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Correspondence should be addressed to Liang Li; lliang@tsinghua.edu.cn

Received 22 May 2014; Accepted 22 May 2014; Published 4 June 2014

Copyright © 2014 Liang Li et al.This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Medical imaging applies different techniques to acquire
human images for clinical purposes, including diagnosis,
monitoring, and treatment guidance. As a multidisciplinary
field, medical imaging requires the improvements in both
science and engineering to implement and maintain its non-
invasive feature. Computational and mathematical methods
are involved with imaging theories, models, reconstruction
algorithms, image processing, quantitative imaging tech-
niques, acceleration techniques, and multimodal imaging
in medical imaging. The main purpose of this issue is
bridging the gap between mathematical methods and their
applications in medical imaging. This special issue covers
most of the common medical imaging modalities, such as
computed tomography (CT), magnetic resonance imaging
(MRI), ultrasound, and various image processing methods,
such as segmentation, enhancement, and registration.

This special issue has 23 papers which were reviewed by
at least two reviewers. Six papers are involved with CT tech-
nique. One of the papers proves that the X-ray projection of
the 3D mother wavelet is a 2D mother wavelet under certain
conditions, whichmay be applied to 3DCT image processing.
For accurate low-dose CT imaging, a practical method is
presented by combining measurement-based scatter correc-
tion and compressed sensing-based iterative reconstruction
in one paper. Another paper describes a CT imaging system
with adjacent double X-ray sources. In one of the papers an
imagingmodel is introduced to determine the best energy bin
of the energy-discriminative photon counting detector for
maximum material discrimination. Another paper presents

an ASD-POCS-based optimization dual energy reconstruc-
tion algorithm with additional piecewise polynomial func-
tion constraint from the fully sampled low-energy data and
undersampled high-energy data. In one paper, a so-called
distributed alternating direction total variation minimiza-
tion algorithm (Dis-ADTVM) is presented for few-view CT
reconstruction. For multiecho T2-star weighted MRI image
analysis, one paper presents an automaticmapping extraction
algorithm to improve morphological evaluations in human
brain. As a typical and important application, there are
13 papers involved with various medical image processing
methods including segmentation, registration, enhancement,
denoising, detection, and target location. In seven papers,
7 image segmentation methods are presented, respectively,
by using different image features and mathematical meth-
ods, such as the symmetry technique, snake, multiscale
technique, level-set, region growing, fuzzy C-means, graph
cut, and random field. Two papers present two registra-
tion methods by using a Harris & SIFT features detection
method and a coherent continuous formulation of multiple
constraints, respectively. One paper introduces a mammo-
graphic image enhancement method by using multiscale
transform and mathematical morphology. In another paper,
a fast nonlocal means denoising method is proposed for 3D
ultrasound speckle reduction based on the programmable
graphic-processor-unit (GPU) hardware. One paper presents
a nonnegative mixed-norm convex optimization method for
mitotic cell detection in phase contrast microscopy. Another
paper shows the evaluation results of the location of the
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mandibular canal and the thickness of the occlusal cortical
bone at dental implant sites from the dental CBCT images. In
addition there are 3 interesting papers on other mathematical
applications inmedical imaging. One of the papers shows the
analysis and clinical evaluation of a single hemodialysis on
phosphate removal of the internal fistula patients. Machine
learning has been successfully applied in medical image
processing even in image reconstruction. One paper provides
an overviewof recent support vectormachine-basedmethods
developed and applied in psychiatric neuroimaging. Another
paper proposes a framework based on Quick Response (QR)
coded watermark for patient authentication and controlled
access to medical records in cloud-based teleradiology.

We hope that this special issue may represent the state of
the art and would attract wide attention of the researchers in
medical imaging field.

Liang Li
Tianye Niu

Seungryong Cho
Zhentian Wang
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Tumor and related abnormalities are a major cause of disability and death worldwide. Magnetic resonance imaging (MRI) is a
superior modality due to its noninvasiveness and high quality images of both the soft tissues and bones. In this paper we present
two hybrid segmentation techniques and their results are comparedwithwell-recognized techniques in this area.The first technique
is based on symmetry and we call it a hybrid algorithm using symmetry and active contour (HASA). In HASA, we take refection
image, calculate the difference image, and then apply the active contour on the difference image to segment the tumor. To avoid
unimportant segmented regions, we improve the results by proposing an enhancement in the formof the second technique, EHASA.
In EHASA, we also take reflection of the original image, calculate the difference image, and then change this image into a binary
image.This binary image is mapped onto the original image followed by the application of active contouring to segment the tumor
region.

1. Introduction

Digital image processing has found its applications inmedical
image analysis and researchers are finding more and more
ways to help the physician and surgeons in the complex
process of image analysis needed for diagnosis. Special
importance is the area of medical image segmentation and
analysis. During diagnosis, usually, a specific part of body is
imaged using one of the many medical imaging modalities
(MRI, X-rays, CT scan, etc.). These images are then analyzed
by the human observers (physicians and surgeons) to obtain
clues about the problem. Tumor and related abnormalities
constitute a major cause of disability and death worldwide.
Detection and classification of tumor are not only complex
but also expensive. To get detailed information about the
anatomy of human soft tissues, an advancedmedical imaging
technique, calledmagnetic resonance imaging (MRI), is used.
MRI gives different information about those structures in
the body which are otherwise observable with an X-ray,
ultrasound, or computed tomography (CT) scan, but the

advantage of MRI is the higher quality of its images and lack
of side effects on the body tissues.

MRI employs a magnetic field and pulses of radio wave
energy to make pictures of organs and structures inside the
body. The problem is, however, the amount of the resultant
data which is too much to be analyzed manually. This
constitutes amain hurdle in the effective use ofMRI and obli-
gates the use of computer-aided automatic or semiautomatic
techniques to analyze the product images. In this regard,
image segmentation is always considered to be effective
enough to play a vital role inMRI based diagnosis.The goal of
segmentation is getting the information from the image that
is more meaningful and easier to analyze.

Many segmentation techniques are there, in the literature,
for brain MRI images but they suffer from many problems.
These techniques can segment the tumor but alongside they
may segment some other unimportant regions too. Secondly
they are limited to find the tumor in one side of the brain,
either left or right.Thirdly, before applying the algorithm, the
position of tumor should be known, that is, if it is on the
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right side or left. Fourthly, they are not that good in finding
multiple tumors, if they exist. Lastly, most of them require
user interaction.

In this paper we present two hybrid segmentation tech-
niques and later on compare our result with an existing tech-
nique [1]. Our techniques address the problems described
above. The first technique is based on symmetry and we call
it a hybrid algorithm using symmetry and active contour
(HASA). In HASA, we take reflection image, calculate the
difference image, and then apply active contour on the
difference image to segment the tumor. To avoid unimportant
segmented regions, we improve the results by proposing an
enhancement in the form of the second technique, EHASA.
In EHASA, we also take reflection of the original image,
calculate the difference image, and then change this image
into a binary image. This binary image is mapped onto
the original image followed by the application of active
contouring to segment the tumor region.

The rest of the paper is organized as follows. In Section 2,
we briefly describe the related work and highlight some
advantages and disadvantages of the different techniques.
Section 3 presents the proposed scheme, while Section 4
outlines some experimental results. Section 5 concludes the
paper.

2. Related Work

Liu [5] categorized segmentation as boundary based, region
based, and hybrid [6]. The boundary-based techniques rely
on the concept of snake or active contour [7, 8]. Region-based
technique may be data driven or knowledge driven. The data
driven techniques can further be classified as supervised and
unsupervised.

Supervised methods are based on the manual labeling of
the training data. Techniques, like neural networks or support
vector machine (SVM), are used in supervised segmentation.
Many researchers have worked on supervised segmentation;
for example, one such method employs a SVM [2] which is
currently used for binary classification. According to Schmidt
(http://webdocs.cs.ualberta.ca/∼btap/Papers/dana2007.pdf),
supervised methods have the advantage to perform different
task simply by changing the training set. In addition,
the tumor is detected automatically when the learning is
complete. But supervised methods suffer from the overheads
of special training and the time/delay involved in its
acquisition.

On the other hand, unsupervised segmentationmethods,
e.g. thresholding and region growing, do not require any
special training. Many works can be found in the literature
dealing with these techniques, such as [3], which utilizes first
threshold intensities on somemanually selected area and then
use a region growing algorithm to expand the thresholded
region to the edges defined by the Sobel edge detection
filter. Despite having no need of training, the unsupervised
methods are handicapped by the manual selection for region
growing and prespecification of the number of regions.
Besides, they are mainly restricted to such simple tasks
where there exists some obvious indicator of abnormality, for

example, the presence of a contrast agent. Lastly, the tumors
have no clearly defined intensities with these methods.

Knowledge driven techniques are also called registration
based segmentation techniques. In these techniques, prior
knowledge about the anatomical structure of the tissues is
needed for segmentation. Gering [4] takes a database of
the normal brain as a reference to match and diagnose a
brain tumor but the problem he faced was the possibility of
intensity non-standardization which may make comparisons
very difficult. To overcome this problem, the author proposed
to utilize the characteristic of symmetry because brain is
symmetrical and its left and right halves can be easily
compared to find the abnormality. Kause [9] presented a
hybrid type of method which employs template registration
and statistical classification (Kth nearest neighbor—KNN)
to segment a homogeneous type of brain tumor. The pros
and cons of supervised, unsupervised, and registration based
segmentation are summarized in Table 1.

Symmetry is an important characteristic to identify the
structure of the object and has been used in many fields. Of
special interest is the line or bilateral symmetry which has got
attention of many researchers. Works exist in the literature
to find the symmetrical axis on an image [10–13]. The work
of Atallah [10] requires the objects to be presented as lines,
circles, and points. The author applied some morphological
operations like thinning or grass fire but only on binary
images. Jiao [14] have presented a simple method to find
a symmetry line. The author finds the edge map first and
from this edge map calculates edge centroid, 𝐺

𝑖
, by using the

following formula:

𝐺

𝑖
=

1

𝑘

𝑘

∑

𝑗=1

𝑃

𝑖,𝑗
, 𝑃

𝑖,𝑗
∈ 𝑃

𝑒
, (1)

where𝐺
𝑖
, is the abscissa of 𝑖th line.The least squaremethod is

then employed to get the symmetry line. In [14], the authors
give a method to locate the tumor but with most tumors
the boundaries are not well defined and many nontumor
regions are also segmented alongside. Ray et al. [15] have
also proposed a symmetry based method, with the idea of
a bounding box, but the technique only locates tumor when
it is on either side of the brain, whether left or right. In
other words, if both sides have tumors, then the method
does not locate it. Same is the case with multiple tumors. The
symmetry based localization method of Mancas [16] simply
find the histogram of the parts on left and right of a median
line M and obtain a curve S from the difference of the two
histogram. If the curve is deviated at some point/window
from the horizontal line of symmetry, then asymmetry is
present which points to some abnormality, otherwise there
is symmetry meaning normal brain tissue. Khotanlou [17]
also segment the brain tumor by employing fuzzy logic and
symmetry and then utilize the deformable model to enhance
the segmentation. The features comparison of supervised,
unsupervised, and registration-based symmetry techniques
are shown in Table 2.
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(a) (b)

Figure 1: Original and morphological image output; (a) original image 𝑂(𝑥, 𝑦); (b) image after morphological operation.

Table 1: Summary of pros and cons of supervised, unsupervised, and registration based segmentation.

Supervised segmentation [2] Unsupervised segmentation [3] Registration based segmentation [4]

Pros

Can perform different task simply by changing the
training set data. Learning is an essential
component of this technique and when learning is
completed then tumor will be detected
automatically

No training required Easy to make the comparison of two
images

Cons Special training required and, therefore,
additional processing time required

Manual selection of region
growing. Number of regions
needs to be prespecified. Tumors
have not clearly defined
intensities

Registration may not be perfect due to
different anatomical structure of the
image and template

Table 2: Comparison of different segmentation techniques.

Techniques Prior
knowledge

User
interaction
required

Work in
presence of

noise
Simple

Supervised Yes Yes Yes No
Unsupervised Yes Yes Yes Yes
Registration Yes No No Yes
Symmetry No No Yes Yes

3. The Proposed Technique

As has been discussed above, supervised techniques require
prior knowledge and user interaction for segmentation. Simi-
larly the unsupervised and registration based techniques also
require prior knowledge.We propose a hybrid solutionwhich
does not require prior knowledge and also segment the tumor
better than the abovementioned techniques. Symmetry is one
of the most important characteristics of vision. It is a fast and
high level approach to object understanding. An object has
a line or bilateral symmetry if the two halves, resulting from
the partition of the object along the line, are replica of each
other.

An object having exactly one line of symmetry can be
termed as zygomorphic. Our brain can be classified as a
zygomorphic object, since it is symmetric along a line, drawn
vertically on the image. With reference to the human body, if
bilateral symmetry is violated, then it may be due to some
abnormalities, most of the times. Hence, normal brain is
symmetric but if some abnormality is present, then it may
become asymmetric.

3.1. A Hybrid Algorithm Using Symmetry and Active Con-
Tour (HASA). The HASA pseudocodes are presented in
Figure 2(c). Following are the main steps involved.

(1) Read the image; if image required preprocessing,
then first applymorphological operations erosion and
dilation. We get the resultant image as shown in
Figures 1(a) and 1(b).

(2) Find the reflection of the original image 𝑂(𝑥, 𝑦).

(a) Find the size of image that is row and col.
(b) Find the reflection image, 𝑅(𝑥, 𝑦), of the image
𝑂(𝑥, 𝑦).
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(a)

(b)

(1) Set imagehight:=imagerow.

(2) Set imagewidth:=imagecol.
(3) Set imgtxt:=1.
(4) If imgtxt==1, then:

(4.1) Call reflection(inputimage)
Else

(4.2) Call morphological(inputimage)
[End of If structure]

Procedure: morphological (image)
(1) Set img=imgpath
(2) irod=Callimirod(img)
(3) dilate=Callimdilate(irod)
(4) Call reflection(dilate)

Procedure: reflection (image)
(1) For Set col:=1to imagewidth

(1.1) Row position will not change
(1.2) Replace col by imagewidth-col+1

[End of for structure]
(2) Now find difference between reflection and  

dilateimg or input image
(3) Find the location of tumor
(4) Call Activecontour (differenceimage)

(c)

(A) (B)

(d)

Figure 2: Continued.
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(1) Set imagehight:=imagerow.

(2) Set imagewidth:=imagecol.
(3) Set imgtxt:=1.
(4) If imgtxt==1, then:

(4.1) Call reflection(inputimage)
(4.2) Call morphological(inputimage)

[End of If structure]
Procedure: morphological (image)
(1) Set img:=imgpath
(2) irod:=Callimirod(img)
(3) dilate:=Callimdilate(irod)
(4) Call reflection(dilate)
Procedure: reflection (image)
(1) For Set col:=1to imagewidth

(1.1) Row position will not change
(1.2) Replace col by imagewidth-col+1

[End of for structure]
(2) Now find difference between reflection and dilate or input image
(3) Call binary(differenceimage)
Procedure: binary (image)

(1.1) For Set col:=1to imagewidth
(1.2.1) For Set row:=1to imagelength
(1.2.2) If intensity of image>threshold,

then: Newimage:=1
Else

Newimage:=0
[End of if structure]
[End of for structure]

[End of for structure]
(2) Find the productimage of each element of newimage with

inputimage or dilate image.
(3) Find the location of tumor
(4) Call Activecontour (productimage)

(1) Set threshold:=0.25(maximumintensity of image).

(e)

Figure 2: (a) Reflection Image 𝑅(𝑥, 𝑦) of 𝑂(𝑥, 𝑦). (b) New image 𝐷(𝑥, 𝑦). (c) Pseudocode of HASA technique. (d) (A) Mask of 𝐷(𝑥, 𝑦) and
(B) product of mask and 𝑂(𝑥, 𝑦). (e) Pseudocode of EHASA technique.

(a) Original slice (b) After morphology (c) Reflection image of (b)

(d) Difference of (b) and (c) (e) After active contour (f) Binary version of (e)

Figure 3: Application of HASA.
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(a) Original slice (b) After morphology (c) Reflection image of (b)

(d) Difference of (b) and (c) (e) Binary version of (d) (f) Mapping of (e) and (b)

(g) After active contour (h) Binary version of (g)

Figure 4: Application of EHASA.

(3) Find the difference image,𝐷(𝑥; 𝑦), which is obtained
by the following equation:

𝐷(𝑥, 𝑦) = 𝑂 (𝑥, 𝑦) − 𝑅 (𝑥, 𝑦) , (2)

where 𝐷(𝑥, 𝑦) is new image, 𝑂(𝑥, 𝑦), and 𝑅(𝑥, 𝑦) are
original and reflection image, respectively. New image
is shown in Figure 2(b).

(4) Find the locationwheremaximumnumbers of higher
intensities are aggregated.

(5) Apply active contouring [5] to the location, found in
step (4), to get the final result in the formof segmented
tumor.

3.2. Enhance Hybrid Algorithm Using Symmetry and Active
Contour (EHASA). In EHASA enhanced technique, we use

threshold value for making binary image and then map this
binary image on original image so that we can get lesser parts
when we apply active contouring. EHASA pseudocodes are
shown in Figure 2(e). The steps are as follows.

(1) Apply morphological operations, like erosion and
dilation, if preprocessing needed. After this optional
step let our image is denoted by 𝑂(𝑥, 𝑦).

(2) Find the reflection image, 𝑅(𝑥; 𝑦), of the image
𝑂(𝑥; 𝑦).

(3) Find the difference image, 𝐷(𝑥; 𝑦), which is obtained
by the following equation:

𝐷(𝑥, 𝑦) = 𝑂 (𝑥, 𝑦) − 𝑅 (𝑥, 𝑦) . (3)



Computational and Mathematical Methods in Medicine 7

(a) Bounded image with active contour (b) The corresponding binary image

Figure 5: Application of Chan-Vese method.

(a) (b)

Figure 6: The two original images.

(4) Threshold 𝐷(𝑥, 𝑦) to get a binary image. The value
of the threshold 𝑇 is about 25% of the maximum
intensity in 𝑂(𝑥, 𝑦), that is,

𝑇 = Max (𝑂 (𝑥; 𝑦)) ∨ 0.25. (4)

(5) Now find the mask of 𝐷(𝑥, 𝑦) using the threshold
value

If (𝐷(𝑥, 𝑦) > avg)
𝐷(𝑥, 𝑦) = 1.

Else
𝐷(𝑥, 𝑦) = 0.

(6) Map the mask with original image 𝑂(𝑥, 𝑦); that is,
multiply the mask and original image 𝑂(𝑥, 𝑦).

(7) Apply active contouring [1] to the location, found in
step (4), to get the final result in the formof segmented
tumor.

4. Results and Discussion

We have applied the proposed method to DICOM format
MRI data of 20 different patients. The results obtained with
one such example, when subjected to HASA, are shown in
Figure 3. Part (a) of the figure is the original DICOM image
which, after morphological preprocessing, yields the image
in Figure 3(b). The refection image of the image got after
preprocessing is illustrated in Figure 3(c). Figure 3(d), which
shows the difference image between Figures 3(b) and 3(c), is
subjected to active contouring to find the boundary of the
tumor and the results are evident in Figure 3(e). Figure 3(f) is
simply the binary image of Figure 3(e).The segmented tumor
is shown in Figure 3(f).

During the segmentation process, in HASA, we got some
extra segmented regions. To overcome these, we applied our
2nd technique (EHASA) on the same image data which
resulted in the images shown in Figure 4. Figure 4(a) is
the original image and after applying the morphological
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(a) Chan-Vese (b) HASA (c) EHASA

(d) Chan-Vese (e) HASA (f) EHASA

Figure 7: Result after the application of different techniques on input images shown in Figure 6(a).

(a) Chan-Vese (b) HASA (c) EHASA

(d) Chan-Vese (e) HASA (f) EHASA

Figure 8: Result after the application of different techniques on input images shown in Figure 6(b).
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Table 3: Parameter values of different MR image data set.

Parameters Data set 1 Data set 2
Magnetic field strength 1.5 1.5
File size 1049472 527858
Format DICOM DICOM
Width 1024 512
Height 1024 512
Bit depth 8 12
Color type Grayscale Grayscale
Modality “MR” “MR”
Samples per pixel 1 1
Photometric interpretation Monochrome 2 Monochrome 2
Rows: 1024 512
Columns 1024 512
Pixel aspect ratio (2 × 1 double) (2 × 1 double)
Bits allocated 8 16
Bits stored 8 12
High bit 7 11
Pixel representation 0 0
Window center 127.5000 308.5015
Window width 255 536.3014

Table 4: Processing time comparison.

MR images data set
specification

Chan-Vese [1]
sec.

HASA
sec.

EHASA
sec.

Data set 1 43 46 52
Data set 2 45 47 55

operations, that is, erosion and dilation, we got the image
in Figure 4(b). We next found the refection of image
Figure 4(b), which is shown in Figure 4(c). Figure 4(d) shows
the difference image between Figure 4(b) and Figure 4(c).
After applying a threshold 𝑇, on the image of Figure 4(d),
we got the binary image in Figure 4(e). Figure 4(f) depicts
the mapping of binary image Figure 4(e) on the image in
Figure 4(b). After applying the active contour on the image,
given in Figure 4(f), we got the result shown in Figure 4(g).
Figure 4(h) is a binary representation of Figure 4(g).

For the sake of comparison we applied the method, given
in [5], on the same data and the results we got are shown
in Figure 5. It can be seen that both our methods perform
better. The images shown in Figure 5 were resulted when
we segmented by applying Chan-Vese method [1]. As can be
seen, we got result two extra lobes and regions which are not
tumors. In contrast, when we applied ourmethods the results
were far better and improved. Similarly, for the Chan-Vese
method, we put contour manually but in our method it is
automatic and no user interaction is required. We took two
other slices, shown in Figure 6, and subjected it to Chan-Vese,
and our proposed techniques (HASA) and (EHASA). The
results are shown in Figure 7 for Figure 6(a). and Figure 8 for
Figure 6(b). It can easily be seen that our methods perform
far better than that of Chan-Vese.

We selected two data sets; the MR images data set
specification is shown in Table 3. These data sets were used
to compare the processing time taken by Chan-Vese, HASA,
and EHSA techniques. The measured results are listed in
Table 4. From Table 4 it can be observed that Chan-Vese and
HASA techniques take nearly close same processing time but
EHASA takes more processing time as compared to Chan-
Vese andHASA techniques. EHASA required finding first the
binary image then mapping it to original image that required
some processing time.

5. Conclusion

We proposed two techniques to overcome the problems
with the existing techniques. Both techniques are based
on symmetry. We have also compared our results with an
existing technique. Our proposed techniques can identify the
tumor/abnormality in either right or left side and can also
find more than one tumor. These techniques do not require
any user interaction and are fully automatic. One limitation
of our techniques is that it will not give good results if the
tumor is present on the symmetry line.

Although our proposed methods have addressed most of
the identified problems but still it needs enhancement, wewill
do it in future so that we can get better segmentation results.
We will implement these techniques in 3D.
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Chronic kidney disease related mineral and bone disease (CKD-MBD) is a worldwide challenge in hemodialysis patients. In china,
the number of dialysis patients is growing but few data are available about their bone disorders. In the current study, we aimed to
evaluate the effect of clinical factors on the serum phosphorus clearance in the 80 maintenance hemodialysis (MHD) patients. Six
clinical factors were identified for their association with the serum phosphorus clearance using the analysis of Spearman’s single
linear correlation, including predialysis serum phosphate level, CRR, membrane surface area of the dialyzer, effective blood flow
rate, the blood chamber volume, and hematocrit. In an overall multivariate analysis, pre-P, CRR, membrane SA, and Qb were
identified as independent risk factors associated with the serum phosphorus clearance. In conclusion, HD could effectively clear
serum phosphorus. The analysis of CRR might help to estimate serum phosphorus reduction ratio.

1. Introduction

In recent years, with the continuous improvement of the
hemodialysis (HD) treatment and water quality, end-stage
renal disease (ESRD) patients have led a gradually extended
life, and their nutritional status has been improved. But at
the same time, the calcium and phosphorus metabolism
disorders and renal osteodystrophy are gradually becoming
one of the long-term complications that affect the patient’s
quality of life and survival time, wherein hyperphosphatemia
is a common complication of chronic kidney disease and
is also one of the risk factors for death in dialysis patients
[1]. Studies have shown that increased serum phosphorus
and calcium-phosphorus product is one of independent risk
factors for cardiovascular complications in patients with
ESRD [2]. The risk of coronary artery calcification caused
by each additional 1mg/dL of phosphorus is equivalent to an
additional 2.5 years for HD [3]. Mason and Shepler [4] have
reported that phosphorus levels of dialysis patients also have
a direct relationship with mortality in patients undergoing

maintenance HD. At present, few reports have been made
about multivariate analysis of serum phosphorus clearance
in single HD treatment.Therefore, we conducted this clinical
observation, to further explore the factors related to serum
phosphorus clearance.

2. Materials and Methods

2.1. Clinical Data. As study subjects, we enrolled those
patients who were treated in blood purification center of the
Fourth Hospital of Hebei Medical University between June
2010 and February 2012. Dialysis patients were considered
eligible if they had been receiving HD for more than 3
months, showed no evidence of chronic or acute infections,
inflammatory disorders, and malignancy, and were not using
anti-inflammatory drugs for 3 months before enrollment.
All of the 80 dialysis patients met K/DOQI diagnostic
criteria for Stage 5 of chronic kidney disease (CKD) and
received the treatment of hemodialysis. Among the dialysis
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cohort, 43 patients were diagnosed with primary chronic
glomerulonephritis, 18 with diabetic nephropathy, 5 with
polycystic kidney disease, 4 with IgA nephropathy, 3 with
benign arteriolar nephrosclerosis, 3 with aristolochic acid
nephropathy, 1 with lupus nephritis, 1 with obstructive kidney
disease, 1 with gout kidney, and 1 with Alport syndrome.
Patients were managed with German Fresenius 4008S dial-
ysis machine and bicarbonate dialysate was used; dialysate
flow rate was 500mL/min, and effective blood flow rate
was 200 to 300mL/min. Five kinds of dialyzers were used
for HD: polysulfone membrane dialyzer F6 (membrane
surface area was 1.3m2, and ultrafiltration coefficient was
5.5mL/hr/mmHg) for 19 patients, double cellulose acetate
membrane dialyzer CA-HP150 (membrane surface area was
1.5m2, and ultrafiltration coefficient was 10.2mL/hr/mmHg)
for 36 patients, high-flux polysulfonemembrane dialyzer F60
(membrane surface area was 1.3m2, and ultrafiltration coeffi-
cient wasmL/hr/mmHg) for 6 patients, high-flux polysulfone
membrane dialyzer APS900 (membrane surface area was
1.8m2, and ultrafiltration coefficient was 75mL/hr/mmHg)
for 9 patients, and cellulose triacetatemembrane dialyzer CT-
190G (membrane surface area was 1.9m2, and ultrafiltration
coefficient was 17.4mL/hr/mmHg) for 10 patients.There were
two types of calcium concentration in dialysate: calcium
concentration in dialysate was 1.25mmol/L for dialysis in
16 patients and calcium concentration in dialysate was
1.5mmol/L for dialysis in 64 patients. Before single HD
treatment, phosphate binders (calcium) were not used and
in the process of HD eating and urinating were avoided. The
study was approved by the Human Tissue Research Commit-
tee of the Fourth Hospital of Hebei Medical University. All
patients provided written informed consent for the collection
of samples and subsequent analysis.

2.2. Preparation of Specimens. Before single HD blood sam-
ples were collected from the arterial end before connecting
the arterial line and rinsing the puncture needle; specimens
after HD were collected at the end of the dialysis; before
collection the blood flow rate was reduced to 50mL/min
and specimens were collected from the arterial end closest
to the patient, with 2mL of blood collected each time. One
hour after the collection blood serum calcium (tCa), serum
phosphorus (P), serum creatinine (Cr), blood urea nitrogen
(BUN), carbon dioxide combining power (CO

2
CP), and

hematocrit (HCT) were tested in the clinical laboratory of
our hospital. The patient’s name, age, sex, type of dialyzer
used in a single HD, membrane surface area, ultrafiltration
coefficient, blood chamber volume, effective blood flow rate,
and ultrafiltration volume were all recorded.

2.3. Main Equipments. We used some equipments such
as Fresenius 4008S dialysis machine (Germany Fresenius
Medical Care Co., Ltd.), polysulfone membrane dialyzer F60
(Germany Fresenius Medical Care Co., Ltd.), polysulfone
membrane dialyzer F6 (Germany Fresenius Medical Care
Co., Ltd.), double acetate fibermembrane dialyzer CA-HP150
(Germany Baxter Medical Goods Co., Ltd.), 3 diacetate
fiber membrane dialyzer CAHP150 (Germany Baxtermedical

Table 1: Comparison of serum phosphate between predialysis and
postdialysis (𝑥 ± 𝑠).

Group 𝑛 Serum phosphate
Predialysis 80 2.00 ± 0.53

Postdialysis 80 0.84 ± 0.21

𝑃 <0.001

Supplies Co., Ltd.), cellulose triacetate membrane dialyzer
CT-190G (Germany Baxter medical Supplies Co., Ltd.) and
polysulfone membrane 4 dialyzer APS900 (Japanese Asahi
medical Co., Ltd.).

2.4. Calculation Formula. SRR(%) = [(CB − CA)/CB] ×
100% CB was predialysis solute concentration (mmol/L) in
the blood and CA was postdialysis solute concentration
(mmol/L) in the blood. Reduction ratio (%) of the solute
(serum phosphorus, creatinine and urea nitrogen) was cal-
culated respectively.

2.5. Statistical Methods. SPSS 13 software package was used
for data analysis, statistical description as well as statistical
analysis was made in the statistical package, and charts were
processed with Excel spreadsheet. Serum phosphorus before
and after HD was expressed with mean ± standard deviation
and paired 𝑡-test was used for comparison of their own before
and after HD. 𝑃 < 0.05 was considered statistically signifi-
cant. 14 clinical parameters and serum phosphorus reduction
ratio underwent linear regression analysis (dichotomous
variables were assigned with values: gender: male = 0, female
= 1; calcium concentration of the dialysate: 1.25mmol/L = 0,
1.5mmol/L = 1), respectively, and 𝑃 < 0.05 was considered
statistically significant; serum phosphorus reduction ratio
was regarded as the dependent variable, correlated clinical
parameters screened after univariate analysis were regarded
as independent variables, multiple linear regression analysis
(forward) was then made, and 𝑃 < 0.05 was considered to be
statistically significant.

3. Results

3.1. Clinical Characteristics of Hemodialysis Patients. A total
of 80 hemodialysis patientswere enrolled in this study includ-
ing 52 males and 28 females, with age ranging from 25 to 85
andmean age of 56.1 years; they underwent maintenance HD
for 3 to 80 months, with a mean time of 19.13 months. All
patients were treated with arteriovenous fistula as vascular
access for dialysis three times a week and 4.5 hours each time.

3.2. The Comparison of the Serum Phosphorus between Pre-
dialysis and Postdialysis inMHDPatients. Postdialysis serum
phosphate level was lower than predialysis level (0.84 ±
0.21mmol/L, 2.00 ± 0.53mmol/L), which was statistically
significant (𝑃 < 0.01) (see Table 1).

3.3. The Association of Clinical Characteristics with the Serum
Phosphorus Reduction in MHD Patients. Serum phosphorus
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Figure 1: The correlation of predialysis serum phosphate and
phosphate reduction ratio, 𝑟 = 0.493, 𝑃 < 0.05.
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Figure 2: The correlation of creatinine reduction ratio and phos-
phate reduction ratio, 𝑟 = 0.482, 𝑃 < 0.05.

reduction ratio was positively correlated with predialysis
serum phosphate, membrane surface area of the dialyzer,
effective blood flow rate, CRR, and blood chamber volume
but was negatively correlated with hematocrit (𝑟 = 0.493,
0.386, 0.368, 0.482, 0.303, and −0.225, resp., and 𝑃 < 0.05)
which can be seen in Figures 1 and 2 (see Table 2). The order
of four independent factors related to serum phosphorus
reduction was as follows based on their values (standardized
coefficients beta): predialysis serum phosphate level, CRR,
membrane surface area of the dialyzer, and effective blood
flow rate (Std. Beta = 0.46, 0.439, 0.191, 0.177), and the above
four factors were introduced into the equation to establish
the multiple linear regression equation: 𝑌 = −12.156 +
6.821𝑋

1
+ 0.493𝑋

2
+ 7.307𝑋

3
+ 0.051𝑋

4
(𝑅 = 0.759, 𝑃 <

0.05; 𝑌 represents serum phosphorus reduction ratio, 𝑋
1

represents predialysis serum phosphate, 𝑋
2
represents CRR,

Table 2: Univariate analysis of clinical characteristics associated
with the serum phosphorus from the dialysis patients.

Factors Data 𝑟 𝑃 value
Age (years) 56.10 ± 14.07 −0.003 0.976
Male 52 0.163 0.149
Female 28 0.163 0.149
Pre-P (mmol/L) 2.00 ± 0.53 0.493 <0.001
TCa (mmol/L) 2.16 ± 0.23 0.154 0.173
CO2CP (mmol/L) 18.73 ± 3.84 −0.033 0.771
HCT (%) 29.54 ± 6.05 −0.225 0.045
CRR (%) 64.80 ± 7.04 0.482 <0.001
Qb (mL/min) 247.00 ± 27.19 0.368 0.001
UF (mL) 2565.14 ± 1390.54 0.008 0.942
Dialysate calcium (1.25mmol/L) 16 −0.143 0.204
Dialysate calcium (1.5mmol/L) 64 −0.143 0.204
Membrane SA (m2) 1.52 ± 0.21 0.386 <0.001
TCV 88.73 ± 10.06 0.303 0.006
Kuf (mL/h⋅mmHg) 19.79 ± 29.80 0.164 0.146
UF: ultrafiltrate volume; Kuf: ultrafiltrate coefficient; TCV: blood chamber
volume.

Table 3: The predictive variables for serum phosphorus clearance.

Unstandardized
coefficients
𝐵

Unstandardized
coefficients Std.

error

Standardized
coefficients

beta
𝑃

Constant −12.156 7.625 0.115
Pre-P 6.821 1.133 0.460 <0.001
CRR 0.493 0.086 0.439 <0.001
Membrane
SA 7.307 3.126 0.191 0.022

Qb 0.051 0.024 0.177 0.034
Note. Pre-P: predialysis serum phosphate, CRR: creatinine reduction ratio,
membrane SA: membrane surface area, and Qb: blood flow rate.

𝑋

3
represents membrane surface area of the dialyzer, and𝑋

4

represents effective blood flow rate) (see Table 3).

4. Conclusion

4.1. The State of Serum Phosphorus in the MHD Patients.
In normal human body phosphate is about 10 g/kg, while
there is only 1% outside the cells. Phosphate in the bone
accounts for 85%, including 14% intracellular phosphate and
only 1% extracellular phosphate. The intracellular phosphate
ismainly organophosphate. Phosphate in the plasma contains
the organophosphate or form of phospholipids (70%) and
about 30% of inorganic phosphate. Serum phosphorus that
we measure usually refers to the inorganic phosphate, and
normal plasma phosphorus ranges from 0.81 to 1.45mmol/L
(2.5∼4.5mg/dL). Phosphate is the small molecule toxin with
molecular weight of less than 500Da (Dalton). In the early
stage of chronic renal failure, when glomerular filtration
rate (GFR) is reduced to 40∼80mL/min/1.73m2, phosphorus
metabolismbegins to change; whenGFR is further reduced to
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20∼30mL/min/1.73m2, phosphorus begins to accumulate in
the body, leading to persistent elevations of serum phospho-
rus, which results in hyperphosphatemia [5]. Although single
hemodialysis significantly clears the serum phosphorus, the
serumphosphorus ascends to the levels of prehemodialysis in
a short time. It has been reported [6] that patients undergoing
maintenance HD may develop hyperphosphatemia, which
may be associated with increased protein intake, erythropoi-
etin (EPO) therapy, intake of vitamin D, reduced physical
activity, and so on. Hyperphosphatemia leads to further
damage to residual renal unit in anatomy and function [7] and
creates a vicious cycle, leading to secondary hyperparathy-
roidism [8, 9], renal osteodystrophy (ROD) [10], cardiovas-
cular calcification [3], and hemodynamic abnormalities [11].

At present, there are three main approaches to the
treatment of hyperphosphatemia. (1) Controlling the intake
of dietary phosphate. Diet control can reduce the intake of
phosphate, which is generally no more than 800 to 1000mg
per day [12]. However, it is difficult to control phosphorus
of patients undergoing maintenance HD within the normal
range by controlling diet clinically. (2) Phosphate binders.
(a) Phosphate binders containing aluminum have the risk
of aluminum poisoning, which can cause small-cell anemia,
osteomalacia, dementia, and so on, so they are rarely used
clinically. (b) Phosphate binders containing calcium, which
will increase the absorption of calcium in the intestine,
causing hypercalcemia and easily causing heart and vascular
calcification when one suffers from hyperphosphatemia. (c)
There have been new phosphate binders that are aluminum-
and calcium-free at home and abroad, such as hydrochloric
acid polyacrylamide (sevelamer, and trade name is Renagel)
[13], but they are not widely used clinically in our country.
(3) By blood purification not only nitrogenous waste can be
cleared from the blood, such as urea nitrogen and creatinine,
but also excess phosphorus in the body can be cleared. No
matter what types of HD and dialyzer there are, serum
phosphorus can be cleared significantly; different types of
HD lead to different levels of serum phosphorus clearance.
It has been reported that the hemodiafiltration (HDF) clear
phosphorus content was more than that in conventional
hemodialysis, so serum phosphorus clearance rate might be
able to be improved by improving blood flow rate, increasing
membrane surface area of the dialyzer, and improving the
frequency of dialysis. Lindsay et al. [14] reported that daily
short-term HD could increase serum phosphorus clearance
and help prevent ROD and metastatic calcification [14]. In
addition, long-term nocturnal HD could improve serum
phosphorus clearance rate [15].

4.2. The Independent Risk Factors Associated with the Clear-
ance of Serum Phosphorus in MHD Patients. HD is a process
in which a solution exchanges solute with another solu-
tion through the semipermeable membrane, wherein small
molecules such as urea nitrogen and phosphorus can be
cleared mainly by applying the diffusion principle, while
macromolecular toxins can be cleared mainly by applying
the principle of convection and adsorption. The semiperme-
able membrane used in HD is called a dialysis membrane,

the dialysis membrane is a major component of the dialyzer,
and the physicochemical properties of the dialysis membrane
can determine the effect of dialysis. There are three kinds
of dialysis membrane commonly used clinically: regenerated
cellulose membrane, modified cellulose membrane, and syn-
thetic polymer membrane. It had been reported in China
that polysulfone membrane and cellulose membrane showed
no statistically significant difference in clearance of small
molecule toxins, but in our purification center we chose
polysulfone membrane, cellulose diacetate membrane and
cellulose triacetate membrane, so in this study different
membrane materials were not studied as clinical parameters.

Serum phosphorus is mainly cleared by diffusion as small
molecule, and studies by many domestic and foreign scholars
have confirmed that the general HD can effectively clear
serum phosphorus. In this experiment, serum phosphorus
reduction ratio was regarded as the observation index, to
explore factors associated with serum phosphorus clearance
in singleHD treatment.The risk factors for serumphosphorus
reduction included effective blood flow rate, membrane sur-
face area, predialysis serumphosphorus level, vascular access,
hematocrit, and dialysis frequency [16]. Clinical observation
was made in our blood purification center about serum
phosphorus reduction rate in 80 patients undergoing single
HD treatment, and we got to know the order of independent
correlative factors affecting serum phosphorus clearance as
follows: predialysis serumphosphorus level, CRR,membrane
surface area of the dialyzer, and effective blood flow rate (Std.
Beta = 0.46, 0.439, 0.191, 0.177). That is, predialysis serum
phosphorus level, membrane surface area of the dialyzer, and
effective blood flow rate were independent factors affecting
serum phosphorus clearance, while CRRwas an independent
correlative factor associated with serum phosphorus clear-
ance.

Studies have shown that more than 80% of patients
undergoing maintenance HD suffered from hyperphos-
phatemia. And in our blood purification center 50 out of
80 patients undergoing maintenance HD had hyperphos-
phatemia, accounting for 62.5% of the total number of cases.
It is reported that predialysis serum phosphorus affected
serum phosphorus clearance [17]. To analyze the reasons, we
found it was mainly associated with the principle of dialysis
for clearance. Diffusion was the irregular thermal motion of
the molecules or particles of various substances; the solute
was put in the solution, and after a certain period of time
solutes in the entire solution would be uniformly distributed
in solution. The driving force for diffusion was the concen-
tration difference; in our purification center phosphate-free
dialysate was used, and the larger concentration gradient
of phosphorus was formed on both sides of the dialysis
membrane, so that serum phosphorus was diffused to the
side of dialysate. By Fick’s law we knew that volumes of
clearance by diffusion were proportional to solute concen-
tration gradient; the higher predialysis serum phosphorus
level was, the higher the concentration gradient between the
blood side and the dialysate side would be. While in solute
diffusion and transport, solute concentration gradient was
the dynamic factor in the maintenance of diffusion. So, there
would be the greater volume of solute clearance. It was also



Computational and Mathematical Methods in Medicine 5

proved that controlling predialysis serum phosphorus level
was particularly important.

4.3.The Effect ofMembrane Surface Area of the Dialyzer on the
Clearance of Serum Phosphorus inMHDPatients. Membrane
surface area of the dialyzer is one of the parameters for the
evaluation of the dialyzer; membrane surface area of the
dialyzer r contact portions between the hollow fibers and the
dialysate, and it is expressed as “m2”. Solute clearance was
negatively correlated with thickness of dialysis membrane
but was positively correlated with membrane surface area
of the dialyzer. Studies on a new polysulfone membrane
dialyzer have shown that blood flow rate, dialysate flow rate,
and membrane surface area of the dialyzer are independent
and significant factors that affect urea, creatinine, and serum
phosphorus clearance. To increase the effective area of the
dialysis membrane and the number of hollow fiber mem-
branes could reduce the resistance of the retention layer of the
blood side, increase exchange area between the blood and the
dialysate, improve the diffusion rate, and have a significant
effect on small molecule solute clearance and the clearance
rate. The larger the membrane surface area, the faster the
diffusion rate, the more small solutes get into the dialysate
per unit time through the membrane hole, and the higher
the clearance and the clearance rate will be. Accordingly,
in the case of ensuring that the mechanical properties
of the membrane could meet the dialysis conditions, the
inner diameter of the membrane and wall thickness of the
membrane should be reduced as much as possible, so as to
increase the effective area of the dialysis membrane and to
improve the clearance rate of the solute.

In HD, solute diffusion is influenced both by the mem-
brane properties of the dialyzer and by immobile liquid
layer between the blood side and the dialysate side. So-
called immobile liquid layer refers to the fact that flow rates
of the liquid are not the same in the process of flow in
pipeline; the liquid in the middle flows faster, while the
surrounding liquid flows slower. Near the wall there is a thin
layer of liquid that hardly flows, which is referred to as the
immobile liquid layer; the thicker the liquid layer, the lower
the rate of solute diffusion. When the blood flow velocity is
increased, the thickness of the immobile layer is decreased at
the blood side, so that the diffusion rate of the smallmolecular
substances is increased, helping reduce the transfer resistance
of the blood side, and may improve dialysis efficiency and
shorten the duration of dialysis without changing solutes
transport coefficient (KOA) in the dialysis membrane; it
also helps to improve the dialysis efficiency. However, with
the increase in blood flow rate (>300mL/min), the dialyzer
cannot clear the solute with the same efficiency; that is,
solute clearance rate cannot be increased indefinitely [18, 19]
(e.g., blood flow rate was increased from 200mL/min to
400mL/min, and urea nitrogen clearance rate was increased
by only 33%). Therefore, the impact of the pressure on the
actual blood flow rate should be considered to guarantee
the quality of dialysis. Serum creatinine is small molecule
toxin with a molecular weight of 113Da, and it is derived
from endogenous creatinine (creatine decomposition of

the muscles in the body) and exogenous creatinine (creatine
in lean meat from animal food). The former is dominant and
the latter is in a smaller proportion. Blood purification also
can effectively clear serum creatinine; it has been found in the
course of our study that CRR has a certain correlation with
serum phosphorus reduction, which may be related to the
unbalanced distribution of serum phosphorus and anhydride
in the body such as blood, blood cells, and tissues.

In multivariate analysis we did not find high-flux
hemodialysis, blood chamber volume, and hematocrit to be
related to serum phosphorus reduction ratio. But high-flux
hemodialysis is better than low-flux dialysis in the clearance
of iPTH, and whether long-term observation has a certain
effect on serum phosphorus clearance and prevention of
hyperphosphatemia needs further prospective studies.

In short, hyperphosphatemia leads to complications such
as ROD, cardiovascular calcification, and hemodynamic
abnormalities, which all have a serious impact on the survival
rate and quality of life of patients who undergo maintenance
HD, so it is particularly important to control serum phos-
phorus levels. When it is tolerable for the patients, serum
phosphorus clearance can be improved by increasing mem-
brane surface area of the dialyzer and improving effective
blood flow rate. At the same time high-flux dialyzers could be
applied timely and hematocrit could be monitored regularly
to understand serum phosphorus clearance. In clinical prac-
tice, we still lack a multicenter prospective controlled study
with diverse samples, and various factors affecting serum
phosphorus clearance are needed for further analysis and
verification, so as to better guide clinical practice.
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Image segmentation is typically applied to locate objects and boundaries, and it is an essential process that supports medical
diagnosis, surgical planning, and treatments in medical applications. Generally, this process is done by clinicians manually, which
may be accurate but tedious and very time consuming. To facilitate the process, numerous interactive segmentation methods have
been proposed that allow the user to intervene in the process of segmentation by incorporating prior knowledge, validating results
and correcting errors. The accurate segmentation results can potentially be obtained by such user-interactive process. In this work,
we propose a novel framework of interactive medical image segmentation for clinical applications, which combines digital curves
and the active contourmodel to obtain promising results. It allows clinicians to quickly revise or improve contours by simplemouse
actions. Meanwhile, the snake model becomes feasible and practical in clinical applications. Experimental results demonstrate the
effectiveness of the proposed method for medical images in clinical applications.

1. Introduction

Medical image segmentation is of great importance in pro-
viding noninvasive information for human body structures
that helps clinicians to visualize and study the anatomic
structures, track the progress of diseases, and evaluate the
need for radiotherapy or surgeries [1]. Even though the
research and application of medical images techniques are
expanding rapidly, accurate segmentation of medical images
meets many challenges in clinical applications due to the
inhomogeneity of anatomical structures, low contrast, noise
and occlusions. All these challenges make the medical image
segmentation difficult in clinical applications. To overcome
these challenges, many segmentation methods have been
developed and reported in the literature [2]. However, no
segmentation method works well for all the applications, and
various approaches have been explored for each computer-
aided diagnosis (CAD) problem. Furthermore, a particular
segmentationmay work well for one, but not for another sub-
ject, or only on certain images of one anatomical structure.
Therefore, segmentation or delineation is still a very active

research field and how to design an optimal segmentation
approach that fulfills the necessities of clinical applications is
extremely essential for medical clinicians.

Generally, medical image segmentation is manually done
by experts or clinicians slice by slice to obtain accurate
boundary information of the regions of interest (ROIs) [3].
Manual techniques allow users to outline structures using
software such as the ITK-SNAP [4]. Manual segmentation
may be accurate, but time consuming and tedious for users.
More seriously, it is cause of interobserver variation or bias.
A number of computer-aided segmentation techniques have
been proposed for medical images, which can usually be
distinguished as semiautomatic or fully automatic methods.
Semiautomatic techniques may allow the user to have some
control or input into the segmentation process, combined
with some automatic process using computer algorithms.
Semiautomatic approaches based on thresholding [5], region
growing [6], and deformable models [7–9] are well consid-
ered in numerous applications. Fully automatic techniques
require no user input and often make use of some prior
knowledge from the anatomy being segmented to produce
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the segmentation or delineation, and two examples of these
approaches are atlas-based segmentation [10] and statistical
shape models [11].

Although a lot of automatic or semiautomatic image
segmentation approaches have been proposed, few of them
can fulfill the necessities of applications in terms of accu-
racy and efficiency. Both thresholding and region growing
methods are relatively straightforward for automatic segmen-
tation, and they work only using the intensities in images
and do not impose constraint on the shape of resulting
delineation objects [3]. One contour detection method used
edge following algorithm based on intensity gradient and
texture gradient features proposed for medical images [12],
but it was not promising for blur edges or low contrast
medical images. In addition, deformable models, such as
active contour models or snakes [7], can move and deform
the initial delineation according to an energy term. Because
of their ability to approximate complex shapes, snakes have
been used in many image analysis applications, including
nonrigid motion analysis [8] and object tracking [13]. Snakes
have been used in segmentation of volumetric images. After
segmenting image slices individually, regions obtained in
the slices are stacked to form a volumetric region [3, 14].
However, the optimization of parameters in minimizing the
energy is generally slow for applications, due to iterative
adjustment of the contour for energy minimization. They
require careful initialization and it may be difficult for them
to achieve initialization invariance and robust convergence
[2]. This is really the problem when segmenting objects with
complex geometries and shapes in medical images.

Generally, snakes work well where there are clear defined
edges in the image and the shape of the object is reasonably
smooth, since sharp edges will be smoothed out by the
snake’s internal energy, which resists high curvature [15,
16]. However, the desired object boundary may be unclear
or even partly missing in many medial images. Therefore,
the final results of snakes for clinical medical images are
subject to contain boundaries errors. It is evidently clear
that initialization invariance is particularly difficult to achieve
for active contour methods. More recent attempts, such as
[17, 18], showed promising but limited success. Recently, Xie
[19] presented an initialization-invariant edge based active
contour model, which provides great freedom in contour
initialization. However, it is also demonstrated that very
time-consuming and overwhelming noise interference will
inevitably degrade the performance. Overall, active con-
tour models still have difficulties in handling the boundary
complexities, weak edges, and image noise, which are very
common in clinicalmedical images [1]. All these factorsmake
active contour models impractical currently in clinical appli-
cations. Basically, the clinicians are concernedwith the robust
and reliability of segmentation methods in applications.
Once segmentation contains errors in clinical applications,
it should also provide a means to improve the segmentation
results.

To this end, a novel and simple approach of interactive
contour delineation is proposed, which is combining the
snakemodel andmultiscale curve editing to obtain promising
results for clinical applications. Initially, a region boundary

which covers the interesting object is drawn manually by
the user in the image. To reduce the evolution time of
snake model and make it work properly, the initial boundary
can be freely revised to be close to the actual boundary of
ROIs. Then, snake model is used automatically for contour
delineation to make the manual process accurate. Once the
evolution of the snake mode is stopped, the final contour can
be revised optionally in a hierarchical multiscale manner to
reduce delineation errors. In the multiscale revision process,
firstly uniformly large spacing of control point mesh is
generated when delineation errors of final contour of the
snake model are large. After manual revision with related
control points, the overall delineation errors will be reduced.
In order to refine the results further, the control point mesh
is progressively refined by clinicians. In this case, the control
point mesh at level 𝑖 is refined by inserting new control points
to create the control point mesh at level 𝑖 + 1. Therefore, the
control point spacing is halved at every step.With the revision
of control point at different levels, the final deformation
field will be generated to make the revised contour coincide
with the actual contour. The multiscale revision process
will correct errors of the snake model and can revise very
complicated contours.

This paper is organized as follows. Section 2 describes
thematerial and the proposed contour delineation technique.
In Section 3, we show the experimental results on kinds of
medical images, and some discussions are given. Section 4
concludes this paper.

2. Methods

2.1.The Framework of the HybridMethod. Thepurpose of the
research is to make image segmentation or contour delin-
eation simple and fast in clinical applications. We explore
snakemodel and curve editing to devise a contour delineation
algorithm that consists of manual process and automatic
process. As shown in Figure 1, the proposed framework of
contour delineation algorithm consists of three steps. First is
the manual process that the user selects ROIs and manually
revises automatically generated control points with mouse
action. Second is the automatic process that the contour
refinement is achieved by the snakemodel. Last is the process
of manual editing to revise the contour by dragging control
points with multiscale spacing. Our proposed technique
preserves the advantages of fully automatic techniques and
clinical manual techniques. Meanwhile, skilled clinicians or
doctors can also incorporate their valuable experiences in
the process of manual revision to generate promising results.
The stage of automatic snake model is devised to make the
manually generated contour more accurate, and it can also
eliminate interobserver variation or bias. Occasionally, the
automatic process with snake model may contain errors due
to the complicated anatomic structures or overwhelming
noise in images. So the manual editing in the last stage is
often necessary and required in clinical applications. The
contribution of our work is developing a complete framework
for medical image segmentation in clinical application. The
free form drawing and revision make the segmentation
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Figure 1: The framework of proposed contour delineation algo-
rithm.

process accurate and robust. The adjustment of initialization
and correcting errors for the snake model make it practical
and robust for clinical applications. We will illustrate the
proposed technique in the next sections in detail.

2.2. Hermite Cubic Curve for Manual Revision. Curve fitting
methods are described that can accurately represent the
region boundary with a parametric curve from above gen-
erated control points. Thus, the parametric curve generated
by control points will replace the initial region boundary,
generated by mouse click for further processing. Since the
process ofmanual revision should be very fast and convenient
for users, the selection of curve fitting methods is important.
The main attributes are that they should be easy to compute
and are stable. Actually, a number of interpolation or approx-
imation methods have been proposed in the literature. We
choose Hermite cubic curve [20] for manual refinement due
to its simplicity and smoothness.

Hermite cubic curve is a powerful tool to smoothly
interpolate between key points. Given 𝑃0 and 𝑃1 represent
the starting and ending points of the curve, and 𝑢0 and 𝑢1
represent tangent to how the curve leaves the start point and
endpoint, respectively. Four Hermite basis functions are as
follows:

ℎ1 (𝑠) = 2𝑠

3
− 3𝑠

2
+ 1,

ℎ2 (𝑠) = −2𝑠
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+ 3𝑠

2
,
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3
− 2𝑠

2
+ 𝑠,

ℎ4 (𝑠) = 𝑠

3
− 𝑠

2
.

(1)

These 4 vectors 𝑃0, 𝑃1, 𝑢0, and 𝑢1 are simply multiplied
with above 4 Hermite basis functions and added together.
Then, the general form of Hermite curve is

𝑃 (𝑠) = ℎ1 (𝑠) 𝑃0 + ℎ2 (𝑠) 𝑃1 + ℎ3 (𝑠) 𝑢0 + ℎ4 (𝑠) 𝑢1, (2)

where scale 𝑠 is to go from 0 to 1 with spacing Δ𝑠. In general,
Δ𝑠 is 0.1 in our experiments. 10 points will be generated for
each segment between two control points, and the connection
of these 10 points will be the new digital curve that encloses
the initial contour or boundary.

In our experiments of manual revision, all control points
can be clicked on and dragged to alter the curves appearance.
Whenone control point is selected for dragging, other control
points will not react to dragging. Once the new revised
position of the selected control point is determined by left
mouse dragging, the new curvewill be fitted again byHermite
cubic curve and displayed to replace the former boundary.
The process of fitting Hermite cubic curve is real-time with
the movement of selected control points by mouse dragging.
It is worthwhile to note that the process of manual revision
is locally controlled, which means that the movement of
control points only affects the local area. This makes it more
convenient and efficient than methods such as the linear
interpolation or cubic interpolation, where the motion of a
single control point affects the whole shape of the curve.
Figure 2 shows the results of Hermite cubic curve for manual
revision. The revision of several control points will make the
curve enclose the actual boundary, and this process is fast and
convenient for clinicians.

2.3. Snake Model for Automatic Contour Delineation. Active
contour or snakes [8] are used heavily for boundary delin-
eation or edge detection inmedical images. A snake is defined
as an energy minimization spline whose energy depends on
its shape and location within the image. Shape of the snake
is controlled by the internal forces and external forces. The
external force guides the snake towards the features in the
image, and internal force acts as smoothing constraint for the
snake. Let the vector 𝑝(𝑠) = (𝑥(𝑠), 𝑦(𝑠)) is the parametric
representation of the snake where the value of 𝑠 goes from 0
to 1.The energy function that we want to minimize is defined
and represented as follows [8]:

𝐸Snake = ∫
1

0

𝐸int (𝑝 (𝑠)) + 𝐸ext (𝑝 (𝑠)) 𝑑𝑠. (3)

𝐸int is the internal forces that forces the snake to be small
and smooth. 𝐸ext is an external energy for the snake finding
the edges of an object in the image. A common external
energy is the inverse of the gradient magnitude, in other
words, the low energies at the location of the edges, the higher
energies everywhere else. Here the objective is to find such
𝑝(𝑠) so that the total energy of the snake is minimized. The
internal energy is defined as
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where |𝑝(𝑠)| is the magnitude of the first derivative, which
is larger for longer snakes. |𝑝(𝑠)| is the magnitude of the
second derivative, which is larger for sharper bends. The
first part keeps the snake short and the second part keeps
it straight. The two parameters 𝛼 and 𝛽 define the relative
importance of these two terms, which are usually constant.
Given a gray-level image 𝐼(𝑥, 𝑦), typical external energy 𝐸ext
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(a) (b)

Figure 2: Initial drawing and interactive calibration results for the clinical CT image.
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Figure 3: The results of the snake model with different initial contour. (a) The initial contour is far away from the actual contour. (b) The
initial contour is close to the actual contour. Note that the initial contour in (b) is generated by dragging control points of the initial contour
in (a).

designed to lead an active contour toward step edges that are
defined as follows:

𝐸ext = −








∇ (𝐺

𝜎
(𝑥, 𝑦)) ∗ 𝐼 (𝑥, 𝑦)









2
,

(5)

where 𝐺
𝜎
(𝑥, 𝑦) is a two-dimensional Gaussian function with

standard deviation 𝜎 and ∇ is the gradient operator. It is easy
to find that larger 𝜎 will cause the boundaries to become

blurry and distorted. However, such large 𝜎 is often necessary
in order to make the external energy large enough to pull the
snake towards these edges.

To minimize the energy function we use the Euler-
Lagrange equation

𝛼𝑝


(𝑠) − 𝛽𝑝


(𝑠) − 𝐸ext (𝑝 (𝑠)) = 0. (6)
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Above equation is solved by using the gradient decent
method. One converts the snake 𝑝 into a function of time 𝑡,
and replaces the 0 with the partial derivative of 𝑝 to time

𝜕𝑝 (𝑠, 𝑡)

𝜕𝑡

= 𝛼𝑝


(𝑠, 𝑡) − 𝛽𝑝


(𝑠, 𝑡) − 𝐸ext (𝑝 (𝑠, 𝑡)) . (7)

When the snake has converged to a minimum and the
solution 𝑝(𝑠, 𝑡) stabilizes, its derivative to time will be zero
and we achieve a solution of above Euler-Lagrange equation.

In general, one needs to initialize the snake close to the
final solution. If the snake is initialized “too far” from the
object boundary, it is possible that the contour may not be
able to converge onto object boundary. We experimentally
find that boundaries errors are very common from the results
of the snake model for clinical applications. Figure 3 shows
the experimental results of the snake model with different
initial contours. If the initial contour is far away from the
actual contour, the results would be unsatisfying. Therefore,
the process of manual initialization is necessary to revise the
initial contour to be close to the actual contour. Meanwhile,
the time consumed will be greatly reduced if the initial
contour is close to the actual contour. In addition, sharp
edges will be smoothed out by the snake’s internal energy,
which resists high curvature. Therefore, the final results of
snakes for clinical medical images are subject to contain
boundaries errors. Figure 4 shows the experimental result
of the snake model with good initial contour and optimal
parameters. However, boundaries in green circles contain
errors due to the sharp edges with high curvature and the
blurred boundary.

2.4. Manual Editing with Multiscale Control Points. Gener-
ally, most of boundaries obtained from the snake model
can be correct and few segments may contain errors. If the
results of the snake model are perfect, there is no need
for further multiscale curve editing. The manual editing
should only revise boundary errors in limited areas and
other boundaries areas should be kept.Therefore, the manual
editing should be local control. In other words, operating
one boundary areas should not affect other boundary area.
Furthermore, the shape of the boundary may be unknown
and very complicated that fixed control points may not be
flexible for revision. To this end, we design a hierarchical
multiscale approach to generate control points for revision
with Hermite cubic curves.

Figure 5 shows the control point generation by the pro-
posed hierarchical multiscale approach. On the first level,
only 13 control points are generated from the contour
obtained by the snake model. Due to the complex shape of
the boundary, 13 points on the first level are not enough to
describe the contour well. In Figure 5(a) the fitted Hermite
cubic curve (blue) is not coincided well with the original
contour (red) in sharp areas. Consequently, the second level
with 25 control points is generated and the third level with
50 control points is generated as well. For some simple ROIs
with smooth boundaries, few control points is enough to
describe them. Hence, manual editing with such few control
points may be enough to generate promising revision results.

Figure 4: The result of the snake model. Red shows the obtained
contour by the snake model. Boundaries in green circles contain
errors due to the sharp edges with high curvature and blurred
boundary, respectively.

However, some anatomic structures in human body are apt to
be complicated. For instance, some areas may be very sharp.
Large control points need to be generated for manual editing
for this case. As shown in Figures 5(c) and 5(d), the fitted
Hermite cubic curve (blue) and original contour (red) are
coincided well.

Figure 6 shows the results of manual editing to improve
the contour from the snake model. It clearly shows that
the final contour is very promising by manipulating several
related control points. In Figure 6(a), only 6 related control
points from the third level are revised to improve the contour
generated by the snake model. Conversely, there are 12
related control points from the fourth level for the revision
in Figure 6(b). Basically, more control points generated for
manual editing will result in more accurate contour delin-
eation, and the revised curve will accurately enclose the
actual contour. However, large control points for revision
will be cumbersome, time consuming, and boring for users.
Therefore, the third level is suitable for manual editing, and
the manual revision with several related control points can
improve the contour of the snake model. If the clinician
would like to generate more accurate boundary by manual
editing, the fourth level would be better because more related
control points can be revised to generate sharp contours.

The advantage of our method for number of control
points is to find a compromise between efficiency and
accuracy. Therefore, we design a strategy to generate con-
trol points hierarchically according to the length of region
boundary. Firstly uniformly large spacing of control point
mesh is generated when viable delineation errors of final
contour of snake model are large. After manual revision with
related control points, the overall delineation errors will be
reduced. In order to refine the results further, the control
pointmesh is progressively refined.The control point spacing
is halved at every step. With the revision of control point
at different levels, the final contour will be generated to
make the revised contour coincide with the actual contour.
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(a) (b)

(c) (d)

Figure 5: A hierarchical multiscale approach to generate uniformly spaced control points for manual editing: (a) first level with 13 control
points, (b) second level with 25 control points, (c) third level with 50 control points, and (d) fourth level with 100 control points. White cross
shows the uniformly spaced control points. Red color shows the contour obtained from the snake model, and blue color shows the curve
generated by Hermite cubic curve with associated control points.

The process will be stopped until promising results are
observed by clinicians. Obviously, it is flexible to represent
complex shapes by progressive refinement. It makes it pos-
sible to revise small contours with more control points to
guarantee the accuracy. Meanwhile, it is efficient and fast to
revise large contours with relatively small control points.

3. Results and Discussion

Theproposed interactive tool can be used to segment ROIs or
delineate contours in images. To demonstrate the efficiency
and robustness of our approach, we test the performance
of the proposed method with kinds of medical images,
such as CT images, MRI images, and ultrasound images
in clinical applications. The delineation results in medical
images using proposed method are presented, and the results
of manual initialization, snake model, and manual editing
are all shown, respectively. It is worthwhile to note that
quantitative evaluation is generally difficult for real medial

images since they contain complex anatomical structures
and the manual segmentation by a human expert may be
unavailable to be considered as the ground truth. Instead,
qualitative results aremostly provided [2].Therefore, a formal
quantitative evaluation of the proposed method for clinical
medical images is not contained in the paper due to the
interactive nature of the method and the unknown ground
truth data. Note that a basic implementation of the technique
(such as Hermite curve, snake model, and multiscale curve
editing) can be available from the first author by email
(wu.zhouo@siat.ac.cn).

3.1. Clinical Image Test. In clinical applications, most of the
medical images are 3D, regions obtained in the slices are
stacked to form a volumetric region after segmenting image
slices individually. Without loss of generality, we take the
case of 2D image registration for explanation. The CT image
in Figure 7(a) is obtained from learning radiation website
[21], which shows the contrast-enhanced axial CT scans
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(a) (b)

Figure 6: Manual editing: (a) manual editing with control points generated from the third level and (b) manual editing with control points
generated from the fourth level. Red line shows the original contour generated by the snake model. Green line shows the final contour after
manual editing. Red cross shows the related control points that are revised.

(a) (b)

(c)

Figure 7: Clinical medical images in treatment planning: (a) contrast-enhanced axial CT scans through liver, (b) left ventricle in cardiac from
MRI images and (c) transrectal ultrasound image of the prostate.

through liver. Figure 7(b) shows the left ventricle in cardiac
from MRI images of the heart [22]. Development of contour
detection techniques for the left ventricle is required to be
able to reduce the total analysis time and to reduce the
inter- and intraobserver variability associated with manual
contour tracing. Figure 7(c) shows the contour delineation
result of a transverse image of the prostate in a young male

that demonstrates a small midline cystic structure (arrow)
representing a utricle cyst [23].

Due to low resolution and low contrast of ultrasound
images in addition to the speckle noise, either manual
delineation methods or fully automatic delineation methods
often contain errors for contour delineation. Although final
contours obtained from the snake model are much smoother
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The image with initial contour The external energy

The external force field Snake movement

(a) CT

The image with initial contour The external energy

The external force field Snake movement

(b) MR

The image with initial contour The external energy

The external force field Snake movement

(c) US

Figure 8: Contour delineation by basic snake model for CT, MR, and US images with optimal parameters. Blue shows the initial contour and
red shows the final contour generated by the snake model. (a) CT, (b) MR, and (c) US. The parameter of maximum iteration number in the
snake model is 300.

as shown in Figure 8, they are often away from the true
boundaries. The reason is that sharp edges are smoothed out
by the snake’s internal energy which resists high curvature.
For example inCT image, as shown in Figure 8(a), the bound-
ary of the object is not salient and the result of snake model
contains large errors. The results of the proposed method
for medical images as shown in Figure 9 are visually good
and promising. The refined contours are very close to the
visual inspection or perceptual observations. Comparatively,
the results obtained from the manual editing of the proposed
method are robust and no obvious errors of final contours
can be observed as shown in Figure 9. The manual editing
of control points can reduce large boundary errors of the
snake model, and obvious errors can be reduced by shifting
several related control points. It is worthwhile to note that the
segmentation of the blood pool/endocardium in Figure 9(b)
after the snake model is perfect to some extent; it is optional
for the clinicians to further apply Multiscale curve editing.

The Multiscale curve editing has not been used for the MR
image in Figure 9(b) due to the perfect delineation from the
snake model.

The described interactive tool has been used to segment
2D medical images. Contour delineation of 2D images of
size 512 × 512 pixels may take about few seconds. This time
includes the initial manual drawing step, the snake model,
and the interactive manual editing step on a laptop with
CPU 3.3GHz and 4G RAM. The Hermite curve fitting in
interactive manual revision step is real time with mouse
action and takes no more than 0.02 seconds for each fitting
due to the high efficiency of Hermite cubic curves. If the
initial contour is far away from the actual contour, much
consumed time is needed for the snake model. However,
the contour initialization is close to the actual contour by
the process manual initialization in our proposed method.
Therefore, the snake model may take only few seconds to
finish the contour evolution for the clinical images, as shown
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(a) (b)

(c)

Figure 9: Contour delineation by the proposed method. Blue shows the contour generated by the snake model and green shows the final
contour after multiscale curve editing (three levels). The final contour can be more flexible with multiscale control point revision. (a) CT, (b)
MR, and (c) US. The parameter of maximum iteration number in the snake model of our framework is reduced to be 50.

Table 1: The consumed time of the Snake model with initial
contours which are close to the actual boundaries (/seconds).

