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The theory of time scales was created to unify continuous
and discrete analysis. Difference and differential equations
can be studied simultaneously by studying dynamic equations
on time scales. Recently, there has been much interest in
the study of dynamical systems on time scales due to their
applications to real world problems, such as electric circuits
and insect populations. Many application problems can be
studied more precisely using dynamical systems on time
scales. Subjects such as existence and uniqueness of solutions,
stability, Floquet theory, periodicity, stability, and bounded-
ness of solutions can be studied more precisely and generally
by utilizing dynamical systems on time scales. Recently, many
researchers have been looking at the applications of time
scales in various economics models utilizing optimal control
theory and developing more realistic models in economics
and population dynamics using time scales.

This special issue places its emphasis on the study of
the applications of dynamical system on time scales; such
applications include economics models utilizing optimal
control theory, fractional calculus, and the development of
new population models.

All manuscripts submitted to this special issue went
through a thorough peer-refereeing process. Based on the
reviewers’ reports, we collected 5 original research articles by
more than 17 active international researchers on dynamical
systems.

To be more comprehensive, we give a description of each
article in this special issue by providing a short editorial note
summarizing each paper.

W. Kumam et al. established sufficient conditions for exis-
tence of solutions to the coupled systems of higher-order
hybrid fractional differential equations with three-point

boundary conditions. They apply the coupled fixed point
theorem of Krasnoselskii type to form adequate conditions
for existence of solutions to the proposed system. They
provided a nice example as an application.

Z.Wang et al. proposed a newdocking system that ismore
efficient and requires less makespan. A cross-docking system
is proposed with multiple receiving and shipping dock doors.
Their objective is to find the best door assignments and the
sequences of trucks in the principle of products distribution
to minimize the total makespan of cross-docking. To solve
the problem that is regarded as a mixed integer linear pro-
gramming (MILP) model, three metaheuristics, namely, har-
mony search (HS), improved harmony search (IHS), and
genetic algorithm (GA), are proposed. Furthermore, the
fixed parameters are optimized by Taguchi experiments to
improve the accuracy of solutions further. Finally, they ended
the paper with several numerical examples to evaluate the
performances of proposed algorithms.

Z. Liu et al. proposed a new fractional two-dimensional
triangle function combination discrete chaotic map (2D-
TFCDM) with the discrete fractional difference. Bifurcation
behaviors, drawing the bifurcation diagrams, the largest Lya-
punov exponent plot, and the phase portraits of the proposed
map, were studied. On the application side, they apply the
proposed discrete fractional map into image encryption with
the secret keys ciphered by Menezes-Vanstone Elliptic Curve
Cryptosystem (MVECC). Finally, the image encryption algo-
rithm is analyzed in four main aspects that indicate that the
proposed algorithm is better than others.

Z.Wei et al. studied the dynamics of a stochasticmodified
Bazykin predator-prey system with Lévy jumps. First, they
show that the systemhas a unique global positive solution and

Hindawi
Discrete Dynamics in Nature and Society
Volume 2018, Article ID 2176510, 2 pages
https://doi.org/10.1155/2018/2176510

http://orcid.org/0000-0003-2450-4169
http://orcid.org/0000-0002-2154-9049
http://orcid.org/0000-0003-2909-8753
https://doi.org/10.1155/2018/2176510


2 Discrete Dynamics in Nature and Society

discovered new properties of solutions.Then, some sufficient
conditions for persistence and extinction are derived by Itô
formula and some inequalities on stochastic analysis. Numer-
ical simulations are provided to check the main results.

Z. Li and D. Tan established an analytical framework
studying the optimal dynamic pricing and advertising strate-
gies for online providers; it shows how the strategies are
influenced by the videos available time and the viewers’ emo-
tional factor. They create the two-stage strategy of revenue
models involving a single fee mode and a mixed fee-free
mode and find out the optimal fee charge and advertising
level of online video services. According to the results, the
optimal video price and ads volume dynamically vary over
time. The viewer’s aversion level to advertising has direct
effects on both the volume of ads and the number of viewers
who have selected low-quality content. The optimal volume
of ads decreases with the increase of ads-aversion coefficient,
while it increases as the quality of videos increases.The results
also indicate that, in the long run, a pure fee mode or free
mode is the optimal strategy for online providers.
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This paper is devoted to the dynamics of a stochastic modified Bazykin predator-prey system with Lévy jumps. First, we show
that the system has a unique global positive solution and give some properties of solutions. Then, some sufficient conditions for
persistence and extinction are derived by Itô formula and some inequalities on stochastic analysis. At last, some simulations are
provided to check the main results.

1. Introduction

In population biology, construction of models and relevant
qualitative analysis are popular fields [1, 2]. In the last
few decades, many predator-prey models with functional
and numerical responses have been proposed and studied
extensively. Particularly, ratio-dependent functional response
is common in some classical literature [3–5].

Alexeev and Bazykin firstly proposed a Bazykin system
[1]

�̇� (𝑡) = 𝑥 (𝑡) (𝑎 − 𝑏𝑥 (𝑡) − 𝑐𝑦 (𝑡)
1 + 𝐴𝑥 (𝑡)) ,

̇𝑦 (𝑡) = 𝑦 (𝑡) (−𝑔 − ℎ𝑦 (𝑡) + 𝑓𝑥 (𝑡)
1 + 𝐴𝑥 (𝑡)) ,

(1)

where 𝑥(𝑡) and 𝑦(𝑡) are the size of prey and predator at time𝑡. 𝑎, 𝑏, 𝑐, 𝑓, 𝑔, and 𝑚 are positive constants (some details
refer to [1]).

Considering the ratio effect in hunting process of preda-
tion, Haque built a modified Bazykin system [2]

�̇� (𝑡) = 𝑥 (𝑡) (𝑎 − 𝑏𝑥 (𝑡) − 𝑐𝑦 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡)) ,

̇𝑦 (𝑡) = 𝑦 (𝑡) (−𝑔 − ℎ𝑦 (𝑡) + 𝑓𝑥 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡)) ,

(2)

of which dynamical behavior near equilibrium point and
bifurcation are observed. System (2) is more reasonable and
many researchers began to pay more attention on it. Its
generalized forms have been investigated and a lot of results
were obtained [6–8].

However, in the natural world, environmental noise is
everywhere, and the growth rate of the populations is not
constants. In this case, many systems are described by
stochastic differential equations driven by Brownian motion
of the actual research. For example, [9] studied the following
stochastic modified Bazykin system:

𝑑𝑥 (𝑡) = 𝑥 (𝑡) (𝑎 − 𝑏𝑥 (𝑡) − 𝑐𝑦 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡)) 𝑑𝑡

+ 𝛼𝑥 (𝑡) 𝑑𝑤1 (𝑡) ,
𝑑𝑦 (𝑡) = 𝑦 (𝑡) (−𝑔 − ℎ𝑦 (𝑡) + 𝑓𝑥 (𝑡)

𝑦 (𝑡) + 𝐴𝑥 (𝑡)) 𝑑𝑡
+ 𝛽𝑦 (𝑡) 𝑑𝑤2 (𝑡) ,

(3)

where𝑤1(𝑡) and𝑤2(𝑡) are two independentWiener processes
defined on a complete probability space (Ω,F, {F𝑡}𝑡≥0, 𝑃)
and 𝛼 and 𝛽 stand for the level of the white noises. Some suf-
ficient conditions for persistence and extinction are obtained.
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Recently, the stochastic differential equation driven by
jump has drawn more and more researchers’ attention [10–
17]. This is mainly according to sudden perturbation of
environment, such as toxic contamination of water, torrential
flood, and hurricane. Motivated by the above, this paper
considers the following stochastic modified Bazykin system
with Lévy jumps:

𝑑𝑥 (𝑡) = 𝑥 (𝑡−) (𝑎 − 𝑏𝑥 (𝑡) − 𝑐𝑦 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡)) 𝑑𝑡

+ 𝛼𝑥 (𝑡) 𝑑𝑤1 (𝑡)
+ ∫
𝑍
𝛾 (𝑢) 𝑥 (𝑡−) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑑𝑦 (𝑡) = 𝑦 (𝑡−) (−𝑔 − ℎ𝑦 (𝑡) + 𝑓𝑥 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡)) 𝑑𝑡

+ 𝛽𝑦 (𝑡) 𝑑𝑤2 (𝑡)

+ ∫
𝑍
𝜂 (𝑢) 𝑦 (𝑡−) �̃� (𝑑𝑡, 𝑑𝑢) ,

(4)

where 𝑥(𝑡−), 𝑦(𝑡−) represent the left limit of 𝑥(𝑡), 𝑦(𝑡).
�̃�(𝑑𝑡, 𝑑𝑢) = 𝑁(𝑑𝑡, 𝑑𝑢) − 𝜆(𝑑𝑢)𝑑𝑡, 𝑁 is a Poisson random
measure, and 𝜆 is the characteristic measure of 𝑁 on a
measurable subset 𝑍 ⊂ 𝑅+ = (0, +∞) with 𝜆(𝑍) < +∞.

The rest of this paper is organized as follows. In Section 2,
some properties of positive solutions to system (4) are
discussed. In Section 3, the main results for persistence and
extinction are given. Finally, the simulation results show the
validity of our results.

2. Properties of Positive Solutions

Throughout this paper, we require that 𝑤1(𝑡), 𝑤2(𝑡), and 𝑁
are independent and

(𝐻1) max {∫
𝑍
(𝛾 (𝑢))𝑝 𝜆 (𝑑𝑢) , ∫

𝑍
(𝜂 (𝑢))𝑝 𝜆 (𝑑𝑢)} < +∞, 𝑝 > 0

(𝐻2) max {∫
𝑍
(ln (1 + 𝛾 (𝑢)))2 𝜆 (𝑑𝑢) , ∫

𝑍
(ln (1 + 𝜂 (𝑢)))2 𝜆 (𝑑𝑢)} < +∞

(5)

with min{1 + 𝛾(𝑢), 1 + 𝜂(𝑢)} > 0, 𝑢 ∈ 𝑍.
First, we present the global existence of positive solutions.

Lemma 1. For any given value (𝑥0, 𝑦0) ∈ 𝑅2+, system (4) has a
unique positive solution 𝑋(𝑡) = (𝑥(𝑡), 𝑦(𝑡)) on 𝑡 ≥ 0 and the
solution will be in 𝑅2+ a.s. (almost surely).

Proof. Let 𝑢(𝑡) = ln𝑥(𝑡), V(𝑡) = ln𝑦(𝑡), then we consider the
following system:

𝑑𝑢 (𝑡) = [𝑎 − 𝑏𝑒𝑢(𝑡) − 𝑐𝑒V(𝑡)
𝑒V(𝑡) + 𝐴𝑒𝑢(𝑡) −

𝛼2
2

− ∫
𝑍
(𝛾 (𝑢) − ln (1 + 𝛾 (𝑢))) 𝜆 (𝑑𝑢)] 𝑑𝑡

+ 𝛼𝑑𝑤1 (𝑡) + ∫
𝑍
ln (1 + 𝛾 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑑V (𝑡) = [−𝑔 − ℎ𝑒V(𝑡) + 𝑓𝑒𝑢(𝑡)
𝑒V(𝑡) + 𝐴𝑒𝑢(𝑡) −

𝛽2
2

− ∫
𝑍
(𝜂 (𝑢) − ln (1 + 𝜂 (𝑢))) 𝜆 (𝑑𝑢)] 𝑑𝑡

+ 𝛽 (𝑡) 𝑑𝑤2 (𝑡) + ∫
𝑍
ln (1 + 𝜂 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢)

(6)

with initial date 𝑢(0) = ln𝑥0, V(0) = ln𝑦0 on 𝑡 ≥ 0. Since
the coefficients of system (6) are locally Lipschitz continuous,

then there is a unique local solution on [0, 𝑇] a.s., where 𝑇 is
blow-up time. Then 𝑥 = 𝑒𝑢(𝑡), 𝑦 = 𝑒V(𝑡) is the unique positive
local solution to system (4) with initial data 𝑥0 > 0, 𝑦0 > 0.
We will show that 𝑇 = +∞, and this mean the solution is
global.

Consider the following equations:

𝑑𝑋1 (𝑡) = 𝑋1 (𝑡) (𝑎 − 𝑐 − 𝑏𝑋1 (𝑡)) 𝑑𝑡 + 𝛼𝑋1 (𝑡) 𝑑𝑤1 (𝑡)
+ ∫
𝑍
𝑋1 (𝑡) 𝛾 (𝑢) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑋1 (0) = 𝑥0,
𝑑𝑋2 (𝑡) = 𝑋2 (𝑡) (𝑎 − 𝑏𝑋2 (𝑡)) 𝑑𝑡 + 𝛼𝑋2 (𝑡) 𝑑𝑤1 (𝑡)

+ ∫
𝑍
𝑋2 (𝑡) 𝛾 (𝑢) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑋2 (0) = 𝑥0,
𝑑𝑌1 (𝑡) = 𝑌1 (𝑡) [−𝑔 + 𝑓

𝐴 − (ℎ + 𝑓
𝐴2𝑋1 (𝑡))𝑌1 (𝑡)] 𝑑𝑡

+ 𝛽𝑌1 (𝑡) 𝑑𝑤2 (𝑡)
+ ∫
𝑍
𝑌1 (𝑡) 𝜂 (𝑢) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑌1 (0) = 𝑦0,
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𝑑𝑌2 (𝑡) = 𝑌2 (𝑡) (−𝑔 + 𝑓
𝐴 − ℎ𝑌2 (𝑡)) 𝑑𝑡

− 𝛽𝑌2 (𝑡) 𝑑𝑤2 (𝑡)
+ ∫
𝑍
𝑌2 (𝑡) 𝜂 (𝑢) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑌2 (0) = 𝑦0.
(7)

By the comparison theorem of stochastic differential
equation, we conclude that

𝑋1 (𝑡) ≤ 𝑥 (𝑡) ≤ 𝑋2 (𝑡) ,
𝑌1 (𝑡) ≤ 𝑦 (𝑡) ≤ 𝑌2 (𝑡)

a.s.
(8)

According to [10], we can give

𝑋1 (𝑡) = exp {(𝑎 − 𝑐 − 𝜌1) 𝑡 + 𝛼𝑤1 (𝑡) + 𝜅1 (𝑡)}
𝑥−10 + 𝑏 ∫𝑡

0
exp {(𝑎 − 𝑐 − 𝜌1) 𝑠 + 𝛼𝑤1 (𝑠) + 𝜅1 (𝑠)} 𝑑𝑠 ,

𝑋2 (𝑡) = exp {(𝑎 − 𝜌1) 𝑡 + 𝛼𝑤1 (𝑡) + 𝜅1 (𝑡)}
𝑥−10 + 𝑏 ∫𝑡

0
exp {(𝑎 − 𝜌1) 𝑠 + 𝛼𝑤1 (𝑠) + 𝜅1 (𝑠)} 𝑑𝑠 ,

𝑌1 (𝑡) = exp {(−𝑔 + 𝑓/𝐴 − 𝜌2) 𝑡 + 𝛽𝑤2 (𝑡) + 𝜅2 (𝑡)}
𝑦−10 + ∫𝑡

0
(ℎ + 𝑓/𝐴2𝑋1 (𝑡)) exp {(𝑓/𝐴 − 𝑔 − 𝜌2) 𝑠 + 𝛽𝑤2 (𝑠) + 𝜅2 (𝑠)} 𝑑𝑠 ,

𝑌2 (𝑡) = exp {(−𝑔 + 𝑓/𝐴 − 𝜌2) 𝑡 + 𝛽𝑤2 (𝑡) + 𝜅2 (𝑡)}
𝑦−10 + ℎ∫𝑡

0
exp {(𝑓/𝐴 − 𝑔 − 𝜌2) 𝑠 + 𝛽𝑤2 (𝑠) + 𝜅2 (𝑠)} 𝑑𝑠 ,

(9)

where

𝜌1 = 0.5𝛼2 + ∫
𝑍
[𝛾 (𝑢) − ln (1 + 𝛾 (𝑢))] 𝜆 (𝑑𝑢) ,

𝜌2 = 0.5𝛽2 + ∫
𝑍
[𝜂 (𝑢) − ln (1 + 𝜂 (𝑢))] 𝜆 (𝑑𝑢) ,

𝜅1 (𝑡) = ∫
𝑡

0
∫
𝑍
ln (1 + 𝛾 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝜅2 (𝑡) = ∫
𝑡

0
∫
𝑍
ln (1 + 𝜂 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) .

(10)

Because 𝑡 ≥ 0 is the existence range of solutions𝑋1(𝑡), 𝑋2(𝑡), 𝑌1(𝑡), 𝑌2(𝑡), that means 𝑇 = +∞.

Next, wewill show the asymptotic property of the solution
to system (4).

Theorem 2. The solutions of system (4) are bounded in mean.

Proof. Let 𝑉1 fl 𝑉1(𝑡, 𝑥) = 𝑒𝑡𝑥𝑝 (𝑝 > 0). Direct computation,
by the formula 𝐸𝑉1(𝑡, 𝑥(𝑡)) − 𝐸𝑉1(0, 𝑥0) = 𝐸 ∫𝑡

0
𝐿𝑉(𝑠)𝑑𝑠 [18],

now leads to

𝐸 (𝑒𝑡𝑥𝑝) = 𝑥𝑝 (0) + 𝐸∫𝑡
0
𝐿𝑉1𝑑𝑠, (11)

where

𝐿𝑉1 = 𝑒𝑡𝑥𝑝 + 𝑒𝑡𝑝𝑥𝑝 [𝑎 − 𝑏𝑥 + 0.5 (𝑝 − 1) 𝛼2

− 𝑐𝑦
𝑦 + 𝐴𝑥 + ∫

𝑍
[(1 + 𝛾 (𝑢))𝑝 − 1] 𝜆 (𝑑𝑢)] ≤ 𝑒𝑡𝑥𝑝

+ 𝑒𝑡𝑝𝑥𝑝 [𝑎 − 𝑏𝑥 + 0.5 (𝑝 − 1) 𝛼2

+ ∫
𝑍
((1 + 𝛾 (𝑢))𝑝 − 1) 𝜆 (𝑑𝑢)] .

(12)

From actual meanings of parameters and assumption (𝐻1),
we get that

𝑥𝑝 + 𝑝𝑥𝑝 [𝑎 − 𝑏𝑥 + 0.5 (𝑝 − 1) 𝛼2

+ ∫
𝑍
[(1 + 𝛾 (𝑢))𝑝 − 1] 𝜆 (𝑑𝑢)]

(13)

is bounded. There exists a constant𝐾1 > 0, such that

𝐸𝑒𝑡𝑥𝑝 (𝑡) ≤ 𝑥𝑝0 + ∫
𝑡

0
𝐾1𝑒𝑠𝑑𝑠 (14)

when 1 + 𝑥𝑝 + 𝑝𝑥𝑝[𝑎 − 𝑏𝑥 + 0.5(𝑝 − 1)𝛼2 ∫
𝑍
[(1 + 𝛾(𝑢))𝑝 −

1]𝜆(𝑑𝑢)] > 0; otherwise𝐸𝑒𝑡𝑥𝑝(𝑡) ≤ 𝑥𝑝0 . Let𝐾2 = max {𝐾1, 0};
we have 𝐸𝑒𝑡𝑥𝑝(𝑡) ≤ 𝑥𝑝0 + 𝐾2𝑒𝑡. Denote 𝐾 = 𝐾2 + 𝑥𝑝0 , then𝐸𝑥𝑝(𝑡) ≤ 𝐾 < +∞. Similarly, 𝐸𝑦𝑝(𝑡) ≤ 𝐾.
3. Persistence and Extinction

In this section, some properties of the solutions of system (4)
are investigated. Some sufficient conditions for persistence
and extinction are shown. To proceed, some definitions and
lemma are as follows.

Definition 3 (see [19]). (1) The population 𝑥 is called to be
extinct if 𝑥(𝑡) → 0 (𝑡 → ∞) a.s.
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(2) The population 𝑥 is called to be persistent if
lim inf 𝑡→∞(1/𝑡) ∫𝑡0 𝑥(𝑠)𝑑𝑠 > 0 a.s.

(3) System (4) is called to be persistent if populations 𝑥
and 𝑦 are all persistent a.s.

Lemma 4 (see [20]). Under (𝐻1) and (𝐻2), suppose 𝑌(𝑡) ∈𝐶(Ω × [0, +∞), 𝑅+).
(1) If there exist three positive 𝑇, 𝑘, 𝑘0 such that

ln𝑌 (𝑡) ≤ 𝑘𝑡 − 𝑘0 ∫
𝑡

0
𝑌 (𝑠) 𝑑𝑠 + 𝑛∑

𝑖=1

𝑘𝑖𝑤𝑖 (𝑡)

+ 𝑛∑
𝑖=1

𝑐𝑖 ∫
𝑡

0
∫
𝑍
ln (1 + 𝛾 (𝑢)) �̃� (𝑑𝑠, 𝑑𝑢) 𝑎.𝑠.

(15)

for all 𝑡 > 𝑇, where 𝑘𝑖, 𝑐𝑖 are constants, then
lim sup
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑌 (𝑠) 𝑑𝑠 ≤ 𝑘

𝑘0 𝑎.𝑠. (16)

If 𝑘 < 0 and other conditions are the same, then lim𝑡→∞𝑌(𝑡) =0 a.s.
(2) If there exist three positive 𝑇, 𝑘, 𝑘0 such that

ln𝑌 (𝑡) ≥ 𝑘𝑡 − 𝑘0 ∫
𝑡

0
𝑌 (𝑠) 𝑑𝑠 + 𝑛∑

𝑖=1

𝑘𝑖𝑤𝑖 (𝑡)

+ 𝑛∑
𝑖=1

𝑐𝑖 ∫
𝑡

0
∫
𝑍
ln (1 + 𝛾 (𝑢)) �̃� (𝑑𝑠, 𝑑𝑢) 𝑎.𝑠.

(17)

for all 𝑡 > 𝑇, where 𝑘𝑖, 𝑐𝑖 are constants, then
lim inf
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑌 (𝑠) 𝑑𝑠 ≥ 𝑘

𝑘0 𝑎.𝑠. (18)

Now, the main results about persistence and extinction of
system (4) are as follows.

Theorem5. (1)The populations𝑥 and𝑦 are extinct if𝑎−𝜌1 < 0
a.s.

(2) The population 𝑥 is persistent and 𝑦 is extinct if 𝑎 − 𝑐 −𝜌1 > 0, 𝑓/𝐴 − 𝑔 − 𝜌2 < 0 a.s.
(3) The populations 𝑥 and 𝑦 are persistent if 𝑎 − 𝑐 − 𝜌1 >0, 𝑓/𝐴 − 𝑔 − 𝜌2 > 0 a.s.

Proof. (1) By using the Itô formula, the following formulas are
hold:

𝑑 ln𝑥 (𝑡) = (𝑎 − 𝑏𝑥 (𝑡) − 𝑐𝑦 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡) − 𝜌1)𝑑𝑡

+ 𝛼𝑑𝑤1 (𝑡)
+ ∫
𝑍
ln (1 + 𝛾 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) ,

𝑑 ln𝑦 (𝑡) = (−𝑔 − ℎ𝑦 (𝑡) + 𝑓𝑥 (𝑡)
𝑦 (𝑡) + 𝐴𝑥 (𝑡) − 𝜌2)𝑑𝑡

+ 𝛽𝑑𝑤2 (𝑡)
+ ∫
𝑍
ln (1 + 𝜂 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) .

