝑦∗(𝑡 + 𝜏)) = 𝛾𝑥(𝑡)𝑦∗(𝑡 + 𝜏) and 𝛾 is a scalar
quantity where 𝜑(⋅) is used to suppress the amplitude of
the correlation between random variables 𝑥 and 𝑦 and does
not affect their periodicity. So, the robust cyclic correlation
function defined by (13) has the same cyclic frequency as
CCO. In the meantime it also has a good inhibition effect on
the amplitude of the impulsive noise.

5.3. Simulation of the Robust Cyclic Correlation. For 𝛼-stable
impulsive noise the commonly used the signal-to-noise ratio
(SNR) is not applicable because the noise variance 𝜎2 is
not finite. Since the dispersion of 𝛼-stable distribution is
characterized by the parameter 𝛾, we use the generalized
signal-to-noise ratio (GSNR) [11] here, which is expressed as

GSNR = 10 lg 𝜎2𝑠𝛾 , (14)

where 𝜎2𝑠 is the variance of the signal.
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Figure 1: The CCO (a), FLOCC (b), CECCO (c), and NTCCO (d) of the two time varying AM signals under 𝛼-stable impulsive noise
environment.

There are two time varyingAM signals of interest with the𝛼-stable impulsive noise 𝑛𝑖(𝑡) for 𝑖 = 1, 2 defined by

𝑥𝑖 (𝑡) = 𝐴 [1 + 𝐵 cos (2𝜋𝑓𝑏𝑖𝑡)] cos (2𝜋𝑓𝑎𝑖𝑡 + 𝜃) + 𝑛𝑖 (𝑡)
𝑖 = 1, 2, (15)

where 𝐴 is the same amplitude for both carriers, 𝐵 is the
amplitude modulation factor, 𝜃 is the initial phase, 𝑓𝑏𝑖 is the
modulating frequency, and 𝑓𝑎𝑖 is the carrier frequency. Set𝐴 = 1, 𝐵 = 1, 𝜃 = 0, 𝑓𝑏1 = 7Hz, 𝑓𝑏2 = 17Hz, 𝑓𝑎1 = 𝑓𝑎2 =100Hz, and sample frequency 𝑓𝑠 = 600Hz. Figure 1 shows
the CCO, FLOCC, CECCO, and NTCCO of the two time
varying AM signals defined by (15) with the characteristic
exponent of the impulsive noise 𝛼 = 1.5 and the GSNR =
2 dB.

It can be seen from Figure 1 that CCO cannot represent
the cyclic statistics characteristics of the two signals accu-
rately at the cyclic frequency 𝜀 = 200Hz and 400Hz, and in
the meantime it has nonzero values at noncyclic frequency
because of the infinite second-order moments of the 𝛼-
stable noise. Although FLOCC can demonstrate the cyclic
statistics characteristics at the cyclic frequency, it also has
somenonzero values at noncyclic frequency.UnlikeCCOand
FLOCC, CECCO and NTCCO not only can demonstrate the
sharply cyclic statistics characteristics at the cyclic frequency,
but also have very close to zero values at noncyclic frequency.
Accordingly, it is expected that a DOA estimation algorithm
based on CECCO andNTCCOwill be superior to algorithms

designed based on CCO and FLOCC, a fact that will be
verified by the simulations in Section 8.

6. DOA Estimation Based on Robust
Cyclic Correlation

Using CECCO, we can define a CECCO matrix 𝑅𝑐𝑒𝑋𝑋(𝜀, 𝜏) of
a signal received by an array described by (4) where its (𝑖, 𝑙)th
element is defined as

[𝑅𝑐𝑒𝑋𝑋 (𝜀, 𝜏)]𝑖𝑙 = ⟨exp(−𝑥𝑖 (𝑡) − 𝜇𝑥∗𝑙 (𝑡 + 𝜏)22𝜎2 )

⋅ 𝑥𝑖 (𝑡) 𝑥∗𝑙 (𝑡 + 𝜏) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡

, 𝜇 ̸= 1.
(16)

Applying SVD to the matrix 𝑅𝑐𝑒𝑋𝑋(𝜀, 𝜏) and formulating the
corresponding spatial spectrum to obtain the DOA estimates
of SOIs yields the CECCO-MUSIC algorithm.

In analogy with the CECCO-MUSIC algorithm we can
also derive theNTCCO-MUSIC algorithmusing theNTCCO
matrix 𝑅𝑛𝑡𝑋𝑋(𝜀, 𝜏) defined as

[𝑅𝑛𝑡𝑋𝑋 (𝜀, 𝜏)]
𝑖𝑙
= ⟨ 𝑥𝑖 (𝑡) 𝑥∗𝑙 (𝑡 + 𝜏)𝑥𝑖 (𝑡) 𝑥𝑙 (𝑡 + 𝜏) + 𝛿2 𝑒−𝑗2𝜋𝜀𝑡⟩𝑡

,
𝛿 ≥ 1.

(17)
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Table 1: The summarization of the different algorithms.

Method CR CS RN S/C Correlation matrix
CCO [4] √ × × × 𝑅𝑋𝑋(𝜀, 𝜏) = ⟨𝑋(𝑡)𝑋𝐻(𝑡 + 𝜏)𝑒−𝑗2𝜋𝜀𝑡⟩

𝑡

CECO [13] √ × √ SMSC [𝑅𝑋𝑋 (𝑡)]𝑖𝑙 = ⟨exp(−𝑥𝑖 (𝑡) − 𝜇𝑥∗𝑙 (𝑡)22𝜎2 )𝑥𝑖 (𝑡) 𝑥∗𝑙 (𝑡)⟩
𝑡

, 𝜇 ̸= 1;
CCE [20] × √ √ SMSC 𝑉𝜀

𝑥 (𝜏) = ⟨exp(−|𝑥 (𝑡) − 𝑥 (𝑡 + 𝜏)|22𝜎2 ) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡

;

DA_ZM [21] √ × √ SQSC 𝑌(𝑡) = 𝑤(𝑡)𝑋(𝑡) 𝑅𝑌𝑌(𝑡) = 𝐸 (𝑌(𝑡)𝑌𝐻(𝑡));
EM INIT [22] √ × √ SQSC 𝑌(𝑡) = 𝐻

𝑡 (𝑋 (𝑡)) 𝑅𝑌𝑌(𝑡) = 𝐸 (𝑌(𝑡)𝑌𝐻(𝑡));
FLOCC [16–18] √ √ √ SQSC 𝑋 (𝑡 + 𝜏) = [𝑋𝑇 (𝑡 + 𝜏)]⟨𝑝−1⟩ 𝑅𝑝𝑋𝑋 (𝜀, 𝜏) = ⟨𝑋 (𝑡)𝑋 (𝑡 + 𝜏) 𝑒−𝑗2𝜋𝜀𝑡⟩

𝑡

CECCO √ √ √ SMSC [𝑅𝑐𝑒𝑋𝑋 (𝜀, 𝜏)]𝑖𝑙 = ⟨exp(−𝑥𝑖 (𝑡) − 𝜇𝑥∗𝑙 (𝑡 + 𝜏)22𝜎2 )𝑥𝑖 (𝑡) 𝑥∗𝑙 (𝑡 + 𝜏) 𝑒−𝑗2𝜋𝜀𝑡⟩
𝑡

, 𝜇 ̸= 1;
NTCCO √ √ √ SMSC [𝑅𝑛𝑡𝑋𝑋 (𝜀, 𝜏)]𝑖𝑙 = ⟨ 𝑥𝑖 (𝑡) 𝑥∗𝑙 (𝑡 + 𝜏)𝑥𝑖 (𝑡) 𝑥𝑙 (𝑡 + 𝜏) + 𝛿2 𝑒−𝑗2𝜋𝜀𝑡⟩

𝑡

, 𝛿 ≥ 1
CR: correlation of received signals; CS: Cyclostationarity of the source signal; RN: robust for impulsive 𝛼-stable noise; S/C: suppression/correlation; SMSC:
simultaneous suppression and correlation process; SQSC: sequential suppression and correlation process.

7. Discussions

The correntropy [12] is a local similarity measure between
two arbitrary random variables based on the Gaussian kernel
function. The cyclic correntropy (CCE) which was proposed
in [20] was a generalized correntropy for cyclostationary
signals. The correntropy-based correlation (CECO) defined
in [13] is an effective substitute for conventional correlation
functions that were used for DOA estimation in an 𝛼-stable
impulsive noise. This paper generalizes the CECO concept
for cyclostationary signals, to be called the correntropy-
based cyclic correlation (CECO) which can be used for
DOA estimation of the cyclostationary signals in an 𝛼-
stable impulsive noise. In addition to CECCO another
new concept of a robust cyclic correlation called nonlinear
transform cyclic correlation (NTCCO) is also introduced in
this paper for the DOA estimation of the cyclostationary
signals by incorporating a nonlinear compression function
into cyclic correlation. According to our experiments it turns
out that the NTCCO-based method performs better than the
CECCO-based method.

There are also other methods to estimate the DOA in
the impulsive noise environment, such as the data-adaptive
zero-memory (DA-ZM) algorithm in [22], the expectation-
maximization (EM) algorithm in [21], and the FLOS based
methods in [16–18].These three methods along with our pro-
posed CECCO and NTCCO-based DOA estimation method
are all subspace-based algorithms in the sense that the
subspace can be obtained by the SVDof the robust correlation
matrix calculated by signals received by the array. However,
there is also a significant difference between the three DOA
estimation methods, DA-ZM, EM, and FLOS, and our pro-
posed methods, which is how the robust correlation matrix
of the array received signals is calculated. In the three previ-
ously mentioned DOA estimation methods, the data vectors
received by the array are first preprocessed by a zero-memory

nonlinearity process to suppress the impulsive noise. It then
uses the correlation matrix of the preprocessed received data
vectors as the robust correlation matrix estimation of the
array received signals. It is a two-stage sequence process with
the first stage process of impulsive noise suppression followed
by the second stage process of correlation matrix estimation.
Such resulting process is called sequential suppression and
correlation (SQSC) process. In our two proposed CECCO-
and NTCCO-based methods both the suppression of the
impulsive noise and the correlationmatrix estimation are car-
ried out simultaneously. The resulting process is referred to
as simultaneous suppression and correlation (SMSC) process.
The simulation results demonstrate that the performance of
SMSC is better than SQSC.

When a source signal is cyclostationary, the methods
in [21, 22] do not utilize the cyclostationarity of the source
signal. In other words, the methods in [21, 22] do not have
signal selectivity. By contrast, our proposed two methods
utilize the cyclostationarity of source signals. Accordingly,
our proposed methods not only can suppress the impulsive
noise in the array received signal but also have signal
selectivity.

Finally, Table 1 summarizes the above discussions by
comparing various signals and different functions used to
process the array received signals vector and the correlation
matrix of the array received signals.

8. Simulation Results

This section conducts computer simulation experiments to
compare the relative performance of our proposed CECCO-
MUSIC and NTCCO-MUSIC algorithms to CCO-MUSIC
and FLOCC-MUSIC algorithms under the S𝛼S impulsive
noise environment. Two criteria are used to evaluate their
performances. One is the probability of resolution. In doing
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so, a popular resolution criterion is used and defined by the
following threshold equation [11]:

𝑃 (𝜃𝑚) − 12 {𝑃 (𝜃1) + 𝑃 (𝜃2)} > 0, (18)

where 𝜃1 and 𝜃2 are the angles of arrival of the two SOIs and𝜃𝑚 = (𝜃1 + 𝜃2)/2 is the mid-point between 𝜃1 and 𝜃2. The
two SOIs are said to be resolvable if (18) holds. Two hundred
independent Monte Carlo experiments were simulated. Let𝑁𝑜𝑘 be the number of pairs of two incident angles that can
be resolved. The probability of resolution is then defined as𝑁𝑜𝑘/200. In case two SOIs can be resolved by the 𝑛th Monte
Carlo experiment, 𝜃𝑖(𝑛), 𝑖 = 1, 2 is then set to the estimation
of 𝜃𝑖. With this definition, the average mean square error
(MSE) of the DOA estimation is then defined as

MSE = 12𝑁𝑜𝑘

𝑁𝑜𝑘∑
𝑛=1

(𝜃1 (𝑛) − 𝜃1)2

+ 12𝑁𝑜𝑘

𝑁𝑜𝑘∑
𝑛=1

(𝜃2 (𝑛) − 𝜃2)2 .
(19)

Suppose that a ULA consists of ten sensors with an
interspacing of half awavelength and the incoming signals are
uncorrelated binary phase-shift keying- (BPSK-) modulated
sources. We further assume that sample frequency is 𝑓𝑠 =900KHz, and the carrier frequency of the BPSK SOIs is 𝑓1 =100KHz. Other signals are considered as interference with
a carrier frequency of 𝑓2 = 70KHz. In what follows, the
cycle frequency was simulated by 𝜀 = 2𝑓1 which was usually
twice the carrier frequency 𝑓1. The four algorithms, CCO-
MUSIC, FLOCC-MUSIC, CECCO-MUSIC, and NTCCO-
MUSIC algorithms, were evaluated for performance compar-
ison.

Simulation 1. Suppose that there are one SONI arriving from50∘ and twoBPSKSOIs coming from 30∘ and 35∘, respectively.
The noise was S𝛼S distributed with 𝛼 = 1.8. The GSNR
is set to GSNR = 20 dB, and the number of snapshots is
600. Figure 2 plots the spatial spectrum of the four versions
of the MUSIC algorithm, CCO-MUSIC, FLOCC-MUSIC,
CECCO-MUSIC, and NTCCO-MUSIC algorithms, where
the CCO-MUSIC algorithm failed to separate the two DOAs
of the SOIs, while the FLOCC-MUSIC algorithm could
separate the two DOAs of the SOIs, but its estimate was
not very accurate. By contrast, our proposed algorithms,
the CECCO-MUSIC and NTCCO-MUSIC algorithms, not
only successfully separated the two DOAs of the SOIs and
but also correctly estimated DOA with very high accuracy.
In particular, the NTCCO-MUSIC algorithm has a much
sharper spatial spectrum than that generated by the CECCO-
MUSIC algorithm.

Simulation 2. Figure 3 plots probabilities of resolution and
MSEs produced by the four test MUSIC algorithms with
various GSNRs. The SOIs’ angles of arrival were 30∘ and40∘, and the SONI’s angle of arrival was set to 50∘. The
characteristic exponent of the 𝛼-stable impulsive noise was
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Figure 2: Spatial spectrum of the algorithms.

𝛼 = 1.4. The snapshots number used by the simulation
was 600. As we can see from Figure 3 the performance of
NTCCO-MUSIC andCECCO-MUSIC algorithmswasmuch
better than that produced by FLOCC-MUSIC and CCO-
MUSIC algorithms. Especially, the best one was NTCCO-
MUSIC algorithm which produced the highest probabilities
of resolution with more than 90% of success and the least
MSE in all GSNRs. The worst one was the CCO-MUSIC
algorithm which nearly failed and produced largest MSE
when GSNR < 14 dB.

Simulation 3. Figure 4 plots probabilities of resolution and
MSEs produced by the four algorithms varying with different
values of the characteristic exponent of the𝛼-stable impulsive
noise. The SOIs’ angles of arrival were 30∘ and 40∘, and
the SONI’s angle of arrival was set to 50∘, the number of
snapshots used by the simulationwas 600, andGSNR= 14 dB.
As shown in Figure 4 NTCCO-MUSIC and CECCO-MUSIC
algorithms demonstrated their performance enhancement
over FLOCC-MUSIC and CCO-MUSIC algorithms in the
sense of both probability of resolution and MSE. Moreover,
the performance of NTCCO-MUSIC algorithm is slightly
superior to CECCO-MUSIC algorithm.

Simulation 4. Figure 5 plots probabilities of resolution and
MSEs produced by the four algorithms by changing the
number of snapshots. The SOIs’ angles of arrival were 30∘
and 40∘, and the SONI’s angle of arrival was 50∘. The
characteristic exponent of impulsive noise was set to 𝛼 =1.4 and GSNR = 14 dB. As demonstrated in Figure 5 the
performance of all fourmethodswas improved as the number
of snapshots increased. Nevertheless, our proposed NTCCO-
MUSIC algorithm and CECCO-MUSIC algorithm produced
lower MSEs and higher probabilities of resolution compared
to the other twoMUSIC algorithms, CCO-MUSIC algorithm
and FLOCC-MUSIC algorithm, when the same number of
snapshots was used.
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Figure 3: Probability of resolution (a) and MSE (b) versus GSNR.
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Figure 6: Probability of resolution (a) and MSE (b) versus angular separation.

Simulation 5. Figure 6 plots probabilities of resolution and
MSEs produced by the four algorithms changing with various
degrees of the angular separation. The angles of arrival of
the SOIs were 30∘ and 30∘ + 𝛿, where 𝛿 is the angular
separation of the two SOIs and varied from 2∘ to 14∘ in a
step size of 2∘. The DOA of SONI was 50∘. The characteristic
exponent of impulsive noise was set to 𝛼 = 1.4 and
GSNR = 14 dB. From Figure 6 the proposedNTCCO-MUSIC
algorithm and CECCO-MUSIC algorithm were superior to
CCO-MUSIC and FLOCC-MUSIC algorithm in the sense
that the probability of resolution of the NTCCO-MUSIC
algorithm almost reached 100%, while the probabilities of
resolution of CCO-MUSIC and FLOCC-MUSIC algorithms
were lower than 20% when the angular separation was 6∘.
9. Conclusion

This paper proposes two robust cyclic correlation functions,
correntropy-based cyclic correlation (CECCO) and the non-
linear transformbased cyclic correlation (NTCCO). By virtue
of CECCO and NTCCO we can implement the CECCO-
based and NTCCO-based array received signals matrix in
conjunction with the MUSIC algorithm to obtain DOA esti-
mates of SOIs. Computer simulation results demonstrate that
CECCO-MUSIC and NTCCO-MUSIC algorithms indeed
outperform FLOCC-MUSIC and CCO-MUSIC algorithms
in 𝛼-stable impulsive noise environments. In addition, exper-
iments also show that NTCCO-MUSIC algorithm performs
slightly better than CECCO-MUSIC algorithm.
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A method of direction-of-arrival (DOA) estimation using array interpolation is proposed in this paper to increase the number of
resolvable sources and improve theDOA estimation performance for coprime array configurationwith holes in its virtual array.The
virtual symmetric nonuniform linear array (VSNLA) of coprime array signal model is introduced, with the conventional MUSIC
with spatial smoothing algorithm (SS-MUSIC) applied on the continuous lags in the VSNLA; the degrees of freedom (DoFs) for
DOA estimation are obviously not fully exploited. To effectively utilize the extent of DoFs offered by the coarray configuration,
a compressing sensing based array interpolation algorithm is proposed. The compressing sensing technique is used to obtain the
coarse initial DOA estimation, and a modified iterative initial DOA estimation based interpolation algorithm (IMCA-AI) is then
utilized to obtain the final DOA estimation, which maps the sample covariance matrix of the VSNLA to the covariance matrix of
a filled virtual symmetric uniform linear array (VSULA) with the same aperture size. The proposed DOA estimation method can
efficiently improve the DOA estimation performance. The numerical simulations are provided to demonstrate the effectiveness of
the proposed method.

1. Introduction

Antenna arrays are usually used to perform spatial sampling
of imping electromagnetic waves for improving detection
performance of the source signal, and direction-of-arrival
(DOA) estimation is a major application area of antenna
arrays. It is well-known that the number of sources that can be
resolvedwith an𝑁 element uniform linear array (ULA) using
conventional subspace-based DOA estimation method like
MUSIC [1] is𝑁 − 1. In order to get more degrees of freedom
(DoFs) and hence resolve more sources than the actual
number of physical sensors, minimum redundancy array
(MRA) is proposed to maximize the number of continuous
virtual sensors in the resulting difference coarray with given
number of physical sensors. However, there are no closed
form expressions for the array geometry or achievable DoFs
for the MRA. To overcome this problem, the nested array
[2] and the coprime array [3] are proposed with the exact
expressions of the virtual sensor locations and the achievable
DoFs. The nested array can resolve 𝑂(𝑁2) sources with 𝑁
sensors. And coprime array [3] and the extended coprime

array [4] can resolve𝑂(𝑀𝑁) sources with𝑀+𝑁−1 and 2𝑀+𝑁 − 1 physical sensors, respectively. There are also two kinds
of generalized coprime array configurations proposed in [5].
The virtual array of a coprime array is actually a symmetric
linear array. And there are usually holes in the virtual array
[6]. Therefore, the virtual array of a coprime array is a virtual
symmetric nonuniform linear array (VSNLA) rather than a
filled uniform linear array (ULA) when holes exist in the
virtual array.

The increased DoFs provided by the coprime structure
can be utilized to improve DOA estimation performance,
and there are two major categories of representative DOA
estimation techniques that have been proposed recently to
utilize these increased DoFs for coprime arrays: one is
compressive sensing (CS) technique, such as orthogonal
matching pursuit (OMP) [7] and the least absolute shrinkage
and selection operator (LASSO) [8].The LASSO algorithm is
considered in [9–11] for sparse signal recovery using coprime
array. The main drawback of CS technique is that every
source must fall on the predefined grid, off-grid sources
can highly jeopardize the reconstruction performance. To
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overcome dictionary mismatch problem for CS technique,
joint-OMP and joint LASSO algorithms are proposed in [12],
and an classic off-grid DOA estimation method using sparse
Bayesian inference is proposed in [13], which also explores the
underlying structure between the sparse signal and the grid
mismatch.

The other representative DOA estimation technique for
coprime array is based on the well-knownMUSIC algorithm
calledMUSIC algorithmwith spatial smoothing (SS-MUSIC)
[2], which uses spatial smoothing technique [14, 15] to
build a suitable covariance matrix from the virtual sensor
output before applying MUSIC spectrum estimation [2, 4].
However, spatial smoothing cannot be used directly when
the virtual array is not a filled ULA, which means that only
the continuous lags in the VSNLA can be utilized for the
application of spatial smoothing [5]. When the number of
continuous lags in theVSNLA is lower than that of the unique
lags in the VSNLA, the DoFs offered by coprime array are
only partly explored, which significantly reduces the DOA
estimation precision and the number of resolvable sources.
To fully explore the virtual array aperture of theVSNLAusing
SS-MUSIC, on the one hand,multiple frequencies are utilized
to fill the missing elements in the VSNLA [16]. However, it
requires that the reflections of sources have large bandwidth
to cover all specific frequencies used for filling the holes,
and the sources spectrums at all operational frequencies
should be proportional, which may be difficult to meet in the
practical application. On the other hand, array interpolation
techniques are proposed to fill the holes in the VSNLA and
the sparsity-based extrapolation technique [6] uses sparse
reconstruction to extrapolate observations at the holes of
the VSNLA, but the basis mismatch problem at the sparse
reconstruction stage is not considered. The coprime coarray
interpolation technique is proposed in [17] to fill the holes by
using nuclear norm minimization, while it needs to solve a
complex semidefinite programming problem.

In this paper, we consider single frequency operation
to utilize all of the DoFs for DOA estimation in coprime
array using preprocessing method like interpolation [18]
as mentioned in [2]. However, conventional interpolation
techniques [18–21] cause big interpolation errors over the
entire field of view due to the holes in the VSNLA of
coprime array. To reduce interpolation errors, the idea of
initial DOA estimation based array interpolation is used
in [22, 23] by specifying a union of small subsectors that
cover only the source directions inside. To obtain the initial
DOA estimation, two different special nonuniform linear
array (NLA) structures, partially augmentable nonredundant
array [24] and partly filled NLA, are considered in [22], and
the iterative initial DOA estimate based array interpolation
approach (IMCI-AI) is proposed to solve multipath problem
for the partly filled NLA. Like [22], the IMCI-AI method is
used in this paper to build up the rank of the observation
matrix of the VSNLA of coprime array. However, the initial
DOA estimation of signals is the prerequisite of this method;
although the SS-MUSIC can be used to obtain the initialDOA
estimation with the continuous lags in the VSNLA, it has the
limitation that the number of sources resolvable should be
less than half that of the continuous lags in the VSNLA.

0 1 0 1

Md Ld Nd

Subarray 1 Subarray 2

N− 1 M− 2

∼

· · · · · ·

Figure 1: The coprime array with displaced subarrays (CADiS) [5].

To detect more sources and improve the DOA estimation
accuracy for coprime array with VSNLA, a compressive
sensing based array interpolation approach for DOA esti-
mation is proposed in this paper. Firstly, the coarse initial
DOA estimation of sources is obtained using the LASSO
compressing sensing technique. Then, a modified IMCI-AI
approach is used to interpolate the data of a symmetric
uniform linear array (VSULA) using the received data of
the VSNLA; after the interpolation, the holes in the VSNLA
are filled, leading to a filled VSULA with the same array
aperture as the VSNLA. Then, the ESPRIT-Like algorithm
[25] is applied to the filled VSULA for the improved DOA
estimation of sources using the symmetric structure of the
VSULA. Compared with the VSNLA, the filled VSULA after
interpolation has more continuous elements and it can be
used to detect more sources. Like the traditional IMCI-AI
method, the proposed interpolation approach can make full
use of the array aperture offered by coprime array. However,
the proposed method can resolve more sources. Compared
with general CS algorithms, the proposed algorithm does not
suffer from basis mismatch effects.

The remainder of this paper is organized as follows. In
Section 2, the signal model of the VSNLA of coprime array
is reviewed. In Section 3, DOA estimation using SS-MUSIC
and the proposed array interpolationmethods are compared.
Simulation results are provided in Section 4. Finally, Section 5
concludes the study.

2. Signal Model

We consider generalized coprime arrays [5]; the coprime
array with displaced subarrays (CADiS) in this paper is an
example of coprime array with holes in its virtual array. The
CADiS is illustrated in Figure 1. This kind of coprime array
configuration consists of two collinearly located uniform lin-
ear subarrays: one has𝑁 antennas with distance �̃�𝑑 between
two continuous antennas and the other has 𝑀 − 1 antennas
with distance𝑁𝑑 between two continuous antennas, where 𝑑
is the unit spacing set to 𝜆/2, and 𝜆 denotes the wavelength.𝑀 and 𝑁 are coprime integers and 𝑀 can be expressed as a
product of two positive integers 𝑝 and �̃� (𝑀 = 𝑝�̃�). The
two subarrays are placed collinearly with the closest spacing
between the two subarrays set to 𝐿𝑑. The total number of the
sensors in each coprime array is kept to 𝑀 + 𝑁 − 1.

Denote p = [𝑝1, . . . , 𝑝𝑀+𝑁−1]𝑇 as the sensor position
vector of the coprime array, where (∙)𝑇 denotes transpose
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operator, and the first sensor is assumed as the reference,
that is, 𝑝1 = 0. Assume that 𝐾 far-field uncorrelated
narrowband sources imping on the array from directions 𝜃𝑘,𝑘 = 1, 2, . . . , 𝐾, and their discretized baseband waveforms are
expressed as 𝑠𝑘(𝑡), 𝑘 = 1, 2, . . . , 𝐾. Then, the received data
vector at time 𝑡 is expressed as

x (𝑡) = 𝐾∑
𝑘=1

a (𝜃𝑘) 𝑠𝑘 (𝑡) + n (𝑡) = As (𝑡) + n (𝑡) , (1)

for 𝑡 = 1, . . . , 𝑇, and A = [a(𝜃1), . . . , a(𝜃𝐾)], where
a (𝜃𝑘)
= [𝑒𝑗2𝜋𝑝1sin(𝜃𝑘)/𝜆, 𝑒𝑗2𝜋𝑝2sin(𝜃𝑘)/𝜆, . . . , 𝑒𝑗2𝜋𝑝𝑀+𝑁−1sin(𝜃𝑘)/𝜆]𝑇 (2)

is the manifold vector of the coarray corresponding to 𝜃𝑘,
and s(𝑡) = [𝑠1(𝑡), . . . , 𝑠𝐾(𝑡)]𝑇 is the signal vector, and n(𝑡)
is the noise vector supposed to be temporally and spatially
white Gaussian which is uncorrelated with the sources. The
covariance matrix of data vector x(𝑡) is obtained as

Rxx = 𝐸 [x (𝑡) x𝐻 (𝑡)] = AR𝑠A
𝐻 + 𝜎2𝑛I𝑀+𝑁−1

= 𝐾∑
𝑘=1

𝜎2𝑘a (𝜃𝑘) a𝐻 (𝜃𝑘) + 𝜎2𝑛I𝑀+𝑁−1, (3)

where 𝐸(∙) is the statistical expectation operator and I𝑀+𝑁−1
is an (𝑀 + 𝑁 − 1) × (𝑀 + 𝑁 − 1) identity matrix. R𝑠 =𝐸[s(𝑡)s𝐻(𝑡)] = diag([𝜎21 , . . . , 𝜎2𝑘]) is the signal covariance
matrix, where (∙)𝐻denotes Hermitian transposition operator,
diag(∙) denotes a diagonal matrix that uses the elements of a
vector as its diagonal elements, 𝜎2𝑘 denotes the input signal
power of the 𝑘th signal, and 𝜎2𝑛 denotes the noise variance.

By vectorizing Rx, a new vector is obtained as

z = vec (Rx) = Ab + 𝜎2𝑛I, (4)

where vec(∙) denotes the vectorization operator that turns a
matrix into a vector by stacking all columns on top of the
other, and A = [a(𝜃1), . . . , a(𝜃𝐾)], b = [𝜎21 , . . . , 𝜎2𝐾]𝑇 and I =
vec(I𝑀+𝑁−1), where a(𝜃1) = a∗(𝜃𝑘)⊗a(𝜃𝑘), (∙)∗ is the complex
conjugation operator and ⊗ denotes the Kronecker product.
Vector z amounts to the received data from a coherent source
vector b. The matrix A behaves as the array manifold matrix
of a virtual array with an extended aperture whose sensors
are located at 𝑝𝑖 − 𝑝𝑗 with 1 ≤ 𝑖, 𝑗 ≤ 𝑀 + 𝑁 − 1. It has
been shown in [5] that the choice of 𝐿 = �̃� + 𝑁 yields the
largest number of continuous lags for CADiS, and there are𝑀1 = 2𝑀𝑁+ 2�̃� − 1 unique lags in the virtual array, among
which the range [(�̃� − 1)(𝑁 − 1),𝑀𝑁 + �̃� − 1] and its
corresponding negative range are, respectively, continuous.
In this paper, �̃� > 1 is considered, and the virtual arrays of
both coprime configurations are VSNLAs.

After removing repeated rows of (4) and sorting the
remaining rows according to the unique lags set, the received
source of the VSNLA is expressed as

z̃ = Ãb + 𝜎2𝑛I𝑀1 , (5)

where Ã = [ã(𝜃1), . . . , ã(𝜃𝐾)], and ã(𝜃𝑘) = [𝑒𝑗2𝜋𝑝1 sin(𝜃𝑘)/𝜆, . . .,𝑒𝑗2𝜋𝑝𝑀1 sin(𝜃𝑘)/𝜆]𝑇 is 𝑀1 × 1 steering vector, and p̃ = [𝑝1, . . .,𝑝𝑀1]𝑇 is the positions of the array sensors in the VSNLA.
It is easy to verify that I𝑀1 is a vector whose elements are
obtained by removing repeated elements of I and sorting
the remaining elements according to the unique lags set.
Since the virtual signal in (5) becomes a single snapshot of b,
MUSIC algorithm fails to yield reliableDOAestimationwhen
multiple sources imping to the array because that the rank of
the noise-free covariance matrix Rz̃ = z̃z̃𝐻 of the VSNLA
is one. The problem is similar to handling fully coherent
sources. To solve this problem, spatial smoothing technique
is applied to restore the rank of the covariance matrix [2].
Since spatial smoothing technique requires a filled ULA,
data of continuous lag in the VSNLA is extracted [5], which
means that only part of unique lags in the VSNLA can be
used to implement the SS-MUSIC. Therefore, the maximum
number of the sources that can be detected with this method
is ⌊𝑀𝑐/2⌋, where𝑀𝑐 is the number of continuous lags and ⌊∙⌋
denotes the largest integer not exceeding the argument. The
CADiS has 𝑀𝑐 = 𝑀𝑁 + �̃� − (�̃� − 1)(𝑁 − 1) continuous
lags. Obviously, the virtual aperture offered by coprime array
is not fully explored and the maximum number of detectable
sources is lower than half that of the unique lags ⌊𝑀1/2⌋. It is
noted that other kinds of coprime arrays with holes in their
virtual array have the same problem.

3. DOA Estimation with Array Interpolation
Based on Compressing Sensing

The usage of SS-MUSIC for the coprime array only exploits
the continuous lag set in the VSNLA of a coprime array,
resulting in relatively poorDOAestimation precision and low
number of resolvable sources. To explore the whole aperture
of the VSNLA for DOA estimation, CS-based methods such
as OMP and LASSO can be used, while such methods suffer
from basis mismatch effects. The sparsity-based extrapola-
tion technique [6] uses sparse reconstruction to extrapolate
observations at the holes in the VSNLA and then utilizes SS-
MUSIC to obtain the final DOA estimation. However, some
of the measurements may not be accurately reconstructed
due to basismismatch effects.The coarray interpolation using
nuclear norm minimization in [17] has no basis mismatch
problem, while it requires a complex semidefinite program-
ming solver. To overcomebasismismatch problemandobtain
a relatively low computational complexity, a compressing
sensing based array interpolation approach is proposed in
this section, like the sparsity-based extrapolation technique,
CS reconstruction is also used in our proposedmethod, while
it is used to obtain the initial DOA estimation.We first review
the conventional iterative initial DOA estimation based array
interpolation and the LASSO compressing sensing technique.
Then, in Section 3.2, we introduce the compressing sensing
based array interpolation approach, which uses the LASSO
compressing sensing technique to obtain the coarse initial
DOA estimation. Finally, we outline the proposed method by
joining the main procedures together.
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3.1. Conventional Iterative Initial DOAEstimationBasedArray
Interpolation for Coprime Array. The key idea of the initial
DOA estimation based array interpolation approach in [22]
is to design an appropriate mapping matrix B. The mapping
matrix is then used to map the data of the VSNLA of the
coprime to that of a virtual filled ULAwith the same aperture
over a union of particular interpolation sectors {𝜃𝑘} that
covers all the sources inside. Suppose that ã(𝜃) and ã(𝜃) are
array steering vectors for theVSNLAof coprime array and the
virtual filledULA (i.e., a filled VSNLAwith the same aperture
size as the VSNLA), respectively. The interpolation matrix B
should obey

ã (𝜃) = Bã (𝜃) , 𝜃 ∈ 𝜃𝑘. (6)

It is noted that there is no guarantee that a signal
outside interpolation sectors will be identified correctly,
because signal outside of the interpolation sector will cause
large interpolation errors. Therefore, initial DOA estimation
�̂� = [𝜃1, . . . , 𝜃𝐾]𝑇 is required to locate these particular
interpolation sectors. After that, the initial DOA estimation
is obtained, each small interpolation sector 𝜃𝑘 = [𝜃𝑘 −𝜃𝜀, 𝜃𝑘 + 𝜃𝜀] that contains the 𝑘th signal inside is uniformly
dividedwith 𝛿𝜃 intervals, and arraymanifolds Ã(𝜃) and Ã(𝜃)
for the VSNLA and the virtual filled ULA are generated by
considering 𝜃𝑖 = 𝑖𝛿𝜃 (𝑖 = 1, . . . , 2𝜃𝜀/𝛿𝜃 + 1), respectively. To
improve the DOA performance for noisy observations, the
mapping matrix of the Wiener solution is then given as [22]

B = 𝜎2𝑠 Ã (𝜃) Ã (𝜃)𝐻 (Ã (𝜃) Ã (𝜃) + 𝜎2𝑛I)−1 , (7)

where 𝜎2𝑠 is the average power of sources.
As discussed in [23], if the width of the interpolation

sector, 2𝜃𝜀 is too wide, the interpolation error may be
unacceptable. To overcome this problem, we set the width
of the interpolation sector to be equal to half of the main
beam width of the VSNLA. The interval size 𝛿𝜃 is chosen
experimentally as described in [21].

The conventional iterative initial DOA estimation based
array interpolation method, IMCA-AI [22], is applied to the
VSNLA of coprime array for DOA estimation of sources as
follows.

Step 1. Obtain the estimation of the covariance matrix of the
real array Rx:

R̂x = 1𝑇
𝑇∑
𝑡=1

x (𝑡) x𝐻 (𝑡) . (8)

Step 2. Get vector z̃ of the VSNLA from (4) and (5), and find
the estimation of the covariance matrix of the VSNLA R̂z̃:

R̂z̃ = z̃z̃𝐻. (9)

Step 3. Extract the output samples of one continuous lags
set of the VSNLA z̃1 from z̃ to find the covariance matrix
estimation R̂z̃1 for spatial smoothing:

R̂z̃1 = z̃1z̃
𝐻
1 . (10)

Step 4. Then apply the SS-MUSIC algorithm to R̂z̃1 for the
coarse initial DOA estimate �̂�.

Step 5. Given �̂�, construct B from (7).

Step 6. Find the covariance matrix estimate of the virtual
filled VSULA R̃z̃ = BR̂z̃B𝐻, and use the forward-backward
spatial smoothing to find the DOA by the MUSIC algorithm.

Step 7. Use the estimated DOA in Step 4 and repeat Steps
from 3 to 6 until the preset maximal number of iterations𝐾max (𝐾max ≥ 3) is reached.

According to the above steps, the whole aperture of the
VSNLA of the coprime array is used to get the DOA esti-
mates after using array interpolation, which will significantly
improve the DOA estimation precision. However, the key
part of the IMCA-AI lies on the assumption that the reliable
initial DOA estimates �̂� will be obtained in Step 4 with
continuous lags in the VSNLA. When the number of sources
is higher than ⌊𝑀𝑐/2⌋, the SS-MUSIC algorithm fails to get
the roughly initial DOA estimates of sources, thus causing
unacceptable interpolation error and big DOA estimation
bias. Therefore, the maximum number of resolvable sources
using IMCA-AI is equal to half the number of continuous lags
in the VSNLA.

3.2. Compressing Sensing for Coprime Array. Alternatively,
(5) can be solved using the CS algorithm [5, 7, 9]. By
discretizing the entire angular space from−90∘ to 90∘ as a grid
Θ = [𝜃1, . . . 𝜃𝐷]𝑇with 𝜃𝑙+1−𝜃𝑙 = 180∘/(𝐷−1), for 𝑙 = 1, . . . , 𝐷,
where 𝐷 ≫ 𝐾, the model in (5) can be transformed into

z̃ = Ã∘b∘ + 𝜎2𝑛I𝑀1 = B∘b̃∘, (11)

where Ã∘ = [ã(𝜃1), . . . , ã(𝜃𝐷)] is the overcomplete basis
matrix for Ã parameterized by all the directions in setΘ and
b∘ is the sparse representation of the source power vector
in which only the positions of entries corresponding to the
actual DOAs are occupied by nonzero entries. In addition,
B∘ = [Ã∘, I𝑀1], and b̃∘ = [b∘, 𝜎2𝑛]𝑇. Therefore, signal b̃∘ is𝐾 + 1 sparse in this setting. If b̃∘ can be recovered from (11),
the DOAs and 𝜎2𝑛 can be identified from the nonzero entries
of b̃∘.

Given the model in (11), DOA estimation proceeds in
terms of sparse signal reconstruction by solving the following
constrained minimization problem:

b̂∘ = argminimize
b̃∘

b∘1
subject to z̃ − B∘b̃∘2 < 𝜀, (12)

where 𝜀 is a user-specified bound which depends on the
noise variance. This type of problem has been the objective
of intensive studies in the area of CS, and various techniques
can be used to solve the constrained minimization problem
in (12), such as LASSO, BP, and OMP [7, 8, 26, 27]. In
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[9, 28, 29], the LASSO algorithm was used to solve an
equivalent problem to (12):

b̂∘ = argminimize
b̃∘

[12 z̃ − B∘b̃∘2 + 𝜆𝑡 b̃∘1] , (13)

where 𝜆𝑡 is a penalty parameter used to control the weight of
the sparsity constraint in the overall cost function. According
to [28], the maximum number of resolvable sources using
LASSO equals the number of unique positive lags in the
VSNLA of coprime array, that is, ⌊𝑀1/2⌋. However, it should
be noted that the sparse model (11) is exact only when all
the sources are located exactly on points in the grid set Θ;
otherwise, the compressed sensing suffers from dictionary
mismatches and the performance is deteriorated [30].

3.3. Proposed Array Interpolation Based on Compressed Sens-
ing for Coprime. From above analysis, we see that IMCI-
AI has better DOA estimation accuracy than the SS-MUSIC
algorithm. However, the maximum number of resolvable
sources of these two methods is relatively smaller when
compared with compressed sensing algorithm like LASSO.
Since the true DOAs are unlikely to lie on the prespecified
grid, no matter how finely it is chosen, the LASSO algorithm
suffers from basis mismatch effects. A simple but effective
way to improve the estimation accuracy and increase the
maximum number of resolvable sources is to combine both
advantages of IMCI-AI and the LASSO algorithm. Here, we
propose a modified array interpolation based on compressed
sensing for coprime array with holes in its virtual array. The
proposed method uses LASSO to obtain the initial DOA
estimate for iterative initial DOA estimation based array
interpolation. Though basis mismatch may deteriorate the
reconstruction performance of LASSO, the result of LASSO
with bias can still be used as initial DOA estimate for the
proposed method.The approach proposed for the VSNLA of
coprime array is given as follows.

Step 1. Obtain the estimation of the covariance matrix of the
real array Rx.

Step 2. Use vector z̃ of the VSNLA from (4) and (5), and find
the estimation of the covariance matrix of the VSNLA R̂z̃.

Step 3. Apply the LASSO algorithm to z̃ for the coarse initial
DOA estimate �̂�.

Step 4. Given �̂�, construct B from (7).

Step 5. Find the covariance matrix estimate of the virtual
filled ULA R̂z̃ = BR̂z̃B𝐻, and use the ESPRIT-Like algorithm
proposed in [25] for coherent DOA estimation.

Step 6. Use estimated DOA in Step 5 and repeat Steps 3 and 4
until the preset maximal number of iterations 𝐾max (𝐾max ≥3) is reached.
Remark 1. Since the estimation of 𝜎2𝑛 for the VSNLA and
the estimation of the average power of sources 𝜎2𝑠 in z̃ are
required in (7) for the construction of the map matrix B.

Table 1: Comparison of the four methods for coprime array.

