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Nowadays, the importance of developing high-performance
computers (HPC) and efficient algorithms that take advan-
tage of new technologies is rapidly growing because the
diversity and complexity of mathematical models that need
simulations are increasing; as well as there are more technical
problems that require to process data at high speed. HPC
is an invaluable tool for analysts, engineers, and scientist
because it offers the resources that they need to make
vital decisions, to speed up research and developments, to
promote product innovations, and to reduce time to market.
With respect to fuzzy logic, there are a wide variety of fuzzy-
based applications for consumer electronics that must satisfy
real time constrains for processing data at high speed, as
well as large quantities of data containing uncertainty from
different sources that often cannot be adequately modeled
and/or handled by type-1 fuzzy sets.

This special issue contains five papers that deal with
important topics that are contributions to confront the above
challenges in an original and efficient way. One paper is
about a new voltage-input, current-output programmable
membership function generator circuit using CMOS tech-
nology. Two papers are about improving performance of
fuzzy systems using Field Programmable Gate Array (FPGA);
in the proposals, the Fusion and SmartFusion FPGAs
from Actel are used; moreover, in these papers the use of
embedded hard and soft processors, intellectual property
cores (IP-Cores), programming using C language and VHDL
is illustrated. Two papers address the problem of improving
performance of type 2 fuzzy systems.

In the paper entitled “A novel programmable CMOS fuzzi-
fiers using voltage-to-current converter circuit” by K. Abdulla

and M. Azeem, a new voltage-input, current-output pro-
grammable membership function generator circuit (MFC)
using CMOS technology is presented. It employs a voltage-
to-current converter to provide the required current bias for
the membership function circuit. The proposed MFC has
several advantageous features. This MFC can be reconfigured
to perform triangular, trapezoidal, S-shape, Z-shape, and
Gaussian membership forms. This membership function can
be programmed in terms of its width, slope, and its center
locations in its universe of discourse. The easily adjustable
characteristics of the proposed circuit and its accuracy makes
it suitable for embedded systems and industrial control
applications. The proposed MFC is designed using the spice
software, and obtained simulation results are reported in the
paper.

The paper entitled “Designing high-performance fuzzy
controllers combining IP cores and soft processors” by O.
Montiel et al. presents a methodology to integrate a
fuzzy coprocessor described in VHDL (VHSIC Hardware
Description Language) to a soft processor embedded into
an FPGA. The aim is to increase the throughput of the
whole system; since the controller uses parallelism at the
circuitry level for high-speed-demanding applications, the
rest of the application can be written in C/C++. The ARM
32-bit soft processor, which allows sequential and parallel
programming, is used. The FLC coprocessor incorporates a
tuning method that allows manipulating the system response
with just modifying one parameter. The authors show
experimental results using a fuzzy PD+I controller as the
embedded coprocessor. Comparative results for different
hardware platforms such as a desktop personal computer, the
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Spartan 3 FPGA, the Virtex 5 FPGA, and the Atmel AVR 8-
bits microcontroller are presented.

In the paper entitled “WLAN cell handoff latency abate-
ment using an FPGA fuzzy logic algorithm implementation,”
R. Sepúlveda et al. present a predictive fuzzy logic controller
FPGA implementation to speed up the processing time to
reduce the channel scanning process of a WiFi communica-
tion system to a tenth of the standard time. The IEEE 802.11n
standard yields data rates up to 450 Mbps, and the 802.11e
standard ensures proficient QoS for real-time applications.
Still in need of better performance, multicell environments
that provide extended coverage allow the mobile station
nomadic passage beyond a single cell by means of cell
dissociation-association process known as handoff. This
process poses a challenge for real-time applications like
voice over IP (150 ms maximum delay) and video (200–
400 ms) sessions to give the user a seamless cell-crossing
without data loss or session breakage. The algorithm of the
fuzzy controller is implemented in C language. Experimental
results using the FPGA SmartFusion are provided.

In the paper “Speedup of interval type 2 fuzzy logic
systems based on GPU for robot navigation,” L. Ngo et al.
illustrate how to install interval type-2 FLS (IT2-FLS) on
a graphics processing unit (GPU) and the use of nVIDIA’s
Compute Unified Device Architecture (CUDA); the authors
show experiments for obstacle avoidance behavior of robot
navigation. They carry out FLSs analysis in order to take
advantage of GPUs processing capabilities to speed up IT2-
FLSs. They demonstrate that use of the computer CPU
outperforms the GPU for small systems and conclude that
as the number of rules and sample rate grow, the GPU
outperforms the CPU. They show that there is a switch point
in the performance ratio which indicates when the GPU is
more efficient than the CPU. GPU runs approximately 30
times faster on the computer.

In the paper entitled “A hybrid model through the fusion of
type-2 fuzzy logic systems and sensitivity-based linear learning
method for modeling PVT properties of crude oil systems,”
A. Selamat et al. present a proposal for modeling pressure-
volume-temperature (PVT) properties, which are crucial for
geophysics and petroleum engineers, namely, for utilization
in material balance calculations, inflow performance calcula-
tions, well log analysis, determining oil reserve estimations,
and the amount of oil that can be recovered, the flow rate
of oil or gas, and the simulations on reservoir outputs. In
this proposal, a hybrid system based on a sensitivity-based
linear learning method (SBLLM) that has been recently used
as a predictive tool because its unique characteristics and
performance, particularly its high stability and consistency
during predictions, in combination with a type-2 fuzzy
logic system (FLS) to handle uncertainties in reservoir
data is used. This work presents comparative studies to
compare the performance of the newly proposed T2-SBLLM
hybrid system with each of the constituent type-2 FLS and
SBLLM. The empirical results from simulation show that
the proposed T2-SBLLM hybrid system has greatly improved
upon the performance of SBLMM, while also maintaining a
better performance about of the type-2 FLS.
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Sensitivity-based linear learning method (SBLLM) has recently been used as a predictive tool due to its unique characteristics and
performance, particularly its high stability and consistency during predictions. However, the generalisation capability of SBLLM
is sometimes limited depending on the nature of the dataset, particularly on whether uncertainty is present in the dataset or not.
Since it made use of sensitivity analysis in relation to the data sets used, it is surely very prone to being affected by the nature of
the dataset. In order to reduce the effects of uncertainties in SBLLM prediction and improve its generalisation ability, this paper
proposes a hybrid system through the unique combination of type-2 fuzzy logic systems (type-2 FLSs) and SBLLM; thereafter
the hybrid system was used to model PVT properties of crude oil systems. Type-2 FLS has been choosen in order to better handle
uncertainties existing in datasets beyond the capability of type-1 fuzzy logic systems. In the proposed hybrid, the type-2 FLS is used
to handle uncertainties in reservoir data so that the cleaned data from type-2 FLS is then passed to the SBLLM for training and
then final prediction using testing dataset follows. Comparative studies have been carried out to compare the performance of the
newly proposed T2-SBLLM hybrid system with each of the constituent type-2 FLS and SBLLM. Empirical results from simulation
show that the proposed T2-SBLLM hybrid system has greatly improved upon the performance of SBLLM, while also maintaining
a better performance above that of the type-2 FLS.

1. Introduction

Hybrid computational intelligence is any effective combina-
tion of intelligent techniques that performs superior or in a
competitive way to simple standard intelligent techniques.
The increased popularity of hybrid intelligent systems in
recent times lies in the extensive success of these systems
in many real-world complex problems [1]. Also, it is an
established fact that every approach has its strengths and
weaknesses; hence the need for hybrid models that is
able to combine the strengths of the individual techniques
while complementing the weaknesses of one method with
the strength of the other. Therefore, this work seeks to
take advantage of the unique capability of type-2 FLS, in

modelling uncertainties, to improve the performance of the
sensitivity based linear learning method (SBLLM) in order to
further boost the generalisation ability of SBLLM even in the
face of uncertainties.

Type-2 fuzzy logic has been generally acknowledged
as being better and ideal for uncertainty modeling [2–
8]. Recently, type-2 FLS have been proposed as a novel
framework for both classification and prediction in order
to handle all forms of uncertainties [8, 9]. It is able to
handle uncertainties that include those in measurements and
data used to calibrate the parameters. It has been used in
several fields and the results have been promising and very
encouraging [10–12]. Therefore, there is a possibility that the
type-2 FLS can handle uncertainty in reservoir data [13] as
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the type-2 fuzzy logic has been specifically invented to deal
with all forms of uncertainties [8] that are inherent in our
day to day natural encounters and mode of reasoning.

Sensitivity based linear learning method (SBLLM) has
been recently introduced as a learning technique for two-
layer feedforward neural networks based on sensitivity
analysis that uses a linear training algorithm for each of the
two layers [14]. It was introduced in order to alleviate some
of the limitations of the classical ANN. This algorithm tends
to provide good generalization performance at extremely fast
learning speed, while in addition, it gives the sensitivities
of the sum of squared errors with respect to the input and
output data without extra computational cost. It is very
stable in performance as its learning curve stabilizes soon
and behaves homogeneously not only if we consider just
the end of the learning process, but also during the whole
process, in such a way that very similar learning curves were
obtained for all iterations of different experiments [14, 15].
Unfortunately, just like the classical ANN, SBLLM is unable
to adequately model uncertainties in real life data. As a
result of SBLLM inability to handle uncertainty, it will be
a good contribution to seek to improve its performance
through the use of type-2 FLS as its precursor, in a hybrid
arrangement, for uncertainty handling, in order to take
advantage of its unique capabilities. Therefore in this paper,
we propose a hybrid approach that will combine the unique
attributes of type-FLS with those of sensitivity based linear
learning method (SBLLM) by way of improving SBLLM
performance in order to achieve better generalisation ability
in all situations including uncertainty oriented environment.

Characterization of reservoir fluids plays a very crucial
role in developing a strategy on how to produce and operate
a reservoir. Pressure-volume-temperature (PVT) properties
are very crucial for geophysics and petroleum engineers,
namely for the utilization in material balance calculations,
inflow performance calculations, well log analysis, determin-
ing oil reserve estimations, and the amount of oil that can be
recovered, the flow rate of oil or gas, and the simulationson
reservoir outputs. The phase and volumetric behaviour of
petroleum reservoir fluids is referred to as PVT [16, 17].

PVT properties include formation volume factor (FVF),
solution gas-oil ratio (GOR), solution oil-gas ratio (OGR),
liquid specific gravity, American petroleum institute (API)
specific gravity, gas specific gravity, bubble-point pressure,
saturation pressure, and so forth stated by [18]. Among those
PVT properties, the bubble-point pressure (Pb) and the oil
formation factor (Bob) are the most important, because they
are the most essential factors in reservoir and production
computations [18]. The more the preciseness of estimating
these properties, the better the calculations involved in
reservoir simulation, production, and field development.
Bubble-point pressure (Pb) is the pressure at which gas first
begins to come out of the solution at constant temperature,
while oil formation volume factor (Bob) is defined as the
volume of reservoir oil that would be occupied by one stock
tank barrel oil plus any dissolved gas at the bubble point
pressure and reservoir temperature as stated in [17, 19–21].

Ideally, these properties are determined from laboratory
studies on samples collected from the bottom of the wellbore

or on the surface. However, such experimental data is very
costly to obtain and the accuracy of the result is critical
and not often known in advance. One of the solutions
is to use the empirically derived correlations, which has
been developed using equation of state (EOS), linear/non-
linear statistical regression, or graphical techniques [17,
21]. Unfortunately, these correlations are constrained by
several limitations, namely, the equation of state requires
the extensive knowledge of the detailed compositions of the
reservoir fluids and the determination of such quantities is
expensive and time consuming; the accuracy of the EOS
depends heavily on the nature of the fluid, on the type of
equation selected, and on the operator-dependent tuning
procedures. This method also involves several numerical
computations. To overcome the shortcomings associated
with the earlier correlation methods, researchers made use
of artificial intelligence based methods foremost of which is
the classical artificial neural network (ANN) and its variants.
But still, the developed neural networks correlations often
do not perform to expectations and are bedeviled with
shortcomings that include, among others, instability, with its
non homogeneous nature such that very different learning
curves were obtained for different repeat of same experiment,
and its characteristic low speed operation.

Researchers have done their best to address and overcome
these problems of ANN. As a result, several variants of ANN
and other methods like support vector machines (SVM)
and functional networks (FN) have been proposed and used
[21, 22], yet each has its limitations that still call for further
research of this nature, particularly their inability to handle
uncertainties and the need to ensure stability and consistency
in predictions.

It is an established fact that geosciences disciplines are
not clear-cut and, most of the time, are associated with
uncertainties [13], hence the need for fuzzy logic based
systems, particularly the newly introduced type-2 fuzzy logic
system (type-2 FLS) that is able to adequately account for
all forms of uncertainties [8]. For instance, prediction of
core parameters from well log responses is difficult and is
usually associated with uncertainties. Earlier methods try to
minimize and ignore these uncertainties [13], while type-2
fuzzy logic derives useful information from the uncertainties
and uses it as a good selection of parameters for increasing
the accuracy of the predictions. SBLLM on its own is able to
deploy its sensitivity analysis to ensure stable and consistent
results always. Thus a combination of these unique methods
in a hybrid arrangement will go a long way in improving the
prediction accuracy while ensuring stability and consistency,
which are requisite of good prediction system. This will
definitely be in line with the often reported successes of
hybrid systems as a result of the unique combination of
methods that takes advantage of each constituent member
while avoiding the shortcomings of each.

Therefore, this paper investigate the feasibility of using
type-2 FLS as a pre-cursor to improve the generalisation
ability of SBLLM in the face of uncertainty during prediction,
in a hybrid framework setting; we develop a new hybrid
model based on type-2 FLS and SBLLM and then use it for
predicting PVT properties that include specifically bubble
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point pressure (Pb) and oil formation volume factor (Bob)
using different standard databases of four input parameters,
namely, solution gas-oil ratio, reservoir temperature, oil
gravity, and gas relative density. We then investigate how
individual constituent methods compare in their forecasting
performance with the proposed hybrid model. Empirical
results from simulations demonstrated that the proposed
hybrid scheme produced better generalization performance,
with high stability and consistency, which are requisite of
good prediction models, compared to each of the constituent
parts, particularly SBLLM.

The rest of this paper is organized as follows. Section 2
presents a review of related researches and Section 3
presents the proposed hybrid model and its constituent parts.
Section 4 contains the empirical study and implementation
process. Results and discussions are presented in section5.
The conclusion and future work recommendations are
provided in Section 6.

2. Related Research

In the past few decades, engineers realized the importance of
developing and using empirical correlations for PVT proper-
ties. The development of correlations for PVT calculations
has been the subject of extensive research, resulting in a
large volume of publications. In this section, we briefly
review the most common empirical PVT correlations and the
related prediction approach together with the measurement
techniques that have been used in forecasting these PVT
properties.

2.1. Common Empirical Models and Evaluation Studies.
Standing [23] presented correlations for bubble point pres-
sure and for oil formation volume factor. The correlations
were based on laboratory experiments carried out on
105 samples from 22 different crude oils in California.
Glaso [24] developed the Glasoempirical correlation for
formation volume factor using 45 oil samples from North
Sea hydrocarbon mixtures. Al-Marhoun [25] published
his second correlation for oil formation volume factor.
The correlation was developed with 11,728 experimentally
obtained formation volume factors at, above, and below
bubble point pressure. The data set represented samples
from more than 700 reservoirs from all over the world,
mostly from Middle East and North America. For more
empirical correlation-related work, discussion, applications,
and comparative studies; interested readers can see [26–42].

2.2. Predicting PVT Properties Based on Artificial Neural Net-
works. Artificial Intelligence schemes have been increasingly
used in the field of PVT properties and other fields in oil and
gas industry during the last few decades, the most popular
of which are the neural networks. Artificial neural networks
are parallel-distributed information processing models that
can recognize highly complex patterns within available data.
In recent years, neural network have gained popularity in
petroleum applications. Many authors have discussed the
applications of neural networks in petroleum engineering;

see [16, 19, 43–47] for details. Recently, it has been shown
in both machine learning and data mining communities
that artificial neural networks have the capacity to learn
complex linear/nonlinear relationships amongst input and
output data. The most common widely used neural network
in literature is known as the feed forward neural networks
with back propagation training algorithm [48]. This type of
neural networks is an excellent computational intelligence
modelling scheme in both prediction and classification tasks.
Recently, feed forward neural networks were used to predict
the PVT correlations, [16, 49–51].

The authors in [52] introduced a novel approach for
predicting the complete PVT behavior of reservoir oils and
gas condensates using a noniterative approach. The method
uses key measurements that can be performed rapidly either
in the lab or at the well site as input to a neural network,
while in [51], two neural networks were trained separately
to estimate the bubble point pressure (Pb) and oil formation
volume factor (Bob), respectively. The input data were
solution gas-oil ratio, reservoir temperature, oil gravity, and
gas relative density, while making use of two hidden layers
(2HL) neural networks: the first neural network, (4-8-4-2)
to predict the bubble point pressure and the second neural
network, (4-6-6-2) to predict the oil formation volume
factor. Both neural networks were built using a data set of
size 520 observations from Middle East area. The input data
set was divided into a training set of 498 observations and a
testing set of 22 observations.

The authors in [19] used the feedforward learning
scheme with log sigmoid transfer function in order to
estimate the formation volume factor at the bubble point
pressure, using data published in [50], while the authors
in [53] developed two new models to predict the bubble
point pressure, and the oil formation volume factor at the
bubble-point pressure for Saudi crude oils. The models were
based on artificial neural networks, and developed using 283
unpublished data sets collected from different Saudi fields.
Recently, [46] made use of neural network to predict the PVT
properties. As usual, they were confronted with the generic
problems of the standard neural network like local minima
convergence problem, trial and error syndrome, instability,
and inconsistency.

For further works on the utilization of neural networks
and its variants, such as radial basis function network, sup-
port vector machines, and abductive network, for predicting
PVT properties, interested readers can refer to [16, 17, 21, 47,
49, 54–57].

We have noted that most of the reported cases of the use
of fuzzy logic in modeling reservoir properties are restricted
to the classical fuzzy logic (also known as type-1 fuzzy logic).
However, type-1 fuzzy logic systems have recently been found
inadequate for handling all forms of uncertainties [5, 8, 9,
58]. In response to this, type-2 fuzzy logic systems have been
introduced as better computational intelligence approach for
both prediction and classification to handle all forms of
uncertainties [5]. The unique feature and advantage of type-
2 fuzzy logic systems and those of sensitivity based linear
learning methods (SBLLM) motivated the idea of this work.
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Figure 1: Schematic diagram of type-2 fuzzy logic systems (type-2 FLS).

In order to further boost the accuracy of predictions, par-
ticularly in this germane field of reservoir characterization
where the need for accurate prediction is highly desirable,
we have proposed a better and more reliable hybrid scheme
that will be able to adequately model uncertainty in reservoir
data and make accurate predictions while ensuring stable and
consistent results.

In this regard, this work seeks to develop a new hybrid
scheme based on type-2 fuzzy logic system and sensitivity
based linear learning methods (SBLLM). These combina-
tions have been choosing due to the fact that: type-2 fuzzy
logic system is able to model all forms of uncertainties and
sensitivity based linear learning methods (SBLLM) have a
unique generalization ability coupled with higher stability
and consistency. With these, the proposed hybrid model
will be able to make use of these unique combinations
for effective uncertainties handling while ensuring robust,
consistent, and accurate performance.

3. The Proposed Hybrid Model and
Its Constituent Frameworks

The proposed hybrid system is composed of type-2 fuzzy
logic system and sensitivity based linear learning methods
(SBLLM) learning schemes, uniquely combined together to
form a better performing hybrid scheme.

