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After the success of the previous special issue Intelligent
Modeling and Verification, which was published last year, we
are pleased to announce that the new special issue Intelligent
Modeling and Verification 2014 is finally here. Through an
extensive peer-review process, 32 papers were selected for
publication in the new special issue.

A total of 16 papers describe optimal system mod-
eling. They focus on system modeling, optimal filtering
and scheduling, image modeling, pattern recognition, and
network modeling.

Based on the total variation model, the paper entitled
“Total variation based perceptual image quality assessment
modeling” by Y. Wu et al. proposes a new way to assess
perceptual image quality in spatial domains. A cluster for
use in the film industry is constructed in the paper entitled
“Precomputed clustering for movie recommendation system in
real time” (B. Li et al.) by implementing a distance matrix
based on machine learning techniques. The paper entitled
“Unified mathematical framework for slicing and symmetry
reduction over event structures” by X. Gao et al. introduces
sliced and symmetric quotient reduction models of event
structures and presents some corresponding algorithms.
Based on the consideration of sharing and real number
matrix encoding, the correlation models of virtual resources
and the genetic algorithmare presented in “Multitask oriented
virtual resource integration and optimal scheduling in cloud
manufacturing” (Z. Cheng et al.).The paper entitled “Optimal
spatial matrix filter design for array signal preprocessing”
by H. Zhang et al. illustrates a technique for designing a
spatial matrix filter based on convex programming. In the
paper entitled “Constitutive relation of engineering material
based on SIR model and HAM” by H. He et al., a dynamic

stress-strain model is established according to the homotopy
analysis method, and an analytical solution is presented.
The paper entitled “The application of pattern recognition in
electrofacies analysis” by H. Li et al. introduces the KMRIC
algorithm and AKM algorithm. Combining the multigran-
ulations rough set with evidence theory, M. Yan constructs
the multigranulations method of the belief and plausibility
reductions in the paper entitled “Multigranulations rough
set method of attribute reduction in information systems
based on evidence theory.” Complicated data modeling and
adaptive filtering are the main areas of focus for the papers
“A new subband adaptive filtering algorithm for sparse sys-
tem identification with impulsive noise” (Y.-S. Choi ), “A
nonlinear multiparameters temperature error modeling and
compensation of POS applied in airborne remote sensing
system” (J. Li et al.), and “Robustness analysis of floating-
point programs by self-composition” (L. Chen et al.). In order
to avoid routing livelock and guarantee multiple terminals’
satisfaction, network modeling and scheduling are investi-
gated in “Adaptive fault-tolerant routing in 2D mesh with
cracky rectangularmodel” (Y. Yang et al.), “Abio-inspiredQoS-
oriented handover model in heterogeneous wireless networks”
(D. Tian et al.), and “An efficient multitask scheduling model
forwireless sensor networks” (H. Yin et al.). After analyzing the
frequencies of CVSS metrics, a vulnerability rating approach
is proposed in the paper entitled “A software vulnerability
rating approach based on the vulnerability database” (J. Luo
et al.). Based on the comprehensive dictionary of Chinese
words, “Reconstruction of uncertain historical evolution of the
polysyllablization of Chinese lexis” (B. Qiu and J. Li) presents
a new mapping approach from words to their occurrence
times.
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The remaining 16 papers focus on the fields of formal
modeling, checking, and verification.

A hybrid I/O automata model for an automated guided
vehicle system is introduced in the paper entitled “A case
study on formal analysis of an automated guided vehicle
system” (J. Zhang et al.). The hybrid automaton and Taylor
approximation are studied in the paper entitled “Approximate
equivalence of the hybrid automata with Taylor theory” (A.
He et al.). Based on middle-model methodology, “Semantic
consistency checking in building ontology from heterogeneous
sources” (S. Yang et al.) proposes a model checkingmethod to
handle semantic consistency. Using theHOL theorem prover,
the higher-order logic formalization of the function vector
and the function matrix theories are proposed in the paper
entitled “Formalization of function matrix theory in HOL”
(Z. Shi et al.). Combining the extended modeling language
CSP# and linear temporal logic LTL, “Formal analysis of
fairness for optimistic multiparty contract signing protocol”
(by X. Li et al.) verifies the fairness of OMPCS protocols.
Embedded systemmodeling and verification using Petri Nets
are explored in the following papers: “Modeling, design, and
implementation of a cloud workflow engine based on Aneka”
(J. Zhou et al.), “Test purpose oriented I/O conformance test
selection with colored Petri Nets” (J. Liu et al.), and “Modeling
a heterogeneous embedded system in coloured petri Nets”
(H. Zhang et al.). Based on the strand space model, “For-
mal modeling and analysis of fairness characterization of E-
commerce protocols” (C. Zhang et al.) proposes a verification
method for fairness performance. An approach exploiting
the power of polynomial ring algebra is introduced in the
paper entitled “Groebner bases based verification solution
for SystemVerilog concurrent assertions” (N. Zhou et al.)
to perform SystemVerilog assertion verification over digital
circuit systems. The paper entitled “Functional verification
of high performance adders in Coq” (Q. Wang et al.) pro-
poses a systematic method to formalize and verify adders
in formal proof assistant Coq. A technique for reducing
the LTL formula is proposed in “Counterexample-preserving
reduction for symbolic model checking” (W. Liu et al.). In the
paper “Compositional abstraction refinement for component-
based systems” (L. Zhang et al.), the invariant strengthening
and state partitioning techniques help to strengthen the
abstraction and find counterexamples. The paper entitled
“Terminal satisfiability in GSTE” (Y. Xu et al.) gives a six-
tuple definition and presents a new algorithm for model
checking terminal satisfiability. The paper entitled “Towards
light-weight probabilistic model checking” (S. Konur) presents
a methodology to facilitate probabilistic model checking for
nonexperts. A machine closed theorem proof of TLA+ in the
theorem proving system Coq is presented in “Formal proof of
a machine closed theorem in Coq” (H. Wan et al.).
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Function matrices, in which elements are functions rather than numbers, are widely used in model analysis of dynamic systems
such as control systems and robotics. In safety-critical applications, the dynamic systems are required to be analyzed formally and
accurately to ensure their correctness and safeness. Higher-order logic (HOL) theorem proving is a promise technique tomatch the
requirement. This paper proposes a higher-order logic formalization of the function vector and the function matrix theories using
theHOL theoremprover, including data types, operations, and their properties, and further presents formalization of the differential
and integral of function vectors and function matrices. The formalization is implemented as a library in the HOL system. A case
study, a formal analysis of differential of quadratic functions, is presented to show the usefulness of the proposed formalization.

1. Introduction

Being operators of linear space transformation,matrices have
extended their applications in many science fields such as
physics, mechanics, optics, the probability theory, and many
engineering fields such as computer graphics, signal pro-
cessing, and robotics. In the applications, dynamic system
modeling requests function matrices, in which elements are
functions rather than constants.

Traditionally, function matrix computations are dealt
with by numerical analysis algorithms or computer algebra
algorithms, yet the absolute precision in the real number field
can never be reached because of round-off error, approximate
algorithms to address large-scale issues, and so on. On the
other hand, analysis of function matrix based models has
been carried out with paper and pencil, as is quite tedious and
error-prone. A tiny error or inaccuracy, however, may result
in failure or even loss of lives in highly sensitive and safety-
critical engineering applications. Mechanical theorem prov-
ing, on the contrary, is capable of performing precise and
scalable analysis.

Mechanical theorem proving has been considered a
promising and powerful method of formal proofs in pure
mathematics or system analysis and verification [1–5]. Sys-
tems or any proof goals need to be modeled formally before
they are verified by theorem provers, and theorem provers
work based on logic theorem libraries of mathematics. It is
indispensable to formalize functionmatrix theory before for-
mal verifying the systems based on the theory. Real matrices
have been formalized in many theorem provers. Nakamura
et al. [6] presented the formalization of the matrix theory in
Mizar in 2006.The COQ system initiated to provide matrices
in recent years [7]. Harrison presented the formalization of
Euclidean space in the HOL Light system in 2005 [8]. In Isa-
belle/HOL [9], some basic matrix theory has been formalized
[10, 11]. We have developed the basic matrix theory in HOL
theoremprover [12]. However, no formalized functionmatrix
theory has yet been reported in literatures.

HOL is one of the most popular theorem provers and has
a lot of successful applications.Thenewest version of theHOL
is named HOL4. This paper introduces the formalization of
the functionmatrix theory in HOL4, including formalization
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of definitions and properties of function vectors and function
matrices as well as their arithmetic operations and differ-
ential. This work is jointly based on the realTheory library,
limTheory library, and fcpTheory library in HOL4.

The formalization of the function vector is proposed in
Section 2, while the formalization of the function matrix
occupied Section 3. Section 4 proposes formal definitions
and properties of differential and integral of function matri-
ces (vectors). As a case study, formal proof of differential of
quadratic functions is shown in Section 5 to demonstrate the
usefulness of the formalized theory. Finally, the paper draws
the conclusion in Section 6.

2. Formalization of Function Vectors

Formal definitions and properties of function vectors and
their operations are proposed in this section.

A vector with functions of a variable 𝑥 as elements is
called a function vector, denoted by

𝛼 (𝑥) = (𝛼
1
(𝑥) , . . . , 𝛼

𝑖
(𝑥) , . . . , 𝛼

𝑛
(𝑥)) . (1)

The difference between a function vector and a real vector
is that the elements of the function vector are functions
although a real number could also be seen as a constant
function. In HOL4, “𝛼 -> 𝛽” donates a function type with
domain 𝛼 and range 𝛽. In this paper the elements of a func-
tion vector are real functions, and the data type of functions
is denoted by “real -> real.”

In HOL4, the library fcpTheory provides an operator
“∗∗” to construct multidimensional data types. So, the func-
tion vector data type is defined by

Hol type: (real -> real) ∗ ∗ 'n,
where “'n” is a type variable denoting the dimension of
function vectors, and the actual dimension can be retrieved
by the function dimindex (:'n).

According to the data type definition above, for a function
vector k of this type, the element V

𝑖
at position 𝑖 is denoted

by “v %% i” or “v ' i” in HOL4. Based on the definition, the
arithmetic operations and their properties of function vectors
are formalized below.

Based on the type definition, we present the formal
definitions of the arithmetic operations of function vectors
and the formal definitions of some special function vectors,
such as the base vectors and the zero vectors in HOL4. In
this paper, fk, fk1, and fk2 denote function vectors, 𝑓 and
𝑔 real functions, and 𝑘 and 𝑙 real numbers. To simplify the
definitions of arithmetic operations, two mapping functions
are given in Definitions 1 and 2, which expose their elements
to operations of function vectors.

Definition 1 (fvector map def). |- !f fv. fvector map f fv =
FCP i. (\x. f (fv ' i x)).

Definition 2 (fvector map2 def). |- !f fv1 fv2. fvector map2

f fv1 fv2 = FCP i. (\x. f (fv1 ' i x) (fv2 ' i x)).

Definition 1 is a unary operation and Definition 2 is a
binary operation on function vectors. Based on the two defi-
nitions, the arithmetic operations of function vectors could

be defined concisely. “∼”, “+,” and “-” are overloaded for
negative, addition, and subtraction of function vectors.

Definition 3 (fvector neg def). |- $∼= fvector map numeric

negate.

Definition 4 (fvector add def). |- $ + = fvector map2 $+.

Definition 5 (fvector sub def). |- $ - = fvector map2 $-.

Two function vectors can do inner product operation,
calculated as the following formula:

V (𝑥) 𝑢 (𝑥) =
𝑛

∑

𝑖=0

V
𝑖
(𝑥) 𝑢
𝑖
(𝑥) . (2)

In HOL4, “∗∗” is used to represent the inner product opera-
tor.

Definition 6 (fvector dot def). |- !fv1 fv2. fv1 ∗∗ fv2 =
(\x. sum (0, dimindex (:'n)) (\i. fv1 ' i x ∗ fv2 ' i x)).

A function vector can be multiplied by a scalar. Here, we
formalize the operations multiplying function vectors by real
numbers and real functions on left and on right, respectively.

Definition 7 (fvector mul lk def). |- !k fv. k ∗∗ fv = FCP i.
(\x. k ∗ fv ' i x).

Definition 8 (fvector mul rk def). |- !fv k. fv ∗∗ k = FCP i.
(\x. fv ' i x ∗ k).

Definition 9 (fvector mul lkx def). |- !kx fv. kx∗∗ fv= FCP i.
(\x. kx x ∗ fv ' i x).

Definition 10 (fvector mul rkx def).

|- !fv kx. fv∗∗ kx= FCP i.(\x. fv ' i x ∗ kx x),

where kx denotes a real function contrasting k for a real
number.

We present the definitions of the zero vectors and the
basis vectors, and the elements of these function vectors are
the constant functions 0 and 1, respectively.

Definition 11 (fvector 0 def). |- fvector 0 = FCP i. (\x. 0).

Definition 12 (fvector basis def). |- !k. fvector basis k= FCP i.
if i = k then (\x. 1) else (\x. 0).

It is useful to compute the value of a function vector at a
certain 𝑥, as is defined by Definition 13.

Definition 13 (compute fvector def). |- !fv x. compute fvector

fv x = FCP i. fv ' i x.

On the basis of the definitions formalized above, we
formalize a number of the operations’ properties and all the
properties are proven to be HOL4 theorems. Most of the
properties are of linearity and direct-viewing. We list parts
of the properties in Table 1.
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Table 1: Part operations’ properties of function vectors.

Property name Formalization
FVECTOR NEG |- !fv. ∼fv = −1 ∗∗ fv

FVECTOR ADD MUL LK |- !fv1 fv2 k. k ∗∗ (fv1 + fv2) = k ∗∗ fv1 + k ∗∗ fv2

FVECTOR ADD RDISTRIB |- !fv1 fv2 fv3. (fv1 + fv2) ∗∗ fv3 = (\x. (fv1 ∗∗ fv3) x + (fv2 ∗∗ fv3) x)
FVECTOR ADD ASSOC |- !fv1 fv2 fv3. fv1 + fv2 + fv3 = fv1 + (fv2 + fv3)
FVECTOR SUB LZERO |- !fv. fvector 0 − fv = ∼fv

FVECTOR DOT FBASIS |- !fv k x. k < dimindex (:'n) ==> (fv ∗∗ fvector basis k = fv ' k)

FVECTOR DOT FCP
|- ($FCP fv1 ∗∗ fv2 = (\x. sum (0,dimindex (:'n)) (\i. fv1 i x ∗ fv2 ' i x)))∧

(fv2 ∗∗ $FCP fv1 = (\x. sum (0,dimindex (:'n)) (\i. fv2 ' i x ∗ fv1 i x)))
FVECTOR ADD INDEX |- !fv1 fv2 i. i < dimindex (:'n) ==> ((fv1 + fv2) ' i = (\x. fv1 ' i x + fv2 ' i x))
FVECTOR SUB INDEX |- !fv1 fv2 i. i < dimindex (:'n) ==> ((fv1 − fv2) ' i = (\x. fv1 ' i x − fv2 ' i x))
FVECTOR NEG NEG |- !fv. ∼∼fv = fv

FVECTOR ADD MUL LKX |- !fv1 fv2 kx. kx ∗∗ (fv1 + fv2) = kx ∗∗ fv1 + kx ∗∗ fv2

FVECTOR ADD MUL RKX |- !fv1 fv2 kx. (fv1 + fv2) ∗∗ kx = fv1 ∗∗ kx + fv2 ∗∗ kx

FVECTOR MUL LRADD |- !fv k l. (k + l) ∗∗ fv = k ∗∗ fv + l ∗∗ fv

FVECTOR MUL RRADD |- !fv k l. fv ∗∗ (k + l) = fv ∗∗ k + fv ∗∗ l

FVECTOR MUL LFADD |- !fv f g. (\x. f x + g x) ∗∗ fv = f ∗∗ fv + g ∗∗ fv

FVECTOR ADD RDISTRIB |- !fv1 fv2 fv3. (fv1 + fv2) ∗∗ fv3 = (\x. (fv1 ∗∗ fv3) x + (fv2 ∗∗ fv3) x)
FVECTOR SUB LDISTRIB |- !fv1 fv2 fv3. fv1 ∗∗ (fv2 − fv3) = (\x. (fv1 ∗∗ fv2) x − (fv1 ∗∗ fv3) x)
FVECTOR SUB RDISTRIB |- !fv1 fv2 fv3. (fv1 − fv2) ∗∗ fv3 = (\x. (fv1 ∗∗ fv3) x − (fv2 ∗∗ fv3) x)
FVECTOR DOT LMUL K |- !fv1 fv2 k. (\x. k ∗ (fv1 ∗∗ fv2) x) = (k ∗∗ fv1) ∗∗ fv2

FVECTOR DOT LMUL KX |- !fv1 fv2 k. (\x. k x ∗ (fv1 ∗∗ fv2) x) = (k ∗∗ fv1) ∗∗ fv2

FVECTOR MUL LK ASSOC |- !fv k l. k ∗∗ l ∗∗ fv = (k ∗ l) ∗∗ fv

FVECTOR MUL LKX ASSOC |- !fv f g. f ∗∗ g ∗∗ fv = (\x. f x ∗ g x) ∗∗ fv

FVECTOR DOT COMM |- !fv1 fv2. fv1 ∗∗ fv2 = fv2 ∗∗ fv1

FVECTOR EQ |- !fv1 fv2. (fv1 = fv2) <=> (fv1 − fv2 = fvector 0)
FVECTOR EQ2 |- !fv1 fv2. (fv1 = fv2) <=> !i. i < dimindex (:'n) ==> (fv1 ' i = fv2 ' i)
FVECTOR ADD LID |- !fv. fvector 0 + fv = fv

FVECTOR ADD RID |- !fv. fv + fvector 0 = fv

FVECTOR ADD NEG |- !fv. fv + ∼fv = fvector 0

FVECTOR ADD NEG2 |- !fv1 fv2. fv1 + ∼fv2 = fv1 − fv2

FVECTOR SUB ADD |- !fv1 fv2. fv1 − fv2 + fv2 = fv1

FVECTOR MUL L1 |- !fv. 1 ∗∗ fv = fv

FVECTOR LNEG UNIQ |- !fv1 fv2. (fv1 + fv2 = fvector 0) <=> (fv1 = ∼fv2)
FVECTOR RNEG UNIQ |- !fv1 fv2. (fv1 + fv2 = fvector 0) <=> (fv2 = ∼fv1)
FVECTOR MULK COMM |- !fv k. fv ∗∗ k = k ∗∗ fv

FVECTOR MULKX COMM |- !fv f. fv ∗∗ f = f ∗∗ fv

FVECTOR EXIST NEG |- !fv. ?fv'. fv + fv' = fvector 0

FVECTOR FVECTOR 0 DOT |- !fv. fvector 0 ∗∗ fv = (\x. 0)
COMPUTE FVEC MUL MATRIX |- !fv A x. compute fvector fv x ∗∗ A = compute fvector (fv ∗∗ A) x

COMPUTE VEC MUL FVEC |- !fv v x. v ∗∗ compute fvector fv x = (v ∗∗ fv) x

3. Function Matrices

Like defining function vectors, “∗∗” is used again to define
function matrices. A function matrix takes function vectors
with data type “(real -> real) ∗ ∗ 'n” as elements. So, the data
type of function matrices is formally defined using “∗ ∗”
twice as

Hol type: ((real -> real) ∗ ∗ 'n) ∗ ∗ 'm.

This defines a function matrix with dimindex (:'n) rows
and dimindex (:'m) columns. Similar to function vectors,
“A %% i %% j” or “A ' i ' j” refers to the element of the 𝑖th
row and 𝑗th column of the function matrix 𝐴.

Based on the type definition, we present formal defi-
nitions of the arithmetic operations of function matrices,
including negative, addition, subtraction, transposition and
multiplication by function matrices, function vectors, and
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scalars and functions. And the formal definitions of the
special function matrices, the identity matrices, and the zero
matrixes are presented. In addition, the function matrices’
inversion is formally defined. In this paper, fm, fm1, and fm2

symbolize functionmatrices, f and g functions, and k and l

real numbers. Two mapping functions are defined to make
formalizations of negative, addition, and subtraction concise,
like in the function vectors case.

Definition 14 (fmatrix map def). |- !f fm. fmatrix map f fm =
FCP i j. (\x. f (fm ' i ' j x)).

Definition 15 (fmatrix map2 def). |- !f fm1 fm2. fmatrix

map2 f fm1 fm2 = FCP i j. (\x. f (fm1 ' i ' j x)(fm2 ' i ' j x)).

Definition 16 (fmatrix neg def). |- fmatrix neg = fmatrix map

numeric negate.

Definition 17 (fmatrix add def). |- $+ = fmatrix map2 $+.

Definition 18 (fmatrix sub def). |- $- = fmatrix map2 $-.

Multiplication of function matrices is based on the mul-
tiplication of rows and columns of the function matrices.The
functions to retrieve a certain row or column of a function
matrix are formalized based on FCP.

Definition 19 (fun row def). |- !fm k. fun row fm k = FCP j.
fm ' k ' j.

Definition 20 (fun column def). |- !fm k. fun column fm k =
FCP i. fm ' i ' k.

Definition 21 (fmatrix prod def). |- !fm1 fm2. fm1 ∗∗ fm2 =
FCP i j. fun row fm1 i ∗∗ fun column fm2 j.

The function matrices can be multiplied with different
data types including function factors, real numbers, and real
functions. The formal definitions are as follows.

Definition 22 (fmatrix mul lk def). |- !k fm. k ∗∗ fm= FCP i j.
(\x. k ∗ fm ' i ' j x).

Definition 23 (fmatrix mul rk def). |- !fm k. fm ∗∗ k= FCP i j.
(\x. fm ' i ' j x ∗ k).

Definition 24 (fmatrix mul lkx def). |- !k fm. k ∗∗ fm =
FCP i j. (\x. k x ∗ fm ' i ' j x).

Definition 25 (fmatrix mul rkx def). |- !fmk. fm∗∗ k= FCP i j.
(\x. fm 'i ' j x ∗ k x).

Definition 26 (fvector fmatrix prod def). |- !fv fm. fv ∗∗ fm=
FCP i. fv ∗∗ fun column fm i.

Definition 27 (fmatrix fvector prod def). |- !fm fv. fm ∗∗ fv =
FCP i. fun row fm i ∗∗ fv.

As shown below, we present definitions of the identity
function matrix, the zero function matrix, transposed matri-
ces, and reversibility of function matrices.

Definition 28 (fmatrix 0 def). |- fmatrix 0 = FCP i j. (\x. 0).

Definition 29 (fmatrix E def). |- fmatrix E = FCP ij. if i =
j then (\x. 1) else (\x. 0).

Definition 30 (transp fmatrix def). |- !fm. transp fmatrix

fm = FCP i j. fm ' j ' i.

Definition 31 (fmatrix inv def). |- !fm. fmatrix inv fm <=>
?fm'. (fm ∗∗ fm' = fmatrix E)∧ (fm' ∗∗ fm = fmatrix E).

Computing values of function matrices on a certain 𝑥

produces real matrices, as is defined by Definition 32.

Definition 32 (compute fmatrix def). |- !fm x. compute fmatrix

fm x = FCP i j. fm ' i ' j x.

Function vectors and function matrices can operate with
real vectors and real matrices, which are special function
vectors and function matrices.

Based on the definitions above, we formalize many linear
properties, which are useful in proving new theorems.

Property 1 (TRANSP FMATRIX FCP). The relation between
the elements of a function matrix and its transpose is as
follows:

|- !fm. transp fmatrix (FCP i j. fm i j) = FCP i j. fm j i.

Property 2 (TRANSP TRANSP FMATRIX). Transposing a
function matrix twice changes nothing:

|- !fm. transp fmatrix (transp fmatrix fm) = fm.

Property 3 (FMATRIX PROD FVECTOR). For any func-
tion matrix and function vector, denoted by 𝐴(𝑥) and V(𝑥),
respectively, it is held that

𝐴 (𝑥) V (𝑥) = V (𝑥) 𝐴𝑇 (𝑥) (3)

|- !fm fv. fm ∗∗ fv = fv ∗∗ transp fmatrix fm.

Property 4 (FVECTOR PROD FMATRIX). Swapping the
positions of the function matrix and the function vector, it
is held that

V (𝑥) 𝐴 (𝑥) = 𝐴𝑇 (𝑥) V (𝑥) (4)

|- !fm fv. fv ∗∗ fm = transp fmatrix fm ∗∗ fv.

Property 5 (TRANSP FMATRIX PROD). For any function
matrix 𝐴(𝑥), it is held that

[𝐴
𝑇
(𝑥) 𝐴 (𝑥)]

𝑇

= 𝐴
𝑇
(𝑥) 𝐴 (𝑥) (5)

|- !fm. transp fmatrix (transp fmatrix fm ∗∗ fm) =
transp fmatrix fm ∗∗ fm.
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Property 6 (TRANSP FMATRIX COLUMN). The rows of
a function matrix equal the corresponding columns of its
transpose:

|- !fm i.i < dimindex (:'m) ==> (fun column (transp
fmatrix fm) i = fun row fm i).

Property 7 (TRANSP FMATRIX ROW). The columns of a
function matrix equal the corresponding rows of its trans-
pose:

|- !fm i.i < dimindex (:'n) ==> (fun row (transp fmatrix

fm) i = fun column fm i).

Now, we present a special property (Property 8). A function
matrix, denoted by 𝐴(𝑥), can be formed by column function
vectors, written as

𝐴 (𝑥) = [V
1
(𝑥) , . . . , V

𝑖
(𝑥) , . . . , V

𝑛
(𝑥)] . (6)

So, multiplying a function matrix by its transpose can be
calculated as

𝐴
𝑇
(𝑥) 𝐴 (𝑥) = [V

𝑖
(𝑥) V
𝑗
(𝑥)]
𝑛×𝑛
. (7)

The property is formalized in Property 8.

Property 8 (FMATRIX ROW PROD). |- !fm. transp fmatrix

fm ∗∗ fm = FCP i j. fun column fm i ∗∗ fun column fm j.

Property 9 (FMATRIX VECTOR DOT PROD FMATRIX).
For multiplication of a functionmatrix and a function vector,
it is held that

𝐴 (𝑥) V (𝑥) 𝐴 (𝑥) = V (𝑥) 𝐴𝑇 (𝑥) 𝐴 (𝑥) (8)

|- !fm v. (fm ∗∗ v) ∗∗ fm = v ∗∗ transp fmatrix fm

∗∗fm.

Property 9 could be derived by Property 3.

Property 10 (COMPUTE FVEC MUL MATRIX). A func-
tion vector multiplies a real matrix:

|- !fv A x. compute fvector fv x ∗∗ A = compute

fvector (fv ∗∗ A) x.

Property 11 (COMPUTE VEC MUL FVEC). A real vector
multiplies a function vector

|- !fv v x. v ∗∗ compute fvector fv x = (v ∗∗ fv) x.

Other properties are listed in Table 2.
In practice, function matrices (and vectors) often operate

with real matrices (and vectors), and formalizations of the
operations are presented as follows.

Definition 33 (vec mul fvector def). |- !v fv. v ∗∗ fv =
(\x. sum (0,dimindex (:'n)) (\i. v 'i ∗ fv 'i x)).

Definition 34 (fvector mul vec def). |- !fv v. fv ∗∗ v =
(\x. sum (0,dimindex (:'n)) (\i. fv 'i x ∗ v 'i)).

Definition 35 (vec mul fmatrix def). |- !v fm. v ∗∗ fm =
FCP i. v ∗∗ fun column fm i.

Definition 36 (fmatrix mul vec def). |- !fm v. fm ∗∗ v =
FCP i. fun row fm i ∗∗ v.

Definition 37 (matrix mul fvector def). |- !A fv. A ∗∗ fv =
FCP i. row A i ∗∗ fv.

Definition 38 (fvector mul matrix def). |- !fv A. fv ∗∗ A =
FCP i. fv ∗∗ column A i.

Definition 39 (matrix mul fmatrix def). |- !A fm. A ∗∗ fm =
FCP i j. row A i ∗∗ fun column fm j.

Definition 40 (fmatrix mul matrix def). |- !fm A. fm ∗∗ A =
FCP i j. fun row fm i ∗∗ column A j.

4. Formalization of Differential and
Integral of Function Matrices

A function vector or function matrix is differentiable or inte-
grable supposing all its elements are differentiable or inte-
grable.This section presents the formalizations of differential
and integral of function vectors and function matrices based
on that of real functions.

A function vector, denoted by V(𝑥) = (𝑎
𝑖
(𝑥))
𝑛
, is derivable

at 𝑥 = 𝑥
0
if all its elements 𝑎

𝑖
(𝑥) (𝑖 = 1, 2, . . . , 𝑛) are derivable

at 𝑥 = 𝑥
0
, and the derivative can be written as

V (𝑥) =
𝑑V (𝑥)
𝑑𝑥








𝑥=𝑥0

= lim
Δ𝑥→0

V (𝑥
0
+ Δ𝑥) − V (𝑥

0
)

Δ𝑥

= (𝑎


1
(𝑥) 𝑎



2
(𝑥) ⋅ ⋅ ⋅ 𝑎



𝑛
(𝑥)) .

(9)

A function vector, denoted by V(𝑥) = (𝑎
𝑖
(𝑥))
𝑛
, is integrable in

[𝑡
0
, 𝑡
1
] if all its elements 𝑎

𝑖
(𝑥) (𝑖 = 1, 2, . . . , 𝑛) are integrable

in [𝑡
0
, 𝑡
1
], and the integral can be written as

∫

𝑡1

𝑡0

V (𝑥) 𝑑𝑡 = (∫
𝑡1

𝑡0

𝑎
𝑖
(𝑥)𝑑𝑡)

𝑛

. (10)

According to the mathematics descriptions, we formally
define the differential and integral of function vectors based
on that of real functions. The differential and integral of a
real function are denoted by “diffl” and “integral” [12], respec-
tively, in HOL4.

Definition 41 (fvector diffl). For anyone function vector fk, it
is the case that the differential of fk at 𝑥 is the real vector k if
and only if the differential of members of fk at 𝑥 equals the
corresponding members of k at 𝑥. In HOL4, it is said that

|- !fv v x. (fv fvector diffl v) x <=> !i. i < dimindex

(:'n) ==> (fv ' i diffl v ' i) x.

Definition 42 (fvector integral). Calculating the integral of a
function vector fk in [𝑎, 𝑏] is equal to calculating the integral
of all members of fk in [𝑎, 𝑏]. In HOL4, it is said that

|- !a b fv. fvector integral (a,b) fv = FCP i. integral
(a,b) (fv ' i).
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Table 2: Properties of operations of function matrices.

Property name Formalization

COMPUTE FMATRIX MUL EQ
|- !fm1 fm2 x. compute fmatrix fm1 x ∗∗ compute fmatrix fm2 x =
compute fmatrix (fm1 ∗∗ fm2) x

FMATRIX ADD INDEX
|- !fm1 fm2 i j. i < dimindex (:'m) ∧ j < dimindex (:'n) ==>

((fm1 + fm2) ' i ' j = (\x. fm1 ' i ' j x + fm2 ' i ' j x))

FMATRIX SUB INDEX
|- !fm1 fm2 i j. i < dimindex (:'m) ∧ j < dimindex (:'n) ==>

((fm1 − fm2) ' i ' j = (\x. fm1 ' i ' j x – fm2 ' i ' j x))

FMATRIX ROW ADD
|- !fm1 fm2 i. i < dimindex (:'m) ==>

(fun row fm1 i + fun row fm2 i = fun row (fm1 + fm2) i)

FMATRIX COLUMN ADD
|- !fm1 fm2 i. i < dimindex (:'n) ==>

(fun column fm1 i + fun column fm2 i = fun column (fm1 + fm2)
i)

FMATRIX ROW SUB
|- !fm1 fm2 i. i < dimindex (:'m) ==>
(fun row fm1 i − fun row fm2 i = fun row (fm1 − fm2) i)

FMATRIX COLUMN SUB
|- !fm1 fm2 i. i < dimindex (:'n) ==>
(fun column fm1 i − fun column fm2 i = fun column (fm1 − fm2) i)

FMATRIX NEG |- !fm. ∼fm = −1 ∗∗ fm

FMATRIX NEG NEG |- !fm. ∼∼fm = fm

FMATRIX MUL K EQ |- !fm k. fm ∗∗ k = k ∗∗ fm

FMATRIX MUL KX EQ |- !fm f. fm ∗∗ f = f ∗∗ fm

FMATRIX ADD COMM |- !fm1 fm1. fm1 + fm2 = fm2 + fm1

FMATRIX ADD ASSOC |- !fm1 fm2 fm3. fm1 + (fm2 + fm3) = fm1 + fm2 + fm3

FMATRIX ADD MUL LK |- !fm1 fm2 k. k ∗∗ (fm1 + fm2) = k ∗∗ fm1 + k ∗∗ fm2

FMATRIX ADD MUL RK |- !fm1 fm2 k. (fm1 + fm2) ∗∗ k = fm1 ∗∗ k + fm2 ∗∗ k

FMATRIX ADD MUL LKX |- !fm1 fm2 kx. kx ∗∗ (fm1 + fm2) = kx ∗∗ fm1 + kx ∗∗ fm2

FMATRIX ADD MUL RKX |- !fm1 fm2 kx. (fm1 + fm2) ∗∗ kx = fm1 ∗∗ kx + fm2 ∗∗ kx

FMATRIX ADD MUL LFVEC |- !fm1 fm2 fv. fv ∗∗ (fm1 + fm2) = fv ∗∗ fm1 + fv ∗∗ fm2

FMATRIX ADD MUL RFVEC |- !fm1 fm2 fv. (fm1 + fm2) ∗∗ fv = fm1 ∗∗ fv + fm2 ∗∗ fv

FMATRIX SUB MUL LFVEC |- !fm1 fm2 fv. fv ∗∗ (fm1 − fm2) = fv ∗∗ fm1 − fv ∗∗ fm2

FMATRIX SUB MUL RFVEC |- !fm1 fm2 fv. (fm1 − fm2) ∗∗ fv = fm1 ∗∗ fv − fm2 ∗∗ fv

FMATRIX MUL LRADD |- !fm k l. (k + l) ∗∗ fm = k ∗∗ fm + l ∗∗ fm

FMATRIX MUL RRADD |- !fm k l. fm ∗∗ (k + l) = fm ∗∗ k + fm ∗∗ l

FMATRIX MUL LFADD |- !fm f g. (\x. f x + g x) ∗∗ fm = f ∗∗ fm + g ∗∗ fm

FMATRIX MUL RFADD |- !fm f g. fm ∗∗ (\x. f x + g x) = fm ∗∗ f + fm ∗∗ g

FMATRIX MUL RFVADD |- !fm fv1 fv2. fm ∗∗ (fv1 + fv2) = fm ∗∗ fv1 + fm ∗∗ fv2

FMATRIX MUL LFVADD |- !fm fv1 fv2. (fv1 + fv2) ∗∗ fm = fv1 ∗∗ fm + fv2 ∗∗ fm

FMATRIX ADD LDISTRIB |- !fm1 fm2 fm3. fm1 ∗∗ (fm2 + fm3) = fm1 ∗∗ fm2 + fm1 ∗∗ fm3

FMATRIX ADD RDISTRIB |- !fm1 fm2 fm3. (fm1 + fm2) ∗∗ fm3 = fm1 ∗∗ fm3 + fm2 ∗∗ fm3

FMATRIX MUL LMUL K |- !fm1 fm2 k. k ∗∗ fm1 ∗∗ fm2 = (k ∗∗ fm1) ∗∗ fm2

FMATRIX MUL RMUL K |- !fm1 fm2 k. k ∗∗ fm1 ∗∗ fm2 = fm1 ∗∗ k ∗∗ fm2

FMATRIX MUL NEG |- !fm1 fm2. ∼fm1 ∗∗ fm2 = fm1 ∗∗ ∼fm2

FMATRIX NEG PROD |- !fm1 fm2. ∼fm1 ∗∗ fm2 = ∼(fm1 ∗∗ fm2)
FMATRIX MUL LMUL KX |- !fm1 fm2 kx. kx ∗∗ fm1 ∗∗ fm2 = (kx ∗∗ fm1) ∗∗ fm2

FMATRIX MUL LK ASSOC |- !fm k l. k ∗∗ l ∗∗ fm = (k ∗ l) ∗∗ fm

FMATRIX MUL LKX ASSOC |- !fm f g. f ∗∗ g ∗∗ fm = (\x. f x ∗ g x) ∗∗ fm

FMATRIX ADD LID |- !fm. fmatrix 0 + fm = fm

FMATRIX ADD RID |- !fm. fm + fmatrix 0 = fm

FMATRIX ADD NEG |- !fm. fm + ∼fm = fmatrix 0

FMATRIX ADD NEG2 |- !fm1 fm2. fm1 + ∼fm2 = fm1 − fm2

FMATRIX SUB ADD |- !fm1 fm2. fm1 − fm2 + fm2 = fm1

FMATRIX SUB LZERO |- !fm. fmatrix 0 − fm = ∼fm
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Table 2: Continued.

Property name Formalization
FMATRIX MUL L1 |- !fm. 1 ∗∗ fm = fm

FMATRIX MULK COMM |- !fm k. fm ∗∗ k = k ∗∗ fm

FMATRIX MULKX COMM |- !fm kx. fm ∗∗ kx = kx ∗∗ fm

FVECTOR PROD FMATRIX |- !fm fv. fv ∗∗ fm = transp fmatrix fm ∗∗ fv

FMATRIX FVECTOR 0 PROD |- !fm. fvector 0 ∗∗ fm = fvector 0

FMATRIX ROW PROD
|- !fm. transp fmatrix fm ∗∗ fm =

FCP i j. fun column fm i ∗∗ fun column fm j

TRANSP FMATRIX COLUMN
|- !fm i. i < dimindex (:'m) ==>

(fun column (transp fmatrix fm) i = fun row fm i)
TRANSP FMATRIX FVECTOR PROD |- !fm fv. fm ∗∗ fv = fv ∗∗ transp fmatrix fm

TRANSP FMATRIX PROD
|- !fm. transp fmatrix (transp fmatrix fm ∗∗ fm) =

transp fmatrix fm ∗∗ fm

TRANSP FMATRIX ROW
|- !fm i. i < dimindex (:'n) ==>

(fun row (transp fmatrix fm) i = fun column fm i)

Again, the differentiability and integrability of function vec-
tors are formally defined based on those of real functions.The
differentiability and integrability of real functions are denoted
by “differentiable” and “integrable” respectively, in HOL4.

Definition 43 (fvector differentiable). For anyone function
vector fk, it is the case that fk is differentiable at 𝑥 if and only
if all the members of fk are differentiable at 𝑥. In HOL4, it is
said that

|- !a b fv. fvector differentiable fv x <=>

!a b i. a <= b ∧ i < dimindex (:'n) ==> (fv ' i)
differentiable x.

Definition 44 (fvector integrable). For anyone function vec-
tor fk, it is the case that fk is integrable in [𝑎, 𝑏] if and only if
all the members of fk are integrable in [𝑎, 𝑏]. In HOL4, it is
said that

|- !a b fv. fvector integrable (a,b) fv <=>

!a b i. a <= b ∧ i < dimindex (:'n) ==> integrable

(a,b) (fv ' i).

A function matrix, denoted by 𝐴(𝑥) = (𝑎
𝑖𝑗
(𝑥))
𝑚∗𝑛

, is
derivable at 𝑥 = 𝑥

0
if its all elements 𝑎

𝑖𝑗
(𝑥) (𝑖 = 1, 2, . . . , 𝑚;

𝑗 = 1, 2, . . . , 𝑛) are derivable at 𝑥 = 𝑥
0
, and the derivative can

be written as

𝐴

(𝑥) =

𝑑𝐴 (𝑥)

𝑑𝑥








𝑥=𝑥0

= lim
Δ𝑥→0

𝐴 (𝑥
0
+ Δ𝑥) − 𝐴 (𝑥

0
)

Δ𝑥

=

[

[

[

[

[

[

𝑎


11
(𝑥
0
) 𝑎


12
(𝑥
0
) ⋅ ⋅ ⋅ 𝑎



1𝑛
(𝑥
0
)

𝑎


21
(𝑥
0
) 𝑎


22
(𝑥
0
) ⋅ ⋅ ⋅ 𝑎



2𝑛
(𝑥
0
)

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑎


𝑚1
(𝑥
0
) 𝑎


𝑚2
(𝑥
0
) ⋅ ⋅ ⋅ 𝑎



𝑚𝑛
(𝑥
0
)

]

]

]

]

]

]

.

(11)

A function matrix, denoted by 𝐴(𝑥) = (𝑎
𝑖𝑗
(𝑥))
𝑚∗𝑛

, is inte-
grable in [𝑡

0
, 𝑡
1
] if all its elements 𝑎

𝑖𝑗
(𝑥) (𝑖 = 1, 2, . . . , 𝑚;

𝑗 = 1, 2, . . . , 𝑛) are integrable in [𝑡
0
, 𝑡
1
], and the integral can

be written as

∫

𝑡1

𝑡0

𝐴 (𝑡) 𝑑𝑡 = (∫

𝑡1

𝑡0

𝑎
𝑖𝑗
(𝑡)𝑑𝑡)

𝑚×𝑛

. (12)

Similar to function vectors, we formally define the differential
and integral of function matrices based on those of real
functions as follows.

Definition 45 (fmatrix diffl). For anyone functionmatrix𝑓𝑚,
it is the case that the differential of 𝑓𝑚 at 𝑥 is a matrix 𝐴 if
and only if the differentials of members of 𝑓𝑚 at 𝑥 equal the
corresponding members of 𝐴. In HOL4, it is said that

|- !fm A x. (fm fmatrix diffl A) x <=>

!i j. i < dimindex (:'m) ∧ j < dimindex (:'n) ==>
(fm 'i 'j diffl A 'i 'j) x.

Definition 46 (fmatrix integral). Calculating the integral of a
function matrix 𝑓𝑚 in [𝑎, 𝑏] is equal to calculating the inte-
gral of all members of 𝑓𝑚 in [𝑎, 𝑏]. In HOL4, it is said that

|- !a b fm. fmatrix integral (a,b) fm = FCP i j. integral
(a,b) (fm 'i 'j).

Definition 47 (fmatrix differentiable). For anyone function
matrix 𝑓𝑚, it is the case that 𝑓𝑚 is differentiable at 𝑥 if and
only if there exists a matrix 𝐴 which is the differential of 𝑓𝑚
at 𝑥. In HOL4, it is said that

|- !fm x. fm fmatrix differentiable x <=> ?A. (fm
fmatrix diffl A) x.

Definition 48 (fmatrix ingegrable). For anyone function
matrix 𝑓𝑚, it is the case that 𝑓𝑚 is integrable in [𝑎, 𝑏] if and
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only if all the elements of𝑓𝑚 are integrable in [𝑎, 𝑏]. InHOL4,
it is said that

|- !a b fm. fmatrix integrable (a,b) fm <=>

!a b i j. a <= b ∧ i < dimindex (:'m) ∧ j <

dimindex (:'n) ==>
integrable (a,b) (fm ' i ' j).

Based on the definitions above, we formalize and prove
many properties about differential and integral of function
matrices. Some of them are presented as follows.

Uniqueness is one of the most important properties for
differential. Differential of a function matrix is unique.

Property 12 (FMATRIX DIFF UNIQ). |- !fm A B x. (fm
fmatrix diffl A) x ∧ (fm fmatrix diffl B) x ==> (A = B).

Suppose𝐴(𝑥) = (𝑎
𝑖𝑗
(𝑥))
𝑚∗𝑛

, 𝐵(𝑥) = (𝑏
𝑖𝑗
(𝑥))
𝑚∗𝑛

are differ-
entiable. It is the case that

𝑑

𝑑𝑥

[𝐴 (𝑥) ± 𝐵 (𝑥)] =

𝑑𝐴 (𝑥)

𝑑𝑥

±

𝑑𝐵 (𝑥)

𝑑𝑥

. (13)

The property is formalized in HOL4 as follows.

Property 13 (DIFF FMATIRX ADD). |- !fm1 fm2 A B x.
(fm1 fmatrix diffl A) x ∧ (fm2 fmatrix diffl B) x

==>((fm1 + fm2) fmatrix diffl (A + B)) x.

Property 14 (DIFF FMATIRX SUB). |- !fm1 fm2 A B x.
(fm1 fmatrix diffl A) x ∧ (fm2 fmatrix diffl B) x

==>((fm1 - fm2) fmatrix diffl (A - B)) x.

Similar to the differential of product of real functions, the
differential of inner product of function vectors is defined by

𝑑

𝑑𝑥

[V
1
(𝑥) V
2
(𝑥)] =

𝑑V
1
(𝑥)

𝑑𝑥

V
2
(𝑥) + V

1
(𝑥)

𝑑V
2
(𝑥)

𝑑𝑥

. (14)

In HOL4, it is formalized by Property DIFF FVECTOR
MUL.

Property 15 (DIFF FVECTOR MUL). |- !fv1 fv2 V1 V2 x.
(fv1 fvector diffl V1) x ∧ (fv2 fvector diffl V2)x ==>

((fv1 ∗∗ fv2) diffl (V1 ∗∗ compute fvector fv2 x +
V2 ∗∗ compute fvector fv1 x)) x.

The differential of the product of a function vector and a
matrix is defined by

𝑑

𝑑𝑥

[V (𝑥) 𝐴] =
𝑑V (𝑥)
𝑑𝑥

𝐴. (15)

Property 16 (DIFF FVEC MUL MATRIX). |- !A fv v. (fv
fvector diffl v)(x) ==> ((fv ∗∗ A) fvector diffl (v ∗∗ A))(x).

Let 𝑘(𝑥) be a real function of 𝑥,𝐴(𝑥) is a functionmatrix,
and both 𝑘(𝑥) and 𝐴(𝑥) are differentiable, and then

𝑑

𝑑𝑥

[𝑘 (𝑥)𝐴 (𝑥)] =

𝑑𝑘 (𝑥)

𝑑𝑥

𝐴 (𝑥) + 𝑘 (𝑥)

𝑑𝐴 (𝑥)

𝑑𝑥

. (16)

Specially, if 𝑘(𝑥) regresses to a constant 𝑘, then

𝑑

𝑑𝑥

[𝑘𝐴 (𝑥)] = 𝑘

𝑑𝐴 (𝑥)

𝑑𝑥

. (17)

In HOL4, the above properties are formalized as follows.

Property 17 (DIFF FMATIRX MUL KX). |- !fm A kx k x.
(fm fmatrix diffl A) x ∧ (kx diffl k) x ==>

((kx ∗∗ fm) fmatrix diffl (k ∗∗ compute fmatrix

fm x + A ∗∗ kx x)) x.

Property 18 (DIFF FMATIRX MUL K). |- !fm A k x. (fm
fmatrix diffl A) x ==> ((k∗∗ fm) fmatrix diffl (k ∗∗A)) x.

Suppose 𝐴(𝑥) and 𝐵(𝑥) are differentiable, and 𝐴(𝑥) and
𝐵(𝑥) are multipliable, and then

𝑑

𝑑𝑥

[𝐴 (𝑥) 𝐵 (𝑥)] =

𝑑𝐴 (𝑥)

𝑑𝑥

𝐵 (𝑥) + 𝐴 (𝑥)

𝑑𝐵 (𝑥)

𝑑𝑥

. (18)

Property 19 (DIFF FMATRIX MUL). |- !fm1 fm2 A B x.
(fm1 fmatrix diffl A) x ∧ (fm2 fmatrix diffl B) x ==>

((fm1 ∗∗ fm2) fmatrix diffl (compute fmatrix fm1 x

∗∗ B + A ∗∗ compute fmatrix fm2 x)) x.

Suppose𝐴(𝑥) is a function matrix, 𝑥 = 𝑓(𝑡) is a real function
of 𝑡, and 𝐴(𝑥) and 𝑓(𝑡) are differentiable, and then

𝑑

𝑑𝑥

𝐴 (𝑥) =

𝑑𝐴 (𝑥)

𝑑𝑥

𝑓

(𝑡) = 𝑓


(𝑡)

𝑑𝐴 (𝑥)

𝑑𝑥

. (19)

Property 20 (DIFF FMATRIX CHAIN). |- !fm g A m x.
(fm fmatrix diffl A) (g x) ∧ (g diffl m) x ==>

(fmatrix o fm g fmatrix diffl (A ∗∗ m)) x.

That 𝐴(𝑥) is a constant matrix is equivalent to that

𝑑𝐴 (𝑥)

𝑑𝑥

= 0. (20)

Property 21 (DIFF CONST MATRIX). |- !A x. (matrix to

fun A fmatrix diffl matrix 0) x.
If 𝐴(𝑥) and its inverse are differentiable, then

𝑑𝐴
−1
(𝑥)

𝑑𝑥

= −𝐴
−1
(𝑥)

𝑑𝐴 (𝑥)

𝑑𝑥

𝐴
−1
(𝑥) . (21)

Property 22 (FMATRIX 0 INTEGAL). If a function matrix
equals the zero functionmatrix, then the integral of the func-
tion matrix is the zero real matrix. In HOL4, it is formalized
by

|- !fm a b. a <= b ∧ (fm = fmatrix 0) ==> (fmatrix

integral (a,b) fm = matrix 0).

5. Case Study—Differential of
Quadratic Functions

For linear control systems, the mathematical models of
their performance indicators are quadratic functions of state
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val DIFF QUADRATIC = store thm(“DIFF QUADRATIC”,
“!(fv:'n fun vector) (v:'n vector) (A:('n,'n) matrix) (t:real).
(fv fvector diffl v)(t) ∧ (transp A = A) ==>
((fv ∗∗ A ∗∗ fv) diffl

(v ∗∗ A ∗∗ (compute fvector fv t) + (v ∗∗ A) ∗∗ (compute fvector fv t)))(t)”,
REPEAT GEN TAC THEN

RW TAC std ss [MATRIX VECTOR] THEN

‘!(fv:'n fun vector) (A:('n,'n) matrix).
(transp A = A) ==> (fv ∗∗ A ∗∗ fv = (fv ∗∗ A) ∗∗ fv)’
by REWRITE TAC [] THENL

[SRW TAC [fcpLib.FCP ss] [fvector mul matrix def] THEN

SRW TAC [fcpLib.FCP ss] [fvector dot def] THEN

ABS TAC THEN

MATCH MP TAC SUM EQ THEN

SRW TAC [][] THEN

SRW TAC [fcpLib.FCP ss] [fvector mul vec def] THEN

SRW TAC [fcpLib.FCP ss] [matrix mul fvec def] THEN

SRW TAC [fcpLib.FCP ss] [vec mul fvector def] THEN

GEN REWR TAC RAND CONV [REAL MUL COMM] THEN

REWRITE TAC [GSYM SUM CMUL] THEN

MATCH MP TAC SUM EQ THEN

SRW TAC [][] THEN

DISJ2 TAC THEN

SRW TAC [fcpLib.FCP ss] [row def, column def] THEN

NTAC 3(POP ASSUM MP TAC) THEN

SRW TAC [fcpLib.FCP ss] [transp def] THEN

PROVE TAC [REAL MUL COMM],ALL TAC] THEN

‘!(fv:'n fun vector) (A:('n,'n) matrix) t:real.
(compute fvector fv t) ∗∗ A = compute fvector (fv ∗∗ A) t’
by REWRITE TAC [COMPUTE FVEC MUL MATRIX] THEN

‘!(fv:'n fun vector) (v:'n vector) t:real.
v ∗∗ (compute fvector fv t) = (v ∗∗ fv) t’
by REWRITE TAC [COMPUTE VEC MUL FVEC] THEN

‘!(fv:'n fun vector) (v:'n vector) (A:('n,'n) matrix) (t:real).
(fv fvector diffl v)(t) ==> ((fv ∗∗ A) fvector diffl (v ∗∗ A))(t)’
by REWRITE TAC [DIFF FVEC MUL MATRIX] THEN

PROVE TAC [DIFF FVECTOR MUL]);

Algorithm 1: Formal proof of the quadratic function differential.

and control variables, and the optimal control problem is
called the linear quadratic problem [13]. For example, the
differential of quadratic functions is involved in analyzing
asymptotic stability of the optimal closed-loop systems. In
this section, differential of quadratic functions is formalized.

Let 𝑥 = 𝑥(𝑡) ∈ 𝑅
𝑛 be a function vector, and 𝐴 = 𝐴

𝑇
∈

𝑅
𝑛×𝑛 a constant matrix, we formally analyze the differential

of the quadratic function 𝑥𝑇𝐴𝑥 with respect to 𝑡
∘
. Based on

the properties of differential of function vectors andmatrices,
we have

𝑑

𝑑𝑡

(𝑥
𝑇
𝐴𝑥) =

𝑑𝑥
𝑇

𝑑𝑡

𝐴𝑥 + 𝑥
𝑇 𝑑

𝑑𝑡

(𝐴𝑥)

=

𝑑𝑥
𝑇

𝑑𝑡

𝐴𝑥 + 𝑥
𝑇
(

𝑑𝐴

𝑑𝑡

𝑥 + 𝐴

𝑑𝑥

𝑑𝑡

)

=

𝑑𝑥
𝑇

𝑑𝑡

𝐴𝑥 + 𝑥
𝑇
𝐴

𝑑𝑥

𝑑𝑡

.

(22)

The formula is formally proved in HOL4 as shown in Algo-
rithm 1. Following the custom of our formalization, fk is
employed to denote function vector 𝑥 and real vector k to
denote the differential of fk at 𝑥. 𝑥𝑇𝐴𝑥 = (𝑥

𝑇
𝐴)𝑥 is proved

first to transform the original goal into the differential of
the inner product of two function vectors, which has been
proven in Property DIFF FVECTOR MUL. And the differ-
ential of 𝑥𝑇𝐴 could be dealt with by Property DIFF FVEC
MUL MATRIX.

6. Conclusion

Based on high order logic theorem prover HOL4, this paper
formalized the data type definitions and operation defini-
tions of function vectors and function matrices and proved
lots of operation properties. This paper also presented the
definitions of function matrix differential and integral and
their properties. All the formalization was implemented as a
library in the HOL4 system.The case study of formal proof of
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quadratic function illustrated the usefulness of the formalized
theory.
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Polysyllablization, closely related to phonetics, semantics, and syntactics, is one of the fundamental trends in the development of
Chinese lexis. However, with lots of uncertainties in the historical evolution of Chinese language, the quantitative modeling and
reconstruction of polysyllablization remain open questions. Based on the Comprehensive Dictionary of Chinese Words, a mapping
from the words to their time of occurrence is built. With the inverse mapping on random samples, the newly produced words with
different numbers of syllables in different time periods are obtained. Finally the total quadratic variation minimization model is
adopted to estimate the trend of polysyllablization. As a novel exploration in the computational linguistics, the results agree with
the stage division of historical Chinese and answer some difficult questions related to polysyllablization in a quantitative manner.

1. Introduction

Language is always changing [1]. The change of language is
variation over time in a language’s lexical, phonetic, syntactic,
and other features. Old English (from the mid-5th century to
themid-11th century), for instance, would be greatly different
from Modern English (from the late 15th century to the
present) [2]. Language changes in many and varied ways. It
is interesting to note that lexical change is one of the most
obvious and important types of language change. One may
observe that new words are formed and old words are tagged
as “obsolete.” Slang terms, in particular, come and go every
few years. Consequently, as far as a long historical period
is concerned, the variation of lexis is a complicated issue,
which is not only fundamental to historical lexicology but
also related to many research fields ranging from historical
linguistics [3], onomasiology, etymology, to sociolinguistics
[4].

Polysyllablization is one of the fundamental trends in
the development of Chinese lexis. It is a prevailing view
nowadays in the academic circle that there are three stages
in the evolution of Chinese [5–8], that is, Old Chinese,
Middle Chinese, and Modern Chinese. Old Chinese was the

commonly used language during the early and middle Zhou
Dynasty [9] (around 1046–256 BC). Middle Chinese was the
historical Chinese dialect which was phonologically recorded
in Qieyun [10, 11], a rime dictionary first published in 601.
Modern Chinese is mainly referred to as the form of Chinese
varieties to the present. However, the boundaries of these
stages are ambiguous. The periods between them are transi-
tional phases. The vocabulary system of Old Chinese mainly
consists of monosyllabic (i.e., single syllable) words, whereas
that of Modern Chinese is mainly made up of polysyllabic
(i.e., two or more syllables) words. The aforementioned evo-
lution of Chinese lexis is called polysyllablization. Since each
Chinese character represents amonosyllabic Chineseword or
a morpheme, polysyllablization in the historical evolution of
Chinese not only introduces the form expansion of words but
also represents the combination ofmorphemes andmeanings
and depicts the coordination of grammatical relations, which
reflect the inherent laws of Chinese phonetics, semantics, and
syntactics. In addition, the importance of syllables in Chinese
lies in their link to word recognition [12, 13]. Therefore,
polysyllablization is one of the most principal research topics
of Chinese language, which has attracted lots of attention
from the academia.
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Most of the traditional studies on the polysyllablization
of Chinese lexis are qualitative, of which the conclusions are
mainly based on personal experiences. In fact, the difference
in the number of syllables between Old Chinese words and
Modern Chinese words is obvious and easy to be noticed.
However, the following questions are not easy to answer
based on the qualitative conclusions.

(i) Whatwas the quantitative degree of polysyllablization
during a certain period, for example, Qin or Han
Dynasty? When did the polysyllabic words begin to
occupy a major position in the vocabulary system?

(ii) What was the speed of polysyllablization at a certain
time point? When was the lexis polysyllablized most
rapidly?

(iii) How were the evolving trends for different kinds
of polysyllabic words (i.e., disyllabic words, three-
syllable words and so forth)?

As a result, the related studies in recent years have put a
particular emphasis on the adoption of quantitativemethods.
They usually focus on a specific range of language materi-
als, for example, a specific chapter, a specific book, or all
the books of a specific author. For these limited language
materials, the numbers of monosyllabic words, polysyllabic
words, and total words have been counted. The ratio of
the number of polysyllabic words to that of total words,
namely, polysyllabic word ratio, is then adopted to evaluate
the degree of polysyllablization. In a sense, polysyllablization
is studied in a quantitative manner. Although the statistics
on the polysyllabic words in a specific range of language
materials are closely related to polysyllablization, it is not
the polysyllablization itself. The polysyllabic word ratio of
a specific range of language materials seriously depends on
the selected topic, the author’s habit, and the length of the
corresponding text materials, so it is only a local weight of
polysyllabic words and cannot represent the global degrees
of polysyllablization. However, it is indeed very difficult to
count all words of various numbers of syllables through
different time periods for the purpose of depicting the trend
of polysyllablization.

The lexis, that is, the vocabulary system, of a language is
related to many complex and dynamic features with lots of
uncertainties. It is often very difficult to construct a mathe-
matical model. To the best of our knowledge, the quantitative
evaluation and modeling of the polysyllablization of Chinese
are still open questions.

Hanyu Da Cidian [14] (literally Comprehensive Dictio-
nary of ChineseWords, abbreviated asCDCW in the following
text) is the most inclusive Chinese dictionary available. It has
a diachronic coverage of the Chinese language, tracing its
usage over three thousand years from Chinese classic texts
to modern slangs. Researchers use CDCW as a reference
book to search and examine specific words and develop
related lexicological studies. At the macrolevel, however, the
enormous amounts of information in CDCW have not yet
been effectively mined. To draw an analogy, if we compare
CDCW to a building, the existing studies are focusing on the
bricks; however, the structure of the building as a whole has

been neglected. The data mining of CDCW provides us with
a novel approach to tackle the polysyllablization of Chinese
language.

This paper aims to answer the aforementioned open ques-
tions related to polysyllablization. In particular, our contribu-
tion lies mainly in the following aspects.

(i) We propose a novel approach based on CDCW to
study polysyllablization of theChinese lexis in a quan-
titative and impersonalmanner.Thewords inCDCW,
as a whole, are regarded as the maximum vocabulary
so far. We can obtain the time of occurrence for each
word in CDCW. Once a mapping from the words to
their time of occurrence is built, the inverse mapping
leads us to the newly produced words with different
numbers of syllables in different time periods.

(ii) We introduce several techniques in the practical
workflow to handle various uncertainties, including
the repetitions and exceptions in the entries ofCDCW
and inaccuracy of mapping from words to their
time of occurrence. The statistical sampling method
is adopted to avoid the huge workload to process
hundreds of thousands of words. The total quadratic
variation minimization model is adopted to estimate
the trend of polysyllablization.

(iii) We obtain the statistical data and finally present the
trend of polysyllablization of the Chinese lexis. We
also discuss the results through comparison with the
existing conclusions. As a novel exploration in the
computational linguistics, especially for the Chinese
language with such a long history and such a complex
evolution, our approach is valuable to similar issues.

The rest of this paper is organized as follows: Section 2
briefly reviews related works. Section 3 introduces the for-
mulation and themathematical model. Section 4 presents the
results and discusses the trends of polysyllablization. Finally,
Section 5 concludes this paper.

2. Related Works

Since polysyllablization is among the most important rules
in the development of Chinese vocabulary, in recent years,
studies on Chinese polysyllabic words and polysyllablization
have achieved rich results. For example, the syllabic structure
of Mandarin Chinese is discussed in [15] based on the X-
bar approach. From the viewpoint of the Buddhist and Taoist
scriptures of Eastern Han Dynasty, the polysyllablization
of Chinese vocabulary based on the new lexical items is
discussed in [16]. Since most of polysyllabic words are
disyllabic words, the development of disyllabic words in
Chinese is discussed in [17]. Also, many quantitative surveys
and analyses have been conducted on polysyllabic words in
different monographs across different time periods. Accord-
ing to the statistics in [18], published papers on the vocabulary
in Middle Chinese and Early Modern Chinese monographs
have amounted to over 6,000. Generally, without uniform
standards, scholars differ from each other on their subjective
definitions of polysyllabic words; as a result, they have
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obtained different statistical results about the number of the
polysyllabic words in the same monograph. Take Shi Shuo
Xin Yu (literally A New Account of the Tales of the World) for
example, the number of polysyllabic words in it was said to be
around 1,500 to 2,100 in different conclusions. Besides, due to
the limitations of the subject, content, length of the book, and
the authors mastery over the language, the vocabulary in one
monograph alone cannot fully represent the complete picture
of the its contemporary vocabulary system; as amatter of fact,
sometimes there could be a great deviation. In other words,
monographs are theme-based and scope-limited, so they can
only reflect the vocabulary system from a restricted view
rather than represent the whole. So far, many questions still
remain unanswered, such as how polysyllablization evolved
in the history of the Chinese vocabulary system.

CDCW is among the most important dictionaries in
Chinese lexicological studies. Since the publication of its
first volume in 1986, it has been put into wide academic
application and achieved plentiful research results. CDCW
has 50 million characters, containing 22.7 thousand Chinese
characters and 375 thousand polysyllabic words. Wenkan Xu,
one of the editorial board members of CDCW, said “Before
the publishing of CDCW, there was no such a dictionary
which contains both modern and ancient words, as well as
words that were developed intermediately, and proves itself
to be a confluence of the entire Chinese vocabulary, for the
purpose of search and reference” (translated from Chinese
according to [19]). Thus it is feasible for researchers either
to observe the change of a single word from a diachronic
perspective or to observe the semantic structure of a group
of words from a synchronic perspective. Additionally, such
a large-scale historical Chinese dictionary, which collects,
organizes, and explains hundreds of thousands of ancient
and modern words, is a very valuable corpus itself. Corpus
linguistics is one of the most important fields nowadays [20].
CDCW is undoubtedly a huge corpus, and the reasonable uti-
lization of CDCW will probably lead us to a novel approach,
excluding the subjective prejudice of the researchers, to tackle
the polysyllablization of Chinese.

3. Formulation and Mathematical Model

The vocabulary system has two characteristics, namely,
integrity and dynamics. Integrity means that the vocabulary
system is a macrolevel concept and refers to the sum of all the
words in the language. Dynamics means that the vocabulary
changes over time. Equivalently, new words appear and old
words fade. Thus, in order to illustrate the polysyllablization
of Chinese lexis, two key issues must be solved in accordance
with these two characteristics of the vocabulary system. The
first issue is to obtain the complete set of the words from Old
Chinese to Modern Chinese. The second one is to determine
the first-appearing and last-appearing time points of each
word.

Unlike the English text in which sentences are sequences
of words delimited by spaces, the word boundary in Chinese
is fuzzy. A Chinese word may consist of one, two, or more
Chinese characters (also referred to as Hanzi). There is no

immediate way of deciding which characters in the text
should be grouped into words. The studies on word segmen-
tation have attracted lots of attention from the academia [21–
23]. Once thewords are obtained, the numbers of syllables are
easy to be counted.

To assert the first-appearing and last-appearing time
points of each word is complicated. A group of Chinese
characters is possibly treated as a word at some time, but
not considered as a word at another time. There are also
various criteria to decide whether a group of characters is a
word, most of which are personally prejudiced with lots of
uncertainties.

We introduce a novelmethod to solve the aforementioned
issues and analyze the polysyllablization of Chinese lexis in
an impersonal and quantitative manner based on the data
mining of CDCW. Briefly, we build a mapping from the
words to their time of occurrence. The inverse mapping
is used to count the newly formed words over different
time periods. However, there are still lots of uncertainties
to deal with. Thus we introduce a total quadratic variation
minimizationmodel and some related techniques to estimate
the polysyllablization of Chinese lexis. The aforementioned
issues finally lead to a constrained quadratic programming
problem. The details are as follows.

3.1. Basic Idea. CDCW is the archive of Chinese vocabulary
over time, containing 22.7 thousand Chinese characters
(most of them are monosyllabic words) and 375 thousand
polysyllabic words. Based on the entries of CDCW, the whole
set of Chinese words over time can be obtained.

The structure of hundreds of thousands of entries in
CDCW contains rich information and reflects many lexico-
logical ruleswhen examined at themacrolevel. Each entry has
multiple properties, such as its pronunciation and explana-
tion, which are directly listed in CDCW. In fact, more prop-
erties can be obtained indirectly with additional procedures.
Among the indirect properties, the time of occurrence, which
indicates when the word emerged, is of great significance to
the studies of historical lexicology.

In CDCW, the definition of an entry usually contains
several terms of meanings, most of which can be traced
back to their earliest reference through the documentary
evidences provided by CDCW. As long as the approximate
time when the documentaries were published or the years
when their authors lived are possible to be acquired, we will
be able to date all the documentaries available for each termof
meanings for the word entry, the earliest one of them reveals
the time of occurrence of the word, that is, the time when
the word emerged. Note that CDCW is a result of collective
wisdom of more than 1000 scholars. Thus it offers us an
authoritative and impersonal manner to deduce the time of
occurrence for each word.

Here is an example to illustrate the procedure from the
entry to its time of occurrence. For the word entry Senlin
(Chinese word, literally, forest; here Chinese characters Sen
and Lin both mean trees or woods), there is only one term
of meaning. The earliest documentary evidence is a poem in
Tang Dynasty. Thus, it is deduced that the word Senlin was
composited during Tang Dynasty. We also know the author,
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Xiji Cai, served as a junior officer in Luoyang City in 748.
However, we know neither the exact year when he wrote the
poem nor the birth year of him.

The inaccuracy in defining the publishing time of the
ancient documentaries is not occasional. In fact, limited by
the records of ancient history literatures, the exact years of
the publication of ancient documentaries or even the exact
living years of the related authors are difficult to resolve. For
most of ancient documentaries, we only know the dynasties
of their publication.

Figure 1 is a diagram showing how to investigate the time
of occurrence entry by entry in CDCW. Suppose that the
earliest documentary evidence for Entry 1 is found in Wei
Dynasty, then its time of occurrence can be determined to
be Wei Dynasty and it will be put under the corresponding
chronological category. The same procedure applies to the
rest of the entries. In theory, following this method, the time
of occurrence for all entries can be determined exhaustively.

The above process is to determine the time of occurrence
per word entry by exploring its earliest documentary evi-
dence. However, in order to observe the dynamic evolution
of the vocabulary system at the macrolevel, it is necessary to
conduct another survey from the opposite direction, that is,
to investigate words which occurred in the same time period.
By gathering all words which share the same time span of
occurrence in CDCW, we can obtain all the new words that
emerged in the corresponding time period.

The evolution of the vocabulary system is a metabolic
process. On one hand, new words have been emerging
constantly and entering the vocabulary system; on the other
hand, some old words have been withering away and falling
out of the vocabulary system. The emergence of new words
usually reflects the reform of the society, the occurrence of
new things, the transformation of concepts, the evolution
of the language itself, and so forth. The emergence of new
words is an active and positive factor in the development of
the vocabulary system and constitutes the subject of most
lexicological studies. In fact, even when we talk about the
fading of the old words, they do not completely exit but still
exist as a historical preservation in the vocabulary system.
Considering that the emergence of new words takes a much
more important position than the extinction of old words, we
can obtain the general trend of the diachronic evolution of
Chinese vocabulary system at the macrolevel by investigating
the newwords categorized in different timeperiods according
to their time of occurrence in CDCW.

Admittedly, omissions of entries and presence of errors
can be found in CDCW, and it is also true that CDCW
cannot include all the new words in a given time period.
However, the definitions and explanations ofwords inCDCW
are the concerted efforts of a great number of researchers and
scholars, and the defects and mistakes in it only account for
a trivial proportion in the total number of its entries. As the
“archives of ancient andmodernChinese vocabulary,”CDCW
remains one of themost authoritative dictionaries.Therefore,
it is not only feasible, but also conducive to excluding the
subjective prejudice of the researchers and to use the time of
occurrence per entry in CDCW for reference when studying
the diachronic evolution of the Chinese vocabulary system.

Theoretically speaking, it is possible to exhaustively
obtain the time of occurrence of all word entries in CDCW.
However, considering the fact that CDCW contains as many
as over 300 thousand entries, it would be too much work to
analyze all the entries. Therefore, in the present study, under
the guidance of statistical sampling theory, we only draw a
moderate number of sample entries and then deduce the
overall quantitative characteristics of the population.

3.2. Formulation under Ideal Condition. Let 𝑊 denote the
word set for the Chinese lexis, from Old Chinese to Modern
Chinese. An element 𝑤 ∈ 𝑊 is a Chinese word. The subsets
of monosyllabic words, disyllabic words, and three-or-more-
syllable (i.e., ≥3 syllables) words are written as 𝑊(1), 𝑊(2),
and 𝑊

(3+), respectively. The subset of polysyllabic words is
written as 𝑊(2+) and satisfies 𝑊(2+) = 𝑊

(2)
∪ 𝑊
(3+). Notice

that disyllabic words are processed independently because
disyllabic words are extremely important in Chinese. Let the
cardinality of a set be denoted as | ⋅ |.Thus the total number of
the words is represented as 𝑁 = |𝑊|. Likewise, the number
of words in𝑊(1) is denoted as𝑁(1) = |𝑊

(1)
| and so forth.

Let 𝑇 represent the time (using year as the unit of time)
for the evolution of Chinese language, which is in fact a range
of integer number from 𝑡

𝑏
to 𝑡
𝑒
. The time length in years of 𝑇

is given by ‖𝑇‖ = 𝑡
𝑒
− 𝑡
𝑏
+ 1.

As illustrated in Figure 1, there exists a function 𝑓 which
relates each word 𝑤 ∈ 𝑊 to its time of occurrence 𝑡 =

𝑓(𝑤) ∈ 𝑇. With the denotation, 𝑓−1(𝑡) represents all the
words which first occurred in the year 𝑡. The symbol 𝑛

𝑡
=

|𝑓
−1
(𝑡)| represents the total number of the words which first

occurred in the year 𝑡. Considering that 𝑛
𝑡
is the number of

the newly formedwords in the year 𝑡, we define it as the speed
of new word production.

The sequence {𝑛
𝑡
} constitutes a time series. Its partial sum

sequence {𝑐
𝑡
} is the cumulative number of all the words which

first occurred in or before the year 𝑡, satisfying

𝑐
𝑡
= 𝑐
𝑡
𝑏
−
+

𝑡

∑

𝜏=𝑡𝑏

𝑛
𝜏
. (1)

Here, 𝑐
𝑡
𝑏
−
means the initial cumulative number of all the

words before time 𝑡
𝑏
.

In addition, let 𝑓|
𝑈
: 𝑈 → 𝑇 denote the restriction of

𝑓 to the subset 𝑈 of its domain 𝑊, which is defined by the
same rule as 𝑓 but with a smaller domain set 𝑈. Thus, 𝑛(1)

𝑡
=

|𝑓|
−1

𝑊
(1)(𝑡)| represents the total number of the monosyllabic

words which first occurred in the year 𝑡. Likewise, we have
𝑛
(2)

𝑡
, 𝑛(3+)
𝑡

and also their partial sum 𝑐
(2)

𝑡
, 𝑐(3+)
𝑡

, and so forth.
We introduce two indexes to evaluate the trend of poly-

syllablization. The first is the speed of new word production
for polysyllabic words, which is, namely, 𝑛(2+)

𝑡
. It is in fact the

number of the newly formed polysyllabic words per year and
indicates how fast the new polysyllabic words are generated
into the vocabulary system. The second index is named the
polysyllablization degree index (PDI). It is the ratio of the
cumulative number of the polysyllabic words to that of all the
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Figure 1: Determining the time of occurrence per word entry by the earliest textual evidence with CDCW.

words at the time 𝑡, and indicates the weight of the polysyl-
labic words in the then vocabulary system, which is defined
as

PDI (𝑡) ≜
𝑐
(2+)

𝑡

𝑐
𝑡

. (2)

3.3. Modeling with Uncertainties. However, there are still lots
of uncertainties in the aforementioned formulation.

Firstly, there are a small amount of repetitions and
exceptions in the entries in CDCW. The repetitions mean
that two entries have different forms but the same meanings,
which is similar to the case “color” and “colour” in English.
Basically, they are just different forms of one word and should
be counted as one word only.The exceptions mean that some
entries are not valid Chinese words, such as the Japanese
characters included in CDCW. Thus, the set of the whole
entries of CDCW, 𝐸, is a superset of𝑊; that is,𝑊 ⊂ 𝐸. The
total number of entries in 𝐸 is greater than that in 𝑊. The
invalid entries, including repetitions and exceptions, should
be preprocessed.

Secondly, there are above 300 thousand of entries in
CDCW. They are too many to be handled one by one. The
feasible way is to handle part of them with the statistical
samplingmethod, which subsequently introduces probabilis-
tic uncertainty. Assuming that we take a certain number
of samples which are uniformly randomly chosen from the
entries of CDCW, the set of the sampled entries is denoted as
𝐸
𝑠
, in which the set of valid entries (i.e., words) is denoted as

𝑊
𝑠
.
Based on the samples, the total number of word inCDCW

can be estimated by

�̂� =
̂
|𝑊| =





𝑊
𝑠










𝐸
𝑠






⋅ |𝐸| =

|𝐸|





𝐸
𝑠






⋅




𝑊
𝑠





= 𝐾 ⋅





𝑊
𝑠





. (3)

Here 𝐾 is a constant factor and equals |𝐸|/|𝐸
𝑠
|.

Furthermore, the sequence {𝑛
𝑡
} can be estimated by the

restriction of 𝑓 to the subset𝑊
𝑠
, which is similarly given by

𝑛
𝑡
= 𝐾 ⋅






𝑓|
−1

𝑊𝑠
(𝑡)






. (4)

The cases to estimate 𝑛(1)
𝑡
, 𝑐
𝑡
, and so on are similar and not

listed here.
Thirdly, the precise value of the function 𝑓 is usually

difficult to decide. For most of the words, we can only know
the dynasty of its occurrence rather than the time (accurate
to year) of its occurrence. Thus the inaccuracy of time of
occurrence will introduce lots of uncertainties.

Now consider that the set 𝑇 can be divided into several
segments,mathematically speaking,𝑇 can be expressed as the
union of a number of disjoint sets𝐷

𝑖
(1 ≤ 𝑖 ≤ 𝑛

𝑑
) as follows:

𝑇 = ⋃

1≤𝑖≤𝑛𝑑

𝐷
𝑖
, (5)

where 𝐷
𝑖
is a set of consecutive integers beginning with 𝑡

(𝑖)

𝑏

and ending with 𝑡(𝑖)
𝑒
, that is, an integer interval with notation

[𝑡
(𝑖)

𝑏
⋅ ⋅ ⋅ 𝑡
(𝑖)

𝑒
]. The symbol 𝑛

𝑑
represents the number of the

segments. Let𝐷 denote the set {𝐷
1
, 𝐷
2
, . . . , 𝐷

𝑛𝑑
}.

In fact,𝐷
𝑖
represents a dynasty or a similar time period in

Chinese history. Such partitions are caused by the uncertainty
of the mapping from the words to their times of occurrence.
The exact time of occurrence of many words is difficult or
even impossible to resolve due to the obscureness in the
ancient documentaries. Since dates are usually written in
dynasties or reign titles in the ancient Chinese literatures,
the exact dynasties (or time segments) can be determined
for the first occurrence of many words. Thus the dynasties
are the ordinary and natural implementation of the time
segments.

Without loss of generality, we assume that the segments
𝐷
𝑖
are sorted by the lower endpoint, which satisfies

𝑡
1

𝑏
= 𝑡
𝑏
,

𝑡
𝑖

𝑒
+ 1 = 𝑡

𝑖+1

𝑏
, where 1 ≤ 𝑖 ≤ 𝑛

𝑑
− 1,

𝑡
𝑛𝑑

𝑒
= 𝑡
𝑒

.

(6)
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The rough version of the function 𝑓, which only maps
from the word set 𝑊 to the set of time segments (usually,
dynasties)𝐷, is written by

𝑔 : 𝑊 → 𝐷 (7)

and satisfies

𝑔 (𝑤) = 𝑑 ⇐⇒ 𝑓 (𝑤) ∈ 𝑑. (8)

Since the precise mapping from the words to their time
of occurrence is usually unknown in the actual operation,
we must estimate the parameters related to polysyllablization
with the rough function 𝑔. It can be noted that 𝑔−1(𝐷

𝑖
)

represents all the words which firstly occurred in the time
segment𝐷

𝑖
. In fact, there exits the following relation:

𝑔
−1
(𝐷
𝑖
) = ⋃

𝜏∈𝐷𝑖

𝑓
−1
(𝜏) , where 1 ≤ 𝑖 ≤ 𝑛

𝑑
. (9)

Now that 𝑓−1(𝜏) and 𝑓
−1
(]) are disjoint sets if 𝜏 ̸= ], we

have

𝑑
𝑖
=






𝑔
−1
(𝐷
𝑖
)






= ∑

𝜏∈𝐷𝑖






𝑓
−1
(𝜏)






= ∑

𝜏∈𝐷𝑖

𝑛
𝜏
,

where 1 ≤ 𝑖 ≤ 𝑛
𝑑
.

(10)

Here, 𝑑
𝑖
represents the number of all the words which first

occurred in the time segment𝐷
𝑖
.

Based on the statistical sampling, the sequence {𝑑
𝑖
} can

be estimated by the restriction of 𝑔 to the subset𝑊
𝑠
, which is

similarly given by

̂
𝑑
𝑖
= 𝐾 ⋅






𝑔|
−1

𝑊𝑠
(𝑡)






. (11)

Let 𝑑(1)
𝑖

be the number of all the monosyllabic words which
first occurred in the time segment𝐷

𝑖
and so on. The cases to

estimate 𝑑(1)
𝑖
, 𝑑(2)
𝑡
, and so forth are similar and not listed here.

Language changes over time. As a complex social phe-
nomenon, language may change smoothly or unstably. We
know little about the actual trends of the evolution of
language. Without any prior knowledge or assumption, we
will build a total variation minimization model [24, 25]
for the evolution of the language. Other methods, such as
maximumentropy [26, 27]method for the time series, should
also be feasible and constructive. However, only the total
variationminimizationmodel is discussed in this paper, since
it is simply based on the assumption that the language of
today is not far from that of yesterday.Thus it is probably one
of the safest estimation methods to start our exploration in
such an open research field.

The total quadratic variation for a sequence 𝑥 = {𝑥
𝑖
} (1 ≤

𝑖 ≤ 𝑛) is defined as

𝑉 (𝑥) ≜

𝑛−1

∑

𝑖=1

(𝑥
𝑖+1

− 𝑥
𝑖
)
2

. (12)

Our technique to estimate the sequences 𝑛(1)
𝑡
, 𝑛(2)
𝑡
, and

𝑛
(3+)

𝑡
are similar. Generally, the case for the sequence 𝑛(∗)

𝑡
is

illustrated as follows, in which the symbol “∗” can be replaced
by any one of the symbols including “1,” “2,” or “3+.” Basically,
the issue to estimate the sequence 𝑛

(∗)

𝑡
is equivalent to a

constrained optimization problem as follows:

minimize 𝑉(𝑛
(∗)
) =

𝑡𝑒

∑

𝜏=𝑡𝑏

(𝑛
(∗)

𝑖+1
− 𝑛
(∗)

𝑖
)

2

subject to 𝑛
(∗)

𝑡
≥ 0, where 𝑡

𝑏
≤ 𝑡 ≤ 𝑡

𝑒
,

𝑡
(𝑖)

𝑒

∑

𝜏=𝑡
(𝑖)

𝑏

𝑛
(∗)

𝜏
= 𝑑
∗

𝑖
, where 1 ≤ 𝑖 ≤ 𝑛

𝑑
.

(13)

Here, the latter constraints can be similarly deduced as
(10). Such a constrained optimization problem is a quadratic
programming problem, which belongs to a relatively mature
area and there are kinds of feasible techniques [28–30] to
handle it.The problem can be solved in polynomial time with
the ellipsoid method [31].

3.4.Work Flow. There are a series of steps to evaluate polysyl-
lablization of the Chinese lexis based on CDCW in practice.

(1) Decide the endpoints of the time𝑇 and split thewhole
time into segments𝐷

𝑖
.

(2) Obtain the set 𝐸 of the whole entries of CDCW and
classify the set 𝐸 into 𝐸(1), 𝐸(2), and 𝐸(3+) by the num-
ber of syllables of each entry.

(3) Draw appropriate samples of entries, that is, 𝐸(1)
𝑠
, 𝐸(2)
𝑠
,

and 𝐸
(3+)

𝑠
from the sets 𝐸(1), 𝐸(2), and 𝐸

(3+), respec-
tively.

(4) Check each element 𝑒 in the sets 𝐸(1)
𝑤
, 𝐸(2)
𝑠
, and 𝐸(3+)

𝑠

to obtain the sets of word samples, 𝑊(1)
𝑠

, 𝑊(2)
𝑠

, and
𝑊
(3+)

𝑠
.

(5) Estimate the total number of monosyllabic words
�̂�
(1). Estimate �̂�(2), �̂�(3+) in the same way. Calculate

the total number of words �̂� = �̂�
(1)

+ �̂�
(2)

+ �̂�
(3+).

(6) Map each word in𝑊(1)
𝑠

,𝑊(2)
𝑠

, and𝑊(3+)
𝑠

to its time of
occurrence.

(7) Count the number of words in the same time segment
and estimate ̂

𝑑
(1)

𝑖
, ̂𝑑(2)
𝑖
, and ̂

𝑑
(3+)

𝑖
according to (11).

(8) Solve the quadratic programming problem to obtain
the estimation 𝑛(1)

𝑡
, 𝑛(2)
𝑡
, and 𝑛(3+)

𝑡
.

(9) Calculate 𝑛(2+)
𝑡

= 𝑛
(2)

𝑡
+𝑛
(3+)

𝑡
and 𝑛
𝑡
= 𝑛
(1)

𝑡
+𝑛
(2+)

𝑡
. Also,

calculate their partial sum sequences.
(10) Calculate the indexes to evaluate the trend of polysyl-

lablization.

4. Analysis of the Polysyllablization

We use the CD-ROM version of CDCW published in 1998.
This edition contains 27,989 character entries, 279,720 disyl-
labic word entries, and 63,587 three-or-more-syllable word
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Table 1: Statistical data of words of various numbers of syllables.

𝑖

Dynasties Endpoints Single syllable Double syllables Three or more syllables
𝑑
𝑖

𝑡
(𝑖)

𝑏
–𝑡(𝑖)
𝑒

𝑔
(1)

𝑖

̂
𝑑
(1)

𝑖
𝑔
(2)

𝑖

̂
𝑑
(2)

𝑖
𝑔
(3+)

𝑖

̂
𝑑
(3+)

𝑖

1 pre-Qin 1045 BC–222 BC 274 7669 246 34406 55 3497
2 Qin, Western Han 221 BC–24AD 44 1231 135 18881 33 2098
3 Eastern Han 25–219 56 1567 128 17902 22 1399
4 Three kingdoms, Jin 220–419 12 336 115 16084 23 1462
5 Southern and Northern 420–580 44 1231 238 33287 48 3052
6 Sui, Tang 581–907 23 644 275 38461 97 6168
7 5 dynasties, Song 908–1279 138 3862 243 33986 110 6995
8 Yuan, Ming, Qing 1280–1949 37 1036 391 54685 306 19458

Total 17576 247692 44129

entries, from which we draw 1000 character entries, 2,000
disyllabic word entries, and 1,000 three-or-more-syllable
word entries. Here we perform uniformly random sampling
on all the entries without replacement. We use python, a
computer script language, to perform the data sampling and
processing.

The number of effective samples of monosyllabic words
is 669 (66.9% of the drawn sample entries). According to
the statistical sampling theory, the total number of effective
monosyllabic words in CDCW is estimated to be about
27, 898 ⋅ 66.9% ≃ 18, 724. The number of effective samples
of the disyllabic words is 1,904 (95.2% of the drawn sample
entries) and that of the words with three or more syllables
is 876 (87.6% of the drawn sample entries). Likewise, the
total number of disyllabic words in CDCW is estimated to
be about 279, 720 ⋅ 95.2% ≃ 266, 293 and that of three-or-
more-syllable words is about 63, 587 ⋅ 87.6% ≃ 55, 702. The
total number of polysyllabic words in the Chinese lexis is
about 266, 293 + 55, 702 = 321, 995. Thus, the number of
polysyllabic words is greatly more than that of monosyllabic
words up to now. Disyllabic words constitute the major part
of the whole vocabulary.

We set the endpoints of the time axis to 1045 BC and
1949AD.The former is approximately the beginning of Zhou
Dynasty.The latter is the founding of the People’s Republic of
China.The time axis is split into 8 segments.Wemap all these
effective word samples to their time of occurrence and count
the number of samples belonging to each time segment.

The statistical data are listed in Table 1. The words which
were newly formed after 1949 are ignored to avoid boundary
problems. Therefore the sum in the table is a little less than
the total number of words.

The data in Table 1 show the total number of the newly
emergent words in each time period. For example, there
were about 33,287 disyllabic words produced in Southern and
Northern Dynasties and 38,461 in Tang Dynasty, the latter
exceeding the former. However, the span of the former time
segment was only 160 years and that of the latter was as
long as 327 years. If we distribute the newly emergent words
evenly among the years, the annual average for the Southern
and Northern Dynasties is 33287/161 ≃ 206.8 (word per
year) and that for Tang Dynasty is 38461/327 = 117.6 (word

per year), only about half of the number in Southern and
Northern Dynasties.

Notice that there were about 7,669 monosyllabic words
produced in the pre-Qin period (1045 BC–222 BC). Part of
them are generated during or before Shang Dynasty and
known as Oracle Bone Script [32]. Several thousand bones
and plastrons have been reconstructed and many thousands
of texts have been studied. The texts contain over 30,000
distinct characters, which are thought to be variant forms
of around 4,000 individual characters. Thus, the number of
characters before Zhou Dynasty should be regarded as the
initial cumulative number of the monosyllabic words. Now
𝑐
(1)

𝑡𝑏
is set to be 4000, that is, the number of monosyllabic

words at the beginning of pre-Qin period. We also subtract
𝑐
(1)

𝑡𝑏
from the estimated number of the monosyllabic words

in the pre-Qin period thereafter so as to make a revised
estimation.The estimation on polysyllabicword is not revised
because it is still argumentativewhether there existed polysyl-
labic words in the Oracle Bone Script.

Figure 2 shows the final estimation on the speed of new
word production. It illustrates that the speed is changeable.
The speed of the new polysyllabic word production 𝑛

(2+)

𝑡
is

above that of monosyllabic words 𝑛(1)
𝑡

from the beginning of
the time axis. It can be seen that the speed of new polysyllabic
word production increased and reached two peaks at about
75AD and 550AD, that is, the Eastern Han Dynasty and
Southern and Northern Dynasties. In the following years,
new polysyllabic words still emerged, yet at a slower pace
through Song, Yuan, Ming and Qing Dynasties. In fact,
Southern and Northern Dynasties are treated as the center
of Middle Chinese. Figure 2 shows that the Middle Ages are
the critical transition period of polysyllablization. During
Eastern Han and the following dynasties, the cultures from
the western neighbors of China had a tremendous influence
upon not only the Chinese traditional culture but also the
Chinese language [33]. Linguistic evidences are available to
reveal the early cultural exchange between China and India
[34]. For example, the language contact [35] caused by the
Buddhist texts translated from foreign languages (mainly
Sanskrit) into Chinese was an important exterior influential
factor to the evolution of the Chinese language. From this
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Figure 2: The speed of the word production.
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Figure 3: The cumulative number of the word production.

perspective, it can be concluded that the rising and falling in
the above curves do reflect the evolution inside the Chinese
language, agree with its historical stage division, and support
the findings in other studies on the historical linguistics.

Figure 3 shows the final estimation on the cumulative
number of new word production. It illustrates the increasing
trend of the volume of Chinese vocabulary system. It is inter-
esting to note that the amount of polysyllabic words 𝑐(2+)

𝑡

exceeds that of monosyllabic words 𝑐(1)
𝑡

before the ending of
the first time segment. Thus polysyllabic words already were
the major component of the lexis even in Old Chinese. How-
ever, back then, their frequency of use was very low, which
has misled researchers to reach wrong judgments about the
actual degree of the polysyllablization.

The trend that polysyllabic words became the major
component of the Chinese lexis is also shown in Figure 4. It
indicates that the weight of polysyllabic words in the Chinese
lexis increased all along. At the ending of the time axis
(1949AD), about 94%of theChinesewordswere polysyllabic.
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Figure 4: The quantitative trend of the polysyllablization degree
index (PDI).

5. Conclusion

Polysyllablization is among the most important rules in the
development of the Chinese lexis. Furthermore, due to the
peculiarity of Chinese language, polysyllablization is not only
a key issue in lexis, but also closely related to phonetics,
semantics, and syntactics. However, the existing studies on
polysyllablization are either in a qualitativemanner or limited
to a quantitative survey of specific language materials. The
quantitative trend of polysyllablization is yet to be explored.

The lexis itself is an integral, dynamic, and complex
system. With lots of uncertainties, its historical evolution is
difficult to trace. As a novel exploration in the computational
linguistics, we try to reconstruct the quantitative trend of
polysyllablization of the Chinese lexis. A mapping from
the words to their time of occurrence is built based on
Comprehensive Dictionary of Chinese Words, a large-scale
historical Chinese dictionary, which collects, organizes, and
explains hundreds of thousands of ancient and modern
words. Related formulation, mathematical model, and corre-
sponding algorithms are introduced. We finally deduce the
reconstruction to a constrained optimization problem based
on the statistical sampling data. Such solution is really a data-
mining procedure on the dictionary. It is not only feasible,
but also conducive to excluding the subjective prejudice of
the researchers. The results agree with the stage division of
historical Chinese and answer somedifficult questions related
to polysyllablization in a quantitative manner.

Our research is only an initiatory exploration in this open
research field. Our future research will focus on the revised
mathematical models and algorithms, including statistical
inference, maximum entropy estimation, and fuzzy mathe-
matical theory based on more samples of word entries.
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Model checking has been extensively used to verify various systems.However, this usually has been done by experts who have a good
understanding of model checking and who are familiar with the syntax of both modelling and property specification languages.
Unfortunately, this is not an easy task for nonexperts to learn description languages for modelling and formal logics/languages
for property specification. In particular, property specification is very daunting and error-prone for nonexperts. In this paper, we
present a methodology to facilitate probabilistic model checking for nonexperts. The methodology helps nonexpert users model
their systems and express their requirements without any knowledge of the modelling and property specification languages.

1. Introduction

Model checking [1] is a computational and algorithmic
verification technique analysing if certain requirements hold
in a system.These requirements are expressed as formal prop-
erties, such as temporal logic formulas. Model checking then
exhaustively checks if these formal properties are satisfied by
a structured model, for example, state transition system and
finite state automaton, describing all system behaviours.

Model checking is an established research subject within
computer science. There has been a vast amount of work
carried out during the last two decades.Many tools have been
devised and used in both academia and industry, for example,
NuSMV [2], Spin [3], Uppaal [4], and Kronos [5]. Since
model checking provides a comprehensive and an exhaustive
computational analysis, it can reveal all possible system
behaviours, which cannot be normally done by simulation
or testing techniques. For this reason, it has been applied
to various engineering problems, for example, hardware
verification, software and programme verification, analysis of
communication protocols, and safety-critical systems.

Standard model checking techniques are normally used
to analyse qualitative temporal and dynamic properties.
However, in order to have a deeper understanding of the
system behaviour, some quantitative analysis is also required.
Along with technological advances, systems are getting more
complex. This requires the formal analysis to also include

other aspects such as uncertainy, as the systems are getting
more ubiquitous and probabilistic. In fact, while analysing
many realistic systems, we need to consider uncertainty in
system components and the reliability of communication [6]
aswell as uncertainty in planning and analysing performance.
Unfortunately, standard model checking techniques are not
sufficient to provide the level of analysis that we need in these
cases.

Probabilistic model checking is a probabilistic variant of
classical temporal model checking, which provides quantita-
tive information regarding the likelihood that certain system
behaviour is observed. This verification method has been
successfully applied to formal analysis of a vast number of
systems, for example, “bluetooth protocols, self-configuring
protocols, self-organising systems, fault-tolerant algorithms,
and scalable protocols” [7]. This is an active research subject
within the model checking study. Various tools have been
devised, such as Prism [8], Mrmc [9], Ymer [10], and Vesta
[11]. Among these, Prism is themostwidely used probabilistic
model checking tool. Mrmc is also another popular tool with
new improvements employed recently.

Although probabilistic model checking tools have been
used to verify various systems, this usually has been done by
experts who have a good understanding of model checking
and who are familiar with the syntax of both modelling and
property specification languages. Unfortunately, this is not an
easy task for nonexperts to learn description languages for
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modelling and formal logics/languages for property specifica-
tion. In particular, property specification is very daunting and
error-prone for nonexperts. Research has shown that even
experts make errors when they formally specify an informal
requirement [12].

In this paper, we present a methodology to facilitate
probabilistic model checking for nonexperts. As part of our
methodology, we propose using some tools to achieve this.
Namely,

(i) we propose a property generator tool which auto-
matically generates formal properties using natural
language statements;

(ii) we use a front-end tool which provides a graphical-
user interface that allows constructing probabilistic
state machines from which the model code is auto-
matically generated;

(iii) we also devise a strategy which reduces the state space
of probabilistic models to increase the performance
of model checking and relieve the state explosion
problem.

In this way, nonexperts can model their systems and
express their requirements without any knowledge of the
modelling and property specification languages and can
analyse their systems using probabilistic model checking
without having any expertise. We are not aware of any work
which considers simplifying both modeling and property
specification for model checking tool(s)—except very few
studies introducing some simplifications for property spec-
ification, which will be reported in Section 5. We believe the
idea and approach presented in this paper is novel, and this
is an important step towards making model checking a more
accessible computational technique for nonexpert users.

The paper is organised as follows: Section 2 summarises
probabilisticmodel checking; Section 3 presents ourmethod-
ology; Section 4 describes the model construction compo-
nent; Section 5 describes the property generation component;
Section 6 applies the methodology to an example system;
Section 7 discusses howwewill extend ourmethodology; and
Section 8 concludes the paper.

2. Probabilistic Model Checking

Inmodel checking, a finite systemmodel (e.g., state transition
system and finite state automaton), representing all system
behaviours, is checked against a temporal logic formula.
The entire state space represented by this model is then
exhaustively analysed to verify if the formula is satisfied. For
example, model checking allows us to check if the temporal
logic formula,

AG¬deadlock (1)

stating that “deadlock (deadlock) never occurs (G¬) in any
execution trace (A),” is satisfied in a given system model.

In probabilistic model checking, probabilistic finite state
machines are used as modelling language.The simplest prob-
abilistic models are Discrete-Time Markov Chains (DTMCs),

Continuous-Time Markov Chains (CTMCs), and Markov
Decision Processes (MDPs). Formal properties are then
expressed using probabilistic logics, a probabilistic extension
of temporal logics. For discrete-time models (e.g., DTMCs
andMDPs), the probabilistic extension of CTL, PCTL [13], is
used and for continuous-timemodels (e.g., CTMCs) Contin-
uous Stochastic Logic (CSL [14]) is used. Both languages can
express quantitative expressions, such as “the probability that
deadlock never occurs is greater than 0.9,” formally translated
as

P
>0.9 [

G¬deadlock] . (2)

PCTL is defined according to the following grammar:

𝜑 ::= true 

𝑝




¬𝜑





𝜑 ∧ 𝜑





P
∼𝑟
[𝜓] ,

𝜓 ::= X𝜑 

𝜑U𝜑


𝜑UI

𝜑,

(3)

where 𝑝 is a set of atomic propositions, 0 ≤ 𝑟 ≤ 1 is a
probability bound, and ∼∈ {<, >, ≤, ≥, =}. The probabilistic
operator P

∼𝑟
is the probabilistic extension of branch/path

quantifiers A and E of CTL. Informally speaking, P
∼𝑟
[𝜓] is

satisfied at a state 𝑠 if, and only if, the probability of taking the
path from the state 𝑠 which satisfies 𝜓meets the bound “∼r.”
The path formulas 𝜓 are constructed using the next (X) until
(U) and bounded-until (UI) operators. We can derive other
temporal operators, such as F (eventually) and G (always)
from X and U. For example, F𝜑 ≡ trueU𝜑 and G𝜑 ≡ ¬F¬𝜑.
The informal meanings of path formulas are as follows:

(i) X𝜑 holds at a state on a path if, and only if, 𝜑 holds in
the next state on the path;

(ii) F𝜑 holds at a state on a path if, and only if, 𝜑 holds
eventually at some future state on the path;

(iii) G𝜑 holds at a state on a path if, and only if, 𝜑 holds at
all future states on the path;

(iv) 𝜑
1
U𝜑
2
holds at a state on a path if, and only if,𝜑

1
holds

on the path up until 𝜑
2
holds; and

(v) 𝜑
1
UI
𝜑
2
holds at a state on a path if, and only if, 𝜑

2

holds on the path at some time stepwithin the interval
I and 𝜑

1
holds at all preceding states on the path.

The formal semantics of the operators X, U, and UI are
defined as follows:

(i) M, 𝜎 ⊨ X𝜑 if and only ifM, 𝜎[1] ⊨ 𝜑;
(ii) M, 𝜎 ⊨ 𝜑

1
U𝜑
2
if and only if ∃𝑖 ≥ 0 s.t.M, 𝜎[𝑖] ⊨ 𝜑

2

and (for all 𝑗 < 𝑖) M, 𝜎[𝑗] ⊨ 𝜑
1
;

(iii) M, 𝜎 ⊨ 𝜑
1
UI
𝜑
2
if and only if ∃𝑖 ∈ I = [𝑑, 𝑑


] s.t.

M, 𝜎[𝑖] ⊨ 𝜑
2
and (for all 𝑑 ≤ 𝑗 < 𝑖) M, 𝜎[𝑗] ⊨ 𝜑

1
,

whereM is a Markov chain (or an Markov decision process)
and 𝜎 is a path, that is, a (possible infinite) sequences of states.
The 𝑖th element of a path 𝜎 is denoted by 𝜎[𝑖].

In addition to the operators of PCTL, the logic CSL also
contains the steady-state (long-run) S

∼𝑟
operator. Namely, the

formula S
∼𝑟
[𝜓]holds in a state 𝑠 if, and only if, the steady-state
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module module name

//variable declarations
𝑠 : [0 . . . 10] init 0;

//state transitions
[]𝑠 = 0 → 0.4 : (𝑠


= 1) + 0.6 : (𝑠


= 2);

endmodule

Algorithm 1

probability of being in a state which satisfies 𝜓 is bounded by
“∼r”.

A probabilistic model checker can be used to verify if a
PCTL or CSL formula—depending on the time semantics—
holds in a given probabilistic model. In this paper, we
particularly consider the model checkers Prism, Mrmc, and
Ymer because of their support for these languages and useful
features which they employ.

2.1.Prism. Prism is themostwidely used probabilisticmodel
checking tool. It provides formal verification for different
probabilistic models such as DTMCs, CTMCs, and MDPs,
which are coded as the Prism’s reactive modules, a simple
state-based language. Prism is a symbolic model checker;
namely, it uses a compact and structured representation of
“data structures based on binary decision diagrams (BDDs)
and multiterminal binary decision diagrams (MTBDDs)” in
order to reduce the size of probabilistic models [15].

The Prism modelling language can be described as
follows (summarised from [16]). The language is composed
of a set of components, called modules, representing an
encapsulation for different parts of the system and variables
representing the state of each module. The global state of the
model at any time point is determined by the values of all
variables (and optionally global variables). Variables can be
declared using the syntax

𝑠 : [0 ⋅ ⋅ ⋅ 10] init0; (4)

meaning that 𝑠 is an integer variable whose values range
between 0 and 10; that is, 0 is the lower bound and 10 is
the upper bound. State transitions can be modeled using the
following syntax:

[act] guard → rate : update, (5)

where “act is an (optional) label, guard is a predicate over
the variables of the model, rate is a (nonnegative) real-valued
expression, and update is the values of variables in the next
state” [15]. For example,

[] 𝑠 = 0 → 0.4 : (𝑠

= 1) + 0.6 : (𝑠


= 2) ; (6)

states that if the variable 𝑠 is 0 then 𝑠will be 1 in the next state
with probability 0.4 and will be 2 with probability 0.6, other-
wise. A module is then described as shown in Algorithm 1.

The property specification languages supported by the
tool include PCTL and CSL. In addition to probabilistic
properties, Prism also supports rewards structures, providing
reward properties based on quantitative information such as
“expected number of deadlocks” and “expected time taken to
reach a state where a deadlock occurs.” This is done using
“R” operator. Prism provides the following reward types: the
reachability reward (R

∼𝑟
[F𝜑]), cumulative reward (R

∼𝑟
[C ≤

𝑡]), instantaneous reward (R
∼𝑟
[I = 𝑡]), and steady-state

reward (R
∼𝑟
[S]). These formulas can be intuitively described

as follows [15]:

(i) R
∼𝑟
[F𝜑] asserts that the expected reward accumulated

until 𝜑 is satisfied is bounded by ∼r;
(ii) R
∼𝑟
[C ≤ 𝑡] asserts that the expected reward accumu-

lated until time 𝑡 is bounded by ∼r;
(iii) R

∼𝑟
[I = 𝑡] asserts that the expected value of the state

reward at time instant 𝑡 is bounded by ∼r;
(iv) R

∼𝑟
[S] asserts that the long-run average expected

reward is bounded by ∼r.

We remark that rewards are added to model files. The reward
structures denote labellings of states and transitions with
associated real values. These values are then used when
calculating the accumulated or instantaneous rewards.

Prismprovides both a command-line tool and a graphical
user interface. The latter provides (i) a model editor for the
description/modelling language; (ii) an editor for property
specification langauge; (iii) a simulator tool to debug model
execution traces; and (iv) graph-plotting tools [16]. Prism
also provides an approximate/statistical model checking
feature, but this is only allowed to a subset of PCTL/CSL
formulas. For example, statistical model checking cannot be
used in verification of steady-state properties.

2.2. Mrmc. Mrmc is another probabilistic model check-
ing tool, which allows formal verification for DTMCs and
CTMCs (as well as Continuous-Time Markov Decision Pro-
cesses, a nondeterministic variant of CTMCs). As in Prism,
DTMCs and CTMCs are verified against PCTL and CSL
formulas, respectively.

Mrmc also features the logics PRCTL and CRSL, which
are an extension of PCTL and CSL, respectively, with rewards
structures. The syntax of the reward formulas are slightly
different than Prism’s reward formulas [17]: reachability
reward: E[𝑡][𝑟

1
, 𝑟
2
][𝜑], cumulative reward: Y[𝑡][𝑟

1
, 𝑟
2
][𝜑],

instantaneous reward:C[𝑡][𝑟
1
, 𝑟
2
][𝜑], and steady-state reward:

E[𝑟
1
, 𝑟
2
][𝜑].The rewards represent expected rewards per time

unit and are checked against a reward bound [𝑟
1
, 𝑟
2
]. For

example,

Y [𝑡] [𝑟1
, 𝑟
2
] [𝜑] (7)

meaning that the expected accumulated reward rate per time
unit in 𝜑 states until the 𝑡th transition will be within the
interval [𝑟

1
, 𝑟
2
].

Some important features of Mrmc are summarised as
follows [9]. Unlike Prism, Mrmc is a command-line explicit
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Figure 1: Standard approach for probabilistic model checking.

statemodel checker employing a “numerical solution engine.”
It has been therefore used as a back-endmodel checking tools
for various systems including Petri nets, process algebras, and
stochastic hybrid systems.Mrmc has recently been improved
with a better memory management and implementation of
the sparse matrices and support for bisimulation minimiza-
tion. This increases its efficiency and performance on large
models.

Mrmc also employs a “discrete-event simulation engine”
for statistical CSL model checking. In statistical model
checking, rather than exhaustively exploring the entire state
space, the system is simulated finitely many times to obtain
execution traces and statistical evidence is provided for
the verification of a property [18]. Unlike Prism, Mrmc’s
statistical model checking covers the entire formula set of
CSL, including steady-state properties.

2.3. Ymer. Ymer is a statisticalmodel checking tool, used to
verify transient properties of CTMCs [10]. So, unlike Prism
andMrmc, it does not exhaustively analyse all system behav-
iour. Instead, it employs statistical techniques relying on “dis-
crete event simulation and sequential acceptance sampling”
[10].Themodelling language of Ymer is very similar to that of
Prism with a difference that Ymer also supports generalized
semi-Markov processes.Theproperty specification language of
the tool is CSL, but Prism and Mrmc support a richer set of
properties than Ymer.

3. Light-Weight Approach to
Probabilistic Model Checking

As in classical model checking, a probabilistic model checker
requires two inputs: (i) a probabilistic model of the system

to be analysed and (ii) a probabilistic property. As discussed
above, a probabilistic model can be a DTMC, CTMC, or
MDP, which is coded according to the high-level modelling
language of themodel checker, for example, reactivemodules
in case of Prism. A probabilistic property is the formal speci-
fication of a requirement to be checked, which is expressed in
one of the probabilistic logics described above, for example,
PCTL when the system is modeled in DTMC. The model
checker then automatically checks if the model satisfies the
given specification. Based on the type of the property, it
produces either a qualitative answer (a “yes” or “no”) or a
quantitative result. If the property is not satisfied, the model
checker also produces a counterexample to help themodellers
debug the output and find the bug. The overall process is
illustrated in Figure 1.

In standard approach, models are created manually using
a high-levelmodelling language tailored to a particularmodel
checker and properties are specified in a specific formal
logic/language.This, however, requires having a good under-
standing of both modeling and property specification and
being familiar with the syntax of both high-level description
and specification languages. Unfortunately, this is not an easy
task for nonexperts to learn description languages for mod-
elling and formal logics for property specification. In partic-
ular, property specification is very daunting and error-prone
for nonexperts and even for experts in case of some complex
properties.

To make this process easier for nonexperts, we propose
an approach facilitating probabilistic model checking by
providing an abstraction over high-level modeling and prop-
erty specification languages. Namely, we suggest creating a
system model using a graphical user interface and generate
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Figure 2: A light-weight approach for probabilistic model checking.
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informal properties using natural language statements. The
constructed model is then translated to the corresponding
high-level modelling language, and the informal properties
are translated into their formal counterparts. Our approach
is illustrated in Figure 2. Here, we consider the models con-
structed as probabilistic state machines and natural language
statements as probabilistic properties, because in this paper
we focus on probabilistic model checking.

The system overview of our approach is shown in
Figure 3, summarised as follows.

Model Construction. A system model is constructed using
the Model Generator, which is a graphical user interface
providing drawing features to construct probabilistic state
machines. The constructed model is then translated into a

high-level modelling language, which then becomes an input
to the corresponding model checker.

Reducing Model Size. A well-known problem with model
checking is the state explosion problem. Namely, the number
of states increases so rapidly that model checking cannot
become feasible anymore.The size of model, mostly depend-
ing on the number of states, is an important factor for the
model checking efficiency, because the resources required to
perform model checking are very sensitive to the model size.
Unfortunately, it is very easy to create huge models when
variables are unnecessarily assigned to very large ranges.
A good strategy to tackle the state explosion problem and
increase the performance of model checking is therefore to
reduce the number of states. As discussed in Section 2.1,
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variable ranges are defined using a lower and an upper bound.
Inmost cases, usersmight not be able to know the exact lower
and upper bounds. If the estimation of variable ranges is not
realistic, then the resulting model size will be very large.

In order to tackle this issue, we devise a method auto-
matically estimating a reasonable lower and upper bound for
model variables. In order to do this, we simulate the model
generated by the Model Generator, use an invariant detector
to analyse the simulation results, and acquire the lower and
upper bounds for variables. In the Model Adjusment process
we then update themodel variables with the bounds acquired
from the invariant detector. In this way, even if the users
provide very large bounds, we can reduce them and update
the model accordingly. The updated model is then given to
the model checker as an input.

Property Construction. The Property Generator tool provides
a graphical user interface allowing users to create properties
easily by manipulating a configurable form with some inter-
faces such as combo and text boxes. So, by only selecting
natural language statements, users can generate a set of
informal properties which are automatically translated into
their formal counterparts. The formal properties can be
directly given to the corresponding model checker as an
input.

4. Model Construction

As part of the proposed methodology, we aim to use various
tools to make the modeling task less complicated for nonex-
perts. In this section, we provide a more detailed account for
the tools and methods used.

4.1. Model Generator. TheModel Generator component relies
on the prototype front-end tool, called Drawing Prism,
developed in [19]. The Drawing Prism tool, DP in short,
provides drawing features to construct probabilistic state
machines, which are then translated into a Prism model file.

DP implements two interfaces: (i) drawing interface
allowing users to draw probabilistic state machines—see
Figure 4—and to populate their state machines as a data
model; (ii) translator, which translates the data model repre-
senting the probabilistic state machine into the Prism’s high-
level modelling language.

DP employs ArgoUML [20] as the drawing tool.
ArgoUML is an open source project, and it supports most
popular standards, for example, UML, XMI, and SVG. It is
written in Java; it is therefore supported by any platform with
a Java environment.

ArgoUML converts a state diagram into an XMI data.
XMI, standing for XML-basedMetadata Interchange Format,
is mainly used as a model interchange format for UML.
Although XMI is not an easy format to read, it has some
advantages, for instance, its abstract tree representation
which makes parsing easy. XMI stores all the necessary
information in a state machine, for example, states, transi-
tions, labels, and probability values.The translator extracts all

Figure 4: A probabilistic state machine constructed in DP [19].

information from a state machine in XMI and then translates
it into the format accepted by Prism.

The DP function design is presented in Figure 5. The
functional components can be summarised as follows [19].

(i) User Interface. “It has a control and drawing panel
through which users access DP and interact closely
with system operators. Control components provide
a common control surface used by GUI, scripts,
and programmatic access. The Interface is used to
integrate the rest of these subsystems.”

(ii) Drawing System. It classifies every component of the
statemachine drawn using the user interface and then
integrates these components in the data structure.

(iii) XMI Data. It is the data structure acquired from the
Drawing System and translated to the XMI format.

(iv) Translator. It translates state machine information in
the XMI data structure to a Prism model file using
specific algorithms.

4.2. Invariant Detector. The Invariant Detector component
generates reasonable lower and upper bounds formodel vari-
ables by automatically detecting invariants through analysing
the simulation traces produced byModel Generator. For this
task we employ the Daikon tool [21].

Daikon is an invariant detector tool which dynamically
reports invariants in a program. An invariant is simply
a mathematical property, such as 𝑥 = 3, 𝑦 ≤ 2𝑥, 𝑧
is one of {0, 1}, holding at specific execution points of a
program. Daikon executes a code, analyses the values of
program variables, and then detects invariants which are true
over certain points.

Daikon is originally developed to support high-level
programming languages, for example, C, C++, Java, and
Perl. However, its source code is freely available and can be
modified to be able to use it in other formats. In order to
facilitate its usage in detecting invariants from simulation
traces, we have extended its functionality. After analysing
the simulations, it produces some mathematical relations
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Figure 6: Daikon invariant detector.

between various model variables. The ranges provided by
Daikon then become a realistic lower and upper bound.

Daikon was previously used to detect invariants to con-
struct formal specifications [22, 23]. In contrast, here we
use the invariants to estimate reasonable bounds for model
variables, as discussed above. In [24], Daikon was used to
formulate temporal logic formulas to be model checked by
NuSMV. Here, we extend the work done in [24] by adjusting
it to accept the outputs of Prism’s discrete event simulator. A
screen shot of the tool is shown in Figure 6.

Depending on the quality of information contained in
execution traces, Daikon can report many types of invariants,
such as arithmetic (𝑦 ≤ 2𝑥), non-zero (e.g., 𝑥 ̸= 0), element of
(e.g.,𝑥 is one of {0, 1}), and interval (e.g., 0 ≤ 𝑥 ≤ 5). Daikon
might also report some redundant invariants (e.g., 𝑥 == 𝑥).
However, it employs a filtering mechanism allowing to omit
redundant and unwanted invariants to be returned. In this
way, we can only obtain upper bound (e.g., 𝑥 ≤ 2) and lower
bound (e.g., 𝑥 ≥ 0) invariants.

Remark. The Daikon tool is originally developed to detect
invariants within a program written in a high-level program-
ming language. In a typical programme, there can be hun-
dreds of variables. Daikon is capable of reporting invari-
ants for such large numbers of variables over thousands of

executions. A typical system for which model checking is
feasible probably contains tens of model variables in the
model description (which might lead to millions/billions of
states/transitionswhen themodel is constructed by themodel
checker). It will be sufficient to obtain around a hundred
simulation traces to find the bounds for model variables.This
suggests that the resources required to use the Daikon tool to
obtain variable bounds are not more than those required by
its original usage.

4.3. Model Adjustment. In theModel Adjustment process we
perform two tasks as follows. (i) We update the bounds of
model variables in the Prism model file with the bounds
acquired from the invariant detector. In this way, even if the
users provide very large bounds, we can reduce them, and
update the model accordingly. The updated model is then
given to Prism as an input. (ii) We also translate the same
model to the correspondingMrmc language. At themoment,
we are using Prism’s built-in export facility to translate Prism
models to the Mrmc format. The modelling language of
Ymer is very similar to that of Prism, which requires a few
minor changes. Currently, we make these changes manually,
but an automatic translation is a very primitive process.

5. Property Construction

Property specification is very daunting and error-prone for
nonexperts. It is even cumbersome for experts to specify
complex properties. Inmost cases, properties are not intuitive
and self-explanatory, so their meanings will not be clear to
those not familiar with formal methods. This unfortunately
hinders reusability of properties already studied in the litera-
ture andmakes them inaccessible to awide audience.Another
issue that we would like to address is that although a formal
property can be syntactically correct it might not be a valid
representation of the requirement we wish to verify [12].This
is especially the case when the formal specification is complex
and long.

In order to tackle these issues and facilitate property
specification, we propose the Property Generator tool, which
provides guidance to construct properties using the natural
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language statements representing informal properties and
then automatically translates them to their formal coun-
terparts. Users are able to construct properties easily by
manipulating a configurable form with some interfaces such
as combo and text boxes, which makes the property specifi-
cation a very simple and intuitive task.

The Property Generator tool features a set of property
patterns based on most recurring properties studied in the
literature.These patterns provide a systematical classification,
guiding users to construct natural language expressions
representing the properties that theywant to express.The tool
works based on a structured grammar defined for both natural
language representation of these patterns and their formal
translations.

The idea of categorising properties into a set of patters
initially started in [12], where several hundreds of properties
were analysed. Since this seminal work, there have been
several studies in this direction. [25] extended the pattern
classes of [12] with more time related patterns and their
“associated observer automata.” [26] provided a set of pat-
terns in the context of real-time specification. [27] introduced
a unified pattern system extended with a new set of real-
time pattern classes. [28] analysed probabilistic properties
and provided a probabilistic category system along with a
structured grammar. In [29] we proposed a set of query
templates similar to the one presented in this paper which
targeted biological models.

A subset of the patterns which we used in the Property
Generator tool and their formal translations in Prism and
Mrmc are shown in Table 1. In the table, 𝑝ℎ𝑖 and 𝑝𝑠𝑖 are state
expressions returning true or false (e.g., 𝑥 ≤ 4), ⋈ ∈ {<, >, ≤

, ≥} is a relational operator, 𝑝 ∈ [0, 1] is a real, 𝑟, 𝑟1, 𝑟2 are real
numbers, and 𝑡, 𝑡1, 𝑡2 are integers. Here, where applicable,
we provide both the unbounded and bounded versions of the
patterns. Note that Ymer can express only a subset of these
patterns, and we therefore do not include it in the table.

As Table 1 illustrates, properties in natural language are
much more intuitive and comprehensive than their formal
translations. For example, the natural language representa-
tion of the Bounded Response pattern

“𝑝ℎ𝑖 is always followed by 𝑝𝑠𝑖 within time

bound [𝑡1, 𝑡2] with a probability ⋈ 𝑝”
(8)

is much more easier than its formal translation, for example,
Mrmc,

P {⋈p} [! (tt U !(phi => P >= 1 [tt U [t1, t2] psi]))] .

(9)

ThePropertyGenerator toolmakes the property construction
a very easy and effortless task without requiring the knowl-
edge about the formal syntax of the target model checker. For
example, to build this property, the user selects the bounded
version of the Response pattern using the graphical user
interface provided. The user only needs to provide the values
for 𝑝ℎ𝑖, 𝑝𝑠𝑖, 𝑡1, 𝑡2, ⋈, and 𝑝. The formal translation is then
done automatically.

Figure 7: Property Generator tool.

A screen shot of the Property Generator tool is illustrated
in Figure 7. We developed a previous version of the tool
to construct (linear) temporal properties used in formal
verification of kP Systemmodels [30].

The operation of the tool during a property construction
process is as follows. The user first selects a target, for
example, Prism, Mrmc, and Ymer, to which the property
is translated. When a pattern is selected from the category
combo box, a template (for bounded and unbounded cases)
is displayed in the text field. When the appropriate template
is clicked, both the informal representation and its formal
translation appear in the corresponding text box. Also, a
typical example of the selected pattern is displayed at another
text field. In order to complete the formula, the user is
required to select and fill in the missing values. The selection
and typing are interactively shown in the text box displaying
the formal translation. When the formula is complete, the
user can save it. If there are stillmissing fields to be completed,
he/she receives a warning.The user can edit a saved property
at any time.

The main components of the Property Generator tool are
shown in Figure 8. The Expression Builder component of the
Property Generator GUI constructs atomic expressions, that
is, state formulas returning true or false, using model vari-
ables and constants, and Boolean expressions using atomic
expressions. The grammar for building expression is defined
in the Expressions file. The Property Builder of the GUI
constructs properties using the generated expressions and
a set of patterns whose grammar is defined in the Patterns
file. The Cached Data component keeps the expressions and
properties created or managed throughout a user session. It
works as a repository to keep the generated data until they are
saved to a file and the application closes.

Remark. The performance of the Property Generator tool
does not depend on the model size. The properties are
constructed from a set of patterns. Once the user fills in the
empty fields, the construction is done instantly. So, it does not
matter whether one uses this tool for a small example or a
large example.
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Property generator GUI

Expression builder Property builder

Expressions Patterns

Cached data
Property file

Figure 8: Main components of the Property Generator tool.

6. An Example: Foraging Robots

In this section, we illustrate our approach on an example
system.Here, we choose the foraging robot scenario, presented
in [31]. We analysed the system in [32, 33], which can be
described as follows:

“Within a fixed size arena, there are a number of
foraging robots; that is, each robot must search
a finite area and bring food items back to the
common nest. Food is placed randomly over the
arena and more may appear over time. There is
no guarantee that robots will actually find any
food.

The behaviour of each robot in the system is
represented by the probabilistic state machine in
Figure 9, comprising the states: (i) searching,
wherein the robot is searching for food items; (ii)
grabbing, wherein the robot attempts to grab a
food item it has found; (iii) depositing, wherein
the robot moves home with the food item;
(iv) homing, wherein the robot moves home
without having found food; and (v) resting,
wherein the robot rests for a particular time
interval.”

In this scenario, we assume that all transitions occur with
a probability. The state machine in Figure 9 operates on the
following probabilities: 𝛾

𝑓
(the probability of finding a food

item), 𝛾
𝑔
(the probability of grabbing a food item), 𝛾

ℎ
(the

probability of moving to homing state), 𝛾
𝑟
(the probability of

moving to resting state), and 𝛾
𝑠
(the probability of moving

to searching state).
We can draw this machine using the Drawing Prism tool

as in Figure 4. Here we assume 𝛾
𝑓
= 0.3, 𝛾

𝑔
= 0.1, 𝛾

ℎ
= 0.2,

𝛾
𝑟
= 0.6, and 𝛾

𝑠
= 0.5. Note that this state machine represents

the behaviour of an individual robot; however, a robot swarm

is a collection of (often) identical robots working together.We
therefore need a set of state machines to model the dynamic
behaviour of the overall swarm. Fortunately, the Drawing
Prism tool has a feature allowing us to have a multiple copies
of a probabilistic model, working as a parallel composition.
Using this feature we can model the overall swarm.

The DP tool automatically translates the probabilistic
state machine in Figure 4 to the Prism’s high-level modelling
language, given in Algorithm 2.

After obtaining the model code, we simulate the model
and have a number of simulation traces. We then run the
invariant detector tool over these traces to estimate a lower
and upper bound for the model variable s. Not surprisingly,
we obtain the following constraints:

s >= 0, s <= 4. (10)

The model therefore will not be adjusted. We remark that,
since themodel is very intuitive, we could give the exact range
of the variable s because we know the values thats will take.
Daikon has then returned the precise same bounds. However,
in realistic cases, users might not be able to know the exact
lower and upper bounds, and range estimations might not
be realistic. The invariant detector will then provide more
realistic bounds and reduce the state space.

We now construct some properties using the Property
Generator tool and property patterns provided. Our strategy
to build properties is as follows:

(i) first specify the properties that we are interested
informally;

(ii) construct the corresponding natural language repre-
sentations using the Property Generator tool;

(iii) select the target language to which the properties are
converted automatically;

(iv) run model checking experiments using the translated
formal properties.
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Figure 9: Probabilistic state machine for a foraging robot.

dtmc

const int SEARCHING = 0;
const int HOMING = 1;

const int GRABBING = 2;

const int DEPOSITING = 3;

const int RESTING = 4;

module foraging

s : [0. . .4] init 0;

[] s = SEARCHING -> 0.5 : (s  = s) + 0.2 : (s  = HOMING) + 0.3 : (s  = GRABBING);

[] s = HOMING -> 0.4 : (s  = s) + 0.6 : (s  = RESTING);

[] s = GRABBING -> 0.2 : (s  = s) + 0.5 : (s  = SEARCHING) + 0.2 : (s  = HOMING)

+ 0.1 : (s  = DEPOSITING);

[] s = DEPOSITING -> 0.4 : (s  = s) + 0.6 : (s  = RESTING);

[] s = RESTING -> 0.5 : (s  = s) + 0.5 : (s  = SEARCHING);

endmodule

Algorithm 2

Table 2 shows informal, natural language and formal
specifications of some properties. Here, we translate the
properties to the Prism’s property language. The results of
the verification experiments are also illustrated in the table.
We remark that a property can be constructed as a query
using ? symbol. In this case, Prism returns the corresponding
probability result after verifying the query. In Table 2, we
show some query samples.

Multiple Robots. Figure 9 corresponds to a single robot
behaviour, comprising five states that the robot visits during
the execution of the system. However, a foraging swarm
contains several robots. To model such a swarm, we can
construct a state machine for each robot in the swarm and
then take the product of all these to provide the behaviour of
the overall swarm. To calculate the product, we take a simple
and synchronous view. Namely, for each state machine𝐴, say

𝐴
1
, 𝐴
2
, 𝐴
3
, . . ., and the state machine 𝐵, say 𝐵

1
, 𝐵
2
, 𝐵
3
, . . .,

given that the transitions 𝐴
1

→ 𝐴
2
are labelled by 𝛼 and

𝐵
1
→ 𝐵
2
are labelled by 𝛽, we can have a transition𝐴

1
𝐵
1
→

𝐴
2
𝐵
2
labelled by𝛼𝛽where𝐴

1
𝐵
1
,𝐴
2
𝐵
2
, and so forth are states

in the product state machine and 𝛼𝛽 is a consistent label.
This is done for every possible pair of transitions. The overall
swarm system as the product of individual robots is shown in
Figure 10. The DP tool permits creating multiple instances of
modules, allowing composing individual state machines.

Table 3 compares the state spaces for different swarm
populations. The table shows that the model size exponen-
tially grows when the swarm size increases. We note that
the construction times illustrated in Table 3 correspond to
the building models by the model checker. The translation of
models into the model checking language is not significantly
affected by the size of themodel. Namely, the time to translate



12 Journal of Applied Mathematics

Table 2: Sample properties for a single robot.

Property Informal, Natural language and Prism specifications Result

1
The robot eventually grabs food with a probability greater than 0.9

trues = 3 will eventually hold, until then true holds with a probability >0.9
P > 0.9 [true U s = 3]

2
What is the probability that the robot grabs food within 50 s?

0.55s = 3 will eventually hold within time bound [0, 50], until then true holds with a probability?
P = ? [true U[0, 50] s = 3]

3
What is the probability that the robot searches for food for 50 s. before going to home?

0.39s = 1 will hold within time bound [0, 50], until then 𝑠 = 0 holds with a probability?
P = ? [s = 0 U[0, 50] s = 1]

4
The robot never goes to home within 50 s

falses! = 1 always holds within time bound [0, 50] with a probability >=1
P >= 1 [G[0, 50] s! = 1]

5
The robot does not continuously search for food forever

trues = 0 always holds with a probability <=0
P <= 0 [G s = 0]

6
When searching starts, the robot eventually grabs food with a probability greater than 0.6

trues = 0 is always followed by s = 3 with a probability >0.6
P > 0.6 [G (s = 0 => P >= 1 [true U s = 3])]

7
The robot repeats its behaviour forever (e.g. searches for food)

trues = 0 holds infinitely often with a probability >=1
P >= 1 [G (P >= 1 [true U s = 0])]
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Figure 10: Probabilistic state machine for a foraging swarm.

Table 3: State space for different swarm populations.

Number of robots States Transitions Model construction
1 5 13 0.001 seconds
2 25 105 0.002 seconds
3 125 725 0.003 seconds
4 625 4625 0.006 seconds
5 3125 28125 0.008 seconds
10 9765625 166015625 0.024 seconds
20 95367431640625 3147125244140625 0.733 seconds
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a model into the model checking format can be neglected
with respect to the resources required for model checking.

7. Discussion

Standard model checking methods work on a basic principle:
a model is described in a certain modelling paradigm, for
example, a probabilistic model; a property is specified in
a certain logic, for example, a probabilistic temporal logic;
and a suitable model checker is then used, for example,
a probabilistic model checker. This approach suggests that
whatever model checker the user selects, he/she has to
analyse his/her system based on the aspects of modelling
and specification languages. If he/she wants to use a different
model checker, the user must start all over again. This, of
course, means learning the syntax of all model checkers to be
used, which is surely a big cumbersome for nonexperts (even
for experts in some cases).

Another drawback is that existing specification languages
are limited to a certain dimension, for example, time and
probability. This unfortunately prevents specifying and ver-
ifying multidimensional behaviour, which can reveal more
novel information about system behaviour.

We believe next generation model checkers should be
able to do more than standard model checkers and hence
should employ some new features in order to eliminate these
drawbacks. Here, we discuss two of such features that we can
integrate into our methodology.

Generic Model Checking. Although we have presented our
approach for probabilistic model checking, it can be gener-
alised to cover model checking for temporal, real-time, and
probabilistic temporal logics. The property generator tool we
have proposed is very feasible as it supports the translation of
natural language statements to any logic. We can also extend
the pattern list presented in Table 1 to cover temporal and
real-time logics.

As we already know, the semantics of different logics are
defined over different structures. For example, temporal, real-
time, and probabilistic temporal logics are usually interpreted
over Kripke structures, timed automata (TA) [34], and
probabilistic models (e.g., DTMCs, CTMCs, and MDPs),
respectively. We remind that a timed automaton models
real-time behaviour using a finite set of real-valued clocks
associated with states and transitions.

In order to allow model checking for these logics in
the same platform, we therefore need a generic structure to
cover all these models. Probabilistic timed automata (PTA)
[35] can be used as a generic structure, because PTA extend
TA with discrete probability distributions and embed Kripke
structures, timed automata, and probabilistic models. We
can construct PTA using the Drawing Prism tool because
it already supports labelling the states and transitions. If
we allow clock constraints in labels, we can obtain PTA,
which can then be instantiated to construct corresponding
models. Namely, to construct a probabilisticmodel we disable
clocks (i.e., state and transition labels do not include clock
constraints); to construct a timed automaton we disable

probability distributions (i.e., transition labels do not include
probabilities); and to contract Kripke structures we dis-
able both clocks and probability distributions. Models con-
structed using the tool can then be translated to themodelling
languages of corresponding model checkers. For example,
Kripke structures are translated to the Promela language
for Spin, timed automata are translated to the Uppaal’s
description language, and probabilistic state machines and
probabilistic timed automate are translated to the Prism’s
reactive modules.

This general approach will allow us to usemodel checkers
for temporal logics, for example, Spin and NuSMV, real-
time model checkers, for example, Uppaal and Kronos, and
probabilistic model checkers, for example, Prism andMrmc,
in the same platform.

Combined Model Checking. Standard model checking is
defined for standalone logics. We can also develop a model
checking strategy for combined logics. A combined logic
synthesizes different aspects using constituent logics, for
example, (i) classic temporal logics (CTL, LTL, etc.); (ii)
belief/knowledge logics (modal logics KD45, S5, etc.); (iii)
probabilistic temporal logics (PCTL, etc.); and (iv) real-time
temporal logics (TCTL, etc.). We can then write statements
specifyingmultidimensional behaviour. For example, assume
that, in our foraging scenario, we want to combine the belief
and probability aspects, which can be done by combining
PCTL and KD45. The statement

The robot 𝑖 believes that the probability of robot 𝑗’s
grabbing a food item within 50 s. is greater than
0.9

is expressed in the combined logic as

B
𝑖
[P
>0.9

(trueU[0,50]𝑠
𝑗
= 3)] (11)

which cannot be stated using standard logics.
Based on the combination strategy, a model checking

procedure can be defined. In [36] we provide a generic model
checking method, which synthesizes a combined model
checker from the model checkers of simpler constituent
logics. We also “show that the complexity of the synthesized
model checker is essentially the supremum of the complexi-
ties of the component model checkers” [36].

This result suggests that we can devise a generic model
checking platform based on the method proposed in [36].
If we consider combining the aspects discussed above, a
probabilistic timed automaton will be sufficient to construct
the combined model. In this case, we only need to introduce
special tags to distinguish the transitions of component
logics. We can then verify properties expressing multidi-
mensional behaviour using component model checkers of
constituent logics. In this way, we do not need to implement
a new model checker. We can devise the model checking
engine based on individual model checkers, for example,
Spin, Uppaal, and Prism.
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8. Conclusion

In this paper, we have presented a methodology to make
probabilistic model checking more intuitive and accessible
for nonexpert users. As part of our methodology, we have
proposed the Property Generator tool automatically generat-
ing formal properties using natural language statements. As
for the model construction, we have used the Drawing Prism
tool, providing a GUI that allows us to construct probabilistic
state machines from which the model code is automatically
generated. In this way, nonexperts can model their systems
and express their requirements without any knowledge of
the modelling and property specification languages and can
analyse their systems without having any expertise.

In our methodology, we have also devised a strategy
which reduces the state space of probabilistic models, using
the Daikon invariant detector, to increase the performance of
model checking and relieve the state explosion problem.

At the moment, the tools discussed and presented in this
paper are standalone. As future work, we will integrate these
tools to create a software suit. We already have the methods
for two features discussed in Section 7. They will also be
integrated into the toolset.
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Attribute reduction is one of the most important problems in rough set theory. However, from the granular computing point
of view, the classical rough set theory is based on a single granulation. It is necessary to study the issue of attribute reduction
based on multigranulations rough set. To acquire brief decision rules from information systems, this paper firstly investigates
attribute reductions by combining the multigranulations rough set together with evidence theory. Concepts of belief and
plausibility consistent set are proposed, and some important properties are addressed by the view of the optimistic and pessimistic
multigranulations rough set. What is more, the multigranulations method of the belief and plausibility reductions is constructed
in the paper. It is proved that a set is an optimistic (pessimistic) belief reduction if and only if it is an optimistic (pessimistic) lower
approximation reduction, and a set is an optimistic (pessimistic) plausibility reduction if and only if it is an optimistic (pessimistic)
upper approximation reduction.

1. Introduction

Rough set theory, originated by Pawlak in the early 1980s
[1, 2], is an extension of the classical set theory and can be
regarded as a soft computing tool to handle imprecision,
vagueness, and uncertainty in date analysis. The theory has
been found successful in applications, especially in the field
of pattern recognition [3], medical diagnosis [4], data mining
[5, 6], conflict analysis [7], algebra [8, 9], and other fields
[10, 11]. Recently, the theory has generated a great deal of
interest among more and more researchers.

Recently, several extensions of the rough set model have
been proposed in terms of various requirements, such as the
variable precision rough set (VPRS) model [12], the Bayesian
rough set model [13], the fuzzy rough set model, and the
rough fuzzy set model [14–16]. Equivalence relation is a basic
notion in Pawlak’s rough set model. The equivalence classes
are employed to construct the lower and upper approxima-
tions of an arbitrary subset of the universe of discourse. How-
ever, the equivalence relation is a very restrictive condition
that may limit applications of rough set. Hence, a variety of
extensions of Pawlak’s rough set were proposed by employing

a more general mathematical concept, for example, arbitrary
binary relations [17–19], neighborhood systems and Boolean
algebras [20, 21], and partitions and coverings of the universe
of discourse [22, 23]. In the view of granular computing
(proposed by Zadeh [24]), a general concept described by
a set is always characterized via the so-called lower and
upper approximations under a single granulation; that is,
the concept is depicted by known knowledge induced from
a single relation (such as equivalence relation, tolerance
relation, and reflexive relation) on the universe.

Since each set of the information granules can be con-
sidered as a granulation space, then one can call two or
more than two information granules as multigranulations
space. To make it more widely to apply the rough set theory
in practical applications, Qian and Liang extended Pawlak’s
single-granulation rough set model to a multigranulations
rough set model [25]. Multigranulations rough set was
initially proposed by Qian and Liang [25], and later many
researchers have extended the multigranulations rough set
to the generalized multigranulations rough set. Xu et al.
developed a variable multigranulations rough set model [26],
a fuzzymultigranulations rough set model [27], a generalized
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multigranulations rough set approach [28], and amultigranu-
lations rough set model in ordered information systems [29].
Yang et al. proposed the hierarchical structure properties of
the multigranulations rough set [30–33] and multigranula-
tions rough set in incomplete information system [34]. Lin et
al. presented a neighborhood-basedmultigranulations rough
set [35]. Qian et al. discussed the decision-theoretic rough
set theory based on Bayesian decision procedure into the
multigranulations [36]. She and He explored the topological
structures and the properties of multigranulations rough set
[37] and many others [38, 39].

Another important method used to deal with uncertainty
in information systems is the Dempster-Shafer theory of
evidence. It was originated by Dempster’s concept of lower
and upper probabilities [40] and extended by Shafer as a
theory [41].The basic representational structure in the theory
is a belief structure, which can derive dual pairs of belief and
plausibility functions. Subsequently, Zadeh generalized the
Dempster-Shafer theory to the fuzzy environment based on
his work on the concepts of information granularity [42] and
the theory of possibility [43]. So as to evaluate the degrees
of belief in fuzzy events, many authors have enriched the
Dempster-Shafer theory in different ways. Interested read-
ers can refer to [44] for a summary of some of these generali-
zations.

There are strong connections between rough set theory
and Dempster-Shafer theory of evidence. It has been demon-
strated that various belief structures are associated with vari-
ous rough approximation spaces such that the different dual
pairs of lower and upper approximation operators induced
by rough approximation spaces may be used to interpret the
corresponding dual pairs of belief and plausibility functions
induced by belief structures [45–48].

It is well known that attribute reduction is one of the hot
research topics of rough set theory.There are many attributes
in information system in general. But some attributes are not
always needed based on the various reasons. Several kinds
of attribute reductions such as upper approximation reduc-
tions, lower approximation reductions, and positive region
reductions were discussed in a decision system according
to different requirements [49–51]. By now much study on
this area had been reported and many useful results were
obtained [50, 52–55]. While in our real life, we may face
some problems in which the existing reductions cannot
be disposed, on this situation, some new reductions are
needed. In this paper, we attempt to investigate attribute
reduction in multigranulations rough set based on evi-
dence theory and its strong relations with existing reduc-
tions.

The organization of the rest of this paper is as follows.
In Section 2, we give some basic concepts of information
systems and Pawlak’s rough set, multigranulations rough
set, and evidence theory. In Section 3, evidence theory
in optimistic multigranulations rough set and pessimistic
multigranulations rough set has been constructed, and some
important properties are discussed. In Section 4, we intro-
duce the optimistic and pessimistic multigranulations rough
set method of belief and plausibility reductions; then we
also combine the belief structure with the lower and upper

approximations. And in Section 5, we conclude the paper
with a summary and outlook for further research.

2. Preliminaries

Throughout this paper, we assume that the universe is a
nonempty finite set.

An information system is an order triple 𝑆 = (𝑈,AT, 𝑓),
where𝑈 = {𝑥

1
, 𝑥

2
, . . . , 𝑥

𝑛
} is a nonempty finite set of objects,

AT = {𝑎
1
, 𝑎

2
, . . . , 𝑎

𝑚
} is a nonempty finite set of conditional

attributes, and for any 𝑎
𝑖
∈ AT, 𝑓

𝑎𝑖
: 𝑈 → 𝑉

𝑎𝑖
is a map,

where 𝑉
𝑎𝑖
is the domain of the attribute 𝑎

𝑖
. In particular, a

target information system is given by 𝑆 = (𝑈,AT, 𝑓, 𝐷, 𝑔),
where𝐷 = {𝑑

1
, 𝑑

2
, . . . , 𝑑

𝑝
} is a nonempty finite set of decision

attributes, and for any 𝑑
𝑗
∈ 𝐷, 𝑔

𝑑𝑗
: 𝑈 → 𝑉

𝑑𝑗
is a

map, where 𝑉
𝑑𝑗
is the domain of the attribute 𝑑

𝑗
. In general,

a target information system is consistent, if the partitions
induced from the set of condition attributes AT are finer than
the partitions induced from the set of decision attributes 𝐷.
Otherwise, it is inconsistent.

For an information system, any attribute domain 𝑉
𝑎
may

contain special symbol “∗” to represent that the value of an
attribute is unknown. Here, we assume that an object 𝑥 ∈ 𝑈
possesses only one value for an attribute 𝑎, 𝑎 ∈ AT. Thus, if
the value of an attribute 𝑎 is missing, then the attribute value
is the symbol “∗”, and the real value of the attribute must be
from the set𝑉

𝑎
\{∗}. Any domain value different from “∗” will

be called regular. A system in which values of all attributes
for all objects from𝑈 are regular (known) is called complete;
otherwise it is called incomplete [56, 57].

Throughout this paper, we assume that the information
system is the complete information system.

Suppose that 𝑆 = (𝑈,AT, 𝑓) is an information system,
𝑅

𝐴
= {(𝑥, 𝑦) | 𝑓

𝑎𝑖
(𝑥) = 𝑓

𝑎𝑖
(𝑦), ∀𝑎

𝑖
∈ 𝐴}; let 𝑈/𝑅

𝐴
be a

partition of 𝑈 induced by the attribute subset 𝐴 ⊆ AT. For
any 𝑥 ∈ 𝑈, [𝑥]

𝐴
= {𝑦 | (𝑥, 𝑦) ∈ 𝑅

𝐴
}; more information can

be found in [58–60].
In themultigranulations rough setmodel, unlike Pawlak’s

rough set theory, the target concept is approximated via
multiple partitions induced bymultiple equivalence relations.
Suppose that 𝑆 = (𝑈,AT, 𝑓) is an information system,
𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠
(𝑠 ≤ 2

|AT|) are attribute subsets, and 𝑋 ⊆ 𝑈.
Then the optimistic multigranulations lower approximation
and upper approximation of𝑋 related to𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠
in𝑈

are defined as follows:

OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = {𝑥 | ∨ ([𝑥]𝐴𝑖

⊆ 𝑋)} ,

OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = {𝑥 | ∧ ([𝑥]𝐴𝑖

∩ 𝑋 ̸= 0)} .

(1)

And the pessimistic multigranulations lower approxima-
tion and upper approximation of𝑋 related to 𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠

in 𝑈 are defined as follows:

PM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = {𝑥 | ∧ ([𝑥]𝐴𝑖

⊆ 𝑋)} ,

PM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = {𝑥 | ∨ ([𝑥]𝐴𝑖

∩ 𝑋 ̸= 0)} .

(2)

More detailed introductions can be seen in [58, 59, 61, 62].



Journal of Applied Mathematics 3

In evidence theory [40, 41], a mass function of a universe
𝑈 can be defined by a map𝑚 : 𝑃(𝑈) → [0, 1], and this mass
function satisfies two axioms:

(𝑀1) 𝑚 (0) = 0,

(𝑀2) ∑

𝑋⊆𝑈

𝑚(𝑋) = 1.

(3)

The value 𝑚(𝑋) represents the degree of belief that a
specific element of𝑈 belongs to set𝑋 but not to any particular
subset of𝑋.

If 𝑚(𝑋) > 0, then 𝑋 is called a focal element. The family
of all focal elements of 𝑚 are denoted by 𝑀. Then the pair
(𝑀,𝑚) is called a belief structure.

In information systems, each belief structure can derive
a pair of belief and plausibility functions based on classical
equivalence relation.

Definition 1 (see [40, 41]). Let (𝑀,𝑚) be a belief structure.
A set function Bel : 𝑃(𝑈) → [0, 1] is referred to as a belief
function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Bel (𝑋) = ∑

𝑌⊆𝑋

𝑚(𝑌) . (4)

A set function Pl : 𝑃(𝑈) → [0, 1] is referred to as a
plausibility function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Pl (𝑋) = ∑

𝑌∩𝑋 ̸=0

𝑚(𝑌) . (5)

Remark 2. The above definition about belief and plausibility
functions can also be defined as follows.

A set function Bel : 𝑃(𝑈) → [0, 1] is referred to as a
belief function on 𝑈, if it satisfies the following three axioms
[48]:

(1) Bel(0) = 0,
(2) Bel(𝑈) = 1,
(3) for any positive integer 𝑛 and every collection

𝑋
1
, 𝑋

2
, . . . , 𝑋

𝑛
⊆ 𝑈,

Bel(
𝑛

⋃

𝑖=1

𝑋
𝑖
) ≥ ∑

0 ̸=𝐽⊆{1,2,...,𝑛}

(−1)
|𝐽|+1Bel(⋂

𝑖∈𝐽

𝑋
𝑖
) . (6)

A set function Pl : 𝑃(𝑈) → [0, 1] is referred to as a
plausibility function on 𝑈, if it satisfies the following three
axioms [48]:

(1) Pl(0) = 0,
(2) Pl(𝑈) = 1,
(3) for any positive integer 𝑛 and every collection

𝑋
1
, 𝑋

2
, . . . , 𝑋

𝑛
⊆ 𝑈,

Pl(
𝑛

⋂

𝑖=1

𝑋
𝑖
) ≤ ∑

0 ̸=𝐽⊆{1,2,...,𝑛}

(−1)
|𝐽|+1Pl(⋃

𝑖∈𝐽

𝑋
𝑖
) . (7)

From the definition and remark above, one can test and
verify belief and plausibility functions by validating the three
axioms above, respectively.

3. Evidence Theory in
Multigranulations Rough Set

In this section, we will introduce the evidence theory in
the optimistic multigranulations rough set and pessimistic
multigranulations rough set and discuss some important
properties of evidence theory in information system.

Definition 3. Let 𝑆 = (𝑈,AT, 𝑓) be an information system,
𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠
⊆ AT (𝑠 ≤ 2|AT|), and let𝑅

𝑖
be the equivalence

relation associated with 𝐴
𝑖
. For any 𝑋 ∈ 𝑈/𝑅

𝑖
, a mass

function 𝑚
𝑖
of 𝑆 can be defined as 𝑚

𝑖
(𝑋) = |𝑋|/|𝑈|, where

|𝑋| denotes the cardinality of a set𝑋.
By the above definition, we can easily find that a mass

function of information system satisfies two basic axioms.
That is to say, for any 𝑋 ∈ 𝑈/𝑅

𝑖
in information system, the

following two axioms hold directly:

(𝑀1) 𝑚
𝑖
(0) = 0,

(𝑀2) ∑

𝑋⊆𝑈/𝑅𝑖

𝑚
𝑖
(𝑋) = 1.

(8)

Similarly, the family of all focal elements of 𝑚 is denoted
by 𝑀 in optimistic multigranulations rough set. The pair
(𝑀,𝑚) is called a belief structure of the optimistic multi-
granulations rough set in information system; a pair of belief
and plausibility function in the optimistic multigranulations
rough set can be derived immediately.

Definition 4. Let 𝑆 = (𝑈,AT, 𝑓) be an information system
and (𝑀,𝑚) a belief structure.

(1) A set function Bel : 𝑃(𝑈) → [0, 1] is referred to as an
optimistic belief function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = ∑

𝑌⊆𝑋,𝑌∈𝑈/𝑅𝐴𝑖
(∃𝐴𝑖⊆AT)

𝑚
𝑖
(𝑌) . (9)

A set function Pl : 𝑃(𝑈) → [0, 1] is referred to as an
optimistic plausibility function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Pl𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = ∑

𝑌∩𝑋 ̸=0,𝑌∈𝑈/𝑅𝐴𝑖
(∀𝐴𝑖⊆AT)

𝑚
𝑖
(𝑌) . (10)

(2) A set function Bel : 𝑃(𝑈) → [0, 1] is referred to as a
pessimistic belief function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Bel𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = ∑

𝑌⊆𝑋,𝑌∈𝑈/𝑅𝐴𝑖
(∀𝐴𝑖⊆AT)

𝑚
𝑖
(𝑌) . (11)

A set function Pl : 𝑃(𝑈) → [0, 1] is referred to as a pessi-
mistic plausibility function on 𝑈, if for any𝑋 ∈ 𝑃(𝑈),

Pl𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = ∑

𝑌∩𝑋 ̸=0,𝑌∈𝑈/𝑅𝐴𝑖
(∃𝐴𝑖⊆AT)

𝑚
𝑖
(𝑌) . (12)
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Theorem 5. Let 𝑆 = (𝑈, 𝐴𝑇, 𝑓) be an information system, for
any 𝑋 ⊆ 𝑈, 𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠
⊆ 𝐴𝑇 (𝑠 ≤ 2|𝐴𝑇|), denoted by

𝐵𝑒𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) =









𝑂𝑀
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)









|𝑈|

,

𝑃𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) =






𝑂𝑀

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)







|𝑈|

,

𝐵𝑒𝑙
𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) =









𝑃𝑀
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)









|𝑈|

,

𝑃𝑙
𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) =






𝑃𝑀

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)







|𝑈|

.

(13)

Then

𝐵𝑒𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the optimistic belief function and

𝑃𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the optimistic plausibility function of 𝑈;

𝐵𝑒𝑙
𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the pessimistic belief function and

𝑃𝑙
𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the pessimistic plausibility function of𝑈.

Proof. We only prove Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the optimistic belief

function of 𝑈; then analogously we can prove Pl𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is

the optimistic plausibility function of 𝑈. Consider

(1) Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(0) = |OM

∑
𝑠

𝑖=1
𝐴𝑖
(0)|/|𝑈| = 0/|𝑈| = 0,

(2) Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑈) = |OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑈)|/|𝑈| = |𝑈|/|𝑈| = 1,

(3) for any positive integer 𝑛 and every collection
𝑋

1
, 𝑋

2
, . . . , 𝑋

𝑛
⊆ 𝑈, we have

Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
∪ 𝑋

2
∪ ⋅ ⋅ ⋅ ∪ 𝑋

𝑛
)

=









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
∪ 𝑋

2
∪ ⋅ ⋅ ⋅ ∪ 𝑋

𝑛
)









|𝑈|

≥









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
) ∪OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

2
) ∪ ⋅ ⋅ ⋅ ∪OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑛
)









|𝑈|

=

𝑛

∑

𝑗=1









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑗
)









|𝑈|

− ∑

𝑘<𝑗









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑘
) ∩OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑗
)









|𝑈|

+ ⋅ ⋅ ⋅ + (−1)
𝑛+1

×









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
) ∩OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

2
) ∩ ⋅ ⋅ ⋅ ∩OM

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑛
)









|𝑈|

≥

𝑛

∑

𝑗=1









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑗
)









|𝑈|

− ∑

𝑘<𝑗









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑘
∩ 𝑋

𝑗
)









|𝑈|

+ ⋅ ⋅ ⋅ + (−1)
𝑛+1









OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
∩ 𝑋

2
⋅ ⋅ ⋅ ∩ 𝑋

𝑛
)









|𝑈|

=

𝑛

∑

𝑗=1

Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑗
) − ∑

𝑘<𝑗

Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

𝑘
∩ 𝑋

𝑗
)

+ ⋅ ⋅ ⋅ + (−1)
𝑛+1Bel𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋

1
∩ 𝑋

2
∩ ⋅ ⋅ ⋅ ∩ 𝑋

𝑛
) .

(14)

Similarly we can prove that Bel𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the pessimistic

belief function and Pl𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) is the pessimistic plausibility

function of 𝑈.
Thus, the theorem is proved.

From the theorem above, one can get the following
properties of the belief function and plausibility function in
the optimistic and pessimistic multigranulations rough set.

Theorem 6. Belief function and plausibility function based on
the same belief structure are connected by the dual property in
the optimistic multigranulations rough set and the pessimistic
multigranulations rough set, respectively,

(1) 𝐵𝑒𝑙𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = 1 − 𝑃𝑙

𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋),

(2) 𝐵𝑒𝑙𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = 1 − 𝑃𝑙

𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋).

Proof. (1) It is clear that OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) =∼ OM

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋), so

|OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)| = |𝑈| − |OM

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋)|.

Then








OM
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋)









|𝑈|

=

|𝑈| −






OM

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋)







|𝑈|

= 1 −






OM

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋)







|𝑈|

.

(15)

That is to say

Bel𝑜
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = 1 − Pl𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋) . (16)

(2) One can prove Bel𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) = 1 − Pl𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(∼ 𝑋) to be

similar.

Corollary 7. Let 𝑆 = (𝑈, 𝐴𝑇, 𝑓) be an information system, for
any 𝑋 ⊆ 𝑈, 𝐴

1
, 𝐴

2
, . . . , 𝐴

𝑠
⊆ 𝐴𝑇 (𝑠 ≤ 2|𝐴𝑇|); then

(1) 𝐵𝑒𝑙𝑜
𝐴𝑖
(𝑋) ≤ 𝐵𝑒𝑙

𝑜

∑
𝑖 ̸=𝑗

1≤𝑗≤𝑠
𝐴𝑖

(𝑋) ≤ 𝐵𝑒𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) ≤

|𝑋|/|𝑈| ≤ 𝑃𝑙
𝑜

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) ≤ 𝑃𝑙

𝑜

∑
𝑖 ̸=𝑗

1≤𝑗≤𝑠
𝐴𝑖

(𝑋) ≤ 𝑃𝑙
𝑜

𝐴𝑖
(𝑋),

(2) 𝐵𝑒𝑙𝑃
∑
𝑠

𝑖=1
𝐴𝑖
(𝑋) ≤ 𝐵𝑒𝑙

𝑃

∑
𝑖 ̸=𝑗

1≤𝑗≤𝑠
𝐴𝑖

(𝑋) ≤ 𝐵𝑒𝑙
𝑃

𝐴𝑖
(𝑋) ≤

|𝑋|/|𝑈| ≤ 𝑃𝑙
𝑃

𝐴𝑖
(𝑋) ≤ 𝑃𝑙

𝑃

∑
𝑖 ̸=𝑗

1≤𝑗≤𝑠
𝐴𝑖

(𝑋) ≤ 𝑃𝑙
𝑃

∑
𝑠

𝑖=1
𝐴𝑖
(𝑋).
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Proof. It can be obtained directly by combining the properties
of the optimistic multigranulations rough set, pessimistic
multigranulations rough set, andTheorem 5.

The difference between (1) and (2) in Corollary 7 is
mainly because of the difference between the definition of the
optimistic and pessimistic multigranulations rough set lower
and upper approximations.

Example 8. Table 1 depicts a target information system
containing some information about an emporium invest-
ment project. Locus, Investment, and Population density
are the conditional attributes of the system, and 𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛

is the decision attribute. (In the sequel, 𝐿, 𝐼, 𝑃, and
𝐷 will stand for 𝐿𝑜𝑐𝑢𝑠, Investment, Population density,
and Decision, resp.) The attribute domains are as follows:
𝑉

𝐿
= {Good,Common,Bad}, 𝑉

𝐼
= {High, Low}, 𝑉

𝑃
=

{Big, Small,Medium}, and 𝑉
𝐷
= {Yes,No}.

Let𝑋 = {𝑥
1
, 𝑥

2
, 𝑥

6
, 𝑥

8
}; we have gotten

OM
𝐿
(𝑋) = 𝑅

𝐿
(𝑋) = {𝑥

8
} ,

PM
𝐿
(𝑋) = 𝑅

𝐿
(𝑋) = {𝑥

8
} ,

OM
𝐿
(𝑋) = 𝑅

𝐿
(𝑋) = {𝑥

1
, 𝑥

2
, . . . , 𝑥

8
} ,

PM
𝐿
(𝑋) = 𝑅

𝐿
(𝑋) = {𝑥

1
, 𝑥

2
, . . . , 𝑥

8
} ,

OM
𝐿+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, 𝑥

8
} , PM

𝐿+𝑃
(𝑋) = 0,

OM
𝐿+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, 𝑥

6
, 𝑥

7
, 𝑥

8
} ,

PM
𝐿+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, . . . , 𝑥

8
} ,

OM
𝐿+𝐼+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, 𝑥

8
} , PM

𝐿+𝐼+𝑃
(𝑋) = 0,

OM
𝐿+𝐼+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, 𝑥

6
, 𝑥

7
, 𝑥

8
} ,

PM
𝐿+𝐼+𝑃

(𝑋) = {𝑥
1
, 𝑥

2
, . . . , 𝑥

8
} .

(17)

So, we can calculate

Bel𝑜
𝐿
(𝑋) =






OM

𝐿
(𝑋)







|𝑈|

=

1

8

,

Bel𝑃
𝐿
(𝑋) =






PM

𝐿
(𝑋)







|𝑈|

=

1

8

,

Pl𝑜
𝐿
(𝑋) =






OM

𝐿
(𝑋)







|𝑈|

= 1,

Pl𝑃
𝐿
(𝑋) =






PM

𝐿
(𝑋)







|𝑈|

= 1,

Bel𝑜
𝐿+𝑃

(𝑋) =






OM

𝐿+𝑃
(𝑋)







|𝑈|

=

3

8

,

Bel𝑃
𝐿+𝑃

(𝑋) =






PM

𝐿+𝑃
(𝑋)







|𝑈|

= 0,

Pl𝑜
𝐿+𝑃

(𝑋) =






OM

𝐿+𝑃
(𝑋)







|𝑈|

=

5

8

,

Pl𝑃
𝐿+𝑃

(𝑋) =






PM

𝐿+𝑃
(𝑋)







|𝑈|

= 1,

Bel𝑜
𝐿+𝐼+𝑃

(𝑋) =






OM

𝐿+𝐼+𝑃
(𝑋)







|𝑈|

=

3

8

,

Bel𝑃
𝐿+𝐼+𝑃

(𝑋) =






PM

𝐿+𝐼+𝑃
(𝑋)







|𝑈|

= 0,

Pl𝑜
𝐿+𝐼+𝑃

(𝑋) =






𝑂𝑀

𝐿+𝐼+𝑃
(𝑋)







|𝑈|

=

5

8

,

Pl𝑃
𝐿+𝐼+𝑃

(𝑋) =






PM

𝐿+𝐼+𝑃
(𝑋)







|𝑈|

= 1.

(18)

Hence, the following is obvious:

Bel𝑜
𝐿
(𝑋) ≤ Bel𝑜

𝐿+𝑃
(𝑋) ≤ Bel𝑜

𝐿+𝐼+𝑃
(𝑋)

≤

|𝑋|

|𝑈|

≤ Pl𝑜
𝐿+𝐼+𝑃

(𝑋) ≤ Pl𝑜
𝐿+𝑃

(𝑋) ≤ Pl𝑜
𝐿
(𝑋) ,

Bel𝑃
𝐿+𝐼+𝑃

(𝑋) ≤ Bel𝑃
𝐿+𝑃

(𝑋) ≤ Bel𝑃
𝐿
(𝑋)

≤

|𝑋|

|𝑈|

≤ Pl𝑃
𝐿
(𝑋) ≤ Pl𝑃

𝐿+𝑃
(𝑋) ≤ Pl𝑃

𝐿+𝐼+𝑃
(𝑋) .

(19)

4. Attribute Reduction Based on
Evidence Theory

In this section, we consider the optimistic multiple granula-
tion rough set and the pessimistic multigranulations rough
set method of the attribute reductions by introducing the
concepts of belief and plausibility reductions in information
system and compare them with the existing reductions.

Let 𝑆 = (𝑈,AT, 𝑓, 𝐷, 𝑔) be a decision information system,
𝐴 ⊆ AT, and let 𝑅

𝐴
and 𝑅

𝐷
be the equivalence relations of𝑈,

which are induced by the conditional attribute set 𝐴 and the
decision attribute set𝐷 = {𝑑}, respectively; we denote

𝑈

𝑅
𝐴

= {[𝑥
𝑖
]
𝐴
| 𝑥

𝑖
∈ 𝑈} ,

𝑈

𝑅
𝐷

= {𝐷
1
, 𝐷

2
, . . . , 𝐷

𝑟
} ,

𝜂
𝑜

𝐴
= (OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

1
) ,OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

2
) ,

. . . , OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑟
)) ,
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Table 1: A target information system about emporium investment project.

Project Locus Investment Population density Decision
𝑥

1
Common High Big Yes

𝑥
2

Bad High Big Yes
𝑥

3
Bad Low Small No

𝑥
4

Bad Low Small No
𝑥

5
Bad Low Small No

𝑥
6

Bad High Medium Yes
𝑥

7
Common High Medium No

𝑥
8

Good High Medium Yes

𝜂
𝑜

𝐴
= (OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

1
) ,OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

2
) ,

. . . , OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑟
)) ,

𝜂
𝑃

𝐴
= (PM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

1
) ,PM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

2
) ,

. . . , PM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑟
)) ,

𝜂
𝑃

𝐴
= (PM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

1
) ,PM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

2
) ,

. . . , PM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑟
)) ,

(20)

where [𝑥
𝑖
]
𝐴
= {𝑦 ∈ 𝑈 | (𝑥

𝑖
, 𝑦) ∈ 𝑅

𝐴
}.

Definition 9 (see [58]). Let 𝑆 = (𝑈,AT, 𝑓, 𝐷, 𝑔) be a decision
information system in which 𝐴 ⊆ AT.

(1) If 𝜂𝑜

𝐴
= 𝜂

𝑜

AT, then 𝐴 is referred to as an optimistic
upper approximation consistent set of 𝑆 with respect
to the equivalence relation 𝑅

𝐴
; if 𝐴 is an optimistic

upper approximation consistent set of 𝑆 and for any
𝐴


⊆ 𝐴, 𝐴 is not the optimistic upper approximation

consistent set of 𝑆, then 𝐴 is referred to as an
optimistic upper approximation reduction of 𝑆 with
respect to the equivalence relation 𝑅

𝐴
.

(2) If 𝜂𝑜

𝐴
= 𝜂

𝑜

AT
, then 𝐴 is referred to as an optimistic

lower approximation consistent set of 𝑆 with respect
to the equivalence relation 𝑅

𝐴
; if 𝐴 is an optimistic

lower approximation consistent set of 𝑆 and for any
𝐴


⊆ 𝐴, 𝐴 is not the optimistic lower approximation

consistent set of 𝑆, then 𝐴 is referred to as an
optimistic lower approximation reduction of 𝑆 with
respect to the equivalence relation 𝑅

𝐴
.

(3) If 𝜂𝑃

𝐴
= 𝜂

𝑃

AT, then 𝐴 is referred to as a pessimistic
upper approximation consistent set of 𝑆 with respect
to the equivalence relation 𝑅

𝐴
; if 𝐴 is a pessimistic

upper approximation consistent set of 𝑆 and for any
𝐴


⊆ 𝐴,𝐴 is not the pessimistic upper approximation

consistent set of 𝑆, then𝐴 is referred to as a pessimistic
upper approximation reduction of 𝑆 with respect to
the equivalence relation 𝑅

𝐴
.

(4) If 𝜂𝑃

𝐴
= 𝜂

𝑃

AT
, then 𝐴 is referred to as a pessimistic

lower approximation consistent set of 𝑆 with respect
to the equivalence relation 𝑅

𝐴
; if 𝐴 is a pessimistic

lower approximation consistent set of 𝑆 and for any
𝐴


⊆ 𝐴,𝐴 is not the pessimistic lower approximation

consistent set of 𝑆, then𝐴 is referred to as a pessimistic
lower approximation reduction of 𝑆 with respect to
the equivalence relation 𝑅

𝐴
. From the definitions

above, one can get the following theorem directly.

Theorem 10. Let 𝑆 = (𝑈, 𝐴𝑇, 𝑓,𝐷, 𝑔) be a decision informa-
tion system in which 𝐴 ⊆ 𝐴𝑇; then

(1) 𝐴 is an optimistic upper approximation consistent set of
𝑆 if and only if, for any𝐷

𝑗
∈ 𝑈/𝑅

𝐷
, 𝑂𝑀

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) =

𝑅
𝐴𝑇
(𝐷

𝑗
) holds;

(2) 𝐴 is an optimistic lower approximation consistent set of
𝑆 if and only if, for any𝐷

𝑗
∈ 𝑈/𝑅

𝐷
, 𝑂𝑀

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) =

𝑅
𝐴𝑇
(𝐷

𝑗
) holds;

(3) 𝐴 is a pessimistic upper approximation consistent set of
𝑆 if and only if, for any 𝐷

𝑗
∈ 𝑈/𝑅

𝐷
, 𝑃𝑀

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) =

𝑅
𝐴𝑇
(𝐷

𝑗
) holds;

(4) 𝐴 is a pessimistic lower approximation consistent set of
𝑆 if and only if, for any 𝐷

𝑗
∈ 𝑈/𝑅

𝐷
, 𝑃𝑀

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) =

𝑅
𝐴𝑇
(𝐷

𝑗
) holds.

Proof. It can be derived easily from the definition of the
optimistic upper and lower approximation reduction and the
pessimistic upper and lower approximation reduction.

Definition 11. Let 𝑆 = (𝑈,AT, 𝑓, 𝐷, 𝑔) be a decision informa-
tion system in which 𝐴 ⊆ AT.

(1) If for any𝑋 ∈ 𝑈/𝑅AT, Bel
𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = Bel𝑜AT(𝑋), then

𝐴 is referred to as an optimistic belief consistent set of
𝑆; if𝐴 is an optimistic belief consistent set of 𝑆 and for
any 𝐴

⊆ 𝐴, 𝐴 is not the optimistic belief consistent
set of 𝑆, then 𝐴 is referred to as an optimistic belief
reduction of 𝑆.

(2) If for any 𝑋 ∈ 𝑈/𝑅AT, Pl
𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = Pl𝑜AT(𝑋), then

𝐴 is referred to as an optimistic plausibility consistent
set of 𝑆; if 𝐴 is an optimistic plausibility consistent
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set of 𝑆 and for any 𝐴
⊆ 𝐴, 𝐴 is not the optimistic

plausibility consistent set of 𝑆, then 𝐴 is referred to as
an optimistic plausibility reduction of 𝑆.

(3) If for any𝑋 ∈ 𝑈/𝑅AT, Bel
𝑃

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = Bel𝑃AT(𝑋), then

𝐴 is referred to as a pessimistic belief consistent set of
𝑆; if𝐴 is a pessimistic belief consistent set of 𝑆 and for
any 𝐴

⊆ 𝐴, 𝐴 is not the pessimistic belief consistent
set of 𝑆, then 𝐴 is referred to as a pessimistic belief
reduction of 𝑆.

(4) If for any 𝑋 ∈ 𝑈/𝑅AT, Pl
𝑃

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = Pl𝑃AT(𝑋), then

𝐴 is referred to as a pessimistic plausibility consistent
set of 𝑆; if 𝐴 is a pessimistic plausibility consistent set
of 𝑆 and for any 𝐴

⊆ 𝐴, 𝐴 is not the pessimistic
plausibility consistent set of 𝑆, then 𝐴 is referred to
as a pessimistic plausibility reduction of 𝑆.

Theorem 12. Let 𝑆 = (𝑈, 𝐴𝑇, 𝑓,𝐷, 𝑔) be a decision informa-
tion system in which 𝐴 ⊆ 𝐴𝑇; then

(1) 𝐴 is an optimistic belief consistent set of 𝑆 if and only
if𝐴 is an optimistic lower approximation consistent set
of 𝑆;

(2) 𝐴 is an optimistic plausibility consistent set of 𝑆 if
and only if 𝐴 is an optimistic upper approximation
consistent set of 𝑆;

(3) 𝐴 is a pessimistic belief consistent set of 𝑆 if and only if
𝐴 is a pessimistic lower approximation consistent set of
𝑆;

(4) 𝐴 is a pessimistic plausibility consistent set of 𝑆 if
and only if 𝐴 is a pessimistic upper approximation
consistent set of 𝑆.

Proof. (1) Assume that 𝐴 is an optimistic belief consistent
set of 𝑆; for any 𝑋 ∈ 𝑈/𝑅AT, we have Bel𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) =

Bel𝑜AT(𝑋). That is to say, |OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋)| = |𝑅AT(𝑋)|. Then

by the definition of the optimistic lower approximation we
have [𝑥]AT ⊆ [𝑥]

𝐴𝑖
; then OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) ⊆ 𝑅AT(𝑋). So

OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = 𝑅AT(𝑋). By Theorem 10, we obtain 𝐴 is an

optimistic lower approximation consistent set of 𝑆.
Conversely, if 𝐴 is an optimistic lower approxima-

tion consistent set of 𝑆, for any 𝐷
𝑗

∈ 𝑈/𝑅
𝐷
, we have

OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) = 𝑅AT(𝐷𝑗

). Then |OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
)|/|𝑈| =

|𝑅AT(𝐷𝑗
)|/|𝑈|. That is to say, Bel𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) = Bel𝑜AT(𝐷𝑗

).
Thus 𝐴 is an optimistic belief consistent set of 𝑆.

(2) Assume that 𝐴 is an optimistic plausibility consistent
set of 𝑆; for any𝑋 ∈ 𝑈/𝑅AT, we have Pl

𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) = Pl𝑜AT(𝑋).

That is to say, |OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋)| = |𝑅AT(𝑋)|. By the definition

of the optimistic upper approximation we have, [𝑥]AT ⊆

[𝑥]
𝐴𝑖
. Then OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) ⊇ 𝑅AT(𝑋). So OM

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝑋) =

𝑅AT(𝑋). By Theorem 10, we obtain 𝐴 is an optimistic upper
approximation consistent set of 𝑆.

Conversely, if 𝐴 is an optimistic upper approxima-
tion consistent set of 𝑆, for any 𝐷

𝑗
∈ 𝑈/𝑅

𝐷
, we have

Table 2: A system about emporium investment project.

Project Decision
𝑥

1
Yes

𝑥
2

Yes
𝑥

3
No

𝑥
4

No
𝑥

5
No

𝑥
6

Yes
𝑥

7
No

𝑥
8

Yes

OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) = 𝑅AT(𝐷𝑗

). Then |OM
∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
)|/|𝑈| =

|𝑅AT(𝐷𝑗
)|/|𝑈|. That is to say, Pl𝑜

∑
𝐴𝑖∈𝐴

𝐴𝑖
(𝐷

𝑗
) = Pl𝑜AT(𝐷𝑗

). Thus
𝐴 is an optimistic plausibility consistent set of 𝑆.

(3) It is straightforward by (1).
(4) It is straightforward by (2).
Hence, the proof is completed.

Corollary 13. Let 𝑆 = (𝑈, 𝐴𝑇, 𝑓,𝐷, 𝑔) be a decision informa-
tion system in which 𝐴 ⊆ 𝐴𝑇; then

(1) 𝐴 is an optimistic belief reduction of 𝑆 if and only if 𝐴
is an optimistic lower approximation reduction of 𝑆;

(2) 𝐴 is an optimistic plausibility reduction of 𝑆 if and only
if 𝐴 is an optimistic upper approximation reduction of
𝑆;

(3) 𝐴 is a pessimistic belief reduction of 𝑆 if and only if𝐴 is
a pessimistic lower approximation reduction of 𝑆;

(4) 𝐴 is a pessimistic plausibility reduction of 𝑆 if and only
if 𝐴 is a pessimistic upper approximation reduction of
𝑆.