SS-MUSIC IMCA-AI LASSO
The

proposed
method

Maximum number
of resolvable sources ⌊𝑀𝑐/2⌋ ⌊𝑀𝑐/2⌋ ⌊𝑀1/2⌋ ⌊𝑀1/2⌋
Accuracy Low High

Low
(off-grid
source)

High

The eigenvalue decomposition of the covariancematrix of the
VSNLA R̂z̃ is used to yield

R̂z̃ = 𝑀1∑
𝑚

𝜆𝑚e𝑚e𝐻𝑚 , (14)

where 𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝐾 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑀1 are the eigenvalues of
R̂z̃ and e𝑚 (𝑚 = 1, . . . ,𝑀1) are corresponding eigenvectors.
According to [31], the estimate of noise variance 𝜎2𝑛 can
be obtained by averaging the 𝑀1 − 𝐾 smallest eigenvalues.
Similarly, the estimation of the average power of sources 𝜎2𝑠
can also be obtained by averaging the 𝐾 largest eigenvalues.

Remark 2. The filled virtual ULA after interpolation using
data of VSNLA is actually a virtual filled VSULA.TheVSULA
of CADiS has a total number of 𝑀𝛼 = 2(𝑀𝑁 + �̃�𝑁 − �̃� −2𝑁 + 𝐿) + 1 lags. The ESPRIT-Like algorithm [25] is used
instead of MUSIC with forward-backward spatial smoothing
for its simple computation and robust DOA estimation
performance. Compared with LASSO, the proposed method
can detect up to ⌊𝑀1/2⌋ sources with the filled VSULA,
while it has no problem of basis mismatch problem. Table 1
summarizes the number of resolvable sources and angle
accuracy using four methods.

Remark 3. The reliable coarse initial DOA estimate obtained
using Step 3 is essential for the success of the subsequent
DOA estimation. And it is noted that the source number𝐾 is assumed to be known as a priori in this paper. The 𝐾
largest peaks in the spectrum of LASSO are taken as detected
sources. If the initial estimate has missed detections, the
obtained small interpolation sectors fail to cover the missed
sources inside, which leads to big interpolation errors in
the directions of the missed sources, thus causing big DOA
estimate bias for the missed sources, while these detected
sources that are covered in the obtained small interpolation
sectors can still be detected with increased DOA estimation
bias. If the initial estimate using LASSO has spurious peaks
with larger amplitude than that of true sources, the spurious
peaks may be wrongly taken as sources while true sources
with smaller amplitude will be lost. As a result, redundant
interpolation sectors that cover the spurious peaks inside are
used in the designed interpolation sectors, and the missed
sources are not covered, which also leads to big interpolation
errors.
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Figure 2: The VSNLA of a CADiS coarray with 𝑀 = 4, 𝑁 = 5,𝑝 = 2, �̃� = 2, and 𝐿 = 7.
4. Simulation Results

In this section, computer simulations are performed to
evaluate the proposed approach. Since the CADiS and other
coprime array with holes in their SVNLA structures have
the same problem. For simplicity, we only use the CADiS
coprime array in the following simulations to demonstrate
the advantages of the proposed method. A CADiS config-
uration with 𝑀 = 4, 𝑁 = 5 and 𝑝 = 2 is considered
and the displacement between the two subarrays is set as𝐿 = �̃� + 𝑁 = 7. This configuration has 𝑀 + 𝑁 − 1 = 8
physical antenna sensors and the VSNLA corresponding to
the CADiS is shown in Figure 2. The VSNLA has 𝑀1 = 43
unique lags, among which, lags within [−21, −4] and [4, 21]
are, respectively, continuous. After interpolation, the filled
VSULA has 𝑀𝛼 = 51 lags. Other existing methods are also
listed for comparison, including SS-MUSIC [2], LASSO [5],
IMCA-AI [22], sparsity-based extrapolation method (Sparse
MUSIC) [6], coprime coarray interpolation technique using
nuclear norm minimization (nuclear norm) [17], the off-
gridDOAestimationmethodusing sparse Bayesian inference
(OGSBI) [13], and joint LASSO (JLASSO) [12]. The number
of achievable DoFs is 9 for SS-MUSIC and IMCA-AI, while
the number of achievable DoFs is 21 for LASSO, Sparse
MUSIC, JLASSO, OGSBI, and the proposed approach. We
take the grid from −90∘ to 90∘ with step size 1∘ to perform the
proposed array interpolation method with off-grid sources.
We perform both IMCA-AI and the proposed method with
the maximum number of iterations 𝐾max = 4, and 𝜃𝜀 =[1∘, 0.5∘, 0.25∘, 0.125∘] is used at each iteration.The parameter𝜆𝑡 used in LASSO is normally chosen by cross-validation
[32]. These simulations are performed on a Windows 10
workstation with Intel Core i7-2600 3.4GHz processor and
14GBRAM.

4.1. Resolution Tests. In the first simulation, we test the res-
olution ability by detecting two closely located sources. The
two off-grid uncorrelated narrowband sources are located at−31.45∘ and −28.65∘, respectively. To compare the perfor-
mance among the aforementioned eight methods, 𝑇 = 500
snapshots are used. We perform the experiment with signal-
to-noise ratio (SNR) that is equal to 0 dB and −10 dB for both
sources with 𝜆𝑡 = 0.25 and 𝜆𝑡 = 0.035 for LASSO, respec-
tively.The underlying DOAs are denoted in the figures by red
dashed lines.We use black circle without amplitude to denote
the DOA estimations of the proposed method for conve-
nience in the following figures including Figures 3, 4, 6, and 8.

−34 −33 −32 −31 −30 −29 −28 −27 −26 −25
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

Angle (degree)

N
or

m
al

iz
ed

 am
pl

itu
de

Proposed method
LASSO
SS-MUSIC
IMCA-AI

Sparse MUSIC
Nuclear norm
OGSBI
JLASSO

Figure 3: Resolution performance (SNR = 0 dB, 𝜆𝑡 = 0.25).
We can see from Figure 3 that both sources can be

separated using all eight methods when SNR = 0 dB, while
the proposedmethod, IMCA-AI, SparseMUSIC, and nuclear
norm have better resolution performance than SS-MUSIC
because the whole aperture of VSNLA is used after using
array interpolation. For the LASSO algorithm, relatively big
DOA bias is caused by the dictionary mismatch effects;
however, it can be used for the coarse initial DOA for the
proposed method. Though the DOA estimations of OGSBI
and JLASSO are closer to the true source DOA than that
of LASSO, the proposed method has better estimation than
OGSBI and JLASSO. Figure 4 shows that SS-MUSIC fails to
separate two sources when SNR equals −10 dB, which also
leads to the failure of IMCA-AI because the coarse initial
DOAs of two sources are not obtained, only one source is
detected with big bias, the obtained interpolation sector fails
to cover both sources inside. However, other six algorithms
succeed in separating both sources.

We compute the CPU time to run the eight algorithms
on the same data for a quantitative comparison. The results
are tabulated in Table 2. LASSO takes the shortest time while
JLASSO takes the longest time because the time-consuming
convex optimization is required. Nuclear norm also has the
same problem with JLASSO in solving the reconstruction
problem. The proposed method takes the second shortest
time because ESPRIT-Like algorithm that avoids the spatial
search is used in the last stage for the final DOA estimation.
SS-MUSIC takes longer time than the proposed method
because it uses spatial search. Sparse MUSIC takes longer
time than LASSO and SS-MUSIC because it uses both LASSO
and SS-MUSIC in the first and second stage, respectively.
IMCA-AI and OGSBI take comparable time.

4.2. Detect Performance. In the second numerical experi-
ment, we demonstrate that the proposed array interpolation
method can detect more targets than SS-MUSIC and IMCA-
AI. We consider 𝐾 = 9 off-grid narrowband sources, which
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Table 2: CPU times of the eight methods.

Algorithm LASSO Proposed method SS-MUSIC Sparse MUSIC IMCA-AI OGSBI Nuclear norm JLASSO
CPU time (s) 0.0118 0.0724 0.0940 0.0971 0.5049 0.5386 2.2018 3.6824
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Figure 4: Resolution performance (SNR = −10 dB, 𝜆𝑡 = 0.035).

is the maximum number that SS-MUSIC and IMCA-AI can
detect theoretically. The 9 sources are uniformly distributed
between −73.2∘ and 70.3∘. The number of snapshots is 𝑇 =500, and the SNR is set to be 0 dB.

We can see from Figure 5 that one source is lost using
both SS-MUSIC and IMCA-AI, while Sparse MUSIC and
nuclear norm succeed in detecting all 9 sources.Theproposed
method, LASSO,OGSBI, and JLASSO can detect all 9 sources
as shown in Figure 6, which is more than the number of
physical sensors.

To further demonstrate that the proposed method can
detect more targets, we consider 𝐾 = 14 off-grid uncorre-
lated narrowband sources, which are uniformly distributed
between −73.2∘ and 70.3∘, and other simulation parameters
are set as above. In this setting, SS-MUIC is unable to
produce a spectrum because the number of sources exceeds
its limit. Therefore, IMCA-AI also fails because the initial
DOA estimations are not obtained using SS-MUSIC. Figure 7
only shows the spatial spectrums of Sparse MUSIC and
nuclear norm, which shows that both methods succeed in
detecting all sources. Figure 8 shows that JLASSO misses
several sources, while the proposed method, LASSO, and
OGSBI can also detect all 14 sources.

4.3. Estimation Accuracy. In the next experiment, we further
compare the DOA estimation accuracy of all eight methods
through 500 Mont Carlo trials by estimation 𝐾 = 2
uncorrelated narrowband sources with an angle separation of10∘, and their directions are −5∘ + 𝜑 and 5∘ + 𝜑, respectively,
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Figure 5: Spatial spectrums of MUSIC, IMCA-AI, Sparse MUSIC,
and nuclear norm (𝐾 = 9).
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Figure 6: Spatial spectrums of LASSO,OGSBI, and theDOA results
of the proposed method (𝐾 = 9, 𝜆𝑡 = 0.25).

with 𝜑 chosen uniformly and randomly in the range from−0.5∘ to 0.5∘ in each trial.The average root mean square error
(RMSE) of the DOA estimate is used as the performance
metric, which is index written by

RMSE = √ 1500𝐾
500∑
𝑚=1

𝐾∑
𝑖=1

[𝜗𝑖 (𝑚) − 𝜃𝑖]2, (15)



8 International Journal of Antennas and Propagation

−80 −60 −40 −20 0 20 40 60 80
−70

−60

−50

−40

−30

−20

−10

0

Angle (degree)

N
or

m
al

iz
ed

 am
pl

itu
de

 (d
B)

Sparse MUSIC
Nuclear norm

Figure 7: Spatial spectrums of Sparse MUSIC and nuclear norm(𝐾 = 14).
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Figure 8: Spatial spectrums of LASSO,OGSBI, and theDOA results
of the proposed method (𝐾 = 14, 𝜆𝑡 = 0.25).

where 𝜗𝑖(𝑚) denotes the estimate of 𝜃𝑖 for the mth Monte
Carlo trial. The number of snapshots is 𝑇 = 300. Figure 9
compares the RMSE performance as a function of the input
SNR. We can see that the performance of LASSO does not
improve with the increase of SNR due to basis mismatch
effects. OGSBI has better performance than LASSO when
SNR is above 1 dB, but it has bigger RMSE than other six
methods when SNR is below 1 dB. Because IMCA-AI, Sparse
MUSIC, nuclear norm, and the proposed method have made
the most of the array aperture of the VSNLA after interpola-
tion, they all have better performance than SS-MUSIC. The
proposed method and IMICA-AI have better performance
than two interpolation methods, while the proposed method
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Figure 9: RMSE versus SNR (𝑇 = 300, 𝐾 = 2).
achieves higher precision than IMCA-AI when SNR is above
0 dB.

In the last experiment, we fix the angle separation of
the two sources at 10∘ and their SNR at 0 dB. When the
snapshot number increases from 50 to 5000, the averaged
DOA estimation RMSE curves of the all eight methods are
shown in Figure 10.Theproposedmethod and IMCA-AI have
almost the same better performance than other six methods
when the snapshots are more than about 550, while the
proposed method has the lowest RMSE when the snapshot
is low. LASSO has better performance than IMCA-AI and
SS-MUSIC when the number of snapshot is low, while the
performance of LASSO method does not improve with the
increase of snapshots due to the basis mismatch effects. The
OGBSI has slightly better performance than LASSO, while
JLASSOhas better performance thanOGBSI. As the snapshot
number increases, the DOA estimation precision of SS-
MUSIC, Sparse MUSIC, and nuclear norm improves slowly,
and these three methods have almost the same precision.
However, both IMCA-AI and the proposed method surpass
the other six methods.

5. Conclusion

A compressed sensing based array interpolation approach
that uses the DOA estimation from compressing sensing
method as initial DOA estimation is proposed to fill the holes
in the VSNLA of coprime array, which can obtain a filled
VSULA with more DoFs when the ESPRIT-Like algorithm is
used.The proposedmethod can also be used to overcome the
off-grid problemof CS. In addition, the proposedmethod can
solve more sources compared with conventional initial DOA
estimation based array interpolation method. Simulation
results show the validity and efficiency of our proposed
method.
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The estimation of spatial signatures and spatial frequencies is crucial for several practical applications such as radar, sonar,
and wireless communications. In this paper, we propose two generalized iterative estimation algorithms to the case in which a
multidimensional (𝑅-D) sensor array is used at the receiver. The first tensor-based algorithm is an 𝑅-D blind spatial signature
estimator that operates in scenarios where the source’s covariance matrix is nondiagonal and unknown. The second tensor-based
algorithm is formulated for the case in which the sources are uncorrelated and exploits the dual-symmetry of the covariance tensor.
Additionally, a new tensor-based formulation is proposed for an 𝐿-shaped array configuration. Simulation results show that our
proposed schemes outperform the state-of-the-art matrix-based and tensor-based techniques.

1. Introduction

High resolution parameter estimation plays a fundamental
role in array signal processing and has practical applications
in radar, sonar, mobile communications, and seismology.
In light of this, several techniques have been developed to
increase the accuracy of the estimated parameters, from
which we may cite the classical Multiple Signal Classifica-
tion (MUSIC) [1] and Estimation of Signal Parameters via
Rotational Invariance Technique (ESPRIT) [2]. However, their
performance can be further improved by exploiting the
multidimensional structure of the data by means of tensor
modeling, which can include several signal dimensions such
as space, time, frequency, and polarization. Tensor decom-
positions have been successfully employed in array signal
processing for parameters estimation since they provide bet-
ter identifiability conditions when compared to conventional
matrix-based methods. Another advantage of tensor-based
methods is the so-called “tensor gain” which manifests itself
with more precise parameter estimates due to the good

noise rejection capability of tensor-based signal processing,
as shown in [3–6].

In regards to tensor-based methods for blind spatial
signatures estimation, the Parallel Factor (PARAFAC) anal-
ysis decomposition [7] is widely applied due to its well-
defined conditions for uniqueness [8]. As seen in [9], an
iterative technique for PARAFAC decomposition such as
Trilinear Alternating Least Squares (TALS) can be applied to
estimate the directions of arrival of the sources. Closed-form
solutions such as the Standard Tensor ESPRIT (STE) [10]
and Closed-Form PARAFAC [11] are also appealing, since
these exploit the multidimensional structure in a noniter-
ative fashion. Recently in [12], an iterative algorithm was
proposed in a manner similar to Independent Component
Analysis (ICA) based on the Orthogonal Procrustes Problem
(OPP) and Khatri-Rao factorization [13] for a PARAFAC
decomposition with dual-symmetry. This solution exploits
the dual-symmetry property of the data tensor and can be
applied in covariance-based array signal processing tech-
niques. The method proposed in [14] is based on the Tucker

Hindawi
International Journal of Antennas and Propagation
Volume 2017, Article ID 1615962, 11 pages
https://doi.org/10.1155/2017/1615962

https://doi.org/10.1155/2017/1615962


2 International Journal of Antennas and Propagation

decomposition [15] of a fourth-order covariance tensor and
was elaborated for arrays with arbitrary structures, where
a priori knowledge about the geometry of the sensor array
is not required. However, a limitation of the method in
[14] is the necessity of transmitting the same sequence of
symbols in different time blocks, which results in a loss of
spectral efficiency. The proposed solution is an algorithm for
a multidimensional (𝑅-D) sensor array in which the different
dimensions of the array are exploited, thus dismissing the
need to transmit a repeated sequence as in [14], as will be
detailed later.

In this paper, two tensor-based approaches to the esti-
mation of spatial signatures are presented. By using the
signals received on a 𝑅-D sensor array, covariance tensors
are calculated and solutions for correlated and uncorrelated
sources are presented, respectively. For the former scenario,
in which the source’s covariance structure is nondiagonal
and unknown, the covariance tensor of the received data
is formulated as a Tucker decomposition of order 2𝑅. Such
a formulation yields a generalized Tucker model based 𝑅-
D sensor array processing that deals with arbitrary source
covariance structures. By assuming uncorrelated sources, we
then show that the problem boils down to a PARAFAC
decomposition, from which a method that exploits the dual-
symmetry property of the covariance tensor is derived by
considering the ideas rooted in [12]. For both Tucker and
PARAFAC based models, the blind estimation of the spatial
signatures is achieved by means of an alternating least
squares (ALS) algorithm. The contributions of this paper are
twofold: (i) we propose a covariance-based generalization
of the Tucker decomposition for the blind spatial signature
estimation problem with 𝑅-D sensor arrays and (ii) we
establish a link between dual-symmetry decompositions and
techniques based on covariance-based array signal process-
ing for parameter estimation. The performance of the pro-
posed algorithms is evaluated by Monte Carlo simulations,
corroborating their gains over competing state-of-the-art
matrix-based and tensor-based techniques.

The rest of this paper is organized as follows: Section 2
briefly introduces tensor operations and decompositions.The
signal model for an 𝑅-D sensor array is then presented
in Section 3. In Section 4 a novel covariance-based tensor
model for the received data is formulated and our blind
spatial signature estimation algorithms are formulated. In
Section 5 an approach for 𝐿-shaped sensor arrays is proposed.
The computational complexity of the proposed methods is
analyzed in Section 6. In Section 7, the advantages and disad-
vantages of the proposed methods are discussed. Simulation
results are provided in Section 8, and the conclusions are
drawn in Section 9.

Notation. Scalar values are represented by lowercase letters𝑎, vectors by bold lowercase letters a, matrices by bold
uppercase lettersA, and tensors by calligraphic lettersA.The
symbols 𝑇, 𝐻, †, and ∗ represent the transpose, conjugate
transpose, pseudoinverse, and complex conjugate operations,
respectively. diag(a) operator generates a diagonal matrix
from a vector a. The 𝑖th row of A ∈ C𝐼×𝑅 is represented
by A(𝑖, :) ∈ C1×𝑅, while its 𝑟th column is represented by

A(:, 𝑟) ∈ C𝐼×1. vec(A) operator converts A into a vector
a ∈ C𝐼𝑅×1, while unvec𝐼×𝑅(a) converts a into a 𝐼 × 𝑅 matrix.
D𝑖(A) stands for a diagonal matrix constructed from the 𝑖th
row of A. ‖ ⋅ ‖𝐹 stands for the Frobenius norm of a matrix
or tensor. “∘” operator stands for the vector outer product.
The Kronecker product is represented by ⊗. The Khatri-Rao
product between the matrices A ∈ C𝐼×𝑅 and B ∈ C𝐽×𝑅,
represented by ⬦, is defined as

A ⬦ B = [A (:,1) ⊗ B (:,1) , . . . ,A (:,𝑅) ⊗ B (:,𝑅)] . (1)

2. Tensor Preliminaries

In the following, we briefly introduce for convenience the
basics on operations involving tensors and tensor decom-
positions, which refer to [16, 17]. Firstly, we present the
Tucker decomposition. Then, the PARAFAC decomposition
is introduced and issues involving uniqueness are briefly
discussed for both cases, which will be useful later. Then, we
introduce the dual-symmetry property for these decomposi-
tions.The basic material presented in this section is exploited
in later sections in the context of our blind spatial signature
estimation problem.

2.1. Basic Tensor Operations. Let X ∈ C𝐼1×⋅⋅⋅×𝐼𝑁 denote an𝑁th order tensor, (𝑖1, . . . , 𝑖𝑁)th entry of which is denoted by𝑥𝑖1 ,...,𝑖𝑁 . The fibers are the higher-order analogues of matrix
rows and columns.The 𝑛-mode fibers ofX are vectors of size𝐼𝑛 defined by fixing every index but 𝑖𝑛.The 𝑛-mode unfolding
operation, denoted by [X](𝑛), stands for the process of
reordering the elements of X into a matrix by arranging
its 𝑛-mode fibers to be the columns of the resulting matrix.
The 𝑛-mode product between X and a matrix A ∈ C𝐽×𝐼𝑛

along of the 𝑛th mode, denoted byX×𝑛A, is a tensor of size𝐼1 × ⋅ ⋅ ⋅ × 𝐼𝑛−1 × 𝐽 × 𝐼𝑛+1 × ⋅ ⋅ ⋅ × 𝐼𝑁, obtained by taking the
inner product between each 𝑛-mode fiber and the rows of the
matrix A; that is, [16, 17]

Y = X×𝑛A ⇐⇒
[Y](𝑛) = A [X](𝑛) . (2)

2.2. Tucker Decomposition. The Tucker decomposition [15]
represents a tensorX ∈ C𝐼1×⋅⋅⋅×𝐼𝑁 of order𝑁 as a multilinear
transformation of a core tensor G ∈ C𝑅1×⋅⋅⋅×𝑅𝑁 by factor
matrices A(𝑛) = [a(𝑛)1 , a(𝑛)2 , . . . , a(𝑛)𝑅𝑛 ] ∈ C𝐼𝑛×𝑅𝑛 along each
mode 𝑛 = 1, 2, . . . , 𝑁. In scalar form, the 𝑁th order Tucker
decomposition is given by

𝑥𝑖1 ,𝑖2,...,𝑖𝑁 = 𝑅1∑
𝑟1=1

𝑅2∑
𝑟2=1

⋅ ⋅ ⋅ 𝑅𝑁∑
𝑟𝑁=1

𝑔𝑟1 ,𝑟2 ,...,𝑟𝑁𝑎(1)𝑖1 ,𝑟1𝑎(2)𝑖2 ,𝑟2 ⋅ ⋅ ⋅ 𝑎(𝑁)𝑖𝑁,𝑟𝑁 , (3)

where 𝑎(𝑛)𝑖𝑛 ,𝑟𝑛 is (𝑖𝑛, 𝑟𝑛)th entry of the 𝑛th mode factor matrix
A(𝑛) ∈ C𝐼𝑛×𝑅𝑛 and 𝑔𝑟1 ,𝑟2,...,𝑟𝑁 is (𝑟1, . . . , 𝑟𝑁)th entry of the core
tensor G ∈ C𝑅1×⋅⋅⋅×𝑅𝑁 . Using 𝑛-mode product notation, the
Tucker decomposition can be written as

X = G×1A(1)×2A(2) ⋅ ⋅ ⋅ ×𝑁A(𝑁), (4)
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which admits the following factorization in terms of the
factor matrices and core tensor:[X](𝑛)

= A(𝑛) [G](𝑛) (A(𝑁) ⊗ ⋅ ⋅ ⋅A(𝑛+1) ⊗ A(𝑛−1) ⊗ ⋅ ⋅ ⋅A(1))𝑇 . (5)

In general, the Tucker decomposition is not unique; that
is, there are infinite solutions for A(𝑛), 𝑛 = 1, . . . , 𝑁, and G
that yield the same reconstructed version of the data tensor
X. However, in special cases where several elements of the
core tensor are constrained to be equal to zero, that is, if
the core tensor has some sparsity, the number of solutions
may be finite, and the associated factor matrices and core
tensor become unique up to trivial permutations and scaling
ambiguities [18]. The Tucker based methods presented in
Sections 4.2 and 5.1 belong to a special category where unique
solutions exist.

2.3. PARAFAC Decomposition. The PARAFAC decomposi-
tion [7] expresses a tensorX ∈ C𝐼1×⋅⋅⋅×𝐼𝑁 as a sum of 𝑅 rank-
one tensors; that is,

X = 𝑅∑
𝑟=1

a(1)𝑟 ∘ a(2)𝑟 ∘ ⋅ ⋅ ⋅ ∘ a(𝑁)𝑟 , (6)

where 𝑅 is the number of factors, also known as the rank of
the decomposition, and is defined as the minimum number
of rank-one tensors that yieldX exactly.

The𝑁th order PARAFAC decomposition (6) can be seen
as a special case of the Tucker decomposition (4) with a core
tensor G = I𝑁,𝑅 and 𝑅𝑛 = 𝑅 for 𝑛 = 1, . . . , 𝑁. The
elements of the 𝑁th order identity tensor I𝑁,𝑅 are equal to
one when all indices are equal and zero elsewhere. Using the𝑛-mode product notation, the PARAFAC decomposition can
be written as

X = I𝑁,𝑅×1A(1)×2A(2) ⋅ ⋅ ⋅ ×𝑁A(𝑁), (7)

while the 𝑛-mode unfolding ofX can be expressed as

[X](𝑛) = A(𝑛) (A(𝑁) ⬦ ⋅ ⋅ ⋅A(𝑛+1) ⬦ A(𝑛−1) ⬦ ⋅ ⋅ ⋅A(1))𝑇 . (8)

The𝑁th order PARAFAC decomposition is unique up to
permutation and scaling ambiguities affecting the columns of
factors matrices A(𝑛) ∈ C𝐼𝑛×𝑅, 𝑛 = 1, . . . , 𝑁, if the following
sufficient condition is satisfied [19]:

𝑁∑
𝑛=1

𝜅A(𝑛) ≥ 2𝑅 + 𝑁 − 1, (9)

where 𝜅A(𝑛) denotes the Kruskal-rank of A(𝑛), defined as the
maximumvalue𝜅 such that any subset of𝜅 columns is linearly
independent [20].

Throughout this work, special attention is given to dual-
symmetric tensors. The PARAFAC decomposition of a given
tensor X ∈ C𝐼1×⋅⋅⋅×𝐼2𝑁 of order 2𝑁 is said to have dual-
symmetry if defined as follows:

X = I2𝑁,𝑅×1A(1)×2A(2) ⋅ ⋅ ⋅ ×𝑁A(𝑁)×𝑁+1A(1)∗
×𝑁+2A(2)∗ ⋅ ⋅ ⋅ ×2𝑁A(𝑁)∗ . (10)

Note that this definition also applies to Tucker decomposition
by simply replacing the identity tensorI2𝑁,𝑅 by an arbitrary
core tensorG of order 2𝑁.

3. Signal Model

We consider𝐾 snapshots originating from the superposition
of 𝑀 far-field narrowband signal sources sampled by a 𝑅-
dimensional sensor array of size𝑁1×𝑁2×⋅ ⋅ ⋅×𝑁𝑅, where𝑁𝑟
is the size of the 𝑟th array dimension, 𝑟 = 1, . . . , 𝑅.Thematrix
X ∈ C𝑁×𝐾 collects the samples received by the sensor array,
which can be factored as [10]

X = (A(1) ⬦ A(2) ⋅ ⋅ ⋅ ⬦ A(𝑅)) S + V, (11)

where

(i) A = A(1) ⬦ A(2) ⋅ ⋅ ⋅ ⬦ A(𝑅) ∈ C𝑁×𝑀 is the spatial
signature matrix of the 𝑅-D array for 𝑟 = 1, . . . , 𝑅 and𝑁 = ∏𝑅𝑟=1𝑁𝑟;

(ii) A(𝑟) = [a(𝑟)1 , . . . , a(𝑟)𝑀 ] ∈ C𝑁𝑟×𝑀 is the spatial signature
matrix of the 𝑟th dimension;

(iii) a(𝑟)𝑚 = [1 𝑒𝑗⋅𝜇(𝑟)𝑚 𝑒𝑗⋅2𝜇(𝑟)𝑚 ⋅ ⋅ ⋅ 𝑒𝑗⋅(𝑁𝑟−1)𝜇(𝑟)𝑚 ]𝑇 ∈ C𝑁𝑟×1 is
the array response in the 𝑟th dimension to the 𝑚th
planar wavefront (𝑚 = 1, . . . ,𝑀) which is function of
the spatial frequency 𝜇(𝑟)𝑚 ;

(iv) S = [s(1), . . . , s(𝐾)] ∈ C𝑀×𝐾 is the matrix containing
the signal transmitted by the sources;

(v) V = [k(1), . . . , k(𝐾)] ∈ C𝑁×𝐾 is the additive white
Gaussian noise (assumed uncorrelated to the source
signals).

From (11), the sample covariance matrix R̂ ∈ C𝑁×𝑁 of the
signals received at the sensor array is given by

R̂ ≜ 1𝐾XX𝐻 ≈ ARsA
𝐻 + 𝜎2V I

≈ (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅))Rs (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅))𝐻
+ 𝜎2V I,

(12)

where Rs = (1/𝐾)SS𝐻 is the sample covariance matrix of the
source signals and 𝜎2V is the noise variance.
4. Tensor-Based Methods for Blind Spatial

Signature Estimation

In this section, we propose two iterative algorithms to
solve the blind spatial signature estimation problem in 𝑅-D
sensor arrays. Initially, a novel multidimensional structure is
formulated from the covariance matrix of the received data.
Then, an alternating least squares- (ALS-) based algorithm for
a Tucker decomposition of order 2𝑁 is proposed. Finally, we
derive a link between the method in [12] and a covariance-
based blind spatial signature estimation problem.
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4.1. Novel Covariance Tensor. With the intention of exploiting
the multidimensional structure of the received signal, the
noiseless sample covariance matrix (12), given by Ro = R̂ −𝜎2V I ∈ C𝑁×𝑁, is interpreted as a multimode unfolding of the
noiseless covariance tensor Ro ∈ C𝑁1×𝑁2×⋅⋅⋅×𝑁𝑅×𝑁1×𝑁2×⋅⋅⋅×𝑁𝑅

of order 2𝑁, defined as

Ro = Rs×1A(1)×2A(2) ⋅ ⋅ ⋅ ×𝑅A(𝑅)×𝑅+1A(1)∗
×𝑅+2A(2)∗ ⋅ ⋅ ⋅ ×2𝑅A(𝑅)∗ , (13)

where Rs is the source covariance tensor, which has 2𝑅
dimensions, each of size 𝑀. Note that this tensor is dual-
symmetric; that is, the factor matrix related to (𝑅 + 𝑟)th
dimension is equal to A(𝑟)

∗

, and 𝑁𝑟 = 𝑁𝑅+𝑟 (𝑟 = 1, . . . , 𝑅).
The 𝑚th frontal slice ofRs is a diagonal matrix whose main
diagonal is given by the𝑚th column of the covariance matrix
Rs. For instance, considering 𝑅 = 2 for the sake of notation,
the following expression satisfies the relationship previously
cited:

Rs (:,:,𝑚,𝑚) = diag (Rs (:,𝑚)) 𝑚 = 1, . . . ,𝑀, (14)

where the matrix Rs(:, :, 𝑚,𝑚) ∈ C𝑀×𝑀 denotes the 𝑚th
frontal slice of the covariance tensor Rs obtained by fixing
its last two modes. The tensor Ro follows a dual-symmetric
Tucker decomposition of order 2𝑅 with factor matrices A(𝑟)

and A(𝑟)
∗ , 𝑟 = 1, . . . , 𝑅, and core tensorRs.

Considering the case in which the sources are uncorre-
lated and have unitary variance, we can rewrite (13) as

Ro = I2𝑅,𝑀×1A(1)×2A(2) ⋅ ⋅ ⋅ ×𝑅A(𝑅)×𝑅+1A(1)∗
×𝑅+2A(2)∗ ⋅ ⋅ ⋅ ×2𝑅A(𝑅)∗ , (15)

whereI2𝑅,𝑀 is the identity tensor of order 2𝑅 in which each
dimension has size𝑀. In this case, the covariance tensorRo
follows a dual-symmetric PARAFAC decomposition of order2𝑅.

In general, the Tucker decomposition does not impose
restrictions on the core tensor structure, which makes this
model more flexible. In the context of this paper, this
characteristic reflects an arbitrary and unknown structure for
the source’s covariance Rs which can also be estimated from
(13). In contrast, the PARAFAC decomposition (15) denotes
a particular case of the Tucker decomposition when the
sources’ signals are uncorrelated and the source covariance
matrix is perfectly known (i.e., diagonal). In practice, thismay
not hold.

4.2. ALS-Tucker Algorithm. Our goal is to blindly estimate
the spatial signature matrices A(𝑟) and A(𝑟)

∗ , (𝑟 = 1, . . . , 𝑅)
which refer to the different dimensions of the sensor array
from the covariance tensor Ro. For the sake of simplicity,
from this point on, we consider A(𝑅+𝑟) = A(𝑟)

∗

. In matrix-
based notation, the Tucker decomposition (13) allows the
following factorization in terms of its factormatrices and core
tensor in accordance with (5):

[Ro](𝑟) = A(𝑟)Δ(𝑟), (16)

where

Δ
(𝑟) = [Rs](𝑟)
⋅ (A(2𝑅) ⊗ ⋅ ⋅ ⋅ ⊗ A(𝑟+1) ⊗ A(𝑟−1) ⊗ ⋅ ⋅ ⋅ ⊗ A(1))𝑇 , (17)

while [Ro](𝑟) and [Rs](𝑟), 𝑟 = 1, . . . , 2𝑅, denote the 𝑛-mode
unfolding of the covariance tensor Ro and the core tensor
Rs, respectively.

From the matrix unfoldings of Ro, an ALS based algo-
rithm is formulated to estimate the desired factor matri-
ces. An estimate of the spatial signature matrix Â(𝑟) (𝑟 =1, . . . , 2𝑅), associated with the 𝑟th dimension of the covari-
ance tensor, is obtained by solving the following least squares
(LS) problem:

Â(𝑟) = argmin
A(𝑟)

[Ro](𝑟) − A(𝑟)Δ(𝑟)2𝐹 , (18)

whose analytic solution is given by

Â(𝑟) = [Ro](𝑟) (Δ(𝑟))† . (19)

As discussed in Section 4.1, the Tucker decomposition
does not impose restrictions on the structure of the core
tensor and its estimation becomes necessary. Let Rs be an
unknown matrix of arbitrary structure. The following LS
problem is formulated from the vectorization of the sample
covariance matrix R̂:

vec (R̂s) = argmin
Rs

vec (R̂) − (A∗ ⊗ A) vec (Rs)2𝐹 , (20)

from which an estimate of R̂s can be obtained as

vec (R̂s) = (A∗ ⊗ A)† vec (R̂) , (21)

where A = A(1) ⬦ A(2) ⋅ ⋅ ⋅ ⬦ A(𝑅) ∈ C𝑁×𝑀.
Since (19) and (21) are nonlinear functions of the param-

eters to be estimated, the blind spatial signature estimation
problem can be solved using a classical ALS iterative solution
[21, 22]. The basic idea of the algorithm is to estimate one
factor matrix at each step while the others remain fixed
at the values obtained in previous steps. This procedure
is repeated until convergence. The proposed generalized
ALS-Tucker algorithm for 𝑅-D sensor arrays is summarized
in Algorithm 1.

In this approach the factor matrices are treated as inde-
pendent variables; that is, the dual-symmetry property of
the covariance tensor is not exploited. In this case, a final
estimate of the spatial signature matrix associated with the𝑟th dimension of the array is given by

Â(𝑟)final = Â(𝑟) + Â(𝑅+𝑟)
∗

2 . (22)

4.3. ALS-ProKRaft Algorithm. In this section, a link is
established between the ALS-ProKRaft algorithm proposed
initially in [12] and blind spatial signature estimation in
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(1) Initialize Â(𝑟) ∈ C𝑁𝑟×𝑀 for 𝑟 = 2, . . . , 2𝑅 and the core
tensor R̂s randomly.

(2) for 𝑟 = 1, . . . , 2𝑅 do
According to (19), obtain an estimate for the matrix Â(𝑟):
Â(𝑟) = [R](𝑟)(Δ(𝑟))†.
Note. The matrix Δ(𝑟), described in (17), is updated
by fixing Â(𝑟) calculated previously.

end
(3) According to (21), obtain an estimate for R̂s:

vec(R̂s) = (A∗ ⊗ A)†vec(R̂);
R̂s = unvec𝑀×𝑀(vec(R̂s)).

(4) Using (14), reconstruct the core tensor R̂s from R̂s.
(5) Repeat Steps (2)–(4) until convergence.

Algorithm 1: Summary of the ALS-Tucker algorithm.

array signal processing. The main idea behind this algorithm
is to exploit the dual-symmetry property of the PARAFAC
decomposition described in (15). Next, the ALS-ProKRaft
algorithm is formulated in the context of this work. A more
detailed description of the method can be found in the
original reference.

The multimode unfolding of the PARAFAC decomposi-
tion in (15) can be rewritten as

Rmm = (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅)) (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅))𝐻 , (23)

which assumes the following factorization:

Rmm = R1/2mm ⋅ (R1/2mm)𝐻 , (24)

where R1/2mm ∈ C𝑁×𝑀 can be obtained from the singular value
decomposition of Rmm given by

Rmm = U ⋅ Σ ⋅ V𝐻, (25)

obeying the following structure:

R1/2mm = U[𝑀] ⋅ Σ[𝑀] ⋅ T𝐻 = (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅)) , (26)

where U[𝑀] ∈ C𝑁×𝑀 is formed by the first 𝑀 columns of U
and Σ[𝑀] ∈ C𝑀×𝑀 is a diagonal matrix which contains the𝑀
dominant singular values of Rmm. The matrix T represents a
unitary rotation factor.

Equation (26) describes an orthogonal Procrustes prob-
lem (OPP) [23], in which T is a transformation matrix that
mapsU[𝑀] ⋅ Σ[𝑀] to (A(1) ⬦ ⋅ ⋅ ⋅ ⬦A(𝑅)) such thatU[𝑀] ⋅ Σ[𝑀] ⋅
T𝐻 = (A(1)⬦⋅ ⋅ ⋅⬦A(𝑅)). An efficient estimate forT is obtained
minimizing the Frobenius norm of the residual error:

argmin
T

U[𝑀] ⋅ Σ[𝑀] ⋅ T𝐻 − (A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅))𝐹 . (27)

This problem can be solved using a change of basis from the
singular value decomposition of the matrix

(A(1) ⬦ ⋅ ⋅ ⋅ ⬦ A(𝑅))𝐻 ⋅ U[𝑀] ⋅ Σ[𝑀] = U𝑃 ⋅ Σ𝑃 ⋅ V𝐻𝑃 , (28)

which leads to the following solution [23]:

T̂ = U𝑃 ⋅ V𝐻𝑃 . (29)

From (26) and (29), an ALS-based iterative algorithm
is formulated to estimate the spatial signature matrices
from the PARAFAC decomposition (15). Firstly, individual
estimates for each factor matrix Â(𝑟), 𝑟 = 1, . . . , 𝑅, are
obtained by applying the multidimensional LS Khatri-Rao
factorization (LS-KRF) algorithm on the composite spatial
signature matrix Â = Â(1) ⬦ Â(2) ⋅ ⋅ ⋅ ⬦ Â(𝑅). Then, the
matrix T̂ is obtained from (29). For more details and access
to the pseudocode of this algorithm, we refer the interested
reader to [12]. The ALS-ProKRaft algorithm for blind spatial
signature estimation in 𝑅-D sensor arrays is summarized
in Algorithm 2.

Note that when compared with conventional ALS-based
PARAFAC solutions [21] formulated from the unfolding
matrices (8), the ALS-ProKRaft algorithm becomes preferred
since only half of the factors matrices needs to be estimated
by exploiting the dual-symmetry property of the covariance
tensor. This generally leads to a fast convergence rate of the
algorithm.

5. Spatial Signature Estimation in 𝐿-Shaped
Sensor Arrays

In this section, the blind spatial signature estimation problem
is formulated for 𝐿-shaped array configuration. Considering
that the receiver array is divided into smaller subarrays, the
Tucker decomposition of a fourth-order tensor is formulated
from the sample cross-correlationmatrix of the data received
by the different subarrays. From this multidimensional
structure the proposed generalized ALS-Tucker algorithm
previously presented in Section 4.2 can be used to estimate
the source’s spatial signatures.

5.1. Cross-Correlation Tensor for L-Shaped Sensor Arrays.
In this approach, we consider an 𝐿-shaped sensor array
equipped with 𝑁1 + 𝑁2 − 1 sensors positioned in the 𝑥-𝑧



6 International Journal of Antennas and Propagation

𝑖 = 0; Initialize T̂(𝑖=0) = I𝑀.
(1) According to (25), obtain U[𝑀] and Σ[𝑀] from the SVD

of the multimode unfolding matrix Rmm.
(2) 𝑖 = 𝑖 + 1;
(3) According to (26), obtain estimates for Â(𝑟)

(𝑖)
for 𝑟 = 1, . . . , 𝑅

by applying the multidimensional LS-KRF algorithm on
U[𝑀] ⋅ Σ[𝑀] ⋅ T̂𝐻(𝑖−1).

(4) According to (29), compute the SVD for the matrix(Â(1)
(𝑖)

⬦ ⋅ ⋅ ⋅ ⬦ Â(𝑅)
(𝑖)

)𝐻 ⋅ U[𝑀] ⋅ Σ[𝑀] = U𝑃 ⋅ Σ𝑃 ⋅ V𝐻𝑃
and obtain T̂(𝑖) = U𝑃 ⋅ V𝐻𝑃 .

(5) Repeat Steps (2)–(4) until convergence.
Algorithm 2: Summary of the ALS-ProKRaft algorithm.
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Figure 1: L-shaped array configurationwith𝑁1+𝑁2−1 sensors.The
distance between the sensors in the 𝑧-axis is 𝑑(1) while the distance
between the sensors in the 𝑥-axis is 𝑑(2). The 𝑚th wavefront has
elevation and azimuth angles equal to 𝛼𝑚 and 𝛽𝑚, respectively.
plane, as illustrated in Figure 1. Each linear array contains𝑁1 and 𝑁2 sensors equally spaced at distances 𝑑(1) and 𝑑(2),
respectively. We consider that each linear array is divided
into 𝑃 and 𝑊 smaller subarrays, respectively. Each subarray
contains𝑁(sub)1 = 𝑁1−𝑃+1 and𝑁(sub)2 = 𝑁2−𝑊+1 sensors.
The signal received at the 𝑝th subarray, for 𝑝 = 1, . . . , 𝑃, is
given by

X(1)𝑝 = A(1)s D𝑝 (Φ(1)) S + V(1)𝑝 ∈ C
𝑁(sub)1 ×𝐾, (30)

and the signal received at the 𝑤th subarray, 𝑤 = 1, . . . ,𝑊, is
given by

X(2)𝑤 = A(2)s D𝑤 (Φ(2)) S + V(2)𝑤 ∈ C
𝑁(sub)2 ×𝐾, (31)

where

(i) A(𝑟)s ∈ C𝑁
(sub)
𝑟 ×𝑀 is the spatial signature matrix of the

first subarray (or reference subarray) for the 𝑟th array
dimension, 𝑟 = 1, 2;

(ii) D𝑝(Φ(1)) and D𝑤(Φ(2)) are diagonal matrices whose
main diagonal is given by the 𝑝th and 𝑤th row of the
matricesΦ(1) ∈ C𝑃×𝑀 andΦ(2) ∈ C𝑊×𝑀, respectively.