3.1. Type-2 Fuzzy Logic System (Type-2 FLS). Type-2 adap-
tive fuzzy inference systems is an adaptive network that learns
the membership functions and fuzzy rules, from data, in a
fuzzy system based on type 2 fuzzy sets; see [8, 59] for details.
“Type-2 fuzzy sets are fuzzy sets whose grades of membership
are themselves fuzzy. They are intuitively appealing because
grades of membership can never be obtained precisely in
practical situations” [60]. Type-2 fuzzy sets can be used in
situations where there is uncertainty about the membership
grades themselves, for example, an uncertainty in the shape
of the membership function or in some of its parameters.
Consider the transition from ordinary sets to fuzzy sets; when

we cannot determine the membership of an element in a set
as 0 or 1 we use fuzzy sets of type-1. Similarly, when the
situation is very fuzzy that we have difficulty in determining
the membership grade as a crisp number in [0, 1], we use
fuzzy sets of type-2. Thus, in general, “a fuzzy set is of type n,
n = 2, 3, . . . if its membership function ranges over fuzzy sets
of type n− 1” [61].

Generally, a type-2 fuzzy logic system contains five
components: fuzzifier, rules, inference engine, type-reducer,
and defuzzifier that are interconnected as in Figure 1.

The fuzzifier takes the input parameters values as inputs.
The output of the fuzzifier is the fuzzified measurements
which will be the input to the inference engine. The resultant
of the inference engine is type-2 fuzzy output sets which can
be reduced to type-1 fuzzy set by the type reducer. The type
reduced fuzzy set in this model is an interval set which gives
the predicted external attribute measurement as a possible
range of values. The defuzzifier calculates the average of this
interval set to produce the predicted crisp external attribute
measurement.

3.1.1. Inferencing in the Type-2 FLS. Fuzzy inference engine
combines the fired fuzzy rules and map inputs into type-
2 output fuzzy sets. Generally a type-2 FLS is a fuzzy logic
system in which at least one of the fuzzy sets used in the
antecedent and/or consequent parts and each rule inference
output is a type-2 fuzzy set. Consider a type-2 Mamdani FLS
[8] having n inputs x1 ∈ X1, . . . , xn ∈ Xn and one output
y ∈ Y . The rule base contains L type-2 fuzzy rules expressed
in the following form:

Rl : IF x1 is F1
1 and x2 is F1

2

and . . . and xn is F1
p THEN y is Gl,

(1)

where l = 1, 2, . . . ,L, Fl
i and Gl are type-2 fuzzy set.

This rule represents a type-2 fuzzy relation between the
input space X ∈ X1 × X2 × · · · × Xn, and the output space
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(1) Arrange yz in ascending order with y1 ≤ y2 ≤ · · · ≤ yz
(2) Set θz = hz for z = 1, 2, . . . ,Z; and compute y′ =∑Z

z=1 yzθz/
∑Z

z=1 θz
(3) Find e ∈ [1,Z − 1] such that ye ≤ y′ ≤ ye+1

(4) Set θz = hz − Δz for z ≤ e and θz = hz + Δz for z > e, and compute: y′′ =∑Z
z=1 yzθz/

∑Z
z=1 θz

(5) Stop if y
′′ = y′, otherwise set y′ = y

′′
and return to step 3

Algorithm 1: Karnik-Mendel algorithm to compute ytr .

Y of the system. We denote the membership function of this
Type-2 relation as:

μFl
1×···×Fl

n
−→ Gl

(
x, y

)
, (2)

where Fl
1 × · · · × Fl

n denotes the Cartesian product of Fl
1,

Fl
2, . . . ,Fl

n and x = {x1, x2, . . . , xn}.
The antecedents in the fuzzy rules are connected by using

the meet operation, the firing strength of the input fuzzy
sets are combined with output fuzzy sets using the extended
sup-star composition, and the multiple rules are combined
using the join operation [8]. However, the computing load
involved in deriving the system output from a general type-2
FLS model is high in practice, and the general practice is to
use the interval type-2 FLS in which the fuzzy sets Fl

i and Gl

are interval fuzzy sets through which the computing of type-
2 FLS can be greatly simplified. The membership grades of
interval fuzzy sets can be fully characterized by their lower
and upper membership grades of the footprint of uncertainty
(FOU) separately [8].

Without the loss of generality, let μFl
i
(x) =

[μ
Fl
i
(x),μFl

i
(x)] and μGl (y) = [μ

Gl
(y),μGl (y)] for each

sample (x, y). The firing strength of interval type-2
FLS μFl (x) = ⋂n

i=1 μFl
i
(x) is an interval [8], that is,

μFl (X) = [ f i(X), f
i
(X)]. In the proposed interval type-2

FLS, the meet operation under product t-norm is used, so
that the firing strength is an interval type-1 set [8] as shown
below:

f i(X) =
[

f i(X), f
i
(X)

]

=
[

f i, f
i
]

, (3)

where f i(X) and f
i
(X) can be rewritten as follows with ∗

representing the t-norm product operation:

f i(X) = μ
F
j
1
(x1)∗ · · · ∗ μ

F
j
p
(xn),

f
i
(X) = μF j

1
(x1)∗ · · · ∗ μF j

p
(xn).

(4)

3.1.2. Type Reduction. The results from the inference engine
are type-2 fuzzy sets. There is then the need to reduce
the type-2 fuzzy sets to type-1 fuzzy sets in order to give
room for defuzzification so that the final crisp outputs can
be generated. Centre-of-sets (COS) type-reducer algorithm
developed by Mendel [8] and Karnik et al. [62] has been used
in this study because it provides reasonable computational
complexity compared to others like the expensive centroid
type reducer, though other types can still be investigated

when the need arises as the research progresses. COS type
reducer uses two steps in reducing the type-2 fuzzy sets as
follows: (i) calculating the centroids of type-2 fuzzy rule
consequences and (ii) calculating the reduced fuzzy sets.
These stages are described in the following two subsections.

Computing the Centroids of Type-2 Fuzzy Rule Consequences.
Suppose that the output of an interval type-2 FLS is
represented by type-2 fuzzy sets Gt, where t = 1, . . . ,T . T
is the number of output fuzzy sets. In this first stage, the
centroids of all the T output fuzzy sets are calculated and they
will be used in calculating the reduced sets in the next stage.
The centroid of the ith output fuzzy set yt is a type-1 interval
set which can be expressed in the following equation [8, 62]:

yt =
[
ytl , y

t
r

]
=
∫

θ1∈Jy1

∫

θz∈Jyz

1
∑Z

z=1 yzθz/
∑Z

z=1 yzθz
, (5)

where ytl and ytr are the leftmost and rightmost point of yt,
respectively.

Algorithm 1 is the iterative procedures developed by
Mendel [8] Karnik et al. [62] to calculate the rightmost point
ytr for each type-2 output fuzzy set, where Z is representing
the number of discretised points for each output fuzzy set,
Jyz = [Lz,Rz], hz = [hz+Rz]/2, Δz = [Rz−Lz]/2, z = 1, . . . ,Z.
Figure 2 demonstrates how to calculate hz, Lz, Rz, and Δz

needed by the Algorithm 1. The leftmost point ytl can be
calculated in the similar way except at step 4 of Algorithm 1
where we set θz = hz + Δz when z ≤ e and θz = hz − Δz

when z > e + 1. This iterative procedure has been proven to
converge in at most Z iterations to find ytr or ytl [8].

Computing the Reduced Fuzzy Sets. To calculate the type-
reduced set, it is sufficient to compute its upper and lower
bounds of the reduced set yl and yr , which can be expressed
as follows:

yl =
∑M

i=1 f il y
i
l

∑M
i=1 f il

, yr =
∑M

i=1 f ir y
i
r

∑M
i=1 f ir

, (6)

where f il and yil are the firing strength and the centroid of the
output fuzzy set of ith rule (i = 1, . . . ,M) associated with yl,
respectively. Similarly, f ir and yir are the firing strength and
the centroid of the output fuzzy set of ith rule (i = 1, . . . ,M)
associated with yr , respectively.

Meanwhile, yr can be calculated using the iterative
Algorithm 2 as proposed in [5, 8]. Similarly, yl can be

calculated in the same way by setting f ir = f
i

for i ≤ R
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Figure 2: Diagrammatic representation of the computation of the parameters needed by each yz in Algorithm 1 for computing ytr and ytl .

(1) Arrange the precalculated yir from Figure 2 in an ascending order, that is, f 1
r ≤ f 2

r ≤ · · · ≤ f Mr
(2) Set f ir = ( f i

r
+ f

i

r)/2 for i = 1, 2, . . .M, and calculate yr using (6)
(3) Find R ∈ [1,M − 1] such that yRr ≤ y′r ≤ f R+1

r

(4) Set f ir = f i
r

for i ≤ R and f ir = f i
r

+ f
i

r for i > R; and compute y
′′
r using (6)

(5) Stop if y
′′
r = y

′
r , otherwise set y′r = y

′′
r and return to step 3

Algorithm 2: Iterative algorithm to compute yr .

and f ir = f i for i > R. The iterative procedure has also
been proved to converge in no more than M iterations when
computing either yl or yr [5].

3.1.3. Defuzzification. We defuzzify the type-reduced set to
get a crisp output from the type-2 FLS. The final output of
type-2 FLS is thus set to the average of yl and yr as shown
below:

y(x) = yl + yr
2

, (7)

where y(x) is the final crisp output.

3.1.4. The Steepest Descent Approach for Training FLS. The
purpose of the training algorithm is to minimize the error
function for E training epochs:

E(t) =
⎛

⎝
f
(
x(t)
)
− y(t)

y(t)

⎞

⎠

2

, t = 1, . . . ,N. (8)

Consider an FLS with Gaussian membership functions,
centre of sums type-reducer, average defuzzification, max-
product composition, and product implication; it could be
expressed by the equation

y
(
x(i)
)
= fs

(
x(i)
)

=
∑M

l=1 y
l∏p

k=1 exp
[

−
(
x(i)
k −mFl

k

)2
/
(

2σ2
Fl
k

)]

∑M
l=1

∏p
k=1 exp

[

−
(
x(i)
k −mFl

k

)2
/
(

2σ2
Fl
k

)] ,

i = 1, . . . ,N ,

(9)

where: M is number of rules, p is number of antecedents,
and N is number of data points; mFl

k
and σFl

k
are the

mean and standard deviation for the membership function,
respectively.

Given an input-output training pair (x(i) : y(i)) also
known as data point, we wish to design a fuzzy logic system
(FLS) so that the error function is minimized. The steepest
descent approach [8] can be applied to obtain the following
recursions to update all the design parameters of this FLS in
order to minimize the error function:

mFl
k
(i + 1) = mFl

k
(i)

− αm
[
fs
(
x(i)
)
− y(i)

][
yl(i)− fs

(
x(i)
)]

×
[
x(i)
k −mFl

k
(i)
]

σ2
Fl
k
(i)

ϕl

(
x(i)
)

,

(10)
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(1) Initialize the parameters of all the membership functions for all the rules, mFlk
(0), yl(0), and σFlk

(0).

(2) Set an end criterion to achieve convergence.
(3)Repeat

(i) for all data points (x(i) : y(i)) only i = 1, . . . ,N
(a) Propagate the next data point through the FLS.
(b) Compute error.
(c) Update the parameters of the membership functions using (10), (11), and (12).

(ii) end for (∗end for each input-output pair∗)
(iii) Compute the root mean square relative error (RMSRE) as in (13).
(iv) Test the end criterion. If satisfied break.

Until (∗end for each epoch∗)

Algorithm 3: Back propagation algorithm for FLS.

yl(i + 1) = yl(i)− αy

[
fs
(
x(i)
)
− y(i)

]
ϕl

(
x(i)
)

, (11)

σFl
k
(i + 1)

= σFl
k
(i)− ασ

[
fs
(
x(i)
)
− y(i)

][
yl(i)− fs

(
x(i)
)]

×
[
x(i)
k −mFl

k
(i)
]2

σ3
Fl
k
(i)

ϕl

(
x(i)
)
.

(12)

Now, the back propagation algorithm can be applied as in
Algorithm 3 followed by RMSRE in (13):

RMSRE =

√
√
√
√
√ 1
N

N∑

i=1

[
fs
(
x(i)
)
− y(i)

]2

y(i)
. (13)

3.2. Sensitivity-Based Linear Learning Method (SBLLM). In
[14], the authors proposed a new learning scheme in order
to both speed up and avoid local minima convergence
of the existing back propagation learning technique, while
alleviating its other common weaknesses such as instability
and inconsistency. This new learning strategy is called the
sensitivity based linear learning method (SBLLM) scheme.
It is a learning technique for two-layer feedforward neural
networks based on sensitivity analysis, which uses a linear
training algorithm for each of the two layers. First, random
values are assigned to the outputs of the first layer; later,
these initial values are updated based on sensitivity formulas,
which use the weights in each of the layers and the process
is repeated until convergence. Since these weights are learnt
solving a linear system of equations, there is an important
saving in computational time. The method also gives the
local sensitivities of the least squared errors with respect
to input and output data, with no extra computational
cost, because the necessary information becomes available
without extra calculations. This new scheme can also be
used to provide an initial set of weights, which significantly
improves the behaviour of other learning algorithms. The
full theoretical basis for SBLLM and its performance has been
demonstrated in [14], which contained its application to
several learning problems examples in which it is compared
with several learning algorithms and well known data sets.

The results have shown a learning speed generally faster than
other existing methods.

Sensitivity analysis is a very useful technique for deriving
how and how much the solution to a given problem depends
on data; see [15, 63, 64] and the references therein for
more details. However, in [14] it was shown that sensitivity
formulas can also be used as a novel supervised learning
algorithm for two-layer feedforward neural networks that
presents a high convergence speed.

Generally, SBLLM process is based on the use of the
sensitivities of each layer’s parameters with respect to its
inputs and outputs and also on the use of independent
systems of linear equations for each layer to obtain the
optimal values of its parameters. In addition, it gives the
sensitivities of the sum of squared errors with respect to the
input and output data.

3.2.1. The Learning Process for the Sensitivity Based Linear
Learning Method. Consider the two-layer feedforward neu-
ral network in Figure 2, where I is the number of inputs, J
is the number of outputs, K is the number of hidden units,
x0s =1, z0s =1, S is the number of data samples, and the
superscripts (1) and (2) are used to refer to the first and
second layer, respectively.

This network can be considered to be composed of two
one-layer neural networks as is shown in Figure 3.

According to [14], considering the one-layer network in
Figure 4, the set of equations relating inputs and outputs is
given by

yjs = f j

⎛

⎝
I∑

i=0

wjixis

⎞

⎠; j = 1, 2, . . . , J ; s = 1, 2, . . . , S. (14)

where I is the number of inputs, J is the number of outputs,
x0s = 1, wji are the weights associated with neuron j, and S is
the number of data points.

To learn the weight wji, the following sum of squared
errors between the real and the desired output of the
networks is usually minimized as:

P =
S∑

s=1

J∑

j=1

δ2
js =

S∑

s=1

J∑

j=1

⎛

⎝yjs − f j

⎛

⎝
I∑

i=0

wjixis

⎞

⎠

⎞

⎠

2

. (15)
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Figure 3: Two-layer feedforward neural network of the SBLLM.
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Figure 4: One-layer feedforward neural network combined to form the two-layer feedforward neural network of the SBLLM Scheme in
Figure 2.

Assuming that the nonlinear activation functions, f j ,
are invertible (which is the case for most of the commonly
employed functions), otherwise, one can minimize the sum
of squared errors before the nonlinear activation functions
[14], that is,

Q =
S∑

s=1

J∑

j=1

ε2
js =

S∑

s=1

J∑

j=1

⎛

⎝
I∑

i=0

wjixis − f −1
j (yjs)

⎞

⎠

2

, (16)

which leads to the system of equations:

∂Q

∂wjp
= 2

S∑

S=1

⎛

⎝
I∑

i=0

wjixis − f −1
j

(
yjs
)
⎞

⎠xps

= 0; p = 0, 1, . . . ., I ; ∀ j,

(17)

that is,

I∑

i=1

wji

S∑

s=1

xisxps =
S∑

s=0

f −1
j

(
yjs
)
xps; p = 0, 1, . . . ., I ; ∀ j,

(18)

or

I∑

i=0

Apiwji = bp j ; p = 0, 1, . . . .., I ; ∀ j, (19)

where

Api =
S∑

s=1

xisxps; p = 0, 1, . . . .., I ; ∀i,

bp j =
S∑

s=1

f −1
j

(
yjs
)
xps; p = 0, 1, . . . .., I ; ∀ j.

(20)

Furthermore, for the one-layer neural network shown in
Figure 4, according to [14, 15, 64], the sensitivities of the new
cost function, Q, with respect to the input and output data
can be obtained as:

∂Q

∂ypq
= −

2
(∑I

i=0 wpixiq − f −1
p

(
ypq
))

f ′p
(
ypq
) ; ∀p, q,

∂Q

∂xpq
= 2

J∑

j=1

⎛

⎝
I∑

i=0

wjixiq − f −1
j

(
yjq
)
⎞

⎠wjp; ∀p, q.

(21)

Based on [14], the learning method and the sensitivity
formulas presented above can now be used to develop
the SBLLM learning method for the two-layer feedforward
networks shown in Figure 3. Now, consider the two-layer
feedforward neural network in Figure 3, where I is the
number of inputs, and include the four PVT properties
independent variables namely solution gas-oil ratio, reser-
voir temperature, oil gravity, and gas relative density; J
is the number of outputs, and it include the two target
PVT properties (dependent variables) namely bubble point
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pressure (Pb) and oil formation volume factor (Bob); K is the
number of hidden units, x0s = 1, z0s = 1; S is the number
of data samples and the superscripts (1) and (2) are used to
refer to the first and second layer, respectively.

Assuming that the intermediate layer outputs z are
known, using (16), a new cost function for the two-layer
feedforward neural network in Figure 3 is defined as:

Q(z) = Q(1)(z) + Q(2)(z)

=
S∑

s=1

⎡

⎢
⎣

K∑

k=1

⎛

⎝
I∑

i=0

w(1)
ki xis − f (1)−1

k (zks)

⎞

⎠

2

+
J∑

j=1

⎛

⎝
K∑

k=0

w(2)
jk zks − f (2)−1

k

(
yjs
)
⎞

⎠

2
⎤

⎥
⎦.

(22)

Thus, using the outputs zks we can learn, for each layer

independently, the weights w(1)
ki and w(2)

jk by solving the
corresponding linear system of (19). After this, the sensitivity
(see (21)) with respect to zks is calculated thus:

∂Q

∂zks
= ∂Q(1)

∂zks
+
∂Q(2)

∂zks

= −
2
(
∑I

i=0 w
(1)
ki xis − f (1)−1

k (zks)
)

f ′(1)
k (zks)

+ 2
J∑

j=1

⎛

⎝
K∑

r=0

w(2)
jr zrs − f (2)−1

j

(
yjs
)
⎞

⎠w(2)
jk ,

(23)

with k = 1, . . . ,K , as z0s = 1, for all s. After this, the values
of the intermediate outputs z are modified using the Taylor
series approximation:

Q(z + Δz) = Q(z) +
K∑

k=1

S∑

s=1

∂Q(z)
∂zks

Δzks ≈ 0, (24)

which leads to the following increments:

Δz = −ρ Q(z)

‖∇Q‖2∇Q, (25)

where ρ is a relaxation factor or step size.

3.2.2. Strengths and Weaknesses of SBLLM. (A) It has been
established that the SBLLM offers an interesting combination
of speed, reliability, and simplicity. In addition, based on the
results obtained from the real-world experiments using the
SBLLM learning algorithm, there are four main advantages
of the SBLLM that can be summarized as follows, [14].

(i) High speed in reaching the minimum error: it was
demonstrated in [14] that in all cases the SBLLM
obtains its minimum mean squared error (MSEmin)
just before the first four iterations and also sooner
than the rest of the algorithms examined together.
SBLLM gets its minimum error in an epoch for which
the other algorithms are far from similar MSE values.