We have shown that the belief and plausibility reduction are
the same with lower and upper approximation reduction. One
may deal with some issue in which the lower and upper approx-
imation reduction cannot be explained, while the belief and
plausibility reduction can be well explained. Just like this, indef-
inite integral and definite integral are two basic problems in the
integral calculus. Indefinite integral is the inverse operation of
differentiation, while definite integral is the limit of a particular
type of the sum. There are both difference and connection
between them. The definite integral and the indefinite integral
can be connected in theory using Newton-leibniz formula,
while some functions still can be integrated, though they have
no antiderivative on closed interval. Under this circumstance,
indefinite integral cannot be evaluated by Newton-leibniz
formula. Next we use an example to illustrate this problem.

Example 14. Table 2 depicts a system containing some infor-
mation about an emporium investment project. All projects
are𝑈 = {𝑥

1
, 𝑥

2
, . . . , 𝑥

8
}, andDecision is the decision attribute.

(In the sequel,𝐷 will stand for Decision.)
In this example, there are no conditional attributes. So

we cannot use the lower and upper approximations to deal
with this system. Based on evidence theory, each object can
be given corresponding confidence degree according to the
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existing information. And this confidence degree after norm-
alization can be used as a new mass function. Then we can
apply the evidence theory to dispose this system. Until now,
we have not found a good method to evaluate the confidence
degree. This will be an important issue of our research in the
future.

5. Conclusions

It is well known that rough set theory has been regarded
as a generalization of the classical set theory in some cases.
In this paper, we have combined the rough set theory and
evidence theory, in order to study the problem of attribute
reductions. By introducingmass function based on themulti-
granulations rough set, we have considered the notions of the
multigranulations rough set method of belief and plausibility
reductions. What is more, we have found that a set is an
optimistic (pessimistic) belief reduction if and only if it is an
optimistic (pessimistic) lower approximation reduction, and
a set is an optimistic (pessimistic) plausibility reduction if and
only if it is an optimistic (pessimistic) upper approximation
reduction by optimistic and pessimistic frames, respectively.
And we will investigate the specific application of theories
obtained in our further study.
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A recommendation system delivers customized data (articles, news, images, music, movies, etc.) to its users. As the interest of
recommendation systems grows, we started working on the movie recommendation systems. Most research efforts in the fields of
movie recommendation system are focusing on discovering the most relevant features from users, or seeking out users who share
same tastes as that of the given user as well as recommending themovies according to the liking of these sought users or seeking out
users who share a connection with other people (friends, classmates, colleagues, etc.) and make recommendations based on those
related people’s tastes. However, little research has focused on recommending movies based on the movie’s features. In this paper,
we present a novel idea that applies machine learning techniques to construct a cluster for the movie by implementing a distance
matrix based on the movie features and then make movie recommendation in real time. We implement some different clustering
methods and evaluate their performance in a real movie forum website owned by one of our authors. This idea can also be used in
other types of recommendation systems such as music, news, and articles.

1. Introduction

Movie recommendation systems suggest movies to user that
he/she might be interested in. The generated suggestions
are obtained from the consideration of many aspects. The
suggestion can be based on the tastes, interests, goals, people
connections, and so forth.

In general, a movie recommendation system compares
user’s profile or usage data to some reference characteristics
and combines the user’s social environment to make movie
recommendations. This type of recommendations is based
on user. However, this type of recommendations may not
work or make inaccurate recommendation in the following
situations.The user does not have strong profile setting in the
system. There are many users who do not want to set their
profile due to laziness or privacy concerns. In this case, most
recommendation systems consider the user’s social connec-
tion in the system such as friends, classmates, families, and
colleagues. However, the tastes of the movies may be various
even among best friends. What is worse, the “friends” that

the user has added in the website may not be people with
the same interest. For example, in a community network or
local network such as a university or college, like our exper-
imental environment, users’ social connections are built
mainly because they are in the same university with the same
major and similar age; however, their tastes towards movies
may be totally different, which fails the fundamental bias in
the recommendation system mentioned above.

Because of the situation stated above, we propose the use
of machine learning (ML) techniques (clustering) to analyze
the movie features and system logs (user’s voting logs) to
make correct recommendations more adequately. In this
proposed approach, we compute a distance matrix for the
movie features and apply the clustering techniques to classify
movies into different areas off-line. For every user logged on
the system, we recommend movies from the clusters com-
bined with the user’s majority voting result in real time.

In order to compare the accuracy and efficiency, we
have implemented different clustering techniques as follows:
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Figure 1: System overview.

DBSCAN (density-based clustering), affinity propagation,
hierarchical clustering, and random clustering as a base line.

We have tested this proposal with all the clustering
techniques in a university social website owned by one of
our authors. There is a subsystem with movie service in the
website. We add a recommendation function in a banner and
put it on top of the section to let user make votes. We offer
them all the clustering results from four cluster algorithms
shuffled together and record the voting results separately.

The rest of the paper is organized as follows. Section 2
gives an overview of related works in whichmachine learning
techniques have been applied to recommendation systems.
Section 3 is the system overview of our recommendation
system. Section 4 illuminates the distance functions we use
to compute the distance matrix. Section 5 introduces all the
clustering techniques used in our preclustering system.
Section 6 includes the experimental setup and evaluation re-
sults. Finally, Section 7 concludes with discussions and future
research.

2. Related Work

Machine learning techniques are very useful when huge
amounts of data have to be classified and analyzed, which
nowadays is a very common situation in many scenarios, es-
pecially in the recommendation system. There are a lot of
different machine learning techniques used in different rec-
ommendation systems, such as Naive Bayes classification [1],
decision tree [2], k-means clustering and improvement [3–6],
and so forth.

Generally, the recommendation systems are divided into
two major categories such as collaborative recommendation
system and content based recommendation system [7]. In
case of collaborative recommendation systems, these try to
seek out users who share same tastes as that of the given user
as well as to recommend themovies according to the liking of
these sought users. For example, Tatli and Birtürk described
an approach for creating music recommendations based on
user-supplied tags that are augmented with a hierarchical
structure extracted for top level genres from Dbpedia. In
this structure, each genre is represented by its stylistic ori-
gins, typical instruments, derivative forms, subgenres, and fu-
sion genres.They use this well-organized structure in dimen-
sionality reduction in user profiling [8]. Yang et al. proposed
a personalized web page recommendation model called
PIGEON (abbreviation for PersonalIzed web paGe rEcom-
mendatiON) via collaborative filtering and a topic-aware

Markov model and proposed a graph-based iteration algo-
rithm to discover user’s interested topics, based on which
user similarities are measured [9]. Cai et al. also proposed a
model that fully captures the bilateral role of user interactions
within a social network and formulated collaborative filtering
methods to enable people to people recommendation [10]. As
I mentioned in Section 1, making recommendation based on
user is not working properly in some particular areas such as
a community network system or university network.

The content based recommendation systems try to rec-
ommend contents similar to thoseweb sites the user has liked.
Biancalana et al. proposed two different context-aware ap-
proaches for the movie recommendation task, one is a hy-
brid recommender that assesses available contextual factors
related to time in order to increase the performance of tradi-
tional CF approaches, and the other one aims at identifying
users in a household that submitted a given rating [11]. This
latter approach is based on machine learning techniques,
namely, neural networks and majority voting. In our paper,
we focus on the content based recommendation and use
the majority voting and clustering techniques. We obtained
better results compared to their research, whichwill be shown
in Section 6.

Some of the researchers proposed hybrid recommenda-
tion approaches by combining different approaches. Ghazan-
far and Prügel-Bennett proposed a unique switching hybrid
recommendation approach by combining a Naive Bayes clas-
sification approach with the collaborative filtering [1]. Ujwala
et al. presented and investigated an approach based on
weighted Association Rule Mining Algorithm and text min-
ing [7]. Bellogı́n et al. implemented decision trees and at-
tribute selections together to build the recommendation
model to find the most relevant preferences of user and sys-
tem [2]. The idea of hybrid recommendation approach gives
us inspiration to combine different approaches to implement
the movie recommendation for future work.

3. System Overview

Figure 1 provides a high-level overview of our newmovie rec-
ommendation approach.As shown in Figure 1, the newmovie
recommendation system comes in three parts: distance com-
putation system, preclustering system, and real time online
recommendation system.

3.1. Distance Computation System. Distance computation
system computes the distance between differentmovies based
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on different properties of the movies including the movies
types, publish year, countries of publishing companies, lan-
guages, directors, casts, and duration time. We first compute
the Jaccard distance based onmovies types, countries of pub-
lishing companies, languages, directors, and casts, and then
the distance based on publish year and duration time by the
distance we defined in Sections 4.2.2 and 4.2.3.We then com-
pute the overall distances between each movie sample by
summarizing them together with the weights which we ob-
tained from the survey mentioned in Section 4.1.

3.2. Preclustering System. Preclustering system separates
movies into different clusters before giving them to online
recommendation system. In this system, we tried five
kinds of different clustering algorithms: affinity propagation,
DBSCAN, hierarchical clustering, spectral clustering, and
random generator, among which spectral clustering is too
slow to get the result in demanded time. Therefore, we sent
the remaining four clustering results to the recommendation
system with two data formats, one can get the cluster label by
one movie’s IMDB identifier and another one can drag all the
movies’ IMDB identifiers by one of cluster labels. In this way,
the online recommendation system in Section 3.3 can quickly
get the information it wants.

3.3. Real Time Online Recommendation System. After getting
the preclustering results, the website read the history of users’
votes on movies and used the majority of the voting to
generate recommendations. Inmore detail, if one user𝑈

𝑖
likes

movie𝑀
𝑗1
which belongs to cluster 𝐶

𝑘1
, 𝑈
𝑖
will give 𝐶

𝑘1
one

V𝑜𝑡𝑒 on 𝐶
𝑘1
. On contract, if 𝑈

𝑖
dislikes movie 𝑀

𝑗2
in 𝐶
𝑘2
,

𝑈
𝑖
will cancel a V𝑜𝑡𝑒 for 𝐶

𝑘2
. If a cluster gets negative V𝑜𝑡𝑒

at the end, it will return to 0. After 𝑈
𝑖
votes all the movies

he/she comments, different clusters will get different votes.
The movie recommendation system will recommend movies
according to the votes of clusters 𝐶

𝑗
as 𝑉(𝐶

𝑗
) as follows:

𝑃 (𝐶
𝑖
) =

𝑉 (𝐶
𝑖
)

∑
𝑛

𝑗=1
𝑉(𝐶
𝑗
)

, (1)

where 𝑃(𝐶
𝑖
) is the probability that a movie should be recom-

mended from cluster 𝐶
𝑖
and 𝑉(𝐶

𝑖
) is the number of votes in

cluster 𝐶
𝑖
. 𝑛 is the number of clusters. As shown in Figure 2.

To make sure that in our evaluation the reason that user
votes a movie we recommended as dislike is not because the
movie itself is really bad, we recommend movies with the
IMDB score higher than 7 in the clusters which have already
been voted out by the user.

4. Distance Computation System

4.1. Weight Survey. Movies’ properties create a very special
space, where the weights of each dimension are treated com-
pletely different. For example, the type of a movie is of course
more important than the duration of it. Therefore, we cannot
use the default distance function provided by Scikit-learn [18]
package that we use. Instead, the feature selection like in [2]
or starting a survey to figure out the weights to different di-
mensions should be implemented. In other research areas
where we human beings do not knowwhich feature is impor-
tant, such as features in carcinogenic, we always use feature
selection to decide the weights of different features. In movie
recommendation area, however, we can investigate it by the
survey shown in Figure 3, since people knowwhy they like the
movie. By carefully designing a survey and letting users vote
the top three factors, we obtained a result shown in Figure 4.

From the survey result shown in Figure 4, we can figure
out that the weight of publish year is 0.0915, weight of country
is 0.147, weight of type is 0.4167, weight of language is 0.0545,
weight of director is 0.0896, weight of casts is 0.1792, and
weight of duration is 0.0214.These weights will be used in the
overall distance computation in Section 4.3.

4.2. Distance Function

4.2.1. Jaccard Distance. Since for countries, languages, casts,
and types of the movie, the distance is determined by how
many same and different items there are between sets, we
decided to use Jaccard distance proposed in [12]. Jaccard dis-
tance is a statistic used for measuring dissimilarity between
sample sets. The formula is shown in formula (2). According
to this formula, we use intersection and union to do the
calculation and easily obtain the distance between eachmovie
feature mentioned above as follows:

𝐽 (𝐴, 𝐵) = 1 −

|𝐴 ∩ 𝐵|

|𝐴 ∪ 𝐵|

. (2)

4.2.2. Publish Year Distance. The distance for publish year
betweenmovies is a very special case for the human being. To
human’s intuition, the distance between movies published in
1950s and 1960s seems much less than that between movies
published in 2012 and 2013. In another word, the distance
of publish year is not a linear function. One reason for
such phenomenon is that there are more and more movies
published recently. The statistic of number of movies in each
year in our database is shown in Figure 5.

Figure 5 illuminates that the number of publishedmovies
in each year is similar to an exponential function. The trend
line is shown as follows:

𝑓 (𝑥) = 0.3584 ⋅ exp0.0598(𝑥−1902). (3)
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Figure 3: Survey in our community.
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Figure 4: Survey of top three liked movie factors.

According to formula (3), we propose a new distance fun-
ction for publish year PD(year

𝑖
, year
𝑗
) shown in the follow-

ing:

PD (year
𝑖
, year
𝑗
) =

∫

max(year𝑖 ,year𝑗)
min(year𝑖 ,year𝑗)

𝑓 (𝑥)

∫

2014

1902
𝑓 (𝑥)

. (4)
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Figure 5: Statistic result of movie published in each year.

4.2.3. Duration Distance. Human being is very sensitive for a
small period of time, which means that half an hour is nearly
as double time as a quarter of an hour in human’s feeling.
Therefore, we use a linear function shown in formula (5) to
compute the duration distance DUD(dur

𝑖
, dur
𝑗
)

DUD (dur
𝑖
, dur
𝑗
) =

min (

dur
𝑖
− dur
𝑗






, 200)

200

.
(5)

Here, in order to normalize the distance, we consider 200
minutes as the maxima duration of a movie.
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Figure 6: Matrix computation parallel demo.

4.3. Overall Distance. Webuild up a distancematrix [𝑛, 𝑛] be-
tween each movie in our database based on formula (6) as
follows:

OD (𝑚
𝑖
, 𝑚
𝑗
) = ∑

𝑘∈{movie features}
weight

𝑘
∗ distance

𝑘
(𝑖, 𝑗) .

(6)

4.4. Parallel DistanceComputation. Since our distancematrix
is symmetric, we can use such property to do distance com-
putation in parallel.

To do parallel computation, two conditions must be
satisfied.

(1) Works assigned to different processing must be ap-
proximately equal.

(2) There is no interaction or data exchange between dif-
ferent working processing.

The distance matrix we need to build is a symmetric ma-
trix in which all the elements on the main diagonal are equal
to 0, formally defined as a matrix 𝐷, where 𝐷 = 𝐷

𝑇 and 𝐷[𝑖,
𝑖] = 0, as follows:

𝐷 =

[

[

[

[

[

[

[

[

[

0 𝜆
0,1

𝜆
0,2

⋅ ⋅ ⋅ 𝜆
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𝜆
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𝜆
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0 𝜆
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⋅ ⋅ ⋅ 𝜆
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1,𝑛
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𝑛−1,𝑛

0

]

]

]

]

]

]

]

]

]

. (7)

The scratch of the distancematrix shown in formula (7) is
shown in Figure 6. Since the distancematrix is symmetric, the
data in area (1) and area (2) and that in area (4) and area (5)
are correspondingly equal.Therefore instead of computing all
of them, we just compute the upper triangle of the matrix,
that is, the data in areas (1) and (5). However, if we separate
the parallel tasks by rows of the matrix, the works (number
of elements) in each task are (is) not equal (from 𝑛 − 1 to 1).
To overcome this problem, the works needed in area (4) are
filled into area (3), so that we can group 𝑛 − 1 unequal tasks

3

2

1

0

−1

−2

−3
3210−1−2−3

Figure 7: Affinity propagation demo [18].

into ⌈𝑛/2⌉ equal tasks. In this way, a process pool where each
process computes distance in one task can be used to parallel
these ⌈𝑛/2⌉ tasks.

More specifically, we firstly assign the main diagonal line
to 0. There is no need to compute the main diagonal, since
we know that the distance between one movie and itself is 0.
Then for each row 𝑖, we combine the distance computations
of𝐷[𝑛−1− 𝑖, 𝑛− 𝑖], 𝐷[𝑛−1− 𝑖, 𝑛− 𝑖+1],. . .,𝐷[𝑛−1− 𝑖, 𝑛−2],
𝐷[𝑛−1−𝑖, 𝑛−1], and those of𝐷[𝑖, 𝑖+1], 𝐷[𝑖, 𝑖+2],. . .,𝐷[𝑖, 𝑛−
2], 𝐷[𝑖, 𝑛−1] together as a task. After computation, we get an
upper triangular matrix, that is, area (1) and area (4). Then
fill the lower triangle with the upper triangle; that is, let 𝐷 =

𝐷 + 𝐷
𝑇.

5. Preclustering System

In this section, we use four clustering methods to investigate
the best cluster method which can be used in the final movie
recommendation system. The four clustering algorithms are
affinity propagation [13], DBSCAN [14], hierarchical cluster-
ing [15], and random clustering for base line usage.

5.1. Clustering Method

5.1.1. Affinity Propagation. Affinity propagation which was
first proposed in [13] generates clusters by sending messages
between pairs of samples until convergence or changes falling
below a threshold. A dataset is then described using a small
number of exemplars, which are identified as those most re-
presentative of other samples. The messages sent between
pairs represent the suitability for one sample to be the exem-
plar of the other, which is updated in response to the values
from other pairs.This updating happens iteratively until con-
vergence, at which point the final exemplars are chosen,
and hence the final clustering is given as demonstrated in
Figure 7.

5.1.2. DBSCAN. The DBSCAN algorithm [14] views clusters
as areas of high density separated by areas of low density.
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Due to this rather generic view, clusters found by DBSCAN
can be in any shape, as opposed to k-means which assumes
that clusters are convex shaped.The central component to the
DBSCAN is the concept of core samples, which are samples
that are in areas of high density. A cluster is therefore a set
of core samples, each close to each other (measured by some
distancemeasure) and a set of non-core samples that are close
to a core sample (but are not themselves core samples) as
demonstrated in Figure 8.

5.1.3. Hierarchical Clustering. Hierarchical clustering [15] is a
general family of clustering algorithms that build nested clus-
ters bymerging them successively.This hierarchy of clusters is
represented as a tree.The root of the tree is the unique cluster
that gathers all the samples, the leaves being the clusters with
only one sample.

The beauty of this clustering method is that we have no
need to provide the size of clustering ahead. Instead, we can
initialize with a large cut height and decrease the cut height
when the user has voted most movies in one cluster. In this
way, we can provide a larger cluster to fit user’s interests. As
shown in Figure 9.

5.1.4. Random Clustering. We first fix the size of clustering to
60 and then for each movie, we randomly pick the cluster it
belongs to by generating a random number between 1 and 60.

5.2. Preclustering System Output. Because of seeking effi-
ciency, we output the clustering label results in two formats.
One can be used to check clustering labels by movie ID and
another is used to check all the movies’ IDs in one cluster
given the cluster label. By outputting the file in JSON, we can
easily transfer data between preclustering system in Python
and real time online recommendation system in PHP.

6. Evaluation

Before the evaluation starts, we created a survey and asked
users to select the top three movie features they care about as

Table 1: Comparison of results between different clustering meth-
ods in first evaluation method.

True positive False positive Accuracy rate
AF 239 98 70.920%
DB 174 77 69.323%
HC 228 88 72.152%
RA 125 104 54.585%

mentioned in Section 4.1. After one week of data collection,
we have the result which is shown in Figure 4 as mentioned.

Based on the result, we calculate the distance matrix and
make it as an input to the different clusters. We implemented
the four clustering techniques by using python library Scikit-
learn.

6.1. Experimental Setup. The evaluation has been conducted
using a university social website in China since the website is
owned by one of our authors. We add the recommendation
function in a banner and put it on top of the movie service to
let users vote. The overview voting component of the website
is showed in Figure 10.

There are three voting choices: like, do not like, and
unseen for each recommended movie. Voting like scores 1,
voting do not like scores −1, and voting unseen scores 0.
Because of the limited time of data collection, we cannot wait
for users to watch the recommended movies. Therefore, we
add the unseen choices for users to select if they have not seen
the recommended movies and only consider the votes which
are like or do not like to evaluate our approach.

6.2. Result. After two weeks voting for themovie recommen-
dation, we have collected 168,424 total votes, 132,360 votes are
collected in 12 days and used for recommendation majority
voting, as mentioned in Section 3.3. The remaining 6064
votes are collected in two days after the recommendation
system is deployed. Since only the like vote and do not like
vote are considered illegible, we generated the results in the
following subsections.

6.2.1. First Evaluation Result. In the first evaluation result,
listed in Table 1, we calculated the true positive, false positive,
and accuracy for each clustering techniques. True positive
equals the number of like votes, and false positive equals the
number of do not like votes. Because most of the recom-
mended movies are voted unseen, there are a total of 1,133
votes counted, and 216 users participated in the voting.
Consider the following:

Accuracy = True Positive
True Positive + False Positive

. (8)

As shown by the result in Table 1, the hierarchical clus-
tering approach is the best. However, the accuracy of every
clustering approach is not satisfied. Therefore, we extracted
the users’ voting history from our server database and
analyzed those data. We found that some of the users made
less than 5 votes, some of them made between 5 to 10 votes.
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Figure 10: Website overview.

There are a few users who made more than 20 votes. In those
people who made more than 20 votes, we found that 4 users
made all their votes do not like. Therefore, almost one third
of the false positive votes were made by only 4 users over 216
users. Table 3 shows one example from one typical user. The
first column is the movie ID from imdb, the second column
is the voting results, and the third column is the voting time.
We think maybe this user dislikes our recommendation idea
so he made all the votes negative.

There is another small portion of users made more than
20 votes. Most of the votes are negative. Only a few votes
are positive, and no zero or unseen votes. Table 4 shows one
of such examples. It is probably because this user is voting
negative instead of the unseen choices for the unseenmovies,
sincemost of the users were voting unseenmore than like and
do not like.

6.2.2. Second Evaluation Result. These two situations men-
tioned in Section 6.2.1 effect our result a lot in the first eval-
uation.Therefore, wemade a second evaluation by calculating
each user’s accuracy in formula (8) and then computing the
average of all user’s accuracy. Consider the following:

Accuracy =
∑ accuracy

Total Number ofUsers
. (9)

Table 2: Comparison of results between different clustering meth-
ods in second evaluation method.

Accuracy rate
AF 80.95%
DB 84.71%
HC 82.03%
RA 63.51%

In the second evaluation, we wait for another 6 hours to
collect more data. There are 7,100 votes in total, 1420 votes
are considered and 242 users participated in voting. Based
on the second evaluation, we obtained much better result as
shown in Table 2. DBSCAN (density-based clustering), affin-
ity propagation, and hierarchical clustering obtained over
80% accuracy. DBSCAN reached to 84.71%.

6.3. Comparison with Related Work. In this section, we com-
pared our result with those of with several other movie re-
commendation approach/systems. Pomerantz and Dudek
[16] used a hierarchical Bayesian approach combined with
the item similarity of the content for themovie recommender
and achieved the classifiers of 70.8% as the best result. In
Biancalana et al.’s paper [11], the best result is 82.4% obtained
by combining three classifiers in a neural network. Basu et al.
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Table 3: Example of all negative votes.

imdb Vote Last update
tt1716777 −1 2013-12-06 23:36:55
tt0183649 −1 2013-12-06 23:36:56
tt1728196 −1 2013-12-06 23:36:58
tt0014429 −1 2013-12-06 23:36:59
tt0034248 −1 2013-12-06 23:37:01
tt0017136 −1 2013-12-06 23:37:02
tt0035169 −1 2013-12-06 23:37:03
tt0023940 −1 2013-12-06 23:37:04
tt0035209 −1 2013-12-06 23:37:05
tt0047876 −1 2013-12-06 23:37:23
tt0106535 −1 2013-12-06 23:37:24
tt0121164 −1 2013-12-06 23:37:27
tt0006864 −1 2013-12-06 23:37:28
tt0499141 −1 2013-12-06 23:37:30
tt0049010 −1 2013-12-06 23:37:32
tt1298650 −1 2013-12-06 23:40:39
tt0408236 −1 2013-12-06 23:40:40
tt0162661 −1 2013-12-06 23:40:41
tt0349903 −1 2013-12-06 23:40:43
tt0114369 −1 2013-12-06 23:40:44
tt0096895 −1 2013-12-06 23:40:45
tt0111161 −1 2013-12-06 23:40:49
tt2992146 −1 2013-12-06 23:40:53
tt0082971 −1 2013-12-06 23:40:56
tt1075419 −1 2013-12-06 23:40:58

[17] presented an inductive learning approach to recommen-
dation and achieved an averaged precision of 83%.

Our best result (84.71%) achieved by DBSCAN [14] as
shown in Table 2 improves 1.71% compared to best result of
related works mentioned above. Meanwhile all these related
works are computed offline and they use the stored models
when testing, and these models cannot be updated in time
since it takes too long to redo the learning process. Our ap-
proach, on the other hand, does not need to store usermodels
and it updates the recommendation result in real time by
preclustering movies and using a very simple learning ap-
proach (majority voting) to provide movie recommendation.
Since movies are updated much less frequently than users’
votes, our approach is much more time efficient than related
works. To sum up, our research becomes significantly mean-
ingful as it realizes the real timemodel updating while it does
not compromise the accuracy.

7. Conclusion and Future Work

In this paper, we proposed a newdistance function for publish
year (year related) to compute the distance matrix, and then
implemented a real time movie recommendation system
based on content (movie) using preclustering and majority
voting. We implemented four different clustering techniques
in the preclustering process and obtained 84.71% accuracy

Table 4: Example of nonzero votes.

imdb Vote Last update
tt0068767 −1 2013-12-06 22:33:30
tt0109958 −1 2013-12-06 22:33:32
tt0047034 −1 2013-12-06 22:33:33
tt0397892 −1 2013-12-06 22:33:35
tt0032551 −1 2013-12-06 22:33:36
tt0110008 1 2013-12-06 22:33:38
tt0416881 −1 2013-12-06 22:33:40
tt1233499 −1 2013-12-06 22:33:42
tt1754691 −1 2013-12-06 22:33:45
tt1034303 −1 2013-12-06 22:33:47
tt0015324 −1 2013-12-06 22:33:48
tt0049408 −1 2013-12-06 22:33:50
tt0033467 −1 2013-12-06 22:33:51
tt0000417 −1 2013-12-06 22:33:54
tt1437358 −1 2013-12-06 22:33:56
tt0063105 −1 2013-12-06 22:33:57
tt0253474 −1 2013-12-06 22:33:58
tt0034248 1 2013-12-06 22:34:00
tt0018578 1 2013-12-06 22:34:04
tt0335345 −1 2013-12-06 22:34:07
tt0028445 1 2013-12-06 22:34:10
tt0040536 1 2013-12-06 22:34:16
tt0332379 −1 2013-12-06 22:34:19
tt1728196 −1 2013-12-06 22:34:21

as the best result, which is better than some of the other
research papers’ approaches.We realized a real time updating
model with no compromises on accuracy. Our approach can
even work better with special user groups such as people in
colleges, universities, or professional communities.

The next step in this research is to make the system
adaptive to bewidely used bymany other types of groups such
as articles, news, and music, and to obtain better accuracy.
One of the limitations in our approach is that if there is
a cluster that contains a lot of positive votes as well as
a lot of negative ones, we will not recommend movies in
this cluster. However, this situation may happen because
of two totally different reasons. One is that the user does
not care about the movies in this cluster. In this case, no
recommendation in this cluster is a wise choice. However,
if the user really likes the movies in this cluster and he/she
watched a lot of movies in this cluster, and some movies
he/she likes while some he/she dislikes, ignoring this cluster,
in such situation, will dissatisfy the user. To conquer this
limitation, we can give weights to the votes from users. In
the movie which is voted positive by the user and is voted
positive by many other people as well, the weight of such
vote will be decreased, while if the movie is voted positive
by the user but is voted negative by most of others, this
means such vote reveals the special taste from this user, and
gains higher weight and vice versa. In a more specific way,
we can set the weight of positive as 𝑁/(𝑃 + 𝑁) and the
weight of negative as 𝑃/(𝑃 + 𝑁), where 𝑃 is the total positive
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votes from all users towards this movie and 𝑁 is the total
negative votes from all users towards this movie. In this way,
we can still ignore the cluster in first situation, while over-
coming the limitation we had in the second situation.
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As an epidemic mathematical model, the SIR model represents the transition of the Susceptible, Infected, and Recovered. The
profound implication of the SIR model is viewed as the propagation and dynamic evolutionary process of the different internal
components and the characteristics in a complex system subject to external effect. The uniaxial stress-strain curve of engineering
material represents the basic constitutive relation, which also represents the damage propagation in the units of the damaged
member. Hence, a novel dynamic stress-strain model is established based on the SIR model. The analytical solution and the
approximate solution for the proposed model are represented according to the homotopy analysis method (HAM), and the
relationship of the solution and the size effect and the strain rate is discussed. In addition, an experiment on the size effect of
confined concrete is carried out and the solution of SIR model is suitable for simulation. The results show that the mechanical
mechanism of the parameters of the uniaxial stress-strain model proposed in this paper reflects the actual characteristics of the
materials.The solution of the SIRmodel can fully and accurately show the change of the mechanical performance and the influence
of the size effect and the strain rate.

1. Introduction

Engineering material means the material used for engineer-
ing or the materials used to produce other materials which
may be used in engineering. The traditional material in
civil engineering includes concrete, steel, soil, wood, and
alloy. These materials have different qualities about strength,
workability, durability, and resistance against corrosion [1].
The materials differ also in their structure, texture, and per-
formance.The strength, toughness, and ductility of construc-
tion material are the fundamental guarantee for engineering
reliability.With the development of civil engineering, the type
and form of civil engineering materials are unceasingly rich
and the performance is enhanced also, and the corresponding
research and application on experimental techniques, theo-
retical analysis, numerical simulation, and actual engineering
are improved constantly. However, there are still more phe-
nomena to be interpreted and more research issues should
be given attention because the engineering material has
microcrack, heterogeneity, and evolution in micromechanics
and shows elastoplasticity, discreteness, and randomness in

themicromechanics. In addition, themechanical behaviors of
engineering materials are also related to the size, the loading
rate, the external environment, and other factors. Therefore,
the mechanical properties of different engineering materials
have obvious differences; the demand about the experiment
and numerical simulation for various materials are diverse.
Researchers normally investigate the mechanic property of
the specified material, and the study on the generalized
characteristics for various construction materials is still not
intense.

The uniaxial stress-strain curve indicates the simple
mechanic property of thematerial subjected to pure compress
or pure tension; representing the basic material constitutive
relation and the uniaxial stress-strain relation is also the foun-
dation to establish multiple compound constitutive models.
In the elastoplasticity or nonlinear analysis, the uniaxial
stress-strain curve plays a decisive role in the accuracy of the
numerical results. Furthermore, the computational analysis
of the engineering structure subjected to dynamic or cyclic
loadings requires the stress-strain models to simulate the
response of the structure [2, 3].
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There are many types of stress-strain curves models for
different material or even one kind of material. As known
to all, the stress-strain curve of concrete has a variety of
forms or functions because concrete is a type of composite
material and the discreteness is obvious. Numerous concrete
models have been proposed in the last years. For example,
the compressive stress-strain function for concrete consists
of five kinds of equations as polynomial, exponential, and
trigonometric function, rational fraction, and sectional form
and the total number of the corresponding formulas is over
20 [2].

In the macroscopic level, three broad categories can be
distinguished: models derived from the theory of elasticity,
models based on the theory of plasticity, and models based
on the continuum damage theory [3, 4]. Also, some coupled
models based on the association of plasticity and continuum
damage theory have been recently developed. Although it has
been proved that themodels derived from theory of plasticity
and continuum damage theory can accurately simulate the
observed behavior of concrete, the engineering application of
these models is less. This is motivated by the great amount
of parameters that are usually needed and the difficulty to
obtain them through conventional laboratory tests. From the
perspective of another point of view, the structural member
with definite shape and materials is a complex system which
has huge amounts of units, and the units have the whole
process of sustained force, damage, interact, transmitting
energy, and propagation, until failure. The characteristics
of all the units generally constitute the property of the
macromaterial and member.

Hence, taking the damage propagation and transmit
in the microunits into consideration, establishing a new
and generalized uniaxial constitutive model which can take
into account that both the versatility and the dirigibility is
necessary.

2. SIR Model and Its Connection between
Constitutive Relations of Material

An epidemic represents the sudden outbreak and propaga-
tion of a disease, often occurring on a short temporal scare
and affecting a significant portion of a population. Epidemics
also may exhibit some periodic behavior, as opposed to
endemics, which are diseases that are always present to some
extent in a population. Epidemiology is the branch of science
which essentially deals with the mathematical modeling of
propagation of diseases. The first mathematical model of
epidemiology was formulated and solved by Daniel Bernoulli
in 1760. Kermack andMcKendrick [5] illustrated that diseases
showed a threshold type of behavior. In other words, if a
single person infected by a particular disease passed on the
infection tomore than one person in turn, an epidemicwould
occur, while if less than one secondary infection occurred in
each primary one, the disease would die out. The study of
mathematical epidemiology has grown rapidly, with a large
variety of models having been formulated and applied to
infectious diseases. The epidemic model can describe the
dynamic process of the epidemic, and spread characteristics

will be grasped based on the information of the change of
population; then the epidemic can be effectively controlled.
The general epidemic model belongs to first order ordinary
differential equations, and the most representative is the SIR
model.

The SIR epidemicmathematical model is presented based
on a system of first order ordinary differential equations
and it has been used in the modeling of several infectious
diseases, where the parameters need to be estimated by epi-
demiological data [6]. In this model, the variables represent
subpopulations of the Susceptible (S) who can catch the
disease, the Infected (I) who are infected and can transmit the
disease to the Susceptible, and the Removal (R) who had the
disease and recovered or died or have developed immunity or
have been removed from contact with the other classes.Thus,
the model describes the propagation and transformation
between different classes. Assume that the total number of
population is one unit for the sake of simplicity and the SIR
model is written as

𝑑𝑖 (𝑡)

𝑑𝑡

= 𝜆𝑖 (𝑡) 𝑠 (𝑡) − 𝜇𝑖 (𝑡) ,

𝑑𝑠 (𝑡)

𝑑𝑡

= − 𝜆𝑖 (𝑡) 𝑠 (𝑡) + 𝜂𝑖 (𝑡) − 𝜌𝑖
2
(𝑡) 𝑠 (𝑡) ,

(1)

where 𝑖(𝑡) and 𝑠(𝑡) denote the Infected and the Susceptible,
respectively, and 𝑟(𝑡) is Removal and 𝑡 is time. Hence, 𝑠(𝑡) +
𝑖(𝑡) + 𝑟(𝑡) = 1 is satisfied. 𝜆 is the infectivity coefficient
of the typical Lotka-Volterra interaction term, which means
the daily contact rate (i.e., the population that each patient
effectively contact with the healthy persons every day). 𝜇
is the daily recovery rate or number of patients cured or
removed out accounting for the proportion of the total
patients. 𝜂 is the increasing rate of Susceptible persons when
patients are increasing. 𝜌 is the speed parameter after taking
preventive and control measures. The SIR model is subject to
the initial conditions 𝑖(0) = 𝑖

0
and 𝑠(0) = 𝑠

0
, where 𝑖

0
> 0 and

𝑠
0
> 0 are given constants.
From the introduction above, it is significant that the SIR

model is not simply an equation representing the spread of
an epidemic, while it actually describes the propagation and
dynamic evolution process of the different internal compo-
nents and the characteristics in a complex system subject
to external effect. In general, the SIR model embodies the
general characteristics and rules in the similar system with
propagation and transformation.The continuous damage and
destruction will occur for the material specimen in civil
engineering under increasing load, and the unstressed units,
the stressed units, and the fractured or invalid units in anyone
state should be included. The stress-strain relationship is the
typical representation of the propagation and the dynamic
evolution. Therefore, an innovative model for the material
can be presented referencing to the SIR model, and the two
models have similar parameters. To validate this interpreta-
tion, a compressed concrete specimen with 60mm diameter
and 120mm height is selected as an example. The uniaxial
failure process of the specimen is simulated based on the
three-dimensional mesolevel finite element method [7, 8],
and the failure charts in different stage are shown in Figure 1.
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(a) Initial stage (b) Stressed stage (c) Failure stage

Unstressed units (susceptible)
Stressed units (infected)

Fractured or invalid units (removal)
Cracks

Figure 1: Damage propagation process and different units based on microlevel simulation.

It is clear that there are unstressed units, stressed units,
and the fractured or invalid units in all stages, whereas the
damage propagation and the proportion of each part are
time-variant.The unstressed units are majority and fractured
units are few at the initial stage. With the compression being
enhanced, the units participate in the resistance gradually
and the stressed units boom. After the counteragent in
most units decreases, the invalid units increase and the
cracks appear, though the stressed units decline and the
specimen collapses. In conclusion, the SIR model is suitable
for illustrating the failure process of materials, that is, typical
damage propagation process in a complex system.

Strain 𝜀 reflects the deformation capability and damage
process of material, corresponding with the time variable 𝑡 in
the SIR model. 𝑠(𝜀), 𝜎(𝜀), and 𝑟(𝜀) represent the equivalent
stress in unstressed units, the equivalent stress in stressed
units, and the equivalent stress in fractured or invalid units,
respectively. This model subjects to the initial conditions
𝜎(0) = 𝜎

0
and 𝑠(0) = 𝑠

0
, where 𝜎

0
> 0 and 𝑠

0
> 0 are given

constants. In the same manner, 𝑠(𝜀) + 𝜎(𝜀) + 𝑟(𝜀) = 1. In this
case, 𝜆 can be viewed as the transmissibility rate in units, and
𝜇 represents the failure rate in units. 𝜂 can be expressed as the
increase rate of stressed units when the invalid units grow,
and 𝜌 is the reduced speed parameter for invalid units due to
stress transmission and distribution. Finally, the stress-strain
model of material can be expressed as

𝑑𝜎 (𝜀)

𝑑𝜀

= 𝜆𝜎 (𝜀) 𝑠 (𝜀) − 𝜇𝜎 (𝜀) ,

𝑑𝑠 (𝜀)

𝑑𝜀

= − 𝜆𝜎 (𝜀) 𝑠 (𝜀) + 𝜂𝜎 (𝜀) − 𝜌𝜎
2
(𝜀) 𝑠 (𝜀) .

(2)

Equation (2) is nonlinear differential equations which
represent the coupling and transformation of the three types

of units and the full complex process for the material from
intact to failure. The system of equations has the unique
solution, but the analytical solution cannot be obtained by
normal mathematical methods and the results are calculated
usually by numerical methods.

Assume the basic condition of the equation above is that
𝜆 is 1.00, 𝜇 is 0.15, 𝜂 is 0.1, 𝜌 is 0.8, and 𝜎(0) is 0.02. The
consequences of the equivalent stress 𝜎(𝜀) under different
parameters are solved by numerical method, as shown in
Figure 2. It is obvious that the full curves accurately indicate
the linear ascent stage, nonlinear yield stage, and the decline
stage or strengthening stage after peak stress. Further, the
variation of 𝜇, 𝜂, or 𝜌 can obviously affect peak and ductility
of the stress-strain curve, and different forms of the curve
can be obtained according to the overall adjustment of the
corresponding parameters.

Different solutions of SIRmodel in various conditions can
represent the stress-strain curves of diverse types ofmaterials.
Figure 3 reveals the stress-strain curves including concrete or
rock-soil in compression or tension as well as different types
of stress-strain curves of soils and steel obtained by numerical
methods. The comparison curves of the real experimental
data and numerical solution about the concrete and steel are
shown in Figures 4 and 5, respectively. In order to compare
the regularity but not the specific data, the peak strain is
normalized. By changing the parameter appropriately, the full
stress-strain curve obtained from (2) can simulate the peak
stress, ductility, and softening stage of concrete with different
strength, as shown in Figure 6. The results above show that
the SIR model can really represent different mechanical
properties of materials generally. It is worth noting that the
initial values of the curves obtained by (2) are adjusted to
the origin of coordinate and the coordinate values only have
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Figure 2: Numerical solutions of SIR for different parameter.

relative significance; it can be adjusted to a proportional
coefficient to real physical value in practical applications.

3. Analytical Solution and Approximate
Solution of SIR Model

The numerical solution of the SIR model is accurate but it
must be calculated for any specific case, not representing the
panorama and rule of the solution. Therefore, the analytical
solution of the SIR model is necessary and it has important
mathematical andmechanicalmeaning.Many corresponding
studies of the analytical solution of the SIR model have been
carried out, but the problem is not solved perfectly because
the model has strong nonlinearity. There are some classic

nonlinearity techniques that can be considered, such as Ado-
mian decompositionmethod [9, 10], delta expansionmethod,
and perturbation method [11, 12]. All these methods have
some limitations, such that these techniques do not provide a
convenient way to adjust and control the convergence region
and rate of approximation series.

To overcome the mentioned limitations, Liao has pro-
posed the homotopy analysis method (HAM) for nonlinear
problems and then modified it step by step [13], and many
nonlinear problems in different fields have been successfully
solved by HAM.

Many problems such as boundary layer similarity solu-
tion for forced, natural, and mix convection in porous
medium, heat transfer, and fluid mechanic problems are
nonlinear inherently. The analytical solutions of nonlinear
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Figure 3: Constitutive curves for different engineering material based on SIR model.

ordinary differential equations can be solved by HAM [14–
16].

HAM is based on homotopy, a concept in topology. The
notion of equivalent maps or processes, where one can be
deformed into the other, is the fundamental structure of
homotopy. Two maps 𝑓, 𝑔 : 𝑋 → 𝑌 of topological spaces
are homotopic if there exists a map 𝜙 : 𝑋 × 𝐼 → 𝑌 such
that 𝜙(𝑥, 0) = 𝑓(𝑥) and 𝜙(𝑥, 1) = 𝑔(𝑥) for 𝑥 ∈ 𝑋. Here,
𝑋×𝐼 denotes the product of𝑋with unit interval [0, 1] of real
numbers.Themap 𝜙 is called the homotopy between𝑓 and 𝑔.
The basic idea of HAM is shown in the nonlinear differential
equation as follows:

𝑁[𝑓 ( ⃗𝑟, 𝑡)] = 0, (3)

where 𝑁 is nonlinear operator, ⃗𝑟 is a vector of spatial
variables, 𝑡 denotes time, and 𝑓( ⃗𝑟, 𝑡) is an unknown function.
Boundary or initial conditions can be treated in a similar
manner, which we avoid here just for simplicity [17].

Generalizing the concept of traditional homotopy, the so-
called zero-order deformation equation is established as

(1 − 𝑞) 𝐿 [𝜙 ( ⃗𝑟, 𝑡; 𝑞) − 𝑓
0
(𝑡)] = 𝑞ℎ𝐻 ( ⃗𝑟, 𝑡)𝑁 [𝜙 ( ⃗𝑟, 𝑡; 𝑞)] ,

(4)

where 𝑞 ∈ [0, 1] is the embedding parameter, 𝜙( ⃗𝑟, 𝑡; 𝑞) is
an unknown function, 𝐻( ⃗𝑟, 𝑡) is an auxiliary function, 𝐿
is a linear operator, 𝑓

0
(𝑡) is the initial guess, and ℎ is a

convergence-control parameter. As 𝑞 increases from 0 to 1,
𝜙( ⃗𝑟, 𝑡; 𝑞) vary from initial trial 𝑓

0
(𝑡) to the exact solution

𝑓( ⃗𝑟, 𝑡). If this variation is smooth enough, we construct the
Maclaurin series of 𝜙( ⃗𝑟, 𝑡; 𝑞) at 𝑞 = 0 and the coefficients
of all the higher terms can be obtained from the higher-
order deformation equations. Differentiating the zeroth-
order deformation equation above 𝑚 times with respect to
the embedding parameter 𝑞, then setting 𝑞 = 0, and finally
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Figure 4: Concrete constitutive curves for different results.
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Figure 5: Steel constitutive curves for different results.

dividing by𝑚!, we have the so-called𝑚th-order deformation
equations:

𝐿 [𝜙
𝑚
( ⃗𝑟, 𝑡; 𝑞) − 𝜒

𝑚
𝜙
𝑚−1
( ⃗𝑟, 𝑡; 𝑞)] = ℎ𝐻 ( ⃗𝑟, 𝑡) 𝑅

𝑚 (5)

with 𝑅
𝑚
= (𝜕
𝑚
𝑁[𝜙( ⃗𝑟, 𝑡; 𝑞)]/(𝑚!𝜕𝑞

𝑚
))|
𝑞=0
= 𝑚! ⋅ 𝑓

𝑚
(𝑡).

In this way, a nonlinear equation is transformed into a
series of linear equations. The exact solution of 𝑓( ⃗𝑟, 𝑡) is then
approximated by the summation of the Maclaurin series at
𝑞 = 1. One has great freedom for the choice of linear operator
𝐿. For example, one can even select linear operator of different
order as compared to the original nonlinear problem. To
simplify the applications of HAM, Liao has suggested some
rules, that is, the rule of solution expression, the rule of
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Figure 6: Constitutive curves for concrete based on SIR model.

solution existence, and the rule of ergodicity for coefficients
of homotopy series solution [13].

In HAM, there is sufficient space for the convergence of
the approximation by the introduction of ℎ which greatly
improves the early homotopy analysis method. It provides
us with a simple way to ensure the convergence of the series
solutions of nonlinear problems.This is an obvious advantage
of HAM over homotopy perturbation method (HPM). In
fact, HPM is just a special case of HAM when ℎ = −1, as
pointed out by Liao and Abbasbandy and, in general, proved
by Sajid and Hayat [18, 19]. Liao also has pointed out that
HAM logically contains other nonperturbationmethods such
as Adomian’s decomposition method [9], the 𝛿-expansion
method, and Lyapunov’s artificial small parameter method
[12].

From (2), we are led to define the two nonlinear operators
as

𝑁
𝑆
[𝜎 (𝜀; 𝑞) , 𝑆 (𝜀; 𝑞)]

=

𝜕𝜎 (𝜀; 𝑞)

𝜕𝜀

− 𝜆𝜎 (𝜀; 𝑞) 𝑆 (𝜀; 𝑞) + 𝜇𝜎 (𝜀; 𝑞) ,

𝑁
𝐼
[𝜎 (𝜀; 𝑞) , 𝑆 (𝜀; 𝑞)]

=

𝜕𝑆 (𝜀; 𝑞)

𝜕𝜀

+ 𝜆𝜎 (𝜀; 𝑞) 𝑆 (𝜀; 𝑞) − 𝜂𝜎 (𝜀; 𝑞)

+ 𝜌𝜎
2
(𝜀; 𝑞) 𝑆 (𝜀; 𝑞) .

(6)

Let 𝑠
0
(𝜀) and 𝜎

0
(𝜀) denote the initial guesses of 𝑠(𝜀) and

𝜎(𝜀), 𝐿
𝑆
and 𝐿

𝜎
the two auxiliary linear operators, 𝐻

𝑆
(𝜀)

and 𝐻
𝜎
(𝜀) the two auxiliary functions, and ℎ an auxiliary

parameter, all of whichwill be determined later. Let 𝑞 ∈ [0, 1];
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denote the embedding parameter. We construct the wroth-
order deformation equations:

(1 − 𝑞) 𝐿
𝑆
[𝑆 (𝜀; 𝑞) − 𝑠

0
(𝜀)]

= 𝑞ℎ𝐻
𝑆
(𝜀)𝑁
𝑆
[𝑆 (𝜀; 𝑞) , 𝜎 (𝜀; 𝑞)] ,

(7)

(1 − 𝑞) 𝐿
𝜎
[𝜎 (𝜀; 𝑞) − 𝜎

0
(𝜀)]

= 𝑞ℎ𝐻
𝜎
(𝜀)𝑁
𝜎
[𝑆 (𝜀; 𝑞) , 𝜎 (𝜀; 𝑞)] ,

(8)

subject to the initial conditions 𝑆(0; 𝑞) = 𝑠(0) and 𝜎(0; 𝑞) =
𝜎(0).

Expand 𝑆(𝜀; 𝑞) and𝜎(𝜀; 𝑞) in the Taylor series with respect
to 𝑞; assuming that 𝐻

𝑆
(𝜀) and 𝐻

𝜎
(𝜀) are properly chosen so

that the above two series converge at 𝑞 = 1, the solution series
are

𝑆 (𝜀) = 𝑠
0
(𝜀) +

+∞

∑

𝑚=1

𝑠
𝑚
(𝜀) ,

𝜎 (𝜀) = 𝜎
0
(𝜀) +

+∞

∑

𝑚=1

𝜎
𝑚
(𝜀) .

(9)

Differentiating the wroth-order deformation equations
(7) and (8)𝑚 times with respect to the embedding parameter
𝑞, then setting 𝑞 = 0, and finally dividing by𝑚!, the so-called
𝑚th-order deformation equations are

𝐿
𝑆
[𝑠
𝑚
(𝜀) − 𝜒

𝑚
𝑠
𝑚−1
(𝜀)] = ℎ𝐻

𝑆
(𝜀) 𝑅
𝑆

𝑚
(𝜀) , (10)

𝐿
𝜎
[𝜎
𝑚
(𝜀) − 𝜒

𝑚
𝜎
𝑚−1
(𝜀)] = ℎ𝐻

𝜎
(𝜀) 𝑅
𝜎

𝑚
(𝜀) , (11)

subject to the initial conditions 𝜎
𝑚
(0) = 0 and 𝑠

𝑚
(0) = 0,

where 𝑅𝑆
𝑚
(𝜀) = 𝑠



𝑚−1
(𝜀) + 𝜆∑

𝑘=0
𝜎
𝑘
(𝜀) 𝑠
𝑚−1−𝑘

(𝜀) and 𝑅𝜎
𝑚
(𝜀) =

𝜎


𝑚−1
(𝜀)+𝜇𝜎

𝑚−1
(𝜀)−𝜆∑

𝑘=0
𝜎
𝑘
(𝜀)𝑠
𝑚−1−𝑘

(𝜀). 𝜒
𝑚
is 0 when𝑚 is

not greater than 1, and 𝜒
𝑚
is 1 in other cases.

Thus, 𝑠(𝜀) and 𝜎(𝜀) can be expressed as

𝑠 (𝜀) = 𝑠 (∞) +

+∞

∑

𝑘=1

𝑏
𝑘
𝑒
−𝑘𝛽𝜀
,

𝜎 (𝜀) =

+∞

∑

𝑘=1

𝑎
𝑘
𝑒
−𝑘𝛽𝜀
.

(12)

From (1) and (2), 𝜎(0) = 𝜆𝜎(0)𝑆(0) − 𝜇𝑆(0) and 𝑆(0) =
−𝜆𝜎(0)𝑆(0) + 𝜂𝜎(0) − 𝜌𝜎

2
(0)𝑆(0). To obtain solutions in the

form of (12), the initial guesses 𝑠
0
(𝜀) and 𝜎

0
(𝜀) are expressed

as follows:

𝑠
0
(𝜀) = 𝑠 (∞) + 𝛾

0,1
𝑒
−𝛽𝜀
+ 𝛾
0,2
𝑒
−2𝛽𝜀
, (13)

where 𝛾
0,1
= 2(𝑠(0)−𝑠(∞))−(𝜆𝑠(0)+𝜌𝑠(0)𝑖(0)−𝜂)𝑖(0)/𝛽 and

𝛾
0,2

= 𝑠(∞) − 𝑠(0) + (𝜆𝑠(0) + 𝜌𝑠(0)𝑖(0) − 𝜂)𝑖(0)/𝛽.
Consider

𝜎
0
(𝜀) = 𝛿

0,1
𝑒
−𝛽𝜀
+ 𝛿
0,2
𝑒
−2𝛽𝜀
, (14)

where 𝛿
0,1
= 2𝜎(0) + 𝜎(0)(𝜆𝑠(0) − 𝜇)/𝛽 and 𝛿

0,2
= −𝜎(0) −

𝜎(0)(𝜆𝑠(0) − 𝜇)/𝛽.

By choosing the auxiliary linear operators and from
deformation equations anddeformation derivative condition,
we have

𝑠
𝑚
(𝜀) =

3𝑚+2

∑

𝑘=1

𝛾
𝑚,𝑘
𝑒
−𝑘𝛽𝜀
,

𝜎
𝑚
(𝜀) =

3𝑚+2

∑

𝑘=1

𝛿
𝑚,𝑘
𝑒
−𝑘𝛽𝜀
,

(15)

where 𝛿
𝑚,𝑘

and 𝛾
𝑚,𝑘

are coefficients. Substituting the above
expressions into (10) to (11), the recurrence formulas are

𝛿
𝑚,1
= −

3𝑚+2

∑

𝑗=2

𝛿
𝑚,𝑗
,

𝛾
𝑚,1
= −

3𝑚+2

∑

𝑗=2

𝛾
𝑚,𝑗
,

𝛿
𝑚,𝑗
= 𝜒
𝑚
𝜒
3𝑚−𝑗+1

𝛿
𝑚−1,𝑗

− (

ℎ

𝛽

)

𝑎
𝑚,𝑗−1

𝑗 − 1

, 2 ≤ 𝑗 < 3𝑚 + 2,

𝛾
𝑚,𝑗
= 𝜒
𝑚
𝜒
3𝑚−𝑗+1

𝛾
𝑚−1,𝑗

− (

ℎ

𝛽

)

𝑏
𝑚,𝑗−1

𝑗 − 1

, 2 ≤ 𝑗 < 3𝑚 + 2,

(16)

where 𝑎 and 𝑏 are parameters to meet deformation equation.
Finally, we get analytic solution of expressions in (2):

𝜎 (𝜀) =

+∞

∑

𝑚=1

3𝑚+2

∑

𝑘=1

𝛿
𝑚,𝑘
𝑒
−𝑘𝛽𝜀
,

𝑠 (𝜀) = 𝑠 (0) +

+∞

∑

𝑚=1

3𝑚+2

∑

𝑘=1

𝛾
𝑚,𝑘
𝑒
−𝑘𝛽𝜀
.

(17)

At this point, 𝛽 = 𝜇 − 𝜆𝑠(∞) ≈ 𝜇. According to the above
conclusions and characteristics of solution, the approximate
analytical solution of (17) can be expressed as

𝜎 (𝜀) =

𝑛

∑

𝑖=1

(−1)
𝑖+1
𝑐
𝑖
𝑒
−𝑘𝑖𝜇𝜀

, (18)

where 𝑛 belongs to even number and 𝑐
𝑖
= 𝑐
𝑖+1

when 𝑖 is
an odd number. The above approximate analytical solution
can usually achieve adequate satisfactory results when 𝑛 is 2
or 4. As a simplified format, the equation above can also be
transformed as follows:

𝜎 (𝜀) = 𝑐
1
(𝑒
−𝑘1𝜇𝜀

− 𝑒
−𝑘2𝜇𝜀

) . (19)

The comparison of the real concrete strain-stress curve,
the numerical solution curve, and the approximate analytical
solution of the SIR model is shown as Figure 4, and the
comparison of steel is shown in Figure 5. It can be seen
that both the numerical solution and the approximate ana-
lytical solution fit the original value precisely. It is worth
noting that the approximate analytical solution reflects the



8 Journal of Applied Mathematics

0 2 4 6
0

0.5

1

1.5
Eq

ui
va

le
nt

 st
re

ss
𝜎

(N
/m

2
)

Equivalent strain 𝜀

c1 = 5

c1 = 7

c1 = 9

(a)

0 2 4 6
0

0.5

1

1.5

Eq
ui

va
le

nt
 st

re
ss
𝜎

(N
/m

2
)

Equivalent strain 𝜀

k1𝜇 = 0.70

k1𝜇 = 0.80

k1𝜇 = 0.90

(b)

0 2 4 6
0

0.5

1

1.5

Eq
ui

va
le

nt
 st

re
ss
𝜎

(N
/m

2
)

Equivalent strain 𝜀

k2𝜇 = 1.0

k2𝜇 = 1.2

k2𝜇 = 1.4

(c)

0 2 4 6
0

0.5

1

1.5
Eq

ui
va

le
nt

 st
re

ss
𝜎

(N
/m

2
)

Equivalent strain 𝜀

𝜂 = 2

𝜂 = 4

(d)

Figure 7: Approximate solutions based on SIR model with different parameter.

connotation and characteristics of the analytical solutions,
but it nevertheless has a certain similarity, and the specific
value of 𝑐

𝑖
in the solution should be adjusted appropriately

according to actual condition and the numerical solution
in order to obtain better accuracy. In addition, Umemura
and Aoyama [20] have presented an exponential constitutive
relation for concrete, which is similar with the model as (18)
in 𝑛 equals 2. However, the original exponential relation is
determined by experimental data fitting, and the proposed
solution in this paper has the theoretical basis and generality;
the results can be verified with each other. The effect of
various parameters in (18) on solutions is shown in Figure 7.
The stress-strain curve of compression concretewith different
strength is shown as Figure 8, and the simulation curves are
similarwith the experimental data in shapes and the variation

rules, indicating that the approximate analytical solution
put forward in this paper can also embody the intrinsic
characteristics and variation of the SIR model.

4. Size Effect and Strain Rate
Based on SIR Solution

For real engineering materials, the mechanical properties
also related to size, load mode, and external environment
besides their own composition and characteristics andmainly
include size effects, strain rate, and multiaxis loading. In this
paper, the uniaxial stress-strain curve on the influence of size
effect and strain rate of are mainly discussed.

The size effect of material strength refers to phenomenon
that large size member in brittle material usually fractures
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based on approximate solutions.

under a lower nominal stress than geometrically similar
small-size member (the nominal stress being defined as the
load divided by the characteristic cross section area). Early
researchers suppose that any observed size effect should be
described by extreme value statistics prevailed in structural
engineering. In the mid 1970s, the fact that there exists a
purely deterministic size effect, caused by energy release
associated with stress redistribution prior to failure and that
this energetic size effect usually dominates in the so-called
quasibrittle structures (i.e., structures in which fracture prop-
agation is preceded by a relatively large fracture process zone
which, in contrast to brittle ductile fracture ofmetals, exhibits
almost no plastic deformations but undergoes progressive
softening due to microcracks) gradually emerged.

Bažant andChen [21] andBažant and Planas [22] summa-
rized sixmain causations for size effect which include bound-
ary layer, diffusion phenomena, hydration heat, randomness
of material strength, energy release, and the fractal character
of the crack surface. Recent research focuses on three main
types of size effects, namely, the statistical size effect due to
randomness of strength, the energy release size effect, and the
possible size effect due to fractality of fracture ormicrocracks.

Recent research has shown that the elastic modulus and
the peak stress of brittle material will gradually decrease with
the increase of the member size and depth-width ratio; at the
same time, the strain value at the peak stress changes a little,
and the descent rate of stress and fragility at the softening
section will also reduce [23], as shown in Figures 2 and 7. In
some cases, the curves of different sizes in softening section
can even intersect as shown in Figures 6 and 8.

In fact, for the large size member with the same axial
force, the total number and size of microcracks are bigger
and the domain that the sustained damage occurs is larger.
Hence, the equivalent strain energy for damage needs fewer
paths and the damage propagation needs shorter paths,

which lead to the probability of regional brittle failure;
that is, the failure rate in unit and its growth rate both
increase.

Considering the above characteristic of size effect, the SIR
model can simulate the size effect of brittle material and the
whole process of failure. The advantage of the application of
the SIR model is the physical significance being explicit and
the variation can be realized by enhancing the failure rate in
unit 𝜇 and the reduced speed parameter for invalid elements
due to stress transmission and distribution 𝜌, referring to
Figure 2.

The materials such as concrete and rocks are typical rate
sensitive for their strength, ductility, and failure mode will
significantly change in different strain rates. Existing research
shows that the elastic modulus and the ultimate strength of
rate sensitive material will enhance with increasing strain
rate, and the strain value at the peak stress changes a little [23].
In different strain rates, the stress-strain full curve of concrete
is basically consistent with the whole curve under static load
in shape; however, the ductility increases slightly, as shown in
Figures 2 and 7.

For the materials subjected to the same axial force, if the
strain rate increased, the internal microcracks in the mortar
substrate are late to fully extent, but the quantity and degree
of the damaged aggregate relatively increase which lead to the
enhancement of the failure strength. At the same time, the
unit failure rate increased, and the increase rate of the stressed
unit sustainably grows.

Therefore, the SIR model can show the influence of the
strain rate from the physical sense by properly adjusting
parameters, and the simulation is realized by enhancing the
failure rate 𝜇 and the increase rate of stressed units when the
invalid units grow 𝜂, referring to Figure 2.

The above discussion illustrates the direct relationship
between size effect, strain rate, and the SIR model with its
numerical solution from mechanical principle and propaga-
tion characteristic. In practical applications, the approximate
analytic solution of the model is more convenient, so the
study below will discuss the adjustment of coefficient 𝑐

𝑖
in the

approximate analytic solution for the purpose of representing
size effect and strain rate.

The most widely used theory is the size effect law
proposed by Bažant and Chen [21] based on a large number
of experiments, and this method put forward the size effect
unified formula in certain extent according to plasticity
theory or elastic theory:

𝜎
𝑁

𝑓
𝑐

=

𝐵

√1 + (𝐷/𝐷
0
)

, (20)

where𝜎
𝑁
is the nominal stress whenmaterial is damaged,𝐵 is

dimensionless parameter,𝑓
𝑐
is the strength of the quasi brittle

material, 𝐷 is the characteristic length of the structure, and
𝐷
0
is the constant related to structural shape. It can be seen

from Figure 6 that the consideration about size effect can be
realized by modulating 𝑐

𝑖
and 𝑘
𝑖
properly in the approximate

analytical solution of SIR.
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In the usual study, the strain rate effect coefficient of com-
pression concrete is described as the following exponential
form according to European standard [24]:

𝜎cd
𝜎cs
= (

̇𝜀

̇𝜀
0

)

1.026𝛼

, ̇𝜀 ≤ 30/s,

𝜎cd
𝜎cs

= 𝛾
𝑠
(

̇𝜀

̇𝜀
0

)

1/3

, ̇𝜀 > 30/s,

(21)

where ̇𝜀 is the current material strain rate, ̇𝜀
0
is the quasi static

strain rate, taken as 3 × 10−5/s, and 𝜎cs and 𝜎cd are the static
and dynamic compression strength of concrete, respectively.
One has 𝛼 = 1/(5 + 0.9 𝜎cs) and log 𝛾

𝑠
= 6.156 𝛼 − 2.

For tensioned concrete

𝜎td
𝜎ts
= (

̇𝜀

̇𝜀
0

)

1.016𝛿

, ̇𝜀 ≤ 30/s,

𝜎td
𝜎ts
= 𝛽(

̇𝜀

̇𝜀
0

)

1/3

, ̇𝜀 > 30/s,

(22)

where ̇𝜀 is the current material strain rate and ̇𝜀
0
is the quasi

static strain rate, taken as 3 × 10−5/s, and 𝜎cs and 𝜎cd are the
static and dynamic tension strength of concrete, respectively.
One has 𝛿 = 1/(10 + 0.6) 𝜎ts and log𝛽 = 7.11𝛿 − 2.33.

The strain rate effect coefficient of steel I is as follows:
𝑓yd

𝑓ys
= (1 +

𝑑
1

𝑓ys ln ( ̇𝜀/ ̇𝜀0)
)

𝑓ud
𝑓us

= (1 +

𝑑
2

𝑓us ln ( ̇𝜀/ ̇𝜀0)
) ,

(23)

where ̇𝜀 is the current material strain rate and ̇𝜀
0
is the quasi

static strain rate, taken as 3 × 10−4/s, and 𝑓ys and 𝑓yd are the
static and dynamic strength, respectively. 𝑑

1
and 𝑑

2
are the

test parameters obtained by regression analysis method [25,
26].

Referring to Figure 7, the strain rate effects on concrete
can be simulated by modulating 𝑐

𝑖
and 𝑘

𝑖
properly for the

approximate analytical solution of SIR model. In addition,
if 𝑘
𝑖
is taken as a small negative number when 𝑖 is an odd,

the characteristics of strengthening after yielding for metal
materials can also be simulated, and the stress-strain curve of
metal with high strain rate or high strength can be obtained
by enlarging the absolute value of 𝑐

𝑖
or 𝑘
𝑖
, as shown in

Figure 9.
In conclusion, it is significant that the coefficient 𝑐

𝑖

of the approximate analytical solution implies the multiple
parameters interaction in SIR model, and the size effect and
strain rate in the whole load process can be achieved by
regulating 𝑐

𝑖
. The factor 𝜁

𝑠
on size effect can be achieved from

(19) and the factor 𝜁
𝑑
on strain rate can be achieved from (21)

to (23). Thus, the correction coefficient about 𝑐
𝑖
is

𝑐
𝑖𝑐
= (𝑘
𝑠
𝜁
𝑠
+ 𝑘
𝑑
𝜁
𝑑
) 𝑐
𝑖
, (24)

where 𝑘
𝑠
and 𝑘

𝑑
are adjustment coefficient on size effect and

strain rate, respectively, and the more precise value should be
determined by experimental data.
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Figure 9: Constitutive relation of steels with different strain rate
based on approximate solutions.
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Figure 10: Configurations of stirrups.

5. Test on the Size Effect of Confined Concrete

As mentioned above, the uniaxial construction relationship
of single material based on SIR model and HAM method is
presented. However, the normal member of civil engineering
consists of both concrete and steel, and the constructive
relationship of reinforced concrete and confined concrete
and corresponding properties such as size effect need more
research.

In order to verify the feasibility of the construction
relationship for confined concrete based on the SIR model,
six reinforced concrete prism specimens confined by square
stirrupsweremade. Each type of specimen contains two same
members, and the volumetric percentage of stirrups is 1.26%
for all. The configurations of stirrups are shown in Figure 10.
The design parameters of the specimens are listed in Table 1.
For the concrete used, the normal prismatic compressive
strength is 42.67N/mm2, the ultimate compression strain
is 0.0022, and Young’s modulus is 3.08 × 104N/mm2. For
the steel bars, the average yield strength is 480N/mm2, the
ultimate strength is 665N/mm2, and Young’s modulus is
2.05 × 105N/mm2.

The electrohydraulic servo testing machine with 4 ×
104 kN maximum range was used as the load device and the
continuous axial monotonic load was applied, as shown in
Figure 11. When the force is less than the ultimate bearing
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Figure 11: Loading and measuring instruments.

Figure 12: Final failure mode of specimens.

Table 1: Design parameters of the specimens.

Parameters
(unit) Notation Specimen size

Small Middle Large
𝐵 (mm) Section length 400 600 800
𝐻 (mm) Height of specimen 1200 1800 2400
𝑑
𝑠
(mm) Diameter of stirrups 10 12 14

𝑠 (mm) Spacing of stirrups 103 132 169
𝑐 (mm) Thickness of protective layer 20 30 40
𝑑
𝑙
(mm) Diameter of longitudinal bars 12 18 22

capacity, the load was controlled by force and then by
displacement. The measured parameters include axial loads,
axial deformation, and stirrups strain.The final failuremodes
of specimens are shown in Figure 12.

The axial load value is measured by the strain force
transducer with 1 × 104 kN measuring range. The axial
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Figure 13: Stress-strain curve of gross area for all prism specimens.

Table 2: Parameters of the approximate solution.

𝑐
1

𝑘
1

𝑘
2

1.345 2.305 20.546
1.386 2.727 23.785
1.391 3.119 28.267

compression is measured by the displacement meter with
200mm measuring range and the gauge length is 2/3 of the
specimen height. The average stress-strain relation of cross
section curves of the specimens with different sizes is shown
in Figure 13. The abscissa 𝜀 is obtained by the measured dis-
placement divided by the respective gauge length. Ordinate 𝜎
is the relative stress, equal to the axial load value divided by
the cross-sectional area of the specimen.

According to the stress-strain relation of the specimens
with different sizes, the approximate solution based on non-
linear data fitting and (19) is presented as shown in Figure 14.
The failure rate 𝜇 is assumed as 0.1, and the parameters in
(19) are listed in Table 2. It is significant that the curves of
the approximate solution fit well with the original data and
the variation trend and the variance rule among the curves
are clearly revealed. The SIR model and the corresponding
approximate solution are suitable for confined concrete and
complex composite material with size effect.

6. Conclusion

Though there are various constitutive relationmodels of engi-
neering material at present, the united constitutive relation
model is rare and it is necessary to establish a model which
can present many properties in different materials by concise
form.

Under the external load, the member composed of
engineering materials is damaged inevitably and the damage
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Figure 14: Stress-strain curve comparison of test value and approximate solution.

will propagate in the units and the system.This phenomenon
has similar rule as the infectious disease. During infectious
disease, the population includes the Susceptible people, the
Infected people, and the Removal people. The SIR model
originates from the infectious disease transmission dynamics
and the complex system of population, which reflects the
dynamic characteristics and the transmit laws of different
parts of the system under the action of external factors and
patterns. Hence, the SIR model can be used for reference and
to indicate the full stress-strain curve in uniaxial material
with high precision. The numerical results show that the
constitutive relation in different materials can be simulated
by choosing appropriate parameters in the SIR equations.

In this paper, the SIR models are described by coupled
nonlinear differential equations, and the analytic solution

form and approximate analytic solution of SIR model are
obtained by means of an analytic technique for nonlinear
problems, namely, the homotopy analysis method (HAM).
According to the different solutions on the variation of the
parameters in the SIR model, the mechanical characteristics
of various materials are compared and the factors of the size
effect and the strain rate are discussed. The results show that
the SIR model and its solution presented in this paper have
versatility and can provide unified constitutive relations for a
variety of engineering materials.

However, the SIR model only has an implicit form, which
differs with the traditional constitutive relations established
by experimental results, damage mechanics, and fracture
mechanics, and the intension and laws need further study.
Furthermore, the SIR model and its solution are merely
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suitable for the materials under uniaxial load.Themodels for
materials undermultiaxial load and fatigue load are necessary
to be developed and discussed.
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Optimistic multiparty contract signing (OMPCS) protocols are proposed for exchangingmultiparty digital signatures in a contract.
Compared with general two-party exchanging protocols, such protocols are more complicated, because the number of protocol
messages and states increases considerably when signatories increase. Moreover, fairness property in such protocols requires
protection from each signatory rather than from an external hostile agent. It thus presents a challenge for formal verification. In
our analysis, we employ and combine the strength of extended modeling language CSP# and linear temporal logic (LTL) to verify
the fairness of OMPCS protocols. Furthermore, for solving or mitigating the state space explosion problem, we set a state reduction
algorithm which can decrease the redundant states properly and reduce the time and space complexity greatly. Finally, this paper
illustrates the feasibility of our approach by analyzing the GM and CKS protocols, and several fairness flaws have been found in
certain computation times.

1. Introduction

The first optimistic multiparty contract signing protocol
(OMPCS) was designed by Asokan et al. in 1997 [1]. The
goal of this protocol is for all signatories to send signatures
on a preagreed-upon contract text to all others and for
every signatory to obtain all other signatories’ signatures on
this contract. With the asymmetric structure, one partner
must first send out his signature to the others; thus the
fairness of such protocols is hard to guarantee. One method
to solve the problem is to use a Trust Third Party (TTP)
as an intermediary [2], but this method is not efficient and
the TTP becomes a bottleneck as all signatories have to
communicate with it. The other method is to design the so-
called optimistic multiparty contract signing protocol which
has the idea that only when an unfairness problem arises
the TTP intervenes [1]. In 2009, Mauw et al. proposed
the notion abort-chaining attacks and analyzed the message
complexity of OMPCS protocols [3]. Resolve-impossibility
which means that it is impossible to define a trusted
party protocol for a special OMPCS protocol was presented
[4].

Some specific properties such as fairness, timeliness,
and abuse-freeness should be satisfied in OMPCS protocols.
Asokan defines a fairness system as that if a player behaves
correctly, the other players will not gain any advantage over
the correctly behaving player, and he divides fairness into
strong fairness and weak fairness. Strong fairness means that,
when the protocol has completed, 𝐴 has 𝐵’s item, or 𝐵 has
gained no additional information about 𝐴’s item, and vice
versa. Here, the assumed “item” means the signed contract,
and “additional information” means information which can
be obtained from the signed contract. However, weak fairness
means that either strong fairness is achieved or a correctly
behaving node can prove to an arbiter that an unfair situation
has occurred [5].

Although not so much attention has been paid to opti-
mistic multiparty contract signing protocols, there have been
several researchers who did certain remarkable work in the
weak fairness verification field and got some achievements.
The pioneer work can be traced to Chadha et al. [6]. Based
on the alternation transition system (ATS) and symbolic tool
Mocha, GM protocol was verified to be unfair when the
number of signatories is four. Those authors also presented a
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CKS protocol and verified that the fairness can be guaranteed
in the case of four. Then such method was used in [7] to
analyze the fairness of MRT [8] and MR [9] protocols. The
MRT protocol failed to satisfy fairness when the number of
participators is three, and no flaw has been revealed in the
MR protocol.

As an analyzing method, the strand space model has lots
of magnificent qualities such as intuitiveness and strictness.
In [10], Mukhamedov et al. used a strand space model to
describe the GM protocol and found a flaw.Theorem proving
method uses formulae to verify the correctness of protocols.
TheCKS protocol was shown to have flaws in [11] by using the
Isabelle/HOL theorem proving machine.

This paper describes a precise and nature formulation
of the desired weak fairness and universal OMPCS protocol
models that includes multisignatories and contract texts
promises simultaneously, formalizes protocol arithmetic, and
considers composite attackers of the dishonest signatory.
Besides, to mitigate the state explosion problem, a state
reduction algorithm is proposed, and conversions between
processes are supported, all of such actions can help our
analysis to reach cases of more signatories. Furthermore, a
visual attacking trace will be given when there exist error
traces.

The paper is structured as follows. Section 2 defines the
notion of OMPCS protocols and weak fairness. The CSP#
language and the LTL logic are briefly introduced in Section 3.
This section also explains how to build models for OMPCS
protocols and how to express the weak fairness property. In
the next section, we apply our novel method to the analysis
of two typical OMPCS protocols GM and CKS. Finally,
conclusions and future work are summarized.

2. Definitions

Definition 1 (optimistic multiparty contract signing). A pro-
tocol for at least 𝑛 (𝑛 ≥ 2) signatories 𝑃

1
, . . . , 𝑃

𝑖
, . . . 𝑃
𝑗
, . . . 𝑃
𝑛

to sign a contract𝑚 over a TrustThird Party is called a multi-
party contract signing (MPCS) protocol. If all signatories are
honest, the protocol terminates without 𝑇 ever sending or
receiving any messages; it is called an optimistic multiparty
contract signing (OMPCS) protocol. An OMPCS protocol
consists of three subprotocols: main subprotocol, recovery
subprotocol, and abort subprotocol. The main subprotocol
for n signers is divided into 𝑛-levels, which can be described
recursively. The recovery and abort subprotocols are used to
contact 𝑇 when something goes wrong.

In an OMPCS protocol, every signer has a public and
private key pair and can make a digital signature with the
private key. PCS

𝑃1
(𝑚, 𝑃
2
, 𝑇) (𝑇 is short for TTP) denotes the

promise signed by 𝑃
1
and sent to 𝑃

2
, and [10]

(a) PCS
𝑃1
(𝑚, 𝑃
2
, 𝑇) is generated by 𝑃

1
;

(b) 𝑃
2
can forge PCS

𝑃1
(𝑚, 𝑃
2
, 𝑇) but can be distinguished

by 𝑃
1
, 𝑃
2
, and 𝑇;

(c) only 𝑃
1
and 𝑇 can transfer PCS

𝑃1
(𝑚, 𝑃
2
, 𝑇) into a

digital signature 𝑆
𝑃1
(𝑚) which can be universally

verified.

Definition 2 (weak fairness). For a protocol Γ, a contract
𝑚, and signers 𝑃

𝑖
and 𝑃

𝑗
with each one’s signed contract

𝑆
𝑃𝑖
(𝑚) and 𝑆

𝑃𝑗
(𝑚), we call the protocol Γwhich satisfies weak

fairness if and only if we get one of the following conditions:

(a) when the protocol is terminated, both 𝑃
𝑖
and 𝑃

𝑗
have

not received 𝑆
𝑃𝑗
(𝑚) and 𝑆

𝑃𝑖
(𝑚) from each other

(b) or when the protocol is terminated, both 𝑃
𝑖
and 𝑃

𝑗

have received 𝑆
𝑃𝑗
(𝑚) and 𝑆

𝑃𝑖
(𝑚) from each other.

3. Formal Method

Unlike classical security protocols, besides the security prop-
erty, the OMPCS protocols also need to guarantee fairness
between participants. For verifying such property, this paper
described an innovative method and Figure 1 shows the
structure of it.

3.1. Assumption. Considering the general conditions of
OMPCS protocol, assumptions for our fairness analyzing
method are as follows.

(a) Channel assumption (lower-case): channels between
participants are not trusty; that is to say, the trans-
mitting messages may be delayed and lost. However,
channels between participants and the TTP are really
reliable; that is, although the transmitting messages
may be delayed, they will reach the destination in the
limited time.

(b) Participants of protocols: participants may not be
honest, but there is at least one honest among a
number of participants. The TTP is always honest,
and the honest one will follow protocols. A dishonest
one can be legal user, possessing his/her own public
and private keys.

(c) Attacker: the cryptography is assumed to be perfect,
and external hostile agent is assumed not existing
for fairness property in OMPCS protocols requires
protection from each signatory rather than from
external attackers. All of the assumption can let us
only concentrate on the structure of the protocols.

3.2. System Variables. CSP# was proposed as an extension of
CSP; it combines high-level modeling operators with shared
variables and low-level programming constructs. The idea
is to treat sequential terminating programs as atomic events
[12].

The CSP# model of an OMPCS protocol consists of
participants (honest or dishonest), TTP and the commu-
nication channel. CSP# mathematical signals were applied
to describe the protocols’ participants and the components
which combine participants together. The syntax of basic
operators is listed in Table 1. Where 𝑃, 𝑄 are processes, e
is a name representing an event with an optional sequential
program prog, cond is a boolean formula, X is a set of events
names, ch is a channel, exp is an expression, and 𝑥 is a
variable.
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Valid
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counterexample

Assertion parse and
automata transfer

Model checking
algorithm

Simplified
model

Language parse

PAT

LTL fairness 
property

CSP# protocol

Figure 1: Structure of the method.

Table 1: Syntax of the CSP#.

Stop Processes do nothing
Skip Successful termination
𝑃 [ ]𝑄 General choice
𝑃 [∗] External choice
𝑃 ⟨ ⟩𝑄 Internal choice
𝑃 ||| 𝑄 Interleaving
𝑃 || 𝑄 Parallel composition
If (cond){𝑃} else {𝑄} Conditional choice
𝑒{𝑝𝑟𝑜𝑔} → 𝑃 Event prefixing
𝑃 \ 𝑋 Hiding all occurrences of event in 𝑋

[𝑐𝑜𝑛𝑑]𝑃 Guarded process
𝑃;𝑄 Sequential composition
𝑐ℎ!𝑒𝑥𝑝 → 𝑃 Channel output
𝑐ℎ?𝑥 → 𝑃 Channel input

Under the modeling language CSP#, the system variables
of protocol model are defined in Table 2. Each sending mes-
sage between signers is modeled using a variable, initialized
to 0 and set as 𝑘when the successfully sent message level is 𝑘.
Each sending message between signers and TTP is modeled
using a boolean variable, initialized to false and set true when
message was sent.

3.3. Modeling Protocol. The semantic model is based on the
labeled transition system (LTS). An LTS is a three-tuple 𝐿 =

(𝑆, 𝑆
0
, 𝑅).

(i) 𝑆 is set of states. A state can be described by giving
value for all valuations in the CSP# model.

(ii) 𝑆
0
∈ 𝑆 is the set of initial states.

(iii) 𝑅 : 𝑆 × ∑𝜏 × 𝑆 is the transition relation, ∑𝜏 is a
set of all events, ∑∗ is a set of all traces, and a trace
is a sequence of events. For every state 𝑠 ∈ 𝑆, there
is a state 𝑠


∈ 𝑆 such that (𝑠, 𝑠


) ∈ 𝑅. 𝑅 is process

expressions in our CSP# protocol model.
A CSP# model configuration is composited of two com-

ponents (𝑉, 𝑃), where 𝑉 is a function mapping a variable
name to its value and 𝑃 is a process expression. Then we can
get the LTS = (𝑆, init, → ), where 𝑆 is the set of reachable
system configurations, init is the initial configuration (𝑉, 𝑃),
and → is a transition relation.

For every signer in protocol, we use a process to describe
𝑃
𝑖
𝐻 process, which describes how honest signer 𝑃

𝑖
behaves

and the dishonest 𝑃
𝑗
has a corresponding process 𝑃

𝑗
process.

𝑇 process is defined to model 𝑇 which represents the pro-
cesses of recovery and abort subprotocols. The protocol is
then described as formula (1); 𝑃 is the set of signatories:

sys = 𝑃
𝑖
𝐻 Process ||| 𝑃

𝑗
process (𝑖, 𝑗 ∈ 𝑃) . (1)

3.4. Modeling Weak Fairness. In order to reason protocol
model, fairness assertion is described by LTL (linear temporal
logic). LTL was proposed by Pnueli in 1977 [13] and is used to
verify computer program logic language.

LTL is defined by assuming that the atomic formulae
are state predicates. Formulae are built up in the usual way
according to the following grammar. AP is a collection of
atomic propositions of LTL:

(a) for all the atomic propositions 𝜌 ∈ AP, 𝜌 is a LTL
formula;

(b) the constants “true” and “false” are both LTL formu-
lae;

(c) if 𝜑, 𝜙 are two LTL formulae, then ¬𝜑, 𝜑 ∨ 𝜙, 𝜑 ∧ 𝜙,
𝐺𝜑, and 𝐹 𝜑 are all LTL formulae;
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Table 2: System variables.

𝑃
𝑟
𝑖 𝑗 𝑃

𝑟
𝑖 𝑗 = 𝑘, if 𝑃

𝑖
has successfully sent the 𝑘 level promise to 𝑃

𝑗

𝑃
𝑖
𝑅𝑒𝑐𝑜V𝑒𝑟𝑦 𝑗

𝑃
𝑖
𝑅𝑒𝑐𝑜V𝑒𝑟𝑦 𝑗 𝑡

𝑃
𝑖
𝑅𝑒𝑐𝑜V𝑒𝑟𝑦 𝑗 𝑡 𝑚

𝑃
𝑖
sends recovery requirement message to TTP, 𝑗 is the max level of message 𝑃

𝑗
has sent to 𝑃

𝑖
, 𝑡 is

the max level of message 𝑃
𝑡
has sent to 𝑃

𝑖
, and m is the max level of message 𝑃

𝑡
has sent to 𝑃

𝑖
, and

so on
𝑃
𝑖
𝑠𝑡𝑜𝑝 𝑃

𝑖
quits the protocol

𝑃
𝑖
𝑐𝑜𝑛𝑡𝑎𝑐𝑡𝑒𝑑 𝑇 𝑃

𝑖
has sent recovery or abort requirement messages to TTP

𝑃
𝑖
𝑆𝑗 𝑃

𝑖
has successfully received the 𝑃

𝑗
signed contract

𝑃
𝑖
𝐴𝑏𝑜𝑟𝑡𝑇𝑎𝑘𝑒𝑛 𝑃

𝑖
sends abort requirement message to TTP

𝑇 𝑅𝑒𝑠𝑝𝑜𝑛𝑑𝑖 TTP has responded to the requirement of 𝑃
𝑖

𝑇 𝑅𝑒𝑐𝑜V𝑒𝑟𝑦 𝑠𝑒𝑛𝑑 𝑃
𝑖

TTP sends recovery message to 𝑃
𝑖

𝑇 𝐴𝑏𝑜𝑟𝑡 𝑠𝑒𝑛𝑑 𝑃
𝑖

TTP sends abort message to 𝑃
𝑖

𝑇 𝐹𝑖 𝑃
𝑖
has not sent abort message and TTP will force him/her to abort in certain situation

𝑇 𝑆𝑖 𝑃
𝑖
has sent abort message

𝑇 ℎ𝑖 The highest level 𝑃
𝑖
has sent to higher signer before it contacts TTP

𝑇 𝑙𝑖 The lowest level 𝑃
𝑖
has sent to lower signer before it contacts TTP

𝑇 𝑘𝑖

The highest level 𝑃
𝑖
has received from 𝑃

𝑗
(𝑖 < 𝑗)

The highest level 𝑃
𝑖
has received from all signers 𝑚, (𝑚, 𝑗 < 𝑖)

(d) every LTL formula can be built up by using finite
times of the above formation rules.

Here 𝜑 and 𝜙 are two formulae, 𝐺 reads as “global” (also
can be written as []), and 𝐺𝜑 means that event 𝜑 has to hold
on the entire subsequent path.𝐹 reads as “finally” (also can be
written as <>), 𝐹𝜑 means that event 𝜑 eventually has to hold
(somewhere on the subsequent path).

According to the fairness definition and LTL logic, we
assume that only signer 𝑃

𝑖
is honest, and the description of

fairness of signer 𝑃
𝑖
is given in formula (2). It means that,

when the protocol is terminated, if there is a reachable trace 𝜏

in which a signer in 𝑃
1
, . . . , 𝑃

𝑖−1
, 𝑃
𝑖+1

, . . . , 𝑃
𝑛
can receive 𝑃

𝑖
’s

digital signature 𝑆
𝑃𝑖
(𝑚), then there must exist 𝜏

 which is
reachable from 𝜏 and canmake𝑃

𝑖
receive the digital signature

of 𝑃
1
, . . . , 𝑃

𝑖−1
, 𝑃
𝑖+1

, . . . , 𝑃
𝑛
:

⟨⟩ [] ((𝑃1
⋅ 𝑆
𝑃𝑖

(𝑚) ∨ ⋅ ⋅ ⋅ ∨ 𝑃
𝑖−1

⋅ 𝑆
𝑃𝑖

(𝑚)

∨𝑃
𝑖+1

⋅ 𝑆
𝑃𝑖

(𝑚) ∨ ⋅ ⋅ ⋅ ∨ 𝑃
𝑛
⋅ 𝑆
𝑃𝑖

(𝑚))

→ [] ⟨⟩ (𝑃
𝑖
⋅ 𝑆
𝑃1

(𝑚) ∧ ⋅ ⋅ ⋅ ∧ 𝑃
𝑖
⋅ 𝑆
𝑃𝑖−1

(𝑚)

∧𝑃
𝑖
⋅ 𝑆
𝑃𝑖+1

(𝑚) ∧ ⋅ ⋅ ⋅ ∧ 𝑃
𝑖
⋅ 𝑆
𝑃𝑛

(𝑚)) ) .

(2)

3.5. State Reduction Algorithm. Themodel checking method
has many advantages, such as, high level automation and
exact description ability. But the idea of this method is based
on exhausted state space searching. When we use it to verify
some concurrent systems, the state space may be increased
exponentially. That is the space explosion problem. Towards
the space explosion problem, a detailed state reduction
algorithm is demonstrated below and the algorithm is shown
in Algorithm 1.

(a) Deleting states that system cannot reach to decrease
the searching time.

(b) Deleting states that will absolutely lead to fairness
which can make the track of attack trace more
conveniently.

(c) Combing transition relations which reach the same
next states to compress the state space, that is, 𝐴{𝑅}𝑃

and 𝐵{𝑅}𝑃, we can combine the two transition rela-
tions into (𝐴 ∨ 𝐵){𝑅}𝑃. Here 𝐴, 𝐵, and 𝑃 are states
and 𝑅 is transition function. The proof can be found
in “Hoare Logic,” rules of consequence.

(d) Letting the dishonest signers send the highest
promises to each other, for the transaction between
dishonest signers will not influence the fairness of the
honest one. Such behaviors can cut down the number
of messages between the dishonest signers and then
can reduce the state space.

trans is an array which stores the transition relations in
the OMPCS model, and every transition relation in trans
contains two states as well as a variable; state 1 is the current
state, state 2 is the next state, and trans.mark is the weight
of states. If a state in a protocol model has been reached for
𝑚 times, the value of mark for such state is 𝑚. The variable
exishon(𝑖) is a function to judge whether, after 𝑃

𝑖
contacting

T, there also exists an honest signer who has no contract 𝑇.
validate(trans[𝑖]) = true means that the transition relation
trans[𝑖] contracted 𝑇, and 𝑇 sent a recovery message to reply
to it; otherwise, 𝑇 sent an abort message.

Line 1 to line 2 are corresponding to (a) and (b), according
to the recovery subprotocols in OMPCS; if validate = true
and the honest signer have not contracted TTP before, this
protocol will be fair. Lines 4 to 7 mean (c); if trans[𝑖] and
trans[𝑗] have the same next state (state2), trans[𝑖].state1 will
be combined with trans[𝑗].state1, and trans[𝑖]will be deleted.
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Procedure StateReduction(trans)
(1) for 𝑖 ← 1 to length(trans)
(2) do if (vaildate(trans[𝑖]) = 1 && exishon(𝑖)))||(trans[i].mark = 0)
(3) then delete(trans[𝑖])
(4) for 𝑗 ← 1 to length(trans)
(5) do if (trans[i].state2 = trans[j].state2) && (𝑖! = 𝑗)
(6) then 𝑡𝑟𝑎𝑛𝑠[𝑗].state1 ← trans[i]state1 + trans[j].state1
(7) delete(trans[𝑖])
(8) for 𝑖 ← 1 to 𝑛

(9) do for 𝑗 ← 1 to 𝑛

(10) do if (𝑝𝑖, 𝑝𝑗 ∈ 𝑑𝑖𝑠) && (𝑖! = 𝑗)
(11) then 𝑝 𝑖 𝑗 ← 𝑛,𝑝 𝑗 𝑖 ← 𝑛

(12) end

Algorithm 1: The state reduction algorithm.

Modeling the behaviors of honest P1 in the four-party GMmain subprotocol
P1H process()=
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(1) honest P1 sends 1-level promises to P2
[][!P1 stop && !P1 contacted T && Pr 1 4 L==0 && Pr 1 3 L==0 && Pr 1 2 L==0 && Pr 2 1 L==1 && Pr 3 1 L==1 &&
Pr 4 1 L==1]P1sendsp21{Pr 1 2 L=1;}->P1H process()
//(2) honest P1 sends recovery requirement to T
[] [!P1 stop && !P1 contacted T && Pr 1 4 L==0 && Pr 1 3 L==0 && Pr 1 2 L==1 && Pr 2 1 L==1 && Pr 4 1 L==1 &&
Pr 3 1 L==1]p1recovery111{P1 contacted T=true; P1 Recovery 1 1 1=true;}->T process()
Modeling the behaviors of dishonest P2 in the four-party GMmain subprotocol
P2 process()=
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(3)dishonest P2 sends 1-level promise to P1
[] [!P2 stop && Pr 2 1 L<1] P2sendP32 {Pr 2 1 L=1;}->P2 process()
//(4)dishonest P2 sends recovery requirement to T
[] [!P2 stop && Pr 4 2 L==1 && Pr 3 2 L==1 && Pr 1 2 L==1]P2recovery111{P2 Recovery 1 1 1=true;}
->T process()
System definition
sys1H|=P1H process() ||| P2 process() ||| P3 process() |||P4 process();

Algorithm 2: Modeling of four-party GMmain subprotocol.

T process()=
Modeling of the four-party GM abort subprotocol
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(1)T agrees with the abort requirement from P2
[][!T Respond2 && P2 Abort Send && !T Validated && ( T S4 || T S3)]TabortP21{T S2=true; T Abort Send P2=true;
T Respond2=true;}->P2H process()
//(2)T refuses the abort requirement from P2
[][!T Respond2 && P2 Abort Send && T Validated ]TabortP22{T S2=true; T Recovery Send P2=true; T Respond2=true;}-
>P2H process()
Modeling of the four-party GM recovery subprotocol
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(3)T agrees with the recovery requirement from P3
[] [P3 Recovery 1 3 3 && !T Respond4 && !T Respond3 && !T Respond2 && !T Respond1]TreocveryP31
{T Recovery Send P3=true; T Respond3=true; T Validated=true;}->P3 process()
//(4)T refuses the recovery requirement from P3
[] [P3 Recovery 1 3 3 && !T Respond3 && (!T Respond4 || !T Respond3 || !T Respond2 || !T Respond1)&&
!T Validated && T S4]TreocveryP312{T F1=true;T F2=true;T S3=true;T Abort Send P3=true;
T Respond3=true}->P3 process()

Algorithm 3: Modeling of four-party GM abort and recovery subprotocols.
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sys1H= P1H process() ||| P2 process() ||| P3 process() |||P4 process();
#define goals1 (P4 S1 || P3 S1 || P2 S1);
#define goals2 (P1 S2 && P1 S3 && P1 S4);
#assert sys1H |= G ((goals1) -> F(goals2));

Algorithm 4: Modeling fairness of 𝑃
1
.

T process()=
Modeling of the five-party CKS abort subprotocol
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(1)T agrees with the abort requirement from P2
[][!T Respond2 && P2 Abort Send && !T Validated ]TP2abort1{T S2=true; T Abort Send P2=true;
T Respond2=true; T h2=0; T l2=1}->P2H process()
//(2)T refuses the abort requirement from P2
[][!T Respond2 && P2 Abort Send && T Validated ]TP2abort2{T S2=true; T Recovery Send P2=true;
T Respond2=true}->P2H process()
Modeling of the five-party CKS recovery subprotocol
⋅ ⋅ ⋅ ⋅ ⋅ ⋅

//(3)T agrees with the recovery requirement from P3
[][P3 recovery 1 1 3 3 && !T Respond5 && !T Respond4 && !T Respond3 && !T Respond2 && !
T Respond1] P3reco1{T Recovery Send P3=true;T Respond3=true; T Validated=true;}->P3 process()
//(4)T refuses the recovery requirement from P3
[][P3 recovery 1 1 3 3 && !T Respond3 && (T Respond5||T Respond4||T Respond3||T Respond2||
T Respond1)&& !T Validted && ((T S5 && T l5>0 ||T S4 && T l4>0 || T S2 && T h2>2||T S1 &&
T h1>2 ))]P3reco3{T Respond3=true;T S3=true;T Abort Send P3=true;T h3=3;T l3=3}->P3 process()

Algorithm 5: Modeling of five-party CKS abort and recovery subprotocols.

From lines 8 to 11, 𝑛 is the number of signers, 𝑖, 𝑗 here
are the unique ID for signatories, and 𝑑𝑖𝑠 are the sets for the
dishonest signatories. In line 10, if 𝑃

𝑖
and 𝑃

𝑗
are dishonest

signatories, then they will send the highest promise to each
other and it is the pseudocode of (d).

4. Case Study

As an OMPCS protocol, the GM protocol was proposed by
Garay and Mackenzie in [14]; then in [5] Asokan modified
it and proposed the CKS protocol. In this section, the two
protocols are modeled and analyzed on the platform PAT [15]
and fairness flaws have been discovered.

4.1. GM and CKS. Each of the GM and CKS protocols has
three subprotocols: main subprotocol, recovery subprotocol,
and abort subprotocol. Such protocols use zero-knowledge
primitives, private contract signatures [14].Themain subpro-
tocol of the two protocols is the same, and major changes are
in the recovery and abort subprotocols.

The main subprotocol for n signers is divided into 𝑛-level
recursions with 𝑛-level promises. 𝑃

1
sends 𝑖-level promise to

𝑃
2
which can be denoted as PCS

𝑃1
((𝑚, 𝑖), 𝑃

2
, 𝑇). The third

party is 𝑇; if there is nothing wrong in the execution of main
subprotocol, 𝑇 will not be invoked. Conversely, requirement
messages will be sent by signers to 𝑇 to guarantee fairness.
For 𝑃
𝑖
to abort, it will send the abort message to 𝑇; for 𝑃

𝑖
to

recover, it will send the corresponding recovery message.The

messages are designed so that𝑇 can infer the promises that an
honest signer would have sent when it launched the recovery
subprotocol. For lack of space, we will not describe the two
protocols and the details can be found in [6, 14].

4.2. Modeling GM Protocol. We have modeled and analyzed
the GM protocol for three cases, and here we take the case of
four parties for example. Figure 2 describes the communica-
tions between signers, third party, and channels. We assume
that the honest signer is 𝑃

1
, 𝑃
2
, 𝑃
3
, and 𝑃

4
are dishonest, and

𝑃
2
, 𝑃
3
, and 𝑃

4
can collude to cheat 𝑃

1
. 𝑃
1
H process() was

defined as the behavior of 𝑃
1
and 𝑃

2
process(), 𝑃

3
process(),

𝑃
4
process(), and 𝑇 process() as the behaviors of 𝑃

2
, 𝑃
3
, 𝑃
4
,

and 𝑇. After doing that, the GM protocol was modeled as a
parallel system called “sys1H.”

4.2.1. Modeling GM Main Subprotocol. Main subprotocol is
executed when signers exchange their promises.When 𝑛 = 4,
the main subprotocol has 4 levels (see the OMPCS definition
in Section 2) recursions. We use integer variables to describe
promises between signers, and boolean variables represent
messages between signers and 𝑇. The details of the main
subprotocol model are shown in Algorithm 2.

The honest 𝑃
1
mainly performs two kinds of actions

in the main subprotocol, which includes sending promises
to other signers and sending requirement to 𝑇. They are
described in step (1) and step (2). Step (1) models the action
of sending 1-level promise, in which we use boolean variables,
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Figure 2: Communications between signers, third party, and
channels.

such as Pr 1 3 𝐿, to represent the promises exchanging.
Setting Pr 1 2 𝐿 = 1 means 𝑃

1
has successfully sent 1-level

promise to 𝑃
2
. Step (2) says that if 𝑃

1
has not received the

correct promises, he can set 𝑃
2
Recovery 1 1 1 as true, which

represents the action of sending out recovery requirement.
Step (3) and Step (4) describe the malicious behaviors of
dishonest 𝑃

2
. Step (3)models that 𝑃

2
can send 1-level promise

to 𝑃
1
and Step (4) specifies that 𝑃

2
can send recovery

requirement to 𝑇 at a relatively relaxing condition.

4.2.2. Modeling GM Abort and Recovery Subprotocol.
Algorithm 3 models the actions of the 𝑇, that is, the abort
and recovery subprotocols. 𝑇 is a special player that has to be
modeled in a particular way.The definition and grammar are
the same as the main subprotocol. 𝑇 process() maintains two
sets, 𝑆(𝑚) and 𝐹(𝑚), which are initialized as empty. When 𝑃

𝑖

sends abort message to 𝑇, 𝑆(𝑚) is set to be 𝑆(𝑚) = 𝑆(𝑚) ∪ {𝑖}.
Elements inside 𝐹(𝑚) are those signers who have not sent
abort message to 𝑇. Based on the values of 𝑆(𝑚) and 𝐹(𝑚),
the recovery or abort decision will be made by 𝑇.

The actions of 𝑇 can be divided into two parts, the first
part describes how 𝑇 deals with abort request from 𝑃

2
. 𝑇

sends out abort token to 𝑃
2
if the status is that 𝑇 Validated

is false and (𝑇 𝑆4 || 𝑇 𝑆3) is true. However, if 𝑇 Validated
is true, this means the recovery message has already been
sent.Then the abort request is to be refused. Part two models
the behaviors of dealing with recovery requests from 𝑃

3
;

if 𝑇 Validated is true, the recovery message will be sent.
However, conversely, 𝑇 will make decisions based on the
current conditions.

4.3. Modeling GM Fairness. The fairness of 𝑃
1
can be divided

into two parts. The first is that when GM protocol is finished,
if 𝑃
1
has not received the contract signed by other signers,

then every other signer also will not receive the contract
signed by 𝑃

1
. The remainder is that if any other signers have

received the contract signed by𝑃
1
, then𝑃

1
must have received

the contract signed by other signers as well. So the LTL
modeling of 𝑃

1
’s fairness is illustrated in Algorithm 4.

Goal 1 means that at least one signer in 𝑃
2
, 𝑃
3
, and 𝑃

4

has received the contract signed by 𝑃
1
. Meanwhile, goal 2

means that 𝑃
1
has received the contract signed by 𝑃

2
, 𝑃
3
,

and 𝑃
4
. The fairness of 𝑃

1
can be described as sys1𝐻| =

𝐺((goals 1) → 𝐹(goals 2)), which means that, for all the
traces of GM modeling system, if there is one trace to make
one of𝑃

2
,𝑃
3
, and𝑃

4
receive the signed contract from𝑃

1
, there

must exist another trace that can guarantee that 𝑃
1
receives

the signed contract from 𝑃
2
, 𝑃
3
, and 𝑃

4
.

4.4. Modeling CKS Protocol. Themodel of CKSmain subpro-
tocol and the description of fairness remain the samewith the
GMprotocol, so this sectionwill concentrate on the abort and
recovery part. The main difference is that 𝑇, when presented
with a recovery request, overturns its abort decision if and
only if𝑇 can infer dishonesty on the part of each of the signers
that contracted 𝑇 in the past. Compared with GM, 𝑇 in CKS
also maintains two integer variables, but the difference is that
the variables have different meanings than that in GM.

We modeled cases of four and five signers of the CKS
protocol and a fairness flaw was found in the case of five. For
the sake of contrastive analysis, specifics of 𝑃

2
abort request

and 𝑃
3
Recovery 1 1 3 3 recovery requirements are shown in

Algorithm 5.

4.5. State Reduction. Whenmodeling GM and CKS protocol,
we mitigate the state space explosion problem based on the
algorithm proposed in Section 3.5. The detailed examples are
given as below.

(a) Deleting states which cannot be reached: for instance,
in the GM protocol, when 𝑇 is dealing with the
requirement 𝑃

2
Recovery 1 3 2 from 𝑃

2
, there is a

state which requires that!𝑇 𝑆3∧!𝑇 𝑆4 and two ele-
ments in set {𝑇 𝑆1, 𝑇 𝑆3, 𝑇 𝑆4} should be true. Then
a conclusion can be reached that this state is unreach-
able, for the state constraint must be (!𝑇 𝑆3∧!𝑇 𝑆4) ∧

(𝑇 𝑆3 ∨ 𝑇 𝑆4), which is contradictory. Therefore, we
can delete this state.

(b) Deleting states which will absolutely lead to fairness:
when modeling the GM protocol, if 𝑃

4
sends 𝑇

a recovery requirement 𝑃
4
Recovery 3 3 3 in the

condition that no one has contacted 𝑇 before, 𝑇

will absolutely agree with 𝑃
4
’s requirement, setting

𝑇 Validated = 1. It is obvious to ensure that
the fairness can be guaranteed for, in the recovery
subprotocol,𝑇 cannot overturn the recovery decision.
Therefore, this state can be ignored when we are
searching for attacking trace.

(c) Combining transition relations which have the same
next states: in the GM protocol, when 𝑇 deals with
the requirement 𝑃

3
Recovery 4 4 4 from 𝑃

3
there are

two transition relations: one of the current states is
𝑇 𝐹3∧!𝑇 𝐹2∧!𝑇 𝐹4 and the other is !𝑇 𝐹3. How-
ever, those two states can reach the same next
state; thus, they can be combined into one state
((𝑇 𝐹3∧!𝑇 𝐹2∧!𝑇 𝐹4)∨!𝑇 𝐹3).

(d) Letting the dishonest signers send the highest
promises to each other: when wemodel the dishonest
signers 𝑃

2
and 𝑃

3
in the CKS protocol, some of
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Table 3: The unfairness trace of the four-party GM protocol.

GM protocol State 0 State 1 State 2 State 3 State 4
P4 Recovery 3 3 3 False False False False True
P3 abort False True True True True
P2 Recovery 1 1 2 False False True True True
P1 Recovery 1 3 3 False False False True True
T Abort Send P4 False False False False False
T Recovery Send P4 False False False False True
T Abort Send P3 False True True True True
T Abort Send P2 False False True True True
T Abort Send P1 False False False True True
goals1 False False False False True
goals2 False False False False False
Fairness YES YES YES YES NO

Table 4: The unfairness trace of the five-party CKS protocol.

Revised GM protocol State 0 State 1 State 2 State 3 State 4 State 5
P5 abort False True True True True True
P4 Recovery 5 4 4 4 False False False True True True
P3 Recovery 6 6 5 5 False False False False False True
P2 Recovery 5 5 5 5 False False False False True True
P1 Recovery 1 4 4 4 False False True True True True
T Abort Send P5 False True True True True True
T Abort Send P4 False False False True True True
T Abort Send P3 False False False False False True
T Abort Send P2 False False False False True True
T Abort Send P1 False False True True True True
goals1 False False False False False True
goals2 False False False False False False
Fairness YES YES YES YES YES NO

the intermediate states such as Pr 2 3 𝐿 = 3 and
Pr 3 2 𝐿 = 2 can be deleted, letting𝑃

2
and𝑃
3
send the

highest promise to each other directly, Pr 2 3 𝐿 = 4

and Pr 3 2 𝐿 = 4.

4.6. Analysis. One feature of the OMPCS protocol is that the
number of participants can be varied and the structure is not
symmetric.That is why the specification of𝑃

𝑖
is different from

that of𝑃
𝑗
(𝑖 ̸= 𝑗). A number of CSP#models have been written

in PAT for different signers for the GM and CKS protocols.
We found that GM protocol cannot satisfy fairness for the
case of 𝑛 ≥ 4, because we can verify that the protocol is not
fair in case of four, and, in more signatories cases, if there is
only one honest, then the dishonest can collaborate to cheat
just as they do in the case of 4. The CKS protocol is not fair
for the number of signers 𝑛 ≥ 5, the reason is the same for
GM.

Table 3 shows one possible error trace for the GM
protocol (𝑃

1
is the honest one and 𝑛 = 4). State 0 is

the initialized state. In state 1, 𝑃
3
contacts T by sending

an abort requirement. According to [14], T agrees with
this requirement and sends abort message, setting 𝑇 𝑆3 =

true. But the dishonest 𝑃
3
continues to execute the main

subprotocol.Then𝑃
2
contractT with a recovery requirement.

T refuses 𝑃
2
’s requirement based on the abort subprotocol

with 𝑇 𝐹1 = true, 𝑇 𝑆2 = true. However, the dishonest
𝑃
2
continues to execute the main subprotocol. In the next

state 𝑃
1
launches a resolve request to T, however 𝑇 𝐹1 is

true and it indicates that T will refuse 𝑃
1
’s requirement and

update 𝑇 𝑆1 = true.Then the honest signer 𝑃
1
quits the main

subprotocol. At last, 𝑃
4
sends a recovery requirement. For

𝑇 𝑆4 is false, 𝑇 overturns the previous decision and agrees
with 𝑃

4
’s requirement. Hence the fairness of 𝑃

1
are violated.

We also found unfairness trace when 𝑃
3
or 𝑃
2
is the dishonest

signer.
Table 4 shows one possible unfairness trace for the CKS

protocol (𝑃
3
is the honest one and 𝑛 = 5). State 0 is also

the initialized state. In step 1, 𝑃
5
sends an abort requirement

to T. T agrees with this requirement and sends back an
abort message with 𝑇 𝑙5 = 1, 𝑇 𝑆5 = true. But the
dishonest 𝑃

5
continues to execute the protocol. In state 2,

𝑃
1
contract T with a recovery requirement. 𝑇 refuses 𝑃

1
’s

requirement and sets 𝑇 ℎ1 = 4, 𝑇 𝑆1 = true, the dishonest 𝑃
1

continues to execute the main subprotocol. Then 𝑃
4
launches

a recovery request to 𝑇. 𝑇 refuses 𝑃
4
’s requirement with an
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Table 5: Experiment comparison.

This paper method Reference [5] method
Time used Memory used Time used Memory used

GM protocol
𝑛 = 2 0.01 41179 0.050 51228
𝑛 = 3 10.64 72056 38.72 92595
𝑛 = 4 505.21 2479154 — —

CKS protocol
𝑛 = 2 0.01 39187 0.047 4568
𝑛 = 3 8.29 60145 19.54 86347
𝑛 = 4 552.31 2787336 — —
𝑛 = 5 1674.05 3105836 — —

abort message, setting 𝑇 𝑙4 = 𝑇 ℎ4 = 5, 𝑇 𝑆4 = true. In
the following states, 𝑃

2
send recovery messages to T and T

will refuse it and update 𝑇 𝑙2 = 𝑇 ℎ2 = 5, 𝑇 𝑆2 = true. 𝑃
3

sends its signed contract to 𝑃
4
and 𝑃

5
, but the dishonest 𝑃

4

and 𝑃
5
quits the protocol and 𝑃

3
contracts T with recovery

requirement.
However, according to [5] and the recovery subprotocol,

T computes the value of 𝑇 ℎ𝑖 and 𝑇 𝑘𝑖 and finds (𝑇 𝑆2) ∧

(𝑇 𝑘2 ≤ 𝑇 ℎ2), and then it makes a decision that it will
not overturn the previous decision. Finally, T sends an abort
message to 𝑃

3
; thus, the fairness of 𝑃

3
is not guaranteed. The

similar error traces can also be found when 𝑃
4
, 𝑃
2
, or 𝑃
1
is the

dishonest one.

4.7. Experiment Comparison. In this paper, the fairness for
four-party GM protocol and five-party CKS protocol has
been verified. There are certain advantages of our method,
such as less time and space complexity, more precise seman-
tic, higher degree of automation, and more detailed results.
The time and space consuming comparison between our
method and the method in [5] is showed in Table 5; the unit
for time is second and for memory is KB.

We use a common environment for all the tests discussed
in this section; the hardware environment for the two
methods is the same. For [5], the model checking platform is
cmocha and the operating system isUbuntu. For ourmethod,
the model checking platform is PAT3, and the operating
system is Windows 7.

As Table 5 demonstrated, although the problem of pro-
tocol fairness verification is a NP problem and the states
and time are expected to increase exponentially in theory,
our method can get the verification result in certain times
in the three and four participants cases of the CKS proto-
col. Therefore, we can get a conclusion that the reduction
algorithm did a good performance as no error trace was
found in such cases, and every state in the state space was
visited. On the contrary, the method in [5] consumed more
time and memory. Specifically, in the four-party occasion,
in our experiment environment, this method cannot get
verification result in certain hours (we had waited for more
than 12 hours). Moreover, this method cannot give explicitly
a number of visited states and fairness counterexamples. The

main reason is that our method has less system states, higher
states compression ratio, and the trace back-track algorithm.

5. Conclusion and Future Work

Based onmodeling language CSP# and linear temporal logic,
an efficient method which aims to analyze the fairness of
optimistic multiparty contract signing protocols is presented
in this paper. In order to demonstrate the feasibility of our
method, two examples of the GM and CKS protocol have
been described and several fairness attacking traces have
been found. Comparisons also have been made in this paper
between our method and other traditional methods. And the
result shows that our method has certain strengths such as
higher automation, less time and space complexity, visualized
attacking trace, and better utility.

There is no explicit model for any cryptographic prim-
itives in this paper and the attack model is weaker than
the original paper. The main challenge is to verify the
OMPCS protocols fairness in amore general conditionwhich
accounts for cryptographic and a more relaxed communi-
cation model. In our next work, we plan to extend the
automatic cryptographic protocol verifier ProVerif [16] to suit
our fairness verification method.
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Nonclassical slicing and symmetry reduction can act as efficient structural abstract methods for pruning state space when dealing
with verification problems. In this paper, we mainly address theoretical and algorithmic aspects for nonclassical slicing and
symmetry reduction over prime event structures. We propose sliced and symmetric quotient reduction models of event structures
and present their corresponding algorithms. To construct the underlying foundation of the proposed methodologies, we introduce
strong and weak conflict concepts and a pair of mutually inverse operators and extend permutation group based symmetry notion
of event structures. We have established a unified mathematical framework for slicing and symmetry reduction, and further
investigated the translation, isomorphism, and equivalence relationship and other related basic facts from a theoretical point of
view. The framework may provide useful guidance and theoretical exploration for overcoming verification challenges. This paper
also demonstrates their practical applications by two cases.

1. Introduction

Generally, to detect whether a finite execution trace of
a distributed program satisfies a given predicate, namely,
predicate detection (a kind of verification problems), is a
fundamental problem in asynchronous distributed systems. It
has applications inmany domains such as testing, debugging,
and monitoring of distributed programs and it is also a
powerful runtime verification method.

Unfortunately, predicate detection is NP complete [1]
and suffers from the excessive size of the state space and
the state explosion problem—the number of possible global
states of the program increases exponentially owing to simple
combination.

To deal with this problem, several useful reduction
techniques have been suggested in succession for reducing
the state space in recent years, such as partial order reduction
and symmetric reduction methods [2–4].

On the one hand, the basic observation is that many
distributed or concurrent systems exhibit a certain degree of
symmetry, for example, a system composed of identical or
isomorphic components whose identities are interchangeable
from a verification point of view. This kind of structural
symmetry in the system is also reflected in the full state space
of the system.Themain idea behind the symmetry reduction
method is to figure out this symmetry and obtain a condensed
state space which is typically much smaller than the full state
space, but from which the same kind of properties of the
system can be derived without unfolding the condensed state
space to the full state space. Thus, it can be used to verify any
property of the original model.

On the other hand, a slice of a system with respect
to a criterion is a subsystem that only contains all the
states of the original system that satisfy this specification.
The advantage of this technique lies in the fact that the
detection is performed only on the small part of the global
state space which is of interest. In many cases, the slice is
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exponentially smaller than the original. In order to tangle
predicate detection problem, nonclassical slicing technique,
named computation slicing, as an abstraction mechanism,
inspired by the classical program slicing of Weiser [5, 6], was
first proposed by Garg and Mittal [7].

For the majority predicate classes, the computation slic-
ing algorithm has polynomial-time complexity and gains
exponential reduction of state spaces. Computation slicing
has been proved to be an efficient technique for pruning
state space of predicate detection in distributed computation.
Moreover, it has also been successfully applied to solve the
problems of temporal properties verification in transaction
level hardware descriptions such as PCI local bus protocol
and the MSI (modified shared invalid) cache coherence
protocol [6] in SoC (system on chip) systems and so forth.

Due to the restriction of partial order execution trace
model [5, 8], this approach has some limitations. Firstly,
it is a runtime checking method and only checks a single
partial execution trace once. It is not easy to obtain 100% path
coverage even though this detection is performed multiple
times. Thus, it is not suitable for exhaustive analysis by
reasoning about all possible execution of the system model.
Secondly, its underlying model is partially ordered set and it
is not expressive enough to handle these models with explicit
choice structures or conflicts. Because all the runtime traces
do not contain any conflict information, it is not convenient
to analyze the system under construction statically.

In this paper, we extend the notion of computation slicing
from partial order traces to prime event structures with
conflict. We propose a more general event structure slicing
notion and a complete mathematical theoretical framework
for computing the event structure slices.

The main idea is that a prime event structure can
be viewed as such a system model consisting of several
conflict-free substructures. These substructures themselves
are in mutual weak conflict. Any of such conflict-free event
substructures of a prime event structure acts as a partial order
execution trace which can be sliced by traditional compu-
tation slicing algorithm. Based on this idea, we propose a
partition approach to decompose a prime event structure
into a group of conflict-free substructures equivalently. Each
of these substructures can be sliced with respect to a given
slicing criterion by the existing slicing algorithm and we can
get a set of the sliced substructures. We have proved that
these sliced results can be composed together and yield a new
prime event structure by a so-calledweak choice composition
operation. We have shown that the newly generated prime
event structure is the slicing result of the original prime
event structure. Meanwhile, based on above partition, we can
detect structural symmetry property and make symmetric
reduction on each substructure of the original system. In
additional, we also investigate the relationship between the
symmetric reduction model and the original one.

The main contribution of our work can be summarized
as follows. We introduced the slicing notion into the area
ofevent structure and extended nonclassical computation

slicing with conflict. We also proposed a unified mathemati-
cal framework as a common theory basis for event structure
slicing and symmetry reduction.We also made a comparison
between our event structure slicing and the traditional com-
putation slicing and demonstrated the mathematical aspects
of this framework.

The rest of this paper is structured as follows. Related
work is discussed in Section 2. Section 3 introduces the
notion of event structure and other basic definitions.
Section 4 describes two core operators over event strictures.
Slicing reduction derived from computation slicing will be
discussed in Section 5. Symmetry reduction theory based
on permutation group is reported in Section 6. The overall
mathematical framework for event structure slicing and
symmetry reduction will be provided in Section 7. In the last
section, we make a short summary of our work.

2. Related Work

Regarding the slicing technique, the work in [5, 6] proposed
classical program slice idea firstly byWeiser. Given a program
and a set of variables, a program slice consists of all statements
in the program thatmay affect the value of the variables in the
set at some given point.

During years after the program slice notionwas proposed,
a lot of work based on this notion had been performed.
For example, in 1992, the notion of a slice has been also
extended to distributed programs [9]. In 2000, the notion
of a nonclassical computation slice, which is very similar
to the concept of a program slice, has been proposed. In
work [7, 10], computation slice over partial order traces was
firstly investigated by Garg and Mittal, de Bakker et al. This
computation slice notion is based on partial order traces
model, which is a special case of event structure without
conflict.

Event structure, as an true concurrency model [11–
16], can be taken as an extension of partial order model.
In concurrency theory, event structures constitute a major
branch of concurrent models. These were initially developed
as a link between Petri nets and Scott domain theory [17] and
have since been extensively applied as a semantic model for
process algebras, for example [18].

All the previous work [7, 8, 19, 20] does not consider the
case with conflict. Compared with them, our work is aimed
to extend this slicing notion to the area of event structure.

On the other hand, as for symmetry reduction, the use of
symmetry to reduce state space has been investigated widely
by researchers. Technically speaking, symmetry in event
structures [3, 4] is similar to symmetry in model checking
[2, 21, 22]. In work [23], a category of event structures with
symmetry was introduced and its categorical properties were
investigated, while our work is relevant to the structural
reduction via symmetry property over event structuremodel.

In our previous work [24], we have extended this tech-
nique to event structure area. In this paper, we will further
investigate the common basis for both slicing and symmetry
reduction over event structures and provide a unified frame-
work.
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3. Event Structure and Basic Definitions

In this section, we will introduce the notion of prime
event structure [11, 17, 25, 26] and the basic definitions
we use throughout the paper. The prime event structure is
firstly defined and other related key notions are introduced.
Moreover, we focus on finite prime event structures only.

Definition 1 (prime event structure). A prime event structure
(over an alphabet A, a set of actions) is a 4-tuple structure
(𝐸, ⪯, ♯, 𝑙) with

(i) 𝐸, a finite set of events;
(ii) ⪯⊆ 𝐸 × 𝐸, a partial order, the causality relation,

satisfying the principle of finite causes: for all 𝑒 ∈ 𝐸 :

{𝑒

∈ 𝐸 | 𝑒


⪯ 𝑒} is finite and the inverse of ⪯ is

denoted by ⪯−1;
(iii) ♯ ⊆ 𝐸 × 𝐸, the (irreflexive and symmetric) conflict

relation, satisfying the principle of conflict inheri-
tance: ∀𝑑, 𝑒, 𝑓 ∈ 𝐸 : 𝑑 ⪯ 𝑒 ∧ 𝑑♯𝑓 ⇒ 𝑒♯𝑓;

(iv) 𝑙 : 𝐸 → A, the action-labelling function.

A prime event structure (for short, an event structure)
represents a system in the following way: the action names
are activities which the systemmay perform, an event labelled
𝑎 ∈ A stands for a particular occurrence of an action, 𝑒

𝑎
⪯ 𝑒
𝑏

indicates that 𝑎 cannot occur before 𝑏 has, and 𝑒
𝑐
♯𝑒
𝑑
indicates

that actions 𝑐 and 𝑑 can never occur together in one run.
The conflict inheritance property states that if an event 𝑒

is in conflict with some event 𝑓, then it is in conflict with all
causal successors of 𝑓.

From the causality relation, it is not difficult to derive a
notion of causal independence:

𝑒cod ⇐⇒ ¬(𝑒 = 𝑑 ∨ 𝑒 ⪯ 𝑑 ∨ 𝑒⪯
−1
𝑑 ∨ 𝑒♯𝑑) . (1)

Let E denote the domain of prime event structures
labelled overA and 0 = (0, 0, 0, 0) stand for the empty event
structure. Generally, the components of an event structureE
will be denoted by 𝐸E, ⪯E, ♯E, and 𝑙E, respectively. More
specifically, E = (𝐸E, ⪯E, ♯E, 𝑙E). If clear from the context,
the index will be omitted; that is,E = (𝐸, ⪯, ♯, 𝑙) is also a valid
form.

Additionally, for 𝑋 ⊆ 𝐸E, the restriction of E to 𝑋 can
be defined as E|

𝑋
= (𝑋, ⪯E ∩ (𝑋 × 𝑋), ♯E ∩ (𝑋 × 𝑋), 𝑙E|𝑋).

Let Succ(𝑒) denote all causal successors of an event 𝑒; that is,
Succ(𝑒) = {𝑎 ∈ 𝐸E | 𝑒⪯E𝑎, 𝑒 ∈ 𝐸E}.

Definition 2 (event substructure). Let E = (𝐸E, ⪯E, ♯E, 𝑙E) ∈

E and E = (𝐸E , ⪯E , ♯E , 𝑙E) ∈ E be event structures; E is
called a substructure of E (denoted by E ⊲ E) if and only if

(i) 𝐸E ⊆ 𝐸E;
(ii) for all 𝑒, 𝑒 ∈ 𝐸E, 𝑒♯E𝑒


⇔ 𝑒, 𝑒


∈ 𝐸E ∧ 𝑒♯E𝑒

;
(iii) for all 𝑒, 𝑒 ∈ 𝐸E, 𝑒⪯E𝑒


⇔ 𝑒, 𝑒


∈ 𝐸E ∧ 𝑒⪯E𝑒

.

Definition 3 (conflict-free event structure). An event struc-
ture E = (𝐸E, ⪯E, ♯E, 𝑙E) ∈ E is called conflict-free event
structure (denoted by 𝑐𝑓𝐸𝑆, for short) if and only if its conflict
relation is empty; that is, ♯E = 0.

Let F denote the domain of conflict-free prime event
structures.

In order to characterize the conflict relationship between
two conflict-free event structures (or substructures of a
prime event structure), we introduce the following basic
definitions: strong conflict, weak conflict, and weak conflict
event structure set (for short, weak conflict set).

Definition 4 (strong conflict). Let F
1
= (𝐸F1

, ⪯F1
, 0, 𝑙F1

) ∈

F and F
2

= (𝐸F2
, ⪯F2

, 0, 𝑙F2
) ∈ F . The conflict rela-

tion between 𝐸
1
(𝐸
1

⊆ 𝐸F1
and 𝐸

1
̸=0) and 𝐸

2
(𝐸
2

⊆

𝐸F2
and 𝐸

2
̸=0) is called strong conflict if and only if for all

𝑒 ∈ 𝐸
1
, 𝑓 ∈ 𝐸

2
: 𝑒♯𝑓, denoted by 𝐸

1
♯
𝑠
𝐸
2
. F
1
and F

2

are called strong conflict if and only if their event sets are
in mutually strong conflict, that is, for all F

1
,F
2
∈ F :

F
1
♯
𝑠F
2
⇔ 𝐸F1

♯
𝑠
𝐸F2

, denoted byF
1
♯
𝑠F
2
.

More generally, for any E
1
∈ E and E

2
∈ E, the relation

between nonempty 𝐸
1
(0 ̸=𝐸



1
⊆ 𝐸E1

) and 𝐸
2
(0 ̸=𝐸



2
⊆ 𝐸E2

)

is called extended strong conflict if and only if for all 𝑒 ∈

𝐸


1
, 𝑓 ∈ 𝐸



2
: 𝑒♯𝑓, denoted by 𝐸

1
♯
𝑥𝑠
𝐸


2
. That is, each of 𝐸

1
is in

conflict with each of 𝐸
2
and the existence of conflict relation

in 𝐸
1
or 𝐸
2
is allowed.

Definition 5 (weak conflict). Let F
1
= (𝐸F1

, ⪯F1
, 0, 𝑙F1

) ∈

F and F
2
= (𝐸F2

, ⪯F2
, 0, 𝑙F2

) ∈ F . The conflict relation
between event sets 𝐸

1
(𝐸
1
⊆ 𝐸F1

and 𝐸
1
̸=0) and 𝐸

2
(𝐸
2
⊆

𝐸F2
and 𝐸

2
̸=0) is called weak conflict if and only if ∃𝑒 ∈

𝐸
1
, ∃𝑓 ∈ 𝐸

2
: 𝑒♯𝑓, denoted by 𝐸

1
♯
𝑤
𝐸
2
. The conflict-free

event structures, F
1
and F

2
, are called weak conflict if and

only if their event sets are in weak conflict; that is, for all
F
1
,F
2
∈ F : F

1
♯
𝑤F
2
⇔ 𝐸F1

♯
𝑤
𝐸F2

, denoted byF
1
♯
𝑤F
2
.

Stated in words, it is not that each event of 𝐸F1
is in

conflict with each event of 𝐸F2
, but there exists at least one

conflicting event pair between 𝐸F1
and 𝐸F2

.
Basically, according to the previous definitions, strong

conflict relation is a special case of weak conflict relation.

Definition 6 (weak conflict set). Let WF𝑐𝑓𝑤
𝑛

= {F
𝑖
∈ F |

𝑖, 𝑛 ∈ N, 1 ≤ i ≤ n} over event set 𝐸WF, WF𝑐𝑓𝑤
𝑛

is called
a weak conflict set if and only if 𝐸WF = ⋃

𝑛

𝑖=1
𝐸F𝑖

and for all
F
𝑖
,F
𝑗
∈ WF𝑐𝑓𝑤

𝑛
: 𝑖 ̸= 𝑗 ⇒ F

𝑖
♯
𝑤F
𝑗
(𝑖, 𝑗 ∈ 𝑁, 1 ≤ 𝑖 ≤ 𝑛).

For convenience, let 𝑤𝑓𝑠𝑒𝑡𝐹(WF𝑐𝑓𝑤
𝑛
) = {𝐸F𝑖

| 𝑖 ∈ N, 1 ≤
𝑖 ≤ 𝑛} denote the family of weak conflict event sets.

Definition 7 (maximal conflict-free event substructure). Let
E = (𝐸E, ⪯E, ♯E, 𝑙E) ∈ E be an event structure; any event
subset 𝐸 ⊆ 𝐸E is called a maximal conflict-free event subset
(for short,mcfset) of𝐸E if and only if it satisfies the following:

(1) for all 𝑒, 𝑓 ∈ 𝐸

: ¬(𝑒♯𝑓);

(2) for all 𝑐 ∈ (𝐸E − 𝐸

) : ∃𝑑 ∈ 𝐸


⇒ 𝑐♯𝑑.

Its corresponding substructure E is called maximal
conflict-free event substructure of E; that is, E = (𝐸


, ≤E ∩

(𝐸

× 𝐸

), 0, 𝑙
𝐸
).
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4. Operators over Event Structure

In this section, a pair of mutually inverse operators, 𝑐𝑓𝑝
(conflict-free partition) and𝑤𝑐𝑐 (weak conflict composition),
will be introduced and discussed. For any prime event
structure E, partition and composition operation over it can
be associated via its family of configurations.

4.1. Maximal Conflict-Free Partition. In fact, a prime event
structure can be viewed as a system consisting of several
substructures, which are conflict-free themselves. Such a
conflict-free event substructure of a prime event structure
represents a specific possible partial order execution trace via
branching or nondeterministic choices. For any prime event
structure, it is a certainty that we can get its maximal conflict-
free substructures by some kind of conflict-free partition
operation according to the characteristics of its conflict
relation.

First of all, we give the definition of maximal conflict
pattern for an event structure.The notion ofmaximal conflict
pattern canmake great contributions to accelerate the process
of partition by avoiding unnecessary partition steps. We
then provide the key partition algorithm for a prime event
structure.

Definition 8 (maximal conflict pattern). Let E =

(𝐸E, ≤E, ♯E, 𝑙E) ∈ E; for any 𝐴 ⊆ 𝐸E and 𝐵 ⊆ 𝐸E,
𝐴♯
𝑥𝑠
𝐵 is called amaximal conflict patternif and only if for all

𝐴

⊆ 𝐸E, for all 𝐵


⊆ 𝐸E : (𝐴 ⊂ 𝐴


∧ 𝐵 ⊂ 𝐵


) ⇒ ¬(𝐴


♯
𝑥𝑠
𝐵

).

For any prime event structure, we can get these maximal
conflict patterns by the following two steps:

(1) casual successors expanding;

(2) conflict pairs merging.

Firstly, due to the conflict inheritance property, we know
that if event 𝑒 is in conflict with event 𝑓 then their casual suc-
cessors are also in mutual conflict; that is, ∀𝑐 ∈ Succ(𝑒), ∀𝑑 ∈
Succ(𝑓) : 𝑒♯𝑓 ⇒ 𝑐♯𝑑.

Let {𝑒}
♯
= {𝑒} ∪ Succ(𝑒) and {𝑓}

♯
= {𝑓} ∪ Succ(𝑓); we

have that {𝑒}
♯
and {𝑓}

♯
are in strong conflict if 𝑒♯E𝑓; namely,

∀𝑒, 𝑓 ∈ 𝐸E : 𝑒♯E𝑓 ⇒ {𝑒}
♯
♯
𝑠
{𝑓}
♯
.

For example, for a prime event structure E, if 𝑐♯E𝑑
and casual relations are 𝑐⪯E𝑒1, 𝑐⪯E𝑒2, 𝑑⪯E𝑓1, 𝑓1⪯E𝑓2, and
𝑑⪯E𝑓3, we then have {𝑐, 𝑒

1
, 𝑒
2
, }♯
𝑠
{𝑑, 𝑓
1
, 𝑓
2
, 𝑓
3
}.

We also have that any nonempty subset of {𝑒}
♯
and any

nonempty subset of {𝑒}
♯
are also in strong conflict.

Consider a prime event structure E ∈ E whose conflict
relation has 𝑙 (𝑙 ∈ N) conflict pairs. Expand each conflict
relation with its successors according to the conflict inher-
itance property and we can get full conflict relation pairs:
{𝑒
1
}
♯
♯
𝑠
{𝑓
1
}
♯
, . . . , {𝑒

𝑙
}
♯
♯
𝑠
{𝑓
𝑙
}
♯
; here, 𝑒

𝑖
♯E𝑓𝑖, 𝑒𝑖 ∈ 𝐸E, 𝑓𝑖 ∈

𝐸E(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑙).
Secondly, for such a group of full conflict relation pairs

obtained by the above steps, there may exist common
elements among some pairs that can be merged together
and form a maximal conflict pattern. For example, events

𝑒
1
, 𝑒
2
, 𝑒
3
, and 𝑒

4
are mutually in conflict; we have six imme-

diate conflict relation pairs: {𝑒
1
}♯
𝑠
{𝑒
2
}, {𝑒
1
}♯
𝑠
{𝑒
3
}, {𝑒
1
}♯
𝑠
{𝑒
4
},

{𝑒
2
}♯
𝑠
{𝑒
3
}, {𝑒
2
}♯
𝑠
{𝑒
4
}, and {𝑒

3
}♯
𝑠
{𝑒
4
}.

From the principle of permutation, we then have
three maximal conflict patterns by merging conflict pairs:
{𝑒
1
}♯
𝑥𝑠
{𝑒
2
, 𝑒
3
, 𝑒
4
}, {𝑒
2
}♯
𝑥𝑠
{𝑒
3
, 𝑒
4
}, and {𝑒

3
}♯
𝑥𝑠
{𝑒
4
}. Equivalently,

{𝑒
4
}♯
𝑥𝑠
{𝑒
1
, 𝑒
2
, 𝑒
3
}, {𝑒
3
}♯
𝑥𝑠
{𝑒
1
, 𝑒
2
}, and {𝑒

2
}♯
𝑥𝑠
{𝑒
1
} are also the

valid maximal conflict patterns.
Assume that there are 𝑚 ∈ N maximal conflict

patterns after expanding and merging which are I1
♯E

:

𝐴
1
♯
𝑥𝑠
𝐵
1
, . . . ,I𝑚

♯E
: 𝐴
𝑚
♯
𝑥𝑠
𝐵
𝑚
, respectively.

Here, I𝑖
♯E

: 𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
denotes the 𝑖th pattern, and ∀𝑒 ∈

𝐴
𝑖
⊆ 𝐸E, ∀𝑓 ∈ 𝐵

𝑖
⊆ 𝐸E : 𝑒♯E𝑓(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑚).

If 𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
, then any nonempty subset of 𝐴

𝑖
and any

nonempty subset of 𝐵
𝑖
are also in extended strong conflict.

For any event set 𝐷, let 𝐷 denote any nonempty subset
of 𝐷 (0 ̸=𝐷 ⊆ 𝐷); correspondingly, ̂I𝑖

♯E
: 𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
denotes a

conflict subpattern ofI𝑖
♯E
(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑚).

Formally, I : 𝐴♯𝑥𝑠𝐵 is called a conflict subpattern of
I : 𝐴♯

𝑥𝑠
𝐵 if and only if (0 ̸=𝐴


⊆ 𝐴) ∧ (0 ̸=𝐵


⊆ 𝐵), denoted

byI⊆patternI (orI⊇patternI
). Otherwise,I ̸⊆patternI (or

I ̸⊇patternI
).

Let 𝑃E = {I𝑖
♯E
: 𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
| 𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑚} denote the

maximal conflict pattern set of an event structure E.
For any prime event structure, it is a certainty that we

can get its maximal conflict-free substructures by some kind
of conflict-free partition operation according to its conflict
relation characteristics: maximal conflict patterns. Thus, we
have the following theorem for partition.

Theorem 9. For any prime event structure, its maximal
conflict-free partition exists and the partition result is unique.

Proof. (1) Existence.The proof is constructive.
If there is no conflict in 𝐸E, then 𝐸E itself is the maximal

conflict-free event subset ofE. Otherwise, for any nonempty
event subset 𝐸 (𝐸 ⊆ 𝐸E ∧ 𝐸 ̸= 0), and there exists such
maximal conflict pattern I𝑖

♯E
: 𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑚)

that (𝐴
𝑖
∪ 𝐵
𝑖
) ⊆ 𝐸.

In order to make a subset 𝐸 of 𝐸 (𝐸

⊆ 𝐸) become

conflict-free with respect to the conflict relation:𝐴
𝑖
♯
𝑥𝑠
𝐵
𝑖
, that

is, eliminate this conflict relation from its all subsets, we have
known that if 𝐴

𝑖
⊆ 𝐸
 (or 𝐵

𝑖
⊆ 𝐸
), then there should be

𝐵
𝑖
̸⊆ 𝐸
(or 𝐴

𝑖
̸⊆ 𝐸
); otherwise, theI𝑖

♯E
conflict pattern will

still exist in its subsets.
By greedy policy, let𝐴

𝑖
and 𝐵

𝑖
be bothmaximal inclusion

subsets with respect to 𝐸 calculated by 𝐴
𝑖
= maxincl(𝐴

𝑖
, 𝐸)

and 𝐵
𝑖
= maxincl(𝐵

𝑖
, 𝐸), respectively.This means the current

event set 𝐸 will be partitioned into two parts by this maximal
conflict subpattern: one part is (𝐸 −𝐴

𝑖
), and the other is (𝐸 −

𝐵


𝑖
). Certainly, there exists no I𝑖

♯E
conflict relation between

(𝐸 − 𝐴


𝑖
) and (𝐸 − 𝐵



𝑖
) any more. If there does not exist any

conflict in (𝐸 − 𝐵
𝑖
) (or (𝐸 − 𝐴

𝑖
)), then (𝐸 − 𝐵

𝑖
) (or (𝐸 − 𝐴

𝑖
))

is one conflict-free event subset of 𝐸E.
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Otherwise, apply the next maximal conflict pattern
I𝑖+1
♯E

(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑚) to all the previously obtained
event subsets in the same manner. This partition process is
continued until no conflict exists.

As we know, if each pattern of the maximal conflict
patterns set has been applied just once by the above manner,
then any consequent subset will be conflict-free and the
partition process will stop. Meanwhile, there are 2𝑚 conflict-
free subsets at most.

Because intersection of 𝑥
𝑖
and 𝑦
𝑖
(𝑥, 𝑦 ∈ {𝐴, 𝐵}, 𝑖 ̸= 𝑗, 1 ≤

𝑖, 𝑗 ≤ 𝑚) can be nonempty, thus the partition tree is not
yet a full binary tree and set inclusion among these solution
nodes is allowed. If some subsets are included by others,
then they will be removed until every result subset cannot
be included by others. It is not difficult to verify that every
consequent subset is maximal and conflict-free. Exploiting
these expanded fully conflict patterns to partition the event
set𝐸E step by step, wewill eventually get allmaximal conflict-
free event subsets.That is, there exists a practical algorithm to
implement the partition operation.Without loss of generality,
let ⊘
𝐴
denote such partition for the time being.

(2) Uniqueness. Assume we have𝑚𝑐𝑓𝑠𝑒𝑡𝑁
𝐴
(E) distinct max-

imal conflict-free event subsets in total by partition ⊘
𝐴
.

These subsets form a set of 𝑚𝑐𝑓𝑠𝑒𝑡𝑠, denoted by R
𝐴

=

{𝐴
1
, 𝐴
2
, . . . , 𝐴

𝑛
| 𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁

𝐴
(E)}.

We might as well assume there is another partition ⊘
𝐵

that generates the result set R
𝐵
= {𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑚
| 𝑚 =

𝑚𝑐𝑓𝑠𝑒𝑡𝑁
𝐵
(E)} which is also a set of𝑚𝑐𝑓𝑠𝑒𝑡𝑠.

Consider any element of R
𝐵
; let 𝐵

𝑖
(1 ≤ 𝑖 ≤ 𝑚, 𝑖 ∈ N)

denote it.The relationship between an element𝐴
𝑗
(1 ≤ 𝑗, 𝑘 ≤

𝑚𝑐𝑓𝑠𝑒𝑡𝑁
𝐴
(E), 𝑗, 𝑘 ∈ N) in R

𝐴
and 𝐵

𝑖
satisfies the following.

(1) ∃𝐴
𝑗
∈ R
𝐴
: 𝐴
𝑗
⊂ 𝐵
𝑖
⊆ 𝐸E.

Since ∀𝐴
𝑘
∈ R
𝐴
, 𝑘 ̸= 𝑗 : 𝐴

𝑗
♯
𝑤
𝐴
𝑘
, then ∀𝐴

𝑘
∈

R
𝐴
, 𝑘 ̸= 𝑗 : 𝐵

𝑖
♯
𝑤
𝐴
𝑘
. We have known that 𝐴

𝑗
∈ R
𝐴

is maximal, and now event subset 𝐵
𝑖
is also a subset

of 𝐸E and is in weak conflict with other event subsets
except𝐴

𝑖
. Moreover,𝐵

𝑖
includes𝐴

𝑖
.This case leads to

a contradiction.
(2) ∃𝐴

𝑗
∈ R
𝐴
: 𝐵
𝑖
⊂ 𝐴
𝑗
⊆ 𝐸E.

Theproof is similar to the above case (1).This case also
leads to a contradiction.

(3) ∀𝐴
𝑗
∈ R
𝐴
: 𝐴
𝑗
̸=𝐵
𝑖
.

(3.1) ∀𝐴
𝑗
∈ R
𝐴
: 𝐴
𝑗
♯
𝑤
𝐵
𝑖
.

Since 𝐵
𝑖
is also a subset of 𝐸E, thus, R𝐴 =

{𝐴
1
, 𝐴
2
, . . . , 𝐴

𝑛
, 𝐵
𝑖
| 𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁

𝐴
(E)} is a

valid set of 𝑚𝑐𝑓𝑠𝑒𝑡𝑠. There are 𝑛 + 1 subsets in
this partition ⊘

𝐴
. This is in contradiction with

that there are 𝑛 (𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁
𝐴
(E)) subsets in

R
𝐴
.

(3.2) ∃𝐴
𝑗
∈ R
𝐴
: ¬(𝐴

𝑗
♯
𝑤
𝐵
𝑖
).

Since ∀𝐴
𝑘

∈ R
𝐴
, 𝑘 ̸= 𝑗 : 𝐴

𝑗
♯
𝑤
𝐴
𝑘
, then

∀𝐴
𝑘

∈ R
𝐴
, 𝑘 ̸= 𝑗 : (𝐴

𝑗
∪ 𝐵
𝑖
)♯
𝑤
𝐴
𝑘
; that

is, R
𝐴

= {𝐴
1
, 𝐴
2
, . . . , {𝐴

𝑗
∪ 𝐵
𝑖
}, . . . , 𝐴

𝑛
, |

𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁
𝐴
(E)} is a valid set of 𝑚𝑐𝑓𝑠𝑒𝑡𝑠.

𝐴
𝑗
(𝐴
𝑗
∈ R
𝐴
) is maximal; moreover, 𝐴

𝑗
⊂

(𝐴
𝑗
∪ 𝐵
𝑖
) ∈ R

𝐴
is maximal too. This leads to

a contradiction.
(3.3) ∀𝐴

𝑗
∈ R
𝐴
: ¬(𝐴

𝑗
♯
𝑤
𝐵
𝑖
).

The proof is similar to the above case (3.2). This
case also leads to a contradiction.

Therefore, we are forced to have only∃𝐴
𝑗
∈ R
𝐴
: 𝐴
𝑗
= 𝐵
𝑖
;

that is, any element in R
𝐵
is also an element in R

𝐴
; we get

R
𝐵
⊆ R
𝐴
; in the same manner, we will get R

𝐴
⊆ R
𝐵
. Thus, we

have R
𝐵
= R
𝐴
.

This establishes the uniqueness and also implies the
partition result is independent of partition order or conflict
pattern.

Therefore, we have the conclusion.
Assume E ∈ E has 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E) ∈ N 𝑚𝑐𝑓𝐸𝑆𝑠 in total.

Here, let 𝑁E = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E) (𝑁E, for short) denote total
amount of 𝑚𝑐𝑓𝐸𝑆𝑠, Emax

𝑖
(𝑖 ∈ 𝑁, 1 ≤ 𝑖 ≤ 𝑁E) denote the 𝑖th

maximal conflict-free event substructure, and 𝐸Emax
𝑖

denote
the event set of Emax

𝑖
.

Then the result set can be represented as B𝑚𝑐𝑓𝐸𝑆(E) =
{Emax
𝑖

| 𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑁E}.
In fact, every Emax

𝑖
(𝑖 ∈, 1 ≤ 𝑖 ≤ 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E)) of the

original prime event structure represents a specific possible
execution choice in a system run. We might as well let
𝑐𝑓𝑝 denote such an operator. Then, we have the following
definition of this partition operator.

Definition 10 (conflict-free partition). An operator 𝑐𝑓𝑝 is
called conflict-free partition operator for E ∈ E if and only
ifB𝑚𝑐𝑓𝐸𝑆(E) = 𝑐𝑓𝑝(E).

According to our previous discussion, we have C-like
pseudocode descriptions: Algorithm 1 for 𝑐𝑓𝑝.

4.2. Family of Configurations. In general, the behavior of
an event structure is described by its configurations which
are sets of events with certain properties. In other words, a
configuration is a set of events that have happened during a
specific run of the event structure.

We will review the basic definition of configuration in the
following section. More detailed information can be found in
[26].

Definition 11 (configuration). Let𝑋 be a subset of𝑋 ⊆ 𝐸E of a
prime event structure E ∈ E; then𝑋 is called a configuration
of E if and only if

(1) 𝑋 is left-closed if and only if ∀𝑐, 𝑑 ∈ 𝐸, 𝑑 ∈ 𝑋 ∧ 𝑐 ≤

𝑑 ⇒ 𝑐 ∈ 𝑋.
(2) 𝑋 is conflict-free if and only if ∀𝑒, 𝑓 ∈ 𝑋 : ¬(𝑒♯E𝑓).

A configuration can also be viewed as a global state
where all events in the configuration have occurred. The
configuration of the event structure should be conflict-free
because conflicting events can never happen in a system
run. In addition, all casual predecessors of an event in
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Input: a prime event structure: E;
Output: the set of𝑚𝑐𝑓𝐸𝑆𝑠:B𝑚𝑐𝑓𝐸𝑆(E);
BEGIN
(1) 𝐶 = 0; 𝑖𝑛𝑡 𝑖 = 1; 𝑖𝑛𝑡 𝑛 = 0; 𝑅 = 0;
(2) 𝑆𝑄 = 𝐸𝑛𝑡𝑒𝑟𝑄𝑢𝑒𝑢𝑒(𝐸E, 1);

/∗ Initialize the Queue ∗/
(3) if (𝐼𝑠𝐶𝑜𝑛𝑓𝑙𝑖𝑐𝑡𝐹𝑟𝑒𝑒(𝐸E)){
(5) 𝐶 = ∪{𝐸};
(6) Goto BUILDES;
(7) } /∗ end if; ∗/

/∗ Expand and merge each conflict pair and build maximal conflict patterns:
{I𝑖#E : 𝐴

𝑖
#𝑥𝑠𝐵
𝑖
| 𝑖 ∈, 1 ≤ 𝑖 ≤ 𝑚}; ∗/

(8) for (𝑖 = 1; 𝑖 ≤ 𝑚; 𝑖++) { /∗ do ∗/
(9) Select a partition pattern:I𝑖#E : 𝐴

𝑖
#𝑥𝑠𝐵
𝑖
;

(10) /∗ Current level is 𝑖, applyI𝑖#E , otherwise, skip while loop to the next one: 𝑖++; ∗/
(11) while (!𝐸𝑚𝑝𝑡𝑦𝑄𝑢𝑒𝑢𝑒(𝑆𝑄) &&

𝑖 == 𝑉𝑎𝑟𝑄𝑢𝑒𝑢𝑒(𝑆𝑄, LEVEL)) {
/∗ Get the head of the Queue: event set ∗/

(12) 𝐸 = 𝑂𝑢𝑡𝑄𝑢𝑒𝑢𝑒(𝑆𝑄,EVENT);
(13) 𝐴



𝑖
= 𝑚𝑎𝑥𝑖𝑛𝑐𝑙(𝐴

𝑖
, 𝐸);

(14) 𝐵


𝑖
= 𝑚𝑎𝑥𝑖𝑛𝑐𝑙(𝐵

𝑖
, 𝐸);

(15) 𝐸
1
= (𝐸 − 𝐴



𝑖
);

(16) 𝐸
2
= (𝐸 − 𝐵



𝑖
);

/∗𝐸
1
is a conflict-free subset; ∗/

(17) if (𝐼𝑠𝐶𝑜𝑛𝑓𝑙𝑖𝑐𝑡𝐹𝑟𝑒𝑒(𝐸
1
)) {

(18) 𝐶 = 𝐶 ∪ {𝐸
1
};

/∗ Remove these elements included in others; ∗/
(19) 𝑅𝑒𝑚𝑜V𝑒𝐼𝑛𝑐𝑙𝑢𝑑𝑒𝑑𝐸𝑙𝑒𝑚𝑒𝑛𝑡(𝐶);
(20) }else{

/∗ Continue next partition by the conflict pattern:I𝑖+1#E ;
∗/

(21) 𝑆𝑄 = 𝐸𝑛𝑡𝑒𝑟𝑄𝑢𝑒𝑢𝑒(𝐸
1
, 𝑖 + 1);

(22) } /∗ end if ∗/
(23) if (𝐼𝑠𝐶𝑜𝑛𝑓𝑙𝑖𝑐𝑡𝐹𝑟𝑒𝑒(𝐸

2
)) {

(24) 𝐶 = 𝐶 ∪ {𝐸
2
};

(25) 𝑅𝑒𝑚𝑜V𝑒𝐼𝑛𝑐𝑙𝑢𝑑𝑒𝑑𝐸𝑙𝑒𝑚𝑒𝑛𝑡(𝐶);
(26) }else{
(27) 𝑆𝑄 = 𝐸𝑛𝑡𝑒𝑟𝑄𝑢𝑒𝑢𝑒(𝐸

2
, 𝑖 + 1);

(28) } /∗ end if ∗/
(29) } /∗ end while ∗/
(30) } /∗ end for ∗/
(31) BUILDES: /∗ Build the sub-structure:F = (𝐸F, ⪯F, #F, 𝑙F)

∗/
(32) while (¬𝐼𝑠𝐸𝑚𝑝𝑡𝑦(𝐶)) {
(33) Select a conflict-free event subset 𝐴

!# from 𝐶;
(34) 𝐸F = 𝐴

!#;
(35) #F = 0;
(36) ⪯F = ⪯E ∩ (𝐴 !# × 𝐴 !#);
(37) 𝑙F = 𝑙|

𝐴!#
;

(38) 𝐶 = 𝐶 − {𝐴
!#};

(39) 𝑅 = 𝑅 ∪F; 𝑛++;
(40) } /∗ end while ∗/
(41)𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E) = 𝑛;
(42) return 𝑅;
END;

Algorithm 1: Conflict-free partition: 𝑐𝑓𝑝.
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a configuration should be contained in this configuration too;
that is, configuration should be downwards closed; otherwise
this event could not have happened at all.

That is, a subset 𝑋 is a (finite) configuration of E if and
only if it is finite, left-closed, and conflict-free.

The semantics of a prime event structure is defined as
the family of its configurations ordered by set inclusion.
Let 𝐶𝑜𝑛𝑓𝐹(E) denote the family of all configurations of
event structure E, which forms an ordered set (called prime
algebraic coherent partial order; see [16]) by inclusion; that is,
(𝐶𝑜𝑛𝑓𝐹(E), ⊆) is partial order.

Definition 12. A configuration 𝑋 ∈ Conf𝐹(E) is called
complete or (successfully) terminated if and only if ∀𝑑 ∈ 𝐸 :

𝑑 ∉ 𝑋 ⇒ ∃𝑒 ∈ 𝑋 : 𝑒♯𝑑. A configuration 𝑋 ∈ Conf𝐹(E) is
calledmaximal if and only if ∀𝑌 ∈ Conf𝐹(E) : 𝑋 ̸⊂ 𝑌.

For any prime event structure E, a configuration of E
is maximal if and only if it is complete. Obviously, for any
maximal configuration of a prime event structure, there
exists a corresponding maximal conflict-free substructure
set. An empty or initial configuration, denoted by 0Conf𝐹 ∈
𝐶𝑜𝑛𝑓𝐹(E), represents the initial state in which there is no
event happened.

In general, initial configuration and complete configu-
ration are also called trivial configurations, while others are
called nontrivial configurations.

Similarly, we have the following configuration definition
for conflict-free event structure.

Definition 13 (configuration of 𝑐𝑓𝐸𝑆). Let F =

(𝐸F, ⪯F, 0, 𝑙F) be a 𝑐𝑓𝐸𝑆 and let 𝑍 be a subset of 𝐸F (𝑍 ⊆

𝐸F); then 𝑍 is called a configuration ofF if and only if 𝑍 is
left-closed; that is, ∀𝑐, 𝑑 ∈ 𝐸F, 𝑑 ∈ 𝑍 ∧ 𝑐 ⪯ 𝑑 ⇒ 𝑐 ∈ 𝑍.

SinceF ∈ F , its event subset is evidently conflict-free.
Let 𝑐𝑓Conf𝐹(F) denote the family of all configurations

of conflict-free event structure F. Clearly, when F is the
𝑖th 𝑚𝑐𝑓𝐸𝑆: Emax

𝑖
(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑁E) of prime event

structure E ∈ E, its family of all configurations is denoted
by𝑚𝑐𝑓Conf𝐹(Emax

𝑖
).

Definition 14 (subfamily of configurations). Let F ∈ be a
𝑐𝑓𝐸𝑆 and let Ω (0 ̸=Ω ⊆ 𝐸F) be a nonempty event subset; a
subfamily of configurations ofFwith respect to event subset
Ω is the family of configurations of its event substructure
F|
Ω
= (Ω, ≤F ∩ (Ω × Ω), 0, 𝑙

Ω
) restricted by event subset

Ω; that is, 𝑐𝑓subConf𝐹(F, Ω) ≜ 𝑐𝑓Conf𝐹((Ω, ≤F ∩ (Ω ×

Ω), 0, 𝑙
Ω
)).

Clearly, for any 𝑚𝑐𝑓𝐸𝑆Emax
𝑖

(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑁E)

of event structure E ∈ E, its subfamily of configurations
with respect to event subset Ω (0 ̸=Ω ⊆ 𝐸

max
E,𝑖 ) is denoted

by 𝑚𝑐𝑓subConf𝐹(Emax
𝑖

, Ω) ≜ 𝑚𝑐𝑓Conf𝐹((Ω, ≤Emax
𝑖

∩ (Ω ×

Ω), 0, 𝑙
Ω
)) for convenience.

Lemma 15. The relation between the family of configurations
of a prime event structure and that of its 𝑚𝑐𝑓𝐸𝑆𝑠 can be
described by Conf𝐹(E) = ⋃

1≤𝑖≤𝑁E
(𝑚𝑐𝑓Conf𝐹(Emax

𝑖
).

Proof. To prove the result of this lemma, we will show that

⋃

1≤𝑖≤𝑁E

(𝑚𝑐𝑓Conf𝐹 (Emax
𝑖

)) ⊆ Conf𝐹 (E) ,

Conf𝐹 (E) ⊆ ⋃

1≤𝑖≤𝑁E

(𝑚𝑐𝑓Conf𝐹 (Emax
𝑖

))

(2)

both hold.

(1) “⊆”. For any configuration 𝑋 ∈ Conf𝐹(E), since 𝑋 is a
configuration, by definition, 𝑋 should be conflict-free. Thus
𝑋 should be the subset of one of the maximal configurations.
Otherwise, if 𝑋 is greater than any maximal configuration,
then 𝑋 must contain mutual conflicting events; that is
impossible.

Therefore, we have that there must exist a maximal con-
figuration which contains 𝑋. Such a maximal configuration
corresponds to a maximal conflict-free event subset: 𝐸Emax

𝑖

∈

(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑁E); that is, 𝑋 must be the element of
𝑚𝑐𝑓Conf𝐹(Emax

𝑖
); that is, 𝑋 ∈ 𝑚𝑐𝑓Conf𝐹(Emax

𝑖
). We have

Conf𝐹(E) ⊆ ⋃
1≤𝑖≤𝑁E

(𝑚𝑐𝑓Conf𝐹(Emax
𝑖

)).

(2) “⊇”. For any configuration 𝑋 ∈ 𝑚𝑐𝑓Conf𝐹(Emax
𝑖

) (𝑖 ∈

N, 1 ≤ 𝑖 ≤ 𝑁E), of course, 𝑋 ∈ ⋃
1≤𝑖≤𝑁E

(𝑚𝑐𝑓Conf𝐹(Emax
𝑖

));
this implies 𝑋 ⊆ 𝐸Emax

𝑖

and 𝐸Emax
𝑖

⊆ 𝐸E; therefore, we get
𝑋 ⊆ 𝐸E. Since 𝑋 is a configuration, it is also a configuration
of E; that is,𝑋 ∈ 𝐶𝑜𝑛𝑓𝐹(E).

We have ∪
1≤𝑖≤𝑁E

(𝑚𝑐𝑓Conf𝐹(Emax
𝑖

)) ⊆ Conf𝐹(E).
Therefore, from (1) and (2), we have the result.

4.3. Domains of Configurations. In this section, we will
discuss the concept of domain from the point of view that
computation states are taken as such subsets and progress in
a computation is measured by the occurrence of more events.

Firstly, we will recall some related conceptions regarding
domain [16, 27].Then, some important factswill be discussed.

Definition 16 (least upper bound). LetD = (𝐷, ⊑) be a partial
order; an element 𝑑 ∈ 𝐷 is called least upper bound of subset
𝑋 (𝑋 ⊆ 𝐷), denoted by 𝑑 = ⊔𝑋, if and only if (∀𝑥 ∈ 𝑋 : 𝑥 ⊑

𝑑) ∧ (∀𝑑

∈ 𝐷 : (∀𝑥 ∈ 𝑋 : 𝑥 ⊑ 𝑑


) ⇒ 𝑑 ⊑ 𝑑


).

Definition 17 (coherent). Let D = (𝐷, ⊑) be a partial order;
two elements 𝑥, 𝑦 ∈ 𝐷 are called consistent (denoted by 𝑥 ↑

𝑦) if and only if ∃𝑧 ∈ 𝐷 : 𝑥 ⊑ 𝑧 ∧ 𝑦 ⊑ 𝑧; a subset 𝑋 ⊆ 𝐷 is
pairwise consistent if and only if any two of its element have
an upper bound in 𝐷; that is, ∀𝑥, 𝑦 ∈ 𝑋 : 𝑥 ↑ 𝑦; (𝐷, ⊑) is
called coherent if and only if every pairwise consistent subset
𝑋 (𝑋 ⊆ 𝐷) has a least upper bound ⊔𝑋.

The consistency relation of 𝑥 and 𝑦 is denoted by 𝑥 ↑ 𝑦;
conversely, inconsistency is denoted by 𝑥��↑𝑦.

Definition 18 (complete prime). A partial order D = (𝐷, ⊑);
an element is a complete prime if and only if for every finite
subset 𝑋 ⊆ 𝐷, if ⊔𝑋 exists and 𝑝 ⊆ ⊔𝑋 then there exists an
𝑥 ∈ 𝑋 such that 𝑝 ⊑ 𝑥 (i.e., 𝑝 ⊑ ⊔𝑋 ⇒ ∃𝑥 ∈ 𝑋.𝑝 ⊑ 𝑥).

Let 𝑃(𝐷) denote the set of complete prime of (𝐷, ⊑).
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Definition 19 (prime algebraic). A partial orderD = (𝐷, ⊑) is
called finitary if and only if ∀𝑝, 𝑑 ∈ 𝑃(𝐷) : {𝑑 ∈ 𝐷 | 𝑑 ⊑ 𝑝}

is finite. (𝐷, ⊑) is called prime algebraic if and only if 𝑃(𝐷) is
countable and ∀𝑑 ∈ 𝐷 : 𝑑 = ⊔{𝑝 ∈ 𝑃(𝐷) | 𝑝 ⊑ 𝑑}.

Namely, D is called prime algebraic if and only if, for
every element 𝑑 ∈ 𝐷, ⊔D

𝑑
exists (define ⊔D

𝑑
= {𝑝 ⊑ 𝑑 |

𝑝 is a complete prime}), and 𝑑 = ⊔D
𝑑
.

Definition 20 (domain). A coherent, prime algebraic, and
finitary partial order is called a Scott domain (or simply a
domain).

Definition 21. Let D = (𝐷, ⊑) be a coherent, finitary prime
algebraic domain. Define P

𝑟
[𝐷] = (𝑃(𝐷), ⪯, ♯), where 𝑃(𝐷)

consists of the complete primes ofD:

(1) ∀𝑝, 𝑝 ∈ 𝑃(𝐷) : 𝑝 ⪯ 𝑝 ⇔ 𝑝 ⊑ 𝑝
;

(2) ∀𝑝, 𝑝 ∈ 𝑃(𝐷) : 𝑝♯𝑝 ⇔ 𝑝��↑𝑝
.

Definition 22. Let D = (𝐷, ⊑) be a prime algebraic complete
lattice. Define P

𝑟
[𝐷] = (𝑃(𝐷), ⪯), where 𝑃(𝐷) consists of

the complete primes ofD, ∀𝑝, 𝑝 ∈ 𝑃(𝐷) : 𝑝 ⪯ 𝑝 ⇔ 𝑝 ⊑ 𝑝
.

Theorem 23. Let E = (𝐸E, ⪯E, ♯E, 𝑙E) ∈ E; then
(Conf𝐹(E), ⊆) is a finitary coherent prime algebraic domain;
the complete primes are the set {𝑎 ∈ 𝐸E | 𝑎 ⪯ 𝑒, 𝑒 ∈ 𝐸E} (see
[25]).

Theorem 24. Let (𝐷, ⊑) be a finitary coherent prime algebraic
domain. Then, P

𝑟
[𝐷] = (𝑃(𝐷), ⪯, ♯) is a prime event

structure, with 𝜑 : (𝐷, ⊑) ≅ (Conf𝐹(P
𝑟
[𝐷]), ⊆) giving an

isomorphism of partial orders where 𝜑(𝑑) = {𝑝 ⊑ 𝑑 |

𝑝 is a complete prime} with inverse 𝜆 : Conf𝐹(P
𝑟
[𝐷]) →

(𝐷, ⊑) given by 𝜆(𝑥) = ⊔𝑥 (see [16]).

Evidently, event structures and coherent, finitary prime
algebraic domains are equivalent; one can be used to repre-
sent the other.

The following theorem describes the important property
of family of configurations of a prime event structure.

Theorem 25. For any nonempty 𝑚𝑐𝑓𝐸𝑆: Emax
𝑖

(𝑖 ∈ N, 1 ≤

𝑖 ≤ 𝑁E) of event structure E ∈ E, its family of configurations
(𝑚𝑐𝑓Conf𝐹(Emax

𝑖
), ⊆) is prime algebraic complete lattice. Its

complete primes are those elements of the form {𝑎 ∈ 𝐸Emax
𝑖

|

𝑎 ⪯ 𝑒, 𝑒 ∈ 𝐸Emax
𝑖

}.

Proof.The proof is straightforward.
Thus prime event structure and finitary coherent prime

algebraic domain are equivalent; this implies that there is a
one-to-one correspondence between a prime event structure
and its family of configurations; one can be used to represent
the other.

4.4. Weak Choice Composition. Theorem 23 describes an
important property between the domains of configurations
of prime event structures and the prime event structures
themselves.

We can obtain a full set of 𝑚𝑐𝑓𝐸𝑆𝑠 from a prime event
structure by applying 𝑐𝑓𝑝 operator over it. Conversely, given
a full set of 𝑚𝑐𝑓𝐸𝑆𝑠 of an event structure, we can certainly
recover the original event structure that generates this set of
𝑚𝑐𝑓𝐸𝑆𝑠 by some kind of composition operation.

Further, for any weak conflict set, we give the constraint
conditions, under which this weak conflict set can be com-
posed together and form a prime event structure that can
generate this set by conflict-free partition operation.

The following theorem discusses the constraint condi-
tions for composition.

Theorem 26 (necessary and sufficient condition for compo-
sition). For any weak conflict set WF𝑐𝑓𝑤

𝑛
= {F
𝑖
∈ F | 𝑖, 𝑛 ∈

N, 1 ≤ 𝑖 ≤ 𝑛}, if it satisfies the following conditions: (1) and
(2), then there exists a unique prime event structureE ∈ Eprime
that can generate this set by 𝑐𝑓𝑝 partition operation; that is,
WF𝑐𝑓𝑤
𝑛

= 𝑐𝑓𝑝(E).

(1) ∀F
𝑖
,F
𝑗
∈ WF𝑐𝑓𝑤

𝑛
: Ω = (𝐸F𝑖

∩ 𝐸F𝑗
) ∧ (Ω ̸= 0) ⇒

𝑐𝑓subConf𝐹(F
𝑖
, Ω) = 𝑐𝑓subConf𝐹(F

𝑗
, Ω) (𝑖, 𝑗 ∈

𝑁, 𝑖 ̸= 𝑗, 1 ≤ 𝑖 ≤ 𝑛).

(2) (⋃𝑛
𝑖=1

𝑐𝑓Conf𝐹(F
𝑖
), ⊆) is a finitary coherent prime

algebraic domain.

Proof. On one hand, the intersection of event sets of any
two 𝑐𝑓𝐸𝑆𝑠 is nonempty meaning that common events have
happened from both event structures. By definition, if these
events represent common global states in runs of a system
described by the same prime event structure with multiple
choices, they should behave identically. That is, their config-
urations with respect to the intersection of event set should
be identical.

In addition, from Theorems 23 and 24, the family of
configurations of a prime event structure ordered by set
inclusion should be a finitary coherent prime algebraic
domain.

Thus, we have the necessary condition for composition.
On the other hand, from Theorems 23 and 24, we have

that there is a one-to-one correspondence between a prime
event structure and its family of configurations. Given a valid
family of configurations for prime event structure, then there
should exist a corresponding prime event structure.

For any weak conflict set: WF𝑐𝑓𝑤
𝑛

= {F
𝑖
∈ F | 𝑖, 𝑛 ∈

, 1 ≤ 𝑖 ≤ 𝑛}, if all 𝑐𝑓𝐶𝑜𝑛𝑓𝐹(F
𝑖
) by joining can form a valid

family of configurations for a prime event structure, that is,
⋃
1≤𝑖≤𝑛

𝑐𝑓𝐶𝑜𝑛𝑓𝐹(F
𝑖
) forms a ordered by set inclusion, then

there should exist such a unique prime event structureE that
𝐶𝑜𝑛𝑓𝐹(E) = ⋃

1≤𝑖≤𝑛
𝑐𝑓𝐶𝑜𝑛𝑓𝐹(F

𝑖
).

Therefore, we get the necessary and sufficient condition
for composition.

Obviously, the set B𝑚𝑐𝑓𝐸𝑆(E) of a prime event structure
satisfies the above condition. Clearly, this implies that there
must exists a composition operation which can construct the
target event structureE from a weak conflict set that satisfies
the constraint conditions. We may as well let 𝑤𝑐𝑐 denote the
operator. Thus, we have the following definition.
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Definition 27 (weak choice composition (𝑤𝑐𝑐 operator)). Let
WF𝑐𝑓𝑤
𝑛

be a weak conflict set, which satisfies necessary and
sufficient conditions for composition; an operator 𝑤𝑐𝑐 is
called weak choice composition operator if and only if the
result event structureR = 𝑤𝑐𝑐(WF𝑐𝑓𝑤

𝑛
) andR satisfies the

following:

(1) Conf𝐹(𝑅) = (⋃𝑛
𝑖=1

𝑐𝑓Conf𝐹(F
𝑖
), ⊆);

(2) WF𝑐𝑓𝑤
𝑛

= 𝑐𝑓𝑝(𝑅).

The following theorem states that the operator 𝑤𝑐𝑐 and
𝑐𝑓𝑝 are mutually inverse for a prime event structure.

Theorem 28. For any E ∈ E,E = 𝑤𝑐𝑐(𝑐𝑓𝑝(E)) holds.

Proof.The proof is straightforward.
Obviously, it is not difficult to derive an algorithm for

weak conflict composition operator from Definition 27 and
Theorem 28.

5. Slicing Reduction

In this section, we will discuss slicing reduction technique
for partial order trace or prime event structure. Slicing is
often taken as an effective abstract technique to combat
the state explosion problem. A slicing algorithm for event
structure with respect to predicates in a subset of temporal
logic formulas is studied. Specially, we focus on statically
analyzing rather than online detecting over event structure
model.

First of all, we will retrospect the classical notion of
computation slicing for partial order traces. Then, we will
extend the idea from partial order traces to prime event
structures with conflict relations. Additionally, all related
definitions and theorems [18, 19, 28] for our theory will be
discussed.

5.1. Partial Order Trace Slicing. Computation slicing was
introduced in [7] as an abstraction technique for analyzing
partial order traces of distributed programs or distributed
computations.

Generally, for classical program slicing, programs are
sliced with respect to a slicing criterion that is an interested
point for analyzing. In static program slicing, for example, “a
program line number” can be taken as a valid slicing criterion.
Thus, in order to compute a slice, we need to firstly define the
slicing criterion.

Intuitively, a slice of a trace with respect to a temporal
logic specification or a predicate (slicing criterion) 𝜑 is a
subtrace that contains all the states of the trace that satisfy
𝜑. A slice contains all the states that satisfy 𝜑 such that it can
be computed efficiently and is often much smaller than the
original model.

We can use directed graphs to model partial order
(execution) traces (POTs, for short) as well as slices. Thus, a
notion named graph ideal (or order ideal) of directed graph
[29] is introduced to specify partial order traces and slices
pictorially. Formally, its definition is given as follows.

e1 e1e2 e2

e3 e3e4 e4

(1) (2)

⊥ ⊤

Figure 1: Partial order trace and its directed graph representation.

Definition 29 (order ideal). Given a poset (𝑋, ≤), (≤ denotes
an order relation) a subset 𝑆 of𝑋 is an order ideal if it satisfies
∀𝑥, 𝑦 : 𝑥, 𝑦 ∈ 𝑋 : (𝑥 ∈ 𝑆) ∧ (𝑦 ≤ 𝑥) ⇒ (𝑦 ∈ 𝑆).

Definition 30 (graph ideal). Given a directed graph 𝐺 =

(𝑉, Γ), let 𝑉(𝐺) and Γ(𝐺) denote the set of vertices with event
labels and directed edges, respectively. A subgraph 𝐻 of 𝐺
is a graph ideal if it satisfies ∀𝑢, V ∈ 𝑉(𝐺),𝐻 ⊆ 𝑉(𝐺), V ∈

𝐻 ∧ (𝑢, V) ∈ Γ(𝐺) ⇒ 𝑢 ∈ 𝐻.

It is more convenient to use directed graphs to represent
partially ordered sets and prime event structures for slicing
computation. It satisfies the following.

(1) For any event 𝑒 and 𝑓 of E, if 𝑒 ⪯ 𝑓, then there is
directed edge from the vertex V

𝑒
labelled with 𝑒 to the

vertex V
𝑓
labelled with 𝑓.

(2) For any event 𝑒 and 𝑓 of E, if 𝑒♯𝑓, then there is dash
line between the vertex V

𝑒
labelled with 𝑒 to the vertex

V
𝑓
labelled with 𝑓.

For example, as shown in Figure 1, a partial order trace or
a𝑚𝑐𝑓𝐸𝑆 is demonstrated pictorially.The corresponding event
structure for Figure 1 is as follows.