The rows of Φ(1) and Φ(2) capture the delays suffered by the
signals impinging the 𝑝th and 𝑤th subarrays with respect
to the reference subarray, which are defined based on the
following spatial frequencies:

𝜇(1)𝑚 = 2𝜋 ⋅ 𝑑(1) ⋅ cos𝛼𝑚𝜆 ,
𝜇(2)𝑚 = 2𝜋 ⋅ 𝑑(2) ⋅ sin𝛼𝑚 ⋅ cos𝛽𝑚𝜆 ,

(32)

where 𝛼𝑚 and 𝛽𝑚 are the azimuth and elevation angles of the𝑚th source, respectively.
From (30) and (31), let us introduce the following

extended data matrices:

X(1) = [X(1)1 , . . . ,X(1)𝑃 ]𝑇 ∈ C
𝑁(sub)1 𝑃×𝐾,

X(2) = [X(2)1 , . . . ,X(2)𝑊 ]𝑇 ∈ C
𝑁(sub)2 𝑊×𝐾, (33)

or, more compactly,

X(𝑟) = (Φ(𝑟) ⬦ A(𝑟)s ) S + V(𝑟), 𝑟 = 1, 2. (34)

In contrast with (12), in this approach we shall work with
the following sample cross-correlation matrix:

R̂ = (Φ(1) ⬦ A(1)s )Rs (Φ(2) ⬦ A(2)s )𝐻 + 𝜎2V I. (35)

As mentioned in Section 4.1, we can see that the noiseless
term in (35) denotes a multimode unfolding of the following
cross-correlation tensor of size𝑁(sub)1 × 𝑃 × 𝑁(sub)2 × 𝑊:

Ro = Rs×1A(1)s ×2Φ(1)×3A(2)∗s ×4Φ(2)∗ , (36)
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where Rs ∈ C𝑀×𝑀×𝑀×𝑀. In this modeling, the tensor Ro
follows a fourth-order Tucker decomposition. By analogy
with (4), we deduce the following correspondences:

(𝐼1, 𝐼2, 𝐼3, 𝐼4) ←→ (𝑁(sub)1 , 𝑃,𝑁(sub)2 ,𝑊)
(𝑅1, 𝑅2, 𝑅3, 𝑅4) ←→ 𝑀
(G,A(1),A(2),A(3),A(4))

←→ (Rs,A(1)s ,Φ(1),A(2)∗s ,Φ(2)∗) .
(37)

The spatial signatures of the sources can be estimated
from (36) by using the proposed generalized ALS-Tucker
algorithm. Note that, in this case, the ALS-Tucker algorithm
is simplified to a fourth-order tensor input.

For all the previously proposed algorithms, the final
estimates for the spatial signaturematrices are obtainedwhen
the convergence is declared. A usually adopted criterion for
convergence is defined as |𝑒(𝑖) − 𝑒(𝑖−1)| ≤ 10−6, where 𝑒(𝑖)
denotes the residual error of the 𝑖th iteration, defined as

𝑒(𝑖) = R − R̂(𝑖)
2𝐹 , (38)

whereR = Ro+V is a noisy version ofR,V is an additive
complex-valued white Gaussian noise tensor, and R̂(𝑖) is the
covariance tensor reconstructed from the estimated factor
matrices and core tensor. Since the ALS-ProKRaft algorithm
exploits the dual-symmetry property of the data tensor the
procedure in (22) is not necessary.

5.2. Estimation of the Spatial Frequencies. After the estima-
tion of the spatial signatures matrices Â(𝑟)final, 𝑟 = 1, . . . , 𝑅, the
final step is to estimate the spatial frequencies of the sources𝜇(𝑟)𝑚 ,𝑚 = 1, . . . ,𝑀. The final estimates can be computed from
the average over the values obtained in each row of Â(𝑟)final as
follows:

𝜇(𝑟)𝑚 = 1𝑁𝑟 − 1
𝑁𝑟∑
𝑛=2

arg {Â(𝑟)final (𝑛,𝑚)}𝑛 − 1 . (39)

6. Computational Complexity

In the following, we discuss the computational complexity of
the iterative ALS-Tucker and ALS-ProKRaft algorithms. For
the sake of simplicity, the computational complexity of the
proposedmethods is described in terms of the computational
cost of the matrix SVD. For a matrix of size 𝐼1 × 𝐼2 the
number of floating-point operations associated with the
SVD computation is O(𝐼1 ⋅ 𝐼2 ⋅ min(𝐼1 ⋅ 𝐼2)) [24]. The
computational complexity of one Tucker iteration refers to
the cost associated with the SVD used to calculate the matrix
pseudoinverses in the least squares problems (18) and (20).
The overall computational complexity per iteration of the
ALS-Tucker algorithm equals the complexity of 2𝑅 matrix
SVDs associated with each estimated factor matrix according
to (19) plus the complexity of one additional matrix SVD
associated with the estimated core tensor according to (21).

The overall computational cost per iteration of the ALS-
ProKRaft algorithm equals the complexity of 𝑀(𝑅 − 1)
matrix SVDs associated with the application of the multi-
dimensional LS-KRF algorithm in (26) plus the complexity
of one additional matrix SVD associated with the update of
the unknown unitary rotation factor matrix T according to
(29).

7. Advantages and Disadvantages of
the Proposed Methods

In this section, we discuss the advantages and disadvantages
of the proposed methods to blind spatial signatures estima-
tion in 𝑅-D sensor arrays. As previously stated in Section 4.3,
the ALS-ProKRaft algorithm works on the assumption that
the sample covariance matrix of the sources Rs is perfectly
known and diagonal. However, this is only true in the
asymptotic casewhen a sufficiently large number of snapshots
is assumed (i.e., 𝐾 → ∞), as well as when the source signals
are perfectly uncorrelated. In practice, this assumption is not
guaranteed. On the other hand, the ALS-Tucker algorithm
previously formulated in Section 4.2 naturally captures any
structure for the sources covariance into the core tensorRs.
Therefore, the assumption of uncorrelated source signals is
not necessary for the ALS-Tucker algorithm,making it able to
operate in scenarios where the source covariance structure is
unknown and arbitrary (nondiagonal). Such scenarios occur,
for instance, when the sample covariance is computed from a
limited number of snapshots.

In contrast, the ALS-Tucker algorithm does not exploit
the dual-symmetry property of the data covariance tensor
and all factor matrices need to be estimated as independent
variables. However, in the ALS-ProKRaft algorithm, only half
of the factor matrices are estimated by exploiting the dual-
symmetry property of the covariance tensor. Therefore, the
ALS-ProKRaft algorithm is more computationally attractive
than the ALS-Tucker algorithm. When compared with the
state-of-the-art matrix-based algorithms such as MUSIC,
ESPRIT, and Propagator Method, the proposed tensor-based
algorithms have the advantage of fully exploiting the multi-
dimensional nature of the received signal in less specific sce-
narios, which leads to more accurate estimates. For instance,
the ESPRIT algorithm was formulated for sensor arrays that
obey the shift invariance property. On the other hand, the
MUSIC algorithm has high computational complexity due to
the search of parameters in the spatial spectrum.

8. Simulation Results

In the following, simulation results and performance evalu-
ations of the ALS-Tucker and ALS-ProKRaft algorithms for𝑅-D sensor arrays are presented. This section is divided into
two parts. Firstly, the results related to Section 4 are presented
and discussed. Then, the same is done for the 𝐿-shaped array
approach presented in Section 5. Results are obtained from
an average of 1000 independent Monte Carlo runs. In the
first part of this section, we consider a uniform rectangular
array (URA) positioned on the 𝑥-𝑧 plane.The𝑚th wavefront
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Figure 2: Total RMSE versus SNR for 𝑁 = 64 sensors, 𝐾 = 10
samples, and DoAs: {30∘, 55∘} and {45∘, 60∘} for Hadamard sequen-
ces.
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Figure 3: Total RMSE versus SNR for 𝑁 = 64 sensors, 𝐾 = 10
samples, and DoAs: {30∘, 55∘} and {45∘, 60∘} for BPSK sequences.

has direction of arrival {𝛼𝑚, 𝛽𝑚}𝑀𝑚=1, where 𝛼𝑚 and 𝛽𝑚 are
elevation and azimuth angles, respectively.

In Figures 2 and 3, the performance is measured in terms
of the root mean square error (RMSE) of the estimated
spatial frequencies 𝜇(𝑟)𝑚 in terms of Signal to Noise Ratio
(SNR).The relations between directions of arrival and spatial
frequencies are given by (32), where 𝑑(𝑟) denotes the distance
between sensors in the 𝑟th array dimension,which is assumed
here equal to 𝜆/2. In Figure 2, we consider Hadamard
sequences for the sources, while in Figure 3we consider BPSK
modulated sources. In both cases, we have 𝑁 = 64 sensors
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Figure 4: Convergence of the ALS-Tucker and ALS-ProKRaft algo-
rithms.

(i.e.,𝑁1 and𝑁2 equal to 8) and the sample covariance matrix
of the received data (12) is calculated from a reduced number𝐾 = 10 of samples. The total RMSE is defined as

RMSE = √𝐸{ 𝑅∑
𝑟=1

𝑀∑
𝑚=1

(𝜇(𝑟)𝑚 − 𝜇(𝑟)𝑚 )2}. (40)

From Figure 2, it can be seen that both ALS-Tucker
and ALS-ProKRaft algorithms have similar performances in
terms of RMSE, when Hadamard sequences are considered.
In contrast, in Figure 3, when BPSK symbols are considered,
a floor is exhibited by the ALS-ProKraft algorithm for high
SNR values. This behavior occurs due to the modeling errors
in the core tensor of the PARAFAC decomposition, which in
turn arises due to the nonorthogonality of the source signals,
resulting in a nondiagonal sample covariance matrix of the
sources in this case. Note that in the ALS-Tucker algorithm
the covariance matrix of the sources possess an arbitrary and
unknown structure which discards possible constraints to the
source signals. This difference makes the Tucker decompo-
sition approach more attractive in those practical scenarios
in which source uncorrelatedness is not guaranteed. When
compared tomatrix-based standard ESPRIT (SE) [2], matrix-
based MUSIC algorithm to planar array configuration [25],
and tensor-based standard ESPRIT (STE) [10], the proposed
algorithms have improved accuracy in all the considered
scenarios.

Figure 4 shows the convergence performance of the
iterative algorithms. In this experiment, the median values
of the normalized estimation error 𝑒(𝑖)/𝑁(2𝑅) are plotted in
terms of the number of iterations for different SNR. It is
noteworthy that the ALS-ProKRaft algorithm has a faster
convergence compared to the ALS-Tucker algorithm. This
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Figure 5: Total RMSE versus SNR for 𝑁 = 13 sensors, 𝐾 = 500
samples, and DoAs: {30∘, 45∘} and {50∘, 55∘}.

behavior is expected since ALS-ProKRaft exploits the dual-
symmetry property of the data tensor, which results in
estimating half asmany factormatrices compared to theALS-
Tucker approach.

In the second part of this section, we consider a 𝐿-shaped
configuration array. In Figure 5, we set 𝑁 = 13 sensors
(i.e., 𝑁1 and 𝑁2 equal to 7) and 𝐾 = 500 samples. Each
uniform linear array is divided into 𝑃 = 2 and 𝑊 = 2
subarrays, respectively. In this experiment, the performance
of the proposed ALS-Tucker algorithm is compared to the
state-of-the-art matrix-based methods, namely, Propagator
Method (PM) [26],MUSIC [27], and ESPRIT [28], all of them
originally formulated for 𝐿-shaped arrays. Note that the ALS-
Tucker algorithm presents an improved performance over
its competitors, with more evidenced gains in the low-to-
medium SNR range. For high SNR values, the performance
of the MUSIC method comes close to that of our proposal.
However, theALS-Tucker algorithmdispenses any estimation
procedure via bidimensional peak search as occurs with
MUSIC, being the former more computationally attractive.

Figure 6 shows the performance of the ALS-Tucker by
assuming different number of sensors. In this experiment,
we consider 𝐾 = 500 samples. We can observe a better
performance in terms of RMSE when the number sensors
of the 𝐿-shaped array is increased. This is valid for all the
simulated SNR values.

In Figure 7, we analyze the influence of the number 𝐾
of samples on the performance of the ALS-Tucker algorithm.
This experiment considers the same parameters as the experi-
ment of Figure 5, except the SNRvalue that is assumedfixed at
20 dB and the number of samples that varies between 50 and
3000. First, we can see that the performance of the algorithms
improves by increasing the number of samples collected by
sensor array, as expected. However, similar to Figure 5 the
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Figure 6: Total RMSE versus SNR (performance of the ALS-Tucker
algorithm for different number of sensors).
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Figure 7: Total RMSE versus number of samples.

proposed ALS-Tucker algorithm outperforms the state-of-
the-art PM, ESPRIT, and MUSIC methods.

9. Conclusion

In this paper, two tensor-based approaches based on the
Tucker and PARAFAC decompositions have been formulated
to solve the blind spatial signatures estimation problem in
multidimensional sensor arrays. First, we have proposed
a covariance-based generalization of the Tucker decom-
position for 𝑅-D sensor arrays. Then, a link between the
ALS-ProKRaft algorithm and covariance-based array signal
processing for blind spatial signatures estimation has been
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established. As another contribution, we have formulated a
cross-correlation-based fourth-order Tucker decomposition
which makes the proposed ALS-Tucker algorithm applicable
in scenarios composed by 𝐿-shaped array configurations.
The two proposed tensor methods differ in the structure
assumed for the source covariance. It is worth pointing out
that, in realistic scenarios, when the received covariance
matrix is calculated from a reduced number of samples,
or snapshots, the ALS-Tucker algorithm becomes preferable
since it operates with an arbitrary and unknown struc-
ture for the covariance of the source signals. In contrast,
when the sources can be assumed to be uncorrelated, we
can achieve improved performance by exploiting the dual-
symmetry property of the covariance tensor, whichmakes the
ALS-ProKRaft algorithm preferable since it provides good
estimation accuracy with a smaller number of ALS iterations.
Finally, when compared with other state-of-the-art matrix-
based and tensor-based techniques, the proposed tensor-
based iterative algorithms have shown their effectiveness with
remarkable gains in terms of estimation error.
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We address the performance analysis of the maximum likelihood (ML) direction-of-arrival (DOA) estimation algorithm in the
case of azimuth/elevation estimation of two incident signals using the uniform circular array (UCA). Based on the Taylor series
expansion and approximation, we get explicit expressions of the root mean square errors (RMSEs) of the azimuths and elevations.
The validity of the derived expressions is shown by comparing the analytic results with the simulation results.The derivation in this
paper is further verified by illustrating the consistency of the analytic results with the Cramer-Rao lower bound (CRLB).

1. Introduction

There have been many studies on the direction-of-arrival
(DOA) estimation [1–5]. Our concern in this paper is the
performance analysis of the maximum likelihood- (ML-)
based DOA estimation algorithm.

Many studies have been conducted on asymptotic per-
formance analysis of maximum likelihood DOA estimation
algorithm [6–8]. The shortcoming of the asymptotic perfor-
mance analysis is that it is only applicable to high SNR region
since it is based on approximation which is valid only for
small amount of noise. To circumvent this problem, many
studies on nonasymptotic performance analysis have been
conducted for performance analysis which is valid for low
SNR as well as high SNR.

In [9–12], the authors dealt with threshold performance
analysis for single incident signal. On the other hand, our
scheme presented in this paper is applicable to multiple
incident signal as well as single incident signal.

In this paper, we address the performance analysis of the
ML algorithm for the estimation of the DOA of incident
signals. Our interest is in the case ofmultiple incident signals.
The ML algorithm exploits the fact that, in the absence of
the noise, the incident signal on the array elements can be

expressed as a linear combination of the array steering vectors
corresponding to the true incident angles.

Based on this observation, in the ML algorithm, the esti-
mate of the DOA is obtained from the angles whose steering
vectors can span the subspace to which the signal on the array
elements belongs.

In practical situation, the noise is inevitable. Therefore,
the noisy incident signal on the array elements cannot be
expressed as a linear combination of the array steering vectors
associated with true incident angles, which accounts for why
estimation error occurs for noisy array response.

To quantify the bias of the estimate due to the noise on the
antenna elements, we adopt the Taylor series approximation
around the true incident angle. We derive the closed-form
expression of the biases of the estimates, where different esti-
mates are due to some approximations. For one of the many
estimates, we derive the closed-form expression of theMSE of
the estimate.

In Figure 1, the mathematical and statistical theories
used for the performance analysis of the ML algorithm are
enumerated.

Novelty of the proposed method over the existing meth-
ods is as follows.
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Higher order moments of complex Gaussian random process

Approximation based on first-order Taylor series expansion

Property of the derivatives of ML cost function with respect to incident angles

Perturbation of estimate of covariance matrix due to an additive noise on antenna elements

Figure 1: Mathematical/statistical foundation of the proposed analytical performance analysis of ML algorithm.

Performance Analysis for Multiple Incident Signals and Simul-
taneous Estimation of Azimuth/Elevation. In [9–11], the
authors made performance analysis of ML DOA algorithm
for single incident signals.On the other hand, the schemepre-
sented in this paper handles multiple incident signals as well
as single incident signal. In addition, the studies presented in
[9–11] consider the estimation of azimuth, not azimuth and
elevation. Note that, in this paper, we consider the estima-
tion of azimuth and elevation of multiple incident signals.

Derivation of Explicit Expressions of Bias and MSE, Not the
Lower Bound of MSE. In [13], the authors derived the CRLB
of theDOA algorithm, which is a lower bound of the variance
of theDOAalgorithm.Note that theCRLB is the lower bound
of the variance, not the variance itself of the DOA algorithm.
In this paper, explicit expression of the bias of the estimate
and explicit expression of the MSE itself, not the CRLB, have
been derived.

Intuition on the Effect of Each Approximation on the Esti-
mation Accuracy. In this paper, we obtain, for 𝑐 = 1, 2,
the expressions of [�̂�𝑐, �̂�𝑐], [�̂�(𝑢=1)𝑐 , �̂�(𝑢=1)𝑐 ], and [�̂�(𝑢=1,V)𝑐 ,�̂�(𝑢=1,V)𝑐 ]. The superscripts 𝑢 and V denote 𝑈 approximation
and𝑉 approximation, respectively.Therefore, [�̂�𝑐, �̂�𝑐], [�̂�(𝑢=1)𝑐 ,�̂�(𝑢=1)𝑐 ], and [�̂�(𝑢=1,V)𝑐 , �̂�(𝑢=1,V)𝑐 ] are the estimates with no
approximation, 𝑈 approximation, and 𝑈/𝑉 approximations,
respectively. By comparing these three values, we can intu-
itively recognize which approximation of 𝑈 approximation
and 𝑉 approximation results in larger error. The importance
of this observation is that the proposed scheme gives us an
intuition on which approximation of all the approximations
results in large approximation error. The approach presented
in [14] does not show any intuition on which approximation
results in large approximation error, since in [14] the authors
only explicitly consider Taylor series expansion for general
problem. Since the approach in [14] is a general approach
applicable to many estimation problems, it does not give
explicit expressions specific to DOA estimation problem.
Since the scheme presented in this paper only considers the
estimation ofDOAestimation, rather than general estimation
problem, the expressions presented in this paper are more
explicit than the results presented in [14].

Explicit Expressions of Various Estimates for Each Step of
Successive Approximations. To the best of our knowledge,

there has been no study where explicit expressions of succes-
sive estimates have been derived [6–13]. Successive estimates
imply various estimates obtained as each approximation has
been successively applied. In [14], no explicit expression of
estimate for each step of successive approximations has been
presented. Although the study presented in [14] deals with the
estimation of vector parameter as well as scalar parameter, the
results in [14] for vector parameter estimation, equations (41)
and (42) in [14], are quite implicit, rather than explicit, and it
is very difficult to get intuition on how the bias and the covari-
ance matrix are dependent on the amount of an additive
noise.

Search-Free ApproximateMLDOAEstimation andDerivation
of Closed-Form Estimation Error. For getting �̂�c and �̂�𝑐 in (13)
for 𝑐 = 1, 2, four-dimensional search with respect to 𝜃1, 𝜃2,𝜙1, and 𝜙2 has to be performed. In general, for estimation of𝑑 incident signals, 2𝑑 dimensional search has to be performed
for simultaneous estimation of [𝜃1, 𝜙1], . . . , [𝜃𝑑, 𝜙𝑑], which
is computationally very intensive. In addition, in practical
implementation of (13), the estimates are highly dependent
on the search range and search step, which implies that the
estimates in (13) may be wrong if search step and search
range are not properly chosen. In summary, the original
ML estimate [�̂�𝑐, �̂�𝑐] obtained from implementation of (13)
has two demerits of computational cost and dependence on
search step and search range.

On the other hand, [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and [𝛿𝜃(𝑢=1,V)𝑐 ,𝛿𝜙(𝑢=1,V)𝑐 ] are obtained from (42) and (45), respectively. Note
that [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] are obtained
in closed-form and that evaluation of [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and[𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] is search-free, which implies that evalua-
tion of [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] is much less
computationally intensive than evaluation of [𝜃(𝑢=1)𝑐 , 𝜙(𝑢=1)𝑐 ].
In addition, since evaluation of [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and[𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] is search-free, [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and[𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] are not dependent on search parameters
such as search step and search range.

[𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] in (42) and (45)
can be regarded as estimation errors for approximate ML
DOA algorithm. [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ]
can be obtained in closed-form, although [𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ]
and [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] are less accurate than [𝛿𝜃𝑐, 𝛿𝜙𝑐]
in the sense that 𝑈 approximation is applied in getting
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[𝛿𝜃(𝑢=1)𝑐 , 𝛿𝜙(𝑢=1)𝑐 ] and that𝑈/𝑉 approximations are applied in
getting [𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ].

Derivation of Analytic Expression of Closed-Form MSE of[𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ]. Many evaluations of (42) and (45) are
required for getting empirical performance analysis. Single
evaluation of (42) and (45) is not computationally intensive
since they are search-free closed-form solutions. Note that
main computational cost of evaluating (42) and (45) is
inversion of 2 × 2 matrices, which is not computationally
intensive at all. For estimation of 𝑑 incident signals, 𝑑 × 𝑑
matrices have to be inverted to implement (42) and (45). But
for empirical performance analysis based on Monte-Carlo
simulation, (42) and (45) have to be evaluated many times.
Note that the number of repetitions should be large for getting
reliable empirical performance analysis, which implies that
the empirical performance analysis based on many evalua-
tions of (42) and (45) is computationally intensive. In this
paper, it has been shown that empirical performance of
[𝛿𝜃(𝑢=1,V)𝑐 , 𝛿𝜙(𝑢=1,V)𝑐 ] can be obtained from (47), without many
evaluations of (45). Note that single evaluation of (47) results
in analytic performance analysis, which should be equivalent
to empirical performance based on many repetitions of (45).
Therefore, although it is not necessary to repeatedly evaluate
(45) to get empirical MSE, (45) is evaluated many times for
validating the derived expression (47). Also, note that since
analytic expression of the MSE of [𝜃(𝑢=1)𝑐 , 𝜙(𝑢=1)𝑐 ] is not avail-
able, theMSE of [𝜃(𝑢=1)𝑐 , 𝜙(𝑢=1)𝑐 ] has to be empirically obtained
via many evaluations of (42) with different realizations of
additive noise for each evaluation.

In �̂�(𝑢=1)𝑐 and �̂�(𝑢=1,V)𝑐 , the superscripts 𝑢 and V denote𝑈 approximation and 𝑉 approximation, respectively. On
the other hand, in [14], no explicit expression of MSE is
presented, and only the implicit expression of final estimate is
presented. Note that, in this paper, explicit expressions of all
the estimates associated with each successive approximation
have been presented.

2. ML DOA Algorithm

For simplicity, we present performance analysis for two
incident signals on the UCA in this paper. But, extension to
more incident signals and general planar array structure is
straightforward. Let Θ, Θ̂, Θ(0), and 𝛿Θ representΘ = (𝜃1, 𝜃2, 𝜙1, 𝜙2) ,Θ̂ = (�̂�1, �̂�2, �̂�1, �̂�2) ,Θ(0) = (𝜃(0)1 , 𝜃(0)2 , 𝜙(0)1 , 𝜙(0)2 ) ,𝛿Θ = (𝛿𝜃1, 𝛿𝜃2, 𝛿𝜙1, 𝛿𝜙2) .

(1)

The number of the antenna elements is denoted by𝑀. When
there is no noise, the received signals on the antenna elements
are expressed as

x (𝑡𝑛) = A (Θ) s (𝑡𝑛) , (2)

where s(𝑡𝑛) is given by

s (𝑡𝑛) = [𝑠1 (𝑡𝑛) 𝑠2 (𝑡𝑛)]𝑇 . (3)

Array matrix in (2) is written as

A (Θ) = [a (𝜃1, 𝜙1) a (𝜃2, 𝜙2)] , (4)

where array vector is defined as

a (𝜃𝑛, 𝜙𝑛)= [𝑎1 (𝜃𝑛, 𝜙𝑛) 𝑎2 (𝜃𝑛, 𝜙𝑛) ⋅ ⋅ ⋅ 𝑎𝑀 (𝜃𝑛, 𝜙𝑛)]𝑇 , (5)

𝑎𝑚 (𝜃𝑛, 𝜙𝑛) = exp [𝑗𝜓𝑚 (𝜃𝑛, 𝜙𝑛)] , (6)

𝜓𝑚 (𝜃𝑛, 𝜙𝑛) = 2𝜋𝑟𝜆 cos(𝜃𝑛 − 2𝜋 (𝑚 − 1)𝑀 ) cos𝜙𝑛. (7)

The corresponding expression for the noisy signals is

x (𝑡𝑛) = A (Θ) s (𝑡𝑛) + n (𝑡𝑛) , (8)

where 𝜃 and 𝜙 denote the azimuth and the elevation, respec-
tively.

Expression (7) for a general planar array with 𝐿 × 𝑀
elements can be written as

𝜓𝑙,𝑚 (𝜃𝑛, 𝜙𝑛) = 2𝜋𝜆 ((𝑙 − 1) Δ𝑥 sin 𝜃𝑛 cos𝜙𝑛+ (𝑚 − 1) Δ𝑦 cos 𝜃𝑛 cos𝜙𝑛) ,𝑙 = 1 ⋅ ⋅ ⋅ 𝐿, 𝑚 = 1 ⋅ ⋅ ⋅𝑀, (9)

where Δ𝑥 and Δ𝑦 denote the element spacing in the 𝑥-
direction and 𝑦-direction, respectively, and 𝑙 and 𝑚 denote
the index in the 𝑥-direction and 𝑦-direction, respectively.

Also, (8) for general planar array is written as

x (𝑡𝑛) = [𝑥𝑙=1,𝑚=1 (𝑡𝑛) ⋅ ⋅ ⋅ 𝑥𝑙=1,𝑚=𝑀 (𝑡𝑛) 𝑥𝑙=2,𝑚=1 (𝑡𝑛) ⋅ ⋅ ⋅ 𝑥𝑙=2,𝑚=𝑀 (𝑡𝑛) ⋅ ⋅ ⋅ 𝑥𝑙=𝐿,𝑚=1 (𝑡𝑛) ⋅ ⋅ ⋅ 𝑥𝑙=𝐿,𝑚=𝑀 (𝑡𝑛)]𝑇
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=

[[[[[[[[[[[[[[[[[[[[[[[[[[[[

𝑎𝑙=1,𝑚=1 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=1,𝑚=1 (𝜃𝑁, 𝜙𝑁)... ...𝑎𝑙=1,𝑚=𝑀 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=1,𝑚=𝑀 (𝜃𝑁, 𝜙𝑁)𝑎𝑙=2,𝑚=1 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=2,𝑚=1 (𝜃𝑁, 𝜙𝑁)... ...𝑎𝑙=2,𝑚=𝑀 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=2,𝑚=𝑀 (𝜃𝑁, 𝜙𝑁)... ...𝑎𝑙=𝐿,𝑚=1 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=𝐿,𝑚=1 (𝜃𝑁, 𝜙𝑁)... ...𝑎𝑙=𝐿,𝑚=𝑀 (𝜃1, 𝜙1) ⋅ ⋅ ⋅ 𝑎𝑙=𝐿,𝑚=𝑀 (𝜃𝑁, 𝜙𝑁)

]]]]]]]]]]]]]]]]]]]]]]]]]]]]

[[[[[
𝑠1 (𝑡𝑛)...𝑠𝑁 (𝑡𝑛)

]]]]] +

[[[[[[[[[[[[[[[[[[[[[[[[[[[[

𝑛𝑙=1,𝑚=1 (𝑡𝑛)...𝑛𝑙=1,𝑚=𝑀 (𝑡𝑛)𝑛𝑙=2,𝑚=1 (𝑡𝑛)...𝑛𝑙=2,𝑚=𝑀 (𝑡𝑛)...𝑛𝑙=𝐿,𝑚=1 (𝑡𝑛)...𝑛𝑙=𝐿,𝑚=𝑀 (𝑡𝑛)

]]]]]]]]]]]]]]]]]]]]]]]]]]]]

.

(10)

We have explicitly shown how (7) and (8) should be modified
for a two-dimensional planar array. Note that, for an arbitrary
array structure, (7) and (8) are modified appropriately to
apply the proposed algorithm to the specific array structure.
(7) for an arbitrary array structure can be easily obtained from
the phase difference between antenna elements, given the
azimuth and the elevation of the 𝑛th incident signal. Note that
the phase difference is both dependent on the array geometry
for a specific array structure and the direction of the incident
signal.

The projection matrix onto the column space of A can be
expressed as [15]. It is assumed that the entries of theGaussian
vector are independent and identically distributed Gaussian
random variables with zero-mean and the same variance.
Note that the noise is complex-valued and that the real part
and the imaginary part of the noise are independent Gaussian
random variables with zero-mean. The variance of the real
part is denoted by 𝜎2/2, which is equal to the variance of the
imaginary part, 𝜎2/2:

PA (Θ) = A (Θ) (A𝐻 (Θ)A (Θ))−1 A𝐻 (Θ) . (11)

Note that, in this paper, the formulation is for the case where
there are two incident signals. But, it can be easily extended
to the case of more incident signals. Using the maximum
likelihood (ML) algorithm, the estimates are given by [16]Θ̂ = argmax

Θ
tr (PA (Θ) R̂) . (12)

More specifically, (12) for 𝑑 = 2 is written as[�̂�1, �̂�2, �̂�1, �̂�2] = arg max
𝜃1,𝜃2 ,𝜙1,𝜙2

tr (PA (𝜃1, 𝜃2, 𝜙1, 𝜙2)R) . (13)

For notational simplicity, P(Θ) is used to denote PA(Θ):
P (Θ) ≡ PA (Θ) . (14)

R̂ is defined from

R̂ = 1𝑇 𝑇∑𝑛=1x (𝑡𝑛) x𝐻 (𝑡𝑛) . (15)

The explicit expression of the entries of the matrix(A𝐻(Θ)A(Θ))−1 in (11) is given by

A𝐻 (Θ)A (Θ) = [[ 𝑀 (A𝐻A)
12
(Θ)((A𝐻A)

12
(Θ))∗ 𝑀 ]] . (16)

Using (4) and (5), (A𝐻A)12(Θ) in (16) is given by𝑄 (Θ) ≡ (A𝐻A)
12
(Θ) = 𝑀∑

𝑘=1

(𝑎𝑘 (𝜃1, 𝜙1))∗ 𝑎𝑘 (𝜃2, 𝜙2) . (17)

Let 𝑎𝑚,𝑛 represent 𝑎𝑚(𝜃𝑛, 𝜙𝑛):𝑎𝑚,𝑛 ≡ 𝑎𝑚 (𝜃𝑛, 𝜙𝑛) . (18)

Using (16) and (17), (A𝐻(Θ)A(Θ))−1 can be expressed as(A𝐻 (Θ)A (Θ))−1 = 1𝐷 (Θ) [ 𝑀 −𝑄 (Θ)− (𝑄 (Θ))∗ 𝑀 ] , (19)

𝐷 (Θ) ≡ det (A𝐻 (Θ)A (Θ))= 𝑀2 − |𝑄 (Θ)|2 . (20)

Using (17), |𝑄(Θ)|2 can be written as|𝑄 (Θ)|2 = 𝑀∑
𝑘=1

𝑀∑
𝑘=1

(𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘,1 (𝑎𝑘,2)∗ . (21)

The explicit expression of the entries of the matrix P(Θ)
in (11) is given by 𝑃𝑘𝑙 (Θ) = 𝑆𝑘𝑙 (Θ)𝐷 (Θ) . (22)
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Using (16)–(21), 𝑆𝑘𝑙(Θ) in (22) is defined as𝑆𝑘𝑙 (Θ) ≡ (𝑎𝑙,1)∗ (𝑎𝑘,1𝑀− 𝑎𝑘,2𝑄 (Θ))+ (𝑎𝑙,2)∗ (𝑎𝑘,2𝑀− 𝑎𝑘,1𝑄 (Θ)) . (23)

Note that 𝑃𝑘𝑙(Θ) denotes the entry at the 𝑘th row and the𝑙th column of P(Θ). The explicit expression of the entries of
the matrix tr(P(Θ)R̂) in (12) is given by

tr (P (Θ) R̂)
= tr([[[[[

𝑃11 (Θ) ⋅ ⋅ ⋅ 𝑃1𝑀 (Θ)... d
...𝑃𝑀1 (Θ) ⋅ ⋅ ⋅ 𝑃𝑀𝑀 (Θ)

]]]]]
[[[[[[
�̂�11 ⋅ ⋅ ⋅ �̂�1𝑀... d

...�̂�𝑀1 ⋅ ⋅ ⋅ �̂�𝑀𝑀
]]]]]])= 𝑀∑

𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙 (Θ) �̂�𝑙𝑘.
(24)

Using (24) in (12), we get Θ̂. The biases of the estimates
are defined as 𝛿𝜃1 = �̂�1 − 𝜃(0)1 ,𝛿𝜃2 = �̂�2 − 𝜃(0)2 ,𝛿𝜙1 = �̂�1 − 𝜙(0)1 ,𝛿𝜙2 = �̂�2 − 𝜙(0)2 .

(25)

3. Closed-Form Expression of Estimation Error

Since 𝜃1, 𝜃2, 𝜙1, and 𝜙2 should be the maximizing arguments
of tr(P(Θ)R̂), the first-order derivative of tr(P(Θ)R̂) with
respect to each argument should be zero at Θ = Θ̂𝜕𝜕𝜃1 tr (P (Θ) R̂Θ=Θ̂)= 𝑀∑

𝑘=1

𝑀∑
𝑙=1

( 𝜕𝜕𝜃1𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜃1 (Θ)Θ=Θ̂) �̂�𝑙𝑘 = 0,𝜕𝜕𝜃2 tr (P (Θ) R̂Θ=Θ̂)= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

( 𝜕𝜕𝜃2𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜃2 (Θ)Θ=Θ̂) �̂�𝑙𝑘 = 0,

𝜕𝜕𝜙1 tr (P (Θ) R̂Θ=Θ̂)= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

( 𝜕𝜕𝜙1𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘
= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜙1 (Θ)Θ=Θ̂) �̂�𝑙𝑘 = 0,𝜕𝜕𝜙2 tr (P (Θ) R̂Θ=Θ̂)= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

( 𝜕𝜕𝜙2𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘
= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜙2 (Θ)Θ=Θ̂) �̂�𝑙𝑘 = 0,
(26)

where the first-order partial derivatives of 𝑃𝑘𝑙(Θ) in (26) with
respect to each argument are expressed as, using (22),𝑃𝑘𝑙,𝜃1 (Θ) ≡ 𝜕𝜕𝜃1𝑃𝑘𝑙 (Θ)= ((𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃1)𝐷 (Θ))(𝐷 (Θ))2 ,
𝑃𝑘𝑙,𝜃2 (Θ) ≡ 𝜕𝜕𝜃2𝑃𝑘𝑙 (Θ)= ((𝜕/𝜕𝜃2) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃2)𝐷 (Θ))(𝐷 (Θ))2 ,
𝑃𝑘𝑙,𝜙1 (Θ) ≡ 𝜕𝜕𝜙1𝑃𝑘𝑙 (Θ)= ((𝜕/𝜕𝜙1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙1)𝐷 (Θ))(𝐷 (Θ))2 ,
𝑃𝑘𝑙,𝜙2 (Θ) ≡ 𝜕𝜕𝜙2𝑃𝑘𝑙 (Θ)= ((𝜕/𝜕𝜙2) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙2)𝐷 (Θ))(𝐷 (Θ))2 .

(27)

The first-order partial derivatives of 𝐷(Θ) in (20) and 𝑆𝑘𝑙(Θ)
in (23) with respect to each argument in (27) are expressed in
the Appendices A and B. Denominator of equation (27) can
be written as(𝐷 (Θ))2 = 𝐷 (Θ)𝐷 (Θ)= 𝑀4 − 2𝑀2 |𝑄 (Θ)|2 + |𝑄 (Θ)|4 . (28)

Using (21), |𝑄(Θ)|4 is defined as|𝑄 (Θ)|4 = |𝑄 (Θ)|2 |𝑄 (Θ)|2
= 𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑞=1

𝑀∑
𝑞=1

(𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗ . (29)
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We define R̂ in (26) as

R̂ = 1𝑇 𝑇∑𝑛=1x (𝑡𝑛) x𝐻 (𝑡𝑛) , (30)

where x(𝑡𝑛) is given in (2). Let 𝛿R represent the difference
between R̂ and R̂: 𝛿R = R̂ − R̂, (31)𝛿𝑅𝑙𝑘 = �̂�𝑙𝑘 − �̂�𝑙𝑘. (32)

Substituting (32) in (26) and applying the first-order Taylor
expansion of 𝑃𝑘𝑙,𝜃1(Θ), 𝑃𝑘𝑙,𝜃2(Θ), 𝑃𝑘𝑙,𝜙1(Θ), and 𝑃𝑘𝑙,𝜙2(Θ) yield
𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜃𝑖 (Θ)Θ=Θ(0) + 2∑
𝑗=1

(𝛿𝜃𝑗 𝑃𝑘𝑙,𝜃𝑖 ,𝜃𝑗 (Θ)Θ=Θ(0))
+ 2∑
𝑗=1

(𝛿𝜙𝑗 𝑃𝑘𝑙,𝜃𝑖 ,𝜃𝑗 (Θ)Θ=Θ(0)) 𝑖 = 1, 2) (�̂�𝑙𝑘
+ 𝛿𝑅𝑙𝑘) = 0,
𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜙𝑖 (Θ)Θ=Θ(0) + 2∑
𝑗=1

(𝛿𝜃𝑗 𝑃𝑘𝑙,𝜙𝑖 ,𝜃𝑗 (Θ)Θ=Θ(0))
+ 2∑
𝑗=1

(𝛿𝜙𝑗 𝑃𝑘𝑙,𝜙𝑖 ,𝜃𝑗 (Θ)Θ=Θ(0)) 𝑖 = 3, 4) (�̂�𝑙𝑘
+ 𝛿𝑅𝑙𝑘) = 0.

(33)

Let w(𝑢=1)1 , w(𝑢=1)2 , w(𝑢=1)3 , w(𝑢=1)4 , b, and e(𝑢=1) be defined as𝑤(𝑢=1)𝑖,𝑗

=
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑗 ,𝜃𝑖 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 1, 2 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑗−2 ,𝜃𝑖 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 1, 2 𝑗 = 3, 4
𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑗 ,𝜙𝑖−2 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 3, 4 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑗−2 ,𝜙𝑖−2 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 3, 4 𝑗 = 3, 4,
(34)

𝑏𝑖 = {{{{{{{{{{{
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑖 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 1, 2
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑖−2 (Θ)|Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝑖 = 3, 4, (35)

𝑒(𝑢=1)𝑖 = {{{𝛿𝜃(𝑢=1)𝑖 𝑖 = 1, 2𝛿𝜙(𝑢=1)𝑖−2 𝑖 = 3, 4, (36)

where 𝑤(𝑢=1)𝑖,𝑗 denotes the 𝑗th component of w𝑖 and 𝑏𝑖 and 𝑒𝑖
denote the 𝑖th component of b and e, respectively. Using (34)–
(36), (33) can be expressed in matrix form

W(𝑢=1)e(𝑢=1) = b, (37)

whereW(𝑢=1) is defined as

W(𝑢=1) ≡ [w(𝑢=1)1 w(𝑢=1)2 w(𝑢=1)3 w(𝑢=1)4 ] . (38)

Note that 𝑤(𝑢=1)𝑖,𝑗 in (34) denotes the entry at the 𝑗th row and
the 𝑖th column of W in (38), not at the 𝑖th row and the 𝑗th
column. tr(P(Θ)R̂) should be maximized at Θ = Θ(0), since,
with the sample covariance matrix from noiseless response,
the ML algorithm estimates the DOA accurately. Therefore,
the partial derivatives of tr(P(Θ)R̂) with respect to the each
entry of Θ should be zero at Θ = Θ̂

𝜕𝜕𝜃𝑖 tr (P (Θ) R̂Θ=Θ̂) = 𝑀∑𝑘=1 𝑀∑𝑙=1 ( 𝜕𝜕𝜃𝑖 𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘
= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜃𝑖 (Θ)Θ=Θ̂) �̂�𝑙𝑘= 0 𝑖 = 1, 2,𝜕𝜕𝜙𝑖 tr (P (Θ) R̂Θ=Θ̂) = 𝑀∑𝑘=1 𝑀∑𝑙=1 ( 𝜕𝜕𝜙𝑖 𝑃𝑘𝑙 (Θ)Θ=Θ̂) �̂�𝑙𝑘
= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑃𝑘𝑙,𝜙𝑖 (Θ)Θ=Θ̂) �̂�𝑙𝑘= 0 𝑖 = 1, 2.