(ii) Good performance: it can be deduced not only that
SBLLM stabilizes soon, but also the minimum MSE
that it reaches is quite good and comparable to
that obtained by the second order methods. Other
methods compared to it never succeeded in attaining
this minimum MSE (MSEmin) before the maximum
number of epochs.

(iii) Homogeneous behavior: the SBLLM learning curve
stabilizes easily and within short time. The SBLLM
behaves homogeneously not only if we consider just
the end of the learning process, but also during the
whole process, in such a way that very similar learn-
ing curves were obtained for all iterations of different
experiments. This is indicative of ability to handle
prediction with high stability and consistency which
are requisite of good prediction system particularly in
oil and gas reservoir modeling.

(B) Weaknesses of SBLLM. One of the major weaknesses of
this technique is its inability to model uncertainties which
is a very important capability being sought for in today’s
predictive solutions particularly in oil and gas modeling
where uncertainties are very common. Also the prediction
accuracy of SBLLM is usually dependent on the nature of the
problem at hand, that is, nature of the data set. Thus there
is need to compliment its usage with other better model like
type-2 FLS to achieve better performance, particularly in the
face of uncertainties.

3.3. The Proposed T2-SBLLM Hybrid Framework. In this
proposed hybrid system, type-2 fuzzy logic system is first
used for modeling and uncertainty handling using its
procedural components of fuzzification, inferencing, type-
reduction, and defuzzification processes to generate a clean
output, while the Sensitivity based linear learning method
(SBLLM) is then trained using the cleaned output from type-
2 FLS and then used to make the final predictions. This is
then applied to the problem of PVT property prediction in
the field of reservoir engineering, but it is extendable for use
in other prediction or classification oriented applications.

3.3.1. Conceptual Design of the Proposed T2-SBLLM Hybrid
Models. Hybrid computational intelligence is defined as
any effective combination of intelligent techniques that
performs superior or in a competitive way to simple standard
intelligent techniques. The increased popularity of hybrid
intelligent systems in recent times lies in the extensive success
of these systems in many real-world complex problems [1].
Also, it is an established fact that every approach has its
strengths and weaknesses; hence the need for hybrid models
that is able to combine the strengths of the individual
techniques while complementing the weaknesses of one
method with the strength of the other.

In this section, smart hybridization of type-2 FLS and
sensitivity based linear learning method (SBLLM) is inves-
tigated, in order to take advantages of hybrid systems in gen-
eral while using each component to complement the other
in order to take advantages of each framework in particular,
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where possible, while alleviating the weaknesses of compo-
nent members in order to achieve effective, stable, consistent,
and accurate predictive solution. The methodology in this
work is based on the standard Computational Intelligence
approach to hybridization of ion different techniques. The
hybrids are designed in order to benefit immensely from the
strength of the individual techniques while complementing
the weaknesses of each technique with the advantages of
the others through smart and optimum combination of the
cooperative and competitive characteristics of the individual
techniques.

In this hybrid system, type-2 fuzzy logic system is
first used for modeling and uncertainty handling using its
procedural components of fuzzification, inferencing, type-
reduction, and defuzzification processes to generate a clean
output, while the sensitivity based linear learning method
(SBLLM) is then trained using the cleaned output from type-
2 FLS and then used to make the final predictions. This is
then applied to the problem of PVT properties and perme-
ability prediction in the field of reservoir engineering, but
it is extendable for use in other prediction or classification
oriented applications.

In this case, a T2-SBLLM hybrid system that comprises
of two building blocks made up of type-2 fuzzy logic systems
(T2) and sensitivity based linear learning method (SBLLM),
has been built. Having divided the input data into training
and testing sets using the stratified sampling approach, the
training and testing sets are passed to the type-2 FLS block
where all possible forms of uncertainties are adequately
handled. This capability of type-2 FLS has been shown in
several works such as in [10, 62, 65] and this has been
confirmed in this work also. It is able to adequately handle
different forms of uncertainties using its extension to a
third dimension. The type-2 FLS undergoes the necessary
processes of fuzzification, inferencing, type-reduction, and
final defuzzification to generate final crisp output. The final
outputs from the type-2 FLS for both training and testing set
are then passed to the SBLLM block for training and testing
purposes, respectively. Thus, the output from the type-2
training process is then used to train the SBLLM in readiness
for prediction using the unseen test dataset that happens to
be the output from the type-2 FLS testing process. It must
be noted that the target values are never manipulated by the
type-2 FLS block in order to avoid creating bias as a result of
such process. This means that the actual values (also known
as target values) are just made to be read only for type-2 FLS.
Finally, the new unseen test data, which is the type-2 FLS
testing output, is then passed to the trained SBLLM model
to perform the final prediction task.

The role performed by the type-2 FLS block in this
model is to ensure that dataset containing uncertainties has
been properly handled and cleaned to generate output that
is later passed to the SBLLM block for training and then
final prediction purposes. As a result of this, it ensures that,
during the training process, clean and trusted data is allowed
to enter the SBLLM block that is responsible for carrying
out the prediction task after the training process, and this
in turn facilitates better performance of the SBLLM model

produced. Figure 5 shows the conceptual design framework
of the proposed T2-SBLLM hybrid system.

With the designed framework shown in Figure 5, the
hybridization of type-2 FLS and sensitivity based linear
learning method become clear to develop and implement.
Meanwhile each of the designated steps in Figure 5 is briefly
explained as follows.

Step 1. This is the step where the necessary real industrial
dataset are made ready in preparation to be sent into the
hybrid model.

Step 2. In this step, the available data is passed to type-
2 fuzzy logic systems as the first component of the hybrid
scheme. Several major subactivities take place here. These
include fuzzification, type-2 FLS rule extraction, consequent
matching, type reduction, and defuzzification processes.
These processes ensure adequate uncertainty handling and
modeling based on the entire processes of type-2 FLS. It must
be noted that the dataset is already divided into training set
and testing set and each is being processed separately, one
after the other, at this stage. This means that, at the end of
this step, two different outputs are generated, one from the
training set and the other from the testing set. These two
different outputs (which are the predicted target variable) are
then presented to the next step of the hybrid scheme.

Step 3. In this step, the two different outputs of training
and testing, coming from the type-2 FLS, are distinctly and,
respectively, preserved in the form of training and testing sets
to be passed to the next component of the hybrid model,
which is SBLLM. Thus, this step separately passed the new
training data set into the next step (Step 4) where training
and calibration of the SBLLM take place, while the testing set
is retained only to be passed to the Step 5 where testing of the
trained SBLLM takes place.

Step 4. In this stage, SBLLM is being trained using the train-
ing output from type-2 FLS that has undergone adequate
uncertainty handling procedures of type-2 FLS. Therefore,
SBLLM is being trained using clean and better output from
type-2 FLS. This ensures that SBLLM is being trained in
such a way to prevent the effect of uncertainties on its
performance, thereby facilitating the generation of better and
improved model with the ultimate goal of achieving better
performance accuracy.

Step 5. In this step, the trained SBLLM in previous step is
being tested using the testing dataset retained in Step 3 for
onward transfer to this present step. Thus, the SBLLM is
being tested using the output from the type-2 FLS testing
section. This ensures that clean and better data is passed
to the SBLLM for final testing and the ultimate prediction
needed. The testing at this step is the final testing for the
entire hybrid model presented.

Step 6. This is the stage where final predicted output from
the hybrid model is collected and necessary performance
measure analysis and computations are carried out to
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Figure 5: Schematic design framework for the proposed T2-SBLLM hybrid model for predicting PVT properties.

identify the performance accuracy gains of the proposed
hybrid model over the individual constituting models. The
most common statistical quality measures that are utilized in
both data mining and petroleum engineering journals were
employed in this stage, and their description is presented in
Section 4.2.

To further make the flow of data through the entire
processes clearer, a data flow diagram for the proposed T2-
SBLLM hybrid model is presented as in Figure 6.

It must be stated here that the proposed model followed
strictly the standard training and testing procedures in which
the testing set is kept away as unseen data before it is sent to
the model for testing. From the data flow diagram depicted
in Figure 6, it is made clear how the dataset is first partitioned
into training set and testing set. The standard procedure for
the sequential implementation of hybrid model is followed
in this work, where the preceding method (T2FLS) always
acted on the dataset to generate an output that is then fed
to the next model in the hybrid setup (i.e., SBLLM in this
present work.). The well log attributes are first sent to the
T2FLS for training. Based on the training set, T2FLS is made

to generate an output representing its estimated permeability
values. These estimated permeability values produced from
the training section of T2FLS are then passed into the SBLLM
as input to be used for training. Having trained the SBLLM
model with the estimated permeability from T2FLS the
system proceeded to the testing process as follows.

As shown in Figure 6, the testing set is separated into the
attributes and the target (actual) permeability. The testing
set attributes are first sent into T2FLS for testing and the
T2FLS generates its final estimates of the target output (PVT
properties). The estimated PVT property values produced
from the testing section of T2FLS are then passed into the
trained SBLLM as input to be used in carrying out its testing
procedure. At the end of this SBLLM testing, final predicted
values for the PVT properties are then generated as the final
output from the hybrid scheme. These predicted outputs
are then compared to the preserved target (actual) PVT
properties in order to determine the accuracy of the final
predicted output.

Depicted in Figure 7 is the network diagram demonstrat-
ing how the estimated values of PVT properties from T2FLS
are made to enter the SBLLM network as input to the system.
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Figure 6: Data flow diagram of the proposed T2-SBLLM hybrid model.
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Figure 7: Network diagram of the proposed hybrid showing the flow of data from T2FLS into SBLLM for both training and testing phases
(y stands for the final PVT properties output from the hybrid model).

It must be noted that the network diagram depicted in
Figure 7 holds for both training and testing phases. For the
testing phase, the training data set is fed into the T2FLS and
the flow continues as depicted in the figure. While in case of
testing phase, the T2FLS is fed with testing data set and the
estimated permeability output from T2FLS then goes into the
SBLLM as its input as shown in the figures.

It must however be noted that the training set is different
from the testing set that is set aside for ascertaining the

predictive capability of the proposed models. Also, it must be
noted that the T2FLS is first used on both training and testing
set one after the other before the estimated output from each
case is then passed into the SBLLM block for training and
testing, respectively, as detailed in Figures 6 and 7.

3.3.2. Optimal Parameters Search Procedure for SBLLM. The
parameters associated with the SBLLM were optimized
through a test-set-cross-validation on the available data set.



Advances in Fuzzy Systems 13

The details of the test-set-cross-validation for optimizing the
SBLLM parameters goes thus: For each run of generated
training and testing set, the values of RMSE and correlation
coefficient were monitored for a group of parameters
that includes a number of hidden neurons (N) and the
activation functions (AF). Searching through all possible
values of the parameters in a given range will identify the
best performance measures and the corresponding values
of the parameters for the fixed set of features. In our
experiment, this process was repeated for every SBLLM
activation function available, each time with an incremental
step of parameters. The optimal values of the parameters
and the kernel option associated with the best performance
measure were identified. A summary of the procedure is as
follows.

Step 1. Choose the initial “activation function” option from
the list of available options.

Step 2. Identify the best values of the number hidden
neuron through a test-set-cross-validation and store the
corresponding performance measures.

Step 3. If there is no activation function option left, then go
to Step 4. Otherwise, add the next activation function option
and go to Step 2.

Step 4. Identify the best performance measure and its
associated parameters values.

Step 5. Use the optimized activation function option and the
parameters values to train the final SBLLM

Step 6. Calculate the performance measures for both the
training and testing sets using the system obtained in the
previous Step 5.

This is presented in mathematical form as follows.
Let the set A contain all the possible activation function

options, the element of A is of the shape Ai( j), where i is
the activation function number, j is the selected number of
hidden neurons, nf is the total number of activation func-
tions available, and nh is the maximum number of hidden
neuron assumed. Also pm represents performance measure
taken, ix represents index for best activation function, and
jx represents index for best number of layer.

The algorithm then goes thus:
initialization; jx = 0, vx = 0, ix = 0,

for i = 1 → n f ,

for j = 1 j = 1 → nh,

pm = f (Ai( j)) {performance measure for the
present parameters combination},
if pm is better than vx then vx = pm,

ix = i; jx = j{storing the index of the better
parameter},
end,

end.

4. Empirical Study, Results, and Discussion

In order to carry out an empirical study, three distinct
databases were acquired. To evaluate the performance of each
modelling scheme, the entire database was divided, using the
stratified sampling approach, into training set and testing
set. The training set (70% of the entire dataset) was used
for training and building the proposed implemented models
(internal validation) while the testing set (remaining 30%)
was used for testing and validating the models. For testing
and evaluation of the newly proposed hybrid framework and
to carry out effective comparative studies, the most common
statistical quality measures that are utilized in both data
mining and petroleum engineering journals were employed
in this study, and their brief descriptions are given shortly.

4.1. Acquired Datasets. For this study, three distinct datasets
have been acquired. The complete databases were earlier uti-
lized in distinct published research articles. They include: (a)
160 observations-database; (b) 283 observations-database;
and (c) 782 observations-database. Details of each are as
follows.

(a) 160-Dataset This first database was drawn from the
article [66] containing published correlations for
estimating bubble point pressure and oil formation
volume factor for Middle Eastern oils. This database
contains 160 observation data drawn from Middle
Eastern reservoirs.

(b) 283-Dataset This second database was contained in
the works of [19, 53]. This database has 283 data
points collected from different Saudi fields to predict
the bubble point pressure and the oil formation
volume factor at the bubble-point pressure for Saudi
crude oils.

(c) 782-Dataset This third database was obtained from
the works of [20, 50], This database contains 782
observations after removing the redundant 21 obser-
vations from the actual 803 data points. This data
set was gathered from Malaysia, the Middle East, the
Gulf of Mexico, and Colombia.

One of the unique attributes of the three databases is
that they all share the same input attributes (independent
variables) and these include gas-oil ratio, API oil gravity,
relative gas density, and reservoir temperature.

4.1.1. Uncertainties and Complexity Involved in Oil and
Gas Reservoir Data. The complexity involved in reservoir
exploration, which invariably leads to different forms of
uncertainties, randomness, or irregularity in data are hereby
discussed, based on literatures and opinion of experts in the
field of reservoir engineering. It is an established fact that
reservoir characterization involves handling uncertainties
[13]. For instance, there is no causal, mathematically describ-
able relationship between the porosity and permeability of
sedimentary rocks. While, at least theoretically, porosity is
independent of grain size, permeability is strongly dependent
on it, through the specific surface factor figuring in the
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Kozeny-Carman equation [67]. Because of the lack of a well-
defined porosity-permeability correlation, in permeability
prediction from well logs other rock-physical properties are
utilized, such as electrical, radioactive, and sonic properties
of the rock, obtained from well logs. As the underlying
physical principles connecting these very different, and
generally indirectly measured quantities, and relating them
to permeability, are not known as yet, the only way to
proceed seems to be to rely on probabilistic techniques in one
form or other and apply multivariable regression analysis,
fuzzy algorithms, or artificial neural-network techniques
(Professor Gabor Korvin, personal communication, October
17, 2010).

The problem of permeability prediction is especially
complicated in carbonate rocks whose depositional and
diagenetic history can be very complex, so that their
permeability cannot be causally upscaled from core scale
to reservoir scale, or even up to a few feet scale seen by
the well logs. Larger than core-sized, vuggy, or fractured
intervals in carbonates can result in permeability which at
the scale of a few feet are significantly higher than the matrix
permeability measured in core plugs. Swarms of fractures, if
connected, yield very large flow rates, if disconnected, very
low flow rates—and this capricious variability is not recorded
(or deeply hidden) by the core permeability data (Professor
Gabor Korvin, personal communication, October 17, 2010).

A further problem arising when matching core data and
well-log data is that the depth value indicated on the well log
is never more precise than one part in a thousand, that is an
exact depth correspondence between core and well-log value
is impossible [13, 68].

The rock properties, k, otherwise called permeability
can be determined by time-based recording of only one
variable, the pressure change in each reservoir. Experimental
error during data acquisition propagates through the data
reduction process leading to uncertainty in experimental
results. In addition, unlike steady-state systems, the pressure-
time curves are influenced by the compressive storage of
the reservoirs and both the dimensions and properties of
the sample [69]. Thus, uncertainty in permeability and PVT
properties may arise from errors in measurement of sample
dimension, fluid pressure, or reservoir storages. Since reser-
voirs are typically small for tight rock samples and irregular
in shape due to the combination of tubing, fittings, valves,
and pressure transducers, thus the uncertainty is expected
to be higher (Prof. Gabor Korvin, personal communication,
August 23, 2009).

4.2. Criteria for Performance Evaluation. Different quality
measures can be used to judge the performance and accuracy
of the models. This is done by carrying out statistical error
analysis. To evaluate and compare the performance and
accuracy of the proposed SBLLM models with the earlier
mentioned standard neural networks and the three common
empirical correlations in literatures, the most common sta-
tistical quality measures that are utilized in both petroleum
engineering and data mining journals, namely, average
absolute percent relative error (Ea), standard deviation (SD)

and correlation coefficient (R2) have been employed; see
[48, 50] for details regarding their mathematical formulae.
However, their brief descriptions are given below.

(i) Correlation Coefficient . The correlation coefficient mea-
sures the statistical correlation between the predicted and
actual values. This method is unique in model evaluations.
A higher number means a better model, with a “1” meaning
perfect statistical correlation and a “0” meaning there is no
correlation, indicating a failed performance. The formula is

∑(
ya − y′a

)(
yp − y′p

)

√
∑(

ya − y′a
)2∑

(
yp − y′p

)2
, (26)

where ya and yp are the actual and predicted values while y′a
and y′p are the mean of the actual and predicted values.

(ii) Average Absolute Percent Relative Error (Ea). The relative
error is the absolute error divided by the magnitude of the
exact value. The percent error is the relative error expressed
in terms of per 100. And thus, the average absolute percent
relative error (Ea) is the average of the absolute percent
relative error for all the cases. Mathematically put as:

Ea =
n∑

i=1
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∣
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∣
∣
∣
∣

, (27)

where n is the total number of samples, ya is the original
(actual) values known, and yp is the predicted values

(iii) Standard Deviation (SD). Standard deviation is a mea-
sure of the average distance between individual data points
and their mean. It is a measure of how stable a model result
is when repeated over several runs. It provided a measure
of confidence; the higher the standard deviation (“sigma”),
the lower the prediction reliability. This is very useful for
understanding the risk of data extrapolation. A model will be
adjudged to be consistent and stable if the standard deviation
is very low.

The mathematical formula for determining standard
deviation is:

σ =
√
√
√
√ 1
n

n∑

i=1

(
Xi − X

)2
. (28)

An equivalent version of this formula is:

σ =

√
√
√
√
∑n

i=1

(
Xi − X

)2

n
.

(29)

This can be interpreted as the square root of a summation
divided by n, where n is the total number of samples, Xi is ith
sample, and X is the mean.

Percentage of Improvement. This is a quality measure devised
to make clear and understandable, the amount of improve-
ment a particular model had over another model. It can be
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a percentage increase as in the case of correlation coefficient
(R2) or percentage decrease for the case of standard deviation
(SD). For instance, for a model to be adjudged as better than
another in terms of R2, it must achieve a higher R2 but in
terms of SD, it has to achieve a lower value. Based on these
two possible cases, to which any of the quality measures must
belong to either of the two but not both, the formulae for
calculating the percentage increase and decrease, respectively,
are formulated as follows:

percentage increase = difference between the two values
the lower of the two values

× 100,

percentage decrease = difference between the two values
the higher of the two values

× 100.
(30)

4.3. Experimental Environments and Settings. To evaluate
performance of the proposed T2-SBLLM hybrid modeling
scheme, the acquired database is divided, using the stratified
sampling approach, into 80% training set and 20% testing
set for estimating how the investigated model performed
on new unseen data. For testing and evaluation of the
newly developed framework, and to carry out effective
comparative studies viz-a-viz other earlier methods, the most
common statistical quality measures that are utilized in
both petroleum engineering and data mining journals were
employed in this study, and they were already discussed in
the preceding section. The training set is first pass through
type-2 FLS block for proper uncertainty handling and then
the output coming from the type-2 FLS is used to train
the SBLLM model. Thereafter, testing data is then used
to evaluate the predictive capability of the trained SBLLM
model. We repeat both internal and external validation
processes foreach of the considered models. The obtained
results are presented in tables that follow shortly.