(19)

Calculated by integral, we have the following form:

ln𝑥 (𝑡) − ln𝑥 (0) = (𝑎 − 𝜌1) 𝑡 + 𝛼𝑤1 (𝑡) − ∫
𝑡

0
𝑏𝑥 (𝑠) 𝑑𝑠

− ∫𝑡
0

𝑐𝑦 (𝑠)
𝑦 (𝑠) + 𝐴𝑥 (𝑠)𝑑𝑠 + 𝜅1 (𝑡)

≤ (𝑎 − 𝜌1) 𝑡 − 𝑏∫
𝑡

0
𝑥 (𝑠) 𝑑𝑠

+ 𝛼𝑤1 (𝑡) + 𝜅1 (𝑡) .

(20)

Then by Lemma 4, note that 𝑎 < 𝜌1, and therefore 𝑥(𝑡) →0 (𝑡 → ∞) (population 𝑥 is extinct) a.s. Then, for arbitrarily
small 𝜀 > 0, there exist a sufficiently large 𝑇, when 𝑡 > 𝑇, and
we have 𝑥(𝑡) < 𝜀 and

𝑑 ln𝑦 (𝑡) ≤ (−𝑔 − ℎ𝑦 (𝑡) + 𝜀 − 𝜌2) 𝑑𝑡 + 𝛽𝑑𝑤2 (𝑡)
+ ∫
𝑍
ln (1 + 𝜂 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) , (21)

where −𝑔 − 𝜀 − 𝜌2 < 0. It is clear that 𝑦(𝑡) → 0 (𝑡 → ∞)
(population 𝑦 is extinct) a.s. Thus (1) is correct.

(2) From (1), the following forms are clear.

ln𝑥 (𝑡) − ln𝑥 (0) = (𝑎 − 𝜌1) 𝑡 + 𝛼𝑤1 (𝑡) − ∫
𝑡

0
𝑏𝑥 (𝑠) 𝑑𝑠

− ∫𝑡
0

𝑐𝑦 (𝑠)
𝑦 (𝑠) + 𝐴𝑥 (𝑠)𝑑𝑠 + 𝜅1

≤ (𝑎 − 𝜌1) 𝑡 − 𝑏∫
𝑡

0
𝑥 (𝑠) 𝑑𝑠

+ 𝛼𝑤1 (𝑡) + 𝜅1,
ln𝑥 (𝑡) − ln𝑥 (0) = (𝑎 − 𝜌1) 𝑡 + 𝛼𝑤1 (𝑡) − ∫

𝑡

0
𝑏𝑥 (𝑠) 𝑑𝑠

− ∫𝑡
0

𝑐𝑦 (𝑠)
𝑦 (𝑠) + 𝐴𝑥 (𝑠)𝑑𝑠 + 𝜅1

≥ (𝑎 − 𝑐 − 𝜌1) 𝑡 − 𝑏∫
𝑡

0
𝑥 (𝑠) 𝑑𝑠

+ 𝛼𝑤1 (𝑡) + 𝜅1.

(22)

Then by Lemma 4, we have

𝑎 − 𝑐 − 𝜌1𝑏 ≤ lim inf
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑥 (𝑠) 𝑑𝑠

≤ lim sup
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑥 (𝑠) 𝑑𝑠 ≤ 𝑎 − 𝜌1𝑏 a.s.

(23)

Therefore the population 𝑥 is persistent in mean. For popula-
tion 𝑦, we have

𝑑 ln𝑦 (𝑡) ≤ (−𝑔 − ℎ𝑦 (𝑡) + 𝑓
𝐴 − 𝜌2)𝑑𝑡 + 𝛽𝑑𝑤2 (𝑡)

+ ∫
𝑍
ln (1 + 𝜂 (𝑢)) �̃� (𝑑𝑡, 𝑑𝑢) .

(24)
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From Lemma 4 and condition𝑓/𝐴−𝑔−𝜌2 < 0, we know
that 𝑦(𝑡) → 0 (𝑡 → ∞) (i.e., population 𝑦 is extinct) a.s.

(3) In view of above, we can conclude the following when𝑎 − 𝑐 − 𝜌1 > 0, 𝑔/𝐴 − 𝑔 − 𝜌2 > 0, and
ln𝑦 (𝑡) − ln𝑦 (0) ≥ (−𝑔 + 𝑓

𝐴 − 𝜌2) 𝑡

− (ℎ + 𝑓
𝐴2𝑋1∗)∫

𝑡

0
𝑦 (𝑠) 𝑑𝑠

+ 𝛽𝑤2 (𝑡) + 𝜅2 (𝑡) .

(25)

Then, we have

𝑓/𝐴 − 𝑔 − 𝜌2ℎ + 𝑓/𝐴2𝑋1∗ ≤ lim inf
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑦 (𝑠) 𝑑𝑠

≤ lim sup
𝑡→∞

1
𝑡 ∫
𝑡

0
𝑦 (𝑠) 𝑑𝑠

≤ 𝑓/𝐴 − 𝑔 − 𝜌2ℎ , a.s.,

(26)

where𝑋1∗ is the minimum of𝑋1(𝑡) > 0.
It is clear that population 𝑦 is persistent.

Remark 6. For (1) inTheorem 5, it implies that the population𝑥 of extinction a.s. leads to the extinction of population 𝑦 a.s.
As shown in Figure 2, the simulations also affirm this point.
In Figure 2, we can see that population 𝑥 becomes extinct,
and after a while, population 𝑦 becomes extinct.

4. Numerical Simulations

We will demonstrate our results with the help of numerical
simulations by using the Euler-Maruyama scheme [21, 22].
In numerical simulation, randomly selected parameters are
as follows 𝑎 = 0.55, 𝑏 = 0.21, 𝑐 = 0.15, 𝑓 = 0.93, ℎ =0.11, 𝐴 = 1.23, 𝛼 = 0.75, 𝛽 = 0.73, 𝑍 = (0, +∞), and𝜆(𝑍) = 1, with simulation time span𝑇 = 50 and step sizeΔ𝑡 =𝑇/𝑁, where𝑁 = 212. The initial data is (𝑥0, 𝑦0) = (0.3, 0.11)
in Figure 2, and others are (3, 1).

(1) As illustrated in Figure 1, we choose 𝛾(𝑢) =
0.99, 𝜂(𝑢) = 0.85, then 𝜌1 = 𝑎 − 0.5𝛼2 − ∫

𝑍
(𝛾(𝑢) − ln (1 +

𝛾(𝑢)))𝜆(𝑑𝑢) = 0.58312, 𝜌2 = 𝑎 − 0.5𝛽2 − ∫
𝑍
(𝜂(𝑢) − ln (1 +𝜂(𝑢)))𝜆(𝑑𝑢) = 0.50126, and 𝑎 − 𝜌1 = −0.03312 < 0, 𝑓/𝐴 −𝑔−𝜌2 = −0.09517 < 0. ByTheorem 5, the populations𝑥 and𝑦

are extinct a.s. Numerical experiments verify the correctness
of (1) in Theorem 5.

(2) As illustrated in Figure 2, we choose 𝛾(𝑢) =
0.99, 𝜂(𝑢) = 0.05, then 𝜌1 = 𝑎 − 0.5𝛼2 − ∫

𝑍
(𝛾(𝑢) − ln (1 +

𝛾(𝑢)))𝜆(𝑑𝑢) = 0.58312, 𝜌2 = 𝑎 − 0.5𝛽2 − ∫
𝑍
(𝜂(𝑢) − ln (1 +𝜂(𝑢)))𝜆(𝑑𝑢) = 0.26766, and 𝑎−𝜌1 = −0.03312 < 0, 𝑓/𝐴−𝑔−𝜌2 = 0.13844 > 0. ByTheorem 5, the populations 𝑥 and 𝑦 are

extinct a.s. Numerical experiments also verify the correctness
of (1) in Theorem 5.

(3) As shown in Figure 3, we choose 𝛾(𝑢) = 0.15, 𝜂(𝑢) =
0.91, then 𝜌1 = 𝑎 − 0.5𝛼2 − ∫

𝑍
(𝛾(𝑢) − ln (1 + 𝛾(𝑢)))𝜆(𝑑𝑢) =

0.29149, 𝜌2 = 𝑎 − 0.5𝛽2 − ∫
𝑍
(𝜂(𝑢) − ln (1 + 𝜂(𝑢)))𝜆(𝑑𝑢) =
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0.52935, and 𝑎 − 𝑐 − 𝜌1 = 0.048512 > 0, 𝑓/𝐴 − 𝑔 − 𝜌2 =−0.12325 < 0. By Theorem 5, the population 𝑥 is persistent
a.s. and population 𝑦 is extinct a.s. The correctness of (2) in
Theorem 5 is verified.

(4) As shown in Figure 4, we choose 𝛾(𝑢) = 0.15, 𝜂(𝑢) =
0.05, then 𝜌1 = 𝑎 − 0.5𝛼2 − ∫

𝑍
(𝛾(𝑢) − ln (1 + 𝛾(𝑢)))𝜆(𝑑𝑢) =

0.29149, 𝜌2 = 𝑎 − 0.5𝛽2 − ∫
𝑍
(𝜂(𝑢) − ln (1 + 𝜂(𝑢)))𝜆(𝑑𝑢) =0.52935, and 𝑎 − 𝑐 − 𝜌1 = 0.048512 > 0, 𝑓/𝐴 − 𝑔 − 𝜌2 =0.13844 > 0. By Theorem 5, the populations 𝑥 and 𝑦 are

persistent a.s. The validity of correctness of (3) in Theorem 5
is verified.
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5. Conclusions

In this paper, a stochastic modified Bazykin systemwith Lévy
jumps is discussed. Firstly, the existence of global positive
solutions is investigated, and boundedness in mean is also
given. Further, under related assumption, we obtain the suffi-
cient conditions for the stochastic permanence and extinction
of system (4).There are some interesting topics which deserve
further discussion. For example, many authors consider the
stationary distribution for stochastic predator-prey model
with harvesting and delays [23–25], epidemic model with
regime switching [26], impulsive stochastic model [27], and
budworm growth model with Markovian switching [28].The
above investigations are left for future work.
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The key of realizing the cross docking is to design the joint of inbound trucks and outbound trucks, so a proper sequence of
trucks will make the cross-docking system much more efficient and need less makespan. A cross-docking system is proposed with
multiple receiving and shipping dock doors. The objective is to find the best door assignments and the sequences of trucks in the
principle of products distribution tominimize the total makespan of cross docking. To solve the problem that is regarded as amixed
integer linear programming (MILP) model, three metaheuristics, namely, harmony search (HS), improved harmony search (IHS),
and genetic algorithm (GA), are proposed. Furthermore, the fixed parameters are optimized by Taguchi experiments to improve
the accuracy of solutions further. Finally, several numerical examples are put forward to evaluate the performances of proposed
algorithms.

1. Introduction

Cross docking is a process of logistics, of which the products
are unloaded from the inbound trucks and then sorted
and loaded into outbound trucks without warehousing. In a
traditional distribution center, there are four major functions
of warehousing that can be distinguished: receiving, storage,
order picking, and shipping. Since the major costs of ware-
housing are operations of storage and order picking, and the
cross docking can successfully eliminate them to considerably
decrease distribution costs, cross docking is nowadays used
by many companies, such as Wal Mart, Goodyear GB Ltd.,
Toyota, Eastman Kodak Co., and Dots and LLC [1].

There are several problems that researchers are passionate
about, such as layout design, location, network, and vehicle
routing problems. For example, Bartholdi III and Gue [2]
introduced an efficient design of the cross-docking layout,
whose objective was to minimize the transfer time, material
handling, and congestion. Dondo and Cerdá [3] presented
a new monolithic MILP formulation which integrated the
pickup/delivery vehicle routing and scheduling with the
assignment of dock doors. Nevertheless, two of the most

important factors that affect the efficiency of cross dock-
ing are door assignment and truck scheduling. A proper
sequence of trucks can significantly decrease the makespan
and improve the efficiency.The problems of door assignment
and truck scheduling are always considered together to
optimize the procedure of the cross docking.

The layout of the cross-docking terminal is in many
forms, such as the number of dock doors and whether there
is a temporary storage. Yu and Egbelub [4] proposed a truck
scheduling model with one inbound door and one outbound
door. Boloori Arabani et al. [5] put forward metaheuristic
algorithms to solve the same problem. Forouharfard and
Zandieh [6] proposed an integer programming (IP) model
to solve the problem of single receiving and shipping door.
Besides, a genetic algorithm was applied to solve the model.
In addition, Yu [7] dealt with truck scheduling problem
with multiple dock doors to find the best sequence for
trucks as well as assignments for trucks to doors and at
the same time determine the unloading sequences, product
routing, and routing sequences. Madani-Isfahani et al. [8]
considered a truck scheduling model with multiple doors
and then designed two metaheuristics, namely, simulated
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annealing and firefly algorithm to solve the offered model.
Assadi and Bagheri [9] considered a cross-docking terminal
with multiple doors and temporary storage, assuming the
ready time of inbound trucks were uncertain. Assadi and
Bagheri [10] proposed two algorithms, namely, differential
evolution and population-based simulated annealing to solve
the multiple-door cross-docking system.

The objective functions of truck scheduling are about
time, number of products transferred to temporary storage,
customer satisfaction, and so on. The makespan of cross
docking as well as the total earliness and total tardiness
of trucks is discussed more often. Wisittipanich and Heng-
meechai [11] and Boloori Arabani et al. [12] proposed a
truck scheduling model with objective of minimizing the
total earliness and tardiness simultaneously. Lee et al. [13]
established a mathematical model to maximize the number
of products shipped in a given working horizon. Ladier and
Alpan [14] proposed an objective of minimizing both total
number of pallets put in storage and the dissatisfaction of
transportation providers to evaluate the quality of cross-
docking system.

The operation forms of cross docking may be different,
the times of a truck moves in and out can be once or
more. Vahdani et al. [15] presented a truck scheduling model
with no temporary storage in the cross-docking terminal.
Both inbound and outbound trucks can move in and out of
the docks during their tasks repetitively. Two known meta-
heuristics named genetic algorithm and electromagnetism-
like algorithm were applied to minimize the total flow time.
Mohtashami [16] dealt with amodel that the outbound trucks
can repetitively move; however the inbound trucks can move
in only once.

Truck scheduling problems could be divided into two
categories, which are the scheduling of both inbound and
outbound trucks as well as the scheduling of inbound trucks
only. Boysen et al. [17] dealt with scheduling of inbound
trucks only, assuming outbound trucks left at fixed sequence
and then proposed decomposition procedures and simu-
lated annealing to minimize total lost profit. Rahmanzadeh
Tootkaleh et al. [18] proposed an inbound truck scheduling
model based on fixed outbound trucks’ departure times.

This paper proposes a truck scheduling model at a cross-
docking system with multiple inbound and outbound doors
to minimize the total makespan. The inbound and outbound
trucks are all available at time zero, so it is necessary to
schedule all the trucks and make proper door assignments
as well as truck sequences. Furthermore, it is assumed that
outbound trucks load products from temporary storages first
and then from inbound trucks, in case that the temporary
storages get filled up. An inbound truck enters the inbound
platformwhen the predecessor leaves and leaves the inbound
platform when none of the outbound trucks at the outbound
platforms need its products. It is worth noting that its leaving
time is no less than the start time plus the unloading time due
to the waiting time existing. In addition, three metaheuristics
are proposed, namely, HS, IHS, and GA, to solve the model
in order to find the best sequence.

The remainder of this paper is organized as follows:
The next section describes the assumptions, mixed integer

programming model for the truck scheduling problem, and
the process of the cross docking. Section 3 presents three
metaheuristics: harmony search, improved harmony search,
and genetic algorithm. In Section 4, the performances of the
metaheuristic algorithms are evaluated over the tests about
truck scheduling. Finally, conclusions are drawn and future
work is shortly expressed.

2. Problem Description

The studied problem in this paper is a mathematical model
based on mixed integer programming working on trucks
scheduling problems in a cross-docking systemwithmultiple
doors. Figure 1 shows the layout of the cross-docking termi-
nal; in the terminal, temporary storages are designed besides
the inbound doors, which are extremely large but limited.The
outbound trucks load products from temporary storages first
and then from inbound trucks in the inbound doors to avoid
filling up the temporary storages. The objective function is
minimizing the total makespan in order to reduce the waiting
time and improve the efficiency of cross-docking system.

2.1. Assumptions

(1)There are multiple receiving doors and shipping doors in
cross-docking system.(2)The shipping time is related to the distance.(3) Every outbound truck leaves until satisfying its needs.(4) Every inbound truck leaves until unloading its prod-
ucts.(5) Every truck is available at time zero.(6)The quantities and categories the inbound trucks load
are equal to the quantities and categories the outbound trucks
need.(7)There is no preemption of any truck.(8)The capacity of each truck is different, each inbound
truck loads specific types of products, and outbound truck
needs specific types of products.(9) There is a temporary storage next to each receiving
door which is with a large volume but limited.(10)The changeover time of trucks is equal.(11) The time of loading and unloading is in direct
proportion to the quantity of products.(12)The processes of sorting and labeling are not consid-
ered.(13) The outbound truck loads products from inbound
trucks, when there are no more products that the outbound
truck needs in the temporary storages.(14) The order of loading and unloading of products is
not considered.(15)The products can be exchanged; that is, the products
on a certain inbound truck can be loaded into any outbound
trucks, which need them.(16) There is only one chance for each inbound and
outbound truck to move in. The inbound truck unloads the
rest of the products to the temporary storage and leaves when
the inbound truck on the inbound platform cannot fill any
outbound trucks on the outbound platforms. An outbound
truck leaves when it fills all the products needed.
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Figure 1: The layout of cross-docking terminal.

2.2. Notations

𝑅: number of inbound trucks (𝑖 = 1, 2, . . . , 𝐼).
𝑆: number of outbound trucks (𝑗 = 1, 2, . . . , 𝑂).
𝑃: number of product types.
𝑘: index for product type (𝑘 = 1, 2, . . . , 𝑃).
𝐼: number of doors at receiving door (𝑚 = 1, 2, . . . , 𝑅).
𝑂: number of doors at shipping door (𝑛 = 1, 2, . . . , 𝑆).
𝐷𝑇: changeover time of trucks.
𝑀: a positive big number.
𝑇: loading or unloading time per product unit.
𝑟𝑖𝑘: number of units of product type 𝑘 that is initially
loaded in inbound truck 𝑖.
𝑠𝑗𝑘: number of units of product type 𝑘 that is initially
needed for outbound truck 𝑗.
𝑡𝑚𝑛: transfer time per unit of product type 𝑘 from
inbound door𝑚 to outbound door 𝑛.
𝑐𝑖: time at which inbound truck 𝑖 enters the receiving
door.
𝐶𝑖: time at which inbound truck 𝑖 leaves the receiving
door.
𝑙𝑗: time at which outbound truck 𝑗 enters the shipping
door.
𝐿𝑗: time at which outbound truck 𝑗 leaves the ship-
ping door.
𝐿previous𝑗: time at which the predecessor of out-
bound truck 𝑗 leaves the outbound door.
𝑥𝑖𝑗𝑘: number of units of product type 𝑘 transferred
from inbound truck 𝑖 to outbound truck 𝑗.
𝐿𝑋𝑖𝑗𝑘: number of units of product type 𝑘 transferred
from temporary storage to outbound truck 𝑗, which

the products have been transferred from inbound
truck 𝑖 to temporary storage.
𝐶𝑖𝑗: time at which outbound truck 𝑗 starts to load
products from inbound truck 𝑖.
𝐶𝑖𝑗last : time at which the last outbound truck 𝑗 starts to
load products from inbound truck 𝑖.
𝐷𝑗: time at which outbound truck 𝑗 starts to load
products from temporary storage.
V𝑖𝑗: if any products are transferred from inbound truck𝑖 to outbound truck 𝑗 directly: 1, otherwise: 0.
𝑦𝑖𝑚: if inbound truck 𝑖 is assigned to receiving door𝑚: 1, otherwise: 0.
𝑧𝑗𝑛: if outbound truck 𝑗 is assigned to shipping door𝑛: 1, otherwise: 0.
𝑝𝑖𝑗: if inbound trucks 𝑖 and 𝑗 are assigned to the same
receiving door and 𝑖 is a predecessor of truck 𝑗: 1,
otherwise: 0.
𝑞𝑖𝑗: if outbound trucks 𝑖 and 𝑗 are assigned to the
same shipping door and 𝑖 is a predecessor of truck 𝑗:
1, otherwise: 0.