(39)

The last equalities of (39) can be expressed as

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑖 (Θ)Θ=Θ(0) �̂�𝑙𝑘 = 0 𝑖 = 1, 2,
𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑖 (Θ)Θ=Θ(0) �̂�𝑙𝑘 = 0 𝑖 = 1, 2. (40)

Substituting (40) in (35), b is simplified to

𝑏𝑖 = {{{{{{{{{{{{{
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑖 (Θ)|Θ=Θ(0) 𝛿𝑅𝑙𝑘 𝑖 = 1, 2
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑖−2 (Θ)|Θ=Θ(0) 𝛿𝑅𝑙𝑘 𝑖 = 3, 4. (41)

Using (38) and (35), e(𝑢=1) in (37) is defined as

e(𝑢=1) = (W(𝑢=1))−1 b. (42)
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Since �̂�𝑙𝑘 ≫ 𝛿𝑅𝑙𝑘 is true in (34), (34) can be approximated as𝑤(𝑢=1,V)𝑖,𝑗

=
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑗,𝜃𝑖 (Θ)|Θ=Θ(0) �̂�𝑙𝑘 𝑖 = 1, 2 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
l=1
𝑃𝑘𝑙,𝜙𝑗−2,𝜃𝑖 (Θ)|Θ=Θ(0) �̂�𝑙𝑘 𝑖 = 1, 2 𝑗 = 3, 4

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑗,𝜙𝑖−2 (Θ)|Θ=Θ(0) �̂�𝑙𝑘 𝑖 = 3, 4 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑗−2,𝜙𝑖−2 (Θ)|Θ=Θ(0) �̂�𝑙𝑘 𝑖 = 3, 4 𝑗 = 3, 4,
(43)

where the superscript V denotes that the approximation based
on �̂�𝑙𝑘 ≫ 𝛿𝑅𝑙𝑘 is applied. Accordingly,W(𝑢=1,V) is defined as

W(𝑢=1,V) = [w(𝑢=1,V)1 w(𝑢=1,V)2 w(𝑢=1,V)3 w(𝑢=1,V)4
] . (44)

Thefirst-order derivatives of𝑃𝑘𝑙,𝜃1(Θ), 𝑃𝑘𝑙,𝜃2(Θ), 𝑃𝑘𝑙,𝜙1(Θ), and𝑃𝑘𝑙,𝜙2(Θ) in (34) are derived in Appendix G. Applying 𝑉-
approximation to (37), e(𝑢=1,V) is given by

e(𝑢=1,V) = (W(𝑢=1,V))−1 b, (45)

where an explicit expression of the entries of e(𝑢=1,V) is

𝑒(𝑢=1,V)𝑖 = {{{𝛿𝜃(𝑢=1,V)𝑖 𝑖 = 1, 2𝛿𝜙(𝑢=1,V)𝑖−2 𝑖 = 3, 4. (46)

4. Closed-Form Expression of
Mean Square Error

Using (45), an analytic MSE of e(𝑢=1,V) can be expressed as𝐸 [e(𝑢=1,V) (e(𝑢=1,V))𝐻]
= (W(𝑢=1,V))−1 𝐸 [bb𝐻] ((W(𝑢=1,V))−1)𝐻 . (47)

The entry at the 𝑖th row and the 𝑗th column of 𝐸[bb𝐻] can be
expressed as(𝐸 [b𝐻b])

𝑖,𝑗

=
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑖,𝜃𝑗𝐸 [𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] 𝑖 = 1, 2 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑖−2,𝜃𝑗𝐸 [𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] 𝑖 = 3, 4 𝑗 = 1, 2
𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑖,𝜙𝑗−2𝐸 [𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] 𝑖 = 1, 2 𝑗 = 3, 4
𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑖−2,𝜙𝑗−2𝐸 [𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] 𝑖 = 3, 4 𝑗 = 3, 4.
(48)

𝐸[𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] in (48) is derived in Appendix P. Entries of𝐸[e(𝑢=1,V)(e(𝑢=1,V))𝐻] in (47) are written as(𝐸 [e(𝑢=1,V) (e(𝑢=1,V))𝐻])
𝑖,𝑗

=
{{{{{{{{{{{{{{{{{{{

𝐸[𝛿𝜃(𝑢=1,V)𝑖 𝛿𝜃∗(𝑢=1,V)𝑗 ] 𝑖 = 1, 2 𝑗 = 1, 2𝐸 [𝛿𝜃(𝑢=1,V)𝑖 𝛿𝜙∗(𝑢=1,V)𝑗−2 ] 𝑖 = 1, 2 𝑗 = 3, 4𝐸 [𝛿𝜙(𝑢=1,V)𝑖−2 𝛿𝜃∗(𝑢=1,V)𝑗 ] 𝑖 = 3, 4 𝑗 = 1, 2𝐸 [𝛿𝜙(𝑢=1,V)𝑖−2 𝛿𝜙∗(𝑢=1,V)𝑗−2 ] 𝑖 = 3, 4 𝑗 = 3, 4.
(49)

From (49), it is clear that the MSEs of 𝛿𝜃1, 𝛿𝜃2, 𝛿𝜙1, and 𝛿𝜙2
are given by𝐸 [(𝛿𝜃(𝑢=1,V)𝑖 )2] = 𝐸 [𝛿𝜃(𝑢=1,V)𝑖 (𝛿𝜃(𝑢=1,V)𝑖 )∗]

= (𝐸 [e(𝑢=1,V) (e(𝑢=1,V))𝐻])
𝑖,𝑖 𝑖 = 1, 2,

(50)

𝐸 [(𝛿𝜙(𝑢=1,V)𝑖−2 )2] = 𝐸 [𝛿𝜙(𝑢=1,V)𝑖−2 (𝛿𝜙(𝑢=1,V)𝑖−2 )∗]= (𝐸 [e(𝑢=1,V) (e(𝑢=1,V))𝐻])
𝑖,𝑖 𝑖 = 3, 4, (51)

where (𝛿𝜃(𝑢=1,V)𝑖 )2 = 𝛿𝜃(𝑢=1,V)𝑖 (𝛿𝜃(𝑢=1,V)𝑖 )∗ and (𝛿𝜙(𝑢=1,V)𝑖 )2 =𝛿𝜙(𝑢=1,V)𝑖 (𝛿𝜙(𝑢=1,V)𝑖 )∗ are true since 𝛿𝜃𝑖 and 𝛿𝜙𝑖 are real-valued.
Mathematical details on the derivation are summarized as
follows.

Mathematical Details on the PerformanceAnalysis ofMLDOA
Estimation.Number of snapshots is 𝐿, number of arrays is𝑀,
and number of signals is 2.Θ = (𝜃1, 𝜙1, 𝜃2, 𝜙2) ,Θ(0) = (𝜃(0)1 , 𝜙(0)1 , 𝜃(0)2 , 𝜙(0)2 ) ,Θ̂ = (�̂�1, �̂�1, �̂�2, �̂�2) ⇒𝛿Θ ≡ Θ̂ − Θ(0) = (𝛿𝜃1, 𝛿𝜙1, 𝛿𝜃2, 𝛿𝜙2) ,

A (𝜃1, 𝜙1, 𝜃2, 𝜙2) = [a (𝜃1, 𝜙1) a (𝜃2, 𝜙2)] ,
a (𝜃, 𝜙) = [𝑎1 (𝜃, 𝜙) ⋅ ⋅ ⋅ 𝑎𝑀 (𝜃, 𝜙)]𝑇= [exp (𝑗𝜓1 (𝜃, 𝜙)) ⋅ ⋅ ⋅ exp (𝑗𝜓𝑀 (𝜃, 𝜙))]𝑇 ,
s (𝑡) = [𝑠1 (𝑡) , 𝑠2 (𝑡)]𝑇 ,
x (𝑡) ≡ A (Θ) s (𝑡) ,
x (𝑡) ≡ A (Θ) s (𝑡) + n (𝑡) .

(52)
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Projection matrix of A(Θ) : P(Θ) =
A(Θ)(A𝐻(Θ)A(Θ))−1A𝐻(Θ)

R̂ = 1𝐿 𝐿∑
𝑖=1

x (𝑡𝑖) x𝐻 (𝑡𝑖) ,
R̂ = 1𝐿 𝐿∑

𝑖=1

x (𝑡𝑖) x𝐻 (𝑡𝑖) ⇒𝛿R ≡ R̂ − R̂.
(53)

The derivatives of the ML cost function, based on the
covariance matrix associated with noisy array response, with
respect to each incident signal, are not identically zero at true
incident angles. From the angles at which the derivative is
identically zero, the expression of the estimation error can be
derived 𝑃𝑘𝑙,𝜃𝑛 (Θ) ≡ 𝜕𝜕𝜃𝑛P𝑘𝑙 (Θ) ,𝑃𝑘𝑙,𝜙𝑛 (Θ) ≡ 𝜕𝜕𝜙𝑛P𝑘𝑙 (Θ) , 𝑛 = 1, 2,

tr (P𝑘𝑙 (Θ) R̂) = 𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙 (Θ) �̂�𝑙𝑘.
(54)

The derivative of the ML cost function, based on the covari-
ance matrix associated with noiseless array response, with
respect to each incident signal, is identically zero at true
incident angles𝜕𝜕𝜃𝑛 tr (P𝑘𝑙 (Θ) R̂)Θ=Θ(0) = 𝑀∑𝑘=1 𝑀∑𝑙=1𝑃𝑘𝑙,𝜃𝑛 (Θ) �̂�𝑙𝑘Θ=Θ(0)= 0, 𝑛 = 1, 2, (55)

𝜕𝜕𝜙𝑛 tr (P𝑘𝑙 (Θ) R̂)Θ=Θ(0) = 𝑀∑𝑘=1 𝑀∑𝑙=1𝑃𝑘𝑙,𝜙𝑛 (Θ) �̂�𝑙𝑘Θ=Θ(0)= 0, 𝑛 = 1, 2, (56)

𝜕𝜕𝜃𝑛 tr (P𝑘𝑙 (Θ)Θ=Θ̂ R̂) = tr( 𝜕𝜕𝜃𝑛P𝑘𝑙 (Θ)Θ=Θ̂ R̂)= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜃𝑛 (Θ) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)Θ=Θ̂ = 0, 𝑛 = 1, 2,

𝜕𝜕𝜙𝑛 tr (P𝑘𝑙 (Θ)Θ=Θ̂ R̂) = tr( 𝜕𝜕𝜙𝑛P𝑘𝑙 (Θ)Θ=Θ̂ R̂)= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

𝑃𝑘𝑙,𝜙𝑛 (Θ) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)Θ=Θ̂ = 0,
𝑛 = 1, 2,

(57)

𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑓𝑛)𝑘𝑙 (Θ) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)Θ=Θ(0)+𝛿Θ= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

((𝑓𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜃1 𝜕𝜕𝜃1 (𝑓𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜃2 𝜕𝜕𝜃2 (𝑓𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜙1 𝜕𝜕𝜙1 (𝑓𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜙2 𝜕𝜕𝜙2 (𝑓𝑛)𝑘𝑙 (Θ)Θ=Θ(0))(�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) = 0,𝑛 = 1, . . . , 𝑁,
𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑔𝑛)𝑘𝑙 (Θ) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)Θ=Θ(0)+𝛿Θ= 𝑀∑
𝑘=1

𝑀∑
𝑙=1

((𝑔𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜃1 𝜕𝜕𝜃1 (𝑔𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜃2 𝜕𝜕𝜃2 (𝑔𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜙1 𝜕𝜕𝜙1 (𝑔𝑛)𝑘𝑙 (Θ)Θ=Θ(0)+ 𝛿𝜙2 𝜕𝜕𝜙2 (𝑔𝑛)𝑘𝑙 (Θ)Θ=Θ(0))(�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) = 0𝑛 = 1, . . . , 𝑁.

(58)

Substituting (55) and (56) in (58) results in

[[[[[[[[[[[[[[[[

𝜕𝜕𝜃1 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜃2 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙1 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙2 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)𝜕𝜕𝜃1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜃2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)𝜕𝜕𝜃1 (𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜃2 (𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)𝜕𝜕𝜃1 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜃2 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙1 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘) 𝜕𝜕𝜙2 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) (�̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘)

]]]]]]]]]]]]]]]]

[[[[[[[[[[

𝛿𝜃(V=1)1𝛿𝜃(V=1)1𝛿𝜙(V=1)1𝛿𝜙(V=1)𝑁
]]]]]]]]]]
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=
[[[[[[[[[[[[[[[[[[[[[[

−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘

]]]]]]]]]]]]]]]]]]]]]]

.

(59)

Using �̂�𝑙𝑘 + 𝛿𝑅𝑙𝑘 ≈ �̂�𝑙𝑘 in (59) results in

[[[[[[[[[[[[[[[[[[[

𝜕𝜕𝜃1 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜃2 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙1 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙2 (𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘𝜕𝜕𝜃1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜃2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘𝜕𝜕𝜃1 (𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜃2 (𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙1 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙2 (𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘𝜕𝜕𝜃1 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜃2 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙1 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘 𝜕𝜕𝜙2 (𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) �̂�𝑙𝑘

]]]]]]]]]]]]]]]]]]]

[[[[[[[[[[

𝛿𝜃(V=1)1𝛿𝜃(V=1)1𝛿𝜙(V=1)1𝛿𝜙(V=1)𝑁
]]]]]]]]]]

=
[[[[[[[[[[[[[[[[[[[[[[

−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑓1)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑓2)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑔1)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘
−𝑀∑
𝑘=1

𝑀∑
𝑙=1

(𝑔2)𝑘𝑙 (Θ)Θ=Θ(0) 𝛿𝑅𝑙𝑘

]]]]]]]]]]]]]]]]]]]]]]

⇒

W(V=1)e(V=1) = b,
e(V=1) = (W(V=1))−1 b,
𝐸 [e(V=1) (e(V=1))𝐻] = 𝐸 [(W(V=1))−1 b ((W(V=1))−1 b)𝐻] = 𝐸[(W(V=1))−1 bb𝐻 ((W(V=1))−1)𝐻]

= (W(V=1))−1 𝐸 [bb𝐻] ((W(V=1))−1)𝐻 .

(60)
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An analytic expression of𝐸[bb𝐻] can be derived by exploiting
statistical distribution of 𝛿𝑅𝑙𝑘.
5. Numerical Results

MSEs of �̂�1, �̂�(𝑢=1)1 , and �̂�(𝑢=1,V)1 are defined as

Simulation 𝐸 [(�̂�1 − 𝜃(0)1 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃1,(𝑡))2 ,
Simulation 𝐸[(�̂�(𝑢=1)1 − 𝜃(0)1 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃(𝑢=1)1,(𝑡) )2 ,
Simulation 𝐸[(�̂�(𝑢=1,V)1 − 𝜃(0)1 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃(𝑢=1,V)1,(𝑡) )2 ,

(61)

where 𝑇 denotes the number of repetitions. The subscript 𝑡
denotes the estimate associated with the 𝑡th repetition out of𝑇 repetitions. (𝛿𝜃1,(𝑡))2, (𝛿𝜃(𝑢=1)1,(𝑡) )2, and (𝛿𝜃(𝑢=1,V)1,(𝑡)

)2 in (61) are
given by (42), (45), and (13), respectively.

In Figure 2(a), we illustrate how accurate the MSEs
of �̂�1, �̂�(𝑢=1)1 , and �̂�(𝑢=1,V)1 are. The results with “Simulation𝐸[(�̂�1 − 𝜃(0)1 )2],” “Simulation 𝐸[(�̂�(𝑢=1)1 − 𝜃(0)1 )2],” “Simulation𝐸[(�̂�(𝑢=1,V)1 − 𝜃(0)1 )2],” and “Analytic 𝐸[(�̂�(𝑢=1,V)1 − 𝜃(0)1 )2]” are
obtained using (61) and (50), respectively. It has been clearly
shown that the results with “Simulation 𝐸[(�̂�(𝑢=1,V)1 − 𝜃(0)1 )2]”
show good agreement with those with “Analytic 𝐸[(�̂�(𝑢=1,V)1 −𝜃(0)1 )2]”. In addition, the results with “Simulation 𝐸[(�̂�(𝑢=1,V)1 −𝜃(0)1 )2]” get closer to those with “Simulation 𝐸[(�̂�1 − 𝜃(0)1 )2]”
as SNR increases. Therefore, at high SNR, the results with
“Analytic 𝐸[(�̂�(𝑢=1,V)1 − 𝜃(0)1 )2]” can be used for determining
how accurate the results with “𝐸[(�̂�1 − 𝜃(0)1 )2]” are. The lower
bound of the MSE for an unbiased estimator is called the
CRLB. The CRLB for 𝜃1 is also illustrated in Figure 2(a),
where it is verified that the CRLB is actually below the
analytic MSEs. Generally, the CRLB of each parameter can
be obtained from the diagonal entry of BSTO:𝐸 [{Θ̂ − Θ(0)} {Θ̂ − Θ(0)}𝑇] ≥ BSTO, (62)(B−1STO)𝑖𝑗 = 2𝑁𝜎2 Re [tr {A𝐻𝑗 P⊥AA𝑖SA𝐻R−1AS}] ,𝑖, 𝑗 = 1, . . . , 4, (63)

where A𝑖 is defined in [13]. The CRLB of 𝜃1 is obtained from(1, 1) element of BSTO in (63).
MSEs of �̂�2, �̂�(𝑢=1)2 , and �̂�(𝑢=1,V)2 are defined as

Simulation 𝐸 [(�̂�2 − 𝜃(0)2 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃22,(𝑡))2 ,
Simulation 𝐸[(�̂�(𝑢=1)2 − 𝜃(0)2 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃(𝑢=1)2,(𝑡) )2 ,
Simulation 𝐸[(�̂�(𝑢=1,V)2 − 𝜃(0)2 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜃(𝑢=1,V)2,(𝑡) )2 .

(64)

(𝛿𝜃2,(𝑡))2, (𝛿𝜃(𝑢=1)2,(𝑡) )2, and (𝛿𝜃(𝑢=1,V)
2,(𝑡)

)2 in (64) are given by
(13), (42), and (45), respectively. In Figure 2(b), we illus-
trate how accurate the MSEs of �̂�2, �̂�(𝑢=1)2 , and �̂�(𝑢=1,V)2 are.
The results with “Simulation 𝐸[(�̂�2 − 𝜃(0)2 )2],” “Simulation𝐸[(�̂�(𝑢=1)2 − 𝜃(0)2 )2],” “Simulation 𝐸[(�̂�(𝑢=1,V)2 − 𝜃(0)2 )2],” and
“Analytic 𝐸[(�̂�(𝑢=1,V)2 − 𝜃(0)2 )2]” are obtained using (64) and
(51), respectively. We can easily see that the observation for�̂�1 �̂�(𝑢=1)1 and �̂�(𝑢=1,V)1 in Figure 2(a) is also true for �̂�2 �̂�(𝑢=1)2
and �̂�(𝑢=1,V)2 in Figure 2(b). The CRLB of 𝜃2 is obtained from
the (3, 3) element of the BSTO in (63).

MSEs of the �̂�1, �̂�(𝑢=1)1 , and �̂�(𝑢=1,V)1 are defined as

Simulation 𝐸 [(�̂�1 − 𝜙(0)1 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜙21,(𝑡))2 ,
Simulation 𝐸[(�̂�(𝑢=1)1 − 𝜙(0)1 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜙(𝑢=1)1,(𝑡) )2 ,
Simulation 𝐸[(�̂�(𝑢=1,V)1 − 𝜙(0)1 )2]

= 1𝑇 𝑇∑𝑡=1 (𝛿𝜙(𝑢=1,V)1,(𝑡) )2 .
(65)

(𝛿𝜙1,(𝑡))2, (𝛿𝜙(𝑢=1)1,(𝑡) )2, and (𝛿𝜙(𝑢=1,V)1,(𝑡)
)2 in (65) are given by (13),

(42), and (45), respectively.
In Figure 2(c), we illustrate how accurate the MSEs of�̂�1, �̂�(𝑢=1)1 , and �̂�(𝑢=1,V)1 are. The results with “Simulation𝐸[(�̂�1 −𝜙(0)1 )2],” “Simulation 𝐸[(�̂�(𝑢=1)1 −𝜙(0)1 )2],” “Simulation𝐸[(�̂�(𝑢=1,V)1 − 𝜙(0)1 )2],” and “Analytic 𝐸[(�̂�(𝑢=1,V)1 − 𝜙(0)1 )2]”

are obtained using (65) and (51), respectively. It is clear in
Figure 2(c) that �̂�(𝑢=1,V)1 can be used to approximate �̂�1 and
that empirical MSE of �̂�(𝑢=1,V)1 is equal to an analytic MSE of�̂�(𝑢=1,V)1 in (51). The CRLB of 𝜙1 is obtained from the (2, 2)
element of BSTO in (63).

MSEs of �̂�2, �̂�(𝑢=1)2 , and �̂�(𝑢=1,V)2 are defined as

Simulation 𝐸 [(�̂�2 − 𝜙(0)2 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜙2,(𝑡))2 ,
Simulation 𝐸[(�̂�(𝑢=1)2 − 𝜙(0)2 )2] = 1𝑇 𝑇∑𝑡=1 (𝛿𝜙(𝑢=1)2,(𝑡) )2 ,
Simulation 𝐸[(�̂�(𝑢=1,V)2 − 𝜙(0)2 )2]

= 1𝑇 𝑇∑𝑡=1 (𝛿𝜙(𝑢=1,V)2,(𝑡) )2 .
(66)

(𝛿𝜙2,(𝑡))2, (𝛿𝜙(𝑢=1)2,(𝑡) )2, and (𝛿𝜙(𝑢=1,V)
2,(𝑡)

)2 in (66) are given by
(13), (42), and (45), respectively. In Figure 2(d), we illus-
trate how accurate the MSEs of �̂�2, �̂�(𝑢=1)2 , and �̂�(𝑢=1,V)2 are.
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Figure 2: Mean square error of 𝜃1, 𝜃2, 𝜙1, and 𝜙2 for SNR 10 dB to 20 dB.

The results with “Simulation 𝐸[(�̂�2 − 𝜙(0)2 )2],” “Simulation𝐸[(�̂�(𝑢=1)2 − 𝜙(0)2 )2],” “Simulation 𝐸[(�̂�(𝑢=1,V)2 − 𝜙(0)2 )2],” and
“Analytic 𝐸[(�̂�(𝑢=1,V)2 − 𝜙(0)2 )2]” are obtained using (66) and
(51), respectively. It is clear that the observation on the various
estimates of 𝜙1, in Figure 2(c), also applies to the various
estimates of 𝜙2 in Figure 2(d). The CRLB of 𝜙2 is obtained
from the (4, 4) element of BSTO in (63).

In Figures 3–5, the results with respect to SNR are shown.
It has been shown in the new numerical results that a gap
between the MSE of the MLE and the Cramer-Rao lower
bound gets smaller as the SNR varies from −20 dB to 20 dB

in increments of 10 dB. Note that, in Figure 3, the gap for
SNR = 20 dB is much smaller than that for SNR = −20 dB,
which implies that the MSE of the MLE attains CRLB as SNR
increases. Similar observation can be found in Figures 4 and
5.

Closed-form expression is only available for the esti-
mate both with 𝑈-approximation and 𝑉-approximation. 𝑈-
approximation in our scheme is based on the first-order
Taylor series expansion, which implies that𝑈-approximation
becomes less accurate when the variance of the noise is large
since the first-order Taylor series expansion does not take into
account higher-order terms. Note that high variance of noise
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Figure 3: MSE of 𝜃1, 𝜃2, 𝜙1, and 𝜙2 for SNR −20 dB to 20 dB (the number of samples = 26).
corresponds to low SNR. 𝑉-approximation in our scheme is
based on the fact that the difference between the covariance
matrix with noisy array response and that with noiseless
antenna response is much smaller than the covariancematrix
with noiseless antenna response.𝑉-approximation is accurate
when the noisy antenna response is similar to the noiseless
antenna response, which is true for high SNR. That is, 𝑉-
approximation is valid for high SNR.

In conclusion, both 𝑈-approximation and 𝑉-approxima-
tion are valid for high SNR, and therefore the closed-form
expression for the estimate with 𝑈-approximation and 𝑉-
approximation is also valid for high SNR.

6. Summary and Conclusion

In Figures 6 and 7, we illustrate the outline of our derivation
and how the performance analysis of the ML algorithm
method is conducted.

In the case of azimuth/elevation estimation of multiple
incident signals using the UCA, it has been shown that the
bias of the estimate associated with the ML algorithm can be
expressed in the closed-form at high SNR where the estima-
tion error is small. The closed-form expression of the MSE of

the one of the estimates has been derived, which implies that
the MSE of the estimates can be obtained without computa-
tionally intensive Monte-Carlo simulation. The derivation is
based on the fact that, for small estimation error, we canmake
the Taylor series approximation of the array vector, which
makes it possible for us to get a closed-form expression of the
MSE of the estimate.

We assume that an additive noise on the antenna elements
is complex Gaussian distributed and that noise at each
antenna is spatially white. Future works include how to
extend the results in this paper to the case of non-Gaussian
noise and spatially correlated noise. Although the formula-
tion and the numerical results for two incident signals are
presented in this paper, an extension to multiple incident sig-
nals is quite intuitively clear and straightforward.Thenumber
of columns A(Θ) in (4) is equal to the number of incident
signals. For𝑁 incident signals, AH(Θ)A(Θ) in (14) is𝑁 ×𝑁
matrix and (AH(Θ)A(Θ))−1 in (17) can be explicitly expressed
using the adjoint method. More specifically, 𝐷(Θ) in (18),
which is a determinant ofAH(Θ)A(Θ), can be obtained from
the cofactor expansion along any row or any column of
AH(Θ)A(Θ). The entry at the 𝑘th row and the 𝑙th colmn of
S, 𝑆𝑘𝑙(Θ) in (21), is the entry at the 𝑘th row and the 𝑙th colmn
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Figure 4: MSE of 𝜃1, 𝜃2, 𝜙1, and 𝜙2 for SNR −20 dB to 20 dB (the number of samples = 210).
of the adjoint matrix of AH(Θ)A(Θ). Note also that PA(Θ) =
A(Θ)(AH(Θ)A(Θ))−1AH(Θ) is 𝑀 × 𝑀 matrix, where 𝑀 is
the number of antenna elements. Therefore, the number of
rows and the number of columns of PA(Θ) are not dependent
on the number of incident signals, 𝑁. Therefore, simple
modification of the scheme presented in this paper results in
more general scheme, which can be used irrespective of the
number of incident signals.

Equation (7) of this manuscript is valid only for the
uniform circular array. For different array structure, (7)
should be modified appropriately. In that case, we only have
to simply modify

(i) the expressions associated with the first derivatives of
(7), which are (D.1),

(ii) the expressions associated with the second derivatives
of (7), which are (K.1).

Simply modifying (D.1) and (K.1) for specific array structure
is not so hard.Therefore, although we presented the formula-
tion for the UCA structure, it can be very easily extended to
any array structure.

Appendix

A. The First-Order Derivatives of 𝐷(Θ) with
respect to 𝜃1, 𝜃2, 𝜙1, and 𝜙2

For use in (27), Appendices F and G, the first-order partial
derivatives of𝐷(Θ) in (20) with respect to each argument are
expressed as𝜕𝜕𝜃1𝐷 (Θ)

= −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) ,𝜕𝜕𝜃2𝐷 (Θ)
= −𝑀∑
𝑘=1

𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗
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Figure 5: MSE of 𝜃1, 𝜃2, 𝜙1, and 𝜙2 for SNR −20 dB to 20 dB (the number of samples = 214).

(i) Derivation of MSE of estimate

(ii) Validation of derived expression by 
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Figure 6: Overview of the proposed analytical performance analysis of ML algorithm.

+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗)) ,𝜕𝜕𝜙1𝐷 (Θ)
= −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) ,
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[[[[[[[[[[
[

1

1

...

N

N

]]]]]]]]]]
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R

R: the ML algorithm using covariance matrix obtained from
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 ≡  + 

 ≫ 


: the ML algorithm using covariance matrix obtained from 

time-average of noisy incident signals results in estimation
error (perturbation of estimates of incident angles due to
perturbation in the entries of the covariance matrix
resulting from the noise induced in the array response)
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Θ

ＮＬ ((Θ))

Θ = ；ＬＡ max
Θ

ＮＬ ((Θ)

  

















1

ＮＬ ( (1, 1, . . . , N, N) ̂  Θ=Θ(0)+Θ
) = 0



1

ＮＬ ( (1, 1, . . . , N, N) ̂  Θ=Θ(0)+Θ
) = 0

...



N

ＮＬ ( (1, 1, . . . , N, N) ̂  Θ=Θ(0)+Θ
) = 0



N

ＮＬ ( (1, 1, . . . , N, N) ̂  Θ=Θ(0)+Θ
) = 0

(2)

)

Ｉ＠ N ＣＨ＝Ｃ＞？ＨＮ ＭＣＡＨ；ＦＭestimates

Figure 7: Summary of performance analysis of ML DOA estimation algorithm.

𝜕𝜕𝜙2𝐷 (Θ) = 𝑀∑
𝑘=1

𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗)) .
(A.1)

B. The First-Order Derivatives of 𝑆𝑘𝑙(Θ) with
respect to 𝜃1, 𝜃2, 𝜙1, and 𝜙2

For use in (27), Appendices E and G, the first-order partial
derivatives of 𝑆𝑘𝑙 in (23) with respect to each argument are
expressed as

𝜕𝜕𝜃1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗) (𝑎𝑘,1𝑀− 𝑎𝑘,2 (𝑄 (Θ))∗)
+ (𝑎𝑙,1)∗ (( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕𝜕𝜃1 (𝑄 (Θ))∗))
+ (𝑎𝑙,2)∗ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑄 (Θ)

− 𝑎𝑘,1 ( 𝜕𝜕𝜃1𝑄 (Θ))) ,𝜕𝜕𝜃2 𝑆𝑘𝑙 (Θ) = (𝑎𝑙,1)∗ (−( 𝜕𝜕𝜃2 𝑎𝑘,2) (𝑄 (Θ))∗
− 𝑎𝑘,2 ( 𝜕𝜕𝜃2 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗) (𝑎𝑘,2𝑀− 𝑎𝑘,1𝑄 (Θ)) + (𝑎𝑙,2)∗ (( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜃2𝑄 (Θ))) ,𝜕𝜕𝜙1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗) (𝑎𝑘,1𝑀− 𝑎𝑘,2 (𝑄 (Θ))∗)
+ (𝑎𝑙,1)∗ (( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕𝜕𝜙1 (𝑄 (Θ))∗))
+ (𝑎𝑙,2)∗ (−( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑄 (Θ)
− 𝑎𝑘,1 ( 𝜕𝜕𝜙1𝑄 (Θ))) ,
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− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗) (𝑎𝑘,2𝑀− 𝑎𝑘,1𝑄 (Θ)) + (𝑎𝑙,2)∗ (( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜙2𝑄 (Θ))) .

(B.1)

C. The First-Order Derivatives of 𝑄(Θ) with
respect to 𝜃1, 𝜃2, 𝜙1, and 𝜙2

For use in Appendices B and L, the first-order partial
derivatives of 𝑄(Θ) in (17) with respect to each argument are
expressed as

𝜕𝜕𝜃1𝑄 (Θ) = 𝑀∑
𝑘=1

(( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)𝑎𝑘,2) ,𝜕𝜕𝜃2𝑄 (Θ) = 𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)) ,𝜕𝜕𝜙1𝑄 (Θ) = 𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)𝑎𝑘,2) ,𝜕𝜕𝜙2𝑄 (Θ) = 𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕𝜕𝜙2 𝑎𝑘,2)) .
(C.1)

D. The First-Order Derivatives of 𝑎𝑚(𝜃𝑛,𝜙𝑛)
with respect to 𝜃𝑛 and 𝜙𝑛

For use in Appendices A, B, C, E, F, I, J, K, and L, the first-
order partial derivatives of 𝑎𝑚(𝜃𝑛, 𝜙𝑛) in (18) with respect to
each argument are expressed as𝜕𝜕𝜃𝑛 𝑎𝑚 (𝜃𝑛, 𝜙𝑛)= −𝑗2𝜋𝑟𝜆 sin(𝜃𝑛 − 2𝜋𝑀 (𝑚 − 1)) cos𝜙𝑛𝑎𝑚 (𝜃𝑛, 𝜙𝑛) ,𝜕𝜕𝜙𝑛 𝑎𝑚 (𝜃𝑛, 𝜙𝑛)= −𝑗2𝜋𝑟𝜆 cos(𝜃𝑛 − 2𝜋𝑀 (𝑚 − 1)) sin𝜙𝑛𝑎𝑚 (𝜃𝑛, 𝜙𝑛) .

(D.1)

E. The Second-Order Partial
Derivatives of 𝑆𝑘𝑙(Θ)

For use in Appendix G, the second partial derivatives of𝑆𝑘𝑙(Θ) in (23) with respect to each argument are expressed
as

𝜕2𝜕𝜃21 𝑆𝑘𝑙 (Θ) = ( 𝜕2𝜕𝜃21 (𝑎𝑙,1)∗) (𝑎𝑘,1𝑀− 𝑎𝑘,2 (𝑄 (Θ))∗)
+ (𝑎𝑙,1)∗ (( 𝜕2𝜕𝜃21 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕2𝜕𝜃21 (𝑄 (Θ))∗))
+ ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗)(( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑀− 𝑎𝑘,2 ( 𝜕𝜕𝜃1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗)⋅ (( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕𝜕𝜃1 (𝑄 (Θ))∗))
+ (𝑎𝑙,2)∗ (−( 𝜕2𝜕𝜃21 𝑎𝑘,1)𝑄 (Θ)
− ( 𝜕𝜕𝜃1 𝑎𝑘,1)( 𝜕𝜕𝜃1𝑄 (Θ))) + (𝑎𝑙,2)∗
⋅ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)( 𝜕𝜕𝜃1𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕2𝜕𝜃21𝑄 (Θ))) ,𝜕𝜕𝜃2 𝜕𝜕𝜃1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗)⋅ (−( 𝜕𝜕𝜃2 𝑎𝑘,2) (𝑄 (Θ))∗ − 𝑎𝑘,2 ( 𝜕𝜕𝜃2 (𝑄 (Θ))∗))
+ (𝑎𝑙,1)∗ (( 𝜕𝜕𝜃2 𝑎𝑘,2)( 𝜕𝜕𝜃1 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕𝜕𝜃2 𝜕𝜕𝜃1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)⋅ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑄 (Θ) − 𝑎𝑘,1 ( 𝜕𝜕𝜃1𝑄 (Θ)))
+ (𝑎𝑙,2)∗ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)( 𝜕𝜕𝜃2𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕𝜕𝜃2 𝜕𝜕𝜃1𝑄 (Θ))) ,𝜕𝜕𝜙1 𝜕𝜕𝜃1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜙1 𝜕𝜕𝜃1 (𝑎𝑙,1)∗) (𝑎𝑘,1𝑀− 𝑎𝑘,2 (𝑄 (Θ))∗) + ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗)(( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑀− 𝑎𝑘,2 ( 𝜕𝜕𝜙1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗)⋅ (( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕𝜕𝜃1 (𝑄 (Θ))∗))
+ (𝑎𝑙,1)∗ (( 𝜕𝜕𝜙1 𝜕𝜕𝜃1 𝑎𝑘,1)𝑀
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− 𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝜕𝜕𝜃1 (𝑄 (Θ))∗)) + (𝑎𝑙,2)∗
⋅ (−( 𝜕𝜕𝜙1 𝜕𝜕𝜃1 𝑎𝑘,1)𝑄 (Θ)
− ( 𝜕𝜕𝜃1 𝑎𝑘,1)( 𝜕𝜕𝜙1𝑄 (Θ))) + (𝑎𝑙,2)∗
⋅ (−( 𝜕𝜕𝜙1 𝑎𝑘,1)( 𝜕𝜕𝜃1𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕𝜕𝜙1 𝜕𝜕𝜃1𝑄 (Θ))) ,𝜕𝜕𝜙2 𝜕𝜕𝜃1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜃1 (𝑎𝑙,1)∗)⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2) (𝑄 (Θ))∗
− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)) + (𝑎𝑙,1)∗
⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2)( 𝜕𝜕𝜃1 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 𝜕𝜕𝜃1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗)⋅ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)𝑄 (Θ) − 𝑎𝑘,1 ( 𝜕𝜕𝜃1𝑄 (Θ)))
+ (𝑎𝑙,2)∗ (−( 𝜕𝜕𝜃1 𝑎𝑘,1)( 𝜕𝜕𝜙2𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕𝜕𝜙2 𝜕𝜕𝜃1𝑄 (Θ))) ,𝜕2𝜕𝜃22 𝑆𝑘𝑙 (Θ) = (𝑎𝑙,1)∗ (−( 𝜕2𝜕𝜃22 𝑎𝑘,2) (𝑄 (Θ))∗
− ( 𝜕𝜕𝜃2 𝑎𝑘,2)( 𝜕𝜕𝜃2 (𝑄 (Θ))∗)) + (𝑎𝑙,1)∗
⋅ (−( 𝜕𝜕𝜃2 𝑎𝑘,2)( 𝜕𝜕𝜃2 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕2𝜕𝜃22 (𝑄 (Θ))∗)) + ( 𝜕2𝜕𝜃22 (𝑎𝑙,2)∗) (𝑎𝑘,2𝑀
− 𝑎𝑘,1𝑄 (Θ)) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)(( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜃2𝑄 (Θ))) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)⋅ (( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑀 − 𝑎𝑘,1 ( 𝜕𝜕𝜃2𝑄 (Θ))) + (𝑎𝑙,2)∗
⋅ (( 𝜕2𝜕𝜃22 𝑎𝑘,2)𝑀 − 𝑎𝑘,1 ( 𝜕2𝜕𝜃22𝑄 (Θ))) ,

𝜕𝜕𝜙1 𝜕𝜕𝜃2 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗)⋅ (−( 𝜕𝜕𝜃2 𝑎𝑘,2) (𝑄 (Θ))∗ − 𝑎𝑘,2 ( 𝜕𝜕𝜃2 (𝑄 (Θ))∗))
+ (𝑎𝑙,1)∗ (−( 𝜕𝜕𝜃2 𝑎𝑘,2)( 𝜕𝜕𝜙1 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝜕𝜕𝜃2𝑄∗ (Θ))) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)⋅ (−( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑄 (Θ) − 𝑎𝑘,1 ( 𝜕𝜕𝜙1𝑄 (Θ)))
+ (𝑎𝑙,2)∗ (( 𝜕𝜕𝜙1 𝑎𝑘,1)( 𝜕𝜕𝜃2𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕𝜕𝜙1 𝜕𝜕𝜃2𝑄 (Θ))) ,𝜕𝜕𝜙2 𝜕𝜕𝜃2 𝑆𝑘𝑙 (Θ) = (𝑎𝑙,1)∗ (−( 𝜕𝜕𝜙2 𝜕𝜕𝜃2 a𝑘,2) (𝑄 (Θ))∗
− ( 𝜕𝜕𝜃2 𝑎𝑘,2)( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)) + (𝑎𝑙,1)∗
⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2)( 𝜕𝜕𝜃2 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 𝜕𝜕𝜃2 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙2 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)⋅ (𝑎𝑘,2𝑀− 𝑎𝑘,1𝑄 (Θ)) + ( 𝜕𝜕𝜃2 (𝑎𝑙,2)∗)⋅ (( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑀 − 𝑎𝑘,1 ( 𝜕𝜕𝜙2𝑄 (Θ)))
+ ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗)(( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜃2𝑄 (Θ))) + (𝑎𝑙,2)∗ (( 𝜕𝜕𝜙2 𝜕𝜕𝜃2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜙2 𝜕𝜕𝜃2𝑄 (Θ))) ,𝜕2𝜕𝜙21 𝑆𝑘𝑙 (Θ) = ( 𝜕2𝜕𝜙21 (𝑎𝑙,1)∗) (𝑎𝑘,1𝑀− 𝑎𝑘,2 (𝑄 (Θ)))
+ ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗)(( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑀− 𝑎𝑘,2 ( 𝜕𝜕𝜙1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗)⋅ (( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕𝜕𝜙1 (𝑄 (Θ))∗))
+ (𝑎𝑙,1)∗ (( 𝜕2𝜕𝜙21 𝑎𝑘,1)𝑀 − 𝑎𝑘,2 ( 𝜕2𝜕𝜙21 (𝑄 (Θ))∗))



18 International Journal of Antennas and Propagation

+ (𝑎𝑙,2)∗ (−( 𝜕2𝜕𝜙21 𝑎𝑘,1)𝑄 (Θ)
− ( 𝜕𝜕𝜙1 𝑎𝑘,1)( 𝜕𝜕𝜙1𝑄 (Θ))) + (𝑎𝑙,2)∗
⋅ (−( 𝜕2𝜕𝜙21 𝑎𝑘,1)𝑄 (Θ)
− ( 𝜕𝜕𝜙1 𝑎𝑘,1)( 𝜕𝜕𝜙1𝑄 (Θ))) ,𝜕𝜕𝜙2 𝜕𝜕𝜙1 𝑆𝑘𝑙 (Θ) = ( 𝜕𝜕𝜙1 (𝑎𝑙,1)∗)⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2) (𝑄 (Θ))∗
− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)) + (𝑎𝑙,1)∗
⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2)( 𝜕𝜕𝜙1 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕𝜕𝜙2 𝜕𝜕𝜙1 (𝑄 (Θ))∗)) + ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗)⋅ (−( 𝜕𝜕𝜙1 𝑎𝑘,1)𝑄 (Θ) − 𝑎𝑘,1 ( 𝜕𝜕𝜙1𝑄 (Θ)))
+ (𝑎𝑙,2)∗ (−( 𝜕𝜕𝜙1 𝑎𝑘,1)( 𝜕𝜕𝜙2𝑄 (Θ))
− 𝑎𝑘,1 ( 𝜕𝜕𝜙2 𝜕𝜕𝜙1𝑄 (Θ))) ,𝜕2𝜕𝜙22 𝑆𝑘𝑙 (Θ) = (𝑎𝑙,1)∗ (−( 𝜕2𝜕𝜙22 𝑎𝑘,2) (𝑄 (Θ))∗
− ( 𝜕𝜕𝜙2 𝑎𝑘,2)( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)) + (𝑎𝑙,1)∗
⋅ (−( 𝜕𝜕𝜙2 𝑎𝑘,2)( 𝜕𝜕𝜙2 (𝑄 (Θ))∗)
− 𝑎𝑘,2 ( 𝜕2𝜕𝜙22 (𝑄 (Θ))∗)) + ( 𝜕2𝜕𝜙22 (𝑎𝑙,2)∗) (𝑎𝑘,2𝑀
− 𝑎𝑘,1𝑄 (Θ)) + ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗)(( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑀− 𝑎𝑘,1 ( 𝜕𝜕𝜙2𝑄 (Θ))) + ( 𝜕𝜕𝜙2 (𝑎𝑙,2)∗)⋅ (( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑀 − 𝑎𝑘,1 ( 𝜕𝜕𝜙2𝑄 (Θ))) + (𝑎𝑙,2)∗
⋅ (( 𝜕2𝜕𝜙22 𝑎𝑘,2)𝑀 − 𝑎𝑘,1 ( 𝜕2𝜕𝜙22𝑄 (Θ))) .