Ct Mr Us
Snake model 2.69 1.17 1.92

inTable 1. In general, the parameter of themaximum iteration
number is often set at 200 or 300 for the snake model. Since
the initial contour has been revised to be close to the desired
contour, the maximum iteration number can be set much
smaller than the original case in order to reduce iteration
time. The parameter of maximum iterations for the snake
model is 50 in the proposed framework. It is worthwhile to
note that the time consuming of the snakemodel are obtained
with initial contours which are close to actual boundaries. So
the obtained time consuming is minimum because least time
of convergence is required for contour evolution from the
initial contour to the actual contour. In addition, the whole
process for contour delineation is real time for users with
mouse actions, no matter large ROIs or small ROIs in our
experiments.

In order to demonstrate the effectiveness of the proposed
method, we have further tested the clinical images by the

proposedmethod. Figure 10 shows the results of the proposed
method for the segmentation of the right kidney in an axial
CT slice. Sharp area of contours cannot be recovered well by
the snake model; it is better for the clinicians to apply the
multiscale curve editing to remove errors in sharp areas as
shown in Figure 10(e). Note that the initial contour is revised
manually to be close to the desired contour by dragging
control points as shown in Figure 11(b).

Finally, we test ourmethod in the segmentation of objects
in a 3D volume. The proposed method was first used to
segment an object of interest in an image. Then, the obtained
contour was used to track the object boundary in subsequent
image slices in a 3D volumetric image. Since the thickness
of two slices is very small, the final contour in one slice
can be treated as the initial contour in the next image
slice automatically. Final contours obtained in the slices
are stacked to form a volumetric object after segmenting
image slices individually. If there are distinctive errors of
segmentation in any slices, the proposed multiscale curve
editing will be applied to refine the results of contours in
slices individually. The top left image in Figure 11 shows the
boundary of the left lung in consecutive axial slices by the
proposed method in 3D volumes. The left column shows
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(a) (b)

(c) (d)

(e)

Figure 10: Delineation of the right kidney in an axial CT slice by the proposed method. (a) Original image, (b) initial contour and control
points, (c) result of the snake model, (d) multiscale curve editing (two levels), (e) zoomed image. Blue shows the contour generated by the
snake model and green shows the final contour after multiscale curve editing.
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(a)

(b)

(c)

(d)

Figure 11: Tracking the boundary of the left lung in consecutive axial slices by the proposed method in 3D volumes. (a) Slice number 109,
(b) slice number 108, (c) slice number 107, and (d) slice #106. The left column shows the original lung images in consecutive axial slices. The
middle column shows the initial contour in corresponding axial slices.The right column shows the zoomed images of final contours obtained
by the snake model (blue) and the multiscale curve editing (green, two levels). Note that the initial contour is only manually drawn in slice
#109.The initial contour of other slices will be the final contour of its consecutive slice that has been delineated. For instance, the final contour
of #109 will be the initial contour of slice number 108.

the original lung images in consecutive axial slices. The
middle column shows the initial contour in corresponding
axial slices. The right column shows the zoomed images of
final contours obtained by the snake model (blue) and the
Multiscale curve editing (green). It is evident to observe that
the proposedmethod works well in consecutive axial slices in
3D volumetric images. Tracking the boundary of the left lung
in consecutive axial slices will achieve segmentation of the
left lung in 3D volumetric images. From the zoomed images
in the right column of Figure 11, delineation results (blue) of
the snake model for clinical images usually contain errors in
sharp areas and low contrast regions. Therefore, multiscale
curve editing is often required to improve the results of the
snake model. The green contours obtained by the proposed
method appear to be accurate and robust for the delineation.

3.2. Discussion. In general, snake model may not work well
when the image is in low resolution and the true boundary
is not distinctive, such as the above cases of clinical CT and
ultrasound images as shown in Figure 7; the final contour
of snake model will contain errors. Thus, the snake model
is not reliable and robust in clinical applications. Moreover,
the snake model is often time consuming when the start
contour is not very close to the final solution and needs tenth
of seconds or more for iteration optimization. Due to those
reasons we develop such fast, efficient, and robust contour
delineation approach for clinical applications.

Basically, the initial contour in our proposed method is
manually drawn, and the process of manual initialization by
shifting control points will make the initial contour close
to the actual contour. Experimental results have shown that
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the time consuming of the snake model has been greatly
reduced with the help of the process of manual initialization.
Moreover, it is flexible to represent complex shapes by
progressive refinement. Typically, more control points with
fine spacing will be generated for the region of boundary
with large curvature, and vice versa. The purpose of using
equal distance and hierarchical multiscale manner is to make
the process of manual revision simple and efficient in our
proposed method. With the revision of control points at
different levels, the final contour will be generated to make
the revised contour coincide with the actual contour.

In this work, the manual revision process may be tedious
for clinicians because of the involvement of much manual
revision if the initial manual drawing is far away from
the actual contour or required revision area is large from
the active contour in clinical applications. Generally, the
clinicians can control the manual drawing to make the
initialization well, and the revision of few control points may
be required. Compared with current automatic initialization
methods [19], it is efficient but may be tedious for clinicians.
In addition, the final segmentation results may not be much
accurate in the multilevel manual revision process, since the
visual observation for revision can only reduce or eliminate
distinctive errors of segmentation viably. If the desired
contour is unknown and complex, the multilevel manual
revision can also be very tedious. To develop a method for
automatic contour delineation in complex topology, noisy
and low contrast imageswill be an essential task for our future
work.

4. Conclusions

The purpose of this work has been to develop an interactive
tool for kinds of medical image segmentation that can
make the manual process highly efficient for clinical medical
applications. Image segmentation has been achieved by using
snakemodel andmultiscale curve editing to obtain promising
results. Our proposed technique allows users to freely and
quickly improve contours by a simple mouse click and
overcome the drawbacks of snake models for automatic con-
tour delineation in clinical application. We believe that our
proposed technique is applicable to various kinds of clinical
applications for contour delineation or segmentation. In the
future work, we will also consider 3D geometrical modeling
of anatomical objects obtained by the boundary trackingwith
the proposed method for 3D volumetric images.
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A new algorithm for feature and contrast enhancement of mammographic images is proposed in this paper.The approach bases on
multiscale transform and mathematical morphology. First of all, the Laplacian Gaussian pyramid operator is applied to transform
themammography into different scale subband images. In addition, the detail or high frequency subimages are equalized by contrast
limited adaptive histogram equalization (CLAHE) and low-pass subimages are processed by mathematical morphology. Finally,
the enhanced image of feature and contrast is reconstructed from the Laplacian Gaussian pyramid coefficients modified at one or
more levels by contrast limited adaptive histogram equalization and mathematical morphology, respectively. The enhanced image
is processed by global nonlinear operator. The experimental results show that the presented algorithm is effective for feature and
contrast enhancement of mammogram.The performance evaluation of the proposed algorithm is measured by contrast evaluation
criterion for image, signal-noise-ratio (SNR), and contrast improvement index (CII).

1. Introduction

Breast cancer has been a significant public health problem for
women in the world and early detection of breast cancer is
very essential in the field of medicine before the means to
prevent breast cancer have not yet been found.However, there
are new cases 234580 and death rate 17.1% from the National
Cancer Institute in the United States in 2013 [1]. Breast cancer
accounted for about more than 38% of cancer incidence and
a significant percentage of cancer mortality in the developing
and developed countries in 2009 [2]. Thus, it is well known
that the early detection and treatment of breast cancer are the
most effective keymeans of reducingmortality. Furthermore,
mammography is widely recognized as being the only effec-
tive and primary imagingmodality for the early detection and
diagnosis of breast cancer [3–5]. In mammography, low dose
X-ray is used for imaging. Hence, themammographic images
are poor in contrast and contaminated due to the low dose X-
ray for imaging. In low contrast mammograms, it is difficult
to interpret between the normal tissue and malignant tissue.
In addition, [6] introduced that mammographers miss about

10% of all cancerous lesions when using the poor contrast
mammograms.

In recent years, there are many researchers that proposed
all kinds of contrast enhancement algorithms to solve these
problems produced by poor contrast images. Sundaram et
al. [6] proposed the contrast enhancement method based on
histogram to improve the mammography quality, but this
method has not suppressed the amplified noise in histogram
equalization progress. Mohideen et al. [2] used multiwavelet
with hard threshold to denoise and enhance mammographic
image contrast. Kumar et al. [7] proposed the algorithmbased
on morphology and wavelet transform for enhancement of
mammographic images. Morrow et al. [8] designed a region-
based contrast enhancement algorithm for mammograms.
This method uses each pixel in the image as a seed to
grow a region. Contrast is then enhanced by applying an
empirical transformation based on each region’s seed pixel
value, its contrast and background information. Stojić et al.
[9] developed an algorithm using mathematical morphology
to enhance local contrast of mammography. Stahl et al. [10]
applied the method of nonlinear multiscale processing based
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on Laplace pyramid for digital radiography enhancement.
However, the binomial filter was used at each pyramid level
with a nonlinear factor for contrast enhancement, which
was sensitive to noise. Comparing with Stahl’s algorithm,
Gaussian filter is used in the proposed method. As far as
we know, most essential image processing algorithms applied
the Gaussian filter, while the binomial filter applications are
not popular in state-of-the-art image processing algorithms.
Multiscale analysis technology based on the wavelet trans-
form for mammogram contrast enhancement was applied in
[2, 7, 11–15]. However, the wavelet transform leads to unde-
sirable artifacts in the enhanced image [16]. To overcome this
shortcoming, we propose an algorithm framework, in which
the wavelet transform is replaced with the Laplacian Gaus-
sian pyramid transform for multiscale analysis. Comparing
with the wavelet technique, the Laplacian Gaussian pyramid
technique seems to be amore suitable decompositionmethod
for multiscale contrast enhancement of mammogram [16].

We compare the suitability of thesemethods for enhance-
ment of mammographic images in general. We propose
the approach which seems to be suitable for contrast
enhancement of mammograms. Traditional multiscale anal-
ysis methods only enhance the high frequency components
of mammogram. The proposed approach decomposes the
image by the Laplacian Gaussian pyramid transform, firstly.
Secondly, the CLAHE is adopted to enhance contrast and
detail information of each level high frequency subimage
decomposed by Laplacian pyramid transform and Gaussian
filter is used to restrain the CLAHE to enlarge the noise of
each subimage. Furthermore, mathematical morphology is
applied to enhance local features and contrast at each pyra-
mid level’s subimage. Finally, the inverse Laplacian Gaussian
pyramid transform is applied to reconstruct the decomposed
subimages to obtain the features and contrast enhancement
image. The enhanced image was adjusted the entire contrast
by a global non-linear operator for nature visualization.

The rest of this paper is organized as follows. Theory
of the Laplacian Gaussian pyramid transform and the key
characteristics of the CLAHE andmathematical morphology
are detailed in Section 2. Section 3 presents the experimental
results and discussion. The conclusion of this paper is stated
in Section 4.

2. Materials and Method

2.1. The Proposed Method. Traditional image enhancement
techniques cannot adapt to the varying characteristic of
images. The application of a global transform or a fixed
operator to an entire image often yields poor result at least
in some parts of the given image [10]. In order to solve
these problems, we propose a novel approach based on the
multiscale analysis and mathematical morphology, which
cannot only enhance the local detail information and edges,
but also restrict the modified noise effectively.

To begin with, the original image is decomposed by
the Laplacian Gaussian pyramid transform to obtain low
frequency subband images and different scale coefficients
of the high frequency components. At present, all kinds

of filter techniques, including gray-scale operator, median
filtering, edge enhancement operator, frequency enhance-
ment operator, spatial-frequency filtering, and anisotropic
adaptive filtering, are applied to reduce the noises of image
for achieving image enhancement.However, these techniques
are suitable for features enhancement of the whole image.
In fact, we do need to enhance the local features and edges
of medical image in some practical clinical application.
Mathematical morphology operations fit these requirements.
The morphology operators can enrich the low frequency
information of the image and enhance this part contrast
in terms of the principle of mathematical morphology.
Therefore, noise in differentmultiscale subimages can be sup-
pressed by morphology operations. Vessels, fibroglandular
tissues, masses, and calcification points are reinforced at each
pyramid level. Furthermore,morphology operators canmake
the feature details become smoother and the edges sharper.
Most essential image processing algorithmcanbe represented
in the form of morphological operations. In addition, the
low frequency subbands contain basic information and parts
contrast of image.Therefore, the processing of low frequency
data is important and cannot be ignored. For the low-pass
filtered subband images, we apply themathematical morpho-
logical operations, combining opening operationwith closing
operation, to enrich the basic information and enhance image
contrast.

Secondly, histogram equalization is used for enriching
detail information and sharping edges of the whole image.
The detail information and image edges belong to the high
frequency components. Furthermore, the high frequency
subbands contain noises. We adopt the CLAHE to enhance
the high frequency subbands coefficients, which can not only
enhance the features and image contrast and enrich the detail
information and image edges but also effectively suppresses
the enlarged noise. Comparing with the AHE, the CLAHE
can reduce computational time and effectively suppress the
enlarged noise. Comparing with the traditional histogram
equalization and the modified histogram equalization, the
CLAHE can effectively enhance the local features, edges, and
image contrast.

Finally, we can reconstruct an enhanced image, and its
size is the same as the original image. We apply the contrast
low frequency coefficients adjusted through mathematical
morphology and the high frequency subbands processed by
the CLAHE to extract the enhanced feature and contrast
image due to the Laplacian Gaussian pyramid transform is
of the property of reversal. Besides, a global gain operation is
used to adjust the contrast of reconstructed image in order to
make the enhanced image more natural and smoother. The
flowchart of the proposed algorithm is shown in Figure 1.

2.2. The Laplacian Gaussian Pyramid Transform. The Lapla-
cian Gaussian pyramid technique was developed by Burt
and Adelson for the context of compression of images [16,
17]. The Laplacian Gaussian pyramid transform has been
used to analyze images at multiscale analysis for a broad
range of application [17]. The purpose of multiscale image
contrast enhancement is that the original image is divided
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Figure 1: Flowchart of the proposed method.

into several different multiscale levels’ subband images which
are enhanced by the CLAHE and morphology operations,
respectively. All levels’ subband images are reconstructed
to extract the enhanced image. The flow diagram of the
Laplacian Gaussian pyramid transform for the decompo-
sition and reconstruction processes of image is shown as
Figure 2. The original image is filtered by Gaussian low-
pass filter and subsampled to produce 𝑔

1
. The image 𝑔

1
is

then interpolated or made the convolution operations with
kernel width 5 to reproduce the original array size and
subtracted pixelwise from the original image to produce 𝑏

0
.

This subband image 𝑏
0
, which is produced by an equivalent

process of high-pass filter, is the finest level of the Laplacian
Gaussian pyramid. The decimated low-pass filtering image
𝑔

1
is further filtered by the Gaussian low-pass filter and

subsampled producing 𝑔
2
. The 𝑔

2
is interpolated or made the

convolution operations with kernel width 5 and subtracted
from the 𝑔

1
, which results in the second pyramid layer 𝑏

1
.

All subsequent layers of the Laplacian Gaussian pyramid are
computed by repeating these operations to the subsampled
Gaussian low-pass filtering images from the previous iter-
ation, until the setting pyramid level image 𝑏

𝐿−1
and the

last level pyramid image 𝑔
𝐿
are obtained. The flowchart of

the reconstruction process is drawn on the right hand of
the Figure 2. The subimage 𝑔

𝐿
is interpolated or made the

convolution operations with kernel width 5 to the array size
of the next finer pyramid level 𝑏

𝐿−1
, and the enhanced 𝑏

𝐿−1

is added in this pixelwise to produce 𝑔



𝐿−1
. Interpolation,

contrast enhancement, convolution, and addition operations
are repeated until the reconstructed image at the original
resolution level is obtained. The reconstruction is completely
reversible if the interpolation filters used in decomposition
and reconstruction are identical [10, 16–19].

It is obvious that features and contrast enhancement
processes are implemented between the 𝑏

𝐿−1
and 𝑏



𝐿−1
. The

image 𝑔
𝐿
is adjusted according to mathematical morphologi-

cal operations to obtain contrast enhancement 𝑔
𝐿
. Repeating

the reconstruction process can extract the enhanced image.

2.3. Contrast Limited Adaptive Histogram Equalization. His-
togram equalization is a specific case of themore general class
of histogram remapping methods. Histogram equalization,
because of its advantages of high speed and better effect, is
widely applied to enhance the contrast of mammographic
images.Histogram is the function of gray level, which denotes
the gray level of every pixel. Therefore, the contrast ratio
will be improved by a gray nonlinear transform to adjust the
accumulation function, and the gray in small range will be
transformed in the whole field.

The histogram is a discrete function and defined as
follows:

𝑝

𝑟
(𝑟

𝑘
) =

𝑛

𝑘

𝑛

, (1)

where 𝑛 is the total pixels of a mammogram and 𝑛
𝑘
is pixel

number of corresponding the 𝑟
𝑘
gray level.

Hypothesis that the gray transfer function is 𝑠 = 𝑇(𝑟),
whose slope is limited to non-minus continuum monotone
increasing function, and it can transform input image 𝐼(𝑥, 𝑦)
to output image 𝐼(𝑥, 𝑦). Let 𝑝

𝑟
(𝑟) and 𝑝

𝑠
(𝑠) represent the

probability density function of the random variable 𝑟 and 𝑠,
respectively. 𝑟 is the gray level of the input image and 𝑠 is the
gray level of the output image. According to the definition of
the histogram and the cumulate density function, the original
image histogram and processed histogram areas are equal to

𝑝

𝑠 (
𝑠) = 𝑝𝑟 (

𝑟)

𝑑𝑟

𝑑𝑠

. (2)

Let 𝑠 belong to [0, 𝐿 − 1], the gray transfer function is
expressed as follows:

𝑠 = 𝑇 (𝑟) = (𝐿 − 1) ∫

𝑟

0

𝑝

𝑟 (
𝑤) 𝑑𝑤, (3)

where 𝑤 is an integral dummy variable.
According to the properties of integral, we can make the

derivation of formula (3) to get a new equation as follows.

𝑑𝑠

𝑑𝑟
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𝑑𝑇 (𝑟)
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𝑑
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𝑝

𝑟 (
𝑤) 𝑑𝑤] = (𝐿 − 1) 𝑝𝑟 (

𝑟) .

(4)

Further, we can put the formula (4) into (2) and obtain a
new formula as follows:
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Figure 2: Flow diagram of the Laplacian Gaussian pyramid transform.
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According to (1) and the gray transfer function (3)
transform, we can induce a discrete form given as follows:

𝑠

𝑘
= 𝑇 (𝑟

𝑘
) = (𝐿 − 1)

𝑘

∑

𝑗=0

𝑝
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∑

𝑗=0

𝑛

𝑗
,

𝑘 = 0, 1, 2, . . . , 𝐿 − 1.

(6)

In generally, (6) is the gray level remapping function.
Comparing with the whole histogram equalization, the

adaptive histogram equalization (AHE) has the advantage
of good local contrast enhancement. But the AHE needs to
compute the local histogram and accumulate distribution
function of every pixel; it is extremely computational inten-
sive. Besides, the AHE is sensitive to noise.

The AHE enhances the image contrast and enlarges the
noise. In some cases, enhancement process results in image
distortion in some detail area, which affects the visual diag-
nosis of clinicians for the enhanced image [20, 21]. We need
to not only enhance the features and image contrast, but also
restrict the magnified noise. Thus limiting contrast function
to AHE in every block is needed to generate transform
function, respectively. How much percent of contrast will be

restricted and enhanced? It is need to preliminarily adjust the
contrast of each block at each pyramid level image. Thus, we
define a limited function to limit the gray level probability
density and control the exceed histogram. The adjustable
processing is shown as Figure 3.

2.4. Mathematical Morphology. Mathematical morphology
originated in set theory, geometry, and topology establishes
the relationship between the geometry of physical system
and some of its property. Most essential image processing
algorithms can be represented in the form of morphological
operations. For example, morphology offers a unified and
powerful approach to different image processing problems
[9, 11, 22]. We apply the morphological opening and clos-
ing operations to process the different multiscale subband
images. The opening and closing operations are produced
by combining dilation and erosion operator, respectively.
Furthermore, a structuring element SE of rectangle shape is
used in dilation and erosion operator, respectively.

The erosion of a gray-scale digital image 𝐼(𝑥, 𝑦) by a
structural element SE(𝑖, 𝑗) is defined as follows [7, 9, 11].

(𝐼 ⊗ SE) (𝑚, 𝑛) = min {𝐼 (𝑚 − 𝑖, 𝑛 + 𝑗) − SE (𝑖, 𝑗)} . (7)
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(a) (b)

(c) (d)

(e) (f)

Figure 4: Comparison of contrast enhancement of mammograms. (a) Original mammogram. (b) Enhanced through histogram equalization.
(c) Enhanced through adaptive histogram equalization. (d) Enhanced through nonlinear multiscale processing based on Laplace pyramid.
(e) Enhanced through the method based on wavelet transform and morphology. (f) Enhanced through the proposed method.

The gray-scale dilation can be described as

(𝐼 ⊕ SE) (𝑚, 𝑛) = max {𝐼 (𝑚 − 𝑖, 𝑛 − 𝑗) + SE (𝑖, 𝑗)} . (8)

The morphological opening and closing operations have
the same form as the binary counterparts. The opening
operation of image 𝐼(𝑥, 𝑦), using the structure elements SE,
is defined as erosion followed by dilation and expressed as
(9). Utilizing the structure element SE, the closing operation
of image 𝐼(𝑥, 𝑦) is defined as dilation followed by erosion and
given by (10) as follows:

𝐼 ∘ SE = (𝐼 ⊗ SE) ⊕ SE, (9)

𝐼 ∙ SE = (𝐼 ⊕ SE) ⊗ SE. (10)

The opening and closing operations can be interpreted as
follows: the opening can remove all of the pixels (light details)
in a region that are smaller than the structure element. For
the corresponding opposite sequence, the closing can fill in
holes and concavities smaller than the structure element.The
two operations can remove the noise in the image and cannot
make the image distortion.

In practical application morphological opening and clos-
ing pairs are combined in sequence for various image pro-
cessing operations. There are two morphological operations
known as top-hat (TH) and bottom-hat (BH) transforma-
tions. The top-hat transformation by opening is defined as

the difference between the original image and its gray scale
opening using structuring element SE and it is defined as

TH = 𝐼 − (𝐼 ∘ SE) . (11)

Similarly dual bottom-hat transformation by closing is
the difference between the gray-scale closing image and
original image as described by

BH = (𝐼 ∙ SE) − 𝐼. (12)

Based on the previous theoretical analysis, the TH trans-
formation is an effective technique for enhancing small bright
details from the background. Conversely, the dark features
can be extracted from a brighter background by the BH
transformation. In order to enhance the local contrast of the
mammograms, the processing procedure is adding original
image to the top-hat transformed image, and subtracting
the bottom-hat image. Furthermore, its efficiency in image
contrast enhancement has been proved by [9].The calculated
formula is given as follows:

𝐶 = 𝐼 + TH − BH. (13)

Equation (13) has been used to process the low-pass
frequency coefficients in the proposed algorithm, which
enhances the features and contrast of mammographic image.
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Figure 5: Comparison of contrast enhancement of mammograms. (a) Original mammogram. (b) Enhanced through histogram equalization.
(c) Enhanced through adaptive histogram equalization. (d) Enhanced through nonlinear multiscale processing based on Laplace pyramid.
(e) Enhanced through the method based on wavelet transform and morphology. (f) Enhanced through the proposed method.

2.5. Global Gain Adjustment. We adopt a global gain adjust-
ment technique in our investigation for histogram equaliza-
tion enhancing part pixels uniformly at each pyramid level,
which makes the visualization of the enhanced image to
become more natural. We employ the mean introduced in
[3, 22] to accomplish this nonlinear operation. The global
gain adjustment function can be expressed as

𝑓 (𝑧) = 𝑎 [sigm (𝑐 (𝑧 − 𝑏)) − sigm (−𝑐 (𝑧 + 𝑏))] , (14)

where 𝑎 = (1/(sigm(𝑐(1 − 𝑏)) − sigm(−𝑐(1 + 𝑏)))) subject to
0 < 𝑏 < 1, b and 𝑐 are ratio coefficients of enhancement and
can be set different values according to the practical testing
experiment to adaptively adjust.

The sigm(𝑧) is described as follows:

sigm (𝑧) =

1

1 + 𝑒

−𝑧
. (15)

3. Results and Discussion

The proposed algorithm has been applied to more than 10
mammographic images being 1944 ∗ 3072 in sizes from
the Angell Medical ADM-600MG. We had readjusted the

size of each tested original image to be 1280 ∗ 3072 in
order to decrease the cost times. The testing procedure has
been implemented in MATLAB2012a. To demonstrate the
effectiveness of our method, we compared its results with
the existing popularmethods of histogramequalization (HE),
AHE, the algorithm of nonlinear multiscale processing based
on Laplace pyramid proposed in [10], and the method based
onmorphology andwavelet transform. Furthermore, we take
the advantage of the metrics of contrast evaluation crite-
rion, SNR, and contrast improvement index (CII) to mea-
sure the quantitative performance analysis of the proposed
method.

3.1. Contrast Evaluation Criterion for Image. The contrast
of enhanced image is evaluated by employing the metric
function, which was proposed in [4], and given as follows:

𝐶
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=
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2

, (16)

where 𝑀 and 𝑁 are height and width of the image, respec-
tively, and 𝑓(𝑖, 𝑗) is the enhanced image.The larger the value
of (16) is, the better the contrast of the image is.
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3.2. Contrast Improvement Index. A quantization measure of
contrast enhancement can be defined by a contrast improve-
ment index, and its formula can be expressed by the following
[8, 14, 15, 23]

CII =
𝐶processed

𝐶original
, (17)

where𝐶processed and𝐶original are the contrasts of the processed
and original images, respectively. C is the average value of the
local region contrast in the processed or original image.Thus,
the CII value of original image is equal to one.The local con-
trast at each pixel is measured as (Xmax−Xmin)/(Xmax+Xmin)
in its local window size.We applied a version of the optimized
definition of contrast demonstrated in [8]. The contrast 𝐶 of
an image is described as follows:

𝐶 =

𝑚

𝑓
− 𝑚

𝑏

𝑚

𝑓
+ 𝑚

𝑏

, (18)

where𝑚
𝑓
is themean luminance value of the foreground and

the corresponding 𝑚
𝑏
is equal to the mean luminance value

of background. In our experiment, we use the 5 ∗ 5 local
windows. The greater value of CII indicates that the given
image quality is better.

As shown in Figures 4 and 5, (a) represents one of two dif-
ferent women’s mammographic original images, respectively,
and ((b)–(f)) are produced byHE, AHE, nonlinearmultiscale
processing based on Laplace pyramid, the method based
on morphology and wavelet transform, and the proposed
method, respectively. In the histogram equalization, the
pixels are spreading uniformly.The traditional HE method is
adopted to enhance the original image. The produced results
through HE improve the contrast a little, but we find it
difficult to identify tissue nodes and features, and the HE
over amplifies the noise which results in the fibroglandular
albefaction and the enhanced results cannot be applied to
clinic. It seems that the enhanced contrast images through
AHE method are degraded in visual quality. In addition, the
AHEmethod over enhances the original images.The contrast
and features of the enhanced images are improved by using
Stahl’s algorithm. However, it can be seen that the noise
are enlarged. The low frequency components are ignored. It
is difficult to identify the fibroglandular and tissue nodes,
and the results cannot be applied in clinical application.
Although the algorithm based on wavelet transform and
morphology has made the original image become smoother
and made the noise of image decrease and enhanced the
mammograms contrast, but we can almost not distinguish
the details and tissue nodes. Hence, the processed images
do not play a significant role in practical clinic. The results
enhanced by the proposed algorithm are not only saving
good details but also the edges are preserved and enhanced.
Features and fibroglandular are enhanced, the tissue nodes
can be identified clearly in the apparent visual quality, and
the contrast of mammogram has been improved a lot.

In Tables 1 and 2, comparison of values of contrast and
contrast improvement index shows that the proposedmethod
outperforms the HE, AHE, the approach of nonlinear

Table 1: Measurement evaluation of contrast, CII, and SNR for
Figure 4.

Method Contrast CII SNR
Original image 0.0503 1.0000
HE 0.1607 2.5140 14.1344
AHE 0.0756 3.5981 4.0076
Nonlinear method based
on Laplace pyramid 0.1230 4.0467 6.9851

Wavelet method 0.1137 5.4673 18.1565
The proposed method 0.2677 14.5514 12.9723

Table 2: Measurement evaluation of contrast, CII, and SNR for
Figure 5.

Method Contrast CII SNR
Original image 0.1140 1.0000
HE 0.1232 1.5781 17.5618
AHE 0.0785 1.8958 4.5959
Nonlinear method based
on Laplace pyramid 0.1254 1.8594 7.9491

Wavelet method 0.1205 2.6146 20.6979
The proposed method 0.2141 7.0373 14.6316

multiscale processing based on Laplace pyramid, and the
method based on wavelet transform and morphology in
all the experimental images, which indicates better contrast
enhancement of images. Corresponding to SNR values, the
enhanced results of the wavelet method are the largest in
our experiments. SNR is closely related to the luminance of
image. The enhanced mammographic images of the wavelet
method are the brightest in visualization, but the results do
not play a significant role in the clinical application. We can
clearly identify that the proposed method can better enhance
image contrast and preserve the detailed information of the
image. Both visual quality and quantitative measurements
have shown that the proposed method is more suitable
for features and contrast enhancement of mammographic
images.

4. Conclusion

A method based on the Laplacian Gaussian pyramid trans-
form, mathematical morphology, and contrast limited adap-
tive histogram equalization is proposed for features and
contrast enhancement of mammographic images, which
employs the penalty terms to adjust the various aspects of
contrast enhancement.Thus, the proposed method enhances
the image contrast at the same time as it effectively restricts
the enlarged noise. The proposed method has been tested
on mammograms and compared with the existing popular
approaches of histogram equalization and adaptive his-
togram equalization, nonlinear multiscale processing based
on Laplace pyramid, and the method based on wavelet
transform and morphology. Furthermore, the experimental
results show that the proposed method seems more suitable
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formammographic images enhancement in both visual qual-
ity and qualitative measurements. Besides, the experimental
results yielded by the proposed method still have a little
unnatural in visualization. Therefore, the next step we will
improve the proposed method and test it using mammo-
graphic images from the standard Database Mammographic
Image Analysis Society (MIAS). For performance evaluation
of the proposed algorithm, SNR, contrast evaluation criterion
and contrast improvement index are adopted. The experi-
mental results and metric data tables show that the proposed
method seems to yield significantly the enhanced images.
Comparing with other tested methods, the results of the
proposed method are more suitable for clinic application.
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Mapping extraction is useful in medical image analysis. Similarity coefficient mapping (SCM) replaced signal response to time
course in tissue similarity mapping with signal response to TE changes in multiecho T2-star weighted magnetic resonance imaging
without contrast agent. Since different tissues are with different sensitivities to reference signals, a new algorithm is proposed by
adding a sensitivity index to SCM. It generates two mappings. One measures relative signal strength (SSM) and the other depicts
fluctuation magnitude (FMM). Meanwhile, the new method is adaptive to generate a proper reference signal by maximizing the
sum of contrast index (CI) from SSM and FMM without manual delineation. Based on four groups of images from multiecho
T2-star weighted magnetic resonance imaging, the capacity of SSM and FMM in enhancing image contrast and morphological
evaluation is validated. Average contrast improvement index (CII) of SSM is 1.57, 1.38, 1.34, and 1.41. Average CII of FMM is 2.42,
2.30, 2.24, and 2.35. Visual analysis of regions of interest demonstrates that SSM and FMM show better morphological structures
than original images, T2-star mapping and SCM. These extracted mappings can be further applied in information fusion, signal
investigation, and tissue segmentation.

1. Introduction

As a routine examination technique, magnetic resonance
imaging (MRI) has been extensively used in clinical diagno-
sis. Pixel intensities on conventional MR images are depen-
dent on a complex mix of proton density (PD), longitudinal
relaxation time (T1), and transverse relaxation time (T2) or
T2-star relaxation time based on the initial scan setting [1–
3]. Many types of MRI have been invented to reflect physical
and physiological properties, such as T2-star weighted MRI
and susceptibility weighted imaging (SWI) [4, 5]. Among
these techniques, T2-star weightedMRI has beenwidely used
to reveal functional and morphological characteristics by
taking advantage of differences in tissue properties [6–10].
As an essential modality, T2-star weighted MRI is capable
of producing a large number of medical images by selecting
optimal cross section and imaging parameters for specific

emphasis. How to dig out valuable messages from a series of
MR images is an important project for various applications.

Quantitative MRI (Q-MRI) is one way to extract tissue-
intrinsic information from a series of MR images [6–18].
Conventional MRI focuses on qualitative visual assessment
of anatomy and disease. It interprets anatomic changes when
there is visibly detectable difference in signal intensities, while
improper imaging and timings may dramatically distort
image quality and mislead the diagnosis. In contrast, Q-
MRI seeks to quantify fundamental biologic messages and
MR-inducible tissue properties. Quantitative measurements
are theoretically independent of experimental settings and
absolute and comparable regardless of scanners, institutions
and time points. Q-MRI provides information that is intrinsi-
cally more tissue specific and is consequently less dependent
on subjective visual assessment. It becomes mainstream in
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current clinical practice but has not yet been in routine use
in diagnosis.

Similarity mapping (SM) is another way to extract tis-
sues with similar behavior from a series of medical images
with injected contrast agent [19–22]. Similarity values based
on dynamic images are determined by measuring signal
correlations of the temporal behaviors between different
pixels and a selected region of interest (ROI). Reference
[19] adopted normalized cross-correlation to calculate signal
similarity, and [20] used an autoregressive moving average
model. Reference [21] extended these SM techniques to study
oncological dynamic positron emission tomography (PET)
images and disproved the effectiveness of cross-correlation
and normalized cross-correlation in PET studies. Reference
[22] proposed tissue similarity mapping (TSM) based on
mean square error (MSE) between a reference ROI and all
other pixels over measurements. TSM is able to estimate the
relative cerebral blood volume map dependent only on the
signal intensity time course and uncover potential existence
of multiple sclerosis. Although contrast agents are commonly
used drugs, there are still many open and serious questions
regarding toxicity and hypersensitivity [23, 24].

SCM is proposed [25] by replacing signal response to
time course in TSM with signal response to TE changes
in multiecho T2-star weighted MR without contrast agent.
SCM is able to improve image quality and morphological
evaluation. Since different tissues are with different sensitiv-
ities to reference signals, an improved algorithm is proposed
by adding signal sensitivity into the theory of SCM and
obtains twomappings. To exclude uncertainties frommanual
delineation, noise, artifacts, and partial volume effects, the
new method is adaptive to generate an optimal reference
signal by maximizing the sum of CI from SSM and FMM.

2. Method

2.1. Modified Similarity Coefficient Mapping. Signal intensi-
ties on MR images are dependent on a complex mix of PD,
T1, and T2-star based on initial parameter settings. As to
multiecho T2-star weighted MR imaging sequence, signal
intensities versus TE values are expressed as 𝐼

𝑖
= 𝑊 ×

exp(−TE/𝑇∗
2
), where𝑊 reflects a mix of PD, T1, and the gain

of system. Here we assume that a series of MR images are
acquired from n-echo T2-star weighted MRI sequence, and
let 𝐼 = {𝐼

1
, 𝐼

2
, . . . , 𝐼

𝑛
} be spatially registered with ascending

TE values. For any pixel (𝑖, 𝑗), there is a row vector of pixel
intensities 𝑉

𝑖𝑗
= {𝑉

𝑖𝑗1
, 𝑉

𝑖𝑗2
, . . . , 𝑉

𝑖𝑗𝑛
}. Then manually delineate

a ROI and average these pixel intensities in it as a reference
signal 𝑅 = {𝑅

1
, 𝑅

2
, . . . , 𝑅

𝑛
}. Pixel intensity of (𝑖, 𝑗) on TSM

[22] is generated by a MSE between 𝑉
𝑖𝑗
and 𝑅. When calcu-

lating relative cerebral blood volume map, TSM introduces
a local blood volume 𝜆. SCM interpreted 𝜆 as a similarity
index. It is known that rough measurement of relative signal
strength may omit to investigate signal differences to TE
changes, so we added a fluctuation index 𝜉 into MSE, and we
have MSE

𝑖𝑗
= (1/𝑛)∑

𝑛

𝑘=1
‖𝑉

𝑖𝑗𝑘
− 𝜆

𝑖𝑗
𝑅

𝑘
− 𝜉

𝑖𝑗
‖

2. To minimize
the value of MSE

𝑖𝑗
, let the partial derivative of the first order

with respect to 𝜆 and 𝜉 be equal to 0. Optimal 𝜆 and 𝜉 are

calculated in (1). All 𝜆
𝑖𝑗
and 𝜉
𝑖𝑗
make up the two mappings,

SSM and FMM

𝜆

𝑖𝑗
=

𝑉

𝑖𝑗
𝑅 − 𝑉

𝑖𝑗
𝑅

𝑅

2
− 𝑅

2
,

𝜉

𝑖𝑗
= 𝑉

𝑖𝑗
− 𝜆

𝑖𝑗
𝑅.

(1)

Operator “ ” denotes the calculation of average value.
It is clear that the meaning behind our algorithm is a linear
fitting problem from (1). Pixel intensities on SSM may range
from 0 to +∞. Maximum value in SSM depends on the
intensity level of signal from image series and the reference.
If one signal is similar to the reference, its value on SSM will
be around +1, and its value on FMM is close to 0.That means
that our method is more stable than SCMwith consideration
of fluctuations in signal comparison.

2.2. Contrast Measurement Index. How to measure image
contrast is often difficult, especially when these pixel inten-
sities between images and mappings show different mean-
ings. Contrast is usually defined as the difference in mean
luminance between an object and its surroundings [26, 27].
Commonly used CI is a nonreference index which is the
average value of the local contrast in image region. The local
contrast in each region is measured in a local window

CI =
𝑚

𝑓
− 𝑚

𝑏

𝑚

𝑓
+ 𝑚

𝑏

. (2)

In (2),𝑚
𝑓
is the mean luminance value of the foreground

and𝑚
𝑏
is equal to the mean luminance value of background.

In our experiments, the size of local window is 7×7. Based on
CI values, we adopt a quantitative measurement of contrast
improvement index (CII) [27] and CII = CImap/CIori. Here,
CImap denotes CI value of themapping andCIori is CI value of
an original image. CII demonstrates improvement of image
contrast in derived mappings compared to these original
images.

2.3. Optimal Reference Signal Determination. The reference
signal 𝑅 is critical in real applications, while manual delin-
eation may introduce errors and uncertainties. In addition,
partial volume effects, artifacts, and noise are inevitable
in MR images. Here we choose to automatically generate
reference signal 𝑅 with optimal weight 𝑊 and T2-star by
maximizing the sum of CI values from SSM and FMM.

Taking one series of MR images, for instance, Figure 1(a)
showsCI valuewith𝑊 varying from 1% to 100%ofmaximum
intensity in original images and T2-star is set as equal to
32ms. The CI values of SCM, SSM and FMM have no
variations with respect to the𝑊 value of reference signal. It
is easy to understand that changes of𝑊 have only influence
on the scale of similarity strength.With T2-star varying from
1ms to 120ms, value changes of CI are shown in Figure 1(b).
It is found that the sum of CI from SSM and FMM gets
the highest value when T2-star is about 48ms. In in vivo
cases, 𝑊 of reference signal is also set as 80% of maximum
intensity, and optimal T2-star is automatically determined by
maximizing sum of CI from SSM and FMM.
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Figure 1: Optimal parameters determination of reference signal.

2.4. Materials. The optimal number of echoes is determined
as 12 and its effect in image quality has beendiscussed [25]. All
MR imaging was done on a 3 Tesla Scanner system (Siemens)
with GRE sequence (FA: 15 degree; FOV: 220mm × 220mm;
acquisition matrix: 384 × 384; slice thickness: 3.0mm; TR:
200ms). TE values in our experiment range from 2.61ms
to 38.91ms with an equal interval of 3.3ms. Each of these
four normal healthy volunteers (aged 22, 23, 25, and 29) is
scanned four cross sections with slice gap of 0.9mm parallel
to each other for validating image quality. Totally 16 series
of MR images are acquired. With optimization procedure,
the optimal T2-star values of the 1st volunteer are 54ms,
56ms, 55ms, and 52ms; of the 2nd volunteer are 46ms,
47ms, 47ms, and 45ms; of the 3rd volunteer are 46ms,
47ms, 47ms, and 46ms; and of the 4th volunteer are 49ms,
48ms, 48ms, and 46ms. SCM, SSM and FMM are generated
corresponding to those optimal parameters for generating
reference signals.

3. Results

3.1. Objective Metrics. With optimal reference signal, CI
values of original images, TSM, SSM, and FMM are demon-
strated in Figure 2. Each subfigure showsmean value for these
four group images. Mean values of CI for original images are
stable and increase with ascending TE values. CI values of
TSM indexed by 13th drop and CI values of SSM indexed
by 14th and FMM indexed by 15th are obviously enhanced
to more than 0.50 and 0.85, respectively. Four datasets show
similar trend in CI value changes. When TE is 38.91ms, CI
value of original images from (b), (c), and (d) is up to 0.45,
and CI value of (a) is slightly higher than 0.4. CI values from
SCM drop lower than 0.3, those from SSM increase to be
upper than 0.5, and those from FMM highly are improved

to around 0.85. All mean values of CI are consistent with
very low standard deviation which indicates robustness of
acquired data and algorithm.

Quantitative improvement of CI is shown with CII in
Figure 3 by comparison with each original image. CII values
for SCM, SSM, and FMM are marked with different colors
(blue, green, and red, resp.). SCM scores lower than original
images. SSM values are higher than original images with
average improvement ratio around 57.10% (a), 38.10% (b),
33.92% (c), and 41.22% (d). CII values of FMM are dramat-
ically improved to 241.77% (a), 229.92% (b), 224.34% (c), and
234.86% (d).

3.2. Visual Analysis. SSM measures relative signal strength
and FMMpresents signal fluctuationmagnitude with respect
to the reference signal. Figures 4 and 5 demonstrate fine
structures in original images, T2-star mapping, SCM, SSM
and FMM. Three ROIs are in red, green and blue squares.
Subfigure (a) shows FMM, and subfigure (b) to (d) show these
three ROIs of 12 original images and these 4 mappings.

In Figures 4 and 5, the arrow-directed area becomesmore
and more obvious in original images when TE increases. T2-
star mapping magnifies noise effect and introduces outliers
and image contrast is suppressed. SCM is smoothed with
restricted noise level and image contrast is consequently
decreased. In SSM and FMM, veins are distinguished from
soft tissues with clear border. In Figure 4(d), pixel values in
veins in SSM are higher than those in surrounding soft tissues
which are useful for morphological evaluation, while pixel
values in FMM are darker which show lower sensitivity to
the reference signal. Whether higher or lower than tissues
around, veins in SSMand FMMget better tissue contrast than
viens in original images, T2-star mapping, and SCM.
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Figure 2: Mean values of CI for these four volunteers. There are original images (1–12), SCM (13), SSM (14), and FMM (15).
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Figure 3: Mean values of CII for these four volunteers. There are CII values by comparing CIs from SCM, SSM and FMM to CIs from these
12 original images.
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(a) (b)

(c) (d)

Figure 4: Visual analyses of original images and mappings from the 1st volunteer. (a) It shows three ROIs with different colors. ((b)–(d))
They demonstrate the same ROI from these 12 original images, SCM, SMM, and FMM one by one, respectively.

4. Discussion and Conclusion

Mapping extraction plays an important role inmedical analy-
sis and clinical diagnosis. Q-MRI exploits imaging sequences
to extract distribution mappings for absolute biophysical
parameters on a pixel-by-pixel basis. TSM in dynamic MRI
with contrast agent calculates MSE between any signal
temporal responses and a reference ROI temporal response.
SCM replaces the signal response to time course in TSM
with imaging parameter TE changes in multiecho T2-star
weighted MRI without contrast agent involved. Since differ-
ent tissues are with different sensitivities to reference signals
and imaging parameter changes, an improved algorithm is
proposed by adding a signal fluctuation index into the theory

of SCM and obtains twomappings. Meanwhile, the proposed
algorithm is adaptive to generate optimal reference signal by
maximizing the sum of contrast indexes from SSM and FMM
without manual interaction, since manual delineation of ROI
may result in errors and uncertainties.

Image contrast is evaluated from CI and CII. Higher
contrast of ROI is useful in distinguishing our focus from
its surroundings; even the ROIs are with minor structures,
such as veins. From objective analysis, under the same
imaging parameters, original images get better contrast at
38.91ms. SSM and FMM get higher contrast improvement.
The enhancement ratio of SSM is 57.10%, 51.39%, 33.92%,
and 41.22%, and the enhancement ratio of FMM is 141.77%,
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(a) (b)

(c) (d)

Figure 5: Visual analyses of original images and mappings from the 2nd volunteer. (a) It shows three ROIs with different colors. ((b)–(d))
They demonstrate the same ROI from these 12 original images, SCM, SMM and FMM one by one, respectively.

129.92%, 124.34%, and 134.86%. Visual analysis validates the
contrast improvement. In both Figures 4 and 5, contrast of
ROIs becomes more and more obvious in original images
when TE increases. T2-star mapping reduces image quality
for magnification of noisy outliers. SCM softens the minor
textures with suppressed noise level. SSM and FMM better
distinguish soft tissues from surrounding tissues than these
original images, T2-star mapping, and SCM.

CI is adopted in this paper to evaluate image quality
and search for proper reference signal. That is because CI is
a commonly used nonreference metrics, particularly when
derived mappings illustrate different meanings and different
pixel intensity ranges from conventional medical images.
In these clinical cases, SSM and FMM have demonstrated
better performance than T2-star mapping and SCM in
enhancing image contrast from quantitative evaluation and

visual analysis. Using similarity mapping techniques, image
quality is improved with suppressed noise. Partial volume
effect, intensity inhomogeneity and artifacts are prevalent
problems in MR images, but our method is not proper to
deal with these problems. Meanwhile, by experiments, we
found there was no need to denoise original images, and
also there was no need to correct bias field. In addition, our
method can be straightly applied to other MRI sequences
with one imaging parameter change, such as T1 weighted
and T2 weighted MRI, or extended to other temporal image
sequences acquired from functional MRI, CT, and PET.

In vivo experiments validate the capacity of SSM and
FMM from the proposed algorithm in enhancing image
contrast andmorphological evaluation.These extractedmap-
pings can be further applied in information fusion, signal
investigation, tissue segmentation, and medical analysis.
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Aswe all know, any practical computed tomography (CT) projection datamore or less contains noises.Hence, it will be inconvenient
for the postprocessing of a reconstructed 3D image even when the noise in the projection data is white. The reason is that the
noise in the reconstructed image may be nonwhite. X-ray transform can be applied to the three dimensional (3D) CT, depicting
the relationship between material density and ray projection. In this paper, nontensor product relationship between the two
dimensional (2D) mother wavelet and 3D mother wavelet is obtained by taking X-ray transform projection of 3D mother wavelet.
We proved that the projection of the 3Dmother wavelet is a 2Dmother wavelet if the 3Dmother wavelet satisfies certain conditions.
So, the 3D wavelet transform of a 3D image can be implemented by the 2D wavelet transform of its X-ray transform projection and
it will contribute to the reduction complexity and computation time during image processing. What is more, it can also avoid noise
transfer and amplification during the processing of CT image reconstruction.

1. Introduction

Wavelet analysis is developed as a new method for time-
frequency analysis in the 1980s. Because it can perform well
both on time and frequency domain, we can overcome the
disadvantage that cannot be localized on time domain in
classical Fourier analysis. Thus, it will be difficult for us to
do some practical analyses with Fourier analysis, such as
analysis of upheaval signal, determination of trouble point
(catastrophe point) timely, and localization of the image edge
defects accurately.Wavelet analysis has been a discipline with
wide applications since its advent, and significant achieve-
ments have been achieved in some of the applications in
image compression, edge detection, image denoising, image
fusion, nondestructive testing, watermark, finance, military
industry, geophysical prospecting, and so forth [1–12]. In
recent years, scholars have begun to apply wavelet analysis
to image reconstruction from projection data and image
processing in Industry Computerized Tomography (ICT)
[13–15].

Under the basic theory of image processing, if we want
to get some features such as image edge or texture feature,
certain transformation of the original image is needed for
further process in the transform domain to get the desired
characterization. We can also understand the process in the
sense of filtering; that is, certain filter can be utilized to
get image features. While the fact is that the design and
implementation of high dimensional filter are difficult and
time consuming.

Two-dimensional Radon transform (different angles of
line integral) can well reflect the relationship between
scanned object density and ray projection in two-dimen-
sional CT. For that reason, nontensor product relationship
between 2D mother wavelet function and 1D mother wavelet
function from the Radon projection of 2D mother wavelet
function is given by Li Zeng, and others. And they indicate
that Radon projection is 1D mother wavelet function, while
the 2D mother function satisfies some conditions. Thus, the
2D wavelet transform of 2D function can be derived from the
1D wavelet transform of 1D projection. This is easy to solve
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the 1D problem derived from the original 2D problem, which
has been concretely applied in ICT [7, 13, 16, 17]. Generally,
the actual projection data fromCT contain noisemore or less,
and the noise property of the reconstructed image is nonwhite
even if the noise is white [17–20]; then it will be inconvenient
for further process of CT image. While the problem could
be easier if we process the projection data instead of CT
image directly. By this way, computation cost can be greatly
reduced and some image processing problems such as feature
extraction from CT image are effectively solved.

3Dwavelet transforms have beenwidely used in 3D image
compression, edge extraction, noise reduction, and so forth.
Compared to the three-dimensional Radon transform (differ-
ent angles of plane integral), X-ray transform can reflectmore
realistic relationship between scanning object density and
ray projection in three-dimensional CT. In previous papers,
we discussed the problem of inverse transformation; namely,
the X-ray inverse transformation of 2D mother wavelet is
3D mother wavelet function under certain conditions. So,
the 3D mother wavelet is structured by the back projection
of 2D mother wavelet functions [21, 22]. In this paper,
discussing the problem of normal transformation (the X-ray
transformation of 3D mother wavelet is 2D mother wavelet
function that satisfy certain conditions) and realizing 3D
wavelet transformation through 2Dwavelet of the multiangle
projection. In the experiments, the projection methods avoid
the noise migration and save calculation time in the edge
extraction.

2. The 𝑁-Dimension Wavelet and
Wavelet Transform

Suppose 𝜓(x) ∈ 𝐿

2
(𝑅

𝑛
) is a complex-value function (𝑛 is a

positive integer); then 𝜓(x) is referred to as mother wavelet
function (or wavelet base function) [21, 22] if the following
admissibility condition is satisfied:

∫

𝑅
𝑛









̂
𝜓 (w)









2

|w|

𝑛
𝑑w = 𝐶

𝜓
< +∞,

(1)

where ̂
𝜓(w) is the Fourier transform of 𝜓(w). Assuming

𝜓(x) ∈ 𝐿

1
(𝑅

𝑛
), then ̂

𝜓(w) is continuous, and ̂
𝜓(w) = 0

according to admissibility condition (1). Consider

̂
𝜓 (0) = ∫

𝑅
𝑛

𝜓 (w) 𝑑w = 0. (2)

Then 𝜓(x) is 1D mother wavelet function when 𝑛 = 1,
𝜓(x) is 2D mother wavelet function when 𝑛 = 2, and 𝜓(x)
is 3D mother wavelet function when 𝑛 = 3; we denote
them by𝜓(𝑥),𝜓(𝑥, 𝑦), and𝜓(𝑥, 𝑦, 𝑧), respectively.Then𝜓(w)

formed a wavelet family functions by scaling and translation
as follows:

𝜓

𝑎,b (x) = 𝑎

−𝑛/2
𝜓(

x-b
𝑎

) , (3)

where 𝑎 > 0 is the scaling factor, b ∈ 𝑅

𝑛 is the translation
parameter. 𝑓(x) ∈ 𝐿

2
(𝑅

𝑛
) is an arbitrary function, and

the continuous wavelet transform of 𝑓(x) is defined as
follows:

𝑊

𝑓 (
𝑎, b) =

1

√
𝐶

𝜓

∫

𝑅
𝑛

𝑓 (x) 𝜓

𝑎,b (x) 𝑑x, (4)

where 𝜓

𝑎,b(x) is the conjugate function of 𝜓

𝑎,b(x). Wavelet
transform is reversible, and its inversion formula is

𝑓 (x) =

1

√
𝐶

𝜓

∫

+∞

0

∫

𝑅
𝑛

𝑊

𝑓 (
𝑎, b) 𝜓

𝑎,b (x) 𝑑𝑎 𝑑b
𝑎

𝑛+1
. (5)

The 3D wavelet transform of 3D function 𝑓(𝑥, 𝑦, 𝑧) is abbre-
viated as

𝑊𝑓(x) = 𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗ ∗ 𝜓 (𝑥, 𝑦, 𝑧) , (6)

where ∗ ∗ ∗ is 3D convolution.

3. X-Ray Transform Projection of
3D Mother Wavelet Function

To simplify our discussion, we introduce the following con-
tents, considering theX-ray transformprojection of𝑓(x) (x =

(𝑥, 𝑦, 𝑧) ∈ 𝑅

3). The fixed system of rectangular coordinate
(𝑥, 𝑦, 𝑧) is established with the center of 𝑓(𝑥, 𝑦, 𝑧) used as
the origin. And we establish a rotating coordinate (𝑢, 𝑤, V)
by rotating the coordinate system (𝑥, 𝑦, 𝑧) around the 𝑧-axis
anticlockwise, as shown in Figure 1. Let u, w, and k be unit
vectors paralleling to 𝑢, 𝑤, and V axes respectively, so the
following relationship is set up when the rotation angle is 𝜃:

u = (cos (𝜃) , sin (𝜃) , 0) ,

w = (− sin (𝜃) , cos (𝜃) , 0) ,

v = (0, 0, 1) .

(7)

Considering the X-ray transform projection of 3D function
𝑓(𝑥, 𝑦, 𝑧) along 𝑤-axis, then the direction of projection is
uniquely determined by 𝜃. For simplicity and convenience,
the direction of projection will be referred to as direction
𝜃 in the following content. The X-ray transform projection
𝑃

𝜃
𝑓(𝑢, V) of 3D function 𝑓(𝑥, 𝑦, 𝑧) along direction 𝜃 is

defined as [23, 24]

𝑃

𝜃
𝑓 (𝑢, V) = ∫

𝑅
𝑛

𝑓 (x) 𝛿 (x ⋅ x − 𝑢) 𝛿 (x ⋅ v − V) 𝑑x

= ∫

𝑅

𝑓 (𝑢u + Vv + 𝑡w) 𝑑𝑡,

(8)

where ⋅ is inner product in 𝑅

3.
In 3DCT, the X-ray transform projection can be obtained

through collecting the projection data of X-ray scan object.
Generally, the X-ray transform projection can be obtained
through calculating the integral of 3D image when some
image processing tasks are implemented.

Lemma 1 (3D Fourier Slice Theorem [25]).

𝐹

2
𝑃

𝜃
𝑓 (𝜔

𝑢
, 𝜔V) = 𝐹

3
𝑓 (𝜔

𝑢
u + 𝜔Vv) , (9)

where 𝐹

𝑖
(𝑖 = 1, 2, 3) denote 𝑖 dimension Fourier transform.
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Figure 1: X-ray transform projection.

The Fourier slice theorem in 3D can be interpreted as
follows. The 2D Fourier transform of the X-ray transform
projection of 𝑓(x) along the direction 𝜃 is equal to the slice
plane through the origin of the 3D Fourier transform and
with its normal direction parallel to 𝜃 (as shown in Figure 1).
It plays an important role in connecting the X-ray transform
projection of 𝑓(x) and its Fourier transform. When the case
is in 2D, X-ray transform is Radon transform, and readers
can find more details about Radon transform in the pieces
of literature [26–28].

Lemma 2. Fourier transform is a one-to-one mapping on
𝐿

2
(𝑅) [25]. This lemma could be generalized to high dimen-

sional situations, and the following formula is established for
arbitrary 𝑓(x) ∈ 𝐿

2
(𝑅

𝑛
):

(∫

𝑅
𝑛









𝑓 (x)


2
𝑑x)
1/2

= (

1

2𝜋

)

𝑛/2

(∫

𝑅
𝑛











̂

𝑓 (w)











2

𝑑w)

1/2

.
(10)

4. The Relationship 3D Wavelet and
2D Wavelet

The section is the core content of this paper. The X-ray
transformation of 3D mother wavelet is 2D mother wavelet
function that satisfy certain conditions, and 3Dwavelet trans-
formation is realized by 2D wavelet of the multiangle projec-
tion.

Theorem 3. If 𝜓(𝑥, 𝑦, 𝑧) ∈ 𝐿

2
(𝑅

3
), with its Fourier transform

̂
𝜓(𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
), then 𝑃

𝜃
𝜓(𝑢, V) ∈ 𝐿

2
(𝑅

2
) if the following condi-

tion is satisfied:

max
𝜃,
|
𝜔
𝑢|
≤1

∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
𝑑𝜔V = 𝑘 < +∞, (11)

where 𝑃

𝜃
𝜓(𝑢, V) is the X-ray transform of 𝜓(𝑥, 𝑦, 𝑧) along

direction 𝜃, its Fourier transform is 𝐹

2
𝑃

𝜃
𝜓(𝜔

𝑢
, 𝜔V), and 𝑘 is a

certain constant.

Proof. Since 𝜓(𝑥, 𝑦, 𝑧) ∈ 𝐿

2
(𝑅

3
), according to Lemma 2, we

obtain

∭

+∞

−∞











̂
𝜓 (𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
)











2

𝑑𝜔

𝑥
𝑑𝜔

𝑦
𝑑𝜔

𝑧
< +∞. (12)

Implement the transform of cylindrical coordinate

𝜔

𝑥
= 𝜔

𝑢
cos 𝜃,

𝜔

𝑦
= 𝜔

𝑢
sin 𝜃, (0 ≤ 𝜃 ≤ 2𝜋)

𝜔

𝑧
= 𝜔V.

(13)

Then we could obtain

∫

2𝜋

0

∫

+∞

−∞

∫

+∞

−∞









̂
𝜓 (𝜔

𝑢
u + 𝜔Vv)









2 






𝜔

𝑢









𝑑𝜔

𝑢
𝑑𝜔V 𝑑𝜃 < +∞,

(14)

with |
̂
𝜓(𝜔

𝑢
u + 𝜔Vv)|2|𝜔𝑢| ≥ 0. Then by utilizing Lemma 1, we

obtain

∬

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2 






𝜔

𝑢









𝑑𝜔

𝑢
𝑑𝜔V < +∞; (15)

then

∬

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
𝑑𝜔

𝑢
𝑑𝜔V

≤ ∫

+1

−1

𝑑𝜔

𝑢
∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
𝑑𝜔V

+ ∫

−1

−∞

𝑑𝜔

𝑢
∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2 






𝜔

𝑢









𝑑𝜔V

+ ∫

+∞

1

𝑑𝜔

𝑢
∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2 






𝜔

𝑢









𝑑𝜔V,

(16)

while

∫

1

−1

𝑑𝜔

𝑢
∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
𝑑𝜔V ≤ 2𝑘 < +∞, (17)

Hence,

∬

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
𝑑𝜔

𝑢
𝑑𝜔V < +∞. (18)

Consequently, we obtain 𝑃

𝜃
𝜓(𝑢, V) ∈ 𝐿

2
(𝑅

2
) by again

referring to Lemma 2.

Theorem 4. Suppose that the X-ray transform of 3D mother
wavelet function 𝜓(𝑥, 𝑦, 𝑧) along direction 𝜃 is 𝑃

𝜃
𝜓(𝑢, V);

then 𝑃

𝜃
𝜓(𝑢, V) is 2D mother wavelet function if the following

conditions are satisfied.

(1) The Fourier transform 𝐹

2
𝑃

𝜃
𝜓(𝜔

𝑢
, 𝜔V) of 𝑃𝜃𝜓(𝑢, V) sat-

isfies the admissibility condition

∬

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓 (𝜔

𝑢
, 𝜔V)









2
(𝜔

2

𝑢
+ 𝜔

2

V)
−1

𝑑𝜔

𝑢
𝑑𝜔V < +∞. (19)

(2) max
𝜃,|𝜔
𝑢
|≤1

|𝐹

2
𝑃

𝜃
𝜓(𝜔

𝑢
, 𝜔V)|
2
𝑑𝜔V = 𝑘 < +∞ (𝑘 is a

certain constant).

Proof. 𝜓(𝑥, 𝑦, 𝑧) is 3D mother wavelet as aforementioned;
then 𝜓(𝑥, 𝑦, 𝑧) ∈ 𝐿

2
(𝑅

3
). Then 𝑃

𝜃
𝜓(𝑢, V) ∈ 𝐿

2
(𝑅

2
) according

toTheorem 3. Because 𝑃

𝜃
𝜓(𝑢, V) satisfies admissibility condi-

tion, 𝑃
𝜃
𝜓(𝑢, V) is a 2D mother wavelet function.



4 Computational and Mathematical Methods in Medicine

Mother wavelet function has localization properties on
time-frequency domain, so the condition of Theorem 4 is
satisfied easily.

Example 5. Take the first derivative of 3D Gaussian function

𝑔 (𝑥, 𝑦, 𝑧) = exp(−

(𝑥

2
+ 𝑦

2
+ 𝑧

2
)

2

) , (20)

and it is 3D mother wavelet function.
(1) Let 𝜓

1
(𝑥, 𝑦, 𝑧) = 𝜕𝑔(𝑥, 𝑦, 𝑧)/𝜕𝑥 = −𝑥 exp−(𝑥

2
+ 𝑦

2
+

𝑧

2
)/2); then

̂
𝜓

1
(𝜔

𝑢
u + 𝜔Vv) = 𝑗𝜔

𝑢
exp(−

(𝜔

2

𝑢
+ 𝜔

2

V)

2

) cos 𝜆,

(0 ≤ 𝜃 < 2𝜋) ;

(21)

hence

𝐹

2
𝑃

𝜃
𝜓

1
(𝜔

𝑢
, 𝜔V) = 𝑗𝜔

𝑢
exp(−

(𝜔

2

𝑢
+ 𝜔

2

V)

2

) cos 𝜃. (22)

Next, we will verify that 𝑃
𝜃
𝜓

1
(𝑢, V) satisfies the conditions of

Theorem 4.
Firstly,

∬

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓

1
(𝜔

𝑢
, 𝜔V)









2
(𝜔

2

𝑢
+ 𝜔

2

V)
−1

𝑑𝜔

𝑢
𝑑𝜔V

= ∬

+∞

−∞

𝜔

2

𝑢
exp(−

(𝜔

2

𝑢
+ 𝜔

2

V)

2

) (cos 𝜃)2

× (𝜔

2

𝑢
+ 𝜔

2

V)
−1

𝑑𝜔

𝑢
𝑑𝜔V

=

1

2

𝜋

3

2 cos2𝜃 < +∞;

(23)

that is, 𝑃
𝜃
𝜓

1
(𝑢, V) satisfies admissibility conditions.

Secondly, for ∀𝜃 ∈ [0, 2𝜋) and 𝑤

𝑢
∈ [−1, 1],

∫

+∞

−∞









𝐹

2
𝑃

𝜃
𝜓

1
(𝜔

𝑢
, 𝜔V)









2
𝑑𝜔V

= ∫

+∞

−∞

𝜔

2

𝑢
exp(−

(𝜔

2

𝑢
+ 𝜔

2

V)

2

) (cos 𝜃)2𝑑𝜔V

=

√𝜋

2

𝑤

2

𝑢
𝑒

−𝑤
2

𝑢

(cos 𝜃)2 ≤
√𝜋

2

= 𝑘 < +∞.

(24)

So, 𝑃
𝜃
𝜓

1
(𝑢, V) satisfies the conditions of Theorem 4.

Take 2DFourier inverse transformof𝐹
2
𝑃

𝜃
𝜓

1
(𝑢, V); we can

obtain

𝑃

1

𝜃
𝜓 (𝑢, V) =

𝜕𝑔

1 (
𝑢, V)

𝜕𝑢 cos 𝜃
= −𝑢 exp(−

(𝑢

2
+ V2)

2

) cos 𝜃,

(0 ≤ 𝜃 < 2𝜋) ,

(25)

where 𝑔

1
(𝑢, V) = exp(−(𝑢

2
+ V2)/2) is 2D Gaussian function.

Thus, the X-ray transform projection of 𝜓
1
(𝑥, 𝑦, 𝑧) is

𝑃

1

𝜃
𝜓 (𝑢, V) = −𝑢 exp(−

(𝑢

2
+ V2)

2

) cos 𝜃, (0 ≤ 𝜃 < 2𝜋) ,

(26)

which is 2D mother wavelet function.
(2) Similarly, let

𝜓

2
(𝑥, 𝑦, 𝑧) =

𝜕𝑔 (𝑥, 𝑦, 𝑧)

𝜕𝑦

= −𝑦 exp(−

(𝑥

2
+ 𝑦

2
+ 𝑧

2
)

2

) .

(27)

The X-ray transform projection of 𝜓
2
(𝑥, 𝑦, 𝑧) is

𝑃

2

𝜃
𝜓 (𝑢, V) = −𝑢 exp(−

(𝑢

2
+ V2)

2

) sin 𝜃, (0 ≤ 𝜃 < 2𝜋) ,

(28)

which is 2D mother wavelet function where 𝜓

1
(𝑥, 𝑦, 𝑧)

and 𝜓

2
(𝑥, 𝑦, 𝑧) are the first derivatives of smooth Gaussian

function 𝑔(𝑥, 𝑦, 𝑧) respectively.

While the module of wavelet transform of the image
can obtain maximal value, which could be used for three-
dimensional edge detection (𝜓

1
(𝑥, 𝑦, 𝑧) and 𝜓

2
(𝑥, 𝑦, 𝑧) are

mother wavelet functions). What’s more, its X-ray transform
projections are also mother wavelet functions and the first
derivative of 2D smooth functions (including direction fac-
tor), which can be used to detect the catastrophe point of a 2D
signal (especially for the grayscale catastrophe point with the
singularity direction, such as the edge point of an image).The
proof of the X-ray transformation of 3DMexican-hat wavelet
is parallel to a 2D mother wavelet function.

For compact support 3D mother wavelet, Theorem 6 can
be utilized to replace Theorem 3.

Theorem 6. If 𝜓(𝑥, 𝑦, 𝑧) ∈ 𝐿

2
(𝑅

3
) is compactly supported,

that is

𝜓 (𝑥, 𝑦, 𝑧) = 0, (𝑥

2
+ 𝑦

2
+ 𝑧

2
> 𝑟

2
) , (29)

and 𝑃

𝜃
𝜓(𝑢, V) is the X-ray transform projection of 𝜓(𝑥, 𝑦, 𝑧),

then 𝑃

𝜃
𝜓(𝑢, V) ∈ 𝐿

2
(𝑅

2
).

Proof. Since

∫

+∞

−∞

[𝑃

𝜃
𝜓 (𝑢, V)]2𝑑𝑢 𝑑V

= ∬

+∞

−∞

[∫

+∞

−∞

𝜓 (𝑢u + Vv + 𝑡w) 𝑑𝑡]

2

𝑑𝑢 𝑑V

= ∬

+∞

−∞

[∫

+𝑟

−𝑟

𝜓 (𝑢u + Vv + 𝑡w) 𝑑𝑡]

2

𝑑𝑢 𝑑V,

(30)
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according to the Cauchy-Schwarz inequality [29], we have

∬

+∞

−∞

[∫

+𝑟

−𝑟

𝜓 (𝑢u + Vv + 𝑡w) 𝑑𝑡]

2

𝑑𝑢 𝑑V

≤ 2𝑟∬

+∞

−∞

∫

+𝑟

−𝑟

[𝜓 (𝑢u + Vv + 𝑡w)]

2
𝑑𝑡 𝑑𝑢 𝑑V

= 2𝑟∭

+∞

−∞

[𝜓 (𝑢u + Vv + 𝑡w)]

2
𝑑𝑡 𝑑𝑢 𝑑V

= 2𝑟∭

+∞

−∞

[𝜓 (𝑥, 𝑦, 𝑧)]

2
𝑑𝑥 𝑑𝑦𝑑𝑧 < +∞.

(31)

Consequently, 𝑃
𝜃
𝜓(𝑢, V) ∈ 𝐿

2
(𝑅

2
) is supported.