(i) E = (𝐸E, ⪯E, ♯E, 𝑙E), (𝐴𝑐𝑡 = {𝑎, 𝑏, 𝑐, 𝑑}).

(1) 𝐸E = {𝑒
1
, 𝑒
2
, 𝑒
3
, 𝑒
4
}.

(2) ⪯E = {𝑒
1
⪯ 𝑒
2
, 𝑒
1
⪯ 𝑒
4
, 𝑒
3
⪯ 𝑒
4
}.

(3) 𝑙(𝑒
1
) = 𝑎, 𝑙(𝑒

2
) = 𝑏, 𝑙(𝑒

3
) = 𝑐, 𝑙(𝑒

4
) = 𝑑.

(4) ♯E = 0.

In addition, when attempting to construct the graph
representation of 𝑚𝑐𝑓𝐸𝑆, as Figure 1 shows, two specific
vertexes ⊤ and ⊥ will be added as initial state and terminal
state corresponding to initial configuration and maximal
configuration, respectively.

A subset of elements forms an order ideal if whenever
an element is contained in the subset then all its preceding
elements are also contained in the subset. Intuitively, order
ideals or left-closed subsets can be graphically represented
by graph ideals. Generally, independency relation will not be
represented explicitly. It is not difficult to have that partial
order trace is only a special case of prime event structure with
no conflict relations. Here, graph ideal is a notion equivalent
to the configuration of an event structure. Empty set and
the set of all vertices are called trivial ideal. Similarly, initial
configuration and complete configuration are also called
trivial configurations.
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Definition 31 (predicate on configuration). Intuitively, a logic
formula or predicate is a Boolean-valued function defined on
the set of configurations: 𝜑 : Conf𝐹(E) → {0, 1}. It actually
represents a subset of configurations in which the Boolean
function evaluates to 1.

The predicate detection problem is to decide whether the
initial configuration of an event structure satisfies a predicate.
More formally, we have the following definition.

Definition 32 (predicate detection). For any prime event
structure E and any predicate 𝜑, predicate detection is to
decide whether Conf𝐹(E), {⊥} ⊨ 𝜑 holds or not.

Predicates are used to specify system behaviors and
properties such as safety and liveness. Properties expressed by
a CTL (computational tree logic, introduced in [30]) formula
are beyond the scope of this paper. For evaluating the value
of a predicate efficiently, various predicate classes [28] such as
conjunctive, stable, observer-independent, linear, relational,
and nontemporal regular [7] predicates have been defined.

Generally, predicate on configurations will act as the
slicing criterion for POTs slicing.

Definition 33 (slice of 𝑚𝑐𝑓𝐸𝑆(POTs)). A slice of a
𝑚𝑐𝑓𝐸𝑆(POTs): Emax

𝑖
(𝑖 ∈ N, 1 ≤ 𝑖 ≤ 𝑁E) of prime

event structure E with respect to a formula 𝜑, denoted by
𝑚𝑐𝑓𝐸𝑆slice(Emax

𝑖
, 𝜑), is such an event structure that satisfies

the following.
(i) Its family of configurations contains all the configura-

tions that satisfy 𝜑.
(ii) Its family of configurations has the least number of

configurations and still forms a sublattice.

This formal definition is derived from computation slice
notion [7] given by Garg and Mittal. Meanwhile, existence
and uniqueness of the 𝑚𝑐𝑓𝐸𝑆 slice have also been discussed;
that is, the following theorem holds.

Theorem 34. For any Emax
𝑖

(𝑖 ∈ 𝑁, 1 ≤ 𝑖 ≤ 𝑁E) of a prime
event structure and any predicate 𝜑, the slice of with respect to
predicate 𝜑, that is,𝑚𝑐𝑓𝐸𝑆slice(Emax

𝑖
, 𝜑) exists and is unique.

Proof.The proof is straightforward; see [8, 20, 31].
In general, the family of configurations for a 𝑚𝑐𝑓𝐸𝑆

forms a distributed lattice, and its slice with respect to a
predicate is a sublattice. Sometimes a slice may contain those
configurations that do not satisfy the predicate for completing
sublattice.

In the next section, we will discuss the slicing definition
and model for prime event structure.

5.2. Sliced Model over Event Structure. Generally, predicate
on configurations acts as the slicing criterion for prime
event structure slicing. Temporal regular predicate, such
as a regular subset of CTL called RCTL [7, 8, 29], which
contains four temporal operators EF, AG, EG, and EX[j], and
nontemporal regular predicates both can also be taken as the
slicing criterions.

Compared with the definition of slice of𝑚𝑐𝑓𝐸𝑆, we have
a similar case for prime event structure.

Definition 35 (slice of prime event structure). A slice of a
prime event structure with respect to a formula 𝜑, denoted
by 𝑆𝑙𝑖𝑐𝑒𝐸𝑆(E, 𝜑), is such an event structure that satisfies the
following.

(i) Its family of configurations contains all the configura-
tions that satisfy 𝜑.

(ii) Its family of configurations has the least number of
configurations.

Generally, a slice may contain configurations that do not
satisfy the given predicate.The slice of an event structure with
respect to a predicate is called lean [32] if every configuration
of the slice satisfies the predicate.

Theorem 36. For any E ∈ E and any predicate 𝜑,
Slice𝐸𝑆(E, 𝜑) exists and is unique, and Slice𝐸𝑆(E, 𝜑) =

𝑤𝑐𝑐(𝑚𝑐𝑓𝐸𝑆slice(𝑐𝑓𝑝(E), 𝜑)) holds.

Proof. (1) Existence and Uniqueness. From Theorem 34, we
have that, for any Emax

𝑖
(𝑖 ∈ 𝑁, 1 ≤ 𝑖 ≤ 𝑁E) of a prime

event structure E and any predicate 𝜑, its slice with respect
to predicate 𝜑 exists and is unique.

For any 𝑚𝑐𝑓𝐸𝑆, the family of configuration of
𝑚𝑐𝑓𝐸𝑆slice(Emax

𝑖
, 𝜑) is a distributed lattice and is unique.

Further, let ⋃
C
E = ⋃

1≤𝑖≤𝑁E
(𝑚𝑐𝑓Conf(𝑚𝑐𝑓𝐸𝑆𝑠𝑙𝑖𝑐𝑒)

((Emax
𝑖

, 𝜑))); ⋃C
E is also unique and (⋃

C
E, ⊆) is a finitary

coherent prime algebraic domain.
Next, we show that the slicing operation will keep the

second part of necessary and sufficient condition for compo-
sition.

For any Emax
𝑖

and Emax
𝑗

(𝑗 ̸= 𝑖), if 𝐸Emax
𝑖

∩ 𝐸Emax
𝑗

=

𝐷 and 𝐷 ̸=0, we then have that 𝑐𝑓subConf𝐹(Emax
𝑖

, 𝐷) =

𝑐𝑓subConf𝐹(Emax
𝑗

, 𝐷); that is, for any nonempty event subset
𝐷

(𝐷

⊆ 𝐷) and any predicate 𝜑, if any configuration of

𝐷
 satisfies 𝜑, that is, 𝐷 is the common part of both slices

of Emax
𝑖

and Emax
𝑗

. We still get that 𝑐𝑓subConf𝐹(Emax
𝑖

, 𝐷

) =

𝑐𝑓subConf𝐹(Emax
𝑗

, 𝐷

).

This means that, for any two𝑚𝑐𝑓𝐸𝑆𝑠, if their intersection
is nonempty, nomatter which part of the intersection belongs
to the slice, after slicing, the necessary and sufficient condi-
tion for composition will be still satisfied.

Thus, we get that ⋃C
E is a valid family of configurations

for prime event structures; there should exist such a unique
prime event structure 𝑅 ∈ E that satisfies Conf𝐹(𝑅) = ⋃

C
E.

We can get 𝑅 by applying 𝑤𝑐𝑐 to the corresponding event
structures of⋃C

E.
Therefore, the existence and uniqueness for event struc-

ture slicing have been established.We will then prove that the
prime event structure 𝑅 is the ultimate result of slicing.

(2) Satisfactoriness and Minimality. On the one hand, for any
configuration 𝑋 of event structure E that makes predicate
𝜑 hold, that is, 𝑋 ∈ Conf𝐹(Slice𝐸𝑆(E, 𝜑)), there must
be a 𝑚𝑐𝑓𝐸𝑆: Emax

𝑖
so that 𝑋 ∈ Conf𝐹(Slice𝐸𝑆(E, 𝜑));
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let C
𝑖
= 𝑚𝑐𝑓Conf𝐹(𝑚𝑐𝑓𝐸𝑆slice(Emax

𝑗
, 𝜑)), because C

𝑖
con-

tains all the configurations of event structureEmax
𝑗

that make
predicate 𝜑 hold. We have that 𝑋 must be contained by C

𝑖
;

that is,𝑋 ∈ C
𝑖
.

We get𝑋 ∈ Conf𝐹(Slice𝐸𝑆(E, 𝜑)) ⇒ 𝑋 ∈ ⋃
C
E.

Further, we get Conf𝐹(Slice𝐸𝑆(E, 𝜑)) ⊆ ⋃C
E.

On the other hand, for any configuration 𝑋 ∈ ⋃
C
E, we

get 𝑋 ∈ Conf𝐹(E) and 𝑋 can make predicate 𝜑 hold; then
𝑋 ∈ Conf𝐹(Slice𝐸𝑆(E))must hold. Thus, we get 𝑋 ∈ ⋃

C
E ⇒

𝑋 ∈ Conf𝐹(Slice𝐸𝑆(E, 𝜑)).
That is,⋃C

E ⊆ Conf𝐹(Slice𝐸𝑆(E, 𝜑)).
Therefore, we have⋃C

E = Conf𝐹(Slice𝐸𝑆(E, 𝜑)).
Thus, we get that Slice𝐸𝑆(E, 𝜑) = 𝑅.
Moreover, by the definition of slice of maximal conflict-

free event substructure, we have that, for anyEmax
𝑖

(𝑖 ∈ N, 1 ≤
𝑖 ≤ 𝑁E), the corresponding 𝑚𝑐𝑓𝐸𝑆slice(Emax

𝑖
, 𝜑) contains

the least number of configurations that satisfy the given
predicate 𝜑; we then have that ⋃C

E = Conf𝐹(Slice𝐸𝑆(E, 𝜑))
also contains the least number of configurations satisfying
this specification. Thus, satisfactoriness and minimality both
hold.

Consequently, fromboth (1) and (2), we conclude that the
theorem holds.

5.3. Slicing Reduction Algorithm. In this section, we will
present an approach for event structure slice computing. The
slicing algorithm for a prime event structure or its 𝑚𝑐𝑓𝐸𝑆𝑠
with respect to regular predicates is based on theAdding Edges
Theorem (see [8, 20, 31, 33]).

In fact, by the following theorem, these lattices will never
be actually constructed in the slicing process for efficiency.

The configurations do not satisfy the predicate but still
can be included to complete the sublattice.

Given a distributive lattice𝐿 generated by a graph𝐺, every
sublattice of𝐿 can be generated by a graph obtained by adding
edges to 𝐺. The following theorem holds.

Theorem 37 (Adding Edges Theorem). Let 𝐿 be any sublat-
tice of a finite distributive lattice 𝐿 generated by the directed
graph 𝐺. Then, there exists a graph 𝐺 that can be obtained by
adding edges to (removing vertices from) 𝐺 that generates 𝐿.

For any prime event structure, we can get the slices of its
𝑚𝑐𝑓𝐸𝑆𝑠 by applying the Adding EdgesTheorem.These slices
can be composed by𝑤𝑐𝑐 to form a new prime event structure
which is the target slice of the original event structure. This
approach is less general but results in more efficient detection
algorithms for a special class of predicates. Note that we will
never actually construct the lattice or family of configurations
of the event structure due to efficiency.

Garg and Mittal have presented an efficient algorithm
slice(𝐺, 𝜑) [8, 28] based on graphical representation 𝐺 to
compute the slice of POTs (or conflict-free event structures)
with respect to a predicate 𝜑. The algorithm adopts the
principle of the Adding Edges Theorem and can produce
a sliced graph representation. Especially, we have 𝐺 =

slice(𝐺, true) for predicate 𝜑 = true itself.

We extend the idea and algorithm tomore generalmodels
and provide an algorithm for slicing the 𝑚𝑐𝑓𝐸𝑆𝑠 and the
original prime event structure. Thus, we have Algorithm 2 to
compute the slice of conflict-free event structure.

For a prime event structure with conflict relations, we
have to apply 𝑐𝑓𝑝 operator to get 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E) maximal
conflict-free event substructures and each of them can be
sliced by 𝑚𝑐𝑓𝐸𝑆slice. Then, the set consisting of each sliced
result can be composed together by 𝑤𝑐𝑐 to construct a new
event structure. This new event structure will be the sliced
result.

Thus, we can derive Algorithm 3 to compute the slice of a
prime event structure.

Because the set of the slices of𝑚𝑐𝑓𝐸𝑆𝑠mayno longer keep
theweak conflict relationwhich exists in the original𝑚𝑐𝑓𝐸𝑆𝑠.

Therefore, after 𝑚𝑐𝑓𝐸𝑆slice(𝑚𝑐𝑓𝐸𝑆(E), 𝜑) operation is
performed, the relation among these slices can be one of the
following cases:

(1) strong conflict;
(2) conflict-free;
(3) weak conflict;
(4) hybrid of weak conflict and conflict-free;
(5) hybrid of weak conflict and strong conflict;
(6) hybrid of strong conflict, weak conflict, and conflict-

free.

In case of (1), (3), and (5), the operation 𝑤𝑐𝑐 can be
performed directly. But in case of (2), (4), and (6), we have to
add some events in order to make the result set of slices still
be able to form a valid weak conflict set at the end of process.

For temporal predicates [8], such as 𝐸𝐹, 𝐸𝐺 and 𝐴𝐺

can be computed by slice(𝐺, 𝐸𝐹(𝜑)), slice(𝐺, 𝐸𝐺(𝜑)), and
slice(𝐺, 𝐴𝐺(𝜑)), respectively. From the definition of a slice,
we know that every configuration of a slice slice𝐸𝑆(E, 𝜑) is
also a configuration of E.

Clearly, the following two corollaries hold.

Corollary 38. (1) For any prime event structure E ∈

E, Conf𝐹(slice𝐸𝑆(E, 𝐸𝐺(𝜑))) ⊆ Conf𝐹(slice𝐸𝑆(E, 𝜑)) ⊆

Conf𝐹(E).
Similarly for 𝐴𝐺, the following holds.
(2) For any prime event structure E ∈ E,

Conf𝐹(slice𝐸𝑆(E, 𝐴𝐺(𝜑))) ⊆ Conf𝐹(slice𝐸𝑆(E, 𝜑)) ⊆

Conf𝐹(E).

Corollary 39. For any prime event structure E ∈ E,
Conf𝐹(slice𝐸𝑆(E, 𝐸𝐹(𝜑))) ⊆ Conf𝐹(E).

5.4. Case Study for Slicing Reduction. In this section, we will
give an example to illustrate the prime event structure slice
notion and its computing process.

Consider a prime event structure:E = (𝐸E, ≤E, ♯E, 𝑙E), as
shown in Figure 2. The components are described as follows:

(1) event set: 𝐸E = {𝑒
𝑎
, 𝑒
𝑏
, 𝑒
𝑐
, 𝑒
1
, 𝑒
2
, 𝑒
3
, 𝑒
4
};

(2) conflict relation: #E = {𝑒
𝑏
#𝑒
1
};
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Input:
(1) a conflict-free event structure:𝑚𝑐𝑓𝐸𝑆(E),
(2) a regular predicate: 𝜑

Output: the slice of𝑚𝑐𝑓𝐸𝑆: Emax
𝑖 𝑠𝑙𝑖𝑐𝑒

BEGIN
(1) 𝐾 = 0;
(2) generate graph representation 𝐺 for Emax

𝑖
;

(3) computing slice: 𝐾 = 𝑠𝑙𝑖𝑐𝑒(𝐺, 𝜑);
(4) generate event structure Emax

𝑖 𝑠𝑙𝑖𝑐𝑒
from graph representation 𝐾;

(5) return Emax
𝑖 𝑠𝑙𝑖𝑐𝑒

;
END

Algorithm 2: Slicing algorithm:𝑚𝑐𝑓𝐸𝑆𝑠𝑙𝑖𝑐𝑒(𝑚𝑐𝑓𝐸𝑆(E), 𝜑).

Input:
(1) an event structure:E
(2) a regular predicate: 𝜑

Output: the slice: E
𝑠𝑙𝑖𝑐𝑒

BEGIN
(1) 𝑖𝑛𝑡 𝑛 = 0, 𝐶 = 0;
(2) R = 0;
(3) B𝑚𝑐𝑓𝐸𝑆(E) = 𝑐𝑓𝑝(E)

(4) 𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E);
(5) for (𝑖𝑛𝑡 𝑖 = 0; 𝑖 < 𝑛; 𝑖++) {
(6) get the 𝑖th 𝑚𝑐𝑓𝐸𝑆: Emax

𝑖
fromB𝑚𝑐𝑓𝐸𝑆;

(7) 𝐶 = 𝐶 ∪ 𝑚𝑐𝑓𝐸𝑆𝑠𝑙𝑖𝑐𝑒(Emax
𝑖

, 𝜑);
(8) }

(9) if (𝐶 ̸=0){
(10) R = 𝑤𝑐𝑐(𝐶);
(11) }
(12) returnR;

END

Algorithm 3: Slicing algorithm: 𝑠𝑙𝑖𝑐𝑒𝐸𝑆(E, 𝜑).

(3) casual relation: ⪯E = {𝑒
𝑏
⪯ 𝑒
𝑎
, 𝑒
𝑐
⪯ 𝑒
𝑎
, 𝑒
1
⪯ 𝑒
2
, 𝑒
1
⪯

𝑒
4
, 𝑒
3
⪯ 𝑒
4
, 𝑒
𝑐
⪯ 𝑒
3
};

(4) action labels: 𝑙E(𝑒𝑎) = 𝑎, 𝑙E(𝑒𝑏) = 𝑏, 𝑙E(𝑒𝑐) =

𝑐,𝑙E(𝑒1) = 𝑎1, 𝑙E(𝑒2) = 𝑎2, 𝑙E(𝑒3) = 𝑎3, 𝑙E(𝑒4) = 𝑎4;
(5) action functions:

(i) action(𝑎
1
) : {𝑥 = 𝑥 + 1};

(ii) action(𝑎
2
) : {𝑥 = 𝑥 + 3};

(iii) action(𝑎
3
) : {𝑦 = 𝑦 + 3};

(iv) action(𝑎
4
) : {𝑦 = 𝑦 + 2};

(v) action(𝑎) : {𝑧 = 𝑧 + 2};
(vi) action(𝑏) : {𝑧 = 𝑧 + 1};
(vii) action(𝑐) : {𝑦 = 𝑦 − 1};
(viii) initValue : {𝑥 = 1; 𝑦 = 1; 𝑧 = 0};

(6) slice criterion: {𝜑 = −2 ≤ (𝑦 − 𝑥 + 𝑧) < 2}.

In this example, the system global states will be updated
after an action function executes. Figure 2 depicts all the

ea

ec

eb

e1

e3

e2

e4

ℰ

Figure 2: A Prime event structure E.

events conflict (for simplicity, only immediate conflict rela-
tion is shown) and casual relation. Figure 3 shows its corre-
sponding family of configurations.

There is one conflict relation between event 𝑏 and 𝑒
1
; due

to the conflict inheritance property of prime event structures,
we have 𝑒

𝑏
♯𝑒
1
, 𝑒
𝑏
♯𝑒
2
, 𝑒
𝑏
♯𝑒
4
and 𝑒
𝑎
♯𝑒
1
, 𝑒
𝑎
♯𝑒
2
, 𝑒
𝑎
♯𝑒
4
; that is, each

of {𝑒
𝑎
, 𝑒
𝑏
} is in conflict with each of {𝑒

1
, 𝑒
2
, 𝑒
4
}. Obviously,

according to this conflict relation, apply 𝑐𝑓𝑝 operation to the
prime event structure E and we get that this event structure
has only two𝑚𝑐𝑓𝐸𝑆𝑠: they areE

1
= ({𝑒
𝑎
, 𝑒
𝑏
, 𝑒
𝑐
, 𝑒
3
}, ≤E1

, 0, 𝑙E1
)

and E
2
= ({𝑒
1
, 𝑒
2
, 𝑒
3
, 𝑒
4
, 𝑒
𝑐
}, ≤E2

, 0, 𝑙E2
) depicted by Figures
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{e1, e2, ec, e3, e4} [5, 5, 0]

{e1, e2, ec, e3} [5, 3, 0] {e1, ec, e3, e4}[2, 5, 0] {ea, eb, ec, e3}[1, 3, 3]

{e1, e2, ec}[5, 0, 0] [2, 3, 0] {e1, ec, e3} {ea, ec, eb} [1, 0, 3] {ec, e3, eb}

[1, 3, 1]

[5, 1, 0] {e1, e2} {e1, ec} [2, 0, 0] {ec, e3}[1, 3, 0] {ec, eb} [1, 0, 1]

[2, 1, 0] {e1} [1, 0, 0] {ec} [1, 0, 0] {eb}

[1, 1, 0]0

ConfF(ℰ)

Figure 3: Family of configurations of E.

ea

ec

eb

e3 ec

e1

e3

e2

e4

(1)ℰ1
(2)ℰ2

Figure 4:𝑚𝑐𝑓𝐸𝑆𝑠 of E: E
1
and E

2
.

{ea, eb, ec, e3}

{ea, ec, eb} {ec, e3, eb}

{ec, eb} {ec, e3}

{eb} {ec}

{e1, e2, ec, e3, e4}

{e1, e2, ec, e3} {e1, ec, e3, e4}

{e1, e2, ec} {e1, ec, e3}

{e1, e2} {e1, ec} {ec, e3}

{e1} {ec}

0 0

(1)mcfConfF(ℰ1) (2)mcfConfF(ℰ2)

Figure 5: Families of configurations of𝑚𝑐𝑓𝐸𝑆𝑠(E
1
and E

2
).

4(1) and 4(2), respectively, and Figures 5(1) and 5(2) show
their corresponding families of configurations.

The configurations that satisfy the predicate are labelled
with frames. In fact, these configurations are only used to
describe relationship between original event structure and
its slice graphically; in general, they will never be actually
constructed in the slicing algorithm for efficiency.

The families of configurations of the slices of E
1
and E

2

with respect to the predicate {𝜑 = −2 ≤ (𝑦 − 𝑥 + 𝑧) < 2} are
shown in Figures 6(1) and 6(2), respectively. It can be verified
that both 𝑚𝑐𝑓Conf(E

1
) and 𝑚𝑐𝑓Conf(E

2
) form distributed

lattices.

{ea, ec, eb}

{ec, eb}

{eb} {ec}

0

{e1, e2, ec, e3, e4}

{e1, e2, ec, e3}

{e1, ec, e3}

{e1, ec}

{e1} {ec}

0

(1) submcfConfF(ℰ1) (2) submcfConfF(ℰ2)

Figure 6: Subfamilies of configurations of the slices.

{ea, ec, eb}

{ec, eb}

{eb}

0

{e1, e2, ec, e3, e4}

{e1, e2, ec, e3}

{e1, ec, e3}

{e1, ec}

{e1} {ec}

subConfF(ℰ)

Figure 7: Subfamily of configurations of the slice.

These configurations of the slices are exactly the ones
that satisfy the given predicate in the family of configurations
of the original event structure. Figure 7 shows the family of
configurations constructed by applying ∪ operation to the
families of configurations of all slices.
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Finally, in Figure 8, the slice of E
1
and the slice of E

2
are

combined into the slice ofE by 𝑤𝑐𝑐 operator, as expected.
To illustrate the benefit of predicate detection by using

slicing reduction as shown in above example, consider the
states in Figure 3 again.

Let {𝜑 = −2 ≤ (𝑦 − 𝑥 + 𝑧) < 2} be the predicate to
be checked, and suppose we want to detect whether 𝐸𝐹(𝜑)
holds or not; that is, there exists a global state that satisfies 𝜑.
Without slicing reduction applied, we are forced to examine
all global states, 15 states in total as shown in Figure 3, to
decide whether the traces satisfy the predicate.

Alternatively, we can compute the slice via slicing reduc-
tion technique with respect to the regular temporal predicate
and use this slice for predicate detection.

For this purpose, firstly, we compute the slice with respect
to 𝜑 and the slice is shown in Figure 7.

Finally, we check whether the initial state is the same as
the initial state of the slice and decide whether the predicate
is satisfied or not.

The slice contains only 9 states and has much fewer states
than the original traces itself. Generally, it is exponentially
smaller in many cases and this can result in substantial
savings.

6. Symmetry Reduction

Finite state systems frequently exhibit symmetry which can
be found in memories, caches, register files, bus protocols,
and anything that has a lot of replicated structures.The use of
symmetry to reduce state space has been investigated widely
by researchers [2, 3, 15, 22, 23].

In this section, we will discuss symmetry properties
over prime event structures. Symmetry in an event structure
implies the existence of nontrivial permutation groups that
preserve both the events labelling and all relations of causal
dependence and independence that exist between events. We
start by introducing some notions of group theory.

6.1. Automorphism Groups. We know that the set of all
permutation on a set forms a permutation group under
functional composition. A permutation group over a finite set
𝑋 consists of bijections, 𝑋 → 𝑋, and their compositions as
the binary operations.

Definition 40 (permutation group). Let 𝑋 be a finite set; a
permutation of 𝑋 is a bijection from 𝑋 to itself. Then, 𝑆

𝑋
:=

{𝑓 : 𝑋 → 𝑋 | 𝑓 𝑖𝑠 𝑎𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛}; that is, the family of all
the permutations of the set 𝑋, denoted by 𝑆

𝑋
, forms a group

called the symmetric group on 𝑋. For any bijection 𝑓 ∈ 𝑆
𝑋
is

called a permutation.Any subgroup of is called a permutation
group on𝑋.

Obviously, a symmetric group is a special permutation
group. A permutation group over a set has good properties;
specially, it can induce an equivalence relation. The equiv-
alence classes of an equivalence relation on a set can form
a partition of this set. Thus, for a set 𝑋, if there exists a
permutation group on the set 𝑋, the permutation group can

induce a partition of the set 𝑋. We can easily check this
property.

In this paper, permutation groups are used to partition the
set of events in an event structure so that we use equivalence
classes (orbits) of events to investigate symmetry in this event
structure.

Definition 41 (automorphism). Let E = (𝐸, ⪯, ♯, 𝑙) ∈ E and
let 𝐺 be a permutation group on the event set 𝐸 of E. A
permutation 𝑓 ∈ 𝐺 is said to be an automorphism of 𝐸 if and
only if 𝑓 satisfies the following conditions:

(1) ∀𝑒
1
, 𝑒
2
∈ 𝐸 : 𝑒

1
⪯ 𝑒
2
⇒ 𝑓(𝑒

1
) ⪯ 𝑓(𝑒

2
), 𝑒
1
♯𝑒
2
⇒

𝑓(𝑒
1
)♯𝑓(𝑒
2
);

(2) 𝑙(𝑒
1
) = 𝑙(𝑓(𝑒

2
)).

Definition 42 (automorphism group). A permutation group
𝐺 is called an automorphism group for the event structure
E (E = (𝐸, ⪯, ♯, 𝑙) ∈ E) if and only if every permutation
𝑓 ∈ 𝐺 is an automorphism of E.

Notice that every 𝑓 ∈ 𝐺 has an inverse, which is also an
automorphism; our definition of an automorphism group can
prove that𝑓 ∈ 𝐺 is an automorphism for an event structureE
if and only if 𝑓 satisfies the following condition: ∀𝑒

1
, 𝑒
2
∈ 𝐸 :

𝑒
1
⪯ 𝑒
2
⇔ 𝑓(𝑒

1
) ⪯ 𝑓(𝑒

2
); 𝑒
1
♯𝑒
2
⇔ 𝑓(𝑒

1
)♯𝑓(𝑒
2
); and 𝑙(𝑒

1
) =

𝑙(𝑓(𝑒
2
)).

6.2. Quotient Model of an Event Structure. The symmetric
quotient model for an event structure is a structural reduced
model.

Let 𝐺 be a permutation group acting on the set 𝐸 and 𝑒 ∈
𝐸; then the orbit of 𝑒 is the set 𝜃(𝑒) = {𝑑 | ∃𝑔 ∈ 𝐺 : 𝑓(𝑒) = 𝑑}.
From each orbit 𝜃(𝑒) we pick a representative that is called
rep(𝜃(𝑒)). Intuitively, the quotient model can be obtained by
collapsing all the events to orbits.

Definition 43 (symmetric quotient model). Let E = (𝐸, ⪯

, ♯, 𝑙) ∈ E and let 𝐺 be an automorphism group on the event
set 𝐸 of the event structure E. The symmetric quotient model
E
𝐺
= (𝐸
𝐺
, ⪯
𝐺
, ♯
𝐺
, 𝑙
𝐺
) is defined as follows.

(1) The event set is 𝐸
𝐺
= {𝜃(𝑒) | 𝑒 ∈ 𝐸}, the set of orbits

of the events in 𝐸.
(2) The causality relation ⪯

𝐺
is given by ⪯

𝐺
=

{(𝜃(𝑒
1
), 𝜃(𝑒
2
)) | (𝑒

1
, 𝑒
2
) ∈⪯} and the inverse of ⪯

𝐺
is

denoted by ⪰
𝐺
.

(3) The conflict relation ♯
𝐺
is given by ♯

𝐺
= 𝐸
𝐺
× 𝐸
𝐺
\

(≺
𝐺
∪ ≻
𝐺
∪ co

𝐺
∪ {(𝑒

, 𝑒

) | 𝑒

∈ 𝐸
𝐺
}), where co

𝐺
=

{(𝜃(𝑒
1
), 𝜃(𝑒
2
)) | co = 𝐸 × 𝐸(⪯ ∪ ⪰ ∪♯ ∪ (𝑒


, 𝑒

) | 𝑒

∈

𝐸), (𝑒
1
, 𝑒
2
) ∈ 𝐸}.

(4) The labelling function 𝑙
𝐺

is given by 𝑙
𝐺
(𝜃(𝑒)) =

𝑙(rep(𝜃(𝑒))).

An automorphism group 𝐺 of an event structure E =

(𝐸, ⪯, ♯, 𝑙) is an invariance group for an action 𝑎 ∈ 𝐴𝑐𝑡 if and
only if the following condition holds: ∀𝑓 ∈ 𝐺, 𝑒 ∈ 𝐸 : 𝑙(𝜃) =

𝑎 ⇔ 𝑙(𝑓(𝜃)) = 𝑎.
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We then say that 𝑎 is an invariant under𝐺.Thus, if𝐺 is an
invariance group for all actions in the action set Act ofE and
E
𝐺
is the symmetric quotient model for E; we can directly

have ∀𝑎 ∈ Act, 𝑒 ∈ 𝐸 : 𝑙(𝜃) ⇔ 𝑙
𝐺
(𝜃(𝑒)) = 𝑙(rep(𝜃(𝑒)) = 𝑎.

From the above definition, we have that the symmetric
quotient model is still a prime event structure and preserves
all the causal dependence and independence relations of the
original, but the conflict relations are reduced.Note that every
two different events in an orbit are exactly in conflict with
each other. The quotient model can preserve all the behavior
of the original one.

6.3. Symmetry Reduction Algorithm. Based on previous dis-
cussion, we haveAlgorithm 4 for symmetry reduction. In this
algorithm, replicated substructure will be removed and only
one copy will be kept.

Firstly, 𝑐𝑓𝑝 operator will be applied on a given event
structure to get a set of conflict-free substructures.

Then, for any two elements of them, a checking procedure
will be performed to remove the redundant one.

Finally, 𝑤𝑐𝑐 will be applied on the substructure set to
get the reduced model. Detailed pseudocode description is
shown in Algorithm 4.

6.4. An Example for Symmetry Reduction. In this section,
an example will be discussed to demonstrate the reduction
process based on Algorithm 4.

The example of a prime event structureEwith five events
(𝑒
1
, 𝑒
2
, 𝑒
3
, 𝑒
4
, and 𝑒

5
) and its semantics in terms of families of

configurations is given in Figures 9(1) and 9(2), respectively.
The action-labelling (action set: 𝐴𝑐𝑡 = {𝑎, 𝑏, 𝑐, 𝑑})

function is defined as follows: 𝑙(𝑒
1
) = 𝑎, 𝑙(𝑒

2
) = 𝑏, 𝑙(𝑒

3
) = 𝑐,

𝑙(𝑒
4
) = 𝑏, and 𝑙(𝑒

5
) = 𝑑.

In this structure, we have 𝑒
3
⪯ 𝑒
5
, 𝑒
2
♯𝑒
4
, 𝑒
3
♯𝑒
2
, and

𝑒
3
♯𝑒
4
. We also have 𝑒

5
♯𝑒
2
, 𝑒
5
♯𝑒
1
, and 𝑒

5
♯𝑒
4
(due to conflict

inheritance).
Then event set is 𝐸

𝐺
= {𝑒
1
, 𝑒
2
, 𝑒
3
, 𝑒
4
, 𝑒
5
} and we can

construct a permutation group 𝐺 on the set 𝐸
𝐺
where two

permutations are as follows:

(

𝑒
1
𝑒
2
𝑒
3
𝑒
4
𝑒
5

𝑒
1
𝑒
2
𝑒
3
𝑒
4
𝑒
5

)(

𝑒
1
𝑒
2
𝑒
3
𝑒
4
𝑒
5

𝑒
1
𝑒
4
𝑒
3
𝑒
2
𝑒
5

) . (3)

Obviously, the group 𝐺 is an invariance group for all
actions in 𝐴𝑐𝑡 = {𝑎, 𝑏, 𝑐, 𝑑}. We then have the orbits of events
in being 𝜃(𝑒

2
) = 𝜃(𝑒

4
) = {𝑒

2
, 𝑒
4
}, 𝜃(𝑒
1
) = {𝑒

1
}, 𝜃(𝑒
3
) = {𝑒

3
},

and 𝜃(𝑒
5
) = {𝑒

5
}. Thus, the symmetric quotient model can be

described as shown in Figure 10.
We can get weak conflict set of the event structure E by

𝑐𝑓𝑝 operator as follows: 𝑐𝑓𝑝(E) = {E
1
,E
2
,E
3
}, where

E
1
= (𝐸
1
, ⪯
1
, ♯
1
, 𝑙
1
) ,

E
2
= (𝐸
2
, ⪯
2
, ♯
2
, 𝑙
2
) ,

E
3
= (𝐸
3
, ⪯
3
, ♯
3
, 𝑙
3
) ,

𝐸
1
= {𝑒
1
, 𝑒
2
} ,

𝐸
2
= {𝑒
1
, 𝑒
4
} ,

𝐸
3
= {𝑒
1
, 𝑒
3
, 𝑒
5
} .

(4)

Thus, we have 𝐸
1
♯
𝑤
𝐸
2
, 𝐸
1
♯
𝑤
𝐸
3
, and 𝐸

3
♯
𝑤
𝐸
2
(or,E

1
♯
𝑤E
2
,

E
1
♯
𝑤E
3
, and E

3
♯
𝑤E
2
).

By definition, we have that E
1
and E

2
are symmetric.

According to the symmetry reduction algorithm, we will
remove replicated events but keep the common or represen-
tation ones. The substructure E

2
is removed. The resulted

substructure set consists of two elements:E
1
andE

3
, because

E
1
and E

3
are weak conflict sets of E and 𝑤𝑐𝑐 operator can

be applied on them to construct a new event structure: E =
𝑤𝑐𝑐(E

1
,E
3
). Thus, the symmetric reduced event structure

can be described by Figure 11.
To illustrate the advantage for properties checking by

using symmetry reduction as shown in the above example,
consider the states in Figure 9, 9 states in total.

Suppose we want to check whether a property 𝐸𝐹(𝑝)

holds or not; that is, there exists a global state that satisfies 𝜑.
Without symmetry reduction applied, we have to examine all
global states, 9 states in total. But with symmetry reduction,
as shown in Figure 11 or Figure 10 to decide whether the
property holds, only 7 states should be checked and a
considerable saving can be achieved.

7. Mathematical Framework

In this section, we will provide a unified mathematical
framework for slicing and symmetry reduction based on 𝑐𝑓𝑝
and 𝑤𝑐𝑐 operators.

Firstly, we will review some basic definitions in this
section. Here, we refer the reader to [14] for details. Next,
we will introduce the single action transitions [3] for event
structures. Finally, we will discuss the related theories for
slicing and symmetric reduction and establish the unified
framework.

7.1. Basic Definitions

Definition 44. For any event structure E = (𝐸E, ⪯E, ♯E, 𝑙E) ∈

E, defineL[E] = (Conf𝐹(E), ⊆). Especially, for any conflict-
free event structureF = (𝐸F, ⪯F, 0, 𝑙F) ∈ F , defineL[F] =

(Conf𝐹(F), ⊆).

In fact, L[F] is the partial order of left-closed and
conflict-free subsets of 𝐸E ordered by set inclusion.

L[E] is the partial order of left-closed subsets of 𝐸F

ordered by set inclusion.

Definition 45 (single action transition). Let E ∈ E. A
transition 𝑋

𝑎

→E𝑋
 is called a single action transition if and

only if 𝑎 ∈ 𝐴𝑐𝑡, 𝑋,𝑋

∈ Conf𝐹(E), 𝑋 ⊆ 𝑋

 and there exists
an event 𝑒 such that𝑋 − 𝑋 = 𝑒 with 𝑙E(𝑒) = 𝑎.

Here, 𝑋 𝑎→E𝑋
 indicates that in the event structure the

state represented by the configuration 𝑋 may evolve into
a state represented by the configuration by performing
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Input: a prime event structure E;
Output: the reduced model of the event structure: E

𝑠𝑟
;

BEGIN
(1) 𝐶 = 0; 𝑖 = 1; 𝑛 = 0; 𝐵 = 0;B = 0;

/∗ Step One: partition via 𝑐𝑓𝑝 operator, we will get all maximal conflict-free sub-structure of an event structure ∗/
(2) 𝐵 = B𝑚𝑐𝑓𝐸𝑆(E) = 𝑐𝑓𝑝(E);
(3) 𝑛 = 𝑚𝑐𝑓𝑠𝑒𝑡𝑁(E);

/∗ Step Two: automorphism checking for sub-structure ∗/
(4) for (𝑖 = 0; 𝑖 ≤ 𝑛; 𝑖++) {
(5) for (𝑗 = 0; 𝑖 ≤ 𝑖; 𝑗++) {

/∗ Step Two-1: get action set of each maximal conflict-free sub-structure from 𝐵
∗/

(6) 𝐿
𝐴𝑐𝑡
(𝐸
𝑖
) = {𝑎 ∈ 𝐴𝑐𝑡 | ∃𝑒 ∈ 𝐸

𝑖
: 𝑙(𝑒) = 𝑎}

(7) 𝐿
𝐴𝑐𝑡
(𝐸
𝑗
) = {𝑎 ∈ 𝐴𝑐𝑡 | ∃𝑒 ∈ 𝐸

𝑗
: 𝑙(𝑒) = 𝑎}

/∗ 𝐼𝑠𝑁𝑜𝑡𝐼𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙: checking two sets are are identical or not ∗/
/∗ |𝑆|: the element amount of the set 𝑆 ∗/
/∗ Step Two-2: checking their action sets are identical or not ∗/

(8) if ((|𝐿
𝐴𝑐𝑡
(𝐸
𝑖
| ̸= |𝐿
𝐴𝑐𝑡
(𝐸
𝑗
)|) ‖

𝐼𝑠𝑁𝑜𝑡𝐼𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙(𝐿
𝐴𝑐𝑡
(𝐸
𝑖
), 𝐿
𝐴𝑐𝑡
(𝐸
𝑗
)) {

(9) break; }
/∗ Step Two-3: checking their causal relations are identical or not ∗/

(10) if ((|⪯Emax
𝑖

| ̸= |⪯Emax
𝑗

|) ‖
𝐼𝑠𝑁𝑜𝑡𝐼𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙(⪯Emax

𝑖

, ⪯Emax
𝑗

) {
(11) break; }

/∗ Step Two-4: checking their conflict relations are identical or not ∗/
(12) if ((|#Emax

𝑖

| ̸= |#Emax
𝑗

|) ‖
𝐼𝑠𝑁𝑜𝑡𝐼𝑑𝑒𝑛𝑡𝑖𝑐𝑎𝑙(#Emax

𝑖

, #Emax
𝑗

) {
(13) break; }

/∗ Step Three: automorphism exists, remove the duplicated one and merge for reduction ∗/
(14) 𝐵 = 𝐵 −Emax

𝑗
;

(15) 𝑛 = 𝑛 − 1;
(16) } /∗ end for 𝑗 ∗/
(17) } /∗ end for 𝑖 ∗/
(18) return E

𝑠𝑟
= 𝑤𝑐𝑐(𝐵);

END;

Algorithm 4: Symmetry reduction: 𝑠𝑟(E).
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(3) SliceES(𝜀, 𝜑)(1) mcfESslice(ℰ1, 𝜑) (2) mcfESslice(ℰ2, 𝜑)

Figure 8: Slice model with respect to 𝜑.

the action 𝑎. This transition relation associates a labelled
system based on single action transitions with each event
structure.

Definition 46 (trace). LetE ∈ E. A word𝑤 = 𝑎
1
. . . 𝑎
𝑛
∈ 𝐴𝑐t∗

is called trace of E if and only if ∃𝑋
0
, . . . , 𝑋

𝑛
∈ Conf𝐹(E) :

𝑋
0
= 0 and𝑋

𝑖−1

𝑎𝑖

→ 𝑋
𝑖
, 𝑖 = 1, . . . , 𝑛.

Here, let Trs(E) denote the set of all traces of E.

Definition 47 (interleave trace equivalence). Let E
1
,E
2
∈ E.

E
1
andE

2
are called interleave trace equivalence (E

1
≈
𝑖𝑡
E
2
) if

and only if Trs(E
1
) = Trs(E

2
).

Definition 48 (interleaving bisimulation). Let E
1
,E
2
∈ E. A

relation𝑅 ⊆ 𝐶(E
1
)×𝐶(E

2
) is called interleaving bisimulation
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Figure 9: An event structure and its family of configurations.
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Figure 10: Symmetric quotient model of E: E
𝐺
.

between E
1
and E

2
if and only if (0, 0) ∈ 𝑅 and (𝑋, 𝑌) ∈ 𝑅;

then

(1) 𝑋 𝑎→E1
𝑋

, 𝑎 ∈ 𝐴𝑐𝑡 ⇒ ∃𝑌


: 𝑌

𝑎

→E2
𝑌

∧ (𝑋

, 𝑌

) ∈ 𝑅;

(2) 𝑌 𝑎→E2
𝑌

, 𝑎 ∈ 𝐴𝑐𝑡 ⇒ ∃𝑋


: 𝑋

𝑎

→E1
𝑋

∧ (𝑋

, 𝑌

) ∈ 𝑅.

Definition 49 (interleaving bisimulation equivalent). Let
E
1
,E
2
∈ E. E

1
and E

2
are called interleaving bisimulation

equivalent (E
1
≈
𝑖𝑏
E
2
) if and only if there exists an interleaving

bisimulation between E
1
and E

2
.

7.2. Unified Framework. The unified framework for slicing
and symmetry reduction we have set up can be pictured as
in Figure 12.

(1) Isomorphism and Equivalence.We are concerned with the
translation of concepts and ideas from one side to the other.
The following theorems hold.

Theorem 50. Let F be a conflict-free event structure, F =

(𝐸F, ⪯F, 0, 𝑙F) ∈ F ; then F ≅ ℘[L[F]]. Similarly, let 𝑃 =

(𝐷, ⊑) be a prime algebraic complete lattice; then𝑃 ≅ L[℘[𝑃]].

Theorem 51. Let E be a prime event structure, E =

(𝐸E, ⪯E, ♯E, 𝑙E) ∈ E; then E ≅ ℘[L[E]]. Similarly, let

𝑃 = (𝐷, ⊑) be a prime algebraic coherent domain; then 𝑃 ≅

L[℘[𝑃]].

Clearly, fromTheorems 50 and 51, we have the following.

(1) For any prime event structure E, we have that E ≅

℘[L[E]].

(2) Similarly, for any partial order𝑃 = (𝐷, ⊑),𝑃 is a prime
algebraic complete lattice or a finitary coherent prime
algebraic domain; we have that 𝑃 ≅ L[℘[𝑃]].

From Theorems 23, 24, and 25, we have that conflict-
free event structures and prime algebraic complete lattices
are equivalent; this implies that there is a one-to-one corre-
spondence between a prime event structure and its family of
configurations. Similarly, prime event structures and finitary
coherent prime algebraic domains are also equivalent; one
can be used to represent the other.

(2) Mutual Inverse Operation. For any prime event structure,
𝑐𝑓𝑝 and 𝑤𝑐𝑐 are mutually inverse operators.

We can get the full set of maximal conflict-free substruc-
tures of a prime event structure by 𝑐𝑓𝑝 operator.
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Figure 12: Unified mathematical framework.

Conversely, given the full set of maximal conflict-free
substructures of the prime event structure, we can recover the
original prime event structure by 𝑤𝑐𝑐 operator.

(3) Slicing Reduction. Firstly, compared with traditional
computation slicing, Figure 12 demonstrates the translation
between a conflict-free event structure (or its slice) and prime
algebraic complete lattice. This forms the theoretical basis of
computation slicing technique proposed by Garg and Mittal,
Sen [7, 20].

Secondly, Figure 12 also demonstrates the translation
between a prime event structure (or its slice) and finitary
coherent prime algebraic domain, which serves as the the-
oretical basis of our event structure slicing with conflict. A
pair of mutually inverse operators, 𝑐𝑓𝑝 and 𝑤𝑐𝑐, act as a link
between the two parts.

Thirdly, the slice of a prime event structure can be
computed by the following steps:

(1) applying 𝑐𝑓𝑝 operator to partition the original prime
event structure into a full set of maximal conflict-free
substructures;

(2) for each maximal conflict-free substructure, applying
traditional computation slicing algorithm based on
Adding Edges Theorem [7, 8, 20] over its directed
graph representation to compute the slicewith respect
to the given predicate;

(3) applying 𝑤𝑐𝑐 operator to compose the resulted slices
in above step (2) and form a new prime event
structure, while the generated event structure is the
slice of the original prime event structure.

(4) Symmetry Reduction. Operators 𝑐𝑓𝑝 and𝑤𝑐𝑐 can also play
an important role in symmetry reduction.

Symmetry reduction of a prime event structure can be
performed by the following steps:

(1) applying 𝑐𝑓𝑝 operator to partition the original prime
event structure into a full set of maximal conflict-free
substructures;

(2) checking automorphism among the produced sub-
structures and checking causal relation and action set;
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(3) removing duplicated substructure and applying 𝑤𝑐𝑐
operator to compose the resulted structure to form a
newly generated prime event structure, which will be
symmetry reduced prime event structure.

(5) Trace Equivalence. The relation between original event
structure and its quotientmodel can be specified byTheorems
52 and 53 (See [3]).

Theorem 52. Let E ∈ E and E
𝐺
be quotient structure of E;

then E
𝐺
≈
𝑖𝑡
E.

Theorem 53. LetE ∈ E and letE
𝐺
be the symmetric quotient

model for E. Then E≃
𝑖𝑏
E
𝐺
.

Generally, given an event structureE, in fact, its behavior
is exhibited by the labelled transition system (LTS, for short)
LTSE = {Conf𝐹(E), 𝐴𝑐tE, 𝑇E, 0}, where

(1) the configurations Conf𝐹(E) are states;
(2) the set of labels is the set of actions 𝐴𝑐tE;
(3) the transitions 𝑇E are single action transitions

between every two configurations ofE; namely, 𝑇E ⊆

Conf𝐹(E) × 𝐴𝑐tE × Conf𝐹(E);
(4) the initial configuration (the empty set 0) is the initial

state.
The above equivalence is based on labelled transition

systems whose transitions are single action transitions. As
shown in Figure 12, we construct labelled transition system
for prime event structure and its quotientmodel, we will have
that their LTSs are interleaving bisimulation and interleave
trace equivalence also. Therefore, the following corollary
holds.

Corollary 54. Let E ∈ E and E
𝐺
let be the symmetric

quotient model for E. If 𝐿𝑇𝑆 = (Conf𝐹(E),Act, → E, 0) and
𝐿𝑇𝑆
𝐺
= (Conf𝐹(E

𝐺
), 𝐴𝑐𝑡, → E𝐺

, 0) are induced from E and
E
𝐺
, respectively, then 𝐿𝑇𝑆≈

𝑖𝑡
𝐿𝑇𝑆
𝐺
and 𝐿𝑇𝑆≈

𝑖𝑏
𝐿𝑇𝑆
𝐺
hold.

Evidently, we have the following theorems.

Theorem 55. For any E ∈ E, its symmetric quotient model
E
𝐺
and symmetric reduced modelE are isomorphism; that is,

E
𝐺
≅ E.

Proof. It is not difficult to prove it by constructing a bijection
between the events and their orbits.

Theorem 56. For anyE ∈ E, its symmetric reduced modelE
is a substructure of E; that is, E ⊲ E.

Proof.The proof is straightforward.
(6) Technique Combination. Symmetry reduction technique is
orthogonal to slicing reduction and can be used in conjunc-
tion with slicing. Thus, it is easy to have the following result.

Theorem 57. For any E ∈ E, let 𝜑 be a regular predicate;
then the following statements hold: 𝑠𝑟(𝑆𝑙𝑖𝑐𝑒𝐸𝑆(E, 𝜑)) =

𝑤𝑐𝑐(𝑚𝑐𝑓𝐸𝑆slice(𝑐𝑓𝑝(𝑠𝑟(E)), 𝜑)) and 𝑠𝑟(Slice𝐸𝑆(E, 𝜑)) =

Slice𝐸𝑆(𝑠𝑟(E), 𝜑).

Proof.The proof is straightforward.

8. Conclusion

In this paper, we presented a unifiedmathematical framework
for event structure slicing and symmetric reduction. We
described the equivalent relationship between original event
structure and its maximal conflict-free event substructures.
We proposed two mutually inverse operators: conflict-free
partition operator and weak choice composition operator.
Both symmetry reduction and slicing reduction can be
performed by this pair of operators. We also investigated
the related properties, translations, and correspondences
between event structures and domains. Essentially, slicing
over event structure is a high level extension to the traditional
computation slicing based on the model with conflict.

Slicing technique can make the verification of program
behavior easier by reducing the size of the state space to be
analyzed. Symmetry reduce is another powerful structural
reduction technique that can also be applied to narrow down
state space. Both quotient model and sliced model produced
by reduction are often much smaller than the original model.
The consequentialmodel can be used to significantly improve
the effectiveness of property verification of the original
model.

In future work, on the one hand, we will extend our
work to other more complicated event structure models,
such as flow event structure [34] and bundle event structure
[35, 36]. On the other hand, we hope to implement and test
our approach on various verification tools in practice. In
addition, we would like to exploit more possible applications
and theories.
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The efficiency of the compositional verification of invariants depends on the abstraction, which may lead to verification
incompleteness. The invariant strengthening and state partitioning techniques are proposed in this paper. The former could refine
the overapproximation by removing the unreachable states, and the latter is a variant of counterexample-guided abstraction
refinement. Integrated with these two refinement techniques, a unified compositional verification framework is presented to
strengthen the abstraction and find counterexamples. Some examples are included to show that the verification of the safety
properties in component-based systems has been achieved by our framework.

1. Introduction

A component-based system is made up of several compo-
nents using a set of glue (interactions) that describes the
coordination between components [1]. Some components,
like program processes, contain local data and control infor-
mation to determine their own behaviors, and their inter-
actions represent the communication between components.
Component-based system has the advantages that the devel-
opment can be simplified and the time-to-market would be
reduced. However, the tremendously high (or even infinite)
number of states of the components makes the verification
of properties of these systems intractable. In this paper,
we discuss the compositional verification using abstraction
refinement techniques on component-based systems.

Compositional verification would alleviate the problem
of state explosion in concurrent model checking, especially
in conjunction with abstraction. The work in [2, 3] pro-
posed an automated compositional abstraction framework
which differs in the communication method.The abstraction
procedure in [2] is guided by the data (interaction through
shared variables) of the model while it is guided by the
action (interaction through message-passing event) in [3].
Threadmodular reasoning is also a compositional abstraction
framework proposed in [4], which automatically generates

the environment for each thread by analyzing its interaction.
Compositional verification using abstraction refinement
techniques on component-based systems has been exten-
sively studied. Malkis et al. combined CEGAR and thread
modular reasoning in their proposed technique [5], called
thread-modular CEGAR.The technique computed reachable
states with Cartesian abstraction. They directly compute the
reachable states for all processes of the compositional system
in an explicit way. Then refinement was applied to eliminate
unreachable states by removing them from the Cartesian
product. A technique closely related to compositional ver-
ification is assume-guarantee reasoning. Henzinger et al.
[6, 7] proposed a component-based verification algorithm
which is complete for verifying safety properties. They first
initialize each component as true (the most abstract model
which essentially accepts any behaviors) and then iteratively
refine them by adding new auxiliary predicates, whereas they
initialize the guarantee of the components as false (the most
abstract model which essentially rejects any behaviors) and
refine them successively by considering abstraction of current
component and guarantees of other components.

Another interesting branch for compositional verification
is the inductive invariant based method [8–10]. The proper-
ties established from the verification are usually invariants.
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Given a property on component-based system states, com-
positional verification of invariant is to verify whether the
given property can be inferred from the invariants of their
components. Divide-and-conquer approaches can be applied
in compositional verification to infer global invariants from
local invariants. A compositional verification method based
on the inductive invariant is presented in [11, 12]. In this
approach, the property of the component-based system can
be inferred by the compositional verification rule which is
referred to as the component invariant and the interaction
invariant. This approach is incomplete. Given a property
(predicate), if the conjunction of the component invariants
and the interaction invariants is able to establish the property,
one concludes the verification. Otherwise, one reports that
the verification is inconclusive.

The inconclusive problem is due to two reasons. One
is the abstraction, which transforms the original system
(infinite) to an abstract system (finite). The other is the
interaction invariant, which is the overapproximation of the
reachable abstract states. Thus, the conjunction of com-
ponent invariants and the interaction invariant is such an
overapproximation that unreachable states in the original
system may be computed as reachable in the abstract system,
which may include unreachable error states. We propose
two refinement techniques, counterexample-guided invariant
strengthening and state partitioning to address the inconclu-
sive problem.

A unified compositional abstraction refinement algo-
rithm for the invariant checking problem on component-
based systems is given, which contains two phases. At the
verification phase, we apply compositional verification to
the invariant checking problem. If it suffices to conclude
the verification, we are done. Otherwise, the verification
algorithm moves to the refinement phases. In the other
phase, we first strengthen the interaction invariant and
remove the spurious counterexamples. After the invariant is
strengthened,we analyze the remaining counterexamples and
partition abstract states. When our algorithm returns to the
verification phase, added states will induce a refined abstract
model.

The rest is organized as follows. The component-based
system, component invariant, and component abstraction
are introduced in Section 2. In Section 3, we introduce the
compositional verification of invariant for component-based
systems, which is the overapproximation of the system states.
We give counterexample-guided invariant strength and par-
tition refinement methods in Section 4. A compositional
verification framework integrated with iterative refinement
and its correctness proof are presented in Section 5. We show
the effectiveness of our proposed method in Section 6 and
then conclude in Section 7.

2. Preliminaries

In this section, we present concepts and definitions that are
used in this paper. We start with the overview of component-
based systems, which includes the concepts of atomic com-
ponent, interaction, and compound component. In the rest

of this section, we introduce the concepts for the component
invariant and abstraction.

2.1. Component-Based System. Component-based system is a
basic model of wide-ranging concurrent systems. It is proven
in [13] that such a hierarchical model can be converted
to semantically equivalent flat model. Therefore, instead of
analyzing complex hierarchical structure, we concentrate
on two-level structure in this paper. The lower level of
the component-based system is atomic component, and the
higher level is compound component which is composed of
several atomic components with a set of interactions.

An atomic component is a transition system, denoted by
a tuple 𝐵 = (𝐿, 𝑃, 𝑇,𝑋, {𝑔

𝑡
}
𝑡∈𝑇
, {𝑓
𝑡
}
𝑡∈ 𝑇

), where (𝐿, 𝑃, 𝑇) is a
transition system; that is, 𝐿 = {𝑙

1
, 𝑙
2
, . . . , 𝑙
𝑘
} is a set of control

locations, 𝑃 is a set of ports, and 𝑇 ⊆ 𝐿 × 𝑃 × 𝐿 is a set of
transitions. 𝑋 = {𝑥

1
, . . . , 𝑥

𝑛
} is a set of variables and for each

𝑡 ∈ 𝑇, respectively, 𝑔
𝑡
(x) is a guard, a predicate on x, and

𝑓
𝑡
(x, x) is an update relation, a formula on x(current) and

x(next) state variables. Given a transition 𝑡 = (𝑙, 𝑝, 𝑙) ∈ 𝑇, 𝑙
and 𝑙 are, respectively, the source and target location denoted
by 𝑡 and 𝑡.

Given a set of components 𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑛
where 𝐵

𝑖
=

(𝐿
𝑖
, 𝑃
𝑖
, 𝑇
𝑖
, 𝑋
𝑖
, {𝑔
𝑡
}
𝑡∈𝑇𝑖
, {𝑓
𝑡
}
𝑡∈𝑇𝑖
), an interaction 𝑎 is a set of

ports, subset of ⋃𝑛
𝑖=1
𝑃
𝑖
, such that, for all 𝑖 = 1, . . . , 𝑛 s.t.

|𝑎∩𝑃
𝑖
| ≤ 1.The trans(𝑎) is a set of transitions {𝑡

𝑖
= (𝑙
𝑖
, 𝑝
𝑖
, 𝑙


𝑖
) ∈

𝑇
𝑖
}
𝑖∈𝐼
, for arbitrary 𝐼 ⊆ {1, . . . , 𝑛}, which have to execute

synchronously.
A compound component 𝛾(𝐵

1
, . . . , 𝐵

𝑛
) is also a transition

system, denoted by 𝐵 = (𝐿, 𝛾, 𝑇,𝑋, {𝑔
𝑡
}
𝑡∈𝑇
, {𝑓
𝑡
}
𝑡∈𝑇
), where

(1) (𝐿, 𝛾, 𝑇) is the transition system such that

(i) 𝐿 = 𝐿
1
×𝐿
2
×⋅ ⋅ ⋅×𝐿

𝑛
is a set of control locations,

(ii) 𝑇 ⊆ 𝐿 × 𝛾 × 𝐿 contains transitions 𝑡 =

((𝑙
1
, . . . , 𝑙
𝑛
), 𝑎, (𝑙



1
, . . . , 𝑙



𝑛
)) obtained by synchro-

nization of sets of transitions {𝑡
𝑖
= (𝑙
𝑖
, 𝑝
𝑖
, 𝑙


𝑖
) ∈

𝑇
𝑖
}
𝑖∈𝐼

such that {𝑝
𝑖
}
𝑖∈𝐼

= 𝑎 ∈ 𝛾 and 𝑙
𝑗
= 𝑙
𝑗
if

𝑗 ∉ 𝐼, for arbitrary 𝐼 ⊆ {1, . . . , 𝑛};

(2) 𝑋 = ⋃
𝑛

𝑖=1
𝑋
𝑖
and for 𝑎 ∈ 𝛾, the transition

trans(𝑎) resulting from the synchronization of a set
of transitions {𝑡

𝑖
}
𝑖∈𝐼
, the associated guard and update

predicate are, respectively, 𝑔
𝑡
= ⋀
𝑖∈𝐼
𝑔
𝑡𝑖
and 𝑓

𝑡
=

⋀
𝑖∈𝐼
𝑓
𝑡𝑖
∧ ⋀
𝑖∉𝐼
(𝑋


𝑖
= 𝑋
𝑖
).

A typical transition system (e.g., a component𝐵) contains
control states, usually the programcounterwhich takes values
from the set of control locations. Control states are defined
by formulas of the form (at 𝑙

𝑖
), where 𝑙

𝑖
∈ 𝐿. Additionally,

we assume that for each transition 𝑡 = (𝑙
𝑖
, 𝑝, 𝑙
𝑗
) ∈ 𝑇, we get

a transition formula written as at 𝑙
𝑖
∧ 𝑔
𝑡
(x) → 𝑓

𝑡
(x, x); at 𝑙

𝑗

where x ∈ 𝑋.

Definition 1 (component system). A component system is
denoted by S = (𝐵, Init), where 𝐵 is a component (atomic
or compound component) and Init is the initial predicate of
the system.
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2.2. Component Invariant. Most properties established dur-
ing verification are either invariants or depend on invariants.
To prove that a predicate 𝜙 is an invariant of some system
S, we need to find such a predicate 𝜓 that 𝜓 is stronger
than 𝜙 and 𝜓 is inductive. In general, for a system 𝑆, 𝜓 is an
invariant of 𝑆 if every initial state of system 𝑆 satisfies 𝜓 and
𝜓 is preserved under all transitions of the system.

Definition 2 (component invariant). Given a component
𝐵 = (𝐿, 𝑃, 𝑇,𝑋, {𝑔

𝑡
}
𝑡∈𝑇
, {𝑓
𝑡
}
𝑡∈𝑇
), for a global state predicate

Φ = ⋁
𝑙∈𝐿

at 𝑙 ∧ 𝜑
𝑙
, the generated formula by post pred-

icate is post(Φ) = ⋁
𝑙∈𝐿
(⋁
𝑡=(𝑙,𝑝,𝑙


)
at 𝑙

∧ post

𝑡
(𝜑
𝑙
)), where

post
𝑡
(𝜑(𝑋)) = ∃𝑋


⋅(𝑔
𝑡
(𝑋

)∧𝑓
𝑡
(𝑋

, 𝑋)∧𝜑(𝑋


)). A fixed point

of the post transformer is a component invariant (formulaΦ)
of the component 𝐵; that is, post(Φ) ⇔ Φ.

The component invariant is computed by the post predi-
cate transformer. A more detailed technique, as well as other
related properties for component invariants, is given in [8, 14]
and will not be presented.

Consider a system S = (𝐵, Init), where 𝐵 is a component
and Init is a state predicate satisfied by the initial states of 𝐵.
Φ is an invariant of 𝑆, if it is a component invariant of 𝐵 and
Init⇒ Φ.

2.3. Component Abstraction. When original system has real
or large range discrete variables, enumeration of concrete
states by valuation is impossible. Before computing interac-
tion invariants of the compound system, we need first to
generate a finite state abstraction for the component-based
system.

In our methodology, given a component-based system
S = ⟨𝐵, Init⟩, component invariant Φ = ⋁

𝑙∈𝐿
at 𝑙 ∧

(⋁
𝑚∈𝑀𝑙

𝜑
𝑙𝑚
) is automatically generated from a transition

system (a component) that describes its behavior, which is
represented by the disjunction of atomic formulas, such as
at 𝑙 ∧ 𝜑

𝑙𝑚
. However, instead of using the atomic formulas

to generate an abstract system, we use them to construct an
abstraction function.

The abstraction function maps an atomic formula to an
abstract value of that formula, which preserves the relation
among the atomic formulas instead of treating them as
independent propositions. The abstraction technique used
here is based on the approach proposed by Bensalem et
al. in [2, 8]. An abstraction function 𝛼 maps the concrete
representation of the atomic predicates at 𝑙 ∧ 𝜑

𝑙𝑚
to the

abstract presentation 𝜙, called abstract state. We use Φ𝛼 to
represent a set of abstract states.

Definition 3 (abstract component). Given a component 𝐵, a
component invariant Φ of 𝐵, and the associated abstraction
function 𝛼, the abstract component 𝐵𝛼 is denoted by 𝐵𝛼 =
(Φ
𝛼
, 𝑃, ), where

(i) Φ𝛼 is the abstract state, where Φ is the component
invariant and 𝛼 is abstraction function,

(ii) 𝑃 is a set of ports of 𝐵,

(iii)  is the transition of 𝐵. For any pair of abstract states
𝜙 = 𝛼(at 𝑙 ∧ 𝜑) and 𝜙 = 𝛼(at 𝑙 ∧ 𝜑), there exists
the transition from 𝜙 to 𝜙 through 𝑝 (denoted by
𝜙

𝑝

 𝜙
) if and only if ∃𝑡 = (𝑙, 𝑝, 𝑙


) ∈ 𝑇, post

𝑡
(𝜑) ∧

𝜑

̸= false.

3. Compositional Verification

After the overview of component-based system, the com-
ponent invariant, and the component abstraction, we first
present the compositional verification rule of component-
based systems, then we give out the concepts of the verifica-
tion rules, and last we do the analysis on the overapproxima-
tion of the compositional abstraction.

3.1. Compositional Verification Rule. In the approach pre-
sented in [11, 12], the property Φ of 𝛾(𝐵

1
, . . . , 𝐵

𝑛
) can be

inferred by the following compositional verification rule:

{𝐵
𝑖
⟨Φ
𝑖
⟩}
𝑛

𝑖
, Ψ ∈ II ({𝐵𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
} , 𝛾) , (⋀

𝑛

𝑖
Φ
𝑖
) ∧ Ψ ⇒ Φ

𝛾 (𝐵
1
, . . . , 𝐵

𝑛
) ⟨Φ⟩

,

(1)
where 𝐵

𝑖
⟨Φ
𝑖
⟩ means that Φ

𝑖
is an invariant of component

𝐵
𝑖
and Ψ belongs to the set of interaction invariants II. For

component 𝐵
𝑖
, a predicate Φ

𝑖
on the component states is a

component invariant of 𝐵
𝑖
. Before generating the interaction

invariants, one needs to compute the abstraction for the
components. The abstraction for 𝐵

𝑖
, denoted by 𝐵

𝛼𝑖

𝑖
, is

computed from Φ
𝑖
by the abstraction function 𝛼

𝑖
. In the

abstract system 𝛾({𝐵
𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
}), we generate the interaction

invariant Ψ under the global behavior constraint, which is
the overapproximation of the reachable abstract states. Given
a property (predicate) Φ, if the conjunction of the invariant
⋀
𝑛

𝑖
Φ
𝑖
and the interaction invariants Ψ are able to establish

the property, one concludes the verification. Otherwise, one
reports that the verification is inconclusive.

3.2. Related Concepts. Consider a compound system S =

⟨𝛾(𝐵
1
, . . . , 𝐵

𝑛
), Init⟩ and a set of component invariants

Φ
1
, . . . , Φ

𝑛
associated with the atomic components. If 𝐵𝛼𝑖

𝑖

is an abstraction of 𝐵
𝑖
with respect to an invariant Φ

𝑖
and

its abstraction function 𝛼
𝑖
for 𝑖 = 1, . . . , 𝑛, then 𝐵

𝛼
=

𝛾(𝐵
𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
) is an abstraction of 𝐵 = 𝛾(𝐵

1
, . . . , 𝐵

𝑛
) with

respect to ⋀𝑛
𝑖=1
Φ
𝑖
and an abstraction function 𝛼 obtained as

the composition of the 𝛼
𝑖
.

Definition 4 (abstract system). Given a component system
S = (𝐵, Init), the abstract system is denoted by S𝛼 =

⟨𝐵
𝛼
, Init𝛼⟩, where 𝐵𝛼 is the abstraction for a component and

Init𝛼 = ⋁
𝜙∈Φ
𝛼

0

at 𝜙, where Φ𝛼
0
= {𝜙 ∈ Φ

𝛼
| 𝛼
−1
(𝜙) ∧

Init ̸= false} is the set of the initial abstract states.

The following lemma in [11] says that 𝛾(𝐵𝛼1
1
, . . . , 𝐵

𝛼𝑛

𝑛
) is an

abstraction of 𝐵 = 𝛾(𝐵
1
, . . . , 𝐵

𝑛
) and that invariants of the

abstract system are also invariants of the concrete system.

Lemma 5. If 𝐵𝛼 is an abstraction of 𝐵 with respect to an
invariant Φ and 𝛼 its abstraction function, then 𝐵𝛼 simulates
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𝐵. Moreover, if Φ𝛼 is an invariant of S𝛼, then 𝛼−1(Φ𝛼) is an
invariant of S.

Given an abstract system, interaction invariants charac-
terize constraints on the global abstract state space induced by
synchronization among components. Interaction invariants
are based on the concept of traps in Petri net, which are
computed on finite transition system 𝛾(𝐵

𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
) without

variables but abstract locations 𝜙.
Consider a compound system 𝛾(𝐵

𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
), where

𝐵
𝛼𝑖

𝑖
= (Φ
𝛼𝑖

𝑖
, 𝑃
𝑖
, 
𝑖
) is a transition system. For a set of abstract

states Φ𝛼 ⊆ ⋃
𝑛

𝑖=1
Φ
𝛼𝑖

𝑖
, the forward interaction set is denoted

byΦ𝛼 = ⋃
𝜙∈Φ
𝛼 𝜙where 𝜙 = {{𝜏𝑖}𝑖∈𝐼 | ∀𝑖 ⋅ 𝜏𝑖 ∈ 𝑖 ∧∃𝑖 ⋅ 𝜏𝑖 =

𝜙 ∧ { port (𝜏
𝑖
)}
𝑖∈𝐼
∈ 𝛾} is related to some interactions. In each

interaction, there exists a transition 𝜏
𝑖
from 𝜙 participate in.

That is, 𝜙 is composed of sets of transitions involved in some
interaction of 𝛾 inwhich a transition 𝜏

𝑖
from𝜙 can participate.

Given a parallel composition 𝛾(𝐵𝛼1
1
, . . . , 𝐵

𝛼𝑛

𝑛
), where 𝐵𝛼𝑖

𝑖
=

(Φ
𝛼𝑖

𝑖
, 𝑃
𝑖
, 
𝑖
), a trap [15] is a setΦ𝛼 of abstract locationsΦ𝛼 ⊆

⋃
𝑛

𝑖=1
Φ
𝛼𝑖

𝑖
such thatΦ𝛼 ⊆ Φ𝛼.

Definition 6 (interaction invariant). Given an abstract system
S𝛼 = ⟨𝛾(𝐵

𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
), Init𝛼⟩, if the set of locations Φ𝛼 ⊆

⋃
𝑛

𝑖=1
Φ
𝛼𝑖

𝑖
is a trap containing the initial states of some

components, then ⋁
𝜙∈Φ
𝛼at 𝜙 is the interaction invariant of

S𝛼.

The characterization of traps in [12] allows one to com-
pute the set of traps [16] using different approaches, including
methods of positive mapping or fix-pointed computation.

3.3. Overapproximation. In the compositional verification
rule present in Section 1, the conjunction of component
invariants and the interaction invariant is an overapproxi-
mation of reachable system states. The overapproximation
of the compositional verification mainly results from two
kinds of abstractions. One is due to the abstraction function,
and the other is caused by interaction interference. The
conjunction of interaction invariants overapproximates the
set of reachable states, which may cause some unreachable
error states to be included.

The abstract system 𝐵
𝛼 for a component 𝐵 is generated

by elimination in a conservative way. To check whether 𝜙 
𝜙
, where 𝜙 = 𝛼(at 𝑙 ∧ 𝜑) and 𝜙


= 𝛼(at 𝑙 ∧ 𝜑


), we

check that for all transitions 𝑡 = (𝑙, 𝑝, 𝑙) we have post
𝑡
(𝜑) ∧

𝜑

= false. When we generate abstract systems, the behaviors

of the abstract system are more than the original system’s.
As the compositional verification performance on abstract
components, the verification is incompleteness.

The conjunction of interaction invariant (a trap) charac-
terizes constraints on the states induced by synchronization
among components. States satisfying interaction invariants
provide enabled execution information, a local projection of
global states on part of components. However, these global
states may not be reachable from initial states. Moreover,
different interactions may include common ports. The inter-
actions including the same portmust exclusively execute, that

is, just only one interaction can execute. Interaction invariant
cannot characterize this dynamic information.

From the above analysis, we can conclude that invariant-
based compositional verification is incomplete. We propose
two refinement techniques in conjunction with invariant-
based compositional verification rule to get a verification
framework. The framework is an iterative scheme which
starts from the abstraction until a concrete counterexample is
found or until the safety property holds on abstract systems.

4. Refinement Approaches

We give counterexample-guided invariant strengthening and
partition refinement methods in this section.

4.1. Invariant Strengthening. In the first part of this sec-
tion, we present the invariant strengthening approach. As
interaction invariant computed by the greatest fixed point is
the overapproximation, counterexamples (represented by the
conjunction of abstract states) may be spurious. For this case,
we checkwhether counterexamples can be reachable from the
initial states. If not, we generate a fixed point backward from
the spurious counterexample and strengthen the invariant by
the fixed point.

Given an abstract component system, S𝛼 = ⟨𝐵
𝛼
, Init𝛼⟩,

where 𝐵𝛼 = 𝛾(𝐵𝛼1
1
, . . . , 𝐵

𝛼𝑛

𝑛
) and 𝐵𝛼𝑖

𝑖
= (Φ
𝛼𝑖

𝑖
, 𝑃
𝑖
, 
𝑖
). Formally,

S𝛼 = (Φ,T, Init𝛼) is a finite state machine (FSM) in which

(i) Φ is a set of global states; for the abstract state
𝜙 = (𝜙

1
, . . . , 𝜙

𝑛
)
𝜙𝑖∈Φ
𝛼𝑖

𝑖

, we can represent it as con-
junction (a vector) of local abstract state; that is, 𝜙 =
⋀
𝜙𝑖∈Φ
𝛼𝑖

𝑖

𝜙
𝑖
∈ Φ;

(ii) T is a predicate on global states Φ and Φ
; for

((𝜙
1
, . . . , 𝜙

𝑛
), 𝑎, (𝜙



1
, . . . , 𝜙



𝑛
)), where 𝑎 ∈ 𝛾, there exists

T(𝜙, 𝜙), where 𝜙 = ⋀
𝜙𝑖∈Φ
𝛼𝑖

𝑖

𝜙
𝑖
and 𝜙 = ⋀

𝜙


𝑖
∈Φ
𝛼𝑖

𝑖

𝜙


𝑖
;

(iii) Init𝛼 is the initial predicate of the abstract system.

A formula 𝜑 is interpreted as the set |[𝜑]| of all the global
states; 𝜙 ∈ Φ satisfy 𝜑. We define the set ReachT(Init

𝛼
)

of the global states 𝑟𝑒𝑎𝑐ℎ𝑎𝑏𝑙𝑒 from the states |[Init𝛼]| via
the transition as the smallest set such that |[Init𝛼]| ⊆

ReachT(Init
𝛼
); and {𝜙 | ∃𝜙 ⋅T(𝜙, 𝜙)} ⊆ ReachT(Init

𝛼
) if

𝜙 ⊆ ReachT(Init
𝛼
). Consider an abstract component system

S𝛼 = (Φ,T, Init𝛼), where Φ is a set of the global states, T
is the transition predicate, and Init𝛼 is the initial predicate.
The converse transition system (Φ,T−1, Init𝛼) is defined by
T−1(𝜙, 𝜙) = T(𝜙, 𝜙). For a formula 𝜑, we compute all the
successor states which are generated from the states hold 𝜑 by
spT(𝜑). spT(𝜑) = {𝜙


| ∃𝜙 ⋅ (T(𝜙, 𝜙) ∧ 𝜑)}, where 𝜙, 𝜙 ∈ Φ

and 𝜙 holds 𝜑. Likewise, we can define spT−1(𝜑) = {𝜙

|

∃𝜙 ⋅ (T(𝜙, 𝜙) ∧ 𝜑)}, where 𝜙, 𝜙 ∈ Φ and 𝜙 holds 𝜑.
The following lemma [17] says that if none of the states

represented by 𝜙 is backward reachable from the initial states,
then ¬𝜙 is an invariant.

Lemma 7. Let S𝛼 = ⟨Φ,T, 𝐼𝑛𝑖𝑡𝛼⟩ be a transition system and
𝜙 an arbitrary formula (or states). If 𝜑 is such that (𝑠𝑝T−1(𝜑) ∨
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𝜙) ⇒ 𝜑 and the formula 𝐼𝑛𝑖𝑡∧𝜑 is unsatisfiable, then ¬𝜑 is an
inductive invariant of S𝛼.

Corollary 8. If 𝑅𝑒𝑎𝑐ℎT−1(𝜑) ∩ 𝐼𝑛𝑖𝑡 = 0, then the formula
corresponding to the complement of the set of 𝑅𝑒𝑎𝑐ℎT−1(𝜑) is
an inductive invariant.

Theorem 9. Assume that V𝑖𝑙𝑜 is a counterexample and
V𝑖𝑙𝑜 ∧ 𝛼

−1
(𝜙) ̸=𝑓𝑎𝑙𝑠𝑒, where 𝜙 is an abstract state of S𝛼.

If 𝑅𝑒𝑎𝑐ℎT−1(𝜙) ∩ 𝐼𝑛𝑖𝑡
𝛼

= 0, then V𝑖𝑙𝑜 is the spurious
counterexample and the complement of the set of 𝑅𝑒𝑎𝑐ℎT−1(𝜙)
is used to strengthen the invariants of 𝑆𝛼.

Inspired by the above theorem, we propose an approach,
called the invariant strengthening, to strengthen the invari-
ants from the compositional verification rule.

We first choose a counterexample and generate a fixed
point from the selected counterexample using backward
propagation. An abstract state including a counterexample is
the conjunction formula of abstract states like 𝜙 = ⋀

𝜙𝑖∈Φ
𝛼𝑖

𝑖

𝜙
𝑖
,

where 𝜙
𝑖
= 𝛼
𝑖
(at 𝑙 ∧𝜑), which is the product of abstract states

of each component. On the abstract system S𝛼, we do the
backward propagation by spT−1(𝜙) = {𝜙


| ∃𝜙 ⋅ (T(𝜙, 𝜙) ∧

𝜙)}. Then from a counterexample, we can compute all the
global abstract system states using backward propagation. If
the intersection of the generated fixed point and the initial
states is empty, the counterexample and all of the backward
generated fixed points are not reachable from initial states.
For this case, we say the selected counterexample is spurious.
The invariant strengthening approach removes the spurious
counterexample and eliminates the unreachable states gen-
erated from the spurious counterexample to strengthen the
invariant.

For invariant strengthening, time consumes at counterex-
ample reachable global states set computation. As this set
computation is based on fixed-pointed computation and is
monotonic, so time complexity for Algorithm 1 is O(Φ),
where Φ is number of global states of abstract system and
Φ = ∏

𝑛

𝑖=1
Φ
𝑖
and Φ

𝑖
= |Φ
𝛼

𝑖
| the number of abstract states

from 𝑖th component.

4.2. Partition Refinement. In this part, we proposed a more
effective counterexample-guided method, called partition
refinement, which can accelerate abstraction refinement
mechanism. Consider the abstraction function which trans-
forms the original infinite system to the finite abstract system.
An abstract state is an aggregation of a number of original
system states. If a concrete state Φ

𝑐
is part of an abstract

state Φ, we cannot make decisions (1) whether Φ is a
counterexample, ifΦ

𝑐
is a counterexample in concrete system;

(2) whether Φ
𝑐
is reachable in concrete system, although Φ

is reachable in abstract system. We propose our refinement
approach to give the solution of the above question (Figure 1).

In the above approach, we analyze whether the remaining
counterexamples are the spurious counterexamples which
are caused by inaccurate characterization. To eliminate these
spurious counterexamples, we refine the abstract component
states by the proposed state partition approach. Consider an
abstract system state 𝜙𝛼 = at 𝑙 ∧ 𝜑 and a counterexample

𝜙
𝑒
= at 𝑙 ∧ 𝜑

𝑒
such that 𝜑

𝑒
⇒ 𝜑 (Dec

0
). We can partition

𝜙
𝛼 into two states 𝜙

𝑒
and 𝜙, 𝜙

𝑒
= at 𝑙 ∧ 𝜑

𝑒
and 𝜙 = at 𝑙 ∧ 𝜑,

where 𝜑 = 𝜑 − 𝜑
𝑒
; here we denote 𝜙

𝑒
∨ 𝜙

= 𝜙
𝛼 and

𝜙
𝑒
∧𝜙

= false. Assume that there exist 𝜙𝛼

1
and 𝜙𝛼
2
, fromwhich

𝜙
𝛼 is reachable such that post

𝜏1
(𝛼
−1
(𝜙
𝛼

1
)⋅𝜑)∧𝛼

−1
(𝜙
𝑒
)⋅𝜑 ̸= false

and post
𝜏2
(𝛼
−1
(𝜙
𝛼

2
) ⋅ 𝜑) ∧ 𝛼

−1
(𝜙

) ⋅ 𝜑 ̸= false (Dec

1
) hold. We

remove 𝜙𝛼 from abstract state space Φ𝛼 and add 𝜙
𝑒
and 𝜙

into Φ𝛼.
From the above, we assume that 𝜙𝛼

1
reach the error-part

𝜙
𝑒
of 𝜙𝛼 and 𝜙𝛼

2
reach the other 𝜙. In this case, we should add

the transitions into the system. If ∃𝜙𝛼
𝑖
, ∃𝜏
𝑖
: (𝜙
𝛼

𝑖
, 𝑝
𝑖
, 𝜙
𝛼
) ∈

such that post
𝜏𝑖
(𝛼
−1
(𝜙
𝛼

𝑖
) ⋅ 𝜑) ∧ 𝛼

−1
(𝜙) ⋅ 𝜑 ̸= false (Dec

2
), we

add a transition from 𝜙
𝛼

𝑖
to 𝜙 (here, 𝜙 stands for both 𝜙

𝑒

and 𝜙); likewise, if ∃𝜙𝛼
𝑖
, and ∃𝜏

𝑖
: (𝜙
𝛼
, 𝑝
𝑖
, 𝜙
𝛼

𝑖
) ∈ such that

post
𝜏
(𝛼
−1
(𝜙)⋅𝜑)∧𝛼

−1
(𝜙
𝛼

𝑖
)⋅𝜑 ̸= false (Dec

3
), we add a transition

from 𝜙 to 𝜙𝛼
𝑖
.

Theorem 10. If S𝛼
𝑟𝑒𝑓

is a refined system returned by Algo-
rithm 2, then 𝐵𝛼

𝑟𝑒𝑓
simulates 𝐵. Moreover, if Φ𝛼 is an invariant

of 𝐵𝛼
𝑟𝑒𝑓

, then Φ = 𝛼
−1
(Φ
𝛼
) is an invariant of 𝐵.

Proof. By Lemma 5, we show that theAlgorithm 2 onlymakes
states partition and then has no effect on the simulation
relation. If (𝑙

1
, 𝑥)

𝑝

→ (𝑙, 𝑥

) and 𝛼−1(𝜙𝛼

1
) = at 𝑙

1
∧ 𝜑
1
, then

there exists 𝜙𝛼 such that 𝛼−1(𝜙𝛼) = at 𝑙 ∧ 𝜑, (𝑙, 𝑥)𝑅𝜙𝛼, and
𝜙
𝛼

1

𝑝

 𝜙
𝛼. If 𝜑

𝑒
⇒ 𝜑 does not hold, then the abstract state 𝜙𝛼

cannot be partitioned by 𝜑
𝑒
. Otherwise, we split abstract state

𝜙
𝛼 with disjoint two parts𝜙 = 𝛼(at 𝑙∧𝜑

𝑒
) and𝜙 = 𝛼(at 𝑙∧𝜑),

and we have 𝜑
𝑒
∧𝜑

= false and 𝜑

𝑒
∨𝜑

= 𝜑, so we have either

𝜙
𝛼

1

𝑝

 𝜙 or 𝜙𝛼
1

𝑝

 𝜙
. Then, the refined abstract system 𝐵

𝛼

ref
simulates 𝐵. If Φ𝛼 is an invariant of 𝐵𝛼ref, then 𝛼

−1
(Φ
𝛼
) is an

invariant of 𝐵.

For partition refinementmethod, given a counterexample
Φ
𝑐
= ⋀
𝜙𝑖∈Φ
𝛼𝑖

𝑖

𝜙
𝑖
, state partition in 𝑖th component, based

on 𝜙
𝑖
, only affects one abstract state to be parted. And

a state is parted only once by 𝜙
𝑖
. As exists quantifier for

states needs examines all possible abstract state pairs and so
does the quantifier of transitions, state partition needs time
complexity as O(∑𝑛

𝑖=1
(|Φ
𝛼

𝑖
| ⋅ |
𝑖
|
2
)).

The above refinement approaches are applied on the
parallel compositional system. However, extended with
the decidable theories and symbolic representation, our
approaches can be applied on amore complex system like the
hierarchical component system.

5. Iteration Verification Framework

In this section, we present the unified verification framework
composed of compositional abstraction and our proposed
refinement techniques.

Our verification framework for component-based sys-
tems is an iterative scheme presented by Algorithm 1. In our
framework, there exists themethod of abstraction refinement
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Dec0

Dec1

Dec2

Dec3

Return splitted

Yes

Yes

Yes

Yes

Yes

No

No

No

No
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presented by Algorithm 2, which includes the counterexam-
ple guided invariant strengthening and abstract state parti-
tioning inspired by CEGAR mechanism. In the Algorithm 1,
the unified compositional abstraction refinement for the
invariant checking problem on component-based systems is
given, which contains two phases.

At the verification phase, we apply compositional verifi-
cation to the invariant checking problem. If properties can
be proven under the current abstraction (see line 12 in Algo-
rithm 1), the verification succeeds immediately. Otherwise,
the refinement is performed (see line 16 inAlgorithm 1). If the
abstraction cannot be further refined by the current reachable
counterexample (see line 17 in Algorithm 1), then current
counterexample is a genuine counterexample. If current
counterexamples are all spurious counterexamples (see line
20 in Algorithm 1), we conclude that verification succeeds.
Otherwise, we go to line 23;we get refined abstract systemand
compute the new more concrete interaction invariant with
conjunction of strengthened inductive invariant computed
frombackward propagation of spurious counterexamples and
go back to counterexample guiding abstraction refinement,
portion of verification basis, which call for less efforts than
previous iteration processes in [11, 12].

At the refinement phase, we first strengthen the inter-
action invariant and remove the spurious counterexamples.
After the invariant is strengthened, we analyze the remaining
counterexamples and partition abstract states. When our
algorithm returns to the verification phase, added states will
induce a refined abstract model. Our refinement method (see
Algorithm 2) reconsiders information of counterexamples,
which may include ErrI and ErrII, where ErrI is unreachable
error state introduced by interaction interference and ErrII
is inaccurate local configuration caused by abstraction func-
tion.We use the invariant strengthening technique to remove
ErrI from the counterexamples and strengthen the invariant
use of the counterexample in ErrI.Weuse the counterexample
in ErrII to do the state partition refinement which refines the
abstraction until a genuine counterexample is found or the
safety property holds on abstract systems.

Theorem 11. Let S = ⟨𝛾(𝐵
1
, . . . , 𝐵

𝑛
), 𝐼𝑛𝑖𝑡⟩ be a compound

component-based system, and let Φ be a specific property
predicate.

(1) If 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑉𝑒𝑟𝑖𝑓𝑦(S, Φ) returns 𝑡𝑟𝑢𝑒, then S ⊨ Φ;
(2) if 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑉𝑒𝑟𝑖𝑓𝑦(S, Φ) returns 𝑓𝑎𝑙𝑠𝑒, then S ⊭ Φ.
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Input: Component system S = (𝛾(𝐵
1
, . . . , 𝐵

𝑛
), 𝐼𝑛𝑖𝑡), property Φ

Output: 𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒
(1) Φ

𝑖
= 𝑡𝑟𝑢𝑒 for each 𝑖 = 1, . . . , 𝑛, 𝑅𝑒𝑓𝑖𝑛𝑎𝑏𝑙𝑒 := 𝑡𝑟𝑢𝑒

(2) for 𝑖 ← 1 to 𝑛 do
(3) compute the component invariant Φ

𝑖
based on 𝐵

𝑖

(4) Φ
𝑖
:= Φ
𝑖
∧ Φ


𝑖

(5) compute the corresponding abstraction 𝐵𝛼𝑖
𝑖
based on 𝐵

𝑖
and Φ

𝑖

(6) end
(7) from 𝛾(𝐵

𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
), compute 𝐿

1
, 𝐿
2
, . . . , 𝐿

𝑚

(8) for 𝑘 ← 1 to 𝑚 do
(9) Ψ

𝑘
= ⋁
𝜙∈𝐿𝑘

𝛼
−1
(𝜙)

(10) end
(11) Ψ := ⋀

𝑚

𝑘=1
Ψ
𝑘

(12) if ¬Φ ∧ Ψ ∧ (⋀𝑛
𝑖=1
Φ
𝑖
) = 𝑓𝑎𝑙𝑠𝑒 then

(13) Φ is an invariant of S
(14) return 𝑡𝑟𝑢𝑒
(15) else
(16) compute counterexample set 𝐸𝑟𝑟 := {Φ

𝑐
}

𝑅𝑒𝑓𝑖𝑛𝑎𝑏𝑙𝑒 := 𝐴𝑏𝑠𝑅𝑒𝑓𝑖𝑛𝑒𝑚𝑒𝑛𝑡(S𝛼, 𝐸𝑟𝑟, Ψ)

(17) if 𝑅𝑒𝑓𝑖𝑛𝑎𝑏𝑙𝑒 = 𝑓𝑎𝑙𝑠𝑒&&𝐸𝑟𝑟 ̸= 0 then
(18) return 𝑓𝑎𝑙𝑠𝑒
(19) end
(20) if 𝐸𝑟𝑟 = 0 then
(21) return 𝑡𝑟𝑢𝑒
(22) else
(23) goto 12
(24) end
(25) end

Algorithm 1: Iteration verification.

Proof. (1) If Algorithm 1 returns true from line 14, with the
precondition¬Φ∧Ψ∧(⋀𝑛

𝑖=1
Ψ
𝑖
) = false, we get the conclusion

that the property satisfied immediately. Otherwise, if all
current counterexamples are spurious counterexamples, the
verification stops with the property satisfied at line 21. (2)
If Algorithm 1 returns false from line 18 with Refinable =

false and Err ̸= 0, we get that the abstract system is unable
to be refined any more by the current counterexample,
which means the counterexample is a real violated behavior
truly reachable from the initial configuration and cannot be
eliminated by a more concrete system. Otherwise, abstract
system should be refined by the next refinement using the
current counterexamples.

Theorem 12. Let S = ⟨𝛾(𝐵
1
, . . . , 𝐵

𝑛
), 𝐼𝑛𝑖𝑡⟩ be a compound

component-based system, and letΦ be a specific property pred-
icate. Algorithm 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑉𝑒𝑟𝑖𝑓𝑦(S, Φ) always terminates.

Proof. In each refinement iteration, either some new
strengthening invariant is added or the abstract system state
is split into new states. Note that the state space of abstract
system is finite and that the number of possible split states is
also finite. In the worst case, the algorithm finally terminated
with the refined system is just the original system. Then the
algorithm can terminate finally.

Theorem 13. Let S = ⟨𝛾(𝐵
1
, . . . , 𝐵

𝑛
), 𝐼𝑛𝑖𝑡⟩ be a compound

component-based system, and let Φ be a specific property
predicate.

(1) If S ⊨ Φ, then 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑉𝑒𝑟𝑖𝑓𝑦(S, Φ) returns 𝑡𝑟𝑢𝑒;
(2) if S ⊭ Φ, then 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑉𝑒𝑟𝑖𝑓𝑦(S, Φ) returns 𝑓𝑎𝑙𝑠𝑒.

Proof. (1) According to the second statements of Theorem 11,
if S ⊨ Φ, Algorithm 1 cannot return with false. According to
Theorem 12, Algorithm 1 always terminates. Thus, if S ⊨ Φ,
then algorithm can only terminate with true.

(2) Similarly, according to the first statement ofTheorems
11 and 12, if S ⊭ Φ, the algorithm can only terminate with
false.

6. Examples and Experiments

Wewill provide certain examples to illustrate the effectiveness
of our proposed verification framework.

6.1. Train Gate Controller. Consider the example of the train
gate controller [18], which consists of a 𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟, a 𝑔𝑎𝑡𝑒, and
a number of 𝑡𝑟𝑎𝑖𝑛𝑠.Themodel presented in Figure 2 describes
only one train interactingwith the controller and the gate.The
controller operates the gate up and down when a train enters
and exits, respectively.

The 𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 has four locations {𝑐
0
, 𝑐
1
, 𝑐
2
, 𝑐
3
}, one

variable 𝑧, five ports {approach, raise, exit, lower, tick},
and eight guarded transitions. The 𝑇𝑟𝑎𝑖𝑛 has three
locations {far, in, near}, a variable 𝑥, four ports
{approach, exit, 𝑡, tick}, and six guarded transitions.
The 𝐺𝑎𝑡𝑒 has four locations {𝑔

0
, 𝑔
1
, 𝑔
2
, 𝑔
3
}, a variable
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Input: Abstract system S𝛼 = (𝛾(𝐵
𝛼1

1
, . . . , 𝐵

𝛼𝑛

𝑛
), 𝐼𝑛𝑖𝑡

𝛼
),

set of counterexamples 𝐸𝑟𝑟, interaction invariant Ψ
Output: 𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒

(1) 𝑅𝑒𝑓𝑖𝑛𝑒𝑑 := 𝑓𝑎𝑙𝑠𝑒, 𝐸𝑟𝑟
𝐼
:= 0, 𝐸𝑟𝑟

𝐼𝐼
:= 0

(2) foreach Φ
𝑐
∈ 𝐸𝑟𝑟 do

(3) 𝐸𝑟𝑟 := 𝐸𝑟𝑟 \ Φ
𝑐

(4) 𝐼𝑛V𝑆𝑡𝑟
Φ𝑐
:= 𝐼𝑛V𝑎𝑟𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ𝑒𝑛(S𝛼, Φ

𝑐
)

(5) if 𝐼𝑛V𝑆𝑡𝑟
Φ𝑐
= 𝑡𝑟𝑢𝑒 then

(6) 𝐸𝑟𝑟
𝐼𝐼
:= 𝐸𝑟𝑟

𝐼𝐼
∪ Φ
𝑐

(7) else
(8) 𝐸𝑟𝑟

𝐼
:= 𝐸𝑟𝑟

𝐼
∪ Φ
𝑐

(9) end
(10) end
(11) 𝐸𝑟𝑟 := 𝐸𝑟𝑟

𝐼𝐼

(12) if 𝐸𝑟𝑟
𝐼𝐼
= 0 then

(13) return 𝑓𝑎𝑙𝑠𝑒
(14) else
(15) foreach Φ

𝑐
∈ 𝐸𝑟𝑟

𝐼𝐼
do

(16) if 𝑆𝑝𝑙𝑖𝑡𝐴𝑏𝑠𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛(S𝛼, Φ
𝑐
) = 𝑡𝑟𝑢𝑒 then

(17) 𝑅𝑒𝑓𝑖𝑛𝑒𝑑 := 𝑡𝑟𝑢𝑒

(18) end
(19) end
(20) from split refinement abstract systemS𝛼

𝑟𝑒𝑓
, compute

new compute interaction invariant Ψ
(21) foreach Φ

𝑐
∈ 𝐸𝑟𝑟

𝐼
do

(22) Ψ := Ψ ∧ 𝐼𝑛V𝑆𝑡𝑟
Φ𝑐

(23) end
(24) return 𝑅𝑒𝑓𝑖𝑛𝑒𝑑
(25) end

Algorithm 2: Abstraction refinement.

Approach
x := 0 z := 0 y := 0

y := 0z := 0

z = 1
Exit t

Tick

Tick

Tick
x := x +1

x := x +1

x := x +1

Approach

Exit

Lower
Raise

Tick

Lower

Raise

g

Exit

Tick

Approach

Tick

Approach

Exit

Tick

Lower

Raise

Lower

Raise

t g

g

Train Controller Gate

x ≤ 5

x ≤ 5 Tick

Tick

z := z +1

z := z +1

Tick
y := y +1

z := z +1 z ≤ 1

TickTick

y := y +1
y := y +1 y ≤ 1

Tick
z := z +1
z ≤ 1

Tick
y := y +1
y ≤ 2

x ≥ 3 y ≥ 1

lfar lnear

lin

lc1lc0

lc3 lc2

lg1lg0

lg3 lg2

Figure 2: The component-based model for train gate controller (TGC).

𝑦, four ports {lower, raise, 𝑔, tick}, and eight guarded
transitions. Three atomic components Train, Gate, and
Controller are composed with a set 𝛾 of interactions:
{𝐶.tick, 𝑇.tick, 𝐺.tick}, {𝑇.approach, 𝐶.approach}, {𝑇.exit,
𝐶.exit}, {𝐶.lower, 𝐺.lower}, and {𝐶.raise, 𝐺.raise}. In this
example, we aim to verify the TGC system by the initial
condition Init = 𝑙far ∧ (𝑥 = 3) ∧ 𝑙𝑐0 ∧ (𝑧 = 1) ∧ 𝑙𝑔0 ∧ (𝑦 = 1).
For the above three atomic components, we generate the
following predicates ΦController = (𝑙

𝑐0
∧ 𝑧 ≥ 0) ∨ (𝑙

𝑐1
∧

0 ≤ 𝑧 ≤ 1) ∨ (𝑙
𝑐2
∧ 𝑧 ≥ 1) ∨ (𝑙

𝑐3
∧ 0 ≤ 𝑧 ≤ 1),

ΦTrain = (𝑙far∧𝑥 ≥ 3)∨(𝑙near∧0 ≤ 𝑥 ≤ 5)∨(𝑙in∧3 ≤ 𝑥 ≤ 5), and
ΦGate = (𝑙𝑔0∧𝑦 ≥ 1)∨(𝑙𝑔1∧0 ≤ 𝑦 ≤ 1)∨(𝑙𝑔2∧𝑦 ≥ 0)∨(𝑙𝑔3∧0 ≤
𝑦 ≤ 2), which are, respectively, the component invariants
of Train,Gate, and Controller. Since this system has an
infinite number of reachable states. With the application
of abstraction function 𝛼, we transform the original
components (infinite) to the computed abstract components
(finite) presented in Figure 3. The computed abstract states
are {𝜙

𝑛1
, 𝜙
𝑛2
, 𝜙
𝑛3
, 𝜙in, 𝜙far, 𝜙𝑐11 , 𝜙𝑐12 , 𝜙𝑐2 , 𝜙𝑐31 , 𝜙𝑐32 , 𝜙𝑐0 , 𝜙𝑔11 , 𝜙𝑔12 ,

𝜙
𝑔2
, 𝜙
𝑔31
, 𝜙
𝑔32
, 𝜙
𝑔0
} (see Table 1).
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Table 1

Train𝛼 Controller𝛼 Gate𝛼

𝜙
𝑛1
= 𝑙near ∧ 𝑥 = 0 𝜙

𝑐11
= 𝑙
𝑐1
∧ 𝑧 = 0 𝜙

𝑔11
= 𝑙
𝑔1
∧ 𝑦 = 0

𝜙
𝑛2
= 𝑙near ∧ 1 ≤ 𝑥 ≤ 2 𝜙

𝑐12
= 𝑙
𝑐1
∧ 𝑧 = 1 𝜙

𝑔12
= 𝑙
𝑔1
∧ 𝑦 = 1

𝜙
𝑛3
= 𝑙near ∧ 3 ≤ 𝑥 ≤ 5 𝜙

𝑐2
= 𝑙
𝑐2
∧ 𝑧 ≥ 1 𝜙

𝑔2
= 𝑙
𝑔2
∧ 𝑦 ≥ 0

𝜙in = 𝑙in ∧ 3 ≤ 𝑥 ≤ 5 𝜙
𝑐31
= 𝑙
𝑐3
∧ 𝑧 = 0 𝜙

𝑔31
= 𝑙
𝑔3
∧ 𝑦 = 0

𝜙far = 𝑙far ∧ 𝑥 ≥ 3 𝜙
𝑐32
= 𝑙
𝑐3
∧ 𝑧 = 1 𝜙

𝑔32
= 𝑙
𝑔3
∧ 1 ≤ 𝑦

𝜙
𝑐0
= 𝑙
𝑐0
∧ 𝑧 ≥ 0 𝜙

𝑔0
= 𝑙
𝑔0
∧ 𝑦 ≥ 1

The interested safety property is that when the train is at
the location 𝑙in, the gate is at 𝑙𝑔2 . We apply the compositional
verification rule to check the property. In this model, the
verification rule can infer this property, so we get the
conclusion of the properties satisfied.

6.2. Temperature Control System. Consider the example of
the temperature control system [11, 12] presented in Figure 4.
The model consists of three atomic components: Controller,
Rod1, and Rod2.

The Controller has two locations {𝑙
5
, 𝑙
6
}, a variable 𝜃,

three ports {tick, cool, heat}, and four guarded transitions.
The Rod1 has two locations {𝑙

1
, 𝑙
2
}, a variable 𝑡

1
, three

ports {tick
1
, cool1, rest1}, and four guarded transitions. Like-

wise, the Rod2 has two locations {𝑙
3
, 𝑙
4
}, a variable 𝑡

2
,

three ports {tick
2
, cool2, rest2}, and four guarded transitions.

Three atomic components Controller, Rod1, and Rod2 are
composed with a set 𝛾 of interactions: {tick, tick

1
, tick
2
},

{cool, cool1}, {cool, cool2}, {heat, rest1}, and {heat, rest2}. In
this example, we aim to verify deadlock-freedom of the
temperature control system by the initial condition Init =
𝑙
5
∧ (𝜃 = 100) ∧ 𝑙

1
∧ (𝑡
1
= 3600) ∧ 𝑙

3
∧ (𝑡
2
= 3600).

For the above three atomic components, we generate the
following predicates Φ

1
= (𝑙
1
∧ 𝑡
1
≥ 0) ∨ (𝑙

2
∧ 𝑡
1
≥ 3600),

Φ
2
= (𝑙
3
∧ 𝑡
2
≥ 0) ∨ (𝑙

4
∧ 𝑡
1
≥ 3600), and Φ

3
= (𝑙
5
∧ 100 ≤

𝜃 ≤ 1000) ∨ (𝑙
6
∧ 100 ≤ 𝜃 ≤ 1000), which are, respectively,

the component invariants of Rod1,Rod2, and Controller.
Since this system has an infinite number of reachable states,
with the application of abstraction function 𝛼, we transform
the original components (infinite) to the computed abstract
components (finite) in Figure 5.The computed abstract states
are {𝜙

11
, 𝜙
12
, 𝜙
21
, 𝜙
22
, 𝜙
31
, 𝜙
32
, 𝜙
41
, 𝜙
42
, 𝜙
51
, 𝜙
52
, 𝜙
61
, 𝜙
62
}.

The interaction invariant of the component system is
generated from the concept of the trap. The sets of traps
for the abstract system are 𝐿

1
= {𝜙
21
, 𝜙
41
, 𝜙
51
, 𝜙
52
}, 𝐿
2
=

{𝜙
11
, 𝜙
12
, 𝜙
21
, 𝜙
31
, 𝜙
32
, 𝜙
41
}, 𝐿
3
= {𝜙
32
, 𝜙
41
, 𝜙
42
, 𝜙
51
}, 𝐿
4
=

{𝜙
11
, 𝜙
12
, 𝜙
31
, 𝜙
32
, 𝜙
61
, 𝜙
62
}, and 𝐿

5
= {𝜙
12
, 𝜙
21
, 𝜙
22
, 𝜙
51
}. After

the computation of traps, we generate interaction invariants
Ψ
𝑖
= ⋁
𝜙∈𝐿 𝑖

𝛼
−1
(𝜙) (𝑖 = 1, 5) and then get Ψ := ⋀

5

𝑖=1
Ψ
𝑖
.

To verify the deadlock-freedom of the temperature con-
trol system, we define a predicate 𝐷𝐼𝑆 which characterizes
the set of system states from which all interactions in 𝛾 are
disabled. In this example, DIS = (¬(𝑙

5
∧ 𝜃 < 1000))⋀(¬(𝑙

6
∧

𝜃 = 100) ∨¬𝑙
2
)⋀(¬(𝑙

6
∧𝜃 > 100))⋀(¬(𝑙

5
∧𝜃 = 1000) ∨¬(𝑙

3
∧

𝑡
2
≥ 3600))⋀(¬(𝑙

5
∧ 𝜃 = 1000) ∨ ¬(𝑙

1
∧ 𝑡
1
≥ 3600))⋀(¬(

6
∧

𝜃 = 100) ∨ ¬𝑙
4
). If the predicate ¬DIS is an invariant of

the temperature control system, then it is deadlock-free. To

check that ¬DIS is an invariant, we need a stronger invariant
Φ such that Φ ⇒ ¬DIS (equivalently, Φ ∧ DIS = false).
Based on the previous compositional verification rule, the
computed invariant isΦ = (Φ

1
∧ Φ
2
∧ Φ
3
) ∧ Ψ. To verify the

deadlock-freedom of the system, we computed the predicate
Φ ∧ Init ∧ DIS, which is reduced to

(1) Φ
𝑐1
= (𝑙
1
∧ 1 ≤ 𝑡

1
< 3600) ∧ (𝑙

3
∧ 1 ≤ 𝑡

2
< 3600) ∧

(𝑙
5
∧ 𝜃 = 1000);

(2) Φ
𝑐2
= (𝑙
1
∧1 ≤ 𝑡

1
< 3600)∧ (𝑙

4
∧𝑡
2
≥ 3600)∧ (𝑙

5
∧𝜃 =

1000);

(3) Φ
𝑐3
= (𝑙
2
∧𝑡
1
≥ 3600)∧ (𝑙

3
∧1 ≤ 𝑡

2
< 3600)∧ (𝑙

5
∧𝜃 =

1000).

As the invariantΦ = (Φ
1
∧Φ
2
∧Φ
3
)∧Ψ is the overapprox-

imate of the reachable states, some spurious counterexamples
may be included.We can strengthen invariants and refine the
abstract system by our proposed refinement approaches. At
first, we analyze the generated counterexamplesΦ

𝑐1
,Φ
𝑐2
, and

Φ
𝑐3
and check whether the counterexamples are spurious or

not by our counterexample-guided invariant strengthening.
The abstract states Φ

2
= 𝜙
12
∧ 𝜙
42
∧ 𝜙
52

and Φ
3
= 𝜙
21
∧

𝜙
32
∧ 𝜙
52
, which include Φ

𝑐2
and Φ

𝑐3
, are unreachable from

the initial abstract states. Since Φ
2
and Φ

3
are unreachable

from the initial abstract states, we can conclude that Φ
𝑐2
and

Φ
𝑐3
are spurious counterexamples. However, we cannotmake

decisions whether Φ
𝑐1

is reachable from the initial states,
althoughΦ

1
is reachable from the initial abstract states.

After the application of invariant strengthening on the
abstract system, we eliminate Φ

𝑐2
and Φ

𝑐3
from counterex-

amples and strengthen invariants by the generated infeasible
states. Now, we refine the abstract system and check whether
Φ
𝑐1

is genuine counterexample or not by state partition
technique. After the application of state partition technique
on the abstract system, we get the refined abstract system
presented in Figure 6. We split the state 𝜙

12
= 𝑙
1
∧ 𝑡
1
≥ 1

into 𝜙
121

= 𝑙
1
∧ 1 ≤ 𝑡

1
< 3600 and 𝜙

122
= 𝑙
1
∧ 𝑡
1
≥ 3600;

state 𝜙
32
= 𝑙
3
∧ 𝑡
2
≥ 1 into 𝜙

321
= 𝑙
3
∧ 1 ≤ 𝑡

2
< 3600 and

𝜙
322

= 𝑙
3
∧ 𝑡
2
≥ 3600; state 𝜙

52
= 𝑙
5
∧ 101 ≤ 𝜃 ≤ 1000

into 𝜙
521

= 𝑙
5
∧ 101 ≤ 𝜃 < 1000 and 𝜙

522
= 𝑙
5
∧ 𝜃 = 1000.

By the state partition technique, finally we find that Φ
𝑐1
is a

counterexample of the system.
The example is implemented as BIP models and has been

translated into timed automata using the tool BIP2UPPAAL
[19]. To illustrate effectiveness of our approach, we verify
models against property EFΦ

𝑐1
, EFΦ

𝑐2
, and EFΦ

𝑐3
, which

means “there exists a run that eventually reaches deadlock
states Φ

𝑐𝑖
.” As a comparison, we first check both original

system and abstract system. The checking results are shown
in Table 2. As EFΦ

𝑐2
and EFΦ

𝑐3
are not satisfied by the

abstract model, we conclude that Φ
𝑐2

and Φ
𝑐3

are spuri-
ous counterexamples immediately. Then we make partition
refinement withΦ

𝑐2
. During state partition refinement, states

𝑃12, 𝑃52, and 𝑃32 (refer to 𝜙
12
, 𝜙
52
, and 𝜙

32
, resp.) have

been partitioned. We verified refined abstract models against
property. As EFΦ

𝑐1
is ultimately satisfied and we cannot use

Φ
𝑐1

to partition models further, we conclude that Φ
𝑐1

is a
genuine counterexample.
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Table 2: Simple table.

Original Abstract Refined
Property 1 EFΦ

𝑐1

Result True True True
Time (s) 0.046 0.001 0.001
Memory (KB) 8,056 7,084 7,084
Property 2 EFΦ

𝑐2

Result False False False
Time (s) 0.044 0.001 0.001
Memory (KB) 8,060 7,088 7,072
Property 3 EFΦ

𝑐3

Result False False False
Time (s) 0.045 0.001 0.001
Memory (KB) 8,064 7,084 7,072

From the above analysis, we have shown the effectiveness
of our proposed verification framework. Using our proposed
refinement techniques, we reconsidered the counterexamples
of the system. We finally identify which are spurious coun-
terexamples and refine the abstract systems.

7. Conclusions

We have proposed a unified framework with iterative refine-
ments for compositional verification of component-based
systems. This framework extends invariant-based compo-
sitional verification rule with the counterexample-guided
invariant strength and state partition techniques. The former
removes the spurious counterexample and uses the fixed
point generated backward from the spurious to strengthen
the system invariant. The latter partitions the abstract states
according to the rest counterexamples to refine the abstract
system. Both contribute to the unified verification framework
which is proved to be sound and complete.

Compared with the invariant-based compositional verifi-
cation which is incomplete, our verification framework with
the iterative refinements can get more precise results with the
balance of the verification complexity.
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We introduce an approach exploiting the power of polynomial ring algebra to perform SystemVerilog assertion verification over
digital circuit systems.This method is based on Groebner bases theory and sequential properties checking.We define a constrained
subset of SVAs so that an efficient polynomial modeling mechanism for both circuit descriptions and assertions can be applied. We
present an algorithm framework based on the algebraic representations using Groebner bases for concurrent SVAs checking. Case
studies show that computer algebra can provide canonical symbolic representations for both assertions and circuit designs and can
act as a novel solver engine from the viewpoint of symbolic computation.

1. Introduction

SystemVerilog [1, 2] is the most important unified Hard-
ware Description and Verification Language (HDVL) and
provides a major set of extensions from the Verilog lan-
guage with the added benefit of supporting object orientated
constructs and assertions feature. SystemVerilog provides
special language constructs and assertions, to specify and
verify design behavior. An assertion is a statement that a
specific condition, or sequence of conditions, in a design is
true. In the industry of integrated circuits design, Assertions-
based verification (ABV) using SystemVerilog Assertions
(SVAs) is now changing the traditional design process. With
the help of SVAs, it is easy to formally characterize the
design requirements at various levels of abstraction, guide
the verification task, and simplify the design of the testbench.
Assertions essentially become active design comments, and
one important methodology treats them exactly like active
design comments.

Moreover,assertionscanbeattacheddirectly toRTL,work-
ing in cycle-precise domain, or they can operate in trans-
actional domain with the help of monitors data extractors.

Then, thesemodular checkersminimize or even eliminate the
need of model checkers, which consist of HDL modules to
provide the verification.

An important benefit of assertions is the ease of specifying
functional coverage. Simulation tools compute the functional
coverage, as defined by the assertions, which add a greater
level of assurance that the testbench invoked the desired
functions.

More recently, the key EDA tool vendors have researched
new verification methodologies and languages, which imple-
ment functional code coverage, assertion-based coverage.
and constrained random techniques inside a complete veri-
fication environment.

In [3], a subset of SystemVerilog assertions is defined to
apply induction-based bounded model checking (BMC) to
this subset of SVAswithin acceptable run times andmoderate
memory requirements. As is well known, the conventional
simulation for assertion checking is the well-understood and
most commonly used technique, but only feasible for very
small scale systems and cannot provide exhaustive checking.
While symbolic simulation proposed by Darringer [4] as
early as 1979 can provide exhaustive checking by covering
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many conditions with a single simulation sequence, but it
could not handle large circuits due to exponential symbolic
expressions. Earlier work in applications of symbolic manip-
ulation and algebraic computation has gained significant
extensions and improvements. In [5], a technique framework
on Groebner bases demonstrated that computer algebraic
geometry method can be used to perform symbolic model
checking using an encoding of Boolean sets as the common
zeros of sets of polynomials. In [6], a similar technique to
framework based Wu’s Method has been further extended
to bit level symbolic model checking. In [7], an improved
framework of multivalued model checking via Groebner
bases method was proposed, which is based on a canonical
polynomial representation of the multivalued logics.

In our previous work [8], we proposed a method using
Groebner bases to perform SEREs assertion verification for
synchronous digital circuit systems. Then we introduced a
verification solution based on Wu’s method towards Sys-
temVerilog assertion checking [9]. This paper aims to verify
whether a SVA property holds or not on the traces produced
after several cycles running over a given synchronous sequen-
tial circuit. It is the follow-upwork of [9]. Groebner Bases and
Wu’s method are the most important methods of computer
algebra. Wu’s method of characteristic set is a powerful
theoremproving technique, andGroebner Bases allowsmany
important properties of the ideal and the associated algebraic
variety to be deduced easily. So Groebner Bases method has
a better theoretical guide, and the algorithm based on Wu’s
method is more efficient.

Checking SVAs is computationally very complex in gen-
eral while for practical purposes a subset is sufficient. In this
work we

(1) define a constrained subset of SVAs;
(2) perform algebraization of SVA operators for the

constrained subset;
(3) do translation of SVAs into polynomial set represen-

tations;
(4) provide a symbolic computation based algebraic algo-

rithm for SVAs verification.
Our approach canhandle safety properties that argue over

a bounded number of time steps. Local variables in SVAs
can be handled as symbolic constant without any temporal
information. Nevertheless, liveness properties and infinite
sequences in SVAs are excluded.

2. Preliminaries

In this section, to keep the paper self-contained, we will
give the basics of SystemVerilog and algebraic symbolic
computation used throughout this paper.

2.1. SystemVerilog Preliminary. SystemVerilog is an IEEE-
approved (IEEE 1800-2005) [1] hardware description lan-
guage. It provides superior capabilities for system architec-
ture, design, and verification.

SystemVerilog has combined many of the best features of
both VHDL and Verilog.

Therefore, on the one hand, VHDL users will recognize
many of the SystemVerilog constructs, such as enumerated
types, records, and multidimensional arrays. On the other
hand, Verilog users can reuse existing designs; SystemVerilog
is a superset of Verilog so no modification of existing Verilog
code is required.

Generally, the SystemVerilog language provides three
important benefits over Verilog.

(1) Explicit design intent—SystemVerilog introduces sev-
eral constructs that allow designers to explicitly state
what type of logic should be generated.

(2) Conciseness of expressions—SystemVerilog includes
commands that allow the users to specify design
behavior more concisely than previously possible.

(3) High level design abstraction—The SystemVerilog
interface construct facilitates intermodule communi-
cation.

Especially, SystemVerilog provides special language con-
structs and assertions, to verify design behavior. An assertion
is a statement that a specific condition, or sequence of
conditions, in a design is true. If the condition or sequence
is not true, the assertion statement will generate an error
message.

Additionally, one important capability in SystemVerilog
is the ability to define assertions outside of Verilog modules
and then bind them to a specific module or module instance.
This feature allows test engineers to add assertions to existing
Verilog models, without having to change the model in any
way. One of the goals of SystemVerilog assertions is to provide
a common semantic meaning for assertions so that they can
be used to drive various design and verification tools.

In SystemVerilog, there are two types of assertions.

(1) Immediate Assertions. Immediate assertions follow simu-
lation event semantics for their execution and are executed
like a statement in a procedural block. Immediate assertions
are primarily intended to be used with simulation and
evaluate using simulation event-based semantics.

(2) Concurrent Assertions. Concurrent assertions are based
on clock semantics and use sampled values of variables. All
timing glitches (real or artificial due to delay modeling and
transient behavior within the simulator) are abstracted away.
Concurrent assertions can be used in always block or initial
block as a statement, or a module as a concurrent block, or an
interface block as a concurrent block, or a program block as
a concurrent block.

An example of a property using sequence and formal
argument is shown below.

property 𝑡𝑒𝑠𝑡 [(𝑟𝑒𝑞, 𝑐, 𝑎𝑐𝑘)];

@(𝑝𝑜𝑠𝑒𝑑𝑔𝑒 𝑐𝑙𝑘)

𝑟𝑒𝑞 |− > 𝑐 ##1 𝑎𝑐𝑘;

endproperty [: 𝑡𝑒𝑠𝑡].
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This property states that signal 𝑟𝑒𝑞 and then signal 𝑐

become high and signal 𝑎𝑐𝑘 will be high in the next cycle.
As illustrated in this example, a concurrent assertion

property in SystemVerilog will never be evaluated by itself
except when it is invoked by a verification statement. There-
fore, the statement: assert property 𝑡𝑒𝑠𝑡(𝑎, 𝑏, 𝑐) will cause
the checker to perform assertion checking.

Basically, the verification statement in SVA has three
forms described as follows:

(i) assert to specify the property as a checker to ensure
that the property holds for the design;

(ii) assume to specify the property as an assumption for
the environment. Simulators check that the property
holds, while formal tools use the information to
generate input stimulus. The purpose of the assume
statement is to allow properties to be considered as
assumptions for formal analysis as well as for dynamic
simulation tools;

(iii) cover to monitor the property evaluation for cover-
age.

When a property is assumed, the tools constrain the
environment so that the property holds. In simulation,
asserted and assumed properties are continuously verified to
ensure that the design or the testbench never violate them.

In some tools, the assumptions on the environment can
be used as sequential constraints on the DUT (device under
test) inputs in constrained-random simulation.

These proofs are usually subject to other properties that
describe the assumed behavior of the environment using
assume property statements.

2.2. Groebner Bases Preliminary. Firstly, we will recall some
of the key notions of Groebner bases theory and symbolic
computation. More detailed and elementary introduction to
this subject can be available in books, such as those by Little
et al. [10] or those by Becker and Weispfenning [11].

We begin by listing some general facts and establishing
notations.

Let 𝑘 be an algebraically closed field, and let 𝑘[𝑥
1
, . . . , 𝑥

𝑛
]

be the polynomial ring in variables 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
with coeffi-

cient in 𝑘, under addition and multiplication of polynomial.
The basic structure of polynomial rings is given in terms
of subsets called ideals which is closed under addition and
closed under multiplication by any element of the ring.

Here, let 𝐼 ⊆ 𝑘[𝑥
1
, . . . , 𝑥

𝑛
] be an ideal. As we all know, the

following theorem holds.

Theorem 1 (Hilbert basis theorem). Every ideal 𝐼 ⊂ 𝑘[𝑥
1
, . . . ,

𝑥
𝑛
] has a finite generating set.That is, 𝐼 = ⟨𝑔

1
, . . . , 𝑔

𝑡
⟩ for some

𝑔
1
, . . . , 𝑔

𝑡
∈ 𝐼.

Then, by the Hilbert basis theorem, there exist finitely
many polynomials 𝑓

1
, . . . , 𝑓

𝑚
such that 𝐼 = ⟨𝑓

1
, . . . , 𝑓

𝑚
⟩. A

polynomial 𝑓 ⊆ 𝑘[𝑥
1
, . . . , 𝑥

𝑛
] defines a map 𝑓 : 𝑘

𝑛
→ 𝑘 via

evaluation (𝑎
1
, . . . , 𝑎

𝑛
) → 𝑓(𝑎

1
, . . . , 𝑎

𝑛
).

The set 𝑉(𝐼) := 𝑎 ∈ 𝑘
𝑛

| ∀𝑓 ∈ 𝐼 : 𝑓(𝑎) = 0 ⊆ 𝑘
𝑛 is called

the variety associated with 𝐼.

If 𝑉
1

= 𝑉(𝐼
1
) and 𝑉

2
= 𝑉(𝐼

2
) are the varieties defined

by ideals 𝐼
1
and 𝐼
2
, then we have 𝑉

1
∩ 𝑉
2

= 𝑉(⟨𝐼
1
, 𝐼
2
⟩) and

𝑉
1
∪𝑉
2

= 𝑉(𝐼
1
×𝐼
2
), where 𝐼

1
×𝐼
2

= ⟨𝑓
1
𝑓
2

| 𝑓
1

∈ 𝐼
1
, 𝑓
2

∈ 𝐼
2
⟩. If

𝐼
1

= ⟨𝑓
1
, . . . , 𝑓

𝑟
⟩ and 𝐼

2
= ⟨ℎ
1
, . . . , ℎ

𝑠
⟩, then 𝐼

1
×𝐼
2

= ⟨𝑓
𝑖
×𝑔
𝑗

|

1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠⟩.
Any set of points in 𝑘

𝑛 can be regarded as the variety
of some ideal. Note that there will be more than one ideal
defining a given variety. For example, the ideals ⟨𝑥

0
⟩ and

⟨𝑥
0
, 𝑥
1
𝑥
0

− 1⟩ both define the variety 𝑉(𝑥
0
).

In order to perform verification, we need to be able to
determine when two ideals represent the same set of points.
That is to say, we need a canonical representation for any ideal.
Groebner bases can be used for this purpose.

An essential ingredient for defining Groebner bases is
a monomial ordering on a polynomial ring 𝑘[𝑥

1
, . . . , 𝑥

𝑛
],

which allows us to pick out a leading term for any polynomial.

Definition 2 (monomial ordering). A monomial ordering on
𝑘[𝑥
1
, . . . , 𝑥

𝑛
] is any relation ≺ on 𝑍

𝑛

≥0
, or equivalently, any

relation on the set of monomials 𝑥
𝛼, 𝛼 ∈ 𝑍

𝑛

≥0
, satisfying

(i) ≺ is a total (or linear) ordering on 𝑍
𝑛

≥0
;

(ii) ≺ is a well-ordering.This means that every nonempty
subset of 𝑍

𝑛

≥0
has a smallest element under ≺;

(iii) for all 𝛾 ∈ 𝑍
𝑛

≥0
, 𝛼 ≺ 𝛽 ⇒ 𝛼 + 𝛾 ≺ 𝛽 + 𝛾.

Examples of monomial ordering include lexicographic
order, graded lexicographic order, and graded reverse lexico-
graphic order.

Definition 3 (lexicographic order). Let 𝛼 = (𝛼
1
, . . . , 𝛼

𝑛
) and

𝛽 = (𝛽
1
, . . . , 𝛽

𝑛
) ∈ 𝑍

𝑛

≥0
. We say 𝛼≺lex𝛽 if, in the vector

difference 𝛼 − 𝛽 ∈ 𝑍
𝑛, the leftmost nonzero entry is positive.

We will write 𝑥
𝛼
≺lex𝑥
𝛽 if 𝛼≺lex𝛽.

Definition 4 (Groebner basis). Fix a monomial order. A finite
subset 𝐺 = {𝑔

1
, . . . , 𝑔

𝑡
} of an ideal 𝐼 is said to be a Groebner

basis (or standard basis) if ⟨𝐿𝑇(𝑔
1
), . . . , 𝐿𝑇(𝑔

𝑡
)⟩ = ⟨𝐿𝑇(𝐼)⟩.

Equivalently, but more informally, a set {𝑔
1
, . . . , 𝑔

𝑡
} ⊂ 𝐼

is a Groebner basis of 𝐼 if and only if the leading term of any
element of 𝐼 is divisible by one of the 𝐿𝑇(𝑔

𝑖
).

In [12], Buchberger provided an algorithm for construct-
ing a Groebner basis for a given ideal.This algorithm can also
be used to determinewhether a polynomial belongs to a given
ideal.

A reduced Groebner basis 𝐺 is a Groebner basis where
the leading coefficients of polynomials in 𝐺 are all 1 and no
monomial of an element of 𝐺 lies in the ideal generated by
the leading terms of other elements of 𝐺 : ∀𝑔 ∈ 𝐺 and no
monomial of 𝑔 is in ⟨𝐿𝑇(𝐺 − {𝑔})⟩.

The important result is that, for a fixed monomial order-
ing, any nonzero ideal has a unique reduced Groebner basis.
The algorithm for finding a Groebner basis can easily be
extended to output its reduced Groebner basis. Thus we will
have a canonical symbolic representation for any ideal.
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Figure 1: Synchronous digital circuits model.

Theorem 5 (the elimination theorem). Let 𝐼 ⊂ 𝑘[𝑥
1
, . . . , 𝑥

𝑛
]

be an ideal and let 𝐺 be a Groebner basis of 𝐼 with respect to
lexicographic order where 𝑥

1
≻ 𝑥
2

≻ ⋅ ⋅ ⋅ ≻ 𝑥
𝑛
. Then, for every

0 ≤ 𝑙 ≤ 𝑛, the set

𝐺
𝑙
= 𝐺 ∩ 𝑘 [𝑥

𝑙+1
, . . . , 𝑥

𝑛
] (1)

is a Groebner basis of the 𝑙th elimination ideal 𝐼
𝑙
.

Theorem 6. Let 𝐺 be a Groebner basis for an ideal 𝐼 ⊂

𝑘[𝑥
1
, . . . , 𝑥

𝑛
] and let 𝑓 ∈ 𝑘[𝑥

1
, . . . , 𝑥

𝑛
]. Then 𝑓 ∈ 𝐼 if and

only if the remainder on division of 𝑓 by 𝐺 is zero, denoted by
𝑟𝑒𝑚𝑑(𝑓, 𝐺) = 0.

The property given in Theorem 6 can also be taken as
the definition of a Groebner basis. Then we will get an
efficient algorithm for solving the idealmembership problem.
Assuming that we know a Groebner basis 𝐺 for the ideal
in question, we only need to compute the remainder with
respect to 𝐺 to determine whether 𝑓 ∈ 𝐼.

In this paper, we will then use the ideal or any basis for
the ideal as an efficient way of algebraization of system to be
verified.

3. System Modeling with Polynomial

3.1. Circuit Representation Model. In this section, we will
sketch the underlying digital system model for simulation
used in our work.

Most modern circuit design is carried out within the syn-
chronous model, which simplifies reasoning about behavior
at the cost of strict requirements on clocking.

As shown in Figure 1, a classical synchronous design is
comprised of combinatorial logic and blocks of registers with
a global clock. In a synchronous digital system, the clock
signal is often regarded as simple control signal and used
to define a time reference for the movement of data within
that system. Combinational logic performs all the logical
functions in the circuit and it typically consists of logic gates.
Registers usually synchronize the circuit’s operation to the
edges of the clock signal, and are the only elements which
have memory properties.

The basic circuit model we used can be abstracted as the
following model.

Definition 7 (synchronous circuit model). A synchronous
circuit model structure is a tuple:

C = {clk, L,A,Mux, FFs, I,O}, where

(i) clk is a global synchronous clock signal,
(ii) L is a set of logical operation units,
(iii) A is a set of arithmetic operation units,
(iv) Mux is a set of multiplex units,
(v) FFs is a set of sequential units,
(vi) I is a set of primary input signals,
(vii) O is a set of primary output signals.

In the following, we will discuss polynomial represen-
tation of a given circuit model. Firstly, let us retrospect the
classical circuit representation model.

Traditionally, Binary decision diagrams (BDD) [13], the
first generation decision diagrams technique, designed by
Akers in 1978, acts as an efficient digital circuit representation
(or Boolean functions). Recently, the next generation of
decision diagrams, that is, word-level decision diagrams
(WLDD) [14], has considerably widened its expressiveness
for datapath operations due to processing of data in word-
level format.

Generally, ROBDD or WLDD is mapped into hardware
description languages according to the following scheme:

𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑐𝑖𝑟𝑐𝑢𝑖𝑡) ⇐⇒ 𝑀𝑜𝑑𝑒𝑙 𝑖𝑛 𝑅𝑂𝐵𝐷𝐷 | 𝑊𝐿𝐷𝐷 𝑓𝑜𝑟𝑚.

(2)

Though the dimension of a decision diagram is exponen-
tially bounded by the number of variables, decision diagrams
based canonical data structure is very useful in many well-
known verification methods.

From the viewpoint of abstract symbolic computation,
these decision diagrams based on representation for circuit
systems are not suitable any more. Thus, we will adopt an
alternative representation form based on polynomial sets
instead of decision diagrams according to the following
scheme:

𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑐𝑖𝑟𝑐𝑢𝑖𝑡) ⇐⇒ 𝑍𝑒𝑟𝑜 𝑆𝑒𝑡 (𝑃𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑆𝑒𝑡) . (3)

As is well known, given a monomial order, there is
precisely one polynomial representation of a function.

For convenience, we introduce the following symbols for
algebraic representations.

(1) Foranysymbolic (circuit, unit, signal, sequence, prop-
erty, etc.) 𝑓, its algebraic representation form is de-
noted by ⟦𝑓⟧.

(2) If a running cycle 𝑡 is given, its algebraic representa-
tion form can be denoted by ⟦𝑓⟧

[𝑡]
.

(3) Furthermore, if a time range [𝑚 ⋅ ⋅ ⋅ 𝑛] is specified, its
algebraic representation form can then be denoted by
⟦𝑓⟧
𝑘

[𝑡]
or ⟦𝑓⟧

[𝑚⋅⋅⋅𝑛]

[𝑡]
.

Here, 𝑡 denotes the current time and 𝑘 = (𝑛 − 𝑚) denotes
time steps.
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Table 1: Polynomial model for arithmetic operation.

Arithmetic operation Polynomial representation
𝑦 = 𝑎 + 𝑏 ⟦+⟧ = (𝑦 − 𝑎 − 𝑏)

𝑦 = 𝑎 − 𝑏 ⟦−⟧ = (𝑦 − 𝑎 + 𝑏)

𝑦 = 𝑎 ∗ 𝑏 ⟦∗⟧ = (𝑦 − 𝑎 ∗ 𝑏)

𝑦 = 𝑎/𝑏 ⟦/⟧ = (𝑦 ∗ 𝑏 − 𝑎)

Table 2: Polynomial model for logic operation.

Arithmetic operation Polynomial representation
𝑦 = NOT 𝑥 ⟦NOT⟧ = (1 − 𝑥 − 𝑦)

𝑦 = 𝑥
1
AND 𝑥

2
⟦AND⟧ = (𝑥

1
∗ 𝑥
2

− 𝑦)

𝑦 = 𝑥
1
OR 𝑥

2
⟦OR⟧ = (𝑥

1
+ 𝑥
2

− 𝑥
1

∗ 𝑥
2

− 𝑦)

Cycle-based symbolic simulation will be performed on
the system model for verification. Intuitively, cycle-based
symbolic simulation is a hybrid approach in the sense that the
values that are propagated through the network can be either
symbolic expressions or constant values. It assumes that there
exists one unified clock signal in the circuit and all inputs of
the systems remain unchanged while evaluating their values
in each simulation cycle.The results of simulation report only
the final values of the output signals or states in the current
simulation cycle.

The detailed simulation process can be described as
follows. Firstly, cycle-based symbolic simulation is initialized
by setting the state of the circuit to the initial vector. Each of
the primary input signals will be assigned a distinct symbolic
or a constant value. Then, at the end of a simulation step, the
expressions representing the next-state functions generally
undergo a parametric transformation based optimization.
After transformation, the newly generated functions are used
as present state for the next state of simulation.

3.2. Arithmetic and Logic Unit Modeling. In this paper, we
only focus on arithmetic unit for calculating fixed-point oper-
ations. For any arithmetic unit, integer arithmetic operations
(addition, subtraction, multiplication, and division) can be
constructed by the polynomials in Table 1.

The basic logic operations, like “AND”, “OR”, and “NOT”
can be modeled by the following forms. Their corresponding
polynomial representations [15] are specified as in Table 2.

Furthermore, we can extend the above rule to other
common logic operators. For example,

𝑦 = 𝑥
1

⊕ 𝑥
2

(or 𝑦 = 𝑥
1
XOR 𝑥

2
)

⇒ ⟦⊕⟧ = (𝑦 − (𝑥
1

+ 𝑥
2

− 𝑥
1

∗ 𝑥
2
) ∗ (1 − 𝑥

1
∗ 𝑥
2
)) .

(4)

For all bit level variables 𝑥
𝑖

(0 ≤ 𝑖 ≤ 𝑛), a limitation ⟨{𝑥
𝑖
∗

𝑥
𝑖
− 𝑥
𝑖
}⟩ should be added.

3.3. Branch Unit Modeling. Basically, multiway branch is an
important control structure in digital system. It provides a set
of condition bits, 𝑏𝑖 (0 ≤ 𝑖 ≤ 𝐵), a set of target identifiers,
(0, . . . , 𝑇 − 1), and a mapping from condition bit values to

target identifiers. This mapping takes the form of a condition
tree.

For any binary signal𝑥, its value should be limited to {1, 0}

by adding {𝑥 ∗ 𝑥 − 𝑥}

𝑦 = 𝑀𝑢𝑥 (𝑥
0
, 𝑥
1
, . . . , 𝑥

𝑛
, 𝑠) ,

𝑖 = 𝑠 → 𝑦 = 𝑥
𝑖
, (0 ≤ 𝑖 ≤ 𝑛)

⇒ ⟦𝑀𝑢𝑥⟧ = ⟨

{

{

{

𝑦 −

𝑛−1

∑

𝑖=1

( ∏

𝑗∈{0,1,...,𝑛−1}\{𝑖}

(

(𝑠 − 𝑗)

(𝑖 − 𝑗)

))

∗𝑥
𝑖

}

}

}

⟩ ,

(5)

with ∏
𝑛−1

𝑖=0
(𝑠 − 𝑖) = 0.

3.4. Sequential Unit Modeling. Each flip-flop (FF) in the
circuit can bemodeled as amultiplexer.Wehave the following
proposition to state this model.

Proposition 8. For a 𝐷 flip-flop (𝐷 is the next state), with
an enable signal 𝑐, its equivalent combinational formal is 𝑦


=

𝑀𝑢𝑥(𝐷, 𝐷

, 𝑠) : 𝑖 = 𝑠 → 𝑦


= 𝑥
𝑖
, (0 ≤ 𝑖 < 2, 𝑥

0
= 𝐷, 𝑥

1
=

𝐷

), whose polynomial algebraic model can be described as

⟦𝐹𝐹𝑠⟧ =

⟨(𝑦

− 𝐷) ∗ (𝑐


− 1) , (𝑦


− 𝐷

) ∗ 𝑐, (𝑦


− 𝐷) ∗ (𝑦


− 𝐷

)⟩

(6)

or

⟨𝑦

− 𝐷 ∗ (𝑐


− 1) − 𝐷


∗ 𝑐

⟩ . (7)

Proof. Let 𝐷 be the current state and let 𝑦
 denote the next

state of the flip-flop. When the signal 𝑐
 value is 0, 𝑦 has the

same value as 𝐷 so that the FF maintains its present state;
when the signal 𝑐

 value is 1, 𝑦
 takes a new value from the

𝐷
 input (where, 𝐷

 denotes the new value next state of the
FF). Therefore, we have the 2-value multiway branch model
and its polynomial set representation for FF.

Proposition 9. Let 𝐷 be an FF model, (𝐷 is the next state),
without enable signal, then its equivalent combinational formal
polynomial algebraic model can be described as: (𝑦 − 𝐷).

Proof. Straightforward.

3.5. Sequential Unrolling. Generally, for a sequential circuit
C, one time frame of a sequential circuit is viewed as a combi-
national circuit in which each flip-flop will be converted into
two corresponding signals: a pseudo primary input (PPI) and
a pseudo primary output (PPO).

Symbolical simulation of a sequential circuit for 𝑛 cycles
can be regarded as unrolling the circuit 𝑛 times.The unrolled
circuit is still a pure combinational circuit, and the 𝑖th copy of
the circuit represents the circuit at cycle 𝑖. Thus, the unrolled
circuit contains all the symbolic results from the 𝑛 cycles.
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3.6. Indexed Polynomial Set Representation. To illustrate the
sequential modeling for a given cycle number clearly, we
define an indexed polynomial set representation for the 𝑖th
cycle.

Let 𝑥𝑖
[𝑙]

(0 ≤ 𝑖 ≤ 𝑟) denote the input signals for the 𝑙th
clock,𝑚𝑖

[𝑙]
(0 ≤ 𝑖 ≤ 𝑠) the intermediate signals, and 𝑦𝑖

[𝑙]
(0 ≤

𝑖 ≤ 𝑡) the output signals. We then have the following time
frame expansion model for the sequential circuit:

𝐹𝑀 = {

𝑛

⋃

𝑖=0

𝐹𝑀 [𝑖]} , (8)

where 𝐹𝑀[𝑖] = C(𝑥1
[𝑖]

, . . . , 𝑚1
[𝑖]

, . . . , 𝑚1
[𝑖]

, . . . , 𝑥1
[𝑖+1]

, . . . ,

𝑚1
[𝑖+1]

, . . . , 𝑦1
[𝑖+1]

, . . .) denote the 𝑖th time frame model.
Time frame expansion is achieved by connecting the

PPIs (e.g., 𝑥1
[𝑖+1]

from 𝐹𝑀[𝑖 + 1]) of the time frame to the
corresponding PPOs (𝑥1

[𝑖+1]
from 𝐹𝑀[𝑖]) of the previous

time frame.

4. Sequence Depth Calculation

In this subsection, we will discuss the important feature of
SVA, time range, and its signal constraint unrolled model.

In SVA, for each sequence the earliest time step for the
evaluation and the latest time step should be determined
firstly.The sequence is then unrolled based on above informa-
tion. Finally, the unrolled sequence will be performed using
algebraization process.

In [3], a time range calculating algorithm is provided.
Here, we will introduce some related definition and special
handling for our purpose.

The following is the syntax definition for time range.

4.1. Time Range

Definition 10 (time range syntax). The syntax of “time range”
can be described as follows.

𝑐𝑦𝑐𝑙𝑒 𝑑𝑒𝑙𝑎𝑦 𝑐𝑜𝑛𝑠𝑡 𝑟𝑎𝑛𝑔𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 ::=

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 : 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

| 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 : $.

Note that 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 is computed at compile
time and must result in an integer value and can only be 0
or greater.

In this paper, we only focus on constant time range case.
Thus, its form can be simplified as:

(1) 𝑎##[𝑚 : 𝑛]𝑏 (𝑚, 𝑛 ∈ N and 𝑛 ≥ 𝑚 ≥ 0)

(2) 𝑆
1
##[𝑚 : 𝑛]𝑆

2
(𝑚, 𝑛 ∈ N and 𝑛 ≥ 𝑚 ≥ 0).

Here, 𝑎, 𝑏 are signals and 𝑆
1
, 𝑆
2
are sequences.

Assume the starting time is cycle 𝑡, then we have: the
sequence (1) will start (𝑛 − 𝑚 + 1) sequences of evaluation
which are

𝑎 ##𝑚𝑏,

𝑎 ## (𝑚 + 1)𝑏,

. . .,

𝑎##(𝑛 − 𝑚 + 1)𝑏, respectively.

Their corresponding algebraic forms are

⟦𝑎##𝑚𝑏⟧
[𝑡]

= ⟦𝑎
𝑡
∧ 𝑏
𝑡+1

⟧,

⟦𝑎##(𝑚 + 1)𝑏⟧
[𝑡]

= ⟦𝑎
𝑡
∧ 𝑏
𝑡+2

⟧,

. . .,

⟦𝑎##(𝑛 − 𝑚 + 1)𝑏⟧
[𝑡]

= ⟦𝑎
𝑡
∧ 𝑏
𝑡+𝑛−𝑚+1

⟧.

Thenwe have the equivalent form of above representation
set as

⟦(𝑎
𝑡
∧ 𝑏
𝑡+𝑚

) ∨ ⋅ ⋅ ⋅ ∨ (𝑎
𝑡
∧ 𝑏
𝑡+𝑛

)⟧ . (9)

4.2. Sequential Depth Calculation. The time range of a
sequential is a time interval during which an operation or a
terminal of a sequence has to be considered and is denoted by
a closed bounded set of positive integers:

𝑇 = [𝑙 ⋅ ⋅ ⋅ ℎ] = {𝑥 | 𝑙 ≤ 𝑥 ≤ ℎ} (here, 𝑥, 𝑙, ℎ ∈ N) . (10)

Furthermore, the maximum of two intervals 𝑇
1
and 𝑇

2
is

defined by max(𝑇
1
, 𝑇
2
) = [max(𝑙

1
, 𝑙
2
) ⋅ ⋅ ⋅max(ℎ

1
, ℎ
2
)].

In the samemanner, the sum of two time ranges of𝑇
1
and

𝑇
2
is defined as

𝑇
1

+ 𝑇
2

= [(𝑙
1

+ 𝑙
2
) ⋅ ⋅ ⋅ (ℎ

1
+ ℎ
2
)] . (11)

Definition 11 (maximum sequential depth). The maximum
sequential depth of a SVA expression 𝐹 or a sequence, written
as 𝑑𝑒𝑝(𝐹), is defined recursively.

(i) 𝑑𝑒𝑝(𝑎) = [1 ⋅ ⋅ ⋅ 1], if 𝑎 is a signal;

(ii) 𝑑𝑒𝑝(¬𝑎) = [1 ⋅ ⋅ ⋅ 1], if 𝑎 is a signal;

(iii) 𝑑𝑒𝑝(𝑎##𝑏) = 𝑑𝑒𝑝(𝑎) + 𝑑𝑒𝑝(𝑏), if 𝐹
1
, 𝐹
2
are sequences

of SVA;

(iv) 𝑑𝑒𝑝(𝐹
1
##[𝑚 : 𝑛]𝐹

2
) = 𝑑𝑒𝑝(𝐹

1
) + 𝑑𝑒𝑝(𝐹

2
) + [𝑚 ⋅ ⋅ ⋅ 𝑛],

if 𝐹
1
, 𝐹
2
are sequences of SVA;

(v) 𝑑𝑒𝑝(𝐹
1
and 𝐹

2
) = max(𝑑𝑒𝑝(𝐹

1
), 𝑑𝑒𝑝(𝐹

2
)), if𝐹

1
,𝐹
2
are

sequences of SVA;

(vi) 𝑑𝑒𝑝(𝐹
1
or 𝐹
2
) = max(𝑑𝑒𝑝(𝐹

1
), 𝑑𝑒𝑝(𝐹

2
)), if 𝐹

1
, 𝐹
2
are

sequences of SVA;

(vii) 𝑑𝑒𝑝(𝐹
1
intersect 𝐹

2
) = 𝑑𝑒𝑝(𝐹

1
) + 𝑑𝑒𝑝(𝐹

2
) − 1, if 𝐹

1
,

𝐹
2
are sequences of SVA;

(viii) 𝑑𝑒𝑝(𝐹[𝑛]) = 𝑛 ∗ 𝑑𝑒𝑝(𝐹), if 𝐹 is a sequence of SVA.
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##[2..3]

e And [4..6]

##[1..2] ##[2..3]

a b c d

[3..5] [3..5] [4..6][4..6]

[0..0]

Figure 2: Sequence depth parsing tree.

For example, the following sequence is used to illustrate
how to calculate the sequence depth.

sequence

𝑒 ##[2 ⋅ ⋅ ⋅ 3] ((𝑎##[1⋅ ⋅ ⋅ 2]𝑏) and (𝑐 ##[1 ⋅ ⋅ ⋅ 2] 𝑑))

endsequence.

Figure 2 shows the binary parsing tree for calculating
sequence depth of this sequence. The box denotes operator
and cycle denotes signal node in the syntax tree.

Firstly, consider the top layer of the parsing tree and
the sequence ##[2 ⋅ ⋅ ⋅ 3]. Here, because the first operand 𝑒

is a terminal of the sequence, thus this operand becomes
relevant at time step 0 only (𝑇

1st = [0 ⋅ ⋅ ⋅ 0]). Since the interval
has to be considered, the second operand (the subtree of
“and”)matches 2 or 3 time steps later.Therefore, calculating is
recursively performed with 𝑇 = [0 ⋅ ⋅ ⋅ 0] + [2 ⋅ ⋅ ⋅ 3] = [2 ⋅ ⋅ ⋅ 3]

for the second operand.
Similarly, we can have the sequence depth of the whole

sequence and all its subsequences as denoted in the figure.

5. SVA to Polynomial Set Translation

As mentioned previously, SystemVerilog assertions are an
integral component of SystemVerilog and provide two kinds
of assertions: immediate assertions and concurrent asser-
tions.

In this section, we only discuss concurrent assertions and
their temporal layer representation model.

Concurrent assertions express functional design intent
and can be used to express assumed input behavior, expected
output behavior, and forbidden behavior. That is, assertions
define properties that the design must meet. Many prop-
erties can be expressed strictly from variables available in
the design, while properties are often constructed out of
sequential behaviors.

Thus, we will firstly discuss the basic algebraization
process for the sequential behavior model.

5.1. Algebraization Process. Theproperties written in SVAwill
be unrolled and checked against the design for bounded time
steps in our method. Note that only a constrained subset of
SVA can be supported by our method (unspecified upper
bound time range and first-match operator are excluded).

Firstly, we translate the properties described by the
constrained subset of SVA into flat sequences according to
the semantics of each supported operator.

Asmentioned in [16], the total set of SVA is divided into 4
subgroups, namely, simple sequence expression (SSE), inter-
val sequence expression (ISE), complex sequence expression
(CSE), and unbounded sequence expression (USE). Here, in
our method, these groups can only be partly supported.

Therefore, we define the following sequence expressions
by adding further conditions.

(i) Constrained simple sequence expression (CSSE) is
formed by Boolean expression, repeat operator, and
cycle delay operator.

(ii) Constrained interval sequence expression (CISE) is
a super set of CSSE formed by extra time range
operators.

(iii) Constrained complex sequence expression is a super
set of CSSE and CISE containing operators or and
intersection.

Secondly, the unrolled flat sequences will be added to
temporal constraints to form proportional formulas with
logical connectives (∨, ∧, and ¬).

Finally, the resulted proportional formulas will be trans-
lated into equivalent polynomial set.

Then, the verification problem is reduced to proving zero
set inclusion relationship which can be resolved by Groebner
bases approaches.

5.2. Boolean LayerModeling. TheBoolean layer of SVA forms
an underlying basis for the whole assertion architecture
which consists of Boolean expressions that hold or do not
hold at a given cycle.

In this paper, we distinguish between signal logic values
and truth logic values. That is, for a truth logic statement
about a given property, its truth can be evaluated to 𝑡𝑟𝑢𝑒 or
𝑓𝑎𝑙𝑠𝑒. But for a signal, when primary inputs are symbolic
values, its signal logic value may not be evaluated as ℎ𝑖𝑔ℎ or
𝑙𝑜𝑤.

Therefore, we have the following definition for signal
logic.

Definition 12 (signal logic). In digital circuit systems, signal
logic (SL, for short) is defined as:

(i) if a signal𝑥 is active-high (𝐻, for short), then its signal
value is defined as 1;

(ii) if a signal 𝑥 is active-low (𝐿, for short), then its signal
value is defined as 0.
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Definition 13 (symbolic constant). A symbolic constant is a
rigid Boolean variable that forever holds the same Boolean
value.The notion of symbolic constant was firstly introduced
in STE [17] for two purposes:

(1) to encode an arbitrary Boolean constraints among a
set of circuit nodes in a parametric form;

(2) to encode all possible scalar values for a set of nodes.

Assume 𝐻 denotes a symbolic constant for signal logic
and 𝐻 denotes its negative form, if 𝐻 denotes ℎ𝑖𝑔ℎ then 𝐻

will be 𝑙𝑜𝑤.
Consider (𝑟𝑒𝑞==𝐻) and (𝑎𝑐𝑘==𝐻) as an example.

According to our definitions, 𝑟𝑒𝑞 and 𝑎𝑐𝑘 are signals belong-
ing to signal logic, while both (𝑟𝑒𝑞==𝐻) and (𝑎𝑐𝑘==𝐻) are of
truth logic.

For example, assertion (𝑎[15 : 0] == 𝑏[15 : 0]) is also a
valid Boolean expression stating that the 16-bit vectors 𝑎[15 :

0] and 𝑏[15 : 0] are equal.
In SVA, the following are valid Boolean expressions:

(i) 𝑎𝑟𝑟𝑎𝑦𝐴 == 𝑎𝑟𝑟𝑎𝑦𝐵

(ii) 𝑎𝑟𝑟𝑎𝑦𝐴! = 𝑎𝑟𝑟𝑎𝑦𝐵

(iii) 𝑎𝑟𝑟𝑎𝑦𝐴[𝑖] >= 𝑎𝑟𝑟𝑎𝑦 𝐵[𝑗]

(iv) 𝑎𝑟𝑟𝑎𝑦𝐵[𝑖][𝑗+ : 2] == 𝑎𝑟𝑟𝑎𝑦𝐴[𝑘][𝑚− : 2]

(v) (𝑎𝑟𝑟𝑎𝑦𝐴[𝑖]&(𝑎𝑟𝑟𝑎𝑦𝐵[𝑗])) == 0.

Since the state of a signal variable can be viewed as a zero
of a set of polynomials. We have the following.

(1) For any signal 𝑥 holds at a given time step 𝑖, thus, the
state of 𝑥 == 1 (𝑥 is active-high at cycle 𝑖) can be
represented by polynomial {𝑥

[𝑖]
− 1}.

(2) Alternatively, the state of 𝑥 == 0 (𝑥 is active-low at
cycle 𝑖) can be represented by polynomial {𝑥

[𝑖]
}.

(3) Symbolically, the state of 𝑥 == 𝐻 (𝑥 is active-high 𝐻

at the 𝑖th cycle) can be modeled as {𝑥
[𝑖]

− 𝐻}.

5.3. Sequence Operator Modeling. Temporal assertions define
not only the values of signals, but also the relationship
between signals over time. The sequences are the building
blocks of temporal assertions and can express a set of linear
behavior lasting for one or more cycles. These sequences are
usually used to specify and verify interface and bus protocols.

A sequence is a regular expression over the Boolean
expressions that concisely specifies a set of linear sequences.
The Boolean expressions must be true at those specific clock
ticks for the sequence to be true over time.

SystemVerilog provides several sequence composition
operators to combine individual sequences in a variety of
ways that enhance code writing and readability which can
construct sequence expressions from Boolean expressions.

In this paper, throughout operator, [1 : $] operator, and
the first match operator are not supported by our method.

SystemVerilog defines a number of operations that can
be performed on sequences. The sequence composition
operators in SVA are listed as follows.

Definition 14 (sequence operator).

𝑅 ::= 𝑏//“Boolean expression” form

| (1, V = 𝑒)// “local variable sampling” form
| (𝑅)// “parenthesis” form
| (𝑅
1
##1 𝑅

2
)// “concatenation” form

| (𝑅
1
##0 𝑅

2
)// “fusion” form

| (𝑅
1
or 𝑅
2
)// “or” form

| (𝑅
1
intersect 𝑅

2
)// “intersect” form

| first match (𝑅)// “first match” form
| 𝑅[∗0]// “null repetition” form
| 𝑅[∗1 : $]// “unbounded repetition” form
| [∗], [=], [− >]// “repetition” repeater
| throughout//specifying a Boolean expression must
hold throughout a sequence
| within//specifying conditions within a sequence.

The resulted sequences constructed by operators are then
used in properties for use in assertions and covers.

5.3.1. Cycle Delay Operator. In SystemVerilog, the ## con-
struct is referred to as a cycle delay operator.

“##1” and “##0” are concatenation operators: the former
is the classical regular expression concatenation; the latter is
a variant with one-letter overlapping.

A ##𝑛 followed by a number 𝑛 or range specifies the 𝑛

cycles delay from the current clock cycle to the beginning of
the sequence that follows.

(1) Fixed-length Case
sequence fixs;

𝑎##𝑛𝑏

endsequence
⇒ ⟦𝑓𝑖𝑥𝑠⟧ = {⟦𝑎⟧

𝑡
, ⟦𝑏⟧
𝑡+𝑛

}

(2) Time-range Case
sequence 𝑡𝑚𝑠

𝑎##[𝑚 ⋅ ⋅ ⋅ 𝑛]𝑏

endsequence
⇒ ⟦𝑡𝑚𝑠⟧ = {⟦𝑎⟧

[𝑡]
, ⟦𝑏⟧
𝑚

[𝑡]
} ∨ ⋅ ⋅ ⋅ ∨ {⟦𝑎⟧

[𝑡]
, ⟦𝑏⟧
𝑛

[𝑡]
}.

5.3.2. Intersect Operator. The two operands of intersect
operator are sequences. The requirements for match of the
intersect operation are as follows.

(i) Both operands must match.
(ii) The lengths of the two matches of the operand

sequences must be the same.
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𝑅
1
intersect 𝑅

2
.

𝑅
1
starts at the same time as 𝑅

2
; the intersection will

match if 𝑅
1
, starting at the same time as 𝑅

2
, matches at the

same time as 𝑅
2
matches.

Therefore, we have

⟦𝑅
1
intersect 𝑅

2
⟧ = ⟦𝑅

1
⟧
𝑑𝑒𝑝(𝑅1)

[𝑡]
∧ ⟦𝑅
2
⟧
𝑑𝑒𝑝(𝑅2)

[𝑡]
. (12)

The sequence length matching intersect operator con-
structs a sequence like the and nonlength matching operator,
except that both sequences must be completed in same cycle.

5.3.3. and Operator. 𝑅
1
and 𝑅

2
.

This operator states that 𝑅
1
starts at the same time as 𝑅

2

and the sequence expression matches with the later of 𝑅
1
and

𝑅
2
matching. This binary operator and is used when both

operands are expected to match, but the end times of the
operand sequences can be different.

That is, 𝑅
1
and 𝑅

2
denotes both 𝑅

1
and 𝑅

2
holds for the

same number cycles. Then, the matches of 𝑅
1
and 𝑅

2
must

satisfy the following:

(i) The start point of the match of 𝑅
1
must be no earlier

than the start point of the match of 𝑅
2
.

(ii) The end point of thematch of𝑅
1
must be no later than

the end point of the match of 𝑅
2
.

The sequence nonlength matching and operator con-
structs a sequence in which two sequences both hold at the
current cycle regardless of whether they are completed in the
same cycle or in different cycles

⟦𝑅
1
and 𝑅

2
⟧ ⇒

ℎ1

⋁

𝑖=𝑙1

ℎ2

⋁

𝑗=𝑙2

({⟦𝑅
1
⟧
𝑖

[𝑡]
} ∧ {⟦𝑅

2
⟧
𝑗

[𝑡]
}) . (13)

Here, 𝑙
𝑖
= 𝑑𝑒𝑝(𝑅

𝑖
) ⋅ 𝑙, ℎ

𝑖
= 𝑑𝑒𝑝(𝑅

𝑖
) ⋅ ℎ, and 0 < 𝑖 ≤ 2.

5.3.4. or Operator. 𝑅
1
or 𝑅
2
.

The sequence or operator constructs a sequence in which
one of two alternative sequences hold at the current cycle.
Thus, the sequence (𝑎##1𝑏) or (𝑐##1𝑑) states that either
sequence 𝑎, 𝑏 or sequence 𝑐, 𝑑 would satisfy the assertion

⟦𝑅
1
or 𝑅
2
⟧ ⇒

ℎ1

⋁

𝑖=𝑙1

ℎ2

⋁

𝑗=𝑙2

({⟦𝑅
1
⟧
𝑖

[𝑡]
} ∨ {⟦𝑅

2
⟧
𝑗

[𝑡]
}) . (14)

Here, 𝑙
𝑖
= 𝑑𝑒𝑝(𝑅

𝑖
) ⋅ 𝑙, ℎ

𝑖
= 𝑑𝑒𝑝(𝑅

𝑖
) ⋅ ℎ, and 0 < 𝑖 ≤ 2.

5.3.5. Local Variables. SystemVerilog provides a feature by
which variables can be used in assertions. The user can
declare variables local to a property. This feature is highly
useful in pipelined designs where the consequent occur-
rence might be many cycles later than their corresponding
antecedents.

Local variables are optional and local to properties. They
can be initialized, assigned (and reassigned) a value, operated
on, and compared to other expressions.

The syntax of a sequence declaration with a local variable
is shown below.

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑑𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛 ::=

sequence 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑟[([𝑡𝑓 𝑝𝑜𝑟𝑡 𝑙𝑖𝑠𝑡])];

𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛 V𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑑𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑒𝑥𝑝𝑟;

endsequence [: 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑟].

The property declaration syntax with a local variable can
be illustrated as follows:

𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑑𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛 ::=

property 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑟[([𝑡𝑓 𝑝𝑜𝑟𝑡 𝑙𝑖𝑠𝑡])];

𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛V𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑑𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛

𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑠𝑝𝑒𝑐;

endproperty [: 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑟].

The variable identifier declaration syntax of a local vari-
able can be illustrated as follows:

𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛 V𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑑𝑒𝑐𝑙𝑎𝑟𝑎𝑡𝑖𝑜𝑛 ::=

V𝑎𝑟 𝑑𝑎𝑡𝑎 𝑡𝑦𝑝𝑒 𝑙𝑖𝑠𝑡 𝑜𝑓 V𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑟𝑠.

The dynamic creation of a variable and its assignment is
achieved by using the local variable declaration in a sequence
or property declaration and making an assignment in the
sequence.

Thus, local variables of a sequence (or property) may be
set to a value, which can be computed from a parameter or
other objects (e.g., arguments, constants, and objects visible
by the sequence (or property)).

For example, a property of a pipeline with a fixed latency
can be specified below.

property 𝑙𝑎𝑡𝑒𝑛𝑐𝑦;
𝑖𝑛𝑡 𝑥;
(V𝑎𝑙𝑖𝑑 𝑖𝑛, 𝑥 = 𝑝 𝑖𝑛)|− > ##3(𝑝 𝑜𝑢𝑡 == (𝑥 + 1));

endproperty.

This property e is evaluated as follows:
When V𝑎𝑙𝑖𝑑 𝑖𝑛 is true, 𝑥 is assigned the value of 𝑝 𝑖𝑛. If 3

cycles later, 𝑝 𝑜𝑢𝑡 is equal to 𝑥 + 1, then property 𝑙𝑎𝑡𝑒𝑛𝑐𝑦 is
true. Otherwise, the property is false. When V𝑎𝑙𝑖𝑑 𝑖𝑛 is false,
property 𝑙𝑎𝑡𝑒𝑛𝑐𝑦 is evaluated as true.

For the algebraization of SVA properties with local
variables, in our method these local variables will be taken
as common signal variables (symbolic constant) without any
sequential information.

Thus, we have the polynomial set representation for
property 𝑙𝑎𝑡𝑒𝑛𝑐𝑦:

⟦𝑙𝑎𝑡𝑒𝑛𝑐𝑦⟧
[𝑡]

= {

(V𝑎𝑙𝑖𝑑 𝑖𝑛
[𝑡]

− 1),
(𝑥 − 𝑝 𝑖𝑛

[𝑡]
),

(𝑝 𝑜𝑢𝑡
[𝑡+3]

− (𝑥 + 1))}.
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5.3.6. Repetition Operators. SystemVerilog allows the user
to specify repetitions when defining sequences of Boolean
expressions.The repetition counts can be specified as either a
range of constants or a single constant expression.

Nonconsecutive repetition specifies finitely many itera-
tive matches of the operand Boolean expression, with a delay
of one or more clock ticks from one match of the operand
to the next successive match and no match of the operand
strictly in between. The overall repetition sequence matches
at or after the last iterative match of the operand, but before
any later match of the operand.

The syntax of repetition operator can be illustrated as
follows:

𝑛𝑜𝑛 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖V𝑒 𝑟𝑒𝑝 ::= [= 𝑐𝑜𝑛𝑠𝑡 𝑜𝑟 𝑟𝑎𝑛𝑔𝑒 𝑒𝑥𝑝𝑟] . (15)

The number of iterations of a repetition can be specified
by exact count.

For example, a sequence with repetition can be defined as

𝑎 |=> 𝑏 [= 3] ##1 𝑐. (16)

The sequence expects that 2 clock cycles after the valid
start, signal “𝑏” will be repeated three times.

We have ⟦𝑅[= 𝑛]⟧ = ⋁
𝑛

𝑖=0
({⟦𝑅⟧

𝑖∗𝑑𝑒𝑝(𝑅)

[𝑡]
}).

5.4. Property OperatorModeling. In general, property expres-
sions in SVA are built using sequences, other sublevel proper-
ties, and simple Boolean expressions via property operators.

In SVA, a property that is a sequence is evaluated as true
if, and only if, there is a nonempty match of the sequence.
A sequence that admits an empty match is not allowed as a
property.

The success of assertion-based verification methodology
relies heavily on the quality of properties describing the
intended behavior of the design. Since it is a fairly new
methodology, verification and design engineers are often
faced with a question of “how to identify good properties” for
a design. It may be tempting to write properties that closely
resemble the implementation.

Properties we discussed in this paper can be classified as.

(1) Design Centric. Design centric properties represent asser-
tions added by the RTL designers to characterize white
box design attributes. These properties are typically towards
FSMs, localmemories, clock synchronization logic, and other
hardware-related designs. The design should conform to the
expectations of these properties.

(2) Assumption Centric. Assumption centric properties rep-
resent assumptions about the design environment. They are
used in informal verification to specify assumptions about the
inputs. The assume directive can inform a verification tool to
assume such a condition during the analysis.

(3) Requirement/Verification Centric. Many requirement
properties are best described using a “cause-to-effect” style
that specifies what should happen under a given condition.
This type of properties can be specified by implication

operator. For example, a handshake can be described as “if
request is asserted, then acknowledge should be asserted
within 5 cycles”.

In general, property expressions are built using sequen-
ces, other sublevel properties, and simple Boolean expres-
sions.

These individual elements are combined using property
operators: implication, NOT, AND,OR, and so forth.

The property composition operators are listed as follows.

Definition 15 (property operator).

𝑃 ::= 𝑅/
∗ “sequence” form ∗/

|(𝑃)/
∗ “parenthesis” form ∗/

|not 𝑃/
∗ “negation” form ∗/

|(𝑃
1
or 𝑃
2
)/
∗ “or” form ∗/

|(𝑃
1
and 𝑃

2
)/
∗ “and” form ∗/

|(𝑅|− > 𝑃) |(𝑅| => 𝑃)/
∗ “implication” form ∗/

|disable iff(𝑏) 𝑃/
∗ “reset” form ∗/.

Note that disable if and only if will not be supported
in this paper. Property operators construct properties out of
sequence expressions.

5.4.1. Implication

Operators. The SystemVerilog implication operator supports
sequence implication and provides two forms of implication:
overlapped using operator |− >, and nonoverlapped using
operator | =>, respectively.

The syntax of implication is described as follows:

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑒𝑥𝑝𝑟 | − > 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑒𝑥𝑝𝑟

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑒𝑥𝑝𝑟 | => 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑒𝑥𝑝𝑟.

(17)

The implication operator takes a sequence as its anteced-
ent and a property as its consequent. Every time the sequence
matches the property must hold. Note that both the running
of the sequence and the property may span multiple clock
cycles and that the sequence may match multiple times.

For each successful match of the antecedent sequence,
the consequence sequence (right-hand operand) is sepa-
rately evaluated, beginning at the end point of the matched
antecedent sequence. All matches of antecedent sequence
require a match of the consequence sequence.

Moreover, if the antecedent sequence (left hand operand)
does not succeed, implication succeeds vacuously by return-
ing true. For many protocol related assertions, it is important
to specify the sequence of events (the antecedent or cause)
that must occur before checking for another sequence (the
consequent or effect). This is because if the antecedent does
not occur, then there is no need to perform any further
verification. In hardware, this occurs because the antecedent
reflects an expression that, when active, triggers something to
happen.
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A property with a consequent sequence behaves as if the
consequent has an implication first-match applied to it.

5.4.2. NOT

Operator. The operator NOT 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑒𝑥𝑝𝑟 states that the
evaluation of the property returns the opposite of the eval-
uation of the underlying 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑒𝑥𝑝𝑟.

5.4.3. AND

Operator. The formula “𝑃
1
AND 𝑃

2
” states that the property

is evaluated as true if, and only if, both 𝑃
1
and 𝑃
2
are evaluatd

as true.

5.4.4. OR

Operator. The operator “𝑃
1
OR 𝑃

2
” states that the property is

evaluated as true if and only if, at least one of 𝑃
1
and 𝑃

2
is

evaluated as true.

5.4.5. IF-ELSE

Operator. This operator has two valid forms which are listed
as follows.

(1) IF (𝑑𝑖𝑠𝑡) 𝑃
1
.

A property of this form is evaluated as true if, and only if,
either 𝑑𝑖𝑠𝑡 is evaluated as false or 𝑃

1
is evaluated as true.

(2) IF (𝑑𝑖𝑠𝑡) 𝑃
1
ELSE 𝑃

2
.

A property of this form is evaluated as true if, and only if,
either 𝑑𝑖𝑠𝑡 is evaluated as true and 𝑃

1
is evaluated as true or

𝑑𝑖𝑠𝑡 is evaluated as false and 𝑃
2
is evaluated as true.

From previous discussion, we have the following propo-
sition for property reasoning.

Proposition 16. Assume that𝑃,𝑃
1
, and𝑃

2
are valid properties

in SVA, the following rules are used to construct the correspond-
ing verification process. Here, 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀𝑜𝑑𝑒𝑙, 𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦) :

{ture, false} is a self-defined checking function that can deter-
mine whether a given “𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦” holds or not with respect to
a circuit model “𝑀𝑜𝑑𝑒𝑙”.

(1) 𝑃
1
OR 𝑃

2
⇒ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃

1
⟧) ∨ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃

2
⟧)

(2) 𝑃
1
AND 𝑃

2
⇒ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃

1
⟧)∧𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃

2
⟧)

(3) NOT 𝑃 ⇒ ¬𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃⟧)

(4) IF (𝑑𝑖𝑠𝑡) 𝑃
1

⇒ ¬𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, 𝑑𝑖𝑠𝑡) ∨ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀,

⟦𝑃
1
⟧)

(5) IF (𝑑𝑖𝑠𝑡) 𝑃
1
ELSE 𝑃

2
⇒ (𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, 𝑑𝑖𝑠𝑡)∧𝐴𝑠𝑠𝐶ℎ𝑘

(𝑀, ⟦𝑃
1
⟧))∨(¬𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, 𝑑𝑖𝑠𝑡)∧𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃

2
⟧))

(6) 𝑆 | − > 𝑃 ⇒ if (¬𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑆⟧))𝑟𝑒𝑡𝑢𝑟𝑛 true else
(𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑆⟧

[𝑡]
) ∧ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃⟧

dep(𝑃)
[𝑡+dep(𝑆)−1]))

(7) 𝑆 |=> 𝑃 ⇒ if(¬𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑆⟧))𝑟𝑒𝑡𝑢𝑟𝑛 true else
(𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑆⟧

[𝑡]
) ∧ 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀, ⟦𝑃⟧

dep(𝑃)
[𝑡+dep(𝑆)])).

6. Verification Algorithm

In this section, we will describe how an assertion is checked
using Groebner bases approach. Firstly, we will discuss
a practical algorithm using Groebner bases for assertion
checking.

6.1. Basic Principle. As just mentioned, our checking method
is based on algebraic geometry which is the study of the
geometric objects arising as the common zeros of collections
of polynomials. Our aim is to find polynomials whose
zeros correspond to pairs of states in which the appropriate
assignments are made.

We can regard any set of points in 𝑘
𝑛 as the variety of some

ideal. We can then use the ideal or any basis for the ideal as a
way of encoding the set of points.

From Groebner Bases theory [10, 12] every nonzero ideal
𝐼 ⊂ 𝑘[𝑥

1
, . . . , 𝑥

𝑛
] has a Groebner basis and the following

proposition evidently holds.

Proposition 17. Let 𝐶 and 𝑆 be polynomial sets of 𝑘[𝑥
1
, . . . ,

𝑥
𝑛
], and ⟨𝐺𝑆⟩ a Groebner basis for ⟨𝑆⟩, and then we have that

⟨𝐶⟩ ⊆ ⟨𝑆⟩ ⇔ ∀𝑐 ∈ 𝐶 : 𝑟𝑒𝑚𝑑(𝑐, 𝐺𝑆) == 0 holds.

Theorem 18. Suppose that 𝐴(⟦𝐴⟧ = {𝑎
1
, 𝑎
2
, . . . , 𝑎

𝑟
}) is a

property to be verified. 𝑇 is the initial preconditions of 𝐶, and
𝑀 is a system model to be checked. Let ⟦𝑇⟧ and ⟦𝑀⟧ be
the polynomial set representations for 𝑇 and 𝑀, respectively,
constructed by previous mentioned rules. Let 𝐻 = ⟦𝑇 ∪ 𝑀⟧ =

{ℎ
1
, ℎ
2
, . . . , ℎ

𝑠
} ⊆ 𝑘[𝑥

1
, . . . , 𝑥

𝑛
], 𝐼 = ⟨𝐻⟩ (where, ⟨𝐻⟩ denotes

the ideal generated by 𝐻) and 𝐺𝐵
𝐻

= 𝑔𝑏𝑎𝑠𝑖𝑠(𝐻, ≺), then we
have

( (1 ∉ 𝐺𝐵
𝐻

) and 𝑟𝑒𝑚𝑑 (𝐶, 𝐺𝐵
𝐻

) == 0)

⇐⇒ ((1 ∉ 𝐺𝐵
𝐻

) and
𝑟

⋀

𝑖=0

(𝑟𝑒𝑚𝑑 (𝑔
𝑖
, 𝐺𝐵
𝐻

) == 0))

⇐⇒ (𝑀 |= 𝐴) holds.