(E.1)

F. The Second-Order Partial
Derivatives of 𝐷(Θ)

For use in Appendix G, the second-order partial derivatives
of 𝐷(Θ) in (20) with respect to each argument are expressed
as 𝜕2𝜕𝜃21𝐷 (Θ) = −𝑀∑

𝑘=1

𝑀∑
𝑘=1

(( 𝜕2𝜕𝜃21 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1)⋅ (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕2𝜕𝜃21 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) ,
𝜕𝜕𝜃2 ( 𝜕𝜕𝜃1𝐷(Θ)) = −𝑀∑

𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)⋅ ( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)⋅ ( 𝜕𝜕𝜃1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1)⋅ ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗)) ,𝜕𝜕𝜙1 ( 𝜕𝜕𝜃1𝐷 (Θ))
= −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗))⋅ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1)⋅ (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1)) (𝑎𝑘 ,2)∗) ,𝜕𝜕𝜙2 ( 𝜕𝜕𝜃1𝐷 (Θ)) = −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)⋅ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜙2 𝑎𝑘,2)⋅ ( 𝜕𝜕𝜃1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜃1 𝑎𝑘 ,1)
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⋅ ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗)) ,𝜕𝜕𝜃1 ( 𝜕𝜕𝜃2𝐷 (Θ)) = 𝜕𝜕𝜃2 ( 𝜕𝜕𝜃1𝐷 (Θ)) ,
𝜕2𝜕𝜃22𝐷 (Θ) = −𝑀∑

𝑘=1

𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕2𝜕𝜃22 𝑎𝑘,2)⋅ 𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)⋅ 𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)⋅ 𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗
⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕2𝜕𝜃22 (𝑎𝑘 ,2)∗)) ,

𝜕𝜕𝜙1 ( 𝜕𝜕𝜃2𝐷 (Θ)) = −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)⋅ ( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜃2 𝑎𝑘,2)⋅ ( 𝜕𝜕𝜙1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1)⋅ ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗)) ,𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2𝐷 (Θ)) = −𝑀∑
𝑘=1

𝑀∑
𝑘=1

((𝑎𝑘,1)∗
⋅ ( 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2 𝑎𝑘,2))𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗⋅ ( 𝜕𝜕𝜃2 𝑎𝑘,2)𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗
⋅ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗
⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2 (𝑎𝑘 ,2)∗))) ,𝜕𝜕𝜃1 ( 𝜕𝜕𝜙1𝐷 (Θ)) = 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃1𝐷 (Θ)) ,𝜕𝜕𝜃2 ( 𝜕𝜕𝜙2𝐷 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2𝐷 (Θ)) ,

𝜕2𝜕𝜙21𝐷(Θ) = −𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕2𝜕𝜙21 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1)⋅ (𝑎𝑘 ,2)∗ + ( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕2𝜕𝜙21 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) ,
𝜕𝜕𝜙2 ( 𝜕𝜕𝜙1𝐷 (Θ)) = −𝑀∑

𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)⋅ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 .2)∗ + ( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗ ( 𝜕𝜕𝜙2 𝑎𝑘,2)⋅ ( 𝜕𝜕𝜙1 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗ + (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙1 𝑎𝑘 ,1)⋅ ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗)) ,𝜕𝜕𝜃1 ( 𝜕𝜕𝜙2𝐷 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃1𝐷 (Θ)) ,𝜕𝜕𝜃2 ( 𝜕𝜕𝜙2𝐷 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2𝐷 (Θ)) ,𝜕𝜕𝜙1 ( 𝜕𝜕𝜙2𝐷 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜙1𝐷 (Θ)) ,
𝜕2𝜕𝜙22𝐷(Θ) = 𝑀∑

𝑘=1

𝑀∑
𝑘=1

((𝑎𝑘,1)∗ ( 𝜕2𝜕𝜙22 𝑎𝑘,2)𝑎𝑘 ,1 (𝑎𝑘 ,2)∗
+ (𝑎𝑘,1)∗ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗
⋅ ( 𝜕𝜕𝜙2 𝑎𝑘,2)𝑎𝑘 ,1 ( 𝜕𝜕𝜙2 (𝑎𝑘 ,2)∗) + (𝑎𝑘,1)∗
⋅ 𝑎𝑘,2𝑎𝑘 ,1 ( 𝜕2𝜕𝜙22 (𝑎𝑘 ,2)∗)) .

(F.1)

G. The First-Order Derivatives of 𝑃𝑘𝑙,𝜃1(Θ),𝑃𝑘𝑙,𝜃2(Θ), 𝑃𝑘𝑙,𝜙1(Θ), and 𝑃𝑘𝑙,𝜙2(Θ)
The first partial derivatives of 𝑃𝑘𝑙,𝜃1(Θ), 𝑃𝑘𝑙,𝜃2(Θ), 𝑃𝑘𝑙,𝜙1(Θ),
and 𝑃𝑘𝑙,𝜙2(Θ) in (27) with respect to each argument can be
expressed as

𝜕𝜕𝜃𝑖𝑃𝑘𝑙,𝜃1 (Θ) = (((𝜕/𝜕𝜃𝑖) (𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) + ((𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜃𝑖)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
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− (((𝜕/𝜕𝜃𝑖) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜃1)𝐷 (Θ)) + 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃𝑖) (𝜕/𝜕𝜃1)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃1)𝐷 (Θ))) ((𝜕/𝜕𝜃𝑖)𝐷 (Θ))2(𝐷 (Θ))4 𝑖 = 1, 2,

𝜕𝜕𝜙𝑖𝑃𝑘𝑙,𝜃1 (Θ) = (((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) + ((𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜙𝑖) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜃1)𝐷 (Θ)) + 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜃1)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜃1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃1)𝐷 (Θ))) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))2(𝐷 (Θ))4 𝑖 = 1, 2,

𝜕𝜕𝜃1𝑃𝑘𝑙,𝜃2 (Θ) = 𝜕𝜕𝜃1 ( 𝜕𝜕𝜃2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜃2 ( 𝜕𝜕𝜃1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜃2𝑃𝑘𝑙,𝜃1 (Θ) ,𝜕𝜕𝜙𝑖𝑃𝑘𝑙,𝜃2 (Θ) = (((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜃2) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) + ((𝜕/𝜕𝜃2) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜙𝑖) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜃2)𝐷 (Θ)) + 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜃2)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜃2) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜃2)𝐷 (Θ))) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))2(𝐷 (Θ))4 𝑖 = 1, 2,

𝜕𝜕𝜃1𝑃𝑘𝑙,𝜙1 (Θ) = 𝜕𝜕𝜃1 ( 𝜕𝜕𝜙1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙1𝑃𝑘𝑙,𝜃1 (Θ) ,𝜕𝜕𝜃2𝑃𝑘𝑙,𝜙1 (Θ) = 𝜕𝜕𝜃2 ( 𝜕𝜕𝜙1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙1𝑃𝑘𝑙,𝜃2 (Θ) ,𝜕𝜕𝜙𝑖𝑃𝑘𝑙,𝜙1 (Θ) = (((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜙1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) + ((𝜕/𝜕𝜙1) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜙𝑖) 𝑆𝑘𝑙 (Θ)) ((𝜕/𝜕𝜙1)𝐷 (Θ)) + 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙𝑖) (𝜕/𝜕𝜙1)𝐷 (Θ))) (𝐷 (Θ))2(𝐷 (Θ))4
− (((𝜕/𝜕𝜙1) 𝑆𝑘𝑙 (Θ))𝐷 (Θ) − 𝑆𝑘𝑙 (Θ) ((𝜕/𝜕𝜙1)𝐷 (Θ))) ((𝜕/𝜕𝜙𝑖)𝐷 (Θ))2(𝐷 (Θ))4 𝑖 = 1, 2,

𝜕𝜕𝜃1𝑃𝑘𝑙,𝜙2 (Θ) = 𝜕𝜕𝜃1 ( 𝜕𝜕𝜙2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2𝑃𝑘𝑙,𝜃1 (Θ) ,𝜕𝜕𝜃2𝑃𝑘𝑙,𝜙2 (Θ) = 𝜕𝜕𝜃2 ( 𝜕𝜕𝜙2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2𝑃𝑘𝑙,𝜃2 (Θ) ,𝜕𝜕𝜙1𝑃𝑘𝑙,𝜙2 (Θ) = 𝜕𝜕𝜙1 ( 𝜕𝜕𝜙2𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜙1𝑃𝑘𝑙 (Θ)) = 𝜕𝜕𝜙2𝑃𝑘𝑙,𝜙1 (Θ) .
(G.1)
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H. The First-Order Derivatives of (𝐷(Θ))2
For use in Appendix G, the first partial derivatives of (𝐷(Θ))2
in (28) with respect to each argument are expressed as𝜕𝜕𝜃𝑖 (𝐷 (Θ))2 = −2𝑀2 𝜕𝜕𝜃𝑖 |𝑄 (Θ)|2

+ ( 𝜕𝜕𝜃𝑖 |𝑄 (Θ)|4) 𝑖 = 1, 2,𝜕𝜕𝜙𝑖 (𝐷 (Θ))2 = −2𝑀2 𝜕𝜕𝜙𝑖 |𝑄 (Θ)|2
+ ( 𝜕𝜕𝜙𝑖 |𝑄 (Θ)|4) 𝑖 = 1, 2.

(H.1)

I. The First-Order Derivatives of |𝑄(Θ)|2
For use in Appendix H, the first-order partial derivatives of|𝑄(Θ)|2 in (21) with respect to each argument are expressed
as 𝜕𝜕𝜃𝑖 (𝑄 (Θ))2

= 𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜃𝑖 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜃𝑖 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) 𝑖 = 1, 2,𝜕𝜕𝜙𝑖 (𝑄 (Θ))2
= 𝑀∑
𝑘=1

𝑀∑
𝑘=1

(( 𝜕𝜕𝜙𝑖 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙𝑖 𝑎𝑘 ,1) (𝑎𝑘 ,2)∗) 𝑖 = 1, 2.

(I.1)

J. The First-Order Derivatives of |𝑄(Θ)|4
For use in Appendix H, the first-order partial derivatives of|𝑄(Θ)|4 in (29) with respect to each argument are expressed
as𝜕𝜕𝜃𝑖 (𝑄 (Θ))4
= 𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑞=1

𝑀∑
𝑞=1

(( 𝜕𝜕𝜃𝑖 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜃𝑖 𝑎𝑘 ,1) (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ ( 𝜕𝜕𝜃𝑖 (𝑎𝑞,1)∗)𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2 ( 𝜕𝜕𝜃𝑖 (𝑎𝑞,1)) (𝑎𝑞 ,2)∗) 𝑖 = 1, 2,

𝜕𝜕𝜙𝑖 (𝑄 (Θ))4
= 𝑀∑
𝑘=1

𝑀∑
𝑘=1

𝑀∑
𝑞=1

𝑀∑
𝑞=1

(( 𝜕𝜕𝜙𝑖 (𝑎𝑘,1)∗)𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗
+ (𝑎𝑘,1)∗ 𝑎𝑘,2 ( 𝜕𝜕𝜙𝑖 𝑎𝑘 ,1) (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ ( 𝜕𝜕𝜙𝑖 (𝑎𝑞,1)∗)𝑎𝑞,2𝑎𝑞 ,1 (𝑎𝑞 ,2)∗+ (𝑎𝑘,1)∗ 𝑎𝑘,2𝑎𝑘 ,1 (𝑎𝑘,2)∗ (𝑎𝑞,1)∗ 𝑎𝑞,2 ( 𝜕𝜕𝜙𝑖 (𝑎𝑞,1)) (𝑎𝑞 ,2)∗) 𝑖 = 1, 2.

(J.1)

K. The Second-Oder Derivatives of 𝑎𝑚(𝜃𝑖,𝜙𝑖)
For use in Appendices E, F, and L, the second partial
derivatives of 𝑎𝑚(𝜃𝑖, 𝜙𝑖) in (18) with respect to each argument
are expressed as

𝜕2𝜕𝜃2𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖) = −𝑗2𝜋𝑟𝜆
⋅ cos𝜙𝑖 (cos(𝜃𝑖 − 2𝜋𝑀 (𝑚 − 1)) 𝑎𝑚 (𝜃𝑖, 𝜙𝑖)
− sin(𝜃𝑖 − 2𝜋𝑀 (𝑚 − 1)) 𝜕𝜕𝜃𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖)) ,𝜕2𝜕𝜙2𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖) = −𝑗2𝜋𝑟𝜆 cos(𝜃𝑖 − 2𝜋𝑀 (𝑚 − 1))
⋅ (cos𝜙𝑖𝑎𝑚 (𝜃𝑖, 𝜙𝑖) − sin𝜙𝑖 𝜕𝜕𝜙𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖)) ,𝜕𝜕𝜙𝑖 𝜕𝜕𝜃𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖) = 𝑗2𝜋𝑟𝜆 sin(𝜃𝑖 − 2𝜋𝑀 (𝑚 − 1))
⋅ (sin𝜙𝑖𝑎𝑚 (𝜃𝑖, 𝜙𝑖) − cos𝜙𝑖 𝜕𝜕𝜙𝑖 𝑎𝑚 (𝜃𝑖, 𝜙𝑖)) .

(K.1)

L. The Second-Order Derivatives of 𝑄(Θ)
For use in Appendix F, the second partial derivatives of𝑄(Θ)
in (17) with respect to each argument are expressed as

𝜕𝜕𝜃𝑖 𝜕𝜕𝜃1𝑄 (Θ) = 𝑀∑
𝑘=1

(( 𝜕𝜕𝜃1 (𝑎𝑘,1)∗)( 𝜕𝜕𝜃𝑖 𝑎𝑘,2))𝑖 = 1, 2,𝜕𝜕𝜙𝑖 𝜕𝜕𝜃1𝑄 (Θ) = 𝑀∑
𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)( 𝜕𝜕𝜃𝑖 𝑎𝑘,2))𝑖 = 1, 2,
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𝜕2𝜕𝜃22𝑄 (Θ) = 𝑀∑

𝑘=1

((𝑎𝑘,1)∗ ( 𝜕2𝜕𝜃22 𝑎𝑘,2)) ,
𝜕𝜕𝜙𝑖 𝜕𝜕𝜃1𝑄 (Θ) = 𝑀∑

𝑘=1

(( 𝜕𝜕𝜙𝑖 (𝑎𝑘,1)∗)( 𝜕𝜕𝜃2 𝑎𝑘,2))𝑖 = 1, 2,𝜕𝜕𝜃𝑖 ( 𝜕𝜕𝜙1𝑄 (Θ)) = 𝜕𝜕𝜙1 ( 𝜕𝜕𝜃𝑖𝑄 (Θ)) 𝑖 = 1, 2,
𝜕𝜕𝜙𝑖 ( 𝜕𝜕𝜙1𝑄 (Θ)) = 𝑀∑

𝑘=1

(( 𝜕𝜕𝜙1 (𝑎𝑘,1)∗)( 𝜕𝜕𝜙𝑖 𝑎𝑘,2))𝑖 = 1, 2,𝜕𝜕𝜃𝑖 ( 𝜕𝜕𝜙2𝑄 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜃𝑖𝑄 (Θ)) 𝑖 = 1, 2,

𝜕𝜕𝜙1 ( 𝜕𝜕𝜙2𝑄 (Θ)) = 𝜕𝜕𝜙2 ( 𝜕𝜕𝜙1𝑄 (Θ)) ,
𝜕2𝜕𝜙22𝑄 (Θ) = 𝑀∑

𝑘=1

((𝑎𝑘,1)∗ ( 𝜕2𝜕𝜙22 𝑎𝑘,2)) .
(L.1)

M. Second-Order Central Moment of
Zero-Mean Complex Gaussian Random
Variable with Variance 𝜎2

Depending on how 𝑎, 𝑏, 𝑑, and 𝑒 are related, we define four
cases.

Case 1. 𝑎 = 𝑏 and 𝑑 = 𝑒.
Case 2. 𝑎 ̸= 𝑏 and 𝑑 = 𝑒.
Case 3. 𝑎 = 𝑏 and 𝑑 ̸= 𝑒.
Case 4. 𝑎 ̸= 𝑏 and 𝑑 ̸= 𝑒.

(i) 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)]:
𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒)] = 𝐸 [(Re [𝑛𝑎 (𝑡𝑑)] + 𝑗Im [𝑛𝑎 (𝑡𝑑)]) (Re [𝑛𝑏 (𝑡𝑒)] − 𝑗Im [𝑛𝑏 (𝑡𝑒)])]= 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑏 (𝑡𝑒)] − 𝑗Re [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑏 (𝑡𝑒)] + 𝑗Im [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑏 (𝑡𝑒)] + Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑏 (𝑡𝑒)]] . (M.1)

For Case 1, 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)] is given by𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒)] = 𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑎 (𝑡𝑑)]= 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]]+ 𝐸 [Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)]]− 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]]+ 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]]= 𝜎22 + 𝜎22 − 0 + 0 = 𝜎2.
(M.2)

Similarly, it can be shown that 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)] is
identically zero for Cases 2–4:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒)] = 0 for Cases 2–4. (M.3)

Note that, in deriving (M.1)–(M.3), we used the fact
that the real part and the imaginary part of noise
are independent and identically distributed with𝑁(0,𝜎2/2).

(ii) 𝐸[𝑛∗𝑎 (𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)]:
Using the same algebraic manipulation used in
evaluating 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)], it can be shown that𝐸[𝑛∗𝑎 (𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)] is equal to zero for Cases 1–4:𝐸 [𝑛∗𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒)] = 0 for Cases 1–4. (M.4)

(iii) 𝐸[𝑛𝑎(𝑡𝑑)𝑛𝑏(𝑡𝑒)]:
Using the same algebraic manipulation used in
evaluating 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)], it can be shown that𝐸[𝑛𝑎(𝑡𝑑)𝑛𝑏(𝑡𝑒)] is equal to zero for Cases 1–4:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛𝑏 (𝑡𝑒)] = 0 for Cases 1–4. (M.5)

N. Third-Order Central Moment of
Zero-Mean Complex Gaussian Random
Variable with Variance 𝜎2

We define ten cases depending on how 𝑎, 𝑏, 𝑐, 𝑑, and 𝑒 are
related.

Case 1. 𝑎 = 𝑏 and 𝑏 = 𝑐 and 𝑒 = 𝑑.
Case 2. 𝑎 = 𝑏 and 𝑏 ̸= 𝑐 and 𝑒 = 𝑑.
Case 3. 𝑎 ̸= 𝑏 and 𝑏 = 𝑐 and 𝑒 = 𝑑.
Case 4. 𝑎 = 𝑐 and 𝑐 ̸= 𝑏 and 𝑒 = 𝑑.
Case 5. 𝑎 ̸= 𝑏 and 𝑏 ̸= 𝑐 and 𝑒 = 𝑑.
Case 6. 𝑎 = 𝑏 and 𝑏 = 𝑐 and 𝑒 ̸= 𝑑.
Case 7. 𝑎 = 𝑏 and 𝑏 ̸= 𝑐 and 𝑒 ̸= 𝑑.



International Journal of Antennas and Propagation 23

Case 8. 𝑎 ̸= 𝑏 and 𝑏 = 𝑐 and 𝑒 ̸= 𝑑.
Case 9. 𝑎 = 𝑐 and 𝑐 ̸= 𝑏 and 𝑒 ̸= 𝑑.
Case 10. 𝑎 ̸= 𝑏 and 𝑏 ̸= 𝑐 and 𝑒 ̸= 𝑑.

(i) 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)𝑛𝑐(𝑡𝑒)]:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)]= 𝐸 [(Re [𝑛𝑎 (𝑡𝑑)] + 𝑗 Im [𝑛𝑎 (𝑡𝑑)])⋅ (Re [𝑛𝑏 (𝑡𝑒)] − 𝑗 Im [𝑛𝑏 (𝑡𝑒)])⋅ (Re [𝑛𝑐 (𝑡𝑒)] + 𝑗 Im [𝑛𝑐 (𝑡𝑒)])] = 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] − 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] − 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] + 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] .

(N.1)

𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)𝑛𝑐(𝑡𝑒)] for Case 1 is identically zero:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)]= 𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑎 (𝑡𝑑) 𝑛𝑎 (𝑡𝑑])= 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]]+ 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]]− 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]]+ 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]Re [𝑛𝑎 (𝑡𝑑)]]+ 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)]]− 𝐸 [Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]]+ 𝐸 [Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)]] 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]]+ 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)] Im [𝑛𝑎 (𝑡𝑑)]]= 0 + 𝑗(𝜎22 ) × 0 − 𝑗(𝜎22 ) × 0 + 𝑗(𝜎22 ) × 0
+ (𝜎22 ) × 0 − (𝜎22 ) × 0 + (𝜎22 ) × 0 + 𝑗 × 0= 0.

(N.2)

Note that, in deriving (N.1)-(N.2), we used the fact
that the real part and the imaginary part of noise

are independent and identically distributed with𝑁(0, 𝜎2/2).
Using the samemanipulation used in obtaining (N.2),
it can be shown that 𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)𝑛𝑐(𝑡𝑒)] is identi-
cally zero for Cases 2–10:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)] = 0 for Cases 2–10. (N.3)

From (N.2) and (N.3),𝐸[𝑛𝑎(𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)𝑛𝑐(𝑡𝑒)] is zero for
all ten cases defined in Case 1–Case 10:𝐸 [𝑛𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)] = 0 for Cases 1–10. (N.4)

(ii) 𝐸[𝑛∗𝑎 (𝑡𝑑)𝑛∗𝑏 (𝑡𝑒)𝑛𝑐(𝑡𝑒)]:𝐸 [𝑛∗𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)]= 𝐸 [(Re [𝑛𝑎 (𝑡𝑑)] − 𝑗 Im [𝑛𝑎 (𝑡𝑑)])⋅ (Re [𝑛𝑏 (𝑡𝑒)] − 𝑗 Im [𝑛𝑏 (𝑡𝑒)])⋅ (Re [𝑛𝑐 (𝑡𝑒)] + 𝑗 Im [𝑛𝑐 (𝑡𝑒)])] = 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] − 𝑗𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] − 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] + 𝐸 [Re [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] + 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Re [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] − 𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)]Re [𝑛𝑐 (𝑡𝑒)]] − 𝑗𝐸 [Im [𝑛𝑎 (𝑡𝑑)]⋅ Im [𝑛𝑏 (𝑡𝑒)] Im [𝑛𝑐 (𝑡𝑒)]] .

(N.5)

In a similar way to get (N.4), we get𝐸 [𝑛∗𝑎 (𝑡𝑑) 𝑛∗𝑏 (𝑡𝑒) 𝑛𝑐 (𝑡𝑒)] = 0 for Cases 1–10. (N.6)

O. Fourth-Order Central Moment
of Zero-Mean Complex Gaussian Random
Variable with Variance 𝜎2

𝐸 [𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)]= 𝐸 [(Re [𝑛𝑙 (𝑡𝑖)] + 𝑗 Im [𝑛𝑙 (𝑡𝑖)])⋅ (Re [𝑛𝑘 (𝑡𝑖)] − 𝑗 Im [𝑛𝑘 (𝑡𝑖)])⋅ (Re [𝑛𝑙 (𝑡𝑖)] − 𝑗 Im [𝑛𝑙 (𝑡𝑖)])⋅ (Re [𝑛𝑘 (𝑡𝑖)] + 𝑗 Im [𝑛𝑘 (𝑡𝑖)])] .
(O.1)
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(a) 𝑖 = 𝑖:
For 𝑖 = 𝑖, (O.1) can be written as𝐸 [𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)] = 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]⋅ Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]+ 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑘 (𝑡𝑖)]] − 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]⋅ 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] + 𝐸 [Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]

+ 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑙 (𝑡𝑖)]] − 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]]⋅ 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] + 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]⋅ Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]]+ 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑘 (𝑡𝑖)]] .
(O.2)

The first term of (O.2) is given by

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]

=

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = 3(𝜎22 )2 = 34𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = 0 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 ̸= 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] = 0 𝑙 = 𝑘, 𝑘 = 𝑘, 𝑘 ̸= 𝑙𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = 0 𝑙 = 𝑙, 𝑙 = 𝑘, 𝑘 ̸= 𝑘𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] = 0 𝑘 = 𝑙, 𝑙 = 𝑘, 𝑘 ̸= 𝑙
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = (𝜎22 )2 = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = (𝜎22 )2 = 14𝜎4 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] = (𝜎22 )2 = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑘, 𝑘 = 𝑙
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 ̸= 𝑘, 𝑘 ̸= 𝑙
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 ̸= 𝑘, 𝑘 ̸= 𝑙
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑙 = 𝑘, 𝑘 ̸= 𝑘, 𝑘 ̸= 𝑙, 𝑙 ̸= 𝑙
𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑘 = 𝑙, 𝑙 ̸= 𝑙, 𝑙 ̸= 𝑘, 𝑘 ̸= 𝑘
𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑘 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 ̸= 𝑙, 𝑙 ̸= 𝑘
𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = (𝜎22 ) × 0 = 0 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 ̸= 𝑘, 𝑙 ̸= 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise,

(O.3)

where the results in Appendices M and N are used.
Using the same scheme in getting (O.3), the other terms

of (O.2) are given by
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𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise,
(O.4)

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑘, 𝑘 = 𝑙𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 0 otherwise,
(O.5)

𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise,
(O.6)

𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 0 otherwise,
(O.7)

𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑘, 𝑘 = 𝑙𝐸 [Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise,
(O.8)

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]]
= {{{{{{{{{{{

𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise,
(O.9)

𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]]
=
{{{{{{{{{{{{{{{{{{{{{{{{{{{

𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 34𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] 𝐸 [Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]] = 14𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑘, 𝑘 = 𝑙𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] = 0 otherwise.
(O.10)
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From (O.3)–(O.10), 𝐸[𝑛𝑙(𝑡𝑖)𝑛∗𝑘 (𝑡𝑖)𝑛∗𝑙(𝑡𝑖)𝑛𝑘(𝑡𝑖)] in (O.2) is
given by

𝐸 [𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)]
=
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

34𝜎4 + 14𝜎4 − 14𝜎4 + 14𝜎4 + 14𝜎4 − 14𝜎4 + 14𝜎4 + 34𝜎4 = 2𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘14𝜎4 + 14𝜎4 + 14𝜎4 + 14𝜎4 = 𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘14𝜎4 + 14𝜎4 + 14𝜎4 + 14𝜎4 = 𝜎4 𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘
0 otherwise.

(O.11)

(b) 𝑖 ̸= 𝑖:𝐸 [𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)] = 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]⋅ Re [𝑛𝑘 (𝑡𝑖)]Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]]+ 𝐸 [Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)] Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑘 (𝑡𝑖)]] + 𝐸 [Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]⋅ Re [𝑛𝑙 (𝑡𝑖)]Re [𝑛𝑘 (𝑡𝑖)]] + 𝐸 [Im [𝑛𝑙 (𝑡𝑖)]⋅ Im [𝑛𝑘 (𝑡i)] Im [𝑛𝑙 (𝑡𝑖)] Im [𝑛𝑘 (𝑡𝑖)]] .
(O.12)

Using a similar way to get (O.11), for 𝑖 ̸= 𝑖,𝐸[𝑛𝑙(𝑡𝑖)𝑛∗𝑘 (𝑡𝑖)𝑛∗𝑙(𝑡𝑖)𝑛𝑘(𝑡𝑖)] is given by𝐸 [𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)]
= {{{{{{{{{{{{{{{{{

14𝜎4 + 14𝜎4 + 14𝜎4 + 14𝜎4 = 𝜎4 𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘14𝜎4 + 14𝜎4 + 14𝜎4 + 14𝜎4 = 𝜎4 𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘
0 otherwise.

(O.13)

P. Derivation of 𝐸[𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘]
�̂�𝑙𝑘 = 1𝐿 𝐿∑

𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑘 (𝑡𝑖) + 𝑥𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖)
+ 𝑛𝑙 (𝑡𝑖) 𝑥∗𝑘 (𝑡𝑖) + 𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖)) , (P.1)

�̂�𝑙𝑘 = 1𝐿 𝐿∑
𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑘 (𝑡𝑖)) , (P.2)

𝛿𝑅𝑙𝑘 = 1𝐿 𝐿∑
𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) + 𝑛𝑙 (𝑡𝑖) 𝑥∗𝑘 (𝑡𝑖)
+ 𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖)) . (P.3)

From (P.3), 𝐸[𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘] is given by𝐸 [𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘]= 1𝐿2 ( 𝐿∑
𝑖=1

𝐿∑
𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖) 𝐸 (𝑛∗𝑘 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖))+ 𝑥𝑙 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖) 𝐸 (𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖))+ 𝑥𝑙 (𝑡𝑖) 𝐸 (𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖))+ 𝑥∗𝑘 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖))+ 𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖))+ 𝑥∗𝑘 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖))+ 𝑥∗𝑙 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖))+ 𝑥𝑘 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖))+𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)))) ,

(P.4)

where the last equality follows since the noiseless signals are
not stochastic.

In Appendices M and N, it is shown that the followings
are identically zero: 𝐸 (𝑛𝑘 (𝑡𝑖) 𝑛𝑙 (𝑡𝑖)) = 0,𝐸 (𝑛𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑙 (𝑡𝑖)) = 0,𝐸 (𝑛𝑘 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛𝑙 (𝑡𝑖)) = 0,𝐸 (𝑛∗𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖)) = 0,𝐸 (𝑛𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖)) = 0,𝐸 (𝑛∗𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛𝑙 (𝑡𝑖)) = 0.

(P.5)
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Using (P.5) in (P.4), (P.4) is simplified to 𝐸[𝛿𝑅𝑙𝑘𝛿𝑅∗𝑙𝑘],
1𝐿2 ( 𝐿∑
𝑖=1

𝐿∑
𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖) 𝐸 (𝑛∗𝑘 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)) + 𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖) 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖)) + 𝐸 (𝑛𝑙 (𝑡𝑖) 𝑛∗𝑘 (𝑡𝑖) 𝑛∗𝑙 (𝑡𝑖) 𝑛𝑘 (𝑡𝑖)))) , (P.6)

where the second moments and the fourth moment in (P.6)
are derived in Appendices M and O, respectively. Finally,

𝐸[(𝛿𝑅)𝑙𝑘(𝛿𝑅)∗𝑙𝑘] is given by

𝐸 [(𝛿𝑅)𝑙𝑘 (𝛿𝑅)∗𝑙𝑘] =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

1𝐿2 (𝜎2 𝐿∑
𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖) + 𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖)) + (𝐿2 + 𝐿) 𝜎4) (𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 = 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖))) (𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 ̸= 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖))) (𝑙 = 𝑙, 𝑙 = 𝑘, 𝑘 ̸= 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖))) (𝑙 = 𝑘, 𝑘 = 𝑙, 𝑙 ̸= 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖))) (𝑙 = 𝑘, 𝑘 = 𝑘, 𝑘 ̸= 𝑙)1𝐿2 (𝐿2𝜎4) (𝑙 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 = 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖) + 𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖)) + 𝐿𝜎4) (𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 = 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥∗𝑘 (𝑡𝑖) 𝑥𝑘 (𝑡𝑖))) (𝑙 = 𝑙, 𝑙 ̸= 𝑘, 𝑘 ̸= 𝑘)
1𝐿2 (𝜎2 𝐿∑

𝑖=1

(𝑥𝑙 (𝑡𝑖) 𝑥∗𝑙 (𝑡𝑖))) (𝑘 = 𝑘, 𝑘 ̸= 𝑙, 𝑙 ̸= 𝑙) .

(P.7)
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We addressed the problem of two-dimensional (2D) direction-of-arrival (DOA) elevation and azimuth angles estimation for
multiple uncorrelated signals using L-shaped antenna array configuration.The key points of the proposedmethod are the following:
(1) it obtains azimuth and elevation angles through construction of three cross-correlation matrices from the collected data of the
received signals; this implies that the noise reduces significantly in the reconstructed data matrices; (2) it derives a parallel factor
analysis (PARAFAC) model and applies trilinear least squares method to avoid pair matching problem between 2D DOA azimuth
and elevation angles for multiple sources; (3) it does not require spectral peak searching; and (4) it has better 2D DOA estimation
compared with signal parameters via rotational invariance technique and fourth-order signal parameters via rotational invariance
technique. Simulation results demonstrate the estimation accuracy and the effectiveness of the proposed method.

1. Introduction

The problem of estimating the two-dimensional direction-
of-arrival (2D DOA) azimuth and elevation (𝜙, 𝜃) angles of
multiple incident sources plays an important role in many
practical applications in the fields of wireless communication
and signal processing such as radar, sonar, and multiple-
input-multiple-output (MIMO) systems. Several 2D DOA
estimationmethods have been proposed in the literature con-
sidering different geometries of the antenna arrays such as
circular array [1], parallel uniform linear array [2], uniform
rectangular array [3], and L-shaped array [4, 5]. In particular,
the L-shaped array which is composed of two orthogonal
uniform linear arrays with one placed on the 𝑥-axis and the
other on the 𝑧-axis has received considerable attention due
to its geometric configuration, ease of implementation, use
of less number of antennas, and higher estimation accuracy
compared with other geometrical arrays.

Conventional methods of DOA estimation rely on the
decomposition of the observation space into a signal sub-
space and a noise subspace. Two widely used subspace tech-
niques, MUSIC [6] and ESPRIT [7], are computationally
complex as they require either eigenvalue decomposition
(EVD) of the sample covariance matrix or the singular value

decomposition (SVD) of the received data matrix. Improved
techniques which are simpler and less complex have been
reported in the literature [6–11] which do not rely on either
EVD or SVD. However, some of these methods [6, 7] suffer
from heavy losses of the array aperture and encounter an
estimation failure problem. To avoid aperture loss problem
many cumulant-based methods [12–17] have been proposed.
But these methods are computationally intensive and require
parameter pairing.

The 2D DOA methods using L-shaped array [3, 4] fail
to resolve the pair matching problem for multiple incident
sources which result in incorrect 2D estimation of azimuth
and elevation (𝜙, 𝜃) angles and hence severe performance
degradation. Many schemes have been proposed to solve the
problem of pair matching [11, 18–21]. These pair matching
techniques have high computational cost and complexity and
they do not always provide accurate pairing results.

A parallel factor analysis (PARAFAC) [22] model is a
method that transfers low rank matrix decomposition to
three-way arrays (TWAs); it was first introduced in psy-
chometrics and flow injection analysis. It has been widely
used in subspace domain in array signal processing and
wireless communication areas [23, 24]. Several methods
have applied PARAFAC model to alleviate the problem of

Hindawi Publishing Corporation
International Journal of Antennas and Propagation
Volume 2016, Article ID 5063450, 9 pages
http://dx.doi.org/10.1155/2016/5063450

http://dx.doi.org/10.1155/2016/5063450


2 International Journal of Antennas and Propagation

N

N

x-axis

z-axis

y-axis

𝜙k

𝜃k

1

2

2

. . .

...

z

Subarray

Subarray

w

x

N− 1

N − 1

ySubarray Subarray

sK

Figure 1: Configuration of array geometry for 2D DOA azimuth and elevation angles.

parameter pairing (or pair matching) for 2D DOA estima-
tion for azimuth and elevation angles [25–29]. A trilinear
decomposition-based blind 2D DOA estimation algorithm
employing PARAFAC data model for parallel shaped array
has been proposed in [17] to achieve automatic pairmatching.
One drawback of this method is that it requires high number
of snapshots and has high computational complexity.

In this paper, we propose a novel 2D DOA estimation
method that employs an L-shaped uniform antenna array
based on a new computationally efficient cross-correlation
with automatic pair matching based on PARAFAC data
model. The constructed data consists of three cross-corre-
lation matrices which contain information about azimuth
and elevation angles of multiple uncorrelated signals that are
spatially independent; this implies that the noise significantly
reduces in the constructed data matrices. Further, we derive
a PARAFAC model and apply trilinear least squares method
to avoid pair matching problem. Compared with existing
methods, the proposed method works with less than a
hundred snapshots and has very accurate estimation and has
lower computational complexity.

The rest of the paper is structured as follows. The signal
model and proposed method are presented and developed in
Section 2. Analysis of computational complexity is presented
in Section 3. Simulation results are presented in Section 4.
Conclusions are drawn in Section 5.

2. Signal Model and Proposed Method

The geometry of the proposed L-shaped array is shown in
Figure 1. The distance between adjacent antenna elements is𝑑 where 𝑑 = 𝜆/2 with 𝜆 being the wavelength of the incident
waveform. The arrays are divided into four subarrays: x, y,
z, and w. Each linear subarray consists of (𝑁 − 1) antenna
elements. The element located at point (0, 0, 0) is considered
as a reference element. Hence, the total number of antenna
elements in both 𝑧-axis and 𝑥-axis is (2𝑁 − 1). Consider 𝐾
narrowband noncoherent sources in far-field of the antenna
array.

(𝑁−1)×1 collected signal vectors received at x, y, z, and
w subarrays are defined as follows:

x (𝑡) = [𝑥1 (𝑡) 𝑥2 (𝑡) ⋅ ⋅ ⋅ 𝑥𝑁−1 (𝑡)]𝑇 ,
y (𝑡) = [𝑦2 (𝑡) 𝑦3 (𝑡) ⋅ ⋅ ⋅ 𝑦𝑁 (𝑡)]𝑇 ,
z (𝑡) = [𝑧1 (𝑡) 𝑧2 (𝑡) ⋅ ⋅ ⋅ 𝑧𝑁−1 (𝑡)]𝑇 ,
w (𝑡) = [𝑤2 (𝑡) 𝑤3 (𝑡) ⋅ ⋅ ⋅ 𝑤𝑁 (𝑡)]𝑇 ,

(1)

where 𝑡 represents the snapshot index and superscript 𝑇
represents the transpose operation. The received (𝑁 − 1) × 1
signal vectors in (1) can be represented as follows:

x (𝑡) = A𝑧 (𝜃) s (𝑡) + n𝑥 (𝑡) , (2)

y (𝑡) = A𝑧 (𝜃)Φ𝑧 (𝜃) s (𝑡) + n𝑦 (𝑡) , (3)

z (𝑡) = A𝑥 (𝜃, 𝜙) s (𝑡) + n𝑧 (𝑡) , (4)

w (𝑡) = A𝑥 (𝜃, 𝜙)Φ𝑥 (𝜃, 𝜙) s (𝑡) + n𝑤 (𝑡) , (5)

A𝑧 (𝜃) = [a𝑧 (𝜃1) a𝑧 (𝜃2) ⋅ ⋅ ⋅ a𝑧 (𝜃𝐾)] , (6)

A𝑥 (𝜃, 𝜙) = [a𝑥 (𝜃1, 𝜙1) a𝑥 (𝜃2, 𝜙2) ⋅ ⋅ ⋅ a𝑥 (𝜃𝐾, 𝜙𝐾)] , (7)

s (𝑡) = [𝑠1 (𝑡) 𝑠2 (𝑡) ⋅ ⋅ ⋅ 𝑠𝐾 (𝑡)]𝑇 , (8)

where the array manifold vector for 𝑘th source a𝑧(𝜃𝑘) =[1 𝑒−𝑗𝛼𝑘 ⋅ ⋅ ⋅ 𝑒−𝑗(𝑁−1)𝛼𝑘],𝛼𝑘 = 2𝜋𝑑 cos 𝜃𝑘/𝜆, and a𝑥(𝜃𝑘, 𝜙𝑘) =
[1 𝑒−𝑗𝛽𝑘 ⋅ ⋅ ⋅ 𝑒−𝑗(𝑁−1)𝛽𝑘]𝑇, 𝛽𝑘 = 2𝜋𝑑 sin 𝜃𝑘 cos𝜙𝑘/𝜆. 𝑠(𝑡) is
the complex envelope vector of 𝑘 incident sources and at
snapshot 𝑡, n𝑥(𝑡),n𝑦(𝑡),n𝑧(𝑡), and n𝑤(𝑡) are the Gaussian
white noise vectors of zero mean and variance 𝜎2. A𝑧(𝜃) and
A𝑥(𝜃, 𝜙) are array manifold matrices.