5. 2D Realization of 3D Wavelet Transform

The method of realizing 3D wavelet transformation through
the 2D wavelet transformation of the multi-angle X-ray
transformation projections is presented in this section. 3D
wavelet transforms have wide applications in 3D image
processing such as image compression, edge extraction,
denoising, and so forth. While the design and realization of
high dimensional filters are difficult and time consuming. For
CT images, noise is included in actual projection data, and
the postprocessing for CT images will be difficult because the
noise of the reconstructed image maybe nonwhite even if the
noise is white. The problem will be easily overcome if the
projection of 2D replaces the process of 3D image, and the
time consumtion will be saved a lot. Then we derive the 2D
realization formula of 3D wavelet transform as follows.

Suppose 𝑓(𝑥, 𝑦, 𝑧) and ℎ(𝑥, 𝑦, 𝑧) are 3D functions. Let
𝑠(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦, 𝑧) ∗ ∗ ∗ ℎ(𝑥, 𝑦, 𝑧); their X-ray trans-
form projections along direction 𝜃 (0 ≤ 𝜃 < 2𝜋) are
denoted by 𝑃

𝜃
𝑓(𝑢, V), 𝑃

𝜃
ℎ(𝑢, V), and 𝑃

𝜃
𝑠(𝑢, V), respectively,

and their 3DFourier transforms are denoted by𝐹(𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
),

𝐻(𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
), and 𝑆(𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
), respectively.

On the one hand, according the Fourier slice theorem of
Lemma 1 and the properties of Fourier transform, the X-ray
transform of these two functions convolution along direction
𝜃 could be expressed as

𝑃

𝜃
(𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗ ∗ ℎ (𝑥, 𝑦, 𝑧))

= 𝐹

−1

2
(𝑆 (𝜔

𝑢
u + 𝜔Vv))

= 𝐹

−1

2
(𝐹 (𝜔

𝑢
u + 𝜔Vv) 𝐻 (𝜔

𝑢
u + 𝜔Vv)) .

(32)

On the other hand, the convolution of X-ray transforms of
these two functions along direction 𝜃 could be expressed as

𝑃

𝜃
𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗𝑃

𝜃
ℎ (𝑥, 𝑦, 𝑧)

= 𝐹

−1

2
(𝐹

2
(𝑃

𝜃
𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗𝑃

𝜃
ℎ (𝑥, 𝑦, 𝑧)))

= 𝐹

−1

2
(𝐹

2
(𝑃

𝜃
𝑓 (𝑥, 𝑦, 𝑧)) 𝐹

2
(𝑃

𝜃
ℎ (𝑥, 𝑦, 𝑧)))

= 𝐹

−1

2
(𝐹 (𝜔

𝑢
u + 𝜔Vv)𝐻 (𝜔

𝑢
u + 𝜔Vv)) ,

(33)

where 𝐹

−1

2
is 2D inverse Fourier transform. Combined with

formulas (32) and (33), we obtain

𝑃

𝜃
(𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗ ∗ ℎ (𝑥, 𝑦, 𝑧))

= 𝑃

𝜃
𝑓 (𝑥, 𝑦, 𝑧) ∗ ∗𝑃

𝜃
ℎ (𝑥, 𝑦, 𝑧) .

(34)

That is, the X-ray transform of the convolution of two 3D
functions is equal to the convolution of the X-ray transform
of two functions, whose property is called the distributive
convolution of X-ray transform, where ∗ ∗ ∗ and ∗∗ are
expressed as the convolution of 𝑅3 and 𝑅

2, respectively.
When𝜓(𝑥, 𝑦, 𝑧) satisfies the condition ofTheorems 3 and

4, X-ray transformprojection𝑃

𝜃
𝜓(𝑢, V) along direction 𝜃 (0 ≤

𝜃 < 2𝜋) is 2D mother wavelet function. According to the
property of the distributive convolution of X-ray transform,
the X-ray transformprojection of 3Dwavelet transform of 3D
function 𝑓(𝑥, 𝑦, 𝑧) (𝑊𝑓(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦, 𝑧) ∗ ∗ ∗ 𝜓(𝑥, 𝑦, 𝑧))
along direction 𝜃 (0 ≤ 𝜃 < 2𝜋) is expressed as

𝑃

𝜃
𝑊𝑓(𝑢, V) = 𝑃

𝜃
𝑓 (𝑢, V) ∗ ∗𝑃

𝜃
𝜓 (𝑢, V) . (35)

In fact, it can be interpreted as the 2Dwavelet transform of X-
ray transform projection 𝑃

𝜃
𝑓(𝑢, V) of 3D function 𝑓(𝑥, 𝑦, 𝑧).

Then 3D wavelet transform will be available by taking the X-
ray inverse transform of 𝑃

𝜃
𝑊𝑓(𝑢, V) (0 ≤ 𝜃 < 2𝜋).

6. Experiments and Discussion

For practical validation, a series of experiments was per-
formed on various images including the sequence of 75 wheel
hub’s CT slices [30] (one slice of them is shown in a following
paper) and sequence of 128 Shepp Logan’s CT slices. 3D
wavelet transformation method extracted the edge of 3D
CT volume data directly, while their X-ray transformation
projections were used to extract the edge of 2D slice. In
contrast, we used Mallat’s wavelet method extract edges. We
show the 3D mapping of wheel hub and Shepp Logan in
Figure 2. Mallat’s wavelet method, 2D X-ray transformation
projection method, and 3D wavelet method are used to
extract the edges, with results shown in Figures 3 and 4.
From the edge pictures on visual inspection, the experimental
results are close to 3D wavelet method and 2D wavelet
method (Mallat’s wavelet method, 2D wavelet projection
method), but 3D wavelet method costs more computation
time than 2D wavelet method.

The computational complexity of 3D wavelet method is
𝑂(𝑆 × 𝑁

2
× 𝑀

3
), however; the complexity of 2D X-ray

transformation projection method is 𝑂(𝑁

2
× 𝑀 × (𝑀 + 1)),

where 𝑆 represents the number of CT slices, 𝑁 is the size of
the image, and𝑀 is the size of the wavelet; 𝑀 is smaller than
𝑁. The computational cost of the edge detection methods is
shown in Table 1. The data in Table 1 shows that 3D wavelet
method costs somewhatmore computation time thanMallat’s
method and 2D X-ray transformation projection method.
This paper compares the efficiency of three algorithms. It can
be concluded from the following result that the algorithm’s
efficiency increases greatly.

In short, comparing the method of 3D wavelet transform
with 2D wavelet; retaining the similar detail information
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Table 1: The computational cost of the three methods (wheel hub).

Method 3D wavelet Mallat’s wavelet 2D X-ray transformation projection
Computational cost (s) 1.64 0.43 0.74
Note: computational cost is measured in seconds for processing a 452 × 452 image. Every data in the table above is the average of all slice experiments.

(a) Shepp Logan’s 3D image (b) Wheel hub’s 3D image

Figure 2: 3D Shepp Logan and wheel hub images.

(a) Original picture (b) Edge by 3D wavelet

(c) Edge by 2D Mallat’s method (d) Edge by 2D wavelet projection method

Figure 3: One of 75 wheel hub’s CT slices and its edge picture.
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(a) Original picture (b) Edge by 3D wavelet

(c) Edge by 2D Mallat’s method (d) Edge by 2D wavelet projection method

Figure 4: One of 128 Shepp Logan’s CT slices and its edge picture.

of binary edges. The computational cost of 2D wavelet is
shorter compared to the projection method, 2D Mallat’s
wavelet method consumed computation time is shorter,
but the result of extracted edge is affected by the value
of threshold (the extracted edge is rough under the low
threshold, on the contrary, the edge fractured easily). But
the 2D projection wavelet extracted edge is more finer and
continuous.

And we discuss the CT projection data and the CT image,
respectively, extracted the edge of SheppLogan’s data (contain
gauss noise with mean zero and variance 0.1) as shown in
Figure 5. Figure 5(a) is the reconstructed picture; Figure 5(b)
is directly extracted edge of the reconstructed picture, and
Figure 5(c) is extracted edge of the projection data. The
experimental result demonstrates that the method of 2D
projection wavelet extracted edge has better results.

From these pictures, it can be concluded from Figure 5
that 3D wavelet transform of the reconstructed image can
be converted to 2D wavelet transform of its projection data,
which would avoid the transfer and amplification of the noise
during the reconstruction procedure.

7. Conclusion

In this paper, the nonetensor relationship between 3Dmother
wavelet function and 2D mother wavelet function is derived
from the X-ray transform projection of a 3D mother wavelet
function, and X-ray transform projection is 2D mother
wavelet function when 3D mother wavelet function satisfies
certain conditions. Consequently, 3D wavelet transform of
3D image can be realized by the 2D wavelet transform of
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(a) (b)

(c)

Figure 5: Shepp Logan’s reconstructed image and its edge picture.

X-ray transform projection.The conclusion in this paper can
be widely applied to 3D wavelet transform (such as 3D image
noise reduction by filtering, edge feature extracting, etc.).
Themethod can also be applied to computerized tomography
(CT), and the process towards 3D wavelet transform of the
reconstructed image can be converted to the other process
towards 2D wavelet transform of its projection data, which
will avoid the transfer and amplification of the noise during
the reconstruction procedure. And our major research work
will focus on the applications of the algorithm inCT industry.
What is more, 3D wavelet transform (and its mother wavelet)
and 2D wavelet transform (and its mother wavelet) are
linked by nontensor product, which is also significant in
theory.
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Excessive imaging dose from repeated scans and poor image quality mainly due to scatter contamination are the two bottlenecks
of cone-beam CT (CBCT) imaging. Compressed sensing (CS) reconstruction algorithms show promises in recovering faithful
signals from low-dose projection data but do not serve well the needs of accurate CBCT imaging if effective scatter correction
is not in place. Scatter can be accurately measured and removed using measurement-based methods. However, these approaches
are considered unpractical in the conventional FDK reconstruction, due to the inevitable primary loss for scatter measurement.
We combine measurement-based scatter correction and CS-based iterative reconstruction to generate scatter-free images from
low-dose projections. We distribute blocked areas on the detector where primary signals are considered redundant in a full scan.
Scatter distribution is estimated by interpolating/extrapolating measured scatter samples inside blocked areas. CS-based iterative
reconstruction is finally carried out on the undersampled data to obtain scatter-free and low-dose CBCT images. With only 25% of
conventional full-scan dose, our method reduces the average CT number error from 250HU to 24HU and increases the contrast
by a factor of 2.1 on Catphan 600 phantom. On an anthropomorphic head phantom, the average CT number error is reduced from
224HU to 10HU in the central uniform area.

1. Introduction

Onboard cone-beamCT (CBCT) is being increasingly imple-
mented on radiation therapy machines for accurate patient
positioning and tumor targeting in image-guided radiation
therapy (IGRT). The use of CBCT increases patient setup
accuracy and also opens possibilities of CBCT-based accurate
tumor delineation and therapeutic dose calculation. Never-
theless, the wide application of CBCT in IGRT is limited by
excessive imaging dose and poor image quality.

The repeated CBCT scans during the treatment pro-
cedure produce high dose to healthy organs. It has been
reported that the dose delivered from a CBCT system could
be as high as 5∼10 cGy per scan and 100∼300 cGy per
treatment course [1–6]. Although radiotherapy patients are
being exposed to higher radiation doses for cancer treatment,
the additional CBCT dose leads to skin burns cataracts,
and increased risks of radiation-induced cancer or genetic
defects [1]. Moreover, the CBCT dose is particularly risky for

radiation-sensitive groups [5]. For example, CBCT-guided
radiation therapy is essentially prohibitive for pediatric
patients, resulting in suboptimal treatment outcomes. Patient
dose can be lowered by optimizing both hardware and
software designs of the CT systems. Existing approaches
include optimization of data acquisition protocols (e.g., auto-
matic exposure control), improvement of detector quantum
efficiency, region-of-interest (ROI) reconstruction [7] from
reduced projections, and noise suppression with degraded
spatial resolution. However, after continuous development of
CT systems for decades, further dose reduction from these
techniques is limited or costly. Decreasing the total number
of incident photons of each projection ray (i.e., mAs) and
reducing the number of X-ray projections also lower the
patient dose but with degraded image qualities in the conven-
tional filtered back projection (FBP) reconstruction [8]. The
recent advances in compressed sensing (CS) enable accurate
CT image recovery from undersampled data [9]. Compared
to the analytical algorithms, total variation- (TV-) based CS
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methods [10, 11] have demonstrated significant improvements
in both fan-beam and cone-beam CT reconstruction espe-
cially when projection data are undersampled with sparse
views [11–13] or with missing data in a single view [11]. These
reconstruction algorithms minimize the TV of the CT image
constrained by the data fidelity and image nonnegativity,
which show promises in reducing CT dose without signifi-
cantly degrading image qualities.

Besides excessive patient dose, CBCT images are also sub-
ject to severe contamination from scatter radiation. Scatter
signals induce large image artifacts and CT number nonlin-
earity, which limit the applications of CBCT. For a middle-
size human torso, the average scatter-to-primary ratio (SPR)
is around 2∼3, which leads toCTnumber errors up to 350HU
[14–17]. Extensive studies have been conducted on scatter
correction techniques. These published techniques can be
divided into two major categories, based on whether scatter
signals are directlymeasured or not. Nonmeasurement-based
methods either prevent scattered radiation from reaching
the detector (e.g., using an antiscatter grid [18, 19], limiting
the field of view (FOV), and increasing the air gap between
the object and the detector [20]) or predict the scatter
distribution (using, e.g., analyticalmodeling [21],modulation
methods [22–25], and Monte Carlo (MC) simulation [26,
27]). These methods improve the image quality to a certain
extent, but their performances are limited in clinical applica-
tions [28]. An anti-scatter grid results in primary signal loss,
thus, increasing image noise and degrades image qualities [18,
19].The air-gap between the object and the detector is limited
by the size of operation room [20]. Monte Carlo simulation
generates accurate scatter signals but is computationally
intense [26, 27]. On the other hand, methods of direct scatter
measurement conveniently obtain accurate scatter estimates
with negligible computational cost [17]. In the measurement-
based method, a beam blocker is typically inserted between
the X-ray source and the object, and scatter signals are esti-
mated inside the detector shadows of the beam blocker [15,
29–31], where primary signals are fully attenuated.The scatter
distribution of the whole field is then obtained via interpola-
tion/extrapolation on the scatter samples inside the shadows,
since scatter distributions have dominant low-frequency
components [15, 32, 33].Themethod achieves accurate scatter
estimation without prior knowledge of X-ray source, object,
imaging geometry, and is easy to implement. Nonetheless,
primary signal loss is inevitable due to the insertion of the
beam blocker. As a result, severe image artifacts appear in the
conventional [34] reconstruction if the missing primary sig-
nals are not compensated for [17]. Two projections per view,
one with the blocker and the other without [14], or moving
blockers during the scan [35], are designed to compensate for
the primary loss. These hardware modifications complicate
the data acquisition and increase scan time and patient
dose. Recently, we developed a “crossing-finger”-shape beam
blocker, which makes use of the data redundancy condition
in a 360-deg full-fan CT scan.This method achieves accurate
scatter estimation and reconstruction within one single scan
and thus is considered clinically more attractive. Though
demonstrated promise, the “crossing-finger”-shape blocker

is of complex structure, and the insertion of beam blocker
complicates the FDK reconstruction algorithm.

For years research has been developed independently
on dose reduction and scatter correction. Nevertheless, little
effort has been devoted to exploit the full potential of image
improvement from a combination of the above two schemes.
Scatter measurement accurately corrects for scatter but leads
to primary loss, which makes most of the measurement-
based correction methods unpractical. CS-based iterative
algorithm lowers imaging doses and obtains accurate recon-
struction even on the insufficient data from sparse views or
a reduced number of detector pixels. Considering the com-
plimentary capabilities of these two approaches, in this work,
we propose to use an improved stationary beam blocker in
theCBCT system for simultaneous dose reduction and scatter
measurement and an iterative algorithm for accurate recon-
struction on the projectionswithmissing data in a single scan.
The new method explores the strengths of measurement-
based scatter correction and iterative reconstruction while
eliminates their shortcomings and obtains low-dose and
scatter-free CBCT images.

In the new method, the lead strips of the blocker are
placed in the longitudinal direction and located asymmet-
rically with respect to the central longitudinal line of the
detector. If one ray is blocked by the strip, its conjugate is still
measured after around 180-deg rotation even if it is in the off-
plane. We insert the beam blocker between the X-ray source
and the object, where scatter distribution is obtained by inter-
polation/extrapolation on the scatter samples inside the strip
shadow. The insertion of blocker also reduces patient dose
since X-ray primary signals are attenuated [36]. We further
reduce the patient dose by decreasing the projection number.
Our recently developed CS-based iterative reconstruction,
accelerated barrier optimization for compressed sensing
(ABOCS) [8], is carried out on the blocked data to obtain
scatter-free and low-dose CBCT images. We evaluate the
performance of themethod on theCatphan 600 phantomand
an anthropomorphic head phantom.

2. Method

2.1. Blocker Design. In a circular cone-beam CT scan, one
projection ray can be specified by (𝜃, 𝜑, 𝛼), where 𝜃 and 𝜑 are
the angles of the ray in the transverse and axial directions,
respectively, and 𝛼 is the projection angle of the source. It
can be easily verified that no projection rays are redundant
in such geometry except those in the midplane (i.e., 𝜑 = 0).
Nevertheless, if we employ a commonly used approximation
of small cone angle (i.e., 𝜑 ≈ 0 for the whole projection), the
redundant rays have the following relationships:

𝜃
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= −𝜃

2
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− 𝛼
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𝜃

1









= 𝜋,

(1)

with a full rotation and full object coverage; half of the CBCT
projection data are considered to be redundant. Under the
small-cone-angle approximation, each projection ray in a
CBCT full scan has a corresponding redundant ray measured
from the opposing direction.The two lines are referred to as a
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Figure 1:The CBCT tabletop system and Catphan 600 phantom.The designed blocker is mounted in front of the collimator and shown in an
enlarged insert. The lead blocker is sandwiched between two layers of thin steel, each with a thickness of 0.2mm, to improve the mechanical
strength.

conjugate ray pair and this condition is referred to as the data
redundancy.We can therefore block some of these redundant
rays for other purposes (e.g., scatter measurement) while still
maintaining an accurate reconstruction [37]. No hardware
compensation for the missing primary data is necessary and
the data acquisition is complete with one single-scan.

Guided by this principle, we place lead strips in the
longitudinal direction, which is perpendicular to the rotation
plane, to block only redundant rays for scatter measurement.
One ray blocked by the strip is measured through its con-
jugate after around 180-deg rotation. The beam blocker is
designed to block less than 50% of full illuminated field and
are placed asymmetrically with respect to the central longi-
tudinal line of the detector, such that at least one ray from
its conjugate ray pair can be measured on the detector. Note
that, the central longitudinal line of the detector is always left
unblocked to avoid the missing rays passing through the
object center.

Figure 1 shows the geometry of the proposed method
and our experimental setup. The designed blocker is placed
between the X-ray source and the object. The lead strips
are placed along the longitudinal direction and uniformly
distributed in the lateral direction.The strips have a thickness
of around 3mm and attenuate more than 99.99% of incident
X-ray photons. Only scatter samples are measured inside
the shadows on the detector. Besides the strip placement,
two more parameters are needed in the blocker design:
sampling period (𝑆) and strip width (𝑊). To guarantee the
measurement of at least one ray from its conjugate pair, we
choose a relatively large sampling period (𝑆 ≈ 52mm on the
detector) based on the observed maximum spatial frequency
of scatter signals in our previous studies [15, 17, 38] as well as
in the literature [39].The stripwidth cannot be too small since
the penumbra effects on the strips limit scatter measurement
accuracy [38]. Moreover, wider blocker contributes more to
the dose reduction. Based on our previous study [16], 𝑊 is
chosen as about 17mm on the detector, which blocks 33% of
the illuminated area.

2.2. Scatter Estimation and Correction. The tabletop system
geometry is shown in Figure 1. As shown in our previous
studies [16, 17, 24] and the literature [39], the insertion of the
beam blocker does not greatly perturb the spatial frequency

spectrum of scatter in cone-beam projections and scatter
is still predominantly low-frequency. The whole field scatter
distribution is therefore accurately estimated using inter-
polation/extrapolation on the measured samples. To avoid
the penumbra effect of the strips, only the measured data
inside the central two-third of the strip shadows are used in
the scatter estimation. Since the lead strips cover the whole
blocker in the longitudinal direction, a one-dimensional (1D)
cubic interpolation is carried out on each lateral line to
estimate the scatter distribution over the whole detector area.
The estimated scatter is then subtracted from the raw projec-
tion to generate the scatter-corrected CBCT projection.

2.3. Reconstruction on the Incomplete Data. These corrected
CBCT projections are incomplete due to the insertion of
the blocker and the angular undersampling. Severe artifacts
therefore appear in the conventional FDK reconstruction. To
improve the image quality, we first compensate for the miss-
ing primary in the blocked area using their conjugate rays.
As described by (1), the two detector points corresponding
to the conjugate ray pair are symmetric with respect to the
detector central longitudinal line, and their projection angle
has a difference of𝜋−2|𝜃|. Due to the discretization of the data
acquisition in both spatial and angular directions, themissing
primary is compensated for using its conjugate point by
interpolating on the scatter-corrected sinogram.

An in-house CS-based iterative reconstruction is applied
to further improve the image quality. The algorithm is
referred to as the accelerated barrier optimization for com-
pressed sensing (ABOCS) reconstruction algorithm, which
minimizes the image TV term with data fidelity and nonneg-
ativity constraints [8]. ABOCS formulates the TV minimiza-
tion constrained by the data fidelity into a form similar to that
of the conventional TV regularization but with an automat-
ically adjusted penalty weight. The automatic penalty weight
is controlled by the data fidelity tolerance, which is estimated
from the raw projections according to the Poisson statis-
tics and the data error in the current iteration. Consistent
reconstruction performances are achieved using the same
algorithm parameters on scans with different noise levels
and/or on different objects. The problem is then solved
efficiently by gradient projection with an adaptive Barzilai-
Borwein step-size selection scheme. Readers are referred to
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Figure 2: 1D horizontal profiles of the scatter, projection, and line integral signals acquired from the Catphan 600 phantom: (a) estimated and
reference scatter, original projection signals; (b) line integrals of CBCT projections with and without the proposed correction and with a fan-
beam geometry. Different markers are plotted to demonstrate the data acquired from direct measurement (circle) and primary compensation
(triangle).

[8] for more details. Note that, image noise increases signif-
icantly after scatter correction [14]. An additional penalized
weighted least-squares (PWLS) algorithm [14] is performed
to reduce the noise in the reconstructed images.

2.4. Evaluation. The performance of the proposed method
is evaluated on the Catphan 600 phantom with a diameter
of 200mm (The Phantom Laboratory, Salem, NY) and an
anthropomorphic head phantom on our CBCT table-top
system. The geometry of this system exactly matches that
of a Varian On-board Imager (OBI) CBCT system on the
TrueBeam radiation therapy machine. A detailed system
configuration is described in [16]. The lead sheet of the
designed blocker is first shaped using a waterjet cutting
system. To improve the mechanical strength of the blocker,
the lead is then sandwiched between two layers of thin steel
(∼0.2mm) using J-B WELD epoxy adhesive (http://www
.grainger.com/).

CBCT images are compared with and without the pro-
posed method. A total of 655 projections are acquired for the
conventional FDK reconstruction. Few-view projection data
are generated from the 655 projections with an evenly dis-
tributed angular spacing. The estimated dose reduction ratio
is calculated based on the number of measured projection
lines [16]. In both phantom studies, we use 219 projections
and block 33% of illuminated area in each projection, result-
ing in the dose reduction ratio of around 75%. The proposed
method is also compared with low-dose CBCT without
scatter correction, where 163 projections are used, resulting
in 75% dose reduction. Note that, the scatter estimation
is also performed on the sparse projections.

For a quantitative error analysis, an additional set of
projections is acquired with a fan-beam geometry, which
narrows the collimator open width to around 10mm on
the detector for inherent scatter suppression. The resultant
images are used as references. Image quality metrics are used

to quantitatively evaluate the performance of the proposed
method. For the selected ROIs, the CT number error is
calculated as the square root of themean square error (RMSE)
and defined as

RMSE = √ 1
𝑁
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where 𝑖 represents the index of ROI and 𝜇
𝑖
is the mean

reconstructed value inside the ROI and 𝜇
𝑖
the value in the

reference image and𝑁 is the total number of ROIs.The image
contrast is calculated as
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where 𝜇
𝑟
is the mean reconstructed value inside the ROI and

𝜇

𝑏
is the mean reconstructed value in the surrounding area.

3. Results

3.1. Catphan 600 Phantom Results. Figure 2 shows the 1D
horizontal profiles of scatter signals, raw projections, and line
integrals of one projection on the Catphan 600 phantom.The
reference scatter signals are obtained as the difference of the
cone-beam and fan-beam projections. As seen in Figure 2(a),
the estimated scatter profile using our method matches
well with that of the measurement in the central region
pixels (250–800) with an estimation error of less than 6.5%.
Relatively large deviations are found around and outside the
phantomboundary. However, the intensity of primary signals
in these areas is high, which leads to a negligible estimation
error of line integral. Figure 2(b) shows the line integrals with
and without the proposed method. The blue circles indicate
the scatter corrected primary signals measured in the illumi-
nated area. The missing primary signals due to the insertion
of the beam blocker are compensated with their conjugate
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Figure 3: Axial views of the reconstructed Catphan 600 phantom. (a) CBCT without scatter correction using FDK algorithm and 655
projections; (b) low-dose cone-beam CT without scatter correction using ABOCS and 163 projections (estimated 75% dose reduction); (c)
CBCT using the proposed scatter correction and ABOCS reconstruction using 218 projections (estimated 75% dose reduction); (d) fan-beam
CT as the ground truth using FDK reconstruction and 655 projections.The selected uniform ROIs are marked with red circles in (d). Display
windows: [−400 600] HU.
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Figure 4: Comparison of 1D profiles of the CT images in Figure 3
taken along the straight line in Figure 3(d).

rays analytically and shown as the green triangles in Fig-
ure 2(b). Our method significantly enhances the intensities
of the line integrals, which are close to those of the ground
truth, that is, fan-beam CT.

Figure 3 shows the reconstructed image with and with-
out the proposed low-dose and scatter-free CBCT imaging
scheme. Without scatter correction, the ABOCS reconstruc-
tion reduces the dose by 75%, however, severe shading arti-
facts are still observed (see Figures 3(b) and 4). Our proposed
method significantly suppresses the shading artifacts (see Fig-
ure 3(c)). After improvement, the image quality is comparable
to that of the reference (i.e., fan-beam CT in Figure 3(d)).
For the quantitative evaluation of the performance using our
method, the average CTnumbers and contrasts are calculated
for the contrast rods in one of the phantom slice. The results
are summarized in Table 1 using those from the fan-beam CT
as the references. In the selected ROIs, the proposed method
reduces the mean CT number error from over 250HU to
around 24HU and increases the contrast by a factor of 2.1 on

the average. Figure 4 shows the comparison of 1D profiles
passing through two high contrast rods inside the phantom,
as indicated by the red line in Figure 3(d).

3.2. Head Phantom Results. Figure 5 shows the axial views
of the reconstructed head phantom images using the con-
ventional FDK reconstruction, the low-dose ABOCS recon-
struction, and the proposed method. The full-scan fan-beam
CT image is generated as the ground truth. Similar to the
Catphan 600 phantom results, the shading artifacts in Figures
5(a) and 5(b) are significantly suppressed with the proposed
method. The mean CT number error is reduced from over
220HU (Figures 5(a) and 5(b)) to 10HU (Figure 5(c)) in the
central uniform area as indicated by the white circle. The
overall image uniformity of our result (Figure 5(c)) is close
to that in the fan-beam result (Figure 5(d)), with only 25%
radiation dose of a routine CBCT scan. The comparison of
1D profiles passing through the central horizontal line, as
indicated by the red line in Figure 5(d), is shown in Figure 6.

4. Discussion

In this paper, we propose a low-dose and scatter-free CBCT
imaging method in a single scan using a stationary beam
blocker for scatter measurement and ABOCS reconstruction
on the incomplete primary signals. Superior performance of
the proposed method is demonstrated on the Capthan 600
phantom and an anthropomorphic head phantom.

For demonstration purposes, only 2D images are recon-
structed in thiswork. In the future, wewill extend ourmethod
to 3D reconstruction. Due to the huge size of system matrix,
it is not practical to store the whole matrix in the computer
memory for iterative CT reconstruction. Instead, we will
formulate the multiplication of system matrix as a forward
projection operation and speed up the calculation using
hardware acceleration technique, for example, on a graphics
processing unit (GPU) [12, 40]. The other issue with the 3D
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Figure 5: Axial views of the reconstructed head phantom. (a) CBCTwithout scatter correction using FDK algorithm and 655 projections; (b)
low–dose cone-beam CT without scatter correction using ABOCS algorithm and 163 projections (estimated 75% dose reduction); (c) CBCT
using the proposed scatter correction and ABOCS reconstruction with 218 projections (estimated 75% dose reduction); (d) fan-beam CT
using FDK reconstruction and 655 projections. In the central uniform area (marked with a white circle), the average CT numbers from (a)
to (d) are −175, −180, 39, and 49HU, respectively. Display windows: [−500 900] HU.

Table 1: Comparison of the averaged CT numbers and contrasts inside the contrast rods of the Catphan 600 phantom.TheCT number errors
are also shown in parentheses. The numbers of the ROIs are marked in Figure 3(d). All unites are in HU.

ROI 1 2 3 4 5 6 7 RMSE
Fan-beam CT −131 −84 −895 248 776 −889 −211

CBCT with correction −148 −107 −933 227 780 −921 −234

CT number (HU) (−17) (−23) (−38) (−21) (4) (−32) (−23) 24

CBCT without correction −239 −217 −646 −48 202 −639 −281
(−108) (−133) (249) (−296) (−574) (250) (−70) 250

CT number improvement 91 110 211 275 570 218 47
CBCT with correction 169 118 934 201 753 933 253

Contrast (HU) CBCT without correction 88 55 452 112 322 456 126
Contrast improvement 1.93 2.13 2.07 1.79 2.34 2.05 2.02
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Figure 6: Comparison of 1D profiles along the central horizontal
line as shown in Figure 5(d).

extension is that the cone angle can be as large as 6∘ the off-
planes in the OBI system [41], which makes the small cone-
angle approximation less accurate. Nevertheless, we would
like to emphasize that the artifacts stemming from a large
cone angle are generic issues in circular CBCT [42, 43]. For
example, the small cone angle approximation is also used in
3D FDK reconstruction [34], the current standard algorithm
implemented on commercial systems. For our applications
of scatter correction with reduced projection measurement,

we have shown in our previous study that the enlarged cone
angle leads to negligible image quality degradation on clinical
CBCT systems [17]. We would expect a similar performance
of off-plane imaging for the proposed method in this paper.

5. Conclusion

In this paper, we propose a practical CBCT imaging method
for dose reduction and scatter correction using a stationary
blocker in a single scan. In the tabletop phantom studies, our
method reduces the overall CT number error form 250HU
to less than 24HU and increases the image contrast by a
factor of 2.1 in the selected ROIs with only 25% dose of a
conventional CBCT scan. Our method has the promise to
become a practical solution for scatter correction and low-
dose imaging on different CBCT systems.
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In recent years, machine learning approaches have been successfully applied for analysis of neuroimaging data, to help in the
context of disease diagnosis.We provide, in this paper, an overview of recent support vectormachine-basedmethods developed and
applied in psychiatric neuroimaging for the investigation of schizophrenia. In particular, we focus on the algorithms implemented
by our group, which have been applied to classify subjects affected by schizophrenia and healthy controls, comparing them in
terms of accuracy results with other recently published studies. First we give a description of the basic terminology used in
pattern recognition and machine learning. Then we separately summarize and explain each study, highlighting the main features
that characterize each method. Finally, as an outcome of the comparison of the results obtained applying the described different
techniques, conclusions are drawn in order to understand how much automatic classification approaches can be considered a
useful tool in understanding the biological underpinnings of schizophrenia. We then conclude by discussing the main implications
achievable by the application of these methods into clinical practice.

1. Introduction

Investigating the neurobiological bases of psychiatric disor-
ders requires a large sample studied in a longitudinal perspec-
tive from early stages of the diseases. In this context,magnetic
resonance imaging (MRI) is the gold-standard technique to
explore the anatomical and functional underpinnings of such
illnesses [1–3].

In order to accurately analyze such large amount of
imaging data, automatedmethods are becoming essential [4].
As outlined by Lao and colleagues [5], to develop an accurate
detector of pathology from a set of images, two issues need to
be addressed. First, an image analysis methodology is needed
in order to extract the most relevant information from the
images. Second, a pattern classification method has to be

designed to process the extracted information, in order to
determine the likelihood of the disease.

Feature extraction is aimed at characterizing an object in
terms of properties, or features, such as dimensions, shape,
color, and texture. Chosen features are those that, when
belonging to objects of the same category, or class, are very
similar; on the contrary, they should be very different from
objects in different categories. The set of features extracted
from an object can be considered as a signature which
describes the object itself. Features are usually organized in
the so-called feature vector, a vector of arbitrary length which
collects all the properties that are considered useful in order
to describe the objects under analysis. A good feature vector
should be able to discriminate objects belonging to different
classes.
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Classification is aimed at finding a rule that, based on
the available features, distinguishes all the objects and assigns
them to the specific category.

These two issues are typically referred to as feature extrac-
tion and classification. Particularly, the aim of feature extrac-
tion is to characterize an object in terms of features (such as
dimensions, shape, color, and texture) whose values should
be on one hand very similar for objects in the same category,
or class, and, on the other hand, very different for objects
in different categories. The set of the features extracted from
an object can be considered as a signature which describes
the object itself. Features are usually organized in the so-
called feature vector.

Pattern recognition is the science which uses statistics and
mathematics to program a computer in order to recognize
patterns in a dataset. In the field of medical science, pattern
recognition is the basis of computer aided diagnosis (CAD)
systems. Other fields of application include, for instance, fin-
gerprint identification, automatic speech recognition, DNA
sequence identification, and so on.

The aim of classification, instead, is to find a rule that,
based on the available features, distinguishes all the objects
and assigns them to the specific category.

The problems of features extraction and classification are
standard issues in the field of computer vision and artificial
intelligence. We use the term pattern recognition to identify
the science which employs statistics and mathematic tools
to teach a computer to recognize patterns in a data set. In
the field of medical science, pattern recognition is the basis
of computer aided diagnosis (CAD) systems. Among the set
of tools, machine learning refers to the ability of a system
to change its behavior without being explicitly programmed.
It is linked to artificial intelligence, and it allows computers
to handle new situations by means of previous experience,
analysis, and self-training. In machine learning the classifi-
cation aims at automatically identifying to which of a set of
classes a new observation belongs.

Machine learning is linked to artificial intelligence, and it
designs algorithms in order to allow a computer to learn from
data. In this context, the term learn means finding statistical
regularities on a set of data.Machine learning allows comput-
ers to handle new situations bymeans of previous experience,
analysis, and self-training. The ability of machine learning
in turning data into information is exploited in problems of
pattern recognition. For example, spam email can be auto-
matically detected by looking, for instance, at the occurrence
of a set of words in the object and in the body of the email,
combined with the length of the text, the presence of attached
files, and so forth.

In particular, features in the data are automatically
searched, in order to use them to classify the data into dif-
ferent predefined classes. This is done on the basis of a set
of data containing observations of which class membership
is known, called training set. A classifier is any algorithm
that implements classification. Typically a classifier takes the
values of various features of an instance to be classified and,
exploiting the provided training set, predicts to which class
the instance belongs. As summarized in Pereira et al. [6], a
classifier has a number of parameters that have to be learned

from the training set.This step of learningmakes the classifier
a model of the relationship between the features and the class
label in the training set. Once trained, the classifier has to be
tested, in order to determine whether the selected features
contain information about the class of the example or not.
The performance of the classifier is tested by trying to classify
a different set of examples, called validation set: in this way it
is possible to evaluate the ability of the classifier of correctly
categorizing a previously unseen instance.

A training set is necessary in pattern recognition in order
to teach a computer to correctly classify objects, or instances,
into classes. Given a dataset, data is split into a training set,
from which a model is built, and into a validation set, or
test set, which is used to validate the model. This model is
the rule used by the computer to classify objects into classes.
The training set contains instances whose class membership
is known. Each instance is described by its feature vector.The
training set is used by the classifier to learn which features are
useful to correctly assign each instance to its class.

Once trained, the performance of the classifier can be
tested by evaluating its ability to correctly classify the instan-
ces of the validation set.

In the literature, dozens of different classifiers have
been proposed (support vector machines, classification trees,
linear discriminant analysis, quadratic discriminant analy-
sis, neural networks, generalized linear models, the nearest
neighbor, etc.). They are all based on different algorithms,
whose aim is to decide how new instances should be classified
[7]. Their performance, that is, the ability of each classifier to
assign new instances to their class, depends on the algorithm
they analyze the data with. During the past few years, support
vector machine (SVM), a supervised machine learning clas-
sifier [6, 8], has emerged as one of the most powerful pattern
classification methods [5, 9], and it has become a state of the
art in many classification tasks, such as object and face recog-
nition [10], genome sequencing [11, 12], and handwritten
recognition [13]. The idea at the basis of SVM is to project
the feature data points to a high dimensional space where
the groups can be separated using a hyperplane. Boser and
colleagues [14] suggested a way to create nonlinear classifiers
by an algorithm that operates with a large class of decision
functions that are linear in their parameters but not restricted
to linear dependences in the input components. These func-
tions are known as nonlinear kernel functions.

In the 3-dimensional space, a plane is a 2-dimensional flat
surface. Similarly, in an 𝑛-dimensional space, a hyperplane
can be described as an (𝑛 − 1)-dimensional surface.

A projection is the transformation of points and lines of
one plane into another plane. Corresponding points on the
two planes are connected by parallel lines. An object can be
projected from a space to another one of different dimen-
sions. For instance, a sphere in a 3-dimensional space can be
projected into an ellipse in a 2-dimensional space.

Any element can be projected from a space to another one
of different dimensions.

In SVM, objects are projected into a high dimensional
space, where they can be separated using a hyperplane which
is called decision surface or decision function.
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SVM has been increasingly employed in neuroimaging
studies, for instance, as a multivariate method in functional
MRI (fMRI) [15, 16]. In the study by Cox and Savoy [15], given
a defined time point, the pattern of brain activation across
spacemeasured by fMRIwas considered.The aimof the study
was to learn a classifier to identify, starting from the pattern
of activation, which kind of stimuli the subject was viewing
(common versus uncommon objects, living creatures versus
inanimate objects, etc.).

A similarity measure is a function to compute the degree
of similarity between a pair of objects.

A kernel function 𝑓 is used as a similarity measure; that
is, two elements 𝑥

1
and 𝑥

2
drawn from a set𝑋 are considered

equivalent if 𝑓(𝑥
1
) = 𝑓(𝑥

2
). In the field of pattern recog-

nition, kernel methods are used to project data into higher
dimensional space. In the new space, in fact, data could
become more easily separated and classified. Different types
of kernel functions are commonly used, that is, linear, poly-
nomials, Gaussian, radial basis function (RBF), and so on.

In more detail, in a recent critical review, Orrù et al. [17]
stated that using structural and/or functional neuroimaging
data as input to SVMrepresents a valid diagnostic aid for clas-
sifying major neurological and psychiatric illnesses, allowing
inferences at individual level, rather than at group level. This
may ultimately have a major impact on clinical practice: as
emphasized by the authors, neuroimaging can be considered
useful in a clinical setting if it is not limited at reporting differ-
ences between the group of patients and the group of controls.
On the contrary, it should be able to help doctors to make
clinical decisions about each patient. However, the applica-
tion of state-of-the-art classification methods, such as SVM,
to neuroimaging field is not straightforward: clinical data
has specific characteristics that pose new issues to be solved,
among which are the high dimensionality of acquired brain
data, the definition of features, their interpretation from the
physiological point of view, the inner complexity of brain
structures, and the presence of multiple covariates which
contribute to the heterogeneity of a population.

In analyzing brain images, the most commonly used
methods comprise the region of interest (ROI) analysis,
the voxel-based morphometry (VBM) [18], and the surface-
basedmorphometry (SBM) [19, 20].The ROI analysis defines
some regions of interest according to known a priori hypoth-
esis and statistically analyzes some related physiological
measures (e.g., their volumes). ROIs can be either manually
traced by expert operators or automatically extracted by seg-
mentation algorithms. VBM considers the whole brain after a
normalization procedure whichmaps each subject brain onto
a standard reference, namely, the stereotaxic space, allowing
a voxel-by-voxel comparison with no a priori hypothesis.
Finally, SBM does not analyze the image properties at voxels
level, but it rather constructs and analyzes surfaces that repre-
sent structural boundaries within the brain (i.e., boundaries
between white and grey matter or between grey matter and
cerebrospinal fluid).

However, even though in schizophrenia structural and
functional brain abnormalities in patients have been demon-
strated [21, 22], neither ROI analysis, nor VMB, nor
SBM techniques enable patients with schizophrenia to be

automatically classified, based on the brain’s features. None-
theless, as summarized in Orrù et al. [17], during the past
few years an increasing number of studies have used SVM in
order to investigate the presence of potential neuroanatomi-
cal biomarkers of neurological and psychiatric disorders [23–
27]. However, with the exception of the studies by Gerig and
colleagues [24] and by our group [28], all the other studies
applied multivariate whole brain analysis, thus being limited
by the use of an immense dimensional space in a relatively
small sample size. Multivariate analysis allows examining
relationships among multiple variables at the same time,
and it might be useful if a given outcome is hypothesized to
be influenced by more than one variable. Nonetheless, results
obtained usingmultivariate analysis can be consideredmean-
ingful only in the presence of a large dataset; otherwise, they
are meaningless due to high standard errors. As for whole
brain analysis, it is not always the best way to analyze changes
in brain regions, since misleading significant correlations
may exist in some brain regions that are not involved in the
analyzed brain disease.

In addition, only the studies by Gerig and colleagues [24]
and by our group [28] were driven by a priori hypothesis and
consistently detected specific structural markers.

In our studies we aimed at automatically classifying schiz-
ophrenia by applying a ROI-based machine learning
approach within different brain regions [36].

The main focus of this review would be, firstly, to briefly
describe the principles of SVM techniques, in order to let
readers unfamiliar with classificationmethods get acquainted
with them. Successively, we will focus on our machine learn-
ing studies, comparing them in terms of accuracy results with
other recently published studies. Finally, we will debate the
results based on the current literature in a clinical translation
perspective.

2. SVM Operating Principles

The working pipeline of the SVM can be divided into three
separated steps: features extraction, features selection, and
classification. In the following sections we will briefly sum-
marize the main aspects of each of them.

2.1. Features Extraction. In this phase, the original data are
processed in order to compute a set of representative features
which can be used as input for the SVM. This is a crucial
step in the SVM analysis since every measure obtained from
the raw data can be ideally used as a feature for the SVM
analysis; redundant or not significant features may affect the
performance of the final classifier.

Feature extraction includes all procedures performed to
compute some measures that characterize the object which
is being investigated, for example, probability of gray matter
(pGM) if we are studying the cortex using morphological
images or the diffusion measures if we are studying the white
matter using diffusion tensor MR images.

Features may have an intuitive physiological interpreta-
tion, such as the pGMobtained using the VBM approach [37]
or not, as in the work by Selvaraj et al., [38] who used various
features, among which are the energy and the entropy of
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the image. After features have been extracted from the data,
they may undergo a normalization process to account for
physiological changes which are not related to the disease,
similar to what is usually done in the VBM analysis. In VBM,
pGM is usually normalized to the total intracranial volume
in order to account for pGM differences due to physiological
differences of the brain volume among subjects. The normal-
ization step is performed when the extracted features depend
not only on the disease, but also on other physiological
differences among subjects. After normalization, differences
are no longer related to the total intracranial volume, and the
group analysis is more robust and easy to be interpreted. If
the normalization is not performed, the physiological differ-
ences may mislead the classifier, worsening its performance.
Therefore, confounding factors should be eliminated. pGM
can be normalized using the total intracranial volume or the
total GM volume, whereas, for instance, intensity histograms
can be normalized to their maximum value or to the sum of
their bins.

Finally, features from each subject must be stored in a
vector, that is, the feature vector, in order to be processed
by the SVM algorithms: each two-dimensional image (or
each three-dimensional volume) has to be transformed into
a column vector in which each element corresponds to the
gray level intensity of one pixel (or voxel, resp.). SVM analysis
requires feature vectors to be of the same length. This might
represent a limitation, since different subjects could be rep-
resented by a different number of features. To overcome this
problem, dissimilarity vectors can be used instead of feature
vectors. In this case, similarities measure is computed bet-
ween each couple of subjects in the dataset and directly used
as a feature in the SVM analysis; such a method is referred to
as pairwise dissimilarity approach [30].

2.2. Features Selection. This step is optional, since the SVM
algorithms do not have requirements about feature lengths.
When it is performed, it reduces the variable-length sequence
of observations associated with a set of extracted features.
As clarified by Kloppel et al. [39], neuroimaging data can
be characterized by more than one million dimensions, so a
reduction of the input measures can be useful. This selection
is aimed at improving the performance of classification step,
since minimally important, redundant, or noisy features
might worsen the discrimination between classes. Besides, a
reduced number of features imply a smaller computational
load, thus accelerating the overall process. Last but not least,
a selection can either help or eliminate the physiological inter-
pretability of the features provided to the classifier. In the
context of neuroimaging, features selection can be performed
in three ways.

(1) Filtering. On the basis of medical knowledge, that is,
exploiting a priori information, some features can be
considered either noninfluential for the diagnosis of
specific disease and thus can be discarded or useful
for the considered disease and thus can be exploited
[28, 29, 31].

(2) Before Classification. Prior studies in the areas of fea-
ture selection and dimensionality reduction include

principal component analysis (PCA) [40] or math-
ematical approaches such as the minimization of a
concave function on a polyhedral set [41]. It should
be remarked that the feature selection, performed
independently of learning the classifier parameters,
might result in a loss of information relevant for clas-
sification tasks. Moreover, this feature selection pro-
cedure might cause a loss of medical interpretability
of the selected features.

(3) During the SVM Training. In this case, the feature
selection is embedded in the classification step. An
example is represented by the sequential forward and
backward selection (SFBS). In the forward selection
[42] the process begins analyzing each feature singu-
larly and selecting the best one. The overall process
is iterative: for each step the best feature from the
remaining set is selected, and the feature list and the
classification performances are saved. In this case,
the best feature is the feature that, combined with
the already selected ones, gives the best classification
results. The process is iterated until all features have
been included. Finally, the feature set providing the
best performance is chosen as result of the whole
selection procedure. On the other way around, in
the backward selection [43], features are progressively
removed from the feature set, on the basis of some
weights that the classifier assigns to each feature at
each iteration. The advantage of this approach is that
there is no loss in medical interpretability of the
selected features; the drawback is the computational
complexity since the analysis must be performed
several times.

In a more general case, during the classification step, a
combination of different kernel functions can be learnt, one
for each feature extracted from the data.This is the case of the
recently introducedmultiple kernel learning (MKL)methods
[33, 34].

2.3. Classification. Classification is performed using the so-
called kernel functions, which map a nonlinearly separable
set of data defined in an 𝑛-dimensional space, into a higher
dimensional space (possibly of infinite dimension) where
data become linearly separable; that is, they can be divided by
a hyperplane (Figure 1). This linearly separable problem can
be solved using SVM.

Many different types of kernel functions have been pro-
posed in the literature (i.e., polynomial, Gaussian radial basis
functions, sigmoid functions, etc.). Since the use of a specific
kernel function influences the performance of the classifi-
cation process, it is important to consider several solutions
and select the best one. Methods such as boot-strapping [44]
and cross-validation are commonly used for kernel selection.

As a rule of thumb, a linear kernel is less prone to over-
fitting and it is useful for features selection, since it is easy
to retrieve a weight associated to each feature. Otherwise, a
Gaussian kernel provides generally better performance, but
it does not provide a direct estimate of the weights to be
assigned to each feature.
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(a) (b)

Figure 1: The kernel function maps the data from a certain
space into a higher dimensional space where data become linearly
separable. In this graphic example, in the bidimensional space,
data were not linearly separable into two classes (a). In the three-
dimensional space instead (b), they can be separated by a plane.

The overall classification step can be divided into two
phases: training and validation. In particular, when training
an SVM, the user has to decide which kernel to use and
a series of parameters describing the SVM and the kernel.
Then, given a set of training examples, that is, objects pre-
viously marked as belonging to one of the two possible cate-
gories, an SVM training algorithm builds a model that will be
subsequently used to assign new instances into either one cat-
egory or the other. Different approaches have been proposed
in order to achieve fast training times [45–47]. The classifier
is trained by maximizing the margin of separation between
the two groups provided with the training set. During the
validation, instead, employing the model built during the
training phase, the SVM predicts the group to which a new
set of previously unseen objects (the testing set or validation
set) belongs.

Obviously, training and testing set have to be nonover-
lapping. This requires a great amount of data do be acquired.
To overcome this problem, a cross-validation technique can
be used: the set of all data is split into two subsets, that
is, the training and the testing sets. The split is performed
several times adopting different partitions, and each time the
accuracy value of the obtained classification is recorded. At
the end, all the accuracy values are averaged to provide the
final accuracy of the classification algorithm.

In the case of a small dataset, a leave-one-out cross-valida-
tion is commonly adopted [48]: in this case, at each iteration,
a single pair of objects (one from each class) is excluded from
the overall group, and the classifier is trained using all the
other objects. Then the initially excluded pair is used for the
validation phase. The overall procedure is iterated for each
object pair.

3. Methods Developed in Our Laboratory

Given the uprising role SVM is gaining in neuroimaging field,
we have been investigating different approaches in order to
extract different features from MRI brain data in the last few
years [28–34]. In each approach, we started from the evidence
that there are brain structural and functional differences
between subjects with schizophrenia and healthy controls
(HC).

For simplicity, according to the way in which the SVM
input is extracted, our studies can be divided into two main
groups: one in which each object (i.e., brain) is described by
features derived from the object itself and one in which each
object is described by distance/dissimilarity measures evalu-
ated by the comparison between pairs of objects. A complete
dissimilarity representation provides a squarematrix with the
dissimilarities between all pairs of objects.

3.1. Methods Based on Feature Vectors. This is the classical
approach used in pattern recognition and machine learning,
and it consists in representing each object to be classified
as an 𝑛-dimensional vector of numerical feature. When
representing MRI data, the feature values might correspond
to the gray level of each voxel of the acquired volume. In such
a way the feature vector encodes either the pattern of brain
activation [49], in the case of functional neuroimaging data,
or the pattern of gray and white matter volume, in the case of
structural data [50].

In our works, several different features have been chosen
to represent objects to be classified. One of the advantages
of the implemented methods is that registration between
subjects is never required, since, as it will be described in the
next sections, the features that we chose and that have been
extracted are always position and scale invariant.

The study by Castellani et al. [29] focused on one region
of interest (ROI) (left amygdala) manually traced on a cohort
of 124 subjects (64 diagnosed with schizophrenia plus 60HC)
and characterized by using a local geometric feature, that is,
the shape index, which encodes the curvatures of a generic
surface point, by capturing the intuitive notion of local shape
[51]. The 3D surface was computed from the set of 2D ROIs
as a trianglemesh usingmarching cubes. Given the definition
provided in Koenderink and van Doorn [51], the shape index
can take any value in the interval [−1, 1], where the values
−1 and 1 are high local curvature, and 0 stands for no local
curvature (i.e., flat surface). All values extracted for a subject
were quantized in a fixed number of bins, and a histogram
of occurrences, which represents the descriptor of a given
subject, was computed. The subsequent step of the algorithm
was based on the research on natural language processing: in
particular, the computed quantized shape descriptors were
considered as a set of visual words from which a gener-
ative model was learned. Generative models are built to
understandhow sampleswere generated, and they are learned
to find local patterns of cooccurrences, by leading to the
definition of the visual topics.The generativemodel chosen in
Castellani et al. was the probabilistic latent semantic analysis
(pLSA) [52]. Two models have been learned, one for each
group (controls and patients), to provide a score for each
subject. The set of scores was finally used as input for the
SVM classifier. In this study, two kinds of kernels have been
considered (the histogram intersection kernel and the 𝜒2
kernel), and the cross-validation strategywas used to evaluate
the classification performances. 75% of the samples were
randomly extracted as training set, using the rest for testing,
and the overall process was repeated 20 times. The best
result in terms of accuracy was 86.13% ± 2.17, obtained with
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45 topics and the histogram intersection kernel. It is worth
noting that the SVM classification performed directly on the
feature histograms (i.e., without the pLSA) by using the same
validation strategy and kernel led to an average accuracy of
58.70% ± 9.78.Thismeans that, thanks to the pLSA analysis, a
drastic improvement can be obtained in classifying morpho-
logical features in schizophrenia.

As further test, in the same study, PCA was used to
reduce the dimensionality of the quantized shape index
histograms, for different values of the saved components.
The classification test was performed using the previously
employed kernels. Results for PCA, in terms of accuracy,
were always between 50% and 60%, thus demonstrating the
superiority of pLSA-based dimensionality reduction.

In Castellani et al. [31], instead of using the shape index, a
new shape descriptor based on advanced diffusion geometry
techniques was introduced. The work focused on one ROI
(left thalamus), manually traced on a cohort of 60 subjects
(30 diagnosed with schizophrenia plus 30 HC), from which
structural T1-weightedMRI images were acquired. Again, the
characteristics of the introduced descriptor allowed avoiding
the registration between subjects. In fact, local geometric
properties were encoded by the heat kernel [53]. This is an
isometric invariant which allows describing the geometry of
an object by a vector obtained convolving the heat kernel with
the object descriptor (in our case the ROI mask volume).The
heat kernel was obtained as the solution of the heat equation,
which models how heat diffuses as function on time on a
shape. Intuitively, local shape characteristics are highlighted
through the behavior of heat diffusion over short time
periods, and, conversely, global shape properties are observed
while considering longer periods. So, the variation of one
parameter, time, allows characterizing the properties of a
shape at different scales. By fixing the number of scales, we
built a histogram of local heat kernel values observed at each
point of a surfacemesh or at each point of a volumetric repre-
sentation of the ROI.The resulting histogram represented the
global heat kernel signature (GHKS), which was then used as
input for the SVMclassifier. In this study, both surfacemeshes
and volumetric representation were considered.

The bag-of-words (BoW) approach is inspired by well-
established methods of indexing and retrieval of text doc-
uments. Text documents can be summarized by their word
counts, or bag-of-words, and by the frequency of occurrence
of words drawn from a defined word vocabulary.

In the field of pattern recognition, after having performed
feature detection, each object is associated to its signature,
that is, its vector of features. In BoW approach, a large sample
of features is collected from the set of objects.This large sam-
ple is then quantizedwith some clustering techniques, usually
with 𝑘-means clustering, obtaining a number 𝑘 of clusters.
The center of each cluster is called visual word or feature
prototype. The set of all the obtained visual words provides
the so-called feature vocabulary.

The chosen kernels functions were linear, polynomial
(degree = 3), and radial basis function, and the learning by
example approach was introduced by adopting leave-one-
out cross-validation procedure. Finally, the descriptor was

compared with the ShapeDNA descriptor [54], which, how-
ever, does not deal withmultiple scales and takes into account
only global information. Both the GHKS and the ShapeDNA
descriptor produced the best results when the volumetric
approach was employed, in combination with the radial basis
function kernel, even if the GHKS descriptor was more
stable by varying the type of kernel employed. Furthermore,
the best result obtained with the ShapeDNA descriptor
was 73.33%, while adopting the proposed GHKS descriptor,
accuracy was 83.33%.

A different feature extraction method, as well as a new
kernel function were proposed in Castellani et al. [28] to
study the dorsolateral prefrontal cortex (DLPFC). The ROIs
were manually traced on a cohort of 108 subjects (54 diag-
nosedwith schizophrenia plus 54HC), fromwhich structural
T1-w MRI images were acquired. The local description of the
ROI was obtained using the scale-invariant feature transform
(SIFT) [55].This is an algorithm that, given its ability in find-
ing distinctive key points that are invariant to location, scale,
and rotation, is commonly used in computer vision problems
to detect and describe local features in images. Starting from
a set of landmarks, which in our case have been extracted
employing the difference-of-gaussian (DoG) point detector,
the pixels of the landmark’s neighbourhood were encoded
using SIFT into a multidimensional feature vector which
described the local area. In this way, each brain was repre-
sented by a set of feature vectors (one for each landmark),
but all sets could have different cardinalities, according to the
number of extracted landmarks. Then, a second processing
procedure was performed in order to allow comparisons
among subjects. Primarily, the set of all feature vectors from
all brains was clusterized using the 𝑘-means clustering tech-
nique [36]. Subsequently, the centroids of the clusters were
considered as visual words or features prototypes providing a
quantization of the feature space, which is called the feature
vocabulary. This procedure is performed to apply the bag-
of-words (BoW) approach [56]. Finally, a weighting function
was introduced to define the relevance of the detected visual
words, in discriminating between patients and controls.
However, although SVM requires as input a set of fixed length
vectors, here a subject was represented by a set of local fea-
tures with variable cardinality. In order to tackle this problem,
a suitable kernel function has been employed. Since features
are local, such kernel functions are known in the literature as
local kernel ormatching kernels [57].The validation procedure
was performed adopting the leave-one-out cross-validation
procedure.

The obtained results showed an accuracy improvement
when introducing the weighting function. Performances fur-
ther increased, regarding the whole dataset (left hemisphere
75%, right hemisphere 66.38%), when only females (left side
84.09%, right side 77.27%) or only seniors (left side 81.25%,
right side 70.83%) were taken into consideration.This is very
interesting since gender and age have significant impact on
brain maturation in both healthy subjects and patients with
schizophrenia. Therefore, such variables should always be
considered in machine learning techniques when analyzing
MRI dataset from individuals with schizophrenia to increase
the accuracy.
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Finally, inUlaş et al. [33, 34], two variations of the recently
proposed multiple kernel learning (MKL) methods [58, 59]
were implemented. As we have already remarked, selecting
the kernel function and its parameters is an important issue in
training. MKL methods, instead of learning a specific kernel
for all features, use a combination of different kernel func-
tions, one for each feature extracted from the data. With this
approach, each kernel function contributes proportionally
to an assigned weight parameter to the final space transfor-
mation, and it becomes possible to integrate and select the
contribution from different parts and different features of the
brain. The difference among most MKL algorithms is the
optimizationmethodwhich is applied to estimate the weights
or the combination rule used [58, 60].

The simplest way is to combine the kernels as a weighted
sum which corresponds to the linear MKL. In the literature,
different methods have been proposed. For instance, the
rule-based MKL (RBMKL) algorithm, that trains an SVM
by means of the combined kernels [61], the group Lasso
basedMKL (GLMKL) algorithms [62], or the iterative simple
MKL (SMKL) algorithm [63], which uses projected gradient
updates and trains single-kernel SVMs at each iteration. In
particular, in Ulaş et al. [33] the weights computed by MKL
method were used in order to highlight the importance of
each brain part and feature in the detection of the disease. In
Ulaş et al. [34], instead, the MKL approach was exploited to
introduce a priori information linked to patients’ covariates
in order to improve the classification accuracy.

In the former study [33], four pairs of ROIs (left and right
amygdala, left and right entorhinal cortex, left and right supe-
rior temporal gyrus, and left and right thalamus) were man-
ually outlined from a T1-weighted MRI scan acquired from a
dataset of 100 subjects (50 diagnosed with schizophrenia plus
50 HC). In this work, three different descriptors have been
computed. The first descriptor was represented by gray level
tissue distribution (i.e., histograms) evaluated in each ROI
afterMRI scale standardization based on landmarkmatching
[64]. The remaining descriptors represented two geometric
features, that is, the shape index and the curvedness, eval-
uated at each vertex of a triangle mesh computed from the
set of 2D ROIs using marching cubes. Values were then
quantized in order to build a histogram of occurrences for
both kinds of geometric properties. The three obtained
descriptors were used as input for the SVM. To assess the
performance of the proposed methodology, we used a leave-
one-out cross-validation strategy.

The accuracies of combining ROIs for each descriptor
have been evaluated for a group of classifiers. Among these,
a new brain classification method, the clustered localized
multiple kernel learning (CLMKL), has been introduced. In
localized MKL (LMKL) [65], a decision function is defined;
its parameters depend on the input data, that is, localized
information. The CLMKL approach, instead of letting the
algorithm choose the partitioning, exploited a priori parti-
tioning based on expert knowledge; for instance, subjects can
be clusterized into males and females. CLMKL thus learns
a separate combination of input kernels for each cluster.
Such combination of individual base classifiers is driven by

the gating function method [66], which has to be properly
formulated in order to incorporate the desired a priori infor-
mation, that is, the proposedGLMKL, the single kernel SVM,
the SVM on the concatenation of ROIs, the rule-based MKL,
and the simpleMKL. In general, our study revealed thatMKL
methods were better than single kernel SVMs, and the best
result in terms of accuracy (81%) was obtained using either
GLMKL or simple MKL. Finally, combining all the feature
sets and all the ROIs, there was a further improvement in the
accuracy (84%), thus suggesting the importance of combin-
ing different ROIs and multiple descriptors.

In Ulaş et al. [34], three pairs of ROIs (left and right
DLPFC, left and right entorhinal cortex, and left and right
thalamus) were manually outlined from a T1-weighted MRI
scan acquired from a dataset of 82 subjects (42 diagnosed
with schizophrenia plus 40 HC). The rationale of the work
originated from the evidence that in brain classification there
is a general diversity of the brain properties in accordance
with gender and age, as previously shown by our group [28].
TheCLMKLwas used in order to explicitly encode the known
intraclass variability into the classification model. Since in
CLMKL approach a priori partitioning based on expert
knowledge is exploited, subjects were clusterized into males
and females. In our study [33] the gating function had to
behave differently regarding gender. The gating model para-
meters were computed using alternating optimization. First,
the kernel weights were fixed and the SVM parameters were
estimated by standard solvers. Second, the SVM parameters
were fixed and kernel weights were estimated by a gradient
descent procedure.

Classification was performed both at a single-ROI value
and combining all considered ROIs.

In the former case, different classifiers have been com-
pared, that is, the proposed CLMKL, the standard SVM
applied on the feature set, the concatenation of the feature
and the gender information, and the localized MKL. Linear
kernels have been used in all experiments, together with a
leave-one-out validation scheme [33]. CLMKL resulted to be
themost accuratemethod every time, with amaximum accu-
racy of 81.71% when considering the left entorhinal cortex.
In the latter case, that is, when combining all the traced ROIs,
CLMKL was compared to the already cited methods, plus the
rule-based MKL and the simple MKL. Once again, CLMKL
proved to be the most accurate method, with an accuracy
of 90.24%. Other methods increased their accuracy if data
were divided into male/female subsets (e.g., SVM increased
from 71.95% to 75.00% and 76.19%when classifyingmale and
female, resp.), but the improvements did not reach CLMKL’s
results.

3.2. Methods Based on Pairwise Dissimilarities. In methods
based on vector of features, each instance to be classified
is described in an absolute way, that is, disregarding any
comparison with other objects. In the dissimilarity approach,
instead, instances are described using pairwise dissimilarities
to a representation set of objects [67]. Such a method might
appear closer to what is commonly done by human beings
in everyday life. Intuitively, when we are required to classify
objects into groups, we typically proceed by comparison; that
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is, we describe each object in relation to all the others, rather
than in an absoluteway. It can be easily derived that the choice
of the dissimilarity measure is crucial in this approach and
must properly characterize the data analyzed in the study. For
example, when histograms are used to describe the data, a
proper dissimilarity measure can be the histogram intersec-
tion or the earth mover’s distance.

In the context of automatic classification, the dissimilarity
representation is transformed into a vector space in which
traditional statistical classifiers can be used.Unlike the related
kernel approach, whose application is often restrained by
technicalities like fulfilling Mercer’s condition, basically any
dissimilarity measure can be used [68]. For instance, in
the field of biomedical imaging, a common feature used to
describe images is the registration error, that is, the transfor-
mation that best aligns an image to another one. Though this
measure can have an intuitivemeaning (the registration error
will be small when two images are similar and vice versa), it
does not fulfill Mercer’s condition [9], so it could not be used
within a classic approach.

We applied the dissimilarity approach in two different
studies [30, 32], where 7 pairs of ROIs (for right and left hemi-
spheres resp.) were considered, that is, amygdala, DLPFC,
entorhinal cortex, Heschl’s gyrus, hippocampus, superior
temporal gyrus, and thalamus.

In Ulaş et al. [30], gray value histograms and their proba-
bility density functions (pdfs) were obtained for each ROI in
124 subjects (64 with diagnosed schizophrenia plus 60 HC),
from which a T1-weighted MRI sequence had been acquired,
while in Ulaş et al. [32] two different MRI modalities were
used, that is, T1-weighted and DWI sequences, both acquired
from a cohort of 114 subjects (59 with diagnosed schizophre-
nia plus 55 HC). Since ROIs were traced on T1-weighted
scans, in the latter study a coregistration step was needed
in order to properly realign each ROI from the T1-weighted
space into the DWI space. Besides, for each of the 14 ROIs,
together with T1-weighted gray value histograms and their
pdfs, three additional parameters were extracted, that is, two
geometric shape descriptors from the T1-weighted volume,
that is, the shape index and the average curvature, both
evaluated at each vertex of a 3D surface computed from the set
of 2D ROIs as triangle mesh using marching cubes (his-
tograms and pdfs were obtained) and the histogram and pdf
of water apparent diffusion constant (ADC) from the DWI
volume.

In both studies, 13 dissimilarity measures were used, for
example, for pairs of histograms: Euclidean distance, 𝐿1 dis-
tance, intersection, diffusion distance, 𝜒2 distance, and Earth
mover’s distance; for pairs of pdfs: Euclidean distance, 𝐿1 dis-
tance, Earth mover’s distance, Bhattacharyya distance, sym-
metrized Kullback-Leibler divergence, original asymmetric
Kullback-Leibler divergence, and Jensen-Shannon diver-
gence. The choice of the dissimilarity measures strongly
depends on the considered data, and it is not in the aim of our
paper to provide guidelines to decide the most proper choice.
However, we suggested some examples in the paper to help
the reader to understand the basic concepts of the dissimilar-
ity measure approach.

Involved dissimilarity measures were not necessarily
Euclidean measures. When comparing a pair of histograms,
a distance between them could be computed using the norm
function. Anyway, since the norm was not the most proper
way to characterize histogram differences, we defined a
distance between histograms based on the histogram inter-
section.

In the dissimilarity space basically any traditional classi-
fier could be used. The number of dimensions equaled the
number of objects, that is, the number of subjects of the
dataset. If such dataset was large, many classifiers would need
dimension reduction techniques or regularization to work
properly. SVM allowed avoiding the dimension reduction.

In both papers the number of dissimilarities matrices was
given by the product of the number of ROIs (14), the number
of dissimilarity measures (13), and the number of modalities
considered (1 in [30] and 4 in [32]).

Classification was performed both at a single-ROI level
(i.e., considering only one ROI) and at a multi-ROI level (i.e.,
combining all considered ROIs).

For each test we evaluated the leave-one-out error. Two
classifiers were considered, the 1-nearest neighbour (NN)
rule on the original dissimilarities and the linear SVM in
dissimilarity space. The last one avoided complications that
could arise from the measures being non-Euclidean. At a
single-ROI level, the leave-one-out error estimated for the
linear SVM in dissimilarity space proved to be lower than
the error estimates for NN using the original dissimilarities
(standard approach).

Once again, when combining all ROIs at the same time,
the classification on the dissimilarity space outperformed
the standard approach. Moreover, the multi-ROI approach
brought a drastic improvement by confirming the comple-
mentary information enclosed onto the different brain sub-
parts. Finally, the error estimates were computed on the over-
all dissimilarity matrix (for all the measures and ROIs) for
both standard approach and dissimilarity-based approach,
respectively, yielding the best results (79%).

In Ulaş et al. [32], in addition to the 1-nearest neighbour
(NN) rule on the original dissimilarities and the linear SVM
in dissimilarity space, linear SVM classifier on the original
feature space was employed. Besides, in addition to classi-
fication performed at a single-ROI level and combining all
considered ROIs, a further classification was obtained com-
bining different MRI modalities.