(18)

Proof. (1) The polynomial set ⟦𝑀⟧ of system model 𝑀

describes the data-flow relationship that inputs, outputs, and
functional transformation should meet. The initial condition
⟦𝑀⟧ can be seen as extra constraint applied by users. There
should not exist contradiction between them; that is, the
polynomial equations of ⟦𝑇 ∪ 𝑀⟧ must have a common
solution.

ByHilbert’s Nullstellensatz theory, if we have polynomials
⟦𝑇 ∪ 𝑀⟧ = {𝑓

1
, . . . , 𝑓

𝑠
} ∈ 𝑘[𝑥

1
, . . . , 𝑥

𝑛
], we compute a

reducedGroebner basis of the ideal they generatewith respect
to any ordering. If this basis is {1}, the polynomials have no
common zero in 𝑘

𝑛; if the basis is not {1}, they must have a
common zero.

Therefore, (1 ∉ 𝐺𝐵
𝐻

) should hold.
(2) Evidently, by previous proposition, it is easy to have

that 𝑟𝑒𝑚𝑑(𝐶, 𝐺𝐵
𝐻

) == 0 should hold.
Thus, we have that this theorem holds.
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Input:
(1) circuit model 𝑀;
(2) initial condition 𝑇;
(3) an assertion 𝐴;
Output: Boolean: 𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒;
BEGIN

/∗Step 1: initialize input signals via testbench ∗/
(00) 𝐼𝑛𝑖𝑡𝑆𝑖𝑔𝑛𝑎𝑙𝑠(

⃗
𝑇);

(01) M = 0;PS
𝐴

= 0; 𝐻 = 0;PS
𝑇

= 0;
/∗Step 2: build polynomial model ∗/

(02) M = ⟦𝑀⟧ = 𝐵𝑢𝑖𝑙𝑑PS(𝑀);
/∗Step 3: build polynomial set for initial condition 𝑇

∗/
(03) 𝑃𝑆

𝑇
= ⟦𝑇⟧ = 𝐵𝑢𝑖𝑙𝑑PS(𝑇);

/∗Step 4: build polynomial set for consequentA ∗/
(04) 𝑃𝑆

𝐴
= ⟦𝐴⟧ = 𝐵𝑢𝑖𝑙𝑑PS(𝐴);

/∗Step 5: calculate the PS
𝑇

∪ M∗/
(05) 𝐻 = PST ∪ M;

/∗Step 6: calculate the Groebner base of ⟨𝐻⟩
∗/

(06) GB
𝐻

:= 𝑔basis(𝐻, ≺);
/∗Step 7: determine the basis is {1} or not ∗/

(07) if(1 ∈ GB
𝐻
) {

(08) return 𝑓𝑎𝑙𝑠𝑒; }
/∗Step 8: check every polynomial ∗/
/∗𝐴 = {𝑎

1
, 𝑎
2
, . . . , 𝑎

|𝐴|
}
∗/

(09) 𝑖 = 1;
(10) 𝑤ℎ𝑖𝑙𝑒(𝑖 ≤ |𝐴|){

(11) if(𝑟𝑒𝑚𝑑(⟦𝑎
𝑖
⟧ ,GB

𝐻
) ̸= 0) {

(12) return 𝑓𝑎𝑙𝑠𝑒; }
(13) i++;
(14) } /∗ endwhile ∗/
(15) return 𝑡𝑟𝑢𝑒; /∗ Assertion does hold ∗/
END;

Algorithm 1: “𝐴𝑠𝑠𝐶ℎ𝑘𝑃𝑜𝑙𝑦𝐵𝑢𝑖𝑙𝑑(𝑀, 𝑇, 𝐴)”.

6.2. Checking Algorithm. For simplicity, in this section, we
only provide the key decision algorithm.

Firstly, the original system model is transformed into a
normal polynomial representation and the assertion as well.
Then, calculate the hypothesis set and its Groebner basis
using the Buchberger algorithm [18] and their elimination
ideals. Finally, examine the inclusion relationship between
elimination ideals to determine whether the assertion to be
checked holds or not.

From above discussion, we have the following process
steps and detailed algorithm description. Algorithm 1.

For convenience, we can derive another version checking
procedure named “𝐴𝑠𝑠𝐶ℎ𝑘(⟦𝑀⟧, ⟦𝐴⟧)” which can accept
polynomial representations as inputs without explicit poly-
nomial construction process.

Further, by applying Theorem 18 and the checking algo-
rithm “𝐴𝑠𝑠𝐶ℎ𝑘(⟦𝑀⟧, ⟦𝐴⟧)”, we can easily verify all sup-
ported properties written in SVA.

7. An Example

In this section, we will study a classical circuit to show how
SVA properties are verified by polynomial representation and
algebra computation method.

Consider the Johnson counter circuit in Figure 3. Johnson
counters can provide individual digit outputs rather than a

�3 �2 �1

m1m2m3

m4
clk

And

And
y

Figure 3: Johnson counter.

Table 3: Table of Johnson counter output.

Counter (clock) V3(𝑚3) V2(𝑚2) V1(𝑚1)

0 0 0 0
1 1 0 0
2 1 1 0
3 0 1 1
4 0 0 1
5 0 0 0

binary or BCD output, as shown in Table 3. Notice that each
legal count may be defined by the location of the last flip-flop
to change states and which way it changed state.

7.1. Algebraization of Circuit and Assertion. Johnson counter
provides individual digit outputs, as shown in Table 3.

The polynomial set for Johnson counter circuit in Figure 3
can be constructed as follows:

𝑆𝑒𝑡adder = {𝑓1 = {𝑚3

− 𝑚4} , 𝑓2 = {𝑚2


− 𝑚3} ,

𝑓3 = {𝑚1

− 𝑚2} ,

𝑓4 = {𝑚4 − (1 − 𝑚1) ∗ (1 − 𝑚2)} ,

𝑓5 = {𝑦 − 𝑚1 ∗ (1 − 𝑚2)}} ,

(19)

where 𝑚1
 denotes the next state of 𝑚1. For the 𝑖th cycle, we

use 𝑥1
[𝑖]
to denote variable name in current cycle.

Similarly, another Johnson counter circuit with an error
is shown in Figure 4, the corresponding polynomial set can
be described by

𝑆𝑒𝑡adder = {𝑓1, 𝑓2, 𝑓3,

𝑓4


= {𝑚4 + 𝑚1 + 𝑚2

− (1 − 𝑚1) ∗ (1 − 𝑚2)} , 𝑓5} .

(20)
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Figure 4: Johnson counter with error.

To illustrate the problem clearly, we define polynomial set
representation 𝑃𝑀[𝑖] for 𝑖th cycle as follows:

𝑃𝑀 [𝑖] = {𝑚3
[𝑖+1]

− 𝑚4
[𝑖]

, 𝑚2
[𝑖+1]

− 𝑚3
[𝑖]

,

𝑚1
[𝑖+1]

− 𝑚2
[𝑖]

, 𝑚4
[𝑖]

− (1 − 𝑚2
[𝑖]

) ∗ (1 − 𝑚1
[𝑖]

) ,

𝑦 − 𝑚1
[𝑖]

∗ (1 − 𝑚2
[𝑖]

)} .

(21)

Support that the circuit will run 6 cycles for verification,
therefore, we have 𝑃𝑀 = {⋃

5

𝑖=0
𝑃𝑀[𝑖]}.

For any Boolean variable 𝑎, we will add an extra con-
straint: 𝑎∗𝑎−𝑎.Thus, we define the corresponding constraints
set as follows: 𝐶𝑁𝑆[𝑖] = {𝑐

[𝑖]
∗ 𝑐
[𝑖]

− 𝑐
[𝑖]

, 𝑐 ∈ {𝑚1, 𝑚2, 𝑚3, 𝑚4,

𝑦}}.
In the same manner, we have 𝐶𝑁𝑆 = {⋃

5

𝑖=0
𝐶𝑁𝑆[𝑖]}.

The sequential property for this counter circuit can be
specified by the following SystemVerilog assertions.

property 𝐽𝐶𝑃𝐴;

(𝑚3 = 0 && 𝑚2 = 0 && 𝑚1 = 0)

| => ##1(𝑚3 == 1 && 𝑚2 == 0 && 𝑚1 == 0)

| => ##2(𝑚3 == 1 && 𝑚2 == 1 && 𝑚1 == 0)

| => ##3(𝑚3 == 0 && 𝑚2 == 1 && 𝑚1 ==

1);

endproperty
property 𝐽𝐶𝑃1;

@(𝑐𝑙𝑘)(𝑚1 == 0)| => ##2 (𝑚1 == 0);

endproperty
property 𝐽𝐶𝑃2;

@(𝑐𝑙𝑘)(𝑚2 == 0)| => ##2 (𝑚2 == 1);

endproperty
property 𝐽𝐶𝑃3;

@(𝑐𝑙𝑘)(𝑚3 == 0)| => ##2 (𝑚3 == 1);

endproperty.

Table 4: Polynomial forms.

Name Precondition Expected consequent

JCPA

{𝑚1
[0]

, 𝑚2
[0]

, 𝑚3
[0]

}

cycle 1 {𝑚1
[1]

− 1, 𝑚2
[1]

, 𝑚3
[1]

}

cycle 2 {𝑚1
[2]

− 1, 𝑚2
[2]

− 1, 𝑚3
[2]

}

cycle 3 {𝑚1
[3]

, 𝑚2
[3]

− 1, 𝑚3
[3]

− 1}

JCP1 {𝑚1
[0]

} 𝑚1
[2]

JCP2 {𝑚2
[0]

} 𝑚2
[2]

− 1

JCP3 {𝑚3
[0]

} 𝑚3
[2]

− 1

We will afterwards demonstrate the verification process
step by step.

The circuit model to be verified is as shown below:

𝑆𝑀 = 𝑃𝑀 ∪ 𝐶𝑁𝑆. (22)

The property of this counter can be specified as the
following SVA assertion:

assert property (𝐽𝐶𝑃1)

assert property (𝐽𝐶𝑃2).

The Algebraization form of the above properties can be
modeled as in Table 4.

7.2. Experiment Using Maple. We run this example by using
Maple 13. Before running, we manually translated all models
into polynomials. The experiment is performed on a PC with
a 2.40GHz CPU (intel i5M450) and 1024MB of memory.
It took about 0.04 seconds and 0.81MB of memory when
applying Groebner method.

[>with(Groebner)
[> 𝐶𝑀 := ⋅ ⋅ ⋅ /

∗Circuit Model∗/
[> 𝑇𝐷𝐸𝐺 := 𝑡𝑑𝑒𝑔(

𝑚1
[0]
, 𝑚2
[0]
, 𝑚3
[0]
, 𝑚4
[0]
,

𝑚1
[1]
, 𝑚2
[1]
, 𝑚3
[1]
, 𝑚4
[1]
,

𝑚1
[2]
, 𝑚2
[2]
, 𝑚3
[2]
, 𝑚4
[2]
,

𝑚1
[3]
, 𝑚2
[3]
, 𝑚3
[3]
, 𝑚4
[3]
,

𝑚1
[4]
, 𝑚2
[4]
, 𝑚3
[4]
, 𝑚4
[4]
,

𝑦
[0]
, 𝑦
[1]
, 𝑦
[2]
, 𝑦
[3]

)

[> 𝐶𝐺𝐵 := 𝐵𝑎𝑠𝑖𝑠(𝐶𝑀, 𝑇𝐷𝐸𝐺).

Thus, we can have the Groebner basis as follows:

[> [𝑦1
[3]

, 𝑦1
[2]

, 𝑦1
[1]

, 𝑦1
[1]

, 𝑚3
[4]

, 𝑚2
[4]
,

𝑚1
[4]

− 1, 𝑚4
[3]
, 𝑚3
[3]
, 𝑚2
[3]

− 1, 𝑚1
[3]

− 1,
𝑚4
[2]
, 𝑚3
[2]

− 1, 𝑚2
[2]

− 1, 𝑚1
[2]
, 𝑚4
[1]

− 1,
𝑚3
[1]

− 1,
𝑚2
[1]
, 𝑚1
[1]
, 𝑚4
[0]

− 1, 𝑚3
[0]
, 𝑚2
[0]
, 𝑚1
[0]

]

[> 𝑟𝑒𝑡 := 𝑁𝑜𝑟𝑚𝑎𝑙𝐹𝑜𝑟𝑚(𝑚3
[1]

− 1, 𝐶𝐺𝐵, 𝑇𝐷𝐸𝐺)

[> 𝑟𝑒𝑡 = 0.
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Table 5: Computation result table.

Number Polynomial GBase Mem Time Return Result

0
{𝑚1
[1]

} 1 ∉ 𝐶𝐺𝐵

0.80M 0.02 S
0

Yes{𝑚2
[1]

} 1 ∉ 𝐶𝐺𝐵 0

{𝑚3
[1]

− 1} 1 ∉ 𝐶𝐺𝐵 0

1
{𝑚1
[2]

} 1 ∉ 𝐶𝐺𝐵

0.81M 0.03 S
0

Yes{𝑚2
[2]

− 1} 1 ∉ 𝐶𝐺𝐵 0

{𝑚3
[2]

− 1} 1 ∉ 𝐶𝐺𝐵 0

2
{𝑚1
[3]

− 1} 1 ∉ 𝐶𝐺𝐵

0.81M 0.04 S
0

Yes{𝑚2
[3]

− 1} 1 ∉ 𝐶𝐺𝐵 0

{𝑚3
[3]

} 1 ∉ 𝐶𝐺𝐵 0

3 {𝑚1
[2]

} 1 ∉ 𝐶𝐺𝐵 0.81M 0.04 S 0 Yes
4 {𝑚2

[2]
} 1 ∉ 𝐶𝐺𝐵 0.81M 0.04 S 0 Yes

5 {𝑚3
[2]

} 1 ∉ 𝐶𝐺𝐵 0.81M 0.04 S 0 Yes

Table 6: Computation result table.

Number Polynomial GBase Mem Time Return Result

0
{𝑚1
[1]

} 1 ∉ 𝐶GB
0.80M 0.02 S

0

Yes{𝑚2
[1]

} 1 ∉ 𝐶GB 0

{𝑚3
[1]

− 1} 1 ∉ 𝐶GB 0

1
{𝑚1
[2]

} 1 ∉ 𝐶GB
0.81M 0.03 S

0

Yes{𝑚2
[2]

− 1} 1 ∉ 𝐶GB 0

{𝑚3
[2]

− 1} 1 ∉ 𝐶GB 0

2
{𝑚1
[3]

− 1} 1 ∉ 𝐶GB
0.81M 0.14 S

0

NO{𝑚2
[3]

− 1} 1 ∉ 𝐶GB 0

{𝑚3
[3]

} 1 ∉ 𝐶GB −1

As shown in maple outputs, the given circuit has been
modeled as polynomial set𝐶𝑀 (itsGroebner bases is denoted
by 𝐶𝐺𝐵) and assertion expected result as {𝑚3

[1]
− 1}. From

the running result, we have 1 ∉ 𝐶𝐺𝐵 and return value
of 𝑁𝑜𝑟𝑚𝑎𝑙𝐹𝑜𝑟𝑚 is 0 which means 𝐶𝐺𝐵 is divided with no
remainder by {𝑚3

[1]
− 1}.

Thus, from the previously mentioned verification princi-
ples, it is easy to conclude that the assertion 𝐽𝐶𝑃1 holds under
this circuit model after 3 cycles.

More detailed experiment results for verification of cir-
cuit shown in Figure 3 are listed in Table 5.

Conversely, we check these assertions against the circuit
shown in Figure 4 in a similar way. More detailed experiment
results are demonstrated in Table 6.

From above table, when checking 𝐽𝐶𝑃𝐴 assertion, the
result 𝑟𝑒𝑡 := 𝑁𝑜𝑟𝑚𝑎𝑙𝐹𝑜𝑟𝑚(𝑚3

[3]
, 𝐶𝐺𝐵, 𝑇𝐷𝐸𝐺) ̸= 0 so that

we can conclude the assertion does not hold.Therefore, there
must exist unexpected errors in the original circuit.

This case is a fairly complete illustration of how the
checking algorithm works.

8. Conclusion

In this paper, we presented a new method for SVA prop-
erties checking by using Groebner bases based symbolic
algebraic approaches. To guarantee the feasibility we defined

a constrained subset of SVAs, which is powerful enough for
practical purposes.

We first introduce a notion of symbolic constant without
any sequential information for handling local variables in
SVAs inspired from STE. We then proposed a practical alge-
braizationmethod for each sequence operator. For sequential
circuits verification, we introduce a parameterized polyno-
mial set modeling method based on time frame expansion.

Our approach is based on polynomial models construc-
tion for both circuit models and SVA assertions.This method
is to eventually translate a simulation based verification
problem into a pure algebraic zero set determination problem
by a series of proposed steps, which can be performed on any
general symbolic algebraic tool.

Thismethod allows users to deal withmore than one state
and many input combinations every cycle. This advantage
comes directly from the fact that many vectors are simulated
at once using symbolic value.

In summary, in this research, by suitable restrictions of
SVA assertions, we can guarantee the availability of polyno-
mial set representation. Based on this polynomial set model,
symbolic simulation can be performed to produce symbolic
traces and temporal relationship constraints of signal vari-
ables as well. We then apply symbolic algebra approach to
check the zeros set relation between their polynomial sets and
determine whether the temporal assertion holds or not under
current running cycle.
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The position and orientation system (POS) is a key equipment for airborne remote sensing systems, which provides high-precision
position, velocity, and attitude information for various imaging payloads. Temperature error is the main source that affects the
precision of POS. Traditional temperature error model is single temperature parameter linear function, which is not sufficient for
the higher accuracy requirement of POS. The traditional compensation method based on neural network faces great problem
in the repeatability error under different temperature conditions. In order to improve the precision and generalization ability
of the temperature error compensation for POS, a nonlinear multiparameters temperature error modeling and compensation
method based on Bayesian regularization neural network was proposed. The temperature error of POS was analyzed and a
nonlinear multiparameters model was established. Bayesian regularization method was used as the evaluation criterion, which
further optimized the coefficients of the temperature error. The experimental results show that the proposed method can improve
temperature environmental adaptability and precision. The developed POS had been successfully applied in airborne TSMFTIS
remote sensing system for the first time, which improved the accuracy of the reconstructed spectrum by 47.99%.

1. Introduction

The position and orientation system (POS) is a special
strapdown inertial navigation system (SINS)/global position-
ing system (GPS) integrated measurement equipment [1].
Compared with the traditional SINS/GPS integrated system,
it is small, lightweight, and is also available to provide high-
precision position, velocity, and attitude information for
airborne remote sensing applications including spectrometer
(such as Temporally and Spatially Modulated Fourier Trans-
form Imaging Spectrometer (TSMFTIS)), Synthetic Aperture
Radar (SAR), Light Detection and Ranging (LiDAR), optical
camera, and various other land and marine applications. It
has been widely used as a key equipment to further improve

imaging quality and efficiency of airborne remote sensing
systems [2–4].

However, the precision of POS decreases rapidly with
the environmental temperature change [5]. Therefore, it is
vital to model and compensate the temperature error of POS.
Traditional temperature error modeling and compensation
for POS include two kinds of methods: one is polynomial
fitting based on least square or multiple regression algo-
rithm to establish the relationship between the temperature
input and the POS output [6]. These methods can diminish
computational complexity and can be suitable for real-
time signal processing of simple model, which are used to
compensate temperature error of a traditional SINS/GPS
integrated system.However, their precision is limited because
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Figure 1: The components and operation principle of POS.

the model only considers the single temperature without
sufficient parameters.The other is based onmachine learning
technique, such as support vector machine (SVM) [7] and
radial basis function (RBF) neural network [8]. In general,
RBF neural network is a massively parallel-distributed pro-
cessor that can be used in complex model with multipa-
rameters and nonlinear problems [9] and can improve the
precision in postprocessing of POS.However, traditional RBF
neural network method is barely applied to new samples
because of its poor generalization ability, which leads to the
low repeatability of the compensated results under different
temperature condition [10].

Therefore, how to establish a sufficient model and
improve the generalization ability has become a key tech-
nology for modeling and compensating temperature error
of POS. To solve this problem, a nonlinear multiparame-
ters temperature error modeling and compensation method
based on Bayesian regularization neural network is proposed
in this paper. All the influence factors including temperature,
rate of temperature change, and temperature gradient are
considered to establish a sufficient multiparameters and
nonlinear temperature error model. Bayesian regularization
is regarded as evaluation criterion to optimize the coefficients
of the temperature error for POS, which further improves
the generalization ability. Temperature experiment is imple-
mented to validate the proposed method. The first airborne
application experiment of TSMFTIS proves that TSMFTIS
has an evident improvement on imaging quality andprecision
of reconstructed spectrum by using POS data.

This paper is organized as follows. Section 2 introduces
the components and operation principle of POS. In Section 3,
the temperature error modeling and compensation method
of POS based on Bayesian regularization neural network is
proposed. In Section 4, the temperature experiment result is
presented and validates effectiveness of the proposedmethod.
The airborne experiment of TSMFTISwith POS is introduced
in Section 5. Finally, the paper is concluded in Section 6.

2. The Components and Operation
Principle of POS

POS is comprised of fourmain components which are inertial
measurement unit (IMU), carrier phase differential GPS
receiver, POS computer system (PCS), and postprocessing
software as shown in Figure 1.

IMU is mounted directly onto imaging payloads and
measures the motion rotation rate and the linear accelerom-
eter information, which determines the precision of POS
directly [11]. IMU mainly consists of three ring laser gyro-
scopes (RLG) and three quartz mechanical accelerometers
(QMA) assembled in inertial sensing assembly (ISA) struc-
ture in orthogonal triads [12].The ISA with inertial sensors is
installed on exterior supporting frame by eight antivibrators.

A carrier phase differential GPS receiver can provide
time, position, and velocity information. PCS is a multi-
functional computer system and mainly completes the IMU
data sampling and storage, data synchronization, real-time
integrated navigation computing, and communication with
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Figure 2: Temperature error modeling for gyroscope assembly based on RBF neural network.

other systems. The integrated system of POS provides excel-
lent short-term dynamics greatly and has none of the long-
term drift problem associated with inertial measurement
system. The result can be obtained in real time by PCS or
in postprocessing by postprocessing software. The postpro-
cessing algorithm in software is available to calculate complex
model of massive computation without time limit, which
can further improve the precision of POS. As a result, POS
can successively provide high-precision position, velocity,
and attitude information to improve imaging quality and
efficiency for airborne remote sensing system [13].

3. Temperature Error Modeling and
Compensation of POS

The output errors of gyroscope assembly in angular rate
channel for POS mainly include bias and scale factor error.
For RLG, scale factor error varies little with the change of
temperature, while bias presents the opposite property [14].
Hence, the temperature error of gyroscope assembly mainly
refers to the temperature error of gyroscope bias influenced
by the temperature, rate of temperature change, and temper-
ature gradient. The output errors of accelerometer assembly
in linear acceleration channel for POS include bias and scale
factor error. Temperature changes have a great influence on
bias of accelerometers. All these properties mentioned above
make it necessary to compensate bias temperature errors
of gyroscope and accelerometer assemblies to improve the
efficiency and precision of POS.

3.1. NonlinearMultiparameters Temperature ErrorModeling of
GyroscopeAssembly. ThreeRLGs are assembled orthogonally
in ISA structure of IMU. The RLG in the 𝑖th (𝑖 = 𝑥, 𝑦, 𝑧) axis
embeds three thermometers, whichmeasure the temperature
of anode (𝑇

𝑎𝐺𝑖
), cathode (𝑇

𝑐𝐺𝑖
), and shell (𝑇

𝑠𝐺𝑖
), respectively.

The temperature, which may result in thermal deformation
of different materials in RLG, will induce the change of light
path of RLG [8]. The temperature gradient, exaggerated by
the rapid change of external temperature, also affects the
output of RLG since it leads to extrusion and deflection of

components in RLG.All these factors should be considered in
the temperature error model of gyroscope assembly for POS.

In order to establish the sufficient temperature error
model of gyroscope assembly, the multiple parameters
including temperature, temperature change, and temperature
gradient should be considered. Therefore, the input X

𝐺𝑖
of

gyroscope in the 𝑖th axes is given as follows:

X
𝐺𝑖
=

[

[

[

[

𝑇
𝐺𝑖

̇
𝑇
𝐺𝑖

∇𝑇
1𝐺𝑖

∇𝑇
2𝐺𝑖

]

]

]

]

=

[

[

[

[

[

[

[

𝑇
𝑎𝐺𝑖
+ 𝑇
𝑐𝐺𝑖
+ 𝑇
𝑠𝐺𝑖

3

̇
𝑇
𝑎𝐺𝑖
+
̇
𝑇
𝑐𝐺𝑖
+
̇
𝑇
𝑠𝐺𝑖

3

𝑇
𝑎𝐺𝑖
− 𝑇
𝑠𝐺𝑖

𝑇
𝑐𝐺𝑖
− 𝑇
𝑠𝐺𝑖

]

]

]

]

]

]

]

, (1)

where temperature𝑇
𝐺𝑖
is the average of the three temperature

values for gyroscope in the 𝑖th axes, which has been smoothed
to estimate the measurement error. The rate of temperature
change ̇

𝑇
𝐺𝑖

is the derivative of 𝑇
𝐺𝑖
. Limited by the measure-

ment condition, temperature gradients ∇𝑇
1𝐺𝑖

and ∇𝑇
2𝐺𝑖

are
replaced by the temperature differences 𝑇

𝑎𝐺𝑖
and 𝑇

𝑐𝐺𝑖
from

𝑇
𝑠𝐺𝑖

, respectively, because 𝑇
𝑠𝐺𝑖

is the closest to the external
environment temperature.

Therefore, the nonlinear multiparameters temperature
error model of gyroscope in the 𝑖th axes can be expressed
qualitatively as the function of the temperature input X

𝐺𝑖
:

𝛿𝐺
𝑇𝑖
= 𝑓 (X

𝐺𝑖
) = 𝑓 ([𝑇

𝐺𝑖
,
̇
𝑇
𝐺𝑖
, ∇𝑇
1𝐺𝑖
, ∇𝑇
2𝐺𝑖
]

𝑇

) . (2)

The RBF neural network is a special feed-forward net-
work and commonly has three layers: an input layer, a
single hidden layer, and an output layer [15]. The hidden
layer transfers the linear model into a nonlinear one and
maps the input space to a new solution space. According to
the characteristic of nonlinear and multiparameters in the
temperature error model of gyroscope assembly, the RBF
neural network here can be given in Figure 2.

Radial basis function is usually defined as a function
of the Euclidean distance from arbitrary input X

𝐺𝑖
to
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Figure 3: Temperature error modeling for accelerometer assembly based on RBF neural network.

the center C
𝑗𝐺𝑖

; it can be written as ℎ
𝑗𝐺𝑖

. The most common
radial basis function is Gauss kernel function:

ℎ
𝑗𝐺𝑖
= exp

{

{

{

−






X
𝐺𝑖
− C
𝑗𝐺𝑖







2

2𝜎
2

𝑗𝐺𝑖

}

}

}

, (3)

where C
𝑗𝐺𝑖

is the basis function center of the 𝑗th node in the
hidden layer for gyroscope in the 𝑖th axes and 𝜎

𝑗𝐺𝑖
represents

the spread of the basis function.
The neural network theory holds that any function can

be expressed as a weighted sum of a set of basis functions in
solving function approximation problem. So the temperature
error model of gyroscope assembly can be given as follows:

𝛿𝐺
𝑇𝑖
= 𝑓 (X

𝐺𝑖
) =

𝑀𝐺

∑

𝑗=1

𝑤
𝑗𝐺𝑖
ℎ
𝑗𝐺𝑖

=

𝑀𝐺

∑

𝑗=1

𝑤
𝑗𝐺𝑖

exp
{

{

{

−






X
𝐺𝑖
− C
𝑗𝐺𝑖







2

2𝜎
2

𝑗𝐺𝑖

}

}

}

,

(4)

where 𝑤
𝑗𝐺𝑖

is the 𝑗th the weight value from the hidden layer
to the output layer of gyroscope in the 𝑖th axes;𝑀

𝐺
represents

the node number of the hidden layer. C
𝑗𝐺𝑖

, 𝜎
𝑗𝐺𝑖

, and𝑤
𝑗𝐺𝑖

can
be obtained by training process of RBFneural network during
the temperature compensation.

3.2. Nonlinear Multiparameters Temperature Error Modeling
of Accelerometer Assembly. Unlike RLG, QMA only has
one embedded thermometer. The accelerometer assembly
temperature error model only can obtain temperature and
rate of temperature change without temperature gradient.
According to the characteristic of temperature error for
accelerometer assembly, the nonlinear multiparameters tem-
perature error model of accelerometer in the 𝑖th axes can
be expressed qualitatively as the function of the temperature
input X

𝐴𝑖
:

𝛿𝐴
𝑇𝑖
= 𝑓 (X

𝐴𝑖
) = 𝑓 ([𝑇

𝐴𝑖
,
̇
𝑇
𝐴𝑖
]

𝑇

) . (5)

The temperature input of accelerometer in the 𝑖th axes is
X
𝐴𝑖
= [𝑇
𝐴𝑖

̇
𝑇
𝐴𝑖
]

𝑇 with 𝑇
𝐴𝑖

being the output of thermometer

embedded in accelerometer in the 𝑖th axes; ̇𝑇
𝐴𝑖
is the deriva-

tive of 𝑇
𝐴𝑖
.

The RBF neural network of accelerometer assembly is
given in Figure 3.

The radial basis function is also Gauss kernel function.
The temperature error model of accelerometer assembly

can be given as follows:

𝛿𝐴
𝑇𝑖
= 𝑓 (X

𝐴𝑖
) =

𝑀𝐴

∑

𝑗=1

𝑤
𝑗𝐴𝑖
ℎ
𝑗𝐴𝑖

=

𝑀𝐴

∑

𝑗=1

𝑤
𝑗𝐴𝑖

exp
{

{

{

−






X
𝐴𝑖
− C
𝑗𝐴𝑖







2

2𝜎
2

𝑗𝐴𝑖

}

}

}

,

(6)

where 𝑤
𝑗𝐴𝑖

is the 𝑗th the weight value from the hidden
layer to the output layer of accelerometer in the 𝑖th axes;
𝑀
𝐴
represents the node number of the hidden layer. C

𝑗𝐴𝑖

is the basis function center of the 𝑗th node in the hidden
layer for accelerometer in the 𝑖th axes and 𝜎

𝑗𝐴𝑖
represents

the spread of the basis function. C
𝑗𝐴𝑖

, 𝜎
𝑗𝐴𝑖

, and 𝑤
𝑗𝐴𝑖

can be
obtained by training process of RBF neural network during
the temperature compensation.

3.3. Temperature Error Compensation Method of RBF Neural
Network Based on Bayesian Regularization. The poor gen-
eralization ability is the most troubling problem affecting
the application of RBF neural network. In the traditional
algorithm of RBF neural network, the mean square error
(MSE) is usually used as the evaluation criterion [14]. The
MSE of temperature error in gyroscope and accelerometer
assemblies can be given as follows:

𝐸
𝑑𝐺𝑖
=

1

𝑁

𝑁

∑

𝑛=1

(𝑓 (X
𝐺𝑖
(𝑛)) − 𝛿𝐺

𝑇𝑖
(𝑛))

2

,

𝐸
𝑑𝐴𝑖
=

1

𝑁

𝑁

∑

𝑛=1

(𝑓 (X
𝐴𝑖
(𝑛)) − 𝛿𝐴

𝑇𝑖
(𝑛))

2

,

(7)

where 𝛿𝐺
𝑇𝑖
(𝑛) and 𝛿𝐴

𝑇𝑖
(𝑛) are the 𝑛th training target of

the sample for gyroscope and accelerometer in the 𝑖th
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axes, respectively; 𝑋
𝐺𝑖
(𝑛) and 𝑋

𝐴𝑖
(𝑛) are the corresponding

temperature input for gyroscope and accelerometer in the 𝑖th
axes, respectively; 𝑓(X

𝐺𝑖
(𝑛)) and 𝑓(X

𝐴𝑖
(𝑛)) are the output of

the training sample for gyroscope and accelerometer in the
𝑖th axes, respectively; 𝑁 is the total number of the training
sample.

The MSE of the training sample can only reflect the
ability to approximate the sample of RBF neural network,
not representing the generalization ability. A major issue for
traditional RBF neural network methods is the potential for
overfitting which leads to a fitting of the noise and loses
generalization of the network [16]. To reduce the potential
for overfitting, an improved RBF neural network based on
Bayesian regularization is proposed to prevent the weight
values from growing too large by appending weight values in
the evaluation criterion. The smaller the weight values are,
the better the generalization capability of the network is. The
weight decay regularizer can be given as follows:

𝐸
𝑤𝐺𝑖
=

1

𝑀
𝐺

𝑀𝐺
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𝑤
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=

1

𝑀
𝐴

𝑀𝐴

∑

𝑘=1

𝑤
2

𝑗𝐴𝑖
.

(8)

So the evaluation criterion of Bayesian regularization can
be given as follows:

𝐹
𝐺𝑖
(𝑤
𝐺𝑖
) = 𝛼
𝐺𝑖
𝐸
𝑤𝐺𝑖
+ 𝛽
𝐺𝑖
𝐸
𝑑𝐺𝑖
,

𝐹
𝐴𝑖
(𝑤
𝐴𝑖
) = 𝛼
𝐴𝑖
𝐸
𝑤𝐴𝑖
+ 𝛽
𝐴𝑖
𝐸
𝑑𝐴𝑖
,

(9)

where 𝛼
𝐺𝑖
, 𝛽
𝐺𝑖
, 𝛼
𝐴𝑖
, and 𝛽

𝐴𝑖
are the evaluation criterion

function parameters. Under the situation of 𝛼
𝐺𝑖
≪ 𝛽
𝐺𝑖

or
𝛼
𝐴𝑖
≪ 𝛽
𝐴𝑖
, overfitting may occur due to the overemphasis

on reducing training error. While on the other hand, too
much concentration on limiting the network weight values
when 𝛼

𝐺𝑖
≫ 𝛽
𝐺𝑖

or 𝛼
𝐴𝑖
≫ 𝛽
𝐴𝑖

may probably lead to large
training error. Therefore, how to find optimal values of 𝛼

𝐺𝑖
,

𝛽
𝐺𝑖
, 𝛼
𝐴𝑖
, and 𝛽

𝐴𝑖
is a key point of Bayesian regularization.The

Bayesian regularization to RBF network training makes use
of an iterative procedure in the manner of the expectation-
maximization algorithm for estimating the network weights.
The iterations consist of finding the most probable value
for the weights from their distribution [17]. In the Bayesian
framework, the weight values of the network are assumed to
be random variables. According to Bayesian’s rule [18], the
optimization of the regularization parameters 𝛼

𝐺𝑖
, 𝛽
𝐺𝑖
, 𝛼
𝐴𝑖
,

and 𝛽
𝐴𝑖

require solving the Hessian matrix of 𝐹
𝐺𝑖
(𝑤
𝑀𝑃

𝐺𝑖
) and

𝐹
𝐴𝑖
(𝑤
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𝐴𝑖
) at the minimum point 𝑤𝑀𝑃
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and 𝑤𝑀𝑃

𝐴𝑖
. The optimal

weight values 𝑤𝑀𝑃
𝐺𝑖

and 𝑤𝑀𝑃
𝐴𝑖

should maximize the posterior
probability; this is equivalent to minimizing the regularized
evaluation criterion functions 𝐹

𝐺𝑖
(𝑤
𝐺𝑖
) and 𝐹

𝐴𝑖
(𝑤
𝐴𝑖
).

Initializing the value of 𝛼
𝐺𝑖
(0), 𝛽
𝐺𝑖
(0), 𝛼
𝐴𝑖
(0), and 𝛽

𝐴𝑖
(0)

by prior distribution, the updating formula of the evaluation

criterion function parameters in gyroscope and accelerome-
ter assemblies can be expressed as follows:
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(10)

where 𝛾
𝐺𝑖
(𝑘) and 𝛾

𝐴𝑖
(𝑘) are called the effective number of

parameters.𝐻
𝐺𝑖
(𝑘) and𝐻

𝐴𝑖
(𝑘) are the Hessian matrix of the

evaluation criterion function.
The training process of Bayesian regularization neural

network is iterative algorithm for compensating temperature
error of POS. The limited function is
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where 𝑒
𝛼𝐺𝑖

, 𝑒
𝛽𝐺𝑖

, 𝑒
𝛼𝐴𝑖

, and 𝑒
𝛽𝐴𝑖

are infinitesimals; this is
equivalent to the convergence of the evaluation criterion
function. When the training process of Bayesian regular-
ization neural network is finished, the optimization of the
neural network parameters 𝑤∗

𝑗𝐺𝑖
, C∗
𝑗𝐺𝑖

, 𝜎∗
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can be obtained. The final result of temperature errors
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. The temperature error 𝛿𝐺∗
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is used to compensate

the original output of RLG bias 𝐺
𝑜𝑖

in the 𝑖th axes. The
temperature error 𝛿𝐴∗

𝑇𝑖
is used to compensate the original
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Figure 4: The hardware components of developed POS.
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Bayesian regularization method reduces the network
weight values under the condition of minimizing network
training error by new evaluation criterion which eventually
improve the generalization ability of neural network.

4. Temperature Experiment

4.1. The Equipment in Temperature Experiment. In tem-
perature experiment, we developed the POS (Model TX-
R20) which is applied in airborne remote sensing system.
The POS as shown in Figure 4 can implement gyros biases
calibration, initial alignment, inertial navigation algorithms,
and so forth. The POS uses an IMU that is sufficient and
separated from the PCS and connected to the PCS by a
data interface and power cable. The IMU is designed to be
small (210mm × 200mm × 142mm), light (6.7 Kg), and
of little power consumption (20W). The common output
frequency is 100Hz (highest being 200Hz).Theoverall power
consumption of POS including IMU and PCS is 28W, which
is commensurate in performance with the POS/AV610. The
nominal accuracy of three RLGs (𝑋, 𝑌, and 𝑍 gyroscopes)
is less than 0.01∘/h and the nominal accuracy of three QMAs
(𝑋, 𝑌, and 𝑍 accelerometers) is less than 50𝜇g.

4.2. The Procedures of the Temperature Experiment. IMU is
attached in a temperature chamber as shown in Figure 5.
The IMU and temperature chamber are required to be
stationary during the whole experiment. The temperature of
the chamber varies from −30∘C to 50∘C. To establish the tem-
perature error model of POS, an experiment is implemented.

IMU

PCS

Power
Temperature

chamber

Control
equipment

Figure 5: The equipment of the temperature experiment.
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Figure 6: The procedures of the temperature experiment.

Firstly, the temperature is kept at 20∘C for 1.5 hours to attain
thermodynamic equilibrium of RLG and QMA assemblies.
Secondly, the temperature of the chamber increases to 50∘C
with uniform rate of 3∘C/min.Thirdly, the temperature is kept
at 50∘C for 2 hours. Finally, the temperature of the chamber
decreases to −30∘Cwith a uniform rate of −3∘C/min; then the
temperature is also kept for 2 hours.

The temperature errors are chosen as the training target
of the RBF neural network, and then it is trained by the
traditional RBF neural network and proposed method.

4.3. Compensation Results of Temperature Errors. In order to
validate the generalization ability of the RBF neural net-
work trained by the proposed method, a verification test is
implemented as shown in Figure 6. Firstly, the temperature
is kept at 20∘C for 1 hour. Secondly, the temperature of the
chamber decreases to −30∘C with uniform rate of −1∘C/min.
The temperature is kept at −30∘C for 1 hour. Thirdly, the
temperature of the chamber increases to 30∘Cwith a uniform
rate of 2∘C/min. The temperature is kept at 30∘C for 1 hour.
Finally, the temperature of the chamber decreases to −30∘C
with a uniform rate of −3∘C/min and is kept at −30∘C for 1
hour.
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Table 1: The compensational results in gyroscope assembly.

Gyroscope Original bias (∘/h) Traditional method (∘/h) Proposed method (∘/h) Improvement (%)
𝑋 0.0298 0.0087 0.0078 10.4
𝑌 0.0130 0.0104 0.0098 5.7
𝑍 0.0232 0.0091 0.0080 12.1

Table 2: The compensational results in accelerometer assembly.

Accelerometer Original bias (𝜇g) Traditional method (𝜇g) Proposed method (𝜇g) Improvement (%)
𝑋 181.37 24.52 18.96 22.6
𝑌 199.07 30.33 21.89 27.8
𝑍 438.58 24.13 16.58 31.3
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Figure 7: Curves of RLG bias changing with temperature.

The temperature errors of gyroscope and accelerom-
eter assemblies in verification test are compensated by
the traditional RBF neural network and proposed method
in the paper. The compensation results of gyroscope and
accelerometer assemblies are shown in Figures 7 and 8. The
comparisons of results are given in Tables 1 and 2.

As it is evident from Tables 1 and 2, the proposed method
reduces the temperature errors of RLG bias and QMA bias
effectively.

5. The Airborne Application Experiment

In order to further validate the application capability of
the proposed method, the airborne application experiment
shown in Figure 9 is implemented in July 2013, Weihai City,
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Figure 8: Curves of QMA bias changing with temperature.

Shandong, China. The equipment of the airborne applica-
tion experiments includes an experimental airplane (Y-12),
TSMFTIS, and POS. The POS and TSMFTIS are fastened
together and then installed on the inertial stabilized platform.
The inertial stabilized platform is connected with the cabin
of the airplane. Based on the motion information provided
by POS, TSMFTIS successfully accomplishes airborne remote
sensing assignment.

5.1. The Result of Airborne Experiment. The airplane has a
flight of 3 hours and 20 minutes and flies at a height of
2800 meters. The environment temperature changes rapidly
throughout the flight. During the 15-minute climbing, the
external temperature changes rapidly from 34∘C to 19∘C,
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The experimental aircraft
applied in remote sensing

The POS and TSMFTIS in the
aircraft

POS

TSMFTIS

Inertial stabilized
platform

Figure 9: The airborne application experiments.

1st frame 30th frame 60th frame 120th frame

150th frame 180th frame 210th frame 240th frame

Figure 10: The interferogram with TSMFTIS using POS data.

which affects the measurement accuracy of inertial naviga-
tion. Accordingly, temperature error compensation is nec-
essary in inertial navigation. The inertial navigation error
results by traditional RBF neural network method and the
proposed method are shown in Table 3.

The results show that compared to the traditional RBF
neural network method, the inertial navigation error of
proposed method is reduced to 0.57 nautical mile from 0.63
nautical mile during 1 hour, falling by 9.52%. The inertial
navigation error over 3 hours and 20 minutes is reduced to
1.60 nautical miles from 1.73 nautical miles, falling by 7.51%.

5.2. The Airborne Remote Sensing Experiment of TSMFTIS
with POS. The application of TSMFTIS, which plays a
vital role in the remote sensing system, has no internal
moving parts and high throughput advantages [19]. It is
usually applied in satellite remote sensing assignment which
requires high stability of the platform to provide accurate
position, velocity, and attitude references for TSMFTIS to
measure the geographic position and orientation directly
during the push-broom process [20]. However, in airborne
remote sensing system, the attitude changes of the aircraft
due to air disturbance cannot be completely compensated
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Figure 11: Five groups of the reconstructed spectra.
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Table 3: Inertial navigation error in the airborne experiments.

Traditional RBFNN Proposed method Improvement in precision

1 hour of navigation error
(nautical mile)

0.63 0.57 9.52%

3 hours 20 minutes of
navigation error (nautical mile)

1.73 1.60 7.51%

Table 4: The RQE results in airborne remote sensing experiment.

Group Traditional method Image registration Target-tracking-based Improvement (%)
1 0.6410 0.7275 0.3141 51.00
2 0.4930 0.4407 0.2776 43.69
3 0.6450 0.3474 0.2608 59.56
4 0.4749 0.4799 0.2637 44.47
5 0.4697 0.2893 0.2761 41.22
Average 0.5447 0.4569 0.2784 47.99

by the inertial stabilized platform because of its limit on
stability and precision which cannot completely compensate
the deviations. Therefore, the aircraft cannot be regarded as
a stable platform compared with satellites platforms, which
restricts the application of TSMFTIS in airborne remote sens-
ing; sometimes even the interferogram cannot be acquired.
This experiment, as an innovative attempt of the application
of TSMFTIS on airborne remote sensing system, efficiently
achieves target-tracking-basedmethod, which considers POS
data as its vital element [21].

POS data provides attitude information on TSMFTIS in
remote sensing imaging, which as a result tracks the position
of the target on each recorded image and obtains the right
target interferogram for airborne TSMFTIS. The right target
interferogram by target-tracking-based method using POS
data, which is obtained from the proposed method, is shown
in Figure 10. However, the other methods cannot obtain all
the effective interferograms without POS data.

In Figure 11, the reconstructed spectrum from the ref-
erence interferograms by spectroradiometer is denoted by
reference spectrum 𝐵

𝑅, while 𝐵𝐸 is the error spectrum
reconstructed from distorted interferogram. 𝐵IR and 𝐵POS
represent the spectra reconstructed from the corrected inter-
ferogram based on image registration method and target-
tracking-based method obtained by POS data, respectively
[22, 23].The reconstructed spectrumusing POS datamatches
the reference spectrum better than that from image registra-
tion method.

The relative spectral quadratic error (RQE) [24] result
shown in Table 4 is regarded as an evaluation standard of
spectral precision. Table 4 demonstrates that the accuracy of
the reconstructed spectrumby target-tracking-basedmethod
using POS data improves rapidly compared with traditional
method in all five experiments, which validates both the
effectiveness and robustness of the proposed method. The
average result shows that the RQE is reduced to 0.2784 from
0.5447, falling by 47.99%.

6. Conclusion

POS plays a vital role and becomes a research and develop-
ment focus in airborne remote sensing systems. In this paper,
a nonlinear multiparameters temperature error model and
compensation method of POS based on Bayesian regulariza-
tion neural network were proposed to improve the measure-
ment precision of POS. At first, the nonlinear multiparame-
ters temperature errormodel of gyroscope and accelerometer
assemblies of POS was established. Then, a Bayesian regular-
ization neural network method was proposed to improve the
generalization ability of the network, which could be used
as the evaluation criterion to optimize the configuration of
temperature error.The experiment results show that the com-
pensated temperature errors of gyroscope and accelerometer
assemblies are reduced compared to the traditional method.
The proposed method had been applied in postprocessing
algorithm of POS, which successfully accomplished the first
airborne TSMFTIS remote sensing assignment.
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Pattern recognition is an important analytical tool in electrofacies analysis. In this paper, we study several commonly used clustering
and classification algorithms. On the basis of advantages and disadvantages of existing algorithms, we introduce the KMRIC
algorithm, which improves initial centers of K-means. Also, we propose the AKM algorithm which automatically determines the
number of clusters and apply support vector machine to classification. Finally, we apply these algorithms to electrofacies analysis,
where the experiments on the real-world datasets are carried out to compare the merits of various algorithms.

1. Introduction

Thebasic principle of electrofacies analysis is to determine the
lithological types corresponding to electrofacies according to
the known lithological and underlying parameters in the key
well. Then we conduct clustering and discriminant analysis
of key well and noncoring wells to automatically judge the
automatica.

Clusteringmeans the process of partitioning an unlabeled
dataset into groups of similar objects. Each group, called a
cluster, consists of objects that are similar to each other with
respect to a certain similarity measure and which are dis-
similar to objects of other groups. The applications of cluster
analysis have been used in a wide range of different areas,
including artificial intelligence, bioinformatics, biology, com-
puter vision, data compression, image analysis, information
retrieval, machine learning, marketing, medicine, pattern
recognition, spatial database analysis, statistics, recommen-
dation systems, and web mining.

Dong et al. [1] proposed an improvement method based
on K-means, which obtains the optimized initial center from
a group of initial clustering centers. The K-means algorithm
is one of the most popular and widespread partitioning
clustering algorithms because of its superior feasibility and

efficiency in dealing with a large amount of data. The main
drawback of the KM algorithm is that the cluster result
is sensitive to the selection of the initial cluster centers
and may converge to the local optima. At present, the
development tendency of clusteringmethod is to find a global
optimal solution in combinationwith the global optimization
methods like simulated annealing, particle swarm, and other
local methods like K-means [2–6]. Pelleg andMoore [7] pro-
posed an algorithm which can automatically determine the
optimal number of clusters during clustering. The challenge
of clustering high-dimensional data has emerged in recent
years. Clustering high-dimensional data is the cluster analysis
of data anywhere from a few dozens to many thousands
of dimensions. Such high-dimensional data spaces are often
encountered in areas such as medicine, biology, bioinformat-
ics, and the clustering of text documents, where, if a word-
frequency vector is used, the number of dimensions equals
the size of the dictionary. In high-dimensional clustering,
generally the original space is transformed by PCA, SVD,
K-L transformation, and other dimensionality reduction
methods first; then the clustering of low-dimensional space
is performed. Bertini et al. [8] introduced a high-dimensional
visualization technology, showing multidimensional data on
two-dimensional plane.
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K-means [9, 10] is a clustering method most widely used
in science and engineering nowadays. However, it has the
following 5 deficiencies [3, 5].

(1) The results are initial center initiative.
(2) Only local optimal solution can be obtained, rather

than global optimal solution.
(3) The number of clustering k should be set in advanced

artificially.
(4) The error point imposes serious impacts on the results

of clustering.
(5) The algorithm lacks scalability.

The paper introduces an improved algorithm according
to the deficiencies of K-means.

2. Improve K-Means Method of Initial Center

Aimed at the disadvantages (1) and (4) inK-means algorithm,
we propose a K-means algorithm with refined initial centers
(KMRIC for short) based on the works of predecessors [1].

(1) Randomly extract J sample subsets 𝑆
𝑖
, 𝑖 = 1, 2, . . . , 𝐽.

(2) Conduct K-means clustering of 𝐽 sample subsets,
respectively, on the whole data field to get J sets
CM
𝑖
, 𝑖 = 1, 2, . . . , 𝐽, CM = ⋃𝐽

𝑖=1
CM
𝑖
, in which there

are𝐾 × 𝐽 points for CM at most.
(3) Conduct K-means clustering on CM by taking CM as

the initial clustering center to get J clustering center
sets FM

𝑖
𝑖 = 1, 2, . . . , 𝐽.

It can be seen from Figure 1 that the clustering center is
obtained fromdifferent subsample set, near the real clustering
center, and clustering is formed by different subsample set.
In (3), selecting the one with the minimum sum of squares
of deviations as the improved initial clustering center can
reduce the randomness brought by random selection. In (2),
to eliminate the influence of error point, the modified K-
means algorithm (KmeansMod) is adopted.KmeansMod has
the following modification based on the standard K-means:
when the standardK-means algorithm is completed, the data
point contained in each clustering will be checked. If the data
point contained in a clustering is zero, the original center will
be replaced by taking the data point furthest to the clustering
center as a new center and then the K-means algorithm is
reran.

KMRPIC algorithm eliminates the sensitivity ofK-means
algorithm to data input consequence and initial centers,
which is an obvious improvement compared with K-means
effect. When applied to large-scale data, KMRIC can reduce
the iterations and improve the execution efficiency.

3. Adaptive K-Means

The number of clusters k of K-means algorithm should be set
in advance manually. However, actually we do not know the
value of k, especially in the case of high dimension of data, so
it is more difficult to select the correct value of k.

stands for the real clustering
stands for the cluster that is obtained by different subsample set

Figure 1: Multicombination clustering center obtained from multi-
ple sample subsets.

X-means put forward by Pelleg and Moore [7] can
automatically determine the number of clusters. However,
X-means is prone to split data into more clusters than the
actual ones, which is particularly obvious when the data is
not strictly subject to the normal distribution. Lewis [11]
statistics are introduced as the standard of measuring the
normal distribution and propose an adaptiveK-means (AKM
for short).

The AKM algorithm first assumes that all data are in
the same cluster; then the number of clustering is gradually
increased in the subsequent iterations. In each iteration,
whether each cluster satisfied the normal distribution is
judged at once; if not, the cluster should be split into two
clusters. After each splitting, K-means clustering is carried
out in the whole data field to improve the clustering results.
The iteration ends until there is no splitting and then the final
clustering results will be obtained. The schematic diagram of
AKM algorithm is shown in Figure 2. In Figure 2, clustering
is divided into three categories firstly; then each category
is split into two subclasses. At last, the results are got after
one splitting to judge whether each subclass follows Gaussian
distribution.

The judgment of splitting is as follows.

(1) Select the confidence level 𝛼.

(2) Run KMRIC program and split X into two to get two
clustering centers 𝑐

1
, 𝑐
2
.

(3) Let ] = 𝑐
1
−𝑐
2
be anN-dimensional vector connecting

the two centers, which is themain direction of judging
the normal distribution. X is projected on ]: 𝑥

𝑖
=

(⟨𝑥
𝑖
, ]⟩/‖]‖2)𝑋 is transformed to make its mean as 0

and variance as 1.

(4) Suppose that 𝑧
𝑖
= 𝐹(𝑥



(𝑖)
). The results 𝐴2

∗
(𝑍) with

respect to confidence level 𝛼 are not significant, so
accept𝐻

0
; reserve the original clustering center 𝑐 and

abandon 𝑐
1
and 𝑐
2
. Otherwise, reject 𝐻

0
, and replace

the original clustering center 𝑐 by 𝑐
1
and 𝑐
2
.
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(a) It is divided into three categories (b) Each category is split into two subclasses

(c) Get the results after one splitting to judge whether each
subclass follows Gaussian distribution

Figure 2: Schematic diagram of AKM algorithm.

𝐴
2

∗
(𝑍) is the statistics of Anderson Darling:

𝐴
2
(𝑍) = −

1

𝑛

𝑛

∑

𝑖=1

(2𝑖 − 1) [log (𝑧
𝑖
) + log (1 − 𝑧

𝑛+1−𝑖
)] − 𝑛.

(1)

Figure 3 shows two distribution circumstances. In
Figure 3(a), the subclass follows Gaussian distribution,
but in Figure 3(b), the subclass does not follow Gaussian
distribution. AKM algorithm can judge whether each
subclass follows Gaussian distribution.

AKM integrates the determination process of the number
of clusters and the clustering process, which can automati-
cally determine the optimal number of clusters, thus avoiding
the subjectivity in the selection of number of clusters and the
blindness of initialization, and can also distinguish the errors.

4. Discriminant Method

4.1. Fisher Classification. Fisher method actually is about the
dimension compression. Projecting the samples which can

be easily separated in higher space on a straight line arbitrarily
may be difficult to be identified for different types mixed
together. Generally, the best direction can always be found
to separate the samples when projected on that direction.
But how to find out the best direction and how to realize
the transformations of projection toward the best direction
are the very two problems to be solved by Fisher algorithm.
Figure 4 shows analysis schematic diagram of Fisher algo-
rithm using linear discriminant. In Figure 4(a), the sample
cannot be identifiedwhen being projected on coordinate axis,
and in Figure 4(b), the projection samples can be identified by
looking for a direction.

4.2. Potential Function Classification. Potential function, a
common method used in nonlinear classifier, is a way to
solve the classification problems of pattern via the conception
of electric field. In the potential function classification, the
samples belonging to one category are treated as positive
charge while the samples belonging to another category are
treated as the negative charge, thus turning the classification
problems of pattern to the matter of transferring the positive
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(a) The subclass follows Gaussian distribution (b) The subclass does not follow Gaussian distribution

Figure 3: Judge whether each subclass follows Gaussian distribution.

(a) The sample cannot be identified when being
projected on coordinate axis

(b) Theprojection samples can be identified by looking
for a direction

Figure 4: Schematic diagram of Fisher linear discriminant analysis.

charge and negative charge, and the equipotential line where
its electric potential is zero is the decision boundary. The
training course of potential function algorithm is a process
of accumulating electric potential when the samples are input
one after another by exploiting the potential function.

4.3. Least Squares Support Vector Machine (LS-SVM). Based
on the VC dimension theory of statistical learning theory
and the structural riskminimization principle, support vector
machinesmethod [12] converts the practical problem to high-
dimensional feature space through nonlinear transform-
ation and realizes the nonlinear discriminant function in the
original space by constructing linear discriminant function
in higher space. By means of introducing the least squares
linear system into support vector machine to replace the
traditional one, quadratic programming method, which is
adopted to settle the problems of classification and estima-
tion, is a kind of extension of traditional support vector
machine.

5. Procedures of Electrofacies Analysis

The procedure of electrofacies analysis is shown in Figure 5.

5.1. Feature Extraction of Log Data. The primary step to
establish electrofacies is to extract a set of log data features
that can reflect the lithologic character of sedimentary rock.
Generally, there are 9 types of well-logging items or more
and those logging items are interrelated. There are two ways
to eliminate gibberish, simplify control methods, and reduce
calculated amount: (1) principal component analysis. (2)
Select logging items manually. The extracted logging items
will be recorded in Table stdlogdata as the data source for
clustering analysis.

5.2. Clustering Analysis. In order to find out the electrofacies
of the same type and establish a standard library in electro-
facies analysis, clustering analysis must be conducted to stra-
tum. Finally, the classification results acquired by clustering
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Set up dynamic data
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component 

analysis

Select 
well- 

logging 
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Select well-logging item

Discriminate analysis

Determine 

Figure 5: Flow diagram of electrofacies analysis.

should be recorded in the column of “Category” in Table
stdlogdata and the lithology be recorded in the column of
“Lithology” according to the lithology dictionary.

5.3. Discriminant Analysis. After establishing lithofacies
database, namely, the electrofacies of type well, it is possible
to discriminate the lithofacies of other wells. After discrim-
ination, the data and discriminant results will be written in
Table anylogdata and the logging items bewritten in the Table
anylogitem.

6. Comparison and Analysis of
Results of Algorithm

6.1. Experimental Data. The Iris dataset [13] usually serves as
the testing dataset for benchmark function, in which each
record contains 4 attributes of Iris, totaling 150 samples.
The correct classification result is that each type of data
has 50 samples. Eight attributes are included in each set of
data of electrofacies, totaling 177 samples. As for the real
data in electrofacies, there is no strictly accurate number of
categories and standard classification. Judging by experience,
8 classifications may be rational.

6.2. Analysis of Experimental Results of Cluster

6.2.1. Iris Dataset. It can be easily seen from Figures 6–9
that the cluster obtained by standard K-means algorithm is
pretty different from the standard results, while the clustering
results obtained by ISODATA and KMRIC come near to the
standard ones and are the same as the results obtained by
built-in K-means algorithm of Matlab. AKM has only two
categories. The second and the third categories are deemed
as belonging to the same normal distribution that are never
apart for they are approximate to each other and have some
parts overlapped (see Table 1 and 2).

Table 1: Clustering method comparison under Iris dataset.

𝐾-means ISODATA KMRIC AKM Matlab
Type I 30 50 50 53 50
Type II 24 39 39 97 38
Type III 96 61 61 0 62
Accuracy 69.3% 92.6% 92.6% 66.7% 92%

Table 2: Clustering method comparisons under Iris dataset.

𝐾-means ISODATA KMRIC AKM Matlab
Type I 56 35 47 46 47
Type II 38 30 46 40 45
Type III 36 26 26 26 23
Type IV 18 23 14 23 23
Type V 11 17 13 13 13
Type VI 9 13 12 12 12
Type VII 8 12 10 10 11
Type VIII 1 10 9 7 3
Type IX 0 8 0 0 0
Type X 0 3 0 0 0

6.2.2. Electrofacies Dataset. It can be seen from Figures 10–13
that the clustering results obtained by K-means have large
error, while the cluster obtained by KMRIC and AKM is
relatively rational and can basically reflect the right classifi-
cation, and AKM can also identify the accurate number of
clustering automatically. Compared with ISODATA, AKM
is more accurate in determining the number of clustering
and its clustering results are more rational as well. Besides,
it proves that the hypothesis testing way to judge the number
of clustering of AKM is more universal than that by judging
it based on the between-class distance of ISODATA.
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Figure 6: Clustering results of dataset by Matlab figure.
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Figure 7: Clustering results obtained by standard K-means.

Table 3: Number of misclassification and accuracy of various
discriminant methods under Iris dataset.

Fisher Potential function LS-SVM
Type I 0 0 0
Type II 1 0 0
Type III 0 0 0
Total 1 0 0
Accuracy 96.7% 100% 100%

6.3. Experimental Results and Analysis of Classification

6.3.1. Iris Dataset. See Table 3.

6.3.2. Electrofacies Dataset. It can be seen fromTables 3 and 4
that these three classification methods all work well when
processing the Iris data for the data structure of Iris is quite
simple and low in dimension. As for electrofacies data, Fisher
discriminant analysis is not applicable due to the singular
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Figure 8: Clustering results obtained by ISODATA and KMRIC.
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Figure 9: Clustering results obtained by AKM.

Table 4: Number of misclassification of various discriminant
methods under electrofacies dataset.

Fisher Potential function LS-SVM
Type I — 0 0
Type II — 0 2
Type III — 0 0
Type IV — 1 2
Type V — 0 0
Type VI — 0 0
Type VII — 0 3
Type VIII — 0 2
Total — 1 9
Accuracy — 94.9% 76.9%

within-class scatter 𝑆
𝑤

matrix, while the potential func-
tion and LS-SVM still have better accuracy to classification.
The multiclassification of LS-SVM application remains for
further study.
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Figure 10: Clustering results obtained by standard K-means.
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Figure 11: Clustering results obtained by ISODATA.

7. Conclusion

On the basis of analyzing the strengths and weaknesses of the
existing main algorithms for clustering, this paper proposed
the KMRIC algorithm for improving initial points and the
AKM algorithm for determining the number of clusters. The
support vector machine has also been used for classification.
Finally, the algorithms are applied to electrofacies analysis.
Through the experimental analysis, comparison was made
among algorithms. According to the experimental results,
the KMRIC algorithm erases the sensibility of K-means
algorithm to data input sequence and initial centers, and it
achieves an obvious improvement relative to K-means and
ISODATA; AKMalgorithmmixes the process of determining
the number of clusters and the clustering process together
to avoid the subjectivity in selecting the number of clusters
and the blindness in initial divisions. Under general condi-
tion, the number of clusters and rational clusters can be found
correctly.

There are some other problems that remain open. The
volatility of results, which was caused by the randomness

15

10

5

0

−5

−10

−15
−30 −20 −10 0 10 20 30

Figure 12: Clustering results obtained by KMRIC.
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Figure 13: Clustering results obtained by AKM.

of selecting initial points in KMRIC, existed in KMRIC and
AKM. To address this problem, we can lower the randomness
by selecting the optimal initial points repeatedly. Hierarchical
clustering is a very stable method but its disadvantage is the
massive calculation cost. How to combine the hierarchical
clustering and the abovementionedmethods may be taken as
the improvement direction in future.
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In the past, fairness verification of exchanges between the traders in E-commerce was based on a common assumption, so-called
nonrepudiation property, which says that if the parties involved can deny that they have received or sent some information, then
the exchanging protocol is unfair. So, the nonrepudiation property is not a sufficient condition. In this paper, we formulate a new
notion of fairness verification based on the strand spacemodel and propose amethod for fairness verification, which can potentially
determine whether evidences have been forged in transactions. We first present an innovative formal approach not to depend on
nonrepudiation, and then establish a relative trader model and extend the strand spacemodel in accordance with traders’ behaviors
of E-commerce. We present a case study to demonstrate the effectiveness of our verification method.

1. Overview

The E-commerce protocol is a special kind of security
protocol aiming to coordinate the exchange of valuable
information between traders. The fairness of E-commerce
protocols is the essential property and has become a research
hotspot in recent years. E-commerce protocols are different
from traditional cryptographic protocols, and common secu-
rity analysis methods are invalid to fairness validating. It is
common to extend existingmethods like Kailar logic [1], SVO
logic [2], CSP process algebra [3], and strand space model
[4–6] to analyze such protocols. These methods are based on
the assumption that the nonrepudiation has been established,
and then verify fairness of fair exchange protocols. However,
fairness validating of E-commerce protocol needs to verify
not only the exchange process of protocols but also the
evidences exchanged between traders in transactions.

To verify fairness of E-commerce protocols, we present a
strand space model based fairness verificationmethod in this
paper, which is independent of nonrepudiation. The concept
of fairness is decomposed into fair exchange of evidences and
fair evidences of exchange, and a formal definition of fairness
and fairness evidences is introduced. The trader model is
constructed according to trader’s behaviors, which is different

from Dolev-Yao penetrator model [7]. The strands, in which
no evidences from its opponent are obtained by the entity, are
analyzed; thus, the nontermination dilemma caused by the
state space explosion problem can be avoided.

The paper is organized as follows: relatedwork on fairness
verification is discussed in Section 2. Some background
knowledge about strand space theory and the Dolev-Yao
penetratormodel is introduced in Section 3.The core body of
the paper is followed in Section 4, which consists of definition
and analysis of fairness as well as the discussion of trader
models and the extended theories of the strand space model.
The improved strand space model is tested by using the EMH
protocol in Section 5, which proposes an improved protocol.
Finally, the paper’s conclusion is offered in Section 6.

2. Related Works

The E-commerce protocol has two objectives: the first one
enables each protocol participant to seamlessly exchange
valuable information. The second one enables each protocol
participant to ensure the exchangeable fairness. The fair
exchange protocol is a basic protocol of various E-commerce
applications. From the perspective of protocol structure,
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it can be divided into three categories: gradual exchange
protocols, on-line TTP exchange protocols, and offline TTP
exchange protocols. In the 1980s, the appearance of gradual
exchange protocols gradually increases the probability of
correctness over several rounds of communication, but these
protocols only can do progressive fairness [8].The third party
protocol requires a trusted third party. The third party is
on-line which is required to be active in every exchange
transaction [9].These protocols relying heavily on TTP could
easily lead to overload of networks and susceptible attacks.
Offline fair exchange protocols have two phases: message
exchange phase and dispute resolution phase. TTP was used
only in the dispute resolution phase. This type of protocol
reduces the problemof TTP as a source of bottleneck, because
TTP is used very rarely and not involved in every round of
exchange. Currently, most E-commerce protocols are based
on offline TTP exchange protocols.

Formal analysis of security in E-commerce protocols is
carried out more frequently than the proposal of traditional
security protocols. For this reason, a variety of theories
have been proposed, such as Kailar logic, SVO logic, and
analysis method based on the CSP process algebra. Kailar
proposed the concept “accountability,” and a kind of logic
to analyze accountability named Kailar logic. Accountability
refers that protocol participants an prove that they have done
something. Kailar logic verifies accountability by analyzing
whether the parties have obtained the evidence that demon-
strates the occurrence of the exchange. Zhou Jianying and
Dieter Gollman put forward concepts EOO (nonrepudiation
evidences of origin) and EOR (nonrepudiation evidences of
receipt), which are used as the evidences of accountability. A
nonrepudiation protocol allows two potentially mistrusting
parities to exchange an electronicmessage togetherwith EOO
and EOR over the Internet in a fair way, that is, each party
gets the other’s term(s) or neither party does. They use SVO
logic to verify nonrepudiation protocols. Steve Schneider uses
CSPprocess algebra to analyze nonrepudiation protocols.The
method he proposed can be utilized to analyze accountability
and fairness. However, the analysis of the exchangeable
fairness is based on on-line TTP rather than on offline TTP
protocols which own a branched structure.

It is a prevailing approach for researchers to extend
the strand space model for the analysis of E-commerce
protocols in recent years. Yang and Deng [10] extended the
strand space model to analyze TLS and IKE protocols. They
proposed semiregular entities to denote entities which are
different from penetrator and regular entities. Wang et al.
[11] employed not only nonrepudiation EOO and EOR as
the fairness evidences but also a similar method to prove the
fairness of the iKPprotocol aswell. At the same time, Liu et al.
[12] used a similar method to prove the fairness of the IBS
protocol. These studies have provided a detailed description
and analysis of E-commerce as well as its security properties.

All these methods verifying fairness are based on the
prerequisite of guaranteeing exchangeable testimony as the
satisfied nonrepudiation.They use nonrepudiation evidences
as the fairness evidences. Nonrepudiation means that coun-
terparts cannot deny that they have received or sent some
information [13]. The E-commerce protocol requires not

only fair exchange of evidences, but also the equivalence of
exchange evidences.

Themethods mentioned above are limited in the scope of
the analyzed protocol, first of all, not all E-commerce proto-
cols use TTP as an arbitration and fault-tolerant process [14];
in addition, the nonrepudiation evidences are the evidences
of participants having sent or received information, while the
fairness evidences are the valuable, quantifiable information
exchanged by traders such as electronic money, bills, and
signatures in running of an E-commerce protocol. These
methods must assume that traders cannot forge evidences
first and then analyze the fairness of exchange processes.
Therefore, the study needs to explore a formal definition of
fairness which does not rely on nonrepudiation.

In addition, Fröschle [15] put forward the concept branch
of the strand space model. Branch describes the different
choices of entities in an E-commerce protocol, which helps
to traverse all the behaviors of protocol entities. Guttman
[16, 17] defined fairness evidences as a collection of valuable
information and then tracked all steps of a run to prove
the fairness of the exchange protocol. Strand space model
uses strands to describe all possible behaviors of protocol
participants, and needs more than one strand to describe an
entity’s behaviors, making the model complex owing to the
fact that participants in E-commerce protocols are possibly
dishonest. At the same time, as the analysis of the fairness
evidences requires considerable understanding of a protocol,
so fairness can’t be verified automatically. In addition, the
space of entities’ behaviors may be unlimited because of
dishonesty, and the traversal may not be terminated; thus,
a fairness verification method not to traverse all possible
behaviors of protocol’s entities needs to be explored.

Besides, although Guttman [16, 17] and we both extend
the strand space model to verify fairness, the details of
verification process between us are quite different. Guttman
developed a model connecting protocol execution with state
and state change and defined a new notation named state syn-
chronization events to synchronize states between protocol
participants. The “fair” in “fair exchange” in their definition
refers to the balanced evolution of the state. In our method,
we define the trader model to restrict traders’ behaviors, and
analyse all the possible results of a protocol. Their fairness
focus on the transaction process, while we concentrate on the
transaction result.

By the way, the protocol used as an instance to test our
method in Section 5 has been proved to be unfair [18]. They
analyzed and improved the EMH protocol, while the method
they proposed is very purposeful and can only be used in few
protocols [19].

3. Basic Concepts of Strand Space Model

Strand space model was proposed by Fabrega, Herzog, and
Guttma in 1998, which analyzes security protocols in a
hybrid analysis method combined to theorem proving and
trace. It was proposed to formally analyze authentication and
confidentiality of security protocols at first. There are some
basic definitions of stand space model as follows.
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𝐴 denotes the set of messages that can be exchanged
between principals in a protocol. Terms are the elements of
𝐴. In a protocol, principals can either send or receive terms.
To strand space model, the positive sign represents sending
a term, whereas the negative sign represents receiving a term
according to its occurrence.

Definition 1. A signed term is a pair ⟨𝜎, 𝑎⟩ with 𝑎 ∈ 𝐴 and
𝜎 ∈ {+, −}. We will write a signed term as +𝑡 or −𝑡. (±𝐴)∗ is
the set of finite sequences of signed terms. We will denote a
typical element of (±𝐴)∗ by ⟨⟨𝜎

1
, 𝑎
1
⟩, . . . , ⟨𝜎

𝑛
, 𝑎
𝑛
⟩⟩.

We extend the notion term to describe behaviors by
traders in E-commerce protocols.

Definition 2. A strand space is a set Σ with a trace mapping
tr : Σ → (±𝐴)

∗, where Σ is the set of strands.

Definition 3. Anode is a pair ⟨𝑠, 𝑖⟩, with 𝑠 ∈ Σ and 𝑖, an integer
satisfying 1 ≤ 𝑖 ≤ length(tr(𝑠)).The set of nodes is denoted by
𝑁. One will say the node ⟨𝑠, 𝑖⟩ belongs to the strand 𝑠.

Definition 4. 𝐸 is the set of edges. 𝑛
1
, 𝑛
2
∈ 𝑁 and 𝑛

1
→ 𝑛
2
∈

𝐸 means term(𝑛
1
) = +𝑎 and term(𝑛

2
) = −𝑎; 𝑛

1
⇒ 𝑛
2
∈

𝐸 means 𝑛
1
, 𝑛
2
occurs on the same strand with index(𝑛

1
) =

index(𝑛
2
) − 1.

The actions available to penetrators are encoded in a set
of penetrator traces that summarize the ability to discard
messages, generate well-knownmessages, and piecemessages
together and apply cryptographic operations using keys that
become available to him.

Definition 5. Penetratormodel is defined by penetrator traces
according to Dolve-Yao model assumptions:

𝑀: text message: ⟨+𝑡⟩, where 𝑡 ∈ 𝑇,

𝐹: flushing: ⟨−𝑔⟩,

𝑇: tee: ⟨−𝑔, +𝑔, +𝑔⟩,

𝐶: concatenation: ⟨−𝑔, −ℎ, +𝑔ℎ⟩,

𝑆: separation into component: ⟨−𝑔ℎ, +𝑔, +ℎ⟩,

𝐾: key: ⟨+𝐾⟩, where 𝐾 ∈ 𝐾
𝑃
, 𝐾
𝑃
is the set of keys

initially known to the penetrator,

𝐸: encryption: ⟨−𝐾, −ℎ, +{ℎ}
𝑘
⟩,

𝐷: decryption: ⟨−𝐾−1, −{ℎ}
𝐾
, +ℎ⟩.

Trace𝑀means penetrator could send the messages they
owned to the channel. While 𝐹means that they could obtain
every message traveled in channel.𝑇means repetition.𝐶 and
𝑆, respectively, represent joining and decomposition. 𝐸 and
𝐷 are the encryption and decryption. This set of penetrator
traces ensures that the values that may be emitted by the
penetrator are closed under joining, encryption, and the
relevant “inverses” [5]. The trader model we proposed has
the same form with penetrator model but models different
abilities.

4. The Fairness Verification Using Strand
Space Model

Thepaper focuses on E-commerce protocols containing third
parties. The referred third party, here, are bank, arbiter, and
trusted third party (TTP). Buyers and sellers in transactions
exchange evidences, while third party guarantees fairness and
effectiveness of the transactions. The model of third party is
assumed to be regular and honest.This section is divided into
three parts: the first part gives the formal definition of fairness
and fairness evidences and then establishes the trader model
and extends related concepts of the strand spacemodel and, at
last, gives a fair validation process based on those definitions.

4.1. The Formal Definition of Fairness. Fairness is one of the
basic security properties that E-commerce protocols must
meet; the acknowledged definition of fairness can be referred
to [8–15]: an exchange is fair means that, at the end of the
exchange, either each player receives the terms they expect
or none receives any information about the other’s terms.
Fairness evidences are those terms that players expect in
transaction. Fairness of E-commerce protocols includes the
fair exchange of evidences and the fair evidences in exchange.
The exchange in an electronic transaction is considered to be
equivalent, so evidences exchanged in electronic transaction
should be equivalent; otherwise, a trader may benefit from
the other by forging unequal exchange evidences. To verify
the fairness of the corresponding relation of evidences,
the mapping relationship of defining evidences is in the
following.

Definition 6. Traders 𝐵
1
, 𝐵
2
∈ 𝑁; 𝑁 is the set of traders’

identification; 𝐸
𝐵1

and 𝐸
𝐵2

are sets of fairness evidences
belonging to traders 𝐵

1
and 𝐵

2
, respectively. The evidence-

corresponding-relation is a bijective function 𝑓
𝐵1

: 𝐸
𝐵1

→

𝐸
𝐵2
. Its inverse function is 𝑓

𝐵2
: 𝐸
𝐵2

→ 𝐸
𝐵1
. ∀𝑒 ∈ 𝐸

𝐵1
,

∃!𝑒

= 𝑓
𝐵1
(𝑒) ∈ 𝐸

𝐵2
, here, 𝑓

𝐵1
(𝑒) means the evidences of

𝐵
2
which 𝐵

1
expects. The set of functions 𝑓

𝐵1
(𝑒) is denoted

by 𝐹(𝐸
𝐵1
, 𝐸
𝐵2
). Similarly, the set from 𝐵

2
to 𝐵
1
is denoted by

𝐹(𝐸
𝐵2
, 𝐸
𝐵1
).

Evidences exchanged in electronic transactions need to be
mutually corresponded. Each trader has the ability to evaluate
evidences, and the corresponding relations of traders’ evi-
dence act as an evaluation tool to measure equivalence of the
evidence’s value. We can verify whether traders have forged
evidences from the formula 𝑒 = 𝑓(𝑒). If the formula is not
established, it means that someone has forged evidences so
that evidences exchanged are not equivalent. In our research,
we assume that if a trader receives unequal evidence from
others, they would like to ignore this message. This means
that if a participant uses forged evidences in transaction, the
other participant will refuse to accept the evidence.

The fair exchange of evidence, in the point of view of a
trader, means that if 𝐴 has not obtained the evidence from
𝐵, then 𝐵 could not obtain 𝐴’s evidence; else, if 𝐴 obtained
the evidence of 𝐵, whether 𝐵 obtained evidence from 𝐴 will
not be considered anymore. Popular to say, the fairnessmeans



4 Journal of Applied Mathematics

each participant of a transaction is not at a disadvantage.
Combined with Definition 5, we define fairness as follows.

Definition 7. Given an E-commerce protocol Γ, here, 𝐵
1
, 𝐵
2
∈

𝑁, 𝑒
1
∈ 𝐸
𝐵1
, 𝑒
2
∈ 𝐸
𝐵2
, 𝐸
𝐵1
, and 𝐸

𝐵2
are sets of evidences

of 𝐵
1
and 𝐵

2
. 𝑓
1

∈ 𝐹(𝐸
𝐵1
, 𝐸
𝐵2
) and 𝑓

2
∈ 𝐹(𝐸

𝐵2
, 𝐸
𝐵1
)

are evidence-corresponding-relations between 𝐵
1
and 𝐵

2
,

respectively. Protocol Γ is fair, if and only if the following two
conditions hold:

(1) at the end of an exchange, if trader𝐵
1
has not obtained

𝑓
1
(𝑒
1
), then 𝐵

2
cannot get 𝑒

1
;

(2) at the end of an exchange, if trader𝐵
2
has not obtained

𝑓
2
(𝑒
2
), then 𝐵

1
cannot get 𝑒

2
.

During the fairness validation process, we first generate a
trader’s strandwhich he has not got at the endof a transaction;
the other trader acts as a penetrator to analyze whether the
penetrator could obtain the evidence they want through a
variety of deceptions or attacks fromone of the strands above.
The penetratormodel here is different from themodel used in
the classical strand spacemodel.Therefore, we need tomodel
the behaviors of traders and extend related theories of the
strand space model to describe E-commerce protocol and its
properties.

4.2. Extension of Strand SpaceModel. Traders in E-commerce
protocols are dishonest not like regular entities and penetra-
tor entities in general security protocols. Apart from traders,
all participants in E-commerce protocols are regular entities
and perform in accordance with the agreement provisions.
Because their sequence of events and entity model are
constant, each of them has only limited numbers of strands.
While traders may opt out of the transaction, or repeatedly
use outdated evidences, like orders and electronic money,
they may use a variety of behaviors to obtain benefits, thus
the events sequence of these entities may not be complete in
accordance with the protocol. Original strand space model
uses the penetrator model to describe behaviors of attackers.
A penetrator can intercept, send, forgery, tamper messages,
and so forth.They can do almost everything except for resolv-
ing cryptographic algorithms, while traders are still bounded
by the protocol. If using penetratormodel to describe traders’
behaviors, we might make a wrong judgment to a correct
protocol. Thus, we need to establish a model to describe
the behaviors of transactions between buyers and sellers.
The capability of this model is between regular entities and
penetrator entities. We call it trader model.

The study imitates the penetrator model in original
strand space model to build the trader model and describe
the behaviors of traders into atomic behaviors and their
combinations. E-commerce protocols have little constrains
for traders, similarly, traders cannot be completely separated
from the protocol, so we use atomic behavior as well as
some constraints on these atoms to describe the behaviors of
traders. The model assumptions are showed as follows:

(1) traders can encrypt, decrypt, connect, and decom-
pose message;

(2) traders can forge evidences and messages by using
unequal evidences to get the other’s interests;

(3) traders can send or receivemessages belonging to this
trader in protocol; only the messages are in specified
format of protocol;

(4) both entities and messages in E-commerce proto-
cols satisfy authentication and confidentiality, which
being basic properties of security protocols; the pro-
tocol is insecure if these two properties are not met;
fairness and nonrepudiation are based on the premise
of security of the protocol; we should verify security
before analysis fairness;

(5) the sequence of events in traders model needs not
to be the order in accordance with the protocol; this
assumption needs to describe the behaviors of traders
in the form of atoms.

Considering E-commerce, protocols satisfy authentica-
tion and confidentiality; we add the identifiers of entities
into the concept of the term, and terms in our model are
represented as a 3-tuple. This modification eliminates the
need for verification of authentication. Term is defined as
follows.

Definition 8. Term is a 3-tuple ⟨𝜎, 𝑎, 𝐵⟩, where 𝜎 ∈ {+, −,⨁},
𝑎 ∈ 𝐴, and 𝐵 ∈ 𝑁. 𝐴 is the message set and 𝑃 is
the set of entities’ identifier. ⟨+, 𝑎, 𝐵⟩ means entity 𝐵 sends
message 𝑎; ⟨−, 𝑎, 𝐵⟩means an entity receives message 𝑎 from
entity 𝐵; and ⟨⨁, 𝑎, 𝐵⟩ means entity 𝐵 owns message 𝑎.
For convenience, abbreviate term ⟨𝜎, 𝑎, 𝐵⟩ as 𝜎𝑎.𝐵; 𝑎 is the
unsigned portion of 𝜎𝑎.𝐵.

We use symbol “⨁” to meet the third assumption.
Traders in E-commerce protocols cannot receive or send
some messages, but can calculate. In the following, 𝐴

𝐵
is the

set of terms that 𝐵 could send or receive in protocol, and 𝐴
∗

𝐵

is the set of messages 𝐵 owns at the time.
Traders’ atomic behaviors can be described by trace.

Definition 9. A trader trace is one of the following:

(1) 𝑀∗: text message: ⟨⨁ 𝑡.𝐵, +𝑡.𝐵⟩, where +𝑡.𝐵 ∈ 𝐴
𝐵
,

𝑡 ∈ 𝐴
∗

𝐵
, and 𝐵 ∈ 𝑁; 𝐵 is an entity’s identifier; trace

𝑀
∗ expresses entity 𝐵 sending message 𝑡;

(2) 𝐹∗: flushing: ⟨−𝑡.𝐶,⨁ 𝑡.𝐵⟩, where −𝑡.𝐶 ∈ 𝐴
𝐵
and 𝐵,

𝐶 ∈ 𝑁; trace 𝐹∗ means entity 𝐵 receives message 𝑡,
and then 𝐵 owns 𝑡;

(3) 𝑃∗: falsifying: ⟨⨁𝑒.𝐵,⨁𝑓.𝐵⟩, where 𝑒 ∈ 𝐸
𝐵

and 𝑓 ∈ 𝐹(𝐸
𝐵
, 𝐸
𝐵
); 𝐸
𝐵

is the set of evidence
belonging to entity 𝐵, 𝐹(𝐸

𝐵
, 𝐸
𝐵
) which is the set

of evidence-corresponding-relations from 𝐵 to 𝐵
;

trace 𝑃
∗ expresses the situation that entity 𝐵 forges

evidence and its descriptions in protocol;
(4) 𝐶∗: concatenation: ⟨⨁𝑔.𝐵,⨁ℎ.𝐵,⨁𝑔ℎ.𝐵⟩, where

𝑔, ℎ ∈ 𝐴
∗

𝐵
and 𝐵 ∈ 𝑁; trace 𝐶∗ means that if entity 𝐵

owns messages 𝑔 and ℎ, then 𝐵 owns 𝑔ℎ;
(5) 𝑆∗: separation: ⟨⨁𝑔ℎ.𝐵,⨁𝑔.𝐵,⨁ℎ.𝐵⟩, where 𝑔ℎ ∈

𝐴
∗

𝐵
and 𝐵 ∈ 𝑁; trace 𝑆∗ means that if entity 𝐵 owns

message 𝑔ℎ, then 𝐵 owns 𝑔 and ℎ;
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(6) 𝐾∗: key: ⟨⨁𝐾.𝐵⟩, where𝐾 ∈ 𝐾
𝐵
,𝐾
𝐵
is the set of keys

𝐵 owns; trace𝐾∗ means entity 𝐵 owns key 𝐾;
(7) 𝐸∗: encryption: ⟨⨁𝐾.𝐵,⨁ℎ.𝐵,⨁ {ℎ}

𝐾
.𝐵⟩, where

𝐾 ∈ 𝐾
𝐵
, ℎ ∈ 𝐴

∗

𝐵
, and 𝐵 ∈ 𝑁; trace 𝐸∗expresses the

situation that entity 𝐵 can encrypt ℎ with key 𝐾;

(8) 𝐷∗: decryption: ⟨⨁{ℎ}
𝐾
.𝐵,⨁𝐾

−1
.𝐵,⨁ℎ.𝐵⟩, where

𝐾 ∈ 𝐾
𝐵
, {ℎ}
𝐾
∈ 𝐴
∗

𝐵
, and 𝐵 ∈ 𝑁; trace 𝐷∗ expresses

the situation that entity 𝐵 can decrypt {ℎ}
𝐾
into ℎ if

they own both {ℎ}
𝐾
and𝐾−1.

The strand of a trader is composed of nodes in traces𝑀∗
and 𝐹∗, expressing a sequence of events of the entity, and the
remaining six traces are used to describe the entity’s message
space. Here, “+” and “−” denote messages delivered between
entities, and “⨁” stands for messages generated inside
entities. The classical strand space model does not describe
the concept “owned,” because the number of messages sent or
received by generators are unlimited. Messages which can be
sent or received are owned by penetrators, while traders can
only send or receivemessages belonging to them.We propose
the concept ”owns” to describe the ability that a trader can
process all the messages that they encountered. In summary,
we modify the definition of terms to solve authentication
and confidentiality, remove the tee trace 𝑇, add trace 𝑃∗ and
symbol “⨁” to limit traders’ abilities, and, finally, build the
traders model.

Classical strand space model uses edges “→ ” and “⇒”
to describe the causal relationship between terms, where
“→ ” edge expresses delivering message between entities,
and “⇒” edge describes an entity’s state transition. Because
traders’ entities are semihonest, one may needmore than one
strand to describe their behaviors. Using atomic behaviors to
build the trader model could describe the trader’s behaviors
nicely but is not conducive to express the causal relationship
between nodes. For this purpose, we define owning set 𝐴∗

𝐵

and sending-receiving set 𝐴
𝐵
, where owning set 𝐴∗

𝐵
is a

concept similar to ideal in the classical model and stands for
messages that entity 𝐵 has owned. The set is generated in a
recursive way. Sending-receiving set 𝐴

𝐵
contains messages

which 𝐵 could send or receive and is fixed in a specific
protocol. The owning set 𝐴∗

𝐵
is defined as follows.

Definition 10. 𝐴∗
𝐵
is an owning set of entity 𝐵; if 𝑔 ∈ 𝐴

∗

𝐵
, then

(1) 𝐸
𝐵
⊆ 𝐴
∗

𝐵
, 𝐾
𝐵
⊆ 𝐴
∗

𝐵
and 𝐹(𝐸

𝐵
, 𝐸
𝐵
) ⊆ 𝐴

∗

𝐵
, where 𝐸

𝐵

is the set of B’s evidences, 𝐾
𝐵
is the set of 𝐵’s keys,

and 𝐹(𝐸
𝐵
, 𝐸
𝐵
) is the set of evidence-corresponding-

relations from 𝐵 to 𝐵;
(2) ∀ℎ ∈ 𝐴

∗

𝐵
, one has 𝑔ℎ ∈ 𝐴

∗

𝐵
;

(3) ∀𝐾 ∈ 𝐾
𝐵
, one has {𝑔}

𝐾
∈ 𝐴
∗

𝐵
;

(4) If 𝑔 = 𝑔
1
𝑔
2
, then 𝑔

1
, 𝑔
2
∈ 𝐴
∗

𝐵
;

(5) If 𝑔 = {𝑔
1
}
𝐾
and𝐾−1 ∈ 𝐾

𝐵
, then 𝑔

1
∈ 𝐴
∗

𝐵
.

Owning set 𝐴∗
𝐵
is used to describe all messages owned

by entity 𝐵. The owning set of an entity will change with
the state of the entity. When trader 𝐵 receives messages 𝑆

𝐵

from their opponent, they could use thosemessages to obtain

information from third party. If a strand of entity 𝐵 includes
flushing trace 𝐹

∗
: ⟨−ℎ.𝐶,⨁ℎ.𝐵⟩, we have ℎ ∈ 𝐴

∗

𝐵
. We

stipulate 𝐴
∗

𝐵
[ℎ] as the owning set when entity 𝐵 receives

message ℎ. If 𝑆
𝐵
is the set of messages entity 𝐵 received from

others at that time, then𝐴∗
𝐵
[𝑆
𝐵
]will be allmessages that entity

𝐵 owns at the time they receive messages 𝑆
𝐵
.

Definition 11. Define owning set 𝐴∗
𝐵
[𝑆
𝐵
] as follows, where 𝑆

𝐵

is the set of messages received by entity 𝐵:

(1) 𝑆
𝐵

⊆ 𝐴
∗

𝐵
[𝑆
𝐵
], 𝐸
𝐵

⊆ 𝐴
∗

𝐵
[𝑆
𝐵
], 𝐾
𝐵

⊆ 𝐴
∗

𝐵
[𝑆
𝐵
], and

𝐹(𝐸
𝐵
, 𝐸
𝐵
) ⊆ 𝐴

∗

𝐵
[𝑆
𝐵
], where 𝐸

𝐵
is the evidence set of

entity 𝐵, 𝐾
𝐵
is the key set, and 𝐹(𝐸

𝐵
, 𝐸
𝐵
) is the set of

evidence-corresponding-relations from 𝐵 to 𝐵;
(2) ∀𝑔, ℎ ∈ 𝐴

∗

𝐵
[𝑆
𝐵
], one has 𝑔ℎ ∈ 𝐴

∗

𝐵
[𝑆
𝐵
];

(3) ∀𝑔 ∈ 𝐴
∗

𝐵
[𝑆
𝐵
], ∀𝐾 ∈ 𝐾

𝐵
, one has {𝑔}

𝐾
∈ 𝐴
∗

𝐵
[𝑆
𝐵
];

(4) If 𝑔 = 𝑔
1
𝑔
2
∈ 𝐴
∗

𝐵
[𝑆
𝐵
], then 𝑔

1
, 𝑔
2
∈ 𝐴
∗

𝐵
[𝑆
𝐵
];

(5) If 𝑔 = {𝑔
1
}
𝐾

∈ 𝐴
∗

𝐵
[𝑆
𝐵
] and 𝐾

−1
∈ 𝐾
𝐵
, then 𝑔

1
∈

𝐴
∗

𝐵
[𝑆
𝐵
];

(6) If−𝑎.𝐵 ∈ 𝐴
𝑇
∧+𝑎.𝑇 ∈ 𝐴

𝐵
∧𝑎 ∈ 𝐴

∗

𝐵
[𝑆
𝐵
], inwhich there

is a sequence ⟨−𝑎.𝐵, +𝑐.TTP⟩ in 𝑇’s strand, where
−𝑐.TTP ∈ 𝐴

𝐵
, then 𝑐 ∈ 𝐴

∗

𝐵
[𝑆
𝐵
].

The sixth rule expresses the situation in which trader
𝐵 sends message 𝑎 to third party 𝑇 after they received
messages 𝑆

𝐵
, and then T sends message 𝑐 to 𝐵; thus entity

𝐵 owns 𝑐. The third party here refers to all participators
except traders in E-commerce protocol, including banks and
arbitration institutions, as well as the trusted third party
(TTP).Third party in E-commerce protocols is regular entity,
and its strands are regular strands. For convenience, we use
Definition 7 to define terms of regular strands. Edges between
nodes remain unchanged, which are defined by “→ ” and
“⇒” in classical strands space model. In addition, we add a
status node [15] at the end of each strand, which does not send
or receive messages, only to be used to express the end of a
sequence of events. In the description of strands, we follow
the way Fröschle did in [15], using hollow circle and solid
circle, respectively, to express the node of termination status
and normal nodes.

4.3. Fairness Validation Process. Based on the fairness def-
inition and the extended strand space model above, we
put forward a formal method of fairness verification. The
verification process is shown in Figure 1.

Build 𝐹(𝐸
𝐵1
, 𝐸
𝐵2
): each E-commerce protocol contains

some description messages. These messages express the
relationship of evidences which traders exchange. Therefore,
we build evidence-corresponding-relations base on them.
Because traders can forge evidences and description mes-
sages, we use set 𝐹(𝐸

𝐵
, 𝐸
𝐵
) to express all goods descriptions

traders can forge.
Build 𝑇 strand: all entities except traders in E-commerce

protocol are regular entities; thus, we use a regular strand to
model those entities. Each 𝑇 has a fixed number of strands.
We need to select 𝑇 strands according to the implementation
of protocols. For convenience, the study defines terms in
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Begin
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Yes

No

terminated strands

No

Yes

Unfair

Fair

End

Generate unfair 
trading model

Improve protocol

Build F[EB1
, EB2

]

Define AB1
, AB2

Traverse B2 abnormal

terminated strands
Traverse B1 abnormal

f1(e1)∈A
∗
B1
[SB1 ]

f2(e2)∈A
∗
B2
[SB2 ]

Figure 1: Fairness verification schemes.

𝑇 strand by Definition 7 and adds a status node in the end
of the strand.

Define 𝐴
𝐵1

and 𝐴
𝐵2
: sending-receiving sets 𝐴

𝐵1
and 𝐴

𝐵2

of traders 𝐵
1
and 𝐵

2
are fixed. Sending messages of a trader

are all messages that protocol formatted, while receiving
messages is not only protocol formatted but also meets the
needs of their own interest.

Traverse traders’ abnormal-terminated strands: abnormal
terminated means a trader has not got the evidences they
want at the end of a transaction. We first establish an
abnormal-terminated strand of a trader with regular entities
model and then detect whether the other trader could
obtain the evidences they want. E-commerce protocols may
be terminated abnormally in different running stages, and
each trader may have more than one abnormal-terminated
strand. We use regular strand to model trader’s abnormal-
terminated event sequence and detect whether a dishonest
trader could gain evidences from an honest trader. Benefiting
from assumptions, there will be a finite number of abnormal-
terminated strands of each trader, which makes the detection
process to be terminated possible.

Consider 𝑓
1
(𝑒
1
) ∈ 𝐴

∗

𝐵1
[𝑆
𝐵2
]: 𝑓
1
(𝑒
1
) stands for the

evidence 𝐵
1
expected; 𝑆

𝐵2
stands for messages 𝐵

1
received

from an abnormal-terminated strand of 𝐵
2
; 𝐴∗
𝐵1
[𝑆
𝐵2
] stands

for all messages 𝐵
1
owned after they receive messages 𝑆

𝐵2
.

𝑓
1
(𝑒
1
) ∈ 𝐴
∗

𝐵1
[𝑆
𝐵2
]means that 𝐵

1
got the evidence they want,

while 𝐵
2
did not; then, the protocol is unfair. The difficulty

of this step is how to generate set 𝐴∗
𝐵1
[𝑆
𝐵2
]. The recursively

defined set 𝐴∗
𝐵1
[𝑆
𝐵2
] is an infinite set, and judgments about

formula𝑓
1
(𝑒
1
) ∈ 𝐴
∗

𝐵1
[𝑆
𝐵2
]need reasoning and induction.The

specific process will be given in the next chapter.
Based on the strand space model, we use graphs to

illustrate the process of an implementation of a protocol. If the
protocol is unfair, an unfair execution process will be given
by the strand spacemodel in an intuitive way. For this reason,
wemodify the protocol and then verify themodified protocol
again, until it is fair.

5. Case Analysis

We use the EMH protocol to test the fairness validation
method which we propose. EMH protocol is an offline TTP
electronic payment protocol proposed by Alaraj and Munro
in 2007 [19]. The purpose of this protocol is to exchange a
digital product (𝐷) with a payment (𝑃) between a customer
(𝐶) and a merchant (𝑀). When we say that the protocol is
fair, it means that, at the end of a transaction, either 𝑀 gets
𝑃 and 𝐶 gets 𝐷 or both of them do not get any message and
vice versa. Using this protocol for the experiment can help
to introduce the fairness verification process in detail and
can explain the reason why we define fairness and extend the
strand space model in such a way vividly.

5.1. Protocol Description. Identifier and symbol description
includes the following:

𝐶: customer,
𝑀: merchant,
TTP: the trusted third party,
CB: the customer’s bank, having the case that while
the CB can also be considered as a TTP, TTP and
CB are considered as third parties in our verification
process and are modeled by regular entity,
𝐷: digital product,
𝑃: buyer’s payment voucher, where 𝐷 and 𝑃 are the
so-called fairness evidence in our model,
Desc: description of digital product, which is the
link between 𝐷 and 𝑃, where we build evidence
corresponding relationship based on Desc, where
Desc
𝐶
(𝑃) and Desc

𝑀
(𝐷) represent the evidence cor-

responding relationship between 𝐶 and 𝑀, respec-
tively,
ℎ(𝑥): a strong collision-resistant one-way hash func-
tion, such as MD5,
𝑃𝐾
𝑎
: RSA public key of entity 𝑎,

𝑆𝐾
𝑎
: RSA private key of entity 𝑎,



Journal of Applied Mathematics 7

𝑃 cert: payment’s certificate that is issued by the CB,
with the contents of 𝑃 cert being 𝑑, description of
payment (the amount), ℎ𝑝, hash value of payment,
ℎ𝑒𝑝, hash value of encrypted payment with 𝑃𝐾

𝑎
, and

SigCB, CB’s signature on 𝑃 cert,
CertCT: the certificate for the shared public key
between 𝐶 and TTP, which is issued by the TTP,
Enc
𝑃𝐾𝑎

(𝑋) = {𝑋}
𝑃𝐾𝑎

: an RSA encryption of 𝑋 using
the public key 𝑃𝐾

𝑎
,

Dec
𝑆𝐾𝑎

(𝑌) = {𝑌}
𝑆𝐾𝑎

= 𝑋: an RSA decryption of 𝑌
using the private key 𝑆𝐾

𝑎
,

Enc
𝑃𝐾𝑎

(𝑋) = {𝑋}
𝑃𝐾𝑎

: the RSA signature of party 𝐴,
that is, encryption of the hash value of 𝑋 using the
private key 𝑆𝐾

𝑎
,

𝐴 → 𝐵 : 𝑋: 𝐴 which sends message𝑋 to 𝐵,
𝑋‖𝑌: concatenation of messages𝑋 and 𝑌.
EMH protocol is divided into three phases: the pre-
exchange phase, the exchange phase, and the dispute
settlement phase; details are given as follows.

(1) The preexchange phase includes the following:

mes1: TTP → 𝐶 : CertCT;
mes2: CB → 𝐶 : 𝑃 cert.

(2) The exchange phase includes the following:

mes3: 𝐶 → 𝑀 : Desc‖{𝑃}
𝑃𝐾CT

‖𝑃 cert‖CertCT
‖Sig
𝐶
(𝑃);

mes4:𝑀 → 𝐶 : {𝐷}
𝑃𝐾CT

‖Sig
𝑀
(𝐷);

mes5: 𝐶 → 𝑀 : 𝑆𝐾CT.

(3) The dispute settlement phase includes the following:

mes6: 𝑀 → TTP : Desc‖{𝑃}
𝑃𝐾CT

‖𝑃 cert‖CertCT
‖Sig
𝐶
(𝑃)‖{𝐷}

𝑃𝐾CT
‖Sig
𝑀
(𝐷);

mes7: TTP → 𝐶 : {𝐷}
𝑃𝐾CT

‖Sig
𝑀
(𝐷);

mes8: TTP → 𝑀 : 𝑆𝐾CT.

The preexchange phase aims to award certificates from
TTP and CB to 𝐶 and do nothing between 𝐶 and 𝑀, so we
omit this phase in the verification process, considering only
the last two stages.

5.2. Verification Process. To verify the fairness of EMH
protocol, we need to prove that𝑓

𝐶
(𝑃) ∉ 𝐴

∗

𝐶
[𝑆
𝐶
] and𝑓

𝑀
(𝐷) ∉

𝐴
∗

𝑀
[𝑆
𝑀
] both are true. First, we verify𝑓

𝐶
(𝑃) ∉ 𝐴

∗

𝐶
[𝑆
𝐶
]; in the

following proof, we could get 𝑓
𝐶
(𝑃) ∈ 𝐴

∗

𝐶
[𝑆
𝐶
].

5.2.1. Build the Set of Evidence Corresponding Relations.
Define bijective functions Desc

𝐶
: 𝐸
𝐶

→ 𝐸
𝑀

and Desc
𝑀

:

𝐸
𝑀

→ 𝐸
𝐶
, where Desc

𝐶
∈ 𝐹(𝐸

𝐶
, 𝐸
𝑀
) and Desc

𝑀
∈

𝐹(𝐸
𝑀
, 𝐸
𝐶
). 𝐹(𝐸

𝐶
, 𝐸
𝑀
) and 𝐹(𝐸

𝑀
, 𝐸
𝐶
) are sets of evidence

corresponding relations belonging to 𝑀 and 𝐶, respectively.
For𝑃 ∈ 𝐸

𝐶
,𝐷 ∈ 𝐸

𝑀
, and ∃ Desc ∈ 𝐹(𝐸

𝐶
, 𝐸
𝑀
) and its inverse

Desc−1 ∈ 𝐹(𝐸
𝑀
, 𝐸
𝐶
),𝐷 = Desc(𝑃) ∧ 𝑃 = Desc−1(𝐷).

Success

+{DM}PKCT
‖

}PKCT
‖

SigM(DM)  TTP

−DescM‖ {P P cert ‖ Cert CT ‖ Sig C(P) ‖ {DM}PKCT
‖ SigM(DM)  M

+SKCT   TTP

Figure 2: Regular strand of TTP.

Abort

+DescC ‖ {P ‖P cert ‖ Cert CT ‖ Sig C(P)  C}PKCT

Figure 3: An abnormal-terminated strand of trader 𝐶.

5.2.2. TTP Strands. TTP are regular entities, building its
strands directly. Figure 2 is a regular strand of TTP.

TTP checks whether 𝐷
𝑀

= Desc
𝑀
(𝑃) is established;

if so, it sends message {𝐷
𝑀
}
𝑃𝐾CT

‖Sig
𝑀
(𝐷
𝑀
) to 𝐶 and sends

𝑆𝐾CT to𝑀.

5.2.3. Determine Sending-Receiving Set

Consider

𝐴
𝐶
= {+Desc

𝐶






{𝑃}
𝑃𝐾CT

‖𝑃 cert 

CertCT





Sig
𝐶
(𝑃) .𝐶 ,

− {Desc
𝐶
(𝑃)}
𝑃𝐾CT





Sig
𝑀
(Desc

𝐶
(𝑃)) .𝑀 ,

− {Desc
𝐶
(𝑃)}
𝑃𝐾CT





Sig
𝑀
(Desc

𝐶
(𝑃)) .TTP ,

+𝑆𝐾CT.𝑀}

𝐴
𝑀

= {−Desc
𝐶






{𝑃}
𝑃𝐾CT

‖𝑃 cert 

CertCT





Sig
𝐶
(𝑃) .𝐶 ,

+ {𝐷
𝑀
}
𝑃𝐾CT





Sig
𝑀
(𝐷
𝑀
) .𝑀 ,

+ Desc
𝑀






{𝑃}
𝑃𝐾CT

‖𝑃 cert 

CertCT





Sig
𝐶
(𝑃) ‖

× {𝐷
𝑀
}
𝑃𝐾CT





Sig
𝑀
(𝐷
𝑀
) .𝑀 ,

− 𝑆𝐾CT.𝐶, −𝑆𝐾CT.TTP} .
(1)

5.2.4. Establish Abnormal-Terminated Strands. We first ana-
lyze whether trader 𝑀 could obtain the evidence 𝑃 when
trader 𝐶 is abnormal-terminated strand (Figure 3).

5.2.5. Build Traders Model. We build 𝑀’s trader model
by the abnormal-terminated strand of 𝐶. Assuming that
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𝑀 could obtain 𝑃; that is, there exists a flushing trace
𝐹
∗

: ⟨−𝑆𝐾CT.TTP⟩ or ⟨−𝑆𝐾CT.𝐶⟩. Because the abnormal-
terminated strand of C does not contain node ⟨+𝑆𝐾CT.TTP⟩,
we ignore the situation 𝐹

∗
: ⟨−𝑆𝐾CT.𝐶⟩.

Suppose the situation where there exists a node
⟨−𝑆𝐾CT.TTP⟩ in 𝑀’s strand. Because TTP strand is regular,
there exists a node ⟨+Desc‖{𝑃}

𝑃𝐾CT
‖𝑃 cert‖CertCT‖Sig𝐶(𝑃)

‖{𝐷
𝑀
}
𝑃𝐾CT

‖Sig
𝑀
(𝐷
𝑀
).𝑀⟩ in𝑀’s strand.

And because −Desc‖{𝑃}
𝑃𝐾CT

‖𝑃 cert‖CertCT‖Sig𝐶(𝑃).𝐶 ∈

𝐴
𝑀
, we have 𝑆

𝑀
= {Desc‖{𝑃}

𝑃𝐾CT
‖𝑃 cert‖CertCT

‖Sig
𝐶
(𝑃).𝐶}. Then, we analyze𝑀’s owning set 𝐴∗

𝑀
[𝑆
𝑀
].

By Definition 11, we have

{𝑃}
𝑃𝐾CT

‖𝑃 cert 

CertCT





Sig
𝐶
(𝑃) ∈ 𝐴

∗

𝑀
[𝑆
𝑀
] (2)

𝐷
𝑀

= Desc
𝑀
(𝑃) ,Desc

𝑀
, 𝐷
𝑀

∈ 𝐴
∗

𝑀
[𝑆
𝑀
] (3)

{𝐷
𝑀
}
𝑃𝐾CT

, Sig
𝑀
(𝐷
𝑀
) ∈ 𝐴
∗

𝑀
[𝑆
𝑀
] (4)

Desc
𝑀






{𝑃}
𝑃𝐾CT

‖𝑃 cert 

CertCT





Sig
𝐶
(𝑃)






{𝐷
𝑀
}
𝑃𝐾CT





Sig
𝑀

(𝐷
𝑀
) ∈ 𝐴

∗

𝑀
[𝑆
𝑀
] . (5)

Because Desc
𝑀
‖{𝑃}
𝑃𝐾CT

‖𝑃 cert‖CertCT‖Sig𝐶(𝑃)
‖{𝐷
𝑀
}
𝑃𝐾CT

‖Sig
𝑀
(𝐷
𝑀
).𝑀 ∈ 𝐴

𝑀
; there exists a

text message trace 𝑀
∗ in 𝑀’s strand, where 𝑀

∗

is ⟨+Desc‖{𝑃}
𝑃𝐾CT

‖𝑃 cert‖CertCT‖Sig𝐶(𝑃)‖{𝐷𝑀}𝑃𝐾CT
‖Sig
𝑀
(𝐷
𝑀
).𝑀⟩, which means that the assumption holds;

trader 𝑀 can obtain the evidence 𝑃. The protocol is unfair.
Figure 4 is the unfair execution process described by strand
space model.

5.2.6. Unfair Analysis and Protocol Improvements. Protocol is
unfair because the TTP cannot accurately determine whether
𝑀 has forged evidence. Trader𝑀 can obtain 𝑆𝐾CT from TTP
by forging evidence𝐷 and the description message Desc and
then get 𝐶’s evidence. We modify protocol; thus the TTP
could compare description information of the two parties and
do a fair judgment.

Here is the modified protocol.
(1) The preexchange phase includes the following:

mes1: TTP → 𝐶 : CertCT;
mes2: CB → 𝐶 : 𝑃 cert.

(2) The exchange phase includes the following:

mes3: 𝐶 → 𝑀 : Desc‖{𝑃‖Desc}
𝑃𝐾CT

‖𝑃 cert
‖CertCT‖Sig𝐶(𝑃‖Desc);
mes4:𝑀 → 𝐶 : {𝐷}

𝑃𝐾CT
‖Sig
𝑀
(𝐷);

mes5: 𝐶 → 𝑀 : 𝑆𝐾CT.

(3) The dispute settlement phase includes the following:

mes6: 𝑀 → TTP : Desc‖{𝑃‖Desc}
𝑃𝐾CT

‖𝑃cert
‖CertCT‖Sig𝐶(𝑃‖Desc) ‖{𝐷}

𝑃𝐾CT
‖Sig
𝑀
(𝐷);

mes7: TTP → 𝐶 : {𝐷}
𝑃𝐾CT

‖Sig
𝑀
(𝐷);

mes8: TTP → 𝑀 : 𝑆𝐾CT.

Based on the unfair reasons above, we improve message
3 and message 6. TTP will determine Desc

𝐶
= Desc

𝑀
∧

𝐷
𝑀

= Desc
𝑀
(𝑃) first, when they receive a request message

from 𝑀. If the formula is true, TTP sends 𝑆𝐾CT to 𝑀 and
𝐷
𝑀
to 𝐶.
By verifying the fairness of the modified protocol con-

tinuously, we then establish abnormal-terminated strands
of 𝑀 and 𝐶, respectively, and judge each of them. The
concreted analysis process of improved protocol will not
be described here. Figure 5 is the model description of the
modified protocol in the same situation. From it, we can know
that 𝑀 has to send their evidence 𝐷 in order to obtain 𝑃,
because the TTP has more discrimination capability.

The verification steps are the same as mentioned above,
so we did not propose the detailed description here.

5.3. Analysis of Experimental Results. By using EMHprotocol
to test the fair authentication method proposed in this paper,
we draw some conclusions: first, the method can verify the
fairness of E-commerce protocols effectively and give an
accurate judgment about the fair exchange of evidences and
the fair evidences in exchange; second, the method generates
a finite number of abnormal-terminated strands and builds
the trader model explicitly by inductive reasoning, which
enables the verification process to be terminated; in addition,
it has a practical value in design and improvement of E-
commerce protocols.

6. Conclusion

This paper proposes a formal definition of fairness as well as a
new method to verify the fairness of E-commerce protocols.
The trader model we build here differs from the Dolev-Yao
penetrator model. Because it is established according to the
E-commerce trading behaviors, it can be better to reflect the
behaviors of entities in E-commerce protocols.The evidence-
corresponding-relations defined by a bijective function can
describe the equivalent relations of traders’ evidences and
give a method to determine whether someone has forged
evidences in transaction. The formal definition of fairness
is defined from the perspective of traders, which helps to
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Figure 5: Analysis of the modified protocol.

reconcile with model assumptions of traders. We use a
regular strand to model the third party and trader abnormal-
terminated strands, propose the trader model to detect
whether a participant can obtain regular entities’ evidences,
and thus complete the fairness validation.Thismethod avoids
the verification of nonrepudiation, and can verify fairness
of E-commerce protocols including third-parties. Besides, it
neither needs to track all statuses of protocol execution nor
traverses all strands of traders. The current work is limited
to manual derivation, and we will strive to the automatic
verification in future.
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CVSS is a specification for measuring the relative severity of software vulnerabilities. The performance values of the CVSS given
by CVSS-SIG cannot describe the reasons for the software vulnerabilities. This approach fails to distinguish between software
vulnerabilities that have the same score but different levels of severity. In this paper, a software vulnerability rating approach (SVRA)
is proposed. The vulnerability database is used by SVRA to analyze the frequencies of CVSS’s metrics at different times. Then, the
equations for both exploitability and impact subscores are given in terms of these frequencies. SVRA performs a weighted average
of these two subscores to create an SVRA score. The score of a vulnerability is dynamically calculated at different times using the
vulnerability database. Experiments were performed to validate the efficiency of the SVRA.

1. Introduction

Thecommon vulnerability scoring system (CVSS), developed
and maintained by the CVSS special interest group (CVSS-
SIG) working under the auspices of the forum for incident
response and security teams (FIRST), can be applied to the
classification of security vulnerability [1] and the analysis
of attack models [2]. CVSS has been adopted by many
software vendors and service providers [3]. The US federal
government uses it for its National Vulnerability Database [4]
and mandates its use in products validated by the security
content automation protocol (SCAP) program.

There exist many proprietary schemes for rating software
flaw vulnerabilities, most are created by software vendors, but
CVSS is the only known open specification. In contrast to
other scoring systems, CVSS was designed to be quantitative
so that analysts would not have to perform qualitative
evaluations of vulnerability severity. Great effort has been
directed at developing the specification for CVSS so that
any two vulnerability analysts should obtain identical CVSS
scores for the same vulnerability. The scores are based on
a series of measurements (called metrics) based on expert
assessment.

1.1. Overview of CVSS Framework. CVSS provides an open
framework for describing the characteristics and impacts of
IT vulnerabilities. It contains three groups of metrics (see
Figure 1), as explained in [5, 6].

(1) Base. It represents the intrinsic and fundamen-
tal characteristics of a vulnerability that are time-
constant across user environments. An equation is
applied to the values of the base metrics to compute a
vulnerability’s base score.

(2) Temporal. It represents the characteristics of a vulner-
ability that change over time but apply to all instances
of a vulnerability in all environments, such as the
public availability of an exploit code or a remediation
technique. A temporal score for a vulnerability is
calculated with an equation that uses both the base
score and temporal metric values as parameters.

(3) Environmental. It captures the characteristics of a
vulnerability that are associated with users IT envi-
ronment. Since environmental metrics are optional,
they each include a metric value that has no effect on
the score. An environmental score is calculated with
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Figure 1: CVSS metric groups.

an equation that uses both the temporal score and the
environmental metric values as parameters.

The initial CVSS specification was developed by the
National Infrastructure Advisory Council and published in
October 2004 [7]. During the analysis and use of the original
CVSS version, many deficiencies were found, as explained
in [8]. Finalized in 2007, the current version (CVSS v2) was
designed to address these deficiencies.The base metric group
of CVSS v2 has two subscores.

(1) Exploitability subscore 𝐸, composed of the access
vector (AV), access complexity (AC), and authenti-
cation instances (AU), is computed by the following
equation:

𝐸 = 20 × AV × AC×AU. (1)

(2) Impact subscore 𝐼, which expresses the potential
damage on confidentiality (CI), integrity (II), and
availability (AI), is computed as follows:

𝐼 = 10.41 × (1 − (1 − CI) × (1 − II) × (1 − AI)) . (2)

Table 1 gives all possible values of the six base metrics
in v2, which are used to calculate these two subscores. The
overall base score of v2 is expressed in terms of impact (𝐼)
and exploitability (𝐸) components by

𝐵 =

{

{

{

1.176 × (

3𝐼

5

+

2𝐸

5

−

3

2

) if 𝐼 ̸= 0,

0 if 𝐼 = 0.
(3)

The base score is rounded to one decimal place and ranges
from 0.0 to 10.0. More details related to CVSS metrics and
their scoring computation can be found in the CVSS guide
[5].

1.2. Shortcomings of CVSS v2. Wedownloaded 54,432 vulner-
abilities listed in the common vulnerabilities and exposures
(CVE) dictionary [9]; this encompasses all valid CVE entries
published between 2002 and 2012.The scoringwas performed
by the national vulnerability database (NVD) [4] in accor-
dance with the v2 specification.

When scoring separates vulnerabilities, they should be
scored completely independently of each other and not take

into account any interaction. According to v2 scoring tip
number 1:

“Vulnerability scoring should not take into
account any interaction with other vulnerabilities.
That is, each vulnerability should be scored
independently.”

SPSS, a type of statistical software, was used to perform
the Chi-square analysis, and the results indicate there exist
correlations among the sixmetrics. For example, Table 2 shows
the statistical data related to the frequencies of AV and AC.
These data were used as inputs by SPSS, and the results of
the Chi-square analysis are given in Table 3. Asymp. Sig.
is smaller than the significance level 0.05, indicating that
the correlation between AV and AC is significant. Similarly,
there exist significant correlations between other metrics, for
example, II and AI.

Most importantly, CVSS v2 fails to distinguish different
vulnerabilities. As an example, a path disclosure flaw in a
web application would be scored as (AV = Network, AU =

None, AC = Low, CI = Partial, II = None, AI = None) for
a total score of 5.0. A vulnerability that allows an attacker to
traverse the file system and read any file accessible by the web
server would receive the same score as the path disclosure
flaw. These two flaws obviously pose significantly different
risks, yet according to CVSS v2 standards, they are identical.

Once the v2 metrics were defined, opinions related to the
scoring for each type of vulnerability were collected from
the CVSS-SIG members and their organizations. Each of
the six metrics had three possible values, resulting in 729
possible vulnerability types. It was not possible to create
scores for these 729 types in the range [0.0, 10.0] in a justi-
fiable manner. So, the researchers divided the base metrics
into two subgroups: impact and exploitability. Each group
had three metrics with three possible values, so only 27
vulnerability types per group had to be scored and ranked.
The researchers reached consensus on the approximated
rankings and scorings, leading to the creation of lookup tables
for impact and exploitability. The CVSS score was computed
by a weighted average of exploitability and impact. However,
the CVSS community desired an equation instead of lookup
tables. So, mathematicians proposed equations (1)–(3) to
approximate the lookup tables. In essence, these equations
were derived from the designers’ experience and statistical
results of vulnerability data. As time went on, it became clear
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that these equations, as well as the empirical values listed in
Table 1, might no longer be applicable.

1.3. Our DesignMethodology. To overcome the shortcomings
mentioned above, a software vulnerability rating approach
(SVRA) is proposed. SVRA takes time as an important
parameter. Based on a vulnerability database, it counts the
frequencies of the six metrics at any given time point. Then,
the three values of each metric are given by their frequencies.
As the frequencies change over time, each metric takes
different values instead of a constant value.

The process of exploiting a vulnerability is a step-by-step
procedure, but the impact is an evolutionary and accumula-
tive process. So, the frequency of the vector (AV,AC,AU) is
used to approximate the exploitability, while the frequencies
of CI, II, and AI are utilized to calculate the impact. To
create an SVRA score from these two subscores, SVRA also
performs a weighted average of exploitability and impact,
with exploitability having a weight of 0.4 and impact having
a weight of 0.6. In terms of design methodology, SVRA is
fundamentally different from CVSS v1 and CVSS v2. The
score of a vulnerability in SVRA dynamically changes over
time, which is not true in v2 or v1.

The rest of this paper is organized as follows. The next
section provides the framework of the SVRA. Section 3
describes the analysis of and comparison between CVSS
and SVRA, and the experimental results are also reported.
Section 4 summarizes our conclusions and highlights some
suggestions for future work.

2. Software Vulnerability Rating Approach

This section provides the framework of our software vulner-
ability rating approach (SVRA), where the base score of a
vulnerability is dynamically calculated over time.

2.1. Frequency. Let 𝑇 ⊆ R+ be the time domain. Obviously,
all vulnerabilities have their own report times. Given 𝑡 ∈ 𝑇,
letV(𝑡), a vulnerability database, be all vulnerabilities whose
report time is less than or equal to 𝑡, and

Ω = {(AV, Local) , (AV,Adj.Net) , (AV,Network) ,

. . . , (AI,None) , (AI,Partial) , (AI,Complete)} ,
(4)

which contains 18 elements. Then, for ∀(𝑚, 𝑎) ∈ Ω, a subset
V(𝑚 = 𝑎, 𝑡) is defined as

V (𝑚 = 𝑎, 𝑡) = {V ∈V (𝑡) | V.𝑚 = 𝑎} . (5)

The frequency of 𝑚 = 𝑎 at 𝑡 is denoted as 𝑓(𝑚 = 𝑎, 𝑡) and it
can be computed as follows:

𝑓 (𝑚 = 𝑎, 𝑡) =

{

{

{

card (V (𝑚 = 𝑎, 𝑡))

card (V (𝑡))

if V (𝑡) ̸= 0,

0 otherwise,
(6)

where card(𝑋) denotes cardinality of set𝑋.
Note that the report time is unique, and it represents the

cut-off point at which a vulnerability belongs to the database

Table 1: Possible values of CVSS base metrics.

AV 0.395 (local) 0.646 (Adj.Net) 1 (network)
AC 0.35 (high) 0.61 (medium) 0.71 (low)
AU 0 (multiple) 0.56 (single) 0.704 (none)
CI, II, AI 0 (none) 0.275 (partial) 0.66 (complete)

Table 2: Input data for Chi-square analysis.

AV AC Count Percentage
Local High 471 0.87%
Local Medium 1207 2.22%
Local Low 5463 10.04%
Adj.Net High 27 0.05%
Adj.Net Medium 85 0.16%
Adj.Net Low 146 0.27%
Network High 2104 3.87%
Network Medium 15796 29.02%
Network Low 29133 53.52%

Table 3: Chi-square tests.

Value df Asymp. Sig. (2-sided)
Pearson Chi-square 833.805a 4 .000
Likelihood ratio 909.498 4 .000
𝑁 of valid cases 54432
a0 cells (0.0%) have expected count less than 5.Theminimumexpected count
is 12.33.

or not. So, the report time is chosen as the benchmark to
rank the vulnerability database. The other time parameters,
such as modified date, cannot rank the database effectively
(a vulnerability possibly might not have a modified date, for
example).

Figure 2 shows the frequency curves of the six basic
metrics at time point 𝑡 = 2012 for different values. For the
exploitability metrics, the three curves of AV = Network,
AC = Low, and AU = None have a higher position in
their coordinate systems. This shows that a vulnerability V
falling into the group (AV = Network, AC = Low, AU =

None) ismore vulnerable. Overall, the curves of exploitability
metrics are divergent, while the curves of impact metrics are
convergent.

Similarly, for ∀(𝑚
1
, 𝑎
1
), (𝑚
2
, 𝑎
2
) ∈ Ω, and 𝑚

1
̸=𝑚
2
, the

frequency of (𝑚
1
= 𝑎
1
, 𝑚
2
= 𝑎
2
) at time 𝑡 can be calculated as

follows:

𝑓 (𝑚
1
= 𝑎
1
, 𝑚
2
= 𝑎
2
, 𝑡) =

card (V (𝑚
1
= 𝑎
1
, 𝑚
2
= 𝑎
2
, 𝑡))

card (V (𝑡))

,

(7)

where V(𝑚
1
= 𝑎
1
, 𝑚
2
= 𝑎
2
, 𝑡) = V(𝑚

1
= 𝑎
1
, 𝑡) ∩V(𝑚

2
=

𝑎
2
, 𝑡). IfV(𝑡) = 0, 𝑓(𝑚

1
= 𝑎
1
, 𝑚
2
= 𝑎
2
, 𝑡) = 0.
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Figure 2:The frequency change curves of the six metrics from 2002 to 2012, where𝑇 = {2002, 2003, . . .}. As can be seen, the curves of AV, AC,
and AU are divergent, while the curves of CI, II, and AI have approximate convergence (to the value 1/3). These curves reflect the probability
of the occurrence of the metric values of each metric.

2.2. Exploitability Score 𝐸(V,𝑡). Consider the correlations
among AV, AC, and AU; the equation for exploitability
subscore 𝐸(V, 𝑡) is defined by the following probability:

𝐸 (V, 𝑡) = 𝐶 (𝑡) ⋅ Pr (V.AV, V.AC, V.AU, 𝑡) , (8)

where Pr(⋅) is the probability measure. In contrast to v2, we
use probability to define the exploitability score instead of the
magic numbers in Table 1. The probability also includes the
time point 𝑡 as its parameter, and it can be given by the root
of 𝑛(𝑡) solution of its frequency:

Pr (AV,AC,AU, 𝑡) = 𝑛(𝑡)√𝑓 (AV,AC,AU, 𝑡). (9)

Because the frequencies of the 27 vulnerability types of
exploitability metrics are not of the same order of magnitude,
𝑛(𝑡)
√𝑓(AV,AC,AU, 𝑡) is used to approximate the probability

Pr(⋅) instead of 𝑓(AV,AC,AU, 𝑡). So, there must exist the
smallest positive integer 𝑛

0
such that

𝑛0√min {𝑓 (AV,AC,AU, 𝑡) > 0} ≥ 1

27

. (10)

The basic idea of this equation is that the minimum
and nonzero value min{𝑓(AV,AC,AU, 𝑡) > 0} is close to

1/27 when the range [0, 1] is divided into 27 classes. Since
these subscores are normalized to the range [0.0, 10.0], the
coefficient of (8) can be determined by

𝐶 (𝑡) =

10

𝑛0√max𝑓 (AV,AC,AU, 𝑡)
. (11)

For the database V(2012), the number of each
exploitability type is listed in fourth column of Table 4. As can
be seen, the value min{𝑓(AV,AC,AU, 2012) > 0} = 1/54432
and 4

√1/54432 = 0.0655 > 1/27, so, 𝑛
0
= 4. Note that

max{𝑓(AV,AC,AU, 2012)} = 27419/54432, and

𝐶 (2012) =

10

4
√27419/54432

= 11.87. (12)

From (8), the exploitability subscores of SVRA can be
calculated; the results are listed in the fifth column of Table 4.
CVSS v2 has 9 exploitability vectors with a score of 0,
while SVRA has only one. The theoretical distributions of
exploitability subscores for both SVRA and CVSS v2 are
shown in Figure 3. From a theoretical viewpoint, v2 subscores
have much less diversity than SVRA subscores. Figure 4
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Table 4: Theoretical exploitability score comparison.

AV AC AU Counta 𝐸(V, 𝑡) 𝐸 (v2)
Local High Multiple 4 1.1 0
Local High Single 30 1.8 1.5
Local High None 437 3.6 1.9
Local Medium Multiple 2 0.9 0
Local Medium Single 83 2.3 2.7
Local Medium None 1122 4.5 3.4
Local Low Multiple 2 0.9 0
Local Low Single 193 2.9 3.1
Local Low None 5268 6.6 3.9
Adj.Net. High Multiple 1 0.8 0
Adj.Net. High Single 4 1.1 2.5
Adj.Net. High None 22 1.7 3.2
Adj.Net. Medium Multiple 0 0 0
Adj.Net. Medium Single 19 1.6 4.4
Adj.Net. Medium None 66 2.2 5.5
Adj.Net. Low Multiple 1 0.8 0
Adj.Net. Low Single 21 1.7 5.1
Adj.Net. Low None 124 2.6 6.5
Network High Multiple 7 1.3 0
Network High Single 213 3.0 3.9
Network High None 1884 5.1 4.9
Network Medium Multiple 5 1.2 0
Network Medium Single 902 4.3 6.8
Network Medium None 14889 8.6 8.6
Network Low Multiple 6 1.2 0
Network Low Single 1708 5.0 8.0
Network Low None 27419 10.0 10.0
aA total of 54432 vulnerabilities inV(2012) at 𝑡 = 2012.

Table 5: Values of 𝑛(𝑡) and 𝐶(𝑡) from 2002 to 2012.

Year 𝑛(𝑡) 𝐶(𝑡) Card(V(𝑡)) Mean(𝐸(V, 𝑡))
2002 3 11.39 6662 3.2
2003 3 11.44 8157 2.8
2004 3 11.45 10796 2.7
2005 3 11.53 15409 2.7
2006 3 11.72 22389 2.6
2007 4 11.42 28823 3.1
2008 4 11.52 35808 3.1
2009 4 11.62 40655 3.1
2010 4 11.73 45516 3.1
2011 4 11.79 49724 3.0
2012 4 11.87 54432 2.9

shows how exploitability subscores change over time for two
vulnerability types: (AV = Network, AC = High, AU =

Single) and (AV = Local, AC = Low, AU = None). For
SVRA, the exploitability subscore may increase, decrease,
or remain unchanged. Table 5 lists the 𝑛(𝑡) and 𝐶(𝑡) values
from 2002 to 2012. When the amount of vulnerability data
V(𝑡) increases, the changes for 𝐶(𝑡) and 𝑛(𝑡) are minor. This
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Figure 3: Theoretical distributions of exploitability subscores for
SVRA (a) and CVSS v2 (b), where 𝑇 = {2002; 2003, . . .} and 𝑡 =
2012.
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Figure 4: Exploitability subscore curves from 2002 to 2012 for two
vulnerability types; the exploitability of a vulnerability changeswhen
V(𝑡) increases over time.

indicates that (8) has better stability and can dynamically
compute 𝐸(V, 𝑡) whenV(𝑡) changes over time.

2.3. Impact Score 𝐼(V,𝑡). The impact caused by a vulnerability
varies. Ideally, the sum of all categories of impact can be used
to measure the impact subscore 𝐼(V, 𝑡). However, there exist
correlations among the impact metrics CI, II, and AI, so the
equation for impact subscore is defined as

𝐼 (V, 𝑡) = 𝐷 (𝑡) ⋅ [

[

1 − ∏

𝑚∈𝑆𝑖

(1 − 𝛾 (V.𝑚, 𝑡))]

]

, (13)

where 𝑆
𝑖
= {CI, II,AI} and

𝛾 (𝑚, 𝑡) =

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

1

3

𝑓 (𝑚, 𝑡) if 𝑚 = None
1

3

𝑓 (𝑚, 𝑡) + 0.167 if 𝑚 = Partial

1

3

𝑓 (𝑚, 𝑡) + 0.333 if 𝑚 = Complete.

(14)

From the frequency curves of CI, II, and AI in Figure 2,
the approximate convergence value 1/3 is chosen as the
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Figure 5: Theoretical distributions of impact subscores for SVRA
(a) and CVSS v2 (b), where 𝑇 = {2002, 2003, . . .} and 𝑡 = 2012.
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Figure 6: 𝐷(𝑡) and mean(𝐼(V, 𝑡)) curves from 2002 to 2012; (13)
has better stability and can dynamically compute 𝐼(V, 𝑡) whenV(𝑡)

changes.

coefficient of 𝛾(𝑚, 𝑡). Let 𝛽(V, 𝑡) = 1 − ∏
𝑚∈𝑆𝑖

(1 − 𝛾(V.𝑚, 𝑡));
this definition makes use of an idea similar to the inclusion-
exclusion principle, and the parameter can be determined by
the following equation:

𝐷 (𝑡) =

10

max𝛽 (V, 𝑡)
. (15)

For database V(2012), the computing results for 𝛽(V, 𝑡)
are listed in the fourth column of Table 6. As can be seen,
max𝛽(V, 2012) = 0.7908, so 𝐷(2012) = 10/0.7908 = 12.65.
By (13), the impact subscores of SVRA can be calculated,
and they are listed in the fifth column of Table 6. CVSS
v2 has one impact vector (None,None,None) with a score
of 0, while SVRA has none. For SVRA, the mean for the
theoretical score is 7.9 and the median is 8.1; the standard
deviation is 1.58 and the skew is −0.97. This represents a
significant change from v2, which has amean of 7.0, a median
of 7.8, a standard deviation of 2.53, and a skew of −1.11.
The theoretical distributions of the impact subscores for both
SVRA and CVSS v2 are shown in Figure 5. From a theoretical
viewpoint, v2 subscores have much less diversity than SVRA
subscores.

Figure 6 shows the curves of the two variables 𝐷(𝑡) and
mean(𝐼(V, 𝑡)) from 2002 to 2012. When vulnerability data
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Figure 7: Impact subscore curves from 2002 to 2012 for two
vulnerability types; the impact of a vulnerability changes whenV(𝑡)
increases over time.

Table 6: Theoretical impact score comparison where 𝑡 = 2012.

CI II AI 𝛽(V, 𝑡)a 𝐼(V, 𝑡) 𝐼 (v2)
None None None 0.2619 3.3 0.0
None None Partial 0.4412 5.6 2.9
None None Complete 0.5187 6.6 6.9
None Partial None 0.4734 6.0 2.9
None Partial Partial 0.6013 7.6 4.9
None Partial Complete 0.6566 8.3 7.8
None Complete None 0.5175 6.5 6.9
None Complete Partial 0.6347 8.0 7.8
None Complete Complete 0.6854 8.7 9.2
Partial None None 0.4453 5.6 2.9
Partial None Partial 0.5800 7.3 4.9
Partial None Complete 0.6382 8.1 7.8
Partial Partial None 0.6042 7.6 4.9
Partial Partial Partial 0.7004 8.9 6.4
Partial Partial Complete 0.7419 9.4 8.5
Partial Complete None 0.6374 8.1 7.8
Partial Complete Partial 0.7255 9.2 8.5
Partial Complete Complete 0.7635 9.7 9.5
Complete None None 0.5093 6.4 6.9
Complete None Partial 0.6285 8.0 7.8
Complete None Complete 0.6800 8.6 9.2
Complete Partial None 0.6499 8.2 7.8
Complete Partial Partial 0.7350 9.3 8.5
Complete Partial Complete 0.7717 9.8 9.5
Complete Complete None 0.6792 8.6 9.2
Complete Complete Partial 0.7572 9.6 9.5
Complete Complete Complete 0.7908 10.0 10.0
a
𝛽(V, 𝑡) = 1 − ∏

𝑚∈𝑆𝑖
(1 − 𝛾(V.𝑚, 𝑡)).

V(𝑡) increases, the changes for 𝐷(𝑡) and mean(𝐼(V, 𝑡)) are
minor. This indicates that (13) has better stability and can
dynamically compute 𝐼(V, 𝑡) when V(𝑡) changes over time.
Figure 7 shows how impact subscores change over time for
two impact types: (CI = None, II = Complete, AI =

Complete) and (CI = Complete, II = None, AU = Partial).
For SVRA, the impact subscore can increase, decrease, or
remain unchanged whenV(𝑡) changes over time.
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Figure 8: A theoretical score comparison of SVRAwith CVSS v2 for
729 vulnerability types, where 𝑇 = {2002, 2003, . . .} and 𝑡 = 2012.

2.4. Base Score 𝐵(V,𝑡). Given time 𝑡 ∈ 𝑇 and a vulnerability
V ∈V(𝑡), the new equation of base score is as follows:

𝐵 (V, 𝑡) =
{

{

{

3𝐼 (V, 𝑡)
5

+

2𝐸 (V, 𝑡)
5

if 𝐼 (V, 𝑡) ̸= 0

0 otherwise.
(16)

Figure 8 shows a comparison between SVRA and CVSS
v2. Some vulnerability types have high SVRA scores but low
v2 scores, and others have high v2 scores but low SVRA
scores. We examined the theoretical distributions of SVRA
and CVSS v2 scores; see Figure 9. For SVRA, the mean for
the theoretical scores is 5.9, the median is 5.8, the standard
deviation is 1.34, and the skew is 0.22. This represents a
significant change from v2, which has a mean of 4.7, a
median of 4.9, a standard deviation of 2.20, and a skew
of −0.28. This illustrates that SVRA has superior numerical
normality and stability. Figure 10 illustrates the changing
trends of two vulnerability types (Type 1 and Type 2), as well
as the mean of the SVRA base scores from 2002 to 2012.
The CVSS v2 base scores of Type 1 and Type 2 are 6.6 and
5.6, respectively. However, the SVRA base score of Type 1
first decreases and then settles in the range [7.7, 7.9]. The
𝐵(V, 𝑡) of Type 2 increases by 1.1 from 4.9 to 6.0. At first,
the rise of the mean mean(𝐵(V, 𝑡)) is rapid, and then the
increase slows down. So, when new vulnerabilities are added
into the database V(𝑡), many of V(𝑡) become more and
more serious. In real life, two or more vulnerabilities may
be combined to form a critical issue. The Google Chrome
Pwnium full exploits are excellent examples, in which strings
of vulnerabilities are combined into a full sandbox escape,
resulting in arbitrary code execution. So, these curves reflect
the fact that vulnerabilities interact with each other.

3. Experimental Analysis and Comparisons

This section describes our experimental analysis of the SVRA
and CVSS v2 base scores for 54,432 vulnerabilities listed
in CVE. Figure 11 shows a comparison between SVRA and
CVSS v2. For the v2 experimental scores, the mean is 6.3, the
median is 6.8, the standard deviation is 2.02, and the skew

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
0

10

20

30

40

50

60

N
um

be
r o

f v
ul

ne
ra

bi
lit

y 
ty

pe
s

SVRA
CVSS v2

Figure 9: Theoretical distributions of SVRA and CVSS v2, where
𝑇 = {2002, 2003, . . .} and 𝑡 = 2012.
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Figure 10: The base score curves from 2002 to 2012 for two
vulnerability types and the mean of 𝐵(V, 𝑡). This indicates the base
score of a vulnerability changes when V(𝑡) increases over time,
where 𝑇 = {2002, 2003, . . .}.

is −0.001. This represents an increase of 1.6 in the mean and
1.9 in the median from the theoretical data. Approximately
58.43% of the scores are above 5.0, 16.58% are at 5.0, and
24.98% are below 5.0. For the SVRA experimental scores, the
mean is 8.1 and the median is 8.0. This represents an increase
of 2.2 in both themean andmedian from the theoretical data.
The standard deviation is 1.26 and the skew is −0.39. Of the
scores, approximately 99.09% are above 5.0, 0.21% are at 5.0,
and 0.69% are below 5.0. This is consistent with the CVSS-
SIG’s goal to have the majority of scores above 5.0.

The national vulnerability database (NVD) [4] generates
a base score for each vulnerability and then assigns a ranking
based on the score.The rankings are Low (0.0 to 3.9),Medium
(4.0 to 6.9), and High (7.0 to 10.0) [10]. The motivation
for having these rankings is to help organizations prioritize
their mitigations of new vulnerabilities. Table 7 lists the
comparison results of several vulnerabilities among the four
authoritative security organizations (Secunia in Denmark,
FrSIRT in France, ISS X-Force in the USA, and CVSS).
As can be seen, SVRA coincides with the majority of the
organizations. For the vulnerabilities CVE-2007-1497 and
CVE-2007-2242, SVRA adjusts the CVSS rankings fromHigh
to Medium.

We also performed rankings for the theoretical data, as
shown in Table 8.There exists a dramatic change in the CVSS
v2 and SVRA, with SVRA having more Medium and High
vulnerabilities but fewer Low vulnerabilities.

There are times when a vulnerability is scored as a 0.0
by CVSS v2 standards. These are often vulnerabilities that do
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Table 7: Comparison of rating results.

Example AV AC AU CI II AI Secunia FrSIRT X-Force CVSS v2 SVRA
CVE-2007-1497 N L N P N N Medium (3/5) Medium (2/4) Medium (2/3) High (3/3) Medium (2/3)
CVE-2007-1754 N M N C C C High (4/5) High (3/4) High (3/3) High (3/3) High (3/3)
CVE-2007-1748 N L N C C C High (4/5) Critical (4/4) High (3/3) High (3/3) High (3/3)
CVE-2007-3338 N L N C C C Medium (3/5) Critical (4/4) High (3/3) High (3/3) High (3/3)
CVE-2007-3680 L L N C C C Low (2/5) Medium (2/4) High (3/3) High (3/3) High (3/3)
CVE-2007-2242 N L N N N C Medium (3/5) Medium (2/4) Low (1/3) High (3/3) Medium (2/3)
a“(𝑚/𝑛)” denotes the𝑚th level of 𝑛 severity levels; the bigger the𝑚 of a vulnerability, the higher severity level ranking of the vulnerability.

0 1 2 3 4 5 6 7 8 9 10
0

2000
4000
6000
8000

10000
12000

Experimental distribution of SVRA base scores

(a)

0 1 2 3 4 5 6 7 8 9 10
0

2000
4000
6000
8000

10000
12000

Experimental distribution of CVSS v2 base scores

(b)

Figure 11: Experimental SVRA scores (a) and CVSS v2 scores (b),
where 𝑇 = {2002, 2003, . . .} and 𝑡 = 2012.

Table 8: NVD severity rankings for theoretical data.

Rank CVSS v2 SVRA
Count Frequency Count Frequency

Low 251 34.43% 51 7.0%
Medium 370 50.75% 556 76.27%
High 108 14.82% 122 16.73%

pose some threat, albeit a limited one. Nevertheless, if the
issue is considered a vulnerability by the industry, this should
be reflected through the assignment of a real score. One
such example is arbitrary site redirection. Per current CVSS
v2 scoring rules, this would yield (AV = Network, AC =

Medium, AU = None, CI = None, II = None, AI = None)
with an SVRA score of 5.4.

4. Conclusions

The CVSS empirical values given by CVSS-SIG cannot dis-
tinguish software vulnerabilities that have identical scores
but different severities. In this paper, a software vulnerability
rating approach (SVRA) is proposed based on a vulnerability
database. With the SVRA, the frequencies of CVSS metrics
are analyzed at different times. The equations for both
exploitability and impact subscores are given in terms of

these frequencies. To create an SVRA score, SVRA performs
a weighted average of these two subscores. As the frequency
changes over time, each metric takes different values instead
of the constant empirical value. The score of a vulnerability
is dynamically computed at different time points using
the vulnerability database. The theoretical and experimental
results illustrate the efficiency of the SVRA.

Although the SVRA was developed for the base metric
group, the approach can be extended to the temporal metric
group and the environmentalmetric group. Further workwill
include predicting whether vulnerability severity changes so
much over time that future modifications to the SVRA may
be needed.
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This paper presents a novel subband adaptive filter (SAF) for system identificationwhere an impulse response is sparse anddisturbed
with an impulsive noise. Benefiting from the uses of 𝑙

1
-norm optimization and 𝑙

0
-norm penalty of the weight vector in the cost

function, the proposed 𝑙
0
-norm sign SAF (𝑙

0
-SSAF) achieves both robustness against impulsive noise and remarkably improved

convergence behavior more than the classical adaptive filters. Simulation results in the system identification scenario confirm that
the proposed 𝑙

0
-norm SSAF is not only more robust but also faster and more accurate than its counterparts in the sparse system

identification in the presence of impulsive noise.

1. Introduction

Adaptive filtering algorithms have gained popularity and
proven to be efficient in various applications such as system
identification, channel equalization, and echo cancellation
[1–4]. The normalized least mean square (NLMS) algorithm
has become one of themost popular andwidely used adaptive
filtering algorithms because of its simplicity and robustness.
Despite these advantages, the use of NLMS has been limited
since it converges poorly for correlated input signals [2].
To address this problem, various approaches have been
presented, such as the recursive least squares algorithm [2],
the affine projection algorithm [2], and subband adaptive fil-
tering (SAF) [5–9]. Among these, the SAF algorithm allocates
the input signals and desired response into almost mutually
exclusive subbands. This prewhitening characteristic of SAF
allows each subband to converge almost separately so that
the subband algorithms obtain faster convergence behavior.
On the basis of these characteristics, Lee and Gan proposed
a normalized SAF (NSAF) algorithm in [8, 9]. This work
improves the convergence speed, while using almost the same
computational complexity as the NLMS algorithm. However,
the NSAF still suffers from the degradation of convergence
performance in cases when an underlying system to be
identified is sparse such as network echo path [10], under-
water channel [11], and digital TV transmission channel [12].

Motivated by the proportionate step-size adaptive filtering
[13, 14], the proportionateNSAF (PNSAF) has been presented
to combat poor convergence in sparse system identification
[15]. However, it does not exploit the sparsity condition
itself. Moreover, the NSAF and PNSAF algorithms are highly
sensitive to impulsive interference, leading to deteriorated
convergence behavior. Impulsive interference exits in various
applications such as acoustic echo cancellation [16], network
cancellation [17], and subspace tracking [18].

To address the robustness issue, the sign SAF (SSAF)
[19] has been developed based on the 𝑙

1
-norm optimization,

making it robust against impulsive interference. However,
its use is limited in case of sparse system identification.
Moreover, the SSAF converges poorly and fails to accelerate
the convergence rate with the number of subbands.

In recent years, motivated by compressive sensing frame-
work [20, 21] and the least absolute shrinkage and selec-
tion operator (LASSO) [22], a variety of adaptive filtering
algorithms which incorporate the sparsity of a system have
been developed unlike the proportionate adaptive filtering
approach [23–27]. Along this line, the SAF with the 𝑙

1
-norm

penalty has been recently presented as an alternative for
incorporating the sparsity of a system [28]. In particular, the
𝑙
0
-norm of a system is able to represent the actual sparsity

[24–26]. In this paper, a 𝑙
0
-norm constraint SSAF (𝑙

0
-SSAF) is
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Figure 1: Subband structure used in the proposed SAF.

presented, aiming at developing a sparsity-aware SSAF. With
this inmind, by integrating the 𝑙

0
-normpenalty of the current

weight vector into the 𝑙
1
-norm optimization criterion, the 𝑙

0
-

SSAF benefits both superior convergence for sparse system
identification and robustness against impulsive noise. In
addition, the 𝑙

0
-SSAF is derived from a 𝑙

1
-norm optimization

of the a priori error instead of the a posteriori error used
in the SSAF. Thus, there is no need to approximate the a
posteriori error with the a priori error to derive the update
recursion of the 𝑙

0
-SSAF. Simulation results show that the 𝑙

0
-

SSAF is superior to the conventional SAFs in identifying a
sparse system in the presence of severe impulsive noise.

The remainder of the paper is organized as follows.
Section 2 introduces the classical SAFs, followed by the
derivation of the proposed 𝑙

0
-SSAF algorithm in Section 3.

Section 4 illustrates the computer simulation results and
Section 5 concludes this study.

2. Conventional SAFs

Consider a desired signal 𝑑(𝑛) that arises from the system
identification model

𝑑 (𝑛) = u (𝑛)w∘ + V (𝑛) , (1)

where w∘ is a column vector for the impulse response of an
unknown system that we wish to estimate, V(𝑛) accounts for
measurement noise with zero mean and variance 𝜎

2

V , and
u(𝑛) = [𝑢(𝑛)𝑢(𝑛 − 1) ⋅ ⋅ ⋅ 𝑢(𝑛 −𝑀+1)] is a 1 ×𝑀 input vector.

Figure 1 shows the structure of the NSAF, where the
desired signal 𝑑(𝑛) and output signal 𝑢(𝑛) are partitioned into
𝑁 subbands by the analysis filters𝐻

0
(𝑧),𝐻

1
(𝑧), . . . , 𝐻

𝑁−1
(𝑧).

The resultant subband signals, 𝑑
𝑖
(𝑛) and 𝑦

𝑖
(𝑛) for 𝑖 =

0, 1, . . . , 𝑁 − 1, are critically decimated to a lower sampling
rate commensurate with their bandwidth. Here, the variables
𝑛 to index the original sequences and 𝑘 to index the decimated
sequences are used for all signals.Then, the decimated desired
signal and the decimated filter output signal at each subband
are defined as 𝑑

𝑖,𝐷
(𝑘) = 𝑑

𝑖
(𝑘𝑁) and 𝑦

𝑖,𝐷
(𝑘) = u

𝑖
(𝑘)w(𝑘),

where u
𝑖
(𝑘) is the input data vector for the 𝑖th subband such

that

u
𝑖
(𝑘) = [𝑢

𝑖
(𝑘𝑁) , 𝑢

𝑖
(𝑘𝑁 − 1) , . . . , 𝑢

𝑖
(𝑘𝑁 − 𝑀 + 1)] (2)

andw(𝑘) = [𝑤
0
(𝑘), 𝑤

1
(𝑘), . . . , 𝑤

𝑀−1
(𝑘)]
𝑇 denotes an estimate

for w∘. Then, the decimated subband error vector is given by

𝑒
𝑖,𝐷

(𝑘) = 𝑑
𝑖,𝐷

(𝑘) − 𝑦
𝑖,𝐷

(𝑘) = 𝑑
𝑖,𝐷

(𝑘) − u
𝑖
(𝑘)w (𝑘) . (3)

In [8], the authors have presented that the update recur-
sion of the NSAF algorithm is given by

w (𝑘 + 1) = w (𝑘) + 𝜇

𝑁−1

∑

𝑖=0

u𝑇
𝑖
(𝑘)





u
𝑖
(𝑘)






2
𝑒
𝑖,𝐷

(𝑘) , (4)

where 𝜇 is a step-size parameter.Then, the estimation error in
all the 𝑁 subbands, that is, e

𝐷
(𝑘) = [𝑒

0,𝐷
(𝑘), . . . , 𝑒

𝑁−1,𝐷
(𝑘)]
𝑇,

can be written in a compact form as

e
𝐷
(𝑘) = d

𝐷
(𝑘) − U (𝑘)w (𝑘) , (5)

where the 𝑁 × 𝑀 subband data matrix U(𝑘) and the 𝑁 × 1

desired response vector d(𝑘) are given by

U (𝑘) = [u
0
(𝑘) , u

1
(𝑘) , . . . , u

𝑁−1
(𝑘)]
𝑇

,

d
𝐷
(𝑘) = [𝑑

0,𝐷
(𝑘) , 𝑑

1,𝐷
(𝑘) , . . . , 𝑑

𝑁−1,𝐷
(𝑘)]
𝑇

.

(6)

More recently, the SSAF [19] has been obtained from the
following optimization criterion:

min
w(𝑘+1)





d
𝐷
(𝑘) − U (𝑘)w (𝑘 + 1)




1

subject to ‖w (𝑘 + 1) − w (𝑘)‖
2

2
≤ 𝜇
2
,

(7)

where ‖ ⋅ ‖
1
denotes the 𝑙

1
-norm and 𝜇

2 is a parameter which
prevents the weight coefficient vectors from abrupt change.
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Using Lagrangemultipliers to solve the constrained optimiza-
tion problem and utilizing the accessible e

𝐷
(𝑘) instead of

unavailable a posteriori error, that is, d
𝐷
(𝑘) − U(𝑘)w(𝑘 + 1),

the update recursion of the SSAF is formulated as

w (𝑘 + 1) = w (𝑘) + 𝜇

U𝑇 (𝑘) sgn [e
𝐷
(𝑘)]

√∑
𝑁−1

𝑖=0
u
𝑖
(𝑘) u𝑇
𝑖
(𝑘) + 𝛿

, (8)

where 𝛿 is a regularization parameter and sgn(⋅)
denotes the sign function, where sgn[e

𝐷
(𝑘)] =

[sgn(𝑒
0,𝐷

(𝑘)), . . . , sgn(𝑒
𝑁−1,𝐷

(𝑘))]
𝑇.

3. Proposed 𝑙
0
-Norm Constraint

SSAF (𝑙
0
-SSAF)

Our objective is to cope with the sparsity of an underlying
system while inheriting robustness from the 𝑙

1
-norm opti-

mization criterion. Our approach is to find a new weight
vector, w(𝑘 + 1), that minimizes the 𝑙

1
-norm of the a priori

error vector with the 𝑙
0
-norm penalty of the current weight

vector w(𝑘) as follows:
minw 𝐽 (𝑘) ≜ minw [





e
𝐷
(𝑘)




1

+ 𝛾‖w (𝑘)‖
0
] , (9)

where ‖ ⋅ ‖
0
denotes the 𝑙

0
-norm and 𝛾(> 0) is a regularization

parameter which governs the compromise between the effect
of the 𝑙

0
-norm penalty term and the error vector related term.

Note that the a priori error e
𝐷
(𝑘) is used unlike the SSAF,

leading to no approximation of the a posteriori error with the
a priori error.

Taking derivative of 𝐽(𝑘), with respect to w(𝑘), it leads to

∇w(𝑘)𝐽 (𝑘) = −U𝑇 (𝑘) sgn (e
𝐷
(𝑘)) + 𝛾

𝜕‖w (𝑘)‖0

𝜕w (𝑘)

≜ −U𝑇 (𝑘) sgn (e
𝐷
(𝑘)) + 𝛾f

𝛽
(w (𝑘)) ,

(10)

where f
𝛽
(w(𝑘)) ≜ [𝑓

𝛽
(𝑤
0
(𝑘)), 𝑓

𝛽
(𝑤
1
(𝑘)), . . . , 𝑓

𝛽
(𝑤
𝑀−1

(𝑘))]
𝑇.

To avoid a nonpolynomial hard problem from the 𝑙
0
-norm

minimization, the 𝑙
0
-norm penalty is often approximated as

follows [29]:

‖w (𝑘)‖
0
≈

𝑀−1

∑

𝑖=0

(1 − 𝑒
−𝛽|𝑤𝑖(𝑘)|

) , (11)

where the parameter 𝛽 plays a role adjusting the degree of
zero attraction. A 𝑚th component of the gradient for (11) is
given by

𝜕‖w (𝑘)‖0

𝜕𝑤
𝑚

(𝑘)

= 𝑓
𝛽
(𝑤
𝑚

(𝑘))

= 𝛽 sgn [𝑤
𝑚

(𝑘)] 𝑒
−𝛽|𝑤𝑚(𝑘)|

∀0 ≤ 𝑚 ≤ 𝑀 − 1.

(12)

To reduce the computational cost in (12), the first-order Tay-
lor series expansion of the exponential function is employed:

𝑒
−𝛽|𝑥|

≈

{

{

{

1 − 𝛽 |𝑥| , |𝑥| ≤

1

𝛽

0, elsewhere.
(13)

Then, a gradient (12) is computed as

𝑓
𝛽
(𝑤
𝑚

(𝑘)) =

{
{
{
{
{

{
{
{
{
{

{

𝛽
2
𝑤
𝑚

(𝑘) + 𝛽, −

1

𝛽

≤ 𝑤
𝑚

(𝑘) < 0

𝛽
2
𝑤
𝑚

(𝑘) − 𝛽, 0 < 𝑤
𝑚

(𝑘) ≤

1

𝛽

0, elsewhere.

(14)

Finally, the update recursion of the 𝑙
0
-SSAF is given by

w (𝑘 + 1) = w (𝑘) + 𝜇U𝑇 (𝑘) sgn (e
𝐷
(𝑘)) − 𝜅f

𝛽
(w (𝑘)) ,

(15)

where 𝜇 is the step-size parameter and 𝜅 = 𝜇𝛾.

4. Simulation Results

To validate the performance of the proposed 𝑙
0
-SSAF, com-

puter simulations are carried out in a system identification
scenario in which the unknown system is randomly gen-
erated. The length of the unknown system is 𝑀 = 128,
where 𝑆 of them are nonzero. The nonzero filter weights
are positioned randomly and their values are taken from a
Gaussian distribution N(0, 1/𝑆). Here, the sparse systems of
the sparsity 𝑆 = 4, 8, 16, 32 are considered. The adaptive
filter and the unknown system are assumed to have the
same number of taps. The input signals 𝑢(𝑛) are obtained
by filtering a white, zero mean, Gaussian random sequence
through a first-order system,

𝐺
1
(𝑧) =

1

1 − 0.9𝑧
−1

, (16)

or a second-order system,

𝐺
2
(𝑧) =

1 + 0.5𝑧
−1

+ 0.8𝑧
−2

1 − 0.9𝑧
−1

. (17)

A measurement noise V(𝑛) with white Gaussian distribu-
tion is added to the system output 𝑦(𝑛) such that the signal-
to-noise ratio (SNR) is 20 dB, where the SNR is defined as

SNR = 10 log
10

(

𝐸 [𝑦
2
(𝑛)]

𝐸 [V2 (𝑛)]
) , (18)

where 𝑦(𝑛) = u(𝑛)w∘. An impulsive noise 𝑧(𝑛) is added to
the system output 𝑦(𝑛) with the signal-to-interference ratio
(SIR) of −30 or −10 dB correspondingly. The impulsive noise
is modeled by a Bernoulli-Gaussian (BG) distribution [16],
which is obtained as the product of a Bernoulli distribution
and a Gaussian one; that is, 𝑧(𝑛) = 𝜔(𝑛)𝜂(𝑛), where 𝜔(𝑛) is a
Bernoulli process with a probability mass function given by
𝑃(𝜔) = 1−𝑃𝑟 for𝜔 = 0 and 𝑃(𝜔) = 𝑃𝑟 for𝜔 = 1. In addition,
𝜂(𝑛) is an additive white Gaussian noise with zero mean and
variance 𝜎

2

𝜂
= 1000𝜎

2

𝑦
. Here, 𝑃𝑟 = 0.01 is used. In order to

compare the convergence performance, the normalizedmean
square deviation (NMSD),

Normalized MSD = 𝐸[





w∘ − w (𝑘)






2

‖w∘‖2
] , (19)



4 Journal of Applied Mathematics

0 0.5 1 1.5 2 2.5 3

0

5

Number of iterations

N
M

SD
 (d

B)

×10
4

−25

−20

−15

−10

−5

PNSAF SSAF
NSAF (𝜇 = 0.0005) NSAF (𝜇 = 0.0001)

Proposed l0-SSAF

Figure 2: NMSD learning curves of the NSAF, PNSAF, SSAF, and
𝑙
0
-SSAF algorithms [𝑁 = 4, SIR = −30 dB, input: Gaussian AR(1)

with pole at 0.9].

is taken and averaged over 50 independent trials.The cosine-
modulated filter banks [30]with the subbandnumbers of𝑁 =

4 are used in the simulations. The prototype filter of length
𝐿 = 32 is used. The parameters used in simulations are as
follows: NSAF (𝜇 = 0.0005 or 0.0001), SSAF (𝜇 = 0.0005,
𝛿 = 0.001), PNSAF (𝜇 = 0.0005, 𝜌 = 0.01), and 𝑙

0
-SSAF

(𝜇 = 0.0003, 𝛽 = 20). The 𝛾 of the 𝑙
0
-norm SSAF is obtained

by repeated trials tominimize the steady-stateNMSD.Weuse
the input signals generated by𝐺

1
(𝑧) and𝐺

2
(𝑧) for Figures 2–

7 and Figures 8 and 9, respectively.
Figure 2 shows the NMSD learning curves of the NSAF,

PNSAF, SSAF, and 𝑙
0
-norm SSAF algorithms in the case

of SIR = −30 dB. For the 𝑙
0
-SSAF, 𝛾 = 5 × 10

−5 is
chosen. Compared to the conventional SAF algorithms, the
proposed 𝑙

0
-SSAF yields remarkably improved convergence

performance in terms of the convergence rate and the steady-
state misalignment.

In Figure 3, to verify the effect of 𝛾 on convergence
performance, the NMSD curves of the 𝑙

0
-SSAF for different

𝛾 values are illustrated in the case of SIR = −30 dB. With
different 𝛾 values (𝛾 = 3 × 10

−4
, 1 × 10

−4
, 7 × 10

−5, and
5 × 10

−5), the 𝑙
0
-SSAF is not excessively sensitive to 𝛾. The

analysis for an optimal 𝛾 value remains a future work.
Figure 4 illustrates the NMSD learning curves of the

NSAF, PNSAF, SSAF, and 𝑙
0
-norm SSAF algorithms under

SIR = −10 dB. The same 𝛾 value with Figure 2 is chosen. In
the figure, similar results shown in Figure 2 are observed.

Figure 5 depicts the NMSD learning curves of the NSAF,
PNSAF, SSAF, and 𝑙

0
-SSAF algorithms for difference sparsity.

Here, 𝑆 = 8, 16, 32 were chosen. The same parameters as in
Figure 2 are used. As can be seen, the more sparse the system,
the better the convergence performance of the 𝑙

0
-SSAF.
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Figure 3: NMSD learning curves of the 𝑙
0
-SSAF algorithm with

various 𝛾 values [𝑁 = 4, SIR = −30 dB, input: Gaussian AR(1) with
pole at 0.9].
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Figure 4: NMSD learning curves of the NSAF, PNSAF, SSAF, and
𝑙
0
-SSAF algorithms [𝑁 = 4, SIR = −10 dB, input: Gaussian AR(1)

with pole at 0.9].

Figure 6 shows the NMSD learning curves of the NSAF,
PNSAF, SSAF, and 𝑙

0
-SSAF algorithms with difference values

of 𝛽 in the case of 𝑆 = 4. The values of 𝛽 = 1, 20, 50, 100
were used. Also, the same step-size parameter 𝜇 = 0.0003 is
chosen. In the figure, it is apparent that the larger the value
of 𝛽, the higher the steady-state MSD. However, the optimal
value of 𝛽 remains a future issue.
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Figure 5: NMSD learning curves of theNSAF, PNSAF, SSAF, and 𝑙
0
-

SSAF algorithms for different sparsity (𝑆 = 8, 16, 32) [𝑁 = 4, SIR =

−30 dB, input: Gaussian AR(1) with pole at 0.9].

0 0.5 1 1.5 2 2.5 3
Number of iterations ×10

4

0

5

N
M

SD
 (d

B)

−30

−25

−20

−15

−10

−5

Proposed l0-SSAF (𝛽 = 1)

Proposed l0-SSAF (𝛽 = 20)

Proposed l0-SSAF (𝛽 = 50)

Proposed l0-SSAF (𝛽 = 100)

Figure 6: NMSD learning curves of the NSAF, PNSAF, SSAF, and
𝑙
0
-SSAF algorithms with difference values of 𝛽 (𝛽 = 1, 20, 50, 100)

[𝑁 = 4, SIR = −30 dB, input: Gaussian AR(1) with pole at 0.9].

Next, the tracking capabilities of the algorithms to a
sudden change in the system are tested for SIR = −30 dB.
Figure 7 shows the results in case when an unknown system
is right-shifted for 20 taps. The same value of 𝛾 of Figure 2 is
used.The figure shows that the 𝑙

0
-SSAF keeps track of weight

change while achieving a faster convergence rate and a low
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Figure 7: NMSD learning curves of theNSAF, PNSAF, SSAF, and 𝑙
0
-

SSAF algorithms in case of a time-varying unknown system (𝑁 = 4).
The system is right-shifted for 20 taps at 20000th iteration [𝑁 = 4,
SIR = −30 dB, input: Gaussian AR(1) with pole at 0.9].
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Figure 8: NMSD learning curves of the NSAF, PNSAF, SSAF, and
𝑙
0
-SSAF algorithms [𝑁 = 4, SIR = −30 dB, input: GaussianAR(2,2)].

steady-statemisalignment compared to the conventional SAF
algorithms.

Finally, Figures 8 and 9 show the simulation results with
the different input signal generated by𝐺

2
(𝑧) for SIR = −30 dB

and −10 dB, respectively. The same parameters of all SAF
algorithms in Figure 2 are chosen in Figures 8 and 9. We can
see similar results in previous figures, implying the capability
of the 𝑙

0
-norm SSAF over the classical SAF algorithms for

different input signal.
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Figure 9: NMSD learning curves of the NSAF, PNSAF, SSAF, and
𝑙
0
-SSAF algorithms [𝑁 = 4, SIR = −10 dB, input: GaussianAR(2,2)].

5. Conclusion

This paper has proposed a robust and sparse-aware SSAF
algorithm which incorporates the sparsity condition of a
system into the 𝑙

1
-norm optimization criterion of the a priori

error vector. By utilizing the 𝑙
0
-norm penalty of the current

weight vector and approximating it to avoid a nonpolynomial
hard problem, the update recursion of the proposed 𝑙

0
-norm

SSAF is obtainedwhile reducing the computational cost using
Taylor series expansion. The simulation results indicate that
the proposed 𝑙

0
-SSAF achieves highly improved convergence

performance over the conventional SAF algorithms where a
system is not only sparse but also disturbed with impulsive
noise.
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Robustness is a key property for critical systems that run in uncertain environments, to ensure that small input perturbations
can cause only small output changes. Current critical systems often involve lots of floating-point computations which are inexact.
Robustness analysis of floating-point programs needs to consider both the uncertain inputs and the inexact computation. In this
paper, we propose to leverage the idea of self-composition to transform the robustness analysis problem into a reachability problem,
which enables the use of standard reachability analysis techniques such as software model checking and symbolic execution for
robustness analysis. To handle floating-point arithmetic, we employ an abstraction that encompasses the effect of rounding and
that can encompass all rounding modes. It converts floating-point expressions into linear expressions with interval coefficients in
exact real arithmetic. On this basis, we employ interval linear programming to compute the maximum output change or maximum
allowed input perturbation for the abstracted programs. Preliminary experimental results of our prototype implementation are
encouraging.

1. Introduction

Uncertainty and inexactness in computing have attracted
much attention in computer science. In Cyber Physical Sys-
tems (CPS), the discrete world of computation is integrated
with the continuous world of physical processes. Moreover,
CPS run in the open environmental context and thus have
to deal with uncertain data which may come from noisy
sensor data or approximate computation. Hence, inputs for
programs in CPS are of intrinsic uncertainty. On the other
hand, due to finite precision on computers, physical values
are truncated into digital ones. In modern computers, real
numbers are approximated by a finite set of floating-point
numbers. Due to the pervasive rounding errors, numerical
computation using floating-point arithmetic is not exact.
Since many safety-critical CPS systems (such as aircrafts,
automobiles, and medical devices) often involve lots of
numerical computations, there is a great need to ensure that
these programs are robust with respect to the uncertain input
as well as the inexact computation.

Although robustness is long known as a standard cor-
rectness property for control systems [1], considering the
robustness of programs is quite recent [2–5]. Intuitively,
robustness of a program means that small input perturba-
tions of the program can cause only small output changes.
Much existing work on analyzing robustness of programs
assumes that the analyzed program is in exact real arithmetic,
although floating-point computation is pervasive in practical
applications. This paper targets the analysis of robustness
properties of floating-point programs.

A program using floating-point arithmetic often exhibits
more robustness issues than that using exact real arithmetic,
due to the misunderstandings and nonintuitive behaviors
of floating-point semantics. Although floating-point arith-
metic is quite different from the exact real arithmetic, most
developers of floating-point programs will write programs
as if computations were done in exact arithmetic. For
the same input, the control flow of the program using
floating-point arithmetic can be different from the one that
would be taken assuming exact real arithmetic. Similarly,
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for two inputs whose values are close to each other, the
resulting two control flows of the same program can be
different (even when following exact real arithmetic). Two
different control flows may lead to very large difference in
outputs.

We illustrate the robustness problemdue to floating-point
computation using a motivating example shown in Figure 1,
which is a “classroom” example of a robustness problem
frequently used in the field of geometric computations [6].
The program Orientation implements the 2D orientation
test that decideswhether a point 𝑟 lies to the left of, to the right
of, or on the line→𝑝𝑞 defined by the 2 points 𝑝, 𝑞, by evaluating
the sign of a determinant det which is expressed in terms of
the coordinates of the input points. Due to rounding errors,
the floating-point computation of the determinant det may
lead to a wrong result when the true determinant (via
exact real arithmetic) is close to zero. From the robustness
point of view, for this program, even a very small input
perturbation may lead to an output change of 1 or 2. If the
rounding modes for the floating-point operations are not
determinate in the program, the output change can be 2 even
when there is no perturbation in the inputs (by running the
program in different rounding modes). This misinformation
may then lead to a failure of a computational geometry
application (e.g., crash or not terminate) or produce wrong
results [6].

Analyzing robustness of floating-point programs is more
challenging than analyzing programs assuming exact real
arithmetic, since besides the input perturbations, we need
to consider also the inexactness of floating-point compu-
tation. The floating-point program itself acts as if inputs
were perturbated due to the pervasive rounding errors or
nondeterminate rounding modes. There exist a few known
pitfalls of analyzing and verifying floating-point programs
[7].

In this paper, we present a robustness analysis method
for floating-point programs. The key idea is to leverage the
self-composition technique from the field of secure infor-
mation flow to transform the robustness analysis problem
into a reachability (safety) problem. Then we use standard
rechability analysis techniques such as softwaremodel check-
ing and symbolic execution to analyze the self-composed
programs. To cope with floating-point arithmetic, we uti-
lize a rounding mode insensitive abstraction method to
abstract floating-point expressions into linear expressions
with interval coefficients in the field of reals. On this basis,
we use interval linear programming to compute the max-
imum output change (when given the input perturbation)
or the maximum allowed input perturbation (when given
the output change) for the abstracted programs. The pre-
liminary experimental results are promising on benchmark
programs.

The rest of the paper is organized as follows. Section 2
reviews the IEEE 754 floating-point arithmetic and the basic
theory of interval linear systems as well as interval linear
programming. Section 3 presents the robustness analysis
approach via self-composition for programs (that assume
exact real arithmetic). Section 4 presents the techniques

(1)
(2) {
(3)
(4)
(5)
(6)
(7)
(8)
(9) }

r
q

p

floatpqx = qx − px, pqy = qy − py;
floatprx = rx − px, pry = ry − py;
floatdet = pqx ∗ pry − pqy ∗ prx;

int Orientation (float px, float py, float qx, float qy, float rx, float ry)

if (det > 0) return 1;

return 0;
if (det < 0) return −1;

Figure 1: Floating-point implementation for orientation test of 2D
points.

to handle floating-point arithmetic. Section 5 presents our
prototype implementation together with preliminary experi-
mental results. Section 6 discusses some related work before
Section 7 concludes.

2. Preliminaries

In this section,we briefly provide the backgroundon the IEEE
754 floating-point arithmetic and the basic theory on interval
arithmetics as well as interval linear programming.

2.1. The IEEE 754 Floating-Point Arithmetic. A digital com-
puter cannot represent all possible real numbers in mathe-
matics exactly. In computing, floating-point numbers provide
an approach to represent a finite subset of the real numbers.
In this paper, we focus on analyzing programs with respect
to the binary formats of the IEEE 754 floating-point standard
[8] which is the most commonly used floating-point repre-
sentation and is followed by almost all modern computers.

In the IEEE 754 standard, the binary representation of a
floating-point number 𝑥 can be described as 𝑥 = (−1)

𝑆
×𝑀×

2
𝐸, where

(i) 𝑆 is the 1-bit sign of 𝑥, which represents that 𝑥 is
positive (when 𝑆 = 0) or negative (when 𝑆 = 1);

(ii) 𝐸 = 𝑒− bias is called the exponent, where 𝑒 is a biased
e-bit unsigned integer and bias = 2

e−1
− 1;

(iii) 𝑀 = 𝑚
0
.𝑚
1
𝑚
2
. . . 𝑚p is called the significand, where

𝑓 = .𝑚
1
𝑚
2
. . . 𝑚p represents a p-bit fraction and 𝑚

0

is the hidden bit without need of storage.