2.3. The Mathematical Model. The mathematical model for
the problem is given as follows:

min 𝑇 (1)

S.t: 𝑇 ≥ 𝐿𝑗, 𝑗 = 1, 2, . . . , 𝑆 (2)

𝐼∑
𝑚=1

𝑦𝑖𝑚 = 1, 𝑖 = 1, 2, . . . , 𝑅 (3)

𝑂∑
𝑛=1

𝑧𝑗𝑛 = 1, 𝑗 = 1, 2, . . . , 𝑆 (4)
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𝑆∑
𝑗=1

𝑥𝑖𝑗𝑘 = 𝑟𝑖𝑘, 𝑖 = 1, 2, . . . , 𝑅, 𝑘 = 1, 2, . . . , 𝑃 (5)

𝑅∑
𝑖=1

𝑥𝑖𝑗𝑘 = 𝑠𝑗𝑘, 𝑖 = 1, 2, . . . , 𝑆, 𝑘 = 1, 2, . . . , 𝑃 (6)

𝑝𝑖𝑗 + 𝑝𝑗𝑖 ≤ 1, 𝑖 ̸= 𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑅 (7)

𝑞𝑖𝑗 + 𝑞𝑗𝑖 ≤ 1, 𝑖 ̸= 𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑆 (8)

𝑦𝑖𝑚 + 𝑦𝑗𝑚 − 1 ≤ 𝑝𝑖𝑗 + 𝑝𝑗𝑖,
𝑖, 𝑗 = 1, 2, . . . , 𝑅, 𝑖 ̸= 𝑗, 𝑚 = 1, 2, . . . , 𝐼 (9)

𝑧𝑖𝑛 + 𝑧𝑗𝑛 − 1 ≤ 𝑞𝑖𝑗 + 𝑞𝑗𝑖,
𝑖, 𝑗 = 1, 2, . . . , 𝑆, 𝑖 ̸= 𝑗, 𝑛 = 1, 2, . . . , 𝑂 (10)

𝐶𝑖 + 𝐷𝑇 −𝑀 ∗ (1 − 𝑝𝑖𝑗) ≤ 𝑐𝑗,
𝑖, 𝑗 = 1, 2, . . . , 𝑅 (11)

𝐶𝑖 ≥ 𝐶𝑖𝑗last +
𝑃∑
𝑘=1

𝑥𝑖𝑗𝑘 −𝑀 ∗ 𝑆∑
𝑗=1

V𝑖𝑗,
𝑖 = 1, 2, . . . , 𝑅, 𝑗 = 1, 2, . . . , 𝑆, 𝑘 = 1, 2, . . . , 𝑃

(12)

𝐶𝑖
≥ 𝐶𝑙 + 𝐷𝑇 + 𝑃∑

𝑘=1

𝑟𝑖𝑘 −𝑀 ∗ (1 − 𝑝𝑙𝑖) − 𝑀

∗ 𝑆∑
𝑗=1

V𝑖𝑗,
𝑖, 𝑙 = 1, 2, . . . , 𝑅, 𝑘 = 1, 2, . . . , 𝑃, 𝑗 = 1, 2, . . . , 𝑆

(13)

𝐶𝑖𝑗
≥ max(𝑐𝑖, (𝑙𝑗 + 𝑇 𝑅∑

𝑖=1

𝑃∑
𝑘=1

𝐿𝑋𝑖𝑗𝑘)) −𝑀
∗ (1 − 𝑉𝑖𝑗) ,

𝑖 = 1, 2, . . . , 𝑅, 𝑗 = 1, 2, . . . , 𝑆, 𝑘 = 1, 2, . . . , 𝑃

(14)

𝐷𝑗 ≥ 𝐿 𝑖 + 𝐷𝑇 −𝑀 ∗ (1 − 𝑞𝑖𝑗) ,
𝑖, 𝑗 = 1, 2, . . . , 𝑆, 𝑖 ̸= 𝑗 (15)

𝐿 𝑖 + 𝐷𝑇 −𝑀 ∗ (1 − 𝑞𝑖𝑗) ≤ 𝑙𝑗,
𝑖, 𝑗 = 1, 2, . . . , 𝑆, 𝑖 ̸= 𝑗 (16)

All variables ≥ 0.
Constraint (3) guarantees that the makespan is greater

than or equal to the time the last outbound truck leaves the

outbound door. Constraints (4)-(5) ensure every inbound
truck or outbound truck is allowed to be assigned to one
of the inbound doors or outbound doors. Constraint (6)
ensures the total number of products of type 𝑘 from inbound
truck 𝑖 to all outbound trucks is equal to the number of
products of type 𝑘 that unloaded from the inbound truck𝑖. Constraint (7) ensures the total number of products of
type 𝑘 from all inbound trucks to outbound truck 𝑗 is equal
to the number of products of type 𝑘 that loaded to the
outbound truck 𝑗. Constraints (8)-(9) guarantee the inbound
truck or outbound truck occurs only once. Constraint (10)
confirms the relationship between 𝑦𝑖𝑚 and 𝑝𝑖𝑗; similarly, the
relationship between 𝑧𝑗𝑛 and 𝑞𝑖𝑗 is ensured by constraint (11).
Constraint (12) ensures that the start time of the next inbound
truck 𝑗 is equal to the finished time of the former inbound
truck 𝑖 plus the delay time of truck change. Constraint (13)
is the condition of the finished time of inbound truck, in
the case that there is any outbound truck loading products
directly from the inbound truck 𝑖. Constraint (14) is the
condition of the finished time of inbound truck 𝑖, in the case
that there is no outbound truck loading products directly
from the inbound truck 𝑖. Constraint (15) assures the time
at which outbound truck 𝑗 starts to load products from
inbound truck 𝑖. Constraint (16) assures the time at which
outbound truck 𝑗 starts to load products from temporary
storages. Constraint (17) ensures that the start time of the next
outbound truck 𝑗 is equal to the finished time of the former
outbound truck 𝑖 plus the delay time of truck change.

2.4. The Process of Cross Docking. The temporary storage is
extremely large but not without a limit, so the outbound
trucks on the outbound docks load products from temporary
storages first and then load products from inbound trucks on
the inbound docks, if the outbound trucks are still not full.
The inbound trucks will stay at the inbound docks if there
are any outbound trucks full and leaving the outbound dock;
if not, leave the docks and unload the rest of the products
to the temporary storages. The process of cross docking will
be finished when all outbound trucks are full, and no truck
remains. The specific flow diagram of the process of cross
docking is shown in Figure 2.

There are multiple inbound doors and outbound doors
in cross-docking system; more than two trucks operate at the
same time at the inbound and outbound docks. Formulate the
unloading and loading principles in order to assure that the
cross-docking system moves smoothly and efficiently. Here
are two principles as follows:(1) Which outbound truck at outbound docks is chosen
by the inbound truck to transfer products to is decided
by the distance between the docks. The products from one
inbound truck are loaded to the outbound truck that are the
nearest from the inbound truck. For the outbound truck, if
the nearest inbound truck cannot satisfy it, the far inbound
trucks at other inbound docks will be considered.(2) If there are two inbound trucks constituting the
products that the outbound truck needs and the two inbound
trucks are equally far from the outbound truck, the outbound
truck will choose one inbound truck first randomly and then
the other.
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Figure 2: The process of cross docking.
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Figure 4: Sequences of trucks.

3. Solution Methods

This paper proposes three algorithms, namely, harmony
search, improved harmony search, and genetic algorithm.
It is necessary to design the representation scheme of the
solution, which will be used in further work. The solution
consists of two layers of arrays, the first layer expresses the
codes of the inbound and outbound trucks, and the second
layer represents the codes of the inbound and outbound
doors.The length of a solution is decided by the total number

of inbound and outbound trucks. As shown in Figure 3,
it is a cross-docking terminal with two inbound doors
and three outbound doors; besides there are five inbound
trucks and six outbound trucks in it. The left five columns
represent the inbound trucks as well as the dock doors
they belong to; therefore, the right six columns represent
the outbound trucks. Figure 4 demonstrates unloading and
loading sequences of inbound and outbound trucks. For
example, inbound truck 3 is the first truck to unload in
inbound door 1.
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3.1. Improved Harmony Search

3.1.1. Harmony Search Algorithm. Harmony search was first
proposed by Geem et al. in 2001 [19]; it is a novel intelligent
algorithm, which simulates the principle of the music play.
In the music performance, the musicians adjust the tones of
their instruments repeatedly through the memory to achieve
a beautiful harmony.

3.1.2. Initialize the Problem and Parameters. The objective
function of this paper is to minimize the total makespan
of the cross-docking system. The parameters in harmony
search are HMS, HMCR, PAR, and BW. HMS represents
the number of solution vectors in the harmony memory.
HMCR expresses the harmony memory considering rate.

PAR indicates the pitch adjusting rate. BWmeans bandwidth
for each generation. In addition, the harmonymemory (HM)
is an array that contains all the solution vectors.

3.1.3. Initialize the Solution Set. Generate HMS sets of solu-
tions randomly in HM matrix; the format of the solution is
the same as in Figure 3. A solution consists of two levels, the
first level are the codes of trucks and the second level are the
codes of the doors.The solution set HM consists of HMS sets
of solutions, and the number of rows in the array is 2 ∗HMS.
The sum of the inbound trucks and outbound trucks is equal
to the number of columns in the array. The left 𝑅 columns of
HM represent the codes of inbound trucks, and the right 𝑆
columns of HM represent the codes of outbound trucks.

HM =

[[[[[[[[[[[[[[[[[[[[[[
[

𝑇11 𝑇12 ⋅ ⋅ ⋅ 𝑇1𝑅 𝑇1𝑅+1 𝑇1𝑅+2 ⋅ ⋅ ⋅ 𝑇1𝑅+𝑆
𝐷11 𝐷12 ⋅ ⋅ ⋅ 𝐷1𝑅 𝐷1𝑅+1 𝐷1𝑅+2 ⋅ ⋅ ⋅ 𝐷1𝑅+𝑆
𝑇21 𝑇22 ⋅ ⋅ ⋅ 𝑇2𝑅 𝑇2𝑅+1 𝑇2𝑅+2 ⋅ ⋅ ⋅ 𝑇2𝑅+𝑆
𝐷21 𝐷22 ⋅ ⋅ ⋅ 𝐷2𝑅 𝐷2𝑅+1 𝐷2𝑅+2 ⋅ ⋅ ⋅ 𝐷2𝑅+𝑆... ... ... ... ... ... ... ...

𝑇HMS−1
1 𝑇HMS−1

2 ⋅ ⋅ ⋅ 𝑇HMS−1
𝑅 𝑇HMS−1

𝑅+1 𝑇HMS−1
𝑅+2 ⋅ ⋅ ⋅ 𝑇HMS−1

𝑅+𝑆

𝐷HMS−1
1 𝐷HMS−1

2 ⋅ ⋅ ⋅ 𝐷HMS−1
𝑅 𝐷HMS−1

𝑅+1 𝐷HMS−1
𝑅+2 ⋅ ⋅ ⋅ 𝐷HMS−1

𝑅+𝑆

𝑇HMS
1 𝑇HMS

2 ⋅ ⋅ ⋅ 𝑇HMS
𝑅 𝑇HMS

𝑅+1 𝑇HMS
𝑅+2 ⋅ ⋅ ⋅ 𝑇HMS

𝑅+𝑆

𝐷HMS
1 𝐷HMS

2 ⋅ ⋅ ⋅ 𝐷HMS
𝑅 𝐷HMS

𝑅+1 𝐷HMS
𝑅+2 ⋅ ⋅ ⋅ 𝐷HMS

𝑅+𝑆

]]]]]]]]]]]]]]]]]]]]]]
]

. (17)

3.1.4. Generate a New Solution Randomly. A new solution is
generated based on three rules: (1) memory consideration,(2) pitch adjustment, and (3) random selection. Each value
of the variable of the solution is selected from the historical
values stored in theHMwith possibilityHMCR.That is to say,
in the memory consideration, the value of the first variable
(𝑇1) in the first level of the solution is selected randomly from
values in the specified HM range (𝑇11 –𝑇HMS

1 ), and the value
of the first variable (𝐷1) in the second level of the solution is
selected randomly from values in theHM range (𝐷11 –𝐷HMS

1 )
with possibility HMCR. Otherwise, select a value from the
possible range of values with possibility (1 −HMCR). Values
of other variables in the solution are selected in the same
manner.

𝑇𝑖
= {{{

𝑇𝑖 ∈ {𝑇1𝑖 , 𝑇2𝑖 , . . . , 𝑇HMS
𝑖 } with probability HMCR

𝑇𝑖 ∈ 𝑇 with probability (1 −HMCR)
𝐷𝑖
= {{{

𝐷𝑖 ∈ {𝐷1𝑖 , 𝐷2𝑖 , . . . , 𝐷HMS
𝑖 } with probability HMCR

𝐷𝑖 ∈ 𝐷 with probability (1 −HMCR) .

(18)

𝑇 and𝐷 in formulas (18) represent all possible values of𝑇𝑖
and𝐷𝑖 , respectively, which are discrete variables determined
by the number of inbound and outbound trucks and the
number of inbound and outbound doors.

If the value of a variable is obtained by memory consider-
ation, it should be determined whether to be pitch-adjusted
with probability PAR.

Pitch adjusting decision for 𝑇𝑖
= {{{

Yes with probability PAR,

No with probability (1 − PAR) .
Pitch adjusting decision for𝐷𝑖

= {{{
Yes with probability PAR,
No with probability (1 − PAR) .

(19)

The value will be adjusted if the pitch adjusting decision
is yes, and the adjusting formulas are as follows:

𝑇𝑖 = 𝑇𝑖 ± rand ( ) ∗ BW

𝐷𝑖 = 𝐷𝑖 ± rand ( ) ∗ BW. (20)
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Figure 5: A new solution of HS.

2 1 5 43 4 6 2 3 5 1

1 2 1 1 2 1 3 2 2 3 1

Figure 6: A modified solution of HS.

Here, rand( ) is a random number between 0 and 1.
The new solution may not meet the model requirements

after the generating rules, so some corrections are needed. As
shown in Figure 5, there are repeated 3 and repeated 5 in the
inbound truck codes at the first level of the solution. It could
not be real for the reasonable solution. The position of the
second 3 should be replaced by the missing number 2 or 4
randomly, and the position of the second 5 should be replaced
by the rest missing number. As for the outbound truck codes,
the same approach should be applied to. Figure 6 represents
a modified solution that may occur.

3.1.5. Update the Solution Set. Considering the objective
function value, replace theworst solution by the new solution,
if the new solution is better than the worst in the HM;
otherwise, remain the worst and generate a new solution
again.

3.1.6. Check Stopping Criterion. The maximum cycle time is
defined; the loop will continue until it meets the stopping
criterion.

3.1.7. Improved Harmony Search Algorithm. The parameters
of basic harmony search are fixed, but parameters perform
differently in the every iteration.The algorithm that possesses
small parameter of PARwith large parameter of BWperforms
worse and increases the iteration needed to find the optimum
solution. Furthermore, large PAR and small BW will cause
great improvement in final generations with algorithm con-
verged to optimal solution vector. Considering the parameter
of BW separately, small BW in final generations increase the
fine-tuning of solution vectors, but large BW performs better
in the early iterations and increases the diversity of solution
vectors to search for the best solution.

To eliminate the drawbacks of HS algorithm with fixed
values of PAR and BW and improve the performances of
them, dynamic values of parameters will be applied to the
basic HS algorithm.The formulas of dynamic parameters are
defined as follows [20, 21]:

PAR (gn) = PARmin + (PARmax − PARmin)𝑁𝐼 × gn

BW (gn) = BWmax exp (𝑐 × gn)
𝑐 = ln (BWmin/BWmax)𝑁𝐼 .

(21)

PAR(gn) and BW(gn) are the values of PAR and BW
in each generation, PARmax and PARmin are the maximum
and minimum pitch adjusting rate, BWmax and BWmin are
the maximum and minimum bandwidth, gn represents the
generation number, and 𝑁𝐼 represents the solution vector
generations.

3.2. Genetic Algorithm. There are several steps in genetic
algorithm, such as population initialization, selection,
crossover, and mutation operation. The population
initialization process is similar to the initialization of
solution sets in harmony search, and the selection method
is roulette. So here are some explanations for crossover and
mutation operation.

3.2.1. Crossover Design of Chromosomes. The chromosomes
of this paper consist of two parts that are inbound trucks
codes and outbound trucks codes; the crossover operations
need to be done in two parts. As shown in Figure 7, two
cross points are generated randomly as 2 and 3, which means
the cross point of inbound trucks sequence is between the
locations two and three; likewise, cross point of outbound
trucks sequence is between the locations three and four. A
solution is generated but does not meet the requirements.
Therefore, some modified operations like red digits are
applied following what HS does.

3.2.2. Mutation Design of Chromosomes. In order to perform
the mutation operations for inbound and outbound trucks,
swap mutation is applied. As shown in Figure 8, for inbound
trucks sequence, the value at mutation point 1 and mutation
point 2 will be changed, and the outbound trucks sequence
mutates likewise.

4. Parameters Setting

There are several parameters in each algorithm. Meanwhile,
each factor varies from different levels. However, the value
of each parameter could affect the performances of the
algorithms. Hence, several methods should be carried out
to find out the best combination of parameters in each
algorithm.

Taguchi experiment is a kind of method to design
experiments, which decreases the number of experiments
but provides an efficient combination of variables. Each
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Figure 7: The process of crossover.
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Figure 8: The process of mutation.

Table 1: Levels of parameters for HS.

Parameters Levels𝐿1 𝐿2 𝐿3 𝐿4
HMS 10 20 30 40
HMCR 0.7 0.9 0.95 0.99
PAR 0.2 0.4 0.6 0.7
BW 0.01 0.35 0.7 1

factor can be compared independently with any other factors,
which ensures a balanced comparison among all levels of
any factors. For the above reasons, Taguchi experiments are
widely used in engineering design to determine optimal
experimental conditions.The performance of each algorithm
is evaluated by the signal to noise (S/N) to search combination
of factors with a small amount of variation.

In the Taguchi method, the measured values of searching
for the optimal combination of the parameters will be
transformed into S/N ratio. The objective of the function in

this paper is the small-the-better type, and the formula is as
follows:

S/N ratio = −10 log 1𝑛 [
𝑛∑
𝑖=1

objective function𝑖
2] . (22)

There are four parameters inHS, which areHMS,HMCR,
PAR, and BW, each of whom has four levels. Table 1 displays
different levels of the parameters, and the best combination
is that the values of HMS, HMCR, PAR, and BW are 30, 0.95,
0.6, and 0.7, respectively, as shown in Figure 9.
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Table 2: Levels of parameters for IHS.

Parameters Levels𝐿1 𝐿2 𝐿3
HMS 10 20 30
HMCR 0.7 0.85 0.99
PARmin 0.05 0.25 0.4
PARmax 0.6 0.8 0.9
BWmin 0.05 0.25 0.4
BWmax 0.8 0.9 1

There are six parameters in IHS, which are HMS, HMCR,
PARmin, PARmax, BWmin, and BWmax, each of whomhas three
levels. Table 2 displays different levels of the parameters, and
the best combination is that the values of HMS, HMCR,
PARmin, PARmax, BWmin, and BWmax are 30, 0.85, 0.05, 0.6,
0.05, and 0.9, respectively, as shown in Figure 10.

There are four parameters in GA, which are 𝑃𝑐, 𝑃𝑚, 𝑃𝑠,
and POP, representing crossover probability, mutation prob-
ability, selection probability, and population size, respectively,
each of whom has four levels. Table 3 suggests different levels
of the parameters, and the best combination of values for 𝑃𝑐,𝑃𝑚,𝑃𝑠, and POP are 0.8, 0.2, 0.5, and 20, respectively, as shown
in Figure 11.

5. Computational Results

5.1. Illustrative Examples. The number of inbound doors
and outbound doors in the docking system are 2 and 3,
respectively. In order to illustrate the performance of each
proposed algorithm, several cases have been proposed to
be experimented. The problems are divided into nine cases,
considering the number of trucks, products, and their types.
The subproblems 1–3 are divided due to the number of the
products and types, of which subproblem 1 represents the
small size, subproblem 2 is on behalf of the medium size,
and subproblem 3 represents the large size. In addition,
each subproblem is divided further, due to the number of



10 Discrete Dynamics in Nature and Society

0.
9

0.
8

0.
7

0.
6

−46.4

−46.5

−46.6

−46.7

−46.8

−46.9

−47.0

0.
20

0.
15

0.
10

0.
05 0.

5
0.

4
0.

3
0.

2 40302010

Pc Pm Ps pop

Th
e m

ea
n 

of
 S

/N

Figure 11: Main effects plot for S/N of GA factors.

Table 3: Levels of parameters for GA.

Parameters Levels𝐿1 𝐿2 𝐿3 𝐿4𝑃𝑐 0.6 0.7 0.8 0.9𝑃𝑚 0.05 0.1 0.15 0.2𝑃𝑠 0.2 0.3 0.4 0.5
POP 10 20 30 40

inbound and outbound trucks. Table 4 displays the detailed
information of the nine cases.

It should be mentioned that the moving time of products
from the inbound door to the outbound door is related to the
distance, which means the moving time is 30, if doors are far
apart, otherwise it is 15. And the changeover time of trucks is
considered equal to 50 units; furthermore, the loading time

is 1 unit, which is the equal to the unloading time; all data is
processed by MATLAB 2016.

5.2. Comparison of Solution Procedures. For the experiments,
the percentage deviation of the solutions in each method
from the optimal solution based on makespan and the
computational time are used to evaluate the performances.
Percentage deviation of a solution is calculated as follows:

Percentage deviation (%) = (Evaluative factor for compared solution) − (Evaluative factor for best solution)(Evaluative factor for best solution)
× 100%.

(23)

In order to evaluate performances of the three proposed
methods in terms of the optimal value, worst value, average
value, and the computational time, each case is tested 20 times
and terminates at the iteration of 120. Table 5 showsmakespan
and computational time of nine tests by the three methods.
As can be seen in Table 5, in the aspect of the optimal
solution, there are 6 sets of optimal solutions searched byGA,
4 sets by IHS, and, nevertheless, 1 set by HS. In the aspect
of the worst solution, IHS performs better, which gets 6 sets
of best solutions among the worst solutions. As for average
solution, the average values of nine cases calculated by GA
are all showing best among the three methods. In terms of
computational time, IHS performs best, while GAneedmuch
more time than the other methods.

As shown inTable 6, the percentage deviations of the opti-
mal makespan searched by GA from the optimal makespan
searched by three methods range from 0% to 6.18% for nine
cases and range from 0% to 5.72% for IHS. The percentage
deviations of the worst makespan searched by HS from the
optimal makespan among the worst solutions searched by
three methods range from 0% to 6.18% for nine cases and
range from 0% to 11.1% for GA. GA performs best in average
makespan; however, the percentage deviations of the average
value calculated by HS from the best among the average val-
ues calculated by threemethods range from 0.18% to 8.8% for
nine cases. The percentage deviations of the computational
time of GA from the shortest computational time among the
three methods rage from 188.39% to 511.59% for nine cases,
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Table 7: Makespan and percentage deviation under the operation times 20 s and 40 s.

Problem set
Operation time 20 s Operation time 40 s

IHS HS GA IHS HS GA
Makespan PD Makespan PD Makespan PD Makespan PD Makespan PD Makespan PD

1 235.6 0.00% 240 1.87% 293.6 24.62% 220.8 0.00% 222 0.54% 264.7 19.88%
2 473.7 0.00% 487.3 2.87% 675.9 42.69% 473.8 0.00% 481.4 1.60% 612.2 29.21%
3 924.9 0.00% 945.2 2.19% 1266.1 36.89% 913.4 0.00% 937.1 2.59% 1215.8 33.11%
4 464.4 0.00% 465.3 0.19% 539 16.06% 437.4 0.00% 451.6 3.25% 482.1 10.22%
5 765.6 0.00% 776 1.36% 968.1 26.45% 759.5 0.00% 760.5 0.13% 942.4 24.08%
6 959.1 0.00% 997.8 4.04% 1283.8 33.85% 966.5 0.00% 973.1 0.68% 1198.1 23.96%
7 977.2 3.48% 944.3 0.00% 1077.3 14.08% 937.4 1.32% 925.2 0.00% 1024.5 10.73%
8 1142.5 0.00% 1155.3 1.12% 1393.4 21.96% 1083.7 0.00% 1104.1 1.88% 1351.9 24.75%
9 1298.7 0.00% 1308.6 0.76% 1386.5 6.76% 1235.5 0.00% 1272.1 2.96% 1316.9 6.59%

which show GA performs worst in computational time and
needs much more time than other methods.

To evaluate the performances of three algorithms under
the same operation time, nine sets of experiments will be ter-
minated at 20 s and 40 s using IHS, HS, and GA, respectively.
To improve the accuracy of the results, each experiment will
be run 10 times so as to get the average value. As shown in
Table 7, for each method, the makespan get shorter, when
the operation time is longer. IHS performs best among them
for the same running time; however, GA performs worst.
The percentage deviations (PD) of the values searched by
GA from the best values get smaller when operation time is
longer. However, the percentage deviations get larger for HS
when operation time is longer.