The training sets were used to build the models while
the testing sets were utilized in evaluating the predictive
capability of the models. As for the implementation, we
did not use any ready-made software, the entire coding has
been done using MATLAB though some MATLAB inbuilt
functions, most especially in the case of SBLLM, and few
others made available online, have been called and used in
some cases. Also part of the type-2 fuzzy logic functions
made available in [8] were also made use of.

In the case of the type-2 FLS based model, the
implementation process proceeded by supplying the system
with the available input data sets, one sample at a time,
and the rules and membership functions are automatically
leaned from the available input data. Gaussian membership
function has been used based on two different learning
criteria that include least squares and back-propagation. The
same combination was utilized in training FLS membership
function parameters. Further details on initializing, training,
and validating type type-2 FLS have been presented in
Section 3, and additional details could be found in [8, 70, 71].

Table 1: Testing results for 160-dataset when predicting Bob and
Pb. R2: correlation coefficient, SD: standard deviation, Ea: average
absolute percent relative error (AAPRE), Pb: bubble-point pressure,
Bob: oil formation volume factor.

Prediction methods
Bob Pb

R2 SD Ea R2 SD Ea

Type-2 fuzzy model 0.994 0.09166 1.493 0.931 2.461 20.65

SBLLM 0.995 0.09154 1.200 0.961 4.060 35.54

T2-SBLLM hybrid 0.996 0.01427 1.013 0.986 2.134 17.65

As for the sensitivity based linear learning method
(SBLLM) implementation, the number of hidden neuron
was set to be 1000 while the activation function used was
sigmoidal (sig) activation function. All these were arrived at
using the optimisation procedure described earlier.

5. Results and Discussions

The results of comparisons using external validation checks
(testing on unseen data) have been summarized in Tables
1, 2, and 3. The performance results from hybridized type-
2-SBLLM model outperformed each of the constituting
individual models, which is in line with the general establish
fact, to date, that a hybrid scheme often performs better than
the individual constituent parts. The proposed hybrid model
showed high accuracy in predicting both PVT property
values with a stable and accurate performance and achieved
the lowest standard deviation in all cases, lowest absolute
percent relative error, and the highest correlation coefficient
in most cases in comparison to the individual constituent
model. Detailed discussion of the results for each model
follows shortly.

Judging from the results summarized in Tables 1 through
3, it is clear that the proposed hybrid scheme is better
than individual methods because a good forecasting scheme
should have the highest correlation coefficient (R2), the
lowest standard deviation (SD), and the lowest absolute
percent relative error (Ea).

From the tables presented, it could be easily observed
that the proposed hybrid system performs better than the
two individual constituent models that include type-2 FLS
and SBLLM. The hybrid has proven to be a better way to
boost the performance of SBLLM as the results indicated that
it has greatly improved upon the performance of SBLLM,
up to 96.9% improvement in terms of standard deviation
(SD), 8.6% improvement in terms of correlation coefficient
(R2), and finally up to 95% improvement in terms of average
absolute percent relative error (Ea). The performance of the
newly proposed hybrid greatly outperforms the standard
SBLLM model thereby serving as a better improved form of
SBLLM, while it has also performed better than the type-2
FLS. These results are in line with the established fact that
hybrid models usually performed better than any of thier
individual constituting models. Further result analyses are
presented as follows.

It could be easily observed, for instance, in estimating
bubble-point pressure (Pb) based on the 782 dataset, that
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Table 2: Testing results for 283-dataset when predicting Bob and Pb. R2: correlation coefficient, SD: standard deviation, Ea: average absolute
percent relative error (AAPRE), Pb: bubble-point pressure, Bob: oil formation volume factor.

Prediction methods
Bob Pb

R2 SD Ea R2 SD Ea

Type-2 fuzzy model 0.9948 0.2662 1.069 0.9978 0.8873 1.034721

SBLLM 0.9959 0.0372 0.852 0.9597 0.1427 30.205

T2-SBLLM hybrid 0.9978 0.00815 0.510 0.9968 0.0943 2.1034

Table 3: Testing results for 782-dataset when predicting Bob and Pb. R2: correlation coefficient, SD: standard deviation, Ea: average absolute
percent relative error (AAPRE), Pb: bubble-point pressure, Bob: oil formation volume factor.

Prediction methods
Bob Pb

R2 SD Ea R2 SD Ea

Type-2 fuzzy model 0.9998 0.1625 0.1 0.9894 2.347 0.3432

SBLLM 0.9826 0.4069 2.742 0.9138 1.3328 38.6214

T2-SBLLM hybrid 0.9975 0.0421 1.9866 0.9927 1.031 3.6273

T2-SBLL Mhybrid system had 8.6% improvement over that
of sensitivity based linear learning method (SBLLM) and
0.33% improvement over that of type-2 FLS in terms of
correlation coefficient (R2). In terms of standard deviation
(SD), T2-SBLLM hybrid model had 22.7% improvement
over SBLLM and 56.1% over type-2 FLS, while in terms of
absolute percent relative error (Ea), T2-SBLLM hybrid model
had 90.6% improvement over SBLLM and 90.5% over type-2
FLS. Similarly, for the case involving estimating oil formation
volume factor (Bob) using the 783-dataset, T2-SBLLM hybrid
system had 1.5% improvement over that of sensitivity based
linear learning method (SBLLM) while type-2 FLS had 0.2%
improvement over it, in terms of correlation coefficient (R2).
In terms of standard deviation (SD), T2-SBLLM hybrid
model had 89.7% improvement over SBLLM and 74.1% over
type-2 FLS, while in terms of absolute percent relative error
(Ea), T2-SBLLM hybrid model had 27.6% improvement over
SBLLM. Other reported results also follow similar trends
with T2-SBLLM hybrid model taking the lead always.

Moreover, for the case involving estimating oil formation
volume factor (Bob) based on the 283-dataset, T2-SBLLM
hybrid model had 78.1% improvement over that of sen-
sitivity based linear learning method (SBLLM) and 96.9%
improvement over that of type-2 FLS, in terms of standard
deviation (SD). In terms of absolute percent relative error
(Ea), T2-SBLLM hybrid model had 40.1% improvement
over SBLLM and 52.3% over type-2 FLS, while in terms
of correlation coefficient (R2), T2-SBLLM hybrid model
had 0.2% improvement over SBLLM and 0.3% over type-2
FLS. Meanwhile, for the case involving estimating bubble-
point pressure (Pb) using the 283-dataset, T2-SBLLM hybrid
system had 3.9% improvement over that of sensitivity based
linear learning method (SBLLM) in terms of correlation
coefficient (R2), 33.9% in terms of standard deviation (SD)
and 90% in term of absolute percent relative error (Ea).

As for the case involving estimating bubble-point pres-
sure (Pb) based on the 160-dataset, T2-SBLLM hybrid model
had 47.4% improvement over that of sensitivity based linear
learning method (SBLLM) and 13.3% improvement over

that of type-2 FLS in terms of standard deviation (SD).
In terms of absolute percent relative error (Ea), T2-SBLLM
hybrid model had 50.3% improvement over SBLLM and
14.5% over type-2 FLS, while in terms of correlation coeffi-
cient (R2), T2-SBLLM hybrid model had 2.6% improvement
over SBLLM and 5.9% over type-2 FLS. Meanwhile, for the
case involving estimating oil formation volume factor (Bob)
using the 160-dataset, T2-SBLLM hybrid system had 84.4%
improvement over that of sensitivity based linear learning
method (SBLLM) and 84.43% improvement over that of
type-2 FLS in terms of standard deviation (SD). In terms of
absolute percent relative error (Ea), T2-SBLLM hybrid model
had 15.6% improvement over SBLLM and 32.2% over type-
2 FLS, while in terms of correlation coefficient (R2), T2-
SBLLM hybrid model had 0.1% improvement over SBLLM
and 0.2% over type-2 FLS in terms of correlation coefficient
(R2).

From the overall reported experimental results, it could
be easily noted that T2-SBLLM hybrid model performed
better in all fronts. This is evident as its quality measure
values are consistently better than others in all fronts. Even
though the performance of type-2 FLS and SBLLM might
be closer on very few cases, there was no single case where
they are closer in performance in terms of standard deviation
(SD), which is a measure of the stability of the predictive
systems. As for the SBLLM model, the newly proposed
T2-SBLLM hybrid model outperformed it throughout the
reported experimental results. This is an indication that the
proposed approach has greatly improved the capability of the
classical SBLLM through the incorporation of type-2 FLS
as preprocessor to the actual SBLLM, in the form of what
is popularly regarded as hybrid system. The overall results
also indicate that the newly proposed T2-SBLLM hybrid
model is able to consistently deal with the nature of reservoir
data due to its ability to cater for all forms of uncertainties,
using its type-2 FLS component while ensuring a better
generalization and higher stability and consistency using its
SBLLM component.
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6. Conclusion and Recommendations

A new hybrid model combining type-2 fuzzy logic system
(T2) and sensitivity based linear learning method (SBLLM)
has been proposed and implemented. The proposed hybrid
serves as a better improvement over the classical SBLLM by
way of using type-2 FLS as precursor to the SBLLM model.
The proposed T2-SBLLM hybrid has also been used to model
the PVT properties of crude oil systems using three distinct
published databases. This is to investigate the performance
and accuracy of the proposed T2-SBLLM hybrid system,
while at the same time solving the challenging prediction
problems in oil and gas industry. Further conclusion ema-
nating from this research and future work recommendation
are presented as follows.

A new hybrid modelling scheme, through the appro-
priate combination of type-2 FLS and SBLLM, has been
investigated, developed, and implemented, as predictive
solution that takes care of all forms of uncertainties, while
ensuring stable and consistent predictions. It has been
shown, through adequate simulation works, that the newly
proposed hybrid system is able to provide a better prediction
for PVT properties of crude oil systems. Validation of the
framework has been carried out using published databases.
Indepth comparative studies have been carried out between
this new framework and each of the constituent models that
include type-2 FLS and SBLLM. Also the proposed method
has been specially compared to the classical sensitivity based
linear learning machines in order to show the improvement
provided by the new hybrid model over SBLLM. The
empirical results have confirmed the superiority of pro-
posed T2-SBLLM hybrid over SBLLM in all fronts. Similar
improvement patterns were also recorded against type-2
FLS though at a lesser degree of improvement. Thus, the
overall empirical results from the experimental works and
simulations show that the proposed model outperformed
all the other individual constituting models in all fronts.
Given any new data, the proposed T2-SBLLM will be able
to handle uncertainties that might be present and perform
the required prediction effectively with stable and consistent
results through unique combination of uncertainty handling
capability of type-2 FLS and the unique generalization
capability, consistency and stability of sensitivity based linear
learning methods.

The proposed system will also be useful for other
classification problems, bearing in mind that regression
model can easily be modified to take care of classification
problems unlike the classification model that cannot easily be
made to carry out regression. Thus this work should be seen
as a cutting edge solution in the field of pattern recognition,
in general, as a tool for both regression and classifications.

As an intake from the promising results from this
work, it is suggested, as a form of future work, that this
newly proposed system should be considered as viable tools
for other reservoir engineering problems like that of PVT
properties, porosity, history matching, lithofacies, and other
reservoir engineering properties, while also looking into
its usefulness in other germane fields such as time series

forecasting, bioinformatics, intrusion detection systems, and
others.
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As the number of rules and sample rate for type 2 fuzzy logic systems (T2FLSs) increases, the speed of calculations becomes a
problem. The T2FLS has a large membership value of inherent algorithmic parallelism that modern CPU architectures do not
exploit. In the T2FLS, many rules and algorithms can be speedup on a graphics processing unit (GPU) as long as the majority of
computation a various stages and components are not dependent on each other. This paper demonstrates how to install interval
type 2 fuzzy logic systems (IT2-FLSs) on the GPU and experiments for obstacle avoidance behavior of robot navigation. GPU-
based calculations are high-performance solution and free up the CPU. The experimental results show that the performance of the
GPU is many times faster than CPU.

1. Introduction

Graphic processing units (GPUs) give a new way to perform
general purpose computing on hardware that is better
suited for the complicated fuzzy logic systems. However, the
installation of these systems on the GPUs is also difficult
because many algorithms are not designed in a parallel
format conducive to GPU processing. In addition, there may
be too many dependencies at various stages in the algorithm
that will slow down GPU processing.

Type 2 fuzzy logic has been developed in theory and
practice to obtain achievement for real applications [1–10].
A review of the methods used in the design of interval type
2 fuzzy controllers has been considered [11]. However, the
complexity of T2FLS is still large and many researches focus
to reduce these problems on the approach to algorithm
or hardware implementation. Some proposals implement
type 2 FLS focus on the design, and software development
for coding a high-speed defuzzification stage based on the
average method of two type 1 FLS [12] or the optimization
of an incremental fuzzy PD controller based on a genetic
algorithm [13]. More recent works, where an interval type

2 FIS Karnik-Mendel is designed, tested and implemented
based on hardware implementation [14]. Using GPUs
for general purpose computing is mentioned in many
researches, recently, to speed up complicated algorithms
by parallelizing to suitable GPU architecture, especially for
applications of fuzzy logic. Anderson et al. [15] presented a
GPU solution for the fuzzy C-means (FCMs). This solution
used OpenGL and Cg to achieve approximately two orders
of magnitude computational speedup for some clustering
profiles using an nVIDIA 8800 GPU. They later generalized
the system for the use of non-Euclidean metrics [16].
Further, Sejun Kim [17] describes the method used to adapt
a multilayer trees structure composed of fuzzy adaptive
units into CUDA platforms. Chiosa and Kolb [18] present
a framework for mesh clustering solely implemented on the
GPU with a new generic multilevel clustering technique.
Chia et al. [19] proposes the implementation of a zero-order
TSK-fuzzy neural network (FNN) on GPUs to reduce
training time. Harvey et al. [20] present a GPU solution
for fuzzy inference. Anderson et al. [21] present a parallel
implementation of fuzzy inference on a GPU using CUDA.
Again, over two orders of speed improvement of this
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naturally parallel algorithm can be achieved under particular
inference profiles. One problem with this system, as well as
the FCM GPU implementation, is that they both rely upon
OpenGL and Cg (graphics libraries), which makes the system
and generalization of its difficult for newcomers to GPU
programming.

Therefore, we carried out fuzzy logic systems analysis in
order to take advantage of GPUs processing capabilities. The
algorithm must be altered in order to be computed fast on a
GPU. In this paper, we explore the use of nVIDIA’s Compute
Unified Device Architecture (CUDA) for the implementation
of an interval type 2 fuzzy logic system (IT2FLS). This lan-
guage exposes the functionality of the GPU in a language that
most programmers are familiar with, the C/C++ language
that the masses can understand and more easily integrate
into applications that do not have the need otherwise to
interface with a graphics API. Experiments are implemented
for obstacle avoidance behavior of robot navigation based
on nVIDIA platform with the summarized reports on
runtime.

The paper is organized as follows: Section 2 presents
an overview on GPUs and CUDA; Section 3 introduces the
interval type 2 fuzzy logic systems; Section 4 proposes a
speedup of IT2FLS using GPU and CUDA; Section 5 presents
experimental results of IT2FLS be implemented on GPUs in
comparing with on CPU; Section 6 is conclusion and future
works.

2. Graphics Processor Units and CUDA

Traditionally, graphics operations, such as mathematical
transformations between coordinate spaces, rasterization,
and shading operations have been performed on the CPU.
GPUs were invented in order to offload these specialized
procedures to advanced hardware better suited for the task
at hand. Because of the popularity of gaming, movies, and
computer-aided design, these devices are advancing at an
impressive rate. Classically, before the advent of CUDA,
general purpose programming on a GPU (GPGPU) was
performed by translating a computational procedure into
a graphics format that could be executed in the standard
graphics pipeline. This refers to the process of encoding data
into a texture format, identifying sampling procedures to
access this data, and converting the algorithms into a process
that utilized rasterization (the mapping of array indices to
graphics fragments) and frame buffer objects (FBO) for
multipass rendering. GPUs are specialised stream processing
devices.

This processing model takes batches of elements and
computes a similar independent calculation in parallel to
all elements. Each calculation is performed with respect to
a program, typically called a kernel. GPUs are growing at
a faster rate than CPUs, and their architecture and stream
processing design makes them a natural choice for many
algorithms, such as computational intelligence algorithms
that can be parallelised.

nVIDIA’s CUDA is a data-parallel computing environ-
ment that does not require the use of a graphics API, such

as OpenGL and a shader language. CUDA applications are
created using the C/C++ language. CPU and GPU programs
are developed in the same environment (i.e., a single C/C++
program), and the GPU code is later translated from C/C++
to instructions to be executed by the GPU. nVIDIA has
even gone as far as providing a CUDA Matlab plugin.
A C/C++ program using CUDA can interface with one GPU
or multiple GPUs can be identified and utilized in parallel,
allowing for unprecedented processing power on a desktop
or workstation.

CUDA allows multiple kernels to be run simultaneously
on a single GPU. CUDA refers to each kernel as a grid. A grid
is a collection of blocks. Each block runs the same kernel but
is independent of each other (this has significance in terms
of access to memory types). A block contains threads, which
are the smallest divisible unit on a GPU. This architecture is
shown in Figure 1.

The next critical component of a CUDA application is
the memory model. There are multiple types of memory
and each has different access times. The GPU is broken
up into read-write perthread registers, read-write perthread
local memory, read-write per-block shared memory, read-
write per-grid global memory, read-only per-grid constant
memory, and read-only per-grid texture memory. This
model is shown in Figure 2.

Texture and constant memory have relatively small access
latency times, while global memory has the largest access
latency time. Applications should minimize the number of
global memory reads and writes. This is typically achieved
by having each thread read its data from global memory and
store its content into shared memory (a block level memory
structure with smaller access latency time than global
memory). Threads in a block synchronize after this step.
Memory is allocated on the GPU using a similar mechanism
to malloc in C, using the functions cudaMalloc and
cudaMallocArray. GPU functions that can be called by the
host (the CPU) are prefixed with the symbol “global”, GPU
functions that can only be called by the GPU are prefixed
with “device”, and standard functions that are callable from
the CPU and executed on the CPU are prefixed with “host”
(or the symbol can be omitted, as it is the default). GPU
functions can take parameters, as in C. When there are a few
number of variables that the CPU would like to pass to the
GPU, parameters are a good choice; otherwise, such as in
the case of large arrays, the data should be stored in global,
constant, or texture memory and a pointer to this memory is
passed to the GPU function. Whenever possible, data should
be kept on the GPU and not transferred back and forth to the
CPU.

3. Interval Type 2 Fuzzy Logic Systems

3.1. Type 2 Fuzzy Sets. A type 2 fuzzy set in X is denoted Ã,
and its membership grade of x ∈ X is μÃ(x,u), u ∈ Jx ⊆
[0, 1], which is a type 1 fuzzy set in [0, 1]. The elements of
domain of μÃ(x,u) are called primary memberships of x in
Ã, and memberships of primary memberships in μÃ(x,u) are
called secondary memberships of x in Ã.