In the single-ROI classification, regardless of the consid-
ered feature, SVM classifier in the dissimilarity space was
always better than classifiers in the standard space. The best
accuracy (78.07%) was obtained on the left amygdala, using
the histogram of intensities and the dissimilarity measure of
Bhattacharyya distance.

In the multi-ROI classification, obtained combining all
ROIs but fixing both the modality and the dissimilarity
measure, the proposed classification in the dissimilarity space
provided better results than the standard approach. The
maximum of accuracy was obtained using the 𝐿1 distance
between pdfs as dissimilaritymeasure, and it reached 76.32%.
Moreover, on average, the multi-ROI approach provided
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an improvement regarding single-ROI approach, thus con-
firming the complementary information enclosed onto the
different brain subparts. Finally, in the multimodal classifi-
cation, the information gathered from the two different MRI
sequences (i.e., T1-weighted and DWI) was combined. In
particular, to get the best result, the most accurate four ROI-
dissimilarity pairs from each modality were chosen; then an
exhaustive search on the combination of these matrices was
performed. The best accuracy (86.84%) was obtained with
the combination of two dissimilarity matrices from intensi-
ties (both from leftDLPFC, one using original asymmetricKL
divergence and one using Bhattacharyya distance between
pdfs) and one dissimilarity matrix from shape index (from
right DLFPC, using 𝜒2 distance between histograms). Apply-
ing the samemethodology, the best results reachedwith 1-NN
and with SVM on the original feature space were limited to,
respectively, 76.32% and 83.33%.

Overall, these two studies highlighted the complementary
information enclosed in the combination of several ROIs:
the fusion of information from various regions of the brain
allows improving the results obtained with the single-ROI
approach. However, this is not the case for multimodal MRI
information. Indeed, adding DWI data to structural T1-
weighted sequences did not reveal to be useful in our research
for obtaining more accurate results.

4. Other Recently Proposed Methods

During the last few years, the number of studies which
applied SVM in order to investigate psychiatric disorders
has been increasing. To get a glimpse of different proposed
techniques, we cite some original recent studies [23, 25, 35]
which have been applied to schizophrenia, and we compare
their results in terms of accuracy.

The study by Fan et al. [23] used a pattern classification
method for the identification of structural brain abnormali-
ties based on regional tissue volumetric information. In order
to perform a quantitative comparison of different individual
brain images, warping each image into a template space was
necessary. The study was performed on two groups, a female
dataset (dataset A, 23 subjects diagnosed with schizophrenia
and 38 healthy controls) and a male dataset (dataset B,
46 subjects diagnosed with schizophrenia and 41 healthy
controls). The diagnostic accuracy reached in distinguishing
individuals with schizophrenia from healthy controls was
90.2% for the female dataset and 90.8% for the male dataset.

The study by Koutsouleris et al. [25] represented a first
attempt in identifying individuals in different at-risk mental
states (ARMS) of psychosis.The aim of the studywas to verify
whether it was possible to detect early a psychosis during
its prodromal phase. The study was performed on a cohort
of 45 individuals with ARMS, plus a corresponding group
of healthy controls. The novelty of this study was related to
the use of multivariate neuroanatomical pattern classification
in order to evaluate the feasibility of early recognition and
disease prediction in individuals with ARMS.The diagnostic
accuracy reached in distinguishing individuals with ARMS
from healthy controls was between 78% and 94%.

A hybrid machine learning method has been proposed in
the study by Yang et al. [35], in order to classify schizophrenia
patients and healthy controls. In this study, two SVMs were
applied, one on MRI data and one on single nucleotide poly-
morphism data, and then they were combined together. The
method was applied on 20 patients and 20 healthy controls,
and it provided a classification accuracy of 87%.

Unlike the methods developed in our laboratory, all of
them performed a warping of the data, that is, each brain
volume was registered to a brain template (e.g., the Montreal
Neurological Institute (MNI) template), in order to compen-
sate for the interindividual anatomical variation. Moreover, a
limitation of these studies was the relatively limited sample
size: all the authors asserted that results should be replicated
on larger populations. The results, in terms of accuracy, of
these three studies are summarized in Table 2.

5. Conclusions

In recent years the interest of the scientific community in
computational neuroscience is constantly growing [69]. In
particular, computational methods have been increasingly
applied to the field of magnetic resonance imaging (MRI)
after processing [70]. The aim is to analyze MRI data by the
means of innovative bioinformaticmethods in order to detect
and describe human brain features.

Neuroimaging studies exploiting MRI have revealed
structural and functional alteration in schizophrenia. Never-
theless, these findings have not been extensively applied to
clinical practice, so far, to help in the diagnosis and treatment
of this psychiatric disorder.

In this study, we have described recent support vector
machine-based methods developed and applied in psychi-
atric neuroimaging by our research group (results are sum-
marized in Table 1). Each of the developed methods focused
on specific regions of interest in the brain, in order to study
whether it was possible to define a set of features that could
be discriminative in the diagnosis of schizophrenia.

The results obtained by studies using machine learning
are encouraging. They have shown that exploiting comple-
mentary information, coming either from various regions
of the brain or from the use of different features, allows
reaching extremely promising levels of accuracy in classifying
healthy controls and patients affected by schizophrenia.These
results suggest that the application of machine learning
techniques to neuroimaging studies will potentially be of help
in automatically classifying patients with schizophrenia on
the basis of MRI, with a potential tremendous translational
impact.

As shown in our works, classification in medical envi-
ronment is extremely variable: different data may be avail-
able, different brain districts may be considered, and some
measures may be useful to describe some medical conditions
but they may be useless in different others. This makes it
extremely difficult to suggest the best analysis pipeline and
classifier to be used. The planning step plays an important
role in studies based on classification methods, and different
approaches should always be considered and tested.
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Table 1: Performance evaluation.

Author Sample size MRI technique SVM input Number of ROIs Best accuracy (%)

[29] SCZ = 64
HC = 60 Structural T1-w Features vector 1 (left Amy) 86.13

[30] SCZ = 64
HC = 60 Structural T1-w Pairwise dissimilarities 7l + 7r (Amy, DLPFC, EC,

HG, Hipp, STG, andTha) 79

[31] SCZ = 30
HC = 30 Structural T1-w Features vector 1 (leftTha) 83.33

[32] SCZ = 59
HC = 55

Structural T1-w
DWI Pairwise dissimilarities 7l + 7r (Amy, DLPFC, EC,

HG, Hipp, STG, andTha) 86.84

[33] SCZ = 42
HC = 40 Structural T1-w Features vector 3l + 3r (DLPFC, EC, andTha) 90.24

[28] SCZ = 54
HC = 54 Structural T1-w Features vector 1 (DLPFC) 84.09

[34] SCZ = 50
HC = 50 Structural T1-w Features vector 4l + 4r (Amy, EC, STG, and

Tha) 84

Each method compared subjects affected by schizophrenia (SCZ) with healthy controls (HC). All methods focused on specific regions of interest (amygdala
(Amy), dorsolateral prefrontal cortex (DLPFC), entorhinal cortex (EC), Heschl’s gyrus (HG), hippocampus (Hipp), superior temporal gyrus (STG), and
thalamus (Tha)). The last column shows the performance of each algorithm in terms of accuracy, which is the overall proportion of correct classification (i.e.,
the number of correctly classified subjects divided by the number of all subjects).

Table 2: Comparison between three state-of-the-art studies. Perfor-
mance evaluation.

Author Sample size MRI technique Best accuracy (%)

[23] SCZ = 23 (A) 46 (B)
HC = 38 (A) 41 (B) Structural T1-w 90.2 (A) 90.8 (B)

[25] ARMS = 45
HC = 75 Structural T1-w 78 ÷ 94

[35] SCZ = 20
HC = 20 fMRI 87

In the studies in the first and last rows, SVM was used to compare subjects
affected by schizophrenia (SCZ) with healthy controls (HC).The study in the
second row applied SVM to identify individuals in different at-risk mental
states (ARMS) of psychosis. The last column shows the performance of each
algorithm in terms of accuracy.

However, although nowadays we are far away from using
automatic image-based classification techniques to make a
diagnosis, in the long run, they might help clinicians in
reliable and early detection of affected patients, potentially
becoming a crucial tool for the real world of psychiatric
practice. Indeed, these methods could be added to the con-
ventional diagnostic process as a complementary assessment
for the evaluation of brain anatomy and morphometry in
patients suffering from schizophrenia. This would represent
a major clinical advantage, together with a translational
scientific approach, to the diagnosis of schizophrenia. Further
studies are now necessary to improve the potential contribu-
tion of computational methods applied to MRI in the early
stages of schizophrenia, for instance, by including subjects at
risk to develop the disease or examining in depth the effects
of specific covariates, such as age, gender, and ethnicity.

Finally, in addition to providing a potential help in diag-
nosis, machine learning may offer some information for the
treatment and prognosis of the illness. For instance, applying
these techniques by consideringMRdata with other variables
such as pharmacological treatment will allow classifying
subjects responding to specific drugs.
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This paper proposes a nonnegative mix-norm convex optimization method for mitotic cell detection. First, we apply an imaging
model-based microscopy image segmentation method that exploits phase contrast optics to extract mitotic candidates in the input
images.Then, a convex objective function regularized bymix-normwith nonnegative constraint is proposed to induce sparsity and
consistence for discriminative representation of deformable objects in a sparse representation scheme. At last, a Support Vector
Machine classifier is utilized formitotic cell modeling and detection.Thismethod can overcome the difficulty in feature formulation
for deformable objects and is independent of tracking or temporal inference model.The comparison experiments demonstrate that
the proposed method can produce competing results with the state-of-the-art methods.

1. Introduction

Measurement of the proliferative behaviors of cells in vitro
is important to many biomedical applications, such as drug
discovery, stem cell manufacturing, and tissue engineering.
Recently, the need for extended-time observation and the
proliferation of high-throughput imaging have made auto-
matic mitotic cell detection mandatory.

The state-of-the-art methods for this task generally fall
into two categories. (1) Spatial feature-based method: this
kind of methods detects mitotic cells directly in an image
depending on spatial visual characteristics. Liu et al. [1]
considered mitotic cell as a special visual pattern and train
a Support Vector Machine classifier with region features for
identification. Li et al. [2] extracted volumetric Haar-like
features and implemented a cascade framework to classify
spatiotemporal sliding windows of an image sequence. Since
the current low level visual features usually have low dis-
crimination for nonrigid and deformable objects, this kind
of methods always achieves unsatisfactory performances. (2)

Sequential feature-basedmethod: this kind ofmethods usually
implement object tracking or temporal inference models
to leverage sequential features for decision. Yang et al. [3]
extracted individual cell trajectories by cell tracking and
identified mitoses with the dynamic features of the mother
and daughter cells during mitosis progression. To handle
the difficulty by cell tracking, temporal inference models are
implemented to leverage the temporal context for mitosis
event recognition. Gallardo et al. [4] trained a hiddenMarkov
model for mitosis recognition with cell shape and appearance
dynamics. Liu et al. [5] applied a hidden-state conditional
random field to learn the sequential structure of mitosis
progression. Liang et al. [6] implemented a conditional
random field model [7] to further localize different mitotic
phases based on the visual features of the nuclei.

Although much work has been done on this task, there
still exist several limitations. On one hand, the state-of-
the-art visual features can not discriminatively represent
mitotic cells with irregular appearance changes as shown in
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Figure 1 and therefore the spatial feature-based method only
has relatively low generalization. On the other hand, the
sequential feature-based method involves temporal inference
model to take advantage of temporal context. Learning the
complicated transition amongmultiple stateswill induce high
computational complexity and make the system far from
the requirement of real-time mitotic cell recognition for
biological analysis.

To tackle this challenging task, we propose a nonneg-
ative mix-norm convex optimization method for mitotic
cell detection. First, we apply an imaging model-based
microscopy image segmentation method that exploits phase
contrast optics to extract mitotic candidates in the input
images. Then, a convex objective function regularized by
mix-normwith nonnegative constraint is proposed to induce
sparsity and consistence for discriminative representation
of deformable objects. At last, a Support Vector Machine
classifier is utilized for model learning and detection on the
extracted candidate regions. The main contribution lies in
two folds. (1) This method can overcome the difficulty in
feature formulation for deformable objects. (2) It is indepen-
dent of tracking or temporal inference model and can greatly
reduce the computational complexity.

The rest of paper is structured as follows. In Section 2,
we briefly introduce the systematic workflow. Then, the
mitotic cell representation is illustrated in Section 3. The
experimental method and results will be detailed in Sections
4 and 5. At last, conclusion is presented.

2. System Overview

The proposed method was designed to automatically identify
mitotic cell in phase contrast microscope images. To achieve
this goal, the method proceeds through tree consecutive
steps.
(i)Mitotic Candidate Extraction.This step aims to extract can-
didate regions, 𝐶 = {𝐶

𝑖
}

𝑁

𝑖=1
(𝐶

𝑖
∈ 𝑅

𝑚×𝑛, 𝑚 and 𝑛 separately
mean the width and height of one region), that poten-
tially contain mitotic cells from the original image, while
eliminating most background regions to reduce the search
space for refinement. We adopted the imaging model-based
microscopy image segmentation method proposed in our
previous work [1, 8] to detect mitotic cells in the input
sequence. Since this step is not the main focus of this paper,
we only briefly introduce it as follows. Please refer to [1, 8] for
more details.

Under a positive phase contrast microscope, adherent
stem cells growing in culture appear as dark objects sur-
rounded by bright halos. We have proposed an imaging
model-based microscopy image segmentation method [1,
8] to restore the ideal image in which pixel values are
positive inside cell regions while being uniformly zero in the
background. The objective function is

𝑂 (f) = 


Pf − g


2

2
+ 𝑤smoothf

⊤Lf + 𝑤sparse‖Df‖1,

subject to 𝑓
𝑘
≥ 0, ∀𝑘.

(1)

During mitosis, stem cells usually appear as drastically
intensified halo artifacts, which often completely immerse
the cell while their volume reaches minimum. By comparing
these two phenomena, we found that the visual pattern of the
mitotic region in the inverted phase contrast microscopy, −𝑓,
is similar to the visual appearance of the normal cell region
in the original microscopy, 𝑓. Therefore, we can selectively
enhance only mitotic regions by modifying 𝑓 = −𝑓 and
formulate the objective function equation

𝑂(f) = 




Pf + g




2

2
+ 𝑤smoothf

⊤

Lf + 𝑤sparse










Df


1
,

subject to 𝑓
𝑘
≥ 0, ∀𝑘,

(2)

where g and f are𝑁-dimensional vectorized representations
of the observed image 𝑔(𝑖, 𝑗) and the artifact-free image𝑓(𝑖, 𝑗)
with onlymitotic cells, respectively, with𝑁 being the number
of pixels in the image; L and D are, respectively, a Laplacian
matrix and a diagonal matrix defining local smoothness and
sparseness with corresponding weights𝑤smooth and𝑤sparse [8,
9]. The similarity-based Laplacian matrix L is defined by L =
D−W.W is a symmetric matrix whose off-diagonal elements
are defined a 𝑊

𝑚𝑛
= 𝑒

−(𝑔
𝑚
−𝑔
𝑛
)
2

/𝜎
1 where 𝑔

𝑚
and 𝑔

𝑛
denote

intensities of neighboring pixels𝑚 and 𝑛,𝜎
1
is the mean of all

possible (𝑔
𝑚
− 𝑔

𝑛
)

2 in the image, and D is a diagonal degree
matrix where𝐷

𝑚𝑚
= ∑

𝑛
𝑊

𝑚𝑛
. ‖ ⋅ ‖
𝑝
denotes the 𝐿𝑝 norm; the

nonnegativity constraint on f enforces the assumption that
the cell-induced phase shifts to be restored are unidirectional;
hence the restored pixel values are positive inside cell regions
while being uniformly zero in the background; P is a𝑁 × 𝑁
matrix such that the 𝑘th element of the vector Pf can be
computed by the convolution between f and the discretized
point spread function PSF(𝑢, V) = 𝛿(𝑢, V) − airy(√𝑢2 + V2),
where airy(⋅) is an obscured Airy pattern [10–12].

The image f can be obtained by minimizing 𝑂(f) using
iteratively reweighted nonnegative multiplicative update [9].
Samples are shown in Figure 3.
(ii) Mitotic Cell Representation. This step aims to represent
𝐶

𝑖
with a high level feature vector which directly denotes the

similarity between one sample and the bases of the dictionary
in the sparse representation scheme. Given a training set
consisting of positive andnegativemitotic cell regions and the
corresponding low level image feature set 𝑋 = {𝑋

𝑖
}

𝑁

𝑖=1
(𝑋

𝑖
∈

𝑅

𝑑×1
), this step means to decompose𝑋

𝑖
over a dictionaryΦ

(Φ = {𝜙

𝑖
}

𝑀

𝑖=1
, 𝜙
𝑖
∈ 𝑅

𝑑×1 is basis denoting a classic visual
pattern) such that 𝑋

𝑖
= Φ ⋅ 𝑤

𝑖
+ 𝑟

𝑖
where 𝑤

𝑖
∈ 𝑅

𝑀×1 is a
sparse vector and 𝑟

𝑖
∈ 𝑅

𝑑×1 is the residual. Since 𝑤
𝑖
denotes

the correlation between 𝑋
𝑖
and each basis, it can be utilized

as the feature representation of one sample. We proposed
a convex objective function regularized by mix-norm with
nonnegative constraints to simultaneously obtain the optimal
𝑊

∗
= {𝑤

∗

𝑖
}

𝑁

𝑖=1
and Φ∗. This method will be detailed in

Section 3.
(iii) Mitotic Cell Detection. Under the sparse representation
scheme, each test candidate region with 𝑋

𝑡
as its low level

image feature can be represented as a linear combination of
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(a) (b)

Figure 1: (a) Mitotic cell samples; (b) Nonmitotic cell samples.

bases in Φ∗ by coefficient 𝑤
𝑡
. Therefore, 𝑤

𝑡
also reflects the

relationship between 𝑋
𝑡
and bases and can be utilized as the

characteristic representation for test. In our work, an SVM
classifier was trained with the high level feature set 𝑊∗ =
{𝑤

∗

𝑖
}

𝑁

𝑖=1
. Then it is utilized to predict each test sample, 𝑤

𝑡
,

as mitotic cell or not. SVM is a supervised binary classifier
that constructs a linear decision boundary or a hyperplane
to optimally separate two classes. Literature show that SVM
usually has high generalization ability especially when only
small amount of training data is available [14].

3. Mitotic Cell Representation

3.1. Problem Formulation. For the representation of one
mitotic cell,𝑋

𝑖
, we designed the objective function as follows

Obj (𝑤
𝑖
, 𝛾

1
, 𝛾

2
) =









𝑋

𝑖
− Φ ⋅ 𝑤

𝑖









2

2
+ 𝛾

1
Sparsity (𝑤

𝑖
)

+ 𝛾

2
Consistence (𝑤

𝑖
) ,

subject to 𝑤
𝑖
≥ 0,

(3)

where ‖ ⋅ ‖
2
means a𝐿

2
norm; the relative importance of three

terms is controlled by the positive weights 𝛾
1
and 𝛾

2
; the non-

negative constrain (𝑤
𝑖
≥ 0) is imposed because 𝑤

𝑖
represents

the similarity between one sample and bases. The optimal
decomposed coefficient 𝑤∗

𝑖
can be achieved by solving 𝑤∗

𝑖
=

argmin
𝑤
𝑖

Obj(𝑤
𝑖
, 𝛾

1
, 𝛾

2
).Theobjective function in (3) consists

of three parts.
(i) Fidelity. The first term penalizes the sum-of-squares
difference between the reconstructed and original sample.
Assuming that there are enough training samples of mitotic
cell regions so that the dictionary Φ consisting of all these
samples is overcomplete, it is obvious that a new mitotic
cell image can be faithfully represented only by the linear
combination of mitotic bases. However, it is impossible to
enumerate all mitotic cases for training set in reality. The
sparse coding in this way will be rather unstable. A feasible
compensation is to utilize the samples of nonmitotic cell
regions. By tuning 𝑤

𝑖
, the negative samples might by very

helpful for reconstructionwhen there are only limitedmitotic
bases.Therefore, theFidelity termwill utilize bothmitotic and
nonmitotic samples for reconstruction.
(ii) Sparsity. In the sparse coding scheme, it is usually
expected that a mitotic sample should be reconstructed
with both low residual and few mitotic bases. Although a
nonmitotic sample can also be reconstructed with the same
dictionary and the acceptable residual, it will leverage lots
of bases for compensation and result in a dense 𝑤

𝑖
. Lasso

penalty is well known to impose sparsity for decomposition

[15]. Therefore, ‖𝑤
𝑖
‖

1
(𝐿
1
norm of 𝑤

𝑖
) is implemented for

Sparsity term.
(iii) Consistence. In the framework of sparse representation,
overcomplete dictionary always exists and consequently the
dictionary would be redundant. It is known that to induce
sparsity the lasso tends to select only one basis from the
group of bases which have high correlations in between and
consequently lead to the nonunique solutions. To handle this
problem, in the objective function equation (3) for mitotic
cell representation, we impose the ridge penalty ‖𝑤

𝑖
‖

2
(𝐿
2

norm of𝑤
𝑖
) forConsistence term. Zou andHastie [16] mathe-

matically demonstrated that strict convexity could guarantee
the consistence in the extreme situation with identical bases.
Since the linear combination of the lasso and ridge penalties
is strictly convex, the regularizations of the objective function
equation (4) can benefit from preserving the consistence.
Furthermore, Zou and Hastie [16] derived the upper bound
of the difference between the coefficients of two different
bases to quantitatively describe the consistence effect by the
elastic net penalty [16, Theorem 1]. FollowingTheorem 1, the
difference between the coefficients of two bases is almost 0 if
these bases are highly correlated. Therefore, the Consistence
term can theoretically avoid the nonunique solutionwhen the
dictionary is redundant.

In this way, the proposed convex objective function
regularized by mix-norm with nonnegative constraint can be
formulated as follows:

Obj (𝑤
𝑖
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1
, 𝛾

2
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subject to 𝑤
𝑖
≥ 0.

(4)

3.2. Optimization. Given a training set of 𝑁 samples, 𝑋 =

{𝑋

𝑖
}

𝑁

𝑖=1
, where 𝑋

𝑖
denotes the extracted visual feature of

each training candidate, there exists a latent dictionary of
bases where each basis characterizes a special visual pattern
of mitotic cell region or nonmitotic cell region such that
a new image can be sparsely reconstructed with respect to
this dictionary. Therefore, the goal of optimization of the
objective function is to discover the optimal dictionary Φ∗
and reconstruction coefficients 𝑤∗

𝑖
for the corresponding

𝑋

𝑖
. This task can be achieved by solving the optimization

problem following:

(Φ

∗
,𝑊

∗
) = arg min
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(5)
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where 𝑊 = {𝑤

𝑖
}

𝑁

𝑖=1
and the convex set C = {Φ ∈ R𝑑×𝑀,

s.t., for all i, ‖𝜙i‖
2
2 ≤ 1}. Since the optimization problem

above is not convex with respect to both Φ and 𝑊, we
follow the coordinate decent framework and propose the
Iterative Updating method and summarize it in Algorithm 1,
which is well tailored from the online learning algorithm [17].
Assuming the training set consisting of i.i.d. samples from a
distribution 𝑝(𝑥), the proposed algorithm randomly draws
one sample 𝑥

𝑡
at a time and alternates the sparse coding step

for computing 𝑤𝑡 of 𝑥
𝑡
over the dictionary Φ𝑡−1 obtained at

the previous iteration and the dictionary updating step for
computing the new dictionaryΦ𝑡 with respect to𝑤𝑡. The two
main components of the method are, respectively, presented
below.

3.2.1. Sparse Coding. Given the obtained dictionary in (𝑡 −
1)th iteration, Φ𝑡−1, the coefficient of 𝑋

𝑡
in 𝑡th iteration, 𝑤𝑡,

for updating, is independent of others. Therefore, we can
optimize them independently as follows:

𝑤

𝑡
= arg min

𝑤∈R𝑀×1
(
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2

2
) ,

subject to 𝑤 ≥ 0.
(6)

For this convex objective function regularized by L1/L2
mix-norm with nonnegative constraint, we adopt the linear-
time projection method on the L1/L2 mix-norm regulariza-
tion [17]. To fulfill the nonnegative constraint, we only keep
themembers of 𝑤 which are greater than 0 and set the others
with 0 in each interaction.

With the optimal dictionaryΦ∗, the optimal decomposi-
tion coefficients𝑊∗ can be achieved by

𝑊

∗
= arg min
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𝑖
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(7)

3.2.2. Dictionary Updating. During the 𝑡th iteration, the
algorithm will aggregate the previous information computed
from loop 1 to loop 𝑡 for dictionary updating. Given the
obtained 𝑤𝑡 for 𝑋

𝑡
in 𝑡th iteration, the expected dictionary

in 𝑡th iteration, Φ𝑡, can be obtained by minimizing the
average error over all 𝑡 iterations. (Here 1 ≤ 𝑡 ≤ 𝑇max
(the maximum iteration) and 𝑇max is independent of the
sample number,𝑁, of the training set.) Therefore, Φ𝑡 can be
optimized by

Φ

𝑡
= argmin

Φ∈C

1

𝑡

𝑡

∑

𝑖=1
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𝑖
− Φ ⋅ 𝑤
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2

2
. (8)

The constraint ‖𝜙𝑡
𝑖
‖

2

2
≤ 1(∀𝑖) is implemented to avoid basis

𝜙

𝑡

𝑖
being arbitrarily large, which would result in arbitrarily

small value of 𝑤. Equation (8) can be solved as illustrated in
Algorithm 2.

4. Experimental Method

4.1. Data. Two challenging phase contrast image sequences
of C3H10T1/2 mouse mesenchymal stem cell populations
(American Type Culture Collection, Manassas, VA) were
acquired, each containing 1436 images.The growing environ-
ment consists of Dulbecco’s Modified Eagle’s Media (DMEM;
Invitrogen, Carlsbad, CA), 10% fetal bovine serum (Invit-
rogen, Carlsbad, CA) and 1% penicillin streptomycin (PS;
Invitrogen, Carlsbad, CA). The cells were observed during
growth under a Zeiss Axiovert 135TV inverted microscope
with a 5x, 0.15N.A. objective and phase contrast optics. Time-
lapse image acquisition was performed every 5minutes using
a 12-bit Qimaging Retiga EXi Fast 1394 CCD camera at
500ms exposure with a gain of 1.01. Each image consists of
1392 × 1040 pixels with a resolution of 19 𝜇m/pixel.

After image acquisition, the bounding box of eachmitotic
cell was manually annotated by an expert biologist using
a labeling tool with a graphical user interface and then
resized to an image patch of 25 × 25 pixels. The nonmitotic
candidates in the same size were automatically and randomly
selected. Totally, the training set consists of 222 positive
samples and 783 negative samples from one image sequence
and the test set consists of 359 positive samples and 1267
negative samples from the other.

4.2. Experiments. Any state-of-the-art visual feature can be
utilized for low level image representation. To demonstrate
that the proposed method does not need specific object-
dependent visual feature formulation with high discrimina-
tive capability, we extracted the pixel-wise intensity feature
as well as three representative visual features for compari-
son. Pixel-wise intensity feature (Raw) represents the global
intensity distribution of one image and implicitly contains
appearance characteristics.This feature is formed by concate-
nating each pixel intensity in raster order [9]. Histogram of
Oriented Gradients (HoG), GIST, and Scale Invariant Feature
Transform (SIFT) are widely utilized to represent the shape
characteristic, local structural information, and local visual
saliency, respectively. Due to the limited space, please refer to
[18–20] for more details.

For dictionary construction, we need to discover which
visual feature and what configuration of 𝛾

1
and 𝛾
2
are the best

combination. Specifically, by fixing 𝛾
1
and 𝛾
2
, we can compare

the performances of the learned SVMmodels with respect to
four kinds of visual features. Moreover, by fixing the visual
feature, we can compare the performances of the configura-
tions of 𝛾

1
and 𝛾
2
by tuning both within [10−4, 10−1].

To demonstrate the superiority of the proposed method
for mitotic cell detection, we compared its performance
against the spatial feature-based method [1]. Both methods
only use spatial visual features for recognition and can form
a fair comparison.Weutilized the decomposed coefficients by
the proposed method with respect to each visual feature and
the best corresponding configurations of 𝛾

1
and 𝛾

2
to train

SVMmodels separately. Comparatively, we directly used each
kind of visual features extracted from the same training set
to train a corresponding SVM model. We compared the
performances with the same test set. Moreover, we compared
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Input: Training samples𝑋 = {𝑋
𝑖
}

𝑁

𝑖=1
, 𝛾
1
, 𝛾

2
∈ 𝑅, initial dictionaryΦ0 ∈ 𝑅𝑑×𝑀, maximum iteration 𝑇max

(1) initialize
(2) 𝐴

0
∈ 𝑅

𝑀×𝑀
← 0, 𝐵

0
∈ 𝑅

𝑑×𝑀
← 0

(3) end
(4) // main loop
(5) for 𝑡 ← 1, . . . , 𝑇max do
(6) Select𝑋

𝑡
from𝑋

(7) Sparse Coding: solve the objective function below with the linear time projection method [17]
(8) 𝑤

𝑡
= arg min

𝑤∈R𝑀×1
(









𝑋

𝑡
− Φ

𝑡−1
⋅ 𝑤









2

2
+ 𝛾

1‖
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+ 𝛾
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𝑤‖

2

2
) , subject to𝑤 ≥ 0 (9)

𝐴

𝑡
← 𝐴

𝑡−1
+ (𝑤

𝑡
)(𝑤

𝑡
)

𝑇.
(9) 𝐵

𝑡
← 𝐵

𝑡−1
+ (𝑋

𝑡
)(𝑤

𝑡
)

𝑇.
(10) Dictionary Updating: solve the objective function below with Algorithm 2

(11) Φ

𝑡
= argmin

Φ∈C

1

𝑡

𝑡

∑

𝑖=1

(











𝑋

𝑖
− Φ ⋅ 𝑤

𝑖






2

2
) = argmin

Φ∈C

1

𝑡

(

1

2

Tr (ΦT
ΦAt) − Tr (Φ

TBt)). (10)

(12) Return Φ𝑇max .

Algorithm 1: Iterative updating method.

Input:Φ = {𝜙
𝑖
}

𝑀

𝑖=1
∈ 𝑅

𝑑×𝑀
, 𝐴 = {𝑎

𝑖
}

𝑀

𝑖=1
∈ 𝑅

𝑀×𝑀
, 𝐵 = {𝑏

𝑖
}

𝑀

𝑖=1
∈ 𝑅

𝑑×𝑀, maximum iteration 𝑇max
(1) // main loop
(2) Repeat
(3) for 𝑡 ← 1, . . . , 𝑇max do
(4) Update the 𝑗th column for Φ:
(5) 𝑢

𝑗
←

1

𝐴 [𝑗, 𝑗]

(𝑏

𝑗
− Φ𝑎

𝑗
) + 𝜙

𝑗
,

(6) 𝜙

𝑗
←

1

max (




𝑢

𝑗









2
, 1)

𝑢

𝑗

(7) Until convergence
(8) Return Φ𝑇max .

Algorithm 2: Dictionary updating algorithm.

the proposed method to the recently popular sequential
feature-based methods, including Hidden Markov Model-
basedmethod (HMM) [4], Conditional Random Field-based
method (CRF) [6], Hidden-state Conditional Random Field-
based method (HCRF) [5], and the most recently proposed
EDCRF-based method (EDCRF) [13].

To evaluate the performance of mitotic cell detection,
we examined four different outcomes by the proposed
method, true positive (TP), false negative (FN), false positive
(FP), and true negative (TN). Precision (TP/(TP + FP)),
Recall (TP/(TP + FN)), and the 𝐹

1
score ((2 × Precision ×

Recall)/(Precision + Recall), representing the overall perfor-
mance of both)) are used as quantitative metrics to evaluate
the performance of mitotic cell recognition. Accuracy ((TP+
TN)/(TP + FN + FP + TN)) is utilized to evaluate the overall
performance of bothmitotic and nonmitotic cell recognition.

5. Experimental Results and Discussion

5.1. Mitotic Candidate Extraction. The proposed mitotic can-
didate extraction method achieved 100% recall and 40%
precision on the test sequence as compared to the ground

Table 1: Performance comparison for mitotic cell detection with
respect to four kinds of visual features (𝛾

1
= 0.1 and 𝛾

2
= 0.1).

Criteria Proposed (%) SSM [1] (%)
Raw SIFT GIST HoG Raw SIFT GIST HoG

Precision 88.0 76.9 87.7 65.7 70.1 64.3 65.0 55.5
Recall 83.6 86.1 83.6 86.1 77.2 88.9 92.2 75.5
𝐹

1
score 85.7 81.2 85.6 74.6 73.5 74.6 76.3 64.0

Accuracy 93.9 91.2 93.8 87.0 87.7 86.7 87.3 81.2

truth. Some examples of the extracted candidates are shown
on the right of Figure 3. It is intuitive that our method
eliminates most of the surrounding background of mitotic
cells, keeping only the essential visual patterns for feature
extraction.This helps improve the performance ofmitotic cell
detection as presented next.

5.2. Mitotic Cell Detection. The performances of different
dictionary learning strategies with respect to four visual
features and different configurations of 𝛾

1
and 𝛾
2
are shown

in Figure 2.With the comparison in each row, we can achieve
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Figure 2: Performance comparison for dictionary learning with respect to four kinds of visual features and different configurations
of 𝛾
1
and 𝛾

2
.
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Figure 3: Sample images of mitotic cell detection on C3H10 image sequence (the number on the left top corner means the frame number
in the image sequence). Left: original images with the ground truth (yellow rectangle) and detected regions (green circle). Right: mitotic
candidate detection results by the imaging model-based microscopy image segmentation method. The white regions denote the detected
mitotic candidates for further identification.
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Figure 4: Sample images of mitotic cell detection on C3H10 image sequence with high confluency (the number on the left top corner means
the frame number in the image sequence). The red regions overlaying the original images denote the detected mitotic candidates by the
imaging model-based microscopy segmentation method. Green, blue, and red circles, respectively, denote true positive, false negative, and
false positive.

Table 2: Comparison of mitosis detection.

Model Precision (%) Recall (%) 𝐹

1
(%)

EDCRF [13] 89.2 85.7 87.4
HCRF [5] 83.0 90.0 87.0
CRF [6] 90.3 73.1 80.8
HMM [4] 82.0 77.2 79.5
Proposed 88.0 83.6 85.7

the best 𝐹
1
score and accuracy when both 𝛾

1
and 𝛾
2
were 0.1

and the visual feature was fixed. It is implied that the stronger

sparsity and consistence effects can benefit the decomposed
coefficients for model learning. In our experiment, the
maximum standard deviation (MSD) of 𝐹

1
score by fixing

𝛾

1
/𝛾

2
and tuning 𝛾

2
/𝛾

1
is 0.044 (except the special case of

0.086 when using GIST and 𝛾
1
= 0.1 shown in Figure 2(c))

and the MSD of accuracy is 0.019. These results show that
the proposed method has strong robustness with respect to
different visual features and a broad range of parameters.

The best performances with respect to different visual fea-
tures when 𝛾

1
and 𝛾

2
are both fixed with 0.1 were compared

to decide which feature is the best for representation. From
the left side of Table 1, it is obvious that the dictionary learned
with Raw consistently outperforms others. It implies that it
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is not necessary to develop special visual feature to overcome
the variance of rotation, scale, shape, and so on formitotic cell
detection although its appearance may changes irregularly.
Comparatively, the decomposed coefficients of one sample
can explicitly reflect its correlation with bases and this rela-
tionship can be achieved stably by the optimization method
regularized by L1/L2 mix-norm with nonnegative constraint
even though we did not explicitly align mitotic samples as
we usually do for face recognition. Therefore, the proposed
method can avoid the nontrivial task of feature extraction for
deformable object recognition. The left column of Figure 3
shows the samples of the final mitotic cell detection on
the frames with increasing confluency in one C3H10 image
sequence. Especially, when cell density got much higher as
shown in Figure 4, the proposed method can still effectively
identify mitotic cell with the discriminative and robust high
level feature stably produced by the convex optimization
regularized by L1/L2 mix-norm with nonnegative constraint
although one false positive and one false negative cases occur.

5.3. Comparison. The performance comparison between the
proposed method and the spatial saliency-based method
(SSM) [1] is shown in Table 1. It is obvious that the pro-
posed method can consistently outperform the other in
terms of 𝐹

1
score and accuracy with respect to any visual

feature. Especially, we can achieve the best performance
(𝐹

1
= 85.7% and accuracy = 93.9%) when Raw was

selected and both 𝛾
1
and 𝛾

2
were 0.1, which is competitive

to the performance of GIST by both methods. However, the
formulation of GIST would cost much higher computation
[20] compared to the formulation of Raw. To our surprise,
SIFT feature works worse than both Raw and GIST. It is
explainable that the substantial and irregular appearance
changes can not be preserved simply by SIFT formulation.
It is expected that HoG works worst because it mainly
represents the shape feature and is not suitable for deformable
object representation.

The advanced comparison to the temporal context-based
methods with Raw as low level feature is summarized in
Table 2. The proposed method achieved the precision of
88.0% and the recall of 83.6%, with the best 𝐹

1
score of

85.7% and the best accuracy of 93.9%. In contrast, CRF-
based method [6] and HMM-based method [4] achieved
significantly lower precision, recall and 𝐹

1
scores. These

results revealed that the high level feature stably achieved
by the convex optimization regularized by mix-norm with
nonnegative constraint has high discriminative ability and is
essential for mitotic cell modeling. Consequently, the pro-
posedmethod can outperform bothmethods even though no
temporal context is incorporated. BecauseHCRFandEDCRF
can capture the intermediate structures using hidden-state
variables and is more flexible to model the temporal state
transition, the HCRF-based method [5] and the EDCRF-
based method [13] obtained better result in terms of 𝐹

1
score

(87.0% and 87.4%, resp.). However, both sacrificed high com-
putation complexity only with 1.3% and 1.7% improvement of
𝐹

1
score.

6. Conclusion

In this paper, we propose a nonnegative mix-norm con-
vex optimization method for mitotic cell detection. This
method can overcome the difficulty in feature formulation for
deformable objects. Moreover, it is independent of tracking
or temporal inference model. Large scale comparison exper-
iments demonstrate that the proposed method can produce
competing results with the state-of-the-art methods by the
highest 𝐹

1
score (85.7%) and accuracy (93.9%). We plan

to discover more characteristics of mitosis event with the
biology knowledge for objective function design to improve
the performance of mitotic cell detection.
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Vascular segmentation plays an important role inmedical image analysis. A novel technique for the automatic extraction of vascular
trees from 2Dmedical images is presented, which combines Hessian-based multiscale filtering and a modified level set method. In
the proposed algorithm, the morphological top-hat transformation is firstly adopted to attenuate background.Then Hessian-based
multiscale filtering is used to enhance vascular structures by combining Hessian matrix with Gaussian convolution to tune the
filtering response to the specific scales. Because Gaussian convolution tends to blur vessel boundaries, which makes scale selection
inaccurate, an improved level set method is finally proposed to extract vascular structures by introducing an external constrained
term related to the standard deviation of Gaussian function into the traditional level set. Our approach was tested on synthetic
images with vascular-like structures and 2D slices extracted from real 3D abdomenmagnetic resonance angiography (MRA) images
along the coronal plane. The segmentation rates for synthetic images are above 95%. The results for MRA images demonstrate
that the proposed method can extract most of the vascular structures successfully and accurately in visualization. Therefore, the
proposed method is effective for the vascular tree extraction in medical images.

1. Introduction

Accurate segmentation and quantification of vascular struc-
tures in medical images is a critical task for clinical prac-
tices such as computer-aided diagnosis, treatment, surgical
planning, and navigation. However, it is highly challenging
to extract vascular structures in 2D and 3D medical images.
The reasons lie in two aspects. On one hand, some vascular
structures involve numerous vascular branches and complex
patterns [1]. On the other hand, noise, variations in intensi-
ties, and low image contrast pose difficulties in vascular tree
extraction [2].

Various extraction techniques have been proposed for
vascular tree segmentation, that is, pattern recognition tech-
niques, model-based approaches, mathematical morphology,
multiscale filtering approaches, vessel tracking, and matched
filtering (see Kirbas and Quek [3] and Lesage et al. [4] for
comprehensive reviews). Almost all the vascular extraction
techniques take advantage of the characteristics of tubular-
like or line-like structure of vessels. Among existing vascular

extraction methods, Hessian-based multiscale filtering has
received much attention [1, 5–12]. These methods share a
common idea that the images are convolved with 2D or
3D Gaussian filters at multiple scales, and the eigenvalues
of the Hessian matrix at each pixel or voxel are analyzed
in terms of a response function to determine the shape of
the local structures in the images [13]. The response of the
Hessian-based multiscale filtering will be strongest when the
scale of the filter matches the size of the local structures,
which means scale selection is keeping with the strongest
response among multiple scales. Thus, local structures can
be extracted using the local strongest response. However, the
Hessian-based multiscale filtering is only based on geometry
structures of the vessels, which will lead to the discontinuous,
even fake vascular structures [1]. Furthermore, Gaussian filter
convolution with the image tends to blur vessel boundaries
and thus makes the scale selection inaccurate. To address
these problems, we use morphological top-hat transfor-
mation and Hessian-based multiscale filtering to enhance
vascular structures in medical images and an improved level
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set method involving an external constrained term related
to the standard deviation 𝜎 of Gaussian function to extract
vascular structures from the enhanced images since the blur
level of vessel boundaries is associated with 𝜎 [14].

The paper is structured in five sections; Section 2
describes morphological top-hat transformation and
Hessian-based multiscale filtering for vessel enhancement.
Vessel segmentation with the improved level set method is
presented in Section 3. Section 4 provides some experimental
results for synthetic and clinical medical images, as well as
evaluation of robustness and segmentation accuracy of the
proposed method. The conclusions and future directions are
given in Section 5.

2. Vessel Enhancement

The presence of numerous nonvascular structures in clinical
medical images such as liver and kidney, will negatively affect
the extraction of vascular structures. Considering that mor-
phological top-hat transformation is a powerful technique for
image enhancement, especially in extracting bright features
from a dark background [15–19], it is adopted in our method
to suppress nonvascular structures by using a structuring
element larger than the maximum vessel scale in the medical
images.

Following the morphological top-hat transformation, the
Hessian-based multiscale filtering [5] is used for enhancing
the medical image. The filter is based on eigenvalue analysis
of the scale space of the Hessian matrix. The eigenvalues and
eigenvectors of Hessian matrix are closely related to vascular
intensity and direction. For a 3D input image 𝐼, Hessian
matrix is a 3 × 3 matrix composed of second-order partial
derivatives of the input image 𝐼:

∇
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. (1)

In practice, the second-order partial derivatives of input
image 𝐼 at a point (𝑥, 𝑦, 𝑧) are defined as a convolution with
derivatives of Gaussian filter at scale 𝜎:

𝐼 (𝑥, 𝑦, 𝑧, 𝜎) = 𝐺 (𝑥, 𝑦, 𝑧, 𝜎) ∗ 𝐼 (𝑥, 𝑦, 𝑧) ,

𝐺 (𝑥, 𝑦, 𝑧, 𝜎) =

1

√
(2𝜋𝜎

2
)

3

exp(−
𝑥

2
+ 𝑦

2
+ 𝑧

2

2𝜎

2
) ,

(2)

where 𝐺(𝑥, 𝑦, 𝑧, 𝜎) denotes a Gaussian convolution kernel at
scale 𝜎. Let the eigenvalues of ∇2𝐼 be 𝜆

1
, 𝜆
2
, and 𝜆

3
(|𝜆

1
| ≤

|𝜆

2
| ≤ |𝜆

3
|), and their corresponding eigenvectors be 𝑒

1
, 𝑒
2
,

and 𝑒
3
, respectively. Table 1 summarizes the relations between

𝜆

𝑖
and orientations of different structures in the image.

Table 1: Possible structure orientations in 3D images depending on
the eigenvalues of Hessian matrix.

Orientation pattern 3D image
𝜆

1
𝜆

2
𝜆

3

Noisy, no preferred direction L L L
Plate-like structure (bright) L L H−
Plate-like structure (dark) L L H+
Tubular structure (bright) L H− H−
Tubular structure (dark) L H+ H+
Blob-like structure (bright) H− H− H−
Blob-like structure (dark) H+ H+ H+
L: Low, H+: high positive, H−: high negative.

Based on the eigenvalues of ∇2𝐼, the dissimilarity mea-
sures 𝑅

𝐵
and 𝑅

𝐴
are defined as

𝑅

𝐵
=









𝜆

1









√









𝜆

2
𝜆

3









,

𝑅

𝐴
=









𝜆

2

















𝜆

3









.

(3)

The first ratio 𝑅
𝐵
accounts for the deviation for a blob-

like structure, but it cannot distinguish between a line-like
and a plate-like pattern. The second ratio 𝑅

𝐴
is applied for

distinguishing between plate-like and line-like structures. In
order to reduce the response of the background pixels, Frangi
et al. used the Frobenius norm of theHessianmatrix to define
the measure of “second-order structureness” [5] as follows:

𝑆 =
√
𝜆

2

1
+ 𝜆

2

2
+ 𝜆

2

3
.

(4)

Assuming a bright blood image, the vesselness function
can be defined as follows:

]
𝑜 (
𝜎) =

{

{

{

{

{

{

{

{

{

{

{

{

{

0, if 𝜆
2
> 0 or 𝜆

3
> 0,

(1 − exp(−
𝑅

2

𝐴

2𝛼

2
)) exp(−

𝑅

2

𝐵

2𝛽

2
)

×(1 − exp(− 𝑆
2

2𝑐

2
)) , otherwise,

(5)

where 𝛼, 𝛽, and 𝑐 are thresholds which control the sensitivity
of the filter to the measures 𝑅

𝐴
, 𝑅
𝐵
, and 𝑆.The filter is applied

at multiple scales, and the maximum response is selected to
be a final estimate of vesselness. Consider

]
𝐼
= max
𝜎min≤𝜎≤𝜎max

{]
𝑜 (
𝜎)} , (6)

where 𝜎min and 𝜎max are the minimum and maximum scales
at which relevant structures are expected to be found. The
choice of the two values must ensure that they will cover the
range of vessel widths [5]. The maximum response output
]
𝐼
is the enhanced image which corresponds to line-like

structures.
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For 2D images, we use the following vesselness measure
defined by Frangi et al. [5] which follows from the same
reasoning as used for 3D:

]
𝑜 (
𝜎) =

{

{

{

{

{

0, if 𝜆
2
> 0,

exp(−
𝑅

2

𝐵

2𝛽

2
)(1 − exp(− 𝑆

2

2𝑐

2
)) , otherwise,

(7)

where 𝑅
𝐵
= 𝜆

1
/𝜆

2
is the blobness measure in 2D images.

3. Vessel Segmentation

3.1. Active Contour Methods. Active contour methods have
been popular in a wide range of problems including visual
tracking and image segmentation since they were first pro-
posed in 1988 by Kass et al. [20]. The basic idea of active
contour methods is to evolve a curve from a given initial
state towards an object boundary. In this paper, we used
region-based active contour methods under the level set
framework to segment vascular trees. Region-based active
contour methods assume intensities of image regions to
be constants. Compared with edge-based methods, region-
based approaches have many advantages such as robustness
and insensitivity to image noise [21].

In region-based active contour methods, a curve is
iteratively evolved by optimizing an objective function to find
the boundary 𝐶 of an object. Let the bounded open subset
Ω ⊂ 𝑅

2 represent the image domain. Each image is defined
as 𝐼 : Ω → 𝑅, and (𝑥, 𝑦) ∈ Ω is a spatial variable
representing a single point within the image domainΩ. In the
level set framework, the boundary𝐶 is embedded in a higher-
dimensional function. For example, a simple curve on a 2D
plane can be embedded in a 3D surface 𝜙. By convention, 𝐶
is represented as the zero-level-set of 𝜙 such that the curve is
located where 𝜙 crosses a plane at the 0th level. Thus, on the
interior of 𝐶, 𝜙 < 0, and on the exterior of 𝐶, 𝜙 > 0. During
the segmentation process, the function 𝜙(𝑥, 𝑦) is evolved
rather than explicitly evolving the boundary itself when using
a parametric boundary representation.The level set evolution
equation is given by

𝜕𝜙 (𝑥, 𝑦)

𝜕𝑡

+ 𝐹









∇𝜙 (𝑥, 𝑦)









= 0,
(8)

where 𝐹 is speed function. In our implementation, 𝜙(𝑥, 𝑦)
is initially represented as a signed distance function of the
boundary and is evolved via the optimization of an objective
function representing the goal of segmentation.

It is well known that level set methods are the most
widely used way to represent a contour because of their
simple implementation. In addition, it allows very complex
curve behavior and automatic topology adaptation [22]. But
the primary drawback of level set methods is that they
are slow to compute. In this work, we borrow the idea of
Lankton’s work [22] to implement our approach with the
sparse field method (SFM) proposed byWhitaker [23] which
allows one to implement level set active contours efficiently.
The objective function used in this work for vascular tree
extraction will be described in Section 3.2.

3.2. Vascular Tree Segmentation. In this paper, we use Chan-
Vese model [24], a region-based active contour model, to
overcome the drawback ofHessian-basedmultiscale filtering.
The object of Chan-Vese model is to minimize the objective
function 𝐹cv(𝑐1, 𝑐2, 𝐶) defined by

𝐹cv (𝑐1, 𝑐2, 𝐶) = 𝜇 ⋅ Length (𝐶) + 𝛼 ⋅ Area (inside (𝐶))

+ 𝜆

1
∫

inside(𝐶)









𝑢

0
(𝑥, 𝑦) − 𝑐

1









2
𝑑𝑥 𝑑𝑦

+ 𝜆

2
∫

outside(𝐶)









𝑢

0
(𝑥, 𝑦) − 𝑐

2









2
𝑑𝑥 𝑑𝑦,

(9)

where 𝑐
1
and 𝑐
2
denote the average intensity of pixels inside𝐶

and outside 𝐶 (i.e., 𝑐
1
= 𝑐

1
(𝐶), 𝑐
2
= 𝑐

2
(𝐶)), respectively. The

Heaviside function𝐻 and the Dirac Delta function 𝛿
0
will be

used to partition the level set function.The objective function
can be rewritten in terms of 𝜙(𝑥, 𝑦) as

𝐹cv (𝑐1, 𝑐2, 𝜙)

= 𝜇∫

Ω

𝛿

0
(𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦 + 𝛼∫

Ω

𝐻(𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

+ 𝜆

1
∫

Ω









𝑢

0
(𝑥, 𝑦) − 𝑐

1









2
𝐻(𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

+ 𝜆

2
∫

Ω









𝑢

0
(𝑥, 𝑦) − 𝑐

2









2
𝐻(1 − 𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦.

(10)

Since Gaussian convolution tends to blur vessel bound-
aries and makes scale selection inaccurate, and the blur level
of vessel boundaries is associated with standard deviation
𝜎 of Gaussian function, we define a new class of external
constrained term 𝐹

𝜎
related to 𝜎. 𝐹

𝜎
is the penalty on the

evolution distance from the initial contour 𝐶
0
which is

obtained by using Otsu’s thresholding [25] method on the
enhanced image ]

𝐼
. Here, 𝐹

𝜎
is defined as

𝐹

𝜎
= 𝐵 (𝑥, 𝑦) ⋅ 𝐹cv (𝑐1, 𝑐2, 𝐶) ,

𝐵 (𝑥, 𝑦) = {

0, if 


𝐶

𝑡
(𝑥, 𝑦) − 𝐶

0









< 𝑑

𝜎
,

−1, otherwise,

(11)

where 𝜎 is the maximum standard deviation of Gaussian
function used in Hessian-based multiscale filtering and 𝑑

𝜎
is

a preset value for the largest contour evolution distance (𝑑
𝜎

is set to 𝜎max/2, in our paper). |𝐶
𝑡
(𝑥, 𝑦) − 𝐶

0
| is the evolution

distance in a point (𝑥, 𝑦) from the initial contour 𝐶
0
.

By combining 𝐹cv with 𝐹𝜎, the new objective function is
represented as

𝐹new = 𝐹cv (𝑐1, 𝑐2, 𝐶) + 𝐹𝜎

= 𝐹cv (𝑐1, 𝑐2, 𝐶) + 𝐵 (𝑥, 𝑦) ⋅ 𝐹cv (𝑐1, 𝑐2, 𝐶) ,
(12)

and it will be rewritten in terms of 𝜙(𝑥, 𝑦) as follows:

𝐹new = 𝐹cv (𝑐1, 𝑐2, 𝜙) + 𝐵 (𝑥, 𝑦) ⋅ 𝐹cv (𝑐1, 𝑐2, 𝜙) . (13)
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The evolution follows that when evolution distance in point
(𝑥, 𝑦) |𝐶

𝑡
(𝑥, 𝑦) − 𝐶

0
| < 𝑑

𝜎
, 𝐵(𝑥, 𝑦) = 0, 𝐹

𝜎
= 0, and

𝐹new = 𝐹cv(𝑐1, 𝑐2, 𝐶), where the contour 𝐶𝑡 at point (𝑥, 𝑦) can
be evolved as the Chan-Vese model [24]. Meanwhile, when
|𝐶

𝑡
(𝑥, 𝑦) − 𝐶

0
| > 𝑑

𝜎
, 𝐵(𝑥, 𝑦) = −1, 𝐹

𝜎
= −𝐹cv(𝑐1, 𝑐2, 𝐶),

and 𝐹new = 0, where the contour 𝐶
𝑡
at point (𝑥, 𝑦) will

stop evolution. In other words, 𝑑
𝜎
is the largest permissible

evolution distance (i.e., 𝑑
𝜎
= 𝜎max/2). Obviously, 𝐵(𝑥, 𝑦)

can control the contour evolution to avoid the segmentation
leakage of nonvascular structures and blurred boundaries
caused by Gaussian convolution.

If one regularizes the Heaviside function𝐻 and the Dirac
Delta function 𝛿

0
by two suitable smooth functions 𝐻

𝜀
and

𝛿

𝜀
, the evolving equation will be obtained as

𝜕𝜙

𝜕𝑡

= 𝛿

𝜀
(𝜙) [𝜇∇ ⋅
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1
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2
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2
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0
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2
)

2
]

+ 𝐵 (𝑥, 𝑦) ⋅ 𝛿

𝜀
(𝜙)

× [𝜇∇ ⋅
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1
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0
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1
)

2
+ 𝜆

2
(𝑢

0
− 𝑐

2
)

2
]

(14)

with the natural boundary condition [26]. In addition

𝜙 (𝑥, 𝑦, 0) = 𝜙

0
(𝑥, 𝑦) ,

𝛿𝜙









∇𝜙









𝜕𝜙

𝜕 ⃗𝑛

= 0 on 𝜕Ω,

𝑐

1
(𝜙) =

∫

Ω
𝑢

0
(𝑥, 𝑦)𝐻 (𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

∫

Ω
𝐻(𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

,

𝑐

2
(𝜙) =

∫

Ω
𝑢

0
(𝑥, 𝑦)𝐻 (1 − 𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

∫

Ω
𝐻(1 − 𝜙 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

.

(15)

In general, 𝜇 ≥ 0, ] ≥ 0, 𝜆
1
> 0, and 𝜆

2
> 0 are fixed

parameters. As suggested in [24], these parameters are set as
𝛼 = 0, 𝜆

1
= 𝜆

2
= 1. Then the evolving equation can be

simplified as

𝜕𝜙

𝜕𝑡

= 𝛿

𝜀
(𝜙) [𝜇∇ ⋅

∇𝜙
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− (𝑢

0
− 𝑐

1
)

2
+ (𝑢

0
− 𝑐

2
)

2
]

+ 𝐵 (𝑥, 𝑦) ⋅ 𝛿

𝜀
(𝜙)

× [𝜇∇ ⋅

∇𝜙
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− (𝑢

0
− 𝑐

1
)

2
+ (𝑢

0
− 𝑐

2
)

2
] .

(16)

We define regularizations of 𝛿
𝜀
and 𝐻

𝜀
(where 𝛿

𝜀
(𝑥) =

(𝜕/𝜕𝑥)𝐻

𝜀
(𝑥)) as

𝛿

𝜀 (
𝑥) =

{

{

{

{

{

{

{

1, if 𝑥 = 0,
0, if |𝑥| > 𝜀,
1

𝜋

𝜀

𝜀

2
+ 𝑥

2
, if |𝑥| ≤ 𝜀,

(17)

𝐻(𝑥) =

{

{

{

{

{

{

{

1, if 𝑥 < −𝜀,
0, if |𝑥| > 𝜀,
1

2

[1 +

2

𝜋

arctan(𝑥
𝜀

)] , if |𝑥| ≤ 𝜀.
(18)

The values used in the simulations are 𝜀 = ℎ = 1 with ℎ
denoting the space step.

In each step, the 𝜙(𝑥, 𝑦) should be reinitialized to be the
signed distance function [24, 26]. This procedure prevents
the level set function from becoming too “flat” due to the
use of the regularized Dirac Delta function 𝛿

𝜀
(𝑥) [26]. The

reinitialization process is expressed as

𝜕𝜓

𝜕𝜏

= sign (𝜙 (𝑥, 𝑦, 𝑡)) (1 − 


∇𝜓









) ,

𝜓 (0) = 𝜙 (𝑥, 𝑦, 𝑡) .

(19)

The solution of this equation 𝜓 will have the same zero-level-
set as 𝜙(𝑥, 𝑦, 𝑡), and |∇𝜓| will converge to 1 since it should be
a distance function.

The process of the vascular extraction terminates when
the evolution does not change within bounds 0.4mm2 on
successive iterations or the maximum number of iterations
is reached.The improved active contourmethod converges to
the boundary of vascular structures exactly in a few iterations.

3.3. Implementation of the Algorithm

(1) Vessel enhancement with morphological top-hat
transformation and Hessian-based multiscale filter-
ing;

(2) Get the initial contour 𝐶
0
using Otsu’s thresholding

method on the enhanced image ]
𝐼
;

(3) Initialize 𝜙0 based on 𝐶
0
;

(4) Compute 𝑐
1
(𝜙) and 𝑐

2
(𝜙);

(5) Solve (17);
(6) Reinitialize 𝜙𝑛+1 as 𝜙𝑛+1 = 0 by using (19);
(7) Check whether the solution is stationary or the

stopping criteria is met. If not, go back to Step 4;
Otherwise stop evolution.

4. Experiments and Discussions

4.1. Experiments on Synthetic Images. To evaluate the per-
formance of the proposed method, we test it on synthetic
images containing different vessel-like structures with dif-
ferent diameters and different directions. For quantification,
we use the segmentation rate to measure the effectiveness of
our method. The segmentation rate is used to estimate the
completeness of a segmented vessel, and it is defined as the
ratio of the number of segmented pixels to the number of gold
standard pixels whose coordinates are known in synthetic
images.

4.1.1. Evaluation of Segmentation Accuracy and Robustness.
Figure 1 shows three types of synthetic images of size 512 ×
512. In Figure 1(a), the diameters of the simulated vascular
structures range from 1 pixel to 15 pixels. In Figure 1(b),
directions of the vascular structures are simulated by counter-
clockwise rotation with an interval of 30 degrees starting
from the vertical direction. In Figure 1(c), the intensities
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(a) (b) (c)

Figure 1: Synthetic images. (a) Image with different diameters. (b) Image with different directions. (c) Image with different intensities.

(a) (b) (c) (d) (e)

Figure 2: The vascular tree model with different complexities. (a) A branch. (b) Two branches. (c) Four branches. (d) Six branches. (e) Eight
branches.

of the vessels from left to right are set between 32 to 256
with an increment of 32, while the intensity of background
is 0. Meanwhile, five vascular tree models with different
complexities are presented in Figure 2.

Figure 3 shows the segmentation rate with different vessel
diameters, vessel directions, vessel intensities, and vessel
complexities. It can be seen that the proposed method can
provide accurate segmentation results, and the segmentation
rates for all the synthetic images are over 95%. Moreover,
the segmentation accuracy is insensitive to vessel diameter
or vessel direction and all the cases could be segmented
completely. Unfortunately, it has a limit on vessel intensity.
If a vessel structure is not obvious compared with the
background in the image, the proposed method cannot
obtain the expected outcome as shown in Figure 3(c). When
the intensity of the vessel structures is lower than 64 with the
background intensity equal to 0, the segmentation rate is close
to 0. But this kind of vessel structure is rare in clinical practice.
Simultaneously, with the increasing complexity of vessel
structure, the segmentation rate presents a slight downward
tendency as shown in Figure 3(d). Therefore, the proposed
method is effective for the extraction in images with vessel-
like structures.

To investigate the sensitivity of the proposed method to
noise, we used the synthetic image of size 256 × 256 with
a vessel-like structure of varying width and orientation in
Figure 4(a), and added zeromean Gaussian noise of standard
deviations ranging from 5 to 30 to this image. Figure 4(b)

shows the segmentation rate for Gaussian noise of the various
standard deviations. It is easy to see from Figure 4(b) that the
segmentation rate decreases slightly but remains above 97%
with increasing noise levels in the image. Figure 5 shows the
segmentation results under different noise levels. Obviously,
the proposed method is robust to noise in that it can extract
the tree structure effectively at the various noise levels.

4.1.2. Comparison of Vessel Segmentation Methods. In this
section, we compared the segmentation results of the pro-
posed method with those of other two vessel segmenta-
tion techniques, Hessian-based multiscale filtering [5] and
Hessian-based multiscale filtering combined with Chan-Vese
model [24], on the synthetic image. The synthetic image
of size 512 × 512 used in this part is given in Figure 6(a).
Figure 6(b) shows that the Hessian-based multiscale filtering
can locate vessel structures accurately but with inaccurate
scales, which means that it is suitable to generate the initial
contour. Hessian-based multiscale filtering combined with
Chan-Vese model can converge to the boundary of the
vascular structure exactly, but it will leak into neighboring
nonvascular structures where the contrast is low as shown in
Figure 6(c). The result of the proposed method presented in
Figure 6(d) is of high accuracy and completely unaffected by
nonvascular structures because of the introduction of a new
class of external constrained term𝐹

𝜎
to penalize the evolution

distance of the contour. The segmentation rate of Hessian-
based multiscale filtering, Hessian-based multiscale filtering
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Figure 3: The segmentation rate with different (a) vessel diameters, and (b) vessel directions, (c) vessel intensities, (d) vessel complexities.
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Figure 4: Analysis of noise sensitivity. (a) Original image. (b) Influence of noise levels.
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(a) (b) (c) (d) (e)

Figure 5: The segmentation results at different noise levels. (a) Original image. Standard deviation is 5, 10, 20, and 30 from (b) to (e).

(a) (b) (c) (d)

Figure 6:The segmentation results of the above three methods. (a) Original image. (b) Hessian-based multiscale filtering. (c) Hessian-based
multiscale filtering combined with Chan-Vese model. (d) The proposed method.

(a) (b) (c) (d)

Figure 7: Segmentation results of the above three methods. (a) A 2D slice view. (b) Hessian-based multiscale filtering. (c) Hessian-based
multiscale filtering combined with Chan-Vese model. (d) The proposed method.

(a) (b) (c) (d)

Figure 8: Enlarged view of the marked green box in Figure 7. (a) A 2D slice view. (b) Hessian-based multiscale filtering. (c) Hessian-based
multiscale filtering combined with Chan-Vese model. (d) The proposed method.
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combined with Chan-Vese model, and the proposed method
are 88.71%, 92.32%, and 98.14%, respectively.

4.2. Experiments on MRA Images. In this section, we applied
the proposed method on 2D slices extracted from a 3D
abdomen MRA image. The image size is 512 × 512 × 60
voxels with pixel spacing 0.51mm × 0.51mm × 1mm which
is acquired from syngo MR B15 by routine clinical scan.
The 2D slices were generated by slicing through the 3D
image in the direction of the coronal plane with 3D Quantify
(a multiplanar visualization software) [27]. For the clinical
images, there is no “ground truth” to prove presence or
absence of the vessel structures or their sizes or positions.
Thus, we evaluated segmentation results of the proposed
method and the other two methods by visual inspection.

Figure 7(a) shows one of the 2D slices used in our
experiments. We compared our proposed method with the
Hessian-based multiscale filtering and Hessian-based multi-
scale filtering combined with Chan-Vese model. The results
are presented in Figures 7(b), 7(c), and 7(d). Figure 8 shows a
partially enlarged view of the marked green box in Figure 7.
Obviously,Hessian-basedmultiscale filtering cannot estimate
the scales of the vessel structures exactly inferred from
the segmentation of the main renal artery on the left of
Figure 8(b). Similar to Figure 6(c), the result of Hessian-
based multiscale filtering combined with Chan-Vese model
leaks into adjacent nonvascular structures due to the low
contrast as shown on the right side of Figure 8(c). Figure 8(d)
demonstrates that the proposed method successfully and
accurately extracts most of the vascular structures.

5. Conclusions

This paper presented an automatic technique for extracting
vascular tree in medical images. Distinctively, the proposed
method introduces an external constrained term 𝐹

𝜎
based on

𝜎 used inHessianmatrix with Gaussian function convolution
into the level set to avoid the segmentation leakage of
nonvascular structures. In the evaluation based on synthetic
images, the segmentation rate of the proposed method is
over 97% and it is robust to noise. The results for clinical
datasets demonstrate that the proposed method is suitable
and effective for the extraction of vascular tree in medical
images. The main drawback of our method is that it cannot
obtain expected results when the image contrast is very
low. Future work will concentrate mainly on optimizing the
performance on low contrast images and accuracy evaluation
of our method for clinical datasets.
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Nonrigid image registration is a prerequisite for various medical image process and analysis applications. Much effort has been
devoted to thoracic image registration due to breathing motion. Recently, scale-invariant feature transform (SIFT) has been used
in medical image registration and obtained promising results. However, SIFT is apt to detect blob features. Blobs key points are
generally detected in smooth areas which may contain few diagnostic points. In general, diagnostic points used in medical image
are often vessel crossing points, vascular endpoints, and tissue boundary points, which provide abundant information about vessels
and can reflect the motion of lungs accurately. These points generally have high gradients as opposed to blob key points and can
be detected by Harris. In this work, we proposed a hybrid feature detection method which can detect tissue features of lungs
effectively based on Harris and SIFT. In addition, a novel method which can remove mismatched landmarks is also proposed. A
series of thoracic CT images are tested by using the proposed algorithm, and the quantitative and qualitative evaluations show that
our method is statistically significantly better than conventional SIFT method especially in the case of large deformation of lungs
during respiration.

1. Introduction

Lung cancer is the most common cause of cancer-related
death all over the world, with exceeding 1 million deaths
annually [1]. Image-guided radiation therapy (IGRT) plays an
important role in both the curative and palliative treatment
of lung cancer, and precise targeting of lung tumors is an
essential step in IGRT [2]. However, it is difficult to target
tumors in lungs by taking into account respiration and
tumor motion. Deformable or nonrigid image registration
has been recognized as a key technology to locate position
of tumor precisely [3]. By definition, image registration is
a process of establishing spatial correspondences between
two images. It can be classified into rigid registration and
nonrigid registration.As themotion and shape change of lung
is nonlinear, it is appropriate to register the lung CT images
by using nonrigid registration.

Various nonrigid image registration methods have been
applied for the lung CT images. In general, the registration

methods can be divided into intensity-based and feature-
based methods. There are a lot of intensity-based methods
used in the thoracic CT image registration, such as fast
intensity-based freeform registration [4], multiresolution
optical flow technique [5], regional narrow shell model
[6], and demons algorithm [7]. However, intensity-based
methods tend to misregister small structures in the lung
like vessels and airways as they only rely on image intensity
[8]. Feature-based methods are typically applied when the
local structural information is distinctive and salient, and the
performance of feature-based registration is closely related to
the accuracy of feature extraction and matching in images.

In feature-based registration methods which were com-
monly used in thoracic images, both Rohr [9] and Coselmon
et al. [10] used manually extracted landmarks and an approx-
imating thin-plate spline to describe the mapping function.
However, manual landmark extraction often takesmuch time
and is tedious, and the accuracy greatly depends on the expe-
rience of doctors. Han [2] proposed a hybrid method that
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used features detected by Forstner operator as constrains to
guide an intensity-based deformable registration. Gorbunova
et al. [11] combined intensity, curves, and surfaces to register
lung CT images. These methods were hybrid techniques
that combined feature-based and intensity-based methods.
Recently, Xie et al. [12] and Urschler et al. [8] showed the
feature-based registration based on scale-invariant feature
transform (SIFT) [13] and thin-plate spline (TPS) achieved
promising results in thoracic CT images. The robustness of
SIFT has been properly evaluated, which shows well perfor-
mance and stability under arbitrary affine transformations
for MR, CT, and ultrasound images due to its distinctive
and superior advantages in feature detection and description
[14, 15]. However, the accuracy of extracted key points and
thematching strategy have not been fully explored. Our work
mainly focuses on these two questions.