6. Conclusions

This study has described a truck scheduling model in cross-
docking system with multiple doors; furthermore, three
algorithms are proposed, namely, HS, IHS, and GA to solve
the problem. To evaluate the performances of the methods,
these algorithms were applied for 9 sets of different problems
divided by the number of products, categories, and trucks
to minimize the total makespan of cross-docking procedure.
During the analysis, it is proved that IHS performs better
than HS in searching for optimal solutions, when dynamic
values of parameters are applied. In addition, for the same
iteration, both IHS and GA provide satisfactory results.
However, GA performs better in providing optimal solutions,
while IHS is far superior to GA in computational time. For
the same operation time, HS performs best; however GA
performs worst. For future studies, new hybrid metaheuristic
algorithmswill be applied to cross-docking system, instead of
the basic algorithms, and the truck scheduling model could
be perfect in uncertainty or fuzzy arrival time of trucks.
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A new fractional two-dimensional triangle function combination discrete chaotic map (2D-TFCDM) with the discrete fractional
difference is proposed. We observe the bifurcation behaviors and draw the bifurcation diagrams, the largest Lyapunov exponent
plot, and the phase portraits of the proposed map, respectively. On the application side, we apply the proposed discrete fractional
map into image encryption with the secret keys ciphered by Menezes-Vanstone Elliptic Curve Cryptosystem (MVECC). Finally,
the image encryption algorithm is analysed in four main aspects that indicate the proposed algorithm is better than others.

1. Introduction

Nowadays, image encryption plays a significant role with the
development of security technology in the areas of network,
communication, and cloud service. Multifarious chaos-based
image encryption algorithms have been developed up to now,
such as in [1–6]; however a few of them have referred to
the image encryption algorithm based on fractional discrete
chaotic map accompanied with Elliptic Curve Cryptography
(ECC).

The theory of the fractional difference has been developed
for decades [7–13]. Recently, Wu et al. [14–16] made a
contribution to the application of the discrete fractional
calculus (DFC) on an arbitrary time scale, and the theories of
delta difference equations were utilized to reveal the discrete
chaos behavior.

ECC is a widely used technology in data security and
communication security; it can achieve the same level of
security with smaller key sizes and higher computational
efficiency [17]. Many famous public-key algorithms, such as
Diffie-Hellman, EIGamal, and Schnorr, can be implemented

bymeans of elliptic curves over finite fields.MVECC is one of
the popular elliptic curve public-key cryptosystems [18] and
we adopt it in our cryptosystem.

Many encryptionmethods based on fractional derivatives
have been proposed in recent time, like fractional logistic
maps [19], fractional-order chaos systems [20], and fractional
form of hyperchaotic system [21].

In [22], a new image encryption algorithm based on one-
dimensional fractional chaotic time series within fractional-
order difference has been proposed; however, the two-
dimensional discrete chaotic map has seldom been used in
image encryption except [23, 24].

Ourmain purpose is to introduce a new two-dimensional
discrete chaoticmap based on fractional-order difference and
apply it in image encryption. The rest of this paper is orga-
nized as follows. In Section 2, the definitions and the prop-
erties of the DFC are introduced. After that, the definitions
and operation of ECC are given. Then, the working principle
of MVECC is described in the next section. In Section 5,
we give the fractional 2D-TFCDM on time scales from the
discrete integral expression.Thebifurcation diagrams and the
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phase portraits of the map are presented while the difference
orders and the coefficients are changing; the largest Lyapunov
exponent plots are also displayed. Afterwards, we apply
the proposed map into image encryption and show several
examples. In Section 7, the performance of the proposed
image encryption method is analysed systematically. Finally,
we have come to some conclusions.

2. Preliminaries

The definitions of the fractional sum and difference are given
as follows. Let N𝑎 denote the isolated time scale and N𝑎 ={𝑎, 𝑎+1, 𝑎+2, . . .} (𝑎 ∈ R fixed).Within theDFC, the function𝑓(𝑡) is changed as a sequence 𝑓(𝑛). The difference operator Δ
is defined as Δ𝑓(𝑛) = 𝑓(𝑛 + 1) − 𝑓(𝑛).
Definition 1 (see [25]). Let 𝑢: N𝑎 → R and 0 < ] be given.
The ]th fractional sum is defined by

Δ−]𝑎 𝑢 (𝑡) fl 1
Γ (])
𝑡−]∑
𝑠=𝑎

(𝑡 − 𝑠 − 1)]−1 𝑢 (𝑠) , 𝑡 ∈ N𝑎+]. (1)

Note that 𝑎 is the starting point; 𝑡(]) is the falling function
defined as

𝑡(]) = Γ (𝑡 + 1)
Γ (𝑡 + 1 − ]) . (2)

Definition 2 (see [26]). For 0 < ], ] ∉ N, and 𝑢(𝑡) defined on
N𝑎, the ]-order Caputo fractional difference is defined by
𝐶Δ]
𝑎𝑢 (𝑡) fl Δ−(𝑚−])𝑎 Δ𝑚𝑢 (𝑡)

= 1
Γ (𝑚 − ])

𝑡−(𝑚−])∑
𝑠=𝑎

(𝑡 − 𝑠 − 1)(𝑚−]−1) Δ𝑚𝑢 (𝑠) ,
𝑡 ∈ N𝑎+𝑚−], 𝑚 = []] + 1.

(3)

Theorem 3 (see [27]). For the delta fractional difference equa-
tion

𝐶Δ]
𝑎𝑢 (𝑡) = 𝑓 (𝑡 + ] − 1, 𝑢 (𝑡 + ] − 1)) ,

Δ𝑘𝑢 (𝑎) = 𝑢𝑘, 𝑚 = []] + 1, 𝑘 = 0, . . . , 𝑚 − 1 (4)

the equivalent discrete integral equation is

𝑥 (𝑛) = 𝑢0 (𝑡) + 1
Γ (])

𝑡−]∑
𝑠=𝑎+𝑚−]

(𝑡 − 𝑠 − 1)(]−1)

× 𝑓 (𝑠 + ] − 1, 𝑢 (𝑠 + ] − 1)) , 𝑡 ∈ N𝑎+𝑚,
(5)

where

𝑢0 (𝑡) =
𝑚−1∑
𝑘=0

(𝑡 − 𝑎)(𝑘)
𝑘! Δ𝑘𝑢 (𝑎) . (6)

The complex difference equation with long-term memory is
obtained here. It can reduce to the integer order one with the
difference order ] = 1 but the integer one does not hold the
discrete memory. From (3) to (5), the domain is shifted from
N𝑎+𝑚−] toN𝑎+𝑚 and the function 𝑢(𝑡) is preserved to be defined
on the isolated time scale N𝑎 in the fractional sums.

3. Introduction to Elliptic Curve

Definition 4. An elliptic curve (EC) 𝐸 over a prime field 𝐹𝑝
denoted by 𝐸(𝐹𝑝) refers to the set of all points (𝑥, 𝑦) that
satisfy the equation

𝐸 : 𝑦2 ≡ 𝑥3 + 𝑎𝑥 + 𝑏 (mod𝑝) , (7)

together with a special point 𝑂 at infinity, where 𝑎, 𝑏 ∈ 𝐹𝑝,𝑝 ̸= 2, 3 and 4𝑎3 + 27𝑏2 ̸= 0 [28, 29].
3.1. Elliptic Curve Operations. If 𝑃 = (𝑥1, 𝑦1), 𝑄 = (𝑥2, 𝑦2) ∈𝐸(𝐹𝑝); then if 𝑥1 = 𝑥2 but 𝑦1 ̸= 𝑦2, 𝑃 + 𝑄 = 𝑂; that is, 𝑄 =−𝑃 = (𝑥1, −𝑦1) [29].

𝑃 + 𝑄 = {{{
𝑅 = (𝑥3, 𝑦3) , 𝑃 ̸= −𝑄,
𝑂, 𝑃 = −𝑄, (8)

where

𝑥3 ≡ (𝜆2 − 2𝑥1) (mod𝑝) ,
𝑦3 ≡ (𝜆 (𝑥1 − 𝑥3) − 𝑦1) (mod𝑝) ,

𝜆 =
{{{{{{{{{

(𝑦2 − 𝑦1)(𝑥2 − 𝑥1) , 𝑃 ̸= 𝑄,
3𝑥21 + 𝑎2𝑦1 , 𝑃 = 𝑄.

(9)

The scalar multiplication over 𝐸(𝐹𝑝) is defined by

𝑘𝑃 = 𝑃 + 𝑃 + ⋅ ⋅ ⋅ + 𝑃⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑘 times

, (10)

where 𝑘 is an integer.

Definition 5. The order of an EC is defined by the number of
points that lie on the EC denoted by #𝐸 [29].

Definition 6. Set 𝑃 ∈ 𝐸(𝐹𝑝), and then 𝑃 is called a generator
point if ord(𝑃) = #𝐸 (ord(𝑃) is the smallest positive integer 𝑛
that makes 𝑛𝑃 = 𝑂) [29].
4. Menezes-Vanstone Elliptic Curve
Cryptosystem (MVECC)

MVECC is one of most significant extensions of ECC; the
working principle of MVECC is as follows.

If Andy wants to encrypt and send themessage𝑀 to Bob,
they should do the step as mentioned hereunder:(1)Andy and Bobmake an agreement on an elliptic curve𝐸(𝐹𝑝) and the base point 𝛼.(2)Bob firstly selects a private key 𝑘 to compute the public
key 𝛾 = 𝑘 ⋅ 𝛼 (0 ≦ 𝑘 < ord(𝛼)).(3) If Andy wants to send a message𝑀 = (𝑥1, 𝑥2) ∈ Z∗𝑝 ×
Z∗𝑝 to Bob, he firstly chooses a random private key 𝑑 (0 ≦ 𝑑 <
ord(𝛼)) and then computes his public key 𝛽 = 𝑑 ⋅ 𝛼. On the
other hand, Andy calculates the secret key (𝑐1, 𝑐2) by

(𝑐1, 𝑐2) = 𝑑 ⋅ 𝛾 = 𝑑 ⋅ 𝑘 ⋅ 𝛼 = 𝑘 ⋅ 𝛽. (11)
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Figure 1: The bifurcation diagram of the 2D-TFCDM of variable 𝑘1
for ] = 1.

He should compute the ciphered message afterwards by

𝑦1 = 𝑥1 ∗ 𝑐1 mod𝑝,
𝑦2 = 𝑥2 ∗ 𝑐2 mod𝑝. (12)

(4)Then the ciphertext {𝛾, (𝑦1, 𝑦2)} is sent to Bob. When
Bobwants to get the plaintext (𝑥1, 𝑥2), firstly, he computes the
secret key (𝑐1, 𝑐2) = 𝑘 ⋅ 𝛽 = 𝑘 ⋅ 𝑑 ⋅ 𝛼, and then he computes𝑀 = (𝑥1, 𝑥2) by

𝑥1 = 𝑦1 ∗ 𝑐−11 mod𝑝,
𝑥2 = 𝑦2 ∗ 𝑐−12 mod𝑝, (13)

to get the plaintext [18].
Any adversary that only has 𝛽 and 𝛾 without the private

keys 𝑑 and 𝑘 very difficultly breaks the MVECC to get the
plaintext 𝑀. What is more, if #𝐸 have only one big prime
divisor, the EC is called a safe EC [29]; then, the MVECC can
become an more efficient and secure cryptosystem.

5. Fractional 2D-TFCDM

From [14–16], we notice the application of the DFC in frac-
tional generalizations of the discrete chaotic maps. Recently
[30], the following 2D-TFCDM was proposed:

𝑥𝑛+1 = 𝑘1 cos (𝑥𝑛 + 𝑦𝑛) , 𝑘1 = 8,
𝑦𝑛+1 = 𝑘2 sin (𝑥𝑛 − 𝑦𝑛) , 𝑘2 = 0.5. (14)

Now, consider the fractional generalization of 𝑥(𝑛); the map
was also studied in [31]:
𝐶Δ]
𝛼𝑥 (𝑡) = 𝑘1 cos (𝑥 (𝑡 + ]) + 𝑦 (𝑡 + ])) − 𝑥 (𝑡 + ]) ,

0 < ] < 1, 𝑡 ∈ 𝑁𝑎+1−],
𝑦𝑛+1 = 𝑘2 sin (𝑥𝑛 − 𝑦𝑛) , 𝑘2 = 0.5.

(15)
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Figure 2: The bifurcation diagram of the fractional 2D-TFCDM of
variable 𝑘1 for ] = 0.8.

From Theorem 3, we have the following equivalent discrete
numerical formula for the variable 𝑘1: (𝑘2 = 0.5) with 0 <
] < 1:

𝑥 (𝑛) = 𝑥 (0) + 1
Γ (])

𝑛∑
𝑗=1

Γ (𝑛 − 𝑗 + ])
Γ (𝑛 − 𝑗 + 1)

⋅ [𝑘1 cos (𝑥 (𝑗 − 1) + 𝑦 (𝑗 − 1)) − 𝑥 (𝑗 − 1)] ,
𝑦 (𝑛) = 𝑘2 sin (𝑥 (𝑛 − 1) − 𝑦 (𝑛 − 1)) , 𝑘2 = 0.5.

(16)

Let ] = 1, 𝑥(0) = 0.19, 𝑦(0) = 0.06, 𝑛 = 200, and 𝑘1
be fixed. In what follows, Figure 1 is the bifurcation diagram
where the step size of 𝑘1 is 0.002. Figure 2 is the same
bifurcation diagram except for ] = 0.8.

In Figures 3 and 4, the largest Lyapunov exponent plots
are drawn by use of the Jacobian matrix algorithm proposed
in [32]. The largest Lyapunov exponent LE is positive some-
where; it is corresponding to the chaotic intervals in Figures
1 and 2.

By choosing 101 different initial values we can plot 𝑦(𝑛)
versus 𝑥(𝑛) in one figure. The phase portraits of the integer
map are derived from Figure 5. The cases of ] = 0.8 and ] =0.6 are plotted in Figures 6 and 7, respectively.

6. Applications

The fractionalized chaotic map can be applied in image
encryption. Exploit (16) into an algorithm, and set the initial
values 𝑥0, 𝑦0, the order ], and the coefficients 𝑘1, 𝑘2 of chaotic
system as keys. In this paper, we propose the encryption
algorithm and divide it into 3 parts.

6.1. Generation of New Keys Based on Elliptic Curve in a Finite
Field. Setting 𝑎 = 1, 𝑏 = 6, and 𝑝 = 9996887 in (7), we
can get 𝐸(𝐹9996887). Since #𝐸 = 10000721 is a prime number,
according to [29], 𝐸(𝐹9996887) is a safe EC. Let 𝛼 = (2, 4),
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randomly select 𝑑 = 9134417, 𝑘 = 1269960 ∈ [1, #𝐸]; then𝛽 = 𝑑𝛼 = (6020909, 7282175), 𝛾 = 𝑘𝛼 = (7495358, 7052635),
and (𝑐1, 𝑐2) = 𝑘𝛽 = (3049362, 3915118) = 𝑑𝛾. The initial key

] = 0.6026331, 𝑥0 = 4.107532, ]01 = ] × 107 = 6026331, and𝑥01 = 𝑥0 × 106 = 4107532.
Calculate

]01 = 𝑐1 ∗ ]01 mod𝑝 = 3049362 ⋅ 6026331 mod 9996887 = 7123456 mod 9996887,
𝑥01 = 𝑐2 ⋅ 𝑥01 mod𝑝 = 3915118 ⋅ 4107532 mod 9996887 = 190000 mod 9996887. (17)

Then, the ciphertext is ((7495358, 7052635), 7123456, 190000),
the enciphered key is ] = ]01/107 = 0.7123456, and 𝑥0 =𝑥01/106 = 0.19.

Make 𝑦0 = 3.650991, 𝑘1 = 0.897029, and 𝑘2 = 0.434264,
and compute𝑦01 = 𝑦0×106, 𝑘01 = 𝑘1×106, and 𝑘02 = 𝑘2×106;
then

𝑦01 = 𝑐1 ⋅ 𝑦01 mod𝑝 = 3049362 ⋅ 3650991 mod 9996887 = 60000 mod 9996887,
𝑘01 = 𝑐2 ⋅ 𝑘01 mod𝑝 = 3915118 ⋅ 897029 mod 9996887 = 8000000 mod 9996887,
𝑘02 = 𝑐1 ⋅ 𝑘02 mod𝑝 = 3049362 ⋅ 434264 mod 9996887 = 500000 mod 9996887.

(18)

Set 𝑦0 = 𝑦01/106 = 0.06, 𝑘1 = 𝑘01/106 = 8, 𝑘2 =𝑘02/106 = 0.5, and then 𝑥0, 𝑦0, ], 𝑘1, 𝑘2 are taken as the keys
of Section 6.2.

6.2. Permutation Procedure Based on Fractional 2D-TFCDM.
Taking advantage of (16) with the initial values 𝑥0, 𝑦0, ], 𝑘1,
and 𝑘2 generated in the last section, we can encrypt the image.
The next step of encryption is permutation; it is subdivided
into 4 steps:(1) Set 𝑥0 as 𝑥(1); iterate (16) for𝑀𝑁−1 times to generate
the one-dimensional real number chaotic sequence 𝑥(𝑖), 𝑖 =1, 2, . . . ,𝑀𝑁; here𝑀 and 𝑁 denote the length and width of
the original image 𝑉, respectively.(2) Reorder 𝑥(𝑘) by the bubble sort and get 𝑥(𝑘), and
record the change of the subscript of 𝑥(𝑘) as 𝑧(𝑘).(3)Change𝑀×𝑁 original image𝑉 into 1×𝑀𝑁 sequence
V(𝑘), and rearrange V(𝑘) according to 𝑧(𝑘) to get the new
sequence V(𝑘).(4) Reshape V(𝑘) into 𝑀 × 𝑁 image as 𝑉; 𝑉 is the
permutated image we needed.

Reversing the above 4 steps, we can remove the effect of
permutation to get the original image.

6.3. Encryption Method Based on Fractional 2D-TFCDM. (1)
In Section 6.2 we get the chaotic sequence 𝑥(𝑖) and image𝑉.
Reshape𝑀×𝑁 image 𝑉 into 1 ×𝑀𝑁 sequence 𝑢(𝑖); that is𝑖 = 𝑁(𝑚 − 1) + 𝑛, (𝑚 = 1, 2, . . . ,𝑀, 𝑛 = 1, 2, . . . , 𝑁). Another𝑀 × 𝑁 image is used as a key image (K-image). Change the
K-image also into 1 ×𝑀𝑁 sequence 𝑤(𝑖).(2) Set 𝑖 = 0.(3) Round 𝑥(𝑖) × 108 as 𝑥1(𝑖), do modulus operation to𝑥1(𝑖) in (19), and get 𝑥2(𝑖):

𝑥2 (𝑖) = mod (𝑥1 (𝑖) , 256) . (19)

(4) Do the following operation and get 𝑢(𝑖):
𝑢 (𝑖) = 𝑢 (𝑖) ⊕mod (𝑤 (𝑖) + 𝑥2 (𝑖) , 256) , (20)

where ⊕ refers to the Xor operation, and 𝑢(𝑖) is the encrypted
pixel value.

The inverse form of (20) is

𝑢 (𝑖) = 𝑢 (𝑖) ⊕mod (𝑤 (𝑖) + 𝑥2 (𝑖) , 256) . (21)

(5) Compute the iteration times 𝑘(𝑖) according to
𝑘 (𝑖) = 1 +mod (𝑢 (𝑖) , 256) . (22)

Then, iterate (16) for 𝑘(𝑖) times to get 𝑥(𝑖+1), circle from step(3) to step (5), until getting 𝑥(𝑀𝑁).(6) Change 𝑢(𝑖) into 𝑀 × 𝑁 image as 𝑉, which is the
finally encrypted figure we need.

The decryption procedure is including 2 parts:(1) Do all steps in encryption process except (20) which
is replaced by (21).(2) Reverse the procedure in Section 6.2. Then the
decryption procedure is done.

Figure 8 shows the encryption process described in
Sections 6.2 and 6.3 in a flow chart, and Figure 9 illustrates
the iteration procedure of S box.

The original, encrypted, and decrypted images are shown
in Figures 10–18. The proposed algorithm can encrypt any
rectangular image.

The adopted cryptosystem in Section 6.1 is asymmetric;
however, the ones in Sections 6.2 and 6.3 are symmetric.

7. Analysis of Results in Applications

7.1. Key Space. In the proposed algorithm, the initial values𝑥0, 𝑦0, the order ], and the coefficients 𝑘1, 𝑘2 are taken as the
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(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 10: Cameraman.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 11: Lena.

secret keys; consequently there are 5 keys. Assume the preci-
sion of 𝑥0, 𝑦0, ], 𝑘1, and 𝑘2 are 10−16, 3 × 10−17, 10−16, 10−15,
and 10−16, respectively; then the key’s space is 1/3 × 1080 ≈1.12 × 2264. If the size of the plaintext is 512 × 512, then
the key space of K-image is also 512 × 512 × 28 =226. The total key space of the proposed algorithm is 1.12×2290.

7.2. Statistics Analysis. The quality against any statistical
attack is important for a well-designed encryption method;
it include 3 aspects as follows.

7.2.1. Correlation of the Plain- and Cipher-Images. In an ordi-
nary image, the adjacent pixels are related; therefore the cor-
relation coefficient of adjacent pixels is usually high. A good
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(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 12: Peppers.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 13: Lake.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 14: Dollar.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 15: Columbia.
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(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 16: Lax.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 17: Boat.

(a) The original figure (b) The encrypted figure (c) The decrypted figure

Figure 18: Aerial.

encryption algorithm should make the correlation coeffi-
cients of encrypted image nearly equal to zero. The closer to
zero the correlation coefficients is, the better the encryption
algorithm is. Formulas (23) calculate the correlation coeffi-
cient. The correlations along the 𝑥 direction of both original
and encrypted images are displayed in Figures 19–27 from
Cameraman to Aerial. The correlation coefficients are dis-
played in Table 1.

𝑟𝑥𝑦 =
cov (𝑥, 𝑦)

√𝐷 (𝑥)√𝐷 (𝑦)

cov (𝑥, 𝑦) = 1
𝑁
𝑁∑
𝑖=1

(𝑥𝑖 − 𝐸 (𝑥)) (𝑦𝑖 − 𝐸 (𝑦))

𝐸 (𝑥) = 1
𝑁
𝑁∑
𝑖=1

𝑥𝑖

𝐷 (𝑥) = 1
𝑁
𝑁∑
𝑖=1

(𝑥𝑖 − 𝐸 (𝑥))2 .
(23)
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Figure 19: Cameraman.
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Figure 20: Lena.
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Figure 21: Peppers.
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Figure 22: Lake.
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(b) The encrypted figure

Figure 23: Dollar.

With the sharp contrast of data between original image
and encrypted image, Table 1 indicates that the encryption
process make pixels of the encrypted image almost indepen-
dentwith each other. Consequently, the encryption algorithm
is good at pixel value randomization.

Compared with other algorithm, we can observe that
most correlation coefficients of encrypted image are nearer to
0 in Table 2. As a consequence of this, the proposed encryp-
tion algorithm is superior to others.