Advances in Fuzzy Systems 3

Kernel Block
(0, 0)

Block
(1, 0)

Block
(0, 1)

Block
(1, 1)

Host Device

Grid 1

Grid 2

Block (1, 1)

(0, 0, 1) (1, 0, 1) (2, 0, 1) (3, 0, 1)

Thread
(0, 0, 0)

Thread
(1, 0, 0)

Thread
(2, 0, 0)

Thread
(3, 0, 0)

Thread
(0, 1, 0)

Thread
(1, 1, 0)

Thread
(2, 1, 0)

Thread
(3, 1, 0)

1

Kernel 
2

Figure 1: CUDA-processing model design [22].

Shared memoryShared memory

Grid

Block (0, 0) Block (0, 1)

Registers Registers Registers Registers

Thread
(0, 0)

Thread
(1, 0)

Thread
(0, 0)

Thread
(1, 0)

Local
memory

Local
memory

Local
memory

Local
memory

Global
memory

Texture
memory

Constant
memory

Figure 2: CUDA GPU memory model design [22].



4 Advances in Fuzzy Systems

Definition 1. A type 2 fuzzy set, denoted Ã, is characterized
by a type 2 membership function μÃ(x,u) where x ∈ X and
u ∈ Jx ⊆ [0, 1], that is,

Ã =
{(

(x,u),μÃ(x,u)
)
| ∀x ∈ X ,∀u ∈ Jx ⊆ [0, 1]

}
(1)

or

Ã =
∫

x∈X

∫

u∈Jx

μÃ(x,u)

(x,u)
, Jx ⊆ [0, 1] (2)

in which 0 ≤ μÃ(x,u) ≤ 1.

At each value of x, say x = x′, the 2D plane whose axes
are u and μÃ(x′,u) is called a vertical slice of μÃ(x,u). A
secondary membership function is a vertical slice of μÃ(x,u).
It is μÃ(x = x′,u) for x ∈ X and for all u ∈ Jx′ ⊆ [0, 1], that
is,

μÃ(x = x′,u) ≡ μÃ(x′) =
∫

u∈Jx′
fx′(u)
u

, Jx′ ⊆ [0, 1] (3)

in which 0 ≤ fx′(u) ≤ 1.
In manner of embedded fuzzy sets, a type 2 fuzzy sets [1]

is union of its type 2 embedded set, that is,

Ã =
n∑

j=1

Ã
j
e , (4)

where n ≡∏N
i=1Mi and Ã

j
e denoted the jth type 2 embedded

set of Ã, that is,

Ã
j
e ≡

{(
u
j
i , fxi

(
u
j
i

))
, i = 1, 2, . . . ,N

}
. (5)

where u
j
i ∈ {uik, k = 1, . . . ,Mi}.

Type 2 fuzzy sets are called interval type 2 fuzzy sets if the
secondary membership function fx′(u) = 1, for all u ∈ Jx,
that is, a type 2 fuzzy set is defined as follows.

Definition 2. An interval type 2 fuzzy set Ã is characterized by
an interval type 2 membership function μÃ(x,u) = 1 where
x ∈ X and u ∈ Jx ⊆ [0, 1], that is,

Ã = {((x,u), 1)∀x ∈ X ,∀u ∈ Jx ⊆ [0, 1]}. (6)

Uncertainty of Ã, denoted FOU, is union of primary
functions that is FOU(Ã) = ⋃

x∈X Jx. Upper/lower bounds
of membership function (UMF/LMF), denoted μÃ(x) and
μ
Ã

(x), of Ã are two type 1 membership function and bounds
of FOU.

3.2. Interval Type 2 Fuzzy Logic Systems (IT2FLSs). The
general type 2 fuzzy logic system is introduced as Figure 3.
The output block of a type 2 fuzzy logic system consists of
two blocks that are type-reduced and defuzzifier. The type-
reduced block will map a type 2 fuzzy set to a type 1 fuzzy
set, and the defuzzifier block will map a fuzzy to a crisp. The
membership function of an interval type 2 fuzzy set is called
FOU which is limited by two membership functions of a type
1 fuzzy set that are UMF and LMF (see Figure 4).

The combination of antecedents in a rule for IT2FLS is
called firing strength process represented by the Figure 5.

In the IT2FLS, calculating process involves 5 steps to
getting outputs: fuzzification, combining the antecedents
(apply fuzzy operators or implication function), aggregation,
and defuzzification.

Because each pattern has a membership interval as the
upper μÃ(x) and the lower μ

Ã
(x), each centroid of a cluster is

represented by the interval between cL and cR. Now, we will
represent an iterative algorithm to find cL and cR as follows.

Step 1. Calculate θi by the following equation:

θi = 1
2

[
μ(xi) + μ(xi)

]
. (7)

Step 2. Calculate c′ as follows:

c′ = c(θ1, θ2, . . . , θN ) =
∑N

i=1 xi ∗ θi
∑N

i=1 θi
. (8)

Step 3. Find k such that xk ≤ c′ ≤ xk+1.

Step 4. Calculate c′′ by following equation: in case c′′ is used
for finding cL

c′′ =
∑k

i=1 xiμ(xi) +
∑N

i=k+1 xiμ(xi)
∑k

i=1 μ(xi) +
∑N

i=k+1 μ(xi)
. (9)

In case c′′ is used for finding cR, then

c′′ =
∑k

i=1 xiμ(xi) +
∑N

i=k+1 xiμ(xi)
∑k

i=1 μA(xi) +
∑N

i=k+1 μ(xi)
. (10)

Step 5. If c′ = c′′ go to Step 6 else set c′ = c′′, then back to
Step 3.

Step 6. Set cL = c′ or cR = c′.
Finally, compute the mean of centroid, y, as

y = cR + cL
2

. (11)

4. Speedup of IT2FLS Using GPU and CUDA

The first step in IT2FLS on the GPU is selection of memory
types and sizes. This is a critical step, the choice of format
and type dictate performance. Memory should be allocated
such that sequential access (of read and write operations) is
as possible as the algorithm will permit.

Let the number of inputs be N , the number of parameters
that define a membership function be P, the number of rules
be R and the discretization rate be S. Inputs are stored on the
GPU as a one-dimensional array of size N (see Figure 6).

The consequences are a CPU two-dimensional array of
size R× P. They are used only on the CPU when calculating
the discrete fuzzy set membership values.

The antecedents are a two-dimensional array on the GPU
of size R× (N × P).
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N

X1 X2 XN1 · · ·

Figure 6: Input vector.

The fired antecedents are an R one-dimensional array
on the GPU, which stores the result of combining the
antecedents of each rule (see Figures 7, 8, and 9). The last
memory layout is the discretized consequent, which is an
S× R matrix created on the GPU.

The inputs and antecedents are of type texture memory
because they do not change during the firing of a FLS, but
could change between consecutive firings of a FLS and need
to be updated. We proposed the GPU program flow diagram
for a CUDA application computing a IT2FLS in Figure 10.

In IT2FLS, we have to calculate two values for two
membership functions that are UMF and LMF. The first
step is a kernel that fuzzifies the inputs and combines the
antecedents. The next steps are implication and a process
which is responsible for aggregating the rule outputs. The last
GPU kernel is the defuzzification step.

The first kernel reads from the inputs and antecedents
textures and stores its results in the fired antecedent’s global
memory section. All inputs are sampled for each rule, the
rth rule samples the rth row in the antecedent’s memory,
membership values are calculated, and the minimum of the
antecedents is computed and stored in the rth row of the
fired antecedent’s memory region. There are B blocks used
by this kernel, partially because there is a limit in terms
of the number of threads that can be created per block
(current max is 512 threads). Also, one must consider the
number of threads and the required amount of register
and local memory needed by a kernel to avoid memory
overflow. This information can be found per each GPU.
We limited the number of threads per block to 128 (an
empirical value found by trying different block and thread
profiles for a system that has two inputs and trapezoidal
membership functions). The general goal of a kernel should
be to fetch a small number of data points, and it should have
high arithmetic intensity. This is the reason why only a few
memory fetches per thread are made, and the membership
calculations and combination step is performed in a single
kernel.

The next steps are implication and rule aggregation
kernels. At first, one might imagine that using two kernels to
calculate the implication results and rule aggregation would
be desirable. However, the implication kernel, which simply
calculates the minimum between the respective combined
antecedent results and the discretized consequent, is ineffi-
cient. As stated above, the ratio of arithmetic operations to
memory operations is important. We want more arithmetic
intensity than memory access in a kernel. Attempt to min-
imize the number of global memory samples, we perform
implication in the first step of reduction. Reduction, in this
context, is the repeated application of an operation to a series
of elements to produce a single scalar result. In the case of
rule aggregation, this is the application of the maximum

R

C11 C12

C21 C22

P1

· · ·

· · ·

· · ·· · ·· · · · · ·

· · ·CR1 CR2

C1P1

C2P1

CRP1

Figure 7: Consequent.

Figure 8: Antecedent.

R

S = sample rate

D11 D12

D21 D22

· · ·

· · ·

· · ·· · ·· · · · · ·

· · ·

D1S

D2S

DR1 DR2 DRS

Figure 9: Discretized consequent.

operator over each discrete consequent sample point for
each rule. The advantage of GPU reduction is that it takes
advantage of the parallel processing units to perform a divide
and conquer strategy. And the last step is defuzzification
kernel. As described above, rule output aggregation and
defuzzification reduction are used for IT2FLS on the GPU.

The output of rule output aggregation is two rows in the
discretized consequent global memory array. The defuzzifier
step is done by the Karnik-Mendel algorithms with two
inputs that are rule combine UMF and rule combine LMF
with two outputs yl and yr , respectively. The crisp output y
is calculated by the formula y = (yl + yr)/2.

The steps for finding yl and yr on GPU (Notation:
Rule Combine UMF (i) = μA(xi) and Rule Combine LMF
(i) = μA(xi), N = sample rate) as follows

Step 1. Calculate θi on GPU by the following equation:

θi = 1
2

[
μA(xi) + μA(xi)

]
. (12)
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Table 1: The rule base of collision avoidance behavior.

FDR Range AoD FDR Range AoD

NS VN PL PS VN NL

NS N PL PS N NL

NS M PM PS M NM

NS F PS PS F NS

NM VN PM PM VN NM

NM N PM PM N NM

NM M PM PM M NM

NM F PS PM F NS

NL VN PM PL VN NM

NL N PM PL N NM

NL M PS PL M NS

NL F PS PL F NS

Step 2. Calculate c′ on GPU as follows:

c′ = c(θ1, θ2, . . . , θN ) =
∑N

i=1 xi ∗ θi
∑N

i=1 θi
. (13)

Next, copy c′ to host memory.

Step 3. Find k such that xk ≤ c′ ≤ xk+1 (calculated on CPU).

Step 4. Calculate c′′ on GPU by following equation. In case
c′′ is used for finding yl

c′′ =
∑k

i=1 xiμA(xi) +
∑N

i=k+1 xiμA(xi)
∑k

i=1 μA(xi) +
∑N

i=k+1 μA(xi)
. (14)

In case c′′ is used for finding yr , consider

c′′ =
∑k

i=1 xiμA(xi) +
∑N

i=k+1 xiμA(xi)
∑k

i=1 μA(xi) +
∑N

i=k+1 μA(xi)
. (15)

Next, copy c′′ to host memory.

Step 5. If c′ = c′′ go to Step 6 else set c′ = c′′, then back to
Step 3 (calculated on CPU).

Step 6. Set yl = c′ or yr = c′.

5. Experiments

5.1. Problems. We implement IT2FLS with collision avoid-
ance behavior of robot navigation. The fuzzy logic systems
have two inputs: the extended fuzzy directional relation
(FDR) [24] and range to obstacle; the output is angle of
deviation (AoD). The fuzzy rule has the form as follows.

IF FDR is Ãi AND Range is B̃i THEN AoD is C̃i, where Ãi,
B̃i, and C̃i are type 2 fuzzy sets of antecedent and consequent,
respectively.
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Figure 14: Run-time graph of the problem implementation.

The fuzzy directional relation has six linguistic val-
ues (NLarge, NMedium, NSmall, PSmall, PMedium, and
PLarge). The range from robot to obstacle is divided into
four subsets: VNear, Near, Medium, and Far. The output of
fuzzy if-then is a linguistic variable representing for angle
of deviation and has six linguistic variables the same the
fuzzy directional relation with the different membership
functions. Linguistic values are interval type 2 fuzzy subsets
that membership functions are described in Figures 11, 12,
and 13. The problem is built with 24 rules given by the
following Table 1.

5.2. Experiments. The performance of the GPU implemen-
tation of a IT2FLS was compared to a CPU implementation.
The problem is written in C/C++ console format and be
installed on the Microsoft Visual Studio 2008, and it was
performed on computers with the operating system windows
7 32 bit and nVIDIA CUDA support with specifications.

CPU was the Core i3-2310 M 2.1 GHz, the system had 2
GB of system RAM (DDR3).

GPU was an nVIDIA Gerforce GT 540 M graphics card
with 96 CUDA Core, 1 GB of texture memory, and PCI
Express X16.
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Table 2: CPU/GPU performance ratio.

R
S

128 256 512 1024 2048 4096 8192

32 0.1 0.24 0.41 0.76 1.47 2.64 3.22

64 0.21 0.39 0.73 1.58 2.7 4.69 8.99

128 0.32 0.76 1.25 3.07 3.95 9.01 18.26

256 0.72 1.19 2.95 5.35 10.7 17.56 21.3

512 0.77 2.43 3.32 12.57 18.43 20.51 29.3

The number of inputs was fixed to 2, the number of rules
was varied between 32, 64, 128, 256, and 512, and sample rate
was varied between 256, 512, 1024, 2048, 4096, and 8192.

We take the ratio of CPU versus GPU performance. A
value below 1 indicated that the CPU is performing best,
and value above 1 indicates the GPU is performing best. The
CPU/GPU performance ratios for the IT2FLS are given in
Table 2 and run-time graph of the problem implementation
was shown in Figure 14.

6. Conclusion

As demonstrated in this paper, the implementation of
interval type 2 FLS on a GPU without the use of a graphics
API which can be used by any researcher with knowledge of
C/C++. We have demonstrated that the CPU outperforms
the GPU for small systems. As the number of rules and
sample rate grow, the GPU outperforms the CPU. There is
a switch point in the performance ratio matrices (Table 2)
that indicates when the GPU is more efficient than the CPU.
In the case that sample rate is 8192 and rule is 512, the GPU
runs approximately 30 times faster on the computer.

Future work will look at to extend interval type 2 FLS
to the generalised type 2 FLS and applying to various
applications.
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Following the path toward 4 G set by its wireless siblings LTE and WiMax, IEEE 802.11 technology, universally known as WiFi,
is evolving to become a high data rate QoS-enabled mobile platform. The IEEE 802.11n standard yields data rates up to 450
Mbp s and the 802.11e standard ensures proficient QoS for real-time applications. Still in need of better performance, multicell
environments that provide extended coverage allow the mobile station nomadic passage beyond a single cell by means of cell
dissociation-association process known as handoff. This process poses a challenge for real-time applications like voice over IP
(150 ms maximum delay) and video (200–400 ms) sessions, to give the user a seamless cell-crossing without data loss or session
breakage. It presented an approach of a predictive fuzzy Logic controller to reduce the channel scanning process to a tenth of the
standard time, and its efficient FPGA implementation to speed up the processing time. The algorithm of the fuzzy controller was
implemented in C language. Experimental results are provided.

1. Introduction

WiFi (Wireless Fidelity) wireless connectivity keeps permeat-
ing virtually in all categories of consumer electronics devices.
Besides the traditional application in laptops, tablets, and
dual-mode (cellular-WiFi) handsets, WiFi connectivity is
lurking into TVs, media players, gaming consoles, connected
home, and so forth. Production of WiFi devices reached
nearly 1.1 billion in 2011 and is expected to double by
2015. The growth is a solid 25–39% in health, fitness, med-
ical applications, smart meters, and automation products;
a staggering 109% increase was predicted in automotive
applications such as infotainment systems, navigation, and
traffic monitoring [1].

WiFi relies on the IEEE 802.11 [2] radio standards, the
WiFi Protected Access (WPA) and WPA2 security standards,
and the EAP (Extensible Authentication Protocol) authenti-
cation standard. A WiFi Access Point (AP) provides wireless
connectivity to Mobile Stations (MS) within its cell coverage
(30–110 yards), varying by commercial implementation. A
multi-cell ensemble can be fitted to a particular setting
to cover a wider area with multiple APs (Figure 1). MS
handoff (HO) from one cell to another provides seamless

connectivity to itinerant users moving beyond the radio
range of its currently associated AP to enter a neighboring
AP’s basic service set (coverage area). During the handoff
process, management frames are exchanged between the
MS and the AP. Also the APs involved exchange context
information pertaining to the MS. Table 1 presents the
standards that represent the generations in the evolution of
WiFi [3].

Voice was not originally supported by WiFi, but the
convergence trend brought about by the IP protocol thrusts
voice over IP (VoIP) into the digital multimedia stream. Also,
the great advancements in VoIP compression technology
and the deployment of carrier-class VoIP networks have
made possible extremely low prices. Adhering to the VoIP
drive, IEEE 802.11n incorporates quality of service (QoS)
mechanisms on a per cell basis, with stringent performance
requirements, that is: (a) packet loss of less than 1% with no
burst losses; (b) latency of less than 50 ms; (c) maximum
jitter of less than 50 ms; (d) VoIP precedence over any
other data stream being handled by the AP. Nevertheless,
HO is not among the high priority issues. An inefficiently
handoff process might cause call interruption or at best,
uncomfortable loss of information. Situations that can push
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Figure 1: Extended and basic service sets coverage.

Table 1: Wi-Fi generations.

Wi-Fi technology Frequency band Maximum data rate

802.11a 5 GHz 54 Mbps

802.11b 2.4 GHz 11 Mbps

802.11g 2.4 GHz 54 Mbps

802.11n
2.4 GHz, 5 GHz, 2.4 or

5 GHz (selectable), or 2.4
and 5 GHz (concurrent)

450 Mbps

the HO process to its limits are: (a) WLAN cells have a
small coverage area, and a fast moving MS may produce
frequent, short-time interval handoffs. (b) There is a latency
(≈300 msec.) [4] involved in the handoff process during
which the MS is unable to send or receive any kind of traffic.
(c) VoIP requires one-way end-to-end delay of less than
150 ms [5].

Faster processing time during HO is desirable. The
continuous breakthroughs in Very Large Scale Integrated
Circuits (VLSI), mainly in Field-Programmable Gate Array
(FPGA) and the Applied Specific Integrated Circuit (ASIC)
domains, and also in the development of new programming
tools that allow to undertake complex digital designs to
creation in a very small time affords to design and implement
high-performance systems embedded into an integrated
circuit. Other features about FPGA are that they consume
low power and can be reprogrammable in field; hence,
there is an increasing interest in using FPGA devices to
design digital controllers, and a growing interest in control
systems that require a real time operation based on fuzzy
logic. Nowadays, the studies and proposals to implement
fuzzy systems into an FPGA keep adding [6–8], including
interesting FPGA implementations of type 1 fuzzy inference
systems (FIS) in electrical vehicles, such as [9]. Some
proposals implement type 2 FIS [10–12], as well as others
that focus on the software development for coding a high-
speed defuzzification stage for a type 2 FIS [13]. More recent
works include [14], where an interval type 2 FIS Karnik-
Mendel-type reducer is designed, tested, and implemented.

In order for QoS delay constraints for VoIP to be fulfilled
during an intercell handover, we implement a fuzzy logic fast

handoff algorithm in an FPGA, which instead of scanning
multiple channels predicts the best fitted channel and scans
only the selected channel, reducing the lengthier part of the
HO process up to an eleventh, since eleven is the maximum
number of adjacent cell channels the standard allows. The
following sections of the paper are organized as follows.
Section 2 explains 802.11 handoff procedure, a selection of
other variants looking to reduce the time consumed in the
process, and our solution. Section 3 discusses the FPGA
implementation. Section 4 presents the simulation results
and Section 5 concludes the paper.