In the present work, we develop a hybrid feature extrac-
tion method that can detect anatomic tissue features of lungs
effectively based on Harris and Stephens [16] and SIFT. To
effectively remove the mismatched features, a novel method
based on cross-correlation and structural invariance is also
proposed.

2. Methods

The proposed method consists of four major steps: tissue
feature detection, feature description, feature matching and
mismatched points removing, and thin-plate spline (TPS)
transformation [17]. We will illustrate the method in the
following sections in detail. As the voxel spacings in three
directions are different, we first preprocess the images into
a volume with isotropic spacing. This process can improve
computation speed and reduce memory usage due to the
increase of voxel spacing of each slice. In addition, having
an isotropic voxel spacing can increase the accuracy of SIFT
descriptor.

2.1. Tissue Feature Detection. The SIFT algorithm detects
key points of extremes in the scale space, and the detected
key points are blob features which cannot fully reflect the
movement of lungs.The features that we need to find are lung
boundaries, vessel bifurcations, and alveoli. These features
usually have high intensity gradient; thus we use Harris
algorithmwhich can find points with high intensity gradient.

The Harris detector is based on the local autocorrelation
function of a signal, which measures the local changes of the
signal with patches shifted by a small amount in different
directions [18]. In 3D images, the local autocorrelation is
defined as
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The shifted image can be approximated by aTaylor expan-
sion truncated to the first order terms:
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where 𝐼
𝑥
, 𝐼
𝑦
, and 𝐼

𝑧
denote the intensity gradient in 𝑥-, 𝑦-,

and 𝑧-axises.
The eigenvalues of the matrix contain enough local infor-

mation related to the neighborhood structure, and points
with three high eigenvalues are selected as the features. To
reduce computational complexity and get a good distribution
of feature points in the lungs, the strategy we used is to select
the key points which have three high eigenvalues and each
key point has a distance larger than a threshold with others.

2.2. Local SIFT Feature Descriptor. The SIFT descriptor
is robust to local deformations and to errors in feature
detection. It is considered as one of the most effective
descriptors currently available [19]. For each detected feature,
a distinctive local SIFT feature descriptor is built [20, 21].
The 3D SIFT descriptor is characterized by using the gradient
orientation distribution in a 16 × 16 × 16 grid surrounding
the feature position, and the cube is divided into 4 × 4 × 4
subregions. The descriptor structure is shown in Figure 1.

Each voxel has two values which represent the direction
of the gradient in three dimensions. One is from 0∘ to 360∘,
and the other is from −90∘ to 90∘. To build the orientation
histograms, each bin indicates 45∘. Thus each subregion has
an 8 × 4 bins histogram to summarize the gradients of the
voxel in it.Therefore, a total of 2048 vectors are calculated for
a given feature.

2.3. Feature Matching and Removing Mismatched Points. In
the process of feature matching, the best candidate match for
each key point is found by identifying its nearest neighbor in
the dataset of key points from images. The nearest neighbors
are defined as the key points with minimum Euclidean
distance from the given descriptor vector. The probability
that a match is correct can be determined by taking the
ratio of distance from the closest neighbor to the distance
of the second closest [13]. To find corresponding feature
points, we first convert the histograms of a feature to a single
vector and compare the 𝑙2 distance between a feature vector
in template image against every feature vector of the target
image. Suppose 𝑆

1
and 𝑆
2
are the best match (which has the

lowest distance) and the second best match of feature 𝑆, and
𝑑

1
, 𝑑
2
are the corresponding distance between features 𝑆

1
,
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Require: Suppose 𝑃
1
, 𝑃
2
are preselected point set. Every point in 𝑃

1
has a

corresponding matched point in 𝑃
2
. The number of 𝑃

1
, 𝑃
2
is 𝑛.

Ensure: Final set of matched feature pairs.
(1) Let Q be a set of point pairs; 𝑄

1
, 𝑄
2
be sets of points.

(2) 𝑄 ← 0; 𝑄

1
← 0; 𝑄

2
← 0;

(3) for 𝑖 ← 1 to 𝑛
(4) do 𝑄

1
← 𝑛

0
number of points in 𝑃

1
which have nearest distance to Point 𝑖

(5) 𝑄

2
← 𝑛

0
number of points in 𝑃

2
which have nearest distance to the point

which corresponding to Point 𝑖
(6) 𝑛

1
← the number of matched pairs between 𝑄

1
and 𝑄

2

(7) if 𝑛
1
> 𝜏 then

(8) 𝑄 ← Point 𝑖 and its corresponding point
(9) end if
(10) end for
(11) Return 𝑄

Algorithm 1: Structural invariance removing method.

Figure 1: The 3D SIFT descriptor covers a 16 × 16 × 16 voxel
region, the whole region divided into 4 × 4 × 4 subregions. For
each subregion, 8 × 4 bins histogram is calculated to summarize the
gradient orientation of 4 × 4 × 4 voxels in the subregion.

𝑆

2
with 𝑆. If the ratio 𝑟 = 𝑑

1
/𝑑

2
is below a threshold 𝜏,

then 𝑆
1
is chosen tentatively as the corresponding feature of

𝑆.The threshold 𝜏 Lowe [13] rejected all matches in which the
distance ratio 𝜏 is greater than 0.8, which eliminates 90% of
the false matches while discarding less than 5% of the correct
matches. In our tests, we set 𝜏 to be 0.8 experientially. To
further improve the accuracy of above vector matching, we
perform the matching process twice by reversing the roles of
the two volumes and consider only those matches as valid for
which the features are still matched from volume𝑉

1
to𝑉
2
and

from 𝑉

2
to 𝑉
1
. However, there are still many wrong matched

pairs after the above process.
To remove these mismatched points, we proposed a

novel method based on cross-correlation and structural
invariance for the matching verification. Cross-correlation
is a similarity metric between two signals. We can remove
those mismatches which have slightly large differences in
the neighborhood areas around candidate corresponding key

points by cross-correlation.The correlation coefficient of two
corresponding features is calculated according to

CC =
∑
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where (𝑖, 𝑗, 𝑘) are the coordinates of voxels within a distance
𝑑 surrounding the features position,𝐴 and 𝐵 are the intensity
values of corresponding voxel, and 𝐴 and 𝐵 are the mean
intensity values. These intensity values are weighted by a
Gaussian window and normalized. If the correlation coeffi-
cient CC is larger than a threshold, we deem that they are
similar to each other. We experientially set d to be 5 voxels.

Even by using cross-correlation, there are still some
mismatched points. As we know, the relative position of
structures in lungs would not change too much during
respiration. Therefore, if there are a number of key points
surrounding a feature in the lung during inspiration, these
key points would remain surrounding this feature during
expiration. The approach based on structural invariance
consists of two steps. First, a number of points are selected
which have the shortest distance to the tested feature in
an image. Second, the same number of points are selected
which are nearest to the corresponding feature in the other
image. If the number of the matched point pairs is larger
than a given threshold, we affirm that the tested features are
corresponding. This process is illustrated in Algorithm 1.

Figure 2 shows the result before and after using the above
method. These control point pairs are detected using Harris
detector and intensity thresholds are used to insure the main
points detected are in the region of lungs; we can see that the
abovemethod can removemismatched point pairs effectively.
Table 1 shows the number of key point pairs in the process of
matching verification using cross correlation and structural
invariance.
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Figure 2: (a) The matched pairs only using symmetrical nearest neighborhood method. (b) The retained pairs after using our method. (c)
The removed point pairs using our method. The red points are points detected in one thoracic volume, and the blue points are in the other.
The black lines link matched pairs.

Table 1: The number of key point pairs in the process of matching
verification.

Candidate
matching
pairs

Removed by
cross-

correlation

Removed by
structural
invariance

Retained
number

625 47 88 490

2.4. Thin-Plate Spline Transformation. The process of non-
rigid registration warps the template image to the target
image in a way that they can best match on a voxel-by-
voxel basis. Mathematically, this is an optimization problem,
in which a set of transformation parameters transform the
voxels in the template image to their corresponding voxels in
the target image [22].

To find the transformation matrix that maps an arbitrary
voxel on the template image to that on the target image, TPS
transformation is employed in this study.This method can be
used to establish voxel-to-voxel correspondence of a region
of interest according to the paired control points. A detailed

description of the TPS method can be found in the studies by
Bookstein [17].

3. Results and Discussion

The performance of the above method was evaluated by
a series of thoracic CT images. Each image had 80 slices,
and was reconstructed with a 2.5mm slice thickness. Each
CT slice was discretized into 512 × 512 voxels, and the
voxel spacing is 0.977mm. All the images are handled on
a personal computer with Pentium 2.8GHz Dual-Core and
3GB memory, and the proposed methods are implemented
using C++. Insight Segmentation and Registration Toolkit
(ITk) [23] is also used. Some programs are referred to Xie
et al. [12] and Cheung and Hamarneh [21]. The mean of
the square sum of intensity differences (SSD) and image
intensity cross-correlation coefficient (CC) is used to evaluate
the quality of the registration images quantitatively.

Figure 3(a) shows the fusion image of the template and
target phases before registration. Figure 3(b) shows the fusion
image of the two phases using the proposed approach. For
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(a) (b)

(c)

Figure 3: Fusion images of two phases of digital phantom: (a) before registration, (b) after registration using the proposed method, and (c)
after registration using the conventional SIFT method.

Table 2: Comparison of the proposedmethod and the conventional
SIFT.

Assessment Before
registration

Conventional
SIFT

Proposed
method

SSD 104151 56727 37650
CC 0.472 0.646 0.740

comparison, the results of the conventional SIFT approach
are also shown in Figure 3(c). The red region stands for the
target image, and the green region stands for the template
image.

To be quantitative, we listed the results of these two
methods in Table 2. It is clear that by using the proposed
method, SSD was reduced from 56727 to 37650, and the CC
was increased from 0.646 to 0.740, demonstrating that the
proposed method is much better than the conventional SIFT.

We also choose 15 points to reflect the average errors
of the above registration methods. The results are listed in
Table 3. The errors are computed by point coordinates in
target images minus the point coordinates in register images.
On average, using our hybrid method, the mean absolute
deviation in three directions of the 15 points was reduced
from 1.6 to 0.6mm, from 1.9 to 0.7mm, and from 2.8 to
0.7mm, respectively. The standard deviation (SD) in three
directions of the 15 points was reduced from 2.6 to 0.9mm,
from2.2 to 1.0mm, and from5.2 to 1.2mm, respectively. From
the data in Table 3, it is clear that the proposed method is
more accurate than conventional SIFT.

Generally, the registration results by using TPS method
depend on the number and locations of the control points.

In our work, as we only use an intensity threshold rather than
a true segmentation to preprocess the volume, the detected
points by using SIFTwere spread in the phantom, only a small
part of them was located on the lungs. However, the detected
points by using proposed method were mostly on the lungs.
Both of these two methods got about 500 matched point
pairs (SIFT: 539 pairs, proposed method: 490 pairs). Though
the matched point pairs by using the proposed method
were fewer than those by using SIFT, the detected points on
the lungs by using the proposed method were statistically
significantly more than those by using SIFT. Figure 4 shows
results of detected feature points using these two methods.

4. Conclusions

In the present work, a hybrid feature-based nonrigid image
registration method is proposed. It can effectively detect the
tissue features. Promising results were obtained using clinical
thoracic data. Furthermore, our proposed method to remove
mismatched points is automatic and robust. It can guarantee
the correctness of point pairs and can be a significant
supplementary of former feature-based registrationmethods.
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Table 3: Errors of 15 representative points using the proposed and conventional SIFT.

Point
index

Point coordinates in template
image (mm)

Point coordinates in target
image (mm)

Errors of conventional
SIFT (mm)

Errors of proposed
method (mm)

1 191.6, 224.7, 21.0 191.6, 219.8, 40.5 7.1, −1.9, 10.5 2.2, 2.4, 3.0
2 294.6, 234.3, 21.0 299.5, 227.3, 51.0 4.2, −4.2, 18.0 0.7, 1.4, 3.0
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5 309.2, 299.1, 54.0 305.7, 299.8, 70.5 −1.4, 0.7, 1.5 −0.7, −0.7, 0.0
6 284.1, 353.3, 82.5 280.7, 351.2, 82.5 −0.6, 0.6, −1.5 −1.0, −0.4, −1.5
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Figure 4: Feature point detection: (a) SIFT, (b) proposed method. The white dots stand for the detected feature points.
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Current computed tomography (CT) scanners rotate fast to reduce motion artifact. X-ray tube must work in a high power to make
the image clear under short exposure time. However, the life span of such a tube may be shortened. In this paper, we propose a
novel double sources CT imaging system, which puts two of the same X-ray sources closely with each other.The system is different
from current dual source CT with orthogonal X-ray sources. In our system, each projection is taken twice by these two sources to
enhance the exposure value and then recovered to a single source projection for image reconstruction. The proposed system can
work like normal single source CT system, while halving down the working power for each tube.

1. Introduction

Current computed tomography (CT) scanners acquire multi-
ple projection images (∼1000 frames) [1, 2]. A more powerful
X-ray tube could emit more X-ray photons during one
exposure frame and then cost less time to ensure constant
exposure dose. Twice the power gives the possibility of
increasing the scanning speed.However, the cathode filament
electric current must be doubled to ensure emitting twice the
number of electrons, which is harmful to the lifetime of the
cathode filament and the positive plate. Zhang et al. [3–6]
proposed a multiplexing radiography technology based on
carbon nanotube field emission, which is an effective method
to gather X-ray radiation frommore than one tube to enhance
the exposure rate in one frame. In this case, the X-ray sources
must be modulated easily. Otherwise, the maximum tube
voltage of these sources is limited by current technology.

In this paper, a novel CT imaging system is developed by
placing two of the same X-ray tubes close to each other, along
with a common detector.The system is different from current
dual source CT system, where two sets of tube detectors are
placed orthogonally [7–9]. In this system, the detector detects
X-rays coming from two sources simultaneously. Two sources

working together can make the exposure rate the same as a
single source with half the exposure time.

In the following sections, first we describe the structure of
adjacent double X-ray sources and then propose a method to
separate the overlapped projections for image reconstruction.
For demonstration, fan-beam data acquisition and image
reconstruction are presented, but the method can be easily
extended to cone beam image reconstruction. Lastly, we
discuss the potential benefits and limitations of the proposed
method.

2. Materials and Methods

2.1. CT System with Adjacent Double X-Ray Sources. The
structure of traditional CT scanner system is illustrated in
Figure 1(a). It can be seen that one X-ray source located in
the focal point of the arc detector and synchronously rotates
in anticlockwise direction along with the arc detector [10–12].
The rotation axis is the midpoint of the radius of curvature.
Figure 1(b) gives us the proposed adjacent double X-ray
sources system structure. In this system, one arc detector
faces two X-ray sources. Different from Figure 1(a), there are
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Figure 1: (a) Current CT scanner system using a single-beam X-ray source and arc detector, whose focus is located in the source. (b) The
proposed adjacent double X-ray sources system, in which the focus of the arc detector is located in the rotating center.

two of the same X-ray sources that synchronously rotate with
the arc detector. The rotation axis is no more the midpoint of
the radius of curvature but the center of the arc detector.

In this illustration about proposed double X-ray sources
scanning system, sources are labeled as S1 and S2. As shown
in Figure 1(b), 𝜃 is the angle between two sources relative
to the rotation center. Two sources synchronously rotate in
anticlockwise direction along with the arc detector. If we
assume that the rotation speed is 𝜔 and the time between two
consecutive sampling events is 𝛿t, then 𝜃 = 𝜔 ⋅ 𝛿𝑡. In the
processing of projections acquisition, the position of S1 at one
sampling event will be replaced by S2 in the next sampling
event. And, as shown in Figure 1(b), the object must be
covered by X-rays coming from both of the two sources. Both
sources are turned on during the whole scanning procedure.

2.2. Projection Separating. Just like the Hadamard multiplex-
ing radiography (HMR) method [5], we assume the Nth
projection under two sources has the form 𝑦

𝑁
and the Nth

projection under one source has the form 𝑥

𝑁
. The total

projections number is𝑀. Let 𝑋 = [𝑥

1
, . . . , 𝑥

𝑁
, . . . , 𝑥

𝑀
]

𝑇 be
the original projections serials; the overlapped projections
serials 𝑌 = [𝑦

1
, . . . , 𝑦

𝑁
, . . . , 𝑦

𝑀
]

𝑇 are related to the original
serials by a linear transform:

𝑌 = 𝑆𝑋. (1)

The 𝑆-matrices consist of only 1 and 0, which correspond to
the existence or not of the single source. The definite form is
as follows:

𝑆 =

[

[

[

[

1 1 0 ⋅ ⋅ ⋅

0 1 1 d
d d d d
1 0 0 1

]

]

]

]

, (2)

where the row number of matrix means the acquisition
sequence number in one scanning circle. And the column
number of each row means the position of the sources.

As an example for the 𝑆 matrix of order M = 4, the
convolution process that occurs in the experiment can be
expressed succinctly in a matrix notation as

[

[

[

[

𝑦

1

𝑦

2

𝑦

3

𝑦

4

]

]
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]

=
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3

𝑥
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+ 𝑥

1

]

]

]

]

. (3)

The number of rows of the S-matrices equals M, that is, the
projections number, and must meet the condition 𝜃 ⋅ 𝑀 =

360

∘. For a big enoughM, the arc angle of detector 𝜙 satisfies
the relationship 𝐿 ⋅ 𝜃 ≤ 𝜙 < (𝐿 + 1) ⋅ 𝜃, which means that
after taking 𝐿 projections, the current position of projections
received by the rotated detector is completely separated from
that received on the original position, as shown in Figure 2.

For simplicity and clarity, in Figure 3, we changed the arc
detector to flat. In this illustration, we assume that 𝑦

1
= 𝑥

1
+

𝑥

2
, 𝑦
2
= 𝑥



2
+ 𝑥

3
, 𝑦
3
= 𝑥



3
+ 𝑥

4
,. . ., and 𝑥

2
and 𝑥

2
are the

projections about the same angle but the detector drifts. The
vertical dashed line in Figure 3 cuts 𝑦

2
into two parts. It is

required that the object must be covered by X-rays coming
from both of the two sources; as a result, the right side of 𝑥

2
in

𝑦

2
is zero. On the other hand, the extension line part of 𝑥

2
in

𝑦

2
is zero too.The positions of the projected images in 𝑥

2
and

𝑥
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totally coincide. As a result, it can be absolutely expressed
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. We do this thing until the projections
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Figure 2: Rotation of the adjacent double X-ray sources system.
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𝑁
represents the two sources at the Nth projection angle in

one scanning circle. After the sources detector pairs rotate 𝐿 × 𝜃
degrees, the Lth projection 𝑦
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Figure 3: Overlapped projections with the drifted detector. In two
adjacent overlapped projections, there exist two original projected
signals that come from the same angle source and that are accepted
by the drifted detector.

𝑦

𝐿
drift totally outside the vertical dashed line; then we can

recover 𝑥
1
. The general expression is performed as

𝑥

𝑖
= 𝑦

𝑖
− 𝑦
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(4)

Here, if 𝑖 + 𝑛 > 𝑀, 𝑦
𝑖+𝑛

means the sources rotate more than
one circle and equals 𝑦

𝑖+𝑛−𝑀
. L means that after the sources

rotate 𝐿 × 𝜃 degrees, the projection 𝑦
𝑖+𝐿

is totally separated
from the original projection 𝑦

𝑖
.

2.3. Image Reconstruction. The flow chart of the general
imaging and data processing procedure for this adjacent
double X-ray sources system is shown in Figure 4. After
the overlapped projections are separated, the traditional fan-
beam reconstruction algorithm is applied for image recon-
struction [13–15].

Double X-ray signals Object

Overlapped X-ray 
projections

S =

1 1 0 · · ·

0 1 1 ⋱

⋱ ⋱ ⋱ ⋱

1 0 0 1

xi =

L

∑
n=0

(−1)
n
yi+n

xL

x1

...

Figure 4: Flow chart of the imaging procedure of the adjacent
double X-ray sources system. The incident X-ray comes from two
sources transmitted through the object and formed an overlapped
X-ray projection recorded by the arcX-ray detector. After a complete
set of overlapped projections were acquired, the proposed algorithm
was applied to the projection data to recover the original projection
images.

𝛾

𝛽

𝛼
D2

D1

S

O

Figure 5: Illustration of the two kinds of arc detectors. 𝑆 is the center
of detector D1 and 𝑂 is the center of detector D2 .

Bymeans of variable substitution, we get the FBPmethod
for the fan-beam reconstruction [15]

𝑓 (𝑟, 𝜑)

= ∫

2𝜋

0

1

𝐷

2
∫

𝜋/2

−𝜋/2

(cos 𝛾) 𝑔 (𝛾, 𝛽) ℎfan (𝛾

− 𝛾) 𝑑𝛾𝑑𝛽,

(5)

where ℎfan(𝛾) = (𝐷/2)(𝛾/(sin 𝛾))2ℎ(𝛾) and g(𝛾, 𝛽) is the
projection accepted by arc detector D1 on the rotated degree
𝛽, as illustrated in Figure 5. The opening angle relative to
the source S between X-ray passed through the reconstructed
point 𝑃 and the detector’s central line (dotted line) is 𝛾. If we
replace the detector D1 by D2, the received image by D2 is
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(a) (b) (c)

Figure 6: Sinogram of projections: from left to right it is under single X-ray source, overlapped and separated under double X-ray sources.

(a) (b) (c)

Figure 7: (a) Shepp-Logan phantom. (b) Reconstructed image from the projections under single X-ray source. (c) Reconstructed image from
the signals separated from the overlapped projections under two X-ray sources. Display window: [0.1 0.3].

𝑔


(𝛼, 𝛽) and 𝑔(𝛾, 𝛽) = 𝑔(𝛼, 𝛽). Then the FBPmethod (5) can

be rewritten as

𝑓 (𝑟, 𝜑) = ∫

2𝜋

0

1

𝐷

2
∫

𝜋

−𝜋

(cos 𝛼
2

) 𝑔


(𝛼, 𝛽) ℎ



fan (𝛼

− 𝛼) 𝑑𝛼𝑑𝛽,

(6)

where ℎfan(𝛼) = (𝐷/4)(𝛼/(sin(𝛼/2)))
2
ℎ(𝛼).

3. Results and Discussion

To demonstrate the feasibility of the proposed system,
the Shepp-Logan phantom was applied to simulate double
sources exposure. The opening angle of the two sources to
the rotation center was 1∘.The radius of the circular orbit was
60 cm; that is, 𝐷 = 60 cm. The maximum fan-subtending
angle was 𝜙 = 32

∘. The projections were evenly acquired in
[0

∘
, 360

∘
] with a sampling angle of 𝜃 = 2𝜋/360, and 𝜙 was

equally sampled in [−16∘, 16∘] with a total of 512 X-ray sums.
Figure 6 gives the noise-free sinogram of the projections

under one X-ray source, overlapped and separated under
double X-ray sources. Because neither of the two X-ray
sources was on the central line of the arc detector, after being
separated, the projections (c) were a little vertically drifted
compared with (a). During the reconstruction, this should be
taken into account.

The Shepp-Logan phantom is shown in Figure 7(a). for
comparison, the reconstructed images using (5) for single X-
ray source and using (6) for double X-ray sources are shown
in Figures 7(b) and 7(c). Each of them is 512 × 512 pixels
and displayed based on the conventional greyscale window
setup of [0.1, 0.3] [16]. The image reconstructed from the
overlapped projections seems to have the same quality as the
image reconstructed from the projections under single X-ray
source. Mean square error (MSE) of Figure 7(b) is 0.039 and
for Figure 7(c) is 0.040, respectively. Quantitative agreement
between the reconstructed image in Figure 7(c) and the true
phantom in Figure 7(a) can be seen in Figure 8.

In the simulation above, we present preliminary studies
that demonstrate image reconstruction noise-free with the
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Figure 8: Profile comparison between reconstructed (solid red line) and true image (dashed blue line) on the horizontal and vertical central
line.

overlapped projections under adjacent double X-ray sources.
In this imaging system, two X-ray sources must be the same,
that is, the machine model, radiation field of photons. In
practice, radiation field could be adjusted by the working
voltage and current. Our results are provided about the fan-
beam reconstruction, but the method is suitable for cone
beam CT; just make sure that the two adjacent X-ray sources
are placed parallel to the rotating direction and that the
opening angle of the two sources to rotation center agree
with the acquisition angle. In normal CT scanning, we take
hundreds of projections during one circle. The angle rotated
between two sampling is so small that two X-ray sources
must be placed close to each other. We could place two
identical cathode filament in one X-ray tube. However, sparse
projections reconstruction acquires fewer projections than
conventional methods; the sampling angle is relatively big,
which facilitates placing two X-ray tubes together.

As compared to traditional CT system, the proposed
adjacent double X-ray sources system can squeeze double
X-ray photons during one unit exposure time; thus, it can
easily enhance the illumination for some situations that need
a high exposure rate such as fat patients. Also, high exposure
rate during one unit exposure time gives the ability to halve
down the projections acquisition time to reduce the motion
artifact. On the other hand, if fast exposure is not required,
two sources that work in a half power can give enough X-ray
photons, which can prolong the lifetime of the tubes.

The main advantage of such a configuration is the power,
since the two tubes can operate simultaneously. However,
several issues should be tackled before it can be used in clinic.
First, scatter is a big issue that can influence the quality of the
reconstructed images. Figure 9 is the schematic diagram of
the antiscatter collimators. Each lead inclined to one focus,
that is, the source. In our proposed system, two sources are
placed in cross-section perpendicular to the rotating axis
and parallel to the rotating direction. This kind of antiscatter
collimators could not be used. But we can take out the leads
on one direction; for example, we take out the leads parallel
to 𝑦-axis. Then the rest of the lead inclined to line across the

x

y

z

Figure 9: Antiscatter collimators.

two sources. This is a compromised way to reduce part of the
scatter. Another big issue is the CNR after the preprocessing
step in (4). According to the result in [5], the separated
projections under three sources are still clear enough.

4. Conclusions

In this paper, we developed a novel structure of CT system
with adjacent double X-ray sources. In the proposed system,
two X-ray sources work simultaneously. Therefore, the tube
can work longer under the same exposure dose as traditional
single source or it can give a high exposure rate for some
situations such as fat patients. Because the sources are not
necessary to be modulated and the reconstruction method is
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based on the FBP algorithm, the system can be realized by
current X-ray tube technology and CT structure.
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We propose a region growing vessel segmentation algorithm based on spectrum information. First, the algorithm does Fourier
transform on the region of interest containing vascular structures to obtain its spectrum information, according to which its
primary feature direction will be extracted.Then combined edge information with primary feature direction computes the vascular
structure’s center points as the seed points of region growing segmentation. At last, the improved region growing method with
branch-based growth strategy is used to segment the vessels. To prove the effectiveness of our algorithm, we use the retinal and
abdomen liver vascular CT images to do experiments. The results show that the proposed vessel segmentation algorithm can not
only extract the high quality target vessel region, but also can effectively reduce the manual intervention.

1. Introduction

Nowadays, the vessel segmentation technique [1–3] is still
a bottleneck of medical image processing. As vascular has
an extremely complex topology structure, making most
of the conventional image segmentation methods difficult
to segment vascular structures accurately, so how to fast,
accurately and effectively segment vascular structures from
medical images becomes an important issue. However, just
using simple segmentation method cannot achieve expectant
purpose. And effective vascular structure enhancement is
also a key point for vascular segmentation. Hessian matrix
[4] is often used in enhancement filter on tubular structures.
Traditional single scale-based enhancement filter is not well
adapted for vascular structures with large-scale changes.
Some multiscale filters such as “cole” [5] and steerable filters
[6], as well as using the Hessian matrix to determine the local
direction of the target [7], however, do not have good and
automatic scale selection approach.

Region growing algorithm [8, 9] has small calculation
complexity and high speed and is widely used in vascular
image segmentation. The basic idea of the traditional growth
region is to collect pixels that have similar properties together

to form a region. Its performance depends largely on the
position of seed points and growth conditions. On the
other hand, the traditional method needs to select seed
points manually in order to ensure the stability. Because
the blood vessels have a very wide gray level distribution,
making the traditional region growing algorithm and binary
segmentation method difficult to accurately segment the
vascular area, for the region growing conditions also, depends
on range of the image gray level. If each seed point uses the
same threshold value, the growth is easy to stop when the
blood vessels become more slender.

To avoid these problems, our method is proposed and
the flowchart is introduced in Section 2. Each substep of the
whole method is introduced in the subsection. In Section 2.1,
Hessian Matrix used for vessel enhancement is discussed.
In Section 2.2, we discuss why fast Fourier transform can
be used to obtain the image spectrum information and
further for vascular detection specified in Section 2.3.
In Section 2.3.1, we discuss how to select the seed point
automatically. The most important step, the proposed vessel
segmentation method, is introduced in Section 2.4. To prove
the effectiveness of our method, we discuss the experiments
in Section 3.
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Figure 1: The framework of vessel segmentation.
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Figure 2: The flowchart of multiscale vessel enhancement based on Hessian matrix.

2. Our Method

In this paper, we present a region growing vessel segmenta-
tion based on spectrum information algorithm.Theflowchart
is shown in Figure 1 which will be specified in detail in this
section later.

2.1. Vessel Enhancement Filter Based on Hessian Matrix.
In this paper, we propose a vascular enhancement filter
algorithms based on Hessian matrix. First Hessian matrix of
image is constructed and then its feature value is calculated.
Combining feature value analysis and bidirectional Gaussian
kernel function, a linear multi-scale filter is created, as shown
in (1) and (2) which is finally used for image enhancement.

For 2D images, the linear filter is defined as the following
equation:

𝑉 (𝜎, 𝑥) =
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where the geometric ratio 𝑅

𝐵
, defined in (2), is used to

identify sheet structure. 𝛽 is a sensitivity control parameter,
here assigned to 0.5. 𝜎 is the scale value, and 𝑐 depends on the
gray level range, often half of the Frobenius norm of Hessian
matrix. In (2), as the Hessian matrix is symmetric, we can
compute three different eigenvalues 𝜆
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We also construct linear filter for 3D Volume, as defined
in (3):
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where 𝛼 and 𝛽 are sensitivity control parameters, here
assigned to 0.5, The second geometric ratio 𝑅

𝐴
, as defined in

(4), is used for distinguishing globular structure and tubular
structure. Only when the ratio value is zero or 𝜆

2
is close to

zero, this means that the structure to which the pixel belongs
is a globular structure instead of a tubular structure. And in
general it belongs to the tubular structure when the ratio is
close to 1. Consider
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Each pixel is enhanced in a given scale range.And for each
scale, all the pixels will be calculated using enhancement filter
with a given scale. After traversing all the pixels, the scale will
be increased by a fixed step.The flowchart of the algorithm is
shown in Figure 2.

The main point of the algorithm is the convolution
bidirectional Gaussian kernel function with the image, not
only eliminating noises but also providing different scales
for the enhancement process. Since our algorithm is based
on different scale factor, many enhancement results will be
output. For different outputs with different scales, we select
the maximum one as the optimum enhancement result. In
this paper, we use four different scales valued as 1, 3, 5, and 7.

2.2. Image Spectrum Analysis Based on FDFT. Spectrum
analysis [10, 11] is to make Fourier transform on signal.
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Figure 3: Different directional tubular structures and their spectra.

As the general length of vascular structure is finite, we use
the discrete Fourier transform (DFT) as defined in (5):

𝐹 (𝑢, V) =
1

𝑀𝑁

𝑀−1

∑

𝑥=0

𝑁−1

∑

𝑦=0

𝑓 (𝑥, 𝑦) 𝑒

−2𝜋(𝑢𝑥/𝑀+V𝑦/𝑁)
. (5)

The basic idea of tubular structure detection method
based on spectrum analysis is that if the image contains
a tubular in its Fourier transformation spectrum images,
there will be a high gray line perpendicular to the tubular
structure direction. As shown in Figures 3(a)–3(c) there are
three different directional tubular images; Figures 3(e)–3(g)
are corresponding spectrum images after fast discrete Fourier
Transform. It proves the feasibility of this idea. On another
hand, just using the region growing method the vessel will
have too many bifurcations or error bifurcations because of
image noises. And Hessian matrix-based approach cannot
easily detect the direction of tubular structure branches. But
the spectrum analysis method can easily solve these prob-
lems. Figure 3(d) is a tubular branch image and Figure 3(h)
is its spectrum image, from which we can find that there
still exist two high gray lines perpendicular to the branch
structure. So the spectrum analysis can also be used for
detecting branches.

2.3. Fully Automatic Seed Points Selection Based on Spectrum
Information. In this paper, we propose automatic seed selec-
tion method based on spectrum information that can ensure
the stability of region growing, while significantly reducing
manual intervention.

2.3.1. Vascular Structure Detection Based on Spectrum Infor-
mation. To extract the spectrum primary feature line and
direction, first we should analyses the spectrum’s feature
energy which is defined as the following equation:

𝐺Energy (𝜃, 𝜔) = ∫
∞

−∞

𝐹 (𝑢, V; 𝜃, 𝜔) 𝑑𝑢 𝑑V. (6)

In (2), 𝐺Energy (𝜃, 𝜔) denotes the energy of the spectrum
region which is centered on 𝜃 and ranges in (𝜃 − 𝜔, 𝜃 + 𝜔).
𝐹(𝜇, ], 𝜃, 𝜔) represents any pixel in the region. The energy is
computed when the values of 𝜃 and 𝜔 is user-specified.

For all the angle value of 𝜃, the maximum of the
𝐺Energy corresponding to the angle is the primary feature line
direction. So, if there is any other peak point, you can extract
the subprimary feature line and its direction.The direction is
computed by (7) as follows:

⃗

𝑉

𝜃≤90
= (cos 𝜃, sin 𝜃) ,

⃗

𝑉

𝜃>90
= (sin 𝜃, cos 𝜃) .

(7)

In a certain region of interest, if the vascular structures
appear, there will be a wide range of fluctuations with the
energy value of the spectrum showing a trough-peak-trough
shape, as seen in Figure 4.

Here, we use (8) to detect the vascular structures in the
region of interest. Consider

Peak − Vallyleft
Distanceleft

≥Threshold,

Peak − Vallyright
Distanceright

≥Threshold,
(8)
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Figure 4: The spectral energy of vessel structure.

where peak is the peak value of 𝐺Energy, and Vallyleft and
Vallyright represent trough value in the left and right of the
peak. Obviously Distanceleft denotes the distance between the
left trough point and the peak point. For a given threshold, if
and only if (8) is satisfied simultaneously, it can be identified
as vascular structures.

2.3.2. Seed Points Selection Based on Edge Information. Gen-
erally, the seed points should be in the region of interest, while
trying to avoid the edge of the region. To achieve this, first we
use Sobel [12] operator to extract the edge information, that
combined which and the obtained primary feature direction.
We cut down in the direction that perpendiculars to the
vascular structure’s feature direction. Then we will get a
similar circular cross section. After doing matched filter on
it to reduce the noise and to highlight the features, we use the
point that has highest gray value as the center point and also
the seed point of the following region growing segmentation
process.

2.4. The Improved Region Growing Vessel
Segmentation Algorithm

2.4.1. Branch-Based Region Growing. Branch-based region
growing algorithm takes a single branch growth strategy.
That is when a branch happened during the growth, for each
time only one branch grows. Figure 5 illustrates the growing
process of traditional method and branch-based method.

Figure 5(a) shows how to growwhen encountered branch
for traditional method, and Figure 5(b) shows the growing
rules using branch-based method. The number in the square
box indicates in which growing cycle the pixel is covered. For
example, the number valued 1 means the speed point. When
the cycle grows from 11 to 12, we can find the pixels marked
as 12 are divided into two parts, which means that there is
a branch here. At this time, branch-based region growing
methodwill only select one of the branches to continue region
growing.As shown in Figure 5(b), the right branch is selected.
The rest points in the left branch are pushed into the stack
and will not be popped for continuing growing until the left
branch comes to a complete stop. For the stack, the first point

Table 1: Relationship between the number of branches and the
growing condition.
Step Size No. of branches
1 6 96390
1 26 204
2 6 159
2 26 115

to be popped is the latest to be pushed in. This process is
illustrated in Figure 6.

2.4.2. Branch Detection of Vascular Structure. Adopting the
branch-based strategy can change region growing conditions
dynamically; that is, using different conditions for different
branches can significantly improve the segmentation pre-
cisely. But there still exist some problems. For example, too
many branches will reduce the speed dramatically. So it is
very critical to reduce the number of branches when judging
and finding branches while not affecting the accuracy of the
algorithm. In each growth cycle, we apply region connectivity
detection to find the branch. The following content specifies
this process.

(1) When a new pixel in the region starts growing, the
growing target is the pixels that have the same cycle
with the same period of the pixels.

(2) When stopping to grow, partial pixels in the region
are marked as the parent pixels for the next growing
cycle.

(3) Those who are not connected to each other but with
the same growth cycle are identified as the branches
which must be retroactive.

To reduce the excessive division of the branch and to
verify the target region’s connectivity, we will make the
following changes.

(1) We Use 8-neighborhood (2D) or 26-neighborhood
(3D) (traditional region growing typically using 4
or 6-neighborhood). And the diagonal direction will
also be considered for growing direction.

(2) Each time growing cycle will be expanded from 1
to 2, namely, adding one time to the target growing
cycle which expands the target searching region as in
Figure 7.

When using four- or six-neighborhood sizes, that is, the
growing range is one pixel around the seed point, this will
result a lot of nonadjacent points at the end of each growth.
As shown in Figure 7(a), there are four separate edges. But
if using 8 or 26-neighbor sizes as growing condition, as
Figure 7(b) shows, only two joint edges that consists of cycle
number 11 and 12 will be detected. This effectively reduces
the number of branches, but it does not affect segmentation
accuracy. Table 1 gives the relationship between the number
of branches and the growing conditions.

How to dynamically change the growing conditions of
the branch-based region growing algorithm, one approach
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Figure 5: Procedure of growing at the branch connection.
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Figure 7: Detection of branch bifurcation: (a) only cycle 12, (b) both cycles 11 and 12.

is extracting the current region’s gray value to update the
growing condition. The computing formula is defined as
follows:

𝜇 − ℎ𝜎 ≤ 𝑔 (𝑥, 𝑦, 𝑧) . (9)

Here 𝜇 is the mean gray value of the neighbor region
for a period of time after each time of growing reset, 𝜎
represents the gray level difference,𝑔(𝑥, 𝑦, 𝑧) is the pixel value
of coordinate (𝑥, 𝑦, 𝑧), and ℎ is a parameter that controls
the growth. For vessel segmentation, we use (10) to compute
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Figure 8: Segment results: (a) original image, (b) manual segment, (c) proposed algorithm, (d) traditional region growing algorithm, and (e)
line operator edge detection algorithm.

the value of 𝜇. Consider

𝜇

𝑖
= {

𝑐min + 𝑘𝑑𝑖 (𝑑

𝑖
< 𝑑

𝑐
)

𝑐max + 𝑘𝑑𝑐 (𝑑

𝑖
≥ 𝑑

𝑐
) .

(10)

Here 𝜇
𝑖
represents the average gray level of the 𝑖th branch,

and 𝑑
𝑖
is the average thickness. 𝑐min denotes the minimum

limit of the gray of the region of interest, and 𝑐max denotes the
maximum.𝐾 expresses exclusion rate (if equals to 0, then all
branches are accepted). 𝑑

𝑐
expresses the upper limit of vessel

thickness range and makes sure of the linear relationship
between vessels’ gray value and thickness.

3. Experiment Results and Discussions

3.1. Retinal Vascular Segmentation Experiment. This experi-
ment focuses on the improved region growing method based
on spectrum analysis and branch strategy without image
enhancement procedure. The experiment uses two group
of retinal vascular images, one simple group and another
complex group. Experiment one uses complex data from
STARE (Structured Analysis of the Retina) database which
contains 20 medical retinal images and 10 kinds of retinal
disease pathology. All of the image data are from TopCon
TRV-50 camera, with the angle of 350 degrees, 700 × 605
pixels, and view field size of 650 × 550 pixels. We use

manually vascular structure segmentation result by experts
as the golden standard. We also use different traditional
segmentation methods for segmentation and compare them
with our method.

We compare traditional region growingmethod and edge
detection based on Sobel segmentation method with our
method. The result is shown in Figure 8.

From Figure 8 we can intuitively see that the result
of manual segmentation has small blood vessel branches.
Comparing with it, our method is still not that accurate
one but is more accurate than other methods. Traditional
region growing may lead to oversegmentation in overlapping
area. Seen from Figure 8(d), the red circle shows some over-
lap regions and scattered frags. Sobel-based edge detection
method is good at segmenting clear vessels but not for small
ones. We also give qualitative evaluation of those methods.
The accuracy is defined as the ratio between the result and
golden standard. Some accuracy is given by STARE database.
Table 2 shows the accuracy and computation time of different
methods.

Table 2 shows that our method is better than the other
methods in accuracy but is just faster than the traditional level
set method. So it still needs to be improved in computation
complexity. Comprehensively speaking, our method still has
a good efficiency.
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Figure 9: Segment results: (a) original image, (b) proposed algorithm, (c) proposed algorithm, (d) traditional region growing, and (e) line
operator edge detection.

(a) (b) (c)

(d) (e) (f)

Figure 10: Segmentation results of liver sequences.
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(a) (b)

(c) (d)

Figure 11: The image enhancement and seed point selection result of vessels.

Table 2: Quality evaluation of segmentation result in experiment
one.

Method Ratio Time (s)
Our method 0.9173 11.4
Traditional region growing 0.8511 10.1
Linear edge detection 0.8793 9.8
Traditional level set method 0.8914 14.5

Experiment two uses a relatively simple structure of
retinal vascular images from a newer database namedDRIVE
(Digital Retinal Images for Vessel Extraction).The results are
given in Figure 9.

Figure 9 shows that our method is close to golden
standard, which means that the accuracy is improved when
reducing vessel branches, but at the same time it still has
deficiency in segmenting vessels which are not visible to the
naked eyes. Table 3 shows the qualitative comparison results.

Table 3 shows that our method is better than other
methods in accuracy, but it still needs to be improved in

time efficiency. All the experiments show that our method is
accurate and robust.

3.2. Liver Vascular Segmentation Based on Image Enhance-
ment. The experiment data is from a large hospital’s 64-slice
CT scan with 0.5mm space. The image resolution is 512 ×
512 × 109. To improve processing speed, we rescale the image
gray level to 256.

For liver image sequences, at first, we use the manual
segmentation result as the initial contour of the latter active
contour model segmentation process. Figure 10 shows the
first three original slices from Figures 10(a) to 10(c) and their
segmentation results Figures 10(d)–10(f).

Secondly, for the use of the improved region growing
algorithm for liver vessel segmentation, we just select one
seed point. In this way, we can select only a good segmented
liver slice and then process it with Hessian matrix-based
image enhancement filter. Enhanced results are given in
Figure 11(b).

After image enhancement, we use the mentioned auto-
matic seed points selection approach based on spectrum
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Table 3: Quality evaluation of segmentation result in experiment
two.

Method Accuracy Time (s)
Our method 0.9214 15.4
Traditional region growing 0.8635 14.1
Linear edge detection 0.8993 13.8

Figure 12: The 3D reconstruction result of vessel structure.

information. Spectrum image and the final selection of seed
points are given in Figures 11(c) and 11(d) (red point). Finally,
we give the 3D reconstruction results as shown in Figure 12.

From the reconstruction result, we can see that for 2D
image vessel segmentation our approach can achieve good
results, but it still has deficiency in 3D segmentation as some
rupture and overlap region of vascular cannot be shown
clearly. This may be due to the deficiency of region growing
method and CT spaces. So it still needs to be improved in
future research.

4. Conclusions

In this paper, spectrum information-based region growing
vessel segmentation algorithm is proposed. First, wavelet
transform is used for the image denoising preprocessing,
and then fast Fourier transform is used to obtain the image
spectrum information for analyzing, according to which vas-
cular structure is detected and its primary feature direction
and other secondary feature directions are extracted and
combined with the edge information for computing its center
point. Which is also the seed point of the improved region
growing algorithm. At last an improved region growing
algorithm is used to segment the entire vascular structures. In
the experiment section we use the retinal vascular image for
segmentation and compare ourmethodwith some traditional
vessel segmentation methods. The experiment has proven
that our method is robust and more accurate, but the
efficiency needs to be improved.
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Spectral/multienergy CT employing the state-of-the-art energy-discriminative photon-counting detector can identify absorption
features in the multiple ranges of photon energies and has the potential to distinguish different materials based on K-edge
characteristics. K-edge characteristics involve the sudden attenuation increase in the attenuation profile of a relatively high atomic
number material. Hence, spectral CT can utilize material K-edge characteristics (sudden attenuation increase) to capture images in
available energy bins (levels/windows) to distinguish different material components. In this paper, we propose an imaging model
based onK-edge characteristics formaximummaterial discriminationwith spectral CT.Thewider the energy binwidth is, the lower
the noise level is, but the poorer the reconstructed image contrast is. Here, we introduce the contrast-to-noise ratio (CNR) criterion
to optimize the energy bin width after the K-edge jump for the maximum CNR. In the simulation, we analyze the reconstructed
image quality in different energy bins and demonstrate that our proposed optimization approach can maximize CNR between
target region and background region in reconstructed image.

1. Introduction

X-ray computed tomography (CT) has been widely applied
in clinical and preclinical applications, since Hounsfield’s
Nobel Prize winning breakthrough. A typical conventional
CT system employs a broad energy spectrum source and a
digital integrating sensor whose output is proportional to the
energy fluence integrated over the entire incidence spectrum.
Physically, the X-ray spectrum contains much information;
the conventional CT system collects photons over the whole
X-ray spectrum to ignore spectral responses of materials.
Hence, the conventional CT often does not have sufficiently
high contrast resolution for biological soft tissues [1].

With the development of spectral detectors and novel
contrast agents, CT image contrast resolution could be sig-
nificantly improved. Recent advances in spectral/multienergy
detector technology have allowed for spectral CT systems to
identify absorption features in the multiple ranges of photon
energies [2–6]. Spectral CT has a stronger capability to
distinguish different materials because it can capture images
in available energy bins [7–13]. Meanwhile, contrast agent

has been widely applied in biomedical imaging to enhance
tissue contrast [14–19]. Spectral CT imaging utilizes not
only density characteristics of contrast agents but also K-
edge characteristics of contrast agents to distinguish different
materials. K-edge characteristics involve the sudden atten-
uation increase in the attenuation profile of some contrast
agents, which could be captured by spectral CT in avail-
able energy bins. Hence, different materials can be easily
distinguished according to their K-edges characteristics [20,
21], while their Hounsfield numbers may be very similar in
conventional CT images.This opens a door for spectral CT to
support functional, cellular, and molecular imaging studies.

For contrast agent imaging by spectral CT, threshold
settings for available energy bins have a major impact on
spectral image quality in terms of image contrast and noise
level. Hence, it is important to partition the energy bin
optimally based on K-edge characteristics. In this paper, we
propose a contrast agent imaging model to optimize energy
bin for maximum material discrimination with spectral CT.
Based on this model, we investigate how to select one energy
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bin for optimal contrast agent imaging to distinguish different
materials, introducing a contrast-to-noise ratio (CNR) where
the signal difference is defined between contrast enhance-
ment region (CER) and background region values.

This paper is organized as follows. Section 2 intro-
duces our proposed contrast agent imaging model. Section 3
describes our simulation experiment. Section 4 demonstrates
our experimental results. Section 5 discusses relevant issues
and concludes the paper.

2. Materials and Methods

An earlier paper [22] has introduced the theoretical formal-
ism of K-edge imaging model to determine two energy bins
on both sides of the K-edge and analyzed the effect of K-
edge energy bins on the resultant image quality. Here, we
only briefly reproduce the optimization scheme and analyze
how to optimize one energy bin after the K-edge jump to
distinguishing contrast enhancement region and background
region.

For current spectral CT system, its spectral detector (e.g.,
Medipix-3 [4–6]) is a photon-counting systemwith selectable
thresholds, which depends on a threshold equalization mask
to adjust each pixel to record different energy photons. We
assume that the energy distribution function of an X-ray
source is 𝐼

0
(𝐸); in a given energy threshold 𝑇, we have the

photon number received by the spectral detector:

𝐼

𝑇 (
𝐸) = ∫

∞

𝑇

𝐼

0 (
𝐸) 𝜂 (𝐸) 𝑑𝐸, (1)

where 𝜂(𝐸) is the detector efficiency.
For a given energy bin defined by two energy thresholds

0 < 𝑇

1
< 𝑇

2
, the received photon number can be expressed

as

𝐼

(𝑇
1
,𝑇
2
) (
𝐸) = ∫

𝑇
2

𝑇
1

𝐼

0 (
𝐸) 𝜂 (𝐸) 𝑑𝐸. (2)

This paper focuses on how to set the thresholds in the energy
bin imaging to distinguish contrast enhancement region and
background region based on K-edge characteristics. First,
we need to study the linear attenuation characteristics of
background materials and contrast agents. Let 𝑎

𝐵
(𝐸) be

the linear attenuation coefficient function of a background
material at an energy 𝐸; we have

𝑎

𝐵 (
𝐸) = 𝜎

𝐵 (
𝐸) 𝜌𝐵

; (3)

we assume that 𝑎

𝐶
(𝐸) is the linear attenuation coefficient

function of a contrast agent at an energy 𝐸, and 𝑎

𝐶
(𝐸) can

be expressed as

𝑎

𝐶 (
𝐸) = 𝜔𝜎

𝐶 (
𝐸) 𝜌𝐶

+ (1 − 𝜔) 𝜎𝐵 (
𝐸) 𝜌𝐵

, (4)

where 𝜎

𝐵
(𝐸) and 𝜎

𝐶
(𝐸) are the mass attenuation coefficients

of background material and contrast agent, 𝜌
𝐵
and 𝜌

𝐶
are

the densities of background material and contrast agent,
respectively, and 𝜔 is the concentration of the contrast agent.
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Figure 1: Attenuation profiles of a typical contrast agent and a soft
tissue (background material).

For a given contrast agent concentration 𝜔, we plot two
linear attenuation profiles of a typical contrast agent and
background material (i.e., tissue) according to their mass
attenuation coefficients and densities, which are shown as
in Figure 1. In Figure 1, the attenuation coefficients of the
contrast agent have a sudden increment at an energy𝐾, which
reflects the K-edge characteristics. Theoretically, if we per-
form an energy bin imaging at the point 𝐾 with spectral CT,
there is a maximum material discrimination for background
region and contrast agent region in reconstructed image.
However, the narrower the energy bin width is, the higher
the noise level is, and there are few photons to carry the
information. Hence, we select one energy bin of finite width
to study contrast agent imaging in this paper. Let 𝜇

𝐵
be the

average attenuation coefficient of the background material
within the energy bin after the K-edge jump; we have

𝜇

𝐵
=

1

𝑤

∫

𝐾+𝑤

𝐾

𝑎

𝐵 (
𝐸) 𝑑𝐸 =

1

𝑤

∫

𝐾+𝑤

𝐾

𝜎

𝐵 (
𝐸) 𝜌𝐵

𝑑𝐸,
(5)

where 𝑤 is the energy bin width, and let 𝜇
𝐶
be the average

attenuation coefficient of the contrast agent within the energy
bin after the K-edge jump; we have

𝜇

𝐶
=

1

𝑤

∫

𝐾+𝑤

𝐾

𝑎
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𝐸) 𝜌𝐵

) 𝑑𝐸.

(6)

For a given energy bin after the K-edge jump, from (2) we
have the received photon number

𝐼

𝑤 (
𝐸) = ∫

𝐾+𝑤

𝐾

𝐼

0 (
𝐸) 𝜂 (𝐸) 𝑑𝐸.

(7)

The reconstructed images can be evaluated as contrast-to-
noise ratio (CNR), and the CNR can be defined as

CNR =

𝜇

𝐶
− 𝜇

𝐵

√𝜙

2

𝐶
+ 𝜙

2

𝐵

, (8)
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Table 1: Biologically relevant densities of phantom materials.

Materials Blood Bone Lung Tissue
Density (g/cm3) 1.05 1.9 0.26 1.0

where 𝜙

2

𝐶
and 𝜙

2

𝐵
are corresponding variances of the contrast

agent region and background region in reconstructed image.
The difference between the mean value of contrast agent

region and background region relies on the energy bin
width 𝑤 and contrast agent concentration 𝜔. For a given
reconstructed object, the variances of reconstructed image
rely on the photon number 𝐼

𝑤
(𝐸) determined by the energy

bin width 𝑤. Hence, we can search for the optimal 𝑤 value
to maximize the CNR for maximummaterial discrimination.
In the following, we will make numerical simulation to test
the proposed imaging model, including phantom design and
image reconstruction protocols.

3. Numerical Simulation

In the simulation, a thorax phantom (Figure 2) was designed
to be more preclinically relevant, which is defined on
http://www.imp.uni-erlangen.de/forbild/. The phantom con-
tains a heart region, a tissue region, a lung region, a vertebra
region, and a contrast enhancement region (CER). The
phantomwasmade 25 cm × 25 cm in size and discretized into
a 500 × 500 matrix. We used Gadolinium solution whose K-
edge is 50 keV, as a testing contrast agent in the CER inside
the heart region, and the whole heart region is considered as
the region of interest (ROI).

To investigate the proposed imaging theory, we study
how to search for the optimal energy bin to maximize the
CNR for maximum material discrimination. First, we study
the characteristics of the thorax phantom materials. For
tomographic imaging, the linear attenuation coefficient 𝜇

represents the gray value of reconstructed image. Here, we
can obtain the mass attenuation coefficient 𝜇/𝜌 according
to the X-ray attenuation databases reported by the National
Institute of Standards and Technology (NIST). To calculate
the linear attenuation coefficients of the phantom materials,
the densities 𝜌 of these materials were selected in reference to
the biomedical literature [23–26] and summarized in Table 1.
In our simulation, we used blood attenuation characteristics
to substitute heart attenuation characteristics.

Then, we used a free-of-charge software program
(SpekCalc) [27] to calculate X-ray spectra from tungsten
anode tubes. The X-ray tube voltage is assumed as 120 kVp
with a 2.5mm Al filter, and its emission spectra are shown
in Figure 3. In our study, it was assumed that the detector
efficiency 𝜂(𝐸) was 90%, the spectral CT system was viewed
as in a typical parallel-beam geometry, and the scanning
range was from 0∘ to 180∘ with a 1∘ angular increment in the
given energy bins. According to the Beer-Lambert law, we
can capture the thorax phantom projection data.

To perform the energy bin imaging with spectral CT,
we used a typical analytical reconstruction protocol: filtered

Lung

Tissue

Vertebra

ROI (heart)
CER

Figure 2: Thorax phantom.
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Figure 3: Source photon emission spectra.

backprojection (FBP), and a reconstructed image using FBP
formula can be expressed as

𝑓 (𝑥, 𝑦) = ∫

𝜋

0

𝑑𝜃∫
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+∞

𝑔 (𝑡


) ℎ (𝑡 − 𝑡


) 𝑑𝑡


, (9)

where 𝑔 = ∫

𝐿
𝜇(𝑤, 𝑙)𝑑𝑙 is the integral of the linear attenuation

coefficient distribution along an X-ray path.
Then, we can calculate the expected image 𝑓(𝑥, 𝑦)
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,

(10)

and the variance of reconstructed image 𝑓(𝑥, 𝑦) [22, 28]

Var (𝑓 (𝑥, 𝑦)) = Var(∫
𝜋
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(11)
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Figure 4: Relationship between the energy bin width (𝑤) and CNR.
The curve for Gadolinium solution (0.5%) in the thorax phantom.

From (10) and (11), CNR of ROI in reconstructed image can
be written as follows:
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(12)

where 𝑔

𝐶
(𝑤, 𝑡) is the reconstructed sinogram of the contrast

agent region and𝑔

𝐵
(𝑤, 𝑡) is the reconstructed sinogramof the

background material region. From (12), we can find that the
CNR will depend on the energy bin width 𝑤. In Section 4,
we will calculate the best energy bin width 𝑤 value after the
K-edge jump to maximize the CNR of ROI.

4. Results

We used our proposed approach to analyze the thorax
phantom and determined the best energy bin for imaging
based on K-edge characteristics and plotted the relationships
between 𝑤 and CNR, as shown in Figure 4. Then, we used
the optimal 𝑤 value (29 keV) to perform energy bin imaging
for the thorax phantom, and the reconstructed image is
shown in Figure 5(a). Meanwhile, we chose a broad energy
spectrum (25∼100 keV) to reconstruct the thorax phantom
which can be considered as the conventional CT imaging, and
the reconstructed result is shown in Figure 5(b). Compared
to the broad energy spectrum imaging result, it is easier to
distinguish Gadolinium solution region and heart region in
optimal energy bin imaging result. Finally, we calculated the
CNR of ROI in Figures 5(a) and 5(b), which is summarized
in Table 2. From Table 2, we can see that CNR of ROI in
Figure 5(a) is smaller than that in Figure 5(b). To compare

Table 2: Summary of maximumCNR for different imagingmodels.

Imaging models CNR
Optimal energy bin (50∼79 keV) imaging 642.1
Broad energy spectrum (25∼100 keV) imaging 438.0

Table 3: Summary of the optimal width and maximum CNR for
different concentration contrast agents.

Contrast agents Optimal 𝑤 (keV) Maximum CNR
Gadolinium solution (0.5%) 29 642.1
Gadolinium solution (1%) 30 1084.9
Gadolinium solution (5%) 32 1519.0

the reconstructed results, we plotted the profiles along the
broken lines in Figure 5, as shown in Figure 6.

The CNR of ROI also relies on the contrast agent concen-
tration𝜔, and thenwe analyze the relationships betweenCNR
and the concentration 𝜔 of contrast agent. We chose different
concentrations of Gadolinium solution (0.5%, 1%, and 5%)
as the testing contrast agents and plotted the relationships
between 𝑤 and CNR with different concentrations, as shown
in Figure 7. Finally, we calculated the optimal 𝑤 and maxi-
mum CNR for different concentration contrast agents, and
the results are summarized in Table 3. From Table 3, we can
see that the higher the concentration of Gadolinium solution
is, the wider the optimal energy bin width is, and the bigger
the CNR of ROI is.

5. Discussions and Conclusion

This paper is a follow-up study for an earlier paper [22].
Although some relevant theories are similar, this study
focuses on how to distinguish contrast agents and back-
ground materials (i.e., tissue) in biomedical imaging with
spectral CT, which can be readily generalized to deal with
more general settings and able to determine the best energy
bin for maximummaterial discrimination.

There are several issues worth further discussion in
the simulation. First, we apply a mimetic X-ray emission
spectrum in our study; the X-ray emission spectra with
1 keV energy bins are obtained by the free-of-charge soft-
ware program (SpekCalc). To analyze relationships between
energy bin 𝑤 and CNR of ROI, we calculate the photon
number 𝐼

𝑤
(𝐸) with the given energy bin width 𝑤 value of

an integer. As a result, it is inevitable to introduce some
errors, compromising the estimation of the optimal energy
bin width 𝑤. Second, the curves of CNR in Figure 7 are
not so smooth in some energy bins, which reflects the real
CNR characteristics in the given X-ray emission spectra.
The unsmooth reason is that the X-ray emission spectra
have some drastic jumps in some energies. If the imaging
energy bin contains these drastic jumps, the photon number
will drastically increase, and the variance of ROI in the
reconstructed image will drastically decrease, so the curves
of CNR in Figure 7 have some jumps in corresponding
energy bins. Additionally, the proposed approach depends on
specific phantom configurations, and the optimal energy bin
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(a) (b)

Figure 5: Two model imaging results. (a) is the reconstructed thorax phantom image in the optimal energy bin, and (b) is the reconstructed
thorax phantom image in a broad energy spectrum. The display window for the two images is [0, 1].

10 20 30 40 50 60 70

0.16
0.18

0.2
0.22
0.24
0.26
0.28

0.3

Pixel number

Th
e l

in
ea

r a
tte

nu
at

io
n 

co
effi

ci
en

t

25∼100 keV
Optimal energy bin

Figure 6: Profiles corresponding to the broken lines in Figure 5.
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Figure 7: Relationships between the energy binwidth (𝑤) andCNR.
The curves for Gadolinium solutions (0.5%, 1%, and 5%) in the
thorax phantom.

width is application-specific. Nevertheless, our optimization
theory is rigorous and can be applied once the application
context or the class of images is known. In a follow-up study,
we will study the biomedical samples with the spectral CT
based on our proposed imaging theory.

In conclusion, contrast agent imaging with spectral CT
has a great potential for clinical applications including, but
not limited to, tissue characterization and contrast studies.
We proposed a contrast agent imaging model to optimize
energy bin for maximum material discrimination; it estab-
lished guidelines for optimization of energy thresholds and
could be readily generalized for biomedical imaging.
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The objective of this study was to evaluate the location of the mandibular canal and the thickness of the occlusal cortical bone at
dental implant sites in the lower second premolar and lower first molar by using dental cone-beam computed tomography (CBCT).
Seventy-nine sites (47 second premolar and 32 first molar sites) were identified in the dental CBCT examinations of 47 patients.
In this study, 4 parameters were measured: (1) MC—the distance from the mandibular canal to the upper border of the mandible;
(2) CD—the distance from the mandibular canal to the buccal border of the mandible; (3) MD—the distance from the mandibular
canal to the lingual border of the mandible; (4) TC—the thickness of the cortical bone at the occlusal side. A statistical analysis
was employed to compare the size and differences between these 4 parameters at the lower second premolar and lower first molar.
Regarding the MC andMD, the experimental results showed no statistical difference between the first molar and second premolar.
However, theTC for the secondpremolarwas greater than that of the firstmolar.Thus, careful consideration is necessary in choosing
the size of and operation type for dental implants.

1. Introduction

The location of the mandibular canal is a critical factor that
can influence dental implant surgery [1–5]. Dental implant
surgery demonstrates a 6.5%–37% incidence of temporary
or permanent paralysis, or even sensory loss, because of
inferior alveolar nerve damage in the mandibular canal
resulting from the poor assessment of bone length and
the subsequent use of implant bodies of excessive lengths
[2, 3, 6–8]. Therefore, to avoid damage, it is crucial to
properly assess themandibular canal location in themandible
before dental implant procedures. In addition to dental
implant surgery, the inferior alveolar nerve may also be
damaged by osteotomies or fracture repair; thus, a strong
understanding of the intrabony anatomy of the mandibular
canal is required before conducting dental implant surgery

or operative procedures (e.g., sagittal split osteotomies or
placement of cortical fixation screws). Furthermore, the
cortical bone thickness of the alveolar bone at the implant
site is a critical factor affecting the success of dental implant
surgery, because the primary stability of the implant body
insertion in the alveolar bone increases with the thickness of
the cortical bone [9–13]. Superior osseointegration enhances
the long-term survival rate of the implant body.

Although the location of the mandibular canal in the
mandible can be precisely determined by conducting biopsies
on cadaveric mandibles [1, 14, 15], this method is inap-
plicable to clinical surgery. Prior to dental implant proce-
dures, dentists currently use panoramic radiography to assess
the location of the mandibular canal in the mandible [5,
16, 17]; however, distortion of 2D panoramic radiography
often results in miscalculation of the mandibular canal



2 Computational and Mathematical Methods in Medicine

location [14, 18].Therefore, cross-sectional images are crucial
references when assessing the location of the mandibular
canal before dental implant procedures [18, 19]. Although
cross-sectional images can be obtained using conventional
tomographic imaging [15, 16, 18], their accuracy is inferior
to that of 3D computed tomography (CT) when measuring
the location of the mandibular canal [16, 19]. Similarly, CT
can accurately measure the cortical bone thickness of the
alveolar bone [20, 21]. Nevertheless, because CTs require high
doses of radiation, the technique is not recommended for
dental implant procedures unless more than 8 implants are
required [17]. Recently, dental cone-beam computed tomog-
raphy (dental CBCT), which requires a lower radiation dose,
has been frequently used in dental diagnosis, treatment, and
research [16, 22–27]. In addition to employing lower doses of
radiation, dental CBCT possesses greater spatial resolution
than CT, making it an ideal preoperative assessment tool for
dental implant surgery [16, 28].

The relative location of the mandibular canal in the
mandible is information that is indispensable to clinicians
before conducting dental implant surgery. However, few
studies have focused on using CT to measure the location
of the mandibular canal in the mandible [4]. In addition,
the thickness of the cortical bone at the implant site is a
critical factor affecting the survival rate of the implant body.
In this study, we used dental CBCT to locate the mandibular
canal and measure occlusal cortical bone thickness at dental
implant sites in the lower second premolar and lower first
molar.

2. Materials and Methods

2.1. Dental CBCT Examinations of Patients. Dental CBCT
images were collected from 47 patients (aged 52 ± 12 years
(mean ± SD), range 28–83 years, 26 males and 21 females).
The patients were healthy and either fully lower edentate
or missing a lower second premolar or first molar. Seventy-
nine sites were identified in the dental CBCT examinations
of 47 patients: 47 second premolar and 32 first molar sites.
The dental CBCT (i-CAT, Imaging Sciences International,
Hatfield, PA, USA) scans were performed at the following
technical parameters: 120 kVp, 47mA, 20 s scanning time,
250𝜇m voxel resolution, and 160 × 127.75mm field of view
(diameter × high).

2.2. Measurement of the Mandibular Canal Position and the
Thickness of the Occlusal Cortical Bone. Before measuring
the positions of the mandibular canal and thickness of the
occlusal cortical bone, a coordinate system was created for
each mandibular bone by using medical imaging software
(Mimics, Materialise, Leuven, Belgium) and the “reslice”
function. The mandible of each patient was rotated with
the occlusal plane parallel to the horizontal plane and then
further rotated with the mandible centered on the midsagit-
tal plane of the image and perpendicular to the occlusal
plane (Figure 1). Subsequently, continual buccolingual (cross-
sectional) images of the mandibular bone were created using

the “online reslice” function of Mimics.The central buccolin-
gual image of the missing tooth (the lower second premolar
or lower first molar) was selected to measure the position
of the mandibular canal and the thickness of the occlusal
cortical bone. In this study, 3 parameters of the mandibular
canal location weremeasured: (1)MC—the distance from the
mandibular canal to the upper border of the mandible; (2)
CD—the distance from the mandibular canal to the buccal
border of the mandible; (3) MD—the distance from the
mandibular canal to the lingual border of the mandible. In
addition, one parameter for occlusal cortical bone thickness
was measured: TC—the thickness of the cortical bone at the
occlusal side (Figure 2). Refer to [1, 14, 29]; the 4 length
parameters were measured by the observer and examiner
error could be neglected based on the statistical analysis.

2.3. Statistical Analysis. The measurement accuracy was val-
idated before analyzing the 4 length parameters (MC, MD,
CD, and TC).The intraclass correlation coefficient (ICC) was
used to determine the reliability of the intraexaminer and
interexaminer measurements. Ten buccolingual CBCT slices
of the 79 sites (47 second premolar and 32 first molar sites)
were randomly selected for evaluating the intraexaminer and
interexaminer errors. To calculate the interexaminer error,
the 4 parameters of a certain CBCT slice were measured once
each by 2 examiners; the ICC values ranged from 0.823 to
0.934. To calculate the intraexaminer error, the 4 parameters
of a certain CBCT slice were measured 5 times by a single
examiner; the ICC values ranged from 0.893 to 0.975. These
values indicate that the intraexaminer and interexaminer
error of this method could be neglected in this study.

The mean and standard deviation and coefficient of
variation (CV) were calculated for all measurements. The
Shapiro-Wilk test was used to determine if the measurements
conformed to a normal distribution. The two-sample 𝑡-test
was used to compare the differences in TC, MC, MD, and
CD between the second premolar and the first molar. All
statistical analyses were performed using OriginPro software
(version 8, OriginLab, Northampton, MA, USA).The level of
statistical significance was set at 𝑃 < .05.