The values of e, bias, p depend on the floating-point formats.
The IEEE 754 standard supports several formats, among
which the basic formats include

(i) 32-bit single-precision format, where e = 8 (and thus
bias = 127), p = 23;
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(ii) 64-bit double-precision format, where e = 11 (and
thus bias = 1023), p = 52.

According to the value of 𝑒, the floating-point numbers can
be divided into the following categories:

(i) normalized number (−1)𝑆 × 1.𝑓 × 2
𝑒−bias, when 1 ≤

𝑒 ≤ 2
e
− 2;

(ii) denormalized number (−1)𝑆×0.𝑓×21−bias, when 𝑒 = 0

and 𝑓 ̸= 0;
(iii) + 0 or −0, when 𝑒 = 0 and 𝑓 = 0;
(iv) +∞ or −∞, when 𝑒 = 2

e
− 1 and 𝑓 = 0;

(v) NaN (Not a Number), when 𝑒 = 2
e
− 1 and 𝑓 ̸= 0.

Let F be the set of floating-point formats. For each f ∈ F, we
define

(i) 𝑚𝑓f
def
= 2

1−bias−p, the smallest nonzero positive
floating-point number;

(ii) 𝑀𝑓f
def
= (2 − 2

−p
)2
2
e
−bias−2, the largest noninfinity

floating-point number.

In general, the result of a floating-point operationmaynot
be exactly representable in the floating-point representation,
and thus the result needs to be rounded into a floating-
point number.The IEEE 754 standard supports four rounding
modes: toward nearest, toward +∞, toward −∞, and toward
zero. In this paper, in order to distinguish floating-point
arithmetic operations from exact real arithmetic ones, we
introduce additional notations. As usual, {+, −, ×, /} are used
as exact rational arithmetic operations. The corresponding
floating-point operations are denoted by {⊕f,𝑟, ⊖f,𝑟, ⊗f,𝑟, ⊘f,𝑟},
tagged with a floating-point format f ∈ F and a rounding
mode 𝑟 ∈ {+∞, −∞, 0, 𝑛} (𝑛 representing rounding to
nearest). We also use ? to denote arbitrary rounding mode.

Due to rounding errors, many well-known algebraic
properties (such as associativity and distributivity) over the
reals do not hold for floating-point arithmetic.

Example 1. Consider the following expressions in the 32-bit
single-precision floating-point arithmetic:

(2
24
⊕
32,?

− 2
24
) ⊕
32,?

1 = 1

(2
24
⊕
32,−∞

1) ⊕
32,−∞

− 2
24

= 0

(2
24
⊕
32,+∞

1) ⊕
32,+∞

− 2
24

= 2.

(1)

Note that in the 32-bit single-precision format, the significand
is 𝑀 = 𝑚

0
.𝑚
1
𝑚
2
. . . 𝑚23. However, to represent the exact

result of 2
24

+ 1 over the reals, we need one more bit
for the significand 𝑀 (say 𝑚24). Hence, rounding happens.
2
24
⊕
32,−∞

1 will result in 2
24, while 2

24
⊕
32,+∞

1 will result in
(1 + 2

−23
) × 2
24.

2.2. Interval Linear Systems and Interval Linear Programming.
Let 𝐴,𝐴 ∈ R𝑚×𝑛 be two matrices with 𝐴 ≤ 𝐴, where

comparison operators are defined element-wise; then the set
of matrices A ∈ IR𝑚×𝑛 defined by

A = [𝐴,𝐴] = {𝐴 ∈ R
𝑚×𝑛

: 𝐴 ≤ 𝐴 ≤ 𝐴} (2)

is called an intervalmatrix, and thematrices𝐴,𝐴 are called its
bounds. Let us define the centermatrix ofA as𝐴

𝑐
= (1/2)(𝐴+

𝐴) and the radius matrix as Δ
𝐴

= (1/2)(𝐴 − 𝐴). Then, A =

[𝐴, 𝐴] = [𝐴
𝑐
− Δ
𝐴
, 𝐴
𝑐
+ Δ
𝐴
]. An interval vector is a one-

column interval matrix d = [𝑑, 𝑑] = {𝑑 ∈ R𝑚 : 𝑑 ≤ 𝑑 ≤ 𝑑},
where 𝑑, 𝑑 ∈ R𝑚 and 𝑑 ≤ 𝑑.

LetA be an𝑚×𝑛 interval matrix and 𝑏 be a vector of size
𝑚. The following system of interval linear inequalities

A𝑥 ≤ 𝑏 (3)

denotes an interval linear system, that is, the family of all
systems of linear inequalities 𝐴𝑥 ≤ 𝑏 such that 𝐴 ∈ A.

Definition 2 (weak solution). A vector 𝑥 ∈ R𝑛 is called aweak
solution of the interval linear system A𝑥 ≤ 𝑏, if it satisfies
𝐴𝑥 ≤ 𝑏 for some 𝐴 ∈ A. Furthermore, the set

Σ
∃
(A, 𝑏) = {𝑥 ∈ R

𝑛
: ∃𝐴 ∈ A, 𝐴𝑥 ≤ 𝑏} (4)

is said to be the weak solution set of the system A𝑥 ≤ 𝑏.

The weak solution set of an interval linear system is
characterized by the following theorem [9].

Theorem 3. A vector 𝑥 ∈ R𝑛 is a weak solution of A𝑥 ≤ 𝑏 if
and only if it satisfies 𝐴

𝑐
𝑥 − Δ

𝐴
|𝑥| ≤ 𝑏.

Let A ∈ IR𝑚×𝑛 be an 𝑚 × 𝑛 interval matrix, 𝑏 ∈ R𝑚 be
an 𝑚-dimensional vector, and c ∈ IR𝑛 be an 𝑛-dimensional
interval vector. The family of linear programming (LP)
problems

𝑓 (𝐴, 𝑏, 𝑐) = max {𝑐𝑇𝑥 : 𝐴𝑥 ≤ 𝑏} (5)

with data satisfying

𝐴 ∈ A, 𝑐 ∈ c (6)

is called an interval linear programming (ILP) problem.
In this paper, we are only interested in computing the

upper bound 𝑓(A, 𝑏, c) = sup{𝑓(𝐴, 𝑏, 𝑐) : 𝐴 ∈ A, 𝑐 ∈ c}.
In general, according to Theorem 3, to compute the exact
𝑓(A, 𝑏, c), in the worst case up to 2

𝑛 LP problems have to be
solved, one for each orthant. Recall that a (closed) orthant
is one of the 2𝑛 subsets of an 𝑛-dimensional Euclidean space
defined by constraining each Cartesian coordinate axis to
be either nonnegative or nonpositive. In each orthant, we
consider the following LP problem:

max
𝑛

∑

𝑗=1

𝑐


𝑗
𝑥
𝑗

s.t. ⋀

0≤𝑖≤𝑚

𝑛

∑

𝑗=1

𝐴


𝑖𝑗
𝑥
𝑗
≤ 𝑏
𝑖
,

(7)
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where

𝑐


𝑗
= {

𝑐
𝑗

if 𝑥
𝑗
≥ 0

𝑐
𝑗

if 𝑥
𝑗
< 0

𝐴


𝑖𝑗
= {

𝐴
𝑖𝑗

if 𝑥
𝑗
≥ 0

𝐴
𝑖𝑗

if 𝑥
𝑗
< 0.

(8)

And 𝑓(A, 𝑏, c) will be the the maximum over all the optimal
values of the 2𝑛 LP problems with one per each orthant.

3. Robustness Analysis via Self-Composition

3.1. Robustness of Programs. In this paper, we follow the
definition for robustness of programs used byMajumdar and
Saha [5]. Let𝑓 be a functionwith inputs𝑥

1
, . . . , 𝑥

𝑛
and output

𝑦; that is,𝑦 = 𝑓(𝑥
1
, . . . , 𝑥

𝑛
).The function𝑓 is said to be (𝛿, 𝜖)-

𝑟𝑜𝑏𝑢𝑠𝑡 in the 𝑖th input 𝑥
𝑖
if a perturbation of at most 𝛿 in the

input 𝑥
𝑖
can only cause a change of at most 𝜖 in the output;

that is,

∀𝑥
𝑖
, 𝑥


𝑖
⋅






𝑥
𝑖
− 𝑥


𝑖






≤ 𝛿

⇒






𝑓 (𝑥
1
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑛
) − 𝑓 (𝑥

1
, . . . , 𝑥



𝑖
, . . . , 𝑥

𝑛
)






≤ 𝜖,

(9)

where 𝛿, 𝜖 ∈ R are nonnegative constant parameters specified
by users. Recall that we consider the perturbation over only
one input at a time while assume that there is no perturbation
over all other inputs at the same time.

Moreover, in practice, users may be interested in the
maximum output change of 𝑦 with respect to 𝑥

𝑖
and 𝛿; that

is,

𝜖
𝛿

def
= max
𝑥,𝑥


{
{

{
{

{






𝑦 − 𝑦




|

𝑦 = 𝑓 (𝑥
1
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑛
)

𝑦

= 𝑓 (𝑥

1
, . . . , 𝑥



𝑖
, . . . , 𝑥

𝑛
)






𝑥
𝑖
− 𝑥


𝑖






≤ 𝛿

}
}

}
}

}

. (10)

Similarly, users may be interested in the maximum input
perturbation allowed over 𝑥

𝑖
with respect to 𝑦 and 𝜖; that is,

𝛿
𝜖

def
= max
𝑦,𝑦


{
{

{
{

{






𝑥
𝑖
− 𝑥


𝑖






|

𝑦 = 𝑓 (𝑥
1
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑛
)

𝑦

= 𝑓 (𝑥

1
, . . . , 𝑥



𝑖
, . . . , 𝑥

𝑛
)






𝑦 − 𝑦




≤ 𝜖

}
}

}
}

}

. (11)

Example 4. Consider the program shown in Figure 2, which
implements a piece-wise linear function. When 𝑥 = 1.001,
the two branches give the same result 𝑦 = 1002.001 in exact
real arithmetic (assuming floats are reals). It is easy to see that
in exact real arithmetic, this program is (0.1, 𝜖

0
)-𝑟𝑜𝑏𝑢𝑠𝑡 for all

𝜖
0
≥ 100.1 but is not (0.1, 𝜖

1
)-𝑟𝑜𝑏𝑢𝑠𝑡 for all 𝜖

1
< 100.1. This

can be deduced by observing that in exact real arithmetic,
given the input perturbation 𝛿 = 0.1, the maximum output
change of 𝑦 is 𝜖

𝛿
= 100.1; given the output change 𝜖 = 100.1,

the maximum input perturbation allowed over 𝑥 is 𝛿
𝜖
= 0.1.

(1) float piecewise linear(float x) {
(2) float y;
(3) if(x < 1.001)
(4) y = x + 1001.0;
(5) else
(6) y = x ∗ 1001.0;
(7) return y;
(8) }

Figure 2: A floating-point program piecewise linear.

3.2. Self-Composition. The idea of self-composition is firstly
used in the field of secure information flow [10, 11] to
characterize noninterference. Let 𝑃 be a program and 𝑃

 be a
copy of𝑃with each variable𝑥 in𝑃 replaced by a fresh variable
𝑥
. Using Hoare triples, noninterference can be characterized

as

{𝐿 = 𝐿

} 𝑃; 𝑃


{𝐿 = 𝐿


} , (12)

where 𝐿 denotes low-security variables. In other words, it
requires that running two instances of the same program
with equal low-security values and arbitrary high-security
values results in equal low-security values. Hence, via self-
composition, a secure information flow property of𝑃 reduces
to a reachability property over single program executions of
the program 𝑃; 𝑃

.
In this paper, we would like to leverage the idea of self-

composition to reduce the robustness problem of a program
𝑃 into an equivalent reachability problem over 𝑃; 𝑃. Assume
that program 𝑃 has 𝑛 input variables 𝑥

1
, . . . , 𝑥

𝑛
and an output

variable𝑦. Similarly, usingHoare triples, the (𝛿, 𝜖)-𝑟𝑜𝑏𝑢𝑠𝑡𝑛𝑒𝑠𝑠
of program 𝑃 over the 𝑖th input 𝑥

𝑖
can be characterized as

{

{

{






𝑥
𝑖
− 𝑥


𝑖






≤ 𝛿 ∧ ⋀

1≤𝑗≤𝑛,𝑗 ̸= 𝑖

𝑥
𝑗
= 𝑥


𝑗

}

}

}

𝑃; 𝑃

{






𝑦 − 𝑦




≤ 𝜖} .

(13)

Example 5. Consider again the program piecewise
linear in Figure 2. The self-composition of the function
body is shown in Figure 3. To express the robustness property,
we add the assumption |𝑥 − 𝑥


| ≤ 𝛿 as a precondition at

the beginning of the self-composed program and add an
assertion |𝑦 − 𝑦


| ≤ 𝜖 as a postcondition at the end.

Essentially, the copied program 𝑃
 has the same program

code as 𝑃 but uses variables with different initial values.
Hence, there exists inherent symmetry and redundancy in
the self-composed programs. In order to make the following
analysis and verification process for self-composed programs
easier, program transformations can be used to optimize
the self-composed programs. In the field of secure informa-
tion flow analysis, Terauchi and Aiken [12] proposed type-
directed transformation to improve self-composition. The
main idea of type-directed transformation is not to self-
compose branch (or loop) statements when the branch (or
loop) condition is only dependent on the values of low-
security variables. In addition, for an assignment statement
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(1) assume(−𝛿 ≤ x − x ≤ 𝛿)
(2)
(3) if (x < 1.001)
(4) y = x + 1001.0;
(5) else
(6) y = x ∗ 1001.0;
(7)
(8) if (x < 1.001)
(9) y = x + 1001.0;
(10) else
(11) y = x ∗ 1001.0;
(12)
(13) assert(−𝜖 ≤ y − y ≤ 𝜖)

Figure 3: Self-composition of the piecewise linear program for
robustness analysis.

{𝑥 := 𝑒; }, when the right-hand expression 𝑒 is only dependent
on the values of low-security variables, its self-composition is
simplified as {𝑥 := 𝑒; 𝑥


:= 𝑥; }.

With respect to robustness, a similar transformation can
be applied. Intuitively, we could consider the perturbed input
variable 𝑥

𝑖
as a high-security variable and all other input

variables 𝑥
𝑗
’s as low-security variables where 𝑗 ̸= 𝑖. Hence,

similarly to type directed transformation, we do not self-
compose branch (or loop) statements when the branch (or
loop) condition is not dependent on the values of perturbed
input variables. For an assignment statement {𝑥 := 𝑒; }, when
the right-hand expression 𝑒 is not dependent on the values of
perturbed input variables, its self-composition is simplified as
{𝑥 := 𝑒; 𝑥


:= 𝑥; }.

Example 6. Consider the function 𝑚𝑖𝑛 𝑝𝑙𝑢𝑠1 shown in
Figure 4, which implements min(𝑥 + 1, 𝑦) by adding 0.1

to 𝑥 ten times. The optimized self-composition result of
the function body after applying transformation is given in
Figure 5, when we consider the perturbation over the input
variable 𝑥 (while assuming no perturbation over 𝑦). More
specifically, since the loop condition 𝑖 < 10 in the original
program is not dependent on the value of the perturbed input
variable 𝑥, we do not self-compose the loop statement and
thus there is only one loop in the transformed resulting self-
composed program.

3.3. Robustness Analysis of Self-Composed Programs. Via self-
composition, the robustness analysis problem can be reduced
to solving a standard reachability (safety) problem.The recent
success of automatic analysis and verification tools (such
as SLAM [13], CBMC [14], and ASTRÉE [15]) aiming at
checking reachability properties in programs makes this
approach promising. In the following, we will present two
popular reachability analysis approaches that fit for analyzing
robustness, that is, software model checking and symbolic
execution.

3.3.1. Checking Robustness by Software Model Checking. Soft-
ware model checking [16] provides an automatic approach to
check whether a program satisfies a property by exploring

(1) floatmin plus1(float x, float y){
(2) float z;
(3) int i;
(4) i = 0;
(5) while (i < 10) {
(6) x = x + 0.1;
(7) i = i + 1;
(8) }

(9) if (y <= x) z = y;
(10) else z = x;
(11) return z;
(12) }

Figure 4: A floating-point program min plus1.

(1) assume(−𝛿 ≤ x − x ≤ 𝛿 and y = y)
(2)
(3) i = 0; i = i;
(4) while (i < 10) {
(5) x = x + 0.1; x = x + 0.1;
(6) i = i + 1; i = i;
(7) }
(8) if (y <= x) z = y;
(9) else z = x;
(10) if (y <= x) z = y;
(11) else z = x;
(12)
(13) assert(−𝜖 ≤ z − z ≤ 𝜖)

Figure 5: Transformed self-composition of the min plus1 program
for robustness analysis.

the state space of the program. For the robustness analysis
problem, the property to be checked is an assertion at the
end of the self-composed programs stating that the output
change is bounded by 𝜖, that is, assert (−𝜖 ≤ 𝑦 − 𝑦


≤ 𝜖).

A main advantage of using software model checking is that it
will generate a counterexample when the robustness property
does not hold. The counterexample shows an execution trace
which violates the robustness property. A counterexample is
very helpful for the users to identify the source of nonrobust-
ness.

3.3.2. Finding Maximum Output Change (or Input Perturba-
tion) by Symbolic Execution. Symbolic execution [17, 18] is
a technique to analyze a program by executing the program
with symbolic rather than concrete values as program inputs.
The process of symbolic execution essentially generates
and explores a symbolic execution tree which represents
all execution paths followed during the process. Each tree
node represents a symbolic execution state, while each edge
represents a program transition between the states. At any
tree node, the symbolic execution state includes a program
counter, a path condition (PC) that encodes the constraints on
the symbolic inputs to reach that node, a path function (PF)
that represents the current values of the program variables as
function of symbolic inputs when the path condition holds
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true. The path condition is a boolean expression over the
symbolic inputs. The path function describes the expected
result of the program, under the given path condition. Due
to conditional branches and loops in a program, the symbolic
execution of a program will result in a set of paths, each of
which is described by a pair ⟨PC,PF⟩ of the path condition
PC and the associated path function PF.

We now show how to use symbolic execution to conduct
a robustness analysis of program 𝑃 with inputs 𝑥

1
, . . . , 𝑥

𝑛

and output 𝑦. First, the analysis algorithm performs symbolic
execution on the self-composed program 𝑃; 𝑃

. Assume that
the algorithm collects, at the end of the self-composed
program, a set S of pairs ⟨PC,PF⟩ of the path condition
PC and the associated path function PF. Then for each 𝑠 ≜

⟨PC,PF⟩ ∈ S, we compute the maximum output change 𝜖𝑠
𝛿
:

max 




PF
𝑦
− PF
𝑦








s.t. (






𝑥
𝑖
− 𝑥


𝑖






≤ 𝛿 ∧ ⋀

1≤𝑗≤𝑛,𝑗 ̸= 𝑖

𝑥
𝑗
= 𝑥


𝑗
) ∧ PC.

(14)

Here, PF
𝑦
and PF

𝑦
 denote the symbolic expressions that the

path function PF maps the variables 𝑦 and 𝑦
 to, respectively.

Let 𝜖
𝛿
be the maximum element of {𝜖𝑠

𝛿
| 𝑠 ∈ S}; that is, 𝜖

𝛿
=

max({𝜖𝑠
𝛿
| 𝑠 ∈ S}). If 𝜖

𝛿
≤ 𝜖, then the original program 𝑃 is

(𝛿, 𝜖)-𝑟𝑜𝑏𝑢𝑠𝑡.
Similarly, given the bound of output change 𝜖, computing

the maximum allowed input perturbation is reduced to
solving a series of the following optimization problems for
each 𝑠 ≜ ⟨PC,PF⟩ ∈ S:

max 




𝑥
𝑖
− 𝑥


𝑖







s.t. ( ⋀

1≤𝑗≤𝑛,𝑗 ̸= 𝑖

𝑥
𝑗
= 𝑥


𝑗
) ∧ PC ∧






PF
𝑦
− PF
𝑦







≤ 𝜖.

(15)

And 𝛿
𝜖
will be the maximum element of {𝛿

𝑠

𝜖
| 𝑠 ∈ S}; that is,

𝛿
𝜖
= max({𝛿

𝑠

𝜖
| 𝑠 ∈ S}).

4. Robustness Analysis of
Floating-Point Programs

In this section, we consider the robustness analysis problem
of floating-point programs. In Section 3.3, we propose to
utilize software model checking and symbolic execution
to perform robustness analysis of self-composed programs
(in exact real arithmetic). However, most existing software
model checkers and symbolic execution tools can not be
directly applied to floating-point programs, since they rely on
constraint solvers that often assume good algebraic properties
such as associativity and distributivity over the reals which
do not hold for floating-point arithmetic. To handle floating-
point arithmetic, we have to resort to bit-precise modeling
of floating-point arithmetic or abstracting floating-point
arithmetic to real number arithmetic.

CBMC (C BoundedModel Checker) [14] is one of the few
software model checkers that have considered floating-point

arithmetic. CBMC employs a sound and complete decision
procedure for floating-point arithmetic [19, 20]. It precisely
encodes floating-point operations as functions on bit-vectors.
Each floating-point operation is furthermodeled as a formula
in propositional logic.The formula is then handled by a SAT-
solver in the backend to check for satisfiability.

When we consider symbolic execution of floating-point
programs, both the path condition and the path function
will involve floating-point expressions. Hence, to compute
the maximum output change (or maximum allowed input
perturbation), we need optimization methods supporting
floating-point constraints. However, as far as we know, even
for linear programming, there is no available sound solver
supporting floating-point constraints. To this end, in this
paper, we abstract the optimization problem with floating-
point constraints into an interval linear programming prob-
lem (i.e., linear programming problem with interval coeffi-
cients) over the reals. The main idea is to use the so-called
floating-point linearization technique [21, 22] to abstract
floating-point expressions into linear real number expres-
sions with interval coefficients (in the form of Σ

𝑖
[𝑎
𝑖
, 𝑏
𝑖
]𝑥
𝑖
).

4.1. Floating-Point Abstraction. In this subsection, we will
explain how to abstract floating-point expressions into inter-
val linear expressions over the reals.

First, let us consider the upper bound on rounding errors
due to one floating-point operation. Let 𝑅f,𝑟(𝑥) denote the
floating-point rounding function that maps a real number 𝑥
to a floating-point number (or a runtime error due to, for
example, overflows) with respect to the floating-point format
f and the roundingmode 𝑟.The amount of the rounding error
due to 𝑅f,𝑟(𝑥) depends on the category of 𝑥.

(i) If 𝑥 is in the range of normalized numbers, then
|𝑅f,𝑟(𝑥) − 𝑥| ≤ 𝜀rel ⋅ |𝑥| where 𝜀rel = 2

−p (wherein p
is the number of bits of fraction in the significand of
the floating-point format f). In this case we consider
the relative rounding error 𝜀rel.

(ii) If 𝑥 is in the range of denormalized number, then
|𝑅f,𝑟(𝑥) − 𝑥| ≤ 𝜀abs, where 𝜀abs = 𝑚𝑓f (wherein
𝑚𝑓f is the smallest nonzero positive denormalized
floating-point number in the floating-point format
f , which is also the gap between two neighboring
denormalized numbers). In this case, we consider the
absolute rounding error 𝜀abs.

The rounding errors of these two cases can be unified as





𝑅f,𝑟 (𝑥) − 𝑥





≤ max (𝜀rel ⋅ |𝑥| , 𝜀abs) . (16)

Since max is not a linear operation, we derive an overapprox-
imation





𝑅f,𝑟 (𝑥) − 𝑥





≤ 𝜀rel ⋅ |𝑥| + 𝜀abs. (17)

Furthermore, when 𝑏 ≥ 0, |𝑦| ≤ 𝑏 is equivalent to 𝑦 =

[−1, 1] × 𝑏. Hence,

𝑅f,𝑟 (𝑥) − 𝑥 = [−1, 1] (𝜀rel ⋅ |𝑥| + 𝜀abs) ; (18)
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that is,

𝑅f,𝑟 (𝑥) = [1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 + [−𝜀abs, 𝜀abs] . (19)

In general, we could abstract floating-point operations into
interval linear expressions in real number semantics. For
example,

𝑥⊕f,𝑟𝑦, (20)

that is,

𝑅f,𝑟 (𝑥 + 𝑦) (21)

can be abstracted into

[1 − 𝜀rel, 1 + 𝜀rel] × (𝑥 + 𝑦) + [−𝜀abs, 𝜀abs] ; (22)

that is,

[1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 + [1 − 𝜀rel, 1 + 𝜀rel] × 𝑦 + [−𝜀abs, 𝜀abs] .
(23)

The advantage of this kind of rounding mode insensitive
floating-point abstractions is that the result is sound with
respect to arbitrary rounding modes, since 𝑅f,𝑟(𝑥) always
satisfies 𝑅f,−∞(𝑥) ≤ 𝑅f,𝑟(𝑥) ≤ 𝑅f,+∞(𝑥) while |𝑅f,𝑟(𝑥) −

𝑥| ≤ 𝜀rel ⋅ |𝑥| + 𝜀abs has already taken into account the
extreme cases of 𝑟 = −∞ and 𝑟 = +∞. This is of practical
importance, since wemay not know the exact roundingmode
for each floating-point operation. For example, C99 provides
the fesetround() function to set the current rounding
mode. Of course, when we know the exact rounding mode
for the floating-point operation, we could make the floating-
point abstraction more precise. For example, if the current
rounding mode is toward nearest, then

𝑅f,𝑛 (𝑥) = [1 −

𝜀rel
2

, 1 +

𝜀rel
2

] × 𝑥 + [−

𝜀abs
2

,

𝜀abs
2

] . (24)

In addition, if we know the range of 𝑥, we may also define
more precise floating-point abstractions. For example, if we
know that 𝑥 is in the range of denormalized numbers, then

𝑅f,𝑟 (𝑥) = 𝑥 + [−𝜀abs, 𝜀abs] . (25)

For the sake of generality, in this paper, we use the follow-
ing rounding mode insensitive floating-point abstraction:

𝑅
#
f,? (𝑥) = [1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 + [−𝜀abs, 𝜀abs] , (26)

where we assume |𝑥| < 𝑀𝑓f .
More clearly, we use the following abstraction for

floating-point arithmetic:

𝑅
#
f,? (𝑥⊕f,?𝑦) = [1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 + [1 − 𝜀rel, 1 + 𝜀rel]

× 𝑦 + [−𝜀abs, 𝜀abs]

𝑅
#
f,? (𝑥⊖f,?𝑦) = [1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 + [−1 − 𝜀rel, −1 + 𝜀rel]

× 𝑦 + [−𝜀abs, 𝜀abs]

𝑅
#
f,? (𝑥⊗f,?𝑦) = [1 − 𝜀rel, 1 + 𝜀rel] × 𝑥 × 𝑦 + [−𝜀abs, 𝜀abs]

𝑅
#
f,? (𝑥⊘f,?𝑦) = [1 − 𝜀rel, 1 + 𝜀rel] ×

𝑥

𝑦

+ [−𝜀abs, 𝜀abs] .

(27)

Specially, for a constant number 𝑐 that appears in the source
code, we use the following abstraction:

𝑅
#
f,? (𝑐) = [𝑅

#
f,−∞ (𝑐) , 𝑅

#
f,+∞ (𝑐)] . (28)

4.2. Symbolic Execution of Abstracted Floating-Point Pro-
grams. From Section 4.1, we see that floating-point expres-
sions can be soundly abstracted into real number expressions
with interval coefficients. Since the multiplication 𝑥 × 𝑦 and
division 𝑥/𝑦 are not linear expressions when both 𝑥 and 𝑦 are
not constant numbers, in order to obtain linear expressions
with interval coefficients, we replace 𝑦 with its interval
range denoted as [𝑦, 𝑦]. In symbolic execution, 𝑦 is always
an expression over the symbolic input values. We assume
users provide the interval ranges for those symbolic input
values. Then, all floating-point expressions can be abstracted
as interval linear expressions. Therefore, the resulting path
conditions of symbolic execution consist of interval linear
constraints while the resulting path functions consist of
interval linear expressions.

Finally, the problems of computing the maximum output
change and the maximum allowed input perturbation are
reduced to solving a series of interval linear programming
problems. For example, computing the maximum output
change requires the solutions of the following interval linear
programming problems:

max Σ
𝑖
[𝑎
𝑖
, 𝑎
𝑖
] × 𝑥
𝑖
+ Σ
𝑖
[𝑎


𝑖
, 𝑎


𝑖
] × 𝑥


𝑖
+ 𝑏

s.t. (






𝑥
𝑖
− 𝑥


𝑖






≤ 𝛿 ∧ ⋀

1≤𝑗≤𝑛,𝑗 ̸= 𝑖

𝑥
𝑗
= 𝑥


𝑗
)

∧⋀

𝑘

Σ
𝑖
[𝐴
𝑘𝑖
, 𝐴
𝑘𝑖
] × 𝑥
𝑖
+ Σ
𝑖
[𝐴


𝑘𝑖
, 𝐴



𝑘𝑖
] × 𝑥


𝑖
≤ 𝑐
𝑘
,

(29)

where Σ
𝑖
[𝑎
𝑖
, 𝑎
𝑖
] × 𝑥

𝑖
+ Σ
𝑖
[𝑎


𝑖
, 𝑎


𝑖
] × 𝑥



𝑖
+ 𝑏 denotes the

abstracted output change PF
𝑦
− PF
𝑦
 (or PF

𝑦
 − PF

𝑦
) while

⋀
𝑘
Σ
𝑖
[𝐴
𝑘𝑖
, 𝐴
𝑘𝑖
] × 𝑥

𝑖
+ Σ
𝑖
[𝐴


𝑘𝑖
, 𝐴



𝑘𝑖
] × 𝑥



𝑖
≤ 𝑐
𝑘
denotes the

abstracted PC.

Example 7. Consider the self-composed program
piecewise linear in Example 5. Suppose we would
like to compute the maximum output change, given the
input perturbation 𝛿 = 0.1 over 𝑥. The self-composed
program includes four paths overall. Let us consider for
example the path that takes the else branch in both the
unprimed program 𝑃 and the primed program 𝑃

. Since 𝑥, 𝑦
are of float type, 𝜀rel = 2

−23 and 𝜀abs = 2
−149 for the 32-bit

single precision floating-point format. We will have

PC : 𝑥 ≥ 𝑅
#
f,−∞ (1.001) ∧ 𝑥


≥ 𝑅

#
f,−∞ (1.001)

PF
𝑦
: [1 − 2

−23
, 1 + 2

−23
]

× [𝑅
#
f,−∞ (1001.0) , 𝑅

#
f,+∞ (1001.0)] × 𝑥

+ [−2
−149

, 2
−149

]
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PF
𝑦
 : [1 − 2

−23
, 1 + 2

−23
]

× [𝑅
#
f,−∞ (1001.0) , 𝑅

#
f,+∞ (1001.0)] × 𝑥



+ [−2
−149

, 2
−149

] .

(30)

Thus, we get the following interval linear programming
problem:

max [1 − 2
−23

, 1 + 2
−23

]

× [𝑅
#
f,−∞ (1001.0) , 𝑅

#
f,+∞ (1001.0)] × 𝑥

+ [−1 − 2
−23

, −1 + 2
−23

]

× [𝑅
#
f,−∞ (1001.0) , 𝑅

#
f,+∞ (1001.0)] × 𝑥



+ [−2
−148

, 2
−148

]

(31)

s.t. 𝑥 − 𝑥

≤ 0.1 ∧ −𝑥 + 𝑥


≤ 0.1

∧ −𝑥 ≤ −𝑅
#
f,−∞ (1.001) ∧ −𝑥


≤ −𝑅

#
f,−∞ (1.001) .

(32)

Solving the above interval linear programming
problem by the method described in Section 2.2
will give us 100.10023889571252. After we deal with
all other paths in the same way, we will find that
100.10023889571252 is the maximum output change with
respect to the given input perturbation 0.1. Hence, the
program piecewise linear in floating-point arithmetic is
at least (0.1, 100.10023889571252)-𝑟𝑜𝑏𝑢𝑠𝑡.

5. Implementation and Experimental Results

We have implemented a robustness analysis tool RAFP, based
on the symbolic execution and floating-point abstraction
techniques presented in Section 4. Given an input pertur-
bation 𝛿 over one input variable of the program, RAFP
can compute the maximum output change. Furthermore,
if the user also provides a candidate output change 𝜖 and
would like to check whether the program is (𝛿, 𝜖)-𝑟𝑜𝑏𝑢𝑠𝑡,
RAFP will check this property during the process of com-
puting maximum output change and will stop once one
path violating the property is found. Also, given an output
change 𝜖, RAFP can compute the maximum allowed input
perturbation for floating-point programs. RAFP is built on
top of Symbolic PathFinder (SPF) [23] which is a symbolic
execution engine for Java programs.We use SPF to extract the
path conditions together with the associated path functions.
For linear programming, RAFPmakes use of the Java Binding
for GLPK (GNU Linear programming kit) called GLPK-Java
[24].

To conduct experiments on checking robustness prop-
erties of floating-point programs via software model check-
ing, we choose CBMC (C Bounded Model Checker) [14]
which implements bounded model checking for ANSI-C

programs using SAT/SMT solvers. CBMC utilizes a bit-
precise modeling for floating-point operations and employs
a sound and complete decision procedure for floating-
point arithmetic. CBMC provides an option --floatbv
to use IEEE floating point arithmetic and options for
choosing rounding modes. However, CBMC does not sup-
port to use different rounding modes for the floating-
point operations in the same program. In other words,
all floating-point operations in a program are of the same
rounding mode during the analysis. We use the default
rounding mode --round-to-nearest during our exper-
iments. Moreover, CBMC provides CPROVER assume()
and CPROVER assert() statements, which are needed for
robustness analysis of self-composed programs. Both state-
ments take Boolean conditions. The CPROVER assume()
statement restricts that the program traces should satisfy
the assumed condition. For the CPROVER assert() state-
ment, CBMCwill check whether the asserted condition holds
true for all runs of the program.

We have conducted experiments on a selection of bench-
mark examples using both RAFP and CBMC. Table 1 shows
the comparison of performance and the resulting output
changes. The column “𝛿in” shows the considered input per-
turbation over one input variable of the program.The column
“𝜖max” shows the resulting maximum output change com-
puted by RAFP with respect to the given input perturbation.
The column “𝜖unr” gives the largest possible output change
that we have tried with CBMC such that the program is not
(𝛿in, 𝜖unr)-𝑟𝑜𝑏𝑢𝑠𝑡with respect to the given input perturbation.
The column “𝜖

𝑟
” gives the smallest output change that we

have tried with CBMC such that the program is (𝛿in, 𝜖𝑟)-
𝑟𝑜𝑏𝑢𝑠𝑡with respect to the given input perturbation (Note that
CBMC can be used only to check whether a program is (𝛿, 𝜖)-
𝑟𝑜𝑏𝑢𝑠𝑡 and can not be used to compute the amount of output
change with respect to the given input perturbation. During
our experiments, we try CBMC with different candidate
values of 𝜖 to find 𝜖unr and 𝜖

𝑟
.). Since CBMC uses the same

rounding mode for all floating-point operations in the same
program during the analysis, the output change is always 0
when the given input perturbation is 0. Hence, for those rows
that specify input perturbation as 0, we do not need to run
CBMC and thus we mark the table entry with ⋆ in this case.
Our tool RAFP utilizes rounding mode insensitive floating-
point abstraction and thus in principle it holds that 𝜖max ≥

𝜖
𝑟
≥ 𝜖unr, which is confirmed by the experimental results.
The program piecewise linear corresponds to

the program shown in Example 4. Max1, MorePaths
come from JPF Continuity [25]. Max1 is a floating-
point program that implements max(𝑥, 𝑦), and thus
it is (𝛿in, 𝛿in)-𝑟𝑜𝑏𝑢𝑠𝑡. MorePaths is a floating-point
program that involves both a step function and a max
function, and thus it is (𝛿in, 1.0)-𝑟𝑜𝑏𝑢𝑠𝑡 for all 𝛿in ≤ 1.0.
Orientation (which corresponds to the program shown
in Figure 1) together with Filtered Orientation are
extracted from the computational geometry algorithms
library CGAL [26] and address robust geometric
computation. Filtered Orientation is an improved
version of Orientation via static filter technique. The
approximate result of computing the sign of a determinant
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Table 1: Experimental results for benchmark examples.

Program 𝛿in
RAFP CBMC

𝜖max 𝑡 (ms) 𝜖unr 𝑡 (ms) 𝜖
𝑟

𝑡 (ms)

piecewise linear

0 2.3889571220452006𝑒 − 4 29 ⋆ ⋆ ⋆ ⋆

0.01 10.010238895712442 33 ? >1 h ? >1 h
0.1 100.10023889571252 34 ? >1 h ? >1 h

Max1

0 1.4012987984203268𝑒 − 45 44 ⋆ ⋆ ⋆ ⋆

0.01 0.010000000000000007 55 0.0099 215 0.01 16066
0.1 0.10000000000000006 54 0.099 227 0.1 16262

MorePaths

0 1.0000000027939686 59 ⋆ ⋆ ⋆ ⋆

0.01 1.0000000027939686 79 0.99 279 1.0 379
0.1 1.0000000027939686 86 0.99 314 1.0 471

Orientation

0 2.0 55 ⋆ ⋆ ⋆ ⋆

0.1𝑒 − 8 ∗E 2.0 68 0 1840 1.0 6845
0.1𝑒 − 3 ∗E 2.0 73 0 1338 1.0 13327
0.1𝑒 − 2 ∗E 2.0 80 1.0 14165 2.0 413

Filtered Orientation

0 1.0 54 ⋆ ⋆ ⋆ ⋆

0.1𝑒 − 8 ∗E 1.0 70 0 1044 1.0 29641
0.1𝑒 − 2 ∗E 1.0 73 0 898 1.0 30261

0.1 ∗E 2.0 75 0 719 1.0 26463
E 2.0 68 1.0 13206 2.0 654

is compared with a given positive filter bound E (rather
than compared with zero). When the approximate result
is in the interval [−E,E], Filtered Orientation
gives 0. During our experiments, we set E = 1.5𝑒 − 5

(and for the sake of comparison, we express the input
perturbation in terms of E also for Orientation although
here E does not appear). The outputs of Orientation
and Filtered Orientation are always −1 (negative), 0
(zero), or 1 (positive). Hence, in Table 1, the resulting output
changes for these two programs are always 0, 1.0, or 2.0. From
Table 1, we could find that Filtered Orientation is more
robust than Orientation. For example, given the input
perturbation 𝛿 = 0.1𝑒 − 2 ∗ E, CBMC finds that for 𝜖 = 1.0,
Filtered Orientation is robust while Orientation is
not. Similarly, given the input perturbation 𝛿 = 0.1𝑒 − 2 ∗E,
RAFP gives 𝜖max = 1.0 for Filtered Orientation but
gives 𝜖max = 2.0 for Orientation.

The column “𝑡 (ms)” presents the analysis times in mil-
liseconds when the analyzers run on a 2.5GHz PC with 4GB
of RAM running Windows 7. (RAFP runs further on a Java
VirtualMachine (JVM)whileCBMCruns further on a virtual
machine VMWare running Fedora 12.) From Table 1, we
could see that RAFP outperforms CBMC in time efficiency.
Especially for piecewise linear, CBMC could not even
finish the analysis process in 1 hour. The low efficiency of
CBMC is because that CBMC uses a sound and complete
decision procedure for floating-point arithmetic. Especially,
themultiplication and division floating-point operationsmay
generate formulae that are expensive to decide and quite hard
for SAT solvers to solve [27]. Hence, checking robustness
properties of floating-point programs via CBMC may have
limitations in scalability due to the current expensive decision
procedures for floating-point logic. During our experiments,

the approach via symbolic execution of abstracted floating-
point programs is muchmore efficient. In principle, symbolic
execution may suffer from the path explosion problem.
However, the recent success of symbolic execution tools such
as KLEE [28] on analyzing large-scale programs [17] makes
this approach promising.

6. Related Work

6.1. Robustness Analysis of Programs. Robustness is a stan-
dard correctness property for control systems [1]. Robustness
analysis of programs has received increasing attention in
the recent years. Majumdar and Saha [5] took a first step
toward analyzing the robustness of programs in control
systems. They also utilized symbolic execution and opti-
mization techniques to compute the maximum difference
in program outputs with respect to the given input per-
turbation. However, they assumed exact real arithmetic in
the program. Continuity as one aspect of robustness for
software was firstly considered in [29]. Recently, Chaudhuri
et al. presented logic-based mostly automated methods to
determine whether a program is continuous [2] or Lipschitz
continuous [3, 4], and more recently to determine whether
a decision-making program is consistent under uncertainty
[30]. Quite recently, Shahrokni and Feldt [31] conducted a
systematic review of software robustness. However, much
existingwork on robustness analysis does not handle floating-
point arithmetic in the program. Bushnell [25] presented a
symbolic execution based approach to identify continuties
and discontinuties associatedwith path condition boundaries
for floating-point software, but it did not consider the
true floating-point semantics. Besides, Gazeau et al. [32]
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presented a nonlocal method for proving the robustness
of floating-point programs but which needs much manual
work. Recently, Goubault and Putot [33] proposed an abstract
interpretation based robustness analysis method for finite
precision implementations.

6.2. Safety Analysis of Floating Point Programs. Monniaux
[7] described common pitfalls in analyzing and verify-
ing floating-point programs. Abstract interpretation [34]
based techniques have shown quite successful on analysis
of floating-point programs. In [35], Goubault analyzed the
origin of the loss of precision in floating-point programs
based on abstract interpretation. Following this direction, a
static analyzer FLUCTUAT [36] was developed. The abstract
interpretation based static analyzer ASTRÉE [15] checks for
floating-point run-time errors based on the computed set of
reachable values for floating-point variables. As in ASTRÉE,
we rely on the floating-point abstraction technique of [21]
to soundly abstract floating-point expressions into ones over
the field of reals. Chen et al. [37, 38] utilized interval linear
constraints to design numerical abstract domains and to
construct sound floating-point implementations [39]. Ivančić
et al. [40] used bounded model checking based on SMT
solvers to detect numerical instabilities in floating-point
programs, based on a mixed integer-real model for floating-
point variables and operations. Brain et al. [41] recently
improved the bit-precise decision procedure for the theory
of floating-point arithmetic based on a strict lifting of the
conflict-driven clause learning algorithm in modern SAT
solvers to abstract domains. Barr et al. [42] presented a
method to automatically detect the floating-point exception
through symbolic execution.

6.3. Self-Composition. The idea of self-composition is firstly
used in the field of secure information flow [10, 11], to char-
acterize noninterference. Terauchi and Aiken [12] proposed
the type-directed transformation approach to make self-
composition work in practice with off-the-shelf automatic
safety analysis tools. Recently, Barthe et al. [43] proposed
a general notion of product program that is beneficial to
relational verification, which could be considered as the gen-
eralization of self-composition. Kovacs et al. [44] presented
a general method to analyze 2-hypersafety properties by
applying abstract interpretation on the self-compositions of
the control flow graphs of programs.

7. Conclusion

We have proposed a self-composition based approach for
robustness analysis of programs, which enablesmaking use of
off-the-shelf automatic reachability analysis tools to analyze
robustness properties of programs. Then, we have shown
how to use software model checking and symbolic execution
techniques on self-composed programs to analyze program
robustness properties. In particular, we have considered the
robustness analysis problem of floating-point programs. To

deal with floating-point arithmetic during symbolic execu-
tion, we have utilized a rounding mode insensitive floating-
point abstraction to abstract floating-point expressions into
interval linear expressions in exact real arithmetic. On
this basis, the maximum output change (when given the
input perturbation) or maximum allowed input perturbation
(when given the input perturbation) are computed based
on symbolic execution and interval linear programming for
abstracted floating-point programs. Experimental results of
our prototype implementation are encouraging.

It remains for future work to exploit the intrinsic sym-
metry of self-composed programs to reduce the number of
considered paths during robustness analysis. We also plan to
improve the prototype implementation and to conduct more
experiments on larger realistic floating-point programs.
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Generalized symbolic trajectory evaluation (GSTE) is an extension of symbolic trajectory evaluation (STE) and a method of model
checking. GSTE specifications are given as assertion graphs. There are four efficient methods to verify whether a circuit model
obeys an assertion graph in GSTE, Model Checking Strong Satisfiability (SMC), Model Checking Normal Satisfiability (NMC),
Model Checking Fair Satisfiability (FMC), and Model Checking Terminal Satisfiability (TMC). SMC, NMC, and FMC have been
proved and applied in industry, but TMC has not. This paper gives a six-tuple definition and presents a new algorithm for TMC.
Based on these, we prove that our algorithm is sound and complete. It solves the SMC’s limitation (resulting in false negative)
without extending from finite specification to infinite specification. At last, a case of using TMC to verify a realistic hardware
circuit round-robin arbiter is achieved. Avoiding verifying the undesired paths which are not related to the specifications, TMC
makes it possible to reduce the computational complexity, and the experimental results suggest that the time cost by SMC is 3.14×
with TMC in the case.

1. Introduction

Logic errors found in finite state concurrent systems are
extremely important problems for both circuit designers
and programmers [1] (i.e., sequential circuit designs and
communication protocols). Model checking is a technique
for verifying finite state concurrent systems [1]. Symbolic
trajectory evaluation is a lattice-based model checking tech-
nique based on a form of symbolic simulation [2–4]. STE
has shown great promise in verifying medium to large
scale industrial hardware designs with a high degree of
automation at both the gate level and the transistor level
[4–7]. Generalized symbolic trajectory evaluation [3, 8] is an
extension of symbolic trajectory evaluation [9, 10]. STE is
very limited in the types of properties that it can specify and
verify. GSTE can handle 𝜔-regular properties and maintain
the efficiency and capacity of STE [9–13]. GSTE is originally
developed at Intel and has been used successfully on Intel’s
next-generation microprocessors [14].

The main disadvantage of model checking is the state
explosion, which motivates the need for algorithms such as
abstract technology and the data structure of BDD and so

forth to alleviate it [2, 15–18]. Although a lot of effort has
been spent on improving this weakness, the efficient and
effectivemethod has yet to be developed.GSTE is amethod of
model checking and it also has the problem of state explosion.
In GSTE, specifications are given as assertion graph and a
model is induced by transition relation. Each edge in the
model represents a state transition and a trace in the model
is a state sequence, while a path in the assertion graph is an
edge sequence. In SMC, NMC, and FMC, a model satisfies
an assertion graph if all the traces (finite or infinite) in the
model are accepted by all the paths of the same length in the
assertion graph [3, 8, 19]. Results shown in [1, 9, 15, 17, 20–22]
indicate that themethod of enumeration usually leads to state
explosion and increases the complexity of computing. As we
know, traces are induced by model, and the number of traces
is directly proportional to the size of model. Furthermore,
paths are related to specifications. Thus, it will not need to
verify each trace or path. Therefore, the key to alleviating
the state explosion lies in deleting some undesired paths and
traces. Aiming at this situation, this paper puts forward the
filtering approach for TMC (Terminal Satisfiability Model
Checking).
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Previous studies have shown or suggested that a tool
is needed to tell the difference between desired paths and
undesired paths. One possible method is to choose 𝐸

𝑇
as

the filter condition, where 𝐸
𝑇
is the set of edges in assertion

graph. Our approach only adds some restricted conditions
into assertion graphs without changing the structure of
models and assertion graphs. Each edge in the assertion graph
is labeled by an antecedent ant(𝑒) and consequent cons(𝑒).
Ant(𝑒) and cons(𝑒) are sets of states in the model, so we can
assign the states related to specifications to the ant(𝑒) of edge
which is in 𝐸

𝑇
. Then, we can delete undesired paths by 𝐸

𝑇
. A

fuller discussion of TMC will appear in a later section.
In this paper, we focus on the need for alleviating state

explosion and present a new algorithm for TMC based on
GSTE. In Section 2, we introduce the basic definitions in
GSTE. In Section 3, some concepts such as terminal assertion
graph, terminal path, and terminal satisfiability are defined.
After a statement of the basic concepts, related properties and
a theorem are given. In Section 4, we present an algorithm for
verifying terminal satisfiabilitywith an examplewhich cannot
be verified by SMC but by TMC. In the end, we use TMC
to successfully verify a hardware circuit round-robin arbiter,
and the time cost by SMC is 3.14× with TMC in the case. In
Section 5, we prove that our algorithm is sound and complete.
Section 6 is the conclusion of the paper.

2. Preliminaries

We introduce some basic definitions in GSTE [3, 8]. We
assume a universal set of finite states, denoted by 𝑆.

2.1. Model

Definition 1 (transition relation; see [3, 8]). A relation 𝑇 ⊆

𝑆 × 𝑆 is a transition relation if for all 𝑠 ∈ 𝑆, ∃𝑠 ∈ 𝑆, (𝑠, 𝑠) ∈ 𝑇.

Definition 2 (model; see [3, 8]). Themodel𝑀 induced by the
transition relation 𝑇 is the pair (pre, post), where

(1) the preimage transformer pre: 2𝑆 → 2
𝑆 is defined as

pre (𝑄) = {𝑠 | ∃𝑠 ∈ 𝑄, (𝑠, 𝑠) ∈ 𝑇} ∀𝑄 ∈ 2
𝑆
, (1)

(2) and the postimage transformer post: 2𝑆 → 2
𝑆 is

defined as

post (𝑄) = {𝑠 | ∃𝑠 ∈ 𝑄, (𝑠, 𝑠) ∈ 𝑇} ∀𝑄 ∈ 2
𝑆
. (2)

Definition 3 (trace; see [3, 8]). A trace 𝜎 in model 𝑀 =

(pre, post) is a state sequence such that 𝜎[𝑖 + 1] ∈ post(𝜎[𝑖])
for all 1 ≤ 𝑖 ≤ |𝜎|.

2.2. Assertion Graph

Definition 4 (assertion graph; see [3, 8]). An assertion graph
is a quintuple 𝐺 = (𝑉, V

0
, 𝐸, ant, cons), where 𝑉 is a finite set

of vertices, V
0
is the initial vertex, 𝐸 ⊆ 𝑉 × 𝑉 is a set of edges

satisfying for all 𝑢 ∈ 𝑉, ∃V ∈ 𝑉, (𝑢, V) ∈ 𝐸, ant is a mapping:
𝐸 → 2

𝑆, and cons is a mapping: 𝐸 → 2
𝑆.

Definition 5 (path; see [3, 8]). A path 𝜌 in assertion graph 𝐺
is an edge sequence such that 𝜌[𝑖] ends at a vertex fromwhich
𝜌[𝑖 + 1] starts for all 1 ≤ 𝑖 ≤ |𝜌|.

Definition 6 (a trace is accepted by a path; see [3, 8]). An
execution trace 𝜎 in a model is accepted by a path 𝜌 in an
assertion graph if (suppose the length of trace and path is 𝑛)

∀𝑖
1≤𝑖≤𝑛

𝜎 [𝑖] ∈ ant (𝜌 [𝑖]) ⇒ ∀𝑖
1≤𝑖≤𝑛

𝜎 [𝑖] ∈ cons (𝜌 [𝑖]) , (3)

where 𝜎[𝑖] is the 𝑖th state of the trace 𝜎 and 𝜌[𝑖] is the 𝑖th edge
of the path 𝜌.

2.3. Four Kinds of Verifying Algorithms. Based on
Definition 6, GSTE has four kinds of acceptance [19].

Definition 7 (SMC (model checking strong satisfiability)). A
model𝑀 strongly satisfies an assertion graph𝐺 if for all finite
initial paths 𝜌 in 𝐺 and all finite traces 𝜎 in 𝑀 of the same
length 𝜎 is accepted by 𝜌, denoted by𝑀 ⊨ 𝐺.

Definition 8 (NMC (model checking normal satisfiability)).
Amodel𝑀normally satisfies an assertion graph𝐺 if for every
infinite initial path 𝜌

𝜔
in 𝐺 and every infinite trace 𝜎

𝜔
in𝑀

of the same length 𝜎
𝜔
is accepted by 𝜌

𝜔
, denoted by𝑀 ⊨ 𝐺.

Definition 9 (FMC (model checking fair satisfiability)). A
model 𝑀 fairly satisfies an assertion graph 𝐺 under 𝐹

(fairness constraint) if for every infinite fair path 𝜌
𝜔
in 𝐺 and

every infinite trace 𝜎
𝜔
in𝑀, 𝜎

𝜔
is accepted by 𝜌

𝜔
, denoted by

𝑀⊨
𝐹
𝐺.

Definition 10 (TMC (model checking terminal satisfiability)).
A model 𝑀 terminally satisfies an assertion graph 𝐺 under
𝐸
𝑇
(terminal edge set) if for all finite terminal paths 𝜌

𝑇
in 𝐺

and all finite traces 𝜎 in𝑀 of the same length 𝜎 is accepted
by 𝜌
𝑇
, denoted by𝑀⊨

𝑇
𝐺.

We use the following notations in the rest of the paper,
𝜌 = [𝑒

1
, 𝑒
2
, . . .] be an arbitrary sequence of elements, |𝜌| be

the length of the sequence, and 𝜌[𝑖] be the 𝑖th element 𝑒
𝑖
in the

sequence. Further, (𝜌 : 𝑒) denotes the sequence by appending
element 𝑒 to the end of 𝜌 when 𝜌 is finite, and (𝑒 : 𝜌) is the
sequence by appending element 𝑒 to the head of 𝜌.

3. Terminal Satisfiability

In this section, we define some concepts such as terminal
assertion graph and terminal path and give some related
properties on them.

In GSTE, the set of states in model 𝑀 is finite
(|𝑆| is finite), but each state has its successor states so that
traces in the model can be extended to infinite length. Each
edge in the assertion graph has its successor edges so that
assertion graphs can specify infinite properties. It should be
noted that in our daily life, most of the properties which have
been verified are finite rather than infinite. In particular, some
properties are terminated at some states and these states are
not involved. In GSTE existing theories, the SMC algorithm
is the only one used to handle finite properties [3, 8]; it cannot
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stop at some edges whose labels ant(𝑒) are not related to
the specifications and there are many redundant calculations.
The program proves that we can predict the behavior of
the model; these observations lead us to hypothesize that
finite specifications will terminate at some states which we
can predict. Corresponding to terminal specifications, the
paths will also terminate at some edges, which are named
terminal edge. Our algorithm will make the labels ant(𝑒) on
the edges, which cannot reach terminal edges, equal to 0. The
method outlined here can be used to reduce the complexity
of computation.

For convenience, we expanded the assertion graph into
six-tuple.

Definition 11 (terminal assertion graph). A terminal assertion
graph is a six-tuple 𝐺 = (𝑉, V

0
, 𝐸, ant, cons, 𝐸

𝑇
), where 𝑉, V

0
,

𝐸, ant, and cons are the same as in preliminaries; 𝐸
𝑇
⊆ 𝐸 is a

set of terminal edges.

Definition 12 (terminal path). A terminal path is

𝜌
𝑇
= 𝑒
0
𝑒
1
𝑒
2
⋅ ⋅ ⋅ 𝑒
|𝜌𝑇|

(𝑒
𝑖
∈ 𝐸, 𝑖 = 0, 1, 2, . . . ,





𝜌
𝑇





) , (4)

where 𝑒
0
is an initial edge, it starts from V

0
, and 𝑒

|𝜌𝑇|
is a

terminal edge, 𝑒
|𝜌𝑇|

∈ 𝐸
𝑇
. The last edge of path 𝜌

𝑇
must be

terminal edge.

Definition 13 (a trace is accepted by a terminal path; see [3, 8,
19]). Let 𝐺 = (𝑉, V

0
, 𝐸, ant, cons, 𝐸

𝑇
) be a terminal assertion

graph and𝑀 = (pre, post) be amodel. Given an edge labeling
𝛾 : 𝐸 → 2

𝑆 where 𝛾 is either ant or cons, a trace 𝜎 in 𝑀
satisfies a terminal path 𝜌

𝑇
of the same length under 𝛾 if for

every 1 ≤ 𝑖 ≤ |𝜎|, 𝜎[𝑖] ∈ 𝛾(𝜌
𝑇
[𝑖]), denoted by

(𝑀, 𝜎) ⊨
𝛾
(𝐺, 𝜌
𝑇
) (𝛾 = ant or cons) . (5)

The trace 𝜎 is accepted by the terminal path 𝜌
𝑇
if

(𝑀, 𝜎) ⊨ant (𝐺, 𝜌𝑇) ⇒ (𝑀, 𝜎) ⊨cons (𝐺, 𝜌𝑇) , (6)

denoted by (𝑀, 𝜎) ⊨
𝑇
(𝐺, 𝜌
𝑇
).

Definition 14 (model satisfies terminal assertion graph). A
model 𝑀 satisfies a terminal assertion graph 𝐺 if for all
terminal paths𝜌

𝑇
in𝐺 and all traces𝜎 in𝑀 of the same length

one has (𝑀, 𝜎) ⊨
𝑇
(𝐺, 𝜌
𝑇
), denoted by

𝑀⊨
𝑇
𝐺. (7)

Definition 15 (model strongly satisfies assertion graph; see [3,
8]). A model𝑀 strongly satisfies an assertion graph𝐺 (𝐸

𝑇
=

0) if for all finite paths 𝜌 in𝐺 and all traces 𝜎 in𝑀 of the same
length one has (𝑀, 𝜎) ⊨ (𝐺, 𝜌), denoted by

𝑀 ⊨ 𝐺. (8)

The Difference between Finite Path and Terminal Path. Note
that there is a key difference between finite path and terminal
path; unlike terminal path, which must be end up with a
terminal edge 𝑒 ∈ 𝐸

𝑇
, finite path can end up with any edge

𝑒 ∈ 𝐸. Given our analysis, this suggests a terminal path will
be a finite path; however, a finite path may not be a terminal
path.

Let 𝐴 = {𝜌 | 𝜌 is a finite initial path and the length of 𝜌 is
|𝜌|, where |𝜌| = 1, 2, . . .} and 𝐵 = {𝜌

𝑇
| 𝜌
𝑇
is a terminal path

and the length of 𝜌
𝑇
is |𝜌
𝑇
|, where |𝜌

𝑇
| = 1, 2, . . .}. The last

edge of 𝜌
𝑇
must be a terminal edge, 𝜌

𝑇
[|𝜌
𝑇
|] ∈ 𝐸

𝑇
; however,

the last edge of 𝜌 does not have this restriction, it just needs
to meet 𝜌[|𝜌|] ∈ 𝐸, 𝐸

𝑇
⊆ 𝐸, so one has 𝐵 ⊆ 𝐴.

Theorem 16. For any assertion graph 𝐺 = (𝑉, V
0
, 𝐸, 𝑎𝑛𝑡, 𝑐𝑜𝑛𝑠,

𝐸
𝑇
) and any model𝑀, one has

𝑀 ⊨ 𝐺 ⇒ 𝑀⊨
𝑇
𝐺. (9)

Proof. According to Definition 15

𝑀 ⊨ 𝐺 ⇐⇒ ∀𝜌 ∈ 𝐴, (𝑀, 𝜎) ⊨ (𝐺, 𝜌)

⇒ ∀𝜌
𝑇
∈ 𝐵, (𝑀, 𝜎) ⊨

𝑇
(𝐺, 𝜌
𝑇
) (using 𝐵 ⊆ 𝐴)

⇐⇒ 𝑀⊨
𝑇
𝐺 (using Definition 14) .

(10)

Theorem 16 describes the relationship between SMC and
TMC. If SMC returns true, then TMC returns true, but not
vice versa. When 𝐸

𝑇
= 𝐸, terminal satisfiability behaves as

strong satisfiability. When 𝐸
𝑇
⊆ 𝐸, 𝐸

𝑇
̸=𝐸, we can remove

some undesired paths in the assertion graph.

4. Model Checking with Terminal Satisfiability

In this section, we describe a model checking method for
verifying terminal satisfiability. The concept of terminal
satisfiability was proposed in [19] but was not given any
algorithm. In this paper, we present an algorithm and prove
it.

4.1. The TMC Algorithm. In [3, 8], the algorithms for SMC,
NMC, and FMC were given. Our TMC algorithm is similar.
First, we should define the backward simulation sequence.

Definition 17. Given an assertion graph 𝐺 = (𝑉, V
0
, 𝐸, ant,

cons, 𝐸
𝑇
) and a model 𝑀 = (pre, post), the backward

simulation sequence is as below

[𝜑
1
, 𝜑
2
, 𝜑
3
, . . .] , (11)

where𝜑
𝑛
: 𝐸 → 2

𝑆 (𝑛 ≥ 1) is the 𝑛-step backward simulation
relation. It is defined as

𝜑
1
(𝑒) =

{
{
{
{

{
{
{
{

{

⋃

𝑒
+
∈out(𝑒)∩𝐸𝑇

(pre (ant (𝑒+)) ∩ ant (𝑒))

∀𝑒 ∈ 𝐸 − 𝐸
𝑇
,

ant (𝑒) ∀𝑒 ∈ 𝐸
𝑇
,

𝜑
𝑛
(𝑒) =

{
{
{
{
{

{
{
{
{
{

{

𝜑
𝑛
(𝑒) ∪ ( ⋃

𝑒
+
∈out(𝑒)

(pre (𝜑
𝑛
(𝑒
+
)) ∩ ant (𝑒)))

∀𝑒 ∈ 𝐸 − 𝐸
𝑇
,

ant (𝑒) ∀𝑒 ∈ 𝐸
𝑇
.

(12)
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Based on this result, when we verify finite properties, we
simply verify those traces that can reach some states in ant(𝑒),
where 𝑒 ∈ 𝐸

𝑇
. These states, which are related to the property,

are assigned to the label ant of the terminal edge. Then we
emulate the model’s behavior backwards starting from the
terminal edge. The 𝑛-step backward simulation relation 𝜑

𝑛
is

the set of the states that can reach the terminal edge within
𝑛-step.

Obviously, the backward simulation relation sequence is
nondecreasing and has a least fix-point upper limit bounded
by ant. We denote the least fix-point by 𝜑∗

𝑇
. Now we propose

a terminal satisfiability model checking algorithm that first
performs a series of graph transformations and then checks
strong satisfiability on the resulting graph.

4.2. The Application of TMC. In order to describe TMC
clearly, let us look at the following example [23].

Example 18. Consider the model 𝑀 in Figure 1, where 𝑆 =

{𝑠
0
, 𝑠
1
, 𝑠
2
, 𝑠
3
, 𝑠
4
, 𝑠
5
, 𝑠
6
}.

Suppose we want to specify the following property: if the
system is in the state 𝑠

5
, then it must have been in 𝑠

3
the last

time when it was neither in 𝑠
5
nor 𝑠
6
. The model satisfies this

property. Now, let us catch this property using the assertion
graph in Figure 2.

The fact that SMC cannot verify this property is due to
undesired paths, such as the finite initial path 𝜌

1
= [(V
0
, V
1
)]

and the finite trace 𝜎
1
= [𝑠
4
], 𝜎
1
⊨ant 𝜌1, but the first state 𝑠4 of

𝜎
1
is not in the cons((V

0
, V
1
)) = {𝑠

3
}.Thus, themodel does not

strongly satisfy the assertion graph. If we use SMC, the SMC
algorithmwill return false. In order to deal with this situation
in the former, [3, 8] introduce NMC and FMC. As we know,
NMC and FMC have been used to deal with 𝜔-regular
properties. If wewant to solve the SMC’s limitation,we should
expand finite specifications to infinite specifications. This is
the key that leads to the increasing complexity of the model
checking. However, the algorithm of using TMC to verify this
property is more suitable. TMC can be accomplished without
expanding finite specifications to infinite specifications. The
following example is constructed only for the purpose of
illustrating the computational procedure discussed.

Step 1. Construct the terminal assertion graph and figure out
the terminal edges (Figure 3).

Step 2. First, the fix-point 𝜑∗
𝑇
of every edge is computed

according to Definition 17; then the label ant of every edge
is replaced by the corresponding 𝜑

∗

𝑇
; lastly, the resulting

assertion graph 𝐺 is gotten.

Step 3. This step behaves as the algorithm SMC : SMC(𝑀,

𝐺

).The edge which is marked by the blue line is the terminal

edge. Supposing 𝐸
𝑇
= {(V
1
, V
2
)}, there is only one terminal

edge in the case (Figure 3). Thus, the terminal path can be
grouped into two cases (as follows):

𝜌
𝑇1
= [(V
0
, V
1
) (V
1
, V
2
)] (






𝜌
𝑇1






= 2) ,

𝜌
𝑇2
= [(V
0
, V
1
) (V
1
, V
1
) ⋅ ⋅ ⋅ (V

1
, V
1
) (V
1
, V
2
)] (






𝜌
𝑇2






≥ 3) .

(13)

S0

S1

S2

S3

S4

S5

S6

Figure 1: A simple model.

V0 V1 V2

S − {S5, S6}/{S3}

{S5, S6}/S

{S5}/S
S/S

Figure 2: An assertion graph.

S − {S5, S6}/{S3}

{S5, S6}/S

{S5}/S
S/S

V0 V1 V2

Figure 3: A terminal assertion graph.

Because the terminal path must end up with the terminal
edge, there is only one terminal edge in Figure 3 and the
vertex V

2
to V
1
is unreachable. Thus, if a path reaches the

edge (V
2
, V
2
) that is not a terminal path, then all terminal

paths are finite. As we know, the length of a terminal path
must be greater than or equal to 2.Thus, we can eliminate the
path 𝜌

1
and the trace 𝜎

1
, which will lead to SMC returning

false negative, since |𝜌
1
| = |𝜎

1
| = 1. The trace in model 𝑀

(Figure 1), if not starting from 𝑠
3
, ultimately would violate the

label ant((V
1
, V
2
)) on the edge (V

1
, V
2
); therefore the model𝑀

(Figure 1) terminally satisfies the terminal assertion graph 𝐺
(Figure 3). The calculation is as follows (after one iteration,
every edge can be reached to the fix-point).

The first iteration (initialization):

𝜑
1
(V
1
, V
2
) = ant ((V

1
, V
2
)) = {𝑠

5
} ,

𝜑
1
(V
1
, V
1
) = pre (ant ((V

1
, V
2
))) ∩ ant ((V

1
, V
1
))

= pre ({𝑠
5
}) ∩ {𝑠

5
, 𝑠
6
} = {𝑠

3
, 𝑠
5
} ∩ {𝑠
5
, 𝑠
6
} = {𝑠

5
} ,

𝜑
1
(V
0
, V
1
) = pre (ant ((V

1
, V
2
))) ∩ ant ((V

0
, V
1
))

= {𝑠
3
, 𝑠
5
} ∩ {𝑠
0
, 𝑠
1
, 𝑠
2
, 𝑠
3
, 𝑠
4
}

= {𝑠
3
} ,

𝜑
1
(V
2
, V
2
) = 0.

(14)

The second iteration:
𝜑
2
(V
1
, V
2
) = {𝑠

5
} ,

𝜑
2
(V
1
, V
1
) = 𝜑
1
(V
1
, V
1
) ∪ (pre (𝜑

1
(V
1
, V
1
)) ∩ ant ((V

1
, V
1
)))

∪ (pre (𝜑
1
(V
1
, V
2
)) ∩ ant ((V

1
, V
1
)))

= {𝑠
5
} ∪ (pre {𝑠

5
} ∩ {𝑠
5
, 𝑠
6
})

= {𝑠
5
} ,
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V0 V1 V2

{S3}/{S3}
/S

{S5}/S

{S5}/S Φ

Figure 4: The resulting assertion graph 𝐺.

routeEnable

Req0. . . 3

grant1

grant0
Aribter XY

Figure 5: An arbiter with 4 inputs.

𝜑
2
(V
0
, V
1
) = 𝜑
1
(V
0
, V
1
) ∪ (pre (𝜑

1
(V
1
, V
1
)) ∩ ant ((V

0
, V
1
)))

∪ (pre (𝜑
1
(V
1
, V
2
)) ∩ ant ((V

0
, V
1
)))

= {𝑠
3
} ∪ (pre {𝑠

5
} ∩ {𝑠
0
, 𝑠
1
, 𝑠
2
, 𝑠
3
, 𝑠
4
})

∪ (pre {𝑠
5
} ∩ {𝑠
0
, 𝑠
1
, 𝑠
2
, 𝑠
3
, 𝑠
4
})

= {𝑠
3
} ,

𝜑
2
(V
2
, V
2
) = 0.

(15)

After replacing the label ant of each edgewith the correspond-
ing fix-point 𝜑∗

𝑇
, the resulting assertion graph 𝐺 is shown as

Figure 4.
As can be seen, ant of each edge has been reached by the

minimum, and TMC returns true. Thus, the model satisfies
the terminal assertion graph.

4.3. A Hardware Verification Case of TMC. In this section,
we present a case study of TMC on hardware verification.The
circuit we choose for this study is a round-robin arbiter, which
is the core component in many real network systems [24]. An
arbiter has 𝑁 inputs and the output is a vector encoding of
arbitration results. Request with highest priority in round-
robin order is granted in each cycle, and the priority of the
request which is granted in last arbitration will become the
lowest in the next round; this protocol guarantees a dynamic
priority assignment to requestors without starvation. We
consider the arbiter with 4 inputs (shown in Figure 5). First,
the priority of inputs is placed in descending order from
req[0] to req[3] [25, 26].Thus, req[0] has the highest priority,
req[1] has the next priority, and so on. Each input of the
arbiter in Figure 5 is connected to a switch cell; only one of the
four inputs will succeed each clock cycle. Others are rejected
and must retry later. routeEnable is enable signal.

We model this arbiter as a finite state machine (shown in
Figure 6) according to its truth table in paper [24]. The input
req[3 : 0] is a vector of ternary-valued variables; each variable
can take 0, 1, or 𝑋. 𝑋 indicates that variable can take 0 or 1.
Figure 6 is the model of this arbiter. Consider

trans 0 0 = req1 = 0&req2 = 0&req3 = 0&routeEnable = 1,
trans 0 1 = req1 = 1&ruoteEnable = 1,

trans 0 0

s0 s1

s2 s3

tr
an

s
0
2

trans 2 2

trans 1 0

trans 0 1
trans 3

0trans 0
3

trans 1
2

trans 2
1

trans 3 2

trans 2 3

tr
an

s
1
3

tr
an

s
3
1

trans 3 3

trans 1 1

tr
an

s
2
0

Figure 6: The behavior of arbiter.

trans 0 2 = req1 = 0&req2 = 1&routeEnable = 1,

trans 0 3 = req1 = 0&req2 = 0&req3 = 1&routeEnable = 1,

trans 1 1 = req2 = 0&req3 = 0&req0 = 0&routeEnable = 1,

trans 1 2 = req2 = 1&routeEnable = 1,

trans 1 3 = req2 = 0&req3 = 1&routeEnable = 1,

trans 1 0 = req2 = 0&req3 = 0&req0 = 1&routeEnable = 1,

trans 2 2 = req3 = 0&req0 = 0&req1 = 0&routeEnable = 1,

trans 2 3 = req3 = 1&routeEnable = 1,

trans 2 0 = req3 = 0&req0 = 1&routeEnable = 1,

trans 2 1 = req3 = 0&req0 = 0&req1 = 1&routeEnable = 1,

trans 3 3 = req0 = 0&req1 = 0&req2 = 0&routeEnable = 1,

trans 3 0 = req0 = 1&routeEnable = 1,

trans 3 1 = req0 = 0&req1 = 1&routeEnable = 1,

trans 3 2 = req0 = 0&req1 = 0&req2 = 1&routeEnable = 1.
(16)

Safety property: once a request reqi is set high froma state and
kept high, then the request will be granted after several cycles.
Suppose a state where the value of grant is [1, 0], whichmeans
that the last request granted is req2; if the request req2 is set
high again and kept high, then the request will be granted
after at most 4 cycles. We use the terminal assertion graph
to specify this property (shown as in Figure 7) [24]. Consider

ant 𝑉
𝐼
𝑉set = req0 = 0&req1 = 0&req2 = 1&req3 = 0,

ant 𝑉set 𝑉
1
= req2 = 1&req3 = 0&req0 = 0&req1 = 1,

ant 𝑉set 𝑉
3
= req2 = 1&req3 = 1,

ant 𝑉set 𝑉
0
= req2 = 1&req3 = 0&req0 = 1,

ant 𝑉
1
𝑉
2
= req2 = 1,
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Figure 7: The terminal assertion graph.

ant 𝑉
0
𝑉
1
= req2 = 1&req1 = 1,

ant 𝑉
0
𝑉
2
= req2 = 1&req1 = 0,

ant 𝑉
3
𝑉
0
= req2 = 1&req0 = 1,

ant 𝑉
3
𝑉
1
= req2 = 1&req0 = 0&req1 = 1,

ant 𝑉
3
𝑉
2
= req2 = 1&req0 = 0&req1 = 0,

ant 𝑉
2
𝑉end = grant1 = 0&grant0 = 1,

cons = grant1 = 0&grant0 = 1.
(17)

The edge (𝑉
2
, 𝑉end) is the terminal edge.We only verify those

paths that end up with the edge (𝑉
2
, 𝑉end). If we use SMC to

verify this property, we must verify all finite paths. If using
TMC, we only need to verify terminal paths. In the terminal
assertion graph (Figure 7), all finite paths are as follows:

𝜌
1
= [𝑉
𝐼
, 𝑉set] ,

𝜌
2
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

1
] ,

𝜌
3
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] ,

𝜌
4
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] ,

𝜌
5
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

1
] [𝑉
1
, 𝑉
2
] ,

𝜌
6
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
1
] ,

𝜌
7
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] [𝑉
0
, 𝑉
1
] ,

𝜌
8
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] ,

𝜌
9
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
2
] ,

𝜌
10
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
1
] [𝑉
1
, 𝑉
2
] ,

𝜌
11
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] [𝑉
0
, 𝑉
1
] ,

𝜌
12
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] [𝑉
0
, 𝑉
1
] [𝑉
1
, 𝑉
2
] ,

𝜌
13
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] [𝑉
0
, 𝑉
2
] ,

𝜌
14
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] [𝑉
0
, 𝑉
1
] [𝑉
1
, 𝑉
2
] ,

𝜌
15
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] [𝑉
0
, 𝑉
2
] ,

𝜌
16
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

1
] [𝑉
1
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
17
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] [𝑉
0
, 𝑉
1
] [𝑉
1
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
18
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

0
] [𝑉
0
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
19
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
1
] [𝑉
1
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
20
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
21
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] [𝑉
0
, 𝑉
2
] [𝑉
2
, 𝑉end] ,

𝜌
22
= [𝑉
𝐼
, 𝑉set] [𝑉set, 𝑉

3
] [𝑉
3
, 𝑉
0
] [𝑉
0
, 𝑉
1
] [𝑉
1
, 𝑉
2
]

× [𝑉
2
, 𝑉end] .

(18)

If we use SMC, we must verify 22 paths: 𝜌
1
, . . . , 𝜌

22
. But we

use TMC only to verify 𝜌
16
, . . . , 𝜌

22
. Therefore, the time cost

by SMC is 3.14× with TMC in this case.

5. Correctness Proof

In this section, we formally prove that the TMC algorithm is
both sound and complete.

5.1. The Logic of Algorithm. 𝑀⊨
𝑇
𝐺 ⇔ for all 𝜌

𝑇
in 𝐺, for all

𝜎 in𝑀 of the same length, and (𝑀, 𝜎) ⊨
𝑇
(𝐺, 𝜌
𝑇
) ⇔ for all 𝜌

𝑇

in 𝐺 and for all 𝜎 in𝑀 of the same length,

(𝑀, 𝜎) ⊨ant (𝐺, 𝜌𝑇) ⇒ (𝑀, 𝜎) ⊨cons (𝐺, 𝜌𝑇) . (19)

By analyzing algorithmTMC, in the end,we use SMC(𝑀,𝐺

).

Consider

SMC (𝑀,𝐺

) returns true ⇒ 𝑀 ⊨ 𝐺


. (20)

It indicates that we can only get

∀𝜌 in 𝐺, ∀𝜎 in 𝑀 of the same length,

(𝑀, 𝜎) ⊨
𝜑
∗

𝑇

(𝐺, 𝜌) ⇒ (𝑀, 𝜎) ⊨cons (𝐺, 𝜌) .
(21)

But we are aiming at (according to (19))

∀𝜌
𝑇
in 𝐺, ∀𝜎 in 𝑀 of the same length,

(𝑀, 𝜎) ⊨ant (𝐺, 𝜌𝑇) ⇒ (𝑀, 𝜎) ⊨cons (𝐺, 𝜌𝑇) .
(22)
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Then, if we want to prove TMC is correct, we must prove that
(according to (21) and (22))

∀𝜌
𝑇
in 𝐺, ∀𝜎 in 𝑀 of the same length,

(𝑀, 𝜎) ⊨ant (𝐺, 𝜌𝑇) ⇒ (𝑀, 𝜎) ⊨
𝜑
∗

𝑇

(𝐺, 𝜌
𝑇
) .

(23)

5.2. The TMC Algorithm Is Sound. According to
Definition 17, we get the following lemma.

Lemma 19. For a terminal assertion graph 𝐺 = (𝑉, V
0
, 𝐸,

𝑎𝑛𝑡, 𝑐𝑜𝑛𝑠, 𝐸
𝑇
) and amodel𝑀 = (𝑝𝑟𝑒, 𝑝𝑜𝑠𝑡), let [𝜑

1
, 𝜑
2
, 𝜑
3
, . . .]

be the backward simulation sequence towards𝐸
𝑇
⊆ 𝐸.Then for

any 𝑛 ≥ 2, for all finite terminal paths 𝜌
𝑇
, and all finite traces

𝜎 of length 𝑛 + 1, such that
(1) 𝜌
𝑇
[𝑛 + 1] ∈ 𝐸

𝑇

(2) when 𝜎
2
⊨
𝑎𝑛𝑡
𝜌
2

𝑇
and |𝜎

2
| = |𝜌

2

𝑇
| = 𝑛, we have

𝜎[𝑖] ∈ 𝜑
𝑛+1−𝑖

(𝜌
𝑇
[𝑖]) (𝑖 = 2, 3, . . . , 𝑛) (note: 𝜌2

𝑇
repre-

sents all paths of length 𝑛 which are obtained by
traversing backwards starting from the terminal edge.
For example, if 𝜌

𝑇
= 𝑒
1
𝑒
2
⋅ ⋅ ⋅ 𝑒
𝑛
𝑒
𝑛+1

and 𝑒
𝑛+1

∈ 𝐸
𝑇
, then

𝜌
2

𝑇
= 𝑒
2
𝑒
3
⋅ ⋅ ⋅ 𝑒
𝑛
𝑒
𝑛+1

, 𝜎2 represents all traces of length 𝑛
obtained by traversing backwards starting from the last
state of 𝜎)

(3) when 𝜎 ⊨
𝑎𝑛𝑡
𝜌
𝑇
, we have 𝜎[1] ∈ 𝜑

𝑛
(𝜌
𝑇
[1]), 𝜎[𝑛 + 1] ∈

𝜑
1
(𝜌
𝑇
[𝑛 + 1]).

Proof (mathematical induction). Suppose |𝜌
𝑇
| = |𝜎| = 𝑘 + 1.

First Step (𝑘 = 2). (1) 𝜌
𝑇
[3] ∈ 𝐸

𝑇
since 𝜌

𝑇
is a terminal path.

(2) Let us prove 𝜎[2] ∈ 𝜑
1
(𝜌
𝑇
[2]):

𝜎
2
⊨ant 𝜌
2

𝑇
⇒ 𝜎 [2] ∈ ant (𝜌

𝑇 [
2]) , 𝜎 [3] ∈ ant (𝜌

𝑇 [
3]) ,

(24)

𝜎 [2] ∈ pre (𝜎 [3])
(24)

⇒ 𝜎 [2] ∈ pre (ant (𝜌
𝑇 [
3])) .

(25)

According to (24)-(25),

𝜎 [2] ∈ ant (𝜌
𝑇 [
2]) ∩ pre (ant (𝜌

𝑇 [
3])) ⊆ 𝜑1

(𝜌
𝑇 [
2]) . (26)

(3) Let us prove 𝜎[1] ∈ 𝜑
2
(𝜌
𝑇
[1]), 𝜎[3] ∈ 𝜑

1
(𝜌
𝑇
[3]):

𝜎 [1] ∈ pre (𝜎 [2])
(26)

⇒ 𝜎 [1] ∈ pre (𝜑
1
(𝜌
𝑇 [
2]))

(27)

𝜎 ⊨ant 𝜌𝑇 ⇒ 𝜎 [1] ∈ ant (𝜌
𝑇 [
1]) . (28)

According to (27)-(28),

𝜎 [1] ∈ ant (𝜌
𝑇 [
1]) ∩ pre (𝜑

1
(𝜌
𝑇 [
2]))

⊆ 𝜑
1
(𝜌
𝑇 [
1])

∪ ( ⋃

𝑒
+
∈out(𝜌𝑇[1])

(pre (𝜑
1
(𝑒
+
)) ∩ ant (𝜌

𝑇 [
1])))

= 𝜑
2
(𝜌
𝑇 [
1]) ,

𝜎 ⊨ant 𝜌𝑇 ⇒ 𝜎 [3] ∈ ant (𝜌
𝑇 [
3]) = 𝜑1

(𝜌
𝑇 [
3]) .

(29)

Then, the conclusions (1), (2), and (3) are true for 𝑘 = 2.

Second Step. We already saw that the conclusions are true for
𝑘 = 2. Assume this, for an arbitrary 𝑛, the above lemma is
true for 𝑘 = 𝑛, then we get the following.

(𝜎 represents all traces of length 𝑛 + 1 and 𝜌
𝑇
represents

all terminal paths of the same length) (1) 𝜌
𝑇
[𝑛 + 1] ∈ 𝐸

𝑇
.

(2) When 𝜎
2
⊨ant 𝜌
2

𝑇
, we have 𝜎[𝑖] ∈ 𝜑

𝑛+1−𝑖
(𝜌
𝑇
[𝑖]) (𝑖 =

2, 3, . . . , 𝑛) (where 𝜌2
𝑇
represents all paths of length 𝑘 obtained

by traversing backwards starting from the terminal edge;
the terminal edge is the last edge of the terminal path; 𝜎2
is similar), (3) when 𝜎 ⊨ant 𝜌𝑇, we have 𝜎[1] ∈ 𝜑

𝑛
(𝜌
𝑇
[1]),

𝜎[𝑛 + 1] ∈ 𝜑
1
(𝜌
𝑇
[𝑛 + 1]).

Third Step (let us derive the lemma is true for 𝑘 = 𝑛 + 1 from
above assumption). We must consider all terminal paths 𝜌

𝑇

of length 𝑛 + 2 and all traces of the same length.
(1) 𝜌
𝑇
[𝑛 + 2] ∈ 𝐸

𝑇
since 𝜌

𝑇
is a terminal path.

(2) We must prove 𝜎2 ⊨ant 𝜌
2

𝑇
⇒ 𝜎[𝑖] ∈ 𝜑

𝑛+2−𝑖
(𝜌
𝑇
[𝑖]) (𝑖 =

2, 3, . . . , 𝑛, 𝑛 + 1) at this step, |𝜌2
𝑇
| = |𝜎
2
| = 𝑛 + 1

𝜎
2
⊨ant 𝜌
2

𝑇
⇒ 𝜎

3
⊨ant 𝜌
3

𝑇
, (30)

where 𝜌3
𝑇
represents all paths of length 𝑛 obtained by travers-

ing starting from the terminal edge and 𝜎
3 is obtained by

deleting the first two states of 𝜎, |𝜎| = 𝑛 + 2 ⇒ |𝜎
3
| = 𝑛,

and |𝜌
𝑇
| = 𝑛 + 2 ⇒ |𝜌

3

𝑇
| = 𝑛. By the induction hypothesis we

have the following conclusion:

𝜎
3
⊨ant 𝜌
3

𝑇
⇒ 𝜎 [𝑖] ∈ 𝜑𝑛+1−𝑖

(𝜌
𝑇 [
𝑖]) ⊆ 𝜑𝑛+2−𝑖

(𝜌
𝑇 [
𝑖]) ,

(𝑖 = 3, 4, . . . , 𝑛, 𝑛 + 1) .

(31)

According to (31),

𝜎 [3] ∈ 𝜑
𝑛−1

(𝜌
𝑇 [
3]) , (32)

𝜎 [2] ∈ pre (𝜎 [3])
(32)

⇒ 𝜎 [2] ∈ pre (𝜑
𝑛−1

(𝜌
𝑇 [
3])) ,

(33)

𝜎 [2] ∈ ant (𝜌
𝑇 [
2])

(33)

⇒ 𝜎 [2] ∈ ant (𝜌
𝑇 [
2])

∩ pre (𝜑
𝑛−1

(𝜌
𝑇 [
3]))

⊆ 𝜑
𝑛−1

(𝜌
𝑇 [
2])

∪ ( ⋃

𝑒
+
∈out(𝜌𝑇[2])

(pre (𝜑
𝑛−1

(𝑒
+
)) ∩ ant (𝜌

𝑇 [
2])))

= 𝜑
𝑛
(𝜌
𝑇 [
2]) ,

(34)

namely, 𝜎2 ⊨ant 𝜌
2

𝑇
⇒ 𝜎[𝑖] ∈ 𝜑

𝑛+2−𝑖
(𝜌
𝑇
[𝑖]) (𝑖 = 2, 3, . . . , 𝑛, 𝑛 +

1).
(3) Consider

𝜎 ⊨ant 𝜌𝑇 ⇒ 𝜎 [1] ∈ ant (𝜌
𝑇 [
1]) , (35)

𝜎 ⊨ant 𝜌𝑇 ⇒ 𝜎
2
⊨ant 𝜌
2

𝑇

(34)

⇒ 𝜎 [2] ∈ 𝜑𝑛
(𝜌
𝑇 [
2]) ,

(36)

𝜎 [1] ∈ pre (𝜎 [2])
(36)

⇒ 𝜎 [1] ∈ pre (𝜑
𝑛
(𝜌
𝑇 [
2])) .

(37)
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According to (35)–(37),

𝜎 [1] ∈ ant (𝜌
𝑇 [
1]) ∩ pre (𝜑

𝑛
(𝜌
𝑇 [
2]))

⊆ 𝜑
𝑛
(𝜌
𝑇 [
1])

∪ ( ⋃

𝑒
+
∈out(𝜌𝑇[1])

(pre (𝜑
𝑛
(𝑒
+
)) ∩ ant (𝜌

𝑇 [
1])))

= 𝜑
𝑛+1

(𝜌
𝑇 [
1]) ,

𝜎 ⊨ant 𝜌𝑇 ⇒ 𝜎 [𝑛 + 2] ∈ ant (𝜌
𝑇 [
𝑛 + 2]) = 𝜑1

(𝜌
𝑇 [
𝑛 + 2])

(38)

which exactly means that the lemma holds for 𝑘 = 𝑛 + 1.
Therefore, the lemma is true for all 𝑛 starting with 2.

The conclusions of Lemma 19 have been used to prove
Theorem 20. At the same time, Lemma 19 gives the con-
clusion that the backward simulation sequence 𝜑

𝑛
is a

convergent sequence. If the length of the path is 𝑛, then the
simulation sequence of the 𝑖th edges will reach the fixed point
through at least 𝑛 + 1 − 𝑖 iterations.

Suppose 𝜑∗
𝑇
is the fix-point of the backward simulation

sequence based on the terminal set 𝐸
𝑇
; after replacing the

label ant of each edge with the corresponding fix-point 𝜑∗
𝑇
,

the resulting assertion graph is denoted by 𝐺.

Theorem 20. Consider

𝑀⊨
𝑇
𝐺 ⇐⇒𝑀⊨

𝑇
𝐺

. (∗)

Proof. According to Section 5.1 (the logic of algorithm), we
know (∗) holds equivalent to the following (∗∗). For any
𝑛 ≥ 2, 𝜌

𝑇
represents all terminal paths of length 𝑛 in assertion

graph 𝐺 (𝜌
𝑇
is also the terminal path in assertion graph 𝐺)

and 𝜎 represents all traces of the same length in model 𝑀.
Consider

𝜎 ⊨ant 𝜌𝑇 ⇐⇒ 𝜎⊨
𝜑
∗

𝑇

𝜌
𝑇
. (∗∗)

Thedirection⇐ is obvious, since𝜑∗
𝑇
(𝑒) ⊆ ant(𝑒) for any 𝑒 ∈ 𝐸.

The direction⇒: when 𝜎 ⊨ant 𝜌𝑇, according to Lemma 19,

𝜎 [𝑖] ∈ 𝜑
∗

𝑇
(𝜌
𝑇 [
𝑖]) (𝑖 = 1, 2, . . . , 𝑛) ; (39)

therefore, 𝜎⊨ant𝜌𝑇 ⇒ 𝜎⊨
𝜑
∗

𝑇

𝜌
𝑇
.

𝐺
 can be obtained through a series of transformations

on 𝐺. Theorem 20 guarantees that these transformation
operations will not change the model’s features on terminal
satisfiability.

Theorem 21. For any terminal assertion graph 𝐺 = (𝑉, V
0
, 𝐸,

𝑎𝑛𝑡, 𝑐𝑜𝑛𝑠, 𝐸
𝑇
) and any model𝑀,

𝑇𝑀𝐶 (𝑀,𝐺) 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑡𝑟𝑢𝑒 ⇒ 𝑀⊨
𝑇
𝐺. (40)

Proof (𝐺 is defined inTheorem 20). Consider

TMC returns true

⇐⇒ SMC (𝑀,𝐺

) returns true

⇒ 𝑀 ⊨ 𝐺


(SMC is complete [3, 8])

⇒ 𝑀⊨
𝑇
𝐺


(Theorem 16)

⇐⇒ 𝑀⊨
𝑇
𝐺 (Theorem 20) .

(41)

Theorem 21 proves that the TMC algorithm is sound.

5.3. The TMC Algorithm Is Complete. Now let us prove the
completeness of the algorithm. First, we need the following
lemma.

Lemma 22 (see [3, 8]). For any 𝑛 ≥ 1, 𝑒 ∈ 𝐸, and any 𝑠 ∈
𝜓
𝑛
(𝑒), there is a finite initial path 𝜌 and a finite trace 𝜎 of some

length 𝑙 ≤ 𝑛 such that

𝜌 [𝑙] = 𝑒, 𝜎 [𝑙] = 𝑠, 𝜎 ⊨
𝑎𝑛𝑡
𝜌. (42)

Lemma 22 provides a counterexample for the proof
of Theorem 25. We can find a path 𝜌 and a trace 𝜎

satisfying 𝜎 ⊨ant 𝜌 but 𝜎 ⊭cons 𝜌 when TMC returns false.
[𝜓
1
, 𝜓
2
, . . . , 𝜓

𝑛
, . . .] is the simulation sequence used in SMC

algorithm; for more, please read [3, 8].

Lemma 23 (see [3, 8]). For all 𝑛 ≥ 1 and 𝑒 ∈ 𝐸,

𝜓
𝑛
(𝑒) ⊆ 𝜓

𝑛+1
(𝑒) , 𝜓

𝑛
(𝑒) ⊆ 𝑎𝑛𝑡 (𝑒) . (43)

According to the results of Lemma 23, we can conclude
that 𝜓

𝑛
(𝑒) ⊆ 𝜑

∗

𝑇
(𝑒) when ant(𝑒) = 𝜑∗

𝑇
(𝑒).

Lemma 24. For a terminal assertion graph 𝐺 = (𝑉, V
0
, 𝐸,

𝑎𝑛𝑡, 𝑐𝑜𝑛𝑠, 𝐸
𝑇
) and amodel𝑀 = (𝑝𝑟𝑒, 𝑝𝑜𝑠𝑡), let [𝜑

1
, 𝜑
2
, 𝜑
3
, . . .]

be the backward simulation sequence towards 𝐸
𝑇
⊆ 𝐸. Then,

for any 𝑛 ≥ 1, for any 𝑒 ∈ 𝐸, and any state 𝑠 ∈ 𝜑
𝑛
(𝑒), there is

a finite path 𝜌
𝑒
which starts from 𝑒 and a finite trace 𝜎

𝑠
which

starts from 𝑠 of some length 𝑙 (1 ≤ 𝑙 ≤ 𝑛 + 1) such that

𝜌
𝑒 [
𝑙] ∈ 𝐸𝑇

, 𝜎
𝑠
⊨
𝑎𝑛𝑡
𝜌
𝑒
. (44)

Proof (mathematical induction). 𝑘 is a subscripted variable of
the simulation sequence 𝜑.

(1) (𝑘 = 1): when 𝑒 ∈ 𝐸
𝑇
, we have 𝜑

1
(𝑒) = ant(𝑒); for

all 𝑠 ∈ 𝜑
1
(𝑒), there is a path 𝜌

𝑒
= [𝑒] of length 1 and a trace

𝜎
𝑠
= [𝑠] such that

𝜌
𝑒 [
1] ∈ 𝐸𝑇

, 𝜎
𝑠
⊨ant 𝜌𝑒. (45)

When 𝑒 ∈ 𝐸 − 𝐸
𝑇
, we have two cases.

Case 1. out(𝑒) ∩ 𝐸
𝑇
= 0, 𝜑

1
(𝑒) = 0, the conclusion is obvious.
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Input: the model𝑀 and terminal assertion graph 𝐺.
Output: true: model terminally satisfies the terminal assertion graph.

false: model doesn’t satisfy the terminal assertion graph.
(1) repeat
(2) 𝐺old := 𝐺;
(3) 𝜑∗
𝑇
:= the fix-point of the backward simulation sequence towards 𝐸

𝑇
;

(4) 𝐺:= replace the antecedent function in 𝐺 with 𝜑∗
𝑇
;

(5) until 𝐺 = 𝐺old;
(6) SMC(𝑀,𝐺);
(7) end.

Algorithm 1: TMC(𝑀,𝐺).

Case 2. out(𝑒) ∩ 𝐸
𝑇

̸=0 and 𝜑
1
(𝑒) ̸= 0; according to

Definition 17:

∀𝑠 ∈ 𝜑
1
(𝑒) , ∃𝑒

+
∈ out (𝑒) ∩ 𝐸

𝑇
,

s.t. 𝑠 ∈ ant (𝑒) ∩ pre (ant (𝑒+)) ⇒ 𝑠 ∈ ant (𝑒) ,

𝑠 ∈ pre (ant (𝑒+)) ;

(46)

(46)

⇒ ∃𝑠

∈ ant (𝑒+) , s.t. 𝑠 ∈ pre (𝑠) , (47)

namely, there is a path 𝜌
𝑒
= [𝑒𝑒
+
] of length 2 and a trace 𝜎

𝑠
=

[𝑠𝑠

] such that

𝜌
𝑒 [
2] = 𝑒

+
∈ 𝐸
𝑇
, 𝜎

𝑠
⊨ant 𝜌𝑒. (48)

(2) Suppose the lemma is true for 𝑘 = 𝑛 (𝑛 is an arbitrary
integer), we can get for all 𝑒 ∈ 𝐸, for all 𝑠 ∈ 𝜑

𝑛
(𝑒), there is a

finite path 𝜌
𝑒
starting from 𝑒 and a trace 𝜎

𝑠
starting from 𝑠 of

some length 𝑙 (1 ≤ 𝑙 ≤ 𝑛 + 1) such that

𝜌
𝑒 [
𝑙] ∈ 𝐸𝑇

, 𝜎
𝑠
⊨ant𝜌𝑒. (49)

(3) Suppose 𝑘 = 𝑛 + 1 for all 𝑒 ∈ 𝐸 and for all 𝑠 ∈ 𝜑
𝑛+1
(𝑒),

according to Definition 17, we also have two cases.

Case 1. 𝑠 ∈ 𝜑
𝑛
(𝑒); the lemma is obviously true according to

induction hypothesis.

Case 2. Consider

∃𝑒
+
∈ out (𝑒) , s.t. 𝑠 ∈ pre (𝜑

𝑛
(𝑒
+
)) ∩ ant (𝑒)

⇒ 𝑠 ∈ ant (𝑒) , 𝑠 ∈ pre (𝜑
𝑛
(𝑒
+
)) ;

(50)

(50)

⇒ ∃𝑠

∈ 𝜑
𝑛
(𝑒
+
) s.t. 𝑠 ∈ pre (𝑠) (51)

by the induction hypothesis, there exists a path 𝜌
𝑒
+ of length

𝑙 (1 ≤ 𝑙 ≤ 𝑛 + 1) which starts from 𝑒
+ and a trace 𝜎

𝑠
 which

starts from 𝑠
 such that

𝜌
𝑒
+ [𝑙] ∈ 𝐸𝑇

, 𝜎
𝑠
 ⊨ant 𝜌𝑒+ . (52)

According to (51), there is a path 𝜌
𝑒
= (𝑒 : 𝜌

𝑒
+) of length 𝑙 + 1

and a trace 𝜎
𝑠
= (𝑠 : 𝜎

𝑠
) of the same length such that

𝜌
𝑒 [
𝑙 + 1] ∈ 𝐸𝑇

, 𝜎
𝑠
⊨ant 𝜌𝑒. (53)

(1), (2), and (3) show that the lemma is true.

Lemma 24 ensures that the counterexample path which
we find is the terminal path.

Theorem 25. Consider

𝑇𝑀𝐶 (𝑀,𝐺) 𝑟𝑒𝑡𝑢𝑟𝑛𝑠 𝑓𝑎𝑙𝑠𝑒 ⇒ 𝑀⊯
𝑇
𝐺. (54)

Proof. Consider

TMC (𝑀,𝐺) returns false ⇒ SMC (𝑀,𝐺

) returns false;

(55)

according to the SMC algorithm, there exists an edge 𝑒
1
∈ 𝐸

such that 𝜓∗(𝑒
1
) ̸⊆ cons(𝑒

1
). Let 𝑠

1
∈ 𝜓
∗
(𝑒
1
) − cons(𝑒),

according to the Lemma 22, there exists a finite path 𝜌
1
of

length 𝑙
1
and a trace 𝜎

1
of the same length such that

𝜌
1
[𝑙
1
] = 𝑒
1
, 𝜎

1
[𝑙
1
] = 𝑠
1
,

𝜎
1
⊨ant 𝜌1, but 𝜎

1
⊯cons 𝜌1.

(56)

When 𝑒
1
∈ 𝐸
𝑇
, 𝜌
1
is the terminal path. Namely, there

exists an initial terminal path 𝜌
1
and a trace 𝜎

1
of the

same length such that 𝜎
1
⊨ant 𝜌1, 𝜎1 ⊭cons 𝜌1; according to

Definition 14, we get𝑀⊯
𝑇
𝐺.

When 𝑒
1
∈ 𝐸 − 𝐸

𝑇
, 𝜌
1
is not the terminal path, we know

𝑠
1
∈ 𝜓
∗
(𝑒
1
), 𝑠
1
∉ cons(𝑒

1
). By analyzing Algorithm 1, we find

that the terminal assertion graph 𝐺 is already updated to 𝐺
when we call the SMC, and every edge in 𝐺 is labeled with
𝜑
∗

𝑇
(𝑒)/cons(𝑒). In 𝐺, for all 𝑒 ∈ 𝐸, ant(𝑒) = 𝜑∗

𝑇
(𝑒). According

to Lemma 23, we get 𝑠
1
∈ 𝜓
∗
(𝑒
1
) ⊆ 𝜑

∗

𝑇
(𝑒
1
), 𝑠
1
∉ cons(𝑒

1
).

According to Lemma 24, there exists a finite path 𝜌
𝑒1
of length

𝑙
2
which starts from 𝑒

1
and a trace𝜎

𝑠1
of the same lengthwhich

starts from 𝑠
1
such that

𝜌
𝑒1
[𝑙
2
] ∈ 𝐸
𝑇
, 𝜎

𝑠1
⊨ant 𝜌𝑒1 . (57)

Since 𝜌
1
[𝑙
1
] = 𝜌
𝑒1
[1] = 𝑒

1
, 𝜌
1
and 𝜌
𝑒1
can be spliced into

one path 𝜌 of length 𝑙
1
+ 𝑙
2
− 1. Since 𝜎

1
[𝑙
1
] = 𝜎
𝑠1
[1] = 𝑠

1
is

true, 𝜎
1
and 𝜎

𝑠1
can be spliced into one trace 𝜎 whose length

is 𝑙
1
+ 𝑙
2
− 1. 𝜌 is a terminal path and such that

𝜌 [𝑙
1
+ 𝑙
2
− 1] ∈ 𝐸

𝑇
, 𝜎 ⊨ant 𝜌, 𝜎 ⊭cons 𝜌. (58)

According to Definition 14, we get𝑀⊯
𝑇
𝐺.

Theorem 25 proves that the TMC algorithm is complete.
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6. Conclusions

This paper has presented a theoretical and experimental study
of the TMC process and related concepts, such as terminal
assertion graph, terminal path, and terminal satisfiability.
Under the basis of the concept mentioned above, to improve
the efficiency of the method SMC and solve its limitation,
this paper presented an algorithm TMC.The approach TMC
is explained and discussed thoroughly in the body of the
paper. Then, we use the hardware circuit round-robin arbiter
to specify that TMC can be used in industry successfully. In
the end, this paper proves that our approach is sound and
complete. Themethod outlined here can be used to deal with
finite specifications. It remains to be determined whether our
approach will be suitable for infinite specifications.
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The cost of LTL model checking is highly sensitive to the length of the formula under verification. We observe that, under some
specific conditions, the input LTL formula can be reduced to an easier-to-handle one before model checking. In such reduction,
these two formulae need not to be logically equivalent, but they share the same counterexample set w.r.t the model. In the case
that the model is symbolically represented, the condition enabling such reduction can be detected with a lightweight effort (e.g.,
with SAT-solving). In this paper, we tentatively name such technique “counterexample-preserving reduction” (CePRe, for short),
and the proposed technique is evaluated by conducting comparative experiments of BDD-based model checking, bounded model
checking, and property directed reachability-(IC3) based model checking.

1. Introduction

LTL [1] is one of the most frequently used specification
languages inmodel checking (cf. [2]). It designates properties
over a linear structure, which can be viewed as an execution of
the program.The task of LTL model checking is to search the
state space (explicitly or implicitly), with the goal of detecting
the existence of feasible traces violating the specification. If
such traces exist, the model checker will report one of them
as a “counterexample”; otherwise, themodel checker will give
an affirmative report.

It can be shown that the complexity of LTL model
checking for 𝑀 ⊨ 𝜑 is in O(|𝑀| × 2

|𝜑|
); meanwhile, the

nesting depth of temporal operatorsmight be themajor factor
affecting the cost in compiling LTL formulae. Hence, it is
reasonable to simplify the specification before conducting
model checking. For example, in [3], Somenzi and Bloem
provided a set of rewriting schemas for simplifying LTL
specifications, and these rewriting schemas preserve logical
equivalence.

One may argue that “a majority of LTL formulae used
in real applications are simple, succinct rather than compli-
cated’.’ Nevertheless, we might need to observe the following
facts.

(i) Some LTL formula, for example F(𝑝U𝑞), is usually
considered to be a “simple” one. Nevertheless, it can
be further simplified to F𝑞, and this fact tends to be
ignored (on one hand, 𝑝U𝑞 implies F𝑞, and hence
F(𝑝U𝑞) implies FF𝑞 (i.e., F𝑞); on the other hand, 𝑞
implies 𝑝U𝑞, and hence F𝑞 implies F(𝑝U𝑞)).

(ii) Indeed, people do use complicated specifications in
the real industrial field, as well as in some standard
benchmark (cf. [4]).

(iii) Last but not least, not all specifications are desig-
nated manually. Actually, some formulae are gener-
ated by specification-generaton-tools (e.g., ProSpec).
Indeed, one may find that lots of these machine-
generated specifications can be simplified.

Symbolic model checking [5] is one of the most sig-
nificant breakthroughs in model checking, and two major
fashions of symbolic model checking are widely used: one
is the BDD-based manner [6] and the other is SAT-based
manner, such as BMC [7] or PDR [8–11] algorithms.

Instead of using an explicit representation, the sym-
bolic approach represents state space with a series of
Boolean formulae. This enables implicit manipulation of
the verification process and it usually leads to an efficient
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implementation [12]. Meanwhile, the symbolic encoding of
transitions and invariants of the model provides heuristic
information to simplify the specification. For example,

(i) the formulae 𝑝U𝑞 and (𝑟U𝑝)U𝑞 can be, respectively,
reduced as 𝑞 and (𝑟U𝑝) ∨ 𝑞, if we know that 𝑝 → 𝑞

holds everywhere in the model;

(ii) each occurrence of G𝜃 in the specification can be
replaced with ⊤ (i.e., logically true), if we can induc-
tively infer that the Boolean formula 𝜃 holds at each
reachable state in the model.

Actually, we can make sure of these conditions with the
following efforts.

(i) To ensure that “𝑝 → 𝑞 holds everywhere in the
model’,’ one possible way is to make sure that 𝑝 → 𝑞

is an invariant in themodel—that is, just to examine if
𝜌 ∧ ¬(𝑝 → 𝑞) is unsatisfiable (we in the latter denote
it as 𝜌 ⊢ 𝑝 → 𝑞), where 𝜌 is the Boolean encoding of
the model’s transition relation.

(ii) Likely, to justify that 𝜃 holds at each reachable state
(note that a “dead-end” has no infinite path starting
from it, and hence we may safely omit dead-ends in
the model when doing this), it suffices to ensure that
𝜃
0
⊢ 𝜃 and 𝜌 ⊢ 𝜃 → 𝜃

, where 𝜃
0
is the initial

condition of the model.

We could do this because the component 𝜌 should be
satisfied at each transition step. Hence, it encloses both “local
invariants” and “transitional invariants”. For example, if 𝜌 =

𝑝 ∧ (𝑞 → 𝑞

), then we may consider 𝑝 as a local invariant,

whereas 𝑞 → 𝑞
 is a transitional invariant.

Hence, this provides an opportunity to replace the
specification with a simpler one, accompanied with some
lightweight extra task of condition detection. Even if such
detection fails, the overhead is usually negligible. More
importantly, such reductions can be performed before start-
ing model checking. At the same time, such kind of sim-
plification is not always feasible to conduct manually; the
reason is that the scale of boolean facilities is too large to be
effectively handled by humans. Therefore, it is reasonable of
leveraging the SAT-solvers to accomplish this task.

In this paper, we systematically investigate the above
idea and tentatively name this technique counter example-
preserving reduction (CePRe, for short). To justify it, we have
extended NuSMV and implemented CePRe as an upfront
option for LTL model checking. Subsequently, we conduct
experiments over both industrial benchmarks and randomly
generated cases. Experimental results show that CePRe can
improve the efficiency significantly.

This paper is organized as follows. Section 2 revisits
some basic notions. Section 3 introduces the details of the
CePRe technique and Section 4 gives a formal treatment of
performance analysis. In Section 5, the experimental results
over industrial benchmarks and over random generated cases
are given. We summarize the whole paper with Section 6.

2. Preliminaries

We presuppose a countable set P of atomic propositions,
ranging over 𝑝, 𝑞, and so forth, and for each proposition
𝑝 ∈ P, we create a primed version 𝑝 (not belonging to P)
for it. For each set V ⊆ P, we define V ≜ {𝑝


| 𝑝 ∈ V}.

We use B(V) to denote the set of Boolean formulae overV.
Similarly, we denote byB(V∪V) the set of Boolean formulae
built up fromV∪V.The scope of the prime operator can be
naturally lifted to Boolean formulae over B(V), by defining

⊤

= ⊤, ⊥


=⊥, (¬𝜃)


≜ ¬𝜃

,

(𝜃
1
→ 𝜃
2
)


≜ 𝜃


1
→ 𝜃


2
.

(1)

An assignment is a subset V of P. Intuitively, it assigns
1 (or true) to the propositions belonging toV and assigns 0
(or false) to the other propositions. For eachV ⊆ U ⊆ P and
𝜃 ∈ B(U), we denote byV ⊩ 𝜃 if 𝜃 is evaluated to 1 under
the assignmentV.

A united assignment is a pair (V
1
,V
2
), where both V

1

and V
2
are subsets of P. It assigns 1 to the propositions

belonging toV
1
∪V
2
and assigns 0 to the other propositions.

Suppose thatV
1
,V
2
⊆ U ⊆ P and 𝜃 ∈ B(U ∪U); we also

write (V
1
,V
2
) ⊩ 𝜃 if 𝜃 is evaluated to 1 under the united

assignment (V
1
,V
2
).

LTL formulae can be inductively defined as follows.
(i) ⊥ and ⊤ are LTL formulae.
(ii) Each proposition 𝑝 ∈ P is an LTL formula.
(iii) If both 𝜑

1
and 𝜑

2
are LTL formulae, so does 𝜑

1
→ 𝜑
2
.

(iv) If 𝜑 is an LTL formula, then X𝜑 and Y𝜑 are LTL
formulae.

(v) If 𝜑
1
and 𝜑

2
are LTL formulae, then both 𝜑

1
U𝜑
2
and

𝜑
1
S𝜑
2
are LTL formulae.

Semantics of an LTL formula is defined w.r.t. a linear
structure 𝜋 ∈ (2

P
)
𝜔 (i.e., 𝜋 is an infinite word over the

alphabet 2P) and a position 𝑖 ≺ 𝜔. Inductively:
(i) 𝜋, 𝑖 ⊨ ⊤ and 𝜋, 𝑖 ⊭⊥;
(ii) 𝜋, 𝑖 ⊨ 𝑝 if and only if 𝜋(𝑖) ⊩ 𝑝 (where 𝜋(𝑖) is the 𝑖th

letter of 𝜋, which can be viewed as an assignment);
(iii) 𝜋, 𝑖 ⊨ 𝜑

1
→ 𝜑
2
if and only if either 𝜋, 𝑖 ⊭ 𝜑

1
or 𝜋, 𝑖 ⊨

𝜑
2
;

(iv) 𝜋, 𝑖 ⊨ X𝜑 if and only if 𝜋, 𝑖 + 1 ⊨ 𝜑;
(v) 𝜋, 𝑖 ⊨ Y𝜑 if and only if 𝑖 > 0 and 𝜋, 𝑖 − 1 ⊨ 𝜑;
(vi) 𝜋, 𝑖 ⊨ 𝜑

1
U𝜑
2
if and only if there is some 𝑗 ≥ 𝑖, s.t.

𝜋, 𝑗 ⊨ 𝜑
2
, and 𝜋, 𝑘 ⊨ 𝜑

1
for each 𝑖 ≤ 𝑘 < 𝑗;

(vii) 𝜋, 𝑖 ⊨ 𝜑
1
S𝜑
2
if and only if there is some 𝑗 ≤ 𝑖, s.t.

𝜋, 𝑗 ⊨ 𝜑
2
and 𝜋, 𝑘 ⊨ 𝜑

1
for each 𝑖 ≥ 𝑘 > 𝑗.

For the sake of convenience, we may directly write 𝜋, 0 ⊨ 𝜑

as 𝜋 ⊨ 𝜑.
As usual, we employ some derived Boolean connectives

such as
¬𝜑 ≜ 𝜑 →⊥, 𝜑 ∨ 𝜓 ≜ ¬𝜑 → 𝜓 ,

𝜑 ∧ 𝜓 ≜ ¬ (¬𝜑 ∨ ¬𝜓)

(2)
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and derived temporal operators such as

F𝜑 ≜ ⊤U𝜑, Z𝜑 ≜ ¬Y¬𝜑, O𝜑 ≜ ⊤S𝜑,

G𝜑 ≜ ¬F¬𝜑, H𝜑 ≜ ¬O¬𝜑,

𝜑R𝜓 ≜ ¬ (¬𝜑U¬𝜓) , 𝜑T𝜓 ≜ ¬ (¬𝜑S¬𝜓) .

(3)

Temporal operators like X, U, F, G, and R are called
future operators, whereas Y, Z, S, O, H, and T are called past
operators. An LTL formula is said to be pure future (resp., pure
past) if it involves no past (resp., future) operators.

Theorem 1 (see [13]). Each LTL formula has an equivalent
pure future expression.

Theorem 1 tells the fact that past operators do not add any
expressive power to LTL formulae. Nevertheless, with these,
we can give a much more succinct description in defining
specifications.

Given an LTL formula 𝜑, we denote by sub(𝜑) the set
constituted with subformulae of 𝜑. Particularly, we, respec-
tively, denote by subU(𝜑) and subS(𝜑) the set consisting of “U-
subformulae” and “S-subfomulae” of 𝜑, where an U-formula
(resp., S-formula) is a formula rooted at U (resp., S). (Note
that F𝜑 is also a U-formula whereas G𝜑 is not.)

Amodel is a tuple𝑀 = ⟨V, 𝜌, 𝜃
0
,F⟩, where

(i) V ⊆ P is a finite set of atomic propositions,
(ii) 𝜌 ∈ B(V ∪V) is the transition relation,
(iii) 𝜃

0
∈ B(V) is the initial condition,

(iv) F ⊆ B(V) is a set of fairness constraints.

A derived linear structure of 𝑀 is an infinite word 𝜋 ∈

(2
V
)
𝜔, such that

(1) 𝜋(0) ⊩ 𝜃
0
;

(2) (𝜋(𝑖), 𝜋(𝑖 + 1)) ⊩ 𝜌 for each 𝑖 ≺ 𝜔;
(3) for each 𝜑 ∈ F, there are infinitely many 𝑖’s having

𝜋(𝑖) ⊩ 𝜑.

We denote by L(𝑀) the set of derived linear structures of
𝑀 and call it the language of𝑀.

For amodel𝑀 and anLTL formula𝜑, we denote as𝑀 ⊨ 𝜑

if 𝜋 ⊨ 𝜑 for each 𝜋 ∈ L(𝑀). Meanwhile, we define

CE (𝜑,𝑀) ≜ {𝜋 ∈ L (𝑀) | 𝜋 ⊭ 𝜑} (4)

and call it the counterexample set of 𝜑 w.r.t.𝑀.

3. Counterexample-Preserving Reduction

We describe the CePRe technique in this section, but first
of all, let us fix the components of the model and just let
𝑀 be ⟨V, 𝜌, 𝜃

0
,F⟩ in the rest of this section. For 𝑀, we

are particularly concerned about formulae having the same
counterexample set—we say that 𝜑 and 𝜓 are interreduceable
w.r.t. 𝑀 if and only if CE(𝜑,𝑀) = CE(𝜓,𝑀), denoted as
𝜑≈
𝑀
𝜓. Hence, 𝜑≈

𝑀
𝜓 implies that𝑀 ⊨ 𝜑 ⇔ 𝑀 ⊨ 𝜓.

Table 1: Reduction rules about model components.

𝜃
0
⊢ 𝜃 ⊳ 𝜃 ≈ ⊤ (Init) 𝜌 ⊢ 𝜃 ⊳ G𝜃 ≈ ⊤ (Trans)

𝜃 ∈ F ⊳ GF𝜃 ≈ ⊤ (Fair) 𝜃
0
⊢ 𝜃; 𝜌 ⊢ 𝜃 → 𝜃


⊳ G𝜃 ≈ ⊤ (Ind)

Table 2: Reduction rules of (Conj) and (Disj).

(P𝑤𝜑 ∧ P𝑠𝜑) ≈ P𝑠𝜑 (Conj) (P𝑤𝜑 ∨ P𝑠𝜑) ≈ P𝑤𝜑 (Disj)

Table 3: Reduction rules for formulae involving nested pure future
operators.

F(𝜑U𝜓) ≈ F𝜓 (FU) 𝜑U(F𝜓) ≈ F𝜓 (UF)
FF𝜑 ≈ F𝜑 (FF) GFG𝜑 ≈ FG𝜑 (GFG)

The central part of CePRe is a series of reduction rules
being of the form

Cond ⊳ 𝜑≈
𝑀
𝜓 (NAME) , (5)

where “Cond” is called the additional condition.
Though the relation ≈

𝑀
is actually symmetric, we always

write the reduced formula on the righthand of the “≈” sign in
a reduction rule. Since the model𝑀 is fixed, in this section,
we omit it from the subscript. In addition, if the additional
condition trivially holds, we will discard this part and directly
write the rule as 𝜑 ≈ 𝜓, and in this case we say that this rule is
“model-independent”; otherwise, we say that the underlying
reduction rule is “model-dependent.”

3.1.TheBasic Reduction Rules. In this section, we define some
basic CePRe rules. First of all, we have some elementary
reduction rules relating to model components, as depicted in
Table 1. For the rules (Init), (Ind), and (Trans), the notation
“⊢” occurring in the condition part stands for the “inferring”
relation in propositional logic (𝜌 ⊢ 𝜃 if and only if 𝜌 ∧ ¬𝜃 is
unsatisfiable), and we here require that 𝜃, 𝜃

1
, 𝜃
2
∈ B(V).

Subsequently, let us define a partial order “⊑” over unary
temporal operators (and their combinations) as follows:

F ⊑ GF ⊑ FG ⊑ G

F ⊑ X𝑖 ⊑ G (𝑖 ≺ 𝜔)

O ⊑ HO ⊑ OH ⊑ H,

(6)

where X0𝜑 ≜ 𝜑 and X𝑖+1𝜑 ≜ X(X𝑖𝜑).
Assume that P𝑤,P𝑠 ∈ {F, FG,GF,G,O,HO,OH,H} ∪

{X𝑖 | 𝑖 ≺ 𝜔} and P𝑤 ⊑ P𝑠; then we have two model-
indenpendent rules, as depicted in Table 2. Though these
rules seem to be trivial, they are useful in doing combina-
tional reductions (see the example given in Section 3.3).

Table 3 provides some reduction rules that can be used to
simplify nested temporal operators.

Since we always stand at the starting point when doing
model checking (i.e., the goal is to check if 𝜋, 0 ⊨ 𝜑 for each
𝜋 ∈ L(𝑀)), we can sometimes “erase” the outermost past
operators, as depicted in Table 4.

Table 5 introduces a series of rules handling formulae
involving adjacent past and future temporal operators.
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Table 4: Reduction rules for formulae involving (outermost) past
operators.

Y𝜑 ≈⊥ (Y) O𝜑 ≈ 𝜑 (O) 𝜑S𝜓 ≈ 𝜑 (S)

Table 5: Reduction rules for formulae involving adjacent past and
future operators.

XY𝜑 ≈ 𝜑 (XY) FH𝜑 ≈ H𝜑 (FH)
FO𝜑 ≈ F𝜑 ∨O𝜑 (FO) F(𝜑S𝜓) ≈ F𝜓 ∨ 𝜑S𝜓 (FS)

We let 𝜃
1
, 𝜃
2
, . . . range over B(V) and let 𝜑

1
, 𝜑
2
, . . . be

arbitrary LTL formulae, and then we have some model-
dependent rules. The first group of such rules is listed in
Table 6. Table 7 provides another set of model-dependent
reduction rules, and these rules are mainly concerned with
LTL formulae involving adjacent U-operators. Lastly, Table 8
provides some reduction rules that can be used to simplify
formulae with mixed usage of U and R.

3.2. Principles for Rule Generation. Actually, we may acquire
more CePRe rules by applying some principles to the existing
rules. In this section, we introduce four major principles in
our framework.

3.2.1. The Inversion Principle. We say that the temporal
opertors “U and S,” “R and T,” “G and H,” and “F and O”
are pairwise inverse operators (The inverse operator of Xmay
be Z or Y, which is judged from the context. Fortunately, in
this paper, we need not consider this case). Then, for CePRe
rules list in Table 3 and Table 6–Table 8, we may apply the
following principle:

𝜌 ⊢ 𝜃 ⊳ 𝜑 ≈ 𝜓

𝜌 ⊢
̃
𝜃 ⊳ inv (𝜑) ≈ inv (𝜓)

, (7)

namely, Inversion Principle. In detail:

(i) if 𝜃 ∈ B(V) then ̃
𝜃 = 𝜃; if 𝜃 ∈ B(V ∪ V), then

̃
𝜃 is obtained from 𝜃 by switching the primed and
unprimed propositions;

(ii) inv(𝜑) and inv(𝜓) are obtained from 𝜑 and 𝜓 by
swithing the temporal operators with their inverse
operators, respectively.

For example, one can apply this principle to (U) and (R),
and then the following two rules

𝜌 ⊢ 𝜃
1
∨ 𝜃
2
⊳ 𝜃
1
S𝜃
2
≈ O𝜃
2

(S)

𝜌 ⊢ 𝜃


2
→ 𝜃


1
∨ 𝜃
2
⊳ 𝜃
1
T𝜃
2
≈ 𝜃
2

(T)
(8)

are immediately obtained.

3.2.2. The Duality Principle. We say that “⊤ and ⊥,” “∧ and
∨,” “F andG,” “O andH,” “Y and Z,” “X andX itself,” “U and
R,” and “T and S” are pairwise the dual operators. Then, the
duality principle could be described as follows:

Cond ⊳ 𝜑 ≈ 𝜓
Cond ⊳ dual (𝜑) ≈ dual (𝜓)

. (9)

Table 6: Reduction rules of (U) and (R).

𝜌 ⊢ 𝜃
1
∨ 𝜃
2
⊳ 𝜃
1
U𝜃
2
≈ F𝜃
2
(U)

𝜌 ⊢ 𝜃
2
→ 𝜃
1
∨ 𝜃


2
⊳ 𝜃
1
R𝜃
2
≈ 𝜃
2
(R)

Table 7: Reduction rules for formulae involving adjacent U opera-
tors.

𝜌 ⊢ 𝜃
1
→ 𝜃
2
⊳ 𝜃
1
U𝜃
2
≈ 𝜃
2

(U[1 → 2])
𝜌 ⊢ 𝜃
1
→ 𝜃
3
⊳ (𝜃
1
U𝜑
2
)U𝜃
3
≈ 𝜑
2
U𝜃
3

(UU
[1 → 3])

𝜌 ⊢ 𝜃
2
→ 𝜃
3
⊳ (𝜑
1
U𝜃
2
)U𝜃
3
≈ 𝜃
3
∨ (𝜑
1
U𝜃
2
) (UU

[2 → 3])
𝜌 ⊢ 𝜃
3
→ 𝜃
2
⊳ (𝜑
1
U𝜃
2
)U𝜃
3
≈ (𝜑
1
∨ 𝜃
2
)U𝜃
3

(UU
[3 → 2])

𝜌 ⊢ 𝜃
2
→ 𝜃


3
⊳ (𝜑
1
U𝜃
2
)U𝜃
3
≈ (𝜑
1
∨ 𝜃
2
)U𝜃
3

(UU
[2 → 3


])

𝜌 ⊢ ¬𝜃
2
→ 𝜃
3
⊳ (𝜑
1
U𝜃
2
)U𝜃
3
≈ F𝜃
3

(UU
[¬2 → 3])

𝜌 ⊢ 𝜃
1
→ 𝜃
2
⊳ 𝜃
1
U(𝜃
2
U𝜑
3
) ≈ 𝜃
2
U𝜑
3

(UU[1 → 2])
𝜌 ⊢ 𝜃
1
→ 𝜃
3
⊳ 𝜃
1
U(𝜑
2
U𝜃
3
) ≈ 𝜑
2
U𝜃
3

(UU[1 → 3])
𝜌 ⊢ 𝜃
2
→ 𝜃
1
⊳ 𝜃
1
U(𝜃
2
U𝜑
3
) ≈ 𝜃
1
U𝜑
3

(UU[2 → 1])

Table 8: Reduction rules for formulae involving adjacent U and R
operators.

𝜌 ⊢ 𝜃
1
→ 𝜃
3
⊳ (𝜃
1
R𝜑
2
)U𝜃
3
≈ ((𝜃
1
R𝜑
2
) ∨ 𝜃
3
) ∧ F𝜃

3
(UR

[1 → 3])
𝜌 ⊢ ¬𝜃

1
→ 𝜃
3
⊳ (𝜃
1
R𝜑
2
)U𝜃
3
≈ 𝜑
2
U𝜃
3

(UR
[¬1 → 3])

𝜌 ⊢ 𝜃
1
→ 𝜃
3
⊳ 𝜃
1
U(𝜑
2
R𝜃
3
) ≈ 𝜑
2
R𝜃
3

(UR [1 → 3])

We require that the condition “Cond” should be either trivial
(in this case, the rule is a model-independent one) or of the
form 𝜌 ⊢ 𝜃

1
→ 𝜃
2
, and in the latter case we have Cond =

𝜌 ⊢ 𝜃
2
→ 𝜃
1
. The formulae dual(𝜑) and dual(𝜓) are obtained

from 𝜑 and 𝜓 by switching the operators with their dual.
For example, apply the duality principle to the rules (FU),

(UF), (FF), and (GFG), one may get the following new rules:

G (𝜑R𝜓) ≈ G𝜓 (GR) , 𝜑R (G𝜓) ≈ G𝜓 (RG) ,
GG𝜑 ≈ G𝜑 (GG) , FGF𝜑 ≈ GF𝜑 (FGF) .

(10)

Note that when applying the duality principle to model-
dependent rules, besides switching the operators, we also
need to exchange the antecedent and subsequent on the
righthand of ⊢ in the condition part, in the case that the
condition is of the form 𝜌 ⊢ 𝜃

1
→ 𝜃
2
. As an example, we

may obtain the reduction rule

𝜌 ⊢ 𝜃
3
→ 𝜃
2
⊳ (𝜑
1
R𝜃
2
)R𝜃
3
≈ 𝜃
3
∧ (𝜑
1
R𝜃
2
)

(RR [3 → 2]) ,

(11)

by applying the duality principle to (UU
[2 → 3]).

3.2.3. The Composition Principle. The composition principle
can be formally described as follows:

Cond
1
⊳ 𝜑
1
≈ 𝜓
1

Cond
2
⊳ 𝜑
2
≈ 𝜓
2

Cond
1
& Cond

2
⊳ 𝜑
1
≈ 𝜓
1

𝜑2

𝜓2

; (12)

that is, if 𝜑
𝑖
and 𝜓

𝑖
are interreduceable under the conditin

Cond
𝑖
(𝑖 = 1, 2), then 𝜑

1
and 𝜓

1

𝜑2

𝜓2
are also interreduceable.

In using this principle, we have the following constraints.
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Input:The original specification 𝜑.
Output:The reduced specification.

(1) let Γ := 0; /∗ Γmemorizes the sub-formulae with infeasible condition ∗/
(2) let Δ := {𝜓 ∈ (sub(𝜑)\Γ) such that 𝜓matches some reduction rule(s)};
(3) foreach 𝜓

1
, 𝜓
2
∈ Δ s.t. 𝜓

1
̸=𝜓
2
do

(4) if 𝜓
1
∈ sub(𝜓

2
) then

(5) Δ := Δ \ {𝜓
1
}; /∗ that is, we only proceed “max” subformulae ∗/

(6) end
(7) end
(8) if Δ = 0 then
(9) return 𝜑;
(10) end
(11) foreach 𝜓 ∈ Δ do
(12) let Θ := the set of rules that can be applied to 𝜓;
(13) /∗ note that we have |Θ| ≤ 5 for each 𝜓 ∗/
(14) while Θ ̸= 0 do
(15) choose𝑅 := (Cond ⊳ 𝜓 ≈ 𝜂) in Θ;
(16) if Cond is stated then
(17) 𝜑 := 𝜑

𝜓

𝜂
; /∗ 𝜑

𝜓

𝜂
is obtained from 𝜑 by replacing 𝜓 with 𝜂 ∗/

(18) break;
(19) end
(20) Θ := Θ \ {𝑅};
(21) end
(22) Δ := Δ \ {𝜓};
(23) if Θ = 0 then
(24) Γ := Γ ∪ {𝜓}; /∗ 𝜓 would be excluded in the next iteration ∗/
(25) end
(26) end
(27) goto 2;

Algorithm 1: The “max-match” rule-selection strategy.

(1) Cond
2
must be 𝜃

0
-free; that is, it must be irrelevant to

the initial condition.
(2) If the second rule is one of these listed in Table 4

(or the inversion/duality version), then we require
that the (designated) occurrences of 𝜑

2
in 𝜓
1
must be

temporally outermost; that is,𝜑
2
does not appear in the

scope of any temporal operators.
(3) Since 𝜂 ≈ 𝜂 trivially holds, we have the following

special case of the composition principle:

Cond ⊳ 𝜑 ≈ 𝜓
Cond ⊳ 𝜂 ≈ 𝜂𝜑𝜓

, (13)

and call it the local application of (the above) CePRe rule.
To explaint the reason why we need to impose the second

constraint, just consider the following fact: we have Y𝜑 ≈⊥

according to (Y); yet this does not imply that FY𝜑 ≈ F ⊥

holds.

3.2.4. The Decomposition Principle. The last principle, which
could be corporately used in modular model checking [14], is
described as follows:

Cond
1
⊳ 𝜑
1
≈
𝑀1
𝜓
1

Cond
2
⊳ 𝜑
2
≈
𝑀2
𝜓
2

Cond
1
& Cond

2
⊳ 𝜑
1
≈
𝑀1‖𝑀2

𝜓
1

𝜑2

𝜓2

, (14)

where all constraints imposed to the composition principle are
still required.𝑀

1
‖ 𝑀
2
is the synchronized composition of𝑀

1

and𝑀
2
; that is,𝑀

1
‖ 𝑀
2
= ⟨V
1
∪V
2
, 𝜌
1
∧𝜌
2
, 𝜃
0,1
∧𝜃
0,2
,F
1
∪

F
2
⟩ if𝑀

𝑖
= ⟨V
𝑖
, 𝜌
𝑖
, 𝜃
0,𝑖
,F
𝑖
⟩.

3.3. Reduction Strategy. We show the usage of CePRe reduc-
tion rules by illustrating the reduction process of 𝑀 ⊨

(𝜃
1
U𝜃
2
)U𝜃
3
; see Algorithm 1.

(1) We may first try with the rule (UU
[1 → 3]) by

inquiring the SAT-solver if 𝜌 ⊢ 𝜃
1
→ 𝜃
3
holds.

(2) If the SAT-solver returns “unsatisfiable”with the input
𝜌 ∧ 𝜃
1
∧ ¬𝜃
3
, then it implies that the additional con-

dition is stated, and we may replace the specification
with 𝜃

2
U𝜃
3
.

(3) Otherwise, we will try with another reduction rule,
such as (UU

[2 → 3]).

Compositional use of reduction rules may lead to a more
aggressive reduction. For example,

(1) for the task of model checking 𝑀 ⊨ FO𝑝, we may
firstly change the goal as𝑀 ⊨ F𝑝 ∨O𝑝, according to
the rule (FO);

(2) now, the subformula O𝑝 is a temporally outermost
one; hence we may make a local application of (O),
and then the goal becomes𝑀 ⊨ F𝑝 ∨ 𝑝;
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(3) finally, we may change the model checking problem
into𝑀 ⊨ F𝑝 via the rule (Disj).

In the real implementation, we perform a “max-match”
rule-selection strategy, as depicted in Algorithm 1. Note that
in this algorithm, only

(1) basic rules,
(2) rules obtained from the inversion principle or the

duality principle

could be directly used (maybe in a local manner). This
guarantees the finiteness for rule selection.

In line 15, a rule having simpler condition always has
the higher precedence to be chosen. Hence, a model-
independent rule always has a higher priority than a model-
dependent one.

Lastly, we can see that the reduction can be accomplished
within O(|𝜑|) iterations.

4. Performance Analysis of CePRe
We now try to answer the question “why we can gain a better
performance during verification if CePRe is conducted first.”
To give a rigorous explanation, we briefly revisit the imple-
mentation of some symbolic model checking algorithms, and
we are mainly concerned about the following techniques:

(1) the BDD-based model checking technique,
(2) the bounded model checking technique (BMC),

for both syntactic encoding and semantic encoding
approaches,

(3) the property directed reachability (alternatively, IC3)
algorithm.

4.1. Analysis on BDD-Based Model Checking. The core proce-
dure of BDD-based LTL symbolic model checking algorithm
is to construct a tableau for the (negated) property. In the
following, we refer the tableau of ¬𝜑 as 𝑇

¬𝜑
, and we would

give an analysis on its major components affecting the cost of
model checking.
State Space. The state space of 𝑇

¬𝜑
consists of subsets of 𝑒𝑙(𝜑),

and the set 𝑒𝑙(𝜑) can be inductively computed as follows:

(i) 𝑒𝑙(⊤) = 𝑒𝑙(⊥) = 0;
(ii) 𝑒𝑙(𝑝) = {𝑝} if 𝑝 ∈ P;
(iii) 𝑒𝑙(𝜑

1
→ 𝜑
2
) = 𝑒𝑙(𝜑

1
) ∪ 𝑒𝑙(𝜑

2
);

(iv) 𝑒𝑙(X𝜓) = {X𝜓} ∪ 𝑒𝑙(𝜓), and 𝑒𝑙(Y𝜓) = {Y𝜓} ∪ 𝑒𝑙(𝜓);
(v) 𝑒𝑙(𝜑

1
U𝜑
2
) = 𝑒𝑙(𝜑

1
) ∪ 𝑒𝑙(𝜑

2
) ∪ {X(𝜑

1
U𝜑
2
)} and

𝑒𝑙(𝜑
1
S𝜑
2
) = 𝑒𝑙(𝜑

1
) ∪ 𝑒𝑙(𝜑

2
) ∪ {Y(𝜑

1
S𝜑
2
)}.

We can see from the definition that 𝑒𝑙(𝜑) = 𝑒𝑙(¬𝜑) holds.
With symbolic representation, each formula 𝜓 ∈ 𝑒𝑙(𝜑) cor-
responds to a proposition in building the tableau. Moreover,
if 𝜓 ∈ P, then no new proposition needs to be introduced
(since it has already been introduced in building the symbolic
representation of 𝑀); otherwise, a fresh proposition 𝑝

𝜓

is required. Hence the total number of newly introduced

propositions equals |𝑒𝑙(𝜑) \ P|. From an induction over
formula’s structure, we have the following claim.

Proposition 2. |𝑒𝑙(𝜑) \ P| equals the number of temporal
operators in 𝜑.

Transitions. The transition relation of 𝑇
¬𝜑
is a conjunction of

a set of constraints, and each constraint is either of the form
𝑝X𝜓 ↔ (𝜎(𝜓))

 or 𝑝Y𝜂 ↔ 𝜎(𝜂), where X𝜓,Y𝜂 ∈ 𝑒𝑙(𝜑), and
the function 𝜎 can be inductively defined as follows:

(i) 𝜎(⊥) =⊥ and 𝜎(⊤) = ⊤;
(ii) 𝜎(𝑝) = 𝑝 for each 𝑝 ∈ P;
(iii) 𝜎(𝜓

1
→ 𝜓
2
) = 𝜎(𝜓

1
) → 𝜎(𝜓

2
);

(iv) 𝜎(X𝜓
1
) = 𝑝X𝜓1 and 𝜎(Y𝜓2) = 𝑝Y𝜓2 ;

(v) 𝜎(𝜓
1
U𝜓
2
) = 𝜎(𝜓

2
)∨𝜎(𝜓

1
)∧𝑝X(𝜓1U𝜓2) and𝜎(𝜓1S𝜓2) =

𝜎(𝜓
2
) ∨ 𝜎(𝜓

1
) ∧ 𝑝Y(𝜓1U𝜓2).

According to the definition of 𝑒𝑙, we can see that each 𝜓 ∈

sub(𝜑) rooted at a future (resp., past) temporal operator
exactly produces one formula X𝜂 (resp., Y𝜂) in 𝑒𝑙(𝜑), and
hence a newproposition𝑝X𝜂 (resp.,𝑝Y𝜂)would be introduced.
Subsequently, each such 𝑝X𝜂 (resp., 𝑝Y𝜂) adds exactly one
constraint to the transition relation. Hence, we have the
following claim.

Proposition 3. The number of constraints in the transition
relation of 𝑇

¬𝜑
equals the number of temporal operators

occurring in 𝜑 (alternatively, |𝑒𝑙(𝜑) \P|).

Fairness Constraints. According to the tableau construction,
each𝜓 ∈ subU(¬𝜑)would impose a fairness constraint to𝑇¬𝜑.
Hence, the number of fairness constraints equals |subU(¬𝜑)|.

With a case-by-case checking, we can show the following
theorem.

Theorem 4. Let “Cond ⊳ 𝜑 ≈ 𝜓” be a reduction rule; then we
have |𝑒𝑙(𝜓) \P| ≤ |𝑒𝑙(𝜑) \P| and |subU(𝜓)| ≤ |subU(¬𝜑)|.

4.2. Analysis on Bounded Model Checking. In contrast, the
cost of BMC is quite sensitive to the encoding approach. In a
broad sense, we can categorize the encoding approaches into
two fashions.
Syntactic Encodings. Such kind of encodings are inductively
produced w.r.t. the formula’s structure. The very original
one is presented in [7], and this is improved in [15] by
observing some properties of that encoding. In [16, 17], a
linear incremental syntactic encoding is suggested, and see
[18] for the translation for ECTL∗.
Semantic Encodings. In [19], an alternative BMC technique
is provided: it mimics the tableau-based model checking
process, but it expresses the fair-path detection upon the
product model with Boolean formula. (In [20], a “fixpoint”-
based encoding is proposed, and it can also be subsumed to
semantic encodings.)

For the semantic encodings, the reason that we can
benefit fromCePRe is exactly the same as that for BDD-based
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approach. Because, the encoding is a conjunction of a 𝑘-step
unrolling of 𝑀 and a 𝑘-step unrolling of 𝑇

¬𝜑
(an unrolling

is either a partial derived linear structure or one ending with
a lasso). The former is usually in a fixed pattern, and for the
latter, we need 𝑘×|𝑒𝑙(𝜑)\P| newpropositions, and the sizes of
Boolean formulae w.r.t the transition and fairness constraints
(note that the part w.r.t. fairness constraints can be linearized)
are, respectively, O(𝑘 × |𝑒𝑙(𝜑) \P|) and O(𝑘2 × |subU(¬𝜑)|).

For a syntactic BMC encoding, one needs to generate a
Boolean formula of the form 𝐸

𝑘

𝑀
∧ 𝐸
𝑘

¬𝜑
, where 𝐸𝑘

𝑀
is the

unrolling of𝑀 with 𝑘 steps, and 𝐸𝑘
¬𝜑
describes that such 𝑘-

step unrolling would cause a violation of 𝜑. In general, 𝐸𝑘
𝑀
is

almost the same in all kinds of syntactic encodings, and the
key factor affecting the cost lies in 𝐸𝑘

¬𝜑
.

Given a subformula 𝜓 of 𝜑, if we use ||𝐸𝑘
𝜓
|| to denote the

maximum length of the Boolean formula describing that 𝜓
is initially satisfied upon a 𝑘-step unrolling, then it can be
inductively computed as follows:

(i) ||𝐸𝑘
⊥
|| = ||𝐸

𝑘

Τ
|| = 0; (this is just for the case when ⊥

or ⊤ appears as a subformula in the specification and
hence can be optimized; otherwise, we have ||𝐸𝑘

⊥
|| =

||𝐸
𝑘

⊤
|| = 1);

(ii) ||𝐸𝑘
𝑝
|| = 1 for each 𝑝 ∈ P;

(iii) ||𝐸𝑘
𝜑1→𝜑2

|| = ||𝐸
𝑘

𝜑1
|| + ||𝐸

𝑘

𝜑2
|| + 1;

(iv) ||𝐸𝑘X𝜓|| = ||𝐸
𝑘

Y𝜓|| = ||𝐸
𝑘

𝜓
||;

(v) ||𝐸𝑘
𝜑1U𝜑2 || = ||𝐸

𝑘

𝜑1S𝜑2 || = 𝐿(𝑘)×||𝐸
𝑘

𝜑1
||+𝑘×||𝐸

𝑘

𝜑2
||. (Note

that this case does not imply that further blowup
would be caused with deeper nesting of temporal
operators. For example, in [17], by introducing fresh
propositions and reusing, it still leads to a linear
encoding for the whole formula.)

Here, 𝐿(𝑘) is some polynomial about 𝑘, related to the encod-
ing approach. For example, with the technique proposed in
[7, 15], we have 𝐿(𝑘) ∈ O(𝑘2), whereas 𝐿(𝑘) ∈ O(𝑘) in
[16, 17].This partly explains the reason that we tend to change
temporal nestifications with Boolean combinations, as done
in (UU

[3 → 2]) and so forth.
Another feature affecting the cost is the scale of proposi-

tions required for the encoding. If we denote by var
𝑘
(𝜑) the

set of additional propositions which only takes part in the
encoding of 𝐸𝑘

¬𝜑
, then we have the following conclusions.

(i) For the techniques proposed in [7, 15], we have
var
𝑘
(𝜑) = 0. i.o.w.; all propositions required in

encoding 𝐸𝑘
¬
𝜑 can be shared with those for 𝐸𝑘

𝑀
.

(ii) In term of the encoding presented in [17], we need
to add O(𝑘) new propositions to var

𝑘
(𝜑) for each U-

subformula and for each S-subformula.

Theorem 5. Let “Cond ⊳ 𝜑 ≈ 𝜓” be a reduction rule; then
we have ||𝐸𝑘

𝜓
|| ≤ ||𝐸

𝑘

𝜑
|| and |var

𝑘
(𝜓)| ≤ |var

𝑘
(𝜑)| in syntactic

encodings.

4.3. Analysis on Property Directed Reachability Algorithm.
Property directed reachability (PDR or IC3) is probably the
most significant breakthrough in SAT basedmodel checking.
The aim of PDR is to show that the system is safe w.r.t. the
property 𝜃; that is, each reachable state satisfies the boolean
constraint 𝜃.

The process of PDR retains a sequence Γ
0
, . . . , Γ

𝑘
of clause

sets fulfilling the following.

(1) Γ
0
= {𝜃
0
}; and for each 𝑖 ⩽ 𝑘 we have

(2) ⊢ ∧Γ
𝑖
→ ∧Γ

𝑖+1
;

(3) ⊢ ∧Γ
𝑖
∧ 𝜌 → ∧Γ



𝑖+1
;

(4) ⊢ ∧Γ
𝑖
→ 𝜃.

This process stops and reports an affirmative answer if there
exists some 𝑖 > 0 having Γ

𝑖
= Γ
𝑖−1
; and it reports failure

when some reachable “unsafe” state is detected. Therefore, it
intends to find a (intermediate) reachable-closure enclosed
(or inductive set) with 𝜃, as described in Algorithm 2.

This algorithm employees two important subroutines—
the strengthen process (Line 7) and the propagate process
(Line 10):

(i) The process strengthen aims to disprove the reacha-
bility of the point U which violates 𝜃. If it succeeds,
some new constraints would be added to some spe-
cific clause sets; if this process fails, then it implies
that we have a feasible path which leads to an “unsafe”
state. In [21], an effective strengthen algorithm is
provided, and it results in a linear complexity in time
w.r.t. the size of variable set.

(ii) Theprocess propagate is used to “compact” the clause
sets and to accelerate the termination. Its purpose is
to “push out” the clauses in a set as possible as they
can. Suppose that there is a clause 𝜂 ∈ Γ

𝑖
, in the

case that ⊢ ∧Γ
𝑖
∧ 𝜌 → 𝜂

 holds; since we have ⊢
∧Γ
𝑖
∧𝜌 → ∧Γ



𝑖+1
, it implies that ⊢ ∧Γ

𝑖
∧𝜌 → ∧Γ



𝑖+1
∧𝜂


also holds. In such situation, the clause 𝜂 could be
definitely propagated to Γ

𝑖+1
.

Since the PDR algorithm could not directly handle
general temporal properties, we need to first translate the LTL
model checking problem to PDR solving, via the following
steps.

(1) Build the tableau 𝑇
¬𝜑

from the LTL formula 𝜑, as
describled in Section 4.1.

(2) Thus, the problem is boiled down to a fair-circle
detection problem on the production of𝑀 and 𝑇

¬𝜑
.

(3) This problem could be further translated to 𝑛+1PRD-
solving problems, where 𝑛 is the number of fairness
constraints in the production. Interested readers may
refer to [22] for the translation details.

It could be seen that the features affecting the overhead of
PDR-solving boiled from LTL input are the following:

(1) the scale of product system, which is determined by
the number of variables in the tableau and model,
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Input:The componentsV, 𝜌, 𝜃
0
of the model𝑀; a safety property 𝜃.

Output:The affirmative answer if𝑀 is safe w.r.t. 𝜃; otherwise, a counterexample witnessing that ¬𝜃 is reachable.
(1) let 𝑘 := 0;
(2) let Γ

0
= {𝜃
0
};

(3) let Q := 0; /∗Q is a priority queue ∗/
(4) repeat
(5) while there exists U ⊆ V s.t.U ⊩ Γ

𝑘
∧ ¬𝜃 do

(6) add (U, 𝑘) to the head of Q;
(7) if strengthen({Γ

𝑖
}
𝑖⩽𝑘
,Q,V) fails then

(8) return counterexample extracted fromQ;
(9) end
(10) propagate({Γ

𝑖
}
𝑖⩽𝑘
);

(11) if there exists some 𝑗 ≤ 𝑘 s.t. Γ
𝑗
= Γ
(𝑗−1)

then
(12) return “M is safe from 𝜃”;
(13) end
(14) let Γ

𝑘+1
:= 0;

(15) 𝑘 := 𝑘 + 1;
(16) end
(17) until 1 ̸= 1;

Algorithm 2: Framework of the PDR algorithm.

(2) the size (or number of clauses) of the transition
relation, which is a summation of these of the tableau
and the model,

(3) the number of fairness constrains in the product,
which is also the summation of constraint numbers
of the model and the tableau.

For two LTL formulae 𝜑 and 𝜓 such that 𝜑≈
𝑀
𝜓, since

the model is the same, the “variable number,” “number of
clauses in the transition relation,” and “the number of fairness
contraints” are determined by the tableaux 𝑇

¬𝜑
and 𝑇

¬𝜓
.

Precisely like the analysis we have done in Section 4.1, we
have the same conclusions shown in Propositions 2 and 3
and Theorem 4, and these would explain why we can also
benefit fromCePRe when using PDR as underlying checking
approach.

5. Experimental Results

We have implemented CePRe as an upfront option in
NuSMV (the tool is available on http://sourceforge.net/
projects/nusmvwithcepre/), and we have also conducted
experiments upon both industrial benchmarks and randomly
generated cases in terms of BDD-based model checking,
bounded model checking, and PDR-based model checking.

The BMC encoding approach we adopt here is that
proposed in [15], which is the current BMC implementation
of NuSMV. Since PDR verifiers could not directly take SMV
models and/or LTL formulae as input, and they use AIGs
(the And-Inverter Graphs) as standard input format, we first
use the SMVtoAIG tool [23] to convert SMV-scripts into
AIGs and then use iimc [24] to perform the PDR-based
verification.

We conduct the experiments under such platform: CPU-
Intel CoreDuo2 E4500 2.2GHz,Mem-2GBytes, OS-Ubuntu
10.04 Linux, Cudd-v2.4.1.1, Zchaff-v2007.3.12.

5.1. Experiments upon Industrial Benchmarks. The bench-
marks we choose in this paper are suggested in [4], and most
of them come from real hardware verification.

Table 9 provides the experimental results for BDD-based
LTL symbolic model checking.The field time is the executing
time totally elapsed, and the field R.S. refers to the number
of reachable states. For the experiments “with CePRe,” both
the overheads of time and space are the summations of
preprocessing and model checking. For Table 9, we have the
following remarks.

(1) 8 out of 16 specifications could be reduced with
CePRe (and these specifications are marked with †).

(2) For the specifications that can be reduced, consider-
able improvements are made during verification. For
example, for the specification Pit.g.ltl, with CePRe,
the number of BDD nodes is decreased to 12.5% of
that without using CePRe.

(3) When a specification cannot be reduced with CePRe,
it spends a very low extra overhead for doing prepro-
cessings.

(4) Something noteworthy we do not provide here is
that in the case that a violated LTL specification
can be reduced, the newly generated counterexample
is usually shorter than that of before. Among 8
specifications that can be reduced, counterexample
lengths of Pti.nuv.ltl, Pit.g.ltl, P0.ltl and Seq.ltl are,
respectively, shortened to 15, 10, and 194, opposing
to the original values 16, 12, and 217. Meanwhile,
counterexample lengths of others are kept unchanged.

Table 10 gives the experimental results for BMC-based
model checking, and we here give some comments on that.

(1) With NuSMV, we need to preset a max-bound when
doing bounded model checking. The column max-
bound gives such values—a “star mark” means that
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Table 9: Comparative results of BDD-based MC with/without cepre.

Model Spec. Without cepre With cepre
BDD-
-Nodes R.S. Time

(sec.)
BDD-
-Nodes R.S. Time

(sec.)

srg5

Ptimo.ltl† 7946 720 0.024 2751 720 0.016
Ptignv.ltl† 29704 11460 0.058 5712 2880 0.012
Pti.g.ltl† 64749 130048 0.048 8119 32768 0.016

abp4

P2false.ltl 99577 559104 0.200 99625 559104 0.202
P2true.ltl† 61209 904384 0.066 56494 419296 0.064
Pold.ltl 52301 353536 0.060 52349 353536 0.064
Ptimo.ltl 78098 219616 0.080 78146 219616 0.088
Pti.g.ltl 8385 200704 0.060 8433 200704 0.062

dme3
P0.ltl† 889773 35964 5.756 527983 26316 5.096
P1.ltl 455148 8775 0.460 409432 5505 0.374

dme5

Mdl.ltl† 793942 8.64316𝑒 + 06 167.346 814494 3.2097𝑒 + 06 114.599
Wat.ltl† 412867 1.79217𝑒 + 07 302.005 967033 1.12567𝑒 + 07 286.850
Ptimo.neg 508036 1.26202𝑒 + 06 3.260 508081 1.26202𝑒 + 06 3.280

msi w-trans
Sched.ltl 2275558 7.31055𝑒 + 07 6.612 2275655 7.31055𝑒 + 07 6.632
Safety.ltl 1213308 3.6528𝑒 + 07 7.568 1213460 3.6528𝑒 + 07 7.644
Seq.ltl † 1921973 3.5946𝑒 + 07 93.570 1702585 1.7973𝑒 + 07 94.085

Table 10: Experimental results of BMC-based MC with/without cepre.

Model Spec.
Without cepre With cepre

Max-bound
N.O.C. Time

(sec.) N.O.C. Time
(sec.)

srg5

Ptimo.ltl† 272567 67.391 1371 0.143 20
Pti.gnv.ltl† 2101 0.116 299 0.024 6
Pti.g.ltl† 21 0.016 21 0.016 1

abp4

P2false.ltl 7532 3.972 7532 3.972 17
P2true.ltl† 12639 8.145 9369 7.753 20∗

Pold.ltl 7499 9.087 7499 9.488 20∗

Ptimo.ltl 6332 2.500 6332 2.512 16
Pti.g.ltl 11952 0.841 11952 0.976 20∗

dme3
P0.ltl† — — 35102 524.207 62
P1.ltl 216 0.036 167 0.048 1

dme5

Mdl.ltl† 90 0.044 90 0.048 0
Wat.ltl† 367 0.048 274 0.052 1
Ptimo.neg 367 0.050 277 0.058 1

msi w-trans
Sched.ltl 14235 1.076 14235 1.078 20∗

Safety.ltl 12439 8.441 12439 8.448 20∗

Seq.ltl† 1907 0.064 81 0.052 3

this bound does not reach the completeness thresh-
old.The field N.O.C. designates the number of clauses
generated during model checking.

(2) From Table 10, we can see that without CePRe the
specification Pti.gnv.ltl generates 2101 clauses when
the verification stops; in contrast, it only produces 299
clauses if CePRe is switched on.

(3) Another comparison is for P0.ltl upon dme3: If we
do not do any reduction, the SAT solver reports a
SEGMENTATION FAULT at Step 35. In contrast,
using CePRe, a counterexample could be found at
Step 62.

(4) Since the encoding approach we use is taken from
[15], propositions used in the encoding are only
determined by the model and the bound; thus
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Table 11: Experimental result of PDR-based MC with/without cepre.

Model Spec. PDR time without
cepre (sec.)

PDR time with
cepre (sec.)

Extratime for
cepre (sec.)

srg5

Ptimo.ltl† 0.117 0.056 <0.001
Pti.gnv.ltl† 0.084 0.043 <0.001
Pti.g.ltl † 0.070 0.032 <0.001

abp4

P2false.ltl 3.187 3.185 0.004
P2true.ltl† 2.996 1.239 0.004
Pold.ltl 6.937 6.939 <0.001
Ptimo.ltl 0.910 0.912 <0.001
Pti.ltl 5.812 5.816 <0.001

dme3
P0.ltl† 9.815 6.086 <0.001
P1.ltl 0.147 0.142 0.004

dme5

Mdl.ltl† 3.072 1.731 0.004
Wat.ltl† 4.575 3.043 0.004
Ptimo.neg 0.073 0.073 0.004

msi wtrans

Sched.ltl 0.135 0.136 <0.001
Safety.ltl 0.200 0.201 0.004
Seq.ltl† 0.091 0.045 0.006

the number of required propositions does not change.
For this reason, the corresponding experimental
results on proposition numbers are not provided.

Experimental results of PDR-based model checking are
shown in Table 11.

(1) For PDR-based model checking, we are mainly con-
cerned about the time-overhead. Since that the PDR
algorithm consumes memory evenly during verifica-
tion, we do not provide the space-overhead here.

(2) Because the CePRe process is done in an individual
phase in the PDR-based verification, we here also list
the overhead for doing CePRe.

(3) We can see that a significant performance improve-
ment could be made if we use CePRe in PDR-
based model checking, and the extra overhead for
preprocessing is still relatively negligible.

Note that both model-independent and model-
dependent rules contribute to the reductions. For example,
for the model srg5 and the specification Pti.g.ltl, the
rules (FS) and (S) are applied; meanwhile, for the
model msi wtrans and the specification Seq.ltl, the
application of (UU

[¬2 → 3]) is invoked.

5.2. Experiments w.r.t. RandomModels and Specifications. We
have also performed experiments upon randomly generated
models and specifications with the tool Lbtt [25] and with
the methodology suggested in [17].

For BDD-based MC and bounded model checking, we
conduct the comparison in the following manner. For each
3 ≤ ℓ ≤ 7, we randomly generate 40 specifications having

length ℓ. Subsequently, for each specification,we generate two
models, respectively, for the BDD-based model checking and
for BMC. Hence, we totally have 200 specifications and 400
models.

For the BDD-basedmodel checking, we give the compar-
ative results on (1) the scale of BDD-nodes, (2) the number
of reachable states, and (3) the time consumed, and the
experimental results are, respectively, shown in Figures 1,
2, and 3. For bounded model checking, we have set the
maximum bound to 20 and we have compared (1) the
number of clauses and (2) the executing time; the results are,
respectively, shown in Figures 4 and 5. Each value here we
provide is the average of the 40 executions.

For the BDD-basedmodel checking, there are 123 (out of
200) specifications that can be reduced, whereas for bounded
model checking, the number of specifications that can be
reduced is 118. Note that in this experiment, when CePRe
is switched on, extra overheads (such as time) have also been
taken into account.

For the PDR-based model checking, the experiments are
conducted as follows. We first generate 50 SMV models with
Lbtt and then we randomly generate LTL specifications for
each model and each designated length. Next, we batchly
do CePRe upon one group of specification copies and
then obtain the product models (for each model and each
specification). Subsequently, we convert the product models
into AIG format with SMVtoAIG.

We here compare the number of verfication obligations
that could be accomplishedwithin the preset time bound (i.e.,
600 sec.), and the results are shown in Figure 6. From that, we
can see that with the increment of the specification’s length,
the ratio (that could be done with CePRe to without CePRe)
also monotonically increases.
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Figure 1: Results on the scale of BDD nodes in random BDD-MC
experiments.
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Figure 2: Results on reachable states in random BDD-MC experi-
ments.

6. Concluding Remarks

In this paper, we present a new technique to reduce LTL
specifications’ complexity towards symbolic model checking,
namely, CePRe. The novelty in this technique is that the
reduced formula needs not be logically equivalent with
the original one but just preserves the counterexample set.
Moreover, the condition enabling such a reduction can be
usually detected with lightweight approaches, such as SAT-
solving. Hence, this technique could leverage the power of
SAT-solvers.

The central part of CePRe is a set of reduction rules, and
soundness of these reduction rules is fairly easy to check.
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Figure 3: Time overhead in random BDD-MC experiments.
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Figure 4: The scale of clauses in random BMC experiments.

For themodel-dependent rules, additional conditionsmainly
concern the invariants and transitions, and we do not make a
sufficient use of other features, such as fairness. In this paper,
the rules are given by enumerating all possible combinations
of (at most two) temporal operators. Indeed, there might be
some other reduction schemas we are not aware of.

From the experimental results, we can see that in a sta-
tistical perspective, a better performance and lower overhead
can be achieved with CePRe. For the future work, we would
consider how to extend our idea to symbolic model checking
upon rich assertional languages, such as PSL.
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Figure 5: Time overhead in random BMC experiments.
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Figure 6: Experimental results of random PDR-based model
checking.
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Hybrid automaton is a formalmodel for precisely describing a hybrid system inwhich the computational processes interact with the
physical ones.The reachability analysis of the polynomial hybrid automaton is decidable, which makes the Taylor approximation of
a hybrid automaton applicable and valuable. In this paper, we studied the simulation relation among the hybrid automaton and its
Taylor approximation, as well as the approximate equivalence relation. We also proved that the Taylor approximation simulates
its original hybrid automaton, and similar hybrid automata could be compared quantitatively, for example, the approximate
equivalence we proposed in the paper.

1. Introduction

Hybrid automaton is a formal model of a hybrid system
in which computational processes interact with the physical
ones. Similar to other automata, the hybrid one also contains
states and transitions, but it labels and groups all closely
related states as an activity to express continuous behaviour
by a state function; moreover, it also employs functions to
update variable values while transiting from an activity to
another. In short, a hybrid automaton shows the hybrid
behaviour composed of the discrete state transitions and
continuous state evolution.

Most hybrid systems are safety critical applications, which
require guarantees of safe operations; the unwarrantable
configurations must be unreached. Formally, we can validate
these safety properties by reachability analysis, for example,
the forward or backward iteration with initial conditions,
activities, and so on. However, for most types of hybrid
automata, the computation of the iteration may not halt
and then leads to an undecidable reachability analysis.
Luckily, there exists one type of hybrid automaton called
the polynomial hybrid automaton; its reachability analysis
is proved decidable. Then it is very valuable to construct an

approximate polynomial hybrid automaton of a common
one. In [1], the authors build the polynomial one in terms of
Taylor theory.

In this paper, we study the relation of the hybrid automa-
ton and its Taylor approximation in terms of the semantic
models, for example, how different similar automata behave,
and then the quantitative comparison of the automata. We
find that the automaton and its approximation show a
simulation relation; furthermore, fortunately, we propose a
quantitative equivalence of similar hybrid automata in terms
of simulation. To our knowledge, there seems no work done
for this.

1.1. Related Works. The hybrid automaton was introduced
in [2, 3] with analysis for the linear and nonlinear one and
some simple examples, and, in [4], the authors focus on
its verification aspect. There are many works on verification
and analysis of hybrid automata; [2, 4–6] studied the model
checking of hybrid automata; [2, 3, 7] performed reachability
analysis; [8, 9] showed some achievements of probabilistic
hybrid automata; [10] studied the hybrid automata by a
domain-theoretic semantics.
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The behavior of hybrid system is so complex that the
approximation of the system is necessary in most of applica-
tions. In [2], authors found the reachability of the multirated
simple hybrid automata is decidable. Several papers (see, e.g.,
[1, 2, 7, 11, 12]) tried to classify hybrid automata, for example,
a specific type of automaton satisfies the properties if its
approximation holds the same ones. Other papers (see, e.g.,
[13–15]) were concerned with the way of analyzing classes of
hybrid systems for which the strategy previously described
does not work.

In [1], the authors approximated syntactically an automa-
ton𝐻 with Approx(𝐻, 𝑘) in terms of Taylor theory and then
studied also how close the behaviors of𝐻 and Approx(𝐻, 𝑘)
are. However, they missed the relation between 𝐻 and
Approx(𝐻, 𝑘) in a behaviour view, nevertheless, the quanti-
tative equivalence based on the relation was not considered
either.

1.2. Organization of the Paper. The paper is organized as fol-
lows: in Section 2 we recall the definition of hybrid automata
and their Taylor approximations; in Section 3 we study the
simulation and approximation and then prove a hybrid
automaton being simulated by its Taylor approximation; in
Section 4 we propose a Taylor 𝑘-relation and then prove this
relation is an equivalence; we concluded in Section 5.

2. Taylor Approximation of Hybrid System

Let us show the formal definition of a hybrid automaton.

Definition 1. A hybrid automaton 𝐻 is a tuple ( ⃗𝑥, 𝜙init, 𝑄,
𝑞
0
, Σ, 𝑇,Act,Event).

(i) ⃗𝑥 = (𝑥
1
, . . . , 𝑥

𝑛
) is vector of real variables.

(ii) 𝜙init ∈ Φ((𝑥1, . . . , 𝑥𝑛)) is initial condition.
(iii) 𝑄 is finite set of states.
(iv) 𝑞
0
∈ 𝑄 is the initial state.

(v) Σ is a set of events symbol.
(vi) Act 𝑄 → Φ((𝑥

1
, . . . , 𝑡, 𝑥



1
, . . . , 𝑥



𝑛
)) is the activity

function assigning to each state 𝑞 a formula Act(𝑞).
The variable 𝑡 represents time elapsing.

(vii) 𝑇 ⊂ 𝑄 × Φ((𝑥
1
, . . . , 𝑥

𝑛
, 𝑡, 𝑥


1
, . . . , 𝑥



𝑛
)) × 𝑄 is a set of

transitions. Variables 𝑥
1
, . . . , 𝑥



𝑛
represent the new

values taken by the variables 𝑥
1
, . . . , 𝑥

𝑛
after the

transition: 𝑇 = 𝑇
𝑓
∪ 𝑇
𝑗
:

(a) 𝑇
𝑓
⊂ 𝑞 × Act(𝑞) × 𝑞, that 𝑞 ∈ 𝑄,

(b) 𝑇
𝑗
⊂ 𝑄 × Φ((𝑥

1
, . . . , 𝑥

𝑛
, 0, 𝑥


1
, . . . , 𝑥



𝑛
)) × 𝑄.

(viii) Event 𝑇 → Σ is event mapping function attaching
each transition an event name.

There are many similar definitions of hybrid automata,
such as ones in [2, 3]. Generally, the hybrid automata
behave in two ways, namely, an internal flow and state jump
transition. The flow is a stutter at states which shows the
continuous behavior of a hybrid automaton, for example,

a variation that does not involve states switching but updates
value of variables only. In contrast, jump transition always
switches states. Let 𝑞, 𝑞 ∈ 𝑄, 𝛼 ∈ Σ, and 𝑡 ∈ 𝑅 be time
elapsing. We denote the flow as below:

𝑞

𝑡

→ 𝑞 (1)

and jump

𝑞

𝛼

→ 𝑞

. (2)

The basic way of analyzing a hybrid automaton is reach-
ability analysis, which involves computing the forward or
backward reachable regions of a hybrid automaton from
initial conditions recursively [1, 2]. However, in most cases,
the computing failed because of the nondecidability of the
reachabilty analysis.

There are many aspects that can be adopted to classify
the hybrid automata; one of them concerns the mathematical
expressions; for example, a hybrid automaton is a polynomial
hybrid automaton if and only if 𝜙init is a polynomial formula;
for each state 𝑞, Act(𝑞) is a polynomial formula, and for each
transition (𝑞, 𝜙, 𝑞


), 𝜙 is a polynomial formula. Researchers

and engineers try their best to find the polynomial hybrid
automaton, or even an approximated one, of a real system,
because the problem of reachability in 𝑛 steps for polynomial
hybrid automata is decidable [16, 17].

It is clear that the most types of hybrid automata do
not belong to the polynomial ones; then it is valuable to
study a polynomial approximation of a hybrid automaton.
Ruggero Lanotte and Simone Tini proposed polynomial
approximation of a generic hybrid automaton in [1] in
terms of Taylor approximation theory. The following is the
definition of Taylor approximation of a hybrid automaton𝐻.

Definition 2. Let 𝐻 be a hybrid automaton; all func-
tions appearing in its formulae Φ are derivable 𝑘 + 1

times. The approximation of rank 𝑘 for 𝐻 = ( ⃗𝑥,

𝜙init, 𝑄, 𝑞0, Σ, 𝑇,Act,Event) is the polynomial hybrid automa-
ton Approx(𝐻, 𝑘) = ( ⃗𝑥, 𝜙init𝑘 , 𝑄


, 𝑞


0
, Σ, 𝑇
𝑘
,Act
𝑘
,Event).

(i) Each formula in 𝜙init𝑘 , 𝑇𝑘, and Act
𝑘
is derived from 𝜙

by replacing each nonpolynomial subformula 𝑓( ⃗𝑦) ∼

𝑐 in 𝜙 with

𝑝
𝑘
(𝑓, ⃗𝑦) − 𝑅

𝑘
(𝑓, ⃗𝑦, 𝜙) ∼ 𝑐, if 𝑅𝑘 (𝑓, ⃗𝑦, 𝜙) ̸=∞;

true, if 𝑅𝑘 (𝑓, ⃗𝑦, 𝜙) = ∞,

(3)

where ⃗𝑦 stays for either ⃗𝑥, if 𝜙 is 𝜙init, or ( ⃗𝑥, ⃗𝑥

), if 𝜙 is a

transition label, or ( ⃗𝑥, 𝑡, ⃗𝑥

), if𝜙 is an activity function.

(ii) 𝑄 is constructed by one-to-one mapping 𝑀, which
maps 𝑄 to 𝑄, 𝑞

0
= 𝑀(𝑞

0
).

(iii) 𝑇
𝑘
= {(𝑞
1𝑘
, 𝜙
𝑘
, 𝑞
2𝑘
) | 𝑞
1𝑘
= 𝑀(𝑞

1
) ∧ 𝑞
2𝑘
= 𝑀(𝑞

2
) ∧

(𝑞
1
, 𝜙, 𝑞
2
) ∈ 𝑇}.

(iv) Act
𝑘
= {(𝑞
𝑘
, 𝜙
𝑘
) | 𝑞
𝑘
= 𝑀(𝑞) ∧ (𝑞, 𝜙) ∈ Act}.

(v) Event = {(𝑡
𝑘
, 𝛼)} that (𝑡, 𝛼) ∈ Event with 𝑡 ∈ 𝑇 ∧ 𝑡

𝑘
∈

𝑇
𝑘
∧ 𝛼 ∈ Σ and 𝑡 corresponds to 𝑡

𝑘
.
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In [1], the authors also proved that given any hybrid
automaton 𝐻 and 𝑘 ∈ N, the polynomial hybrid automaton
Approx(𝐻, 𝑘) is an approximation of𝐻.

We study the relations between generic hybrid automata
and their Taylor approximations.

3. The Simulation of a Hybrid Automaton and
Its Approximation

The behavior is one of the most important concepts in
formal methods, which shows a way of analyzing a formal
system dynamically. The behavior analysis is also seen as the
base of comparing formal systems. Formally, the behavior is
composed of traces of sequences of states, which exhibits the
system run. We study the relation between hybrid automata
by their behaviors.

There are two kinds of hybrid system run, namely, flow
and jump, which interleave and interact. Starting from initial
condition, the hybrid automaton shows state sequence, which
we called trace. Similar to the discrete systems, the simplest
comparison of hybrid automata is a trace equivalent, for
example, whether hybrid automata own the same trace set.
However, the trace equivalence is not an accurate way of
comparison; it cannot distinguish different behaviors under
the branching semantics. The hybrid system is composed of
computational processes interacting with physical processes;
it rejects the simple comparison which may hide the key
information. In contrast, simulation relation checks each
state in each trace starting from the initial; it is considered
that simulation is more accurate for the complex branching
semantics.

Definition 3. Let 𝐻
1
= ( ⃗𝑥, 𝜙init1 , 𝑄1, 𝑞01 , Σ, 𝑇1,Act1,Event1)

and 𝐻
2

= ( ⃗𝑥, 𝜙init2 , 𝑄2, 𝑞02 , Σ, 𝑇2,Act2,Event2) be hybrid
automata with the same event symbols. The binary relation
≻⊆ 𝑄
1
× 𝑄
2
is a simulation of 𝐻

2
by 𝐻
1
if the following two

conditions hold.

(i) For each state 𝑞
1
∈ 𝑄
1
, 𝑞
2
∈ 𝑄
2
, and 𝑡 ∈ 𝑅 being time

elapsing, if 𝑞
1
⪯ 𝑞
2
and 𝑞

1

𝑡

→
1
𝑞
1
, then there exists a

state 𝑞
2
such that 𝑞

2

𝑡

→
2
𝑞


2
and 𝑞
1
⪯ 𝑞


2
.

(ii) For each state 𝑞
1
∈ 𝑄
1
, 𝑞
2
∈ 𝑄
2
, and 𝛼 ∈ Σ, if 𝑞

1
⪯

𝑞
2
and 𝑞

1

𝛼

→
1
𝑞
1
, then there exists a state 𝑞

2
such that

𝑞
2

𝛼

→
2
𝑞


2
and 𝑞
1
⪯ 𝑞


2
.

(iii) For initial state 𝑞
02
and for state 𝑞

1
∈ 𝑄
1
, if 𝑞
1
⪯ 𝑞
02
,

then 𝑠
1
= 𝑞
01
.

We denote𝐻
1
is simulated by𝐻

2
as𝐻
1
⪯ 𝐻
2
for short.

Definition 3 shows a qualitative relation that the hybrid
automaton 𝐻

2
simulates 𝐻

1
. Because the hybrid systems

are so complex that it is not easy to be analyzed directly,
it is a common way of computing the reachability of the
approximation. Let us define the approximation of a hybrid
automaton formally; the following definition is from [1].

Definition 4. A hybrid automaton𝐻 is an approximation of
a hybrid automaton𝐻 if𝐻 is obtained from𝐻 by replacing
each formula 𝜙 with a formula 𝜙 such that ⟦𝜙⟧ ⊆ ⟦𝜙⟧.