2. Intercell Handoff Procedures

2.1. 802.11 Handoff Standard. The main requirements an
HO procedure must fulfill are low latency, scalability,
minimum drop-off and fast recovery, QoS (maintained or
renegotiated), and security.

When an MS approaches the limits of its BSS, the
intensity and quality of its signal deteriorate, approaching
a link breaking point. The AP’s radio signals are severely
affected by various environmental factors, such as distance-
related attenuation, obstacle-induced fading, multipath sig-
nal aggregation, and other radiofrequency sources interfer-
ence. As the MS’s Received Signal Strength (RSS) from the
source AP diminishes, the MS receives strong signals from
neighboring APs, so that when the local signal faints to
a predefined threshold (i.e., 80 dBm), the HO process is
initiated [15]; see Figure 2.

IEEE 802.11 contemplates two channel configurations to
carry on the handoff procedure: single-channel roaming and
multichannel roaming. In this paper we will be dealing with
the latter, since the channel-scanning process takes longer
than the former.

2.1.1. Multichannel Roaming. Each AP is assigned a beacon
channel, to transmit a reference signal at 100 ms intervals
[16]. Up to eleven channels can be used in an Extended
Service Set (ESS) simultaneously (limit stated in 802.11
standard) [17]. A polling scheme is used by the MS to
scan each beacon-frame channel carrier generated by all
surrounding APs. When the signal quality falls below the
“start cell search” threshold, the MS sends a probe by each
channel, requesting an immediate transmission of a beacon
signal (Figure 3). Neighboring APs send a response frame
in a sequential fashion, so the MS can perform a real time
measure of the received power from all APs. When an
AP’s signal is better than the threshold, the MS initiates
the transference to the selected AP’s neighboring cell. The
target AP authenticates, associates with the MS, and allocates
resources. Following communicates with the source AP via
an inter-accesspoint protocol [17]. Finally, the source AP
disassociates from the MS. The time elapsed in the HO
execution is variable, depending on the number of channels
(cell ensemble) present for scanning. When the eleven
channel are used, the time consumed is around 300 ms [4].

2.2. Related Work. Mishra et al. [18] analyze handoff latency
at the link layer, demonstrating that multichannel-scanning
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contributes with most of the total handoff delay, yielding
poor QoS for time-sensitive applications. Shin et al. [19]
use a scanning algorithm to select a subset of channels
and build a channel mask. This mask is used in the next
handoff to scan only the predefined subset reducing the
scanning delay by 30% to 60% compared to the standard
procedure. Li et al. [20] use a neighbors’ graphics caching
mechanism. The mobile station will know beforehand the
channels used by the neighboring access points, so there is
no need to explore all available channels, reducing scanning
latency. Chang et al. [21] assess the average change in the
MS’s RSS, pinpointing the more appropriate AP to serve
the handoff. Song et al. [22] introduce improvements to the
mobile IPv6 fast handover protocol in a subnet to subnet MS
transference. Purushothaman and Roy’s work [4] reduces the
number of channels to scan by using a client-based database
which stores information about the APs’ channel numbers
with higher RSS. Ong and Khan [23] eliminate the channel
sweep stage based on the traditional power signal metrics.
The HO triggering reference is the number of VoIP packets
lost, which should not exceed 2% of the total sent in a period
of time. This approach cuts 90% of the 802.11 standard
handoff time [4]. Nevertheless, the downside is the cost of
greater network complexity brought about by the need of an
increased network-wide information exchange.

Some works have relied on the use of fuzzy logic (FL)
in diverse aspects of the WLAN operation. Patil and Kolte
[24] describe a five-parameter FL algorithm for handoff
optimization. Nevertheless, it is generic and does not apply
to the 802.11 WLAN case. Gharehbaghi and Badamchizadeh
[25] perform a comparison of four FL algorithms for
congestion control, a special high volume packet arrival
situation of the target AP which causes a service denial to
the approaching MS.

Our proposal relies on the link layer received-signal-
power detection already in use, and the calculation of the
direction of the MS in relation to the neighboring APs (used
in [20]), to build a two-input Predictive Fuzzy Logic Control
(PFLC) designed to compute in advance in which AP has
the highest aptitude value to admit the MS when handoff
initiation becomes necessary. So, in order to conform to the
IEEE.802.11 triggering process, only one channel is scanned.
Our proposal, thus, approaches the time reduction obtained
by [23], but modifications are confined to the MS, instead of
the whole network.

3. Cell Handoff Fuzzy Logic Controller
Design and Implementation

3.1. Predictive Fuzzy Logic Controller. Figure 4 illustrates the
Predictive Fuzzy Logic Controller (PFLC) participation in
the HO process. At 100 msec., time intervals the APs broad-
cast beacon signals. The MS receives the RSS information
from each channel and the PFLC performs an analysis that
yields the channel number identifying the AP with the
highest aptitude value at that time. In this manner, the MS
has an updated knowledge of the best fitted AP to associate
with. So, when the AP1 signal quality falls to the search
threshold, triggering the handoff, the MS knows, among the
eleven contiguous AP’s channels, that AP2 has the higher
aptitude. The standard’s scanning operation is performed
only once on the preselected channel.

A Mamdani-type fuzzy system was designed to predict,
from a group of cells, which AP is best fitted to serve
the itinerant MS. Figure 4 illustrates the two-input-one-
output fuzzy controller; the same fuzzy system can be seen
with more details in Figure 11. The first entry represents
the Average Signal Intensity (ASI), calculated at two-second
intervals from the beacon signal received by the mobile
station every 100 msec. ASI constitutes a major metrics
typically used in wireless systems to measure signal quality
for purposes of performing the handoff. While the MS
beacon signal does not fall to cell search threshold (set to
80 dBm for this work), the handoff process is not triggered.
The second input is the Signal Intensity Variation (SIV)
parameter that provides information on the direction of the
MS with respect to the AP (approaching or distancing).

Both inputs feed the fuzzy controller, which based on
historic data and knowledge rules allow it to estimate the
aptitude value of that particular AP. The same calculation
is performed for al AP channels, and the highest aptitude
output indicates which will be the target AP.
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Figure 4: Predictive handoff scheme.

The inference mechanism applied is “max–min,” widely
known as the Mamdani method, characterized by its imple-
mentation simplicity and effectiveness. Also, the centroid
method is used, because it provides more representative
results from the output-weighted values of various member-
ship functions.

The methodology to define membership functions for
the three variables ranges (two inputs, one output) is
described as follows.

(i) Input Variable: Average Signal Intensity. Four member-
ship functions were set forth for ASI: low, medium, good,
and excellent. The first and last are trapezoidal and the rest
triangular, as shown in Figure 5.

The choice of the linguistic terms correspond to the
quality of received signal.

The expression proposed by Chang et al. [21] is used to
obtain the ASI received by the mobile station.

ASI (t) =
∑n

t=1 SSbeacon(t, i)
n

. (1)

The universe of discourse proposed for the ASI variable
is shown in Figure 5, ASI is expressed by (1), where t is
the current time, n represents the number of beacon frames
received at time t, and finally SSbeacon (t, i) represents the
intensity of the signal received at time “t − i” (Figure 6).

(ii) Input Variable: Signal Intensity Variation (SIV). For the
relative position of an MS with respect to a specific AP, SIV
represents the rate of change of two ASI readings made two
seconds apart. Three membership functions were defined
for SIV, whose linguistic terms are “negative,” “zero”, and
“positive,” being two of trapezoidal shape, and one triangular
as illustrated in Figure 7.

The expression to calculate SIV is given in (2). SSa(t) is
the ASI value at the present time, and SSa (t−k) represents an
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ASI reading k = 2 seconds before. The range for this variable
is set to (−3, 3)

SIV(t) = SSa(t)− SSa(t − k)
t − (t − k)

. (2)

Thus, the variation of signal intensity contains informa-
tion about the speed of movement of the MS and about
direction of the MS in reference to the AP (Figure 8). A
positive value is indicative of displacement towards the AP
and a negative value, of moving apart.

The traditional handoff scheme considers only the ASI,
whereas ASI and SIV yield a better picture of the MS
behavior.

(iii) Variable Output: Aptitude. Aptitude represents the deci-
sion taken on the basis of historic data of the two inputs,
ASI and SIV. Five membership functions were considered
appropriate for this variable: negative, small negative, zero,
small positive, and positive, as shown in Figure 9. The range
is (−2, 2).
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The fuzzy system’s decision-making capability is defined
by its knowledge base, comprised by 12 rules.

(1) If ASI is excellent and SIV is positive then aptitude is
positive.

(2) If ASI is excellent and SIV is zero then aptitude is
positive.

(3) If ASI is excellent and SIV is negative then aptitude is
small positive.

(4) If ASI is good and SIV is positive then aptitude is
positive.

(5) If ASI is good and SIV is zero then aptitude is small
positive.

(6) If ASI is good and SIV is negative then aptitude is
zero.

(7) If ASI is media and SIV is positive then aptitude is
small positive.

(8) If ASI is medium and SIV is zero then aptitude is zero.

(9) If ASI is medium and SIV is negative then aptitude is
small negative.

(10) If ASI is low and SIV is positive then aptitude is zero.

(11) If ASI is d Low own and SIV is zero then aptitude is
small negative.
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Table 2: Fuzzy system rules matrix.

ASI
SIV

Positive Zero Negative

Excellent Positive Positive Small positive

Good Positive Small positive Zero

Medium Small positive Zero Small negative

Low Zero Small negative Negative

(12) If ASI is low and SIV is negative then aptitude is
negative.

The number of linguistic terms of each entry sets the
number of rules, in this case 4×3 = 12 rules. The knowledge
base arrangement is illustrated by the matrix shown in
Table 2. The decision taken by the predictive fuzzy control
is clearly defined by the two inputs values. Table 3 provides a
synthesis of the values that define the membership functions.

3.2. Fuzzy Logic Implementations. Hardware implementa-
tion was carried on using the “SmartFusion Evaluation”
development kit Actel FPGA A2F200M3F (Figure 10), whose
main specs are as follows: 200 K gates, 256 Kb memory
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Table 3: Parameters of membership functions.

Linguistic variable Linguistic term Type of function Parameters

Average signal intensity

Low Trapezoidal −80 −80 −70 −50

Medium Triangular −60 −50 −40

Good Triangular −50 −40 −30

Excellent Trapezoidal −40 −30 −20 −20

Signal intensity variation
Negative Trapezoidal −3 −3 −2 0

Zero Triangular −1 0 1

Positive Trapezoidal 0 1 3 3

Aptitude

Negative Trapezoidal −2 −2 −1 −0.5

Small Negative Triangular −1 −0.5 0

Zero Triangular −0.5 0 0.5

Small Positive Triangular 0 0.5 1

Positive Trapezoidal 0.5 1 2 2

flash, 64 Kb SRAM, 20 Mhz crystal oscillator [26], and 32
bits ARM Cortex M3 soft processor (Figure 11). The FPGA
using its logical blocks, allows customization through the
“Libero-” integrated design software, firmware edition, and
compilation in C language.

Fuzzytech software [27] was used to design the FIS. The
PFLC was set to 16 bits resolution and was evaluated using
the C-function EvalFis(float Var ASI, float Var SIV), which
receives the input values ASI and SIV and returns the result
of the output variable Aptitude. Figure 11 illustrates the
embedded FLPC design. We used the C language tools of
Fuzzytech to develop the algorithm of the PFLC.

4. Experiments and Results

This section presents some of the tests performed in order to
validate the PFLC design and performance.

4.1. Itinerant MS in Source Cell: No Handoff. In its simplest
expression, an MS moves around within the limits of its
serving cell. As usual, beacon frames are received at 100 msec.
intervals and used to calculate ASI. SIV is updated every
2 sec., as well as the aptitude value. Since a user can find
obstacles and move around to avoid them, signal intensity by
itself is not a good reference to determine an MS’s direction.
So, the SIV provides this information, as stated before in (2).

Table 4 shows some sample values of the AP’s signal
intensity received by the MS.

The first value is close to the minimum detectable signal
strength, indicating that the MS is far from the AP and near
a boundary. As the MS moves, the values start increasing,
which implies that the MS is getting closer to the AP. Table 5
shows various ASI values obtained.

As illustrated in Figure 11, the PFLC performs its deci-
sions based on the two inputs (ASI, SIV) and its knowledge
base, yielding a numerical result, known as aptitude value.
In our design, +3 is the maximum aptitude, and −3 the
minimum. Figure 12 presents an instance of calculation.

4.2. Itinerant MS Crossing Cell Boundaries in an Eleven Aps
Ensemble. The simulation considers an MS receiving the

Figure 10: Actel development board for FPGA.

Table 4: Intensity values received by the MS.

Signal intensity (dBm) Sequence of beacons Time in (msec.)

−79.12 1 100

−78.73 2 200

−78.52 3 300

−77.92 4 400

−77.40 5 500

· · · · · · · · ·
−78.00 20 2000

beacon frames from a group of eleven surrounding cells. To
illustrate cell crossings and related handoff, Figure 13 shows
four cells only.

The MS’s FLPC performs ASI-SIV calculations every two
seconds to obtain the aptitude value for eleven APs and select
the one with the higher value; in this way, the ARM processor
acquires the values of the eleven ASI and SIV signals, then the
embedded FLPC executes each inference and stores each APs
output result, then selects the maximum value.

When the proper conditions are met to trigger a handoff,
the best positioned AP and channel are known. As the MS
travels along the trajectory, it navigates through different
coverage areas, aptitude values are computed, and beacon
signals from various cells become significant and competitive
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Table 5: ASI values.

ASI (dBm) Time (sec.)

−78.44 2

−76.55 4

−74.54 6

−72.54 8

· · · · · ·
−20 n

versus the source’s, but it is until the MS gets to point 4,
when the conditions are set to trigger a Handoff. Figure 14
illustrates the PFLC embedded for eleven channels, with the
selection of a best aptitude.

Under normal conditions, IEEE 802.11 proceeds to a
scanning process of eleven channels to determine the one

AP1

MS
AP4

AP2
AP3

Trajectory

MS

1

2 4

3

1 Source AP

2

3

4 Handoff process triggerOverlay zone: beacons 
from AP1 and AP2

Overlay zone: beacons from
AP1, AP2, AP3, and AP4

Figure 13: Multiple APs.

with the highest signal strength, and then decide which one
will be the target AP. In our proposal, the scanning process is
reduced to a single channel, since the MS knows in advance
which AP has the higher aptitude.

Figure 15 shows the three-dimensional control surface
computed by the Mamdani-type FLPC. The axes values
correspond to the ASI, SIV, and Aptitude. As can be
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Figure 14: Fuzzy control in operation with multiple APs.

Table 6: Comparison of the output using the fuzzy toolbox of
Matlab and the FLPC in the FPGA.

Input Output

ASI SIV Matlab FLPC in the FPGA

1 −23.27 1.03 1.38 1.50

2 −54.22 −1.34 −0.85 −0.76

3 −35.10 0.85 1.22 1.28

4 −42.77 −2.86 −0.16 −0.14

5 −60.35 −0.25 −0.75 −0.69

6 −71.97 0.36 −0.31 −0.32

7 −56.13 2.83 0.28 0.27

8 −44.30 −2.68 −0.22 −021

9 −80.00 −0.10 −0.60 −0.55

10 −20.21 0.73 1.35 1.50

seen, when SIV is negative and ASI is minimum, aptitude
values are negative, indicating an AP which should not be
considered as the destination for a handoff. The highest
values of Aptitude (1 < z ≤ 2) are obtained from the
conjunction of high ASI values (−30 < x ≤ −20 dBm) and
positive SIV values (2 < y ≤ 3).

Figure 15 shows the control surface of the fuzzy handoff
controller. This surface controls the rate of change of the AVS
and SIV signals and it was obtained experimentally; however
it can be changed using any method such as the simple
tuning method [28], or considering other objectives, in this
case it will be necessary to use a multiobjective optimization
method in order to adapt the membership functions [29].

For a comparative analysis, in Table 6 we have the output
for different values of ASI and SIV, of the PFLC designed with
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Figure 15: Fuzzy system control surface.

the fuzzy toolbox of Matlab [30], and the value obtained
with our proposal. The differences are minimum.

5. Conclusions

VoIP is a real time application sensitive to time delays over
200 msec. Standard IEEE 802.11 can have handoff delays of
up to 300 msec. The capability to maintain uninterrupted
VoIP connections while crossing through multiple WiFi cells
is fundamental for this communication system’s survival
in the contested wireless arena. A predictive fuzzy logic
control based on average signal intensity and signal inten-
sity variation parameters as inputs to the fuzzy inference
algorithm yields access point’s aptitude value for up to
eleven APs, selects the highest, and designates the best AP to
perform a cell handoff. This approach reduces the handoff
scanning time nearly 30 msec, and the complete HO to
around 60 msec., thus providing better quality of service to
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VoIP and other real time applications, where multiple-cell
arrangements are involved.

Soft computing tools (fuzzy logic, neural networks, and
genetic algorithms) usage is on the rise to tackle highly
complex problems, yielding for the most part satisfactory
outcomes. Fuzzy logic has been widely used in control
and prediction applications because of its human language
parallelism, that makes it independent of rigorous analysis
precision, thus providing analysis capabilities in uncertainty
situations, where not-well-defined limits are found. This
is the case in the decision-making process of the MS to
launch a handoff while nearing its serving cell boundary. In a
multiple-cell environment, received power and direction are
computed in milliseconds intervals for the inference engine
to decide the time and best fitted target AP.

Nowadays the Systems-on-Chip (SoC) are highly dense
silicon chips, which integrate complete customized systems
comprised of microprocessors and I/O devices to interface
screens and keyboards, as is the case of cellular terminals.
Therefore, the inclusion of a real-time high-performance
fuzzy systems allows to achieve multiple tasks without
sacrificing performance.
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[13] R. Sepúlveda, O. Montiel, O. Castillo, and P. Melin, “Modelling
and simulation of the defuzzification stage of a type-2 fuzzy
controller using VHDL code,” Control and Intelligent Systems,
vol. 39, no. 1, pp. 33–40, 2011.
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This paper presents a methodology to integrate a fuzzy coprocessor described in VHDL (VHSIC Hardware Description Language)
to a soft processor embedded into an FPGA, which increases the throughput of the whole system, since the controller uses
parallelism at the circuitry level for high-speed-demanding applications, the rest of the application can be written in C/C++.
We used the ARM 32-bit soft processor, which allows sequential and parallel programming. The FLC coprocessor incorporates a
tuning method that allows to manipulate the system response. We show experimental results using a fuzzy PD+I controller as the
embedded coprocessor.

1. Introduction

Nowadays, the term System on Chip (SoC) gains terrain
since the trend towards the use of a highly efficient hardware
platform for real-time processing is increasing [1]. Modern
FPGA devices that allow to mix digital and analog signal
makes them a good choice to use them for SoC design [2].

FPGA platforms are designed to achieve higher inte-
gration levels in low-power low-cost electronic systems
by embedding processors with efficient architectures such
as DSP, RISC, multicore processor systems, buses, on-
chip memory blocks, peripheral devices [3]. FPGA-based
system architectures support the combination of user defined
synthesizable Intellectual Property (IP) blocks with IP blocks
and software drivers and libraries provided by the manu-
facturer [4]. The use of SoC allows total independence of
a desktop computer system, reducing costs, and increasing
performance of applications, avoiding communication inter-
face bottlenecks, latency, and data loss [5].

The SoC design based on modern FPGAs may incorpo-
rate dedicated processors embedded in the silicon known as
“Hard”, and programmable processors known as “Soft” that
are implemented in the programmable logic resources of the
FPGA, or a mixed of both.

The real-world problems are diverse and complex, treat-
ing many of them becomes difficult, because they make

us face many scientific and technological barriers, such as,
mathematical modeling and high-speed processing for data
processing and control applications [6].