The matrices Φ𝑧(𝜃) in (3) and Φ𝑥(𝜃, 𝜙) in (5) are 𝐾 × 𝐾
diagonal matrices containing information about the azimuth
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angle 𝜙𝑘 and elevation angle 𝜃𝑘 which can be presented as
follows:

Φ𝑧 (𝜃) = diag [𝑒−𝑖𝛼1 𝑒−𝑖𝛼2 ⋅ ⋅ ⋅ 𝑒−𝑖𝛼𝐾] ,
Φ𝑥 (𝜃, 𝜙) = diag [𝑒−𝑖𝛽1 𝑒−𝑖𝛽2 ⋅ ⋅ ⋅ 𝑒−𝑖𝛽𝐾] . (9)

In the proposed method, we first construct three cross-
correlation matrices (z subarray, x subarray), (w subarray, x
subarray), and (z subarray, y subarray) as follows:

R𝑧𝑥 = 𝐸 [z (𝑡) x (𝑡)𝐻]
= A𝑥 (𝜃, 𝜙) 𝐸 [s (𝑡) s𝐻 (𝑡)]A𝐻𝑧 (𝜃)
+ 𝐸 [n𝑧 (𝑡)n𝐻𝑥 (𝑡)]

= A𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃) + N𝑧𝑥,

where N𝑧𝑥 =
[[[[[[[
[

𝜎2 0 ⋅ ⋅ ⋅ 0
0 0 ⋅ ⋅ ⋅ 0
... ... d

...
0 0 ⋅ ⋅ ⋅ 0

]]]]]]]
]
∈ C
(𝑁−1)×(𝑁−1),

R𝑤𝑥 = 𝐸 [w (𝑡) x (𝑡)𝐻]
= A𝑥 (𝜃, 𝜙)Φ𝑥 (𝜃, 𝜙) 𝐸 [s (𝑡) s𝐻 (𝑡)]A𝐻𝑧 (𝜃)
+ 𝐸 [n𝑤 (𝑡)n𝐻𝑥 (𝑡)]

= A𝑥 (𝜃, 𝜙)Φ𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃) + N𝑤𝑥,
R𝑧𝑦 = 𝐸 [z (𝑡) y (𝑡)𝐻]

= A𝑥 (𝜃, 𝜙) 𝐸 [s (𝑡) s𝐻 (𝑡)]Φ𝐻𝑧 (𝜃)A𝐻𝑧 (𝜃)
+ 𝐸 [n𝑧 (𝑡)n𝐻𝑦 (𝑡)]

= A𝑥 (𝜃, 𝜙)R𝑠Φ𝐻𝑧 (𝜃)A𝐻𝑧 (𝜃)
= A𝑥 (𝜃, 𝜙)Φ𝐻𝑧 (𝜃)R𝑠A𝐻𝑧 (𝜃) + N𝑧𝑦,

(10)

where the superscript 𝐻 represents the conjugate and trans-
pose operations. Note that {n𝑤(𝑡),n𝑥(𝑡)} and {n𝑤(𝑡),n𝑥(𝑡)}
are spatially independent of each other. Therefore, N𝑤𝑥 =𝐸[n𝑤(𝑡)n𝐻𝑥 (𝑡)] = 0 and N𝑧𝑦 = 𝐸[n𝑧(𝑡)n𝐻𝑦 (𝑡)] = 0, where 0
matrix has a dimension of (𝑁 − 1) × (𝑁 − 1) with all entries
zero. Additive noises are not correlated with incident signals.
For uncorrelated sources s(𝑡) = [𝑠1(𝑡) 𝑠2(𝑡) ⋅ ⋅ ⋅ 𝑠𝐾(𝑡)]𝑇,{z(𝑡), x(𝑡)}, {w(𝑡), x(𝑡)} and {z(𝑡), y(𝑡)} are wide-sense station-
ary sequences. As a consequence, the correlationmatrix of the
signal sources R𝑠 = 𝐸[s(𝑡)s𝐻(𝑡)] is a diagonal matrix where
its entries represent the power of signal sources.Thematrices{R𝑠Φ𝐻𝑧 (𝜃)} = {Φ𝐻𝑧 (𝜃)R𝑠} since both matrices R𝑠 and Φ𝐻𝑧 (𝜃)
are diagonal.

The cross-correlationmatrices in (10) are concatenated to
form a new data matrix R as follows:

R = [[
[
R𝑧𝑥
R𝑧𝑦
R𝑤𝑥

]]
]

= [[[
[

A𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃)
A𝑥 (𝜃, 𝜙)Φ𝑧 (𝜃)R𝑠A𝐻𝑧 (𝜃)

A𝑥 (𝜃, 𝜙)Φ𝐻𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃)
]]]
]
+ [[
[
N𝑧𝑥
N𝑧𝑦
N𝑤𝑥

]]
]
.

(11)

Parallel factor (PARAFAC)model is applied on the data in (11)
along with trilinear least squares method to jointly estimate
the correct pair of azimuth 𝜙𝑘 and elevation 𝜃𝑘 angles for each
signal source.

Using the definition of PARAFAC model, the outer
product (a ∘ b ∘ c) of the three vectors a ∈ C𝐼×1, b ∈ C𝐽×1

and c ∈ C𝐾×1 can be expressed in a third-order tensor form
as Q ∈ C𝐼×𝐽×𝐾 with typical elements defined as 𝑞𝑖𝑗𝑘 = 𝑎𝑖𝑏𝑗𝑐𝑘.
Q can be expressed as a sum of tensor product:

Q = 𝑈∑
𝑢=1

(a𝑢 ∘ b𝑢 ∘ c𝑢) , (12)

where a𝑢, b𝑢, and c𝑢 are 𝑢th columns of the following load
matrices A, B, and C. These matrices for a given PARAFAC
model can be defined as follows:

A = [a1 a2 ⋅ ⋅ ⋅ a𝑈] , A ∈ C
𝐼×𝑈,

B = [b1 b2 ⋅ ⋅ ⋅ b𝑈] , B ∈ C
𝐽×𝑈,

C = [c1 c2 ⋅ ⋅ ⋅ c𝑈] , C ∈ C
𝐾×𝑈.

(13)

The PARAFAC decomposition in (12) can also be rep-
resented in another matrix form of 3D tensor matrix Q ∈
C𝐼×𝐽×𝐾 and can be represented using three slicematricesQ(1),
Q(2),Q(3) as follows:

Q(1) = (A ⊙ B)C𝑇,
Q(2) = (B ⊙ C)A𝑇,
Q(3) = (C ⊙ A)B𝑇,

(14)

where (A⊙B) = [a1 ⊗ b1 a2 ⊗ b2 ⋅ ⋅ ⋅ a𝑈 ⊗ b𝑈] is theKhatri-
Rao product based on column wise Kronecker products and⊗ is Kronecker product.

The PARAFAC decomposition in (14) is considered to be
essentially unique to arbitrary permutation and scaling under
the condition ([31, 32]):

𝜅𝐴 + 𝜅𝐵 + 𝜅𝐶 ≥ 2𝐾 + 1, (15)

where 𝜅𝐴, 𝜅𝐵, 𝜅𝐶 denote the maximum number of arbitrary
linearly independent columns of matrices A, B, and C,
respectively. The arbitrary permutation and scaling implies
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that there exists a triplet matrix (Ã, B̃, C̃) related to (A,B,C)
as follows:

A = ÃΠΔ1,
B = B̃ΠΔ2,
C = C̃ΠΔ3,

(16)

where Π is a permutation matrix and {Δ1,Δ2,Δ3} are arbi-
trary diagonal matrices satisfying Δ1Δ2Δ3 = I.

On the basis of PARAFAC theorem, three-way array
(TWA) (𝑁 − 1) × (𝑁− 1) × 3 can be constructed using (11) as
follows:


R (: , : , 1)
R (: , : , 2)
R (: , : , 3)


=

R𝑧𝑥
R𝑧𝑦
R𝑤𝑥



= [[[
[

A𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃)
A𝑥 (𝜃, 𝜙)Φ𝑧 (𝜃)R𝑠A𝐻𝑧 (𝜃)

A𝑥 (𝜃, 𝜙)Φ𝐻𝑥 (𝜃, 𝜙)R𝑠A𝐻𝑧 (𝜃)
]]]
]

+ [[
[
N𝑧𝑥
N𝑧𝑦
N𝑤𝑥

]]
]
.

(17)

Let C = A𝐻𝑧 (𝜃); according to the definition of Khatri-Rao
product the matrix in (17) can be transformed as follows:

R(1) = (A𝑥 ⊙ C𝑇)D𝑇, (18)

R(2) = (C𝑇 ⊙D)A𝑇𝑥 , (19)

R(3) = (D ⊙ A𝑥)C, (20)

D = [[
[
d1
d2
d3

]]
]
= [[[
[

Λ−1 (R𝑠)
Λ−1 (Φ𝑧 (𝜃)R𝑠)
Λ−1 (Φ𝑥 (𝜃, Φ)R𝑠)

]]]
]
, (21)

where Λ−1(R𝑠) represents the row vector data built from the
diagonal elements of the diagonal matrix R𝑠. The uniqueness
of (18), (19), and (20) will be guaranteed if the following
inequality holds:

rank (D) + rank (A) + rank (C) ≥ 2𝐾 + 2. (22)

For different DOAs and independent sources C and A𝑥
have Vandermonde structure with minimum rank equal to
the number of sources, and D also is a nonsingular matrix
whose rank equals the number of incident sources. This
implies that the minimum rank of rank(D) + rank(A) +
rank(C) = 3𝐾; for multiple incident sources 𝐾 ≥ 2 and,
therefore, (22) will be always guaranteed.

One of the methods of solving PARAFAC model in (18),
(19), and (20) is trilinear alternative least squares (TALS)
approach [24, 31–33]. TALS method can be applied to solve

the matrices D,C, and A𝑥 and then estimate the azimuth
and elevation angles.There are three basic steps behind TALS
method: (a) update one of the matrices D,C, and A𝑥 each
time using least squares (LS) method, (b) continue updating
the remaining matrices based on the LS results from the
previous estimation step, and (c) repeat previous steps (a) and
(b) until convergence of the LS cost function. The detailed
procedure of estimating D,C, and A𝑥 using TALS is as
follows.

Define the cost functions for finding the matrices D,C,
and A𝑥 as

𝐹1 (D,C,A𝑥;R(1)) = R(1) − (A𝑥 ⊙ C𝑇)D𝑇𝐹 , (23)

𝐹2 (D,C,A𝑥;R(2)) = R(2) − (C𝑇 ⊙D)A𝑇𝑥𝐹 , (24)

𝐹3 (D,C,A𝑥;R(3)) = R(3) − (D ⊙ A𝑥)C𝐹 , (25)

where ‖ ⋅ ‖𝐹 stands for Frobenius norm. Given the estimation
of matrices Ĉ and Â𝑥, the matrix D can be found from (23)
as follows:

D𝑇 = argmin
(D)

R(3) − (A𝑥 ⊙ C𝑇)D𝑇2𝐹 , (26)

D̂ = [(Â𝑥 ⊙ Ĉ)† R(3)]𝑇 , (27)

where (J)† represents the pseudoinverse of matrix J. A𝑥 can
be also obtained by minimizing the cost function in (24) and
keeping Ĉ and D̂ fixed.

Â𝑥 = [(C𝑇 ⊙D)† R(2)]𝑇 . (28)

Similarly, an estimation of matrix Ĉ can be obtained as

Ĉ = (D̂ ⊙ Â𝑥)† R(1). (29)

The process in (27), (28), and (29) will continue until
matrices D̂, Ĉ, and Â𝑥 converge. PARAFAC along with TALS
method can be initialized to speed up the convergence by
exploiting an ESPRIT method idea on the concatenated data
formed in (11).

The estimated matrix D̂ in (27) will be sufficient for
2D DOA estimation of azimuth and elevation angles. The
TALS method guarantees the convergence but it is slow. For
fast implementation of alternative least squares method to
solve PARAFAC model in (23), (24), and (25), the COMFAC
algorithm is employed which speeds up the least square
fitting by utilizing a compressed version of the three-way data
into smaller matrix dimensions. COMFAC MATLAB func-
tion will be used to estimate the matrices D̂, Ĉ, and Â𝑥
(as described in [24]) as follows:

[D A𝑥 C 𝑖] = comfac (R, 𝐾) , (30)

where R is the input data, 𝐾 is the number of sources, 𝑖
represents the number of iterations, and [D A𝑥 C] are the
output identification matrices.
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Now the diagonal matrices Φ𝑧(𝜃) in (3) and Φ𝑥(𝜃, 𝜙) are
estimated from the identificationmatrix D̂ = [d̂1 d̂2 d̂3]𝑇as
follows:

�̂�𝑧 (𝑘) = d̂2 (𝑘)
d̂1 (𝑘) , (31)

where �̂�𝑧(𝑘) is the estimated 𝑘th entry of the diagonal
matrix Φ̂𝑧(𝜃). Similarly, 𝑘th diagonal entry of Φ̂𝑥(𝜃, 𝜙) can
be obtained as follows:

�̂�𝑥 (𝑘) = d̂3 (𝑘)
d̂1 (𝑘) . (32)

The azimuth angle �̂�𝑘 and elevation angle �̂�𝑘 for 𝑘th
source can be estimated as follows:

�̂�𝑘 = cos−1 [∠�̂�𝑧 (𝑘) × 𝜆2𝜋𝑑 ] ,
�̂�𝑘 = cos−1 [ ∠�̂�𝑥 (𝑘) × 𝜆2𝜋𝑑 sin (�̂�𝑘)] .

(33)

The estimated azimuth and elevation angles in (33) are for𝑘th source. In case of multiple sources, the following pairs
are obtained: (�̂�1, �̂�1), (�̂�2, �̂�2), . . . , (�̂�𝐾, �̂�𝐾). The estimated
matrices D̂, Ĉ, and Â𝑥 have the same column permutation
matrix. This implies automatic pair matching since 𝑘th
column of the steering matrixA𝑥 corresponds to 𝑘th column
of matrix D̂.

The procedure of the 2D DOA proposed method is
summarized as follows.

Step 1. Construct x, y, z, and w subarrays according to (2),
(3), (4), and (5) from multiple snapshots of the array data{𝑥(𝑡) 𝑦(𝑡) 𝑧(𝑡) 𝑤(𝑡)}, for 𝑡 = 1, . . . , 𝐿.
Step 2. Estimate the cross-correlation matrices R̂𝑧𝑥, R̂𝑤𝑥, and
R̂𝑧𝑦 from multiple snapshots in (10) as follows:

R̂𝑧𝑥 = 1𝐿
𝐿∑
𝑡=1

z (𝑡) x𝐻 (𝑡) ,

R̂𝑤𝑥 = 1𝐿
𝐿∑
𝑡=1

w (𝑡) x𝐻 (𝑡) ,

R̂𝑧𝑦 = 1𝐿
𝐿∑
𝑡=1

z (𝑡) y𝐻 (𝑡) .

(34)

Step 3. Concatenate the estimated cross-correlation matrices{R̂𝑧𝑥, R̂𝑤𝑥, R̂𝑧𝑦} according to (34).
Step 4. Construct the three-way array (TWA) (𝑁− 1) × (𝑁−1) × 3 according to (17).
Step 5. Apply alternative least squares method to estimate D̂,
Ĉ, and Â𝑥 whichminimize the cost function in (23), (24), and
(25).

Step 6. Repeat Step 5 until convergence.

Step 7. Obtain the estimated diagonal matrices �̂�𝑧(𝑘) and�̂�𝑥(𝑘) from the identification matrix D̂.

Step 8. Estimate the 2D DOA azimuth and elevation angles
according to (33).

3. Analysis of the Computational Complexity
of the Proposed Method

The computational complexity of the proposed method is
compared with that of 2D DOA fourth-order cumulant
method [17] and novel 2DDOAwith L-shaped array [30]. For𝐿 total snapshots,𝑁 number of antenna elements, 𝑛 number
of iterations, and 𝐾 number of sources, considering major
processing operations like forming the sample covariance or
cross-correlation matrices and applying the alternative least
squares method, the total computational complexity of the
proposed method is in the order of 𝑂(3(𝑁 − 1)𝐿 + 𝑛(3𝐾3) +9(𝑁 − 1)2𝐾). The complexity of the novel L-shaped array
method is in the order of𝑂(4(𝑁−1)𝐿+𝑛(3𝐾3)+12(𝑁−1)2𝐾)
and the complexity of the fourth-order cumulant method is
in the order of 𝑂(21(2𝑁 + 1)2𝐿 + 𝑛(3𝐾3) + 12(2𝑁 + 1)2𝐾).
Upon comparison, it can be seen that the proposed method
requires slightly less computational complexity compared
to the method in [17] and significantly less computational
complexity compared with the method in [30].

4. Simulation Results

The performance of the proposed method is presented in the
section and compared with the novel L-shaped method in
[30] and cumulant-based method in [17]. The performance
is measured in terms of root mean square error (RMSE) for
the azimuth and elevation angles estimation. We consider 21
antenna elements in total for the first three experiments. The
distance between the adjacent elements is taken to be half
the wave length of the incoming signal, and the number of
uncorrelated sources is taken as (𝐾 = 1, 𝐾 = 2 and 𝐾 =4). Several simulation experiments have been conducted to
evaluate the performance of the proposedmethod.TheRMSE
for the joint 2D DOA estimation azimuth and elevation
angles is defined as follows:

RMSE = √𝐸 [(�̂�𝑖 − 𝜃𝑖) + (�̂�𝑖 − 𝜙𝑖)], (35)

where 𝑖 represents the source index, 𝐸[𝑄] represents the
expectation value of a random variable𝑄, and (�̂�𝑖, �̂�𝑖) are the
pair of the estimated elevation and azimuth angles.

In the first experiment, we consider two uncorrelated
sources with direction-of-arrival azimuth and elevation
angles (𝜃, 𝜙) = (75∘, 60∘) and (80∘, 70∘), SNR range is set
from−5 to 30 dB, and the number of snapshots is 200.Monte-
Carlo trials of 500 are used. The RMSE values for source 1
and source 2 are shown in Figures 2 and 3 versus SNR for
both novel L-shaped and cumulant methods and compared
with the proposed method. We observe that the proposed
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Figure 2: Comparison of RMSE of joint azimuth-elevation versus
SNR for source 1 located at (75∘, 60∘) using proposed method, novel
L-shaped, and cumulant method.
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Figure 3: Comparison of RMSE of joint azimuth-elevation versus
SNR for source 2 located at (80∘, 70∘) using proposed method, novel
L-shaped, and cumulant method.

method has better performance which is indicated through
lower RMSE especially at low SNR. For a given RMSE value
of 0.15 degrees for source 1 and 0.25 degrees for source 2, it is
clear that the proposed method is 5 dB better compared with
novel L-shaped for source 1 and around 2.5 dB for source 2.
It is also 7.5 and 8 dB better when compared with cumulant
method for source 1 and source 2, respectively. We observe
also that proposedmethod has better performance compared
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Figure 4: Scatter plot for azimuth and elevation for four uncorre-
lated sources at (65∘, 60∘), (80∘, 75∘), (90∘, 80∘), and (100∘, 90∘) at SNR
= 10 dB using proposed method.
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Figure 5: Scatter plot for azimuth and elevation for four uncorre-
lated sources at (65∘, 60∘), (80∘, 75∘), (90∘, 80∘), and (100∘, 90∘) at SNR
= 10 dB using novel L-shaped method [30].

with [17, 30] even at low SNR. It can be deduced from Figures
2 and 3 that the performance of the proposed method will be
affected due to noise. For example, for the proposed method
the RMSE at SNR of −5 dB for source 1 is about 1.3 degrees
and for source 2 is about 1.5 degrees.

In the second experiment, four uncorrelated sources
with DOAs at (𝜃, 𝜙) = (65∘, 60∘), (80∘, 75∘), (90∘, 80∘), and
(100∘, 90∘) are considered and the number of snapshots is
set to 200. Monte-Carlo trials of 200 are conducted. SNR
is set to 10 dB. Figures 4, 5, and 6 illustrate joint azimuth
and elevation scatter diagrams of 2D DOA estimation for the
proposed method, novel L-shaped, and cumulant method,
respectively. It is shown that the four incoming sources can
be clearly observed by all methods. The proposed method
in Figure 4 gives better and precise estimation compared to
the other two methods in [17, 30]. It is also observed that
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Figure 6: Scatter plot for azimuth and elevation for four uncorre-
lated sources at (65∘, 60∘), (80∘, 75∘), (90∘, 80∘), and (100∘, 90∘) at SNR
= 10 dB using cumulant method [17].
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Figure 7: RMSE of azimuth-elevation versus number of snapshots
at SNR = 10 dB for source 1 located at (45∘, 50∘) using proposed
method, novel L-shaped, and cumulant method.

the cumulant method in Figure 6 has the worst azimuth and
elevation estimation for the four sources.

In the third experiment, the effect of the number of
snapshots on the performance of the proposed method is
evaluated. We consider two uncorrelated sources with DOAs
at (𝜃, 𝜙) = (45∘, 50∘) and (65∘, 80∘), SNR is set to 10 dB, and
the number of snapshots 𝐿 range is set from 100 to 600.
Monte-Carlo trials of 500 are used. The average RMSE of
azimuth and elevation angles estimation versus the number
of snapshots for the two sources is shown in Figures 7 and 8.
From these figures, we observe that RMSE of joint azimuth
and elevation angles for source 1 and source 2 decrease with
increasing number of snapshots. We can also clearly see

Cumulant method for source 2
Novel L-shaped array for source 2
Proposed method for source 2
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Figure 8: RMSE of azimuth-elevation versus number of snapshots
at SNR = 10 dB for source 2 located at (65∘, 80∘) using proposed
method, novel L-shaped, and cumulant method.
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Figure 9: RMSE of azimuth-elevation versus number of antennas
at SNR = 6 dB for single source located at (65∘, 72∘) using proposed
method, novel L-shaped, and cumulant method.

that the proposed method has higher estimation accuracy
compared to the methods in [17, 30].

In the fourth experiment, the effect of the number of
antennas on the performance of the proposed method is
evaluated. We consider a single source located at (𝜃, 𝜙) =(65∘, 72∘), SNR set to 6 dB, and the number of snapshots set
to 300.Monte-Carlo trials of 400 are used.The average RMSE
of azimuth and elevation angles estimation versus the number
of antennas is shown in Figure 9. From the figure, we observe
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that RMSE of joint azimuth and elevation angles decrease
with increasing number of antennas. We can also clearly see
that the proposed method has better performance compared
to the methods in [17, 30].

5. Conclusions

We have proposed a new method for 2D DOA azimuth
and elevation angles estimation using L-shaped array. The
proposed method has lower complexity and better perfor-
mance compared with existing methods since constructed
data matrices from cross-correlation are almost free of noise.
PARAFAC model is derived for automatic pair matching of
azimuth and elevation angles for multiple incident sources.
In addition, the proposed method does not require spectral
peak searching.
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The partial discharge (PD) detection of electrical equipment is important for the safe operation of power system. The ultrasonic
signal generated by the PD in the oil is a broadband signal. However, most methods of the array signal processing are used for
the narrowband signal at present, and the effect of some methods for processing wideband signals is not satisfactory. Therefore,
it is necessary to find new broadband signal processing methods to improve detection ability of the PD source. In this paper,
the direction of arrival (DOA) estimation method based on sparse representation of eigenvector is proposed, and this method
can further reduce the noise interference. Moreover, the simulation results show that this direction finding method is feasible for
broadband signal and thus improve the following positioning accuracy of the three-array localization method. And experimental
results verify that the direction finding method based on sparse representation of eigenvector is feasible for the ultrasonic array,
which can achieve accurate estimation of direction of arrival and improve the following positioning accuracy. This can provide
important guidance information for the equipment maintenance in the practical application.

1. Introduction

Electrical equipment working status is directly related to the
reliable operation of power system. And the practice has
proved that the PD is the main reason for the high voltage
electrical equipment insulation breakdown finally. In order
to avoid accidents and timely find the potential danger, it
is necessary for the electrical equipment partial discharge
testing to ensure system reliability [1–6].

In the PD detection, an array sensor is used to collect
ultrasonic signals generated by the PD. Then the array
signal processing technology is used to complete the source
direction of arrival (DOA) estimation and positioning. This
method not only has strong anti-interference ability, but
also has high positioning accuracy, and it has been widely
used in many areas [7–9]. However, the main processing

object of the traditional array signal processing methods is
a narrowband signal, and the corresponding variety of space
spectrum estimation (direction of arrival, DOA) methods
that have high resolution and fast computing speed have
been successfully applied.The electrical equipment ultrasonic
signal generated by the PD in transformer oil is a typical
broadband signal [10, 11], so the study on theDOA estimation
algorithm that is suitable for wideband signal has extremely
important significance.

The more classical wideband direction finding algorithm
is mainly divided into two categories.

The first kind ofmethod is incoherent subspace algorithm
(ISM algorithm) [12, 13]. It is that a broadband signal is
divided into a number of narrowband signals, and the
average value is obtained after estimating the DOA of each
narrowband signal. This method is a simple average of the
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narrowband signal processing results, which has a large
amount of calculation, and cannot overcome the shortcom-
ings of subspace algorithms adopted by the narrowband
signal, such that it is easily affected by noise and sampling
points and cannot solve the coherent sources. The second
method is the coherent signal subspace algorithm (CSM
algorithm) [14–17]. A focusing matrix is used to focus on
all frequency components on a single reference frequency.
Narrowband signal processing method is used to estimate
the DOA of the covariance matrix after focusing, which
reduces the correlation coefficient between signals, and can
achieve the goal of coherent solution. Moreover, the existing
CSM algorithm has to use the traditional narrowband signal
processing method after focusing, which is still unable to
avoid the disadvantages of subspace algorithms.

Mallat and Zhang in 1990s proposed the theory of signal
sparse decomposition [18, 19]. It can be constructed by using
different ways according to the specific signal form and differ-
ent research purposes. Although, the signal is represented by
a handful of basis functions, the information in the signal also
focuses on these few basis functions, so it is more conducive
to extract and explain the essential characteristics of signals.
At present, the signal sparse decomposition has been widely
used in signal noise reduction, compression, coding and
image processing, and other fields [11]. In this paper, the
sparse decomposition theory is applied to the PD signal DOA
estimation. According to the array signal direction vectors, an
overcomplete atom dictionary is established. The matching
pursuit (MP) algorithm is used to choose the appropriate
atoms, and the angle information contained in the atoms is
the DOA of signal sources.

Thiswork studies the PDpositioningmethod in the trans-
former oil based on the sparse representation of eigenvectors.
Taking a nine-element circular ultrasonic array sensor as an
example, the mathematical model of ultrasonic array signals
is given. Firstly, the broadband PD signals are received by
an ultrasonic array sensor, and the covariance matrix of a
single frequency is obtained by using RSS focusing method
[20]. Then an eigenvector corresponding to the maximum
eigenvalue is obtained through eigendecomposition of the
covariance matrix obtained; the eigenvector is as the amount
to be decomposed. According to the reference frequency and
the steering vector form of an array signal, a step and step
overcomplete dictionary is established, and thus the DOA
estimation of the PD signal can be obtained byMP.Moreover,
thismethod can further reduce the noise interference. Finally,
according to the results, the PD source is located by using the
three-array cross positioning principle. The simulation and
experimental results show that the direction finding method
based on sparse representation of eigenvectors can get higher
accuracy of the DOA estimation results and improve the
subsequent positioning precision.

2. Broadband PD Ultrasonic Array Signal

2.1. The Mathematical Model of Array Signal. The research
results show that the ultrasonic frequency produced by the
PD in transformer oil is mainly concentrated in the range of

50 kHz to 400 kHz, the center frequency is between 70 kHz
and 200 kHz, and so the PD ultrasonic signal source is a
typical broadband signal.

Assuming that a uniform array consists of M equally
spaced elements and there is a space with 𝑃 broadband
signals, the incident angle is, respectively, 𝜑1, 𝜑2, . . . , 𝜑𝑃, and
the signal received from the𝐾th element can be expressed as

𝑥𝑘 (𝑡) =
𝑃∑
𝑖=1

𝑠𝑖 [𝑡 − 𝜏𝑘 (𝜑𝑖)] + 𝑛𝑘 (𝑡) , (1)

where 𝑠𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑃) is incident broadband signal;𝑛𝑘(𝑡) is additive noise; 𝜏𝑘(𝜑𝑖) is time difference relative to the
reference node when the 𝑖th signal source is received by the𝑘th element.

The time shift theorem of Fourier transform is as follows:
a signal is carried on Fourier transform after the signal has
a time shift equal to that of the signal that has a phase delay
after Fourier transform. If 𝑠(𝑓) is the Fourier transform form
of 𝑠(𝑡), that is,

FFT [𝑠 (𝑡)] = 𝑠 (𝑓) , (2)

then the Fourier transform form of 𝑠(𝑡 + 𝜏) is
FFT [𝑠 (𝑡 − 𝜏)] = 𝑠 (𝑓) 𝑒−𝑗2𝜋𝑓𝜏. (3)

For the signal received by the 𝑘th element, both sides of
(1) are analyzed based on Fourier transform:

𝑥𝑘 (𝑓) =
𝑃∑
𝑖=1

𝑠𝑖 (𝑓) 𝑒−𝑗2𝜋𝑓𝜏𝑘(𝜑𝑖) + 𝑛𝑘 (𝑓) . (4)

The Fourier transform for 𝑀 elements can be written in
matrix form, which is

[[[[[[
[

𝑥1 (𝑓)
𝑥2 (𝑓)

...
𝑥𝑀 (𝑓)

]]]]]]
]

=
[[[[[[[
[

𝑒−𝑗𝜔𝜏1(𝜑1) 𝑒−𝑗𝜔𝜏1(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏1(𝜑𝑃)
𝑒−𝑗𝜔𝜏2(𝜑1) 𝑒−𝑗𝜔𝜏2(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏2(𝜑𝑃)

... ... d
...

𝑒−𝑗𝜔𝜏𝑀(𝜑1) 𝑒−𝑗𝜔𝜏𝑀(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏𝑀(𝜑𝑃)

]]]]]]]
]

[[[[[[
[

𝑠1 (𝑓)
𝑠2 (𝑓)

...
𝑠𝑃 (𝑓)

]]]]]]
]

+
[[[[[[
[

𝑛1 (𝑓)
𝑛2 (𝑓)

...
𝑛𝑀 (𝑓)

]]]]]]
]
.

(5)

And they can be written as

X (𝑓) = A (𝑓, 𝜃) S (𝑓) + N (𝑓) . (6)
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Among them, the steering vector matrix is

𝐴 (𝑓, 𝜑) =
[[[[[[[
[

𝑒−𝑗𝜔𝜏1(𝜑1) 𝑒−𝑗𝜔𝜏1(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏1(𝜑𝑃)
𝑒−𝑗𝜔𝜏2(𝜑1) 𝑒−𝑗𝜔𝜏2(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏2(𝜑𝑃)

... ... d
...

𝑒−𝑗𝜔𝜏𝑀(𝜑1) 𝑒−𝑗𝜔𝜏𝑀(𝜑2) ⋅ ⋅ ⋅ 𝑒−𝑗𝜔𝜏𝑀(𝜑𝑃)

]]]]]]]
]
. (7)

The signal direction matrix 𝐴(𝑓, 𝜑) is different from
narrowband direction matrix. Here, the frequency is the
whole band of the signal, while the frequency is a single fixed
value in a narrowband model.

When the signal is analyzed based on the discrete Fourier
transform (DFT) with 𝐽 points, the frequencies are 𝐽 discrete
points, and then (6) can be discrete as

𝑋(𝑓𝑗) = 𝐴 (𝑓𝑗) 𝑆 (𝑓𝑗) + 𝑁(𝑓𝑗) 𝑗 = 1, 2, . . . , 𝐽. (8)

The steering vector matrix is

𝐴(𝑓𝑗, 𝜑) = [𝑎 (𝜑1, 𝑓𝑗) 𝑎 (𝜑2, 𝑓𝑗) ⋅ ⋅ ⋅ 𝑎 (𝜑𝑃, 𝑓𝑗)] , (9)

where a(𝜑𝑖, 𝑓𝑖) (𝑖 = 1, 2, . . . , 𝑘) is a steering vector:

a (𝜑i, fj) =
[[[[[[[
[

e−j2𝜋fj𝜏1(𝜑i)

e−j2𝜋fj𝜏2(𝜑i)

...
e−j2𝜋fj𝜏M(𝜑i)

]]]]]]]
]
. (10)

2.2.The Structure of the Circular Ultrasonic Array Sensor. The
circular ultrasonic array sensor is composed of 𝑀 identical
elements evenly distributed on the circumference with a
radius of 𝑅 in the 𝑥-𝑦 plane; the elements are arranged as
shown in Figure 1 (e.g., taking nine element). The coordinate
system of the sphere is used to express the DOA of the
incident plane wave, and o is in the center of the array, which
is the origin of the coordinate system. Consequently, it is
taken as a reference point. In addition, when the incident
signal direction is (𝛼, 𝜃), azimuth 𝛼 is expressed as the angle
between the 𝑥-axis and a projection in the 𝑥-𝑦 plane, and
the projection is wired from the reference point to the source
of the signal. The pitch angle 𝜃 is the angle between the 𝑧-
axis and the wired one that is from the reference point to the
source of signal. Then the delay time 𝜏𝑚 in which the signal
arrives at the𝑚th element relative to the reference element is

𝜏𝑚 = 𝑟
𝑐 (cos(2𝜋 (𝑚 − 1)

𝑀 − 𝛼) sin 𝜃)
𝑚 = 1, 2, . . . ,𝑀.

(11)

1

2

34

5

6

7 8
9

z

y

x

𝜃

𝛼

r

p

Figure 1: The structure of a nine-element circular ultrasonic array.

Then, according to (10) and (11), the steering vector of an𝑚-element circular array can be expressed as

a (𝛼, 𝜃, 𝑓)

=

{{{{{{{{{{{{{{{{{{{{{{{

exp [−𝑗2𝜋𝑓 cos𝛼 sin 𝜃𝑟
𝑐 ]

exp [−𝑗2𝜋𝑓 cos(2𝜋
𝑀 − 𝛼) sin 𝜃𝑟

𝑐 ]
...

exp [−𝑗2𝜋𝑓 cos(2𝜋 (𝑚 − 1)
𝑀 − 𝛼) sin 𝜃𝑟

𝑐 ]

}}}}}}}}}}}}}}}}}}}}}}}

, (12)

where the frequency 𝑓 is the whole frequency band of the
signal.

3. DOA Estimation Based on
Sparse Decomposition

3.1. The Mathematical Expression of Sparse Representation.
Given an overcomplete dictionary D = {Φ𝑖, 𝑖 = 1, 2, . . . , 𝐼},
there are 𝐼 atoms, which is a whole Hilbert space 𝐻 = 𝑅𝑑,
and 𝐼 > 𝑑. Therefore, for any signal expressed as 𝑦, 𝑦 ∈ 𝐻,
the 𝑘 atoms can be selected adaptively in D, to make sparse
approximation with the signal 𝑦; that is,

𝑦 = ∑
𝑟∈𝐼𝑘

𝑐𝑟Φ𝑟, (13)

where 𝐼𝑘 is index set ofΦ𝑟 and the corresponding coefficients
are expressed as 𝐶 = {𝑐𝑟}𝑟∈𝐼𝑘 . The atomic number 𝑘 selected
is usually much smaller than the atomic number 𝐼 in the
atomdictionary. A few atoms can express the signal, so-called
sparse representation.

The matrix is used to express 𝑦 ∈ 𝑅𝑑 and D ∈ 𝑅𝑑×𝐼; the𝑖th column ofD is Φ𝑖, and then (13) can be written as

Y = Dc, (14)

where c ∈ 𝑅𝐼 is a sparse vector.
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The ways in which the atoms in the overcomplete dic-
tionary are used to express the signal have infinite variety
of forms. Therefore, how to effectively solve the sparse
coefficient vector c is an important problem, the sparse repre-
sentation which is the basic problem of sparse representation,
and the specific expression is as follows:

argmin c0 ,
s.t. 𝑦 = Dc, (15)

where c0 is 𝑙0-norm of c, which is the number of the nonzero
elements in the coefficient vector c.

3.2. Application of Matching Pursuit Algorithm in DOA Esti-
mation. In the application process of sparse representation
method, different overcomplete dictionaries are constructed
according to different research purposes.When an ultrasonic
array is used to estimate theDOAof the broadbandPD signal,
the overcomplete dictionary can be structured according to
a steering vector matrix form of the received signal. The
steering vector matrix contains the wave direction of signals;
therefore, constructing a group of atomic vectors covered
space at any angle inevitably includes the DOA of signals.
Based on sparse representation theory, these atoms that
include the DOA of signals can be selected by usingmatching
pursuit (MP) algorithm, and they can be used to realize the
direction finding.

The principles of the MP algorithm are similar to the
adaptive projection decomposition algorithm. Firstly, the
atoms that match with the signal mostly are selected from
the overcomplete dictionary, which is the idea that these
atoms have the maximum inner product with signal. Here,
the projection coefficient is that the signal on the atom is the
largest, and the rest of energy on the atom after decompo-
sition is minimum. Next, the same method is used to find
out the best matching atoms with the remaining amount and
then make decomposition. Repeat the above steps. When the
remaining energy of decomposition is small enough or the
best matching atom combinations can represent the original
signal, stop the decomposition. The flow chart of the sparse
representation by using MP algorithm is shown in Figure 2.

When estimating the DOAs of the ultrasonic signal
generated by 𝑝 PD sources, the incidence angles of the signal
can be searched on 𝑁 angle vectors that have been set. In
general, the number of the PD sources is much smaller than
the number of angles to be searched; that is, 𝑃 ≪ 𝑁. A search
vector of the angle is constructed, and the vector is covering
all space angle, which is 𝛽 = [𝛽1 𝛽2 ⋅ ⋅ ⋅ 𝛽𝑁]. There are 𝑃
components equal to 𝜑1, 𝜑2, . . . , 𝜑𝑃, respectively. According
to (9), the search matrix of angle is constructed as

𝐴 𝑠 (𝛽) = [𝑎V (𝛽1) , 𝑎V (𝛽2) , . . . , 𝑎V (𝛽𝑁)] . (16)

The direction finding by using the sparse representation
theory is to decompose the received signals on the atoms
with different directions. The projection value is maximum
when the incident signal has the same direction with the
atoms. According to the relevant knowledge of the vector
projection theory in mathematics, the projection of an array

Start

Input the signal that needs to be
decomposed

Set decomposed parameters

Formed overcomplete dictionary

Search for the optimal atom in
the overcomplete dictionary

The component of the optimal atom is reduced in
the signal or residual signal, completed a step
of decomposition

Complete decomposition?
N

Y

Save the results of decomposition

End

Figure 2: The flow chart of sparse representation based on MP
algorithm.

signal on the atom is maximum, which means that the
inner product module between the array signal and the
corresponding atom is maximum. Firstly, the parameter to
be decomposed is set to beX, andXmakes the inner product
with each atom 𝛼V(𝛽𝑛) (𝑛 = 1, 2, . . . , 𝑁); then the optimal
atom 𝑎V(𝛽𝛾0) 𝛾0 ∈ {1, 2, . . . , 𝑃} is selected by the absolute
value of the inner product, and the optimal atom meets the
following conditions:

⟨X, aV (𝛽𝛾0)⟩ = sup ⟨X, aV (𝛽𝑛)⟩ . (17)

The received signalX is decomposed into the component
of projection on aV(𝛽𝛾0) and the remains of the signal:

𝑋 = 𝑃𝑎V(𝛽𝛾0)𝑋 + 𝑅𝑋, (18)

where 𝑃𝑎V(𝛽𝛾0)𝑋 is the projection of signal on the optimal
atom. And with the definition of the matrix projection, the
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part of projection can be obtained by using the following
equation:

P𝑎V(𝛽𝛾0)X

= aV (𝛽𝛾0) ⟨aV (𝛽𝛾0) , aV (𝛽𝛾0)⟩−1 aV𝐻 (𝛽𝛾0)X
= ⟨X, aV (𝛽𝛾0)⟩ aV (𝛽𝛾0) .

(19)

Repeat the above steps with the residual signal and, after
the decomposition for P times, the residual signal is small
enough tomeet the requirements of the allowable error, so the
decomposition results of the array signal X can be obtained:

X = 𝑃∑
𝑛=1

⟨R𝑛X, aV (𝛽𝑛)⟩ aV (𝛽𝑛) + 𝑅𝑘X. (20)

When the decomposition of the received signal has been
finished, a group of orientationmatrixes𝛽 = [𝛽1 𝛽2 ⋅ ⋅ ⋅ 𝛽𝑃]
can be obtained. And 𝑃 elements are wave directions of 𝑃
signals, respectively.

The number of PD sources is previously unknown and,
according to the signal sparse representation in the process
of the change in energy, the iterative termination conditions
for DOA estimation of ultrasonic array signals based on MP
algorithm are obtained. However, if the difference of the
energy variation for the adjacent decomposition is particu-
larly large and the value of the energy variation is small in the
process of subsequent classification, then the iteration can be
terminated.

3.3. The Principle of Direction Finding Based on Sparse
Representation of the Eigenvectors. According to the intro-
duction of Section 2.1, assuming that the signal and noise are
independent of each other, the center frequency is𝑓, the array
covariance matrix of received data is

R (𝑓) = 𝐸 {X (𝑓)X𝐻 (𝑓)}
= A (𝑓)R𝑆 (𝑓)A𝐻 (𝑓) + 𝛿2I, (21)

where I is identity matrix, 𝜎2I = 𝐸[N(𝑓)N(𝑓)𝐻], and R𝑆(𝑓)
is the covariance matrix of the source signal. Moreover,
the signal subspace composed by the signal eigenvector
and the noise subspace composed by the noise eigenvector
can be obtained, respectively, by the decomposition of the
covariance of the ultrasonic array signal.

Theorem 1. Suppose that 𝑁 (𝑁 ≤ 𝑀 − 1) narrowband far-
field signal is incident on the array that consists of𝑀 elements,
the order of the array manifold matrix is 𝑁, and the order of
the signal covariance matrix is 𝐾 (𝐾 ≤ 𝑁). Assuming that the
noise covariance matrix R𝑁 is a matrix with full rank, so the
following linear relationship meets

R𝑁e𝑘 =
𝑁∑
𝑛=1

𝛼𝑘 (𝑛) a (𝜃𝑛) , (22)

where 1 ≤ 𝑘 ≤ 𝐾, e𝑘 is an eigenvector of covariancematrix that
receives the data, 𝛼𝑘(𝑛) is a factor of linear combination, and

a(𝜃𝑛) is a steering vector. The proof process is in the literature
[21].

Based on the theorem, when the noise covariance matrix
is the ideal white noise, (22) can be simplified as

e𝑘 =
𝑁∑
𝑛=1

𝛼𝑘 (𝑛) a (𝜃𝑛) 1 ≤ 𝑘 ≤ 𝐾. (23)

Equation (23) shows that whether the source of signal is
coherent, the eigenvectors corresponding to the maximum
eigenvalue is a linear combination of the steering vectors for
each signal source. And the biggest eigenvector of the data
covariance matrix contains the information of all signals.

Consequently, the eigenvector corresponding to themax-
imum eigenvalue can be sparse representation, thereby the
DOA estimation for the signal is obtained. Compared with
the DOA estimation of the received data based on sparse
representation, the eigenvalue decomposition canweaken the
interference caused by noise, and the eigenvector correspond-
ing to themaximumeigenvalue is selected to be as the amount
to be decomposed, and the estimation results will be more
accurate.

3.4. The Steps of Direction Finding Based on Sparse Represen-
tation of Eigenvectors. Firstly, in order to obtain the narrow
covariance matrix of a single frequency, the received data
need to be focused on, because the ultrasonic signal is a
broadband signal.The rotate signal subspace (RSS) algorithm
presented in literature [20] is used to focus on the received
data of the array in this work.

Therefore, the detailed steps of theDOA estimation based
on sparse representation of eigenvectors can be expressed as
follows:

(1) The data X received by the ultrasonic array sensor is
analyzed based on the DFT to obtain the X, and this
is the preparation for the subsequent focus.

(2) The reference frequency is selected as 𝑓0, and X is
focused by RSS, and the covariance matrix of a single
frequency P is obtained by using the focus algorithm.

(3) The corresponding eigenvector emax of the maximum
eigenvalue can be obtained through the eigenvalue
decomposition of the covariance matrix P.