The operator ⟦⟧ maps a formula to its satisfied value
set, and it is proved in [1] that the Approx(𝐻, 𝑘) is the
approximation of a hybrid automaton𝐻.

The Taylor approximation is one of the most useful and
applicable approximation of a hybrid automaton. Although
the Taylor approximation has been proposed for several
years, the relation between the approximation and hybrid
automaton is not well studied. It is interesting to check the
simulation relation between an automaton and its Taylor
approximation. We show this as a theorem.

Theorem 5. A hybrid automaton is simulated by its Taylor
approximation, for example, for a hybrid automaton 𝐻, 𝐻 ⪯

𝐴𝑝𝑝𝑟𝑜𝑥(𝐻, 𝑘).

Proof. Suppose 𝐻 = ( ⃗𝑥, 𝜙init, 𝑄, 𝑞0, Σ, 𝑇,Act,Event) is a
hybrid automaton and Approx(𝐻, 𝑘) = ( ⃗𝑥, 𝜙init𝑘 , 𝑄


, 𝑞


0
, Σ,

𝑇
𝑘
,Act
𝑘
,Event) its Taylor approximation. Let 𝑞 ∈ 𝑄 and

𝑞

∈ 𝑄
; 𝑞 and 𝑞 have relation 𝑅, for example, 𝑞𝑅𝑞; we prove

𝑅 is a simulation relation.

Case 1 (𝑞 𝛼→ 𝑞
1
that 𝛼 ∈ Σ be an event). According to

Definition 2,𝑄 is constructed by a one-to-onemapping from
𝑄; for example, ∃𝑞

𝑘
, 𝑞
1𝑘
∈ 𝑄
 that 𝑞

𝑘
= 𝑀(𝑞), 𝑞

1𝑘
= 𝑀(𝑞

1
),

and 𝑞
𝑘

𝛼

→ 𝑞
1𝑘
.

Case 2 (𝑞 𝑡→ 𝑞 that 𝑡 ∈ 𝑅 be time elapsing). According to
Definition 2, ∃𝑞

𝑘
∈ 𝑄
 that 𝑞

𝑘
= 𝑀(𝑞), Act

𝑘
(𝑞
𝑘
) = 𝜙

𝑘
, and

Act(𝑞) = 𝜙. Then according to Definition 4, we have ⟦𝜙⟧ ⊆

⟦𝜙
𝑘
⟧. Let ⃗𝑢 = (𝑢

1
, . . . , 𝑡

0
, 𝑢


1
, . . . , 𝑢



𝑛
) and ⃗𝑢 = (𝑢

1
, . . . , 𝑡

0
+

𝑡, 𝑢


1
, . . . , 𝑢



𝑛
) be two values that satisfy Act(𝑞) at moments 𝑡

0

and 𝑡
0
+ 𝑡 separately; then 𝑡 is a time duration; for example,

we formally express this as ⃗𝑢 = (𝑢
1
, . . . , 𝑡

0
, 𝑢


1
, . . . , 𝑢



𝑛
), ⃗𝑢 =

(𝑢
1
, . . . , 𝑡

0
+ 𝑡, 𝑢


1
, . . . , 𝑢



𝑛
) ∈ ⟦𝜙⟧. Because we have known that

⟦𝜙⟧ ⊆ ⟦𝜙
𝑘
⟧, then ⃗𝑢 = (𝑢

1
, . . . , 𝑡

0
, 𝑢


1
, . . . , 𝑢



𝑛
), ⃗𝑢 = (𝑢

1
, . . . , 𝑡

0
+

𝑡, 𝑢


1
, . . . , 𝑢



𝑛
) ∈ ⟦𝜙

𝑘
⟧; for example, we get 𝑞

𝑘

𝑡

→ 𝑞
𝑘
.

Case 3 (𝑞
0𝑘

= 𝑀(𝑞
0
) in terms of Definition 2). Then

Theorem 5 is proved.

From now on, we know that the Taylor approximation
simulates its original hybrid automaton; for example, the
behavior of the hybrid automaton is preserved by its Taylor
approximation totally. Although there might be “granularity”
problems while checking the safety related properties, the
approximation provides a very applicable way. Moreover,
Theorem 5 could be extended to all types of approximations.

4. Approximate Equivalence Relation

Theorem 5 shows a relation between simulation and approxi-
mation. Since approximation of a hybrid automaton is always
quantifiable, we can study a quantified simulation relation
indirectly.
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Two hybrid automata could be almost the same although
their formulaemay be different; for example, events are same;
formula owns the same Taylor expansion regardless of their
remainder. We call this relation Taylor 𝑘-related; 𝑘 is the rank
of this relevancy that shows that all formulae are derivable 𝑘+
1 times. We can construct an upper bound in terms of upper
bounds of remainders of two Taylor related hybrid automata
and then construct a hybrid automaton that simulates both
two systems.

Theorem 6. The Taylor 𝑘-related hybrid automata are simu-
lated by the same hybrid automaton.

Proof. Suppose 𝐻
𝑖
= ( ⃗𝑥, 𝜙init𝑖 , 𝑄𝑖, 𝑞0𝑖 , Σ, 𝑇𝑖,Act𝑖,Event𝑖) with

𝑖 = {1, 2};𝐻
1
and𝐻

2
are Taylor 𝑘-related.

We can construct the Taylor approximation of each
hybrid automaton, Approx(𝐻

𝑖
, 𝑘). According to Theorem 5,

𝐻
𝑖
⪯ Approx(𝐻

𝑖
, 𝑘). Let Φ

𝑖
be the formulae set of𝐻

𝑖
andΦ

𝑖𝑘

the set of Approx(𝐻
𝑖
, 𝑘); then according to Definition 2, for

each 𝜙
𝑖
∈ Φ
𝑖
and 𝜙

𝑖𝑘
∈ Φ
𝑖𝑘
, we have

𝜙
𝑖𝑘
=

{
{
{
{

{
{
{
{

{

𝑃
𝑘

𝑖
(𝑓
𝑖
, 𝑦
𝑖
) − 𝑅
𝑘

𝑖
(𝑓
𝑖
, 𝑦
𝑖
, 𝜙
𝑖
) ∼ 𝑐,

if 𝑅𝑘
𝑖
(𝑓
𝑖
, 𝑦
𝑖
, 𝜙
𝑖
) ̸=∞;

true,
if 𝑅𝑘
𝑖
(𝑓
𝑖
, 𝑦
𝑖
, 𝜙
𝑖
) = ∞.

(4)

Because 𝐻
1

and 𝐻
2

are Taylor 𝑘-related, then
𝑃 = 𝑃

𝑘

1
(𝑓
1
, 𝑦
1
) = 𝑃

𝑘

2
(𝑓
2
, 𝑦
2
) and Event

1
((𝑞
1
, 𝜙
1
, 𝑞


1
)) =

Event
2
((𝑞
2
, 𝜙
2
, 𝑞


2
)) with 𝜙

𝑖
∈ Φ
𝑖
.

Now we construct the hybrid automaton𝐻 = ( ⃗𝑥, 𝜙init, 𝑄,
𝑞
0
, Σ, 𝑇,Act,Event) with

𝜙
𝑖
= {

𝑃
𝑘
(𝑓, 𝑦) − 𝑅 ∼ 𝑐, if 𝑅𝑘

𝑖
(𝑓
𝑖
, 𝑦
𝑖
, 𝜙
𝑖
) ̸=∞;

true, if 𝑅𝑘
𝑖
(𝑓
𝑖
, 𝑦
𝑖
, 𝜙
𝑖
) = ∞.

(5)

𝑅 is an upper bound of 𝑅𝑘
1
(𝑓
1
, 𝑦
1
, 𝜙
1
) and 𝑅𝑘

2
(𝑓
2
, 𝑦
2
, 𝜙
2
) that

∀ ⃗𝑢 ∈ ⟦𝑅
𝑘

1
(𝑓
1
, 𝑦
1
, 𝜙
1
)⟧ ∪ ⟦𝑅

𝑘

2
(𝑓
2
, 𝑦
2
, 𝜙
2
)⟧ and ⃗𝑢 ∈ ⟦𝑅⟧, and

Event((𝑞, 𝜙, 𝑞)) = Event((𝑞
1
, 𝜙
1
, 𝑞


1
)).

We prove𝐻 is an approximation of𝐻
𝑖
; for example, prove

that ⟦𝜙
𝑖
⟧ ⊆ ⟦𝜙⟧ for any formula 𝜙. We have assumed that

∼ is in {<, ≤}. Let us begin with the base case where 𝜙
𝑖
=

𝑃
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑦
𝑖
) − 𝑅
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑦
𝑖
, 𝜙
𝑖
) ∼ 𝑐 and 𝜙 = 𝑃 − 𝑅 ∼ 𝑐.

Let ⃗𝑢 be a vector such that ⃗𝑢 ∈ ⟦𝜙
𝑖
⟧; that is, 𝑓

𝑖
( ⃗𝑢) ∼ 𝑐. Let

𝑟
𝑘

𝑖
(𝑓, ⃗𝑢, ⃗0) be Lagrange remainder of 𝜙

𝑖
; for example,

𝑟
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0) = ∑

𝑗1+⋅⋅⋅+𝑗𝑛=𝑘+1

((𝐷
𝑗1

1
⋅ ⋅ ⋅ 𝐷
𝑗𝑛

𝑛
𝑓) ( ⃗0)) ⋅ 𝑢

𝑗1

1
⋅ ⋅ ⋅ 𝑢
𝑗𝑛

𝑛

𝑗
1
! ⋅ ⋅ ⋅ 𝑗
𝑛
!

.

(6)

According to Definition 2, 𝑟𝑘
𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0) ∈ [−𝑅

𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, 𝜙
𝑖
),

𝑅
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, 𝜙
𝑖
)]. By previous analysis, there exists some remain-

der 𝑟𝑘(𝑓, ⃗𝑢, ⃗0) ∈ [−𝑅, 𝑅]. Therefore,

( ⃗𝑢, 𝑟
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0)) ∈ ⟦𝑃 + 𝑒 ∼ 𝑐 ∧ 𝑒 ∈ [−𝑅, 𝑅]⟧ (7)

which is equivalent to

( ⃗𝑢, 𝑟
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0)) ∈ ⟦𝑒 ∼ 𝑐 − 𝑃 ∧ 𝑒 ∈ [−𝑅, 𝑅]⟧ . (8)

x = M
Off

x

= −Kx

x, x

∈ [m,M]

x = m ∧ x

− x = 0

x = M∧ x

− x = 0

On

x, x

∈ [m,M]

x

= K(h − x)

Figure 1: Hybrid automaton for a thermostat.

Since 𝑒 ≥ −𝑅 and ∼∈ {≤, <}, the last equation above implies

( ⃗𝑢, 𝑟
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0)) ∈ ⟦−𝑅 ∼ 𝑐 − 𝑃 ∧ 𝑒 ∈ [−𝑅, 𝑅]⟧ (9)

which is equivalent to

( ⃗𝑢, 𝑟
𝑘

𝑖
(𝑓
𝑖
, ⃗𝑢, ⃗0)) ∈ ⟦𝑃 − 𝑅 ∼ 𝑐 ∧ 𝑒 ∈ [−𝑅, 𝑅]⟧ , (10)

which implies that ⃗𝑢 ∈ ⟦𝜙⟧.
Then let us consider the cases of formulae composition,

for example, formulae connected with ∧ or/and ∨. Let us
consider the inductive step 𝜙

𝑖
≡ 𝜙
𝑖1
∨ 𝜙
𝑖2
. It holds that 𝜙 ≡

𝜙
1
∨𝜙
2
. By the inductive hypothesis, ⟦𝜙

𝑖1
⟧ ⊆ ⟦𝜙

1
⟧ and ⟦𝜙

𝑖2
⟧ ⊆

⟦𝜙
2
⟧. Hence, ⟦𝜙

𝑖
⟧ = ⟦𝜙

𝑖1
⟧ ∪ ⟦𝜙

𝑖2
⟧ ⊆ ⟦𝜙

1
⟧ ∪ ⟦𝜙

2
⟧ = ⟦𝜙⟧. The

case of ∧ is similar and not shown here.
Then we proved that ⟦𝜙

𝑖
⟧ ⊆ ⟦𝜙⟧; for example, 𝐻 is an

approximation of𝐻
𝑖
. According toTheorem 5,𝐻 simulate𝐻

𝑖
.

ThenTheorem 6 is proved.

We call the Taylor approximation of Taylor 𝑘-related
hybrid automataTaylor related approximation. It is easy to see
that the Taylor related relation is an equivalence, for example,
a relation satisfying reflexive, transitive and symmetry.

Theorem 7. The Taylor related approximation is an approxi-
mate equivalence, which is denoted as ≍

𝑘
with 𝑘 being the rank

of relevancy.

Then finally we propose a quantified approximate equiv-
alence.

We can compare two similar hybrid systems by their
Taylor approximation, for example, a quantitative compari-
son that 𝑘 shows the degree of the similarity. Let us study a
thermostat that is described in [2]; the temperature of a room
is controlled by a thermostat which continuously senses the
temperature and turns a heater on and off. When the heater
is off, the temperature describes in terms of the function
𝑥(𝑡) = 𝜃𝑒

−𝐾𝑡; when the heater is on, the temperature follows
𝑥(𝑡) = 𝜃𝑒

−𝐾𝑡
+ ℎ(1 − 𝑒

−𝐾𝑡
), where ℎ and 𝐾 are constants. We

can express the thermostat formally in Figure 1.
According to Theorem 5, we can construct its approx-

imation (see Figure 3 in [1]); the thermostat is simu-
lated by its approximation; for example, let the hybrid
automaton of thermostat be denoted as 𝐻 and let its
approximate be Approx(𝐻, 3); then 𝐻 ⪯ Approx(𝐻, 3).
Furthermore, in terms of Theorem 7, it is easy to know
that 𝐻≍

3
Approx(𝐻, 3).

5. Conclusion

In this paper, we studied the simulation relation among
the hybrid automata and their Taylor approximations and
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then proposed an approximate equivalence relation. The
simulation relation discovers how a Taylor approximation
confirms to its original hybrid automaton; meanwhile, the
equivalence explores the degree of similarity of similar
automata quantitatively. In future, we plan studying the
bisimulation of the automata and approximations in two
ways, a more accurate approximation theory and metric
semantics of hybrid automata.
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To deal with the problem of resource integration and optimal scheduling in cloud manufacturing, based on the analyzation of
the existing literatures, multitask oriented virtual resource integration and optimal scheduling problem is presented from the
perspective of global optimization based on the consideration of sharing and correlation among virtual resources. The correlation
models of virtual resources in a task and among tasks are established. According to the correlation model and characteristics of
resource sharing, the formulation in which resource time-sharing scheduling strategy is employed is put forward, and then the
formulation is simplified to solve the problem easily.The genetic algorithm based on the real number matrix encoding is proposed.
And crossover and mutation operation rules are designed for the real number matrix. Meanwhile, the evaluation function with the
punishment mechanism and the selection strategy with pressure factor are adopted so as to approach the optimal solution more
quickly. The experimental results show that the proposed model and method are feasible and effective both in situation of enough
resources and limited resources in case of a large number of tasks.

1. Introduction

Cloud manufacturing is a typical model of service-oriented
manufacturing [1]; its core idea is to form the pool of
cloud manufacturing resource based on the virtualization for
manufacturing resources and servitization formanufacturing
capacity through the integration of new technologies such
as cloud computing and IoT and then provide various
manufacturing services which can be obtained anytime, used
on demand, safe and reliable, of high-quality, and of low-cost
for the full life-cycle manufacturing process, and finally to
achieve customers,manufacturers, and providers value added
jointly [2, 3].

In cloud manufacturing service system, based on cloud
manufacturing service platform, manufacturing enterprises
can integrate a large number of personalized requirements
to form clustering requirements and can form a dynamic
entity named cloud enterprise [4] according to dynamic
configuration of clustering requirements and integration of
virtual manufacturing resources from the pool of cloud

manufacturing resources. The cloud enterprise can provide
products or services on demand and finally can satisfy
personalized requirements through the optimal scheduling
of virtual resources and the mapping of virtual resources and
real resources.

After receiving customers’ requirements, cloud manufac-
turing enterprise usually fulfills through several steps: (1) task
classification; (2) task decomposition; (3) resource allocation;
(4) resource optimal scheduling; (5) task execution and
services feedback evaluation. A large number of existing
literatures are based on single task [5–8]; however, tasks are
received continuously in reality. If the method for single task
problem is used to solve multitask problem, there would be
some following shortages that the scheduling result makes
every single task optimized butmight not be the best in global
view.

(1) Ifmultiple tasks are scheduled one by one adopting the
existing single task oriented scheduling method simply, we
should sort tasks using typical strategy (e.g., first-come-first-
service, task priority marked, etc.) firstly and then configure
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optimal schedule resources for each task in turn. This makes
the optimization goal that the configuration and optimal
scheduling of resources only meet the current task each time.
The problem is that if the key resources can meet lots of
tasks, but only used in the priority task, this will lead to the
optimization for multiple tasks from a global perspective that
cannot be achieved. Even though the literature [9] optimized
the problem from the global view, it did not consider the
relationship of resources which would be emphasized in this
paper.

(2)Only the exclusivity of resources is considered, and the
sharing of resources is not taken into account in a scheduling
process. The exclusivity of resources means that if a resource
is occupied or used, it cannot be used by other tasks at the
same time. In the related literatures of service computing
and/or cloud computing [9, 10], the exclusivity of resources
means that a resource is used only once in a scheduling
process, no matter how many tasks are in a scheduling
process. And also the exclusivity of resources is a typical
characteristic of resources scheduling in service computing
and/or cloud computing environment, because the unit of
time for a scheduling is usually seconds or evenmilliseconds,
microseconds [11, 12]. However, in cloud manufacturing
environment, the unit of time for resources scheduling is
usually days or weeks, so in order to enhance the resources
utilization, resources should be considered to reuse in other
tasks when resources are free in a multiple tasks scheduling
process. In this paper, we call the time division sharing of
resources.

(3) The optimal scheduling did not consider the corre-
lation of resources. Resource scheduling, service selection,
discovery, and composition in the literatures are based on
the features of resources and/or services [13–15]. However,
in fact, there are correlations among resources, particularly
resources were used in tasks. Normally, for example, two
consecutive subtasks in a task performed by resources of
the same provider should be more efficient than different
providers. Here, the same provider is the correlation of
resources.

In cloud manufacturing environment, tasks may be
continuous, but, in this paper, we put time into segments
and handle all tasks in a time slot just like planning in
manufacturing enterprises. And then we could optimally
schedule virtual resources at the beginning of a time slot, fully
considering the correlation and sharing of resources, to break
through the limitation of local optimization and to achieve
the overall optimization for multiple tasks.

2. Problem Formulation

Just like service composition and optimal scheduling for
single task, every single task of multiple tasks for optimal
scheduling in cloud manufacturing also should go through
decomposition, production of candidate resource sets, selec-
tion of resources, and selection of execution path. From the
perspective of the execution path of subtasks and candidate

resource sets, tasks will be divided into 3 categories in this
paper.

(1) Different types of tasks: the execution path of subtasks
and corresponding candidate resource sets are totally
different. For example, tasks from logistics enterprises
and tasks from manufacturing enterprises are differ-
ent types.

(2) Same type of tasks: the execution path of subtasks and
corresponding candidate resource sets are totally the
same. For example, multiple tasks from a certain type
of product manufacturing enterprises are the same
type.

(3) Mixed types of tasks: the execution path of subtasks
and corresponding candidate resource sets are partly
the same. For example, multiple tasks from different
types of productmanufacturing enterprises aremixed
types. All the tasks have different manufacturing
processes but require the same cutting process.

Virtual resources integration and optimal scheduling for
different types of tasks could adopt the method of traditional
single task execution because of totally different candidate
resource sets and execution paths. And for mixed types of
tasks, we will study it in the future because of its complexity.
So in this paper, we will focus on the same type of tasks and
study virtual resource integration and optimal scheduling.

2.1. Motivating Example. Before introducing the problem, an
example of manufacturing process of C70E open wagon in
CNR is presented to illustrate the problems that are addressed
in this paper. The task of manufacturing process for C70E
open wagon, denoted by Ta(deliverTime, price), has five sub-
tasks such as wheel processing, hook lock processing, body
processing, assembling, painting, experiment, and delivery.
Assuming the candidate set of virtual resources (VRS) for
each process has three candidate virtual resources (VR), as
shown in Figure 1, the first number of the candidate resource
denotes the processing days and the second number denotes
the cost. For example, the first number “5” of virtual resource
𝑉𝑅
1

1
(5, 700) indicates the processing days and the second

number “700” indicates the cost.
When a cloud manufacturing enterprise received 3 tasks:

{𝑇𝑎
1
(30, 5000), 𝑇𝑎

2
(25, 8000), 𝑇𝑎

3
(15, 10000)}, we can get an

optimal execution path of resource integration {𝑃
1
, 𝑃
2
, 𝑃
3
} to

maximize profitMax∑3
𝑖=1

Profit(𝑃
𝑖
), using traditional heuris-

tic method without considering the sharing and correlation
of resources. However, when the cloud manufacturing enter-
prise receives the fourth task 𝑇𝑎

4
(20, 9000) at the same time,

the tasks could not be fully scheduled without considering
the sharing of resources.The general method is that we could
select 3 tasks {𝑇𝑎

2
, 𝑇𝑎
3
, 𝑇𝑎
4
} from the 4 tasks to maximize

profit. But if we consider the sharing of resources, the cloud
manufacturing enterprise could fully schedule the 4 tasks
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End
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1 (3, 500)
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Figure 1: Manufacturing process of C70E open wagon.

before the deadline of each task. The following is a feasible
solution (maybe not the best solution):

𝑃
1
⟨⟨𝑉𝑅

1

3
, 𝑉𝑅
2

3
, 𝑉𝑅
3

3
⟩ , 𝑉𝑅

4

3
, 𝑉𝑅
5

3
, 𝑉𝑅
6

3
⟩

𝑃
2
⟨⟨𝑉𝑅

1

2
, 𝑉𝑅
2

2
, 𝑉𝑅
3

2
⟩ , 𝑉𝑅

4

2
, 𝑉𝑅
5

2
, 𝑉𝑅
6

2
⟩

𝑃
3
⟨⟨𝑉𝑅

1

1
, 𝑉𝑅
2

1
, 𝑉𝑅
3

1
⟩ , 𝑉𝑅

4

1
, 𝑉𝑅
5

1
, 𝑉𝑅
6

1
⟩

𝑃
4
⟨𝑡
4

wait, ⟨𝑉𝑅
1

1
, 𝑉𝑅
2

1
, 𝑉𝑅
3

1
⟩ , 𝑉𝑅

4

1
, 𝑉𝑅
5

1
, 𝑉𝑅
6

1
⟩ ,

(1)

where 𝑡4wait = MAX(𝑉𝑅1
1
, 𝑉𝑅
2

1
, 𝑉𝑅
3

1
) = 6. The performance

period of tasks is shown in Figure 2.
The feasible solution is that we just delayed starting the

fourth task 𝑇𝑎
4
6 days (𝑡4wait = 6). The feasible solution is

typically considering the time division sharing of resources
(𝑉𝑅1
1
, 𝑉𝑅
2

1
, 𝑉𝑅
3

1
, 𝑉𝑅
4

1
, 𝑉𝑅
5

1
, 𝑉𝑅
6

1
). Obviously, the feasible solu-

tion could be further optimized.
On the other hand, there is correlation among resources

from the manufacturing and service perspective. In this
paper, we divided the correlation of resources into two
categories.

(1) The correlation of resources in a task: we take the first
task 𝑇𝑎

1
, for example, if the selected resources of the

last three subtasks belong to the same provider (𝑉𝑅4
3
⋅

provider = 𝑉𝑅5
3
⋅ provider = 𝑉𝑅6

3
⋅ provider), the cost

of 𝑉𝑅4
3
, 𝑉𝑅
5

3
, 𝑉𝑅
6

3
will be lower than the default cost.

If all of them have 10% off, the cost of execution path
𝑃
1
will decrease from 2000 to 1940.

(2) The correlation of resources among tasks: we take
the feasible solution, for example, the resources
𝑉𝑅
1

1
, 𝑉𝑅
2

1
, 𝑉𝑅
3

1
, 𝑉𝑅
4

1
, 𝑉𝑅
5

1
, 𝑉𝑅
6

1
are used twice, and

then the cost will be reduced per use. Assume that
all of them have 5% off and the cost of path 𝑃

3

will be reduced 150, the same as 𝑃
4
. Finally, the

cost of solution will be reduced by 300 than without
correlation among tasks.

12 16 200

t

186

Ta4

Ta1

Ta2
Ta3

Figure 2: Multitask performance period.

So, the sharing and correlation of resources are fully
considered to realize virtual resource integration and optimal
scheduling for multitask in this paper.

2.2. Problem Formulation

2.2.1. Resource Correlation Modelling. For the correlation in
a task, we use ontology to describe virtual resources firstly.
The virtual resource model can be defined as a 3-tuple:
VR(TRAS, CRAS, OAS), where TRAS denotes time related
attributes of virtual resources, for example, capacity and
resource provider. CRAS denotes cost related attributes of
virtual resources, for example, resource provider and the
location of corresponding resources. OAS denotes the other
attributes, for example, the size of corresponding resources.
In this paper, we realize virtual resources integration and
optimal scheduling for multitask from two aspects: time and
cost. For the other attributes such as the reliability of virtual
resources, we could also handle using the proposed method.

Secondly, we canmodel the correlation of resources based
on the virtual resource model. We take the cost of virtual
resources C(VR) as an example to model the correlation
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of resources in a task, and the same as the time of virtual
resources T(VR):

𝐶 (𝑉𝑅) = {default : Value
0
; 𝑔
1
(𝑉𝑅𝑆.selected.𝐶𝑅𝐴) :

Value
1
; 𝑔
2
(𝑉𝑅𝑆.selected.𝐶𝑅𝐴) :

Value
2
; . . .} ,

(2)

where Value
0
denotes the default value without considering

the correlation and 𝑉𝑅𝑆 denotes the other candidate virtual
resource sets in which the virtual resource𝑉𝑅 is not included.
𝐶𝑅𝐴 denotes the cost related attributes; the Boolean function
𝑔 is the correlation function of resources.Therefore, 𝑔

1
(𝑉𝑅𝑆 ⋅

selected⋅𝐶𝑅𝐴) : Value
1
denotes that if the𝐶𝑅𝐴 of the selected

resource in the 𝑉𝑅𝑆makes the Boolean function 𝑔
1
true, the

value of the 𝐶(𝑉𝑅) will be Value
1
. Obviously, the Boolean

function 𝑔 has recursive operations; we only use NOT and
AND operations as follows:

𝑔
𝑖
() = 𝑔

𝑗
(), 𝑖 ̸= 𝑗;

𝑔
𝑖
() = 𝑔

𝑗
()&&𝑔

𝑘
() , 𝑖 ̸= 𝑗 ̸= 𝑘.

(3)

For the OR and XOR operations, we can use NOT and
AND operations to realize. And NOT operation is prior to
AND operation. If there are multiple correlation functions to
meet at the same time, the value of the 𝐶(𝑉𝑅)will be selected
as the minimized value because the smaller the cost is the
better. For other cases, such as reliability, it is the bigger the
better.

Therefore, in this paper, the calculation model for time
and cost based on resource correlation in a task is as follows:

𝑇 (𝑉𝑅) = Min {Value
0
,Value

𝑖
} , where 𝑔

𝑖
() = true. (4)

𝐶 (𝑉𝑅) = Min {Value
0
,Value

𝑖
} , where 𝑔

𝑖
() = true; (5)

We will take a detailed example to illustrate the correla-
tion of resources in a task. We still take the cost of 𝑉𝑅4

3
in the

feasible solution 𝑃
1
as an example to model the correlation.

Firstly, we build the ontology description model of 𝑉𝑅4
3
as

follows: 𝑉𝑅4
3
({⋅ ⋅ ⋅ }, {𝐶𝑁𝑅,𝑄𝑖𝑄𝑖𝐻𝑎𝑒𝑟, . . .}, {⋅ ⋅ ⋅ }), where the

first set is TRAS, and the third set is OAS. The second set is
the value of CRAS; that is to say the provider of 𝑉𝑅4

3
is CNR,

and the location is QiQiHaer. Then, we can build the cost
calculation model 𝐶(𝑉𝑅4

3
) as follows:

𝐶 (𝑉𝑅
4

3
) = {default : 300;

𝑉𝑅𝑆
5
.selected.provider = 𝐶𝑁𝑅 : 285;

𝑉𝑅𝑆
5
.selected.provider

= 𝐶𝑁𝑅 && 𝑉𝑅𝑆6.selected.provider

= 𝐶𝑁𝑅 : 270; 𝑉𝑅𝑆
5
.selected.location

= 𝑄𝑖𝑄𝑖𝐻𝑎𝑒𝑟 : 295 . . .} .

(6)

In the abovemodel, the default cost of using𝑉𝑅4
3
is 300. If

the provider of the selected resources of𝑉𝑅𝑆5 corresponding
to the fifth subtask is also CNR, the cost of using 𝑉𝑅4

3
will

be 285. And further, if the provider of the sixth subtask is
also CNR, the cost of using 𝑉𝑅4

3
will be 270. If the location

of the selected resources of 𝑉𝑅𝑆5 corresponding to the fifth
subtask is QiQiHaer, the cost of using 𝑉𝑅4

3
will be 295.

Obviously, if the provider of the fifth subtask is the same as
the sixth subtask and also is theCNR, the second and the third
correlation functions in the above model are met at the same
time. According to the features of cost, the minimized value
270 (the third correlation function) will be selected.

For the correlation among tasks, we also take the cost
of virtual resources 𝐶(𝑉𝑅) as an example to model the
correlation of resources among tasks, and the same as the time
of virtual resources 𝑇(𝑉𝑅):

𝐶 (𝑉𝑅) = {default : defaultValue;

correlationFunc
1
(DefaultValue) : Value

1
;

correlationFunc
2
(DefaultValue) : Value

2
; . . .} ,

(7)

where DefaultValue is calculated by formula (5).
correlationFunc

1
(DefaultValue) : Value

1
denotes that if

the selected resources in a scheduling process satisfy the
correlation function correlationFunc

1
, the value of the𝐶(𝑉𝑅)

will be Value
1
. For example, the cost per use may be reduced

according to the increased times of use. And then, we can
simply define the correlationFunc

1
as follows:

correlationFunc
1
= DefaultValue ∗ Dec(𝑉𝑅)Num(𝑉𝑅)−1,

(8)

where Num(𝑉𝑅) is the times of using 𝑉𝑅 and Dec(𝑉𝑅)
denotes cost decay rate.

Again, in this paper, the calculation model for time and
cost based on resource correlation among tasks is as follows:

𝑇 (𝑉𝑅) = Min {Value
0
,Value

𝑖
} ,

𝐶 (𝑉𝑅) = Min {Value
0
,Value

𝑖
} .

(9)

2.2.2. Problem Formulation. Taking account of all the above
features, we give the problem description as follows.

Let 𝑇𝑎 = {𝑇𝑎
1
, 𝑇𝑎
2
, . . . , 𝑇𝑎

𝑛
} denote the same type

of tasks which the cloud manufacturing enterprise receives
within a period of time. Each task has corresponding bid
price {Price

1
,Price

2
, . . . ,Price

𝑛
}. Let {𝑇

1
, 𝑇
2
, . . . , 𝑇

𝑛
} denote

the number of days to delivery date for each task. And each
task can be decomposed to 𝐽 subtasks. Let𝑃 = {𝑃

1
, 𝑃
2
, . . . , 𝑃

𝑚
}

be a feasible solution. Each subtask can be executed by a
resource of the corresponding candidate resource set 𝑉𝑅𝑆𝑖

𝑗
.

And there are 𝐽
𝐾
resources {

1

𝑉𝑅
𝑖

𝑗
,

2

𝑉𝑅
𝑖

𝑗
, . . . ,

𝐾

𝑉𝑅
𝑖

𝑗
} in each
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candidate resource set 𝑉𝑅𝑆𝑖
𝑗
. Then the feasible solution

should be under the following constraints:

𝑚 ≤ 𝑛 (10)

𝑇 (𝑃
𝑖
) ≤ 𝑇 (𝑇𝑎 (𝑃

𝑖
)) (11)

if
𝐾

𝑉𝑅
𝑖

𝑗
[𝑡
1
, 𝑡
2
] ∈ 𝑃
𝑖
,

𝐾

𝑉𝑅
𝑖

𝑗
[𝑡
1
, 𝑡
2
] ∉ ⋃𝑃

𝑝
,

𝑖 ̸= 𝑝; 1 ≤ 𝑝 ≤ 𝑚.

(12)

The constraint (10) means that some tasks may be not
executed. In constraint (11), 𝑇𝑎(𝑃

𝑖
) denotes the task cor-

responding to the feasible solution 𝑃
𝑖
. And constraint (11)

means that all the executed tasks must be finished before
delivery date. Constraints (12) mean that the exclusivity and
sharing are considered for each selected resource. If the

𝐾

𝑉𝑅
𝑖

𝑗

was used by 𝑃
𝑖
in the period of [𝑡

1
, 𝑡
2
], it cannot be used in

any other 𝑃
𝑝
(𝑖 ̸= 𝑝) at the same time, but it can be used in

any other period.
How to evaluate the feasible solution? From the perspec-

tive of cloud manufacturing enterprise, the following objects
should be considered.

(i) The more the profit the better:

MAX
𝑚

∑

𝑖=1

Profit (𝑃
𝑖
) , (13)

where Profit(𝑃
𝑖
) = Price(𝑇𝑎(𝑃

𝑖
)) − 𝐶(𝑃

𝑖
).

(ii) The bigger the number of tasks that can be executed
the better:

MAX (𝑚) . (14)

The above two objects are not necessarily linear relations.
For an extreme example, the profit of a task may be more
than all the other tasks in an enterprise. In reality, it is also
meaningful. For example, a start-up cloud manufacturing
enterprise may reduce some profits to get more customers,
then get more market share, and finally get more profits.

2.3. Model Analysis. Obviously, the problem of multitask
oriented virtual resource integration and optimal schedul-
ing in cloud manufacturing belongs to the multiobjective
optimization problem. Such problems can usually be solved
by Pareto optimal method and can also be transformed to
single objective to solve by weighting method. In this paper,
we transform the multiple objectives to single objective as
follows by linear weighting method:

MAX(𝛼 ∗
𝑚

∑

𝑖=1

Profit (𝑃
𝑖
) + 𝛽 ∗ 𝑚) , (15)

where 𝛼 and 𝛽 are the corresponding weighted parameters
to control the relative significance of each objective, and 𝛼 +
𝛽 = 1. The values will be given according to the target of the
optimization.

In order to reduce the number of variables in the model
and obtain more convenience to solve the problem, we
normalize and handle the Profit(𝑃

𝑖
) as follows:

Profit (𝑃
𝑖
) =

Profit (𝑃
𝑖
) −Min (Profit (𝑃

𝑖
))

Max (Profit (𝑃
𝑖
)) −Min (Profit (𝑃

𝑖
))

. (16)

The variables 𝑋 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
) are given, where 𝑥

𝑖

is Boolean value. If the value of 𝑥
𝑖
is 1, the task 𝑇𝑎

𝑖
will be

executed. Otherwise, the task 𝑇𝑎
𝑖
will not be executed. And

then (15) can be transformed as follows:

MAX(𝛼 ∗
𝑛

∑

𝑖=1

(Profit (𝑇𝑎
𝑖
) ∗ 𝑥
𝑖
) + 𝛽 ∗

𝑛

∑

𝑖=1

𝑥
𝑖
) . (17)

Therefore, (11) can be transformed as follows:
𝑇 (𝑃
𝑖
) ∗ 𝑥
𝑖
≤ 𝑇
𝑖
∗ 𝑥
𝑖
. (18)

In order to simplify (12), it is assumed that we will
schedule tasks in the future period𝑇 and divide𝑇 into several
equal parts. Therefore, in any period 𝑡 ∈ 𝑇, we will give the
Boolean variable 𝑦(𝑖, 𝑗, 𝑘, 𝑡) ⋅ 𝑦(𝑖, 𝑗, 𝑘, 𝑡) which denotes that if
the 𝑘th virtual resource in the candidate resource set 𝑉𝑅𝑆𝑖

𝑗
is

selected to execute the task 𝑇𝑎
𝑖
in the period 𝑡, the variable

𝑦(𝑖, 𝑗, 𝑘, 𝑡)will be true. Otherwise, the variable 𝑦(𝑖, 𝑗, 𝑘, 𝑡)will
be false. And then (12) will be transformed as follows:

𝑛

∑

𝑖=1

𝑦 (𝑖, 𝑗, 𝑘, 𝑡) ≤ 1, ∀𝑡 ∈ 𝑇, 𝑗, 𝑘 fixed. (19)

Meanwhile, the variable 𝑦(𝑖, 𝑗, 𝑘, 𝑡) should satisfy the
following constraint to ensure that a subtask is only executed
by a resource in the period 𝑡:

𝐽𝑘

∑

𝑘=1

𝑦 (𝑖, 𝑗, 𝑘, 𝑡) ≤ 1, ∀𝑡 ∈ 𝑇, 𝑖, 𝑗 fixed. (20)

Therefore, the mathematical formulations for multitask
oriented virtual resource integration and optimal scheduling
in cloud manufacturing are as follows: (17) subject to (18),
(19), (20), and (21). Consider that

𝑥
𝑖
∈ {0, 1} , 1 ≤ 𝑖 ≤ 𝑛. (21)

Apparently, the above problem belongs to NP-hard prob-
lem.

3. Virtual Resource Integration and
Optimal Scheduling

GA is a population-based stochastic optimization technique
inspired by themechanismof natural selection and evolution.
According to the code of solution space and the operation
of the decision variables for the problem, GA can get the
proximate optimal solution quickly by guided search in the
total solution space. Therefore, GA is usually used to solve
the problem of composition and optimal scheduling under
the complex constraints.

In this paper, we adopt GA based on the real number
matrix code to solve the problem of multitask oriented
virtual resource integration and optimal scheduling in cloud
manufacturing.
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(1) For 1 to 𝑇 × 𝐽 // looped by columns
(2) For 1 to 𝑛 //checked by rows
(3) If 𝑎

𝑖𝑗𝑡
= 0, jump to Step 2;

(4) Else
If 𝑉𝐶

𝑖
= 0, jump to Step 2;

Else
If not existed the same non-zero number, jump to
Step 2;
Else

Randomly selected a number from the difference
set between the [0, 𝐽

𝑘
] set and the current column

value set to replay. If the difference sets is Ø, then
set 𝑎
𝑖𝑗𝑡
= 0;

(5) For End
(6) For End

Algorithm 1

3.1. Chromosomal Representation. The solution is coded as
the following real number matrix:

𝐴 =

[

[

[

[

𝑎
111

𝑎
121

. . . 𝑎
1𝐽1
. . . 𝑎
11𝑇

𝑎
12𝑇

. . . 𝑎
1𝐽𝑇

𝑎
211

𝑎
221

. . . 𝑎
2𝐽1
. . . 𝑎
21𝑇

𝑎
22𝑇

. . . 𝑎
2𝐽𝑇

. . . . . . . . . . . . . . . . . . . . . . . . . . .

𝑎
𝑛11

𝑎
𝑛21

. . . 𝑎
𝑛𝐽1
. . . 𝑎
𝑛1𝑇

𝑎
𝑛2𝑇

. . . 𝑎
𝑛𝐽𝑇

]

]

]

]

. (22)

Each row of matrix 𝐴 denotes a task. The columns in
matrix𝐴 are divided into𝑇 parts, each part indicates a period
𝑡, and, in each part, there are 𝐽 columns which denote 𝐽
subtasks in each task. Therefore, there are 𝑇 × 𝐽 columns in
the matrix 𝐴, and the subscript meanings of the element 𝑎

𝑖𝑗𝑡

in the matrix 𝐴 are as follows:

𝑖: the identification of the 𝑖th task;
𝑗: the 𝑗th subtask of the task;
𝑡: the 𝑡th period.

The value of the matrix element 𝑎
𝑖𝑗𝑡

is an integer from
[0, 𝐽
𝑘
]. It means that the 𝑎

𝑖𝑗𝑡
th virtual resource in the 𝑗th

candidate resource set is selected to execute the task 𝑇𝑎
𝑖
in

the period 𝑡 where 𝑎
𝑖𝑗𝑡
̸= 0. Otherwise, the 𝑗th subtask of the

task 𝑇𝑎
𝑖
in the period 𝑡 will not be executed.

The matrix is related to the variables as follows.

(i) If the values of the 𝑖th row in the matrix are all 0, the
𝑖th task𝑇𝑎

𝑖
will not be executed, and then the variable

𝑥
𝑖
equals 0. Otherwise, the value of the variable 𝑥

𝑖
is

1.
(ii) If 𝑎

𝑖𝑗𝑡
̸= 0 in the period 𝑡, the variable 𝑦(𝑖, 𝑗, 𝑎

𝑖𝑗𝑡
, 𝑡)

equals 1, and then the values of all the other rows in the
𝑗th column of the 𝑡th part cannot equal 𝑎

𝑖𝑗𝑡
which is

expressed as 𝑦(𝑖, 𝑗, 𝑎
𝑖𝑗𝑡
, 𝑡) = 0, where 𝑖 ̸= 𝑖. Obviously,

the constraint (19) is satisfied.
(iii) If 𝑎

𝑖𝑗𝑡
̸= 0 in the period 𝑡, the variable 𝑦(𝑖, 𝑗, 𝑎

𝑖𝑗𝑡
, 𝑡)

equals 1, and then for the same 𝑖 and 𝑗, 𝑦(𝑖, 𝑗, 𝑘, 𝑡) =
0, where 𝑘 ̸= 𝑎

𝑖𝑗𝑡
and 𝑘 ∈ [0, 𝐽

𝑘
]. Obviously, the

constraint (20) is satisfied.

3.2. Initial Population. Each individual in the initial popula-
tion is generated randomly column by column as follows so
as to ensure the individual randomness and avoid the local
optimization.

(i) In the period of 𝑡 = 0, we used the following method
to generate the first column value. If the number of
tasks is less than the number of virtual resources in the
corresponding candidate resources set, that is, 𝑛 ≤ 𝐽

𝑘
,

we will randomly select 𝑛 values from [0, 𝐽
𝑘
] to form a

random sequence as the first column. Otherwise, we
will select all of the 𝐽

𝑘
values and 𝑛 − 𝐽

𝑘
zeros to form

a random sequence as the first column. After that the
value of all the other 𝐽 − 1 columns in the period of
𝑡 = 0 will be zero according to the rule that any task
can be transformed to the sequence process [13].

(ii) In the period of 𝑡 > 0, we firstly see the corresponding
column of the period 𝑡 − 1. If the 𝑗th subtask is not
finished in the period 𝑡 − 1, then 𝑎

𝑖𝑗𝑡
= 𝑎
𝑖𝑗(𝑡−1)

. If
the subtask is finished, then 𝑎

𝑖𝑗𝑡
= 0 and 𝑎

𝑖(𝑗+1)𝑡
̸= 0

at the same time. The value of the 𝑎
𝑖(𝑗+1)𝑡

should be
randomly picked from the remaining numbers after
being finished by 𝑎

𝑖(𝑗+1)𝑡
= 𝑎
𝑖(𝑗+1)(𝑡−1)

.

3.3. Crossover and Mutation. Because of the real number
encoding of the solution, the traditional crossover and muta-
tion operators of the Boolean value cannot be simply used in
this paper. We design the crossover and mutation operators
as follows.

(1) Row-Based Crossover. We will firstly generate an 𝑛-
dimension Boolean type column vector𝑉𝐶. We will swap the
𝑖th row of the two parent matrices if 𝑉𝐶

𝑖
= 1, do nothing

if 𝑉𝐶
𝑖
= 0, and finally generate the new two matrices.

The constraints may not be satisfied, that there may be the
same nonzero number in the same column after row-based
crossover operating. Therefore, we must run the following
fixed program to make the new two matrices satisfy the
constraints. See Algorithm 1.

(2) Column-Based Crossover. Similar to the row-based
crossover, we will firstly generate a 𝑇 × 𝐽-dimension Boolean
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type row vector 𝑉𝐶. We will swap the 𝑗𝑡th row of the two
parent matrixes if 𝑉𝐶

𝑗𝑡
= 1, do nothing if 𝑉𝐶

𝑗𝑡
= 0, and

finally generate the new twomatrixes. Obviously, the new two
matrixes also satisfy the constraints.

(3) Block-Based Crossover. Block-based crossover is
operated for the unit of block corresponding to the period
of 𝑡. Therefore, we will generate a 𝑇-dimension Boolean type
row vector 𝑉𝐶. We will swap the 𝑡th block of the two parent
matrixes if 𝑉𝐶

𝑡
= 1, do nothing if 𝑉𝐶

𝑡
= 0, and finally

generate the new two matrices. Obviously, similar to the
column-based crossover, the new twomatrices also satisfy the
constraints.

(4) Row-Based Mutation. Firstly, we give the mutation
rules. We will change the value as follows if the value is not
zero and do not change the value if the value is zero:

𝑎
𝑖𝑗𝑡
= 𝐽
𝑘
− 𝑎
𝑖𝑗𝑡
+ 1. (23)

For the row-based mutation, we will firstly generate a 𝑡-
dimension Boolean type column vector 𝑉𝐶. We will change
all of nonzero number according to the above rule in the 𝑖th
row of the parent matrix if 𝑉𝐶

𝑖
= 1, do nothing if 𝑉𝐶

𝑖
= 0,

and finally generate the new matrix. The constraints may not
be satisfied that theremay be the same nonzero number in the
same column after row-based mutation operating.Therefore,
wemust run the above fixed program tomake the newmatrix
satisfy the constraints.

(5) Column-Based Mutation. Similar to the row-based
mutation, We will firstly generate a 𝑇× 𝐽-dimension Boolean
type row vector 𝑉𝐶. We will change all of nonzero number
according to the above rule in the 𝑗𝑡th row of the parent
matrix if 𝑉𝐶

𝑗𝑡
= 1, do nothing if 𝑉𝐶

𝑗𝑡
= 0, and finally

generate the new matrix. Obviously, the new matrices also
satisfy the constraints.

(6) Block-Based Mutation. Similar to the block-based
crossover, block-based mutation is also operated for the unit
of block corresponding to the period of 𝑡. Therefore, we will
generate a 𝑇-dimension Boolean type row vector 𝑉𝐶. We
will change all of nonzero numbers according to the above
rule in the 𝑡th block of the parent matrix if 𝑉𝐶

𝑡
= 1, do

nothing if 𝑉𝐶
𝑡
= 0, and finally generate the new matrix.

The constraints may not be satisfied that there may be the
same nonzero number in the same column after block-based
mutation operating. Therefore, we must run the above fixed
program to make the new matrix satisfy the constraints.

3.4. Fitness Function and Selection Strategy. Based on the
objective function, the fitness function will be given in this
paper as follows:

𝐹 = (𝛼 ∗

𝑛

∑

𝑖=1

(Profit (𝑇𝑎
𝑖
) ∗ 𝑥
𝑖
) + 𝛽 ∗

𝑛

∑

𝑖=1

𝑥
𝑖
) . (24)

So as to select the new generation population, the penalty
function for 𝑇𝑎

𝑖
will be given as follows:

𝑝𝑢
𝑖
=

{
{

{
{

{

1, satisfied (18)

𝜇 ∗ (1−

𝑇
𝑖
∗ 𝑥
𝑖
− 𝑇 (𝑃

𝑖
) ∗ 𝑥
𝑖

Max (𝑇
𝑖
)

) , notsatisfied (18) ,

(25)

where 𝜇 denotes penalty factor. If the constraint (18) is
satisfied in the task 𝑇𝑎

𝑖
, the penalty will not be carried out;

that is to say the value of 𝑝𝑢
𝑖
is 1. Otherwise, the penalty will

be carried out, and if 𝑥
𝑖
= 1, the value of the |𝑇

𝑖
− 𝑇(𝑃

𝑖
)|

is bigger, and the penalty factor 𝜇 is also bigger. Therefore,
we can give the penalty function for the feasible solution as
follows:

𝑃𝑢 =

𝑛

∏

𝑖=1

𝑝𝑢
𝑖
. (26)

Based on the above function, the final fitness function in
this paper is given as follows:

𝐹𝐹 = 𝐹 ∗ 𝑃𝑢. (27)

Apparently, we should reduce the number of the executed
tasks or adjust the execution time or sequence of tasks if the
constraint (18) is not satisfied in the feasible solution.

Traditional direct proportion selected strategy is adopted
in this paper to generate offspring. In addition, we give the
pressure factor for the fitness function so as to approach the
optimal solution quickly.

For the individual 𝑠 in the population whose size is 𝑆𝑖𝑧𝑒,
the fitness value is 𝐹𝐹

𝑠
, and the selection probability is

𝜌
𝑠
=

𝐹𝐹
𝑠
− 𝜒 ∗Min (𝐹𝐹)

∑
𝑆𝑖𝑧𝑒

𝑠=1
(𝐹𝐹
𝑠
− 𝜒 ∗Min (𝐹𝐹))

, (28)

where 𝜒 denotes pressure factor, and the value range is [0, 1).

4. Experiments and Discussion

These experiments are performed based on the above exam-
ple (described in Section 2.1) to test the effectiveness of the
proposed method. We will perform the experiments with the
conditions of enough resources and limited resources.

4.1. Experiments and Discussion with Enough Resources.
We will evaluate the results affected by the correlation
of resources with enough resources. The experiments are
performed in the following 3 situations:

(i) the correlations are not taken into account E1;
(ii) only the correlations in a task are taken into account

E2;
(iii) both the correlations in a task and among tasks are

taken into account E3.

The parameters of the model are given as follows: the
population size 𝑆𝑖𝑧𝑒 = 100, max generation is 100, the
probability of crossover is 0.9, the probability of mutation is
0.05, the pressure factor 𝜒 = 0.9, the penalty factor 𝜇 = 0.01,
and 𝛼 = 0.5 and 𝛽 = 0.5. And the percent of correlation
resources in a task is 30%; the percent of correlation resources
among tasks is 40%.

The results of the experiments are shown in Figure 3.
In Figure 3, the 𝑦-coordinate denotes the total profits

of all executed tasks. The 𝑥-coordinate denotes the number
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Figure 3: Results of the experiments with enough resources.

of tasks. With the number of tasks increased, the number
of resources in corresponding candidate resources set is also
increased to ensure that there are enough resources to execute
all the tasks, but the percent of the correlation in a task and
among tasks will not be changed.

As we can see in Figure 3, the total profit discrepancy
in 3 situations is not bigger if the number of tasks is small
(the number is less than 100).The reason is that the influence
of the correlation of resources used in tasks is very small.
But along with the increased number of tasks, the advantages
of E2 and E3 which take correlations into account are huge,
and the profits of E2 and E3 are much more than E1 for the
same number of tasks, and the gap will be bigger and bigger.
That is because the correlations both in a task and among
tasks are considered, and the cost of selected resource will be
lower than the default value. Therefore, it can be concluded
that the proposed method that considered the correlations of
resources has better performance than without considering
the correlations.

4.2. Experiments and Discussion with Limited Resources. We
will evaluate the results affected by the sharing of resources
with limited resources.The experiments are performed in the
following 2 situations:

(i) the sharing is not taken into account E4;
(ii) the sharing is taken into account E5.

The parameters of the model are given as follows: the
population size 𝑆𝑖𝑧𝑒 = 200, max generation is 200, the
probability of crossover is 0.95, the probability of mutation
is 0.03, the pressure factor 𝜒 = 0.99, the penalty factor
𝜇 = 0.01, and 𝛼 = 0.5 and 𝛽 = 0.5. And the percent
of correlation resources in a task is 30%; the percent of
correlation resources among tasks is 40%. The number of
resources in each candidate resources set is fixed to 16, and
the number of the given tasks varies from 2 to 30 which is an
increment of 2.

The results of the experiments are shown in Figure 4.
In Figure 4, the 𝑦-coordinate denotes the total profits of

the executed tasks. The 𝑥-coordinate denotes the number of
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Figure 4: Results of the experiments with limited resources.

given tasks. The number beside lines denotes the number of
the executed tasks.

As we can see in Figure 4, the total profit and the number
of executed tasks in E4 are the same as E5 if the number of
tasks is less than 16. The reason is that all of the tasks could
be executed without considering the sharing of resources.
But along with the increased number of tasks, the number
of tasks will not increase and keep 16 without considering
the sharing of resources. But all the tasks can be executed
with considering the sharing of resources until the number
of given tasks is 28, and the profits are much more than
without considering the sharing of resources. That is because
the sharing of resources is considered. Therefore, it can be
concluded that the proposed method that considered the
sharing of resources has better performance than without
considering the sharing and can solve the problem better for
multitask oriented virtual resource integration and optimal
scheduling which resources are limited.

5. Conclusions and Future Works

In this paper, the correlation and sharing of resources are
both considered during multitask oriented virtual resources
integration and optimal scheduling in cloud manufacturing,
and the correlation and sharing models are presented. The
problem is proposed and formulized, and GA based on the
real number matrix code is employed to solve the problem.
The experimental results show that the proposedmethods are
more effective and efficient for the problem.

Only the cost and time of Qos are considered in this
paper; actually, there are many other factors to be considered
such as reliability and trust. In the algorithm, there are a
lot of invalid solutions in the solution space. In the future,
we should avoid the invalid solutions during the process of
algorithmor reduce the solution space by optimizing the code
of solution to make the algorithmmore effective. In addition,
only one cloudmanufacturing enterprise is considered; in the
future, we should solve the problem for multienterprises.
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This paper considers a hybrid I/O automata model for an automated guided vehicle (AGV) system. A set of key properties of an
AGV system are characterized for the correctness of the system. An abstract model is constructed from the hybrid automata model
to simplify the proof of the constraints.The twomodels are equivalent in terms of bisimulation relation.We derive the constraints to
ensure the correctness of the properties. We validate the system by analyzing the parameters of the constraints of the AGV system.

1. Introduction

Complex systems cannot be described by a pure discrete
model or a continuous model [1–3]. Hybrid models have
become increasingly popular in the last few decades as
systems become increasingly complex. A hybrid system is a
dynamic system with interacting continuous time triggered
and discrete event triggered dynamics [1, 2, 4–6].Many appli-
cations involve hybrid systems, such as embedded controllers
[7], robotics [8, 9], mobile computing [10], and process
control [11], in which high reliability is a requirement [4]. To
model such a system, we need to describe and analyze it with
the rigorous use ofmathematics. An I/O automaton is used to
model concurrent and distributed discrete event systems [12].
A hybrid input/output automaton (HIOA) [4] is a framework,
which is developed by Lynch et al. and extended from hybrid
automata for modeling complex hybrid systems. This is done
by dividing the state variables of a HIOA into two sets,
classified as internal variables and external variables, where
the external variables include input variables and output
variables. Discrete transitions and continuous trajectories can
change the states of a system. An extremely important feature

of the hybrid I/O automaton framework is that the hybrid
system is divided into multiple modules. These modules are
described so that the hybrid system can be modeled easily.
The hybrid I/O automaton uses the external variables, input
variables, and output variables to communicate among the
automatons.

Automated guided vehicles (AGVs) are robots that move
on the floor of a facility directed by a combination of software
and sensor-based guidance systems. Earlier inventions on
AGVs can be dated back to Barrett Electronics in 1953. One
of the oldest publications on AGV can be found in [13]. In
the past, AGVs were typically deployed to manufacturing
facilities due to their efficiency, accuracy, and flexibility.
Nowadays, AGVs are also used in warehouses, distribu-
tion centers and transshipment terminals, and so forth for
repeated transportation tasks [14, 15]. The tracking path for
the AGV can be designed as a circle, ellipse, sine wave, or
other shapes such as arbitrary curves [16, 17]. The tracking
trajectory is very important as many papers develop effective
approaches to solve it, but our AGV is an example of applying
HIOAmodeling. Our modeling is inspired by [2]. But unlike
[2] which uses a straight line orbit that can be approximated
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to one-dimension, we investigate a two-dimensional problem
where an automated guided vehicle moves along a circular
painted orbit.

The first contribution of this paper is the formalmodeling
of an automated guided vehicle system using hybrid I/O
automata. The second contribution of this paper is a set of
important constraints which are characterized to ensure the
correctness of the properties of the vehicle system. In order
to simplify the model, we abstract a model from the hybrid
automata of the AGV and establish a bisimulation relation
between the two automata.

This paper is organized as follows. In Section 2, an
automated guided vehicle system is introduced. In Section 3,
the HIOA framework is introduced. In Section 4, we present
a HIOA model of the AGV system and abstract a model
from HIOA model. We prove that the two models have a
bisimulation relation. In Section 5, we extract the key proper-
ties and deduce the corresponding constraints to ensure the
correctness of the properties. We analyze the parameters of
the AGV system at the end of Section 6. Finally, we point out
some directions for future work.

2. An Automated Guided Vehicle System

We introduce the structure and behavior of a vehicle. The
vehicle consists of five components: the left wheels, the
right wheels, chassis, sensor, and controller. Figure 1 shows
a circular orbit tracking of our vehicle which is the focus of
the remainder of this paper. The vehicle has two degrees of
freedom. One is the velocity such that, at any time 𝑡, it can
move forward with a speed of V(𝑡), with the restriction that
0 ≤ V(𝑡) ≤ 10 mph (miles per hour). The other degree of
freedom is the circular movement of the vehicle such that
at any time 𝑡 the vehicle can rotate its body via the wheels
with an angular speed of −𝜋 ≤ 𝜔(𝑡) ≤ 𝜋 rad/s (radians per
second). Ignoring the inertia of the vehicle, we assume that
we can instantaneously change the velocity or angular speed.
The sensormeasures the displacement 𝑒(𝑡) between the center
of the vehicle and the center of the track using an array of
photodiodes. As the AGV passes over the track, the diode
directly above the track generatesmore current than the other
diodes. If the vehicle is close enough to the track, it will move
forward.When the vehicle strays too far to the left, it will steer
to the right; and when the vehicle strays too far to the right,
it will steer to the left. The vehicle can be stopped at any time
as long as it receives the control signal. If the vehicle is too far
away from the track that it is difficult to follow the track, then
it moves backward.

3. Hybrid I/O Automata Framework

In this section, we first introduce some basic notions about
the model we use and then consider the definitions and
theories of hybrid automata, hybrid I/O automata, and their
operations [4]. More detailed discussion of the hybrid I/O
automata can be found in [4].

AGV

Track

Y

y(t)
e(t)

𝜃1(t)
𝜃(t)

𝜃2(t)

−R O x(t) R X

Figure 1: AGV tracking circular painted orbit.

3.1. Basic Notions. Hybrid behaviors, including discrete
behavior, continuous behavior, and information flows into
the system, are often described using static and dynamic
variables, trajectories, and hybrid sequences. First, we intro-
duce several basic notions involved in hybrid behavior. A
location of the internal state of a system or a location
of a connection between a component of a system and
a component of another system can be represented as a
variable, which may be static in type and denote a set of
values of the variable, or dynamic in type and indicate a set of
trajectories of the variable. A set of variables can be changed
by discrete transitions, which are taken via discrete actions
when they are enabled or by trajectories over a time interval.
A hybrid sequence represents a series of changes that occur
instantaneously along with the evolution of time and may be
finite or infinite.

3.2. Hybrid Automata. As hybrid I/O automata are an
extension of hybrid automata, we define the structure of
hybrid automata first in order to describe the hybrid I/O
automata. The definition of hybrid automata is given below,
where≜ denotesmathematical definition. For amore detailed
description, see [4].

Definition 1. A hybrid automaton (HA) is an eight-tuple
𝐻
𝑀
= (𝐸
𝑉
, 𝐼
𝑉
, 𝑆, 𝑠
0
, 𝐸
𝐴
, 𝐼
𝐴
, 𝐷
𝑇
, 𝑇), where

(i) 𝐸
𝑉
is a set of external variables,

(ii) 𝐼
𝑉
is a set of internal variables, and𝑉 ≜ 𝐸

𝑉
∪ 𝐼
𝑉
is the

disjunction that represent all variables,
(iii) 𝑆 ⊆ val(𝐼

𝑉
) is a set of states,

(iv) 𝑠
0
⊆ 𝑆 is a nonempty set of initial states,

(v) 𝐸
𝐴
is a set of external actions,

(vi) 𝐼
𝐴
is a set of internal actions, and 𝐴 ≜ 𝐸

𝐴
∪ 𝐼
𝐴
is the

union of 𝐸
𝐴
and 𝐼
𝐴
,
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(vii) 𝐷
𝑇
⊆ 𝑆 × 𝐴 × 𝑆 is a set of discrete transitions,

(viii) 𝑇 is a set of trajectories for 𝑉. For every 𝜏 ∈ 𝑇 and
𝑡 ∈ dom(𝜏) (domain of 𝜏), we have 𝜏(𝑡)⌈𝐼

𝑉
∈ 𝑆,

where 𝜏(𝑡)⌈𝐼V is the restriction of 𝜏(𝑡) to 𝐼
𝑉
; that is,

the function 𝑔 with dom(𝑔) = dom(𝜏) ∩ 𝐼V such that
𝑔(𝑡) = 𝜏(𝑡). We require the following axioms:

(A1) for all 𝜏 ∈ 𝑇 for all 𝜏 ≤ 𝜏 𝜏 ∈ 𝑇;
(A2) for all 𝜏 ∈ 𝑇 for all 𝑡 ∈ dom(𝜏) 𝜏 ⊳ 𝑡 ∈ 𝑇

where 𝜏 ⊳ 𝑡 denotes ((𝜏⌈[𝑡, +∞)) − 𝑡);
(A3) suppose 𝜏

0
, 𝜏
1
, 𝜏
2
, . . . , 𝜏

𝑖
, . . . is a sequence of tra-

jectories in 𝑇; if 𝜏
𝑖
is closed and 𝜏

𝑖
⋅ 𝑙state = 𝜏

𝑖+1
⋅

𝑓state, where 𝑖 ∈ N, 𝜏
𝑖
is not the last trajectory

of the hybrid sequence, then 𝜏
0
_𝜏
1
_𝜏
2
⋅ ⋅ ⋅ ∈ 𝑇,

where 𝜏_𝜏

≜ 𝜏 ∪ (𝜏


⌈(0,∞) + 𝜏 ⋅ 𝑙time).

The execution fragment of a hybrid automaton is a hybrid
sequence 𝛼 = 𝜏

0
𝑎
1
𝜏
1
𝑎
2
, . . . , 𝜏

𝑖
𝑎
𝑖+1
, . . ., where 𝜏

𝑖
∈ 𝑇, where 𝑖 is

a nonnegative integer and𝑇 is defined inDefinition 1; and if 𝜏
𝑖

is not the last trajectory, then 𝜏
𝑖
⋅ 𝑙state

𝑎𝑖+1

→ 𝜏
𝑖+1
⋅𝑓state, where

𝑙state represents the last state and 𝑓state denotes the first
state. Any input trajectory of the composition can be accepted
by the composition, and we say that the components of the
composition are strongly compatible HIOAs. Trace is the
external behavior of a hybrid I/O automaton. Concatenation
represents two hybrid sequences linked together. Let and be
hybrid sequences and closed, with the concatenation being
denoted by 𝛼_𝛼


≜ init(𝛼)(last(𝛼)_head(𝛼))tail(𝛼).

3.3.Hybrid I/OAutomata. Wedescribed the hybrid automata
above.Here,we present the behavior and structure of aHIOA.
A HIOA is used to model a complex hybrid system. The
discrete state of the controller can be modeled by control
modes, represented as internal variables. Eachmode observes
an invariant condition.The internal variables can be changed
in two ways: in a discrete transition or in a continuous trajec-
tory. External variables, including input variables and output
variables, are used to exchange information between two
automatons. Here is the definition of a hybrid input/output
automaton. For a more detailed description, see [4].

Definition 2. A hybrid I/O automaton (HIOA) is a five-tuple
𝐴
𝑀
= (𝐻
𝑀
, 𝑈, 𝑌, 𝐼, 𝑂), where

(i) 𝐻
𝑀
= (𝐸
𝑉
, 𝐼
𝑉
, 𝑆, 𝑠
0
, 𝐸
𝐴
, 𝐼
𝐴
, 𝐷
𝑇
, 𝑇) is a hybrid automa-

ton,
(ii) 𝑈 ⊆ 𝐸

𝑉
is a set of input variables,

(iii) 𝑌 ≜ 𝐸
𝑉
\ 𝑈 is a set of output variables,

(iv) 𝐼 is a set of input actions,
(v) 𝑂 is a set of output actions,
(vi) the following axioms are satisfied:

(A1) for all 𝑥 ∈ 𝑆 for all 𝛼 ∈ 𝐼 ∃𝑥

∈ 𝑆 such that

𝑥

𝑎

→ 𝑥
,

(A2) let trajs(𝑈)denote the set of all trajectories for𝑈,
for all 𝑥 ∈ 𝑆 for all 𝜐 ∈ trajs(𝑈) ∃𝜏 ∈ 𝑇 such
that 𝜏 ⋅ 𝑓state = 𝑥, 𝜏 ↓ 𝑈 ≤ 𝜐, and either

(a) 𝜏 ↓ 𝑈 = 𝜐, or
(b) 𝜏 is closed and some 𝑙 ∈ 𝐿 is enabled in 𝜏 ⋅

𝑙state,

where 𝑔 = 𝜏 ↓ 𝑈 represents dom(𝑔) = dom(𝜏) such
that, for all 𝑐 ∈ dom(𝑔) has 𝑔(𝑐) = 𝜏(𝑐)⌈𝑈.

We further define

(i) 𝑍 ≜ 𝐼
𝑉
∪ 𝑌 is a set of variables that are locally

controlled, and

(ii) 𝐿 ≜ 𝐼
𝐴
∪ 𝑂 is a set of actions that are locally

controlled.

Typically, it is difficult to model a complex system in one
shot. HIOA can decompose a hybrid system into multiple
components, model the modules as HIOAs, respectively,
and then compose them in the end. We introduce a very
important operation to compose two HIOAs, denoted as
symbol ‖. For the proof of Theorem 3 and Lemma 4, see [4].

Theorem 3. 𝐴
𝑀1

‖ 𝐴
𝑀2

is a hybrid I/O automaton when
𝐴
𝑀1

and 𝐴
𝑀2

are strongly compatible hybrid I/O automata
and 𝑈

1
∩ 𝑌
2
= 0.

Another important operation is hiding external variables
in HIOA. Suppose 𝐸

𝑉
⊆ 𝐸
𝑉𝐴
, 𝐵
𝑀
= VarHide(𝐸

𝑉
, 𝐴
𝑀
), 𝐸
𝑉𝐵
=

𝐸
𝑉𝐴
− 𝐸
𝑉
, and 𝑇

𝐵𝑀
= 𝑇
𝐴𝑀

↓ (𝑉
𝐴𝑀

− 𝐸
𝑉
).

Lemma 4. If 𝐴
𝑀

is a HIOA and 𝐸
𝑉

⊆ 𝐸
𝑉𝐴𝑀

, then
VarHide (𝐸

𝑉
, 𝐴
𝑀
) is a HIOA.

Definition 5 (simulation relations). For all states𝑥
𝐴𝑀

and𝑥
𝐵𝑀

of 𝐴
𝑀

and 𝐵
𝑀
, given two comparable HIOAs, from 𝐴

𝑀
to

𝐵
𝑀
there exists a simulation relation𝑅

𝑆
⊆ 𝑆
𝐴𝑀
×𝑆
𝐵𝑀

(denoted
as 𝐴
𝑀
𝑅
𝑆
𝐵
𝑀
) when the following three conditions are met:

(i) knowing that 𝑥
𝐴𝑀

∈ 𝑠
0𝐴𝑀

and suppose there exists
a state 𝑥

𝐵𝑀
∈ 𝑠
0𝐵𝑀

such that 𝑥
𝐴𝑀
𝑅
𝑆
𝑥
𝐵𝑀

, where 𝑠
0𝐴𝑀

is the set of initial states of 𝐴
𝑀

and 𝑠
0𝐵𝑀

is the set of
initial states of 𝐵

𝑀
;

(ii) suppose 𝑥
𝐴𝑀
𝑅
𝑆
𝑥
𝐵𝑀

and an execution fragment of
𝐴
𝑀
; execution fragment 𝛼 = 𝜏

0
𝑎
1
𝜏
1
𝑎
2
, . . . , 𝜏

𝑖
𝑎
𝑖+1
, . . .,

meets 𝛼⋅𝑓state = 𝑥
𝐴𝑀

; there exists a closed execution
fragment 𝛽 in 𝐵

𝑀
that meets 𝛽 ⋅ 𝑓state = 𝑥

𝐵𝑀
,

trace(𝛽) = trace(𝛼), and 𝛼 ⋅ 𝑓state𝑅𝛽 ⋅ 𝑓state;

(iii) suppose 𝑥
𝐴𝑀
𝑅
𝑆
𝑥
𝐵𝑀

and an execution fragment of
𝐴
𝑀
𝛼 = 𝜏

0
has 𝛼 ⋅ 𝑓state = 𝑥

𝐵𝑀
; there exists a closed

execution fragment 𝛽 in 𝐵
𝑀

that meets 𝛽 ⋅ 𝑓state =
𝑥
𝐵𝑀

, trace(𝛽) = trace(𝛼), and 𝛼 ⋅ 𝑙state𝑅𝛽 ⋅ 𝑙state.

Corollary 6. Given two comparable HAs 𝐴
𝑀

and 𝐵
𝑀
, and

a simulation from 𝐴
𝑀

to 𝐵
𝑀

denoted as 𝐴
𝑀
𝑅
𝑠
𝐵
𝑀
, then

traces
𝐴𝑀

⊆ traces
𝐵𝑀

.

The proof refers to [4]. According to [18, 19], we define a
bisimulation as follows.
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Figure 2: Network of hybrid automata for an AGV.

Definition 7 (bisimulation). Given two comparable HIOAs
𝐴
𝑀
and 𝐵

𝑀
, for all pairs (𝑝, 𝑞) among all reachable states of

𝐴
𝑀
and 𝐵

𝑀
, 𝑝 in 𝐴

𝑀
, and 𝑞 in 𝐵

𝑀
. If all reachable states 𝑝∗

in𝐴
𝑀
have 𝑝 𝑎→ 𝑝

∗, this implies the existence of a state 𝑞∗ in
𝐵
𝑀

such that 𝑝 𝑎→ 𝑝
∗. At the same time, all reachable states

𝑞
∗ in 𝐵

𝑀
have 𝑝 𝑎→ 𝑝

∗, implying that there exists a state 𝑞∗

in 𝐴
𝑀
such that 𝑝 𝑎→ 𝑝

∗. Under these circumstances, we say
that 𝐴

𝑀
and 𝐵

𝑀
have a bisimulation relation.

4. Modeling the AGV System

We model the AGV system using HIOA. Inspired by [2], the
AGV system is modeled as a network of hybrid automata as
shown in Figure 2. The model consists of five parts: chassis,
left wheels, right wheels, sensor, and controller, respectively.
The five components communicate via shared variables. In
Figure 2, variables 𝜃

1
and 𝜃

2
are the angles of the left and

right wheels relative to the 𝑥-axis positive direction of globe
coordinate, respectively. Variables 𝑥 and 𝑦 represent the
chassis coordinates with respect to the global coordinate
frame. Variable 𝑒 is the distance 𝑒(𝑡) from which the center of
the AGV deviates from the center of the track at time 𝑡. The
variable is used to communicate between the sensor and the
controller.The controller receives the variable 𝑒, sends control
signals to the left wheel and the right wheel, and then changes
the mode of the AGV.

XOY is the global coordinate frame. V is the forward
velocity of the car. 𝑡sample is the sampling time.𝜔 is the angular
speed of the vehicle. 𝑒(𝑡) is the displacement of the center
of the vehicle from the track at time 𝑡. 𝜀

1
is the threshold

indicating that the AGV is close enough to the center of the
track that the AGV can move straight ahead in a forward
mode. 𝜀

2
is the threshold indicating that there is too great

a distance between the center of the AGV and the center of
track, and that the vehicle must therefore be steered to the
other side. 𝜀

3
is the threshold denoting that the vehicle has

strayed so far from the center of track that the vehicle is in
an unsafe condition and must be moved back via switching

to the back mode. 𝛼 is the maximum angle of vehicle velocity
direction to the tangential direction of the center point on the
track, where 0 ≤ 𝛼 ≤ 𝜋/2. 𝜃 is the angle of the vehicle velocity
direction to the 𝑥-axis positive direction. 𝜂 is the angle of the
vehicle velocity direction to the tangential direction of the
center point on the track, where −𝛼 ≤ 𝜂 ≤ 𝛼. 𝑅 is the radius
of the track.

The AGV system is decomposed into five components
and modeled as hybrid automata: chassis, LWheel, RWheel,
sensor, and controller, respectively.

4.1. Component Chassis. The chassis secures the position
of each component. The state is composed of three state
variables: ⟨𝑥, 𝑦, 𝜃⟩ where 𝑥 is the 𝑥-coordinate of the center
of the vehicle; 𝑦 is the 𝑦-coordinate of the center of the
vehicle; and 𝜃 is the angle of the vehicle velocity direction
to the 𝑥-axis positive direction. We use differential algebraic
equations (DAEs) to describe the dynamic of the chassis.
Initially, we ensure that the vehicle moves forward, and the
initial condition is

𝜂 ∈ [−𝛼, 𝛼] ∧ |𝑒 (𝑡)| ≤ 𝜀1
. (1)

From Figure 2, the chassis secures the wheels. Hence the
leftwheels, right wheels, and the chassis have the same angles.
We obtain the following algebraic equation:

𝜃
1
= 𝜃
2
= 𝜃. (2)

4.2. Component LWheel. We model the behavior of left
wheels as the hybrid automaton LWheel. The left wheel has
external variables: 𝑥

1
, which gives the 𝑥-coordinate of the

left wheel; 𝑦
1
, which gives the 𝑦-coordinate of the right

wheel; and 𝜃
1
, which is the angle of the moving direction

of the left wheel to the 𝑥-axis positive direction. The types
of these variables are real. This hybrid automaton model has
no actions or discrete transitions, just satisfied trajectories.
It communicates with the controller via the Boolean variable
𝑙 control and is stop. We obtain differential equations for the
left wheel as follows:

𝑑𝑥
1

𝑑𝑡

= if stop then 0

else if 𝑙 control then V cos 𝜃
1

else − V cos 𝜃
1

𝑑𝑦
1

𝑑𝑡

= if stop then 0

else if 𝑙 control then V sin 𝜃
1

else − V sin 𝜃
1
.

(3)

4.3. Component RWheel. Since the left wheels and right
wheels are symmetrical, we omit the description of the right
wheels.

4.4. Component Sensor. Wemodel the behavior of the sensor
as the hybrid automaton sensor, whose output at time 𝑡,
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for all 𝑡 𝑒(𝑡) = 𝑓(𝑥(𝑡), 𝑦(𝑡)), gives the center position of the
AGV relative to the center of the track, shown in Figure 1.
The sensor communicates with the controller through the
variable 𝑒, which equals 𝑒(𝑡). Since the hybrid automaton
sensor has no internal variables, and there are neither actions
nor discrete transitions, only the following algebraic equation
is met for the trajectories of the sensor:

sensor = 𝑒 (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑦 (𝑡)) . (4)

4.5. Component Controller. The controller can be divided
into two levels. The supervisory controller determines the
structure of the mode transition and guards the enabled
transitions. The low-level controller determines the time-
based inputs to the system. We are modeling the behavior of
the controller as a hybrid automaton controller, whose input is
the sensor value and the output the control signals to the left
and right wheels that determine the operation of the wheels.
There is a clock built into the controller for measuring the
time interval since the last sampling. We use the variable 𝑐 to
represent this clock. A clock can be modeled as a first-order
differential equation, and the clock variable 𝑐 is defined as
follows:

𝑐 = 𝑘 ⋅ 𝑡, (5)

where 𝑘 is the rate of the clock, 𝑡 is the variable of time, and
𝑘 = 𝑑[𝑐(𝑡)]/𝑑𝑡. In our model, the value of 𝑘 can be a constant
1.

The controller has a variable 𝑒, which gets its value from
the sensor. There are two variables recording the value of the
sensor: variable new sample, used to record the latest sample
value, and variable sample, used to record the last sample
value. In order to ensure that the vehicle moves forward, the
initial states should satisfy:

𝑐 = 0 ∧ sample ∈ [−𝜖
1
, 𝜖
1
] . (6)

We define a transition as occurring when a guard in an
outgoing transition from the current state becomes enabled.
This control logic is captured in the mode transitions. The
outputs are the pure signals is stop, forward, and backward.
There are three Boolean variables recording the outputs,
is stop, 𝑙 control, and 𝑟 control, respectively. We use an
asterisk ∗ to represent the next sample value. When the
internal action clock transitions is taken, each state transition
that is enabled will be taken:

𝑐 = 𝑡sample  {
𝑐
∗
= 0

sample∗ = new sample,
(7)

where  denotes the event trigger.
For trajectories we require that

sample (𝑡
1
) = sample (𝑡

2
) , (8)

for all time 𝑡
1
, 𝑡
2
between clock transitions; that is, 𝑡

1
, 𝑡
2
∈

[𝑚 ⋅ 𝑡sample, (𝑚 + 1) ⋅ 𝑡sample) for all𝑚 ∈ N.
The new sample will record the new value from the

sensor:

new sample = 𝑒 (𝑡) . (9)

For every state, the following equations must hold:

𝑑𝑐

𝑑𝑡

= 1

𝑙 control = if sample ∈ [−𝜖
3
, 𝜖
3
] then true

else false

𝑟 control = if sample ∈ [−𝜖
3
, 𝜖
3
] then true

else false

is stop = if stop then true

else false.

(10)

The control logic determines the change in the state of the
controller. Our AGV is running on the circular track. Since
the circle is symmetrical, it suffices for us to just consider the
situation of the first quadrant. The refinement of the mode
gives the dynamic behavior of the output as a function of the
input. We know that the displacement 𝑒(𝑡) is the function
of 𝑥 and 𝑦 and that the control logic guards the transitions
whether enabled or not. They are as follows:

forward ⇒ ¬stop ∧ −𝜖
1
≤ 𝑒 (𝑡) ≤ 𝜖

1

⇒

{
{

{
{

{

𝑥

= V cos 𝜃,

𝑦

= V sin 𝜃,

𝜃

= 0

right ⇒ ¬stop ∧ 𝜖
3
≥ 𝑒 (𝑡) > 𝜖

2

⇒

{
{

{
{

{

𝑥

= V cos 𝜃,

𝑦

= V sin 𝜃,

𝜃

= −𝜔

left ⇒ ¬stop ∧ −𝜖
3
≤ 𝑒 (𝑡) < −𝜖

2

⇒

{
{

{
{

{

𝑥

= V cos 𝜃,

𝑦

= V sin 𝜃,

𝜃

= 𝜔

back ⇒ ¬stop ∧ 𝑒 (𝑡) < −𝜖
3
∨ 𝑒 (𝑡) > 𝜖

3

⇒

{
{

{
{

{

𝑥

= −V cos 𝜃,

𝑦

= −V sin 𝜃,

𝜃

= 0

stop ⇒
{
{

{
{

{

𝑥

= 0,

𝑦

= 0,

𝜃

= 0

maintain ⇒ {

−𝜖
2
≤ 𝑒 (𝑡) < −𝜖

1
or

𝜖
1
< 𝑒 (𝑡) ≤ 𝜖

2
.

(11)

4.6. Composition. Since the left wheels, the right wheels, and
the chassis have no output, they cannot be regarded as hybrid
I/O automata. Since 𝜃

1
and 𝜃

2
are the internal variables of
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wheels, we are modeling the three components as the hybrid
I/O automaton Plant by hiding these variables. In our model,
Plant, is stop, 𝑙 control, and 𝑟 control are inputs, and 𝑥 and 𝑦
are outputs:

Plant

= VarHide ({𝜃
1
, 𝜃
2
} , (Chassis ‖LWheel‖RWheel)) .

(12)

Likewise, the sensor can be regarded as a hybrid I/O automa-
ton, for which the inputs are 𝑥 and 𝑦, and the output
is 𝑒. The controller can also be viewed as a hybrid I/O
automaton for which the input is 𝑒, and the outputs are
is stop, 𝑙 control, and 𝑟 control. According toTheorem 3 and
Lemma 4, all of the components of the system are HIOAs
and the composition also an HIOA. We have obtained a
complete hybrid I/O automaton of the AGV system by hiding
the external variables:

𝐻
𝑀
= VarHide ({𝑥, 𝑦, 𝑒, is stop, 𝑙 control, 𝑟 control} ,

(Plant ‖Sensor‖Controller) ) .
(13)

4.7. Abstraction. We expect that the AGV is always moving
forward and never moves backward and use (14) to describe
this situation.We select the appropriate threshold and ensure
that the vehicle moves in the way we expect by specifying
parameter constraints for all reachable states of the hybrid I/O
automata𝐻

𝑀
:





sample


≤ 𝜖
3
. (14)

In addition, we hope that the forward mode occurs infinitely
often:

GF (𝑐 = 0 ∧ 

sample


≤ 𝜖
1
) . (15)

In order to simplify the model, we abstract a model𝐴
𝑀
from

the previous model 𝐻
𝑀
. Then, we use model 𝐴

𝑀
instead of

𝐻
𝑀
. We find the constraints we need from model 𝐴

𝑀
to

guarantee the correctness of the properties that we expect.
Here, we simplify the model in several ways, as follows.

Based on (8), we know that the value of the variable
sample remains unchanged during the interval after the
current sampling and before the next sampling.Therefore we
can easily prove that (14) is satisfied. We cannot consider the
influence of the clock variable 𝑐. Furthermore, we assume that
the vehicle is at the initial state at the time 0:

𝑐 = 0 ⇒ |𝑒 (𝑡)| ≤ 𝜖3
. (16)

We find that the variables new sample and sample are ruled
out in our abstract model. Now, we use the refinements of
the five modes of AGV to describe the dynamic behavior
of an AGV. The formulas of the five modes are given as

𝜑forward, 𝜑right, 𝜑left, 𝜑back, and 𝜑stop, respectively; 𝜑step is the
disjunction of the five:

𝜑step ≜ 𝜑right ∨ 𝜑left

∨𝜑forward ∨ 𝜑back ∨ 𝜑stop

𝜑forward ≜

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

¬stop,
|𝑒 (𝑡)| ≤ 𝜖1

,

𝑥
∗
= 𝑥 + V cos 𝜃𝑡sample,

𝑦
∗
= 𝑦 + V sin 𝜃𝑡sample,

𝜃
∗
= 𝜃

𝜑right ≜

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

¬stop,
𝑒 (𝑡) > 𝜖

2
,

𝑥
∗
= 𝑥 + V cos 𝜃𝑡sample,

𝑦
∗
= 𝑦 + V sin 𝜃𝑡sample,

𝜃
∗
= 𝜃 − 𝜔𝑡sample

𝜑left ≜

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

¬stop,
𝑒 (𝑡) < −𝜖

2
,

𝑥
∗
= 𝑥 + V cos 𝜃𝑡sample,

𝑦
∗
= 𝑦 + V sin 𝜃𝑡sample,

𝜃
∗
= 𝜃 + 𝜔𝑡sample

𝜑back ≜

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

¬stop,
|𝑒 (𝑡)| > 𝜖3

,

𝑥
∗
= 𝑥 − V cos 𝜃𝑡sample,

𝑦
∗
= 𝑦 − V sin 𝜃𝑡sample,

𝜃
∗
= 𝜃

𝜑stop ≜

{
{
{
{

{
{
{
{

{

stop,
𝑥
∗
= 𝑥,

𝑦
∗
= 𝑦,

𝜃
∗
= 𝜃.

(17)

Now we get the abstract model of the AGV system. Since the
abstract model 𝐴 omits the time variable, it is simpler than
the original model. We will derive and verify the properties
using the abstractmodel.There are two kinds of typical errors
in formal verification, one is true error, where errors exist in
the physical system, but the result of formal verification is
correct.The reason of first kind of error is because we abstract
a model from our original model, and the details we omitted
may lead to the errors of original model being omitted, so we
get a passing proof.The other is false error which do not exist
in the physical system but the result of formal verification
is incorrect. The reason is that abstract model omitted the
details of original model. The abstract model cannot express
the original system due to lack of information from the
original system, and then the result of formal verification is
incorrect.

In order to ensure the two kinds of errors never occur,
we prove the original model𝐻

𝑀
and the abstract model 𝐴

𝑀

have a bisimulation equivalence relationship.
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Lemma 8. Let 𝑆
𝐾
be a set of all reachable states of𝐻

𝑀
, for all

𝑠 ∈ 𝑆
𝑅
; one has

𝑐 = 0 ⇒ [




sample 


≤ 𝜖
2
⇐⇒ |𝑒 (𝑡)| ≤ 𝜖2

] (18)

Proof. Use (14) and (15) to prove Lemma 8.

Theorem 9. The two comparable HIOAs𝐻
𝑀
and 𝐴

𝑀
have a

bisimulation relation.

Proof. Owing to the limitation of space, we do not provide a
detailed proof of Theorem 9, but the key step will be given.
𝐻
𝑀
and 𝐴

𝑀
satisfy the following condition:

𝑐
𝐻𝑀

= 0 ∧ 𝜃
𝐻𝑀

= 𝜃
𝐴𝑀

∧ 𝑥
𝐻𝑀

= 𝑥
𝐴𝑀

∧ 𝑦
𝐻𝑀

= 𝑦
𝐴𝑀
. (19)

For all state pairs (𝑝, 𝑞) among all reachable states of𝐻
𝑀
and

𝐴
𝑀
, 𝑝 ∈ 𝐻

𝑀
and 𝑞 ∈ 𝐴

𝑀
, if states of state pair (𝑝, 𝑞) hold the

weakest condition of labeled transition system respectively,
we say the pair (𝑝, 𝑞) is bisimulation equivalent. If each initial
state of𝐻

𝑀
bisimulates an initial state of𝐴

𝑀
, and there exists

an execution fragment from 𝑝 to 𝑝∗, where 𝑝∗ in 𝐻
𝑀

has
𝑝 → 𝑝

∗, implying the existence of a transition according
to the transition predicate 𝜑step of 𝐴

𝑀
from 𝑞 to 𝑞∗ in 𝐴

𝑀
,

such that 𝑞 ⇒ 𝑞
∗. At the same time, there exists a transition

according to the transition predicate 𝜑step of 𝐴
𝑀

from 𝑞 to
𝑞
∗, where 𝑞∗ in 𝐴

𝑀
has 𝑞 ⇒ 𝑞

∗, implying the existence of
an execution fragment from 𝑝 to 𝑝∗, where 𝑝∗ in 𝐻

𝑀
, such

that 𝑝 → 𝑝
∗. We can then use Definition 5, Corollary 6, and

Definition 7 to proveTheorem 9.

5. Correctness

5.1.TheDesired Properties of𝐴
𝑀
. For a system,we often hope

that bad things will never happen, a situation called safety,
that good things will eventually happen, and that they will
happen infinitely often, a situation called fairness.We express
the properties via invariants. For our system, we expect the
displacement from the center of the AGV to the center of the
track to never be larger than the threshold 𝜀

3
, and never be

less than the threshold −𝜀
3
. At the same time, we ensure that

𝜂 lies in the interval [−𝛼, 𝛼].

Property 1. The vehicle always moves forward and never
moves backward. It can be described as

𝜑safety ≜ 𝜂 ∈ [−𝛼, 𝛼] ∧ |𝑒 (𝑡)| ≤ 𝜀3. (20)

Property 2. The vehicle moves forward infinitely often. It can
be described using the temporal logic formula

𝜑fairness ≜ GF |𝑒 (𝑡)| ≤ 𝜀1. (21)

Lemma 10. If 𝜑
𝑠𝑎𝑓𝑒𝑡𝑦

is an invariant of 𝐴
𝑀

and formula
𝜑
𝑓𝑎𝑖𝑟𝑛𝑒𝑠𝑠

holds for𝐴
𝑀
, then (14) is an invariant of𝐻

𝑀
and (15)

holds for𝐻
𝑀
.

Proof. Use Lemma 8,Theorem 9, and (8) to prove Lemma 10.

5.2. Parameter Constraints of the AGV System. In this section,
we will give several parameter constraints for our AGV sys-
tem. They are indispensable to guaranteeing the correctness
of the properties of safety (20) and fairness (21). We define
them in (22).

Parameter Constraints. Consider the following

𝜑
1
≜ (V cos𝛼𝑡sample)

2

+ (𝑅 + 𝜀
2
+ V sin𝛼𝑡sample)

2

≤ (𝜀
3
+ 𝑅)

𝜑
2
≜ (𝑅 − 𝜀

2
)
2

+ V2𝑡2sample − 2 (𝑅 − 𝜀2) V𝑡sample sin𝛼

≥ (𝑅 − 𝜀
3
)
2

𝜑
3
≜ 𝜔𝑡sample ≤ 𝛼

𝜑
4
≜ (𝑅 − 𝜀

3
)
2

≤ (V cos𝛼𝑡sample)
2

+ (𝑅 − 𝜀
2
+ V sin𝛼𝑡sample)

2

≤ (𝑅 + 𝜀
1
)
2

.

(22)

Theorem 11. If 𝜑
1
, 𝜑
2
, and 𝜑

3
are met, then the 𝜑safety property

is an invariant of 𝐴
𝑀
; that is,

𝜑
𝑠𝑎𝑓𝑒𝑡𝑦

∧ 𝜑
1
∧ 𝜑
2
∧ 𝜑
3
⇒ 𝜑

∗

𝑠𝑎𝑓𝑒𝑡𝑦
. (23)

Proof. In the first step, we prove that 𝜑safety ∧ 𝜑1 ⇒ 0 ≤

𝑒
∗
(𝑡) ≤ 𝜀

3
holds. Since the circle is symmetrical, we only

need to consider the situation of the first quadrant. In order
to guarantee that |𝑒(𝑡)| ≤ 𝜀

3
is met in all cases of outside the

circle track, we consider the most extreme case of the outside
of the circle. First of all, suppose that the vehicle moves on
the outside of the circle shown in Figure 3.The vehicle is very
close to point 𝐴 at the time of the current sampling, and
𝑒(𝑡) ≤ 𝜀

2
. The vehicle then moves forward to 𝐵 with 𝜂 = 𝛼 at

the next sampling; the 𝑒(𝑡) reaches the largest displacement.
We use 𝜑

1
to illustrate that 0 < 𝑒(𝑡) ≤ 𝜀

3
holds for 𝐴

𝑀
. The

derivations in (24) show that 𝑒∗(𝑡) ≤ 𝜀
3
.

Deriving from 𝜑
1
. Consider the following:

(V cos𝛼𝑡sample)
2

+ (𝑅 + 𝜀
2
+ V sin𝛼𝑡sample)

2

≤ (𝜀
3
+ 𝑅)
2

√(V cos𝛼𝑡sample)
2

+ (𝑅 + 𝜀
2
+ V sin𝛼𝑡sample)

2

≤ (𝜀
3
+ 𝑅)

√(V cos𝛼𝑡sample)
2

+ (𝑅 + 𝜀
2
+ V sin𝛼𝑡sample)

2

− 𝑅 ≤ 𝜀
3

√|𝐵𝐷|
2
+ |𝑂𝐷|

2
− 𝑅 ≤ 𝜀

3
(use the Pythagorean theorem)

√|𝐵𝐷|
2
− 𝑅 ≤ 𝜀

3

|𝑂𝐵| − 𝑅 ≤ 𝜀3

𝑒
∗
(𝑡) ≤ 𝜀

3
.

(24)
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D
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O R − 𝜀2 R R + 𝜀2 X

Figure 3: Illustration of the need for 𝜑
1
.

Since the vehicle moves on the outside of the circle, 𝑒(𝑡)∗ > 0.
Therefore, 𝜑safety ∧ 𝜑1 ⇒ 0 < 𝑒

∗
(𝑡) ≤ 𝜀

3
.

In the second step, we prove that 𝜑safety ∧ 𝜑2 ⇒ −𝜀
3
≤

𝑒
∗
(𝑡) ≤ 0 holds. In order to guarantee that |𝑒(𝑡)| ≤ 𝜀

3

in all cases inside the track of the circle, we consider the
most extreme case inside. First of all, suppose that the vehicle
moves on the inside of the circle shown in Figure 4. The
vehicle is very close to point 𝐴 at the time of the current
sampling, with 𝑒(𝑡) > −𝜀

2
, and then moves forward to 𝐵 with

𝜂 = −𝛼 at the next sampling, where the vehicle reaches the
farthest to the track.Weuse𝜑

2
to illustrate that−𝜑

3
≤ 𝑒(𝑡) < 0

holds for 𝐴
𝑀
. The derivations in (25) show that 𝑒∗(𝑡) ≥ −𝜀

3
.

Deriving from 𝜑
2
. Consider the following:

(𝑅 − 𝜀
2
)
2

+ V2𝑡2sample − 2 (𝑅 − 𝜀2) V𝑡sample sin𝛼 ≥ (𝑅 − 𝜀3)
2

√(𝑅 − 𝜀
2
)
2

+ V2𝑡2sample − 2 (𝑅 − 𝜀2) V |sin (−𝛼)| 𝑡sample

≥ 𝑅 − 𝜀
3

√|𝑂𝐴|
2
+ |𝐴𝐵|

2
− 2 |𝑂𝐴 ‖𝐴𝐵‖ sin (−𝛼)| ≥ 𝑅 − 𝜀3

√|𝑂𝐴|
2
+ |𝐴𝐵|

2
− 2 |𝑂𝐴| |𝐴𝐵| cos(𝜋

2

− 𝛼) ≥ 𝑅 − 𝜀
3

(use the Law of cosines)

|𝑂𝐵| ≥ 𝑅 − 𝜀3

𝑂𝐵 − 𝑅 ≥ −𝜀
3

𝑒
∗
(𝑡) ≥ −𝜀

3
.

(25)

Since the vehicle moves on the inside of the circle, 𝑒∗(𝑡) < 0.
Therefore, 𝜑safety ∧ 𝜑2 ⇒ −𝜀

3
≤ 𝑒
∗
(𝑡) ≤ 0.

Y

e(t)

A

B

O R − 𝜀2 R R + 𝜀2 X

Figure 4: Illustration of the need for 𝜑
2
.

A

D

C

B

Y


O


X


Y

O R − 𝜀2 R R + 𝜀2 X

Figure 5: Illustration of the need for 𝜑
3
.

In the third step, we prove that 𝜑safety ∧𝜑3 ⇒ 𝜂
∗
∈ [−𝛼, 𝛼]

holds. Constraint 𝜔𝑡sample ≤ 𝛼 is required to guarantee that
𝜂 is always in the interval [−𝛼, 𝛼]. First of all, we consider
the scenario shown in Figure 5. We build a coordinate frame
𝑋

𝑂

𝑌
 shown in Figure 5. If the vehicle reaches point 𝐴 in

the current sampling, the vehicle will steer to the left. The

angle 𝜂 < 0 (the angle between
→

𝐴𝐵 and
→

𝑂

𝑋
), relative to the

coordinate frame𝑋𝑂𝑌, is 𝜂∗ = 𝜂+𝜔𝑡sample < 𝜔𝑡sample at the
next sampling. If𝜔𝑡sample ≤ 𝛼, then 𝜂

∗
= 𝜂+𝜔𝑡sample < 𝛼. If the

vehicle reaches point 𝐶 in the current sampling, the vehicle
will steer to the left. The angle 𝜂 > 0 (the angle between

→

𝐶𝐷

and
→

𝑂

𝑋
), relative to the coordinate frame 𝑋𝑂𝑌, is 𝜂∗ =

𝜂 − 𝜔𝑡sample > −𝜔𝑡sample at the next sampling. If 𝜔𝑡sample ≤ 𝛼,
then −𝜔𝑡sample ≥ −𝛼, and we will get 𝜂∗ = 𝜂 − 𝜔𝑡sample > −𝛼.
We have proved that 𝜂∗ ∈ [−𝛼, 𝛼].

Therefore, 𝜑safety ∧ 𝜑1 ∧ 𝜑2 ∧ 𝜑3 ⇒ 𝜑
∗

safety is proved.
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O R − 𝜀2 R R + 𝜀2 X

Figure 6: Illustration of the need for 𝜑
4
.

Theorem 12. If 𝜑
4
holds for 𝐴

𝑀
, then the property of 𝜑

𝑓𝑎𝑖𝑟𝑛𝑒𝑠𝑠

is an invariance of 𝐴
𝑀
; that is, 𝜑

𝑓𝑎𝑖𝑟𝑛𝑒𝑠𝑠
∧ 𝜑
4
⇒ 𝜑
∗

𝑓𝑎𝑖𝑟𝑛𝑒𝑠𝑠
.

Proof. In order to ensure that the vehicle moves forward
infinitely often, we avoid the situation of always steering to
left after steering to right, and steering to right after steering
to left.We consider the scenario shown in Figure 6.The center
of the vehicle is very close to pointA in the current sampling,
and 𝑒(𝑡) < 𝜀

2
, with the velocity direction approximate parallel

to the direction of the tangent of point 𝐴, shown as a dashed
line. The vehicle steers to the left, moves along the arc

_
𝐴𝐵,

and we look at
_
𝐴𝐵 as a straight line 𝐴𝐵. Suppose that 𝜂 = 𝛼,

𝑒(𝑡) < 𝜀
1
at the next sampling and that the vehicle switches to

the forward mode. From 𝜑
4
, we can derive the following:

𝑅 − 𝜀
1
≤ |𝑂𝐵| ≤ 𝑅 + 𝜀1

(𝑅 > 𝜀
3
> 𝜀
2
> 𝜀
1
)

−𝜀
1
≤ |𝑂𝐵| − 𝑅 ≤ −𝜀1

−𝜀
1
≤ 𝑒
∗
(𝑡) ≤ −𝜀

1





𝑒
∗
(𝑡)




≤ −𝜀
1
.

(26)

6. Analysis of Constraints

In this section, we analyze the parameters of ourAGV system.
We rewrite the constraints as shown in (27).

Rewrite Constraints. Consider the following:

𝜑
1
≜ V2𝑡2sample + 𝜀

2

2
+ 2𝜀
2
V sin𝛼𝑡sample

≤ 𝜀
2

3
+ 2𝑅 (𝜀

3
− 𝜀
2
− V sin𝛼𝑡sample)

𝜑
2
≜ (𝑅 − 𝜀

2
− V𝑡sample)

2

+ 2 (𝑅 − 𝜀
2
) V𝑡sample (1 − sin𝛼)

≥ (𝑅 − 𝜀
3
)
2

𝜑
3
≜ 𝜔𝑡sample ≤ 𝛼.

(27)

We assume that the value range of V is from Vmin to Vmax, 𝑡sample
is from 𝑡min to 𝑡max, 𝛼 is from 𝛼min to 𝛼max, 𝜀1 is from 𝜀

1min
to

𝜀
1max

, 𝜀
2
is from 𝜀

2min
to 𝜀
2max

, 𝜀
3
is from 𝜀

3min
to 𝜀
3max

, 𝑅 is from
𝑅min to 𝑅max, and 𝜔 is from 𝜔min to 𝜔max. The inequalities
shown in (28) need to be met to ensure that the parameter
constraints hold.

Inequalities Needed for the Parameter Constraints. Consider
the following:

V2max𝑡
2

max + 𝜀
2

2max
+ 2𝜀
2max

Vmax sin𝛼max𝑡max

≤ 𝜀
2

3min
+ 2𝑅min (𝜀3min

− 𝜀
2max

− Vmax sin𝛼max𝑡max)

(𝑅max − 𝜀3min
)

2

≤ (𝑅min − 𝜀2max
− Vmax𝑡max)

2

+ 2 (𝑅min − 𝜀2max
) Vmin𝑡min (1 − sin𝛼max)

𝜔max𝑡max ≤ 𝛼min

(𝑅max − 𝜀1min
)

2

≤ V2min𝑡
2

sample + (𝑅min − 𝜀2max
)

2

+ 2 (𝑅min − 𝜀2max
) Vmin sin𝛼min𝑡min

(𝑅min + 𝜀1min
)

2

≥ V2max𝑡
2

max + (𝑅max − 𝜀2min
)

2

+ 2 (𝑅max − 𝜀2min
) Vmax sin𝛼max𝑡max.

(28)

It is obvious that the parameters 𝜀
1max

, 𝜀
3max

, and 𝜔min do
not appear in the constraint inequalities. Therefore, we
increase 𝜀

1
and 𝜀
3
from the minimum and decrease 𝜔 from

the maximum. We do not know the exact values of such
parameters as V, 𝑡sample, 𝜔, and can measure their values only
by operating the vehicle. Errors cannot be avoided when we
obtain these parameters. We can write the predicate logic
formula asserting safety 𝜑safety as follows:

∀𝛼 ∈ [𝛼min, 𝛼max] ,

∀𝜀
1
≥ 𝜀
1min

, ∀𝜀
2
∈ [𝜀
2min

, 𝜀
2max

] , ∀𝜀
3
≥ 𝜀
3min

∀𝑅 ∈ [𝑅min, 𝑅max] :

𝜑safety ∧ 𝜑1 ∧ 𝜑2 ∧ 𝜑3 ⇒ 𝜑
∗

safety.

(29)

Parameters V and 𝜔 can be viewed as the internal variables of
the vehicle.

7. Conclusion

In this paper, we havemodeled anAGV systemusing a hybrid
I/O system and investigated a two-dimensional problem
where the vehicle moves in a circular orbit. We derived and
proved the constraints of the parameters of the AGV system
so that the vehicle always move forward closely following
the circular track and never moves backward. We have also
analyzed the constraints of the parameters and the range of
the parameters. Future research can extend this formulation
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from circular track to arbitrary complex curves, consider
slopes or hilly terrains, and reason about multiple vehicle
systems.
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This paper presents a Petri net-based model for cloud workflow which plays a key role in industry. Three kinds of parallelisms in
cloud workflow are characterized and modeled. Based on the analysis of the modeling, a cloud workflow engine is designed and
implemented in Aneka cloud environment.The experimental results validate the effectiveness of our approach of modeling, design,
and implementation of cloud workflow.

1. Introduction

With the successful cases of the world’s leading compa-
nies, for example, Amazon and Google, cloud computing
has become a hot topic in both industrial and academic
areas. It embraces WEB 2.0, middleware, virtualization, and
other technologies and also develops upon grid comput-
ing, distributed computing, parallel computing, and utility
computing, and so forth [1]. Comparing with classic com-
puting paradigms, cloud computing provides “a pool of
abstracted, virtualized, dynamically scalable, managed com-
puting power, storage, platforms, and services are delivered
on demand to external customers over the Internet” [2]. It
can provide scalable resources conveniently, on demand to
different system requirements. According to features of ser-
vices mainly delivered by the established cloud infrastruc-
tures, researchers separated the services into three levels,
which are infrastructure as a service (IaaS), platform as
a service (PaaS), and software as a service (SaaS). IaaS
offers hardware resources and computing power, such as
Amazon S3 for storage and EC2 for computing power. PaaS
targets providing entire facilities including hardware and
the application development environment, such as Microsoft
Azure Services platform and Google App Engine. SaaS refers
to those software applications offered as services in cloud
environments.

However, along with the development of cloud comput-
ing, corresponding issues are also arising in both theoretical
and technical aspects. One of the most prominent problems
is how to minimize running costs and maximize revenues
on the premise of maintaining or even improving the quality
of service (QoS) [3]. Workflow technology can be regarded
as one of the solutions [2–4]. A workflow is defined as “the
automation of a business process, in whole or part, during
which documents, information, or tasks are passed from one
participant to another for action, according to a set of proce-
dural rules” by the workflowmanagement coalition (WFMC)
[5]. Workflow management system (WFMS) is a system for
defining, implementing, and managing the workflows, in
which workflow engine is themost significant component for
task scheduling, data movement, and exception handling.

Cloud workflow, also called cloud-based workflow [1] or
cloud computing-oriented workflow [3], is a new application
mode of workflow management system in the cloud envi-
ronment, whose goal is to optimize the system performance,
guarantee the QoS, and reduce running cost. It integrates
workflowwith cloud computing, which combined the advan-
tages of both sides. Cloud workflow technology can be used
in two levels [3]; from the cloud users’ view, it supports
process definitions of cloud applications and enables flexible
configuration and automated operation of the processes.This
kind of cloudworkflow is regarded as “above-the-cloud,” such
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as Microsoft Biztalk workflow service and IBM Lotuslive.
From the cloud service providers’ view, cloud workflow offers
automatic task scheduling and resourcemanagement of cloud
computing environment. This category is referred to as “in-
the-cloud,” for example, Cordys Process Factory (for Google
APPs).

There is still much timely and worthwhile work to
do in the field of cloud workflow, for example, scalability
and load balance of above-the-cloud workflow, optimization
and integration of in-the-cloud workflow, and so on. The
goal of our work in this paper is to design an above-the-
cloud workflow engine based on Aneka cloud platform [6],
considering scalability and load balance.The remainder of the
paper is organized as follows. Related work about workflow,
grid workflow, and cloud workflow is given in Section 2. The
core part is given in Section 3, including formal modeling
of workflow processes and design of the Aneka-based cloud
workflow engine.Then, the implementation and experiments
are presented in Section 4. Effectiveness and correctness of
the novel workflow engine are shown by analysis results.
Finally, in Section 5, the main results of the paper are
summarized.

2. Related Work

From the mid-1990s to around 2000, business process man-
agement and workflow technology were developed rapidly,
and many valuable results and products were gained. The
detailed surveys can be found in [7–9]. Besides, flexibility,
adaptability, dynamic changes, and exception handling of
workflow have also been focused on and taken progress in the
next few years [10–13].Thus, from the modeling and verifica-
tion of workflow process, to the design and implementation
of workflow engine, to the building and practice of workflow
management system, a series of results have made workflow
technology play amore andmore important role in social life.

In the next ten years or so, with the emergence of
new computer technologies and computing paradigms, for
example, web services, P2P, and grid computing, workflow
can be developed in two aspects. On the one hand, the
existing workflows can be transferred to new computing
paradigms. On the other hand, adapting to new features of
technologies and paradigms, workflow technology should
make a progress. Grid workflow can be classed into two
categories, above-the-grid and in-the-grid, as the discussion
of cloud workflow in the above section. The goal of in-the-
grid workflow is integration, composition, and orchestration
of grid services in the grid environment, considering peer-
to-peer service interaction and complicated lifecycle man-
agement of grid services [14]. In regard to above-the-grid
workflow, transformation of traditional business workflow
systems is the part of the work, and many researches and
practices have been done concerning distributed and parallel
features of grid [15, 16], covering modeling, verification,
scheduling problems, and so on [17–21].

Comparing cloud computing emerging in 2007 with grid
computing [2], it can be seen that their visions are the
same; meanwhile, there are both similarities and differences

between them, from architecture, security model, business
model, and computing model to provenance and applica-
tions. Based on the analysis of workflows running in these
two kinds of infrastructure, similarities and differences are
also found [3, 22]. There are many workflow studies on
different levels of cloud services. Research of workflows
building on IaaS focuses on dynamical deployment and
monitoring in cloud nodes, which is used in large-scale data
intensive computing [23, 24]. Some researchers use cloud
workflows in community team working among multiple
processes [25]. Otherwise, many workflow studies in PaaS
pay attention to the integration of cloud and workflow. It
is concerned with recognition and execution of workflow
tasks in cloud environment [26, 27]. Today, there are also
many studies on scientific and commercial cloud workflows.
Yuan et al. studied data dependency and storage on scientific
cloud workflows [28, 29]. Wu et al. carried out researches
on hierarchical scheduling strategy in commercial cloud
workflows [30].

According to our analysis, three kinds of differences or
improvements can be concluded. Firstly, cloud workflow
technology research is always carried out joint with multiple
technologies and computing paradigms, such as web services,
P2P, and grid computing. Secondly, cloud workflow concen-
trates more on data and resources and not just the control
flow. Thirdly, performance of cloud workflow is paid more
attention than functionalities [31–33].

3. Modeling and Design of Aneka-Based
Cloud Workflow Engine

Our Aneka-based cloud workflow engine will be given in this
section. To improve scalability, the cloud workflow engine
will be designed to support different parallelism levels of
workflow processes. And to clarify these parallelisms, the
formal modeling technique for processes is given firstly.

3.1. Preliminaries. Workflowmanagement system completely
or partly supports automation of workflow schema. And
workflow schema models business processes; it is character-
ized by the decomposition into subflows and atomic activities,
the control flow between activities (subflows), data flow and
data, and the assignment of resources (including human
resources and equipment resources) to each activity [5].
That is, workflow schema is a combination of three essential
dimensions: control flow, data flow, and resource flow.

Petri net is a simple, graphical, yet rigorous,mathematical
formalism, which has been used tomodel workflowprocesses
[34]. However, the usage of Petri net is always limited to
model control flow, which is not enough for describing the
above three dimensions of workflow. An advanced model
founded on the basic Petri net has been developed in our
previous paper [35], called 3DWFN. Its definition is given as
follows, which is suitable for describing cloud workflow.

Definition 1. Three-Dimension WorkFlow Net, 3DWFN.
Let Σ, Γ, and Ψ be finite alphabet sets of activ-

ity names, data names, and resource names, respectively.
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A three-dimension workflow net over them is a system
3𝐷𝑊𝐹𝑁 = ⟨𝑆, 𝑇, 𝐹, 𝐶; 𝐿𝑎𝑏, 𝐸𝑥𝑝,𝑀

0
⟩, where we have the

following:

(i) finite sets 𝑆 of places and 𝑇 of transitions: 𝑆 ∩ 𝑇 = 0,
𝑆 ∪ 𝑇 ̸= 0, and 𝑇 = 𝑇𝑎 ∪ 𝑇𝑝 ∪ 𝑇𝜏, where 𝑇𝑎 is a set
of atomic transitions, 𝑇𝑝 is a set of subnet transitions,
and 𝑇𝜏 is a set of internal transitions;

(ii) 𝐹 ⊆ (𝑆×𝑇)∪(𝑇×𝑆) is a set of arcs, especially, including
the set of inhibitor arcs: 𝐹∘ ⊆ 𝐹;

(iii) 𝐶 is a finite and nonempty color set including types of
tokens and the default is denoted by a black dot, “∙;”

(iv) Lab:𝑇 → Σ,𝐶 → Γ∪Ψ∪Γ∪Ψ is a labeling function;
(v) Exp: 𝐹 → 𝑁×𝐶×𝐶𝑜𝑛 is an arc expression function,

where𝑁 denotes the set of natural numbers and 𝐶𝑜𝑛
is a set of expressions of numeric computation or logic
computation;

(vi) 𝑀
0
: S → {0, 𝜇C} is the initial marking of the net,

where 𝜇C is the multiset over 𝐶.

In view of defining transition rule of 3DWFN, some notations
are introduced beforehand.

Definition 2. (i) Projection. Suppose 𝐹𝑥 : 𝑄 → 𝑃
1
× 𝑃
2
×

𝑃
3
× ⋅ ⋅ ⋅ , ∃𝑞 ∈ 𝑄, 𝑝

𝑖
∈ 𝑃
𝑖
(𝑖 = 1, 2, 3, . . .) : 𝐹𝑥(𝑞) =

(𝑝
1
, 𝑝
2
, 𝑝
3
, . . .), 𝐹𝑥(𝑞) ↑ 𝑃

1
× 𝑃
2
represents 𝐹𝑥(𝑞)’s projection

on 𝑃
1
× 𝑃
2
, and 𝐹𝑥(𝑞) ↑ 𝑃

1
× 𝑃
2
= (𝑝
1
, 𝑝
2
) or {𝑝

1
, 𝑝
2
}.

(ii) Variables Replacement. Let “𝑥 : 𝐴” represent 𝑥 is a
variable of set 𝐴. Variable 𝑥 may be replaced by any element
in 𝐴.

Then the transition rule is given.

Definition 3. Transition Rule of 3DWFN.

(i) Preconditions about a transition 𝑡 are denoted as for
all 𝑠 ∈

∙
𝑡, (𝑠, 𝑡) ∉ 𝐹

∘
: Pre(𝑠, 𝑡) = Exp(𝑠, 𝑡),

Pre(𝑡) = ⋃
𝑠∈
∙
𝑡
Exp(𝑠, 𝑡), and for all 𝑠 ∈ ∙𝑡, (𝑠, 𝑡) ∈

𝐹
∘
: Prev(𝑠, 𝑡) = Exp(𝑠, 𝑡).

(ii) Postcondition about a transition 𝑡 is denoted as for all
𝑠 ∈ 𝑡
∙
, : Post(𝑡, 𝑠) = Exp(𝑡, 𝑠),Post(𝑡) = ⋃

𝑠∈𝑡
∙ Exp(𝑡, 𝑠).

(iii) A transition 𝑡 ∈ 𝑇 is enabled under a marking 𝑀
if and only if (for all 𝑠 ∈ ∙𝑡, (𝑠, 𝑡) ∉ 𝐹

∘
: 𝑀(𝑠) ≥

(Pre(𝑠, 𝑡) ↑ N×C))∧(for all 𝑠 ∈ ∙𝑡, (𝑠, 𝑡) ∈ 𝐹∘ : 𝑀(𝑠) ≺
(Prev(𝑠, 𝑡) ↑ N × C)).

(iv) A new marking 𝑀 is produced after an enabled
transition fires:𝑀 = 𝑀−(Pre(𝑡) ↑ N×C)+(Post(𝑡) ↑
N × C) denoting as𝑀[𝑡 > 𝑀 or𝑀 𝑡→ 𝑡𝑀

.

3.2. Modeling and Analysis of Workflow Process. With
detailed analysis of generalized cloud workflow systems, it
is really indispensable to discriminate different parallelisms
of workflow processes for adopting cloud technologies to
promote its execution efficiency.Therefore, we divide the exe-
cution of multiple tasks in a cloud workflow system into
three levels according to different parallelisms, that is, process
level execution, task level execution, and application level
execution.

U = {ui | i = 1, 2, 3 · · ·}
R = {ri | i = 1, 2, 3 · · · }

S1.1 S1.t2S1.2 S1.3S1.t1 S1.t3 S1.4

S2.1 S2.t3

S2.2

S2.6S2.t1 S2.t5 S2.8S2.3

S2.4 S2.t4

S2.t2 S2.5

S2.7

S2.9
S2.t6

S2.10

x: U; y: R

⟨x, y⟩ ⟨x, y⟩⟨x, y⟩

⟨x, y⟩

⟨x, y⟩

⟨x, y⟩⟨x, y⟩

⟨x, y⟩ ⟨x, y⟩

⟨x, y⟩⟨x, y⟩ ⟨x, y⟩

⟨x, y⟩

⟨x
, y
⟩

⟨x
, y
⟩

⟨x, y⟩

⟨x, y⟩

⟨x, y⟩

Figure 1: Parallel processes modeled by 3DWFN.

As shown in Figure 1 by 3DWFN, there are two parallel
processes, named S1 and S2. S1 shows a sequential process
and S2 shows a process including parallel tasks. 𝑈 and 𝑅 are
colored sets. 𝑈 represents the set of users, while 𝑅 represents
the set of resources. As a result, execution of a 3DWFN looks
like a user acting, as some role carries some kind of data or
uses some kind of resources to “walk” through a certain path
of the net.

These two processes could be performed in parallel
at different computing node in cloud environment, which
illustrates the parallelism of process level execution in the
cloud workflow system.

When the workflow system enter state S2.2, S2.3, and S2.4
after transition S2.t1 fired, three tasks that are represented by
S2.t2, S2.t3, and S2.t4 are enabled to be carried out in parallel
at different computing node in cloud environment controlled
by a single user or multiple users. Then, the joint task S2.t5
could be triggered to be executed only if resources in S2.5,
S2.6, S2.7, and S2.10 are all available. This scenario illustrates
the parallelism of task level execution in the cloud workflow
system.

Finally, if a single task is intensive computing, such as
the task execution between S1.2 and S1.3, it could be divided
into more fine-grained subtasks and carried out in parallel
at different computing node in cloud environment controlled
by a single user. This scenario shows the parallelism in
application level.

3.3. Architecture of CloudWorkflow. According to the above-
mentioned analysis, the integrated framework of Aneka-
based cloud workflow engine is presented. There are three
parts, environment, applications, and control parts, which
can solve the analyzed parallelisms problems in the three
levels and achieve extensibility and reusability of workflow.
Details are presented in Figure 2.

3.3.1. Cloud Workflow Environment. There are three execut-
ing models in the Aneka cloud environment, Task Model,
MapReduce Model, and Thread Model. In the remainder of
this paper, all experiments are run with Task Model.
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Aneka cloud platform

Task model Mapreduce 
model Thread model

Workflow engine Host application

Start Cloud 
application EndWorkflow 

instance 1 

Start EndWorkflow 
instance 2 

Parallel processes

Task 2

· · ·

· · ·

Figure 2: Integrated framework of Aneka-based cloud workflow engine.

3.3.2. Cloud Workflow Applications. The cloud workflow
applications contain all instances of workflow processes.

3.3.3. Cloud Workflow Control. The cloud workflow control
part contains the workflow engine and host application. The
cloud workflow engine is in charge of running workflow
instances, and the host application is in charge of defining
workflow processes andmonitoring workflow process execu-
tions.

3.4. Design of Cloud Workflow

3.4.1. Design of Workflow Runtime Environment. A light-
weight cloud workflow engine is designed, whose functions
include starting process execution, scheduling processes, and
tasks based on preestablished rules. The workflow runtime
environment is shown in Figure 3, which is composed of three
parts, host application, workflow instances, and runtime
engine.

Then, Figure 4 shows all service classes design of the
workflow engine.The class “WorkflowRuntimeService” is the
base class and the others are the derived classes.

3.4.2. Design of Cloud Workflow Execution Process. After a
process is started, each task will be executed following the
control flow when requirements of data flow and resource
flow are met. When a task is enabled, the task executor
will send its execution request to workflow engine. Then,
the workflow engine will instantiate the ready task. If the
task is not intensive computing, then it will be executed
locally. Otherwise, if the task is intensive computing, it will
be submitted to the cloud. The execution process of cloud
workflow is depicted as in Figure 5.

3.4.3. Design of Task Model Submission Process. Next, the
submission process of task is designed. As mentioned above,
Task Model is chosen. In Aneka cloud environment, Task
Model is used not only to solve the distributed applications
which are composed of single tasks, but also to execute

Aneka
Workflow 
instance

Host application

Tasks

Rules

Runtime engine

Execution

Scheduling

Algorithm

(cloud 
application) 

Figure 3: Workflow runtime environment.

the correlating tasks of these applications. Once users submit
their sequence of tasks with rules, the results will be returned
by Aneka after a while.

Aneka Task Model is composed of the class AnekaTask,
the interface ITask, and the class AnekaApplication. The task
submission process in Aneka Task Model is as follows: firstly,
to define a class “UserTask,” which inherits class “AnekaTask”
in Aneka Task Model; secondly, to create an instance of
UserTask for the application program; and thirdly, to package
class “UserTask” instance to class “AnekaTask” and submit it
to Aneka cloud by class “AnekaApplication.” The sequence
diagram of the above process is shown in Figure 6.

Then, the implementation of workflow tasks is presented
in Figure 6. Firstly, the implementation manager submits
tasks to the workflow runtime engine. Then, the workflow
runtime engine selects a custom made operation flow and
creates its workflow instance and then runs it at the same
time.

4. Implementation and Experiment

4.1. Building Aneka Cloud Environment. Our experimental
cloud environment includes a server as a master node,
some common PCs as the worker nodes, and a manager
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-Runtime
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+Start()
+Stop()

ExternalDataExchangeService WorkflowPresistenceService

SqlWorkflowPresistenceService
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Figure 4: Class diagramWF service.
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Figure 5: Process of cloud workflow execution.

node. In this paper, the detailed hardware configuration is
presented in Table 1.

Then, the cloud nodes are pretreated according to the
following steps before installing Aneka.

(a) Install FTP server on the master node and worker
nodes.

(b) Offer access authority for the manager node to the
master node and worker nodes.

After pretreatment, Aneka cloudmanagement platform is
installed in the manager node. Then, we use remote access to
install and configure the master node and worker nodes.

4.2.Workflow Process of an Example. Our example is to com-
pute definite integral by a probabilisticmethod.The workflow

Table 1: Aneka cloud environment configuration.

Type of node Operating system Quantity of computers
Manager Windows 7 1
Master Windows Server 2008 1
Worker Windows 7 3

process is composed of four steps: “generations of random
number,” “computing𝑋-axis,” “computing𝑌-axis,” and “com-
putation of final result.”

In this processing, there are three correlating tasks,
which are “generation of random numbers”, “computation
of 𝑋-axis 𝑥” and “computation of 𝑌-axis 𝑦.” We use the
task “generation of random numbers” to compute real and
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Figure 6: Process of submitting tasks.

imaginary axes. Then, we match and combine values of 𝑥, 𝑦
to a 𝑝𝑜𝑖𝑛𝑡(𝑥, 𝑦). Admittedly, the combinational step is next
to the computational step of 𝑓(𝑥, 𝑦), and the steps are in one
task. In this case, we divide the position relations of all points
into two cases.When a𝑓(𝑥, 𝑦) is between𝑥 = 𝑎 and𝑥 = 𝑏, we
let the count increase by 1. In contrary, count is not changed.
Then, letting the number of all points be equal to number 𝑛,
we use 𝑝 = 𝑅/𝑛 to estimate ∫𝑏

𝑎
𝑓(𝑥). The operation flow is

present in Figure 7.

4.3. Implementation Methods. The task of computing axes is
intensive computing andwill be submitted to theAneka cloud
in Task Model. The execution function under the interface
ITask is presented in Algorithm 1. Then, the task is packaged
and submitted to the cloud by the above mentioned class
AnekaApplication.The core implementation is configured in
Algorithm 2.

4.4. Results Analysis. Based on the above experiments, run-
ning results and workflow logs are analyzed. Three analysis
conclusions are given as follows. Firstly, as shown in Table 2,
the results of definite integral workflow are presented with
different number of points. It shows that the degree of
accuracy increases along with the increase of task’s number.
It accords with the mathematical regular rule. It is indicated
that the functionality of our cloudworkflow engine is normal.

Secondly, the intensive computing tasks submitted to the
Aneka cloud are executed in parallel by different workers. As
shown in Figure 8, the screenshot of workflow log, tasks A
and B represent, respectively, the two intensive computing
tasks, “computing X-axis” and “computing Y-axis.” It is
indicated that our cloud workflow engine is effective and
efficient.

Task start

Get random 
numbers 

Compute Y-axis Y Compute X-axis X 

Combine point  

Divide position relation of 
(X, Y

(X, Y)

) and  

If x > a and x < b compute f(x, y);

While n! = 0, n . . .

(n = 70)

Y = X
2

fcount = fcount + 1

f = fcount/n

Figure 7: Process diagram of task.

Table 2: Result of different number of the spots.

Number of the spots 70 100 150 1000
Computing result 0.286 0.310 0.393 0.342

Thirdly, the running time of the whole workflow comple-
tion is not simple linear growth with the number of points
used in definite integral. The screenshot of workflow log
shown in Table 3 presents the time table of 10 tasks for their
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public void Execute ()
{

this.result = (this.𝑦 ∗ this.𝑦) ∗ this.rd;.
}

public void Execute ()
{

this.result = this.𝑥+ (this.𝑦− this.𝑥) ∗ this.rd:
}

Algorithm 1: Code of execute function.

private static AnekaApplication < AnekaTask, TaskManager > Setup (string [] args)
{

Configuration conf = Configuration.GetConfiguration (“configuration file”);
// ensure that SingleSubmission is set to false
// and that ResubmitMode to MANUAL.
conf.SingleSubmission = false;
conf.ResubmitMode = ResubmitMode.MANUAL;
conf.UserCredential = new Aneka.Security.UserCredentials(“administrator”, “”);
AnekaApplication < AnekaTask, TaskManager > app =

new AnekaApplication < AnekaTask, TaskManager > (“Workflow1”, conf);
// ensure that SingleSubmission is set to false
if (args.Length = = 1)
{

bLogOnly = (args [0] == “LogOnly”? true: false);
}

return app;
}

|

Algorithm 2: Aneka application configuration.

Figure 8: Process of task execution.

execution time, waiting time, and total time. Mean execution
time is about 2.6 seconds, and mean waiting time is about 1
second except the last task. The waiting time of the last task
is so long that it is nearly equal to the sum time of the other
9 tasks. In this case, if the number of used points is increased
in the next experiment, the total time might not be increased
but decreased, because the cloud might assign more workers
(resources) to execute them to save time. It is indicated that
the cloud workflow engine is scalable, which will not spend

an impossible large amount of time when a lot of tasks and
processes run in parallel.

5. Conclusion

The work in this paper can be concluded as follows. A Petri
net-based model called 3DWFN is given firstly, which can
describe three dimensions of a workflow, that is, control flow,
data flow, and resource flow. According to the analysis of the
existing workflow systems, it is found that cloud workflow
pays more attention to data, resources, and performance
than control flow and functionality researched commonly in
traditional workflow. Thus, 3DWFN is suitable for modeling
of cloud workflow processes.Through analysis of the features
of workflow processes executed potentially in cloud environ-
ment, three kinds of parallelisms are recognized as process
level, task level, and application level and then modeled
specifically by 3DWFN. The goal of the following design of
cloud workflow engine is to support these parallelisms to
improve scalability by using resources as far as in parallel.

Then, the architecture of the Aneka cloud basedworkflow
engine is designed. The workflow runtime environment and
execution process are stated, and the process of packaging
and submitting an intensive computing task to Aneka is
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Table 3: Timetable of task.

Total execution time Total waiting time Total time spent
00:00:02 00:00:00.5730000 00:00:02.5730000
00:00:06 00:00:01.2300000 00:00:07.2300000
00:00:02 00:00:00.6670000 00:00:02.6670000
00:00:02 00:00:01.3100000 00:00:03.3100000
00:00:03 00:00:00.8700000 00:00:03.8700000
00:00:04 00:00:00.0470000 00:00:04.0470000
00:00:03 00:00:00.4500000 00:00:03.4500000
00:00:01 00:00:02.9370000 00:00:03.9370000
00:00:01 00:00:00.7000000 00:00:01.7000000
00:00:02 00:06:019.5058631 00:06:15.9415449

explained. After the engine is implemented, a definite integral
process is used as an example. By different numbers of points
used to definite integral, the functionality and effectivity of
the cloud workflow engine are shown. Based on the analysis
of running results and workflow logs, the scalability and
efficiency of the cloud workflow engine are given.

In the future, the research can be improved in following
directions. First, more practical workflow processes will be
designed using powerful expression of 3DWFN. Second,
novel cloudworkflow engine will be built, which has dynamic
scheduling and handling functions with complicated process.
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An efficient technique of designing spatial matrix filter for array signal preprocessing based on convex programming was proposed.
Five methods were considered for designing the filter. In design method 1, we minimized the passband fidelity subject to the
controlled overall stopband attenuation level. In design method 2, the objective function and the constraint in the design method
1 were reversed. In design method 3, the optimal matrix filter which has the general mean square error was considered. In design
method 4, the left stopband and the right stopband were constrained with specific attenuation level each, and the minimized
passband fidelity was received. In design method 5, the optimization objective function was the sum of the left stopband and
the right stopband attenuation levels with the weighting factors 1 and 𝛾, respectively, and the passband fidelity was the constraints.
The optimal solution of the optimizations above was derived by the Lagrange multiplier theory. The relations between the optimal
solutions were analyzed. The generalized singular value decomposition was introduced to simplify the optimal solution of design
methods 1 and 2 and enhanced the efficiency of solving the Lagrangemultipliers. By simulations, it could be found that the proposed
method was effective for designing the spatial matrix filter.

1. Introduction

Spatial matrix filter can be used for array signal preprocessing
in direction of arrival (DOA) estimation and matched field
processing (MFP). The signals from the interested area are
reserved and the interferences from other areas are restrained
by preprocessing [1–3]. The estimation accuracy and the
probability of resolution can be enhanced enormously. In
addition, the use of spatial matrix filtering technology makes
it possible to estimate bearings formore than𝑁 narrow-band
sources using an 𝑁-element array [4]. In line array sonar
signal processing, this method can be used to suppress the
platform noise which depresses the capability of the sonar
seriously and keeps it unresolved for a long time [5, 6].

The spatialmatrix filter evolves frommatrix filter which is
more powerful for filtering short data records than the finite
impulse response (FIR) digital filters [7–11]. In [8, 9], a semi-
infinite optimization programming was constructed for filter
design, which minimized the mean square error between the

actual response and the desired response in the passband to
ensure the stopband attenuation over continuously stopband
frequency satisfied given specification. The matrix filter
was used directly in DOA estimation of a linear array for
improving the estimation accuracy. It is an approximation of
the real spatialmatrix filter inwhich the stopband attenuation
over continuous directions satisfied the given specification.
In [7], a convex programming is constructed by using least
square or minimax criterion for matrix filter design; the
responses over discrete frequency points are considered. The
same criterion is used for designing spatial matrix filter
with application to MFP in passive sonar [1]. Unfortunately,
the optimal filter had not been given. As complex solving
theory was needed, the filters designed by [1, 7] could not
be used efficiently in DOA estimation either. In a recent
paper [10, 11], the optimal matrix filters were obtained over
continuous frequency point by using convex programming,
and the optimalmatrix filter for short data records processing
was given. References [2, 3] put forward the concept of
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generalized spatial prefiltering, in which a second-order cone
programming (SOCP) was constructed. The spatial matrix
filter was used in DOA estimation [12] and MFP [2, 3]. A
heavy computation load was required for a large number of
sensors as the variable amount in the SOCP was at least the
square number of the sensor amount. It was difficult to obtain
the filter when the sensors increase to large number, and a
long time was consumed.

In this paper, an effective technique of designing the
spatial matrix filter based on convex programming for array
signal preprocessing in DOA estimation was proposed. Five
design methods were considered. All the optimal solutions
were given directly by using the Lagrange multiplier theory.
Theoretical analysis shows that the proposed methods are
more efficient than the previous methods. Numerical results
were presented to illustrate the effectiveness of the methods.

2. Optimal Spatial Matrix Filter Design

Consider a uniform linear array with 𝑁 elements. Assume
that there are𝐷 narrow band signals with the same frequency
𝜔
0
incident onto the sensor array from directions 𝜃 =

[𝜃
1
, 𝜃
2
, . . . , 𝜃

𝐷
]. The received signals are given by

x (𝑡) = A (𝜃) s (𝑡) + n (𝑡) , (1)

where x(𝑡) = [𝑥
1
(𝑡), . . . , 𝑥

𝑁
(𝑡)]
𝑇 and s(𝑡) = [𝑠

1
(𝑡), . . . , 𝑠

𝑁
(𝑡)]
𝑇

are the 𝑁-dimensional source signals; n(𝑡) = [𝑛
1
(𝑡), . . . ,

𝑛
𝑁
(𝑡)]
𝑇 is the 𝑁-dimensional noise; A(𝜃) = [a(𝜃

1
), . . . ,

a(𝜃
𝑖
), . . . , a(𝜃

𝐷
)] is the 𝑁 × 𝐷 steering matrix, where a(𝜃

𝑖
) =

[1, 𝑒
−𝑗𝜔0Δ sin(𝜃𝑖)/𝑐

, . . . , 𝑒
−𝑗𝜔0(𝑁−1)Δ sin(𝜃𝑖)/𝑐

]

𝑇

is the steering vec-
tor, (⋅)𝑇 denotes the transpose of a matrix, and Δ is the
distance of neighbor sensors.

Assume that the passband, left stopband, and right stop-
band steering matrices are V

𝑃
= [k
𝑝1
, . . . , k

𝑝𝑖
, . . . , k

𝑝𝑃
], k
𝑝𝑖
∈

Ω
𝑃
, 1 ≤ 𝑖 ≤ 𝑃, V

𝑆1
= [k
𝑠1
, . . . , k

𝑠𝑗
, . . . , k

𝑠𝑆1
], k
𝑠𝑗
∈ Ω
𝑆1
, 1 ≤

𝑗 ≤ 𝑆
1
, and V

𝑆2
= [k
𝑡1
, . . . , k

𝑡𝑘
, . . . , k

𝑡𝑆2
], k
𝑡𝑘
∈ Ω
𝑆2
, 1 ≤

𝑘 ≤ 𝑆
2
, respectively, where k

𝑝𝑖
, k
𝑠𝑗
, and k

𝑡𝑘
are the 𝑖th, 𝑗th,

and 𝑘th steering vectors of passband, left stopband, and right
stopband. The stopband steering matrix V

𝑆
= V
𝑆1
∪ V
𝑆2
.

𝑃 > 𝑁, 𝑆
1
> 𝑁, and 𝑆

2
> 𝑁 are the discrete numbers

of the passband, left stopband, and right stopband regions,
respectively, Ω

𝑃
= [𝜃
𝑝1
, 𝜃
𝑝2
], Ω
𝑆1
= [−90

∘
, 𝜃
𝑠1
), Ω
𝑆2
=

(𝜃
𝑠2
, 90
∘
], and Ω

𝑆
= Ω
𝑆1
∪ Ω
𝑆2
for −90∘ < 𝜃

𝑠1
≤ 𝜃
𝑝1
< 𝜃
𝑝2
≤

𝜃
𝑠2
< 90
∘. 𝑆 = 𝑆

1
+ 𝑆
2
is the number of stopband steering

vectors.
The filtering operation can be expressed as

z (𝑡) = Hx (𝑡) = HA (𝜃) s (𝑡) +Hn (𝑡) , (2)

where z(𝑡) are the𝑁-dimensional output signals andH is an
𝑁×𝑁 spatial matrix filter. By preprocessing, the normalized
passband fidelity and the normalized stopband attenuation
level can be given by ‖HV

𝑃
− V
𝑃
‖
2

𝐹
/𝑁𝑃 and ‖HV

𝑆
‖
2

𝐹
/𝑁𝑆,

respectively. Similarly, the left stopband and the right stop-
band attenuation levels are ‖HV

𝑆1
‖
2

𝐹
/𝑁𝑆
1
and ‖HV

𝑆2
‖
2

𝐹
/𝑁𝑆
2
,

where ‖ ⋅ ‖
𝐹
denotes the Frobenius norm of a matrix. The

objective of a spatial matrix filter is to pass the interested

signal over the passband and suppress the interference over
the stopband. There are five methods to design the spatial
matrix filter based on convex programming.

2.1. Design Method 1 (DM1). In this method, we minimize
the normalized passband fidelity subject to the controlled
normalized stopband attenuation constraint at the same time.
In this optimization, the left stopband and the right stopband
are treated as a whole:

min
H1

𝐽 (H
1
) =

1

𝑁𝑃





H
1
V
𝑃
− V
𝑃






2

𝐹

subject to 1

𝑁𝑆





H
1
V
𝑆






2

𝐹
≤ 𝜀
1
,

(3)

where 𝜀
1
defines the stopband attenuation level. The aver-

age stopband attenuation is 10log
10
(‖H
1
V
𝑆
‖
2

𝐹
/𝑁𝑆) decibels.

When 𝜀
1
= 10
𝑘/10, thenwewill gain the average attenuation of

𝑘 dB on the stopband.The average passband fidelity level and
the left and the right stopband attenuation levels are chosen
with the same way as follows in DM2, DM4, and DM5.

2.2. Design Method 2 (DM2). In this method, the objective
function and the constraint in the design method 1 are
reversed:

min
H2

𝐽 (H
2
) =

1

𝑁𝑆





H
2
V
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2

𝐹

subject to 1
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2
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1
,

(4)

where 𝜉
1
defines the passband fidelity level.

2.3. Design Method 3 (DM3). The third method is to find
out the optimal spatial matrix filter which has the general
mean square error. In this method, the passband fidelity and
stopband attenuation are treated exactly the same:

min
H3
𝐽 (H
3
) =

ΔΩ
𝑃

𝑁𝑃
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3
V
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− V
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2
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+
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2

𝐹
, (5)

where ΔΩ
𝑃
= 𝜃
𝑝2
− 𝜃
𝑝1

and ΔΩ
𝑆
= 180

∘
+ 𝜃
𝑠1
− 𝜃
𝑠2
are the

widths of the passband and stopband regions, respectively.

2.4. Design Method 4 (DM4). The fourth method is to find
the optimal matrix filter which constrains the left stopband
and the right stopband with 𝜀

2
and 𝜀

3
, respectively. When

the interferences were differently on both sides, we could
suppress them more precisely with different attenuation
levels:

min
H4

𝐽 (H
4
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(6)
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2.5. Design Method 5 (DM5). Consider

min
H5
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5
) =
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.

(7)

In thismethod, we derive the sumof the left stopband and
the right stopband attenuations with the weighting factors 1
and 𝛾, respectively, and the passband fidelity is restricted by
less than 𝜉

2
.The weighting ratio of the right stopband and the

left stopband attenuation was 𝛾.

3. Problem Solution

In this section, the mathematical solutions of computing
the optimal spatial matrix filters are derived by using the
Lagrange multiplier technique. A numerical technique based
on the generalized singular value decomposition method is
also proposed for reducing the computational complexity of
determining the optimal Lagrange multipliers.

For design method 1, the Lagrangian for the problem is
defined as

𝐿 (H
1
; 𝜆
1
) =

1

𝑁𝑃





H
1
V
𝑃
− V
𝑃






2

𝐹
+

𝜆
1

𝑁𝑆





H
1
V
𝑆






2

𝐹
− 𝜆
1
𝜀
1
,

(8)

where 𝜆
1
> 0 is the Lagrange multiplier. Because the

cost function and the constraint are strictly convex, the
Lagrangian is also convex inH

1
and is minimized for any 𝜆

1

by

̂H
1
(𝜆
1
) = R
𝑃
(R
𝑃
+ 𝜆
1
R
𝑆
)
−1

, (9)

where R
𝑃
= V
𝑃
VH
𝑃
/𝑁𝑃, R

𝑆
= V
𝑆
VH
𝑆
/𝑁𝑆, (⋅)H denotes the

conjugate transpose of a matrix, and (⋅)−1 denotes the inverse
of a nonsingular matrix. Substitution of Ĥ

1
(𝜆
1
) into (9) gives

the dual function

𝜙 (𝜆
1
) ≜ −Tr [R

𝑃
(R
𝑃
+ 𝜆
1
R
𝑆
)
−1R
𝑃
] + Tr [R

𝑃
] − 𝜆
1
𝜀
1
, (10)

where Tr(⋅) denotes the trace of amatrix.The duality theorem
states that the optimal Lagrangemultiplier ̂𝜆

1
can be obtained

bymaximizing 𝜙(𝜆
1
). It can be shown that the optimal spatial

matrix filter and the equation of finding ̂𝜆
1
are as

Ĥ
1
(
̂
𝜆
1
) = R

𝑃
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+
̂
𝜆
1
R
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−1

, (11)
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1
. (12)

It is interesting to note from (12) that as 𝜀
1
→ 0,

̂
𝜆
1
→ ∞. Hence, for a smaller value of 𝜀

1
, we obtain a

larger Lagrange multiplier and vice versa. From (8), a larger
value of ̂𝜆

1
implies that the stopband error weighted more

heavily compared to the passband error. Hence, one would
expect that a larger value of ̂𝜆

1
would lead to better stopband

attenuation at the cost of increased passband ripple.

Similarly, for design method 2, the optimal spatial matrix
filter and the equation of finding the optimal Lagrange
multiplier ̂𝜆

2
are as follows:

Ĥ
2
(
̂
𝜆
2
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̂
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(14)

For designmethod 3, the optimal spatialmatrix filter with
the general mean square error can be deduced by (11) with
̂
𝜆
1
= ΔΩ

𝑆
/ΔΩ
𝑃
or by (13) with ̂𝜆

2
= ΔΩ
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/ΔΩ
𝑆
. The optimal

spatial matrix filter is
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Note that (13) can be reexpressed as
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Comparing (11) with (16), it is clear from (11) and (13) that
if 1/̂𝜆

2
=
̂
𝜆
1
, then the two optimal spatial matrix filters are

identical. When the stopband attenuation has been specified
with 𝜀 by (12) with a certain ̂𝜆

1
, the passband fidelity 𝜉 can

be easily deduced by (14) with ̂𝜆
2
= 1/

̂
𝜆
1
and vice versa. By

using ̂𝜆
2
×
̂
𝜆
1
= 1, (12), and (14), the relationship between the

stopband attenuation and passband fidelity is
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+ Tr [R
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𝑃
] . (17)

The optimal spatialmatrix filter with generalmean square
error is obtained by design method 3. By substituting ̂𝜆 =
ΔΩ
𝑆
/ΔΩ
𝑃
into (17), the general response error 𝜂 is

𝜂 = ΔΩ
𝑃
𝜉
1
+ ΔΩ
𝑆
𝜀
1

= ΔΩ
𝑃
− Tr [ΔΩ

𝑃
R
𝑃
(ΔΩ
𝑃
R
𝑃
+ ΔΩ
𝑆
R
𝑆
)
−1

ΔΩ
𝑃
R
𝑃
] .

(18)

It can be seen that this filter is just the same as the filter
which is proposed by MacInnes in [4]. In paper [4], the filter
was given by the product of onematrix and the pseudoinverse
of another matrix.

Similarly, the optimal solution of design methods 4
and 5 can be derived by using the Lagrange theory. The
optimal solution Ĥ

4
and the equations for solving the optimal

Lagrange multipliers ̂𝜆
1
and ̂𝜆

2
of design method 4 are given

directly by the following:

Ĥ
4
= R
𝑃
(R
𝑃
+
̂
𝜆
3
R
𝑆1
+
̂
𝜆
4
R
𝑆2
)

−1 (19)

Tr [R
𝑃
(R
𝑃
+
̂
𝜆
3
R
𝑆1
+
̂
𝜆
4
R
𝑆2
)

−1

R
𝑆1

⋅(R
𝑃
+
̂
𝜆
3
R
𝑆1
+
̂
𝜆
4
R
𝑆2
)

−1

R
𝑃
] = 𝜀
2

(20)

Tr [R
𝑃
(R
𝑃
+
̂
𝜆
3
R
𝑆1
+
̂
𝜆
4
R
𝑆2
)

−1

R
𝑆2

⋅(R
𝑃
+
̂
𝜆
3
R
𝑆1
+
̂
𝜆
4
R
𝑆2
)

−1

R
𝑃
] = 𝜀
3
.

(21)
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The optimal solution of designmethod 5 and the equation
for solving the optimal Lagrange multiplier are given as
follows:

Ĥ
5
=
̂
𝜆
5
R
𝑃
(
̂
𝜆
5
R
𝑃
+ R
𝑆1
+ 𝛾R
𝑆2
)

−1 (22)

Tr [̂𝜆
5
R
𝑃
(
̂
𝜆
5
R
𝑃
+ R
𝑆1
+ 𝛾R
𝑆2
)

−1

× R
𝑆2
(
̂
𝜆
5
R
𝑃
+ R
𝑆1
+ 𝛾R
𝑆2
)

−1
̂
𝜆
5
R
𝑃
]

= −Tr (R
𝑃
) + 𝜉
2

+ 2Tr [̂𝜆
5
R
𝑃
(
̂
𝜆
5
R
𝑃
+ R
𝑆1
+ 𝛾R
𝑆2
)

−1

R
𝑃
] .

(23)

For a given division of the passband and the stopband, the
correlation matrices R

𝑃
, R
𝑆
, R
𝑆1
, and R

𝑆2
could be obtained.

If we get the optimal Lagrange multiplier, then we get the
optimal spatial matrix filters by (11), (13), (19), and (22). In
other words, the spatial matrix filter design problems had
been changed into the problems of solving the nonlinear
equations of (12), (14), (20), (21), and (23). There were only
1 (DM1, DM2, and DM5) or 2 (DM4) parameters that need
to be solved. The optimizations of the previous methods
besides [4] (the optimal filter was the same as that of DM3)
were very complicated. The unknown 𝑁 × 𝑁 filter H has
𝑁
2 unknown parameters that need to be solved. In addition,

with the increasing of the discrete points in the passband and
the stopband region, the computational complexity of other
methods increased greatly, whereas it had little effect on the
proposedmethods.Theproposedmethodswere very efficient
for spatial matrix filter design.

Noticing that all the equations for solving the multipliers
were monotonous nonlinear functions, for the given stop-
band attenuation level and the passband fidelity level, the
Lagrange multipliers were unique.They could be obtained by
the most iterative root finding algorithm, whereas the other
methods need some professional optimization software. In
this paper, the method of dichotomy was used.

4. Improving the Design Efficiency of
Design Methods 1 and 2

The efficiency of designing the optimal matrix filter in design
method 1 or in design method 2 is mainly influenced by
determining the optimal Lagrange multiplier ̂𝜆 or ̂𝜆. The
computational complexity can be reduced significantly by
using the generalized singular value decompensationmethod
[13–15]. Since V

𝑃
and V

𝑆
are nonsingular Vandermonde

matrices, there exist unitary matrices U
𝑃
∈ C𝑃×𝑃 and U

𝑆
∈

C𝑆×𝑆 and a nonsingular matrixQ
𝑋
∈ C𝑁×𝑁 such that

V
𝑃
= Q−H
𝑋
[Σ
𝑃
, 0
𝑁×(𝑃−𝑁)

]U
𝑃

V
𝑆
= Q−H
𝑋
[Σ
𝑆
, 0
𝑁×(𝑆−𝑁)

]U
𝑆
,

(24)

where Σ
𝑃
= diag(𝛼

1
, . . . , 𝛼

𝑖
, . . . , 𝛼

𝑁
), Σ
𝑆
= diag(𝛽

1
, . . . , 𝛽

𝑖
,

. . . , 𝛽
𝑁
), and 𝛼2

𝑖
+ 𝛽
2

𝑖
= 1, 𝑖 = 1, 2, . . . , 𝑆.

By substitution of (24) into (11), (13), and (15), the optimal
spatial matrix filters can be given by

̂H
1
= Q−H
𝑋

Σ
2

𝑃

𝑁𝑃

(

Σ
2

𝑃

𝑁𝑃

+
̂
𝜆

Σ
2

𝑆

𝑁𝑆

)

−1

QH
𝑋

̂H
2
=
̂
𝜆
2
Q−H
𝑋

Σ
2

𝑃

𝑁𝑃

(
̂
𝜆
2

Σ
2

𝑃

𝑁𝑃

+

Σ
2

𝑆

𝑁𝑆

)

−1

QH
𝑋

̂H
3
= Q−H
𝑋

Σ
2

𝑃

𝑁𝑃

(

Σ
2

𝑃

𝑁𝑃

+

Σ
2

𝑆

𝑁𝑆

)

−1

QH
𝑋
.

(25)

For design methods 1 and 2, the optimal Lagrange
multipliers ̂𝜆

1
and ̂𝜆

2
are the roots of the following equations,

respectively:

Tr[Q−H
𝑋

Σ
4

𝑃
Σ
2

𝑆

(𝑁𝑃)
2
𝑁𝑆

(

Σ
2

𝑃

𝑁𝑃

+
̂
𝜆
1

Σ
2

𝑆

𝑁𝑆

)

−2

Q−1
𝑋
] = 𝜀
1

(26)

1 − Tr[̂𝜆
2
Q−H
𝑋

Σ
4

𝑃
Σ
2

𝑆

(𝑁𝑃)
2
𝑁𝑆

(
̂
𝜆
2

Σ
2

𝑃

𝑁𝑃

+

Σ
2

𝑆

𝑁𝑆

)

−2

Q−1
𝑋
]

− Tr[̂𝜆
2
Q−H
𝑋

Σ
4

𝑃

(𝑁𝑃)
2
(
̂
𝜆
2

Σ
2

𝑃

𝑁𝑃

+

Σ
2

𝑆

𝑁𝑆

)

−1

Q−1
𝑋
] = 𝜉
1
.

(27)

Any root finding method can be used to solve for ̂𝜆
1

and ̂𝜆
2
which satisfy the equations defined by (26) and

(27), respectively. Note that if (12) or (14) is solved directly
using some iterative methods, it requires a matrix inversion
(R
𝑃
+
̂
𝜆
1
R
𝑆
)

−1

or (̂𝜆
2
R
𝑃
+ R
𝑆
)

−1

for each iteration. It is of the
order of 𝑁3 computations. On the other hand, using (26) or
(27), the computation load becomes trivial because thematrix
inversion involves a diagonalmatrix.The generalized singular
value decomposition of twomatrices is the only price needed
to be paid for the computation load. However, this needs to
be done only once.Therefore, the computation efficiency can
be greatly enhanced.

5. Computer Simulation

In this section, the passband and stopband of all the filters
are specified with Ω

𝑃
= [−10

∘
, 10
∘
] and Ω

𝑆
= Ω
𝑆1
∪ Ω
𝑆2
=

[−90
∘
, −15
∘
] ∪ [15

∘
, 90
∘
]. The filters have the same dimension

with𝑁 = 20.
Figure 1 showed the filters design by usingDM1 andDM3.

The stopband fidelities 𝜀
1
of DM1 filters were 0.032, 0.01,

0.001, and 0.00032, respectively, which were −15 dB, −20 dB,
−30 dB, and −35 dB in decibels. The passband fidelity and
stopband attenuation level of the filter designed by DM3were
0.0222 and 0.0026, respectively, which were −16.53 dB and
−25.83 dB in decibels. As we know, filter of DM3 has the
general mean square response error, and it was obvious that
the filter of DM3 can be obtained by using DM1with properly
set stopband attenuation level.

In paper by Zhu et al. [8], a semi-infinite optimization
programming was used to obtain the optimal matrix filter.



Journal of Applied Mathematics 5

0 15 30 45 60 75 90

0

−90 −75 −60 −45 −30 −15

−40

−45

−50

−35

−30

−25

−20

−15

−10

−5

Angle (∘)

1
0

lg
(‖
H
a(
𝜃
)‖

2 2
/N

) (
dB

)

DM1, 𝜀1 = 3.2e − 002

DM1, 𝜀1 = 1.0e − 002

DM1, 𝜀1 = 1.0e − 003

DM1, 𝜀1 = 3.2e − 004

DM3

(a) Power response

0 15 30 45 60 75 90

0

−90 −75 −60 −45 −30 −15
−40

−35

−30

−25

−20

−15

−10

−5

Angle (∘)

1
0

lg
(‖
H
a(
𝜃
)
−
a(
𝜃
)‖

2 2
/N

) (
dB

)

DM1, 𝜀1 = 3.2e − 002

DM1, 𝜀1 = 1.0e − 002

DM1, 𝜀1 = 1.0e − 003

DM1, 𝜀1 = 3.2e − 004

DM3

(b) Mean square error

Figure 1: Characteristics of the spatial matrix filters designed by DM1 and DM3.
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Figure 2: The comparison of Zhu method [8] with Yan method [3].

Although the filter was designed for digital filtering, it
was used directly for spatial filtering in direction of arrival
estimation. Yan and Ma [3] designed the specific spatial
matrix filter for array signal preprocessing in direction of
arrival estimation (Figure 2). Figure 3 compared the two
filters designed above. As we could see there was a negligible
difference between the two filters. And we need only to
compare the Zhu filter with the proposed filter to illustrate
the effectiveness of the proposed method.

Figure 3 showed the filters designedwith Zhumethod [8],
DM1, and DM2.The filters by Zhu method and DM1 had the

same average attenuation level with −25 dB in the stopband.
In DM2, the passband fidelity was 𝜉

1
= 0.06823 (−11.66 dB),

which was the same as that of the filter obtained by using Zhu
method. It could be seen from Figure 3, on the one hand, that
the filter of DM1 has much less passband response error than
that of Zhu method. On the other hand, the filter of DM2 has
much lower stopband attenuation than that of Zhu method.

As we had discussed above, by a smaller value of 𝜀
1
,

we obtain a larger Lagrange multiplier 𝜆
1
and vice versa.

Similarly, by a smaller value of 𝜉
1
, we could also obtain a

larger Lagrange multiplier 𝜆
2
and vice versa. Figure 4 gave
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Figure 3: The comparison of Zhu method [8] with DM1 and DM2.
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1
(𝜆
2
) and the stopband attenuation 𝜀

1
(the passband fidelity 𝜉

1
), in

which the filters were designed by DM1 (DM2).

the relationship between the optimal Lagrange multiplier
and the passband fidelity or the stopband attenuation, in
which the filters were designed by using DM1 and DM2. It
was obvious that the relation models between them were
nonlinear monotonous functions. The optimal Lagrange
multiplier was uniquely for the given passband fidelity or
stopband attenuation. The multipliers could be obtained by
the most iterative root finding algorithm. The dichotomy
method was used here for solving the equations.

Figure 5 gave the characteristics of the spatial matrix
filters designed byDM4.The left stopband attenuation level 𝜀

2

was 0.01, −20 dB in decibels. The right stopband attenuation
levels were 0.032, 0.01, and 0.0032, respectively, which were
−15 dB, −20 dB, and −25 dB in decibels, respectively. Com-
pared with the first three methods, design method 4 could
restrain the left stopband and the right stopband separately,
while the methods of design methods 1 to 3 could only treat
the stopband as a whole. The filters of DM4 were more
effective when the interferences we need to suppress had
different signal-to-noise ratio in the left and right stopbands.

The relationships between the optimal Lagrangemultipli-
ers ̂𝜆
1
, ̂𝜆
2
, ̂𝜆
3
, ̂𝜆
4
, and ̂𝜆

5
and the stopband attenuation or the

passband fidelity 𝜀
1
, 𝜉
1
, 𝜀
2
, 𝜀
3
, and 𝜉

2
correspondingly were

monotonic nonlinear. Figure 6 gave the relationship between
the optimal Lagrange multiplier ̂𝜆

5
and the passband fidelity

𝜉
2
, in which the spatial matrix filters were designed by DM5.

The right stopband attenuation weighting factors were 𝛾 =
0.25, 𝛾 = 0.5, 𝛾 = 1, 𝛾 = 2, and 𝛾 = 4. It could be seen
from Figure 6 that one could obtain better passband fidelity
by increasing the Lagrange multiplier.

6. Conclusion

An efficient technique of designing spatial matrix filter based
on convex programming for array signal preprocessing was
proposed. Five methods were considered. The mathematical
solutions of computing the optimal spatial matrix filters
were derived by using the Lagrange multiplier technique.
A numerical technique based on the generalized singular
value decomposition method was also proposed for reducing
the computational complexity of determining the optimal
Lagrange multipliers of the first two design methods. By
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Figure 5: Characteristics of the spatial matrix filters designed by DM4.
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simulation, it could be found that the proposed techniquewas
effective for designing spatial matrix filter.
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Semantic collision is inevitable while building a domain ontology fromheterogeneous data sources (semi-)automatically.Therefore,
the semantic consistency is indispensable precondition for building a correct ontology. In this paper, a model-checking-based
method is proposed to handle the semantic consistency problem with a kind of middle-model methodology, which could extract
a domain ontology from structured and semistructured data sources semiautomatically. The method translates the middle model
into the Kripke structure, and consistency assertions into CTL formulae, so a consistency checking problem is promoted to a global
model checking. Moreover, the feasibility and correctness of the transformation is proved, and case studies are provided.

1. Introduction

Semantic web has been a great idea and a promising research
area for a dozen years [1]. A main challenge of widen-
ing semantic web technologies is lack of semantic data,
which is named ontology. So lots of researchers focus on
how to transform the legacy mass web data into ontology.
The legacy web data in varietal forms can be classified
roughly into three types: structured data, such as relational
databases; semistructured data, such as XML documents and
emails; and nonstructured data, such as general text and
video. Recently, technologies of automatically transforming
semistructured data or structured data into a domain ontol-
ogy through mediate modeling are promising [2–6]. In these
technologies, some semantic collisions appear inevitably
when the same domain ontology has been built frommultiple
data sources. A domain ontology is a formal expression of a
domain knowledge, aiming to unify the general knowledge
of a special domain in order to share contents, achieve
interoperability, or integrate applications without specific
authorization. Unfortunately, the unification is very tough
even in the same organization, where the general knowledge

exists in very different forms, in very distinct interpreta-
tion and in very dissimilar usage for most applications. So
automatically creating domain ontology from heterogeneous
sources becomes a big challenge.The semantical paradox and
ambiguity must be of concern during the process of building
the domain ontology, whichmeans the validation of semantic
consistency.The semantic consistency guarantees correct and
concise specific domain ontology for all kinds of semantic
web applications with multiple data sources.

In [2, 7–11], researchers transform structured data (rela-
tional database schema) into a middle model and then create
a domain ontology from themodel.They regard that the rela-
tional database is the only data source and that the database
is well defined (no ambiguity), which is not always practical.
Some semantic preserving properties on transforming are
proved, but they do not concern the semantic consistency,
which is left for the created domain ontology.

As for semistructured data sources, in [4–6], researchers
employ a mediate model language for modeling semistruc-
tured data and then transform middle models into the
domain ontology. The validity checking has been provided
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while collisions happen, which is generally a syntax checking.
Semantic consistency checking is also missed.

For building domain ontology from heterogeneous data
sources, the semantic consistency checking is necessary. In
[12, 13], the same middle formal model language has been
adopted to model both structured and semistructured data,
so the method can be used to build the domain ontology
from heterogeneous data sources. In this paper, we focus on
the semantic consistency problem based on this method.The
literature [14] develops a middle formal language to describe
semistructured data for model-checking purpose and [15]
employs graph-based formalism to model semistructured
data and queries based on the fixed point computation. We
are inspired by the model-checking technology [16], translate
the mediate model into a Kripke structure, and encode all
semantic query problems into CTL formulae and then we
transform the semantic consistency checking problem into a
global model-checking procedure.

The following Section 2 recalls the mediate-model-based
method of building domain ontologies and the model-
checking technology. In Section 3, the mediate model lan-
guage is introduced, and the model equivalence is analyzed.
And the model-checking-based consistency checking tech-
nology is proposed in Section 4 in detail. Some cases are
studied in Section 5. Section 6 gives a conclusion.

2. Mediate-Model-Based Technology and
Model Checking

In this section, the method of formally creating domain with
the mediate model [12, 13] and a model-checking technology
[16, 17] are introduced.

2.1. Formally Creating Domain Ontology. W-graph, a kind
of graph-based formal language, is used to model semantic
aspect of relationship databases [12]. The main idea is to
execute SQL procedures to retrieve the semantic information
of the database instances, transform the result sets into a W-
graphmodel, and then transform themodel into the ontology
autocompletely, which not only maps schemata to the middle
model, but also populates the model with data stored in
databases. This language is also used to model semantically
XML documents in [5]. In [5], they provide XML documents
for a semantical interpretation by theW-graph language.The
W-graph model created from relationship databases or XML
documents can be automatically transformed into a domain
ontology (expressed in ontology web language—OWL [18]).
And a W-graph is defined as follows.

Definition 1. AW-graph 𝐺
𝑤

is a directed labeled graph
⟨𝑁, 𝐸, ℓ⟩, where𝑁 = {𝑁

𝑎
, 𝑁
𝑐
} is a finite set of nodes,𝑁

𝑎
is a

finite set of atomic nodes depicted as ellipses,𝑁
𝑐
is a finite set

of composite nodes depicted as rectangles, 𝐸 ⊆ 𝑁
𝑐
×(C×L)×

𝑁 is a set of labeled edges of the form ⟨𝑚, attribute, 𝑛⟩, ℓ is
defined as ℓ : 𝑁 ∪ 𝐸 → C × (L ∪ {⊥}),C = {solid, dashed},
L is a set of labels, and⊥ is a symbol for nothing (empty label,
can be read as bottom).

Nodes in W-graph always represent objects, and edges
represent relationships between nodes.There are two types of
concrete W-graph: instances and schemata. An instance can
be formally defined as follows.

Definition 2. A W-instance 𝐼 is a W-graph such that ℓC(𝑒) =
solid for each edge 𝑒 of 𝐼 and ℓC(𝑛) = solid and ℓL(𝑛) ̸= ⊥ for
each node 𝑛 of 𝐼.

In Figure 1 a W-instance 𝐼 is depicted.

𝐼 = ⟨𝑁, 𝐸, ℓ⟩, where
𝑁 = ⟨{𝑛

1
, 𝑛
2
, 𝑛
3
, 𝑛
4
}, {𝑛
5
, 𝑛
6
, 𝑛
7
, 𝑛
8
}⟩,

𝐸 = ⟨(𝑛
1
, (solid, teaches), 𝑛

3
),

(𝑛
2
, (solid, teaches), 𝑛

3
),

(𝑛
4
, (solid, attends), 𝑛

3
), (𝑛
1
, (solid, age), 𝑛

5
),

(𝑛
2
, (solid, age), 𝑛

6
), (𝑛
3
, (solid, 𝑐Name), 𝑛

7
),

(𝑛
4
, (solid, name), 𝑛

8
)⟩,

ℓ(𝑛
1
) = ℓ(𝑛

2
) = (solid,Teacher),

ℓ(𝑛
3
) = (solid,Course), ℓ(𝑛

4
) = (solid, Student),

ℓ(𝑛
5
) = (solid, 37), ℓ(𝑛

6
) = (solid, 40),

ℓ(𝑛
7
) = (solid,Database), ℓ(𝑛

8
) = (solid, Smith).

It describes the information that two teachers, one 37
years old and another 40 years old, teach database course,
and the student Smith attends this course. In W-graph, edge
attribute consists of two components, the color and the label,
and the function ℓ returns a color and a label (possibly
empty, ⊥) for each node. Edge labels are stuck close to the
corresponding edges, and node labels are written inside the
rectangles representing the nodes.The set of colorsC denotes
how the lines of nodes and edges are drawn (solid or dashed),
and we also call this information the color of a node or
edge. On the other hand, the function ℓ can be seen as the
composition of the two single valued functions ℓC and ℓL, so
ℓ can also be implicitly defined on edges: if 𝑒 = ⟨𝑚, ⟨𝑐, 𝑘⟩, 𝑛⟩,
then ℓC(𝑒) = 𝑐 and ℓL(𝑒) = 𝑘. Two nodes may be connected
by more than one edge, provided that edge attributes are
different.

For two subsets of 𝑁, 𝑆, and 𝑇, 𝑇 is accessible from 𝑆 if
for each node 𝑛 in the set 𝑇 there is a corresponding node𝑚
in the set 𝑆 such that there exists a path from 𝑚 to 𝑛 in W-
graph 𝐺

𝑤
. For example, in the W-instance 𝐼 of Figure 1, the

set {𝑛
3
, 𝑛
5
, 𝑛
6
, 𝑛
7
, 𝑛
8
} is accessible from the set {𝑛

1
, 𝑛
2
, 𝑛
4
}.

The bisimulation semantics of the language is also given
as follows.

Definition 3. Given two W-graphs 𝐺
0
= ⟨𝑁

0
, 𝐸
0
, ℓ
0
⟩ and

𝐺
1
= ⟨𝑁

1
, 𝐸
1
, ℓ
1
⟩, a relation 𝑏 is said to be a bisimulation

between 𝐺
0
and 𝐺

1
(write 𝐺

0

𝑏

∼ 𝐺
1
) if and only if:

(1) for 𝑖 = 0, 1, ∀𝑛
𝑖
∈ 𝑁
𝑖
, ∃𝑛
1−𝑖

∈ 𝑁
1−𝑖

such that 𝑛
𝑖
𝑏𝑛
1−𝑖

,
(2) for 𝑖 = 0, 1, ∀𝑛

𝑖
∈ 𝑁
𝑖
, ∀𝑛
1−𝑖

∈ 𝑁
1−𝑖

, s.t. 𝑛
𝑖
𝑏𝑛
1−𝑖

→

ℓ
𝑖

L(𝑛𝑖) = ℓ
1−𝑖

L (𝑛
1−𝑖
) ∨ ℓ
𝑖

L(𝑛𝑖) =⊥ ∨ℓ
1−𝑖

L (𝑛
1−𝑖
) =⊥, and
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Figure 1: A W-instance 𝐼.

(3) for 𝑖 = 0, 1, ∀𝑛 ∈ 𝑁
𝑖
, let 𝑀

𝑖
(𝑛)

def
= {⟨𝑚, label⟩ :

⟨𝑛, ⟨color, label⟩, 𝑚⟩ ∈ 𝐸
𝑖
}. Then, ∀𝑛

𝑖
∈ 𝑁

𝑖
,

∀𝑛
1−𝑖

∈ 𝑁
1−𝑖

such that 𝑛
𝑖
𝑏𝑛
1−𝑖

; for 𝑖 = 0, 1,
it holds that ∀⟨𝑚

𝑖
, ℓ
𝑖
⟩ ∈ 𝑀

𝑖
(𝑛
𝑖
), ∃⟨𝑚

1−𝑖
, ℓ
1−𝑖
⟩ ∈

𝑀
1−𝑖
(𝑛
1−𝑖
), s.t. 𝑚

𝑖
𝑏𝑚
1−𝑖
∧ ℓ
𝑖
= ℓ
1−𝑖

.

2.2. Model Checking. Model checking is an automated tech-
nique that, given a finite-state model of a system and a
formal property, systematically checks whether this property
holds for (a given state in) the model. Here the finite-state
model is always called Kripke structure (an automata-like
state transition system), and the formal properties are always
expressed by computation tree logic (CTL, a logic that is
based on a branching-time view) formulae.

Definition 4. A Kripke structure 𝐾 = ⟨Σ,Act, 𝑅, 𝐼⟩ is a
transition system over a set Π of atomic propositions, where
Σ is a set of states, Act is a set of actions, 𝑅 ⊆ Σ × Act × Σ is a
transition relations, and 𝐼 : Σ → 2

Π is an interpretation.

A path 𝜋 in a Kripke structure 𝐾 = ⟨Σ,Act, 𝑅, 𝐼⟩ is an
infinite sequence 𝜋 = ⟨𝜋

0
, 𝑎
0
, 𝜋
1
, 𝑎
1
, 𝜋
2
, 𝑎
2
, . . .⟩ of states and

actions (𝜋
𝑖
denotes the 𝑖th state in the path 𝜋), s.t.. For all

𝑖 ∈ 𝑁 it holds that 𝜋
𝑖
∈ Σ and either ⟨𝜋

𝑖
, 𝑎
𝑖
, 𝜋
𝑖+1
⟩ ∈ 𝑅, with

𝑎
𝑖
∈ Act, or there are no outgoing transitions from 𝜋

𝑖
and for

all 𝑗 ⩾ 𝑖 it holds that 𝑎
𝑗
is the special action 𝜏 (which is not in

Act) and 𝜋
𝑗
= 𝜋
𝑖
.

Definition 5. Given the setsΠ and Act of atomic propositions
and actions, computation tree logic (CTL) formulae are
recursively defined as follows:

(1) each 𝑝 ∈ Π is a CTL formula;

(2) if 𝜙
1

and 𝜙
2

are CTL formulae, 𝑎 ⊆ Act,
then ¬𝜙

1
, 𝜙
1
∧ 𝜙
2
,AX
𝑎
(𝜙
1
),EX
𝑎
(𝜙
1
),AU
𝑎
(𝜙
1
, 𝜙
2
),

andEU
𝑎
(𝜙
1
, 𝜙
2
) are CTL formulae.

A and E are the universal and existential path quantifiers,
while neXt (X) and Until (U) are the linear-time modalities.
Composition of formulae of the form 𝜙

1
∨ 𝜙
2
, 𝜙
1
→ 𝜙

2

can be, respectively, defined by ¬(¬𝜙
1
∧ ¬𝜙
2
) and ¬𝜙

1
∨

𝜙
2
, and the modalities Finally (F) and Generally (G) can

be defined in terms of the CTL formulae: F(𝜙) = U(true, 𝜙)
andG(𝜙) = ¬F(¬𝜙).

Definition 6. Satisfaction of a CTL formula by a state 𝑠 of the
Kripke structure 𝐾 = ⟨Σ,Act, 𝑅, 𝐼⟩ is defined recursively as
follows:

(i) if 𝑝 ∈ Π, then 𝑠 ⊨ 𝑝 iff 𝑝 ∈ 𝐼(𝑠). Moreover, 𝑠 ⊨ true,
and 𝑠 ⊭ false;

(ii) 𝑠 ⊨ ¬𝑝 iif 𝑠 ⊭ 𝑝;
(iii) 𝑠 ⊨ 𝜙

1
∧ 𝜙
2
iff 𝑠 ⊨ 𝜙

1
and 𝑠 ⊨ 𝜙

2
;

(iv) 𝑠 ⊨ EX
𝑎
(𝜙) iff there is a path 𝜋 = ⟨𝑠, 𝑥, 𝜋

1
, . . .⟩ s.t. 𝑥 ∈

𝑎 and 𝜋
1
⊨ 𝜙;

(v) 𝑠 ⊨ AX
𝑎
(𝜙) iff for all paths 𝜋 = ⟨𝑠, 𝑥, 𝜋

1
, . . .⟩, 𝑥 ∈ 𝑎

implies 𝜋
1
⊨ 𝜙;

(vi) 𝑠 ⊨ EU
𝑎
(𝜙
1
, 𝜙
2
) iff there is a path 𝜋 = ⟨𝜋

0
, 𝑥
0
, 𝜋
1
,

𝑥
1
, . . .⟩, and ∃𝑗 ∈ N s.t. 𝜋

0
= 𝑠, 𝜋

𝑗
⊨ 𝜙
2
, and

∀𝑖 < 𝑗, (𝜋
𝑖
⊨ 𝜙
1
and 𝑥

𝑖
∈ 𝑎);

(vii) 𝑠 ⊨ AU
𝑎
(𝜙
1
, 𝜙
2
) iff for all paths 𝜋 = ⟨𝜋

0
, 𝑥
0
, 𝜋
1
,

𝑥
1
, . . .⟩, s.t. 𝜋

0
= 𝑠, ∃𝑗 ∈ N, 𝜋

𝑗
⊨ 𝜙
2
, and ∀𝑖 < 𝑗, (𝜋

𝑖
⊨

𝜙
1
and 𝑥

𝑖
∈ 𝑎).