For control applications, there exist many techniques and
strategies to make a system behaves according to a plan;
for example, to use a Fuzzy Logic Controller (FLC) that is
considered as a control strategy based on rules, which are
usually raised by the knowledge from an expert. This may
be crucial in control problems that could present difficulties
in constructing accurate mathematical models [7, 8].

There are two typical options to carry out applications of
FLC embedded into an FPGA.

(1) To describe the FLC in C language and then use a
specialized tool (compiler) to translate Handel C to
bitstream [9, 10].

(2) To use VHDL to describe the FLC, this can be used
as (a) standalone controller, (b) incorporated to a
hard/soft processor as a Soft Core connected to the
system bus, (c) incorporated to a hard/soft processor
through an internal input/output interface [11, 12].

The complexity of modern systems requires more design
efforts by increasing developing costs; so, to minimize them,
the reutilization of already tested circuits is a necessity.
Any functional component to be reused in the form of
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Figure 2: Fuzzy inference system.

an already-designed electronic component, or fabricated
hardware constitute an Intellectual Property Core (IP-Core).

This paper presents a methodology to integrate a FLC to
a SoC through an input/output internal port; the idea is to
use the FLC as a coprocessor. Furthermore, an experimental
study of high-performance computing using fuzzy modeling
implemented in FPGA-based systems is presented.

Other studies that have addressed the same subject with
a different focus are. In [13], the authors describe their
experiences designing real-time hardware/software for SoC
and they addressed the problem of data acquisition for
the ANTARES neutrino experiment, and for the problem
of a selective read-out processor for an electromagnetic
calorimeter. In [14, 15], the authors present the architecture

and VHDL code to implement a type-1 FLC, while in [16]
the architecture and VHDL code to implement a type-2 FLC
and experiments are presented.

In literature, there exist many interesting works that
deal with fuzzy controllers that can be embedded into an
FPGA, for example. [17] presents the genetic optimization of
Membership Functions (MFs) for an Incremental Fuzzy PD
Controller, [18] shows the optimization of MFs to regulate a
servomechanism with backlash.

The organization of this paper is as follows. Section 2
explains the design process of an embedded system, how to
integrate a fuzzy coprocessor into a SoC, and the debugging
process. In Section 3, the problem formulation, experimental
plant, control objective, and electromechanical limitations
concerning time are given. In Section 4, the generic archi-
tecture that integrates the ARM processor and the FLC
as Intellectual Property cores (IP core) is described. In
Section 5, the main characteristics of the FLC are described,
and the methodology to tune the FLC using one variable is
explained. In Section 6, the experiments’ sets and results are
explained. Finally, in Section 7, the conclusions of this work
are given.

2. Integrating a Fuzzy Coprocessor in a SoC

Figure 1 illustrates the design process of a SoC-embedded
system. It is a standalone dedicated hardware computer with
custom peripherals incorporated to the system as IP cores,
and specialized software to solve a specific problem.
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2.1. Designing the FLC as IP Core. Figure 2 shows the typical
way of representing a FLC; it is composed of three stages: the
fuzzification stage, the inference engine that contains the rule
base and database, and defuzzification stage [19].

In general, the steps to incorporate into an FPGA Fusion
an FLC as Soft IP core using the Libero software are.

(1) Create the Entity Design of the FLC by using either
a Hardware Description Language (HDL), structural
schematic, or mixed-mode (schematic and Register
Transfer Logic “RTL”). We used VHDL (Very High
Speed Integrated Circuit HDL) to specify all the fuzzy
engine and parameters.

(2) Test the functionality of the FLC Entity Design using
a test bench program such as the Model Sim for
VHDL.

(3) Create the soft processor and incorporate the FLC IP
coprocessor [20] entity to the system bus trough the
GPIO IP.

(4) Edit and debug the ARM firmware in C language to
complement the controller’s design incorporating the
reading and conditioning of the process variables.

(5) Download the bitstream to the target FPGA develop-
ment board.

The obtained FLC is a portable, reusable, and nonen-
crypted Soft IP core. It was designed to be used through an
input/output interface, which is an advantage because many
of the commercial IP cores have the inconvenient that are not
compatible with all the system buses.

Figure 3 illustrates the hardware design and debugging of
the software written in C language.

3. Problem Formulation

The main target of this work is to give a methodology
to integrate a soft IP FLC to a SoC in order to develop
high-performance applications; whereas, the experiments
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Figure 4: Inverted pendulum system.

are focused to demonstrate the advantages of using high-
performance FLC for real-life problems. To achieve the
objective paper, we are including two well-known problems.

In the first problem, we used a plant with the next
main components: a Pittman DC geared-motor model
GM9236S025-R1, a ±12 VDC power Supply, an H-bridge
board, and a PWM system to provide the motor with the
necessary average power to reach the desired speed with
and without load, and disturbances. Therefore, the control
objective is to reach the wanted speed as fast as possible
with the minimal overshoot, which is achieved by the correct
calculation of the relation TON/TOFF to fulfill the target.

Two important characteristics of this motor are the
electrical time constant τE and the mechanical time constant
τM whose values are 1.06 ms and 8.5 ms, respectively; so, we
can consider global response time constant of 9.16 ms. This
time is significant since it is the time required for the motor’s
speed to attain 63.2% of its final value for a fixed voltage level.

The DC motor alone is a linear plant since the no-load
speed is directly proportional to the DC supply voltage.
However, the system becomes nonlinear when a switching
supply is applied, in this case by using PWM; in addition, the
application of load and disturbances increases nonlinearities.

In the second problem, the plant is an inverted pendu-
lum; see Figure 4. The cart is mounted over an aluminum
frame; it is moved from one side to the other using a ball
screw controlled by a motor. The pole balancing is mounted

over the cart and coupled to a quadrature optical encoder
Model 121, which provides 300 counts per revolution (CPR).

4. SoC General Description

In Figure 5, the designed system architecture for FPGA
Fusion [21] of the Actel company is shown, embedded into
the FPGA are. The ARM processor, two memory blocks,
a general-purpose input output (GPIO) interface, timers,
interrupt controller (IRQ), IIC, serial port (UART), pulse
width modulator/tachometer block, and the FLC block [14,
15]; all the embedded components are IP cores. External to
the FPGA are a DC motor with a high-resolution quadrature
optical encoder, the plant’s power supply, an H-bridge for
power control, a personal computer, and a digital display.

The FPGA Fusion allows to incorporate the soft proces-
sor ARM cortex, as well as other IP Cores (IPCORE) to make
a custom configuration. The ARM cortex handles a 32-bit
bus for peripheral control named Advanced Peripheral Bus
(APB). Note in Figure 5 that the block FLC contains the
design of the fuzzy controller integrated to the system as a
soft IP CORE, similarly the rest of the IPCOREs are general
purpose devices from the catalog of cores provided by Actel
and the system board seller. In this system, the FLC IP core
has the advantage that it is not dependable of the bus system,
and it provides to the user the capacity of handling very easy
without the need of knowing the internal functionality; on
the other hand, because it is not encrypted, the content can
be read.

Figure 5 shows how to connect the FLC IP core to the
ARM processor through the GPIO. The FLC has seven inputs
and two output. The inputs are “clk”, “ce”, “rst”, “k”, “error”,
“c.error”, and “w”. The input “clk” is a 50 Mhz system clock,
the aim of the “ce” input is to enable or disable the FLC,
and the input “rst” restores all the internal registers of the
FLC, the input “w” working together with “ce” allows to
start a fuzzy inference cycle; all they are one-bit size. The
four-bit input “k” is for modifying the support of the input
membership functions to change the system response. The
eight-bit input “Error” and Change of Error “c.error” are the
controller inputs. The outputs are “Out” and “IRQ”. “Out”
is eight-bits wide and it is the crisp output value. “IRQ”
is the interrupt request FLC output. The system has five
membership functions (MFs) for each input and output. The
input and output MFs are trapezoidal at the extremes, and
the remaining are triangular. This FLC uses the simple tuning
algorithm for modifying the system’s response in an intuitive
way [14, 15]. Figure 6 shows the FLC entity and GPIO IP bus
connection.

The GPIO IP has two 32-bit wide ports; one for output
(write bus) and one for input (reading bus). The output bus
connects the GPIO IP to the ARM cortex using the 32-bit
bus APB. The input bus connects the FLC IP to the GPIO IP.
In this configuration, the FLC works as a coprocessor of the
ARM cortex processor.

The ARM processor writes a “k(3:0)” value for setting
up the input MFs, it provides the Error and Change of
error values for the “Error(7:0)” and “c.error(7:0)” FLC
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inputs, this is achieved using the output variables k[3:0],
Error[11:4], and c.error [19:12] of the GPIO IP. Similarly, the
ARM reads the FLC output “Out(7:0)” through the GPIO IP
using the 8 bit input variable Out(0:7).

5. FLC Characteristics

For each input of the FLC, Error and Change of error,
we defined five MFs: LN (large negative), N (negative), Z
(zero), P (positive), and LP (large positive). The universe
of discourse for these membership functions is in the range
[−80, 80].

For the output of the FLC, we have five MFs: LD (large
decrement), D (decrement), Z (zero), I (increment) and

LI (large increment), with the universe of discourse in the
interval [−100, 100].

Figure 7 shows the input/output membership functions,
and the rule matrix of the FLC, integrated by 25 rules, is
shown in Figure 8.

5.1. Tuning the Controller. The FLC IP has a three-bit input
to manipulate the MFs to improve the desired response by
using the method referred in literature as Simple Tuning
Algorithm (STA) [22, 23]. There are different methods to
tune a FLC, for example, evolutionary computation, Fuzzy
Knowledge Base Controllers, and so forth, where the aim is
to search the optimal solution in base of objective function,
gradient error, and others but in most of the cases these
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methodologies have convergence and mathematical repre-
sentation problems; furthermore, often they require many
system resources and have considerable big computational
complexity for online adaptation of real time systems.

The STA takes advantage of the typical characteristic of
error behavior around the set point, so it is possible to use a
predefined set of MFs and rules and modify their support
according to a very simple arithmetic expression. In this
example, the two inputs were modified using only a tuning
factor [23]; however, it is likely to modify both inputs using
two tuning factors [22]. In Figure 9, the normalized inputs
are shown; Figures 10(a) and 10(b) show how the MFs are

µ(x)

−1 −0.66 −0.33 0 0.33 0.66
a b c d

x1

Figure 9: Normalization of the input MFs. The tuning factor is
r = 1.

modified by the application of the STA algorithm and their
effect in the system behavior.
Considering all the points in the universe of discourse that
defines every MF of each input, a vector named VOPinitial , is
codified. The basic idea of the STA is to change this vector
using an exponential function r(k) named the tuning factor
such as VOPfinal = (VOPinitial )

r(k), that produces the changes
to the system which is shown in Figure 10. This leads us to
analyze the next three cases using Figure 9:

(1) r = 1: this is the case where the normalized MFs have
no change; that is, a− b = b − c = c − d,
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Figure 10: Modifying the input MFs using the formula VOPfinal =
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r(k).

(2) r < 1: after the application of the tuning factor, the
distances between the middle MFs operation points
are larger than the external; so, ar − br > cr − dr ,
producing the expansion of the MFs, as illustrated in
Figure 10(a).

(3) r > 1: the opposite case of previous, after the appli-
cation of the tuning factor, the distances between the
two external MFs are larger than the others; that is,
ar − br < cr − dr . This produces the compression of
the MFs, this effect is shown in Figure 10(b).

Therefore, the STA consists basically in four steps.

(1) Tuning Factor Selection. A number k ∈ [0, 1] to define
the tuning adjustment level is used. k = 0 is the
biggest time, and k = 1 the smallest.

(2) Normalization of the Ranges of the Fuzzy Controller’s
variables. The range of each input fuzzy variable is
modified in order to have the lower and upper limits
equal to −1 and +1, respectively, see Figure 9.

(3) Tuning Factor Processing. Once the range is normal-
ized, the new vector of operation points will be given
by.

VOPfinal =
(
VOPinitial

)r(k), (1)

where VOPinitial are the normalized values of the MFs
in the x-axis and r(k) can be one of the following
polynomials:

(a) The value r ∈ [1/40, 3]

r(k) = 30k3 + 37k2 + 52k + 1
40

, (2)

(b) The value r ∈ [0, 4]

q(k) = 4k2. (3)

Both polynomials can be implemented into an
FPGA, the first one needs more calculation,
whereas the second option offers reduction of
the polynomial size, reducing computational
cost. However, using a lookup table the size is
not a problem.

(4) Renormalization of the Ranges of the Fuzzy Variables.
Convert the normalized range to the previous range
of the system.

The method can be applied to both inputs, as it was
shown in [22, 23]; in the first work, two different tune factors
were used, one for each fuzzy input. In the second work,
experiments modifying both inputs using the same tuning
value were shown. Results of both methods are satisfactory,
using [23, 24] requires fewer resources and is easier to tune
the system using just one variable.

6. Experiments and Results

With the aim of evaluating equivalent implementations
of high-performance FLC embedded into an FPGA; two
different systems were tested.

6.1. System 1: Speed Control of a DC Motor. For system
1, two sets of experiments were conducted. The first set
comprises six experiments using different development
platforms where the FLC was implemented to solve the
previously regulation of speed problem. In the second set,
the configuration of ARM soft processor with the FLC IP was
chosen, because it demonstrated to be the best for the target
of this work; therefore, we tested the controller using the STA
to tune the controller.

For All Experiments. We consider a complete fuzzy inference,
the process of fuzzification of crisp data, to infer a conclusion
using the Mamdani inference engine, and defuzzification to
obtain a crisp value.

Next, for each experiment, particular characteristics are
described. Table 1 summarized the results.
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Figure 11: Actel development board for FPGA model “Embedded M1AFs1500 KIT.”

Table 1: Comparing performance of FLC implementation for different development platforms.

Experiment Platform CPU Clock frequency Runtime (ms)

1 PC Core 2 duo 2.66 GHz 20

2 Spartan 3 Microblaze 50 MHz 37

3 Virtex 5 Microblaze 100 MHz 16

4 Virtex 5 Power PC 100 MHz 12

5 Atmel AVR 8-bit Microcontroller 16 MHz 87

6 Fusion ARM with fuzzy coprocessor 50 MHz 0.000160
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Figure 12: System response for different tuning factors.

6.1.1. Set 1 of Experiments

Experiment 1. The PC system is based on an Intel Core
2 Duo, with 6 GB of RAM. The FLC was implemented
using the Fuzzy Logic Toolbox from Matlab-Simulink. The
FLC writes and read information of the control plant using
serial communication. A complete inference last 20 ms. We
did not consider in the calculus the time due to serial
communication.

Experiment 2. We used the Spartan 3 FPGA mounted in
the Starter kit of Xilinx. We implemented into the FPGA
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Figure 13: Plot of errors in the system response produced by
different k tuning values. Note that k = 0.8 produces less errors.

the 32-bit Microblaze soft-core with 1 MB of RAM; the
system clock is 50 Mhz. The FLC was implemented using
C language. As the operating system we used the kernel of
Xilinx standalone.

Experiment 3. In this test, a Virtex 5 FPGA mounted in the
experimental board “ML507 FPGA technology” from Xilinx
was used to embed a Microblaze soft-processor system,
with 16 MB of RAM, and 2 KB of cache memory; the
system clock is 100 Mhz. The FLC was implemented using
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C language. As the operating system we used the kernel of
Xilinx standalone.

Experiment 4. The Power PC hard processor of the FPGA
Virtex 5 was used. The experimental board “ML507 FPGA”
provided us with 16 MB of RAM and 2 KB of cache memory;
and the system clock is 100 Mhz. The FLC was implemented
in C language. As the operating system we used the kernel of
Xilinx standalone.

Experiment 5. The idea behind this experiment is to evaluate
the FLC implemented in an 8-bit microcontroller system.
We used the Atmel AVR development platform with the
general-purpose microcontroller Atmel ATmega 16 running
at a frequency of 16 Mhz.

Experiment 6. We used the system architecture of Figure 5
implemented in the Actel development board for FPGA
model “Embedded M1AFS1500 KIT.” This board is based on
the FPGA Fusion of the same company; see Figure 11. This
implementation uses the ARM cortex soft-processor and
incorporates the FLC IP as a coprocessor. The FLC was coded
in VHDL. Figure 11 shows a simple test of the FLC, we chose
values with known output. The ARM soft-processor sent to
the FLC, through the GPIO IP the input values “Error = 69.3
(0 × EF)”, “change of error = −60.5 (0 × 1F)”, and “k = 0.5
(0 × 07)”. The output value of −60 (0 × 51) is read by the
ARM and sent to the OLED display (red rectangle).

6.1.2. Set 2 of Experiments. Several experiments for different
k values using the FPGA Fusion configured as in Figure 5
were achieved. The ARM soft processor handling the FLC IP
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Figure 16: The FLC has two inputs: Error and Change of error, and
one output. The output provides a value of increment/decrement
to be used by the integral part of the PD+I controller. The first scale
[0.255] are the real MFs bit values definition in the FLC. The second
scale [−90, 90], [−180, 180], and [−100, 100] are the operation
values for this application. The scale conversion is achieved by the
ARM processor.

was tested. The system response was modified using the STA.
The ARM processor modifies the k tuning factor though the
GPIO IP.

Results for k values of 0.5, 0.7, 0.8, and 1.0 are shown.
Figures 12 and 13 show the system response and errors, for
the mentioned tuning factors. Note that k = 0.8 provides the
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best system response; whereas k = 0.5 the slower response,
and k = 1.0 the faster response with an overshoot. Figure 14
shows the control surface of the controller for a k value of 0.5.
The sampling time for this set of experiments was 700 μs.

6.2. System 2: Inverted Pendulum on a Cart. For system 2 the
inverted pendulum on a cart system of Figure 4 was used.
We repeated all the experiments of Table 1 for this system;
in congruence with the results of this table, we obtained
practically the same running times in all the experiments.
Next, we show the experimental setup for the FPGA Fusion.
The membership functions were tuned using the STA.

The FLC has two inputs, “Error” and “Change of error”
and one output labeled as “output”. Figure 15 shows the rule
matrix for this system, in Figures 16(a), 16(b) and 16(c)
are the membership functions for the inputs and output
linguistic variables, and Figure 17 shows the surface control
of the inverted pendulum on a cart system.

7. Conclusions

The design and implementation of a High-Performance FLC
that incorporates an efficient and practical method to tune
the controller to the plant was explained. The tunable FLC
IP was integrated into a SoC based on the FPGA Fusion
jointly with an ARM soft processor and tested using two
electromechanical systems.

In the first system, the regulation of the speed of a DC
motor was the control objective, being the target of the paper
to evaluate the performance of hardware implementations of
fuzzy controllers used as IP Cores, two sets of comparative
experiments of the system performance were achieved.
The aim of the first set was to compare the FLC IP
coprocessor against other development platforms, including
a Core 2 Duo PC system, three implementations of the
FLC programmed in C language running on the Microblaze
soft-core processor mounted into the Spartan 3, and Virtex
5 FPGA systems. One C language implementation of the
FLC running into the Atmel AVR 8-bit Microcontroller,
and one implementation of the FLC coded using VHDL,
and mounted as IP into the FPGA Fusion. We achieved an

experimental evaluation of time computational complexity
of the above systems.

The worst performance system was the FLC implemented
using the Atmel AVR 8-bit Microcontroller, with this experi-
ment we got the worst-case bound.

In the average bound, we found the three software
prototypes of the FLC programmed in C language running
on FPGA platforms, together with the PC development.
Differences among FPGA systems are mainly due to systems
clock; this is more evident on the Spartan 3 running with half
of the frequency clock with respect to other FPGA systems.
In the PC, the problem was that the FLC was running on
Simulink controlling the plant using serial communication.
Due to the implementation characteristic, this was not a real
time system.