7.2.2.Histogram. Histogram reflects the distribution of colors
inside the image. The adversary can get some effective
information from the regularity of histogram. Therefore, a
well-designed image encryption method should make the
pixel value of encrypted image distribute uniformly. Fig-
ure 28 shows the histogram of Cameraman. Similarly, the

histograms of the other 8 cases are drawn in Figures 29–36. It
is illustrated that the proposed encryptionmethod has a good
effect on pixel value distribution uniformization.

7.2.3. Information Entropy. Information entropy defines the
randomness and the unpredictability of information in an
image. It is defined by

𝐻(𝑚) = 2
𝑛−1∑
𝑖=0

𝑝 (𝑚𝑖) log2 1
𝑝 (𝑚𝑖) . (24)

Here𝑝(𝑚𝑖) is the probability of𝑚𝑖; 𝑛 is the number of bits that
is required to represent the symbol 𝑚𝑖. For the pixels values
of the image are 0∼255, according to (24) the information
entropy is 8 bits for an ideally random image. Therefore,
the closer to 8 bits the information entropy is, the better
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Figure 24: Columbia.
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(b) The encrypted figure

Figure 25: Lax.

Table 1: Correlation coefficients of image.

Image Original image Encrypted image
Horizontal Diagonal Vertical Horizontal Diagonal Vertical

Cameraman 0.9276 0.9120 0.9597 0.0119 −0.0021 −0.0025
Lena 0.9722 0.9527 0.9860 −0.0140 −0.0086 −0.0034
Peppers 0.9667 0.9382 0.9694 −0.0088 0.0080 −0.0054
Lake 0.9768 0.9544 0.9748 −0.0155 0.0101 −0.0088
Dollar 0.8035 0.6952 0.6938 0.0131 −0.0183 0.0263
Columbia 0.9727 0.9403 0.9705 0.0060 −0.0104 −0.0093
Lax 0.7889 0.7151 0.8483 −0.0107 0.0147 0.0107
Boat 0.9407 0.9158 0.9545 0.0169 −0.0074 −0.0077
Aerial 0.9135 0.7952 0.8677 0.0084 −0.0123 −0.0133
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Figure 26: Boat.
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Figure 27: Aerial.

the encryption algorithm is. The information entropy of the
9 cases is gotten in Table 3; it indicates that the encrypted
images are very close to the random images.

From Table 4, we can observe that the information
entropy of proposed algorithm is nearer to 8 bits than other
algorithms.

7.3. Sensitivity Analysis. The different range between two
images is measured by two criteria: number of pixels change
rate (NPCR) and unified average changing intensity (UACI).
They are defined as follows:

𝐷(𝑖, 𝑗) = {0, 𝑇1 (𝑖, 𝑗) = 𝑇2 (𝑖, 𝑗) ,1, 𝑇1 (𝑖, 𝑗) ̸= 𝑇2 (𝑖, 𝑗) ,

NPCR = ∑𝑊𝑖=1∑𝐻𝑗=1𝐷(𝑖, 𝑗)
𝑊 × 𝐻 × 100%

UACI = ∑𝑊𝑖=1∑𝐻𝑗=1 𝑇1 (𝑖, 𝑗) − 𝑇2 (𝑖, 𝑗)
255𝑊 ×𝐻 × 100%.

(25)

Here𝑊 and𝐻 are the width and the height of 𝑇1 and 𝑇2.
7.3.1. Key Sensitivity. We encrypt the image by the keys 𝑥0 =0.19, 𝑦0 = 0.06, ] = 0.7123456, 𝑘1 = 8, and 𝑘2 = 0.5.
Figure 37(a) is the decrypted image with the correct keys.
Figure 37(b) represents the decrypted image under 10−16
adding to 𝑥0 with other keys unchanged. Similarly, the secret
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Figure 28: Cameraman.

Table 2: Comparison of correlation coefficients of image.

Algorithm Image Original image Encrypted image
Horizontal Vertical Diagonal Horizontal Vertical Diagonal

Proposed Lena 0.9722 0.9527 0.9860 −0.0140 −0.0086 −0.0034
[1] Lena 0.9503 0.9755 0.9275 −0.0226 0.0041 0.0368
[2] Lena 0.927970 0.926331 0.839072 −0.010889 −0.018110 −0.006104
[5] Lena 0.946 0.973 0.921 −0.0055 −0.0075 0.0026
[6] Lena 0.9569 0.9236 0.9019 0.0042 −0.0043 0.0163

keys 𝑦0, ], 𝑘1, 𝑘2 are added as 3×10−17, 10−16, 10−15 and 10−16
to decrypt the images separately with other keys unchanged.
The results are shown in Figures 37(c)–37(f).The comparison
of key space is shown in Table 5 and the NPCR and UACI
between Figures 37(a) and 37(b)–37(f) are calculated in
Table 6.

In contrast with other algorithm, the key space of pro-
posed algorithm is larger than others.

Most NPCR are near to 99.61% and most of UACI are
higher than 30% in Table 6. We cannot recognize the man
inside from Figures 37(b)–37(f); therefore the encryption
method is sensitive to the keys.

7.3.2. Plaintext Sensitivity. By encrypting two same images
with only one pixel difference, the attackers can obtain
effective information by comparing the two encrypted
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Figure 29: Lena.

Table 3: Information entropy.

Image Original image Encrypted image
Cameraman 7.0097 7.9974
Peppers 7.5739 7.9976
Dollar 6.9785 7.9992
Lax 6.8272 7.9993
Aerial 6.9940 7.9992
Lena 7.2185 7.9993
Lake 7.4845 7.9993
Columbia 7.2736 7.9992
Boat 6.9391 7.9972

images. Therefore an encryption method designed against
differential attack should ensure that the two encrypted

Table 4: Comparison of information entropy.

Algorithm Image Original image Encrypted image
Proposed Lena 7.2185 7.9993
[1] Lena 7.2072 7.9973
[4] Lena Undefined 7.9972
[19] Lena Undefined 7.987918
[20] Lena 7.447144 7.988847

Table 5: Comparison of key spaces.

Algorithm Proposed [2] [4] [6]
Key spaces 2.23 × 1087(1.12 × 2290) 2128 ≈2273 2276

images are completely different even if there is only a pixel
difference in the original image.
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Figure 30: Peppers.

Table 6: NPCR and UACI between Figures 37(a) and 37(b)–37(f).

Image NPCR and UACI
NPCR (%) UACI (%)

Figure 37(b) 99.61 31.26
Figure 37(c) 97.02 30.23
Figure 37(d) 99.60 31.03
Figure 37(e) 99.61 31.01
Figure 37(f) 99.62 31.27

In Table 7, Figure 10(a)(𝑥, 𝑦) is the same as Figure 10(a)
except for a pixel locating (𝑥, 𝑦). After that, the 2 images
are encrypted with the same keys and the NPCR and UACI
between the 2 ciphertext images are calculated. Similarly, the
data of other 8 cases are obtained in Tables 8–15.

From Table 16, the NPCR and UACI of proposed algo-
rithm after 2-round encryption are nearer to the ideal values
99.61% and 33.46% [33] than others. Therefore the proposed
method is better.

7.4. Resistance to Known-Plaintext and Chosen-Plaintext
Attacks. In Section 6.3, the iteration times of the next round
are decided by the encrypted pixel value of present round.
In (20), 𝑥2(𝑖), generated from the fractional 2D-TFCDM, is
dependent on 𝑘(𝑖 − 1) and determines 𝑘(𝑖). Therefore, the
corresponding keystream is different when different plaintext
is encrypted. For the resultant information is related to the
chosen-images, the attacker cannot get useful information
after encrypting some special images. As a result, the attacks
proposed in [34–41] become ineffective for our scheme. In
a word, the proposed scheme can primely resist the known-
plaintext and the chosen-plaintext attacks.
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Figure 31: Lake.

Table 7: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Cameraman
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 10(a)(30, 30) 4.84 1.64 99.57 33.61
Figure 10(a)(50, 50) 81.43 27.39 99.62 33.56
Figure 10(a)(80, 80) 80.87 27.19 99.59 33.51
Figure 10(a)(100, 100) 6.82 2.28 99.59 33.46

Table 8: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Lena
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 11(a)(30, 30) 1.21 0.41 99.59 33.39
Figure 11(a)(50, 50) 95.06 31.93 99.59 33.53
Figure 11(a)(80, 80) 94.90 31.93 99.60 33.48
Figure 11(a)(100, 100) 1.71 0.58 99.63 33.40
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Figure 32: Dollar.

Table 9: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Peppers
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 12(a)(30, 30) 4.83 1.64 99.56 33.44
Figure 12(a)(50, 50) 81.44 27.35 99.62 33.50
Figure 12(a)(80, 80) 6.12 2.03 99.57 33.42
Figure 12(a)(100, 100) 6.83 2.32 99.60 33.50

Table 10: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Lake
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 13(a)(30, 30) 1.21 0.41 99.61 33.46
Figure 13(a)(50, 50) 95.09 31.88 99.61 33.42
Figure 13(a)(80, 80) 94.92 31.89 99.60 33.46
Figure 13(a)(100, 100) 1.71 0.58 99.59 33.47
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Figure 33: Columbia.

Table 11: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Dollar
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 14(a)(30, 30) 1.21 0.41 99.64 33.42
Figure 14(a)(50, 50) 95.08 32.00 99.60 33.49
Figure 14(a)(80, 80) 94.90 31.93 99.61 33.48
Figure 14(a)(100, 100) 1.71 0.57 99.61 33.41

Table 12: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Columbia
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 15(a)(30, 30) 94.83 31.96 99.61 33.47
Figure 15(a)(50, 50) 93.48 31.40 99.48 33.36
Figure 15(a)(80, 80) 0.96 0.32 99.60 33.45
Figure 15(a)(100, 100) 1.11 0.38 99.61 33.51
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Figure 34: Lax.

Table 13: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Lax
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 16(a)(30, 30) 1.21 0.40 99.62 33.39
Figure 16(a)(50, 50) 95.06 31.99 99.61 33.49
Figure 16(a)(80, 80) 94.92 31.87 99.58 33.41
Figure 16(a)(100, 100) 1.70 0.58 99.62 33.48

Table 14: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Boat
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 17(a)(30, 30) 4.83 1.60 99.59 33.47
Figure 17(a)(50, 50) 81.46 27.45 99.62 33.59
Figure 17(a)(80, 80) 80.82 27.24 99.58 33.48
Figure 17(a)(100, 100) 6.82 2.32 99.62 33.61
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(c) The decrypted figure

Figure 35: Boat.

Table 15: NPCR and UACI between cipher-images with slightly different plain-images.

Image NPCR and UACI of Aerial
NPCR (1-round %) UACI (1-round %) NPCR (2-round %) UACI (2-round %)

Figure 18(a)(30, 30) 1.21 0.41 99.61 33.49
Figure 18(a)(50, 50) 95.06 31.93 99.62 33.43
Figure 18(a)(80, 80) 94.91 31.88 99.61 33.53
Figure 18(a)(100, 100) 1.71 0.57 99.61 33.52

8. Conclusions

Fractional 2D-TFCDM is obtained from the 2D-TFCDM.
After that, we found new chaotic dynamics behaviors from
the fractionalized map. Moreover, the map can be converted
into image encryption algorithm as an application. Finally,
the encryption effect is analysed in 4 main aspects; we find

the proposed scheme is superior to others almost anywhere
in comparison. As far as we know, the proposed image
encryption algorithm has never been reported before.
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Figure 36: Aerial.

(a) The correct keys (b) 𝑥0 + 10
−16 (c) 𝑦0 + 3 × 10

−17

(d) V + 10−16 (e) 𝑘1 + 10
−15 (f) 𝑘2 + 10

−16

Figure 37: The test of key sensitivity.
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Table 16: Comparison of NPCR and UACI of image.

Algorithm Image NPCR (%) UACI (%)
Proposed Lena 99.60 33.48
[1] Lena 99.61 33.53
[2] Lena 99.6429 33.3935
[3] Lena 99.6304 33.5989
[5] Lena 99.932 39.520
[19] Lena 75.62561 34.84288
[20] Lena 99.6091 33.5038
[21] Lena 99.6330 34.1319
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We study sufficient conditions for existence of solutions to the coupled systems of higher order hybrid fractional differential
equations with three-point boundary conditions. For this motive, we apply the coupled fixed point theorem of Krasnoselskii type to
form adequate conditions for existence of solutions to the proposed system. We finish the paper with suitable illustrative example.

1. Introduction

Fractional calculus is found to bemore practical and effective
than the classical calculus in the mathematical modeling
of several phenomena. Fractional differential equations are
very important and significant part of the mathematics and
have various applications in viscoelasticity, electroanalytical
chemistry, and many physical problems [1–6]. A systematic
presentation of the applications of fractional differential
equations can be found in the book of Balachandran and
Park [7]. In recent years, many works have been devoted
to the study of the mathematical aspects of fractional order
differential equations [8–12]. There are numerous advanced
and efficient methods, which have been focusing on the
existence of solution to fractional differential equations.
One of the powerful tools for obtaining the existence of
solutions to such equations is the fixed point methods. Many
authors use fixed point theorems to prove the existence and
uniqueness of solution to nonlinear fractional differential
equations; see, for example, [13–17].

On the other hand, the study for coupled systems of
fractional differential equations is also important as such
systems occur in various problems of applied nature, for
instance, [18–25]. Additionally, fixed point theory can be used
to develop the existence theory for the coupled systems of

fractional hybrid differential equations [13, 16, 17]. Bashiri et
al. [17] discussed the existence of solution to the following
system of fractional hybrid differential equations of order𝑝 ∈ (0, 1):
𝐷𝑝 [𝑥 (𝑡) − 𝑓 (𝑡, 𝑥 (𝑡))] = 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) ,

a.e. 𝑡 ∈ [0, 𝑇] , 𝑇 > 0,
𝐷𝑝 [𝑦 (𝑡) − 𝑓 (𝑡, 𝑦 (𝑡))] = 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) ,

a.e. 𝑡 ∈ [0, 𝑇] , 𝑇 > 0,
𝑥 (0) = 0,
𝑦 (0) = 0,

(1)

where 𝛼 > 0, and the functions 𝑓 : [0, 𝑇]×R→ R, 𝑓(0, 0) =0 and 𝑔 : [0, 𝑇] × R × R → R satisfy certain conditions. 𝐷𝑝
is the R-L fractional derivative of order 𝑝.

Recently, the existence of solutions for fractional differen-
tial equations involving the Caputo fractional derivative was
studied in [13, 26–28]. Motivated by the work of Bashiri et
al. [17], in this paper we are concerned with the existence
of solutions to three-point boundary value problem for a
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coupled system of hybrid fractional differential equations of
order 𝑝 ∈ [𝑛 − 1, 𝑛) given by

𝐷𝑝 [𝑥 (𝑡) − 𝑓 (𝑡, 𝑥 (𝑡))] = 𝑔 (𝑡, 𝑦 (𝑡) , 𝐼𝛼𝑦 (𝑡)) ,
a.e. 𝑡 ∈ [0, 1] ,

𝐷𝑝 [𝑦 (𝑡) − 𝑓 (𝑡, 𝑦 (𝑡))] = 𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) ,
a.e. 𝑡 ∈ [0, 1] ,

𝑥 (0) = 𝛿1𝑥 (𝜂1) ,
𝑦 (0) = 𝛿1𝑦 (𝜂1) ,
𝑥 (1) = 𝛿2𝑥 (𝜂2) ,
𝑦 (1) = 𝛿2𝑦 (𝜂2) ,
𝑥(𝑖) (0) = 𝑦(𝑖) (0) = 0,

for 𝑖 = 1, 2, 3, . . . , (𝑛 − 2) ,

(2)

where 𝛼 > 0, 0 < 𝜂1 < 𝜂2 < 1, 𝑓 : [0, 1] × R → R,𝑓(0, 𝑥(0)) = 0, and 𝑔 : [0, 1] ×R ×R→ R.𝐷𝑝 is the Caputo
fractional derivative of order𝑝.Moreover, an example is given
to illustrate the validity of the existence result.

2. Preliminaries

Throughout this manuscript Φ = {𝜑: R+ →
R+ such that 𝜑(𝑟) < 𝑟 for 𝑟 > 0 and 𝜑(0) = 0},𝐶([0, 𝑇] × R,R) denote the class of continuous functions𝑓 : [0, 𝑇] ×R→ R, and 𝐶([0, 𝑇] ×R×R,R) denote the class
of functions 𝑔 : [0, 𝑇] ×R ×R→ R such that

(i) the map 𝑡 → 𝑔(𝑡, 𝑥, 𝑦) is measurable for each 𝑥, 𝑦 ∈
R,

(ii) the map 𝑥 → 𝑔(𝑡, 𝑥, 𝑦) is continuous for each 𝑥 ∈ R,
(iii) the map 𝑦 → 𝑔(𝑡, 𝑥, 𝑦) is continuous for each 𝑦 ∈ R.
We need the following definitions which can be found in

[9].

Definition 1. The Riemann-Liouville fractional integral of
order 𝛼 > 0 of function 𝑓 ∈ 𝐿1(𝑅+) is defined as

𝐼𝛼𝑓 (𝑡) = 1Γ (𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑓 (𝑠) 𝑑𝑠, (3)

provided that the right side is pointwise defined on (0,∞).
Definition 2. Let𝛼 be a positive real number, such that𝑚−1 ≤𝛼 < 𝑚, 𝑚 ∈ N, and 𝑓𝑚(𝑥) exists, a function of class 𝐶. Then
Caputo fractional derivative of 𝑓 is defined as

𝑐𝐷𝛼𝑓 (𝑡) = 1Γ (𝑚 − 𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝑚−𝛼−1 𝑓𝑚 (𝑠) 𝑑𝑠, (4)

provided that the right side is pointwise defined on (0,∞),
where𝑚 = [𝛼] + 1 and [𝛼] represents the integer part of 𝛼.

Definition 3 (see [29]). The mapping 𝐹 : 𝑋 × 𝑋 → 𝑋 has a
coupled fixed point (𝑥, 𝑦) ∈ 𝑋×𝑋 if𝐹(𝑥, 𝑦) = 𝑥 and𝐹(𝑦, 𝑥) =𝑦.
Theorem4 (see [17]). Let 𝑆 be a nonempty, closed, convex, and
bounded subset of the Banach space 𝑋 and 𝑆 = 𝑆 × 𝑆. Suppose
that 𝐴 : 𝑋 → 𝑋 and 𝐵 : 𝑆 → 𝑋 are two operators such that

(𝐶1) there exists 𝜑𝐴 ∈ Φ such that, for all 𝑥, 𝑦 ∈ 𝑋, one has
𝐴𝑥 − 𝐴𝑦 ≤ 𝜎𝜑𝐴 (𝑥 − 𝑦) ,

for some constant 𝜎 > 0, (5)

(𝐶2) 𝐵 is completely continuous,

(𝐶3) 𝑥 = 𝐴𝑥 + 𝐵𝑦 ⇒ 𝑥 ∈ 𝑆, for all 𝑦 ∈ 𝑆.
Then the operator 𝑇(𝑥, 𝑦) = 𝐴𝑥 + 𝐵𝑦 has at least a coupled
fixed point in 𝑆 whenever 𝜎 < 1.
Lemma 5. The following result holds for fractional differential
equations:

𝐼𝛼 [𝑐𝐷𝛼ℎ (𝑡)] = ℎ (𝑡) + 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡2 + ⋅ ⋅ ⋅ + 𝑐𝑚−1𝑡𝑚−1, (6)

for arbitrary 𝑐𝑖 ∈ R, 𝑖 = 0, 1, 2, . . . , 𝑚 − 1, where 𝑚 = [𝛼] + 1
and [𝛼] represents the integer part of 𝛼.
3. Existence Results

Let us set the following notations for convenience:

𝜆 = (1 − 𝛿1) (1 − 𝛿2𝜂𝑛−12 ) + (1 − 𝛿2) 𝛿1𝜂𝑛−11 , (7)

𝐹0 = 2|𝜆| (𝑓 (1, 0) + 12 max
𝑡∈[0,1]

𝑓 (𝑡, 0)
+ max
𝜂
1
∈[0,1]

𝑓 (𝜂1, 0) + max
𝜂
2
∈[0,1]

𝑓 (𝜂2, 0)) .
(8)

For the forthcoming analysis, we assume that

(𝐴1) the function 𝑥 → 𝑥 − 𝑓(𝑡, 𝑥) is increasing inR for all𝑡 ∈ [0, 1];
(𝐴2) there exists𝑀 ≥ 𝐿 > 0 such that

𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 𝑦 (𝑡)) ≤ 𝐿 𝑥 (𝑡) − 𝑦 (𝑡)8 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡)) ,𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))|𝜆|
≤ sup{ 𝐿𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)16 (𝑀 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡))} ,
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𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 𝑦 (𝜂1))|𝜆|
≤ sup{ 𝐿 𝑥 (𝑡) − 𝑦 (𝑡)16 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))} ,𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 𝑦 (𝜂2))|𝜆|
≤ sup{ 𝐿 𝑥 (𝑡) − 𝑦 (𝑡)16 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))} ;

(9)
(𝐴3) there exists a continuous function ℎ ∈ 𝐶([0,1],R) such that
𝑔 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) ≤ ℎ (𝑡) , 𝑥, 𝑦 ∈ R, 𝑡 ∈ [0, 1] . (10)

Lemma 6. If 𝑓(0, 𝑥(0)) = 0 and (𝜕𝑖𝑓(𝑡, 𝑥(𝑡))/𝜕𝑡𝑖)|𝑡=0 = 0 for𝑖 = 1, 2, . . . , (𝑛 − 2), then integral representation of the system
(2) is given by

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 1𝜆 {𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑥 (𝜂2))
− 𝛿1𝜂𝑛−11 𝑓 (1, 𝑥 (1))
+ 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑥 (𝜂1))}
+ 1𝜆 {(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑥 (𝜂2))
− (1 − 𝛿1) 𝑓 (1, 𝑥 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑥 (𝜂1))}
⋅ 𝑡𝑛−1 + 1Γ (𝑝) ∫

𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠,

(11)

𝑦 (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡)) + 1𝜆 {𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑦 (𝜂2))
− 𝛿1𝜂𝑛−11 𝑓 (1, 𝑦 (1))
+ 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑦 (𝜂1))}
+ 1𝜆 {(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑦 (𝜂2))

− (1 − 𝛿1) 𝑓 (1, 𝑦 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑦 (𝜂1))}
⋅ 𝑡𝑛−1 + 1Γ (𝑝) ∫

𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠.

(12)

Proof. Applying the operator 𝐼𝑝 on the first equation of
system (2) and using Lemma 5, we obtain

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡))
+ 1Γ (𝑝) ∫

𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ 𝐶0 + 𝐶1𝑡 + 𝐶2𝑡2 + ⋅ ⋅ ⋅ + 𝐶𝑛−1𝑡𝑛−1.
(13)

Applying the initial conditions 𝑥(𝑖)(0) = 0, for 𝑖 =1, 2, 3, . . . , (𝑛−2), we conclude that𝐶1 = 𝐶2 = ⋅ ⋅ ⋅ = 𝐶𝑛−2 = 0.
Therefore (13) becomes

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 1Γ (𝑝)
⋅ ∫𝑡
0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠 + 𝐶0

+ 𝐶𝑛−1𝑡𝑛−1.
(14)

Now, to find the values of 𝐶0 and 𝐶𝑛−1, since 𝑥(0) = 𝛿1𝑥(𝜂1),
from (14) we have

𝑓 (0, 𝑥 (0)) + 𝐼𝑝𝑔 (0, 𝑦 (0) , 𝐼𝛼𝑦 (0)) + 𝐶0
= 𝛿1 {𝑓 (𝜂1, 𝑥 (𝜂1)) + 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠 + 𝐶0

+ 𝐶𝑛−1𝜂𝑛−11 } ⇒
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(1 − 𝛿1) 𝐶0 − 𝛿1𝐶𝑛−1𝜂𝑛−11 − 𝛿1 {𝑓 (𝜂1, 𝑥 (𝜂1)) + 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠} = 0.

(15)

Also, since 𝑥(1) = 𝛿2𝑥(𝜂2), from (14), we have

𝑓 (1, 𝑥 (1)) + 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠 + 𝐶0

+ 𝐶𝑛−1 = 𝛿2 {𝑓 (𝜂2, 𝑥 (𝜂2))
+ 1Γ (𝑝) ∫

𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠 + 𝐶0

+ 𝐶𝑛−1𝜂𝑛−12 } ⇒
(1 − 𝛿2) 𝐶0 + (1 − 𝛿2𝜂𝑛−12 ) 𝐶𝑛−1 + 𝑓 (1, 𝑥 (1)) + 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

− 𝛿2 {𝑓 (𝜂2, 𝑥 (𝜂2))
+ 1Γ (𝑝) ∫

𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

= 0.

(16)

Solving (15) and (16) for 𝐶0, we get
{(1 − 𝛿2𝜂𝑛−12 ) (1 − 𝛿1) + 𝛿1𝜂𝑛−11 (1 − 𝛿2)} 𝐶0
+ 𝛿1𝜂𝑛−11 {𝑓 (1, 𝑥 (1))
+ 1Γ (𝑝) ∫

1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) {𝑓 (𝜂1, 𝑥 (𝜂1))
+ 1Γ (𝑝) ∫

𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− 𝛿2𝛿1𝜂𝑛−11 {𝑓 (𝜂2, 𝑥 (𝜂2))
+ 1Γ (𝑝) ∫

𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

= 0,

(17)

and using (7), we can write

𝐶0 = 𝛿1 (1 − 𝛿2𝜂
𝑛−1
2 )𝜆 {𝑓 (𝜂1, 𝑥 (𝜂1))

+ 1Γ (𝑝) ∫
𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

+ 𝛿2𝛿1𝜂𝑛−11𝜆 {𝑓 (𝜂2, 𝑥 (𝜂2))
+ 1Γ (𝑝) ∫

𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− 𝛿1𝜂𝑛−11𝜆 {𝑓 (1, 𝑥 (1))
+ 1Γ (𝑝) ∫

1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠} .

(18)

Similarly, solving (15) and (16) and using (7), we obtained that

𝐶𝑛−1 = −(1 − 𝛿1)𝜆 {𝑓 (1, 𝑥 (1))
+ 1Γ (𝑝) ∫

1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− (1 − 𝛿2) 𝛿1𝜆 {𝑓 (𝜂1, 𝑥 (𝜂1))
+ 1Γ (𝑝) ∫

𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

+ (1 − 𝛿1) 𝛿2𝜆 {𝑓 (𝜂2, 𝑥 (𝜂2))
+ 1Γ (𝑝) ∫

𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠} .

(19)

Substituting the values of 𝐶0 and 𝐶1 in (14), we can write

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 1Γ (𝑝)
⋅ ∫𝑡
0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ 𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 {𝑓 (𝜂1, 𝑥 (𝜂1))
+ 1Γ (𝑝) ∫

𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

+ 𝛿2𝛿1𝜂𝑛−11𝜆 {𝑓 (𝜂2, 𝑥 (𝜂2))
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+ 1Γ (𝑝) ∫
𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− 𝛿1𝜂𝑛−11𝜆 {𝑓 (1, 𝑥 (1))

+ 1Γ (𝑝) ∫
1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

− (1 − 𝛿1)𝜆 {𝑓 (1, 𝑥 (1))

+ 1Γ (𝑝) ∫
1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠} 𝑡𝑛−1

− (1 − 𝛿2) 𝛿1𝜆 {𝑓 (𝜂1, 𝑥 (𝜂1))

+ 1Γ (𝑝) ∫
𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

⋅ 𝑡𝑛−1 + (1 − 𝛿1) 𝛿2𝜆 {𝑓 (𝜂2, 𝑥 (𝜂2))

+ 1Γ (𝑝) ∫
𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠}

⋅ 𝑡𝑛−1,
(20)

which implies that

𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 1𝜆 {𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑥 (𝜂2))
− 𝛿1𝜂𝑛−11 𝑓 (1, 𝑥 (1))
+ 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑥 (𝜂1))}
+ 1𝜆 {(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑥 (𝜂2))
− (1 − 𝛿1) 𝑓 (1, 𝑥 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑥 (𝜂1))}
⋅ 𝑡𝑛−1 + 1Γ (𝑝) ∫

𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑦 (𝑠) , 𝐼𝛼𝑦 (𝑠)) 𝑑𝑠.

(21)

Similarly, repeating the above process with the second equa-
tion of system (2), we obtain integral equation (12).

Now, we are in a position to present the existence theorem
for the system (2).

Theorem 7. Assume that hypotheses (𝐴1)–(𝐴3) hold. Then
there exists a solution for coupled systems (2) of higher order
hybrid FHDEs with three-point boundary conditions.

Proof. Set𝑋 = 𝐶([0, 1],R) and a subset 𝑆 of𝑋 defined by

𝑆 = {𝑥 ∈ 𝑋: ‖𝑥‖ ≤ 𝑁} ,
where 𝑁 ≥ 7𝐿 + 𝐹0 + ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} .

(22)

Clearly 𝑆 is a closed, convex, and bounded subset of the
Banach space 𝑋. Now, since 𝑥(𝑡) is a solution of the FHDEs
system (2) if and only if 𝑥(𝑡) satisfies the system of integral
equations in Lemma 6, to show the existence solution of
system (2) it is enough to show the existence solution of the
integral equations in Lemma 6. For this, define two operators𝐴 : 𝑋 → 𝑋 and 𝐵 : 𝑆 → 𝑋 by

𝐴𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) + 1𝜆 {𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑥 (𝜂2))
− 𝛿1𝜂𝑛−11 𝑓 (1, 𝑥 (1))
+ 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑥 (𝜂1))}
+ 1𝜆 {(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑥 (𝜂2))
− (1 − 𝛿1) 𝑓 (1, 𝑥 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑥 (𝜂1))}
⋅ 𝑡𝑛−1,

𝐵𝑥 (𝑡) = 1Γ (𝑝) ∫
𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠
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+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠.

(23)

Then the operators form of system (2) is

𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑦 (𝑡) , 𝑡 ∈ [0, 1] ,
𝑦 (𝑡) = 𝐴𝑦 (𝑡) + 𝐵𝑥 (𝑡) , 𝑡 ∈ [0, 1] . (24)

We have to show that the operators 𝐴 and 𝐵 satisfy all the
conditions of Theorem 4. For this, let 𝑥, 𝑦 ∈ 𝑋; then we have

𝐴𝑥 (𝑡) − 𝐴𝑦 (𝑡) ≤ 𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 𝑦 (𝑡))
+

𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝛿1𝜂𝑛−11 𝑓 (1, 𝑥 (1)) + 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑥 (𝜂1))𝜆

− 𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑦 (𝜂2)) − 𝛿1𝜂𝑛−11 𝑓 (1, 𝑦 (1)) + 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑦 (𝜂1))𝜆


+ 
(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑥 (𝜂2)) − (1 − 𝛿1) 𝑓 (1, 𝑥 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑥 (𝜂1))𝜆

− (1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑦 (𝜂2)) − (1 − 𝛿1) 𝑓 (1, 𝑦 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑦 (𝜂1))𝜆

𝑡𝑛−1 ≤ 𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 𝑦 (𝑡))

+ 𝛿1𝜂𝑛−11

𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))𝜆

 + 𝛿1 (1 − 𝛿2𝜂
𝑛−1
2 )

𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 𝑦 (𝜂1))𝜆


+ 𝛿2𝛿1𝜂𝑛−11


𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 𝑦 (𝜂2))𝜆

 + (1 − 𝛿1)

𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))𝜆

 + (1 − 𝛿2)
⋅ 𝛿1

𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 𝑦 (𝜂1))𝜆

 + (1 − 𝛿1) 𝛿2

𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 𝑦 (𝜂2))𝜆

 <
𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 𝑦 (𝑡))

+ 2 𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))|𝜆| + 2 𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 𝑦 (𝜂1))|𝜆| + 2 𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 𝑦 (𝜂2))|𝜆| .

(25)

Taking the supremum over 𝑡 and using (7), we get

𝐴𝑥 (𝑡) − 𝐴𝑦 (𝑡) ≤ 12 {
𝐿 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))

+ 𝐿𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡))
+ 𝐿 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))
+ 𝐿 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))}
= 12 {

3𝐿 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝑥 (𝑡) − 𝑦 (𝑡))
+ 𝐿𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)4 (𝑀 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡))} ≤

12
⋅ 𝜑 (𝑥 (𝑡) − 𝑦 (𝑡)) .

(26)

Thus 𝐴 satisfies condition (𝐶1) of Theorem 4 with 𝜎 = 1/2
and 𝜑(𝑟) = 3𝐿𝑟/4(𝑀 + 𝑟) + 𝐿𝛿2𝑟/4(𝑀 + 𝛿2𝑟).

Next, we show that 𝐵 is compact and continuous operator
on 𝑆. Let {𝑥𝑚} be a sequence in S such that {𝑥𝑚} → 𝑥 ∈ 𝑆.
Then for all 𝑡 ∈ [0, 1], we have

lim
𝑚→∞
𝐵𝑥𝑚 (𝑡) = 1Γ (𝑝)
⋅ lim
𝑚→∞

∫𝑡
0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } lim
𝑚→∞

1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } lim
𝑚→∞

1Γ (𝑝)
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⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } lim
𝑚→∞

1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠 = 1Γ (𝑝)

⋅ ∫𝑡
0
(𝑡 − 𝑠)𝑝−1 lim

𝑚→∞
𝑔 (𝑠, 𝑥𝑚 (s) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 lim

𝑚→∞
𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 lim𝑚→∞𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 lim𝑚→∞𝑔 (𝑠, 𝑥𝑚 (𝑠) , 𝐼𝛼𝑥𝑚 (𝑠)) 𝑑𝑠

= 1Γ (𝑝) ∫
𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠 = 𝐵𝑥 (𝑡) .

(27)

Thus the map 𝐵 is continuous on 𝑆.
Let 𝑥 ∈ 𝑆; then we have

|𝐵𝑥 (𝑡)| ≤ 1Γ (𝑝)
∫
𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ (
𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆 ) 1Γ (𝑝)

⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+
(
𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆 ) 1Γ (𝑝)

⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠


+ (
𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆 ) 1Γ (𝑝)

⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

 ≤
1Γ (𝑝)

⋅ ∫𝑡
0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {
𝛿1𝜂𝑛−11 |𝜆| +

(1 − 𝛿1) 𝑡𝑛−1|𝜆| } 1Γ (𝑝) ∫
1

0
(1 − 𝑠)𝑝−1

⋅ 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠
+ {
𝛿1 (1 − 𝛿2𝜂𝑛−12 )|𝜆| +

(1 − 𝛿2) 𝛿1𝑡𝑛−1|𝜆| } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {
𝛿2𝛿1𝜂𝑛−11 |𝜆| +

(1 − 𝛿1) 𝛿2𝑡𝑛−1|𝜆| } 1Γ (𝑝) ∫
𝜂
2

0
(𝜂2

− 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠 ≤ 1Γ (𝑝) ∫
𝑡

0
(𝑡

− 𝑠)𝑝−1 ‖ℎ (𝑠)‖ 𝑑𝑠
+ 2|𝜆| Γ (𝑝) {∫

1

0
(1 − 𝑠)𝑝−1 ‖ℎ (𝑠)‖ 𝑑𝑠

+ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 ‖ℎ (𝑠)‖ 𝑑𝑠

+ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 ‖ℎ (𝑠)‖ 𝑑𝑠}

≤ ‖ℎ‖𝐿1Γ (𝑝) {∫
𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑑𝑠 + 2|𝜆| (∫

1

0
(1 − 𝑠)𝑝−1 𝑑𝑠

+ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑑𝑠 + ∫𝜂2

0
(𝜂2 − 𝑠)𝑝−1 𝑑𝑠)}

= ‖ℎ‖𝐿1Γ (𝑝) { (𝑡 − 𝑠)
𝑝

−𝑝

𝑡

0

+ 2|𝜆| ( (1 − 𝑠)
𝑝

−𝑝

1

0

+ (𝜂1 − 𝑠)𝑝−𝑝

𝜂
1

0

+ (𝜂2 − 𝑠)𝑝−𝑝

𝜂
2

0

)} = ‖ℎ‖𝐿1Γ (𝑝) {𝑡
𝑝

𝑝
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+ 2|𝜆| ( 1𝑝 +
𝜂𝑝1𝑝 +

𝜂𝑝2𝑝 )} = ‖ℎ‖𝐿1Γ (𝑝 + 1) {𝑡𝑝 + 2|𝜆| (1
+ 𝜂𝑝1 + 𝜂𝑝2 )} ≤ ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} .

(28)

Taking the supremum over 𝑡, we get
‖𝐵𝑥‖ ≤ ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} , ∀𝑥 ∈ 𝑆. (29)

Thus 𝐵 is uniformly bounded on 𝑆.
Now, let 𝑡1, 𝑡2 ∈ [0, 1] such that 𝑡1 ̸= 𝑡2; then for any 𝑥 ∈ 𝑆,

we have

𝐵𝑥 (𝑡1) − 𝐵𝑥 (𝑡2) =

1Γ (𝑝)

⋅ ∫𝑡1
0
(𝑡1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−11𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−11𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−11𝜆 } 1Γ (𝑝)
⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠 − 1Γ (𝑝)

⋅ ∫𝑡2
0
(𝑡2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−11𝜆 } 1Γ (𝑝)
⋅ ∫1
0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ {𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−11𝜆 } 1Γ (𝑝)
⋅ ∫𝜂1
0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− {𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−11𝜆 } 1Γ (𝑝)

⋅ ∫𝜂2
0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠


≤ 1Γ (𝑝)

∫
𝑡
1

0
(𝑡1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

− ∫𝑡2
0
(𝑡2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

≤ 1Γ (𝑝)
∫
𝑡
1

0
(𝑡1 − 𝑠)𝑝−1 ℎ (𝑠) 𝑑𝑠

− ∫𝑡1
0
(𝑡2 − 𝑠)𝑝−1 ℎ (𝑠) 𝑑𝑠 + ∫𝑡1

0
(𝑡2 − 𝑠)𝑝−1 ℎ (𝑠) 𝑑𝑠

− ∫𝑡2
0
(𝑡2 − 𝑠)𝑝−1 ℎ (𝑠) 𝑑𝑠

≤ ‖ℎ‖𝐿1Γ (𝑝) (
∫
𝑡
1

0
[(𝑡1 − 𝑠)𝑝−1 − (𝑡2 − 𝑠)𝑝−1] 𝑑𝑠

+ ∫
𝑡
2

𝑡
1

(𝑡2 − 𝑠)𝑝−1 𝑑𝑠
)

= ‖ℎ‖𝐿1Γ (𝑝) (

(𝑡1 − 𝑠)𝑝−𝑝 − (𝑡2 − 𝑠)𝑝−𝑝


𝑡
1

0

+ 
(𝑡2 − 𝑠)𝑝−𝑝


𝑡
2

𝑡
1

) = ‖ℎ‖𝐿1Γ (𝑝) (

(𝑡2 − 𝑡1)𝑝𝑝 + 𝑡𝑝1𝑝 −

𝑡𝑝2𝑝


+ 
(𝑡2 − 𝑡1)𝑝𝑝

) ≤
‖ℎ‖𝐿1Γ (𝑝 + 1) (𝑡2 − 𝑡1𝑝 + 𝑡𝑝1 − 𝑡𝑝2 

+ 𝑡2 − 𝑡1𝑝) .
(30)

Since 𝑡𝑝 is uniformly continuous on [0, 1] for 𝑛 − 1 < 𝑝 < 𝑛,
for any 𝜀 > 0 we can find 𝛿∗1 > 0 such that

𝑡𝑝1 − 𝑡𝑝2  < Γ (𝑝 + 1)3 ‖ℎ‖𝐿1 𝜀, whenever 𝑡1 − 𝑡2 < 𝛿∗1 . (31)

Let 𝛿∗ = min {𝛿∗1 , (Γ(𝑝 + 1)/3‖ℎ‖𝐿1)1/𝑝}; then, we have
𝐵𝑥 (𝑡1) − 𝐵𝑥 (𝑡2) ≤ ‖ℎ‖𝐿1Γ (𝑝 + 1) (

Γ (𝑝 + 1)
3 ‖ℎ‖𝐿1 𝜀

+ Γ (𝑝 + 1)3 ‖ℎ‖𝐿1 𝜀 +
Γ (𝑝 + 1)
3 ‖ℎ‖𝐿1 𝜀) = 𝜀,

whenever 𝑡1 − 𝑡2 < 𝛿∗.

(32)

Thus 𝐵(𝑆) is equicontinuous and hence 𝐵 is completely
continuous on 𝑆.

To prove hypothesis (𝐶3) of Theorem 4, let 𝑥 ∈ 𝑋 and𝑦 ∈ 𝑆 such that 𝑥 = 𝐴𝑥 + 𝐵𝑦; using (7) and (8), we have
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|𝑥 (𝑡)| ≤ |𝐴𝑥 (𝑡)| + |𝐵𝑥 (𝑡)|
= 𝑓 (𝑡, 𝑥 (𝑡)) +


𝛿2𝛿1𝜂𝑛−11 𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝛿1𝜂𝑛−11 𝑓 (1, 𝑥 (1)) + 𝛿1 (1 − 𝛿2𝜂𝑛−12 ) 𝑓 (𝜂1, 𝑥 (𝜂1))𝜆


+ 
(1 − 𝛿1) 𝛿2𝑓 (𝜂2, 𝑥 (𝜂2)) − (1 − 𝛿1) 𝑓 (1, 𝑥 (1)) − (1 − 𝛿2) 𝛿1𝑓 (𝜂1, 𝑥 (𝜂1))𝜆


𝑡𝑛−1

+ 1Γ (𝑝)
∫
𝑡

0
(𝑡 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ 
𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝑡𝑛−1𝜆


1Γ (𝑝)
∫
1

0
(1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+

𝛿1 (1 − 𝛿2𝜂𝑛−12 )𝜆 − (1 − 𝛿2) 𝛿1𝑡𝑛−1𝜆


1Γ (𝑝)
∫
𝜂
1

0
(𝜂1 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

+ 
𝛿2𝛿1𝜂𝑛−11𝜆 + (1 − 𝛿1) 𝛿2𝑡𝑛−1𝜆


1Γ (𝑝)
∫
𝜂
2

0
(𝜂2 − 𝑠)𝑝−1 𝑔 (𝑠, 𝑥 (𝑠) , 𝐼𝛼𝑥 (𝑠)) 𝑑𝑠

≤ 𝑓 (𝑡, 𝑥 (𝑡)) +
𝑓 (𝜂2, 𝑥 (𝜂2)) + 𝑓 (1, 𝑥 (1)) + 𝑓 (𝜂1, 𝑥 (𝜂1))|𝜆| + 𝑓 (𝜂2, 𝑥 (𝜂2)) + 𝑓 (1, 𝑥 (1)) + 𝑓 (𝜂1, 𝑥 (𝜂1))|𝜆|

+ ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} .

(33)

This implies

|𝑥 (𝑡)| ≤ 𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 0) + 𝑓 (𝑡, 0)
+ 2(𝑓 (1, 0)|𝜆| + 𝑓 (𝜂1, 0)|𝜆| + 𝑓 (𝜂2, 0)|𝜆| )
+ 2(𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 0)|𝜆|
+ 𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 0)|𝜆|
+ 𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 0)|𝜆| ) + ‖ℎ‖𝐿1Γ (𝑝 + 1) {1
+ 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} ≤ 𝐿 + 2 (𝐿 + 𝐿 + 𝐿)
+ 2|𝜆| (12 𝑓 (𝑡, 0) + 𝑓 (1, 0) + 𝑓 (𝜂1, 0)
+ 𝑓 (𝜂2, 0)) + ‖ℎ‖𝐿1Γ (𝑝 + 1) {1
+ 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} ≤ 7𝐿 + 𝐹0 + ‖ℎ‖𝐿1Γ (𝑝 + 1) {1
+ 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} .

(34)

Taking the supremum over 𝑡 on [0, 1], we can write

‖𝑥 (𝑡)‖ ≤ 7𝐿 + 𝐹0
+ ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} ≤ 𝑁.

(35)

That is, 𝑥 ∈ 𝑆. Thus condition (𝐶3) of Theorem 4 holds.
Therefore, all the conditions ofTheorem 4 are satisfied; hence
the operator𝑇(𝑥, 𝑦) = 𝐴𝑥+𝐵𝑦 has a coupled fixed point on S̃.
Consequently, system (2) has a solution defined on [0, 1].

To illustrate Theorem 7, we construct the following
example.

Example 8. We discuss the following hybrid fractional differ-
ential equations with three-point boundary conditions:

𝐷5/2 [𝑥 (𝑡) − 𝑒−𝑡 |𝑥 (𝑡)|11 + |𝑥 (𝑡)|]

= 𝑡33 − (cos 𝑦 (𝑡) + cos 𝐼3/2𝑦 (𝑡)) ,
𝐷5/2 [𝑦 (𝑡) − 𝑒−𝑡 𝑦 (𝑡)11 + 𝑦 (𝑡)]

= 𝑡33 − (cos |𝑥 (𝑡)| + cos 𝐼3/2𝑥 (𝑡)) ,
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𝑥 (0) = 14𝑥 (14) ,
𝑦 (0) = 14𝑦 (14) ,
𝑥 (1) = 12𝑥 (12) ,
𝑦 (1) = 12𝑦 (12) ,
𝑥 (0) = 𝑦 (0) = 0,

(36)

where 𝑡 ∈ [0, 1], 𝑓 : [0, 1] × R → R, 𝑓(0, 𝑥(0)) = 0, and𝑔 : [0, 1]×R×R→ R.𝐷5/2 is theCaputo fractional derivative
of order 5/2.

Here

𝛿1 = 𝜂1 = 14 ,
𝛿2 = 𝜂2 = 12 ,

𝑓 (𝑡, 𝑥 (𝑡)) = 𝑒−𝑡 |𝑥 (𝑡)|11 + |𝑥 (𝑡)| ,

𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) = 𝑡33
− (cos |𝑥 (𝑡)| + cos 𝐼3/2𝑥 (𝑡)) .