3. Results

Table 1 lists summarized measurements of the 4 length
parameters in the 2 groups. The experimental data were
normally distributed (𝑃 < .05). For the 47 cases of absent
second premolars, the TC,MC,MD, and CDwere 2.38±0.49
(mean ± SD) mm, 15.88 ± 3.41mm, 3.93 ± 1.05mm, and
4.08 ± 0.98mm, respectively. For the 32 cases with absent
first molars, the TC, MC, MD, and CD were 1.72 ± 0.39mm,
16.15 ± 2.71mm, 4.00 ± 0.90mm, and 4.72 ± 1.27mm,
respectively. In addition, excluding the TC and CD, the CVs
for the second premolars were larger than those of the first
molars.

Comparing the differences among the 4 parameters at
the second premolar and first molar, the TC of the second
premolar was greater than that of the first molar (𝑃 < .001;
Figure 3), and the CD of the second premolar was less than
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(a) (b)

(c) (d)

Figure 1: (a)The 3 orthogonal sections of the dental CBCT; (b) 3Dmodel of the mandibular bone from the same angle as (a); (c) frontal view
of the mandible rotated to a horizontal plane and parallel to the occlusal plane; (d) side view of the mandible rotated to a horizontal plane
and parallel to the occlusal plane.
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Figure 2: Upper left: axial slice of the mandible with planning and orthoradial lines along the mandibular arch. Upper right: multiple
orthoradial reconstructions corresponding to the orthoradial lines visible on the axial slice. Lower half: measurement of the location of
the mandibular canal and the thickness of the occlusal cortical bone on the selected slice (second premolar). MC: the distance from the
mandibular canal to the upper border of the mandible; CD: the distance from the mandibular canal to the buccal border of the mandible;
MD: the distance from the mandibular canal to the lingual border of the mandible; TC: the thickness of the cortical bone at the occlusal side.



4 Computational and Mathematical Methods in Medicine

2nd premolar 1st molar

Th
ic

kn
es

s o
f c

or
tic

al
 b

on
e (

m
m

)

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

∗∗

Figure 3:TheTC (thickness of the cortical bone at the occlusal side)
at the second premolar and first molar position (∗∗𝑃 < .001).

that of the first molar (𝑃 < .05; Figure 4). The difference
between the second premolar and first molar for the MC and
MD was not statistically significant (𝑃 > .05; Figures 5 and
6).

4. Discussion

Dental implant surgery has been popularized in recent years.
However, inferior alveolar nerve damage in the mandibular
canal can cause postoperative paralysis in themandible when
implant bodies are excessively long or too deeply inserted.
In addition, the implant body can loosen when poor quality
and quantity of the host bone causes instability. Although
previous studies havemeasured themandibular incisive canal
using dental CBCT [30], no studies have employed this
method tomeasure posterior andmandibular canal locations,
or the thickness of the cortical bone. In the current study,
we used dental CBCT to measure the relative location of the
mandibular canal in the alveolar bone and the thickness of
the cortical bone in Asian patients with absent first molars or
second premolars. This information can serve as a reference
for dentists in determining the optimal implant body lengths
or surgical approaches before conducting implants.

Themost direct method for measuring the location of the
mandibular canal is to measure cadaveric mandibles. Serhal
et al. [18] recruited 18 fully or partially edentulous patients,
employing a digital sliding caliper to measure the distance
from the alveolar crest to the mental foramen. The results
were used to compare the differences in the measurements
derived through panoramic radiographs, spiral tomograms,
and CT scans. The experimental results indicated that the
deviation of panoramic radiography was significantly greater
than that of the spiral tomograms or CT. It is recommended
that cross-sectional imaging be used in the preoperative
planning of dental implants. Kaya et al. [5] and Jacobs et al.
[29] asserted that spiral CT facilitated accuratemeasurements
of the anterior loop of the mental nerve and mandibular
incisive canal. Moreover, Yang et al. [14] used calipers to
measure the superior bone height of the inferior alveolar
canals in 4 edentulous human cadaver mandibles and com-
pared the differences for measurements using 3D spiral CT.

The experimental results indicated that CT could be used to
accurately measure the inferior alveolar canal. Dental CBCT
was used in the current study because it possesses greater
spatial resolution and uses a lower radiation dose than CT
or spiral tomograms [16, 31].

Previous studies have attested that dental CBCT provides
high accuracy levels for measuring length [32–34]. There-
fore, no phantoms or dry skulls were used in this study
to verify measurement accuracy. Although grayscale and
Hounsfield unit values can be used to determine tissue type
in CT or dental CBCT images, this study employed observer
measurements for the 4 length parameters. This approach
was similar to that of previous studies, which used CT to
measure the mandibular canal, mandibular incisive canal, or
inferior alveolar canal [1, 14, 29].The executed statistical tests
indicated that the measurement results were not affected by
intraexaminer or interexaminer error.

In previous studies measuring the location of the
mandibular canal in the mandible, Levine et al. [4] used CT
to measure the mandibles of 50 patients. The experimental
measurement results showed a 17.4±3.0mm length from the
mandibular canal of the firstmolar to the alveolar crest, which
was slightly longer than the 16.15±2.71mmmeasured in this
study.The patients in thework of Levine et al. [4] did not have
missing teeth, which differed from the recruitment of patients
with missing teeth in the present study. Furthermore, Levine
et al. [4]measured the distance between themandibular canal
and alveolar crest, which should theoretically be less than
the distance from the mandibular canal to the upper border
of the mandible (MC); however, the experimental results of
Levine et al. [4] (17.4 ± 3.0mm) were slightly longer than
those of the current study (16.15 ± 2.71mm). This difference
could be caused by the various races of patients used in each
study.The patients in the current study specifically were all of
Asian ethnicities, which typically possess smaller mandibles
compared to participants in the work of Levine et al. [4]
(who were presumably all Americans).This finding is further
verified because the distance from the mandibular canal to
the lingual border of the mandible (MD) in the work of
Levine et al. [4] (4.9 + 1.3mm) was also greater than that
of the current study (4.00 ± 0.90mm). Serhal et al. [1] used
a digital sliding caliper to measure the mandibular canal
location in 6 fresh human cadaveric mandibles, dividing
the mandible into 3 sections and measuring the distance
from the upper border of the alveolar crest to the upper
border of the mandibular canal, which was the same MC
measurement used in the current study. The experimental
results indicated that the MCs of the 3 sections were 13.53 ±
4.96mm, 11.92±4.05mm, and 11.47±4.36mm.These values
were less than the 16.15 ± 2.71mm obtained in the current
study, primarily because 4 of the 6 mandibles used in Serhal
et al. [1] were completely edentulous. Complete, long-term
edentulism results in alveolar bone resorption, reducing the
MC.

The experimental results of the current study showed no
statistical difference between the MC for the lower second
premolar (15.88 ± 3.41mm) and lower first molar (16.15 ±
2.71mm), indicating that implant bodies with similar lengths
can be used at both sites. In addition, when planning
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Table 1: Measurements of TC, MC, MD, and CD at the second premolar and first molar.

Mean (mm) SD (mm) CV (%) Max (mm) Min (mm)

Lower second premolar

TC 2.38 ± 0.49 20.49 3.42 1.60
MC 15.88 ± 3.41 21.50 23.75 10.56
MD 3.92 ± 1.05 26.76 6.34 1.65
CD 4.08 ± 0.98 24.90 6.43 2.63

Lower first molar

TC 1.72 ± 0.39 22.62 2.60 1.00
MC 16.15 ± 2.71 16.75 23.64 11.25
MD 4.00 ± 0.90 22.46 5.52 1.86
CD 4.72 ± 1.27 26.82 8.52 2.56

SD: standard deviation; CV: coefficient of variation (100× SD/mean); MC: the distance from themandibular canal to the upper border of themandible; CD: the
distance from the mandibular canal to the buccal border of the mandible; MD: the distance from the mandibular canal to the lingual border of the mandible;
TC: the thickness of the cortical bone at the occlusal side.
All variables were normally distributed (Shapiro-Wilk test, 𝑃 > .05).

D
ist

an
ce

 fr
om

 m
an

di
bu

la
r c

an
al

 to
bu

cc
al

 b
or

de
r o

f t
he

 m
an

di
bl

e (
m

m
) 7.0

6.0

5.0

4.0

3.0

2.0

1.0

0.0

∗

2nd premolar 1st molar

Figure 4:TheCD (distance from themandibular canal to the buccal
border of the mandible) at the second premolar and first molar
position (∗𝑃 < .05).

D
ist

an
ce

 fr
om

 m
an

di
bu

la
r c

an
al

 to
up

pe
r b

or
de

r o
f t

he
 m

an
di

bl
e (

m
m

) 25.0

20.0

15.0

10.0

5.0

0.0
2nd premolar 1st molar

Figure 5:TheMC (distance from themandibular canal to the upper
border of the mandible) at the second premolar and first molar
position (𝑃 > .05).

dental implants, it may be safer to underestimate (rather
than overestimate) the distance to the mandibular canal
[1]. Typically, 1-2mm of safety space is retained in clinical
practice [35]. Based on the experimental results (mean MC
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Figure 6: The MD (distance from the mandibular canal to the
lingual border of the mandible) at the second premolar and first
molar position (𝑃 > .05).

of both groups), the 13mm dental implant can be selected
for both groups. However, the measurement results of this
study also indicated that the lowest MC was only 10.56mm
and 11.25mm for the lower second premolar and lower first
molar, respectively. Consequently, in future dental implant
procedures, we suggest that clinicians use dental CBCT to
confirm the optimal length of the implant body. In addition,
when dental implants of identical length are placed, the
initial stability of the dental implant and stress and strain
distribution to the surrounding bone remains distinct for the
second premolar and first molar. Moreover, the experimental
results showed that the CD at the lower second premolar
(4.08±0.98mm)was smaller than that of the lower firstmolar
(4.72 ± 1.27mm). Thus, when monocortical bone plates are
necessary for fixing osteotomies, screws should be carefully
selected to prevent unnecessarily long or thick screws from
causing inferior alveolar nerve injuries.

The majority of previous studies that have examined cor-
tical bone thickness in the mandible have measured buccal-
side cortical bone thickness [36, 37]. These measurements
have been employed as a reference for miniscrew insertion
on the buccal side when assessing orthodontic treatments.
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Few studies have measured cortical bone thickness at the
site of the missing teeth, but numerous studies have used
CT to measure the cancellous bone density at the tooth
implant site [38–40]. These measurements primarily adopt
the directly proportional relationship between theHounsfield
unit (HU) and bone density, which is the so-called bone
density in HU [38–40] or radiographic bone density [41, 42].
Scant studies have used CT or dental CBCT to measure the
thickness of the cortical bone at the site of the missing teeth.
Sato et al. [20] measured the cortical bone thickness of the
mandible at the lower first molar and lower second molar in
various directions in 27 Japanese skulls. However, the samples
employed in Sato et al.’s study [20] were not edentulous,
which is different from the approach adopted in the present
study (i.e., the occlusal-side cortical bone thickness was only
measured at the site of a missing tooth). Nevertheless, the
experimental results in the study by Sato et al. indicated
that the thickness of the cortical bone at the first molar of
the mandible was 1.2–2.8mm, whereas that adjacent to the
lingual side of the alveolar crest was 1.6mm [20], and the
current study achieved a similar measurement (1.72mm).
Miyamoto et al. [43] used CT to measure the cortical bone
thickness of the alveolar bone at 127 missing teeth sites in
31 mandibles. The experimental results suggested that the
thickness of the occlusal cortical bone of the mandible at the
site of themissing teeth was 2.22±0.47mm (range 0.79–3.21);
however, Miyamoto et al. [43] did not examine the locations
of various teeth. In the current study, the average thickness of
the cortical bone at the lower second premolar and firstmolar
was 2.38mm and 1.72mm, respectively; these 2 values were,
respectively, higher and lower than the 2.22mm proposed by
Miyamoto et al. [43].

Regarding measurements in the current study, the thick-
ness of the occlusal-side cortical bone of the lower first
molar (1.72 ± 0.39mm) was less than that of the lower
second premolar (2.38 ± 0.49mm). An increasingly thick
cortical bone provides stronger primary stability for an
implant body [9–13]. Consequently, the primary stability of
the implant body for the lower second premolar may be
superior to that of the lower first molar. A thick cortical
bone reduces the bone strain surrounding the implant body,
thereby decreasing the probability of marginal bone loss
[12, 44]. Therefore, in addition to understanding cancellous
bone density before dental implant surgery, cortical bone
thickness can also be used as a reference for determining
whether to adopt the single-stage surgical approach (imme-
diate occlusal force) or the 2-stage surgical approach (3–6mo
of osseointegration before occlusal force) in future dental
implant surgery.

This study was subject to some limitations. First, we
compared only the location of the mandibular canal in the
mandible at the first molar and second premolar and the
thickness of the occlusal cortical bone and did not evaluate
the locations or sites of other missing teeth. Second, we
selected only 3 spatial length parameters to measure the
location of the mandibular canal in the mandible, neglecting
the thickness of the mandibular canal. Third, the effects of
sex and age were not investigated because the sample size was
insufficient.

5. Conclusion

We used dental CBCT to measure the location of the
mandibular canal in the mandible and the thickness of the
occlusal cortical bone in patients with an absent first molar
or second premolar. Based on the 47 evaluated patients, the
results showed no statistical difference between the MC for
the first molar and second premolar. However, the TC for
the second premolar was greater than that of the first molar.
Therefore, the primary stability of the implant body of the
first molar may be lower than that of the second premolar,
which should be carefully considered during dental implant
surgery. Moreover, further thought should be given to the
time of occlusal loading initiation in the future.
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Speckle suppression plays an important role in improving ultrasound (US) image quality. While lots of algorithms have been
proposed for 2D US image denoising with remarkable filtering quality, there is relatively less work done on 3D ultrasound speckle
suppression, where the whole volume data rather than just one frame needs to be considered. Then, the most crucial problem with
3D US denoising is that the computational complexity increases tremendously. The nonlocal means (NLM) provides an effective
method for speckle suppression in US images. In this paper, a programmable graphic-processor-unit- (GPU-) based fast NLM
filter is proposed for 3D ultrasound speckle reduction. A Gamma distribution noise model, which is able to reliably capture image
statistics for Log-compressed ultrasound images, was used for the 3D block-wise NLM filter on basis of Bayesian framework. The
most significant aspect of our method was the adopting of powerful data-parallel computing capability of GPU to improve the
overall efficiency. Experimental results demonstrate that the proposed method can enormously accelerate the algorithm.

1. Introduction

Ultrasonic imaging owns advantages such as noninvasive,
radiation-free, low-cost, and fast imaging compared with
othermedical imaging techniques [1]. It has been widely used
in many medical applications. Since 3D ultrasound imaging
can provide clearer spatial relationship and more abundant
diagnostic information compared with 2D ultrasound, it
attracts much attention from the related fields. However, due
to the coherence properties of ultrasound imaging, the image
is often severely corrupted by speckle and other artifacts.
Speckle could obscure the important image details and reduce
the contrast of the soft tissues in the image, thereby causing
great difficulties to the subsequent US image processing such
as edge detection, image segmentation, and image registra-
tion. Therefore, an efficient 3D ultrasound image denoising
algorithm is in urgent need in the field of 3D ultrasound.

Many researchers engaged in image processing have pro-
posed lots of denoising algorithms for 2D ultrasound images
[1–3]. However, only a few methods were presented for 3D
ultrasound speckle suppression. Yue and Clark [4] intro-
duced a speckle suppression approach by an integration of

the 3D nonlinear diffusion and 3D dyadic wavelet transform
techniques, in which, normalized wavelet modulus was used
as an edge map to expose the intrinsic speckle/edge relation.
Based on a local distribution of variance for a given voxel,
Veronika et al. [5] presented a structure-preserving filter
specifically designed to eliminate the speckle and random
noise in 3D ultrasound datasets. Coupé et al. [6] proposed a
modified Bayesian nonlocalmeans algorithmdeduced from a
relevant ultrasound noise model to accurately preserve edges
and structural details of the image.

The basic idea of the nonlocal means [7] method is that
the image contains a large number of repeat modes, and they
can be utilized to reduce the random noises by averaging
operation. Despite the superiority of the NLM algorithm
in preserving image details, it involves high computational
complexity. While applying the NLM algorithm to 3D image
denoising, the computational burden is especially huge since
the algorithm needs to take into account the relevant infor-
mation in all three dimensions. It will lead to a relatively long
runtime for general CPUs, which hinders the employment of
the algorithm in practical medical applications.
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Three strategies can be used for the algorithm accel-
eration: the multithread CPU technology with multicore
CPU, the multi CPU technology based on high-performance
computer clusters or servers, and the GPU technology [8].
Though multicore CPU and multithread technology can be
used to accelerate the algorithm, the maximum ratio of
speedup is approximately equivalent to the number of CPU
cores. Besides, the coarse multithread of CPU is in software
level, which is time costly when switching among different
threads. While the high-performance computer clusters can
improve the processing speed very much, the high cost
of owning and maintaining makes them difficult to access
for most researchers and clinical users [8]. Comparatively
speaking, the GPU can get a good balance between the cost
and performance. The GPU adopts the light level threads of
hardware management, so the overhead of threads switching
can achieve zero. For example, when a thread is waiting
for addressing off-chip memory or synchronic commands,
the GPU can rapidly switch to another thread on deck,
thus hiding the latency by calculation. Besides, as a highly
parallel, multithread and multicore processor, GPU can pro-
vide tremendous computational horsepower and very high
memory bandwidth. Therefore, it is very good at address-
ing such problems that can be expressed as data-parallel
computations—the execution of the same program on many
data elements in parallel—with high arithmetic intensity.

Compute unified device architecture (CUDA), officially
released by NVIDIA Corporation in 2007, comes with a
software environment in which the developers can use C-like
language rather than computer graphics API for general pur-
pose computing of GPU (GPGPU). Many applications that
process large data sets have used the CUDA programming
model to speed up the computation [9–12]. Some examples
in medical image processing that have taken advantages of
the computational power of the GPU are image registration
[13], image segmentation [14], f-MRI analysis [15], and so on.
In the field of image denoising, some researchers have tried to
employ GPU to accelerate 2D image denoising. In 2007, Chen
et al. [16] implemented bilateral filtering on GPU for real-
time edge-aware image processing. Su and Xu [17] proposed
how to accelerate wavelet-based image denoising by GPU.
Fontes et al. [18] adopted the GPU for real-time denoising of
2D ultrasound data. Goossens et al. [19] managed to run the
commonly used nonlocal means algorithm in real time. In
this paper, we intend to use the great computational power
of GPU to implement the Bayesian block-wise NLM filter
to realize fast 3D ultrasound speckle reduction on basis of
Coupé’s work.

2. Method

2.1. GPU andCUDA. In this section, wewill briefly introduce
the structure of CUDA, in which three important concepts
are involved: host, device, and kernel. In CUDA program-
ming model, shown as Figure 1, CPU is considered as the
host to responsible for logical transaction processing and
serial computing while GPU serves as the device to focus on
the implementation of parallel processing tasks. They work
together as a complete model and perform their own duties

Device

Memory
for GPU

Main memory CPU

Host

GPU

Data to be 
processed

Result

Parallel
processing

Command
processing and

serial processing

Figure 1: Programming model of CUDA.

within the model. Once the parallel portion of the program
is determined, we can hand the computation task of this part
over to GPU. Function of CUDA parallel computing running
on the GPU is called kernel, which is not a complete program
but just a step that can be executed in parallel. A complete
CUDAprogram is composed of a series of parallel procedures
of kernel functions on device and serial procedures on host.

As shown in Figure 2, kernel function is organized in the
form of grid. The grid is composed of a certain number of
blocks, and each block can be further partitioned into many
threads. It is exactly this kind of structure that makes the two
levels of parallel in kernel: parallel execution of all blocks in a
grid and parallel running of all threads in a block.This is one
of the most significant innovations of CUDA compared with
traditional GPGPU programmatic interfaces. Each thread in
kernel has its own block ID and thread ID to be distinguished
with other threads. The other great innovation of CUDA is
the realization of communication among different threads
in the same block, mainly through shared memory and
synchronization.

2.2. Traditional NL-Means for 3D Images. Unlike local meth-
ods, the NLM filter does not make any assumptions about
the location of the most relevant pixels used to denoise the
current pixel. It explores image self-similarities by compari-
son of image patches and uses the weighted average of all the
pixels in the image for noise reduction. For a 3D volume, the
gray level NL(V)(𝑖) of voxel 𝑖 restored by the traditional NLM
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algorithm is the weighted average of gray scale of all voxels in
the volume data 𝐼; that is

NL (V) (𝑖) = ∑
𝑗∈𝐼

𝑤 (𝑖, 𝑗) V (𝑗) , (1)

where V(𝑗) is the gray level of voxel 𝑗 and 𝑤(𝑖, 𝑗) is the
weight given to V(𝑗) in the calculation of voxel 𝑖, reflecting
the similarity of voxels 𝑖 and 𝑗. The weight depends on the
local neighborhoods 𝑁

𝑖
and 𝑁

𝑗
(i.e., the similarity window)

centered at the voxels 𝑖 and 𝑗 and it is computed as
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where ℎ acts as a smoothing parameter controlling the decay
of the exponential function, 𝑍(𝑖) is a normalization constant
with 𝑍(𝑖) = ∑
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𝑒
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is the convolution for the Euclidean distance and
the Gaussian kernel with the standard deviation 𝛼.

For practical computational reasons, the number of
voxels taken into account in the weighted average is usually
limited to the so-called search window, which also centers at
voxel 𝑖.The bigger the searchwindow, the better the denoising
effect, but the longer the processing time.

2.3. Bayesian Theory Based 3D NL-Means. Since the tradi-
tional NLM filter is originally designed for Gaussian noise
removal, it cannot be directly applied to denoising ultrasonic
images corrupted with the speckle noise. Recent studies
related to US images demonstrated that the distribution
of noise can be satisfyingly approximated by a Gamma

distribution [20]. So, the following noise model was used in
this paper [7]:

𝑢 (𝑥) = V (𝑥) + V𝛾 (𝑥) 𝜂 (𝑥) , (3)

where V(𝑥) is the original image, 𝑢(𝑥) is the observed image,
𝜂(𝑥) ∼ 𝑁(0, 𝜎

2
) is a zero-mean Gaussian noise with variance

of 𝜎2. It has been shown in [21] that an empirical estimator of
an image patch 𝐵

𝑖
can be defined as
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where 𝑝(𝑢(𝐵
𝑖
) | V(𝐵

𝑗
)) denotes the probability density

function of 𝑢(𝐵
𝑖
) given the noise free and unknown patch

V(𝐵
𝑗
) and Δ

𝑖
stands for the search window centered at voxel 𝑖

of size |Δ
𝑖
|. Since V(𝐵

𝑗
) is unknown, an estimator is classically

computed by substituting 𝑢(𝐵
𝑗
) for V(𝐵

𝑗
). Assuming that

𝑢(𝑥) | V(𝑥) ∼ 𝑁(V(𝑥), V(𝑥)2𝛾𝜎2) for the Gamma distribution
noise model, we can express the probability density function
as

𝑝 (𝑢 (𝑥) | V (𝑥)) ∝ exp−(𝑢 (𝑥) − V (𝑥))
2

2V(𝑥)2𝛾𝜎2
. (5)

Given a block 𝐵
𝑖
(i.e., the reference patch), the distance

for calculating the similarity between volume patches can be
defined as

𝑑𝑝 (𝑢 (𝐵

𝑖
) , 𝑢 (𝐵

𝑗
)) =

𝑃

∑

𝑝=1

(𝑢

(𝑝)
(𝐵

𝑖
) − 𝑢

(𝑝)
(𝐵

𝑗
))

2

(𝑢

(𝑝)
)

2𝛾
(𝐵

𝑗
)

, (6)

where 𝑃 denotes the size of 𝐵
𝑖
. Loupas et al. have shown that

𝛾 = 0.5model fits better to data than themultiplicativemodel
or the Rayleigh model based on the experimental estimation
of themean versus the standard deviation in Log-compressed
images [22]. By setting 𝛾 = 0.5, we can derive the weight from
(1) and (6) as

𝑤(𝐵

𝑖
, 𝐵

𝑗
) =

1

𝑍

𝑖

exp(− 1
ℎ

2

𝑃

∑

𝑝=1

(𝑢

(𝑝)
(𝐵

𝑖
) − 𝑢

(𝑝)
(𝐵

𝑗
))

2

𝑢

(𝑝)
(𝐵

𝑗
)

) .

(7)

2.4. Block-Wise Optimization. A block-wise implementation
of the proposedNLM-based filter can significantly reduce the
computational burden while maintaining excellent restora-
tion quality [23] only by taking the similarity of two voxels in
the voxel-wise method in formula (7) as the similarity of two
blocks in the block-wise method. Here, we briefly describe
the steps of carrying out the block-wise NLM algorithm for
3D ultrasound images.

(1) Divide the original 3D volume Ω3 into overlapping
blocks 𝐵

𝑖
of size 𝑃 = (2𝑅 + 1)3; that is, Ω3 = ∪

𝑖
𝐵

𝑖
.

These patches are centered at different voxels which
constitute a subset of Ω3 and the distance between
the centers (i.e., the step size) of two neighboring
reference patches is set to be 𝑛.
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Figure 3: The flow chart of the implementation.

(2) Set the size of the search window to be (2𝑀 + 1)

3.
Then, the similarities between the reference patch
and all similarity windows in the corresponding
search window will be obtained by formula (7). So, a
reference patch 𝐵

𝑖
can be restored as follows:

NL (𝑢) (𝐵𝑖) = ∑

𝐵
𝑗
∈Δ
𝑖

𝑤(𝐵

𝑖
, 𝐵

𝑗
) 𝑢 (𝐵

𝑗
) . (8)

(3) For a voxel 𝑥
𝑖
included in several blocks 𝐵

𝑖
, sev-

eral estimations of the same voxel 𝑥
𝑖
from different

NL(𝑢)(𝐵
𝑖
) are computed and stored in a vector 𝐴

𝑖
.

The final restored intensity of voxel 𝑥
𝑖
is the mean of

all the restored values of voxel 𝑥
𝑖
in different blocks

NL(𝑢)(𝐵
𝑖
).

Indeed, for a volumeΩ3 of size𝑁3, the global complexity
is 𝑂((2𝑅 + 1)3(2𝑀 + 1)3((𝑁 − 𝑛)/𝑛)3). For instance, with 𝑛 =
2, the complexity is divided by a factor 8 compared with the
voxel-wise denoising algorithm.

2.5. CUDA Accelerated 3D Block-Wise NL-Means. According
to the principle of 3D block-wise NLM, the restoration task of
each reference patch is very suitable for GPU implementation
since each patch can be denoised independently.Then,we can
use kernel function for image denoising.

Firstly, the proper size of the reference patch, the search
window, and the step size should be choosen. Then, we need

to read the 3D volume data to CPU and do some initialization
for CUDA, and subsequently allocate device memory for
preparation of data transfer to GPU. Let the half-length of
the reference patch, the search window, and the step size be
Ref R, Sch R, and Stp S, respectively. The size of the input
data, insize, and the size of the output data, outsize, of the
kernel function should be

unsigned int insize = W∗H∗F; //original data size
int NUM BX= (W-2∗Sch R-Ref L)/Stp S+1; //the
number of reference patches in X axis
int NUM BY= (H-2∗Sch R-Ref L)/Stp S+1; //the
number of reference patches in Y axis
int NUM BZ= (F-2∗SCH R-Ref L)/Stp S+1; //the
number of reference patches in Z axis
unsigned int outsize = Ref L ∗ Ref L ∗ Ref L
∗NUM BX∗NUM BY∗NUM BZ;

and𝑊,𝐻, and𝐹 represent the width, height, and depth of the
original volume and 𝑅𝑒𝑓 𝐿 = (2𝑅𝑒𝑓 𝑅 + 1). Since the format
of all the data is float, we will allocate the device memory as
follows:

float∗d idata; //kernel input
CUDA SAFE CALL(cudaMalloc((void∗∗)
&d idata,insize∗sizeof(float)));
float∗d odata; //kernel output
CUDA SAFE CALL(cudaMalloc((void∗∗)
&d odata,outsize∗sizeof(float))).

To hand the volume patch restoring task over to GPU,
we need to determine two of the most crucial parameters
affecting the whole computational time—the block size and
the grid size. By running the Device Query program from
CUDASDK,we can achieve themaximumnumber of threads
per block: 1024, and the maximum sizes of each dimension
of a grid: 2147483647∗65535∗65535 (this is usually enough
for practical ultrasound data). The multiprocessor creates,
manages, schedules, and executes threads in groups of 32
parallel threads called warps.When amultiprocessor is given
one or more thread blocks to execute, it partitions them into
warps; and each warp gets scheduled by a warp scheduler
for execution. A warp executes one common instruction at
a time, so full efficiency is realized when all 32 threads of a
warp agree on their execution path. To get higher efficiency
of themultiprocessor, the number of threads per block should
be a multiple of 32. According to our experiments, the fastest
results were achieved by partitioning each block into 64
threads. So our block and grid are organized like this:

dim3 threads(64,1,1);
int N X = (NUM BX+63)/64;
int N YZ = NUM BY∗NUM BZ;
dim3 grid(N X,N YZ,1);
NLM kernel<<<grid,threads>>>( ).
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For each similar window within the searching window, except the fiducial window
For each voxel of the similar window

Calculate the distance for similarity;
End for

Calculate the similarity weight;
Cumulate the weight and weighted gray-scales, save the maximal similarity weight;

End for
Cumulate the weight and weighted gray-scales on fiducial patch of search window;
Normalize the cumulative sum of the weighted gray-scales, and obtain the new gray-scale;

Algorithm 1

(a) US fetus (428 × 354 × 209) (b) US carotid artery (396 × 297 × 338)

Figure 4: Real ultrasound volumes for experiment.

Here, NLM kernel is the kernel function used to denoise
all the reference patches. Each block and thread in the grid
can be identified by a one-dimensional, two-dimensional, or
three-dimensional index accessible within the kernel through
the built-in blockIdx and threadIdx variables.Thus, we can get
the exact position of each voxel in kernel function:

const int bx = blockDim.x∗
blockIdx.x+threadIdx.x;
const int bz = (blockDim.y∗
blockIdx.y+threadIdx.y)/NY;
const int by = (blockDim.y∗
blockIdx.y+threadIdx.y)-bz∗NY.

Here, NY denotes the number of overlapping blocks in 𝑌
axis, which is equal to NUM BY when the kernel function
is called. Within kernel function, we need to do an outer
cycle process and an inner cycle process. The inner cycle
process is to calculate the distance for similarity between
the reference window and the similarity window, and the
outer cycle process aims at calculating the similarity between
the reference window and all the similarity windows in the
corresponding search window, thus obtaining the restored
result of the reference window. Here is the pseudocode of the
Algorithm 1.

Through the processing of the kernel function, we will get
a new volume composed of all the restored reference patches,

so the next step is to calculate the restored result of each
voxel by taking the average of the same voxel from different
reference blocks. As we have partitioned the original volume
into overlapping parts, one voxel can appear in a few different
reference patches. So, the restoring task of each voxel is not a
parallel processing. Besides, we need to do some judgment of
the position of the voxels to determine the times they have
been calculated. GPU is unfit for such problems. Hence, we
put this computing part to CPU. The whole implementation
of CPU and GPU cooperation is shown in Figure 3.

3. Result and Discussion

Experiments were made on real ultrasound volume data as
shown in Figure 4, (a) is an US fetus with the size of 428 ×
354 × 209, (b) is the US carotid artery with the size of 396
× 297 × 338. The operating system used was Windows 7 32-
bit.The used CPUwas an Intel(R) Core(TM) i3-2120 3.3 GHz
with 4 processor cores, and the used GPU was a NVIDIA
GeForceGTX660Ti, equippedwith 1344 processor cores and
2GB of memory.

In order to testify the performance of the proposed algo-
rithm over to the traditional NLM, comparisons were made
on the US fetus data as it involves more detail information.
The decay parameter was set to a constant 20.0, and the
distance of each reference block Stp Swas set to (𝑅𝑒𝑓 𝑅+1) to
ensure the edge continuity while controlling computational
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Figure 5: Denoised results of the ultrasound fetus: (a1)–(a3) the denoised result of the traditional NLM with the similarity window radius
changing from 1 to 3; (b1)–(b3) the denoised result of the proposed NLM with the similarity window radius changing from 1 to 3.

load. The similarity window radius was set from 1 to 3, and
the size of search window was kept 11 × 11 × 11. As shown in
Figure 5, the performance of our method is obviously better
than that of the traditional NLM. The proposed method can
acquire better denoising results while maintaining the image
detail information.

In order to evaluate the effect of the GPU acceleration,
time comparisons of CPU single thread, CPU multithread,

and GPU implementation of different parameters were made
for the proposed method. The decay parameter was set to a
constant 20.0.The size of search window was kept 11 × 11 × 11,
and the distance of each reference block Stp S was also set to
(𝑅𝑒𝑓 𝑅 + 1). Tables 1 and 2 show the processing time of CPU
single thread, CPU multithread and GPU operations of the
similarity window radius ranging from 1 to 5. The results of
the experiments can lead us to the conclusion that the GPU
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Figure 6: The performance comparisons of the proposed NLM implemented by single-thread CPU, multithread CPU, and GPU for the US
fetus on the left and the US carotid artery on the right.

Table 1: Time comparisons of CPU single-thread, CPU multithread and GPU of ultrasound fetus denoising.

Similarity window Stp S Processing time (s)
CPU single-thread CPU multithread GPU

3 × 3 × 3 2 1530.08 553.86 26.66
5 × 5 × 5 3 1657.64 703.13 51.15
7 × 7 × 7 4 1678.91 767.12 75.54
9 × 9 × 9 5 1745.82 793.68 99.11
11 × 11 × 11 6 1739.60 769.55 177.34

Table 2: Time comparisons of CPU single-thread, CPU multithread and GPU of ultrasound carotid artery denoising.

Similarity window Stp S Processing time (s)
CPU single-thread CPU multithread GPU

3 × 3 × 3 2 1865.31 637.23 33.58
5 × 5 × 5 3 2039.22 841.77 57.22
7 × 7 × 7 4 2076.39 933.12 90.64
9 × 9 × 9 5 2129.09 962.11 127.96
11 × 11 × 11 6 2165.79 970.43 356.19

acceleration can enormously improve the processing speed
of the proposed NLM algorithm, for example, up to 57
times over the single thread CPU for the fetus data with the
similarity window size of 3 × 3 × 3. While multithread of the
CPU can accelerate the computation only to some extent. As
we can see in Figure 6, the time of C++ implementation does
not vary much with the increasing similarity window size.
When the similarity window becomes bigger, the denoising
calculation of each reference window becomesmore complex
while the total number of reference patches reduces because

Stp S is getting larger. So, the whole complexity does not
changemuch.The observation from theGPU columns on the
two tables shows that the processing time increases relatively
faster with the increasing similarity window size compared
to that of CPU, and accordingly the speed-up ratio decreases
with the increasing similarity window size. The reason can
be explained in this way. As we have mentioned above,
the CUDA performance will be better when the arithmetic
intensity is higher. It is easy to understand that the increasing
similarity window size will lead to larger Stp S and fewer
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Figure 7: Denoised results of the ultrasound fetus: (a1)–(a5) the denoised result with the similarity window radius changing from 1 to 5;
(b1)–(b5) the corresponding residual images between the original image and filtered images.
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Figure 8: Denoised results of the ultrasound carotid artery. (a1)–(a5) The denoised result with the similarity window radius changing from
1 to 5; (b1)–(b5) the corresponding residual images between original image and filtered images.

reference patches, thus resulting in lower arithmetic intensity
since the kernel function here serves for the restoring of each
reference patch.

We also give the denoised results using the different
similarity window sizes ranging from 3∗3∗3 to 11∗11∗11
and the corresponding residual images between the original
image and filtered images in Figures 7 and 8, from which we
can see that the proposed method can effectively maintain
the image structure details and at the same time remove the
noises.

Though GPU can achieve very high efficiency for parallel
computation because of its tremendous computational horse-
power and very high memory bandwidth, generally it is not
easy for programmers to accomplish the threads assignment
work to the optimum efficiency. As the maximum number
of threads in a block and the maximum number of blocks
in a grid are predefined for a specific GPU, we cannot do
the threads assignment work as we expect. Besides, the final
efficiency depends on the computational intensity to some
extent. As the GPU is very good at addressing such problems
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that can be expressed as data-parallel computations, the final
performance will be better when the arithmetic intensity is
higher. If the arithmetic intensity is low and involves many
branches or judgments, the use ofGPUmay not be preferable.

4. Conclusion

In this paper, a GPU-based fast block-wise NLM algorithm
for 3D ultrasound image was presented. While the high-
performance computer clusters can improve the processing
speed very much, the cost is usually too high for most
researchers and clinical users. Though improving frequency
and upgrading manufacturing process of CPU can enhance
the computational speed for the algorithms of high time
complexity such as NLM denoising, it is still difficult to meet
the practical application requirement. As the algorithm com-
putation is very dense and quite fit for parallel computation,
GPU-based approach is introduced to accelerate the process
by exploiting its powerful parallel computation abilities.
Experiments on real ultrasound volume data showed that
the proposed method is capable of enormously speeding up
the NLM algorithm, and the speed-up ratio of the proposed
method is better when the arithmetic intensity is higher.With
an original volume data of a small size or a small search win-
dow chosen, the proposed method can be used for real-time
despeckling of 3DUS images. Future work will be focused on
how to tune the decay parameter and the size of similarity
window adaptively and extend the proposed method to 4D
US video denoising, such as in echocardiography. We believe
that the GPU-based Bayesian NLM method will be valuable
in practical applications and GPU will be more widely used
in the field of medical image processing.
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Dual energy CT has the ability to give more information about the test object by reconstructing the attenuation factors under
different energies. These images under different energies share identical structures but different attenuation factors. By referring
to the fully sampled low-energy image, we show that it is possible to greatly reduce the sampling rate of the high-energy image
in order to lower dose. To compensate the attenuation factor difference between the two modalities, we use piecewise polynomial
fitting to fit the low-energy image to the high-energy image. During the reconstruction, the result is constrained by its distance to
the fitted image, and the structural information thus can be preserved. An ASD-POCS-based optimization schedule is proposed to
solve the problem, and numerical simulations are taken to verify the algorithm.

1. Introduction

Computed tomography has become an important nonde-
structive detection method in medicine, industry, and secu-
rity. Typically CT scans the object by a single energy to recon-
struct the attenuation factors in order to evaluate the density
distributions inside the test object. However, some materials’
attenuation factors are close and hard to distinguish, which
brings trouble for diagnosis. Since the attenuation factors
are different under different X-ray energies, DECT [1] has
been brought about to enhance the material distinguishing
ability in CT. Furthermore, atomic numbers, electron den-
sities, or specific material equivalent densities can also be
reconstructed from DECT for better visualization.

In DECT, the test object is scanned under different ener-
gies while keeping the object fixed. Thus, two different ima-
ges, the low-energy image x

𝐿
and the high-energy image

x
𝐻

can be reconstructed independently from the two sets
of projections, the low-energy projections p

𝐿
and the high-

energy projectionsp
𝐻
. Although there are various techniques

forDECT reconstruction, for example, prereconstruction [2],
postreconstruction [3], and iterative reconstruction [4], we
concentrate on reconstructing x

𝐿
and x

𝐻
in this paper to

demonstrate the mathematics of our method.

Dose has been concerned more and more recently with
the increasing public awareness of the possible risks brought
about by the radiation of CT scans. One of the most efficient
ways to reduce dose is to reduce the sampling number.
According to the concept of compressed sensing (CS) [5, 6],
when the sampling numbers are reduced beneath the conven-
tional required sampling rate, one can still accurately recover
the signal by incorporating prior knowledge to the recon-
struction. In the instance of DECT, x

𝐿
and x
𝐻
share identical

structures because they are taken from the same object at
almost the same time. One of the straightforward strategies
for dose reduction is to undersample x

𝐻
while keeping x

𝐿

fully sampled. During the reconstruction of x
𝐻
, the structural

information extracted from the well-reconstructed x
𝐿
can be

made utility to improve the reconstruction quality.
Although the two images share the same structure, their

attenuation factors are different under the two different
energies, which leads to the grey scale difference in the
reconstructed images. Similar situations can be found inmul-
timodality imaging, where the grey scale values of the images
are far different from each other. Bowsher prior has been
used for MR/SPECT imaging to improve the reconstruction
quality of SPECT [7, 8]. For DECT, Liu et al. used image
segmentation on the fully sampled x

𝐿
to reduce the number
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of variables during the reconstruction of x
𝐻

[9]. Recently,
some methods invoking CS have been proposed for DECT.
Szczykutowicz and Chen applied PICCS to a slow kVp
switching acquisition scheme and achieved good results [10,
11]. Xing and Zheng applied ART-TV on the ratio image of x

𝐿

to x
𝐻
for sparser presentation of the image [12].

It has been shown that invoking reference images in CS-
based reconstruction is able to improve the reconstruction
quality, but grey scale value compensation remains a chal-
lenge in DECT. For example, PICCS algorithm requires the
reference image and the target image to be as close as
possible, but the attenuation factor may differ widely under
different energies. The ratio image method, on the other
hand, requires that the changes in the grey scale values are
proportional so that there are less edges in the ratio image
and its gradient image is sparser. However, the change of the
attenuation factor under different energies is unpredictable
and the conditions required for the above methods may be
violated sometimes.

Here, we propose a novel CS-based method for under-
sampled DECT reconstruction. The well-reconstructed low-
energy image x

𝐿
is used to sparsify the undersampled high-

energy image x
𝐻
. To compensate for the grey value scale dif-

ference, both images are divided into patches and polynomial
fitting is used on each pair of patches to fit the reference image
x
𝐿
to the target image x

𝐻
. An l1-norm constraint is applied

on the distance from x
𝐻
to the fitted image, and ASD-POCS

[13] is adopted for the optimization. Since the piecewise
polynomial fitting is able to almost precisely approximate the
target image under most occasions, promising results can be
achieved when the sampling rate is greatly reduced.

The method is very much motivated by one of our
previous works [14], feature constrained compressed sensing
(FCCS). In the FCCS method, linear space extracted from
training image set is used as the prior knowledge rather
than a single image. During the reconstruction, the distance
between the target image and the prior space is used as the
constraint for the result. In this paper, the prior space is gen-
erated from a single reference image by taking its powers.The
constraint on the distance between the target image and the
polynomial space is achieved by piecewise polynomial fitting.

The paper is organized as follows. In Section 2, the math-
ematical principles of the algorithm are presented. Numerical
simulation results are shown in Section 3. Section 4 is
conclusions and discussions.

2. Methodology

2.1. An Overview of the Method. The reconstruction formula
of piecewise polynomial function constrained (PPFC)
method is as follows:

min 


x
𝐻
− 𝜑(x

𝐿
, x
𝐻
)







1

s.t. 


Ax
𝐻
− p
𝐻







2
≤ 𝜀

x
𝐻
≥ 0,

(1)

where 𝜑(x
𝐿
, x
𝐻
) is the piecewise polynomial fitting (PPF)

which approximates x
𝐻

by x
𝐿
. The images are represented

by the row vectors x
𝐻
and x

𝐿
. A is the system matrix, and

p
𝐻
is the high-energy projections. After a high-quality x

𝐿
is

reconstructed from the fully sampled low-energy projections,
it is used as the prior knowledge to iteratively solve x

𝐻

form the undersampled p
𝐻
according to (1) by ASD-POCS

algorithm.

2.2. Image Approximation by Polynomial Fitting. Before
introducing PPF, we will firstly show the least squares poly-
nomial fitting method and some of its properties. In DECT,
one of the ways to sparsify x

𝐻
by x
𝐿
is to find a transform

𝜑(⋅) which makes ‖x
𝐻
− 𝜑(x

𝐿
, x
𝐻
)‖

0
small. We will show that

piecewise polynomial fitting is a good way to approximate
x
𝐻
by x
𝐿
, which actually makes the difference between them

sparse.
Image approximation by polynomial fitting is to solve the

following equation:

min 


x
𝐻
− f (x

𝐿
, x
𝐻
)







2
, (2)

where

f (x
𝐿
, x
𝐻
) =

𝑝−1

∑

𝑘=0

𝑎

𝑘
x𝑘
𝐿
, (3)

where x𝑘 is defined as the element by element power of x and
x0 is an all-ones vector. (𝑝 − 1) is the order of the polynomial
and 𝑎

0
to 𝑎
𝑝−1

are the corresponding coefficients which are
determined by both x

𝐻
and x
𝐿
.

Equation (2) can be written into matrix form, which is

a = arg min
a











V𝑇a − x
𝐻









2
, (4)

where

V = (

1 1 ⋅ ⋅ ⋅ 1

(x
𝐿
)

1
(x
𝐿
)

2
⋅ ⋅ ⋅ (x

𝐿
)

𝑛

...
... d

...
(x
𝐿
)

𝑝−1

1
(x
𝐿
)

𝑝−1

2
⋅ ⋅ ⋅ (x

𝐿
)

𝑝−1

𝑛

) (5)

is an order 𝑝 Vandermonde matrix. (x
𝐿
)

𝑖
means the 𝑖th ele-

ment of x
𝐿
. To further reduce the scale of (4), we adopted the

following method for least squares solution:

Ha = Vx
𝐻
, (6)

where

H
𝑖𝑗
:= (VV𝑇)

𝑖𝑗
=

𝑛

∑

𝑘=1

(x
𝐿
)

𝑖+𝑗−2

𝑘
(7)

is an order 𝑝 Hankel matrix. Although (6) is not the most
numerically stable solution for least squares problems, it is
enough for low-order polynomial fitting problems. Efficient
algorithms such as the Gohberg-Kailath-Koltracht (GKK)
algorithm [15] can be used to solve (6). The approximation
result can be expressed as

f (x
𝐿
, x
𝐻
) = V𝑇a = V𝑇H−1Vx

𝐻
= P (x

𝐿
) x
𝐻
. (8)
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The approximation has some good properties. Firstly,
low-order polynomials have the property of smoothness,
whichmaps similar values in x

𝐿
to similar values in f(x

𝐿
, x
𝐻
).

Thus, the fitting result will not be seriously influenced by
noises. Secondly, if there are not too many kinds of values
presented in the images, low-order polynomials can always
guarantee a good approximation. For example, if there are
only 5 pairs of values presented in x

𝐿
and x
𝐻
, an polynomial

of order 4 is able to precisely map x
𝐿
to x
𝐻
. If the values

distribute around a few points, the approximation error will
also remain small. Furthermore, low-order polynomial fit-
ting is numerical stable. High-order least squares polynomial
fitting requires high computational precision, and the result
will be sensitive to rounding error. To solve this problem,
we divide the image into small patches so that there are not
too many kinds of grey values in each patch, and low-order
polynomial fitting is applicable. Last but not least, the least
squares polynomial fitting problem can be efficiently solved
by the GKK algorithm, whose time and space complexities
are 𝑂(𝑛𝑝) + 𝑂(𝑝2) and 𝑂(𝑛) + 𝑂(𝑝2). Since the polynomial
order 𝑝 is small, the method is both time and memory
saving.

In our experiments, the order 𝑝 is set to 4, which is the
minimum value required for fitting in our case. A small
order makes computation with single floating point data type
feasible. A higher order is applicable, but it means heavier
computational load. It may be preferred when the test object
is more complex; for example, the object contains more kinds
of materials in a small region.

2.3. Piecewise Polynomial Fitting for the Entire Image. As we
have stated, low-order polynomial fitting requires that the
grey values of the image distribute around only a few points.
Thus, the size of the image for fitting should be small for
accuracy. This can be achieved by extracting patches from
the original image and applying polynomial fitting on the sub
images. On the other hand, the patches should be big enough
to hold the structural information with them. There should
also be adequate overlapping areas between adjacent patches
or the difference between patches will lead to obvious block-
like artifacts in the approximated image. In our experiments,
the patch size is selected as 16 by 16, and the offset of adjacent
patches is 4 by 4, which leads to an overlapping size of 12 by
12.

Figure 1 shows the PPF results on noisy phantom with
different patch sizes and offsets. Noisy x

𝐿
is used to fit the

noisy x
𝐻
. Obvious block-like artifacts can be observed when

the patch size and offset are (8, 8) and (16, 16).This is because
in each small patch, the noise distributions are not identical,
and without proper smoothing between adjacent patches,
block-like artifacts emerge. Furthermore, the patch size
should be larger than the offset; otherwise, part of the image
will be missing in the result (see the result at the bottom left
corner of Figure 1).

When approximating x
𝐻
by x
𝐿
with PPF, for each pair

of patches, the high-energy image patch x(𝑠)
𝐻

is approxi-
mated by the low-energy image patch x(𝑠)

𝐿
according to (8).

Figure 1: The PPF results on noisy phantom with different patch
sizes and offsets. From the top row to the bottom row, the corre-
sponding offsets between adjacent patches are 4, 8, and 16. From the
leftmost column to the rightmost column, the corresponding patch
sizes are 8, 16, and 32. The grey scale value window is [0.185, 0.192].

Then the entire image is generated by aggregating the patches.
Define the patch selection matrix E(𝑠) which satisfies

x(𝑠)
𝐻
= E(𝑠)x

𝐻
. (9)

Then putting the patch back to its original position can be
achieved by the transposed matrix E(𝑠)𝑇. The aggregation can
be expressed as

𝜑 (x
𝐿
, x
𝐻
) =

∑

𝑠
E(𝑠)𝑇GP (x(𝑠)

𝐿
)E(𝑠)x

𝐻

∑

𝑠
E(𝑠)𝑇GE(𝑠) ⋅ 1

= (∑

𝑠

E(𝑠)𝑇W(𝑠)P (x(𝑠)
𝐿
)E(𝑠)) x

𝐻
= Bx
𝐻
.

(10)

In (10), the division is element by element.G is a Gaussian
kernel which is used for smoothness during aggregation.W(𝑠)
is the normalized weighting for each patch. It is a diagonal
matrix and

W(𝑠)
𝑖𝑖
=

1

(E(𝑠)∑
𝑙
E(𝑙)𝑇GE(𝑙) ⋅ 1)

𝑖

G
𝑖𝑖
, (11)

which can be calculated by dividing the Gaussian kernelG by
the aggregated weightings.

The transpose of B is

B𝑇 = ∑
𝑠

E(𝑠)𝑇P𝑇 (x(𝑠)
𝐿
)W(𝑠)𝑇E(𝑠). (12)

Since P = V𝑇H−1V = V𝑇(VV𝑇)−1V is a symmetric mat-
rix, P𝑇 = P holds. Furthermore, W(𝑠) is diagonal, so it also
holds that W(𝑠)𝑇 = W(𝑠). The transposed matrix can be
written as

B𝑇 = ∑
𝑠

E(𝑠)𝑇P (x(𝑠)
𝐿
)W(𝑠)E(𝑠). (13)
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(1) Let 𝜑 = 0,w = 0;
(2) For each patch pair x(𝑠)

𝐿
and x(𝑠)

𝐻

(3) if (||x(𝑠)
𝐿
||

2
≥ 𝛿) Calculate 𝜑(𝑠) = P(x(𝑠)

𝐿
)x(𝑠)
𝐻

by (8);
(4) else 𝜑(𝑠) = 0;
(5) 𝜑 = 𝜑 + E(𝑠)𝑇G𝜑(𝑠),w = w + E(𝑠)𝑇G ⋅ 1, aggregate the weighted images;
(6) End for
(7) Output 𝜑/w;

Algorithm 1: Image approximation by PPF.

(1) Let 𝜑 = 0, w = 0;
(2) Calculate aggregated weighting w = ∑

𝑠
E(𝑠)𝑇G ⋅ 1;

(3) For each patch pair x(𝑠)
𝐿

and x(𝑠)
𝐻

(4) CalculateW(𝑠) = G/ (E(𝑠)w);
(5) if (||W(𝑠)x(𝑠)

𝐿
||

2
≥ 𝛿) 𝜑(𝑠) = P(W(𝑠)x(𝑠)

𝐿
)W(𝑠)x(𝑠)

𝐻
;

(6) else 𝜑(𝑠) = 0;
(7) 𝜑 = 𝜑 + E(𝑠)𝑇𝜑(𝑠);
(8) End for
(9) Output 𝜑;

Algorithm 2: Transposed PPF.

The transposed operator will be of future use and we will
take a look at its properties here.The PPFmatrixB is realized
by first fitting the patches and then weighted aggregation, but
the transposed PPF matrix B𝑇 is realized by first weighting
the patches, then fitting, and then unweighted aggregation.
The algorithms for PPF and its transpose are shown in
Algorithms 1 and 2.
𝛿 is a small value in case the values in x(𝑠)

𝐿
are almost zeros

and the polynomial fitting algorithm fails. It is set at 1 × 10−4
in our experiment.

2.4. Optimization by ASD-POCS. The formula for optimiza-
tion is shown in (1). When adapting ASD-POCS algorithm to
the problem, the only change to make is the first derivative of
the objective function. The objective function is

𝑔 (x
𝐻
) =









x
𝐻
− 𝜑 (x

𝐿
, x
𝐻
)







1
=









(I − B) x𝐻






1
. (14)

Using the chain derivative rule, one can easily derive the
gradient of the objective function:

∇𝑔 (x
𝐻
) = (I − B𝑇) sgn ((I − B) x𝐻) , (15)

where sgn(⋅) is the element by element sign function:

sgn
𝑖
(x) =
{

{

{

{

{

{

{

−1 x
𝑖
≤ −𝛿

2
,

x
𝑖

𝛿

2

−𝛿

2
< x
𝑖
≤ 𝛿

2
,

1 x
𝑖
> 𝛿

2
,

(16)

where 𝛿
2
is a small regularization factor near zero. In our

experiments, this value is set at 0.01.

Figure 2:The approximation result of PPF. x
𝐿
is used to approximate

x
𝐻
.The top row is fully sampled.The bottom row is sparsely sampled

by 15 projections. The left most column is the reconstruction result
by FBP. The middle column is the PPF approximation results. The
right most column is the difference between the reconstructed
images and the approximation results, which is the PPFC trans-
form. The grey scale window for the first and second columns is
[0.15, 0.25]. For the third column, the window is [0, 0.01].

The initial value for the iterations is crucial for the con-
vergence speed. For PPFC, 10 times SART is used to estimate
x
𝐻
and PPF is used to approximate the current image x̂

𝐻
by

x
𝐿
. The approximation result 𝜑(x

𝐿
, x̂
𝐻
) is used as the initial

value of the iterations.
The sparsity of the PPFC transform (I − B)x

𝐻
is shown

in Figure 2. It can be seen that the PPFC transform on the
well-reconstructed image is sparse, while the zero entities are
much more in the image with artifacts.

3. Simulations

3.1. SimulationMethod. Multienergy projections are used for
the experiments. The spectrum of the X-ray source is gener-
ated by the Monte Carlo method. Three different spectrums
are used for the experiments: a 90 kVp spectrum, a 120 kVp
spectrum, and a beam-hardened 160 kVp spectrum.There are
two different phantoms for testing, a cylinder phantom and
a realistic dental phantom. The cylinder phantom is forward
projected by the 90 kVp spectrum and the 160 kVp spectrum.
The energy used for the dental phantom is 90 kVp and
120 kVp. The low-energy image x

𝐿
is reconstructed by FBP

and the high-energy image x
𝐻
is reconstructed by the pro-

posedPPFCmethodwith only 15 projections being uniformly
sampled on 360 degrees. PICCS is also realized under the
ASD-POCS framework as a reference method and its initial
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(a) (b)

Figure 3: The phantoms used for simulation: (a) the cylinder phantom; the base cylinder is PMMA and the inner cylinders from the biggest
to the smallest are made of bone, water, and 1%, 2%, 5%, and 10% NaI solutions and (b) the dental phantom.

Table 1: The scan geometry for the cylinder phantom.

Parameter Value
Source to center distance 75 cm
Source to detector distance 105 cm
Total width of detector 9.6 cm
Number of detector bins 512
Reconstruction resolution 256 × 256

Reconstruction size 6.4 cm × 6.4 cm

value is set at the energy normalized image (‖x̂
𝐻
‖

2
/‖x
𝐿
‖

2
)x
𝐿
.

The simulation phantoms are shown in Figure 3.

3.2. Cylinder Phantom Experiments. The cylinder phantom is
first forward projected by the 90 kVp and 160 kVp spectrums
with fan beam geometry to get the high and low projections
p
𝐻
and p

𝐿
. Then the low-energy image x

𝐿
is reconstructed

from 900 projections by FBP. The region outside the ROI of
FBP is set at zero. For the high-energy image x

𝐻
, only 15

projections uniformly sampled across 360 degrees are used
for reconstruction.Then both PPFC andPICCS are employed
to reconstruct the phantom. Furthermore, the algorithms
are also tested against noises. The noises are added to the
projections by setting the photon number of the X-ray source
at 2 × 105 per detector bin per projection.The scan geometry
is shown in Table 1, and the simulation results are shown in
Figure 4 and Table 2.

In the results of PICCS, the cylinder made of 1% NaI
solution is blurred. The reason is that in the reference image
x
𝐿
, the attenuation factor of the 1%NaI solution is larger than

the background PMMA cylinder, but in the target image x
𝐻
,

the attenuation factor of the 1%NaI solution becomes smaller
than the PMMA’s attenuation factor.The way PICCS uses the
prior image by subtraction actually reduces the sparsity on
the cylinder of 1% NaI solution. As its consequence, PICCS is

Table 2: The quantitative estimations of the reconstruction results
of the cylinder phantom.

Method RMSE Iteration number Time (s)
Noiseless PPFC 2.9 × 10

−4 10 31.2
Noiseless PICCS 4.8 × 10−4 100 34.3
Noisy PPFC 2.9 × 10

−4 10 31.2
Noisy PICCS 8.7 × 10

−4 100 34.4
The RMSE is calculated by comparing to the noiseless result of FBP.
The iterations numbers do not include the 10 times pre-iterations and are
enough for convergence.
The code is implemented by C++ on a machine with Intel Core i5 processor
and 3GB memory.

Figure 4: The reconstruction results of cylinder phantoms. The top
row is the results from noiseless projections and the bottom row is
the results fromnoisy projections. From left to right: the first column
is the fully sampled x

𝐿
reconstructed by FBP, the second column is

the fully sampled x
𝐻
reconstructed by FBP, the third column is the

reconstruction results of undersampled x
𝐻
by PICCS, and the fourth

column is the results fromPPFC, the grey scale windows for the low-
energy images and high-energy images are [0.1, 0.6] and [0.15, 0.25].

not able to recover the cylinder of 1% NaI solution well while
other cylinders are well preserved.

As for the results of PPFC, all the cylinders including the
1%NaI solution cylinder are well recovered. Furthermore, the
results of the noisy projections have not degradedmuch com-
paring to the noiseless results.Thus, the experiments indicate
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Table 3: The scan geometry for the dental phantom.

Parameter Value
Source to center distance 50 cm
Source to detector distance 80 cm
Total width of detector 30 cm
Number of detector bins 960
Reconstruction resolution 512 × 512

Reconstruction size 19.2 cm × 19.2 cm

Table 4: The quantitative estimations of the reconstruction results
of the dental phantom.

Method RMSE Iteration number Time (s)
PPFC 1.1 × 10

−3 20 238
PICCS 2.5 × 10

−3 200 288
The RMSE is compared to the noiseless results of FBP.

that PPFC is compensating grey scale values difference and
noise stable.

3.3. Realistic Phantom Experiments. The dental phantom is
forward projected by the 90 kVp and 120 kVp spectrums with
fan beamgeometry.The low-energy image x

𝐿
is reconstructed

by FBP from 720 projections. x
𝐻

is downsampled to 15
projections and reconstructed by PPFC and PICCS. Noises
with 1 × 105 initial photons are also added to the projections.
The scan geometry is shown inTable 3, and the corresponding
results are shown in Figure 5 and Table 4.

The experiments on the realistic phantom show that
PPFC is able to reconstruct objects with complicated struc-
tures as well as the simple objects. It also shows an advantage
over PICCS on the aspect of RMSE.

4. Conclusion and Discussions

In this paper, we propose a CS-based method for under-
sampled DECT reconstruction with piecewise polynomial
function constraint. The low-energy image is reconstructed
from fully sampled projections and the high-energy image
is reconstructed from severely corrupted samples with the
well-reconstructed low-energy image as the reference. The
proposed piecewise polynomial fitting method has good
ability to compensate for the grey scale value difference
between the high- and low-energy images. Under most
conditions, the target image can be well approximated by the
reference image using the PPF, which ensures the sparsity of
the PPFC transform. The simulation results show that our
method is both accurate and stable.

The drawback of the algorithm is that the piecewise
polynomial fitting is still not efficient enough. However, the
fitting of each patch is independent and the algorithm can be
further accelerated by parallel computation. Furthermore, the
algorithm has the potential to reconstruct the decomposition
coefficients images in DECT, whose values are far from the
values in the low-energy image. Applying the method to

Figure 5: The reconstruction results of the dental phantom. From
left to right: the first one is the x

𝐿
reconstructed from 720 projections

by FBP, the second one is the x
𝐻
reconstructed from 70 projections

by FBP, the third one is the results by PICCS from 15 projections,
and the last one is the results of PPFC. The grey scale windows for
the low and high-energy images are [0, 0.85] and [0, 0.65]. All the
results are reconstructed from the noisy projections.

a dual-effect or dual-material decomposition reconstruction
is of future concerns.
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We present a novel method for nonrigid registration of 3D surfaces and images. The method can be used to register surfaces by
means of their distance images, or to register medical images directly. It is formulated as aminimization problem of a sum of several
terms representing the desired properties of a registration result: smoothness, volume preservation, matching of the surface, its
curvature, and possible other feature images, as well as consistency with previous registration results of similar objects, represented
by a statistical deformation model. While most of these concepts are already known, we present a coherent continuous formulation
of these constraints, including the statistical deformation model. This continuous formulation renders the registration method
independent of its discretization. The finite element discretization we present is, while independent of the registration functional,
the second main contribution of this paper. The local discontinuous Galerkin method has not previously been used in image
registration, and it provides an efficient and general framework to discretize each of the terms of our functional. Computational
efficiency and modest memory consumption are achieved thanks to parallelization and locally adaptive mesh refinement. This
allows for the first time the use of otherwise prohibitively large 3D statistical deformation models.

1. Introduction

Nonrigid registration remains one of the largest challenges in
medical image analysis and computer vision. The correspon-
dence it seeks to establish between related objects is essential
for a large number of applications from shape statistics to
model-based segmentation and computational anatomy [1,
2].

In medical applications, the objects that need to be
brought into correspondence are usually organs which were
capturedwith amedical imaging device, such as CT andMRI.
In this paper, we use bones, skulls, and hands as examples.
We propose a method to bring them into correspondence by
registering a number of feature images. The unique features
and contributions of our method are as follows:

(1) the representation of surfaces by a distance and a
curvature image,

(2) the inclusion of a volume preservation term into the
registration,

(3) the introduction of prior knowledge in form of a
statistical deformation model,

(4) a continuous formulation of the registration method,
including the deformation model, making the regis-
tration independent of its discretization,

(5) an efficient finite element discretization based on the
local discontinuous Galerkin method.

For us, as in many other applications, the ultimate goal is
the construction of statistical shapemodels.Therefore, we are
mostly interested in the shape of the organ’s surface, which
we represent by the two most prominent feature images in
our method: a distance and a curvature image of the surface.
Together, they provide a good description of the shape of
an object. Other possible feature images, which are then
simultaneously registered, encode additional information
about the organs like the CT or MRI data. Registering all
feature images together represents our assumption that a
good registration result should bring all of these feature
images into correspondence.
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In addition, we need to incorporate prior knowledge
about the registration result in order to be able to address
the inherently ill-posed problem of image registration. The
result is given in the form of a vector field, and in the most
basic form of our registration method, we simply enforce the
smoothness of this vector field by controlling the norm of
its first derivative. However, it turns out that this regularizer,
which is also found in the Demons or Diffusion registration
algorithms [3, 4], allows large and unnatural looking volume
change. By penalizing volume change, we impose our prior
knowledge that the registration result should not compress or
expand the objects excessively. This is achieved by penalizing
the linearized volume change caused by the vector field.

While this generic knowledge about registration and the
resulting regularization applies to most registration tasks, we
can go even further and include specific prior knowledge
about the objects under consideration.This is done by penal-
izing deformations that deviate from the space of known
deformations for the specific type of object. This space is
modeled by a statistical deformation model derived from
previous registration results of the same object class, that is,
the same organ.

One of the main contributions of this paper is the for-
mulation, discretization, andminimization of the registration
problem as a continuous functional, integrating all the differ-
ent terms described above into a single analytic formula for
the deformation field. This formulation allows for the simple
enhancement of the scheme through further terms and for
a straightforward discretization. In this paper, we present a
memory-efficient and flexible schemes using adaptive finite
elements; this approach is presented in a general setting.
The results shown in this paper are obtained using the local
discontinuous Galerkinmethod.This approach leads to a very
simple formulation even of complex regularization terms
and is well suited for the use with distributed grids and
nonconforming adaptation. The implementation is based on
DUNE-FEM [5], which uses the generic grid interface from
the Dune library [6, 7]. We use the ALUGrid [8] which
supports nonconforming local adaptivity and the possibility
of domain decomposition and dynamic load balancing for
parallel computations. These advances in efficiency and
memory consumption enable us to perform registrations that
where previously not possible. In particular the use of large
3D statistical deformation models, which would typically
require in excess of 700MB for each mode of variation with
a uniform discretization, becomes possible for the first time.
Pre- and postprocessing are performed using ITK and VTK
[9, 10].

1.1. Prior Work. Nonrigid registration is an extremely well
researched problem. For an overview of registrationmethods
we refer to the recent survey papers by Zitová and Flusser [11]
(image registration), Audette et al. [12] (surface registration),
and in particular the book by Modersitzki [4] for a thorough
discussion of variational methods for image registration.The
most basic form of our method, that is, leaving out all the
optional terms, is closely related to Thirion’s Demons algo-
rithm [3] and Modersitzki’s diffusion registration algorithm
[4].

The idea of surface registration using a distance or level-
set representation of surfaces has been introduced byParagios
et al. [13], and the inclusion of additional feature images,
especially for parametrized surfaces, is used for instance in
[14]. The use of curvature images has been presented in our
previous paper [15].

Volume preserving image registration was introduced by
Rohlfing et al. in [16] and Haber and Modersitzki in [17].
Rohlfing et al. include a term penalizing volume change in
a B-spline-based registration framework, while Haber and
Modersitzki enforce strict nonlinear volume preservation
in a variational formulation. In our approach, we wish to
allow a limited amount of volume change and therefore
use a soft constraint, that is, an additive penalty term. For
efficiency, we penalize only the linear part of the volume
change, and we show that this is equivalent to the linear
elastic regularization term first introduced by Broit [18] and
Christensen et al. in [19], even though our motivation for
using this regularizer does not stem from modelling the
organs as elastic bodies.

The concept of statistical deformation models and their
inclusion into registration algorithms has been researched
by several groups [20–23]. However, these methods either
constrain the registration result strictly to the span of the
model or use an interlaced algorithm performing the sta-
tistical regularization in a separate step, whereas we present
an integrated formulation, which builds on our previous
publication [24]. Furthermore, all of the previous methods
are formulated within the discretization framework pre-
ferred by the respective group, whereas our method pro-
vides a continuous formulation of the deformation prior
and, independently, a finite element discretization of this
prior.

The use of finite elements for image registration goes back
at least as far as [25], and we published a first finite element
registration algorithm in [15]. The final model derived in
this paper results in an elliptic problem with a nonlinear
forcing term. The finite element discretization for general
elliptic problems has now been employed for decades and
can be considered standard. A summary of the standard
approach of conforming, continuous finite elements can be
found in [26]. Since we are using nonconform locally adapted
grids with distributed memory parallelization, we employ
a discontinuous finite element approach. An overview of
this class of schemes can be found in [27]. The method
we use is based on the local discontinuous Galerkin scheme
introduced in [28]. To compute the second order derivatives
in the elliptic regularization operator, the model is rewritten
as a system of first-order equations, and these terms are
discretized element-wise using intercell fluxes to enforce
consistency with the analytical model. This results in a small
discretization stencil, which leads to a simple implementation
on nonconform distributed grid structures. The flexibility of
this approach leads to a very simple formulation in spite
of the rather complex elastic regularization terms. Also,
the freedom in the choice of the basis functions allows us
to use an orthonormal basis resulting in a diagonal mass
matrix which simplifies the statistical regularization term
considerably.