In the second system, the same set of tests were achieved
and the execution times were consistent with the results
obtained in the first system, some nonsignificant changes in
values of FLC implemented in C occurred. However; for the
case of study, the FLC IP Core, always last the same time, this
is because the execution time is tight to the system clock, the
FLC always last three clock cycles, and the GPIO IP last five
clock cycles, therefore the FLC IP last eight clock cycles.

The FLC IP was designed to work in real time, when the
FLC finish a whole inference cycle (fuzzification, inference,
defuzzification) it enables the IRQ output request that can be
sent to the interrupt controller for real time applications, or
latched to be read by an input/output port to work in polling
mode for applications that does not require real time.

The best-case SoC is the FLC IP combined with the
ARM soft-processor, the speed-up with respect to the other
development platform is 78, 125 times.

There are other interesting points to remark, for example,
the flexibility that FPGA based system provides to implement
SoC; this is important because it is possible to design inde-
pendent low-cost low-power consumption and inexpensive
systems that can mix digital and analogical signals. The use
of specialized software, the growing availability of resources
such as IP allow to simplify the development process of real
time systems. The FLC IP soft-core has the advantage that
it is not dependable on the bus system, and it provides to
the user an easy handling capability without the need of the
knowledge of the internal functionality; on the other hand,
because it is not encrypted, the content can be read.

Finally, the incorporation of specialized debugging and
testing modules into the SoC facilitates these complex and
tedious tasks.

At present time, we are developing the IP core a Type-2
FLC, we have simulated stage by stage, for example the type-
2 defuzzification stage [25]. The whole Type-2 FLC can be
tuned using the STA algorithm for type-2 [26].
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[24] O. Montiel, R. Sepúlveda, P. Melin, O. Castillo, M. Á. Porta,
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This paper presents a new voltage-input, current-output programmable membership function generator circuit (MFC) using
CMOS technology. It employs a voltage-to-current converter to provide the required current bias for the membership function
circuit. The proposed MFC has several advantageous features. This MFC can be reconfigured to perform triangular, trapezoidal,
S-shape, Z-Shape, and Gaussian membership forms. This membership function can be programmed in terms of its width, slope,
and its center locations in its universe of discourses. The easily adjustable characteristics of the proposed circuit and its accuracy
make it suitable for embedded system and industrial control applications. The proposed MFC is designed using the spice software,
and simulation results are obtained.

1. Introduction

The concept of Fuzzy Logic was introduced by Zadeh nearly
40 years ago [1–6], and since then numerous applications of
this theory has been implemented in various engineering and
nonengineering fields. The numerous successful applications
of fuzzy-control have sparked a flurry of activities in the
analysis and design of fuzzy-control systems. Fuzzy-control
theories have some salient features and distinguishing merits.
The different fields in which fuzzy logic has been applied
include signal processing, computer vision, automatic con-
trol, consumer electronics, household appliances, decision
making analysis, and so on. The number of applications
using fuzzy logic techniques to solve control problems has
increased considerably. This rapid growth of fuzzy logic has
motivated the researchers to go for efficient realization of
fuzzy inference systems (FIS) [7, 8].

Fuzzy inference system can be implemented using
software or hardware. Software implementation of FIS is
useful when an application can be moduled to simulate,
and calculate in advance, its multidimensional response
characteristic. It provides flexibility as they usually support
fuzzy systems with an arbitrary number of rules without
any limitation concerning the number, type of membership,

and range of inference mechanism. On the other hand,
it works on a computer or a processor platform, and it
has a drawback of being very slow [9, 10]. Hence it is
not used for real-time application. A study of software
and hardware implementation of FIS is described in [11],
and it demonstrates the advantages of hardware design
over software design in terms of speed and computational
requirements. Therefore hardware realization is preferred for
real-time applications, and various hardware techniques have
been proposed [12].

The digital and analog techniques constitute the two
existent approaches for the hardware realization of fuzzy
systems. There are different techniques reported in the
literature for the digital design of fuzzy systems. Among
them, the most versatile methods are those which use
field programmable gate arrays (FPGA) as reported by
Maldonado et al. [13] and by Montiel et al. [14]. Even though
the digital approach is superior in terms of ease of design,
the analog fuzzy logic approach is proposed to get maximum
efficiency in terms of silicon area, power consumption, and
delay time or processing speed [15–19]. Thus it leads to low-
cost and high-speed implementation compared to the digital
counterpart. A direct interface of the controller to input and
output continuous variables is also possible, thus making
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the circuitry for analog-to-digital conversion unnecessary
and inducing delay in the control loop too.

Fuzzification is an important concept used in the fuzzy
logic theory. It is the process of converting a crisp value into
a fuzzy value. The conversion is actually the incorporation
of fuzziness, uncertainty, vagueness, or ambiguity in the
crisp quantity. In the real world, the quantities which look
crisp actually carry a considerable amount of uncertainty
or vagueness. This uncertainty, vagueness, or imprecision
in a fuzzy quantity can be represented by a membership
function. Membership function is the key element in fuzzy
signal processing. This provides a nonlinear relation that
measures the compatibility of an object with the concept
represented by a fuzzy set. Fuzzy set provides a convenient
point of departure from the construction of a conceptual
framework used in ordinary sets and have proved to have a
much wider scope of applicability, particularly in the fields
of pattern classification, information processing, statistical
process control, and so forth. The researchers have developed
various membership functions for the fuzzy processors using
different techniques like digital methods [20, 21], mixed-
mode signal [22, 23], and current-mode methods [24, 25].
The design of a membership function depends on the
particular application to which the fuzzy processor is being
applied.

The fuzzifier circuit resented in this paper is a suitable
circuit to analyze and tune the nonlinear parameters of
membership functions [26]. The important property of
this fuzzifier is that by changing the various parameters,
a membership function with different shape and slope
can be easily generated. The fuzzifier designed here is a
programmable circuit. This scheme is expected to find appli-
cation in neuro-fuzzy processors where adaptation of the
membership function parameters is required [27]. The result
is a faster, cheaper, and higher controllable design compared
to conventional fuzzification techniques. The proposed MFC
has been laid out using full-custom techniques to provide
standard cell. And it results in a CMOS-MFC standard
cell, which could be then used as a standard component
for implementing a number of required MFC in integrated
circuit [28, 29]. This structure exploits the operation of
the MOS differential amplifier as a current switch with soft
transition region.

The major contributions of the proposed work can
be summarized as follows: (1) firstly, the proposed design
use a voltage-input, current-output interface which is very
useful for the real world sensor interface with current-mode
fuzzy-control systems, (2) secondly, the application of the
analog voltage-to-current converter makes it easy to tune the
nonlinear parameters of the MFC such as width and slope,
and (3) finally, the low-power CMOS realization ensures a
faster, cheaper, and highly controllable design for embedded
system and industrial control applications.

This paper is organized into four sections: Section 2
describes the architecture of the proposed fuzzy membership
function circuit and Section 3 explains the circuit level
discretion for the same. It is followed by simulation results
graphically described in Section 4, and conclusions are
discussed in Section 5.

Differential pairDifferential pair

PMOS
current mirror

Vin
Vref1 Vref2

Vdd

Iout

IB1 IB2

Figure 1: Block diagram of an MFC.

Core

Support

Region I Region II Region III Region IV Region V

Figure 2: Trapezoidal shape of membership function.

2. The Proposed Circuit

Fuzzifying is the first step in a fuzzy system. The input data
of a fuzzy logic controller are usually crisp values acquired
from sensor measurement. Therefore, fuzzification interface
is needed to calculate the belongingness (membership) of
the observed inputs to the defined linguistic terms in the
preconditions of the fuzzy rules. This is carried out through
the fuzzy membership function circuits (MFCs), which
performs a nonlinear transform from their inputs to their
outputs. MFCs are provided with the input signal from the
external environment, normally in the voltage mode. On the
other hand, the processing steps following the fuzzification
stage performs better in the current mode.The block diagram
of an MFC is as shown in the Figure 1.

The MFC in Figure 1 is built of a coupled differential
amplifier pair which has two differential pairs and a PMOS
current mirror for replicating the drain currents to the
output. The two reference voltages, Vref1 and Vref2, where
Vref1 < Vref2, define the membership function. Depending
on the relative values of input voltage Vin and the reference
voltages Vref1 and Vref2, the circuit operates in one of the five
regions (I–V) as shown in Figure 2.

Basically, a fuzzy term can be defined by a membership
function of trapezoidal shape as shown in Figure 2. The
core of the function corresponds to the region which has
full membership (µ = 1), the ascending and descending
boundaries are the regions with partial membership (0 <
µ < 1), and support is the sum of core and the boundaries in
which µ > 0. Further we assume that the current IB1 and IB2
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Current mirror

Vin Vout

−−

++

Iin Iout
Rin Rout

Figure 3: Block diagram of a current mirror.

VoutVin

Iout = Id2

Iin

+ +

− −

M1 M2

Figure 4: NMOS current mirror.

in DP1 and DP2 are ideal and equivalent, the input devices
in each differential pairs are symmetric, and the half widths
of the transfer regions of DP1 and DP2 are V1 and V2, if W/L
is equal for all MOSFETs used, therefore V1 = V2 =

√
2Vov,

where Vov is the overdrive voltage.
The MFC shown in Figure 1 has four control signals—

two voltage signals (Vref1 and Vref2) and two current signals
(IB1 and IB2)—for the width and slope tunability, respec-
tively. In the proposed design of MFC, we have used an MOS
voltage-to-current converter, which provides the bias current
to the differential pairs DP1 and DP2. This voltage to current
converter has a good linearity and very high sensitivity. The
voltage-to-current converter was designed and simulated to
study its characteristics and justify its usefulness in the design
of tunable MFC circuits.

3. Circuit Level Description

As it can be seen from the Figure 1, the two important
components of the proposed membership function circuit
are the current mirrors and the differential amplifiers. This
section explains the circuit level design and analysis of the
basic analog structures used in the design of the proposed
membership function circuit.

3.1. Current Mirrors. The block diagram of a typical current
mirror is as shown in Figure 3. For an ideal condition, Iout =
(BIin), Rin � 0, and Rout � ∞, where Rin and Rout are the
input and output impedances, respectively.

M1 M2 M3 M4

Iout1 Iout2 Iout3
Vdd

Iin

Figure 5: NMOS current replication circuit.

M1 M2 M3

Iout1 Iout2

Vdd

Iin

Rs1 Rs2

Figure 6: NMOS current mirror with two outputs and supply
resistances.

A current mirror is actually a combination of a diode-
connected transistor followed by a single-transistor ampli-
fier. The first one converts the input current into voltage,
whereas the latter one converts the voltage into current. The
current ratio will be quite accurate, simply because the non-
linearity of the diode-connected MOS transistor (MOST) is
compensated by the non-linearity of the amplifying MOST.
If the ratio of their W/L’s is B, then the current ratio is also B.
Indeed, these MOSTs have the same VGS, that is, ground-to-
source voltage and hence VGS − VT . This ratio is the current
gain.

3.1.1. NMOS Current Mirror. In the circuit shown in
Figure 4, MOSFETs M1 and M2 form a current mirror and
gate source voltages of both the MOSFETs are same because
they are shorted. In MOSFET M1, the drain is shorted to its
gate, thereby forcing it to operate in the saturation mode with

Iin = 1
2
K ′n

(
W

L

)

1
(VGS1 −VT)2, (1)

where channel length modulation is neglected. Now consider
the MOSFET M2. It is also working in the saturation
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Figure 7: Bias distribution circuit using both current-routing and
voltage-routing.
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Figure 8: Differential pair with two inputs Vg1 and Vg2.

mode, therefore the expression for its drain current (of the
threshold voltages of M1 and M2 are equal) is given by

Iout = 1
2
K ′n

(
W

L

)

2
(VGS2 −VT)2. (2)

Since the gates of M1 and M2 are shorted, VGS1 = VGS2,
therefore,

Iin

Iout
= (W/L)1

(W/L)2
. (3)

Let (W/L)1 = (W/L)2, this implies that Iin = Iout.
Now if we would like to replicate more current of same

value, then a current replication circuit is used by increasing
the number of MOSFETs as shown in the Figure 5.

3.1.2. Current-Routing and Voltage-Routing. Consider the
current mirror shown in Figure 6, which has one input and
two outputs. At first, assume that Rs1 = Rs2 = 0. Also, assume
that the input current is generated by a circuit with desirable
properties.

Since the gate source voltage of M1 must be routed to
M2 and M3 here, this case is referred to as an example of the
voltage routing of bias signals. An advantage of this approach
is that by routing only two nodes (the gate and the source

M1 M2

M3 M4 M5 M6

Vdd

Iss

Vb Vb

Vout

Vin

Figure 9: Differential pair with current source in addition to diode-
connected load.
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M11

Vb1 Vb2 Vb3

Figure 10: Voltage-to-current converter.
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of M1) around the IC, any number of output currents can be
produced.

Unfortunately, voltage routing has two disadvantages.
First, the input and output transistors in the current mirror
may be separated by distances that are large compared to
the size of the IC, increasing the potential mismatches.
In particular, the threshold voltage typically displays con-
siderable gradient with distance across a wafer. Therefore,
when the devices are physically separated by large distances,
large current mismatch can result from biasing current
sources sharing the same gate-source bias, especially when
the overdrive is small. The second disadvantage of voltage
routing is that the output currents are sensitive to variations
in the supply resistances Rs1 and Rs2.

To overcome these problems, the circuit in Figure 6 can
be built so that M1–M3 are close together physically, and
the current outputs Iout1 and Iout2 are routed as required
on the IC. This case is referred to as an example of the
current routing of bias signals as shown in Figure 7. Current
routing reduces the problems with mismatch and supply
resistance by reducing the distances between the input
and output transistors in the current mirror compared to
voltage routing. One disadvantage of current routing is that
it requires one node to be routed for each bias signal.
Therefore, when the number of bias outputs is large, the die
area required for the “interconnect” to distribute the bias
currents can be much larger than that required for voltage
routing.

In practice, many ICs use a combination of current
and voltage-routing techniques. If the current-routing bus
in Figure 6 travels over a large distance, the parasitic
capacitances on the drains of M2 and M3 may be large. In ICs
using both current and voltage routing, currents are routed
globally and voltages locally, where the difference between
global and local routing depends on distance. When the
distance is large enough to significantly worsen mismatch or
supply resistance effects, the routing is global. Otherwise, it
is local.An effective combination of these bias distribution
techniques is to divide an IC into blocks, where bias currents
are routed between blocks and bias voltages within the
blocks. In this work, for the effective routing of the bias
current, both current and voltage routings are used.

3.2. Differential Pair. MOS differential pair is widely used as
an input stage in operational amplifiers and in many other
types of circuits as well. This venerable circuit has a relatively
large response to a change in the difference between its two
input voltages, but a relatively small response to a change in
the average value of its two input voltages. The usefulness
of the differential pair stems from two key properties. First,
cascades of differential pairs can be directly connected to one
another without inter-stage-coupling capacitors. Second,
the differential pair is primarily sensitive to the difference
between two input voltages, allowing a high degree of
rejection of signals common to both inputs.

Figure 8 shows an MOS differential pair. Here M1 and
M2 are two matched transistors, biased by a common current
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source Iapplied, with identical drain resistance Rd. Vg1 and Vg2

are two input voltages applied at the gates G1 and G2.
The drain currents of the MOSFET are given by the

following relation:
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When Vid = √
2Vov, id1 = I and id2 = 0. When Vid =

−√2Vov, id2 = I and id1 = 0.

3.2.1. Differential Pair with MOS Loads. The load of a
differential pair need not be implemented by linear resistors.
Differential pair can employ diode-connected or current-
source loads. The diode-connected loads consume voltage
headroom, thus creating a trade-off between output voltage
swing, output voltage gain, and input common mode range.
In order to alleviate the above difficulty, part of the current
of the transistors can be provided by PMOS current sources.
Here the idea is to lower the gm of the load devices by
reducing their current rather than their aspect ratio. For
the proposed design, both the differential pairs shown in
Figure 1 are connected with diode-connected and current-
source loads to increase the gain as shown in Figure 9.

Figure 9 shows a differential pair with both diode-
connected as well as current-source loads. This configuration
can be used to increase the gain. For example, if M3 and
M6 carry 80% of the drain current of M1 and M2, then the
current through M4 and M5 is reduced by a factor of five.
For a given |VGSP − VTHP|, this translates to a factor of five
reductions in the transconductance of M4 and M5, because
the aspect ratio of the device can be lowered by the same
factor. Thus, the differential gain is now approximately five
times that of the case with no PMOS current source.

3.3. Voltage to Current Converter. As current-mode circuits
are restricted to single fan-out, multiple current mirrors are
required to share fan-out signals among several operational
blocks. Voltage-mode inputs are thus preferable for fuzzy
hardware systems, since they must be distributed to the
membership function circuits of many rule blocks. Current-
mode signals are appreciated afterwards, because of the
advantages provided by current-mode processing. Tunable
voltage-input current-mode membership function circuits
are consequently useful building blocks to proceed fuzzifica-
tion with current-mode analog hardware. For this reason, a
voltage-to-current (V-to-I) converter is used to provide the
bias currents in the proposed fuzzifier circuit. The schematic
for the proposed voltage-to-current converter is as shown in
the Figure 10.

In the above circuit, the MOS transistors M7, M8, and
M9 are operated in the triode region, and a negative feedback
loop is established by the MOS transistor M10. There the
current through the MOS transistor M10 is B times up-scaled
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current through the MOS transistor M11, which delivers the
output current Iout, proportional to the input voltage ratio as
given by the relation:

Iout = B
Vb3 −Vb2

Vb1 −Vb2
Iin, (5)

where B is the ratio of W/L’s of the MOS transistors M10
and M11, and effective Iin is the current through the MOS
transistor M7. From the above expression, it is clear that the
relationship between the input voltage Vb3 and the output
current Iout is linear and can be used as a voltage-to-current
converter. In the proposed membership function circuit this
voltage-to-current converter is used to tune the width and
slope of the Gaussian-shaped membership function.

4. Simulation Results

All the above discussed circuits are designed and simulated
using spice simulation software to study their characteristics
and verify the working. This section provides the results of
simulation for the above-discussed circuits and also a brief
note on the obtained result.

The first result presented is the output for the proposed
voltage-to-current converter as shown in Figure 11. Here we
can observe that the V-I characteristics for the proposed
circuit is linear and thus can be used as a voltage-controlled
current source that can be used to supply the bias current for
the membership function circuit. The required bias current
can be set by varying the control voltage Vb3 (Vb1 and Vb2 are
fixed conveniently observing (5)).

Thus by varying the voltage Vb3 we can control the
width and the slope of the Gaussian-shaped membership
function as shown in Figures 12, 13 and 14. For all the three
simulation, Vb1 = 1.5 V and Vb2 = 1 V.

Figures 15 and 16 shows the simulation results for the
width and position tunability through left side and right
side, respectively. For the left side tunability the voltage Vlow

is varied from 3.75 V to 4.25 V with 0.1 V increment. For
right side tunability the voltage Vhigh is varied from 5.75 V
to 6.25 V with 0.1 V increment.

From the above simulation results for the membership
function circuit, it is clear that we have got three control
voltages for the tuning of the membership function: Vb3,Vlow

and Vhigh. These voltages can be used to tune the slope, width
and position of any particular membership function.

5. Conclusions

A new programmable CMOS fuzzifier circuit has been
presented. The proposed membership function has the
following advantages: proposed MFC is capable of generating
different membership functions of different shapes—like
Gaussian, S-shape, Z-shape, and trapezoidal—from a single
circuit therefore it require lesser hardware. The proposed
MFC exhibits a great programmability property just by
use of three control voltages—Vref1,Vref2, and Vb3. Thus
any characteristics of the MFC are easily obtained. The
proposed circuit is very simple and compact and can be VLSI
fabricated.
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