(37)

Therefore,

𝜆 = 1932 ,
𝐹0 = 2|𝜆| (𝑓 (1, 0) + 12 max

𝑡∈[0,1]

𝑓 (𝑡, 0)
+ max
𝜂
1
∈[0,1]

𝑓 (𝜂1, 0) + max
𝜂
2
∈[0,1]

𝑓 (𝜂2, 0)) = 0.
(38)

Now, for𝑀 = 11 and 𝐿 = 512/19𝑒 < 𝑀, we have

𝑓 (𝑡, 𝑥 (𝑡)) − 𝑓 (𝑡, 𝑦 (𝑡)) =

𝑒−𝑡 |𝑥 (𝑡)|11 + |𝑥 (𝑡)|

− 𝑒−𝑡 𝑦 (𝑡)11 + 𝑦 (𝑡)
 ≤

𝑥 (𝑡) − 𝑦 (𝑡) + 𝑦 (𝑡)11 + 𝑥 (𝑡) − 𝑦 (𝑡) + 𝑦 (𝑡)

− 𝑦 (𝑡)11 + 𝑥 (𝑡) − 𝑦 (𝑡) + 𝑦 (𝑡)


≤ 
𝑥 (𝑡) − 𝑦 (𝑡)11 + 𝑥 (𝑡) − 𝑦 (𝑡) + 𝑦 (𝑡)


≤ 𝑥 (𝑡) − 𝑦 (𝑡)11 + 𝑥 (𝑡) − 𝑦 (𝑡) ≤

(512/19𝑒) 𝑥 (𝑡) − 𝑦 (𝑡)16 (11 + 𝑥 (𝑡) − 𝑦 (𝑡)) ,

𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))|𝜆|
= 𝑓 (1, (1/2) 𝑥 (1/2)) − 𝑓 (1, (1/2) 𝑦 (1/2))19/32
= 3219


𝑒−1 |(1/2) 𝑥 (1/2)|11 + |(1/2) 𝑥 (1/2)| −

𝑒−1 (1/2) 𝑦 (1/2)11 + (1/2) 𝑦 (1/2)
 ,

𝑓 (1, 𝛿2𝑥 (𝜂2)) − 𝑓 (1, 𝛿2𝑦 (𝜂2))|𝜆|
≤ 3219𝑒


𝛿2 𝑥 (1/2) − 𝑦 (1/2) + 𝛿2 𝑦 (1/2)11 + 𝛿2 𝑥 (1/2) − 𝑦 (1/2) + 𝛿2 𝑦 (1/2)

− 𝛿2 𝑦 (1/2)11 + 𝛿2 𝑥 (1/2) − 𝑦 (1/2) + 𝛿2 𝑦 (1/2)


≤ 3219𝑒


𝛿2 𝑥 (1/2) − 𝑦 (1/2)11 + 𝛿2 𝑥 (1/2) − 𝑦 (1/2) + 𝛿2 𝑦 (1/2)


≤ 3219𝑒 ×
𝛿2 𝑥 (1/2) − 𝑦 (1/2)11 + 𝛿2 𝑥 (1/2) − 𝑦 (1/2)

≤ sup{(512/19𝑒) 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)16 (11 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)) } .
(39)

Similarly,

𝑓 (𝜂1, 𝑥 (𝜂1)) − 𝑓 (𝜂1, 𝑦 (𝜂1))|𝜆|
≤ sup{(512/19𝑒) 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)16 (11 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)) } ,𝑓 (𝜂2, 𝑥 (𝜂2)) − 𝑓 (𝜂2, 𝑦 (𝜂2))|𝜆|
≤ sup{(512/19𝑒) 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)16 (11 + 𝛿2 𝑥 (𝑡) − 𝑦 (𝑡)) } .

(40)

Next,

𝑔 (𝑡, 𝑥 (𝑡) , 𝐼𝛼𝑥 (𝑡)) = 𝑡33
− (cos |𝑥 (𝑡)| + cos 𝐼3/2𝑥 (𝑡))

≤ 𝑡33 = ℎ (𝑡) .
(41)

That is, there exists a continuous function ℎ ∈ 𝐶([0, 1],R)
such that

𝑔 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) ≤ ℎ (𝑡) , 𝑥, 𝑦 ∈ R, 𝑡 ∈ [0, 1] . (42)
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Finally, since

‖ℎ (𝑡)‖ = sup∫1
0

𝑡33 𝑑𝑡 = 112 ,
𝐿 = 51219𝑒 ,
𝐹0 = 0,
𝜆 = 1932 ,

(43)

we can write

7𝐿 + 𝐹0 + ‖ℎ‖𝐿1Γ (𝑝 + 1) {1 + 2|𝜆| (1 + 𝜂𝑝1 + 𝜂𝑝2 )} < 70. (44)

Thus 𝑁 ≥ 70. It follows that assumptions (𝐴1) and (𝐴2) are
satisfied. Therefore, by Theorem 7 we conclude that problem
(36) has a solution.

4. Conclusion

We have successfully developed appropriate conditions for
existence of at least one solution to a complicated higher order
coupled system of nonlinear hybrid fractional differential
equations. The respective conditions have been derived by
using coupled fixed point theorem of Krasnoselskii type.
The obtained results were also demonstrated by a suitable
example.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All the authors have equal contribution.The first two authors
designed the problem and the last two authors read and
corrected its style and language and prepared the final
version.

Acknowledgments

This work was financially supported by the Rajamangala
University of Technology Thanyaburi (RMUTT), Pathum
Thani, Thailand.

References

[1] D. Baleanu, A. C. J. Luo, and J. A. T. Machado, “Fractional
dynamics and control,” Fractional Dynamics and Control, pp. 1–
313, 2012.

[2] Z. Dahmani, M. M. Mesmoudi, and R. Bebbouchi, “The foam
drainage equation with time- and space-fractional derivatives
solved by the Adomian method,” Electronic Journal of Qualita-
tive Theory of Differential Equations, pp. 1–10, 2008.

[3] W. G. Glockle and T. F. Nonnenmacher, “A fractional calculus
approach to self-similar protein dynamics,” Biophysical Journal,
vol. 68, no. 1, pp. 46–53, 1995.

[4] R. Hilfer, Applications of Fractional Calculus in Physics, World
Scientific Publishing Co., Singapore, 2000.

[5] R. Metzler, W. Schick, H. Kilian, and T. F. Nonnenmacher,
“Relaxation in filled polymers: A fractional calculus approach,”
The Journal of Chemical Physics, vol. 103, no. 16, pp. 7180–7186,
1995.

[6] J. Sabatier, O. P. Agrawal, and J. A. TenreiroMacHado, “Preface,”
Advances in Fractional Calculus: Theoretical Developments and
Applications in Physics and Engineering, pp. xi–xiii, 2007.

[7] K. Balachandran and J. Y. Park, “Nonlocal Cauchy problem for
abstract fractional semilinear evolution equations,” Nonlinear
Analysis. Theory, Methods & Applications. An International
Multidisciplinary Journal, vol. 71, no. 10, pp. 4471–4475, 2009.

[8] O. K. Jaradat, A. Al-Omari, and S. Momani, “Existence of the
mild solution for fractional semilinear initial value problems,”
Nonlinear Analysis. Theory, Methods & Applications. An Inter-
national Multidisciplinary Journal, vol. 69, no. 9, pp. 3153–3159,
2008.

[9] A. A. Kilbas, H.M. Srivastava, and J. J. Trujillo, “Preface,”North-
Holland Mathematics Studies, vol. 204, no. C, pp. vii–x, 2006.

[10] B. N. Lundstrom, M. H. Higgs, W. J. Spain, and A. L. Fairhall,
“Fractional differentiation by neocortical pyramidal neurons,”
Nature Neuroscience, vol. 11, no. 11, pp. 1335–1342, 2008.

[11] I. Podlubny, “Geometric and physical interpretation of frac-
tional integration and fractional differentiation,” Fractional
Calculus and Applied Analysis, vol. 5, no. 4, pp. 367–386, 2002.

[12] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional
Integrals and Derivatives, Theory and Applications, Gordon and
Breach, Yverdon, Switzerland, 1993.

[13] B. Ahmad, S. K. Ntouyas, andA. Alsaedi, “Existence results for a
system of coupled hybrid fractional differential equations,”The
Scientific World Journal, vol. 2014, Article ID 426438, 6 pages,
2014.

[14] A. Anber, S. Belarbi, and Z. Dahmani, “New existence and
uniqueness results for fractional differential equations,” Analele
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As the demands for online video services increase intensively, the selection of business models has drawn the great attention of
online providers. Among them, pay-per-viewmode and advertisingmode are two important resourcemodes, where the reasonable
fee charge and suitable volume of ads need to be determined. This paper establishes an analytical framework studying the optimal
dynamic pricing and advertising strategies for online providers; it shows how the strategies are influenced by the videos available
time and the viewers’ emotional factor. We create the two-stage strategy of revenue models involving a single fee mode and a
mixed fee-free mode and find out the optimal fee charge and advertising level of online video services. According to the results,
the optimal video price and ads volume dynamically vary over time. The viewer’s aversion level to advertising has direct effects on
both the volume of ads and the number of viewers who have selected low-quality content. The optimal volume of ads decreases
with the increase of ads-aversion coefficient, while increasing as the quality of videos increases.The results also indicate that, in the
long run, a pure fee mode or free mode is the optimal strategy for online providers.

1. Introduction

Apart from text and images, video is the most important
form of online media, which has been widely regarded as the
future of media on the Internet. According to Cisco Visual
Networking Index 2015–2020 prediction, by 2020, 82% of
viewer Internet traffic will be video and total global Internet
trafficwill increase at 22% per year. High-quality online video
service brings not only profits but also reputation and user
reliability to the companies. The latter is rather more impor-
tant for company’s long term life cycle. For example, Youtube
has attracted over a billion users all over world, because it
offers free video services, selected advertising options, and a
much faster streaming ability thanks to its great technologies
such as Content Delivery Network (CDN) and Google File
System (GFS). In other words, Youtube has paid a lot of
attention to user experience and thus gains a large and stable
user group, which makes Youtube one of the most famous
video websites in the world. However, in 2014 Youtube annual

revenue was posted at about $4 billion, which accounted
for about 6% of Google’s overall sales, which increased to
$9 billion in 2015. This indicates that there will be a large
potentiality for Youtube to be more profitable. Not only does
Youtube exist, but also there are various Internet video sites
such as Vimeo (US), Hulu (US), Youku (China), Dailymotion
(France), Niconico (Japan), and Pandora TV (South Korea),
competing in the online video market all over the world.

As the online video service has a glorious future, it is
attractive and important to investigate its business models.
There are several profiting modes, which mainly include
three patterns: sales or redistribution of copyrights for
certain films, charges for video services, and advertising
revenue. In this paper, we will discuss the two latter cases
dealing with online video users. Many video websites adopt
the strategy of providing free video services to maximize
membership. The revenues of this mode mainly depend on
advertising. However, recent studies report that, with only
advertising revenue, it is not sufficient for Internet-based
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companies [1, 2]. According to Weiss [3], fee charge mode
is necessary and becoming more popular in web content
market. Hence, the strategy of combining fee charge and
advertising has emerged, which has been regarded as the
mainstream business model, such as Youku, the most famous
video service website in China, which offers free videos with
ads as well as a paid membership with a higher priority
and no ads. Although the mixed strategy is popular, it also
raises the problem of how to balance the revenue from fee
charging and advertising. For Internet video services, higher
prices result in fewer viewers, and a large amount of ads will
also scare them away. In this sense, there exists a trade-off
between video service price and the amount of ads.

In order to deal with this trade-off, some video websites
adopt strategy that allows viewers to preview samples before
buying. It might be feasible, because online video is a sort of
information goods as well as experience goods, which could
be valued according to viewers’ perceived experience [4].
Hence, free samples are introduced into the business models
with the purpose of ensuring that viewers have an actual
experience with information goods [5, 6]. This humanized
experience mode is helpful to set up reasonable price and ads
volume for information goods. With significant increasing
number of the Internet users, the pricing and advertising
models have attracted attention of many researchers. Riggins
[7] develops a separating equilibrium model for fee-based
and ads sponsored-based websites and examines a monop-
olist’s choice of web content price and quality. In another
study, Prasad et al. [8] suggest different optimal strategies for
content firms depending on the context: pure pay-per-view
strategy for high income users, who are willing to pay the
advertising avoidance fee, and free strategy based on adver-
tisement for high advertising sales with low-quality content.
The study derives the optimal condition for each strategy.
Halbheer et al. [9] investigates digital content strategies: the
sampling, paid content, and free content strategies for online
publishers. Results show that the optimal strategy is deter-
mined by the relationship between advertising effectiveness
and content quality. Chellappa and Shivendu [1] examine
pricing and sampling strategies for digital experience goods;
through a two-stage viewer piracy behavior model they
obtain the optimal price and sample size. Peitz and Valletti
[10] introduce the factor of viewer’s favorite type into pay-
tv and free-to-air models in the two-side market. The results
indicate that the more sensitive the viewers are to ads
the more the differentiated content should be. Kwon [11]
constructs a stochastic model for online display advertising
contracts and explores how pricing and contract components
affect the optimal display strategies. Lin et al. [12] assert that a
mixed strategy of paid and free content is most favorable for
content firms in a monopoly position, and in a duopoly state,
only one firm is able to employ the mixed strategy.

The papers mentioned above apply static models and
optimize the maximum revenue using simple first-order
and second-order conditions without considering the effect
of time on the optimal strategy. However, a few papers
do take into consideration the time periods in different
ways and provide a dynamic analysis to study the optimal
content price and the volume of ads in websites. For instance,

Dewan et al. [13] develop an advertising revenue model and
obtain the optimal dynamic ads volume for the manager
of Internet. Kumar and Sethi [2] study dynamic pricing
and advertising for web content providers and test the
influence of parameters such as horizon length, cost of
serving, natural growth rate, and content’s utility factor on
the optimal strategies. Based on the pricing strategy, Na et
al. [14] categorize Korea’s digital content firms’ strategies into
three groups: pure pay-per-view strategy, free strategy based
on advertisement, and a mixed strategy; then they apply
the metafrontier analysis method to estimate each group’s
efficiency value. As extension, our model differs from theirs
by further considering the hybrid business models with the
type of viewers and emotional factor varying over time. In
this paper, we will introduce two business models including
the fee mode and the free mode that allow viewers to select.
There are two cases under consideration, the single fee mode
case and the mixed fee-free mode case. In the mixed fee-free
mode, viewers could maximize their utility by selecting
within the two modes. Based on the emotional factor, the
type of viewers, and the perceived value, we propose a model
for finding the optimal dynamic fee charge and ads level over
a finite time interval, to maximize the total profit of online
video providers. To the best of our knowledge, it is the first
analysis with a continuous time model and emotional factor
in this setting. The paper is innovative and new, which firstly
applies Hamilton maximum principle to solve the optimal
pricing and advertising strategies for online video services.

2. The Model

Consider that the online provider offers two types of Internet
video contents: high-quality content without ads requiring
a fee to access and low-quality content with ads but free of
charge. There will be previews for viewers to have a general
judge over the video service. Assume that for high-quality
and low-quality video services, the viewer’s average perceived
values are Vℎ and V𝑙, respectively, where Vℎ > V𝑙 > 0 [15].
Since different viewers react differently to the same video
content, they can be classified further by their types. For
this model, we define high-quality type preferred viewers as
those who are more sensitive to video quality; thus they have
more willingness to choose the fee mode. Similarly, defined
economy preferred viewers are those who are unwilling to
pay for online videos but may tolerate advertising; thus they
prefer to choose the freemode.Meanwhile we assume that (as
well as in [16]) viewer’s type 𝜃 follows a uniform distribution
on [0, 1], which is a factor indicating viewers’ willingness to
pay for service. When 𝜃 is close to 1, the viewers are more
likely to choose the fee mode, and vice versa.

In this paper, the price of online video services and the
amount of ads are functions of time 𝑡 denoted by 𝑝𝑡 and 𝑞𝑡,
respectively. Based on above assumptions, define the viewer
expected utility such that a viewer of type 𝜃ℎ receiving from
high-quality content is𝑈ℎ(𝑡) = 𝜃ℎVℎ−𝑝𝑡 and from low-quality
content is𝑈𝑙(𝑡) = 𝜃𝑙V𝑙 −𝛽𝑞𝑡. In the free mode, viewers have to
view ads that come with video content. Thus, the advertising
is regarded as a nuisance that could reduce viewers’ utility
[17, 18]. Based on this fact, considering viewers’ emotional
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factor that could affect the viewingmode, we define 𝛽 ∈ (0, 1)
as a constant representing ads-aversion coefficient. When 𝛽
value gets closer to 1, it means viewers are less tolerant to ads.
We assume that the marginal cost of producing a product or
introducing an advertisement is zero. Viewers have to view
ads that come in order to access the free product. To mirror
the properties of pricing and advertising strategies, let the cost
of setting ads be zero [7], and the producing cost of content
is negligible on Internet.

In the following part, we will introduce the single fee
mode and the mixed fee-free mode, where the optimal video
price and ads volume are resolved to obtain the optimal
business strategies for online video services.

2.1. Case I: Fee Mode in Time Interval (0, 𝑡1). At time 𝑡, when𝑈ℎ(𝑡) = 𝜃ℎVℎ − 𝑝𝑡 ≥ 0, 𝜃ℎ ≥ 𝑝𝑡/Vℎ, viewers choose the fee
mode. Define the total volume of viewers as 1. Let 𝑥ℎ,𝑡 be the
number of viewers who have selected high-quality content.
The current density of viewers �̇�ℎ,𝑡 = 𝑑𝑥ℎ,𝑡/𝑑𝑡 is expressed as

𝐷ℎ,𝑡 = ∫
𝜃ℎ

𝑝𝑡/Vℎ
𝑑𝜃 = 𝜃ℎ − 𝑝𝑡Vℎ = 1 − 𝑥ℎ,𝑡 −

𝑝𝑡
Vℎ
,

�̇�ℎ,𝑡 = 1 − 𝑥ℎ,𝑡 − 𝑝𝑡Vℎ .
(1)

Let �̇�ℎ,𝑡 = 𝑑𝑥ℎ,𝑡/𝑑𝑡 be the change rate of the number of
high type viewers and define �̇�ℎ,𝑡 = 𝐷ℎ,𝑡. We denote that
online providers make profits over the planning horizon with
length 𝑡1, and then the profit is given as

ΠI = ∫
𝑡1

0
𝑝𝑡�̇�ℎ,𝑡𝑑𝑡. (2)

In case I, it needs to find out the optimal price 𝑝∗𝑡
whichmaximizes the profitΠI.The objective function for the
provider is

𝐽1 = max∫𝑡1
0
𝑝𝑡�̇�ℎ,𝑡𝑑𝑡, (3)

This is a dynamic optimization problem, which can be
solved by the modern control theory Hamiltonian Method.
In the model, a dot above a variable is defined as the first
derivative with respect to time. We formulate Hamiltonian
function as follows:

𝐻1 = 𝑝𝑡 (1 − 𝑥ℎ,𝑡 − 𝑝𝑡Vℎ) + 𝜆0,𝑡 (1 − 𝑥ℎ,𝑡 −
𝑝𝑡
Vℎ
) , (4)

where 𝑝𝑡 is a control variable and 𝜆0,𝑡 is a time-varying
constructor variable. According toHamiltonian principle [19,
20], the necessary conditions for the optimal control are listed
as follows:

𝜕𝐻1𝜕𝑝𝑡 = 0,

�̇�0,𝑡 = − 𝜕𝐻1𝜕𝑥ℎ,𝑡 .
(5)

Since 𝑝𝑡 is unconstrained, the optimal price should satisfy the
first-order condition 𝜕𝐻1/𝜕𝑝𝑡 = 0, from which we obtain

𝑝𝑡 = Vℎ (1 − 𝑥ℎ,𝑡) − 𝜆0,𝑡2 . (6)

From (1) and (6), the increment rate of viewers who select
high-quality content �̇�ℎ,𝑡 is given by

�̇�ℎ,𝑡 = 𝜆0,𝑡 + Vℎ (1 − 𝑥ℎ,𝑡)2Vℎ . (7)

Since Lagrangian multiplier satisfies the condition �̇�0,𝑡 =−𝜕𝐻1/𝜕𝑥ℎ,𝑡, we have the following equation:
�̇�0,𝑡 = 𝜆0,𝑡 + Vℎ (1 − 𝑥ℎ,𝑡)2 . (8)

Deduced from (7) and (8), we obtain

�̇�0,𝑡 = Vℎ�̇�ℎ,𝑡. (9)

Equation (9) is a first-order differential equation.With border
conditions 𝑥ℎ,𝑡=0 = 0 and 𝜆0(𝑡0) = 0, final solutions are
achieved as 𝜆0,𝑡 = Vℎ(𝑡 − 𝑡1)/(2 + 𝑡1), 𝑥ℎ,𝑡 = 𝑡/(2 + 𝑡1).

We substitute the values of 𝜆0,𝑡 and 𝑥ℎ,𝑡 into (6) and derive
the optimal price of online video services 𝑝∗𝑡 = Vℎ(1 + 𝑡1 −𝑡)/(2 + 𝑡1) that could make the maximum profit in fee mode
with time interval (0, 𝑡1).
2.2. Case II: Mixed Fee-Free Mode in Time Interval (0, 𝑡1).
In this case, there exists both fee and free modes in online
video service market. Viewers could choose any mode as
their willingness. Since the newly arriving video contents
are more attractive, viewers prefer to pay for the new ones.
With this consideration, introduce a critical time point 𝑡0,
which divides the whole business time into two stages: in
time interval (0, 𝑡0), providers employ the fee mode; in time
interval (𝑡0, 𝑡1), providers employ the mixed fee-free mode.

Stage 1 (fee mode (0 ≤ 𝑡 ≤ 𝑡0)). Here wemake an assumption
that the optimal solution for fee model is the same as case
I. This assumption stands when 𝑡1 is not infinite and for
the purpose of simplifying the model. It means that in time
interval 0 ≤ 𝑡 ≤ 𝑡0, the optimal price of online video services
is 𝑝∗𝑡 = Vℎ(1 + 𝑡1 − 𝑡)/(2 + 𝑡1).
Stage 2 (fee-free mode (𝑡0 < 𝑡 ≤ 𝑡1)). At time 𝑡0, introduce
the freemode into the single feemode in online videomarket,
and therefore there exists both fee and freemodes at the same
time. The advertising in free mode will attenuate viewers’
selection. In the fee mode, we adopt a scaled price of Stage 1
for Stage 2 for simplicity. Denote 𝛾 as a regular factor in (0, 1],
which determines the price in Stage 2 as 𝛾𝑝𝑡. For viewers, if𝑈ℎ(𝑡) > 𝑈𝑙(𝑡) fee mode is preferred, otherwise, free mode is
better. Furthermore, we have the following results:

If 0 ≤ 𝜃V𝑙−𝛽𝑞𝑡 < 𝜃Vℎ−𝛾𝑝𝑡, 𝜃 > (𝛾𝑝𝑡−𝛽𝑞𝑡)/(Vℎ−V𝑙) ≥ 0,
viewers prefer the fee mode.
If 0 ≤ 𝜃Vℎ − 𝛾𝑝𝑡 ≤ 𝜃V𝑙 − 𝛽𝑞𝑡, 𝛽𝑞𝑡/V𝑙 < 𝜃 < (𝛾𝑝𝑡 −𝛽𝑞𝑡)/(Vℎ − V𝑙), viewers prefer the free mode.
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It can be found that 𝜃 = (𝛾𝑝𝑡 − 𝛽𝑞𝑡)/(Vℎ − V𝑙) is the critical
point of viewer type.