Computational and Mathematical Methods in Medicine 3

2. Registration Method

In the following, we describe our registration method. At its
core, it is an image registration method and as such can be
used directly on images. But as our focus lies in registering the
shape or surface of organs, we describe how the method can
be used to register two surfaces Γ

0
, Γ

1
⊂ R𝑑. The surfaces can

be segmented from medical images or acquired otherwise.
We assume that they are already rigidly preregistered, for
instance by Procrustes alignment [29], so that our algorithm
only needs to recover the nonrigid component of the regis-
tration. Moreover, the preregistration enables us to choose a
common rectangular image domain Ω ⊂ R𝑑 which contains
both surfaces, so that we can represent each surface Γ by its
signed distance function 𝐼 : Ω → R:

𝐼 (𝑥) :=

{

{

{

{

{

dist (𝑥, Γ) 𝑥 ∈ outside (Γ)
0 𝑥 ∈ Γ

− dist (𝑥, Γ) 𝑥 ∈ inside (Γ) ,
(1)

where dist(𝑥, Γ) is the Euclidean distance from 𝑥 to Γ and the
inside and outside of Γ have to be assigned in a meaningful
way. For open surfaces, for which inside and outside cannot
be defined, an unsigned distance function can be used.

The aim of a registration algorithm is to find a deforma-
tion field 𝑢 : Ω → R𝑑 such that the target surface’s distance
function 𝐼

1
warped with this deformation field, that is, 𝐼

1
(𝑥 +

𝑢(𝑥)), is as close as possible to the distance function of the
reference surface given by 𝐼

0
. The registration result of the

distance functions implies a registration of the surfaces.
We formulate the registration problem as a minimization

problem. It is shown in [4] that virtually all registration
methods can be interpreted in this way.The deformation field
𝑢 is sought as the minimum of a functional which is the sum
of two terms: distance and regularization terms. Thus, the
registration problem consists of finding the minimum of the
functional

J [𝑢] = D [𝑢] +R [𝑢] , (2)

with distance termD and regularization termR. The former
measures the distance between the reference and the registra-
tion target. At its minimum, the warp of the target is as close
as possible to the reference image.The regularization term on
the other hand measures the smoothness or regularity of the
registration result 𝑢. The smaller it is, the more regular the
solution will be. By minimizing both terms simultaneously,
we try to bring the reference and target as close together
as possible while keeping the deformation field reasonably
smooth. We believe that there is no single generic distance
or regularization term that guarantees a good registration in
every scenario. The notion of correspondence is application
specific, and the more knowledge about the registration task
at hand we can include into the method, the higher the
chances will be to obtain a result thatmeets our requirements.
For example, the most basic regularization term we pro-
pose simply penalizes the squared 𝐿2-norm of the gradient.
By including additional regularization terms, we can also
penalize volume change or the deviation from a statistical

model of the object to be registered, thus improving the
registration result. The same holds for the distance measure,
where the simplest approach measures the 𝐿2 difference
between the two surfaces. Again considerably better results
can be achieved by including additional terms, for example,
the curvature of the surfaces.

2.1. Distance Term. The basis for the distance term D is the
𝐿

2 difference between the warp of the signed distance images
𝐼

1
and the reference 𝐼

0
of the two surfaces to be registered:









𝐼

1 (
𝑥 + 𝑢 (𝑥)) − 𝐼0 (

𝑥)









2

𝐿
2
(Ω)

:= ∫

Ω

(𝐼

1 (
𝑥 + 𝑢 (𝑥)) − 𝐼0 (

𝑥))

2
𝑑𝑥.

(3)

The distance images of two similar surfaces have a similar
range of values, especially close to the surfaces, which makes
the 𝐿2 distance measure an appropriate choice for their
comparison. In order to prevent undesirable effects at the
boundary, where the distance function of each surface may
be cut off at a different value, we bound the distance images
at a certain distance 𝑏 from the surface:

𝐼

𝑏
(𝑥) := {

𝐼 (𝑥) if 𝐼 (𝑥) ≤ 𝑏
𝑏 if 𝐼 (𝑥) > 𝑏,

(4)

and register these bounded distance images instead of the
original 𝐼(𝑥). The bound 𝑏 ∈ R should be chosen so that the
𝑏 level set of each surface we want to register is completely
contained inside Ω.

2.2. Robust Distance Measures. For noisy or otherwise dif-
ficult feature images it can be advantageous to use a robust
distance measure, which dampens the influence of the overly
large differences between the images; see [30] for a review of
different robust cost functions. We propose using a robust
distance measure based on the Geman-McClure estimator
[30, 31], which has been successfully used for medical image
registration in [32]. It can be easily realized by weighting the
distance measure (3) with a term 𝑄

𝐼
(𝑥):

D
𝐼 [
𝑢] :=

1

2

∫

Ω

1

𝑄

𝐼 (
𝑥)

(𝐼

1 (
𝑥 + 𝑢 (𝑥)) − 𝐼0 (

𝑥))

2
𝑑𝑥. (5)

For the Geman-McClure distance measure, we have 𝑄
𝐼
(𝑥) =

𝐶

2
+ (𝐼

1
(𝑥 + 𝑢(𝑥)) − 𝐼

0
(𝑥))

2, with a regularization parameter
𝐶 ∈ R which controls the robustness of the measure. A
similar term is used inThirion’s Demons algorithm [3], where
the norm of the gradient of the image replaces 𝐶: 𝑄

𝐼
(𝑥) =

|∇𝐼

1
(𝑥 + 𝑢(𝑥))|

2
+(𝐼

1
(𝑥+𝑢(𝑥))−𝐼

0
(𝑥))

2. In our experiments,
both weights yielded similar results, which is not surprising
as for distance functions |∇𝐼| = 1 almost everywhere. We
have found that for distance images that represent surfaces
free from artifacts or excessive noise, it is not necessary to
use a robust distance measure. But it proved to be of good use
for the additional feature images introduced in the following
sections, such as the curvature images.
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2.2.1. Curvature Guided Registration. When registering sur-
faces by means of their distance images, the problem arises
that by definition, and the value of the distance function
is zero on the whole surface and therefore contains no
information on the surface. Therefore, the distance function
D is minimized whenever a point on one surface is registered
onto a point on the other surface even if it does not
correspond functionally or semantically to the given point. In
fact, whenwe try tominimize the registration functional with
a gradient descent scheme, the corresponding point is only
sought in the direction of the gradient of the distance image,
that is, perpendicular to the surface. This effect is somewhat
alleviated by the regularization term, but this is often not
enough to obtain a sensible registration. See the example in
Section 4.3 for instance.

For bone registration, we wish to establish correspon-
dence between points that have a similar anatomical function.
So similar bumps, crests, ridges, and so forth should be
matched. Such features are well described by the curvature of
the surface. In fact, for a large class of objects, corresponding
points on two surfaces have similar curvature. Figure 1 illus-
trates this for the mean curvature of human skulls.Therefore,
we use the mean curvature as an additional feature to be
matched.

With the surfaces represented by their distance images,
the curvature is easily calculated by 𝐻(𝑥) = div(∇𝐼/‖∇𝐼‖).
For each 𝑥 ∈ Ω, 𝐻(𝑥) is the mean curvature of the level
surface passing through 𝑥. So if 𝑥 is on the zero level set of
𝐼, 𝐻(𝑥) is the mean curvature of the surface at that point.
Since for distance images ‖∇𝐼‖ = 1 almost everywhere, the
curvature image𝐻 is even more easily computed as𝐻 = Δ𝐼.

The curvature images are included in the registration
process with a distance term analogous to that in (5) as
follows:

D
𝐻 [
𝑢] :=

1

2

∫

Ω

1

𝑄

𝐻 (
𝑥)

(𝐻

1 (
𝑥 + 𝑢 (𝑥)) − 𝐻0 (

𝑥))

2
𝑑𝑥. (6)

The overall distance measure is then given as 𝛼D
𝐼
[𝑢] +

𝛽D
𝐻
[𝑢] with 𝛼, 𝛽 ∈ R+ controlling the influence of the

distance and curvature images.

2.2.2. Additional Feature Images. In an obvious fashion, any
number of additional feature images can be added. If we
denote the 𝑘th pair of feature images by 𝑋𝑘

0
, 𝑋

𝑘

1
, the full

distance term for our registration method is given as

D [𝑢] :=
𝑛

∑

𝑘=1

𝛼

𝑘
D

𝑋
𝑘 [𝑢]

=

𝑛

∑

𝑘=1

𝛼

𝑘

2

∫

Ω

1

𝑄

𝑋
𝑘

(𝑋

𝑘

1
(𝑥 + 𝑢 (𝑥)) − 𝑋

𝑘

0
(𝑥))

2

𝑑𝑥,

(7)

with weighting parameters 𝛼
𝑘
. In our experiments, we have

included the original CT scans from which the bone surfaces
were segmented as additional feature images where they were
available. 2D projections of two such CT scans can be seen in
Figure 2. Additional imagemodalities or manual annotations
could also be included provided that they are available for

(a) (b)

Figure 1: Two skulls colored according to their mean curvature. We
see that corresponding points have similar mean curvature.

(a)

(b)

Figure 2: 2D projections of CT scans of two femurs.

both surfaces to be registered. Obviously for each of the
surfaces, all its feature images need to be in correspondence,
which is usually already the case or can be achieved with
a rigid registration method. For multimodal image pairs,
more sophisticated multimodal distance measures can be
employed instead of the 𝐿2 distance measures used in (7) (cf.
[4, 33]).

2.3. Regularization Term. Registration is an ill-posed prob-
lem, and any algorithm trying to minimize a distance mea-
surewithout enforcing some kind of smoothness or regularity
on the solution is bound to fail. We begin by introducing a
very basic regularization term, which is later enhanced by
adding further terms.

One of the most basic ways to control the smoothness
of the deformation field 𝑢 is through its first derivative 𝐷𝑢,
which we will, for simplicity, denote by ∇𝑢. But the reader
should bear in mind that 𝑢 : Ω ⊂ R𝑑

→ R𝑑, and hence
∇𝑢 ∈ R𝑑×𝑑. We define the basic regularization term as

R
𝑔 [
𝑢] :=

1

2

∫

Ω

‖∇𝑢‖

2
𝑑𝑥

=

1

2

𝑑

∑

𝑙=1

∫

Ω









∇𝑢

𝑙









2
𝑑𝑥.

(8)

The smallerR
𝑔
[𝑢] is, the smoother the deformation field 𝑢.
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2.3.1. Volume Preservation. While the regularization term
(8) forces the deformation field to be smooth, it still allows
some quite unnatural deformations. In particular, it allows for
excessive expansion or compression of the registered object
by the deformation field; see Section 4.4 for an example.
The compression or expansion of the warp 𝑥 + 𝑢(𝑥) can be
measured by the determinant of its first derivative det[𝐷(𝑥 +
𝑢(𝑥))]. A volume preserving deformation field must satisfy
det[𝐷(𝑥 + 𝑢(𝑥))] ≡ 1. Naturally, as we are mostly interested
in registering bones of different individuals, which in general
do not have the same volume, we do not wish to enforce
a strict incompressibility constraint as in fluid dynamics or
other registration approaches [17]. Instead, we add a soft
incompressibility constraint to our existing regularization
term based on the linearization of det[𝐷(𝑥 + 𝑢(𝑥))]. Thus,
volume change is limited but not completely prohibited.

Since det[𝐷(𝑥 + 𝑢(𝑥))] = 1 + div 𝑢 + (nonlinear terms),
if follows that the smaller the divergence of 𝑢, the closer the
linearization of the determinant is to 1 and therefore the field
to being volume preserving, provided the values of𝐷𝑢 are not
too large and therefore the linearization justified. Therefore
we add the square of the deformation field’s divergence to the
functional:

R [𝑢] := 𝜇R𝑔 [
𝑢] + ]R𝑑 [

𝑢]

= 𝜇

1

2

∫

Ω

‖∇𝑢‖

2
𝑑𝑥 + ]

1

2

∫

Ω

(div 𝑢)2𝑑𝑥.
(9)

In a later section, we will see that the Euler-Lagrange equa-
tions for the functional (9) correspond to those of the well-
known linear elastic registration methods (see Appendix A).
Although the volume preservation is only approximative, it
enhances the registration result visibly; see Section 4.4.

2.3.2. Statistical Deformation Prior. It is well known that the
regularization terms can be interpreted from two different
perspectives. On the one hand, they serve as numerical sta-
bilizers and make the numeric treatment of ill-posed prob-
lems feasible. On the other hand, the regularization term
incorporates prior knowledge about the solution into the
problem. In this respect, the regularization terms that we
have introduced so far were generic in the sense that they
only require the solution to be smooth or volume preserving.
They do not take properties of the object to be registered
into account. Even though registration is a prerequisite for
expressing prior knowledge about a specific class of objects,
it can itself benefit from such prior knowledge when the data
is noisy. Therefore, we propose including prior knowledge
about the specific class of objects by introducing an additional
regularization term. This term is based on a probability
distribution estimated from previous successful registration
results and penalizes unlikely deformations. This type of
regularization becomes very natural when we consider the
probabilistic interpretation of the regularization approach.
The regularization termR[𝑢] can be seen as defining a prior
probability distribution 𝑝[𝑢] over the function space, and
the distance term D[𝑢] defines the likelihood 𝑝[𝐷 | 𝑢]

of observing the data given deformation field 𝑢. See Wang

and Staib [21] for a detailed discussion of this probabilistic
interpretation for variational image registration.

Assume that we already have a set of 𝑛 deformation fields
{𝑢

1
, . . . , 𝑢

𝑛
}, mapping from a common reference image 𝐼

𝑅
to

a given set of target images {𝐼
1
, . . . , 𝐼

𝑛
}. We expect that a new

registration result is unlikely to be very different from the
ones already given, since it registers an object of the same
class. Indeed, we can regard the deformation fields 𝑢

1
, . . . , 𝑢

𝑛

as training data from which we can estimate a probability
distribution over the possible deformations. This is the main
idea behind Statistical Shape Models [34, 35] and the related
Statistical Deformation Models [22], to which our problem
belongs. In these approaches, the common assumption is that
the objects (i.e., the shapes and the deformation fields) follow
a normal distribution. Its parameters are estimated from the
training data.

We introduce a continuous formulation for deforma-
tion models here, which fits naturally into our continu-
ously defined registration framework and permits a straight-
forward finite element discretization.Themodel is character-
ized by the mean field 𝑢

𝑢 (𝑥) =

1

𝑛

𝑛

∑

𝑖=1

𝑢

𝑖 (
𝑥) (10)

and the covariance operatorC : 𝐿2(Ω,R𝑑
) → 𝐿

2
(Ω,R𝑑

)

C =
1

𝑛

𝑛

∑

𝑖=1

(𝑢

𝑖
− 𝑢) ⊗ (𝑢

𝑖
− 𝑢) , (11)

which acts on a deformation field 𝑤 ∈ 𝐿2(Ω,R𝑑
) through

C [𝑤] (𝑥) =
1

𝑛

𝑛

∑

𝑖=1

(𝑢

𝑖
− 𝑢) (𝑥)

× ∫

Ω

(𝑢

𝑖
− 𝑢) (𝑦) ⋅ 𝑤 (𝑦) 𝑑𝑦.

(12)

This operator is the continuous analogon to the sample
covariance matrix. It is a linear integral operator with a
symmetric integral kernel given by

𝐶 (𝑥, 𝑦) =

1

𝑛

𝑛

∑

𝑖=1

(𝑢

𝑖
− 𝑢) (𝑥) (𝑢𝑖

− 𝑢)

𝑇
(𝑦) . (13)

C is a self-adjoint (i.e., symmetric) compact operator.
Thanks to the spectral theorem for compact normal operators
(see [36] for instance) it admits an eigenvalue decomposition
with positive eigenvalues 𝜎2

𝑖
and corresponding orthonormal

eigenfunctions 𝜌
𝑖
. AsC is estimated from 𝑛 examples 𝑢

𝑖
− 𝑢,

there are at most 𝑚 ≤ 𝑛 nonzero eigenvalues; 𝜎2
𝑖
and C can

be represented as

C [𝑤] (𝑥) =
𝑚

∑

𝑖=1

𝜎

2

𝑖
𝜌

𝑖 (
𝑥) ∫

Ω

𝜌

𝑖
(𝑦) ⋅ 𝑤 (𝑦) 𝑑𝑦. (14)

Moreover, the spectral theorem guarantees the orthogonal
decomposition of 𝐿2(Ω,R𝑑

) into the span of the eigenfunc-
tions 𝜌

𝑖
and the operator’s null space N(C):

𝐿

2
(Ω, 𝑅

𝑑
) = span {𝜌

𝑖
| 𝑖 = 1, . . . , 𝑚} ⊥ N (C) . (15)
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The span of the eigenfunctions is the same as the span of the
𝑢

𝑖
− 𝑢. That means that it contains all linear combinations

of the training examples. On this 𝑚-dimensional space,
which is frequently called themodel space of the deformation
model, the covariance operator C is invertible. Thanks to
the eigenvalue decomposition, the inversion of C on the
model space is easily achieved by inverting the eigenvalues
and coincides with the formulation of the pseudoinverse C†

on the whole space 𝐿2(Ω) as follows:

C
†
[𝑤] (𝑥) =

𝑚

∑

𝑖=1

𝜎

−2

𝑖
𝜌

𝑖 (
𝑥) ∫

Ω

𝜌

𝑖
(𝑦) ⋅ 𝑤 (𝑦) 𝑑𝑦. (16)

We can therefore formally define a normal distribution
N(𝑢,C) with mean 𝑢 and covarianceC on 𝐿2(Ω):

𝑝

1 (
𝑢) =

1

𝑍

𝑒

−(1/2)⟨𝑢−𝑢,C†[𝑢−𝑢]⟩
𝐿
2
(Ω,R𝑑)

, (17)

where𝑍 is a normalization parameter. Technically, while this
function exists and is the natural extension of the density
function of a statistical shape or deformation model to a
continuous function space, it is not a well-defined density
function. However, for any finite discretization 𝑢

ℎ
, the corre-

sponding density of the multivariate normalC[𝑢
ℎ
] exists and

is well defined. This distribution can be used as the basis for
a statistical regularization term. However, it only represents
prior knowledge about the model space. Its complement,
N(C), is completely ignored.A statistical regularization based
on this distribution would permit deformation fields 𝑢 ∈

𝐿

2
(Ω,R𝑑

) that are arbitrarily far away from the model space
and would regularize only their projection onto the model.
An extreme measure taken by other authors is therefore to
restrict the registration results strictly to the model space [20,
22]. We on the other hand wish to explicitly allow results that
lie outside (but still close to) the model space, as only these
results can be used as reasonable additions to the statistical
model.

We define an additional distribution on N(C), which
imposes our prior knowledge that the registration results
should not lie far from themodel. In the absence of additional
example data, we simply assume a normal distribution with
mean 𝑢 and uncorrelated uniform variance of𝜎2 ∈ R+, which
controls howmuch the results are allowed to deviate from the
model space:

𝑝

2 (
𝑢) =

1

𝑍

𝑒

−(1/2)𝜎
−2

⟨𝑢−𝑢,𝑢−𝑢⟩
𝐿
2
(Ω,R𝑑)

. (18)

While this term could in principle be restricted to N(C),
we define it on the whole space 𝐿2(Ω,R𝑑

). This corresponds
to shrinkage estimation, a technique used in statistics to
improve the estimation of the covariance [24, 37], which adds
the additional variance of 𝜎 also on the model space.

To define the distribution 𝑝(𝑢) characterizing our com-
plete statistical model, we assume the two normal distribu-
tions to be independent and define 𝑝(𝑢) as their product

𝑝 (𝑢) := 𝑝1 (
𝑢) 𝑝2 (

𝑢) =

1

𝑍

𝑒

−(1/2)⟨𝑢−𝑢,C†[𝑢−𝑢]⟩

×

1

𝑍

𝑒

−(1/2)𝜎
−2

⟨𝑢−𝑢,𝑢−𝑢⟩
.

(19)

It is then natural to introduce the functional

P [𝑢] =
1

2

𝛾∫

Ω

(𝑢 − 𝑢) (𝑥) ⋅C
†
[𝑢 − 𝑢] (𝑥) 𝑑𝑥

+

1

2

𝛾∫

Ω

𝜎

−2
(𝑢 − 𝑢) (𝑥) ⋅ (𝑢 − 𝑢) (𝑥) 𝑑𝑥

∝ − ln𝑝 [𝑢]

(20)

as an additional regularization term, which penalizes unlikely
deformation fields. The constant 𝛾 is used as a weighting
factor. We thus arrive at the following functional describing
our registration model:

J [𝑢] = D [𝑢] +R [𝑢] +P [𝑢] . (21)

3. Finite Element Discretization

In this section, we describe the discretization and mini-
mization of the functional (21) based on a finite element
method and an adaptive multiresolution pseudo-time step-
ping approach. We start with the description of the spatial
discretization focusing on the terms from the deformation
prior. This finite element discretization of the continuously
defined deformation prior is one of the most important
contributions of this paper, and thanks to use of a memory-
efficient adaptive finite element basis makes the use of large
3D statistical deformations possible for the first time.

3.1. Space Discretization. To find a minimizer of the func-
tional (21), we wish to solve the weak form of the correspond-
ing Euler-Lagrange equation: 𝐽[𝑢, 𝜑] = 0 for all suitable
test functions 𝜑. The details of how the derivative 𝐽[𝑢, 𝜑] =
D
[𝑢, 𝜑] +R

[𝑢, 𝜑] +P
[𝑢, 𝜑], which can be interpreted as

a bilinear form, is computed can be found in Appendix A.
The three terms, corresponding to the distance measure,
regularization term, and the deformation prior, respectively,
are given by

D

[𝑢, 𝜑]

=

𝑛

∑

𝑘=1

∫

Ω

𝛼

𝑘

𝑄

𝑋
𝑘 (𝑥)

(𝑋

𝑘

1
(𝑥 + 𝑢 (𝑥))

− 𝑋

𝑘

0
(𝑥) ) ∇𝑋

𝑘

1
(𝑥 + 𝑢 (𝑥)) 𝜑 (𝑥) 𝑑𝑥,

(22)
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R

[𝑢, 𝜑] = ∫

Ω

𝜇∇𝑢 : ∇𝜑 + ] div 𝑢 div 𝜑𝑑𝑥, (23)

P

[𝑢, 𝜑] = ∫

Ω

𝛾 C
†
[𝑢 − 𝑢] (𝑥) ⋅ 𝜑 (𝑥) 𝑑𝑥

+ ∫

Ω

𝛾 𝜎

−2
(𝑢 − 𝑢) (𝑥) ⋅ 𝜑 (𝑥) 𝑑𝑥.

(24)

The sum in (22) is over all feature images 𝑋
𝑘
used for the

registration, for example, the distance maps 𝐼, the curvature
𝐻, and the CT scans.

We employ a finite element discretization to compute the
deformation field. Given a function space 𝑉

ℎ
⊂ 𝐿

2
(Ω,R3

)

of finite dimension 𝑁, we seek an approximate deformation
field, which we will also denote by 𝑢 ∈ 𝑉

ℎ
, satisfying

J
[𝑢, 𝜑] = 0 for all test function 𝜑 ∈ 𝑉

ℎ
.

After choosing basis functions 𝜑
1
, . . . , 𝜑

𝑁
of 𝑉

ℎ
, a func-

tion 𝑤 ∈ 𝑉

ℎ
can be represented as 𝑤(𝑥) = ∑

𝑁

𝑘=1
w
𝑘
𝜑

𝑘
(𝑥)

with a vector of degrees of freedom (DOF) denoted by w
ℎ
=

(w
𝑘
)

𝑁

𝑘=1
.

The derivation of a discrete version both for the regular-
ization term R and the distance measure D is straightfor-
ward and will be briefly sketched in Section 4.1 together with
details on the construction of the discrete function space 𝑉

ℎ

used in our tests. In the following, we will concentrate on the
termP arising from the statistical deformation prior.

The term P defined in (24) includes the eigenfunctions
of the covariance operator C, defined in (12). The eigen-
functions are needed for the efficient (pseudo-) inversion of
C according to (16). In order to formulate a discretization
and an implementation forP, we need to actually calculate
these eigenfunctions. According to the ideas of functional
PCA [38], the eigenfunctions can be calculated with help of
a finite dimensional eigenvalue decomposition if both the
argument𝑤 and the training examples 𝑢

𝑖
are given as a linear

combination of a set of basis functions.
So to derive a discrete formulation of C, we fix the

argument𝑤 and examples 𝑢
𝑖
to be from the discrete function

space 𝑉
ℎ
. They are then given as linear combinations of the

basis functions 𝜑
𝑘
, and we have the coefficient vectorsw

ℎ
and

k
ℎ,𝑖
:= u

ℎ,𝑖
− u

ℎ
. The covariance operator C from (12) then

takes the form

C [𝑤] (𝑥) =
1

𝑛

𝑛

∑

𝑖=1

∑

𝑘

v
𝑖𝑘
𝜑

𝑘 (
𝑥) ∫

Ω

∑

𝑗

v
𝑖𝑗
𝜑

𝑗
⋅ ∑

𝐷

w
𝑙
𝜑

𝑙
𝑑𝑦

= ∑

𝑘

(

1

𝑛

𝑛

∑

𝑖=1

∑

𝑙,𝑗

v
𝑖𝑘
v
𝑖𝑗
∫

Ω

𝜑

𝑗
⋅ 𝜑

𝑙
𝑑𝑦 w

𝑙
)𝜑

𝑘 (
𝑥)

= ∑

𝑘

(Aw
ℎ
)

𝑘
𝜑

𝑘 (
𝑥) .

(25)

The matrix A = (𝑎
𝑘𝑙
) is given by

𝑎

𝑘𝑙
=

1

𝑛

𝑛

∑

𝑖=1

𝑁

∑

𝑗=1

v
𝑖𝑘
v
𝑖𝑗
𝑚

𝑗𝑙
, (26)

where we have used 𝑚
𝑗𝑙
to denote the entries of the mass

matrixM; that is,𝑚
𝑗𝑙
= ∫

Ω
𝜑

𝑗
(𝑦) ⋅ 𝜑

𝑙
(𝑦)𝑑𝑦.

Equations (12) and (26) show that C is restricted to 𝑉
ℎ

maps to 𝑉
ℎ
and is represented by the matrix A = 𝑎

𝑘𝑙
,

which, resubstituting the definition of v
𝑖𝑘
into (26), can be

represented as

A = 1
𝑛

𝑛

∑

𝑖=1

(u
ℎ𝑖
− u

ℎ
) (u

ℎ𝑖
− u

ℎ
)

𝑇M =: ΣM, (27)

where Σ is the sample covariance matrix of the DOF vectors
k
ℎ,𝑖
= u

ℎ𝑖
− u

ℎ
. The eigenvalue decomposition of this discrete

version ofC can be achieved by an eigenvalue decomposition
of thematrixA. Comparedwith traditional discrete statistical
models as [22, 34, 35], where only the covariance matrix Σ
is used, in our case, the mass matrix M slightly complicates
matters as it makes the matrixA nonsymmetric in general. In
functional PCA, this problem is solved by first calculating an
eigenvalue decomposition of the symmetric matrix:

M1/2AM−1/2
= M1/2
ΣM1/2

. (28)

This is a symmetric positive semidefinite (𝑁×𝑁)-matrix
with rank 𝑚 ≤ 𝑛 ≪ 𝑁. Remember that 𝑛 is the number
of training examples 𝑢

𝑖
which is usually much smaller than

𝑁, the number of degrees of freedom of the discrete function
space𝑉

ℎ
.The positive eigenvalues 𝜎2

1
, . . . , 𝜎

2

𝑚
and thematrix S

of their corresponding orthonormal right eigenvectors r
𝑖
can

be computed efficiently with a singular value decomposition
of an (𝑚 × 𝑚) matrix, without the need to compute a full
large (𝑁 × 𝑁) singular value decomposition. We thus have
the eigenvalue decomposition:

M1/2AM−1/2
= S diag (𝜎2

1
, . . . , 𝜎

2

𝑚
) ST (29)

and consequently the decomposition of A :

A = M−1/2S diag (𝜎2
1
, . . . , 𝜎

2

𝑚
) STM1/2 (30)

with eigenvalues 𝜎2
𝑖
and eigenvectorsM−1/2r

𝑖
. The associated

functions 𝜌
𝑖
= ∑

𝑘
(M−1/2r

𝑖
)

𝑘
𝜑

𝑘
are the eigenfunctions of

the discretized covariance operator from (25). C being a
symmetric operator, we expect its eigenfunctions to be
orthonormal with respect to the 𝐿2(Ω,R3

) scalar product:

∫

Ω

𝜌

𝑖
⋅ 𝜌

𝑗
= r𝑇

𝑖
M−1/2MM−1/2r

𝑗
= r𝑇

𝑖
r
𝑗
= 𝛿

𝑖𝑗
. (31)

With the eigenfunctions 𝜌
𝑖
, we can rewrite (24) with an

explicit formulation for the pseudoinverseC† as follows:

P

[𝑢, 𝜑] =

𝑚

∑

𝑖=1

𝛾 𝜎

−2

𝑖
∫

Ω

(𝑢 − 𝑢) (𝑦) ⋅ 𝜌𝑖
(𝑦) 𝑑𝑦

× ∫

Ω

𝜌

𝑖 (
𝑥) ⋅ 𝜑 (𝑥) 𝑑𝑥

+ 𝛾𝜎

−2
∫

Ω

(𝑢 − 𝑢) (𝑥) ⋅ 𝜑 (𝑥) 𝑑𝑥,

(32)

which can easily be implemented once the eigenfunctions 𝜌
𝑖

have been calculated.
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This formulation takes the same form in the continuous,
and the discrete setting and could have been calculated
directly using the continuous eigenvalue decomposition
Equation (16). The discretization lies only in the restriction
ofP to the discrete function space 𝑉

ℎ
and the calculation of

the eigenfunctions via a matrix SVD as described above.

3.2. Minimization Strategy. Registration is achieved by min-
imizing the functional (21). We introduce an artificial time
variable 𝑡 and try to minimize the functional by computing
its gradient flow, that is, we solve the time-dependent partial
differential equation:

𝜕

𝑡
𝑢 −J


[𝑢] = 0 (33)

for a function 𝑢(𝑥, 𝑡), given an initial solution 𝑢0 = 𝑢(𝑥, 0).
Note that the term 𝜕

𝑡
𝑢 has to be interpreted in the weak sense,

that is, in the form ∫
Ω
𝜕

𝑡
𝑢𝜑. A time stepping scheme for (33)

can be viewed as a continuous version of gradient descent;
indeed, if we use an Euler scheme for the time discretization
of (33), we end up with a gradient descent iteration.

Choosing an explicit Euler scheme to solve (33) leads to a
severe time step restriction, coupling the time step 𝜏 with the
mesh width ℎ via 𝜏 = 𝑂(ℎ2) due to the regularization term
(8). On the other hand, due to the nonlinearity of the distance
term D[𝑢], a purely implicit iteration scheme would require
the solution of a large nonlinear system in each iteration.
Therefore, we propose to use semi-implicit time stepping
scheme. We split up the functionalJ[𝑢] into an explicit part
Jexpl[𝑢], containing all terms with nonlinear derivatives and
an implicit part Jimpl[𝑢] containing all terms with linear
derivatives.The iteration scheme, in its simplest form, is then
defined as

𝑢

𝑛+1
= 𝑢

𝑛
+ 𝜏J



impl [𝑢
𝑛+1
] + 𝜏J



expl [𝑢
𝑛
] . (34)

In our case, this means thatJexpl = D andJimpl =R+P. If
additional terms are introduced, they can be added to either
Jexpl or Jimpl, depending on their linearity. Each iteration
step thus requires the solution of a linear system of equations
for which we employ an iterative Krylov type solver (in this
case the BiCGStab method). To obtain higher order version
of this method, IMEX Runge-Kutta schemes are used [39].

For our experiments, we chose a locally adaptive mul-
tiresolution strategy; we first minimize the functional on a
coarse uniform grid; that is, starting with the initial guess
𝑢

0
≡ 0, we solve (33) up to some fixed time 𝑇

0
. Then the

grid is refined around the reference surface, and the coarse
solution is interpolated onto the refined grid.This is then used
as starting value for solving (33) on the refined grid up to
some fixed time𝑇

1
.This process is repeated until a sufficiently

fine resolution has been reached. The times 𝑇
𝑖
have been

experimentally determined. In each step, all elements closer
to the surface than a certain threshold Θ are refined; that is,
|𝐼

0
| < Θ. This threshold is decreased in each step, so that

the final solution is calculated on a grid that offers a very
fine resolution close to the reference surface and becomes
more and more coarse further out. An example is shown in
Figure 3.

Figure 3: Visualization of the registration of two femurs. The
deformation field that deforms one femur into the other is calculated
on an adaptive grid.

4. Results

4.1. Implementational Details. The scheme is implemented in
the Dune framework, a software library allowing the generic
implementation of grid based numerical schemes [6, 7]. The
finite element implementation is based on the DUNE-FEM
module [5]. Pre- and post-processing is done using ITK and
VTK [9, 10].

The spatial discretization of the deformation field 𝑢 is
based on a tessellationT

ℎ
= {𝑇

𝑖
}

𝑖∈I of the image domain Ω.
This tessellationmust be nonoverlapping and can be uniform
or adaptive and is typically made up of triangles or rectangles
in 2D or tetrahedra or hexahedra in 3D.We use the ALUGrid
library [8] which supports unstructured meshes in 2D and
3D with nonconforming local adaptivity and the possibility
of domain decomposition and dynamic load balancing for
parallel computations. Figure 3 shows a visualization of such
a nonconforming locally adaptive grid.

The spatial discretization employed is based on the local
discontinuous Galerkin (LDG) scheme. Given a tessellation
T

ℎ
, this scheme follows the same ideas as the standard

Galerkin method [26] but employs a discontinuous ansatz
space: 𝑉𝑞

ℎ
:= {V

ℎ
:V
𝑖
∈ [𝑃

𝑞
(𝑇

𝑖
)]

𝑑 for 𝑖 ∈ I}. Here V
𝑖
≡

V
ℎ|𝑇
𝑖

and 𝑃
𝑞
(𝑇

𝑖
) denote the space of polynomials on the

element 𝑇
𝑖
of order 𝑞. Note that there is no continuity

assumption between elements, so that there is very little
restriction on the tessellation. Due to the discontinuous
ansatz space, the discretization of the higher order derivatives
in the regularization term is slightly more involved than in
the standard Galerkin method. We briefly sketch the LDG
approachwhen applied to a partial differential equation of the
form −𝜇Δ𝑢− ]∇ div 𝑢 = ̃𝑅, where ̃𝑅 combines all lower order
terms. This equation corresponds to the strong form of the
Euler-Lagrange equation (see Appendix A (A.9)). Rewriting
the second-order terms as a first-order system for the vector
valued functions 𝑢, 𝑤

1
, . . . , 𝑤

𝑑
, we arrive at

𝑤

𝑘
− ∇𝑢

𝑘
= 0,

−∑

𝑖

𝜕

𝑖
(𝜇𝑤

𝑘𝑖
+ ]𝑤

𝑖𝑘
) =

̃

𝑅

𝑘

(35)

with 𝑘 = 1, . . . , 𝑑. This approach leads to a compact discrete
form for the elastic regularization term R involving only
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first-order derivatives on each element 𝑇 ∈ T
ℎ
and numeri-

cal fluxes over cell boundaries. Focusing on a single element
𝑇 of the tessellation, the corresponding weak form of (35)
takes the following form when we define the vector 𝑊

𝑘
:=

(𝜇𝑤

𝑘𝑖
+ ]𝑤

𝑖𝑘
)

𝑖
:

∫

𝑇

𝑤

𝑘
⋅ 𝜉 + ∫

𝑇

𝑢

𝑘
∇ ⋅ 𝜉 − ∫

𝜕𝑇

𝑢

𝑘
𝜉 ⋅ 𝑛 = 0

∫

𝑇

𝑊

𝑘
⋅ ∇𝜓 − ∫

𝜕𝑇

̂

𝑊

𝑘
𝜓 = ∫

𝑇

̃

𝑅

𝑘
𝜓.

(36)

The fluxes 𝑢
𝑘
and̂𝑊

𝑘
can for example be taken as averages of

the values on both sides of the boundary of𝑇 or using suitable
one-sided values. For more details on the LDG method see
[27, 28]. At the boundary we use homogeneous Dirichlet
conditions for the deformation field 𝑢. This is a reasonable
assumption if we use bounded distance images as defined
in (4). In this case, the images 𝐼

0
and 𝐼

1
are both equal to

the constant bound 𝑏 near the domain boundary, and the
functional only contains the regularization term R in this
region; that is, only the regularization operator remains for
which zero boundary conditions can be prescribed.

In our implementation, we use orthogonal basis functions
{𝜑

𝑙
}. These are easily constructed by choosing on each

element 𝑇 a polynomial basis (𝜙𝑇
𝛼
)

𝑟

𝛼=1
of [𝑃𝑞(𝑇)]𝑑 satisfying

∫

𝑇

𝜙

𝑇

𝛼
⋅ 𝜙

𝑇

𝛽
= |𝑇| 𝛿𝛼𝛽

. (37)

A basis function 𝜑
𝑙
of 𝑉𝑞

ℎ
is then chosen to coincide with a

polynomial basis function 𝜙𝑇
𝛼
on one element 𝑇 and vanish

on all other elements. Thus the mass matrix𝑀 is a diagonal
matrix of the form

𝑀 = diag (


𝑇

1









𝐼

𝑟
, . . . ,









𝑇

𝑠









𝐼

𝑟
) , (38)

where 𝐼
𝑟
is the identity matrix with 𝑟 = dim([𝑃𝑞(R𝑑

)]

𝑑
) and 𝑠

is the number of elements in the grid; that is, the total number
of DOFs is𝑁 = 𝑠𝑟. The diagonal form of𝑀makes its storage
and the calculation of the weighted sample covariance matrix
Σ defined in (27) very efficient.

Thus, the LDG method used here not only allows us to
efficiently use adaptivity and parallelization but also makes
the computation of the PCA simple and efficient with respect
to memory consumption and computational cost.

4.2. 3D Surface Registration. In this first experiment, we
can observe that thanks to the level set representation of
the surfaces, our method allows the accurate registration of
surfaces. See Figure 3 for an example of the femur bone and
Figure 4 for an example with the more complicated surface
of the human skull, where our method benefits from the
fact that the level set representation is independent of the
topology of the surface. The topology of the skull surface is
very complicated and, due to acquisition and segmentation
artifacts, not necessarily the same for two different segmented
skull surfaces.

In our experiments, only the reference was anatomically
labeled and hand segmented with high attention to detail.

Figure 4: Visualization of the correspondence and the transfer of
anatomical labeling between the reference (transparent outline) and
a child’s skull.

Figure 4 visualizes how this labelling and segmentation is
transferred to another skull anatomy via the registration
result. Figure 5 shows that this works over a very large
range of examples from infant skulls to large adult skulls.
Even though the concept of correspondence breaks down for
different numbers of teeth in the reference and the target, the
existing teeth are labelled correctly.

On a standard 3GHz dual-core desktop PC with two par-
allel registration processes, a skull registration with 480 000
degrees of freedom (i.e., 160 000 grid points) takes about
10 minutes, a femur registration with 80 000 degrees of
freedom (butmore iterations) about 6minutes.These are only
indicative times to give the reader a feeling for the run time
of our algorithm. Computation times can be further reduced
with more parallel processes and more aggressive parameter
tuning. Note that a great advantage of our method is that the
adaptive discretization requires a much inferior number of
degrees of freedom than a uniform discretization. A uniform
discretization with a similar resolution around the surface
requires about 18 million degrees of freedom, resulting in a
memory consumption of over 700MB per deformation field.

4.3. Curvature Term. Theabove experimentswere performed
with all of the terms introduced in Section 2 except the sta-
tistical prior. We will now report on a couple of experiments
that visualize the benefit of all the additional terms, starting
with the curvature term introduced in Section 2.2.1.

In Figure 6(a), a registration of a femur is performed
without the curvature term; that is, the surface is only
represented by the level set function and the original CT
scan. At a first glance, the surfaces are well registered, and
the deformation field allows us to deform the reference
bone so that it coincides with the target bone. However,
on closer inspection, the implied correspondence is faulty.
The deformation field matches the top of the trochanter
minor (an important anatomical feature of the femur) of
the reference to the side of the trochanter minor on the
target. Such faulty correspondence causes problems in all
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(a) (b) (c) (d)

(e) (f)

Figure 5: Transfer of the anatomical labelling of the reference (c) to a variety of skulls. Such a transfer requires very accurate registration
results. Even a mismatch in the number of teeth is handled properly.

(a) (b)

Figure 6: Registration of two femurs with and without curvature
term.Without the curvature term, the correspondence is faulty.The
corresponding features of the trochanter minor are not properly
matched. The curvature term ensures matching of corresponding
shape features.

subsequent applications such as building of statistical models
or transferring anatomical labels.

In Figure 6(b), when the curvature term is used, the
correspondence is much more sensible, and top is matched
to top and sides to sides. The mean curvature proves to be a
good description of anatomical features of bones. Its use in
the registration method ensures superior correspondence.

4.4. Volume Preservation. Figure 7(a) shows the reference
bone warped with a deformation field of a registration result.

To amplify the effect for visualization purposes, we have
warped the reference bone with the deformation field mul-
tiplied by 2. The coloring represents the size of the triangles
that make up the surface. We see that in some places the
original reference grid is quite unnaturally stretched resulting
in very large triangles. This is the effect of large volume
expansion in the deformation field.When this volume change
is penalized with the volume preservation term, the resulting
mesh is muchmore even, while still allowing an equally good
matching of the target surface.

In Figure 7(a), the weighting parameters 𝜇 and ] from
(8) have been chosen as 𝜇 = 2, ] = 0, that is, no volume
preservation term. In Figure 7(b), as 𝜇 = ] = 2, that is,
equal weight of the gradient and the divergence term. Simply
augmenting the weight of the gradient term, for example,
𝜇 = 4, ] = 0 also results in less volume change, but still
more than in Figure 7(b), while simultaneously decreasing
the matching accuracy.

4.5. Statistical Deformation Prior. In these final experiments,
we exhibit the use and benefit of the statistical prior. We
first performed registrations of 15 intact hands for the 2D
example and 50 intact femurs for the 3D example. From
these, statistical models are built according to the process
described in Section 3.1.They can be used as prior knowledge
for registering difficult or damaged data sets. In Figure 8,
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Figure 7: Registration of two femurs with and without volume preserving term. When the term is used, the distribution of area over the
triangles of the mesh is much more even because the limited volume change prohibits strong expansion or compression of the mesh.

this prior knowledge allows the registration of a hand with a
missing finger. Without this prior knowledge, the ring finger
of the reference is deformed unnaturally in an attempt to
match the hand with the missing finger. Note that the use
of a robust distance measure and the regularization terms
prevent a complete disappearance or distortion of the finger.
When the prior knowledge from the statistical deformation
model is used, the hand is well matched where intact. But the
model enforces a registration with an intact ring finger, as all
its training data sets include 5 intact fingers.

In Figure 9, a similar experiment in 3D is shown. The
prior knowledge from 50 previous registrations is used in the
registration of the reference bone to two damaged bones.The
first bone has an artificial hip joint prosthesis and the second
one amissing trochantermajor.The registrationmethodwith
statistical regularization registers the complete bones while
complementing the missing parts from its prior knowledge.
In this way, we can see how the original bone could have
looked like. In these experiments, we have used 40 modes of
variation (principle components). In a uniform discretization
with a similar resolution around the surface, this would
have required 28GB of memory. Of course, the inclusion
of the statistical prior introduces additional computational
complexity. This results in an increase of computation time
from about 5 minutes without to about 7 minutes with
statistical prior per femur registration.

These experiments were performedwith a robust distance
measure (cf. Section 2.1). In the places with missing data, the
regular𝐿2measure has a very large value andwould dominate
the registration process. Aswith all regularization techniques,
a balance between over- and under-regularization has to be
found. If too much weight is placed on the statistical prior,
the result is pulled too close to the model.

5. Discussion

We have presented a registration method which allows the
accurate and efficient registration of surfaces by registering
their distance images. While this can be achieved with any
image registration algorithm, we have shown that the most
obvious choices for the distance measure and regularizer
have several shortcomings, which can be relieved by adding
additional distance and regularization terms to the model.

(a)

(b)

Figure 8: The reference shape (blue line) is registered onto a hand
with a missing finger. The red line shows the warp of the reference
with the resulting deformation field, without (a) and with statistical
regularization (b).

We have seen that by representing the surfaces not by their
distance images alone but also by a combination of feature
images,most notably the curvature images, andwe can obtain
superior correspondence information. Concerning the regu-
larizer, we have shown that adding a volume preserving term
results in more even and naturally looking deformations and
warps. Finally, we have shown that including prior knowledge
in formof a statistical deformationmodel allows us to register
considerably damaged data sets. While the statistical prior
could be used in any registration task where prior registration
results are available, we have found that for intact data sets
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(a) (b) (c) (d)

Figure 9: Registration of a pair of damaged bones, with and
without statistical regularization. The first bone has an artificial hip
joint, and in the second, the trochanter major is missing. Without
statistical regularization, the damaged bones are matched exactly
((a), (b)). With statistical regularization, the method recognizes that
the damaged parts do not conform with the prior knowledge and
restore them automatically ((c), (d)).

the method works well enough without the prior. We use
the prior in cases where the data is too corrupted to be used
directly, but where we still wish to add as much as possible of
its information into our existing model.

Our registration method is formulated continuously and
is independent of the discretization method. We have pre-
sented a finite element discretization based on the local
discontinuous Galerkin method, which allows for local grid
adaption and a straightforward implementation of all the
terms of our functional. The local grid adaption and paral-
lelization limit the computational complexity and memory
consumption, enabling us to perform registrations that were
not possible with previous methods. In particular the inclu-
sion of large statistical deformation models was not possible
with previous methods based on uniform discretization such
as the Demons Algorithm. This will become more and more
important as the resolution of medical images increases in
the future. The flexibility of the continuous functional and
the LDG discretization allows the easy integration of other
concepts and terms that are being developed in the field of
image registration every day.On the other hand, the ideas and
terms introduced here can be used with other discretization
schemes or existing registration methods.

Appendix

A. Derivatives

In the following, we give details on how to derive the Euler-
Lagrange equations, which characterize the minimum 𝑢 of
the functional J given in (21). Using the standard methods
from the calculus of variations, we compute the Gateaux
derivatives for each of the terms thatmake up our registration

functional. This leads to the bilinear forms used in the finite
element discretization in Section 3. We conclude this section
with the derivation of the partial differential equations, that
is, the strong form, which characterize the deformation field.

A.1. Distance Measure. As the individual terms of the com-
bined distance measure (7) are all of the same form, it suffices
to calculate the first variation of the distance measure with
only one feature imageD

𝐼
[𝑢] defined in (5) as follows.
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(A.1)

The dependency of the weighting term 𝑄

𝐼
on 𝑢 is neglected

for reasons of efficiency. The other terms are derived analo-
gously. The derivative of the combined distance measure (7)
is therefore
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A.2. RegularizationTerm. Wewill continue by calculating the
first variation of the regularization termR
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[𝑢] defined in (8).
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The divergence regularization term introduced in (9) is
differentiated as follows:
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Therefore, the derivative of the full regularization func-
tionalR[𝑢] from (9) is

R
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Statistical Prior. Taking into account that the covariance
operatorC is linear and self-adjoint and therefore this is also
true for its pseudoinverse, it is easy to compute that the first
variation of the statistical prior from (12) is given by
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where ⟨⋅, ⋅⟩ = ⟨⋅, ⋅⟩
𝐿
2
(Ω,R3).

A.3. Strong Derivative. In order to derive the strong formula-
tion, for the functional, we first apply integration by parts on
the derivative of the regularization term (A.5). Assuming zero
Neumann or Dirichlet boundary conditions, the boundary
terms vanish and we get
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Now we can collect all the terms making up the weak
derivative as follows:
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from (A.2), (A.7), and (A.6) and apply the fundamental
lemma of the calculus of variations to each component 𝜑

𝑖
of 𝜑

which leads to the partial differential equation characterizing
𝑢:
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This is the well-known equation from linear elasticity with a
forcing term on the right hand side and the additional term
from the statistical deformation prior.
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One of the most famous algorithms that appeared in the area of image segmentation is the Fuzzy C-Means (FCM) algorithm.
This algorithm has been used in many applications such as data analysis, pattern recognition, and image segmentation. It has the
advantages of producing high quality segmentation compared to the other available algorithms. Many modifications have been
made to the algorithm to improve its segmentation quality. The proposed segmentation algorithm in this paper is based on the
Fuzzy C-Means algorithm adding the relational fuzzy notion and the wavelet transform to it so as to enhance its performance
especially in the area of 2D gel images. Both proposed modifications aim to minimize the oversegmentation error incurred by
previous algorithms. The experimental results of comparing both the Fuzzy C-Means (FCM) and the Wavelet Fuzzy C-Means
(WFCM) to the proposed algorithm on real 2D gel images acquired from human leukemias, HL-60 cell lines, and fetal alcohol
syndrome (FAS) demonstrate the improvement achieved by the proposed algorithm in overcoming the segmentation error. In
addition, we investigate the effect of denoising on the three algorithms. This investigation proves that denoising the 2D gel image
before segmentation can improve (in most of the cases) the quality of the segmentation.

1. Introduction

Two-dimensional gel electrophoresis (2D gel) allows sepa-
ration of mixtures of proteins due to differences in their
isoelectric points (pI), in the first dimension, and subse-
quently by their molecular weight (MWt), in the second
dimension. Other techniques for protein separation exist,
but currently 2D gel provides the highest resolution allowing
thousands of proteins to be separated. The great advantage
of this technique is that it allows, from very small amounts
of material, the investigation of the protein expression for
thousands of proteins simultaneously [1].

In this paper, one of the issues and challenges related to
digital image analysis of the 2D gel images will be addressed,
namely, the segmentation of the images. This segmentation
is very crucial in such images as it is used to conclude the

existence (or not) of malicious cells in the patient’s protein
sample. Image segmentation is defined as the process of
dividing images into regions according to its characteristic,
for example, color and objects present in the images. The
result of image segmentation is in the form of images that are
moremeaningful, easier to understand, and easier to analyze.
Correct segmented results are very useful for the analysis,
predication, and diagnoses [2–5].

Fuzzy C-Means (FCM) is a method of clustering which
allows one piece of data to belong to two or more clusters.
This method (developed by Dunn in 1973 [4] and improved
by Bezdek in 1981 [6]) is frequently used in pattern recog-
nition. It also has been in image analysis processes such as
segmentation [2–5, 7–11].

Clustering involves the task of dividing data points into
homogeneous classes or clusters so that items in the same
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class are as similar as possible and items in different classes
are as dissimilar as possible. Clustering can also be thought
of as a form of data compression, where a large number of
samples are converted into a small number of representative
prototypes or clusters. Depending on the data and the
application, different types of similarity measures may be
used to identify classes, where the similaritymeasure controls
how the clusters are formed. Some examples of values that can
be used as similarity measures include distance, connectivity,
and intensity [3, 4, 7].

In nonfuzzy or hard clustering, data is divided into crisp
clusters, where each data point belongs to exactly one cluster.
In fuzzy clustering, the data points can belong to more
than one cluster, and associated with each of the points are
membership grades that indicate the degree to which the data
points belong to the different clusters [2, 8].

However, one disadvantage of standard FCM is that it
does not consider any spatial information in image context,
which makes it very sensitive to noise and other imaging
artifacts. Recently, many researchers have incorporated local
spatial information into the conventional FCM algorithm to
improve the performance of image segmentation [5, 8, 9].
Some research studies developed a Sugeno-type rule-based
system that imposed spatial constraints in order to enhance
the results of fuzzy clustering.

Others modified the FCM objective function by includ-
ing a spatial penalty on the membership functions which
leads to an iterative algorithm that is very similar to the
conventional FCM and allows the estimation of spatially
smooth membership functions. An FCM S algorithm was
introduced by modifying the objective function of FCM to
compensate for the gray (intensity) inhomogeneity and to
allow the labeling of a pixel to be influenced by the labels in its
immediate neighborhood [5, 9, 11]. Variants of this algorithm
were introduced, called FCM S1 and FCM S2. Both of them
replaced the neighborhood term of FCM S by computing in
advance the extra mean-filtered image and median-filtered
image, respectively.

An interesting modification of the FCM algorithm was
to apply a wavelet function to the image before starting
to segment it. In [10], Noreen et al. applied the Discrete
Wavelet Transform (DWT) to MRI image to extract high
level details and after some processing on this high pass
image, they added it to the original image to get a sharpened
image. The wavelet transformed image is then segmented
by Fuzzy C-Means algorithm followed by Kirch’s line/edge
detection mask to further enhance the edge detail in the
image. The wavelet transform has been also applied prior to
other segmentation techniques like Watershed as in [12]. In
both cases the application of wavelet greatly improved the
quality of segmentation.

In our work, we propose an algorithm that makes use
of wavelets and FCM and adds the relation notion to it
in order to obtain better segmentation results. Through
wavelets we extract the high pass image. The noise-robust
nature of wavelets and the noise sensitivity of FCM com-
bined in our algorithm ensure giving better segmentation
results. The proposed algorithm focuses on the solution

of over- and undersegmentation problem of low contrast
images by applying preprocessing to the input image. The
algorithm will be applied here to 2D gel images; however, it
can be applied to any type of images.

This paper is organized as follows. This section gives
the introduction to the area of interest of the research;
then the basics of the Fuzzy C-Means algorithm and the
fuzzy relation are introduced in Section 2. The details of the
proposed algorithm are given in Section 3. The parameters
of the algorithm are obtained experimentally in Section 4.
Section 5 demonstrates the experimental results on real 2D
gel images, as well as comparisons with the FCM and the
wavelet FCM. Section 6 investigates performing denoising
on the image before segmentation on the quality of the
proposed segmentation algorithm. Finally, conclusions and
future perspectives of this work are discussed in Section 7.

2. Background and Related Work

2.1. Fuzzy C-Means Algorithm. Fuzzy clustering belongs to
the group of soft computing techniques which is often better
suited for the real applications and there is very often no
sharp boundary between clusters [13]. In fuzzy clustering we
use membership values, instead of crisp values, which range
between zero and one.

The resulting data partition improves data understanding
and reveals its internal structure. Partition clustering algo-
rithms divide up a dataset into clusters, where similar data
objects are assigned to the same cluster, whereas dissimilar
data objects should belong to different clusters [4, 13].

The standard Fuzzy C-Means uses the Euclidean distance
as a cost function to be minimized and expressed as
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of the cluster, and ‖∗‖ is any norm expressing the similarity
between any measured data and the center [3, 8, 10].

In the standard use of Fuzzy C-Means, the weighting
coefficient (𝑚) is set to 𝑚 = 2. The FCM algorithm runs
iteratively in the following steps.
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Step 4. If ‖𝑈(𝑘 + 1) − 𝑈(𝑘)‖ < threshold, then
STOP;

otherwise return to Step 2.

The computation of the updated membership function is
the condition for the minimization of the objective function.
With Fuzzy C-Means, the centroid of a cluster is computed
as being the mean of all points, weighted by their degree of
belonging to the cluster [3, 8, 10].

The degree of being in a certain cluster is related to the
inverse of the distance to the cluster. By iteratively updating
the cluster centers and the membership grades for each data
point, FCM iteratively moves the cluster centers to the “right”
location within a dataset.

2.2. Fuzzy Relations. A Fuzzy relation [14] generalizes clas-
sical relation into one that allows partial membership and
describes a relationship that holds between two or more
objects.

Let 𝑋 and 𝑌 be nonempty sets. A fuzzy relation 𝑅 is a
fuzzy subset of𝑋×𝑌. In other words,𝑅 ∈ 𝐹(𝑋×𝑌). If𝑋 = 𝑌,
then we say that 𝑅 is a binary fuzzy relation in 𝑋. A fuzzy
relation 𝑅 is a relation that measures the degree by which 𝑋
is related to 𝑌.

Let 𝑅 be a binary fuzzy relation on 𝑅. Then 𝑅(𝑢, V) is
interpreted as the degree of membership of the ordered pair
(𝑢, V) in 𝑅.

As a demonstrating example, let 𝑅 be a binary fuzzy
relation on 𝑈 = {1, 2, 3}, called “approximately equal,” and
can be defined as

𝑅 (1, 1) = 𝑅 (2, 2) = 𝑅 (3, 3) = 1,

𝑅 (1, 2) = 𝑅 (2, 1) = 𝑅 (2, 3) = 𝑅 (3, 2) = 0.8,

𝑅 (1, 3) = 𝑅 (3, 1) = 0.3.

(4)

The membership function of 𝑅 is given by

𝑅 (𝑢, V) =
{

{

{

{

{

1 if 𝑢 = V,
0.8 if |𝑢 − V| = 1,
0.3 if |𝑢 − V| = 2.

(5)

2.3.Wavelet Transform. Wavelets [15] aremathematical func-
tions that allocate data into different frequency components
and then study each component with a resolution matched
to its scale. They have advantages over traditional Fourier
methods in analyzing physical situations where the signal
contains discontinuities and sharp spikes.

The wavelet transform has become a useful computa-
tional tool for a variety of signal and image processing
applications. For example, the wavelet transform is useful
for the compression of digital image files; smaller files are
important for storing images using less memory and for
transmitting images faster and more reliably.

There are two basic types of wavelet transform. One
type of wavelet transform is designed to be easily reversible
(invertible); that means the original signal can be easily
recovered after it has been transformed. This kind of wavelet

transform is used for image compression and cleaning (noise
and blur reduction). The second type of wavelet transform is
designed for signal analysis, for example, to detect faults in
machinery from sensor measurements, to study biomedical
signals or filter medical images, and to determine how the
frequency content of a signal evolves over time. In these
cases, a modified form of the original signal is not needed
and the wavelet transform need not be inverted. In our
work, we will use the second type to enhance and filter the
image before executing segmentation. There are a number
of ways of defining a wavelet (or a wavelet family) through
scaling filter, scaling function, and wavelet function. An
orthogonal wavelet is entirely defined by the scaling filter—
a low-pass finite impulse response (FIR) filter of length 2𝑁
and sum 1. In biorthogonal wavelets, separate decomposition
and reconstruction filters are defined. Also, wavelets are
defined by the wavelet function𝜓(𝑡) (i.e., themother wavelet)
and scaling function 𝜑(𝑡) (also called father wavelet) in
the time domain. Moreover, the wavelet only has a time
domain representation as the wavelet function 𝜓(𝑡). We can
divide the wavelets according 𝑡 the wavelet function to: con-
tinuous wavelet transform and discrete wavelet transform.
A continuous wavelet transform (CWT) is used to divide
a continuous-time function into wavelets. Unlike Fourier
transform, the continuous wavelet transform possesses the
ability to construct a time-frequency representation of a
signal that offers very good time and frequency localization.

A discrete wavelet transform (DWT), for example, “Haar”
wavelet used in our algorithm, is any wavelet transform for
which the wavelets are discretely sampled. As with other
wavelet transforms, a key advantage it has over Fourier
transforms is temporal resolution: it captures both frequency
and location information (location in time). The DWT of a
signal 𝑥 is calculated by passing it through a series of filters.
First the samples are passed through a low pass filter with
impulse response 𝑔 resulting in a convolution of the two:

𝑦 [𝑛] = (𝑥 ∗ 𝑔) [𝑛] =

∞

∑

𝑘=−∞

𝑥 [𝑘] 𝑔 [𝑛 − 𝑘] . (6)

The signal is also decomposed simultaneously using a
high-pass filter ℎ. The outputs give the detail coefficients
(from the high-pass filter) and approximation coefficients
(from the low-pass filter).

3. The Proposed Wavelet Relational Fuzzy
C-Means Algorithm

The proposed algorithm is a version of the well-known Fuzzy
C-Means clustering algorithm. It builds on the conventional
Fuzzy C-Means algorithm and introduces the notion of fuzzy
relations to it in order to efficiently differentiate spot pixels
from the varying background. The proposed algorithm has
several phases.

The first phase of the proposed algorithm is to use
a wavelet function on the image before performing the
segmentation to enhance its quality. We extract the high level
details for the image (four subbands (LL, LH, HL, and HH)).
Thenwe set the approximation coefficients in LL equal to zero
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Figure 1: Part of 2D gel electrophoresis image when number of
clusters (𝐶) = 6.

and apply inverse wavelet transform to obtain a high pass
image (L1). Subsequently, we add L1 to the original image
to get a sharpened image. This will help filtering the small
irrelevant pixels that should not be confused with the spots
found in the image, thus minimizing the oversegmentation
error. (The oversegmentation error is to consider a non spot
as a spot which increases the number of detected spots in the
image leading to erroneous quantification results).

Second, we use the conventional Fuzzy C-Means algo-
rithm to obtain initial set of clusters. The only modification
made to the FCM algorithm is setting the number of clusters
(𝐶) to more than two clusters, which was taken to be exactly
two in the usual usage of the FCM algorithm. This setting
is intended so as not to ignore the detection of the lighter
protein spots from the background. A simple application of
such an assumption is shown in Figure 1. From the figure, we
can observe that even the lighter protein spots were detected
at cluster 𝐶

4
.

However, this is not sufficient to detect proteins spots and
quantify them accurately. A more robust method must exist
to differentiate protein spots from the background varying
gel rather than increasing the number of clusters only. This
reveals the need of introducing the notion of fuzzy relations
into the FCM algorithm which will be third phase of the
proposed algorithm following the application of the FCM
algorithm.

We create a fuzzy relation𝑅(𝑥, 𝑦) between each two pixels
(𝑥, 𝑦) belonging to different clusters produced by the FCM.
This fuzzy relationwill define the degree of closeness between
these pixels. Then, for each two pixels (𝑥, 𝑦), we compare
𝑅(𝑥, 𝑦) (which is the absolute value of the difference between
the gray values of pixels 𝑥 and 𝑦) to 𝛽, where 𝛽 is a linguistic
variable representing the fuzzy value “High.” Now if𝑅(𝑥, 𝑦) is
“High,” then the pixel (𝑥 or 𝑦) representing the highest gray
value is a spot pixel.

Figure 2 shows a representation of a fuzzy relation,
𝑅(𝑥, 𝑦), between two points (𝑥, 𝑦) in two different clusters:
Cluster

1
and Cluster

2
. The arrows represent the degree of

closeness between two pixels from different clusters.The dark
arrow marks a strong closeness between the two pixels while
the light arrow marks a weak closeness.

As a total, the proposed algorithm is composed of 7
steps, where the first three steps represent the first phase
which uses the wavelet decomposition concept to filter the
image before applying the FCM algorithm. The fourth step
represents the second phase which applies the FCM to
the produced image with number of clusters more than 2,
to produce preliminary clusters. Finally, these clusters are
internally refined to identify the inner spots by separating the
backgroundpixel from the contained pixel in the cluster using
the fuzzy relational concept at steps (5) to (7) (third phase).
A summary of the steps of the proposed algorithm is given in
Algorithm 1.

The proposed algorithm with the above added features
has the following advantages.

(1) The number of spots detected in the image is
increased by increasing the number of clusters to
which the pixels in the image must be partitioned.

(2) The problem of the collected protein spots in the same
area will be solved since we put into consideration the
luminance of the pixels in the image (i.e., degree of
intensity). In this case, the quantification of protein
spots will be much easier.

(3) In the proposed algorithm, we do not care about the
neighborhood pixels when investigating if the pixel
is a spot pixel or not. Rather, we consider the pixels
in different clusters. This means that even very small
spots can be detected as long as they belong to a
cluster which will solve the problem of the missing
value.

4. Choice of Algorithm Parameters

4.1. Fuzzification of Parameter (𝛽). The performance of the
proposed WRFCM algorithm relies greatly on two main
parameters: 𝐶 = number of clusters and 𝛽 = degree of
closeness between the two pixels. The determination of the
proper value of parameter (𝛽), which represents the threshold
between the differences in the intensity of any two pixels in
different clusters, is very important and critical. In order to
estimate it, we used the trapezoidal fuzzy function [13] shown
in Figure 3.

To illustrate the need for such function, let 𝑘 represents
the absolute difference between the two pixels 𝑥 and 𝑦. If 𝑘 is
high, then max(𝑥, 𝑦) is a spot pixel. While if 𝑘 is low and one
of them is a spot pixel, then the other is a spot pixel. Now the
objective is to define the membership functions low and high
of this function.

The membership function low will be defined by four
points (𝑥

0
, 𝑥

1
, 𝑥

2
, 𝑥

4
). However, in order to have a real

trapezoid, we need four points at the left of 𝑥
1
. Following

the same reasoning, the membership function high will be
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WaveletRelationalFuzzyCMeans (Original image, No of clusters, Beta)
Input: Original image, No of clusters, 𝛽
Output: Segmented image
(1) Apply Wavelet transform to the input image to obtain wavelet decomposed image

resulting in four subbands (LL, LH, HL and HH).
(2) Set approximation coefficients in LL equal to zero and apply inverse wavelet transform

to obtain a high pass image (L1)
(3) Add L1 to the original image to get a sharpened image.
(4) Apply the FCM algorithm with 𝐶 > 2
The output is the partitioning of image pixels into 𝐶 clusters, each having a center value V.
(5) For each two pixels 𝑥, 𝑦 belonging to two different clusters,

Create a Fuzzy Relation between 𝑥 and 𝑦:
𝑅(𝑥, 𝑦) = absolute (gv(𝑥) − gv(𝑦));

(6) if absolute 𝑅(𝑥, 𝑦) > 𝛽 then
pixel representing max(gv(𝑥), gv(𝑦)) is a spot pixel

end if
(7) Mark spot pixels and differentiate them from the background.

Algorithm 1: AlgorithmWRFCM.

P1

P2

P3

P6

Cluster1 Cluster2

P4

P5

Figure 2: Representation of the fuzzy relation between pixels in two
clusters.
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Figure 3: Trapezoidal membership function.
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, being 𝑥

6
the highest possible value for 𝑥). In case when

the membership function is trapezoid (or pseudotrapezoid

which in this case will be “low” and “high”), the membership
function can be defined as
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(7)

4.2. Determining the Parameters by Software. The proper
determination of the two parameters, number of clusters
(𝐶) and degree of closeness between the two pixels (𝛽),
ensures obtaining optimal or near-optimal performance of
the algorithm. Both values will be computed experimentally.
We performed the experiments on a data sample of human
leukemia (a 2D gel image) with variable values of both 𝐶
and 𝛽 as shown in Figure 3. We use the evaluation method
𝐹, which indicates the average squared error proposed [3], to
determine the performance of the algorithm at each test case.
The objective quantitative evaluation function (𝐹) for image
segmentation is computed as

𝐹 (𝐼) =
√
𝑁

𝑁

∑

𝑗=1

𝑒

2

𝑗

√
𝑆

𝑗

, (8)

where𝑁 is the number of regions in the segmented image and
𝑆

𝑗
is the area of region 𝑗 (measured by number of pixels in this

region 𝑗). We use 𝐶
𝑥
(𝑝) to denote the value of component 𝑥
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Figure 4: 2D gel electrophoresis image of sample of patient-human leukemia: (a) original image, (b) gradient image, (c) gradient image after
applying WRFCM when 𝐶 = 4, 𝛽 = 20, (d) gradient image when 𝐶 = 6, 𝛽 = 20, (e) gradient image when 𝐶 = 8, 𝛽 = 20, (f) gradient image
when 𝐶 = 10, 𝛽 = 20, (g) gradient image when 𝐶 = 4, 𝛽 = 19, (h) gradient image when 𝐶 = 4, 𝛽 = 21, (i) gradient image when 𝐶 = 4, 𝛽 = 22,
(j) gradient image when 𝐶 = 4, 𝛽 = 23, (k) gradient image when 𝐶 = 4, 𝛽 = 24, and (l) gradient image when 𝐶 = 4, 𝛽 = 25.

for pixel 𝑝. We define the average value of component 𝑥 in
region 𝑗 by

𝐶

𝑥
(𝑅

𝑗
) =

(∑

𝑝∈𝑅
𝑗

𝐶

𝑥
(𝑝))

𝑆

𝑗

.

(9)

The squared color error of region 𝑗 (𝑅
𝑗
) is defined as

𝑒

2

𝑥
(𝑅

𝑗
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𝑝∈𝑅
𝑗

(𝐶

𝑥
(𝑝) − 𝐶

𝑥
(𝑅

𝑗
))

2

. (10)

For any segmentation 𝐼 in which the color error is zero
for all segments (i.e., there is no variance in color within each
region), the value of 𝐹(𝐼) = 0 and hence a segmentation in
which each pixel is in its own region will minimize the value
of 𝐹.