Definition 7 (the model-checking problem). Local model-
checking: given a Kripke structure𝐾, a formula 𝜙, and a state
𝑠 of 𝐾, the local model-checking is to verify whether 𝑠 ⊨ 𝜙.
Global model-checking: given a Kripke structure 𝐾, and a
formula 𝜙, the global model-checking is to find all states 𝑠 of
𝐾 such that 𝑠 ⊨ 𝜙.

If Σ is finite, the global model-checking problem for a
CTL formula 𝜙 can be solved in linear running time on
|𝜙|⋅(|Σ|+|𝑅|), where |𝜙| is the length of formula𝜙 and |Σ| is the
number of elements in the set Σ, |𝑅| is the elements number
of the transition relations set 𝑅 [16].

3. Modeling Semantic Inconsistency

When a language has been used to semantically model
different data sources for building the same domain ontology,
the semantic collision becomes prominent, so the consistency
checking is inevitable. Even from a single data source, the
incremental procedure of building the semantical model
may fail when a new snippet collides semantically with
some model segments that existed. Therefore, ambiguities
should be detected in order to get correct semantical model
during building a domain ontology.The semantic consistency
checking is a mechanism for checking whether the model is
semantic unambiguity or paradox.

Two kinds of problems would be of concern: redundancy
and paradox. The redundancy-free can reduce the size of the
model and accelerate modeling procedure. For the middle-
model language W-graph, according to Definition 3, two
equivalent models (or model segments) cause a redundancy.

As far as the paradox is concerned, there are four types of
inconsistency: concept inconsistency, relationship inconsis-
tency, attribute inconsistency, and fact inconsistencies. Before
discussing details of these inconsistencies, another specialW-
graph, so-called W-schema, will be presented. The schema
gives a pattern to organize data for an instance. The schema
of W-instance is also a W-graph, and it could be defined
formally as follows.
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Figure 2: A W-schema 𝑆 of 𝐼.
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Figure 3: A concept redundancy.

Definition 8. A W-schema 𝑆 is a W-graph such that ℓC(𝑒) =
solid for each edge 𝑒 of 𝑆 and ℓC(𝑛) = solid and ℓL(𝑛) =⊥ for
each node 𝑛 of 𝑆; that is, a schema has no values.

For example, Figure 2 depicts the W-schema of the W-
instance 𝐼 in Figure 1. So theW-graph language can be used to
model semantic aspects of the knowledge, nodes for concepts,
edges for relationships between them, W-schemata for the
patterns of the knowledge, and W-instances for the concrete
contents of that knowledge. Nowwe will discuss the details of
each inconsistency based on the W-graph.

Concept Redundancy. During the procedure of building
semantic model, if a new concept occurs, then we add this
concept to the model (add a new node to the W-schema). If
a concept paradox occurs, then we also add a new concept
to the model. But concepts redundancy will occur if we
find two concepts (different names, of course) getting the
same attribute set and relationship set. Concepts redundancy
always occurs in theW-schema. For example, Figure 3 shows
that Teacher and Tutor are the same concepts here. There is
not a new concept Tutor to be added into the model, but a
new synonym of Teacher can be annotated by only one edge
labeled “synonym.”

We define concept redundancy as follows.

Definition 9. In the W-graph ⟨𝑁, 𝐸, ℓ⟩, two concepts 𝐶
1
and

𝐶
2
(expressed as nodes 𝑛

1
, 𝑛
2
) are redundancy when they get

the same adjacent nodes set and edges set:

𝐶
1
≈ 𝐶
2
iff |{𝑛 | (𝑛, 𝑛

1
) ∈ 𝐸}| = |{𝑚 | (𝑚, 𝑛

2
) ∈ 𝐸}| ,

|{𝑛 | (𝑛
1
, 𝑛) ∈ 𝐸}| = |{𝑚 | (𝑛

2
, 𝑚) ∈ 𝐸| and for all 𝑚

and corresponding 𝑛 such that𝑚 ∼ 𝑛.

Here,𝑚 ∼ 𝑛means that after omitting concepts nodes 𝑛
1
,

𝑛
2
and their adjacent edges the subgraph𝑀 including node

𝑚 bisimulates the subgraph𝑁 including node 𝑛. Computing

Teacher Course Student

Teach

Teach Attend

Figure 4: A relationship inconsistency.

𝑚 ∼ 𝑛 is an iterative process. For deciding whether𝑚 ∼ 𝑛, we
delete node𝑚 and its adjacent edges from𝑀 and node 𝑛 and
its adjacent edges from 𝑁 and then decide whether the two
smaller subgraphs are bisimulation.The iterative process will
terminate because the nodes and edges are finite.

Relationships Inconsistency.When anew relationship between
concepts during modeling process is found, the relationship
cannot be added directly into the model, because some-
times the inconsistency will occur. Firstly, if the relationship
is redundant according to the bisimulation, it should be
ignored. Secondly, if the relationship is added into the
model, we must ensure not to introduce some paradox
into the model; otherwise, the relationship inconsistency
occurs. For example, Figure 4 shows that the relationship
“Student teaches Teacher” should cause a paradox. The
relationship may be found from XML documents “Teacher
teaches students knowledge, and meanwhile teacher also
learns something from students.” The relationship “teacher
learns from students” may be understood as “Student teaches
Teacher,” but this contradicts “Teacher teaches Student” rela-
tionship, which is reasoned from “Teacher teaches Course”
and “Student attends the Course.”

The paradox relationship can be formally defined as
follows.

Definition 10. In the W-graph ⟨𝑁, 𝐸, ℓ⟩, a paradox relation-
ship between node 𝑛

1
and node 𝑛

2
is that (𝑛

1
, 𝑛
2
) ∈ 𝐸 and

(𝑛
2
, 𝑛
1
) ∈ 𝐸, where ℓ((𝑛

1
, 𝑛
2
)) = ℓ((𝑛

2
, 𝑛
1
)).

Attribute Inconsistency.The attributes of concepts are another
kind of relationship, so-called “isa” or “hasa” relationship. So
attribute inconsistency is a kind of relationship inconsistency,
but simpler.

Fact Inconsistency. This kind of inconsistency occurs in
the W-instance. Facts are the individuals of concepts or
attributes. When creating W-instance by populating data
from the heterogeneous sources, lots of facts inconsistencies
may occur. In Figure 5(a), an attribute fact inconsistency
will happen if the fact “age is 40” is added into the model,
where the teacher named Charley gets two different ages.
And in Figure 5(b), the Teacher2 gets all the same value
set of attributes, so Teacher1 and Teacher2 are the concept
fact inconsistency. Therefore, the two facts “age is 40” and
“Teacher2” cannot be added into the model.

The fact inconsistency is formally defined as follows.

Definition 11. In the W-instance ⟨𝑁, 𝐸, ℓ⟩ where 𝑁 = {𝑁
𝑎
,

𝑁
𝑐
}, two facts 𝑛

1
, 𝑛
2
∈ 𝑁 are said to be inconsistent if
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Figure 5: A fact inconsistency.

(1) for 𝑛
1
, 𝑛
2
∈ 𝑁
𝑎
, ∃𝑚 ∈ 𝑁

𝑐
s.t. ℓ((𝑚, 𝑛

1
)) = ℓ((𝑚, 𝑛

2
))

and ℓ(𝑛
1
) ̸= ℓ(𝑛

2
) or

(2) for 𝑛
1
, 𝑛
2
∈ 𝑁
𝑐
, ∀𝑚
1
∈ 𝑁
𝑎
, (𝑛
1
, 𝑚
1
) ∈ 𝐸 and 𝑚

2
∈

𝑁
𝑎
, (𝑛
2
, 𝑚
2
) ∈ 𝐸 s.t. ℓ((𝑛

1
, 𝑚
1
)) = ℓ((𝑛

2
, 𝑚
2
)) and

ℓ(𝑚
1
) = ℓ(𝑚

2
).

For all these inconsistencies, the core problem is how to
discovery the redundancy and paradox in the model. In fact,
the procedure of discovery is a subgraph query problem in
W-graph.

Definition 12. For a W-graph 𝐺 = ⟨𝑁, 𝐸, ℓ⟩, a subgraph of 𝐺
is also a W-graph 𝐺

𝑠
= ⟨𝑁

𝑠
, 𝐸
𝑠
, ℓ
𝑠
⟩, where 𝑁

𝑠
= {𝑛 ∈ 𝑁 :

ℓC(𝑛) = solid} and 𝐸
𝑠
= {(𝑚, (solid, ℓ), 𝑛) : 𝑚, 𝑛 ∈ 𝑁

𝑠
}.

Furthermore, given two sets of nodes 𝑆, 𝑇 ⊆ 𝑁,𝑇 is accessible
from 𝑆 if for each 𝑛 ∈ 𝑇 there is a node𝑚 ∈ 𝑆 such that there
is a path in 𝐺 from𝑚 to 𝑛.

Definition 13. A W-query is a pointed W-graph, namely, a
pair ⟨𝐺, ]⟩with ] as a node of𝐺 (the point). AW-query ⟨𝐺, ]⟩
is accessible if the set𝑁 of nodes of 𝐺 is accessible from {]}.

For example, in Figure 6 three W-queries are depicted.
The thick arrows are their points, and they are W-queries.
Intuitively, the meaning of the first query is to collect all the
teachers aged 37. The second query asks for all the teachers
that have declared an age (observe the use of an undefined
node). The third query, instead, requires collecting all the
teachers that teach some courses but not Database, where
dashed nodes and lines are introduced to allow a form of
negation.

According to Definition 13, an inconsistency checking
problem is indeed a query problem in the partial W-graph
model. Meanwhile, the semantic equivalence must be of
concern during query processing. We call this a semantical
equivalence query problem. For the incremental procedure of
building domain ontology, a semantical equivalence querying
should be executed as soon as each new element (concept,
relationship, attribute or fact) is added into themodel. So, the
semantic equivalence querying problem is the basic problem
for the consistency checking.

However, the semantical equivalence querying problem
for a W-graph model is the subgraph-isomorphism problem,
which is NP problem in general. In this paper, we employ

model-checking technology to handle semantical equiva-
lence query problem in order to avoid computing subgraph
isomorphism.

4. Consistency Checking

In order to employ model-checking technology, we can see
a W-graph model as a Kripke structure and a semantical
equivalency query as a formula of the temporal logic CTL.
In this way, the inconsistency checking problem is reduced
to the problem of finding out the states of the model which
satisfy the formula (the model-checking problem) that can
be done in linear time.

4.1. W-Graph as Kripke Structure. With the following defini-
tion, we can build Kripke structure fromW-graph.

Definition 14. Let 𝐺 = ⟨𝑁, 𝐸, ℓ⟩ be a W-graph, the Kripke
structure 𝐾

𝐺
= ⟨Σ

𝐺
,Act
𝐺
, 𝑅
𝐺
, 𝐼
𝐺
⟩ over the set of atomic

properties Π
𝐺
is defined as follows:

(i) Π
𝐺
is the set of all node labels of 𝐺, Π

𝐺
= {𝑝 | ∀𝑛 ∈

𝑁, 𝑝 = ℓ(𝑛)}.
(ii) The set of states Σ

𝐺
= 𝑁.

(iii) The set of actions Act
𝐺
= {𝑝 | ∃𝑚, 𝑛 ∈ 𝑁, (𝑚, 𝑝, 𝑛) ∈

𝐸} ∪ {𝑝
−1
| ∃𝑚, 𝑛 ∈ 𝑁, (𝑚, 𝑝, 𝑛) ∈ 𝐸} ∪ {𝑝 | ∃𝑚, 𝑛 ∈

𝑁, (𝑚, 𝑝, 𝑛) ∈ 𝐸}; that is, the set of actions includes
all the edge labels, negative labels (express as 𝑝), and
their inverse labels (express as 𝑝−1, 𝑝−1); note that
negative labels are very different from inverse labels.
A negative label edge expresses that there is no special
relationship (i.e., “label” relationship) between two
nodes, but an inverse label edge expresses that there
is a special relationship (i.e., inverse relationship)
between this two nodes.

(iv) The ternary transition relation 𝑅
𝐺
= 𝐸∪ {(𝑛, 𝑝

−1
, 𝑚) |

(𝑚, 𝑝, 𝑛) ∈ 𝐸}. Moreover, assume that, for each state
𝑠 with no outgoing edge in 𝐸 (a leaf in 𝐺), a self-loop
edge labeled by the special action 𝜏 is added.

(v) The interpretation function 𝐼
𝐺
(𝑛) = {true, ℓL(𝑛)},

where 𝑛 ∈ 𝑁.That is, in each state 𝑛 the only formulae
that hold are the unary atom ℓL(𝑛) and true.
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Teacher

Age
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(a)

Teacher

Age

(b)

Teacher

Course

Teaches

Database

cName

(c)

Figure 6: Three W-queries.

For instance, consider the W-graph of Figure 1. It holds
the following:

(i) Π
𝐺
= {Teacher,Course, Student, 37, 40, Databases,

Smith},

(ii) Σ
𝐺
= {𝑛
1
, 𝑛
2
, . . . , 𝑛

8
},

(iii) Act
𝐺

= {age, age−1, age, age−1, teaches, teaches−1,
teaches,teaches

−1

,attends,attends−1,attends,attends
−1

,

name, name−1, name, name−1, 𝑐Name, 𝑐Name−1,
𝑐Name, 𝑐Name−1},

(iv) 𝑅
𝐺

= {(𝑛
1
, age, 𝑛

5
), (𝑛
5
, age−1, 𝑛

1
), (𝑛
1
, teaches, 𝑛

3
),

(𝑛
3
, teaches−1, 𝑛

1
), (𝑛

2
, age, 𝑛

6
), (𝑛
6
, age−1, 𝑛

2
), (𝑛

2
,

teaches, 𝑛
3
), (𝑛
3
, teaches−1, 𝑛

2
), (𝑛
4
, attends, 𝑛

3
), (𝑛
3
,

attends−1, 𝑛
4
), (𝑛

3
, 𝑐Name, 𝑛

7
), (𝑛

7
, 𝑐Name−1, 𝑛

3
),

(𝑛
4
, name, 𝑛

8
), (𝑛
8
, name−1, 𝑛

4
), (𝑛
5
, 𝜏, 𝑛
5
), (𝑛
6
, 𝜏, 𝑛
6
),

(𝑛
7
, 𝜏, 𝑛
7
), (𝑛
8
, 𝜏, 𝑛
8
)},

(v) 𝐼
𝐺

= {𝐼
𝐺
(𝑛
1
) = {true,Teacher}, 𝐼

𝐺
(𝑛
2
) = {true,

Teacher}, 𝐼
𝐺
(𝑛
3
) = {true,Course}, 𝐼

𝐺
(𝑛
4
) =

{true, Student}, 𝐼
𝐺
(𝑛
5
) = {true, 37}, 𝐼

𝐺
(𝑛
6
) =

{true, 40}, 𝐼
𝐺
(𝑛
7
) = {true,Database}, 𝐼

𝐺
(𝑛
8
) = {true,

Smith}}.

And this Kripke structure is shown in Figure 7.

4.2. Query as CTL Formula. Reviewing the W-query in
Figure 6(a), intuitively, the CTL formula must express the
statement “the state Teacher formula is true and there is one
next state reachable by an edge labeled age, where the 37
formula is true,” this is to say

Teacher ∧ EXage (37) . (1)

For the query in Figure 6(b), the CTL formula should be
written as

Teacher ∧ EXage (true) , (2)

For the query of Figure 6(c), we get the following formula:

Teacher ∧ EXteaches (Course) ∧ AX
𝑐name (¬Database) . (3)

This formula is true if “there is a node labeled Teacher and
there exists one next node labeled Course, which is reachable
by an edge labeled teaches, such that for all next to Course
nodes labeled Database, the relation cName is not fulfilled”.
Let us then consider how to encode W-queries in CTL
formulae. We study the situation that W-graph and W-query
are both acyclic. Firstly, we define an auxiliary function to
simply handle labels of nodes and edges in W-graph.

Definition 15. Let 𝐺 = ⟨𝑁, 𝐸, ℓ⟩ be a W-graph, for all nodes
𝑛 ∈ 𝑁 and for all edges 𝑒 = ⟨𝑛

1
, (𝑐, 𝑝), 𝑛

2
⟩ ∈ 𝐸; an auxiliary

function 𝜑 is defined as

𝜑 (𝑛) = {

ℓL (𝑛) , if ℓL (𝑛) ̸= ⊥,

true otherwise

𝜑 (𝑒) = {

𝑝, if ℓC (𝑒) = ℓC (𝑛2) ,
𝑝, otherwise.

(4)

And the query translation can be formally defined as
follows.

Definition 16. Let 𝐺 = ⟨𝑁, 𝐸, ℓ⟩ be a acyclic W-graph, ] ∈

𝑁, and let 𝑄 = ⟨𝐺, ]⟩ be an accessible query. The formula
associatedwith𝑄 isΨ](𝐺), whereΨ](𝐺) is defined recursively
as follows:

(i) let 𝑏
1
, . . . , 𝑏

ℎ
(ℎ ≥ 0) be the successors of ], s.t. ℓC(𝑏𝑖) =

solid,

(ii) let 𝑐
1
, . . . , 𝑐

𝑘
(𝑘 ≥ 0) be the successors of ], s.t. ℓC(𝑐𝑖) =

dashed,
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true, Database}{
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Figure 7: The Kripke structure of Figure 1.

(iii) for 𝑖 = 1, . . . , ℎ and 𝑗 = 1, . . . , 𝑘, let 𝑒
𝑖
be the edge

which links ] to 𝑏
𝑖
and 𝑒
𝑖
the one which links ] to 𝑐

𝑗
.

If ℓC(]) = solid, then

Ψ] (𝐺) = 𝜑 (]) ∧ ⋀

𝑖=1,...,ℎ

EX
𝜑(𝑒𝑖)

(Ψ
𝑏𝑖
(𝐺))

∧ ⋀

𝑗=1,...,𝑘

AX
𝜑(𝑒


𝑗
)
(Ψ
𝑐𝑗
(𝐺))

else (ℓC (]) = dashed) Ψ] (𝐺)

= ¬𝜑 (]) ∨ ⋁

𝑖=1,...,ℎ

AX
𝜑(𝑒𝑖)

(Ψ
𝑏𝑖
(𝐺))

∨ ⋁

𝑗=1,...,𝑘

EX
𝜑(𝑒


𝑗
)
(Ψ
𝑐𝑗
(𝐺)) .

(5)

The construction of the formula involves the unfolding
of a directed acyclic graph; the size of the formula Ψ](𝐺)

(written as |Ψ](𝐺)|) can grow exponentially with respect
to|𝐺|. Although that, it is easy to compute the formula
without repetitions of subformulae and keep the memory
allocation linear w.r.t. |𝐺|, so it is natural to compactly
represent the formula using a linear amount of memory.
This compact representation is allowed by themodel-checker
NuSMV [19].

Theorem 17. Given a W-instance 𝐼 and a W-query ⟨𝐺, ]⟩, let
𝐾
𝐼
be the Kripke structure associated with 𝐼 andΨ](𝐺) the CTL

formula associated with ⟨𝐺, ]⟩. Consistency checking 𝐼 with
⟨𝐺, ]⟩ can be done in linear time on |𝐼| ⋅ |Ψ](𝐺)|.

Proof. For achieving the consistency checking procedure,
there are three steps to follow, translating the W-graph into a
Kripke structure, encoding theW-query into a CTL formula,
and executing a model-checking process.

Assuming that |𝐼| = |𝑁| + |𝐸|, where |𝑁| is the
number of nodes in W-instance 𝐼 and |𝐸| is the number
of edges in this graph, notating 𝐾

𝐼
= ⟨Σ

𝐼
,Act
𝐼
, 𝑅
𝐼
, 𝐼
𝐼
⟩,

expressing |Σ
𝐼
|, |Act

𝐼
|, |𝑅
𝐼
| as the number of states, actions,

and transition relations in |𝐾
𝐼
|, and writing |Ψ](𝐺)| as the

length of the CTL formula Ψ](𝐺), then the complexity issues
can be analyzed.

Firstly, when creating the Kripke structure, for each node,
action, and transitional relation that must be created one by
one, the time complexity should be |Σ

𝐼
|+ |Act

𝐼
|+ |𝑅
𝐼
| ≤ |𝑁|+

4|𝐸| + 3|𝐸| = 𝑂(|𝐼|), according to Definition 14. Secondly, we
consider the length of the encoded CTL formula |Ψ](𝐺)| ≤

|𝐺| = 𝑂(|𝐺|), because the worst situation is to encode the
whole W-graph into a formula, where |𝐺| is the total number
of edges and nodes in this query. The last step is to execute
model-checking procedure; the time complexity is |Ψ](𝐺)| ⋅

(|Σ
𝐼
| + |𝑅
𝐼
|) = 𝑂(|𝐺| ⋅ |𝐼|) according to [16]. So the total time

complexity is 𝑂(|𝐼|) + 𝑂(|𝐺|) + 𝑂(|𝐺| ⋅ |𝐼|), which is a linear
time on |𝐼| ⋅ |Ψ](𝐺)|.

If we think that the |𝐺| is always less than or equal to |𝐼|
(intuitively, it is always so), then𝑂(|𝐼|)+𝑂(|𝐺|)+𝑂(|𝐺|⋅ |𝐼|) ≤
𝑂(|𝐼|
2
) + 𝑂(|𝐼|), which is a polynomial time over |𝐼|.

The equivalence between two segments of W-graph is
the equivalence between two CTL formulae, which can be
formally proved in linear time. The consistency checking
problem for the W-graph model is promoted to the equiv-
alence proof problem for the CTL formulae with a Kripke
structure.

4.3. Checking Consistency. During the procedure of extract-
ing a domain ontology gradually from heterogeneous data
sources, semantic consistency has to be checked. According
to Definitions 14 and 16, after encoding a W-graph to a
Kripke structure and a W-query to a CTL formula, the
semantic equivalent query problem on theW-graph has been
promoted to a global model-checking problem.

Definition 18. Given a W-instance 𝐼 and a W-query ⟨𝐺, ]⟩,
let 𝐾
𝐼
be the Kripke structure associated with 𝐼 and Ψ](𝐺)

the CTL formula associated with ⟨𝐺, ]⟩. The Consistency
checking 𝐼 with ⟨𝐺, ]⟩ amounts to solve the global model-
checking problem with the Kripke structure 𝐾

𝐼
and the CTL

formula Ψ](𝐺), namely, to find all the states 𝑠 of 𝐾
𝐼
such that

𝑠 ⊨ Ψ](𝐺). Algorithm 1 describes this procedure.
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Require: 𝐼, // W-graph semantic model
⟨𝐺, ]⟩ // semantic segment expressed by W-query

Ensure: consistent or inconsistent
encoding 𝐼 to 𝐾

𝐼
; // according to Definition 14

encoding ⟨𝐺, ]⟩ to Ψ](𝐺); // according to Definition 16
𝑆 = {𝑠 | 𝑠 ⊨ Ψ](𝐺)}; // model checking
if 𝑆 is emptyset then

return consistent;
else

return inconsistent;
end if

Algorithm 1: Semantic consistency checking.

So semantic consistency checking can be done with
model-checking technology. Let us consider each type of
inconsistency defined above. As for concepts inconsistency,
it is to find out whether there is another concept (equivalent
to 𝐶) in W-schema 𝑆, which has been built to be extended,
when a new concept 𝐶 has been added into the W-schema
𝑆. This is to say, a W-query 𝑄 = ⟨𝑆, 𝐶⟩ should be imposed on
the 𝑆 for consistency checking. Let𝐾

𝑆
be the Kripke structure

of 𝑆 and let Ψ
𝐶
(𝑆) = 𝜑(𝐶) be the CTL formula of 𝑄 and we

should find all states 𝑠 of𝐾
𝑆
such that 𝑠 ⊨ 𝜑(𝐶).

As far as relationship inconsistency is concerned, it is to
query aW-graph𝐺with aW-query𝑄 = ⟨𝐺, 𝑛

1
⟩ before a new

relationship (𝑛
1
, 𝑛
2
) is added into theW-graphmodel. Let𝐾

𝐺

be the Kripke structure of 𝐺, and the CTL formula is

Ψ
𝑛1
(𝐺) = 𝜑 (𝑛

1
) ∧ EX

𝜑((𝑛1 ,𝑛2))
(𝑛
2
) . (6)

The consistency checking is to find all states 𝑠 of 𝐾
𝐺
such

that 𝑠 ⊨ Ψ
𝑛1
(𝐺). If the states like this cannot be found, then

the model is consistent after adding the new relationship
(𝑛
1
, 𝑛
2
); if any state has been found, then the model will be

inconsistent and the new relationship cannot be added into
the model. This is the relationship redundant inconsistency.
As for paradox relationship paradox inconsistency, the CTL
formula is

Ψ
𝑛2
(𝐺) = 𝜑 (𝑛

2
) ∧ EX

𝜑((𝑛1 ,𝑛2))
(𝑛
1
) . (7)

As for fact consistency checking, the Kripke structure of
theW-instance 𝐼 is𝐾

𝐼
, and the CTL formula for the attribute

fact (the instance 𝑚 of a concept has the concrete attribute
value 𝑛, i.e., (𝑚, 𝑛)) inconsistency is

Ψ
𝑚
(𝐼) = 𝜑 (𝑚) ∧ EX

𝜑((𝑚,𝑛))
(𝑛) . (8)

The CTL formula for the concept fact (the instance𝑚 of one
concept to be added into the model) inconsistency is

Ψ
𝑚
(𝐼) = 𝜑 (𝑚) ∧ ⋀

𝑗=1,...,𝑘

AX
𝜑((𝑚,𝑛𝑗))

(Ψ
𝑛𝑗
(𝐼)) , (9)

where 𝑛
𝑗
, 𝑗 = 1, . . . , 𝑘 are all successors of𝑚. If some states of

𝐾
𝐼
satisfy the above formula, then the inconsistency occurs.

This is to say, a fact 𝑚 cannot be added into the model if an
equivalent fact has already existed in the model.

5. Cases Study

In this section, we will test the semantic consistency checking
technique presented above by using the model checker
NuSMV 2.5.4 [20]. NuSMV allows for the representation of
finite-state machines (FSMs) and for the analysis of spec-
ifications expressed in computation tree logic (CTL) using
symbol model-checking techniques. For using the tool, we
first rewrite the Kripke structure into a finite-state machine,
where edges are not labeled, as follows:

given a Kripke structure related to a W-instance,
replace every labeled edge𝑚 action

→ 𝑛 by the two edges
𝑚 → 𝜇, 𝜇 → 𝑛, where 𝜇 is a new node labeled
action.

The input of the NuSMV tool is represented by a SMV
program, which can express both the FSMs and CTL for-
mulae. The Algorithm 2 is the SMV program to describe the
Kripke structure of the W-instance in Figure 7 and some
CTL specification of consistency checking mentioned above,
where the line started with symbol “- -” is comment.

In this SMV program, the set of states of the Kripke
structure is chosen by declaring the state variable state to
assume values {n0, . . . , n8, teaches, . . . , tao}, where actions
have also been seen as states. The transition relation of the
Kripke structure is expressed by assigning (ASSIGN), for
each value of the variable state, the list of nodes that can
be reached from it through one edge. The variables label
and nl are introduced to define the node label of each state
identified by the value of the variable state. And CTL
formulae have been defined by CTLSPEC. The formula

(nl = Teacher) & EX(state = age) & EX(state =
teaches& EX(nl = Course))

says when a new concept Teacher, which has an age attribute,
has a teaches action, and can teach some Course, is to be
added into the model whether there exists an inconsistency.
And

(nl = Student) & EX(state = attends& EX(nl =
Course))

expresses whether a new relationship Student attends
→ Course

can be added into the model without semantic inconsistency.
And

(nl = Teacher) & EX(state = age & EX(nl = 40))

says whether the attribute relationship “the Teacher is 40
years old” can be added into the model without any redun-
dancy and paradox. And

(nl = Teacher) & EX(state = age & EX(nl = 37))
& EX(state = teaches & EX(nl = Course &
EX(state = cName & EX(nl = Database))))

expresses whether the fact “the 37-year Teacher teaches
Database Course” can be added into the model.

The results we have obtained on the 64-bit windows 7
operation system are shown in Figure 8.The output true for a
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- - SMV program for consistency checking

MODULE main

VAR

state:{n1,n2,n3,n4,n5,n6,n7,n8,teaches,inv teaches,attends,

inv attends,age,inv age,name,inv name,cName,inv cName,tao};

label:{Teacher,Course,Student,Database,Smith,37,40};

ASSIGN

init(state) := n1;

next(state) := case

state = n1 | state = n2 : {teaches,age};

state = teaches : n3;

state = age : {n5,n6};

state = n3:{inv attends,inv teaches,cName};

state = inv attends : n4;

state = inv teaches : {n1,n2};

state = cName : n7;

state = n4 : {attends,name};

state = attends : n3;

state = name : n8;

state = n5 : {inv age,tao};

state = inv age : {n1,n2};

state = tao : {n5,n6,n7,n8};

state = n6 : {inv age,tao};

state = n7 : {inv cName,tao};

state = inv cName : n3;

state = n8 : {inv name,tao};

state = inv name : n4;

TRUE : state;

esac;

DEFINE

nl := case

state = n1 | state = n2 : Teacher;

state = n3 : Course;

state = n4 : Student;

state = n5 : 37;

state = n6 : 40;

state = n7 : Database;

state = n8 : Smith;

TRUE : state;

esac;

- - concept redundancy checking

CTLSPEC (nl=Teacher) & EX(state=age) &

EX(state=teaches & EX(nl=Course))

- - relationship inconsistency checking

- - need to be changed to ‘init(state) := n4;’
CTLSPEC (nl=Student) & EX(state=attends & EX(nl=Course))

- - attribute inconsistency checking

CTLSPEC (nl=Teacher) & EX(state=age & EX(nl=40))

- - fact inconsistency checking

CTLSPEC (nl=Teacher) & EX(state=age&EX(nl=37)) &

EX(state=teaches & EX(nl=Course &

EX(state=cName & EX(nl=Database))))

Algorithm 2

CTL formula says that at least one inconsistency exists when
checking theW-graphmodel with the new semantic segment
(expressed by this formula), so the new segment cannot be
added into the model. Otherwise, we can choose another

initiate state to check again, until we finish all elements of
initiated state set. If we always get a final false output, then
the inconsistency has not occurred, and the new semantic
segment can be added into the model.
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Figure 8: Experiment results.

This test confirms the possibility of solving semantic
consistency checking problem by using model-checking on
polynomial time methods.

6. Conclusion

For validating semantic consistency during the increasing
procedure of building a domain ontology from heteroge-
neous sources, we employ the model-checking technology
to avoid subgraph isomorphism problem, which is NP hard.
In order to adopt model-checking method, we formally
transform the semantic model into a Kripke structure and
the semantic equivalent querying problem intoCTL formulae
and then the semantic consistency is promoted to the global
model-checking problem. The effective experiment with the
model-checking tool NuSMV has also been introduced. In
the future, the reasoning problem should be considered
clearly; for example, some implicative semantic elements
would be reasoned from the existingmodel. If a new semantic
segment is equivalent to some implicative semantic elements,
the inconsistency also occurs. In the near future, this type of
consistency checking should also be regarded.
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This paper proposes an input-output conformance (IOCO) test selection method directed by test purpose model specified with
colored Petri nets (CPN). Based on conformance testing oriented CPN models for specifying software functional behaviors and
specific test purposes, respectively, feasible test cases are generated, guided by the CPN based IOCO relation, using synchronized
model simulation with the proof of the soundness of test generation and the coverage towards test purposes. This test selection
method integrates themerits the IOCO testing theory and the CPNmodeling synergistically and is applied as a novel and applicable
test selection method for actual testing practice of large-scale software systems. As the synchronized model simulation with two
CPNmodels is irrespective of their model scale, the effectiveness and practicability of our test selection method are enhanced with
scalability.

1. Introduction

Software systems running based on network environment
are ubiquitous. It is quite significant to validate their func-
tional correctness. Conformance testing [1] just aims at
checking whether the software implementation conforms to
its functional specification. Therefore, conformance testing
is indispensable in such software system validation pro-
cess. Nowadays, model based testing (MBT) technology is
introduced and well developed to promote the efficiency
and effectiveness of conformance test generation [2–6]. It
allows for generating test cases with test oracles from a
formal model that specifies the software behaviors explicitly,
which improves the low-level efficiency and inaccuracy of
the manual test case generation process. In particular, con-
cerning the conformance testing towards network based soft-
ware systems, the well-established input-output conformance
(IOCO) testing theory and technologies [6–9] are more
feasible, because the IOCO relation formally defines what
external output should be observed through the practical test
execution and how to determine the conformance based on
these observations. In our studies, network based software
systems are adopted as our system under testing (SUT) and
the IOCO testing theory is the most significant theoretical
foundation in our testing research.

In original IOCO testing theory, labeled transition system
(LTS) is utilized as its basic formal models. However, com-
pared with LTS or other formal modeling methods such as
automata or process algebra, colored Petri nets (CPN) [10]
have more advantages for specifying and validating compli-
cated functional behaviors of network software systems. First,
CPN could not only specify the detailed and complicated
software functionalities intuitively and hierarchically but also
support visible simulation and efficient analysis to validate
the correctness of software behaviors. Validated models are
indispensable for successful application of MBT approaches.
Second, CPN models can execute dynamically, which is
directed by the data-dependent control flow of system behav-
iors. Generating test cases by such model simulation process,
they certainly contain actual test data and test oracles, so they
are quite feasible for guiding practical test execution.

We have proposed the introductory idea of CPN model
based IOCO test generation approach in our conference
paper [11]. However, that paper just focuses on elementary
test case generation approach, and, in this paper, we focus
on test case selection; that is, test purpose is considered in
test case generation to improve its pertinence, and a novel
test purpose model oriented IOCO test selection method is
proposed. Specifically, conformance testing oriented colored
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Petri nets (CT-CPN) models are used as formal models
for modeling software specification, and PN-ioco relation is
defined [11]. Then, we model test purposes as CT-CPN mod-
els, and test cases are generated using synchronized model
simulation between a specification CT-CPNmodel and a test
purpose CT-CPNmodel. Besides, we prove the soundness of
test generation; that is, as long as the implementation fails one
test case, it will definitely not conform to its specification.
We also prove the coverage towards test purpose; that is,
generated test cases should cover and only cover functional
behaviors which are specified in test purpose models. We
finally apply the test selection method into a file sharing
software system to illustrate its feasibility and effectiveness.

CPNmodel based IOCO test selection has several advan-
tages, compared with current IOCO test selection method in
literatures [12–14]. First, CPN models can execute dynami-
cally, which is directed by the data-dependent control flow
of system behaviors. Generating by such model simulation
process, test cases certainly contain actual test data and test
oracles, so they are quite feasible for guiding practical test
execution. Second, as the synchronized model simulation
with two CPNmodels is irrespective of their model scale, the
effectiveness and practicability of our test selection method
are enhanced with scalability. In a word, a CPN model based
IOCO test selection method tends to be a promising testing
technology to validate the correctness of reactive network
software systems more efficiently and more effectively.

The paper is organized as follows. The related work
and preliminaries are discussed in Section 2. The framework
of our CPN model based IOCO test selection method is
introduced in Section 3. The formal definition of CT-CPN
models and PN-ioco relation is recalled in Section 4 as basic
knowledge. Then, in Section 5, a novel test case selection
algorithm is proposed using synchronized simulation tech-
nology in CPN modeling context to guarantee that all test
cases are feasible for practical test execution and totally cover
test purposes. In Section 6, we prove the soundness of test
generation and the coverage degree towards test purposes.
As a representative, we apply the test selection method into
a file sharing software system and perform its actual test
selection and execution procedure to illustrate the feasibility
and effectiveness of our test selection method.

2. Related Work and Preliminaries

As for test case generation approaches based on CPNmodels,
Watanabe and Kudoh [15] propose a basic test generation
algorithm, which could be considered as the first step in
this field. First, the reachability tree of a CPN model is
constructed, and all input-output sequences from the root
node to leaf nodes in this tree are traversed to form the
test cases, and, then, equivalent markings in that tree are
combined to construct the corresponding reachability graph,
and FSM model based test case generation approaches are
applied directly based on this graph. Recently, Farooq et al.
[16] use random walking technology to randomly traverse
the model state space to generate the test cases, where several
sequential coverage criteria and concurrent coverage criteria

are proposed to guide the test selection. Zhu and He [17]
have proposed four specific testing strategies towards the
high-level Petri nets. For each strategy, they first define a
set of schemes to observe and record the testing results, and
they also define a set of coverage criteria to measure the
test adequacy. But, no detailed test generation algorithms are
explicitly presented. We have proposed the introductory idea
of CPN model based IOCO testing approach [11]. It focuses
on elementary test case generation approach, and, in this
paper, we focus on test selection method.

In order to promote the pertinence of testing projects,
certain test selection criterion is always adopted in test
generation process to produce finite and indispensable actual
test cases. It is quite propitious for performing feasible testing
projects under constraint of testing execution time and cost.
Generally, test selection for function testing is classified
as test purposed oriented methods [9, 12, 13, 18], random
testing methods [8, 19, 20], property coverage based methods
[21, 22], and symbolic test data selection methods [14].
However, test purposed oriented methods usually specify
part of functional behaviors of software as test purpose
model and make generated test cases focus on testing such
specific behaviors. It is quite propitious for performing
feasible conformance testing towards network based software
systems with black-box and reactive behavior characteristics.
In this paper, a novel IOCO test selectionmethod is proposed
using synchronized model simulation technology between
two CPN models. It has high scalability for dealing with the
larger software models.

CPN is advantaged for modeling and validation of sys-
tems where concurrency and communication are key charac-
teristics. Its formal definitions are referred to in [10]. Besides,
other key definitions concerning the behavior simulation of
CPN models which are used in following sections are listed
as follows.

Definition 1. For a CPN = (P, T, A, Σ, V, C, G, E, I), consider

(1) preset and postset of the place or the transition:

∀𝑝 ∈ 𝑃 : pre (𝑝) = {𝑡 ∈ 𝑇 | (𝑡, 𝑝) ∈ 𝐴} ;

post (𝑝) = {𝑡 ∈ 𝑇 | (𝑝, 𝑡) ∈ 𝐴} ,

∀𝑡 ∈ 𝑇 : pre (𝑡) = {𝑝 ∈ 𝑃 | (𝑝, 𝑡) ∈ 𝐴} ;

post (𝑡) = {𝑝 ∈ 𝑃 | (𝑡, 𝑝) ∈ 𝐴} ;

(1)

(2) 𝑀
𝜎

⇒ =def ∃𝑀𝑖 : 𝑀

𝜎

⇒ 𝑀
𝑖
, where 𝜎 = (𝑡

0
, 𝑏
0
),

(𝑡
1
, 𝑏
1
) ⋅ ⋅ ⋅ (𝑡

𝑖−1
, 𝑏
𝑖−1
),𝑀

(𝑡0 ,𝑏0)

→ 𝑀
1

(𝑡1 ,𝑏1)

→ ⋅ ⋅ ⋅

(𝑡𝑖−1,𝑏𝑖−1)

→

𝑀
𝑖
, if |𝜎| = 1,𝑀 𝜎→ is used instead;

(3) trace(𝑀) =def {𝜎 ∈ BE(𝑇)∗ | 𝑀
𝜎

⇒};

(4) M fires 𝜎=def {𝑀𝑛 | 𝑀
𝜎

⇒ 𝑀
𝑛
, 𝜎 ∈ BE(𝑇)∗};

(5) CPN is deterministic, if |𝑀 fires 𝜎| ≤ 1;
(6) CPN has finite output, if |𝑀 fires 𝜎| ≤ 𝑛 (𝑛 ∈ 𝑁);
(7) CPN has finite behavior, if ∃𝑛 ∈ 𝑁, ∀𝜎 ∈ trace (𝑀

0
) :

|𝜎| < 𝑛.
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Figure 1: The framework of IOCO test selection method with CPN
models.

In this definition, 𝑀 stands for markings, 𝜎 stands for
occurrence trace of system behavioral execution, and BE
stands for binding elements with a transition and its value
bindings into variables.

3. Methodology Overview

Integrating the merits of the IOCO testing theory and the
CPN modeling synergistically and then constructing a novel
IOCO test selection method based on test purpose CPN
models are the major research goals of this paper. However,
simply replacing LTS modeling with CPNmodeling does not
make sense. In Figure 1, we propose a framework of IOCO
test selection methodology based on CPN models, which is
composed of three related parts in the whole test selection
process.

First, modified CPN modeling is proposed as CT-CPN
models to specify key characteristics and requirements
for conformance testing scenario accurately. For example,
CT-CPN

𝑆
models software functional behaviors according to

software requirement specification, CT-CPN
𝐼
models actual

software implementation behaviors, CT-CPNTP models soft-
ware functional behaviors of specific test purposes, and
CT-CPNTC models finally generated test cases. SuchCT-CPN
series models explicitly specify external visible actions which
are significant in practical test execution, that is, to make the
most of both the place and the transition elements inCT-CPN
models to distinguish visible actions from internal actions. In
particular, to deal with the special output actions, such as the
quiescence or deadlock [7], it introduces new kind of tran-
sitions to model them accurately. Besides, a corresponding
implementation relation in the context of CT-CPNmodeling
is proposed as PN-ioco relation to precisely specify what it
means for an implementation to conform to its functional
specification. In CPN model context, software behaviors are
simulated with specific system data, so we have to determine
the IOCO conformance via comparing the output actions
with specific data. This part of contents had been proposed
in our conference paper [11], and, in order to make this paper
self-contained, we will show the basic formal definition of
CT-CPN model and PN-ioco relation in Section 4.

Second, based on the above CT-CPN modeling and PN-
ioco relation, we need to develop a novel test selection

approach with two desired goals. One is to make the test
selection with high scalability for dealing with more compli-
cated system models, and the other one is to make all test
cases feasible for the practical test executions. Therefore, in
Section 5, we model test purposes as CT-CPNTP models and
then propose a novel IOCO test case selectionmethod, where
test cases are generated using synchronizedmodel simulation
between a CT-CPN

𝑆
model and a CT-CPNTP model. When

the synchronized simulation procedure terminated, a final
test case is produced and specified as a CT-CPNTC model. As
the synchronized model simulation is irrespective of model
scale, its effectiveness and practicability tend to be enhanced
with high scalability.

Third, in Section 6, we prove the soundness of test
generation; that is, as long as the software implementation
fails one test case, it will definitely not conform to its func-
tional specifications. We also prove the coverage towards test
purposes; that is, generated test cases should cover and only
cover functional behaviors which are specified in test purpose
models. In this way, under constraint of testing execution
time and cost, we could generate finite and indispensable
actual test cases to promote the pertinence of testing projects.

Developing a CPN model based IOCO test selection
method is challenging but quite promising. It has solid
theoretical foundation and bright application prospect, so it
tends to be used as a competent and effective conformance
testing technology to validate the correctness of network
based software systems.

4. CT-CPN Modeling and PN-ioco Relation

4.1. Specification Modeling

Definition 2. A CT-CPN
𝑆
is a triple CT-CPN

𝑆
= (CPN, 𝑃

𝑆
,

𝑇
𝑆
):

(1) CPN is a basic colored Petri nets model;
(2) 𝑃
𝑆
= 𝑃,𝑃

𝑆
= 𝑃
𝑂

𝑆
∪𝑃
𝐸

𝑆
:𝑃𝑂
𝑆
is the set of observable places;

𝑃
𝐸

𝑆
is the set of internal places; 𝑃𝑂

𝑆
∩ 𝑃
𝐸

𝑆
= 𝜙;

(3) 𝑇
𝑆
= 𝑇, 𝑇

𝑆
= 𝑇
𝐼

𝑆
∪ 𝑇
𝑂

𝑆
∪ 𝑇
𝐸

𝑆
: 𝑇𝐼
𝑆
is the set of input

transitions; 𝑇𝑂
𝑆
is the set of output transitions; 𝑇𝐸

𝑆
is

the set of internal transitions; 𝑇𝐼
𝑆
∩ 𝑇
𝑂

𝑆
= 𝑇
𝐼

𝑆
∩ 𝑇
𝐸

𝑆
=

𝑇
𝑂

𝑆
∩ 𝑇
𝐸

𝑆
= 𝜙;

(4) CT-CPN
𝑆
has finite output; that is, |trace(𝑀

0
)| ≤

𝑛 (𝑛 ∈ 𝑁);
(5) CT-CPN

𝑆
does not have infinite sequences of internal

actions; that is, ¬∃𝑀 : 𝑀

𝜎

⇒ 𝑀,𝜎 ∈ BE(𝑇𝐸
𝑆
)
∗.

In the CT-CPN
𝑆
modeling, token data in the observable

places could present the externally observed data, so an
observable place is always the postset of an input transition or
an output transition to display what data should be observed
after executing those external transitions. The input transi-
tion models input actions that accept input data provided by
testers and the output transition models output actions that
produce visible output observations. Thus, observable places
and input/output transitions are used together to explicitly
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specify external visible behaviors of a certain system. Besides,
the internal transitions and internal places could represent
internal and unobservable execution of system behaviors.
Modelsmust not have loops of internal transitions, whichwill
make system implementations have no response to help us to
distinguish this scenario from the deadlock.

4.2. Implementation Modeling. As system implementations
are actual physical thing, that is, software, hardware, or a
hybrid system, rather than formal objects, a test hypothesis
[7] assumes that every system implementation corresponds to
an a-priori formal model, but these formal models cannot be
explicitly constructed. Therefore, CT-CPN

𝐼
is just proposed

to formally specify system implementations.

Definition 3. A CT-CPN
𝐼
is a triple CT-CPN

𝐼
= (CPN, 𝑃

𝐼
,

𝑇
𝐼
):

(1) CPN is a basic colored Petri nets model;

(2) 𝑃𝑂
𝐼

= 𝑃
𝑂

𝑆
and 𝑇

𝐼

𝐼
= 𝑇
𝐼

𝑆
, 𝑇𝑂
𝐼

= 𝑇
𝑂

𝑆
the implementa-

tion models and the specification model of the
same system having the same observable places and
input/output transitions;

(3) {𝛿} ⊂ 𝑇
𝐼
: 𝛿 is the suspension transition, and𝑀 𝛿→ 𝑀.

Any possible test output, such as real data, deadlock,
or quiescence should be managed in CT-CPN

𝐼
modeling.

In particular, the quiescence represents a scenario where
software implementations have no visible outputs because
they wait for input action to trigger following executions.
Producing quiescence is a kind of special output action,
which is modeled as the suspension transition 𝛿. Firing a
suspension action indicates that an implementation stays in
the same state and needs input data as a trigger to continue
executing.

4.3. PN-ioco Relation. In context of CT-CPNmodeling, con-
formance relation should be determined according to specific
data in CT-CPN models, so PN-ioco relation is defined.

Definition 4. PN-ioco is a binary relation with 𝑠𝑠 ∈ CT-CPN
𝑆

and 𝑖𝑖 ∈ CT-CPN
𝐼
:

𝑖𝑖 PN-ioco 𝑠𝑠 =def ∀𝜎 ∈ SPtrace(𝑀
𝑆
): outtoken(𝑀

𝐼
fires

𝜎) = outtoken(𝑀
𝑆
fires 𝜎).

(1) Consider SPtrace(𝑀
𝑆
) =def {𝜎 ∈ (BE(𝑇

𝑆
) ∪ 𝛿)

∗
|

𝑀
𝑆

𝜎

⇒}; it enumerates all traces of the model ss,
including the suspension transitions.𝑀

𝑆
and 𝑀

𝐼
are

initial markings, respectively.

(2) Consider outtoken(𝑀) =def {𝑀(𝑃) | 𝑃 ∈ 𝑃
𝑂

𝑆
∪ 𝑃
𝑂

𝐼
};

it represents the observable output token data. In the
model ss, it records the token data of current observ-
able places under a specific marking, while, in the
model ii, it just corresponds to the actual observable
output data produced by the system implementations
during the test execution.

Guided by the PN-ioco definition, the conformance is
determined by comparing token data in the observable places
along a specific SPtrace with the actually observed output
from the implementation. If the actual observed output data
are different from what are prescribed in the ss model,
we could conclude with non-conformance decision. The
equivalence of two outtoken sets indicates that all prescribed
observations should be actually observed in the practical
test executions; that is, prescribed functionalities must be
completely implemented.Therefore, the implementation that
has valid but partial functionalities will not be said to
conform to its specification model.

5. Synchronized Simulation
Based Test Selection

In Section 3, we mention that, based on CT-CPN modeling
and PN-ioco relation, a novel test selection method should
be developed with two desired goals. One is to make such test
selection with high scalability for dealing with more compli-
cated system models, and the other one is to make all test
cases feasible for practical test executions. Accordingly, we
develop a test purpose oriented IOCO test selection method
to meet these two goals, where test cases are generated
through synchronizedmodel simulation between aCT-CPN

𝑆

model and a CT-CPNTP model. When synchronized simula-
tion procedure terminates, a final and feasible test case model
is produced and specified as CT-CPNTC.

The intuitive idea of our test selection method is essen-
tially a synchronized traversal between a CT-CPN

𝑆
model

and a CT-CPNTP model. It is performed bymodel simulation
execution under given initial markings in these two models.
Specifically, each given initial marking in a CT-CPN

𝑆
model

and a CT-CPNTP model could conduct a synchronized
simulation between these twomodels once. During following
synchronized simulation steps, enabled transitions in both
models are capable of firing sequentially in a synchronized
way. However, CT-CPNTP model is responsible for choosing
which execution sequence should be cover, and actual test
sequences and the data-dependent test oracles are all gen-
erated based on CT-CPN

𝑆
model. If both models have no

further enabled transitions, synchronized model simulation
procedure will terminate, and a corresponding test case
model is finally generated and specified as a CT-CPNTC
model, while, in context of LTS based test selection in
original IOCO testing theory, synchronous product of two
LTS model is performed. However, with expansion of model
scale, synchronous product operation cannot be executed
accurately; thus such LTS based test selection approach fails
to support testing large-scale software systems.

In the following subsections, we first propose the formal
definitions of test purpose and test case in CT-CPNmodeling
context.Then, a detailed test selection algorithm is developed
with several test generation rules towards different kinds of
model transitions. Finally, we adopt a file sharing software
system as a representative to demonstrate practical test
selection and test execution procedures.
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5.1. Test Purpose Modeling. Test purpose is utilized to specify
parts of software functional behaviors; for example, in the
network based software systems, sending request packets,
receiving data packets, or updating local key data structure
could be modeled as a test purpose each. In order to promote
the pertinence of testing large-scale software systems, test
purposemodels should participate in test generation process,
since it can constrain the scope of test generation; that is,
it just selects finite and indispensable test cases to only test
expected partial software behaviors under constraint of test-
ing execution time and cost. Obviously, a CT-CPNTP model
is essentially constructed from a corresponding CT-CPN

𝑆

model, because it just specifies parts of software behaviors
which need to be tested. Therefore, we propose the formal
definition of CT-CPNTP model based on the CT-CPN

𝑆

definition.

Definition 5. A CT-CPNTP is a triple (CT-CPN𝑆, 𝑃TP, ΣTP):

(1) CT-CPN
𝑆
is a CT-CPN

𝑆
model;

(2) 𝑃TP = 𝑃
𝑆
∪ {𝑝ℎ}, {𝑝ℎ} is the coverage verdict place, and

only covered token can appear in this place;

(3) ΣTP = Σ
𝑆
∪ {𝑐𝑜V𝑒𝑟𝑒𝑑}.

In CT-CPNTP model, ph is always the postset of an output
transition and used as the termination place in that model. If
a covered token appears in ph place, it indicates that, based
on a given initial marking, a generated test sequence just
corresponds to an execution path of behaviors specified in
the test purpose model.Thus, we need to add some necessary
guard functions towards input or output transitions in the test
purpose model to guarantee such behavior path be executed
as expected. It is well demonstrated in Section 5.4 through the
practical test selection to a file sharing software system.

5.2. Test Case Modeling. Several modeling constraints should
be fulfilled in CT-CPNTC modeling. CT-CPNTC models
should have only one input transition enabled at each step.
Besides, they should be deterministic and every feasible trace
should have finite length; otherwise, the test execution based
on this model cannot terminate in finite steps with the
definite testing results.

Definition 6. A CT-CPNTC is a triple (CPN, 𝑃TC, 𝑇TC), where

(1) CPN is a basic colored Petri nets model;

(2) 𝑃TC = 𝑃, 𝑃TC = 𝑃
𝐼

TC∪𝑃
𝑂

TC∪𝑃
TO
TC ∪𝑃

𝑉

TC: 𝑃
𝐼

TC is the set of
input places; 𝑃𝑂TC is the set of observable places; 𝑃TO

TC is
the set of test oracle places; 𝑃𝑉TC is the set of test verdict
places; each pair of them had no intersections;

(3) 𝑇TC = 𝑇, 𝑇TC = 𝑇
𝐼

TC ∪ 𝑇
𝑂

TC ∪ 𝑇
𝛿

TC ∪ 𝑇
𝑉

TC: 𝑇
𝐼

TC is the set
of input transitions;𝑇𝑂TC is the set of output transitions;
𝑇
𝛿

TC is the set of suspension transitions; 𝑇𝑉TC is the set
of test verdict transitions; each pair of them had no
intersections either;

(4) CT-CPNTC has finite behavior and is deterministic;

(5) CT-CPNTC has at most one input transition enabled

in each step; that is, ¬∃𝑀 : 𝑀

(𝑡1 ,𝑏1)

→ ∧𝑀

(𝑡2 ,𝑏2)

→,
𝑡
1
∈ 𝑇
𝐼

𝑇𝐶
∧ 𝑡
2
∈ 𝑇
𝐼

TC.

It should be noted that, in the test verdict places, only
three kinds of token data can appear, that is, pass/fail/covered
tokens. A pass token indicates that current test execution step
is successfully passed; a fail token indicates an implemen-
tation fault with current test execution step and results in
the nonconformance decision; a covered token indicates that
current test execution step covers that behaviors specified in
test purpose model.

CT-CPNTC models could facilitate the actual test exe-
cution for their better feasibility and readability, because
they not only prescribe the test sequences from the data-
dependent control flow of the system behaviors but also
provide necessary and definite test oracles for determining
the conformance relation.

5.3. Test Selection via Synchronized Model Simulation. To
develop a test purpose model oriented IOCO test selection
method, we need considering simulation paths in CT-CPN

𝑆

model and CT-CPNTP model at the same time. The reason
is that the simulation in the CT-CPN

𝑆
model reflects actual

execution paths of a software system, including real input
and output data, which is the basis of test case generation.
However, the simulation in the CT-CPNTP model conducts
to select expected execution paths among all enabled paths.
Thus, test generation scope is well constrained into those
software behaviors we want to test does not consider other
behaviors which are not specified in test purpose models.
To accomplish such goal, the CT-CPN

𝑆
model and the

CT-CPNTP model should simulate in a synchronized way.
Specifically, under guidance of PN-ioco relation, given an
initialmarking𝑀

𝑆
in CT-CPN

𝑆
model and an initialmarking

𝑀TP in CT-CPNTP model, the IOCO test selection method
selects feasible and expected test sequences from the set of
SPtrace(𝑀

𝑆
‖𝑀TP) in order to cover behaviors specified in test

purposemodels; that is, corresponding enabled transitions in
these two models are fired in a synchronized way according
to different test generation rules towards different kinds of
transitions. Meanwhile, the IOCO test selection method also
presents explicit way to decide the conformance relation via
test output and test oracle and indicate whether the test
purpose is covered. Finally, if no further transitions could fire,
that is, a termination marking is reached, the synchronized
simulation procedure will terminate. If this final marking
represents a valid termination of test purpose directed system
behavioral execution, a final CT-CPNTC test case model
covering specific test purpose is generated. Otherwise, if
this final marking happens to stand for an invalid deadlock
scenario, we need to improve the accuracy of both models
and perform the synchronized simulation procedure again.

Rule 1 (synchronized firing rule to input transition). ∃ 𝑡 ∈ 𝑇
𝐼

𝑆

and 𝑡 ∈ 𝑇
𝐼

TP, (𝑡, 𝑏𝑆) ∈ BE
𝑆
and (𝑡, 𝑏TP) ∈ BETP are all enabled:

generating 𝑡 ∈ 𝑇
𝐼

TC and ∀𝑝 ∈ {𝑝 ∈ 𝑃
𝐼

𝑆
| 𝑝 ∈ pre(𝑡)} : 𝑝 ∈ 𝑃

𝐼

TC,
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keeping token data in 𝑀(𝑝), and generating a new internal
place 𝑝 ∈ 𝑃

𝐸

TC | 𝑝

= post(𝑡).

Firing (𝑡, 𝑏
𝑆
) and (𝑡, 𝑏TP), that is, 𝑀(𝑝


) = {𝑀 |

𝑀(𝑝)

(𝑡,𝑏𝑆)

→}, to accomplish a synchronized firing of input
transitions.

Rule 2 (synchronized firing rule to internal transition). ∃ 𝑡 ∈

𝑇
𝐸

𝑆
and 𝑡 ∈ 𝑇

𝐸

TP, (𝑡, 𝑏𝑆) ∈ BE
𝑆
and (𝑡, 𝑏TP) ∈ BETP

are all enabled, if these two internal transitions could be
fired to produce the same token data, then just fire them
to accomplish a synchronized firing of internal transitions.
Otherwise, fire (𝑡, 𝑏

𝑆
) time after time until 𝑡 ∈ 𝑇

𝐸

TP; that is,
certain internal transition appearing only in the CT-CPN

𝑆

model should be firstly fired several times before reaching the
state that synchronized internal transition appearing in both
CT-CPN

𝑆
model and CT-CPNTP model is able to execute.

However, such internal behaviors do not need to be handled
by test case models.

Rule 3 (synchronized firing rule to output transition). ∃ 𝑡 ∈

𝑇
𝑂

𝑆
and 𝑡 ∈ 𝑇

𝑂

TP, (𝑡, 𝑏𝑆) ∈ BE
𝑆
and (𝑡, 𝑏TP) ∈ BETP are all

enabled: generating 𝑡 ∈ 𝑇
𝑂

TC and ∀𝑝 ∈ {𝑝 ∈ 𝑃
𝑂

𝑆
| 𝑝 ∈

post(𝑡)} : 𝑝 ∈ 𝑃
𝑂

TC.
If ∃𝑝 ∈ {𝑝 ∈ 𝑃

𝐸

𝑆
| 𝑝 ∈ post(𝑡)}, we generate a new internal

place 𝑝 ∈ 𝑃
𝐸

TC | 𝑝

= post(𝑡).

Firing (𝑡, 𝑏
𝑆
) and (𝑡, 𝑏TP) to accomplish a synchronized

firing of output transitions and constructing a test verdict unit
for every 𝑝 ∈ 𝑃

𝑂

TC are as follows:

(i) generating 𝑞 ∈ 𝑃
TO
TC , 𝑡V ∈ 𝑇

𝑉

TC, 𝑝V ∈ 𝑃
𝑉

TC: {pre(𝑡V) =

𝑝∪𝑞} and {post(𝑡V) = 𝑝V};𝑀(𝑞) = 𝑀(𝑝), where𝑀(𝑞)

records the test oracle data with respect to 𝑝;
(ii) generating 𝑎 ∈ (𝑡V, 𝑝V), 𝑟 = pre(𝑡V) (𝑟 ∈ 𝑃

𝑂

TC), and,
without loss of generality, 𝐸(𝑎) could be specified as
follows: if 𝑀(𝑟) = 𝑀(𝑞), then 1pass + 1covered else
1fail; that is, if observed test output in 𝑀(𝑟) is the
same as the test oracle data in𝑀(𝑞), and test purpose
is definitely covered, a pass token and a covered token
are both generated into the test verdict place 𝑝V;

(iii) connecting 𝑡 ∈ 𝑇
𝑂

TC with newly generated internal
place or existing observable place, that is, 𝑟 ∈ 𝑃

𝐸

TC ∪

𝑃
𝑂

TC | 𝑟 = pre(𝑡) to keep the connectivity of current
test case model.

Rule 4 (adding suspension transition). Consider ∃𝑝 ∈ 𝑃
𝐼

𝑇𝐶
, if

quiescence is allowed, adding a suspension transition with p;
that is, 𝑡 ∈ 𝑇

𝛿

TC : 𝑝 = pre(𝑡) ∧ 𝑝 = post(𝑡).

Given sets of initial markings 𝑀
𝑆
and 𝑀TP, through

applying a suitable rule of aforesaid four test generation rules
step by step, CT-CPNTC models covering specific test purpose
are generated for testing corresponding software behaviors.
Besides, it is guaranteed that the scenario never exists where
transitions in CT-CPNTP model are enabled but related
transitions in CT-CPN

𝑆
model are not enabled, because a

CT-CPNTP model is constructed from the corresponding
CT-CPN

𝑆
model. Furthermore, based on above test selection

method, each SPtrace has finite length, so the test selection
algorithm is terminated in finite steps with generating a
CT-CPNTP model that has finite behaviors for practical test
executions.

Two more aspects should be noted. First, CT-CPN mod-
els are not modified with new kinds of model elements,
and modeling constraints are just used to avoid generating
infeasible traces for testing scenarios. So, the semantic rules
defined in [10] are all kept in CT-CPN models; that is, we
still use its original enabling rules and occurrence rules
to generate CT-CPNTC test case models. Second, this test
selection approach can be applied into the hierarchical CPN
model without modification. The reason comes from two
aspects: first, a hierarchical CPN model could definitely be
unfolded to a behavioral equivalent nonhierarchical CPN
model, and, then, test case selection process just utilizes
ordinary simulation techniques which could be applied into
hierarchical or nonhierarchical CPN models without differ-
ences. Thus, our test selection method has better scalability
to deal with most of actual software behavior models.

We could compare the computation cost in test purpose
oriented test selection methods. In context of LTS, the state
space produced by synchronous product of two LTS models
tends to grow exponentially, which needs enormous even
unpractical computation resources to generate suitable test
cases. But, in context of CPN, synchronizedmodel simulation
based selection approach is irrespective of their model scale,
so it just needs linear computation cost to produce feasible
test cases. The effectiveness and practicability of our test
selection method are enhanced with better scalability.

5.4. An Example: File Sharing Software System. Wenow apply
the test purpose oriented IOCO test selection method into
a file sharing software system to illustrate its feasibility and
effectiveness. The CT-CPN

𝑆
model is presented in Figure 2,

and one example CT-CPNTP model is presented in Figure 3.
Through synchronized simulating of such two models, a
CT-CPNTC model is generated and shown in Figure 4.

In this file sharing software system, peer nodes that have
same functionalities could share the same resource file via
network. The file is composed of several file segments which
are identified as [SN, DATA]. When a peer node receives
a file segment request (req), it searches such data segment
from its data segment sets (DATASET) according to the
segment number (SN) in request packet. If this peer node gets
the requested data segment (DATAENTRY), it immediately
sends the segment to the requesting peer node. While as
a peer node receives a requested file segment, it stores this
segment data into data segment sets firstly and goes on
requesting new file segments which this peer does not have
yet. In its CT-CPN

𝑆
model, rv/sd/set are observable places.

recv is an input transition to specify the receiving of segment
request or data. send/newreq are output transitions to specify
sending segment data, storing segment data and requesting
new file segment, respectively. For example, If send fires, we
could observe which packet is sent according to the tokens in
sd. The rest are internal places and transitions. In particular,
the place sp stores the total set of segment number beforehand
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ss1

ins ds en ds

ss2

ds

ss1

ins ss1 
(#1 en)

n

else empty

p

newreq

send
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searchrecv
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SNSET

ssn
SNSET

DATAENTRY

set DATASET

da
DATAENTRY

sn
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PACKET

sdPACKET Out
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else empty

If #1 p = req
then #2 p)

If #1 p = rep
then (#2 p, #3 p)

If n<>(#1 (hd ds))

(tl ds)∧∧
((hd ds)::[])

if not (List.null (listsub ss2 ss1))

else empty

then 1  (req,
hd (listsub ss2 ss1),“”)

else empty
then 1  (hd ds)
if n = (#1 (hd ds))then 1 n else empty

nd (n, d)

(rep, n, d)

en

closet FLAG = with req | rep;
closet SN = int; closet DATA = string;

var n: SN; var d: DATA; var p: PACKET;
var en: DATAENTRY; var ds: DATASET;
var ss1, ss2: SNSET;

closet PACKET = product FLAG ∗ SN ∗DATA;
closet DATAENTRY = product SN ∗DATA;
closet DATASET = list DATAENTRY with 0 · · · 10;
closet SNSET = list SN with 0 · · · 10;
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Figure 2: The CT-CPN
𝑆
model of the file sharing software system.
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Figure 3: CT-CPNTP model of file sharing software system.

vt

susp

sendrecv vd
VERDICT

rr
PACKET

ar
PACKET

sn
INNER

rv
PACKET

p

rp

then   pass++    covered
else  fail

 (rep, 2,“two”)

1 (req, 2,“”)
If p = rp

1


1


1


1


1


Figure 4: CT-CPNTC model of file sharing software system.

to help to choose which segment should be requested. In
this way, necessary external behaviors of a system for its
conformance testing are modeled accurately. However, in
system modeling practice, the selection of observable places
should also consider the actual observation points in the
actual test execution, such as the points of control and
observation [1].

In Figure 3, we present a test purpose CT-CPNTP model
as a representative. This test purpose focuses on the function
that whether a peer node could get the requested date
segment from its data segment sets according to the segment
number (constrained by the guard function [𝑛 = (#1en)]),
when it receives a file segment request (constrained by the
guard function [(#1𝑝) = req]). If a covered token appears
in ph place, it indicates that generated test sequence just
covers the behaviors specified in this test purpose model.
The CT-CPNTC model in Figure 4 is used to check whether
a peer node gets the requested date segment from its data
segment sets according to the segment number. The detailed
test selection procedure is discussed as follows.

(i) Initial marking is assigned as𝑀
𝑆
(𝑟V) = {1


(req,2,“”)},

𝑀
𝑆
(𝑠𝑝) = {[1, 2, 3, 4]}, 𝑀

𝑆
(𝑠𝑒𝑡) = {[(1,“one”),

(2,“two”)]}; 𝑀TP(𝑟V) = {1

(req, 2,“”)}, 𝑀TP(𝑠𝑒𝑡) =

{[(2,“two”)]}.
(ii) Rule 1 is applied to dealwith input transition recv.This

transition could be fired as (𝑟𝑒𝑐V, {𝑝 = (req, 2,“”)})
in a synchronized execution in both models. A new
internal place sn is added as the postset of recv and
𝑀TC(𝑟V) = {1


(req, 2,“”)}.

(iii) Rule 2 is applied to deal with internal transi-
tion search. In the CT-CPNS model, this transi-
tion relates two enabled scenarios, that is, (search,
{𝑛 = 2, ds = [(1,“one”), (2,“two”)]}) and (search,
{𝑛 = 2, ds = [(2,“two”), (1,“one”)]}), while, in the
CT-CPNTP model, it only relates one enabled sce-
nario, that is, (search, {𝑛 = 2, en = (2,“two”)}).
Thus, we fire search in CT-CPN

𝑆
model twice, where

at the first time it is fired independently, and in the
second time it is synchronized fired with that in the
CT-CPNTP model. Consider 𝑀

𝑆
(𝑛𝑑) = 𝑀TP(𝑛𝑑) =

{(2,“two”)}.
(iv) Rule 3 is applied to deal with output transition

send. This transition could be fired as (send, {𝑛 =

2, 𝑑 =“two”}) and (send, {en = (2,“two”)}) in a syn-
chronized execution in each model and get𝑀

𝑆
(𝑠𝑑) =

{(rep, 2,“two”)}, 𝑀TP(𝑝ℎ) = {𝑐𝑜V𝑒𝑟𝑒𝑑}, which indi-
cates that the test purpose covered sequence is exe-
cuted. The output transition send and its postset
observable place ar are both generated in CT-CPNTC
model. Furthermore, its test oracle place rr, test
verdict transition vt, and test verdict place vd are
all generated as an integrated test verdict unit for
validating whether the actual output data is the
same with the test oracle data. Consider 𝑀TC(𝑟𝑟) =

𝑀
𝑆
(𝑠𝑑) = {(rep, 2,“two”)}. Finally, we need to relate

the output transition send with internal place sn,
that is, pre(send) = sn, to keep the connectivity of
generated CT-CPNTC model.

(v) Rule 4 is applied to add a suspension transition to-
wards the input transition rv, which allows for waiting
to send the data packet in a quiescence scenario.

Using above test case model, we perform actual test
executions to further illustrate feasibility and effectiveness
of our test selection method. We program eight software
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Table 1: System implementations and test results.

(a)

Software implementations
Number Type Description
i1 Totally correct Implementing all functions correctly
i2 Faulty Error on sending request packet
i3 Faulty Error on matching segment number
i4 Faulty Error on storing segment data

i5 Faulty Error on calculating the new segment
number

i6 Faulty Error on parsing received segment
packet

i7 Partially correct Not supporting segment retrieval
i8 Partially correct Not supporting segment storage

(b)

Testing results
i1 i2 i3 i4 i5 i6 i7 i8
Pass Fail Fail Pass Pass Fail Fail Pass

implementations of the file sharing system with preinjected
errors to act as SUT.

In Table 1, software implementations description and
testing results are all listed. (1) i1 passes this test case, so it
conforms to the specification model in Figure 2. (2) i2, i3,
and i6 have fatal errors, respectively, which this test purpose
just covers, so they do not pass this test case where fail token
appears in test case executions. (3) i4 and i5 pass the test
case, but the fact is that error behaviors in i4 and i5 are not
tested at all by this test case. Test purpose model in Figure 3
does not contain such behaviors; thus definitely the generated
test case model does not aim to test these implementation
errors. (4) i7 only implements partial functions; that is, it
does not support segment retrieval. However, this function
is just to be tested by this test case, so i7 does not pass as we
do not observe the output segment data packet in actual test
execution. Compared with basic IOCO relation definition, i7
does not conform to the specification according to PN-ioco
relation, so partially correct implementations are no longer
determined with conformance. (5) i8 passes this test case,
because the test case does not touch such segment storage
functionality.

From the above analysis, we could see that test case
models generated using our test selection method are quite
feasible for guiding actual test execution intuitively and
also effective for finding various implementation faults.
According to testing results, conformance relation between
a specific implementation and its specification model could
be accurately determined.

6. Proof of Soundness and Test
Purpose Coverage

The conformance relation between a software implementa-
tion ii and its specification model ss is determined through

test executions, specified as ii PN-ioco ss ⇔ ii pass 𝑇
𝑆
.

If all test cases in completer set TS are passed, “ii PN-
ioco ss” is consequently determined. However, in practical
conformance testing, generating all test cases in the 𝑇

𝑆
is

almost infeasible. Moreover, conformance testing just aims
to find nonconformance faults rather than to completely
prove the conformance.Thus, aweaker requirement is usually
considered; that is, as long as the implementation does not
pass one test case, it definitely does not conform to its
specification. This weaker requirement corresponds to the
left-to-right implication of ii PN-ioco ss ⇔ ii pass 𝑇

𝑆
and is

referred as the soundness of test case generation approach.

Theorem 7. Let 𝑠𝑠 ∈ 𝐶𝑇-𝐶𝑃𝑁
𝑆
be a specification model, and

𝑡𝑝 ∈ 𝐶𝑇-𝐶𝑃𝑁
𝑇𝑃

a test purpose model; let 𝑇
𝑆
be a complete set

of test cases that generated from ss and tp with our test selection
algorithm, that is, TestSel; let 𝐶𝑇-𝐶𝑃𝑁

𝑆
× 𝐶𝑇-𝐶𝑃𝑁

𝑇𝑃
→

𝐶𝑇-𝐶𝑃𝑁
𝑇𝐶

be the test case selecting function that satisfies
TestSel(𝑠𝑠, 𝑡𝑝) ⊆ 𝑇

𝑆
; then TestSel is sound for ss with respect

to PN-ioco.

Proof. Supposing ∃𝑖𝑖 ∈ CT-CPN
𝐼
with corresponding 𝑠𝑠 ∈

CT-CPN
𝑆
, ∃𝑡𝑝 ∈ CT-CPNTP and ∃𝑡𝑡 ∈ TestSel(ss,tp)

satisfying not (ii pass tt) and ii PN-ioco ss, then
not (ii pass tt)

⇒ ∃𝑒 ∈ 𝑀(𝑝), 𝑝 ∈ 𝑃
𝑉

TS, 𝑒 ∈ {𝑓𝑎𝑖𝑙}; [a fail token appears
in the test verdict place p]

⇒ ∃𝑟 ∈ 𝑃
𝑂

TS ∧∃𝑞 ∈ 𝑃
TO
TS ,𝑀(𝑟) ̸=𝑀(𝑞); [token data in the

observable place 𝑟 and its coupled test oracle place 𝑞
are different]

⇒ ∃𝜎 ∈ SPtrace(MS): outtoken(MI fires 𝜎) ̸= outto-
ken(MS fires 𝜎), where 𝑀(𝑟) ⊆ (M

𝐼
fires 𝜎) and

𝑀(𝑞) ⊆ (MS fires 𝜎). [trace 𝜎 results in unexpected
output observations in the practical test execution].

Obviously, there exists a contradiction with the assump-
tion ii PN-ioco ss. Therefore, we could conclude that if one
test case does not pass, that is, not (ii pass tt), then, ii PN-
ioco ss does not hold definitely; that is, TestSel is sound for ss
and tp with respect to PN-ioco. However, it should be noted
that TestSel is not empty since SPtrace is always produced
as a specific initial marking is assigned in actual ss and tp
models.

It should be noted that as CT-CPNTP model is con-
structed from its corresponding CT-CPN

𝑆
model, when valid

specific initial markings are assigned in actual CT-CPN
𝑆

model and CT-CPNTP model, at least one SPtrace exists
definitely, so at least one test case model is generated. Given
sets of initial markings, several test case models covering
specific test purposes are generated consequently. That is,
the special case where empty set of TestSel(ss,tp) tends to be
sound never exists.

Based on the guarantee that test case selection is sound,
we need further guarantee that test selection should cover
test purposes; that is, any passed test case is definitely testing
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and only testing those software behaviors which are specified
in corresponding test purpose models. The coverage towards
test purpose is formally described as cover-pass relation as
follows:

∃𝑖𝑖 ∈ CT-CPN
𝐼
with related 𝑠𝑠 ∈ CT-CPN

𝑆
, ∃𝑡𝑝 ∈

CT-CPNTP, ∃𝑡𝑡 ∈ 𝑇
𝑆
(a complete set of test cases generated

from ss and tp):
ii cover-pass tt → ii exhibit tp:

ii cover-pass 𝑡𝑡 =def ii pass tt and {𝑐𝑜V𝑒𝑟𝑒𝑑} ∈ 𝑀(𝑃
𝑉

TC);
ii exhibit 𝑡𝑝 =def ∀𝜎 ∈ SPtrace(𝑀TP): outtoken(MI
fires 𝜎) ⊇ outtoken(𝑀TP fires 𝜎).

From the angle of converse negative proposition in above
relation, we could conclude that if a system implementation
does not perform the behaviors which are specified in a test
purpose model, it must not pass any test case generated using
such test purpose model.

Theorem 8. Let 𝑠𝑠 ∈ 𝐶𝑇-𝐶𝑃𝑁
𝑆
be a specification model

and 𝑡𝑝 ∈ 𝐶𝑇-𝐶𝑃𝑁
𝑇𝑃

a test purpose model; let 𝑇
𝑆
be a

complete set of test cases that generated from ss and tp with
our test selection algorithm, that is, TestSel, let 𝐶𝑇-𝐶𝑃𝑁

𝑆
×

𝐶𝑇-𝐶𝑃𝑁
𝑇𝑃

→ 𝐶𝑇-𝐶𝑃𝑁
𝑇𝐶

be the test selecting function that
satisfies TestSel(ss, tp) ⊆ 𝑇

𝑆
; then TestSel covers behaviors in tp

model.

Proof. ∃𝑖𝑖 ∈ CT-CPN
𝐼
with corresponding 𝑠𝑠 ∈ CT-CPN

𝑆
,

∃𝑡𝑝 ∈ CT-CPNTP and ∃𝑡𝑡 ∈TestSel(ss,tp):
ii cover-pass tt

⇒ ii pass tt ∧∃𝑝 ∈ 𝑃
𝑉

TC, {𝑐𝑜V𝑒𝑟𝑒𝑑} ∈ 𝑀(𝑝)

⇒ ∀𝑝

∈ 𝑃
𝑉

TC, {𝑓𝑎𝑖𝑙} ∉ 𝑀(𝑝

) ∧ ∃𝑝 ∈ 𝑃

𝑉

TC, {𝑐𝑜V𝑒𝑟𝑒𝑑} ∈
𝑀(𝑝) [only pass and covered token data can appear in
the test verdict place]

⇒ ∀𝜎 ∈ SPtrace(𝑀
𝑆
‖𝑀TP): outtoken(𝑀TP fires 𝜎) ⊆

outtoken(𝑀
𝑆
fires 𝜎) and outtoken(𝑀

𝑆
fires 𝜎) =

outtoken(𝑀
𝐼
fires 𝜎)

⇒ ∀𝜎 ∈ SPtrace(𝑀
𝑆
‖𝑀TP): outtoken(𝑀TP fires 𝜎) =

outtoken(𝑀
𝐼
fires 𝜎) [trace 𝜎 results in expected

output observations in the practical test execution].

7. Conclusion

To make the best of advantages of the IOCO testing theory
and the CPNmodeling, we integrate them directly to develop
a novel test purpose model oriented IOCO test selection
method. Based on conformance testing orientedCPNmodels
for specifying software functional behaviors and specific
test purposes, respectively, guided by the CPN based IOCO
relation, feasible test cases are generated using synchro-
nized model simulation with the proof of the soundness
of test generation and the coverage towards test purposes.
Throughout practical test selection and test execution for a
file sharing software system as a representative, the feasibility
and effectiveness of the preceding test selection method are
well elaborated.

Our CPN model based IOCO test selection method has
several advantages. First, conformance test cases are gener-
ated through synchronized simulation process with actual
test input data and test oracles, so they are well feasible for
guiding practical testing executions. Second, as synchronized
model simulations with two CPN models are irrespective
of their model scale, their effectiveness and practicability
are enhanced with better scalability. Therefore, our CPN
model based IOCO test selection method is promising and
competent for validating the correctness of reactive network
software systems more efficiently and more effectively.
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We propose a bio-inspired model for making handover decision in heterogeneous wireless networks. It is based on an extended
attractor selection model, which is biologically inspired by the self-adaptability and robustness of cellular response to the changes
in dynamic environments. The goal of the proposed model is to guarantee multiple terminals’ satisfaction by meeting the QoS
requirements of those terminals’ applications, and this model also attempts to ensure the fairness of network resources allocation,
in the meanwhile, to enable the QoS-oriented handover decision adaptive to dynamic wireless environments. Some numerical
simulations are preformed to validate our proposed bio-inspired model in terms of adaptive attractor selection in different
noisy environments. And the results of some other simulations prove that the proposed handover scheme can adapt terminals’
network selection to the varying wireless environment and benefits the QoS of multiple terminal applications simultaneously and
automatically. Furthermore, the comparative analysis also shows that the bio-inspiredmodel outperforms the utility function based
handover decision scheme in terms of ensuring a better QoS satisfaction and a better fairness of network resources allocation in
dynamic heterogeneous wireless networks.

1. Introduction

Recently, with the highly developed wireless communica-
tion technologies such as the wireless LANs (WLAN IEEE
802.11a/b/g/n/p standards), WiMAX (IEEE 802.16a/e stan-
dards), the third and fourth generation cellular wireless (3G
or 4G), and satellite communications, substantial significant
infrastructure of these wireless networks has been deployed
to support the dramatically increasing demand for mobile
terminals’ access to network services anywhere and any-
time. However, no single wireless access technology can be
efficient to guarantee various users’ demands for reliable
connection and quality of service (QoS) over all situations.
Consequently, the next generation wireless communication
system is evolving, which depends on those heterogeneous
wireless networks. In the nowadays heterogeneous wireless

networks, multiple wireless access technologies as well as
multiple radios have to interwork and to be used in a
cooperative manner to realize the “always best connected”
(ABC) concept in terms of high level of QoS satisfaction and
fairness resources allocation [1].

Handover decision is one of the most important issues
(including handover management, resource allocation, and
mobility support) related to the heterogeneous wireless net-
works and should be efficiently addressed for the realization
of the envisioned next generation communication system [2].
However, there exist some significant challenges in devel-
oping the essential functional components and in designing
the corresponding algorithms for handover decision such
as impracticality of centralized control, dynamic nature,
resources constraint, and heterogeneity in the heterogeneous
wireless environment [3].
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On the other hand, the bio-inspired paradigm provides
a novel approach to design a new powerful solution for
many engineering problems [4, 5]. Similar challenges met
by the heterogeneous wireless communication system arising
from dynamic nature, system complexity, heterogeneous
architectures, and absence of centralized control have been
well addressed by the biological system [6]. Many biolog-
ical mechanisms such as the adaptability to environmental
changes, inherent robustness to external perturbation, and
self-optimization are appealing to be introduced in the han-
dover decision solution to deal with those aforementioned
significant challenges. As some interdisciplinary studies have
argued, many biological mechanisms resulting from the
evolution of nature over millions of years always go far
away beyond the traditional technologies so that they are
promising to be used to settle some complex engineering
problems [7–9].

The attractor selection is one type of bio-inspired mech-
anism that induces cellular gene expression to adaptively
respond to the dynamically changing environment. Its related
model, that is, attractor selection model [10], has attracted
much attention and has been extended to be implemented
in many engineering domains consequently. For example, it
has been applied in the robust robot control [11], the error-
tolerant wireless sensor networks control [12], the adaptive
virtual network topology control [13], the adaptive routing
protocol in mobile ad hoc networks or overlay networks [14],
and the resources allocation among multiple users and mul-
tiple applications in the heterogeneous wireless environment
[15].

Motivated by the attractor selection of cellular gene
network, we adopt this bio-inspiredmechanism formodeling
the vertical handover decision in heterogeneous wireless net-
works.The goal of the paper is to deal with the varying hetero-
geneous wireless environmental conditions, at the same time,
to guarantee users’ satisfaction level, and to ensure the fair-
ness of network resources allocation among multiple mobile
terminals. We extend the basic attractor selection model
which has been proposed in [10] to a novel one with a higher
dimension formultiple attributes decisionmaking.Theupper
and lower bounds of QoS requirements of multiple applica-
tions are combined with the dynamic wireless network con-
ditions including bandwidth, end-to-end delay, and packet
loss ratio to formulate a function for evaluating the terminal’s
QoS satisfaction.This utility function is used to assist the bio-
inspired model in performing the attractor selection mech-
anism. And the handover decision induced by the attractor
selectionmechanism allows us to capture the dynamic nature
of the heterogeneous wireless environment and to evaluate
the goodness of accessing wireless networks, so as to enable
the handover decision adaptive to the wireless environmental
changes.

The remainder of this paper is organized as follows.
Section 2 formulates the handover decision problem to be
solved and introduces the basic attractor selection model
so as to extend it for making handover decision. The QoS-
oriented handover decision framework and the detailed
scheme based on the proposed bio-inspired handover model
are described in Section 3. Section 4 demonstrates some

comparative simulation results and gives the analysis of our
handover decision scheme. Finally, Section 5 concludes this
work.

2. System Model

In this section, the core problem to be solved in the handover
decision is described firstly, and then the basic attractor selec-
tion model as well as its corresponding biomechanism is pre-
sented. Following the mathematical form of the basic attrac-
tor selection model, we extend it to a novel form and apply
this extended model for multiple attributes decision making.

2.1. Problem Formulation. We assume that each mobile ter-
minalmoving in a given heterogeneous wireless environment
is equipped with a multimode communication device. These
terminals with multiple wireless interfaces are able to access
different wireless networks simultaneously. Namely, in this
assumption, a mobile user is allowed to assign different
wireless links to its different applications that are running
in the terminal device. We consider a heterogeneous wire-
less environment composed of a network set of multiple
heterogeneous wireless networks. We denote this network
set as NetSet = {net

1
, net
2
, . . . , net

𝑀
}. The parameter 𝑀,

here, denotes the total number of those considered wireless
networks. And then we consider that there are totally 𝑄

vehicular terminals moving in this given heterogeneous
wireless environment. All of these mobile terminals compose
a set that is denoted by User = {𝑢

1
, 𝑢
2
, . . . , 𝑢

𝑄
}, and each one

𝑢
𝑘
∈ User has a certain number of applications running in its

terminal device. For instance, we denote those applications
simultaneously running in 𝑢

𝑘
as a set 𝑆

𝑢𝑘
= {𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑁
}.

Thus, each 𝑢
𝑘
is required to make a decision to select the

most suitable wireless network for each of its applications.
Each application 𝑠

𝑖
∈ 𝑆
𝑢𝑘

may connect to the same network
or may use different wireless links. Each 𝑢

𝑘
performs the

handover decision process during every discrete period Δ𝑡.
When the network selection is done, the wireless interface of
each application in 𝑢

𝑘
is switched from the previous one to

the new determined network.

2.2. Basic Attractor Selection Model. The basic attractor
selection model is inspired from cell biology. It is used to
describe the adaptive response of the gene expression in an
Escherichia coli (E. coli) cell to the changes in its available
nutrients, especially when there is no enough molecular
machinery for signal transduction from the environment to
the DNA expression [10]. The basic mathematical model of
the attractor selection can be expressed by two nonlinear
differential equations with stochastic noise as follows:

𝑑𝑚
1

𝑑𝑡

=

𝑆 (𝐴)

1 + (𝑚
2
)
2
− 𝐷 (𝐴) × 𝑚

1
+ 𝜂
1
,

𝑑𝑚
2

𝑑𝑡

=

𝑆 (𝐴)

1 + (𝑚
1
)
2
− 𝐷 (𝐴) × 𝑚

2
+ 𝜂
2
,

(1)

where 𝑚
1
and 𝑚

2
represent two different mRNA concentra-

tions, respectively, corresponding to two different nutrients.
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𝑆(𝐴) and𝐷(𝐴) are, respectively, two different rate coefficients
of nutrient synthesis and degradation.They are defined as the
monotonously increasing function of cellular activity that is
represented by the parameter 𝐴. In [10], 𝑆(𝐴) = 6𝐴/(𝐴 + 2)

and 𝐷(𝐴) = 𝐴. 𝜂
1
and 𝜂

2
represent independent Gaussian

white noise which is inherent in cellular gene expression.
From the viewpoint of dynamics system, the variable

pair [𝑚
1
, 𝑚
2
]
𝑇 can be treated as a state of cellular metabolic

phenotype and (1) essentially represents a cell dynamics
system. An attractor is a stable state of the dynamics system to
which the phase space trajectory of the system will converge,
no matter what the initial conditions are. In fact, fluctuation
inherently exists in the actual biological system, so the gene
expression or other behaviors of a biological entity are not
purely deterministic. Even though the state of the cellular
dynamics system is perturbed by stochastic noise arising from
the external environmental fluctuations, the system is able to
gradually come to stability over time and finally stays at a new
growth rate as well as at a well living state. The adaption of
a cell to changes in its survival environment is analogous to
the attractor selection of the dynamics system given in (1), in
which the system will select and switch to a new stable and
suitable state when the environmental conditions have been
changed or perturbed to be unsuitable for previous state.

In addition, the cellular activity𝐴 is an important param-
eter that lumps the fitness of the environmental conditions
for the cell’s survival to a single real value and it ranges from
0 to 1. This parameter is used to comprehensively reflect the
information of the cell’s external environment, control the
influence of the noise on the behavior of the dynamics system,
and capture the phenotypic consequence that enables the
cellular adaptation.

2.3. Extended Attractor Selection Model. Following the basic
attractor selection model, we would like to introduce the
appealing bio-inspired attractor selectionmechanism to deci-
sion making under varying conditions in terms of improving
the robustness and adaptability of the decision solution. In
order to select the most appropriate wireless access network
net
𝑗

∈ NetSet for any one application 𝑠
𝑖
∈ 𝑆
𝑢𝑘

that is
running in the terminal device of a user 𝑢

𝑘
∈ User, we firstly

define a decision vector as X𝑠𝑖(𝑡) = [𝑥
𝑠𝑖

net𝑗(𝑡)]net𝑗∈NetSet
=

[𝑥
𝑠𝑖

net1(𝑡), 𝑥
𝑠𝑖

net2(𝑡), . . . , 𝑥
𝑠𝑖

net𝑀(𝑡)]
𝑇, for each application 𝑠

𝑖
∈ 𝑆
𝑢𝑘
.

Each state value 𝑥
𝑠𝑖

net𝑗(𝑡) in this decision vector refers to
the score or the goodness of the network net

𝑗
relevant to

the application 𝑠
𝑖
at time 𝑡. Therefore, any 𝑢

𝑘
∈ User

should maintain a set of |𝑆
𝑢𝑘
| decision vectors, since it has

|𝑆
𝑢𝑘
| applications (it should be noted that the notation |𝑆

𝑢𝑘
|

represents the number of elements in the set 𝑆
𝑢𝑘
). Then, we

use these decision vectors to construct a matrix as follows:

[X𝑠1 (𝑡) ,X𝑠2 (𝑡) , . . . ,X𝑠𝑁 (𝑡)]

=

[

[

[

[

[

𝑥
𝑠1

net1 (𝑡) 𝑥
𝑠2

net1 (𝑡) ⋅ ⋅ ⋅ 𝑥
𝑠𝑁

net1 (𝑡)

𝑥
𝑠1

net2 (𝑡) 𝑥
𝑠2

net2 (𝑡) ⋅ ⋅ ⋅ 𝑥
𝑠𝑁

net2 (𝑡)
...

... d
...

𝑥
𝑠1

net𝑀 (𝑡) 𝑥
𝑠2

net𝑀 (𝑡) ⋅ ⋅ ⋅ 𝑥
𝑠𝑁

net𝑀 (𝑡)

]

]

]

]

]

.

(2)

The matrix shown in (2) is called a “decision matrix” or a
“score matrix,” whose rows index different wireless networks
and columns index different applications. Each component
value 𝑥𝑠𝑖net𝑗(𝑡) in this decision matrix indicates the proportion
of selecting thewireless network net

𝑗
as the target network for

supporting the application 𝑠
𝑖
at time 𝑡. Furthermore, once the

decision matrix can be obtained, we can use (3) to determine
the target network for the application 𝑠

𝑖
:

net∗ (𝑠
𝑖
) = argmax

net𝑗∈NetSet
{𝑥
𝑠𝑖

net𝑗 (𝑡)} . (3)

Aiming to update the state of the decisionmatrix, we here
extend the basic attractor selection model to the new form
with a higher dimension. We propose the novel extended
model as follows:

𝑑𝑥
𝑠𝑖

net𝑗 (𝑡)

𝑑𝑡

=

syn (𝛼)

1 + [𝑥
𝑠𝑖

net∗(𝑠𝑖)
(𝑡) − 𝑥

𝑠𝑖

net𝑗 (𝑡)]
2

− deg (𝛼) × 𝑥𝑠𝑖net𝑗 (𝑡) + 𝜂
𝑠𝑖

net𝑗 (𝜇, 𝜎) ,

(4)

where 𝑠
𝑖
∈ 𝑆
𝑢𝑘
, net
𝑗
∈ NetSet and 𝑥𝑠𝑖net∗(𝑠𝑖)(𝑡) is the maximum

state value in the decision vector X𝑠𝑖(𝑡) corresponding to
the application 𝑠

𝑖
.𝜂𝑠𝑖net𝑗(𝜇, 𝜎) denotes the Gaussian white noise

whose mean value is 𝜇 and whose standard deviation is 𝜎.
According to the basic attractor selection model, syn(𝛼) and
deg(𝛼) should be designed as the monotonously increasing
functions of the activity 𝛼. Similar to [14], we adopt the
polynomial form to formulate syn(𝛼) and directly set deg(𝛼)
identical to 𝛼 as follows:

syn (𝛼) = 𝛼 × (𝛽 × 𝛼
𝑛
+ 𝑚) ,

deg (𝛼) = 𝛼,

(5)

where 𝛽 and 𝑚 are both the positive real values and 𝑛

is a positive integer. On the basis of (4), we can use the
model defined in (5) to dynamically and self-adaptively
update the decision matrix defined in (2). Thus, based on
the decision matrix, the handover decision can be made in
terms of guaranteeing the terminal QoS satisfaction and self-
adaptability.

2.4. Model Validation and Discussion. To analyze the pro-
posed model given by (4), we split the stochastic nonlinear
differential equation into two parts, that is, the determin-
istic term and the stochastic term. We define the notation
Φ
𝑠𝑖

net𝑗(𝛼, 𝑡) to represent the deterministic term

Φ
𝑠𝑖

net𝑗 (𝛼, 𝑡) =
syn (𝛼)

1 + [𝑥
𝑠𝑖

net∗(𝑠𝑖)
(𝑡) − 𝑥

𝑠𝑖

net𝑗 (𝑡)]
2

− deg (𝛼) × 𝑥𝑠𝑖net𝑗 (𝑡) .

(6)

Φ
𝑠𝑖

net𝑗(𝛼, 𝑡) is a complexmultivariate function of the determin-
istic parameters 𝛼 and 𝑡. Following the notation above, we



4 Journal of Applied Mathematics

then reshape the extended attractor selection model defined
in (4) into a more simple formulation which is composed
of the deterministic term Φ

𝑠𝑖

net𝑗(𝛼, 𝑡) and the stochastic term
𝜂
𝑠𝑖

net𝑗(𝜇, 𝜎):

𝑑𝑥
𝑠𝑖

net𝑗 (𝑡)

𝑑𝑡

= Φ
𝑠𝑖

net𝑗 (𝛼, 𝑡) + 𝜂
𝑠𝑖

net𝑗 (𝜇, 𝜎) .
(7)

From (7), it can be obviously observed that if the value
of the activity 𝛼 decreases due to some changes in the
external conditions of this dynamics system, the magnitude
of the deterministic term Φ

𝑠𝑖

net𝑗(𝛼, 𝑡) will become smaller
and it may decreasingly approach the magnitude of the
stochastic term 𝜂

𝑠𝑖

net𝑗(𝜇, 𝜎), which means that |Φ𝑠𝑖net𝑗(𝛼, 𝑡)| ≈
|𝜂
𝑠𝑖

net𝑗(𝜇, 𝜎)|. In this situation, (7) tells us that the influence
of the random noise becomes relatively enhanced and the
behavior of the dynamics system is expected to be mostly
dominated by the randomness of 𝜂𝑠𝑖net𝑗(𝜇, 𝜎). On the other
hand, when the activity 𝛼 increases to make the magnitude of
the deterministic termΦ

𝑠𝑖

net𝑗(𝛼, 𝑡)much larger than that of the
stochastic term 𝜂

𝑠𝑖

net𝑗(𝜇, 𝜎), the deterministic term will govern
this system so that its phase trajectory can asymptotically
approach a more stable state against the fluctuation resulting
from stochastic noise. At this point, the process of tending
to a stable state can be analogous to the adaptive attractor
selection in the gene expression of cells, since the dynamics of
gene expression switches between different patterns, which is
as well influenced by a combination of the deterministic and
the stochastic behavior of cellular system.

Additionally, when the stochastic term 𝜂
𝑠𝑖

net𝑗(𝜇, 𝜎) is
assumed to be zero, we can easily obtain the deterministic
maximum value of the system state variable by setting
Φ
𝑠𝑖

net𝑗(𝛼, 𝑡) = 0 and net
𝑗
= net∗(𝑠

𝑖
) as follows:

Φ
𝑠𝑖

net𝑗 (𝛼, 𝑡)

=

syn (𝛼)

1 + [𝑥
𝑠𝑖

net∗(𝑠𝑖)
(𝑡) − 𝑥

𝑠𝑖

net𝑗 (𝑡)]
2
− deg (𝛼) × 𝑥𝑠𝑖net𝑗 (𝑡)

= syn (𝛼) − deg (𝛼) 𝑥𝑠𝑖net∗(𝑠𝑖) (𝑡) = 0.

(8)

Therefore, the deterministic state of maximum value at
time 𝑡 derived from (8) is

𝑥
𝑠𝑖

net∗(𝑠𝑖)
(𝑡) =

syn (𝛼)
deg (𝛼)

. (9)

In the simple case, with considering the specific formula-
tions of syn(𝛼) and deg(𝛼) given by (5), we can get the closed-
form expression for 𝑥𝑠𝑖net∗(𝑠𝑖)(𝑡) as

𝑥
𝑠𝑖

max =
𝛼 (𝛽 × 𝛼

𝑛
+ 𝑚)

𝛼

= 𝛽 × 𝛼
𝑛
+ 𝑚, (10)

where we use the notation 𝑥
𝑠𝑖

max to represent 𝑥𝑠𝑖net∗(𝑠𝑖)(𝑡) for
simplicity.

As mentioned before, we consider that these parameters
𝛽, 𝑛, and 𝑚 are positive real values. Thus, from (10), 𝑥𝑠𝑖max
is an increasing function of the activity 𝛼. This means that
when 𝛼 is increased, the maximum system state is also
increased along with this increasing 𝛼. From the biological
perspective, if cells successfully express their genes that are
able to make them well survive and optimally grow in an
uncertain and highly dynamic environment, their activity
is consequently expected to approach the best level. It can
be said that those cells select the adaptive attractor that
corresponds to their suitable gene expression pattern. From
this point, the level of themaximum system state given by (10)
can capture the fitness degree of the dynamics system in the
dynamic environment once the activity 𝛼 is correlated with
the varying environmental conditions.This also explains that
it is appropriate to adopt the form of increasing function to
represent syn(𝛼) and deg(𝛼).

Next, we come to consider the influence of random
noise on the dynamics system. In fact, it is impossible to
achieve the aforementioned selection of different attractors
when only considering the deterministic term Φ

𝑠𝑖

net𝑗(𝛼, 𝑡) in
the dynamics system defined in (7). The biological system
is always evolving along with inherent randomness. As
[16, 17] have discussed, the stochastic fluctuation in cell
systems is one of the most significant factors to drive the
process of gene expression switching between attractor states.
Some numerical simulations are done to validate how the
deterministic and the stochastic terms affect the behavior of
the dynamics system represented by the extended attractor
selection model.

Following the basic attractor selection model defined in
(1), we adopt the assumption of Gaussian white noise for the
stochastic term 𝜂

𝑠𝑖

net𝑗(𝜇, 𝜎), and then without loss of generality
we set 𝜇 = 0 in the following experiments. In the simulation,
the standard deviation 𝜎 is, respectively, set to be 0.5, 1,
and 2.5, and the parameters 𝛽, 𝑛, and 𝑚 are fixed at 5, 3,
and 5, respectively. These simulations allow us to perform
comparative analysis and investigate the properties of the
bio-inspired model in the dynamic environment of different
stochastic perturbation magnitudes.

Furthermore, because our goal here is to investigate
the properties of the proposed model in terms of different
random noises, without loss of generality we consider the
specific form of the model with only three state variables,
respectively, denoted by 𝑥

1
, 𝑥
2
, and 𝑥

3
:

𝑑𝑥
𝑖

𝑑𝑡

=

syn (𝛼)
1 + (𝑥max − 𝑥𝑖)

2
− deg (𝛼) × 𝑥

𝑖
+ 𝜂
𝑖
(0, 𝜎) , (11)

where 𝑖 = 1, 2, 3 and 𝑥max = max
𝑖=1,2,3

{𝑥
𝑖
}. Also, it is worth

pointing out that the state variables are all restricted in the
positive real number domain; that is, 𝑥

𝑖
≥ 0, for all 𝑖 = 1, 2,

and 3; since these state variables have actual meaning when
they are related to the level of cells gene expression, we will
reset them to 0 when any one state variable changes to be
lower than zero.

Now, we set the simulation time from 0 seconds to 3600
seconds. And then we employ a changing environment in the
simulations where a square wave with period 900 seconds is
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Figure 1: The varying activity 𝛼 in simulations.

adopted to simulate the time series for the varying activity 𝛼.
The maximum and the minimum peaks of the square wave
are set to be 1 and 0, respectively, and its duty cycle (i.e., the
percent of the period in which the signal is larger than 0) is
set to be 60%. The simulated varying activity 𝛼 is given in
Figure 1.

In Figure 2, the subgraphs (a), (b), and (c), respectively,
show the variation of the dynamics system. In the first case,
with the standard deviation of the random noise 𝜎 = 0.5,
the dynamics system composed of 𝑥

𝑖
(𝑖 = 1, 2, 3) stably

stays at the attractor whose maximum state is 𝑥
2
and whose

lower states are 𝑥
1
and 𝑥

3
. It is because the magnitude

of the stochastic term in the model is very small, while
the deterministic term always dominates the behavior of
the dynamics system even when the activity 𝛼 decreases
to 0 (see Figure 1). This means that the system is trapped
into one attractor and will not switch to another. When
the magnitude of the stochastic term increases (namely, the
standard deviation of the random noise is set to be larger
as shown in the cases of (b) and (c)), the state of the
dynamics system fluctuates more fiercely with the low value
of the activity 𝛼. However, when the activity 𝛼 jumps from
the minimum to the maximum peak, the dynamics system
always evolves to a stable state, that is, one attractor. For
instance, in the subgraph (c), the system stays at the attractor
whose maximum state value is 𝑥

1
and whose lower states

are 𝑥
2
and 𝑥

3
during the simulation time interval which is

from 70.5 seconds to 535 seconds (see Figure 1), whereas
this system switches to another attractor whose maximum
state value changes to be 𝑥

3
after a relatively shorter time

interval (535, 908.3 seconds). From the experimental results,
it is confirmed that the proposed bio-inspired model well
inherits the mechanism of attractor selection and is able
to dynamically capture the variation of the environmental
conditions.

3. QoS-Oriented Handover Decision

This section gives the handover framework used in this
work as well as the formulation for evaluating the terminal

QoS satisfaction. Following this, we also present the detailed
QoS-based handover decision scheme based on the extended
attractor selection model.

3.1. Handover Decision Framework Based on the Extended
Attractor Selection Model. Based on the extended attractor
selection model, we propose a distributed handover decision
making scheme framework. This framework is outlined in
Figure 3. At each time period Δ𝑡, each individual mobile
terminal 𝑢

𝑘
∈ User can perform the handover deci-

sion process independently. Because the extended attractor
selection model only needs the information on the QoS
requirements of the applications that belong to an individual
terminal and the information on the current wireless network
conditions, multiple terminals do not need to exchange their
decision information with each other. In our scheme, the
handover decision is made at the terminal side instead of
the network side. Therefore, it is not necessary to deploy
a centralized control entity for managing the handover
process.

Under the distributed handover decision framework
shown by Figure 3, each application of a mobile terminal
firstly provides its QoS requirements to its terminal during
each time period. In the meanwhile, the mobile terminal
needs to sense the current network conditions by making
some signaling messages interact with the networks through
air interface. Then the utility of each application is evaluated
by using the proposed utility function (the utility function is
developed in Section 3.2), that is, quantifying the degree in
which the QoS requirements of each application are satisfied
by its current wireless link. Based on the QoS satisfaction
degree of each application, we evaluate the terminal QoS
satisfaction so as to map the degree of the terminal’s QoS
satisfaction to the activity 𝛼. Furthermore, the activity 𝛼 is
inputted to the extended attractor selectionmodel and is used
to drive the model to update the handover decision matrix
given in (2) as well as determining the target networks by
using (3). Finally, the handover can be done according to the
determined target networks.

3.2. Quantification of Terminal’s QoS Satisfaction. In this
work, we take the upper and lower bounds of QoS require-
ments of each application into consideration. The QoS-
related attributes considered include bandwidth, end-to-end
delay, and packet loss ratio.The bandwidth, delay, and packet
loss ratio are, respectively, indexed by the notations 𝑏, 𝑑, and
𝑝. Based on this, we denote the upper bound of bandwidth,
delay, and packet loss ratio required by the application 𝑠

𝑖
∈

𝑆
𝑢𝑘

as 𝑈(𝑠
𝑖
, 𝑥) (𝑥 = 𝑏, 𝑑, 𝑝) and the lower bound of those

requirements as 𝐿(𝑠
𝑖
, 𝑥) (𝑥 = 𝑏, 𝑑, 𝑝). We assume that the

application 𝑠
𝑖
is currently connected to the network net

𝑗
∈

NetSet. Additionally, the current conditions (including avail-
able bandwidth, transmission delay, and packet loss ratio)
of the network net

𝑗
at time 𝑡 are denoted as 𝐶(net

𝑗
, 𝑥, 𝑡)

(𝑥 = 𝑏, 𝑑, 𝑝). Then we evaluate the utility of each attribute
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Figure 2: Evaluation of the impact of the random noise variability on the dynamics system.

perceived by the application 𝑠
𝑖
with the linear normalization

strategy as follows:

𝑅 (𝑠
𝑖
, 𝑥, 𝑡)

=

min {𝑈 (𝑠
𝑖
, 𝑥) , 𝐶 (net

𝑗
, 𝑥, 𝑡)} − 𝐿 (𝑠

𝑖
, 𝑥)

𝑈 (𝑠
𝑖
, 𝑥) − 𝐿 (𝑠

𝑖
, 𝑥)

; 𝑥 = 𝑏,

𝑅 (𝑠
𝑖
, 𝑥, 𝑡)

=

𝑈 (𝑠
𝑖
, 𝑥) −max {𝐿 (𝑠

𝑖
, 𝑥) , 𝐶 (net

𝑗
, 𝑥, 𝑡)}

𝑈 (𝑠
𝑖
, 𝑥) − 𝐿 (𝑠

𝑖
, 𝑥)

; 𝑥 = 𝑑, 𝑝.

(12)

In addition, we adopt the weighted sum method to lump
different 𝑅(𝑠

𝑖
, 𝑥, 𝑡) (𝑥 = 𝑏, 𝑑, 𝑝) to one variable as follows:

𝐺 (𝑠
𝑖
, 𝑡) = ∑

𝑥=𝑏,𝑑,𝑝

𝜔 (𝑠
𝑖
, 𝑥) × 𝑓 (𝑅 (𝑠

𝑖
, 𝑥, 𝑡)) , (13)

where𝜔(𝑠
𝑖
, 𝑥) is the positiveweight corresponding to theQoS

attribute 𝑥 (𝑥 = 𝑏, 𝑑, 𝑝), and they must satisfy the constraint
∑
𝑥=𝑏,𝑑,𝑝

𝜔(𝑠
𝑖
, 𝑥) = 1. 𝑓(⋅) is a monotonously increasing

function that can map 𝑅(𝑠
𝑖
, 𝑥, 𝑡) to [0, 1]. In this work, we

formulate the function as the sigmoid form:

𝑓 (V) =
1

1 + exp (−𝑐
1
× V + 𝑐

2
)

, (14)

where 𝑐
1
and 𝑐
2
are both positive real parameters.
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Figure 3: The handover decision framework based on the extended attractor selection model.
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Figure 4: The variation of the adopted sigmoid function with
different parameter settings.

In order to investigate the influence of 𝑐
1
and 𝑐
2
on 𝑓(V)

given in (14), we vary these parameters and plot the variation
of the function with respect to different parameter settings.
For simplicity but without loss of generality, we set 𝑐

1
= 2𝑐
2

and obtain the results shown in Figure 4. The figure shows
the slope of 𝑓(V) with considering different values of 𝑐

1
and

𝑐
2
. As we can see, the larger the parameters 𝑐

1
and 𝑐
2
are, the

steeper the slope of 𝑓(V) becomes. And the function value
can stably stay at a relatively low (or high) level when the
variable V approaches 0 (or 1). Because 𝑅(𝑠

𝑖
, 𝑥, 𝑡) represents

the degree of the wireless network satisfying the application

𝑠
𝑖
in terms of the requirements on bandwidth, transmission

delay and packet loss ratio, its value may change abruptly due
to the dynamic nature of the wireless environment. On the
basis of the results of Figure 4, we adopt𝑓(V) tomap𝑅(𝑠

𝑖
, 𝑥, 𝑡)

to the interval [0, 1] and fix the parameters 𝑐
1
and 𝑐
2
at 16 and

8, respectively, so that the weighted sum term 𝐺(𝑠
𝑖
, 𝑡) given

in (13) is limited in [0, 1] and its sensitivity is inhibited when
𝑅(𝑠
𝑖
, 𝑥, 𝑡) becomes either too much small or large.
On the other hand, the function value 𝐺(𝑠

𝑖
, 𝑡) compre-

hensively represents the degree of the QoS satisfaction of the
application 𝑠

𝑖
. In order to evaluate the QoS satisfaction of the

terminal 𝑢
𝑘
, we combine all of the 𝐺(𝑠

𝑖
, 𝑡) (𝑠
𝑖
∈ 𝑆
𝑢𝑘
) with the

cumulative product strategy and yield

𝐹 (𝑢
𝑘
, 𝑡) = ∏

𝑠𝑖∈𝑆𝑢
𝑘

𝐺 (𝑠
𝑖
, 𝑡) . (15)

Since the terminal QoS satisfaction 𝐹(𝑢
𝑘
, 𝑡) may change

suddenly at the instant time 𝑡 along with the varying wireless
environment, it is not feasible to directly set the activity
𝛼 equal to 𝐹(𝑢

𝑘
, 𝑡) as the input of the extended attractor

selection model. We further adopt the weighted moving
averaging method to map 𝐹(𝑢

𝑘
, 𝑡) to 𝛼 as follows:

𝛼 =

∫

𝑡

𝑡−𝑇
𝜆 (𝜏) × 𝐹 (𝑢

𝑘
, 𝜏) 𝑑𝜏

𝑇

,
(16)

where 𝑇 is the fixed time window (0 < 𝑇 < 𝑡). 𝜆(𝜏) (𝜏 ∈

[𝑡 − 𝑇, 𝑡]) is the time-dependent positive weight that is used
to reflect the significance of 𝐹(𝑢

𝑘
, 𝜏) and needs to satisfy the

constraint of∫𝑇
𝑡−𝑇

𝜆(𝜏)𝑑𝜏/𝑇 = 1.𝜆(𝜏) should be the increasing
function of the time variable 𝜏, because the closer to the
current instant 𝑡 the time variable 𝜏 is, the more significant
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the information reflected from 𝐹(𝑢
𝑘
, 𝜏) becomes. Therefore,

for simplicity, we design 𝜆(𝜏) as follows:

𝜆 (𝜏) =

2𝜏

(2𝑡 − 𝑇)

. (17)

It is easy to validate that (17) satisfies the constraint
∫

𝑇

𝑡−𝑇
𝜆(𝜏)𝑑𝜏/𝑇 = 1 and 𝜆(𝜏) ≥ 0.
Based on (16), we can suppress the sensitivity of the

activity 𝛼 to the fierce changes in the dynamic wireless
environment. Once 𝛼 is obtained by (16), we treat 𝛼 as the
external input of the extended attractor selection model.
Consequently, the model is driven to update the decision
matrix in (2) so as to make the handover decision adaptively
and automatically. Since each individual mobile terminal
can independently process the extended attractor selection
model and can perform the handover decision according to
the aforementioned distributed framework, each individual
terminal is essentially analogous to a cellular system.

4. Performance Evaluation

We perform some comparative simulations to evaluate the
proposed bio-inspired handover decision scheme in this
section through a discrete event simulator that we have
developed in MATLAB with the object-oriented program-
ming. Firstly, we present a typical heterogeneous wireless
environment as the simulation scenario. And then we present
the performance evaluation of our bio-inspired scheme
and compare our scheme with the typical utility function
based scheme with the simple additive weighting (SAW)
[18].

4.1. Simulation Scenario. We consider a vehicular heteroge-
neous wireless environment where there exist three types of
wireless networks including 3G cellular network (WCDMA),
WiFi (IEEE 802.11n), and DSRC (IEEE 802.11p). This sim-
ulation scenario is given in Figure 5. The cellular network
and DSRC are both assumed to be able to coverage the
expressway denoted by the segment AE whose length is equal
to 1000 meters. There are totally 3 WiFi access points (APs)
deployed at the location of Points B, C, and D which are
along the expressway AE. The coverage of WiFi APs is set
to be 200 meters as illustrated in Figure 5. In the simulation,
multiple vehicular terminals are stochastically generated and
uniformly distributed on the expressway at the beginning of
the simulation. The direction of these vehicles is from A to E
and these vehicles are moving at a constant velocity during
the simulation. In addition, each of these vehicular terminals
runs three types of networking applications including the
voice application, the video application, and the data stream.
In addition, we set the time interval Δ𝑡 = 0.5 seconds as the
discrete period during which the decision matrix is updated
at a time through processing the extended attractor selection
model.

4.2. Simulation Settings. In this simulation, we use CDMA
based cellular network and IEEE 802.11 based WLAN access

Table 1: Network conditions settings.

Network Capacity
(Mbyte/s)

Delay
(ms)

Packet loss ratio
(%)

Cellular 1.3 25 0.08
WiFi (AP1) 25 8 0.04
WiFi (AP2) 25 25 0.04
WiFi (AP3) 25 45 0.04
DSRC 27 50 0.03

networks includingWiFi and DSRC.The network conditions
related settings are referred to in the work [19] and are given
in Table 1.

It is worth pointing out that the network conditions
are varying during simulation. Since the number of the
connections to a network changes all the time and has a
significant influence on the network resource, we assume
that the amount of the connections to one network is the
main factor to change this network’s conditions over time. In
order to simulate the dynamic nature of the heterogeneous
wireless networks, we vary those network QoS attributes
during simulation. Denote the amount of the applications
that are currently connected to a network net

𝑗
∈ NetSet

at time 𝑡 as num(net
𝑗
, 𝑡). For simplicity but without loss of

generality, we simulate the time-dependent QoS attributes by
using the following formulations:

𝐶 (net
𝑗
, 𝑏, 𝑡) = ⌊

Capacity (net
𝑗
)

num (net
𝑗
, 𝑡)

⌋ ,

𝐶 (net
𝑗
, 𝑑, 𝑡)

= Delay (net
𝑗
)

×
[

[

1 + 0.5 × 𝑓(

num (net
𝑗
, 𝑡)

∑net𝑗∈NetSet num (net
𝑗
, 𝑡)

)
]

]

,

𝐶 (net
𝑗
, 𝑝, 𝑡)

= Packet loss ratio (net
𝑗
)

×
[

[

1 + 0.5 × 𝑓(

num (net
𝑗
, 𝑡)

∑net𝑗∈NetSet num (net
𝑗
, 𝑡)

)
]

]

,

(18)

where the notations Capacity(net
𝑗
), Delay(net

𝑗
), and

Packet loss ratio(net
𝑗
), respectively, present the capacity,

delay, and packet loss ratio of the network net
𝑗
whose values

are given in Table 1, 𝑓(⋅) is also the sigmoid function as
shown by (14), and ⌊⋅⌋ is the floor function. From (18), it is
obvious that the more the amount of the users connected
to a network is, the worse the performance of this network
will become. Thus, we are allowed to simulate the dynamic
nature of the wireless network in the experiments.

Furthermore, Table 2 gives three typical applications and
the upper and lower bounds of their QoS requirements.
Their parameters settings are referred to in [20]. In our
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Table 2: Applications settings.

QoS attributes Requirements Voice Video Data stream

Bandwidth (Kbyte/s) 𝑈(𝑠
𝑖
, 𝑏) 64 128 500

𝐿(𝑠
𝑖
, 𝑏) 9 30 128

Delay (ms) 𝑈(𝑠
𝑖
, 𝑑) 150 150 120

𝐿(𝑠
𝑖
, 𝑑) 0 0 0

Packet loss ratio (%) 𝑈(𝑠
𝑖
, 𝑝) 0.08 0.03 0.08

𝐿(𝑠
𝑖
, 𝑝) 0 0 0

simulations, the total number of the applications run by
each terminal is limited to three, and the applications of
each terminal are generated from Table 2 at random. For
example, a vehicular terminal may run all the three types
of the applications including voice, video, and data stream
while one other terminal may run two voice applications and
a video application.

Additionally, we adopt the model settings illustrated in
Table 3 for our extended attractor selection model. Since
different applications are sensitive to different QoS attributes,
the weights of the QoS attributes required by different appli-
cations are also different from each other. For instance, the
voice applicationmay require lower end-to-end delay and the
video application needs more bandwidth for transmission.
We use the detailed settings on 𝜔(𝑠

𝑖
, 𝑥) (𝑥 = 𝑏, 𝑑, 𝑝) given

in Table 4 for our experiments.

4.3. Numerical Evaluation. In order to analyze the process
of the handover decision driven by the attractor selection
mechanism from the extended attractor selection model, we
initially set the number of the total vehicular terminals to be
equal to 90 and the initial velocity of those terminals is set
to be 45 km/h. We randomly choose one of those terminals
and illustrate its relevant simulation results in Figure 6. This
vehicular terminal has two types of applications, one of
which is the voice-related application and the other two are
the video-related applications. Subgraphs (a), (b), and (c)

Table 3: Model settings.

Parameter Value
𝜇 0
𝜎 1
𝛽 5
𝑚 5
𝑛 3
𝑐
1

16
𝑐
2

8
𝑇 25 s

Table 4: Settings on the weights.

𝜔(𝑠
𝑖
, 𝑥) 𝑥

𝑏 (bandwidth) 𝑑 (delay) 𝑝 (packet loss ratio)

𝑠
𝑖

Voice 0.3 0.5 0.2
Video 0.5 0.3 0.2

Data stream 0.4 0.3 0.3

in Figure 6, respectively, show the variation of the decision
vector state corresponding to each application against the
simulation time. For example, in subgraph (a), the blue
dashed line plots the variation of 𝑥voiceCelluar(𝑡) that represents the
variation of the fitness of the cellular network for the voice
application against the simulation time.

From these results, it is observed that the applications of
this terminal are able to adapt its wireless access link accord-
ing to the varying network conditions. According to subgraph
(a), the voice application stably accesses to the cellular net-
work during the whole simulation time, while the other two
video applications switch their connections between different
wireless networks in order to guarantee their QoS require-
ments. Even though these two applications are of the same
type, their decision behaviors are different from each other.
As shown in subgraphs (b) and (c), the accessing link of the
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Figure 6: The variation of the decision vector states of the different applications.

first video application switches to the cellular network from
the first WiFi network when this terminal moves out of the
coverage of the first access point (marked as “WiFi (AP1)” in
Figure 5), while the second video application switches its con-
nection to the secondWiFi network and maintains this wire-
less connection for a while; after that, it also selects and stably
connects to the cellular network. Since the heterogeneous
network conditions are changing all the time, this terminal

selects different appropriate networks for each of its applica-
tions according to the real-time network conditions so that it
can ensure well QoS satisfaction. The average activity of this
terminal reaches 0.98962. According to the definition of the
activity illustrated by (16), the larger value of the activity indi-
cates the higher degree of the terminalQoS satisfaction.Thus,
this result implies that this terminal achieves a good QoS
satisfaction during the process of handover decision making.



Journal of Applied Mathematics 11

0 50 100 150 200
0.9928

0.993

0.9932

0.9934

0.9936

0.9938

0.994

Number of vehicular terminals

The compared scheme
The proposed scheme

Th
e a

ct
iv

ity
:𝛼

(a) The results of the activity 𝛼

Number of vehicular terminals
0 50 100 150 200

0.97

0.975

0.98

0.985

0.99

0.995

1

1.005

Th
e a

llo
ca

tio
n 

fa
irn

es
s 

The compared scheme
The proposed scheme

(b) The results of the fairness

Figure 7: The simulation results under different vehicular terminals.

Next, we compare the simulation results obtained by our
proposed bio-inspired handover decision scheme with those
obtained by the utility function based scheme with SAW.
Additionally, in order to perform the comparative evaluation
in terms of the fairness of network resources allocation, we
refer to the concept of the fairness index of the resource
allocation among multiple entities in [21] and then define the
following equation for calculating the fairness metric:

The Allocation Fairness =
[∑
𝑢𝑘∈User 𝛼 (𝑢𝑘)]

2

𝑄 × [∑
𝑢𝑘∈User (𝛼 (𝑢𝑘))

2

]

, (19)

where 𝑄 is the number of the total vehicular terminals and
𝛼(𝑢
𝑘
) is the average activity corresponding to 𝑢

𝑘
that can be

calculated by averaging all the values of the activity obtained
at every time period Δ𝑡.

Firstly, we comparatively analyze the results of the two
schemes under the specific simulation condition where the
initial velocity is set to be 45 km/h and the number of total
vehicular terminals discretely ranges from 10 to 160 so as to
simulate the specific scenarios of different traffic densities.
We calculate the average value and standard deviation of
the activity 𝛼 per individual terminal against different total
numbers of vehicular terminals and the fairness of the overall
network resources allocation according to (19). These results
are illustrated in Figure 7. Since the amount of total vehicular
terminals increases and the overall network resources are
limited, the competition among multiple terminals becomes
much fiercer so that the terminal QoS satisfaction and the
fairness metric obtained by both schemes decreases along
with increasing the amount of terminals. However, from
subgraphs (a) and (b) in Figure 7, it can be found that
the proposed scheme achieves a better activity and a better

fairness of network resources allocation on average when
compared with the results obtained by the compared scheme.

Furthermore, we perform the comparative simulations
under different initial terminal velocity. We fix the number
of vehicular terminals at 100 and vary the terminal velocity.
The initial velocity is discretely set to be 15 km/h, 45 km/h,
75 km/h, and 100 km/h so as to simulate different mobility
scenarios. We also calculate the average value and standard
deviation of the activity 𝛼 per individual terminal against
different initial terminal velocity as well as the average
value of the fairness metric. Figure 8 demonstrates those
numerical results. Because the faster the vehicular terminal
moves the shorter the duration when the applications of
each terminal maintain their wireless links will last; a rel-
atively high mobility may increase the times of switching
wireless connection.Thiswill reduce the efficiency of network
resources allocation.Thus, the performance of both handover
decision schemes degrades along with increasing the velocity.
On the other hand, as shown in Figure 8, the activity on
average obtained by our proposed scheme is larger than the
compared scheme. Furthermore, the average degree of the
fairness of the network resources allocation obtained by our
scheme is larger than the compared scheme.

In fact, the utility function based handover decision with
SAW selects the access link for each application in a deter-
ministic manner. It ranks the networks based on the terminal
utility and attempts to maximize every terminal’s QoS satis-
faction. Under the distributed framework, each application of
these terminals tends to access the best network. Then, when
large amount of applications accesses the same best network
at the same time, this network will become congested and
its performance will deteriorate rapidly. Consequently, this
network becomes nonoptimal and its users will again switch
to another same best network simultaneously. Thus, multiple
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Figure 8: The simulation results under different initial velocity.

terminals may switch their connection between the optimal
and the suboptimal networks much frequently. Therefore,
the compared scheme potentially increases the handover
times and reduces the efficiency of network resources
allocation as well as the overall level of multiple termi-
nals’ QoS satisfaction. Unlike the deterministic optimization
that behaves in a greedy manner, the attractor selection
mechanism searches the attractor with stochastic optimiza-
tion, that is, searching the optimal or suboptimal state with
some certain noises. Although the attractor selection mecha-
nism cannot guarantee that an application is connected to the
best network all the time, it drives themultiple applications to
select their appropriate access wireless links in a collaborative
manner and makes these applications’ connection adapt to
the varying wireless network conditions, meanwhile meeting
their QoS requirements to some extent. The mechanism
drives multiple terminals to make handover decision in the
way that is similar to the coexistence and self-adaptability of
multiple cells behaving in a dynamic environment.Therefore,
the bio-inspired attractor selection model is able to achieve a
better performance from a global perspective.

5. Conclusions

In this paper, we propose a bio-inspired model for making
handover decision in dynamic heterogeneous wireless envi-
ronment. Our scheme provides a QoS-oriented handover
solution for selecting an appropriate wireless network that
can well satisfy the QoS requirements of each of the indi-
vidual terminal applications in the dynamic context. For
supporting adaptive and automatic decisionmaking, we have
introduced the attractor selection mechanism and proposed
the distributed handover decision framework based on this
bio-inspiredmodel.Then, wemodel the activity parameter in
terms of the individual terminal QoS satisfaction by a novel

utility function, treat each individual terminal as a cellular
system by analogy, and use the activity as the input of the
extended attractor selection model to drive the process of
updating the state value of the decision matrix as well as
making handover decision.

The experimental results prove that the QoS-oriented
handover decision scheme induced by the bio-inspired
attractor selection model achieves better adaptation to the
varying heterogeneous wireless environment and has better
performance in terms of guaranteeing better QoS satisfaction
and ensuring better fairness of network resources allocation
when compared with the traditional utility function based
scheme. In the future, we will extend our scheme by taking
more decision factors into account such as the user profile
related and terminal related decision factors, and we will
validate the proposed scheme under some more complex
heterogeneous environments where more dynamic charac-
teristics are considered.
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Addition arithmetic design plays a crucial role in high performance digital systems. The paper proposes a systematic method
to formalize and verify adders in a formal proof assistant Coq. The proposed approach succeeds in formalizing the gate-level
implementations and verifying the functional correctness of themost important adders of interest in industry, in a faithful, scalable,
and modularized way. The methodology can be extended to other adder architectures as well.

1. Introduction

Demonstrating the functional correctness of an arithmetic
implementation is a challenging topic which has lasted
for several decades. Testing and simulation, as the tradi-
tional methods, have won good reputation and have been
employed extensively in industry. When dealing with large
scale designs, these methods may find counterexamples but
could not assert if a design is correct because the exhaustivity
is impractical.

As an alternative, formal methods have been increasingly
adopted to validate the arithmetic implementations. A main
branch of formal methods is model checking, which is
recognised by its automation and succeeds in numerous
industrial applications. However, the inherent state explosion
problem prevents it from scaling to large scale designs.

Another branch of verification is theorem proving, which
is no longer restricted by the scale as model checking, test-
ing, and simulation. The main problem restricting theorem
proving to be widespread is that it requires strong logic
backgrounds and heavy user interactions. Nevertheless, there
appear quite a few successful applications by different theo-
rem provers. By Boyer-Moore, a microprocessor is verified in
[1], and anN-bit comparator aswell asmean-value circuits are
verified in [2]. By HOL, a ripple carry adder and a sequential
device are verified in [3], and an ATM switch fabric is verified
in [4]. ByCoq, a sequentialmultiplier is verified in [5], and an
asynchronous transfer mode switch fabric is verified in [6].

The main effort of this work is to propose a holistic
methodology to formalize and verify adders in Coq [7].
Adders are chosen because they are the most fundamental
arithmetic units widely employed in various advanced digital
systems, such as IBM POWER6, whose correctness depends
significantly on the correctness of its addition subcompo-
nents.Thismethodology provides a uniformway to formalize
and verify various implementations of arithmetic addition,
and it is applied in this work to formalize and verify primary
and high speed adders of interest in industry, including Carry
Look-ahead Adder (CLA), Ling Adder (LA), and Parallel
Prefix Adder (PPA).

Benefiting from the techniques of Coq, the methodology
shares the following decent features.

(i) Scalability: the formalization of an adder is parame-
terized by a natural number (named length) and the
correctness proof applies to any length.

(ii) Modularization: various verified adders are encap-
sulated as instances of an abstract module, which
provides a uniform way to be reused in advanced
arithmetic units. The formalization and verification
of an advanced arithmetic unit can be accumulated
from verified units ignoring their detailed implemen-
tations.

(iii) Fidelity: the adders are formalized by (recursive)
functions, which have clear correspondences to the
gate-level implementations of circuits. The addends
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and sum of an adder are formalized as vectors, which
is a faithful model of arrays and provides meanwhile
additional type checking ability to avoid potential
misusing of inputs.

The rest of paper is organized as follows. Related works
are introduced in Section 2. According to our knowledge, we
verify not only most adders appearing in the literature, but
also some for the first time by theorem proving. Section 3
explains our methodology in details by the example of ripple
carry adder. Preliminaries are also introduced according
to our needs. Some definitions and most proofs will not
be presented in this paper, but they are available on the
author’s webpage (http://superwalter.github.io/dev/veriadder
.zip). Sections 4 and 5 are devoted to LA and PPA, respec-
tively.

2. Related Work

Compared to their extensive applications, the verification of
primary adders by theorem proving is not at the fingertips.
In particular, the formalization and verification of the Ling
adder cannot be found in any literature. Reference [8] proves
the correctness of RCAby formalizing adderswith dependent
types in Coq. Reference [9] proves the correctness of RCA by
the higher-order logic with a reusable library for formalizing
circuits. Reference [2] verifies RCA written in VHDL as
well as other circuits by the higher-order logic. Reference
[10] develops semiformal correctness proof of CLA or PPA.
Reference [11] shows a pencil-and-paper proof of the general
prefix adders, as well as the proof of related RCA. Further-
more, [12] formalizes and verifies these adders in Coq. By
rewriting and induction, [13] provides the verification of PPA
using powerlists. An algebra formalization of PPA and its
correctness proof are presented in [14]. Besides applying it to
formalize and verify most primary adders, our methodology
also provides good features, which only appear partially in
other literatures, but are never integrated together in any
preview work, according to our knowledge.

3. A Holistic Methodology

Various kinds of adders are designed to provide rela-
tively good performances for different circumstances, while
they implement the same addition functionality. A holistic
methodology is proposed in this work in order to capture all
the different adders and provide desired good features.

3.1. A Unified Proof Structure. Basically, the methodology
answers four questions:

(i) how to formalize the related data types;
(ii) which method is used to formalize an adder;
(iii) what should be proved;
(iv) how to organize formalizations and verifications for

different adders.

These questions are answered by a uniform specification,
utilizing the module system of Coq.

(1) Definition mbadder (n: nat):=

(2) data (S n)-> data (S n)-> bit->

hyb (S n).

(3) Definition mbadder c n (f: mbadder n):=

(4) forall (X Y: data (S n)) c,

(5) |[X]| + |[Y]| + |c| = |(f X Y c)|.

(6) Module Type GenAdder.

(7) Parameter adder: forall n, mbadder n.

(8) Axiom adder correct: forall (n:nat),

(9) mbadder correct (@adder n).

(10) End GenAdder.

Lines 1 and 2 answer the first two questions. 𝑛, in line 1, is a
parameter (name length) indicating the inherent nature of an
adder: how many bits it can process. The input carry-in and
output carry-out are formalized by Booleans (bit).The input
addends and the returned sum are formalized by vectors of
Booleans (data 𝑚), which are dependent types depending
on the length 𝑚. hyp 𝑚 is another dependent type standing
for a tuple of a bit and a 𝑚-bit vector, which is used in line
2 for combining the carry-out and the sum. Thus, an adder
is formalized as a function, taking two addends and a carry-
in as inputs and returning a tuple of carry-out and sum. This
function is normally recursively defined as shown later.

Lines 3, 4, and 5 answer the third question. The cor-
rectness of an adder is ensured by proving that the natural
number denotations of the inputs and outputs are equivalent.
In line 5, |𝑏| is the natural number denotation of a bit 𝑏. |[V]|
and |(𝑡)| are natural number denotations of the vector V and
the result tuple 𝑡. Big endian is chosen to implement these two
functions.

Lines 6–10 answer the last question. A general adder
is formalized as an abstract module. The specification is
assigned and the correctness is required. A verified adder
should be its instance, like a Ripple Carry Adder (RCA).

3.2. An Example Explaining the Methodology. Carry Look-
ahead Adder (CLA) improves RCA by computing all the
carries in advance in order to reduce the significant delay.This
is represented, in the formalization, by extending the general
module with abstract functions 𝑃, 𝐺, and 𝑐𝑎𝑟𝑟𝑖𝑒𝑠 which are
supposed to compute all the propagated carries, generated
carries, and carries, respectively, according to the inputs.

(1) Module Type LookAheadAdder <: GenAdder.

(2) Parameter P: forall n, data n -> data

n -> data n.

(3) Parameter G: forall n, data n -> data

n -> data n.

(4) Parameter carries n: data (S n) -> data

(S n) -> bit -> hyb (S n).

(5) Parameter adder: forall n, mbadder n.
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(6) Parameter adder correct: forall n,

mbadder correct (@adder n).

(7) End LookAheadAdder.

<: symbol in line 1 stands for the fact that this module
should be an instance of the general verified adder. RCA is
formalized according to the following equations:

𝑐
𝑖+1

= (𝑥
𝑖
∧ 𝑦
𝑖
) ∨ ((𝑥

𝑖
⊕ 𝑦
𝑖
) ∧ 𝑐
𝑖
) = 𝑔
𝑖
∨ (𝑝
𝑖
∧ 𝑐
𝑖
) , (1)

𝑠
𝑖
= 𝑥
𝑖
⊕ 𝑦
𝑖
⊕ 𝑐
𝑖
= 𝑝
𝑖
⊕ 𝑐
𝑖
. (2)

Carry to each bit 𝑐
𝑖+1

in CLA is computed by iteratively
unfolding 𝑐

𝑖
in (1) until 𝑐

0
which is an overall input bit as

shown by the following example:

𝑐
3
= 𝑔
2
∨ (𝑝
2
∧ 𝑐
2
)

= 𝑔
2
∨ (𝑝
2
∧ (𝑔
1
∨ (𝑝
1
∧ 𝑐
1
)))

= 𝑔
2
∨ (𝑝
2
∧ 𝑔
1
) ∨ (𝑝

2
∧ 𝑝
1
∧ 𝑐
1
)

= 𝑔
2
∨ (𝑝
2
∧ 𝑔
1
) ∨ (𝑝

2
∧ 𝑝
1
∧ (𝑔
0
∨ (𝑝
0
∧ 𝑐
0
)))

= 𝑔
2
∨ (𝑝
2
∧ 𝑔
1
) ∨ (𝑝

2
∧ 𝑝
1
∧ 𝑔
0
) ∨ (𝑝

2
∧ 𝑝
1
∧ 𝑝
0
∧ 𝑐
0
) .

(3)

This process as well as definitions of 𝑃 and 𝐺 are
formalized as follows:

(1) Definition P n (X Y: data n):= X ⊕ Y.

(2) Definition G n (X Y: data n):= X ∧ Y.

(3) Definition carries n (X Y: data (S n))

(cin: bit): hyb (S n).

(4) induction n as [|n rec].

(5) + exact (bandor (Y ⊳) (X ⊳) cin, [cin]).

(6) + set (recs:= rec (X ⊲) (Y ⊲)).

(7) exact (bandor (Y ⊳) (X ⊳) (recs
1
),

(recs
1
)⋈(recs

2
)).

(8) Defined.

⊕ and ∧ in lines 1 and 2 and ∨ used later are extensions
of logical Boolean operations ⊕, ∧, and ∨, iterating these
operations on the elements at the same position of the two
vectors. + symbols in lines 5 and 6 stand for the start of the
two branches of the recursion where 𝑛 = 0 or 𝑛 = 𝑚 + 1.
The ⊳ operators in line 5 return the leftmost element of a
vector. Correspondingly, the ⊲ operator in line 6 returns the
rightmost 𝑛 elements of a (𝑛+1)-bit vector. [𝑏] is a vector with
a single bit 𝑏. 𝑝

1
and 𝑝

2
represent the first and second objects

of a tuple, respectively.The ⋈ operator in line 9 joins a bit and
a 𝑛-bit vector to form a (𝑛 + 1)-bit vector.

The adder is defined as follows and its correctness is
proved by induction on the length and reusing the correctness
result of the full adder:

(1) Definition adder: forall n, mbadder n.

(2) intros n X Y cin.

(3) set (cc:= carries (P X Y) (G X Y) cin).

(4) exact (cc
1
, (P X Y) ⊕ (cc

2
)).

(5) Defined.

(6) Theorem adder correct: forall n,

mbadder correct (@adder n).

(7) Proof. induction n as [|n rec].

. . . Qed.

3.3. Features Provided by the Methodology. There are several
benefits to the use of this methodology for the verification of
adders.

3.3.1. Scalability. The formalization and verification of an
adder is scalable to any data-width, because the parameter-
ized length can be specified to arbitrary natural number. A
4-bit RCA can be obtained by the following:

(1) Definition CLA4:= CLA 3.

(2) Corollary CLA4 correct: forall

(X Y: data 4) c,

(3) |[X]| + |[Y]| + |c| = |(RCA4 X Y c)|.

(4) Proof. intros; apply CLA correct. Qed.

Notice that a 4-bit CLA is CLA3, because we require
that the addends of the adders have at least one bit. The
correctness proof of a CLA with a specified length follows
straightforwardly from the proof of CLA with arbitrary
length.

3.3.2. Modularization. Some high speed adders divide the
input addends into different groups. Each group is calculated
by aCarry SelectedAdder (CSA) independently, and different
groups will be concatenated together in order. Since the
computation of CSA depends on the very late steps of input
carry-in, such designs would have less propagated time, thus
high performance. We formalize an abstract architecture for
this kind of design, which illustrates the modularization of
ourmethod andmay also contribute to verify complex adders
in the future.

CSA takes an abstract verified adder as parameter and is
also an instance of the general verified adder.

(1) Module CSA (M: GenAdder) <: GenAdder.

(2) Definition adder n: mbadder n.

(3) intros X Y c.

(4) set (a1:= M.adder X Y true).

(5) set (a0:= M.adder X Y false).

(6) set (sum:= (dmap (band c) a1
2
) ∨

(dmap (band (¬c)) a0
2
)).

(7) set (c’:= (a1
1
∧ c) ∨ (a0

1
∧ (¬c))).

(8) exact (c’, sum).

(9) Defined.



4 Journal of Applied Mathematics

(10) Theorem adder c: forall n, badder

correct (@adder n).

(11) Proof. . . . rewrite M.adder c. . . . Qed.

(12) End CSA.

(13) Module CSA CLA:= CSA CLA.

Lines 2 to 10 define CSA. Two adders compute the sum
and the carry-out with respect to carry-in 𝑡𝑟𝑢𝑒 and 𝑓𝑎𝑙𝑠𝑒 in
lines 4 and 5, respectively. The multiplexer chooses the real
sum and carry-out according to the actual carry-in in lines 6
and 7, since when the input carry is required. 𝑑𝑚𝑎𝑝 in line 6
applies a function to each element of a vector.The correctness
of CSA holds because the addition unites are correct; thus,
CSA is an instance of the general adder. The parameterized
module can be instantiated by any verified adders. Line 13
defines a CSA whose addition unites are specified to CLA.

(1) Module Type GroupAdder (M: GenAdder)

<: GenAdder.

(2) Parameter part: list nat.

(3) Fixpoint adder rec (n lens len: nat):
(mbadder lens).

(4) destruct n.

(5) + exact (@M.adder lens).

(6) + specialize adder rec with (1:=n)

(7) (lens:= pred (cur index abr n len))

(2:=len).

(8) . . ..

(9) exact (cast comb (combination

(10) (@M.adder (lens - (cur index abr n

len)))

(11) (adder rec)) (aux Hc3 Hc2)).

(12) Defined.

(13) Definition adder n:= adder rec (sect n)

n n.

(14) Lemma adder correct: forall n, mbadder

correct (adder n).

(15) Proof. . . . Qed.

(16) End GroupAdder.

The formalization and verification of this adder are quite
complex due to the problem with the dependent types as
described in [15, 16]; therefore, the unimportant details are
omitted. The 𝑝𝑎𝑟𝑡 in line 2 is a partition of the addends. This
partition should be valid, whichmeans the elements preserve
strict order and do not exceed the total data-width. Lines 3 to
12 define the adder recursively by combining an adder with
another which is combination of the remaining groups of
adders obtained by recursion. 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 in line 9 execute
the combining operation. 𝑐𝑎𝑠𝑡 𝑐𝑜𝑚𝑏 in line 9 converts an
adder with length 𝑚 to an adder with length 𝑛 taking the

proof of 𝑚 = 𝑛 as an argument. The initial values of this
recursive function are specified in line 13.The correctness can
be proved by the induction on the length of the partition and
using the correctness result of combining correct adders.

The parameterized module can be instantiated by any
verified adder. If it is instantiated by CSA, it is a verification
of many popular high speed adders.

3.3.3. Fidelity. There are normally two ways to formalize the
addends and sum of an adder in Coq, either by dependent
type V𝑒𝑐𝑡𝑜𝑟 as in [6, 8] and this work or nondependent type
𝑙𝑖𝑠𝑡 as in [12]. Both [6, 8] have explanations why dependent
type is more proper for the verification of adders. Generally
speaking, nondependent list is more proper for formalizing
linked list, whose length can be obtained by computation,
while dependent vector is more proper for formalizing array,
whose length is inherent natural. The functionality of adders
is formalized by interactively defined (recursive) functions
which have clear correspondences to gate-level description of
circuits.

4. Ling Adder

The Ling Adder (LA) was proposed by [17]. Instead of
computing in advance all the carries as CLA, LA computes all
the pseudo carries, the propagation of which have less fan-ins
and fan-outs.With the proper grouping of the input addends,
LA needs lesser levels of gates and consequently has better
performance.

Similar to the propagated and generated carries, LA has
new complementing signal 𝑘

𝑖
and previous stage propagate

𝑇
𝑖
, which are defined in (4) and (5) respectively as follows:

𝑘
𝑖
= 𝑎
𝑖
∧ 𝑏
𝑖
, (4)

𝑇
𝑖
= 𝑎
𝑖
∨ 𝑏
𝑖
. (5)

The pseudo carries are defined recursively. According to
our knowledge, [17] and other materials about LA define the
pseudo carries without considering the case 𝑖 = 0 as this
paper does in (6b).

Consider

𝐻
𝑖
= 𝑘
𝑖
∨ (𝐻
𝑖−1
∧ 𝑇
𝑖−1
) 𝑖 > 0, (6a)

𝐻
𝑖
= 𝑘
𝑖
∨ 𝑐
𝑖𝑛

𝑖 = 0. (6b)

Without this case, the default values of 𝐻
−1

and 𝑇
−1

are
both 𝑓𝑎𝑙𝑠𝑒, and it is equivalent to our definition assuming
that 𝑐
𝑖𝑛
is always 𝑓𝑎𝑙𝑠𝑒. More intuitively, that algorithm does

not consider the carry-in to the least significant bit,, which
restricts it to some special applications, such as the addition of
two registers.We generalize it to provide general functionality
of an adder. Sum is defined similarly to consider the carry-in
to the least significant bit as follows:

𝑠
𝑖
= (𝐻

𝑖
⊕ 𝑇
𝑖
) ∨ (𝑘

𝑖
∧ 𝐻
𝑖−1
∧ 𝑇
𝑖−1
) 𝑖 > 0, (7a)

𝑠
𝑖
= (𝐻

𝑖
⊕ 𝑇
𝑖
) ∨ (𝑘

𝑖
∧ 𝑐
𝑖𝑛
) 𝑖 = 0. (7b)
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The abstract module of Ling extends the general one by
adding signatures of 𝑘, 𝑇, and𝐻.

(1) Module Type LingAdder <: GenAdder.

(2) Parameter K: forall n, data n -> data

n -> data n.

(3) Parameter T: forall n, data n -> data

n -> data n.

(4) Parameter H: forall n, data (S n)-> data

(S n)-> bit-> data (S n).

(5) Parameter adder: forall n, mbadder n.

(6) Parameter adder correct: forall n,

mbadder correct (@adder n).

(7) End LingAdder.

To compute the 𝑖th pseudo carry of𝐻, the 𝑖th bit of𝐾 and
the (𝑖−1)th bit of𝑇 are needed.Therefore, the two parameters
of𝐻 stand for vectors𝐾 and a left shift of𝑇.The formalization
of𝐻 assuming the correctness of the parameters is as follows:

(1) Definition H n (X Y: data (S n)):

data (S n).

(2) induction n as [|n rec].

(3) + exact ([(X ⊳) ∨ (Y ⊳)]).

(4) + set (recs:= rec (X ⊲) (Y ⊲)).

(5) exact ((X ⊳) ∨ ((Y ⊳) ∧ (recs ⊳))

⋈ recs).

(6) Defined.

𝐻 is defined recursively. Line 3 deals with the case 𝑖 = 0.
Lines 4 and 5 deal with the recursive case. 𝑟𝑒𝑐𝑠 is the last 𝑛
bits of𝐻 by recursion, and 𝑟𝑒𝑐𝑠 ⊳ stands for𝐻

𝑛−1
.

LA is defined according to (7a) and (7b) using the
definition of𝐻.

(1) Definition adder n

(2) (X Y: data (S n)) (cin: bit): hyb (S n).

(3) set (KXY:= K X Y).

(4) set (TXY:= T X Y).

(5) set (Tshft:= shiftin cin TXY).

(6) set (Hc:= H KXY (Tshft ⊲)).

(7) set (Hcshft:= shiftin true pc).

(8) set (sum:= (TXY ⊕ Hc) ∨ (KXY ∧

(Hcshft ⊲) ∧ (Tshft ⊲))).

(9) exact ((TXY ⊳) ∧ (Hc ⊳), sum).

(10) Defined.

Since the 𝑖th bit of sum depends on the (𝑖 − 1)th bit of𝐻
and 𝑇, they are shifted in lines 5 and 7. The reason why 𝑐𝑖𝑛
is shifted into 𝑇 is explained above; 𝑡𝑟𝑢𝑒 is shifted into 𝐻 to
ensure 𝑇

−1
∧ 𝐻
−1
= 𝑐𝑖𝑛 where𝐻

−1
and 𝑇

−1
are the bits to be

shifted in, respectively, and 𝑇
−1
= 𝑐𝑖𝑛. The carry-out of LA is

(TXY ⊳) ∧ (Hc ⊳) which is equivalent to 𝑐out as shown in

𝑐
𝑖
= 𝐻
𝑖−1
∧ 𝑇
𝑖−1
, 𝑖 ≥ 0. (8)

The formalization of (8) is complicated, but the proof is
trivial by induction and case analysis. The correctness of LA
follows by proving a lemma stating that the outputs of CLA
and LA are the same with regard to arbitrary same inputs.
This lemma is proved by induction with the result of (8).

(1) Lemma LA CLA eq: forall n (X Y: data

(S n)) c in,

(2) LAdder.adder X Y c in = CLAdder.adder

X Y c in.

(3) Proof. induction n as [|n rec].. . . Qed.

(4) Theorem adder correct: forall n

(X Y: data (S n)) c,

(5) |[X]| + |[Y]| + |c| =

|(LAdder⋅adder X Y c)|.

(6) Proof. intros; rewrite LA CLA eq.

apply CLAdder.adder correct. Qed.

Reference [18] proposed an extension of Ling’s adder by
the following equations:

𝐷
𝑗:𝑘
= 𝐺
𝑗:𝑘
+ 𝑃
𝑗:𝑘
= 𝐺
𝑗:𝑘+1

+ 𝑃
𝑗:𝑘
, (9)

𝐵
𝑗:𝑘
= 𝑔
𝑗
+ 𝑔 + 𝑗 − 1 + ⋅ ⋅ ⋅ + 𝑔

𝑘
, (10)

𝐺
𝑗:𝑖
= 𝐷
𝑗:𝑘
∧ (𝐵
𝑗:𝑘
+ 𝐺
𝑘−1:𝑖

) , (11)

where𝐺
𝑖:𝑗
and𝑃
𝑖:𝑗
are group propagated and generated carries

which are defined later in Section 5. Equation (11) is also
proved in this work.

5. Parallel Prefix Adder

CLA improves RCA by computing all the carries in advance
as shown in (4). However, large fan-in and fan-out will be
caused if all the carries 𝑐

𝑖
are computed this way especially

when 𝑖 is large. Parallel Prefix Adder (PPA) avoids this by
the idea of divide-and-conquer, which provides an efficient
way to compute all the parallel carries. Basic definitions are
as follows:

𝑐
𝑖+1

= 𝐺
𝑖:𝑗
∨ (𝑃
𝑖:𝑗
∧ 𝑐
𝑗
) (𝑗 ≤ 𝑖) , (12)

𝑠
𝑖
= 𝑐
𝑖
⊕ 𝑃
𝑖
, (13)

𝑃
𝑖:𝑗
= {

𝑃
𝑖

𝑖 = 𝑗

𝑃
𝑖
∧ 𝑃
𝑖−1:𝑗

𝑖 > 𝑗,

(14)

𝐺
𝑖:𝑗
= {

𝐺
𝑖

𝑖 = 𝑗

𝐺
𝑖
∨ (𝑃
𝑖
∧ 𝐺
𝑖−1:𝑗

) 𝑖 > 𝑗.

(15)
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Due to the similarity between (14) and (15), only the
formalization of (15) is shown as follows. An auxiliary
function, defined recursively on the difference of 𝑖 and 𝑗, is
reluctantly introduced to define it in Coq.

(1) Definition GpG rec n (gp gg: data (S n))

(d i: nat): bit.

(2) revert i; induction d as [|d rec];

intros i.

(3) + exact (nth (n-i) gg).

(4) + exact ((nth (n-i) gg) ∨

((nth (n-i) gp) ∧ (rec (pred i)))).

(5) Defined.

(6) Definition GpG n (X Y: data (S n)) i j:=

(7) GpG rec X Y (i-j) i.

In line 1, the parameters 𝑔𝑝 and 𝑔𝑔 stand for the
propagated and generated carry vectors. Another parameter
𝑑 is the difference of 𝑖 and 𝑗. Function 𝑛th 𝑘 V returns the 𝑘th
element of V from the leftmost bit indexed 0. pred 𝑛 computes
the predecessor of 𝑛.

To compute all the carries parallel in advance, the carry
𝑐
𝑖+1

should not depend on any 𝑐
𝑘
, where 𝑖 ≥ 𝑘 > 0, except

𝑐
0
which is the overall carry-in. Therefore, carries of PPA are

computed according to a variation of (12) as follows:

𝑐
𝑖+1

= 𝐺
𝑖:0
∨ (𝑃
𝑖:0
∧ 𝑐
0
) , (16)

and different PPAs employ different parallel prefix methods
to compute the group carries 𝐺

𝑖:0
and 𝑃

𝑖:0
, for all 𝑛 ≥ 𝑖 ≥ 0,

for the sake of high performance. To capture various PPAs in
a uniform framework, an abstract module, which abstractly
describes this method as 𝑔𝑟𝑜𝑢𝑝𝑠, is employed as follows:

(1) Module Type GroupCarries.

(2) Parameter groups: forall n, data2

(S n) -> data2 (S n).

(3) Axiom groups correct: forall

n (X Y: data (S n)),

(4) groups (P X Y, G X Y) =

correct groups (P X Y, G X Y).

(5) End GroupCarries.

𝑑𝑎𝑡𝑎2 𝑛, in line 3, is the dependent type of a tuple of
vectors whose lengths are both 𝑛. Therefore, the parameter of
𝑔𝑟𝑜𝑢𝑝𝑠 stands for vectors of propagated and generated carries
as shown in line 6. 𝑔𝑟𝑜𝑢𝑝𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 in line 4 is the assumption
that the 𝑔𝑟𝑜𝑢𝑝𝑠 function is correct. The correctness is
represented as an extensional equality of another correct
function and itself. In line 7, 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝𝑠 is the correct
function to compute the groups carries according to (14) and
(15). Its correctness holds by, first, computing all the carries
𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑐𝑎𝑟𝑟𝑖𝑒𝑠 according to this function and then proving
that 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑐𝑎𝑟𝑟𝑖𝑒𝑠 are equivalent to the carries of CLA.

(1) Definition correct carries (n: nat)

(c in: bool)

(2) (X Y: data (S n)): hyb (S n).

(3) set (PXY:= P X Y).

(4) set (GXY:= G X Y).

(5) set (bvGp:= correct groups (PXY, GXY)).

(6) set (all c:= shift map c in bvGp).

(7) exact (all c ⊳, all c ⊲).

(8) Defined.

(9) Lemma carries correct: forall n

(X Y: data (S n)) c in,

(10) correct carries c in X Y =

CLAdder.carries (P X Y) (G X Y) c in.

𝑠ℎ𝑖𝑓𝑡 𝑚𝑎𝑝, in line 2, is a compositional operation first
iterating Equation (16) on all the𝐺

𝑖:0
and𝑃
𝑖:0
which are stored

in the vectors of the first and projection of 𝑏V𝐺𝑝 and then
shifting the overall carry-in 𝑐

0
to get all the carries. Consider

that the computation of 𝐺
𝑖:𝑗
depends on the subgroups of the

group propagated carries𝑃
𝑖:𝑚
, the fundamental carry operator

“∘” as in [19] is used to compute the group propagated and
generated carries simultaneously in function 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝𝑠
and should be used in all implementations of function
𝑔𝑟𝑜𝑢𝑝𝑠. Consider

(𝑃, 𝐺) ∘ (𝑃

, 𝐺

) = (𝑃 ∧ 𝑃


, 𝐺 ∨ (𝑃 ∧ 𝐺


)) . (17)

Function 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝𝑠 can be taken as an instance of
𝑔𝑟𝑜𝑢𝑝𝑠 function and is only one particular implementation of
𝑔𝑟𝑜𝑢𝑝𝑠, which is verified.There are many other implementa-
tions of the 𝑔𝑟𝑜𝑢𝑝𝑠 function based on the following lemmas
which are proved by induction on the difference between 𝑖
and𝑚, using (14) and (15):

𝑃
𝑖:𝑗
= 𝑃
𝑖:𝑚
∧ 𝑃
𝑚−1:𝑗

(𝑗 < 𝑚 ≤ 𝑖) ,

𝐺
𝑖:𝑗
= 𝐺
𝑖:𝑚
∨ (𝑃
𝑖:𝑚
∧ 𝐺
𝑚−1:𝑗

) (𝑗 < 𝑚 ≤ 𝑖) .

(18)

Equation (18) can be rewritten using ∘ operator in one
equation. For all 𝑗 < 𝑚 ≤ 𝑖,

(𝑃
𝑖:𝑗
, 𝐺
𝑖:𝑗
) = (𝑃

𝑖:𝑚
, 𝑃
𝑚−1:𝑗

) ∘ (𝐺
𝑖:𝑚
, 𝐺
𝑚−1:𝑗

) . (19)

Equation (19) shows clearly that any group of group
carries can be computed by its concatenation (or even over-
lapped) subgroups. And the proper dividing and conquering
of the bits of input addends can implement 𝑔𝑟𝑜𝑢𝑝𝑠 function
with high performance. PPA is such a family of adders
differing only in the computation of the 𝑔𝑟𝑜𝑢𝑝𝑠 function;
thus, a general PPA can be formalized and parameterized by
module 𝐺𝑟𝑜𝑢𝑝𝐶𝑎𝑟𝑟𝑖𝑒𝑠.

(1) Module PPAdder (Import M: GroupCarries)

<: GenAdder.
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(2) Definition adder n (X Y: data (S n))

(c in: bit): (hyb (S n)).

(3) set (GT0:= groups ((P X Y), (G X Y)).

(4) set (all carries:= shift map c in (GT0
1
)

(GT0
2
)).

(5) set (sum:= PC ⊕ (all carries ⊲)).

(6) exact (all carries ⊳, sum).

(7) Defined.

(8) Theorem adder correct: forall n

(X Y: data (S n)) c in,

(9) |[X]| + |[Y]| + |c in| = |(adder X Y c in)|.

(10) Proof.

(11) intros n X Y c in; unfold adder.

(12) rewrite CLAdder.adder correct.

(13) unfold CLAdder.adder.

(14) rewrite <- carries correct.

(15) unfold correct carries.

(16) rewrite groups correct; trivial.

(17) Qed.

(18) End PPAdder.

Line 5, uses the abstract function𝑔𝑟𝑜𝑢𝑝𝑠 from the param-
eterized module 𝐺𝑟𝑜𝑢𝑝𝐶𝑎𝑟𝑟𝑖𝑒𝑠 to compute all the group
carries in advance. 𝑠ℎ𝑖𝑓𝑡 𝑚𝑎𝑝 function in line 7 implements
the operation in (16). Lines 6 and 8 compute all the carries
and the sum.

The correctness of PPA is proved based on the assump-
tion 𝑔𝑟𝑜𝑢𝑝𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 in the abstract parameterized module
𝐺𝑟𝑜𝑢𝑝𝐶𝑎𝑟𝑟𝑖𝑒𝑠. Line 15 reformats the left part of the equation
to the result of what CLA computes. Line 17 uses the result
that the carries of CLA are identical to the carries computed
by (14), (15), and (16). Finally, the assumption 𝑔𝑟𝑜𝑢𝑝𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡
is used to prove that 𝑔𝑟𝑜𝑢𝑝𝑠 computes the same result as (14)
and (15) do.

The rest of this section will show, by the example
of Kogge-Stone addition algorithm, how this general PPA
applies to some specific ones. The algorithm formalized
following [20], in which the algorithm is proposed. Other
implementations of PPA can be formalized and verified
similarly.

(1) Module Kogge Stone <: GroupCarries.

(2) Fixpoint KS PG rec (n m: nat)

(bvPG: data2 (S n)): (data2 (S n)):=

(3) match m with

(4) | 0 => bvPG

(5) | S m’=> let recur:= (KS PG rec m’bvPG)
in

(6) data2 op1 recur (shiftin group

(power2 m’)recur)

(7) end.

(8) Definition groups n (PG: data2 (S n)):=

(9) KS PG rec (S (log2 (S n))) PG.

(10) Theorem groups correct: forall n

(X Y: data (S n)),

(11) groups (P X Y, G X Y) = correct groups

(P X Y, G X Y).

(12) End Kogge Stone Group Carry.

Lines 2 to 10 describe the main function to define the
Kogge-Stone implementation of the 𝑔𝑟𝑜𝑢𝑝𝑠 function. 𝑚 is
a simple counter to indicate how many stages are needed
and which should the logarithm of the data-width be. When
initializing, the input 𝑏V𝑃𝐺 stands for two vectors of the
propagated and generated carries, respectively, for example,
𝑃
𝑖
= 𝑃
𝑖:𝑖
and 𝐺

𝑖
= 𝐺
𝑖:𝑖
, for all 𝑛 ≥ 𝑖 ≥ 0. At any stage 𝑚, this

function computes the group carries of maximum length 2𝑚.
A 8-bit kogge-stone adder is taken as an example to illustrate
this procedure. At stage 2 (𝑚 = 2), the group carries of
maximum length 4 has been computed according to line 8:

𝑟𝑒𝑐𝑢𝑟 := ([𝑃
7:4
, 𝑃
6:3
, 𝑃
5:2
, 𝑃
4:1
, 𝑃
3:0
, 𝑃
2:0
, 𝑃
1:0
, 𝑃
0
] ,

[𝐺
7:4
, 𝐺
6:3
, 𝐺
5:2
, 𝐺
4:1
, 𝐺
3:0
, 𝐺
2:0
, 𝐺
1:0
, 𝐺
0
]) .

(20)

At the next stage (𝑚 = 3), as in lines 8 and 9, firstly
𝑠ℎ𝑖𝑓𝑡𝑖𝑛 𝑔𝑟𝑜𝑢𝑝 function shifts both vectors in the tuple
simultaneously 2𝑚



times with 𝑡𝑟𝑢𝑒 and 𝑓𝑎𝑙𝑠𝑒, respectively.
The result is represented by 𝑟𝑒𝑐𝑢𝑟:

𝑟𝑒𝑐𝑢𝑟

:= ([𝑃

3:0
, 𝑃
2:0
, 𝑃
1:0
, 𝑃
0
, true, true, true, true] ,

[𝐺
3:0
, 𝐺
2:0
, 𝐺
1:0
, 𝐺
0
, false, false, false, false]) .

(21)

Secondly, 𝑑𝑎𝑡𝑒2 𝑜𝑝1 executes the fundamental operator in
(17) with two operands 𝑟𝑒𝑐𝑢𝑟 and 𝑟𝑒𝑐𝑢𝑟, and the result is

([𝑃
7:0
, 𝑃
6:0
, 𝑃
5:0
, 𝑃
4:0
, 𝑃
3:0
, 𝑃
2:0
, 𝑃
1:0
, 𝑃
0
] ,

[𝐺
7:0
, 𝐺
6:0
, 𝐺
5:0
, 𝐺
4:0
, 𝐺
3:0
, 𝐺
2:0
, 𝐺
1:0
, 𝐺
0
]) .

(22)

In line 11, 𝑔𝑟𝑜𝑢𝑝𝑠 function specifies that the stages needed
are log

2
(𝑛 + 1), where 𝑛 is the data-width.

The correctness theorem cannot be proved by induction
on the data-width as normal, because Kogge-Stone imple-
mentation of 𝑔𝑟𝑜𝑢𝑝𝑠 function recurses on the stages, not the
data-width as shown in the definition of 𝐾𝑆 𝑃𝐺 𝑟𝑒𝑐.

Noticing that, in the theorem, the result of each side of
equation is a tuple of vectors, the equality holds if and only if
the corresponding elements are identical pairwise.

(1) Lemma data eq nth eq data2: forall n

(gx gy: (data2 (S n))),

(2) (forall k, k < S n ->

(3) (nth k (fst gx), nth k (snd gx)) =
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(4) (nth k (fst gy), nth k (snd gy))) <->

(5) gx = gy.

However, the result of 𝐾𝑆 𝑃𝐺 𝑟𝑒𝑐 changes with the stage
𝑚, the first thing to prove is an invariant of 𝑚 stating how
this function approaches the result of 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝 function
gradually with the increasing of the stages. Suppose, without
loss of generality, that

𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝𝑠 (𝑋, 𝑌) := ([𝑃
𝑛:0
, . . . , 𝑃

0
] , [𝐺
𝑛:0
, . . . , 𝐺

0
]) ,

𝐾𝑆 𝑃𝐺 𝑟𝑒𝑐 (𝑚, 𝑍) := ([𝑃
𝑚

𝑛:0
, . . . , 𝑃

𝑚

0
] , [𝐺
𝑚

𝑛:0
, . . . , 𝐺

𝑚

0
]) ,

(23)

for all𝑚, 𝑍 = (𝑋, 𝑌) and 𝑛 > 0; then, for all 0 ≤ 𝑘 ≤ 𝑛,

(𝑃
𝑚

𝑘:0
, 𝐺
𝑚

𝑘:0
) = {

(𝑃
𝑘:0
, 𝐺
𝑘:0
) 𝑘 < 2

𝑚

(𝑃
𝑘:(𝑘+1−2

𝑚
)
, 𝐺
𝑘:(𝑘+1−2

𝑚
)
) 𝑘 ≥ 2

𝑚
.

(24)

With this invariant, the existence of the fixed points
can be proved secondly, and the least fixed point should
be log

2
(𝑛 + 1). For all 𝑚 ≥ log

2
(𝑛 + 1)and 𝑘 ≤ 𝑛 <

2
𝑚, (𝑃𝑚
𝑘:0
, 𝐺
𝑚

𝑘:0
) = (𝑃

𝑚+1

𝑘:0
, 𝐺
𝑚+1

𝑘:0
) = (𝑃

𝑘:0
, 𝐺
𝑘:0
). Function

𝑔𝑟𝑜𝑢𝑝𝑠, which iterates𝐾𝑆 𝑃𝐺 𝑟𝑒𝑐 function log
2
(𝑛+1) stages,

computes the same result as function 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑔𝑟𝑜𝑢𝑝𝑠, which
is the correctness theorem. The whole proof of this theorem
has been carried out in COQ, although they are expressed in
an intuitive way here for better understandings of the readers.

Kogge-Stone adder can be combined by the general
module of PPA and this specific module of Kogge-Stone
methods to compute all the group carries, which provides not
only the computation method but also the correctness proof.

(1) Module Kogge Stone <: GenAdder:=

(2) PPAdder Kogge Stone.

6. Conclusion and Future Work

In this work, we proposed a holistic methodology to formal-
ize and verify primary adders (RCA, CLA, LA, and PPA) in
theorem prover Coq. They are formalized using dependent
types, higher-order recursion and module systems in order
to provide fidelity, scalability, and modularization.

In particular, PPA is a family of adders sharing the same
structure, only differing in the methods of parallel prefix
computing. We provide a novel way to describe the general
PPA and show how to use this general module to verify a
specific PPA, exemplified by Kogge-Stone adder.

Other advanced arithmetic designs can be verified
reusing the formalizations and verifications of this work in
a combinational way, as we describe by the example of carry
select adders.

All the work has been carried out in Coq. The whole
development contains around 2,000 lines of Coq scripts.This
number of scripts is only about one third of [12], which
is another work dedicated to verify additional designs in
Coq.This work used lesser scripts but verified more addition
designs than [12].

This work can be continued in two directions. Advanced
arithmetic designs, such as IBMPOWER6, can be cumulately

verified based on these verified adders. Since formalization in
a constructive way is to have clear correspondence to gate-
level descriptions of circuits, HDL codes can be generated
from the verified designs, which may provide an alternative
way for designing the correct arithmetic implementations.
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This paper mainly focuses on routing in two-dimensional mesh networks. We propose a novel faulty block model, which is cracky
rectangular block, for fault-tolerant adaptive routing. All the faulty nodes and faulty links are surrounded in this type of block,
which is a convex structure, in order to avoid routing livelock. Additionally, the model constructs the interior spanning forest for
each block in order to keep in touch with the nodes inside of each block. The procedure for block construction is dynamically and
totally distributed. The construction algorithm is simple and ease of implementation. And this is a fully adaptive block which will
dynamically adjust its scale in accordance with the situation of networks, either the fault emergence or the fault recovery, without
shutdown of the system. Based on this model, we also develop a distributed fault-tolerant routing algorithm. Then we give the
formal proof for this algorithm to guarantee that messages will always reach their destinations if and only if the destination nodes
keep connecting with these mesh networks. So the new model and routing algorithm maximize the availability of the nodes in
networks. This is a noticeable overall improvement of fault tolerability of the system.

1. Introduction

In the last decades, the goal of many researchers was to study
communication operations in networkswith fixed topologies,
including modeling architectures and routing algorithm of
parallel computers and cluster ormiddle area communication
networks (such as metropolitan networks covering a town
or a small region). The quality of such networks strongly
depends on correct and efficient execution of communication
operations.

Direct networks [1] become a popular architecture for
communication networks, especially in massively parallel
computer system. In direct networks, nodes (computers)
are connected to only a few nodes, that is, its neighbours,
according to the topology of the networks and communicate
with each other by exchangingmessages. Moreover, themesh
structure is one of the most important topology of direct
networks. Especially, low dimensional mesh networks, due
to its low node degree, are more popular than the high
dimensional mesh networks. Currently most of architecture

of parallel computers is based on two-dimensional mesh
topology, for example, Seitz et al. 1988 [2], Intel Touchstone
DELTA [3, 4], and Intel paragon.

Several models based on direct networks have been
studied ([5–9]), especially the two-dimensional mesh ([10–
16], etc.) for communication operations. The purposes of
these papers mainly focus on how to route messages in
the two-dimensional mesh. Routing is the process to send
messages from source nodes to destination nodes, passing
some intermediate nodes. A very important aspect ofmessage
routing is its ability to route from a source node to a
destination node, avoiding all faulty nodes or links.

Basically, there are two types of message routing:

(1) deterministic routing that is routing in which the
routes between given pairs of nodes are determined
in advance of transmission,

(2) adaptive routing that allows us to take any path
between its source and its final destination; that is,
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the path is adaptively constructed in the process of
routing.

The deterministic routing algorithms are simple and ease
of implementation, this is the advantage for deterministic
routing. However, adaptive routing can reduce network
latency and increase network throughput and the most
attractive point is that it can tolerant more faults than
deterministic routing [17]. Thus the latter one emerged
as an attractive field. In most papers on this field, they
often considered how to make a path between source and
destination node pairs, avoiding the faulty nodes, and most
work used the disconnected rectangular block fault model
[11]. The disconnected rectangular blocks are composed of
the faulty nodes and their neighboring nonfaulty nodes with
the principle of maintaining rectangular shape. As a result,
adaptive routing can tolerate faulty nodes by bypassing these
rectangles. However, in order to maintain its rectangular
shape, the block has to group some nonfaulty nodes inside,
called unsafe nodes in these papers. Of course, these unsafe
nodes will never be used until their corresponding blocks
recovery, and the messages will never be sent to these nodes,
while they should be (as illustrated in Figure 1).

Chien andKim [18] present a partially adaptive algorithm
for mesh networks. The basic idea is to use the algorithm to
circumfuse any convex faulty regions. If faulty regions are
not naturally convex, good nodes and links are marked as
faulty until the regions become convex. However, once the
faults are located on a boundary, in order to tolerate faults,
all nodes form that boundary will become faulty. Boppana
and Chalasani [10] use 𝑓-chain and 𝑓-ring, which is an
extension of disconnected rectangular block fault model, to
route the messages around them, and 𝑓-chain addresses the
boundary problem in the Chien and Kim’s paper. But the 𝑓-
chain and 𝑓-ring may connect with each other; this makes
the routing algorithm more complex than [18]. In [11], Su
and Shin assume a node to be the basic fault element. They
construct the blocks based only on the faulty nodes; thus they
can only tolerate faulty nodes except the faulty links. Overall,
the construction of these faulty regions is static; that is, once
these regions are constructed, all nodes including the good
ones in these regions cannot join in routing any more. The
faulty regions are not self-adaptive; that is, if some of faulty
nodes in these faulty regions are fixed well, then the faulty
regions will be held as they were, but actually they can release
some good nodes and become smaller ones keeping convex
shape.

Adaptive fault-tolerance routing technologies are also
using in WSN (Wireless Sensor Networks), MEMS (Micro-
Electro-Mechanical Systems) and SoC (System on Chip)
to increase the usability and robustness, as well as the
whole performance.Most network topology adopted in those
domains is 2D mesh. As a result, in recent years, there have
been a number of researches focusing on fault-tolerance
routing on wsn and Noc [19–22].