Denote 𝑥𝑙,𝑡 as the number of viewers who have viewed
low-quality content; thus the current densities of different
viewers are defined as

𝐷ℎ,𝑡 = 𝜃ℎ − 𝛾𝑝𝑡 − 𝛽𝑞𝑡Vℎ − V𝑙
,

𝐷𝑙,𝑡 = 𝛾𝑝𝑡 − 𝛽𝑞𝑡Vℎ − V𝑙
− 𝛽𝑞𝑡

V𝑙
.

(10)

Since �̇�ℎ,𝑡 = 𝐷ℎ,𝑡, �̇�𝑙,𝑡 = 𝐷𝑙,𝑡, we have
�̇�ℎ,𝑡 = 1 − 𝑡02 + 𝑡0 −

𝛾𝑝𝑡 − 𝛽𝑞𝑡
Vℎ − V𝑙

− 𝑥ℎ,𝑡 − 𝑥𝑙,𝑡,

�̇�𝑙,𝑡 = 𝛾𝑝𝑡 − 𝛽𝑞𝑡Vℎ − V𝑙
− 𝛽𝑞𝑡

V𝑙
,

(11)

where �̇�ℎ,𝑡 is the density of arriving viewers who select fee
mode and �̇�𝑙,𝑡 is the density of viewers who select free mode.
The profit of fee-free mode is given as

ΠII = ∫
𝑡1

𝑡0

(𝛾𝑝𝑡�̇�ℎ,𝑡 + 𝑘𝑞𝑡�̇�𝑙,𝑡) 𝑑𝑡, (12)

where 𝑘 is the price of ads per unit. In Stage 2, it needs to find
the optimal ads volume 𝑞∗𝑡 to maximize profitΠII. Over time
period 𝑡0 < 𝑡 ≤ 𝑡1, the objective function for the provider is

𝐽2 = max∫𝑡1
𝑡0

(𝛾𝑝𝑡�̇�ℎ,𝑡 + 𝑘𝑞𝑡�̇�𝑙,𝑡) 𝑑𝑡, (13)

subject to (14) and (15):

�̇�ℎ,𝑡 = 1 − 𝑡02 + 𝑡0 −
𝛾𝑝𝑡 − 𝛽𝑞𝑡
Vℎ − V𝑙

− 𝑥ℎ,𝑡 − 𝑥𝑙,𝑡, (14)

�̇�𝑙,𝑡 = 𝛾𝑝𝑡 − 𝛽𝑞𝑡Vℎ − V𝑙
− 𝛽𝑞𝑡

V𝑙
. (15)

The Hamiltonian function is given as follows:

𝐻2 = (𝛾𝑝𝑡 + 𝜆1,𝑡) ( 2
2 + 𝑡0 −

𝛾𝑝𝑡 − 𝛽𝑞𝑡
Vℎ − V𝑙

− 𝑥ℎ,𝑡 − 𝑥𝑙,𝑡)

+ (𝜆2,𝑡 + 𝑘𝑞𝑡) (𝛾𝑝𝑡 − 𝛽𝑞𝑡Vℎ − V𝑙
− 𝛽𝑞𝑡

V𝑙
) ,

(16)

where 𝑞𝑡 is the variable, and 𝑝𝑡 = Vℎ(1 + 𝑡1 − 𝑡)/(2 + 𝑡1) is
given in Stage 1. 𝜆1,𝑡 and 𝜆2,𝑡 are the two constructor variables
corresponding to the state variables 𝑥ℎ,𝑡 and 𝑥𝑙,𝑡 [20]. Based
onHamiltonian principle, 𝑞𝑡, 𝜆1,𝑡, 𝜆2,𝑡, 𝑥ℎ,𝑡, and 𝑥𝑙,𝑡 satisfy the
following equations:

𝜕𝐻2𝜕𝑞𝑡 = 0,

�̇�1,𝑡 = − 𝜕𝐻2𝜕𝑥ℎ,𝑡 ,

�̇�2,𝑡 = −𝜕𝐻2𝜕𝑥𝑙,𝑡 .

(17)

Since 𝑞𝑡 is unconstrained, 𝜕𝐻2/𝜕𝑞𝑡 = 0, the number of ads 𝑞𝑡
is obtained by

𝑞𝑡 = 𝛾
2𝛽𝑘 (2 + 𝑡1) ((𝛽 + 𝑘) V𝑙 + (𝑡1 − 𝑡) (𝑘V𝑙 + 𝛽Vℎ)) . (18)

Since Lagrange’s equation satisfies �̇�1,𝑡 = −𝜕𝐻2/𝜕𝑥ℎ,𝑡, �̇�2,𝑡 =−𝜕𝐻2/𝜕𝑥𝑙,𝑡, we have the following equations:
�̇�1,𝑡 = − 𝜕𝐻2𝜕𝑥ℎ,𝑡 = 𝛾𝑝𝑡 + 𝜆1,𝑡,

�̇�2,𝑡 = −𝜕𝐻2𝜕𝑥𝑙,𝑡 = 𝛾𝑝𝑡 + 𝜆1,𝑡.
(19)

Through solving first-order differential equations (19) and
with border condition 𝜆1,𝑡 = 𝜆2,𝑡 = 0, we obtain

𝜆1,𝑡 = 𝜆2,𝑡 = −𝛾Vℎ (𝑡1 − 𝑡)2 + 𝑡1 . (20)

From (14), (15), (18), (20), and𝑝𝑡 wehave the following results:
𝑞𝑡 = 𝛾

2𝛽 (2 + 𝑡1) ((𝛽 + 𝑘) V𝑙 + (𝑡1 − 𝑡) (𝛽Vℎ + 𝑘V𝑙)) , (21)

𝑥𝑙,𝑡 = 𝛾Vℎ2 (Vℎ − V𝑙) (2 + 𝑡1) [(1 −
𝛽
𝑘) (𝑡 − 𝑡0)

+ (1 − 𝛽Vℎ𝑘V𝑙 )(𝑡1 (𝑡 − 𝑡0) −
𝑡2 − 𝑡202 )] .

(22)

In addition, from the existing results, we can resolve 𝑥ℎ,𝑡
considering (6), (14), (18), (22), and the border condition𝑥ℎ,𝑡(𝑡0) = 𝑡0/(2 + 𝑡1); the following formulation is given:

𝑥ℎ,𝑡 = 𝛾Vℎ2 (Vℎ − V𝑙) (2 + 𝑡1) [
1
2 (1 −

𝛽Vℎ𝑘V𝑙 ) 𝑡
2

+ (𝛽Vℎ𝑘V𝑙 −
V𝑙
Vℎ
− 𝑡1 + 𝛽Vℎ𝑘V𝑙 𝑡1) 𝑡 − 2 + (

𝛽
𝑘 + 2)

V𝑙
Vℎ

− 𝛽Vℎ𝑘V𝑙 + (
V𝑙
Vℎ
+ 𝛽𝑘 − 1 −

𝛽Vℎ𝑘V𝑙 ) 𝑡1 + (1 −
𝛽
𝑘) 𝑡0

+ (1 − 𝛽Vℎ𝑘V𝑙 )(𝑡0𝑡1 −
𝑡202 )] + 𝐶ℎ𝑒−𝑡 +

2
2 + 𝑡0 ,

(23)

with

𝐶ℎ = 𝑒−𝑡0 ( 𝑡02 + 𝑡1 −
2

2 + 𝑡0
− 𝛾Vℎ2 (Vℎ − V𝑙) (2 + 𝑡1) [

1
2 (1 −

𝛽Vℎ𝑘V𝑙 ) 𝑡
2
0

+ (𝛽Vℎ𝑘V𝑙 −
V𝑙
Vℎ
− 𝑡1 + 𝛽Vℎ𝑘V𝑙 𝑡1) 𝑡0 − 2 + (

𝛽
𝑘 + 2)

V𝑙
Vℎ

− 𝛽Vℎ𝑘V𝑙 + (
V𝑙
Vℎ
+ 𝛽𝑘 − 1 −

𝛽Vℎ𝑘V𝑙 ) 𝑡1 + (1 −
𝛽
𝑘) 𝑡0

+ (1 − 𝛽Vℎ𝑘V𝑙 )(𝑡0𝑡1 −
𝑡202 )]) .

(24)
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Finally, we obtain the optimal trajectories for 𝑥𝑙,𝑡, 𝜆1,𝑡, and𝜆2,𝑡 in (20) and (22) and the optimal number of ads 𝑞∗𝑡 =(𝛾/2𝛽(2 + 𝑡1))((𝛽 + 𝑘)V𝑙 + (𝑡1 − 𝑡)(𝛽Vℎ + 𝑘V𝑙)) that makes the
maximization of profit.

3. The Optimal Strategy

Based on the hybrid business models discussed in the above
section, we can draw the following conclusions on optimal
strategies, which are useful to gain insights into factors
affecting the optimal price and quantity.

3.1. The Optimal Pricing Strategy for Case I

Proposition 1. In the single fee mode, it is optimal to set 𝑝∗𝑡 =
Vℎ(1 + 𝑡1 − 𝑡)/(2 + 𝑡1), 0 ≤ 𝑡 ≤ 𝑡1, in order to attend the
maximum profit.

Proposition 1 shows that the optimal pricing strategy is
determined by the relation between high-quality value and
time.

Lemma 2. The optimal price 𝑝∗𝑡 is increasing as perceived
value Vℎ of high-quality video increases, but it is decreasing as
time t increases.

Proof. By taking the high-quality value and time partial
derivatives of the optimal price, we obtain 𝜕𝑝∗𝑡 /𝜕Vℎ = Vℎ(1 +𝑡1−𝑡)/(2+𝑡1) ≥ 0, 𝜕𝑝∗𝑡 /𝜕𝑡 = −Vℎ/(2+𝑡1) ≤ 0, which supports
Lemma 2.

Lemma 2 says, as higher perceived value obtained from
high-quality content video, the higher fee charge could be
realized.

3.2. The Optimal Pricing-Advertising Strategy for Case II

Proposition 3. In the mixed fee-free mode of online video
market, it is optimal for online providers to adopt a paid content
strategy as 𝑝∗𝑡 = 𝛾Vℎ(1+𝑡1−𝑡)/(2+𝑡1), 0 ≤ 𝑡 ≤ 𝑡1; it is optimal
to adopt a free content strategy as 𝑞∗𝑡 = (𝛾/2𝛽(2+𝑡1))((𝛽+𝑘)V𝑙+(𝑡1 − 𝑡)(𝑘V𝑙 + 𝛽Vℎ)), 𝑡0 < 𝑡 ≤ 𝑡1.

Proposition 3 shows the mixed fee-free strategy with
the optimal price of online video services and the optimal
number of ads. This proposition is validated in Section 2
discussion by means of Hamiltonian principle. As in the
benchmark case, if viewers care more about the high-quality
value of online video content, it is optimal for providers to
employ the fee strategy; if the viewers are notwilling to pay for
the online content, meanwhile, they would rather accept ads
(the value of ads-aversion coefficient is small); it is optimal
for providers to employ the free strategy.

Lemma4. Theoptimal number of ads 𝑞∗𝑡 is increasing as either
high-quality value Vℎ or low-quality value V𝑙 increases, while
it is decreasing as either ads-aversion coefficient 𝛽 or time t
increases.
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Figure 1: The optimal number of ads with respect to time 𝑡.

Proof. For the optimal number of ads 𝑞∗𝑡 , we take the first
derivative of 𝑞∗𝑡 versus Vℎ, V𝑙, and 𝑡 and then obtain 𝜕𝑞∗𝑡 /𝜕Vℎ =𝛾Vℎ(𝑡1−𝑡)/2(2+𝑡1) ≥ 0, 𝜕𝑞∗𝑡 /𝜕V𝑙 = (𝛾(𝛽+𝑘)+(𝑡1−𝑡)𝑘)/2𝛽(2+𝑡1) ≥ 0, 𝜕𝑞∗𝑡 /𝜕𝑡 = −𝛾(𝛽Vℎ + 𝑘V𝑙)/2𝛽(2 + 𝑡1) < 0.

Through simple transform 𝑞∗𝑡 = (𝛾/2𝛽(2+ 𝑡1))((𝛽+𝑘)V𝑙 +(𝑡1 − 𝑡)(𝛽Vℎ + 𝑘V𝑙)) = (𝛾/2(2 + 𝑡1))((1 + 𝑘/𝛽)V𝑙 + (𝑡1 − 𝑡)(Vℎ +𝑘V𝑙/𝛽)), it is clear that 𝑞∗𝑡 decreases with the increase of 𝛽. All
the above can support Lemma 4.

The result of Lemma 4 is illustrated in Figure 1 using
numerical computations, where we plot the optimal ads
volume with different values of 𝛽. As can be seen in Figure 1,
the high ads-aversion coefficient corresponds to the low
volume ads. For each curve of ads volume, the optimal
number of ads is decreasing with the increase of time 𝑡. This
result is rational in real online video market case. The longer
the video available time lasts, the less attractive the video
content is. Therefore, to get the sustainable profit in the long
run, it is optimal for online providers to reduce ads volume.

Lemma 5. The number of viewers who select low-quality
content 𝑥𝑙,𝑡 increases as time 𝑡 increases, if 𝑘V𝑙 > 𝛽Vℎ, when
t is in the time interval (𝑡0, 𝑡1).
Proof. In case II Stage 2, we obtain

𝑥𝑙,𝑡 = 𝛾Vℎ2 (Vℎ − V𝑙) (2 + 𝑡1) [(1 −
𝛽
𝑘) (𝑡 − 𝑡0)

+ (1 − 𝛽Vℎ𝑘V𝑙 )(𝑡1 (𝑡 − 𝑡0) −
𝑡2 − 𝑡202 )] .

(25)

Take the first derivative of 𝑥𝑙,𝑡 with respect to 𝑡, which leads to𝜕𝑥𝑙,𝑡/𝜕𝑡 = 𝛾Vℎ/2(Vℎ−V𝑙)(2+𝑡1)[(1−𝛽/𝑘)+(1−𝛽Vℎ/𝑘V𝑙)(𝑡1−𝑡)],
given the condition 𝛽/𝑘 < V𝑙/Vℎ, and then obtain 𝜕𝑥𝑙,𝑡/𝜕𝑡 > 0,
which supports Lemma 5.

Lemma 5 shows that, under the condition of 𝛽/𝑘 < V𝑙/Vℎ,
if advertising price is high and the actual high-quality value is
relatively low, viewers tend to prefer the freemode.Therefore,
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Figure 2: The optimal profit of case I with respect to time 𝑡1.
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Figure 3: The optimal profit of case II with different ads prices 𝑘.

it is beneficial for online providers to adopt free strategy
to generate advertising revenue. Taking this into account is
significant for providers when fixing the optimal video price
and ads volume.

To have a better understanding of parameters influence
on 𝑥𝑙,𝑡, we draw the curve of 𝑥𝑙,𝑡 with respect to 𝛽/𝑘 and Vℎ/V𝑙
in Figures 2 and 3. With generality, we set parameters values
as 𝑡0 = 0.5, 𝑡1 = 1, and 𝛾 = 0.7. Please see the explanations in
the following section.

4. The Optimal Profit

According to the Hamiltonian principle and the previous
analysis, we calculate the maximum profits taking into
consideration the optimal strategies of fee charge and amount
of ads. For case I fee mode, the optimal profit ΠI(𝑡1) equals
ΠI (𝑡1) = ∫

𝑡1

0
𝑝𝑡�̇�ℎ,𝑡𝑑𝑡 = ∫

𝑡1

0

Vℎ (1 + 𝑡1 − 𝑡)2 + 𝑡1 ⋅ 1
2 + 𝑡1 𝑑𝑡

= Vℎ𝑡12 (2 + 𝑡1) .
(26)

Figure 2 reflects the changing trend of the optimal profit
for case I. We observe in this figure that the optimal profit
increased as the time 𝑡1 increased, but the increase is not
very sharp. When 𝑡1 tends to infinity, the maximum profit
is obtained as ΠI = Vℎ/2. Also, we can observe from
the equation of ΠI(𝑡1) that it is always optimal for online

providers to adopt the single fee mode in time period 𝑡1
when the high-quality value Vℎ is increasing. For case II, the
mixed fee-free mode, we calculate the total profit ΠII(𝑡0) as a
function of the critical time 𝑡0, separating into two stages.The
respective profits are noted as ΠII,1(𝑡0) and ΠII,2(𝑡0):
ΠII,1 (𝑡0) = ∫

𝑡0

0
𝑝𝑡�̇�ℎ,𝑡𝑑𝑡 = ∫

𝑡0

0

Vℎ (1 + 𝑡1 − 𝑡)2 + 𝑡1
1

2 + 𝑡1 𝑑𝑡

= Vℎ (2 + 2𝑡1 − 𝑡0) 𝑡0
2 (2 + 𝑡1)2 ,

(27)

and for Stage 2 profit, from the above obtained equations, we
can have the following formulation:

ΠII,2 (𝑡0) = ∫
𝑡1

𝑡0

(𝛾𝑝∗𝑡 �̇�ℎ,𝑡 + 𝑘𝑞∗𝑡 �̇�𝑙,𝑡) 𝑑𝑡

= 𝛾2V20
4 (V0 − V1) (2 + 𝑡1)2 ((1 + 𝑡1) (−

V1
V0
− 𝑡1

+ 𝛼V0𝑘V1 𝑡1 +
𝛼V0𝑘V1 ) (𝑡1 − 𝑡0) + [(1 −

𝛼V0𝑘V1 ) (1 + 𝑡1)

− (−V1
V0
− 𝑡1 + 𝛼V0𝑘V1 𝑡1 +

𝛼V0𝑘V1 )]
𝑡21 − 𝑡202 − (1

− 𝛼V0𝑘V1 )
𝑡31 − 𝑡303 ) + 𝛾V0 (1 + 𝑡1)2 + 𝑡1 𝐶ℎ (𝑒−𝑡1 − 𝑒−𝑡0)

− 𝛾V0𝐶ℎ2 + 𝑡1 [𝑒
−𝑡1 (𝑡1 + 1) − 𝑒−𝑡0 (𝑡0 + 1)]

+ 𝛾2V0V1𝑘
4𝛼 (V0 − V1) (2 + 𝑡1)2 [(1 −

𝛼2
𝑘2) (𝑡1 − 𝑡0)

+ 2(1 − 𝛼2V0𝑘2V1) 𝑡1 (𝑡1 − 𝑡0) − (1 −
𝛼2V0𝑘2V1)(𝑡

2
1

− 𝑡20) + (1 − 𝛼
2V20𝑘2V21 ) 𝑡

2
1 (𝑡1 − 𝑡0) − (1 − 𝛼

2V20𝑘2V21 )

⋅ 𝑡1 (𝑡21 − 𝑡20) + 13 (1 −
𝛼2V20𝑘2V21 )(𝑡

3
1 − 𝑡30)] .

(28)

Because the formulation is complicated, we investigate
numerically the influence of critical time 𝑡0 on the total profitΠII(𝑡0) in case II. Without losing generality, set the total
interval 𝑡1 = 1, 𝛾 = 0.7, 𝛽 = 0.4, V𝑙 = 4, and Vℎ = 8, and 𝑡0
belongs to [0, 𝑡1]. The following shows numerically how the
parameter of ads unit price 𝑘 influences the optimal profit of
case II of the mixed fee-free mode in Figure 3.

It can be found that no matter how the unit ads income
varies, the optimal profit strategy is to take into action only
one business model, either the single fee mode or the mixed
fee-free mode, as the profit reaches a maximum value at
the ends of the interval. The optimal profit increases as 𝑘
increases. When the value of ads price 𝑘 is small, it suggests
that the mixed fee-free mode profiting ads revenue is less
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efficient than the revenue of the single fee mode, which is
supported in case 𝑘 = 0.5 in Figure 3. Clearly, when 𝑡0 = 0,
there exists the mixed fee-free mode; for 𝑡0 = 1, there only
exists the single fee mode. Please see the optimal profit curve
with 𝑘 = 0.5; the profit at 𝑡0 = 0 is less than that at 𝑡0 =1, which means the single fee mode is optimal. Conversely,
when the value of ads price 𝑘 is large, the mixed fee-free
mode with ads revenue will create more profit. As shown in
case 𝑘 = 2 in Figure 3, 𝑡0 = 0 reaches the maximum profit,
which means the mixed fee-free mode outperforms in this
case. At the same time, when 𝑘 = 1, the profits at both ends of
the interval are nearly equal, while the profit decreases as 𝑡0
varying in the interval.Thismeans, for online providers, there
is no difference between the single fee mode and mixed fee-
free mode. Therefore, the optimal strategy is to adopt either
of them. Finally, from the above analysis, it can be concluded
that the online providers should set their strategies according
to the unit ads price 𝑘, but the strategy should always be one
single business model.

5. Conclusion

This paper has investigated the optimal strategy for online
video service business. Considering the dynamic decisions in
real video market, we divide the whole period into the single
fee phase and mixed fee-free phase and then, respectively,
create continuous time model for each. Our models have
presented a straightforward way to study the provider’s
pricing strategy and advertising decision based on viewers’
emotional factor. There is a significant influence among
applied price, ads volume, and video content quantity. In the
single fee mode, we have obtained the optimal time-varying
price which maximizes the profit from video service within
a certain time interval. The result implies that the optimal
price of online video increases with high-quality value while
decreasing with time. In the mixed fee-free mode, we have
found out the optimal fee and ads volume. It is beneficial for
online providers to choose higher charge fee and advertising
intensity. Besides, the price and the number of ads decrease
as ads-aversion coefficient increases. It has turned out that, in
a long run period of time, taking one strategy either fee mode
or free mode is optimal for the online providers.

For future research, the following subjects can be carried
out in three aspects:

(i) Accomplishment of themodel:There are other factors
which determine the revenue model. For example, in
Ren et al. [21], the authors point out that the online
popularity is a significant effecting factor on videos
in online systems; in Iveroth et al. [22], competitors’
price is a base factor for deciding; in Choi et al. [23],
they imply that discount on price can have effect on
the sales of information goods; in another study, Niu
and Li [24] suggest for the Internet service providers a
price model depending on the congestion of Internet.

(ii) Model validation: our time-continuous model should
fit the data collected in real world, identify model
coefficients, and validate other sets of data. As men-
tioned in Walz et al. [25], the uncertainty analysis

could be carried out in two aspects: the model
form uncertainty and the parameters uncertainty.The
parameters standard error is investigated and the
values should fall into the confidence interval. In
this way, the optimal time-varying price solutions are
validated.

(iii) Another path to investigate online video services is
predicting and analyzing based on a fitted nonpara-
metric model. There are several advanced regression
methods to be investigated, such as multivariate
adaptive regression splines (MARS) or its alternative
CMARS proposed by Weber et al. [26] or RCMARS
proposed by Özmen et al. [27]. The prediction model
can be used for simulation and cross validation with
respect to our models.
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