(4) According to Section 2.2, the overcomplete dictionary
is established in the form of the steering vector,
and the frequency 𝑓 of the atom in the step and
step overcomplete dictionary is replaced with the
reference frequency 𝑓0.

(5) By using the MP algorithm, the eigenvector emax is
to make sparse representation, and the optimal atom
is selected. Then the DOA estimation of the signal is
obtained, which is contained in the angle (𝛼, 𝜃) of the
optimal atom.

3.5. Three-Array Cross Localization Method. After the DOA
estimation of the signal, the position of the PD source cannot
be sure, because the distance between the PD source and the
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Figure 3: The map of three-array cross localization principle.

array sensor is unknown [22, 23]. The space position of the
PD source is obtained according to themethod of three-array
cross localization method and the results of the direction
finding. The principle of three-array localization method is
shown in Figure 3.

The space positions of the three sets of array sensors are,
respectively, 𝐴1(𝑥1, 𝑦1, 𝑧1), 𝐴2(𝑥2, 𝑦2, 𝑧2), and 𝐴3(𝑥3, 𝑦3, 𝑧3)
and, using the direction angle and the positions of the
ultrasonic array sensor, the equation of the direction line can
be obtained. Suppose that spatial coordinates of the signal
source are 𝑆(𝑥, 𝑦, 𝑧). In the ideal situation, the three different
direction lines should intersect in the 𝑆(𝑥, 𝑦, 𝑧). But these
lines are on different surfaces, because there are many actual
measurement errors. Therefore, the sum function that is a
sum of the vertical distance from a point in the space to the
three lines is

𝑑 = 3∑
𝑡=1

𝑑𝑡 = 𝑑1 + 𝑑2 + 𝑑3. (24)

Through searching in the space by using ChaoticMonkey
algorithm [24], when the sum of distance is minimum, the
point with the minimum value d can be regarded as the space
position of the PD source.

4. The Simulation Study

4.1. The Simulation of the PD Signal. The length (𝑥), width
(𝑦), and height (𝑧) of the electrical equipment model are,
respectively, 150 cm, 100 cm, and 120 cm (they are matched
with the size of the experimental equipment).The simulation
parameters of signal are set as the wavelength 𝜆 = 10mm;
the amplitude is 5mm; the center frequency is 150 kHz;
the equivalent velocity is 1500m/s; the acoustic attenuation
coefficient of the signal is 𝛼 = 50 × 10−7 cm−1; the number of
sampling snapshots is 1024; the sampling frequency is 2MHz;
the noise-signal ratio is 10 dB. Moreover, in order to verify

the validity of the array signal direction finding based on
sparse representation, the simulation research is carried out
on a nine-element circular ultrasonic array sensor, and the
interval between array elements is 𝑑 = 𝜆/2 = 5mm.

The form of simulated signal [25, 26] is

𝑓 (𝑡) = {{{
𝐴𝑒 (𝑘1 (𝑡0 − 𝑡)) cos (2𝜋𝑓𝑡) , 0 ≤ 𝑡 ≤ 𝑡0,
𝐴𝑒 (𝑘2 (𝑡 − 𝑡1)) cos (2𝜋𝑓𝑡) , 𝑡0 ≤ 𝑡 ≤ 𝑡1, (25)

where 𝑓 is the central frequency of the signal, 𝐴 is the
amplitude of the signal, and 𝑡0 is the time division point.
Firstly, because of the randomness, the PD ultrasonic signal is
in electrical equipment, so 100 frequency points of the signal
are generated according to the average probability in the
bandwidth, and they formed frequency distribution.Then, on
the basis of center frequency of ultrasonic signal, the ampli-
tude of the signal corresponding to each frequency point is
formed by the normal distributionmethod. Finally, the initial
phase of each frequency point is randomly generated, and
the white Gaussian noise is added in the signal, and the PD
ultrasonic signal in the oil can be simulated.

The map of the time waveform of the simulated signal is
shown in Figure 4(a); by using the Fourier transform, themap
of the frequency domain is shown in Figure 4(b); when the
noise is large, the PD signal is submerged in the waveform of
the time domain, and it is shown in Figure 4(c).

The map of the frequency domain shows that the sim-
ulated PD signal is a broadband signal, and the center
frequency is 150 kHz.

The oscillogram of the simulated signal received by a
nine-element circular ultrasonic array sensor is shown in
Figure 5.

4.2. The Simulation of Location. For the broadband signal
simulated, the received data by ultrasonic array sensor is
segmented according to the observation time, and the array
covariance matrix of each frequency point can be obtained
by the DFT in every period. 𝑓0 is selected as focusing
frequency, and the covariance matrix of a single frequency
can be acquired. The step and step overcomplete dictionary
is established according to the focusing frequency and the
steering vector form of Section 2.2. After the focusing and the
eigendecomposition of the covariancematrix, the eigenvector
corresponding to the maximum eigenvalue can be acquired,
and the eigenvector is the parameter to be decomposed.

Then taking a circular ultrasonic array sensor, for exam-
ple, the position of the source is set at (35, 50, 60) cm, and
the positions of the three-array sensors are set at position
#1: (40, 0, 10) cm, position #2: (80, 0, 0) cm, position #3: (0,
30, 50) cm.Therefore, the theoretical values of the DOAs are,
respectively, (5.7∘, 45.1∘), (132.0∘, 48.3∘), and (29.7∘, 76.1∘).

In accordancewith the steps of the Section 3.4, the process
of searching for the optimal atom is that the array signal
makes inner products with each atom, respectively, and the
value of the inner product is maximum with the optimal
atom. In order to figuratively present this process, the scatter
gram of absolute value of the inner product in the angle space
can be made.
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Figure 4: The simulated PD signal.

The DOA estimation result of the PD ultrasonic signal
received by the array sensor at the position #1 is (95.9∘, 4.8∘),
and the scatter gramof the absolute value of the inner product
in the space is shown in Figure 6.

The DOA estimation result of the PD ultrasonic signal
received by the array sensor at position #2 is (131.6∘, 8.5∘), and
the scatter gram of the absolute value of the inner product in
the space is shown in Figure 7.

The DOA estimation result of the PD ultrasonic signal
received by the array sensor at position #3 is (30.1∘, 6.4∘), and
the scatter gram of the absolute value of the inner product in
the space is shown in Figure 8.

Then using the three DOA estimation results above, the
objective function equation (24) is calculated by the three-
array cross positioning principle. And when the objective
function is minimum by using the search of the optimization
algorithm, the position of the PD source in the space can be
acquired. Consequently, the result is (33.1, 51.8, 58.7) cm, the
error is 2.9 cm, and the location diagram is shown in Figure 9.

Changing the positions of the PD source and the ultra-
sonic array sensors, the five groups of the PD source posi-
tioning simulation are conducted. The positioning results of
the circular ultrasonic array are shown in Table 1.

The table shows that, after direction of the eigenvector
with the sparse representation, the average error for position-
ing is 3.08 cm. And it illustrates that the eigenvector with the
sparse representation can obtain the better direction finding
results and reduce the errors in the positioning.

5. The Experimental Study

5.1. The Experimental System. The experimental system for
research includes discharge device, the array sensor, the data
acquisition system, and the data processing system.

The simulated electrical equipment is a tank welded by
steel plates, the body length is 150 cm, the width is 100 cm, the
height is 120 cm, and the thickness of the steel plate is 5mm.
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Figure 5: The oscillogram of the signal received by a full ultrasonic array.
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Figure 6: The scatter gram of the absolute value of the inner product in the space.

Moreover, a three-capacitor discharge tube is used to simulate
the PD source of the internal electrical equipment. And the
array sensor is put in the preset position.

A nine-element circular ultrasonic array sensor is used
to receive signal, it is fixed on the outer wall of the tank,
and the shielding lines are used to transfer the data; then

the data are processed by the computer combined with
ultrasonic detection software. The principle diagram of the
whole experiment system is shown in Figure 10.

The scalemodel and the physicalmap of the nine-element
circular ultrasonic array sensor are, respectively, shown in
Figures 11(a) and 11(b).
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Figure 7: The scatter gram of the absolute value of the inner product in the space at position 2.
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Figure 8: The scatter gram of the absolute value of the inner product in the space at position 3.
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Figure 9:Themap of simulated location of the circular array sensor.
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In order to avoid the influences of discharge instability
and other factors on the experimental results, a three-
capacitor discharge tube is used to simulate the PD source,

it can generate the ultrasonic that is similar to the ultrasonic
signal of the real partial discharge, and it has good stability
and repeatability, and the discharge voltage is low and easy
to meet the insulation. The EPSON discharge tube is used
to be a discharge device, and the critical discharge voltage is
230V.Generally, the discharge frequency of ultrasonic signals
emitted by the discharge tube is in the range of 50 kHz to
280 kHz, the center frequency is 150 kHz, and the equivalent
velocity is 1500m/s, while thewavelength is about 10mm.The
diagram of the three-capacitor discharge principle is shown
in Figure 12.

In Figure 12, 𝐶0 is a coupling capacitor, and𝐶1 is equiva-
lent capacitance of the other parts of the insulating medium.𝐶2 is equivalent capacitance of the insulating medium that
is in series with the PD source, and the gas-discharge tube
is used to be a discharge device, when the voltage of the tube
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Table 1: The location results of the circular ultrasonic array.

Group
The position
of the PD
source/cm

The position
of the array
sensor/cm

Theoretical
angle/(∘)

Direction
angle/(∘)

The result of the
three-array cross

positioning
/cm

The error/cm

1 (35, 50, 60)
(40, 0, 10) (95.7, 45.1) (95.9, 44.8)

(33.1, 51.8, 58.7) 2.9(80, 0, 0) (132.0, 48.3) (131.6, 48.5)
(0, 30, 50) (29.7, 76.1) (30.1, 76.4)

2 (30, 80, 95)
(35, 0, 50) (93.6, 60.7) (94.1, 60.4)

(32.0, 78.5, 93.2) 3.1(40, 0, 0) (97.1, 40.3) (97.5, 39.5)
(0, 20, 30) (63.4, 45.9) (64.3, 46.2)

3 (25, 70, 20)
(50, 0, 10) (109.7, 82.3) (110.3, 81.6)

(23.2, 68.4, 22.3) 3.3(0, 50, 0) (38.7, 58.0) (38.3, 57.4)
(0, 50, 60) (38.7, 141.3) (38.3, 139.8)

4 (60, 30, 50)
(30, 0, 20) (45.0, 54.7) (44.3, 54.1)

(62.3, 31.7, 49.0) 3.0(65, 0, 35) (99.5, 63.7) (98.7, 64.0)
(0, 45, 0) (166.0, 51.0) (165.2, 50.5)

5 (75, 20, 45)
(0, 0, 80) (14.9, 114.3) (14.4, 114.8)

(73.2, 21.7, 43.1) 3.1(40, 0, 0) (29.7, 41.9) (30.3, 40.8)
(55, 0, 0) (45.0, 32.2) (44.1, 32.7)
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Figure 10: The structure of the PD positioning experimental system. (1) AC power regulator; (2) voltage regulator; (3) test transformer; (4)
coupling capacitor; (5) impedance measurement; (6) inlet bushing; (7) PD model; (8) oil tank; (9) Partial Discharge Ultrasonic array sensor;(10) transmission lines; (11) data acquisition unit.

(a) The scale model (b) The physical map

Figure 11: A nine-element circular ultrasonic array sensor.
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Table 2: The positioning results based on sparse representation of the eigenvector.

Group
The position
of the PD
source/cm

Theoretical
angle/(∘)

Direction
angle/(∘)

The result of the
three-array cross
positioning/cm

The error/cm

1
(45, 0, 20) (36.9, 32.0) (36.0, 31.2)

(67.7, 17.4, 62.6) 4.5(80, 0, 20) (135.0, 27.9) (134.2, 28.9)
(0, 30, 40) (167.0, 73.3) (168.1, 73.5)

2
(55, 0, 35) (56.3, 35.8) (55.2, 36.6)

(62.5, 12.2, 57.1) 4.7(0, 25, 35) (163.0, 69.8) (162.1, 69.2)
(45, 0, 20) (36.9, 32.0) (37.5, 32.9)

3
(0, 45, 45) (155.2, 78.2) (154.0, 79.4)

(62.0, 17.6, 62.2) 4.5(70, 0, 45) (108.3, 46.5) (107.6, 45.4)
(45, 0, 40) (56.3, 51.4) (55.6, 52.0)

4
(55, 0, 45) (56.3, 50.3) (55.5, 51.2)

(67.4, 12.5, 62.7) 4.4(0, 40, 25) (158.9, 63.3) (157.8, 64.0)
(45, 0, 20) (36.9, 32.0) (37.5, 31.1)

5
(55, 0, 35) (56.3, 35.8) (57.2, 35.0)

(67.8, 17.6, 62.4) 4.5(70, 0, 35) (108.3, 32.3) (107.4, 31.2)
(0, 40, 20) (158.9, 60.1) (159.7, 61.2)

Measured
impedance

Discharging
tube

Power
source

C0

C1

C2

C3

R1

R2

R3

Figure 12: The diagram of the three-capacitor discharge principle.

reaches a certain value, the gas is breakdown conduction, and
then the discharge effect is produced.

5.2. The Signal Processing. In the process of the experiment,
the position of the PD source was preset. And a plurality
of preset fixed locations were for the array sensors on the
outer wall of the electrical equipment. Then the ultrasonic
array sensor was used to collect the PD signal. In order to
ensure that the experiment was performed under the same
conditions and to facilitate subsequent data processing, the
PD source location was fixed during the experiment, only
changing the position of ultrasonic array sensor so that the
relative space position was changed. The location of the PD
source in experiment was (65, 15, 60) cm.

The oscillogram of the PD signal received by the nine-
element ultrasonic array sensor is shown in Figure 13.

Three different locations were selected to place ultrasonic
array sensors that were used to receive the PD signal, and the
ultrasonic signal was used to be focusing and the eigenvector

corresponding to the maximum eigenvalue was acquired by
using the eigendecomposition of the covariance matrix with
a single frequency. This eigenvector was the amount to be
decomposed, and the optimal atom was selected by using
MP algorithm; then the DOA estimation can be realized.
Besides, the noise interference can be reduced based on
sparse representation of the eigenvectors and improve the
accuracy of positioning.

Using the methods of direction finding and positioning
in the work, the results are shown in Table 2.

The table shows that, in the experimental process, the
average error of positioning for the circular ultrasonic array
sensor based on sparse representation of the eigenvectors is
4.52 cm, which meets the requirement of practical engineer-
ing.

6. Conclusion

Theaccurate detection of the PD in oil of electrical equipment
is the key to the maintenance and repairs of equipment.
The positioning method for the PD based on the sparse
representation of the eigenvectors is studied in this work.
First of all, the mathematical model of a wideband PD signal
and the steering vector of a circular ultrasonic array sensor
is given. Then the sparse representation theory is applied to
the DOA estimation. The principle and process of the sparse
presentation of the eigenvectors is introduced in detail, and
the three-array cross positioning method is also introduced.
Lastly, the simulation study and experimental research are
conducted on this method, and the results show that the
positioning method in the work can achieve the accurate
positioning of the PD source.
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Figure 13: Nine channel ultrasonic signal waveforms.
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Due to the variable curvature of the conformal carrier, the pattern of each element has a different direction.The traditional method
of analyzing the conformal array is to use the Euler rotation angle and its matrix representation. However, it is computationally
demanding especially for irregular array structures. In this paper, we present a novel algorithm by combining the geometric
algebra with Multiple Signal Classification (MUSIC), termed as GA-MUSIC, to solve the direction of arrival (DOA) for cylindrical
conformal array. And on this basis, we derive the pattern and arraymanifold. Compared with the existing algorithms, our proposed
one avoids the cumbersome matrix transformations and largely decreases the computational complexity. The simulation results
verify the effectiveness of the proposed method.

1. Introduction

A conformal antenna is an antenna that conforms to a
prescribed shape. The shape can be some part of an airplane,
high-speedmissile, or other vehicle [1].Their benefits include
reduction of aerodynamic drag, wide angle coverage, and
space-saving [2]. Nevertheless, due to the complex curved
surface structure, the pattern of each antenna is inconsistent.
Thus, the conformal array can no longer be regarded as
a simple isotropic one. The pattern multiplication theorem
is not available as well. Most classical DOA estimation
algorithms cannot be directly transplanted to such scene.

In recent years, there has been a considerable interest
in estimating DOAs for conformal array. Milligan used
Euler rotation angles to find the patterns with elements in
a conformal array that requires one to rotate not only the
direction but also the polarization [3]. In [2], Wang et al.
proposed a uniformmethod for the element polarized pattern
transformation of arbitrary 3D conformal arrays based on
Euler rotation. Yang et al. introduced a conformal array DOA
algorithm with an unknown source number; the method was
realized by virtue of the pseudo expected signal [4]. However,
the root mean square error (RMSE) deteriorated severely

when the number of snapshots was small. Up to the present,
we have observed that most of DOA estimation algorithms
for conformal array are based on the Euler rotation trans-
formation which converts the local coordinate system to the
global coordinate system. Though the Euler rotation angle is
a useful tool for spatial rotation transformation [5], a huge
amount of computation is incurred.

Geometric algebra is the largest possible associative
algebra that integrates all algebraic systems (algebra of com-
plex numbers, matrix algebra, quaternion algebra, etc.) into
a coherent mathematical language [6]. Three-dimensional
pattern analysis of arbitrary conformal arrays using the
mathematical framework of the geometric algebra was intro-
duced [7]. Nevertheless, this mathematical language was
not transplanted to the DOA estimation. In [8], Zou et al.
took several elements as a new one and transformed the
original array into another regular array to estimate theDOA.
However, this method was only suitable for some particular
array structures. Combining the MUSIC with geometric
algebra to solve the DOA estimation has not been addressed
in the literature. In this paper, we fill this gap and study the
problem based on the cylindrical conformal array. Compared
with the existing methods, the proposed one has three main
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Table 1: Properties of the outer product.

Property Meaning
Antisymmetry (x ∧ y) = −(y ∧ x)
Scaling x ∧ (𝛾y) = 𝛾(x ∧ y)
Distributivity x ∧ (y + z) = (x ∧ y) + (x ∧ z)
Associativity x ∧ (y ∧ z) = (x ∧ y) ∧ z

x

y
x ∧ y

(a)

x

y
y ∧ x

(b)

Figure 1: The geometry of outer product (a) x ∧ y and (b) y ∧ x.

advantages. Firstly, it does not need to calculate the rotation
matrices and therefore has a much lower computational
complexity. Subsequently, it is not limited to the cylindrical
conformal array due to its strong commonality. Finally, it
can still work effectively even when the number of polarized
signals is larger than that of the array elements.

The structure of this paper is as follows. In Section 2,
the rotors in geometric algebra which establishes the math-
ematical knowledge of transformation is briefly introduced.
In Section 3, we derive the cylindrical conformal array
manifold using rotors and present the GA-MUSIC algorithm.
In addition, to better explain the superiority of GA-MUSIC in
reducing the computational complexity, we briefly introduce
the Euler angle and compare it with the proposed algorithm.
Simulations using the proposed method for cylindrical con-
formal array are given in Section 4. Finally, the conclusions
are drawn.

2. Rotors in Geometric Algebra

Geometric algebra was first introduced by the British math-
ematician, named Clifford, in the nineteenth century. He
constructed the geometric product by combining the inner
product with the outer product. The main advantage of the
geometric algebra is embodied in processing the rotation
transformation [9]. Various rotations can be described by an
element called the rotor. A rotor ismore general than an Euler
rotation angle because a rotor can be used in an arbitrary
dimensional space.

We begin by introducing a new product between vectors
that we call the outer product. Let us use the wedge symbol
“∧” to denote outer product with the properties listed in
Table 1.

The outer product is regarded as the “addition operator”
of subspaces, in that the outer product x∧y spans the subspace
that x and y span together, as long as x and y are independent.
The geometry is illustrated in Figure 1.

Next, we will introduce the fundamental product of the
geometric algebra, namely, geometric product. It is simply the
sum of the outer and inner product:

xy = x ∙ y + x ∧ y. (1)

O

ez

ex
ey

E3 = ex ∧ ey ∧ ez

Figure 2: The geometry of 3-blade.

Reversing the order of x and y in (1), by means of the
symmetry of the inner product and the antisymmetry of the
outer product, it follows that

yx = x ∙ y − x ∧ y. (2)

Thus, combining (1) with (2), the inner product and the
outer product can be uniformly represented by the geometric
product:

x ∙ y = xy + yx2
x ∧ y = xy − yx2 . (3)

Generally, we call an outer product of 𝑘 vectors a 𝑘-blade.
The value of 𝑘 is called the grade of the blade. Specifically,
the top-grade blades E𝑛 in an 𝑛-dimensional space are called
pseudoscalars. In principle, blades are just elements of the
geometric algebra. To be useful for doing geometry, blades
can be interpreted as subspaces. x∧ y is a 2-blade as shown in
Figure 1(a). By introducing vector z, we can construct the 3-
blade x∧y∧z, which coincides with the Cartesian coordinate
system.As shown in Figure 2, the unit vectors e𝑥, e𝑦, and e𝑧, in
that order, form a right-handed Cartesian coordinate system.
E3 is the pseudoscalar, relative to the origin denoted byO.The
3-blade is drawn as a parallelepiped. The volume depicts the
weight of the 3-blade, but, in principle, blades have no specific
shape.

As shown in Figure 3, vector y is obtained by rotating
vector xwith 𝜃.We can regard the rotation as two consecutive
reflections, first in a and then in b.The expression that reflects
x in the line with direction a is

x = axa = 2 (a ∙ x) a − x. (4)

In (4), a must be unit length. We give the detailed
derivation process in Appendix.The regularity condition can
be dropped by using an inverse geometric product, as in

x = axa−1 = 2 (a ∙ x) a−1 − x, (5)

where

a−1 = a
a ∙ a (6)

with (⋅)−1 representing the inverse operator.
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x
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y

b

𝜃

b ∧ a
𝜑

x

Figure 3: Rotation of vector x.

Then, y can be obtained by reflecting x in the line with
direction b:

y = bxb−1 = baxa−1b−1 = (ba) x (ba)−1 = RxR−1. (7)

Thus, we can identify R as the rotor. To proceed further,
we rewrite R according to the definition of the geometric
product:

R = ba = b ∙ a + b ∧ a. (8)

Here, we consider the case that the vectors are unit length.
This assumption is reasonable, because the basic vectors of the
Cartesian coordinate system satisfy it as well. The geometric
product of b ∧ a itself is

(b ∧ a) (b ∧ a) = (ba − b ∙ a) (b ∙ a − ab)
= b ∙ a (ba + ab) − (b ∙ a)2 − baab

= b ∙ a (2b ∙ a) − (b ∙ a)2 − b (aa) b
= (b ∙ a)2 − bb = cos2𝜃 − 1 = −sin2𝜃.

(9)

Thus, we define the 2-blade E2:

E2 = b ∧ a
sin 𝜃 . (10)

R can be further simplified by substituting (10) into (8):

R = cos 𝜃 − E2 sin 𝜃. (11)

The expression is similar to the polar decomposition of
a complex number with the unit imaginary replaced by the
2-blade E2. It can also be written as the exponentials of E2:

R = 𝑒−𝐸2𝜃. (12)

This formalism is more useful for the log-space of rotors
is linear. Up to this point, the angle of rotation in the b ∧ a-
plane remains to be determined. We split x into part (x𝑝)
parallel to b∧a-plane and part (x𝑜) orthogonal to b∧a-plane.
Then, x𝑜 is not affected by applicationR. Andwe infer that the

O
𝜑

rmn

𝛽 𝜃

ex

ey

Figure 4:The cylindrical conformal array consisting of𝑀×𝑁 short
dipoles.

rotation must be in b ∧ a-plane. As stated above, the rotation
consists of two successive reflections which are orthogonal
(angle-preserving) transformations.Thus, it allows us to pick
any vector in b∧a-plane to determine the angle.Without loss
of generality, we choose vector a and construct the “sandwich
product” RaR−1 as shown in (7):

RaR−1 = baaa−1b−1 = bab−1, (13)

where bab−1 is the reflection of a in b. From this, it is clear
that the rotation must be over twice the angle between a and
b, since the angle between a and bab−1 is twice the angle
between a and b.The negative signature in (12) represents the
rotation direction.

Consequently, if we want to rotate a vector counterclock-
wise by a specific angle, we only need to apply the rotor to the
vector.

3. GA-MUSIC Algorithm

3.1. Array Manifold Modeling Based on GA-MUSIC. In this
subsection, we will combine the geometric algebra with
MUSIC to estimate the DOA. To illustrate the versatility of
this algorithm, we consider 𝑀 × 𝑁 cylindrical conformal
array as shown in Figure 4. The array contains 𝑁 uniformly
spaced rings on the surface. In addition, there are𝑀 dipoles
distributed on each ring.We assume that each dipole is a short
dipole whose output voltage is proportional to the electric
field along the dipole. The angle between two consecutive
elements on the same ring is 𝛽.

Assume that there are 𝑃 far-field narrow band polariza-
tion sources. 𝜃𝑝 represents 𝑝th signal elevation angle which
is measured down from e𝑧-axis. 𝜑𝑝 indicates 𝑝th signal
azimuth angle and is measured counterclockwise from e𝑥-
axis. The polarization ellipse of 𝑝th signal is depicted by
constants 𝛾𝑝 and 𝜂𝑝, representing the auxiliary polarization
angle and the polarization phase difference [10], respectively.
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Figure 5: The local coordinate of (𝑚, 𝑛)th element.

The array element spatial phase matrix of the 𝑝th signal can
be described as follows:

Υ𝑝 = Υ𝜃𝑝,𝜑𝑝 = [[[[
𝑢𝑝,1

d 𝑢𝑝,𝑃
]]]]
, (14)

where Υ𝑝 is the diagonal matrix depicting the output
signal spatial coherent structures. 𝑘th diagonal element,𝑢𝑝,𝑘 = 𝑒−𝑗2𝜋(𝜀𝑇𝑠 (𝜃𝑝,𝜑𝑝)r𝑘)/𝜆𝑝 , represents the space phase fac-
tor about 𝑝th array element. Among which, 𝜀𝑠(𝜃𝑝, 𝜙𝑝) =−[sin 𝜃𝑝 cos𝜑𝑝, sin 𝜃𝑝 sin𝜑𝑝, cos 𝜃𝑝]T and 𝜆𝑝 are 𝑝th signal
propagation vector and the wavelength, respectively. Symbol
r𝑘 is the element location vector and (⋅)T denotes the trans-
pose operator.

It is worthwhile to note that the aforementioned ele-
ment spatial phase matrix, Υ𝑝, is derived under the global
coordinate system. The azimuth and elevation are defined in
Figure 4 as well. However, due to the effects of the curvature
of conformal carriers, the local coordinate system is distinct
from the global one. As stated above, the rotor can be used
to realize the rotation between the two coordinate systems.
Thus, we define the local coordinate system of (𝑚, 𝑛)th
element as shown in Figure 5.

e𝑥𝑚𝑛-axis is the same as e𝑥-axis in the global coordinate
system, e𝑧𝑚𝑛 is normal to the element surface, and e𝑦𝑚𝑛 is
tangent to the surface so as to form a right-handed coordinate
system. Naturally, transforming the global coordinate into
the local one is equivalent to rotating the global coordinate
around e𝑥-axis. From the last section, we have known that
(12) denotes the rotation in b ∧ a-plane with twice the value
of 𝜃. The rotation angle is

𝜉 = (𝑚 − 1) 𝛽 − 𝑀 − 12 𝛽 = (𝑚 − 𝑀 + 12 )𝛽. (15)

Substituting e𝑧 and e𝑦 for b and a, respectively, then the
rotor is

R𝑚𝑛 = 𝑒−(e𝑧∧e𝑦)(𝜉/2). (16)

In addition, e𝑥, e𝑦, and e𝑧 are orthogonal to each other
and the inner products between them are zero. So,

e𝑧 ∧ e𝑦 = e𝑧e𝑦. (17)

According to the antisymmetry property of the outer
product,

e𝑧e𝑦 = e𝑧 ∧ e𝑦 = −e𝑦 ∧ e𝑧 = −e𝑦e𝑧. (18)

Adopting E3 = e𝑥e𝑦e𝑧 as the pseudoscalar in the three-
dimensional space, (16) can be further simplified:

R𝑚𝑛 = 𝑒E3e𝑥(𝜉/2). (19)

Through (7), we obtain the standard orthogonal basis in
the local coordinate, and the specific calculation process can
refer to [11]. Here, the results are given directly:

e𝑥𝑚𝑛 = R𝑚𝑛e𝑥R
−1
𝑚𝑛 = e𝑥 (20)

e𝑦𝑚𝑛 = R𝑚𝑛e𝑦R
−1
𝑚𝑛

= cos [(𝑚 − 𝑀 + 12 )𝛽] e𝑦
− sin [(𝑚 − 𝑀 + 12 )𝛽] e𝑧

(21)

e𝑧𝑚𝑛 = R𝑚𝑛e𝑧R
−1
𝑚𝑛

= sin [(𝑚 − 𝑀 + 12 )𝛽] e𝑦
+ cos [(𝑚 − 𝑀 + 12 )𝛽] e𝑧.

(22)

Referring back to (14), the remaining unknown variable is
r𝑘.The position vector of (𝑚, 𝑛)th element in the global frame
is

r𝑚𝑛 = (−𝑛𝛿) e𝑥 + (𝑅 sin(𝑚 − 𝑀 + 12 )𝛽) e𝑦
+ (𝑅 cos(𝑚 − 𝑀 + 12 )𝛽) e𝑧

𝑚 = 1, . . . ,𝑀; 𝑛 = 1, . . . , 𝑁,
(23)

where 𝛿means the spacing between adjacent rings. Thus, Υ𝑝
can be obtained. If 𝑔 is the gain when the signal perfectly
matched the antenna polarization, then the element of gen-
eralized polarization sensitive matrix Q can be represented
as

𝑞
= 𝑔 [cos (𝜑) sin (𝜃) sin (𝜑) sin (𝜃) cos (𝜃)]T , (24)

where 𝜃 and 𝜑 indicate the elevation and azimuth pointing
directions of the short dipole.

According to this, we can get the array manifold:

a𝑝 = a𝜃𝑝,𝜙𝑝,𝛾𝑝,𝜂𝑝 = Υ𝑝QΨ𝑝h𝑝, (25)

where h𝑝 is 𝑝th signal polarization vector [12] and can be
described by 𝛾𝑝 and 𝜂𝑝, that is, h𝑝 = [cos 𝛾𝑝 sin 𝛾𝑝𝑒𝑗𝜂𝑝]T. Ψ𝑝
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is the steering vector of the angle field [13] and is independent
of the space location:

Ψ𝑝 = [[[[
− sin𝜑𝑝 cos 𝜃𝑝 cos𝜑𝑝
cos𝜑𝑝 cos 𝜃𝑝 sin𝜑𝑝0 − sin 𝜃𝑝

]]]]
. (26)

The received signals of the array are a superposition of the
response of each signal, and the output can be expressed as

x (𝑡) = 𝑃∑
𝑝=1

a𝑝𝑠𝑝 (𝑡) + n (𝑡) , (27)

where 𝑠𝑝(𝑡) is 𝑝th signal and n(𝑡) is assumed to be zeromean,
complex Gaussian processes statistically independent of each
other, with covariance 𝜎𝑛2.

Up to the present, we have perfectly applied the geometric
algebra to the derivation of the steering vector of the confor-
mal array and acquired theGA-MUSIC algorithm.This is also
the focus of our work. As for the content of constructing the
spatial spectrum and searching the peak, the readers can refer
to literature [14]. As the spatial location of the short dipole is
arbitrary when introducing the “rotors,” the GA-MUSIC is
not limited to any specific array geometry.

3.2. Comparing with the Conventional Modeling Using Euler
Angle. For better understanding of the superiority of the
geometric algebra in modeling the conformal array, we will
briefly introduce the conventional methods of analysis based
on Euler angle. In general, the transformations from the
element local coordinates to the array global coordinates
can be realized by three successive Euler rotations [2]. The
corresponding rotation matrix can be written as

R (𝐶,𝐷, 𝐹) = R𝑥 (𝐶)R𝑦 (𝐷)R𝑧 (𝐹) = [[[
1 0 00 cos𝐶 − sin𝐶0 sin𝐶 cos𝐶

]]]
[[[
cos𝐷 0 − sin𝐷0 1 0
sin𝐷 0 cos𝐷

]]]
[[[
cos𝐹 − sin𝐹 0
sin𝐹 cos𝐹 00 0 1

]]]
= [[[

cos𝐷 cos𝐹 − cos𝐷 sin𝐹 − sin𝐷
cos𝐶 sin𝐹 − cos𝐹 sin𝐶 sin𝐷 cos𝐶 cos𝐹 + sin𝐶 sin𝐷 sin𝐹 − cos𝐷 sin𝐶
sin𝐶 sin𝐹 + cos𝐶 cos𝐹 sin𝐷 cos𝐹 sin𝐶 − cos𝐶 sin𝐷 sin𝐹 cos𝐶 cos𝐷

]]]
,

(28)

where𝐶,𝐷, 𝐹 are three successive Euler rotation angles about
e𝑥-axis, e𝑦-axis, and e𝑧-axis, respectively. R𝑥(𝐶), R𝑦(𝐷), and
R𝑧(𝐹) are the corresponding Euler rotation matrices. Note
that, for cylindrical conformal array, two successive Euler
rotations are usually sufficient [2]. The third Euler rotation

matrix is added here to account for some irregular or complex
conformal arrays. Moreover, as shown in (28), the rotation
matrix is invertible. Thus, the inversion is taken with respect
to R(𝐶,𝐷, 𝐹), resulting in

R (𝐶,𝐷, 𝐹)−1 = R−1𝑧 (𝐹)R−1𝑦 (𝐷)R−1𝑥 (𝐶) = [[[
cos𝐹 sin𝐹 0− sin𝐹 cos𝐹 00 0 1

]]]
[[[

cos𝐷 0 sin𝐷0 1 0− sin𝐷 0 cos𝐷
]]]
[[[
1 0 00 cos𝐶 sin𝐶0 − sin𝐶 cos𝐶

]]]
= [[[

cos𝐷 cos𝐹 cos𝐶 sin𝐹 − cos𝐹 sin𝐶 sin𝐷 sin𝐶 sin𝐹 + cos𝐶 cos𝐹 sin𝐷− cos𝐷 sin𝐹 cos𝐶 cos𝐹 + sin𝐶 sin𝐷 sin𝐹 cos𝐹 sin𝐶 − cos𝐶 sin𝐷 sin𝐹− sin𝐷 − cos𝐷 sin𝐶 cos𝐶 cos𝐷
]]]
.

(29)

From (28) and (29), it is not hard to find that

R (𝐶,𝐷, 𝐹)−1 = R (𝐶,𝐷, 𝐹)𝑇 . (30)

So, R(𝐶,𝐷, 𝐹) is the orthogonal matrix. Then, taking
the transformation from the element local coordinates to
the array global coordinates is equivalent to taking the
transposition/inversion with respect to the aforementioned
rotation matrix. If we model the conformal array adopting
the Euler angle, three matrix multiplications and one matrix
transposition are involved for each element.

In practical applications, the matrix operations are essen-
tially the multiplication and addition operations between
elements. To quantify what we mean by this, the amounts of
multiplication and addition operations of the two algorithms
(i.e., GA-MUSIC and Euler angle) are computed, respectively,
as shown in Table 2. Suppose that one matrix transposition is
regarded as one multiplication or addition operation. As is
known to all, the multiplication between two 3 × 3 matrices
requires 9 × 3 multiplications and 9 × 2 additions. For
convenience, the multiplication operation and the addition
operation are collectively referred to as the operation. Then,
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Table 2: The computational complexity of GA-MUSIC and Euler angle.

Multiplications Additions Transpositions Operations
Euler angle 2 × 9 × 3 ×𝑀𝑁 2 × 9 × 2 ×𝑀𝑁 𝑀𝑁 91 ×𝑀𝑁
GA-MUSIC 4 ×𝑀𝑁 2 ×𝑀𝑁 0 6 ×𝑀𝑁

0

−10

−20

−30

−40

−50

−60

0

−10

−20

−30

−40

−50

−60

150

100

50

0 0
100

200
300Theta (degree) Phi (degree)

Element pattern-elevation

(a)

Conformal array pattern-elevation

0

−10

−20

−30

−40

−50

−60

150

100

50

0 0
100

200
300Theta (degree) Phi (degree)

0

−10

−20

−30

−40

−50

−60

50

100

50 100
200

300Theta (deg (degree)

(b)

Figure 6: Pattern analysis: (a) pattern of single short dipole and (b) pattern of cylindrical conformal array.

the calculation of (28) contains 2× 9× 3+ 2× 9× 2 operations.
For the conformal array consisting of 𝑀 × 𝑁 elements, the
transformation between different coordinates involves 91 ×𝑀𝑁 operations. In contrast to the Euler angle, GA-MUSIC
avoids the cumbersome matrix transformations.

From (20)–(22), we know that e𝑦𝑚𝑛 and e𝑧𝑚𝑛 are indepen-
dent of e𝑥. Moreover, e𝑥𝑚𝑛 can be obtained directly from (20)
without extra computations. Thus, (21)-(22) can be rewritten
in 2 × 2 matrix. While applying the rotor to construct the
array manifold, the computational process is equivalent to 2× 2 matrix multiplied by 2 × 1 vector.Then, the operations for
each element involve 4 multiplications and 2 additions. The
total amount of operations is 6×𝑀𝑁.Thus, the latter method
largely decreases the computational complexity.

To sum up, the Euler rotation and its matrix representa-
tion cannot intuitively display the whole procedure. More-
over, as the configuration of the conformal array becomes
more irregular and complex, the level of complexity involved
in the transformations and the number of calculations
required increase significantly.

4. Simulation Results

In this section, Monte-Carlo simulation experiments are
employed to verify the effectiveness of the GA-MUSIC
algorithm. The array structure is shown in Figure 4. We
select 𝑀 and 𝑁 as 4 and 2, respectively, for the validations.
The pattern of single short dipole is shown in Figure 6(a),
while the cylindrical conformal array pattern is displayed in
Figure 6(b). Compared with the existing methods, adopting

the geometric algebra will be more simple and intuitive. For
the solved array pattern or manifold is the superposition of
various elements, the proposed method can be applied to
arbitrary array structures. This also proves the superiority of
the rotor in solving conformal problems.

Next, the performance of the GA-MUSIC algorithm is
to be verified. We make some notations. Firstly, the absolute
value of the differences between the estimated mean and the
true value is regarded as the deviation. Secondly, the RMSE is
utilized as the performance measure. Under these premises,
100 independent simulation experiments are carried out.The
RMSE is defined as

RMSE = √ 1100
100∑
𝑖=1

[(�̂�𝑖 − 𝜃𝑖)2 + (�̂�𝑖 − 𝜑𝑖)2], (31)

where {�̂�𝑖, �̂�𝑖} are the estimates of elevation angles and
azimuth angles, respectively, at 𝑖th run. Wang’s method [2]
and Qun’s method [4] are included for comparison.

Provided that there are three signals that can be received,
the incident angles are (15∘, 40∘), (35∘, 10∘), and (60∘, 65∘),
respectively. The corresponding polarization auxiliary angle
and the polarization phase difference are (20∘, 25∘), (50∘,
45∘), and (65∘, 65∘). The snapshot, 𝐾, is selected as 100.
Figure 7(a) shows the simulation results of the GA-MUSIC
algorithm. The position of the spectrum peak represents
the corresponding signal DOA. Intuitively, the estimation
accuracy of the GA-MUSIC algorithm is high.

We assume that there are nine distinct signals impinging
on the cylindrical conformal array at the same time. The
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Figure 7: The performance of GA-MUSIC algorithm: (a) DOA estimation using GA-MUSIC and (b) the spatial spectra of multiple signals.
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Figure 8: The DOA estimation accuracy with 𝐾 = 100: (a) deviation of estimates versus SNR and (b) the RMSE and CRB versus SNR.

spatial spectra are shown in Figure 7(b). It is obvious that the
method still works effectively when the number of incident
signals is larger than that of the array elements.

Figure 8 displays the performance with a varying SNR
from 0 dB to 30 dB. Among them, Figure 8(a) displays the
relationship between SNR and deviation of DOA estimation,
while Figure 8(b) reveals the Cramer-Rao Lower Bound
(CRLB) and the RMSE versus the SNR, respectively. It is clear
that the deviation varies inversely with SNR. The higher the
SNR, the lower the deviation.The trend of the variance of the
CRLBwith SNRs is the same as the RMSE, which is expected.
Obviously, in the engineering design, the higher the SNR,
the better the estimation performance that we can obtain.

Note that, since statistical data have some randomness, the
simulation curves in Figure 8(a) are not smooth and do not
decline monotonically.

To proceed further, we increase the number of snapshots
to 200 and leave the other conditions unchanged. The
respective results are shown in Figure 9. Compared with
Figure 8, both the deviation and CRB were improved. If we
choose the point at some SNR, we can find that the CRB of
Figure 8 is nearly twice as much as of Figure 9. For example,
the CRB of Target 1 is −82.58 dB when the SNR is 20 dB
as shown in Figure 8(b), while, in Figure 9(b), the value
is −86.08 dB. In fact, these improvements can be predicted
from the derivation of CRLB. For details on the specific
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Figure 9: The DOA estimation accuracy with 𝐾 = 200: (a) deviation of estimates versus SNR and (b) the RMSE and CRB versus SNR.
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Figure 10: Improvements of GA-MUSIC: (a) RMSE versus SNR with the snapshots being 100 and (b) RMSE versus the snapshots with the
SNR fixed at 20 dB.

derivation process, see thework of Stoica andNehorai [15, 16].
The number of snapshots can be extracted from the Fisher
information matrix. Moreover, the CRLB is found as the
element of the inverse of that matrix. So, we can conclude
thatCRLB is inversely proportional to𝐾.Thus, the estimation
precision will be higher.

Figure 10 shows the improvements of GA-MUSIC over
existing algorithms, such as Qun’s method [4] and Wang’s

method [2]. We study the performance with a varying SNR
from 0 dB to 30 dB and the performance with the number
of snapshots varying from 100 to 1000, respectively. Without
loss of generality, we select the first source (T1) and the
second source (T2), respectively, to verify it. As shown
in Figure 10(a), the proposed method outperforms Qun’s
method by exploiting the polarization information of the
received data. Moreover, the elliptic covariance matrix of
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the GA-MUSIC is nonzero which increases the information
utilization rates as well.