In this paper, we concentrate on the adaptive routing
with fault-tolerant in two-dimensional mesh. Not only we do
consider the situation of faulty nodes but also the situation
of faulty links incident with any node. However, different

A

B

a

b

C

Faulty node
Faulty block

Figure 1: An example of disconnected rectangular blocks. Note that
nonfaulty nodes, such as nodes 𝑎 and 𝑏, in a block will never be used
in routing any more.

from mentioned papers, the novel cracky rectangular block
strategy introduced to tolerate faults can route messages
both bypassing the cracky rectangular block and along the
cracks in the rectangular block (just for a trope, actually
they are routed along the connected links inside the faulty
blocks). So we can route messages to the nodes both outside
and inside the faulty blocks. This is a noticeable overall
improvement of fault tolerability of the system. At the same
time, the cracky rectangular block is fully self-adaptive. It can
tolerate dynamic faults. For example, when some of faulty
nodes or faulty links in a block are fixed well, the original
block may become a smaller block or split to some smaller
ones keeping their shape rectangular. Tolerating dynamic
faults can enhance the run-time life of a multicomputer, thus
increasing reliability.

The rest of this paper is organized as follows. Section 2
describes the basic routing algorithm in two-dimensional
mesh. Section 3 introduces the cracky rectangular block
strategy, including the cracky rectangular block model and
the routing algorithm on it. This section also describes how
the rectangular blocks adapt themselves depending on the
situation of networks. Section 4 gives a proof that themessage
will be sent to any destination in themesh as long as themesh
keep connecting. A conclusion will be given in Section 5, and
it presents possible directions for future work.

2. Basic Routing Algorithm in
Two-Dimensional Mesh

2.1. Two-Dimensional Mesh. It is convenient to represent
a two-dimensional mesh with graph terminology. Let 𝐺 =

(𝑉, 𝐸) be undirected graph to represent a network. The set 𝑉

of vertices of graph 𝐺 represents nodes of the network. The
set 𝐸 of edges of graph 𝐺 represents links between the nodes.
Note that we keep using node and link in this paper.

The two-dimensional mesh𝑀(𝑑
1
, 𝑑
2
), where 𝑑

1
≥ 2 and

𝑑
2

≥ 2 are positive integers, is defined as follows.
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(i) A node 𝑋 of 𝑀(𝑑
1
, 𝑑
2
) is represented by 𝑋(𝑥

1
, 𝑥
2
),

0 ≤ 𝑥
1

≤ 𝑑
1

− 1, and 0 ≤ 𝑥
2

≤ 𝑑
2

− 1.

(ii) There is a link between two different nodes 𝑋(𝑥
1
, 𝑥
2
)

and 𝑌(𝑦
1
, 𝑦
2
) if and only if 𝑥

1
= 𝑦
1
and 𝑥

2
= 𝑦
2

± 1

or 𝑥
1

= 𝑦
1

± 1 and 𝑥
2

= 𝑦
2
. We denote this link by

⟨𝑋, 𝑌⟩.

For each 𝑘 and 𝑘
, with 0 ≤ 𝑥 ≤ 𝑑

1
− 1 and 0 ≤ 𝑥


≤

𝑑
2
−1, we call row 𝑘 and column 𝑘

 the subgraphs of𝑀(𝑑
1
, 𝑑
2
),

respectively, induced by nodes (𝑥, 𝑘) and (𝑘

, 𝑥

).

The boundary of 𝑀(𝑑
1
, 𝑑
2
) is the subgraph of 𝑀(𝑑

1
, 𝑑
2
)

induced by the rows 0 and 𝑑
1
−1 and the columns 0 and 𝑑

2
−1.

Given any node V, let Γ(V) be the set of nodes adjacent to
V in 𝑀(𝑑

1
, 𝑑
2
) (called as neighbours). Given a nonboundary

node 𝑋 = (𝑥
1
, 𝑥
2
) of the two-dimensional mesh, the four

neighbours of𝑋 are denoted by𝑊(𝑋) = (𝑥
1

− 1, 𝑥
2
), 𝑆(𝑋) =

(𝑥
1
, 𝑥
2

− 1), 𝐸(𝑋) = (𝑥
1

+ 1, 𝑥
2
), and𝑁(𝑋) = (𝑥

1
, 𝑥
2

+ 1).
For each pair of nodes 𝑋 = (𝑥

1
, 𝑥
2
) and 𝑌 = (𝑦

1
, 𝑦
2
),

the distance between 𝑋 and 𝑌, denoted by 𝑑(𝑋, 𝑌), is the
length (number of links) of a shortest path between 𝑋 and
𝑌. We define the 1-distance and 2-distance between𝑋 and 𝑌,
respectively, by 𝑑

1
(𝑋, 𝑌) = |𝑥

1
− 𝑦
1
| and 𝑑

2
(𝑋, 𝑌) = |𝑥

2
− 𝑦
2
|.

From the above definition, we know that𝑑(𝑋, 𝑌) = 𝑑
1
(𝑋, 𝑌)+

𝑑
2
(𝑋, 𝑌).

2.2. A Basic Routing Function in Two-Dimensional Mesh.
Consider a network 𝐺 = (𝑉, 𝐸), in each node V, for each
message𝑚with final destination V

𝑑
, arriving on a link ⟨𝑤, V⟩;

we denote by 𝑓V(𝑤, V
𝑑
) ⊂ Γ(V) the subset of V’s neighbours

bringing 𝑚 closer to its destination if V
𝑑

̸= V; otherwise, the
message is absorbed by V. Actually it is a routing function, this
kind of routing is said to be local because it is independent
of what happened in the rest of the network and can be
computed locally by each router.

The basic routing function is a classical greedy routing
function 𝑓

𝑀
in the two-dimensional mesh 𝑀(𝑑

1
, 𝑑
2
) as

follows. Let 𝑋 = (𝑥
1
, 𝑥
2
), 𝑌 = (𝑦

1
, 𝑦
2
) be two different nodes

in 𝑀(𝑑
1
, 𝑑
2
). A message 𝑚 with destination 𝑌 received by

the router of 𝑋 arriving from node 𝑋
 is sent to a node of

𝑓
𝑋

(𝑋

, 𝑌), that is, a set of at most two nodes {𝑉

1
, 𝑉
2
} (and

at least one node) defined as follows. There are at most two
nodes 𝑉

1
∈ {𝑊(𝑋), 𝐸(𝑋)} and 𝑉

2
∈ {𝑁(𝑋), 𝑆(𝑋)} at distance

𝑑(𝑋, 𝑌) − 1 from 𝑌. Moreover, when |𝑓
𝑋

(𝑋

, 𝑌)| = 2, if

𝑑
1
(𝑋, 𝑌) ≥ 𝑑

2
(𝑋, 𝑌) (resp., 𝑑

1
(𝑋, 𝑌) < 𝑑

2
(𝑋, 𝑌)), then the

routing function will choose to send the message to𝑉
1
(resp.,

𝑉
2
). If this is not possible (e.g., the link incident with the

chosen node is faulty), then the routing function tries to send
the message to 𝑉

2
(resp., 𝑉

1
). Moreover, if both the links

⟨𝑋, 𝑉
1
⟩ and ⟨𝑋, 𝑉

2
⟩ are faulty, then the router of 𝑋 can route

𝑚 to any node of Γ(𝑋) \ {𝑉
1
, 𝑉
2
}.

2.3. Blocking Situation and Its Traditional Solution. Consider
now that a unique message 𝑚 is transmitted to the two-
dimensional mesh𝑀(𝑑

1
, 𝑑
2
). As we will show below, in case

of some link faults which do not disconnect the network,
using the basic two-dimensional routing function does not
guarantee that 𝑚 will reach its destination. It can be blocked
in a part of the network.

a

b c d

s

e

f

Faulty link
Routing path

(a)

a

b

e

c

d

s

fg

h i j k

Crack rectangular block
Predecessor

(b)

Figure 2: (a) Livelock situation in𝑀(𝑑
1
, 𝑑
2
): node 𝑠 tries to send a

message𝑚 to node𝑑, but𝑚 is in a livelock induced by nodes 𝑏, 𝑒, and
𝑓 caused by the faulty links. (b) Cracky rectangular block solves the
livelock problem, and the message 𝑚 will be sent to its destination
along the node sequences 𝑠, 𝑎, 𝑏, 𝑎, 𝑔, 𝑓, 𝑔, ℎ, 𝑖, 𝑗, 𝑘, 𝑐, and 𝑑.

As shown in Figure 2(a), the basic routing function
can unfortunately lead to blocking situations due to some
properties of the structure of the faulty links. Clearly, in this
example the message will always in the subgraph induced by
nodes 𝑏, 𝑒, and 𝑓 and will never reach its destination node
𝑑. Actually, this message 𝑚 is in livelock situation, which
keeps a message moving indefinitely without reaching the
destination.

It is well known that the adaptive routing may cause
livelock problems. Therefore routing without livelock is one
of the most important design issues for communication
operations in multicomputer systems (note that we only
consider the livelock situation in this paper, and we can
solve the deadlock problemwith some sophisticatedmethods
[1, 23, 24]). Contemporary, this livelock situation is well
addressed by the traditional disconnected rectangular block
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faulty model (rectangular block for short). However, the
usability and robustness of the mesh network will gradually
decrease, while the number of faulty nodes increases in this
model. As [25]’s experiment shows that the distribution of
faulty nodes has the tendency to make the whole mesh to
be one “big block.” It can be seen from the experiments
that, with the rectangular model, there is only one faulty
block left when the faulty rate of nodes is 15 percent and the
size of two-dimensional mesh is 100 × 100. In consequence
the whole mesh becomes useless because this big faulty
block occupies the entire mesh region, and we call this as
“big block” problem. The novel cracky rectangular faulty
block strategy, which we will introduce in the next section,
makes full use of nonfaulty nodes/links in the mesh. All
the nonfaulty nodes/links that would have been included in
original rectangular faulty blocks now can become candidate
routing nodes/links.

3. Adaptive Fault-Tolerant Strategy with
Cracky Rectangular Block

In order to solve the livelock situation and the big block
problem, we propose a novel strategy for fault-tolerant
routing.We use the cracky rectangular block to avoid livelock
and traverse block’s every connecting internal node if needed.
Therefore, we can transmit eachmessage to any node not only
outside of a block but also inside of the block like Figure 2(b),
and the message can reach the inside nodes 𝑓, 𝑏, and 𝑒 which
are forbidden in the original rectangular block.

Formally, a rectangular block 𝐶((𝑙
1
, ℎ
1
), (𝑙
2
, ℎ
2
)) is a sub-

mesh𝑀(ℎ
1
−𝑙
1
+1, ℎ
2
−𝑙
2
+1) of the mesh𝑀(𝑑

1
, 𝑑
2
) induced

by the nodes 𝑥 = (𝑥
1
, 𝑥
2
) with 𝑙

𝑖
≤ 𝑥
𝑖
≤ ℎ
𝑖
, for each 𝑖 ∈ {1, 2}.

Let 𝑢 = (𝑢
1
, 𝑢
2
) be a node. By definition, if, for each 𝑖 ∈ {1, 2},

we have 𝑙
𝑖
− 1 ≤ 𝑢

𝑖
≤ ℎ
𝑖
− 1, then 𝑢 belongs to the inside part

of the rectangular block𝐶. Else, if 𝑖 = 1, 𝑗 = 2 (or 𝑖 = 2, 𝑗 = 1)
and 𝑢

𝑖
∈ {ℎ
𝑖
, 𝑙
𝑖
} and 𝑙

𝑗
≤ 𝑢
𝑗

≤ ℎ
𝑗
, then 𝑢 belongs to the border

of the rectangular block.
A cracky rectangular block (cracky block for short) is a

rectangular block with spanning forest internal induced by
all the connecting nodes inside of this block, all the roots of
that forest belong to the border of the cracky block, and the
spanning forest connects all the internal nodes to their roots
if and only if those nodes still keep connecting.

Figure 3 presents two instances of the cracky block in a
two-dimensional mesh, which are 𝐴 and 𝐵, respectively. 𝐴

is a general cracky block, while 𝐵 is a cracky block which is
induced by the faulty links on the boundary of the mesh, and
it is an incomplete cracky block.

3.1. Construction of the Cracky Rectangular Block. Each
node’s activities are based on message-driven mechanism.
There are two types of messages routed in mesh. One is entity
message (message for short), which is routed between any
node pair. The other one is system message, this type of mes-
sage can only be sent between neighbours, and their contents
are mainly about the status of themselves, such as the node’s
faulty degree and it’s detailed situation of faulty links. The
first one is the entity for computing or communication, and

A

B

a b

c

d

e
s

f

g h

i

s


s


Figure 3: 𝐴 and 𝐵 are two cracky rectangular blocks. 𝐴 is a general
cracky block, while 𝐵 is a cracky block which is induced by the faulty
links on the boundary of the mesh, and it is an incomplete cracky
block. As nodes 𝑎, 𝑏, and 𝑑 in the cracky blocks 𝐴 and 𝐵 are faulty
nodes, 𝑓 and 𝑖 are border nodes, and any node outside of 𝐴 and
𝐵 is good node. With the cracky rectangular block, not only good
node 𝑠

 keeps connecting with another good node 𝑔 as general, but
also the good nodes 𝑠, 𝑠

 can send messages to faulty nodes 𝑎, 𝑑,
respectively; what ismore, those faulty nodes can communicate with
each other, such as nodes 𝑏 and 𝑐.

the later one concentrates on maintaining the usability and
robustness of networks; in other words, it is for constructing
the cracky blockwhen some faults occur in thismesh in order
to avoid the livelock situation as mentioned above.

In the beginning, all the nodes work well; that is, there
does not exist any faulty node or faulty link. Any node
can both receive the message from any of its neighbours,
and vice versa, of course, depending on the basic routing
strategy. When some nodes or links are ruined because of
some reasons, these failed nodes or nodes incident with failed
links will judge their current status immediately, and then
they send the system messages as soon as possible including
their status to its connected neighbours to tell themwhat have
happened in detail. For neighbours, once they receive the
system messages, they judge their current status depending
on their latest status and the received system messages at
once. Of course, they will notice their connected neighbours
about current status if and only if the current status is different
from previous status. Finally, the construction of a stable
cracky block is implemented by the above system messages
exchange.

Before exposing our distributed algorithm to construct
the cracky block, we will give some definitions first. For a
two-dimensional mesh𝑀(𝑑

1
, 𝑑
2
), the faulty degree of a node

𝑋 = (𝑥
1
, 𝑥
2
) is the number of failed links incident with 𝑋,

and we denote it by 𝑓(𝑋). From the observation of a cracky
block, there are three types of nodes in amesh network: faulty
node, good node, and border node. A faulty node 𝑋 belongs
to the interior of a cracky block and 0 ≤ 𝑓(𝑋) ≤ 4, and
oppositely, a good node allocates outside of any cracky blocks
and 𝑓(𝑋) = 0. Of course a border node belongs to the border
of a cracky blockwith 0 ≤ 𝑓(𝑋) ≤ 1. For example, in Figure 3,
𝑎, 𝑏, and 𝑑 in the cracky blocks 𝐴 and 𝐵 are faulty nodes, 𝑓
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Input: 𝑓(V): faulty degree of node V.
Output: 𝑠(V): status of node V.
(1) procedure Initial status(V)
(2) if𝑓(V) = 0 then
(3) 𝑠(V) ← 1

(4) else if𝑓(V) = 1 then
(5) 𝑠(V) ← depending on Table 1
(6) else if𝑓(V) ≥ 2 then
(7) 𝑠(V) ← 0

(8) end if
(9) 𝑛𝑜𝑡𝑖𝑐𝑒 𝑠𝑡𝑎𝑡𝑢𝑠(V)

(10) end procedure
Input: 𝑠(V): the current status of node V,𝑀(V): the system message received by node V.
Output: 𝑠(V): the updated status of node V.
(11) procedure Update status(V)
(12) if 𝑠(V) ̸= 𝑀(V) ∩ 𝑠(V) then
(13) 𝑠(V) ← 𝑀(V) ∩ 𝑠(V)
(14) 𝑛𝑜𝑡𝑖𝑐𝑒 𝑠𝑡𝑎𝑡𝑢𝑠(V)
(15) end if
(16) end procedure
Input: 𝑠(V): the updated status of node V.
Output:𝑀(V): the system message to be sending to𝑁

∗
(V).

(17) procedure Notice status(V)
(18) if 𝑠(V) = 0 then
(19) send system message𝑀(V) to𝑁

∗
(V)

(20) else if 𝑠(V) ∈ {{𝐸}, {𝑊}} then
(21) send system message𝑀(V) to both𝑁(V) and 𝑆(V) if exist
(22) else if 𝑠(V) ∈ {{𝑁}, {𝑆}} then
(23) send system message𝑀(V) to both 𝐸(V) and𝑊(V) if exist
(24) end if
(25) end procedure

Algorithm 1: Let V be any node in the two-dimensional mesh, let 𝑓(V) be the faulty degree, let 𝑠(V) be the status, and let𝑀(V) be the content
of received system message.

Table 1: Given a node V with 𝑓(V) = 1, judging its 𝑠(V) according to
its incident failed links.

𝑠(V) 𝑓(V) = 1

{𝑁} The link ⟨V, 𝑆(V)⟩ failed
{𝐸} The link ⟨V, 𝑊(V)⟩ failed
{𝑆} The link ⟨V, 𝑁(V)⟩ failed
{𝑊} The link ⟨V, 𝐸(V)⟩ failed

and 𝑖 are border nodes, and any node outside of 𝐴 and 𝐵 is
good node.

Given any node𝑋, let𝑁∗(𝑋) be the set of neighbors 𝑌 of
𝑋 such that the link ⟨𝑋, 𝑌⟩ is not faulty. Moreover, we set an
order in𝑁

∗
(𝑋) as follows: 𝑢

0
, 𝑢
1
, . . . , 𝑢

|𝑁
∗
(𝑋)|−1

. Let𝑋
𝑝
be the

node who sends message to node 𝑋, and let 𝑋
𝑠
be the node

who will receive the message sent by𝑋.
We denote by 𝑠(𝑋) the status of 𝑋, and 𝑠(𝑋)

is one of the elements of status set 𝑆𝑇𝐴𝑇𝑈𝑆 =

{{𝐸}, {𝑆}, {𝑊}, {𝑁}, {𝑁, 𝐸}, {𝑆, 𝐸}, {𝑆, 𝑊}, {𝑁, 𝑊}}. The status
of a node will indicate which type of node it is. In detail, there
are twomore status of𝑋, which are empty set 0 and universal
set 1. And 𝑠(𝑋) = 0 shows that the node is a faulty node,
𝑠(𝑋) = 1 identifies a good node, and if 𝑠(𝑋) ∈ 𝑆𝑇𝐴𝑇𝑈𝑆,

then 𝑋 must be a border node. For example, if 𝑠(𝑋) = {𝑁},
then the node 𝑋 locates at the north border of a cracky
block, like 𝑓 in Figure 3, or if 𝑠(𝑋) = {𝑁, 𝐸}, then 𝑋 is at
the northeast corner, just like 𝑖. Totally, the system message
can be sent to four neighbours, and 𝑋

𝑠
will be 𝐸, 𝑆, 𝑊, and

𝑁 according to 𝐸(𝑋), 𝑆(𝑋), 𝑊(𝑋), and 𝑁(𝑋). A system
message sent by node 𝑋 is 𝑀(𝑋) = {𝑋

𝑠
} ∪ 𝑠(𝑋) which

includes the destination neighbour and sender’s current
status. For example,𝑀(𝑋) = {𝐸, 𝑁}means that this message
will send to 𝐸(𝑋) and 𝑠(𝑋) = 𝑁. We define an operation
to implement the status judgment of a node who receives
a novel system message. The corresponding algorithm to
update the status for any node in mesh network is given by
Algorithm 1.

At the beginning of the construction, every node should
run the procedure initial status respectively to make sure
its status 𝑠(𝑣) according to its faulty degree 𝑓(𝑣). After
finishing the above procedure, node will run the procedure
notice status to send system messages to neighbours accord-
ing to its status 𝑠(𝑣). Once a neighbour node receives this type
of message, it will run the procedure update status to refresh
its latest status. Actually, this process will be repeated until
every node’s status getting stable. Finally, there will emerge
some cracky blocks in the mesh. For example, Figure 4 shows
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Input: V: node V is in a cracky rectangle block.
Output: 𝑙(V): {ℎ, 𝑓}, 𝑝𝑟𝑒𝑑(V): predecessor of V.
(1) procedureHungNodeOnForest(V)
(2) if V is a 𝑔𝑜𝑜𝑑 or 𝑏𝑜𝑟𝑑𝑒𝑟 node then
(3) 𝑙(V) ← ℎ

(4) return
(5) else if V is a faulty node then
(6) 𝑙(V) ← 𝑓

(7) end if
(8) 𝑢

𝑖
∈ 𝑁
∗
(V)

(9) check 𝑙(𝑢
𝑖
) for all 𝑢

𝑖
until ∃𝑢 ∈ 𝑁

∗
(V) s.t. 𝑙(𝑢) = ℎ

(10) 𝑙(V) ← ℎ

(11) pred(V) ← 𝑢

(12) end procedure

Algorithm 2: Let V be a node in a cracky rectangle block, making it hung when it is possible.
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Figure 4: Construction of a cracky block depends on system
message exchange.The dash line represents faulty link, and the bold
line makes up the border of a cracky block. The arrow refers to the
system message.

a distributed process to construct a cracky block. We just
pick up four nodes, 𝐴, 𝐵, 𝐶, and 𝐷, to describe how the
algorithmperforms. During the first phase, node𝐶will initial
its status 𝑠(𝐶) = 0 because of 𝑓(𝐶) = 2; meanwhile 𝑠(𝐴) =

1, 𝑠(𝐵) = 1, 𝑠(𝐷) = 1 as a result of 𝑓(𝐴) = 0, 𝑓(𝐵) = 0,

and 𝑓(𝐶) = 0 separately. In the second phase, according to
the algorithm only node 𝐶 will send system message to its
connected neighbours which are nodes𝐵 and𝐷. Finally node
𝐴 receives two systemmessages andwill refresh its new status
by 𝑠(𝐴) = (1 ∩ {𝑁, 𝑊}) ∩ {𝑊, 𝑁} = {𝑁, 𝑊}, so it will be the
northwest of a cracky block for thismoment. For nodes𝐵 and
𝐷, 𝑠(𝐵) = 1 ∩ {𝑊} = {𝑊} and 𝑠(𝐷) = (1 ∩ {𝐸}) ∩ {𝑁} = 0 are
a west border node and a faulty node. When the algorithm
stops, there is a border of crack block as shown in Figure 4 by
the bold line. The macroconstruction of a block depends on
the microdistributed message exchange activities of relative
nodes.

Then we will construct the spanning forest for the faulty
nodes. We say that the faulty node is hung if and only if

it chooses exactly one neighbor as predecessor. Denote by
pred(V) the predecessor of V, and Succ(V) = {V ∈ Γ(V) : V
is a faulty node and V = pred(V)}. We consider an order over
the elements of Succ(V).We denote by succ

𝑖
(V) the 𝑖th element

of Succ(V), with 1 ≤ 𝑖 ≤ 𝑘V = |Succ(V)|. A node V is said to
be final if Succ(V) = 0. A node which is not hung is free. We
denote by 𝑙(V) these two boolean states {ℎ, 𝑓}, which refers
to the hung and free status for each node inside of the block.
After running Algorithm 2, the spanning forest for the block
will be accomplished; like 𝐴 and 𝐵 in Figure 3, every node
inside of blocks 𝐴 and 𝐵 will find only one predecessor and
be marked as hung.

3.2.TheCracky Rectangular Block Is Stable. Anode V is said to
be stable if pred(V)’s status can never change to a free status,
during the running time of the algorithm. In particular the
nodes of the cracky block are stable. A cracky block 𝐶 is said
to be stable if all the nodes belonging to 𝐶 are stable.

To prove that the cracky block is stable, we assume that
there exists a set 𝑆 of nonstable nodes. If 𝑆 = {V}, then V is
free and can never become stable during the running time
of Algorithm 2, so in this case there is no stable node in the
neighborhood of V because otherwise V will choose this node
as predecessor. Using the same argument for each node 𝑤

of 𝑁
∗
(V), there is no stable node in the neighborhood of 𝑤.

But since the graph is connected, V is necessarily joined by
a path to a node 𝑢 of the border of the block. So we are in
contradiction with the fact that the nodes of the border are
stable. If |𝑆| ≥ 2, then since the graph is connected there exists
at least one node 𝑢 in 𝑆 which is adjacent to a node V ∉ 𝑆.
Clearly, V is stable. From the second loop of the algorithm
and since there is an order in the neighbors of 𝑢 for the choice
of its predecessor, there exists a step in the algorithm which
leads the node 𝑢 to choose V as predecessor. After this step, let
𝑆 ← 𝑆 \ {𝑢}. Using the same arguments, after some steps of
the algorithm, the set 𝑆 would be empty. So all the nodes are
stable.

3.3. Adaptive Routing with the Cracky Rectangular Blocks. In
this section, we will give the global fault-tolerant routing
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Input: V: node V routing messages, V
𝑝
: the node who sends messages to node V.

Output: V
𝑠
: the node who will receive the messages.

(1) procedure Routing(V)
(2) if V is a good node then
(3) basic routing function with node V
(4) else if V is a faulty node then
(5) if (V is final) or (V

𝑝
) = succ

𝜅V
(V) then

(6) V
𝑠

← pred(V)
(7) else if V

𝑝
= succ

𝑖
(V) and 𝑖 < 𝜅V then

(8) V
𝑠

← succ
𝑖+1

(V)
(9) else if V

𝑝
= pred(V) then

(10) V
𝑠

← succ1(V)
(11) end if
(12) else if V is a border node then
(13) routing according to Table 2.
(14) else if V is a node belongs to the border of mesh then
(15) if V is final then
(16) V

𝑠
← V
𝑝

(17) else
(18) V

𝑠
← succ

1
(V)

(19) succ1(V) ← V
𝑝

(20) end if
(21) end if
(22) end procedure

Algorithm 3: The novel routing algorithm based on cracky rectangular blocks.

strategy. Primarily, once amessage encounters a cracky block,
this message will bypass the cracky block, which encloses the
faulty nodes/links, along its border node in a clockwise (or
counter-clockwise) manner. Especially, the message should
traverse the interior spanning tree rooted with the border
node by Depth-First-Search, while it bypasses the cracky
block. Finally, the message will leave the cracky block from
one of its corners which is the nearest from the destination
and keeps going with the basic routing function; otherwise
themessage will be absorbed by the interior node whichmust
be the destination node.

We now give the complete local routing function we run
in each node V of 𝑀(𝑑

1
, 𝑑
2
), as shown in Algorithm 3. This

algorithm is based on the basic routing function we have
defined in Section 2.

The cracky rectangular block and the adaptive fault-
tolerant algorithmmake up the fault-tolerant strategy, andwe
can use Algorithm 3 to send a message from any connected
node to arbitrary connected node. For example, in Figure 3,
the good node 𝑠 wants to send a message to the node 𝑎, but
node 𝑎 is a faulty node and locates interior the cracky block𝐴,
the algorithm will send this message along the path shown in
the figure, and the faulty node 𝑏 sending message to another
faulty node 𝑐 also can be accomplished by the algorithm; if
a good node 𝑠

 wants to communicate with another good
node 𝑔, the routing path will like the situation depicted in
the figure.

3.4. Self-Adaptive and Faulty Boundary Independency of
Cracky Rectangular Block. For high performance and usabil-
ity, the cracky blocks should be self-adaptive. As we know,
the emergency of cracky blocks in a mesh is the result of

nodesmanaging themselves distributedly and independently.
The status of an isolated node is closely related to their
neighbours. Therefore the size and shape of a block are
dynamic according to faulty nodes. In other words, if some
of the faulty nodes have been fixed, the original block may
become a smaller one or split up into smaller ones. On the
contrary, if some good nodes or links fail, there will be some
new cracky blocks or some of the original cracky blocks grow
huge as a result.

Given a two-dimensional mesh𝑀(𝑑
1
, 𝑑
2
), let V(V

1
, V
2
) be

a faulty node in cracky block 𝐶((𝑙
1
, ℎ
1
), (𝑙
2
, ℎ
2
)). Let𝑋(𝑥

𝑖
, V
1
)

with 𝑙
1

≤ 𝑥
𝑖

≤ ℎ
1
, and let 𝑌(V

2
, 𝑥
𝑗
) with 𝑙

2
≤ 𝑥
𝑗

≤ ℎ
2
. There

is a fact that when V has been repaired such that 𝑓(V) = 0,
then we should make sure if 𝑓(𝑋) = 0 (resp., 𝑓(𝑌) = 0). If
they are, then 𝑋 (resp., 𝑌) may be cancelled from the block
𝐶 and 𝐶 will become four smaller ones at most. In addition,
these new cracky blocks still keep stable. The cancelled row
or column may becoming the new border belonging to those
new cracky blocks, alternatively becoming the good ones
outside any blocks, so they will still keeping hung, certainly
their successors will also keeping hung. To implement the
above, when a node with its incident links is fixed well, we
just send a recovery signal to its four neighbours to rerun
the procedure initial status in Algorithm 1. Recursively, the
recovery signal will be sent to nodes which connected with
the faulty nodes received the signal until it meets the good
node outside the cracky block.

For example, Figure 5(a) shows a cracky block, and 𝑎, 𝑐

are two faulty nodes with 𝑓(𝑎) = 2, 𝑓(𝑐) = 1, and 𝑓(𝑏) =

0. When the two nodes 𝑎 and 𝑐 have been repaired, they all
changed to good nodes with 𝑓(𝑎) = 𝑓(𝑐) = 0. The cracky
block will become like Figure 5(b), and 𝑎, 𝑏, and 𝑐 become the
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a

b

c

(a) Cracky block

a

b

c

(b) Cracky block after nodes 𝑎, 𝑏, and 𝑐 fixed well

Figure 5: A sample of self-adaptive block.

new border and the cracky still keeps stable (note that we do
not give the detail because of the page limitation).

Our adaptive fault-tolerant routing strategy is faulty
boundary independency; that is, if there exists a fault occur-
ring on the boundary of themesh, the strategy is still running.
Lines 14 to 21 in Algorithm 3 give a solution to this situation.
When some of the boundary nodes of mesh have failed, then
the corresponding cracky block will be constructed like 𝐵 in
Figure 3. As shown, it is an incomplete cracky block. If 𝑠



wants to send a message to 𝑑, the message will first go to
node ℎ according the basic routing function. Because ℎ is
the border node of 𝐵, the message will be sent to 𝑒 which is
a boundary node of the mesh. When the message traverses
all the successors of 𝑒, it will be rebound to the node ℎ to
continue routing and finally find its destination. To sum up,
the message will continue routing when it encounters a mesh
boundary because of the rebound function.

4. The Cracky Rectangular Model Is Creditable

The next two propositions show that, with the above algo-
rithm, each message will reach its destination, if a message
arrives in a node of a cracky block 𝐶;

(i) if its destination is in 𝐶, it will reach it;
(ii) if its destination is out of 𝐶, it will leave 𝐶 closer to its

destination than before.

This is shown by the next two results.

Proposition 1. Consider a cracky block 𝐶. By using
Algorithm 3, if a message 𝑚 has its destinations 𝑌 in 𝐶

and if it arrives in a node of the cracky block, then it will reach
its destination.

Proof. Consider a subgraph 𝑆 of the mesh induced by the
nodes of a cracky block 𝐶 = 𝐶((𝑙

1
, ℎ
1
), (𝑙
2
, ℎ
2
)). By definition

of Algorithm 3, a message moving on 𝑆 follows a circuit
crossing each node at least once.

Consider a message 𝑚 moving in the mesh, with desti-
nation 𝑋(𝑥

1
, 𝑥
2
) ∈ 𝑉(𝐶), reaching a node 𝑋


∈ 𝑉(𝐶). By

definition of the routing function, since 𝑙
1

≤ 𝑥
1

≤ ℎ
1
and

𝑙
2

≤ 𝑥
2

≤ ℎ
2
, then 𝑚 will never want to take an arc out

from the 𝐶. Thus, it follows the circuit of 𝑆 induced by the
algorithm. So,𝑚 will arrive in node𝑋.

Proposition 2. Consider a cracky block 𝐶. By using the
algorithm, if a message 𝑚 has its destination 𝑌 outside 𝐶 and
if it arrives in node of the cracky block, then it will leave 𝐶 and
be closer to its destination than before.

Proof. Let 𝑚(𝑌) be a message with destination 𝑌(𝑦
1
, 𝑦
2
).

Suppose that 𝑚(𝑌) moves from a node 𝑋(𝑥
1
, 𝑥
2
) to another

node 𝑋


= (𝑥


1
, 𝑥


2
) by the dimension 𝑖 according to the

routing algorithm; that is, |𝑥
𝑖
−𝑦
𝑖
| = max{|𝑥

𝑗
−𝑦
𝑗
| : 1 ≤ 𝑗 ≤ 2}

and |𝑥
𝑖
− 𝑦
𝑖
| − 1 = |𝑥



𝑖
− 𝑦
𝑖
|. We claim that, in the following

routings, except the special case that𝑚moves along a quasi-
Hamiltonian cycle of a cracky block, the routing of 𝑚 will
never augment the 𝑖-dimension distance.

To prove the claim, it is clear that by the routing
algorithm, if 𝑚 do not meet a cracky block, it cannot move
from a node 𝑍 = (𝑧

1
, 𝑧
2
) to another one 𝑍


= (𝑧


1
, 𝑧


2
) with

|𝑧
𝑖

− 𝑦
𝑖
| = |𝑥



𝑖
− 𝑦
𝑖
| = |𝑥

𝑖
− 𝑦
𝑖
| − 1 = |𝑧



𝑖
− 𝑦
𝑖
| − 1.

Suppose now that𝑚moves from𝑈


= (𝑢


1
, 𝑢


2
) tomeet a node

𝑈 = (𝑢
1
, 𝑢
2
), with |𝑢

𝑖
− 𝑦
𝑖
| ≤ |𝑥

𝑖
− 𝑦
𝑖
| − 1, of a cracky block

𝐶 = ((𝑎
1
, 𝑏
1
), (𝑎
2
, 𝑏
2
)) by the dimension 𝑠 and suppose that it

leaves 𝐶 by a node𝑊 = (𝑤
1
, 𝑤
2
) to a node𝑊


= (𝑤


1
, 𝑤


2
) by

the dimension 𝑡. According to the routing algorithm, without
loss of generality, we may assume that the movement of 𝑚

from 𝑋
 to 𝑈

 does not augment the 𝑠-dimension distance;
that is, |𝑢

𝑠
− 𝑦
𝑠
| ≤ |𝑥


𝑠
− 𝑦
𝑠
|. By the routing function, we have






𝑤


𝑖
− 𝑦
𝑖






≤





𝑤
𝑖
− 𝑦
𝑖





≤





𝑤
𝑡
− 𝑦
𝑡





≤





𝑢
𝑡
− 𝑦
𝑡





≤






𝑢


𝑡
− 𝑦
𝑡







≤






𝑢


𝑠
− 𝑦
𝑠






≤






𝑥


𝑠
− 𝑦
𝑠






≤





𝑥
𝑠
− 𝑦
𝑠





≤





𝑥
𝑖
− 𝑦
𝑖





.

(∗)

Assume that |𝑤


𝑖
− 𝑦
𝑖
| = |𝑥

𝑖
− 𝑦
𝑖
|. We have all equalities

in (∗), in particular |𝑢
𝑡
− 𝑦
𝑡
| = |𝑢



𝑠
− 𝑦
𝑠
|. For any 𝑙, 1 ≤ 𝑙 ≤ 2,

it follows that |𝑢
𝑙
− 𝑦
𝑙
| ≤ |𝑢



𝑙
− 𝑦
𝑙
| ≤ |𝑢



𝑠
− 𝑦
𝑠
| = |𝑢

𝑡
− 𝑦
𝑡
|,

which implies that 𝑚 would leave 𝐶 from the node 𝑈 by the
𝑡-dimension and hence𝑊 = 𝑈. This gives






𝑤


𝑖
− 𝑦
𝑖






≤





𝑤
𝑖
− 𝑦
𝑖





=





𝑢
𝑖
− 𝑦
𝑖





≤





𝑥
𝑖
− 𝑦
𝑖





− 1, (1)

a contradiction.Therefore we have |𝑤


𝑖
−𝑦
𝑖
| ≤ |𝑥
𝑖
−𝑦
𝑖
|−1 and

the claim holds.
Consequently, if 𝑚 leaves a cracky block 𝐶, it will never

be sent back to 𝐶.
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Table 2: The routing table for border nodes of cracky blocks.

V’s border position is west V’s border position is east
V
𝑝

= 𝑊(V) (V
𝑠

← 𝐸(V) and succ1(V) ← 𝑁(V)) if (a) V
𝑠

← succ1(V)
V
𝑠

← 𝑁(V) if (b)
V
𝑝

= 𝑆(V) (V
𝑠

← 𝐸(V) and succ1(V) ← 𝑁(V)) if (a) (V
𝑠

← 𝑊(V) and succ1(V) ← 𝑁(V)) if (a)
V
𝑠

← 𝑁(V) if (b) V
𝑠

← 𝑁(V) if (b)
V
𝑝

= 𝐸(V) V
𝑠

← succ1(V) (V
𝑠

← 𝑊(V) and succ1(V) ← 𝑆(V)) if (a)
V
𝑠

← 𝑆(V) if (b)
V
𝑝

= 𝑁(V) (V
𝑠

← 𝐸(V) and succ1(V) ← 𝑆(V)) if (a) (V
𝑠

← 𝑊(V) and succ1(V) ← 𝑆(V)) if (a)
V
𝑠

← 𝑆(V) if (b) V
𝑠

← 𝑆(V) if (b)
V’s border position is south V’s border position is north

V
𝑝

= 𝑊(V) (V
𝑠

← 𝑁(V) and succ1(V) ← 𝐸(V)) if (a) (V
𝑠

← 𝑆(V) and succ1(V) ← 𝐸(V)) if (a)
V
𝑠

← 𝐸(V) if (b) V
𝑠

← 𝐸(V) if (b)
V
𝑝

= 𝑆(V) (V
𝑠

← 𝑁(V) and succ1(V) ← 𝑊(V)) if (a) V
𝑠

← succ1(V)
V
𝑠

← 𝑊(V) if (b)
V
𝑝

= 𝐸(V) (V
𝑠

← 𝑁(V) and succ1(V) ← 𝑊(V)) if (a) (V
𝑠

← 𝑆(V) and succ1(V) ← 𝑊(V)) if (a)
V
𝑠

← 𝑊(V) if (b) V
𝑠

← 𝑊(V) if (b)
V
𝑝

= 𝑁(V) V
𝑠

← succ1(V) (V
𝑠

← 𝑆(V) and succ1(V) ← 𝐸(V)) if (a)
V
𝑠

← 𝐸(V) if (b)
V’s border position is NE

corner
V’s border position is SE

corner
V’s border position is SW

corner
V’s border position is NW

corner
V
𝑝

= 𝑊(V) V
𝑠

← V
𝑖
if (c) V

𝑠
← V
𝑖
if (c) (d) (d)

V
𝑠

← 𝑆(V) V
𝑠

← 𝑁(V)
V
𝑝

= 𝑆(V) V
𝑠

← V
𝑖
if (c) (d) (d) V

𝑠
← V
𝑖
if (c)

V
𝑠

← 𝑊(V) V
𝑠

← 𝐸(V)
V
𝑝

= 𝐸(V) (d) (d) V
𝑠

← V
𝑖
if (c) V

𝑠
← V
𝑖
if (c)

V
𝑠

← 𝑁(V) V
𝑠

← 𝑆(V)
V
𝑝

= 𝑁(V) (d) V
𝑠

← V
𝑖
if (c) V

𝑠
← V
𝑖
if (c) (d)

V
𝑠

← 𝑊(V) V
𝑠

← 𝐸(V)
(a): is not final.
(b): is final.
(c): let the destination node of the message be 𝑌, if ∃V𝑖 ∈ Γ(V) and V𝑖’s status is good, s.t. 𝑑(V𝑖, 𝑌) = 𝑑(V, 𝑌) − 1.
(d): using the basic routing function.

5. Concluding Remarks

In this paper, we propose a cracky rectangular fault
block model for faulty-tolerant adaptive routing in two-
dimensional mesh interconnection networks. This model
improves the widely used rectangular model by taking into
consideration the faulty links instead of faulty nodes in the
process of constructing cracky blocks. It has been shown
that we construct the spanning forest, which rooted with the
border node, for all connected node in the cracky blocks.
Thus the message can traverse all the nodes inside of the
block by a kind of Depth-First-Search. As a result in the
cracky block model, all faulty nodes that would have been
useless now can be used for routing. Meanwhile the cracky
block manages the size and scale in a self-adaptive mode;
that is, the number or size of cracky block will gradually
grow huge because of the increasing of faulty nodes/links,
and contrarily, they will decrease for the fixed nodes/links.
Based on the cracky block model, an algorithm is proposed
to route message in the two-dimensional mesh without
livelock. The novel strategy for fault-tolerant routing is faulty
boundary independency, and it can apply the faulty occurring
on the mesh boundary. The novel strategy for fault-tolerant

routing improves the robustness and performance of two-
dimensional mesh interconnection networks.

In the future, we will extend this strategy to multidi-
mensional mesh networks, we have already testified that the
construction method is suitable for multidimensional mesh
networks, and then we will attempt to extend the routing
algorithm to find a circuit on the multidimensional cracky
blocks. In addition, we will add routing table to the cracky
blocks to minimize the totally routing hops. These will come
up in our next paper.
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Visual quality measure is one of the fundamental and important issues to numerous applications of image and video processing. In
this paper, based on the assumption that human visual system is sensitive to image structures (edges) and image local luminance
(light stimulation), we propose a new perceptual image quality assessment (PIQA) measure based on total variation (TV) model
(TVPIQA) in spatial domain.The proposed measure compares TVs between a distorted image and its reference image to represent
the loss of image structural information. Because of the good performance of TVmodel in describing edges, the proposed TVPIQA
measure can illustrate image structure information very well. In addition, the energy of enclosed regions in a difference image
between the reference image and its distorted image is used to measure the missing luminance information which is sensitive
to human visual system. Finally, we validate the performance of TVPIQA measure with Cornell-A57, IVC, TID2008, and CSIQ
databases and show that TVPIQA measure outperforms recent state-of-the-art image quality assessment measures.

1. Introduction

Visual quality evaluation has numerous uses in practice and
also plays a central role in shaping many visual processing
algorithms and systems, as well as their implementation,
optimization, and testing. As human being is end receiver of
images, one straightforward way for evaluating image quality
is subjective testing. The mean opinion score (MOS), sub-
jective quality measurement, has been used for many years.
However, it is very expensive and time consuming, which
makes it impractical for image processing applications.These
drawbacks lead to the development of perceptual image
quality assessment (PIQA) metrics that can automatically
evaluate the image perceptual quality.

An objective measurement of perceptual quality plays a
very important role in many image processing tasks, such
as image compression and enhancement. It can be used
to dynamically monitor and adjust image quality, optimize
algorithms, and benchmark image processing systems [1]. In

recent years, a great deal of effort has been made to develop
objective image quality metrics that correlate with human
visual behaviors in evaluating image quality [1–4].

Depending upon the availability of a “perfect quality” ref-
erence image, the image quality assessment (IQA)metrics are
classified into full-reference (FR), reduced-reference (RR),
and no-reference (NR) [4]. FR metrics are those that need
access to an original reference image to produce a quality
score that predicts the subjective judgment of a distorted
image. NR metrics only require distorted images to predict
quality scores. RR metrics are between FR metrics and NR
metrics, which require only partial information about the
reference image [3]. In this paper, we focus on FR image
quality assessment.

Generally, FRmetricsmeasure the distance between a dis-
torted image and its original image in a perceptually mean-
ingful way. FR metrics can also be designed in two ways.
One is modeling HVS, which has been regarded as the
most appropriate way to measure and predict the perceptual
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image quality. The underlying assumption is that HVS is
sensitive to the differences of visual signals in some respects,
such as brightness, contrast, and frequency content. Under
this assumption, the strength of the difference between
a distorted and its reference image reflects the different
perceived sensitivities of HVS. The other way explores signal
fidelity criteria that is not based on assumptions about HVS
model but is motivated instead by the need to capture the
loss of signal structure that HVS hypothetically extracts for
cognitive understanding [5].

In this paper, we propose a new framework for PIQA
based on TVmodel in spatial domain. In the proposed PIQA
metric, two human visual sensitivity factors, image structures
and luminance changes in enclosed regions, are considered.
As far as natural image signal is concerned, an evaluation
metric needs to consider the characteristics of the image
itself, such as image structure and content, to reflect the
image visual complexity. On the other hand, from HVS
perspective, another important factor to be considered is
luminance change of smooth and enclosed regions, as HVS
is very sensitive to luminance change. Based on these ideas,
we propose a TVPIQA metric in spatial domain, in which
we use TV to describe the image structure and the energy
of enclosed regions in the difference image to measure
luminance changes. Then, TVPIQA is represented by the
weighted sum of these two factors.

To successfully assess the image quality, there are two
major contributions of the proposed metric. First, we intro-
duce TV model to assess image’s structure. The TV compar-
ison between a distorted image and its reference image is
applied tomeasure the distance of an image structural charac-
teristic. Because of the good performance of TV in describing
the edges, the proposed TVPIQA metric can describe the
image structure information very well. Second, the lumi-
nance changes in enclosed regions are also considered in
TVPIQA. The energy of enclosed regions in a difference
image is used to measure the missing luminance information
that is sensitive to human visual system. In addition, in
order to make TVPIQA metric closer to perceptual feelings,
isolated pixels’ energy in difference image is removed based
on the idea of just noticeable distortion (JND), and a
fast approximation method of calculating difference image’s
energy is also proposed.

We demonstrate our TVPIQA metric by presenting
performance results with extensive subjective databases
(Cornell-A57 [6, 7], IVC [8, 9], TID2008 [10, 11], and CSIQ
[12, 13]) and comparisons to seven often-used image metrics
(PSNR, SSIM [1], IW-PSNR [4], IW-SSIM [4], MS-SSIM [14],
VSNR [7], and VIF [5]). Experimental results demonstrate
that the performance of TVPIQA metric outperforms other
state-of-the-art metrics. It is worth noting that the proposed
metric is easy to compute in spatial domain and does not need
any other additional information.

The rest of paper is organized as follows. Section 2
presents some related work. The PIQA metric based on TV
model is given in Section 3, and the implementation details
of TVPIQA metric are also provided in this section. The
characteristics of TVPIQA metric are analyzed in Section 4

and its performance is evaluated and discussed in Section 5.
We conclude the paper in Section 6.

2. Related Work

According to different methodologies being considered,
PIQA metrics can be divided into two categories: HVS
features based modeling and signal driven approach [15]. For
HVS features based modeling, PIQA metrics are developed
based upon systematical modeling of relevant psychophysical
properties and physiological knowledge, including tempo-
ral/spatial/color decomposition, contrast sensitivity function
(CSF), luminance adaptation, and various masking effects
[15]. A number of HVS based methods have been proposed
in the literature [16–19]. Some have also considered JND
model [20, 21]. HVS based methods extrapolate the vision
models that have been proposed in the visual psychology
literature to PIQA. However, HVS features based methods
involve expensive computation and difficulties due to the gap
between the knowledge for vision research and the need for
engineering modeling [15].

Recently, a lot of research efforts have been concentrated
on signal driven PIQA metrics, which are designed from the
viewpoint of signal extraction and analysis, such as statistical
features, structural distortion, and so forth [1, 4, 22, 23]. Signal
driven methods do not attempt to build a comprehensive
HVS model regarding quality evaluation. These metrics look
at how to represent image features to estimate overall quality,
and they often consider psychophysical effects as well, usually
based on image content and distortion analysis. However,
although some signal fidelity metrics reflect picture quality
change, they fail to predict HVS perception because of some
problems [15]. For example, not every image change is notice-
able and leads to distortion.Therefore, signal drivenmethods
need HVS features to help tackle these problems, so that they
can better approximate perceptual quality evaluation.

Variational methods have been extremely successful in
wide various fields in image processing and computer vision
during last decades [24, 25]. TV model is first introduced by
Rudin, Osher, and Fatemi (ROF) in their pioneering work
on edge preserving [26]. For an image 𝑢, its TV can be
formulated by

TV (𝑢) = ∫

Ω

|∇𝑢| , (1)

whereΩ denotes the image domain and∇means the gradient
operator.

Many research results have shown that the proper norm
for an image is the total variation norm, which is essentially
𝐿
1
norm of derivative and is more appropriate for image

estimation and description in discontinuities [24, 25]. The
advantages of TV norm led us to consider using it to measure
image structure change, which is the distance between a dis-
torted image and its original image. The proposed TVPIQA
metric will focus on two human visual sensitivity factors,
that is, image structures and luminance changes in enclosed
regions. A significant difference betweenTVPIQAmetric and
other PIQA metrics is that TV model is introduced to assess
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Figure 1: Comparison of “Lena” images with different types of distortions. (a) Original image (512 × 512, 8 bits/pixel). (b) Blurring. (c) Gaus-
sian noise contamination. (d) Impulsive noise contamination.

image structures in spatial domain. Moreover, luminance
changes in enclosed regions are also considered.

3. PIQA Metric Based on TV Model

Many signal driven PIQA metrics have been investigated
based on the assumption that the loss of perceptual quality
is related to the visibility of error signals. Generally, the mean
squared error (MSE) or the peak signal-to-noise ratio (PSNR)
has been a popular and usualmetric to evaluate image quality.
But MSE measure exhibits weak performance in assessing
perceptual image quality [1]. FromFigure 1 where the original
“Lena” image is degraded with different distortions, we can
see that MSE cannot reflect an image PIQ. The motivation of

the paper is to design an appropriate measure for some HVS
characteristics, especially image structures and luminance,
and develop a novel PIQA metric.

3.1. Framework of Proposed TVPIQA Metric. When a natu-
ral image is observed through HVS, the subjective quality
measure is affected by many factors. Because human eyes are
sensitive to changes of image edges, especially the edge loca-
tion information, and changes of luminance contrast [27],
there are two main factors worthy of attention. One is image
edge (structure) information, and the other is luminance
information.Therefore, we propose a new TVPIQAmetric to
measure these two factors and provide a good approximation
to perceived image distortion.



4 Journal of Applied Mathematics

Total variation
comparison

Luminance
computation

Distorted
image

Pooling TVPIQA
metric

Reference

Reference

Difference

u

r

u0

𝜇1

𝜇2

Figure 2: Framework of the proposed TVPIQA metric.

Figure 2 shows the framework of the proposed TVPIQA
metric, which is separated into two parts: structure part
and local region luminance part. In the structure part, the
normalized TV comparison between the distorted image and
the reference image, denoted by 𝜇

1
, is applied to represent the

image structure changes. On the other hand, the energy of the
enclosed regions in a difference image is used to measure the
luminance changes, which is also normalized and denoted by
𝜇
2
. Then, the proposed TVPIQA metric is the mean of these

two parts as follows:

TVPIQA =

𝜇
1
+ 𝜇
2

2

. (2)

3.2. TV Based Structure Measure 𝜇
1
. Let 𝑢 and 𝑢

0
represent

the degraded image and its reference image, respectively.
Because TVnorm is very appropriate for image description in
discontinuities, the structure’s change is measured by the TV
difference between a reference image and its degraded image

TVstruct =




TV (𝑢) − TV (𝑢

0
)



1
, (3)

where ‖ ⋅ ‖
1
represents 𝐿

1
norm and TV(𝑢) denotes the total

variation of the image 𝑢, expressed in discrete form

TV (𝑢) = ∑

(𝑖,𝑗)∈Ω

(√(𝑢
𝑖,𝑗
− 𝑢
𝑖+1,𝑗

)

2

+ (𝑢
𝑖,𝑗
− 𝑢
𝑖,𝑗+1

)

2

) , (4)

where 𝑢
𝑖,𝑗
represents the intensity value at pixel (𝑖, 𝑗).

Although the above measurement can work to assess
the structure change, it is not a normalized measure
and cannot be used as an evaluation to describe subjec-
tive feelings about image’s quality. Therefore, according to

‖TV(𝑢) − TV(𝑢
0
)‖
2

1
≥ 0, the normalized perceptual distance

for image structure is derived and defined by

𝜇
1
=

1

𝑁

∑((2√(𝑢
𝑖,𝑗
− 𝑢
𝑖+1,𝑗

)

2

+ (𝑢
𝑖,𝑗
− 𝑢
𝑖,𝑗+1

)

2

× √(𝑢
0𝑖,𝑗

− 𝑢
0𝑖+1,𝑗

)

2

+ (𝑢
0𝑖,𝑗

− 𝑢
0𝑖,𝑗+1

)

2

+ 𝑐)

× ((𝑢
𝑖,𝑗
− 𝑢
𝑖+1,𝑗

)

2

+ (𝑢
𝑖,𝑗
− 𝑢
𝑖,𝑗+1

)

2

+(𝑢
0𝑖,𝑗

− 𝑢
0𝑖+1,𝑗

)

2

+ (𝑢
0𝑖,𝑗

− 𝑢
0𝑖,𝑗+1

)

2

+ 𝑐)

−1

) ,

(5)

where 𝑁 is the image size and 𝑐 is a constant and set to 75
according to our experiments. It is obvious that 𝜇

1
∈ (0, 1].

3.3. Local Region Luminance Measure 𝜇
2
. A difference image

represents the information loss in a distorted image and is
defined by the difference between a reference image and its
distorted image; that is, 𝑟 = 𝑢

0
− 𝑢. Because HVS is also

sensitive to luminance changes when observing an image,
the energy of a difference image is used to measure the
missing luminance information. Furthermore, based on the
idea of JND modeling, that is, not every change in an image
is noticeable [15], the isolated pixels’ energy in a difference
image is filtered out.The energymeasure of a difference image
𝐸
𝑟
, which measures the luminance loss of a distorted image,

is defined by

𝐸
𝑟
=

1

𝑁

∑

(𝑖,𝑗)∈Ω


𝑟
2

𝑖,𝑗
, (6)

where Ω
 represents the enclosed regions in a difference

image and 𝑟
𝑖,𝑗
is the intensity value at pixel (𝑖, 𝑗) in difference

image. To compute the energy measure 𝐸
𝑟
efficiently and
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Figure 3: Comparison of 𝐸
𝑟
and 𝐸

𝑟
for TID2008. (a) 𝐸

𝑟
-𝐸
𝑟
curve. The correlation coefficient value between 𝐸

𝑟
and 𝐸

𝑟
is 0.9988. (b) 𝐸

𝑟
and

𝐸


𝑟
curves for different distorted images.

avoid the judgment of the enclosed regions, we proposed an
approximation of the difference image’s energy 𝐸

𝑟
defined as

𝐸


𝑟
=

1

𝑁

∑

(𝑖,𝑗)∈Ω

(𝑟
𝑖,𝑗
𝑟
𝑖+1,𝑗

+ 𝑟
𝑖,𝑗
𝑟
𝑖,𝑗+1

) , (7)

whereΩ represents the whole regions in a difference image.
To test the relationship between 𝐸

𝑟
and 𝐸



𝑟
, we applied

these two functions toTID2008 image database [10, 11], which
includes 1700 distorted images generated from 25 reference
images with 17 distortion types at four distortion levels.
Figure 3(a) shows the relationship between 𝐸



𝑟
and 𝐸

𝑟
. The

value of correlation coefficient is 0.9988, indicating that 𝐸
𝑟

is highly related to 𝐸
𝑟
. In Figure 3(b), the horizontal axis

indicates the image number and the vertical axis indicates
the energy value. Figure 3(b) shows the change curves of
𝐸


𝑟
and 𝐸

𝑟
plotted by all distorted images in TID2008. From

Figure 3(b), we can see that 𝐸
𝑟
and 𝐸

𝑟
almost have the same

change trend. Therefore, we can use 𝐸
𝑟
, instead of 𝐸

𝑟
, to

measure the energy of a difference image.
Considering that human perception is more sensitive to

luminance contrast rather than to absolute luminance, we
adjust 𝐸

𝑟
according to the mean intensity of a difference

image

𝐸


𝑟
=

1

𝑁

∑

(𝑖,𝑗)∈Ω

((𝑟
𝑖,𝑗
− 𝑟) (𝑟

𝑖+1,𝑗
− 𝑟) + (𝑟

𝑖,𝑗
− 𝑟) (𝑟

𝑖,𝑗+1
− 𝑟)) ,

(8)

where 𝑟 represents the mean intensity of a difference image;
that is, 𝑟 = (1/𝑁)∑

(𝑖,𝑗)∈Ω
𝑟
𝑖,𝑗
.

In order to obtain the normalized measure for luminance
change, we need to find the maximum difference image’s
energy according to the reference image. In the case of

consistency of the overall image energy, we assume that the
distorted image, in which intensity values in all pixels are
the same and equal to the mean intensity of the reference
image, corresponds to the maximum luminance change.
Based on this assumption, the maximum difference image
is denoted by 𝑟max = 𝑢

0
− 𝑢
0
. It describes the maximum

loss of luminance information in an original reference image.
Then, the normalized perceptual distance measure for image
luminance change is defined by

𝜇
2
= 1 − √

𝐸


𝑟

𝐸


𝑟max

, (9)

where 𝐸
𝑟max

, computed by (8), represents the energy measure
of themaximumdifference image 𝑟max. Obviously,𝜇2 ∈ (0, 1].
The higher the value of 𝜇

2
is, the less luminance information

lose.

4. Analysis of the Proposed TVPIQA Measure

This section analyzes some properties of the proposed
TVPIQA measure, such as symmetry, boundedness, and
unique maximum. Meanwhile, the difference of TVPIQA
measure is also discussed in evaluating different types (con-
trast change, noise contamination, and blurring) of distorted
images in this section.

4.1. Properties of TVPIQA Measure

(1) Symmetry. Because the structure measure function 𝜇
1
(𝑥,

𝑦) is derived by ‖TV(𝑢) − TV(𝑢
0
)‖
2

1
≥ 0, 𝜇

1
(𝑥, 𝑦) = 𝜇

1
(𝑦, 𝑥)

is obvious. On the other hand, the energy function satisfies
the symmetry; that is, 𝐸

𝑟
(𝑥, 𝑦) = 𝐸



𝑟
(𝑦, 𝑥), and the energy
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TVPIQA = 0.8843
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(b)

Distortion level 2

TVPIQA = 0.7666

SSIM = 0.0079
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𝜇2 = 0.5333

(c)

Distortion level 3

TVPIQA = 0.5309

SSIM = 0.0021

𝜇1 = 0.9991

𝜇2 = 0.0627

(d)

Figure 4: Contrast change distortion analysis in frequency domain.Thefirst row images are the reference image and contrast change distorted
images. The second row images are Fourier spectrums of the first row images. (a) Reference image. Background is black with a white square.
The gray values of the background and the square are 0 and 255, respectively. (b) Contrast change distortion level 1. Background is 30, and
square is 226. (c) Contrast change distortion level 2. Background is 60, and square is 196. (d) Contrast change distortion level 3. Background
is 120, and square is 136.

measure function 𝜇
2
(𝑥, 𝑦) = 1−√𝐸



𝑟
(𝑥, 𝑦)/𝐸



𝑟max
also satisfies

the symmetry. Therefore, the proposed TVPIQA measure,
TVPIQA(𝑥, 𝑦) = (𝜇

1
(𝑥, 𝑦) + 𝜇

2
(𝑥, 𝑦))/2, is symmetric.

(2) Boundedness and Unique Maximum. According to the
definition of 𝜇

1
(𝑥, 𝑦) and 𝜇

2
(𝑥, 𝑦) in Section 3, measure

𝜇
1
(𝑥, 𝑦) ∈ (0, 1] and measure 𝜇

2
(𝑥, 𝑦) ∈ (0, 1]. So, TVPIQA

metric is bounded; that is, TVPIQA(𝑥, 𝑦) ∈ (0, 1]. Only
when a distorted image is the same as its reference image,
the structure measure 𝜇

1
(𝑥, 𝑦) = 1 and energy measure

𝜇
2
(𝑥, 𝑦) = 1; that is, if and only if 𝑥 = 𝑦, TVPIQA(𝑥, 𝑦) = 1.

4.2. TVPIQA Measure for Different Types of Distortions. Due
to the limited considered factors in designing PIQA metric
and limited understanding of HVS, it is impossible for any
PIQA metric to measure all kinds of distortions in the same
measurement scale. To some distortions, a PIQA metric may
be gentle, while being critical to other distortions. In our
extensive experiments, the proposed TVPIQAmetric is more
critical in evaluating contrast distortions, compared with
evaluating other distortions. This performance of TVPIQA
exactly reflects HVS contrast sensitivity characteristic.

Figure 4 shows different levels of contrast distortions
for an artificial image. In Figure 4, 𝜇

1
measures structure

changes in the distorted images, and 𝜇
2
measures luminance

changes. TVPIQA and SSIM measure the distances from

distorted images to the reference image. From Figure 4, we
can see that structure measure in the distorted images, 𝜇

1
,

changes extremely slowly. However, the energy measure in
the distorted images, 𝜇

2
, declines rapidly. The Fourier spec-

trums of the distorted images also show the same changes.
Figure 5 shows another example, and the test image is “1600”
images in CSIQ database.The same situation can be observed
from Figures 5(b), 5(c), and 5(d) that 𝜇

1
changes slowly and

𝜇
2
drops dramatically. For the same distortion level with

different distortion types, shown in Figures 5(d), 5(e), and
5(f), the contrast distortion has the largest drop between
luminance measure and structure measure.

According to Figures 4 and 5, TVPIQA measure shows
different measure scales for contrast distortions and other
distortions, such as noise contamination and blurring. How-
ever, this does not mean that the performance of TVPIQA
measure is not good, because, for HVS perception, not
every change yields the same extent of perceptual effect with
the same magnitude of change [15]. Therefore, to evaluate
TVPIQA measure performance, the contrast distortion will
be discussed separately in the next section.

5. Experimental Results

In this section, we validate the performance of the proposed
TVPIQA measure and compare it with other seven IQA
measures, that is, PSNR, SSIM [1], IW-PSNR [4], IW-SSIM
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𝜇2 = 0.7498

Contrast level 2

TVPIQA = 0.8621

SSIM = 0.9439

(c)

𝜇1 = 0.8984

𝜇2 = 0.5233

Contrast level 3

TVPIQA = 0.7109

SSIM = 0.8260

(d)

𝜇1 = 0.9365

𝜇2 = 0.9057
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TVPIQA = 0.9211

SSIM = 0.9334

(e)

𝜇1 = 0.9164

𝜇2 = 0.9666
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TVPIQA = 0.9415

SSIM = 0.9458
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Figure 5: TVPIQA measure comparison for different type distortions. The test image is the “1600” images in CSIQ database. (a) Reference
image. (b) Contrast change distortion level 1. (c) Contrast change distortion level 2. (d) Contrast change distortion level 3. (e) Additive
Gaussian pink noise contamination level 3. (f) Blurring level 3.

[4], MS-SSIM [14], VSNR [7], and VIF [5]. PSNR is widely
used in the image processing field and is also a useful baseline
comparison. SSIM, MS-SSIM, visual signal-to-noise ratio
(VSNR), and VIF are state-of-the-art measures that have
demonstrated competitive performance. The information
content weighted PSNR (IW-PSNR) and information content
weighted SSIM (IW-SSIM) measures have been confirmed
having the best overall performance compared with the
previousmeasures. So, IW-PSNR and IW-SSIM are also good
benchmarks to evaluate the new TVPIQA measure.

The proposed TVPIQA measure and other seven mea-
sures are evaluated on four publicly available subjective image
databases that are widely recognized in the IQA research
community, that is, Cornell-A57 [6, 7], IVC [8, 9], TID2008
[10, 11], and CSIQ [12, 13]. Two different types of subjective

quality scores have been used: MOS and differential MOS
(DMOS) in these image databases.

The Cornell-A57 database [6, 7] was created at Cornell
University. It contains 54 distorted images with six types of
distortions including quantization distortion, noise contami-
nation, and blurring.The IVCdatabase [8, 9] includes 185 dis-
torted images generated from ten original images. There are
four types of distortions that are (a) JPEG compression, (b)
JPEG2000 compression, (c) local adaptive resolution (LAR)
coding, and (d) blurring. The Tampere Image Database 2008
(TID2008), introduced in the previous section, is intended
to evaluate full-reference image visual quality assessment
metrics. It has 17 types of distortions, such as noise distortion,
blur distortion, and contrast change. The categorical image
quality (CSIQ) database [12, 13] was developed at Oklahoma



8 Journal of Applied Mathematics

State University. It consists of 30 original images and 866
distorted images using six different types of distortions at
four to five different levels of distortion. The distortion
types include JPEG compression, JPEG2000 compression,
global contrast decrements, additive pinkGaussian noise, and
Gaussian blurring.

The performance of any objective visual quality assess-
ment metric is evaluated by measuring its correlation with
human perception. In order to do so, the objective quality
scores of IQA metrics are correlated with subjective scores
using a variety of statistical measures such as the correla-
tion coefficient (CC), Spearman’s rank correlation coefficient
(SRCC), and Kendall’s rank correlation coefficient (KRCC).
To compare performance of different IQA measures, three
evaluation metrics, that is, CC, SRCC, and KRCC, are used
in experiments as shown in the following.

Correlation coefficients evaluate the prediction accuracy
and measure linear dependence between the subjective and
the objective scores. CC is defined as

CC =

∑
𝑁

𝑖=1
(𝑠
𝑖
− 𝑠) ⋅ (𝑜

𝑖
− 𝑜)

√∑
𝑁

𝑖=1
(𝑠
𝑖
− 𝑠)
2
√∑
𝑁

𝑖=1
(𝑜
𝑖
− 𝑜)
2

, (10)

where 𝑠 is the mean value of subjective scores 𝑠
𝑖
, 𝑖 = 1, . . . , 𝑁

and 𝑜 is the mean value of objective scores 𝑜
𝑖
.

Spearman’s rank correlation coefficients measure the
prediction of monotonicity [28]. SRCC is given by

SRCC = 1 −

6∑
𝑁

𝑖=1
𝑑
2

𝑖

𝑁(𝑁
2
− 1)

,

𝑑
𝑖
= 𝑅
𝑠𝑖
− 𝑅
𝑜𝑖
,

(11)

where 𝑅
𝑠𝑖
and 𝑅

𝑜𝑖
are the 𝑖th image’s ranks in subjective and

objective evaluations, respectively. SRCC is a nonparametric
rank-based correlation metric, independent of any mono-
tonic nonlinear mapping between subjective and objective
scores [4].

Kendall’s rank correlation coefficient (KRCC) is another
nonparametric rank correlation metric computed by

KRCC =

𝑁
𝑐
− 𝑁
𝑑

𝑁(𝑁 − 1) /2

, (12)

where𝑁
𝑐
and𝑁

𝑑
are the numbers of concordant and discor-

dant pairs in the data set, respectively.
According to the above definitions, larger CC, SRCC,

and KRCC values, close to 1, indicate that the objective and
subjective scores correlate better, that is to say, a better perfor-
mance of IQA metric. In our performance comparisons, CC,
SRCC, and KRCC of seven metrics are either computed or
referenced from some research works [29–31]. Among these
metrics, PSNR, IW-PSNR, SSIM, MS-SSIM, and IW-SSIM
are referred to Zhou Wang’s research [29], while VSNR and
VIF are referred to Lin Zhang’s research [30, 31].

Table 1 shows our test results of eight IQA metrics
using four databases. As analyzed in Section 4, the contrast
distorted images in TID2008 and CSIQ databases are dis-
cussed separately. For each evaluation metric in each test, we

Table 1: Performance comparisons of eight IQA metrics on four
publicly available image databases.

Metric CC SRCC KRCC
Cornell-A57 database (54 images) [6, 7]

PSNR 0.6346 0.6189 0.4309
SSIM [1] 0.7531 0.8066 0.6058
TVPIQA 0.8797 0.8328 0.6510
IW-PSNR [4] 0.8752 0.8759 0.6967
IW-SSIM [4] 0.8918 0.8709 0.6842
MS-SSIM [14] 0.8396 0.8414 0.6478
VSNR [7] 0.9147 0.9355 0.8031
VIF [5] 0.6141 0.6223 0.4589

IVC database (185 images) [8, 9]
PSNR 0.6705 0.6884 0.5218
SSIM [1] 0.8092 0.9018 0.7223
TVPIQA 0.8551 0.9043 0.7242
IW-PSNR [4] 0.8900 0.8998 0.7165
IW-SSIM [4] 0.7943 0.9125 0.7339
MS-SSIM [14] 0.7854 0.8980 0.7203
VSNR [7] 0.7824 0.7993 0.6053
VIF [5] 0.8800 0.8964 0.7158

TID2008 database without contrast distortion (1600 images)
[10, 11]

PSNR 0.5599 0.5974 0.4394
SSIM [1] 0.7519 0.7912 0.5912
TVPIQA 0.8592 0.8772 0.6869
IW-PSNR [4] 0.6353 0.7855 0.6074
IW-SSIM [4] 0.8217 0.8748 0.6868
MS-SSIM [14] 0.8031 0.8742 0.6798
VSNR [7] 0.3238 0.7992 0.6096
VIF [5] 0.7622 0.7383 0.5777

TID2008 database with only contrast distortion (100 images)
[10, 11]

PSNR 0.5770 0.5830 0.4178
SSIM [1] 0.5061 0.5204 0.3891
TVPIQA 0.6210 0.6054 0.4421
IW-PSNR [4] 0.5691 0.5627 0.4000
IW-SSIM [4] 0.7605 0.6251 0.4675
MS-SSIM [14] 0.7556 0.6379 0.4793
VSNR [7] 0.4048 0.4090 0.2686
VIF [5] 0.8706 0.8094 0.5678
CSIQ database without contrast distortion (750 images) [12, 13]

PSNR 0.8544 0.9061 0.7237
SSIM [1] 0.8475 0.9247 0.7534
TVPIQA 0.9040 0.9583 0.8170
IW-PSNR [4] 0.9267 0.9523 0.8069
IW-SSIM [4] 0.8292 0.9544 0.8096
MS-SSIM [14] 0.8481 0.9506 0.7984
VSNR [7] 0.8471 0.9266 0.7575
VIF [5] 0.9137 0.9181 0.7561



Journal of Applied Mathematics 9

Table 1: Continued.

Metric CC SRCC KRCC
CSIQ database with only contrast distortion (116 images) [12, 13]
PSNR 0.8887 0.8621 0.6449
SSIM [1] 0.7666 0.7922 0.5779
TVPIQA 0.9491 0.9543 0.8162
IW-PSNR [4] 0.9125 0.9230 0.7508
IW-SSIM [4] 0.9098 0.9539 0.8168
MS-SSIM [14] 0.9003 0.9526 0.8123
VSNR [7] 0.8680 0.8795 0.7022
VIF [5] 0.9336 0.9404 0.7901

Table 2: Average performance over four databases.

Metric CC SRCC KRCC
Database size-weighted average without contrast distortion

PSNR 0.6547 0.6938 0.5275
SSIM [1] 0.7837 0.8381 0.6479
TVPIQA 0.8723 0.9017 0.7265
IW-PSNR [4] 0.7429 0.8439 0.6748
IW-SSIM [4] 0.8234 0.9005 0.7257
MS-SSIM [14] 0.8156 0.8973 0.7164
VSNR [7] 0.5205 0.8389 0.6562
VIF [5] 0.8114 0.7993 0.6368

Database size-weighted average with all distorted images
PSNR 0.6616 0.6968 0.5284
SSIM [1] 0.7731 0.8249 0.6358
TVPIQA 0.8666 0.8933 0.7201
IW-PSNR [4] 0.7437 0.8371 0.6682
IW-SSIM [4] 0.8247 0.8929 0.7203
MS-SSIM [14] 0.8170 0.8904 0.7119
VSNR [7] 0.5307 0.8253 0.6442
VIF [5] 0.8186 0.8055 0.6406

highlight our proposed TVPIQAmetric and the best of other
seven metrics with boldface.

From the experimental results in Table 1, we have two
major observations. TVPIQAmetric has similar performance
to IW-SSIM on Cornell-A57 and IVC databases. Without
considering the contrast distortion, the proposed TVPIQA
metric has the best performance on TID2008 and CSIQ
databases. On the other hand, TVPIQA metric has the high-
est SRCC value in evaluating the contrast distortion in
CSIQ database. However, many metrics do not work well
on the contrast distortion in TID2008 database. The main
reason is that contrast enhancement images in TID2008
have high subjective scores for HVS perception, while they
are measured as the distortion by some objective evaluation
metrics.

To evaluate the overall performance of IQA metrics
under comparison, Table 2 presents the average CC, SRCC,
and KRCC results over four databases, where the average

values are computed in two cases. In the first case, without
considering the contrast distortion, the correlation scores are
computed by the size weighted average method. Different
weights are given to different databases, depending upon
their sizes (measured as the numbers of images, i.e., 54 for
Cornell-A57, 185 for IVC, 1600 for TID2008, and 750 for CSIQ
databases), while in the second case, the contrast distortions
inTID2008 andCSIQ are also considered, and the correlation
scores are still averaged according to the numbers of images,
100 for TID2008 contrast distortion and 116 for CSIQ contrast
distortion.

From Table 2, it can be observed that our proposed
TVPIQA metric has better overall performance than other
IQA metrics. Although IW-SSIM and TVPIQA nearly have
the same performance from test results, it is worth men-
tioning that, from the view point of computation complexity,
TVPIQA metric achieves this excellent performance only by
computing the image structure and energy information in
spatial domain, which does not need any preprocessing, such
as image transformoperation, extra image analysis operation,
and so forth. However, IW-SSIM needs more computation
time to information content weights.

6. Conclusions

In this paper, we propose a new framework for TV based per-
ceptual image quality assessment measure in spatial domain.
TheproposedTVPIQAmeasure focuses on twohuman visual
sensitivity factors, image structures and luminance changes.
A significant difference between TVPIQAmeasure and other
IQAmeasures is that TVmodel is introduced to assess image
structures. Meanwhile, the energy of enclosed regions in a
difference image is used to measure the missing luminance
information which is also sensitive to human visual system.
Extensive experimental results with four publicly available
independent image databases demonstrate that the proposed
TVPIQA measure achieves the best overall performance
when compared with other seven popular IQA measures.
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Embedded devices are everywhere now and, unlike personal computers, their systems differ in implementation languages and
behaviors. Interactions of different devices require programmers to master programming paradigms in all related languages. So, a
defect may occur if differences in systems’ behaviors are ignored. In this paper, a heterogeneous system which is composed of two
subsystems is introduced and we point out a potential defect in this system caused by an interface mismatch. Then, a state based
approach is applied to verify our analysis of the system.

1. Introduction

Embedded devices are everywhere from factories to living
rooms and embedded development becomes a new trend
in current startup teams. According to the physical car-
rier of their system, traditional embedded devices can be
divided into different domains such as DSP, FPGA, ARM,
and PLC. Different carriers mean different programming
languages and styles which relate closely to the behavior
of the system on the device. For example, the VHDL
programming language is widely used in the embedded
system’s implementation on FPGA board and the common
behavior of such systems is synchronous reactive and data-
flow oriented [1]. An embedded system on ARM board
mostly adopts the C programming language which exploits
the power of interrupts and threads asynchronously [2].
There are good engineering practices to follow for developers
in such application domains. However, as the rapid evolution
of embedded devices, embedded systems confront more
and more complex usage scenarios with new problems to
be resolved [3]. One of these problems is incompatible
programming paradigms between heterogeneous developing
techniques which today’s embedded systems utilize [4]. A
typical embedded-C programmer does not knowmuch about
how to write a piece of good VHDL program although
he may learn VHDL’s grammar somehow and neither does

a VHDL programmer know much about the embedded-C
stuff. The lack of knowledge in other’s programming domain
leads to misunderstandings of assumptions and guarantees
requirements between interfaces of heterogeneous embedded
systems.A trend in handling this heterogeneous development
work flow is unifying the programming language used by
FPGA, ARM, and DSP developers [5], but it takes efforts
to learn a brand-new language even for an experienced
developer. Another approach is model based development
[6–8]. The developer builds a unified model for the whole
system and automatically generates dedicated code for each
part according to their specific programming paradigm. The
model can be analyzed and verified to guarantee its reliability
and enhance its performance before the code generation
process [9, 10].

Serious defects between interactions may be undiscov-
ered until on-board tests.The longer the defects go unnoticed,
the more time will be spent on them. There are some
testing based methods targeting this problem [11]. However,
they are not sufficient to guarantee the system’s correctness.
Analysis based methods [12, 13] can also alleviate the pain in
embedded system development.

In this paper, we investigate a case of a heterogeneous
embedded system in a real engineering practice and build a
model for the system using Colored Petri Nets (CPN) [14]
modeling language.Then, we reveal how a normal subsystem
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on ARM board and a normal subsystem on FPGA board
together lead to a defective system step by step. Then, the
model checking approach will be applied on the model to
verify our analysis.

2. Preliminaries

2.1. Petri Nets. Petri nets [15] are a simple and expressive
modeling formalism, which allows users to model complex
systems in various paradigms.

Petri nets are a tuple of ⟨𝑃, 𝑇, 𝐴⟩, where𝑃 = 𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑛

is a finite set of places, 𝑇 = 𝑡
1
, 𝑡
2
, . . . , 𝑡

𝑛
is a finite set of

transitions, and 𝐴 = 𝑎
1
, 𝑎
2
, . . . , 𝑎

𝑛
is a finite set of arcs,

while 𝑃, 𝑇, and 𝐴 are pairwise disjoint. Each place contains
a set of markers called tokens and the number of tokens in
each place can be 0, 1, or more. The distribution of tokens
in all places is called the marking of the Petri net which is
denoted by 𝜇. The marking 𝜇 can be viewed as an 𝑛-vector,
𝜇 = (𝜇

1
, 𝜇
2
, . . . , 𝜇

𝑛
), where 𝑛 = |𝑃| and each 𝜇

𝑖
indicates the

number of tokens in their corresponding place𝑝
𝑖
, 𝑖 = 1, . . . , 𝑛.

The marking of a Petri net defines the net’s state and it can
only be changed by a transition 𝑡 which moves tokens from a
set of places 𝐼(𝑡) to another set of places𝑂(𝑡), where 𝐼(𝑡) ⊂ 𝑃,
𝑂(𝑡) ⊂ 𝑃, and 𝑡 ∈ 𝑇. The transition 𝑡’s transfer of tokens is
called firing. When 𝑡 is fired, it removes a token from each
place of 𝑝

𝑡 in1 , 𝑝𝑡 in2 , . . . , 𝑝𝑡 in𝑛 in 𝐼(𝑡) and adds a token to each
place of 𝑝

𝑡 out1 , 𝑝𝑡 out2 , . . . , 𝑝𝑡 out𝑚 in𝑂(𝑡), where 𝑛 = |𝐼(𝑡)| and
𝑚 = |𝑂(𝑡)|. For a transition 𝑡, 𝐼(𝑡) is called the input set of 𝑡
and 𝑂(𝑡) is called the output set of 𝑡. A transition 𝑡 is fired
only when every place in its input set has at least one token
which can be removed in the process of firing. If a transition
𝑡’s input set fulfilled this condition under a marking 𝜇 of a
Petri net, 𝑡 is enabled and can be fired. Otherwise, 𝑡 is not
enabled and cannot be fired.The input set 𝐼(𝑡) and output set
𝑂(𝑡) of a transition 𝑡 can be empty and the two sets may have
a nonempty intersection; that is, a placemay exist in the input
set 𝐼(𝑡) and the output set 𝑂(𝑡) at the same time. If the input
set 𝐼(𝑡) is empty, transition 𝑡 can be fired under anymarkings.
If the output set𝑂(𝑡) is empty, transition 𝑡will not add tokens
to any place.

For the need of graphical representation, the mapping
from a place to a transition is defined as an arc. There is an
arc from each place in the input set 𝐼(𝑡) of a transition 𝑡 to 𝑡
and an arc from each place in the output set 𝑂(𝑡). The set of
all arcs in a net is a relation on 𝑃 × 𝑇 and 𝑇 × 𝑃, where, for
every place 𝑝

𝑖
in the input set 𝐼(𝑡) of a transition 𝑡, (𝑝

𝑖
, 𝑡) ∈ 𝐴

and, for every place 𝑝
𝑜
in the output set 𝑂(𝑡), (𝑝

𝑜
, 𝑡) ∈ 𝐴.

A Petri net can be represented in a graphical form by
a bipartite graph. In a Petri net graph, eclipses represent
places, rectangles represent transitions, and connections
between eclipses and rectangles represent arcs. An example
of graphically represented Petri net is shown in Figure 1.
Definitions of 𝑃, 𝑇, and 𝐴 of this net are as follows:

𝑃 = 𝑝
1
, 𝑝
2
, 𝑝
3
,

𝑇 = 𝑡
1
, 𝑡
2
,

𝐴 = (𝑝
1
, 𝑡
1
) , (𝑝
2
, 𝑡
1
) , (𝑡
1
, 𝑝
3
) , (𝑝
3
, 𝑡
2
) .

(1)

p1
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t1 p3 t2

Figure 1: The net in initial state.

p1

p2

t1 p3 t2

Figure 2: Transition 𝑡
1
enabled.

p1

p2

t1 p3 t2

Figure 3: Transition 𝑡
2
enabled.

p1

p2

t1 p3 t2

Figure 4: The model in deadlock.

In the initial state of the Petri net, 𝑝
1
and 𝑝

2
both contain

a token, so the initial marking of the net is 1, 1, 0 and
transition 𝑡

1
is enabled according to aforementioned rules,

while transition 𝑡
2
is not enabled due to the fact that place

𝑝
3
in its input set is empty. This state is illustrated in Figure 2

where the enabled transition, that is, 𝑡
1
, is highlighted.

If transition 𝑡
1
fires, it removes a token from place 𝑝

1
and

a token from 𝑝
2
and adds a token to place 𝑝

3
. After transition

𝑡
1
’s firing, the Petri net goes to a new marking as shown

in Figure 3, which is 0, 0, 1. Now, transition 𝑡
2
is enabled

and transition 𝑡
1
is no longer enabled. If transition 𝑡

2
fires, it

removes a token from place 𝑝
3
and does not generate a token

to any place. As shown in Figure 4, all of the Petri net’s places
are empty now and no transition in the net can fire any more.
If no transition is enabled under a given marking of a Petri
net, this net is in a deadlock state.

2.2. Coloured Petri Nets. To enhance the expressiveness of the
pure Petri nets formalism, we have depicted above that many
variants are designed including prioritized Petri nets (PPN)
[16], timed Petri nets (TTN) [17], and probabilistic Petri nets
(PPN) [18]. One of these extensions is coloured Petri nets
(CPN) [14], whose main contribution is to extend the pure
Petri nets’ type system to amore elaborate one. In a pure Petri
net, a token is simply a place holder which means that a place
has a unit of data that can be absorbed by a transition, but
the value of the token is ignored. A place is defined with a
colour which is the type of the place and all tokens residents
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Figure 5: Representation of system.

in this place should be a value of the predefined type. A
detailed explanation of its subtle execution semantics will be
illustrated in the following demonstration and analysis of a
set of CPN models.

3. Modeling of a Heterogeneous
Embedded System

3.1. An Embedded System of Vehicle Protocol. Our system is
an embedded system which implements the vehicle protocol
IEC-61375 [19]. The system consisted of a set of nodes; all
connect to a bus which transfers frame data between these
nodes, as shown in Figure 5. Each node consists of an ARM
board and an FPGA board. An FPGA board may send frame
data to the bus or receive frame data from the bus. It also
communicates with an ARM board through GPIO ports in
order to transfer messages between each other. An ARM
board only interacts with its related FPGA board. There are
three GPIO ports which are as follows.

(i) 𝑖𝑜
1,𝑘

is used by the FPGA system to send a master
frame interrupt to the ARM system in node 𝑘.

(ii) 𝑖𝑜
1,𝑘

is used by the ARM system to notify the FPGA
system of the arrival of a master message in node 𝑘.

(iii) 𝑖𝑜
1,𝑘

is used by the ARM system to send a master
message to the FPGA system in node 𝑘.

Among all nodes, there is a master node who monitors
the whole network and all other left nodes are slave nodes
under the master node’s supervision. During a typical work
flow, the master node polls slave nodes for new status data
according to a predefined order which is stored in the ROM
of the master node’s ARM board part. This process is called a
polling process and a success retrieval of a slave node’s status
by themaster node is called a round of poll. Usually, a number
is used to identify the node in order to decide the source and
destination of each frame. The master node is numbered 1
under the typical configuration of such an embedded system
and slave nodes are numbered from 2. In the system shown in
Figure 5, Node

1
is the master node and Node

2
to Node

𝑛
are

slave nodes.
To illustrate how nodes communicate with each other,

we discuss the polling process of the master node as an
example in Figure 6. In the system introduced above, the
ARM system is responsible for sending poll messages. As a

result, all slave nodes have their FPGA part participated in
the polling process and the master node has both the ARM
part and the FPGA part involving in the polling process. In
the following discussion, only three nodes are involved for
simplification among which Node

1
is the master node while

Node
2
and Node

3
are slave nodes. We let 𝐴

𝑖
(𝑖 = 1, 2, 3)

denote the ARM board of each node and 𝐹
𝑖
(𝑖 = 1, 2, 3) the

FPGA board.The bus is denoted by 𝐵𝑢𝑠 : 𝐿𝑖𝑛𝑒. The messages
sent between the ARM system and the FPGA system are
labeled as follows.

(i) MF INTR is the master frame interrupt from the
FPGA system to the ARM system.

(ii) MF Flag is the notification signal from the ARM
system to the FPGA system.

(iii) MF Data is the poll message from the ARM system
to the FPGA system.

In this demo, Node
1
is the master node, so the polling

process starts from𝐴
1
and 𝐹
1
. 𝐹
1
first triggers a master frame

interruption of 𝐴
1
through 𝑖𝑜

1,1
of the ARM board. 𝐴

1
then

handles this interruption and starts polling the slave nodes in
the network in a predefined order.𝐴

1
sets 𝑖𝑜

2,1
to high level to

notify 𝐹
1
the coming of a polling message, and then 𝐴

1
puts

the content of a pollingmessagewith value 2whichmeans the
message’s target is Node

2
) to 𝑖𝑜

2,1
. 𝐹
1
is triggered by the high

level of 𝑖𝑜
2,1

and encapsulates themessage received from𝐴
1
to

a framewhich has the format of (type: poll/response, source,
and target). This frame is put on the bus in a broadcast way,
meaning that all nodes (including the sender of the frame)
connected to the bus know the existence of this frame. But
only the frame’s target will handle the content of it, and all
other nodes will neglect the frame’s content automatically. So,
𝐹
2
receives this frame from the bus and sends out its response

frame back to the bus which targets Node
1
. When 𝐹

1
gets the

response frame from 𝐹
2
, it triggers 𝐴

1
again to start another

polling which targets Node
3
.

3.2. Details of the System. The GPIO interface between the
ARM board and the FPGA board works as an intermedi-
ate data store for the interaction of a sequential program
written in C and a parallel program written in VHDL.
We demonstrate an abstract version for the C program in
Algorithm 1 and an abstract version for the VHDL program
in Algorithm 2. The C code in Algorithm 1 is an interrupt
handler which sends a master frame numbered from 2 to
SLAVE COUNT in a roll. The VHDL code in Algorithm 2
checks mf flag every cycle and transfers the value from
mf data to target node. The following CPN model is based
on these codes.

Figure 7 shows a CPN model of the ARM system which
receives a master frame interrupt and sends a poll message
to the FPGA system. Figure 8 shows a CPN model of the
FPGA systemwhich interrupts theARMsystem and transfers
the polling information to the bus. Colour sets used in both
models are defined in Table 1 which contains a list of places
of the specified colour set. All related variables are listed in
Table 2.
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3.2.1. The ARM System. In the CPN model of the ARM
system, the meanings of places are as follows.

(i) Places that represent states of the ARM system are
𝑝
𝑎1
, 𝑝
𝑎2
, and 𝑝

𝑎3
, all of which have type State. Because

tokens in these places can only have value e, we call
these tokens unit tokens.

(ii) 𝑝
𝑖2
and 𝑝

𝑖4
are places with type Flag. 𝑝

𝑖2
represents

the master frame interrupt and 𝑝
𝑖4
the signal for the

coming master frame data.

(iii) Place 𝑝
𝑖3
with type Target is used to store the master

frame data sent from the ARM system to the FPGA
system.

(iv) Place 𝑝
𝑎4

with type Targets stores a list of numbers
which represents the order of slave nodes to be polled.

In the initial state of the system, a unit token is located
in 𝑝
𝑎1
. 𝑡
𝑎1
is enabled for the unit token in 𝑝

𝑎1
and the token

with value true in 𝑝
𝑖4
. When 𝑡

𝑎1
fires, it removes a unit token

from 𝑝
𝑎1
and a token from 𝑝

𝑖4
and generates a unit token to
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void master frame interrupt handle ()

{

node number++;

if (slave node number >= SLAVE COUNT)

{

slave node number = 2;

}

arm set main frame flag (TRUE);

arm send main frame data (node number);

}

Algorithm 1: C code on the ARM system.

place 𝑝
𝑎2
. Then, 𝑡

𝑎2
is enabled immediately when 𝑝

𝑎2
receives

a unit token. 𝑡
𝑎2
’s firing removes a unit token from place 𝑝

𝑎2

and then puts a unit token to 𝑝
𝑎3

and a token with value
true to 𝑝

𝑖4
. The token with value true in 𝑝

𝑖4
indicates the

FPGA system of a master frame poll message from the ARM
system. Then, 𝑡

𝑎3
is enabled due to the unit token in 𝑝

𝑎3
and

the token in 𝑝
𝑖3
. 𝑡
𝑎3
has three input places: 𝑝

𝑎3
, 𝑝
𝑎4
, and 𝑝

𝑖3
.

The firing of 𝑡
𝑎3
consumes a unit token from 𝑝

𝑎3
, a token with

type Target from 𝑝
𝑖3
, and a token with type Targets from 𝑝

𝑎4
.

The Targets token from 𝑝
𝑎4
is bound to two variables: target

which corresponds to the number of the slave node being
polled currently and targetswhich corresponded to numbers
of remaining slave nodes waiting to be polled. The firing of
transition 𝑡

𝑎3
sends a unit token to 𝑝

𝑎1
indicating the change

of system state, a Target token called target to 𝑝
𝑖3
indicating

the slave node’s number to be polled and a Targets token to
𝑝
𝑎4

with numbers of remaining slave nodes to be polled in

process (reset, clk, current state,

mf flag, mf data)

begin

if reset = ‘1’ then
current state <= start;

elsif clk’event and clk = ‘1’ then
if mf flag = ‘1’ then

target node <= mf data;

current state <= next state;

end if;

end if;

end process;

Algorithm 2: VHDL code on the FPGA system.

the coming polls.When 𝑡
𝑎3
finishes its firing, theARMsystem

waits the master frame interrupt again to start a new poll.

3.2.2. The FPGA System. In the CPN model of the FPGA
system, the meanings of places are as follows.

(i) Places that represent states of the FPGA system are
𝑝
𝑠1
, 𝑝
𝑠2
, 𝑝
𝑠3
, and 𝑝

𝑠4
all of which have type State.

Tokens in these places are unit tokens just like those
in the ARM system’s state places.

(ii) 𝑝
𝑖2
, 𝑝
𝑖3
, and 𝑝

𝑖4
are the same places in Figure 7.

(iii) 𝑝
𝑖1
and 𝑝

𝑖5
simulate the frames sent and received

between the bus and the FPGA board. 𝑝
𝑖1
represents

frames from the bus and 𝑝
𝑖5
represents frames to the

bus.
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Table 1: Colour set definitions.

Colour set Definition Places

State Unit withe 𝑝
𝑎1
, 𝑝
𝑎2
, 𝑝
𝑎3
, 𝑝
𝑠1
, 𝑝
𝑠2
,

𝑝
𝑠3
, 𝑝
𝑠4

Flag BOOL 𝑝
𝑖2
, 𝑝
𝑖4

Frame product STRING ×

INT × INT
Target INT 𝑝

𝑠5
, 𝑝
𝑖3

Frames list Frame 𝑝
𝑖1
, 𝑝
𝑖5

Targets list Target 𝑝
𝑎4

Table 2: Variables in model.

Variables Colour set
n, t INT
flag BOOL
f Frame
fl Frames
target INT
targets Targets

(iv) Place 𝑝
𝑠5
with type Target stores the number of slave

node that will be used to construct a poll frame.

In the initial configuration, 𝑝
𝑠1
contains a unit token, so

𝑡
𝑠1
outputs a token with value true to 𝑝

𝑖2
and a unit token

to 𝑝
𝑠2
. The system of ARM treats a token with value true in

𝑝
𝑖2
as a trigger to start its master frame process. 𝑡

𝑠2
has four

input places: 𝑝
𝑠2
, 𝑝
𝑖3
, 𝑝
𝑖4
, and 𝑝

𝑠5
. 𝑝
𝑖3
and 𝑝

𝑠5
already contain

a token in each of them, so when the ARM system gives 𝑝
𝑖4

a token with value true, 𝑡
𝑠2
is enabled. 𝑝

𝑖3
offers 𝑡

𝑠2
a Target

token which is bound to variable n indicating the number
of slave node to be polled next. 𝑝

𝑠5
is updated in 𝑡

𝑠2
’s firing

and a Target token with value n replaces the old value in this
place. 𝑝

𝑠3
gets a unit token, meaning the change of the FPGA

system’s state. 𝑡
𝑠3
retrieves aTarget token t from𝑝

𝑠5
, composes

a poll frame in the form of (poll, 1, t), then appends this
frame to the Frames token from 𝑝

𝑖5
, and sends an updated

token back to this place. A unit token is sent to 𝑝
𝑠4
by 𝑡
𝑠3
and

the FPGA system goes to the monitoring state. When 𝑝
𝑖3
has

tokens, 𝑡
𝑠4
fires to remove the head of the Frames token in 𝑝

𝑖1

and sends a unit token to 𝑝
𝑠1
. The FPGA system goes back to

its initial state and starts another master frame poll process of
the ARM system.

4. Analysis of the Model

4.1. Review of the Model. The FPGA system cyclically checks
the state of master frame flag on the port between the ARM
system and itself and once the value of the flag becomes true
in a cycle, the FPGA system tries to retrieve newmaster frame
data from the corresponding port immediately. As shown in
Algorithm 2, the FPGA system gets master frame data and
sends the data to a signal called target node that represents
the current number of the slave node to be polled. Then, the
value of target node is used to construct a poll frame sent to
the bus.

According to the designer’s intention, the value in tar-
get node should be updated every time the FPGA system
retrieves master frame data. But 𝑡

𝑠2
in Figure 8 updates the

token in 𝑡
𝑠5
according to the token in 𝑡

𝑖2
. However, the process

of updatingmay be ineffective and, as a result, the token in 𝑡
𝑠5

contains a stale value. To explore this scenario in detail, we
focus on the interaction between the ARM system and the
FPGA system. There are five transitions which participate in
the interaction:

(i) 𝑡
𝑠1
and 𝑡
𝑠2
of the FPGA system,

(ii) 𝑡
𝑎1
, 𝑡
𝑎2
, and 𝑡

𝑎3
of the ARM system.

𝑡
𝑠1
, 𝑡
𝑎1
, and 𝑡

𝑎2
always execute in an order according

to the strict dependency caused by tokens’ generation and
consumption in 𝑝

𝑖2
and 𝑝

𝑖4
. So, the execution trace of the

three transitions is decidable.The other two transitionswhich
are involved in the interaction act in a different manner.
After 𝑡

𝑎2
fires, a token with value true appears in 𝑝

𝑖2
and

a unit token appears in 𝑝
𝑎3
, which activates 𝑡

𝑠2
and 𝑡

𝑎3
,

respectively. Normally, 𝑡
𝑠2

should fire after 𝑡
𝑎3
, so that the

FPGA system can construct a right frame which is sent to
a slave node. However, the nature of C programs running
on an ARM platform is asynchronous sequential execution,
while the nature of VHDL programs running on an FPGA
platform is synchronous concurrent execution. Usually, the
FPGA systemwill complete the check of themaster frame flag
and retrieval of the master frame data in the same cycle. So,
possibility exists that the FPGA system retrieves the value of
the master frame data before its value is updated by the ARM
system and thus gets a token with a stale value. We cannot
predicate when will the ARM system updates the value of the
master frame data after the value of the master frame flag is
set to true for the undecidability of the operating system’s
scheduling scheme. So, if the FPGA system’s new execution
cycle starts before the value of master frame data is set by
the ARM system, a timing mismatch happens. To verify the
analysis of the data inconsistency in the CPNmodel, we apply
the approach ofmodel checking on it in the following section.

4.2. Property Analysis. To analyze the behavior of a modeled
system, a state-space based approach can be used to dive into
the details of models and get a thoroughly understanding
of the system. A state of a CPN model is the marking of
the model, that is, the number and value of tokens in each
place in the whole model, and the initial marking of a model
is its initial state. A CPN model changes its state when a
transition of the model fires. All the states that a CPN model
possibly accesses through a series of transition firing are
called the state space of the model which may be finite or
infinite. A property formula is an assertion about the state
space of a model that whether the property holds in all states
of the model and is usually called property for short. Model
checking is an approach that checks whether a property
about a model is fulfilled. If the property is not fulfilled, the
model checking algorithm gives a counter example which
violates the property. There are many description formalisms
for properties, such as 𝐶𝑇𝐿, 𝐿𝑇𝐿, and 𝐶𝑇𝐿

⋆ (add some
refers) and many model checking algorithms target these
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Table 3: Property related functions.

Function Type
isStale 𝑇𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 → 𝐵𝑂𝑂𝐿

myASKCTLformula 𝑁𝑜𝑑𝑒 → 𝐵𝑂𝑂𝐿

eval node (𝑁𝑜𝑑𝑒 → 𝐵𝑂𝑂𝐿) → 𝐵𝑂𝑂𝐿

formalisms. In the field of CPN,𝐴𝑆𝐾-𝐶𝑇𝐿 is used to describe
the property of a CPN model. CPN tools implement the
representation of𝐴𝑆𝐾-𝐶𝑇𝐿 formulas and its model checking
algorithms in SML language. A state is also called a node
because the state space is represented as a state graph in
which an edge represents a firing of a transition and a
node represents a marking of the model. In the following
statements, we will refer to states as nodes when needed.

Let 𝐴 be the abstract 𝐴𝑆𝐾-𝐶𝑇𝐿 formula type; then the
following formulas with type 𝐴 → 𝐴 are considered.

(i) 𝑃𝑂𝑆 is a node formula which is true if it is possible,
from the current node, to reach a node where 𝐴 is
true.

(ii) 𝐼𝑁𝑉 is a node formula which is true if𝐴 is true for all
reachable nodes from the current node.

(iii) 𝐸𝑉 is a node formula which is true if 𝐴 eventually
becomes true from the current node.

(iv) 𝐴𝐿𝑂𝑁𝐺 is a node formula which is true if there is a
path for which 𝐴 is true for every node.

The CPN model of the master node system has the
potential to enter a node in which there is a data mismatch
caused by interface incompatibility. This kind of defect can
be expressed as:

“when transition 𝑡
𝑎2

fires, 𝑡 and 𝑛 which bind to the
transition are equal in value.”

So, if this property is true in a node, that is, the value of
master frame data read by the FPGA system is equal to the
value of target node got in previous cycles, a data mismatch
appears. This property can be coded as 𝐴𝑆𝐾-𝐶𝑇𝐿 formula in
SML form.

The types of these variables/functions are listed in Table 3.
isStale is a transition function which returns true when

the parameter is a transition equal to 𝑡
𝑎2

bound with 𝑛 =

𝑡 where 𝑛 = 2, 3 in this case.myASKCTL-formula is a
node function which takes a node as the only parameter
and returns true when there is a node in which isStale is
evaluated to be true. eval node is a function which takes
a node function as the property formula and a node as
the starting node and returns true when the application
of the formula on the node returns true. In this case, we
evaluate the property written in SML code above and get
the following result: var it = true: BOOL, which means the
property holds with respect to the initial state in state space
(see Algorithm 3); that is, there is a node in which 𝑝

𝑠5
gets a

token with a stale value.

fun isStale a =

(Bind.FPGA’Receive MF Data

(1, {n = 3, t = 3})

= ArcToBE a) orelse

(Bind.FPGA’Receive MF Data

(1, {n = 2, t = 2})

= ArcToBE a);

val myASKCTLformula =

POS(MODAL(AF(“stale value”, isStale)));

eval node myASKCTLformula InitNode;

Algorithm 3: Propery formula in SML code.

5. Conclusion

We will not blame a C programmer or a VHDL programmer
for writing the code shown in Algorithms 1 and 2, since they
both obey the common paradigm in their respective domain.
However, in development of a heterogeneous system, a
programmer should bemore alert and pay special attention to
the situation when a normal assumption is not fulfilled by the
guarantee of other domains in which a defect in the resulted
system may occur. Many approaches can be used to reduce
this potential risk and one of them ismodel checkingmethod.
In this paper, we demonstrate a heterogeneous system which
is composed of two subsystems: an ARM system and an
FPGA system. One of the subsystems behaves synchronously
and the other asynchronously.Through a state based analysis
way, we find defect in the design of the systemwhichmay lead
to data inconsistency between the two subsystems.Then, our
analysis is verified by constructing a property formula which
is computed by a model checking program.
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The sensor nodes of multitask wireless network are constrained in performance-driven computation. Theoretical studies on the
data processing model of wireless sensor nodes suggest satisfying the requirements of high qualities of service (QoS) of multiple
application networks, thus improving the efficiency of network. In this paper, we present the priority based data processing model
formultitask sensor nodes in the architecture of multitask wireless sensor network.The proposedmodel is deduced with theM/M/1
queuingmodel based on the queuing theorywhere the average delay of data packets passing by sensor nodes is estimated.Themodel
is validated with the real data from the Huoerxinhe Coal Mine. By applying the proposed priority based data processing model in
the multitask wireless sensor network, the average delay of data packets in a sensor nodes is reduced nearly to 50%.The simulation
results show that the proposed model can improve the throughput of network efficiently.

1. Introduction

Wireless sensor network (WSN) is a basic network for
accessing the data information in the sensor layer of the
Internet of Things (IOS). WSN is widely applied in various
areas [1]. For instance, in military, the troop and equipment
can be identified and services can be coordinated to fight
with the assistance of WSN. In the aspect of biomedical,
human health can be monitored by the surgical sensors
implanted in body, which is a typical application of WSN.
Moreover, in earthquake prediction, ad hoc deployment of
seismic sensors along the volcanic area can detect the devel-
opment of earthquakes and eruptions [2]. WSN integrates
the technologies of information sensing, data processing
and transmission, which is a multitask system. Numerous
data services are operating on the multitask system, such
as the wireless monitoring and information management
systems for coalmine safety production. The types of the
service data provided by WSN are classified as automatic
control command, safety monitoring data, audio and video

data, and so on [3]. Usually, the coverage range of wireless
sensor network is not very large.Thus, the transmission delay
of electromagnetic wave may be neglected. As the sensor
nodes are constrained in computation, storage, and energy,
it is difficult to meet the requirement of good quality of
service (QoS) formore tasks running in a network.Moreover,
due to the unreliable wireless channel interfered by noise,
QoS of the wireless transmission is often depressed, which
is especially significant in multitask wireless network. And
therefore, in order to improve the performance of multitask
wireless sensor network, it is very important to carry out
research on the high-efficient multitask scheduling model for
wireless sensor network.

TinyOS is an operating system, which is widely used
in wireless sensor networks. The operating system adopts
First Come First Served (FCFS) scheduling strategy for task
scheduling, which is efficient to reduce the requirements of
storing space [4, 5]. However, as there are no the priorities
among various kinds of service data, some real-time services
cannot be timely responded, so thatmany services aremissed,
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Figure 1: Multiapplication system architecture of wireless sensor network.

which results in the low throughput of network [6]. For
the drawback of TinyOS in the scheduling strategy, the
researchers have done many researches for improving the
scheduling strategy. The contribution [7] introduced a dual
circular-based task scheduling strategy. In this strategy, the
single circular queue is substituted with the dual circular
queues with different priorities. The tasks are assigned dif-
ferent priorities and then are allocated in the two circular
queues according to their priorities. The tasks in different
queues are dynamically switched according to their time
variations for guaranteeing them to be responded as much
as possible. The strategy improves the speed of response
to real-time tasks, but the throughput of network is still
low. In contribution [8, 9], a priority based soft real-time
task scheduling strategy was proposed, which increases the
throughput of network but does not satisfy the real-time
requirement of some high-priority tasks. For solving the
existing problem in [8, 9], the contribution [10] introduced
an improving scheduling strategy, EF-RM (emergency task
first rate monotonic), which is the preemptive scheduling
for both periodical and nonperiodical tasks to ensure the
implementation of the important task of priority in TinyOS.
The contribution [11] proposed the IS-EDF (idle sleep-earliest
deadline first) scheduling strategy, which adjusts the priority
of tasks dynamically to ensure that the important task is real-
time processed.

In this paper, through further research on the relevant
contributions mentioned above, we propose the priority
queue-based data processing model for multitask network
and deduce the theoretical formulas of the QoS of network
with the proposed model, including average queue length,
delay, and delay jitter. The performance of the proposed
models is analyzed and compared by the practical simulation
experiments.

The rest of this paper is organized as follows: The archi-
tecture of multitask wireless sensor network is presented in
Section 2. Then, the queue theory is introduced in Section 3
first. Subsequently, in Sections 4 and 5, two queue models are

described, respectively.The experimental results are shown in
Section 6. Finally, we conclude this paper in Section 7.

2. Architecture of Multitask
Wireless Sensor Network

In the wireless sensor network, a large number of wireless
sensor nodes are densely and fully deployed in the network.
These wireless sensor nodes are organized intomany clusters.
Each cluster is composed of a cluster head andmultiple sensor
nodes.The internal sensor nodes can communicate with each
other in the cluster. The external communications between
clusters are fulfilled by the cluster heads in these clusters.
Moreover, the cluster head is responsible for assigning the
time slot for each sensor nodes in its cluster. The data
collected from each wireless sensor nodes are first gathered
in the cluster heads and then transmitted to a database in
the server by the sink nodes through the wired Ethernet. All
applications in the network share the data in the database
for different functions. The architecture of multitask wireless
sensor network is shown in Figure 1.

3. Concept of Queuing Theory

Queuing theory is a mathematical method for analyzing the
congestion and delays of data packets in a link. With queuing
theory, the arrival, service, and depart of data packets can be
accurately evaluated so that the data packets can be efficiently
scheduled in a link. For describing the proposed model
based on the queuing theory easily, we give the following
definitions.

Definition 1 (inputting distribution 𝐴(𝑡)). In the inputting
process, let 𝐶

𝑛
be the 𝑛th data packet arriving at the network

node and the arrival time is 𝜏
𝑛
; then, 𝑡

𝑛
= 𝜏
𝑛
− 𝜏
𝑛−1

, which
means the time interval between 𝐶

𝑛
and 𝐶

𝑛−1
. Assume that

𝜏
0
= 0 and the arriving data packets are independent; then,
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Figure 3: State diagram of birth-death process for queuing system without priority.

{𝑡
𝑛
} is the sequence of independent random variables, written

as 𝐴(𝑡).

Definition 2 (serving distribution 𝐵(𝑡)). In the service pro-
cess, let the service time of data packet 𝐶

𝑛
be ]
𝑛
. Assume that

the services of data packets are independent; then, {V
𝑛
} is the

dependent sequence of random variables, written as 𝐵(𝑡).

Definition 3 (arrival probability of data packet𝑝(𝑛)). Let𝑁(𝑡)
be the number of data packets in a network node at time 𝑡 and
let 𝑝(𝑛) be the arrival probability of 𝑛 data packets in time
interval (𝑡

1
, 𝑡
2
); then, there is the relation

𝑝 (𝑛) = 𝑃 {𝑁 (𝑡
2
) − 𝑁 (𝑡

1
) = 𝑛} , (𝑡

2
> 𝑡
1
, 𝑛 ≥ 0) . (1)

Definition 4 (arrival rate of data packet 𝜆). An average
number of data packets arrive at a network node in unit time,
which reflects how fast the data packets arrive at a network
node. 1/𝜆 is just the average arrival time interval of data
packets.

Definition 5 (service rate of network node 𝜇). An average
number of served data packets depart from a network node
in unit time, which reflects how fast the services are in the
network node. 1/𝜇 is just the average time of the data packets
severed in a network node.

Definition 6 (service intensity 𝜌). The average service time
of each network node in unit time, which is an important
indicator for measuring how busy the network nodes, is 𝜌 =
𝜆/𝜇, 0 ≤ 𝜌 < 1.

In the real situation of wireless sensor network, the
data packets arrive at sensor nodes continuously. Thus, the
number of data packets is regarded as infinite. For simplicity,
the arrival times of data packets are assumed to followM/M/1
queue model. The input process of data packets, that is, the
arrival times, is similar to the Poisson stream with parameter
𝜆. The arriving time interval 𝐴(𝑡) and service time 𝐵(𝑡)
follow the negative exponential distribution with parameters
𝜆 and 𝜇, respectively, where the service window size is 1.
Based on the reasonable assumptions and the definitions on

queue theory mentioned above, two queue system models,
nonpriority and priority models, are analyzed and compared
as follows. And therefore, the high efficient queue model is
proposed in this paper.

4. Data Processing Model Based on
Nonpriority Queue System

As shown in Figure 2, the data packets enter the network
nodes continuously and are lined up in a queue with the
average arrival rate 𝜆. The data packets depart in turn from
the queue and data services are scheduled in the scheduler at
the average processing rate 𝜇. The node state 𝑁 at time 𝑡 is
denoted as𝑁(𝑡) = (𝑖), where 𝑖 is the number of data packets
including the processing data packet, that is, the queue length.
It is easy to be proved that {𝑁(𝑡), 𝑡 ≥ 0} is birth-death process
[12–16].

Let 𝑝(𝑖; 𝑡) = 𝑃{𝑁(𝑡) = (𝑖)}, where 𝑝(𝑖) =

lim
𝑡→∞

𝑝(𝑖; 𝑡), 𝑖 ≥ 0. Referring to Figure 3, if 𝜌 = 𝜆/𝜇 < 1,
the balance equations are as follows:

𝜆𝑝 (0) = 𝜇𝑝 (1)

(𝜆 + 𝜇) 𝑝 (1) = 𝜆𝑝 (0) + 𝜇𝑝 (2)

(𝜆 + 𝜇) 𝑝 (2) = 𝜆𝑝 (1) + 𝜇𝑝 (3)

⋅ ⋅ ⋅

(𝜆 + 𝜇) 𝑝 (𝑖) = 𝜆𝑝 (𝑖 − 1) + 𝜇𝑝 (𝑖 + 1) .

(2)

Because there is ∑∞
𝑖=0
𝑝(𝑖) = 1 and 𝑝(𝑖) = (1 − 𝜌)𝜌𝑖 holds, so

the average length of data packets in network node is.

𝑄 =

∞

∑

𝑖=0

𝑖𝑝 (𝑖) =

∞

∑

𝑖=0

𝑖 (1 − 𝜌) 𝜌
𝑖
=

𝜌

1 − 𝜌

(3)

And the average waiting queue length of data packets in
network node is

𝑊 =

∞

∑

𝑖=0

𝑖𝑝 (𝑖 + 1) =

∞

∑

𝑖=0

𝑖 (1 − 𝜌) 𝜌
𝑖+1

=

𝜌
2

1 − 𝜌

(4)
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According to the Little theorem, the average waiting time of
a data packet is expressed as

𝑇
𝑤
=

𝑊

𝜆

=

𝜌
2

𝜆 (1 − 𝜌)

=

𝜌

𝜇 (1 − 𝜌)

. (5)

And the average residence time of a data packet in network
node, that is, delay of a data packet, is

𝑇
𝑄
= 𝑇
𝑊
+

1

𝜇

=

1

𝜇 (1 − 𝜌)

=

1

𝜇 − 𝜆

. (6)

And the delay jitter of a data packet in network node, that is,
variance of delay, is

𝐽
𝑄
=

1

(𝜇 − 𝜆)
2
. (7)

5. Data Processing Model of
Queue with Priority

In this model, the data packets entering the network node
are classified into two queues with different priorities at the
average rates 𝜆

1
and 𝜆

2
by the classifier, as shown in Figure 4.

In the scheduler, according to the service rule given by the
priority decision module, the services are obtained at the
average processing rates 𝜇

1
and 𝜇

2
. The priority decision

module decides the processing sequence of data packets for
the scheduler. It employs the preemptive priority service rule,
which allows that the services of low-priority data packets are
interrupted and free up resource for serving the high-priority
data packets. The data packets with the same priority will be
serviced according to the FCFS rule.

The data packet with priority is denoted by C1 and
the data packet without priority is denoted by C2.

The data packets C1 and C2 arrive at the network node
in independent Poisson distribution with the parameters
𝜆
1
and 𝜆

2
, respectively, and their service times follow the

negative exponential distribution with the parameters 𝜇
1

and 𝜇
2
. The system utilization is denoted by 𝜌, which is

the time rate of service busy. That is the proportion of time
that the scheduler busies. 𝜆 is the average arrival rate of
all data packets and 𝜇 is the average processing rate for all
data packets. The relations between these parameters can be
expressed as 𝜆 = 𝜆

1
+ 𝜆
2
, 𝜌 = 𝜌

1
+ 𝜌
2
, 𝜌 = 𝜆/𝜇, 𝜌

1
= 𝜆
1
/𝜇
1
,

and 𝜌
2
= 𝜆
2
/𝜇
2
.

The state of network node at time 𝑡 is denoted as 𝑁(𝑡) =
(𝑖, 𝑗). If the number of data packets C1 is 𝑖 and the number of
data packets C2 is 𝑗, it is easy to prove that {𝑁(𝑡), 𝑡 ≥ 0} is the
birth-death process [12–16]. The state diagram of birth-death
process for queuing systemwith priority is shown in Figure 5.

Let

𝑝 (𝑖, 𝑗; 𝑡) = 𝑃 {𝑁 (𝑡) = (𝑖, 𝑗)} ,

𝑝 (𝑖, 𝑗) = lim
𝑡→∞

𝑝 (𝑖, 𝑗; 𝑡) 𝑖, 𝑗 ≥ 0

(8)

According to the states in Figure 5, if 𝜌 = 𝜌
1
+ 𝜌
2
= 𝜆
1
/𝜇
1
+

𝜆
2
/𝜇
2
≤ 1, then the following equations hold:

(𝜆
1
+ 𝜆
2
) 𝑝 (0, 0) = 𝜇

1
𝑝 (1, 0) + 𝜇

2
𝑝 (0, 1)

(𝜆
1
+ 𝜆
2
+ 𝜇
1
) 𝑝 (𝑖, 0) = 𝜇

1
𝑝 (𝑖 + 1, 0)

+ 𝜆
1
𝑝 (𝑖 − 1, 0) 𝑖 > 0,

(𝜆
1
+ 𝜆
2
+ 𝜇
2
) 𝑝 (0, 𝑗) = 𝜆

2
𝑝 (0, 𝑗 − 1) + 𝜇

1
𝑝 (1, 𝑗)

+ 𝜇
2
𝑝 (0, 𝑗 + 1) 𝑗 > 0,
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Figure 6: The curve of the time and queue length in the queuing model without priority.

(𝜆
1
+ 𝜆
2
+ 𝜇
1
) 𝑝 (𝑖, 𝑗) = 𝜆

1
𝑝 (𝑖 − 1, 𝑗) + 𝜆

2
𝑝 (𝑖, 𝑗 − 1)

+ 𝜇
1
𝑝 (𝑖 + 1, 𝑗) 𝑖, 𝑗 > 0.

(9)

The process of solving the equations (9) can be referred
to [12–16], which solves 𝑝(𝑖, 𝑗) through the inverse solving
method with the following generating function 𝜓(𝑢, 𝑧):

𝜓 (𝑢, 𝑧)

=

(1 − 𝜌
1
− 𝜌
2
) (1 − 𝑧) 𝜔 (𝑧)

[𝜌
1
𝑢𝜔 (𝑧) − 1] {(𝜇

1
/𝜇
2
) [1 − 𝜔 (𝑧)] 𝑧 − (1 − 𝑧) 𝜔 (𝑧)}

,

(10)

where 𝜔(𝑧) = (𝜆
1

+ 𝜇
1

+ 𝜆
2
(1 − 𝑧) −

√[𝜆
1
+ 𝜇
1
+ 𝜆
2
(1 − 𝑧)]

2
− 4𝜆
1
𝜇
1
)/2𝜆
1
. The solution of

function 𝑝(𝑖, 𝑗) is solved by the differential generating
function 𝜓(𝑢, 𝑧); that is,

𝑝 (𝑖, 𝑗) =

1

𝑖!𝑗!

⋅

𝜕
𝑖+𝑗
𝜓(𝑢, 𝑧)

𝜕𝑢
𝑖
𝜕𝑧
𝑗









𝑢=𝑧=0

. (11)

Let the probabilities of 𝑖 C1 data packets and 𝑗 C2 data
packets in network node be 𝑝

𝑖∙
and 𝑝

∙𝑗
, respectively. Their

probabilities of generating functions are 𝜓(𝑢, 1) and 𝜓(1, 𝑧).
By formula (10), let 𝑧 → 1, using the L’Hospital Rule; we

can get

𝜓 (𝑢, 1) =

1 − 𝜌
1

1 − 𝜌
1
𝑢

=

∞

∑

𝑖=0

(1 − 𝜌
1
) 𝜌
𝑖

1
𝑢
𝑖
. (12)

Thus, 𝑝
𝑖∙
= (1 − 𝜌

1
)𝜌
𝑖

1
, which is the same as the M/M/1 queue

system with only one kind of client. As a result, it shows that
the existence of C2 data packets has no effect on the C1 data
packets, which is in accord with the practical situation of
network. Similarly, the average length of C1 data packet queue
and the average length of C1 data packet waiting queue can be
got as

𝑄
1
=

𝜌
1

1 − 𝜌
1

,

𝑊
1
=

𝜌
2

1

1 − 𝜌
1

.

(13)
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Figure 7: Theoretical and simulation curves of the average waiting
time in the queuing model without priority.

And the average waiting time and average residence time of
single C1 data packet are

𝑇
𝑊1
=

𝜌
1

𝜇
1
(1 − 𝜌

1
)

(14)

𝑇
𝑄1
=

1

𝜇
1
(1 − 𝜌

1
)

=

1

𝜇
1
− 𝜆
1

. (15)

The delay jitter of a C1 data packet in the network node that
is the delay variance is as follows:

𝐽
𝑄1
=

1

(𝜇
1
− 𝜆
1
)
2
. (16)

Then, by formula (10), we get

𝜓 (1, 𝑧)

=

(1 − 𝜌
1
− 𝜌
2
) (1 − 𝑧) 𝜔 (𝑧)

[𝜌
1
𝜔 (𝑧) − 1] {(𝜇

1
/𝜇
2
) [1 − 𝜔 (𝑧)] 𝑧 − (1 − 𝑧) 𝜔 (𝑧)}

.

(17)
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Figure 8: The curves of the time and queue length in the queuing model with priority.

Derivate formula (17) by 𝑧 and then let 𝑧 = 1; the average
queue length of C2 data packets can be deduced as

𝑄
2
=

∞

∑

𝑗=0

𝑗𝑝
∙𝑗
=

𝜌
2

1 − 𝜌
1
− 𝜌
2

[1 +

𝜇
2
𝜌
1

𝜇
1
(1 − 𝜌

1
)

] . (18)

Thus, the average residence time of a C2 data packet is

𝑇
𝑄2
= 𝑄
1
𝑇
𝑄1
+

𝑄
2

𝜆
2

=

𝜌
1

𝜇
1
(1 − 𝜌

1
)
2
+

1

𝜇
2
(1 − 𝜌

1
− 𝜌
2
)

[1 +

𝜇
2
𝜌
1

𝜇
1
(1 − 𝜌

1
)

] .

(19)

6. Simulation Experiments and Discussion

The proposed multitask schedule model can be used in many
network applications. In coalmine, there are many monitor-
ing and information management systems for its safety and
production, which are the typical multitask wireless sensor
network applications. In this kind of monitoring systems,
the usual detecting period is 20 seconds and the number
of monitoring nodes is usually more than 200. Thus, the
proposed model applied in the gas warning system needs to
process the data of thousands of sensor nodes. Moreover, the
network delay and processing time need to be considered in
practice applications.

In this experiment, we use the practical data from Huo-
erxinhe CoalMine, China, which lay the gas warningwireless
network with the same system structure as in Figure 1. In
this network, the backbone network is optical fiber Ethernet,
based on which network is partitioned into many zones. In
each zone, a number of wireless sensor nodes are evenly laid
out. Various monitoring data, such as gas concentration, CO
concentration, CO

2
concentration, and so on are detected in

real time by the sensor nodes. These data will be collected
to the Sink node in the zone. Subsequently, all data are
transferred to the server by the sink nodes in each zone.
The transfer capability of Sink nodes is the bottleneck of
the capability of the network system. In the test data set
from Huoerxinhe Coal Mine, a Sink node is able to send
200 UDP packets per second, from which 90 UDP packets
arrive at the target node. Each UDP packet contains 85 bytes.

The parameters 𝜆, 𝜆
1
, 𝜆
2
, 𝜇, 𝜇
1
, and 𝜇

2
in formula (6), (15),

and (19) are decided according to the field test.
If the priority processing rule is not employed, that is, the

sink node employs the data processingmodel based on queue
system without priority, the 𝜆 = 90 packets/s and 𝜇 = 200/s.
According to formula (6), the average delay of each packet is
9.1ms. If the priority processing rule is employed, that is, the
sink node employs the data processingmodel based on queue
system with priority, the data are distinguished with different
priorities. Taking the coal monitoring system as an example,
the gas concentration and monitoring control command are
with higher priority and others are with lower priority.

According to the statistics, the probability of C1 occur-
rence is 0.10 and the probability of C2 occurrence is 0.90.
Meanwhile,𝜇

1
= 𝜇
2
= 200 packets/s,𝜆 = 90 packets/s,𝜆

1
= 9

packets/s, and 𝜆
2
= 81 packets/s.Thus, according to formulas

(15) and (19), the average delay of C1 packets is 5.2ms and the
average delay of C2 packets is 9.7ms.

The theoretical analysis shows that compared with the
data processing model based on queue system without
priority, the average delay of data packets processed with the
model based on queue system with priority is reduced up
to 43%. However, the average delay of data packets without
priority is slightly reduced only 6.6%.

For observing the queue and service process of data
packets in network nodes with the proposed model, we use
MatLab to simulate the model. The model parameters 𝜆, 𝜆

1
,

𝜆
2
, 𝜇, 𝜇
1
, and 𝜇

2
are set in accordance with the theoretical

analysis. The simulation results are shown in Figures 6,
7, 8, and 9, which show the same results with theoretical
analysis. In fact, operation practice of multitask wireless
sensor network inHuoerxinhe CoalMine also confirmed our
theoretical analysis and simulation experiments.

7. Conclusions

In this paper, two data processing models with and without
priority are proposed for multitask wireless sensor networks.
The proposed models are established from the M/M/1 queue
model. The average delay theory of data packets based on
the proposed models is also deduced. The practical data
from Huoerxinhe Coal Mine are used for testing the per-
formances of the proposed two models applied in the coal
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Figure 9: The curves of the average waiting time in the queuing
models with priority and without priority.

safety monitoring system, which is a typical wireless sensor
network application. The simulation results show that the
average delay of data packets processed with the proposed
model is significantly reduced. Compared with the average
delay of data packets without priority, the proposed model
can be applied to the multitask wireless sensor network
harmonically.
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The paper presents a formal proof of a machine closed theorem of TLA+ in the theorem proving system Coq. A shallow embedding
scheme is employed for the proof which is independent of concrete syntax. Fundamental concepts need to state that the machine
closed theorems are addressed in the proof platform. A useful proof pattern of constructing a trace with desired properties is
devised. A number of Coq reusable libraries are established.

1. Introduction

TLA+ [1, 2] is a formal specification language for describing
and reasoning about distributed and concurrent systems. It
is based on mathematical logic, set theory, and linear time
temporal logic TLA [3]. TLA+ is widely used to write precise
and formal specifications of discrete systems. The notion of
machine closed plays an important role in the system spec-
ification. Generally speaking, a specification consists of two
parts: one is a safety part and the other is a liveness part.
The specification is called machine closed if the liveness
part does not constrain the safety part. In [1], it is said that
“we seldom want to write a specification that isn’t machine
closed. If we do write one, it’s usually by mistake.” Hence, we
need to check whether the specification is machine closed.
Fortunately, there is a well-known theorem, that is, machine
closed theorem [4], stating that all the TLA+ specifications are
machine closed. More precisely, a TLA+ specification which
consists of a transition system and a possibly countable infi-
nite fairness constraints is machine closed. Hence, in TLA+
there is no need to verify the specification to see whether it
is machine closed. In other words, TLA+ specifications are
constructed to be machine closed.

We are now working on formalizing a subset of TLA+ in
the theorem prover Coq. As an important part, we want to
have the machine closed theorem in our formalization.There
are mainly two ways to embed the theorem: one is to have it

as an axiom and the other is to state it as a theorem and prove
it. We think the second way is better. The reason is twofold:

(i) it needs to be very careful to introduce an axiom into
a proof system, since sometimes the introduction of a
new axiom may result in inconsistence;

(ii) it is worthwhile to have a formal proof of the theorem,
though it is well-known.The proof will help to under-
stand and check the previous formalizations (i.e., the
fundamental definitions needed to state the theorem)
and make the whole formalization more solid.

In this paper, we present a formal proof of a machine
closed theorem in the theorem prover Coq. In order to do so,
various fundamental definitions, such as traces, properties,
safety property, liveness property, safety closure, andmachine
closed are given. Based on these definitions, the theorem is
formally stated. The proof follows [4]. The key part of the
proof is to find a strategy which can generate a trace with
some desired properties. We designed a reusable proof pat-
tern to guide this process. Besides this proof, the pattern is
also used in provingwhether a property is a liveness property;
for example, both strong and weak fairness constraints are
proved to be liveness properties using this pattern.The whole
proof is done in a shallow-embedded manner, which makes
the formalization independent of any concrete syntaxes. In
other words, this work can be reused in other settings.

Hindawi Publishing Corporation
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The rest of the paper is organized as follows. In Section 2,
some preliminaries and a short introduction of TLA+ are
given. Section 3 presents the formalization of the machine
closed theorem in Coq. The detailed proof is described in
Section 4. Related work and concluding remarks are given in
Section 5.

2. Preliminaries

2.1. TLA+ Specifications. The TLA+ specification is a formula
of the form 𝐼𝑛𝑖𝑡 ∧ ◻[𝑁𝑒𝑥𝑡]V ∧ 𝐿, where V is a tuple usually
containing all state variables in 𝐼𝑛𝑖𝑡, 𝑁𝑒𝑥𝑡, and 𝐿 [4]. The
first conjunct 𝐼𝑛𝑖𝑡 describes the possible initial states of the
system. The second conjunct of the specification asserts that
every step (i.e., every pair of successive states in the system)
either satisfies 𝑁𝑒𝑥𝑡 or leaves the variables in V unchanged.
Allowing such stuttering steps is a key ingredient to obtain
compositionality of specifications. However, it also means
that executions that stutter infinitely are allowed by the spec-
ification. The third conjunct 𝐿 is a temporal formula stating
the liveness constraints of the specification, and particularly
it can be used to rule out infinite stuttering. The part 𝐼𝑛𝑖𝑡 ∧
◻[𝑁𝑒𝑥𝑡]V is known to be the safety part of the specification
while 𝐿 to be the liveness part. The machine closed theorem
states that (𝐼𝑛𝑖𝑡 ∧ ◻[𝑁𝑒𝑥𝑡]V, 𝐿) is machine closed.

2.2. Definitions. We fix the set of states as 𝑆𝑡. 𝑆𝑡∗ denotes the
set of finite sequences of states, and 𝑆𝑡𝜔 is the set of infinite
sequences of states. A sequence is also called a trace in this
paper. The 𝑖th state in trace 𝑡 is denoted by 𝑡

𝑖
. |𝑡| denotes the

length of 𝑡, if 𝑡 is finite.
A property is a set of infinite traces. Given a property𝑃, we

use 𝑡 ⊨ 𝑃, which means trace 𝑡 satisfies property 𝑃, to denote
𝑡 ∈ 𝑃. Given a finite trace 𝑡 ∈ 𝑆𝑡

∗, if ∃𝑡 ∈ 𝑆𝑡
𝜔
.𝑡 ∘ 𝑡

⊨ 𝑃 (∘

is the traditional trace concatenation operator), then we say
𝑡 ⊨ 𝑃. 𝑡

[⋅⋅⋅𝑛]
and 𝑡
[𝑛⋅⋅⋅ ]

denote the prefix (𝑡
0
⋅ ⋅ ⋅ 𝑡
𝑛
) and suffix

(𝑡
𝑛
𝑡
𝑛+1

⋅ ⋅ ⋅ ) of 𝑡, respectively. Following [5], a property 𝑃 is a
safety property, if ∀𝑡 ∈ 𝑆𝑡𝜔.𝑃𝑡 ↔ ∀𝑖.∃𝑡


∈ 𝑆𝑡
𝜔
.𝑡
[⋅⋅⋅𝑖]

∘ 𝑡

⊨ 𝑃. A

property𝑃 is a liveness property, if∀𝑡 ∈ 𝑆𝑡∗.∃𝑡 ∈ 𝑆𝑡𝜔.𝑡∘𝑡 ⊨ 𝑃.
An action 𝑎 is a predicate over two states. Action 𝑎 is a

subaction of action 𝑎 if ∀𝑠 𝑠.𝑎 𝑠 𝑠 → 𝑎

𝑠 𝑠
.

Following [6], we have the definitions of safety closure
and machine closed. Given an arbitrary property 𝑃, its safety
closure 𝐶(𝑃) is defined as {𝑡 ∈ 𝑆𝑡

𝜔
| ∀𝑖.𝑡
[⋅⋅⋅𝑖]

⊨ 𝑃}. It can be
proved that𝐶(𝑃) is the smallest safety property containing 𝑃.

Definition. A pair of properties (𝑆, 𝐿) is said to be machine
closed if 𝐶(𝑆 ∩ 𝐿) = 𝑆 and 𝑆 is a safety property.

3. Formalization of Machine Closed Theorem

We work on the semantical level, in other words, we define
all the concepts described in Section 2.2 in a shallow embed-
ding manner. Throughout this section, we first describe the
notions informally then give the corresponding Coq scripts.

3.1. Help Definitions. In the following scripts, we first define
the set of state as 𝑆𝑡. A trace is a function of type 𝑛𝑎𝑡 →

𝑆𝑡 (There are other ways to define traces. E.g., [7] uses

coinductive data types to define infinite traces and [8] uses
coinductive data types to define both infinite and finite traces.
The reasons why we adapt the “function type” one is twofold:
(i) the “function type” trace is intuitive; (ii) we only consider
infinite traces, and we want to separate the finite traces and
infinite traces at the data type level. In the subsequent section,
finite traces are defined separately using inductive data type.).
So given a trace 𝑡 and a natural number 𝑖, (𝑡 𝑖) denotes the
𝑖th state of 𝑡 (count from 0). 𝑃𝑟𝑒𝑑𝑂𝑛1 and 𝑃𝑟𝑒𝑑𝑂𝑛2 are the
types of predicates over one state and two states, respectively.
𝑃𝑟𝑒𝑑𝑂𝑛1 is the state predicate type while 𝑃𝑟𝑒𝑑𝑂𝑛2 is the
action type. A property is a set of traces, whose type is
𝑇𝑟𝑎𝑐𝑒 → 𝑃𝑟𝑜𝑝. 𝑈𝑝𝑡𝑜𝑁 𝑡 𝑡


𝑛 means traces 𝑡 and 𝑡

 are
identical up to index 𝑛. 𝑈𝑝𝑡𝑜𝑁 𝑒 𝑡


𝑡 means traces 𝑡 and 𝑡



are identical up to index (𝑛 − 1). 𝑂𝑓𝑓𝑠𝑒𝑡𝑡𝑛 returns 𝑡
[𝑛⋅⋅⋅ ]

.
𝑆𝑡𝑎𝑡𝑒1𝑡𝑜𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 (𝑆𝑡𝑎𝑡𝑒2𝑡𝑜𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦, resp.) makes a trace
predicate(i.e., a property) from a one-state (two-state, resp.)
predicate. In order to make the representation more concise,
we define three coercions which implicitly changes a one-
state or a two-state predicate to properties, respectively.

Variable St: Set.

Definition Trace := nat -> St.

Definition PredOn1 := St -> Prop.

Definition PredOn2 := St -> St -> Prop.

Definition Property := Ensemble Trace.

Definition UptoN (t t’: Trace) (n:nat):
Prop :=

forall i, i <= n -> t i = t’ i.
Definition UptoN e (t t’: Trace)
(n:nat): Prop :=

forall i, i < n -> t i = t’ i.
Definition OffsetN (t:Trace) (n:nat):
Trace :=

fun i => t (n+i).

Definition State1toProperty (p:
PredOn1): Property :=

fun t => p (t 0).

Definition State2toProperty (p:
PredOn2): Property :=

fun t => p (t 0) (t 1).

Definition Actions := PredOn2.

Coercion State1toProperty: PredOn1 >->
Property.

Coercion State2toProperty: PredOn2 >->
Property.

Coercion Action2toProperty: Actions >->
Property.

In the following scripts, we have the traditional definitions of
“finally,” “always,” “infinite often,” “finally always,” “enabled,”
“strong fairness,” and “weak fairness.”
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Definition F (p: Property) (t:Trace):=

exists n, p (OffsetN t n).

Definition G (p: Property) (t:Trace):=

forall n, p (OffsetN t n).

Definition FG p := F (G p).

Definition GF p := G (F p).

Definition En (p2: PredOn2) (s: St) :=
exists s’, p2 s s’.
Definition SF Action (a: Actions):
Property :=

fun t => GF (En a) t -> GF a t.

Definition WF Action (a: Actions):
Property :=

fun t => FG (En a) t -> GF a t.

3.2. Safety, Liveness, and Machine Closed. In the definitions
of safety property, liveness property and safety closure, the
notions of “finite trace” and “concatenation of a finite trace
and an infinite trace” are used. Since we choose the function
type to present traces, it is not very convenient to express
finite traces. In order to avoid the notions of “finite trace” and
“concatenation,” we should change the definitions to their
equivalent counterparts which only involve infinite traces.

Safety Property. We change “∀𝑡 ∈ 𝑆𝜔.𝑃𝑡 ↔ ∀𝑖.∃𝑡

∈ 𝑆
𝜔
.𝑡
[⋅⋅⋅𝑖]

∘

𝑡

⊨ 𝑃” to its equivalent formula “∀𝑡 ∈ 𝑆

𝜔
.𝑃𝑡 ↔ ∀𝑖.∃𝑡


∈

𝑆
𝜔
.(𝑈𝑝𝑡𝑜𝑁 𝑡 𝑡


𝑖) ∧ 𝑡

⊨ 𝑃.”

Definition IsSafetyProperty (p:
Property) :=

forall t, p t <-> (forall i, exists
t’, UptoN t t’ i /\ p t’).

Liveness Property. We change “∀𝑡 ∈ 𝑆
∗
.∃𝑡

∈ 𝑆
𝜔
.𝑡 ∘ 𝑡

⊨ 𝑃”

to “∀𝑡 ∈ 𝑆𝜔.∀𝑖.∃𝑡 ∈ 𝑆𝜔.𝑈𝑝𝑡𝑜𝑁 𝑒 𝑡 𝑡

𝑖 ∧ 𝑡

⊨ 𝑃” and have the

following definition:

Definition IsLivenessProperty (p:
Property) :=

forall t i, exists t’, UptoN e t t’
i /\ p t’.

Safety Closure. “{𝑡 ∈ 𝑆
𝜔
| ∀𝑖.𝑡
[⋅⋅⋅𝑖]

⊨ 𝑃}” is changed to “{𝑡 ∈
𝑆
𝜔
| ∀𝑖.∃𝑡


.𝑈𝑝𝑡𝑜𝑁 𝑡 𝑡


𝑖 ∧ 𝑡

⊨ 𝑃}”.

Definition SafetyClosure (p: Property):
Property :=

fun t => forall i, exists t’, UptoN t
t’ i /\ p t’.

We use the notation mechanism of Coq to make the
representations more succinct. 𝑝 [/\] 𝑞 denotes that the
intersection of properties 𝑝 and 𝑞. 𝑝 [<=] 𝑞 expresses the fact
that property 𝑝 is a subset of property 𝑞. 𝑝 [=] 𝑞 describes

the fact that property 𝑝 is equal to property 𝑞. [𝐶]𝑝 is
the safety closure of 𝑝. [𝑆?] is a shorthand of predicate
𝐼𝑠𝑆𝑎𝑓𝑒𝑡𝑦𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 while [𝐿?] is a shorthand of predicate
𝐼𝑠𝐿𝑖V𝑒𝑛𝑒𝑠𝑠𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦.

Machine Closed. It is defined as

Definition MachineClosed (s
p:Property): Prop :=

[C] (s [/\] p) [=] s /\ [S?] s.

3.3. Transition System. As described in Section 2.1, the
specification of a system is of form 𝐼𝑛𝑖𝑡∧◻[𝑁𝑒𝑥𝑡]V∧𝐿. Guided
by this form, a transition system is parameterized by

(1) the set 𝑆𝑡 of states,
Variable St: Set.

(2) predicates 𝐼𝑛𝑖𝑡 of type 𝑃𝑟𝑒𝑑𝑂𝑛1𝑆𝑡 and 𝑁𝑒𝑥𝑡 of type
𝑃𝑟𝑒𝑑𝑂𝑛2𝑆𝑡 characterizing the initial states and next-
state relation, respectively, where we require that
(Parameter is a synonym of Variable in Coq.):
every state has a successor according to𝑁𝑒𝑥𝑡; in other
words,𝑁𝑒𝑥𝑡 is total.
Parameter Init: PredOn1 St.

Parameter Next: PredOn2 St.

Hypothesis next input enabled: forall
s, exists s’, Next s s’.

(3) two sets of indexes: 𝐼 and 𝐽. 𝐼 ∪ 𝐽 is finite or countable
infinite and each 𝑘 ∈ 𝐼 ∪ 𝐽, action 𝑎

𝑘
is a subaction

of 𝑁𝑒𝑥𝑡. Each 𝑖 ∈ 𝐼 (𝑗 ∈ 𝐽, resp.), action 𝑎
𝑖
(𝑎
𝑗
,

resp.) is associated with a strong (weak, resp.) fairness
constraint.
Parameter Acts S: nat -> Actions St.

Parameter Acts W: nat -> Actions St.

Definition Acts SF := fun n =>
SF Action (Acts S n).

Definition Acts WF := fun n =>
WF Action (Acts W n).

Hypothesis Acts subaction of Next SF:

forall i s s’, (Acts S i) s s’ ->
Next s s’.

Hypothesis Acts subaction of Next WF:

forall i s s’, (Acts W i) s s’ ->
Next s s’.

In the scripts, we use a function of type 𝑛𝑎𝑡 →

𝐴𝑐𝑡𝑖𝑜𝑛𝑠 𝑆𝑡 to represent the set of actions. Note that
the cases where the set of actions is finite or countable
infinite are covered by the definitions of 𝐴𝑐𝑡𝑠 𝑆 and
𝐴𝑐𝑡𝑠 𝑊. The essential point is that both 𝐴𝑐𝑡𝑠 𝑆 and
𝐴𝑐𝑡𝑠 𝑊 are of type 𝑛𝑎𝑡 → 𝐴𝑐𝑡𝑖𝑜𝑛𝑠 𝑆𝑡. Suppose the
set of 𝐼 is finite, say its cardinality is 𝑁, we can build
𝐴𝑐𝑡𝑠 𝑆 as follows: for each 𝑖 < 𝑁, map 𝐴𝑐𝑡𝑠 𝑆 𝑖 to the
(𝑖 + 1)th action in 𝐼; for each 𝑖 ≥ 𝑁, map 𝐴𝑐𝑡𝑠 𝑆 𝑖 to
(𝑓𝑢𝑛 𝑠 𝑠


⇒ 𝐹𝑎𝑙𝑠𝑒). If the set of 𝐼 is countable infinite,

then for each 𝑖 ∈ N, map𝐴𝑐𝑡𝑠 𝑆 𝑖 to the (𝑖+1)th action.
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Based on the above definitions, we can build the safety
part 𝑠𝑝 and the liveness part 𝑙𝑝 for the transition system:

(i) 𝑠𝑝: all traces allowed by 𝐼𝑛𝑖𝑡 and𝑁𝑒𝑥𝑡.
Definition sp :=

fun (t:Trace ) => Init (t 0)/\
forall n, Next (t n)(t (S n)).

(ii) 𝑙𝑝: all traces allowed by the set of fairness constraints.
Definition lp: Property :=

fun t => forall n, Acts SF n t /\
Acts WF n t.

Finally, we get the theorem to prove

Theorem machine closed:

MachineClosed sp lp.

4. Proof of Machine Closed Theorem

The proof follows the proof of Proposition 4 in [4].
Given a specification of a transition system, 𝐼𝑛𝑖𝑡∧◻𝑁𝑒𝑥𝑡∧

𝐿 where 𝐿 = ∀𝑖 ∈ 𝐼.𝑊𝐹(𝑎
𝑖
) ∧ ∀𝑗 ∈ 𝐽.𝑆𝐹(𝑎

𝑗
), ∀𝑖 ∈ 𝐼.𝑎

𝑖
is

a subaction of 𝑁𝑒𝑥𝑡, ∀𝑗 ∈ 𝐽.𝑎
𝑗
is a subaction of 𝑁𝑒𝑥𝑡 and

𝐼 ∪ 𝐽 is finite or countable infinite, we need to prove that
(𝐼𝑛𝑖𝑡 ∧ ◻𝑁𝑒𝑥𝑡, 𝐿) is machine closed. Based on the discussion
in Section 3.3, here we prove a more general case where both
𝐼 and 𝐽 are countable infinite. Hence, we can take 𝐼 and 𝐽 to
be N.

The whole proof is divided into two steps. First, we prove
that a stronger version of the specification, in which all the
weak fairness constraints are changed to their strong fairness
counterparts, is machine closed. Second, we prove the origi-
nal specification is machine closed.

4.1. The Stronger Specification. To build a stronger specifica-
tion, first we need a mapping 𝑓 : 𝑛𝑎𝑡 → 𝐴𝑐𝑡𝑖𝑜𝑛𝑠 𝑆𝑡, which
has the property that 𝑟𝑎𝑛(𝐴𝑐𝑡𝑠 𝑆) ∪ 𝑟𝑎𝑛(𝐴𝑐𝑡𝑠 𝑊) = 𝑟𝑎𝑛(𝑓),
where 𝑟𝑎𝑛 ∙ is the range of function ∙. Informally speaking,
through𝑓we can get all the actions used in the original speci-
fication. In the following scripts, 𝑒V𝑒𝑛 𝑜𝑑𝑑 𝑑𝑒𝑐 is deployed to
test whether a natural number is even and𝑑𝑖V2 𝑛 returns 𝑛/2.

Definition f (n:nat): Actions St :=

match (even odd dec n) with

| left => Acts S (div2 n)

| right => Acts W (div2 n)

end.

Thenwe can build the stronger specification that is equivalent
to the original one except for

(i) the fairness constraint 𝑙𝑝 is replaced by 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟.
As we can see in the following scripts, each action is
associated with a strong fairness constraint. It differs
from the original one in which some actions are
associated with weak fairness constraints, while the
other with strong fairness constraints.

Definition lp stronger := fun t =>
forall n, SF Action (f n) t.

(ii) Based on assumptions 𝐴𝑐𝑡𝑠 𝑠𝑢𝑏𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑁𝑒𝑥𝑡 𝑆𝐹

and 𝐴𝑐𝑡𝑠 𝑠𝑢𝑏𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑁𝑒𝑥𝑡 𝑊𝐹, the following the-
orem is proved:
Theorem Acts subaction of Next:

forall i s s’, (f i) s s’ ->
Next s s’.

Since all the actions are indexed by a natural number and
accessible through the number using 𝑓, in the sequel, we will
use a natural number to represent the action: phrase “action
𝑖” is equivalent to “action 𝑓(𝑖).”

The intermediate theorem about the stronger specifica-
tion is

Theorem sp lp stronger machine closed:

MachineClosed sp lp stronger.

Following the definition of machine closed, we need to
prove

(1) 𝑠𝑝 is a safety property;
(2) 𝐶(𝑠𝑝 ∩ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟) = 𝑠𝑝. There are two directions:

(1.1) 𝐶(𝑠𝑝 ∩ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟) ⊆ 𝑠𝑝;
(2.2) 𝑠𝑝 ⊆ 𝐶(𝑠𝑝 ∩ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟).

The set of all runs of the transition system is a safety
property. 𝐼𝑛𝑖𝑡 ∧ ◻[𝑁𝑒𝑥𝑡], which is equal to 𝑠𝑝, defines a
transition system. Hence, condition (1) is proved. Condition
(2.1) can be proved from the fact that 𝑠𝑝 ∩ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟 ⊆ 𝑠𝑝

and the following theorem:

Theorem SafetyClosureSmallest:

forall p p’, p[<=]p’ -> [S?] p’ ->
([C] p) [<=] p’.

In order to prove condition (2.2), based on the definition of
safety closure, it is sufficient to prove that for each 𝑡 ∈ 𝑠𝑝 and
𝑛 ∈ N, 𝑡

[⋅⋅⋅𝑛]
can be extended to an infinite trace 𝑡 such that

𝑡

∈ 𝑠𝑝 ∧ 𝑡


∈ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟. As described in [4], given 𝑡

[⋅⋅⋅𝑛]

we need to construct a trace-generate strategy 𝑔 which can
generate a trace 𝑡 and 𝑡 have properties: 𝑡

[⋅⋅⋅𝑛]
= 𝑡
[⋅⋅⋅𝑛]

∧ 𝑡

∈

𝑠𝑝 ∧ 𝑡

∈ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟.

4.1.1. Trace-Generate Strategy. Roughly speaking, a trace-
generate strategy is of type 𝑆∗ → 𝑆, which takes a finite trace
as input and returns a state. In other words, a trace-generate
strategy defines a scheduling policy which returns a next state
based on the state sequence the system already produced.
We first define the finite trace data type 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒 (list is
a predefined type in Coq: Inductive list (A: Type): Type :=
nil: list A—cons: A → list A → list A. The concatenation of
an element 𝑎 of type𝐴 and a list 𝑙 of type 𝑙𝑖𝑠𝑡 𝐴 is denoted by
𝑎 :: 𝑙.).

Definition FiniteTrace := list St.
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There are two ways to obtain a strategy function: (1) define
it as a function of type 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒 → 𝑆𝑡 directly; (2) first
define a relation of type 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒 → 𝑆𝑡 → 𝑃𝑟𝑜𝑝 and
then derive a function of type 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒 → 𝑆𝑡 from
the relation using the classical choice axiom. In our case, we
choose the second way, since we only care about the relation.
And furthermore defining a relation is easier than defining a
function: a function is difficult to define if the computation
is complex. In our case, we essentially defined a scheduling
policy, which is complex.

In order to use the classic choice axiom, the relation 𝑔

should be total; that is, for each finite trace 𝑡 there exists a
state 𝑠 such that 𝑔 𝑡 𝑠. We only consider this kind of strategy
relations. The set of all valid strategy relations is captured by
𝑉𝐺𝑒𝑛𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦.

Definition GenStrategy := FiniteTrace
-> St -> Prop.

Definition GenStrategyF := FiniteTrace
-> St.

Definition VGenStrategy :=

{g:GenStrategy | (forall f, exists
s:St, g f s) } .

A trace 𝑡 can be derived based on a valid strategy relation V𝑠𝑟.
The main derivation steps are as follows:

(1) a strategy function 𝑓 is derived from V𝑠𝑟 using the
choice axiom;

(2) given a strategy function 𝑓 and a natural number
𝑛, prefix 𝑡

[⋅⋅⋅𝑛]
is calculated recursively by 𝐺𝑆𝐹 𝑡𝑜

𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒;

Fixpoint GSF to FiniteTrace
(sf:GenStrategyF)(n:nat) {struct n }

: FiniteTrace :=

match n with

| 0 => sf nil :: nil

| S n’ => let t’ := GSF to FiniteTrace
sf n’ in

sf t’ :: t’
end.

(3) the prefix is always not nil, which means we can
always get the last state 𝑡

𝑛
that is the 𝑛th state in 𝑡.

(𝑚𝑦ℎ𝑒𝑎𝑑 of type ∀𝑙 : 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒.𝑙 ̸=𝑛𝑖𝑙 → 𝑆𝑡

returns the head of a finite trace. It requires a proof
that the input finite trace is not nil. This fact is pro-
vided by theorem 𝐺𝑆𝐹 𝑡𝑜 𝐹𝑖𝑛𝑖𝑡𝑒𝑇𝑟𝑎𝑐𝑒 𝑛𝑜𝑡𝑛𝑖𝑙.)
Definition GSF to Trace (g:
GenStrategyF): Trace :=

fun n => myhead (GSF to FiniteTrace
g n)

(GSF to FiniteTrace notnil g n).

Finally we get theorem 𝐺𝑒𝑛𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦 𝑡𝑜 𝑇𝑟𝑎𝑐𝑒, through
which we can derive a trace 𝑡 based on a valid strategy 𝑔 and
𝑡 fulfils our constraints that (𝑛𝑖𝑙, 𝑡

0
) and (𝑡

[⋅⋅⋅𝑖]
, 𝑡
𝑖+1
) (for all

𝑖 ∈ N) satisfies the strategy relation. 𝐺𝑒𝑡𝐺 is used to get the
𝐺𝑒𝑛𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦 part from a 𝑉𝐺𝑒𝑛𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦 and 𝐺𝑒𝑡𝑃𝑟𝑒𝑓𝑖𝑥𝑁 is
used to get the first 𝑛 states from a 𝑇𝑟𝑎𝑐𝑒.

Theorem GenStrategy to Trace:

forall g: VGenStrategy, exists
t:Trace,

forall n, (GetG g) (GetPrefixN t n)
(t n).

4.1.2. Design a Trace-Generate Strategy. Recall that we need
to prove condition (2.2) in the previous subsection: given a
trace 𝑡 ∈ 𝑠𝑝 and a position 𝑛, a trace 𝑡 should be constructed
such that three properties (a) 𝑡

[⋅⋅⋅𝑛]
= 𝑡
[⋅⋅⋅𝑛]

, (b) 𝑡 ∈ 𝑠𝑝 and
(c) 𝑡 ∈ 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟 are hold. To achieve the goal, firstly, we
need to design a trace-generate strategy relation (the relation
is designed with the three properties under consideration);
secondly, we need to prove the relation is valid; at last, we
need to prove the generated trace conforms to the properties.
We fix 𝑡, 𝑛, 𝑓𝑡, and 𝑠 in the sequel.

Define the Relation. The design principles of the relation are
as follows:

(1) at any point, the set of schedulable actions should be
finite and all actions in the set is enabled;

(2) at any point, if the schedulable action set is not empty,
the action that has not been executed for the longest
time is scheduled to execute. In event of ties, the
action withminimal index is chosen. Principle 1 is the
key to this principle, since if the schedulable action set
is infinite, there may exist an action which is infinitely
enabled but not infinitely executed;

(3) at any point, if the schedulable actions set is empty,
then pick𝑁𝑒𝑥𝑡 to execute since𝑁𝑒𝑥𝑡 is total;

(4) 𝑡
[⋅⋅⋅𝑛]

should be a prefix of the generated trace.

The strategy is defined as:

Definition MC strategy (t:Trace )
(n:nat) :=

fun (ft:FiniteTrace St)(s:St) =>

match ft with

| nil => s = t 0

| cons s’ tl =>

(0<length ft<=n /\t (length ft)=s)
\/

(n<length ft /\ (forall i,∼

MC Enabled ft s’ i)/\Next s’ s)

\/(n<length ft /\exists i,
MC Enabled ft s’ i /\
MC theMin ft s’ i /\ (Acts i) s’ s)

end.
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Intuitively “(𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦 𝑡 𝑛)𝑓𝑡 𝑠” has the following
implicit meanings:

(i) 𝑓𝑡 is the finite trace that the system has already
produced;

(ii) if (𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦 𝑡 𝑛) 𝑓𝑡 𝑠 holds, then 𝑠 is the next state
the system will generate.

Depend on the length of 𝑓𝑡, there are 4 cases of how the
strategy generates a next state: (a) 𝑓𝑡 is nil; (b) |𝑓𝑡| ≤ 𝑛; (c)
|𝑓𝑡| > 𝑛 and all the actions are not enabled; (d) |𝑓𝑡| > 𝑛 and
there is an enabled action.

𝑀𝐶 𝑡ℎ𝑒𝑀𝑖𝑛𝑓𝑡 𝑠

𝑖 denotes that the action 𝑖 has the

properties mentioned in the second principle. In order to
define 𝑀𝐶 𝑡ℎ𝑒𝑀𝑖𝑛, there are several concepts that need
to be represented: (a) given a finite trace and an action,
the number of steps that the action continuously has not
been executed up to now (𝑛𝑠𝑡𝑒𝑝𝑠); (b) notion of the largest
number of nonexecuted steps (𝑀𝐶 𝑡ℎ𝑒𝐿𝑜𝑛𝑔𝑒𝑠𝑡𝐸𝑛𝑎𝑏𝑙𝑒𝑑); (c)
the smallest index with the largest nonexecuted number
𝑀𝐶 𝑡ℎ𝑒𝑀𝑖𝑛. Given a finite trace 𝑓𝑡, a nat 𝑖, and an action
predicate 𝑎,𝑁𝑜𝐸𝑥𝑒𝑂𝑓𝐴𝑐𝑡𝑖𝑜𝑛𝑈𝑝𝑇𝑜 𝑓𝑡 𝑖 𝑎 returns the number
of executable actions of 𝑓𝑡.

Fixpoint nsteps (ft:FiniteTrace St)
(i:nat)

(a: Actions St) { struct ft } : nat :=

if lt le dec i (length ft) then

match ft with

| nil => 0

| hd :: nil => 0

| hd :: (hd’ :: ) as tail =>

if action dec a hd’ hd then 0

else S (NoExeOfActionUpTo tail
i a)

end

else 0.

Definition MC theLongestEnabled (ft:
FiniteTrace ) s idx :=

MC Enabled s idx /\

(forall idx’, MC Enabled s idx’ ->
nsteps ft idx’(f idx’)<=nsteps ft
idx(f idx).

Definition MC theMin (ft: FiniteTrace
) s idx :=

MC theLongestEnabled ft s idx /\

(forall idx’, MC theLongestEnabled
ft s idx’->idx <= idx’).

𝑛𝑠𝑡𝑒𝑝𝑠 needs more descriptions. For its arguments, 𝑓𝑡 is
the finite trace, 𝑖 is the index of the action and 𝑎 is the action.
𝑙𝑡 𝑙𝑒 𝑑𝑒𝑐 returns 𝑡𝑟𝑢𝑒 if and only if its first argument is less
than the second argument. The first if-statement is the key

to make the schedulable action set finite, but it does so in
an implicit way, which will be explained in section “Prove
the Properties.” 𝑎𝑐𝑡𝑖𝑜𝑛 𝑑𝑒𝑐 𝑎 ℎ𝑑 ℎ𝑑 returns 𝑡𝑟𝑢𝑒 if and only if
𝑎 ℎ𝑑 ℎ𝑑

 holds.

Useful Theorems. In the sequent proofs, we want to choose
an element with a specific property from a set, for example,
the minimal or the maximal element from a set according to
some order.We use theorems to do so and these theorems are
of a similar pattern: given a set, if the set is not empty, then
there exists an element in the set with some specific proper-
ties.

(i) Get the Minimal Element. The following theorem
states that given a set 𝑃, if 𝑃 is not empty and 𝑅 is
a well-founded order, then there exists a minimal ele-
ment in 𝑃 according to order 𝑅.
Theorem ExistTheMin general:

forall (A:Set)(R: A -> A -> Prop)
(P: Ensemble A),

well founded R ->(∼ Empty set P)
->

(exists n, In P n /\ (forall i,
In P i ->∼ R i n)).

(ii) Get the Maximal Element. The following theorem
expresses that given a set 𝑃 of natural numbers, if
there exists a natural number 𝑚𝑎𝑥 which is larger
than all the elements in𝑃, then there exists a maximal
element in 𝑃.
Theorem ExistTheMax nat:

(∼ Empty set P) ->

(exists max, (forall n, In P
n -> n <= max)) ->

exists m, In P m /\ forall n,
In P n -> n <= m.

These theorems can be thought as a kind of element
choosers, which can be used to pick up a specific ele-
ment from a set. Combining these choosers with
proper initializations of the set predicates (i.e., 𝑃 in
the theorem), we can obtain some useful complex
choosers, such as the one choosing the smallest index
among the indexes whose associated actions have not
been executed for the longest time.

(iii) The following theorem represents that given𝑃, a finite
set of natural numbers, and 𝐹, a relation over two nat-
ural numbers, if 𝐹 is total on 𝑃 (i.e., for each element
in 𝑃 there exists a number 𝐹-related to it), and 𝐹 is
transitive over the second parameter (i.e., for each
element in 𝑃, if a number is 𝐹-related to the element
then any number larger than the number is also 𝐹-
related to the element) then there exists an𝑚 such that
𝑚 is 𝐹-related to each element in 𝑃.
Theorem PFiniteExistsAMax:

forall (P: Ensemble nat)
(F: nat->nat->Prop),
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Finite P->(forall i, In P i ->
exists xi, F i xi) ->

(forall i xi xi’, In P i->F i
xi->xi<=xi’->F i xi’) ->

exists m, forall i, In P i ->
F i m.

Prove the Validity. The validity of 𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦 is demon-
strated by the following theorem:

Theorem MC strategy Valid:

forall t n f, exists s:St, MC strategy
t n f s.

The theorem is proved by case analysis, which corresponds
to the four cases of 𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦. For the first 3 cases, they
are not hard to prove. For the last case, we need to prove the
following theorem:

Theorem MC theMin Valid:

forall ft s, (exists i, MC Enabled
ft s i) ->

exists idx, MC theMin ft s idx.

This theorem is proved based on the theorems described in
the previous subsection.

Prove the Properties. At this point, we have a valid trace-
generate relation, based onwhichwe obtain a generated trace.
We need to prove that the generated trace conforms to the
three properties.

Recall that 𝑡 is the generated trace. Property (a) (i.e.,
𝑡


[⋅⋅⋅𝑛]
= 𝑡
[⋅⋅⋅𝑛]

) is ensured by the first and second cases of
𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦: if𝑓𝑡 is nil, then the next state is 𝑡

0
; else if |𝑓𝑡| ≤

𝑛, then the next state is 𝑡
|𝑓𝑡|

. Property (b) is proved based on
the facts that: (1) 𝑡 ∈ 𝑠𝑝; (2) case 3 generates a next state based
on𝑁𝑒𝑥𝑡; (3) case 4 generates a state based on an action which
is a subaction of𝑁𝑒𝑥𝑡.The last property (c) expresses that for
each action if it is infinitely enabled in trace 𝑡, then it is also
infinitely executed. We prove this by contradiction:

(1) if there is an action that is infinitely enabled but
finitely executed, then there is a set of actions that are
infinitely enabled but only finitely executed;

(2) properly pick an action 𝑎 from the set and a position
𝑛 such that 𝑎 is not executed in the suffix 𝑡

[𝑛⋅⋅⋅ ]
;

(3) pick a position 𝑚 > 𝑛 such that at 𝑚 the next action
chosen to execute by the scheduler is 𝑎, which con-
flicts with step 2.

In order to make a concise representation, we have the
following definitions:

Definition NotAfter t a n :=

forall i, n<=i -> ∼a t[i] t[S i].

Definition InfEn t a :=

GF (En a) t.

For the second step, corresponding to 𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦, we
choose action 𝑖𝑑𝑥 and 𝑛 such that (𝑛, 𝑖𝑑𝑥) is the smallest
element in {(𝑛, 𝑖𝑑𝑥) | 𝑖𝑑𝑥 <= 𝑛 + 1 ∧ 𝐼𝑛𝑓𝐸𝑛 𝑡


(𝑓 𝑖) ∧

𝑁𝑜𝑡𝐴𝑓𝑡𝑒𝑟 𝑡

(𝑓 𝑖) 𝑛} (the order between two pairs𝑝

1
= (𝑎
1
, 𝑏
1
)

and 𝑝
2
= (𝑎
2
, 𝑏
2
) is the classical lexicographic order: 𝑝

1
<

𝑝
2
≜ 𝑎
1
< 𝑎
2
∨(𝑎
1
= 𝑎
2
∧𝑏
1
< 𝑏
2
)), that is, the smallest 𝑖𝑑𝑥with

the smallest 𝑛.The first conjunct is used to ensure that we only
consider the actions whose indexes are less than the length
of 𝑓𝑡. This constraint corresponds to the first if-statement in
𝑛𝑠𝑡𝑒𝑝𝑠.The second conjunct guarantees that there always is an
arbitrary large position at which the action is enabled. It can
be proved that the set is not empty based on the assumption
in step 1. Again, there is a chooser theorem for this operation.

Intuitively there is some point after 𝑛 where action 𝑖𝑑𝑥 is
the next action to execute, because it has not been executed
since 𝑛 and its index is the smallest. Nowwe need to find such
a point𝑚 at which:

(1) for each action 𝑖𝑑𝑥 ≤ 𝑛, one of the following cases
holds:

(a) if 𝑖𝑑𝑥 is infinitely enabled and infinitely exe-
cuted, then 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡

[⋅⋅⋅𝑚]
𝑖𝑑𝑥

< 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡

[⋅⋅⋅𝑚]
𝑖𝑑𝑥;

(b) if 𝑖𝑑𝑥 is infinitely enabled but finitely executed,
then
(i) if action 𝑖𝑑𝑥 is executed at least once after

𝑛, then 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑x’ < 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑𝑥;
(ii) if action 𝑖𝑑𝑥 is not executed after 𝑛, then

𝑛𝑠𝑡𝑒𝑝𝑠 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑𝑥

≤ 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡

[⋅⋅⋅𝑚]
𝑖𝑑𝑥;

(c) if 𝑖𝑑𝑥 is finitely enabled, then 𝑖𝑑𝑥
 is not

enabled at𝑚;

(2) for each action 𝑖𝑑𝑥


> 𝑛, 𝑛𝑠𝑡𝑒𝑝𝑠 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑𝑥


≤

𝑛𝑠𝑡𝑒𝑝𝑠 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑𝑥 and 𝑖𝑑𝑥 < 𝑖𝑑𝑥;
Suppose we find 𝑚 satisfying both conditions. The theo-

rem𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦𝑂𝑓𝑀 (we omit the preconditions, since they are
toomany) states that 𝑖𝑑𝑥 is the smallest indexwith the longest
nonexecute steps (i.e.,𝑀𝐶 𝑡ℎ𝑒𝑀𝑖𝑛 𝑡


[⋅ ⋅ ⋅ 𝑚]𝑡


[𝑚] 𝑖𝑑𝑥), hence

only the fourth case of𝑀𝐶 𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦 can be true. Based on the
uniqueness of𝑀𝐶 𝑡ℎ𝑒𝑀𝑖𝑛, we can infer that action 𝑖𝑑𝑥 is the
action the scheduler chooses to execute at𝑚.

Lemma PropertyOfM:

⋅ ⋅ ⋅ ->

MC theMin t’ [⋅ ⋅ ⋅ m] t’ [m] idx.

Theorem MC theMin Unique:

forall ft s i i’, MC theMin ft
s i -> MC theMin ft s i’ ->
i=i’.

In order to obtain such 𝑚, we first construct that 𝑚
s.t. condition (1) holds and then construct that 𝑚 s.t. both
conditions hold. We use theorem 𝑃𝐹𝑖𝑛𝑖𝑡𝑒𝐸𝑥𝑖𝑠𝑡𝑠𝐴𝑀𝑎𝑥 to get
𝑚
. In the theorem 𝑃 is the set of indexes less than (𝑛+1) and

𝐹 is defined as
Definition F := fun i xi =>

let inf en := (GF St (En St (Acts i))
t’) in
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let inf exe := (GF St (Acts i) t’) in

let tp := (GetPrefixN St t’ (S xi)) in

let a := Acts idx in

let a’ := Acts i in

n <= xi /\

((inf en /\ inf exe /\ nstep tp i a’ <
nstep tp idx a) \/

(inf en /\∼ inf exe /\

(((exists n, min n <= n /\ a’ (t’ n)
(t’ (S n)))/\

nstep tp i a’ < nstep tp idx a) \/

((forall n, min n <= n ->∼a’ (t’ n)
(t’ (S n)))/\

nstep tp i a’ <= nstep tp idx a)))
\/

(∼ inf en /\ (forall k, xi <= k -> ∼

En St a’ (t’ k)))).

The second conjunct consists of four disjuncts, each of which
corresponds to a sub condition in condition (1). The total
and transitive properties of 𝐹 are proved by case analysis.
By 𝑃𝐹𝑖𝑛𝑖𝑡𝑒𝐸𝑥𝑖𝑠𝑡𝑠𝐴𝑀𝑎𝑥 we obtain the 𝑚 which is 𝐹-related
to all the actions whose indexes are less than (𝑛 + 1). For
each index 𝑖 > 𝑛, by using theorem 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑙𝑒𝑠𝑠 we know
𝑛𝑠𝑡𝑒𝑝 𝑡

[⋅⋅⋅𝑚]
𝑖 (𝑓 𝑖) ≤ (𝑚 + 1 − 𝑖), and by theorem 𝑙𝑒𝑠𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟,

we know 𝑚 − 𝑛 ≤ 𝑛𝑠𝑡𝑒𝑝 𝑡
[⋅⋅⋅𝑚]

𝑖𝑑𝑥 (𝑓 𝑖𝑑𝑥); hence, we know𝑚

also holds for condition (2).Thus𝑚 is the position we want—
property (c) holds on trace 𝑡.

Lemma greater less:

forall ft i a, nstep ft i a <= length
ft - i.

Lemma less greater:

forall t idx a n, idx <=S n ->

(forall j, n<=j -> ∼a (t j)
(t (S j))) ->

forall k, n < k -> k-n<=nstep
(GetPrefixN St t (S k)) idx a.

Finally, we prove that the stronger specification is
machine closed.

4.2. The Original Specification. Based on theorem 𝑠𝑝

𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑐𝑙𝑜𝑠𝑒𝑑, we need to prove theorem
𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑐𝑙𝑜𝑠𝑒𝑑. According to the definition of machine
closed, the proof is sketched as

(1) prove 𝑠𝑝 is a safety property;
(2) prove 𝐶(𝑠𝑝 ∩ 𝑙𝑝) = 𝑠𝑝. There are two directions:

(a) 𝐶(𝑠𝑝∩ 𝑙𝑝) ⊆ 𝑠𝑝. The proof is similar to the proof
of condition (2.1) in Section 4.1;

(b) 𝑠𝑝 ⊆ 𝐶(𝑠𝑝 ∩ 𝑙𝑝). Given 𝑡 and 𝑖, by theorem
𝑠𝑝 𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑐𝑙𝑜𝑠𝑒𝑑 we can get an
extended trace 𝑡

0
of 𝑡
[⋅⋅⋅𝑖]

such that 𝑡
0
∈ 𝑠𝑝 ∧ 𝑡

0
∈

𝑙𝑝 𝑠𝑡𝑟𝑜𝑛𝑔𝑒𝑟. Hence, the only subgoal needed to
solve is to prove that 𝑡

0
is also in 𝑙𝑝. It is sufficient

to prove that
(i) for each 𝑖 ∈ 𝐼, 𝑡

0
satisfies the strong fairness

constraint of action 𝑎
𝑖
—this holds, since

𝑡
0
satisfies the strong fairness constraint of

action 𝑎
𝑓(2∗𝑖)

which is equal to 𝑎
𝑖
.

(ii) for each 𝑖 ∈ 𝐽, 𝑡
0
satisfies the weak fairness

constraint of action 𝑎
𝑗
—this holds, since

𝑡
0
satisfies the strong fairness constraint

of action 𝑎
𝑓(2∗𝑗+1)

which is equal to 𝑎
𝑗

and the following theoremwhich expresses
that if a trace satisfies the strong fairness
constraint of an action it also satisfies the
weak fairness constraint of that action:
Theorem SF imp WF:
forall (a:Actions), SF Action
a [->] WF Action a.

5. Related Works and Concluding Remarks

The machine closed theorem is first proved in [4]. There is
already some work that embeds TLAi n a theorem prover
[9], but to our best knowledge, this is the first time that the
theorem is formally proved in a theorem prover. There are
several other works that concern the definitions of properties.
These works can be discussed in two steps. The first step is
how traces are represented. In [10], a function of type 𝑛𝑎𝑡 →
𝑆𝑡 is chosen, which is the same as our solution. In other
works, inductive and/or coinductive types are used [7, 8, 11].
In [12], the authors propose amore general solution, in which
they do not commit to a particular formalization of traces;
instead, they exploit the module system of Coq and only list
the interface of traces. The second step is how the safety and
liveness properties are defined. In [7], the safety property is
defined as a state invariant of a transition system and the
liveness property is not defined formally.

In this paper, we present a formal proof of the themachine
closed theorem in theorem prover Coq. Various fundamental
definitions, such as traces, properties, safety property, liveness
property, safety closure and machine closed, are given. Based
on these definitions, the theorem is formally stated and
proved. The main proof of machine closed theorem is done
using the section mechanism of Coq.This mechanismmakes
our formalization adaptable. It can be encapsulated into a
module or a record. In our case study, we used the module
type. The result module is general, since it is at the semantics
level (because we do the proof in a shallow embedding
manner) and thus is independent of any concrete syntax.This
work also results in several reusable Coq libraries. The Coq
scripts can be provided upon request.
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