TheRMSE of theGA-MUSIC is close to that of theWang’s
method. The reason is that the estimation accuracy mainly
depends on the steering vector. Both the Euler rotation angle
and the geometric algebra can be used to derive the steering
vector. As previously mentioned, the array manifold was
obtained by using the rotor in this paper. However, in [2],
Wang derived the array manifold by means of the Euler
rotation angle. Therefore, in this case, both methods exhibit
the same performance. From Section 3.2, we clearly know
the GA-MUSIC is superior to the Euler rotation angle in
computational complexity.

Figure 10(b) illustrates the RMSE versus the number
of snapshots with the SNR fixed at 20 dB. Compared with
Figure 10(a), we can draw similar conclusions.

5. Conclusion

In this paper, we proposed a novel algorithm named GA-
MUSIC to estimate the DOA for cylindrical conformal array,
which combines the geometric algebra with MUSIC. Com-
pared with existing methods based on Euler rotation angle, it
avoids complex matrix transformations and largely decreases
the computational complexity. In contrast to the method
introduced in the literature [8], our presented method has
a strong commonality which can be used for arbitrary array
structure. In addition, it can also be suited for the case that
the number of polarized signals is larger than that of the array
elements. At last, the simulated results verify the effectiveness
of the GA-MUSIC algorithm.

Appendix

Here, we derive the calculation process of (4).
From (1)–(3), we get

xyx = (x ∙ y + x ∧ y) x = (x ∙ y) x + (x ∧ y) x
= (x ∙ y) x + xy − yx2 x = (x ∙ y) x + xy2 x − yx2 x

= (x ∙ y) x + xy2 x − y2 .
(A.1)

Thus,

xyx2 = (x ∙ y) x − y2 . (A.2)

Up to the present, (4) has been obtained.
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The estimation of direction-of-arrival (DOA) of signals is a basic and important problem in sensor array signal processing. To
solve this problem, many algorithms have been proposed, among which the Stochastic Maximum Likelihood (SML) is one of
the most concerned algorithms because of its high accuracy of DOA. However, the estimation of SML generally involves the
multidimensional nonlinear optimization problem. As a result, its computational complexity is rather high. This paper addresses
the issue of reducing computational complexity of SML estimation ofDOAbased on theAlternatingMinimization (AM) algorithm.
We have the following two contributions. First using transformation of matrix and properties of spatial projection, we propose an
efficient AM (EAM) algorithm by dividing the SML criterion into two components. One depends on a single variable parameter
while the other does not. Second when the array is a uniform linear array, we get the irreducible form of the EAM criterion
(IAM) using polynomial forms. Simulation results show that both EAM and IAM can reduce the computational complexity of
SML estimation greatly, while IAM is the best. Another advantage of IAM is that this algorithm can avoid the numerical instability
problem which may happen in AM and EAM algorithms when more than one parameter converges to an identical value.

1. Introduction

The localization of multiple signal sources by a passive sensor
array is of great importance in a wide variety of fields, such as
radar, geophysics, radio-astronomy, biomedical engineering,
communications, and underwater acoustics. The basic prob-
lem in this context is to estimate direction-of-arrival (DOA)
of narrow-band signal sources located in the far field of the
array.

A number of super-resolution techniques have been in-
troduced, such as the Maximum Likelihood (ML) method
[1–7], MUSIC [8, 9], ESPRIT [10], Weighted Subspace Fitting
(WSF) [11], and the Bayesian method [12].

Among these techniques, theML technique is well known
for its high accuracy of DOA. There are two famous ML
criterions, that is, Deterministic or Conditional Maximum
Likelihood (DML) [1, 3–5, 7] and Stochastic orUnconditional
ML (SML) [2, 5–7]. The difference between them lies in their
signal models. In particular, the SML shows much higher

resolution than other techniques. Furthermore, the SML
technique can solve coherent signals without any preprocess-
ing, such as the spatial smoothing [9]. However, the SML
technique does not become popular in practice because the
estimation of SML generally involves the multidimensional
nonlinear optimization problem, and it requires high com-
putational complexity.

To solve the multidimensional nonlinear optimization
problem, the Alternating Minimization (AM) algorithm is
one of the most classic techniques. It is an iterative technique
and usually needs one-dimensional global search in the
updating process. There are also some other efficient tech-
niques, such as Alternating Projection (AP) [3], Expectation
Maximization (EM) [13], Space Alternating Generalized EM
(SAGE) [14], genetic algorithm [15], ant colony algorithm
[16], and Particle Swarm Optimization (PSO) [17, 18]. Gen-
erally, they are all iterative techniques and usually are formu-
lated for explicit criterions (e.g., these algorithms formulated
for the criterions of DML and WSF). As for the SML

Hindawi Publishing Corporation
International Journal of Antennas and Propagation
Volume 2016, Article ID 4926496, 10 pages
http://dx.doi.org/10.1155/2016/4926496

http://dx.doi.org/10.1155/2016/4926496


2 International Journal of Antennas and Propagation

criterion, the AM algorithm is still the most commonly used
algorithm although its computational complexity is a little
high [6].

Therefore, this paper addresses the issue of reducing
computational complexity of SML estimation of DOA based
on the conventional AM algorithm.

Firstly we show a brief description of SML estimation of
DOA and the conventional solving method, AM algorithm.
Then using transformation ofmatrix and properties of spatial
projection, we propose an efficient AM (EAM) algorithm by
dividing the AM criterion of SML into two components. One
depends on a single variable parameter while the other does
not. The computational complexity of EAM can be greatly
reduced compared to AM algorithm. However, numerical
instability may happen in calculation of EAM criterion when
more than one parameter converges to an identical value. As
a result, oscillation may happen in the convergence phase
and extra calculation is needed. To solve this problem and
reduce computational complexity further, based on the EAM
criterion we get the irreducible form of the EAM criterion
(IAM) using a uniform linear array. In this way, the EAM
criterion can be written into polynomial forms.The common
zeros can be easily canceled in numerator and denominator
of the EAM criterion. Furthermore, the computational com-
plexity is also reduced. Finally, simulation results are also
shown to demonstrate the validity of the proposed EAM and
IAM algorithms.

The rest of this paper is organized as follows. In Section 2
we introduce the problem formulation of DOA. A brief intro-
duction of exact definition of SML estimation for incoherent
signals is shown in Section 3. In Section 4, we introduce the
conventional AM algorithm and our proposed two efficient
algorithms, that is, EAM and IAM algorithms. Simulation
results are shown in Section 5 and conclusion is drawn in
Section 6.

2. Problem Formulation

Without loss of generality, consider that there are 𝑝 sensors
and 𝑞 narrow-band sources far from the array, centered
around a known frequency, impinging on the sensor array
from distinct directions 𝜃1, 𝜃2, . . . , 𝜃𝑞, with respect to a
reference point, respectively.

Note that the received signals may be coherent because
of multipath propagation. In the case where there are signals
coherent, the independent signal number is less than 𝑞. The
task of DOA estimation is to detect all 𝑞 directions. Also note
that here we assume that the signals are narrow-band. For
wideband signals, the CSM algorithms [19] can be used as
a preprocessing technique to change them into the narrow-
band.

Furthermore, the sensor configuration can be arbitrary
and we assume that all the sensors are omnidirectional and
not coupled [6, 7].

Using complex envelope representation, the 𝑝-dimen-
sional vector received by the array can be expressed as

x (𝑡) = 𝑞∑
𝑘=1

a (𝜃𝑘) 𝑠𝑘 (𝑡) + n (𝑡) , (1)

where 𝑠𝑘(𝑡) is the 𝑘th signal received at a certain reference
point. n(𝑡) is a 𝑝-dimensional noise vector. a(𝜃) is the
“steering vector” of the array towards direction 𝜃, which is
represented as

a (𝜃) = [𝑎1 (𝜃) 𝑒−𝑗𝜔0𝜏1(𝜃), . . . , 𝑎𝑝 (𝜃) 𝑒−𝑗𝜔0𝜏𝑝(𝜃)]𝑇 , (2)

where 𝑎𝑖(𝜃) is the amplitude response of the 𝑖th sensor to
a wave-front impinging from the direction 𝜃. 𝜏𝑖(𝜃) is the
propagation delay between the 𝑖th sensor and the reference
point. The superscript 𝑇 denotes the transpose of a matrix.

In the matrix notation, (1) can be rewritten as

x (𝑡) = A (Θ) s (𝑡) + n (𝑡) ,
A (Θ) = [a (𝜃1) a (𝜃2) ⋅ ⋅ ⋅ a (𝜃𝑞)] ,
s (𝑡) = [𝑠1 (𝑡) 𝑠2 (𝑡) ⋅ ⋅ ⋅ 𝑠𝑞 (𝑡)]𝑇 ,
Θ = {𝜃1 𝜃2 ⋅ ⋅ ⋅ 𝜃𝑞} .

(3)

Suppose that the received vector x(𝑡) is sampled at𝑀 time
instants 𝑡1, 𝑡2, . . . , 𝑡𝑀 and define the matrix of the sampled
data as

X = [x (𝑡1) x (𝑡2) ⋅ ⋅ ⋅ x (𝑡𝑀)]
= A (Θ) S + N, (4)

where

S = [s (𝑡1) , s (𝑡2) , . . . , s (𝑡𝑀)] ,
N = [n (𝑡1) ,n (𝑡2) , . . . ,n (𝑡𝑀)] . (5)

The problem of DOA finding is to be stated as follows.
Given the sampled dataX, obtain a set of estimated directions

Θ̂ = {�̂�1 �̂�2 ⋅ ⋅ ⋅ �̂�𝑞} (6)

of 𝜃1, 𝜃2, . . . , 𝜃𝑞.
3. SML Estimation

In this section, brief descriptions of the exact SML criterion
are shown [6, 7].

To solve the problem of ML estimation of DOA, we make
the following assumptions.

(A1) The array configuration is known and any 𝑝 steering
vectors for different 𝑞 directions are linearly indepen-
dent; that is, the matrix A(Θ) has full rank.

(A2) 𝑝, 𝑞, and 𝑀 satisfy the condition that a unique
solution of DOA exists in the noise-free case. As for
a uniform linear array, 𝑞 ≤ 2𝜂𝑝/(2𝜂 + 1) and 𝑀 ≥ 𝜂
are the necessary conditions of the uniqueness [20],
where 𝜂 is the rank of S.

(A3) 𝑝 and 𝑞 are known.
(A4) The noise samples n(𝑡𝑖) are statistically independent

Gaussian random vectors with zero mean and the
covariance matrix 𝜎2I𝑝, where I𝑝 is a 𝑝 × 𝑝 identity
matrix.
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(A5) s(𝑡𝑖) are independent samples from a complex Gaus-
sian random vector which has zero mean and signal
covariance matrix with rank 𝜂 and is independent of
the noise.

According to [6], the SML criterion can be derived based
on the process of the array covariance matrix R defined as

R = 𝐸 {XX𝐻} = A (Θ) SRA (Θ)𝐻 + 𝜎2I, (7)

where SR = 𝐸{SS𝐻} is the signal covariance matrix.
The SML criterion is shown as follows [6, 7].

Θ̂SML = argmin
Θ

𝐿SML (Θ) , (8)

𝐿SML (Θ) = detRSS × ( 1𝑝 − 𝑞 tr {RNN})𝑝−𝑞 , (9)

RNN = V𝐻N (Θ) R̂VN (Θ) , (10)

RSS = V𝐻S (Θ) R̂VS (Θ) , (11)

where

R̂ = 1𝑀XX𝐻 (12)

is the sample covariance matrix of the sampled data. VS(Θ)
is a 𝑝 × 𝑞matrix composed of an orthonormal system of the
signal subspace spanned byA(Θ).VN(Θ) is a𝑝×(𝑝−𝑞)matrix
composed of an orthonormal system of the noise subspace,
which is an orthogonal complement of the signal subspace.
The 𝑞 × 𝑞 matrix, RSS, corresponds to the covariance matrix
of the components for x(𝑡) in the signal subspace. RNN is the
covariance matrix of the components for x(𝑡) in the noise
subspace.

From (8) and (9), we can see that the estimation of SML
is to find a set of Θ which minimizes 𝐿SML in (9). This is a
multidimensional nonlinear optimization problem.

Note that there are literatures [21, 22] discussing the pre-
ciseness of SML criterion derived above. This paper focuses
on the problem of reducing the computational complexity of
SML estimation. Our efficient algorithms are derived based
on (9).

4. Efficient AM Algorithms for
SML Estimation

The AM algorithm is the most classic estimation algorithm
for multidimensional nonlinear optimization problem in
DOA estimation. In this section, we will introduce the con-
ventional AM algorithm firstly, and then we will introduce
our proposed efficient AM algorithms.

4.1. Conventional AM Algorithm. The AM method is a pop-
ular iterative technique for solving a nonlinear multivariate
minimization problemwith amultimodal criterion [6]. It can
be applied to the SML criterion of DOA in the following
manner.

Let 𝐿𝑘(Θ̂(𝑘)) be a cost function of (9) for which the signal
number is assumed to be 𝑘 instead of 𝑞, where Θ̂(𝑘) = {�̂�1, �̂�2,. . . , �̂�𝑘}.
Initialization Phase. For a certain value of SNR, first assuming
a single signal, 𝑘 = 1, find �̂�1 minimizing 𝐿1(Θ̂(1)) by one-
dimensional global search with respect to �̂�1. Next, assuming
two signals, 𝑘 = 2, and fixing �̂�1 at the value obtained
for a single signal, find �̂�2 minimizing 𝐿2(Θ̂(2)) by one-
dimensional global searchwith respect to �̂�2. Continue in this
fashion until all the initial values for �̂�𝑘, 𝑘 = 1, 2, . . . , 𝑞 are
computed.

Convergence Phase. Repeat the following updating process
until all parameters are converged. At each updating process,
let one parameter, say �̂�𝑘, be variable and let all other
parameters be held fixed. Find �̂�𝑘 minimizing the criterion𝐿𝑞(Θ̂(𝑞)) by one-dimensional global search with respect to�̂�𝑘. Change the index 𝑘 of the parameter to be updated into(𝑘mod 𝑞) + 1.

Although a global minimum is not guaranteed in the AM
algorithm, global solutions can be obtained in most cases
because of one-dimensional global searches performed in
each update process.

4.2. Efficient AM (EAM) Algorithm for SML Estimation. In
this section, we propose an efficient version of the AM algo-
rithm. We call it the EAM algorithm. Using transformation
of matrix and properties of spatial projection, the EAM
algorithm divides the SML criterion into two components.
One depends on a variable parameter and the other one is
independent of the variable parameter. In order to simplify
expressions, parameters to be estimated are represented
without the accent hat, and the argument Θ or Θ̂ is omitted.

In each updating process, let 𝜃𝑙 be a variable parameter
and define

Θ𝑙 = {𝜃1, 𝜃2, . . . , 𝜃𝑙−1, 𝜃𝑙+1, . . . , 𝜃𝑞} ,
A𝑙 = [a (𝜃1) , . . . , a (𝜃𝑙−1) , a (𝜃𝑙+1) , . . . , a (𝜃𝑞)] . (13)

VSl is an orthonormal system of the subspace spanned by{A𝑙}.
VNl

is an orthonormal system of the orthogonal comple-
ment of the subspace spanned by {A𝑙}.

PAl
= A𝑙 {A𝐻𝑙 A𝑙}−1 A𝐻𝑙 = VSlV

𝐻
Sl , (14)

P⊥Al
= I − PAl

= VNl
V𝐻Nl

, (15)

RSl = V𝐻SlRVSl , (16)

RNl
= V𝐻Nl

RVNl
, (17)

k𝑙 (𝜃𝑙) = P⊥Al
a (𝜃𝑙)P⊥Al
a (𝜃𝑙) . (18)
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Note that when the value of 𝜃𝑙 changes, only v𝑙(𝜃𝑙) varies and
all others above are fixed. From these definitions, we have

span {VNl
} = span {k𝑙 (𝜃𝑙)} ⊕ span {VN} ,

span {VS} = span {k𝑙 (𝜃𝑙)} ⊕ span {VSl} , (19)

where ⊕ represents the direct sum of subspaces. It follows
from (19) that there exist a (𝑝 − 𝑞 + 1) × (𝑝 − 𝑞 + 1) unitary
matrix T1 and a 𝑞 × 𝑞 unitary matrix T2 which satisfy

VNl
= [k𝑙 (𝜃𝑙)VN]T1, (20)

VS = [k𝑙 (𝜃𝑙)VSl]T2. (21)

Substituting (20) into (17), we have

RNl
= T𝐻1 [k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙) k𝐻𝑙 (𝜃𝑙)RVN

V𝐻NRk𝑙 (𝜃𝑙) V𝐻NRVN
]T1

= T𝐻1 [k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙) k𝐻𝑙 (𝜃𝑙)RVN

V𝐻NRk𝑙 (𝜃𝑙) RNN
]T1.

(22)

Taking the trace of both sides in (22), we have

tr {RNl
} = tr {RNN} + k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙) . (23)

Substituting the definition of P⊥Al
and v𝑙(𝜃𝑙) into (23), we have

tr {RNl
} = tr {RNN} + a𝐻 (𝜃𝑙)VNl

RNl
V𝐻Nl

a (𝜃𝑙)
a𝐻 (𝜃𝑙)VNl

V𝐻Nl
a (𝜃𝑙) . (24)

Substituting (21) into (11), we have

RSS = T𝐻2 [k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙) k𝐻𝑙 (𝜃𝑙)RVSl

V𝐻SlRk𝑙 (𝜃𝑙) V𝐻SlRVSl

]T2

= T𝐻2 [k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙) k𝐻𝑙 (𝜃𝑙)RVSl

V𝐻SlRk𝑙 (𝜃𝑙) RSl

]T2.
(25)

Taking the determinant of both sides in (25) and using the
definition of (16), we have

det {RSS} = det {RSl} × (k𝐻𝑙 (𝜃𝑙)Rk𝑙 (𝜃𝑙)
− k𝐻𝑙 (𝜃𝑙)RVSlR

−1
Sl V
𝐻
SlRk
𝐻
𝑙 (𝜃𝑙)) . (26)

Substitute the definition ofP⊥𝐴𝑙 and v𝑙(𝜃𝑙) into (26), and define
W = RNl

− V𝐻Nl
RVSlR

−1
Sl V
𝐻
SlRVNl

, (27)

and then we have

det {RSS} = det {RSl} a
𝐻 (𝜃𝑙)VNl

WV𝐻Nl
a (𝜃𝑙)

a𝐻 (𝜃𝑙)VNl
V𝐻Nl

a (𝜃𝑙) . (28)

Define

u (𝜃𝑙) = V𝐻Nl
a (𝜃𝑙) (29)

and then the final form of the proposed algorithm, EAM
algorithm, can be derived from (24) and (28) as follows:

tr {RNN (Θ)} = tr {RNl
} − u𝐻 (𝜃𝑙)RNl

u (𝜃𝑙)u (𝜃𝑙)2 , (30)

det {RSS (Θ)} = det {RSl} u𝐻 (𝜃𝑙)Wu (𝜃𝑙)u (𝜃𝑙)2 . (31)

In (29), (30), and (31), all quantities except for u(𝜃𝑙) are
fixed and can be computed before starting the one-
dimensional search with respect to 𝜃𝑙. Therefore main com-
putations of each step in the one-dimensional search are
a product of the matrix V𝐻Nl

and the vector a(𝜃𝑙) in (29)
and evaluation of two Hermitian forms in (30) and (31).
Evaluation of u(𝜃𝑙) requires 𝑂(𝑝 × (𝑝 − 𝑞 + 1)) multiplica-
tions. Then evaluation of ‖u(𝜃𝑙)‖2 requires 𝑂((𝑝 − 𝑞 + 1)2)
multiplications. Therefore, at each step of one-dimensional
search with respect to the variable parameter, 𝜃𝑙, 𝑂(𝑝 × (𝑝 −𝑞+1))multiplications are required.Therefore, computational
complexity can be greatly reduced since, in the conventional
AM algorithm, we need to calculate the whole SML criterion
in each step of one-dimensional search.

(1) Oscillation Problem in EAM Algorithm. Define the sub-
space

U (Θ) = span {a (𝜃1) a (𝜃2) ⋅ ⋅ ⋅ a (𝜃𝑞)} . (32)

The linear combination

a (𝜃𝑗) − a (𝜃𝑖)𝜃𝑗 − 𝜃𝑖 (33)

always belongs to U(Θ). Even when 𝜃𝑗 → 𝜃𝑖, we have
dim{U(Θ)|𝜃𝑖→𝜃𝑗} = 𝑞, where dim{} represents the dimension
of the subspace.

On the other hand, when 𝜃𝑗 = 𝜃𝑖, we have
dim{U(Θ)|𝜃𝑖=𝜃𝑗} < 𝑞. This implies that the criterion has
discontinuous points in the parameter space.

Next, we consider calculation of the EAM criterion v𝑙(𝜃𝑙)
in (18). When the variable parameter 𝜃𝑙 approaches the
value of a fixed parameter 𝜃𝑖, v𝑙(𝜃𝑙) vanishes and both
the numerator and denominator in (18) become zero.
Then v𝑙(𝜃𝑙) becomes indefinite. Therefore the calculation of
v𝑙(𝜃𝑙) becomes numerically instable. This can be verified in
Section 5.

In the case that the DOA can be solved, the numerical
instability does not occur, since each parameter in the
convergence phase of the EAM criterion comes apart from
others.However, at the threshold region, whenmore than one
signal approaches an identical value, the numerical instability
becomes significant. In practice, when this case happens, the
sequence of DOA obtained in the convergence phase of the
EAM criterion shows oscillation that is because the estimated
directions can not converge well due to the numerical
instability and would oscillate around that identical value.

Let us give an example. In the simulation there are two
sources located in 0 and 8 degrees (the true DOAs). When
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SNR = 0 dB and with specific noise samples, the solutions of
SML criterion are 3.999 and 4.001 degrees (the solutions of
SML). However, in this case, when calculating 𝜃1 = 𝜃2 = 4
degrees, the oscillation happens. As a result, the estimated
DOAs may be 4 and 4 degrees (the estimated DOAs). In this
case, because of oscillation, extra computation is required.
Furthermore, the estimated DOAs are wrong (because they
are not the solutions of SML criterion) although they are
very close to the solutions of SML criterion. As a result, the
estimation accuracy is also affected. These explanations will
be shown in Section 5.

To solve these problems, the key point is to cancel the
common zeros in the numerator and denominator of the
EAM criterion. Next we try to establish the irreducible form
of the EAM criterion using a uniform linear array.

4.3. Irreducible Form of Efficient AM Criterion (IAM). In this
section, we derive the irreducible form of the EAM criterion
using a uniform linear array. With a uniform linear array, the
EAM criterion can be written into polynomial forms. Then
we can easily cancel the common zero in both numerator
and denominator. Thus numerical instability never happens
in IAM criterion. Furthermore, we can find that the IAM
algorithm can reduce the computational order of EAM
criterion from square to one in each updating process.

The array configuration is uniform linear array composed
of omnidirectional sensors, of which steering vector is repre-
sented as

a (𝜃) = [1 𝑒−𝑗𝜙(𝜃) ⋅ ⋅ ⋅ 𝑒−𝑗(𝑝−1)𝜙(𝜃)]𝑇 , (34)

𝜙 (𝜃) = 2𝜋Δ𝜆 sin 𝜃, (35)

where 𝜆 is the wavelength of signals impinging on the array
and Δ is the sensor spacing between two adjacent sensors. As
a necessary condition that a unique direction 𝜃 is determined
by the phase parameter 𝜙, Δ ≤ 𝜆/2 is imposed on the array
configuration. In this paper, Δ = 𝜆/2.

Using the uniform linear array, we derive the irreducible
form of (30) and (31). Define

𝑓𝑙 (𝜃) = u𝐻 (𝜃𝑙)RNl
u (𝜃𝑙)u (𝜃𝑙)2 ,

�̃�𝑙 (𝜃) = u𝐻 (𝜃𝑙)Wu (𝜃𝑙)u (𝜃𝑙)2
(36)

which are the varying parts in (30) and (31).
First we derive the irreducible form of (30). Substituting

(15) and (29) into 𝑓𝑙(𝜃), we get
𝑓𝑙 (𝜃) = a𝐻 (𝜃𝑙)P⊥Al

RP⊥Al
a (𝜃𝑙)

a𝐻 (𝜃𝑙)P⊥Al
a (𝜃𝑙) . (37)

Using the uniform linear array defined above, the steering
vector a(𝜃) in (34) can be represented as follows:

a𝐻 (𝜃) = 𝜁𝑝 (𝑧) = [1 𝑧 ⋅ ⋅ ⋅ 𝑧𝑝−1]𝑧=𝑒−𝑗𝜙(𝜃) . (38)

Then 𝑓𝑙(𝜃) can be rewritten into the form of a rational
function

𝑓𝑙 (𝜃) = 𝜁𝑝 (𝑧)P⊥Al
RP⊥Al
𝜁𝑝∗ (𝑧)

𝜁𝑝 (𝑧)P⊥Al
𝜁𝑝∗ (𝑧) = 𝑁 (𝑧)𝐷 (𝑧)

𝑧=𝑒−𝑗𝜙(𝜃) , (39)

where 𝜁𝑝∗(𝑧) is the paraconjugate of 𝜁𝑝(𝑧) defined as

𝜁𝑝∗ (𝑧) = 𝜁𝐻𝑝 ( 1𝑧∗ ) = [1 𝑧−1 ⋅ ⋅ ⋅ 𝑧−(𝑝−1)]𝑇 (40)

and the superscript ∗ is the complex conjugate of a complex
number.

Let 𝜃𝑙 be variable and all other parameters are held fixed
as well as in last subsection. As we have discussed in the
problem of EAM, when 𝜃𝑙 becomes equal to 𝜃𝑖, both the
polynomials𝑁(𝑧) and 𝐷(𝑧) have double zeros at 𝑧 = 𝑒−𝑗𝜙(𝜃𝑖)
in the complex z-plane, since it holds 𝜁𝑝(𝑒−𝑗𝜙(𝜃𝑖))P⊥𝐴𝑙 = 0.
Without canceling these common zeros, 𝑓𝑙(𝜃) is indefinite at𝜃 = 𝜃𝑖.

The irreducible form of the EAM criterion of 𝑓𝑙(𝜃) can be
derived by canceling these common zeros. First, we define the
polynomial𝑊𝑙(𝑧) having zeros at 𝑧 = 𝑒−𝑗𝜙(𝜃𝑖), 𝑖 = 1, 2 . . . , 𝑙 −1, 𝑙 + 1, . . . , 𝑞,

𝑊𝑙 (𝑧) = 𝑞∏
𝑖=1,𝑖 ̸=𝑙

(𝑧 − 𝑒−𝑗𝜙(𝜃𝑖))
= 𝑤0 + 𝑤1𝑧 + ⋅ ⋅ ⋅ + 𝑤𝑞−1𝑧𝑞−1.

(41)

Using the coefficients of 𝑊𝑙(𝑧), define the following 𝑝 ×(𝑝 − 𝑞 + 1)matrix as

W𝑙 =

[[[[[[[[[[[[[[[[[

𝑤0 0 ⋅ ⋅ ⋅ 0𝑤1 𝑤0 ⋅ ⋅ ⋅ 0... ... d 0𝑤𝑞−1 𝑤𝑞−2 d 𝑤00 𝑤𝑞−1 d 𝑤1... ... d
...0 0 ⋅ ⋅ ⋅ 𝑤𝑞−1

]]]]]]]]]]]]]]]]]

. (42)

Then we have a𝐻(𝜃𝑖)W𝑙 = 0 for 𝑖 = 1, . . . , 𝑙 − 1, 𝑙 + 1, . . . , 𝑞.
Since the column vectors inW𝑙 are all orthogonal to a(𝜃𝑖), the
projection matrix P⊥Al

can be written as

P⊥Al
= W𝑙G

−1
𝑙 W
𝐻
𝑙 ,

G𝑙 = W𝐻𝑙 W𝑙. (43)

Here, note that 𝑊𝑙(𝑧) represents a polynomial, while W𝑙
represents a matrix.

Using the expressions

𝜁𝑝−𝑞+1 (𝑧)𝑊𝑙 (𝑧) = [𝑊𝑙 (𝑧) 𝑧𝑊𝑙 (𝑧) ⋅ ⋅ ⋅ 𝑧𝑝−𝑞𝑊𝑙 (𝑧)]
= 𝑊𝑙 (𝑧) 𝜁𝑝−𝑞+1 (𝑧) ,

𝜁𝑝−𝑞+1 (𝑧) = [1 𝑧 ⋅ ⋅ ⋅ 𝑧𝑝−𝑞] ,
(44)



6 International Journal of Antennas and Propagation

the irreducible form of 𝑓𝑙(𝜃) is derived as

𝑓𝑙 (𝜃) = 𝑊𝑙 (𝑧) 𝜁𝑝−𝑞 (𝑧)N𝑙𝜁(𝑝−𝑞)∗ (𝑧)𝑊𝑙 (𝑧)𝑊𝑙 (𝑧) 𝜁𝑝−𝑞 (𝑧)D𝑙𝜁(𝑝−𝑞)∗ (𝑧)𝑊𝑙 (𝑧)
𝑧=𝑒−𝑗𝜙(𝜃)

= 𝜁𝑝−𝑞 (𝑧)N𝑙𝜁(𝑝−𝑞)∗ (𝑧)
𝜁𝑝−𝑞 (𝑧)D𝑙𝜁(𝑝−𝑞)∗ (𝑧)

𝑧=𝑒−𝑗𝜙(𝜃) ,
(45)

where 𝑊𝑙(𝑧) is the common zero factor at 𝑧 = 𝑒−𝑗𝜙(𝜃), 𝑖 ≤ 𝑞,𝑖 ̸= 𝑙, and
N𝑙 = G−1𝑙 W

𝐻
𝑙 RW𝑙G

−1
𝑙 = {𝑛𝑖,𝑗}𝑝−𝑞𝑖,𝑗=0 ,

D𝑙 = G−1𝑙 = {𝑑𝑖,𝑗}𝑝−𝑞𝑖,𝑗=0 .
(46)

As for the irreducible form of �̃�𝑙(𝜃), it can be derived like
this form similarly,

�̃�𝑙 (𝜃) = 𝜁𝑝−𝑞 (𝑧) Ñ𝑙𝜁(𝑝−𝑞)∗ (𝑧)𝜁𝑝−𝑞 (𝑧)D𝑙𝜁(𝑝−𝑞)∗ (𝑧)
𝑧=𝑒−𝑗𝜙(𝜃) , (47)

where

Ñ𝑙 = N𝑙 − G−1𝑙 W
𝐻
𝑙 RVSlR

−1
Sl V
𝐻
SlRW𝑙G

−1
𝑙 = {�̃�𝑖,𝑗}𝑝−𝑞𝑖,𝑗=0 . (48)

Define the following polynomials

𝑛𝑙 (𝑧) = 𝑛0 + 𝑛1𝑧 + ⋅ ⋅ ⋅ + 𝑛𝑝−𝑞𝑧𝑝−𝑞,
𝑑𝑙 (𝑧) = 𝑑0 + 𝑑1𝑧 + ⋅ ⋅ ⋅ + 𝑑𝑝−𝑞𝑧𝑝−𝑞, (49)

where

𝑛0 = 𝑝−𝑞∑
𝑖=0

𝑛𝑖,𝑖,
𝑛𝑚 = 2𝑝−𝑞∑

𝑖=𝑚

𝑛𝑖,𝑖−𝑚,
𝑑0 = 𝑝−𝑞∑
𝑖=0

𝑑𝑖,𝑖,
𝑑𝑚 = 2 𝑝−𝑞∑

𝑖=𝑚

𝑑𝑖,𝑖−𝑚, 𝑚 = 1, 2, . . . , 𝑝 − 𝑞,

(50)

and similarly define �̃�𝑙(𝑧) to calculate the matrix Ñ𝑙 which
realizes the same function as 𝑛𝑙(𝑧).

Then we have the final form of 𝑓𝑙(𝜃) and �̃�𝑙(𝜃) shown as
follows:

𝑓𝑙 (𝜃) = Re {𝑛𝑙 (𝑒𝑗𝜃)}
Re {𝑑𝑙 (𝑒𝑗𝜃)} ,

�̃�𝑙 (𝜃) = Re {�̃�𝑙 (𝑒𝑗𝜃)}
Re {𝑑𝑙 (𝑒𝑗𝜃)} ,

(51)

where Re{} represents the real part of the complex value.

Therefore the irreducible form of efficient AM criterion
(IAM) is shown like this.

tr {RNN} = tr {RNl
} − Re {𝑛𝑙 (𝑒𝑗𝜃)}

Re {𝑑𝑙 (𝑒𝑗𝜃)} ,
det {RSS} = det {RSl} Re {�̃�𝑙 (𝑒

𝑗𝜃)}
Re {𝑑𝑙 (𝑒𝑗𝜃)} .

(52)

Furthermore, we can find that RNl
, RSl , N𝑙, Ñ𝑙, and D𝑙

can be calculated before each updating process. Therefore, at
each updating process we only need to evaluate Re{𝑛𝑙(𝑒𝑗𝜃)},
Re{�̃�𝑙(𝑒𝑗𝜃)}, and Re{𝑑𝑙(𝑒𝑗𝜃)}. Evaluation of them only needs𝑂(𝑝 − 𝑞) multiplications. Compared to 𝑂(𝑝(𝑝 − 𝑞)) multi-
plications in each updating process of EAM algorithm, the
computational complexity can be reduced further.

Here we should note that the IAM algorithm is only
applicable to the ULA that is because the IAM algorithm is
formulated based on (34) and (35). The steering vector can
only bewritten into this formwhen the array is uniform linear
array (ULA). Based on (34) and (35), the EAM criterion can
be written into polynomial form. And then the irreducible
form of EAM can be derived by canceling the common zero
in both numerator and denominator. Therefore, the IAM is
only applicable to the ULA.

5. Simulations

In this section, we show some simulation results to demon-
strate the validity of the EAM and IAM algorithms. In
simulation, the array configuration is a uniform linear array
as discussed above.

The SNR is defined as

SNR𝑘 = 10 log10𝐸 [𝑠𝑘 (𝑡)2]𝜎2 . (53)

The Root-Mean-Square-Error (RMSE) is defined as

RMSE = √ 1𝑞𝑁
𝑞∑
𝑘=1

𝑁∑
𝑛=1

�̂�𝑘,𝑛 − 𝜃𝑘2, (54)

where �̂�𝑘,𝑛 is the estimation of 𝜃𝑘 at the 𝑛th trial. The number
of trails in our simulation is 100.

In Figure 1, the scenario is 𝑝 = 3, 𝑞 = 2, 𝜂 = 2, SNR = 10,𝑀 = 100. Two true sources are independently located at 0
and 8 degrees.The estimated bearing 𝜃2 is fixed at 10 degrees,
while 𝜃1 varies from 9.99999 to 10.00001. The dashed line
represents the value of SML with EAM criterion, while the
solid line represents the IAM criterion. It shows clearly that
numerical instability occurs when the EAM criterion is used.
In particular, the value changes violently around the point𝜃2 = 𝜃1 = 10 degrees because it is indefinite. As for the IAM
criterion, we can find that the value becomes monotonic and
it is numerically stable.
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Figure 1: Numerical instability in EAM and stability in IAM crite-
rion.

Due to the numerical instability, oscillation may happen
as Figure 2 shows. The scenario is the same as Figure 1. In
Figures 2(a) and 2(b), the estimated two bearings 𝜃1 and𝜃2 converge to an identical value represented by the solid
line and the dashed line. The convergence condition is that
when the variation of each bearing is less than 10−5 or when
the iteration reaches the maximum number, 800. When the
EAM criterion is used, the iteration does not stop until it
reaches the maximum number because of oscillation. As
for the IAM criterion, it converges well for less than 100
iterations. Figure 2(c) shows the oscillation rate of the two
criterions in 100 independent trials. We can find that there
is no oscillation when the IAM criterion is used. Note that
the oscillation rate of EAM decreases when SNR increases as
shown in Figure 2(c) that is because the oscillation happens
when more than one parameter converges to an identical
value. In simulations, two sources are independently located
in 0 and 8 degrees. When SNR is relatively low, the case that
the estimated twobearings are extremely close (e.g., 3.990 and
4.010) or even equal exists. In this case, oscillation happens.
When SNR increases, the estimated two bearings will signifi-
cantly separate each other. As a result, the oscillation rate will
decrease.

Figure 3 shows the comparison of RMSE between SML,
MUSIC, and ESPRIT. The scenario is the same as Figure 2
except for SNR. In simulation we use the original AM and
our proposed EAM and IAM algorithms for SML estimation
of DOA. We find that the RMSE of all the three algorithms
are completely the same.The reason is that the proposed IAM
and EAM algorithms are just transformations for SML crite-
rion and there is no any modification. All these algorithms
can find the solution of SML successfully (of course we have
to delete the oscillation cases for AM and EAM criterions.
Obviously, oscillation affects the estimation accuracy because
the bearings do not converge to their optimal value). Also

Table 1: Comparison of computational complexity of AM, EAM,
and IAM.The scenario is the same as Figure 5 when SNR = 5 dB.

Average
iteration times Main computational process

AM 127

127 ∗ (180/0.5 + 0.5 ∗ 2/0.001 +0.001 ∗ 2/0.00001) = 83,820 times of
calculation of 𝐿SML (det{RSS} and
tr{RNN})

EAM 127
127 times of calculation of det{RSl },
tr{RNl

} and𝑊 + 83,820 times of
calculation of u(𝜃𝑙)

IAM 127

127 times of calculation of
det{RSl }, tr{RNl

},N𝑙, Ñ𝑙 andD𝑙 +
83,820 times of calculation of
Re{𝑛𝑙(𝑒𝑗𝜃)}, Re{�̃�𝑙(𝑒𝑗𝜃)}, and Re{𝑑𝑙(𝑒𝑗𝜃)}

Figure 3 shows that the solution of SML is much better than
that of MUSIC and ESPRIT.

Figures 4 and 5 and Table 1 show the comparison of
computational complexity of AM, EAM, and IAM. Figures
4 and 5 show the average amount of operations of each
algorithm. In Figure 4, 𝑝 = 3, 𝑞 = 2, 𝜂 = 2, 𝑀 = 100. The
true DOA is 0 and 8 degrees. In Figure 5𝑝 = 8, 𝑞 = 5, 𝜂 = 3,𝑀 = 100. The true DOA is 0, 8, 16, 24, and 32 degrees. Note
that in Figure 5 𝜂 < 𝑞, which means that there are correlated
signals (coherent case).

In Figures 4 and 5, “amount of arithmetic operations”
represents the summation of all the complex addition, sub-
traction, multiplication, and division.These two figures show
clearly that bothEAMand IAMcan reduce the computational
complexity of SML estimation greatly, while IAM is the best.

Table 1 shows the detailed comparison of computa-
tional complexity including average iteration times and main
calculation process of Figure 5 when SNR = 5 dB for 30
independent trials. For all these three algorithms, in the
one-dimensional global search of each updating process, we
use different step-sizes for searching. At first, we have a
relatively large step-size (0.5 degrees) for rough search (note
that this step-size should not be too large; otherwise the one-
dimensional globalminimummay bemissed) and thenmuch
smaller step-sizes (0.001 and 0.00001 degrees) for fine search.
For example, for the AM algorithm in the one-dimensional
global search of an updating process, the searching range for
the variable parameter (𝜃𝑖) is from −90∘ to 90∘. As a result,
the rough search needs 180/(0.5) times of calculation of 𝐿SML.
And then the fine search needs (0.5 ∗ 2/(0.001) + 0.001 ∗2/(0.00001)) times of calculation of 𝐿SML. Since the number
of iterations is 127, themain computational complexity of AM
algorithm is 83,820 times of calculation of 𝐿SML. For the EAM
and IAM algorithms, the main computational complexity
is also shown in Table 1 in the same manner. As we have
discussed above, for the EAM and IAM algorithm, before
each updating process, we can calculate many components in
advance (the detailed components are shown in Table 1). We
do not need to calculate the whole cost function 𝐿SML every
time. As a result, the computational complexity of EAM and
IAM is much smaller than that of AM algorithm.
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Figure 2: Oscillation in EAM algorithm while not in IAM.

Furthermore, from Figures 4 and 5, we can find two
phenomena. First, the efficiency of EAM and IAM is more
obvious than that of AM when the number of parameters
increases. Here the number of parameters represents the
number of incident signals, that is, 𝑞. The task of DOA is to
find the directions of all the incident signals. When there are
more parameters, the AM algorithm needs more iterations to
solve the multidimensional nonlinear optimization problem
of SML. For our proposed algorithms (EAM and IAM),
in each updating process the computational complexity is
greatly reduced. As a result, the efficiency is more obvious
when the number of parameters increases (in Figure 5
there are 5 parameters to be estimated, and in Figure 4

there are 2). Second, the computational complexity of all
these three methods changes with SNR that is because
the computational complexity of all these methods mainly
depends on the iteration times for the initial value converges
to the estimated value. As we show in Section 4.1, the initial
value is determined by the [Initialization Phase]. Obviously,
the initial value will change according to different SNRs.
Therefore, the total iteration times will change with SNR. As
a result, computational complexity also changes with SNR.

In a huge number of simulations, we have confirmed the
efficiency of our proposed EAM and IAM algorithms, while
IAM is the best.
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6. Conclusions

In this paper, to reduce the computational complexity of SML
estimation, based on theAMalgorithm,we propose twomore
efficient algorithms, that is, EAM and IAM algorithms. The
EAM algorithm mainly uses transformation of matrix and
properties of spatial projection to divide the SML criterion
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Figure 5: Average amount of operations for AM, EAM, and IAM
algorithms. 𝑝 = 8, 𝑞 = 5, 𝜂 = 3.

into two components. One is variable, while the other is
fixed. Computational complexity can be greatly reduced
since the fixed part can be calculated once in advance and
only the varying part should be calculated in each one-
dimensional updating process. To avoid numerical instability
of EAM (note that because of the numerical instability, wrong
estimation of DOAmay be got) and to reduce computational
complexity further, we derive the irreducible form of EAM,
that is, IAM algorithm. The main idea of IAM is to use
a uniform linear array and rewrite the EAM criterion into
polynomial forms. Then the irreducible form can be got
by canceling the common zero factor of the polynomial
form. Simulation results show that the IAM algorithm can
avoid the numerical instable problem of EAM and reduce
computational complexity further.
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