For a complex image in which all cannot be zero, except
for a segmentation in which each pixel is its own region, still
𝐹 has two strong biases: segmentations with lots of regions
are heavily penalized by √𝑁, and segmentations that have
regions with large areas are heavily penalized unless the large
region is very uniform in color, since the total error (not
average error) is used and only divided by the square root

of the area of the region (versus being divided by 𝑆
𝑗
, which

would give the average squared error).
We have used the sample image of patient-human

leukemia [16] to obtain the proper values of 𝛽 and 𝐶. We
have experimentally changed both values in the algorithm to
choose the values that give the least possible error as shown
in Figure 4.

Part of the experimental results is listed in Table 1. The
proper values of 𝛽 used in the membership function, shown
in Figure 3, can be concluded from these results as follows:
when the value of 𝛽 ≤ 21, 𝛽 ≥ 23, the error is low, while
when 𝛽 is 22, the error is high. So, we will take 𝛽 to be 19.

The proper value of𝐶 accompanied with the proper value
of 𝛽 is 4. It is worth notifying that when 𝐶 = 6, 8, and 10, the
algorithm gave slightly better results; however, it consumed
muchmore time as seen in Table 1 that is why we have chosen
𝐶 = 4.

5. Software Results

In this section, we aim to evaluate the performance of the
proposed algorithm against the conventional FCM algorithm
and the Wavelet Fuzzy C-Means (WFCM) proposed by
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Figure 5: 2D gel electrophoresis image of the first sample of patient-human leukemias: (a) original image, (b) gradient image, (c) gradient
image after applying FCM segmentation algorithm, (d) gradient image after applyingWFCM segmentation algorithm, and (e) gradient image
after WRFCM segmentation algorithm.

Noreen et al. [10]. We will use seven data samples chosen
from the dataset for human leukemias (Eric Lester, Peter
Lemkin), HL-60 cell lines (Eric Lester, Peter Lemkin), and
fetal-alcohol-syndrome- (FAS-) serum (James Myrick, Mary
Robinson, Peter Lemkin) in [16] to show the effectiveness
of the proposed algorithm. The dataset is composed of
four types of experiments with over 300 gif images with
annotation and landmark data in html, tab-delimited, and
xml formats. 2D gel images used in experiments are of
resolution 512 × 512 pixels and are grayscale images.

To judge the performance of the algorithm, we will
use two different methods: the visual acceptance of the
segmented image and the numerical values that measure
segmentation error𝐹 and also the qualitymetric PSNRwhich

we introduce in this section to evaluate the segmentation.
This quality metric is defined as follows [17]:

PSNR = 20 ⋅ log
10
(

MAXI
√MSE

) , (11)

where MAXI is the maximum possible pixel value of the
image. When the pixels are represented using 8 bits per
sample, MAXI = 255, and the mean squared error (MSE) for
two𝑚 × 𝑛 images 𝐼 and𝐾 is defined as

MSE = 1

𝑚𝑛

𝑚−1

∑

𝑖=0

𝑛−1

∑

𝑗=0

[𝐼 (𝑖, 𝑗) − 𝐾 (𝑖, 𝑗)]

2
. (12)
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Figure 6: The average squared error (𝐹) of the FCM algorithm, the
WFCM algorithm, and the WRFCM algorithm on the seven data
samples.
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Figure 7: The PSNR of the WFCM algorithm, and the WRFCM
algorithm on the seven data samples.

A higher PSNR would normally indicate that the segmenta-
tion is of higher quality.

The visual results of applying the conventional Fuzzy
C-Means segmentation algorithm on one of these images
(2D gel electrophoresis image of the first sample of Patient-
Human Leukemias) at 𝐶 = 2, the results of applying the
Wavelet Fuzzy C-Means (WFCM) proposed, and the results
of applying the proposed Wavelet Relational Fuzzy C-Means
(WRFCM) algorithm at 𝐶 = 4 and 𝛽 = 19 are shown in
Figure 5. All the implementations in this section had been
performed using MATLAB 7.3.

From the results shown in Figure 5, we can conclude
that the proposed algorithm (WRFCM) achieves high perfor-
mance and detects the protein spots more precisely, as shown

Table 1: 𝐹 values at different values of WRFCM parameters 𝐶 and
𝛽 on sample of patient-human leukemia.

Test case no. RFCM parameters 𝐹 Time (sec.)
1 𝐶 = 4, 𝛽 = 20 1.456501 79.84
2 𝐶 = 6, 𝛽 = 20 1.454982 199.23
3 𝐶 = 8, 𝛽 = 20 1.444162 210.29
4 𝐶 = 10, 𝛽 = 20 1.428890 228.86
5 𝐶 = 4, 𝛽 = 19 1.456453 88.89
6 𝐶 = 4, 𝛽 = 21 1.456501 92.09
7 C = 4,𝛽 = 22 1.485222 93.19
8 𝐶 = 4, 𝛽 = 23 1.456928 96.18
9 𝐶 = 4, 𝛽 = 24 1.457071 90.82
10 𝐶 = 4, 𝛽 = 25 1.457357 88.09

Table 2: The average squared error (𝐹) of the FCM algorithm, the
WFCM algorithm, and the WRFCM algorithm on the seven data
samples.

Sample no. F
(FCM)

F
(WFCM)

F
(WRFCM)

Improvement
%

Human leukemia
1 5.2670 1.5336 1.4564 5.033907
2 4.8006 1.5889 1.4747 7.187362
3 4.7877 1.5762 1.5093 4.244385

Human blood lymphocytes
4 5.0801 1.5655 1.4957 4.458639
5 5.4390 1.5341 1.5299 0.273776

Fetal alcohol syndrome
6 4.4498 1.6903 1.5126 10.51293
7 4.3001 1.0270 1.5379 −49.7468

in Figure 5(e); even the less dark spots in the image appear. In
Figure 5(c) when applying the FCM algorithm, those protein
spots disappeared totally which affects the spot quantization
step in the whole process of 2D gel image analysis, whereas
the WFCM algorithm suffered from oversegmentation error
by detectingmore spots thanwhat exist in the original images
(Figure 5(d)).

However, the visual acceptance is not enough thus we will
use the 𝐹-average squared error and PSNR as segmentation
evaluation metrics to evaluate the performance of the pro-
posed Wavelet Relational Fuzzy C-Means (WRFCM) versus
the conventional Fuzzy C-Means algorithm (FCM) and the
Wavelet Fuzzy C-Means algorithm (WFCM). The results are
plotted in Figures 6 and 7 and summarized in Tables 2 and 3.

From Table 2, we notice that all the results of the pro-
posed algorithm are better than those of the FCM, while
the results are better in 6 data samples than the WFCM
(85.7% of the samples). The bold numbers in Table 2 rep-
resent the improvement caused by the proposed algorithm
(WRFCM) over the WFCM algorithm. In the unimproved
case, which is sample 7, the 𝐹 error increases by (49.74%),
while in the improved cases, the 𝐹 error decreased down to
(10.51%) in case 6.
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(a) (b)

(c) (d)

Figure 8: A close look at the 2D Gel electrophoresis image of the first sample of patient-human leukemias: (a) original image, (b) gradient
image after applying FCM, (c) gradient image after applying WFCM, and (d) gradient image after WRFCM segmentation algorithms.

FromTable 3, we notice that the results are better in 5 data
samples than the WFCM (71.4% of the samples). The bold
numbers in Table 3 represent the improvement caused by the
proposed algorithm (WRFCM) over the WFCM algorithm.
In the unimproved cases, which are samples 2 and 4, the
PSNR decreases by 1.327% and 5.65%, respectively. While in
the improved cases, the PSNR increased up to (6.964%) in
case 6.

We can also observe that in the first five data samples,
which are data for the human leukemia and human blood
lymphocytes, where the problems of ghost (weak) spots and
noisy background exist, the proposed WRFCM algorithm,
compared to the FCM algorithm and the WFCM algorithm,
succeeded in identifying weak spots in all data samples. The
reason behind the unimproved cases is that they suffered
from noise that is why we will investigate the effect of
removing the noise before segmentation in Section 6.

Figure 8 shows a close look at the left corner region of
the image after applying the three segmentation algorithms.
The figure proves the previous discussion on the effectiveness
of the proposed algorithm and its ability to handle the
oversegmentation error. We can also see that the parts that
contain ghost spots (the parts that are found in light gray
in the image background) were not considered as spot
as they were get rid off through the wavelet application
phase.

6. Applying Wavelet Denoising

In this section, we investigate the effect of performing denois-
ing on the 2D gel images before segmenting the image using
the proposed segmentation algorithm (WRFCM). We have
chosen the orthogonal wavelet denoising, with its parameters
adjusted using the genetic algorithm experimentally.

The orthogonal wavelet function has 4 parameters.

(1) The threshold selection rule which can be “heursure”
which is a heuristic variant of the Stein’ Unbiased
Risk Estimation (SURE) or minimax thresholding
which uses a fixed threshold chosen to yield minimax
performance for mean square error against an ideal
procedure.

(2) The type of thresholding which can be soft or hard
thresholding.

(3) The multiplicative threshold rescaling which can be
no rescaling, rescaling using a single estimation of
level noise based on first-level coefficients or rescaling
using level-dependent estimation of level noise.

(4) The wavelet decomposition level.

We used the genetic algorithm to find the best values
of these parameters using the PSNR as the fitness function.
The parameters obtained by the genetic algorithm were
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Table 3: The PSNR of the WFCM algorithm, and the WRFCM algorithm on the seven data samples.

Sample no. PSNR
(WFCM)

PSNR
(WRFCM)

Improvement
%

Human leukemia
1 32.795091 33.599365 2.452421
2 31.231596 30.817014 −1.327444
3 31.623994 32.855681 3.894786

Human blood lymphocytes
4 35.118125 33.130932 −5.658596
5 33.354534 35.391646 6.107451

Fetal alcohol syndrome
6 30.116019 32.213339 6.964134
7 29.504009 31.513995 6.812586

Table 4: The average squared error (𝐹) of the WFCM and the WRFCM algorithm with and without denoising on the seven data samples.

Sample no.
𝐹

(WRFCM without
denoising)

𝐹

(WRFCM with
denoising)

Improvement
%

𝐹

(WFCM without
denoising)

𝐹

(WFCM with
denoising)

Improvement
%

Human leukemia
1 1.456453 1.456405 0.003295 1.533642 1.5383 −0.3088
2 1.474703 1.474900 −0.013358 1.588977 1.5912 −0.1439
3 1.509377 1.488963 1.352478 1.576237 1.5781 −0.1225

Human blood lymphocytes
4 1.495710 1.495196 0.034364 1.565566 1.5621 0.2178
5 1.529938 1.529718 0.014379 1.534169 1.5336 0.0343

Fetal alcohol syndrome
6 1.512667 1.616971 −6.895370 1.690317 1.6887 0.0954
7 1.537931 1.537763 0.010923 1.027005 1.7973 −75.0117

Average
−0.784755 Average

−10.7485

“heursure” as the threshold selection rule, hard thresholding,
rescaling using level-dependent estimation of level noise, and
decomposition level = 2.

We will compare the results of applying the proposed seg-
mentation algorithm (WRFCM) with and without denoising
performed before it. We intend to prove that the denoising
can improve the segmentation results of these images.

The parameters of the WRFCM used in this section are
number of clusters (𝐶) = 4 and 𝛽 = 19. We measured the 𝐹
average squared error and the PSNR of the images with and
without denoising before being segmented. Figure 9 shows
applying the proposed WRFCM with and without denoising
on one of the 7 data samples (the first sample of patient-
human leukemias).

By visual inspection, we can observe that the problem
of noisy background which leads to misclassified pixels had
been overcome. In the resulted segmented image, after using
denoising, many pixels which had been defined as “spot
pixels” disappear. Only pixels which belong to the shape of
spots had been classified as spot pixels. So, we can conclude
that discarding noise from the 2D gel images is necessary

for the accuracy of segmentation and the quantification
step.

Then, we will use the 𝐹 and PSNR evaluation errors
(previously presented) to evaluate the performance of the
(WFCM) algorithm without denoising versus (WRFCM)
with and without denoising as shown in Tables 4 and 5 and
Figures 10 and 11. N.B.: Samples in Tables 4 and 5 are the same
and in the same order as in Tables 2 and 3.

The improvement in the𝐹qualitymetric (which evaluates
the oversegmentation) is poor in the resulted images after
performing the denoising step before the segmentation but
still this is an improvement. In the worst case which is case
6, the error increases by 6.895% while in the best three
cases which are 3, 4, and 5, the error decreases by (1.352%),
(0.034%), and (0.014%), respectively.

The improvement in the PSNR quality metric is also poor
in the resulted images after performing the denoising step
before the segmentation but still this is an improvement.
In the worst case which is case 5, the PSNR decreases by
(6.827%) while in the best case which is 2, the PSNR increases
by (7.441%).
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Table 5: The PSNR of the WFCM and the WRFCM algorithm with and without denoising algorithm with and without denoising on the
seven data samples.

Sample no. PSNR (WRFCM
without denoising)

PSNR (WRFCM
with denoising)

Improvement
%

PSNR (WFCM
without denoising)

PSNR (WFCM
with denoising)

Improvement
%

Human leukemia
1 33.599365 34.649476 3.125389423 32.795091 32.797204 0.006443
2 30.817014 33.110287 7.44158081 31.231596 31.241120 0.030495
3 32.855681 32.955918 0.305082704 31.623994 31.765727 0.448182

Human blood lymphocytes
4 33.130932 33.153382 0.067761 35.118125 32.373676 −7.81491
5 35.391646 32.975295 −6.827461 33.354534 33.361656 0.021352

Fetal alcohol syndrome
6 32.213339 30.802307 −4.380272 30.116019 30.124187 0.027122
7 31.513995 31.558443 0.141042 29.504009 29.511908 0.026773

Average
−0.018125 Average

−1.03636

(a) (b)

(c) (d)

Figure 9: 2D gel electrophoresis image of the first sample of patient-human leukemias: (a) original image, (b) gradient image, (c) gradient
image after applying proposed WRFCM without denoising, and (d) gradient image after applying proposed WRFCM with denoising.

We can also observe that in the first five data samples,
which are data for the human leukemia and human blood
lymphocytes, where exist the problems of ghost (weak) spots
andnoisy background, the application of denoising technique

before the proposed algorithm, compared to the WRFCM
algorithm without denoising, succeeded in reducing the
problem of oversegmentation and identifying weak spots as
in all data samples.
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Figure 10: The average squared error (𝐹) of the WFCM and
WRFCM algorithms with and without denoising on the seven data
samples.

7. Conclusions

The Fuzzy C-Means algorithm has the advantages of pro-
ducing high quality segmentation compared to the other
available algorithms. Our work in this paper was based on
the Fuzzy C-Means algorithm by adding the notion of fuzzy
relations and wavelets to it so as to enhance its performance
especially in the area of 2D gel images. The parameters of the
proposed algorithm,which are the number of clusters and the
degree of closeness, were chosen experimentally.

We conducted experiments by applying the conventional
(FCM) algorithm, the Wavelet Fuzzy C-Means algorithm,
and the proposed algorithm (WRFCM) on 2D gel images
acquired from the following:

(1) Human leukemias (Eric Lester, Peter Lemkin),
(2) HL-60 cell lines (Eric Lester, Peter Lemkin),
(3) Fetal-alcohol-syndrome- (FAS-) serum (James Myr-

ick, Mary Robinson, Peter Lemkin).

We compared the results of the algorithms both visually
and numerically (using the 𝐹 error and the PSNR quality
metric). From these results we concluded that the proposed
algorithm (WRFCM) surpasses the two other algorithms
in most of the test cases under study in both criteria of
comparison.

We also applied the wavelet denoising before the pro-
posed algorithm and compared it to the results without
denoising and the results of the Fuzzy C-Means with and
without denoising to investigate the effect of denoising on the
quality of the segmentation. From the results, we found out
that the denoising enhanced the algorithm greatly.
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WRFCM with denoising
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Figure 11: The PSNR of the WFCM and WRFCM algorithms with
and without denoising on the seven data samples.

Acknowledgment

The authors would like to express their sincere thanks to the
reviewers who made great contributions to the improvement
of this paper.

References

[1] M. Berth, F. M. Moser, M. Kolbe, and J. Bernhardt, “The state
of the art in the analysis of two-dimensional gel electrophoresis
images,” Applied Microbiology and Biotechnology, vol. 76, no. 6,
pp. 1223–1243, 2007.

[2] M. N. Ahmed, S. M. Yamany, A. A. Farag, and T.Moriarty, “Bias
field estimation and adaptive segmentation of MRI data using a
modified fuzzy C-means algorithm,” in Proceedings of the IEEE
Computer Society Conference on Computer Vision and Pattern
Recognition (CVPR ’99), pp. 250–255, June 1999.

[3] W. Cai, S. Chen, and D. Zhang, “Fast and robust fuzzy C-means
clustering algorithms incorporating local information for image
segmentation,” Pattern Recognition, vol. 40, no. 3, pp. 825–838,
2007.

[4] J. C. Dunn, “A fuzzy relative of the ISODATA process and its
use in detecting compact well-separated clusters,” Journal of
Cybernetics, vol. 3, no. 3, pp. 32–57, 1973.

[5] K.-L. Wu and M.-S. Yang, “Alternative C-means clustering
algorithms,” Pattern Recognition, vol. 35, no. 10, pp. 2267–2278,
2002.

[6] J. C. Bezdek, Pattern Recognition with Fuzzy Objective Function
Algorithms, Plenum Press, New York, NY, USA, 1981.

[7] M. Gordan, C. Kotropoulos, A. Georgakis, and I. Pitas, “A
new fuzzy C-means based segmentation strategy applications
to lip region identification,” in Proceedings of the International



Computational and Mathematical Methods in Medicine 13

Conference on Automation, Quality and Testing, Robotics (IEEE-
TTTC ’02), Cluj-Napoca, Romania, May 2002.

[8] F. Masulli and A. Schenone, “A fuzzy clustering based seg-
mentation system as support to diagnosis in medical imaging,”
Artificial Intelligence inMedicine, vol. 16, no. 2, pp. 129–147, 1999.

[9] D. L. Pham, “Spatial models for fuzzy clustering,” Computer
Vision and Image Understanding, vol. 84, no. 2, pp. 285–297,
2002.

[10] N. Noreen, K. Hayat, and S. A. Madani, “MRI segmentation
through wavelets and fuzzy C-means,” World Applied Sciences
Journal, vol. 13, pp. 34–39, 2011.

[11] D.-Q. Zhang and S.-C.Chen, “Anovel kernelized fuzzyC-means
algorithm with application in medical image segmentation,”
Artificial Intelligence in Medicine, vol. 32, no. 1, pp. 37–50, 2004.

[12] J.-B. Kim and H.-J. Kim, “Multiresolution-based watersheds for
efficient image segmentation,” Pattern Recognition Letters, vol.
24, no. 1-3, pp. 473–488, 2003.

[13] P. J. Huber, Robust Statistics, Wiley, New York, NY, USA, 1981.
[14] L. A. Zadeh, “Similarity relations and fuzzy orderings,” Informa-

tion Sciences, vol. 3, no. 2, pp. 177–200, 1971.
[15] S. Mallat, A Wavelet Tour of Signal Processing, Academic Press,

New York, NY, USA, 1998.
[16] “The LECB 2-D PAGE Gel Images Data Sets,” http://bioinfor-

matics.org/lecb2dgeldb/.
[17] Q. Huynh-Thu and M. Ghanbari, “Scope of validity of PSNR in

image/video quality assessment,” Electronics Letters, vol. 44, no.
13, pp. 800–801, 2008.



Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2013, Article ID 547897, 6 pages
http://dx.doi.org/10.1155/2013/547897

Research Article
Esophagus Segmentation from 3D CT Data Using
Skeleton Prior-Based Graph Cut

Damien Grosgeorge,1 Caroline Petitjean,1 Bernard Dubray,2 and Su Ruan1
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The segmentation of organs at risk in CT volumes is a prerequisite for radiotherapy treatment planning. In this paper, we focus on
esophagus segmentation, a challenging application since the wall of the esophagus, made of muscle tissue, has very low contrast in
CT images. We propose in this paper an original method to segment in thoracic CT scans the 3D esophagus using a skeleton-shape
model to guide the segmentation. Our method is composed of two steps: a 3D segmentation by graph cut with skeleton prior,
followed by a 2D propagation. Our method yields encouraging results over 6 patients.

1. Introduction

Lymphoma is a common tumor in the mediastinum, which
is often located close to the trachea and the esophagus.
Before radiotherapy, organs at risk such as heart, lung, and
esophagus. must be outlined, in order to minimize the
quantity of irradiation. In particular, the esophagus is very
challenging to delineate because of the really low contrast
of its boundaries, its complex shape and its inhomogeneous
appearance (Figure 1). Today, the segmentation of the esoph-
agus is performedmanually by clinicians and is a tedious task,
prone to intra- and interobserver variabilities.

Due to its difficulty, the literature on (semi)automatic
esophagus segmentation is quite light. In [1], Rousson et al.
proposed a two-step segmentation method in cardiac CT:
first, the esophagus centerline is extracted using probabilistic
spatial and appearance modeling, and then the outer surface
of the esophagus is extracted using multiple and coupled
ellipse fittings. However, the method requires as input two
points on the centerline of the esophagus and manual
segmentation of the aorta and the left atrium. In [2], Ragan et
al. segment several organs using deformablemodels but fail to
accurately contour the esophagus. In [3], Huang et al. propose
a semiautomated method consisting in manually drawing

one contour in an axial slice, which is propagated to other
slices of based registration, but no quantitative evaluation
is proposed in this paper. Fieselmann et al. in [4] propose,
from several contours in axial slices provided by user input,
to interpolate all missing contours in the frequency domain.
A fully automatic method is presented in [5] by Feulner et
al. that consists in first finding the approximate shape using
a “detect and connect” approach, and then a classifier is
trained to find short segments of the esophagus which are
approximated by an elliptical model.

Most of these methods require a significant amount of
user input or are based on an elliptical model. As shown
in Figure 1, the esophagus is a deformable organ and has a
more complex shapewhich can hardly be approximated by an
elliptic shape. In this work we propose a method to segment
the esophagus on thoracic CT scans in two steps: (i) a 3D
segmentation by graph cut using a skeleton prior and (ii)
a detection of the first slice of inaccurate segmentation, an
oversegmentation due to the same gray level of neighboring
organs such as aorta, and a 2D segmentation by graph cut
for the next slices. Our method requires a very simple user
input, has a low computational cost, and gives encouraging
preliminary results on 6 patients.
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(a) (b)

(c) (d)

Figure 1: CT scan ((a), (b)) and cropped ROI from CT scan ((c), (d)) with esophagus manually segmented in red. Note the variable shape of
the esophagus and how its grey levels are similar to surrounding tissues.

2. Method: 3D Graph Cut Segmentation with
Shape Prior

In this section, we first outline the graph cut segmentation
framework as described in [6]. Then, we introduce our
method, which includes the construction of the skeleton
model, the 3D segmentation using graph cuts, and the 2D
graph cut propagation.

2.1. 3D Graph Cut Segmentation. Let us consider the volume
𝑉 as a graphG = ⟨V,E⟩, whereV is the set of nodes (voxels)
and E the set of edges. Each pair of nodes (𝑝, 𝑞) ∈ E in a
neighborhoodN is connected by a segment called n-link and
weighted by𝐵

𝑝,𝑞
, a regularization or boundary term, designed

to provide spatial coherence in a neighborhood of voxels.𝐵
𝑝,𝑞

is typically defined as

𝐵

𝑝,𝑞
∝ exp(−

(𝑉

𝑝
− 𝑉

𝑞
)

2

2𝜎

2
) ⋅

1

dist (𝑝, 𝑞)
, (1)

where 𝑉

𝑝
and 𝑉

𝑞
are the gray levels of voxels 𝑝 and 𝑞,

dist(𝑝, 𝑞) the Euclidean distance between 𝑝 and 𝑞, and 𝜎

a constant usually related to acquisition noise. Consider
two additional nodes, called terminal nodes: the source S
representing the objectO (in our case, the RV cavity) and the
sinkT representing the backgroundB. Each node 𝑝 ∈ V is

connected to the terminal nodes S andT by two respective
segments called t-links and weighted by the so-called region
term denoted by 𝑅

𝑝
and defined by

𝑅

𝑝 (
𝜔) = −lnPr (𝑉

𝑝
| 𝜔) , (2)

where Pr(𝑉
𝑝
| 𝜔) is the likelihood of observing 𝑉

𝑝
given that

voxel 𝑝 belongs to class𝜔 that is intensity distribution of class
𝜔.

A cutC in the graph consists in cutting t-links and n-links
to attribute a labelO orB to each voxel 𝑝 of the image, which
boils down to segment the volume. The energy of a cut C is
defined by

𝐸 (C) = ∑

𝑝∈V

𝑅

𝑝
(𝜔

𝑝
) + 𝜆 ∑

𝑝,𝑞∈N

𝐵

𝑝,𝑞
⋅ 𝛿 (𝜔

𝑝
̸=𝜔

𝑞
) , (3)

where 𝛿(𝜔

𝑝
̸=𝜔

𝑞
) is 0 if 𝑝 and 𝑞 have the same label, 1

otherwise. The 3D optimal segmentation is obtained by
searching for the cut of minimal energy. This global search
can be very efficiently performed due to mincut-maxflow
algorithms, in polynomial time [7].

2.2. Proposed Graph Cut Segmentation Framework Using
Shape Prior. We propose a two-step method to segment the
esophagus on thoracic CT scans based on graph cuts with a
skeleton prior. In Section 2.2.1, we present the construction
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of a skeleton model based on a principal component analysis
(PCA). Using this model, the first step of the method
consists in segmenting the esophagus based on 3D graph cut
(Section 2.2.2). We show 3D segmentation overestimate from
a certain slice, taking aorta into esophagus segmentation. In
this case, the variability of the skeletons is so important that
the 3D shape model cannot well guide the segmentation.
The second step consists then in detecting this slice, called
breaking slice 𝑏𝑠 in the following, and realizes from it 2D
segmentation by graph cut with a skeleton prior for the rest
slices (Section 2.2.3).

2.2.1. Construction of the Skeleton Model. Let us consider 𝑁
3D esophagus obtained by expert’s manual delineation on CT
scans. On each slice 𝑠, a gravity center 𝑐𝑛

𝑠
can be computed

1 ≤ 𝑛 ≤ 𝑁 and a skeleton is made of all gravity centers
𝐶

𝑛
= {𝐶

𝑛

𝑖
, 𝐶

𝑛

2
, . . . , 𝐶

𝑛

𝑆
} to where 𝑆 is the number of slices.

Gravity centers are first decimated to allow skeletons to have
the same number of points. Following the definition of a
point distribution model (PDM) as first introduced in [8],
skeletons are then rigidly aligned using a Procrustes analysis
(see Figure 2). A mean skeletonΦ is then computed:

Φ =

1

𝑁

𝑁

∑

𝑛=1

𝐶

𝑛
. (4)

A PCA is then performed on the set of centered skeletons
and yields eigenmodes denoted by Φ

𝑖
, with 𝑖 = 1, . . . , 𝑁,

and their associated eigenvalues, denoted by 𝜆
𝑖
. The number

𝑘 ≤ 𝑁 of eigenmodes is retained, with 𝑘 chosen large enough
to account for the most important skeleton variations present
in the training set.

Let us now describe how a single skeleton prior is
computed from the PCA. Our aim is to isolate areas of
variation of the mean skeleton, for each principal axis. We
thus generate deformed skeleton instances for each axis:

𝛾

𝛼

𝑖
= Φ ± 𝛼

√
𝜆

𝑖
Φ

𝑖
, ∀𝑖 = 1, . . . , 𝑘, 𝛼 ∈ [−3 : 3] .

(5)

𝛼 has to be bounded in order to represent variations in the
training set of 3D esophagus. Classical boundary values of
𝛼 in PCA framework are [−3; +3] [9]. A lower value would
not capture all variations given by the training set. A higher
valuewould include too large variations andwouldnot ensure
smooth deformations. All possible positions of skeletons
are summed up in 𝛾

𝛼

𝑖
. A prior volume is then obtained by

computing the minimum distance between a point 𝑝 and its
nearest skeleton point:

𝑃

3D (𝑝) = min
𝛼,𝑖

dist (𝑝, 𝛾𝛼
𝑖
) , (6)

where dist(𝑝, 𝛾𝛼
𝑖
) is the euclidean distance between a point 𝑝

and its nearest gravity center fromall possible skeletons.Thus,
the lower the distance, the higher the probability to be inside
the esophagus.

2.2.2. 3D Segmentation Using Graph Cuts. Now how can this
prior map be integrated into the graph cut framework? In

the literature, additional energy terms on the t-links [10] or
the n-links [11] are added to the graph cost function. In any
case, the prior must be rigidly registered onto the image to
be segmented. The user is thus required to point out two
landmarks: inside the esophagus, in the first and last slices of
the volume. Esophagus intensity values are in the range−100–
200 in CT scans. The prior map 𝑃

3D(𝑝) gives the distance
of pixel 𝑝 to a possible skeleton of the esophagus. We thus
suggest that the shape prior contributes to weighting t-links.
The region term with skeleton prior 𝑅𝑆

𝑝
can straightforwardly

be defined with

𝑅

𝑆

𝑝
(O) =

{

{

{

{

{

+∞ if 𝑉
𝑝
< −100 or 𝑉

𝑝
> 200

(𝑃

3D (𝑝))

2

2𝜎

2

𝑟

otherwise,

𝑅

𝑆

𝑝
(B) =

{

{

{

{

{

0 if 𝑉
𝑝
< −100 or 𝑉

𝑝
> 200

(𝑃

3D (𝑝))

2

2𝜎

2

𝑟

otherwise

(7)

with 𝑉

𝑝
being the gray level of voxel 𝑝, 𝑃

3D(𝑝) the distance
priormap, and 𝜎

𝑟
a parameter defining what value of distance

can be considered as being near to the possible skeleton.
We use the classical definition of𝐵

𝑝,𝑞
to weight the n-links

as defined in (1). The final energy of a cutC for our 3D graph
integrating a shape prior is then

𝐸 (C) = 𝜆 ∑

𝑝,𝑞∈N

𝐵

𝑝,𝑞
⋅ 𝛿 (𝜔

𝑝
̸=𝜔

𝑞
) + ∑

𝑝∈𝑉

𝑅

𝑆

𝑝
(𝜔

𝑝
) , (8)

where 𝜆 weights the relative contributions of the n-link and
t-link terms.

However, as esophagus is a moving cavity, compressed by
the other organs, possible skeletons are various. Moreover,
esophagus shares the same gray level with neighboring organs
(in particular the aorta). As a result, from a certain slice,
an oversegmentation is observed with the 3D graph (see
Figure 3(c)). We propose to detect slices with oversegmen-
tation and use 2D propagation by graph cut to improve
segmentations.

2.2.3. 2D Propagation by Graph Cut. To detect the slice
position where the oversegmentation begins, we use a simple
heuristic: esophagus area does not change consequently from
one slice to the other. Our aim is to detect the slice where
oversegmentation starts by browsing through slices from top
to bottom. This slice level is called breaking slice 𝑏𝑠 and is
determined by

𝑏𝑠 = min
𝑠∈𝑆

:

A
𝑠

A
1,...,𝑠−1

< 1 − ℓ or 1 + ℓ <

A
𝑠

A
1,...,𝑠−1

, (9)

where A
𝑠
is the esophagus area of slice 𝑠, A

1,...,𝑠−1
the mean

esophagus area of previous slices, and ℓ the threshold of area
variation. From 𝑏𝑠, we use a 2D segmentation by graph cut
with prior for each slice. The final energy of the 2D graph is
the same as 3D graph, as defined in (8).The prior is defined by
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(a) (x,z) plane (b) (y,z) plane

Figure 2: Superimposition of skeletons after alignment.

(a) 𝑠 = 21 (b) 𝑠 = 𝑏𝑠 = 22 (c) 𝑠 = 23 (d) 𝑠 = 24

(e) 𝑠 = 22 (2D) (f) 𝑠 = 23 (2D) (g) 𝑠 = 24 (2D)

Figure 3: Example of the breaking slice detection (at slice 𝑠 = 22). 𝑠 is the slice number. (a)–(d) Segmentation with 3D graph and (e)–(g)
results of the 2D segmentation. Red: manual contour; green: automatic contour.

the distance to the gravity center of the previously segmented
slice 𝑠 − 1:

𝑃

2D
𝑠

(𝑝) = dist (𝑝, 𝑐
𝑠−1

) , (10)

where 𝑐
𝑠−1

is the gravity center of the previous segmented slice
𝑠 − 1.

3. Experimental Results and Discussion

The proposed segmentation method has been applied on
thoracic CT scans of 6 patients (which have been acquired
with different scanners). Each CT volume includes between
73 and 108 slices. Voxel size is 0.98 × 0.98 × 2.0mm or 0.98 ×
0.98 × 2.5mm.

3.1. Skeleton Model Construction and Method Parameteri-
zation. Following a leave-one-out cross-validation strategy

(LOOCV), 6 skeletonmodels are constructed using a training
set of 5 esophagus skeletons. Preliminary registration is
performed by superposing the first and the last gravity centers
of each skeleton on an arbitrary reference.

Parameters are derived empirically: 𝜎

𝑟
= 7, 𝜎 =

40, ℓ = 0.5, and 𝜆 = 2 for 3D and 2D graph
segmentations. The implementation of Boykov and Kol-
mogorov of the mincut-maxflow algorithm (available online
at http://pub.ist.ac.at/∼vnk/software.html) is used to compute
the cut of minimal cost in the graph [7].

3.2. Segmentation Results. Our segmentation algorithm is
run on 6 patients following an LOOCV strategy. For each
volume, the user is required to point out two landmarks
in order to register the skeleton prior: a point inside the
esophagus in the first slice and a point inside the esophagus
in the last slice. Our segmentation results are compared
to manual ground truth through the Dice metric (DM),
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(a) (b) (c) (d)

Figure 4: Different views of 3D reconstruction of the esophagus. Red: manual contour; green: automatic contour.

Table 1: Mean (±standard deviation) Dice metric (DM) between
automatic andmanual delineations of the esophagus and proportion
𝑃 of segmented slice considering the total number of slices.

DM 𝑃 (%)
3D Seg 0.78 ± 0.03 33.5 ± 5.1

2D Seg 0.48 ± 0.09 55.4 ± 13.8

3D + 2D Seg (total) 0.61 ± 0.06 88.9 ± 11.9

a standard overlap measure for comparing two surfaces. The
Dice coefficient is given for 3D results and 2D results after
slice 𝑏𝑠 and combined 3D and 2D results. The Dice score is
stopped from being computed when a zero value is found
and considered next slices as not segmented. Proportions 𝑃
of segmented slices considering 𝑏𝑠 over the total number of
slices of esophagus are also computed. Results are provided
in Table 1.

Not surprisingly, as shown in Table 1, segmentation
results are better for the first slices of esophagus with 3D
segmentation, as the esophagus contours are better defined.
Figure 3 shows the breaking slice 𝑏𝑠 detection and the
segmentation differences between the 3D and 2D methods.
An example of 3D reconstruction of an esophagus is also
shown in Figure 4.

The use of 2D segmentation allows avoiding overesti-
mation given by 3D graph method in slices much more
difficult to segment and to obtain better results. Considering
this challenging application, our method yields encouraging
results. However, as shown in Table 1, an average of 88.9%
(±11.9%) of esophagus slices are segmented with our method
(from top to bottom). Room for improvement is left in the last
slices of esophagus. Note that, thanks to the well-known high
computational efficiency of graph cut, the computation time
of our method is about 15 seconds by patient on a regular PC
hardware, a time compatible with clinical practice.

4. Conclusion and Perspectives

In this paper, we have presented a method to segment the
esophagus in CT scanner, based on a graph cut approach
with incorporation of a shape prior. The shape model is a
1D PDM, constructed via a PCA from a set of skeletons of
the esophagus obtained by manual segmentation. This shape
model is then integrated into the graph cut cost function as
prior term, in order to guide the segmentation. A combined
3D and 2D segmentation method is proposed. Results have
been presented over 6 3DCT scans. If results are satisfying for
the first slices, room for improvement is left in the remaining
ones.

Apart from a validation on a larger database of patients,
future works will focus on improving the 3D model of
skeleton. We are currently investigating how to use air hole
to guide the 2D segmentation process. Other works on 3D
curve shape models such as [12] and medial tubular models
[13] could also be fruitfully investigated.
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With the development of compressive sensing theory, image reconstruction from few-view projections has received considerable
research attentions in the field of computed tomography (CT). Total-variation- (TV-) based CT image reconstruction has been
shown to be experimentally capable of producing accurate reconstructions from sparse-view data. In this study, a distributed
reconstruction algorithm based on TV minimization has been developed. This algorithm is very simple as it uses the alternating
directionmethod.The proposedmethod can accelerate the alternating direction total variationminimization (ADTVM) algorithm
without losing accuracy.

1. Introduction

Image reconstruction algorithms implemented in existing
computed tomography (CT) scanners require projection data
to be available in proportional space [1, 2]. However, in
CT imaging of biological specimens, data collection at a
large number of projection views may result in radiation-
induced object deformation. Recently, methods based on the
corresponding constrained total variation (TV) or 𝑙

1
-norm

minimization have been widely studied in reconstruction
from sparse-view data [3–9]. Sidky et al. [5] proposed
the adaptive steepest descent projection onto convex sets
(ASD-POCS) algorithm for CT image reconstruction. This
method can realize exact-image reconstruction using fewer
measurements. The alternating direction method (ADM) is
an efficient approach for optimization problems. And the split
Bregman-TVmethod based on alternating Bregman iterative
approach was proposed and converged well in [8] as a solu-
tion for sparse-view CT reconstruction. A TV minimization
iterative algorithm using the ADM based on augmented
Lagrangian function was also proposed [10, 11]. Li et al.
proposed a more robust and efficient algorithm nonmono-
tone alternating direction algorithm (NADA) [12] in 2012,
which integrates alternating direction and nonmonotone line
search. An alternating direction total variation minimization
(ADTVM) algorithm for few-views reconstruction [13] was
developed inspired by the literature [10–12]. The augmented
Lagrangian function-based ADM is actually equivalent to the

Bregman iterative method when the constraints are linear
[14]. However, the expression in [13] is simpler than that in
[8].

The CT image reconstruction problem is a large-scale
problem. The ADTVM algorithm [13] is not directly suitable
for distributed implementation. Boyd et al. [15] argued that
the alternating direction method of multipliers is well suited
for distributed convex optimization, in particular, for large-
scale problems arising in statistics, machine learning, and
other related areas. In this study, a distributed algorithm
called distributed alternating direction total variation min-
imization (Dis-ADTVM) is developed using ADM. The
proposed algorithm is as simple as the ADTVM algorithm
and can accelerate the latter without accuracy loss.

2. Method

The imaging model can be approximated using the following
discrete linear system:

𝑝 = 𝑊

⃗

𝑓, (1)

where the vector 𝑝 has length 𝑁
𝑑
, which is the number of

measured projection rays; the vector ⃗

𝑓 has length𝑁
𝑖𝑚
, which

is the number of expansion elements used in representing the
object function𝑓( ⃗𝑟); the system matrix 𝑊 is a pixel-driven
projection operator.
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(a) Phantom (b) ASD-POCS

(c) ADTVM (d) New method

Figure 1: Image reconstruction of the Shepp-Logan phantom in a 36-view scan. Display window [0.1,0.35]. (a) Original image; (b) result of
the ASD-POCS algorithm; (c) result of the ADTVM algorithm; (d) result of the proposed distributed algorithm.

Sparse-views projection data are not sufficient for exact
reconstruction. The problem we consider in this study is ill-
posed. To solve linear system (1), we use a regularization
method with anisotropic TV minimization, as follows:

min 




⃗

𝑓









𝑇𝑉

s.t. 𝑝 = 𝑊 ⃗

𝑓,

(2)

where ‖ ⃗𝑓‖
𝑇𝑉
≜ ∑

𝑗
‖𝐷

𝑗
⃗

𝑓‖

1
and 𝐷

𝑗
denotes the differential

operator along direction 𝑗. In particular, 𝐷
1
and 𝐷

2
denote

the horizontal and vertical differential operators, respectively,
for two-dimensional form. 𝑝 and𝑊 are separated in 𝑖 along
vertical direction as

min 




⃗

𝑓









𝑇𝑉

s.t. 𝑝
𝑖
= 𝑊

𝑖
⃗

𝑓, 𝑖 = 1, 2, . . . , 𝑁.

(3)

We consider a variant of (3) as follows:

min 1
2

∑

𝑖











𝑊

𝑖
⃗

𝑓

𝑖
− 𝑝

𝑖











2

+ 𝜆∑

𝑗











𝑧

𝑗









1

s.t. 𝐷
𝑗
⃗

𝑓

𝑖
= 𝑧

𝑗
,

(4)

where ⃗

𝑓

𝑖
denotes ⃗

𝑓 in node 𝑖 and ⃗

𝑓

𝑖
=

⃗

𝑓, 𝑖 = 1, 2, . . . , 𝑁, in
node 𝑖. Its corresponding augmented Lagrangian function is

𝐿

𝐴
(𝑧

1
, 𝑧

2
,

⃗

𝑓

𝑖
) = ∑

𝑖

(

1

2











𝑊

𝑖
⃗

𝑓

𝑖
− 𝑝

𝑖











2

+∑

𝑗

(𝜆











𝑧

𝑗









1
+ 𝑢

𝑇

𝑖𝑗
(𝐷

𝑗
⃗

𝑓

𝑖
− 𝑧

𝑗
)

+

𝜌

2











𝐷

𝑗
⃗

𝑓

𝑖
− 𝑧

𝑗











2

)) ,

(5)

where 𝑢
𝑖𝑗
is Lagrange multiplier and the parameters 𝜆 and

𝜌 are both used to balance the terms. The ADM is used to



Computational and Mathematical Methods in Medicine 3

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

ASD-POCS
Phantom

(a)

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

ASD-POCS
Phantom

(b)

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

ADTVM
Phantom

(c)

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

ADTVM
Phantom

(d)

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

New method
Phantom

(e)

50 100 150 200 250

0

0.2

0.4

0.6

0.8

1

−0.2

New method
Phantom

(f)

Figure 2: Image profiles of Figure 1. (a) Horizontal profiles along the centers of the ASD-POCS result; (b) vertical profiles along the centers
of the ASD-POCS result; (c) horizontal profiles along the centers of the ADTVM result; (d) vertical profiles along the centers of the ADTVM
result; (e) horizontal profiles along the centers of the proposed distributed algorithm result; (f) vertical profiles along the centers of the
proposed distributed algorithm result.
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Figure 3:TheRMSEs as functions of iterations of three testedmeth-
ods.
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Figure 4: Speedup of the proposed distributed algorithm.

solve the problem that minimizes the augmented Lagrangian
function; that is,
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(6)

The final algorithm of Dis-ADTVM can be expressed as

⃗

𝑓

𝑘+1

𝑖
= (𝜌∑

𝑗

𝐷

𝑗

𝑇
𝐷

𝑗
+𝑊

𝑖

𝑇
𝑊

𝑖
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+

× (𝑊

𝑖

𝑇
𝑝

𝑖
+ 𝜌∑

𝑗

𝐷

𝑗

𝑇
(𝑧

𝑘

𝑗
− 𝑢

𝑘

𝑗𝑖
/𝜌)) ,

Table 1: Parameters in the simulation of a sparse-view scan.

Parameters Configuration
Detector elements 512
Source to axis distance 300mm
Source to detector distance 600mm
Views of projection data 36
Projection data 512 × 36
Reconstruction size 256 × 256 pixels
Pixel size 0.127 × 0.127mm2

Table 2: The RMSE of the three tested methods.

ASD-POCS ADTVM Distributed algorithm
Iteration numbers 1000 1000 1000
RMSE 8.149𝐸 − 4 6.142𝐸 − 5 4.777𝐸 − 5

𝑧
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= max
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}

× sgn(𝐷
𝑗
⃗

𝑓

𝑘+1

+

𝑢

𝑗
𝑘

𝑁𝜌

) ,

𝑢

𝑘+1

𝑗𝑖
= 𝑢

𝑘

𝑗𝑖
+ 𝜌 (𝐷

𝑗
⃗

𝑓

𝑘+1

𝑖
− 𝑧

𝑘+1

𝑗
) ,

(7)

where ⃗

𝑓

𝑘+1

𝑖
and 𝑢𝑘+1

𝑗𝑖
can be computed in node 𝑖 and 𝑀+

stands for the Moore-Penrose pseudoinverse of matrix 𝑀.
Computing the pseudoinverse at each iteration is too costly
to implement numerically, while we use NADA [12] to solve
“𝑓-subproblem” in (7).

The convergence analysis of ADTVM algorithm has been
well analyzed in the literature [12], and the convergence proof
of the distributed algorithms based on ADM can be found
in [15, 16]. The iterative algorithms using the ADM based on
augmented Lagrangian function decompose the optimization
problem into some simple subproblems with closed form
solution. Therefore, the algorithms are efficient and practical
for the low cost in each iteration. The NADA algorithm
enables taking full advantages of the low-cost minimization
in “easy” direction and allows relatively quick and large
steps in the “hard” direction. The distributed algorithms can
distribute some computation to individual nodes; thereby, the
algorithms reduce the running time through data distribu-
tion and computation.The proposed Dis-ADTVM algorithm
in this paper integrates above advantages and its derivation
and implementation are as simple as the ADTVM algorithm.

3. Numerical Results

3.1. Simulation Studies. We perform numerical experiments
to demonstrate and validate the proposedmethod for sparse-
view image reconstruction. Scanning and reconstruction
parameters are listed in Table 1. Detector elements are
equidistantly spaced at 0.127mm.
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(a) ASD-POCS (200 iter) (b) ADTVM (200 iter) (c) New method (200 iter)

(d) ASD-POCS (1000 iter) (e) ADTVM (1000 iter) (f) New method (1000 iter)

Figure 5: Reconstructions of the three algorithms. (a) The ASD-POCS result with 200 iterations; (b) the ADTVM result with 200 iterations;
(c) the proposed distributed algorithm result with 200 iterations; (d) the ASD-POCS result with 1000 iterations; (e) the ADTVM result with
1000 iterations; (f) the proposed distributed algorithm result with 1000 iterations.

Table 3: Running time of the three tested methods.

Iteration number ASD-POCS (s) ADTVM (s) Distributed algorithm (s) Speedup
200 35.6462 24.1902 17.5854 1.3756
400 74.8574 51.6406 36.8742 1.4005
600 119.9293 76.7743 54.9518 1.3971
800 145.3673 103.9184 74.2152 1.4002
1000 181.7170 129.4053 92.4793 1.3993

Table 4: Parameters in the real data of a sparse-view scan.

Parameters Configuration
Detector elements 640
Source to axis distance 678mm
Source to detector distance 1610mm
Views of projection data 72
Projection data 600 × 72
Reconstruction size 300 × 300 pixels
Pixel size 0.582 × 0.582mm2

The proposed method is compared with ASD-POCS
algorithm [6] and theADTVMalgorithm [13], using the same
parameters to validate their performance. Dual core is used

in implementing the proposed distributed algorithm on two
nodes.

In the experimental configuration, we use one detector
for data acquisition by taking 36 angular samples evenly
distributed over an angular range of 360∘. The size of the
phantom simulation is set as follows. Image size is 256× 256 =
65536 voxels, and projection data size is 36 views, with 512
detectors or 18432 measured rays.

The images reconstructed from this set of data using
the ASD-POCS algorithm, ADTVM algorithm, and the
proposed distributed algorithm are shown in Figure 1. The
profiles of these images along the central horizontal and
vertical rows are presented in Figure 2. The number of iter-
ations for the three algorithms is 1000 each. The parameters
of ASD-POCS are same as those in [6]. The parameters
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Table 5: Running time for reconstructing real data.

Iteration number ASD-POCS (s) ADTVM (s) Distributed algorithm (s) Speedup
200 87.2564 63.1188 45.6657 1.3822
400 184.1110 135.0983 96.6299 1.3981
600 266.1320 214.6039 153.9262 1.3942
800 356.8788 265.0989 190.7736 1.3896
1000 445.9676 334.5297 240.6383 1.3902

200 300 400 500 600 700 800 900 1000
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RM
SE
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Figure 6: Speedupof the proposed distributed algorithm in real data
reconstruction.

in the ADTVM algorithm and the proposed distributed
algorithm are both 𝜆 = 1/4000 and 𝜌 = 32/4000.

We use the rootmean squared error (RMSE) as ameasure
of the reconstruction error to demonstrate reconstruction
accuracy quantitatively. The RMSE is defined as

RMSE = √
∑

𝑖
∑

𝑗









𝑓 (𝑖, 𝑗) − 𝑔 (𝑖, 𝑗)









2

𝑁

,

(8)

where 𝑓 and 𝑔 are the ideal phantom and the reconstruction,
respectively, and 𝑁 is the total number of pixels in the
image.TheRMSEs of the reconstructions of the Shepp-Logan
phantom are calculated. The results of the three methods
are illustrated in Figure 3. Table 2 shows the RMSE of the
reconstructions from the projection data abovewith the three
algorithms. It is clear that the accuracy and effectivity of the
ADTVM algorithm and the proposed distributed algorithm
are both better than those of the ASD-POCS algorithm. This
is due to the use of ADM and NADA algorithms. Moreover,
we can see that the accuracies of the ADTVM algorithm
and proposed distributed algorithm are both almost the
same. This is because the derivation and implementation
of distributed algorithm are very similar as the ADTVM
algorithm.

The running time of the three algorithms is shown in
Table 3 and Figure 4 for the phantom results in the aforemen-
tioned configuration. Timing is implemented based on the
average of 10 computations.The speedup is approximately 1.4
on the average.

3.2. Reconstruction Using Real Data. We perform experi-
ments to reconstruct a head model from real data to further
validate the proposed algorithm. Scanning and reconstruc-
tion parameters are listed in Table 4. Detector elements are
equidistantly spaced at 0.635mm.

We reconstruct a 𝑧-axial slice for convenience. Images
reconstructed using the ASD-POCS algorithm, the ADTVM
algorithm, and the proposed distributed algorithm are shown
in Figure 5.Thenumbers of iterations for the three algorithms
are 200 and 1000, respectively. The experimental result sug-
gests that ADTVM algorithm and the proposed distributed
algorithm produce better reconstruction than ASD-POCS.
Hence, the results of ADTVM algorithm and the proposed
distributed algorithm are almost the same.

The running time of the three algorithms is shown
in Table 5 and Figure 6 for the reconstruction results in
the aforementioned configuration. Timing is implemented
based on the average of 10 computations. The speedup is
approximately 1.4 on the average.

We use Amdahl’s law [17] to predict the theoretical
maximum speedup as follows:

𝑆 =

1

(1 − 𝛽) /𝑛 + 𝛽

, (9)

where𝛽 denotes the fraction of the algorithmwhich is strictly
serial. In the ADTVM algorithm, 𝛽 is about 0.1, so the
theoretical maximum speedup in two nodes is 𝑆 = 1.82. The
speedup in real experiments will be less than 𝑆 as the cost on
communication exists in every iteration.The average speedup
of the proposed distributed algorithm in all the experiments
shows that the algorithm reduces the running time obviously.

All experiments are performed using C programming
language under Visual Studio 2012 and OpenMP running on
an AMAXTesla workstation with Intel Xeon E5520 dual-core
CPU 2.27GHz and 24GB memories. We partly refer to the
MATLAB solver of “TVAL3” [11] for the implementation.

4. Conclusions

The Dis-ADTVM algorithm is as simple as the ADTVM
algorithm and can accelerate the latter without accuracy loss.
The new algorithm is well suited for CT image sparse-view
reconstruction problem as a large-scale problem. It is clear
that the Dis-ADTVM algorithm can be applied to other
tomographic imaging modalities with linear system models.
We will study the relationship between the performance and
the number of nodes in a forthcoming paper.
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Healthcare institutions adapt cloud based archiving of medical images and patient records to share them efficiently. Controlled
access to these records and authentication of imagesmust be enforced tomitigate fraudulent activities andmedical errors.This paper
presents a zero-watermarking scheme implemented in the composite Contourlet Transform (CT)—Singular Value Decomposition
(SVD) domain for unambiguous authentication of medical images. Further, a framework is proposed for accessing patient records
based on the watermarking scheme.The patient identification details and a link to patient data encoded into aQuick Response (QR)
code serves as the watermark. In the proposed scheme, the medical image is not subjected to degradations due to watermarking.
Patient authentication and authorized access to patient data are realized on combining a Secret Share with the Master Share
constructed from invariant features of the medical image. The Hu’s invariant image moments are exploited in creating the Master
Share. The proposed system is evaluated with Checkmark software and is found to be robust to both geometric and non geometric
attacks.

1. Introduction

Teleradiology enables medical images to be transmitted over
electronic networks for improved clinical interpretation, hea-
lthcare access, archiving, and research. Recently, teleradiol-
ogy services are utilized by healthcare institutions for real-
time emergency radiology services, in the absence of onsite
radiologists. In a case study by Liu and Zhang [1] on secu-
rity of teleradiology systems, the security requirements for
providing teleradiology services to multiple healthcare orga-
nizations are identified. This paper emphasizes the impor-
tance of deploying a mechanism for a positive detectable
binding between patient identification information andmed-
ical records. The need for patient authentication in remote
health monitoring is emphasized by Sriram et al. [2]. The
authors propose an EGC and accelerometer based system
to uniquely identify the patients for administering remote
healthcare. Medical image watermarking has been proposed
as a promising solution for authentication in many parts of
the literature.The application of watermarking techniques for

authentication and protection of medical images is discussed
in a paper by Coatrieux et al. [3]. A reversible [4] water-
marking scheme for authentication of Digital Imaging and
COmmunications inMedicine (DICOM) images is proposed
by Al-Qershi and Khoo. In this scheme, patient data is
embedded in the Region of Interest (ROI) and data required
for tamper detection and recovery is embedded in the Region
of NonInterest (RONI). Watermarking techniques in spatial
and transform domains such as Discrete Cosine Transform
(DCT), Discrete Wavelet Transform (DWT) are thoroughly
investigated in a survey article by Rey and Dugelay [5].
The Contourlet Transform (CT) domain has attracted the
attention of researchers with its directionality and anisotropy
properties in addition to multiscale and time-frequency
localization proprieties of wavelets. This transform provides
the best approximation of smooth contours and edges of
the image subjected to decomposition. Many authors have
implemented blind and nonblind watermarking algorithms
in the contourlet domain [6–8].Many transformbasedwater-
marking algorithms have been proposed in combination
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with Singular Value Decomposition (SVD). The Singular
Values (SVs) are suitable for watermarking due to their stabi-
lity and representation of intrinsic algebraic properties of
images. Watermarking schemes in composite domains such
as DCT-SVD [9] and DWT-SVD [10] perform SVD in the
candidate subbands for watermarking. In a nonblind CT-
SVD [11] algorithm, CT and SVD transforms are applied on
the Low Frequency (LF) subbands of both the host image and
watermark. SVs of the host image are modified by the SVs of
the watermark image.

The conventional watermarking systems which embed
the watermark in the spatial, frequency, or hybrid domains
suffer from the tradeoff between the conflicting require-
ments of capacity, transparency, and robustness. Zero-water-
marking [12] or nonwatermarking has emerged as a new
paradigm of watermarking which eliminates the impercep-
tibility issues due to watermark embedding. This approach
does not embed a watermark into the host image physically,
whereas it is logically embedded. The watermark embedding
is analogous to creation of a Master Share and Secret Share
out of the host image and a watermark image at the sender’s
end. Similarly, extraction refers to the reconstruction of
the watermark by combining the Master Share and Secret
Share at the receiver’s end. The zero-watermarking approach
exploits the essential invariant characteristics of the host
image to construct theMaster Share at both the ends. A zero-
watermarking scheme formedical images in theDCTdomain
proposed by Dong et al. [13] combines visual feature vectors,
encryption, and third party authentication to address secu-
rity, confidentiality, and integrity issues. Similarly, another
zero-watermarking scheme for medical images, in which
the sign sequence of the Discrete Fourier Transform (DFT)
coefficients of the host image is taken as the feature vector
to achieve robustness, is also presented by Dong et al.
[14].

Over the past decade, 2D QR codes have gained popular-
ity in the authentication of different commodities including
multimedia data. The QR code was introduced by Denso-
Wave [15] in 1994 to keep track of vehicle parts. Ease of gen-
eration of QR codes with free software and the penetration of
smart phones enabled with QR code readers have made them
widely applicable in different fields including manufacturing
industries, shipping, airline, healthcare, advertising, and
entertainment. The QR codes encoded with patient’s data on
their wristbands enable the hospitals to identify the patients
and administer appropriate clinical procedures. Medication
lists, treatment plans, appointment dates, contact details, and
referral information of a patient can be encoded into a QR
code. A QR code based authentication scheme is proposed
by Liao and Lee [16], as an alternate for one-time password
authentication scheme, for a remote user to access services
from a service provider.

In this paper, we present a general framework for patient
authentication and controlled access to Electronic Health
Records (EHR) in a teleradiology environment. It is based on
a zero-watermarking scheme for authentication of medical
images with a 2D QR code which encodes the patient
identification data. We have chosen the hybrid CT-SVD
domain for watermarking; the watermark can be constructed

by the authorized personnel only on possession of the Secret
Share.

The rest of the paper is organized as follows. Section 2
covers the background of this work in 4 subsections. The
approaches followed in the proposed system are discussed in
Section 3.Theproposed system is given in Section 4, followed
by experimental results and discussions in Sections 5 and 6,
respectively. The paper is concluded in Section 7.

2. Background

2.1. Patient Authentication in Cloud Based Teleradiology.
Medical images are generally watermarked to address secu-
rity issues such as authenticity, integrity, and confidentiality.
We understand from the survey article of Navas and Sasiku-
mar [17] that security of medical images can presumably
be achieved by embedding additional data into medical
images through digital watermarking. According to Li et al.
[18], cloud based medical image exchange simplifies image
storing, archiving, sharing and accessing services between
radiologists, referral hospitals, physicians, and specialists
online. Hospitals that deploy cloud based medical image
exchange can view and share images and reports with their
referral partners in real time, without relying on physical
storage media. Medical image sharing through the cloud
obviously eliminates duplication of tests and exposure to
radiations and ensures patient safety. The need for diverse
security and privacy requirements in healthcare institutions
on deployment of teleradiology practices is addressed in a
paper by Shini et al. [19]. These requirements are governed
by legislative regulations such as Health Insurance Portability
and Accountability Act (HIPAA). The standards for protec-
tion and privacy of individually identifiable health informa-
tion and disclosure have been defined in HIPAA. According
to the standards framed by Cramer et al. [20] for Canadian
Association of Radiologists (CAR), the remote radiologist
must identify the patient unambiguously with personally
identifiable attributes such as patient name, identification
number, date and time of examination, institution of origin,
nature of examination, and brief patient history.The standard
also says that this information should accompany the image
file or may also be transmitted by other secure means such as
fax or email.

Transfer of radiology information and Personal Health
Information (PHI) of the patients to remote reading sites
poses severe security risks. Particularly, data authentication
and integrity are essential requirements in teleradiology.
Embedding patient-specific metadata as watermark into the
medical image is a sensible solution towards imparting authe-
ntication. The embedded watermark can be extracted to ver-
ify the identity of the patient, and the extracted metadata can
augment the cover medical image for a thorough diagnosis.
A review paper by Nyeem et al. [21] that explores the require-
ments of watermarking techniques in teleradiology justifies
the application of watermarking techniques for attaining
the primary objectives of origin authentication and content
authentication. With the evolution of the dayhawk and
nighthawk radiology services, remote radiologists examining
the clinical images may need to access the past medical
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(3) Data and error correction keys
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(4.2) Alignment
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Figure 1: Structure of QR Code. http://en.wikipedia.org/wiki/File:
QR Code Structure Example 2.svg.

history of the patient for a thorough study. The paradigm
of nighthawk radiology services and the need to push these
data through fax, emails, and telephone calls are discussed by
Benjamin et al. [22].

Further, the Health Information Technology for Eco-
nomic and Clinical Health (HITECH) Act enacted in 2009
includes provisions to protect patient data. Sarrail and
Stromberg [23] present the implications of this act on
healthcare services and its stipulations to trace breaches
involving healthcare organizations, their business associates,
and service providers. The authors advocate smart card
technology based solutions for authentication, data security,
and access control.

2.2. QR Code Based Authentication. A QR code exhibits
attractive features such as high capacity encoding of data,
small printout size, Chinese and Japanese character represen-
tation, resistance to dirt and damage, readability from any
direction in 360 degrees, and varied error correction levels.
The structure of the QR code is shown in Figure 1.

In large healthcare organizations, 2D codes encoded in
the wrist bands ensure positive patient identification right
from admission to transfer.Many commercial [24] healthcare
solution providers offer 2D barcode technologies for different
classes of patients.

The use of 1D, 2D, and Radio Frequency IDentification
(RFID) based codes in patient identification is elaborately
reviewed by Garćıa-Betances and Huerta [25]. The authors

Low pass image 
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Bandpass image 

(2,2)

Input 
image

Directional bands 
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Figure 2: Contourlet Decomposition.

conclude that QR codes are ideal for patient identification
and quick remote access of electronic patient records. The
use of QR codes for instant access to patient’s medication
information by emergency workers is discussed in an article
by Davis [26].The necessary data for emergency care are pro-
vided by the patients in the healthcare institution’s website,
and the links encoded into QR codes are placed as stickers
in their wrist bands, for access by paramedics on emergency.
The concept of authentication of multimedia [27] content
with a QR code is proposed by Kim et al. The authentication
mechanism proposed in this paper encodes the Universal
Content Identifier (UCI) of the digital content into a 2D
barcode and invisibly embeds it into the host Image in the
spatial and transform domains.

2.3. Zero-Watermarking Schemes. Direct embedding of wat-
ermarks within host images introduces obvious visual degra-
dations and artifacts which are hindrances to analysis of
medical and forensic images. The imperceptibility issues are
completely eliminated in zero-watermarking schemes. In a
scheme proposed by Chang et al. [28], the host image is
partitioned into nonoverlapping blocks, and a binary pattern
is created out of the variances of the blocks. A secret key
is generated out of an XOR operation between the binary
pattern and the binary watermark. During extraction, the
secret key is XORed with the binary pattern extracted
from the host image to recover the watermark. In a vector
quantization based watermarking system proposed by Char-
alampidis [29], a binary pattern is created out of the similarity
characteristics of neighboring blocks of natural images. In a
scheme proposed by Sang et al. [30], differences in intensity
values of the pixels in the host image are compared with the
output values of a spatial domain based neural network to
generate the binary pattern.

Zero-watermarking schemes based on Visual Cryptog-
raphy (VC) for copyright protection are proposed in many
papers. In VC based schemes, the watermarks are extracted
by the human visual system on stacking theMaster and Secret
Shares. In the scheme proposed by Hsu and Hou [31], the
sampling distribution of means for a normal population is
employed to create a Master Share from the host image.
The Master Share is created from the composite DWT SVD
domain in a scheme proposed by Wang and Chen [32].
A hybrid scheme proposed by Rawat and Raman in [33]
applies Fractional Fourier Transform (FrFT) and SVD on
the nonoverlapping blocks of the host image to generate the
Master Share. The Secret Share is generated from the Master
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Figure 3: Watermark contents.

Share and the secret watermark image on applying the rules
of visual cryptography.

Recently, another zero-watermarking scheme based on
visual secret sharing is proposed by Fan et al. [34]. This
scheme employs the Bose-Chaudhuri-Hocquenghem (BCH)
code for error correction. The Master Share is created from
the most significant bit planes of the host image. DWT
is applied to the image matrix comprising the selected bit
planes, and the coefficients of the Low-Low (LL) subband are
randomly selected with a secret key to form theMaster Share.
The Secret Share is created from themaster matrix, quantized
host image, and the scrambledwatermark.During extraction,
Master Share is created from the host image following a
similar procedure and is combined with the Secret Share to
extract the watermark.

2.4. Contourlet and SVD Transform Domain. Watermarking
algorithms in the composite CT-SVD domain improve the
transparency and robustness. The Contourlet Transform
(CT) proposed by Do and Vetterli [35] combines both
Laplacian Pyramid (LP) and Directional Filter Bank (DFB)
structure. The framework for Contourlet decomposition is
given in Figure 2.

Singular Value Decomposition is a linear algebraic tool
widely used in factorization and approximation of matrices.
For any 𝑛×𝑛 real or complex matrix𝐴, SVD is a factorization
of the form given as follows:

[𝑈, 𝑆, 𝑉] = SVD (𝐴) , (1)

where 𝑆 is a 𝑛 × 𝑛 rectangular diagonal matrix with non-
negative real numbers on the diagonal and 𝑈 and 𝑉 are the
unitary matrices of the order 𝑛 × 𝑛. The diagonal entries 𝑆𝑖,𝑖
of 𝑆 are known as the SVs of 𝐴. The columns of 𝑈 and 𝑉 are
called as left-singular vectors and right-singular vectors of𝐴,
respectively. Matrix𝐴 can be reconstructed from the singular
and unitary matrices as shown in the following:

𝐴 = 𝑈 ∗ 𝑆 ∗ 𝑉, (2)

where 𝑉 is the complex conjugate of 𝑉.
The singular values of 𝑆matrix are invariant to transpose,

flipping, scaling, rotation, and translation. Smaller modi-
fications to the images do not significantly change their
singular values. Further, best approximation of an image
can be realized with only a few significant singular values.

The composite CT-SVD domain provides better robustness
to different classes of attacks. A zero-watermarking scheme
proposed by Zeng and Zhou [36] embeds the watermark
in the largest SVs of the nonoverlapping blocks of the LF
subband in the Contourlet domain. This scheme is reported
to be robust against attacks such as added noise, JPEG
compression, and cropping.

3. Materials and Methods

In this section we present the methods followed in imple-
menting the system. The subsections cover watermark gen-
eration, representation of image features with Hu invariant
moments, and Triangular Number Generation function for
watermark embedding and extraction.

3.1. Watermark Generation. Health Level 7 (HL7) defines
clinical standards and message formats and standard frame-
works for representation and exchange of clinical infor-
mation between healthcare institutions. The Patient IDen-
tification (PID) [37] segment is an important component
of the HL7 Admission, Discharge & Transfer (ADT) mes-
sage that contains the unique identification data of the
patient. It has 30 different fields including patient ID num-
ber, Patient Name, Date/Time of Birth, Race, Patient Add-
ress, Sex, Social Security Number, and so forth, which are
sufficient to unambiguously identify a patient. The entire list
of patient identifiable attributes and a sample PID appears
in http://www.corepointhealth.com/resource-center/hl7-res-
ources/hl7-pid-segment.

In the proposed system, we have taken this sample HL7
Patient IDentification segment (HL7 PID) augmented with
the Universal Resource Locator (URL) string of a EHR as the
watermark. The watermark contents are shown in Figure 3.
The sample URL for EHR is shown in italic.

The patient identification data is encoded into a QR
code with the Zxing [38] QR code generator available at
http://zxing.appspot.com/generator. The generated QR code
of size 120 × 120 is resized to 128 × 128. Further, to reduce
the computational overheads, the watermark is trimmed by
eliminating the white region which is called the quiet zone.
The size of the resultant watermark is 77×77.The original and
the trimmed watermarks are shown in Figures 4(a) and 4(b).
The bounding rectangle around the quiet zone of Figure 4(a)
is not part of the QR code generated; it is drawn to define the
boundary of the QR code only.
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(a)

(b)

Figure 4: (a) QR code of watermark contents. (b) Trimmed QR
code.
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b

Figure 5: Integer pairs coded with TNG Function.

3.2. Hu Invariant Moments. Robustness in zero-watermar-
king system is attributed to the Master Share that represents
the essential features of the host image. It is also elemental in
construction of the Secret Share according to the principles of
zero-watermarking system. In this system we have employed
the Hu’s [39] invariant moments to create the master share.
Hu introduced a set of 7 orthogonal image moments of
which the first 6 are invariant to affine transformations
and the 7th is to distinguish mirrored images. Many robust
watermarking schemes have been proposed based on image
moments. In the schemes proposed by Alghoniemy and
Tewfik [40, 41], invariant watermarks are generated out of
the image invariant moments and they are reported to be
robust to both geometric and nongeometric attacks. Given a
2D image𝑓(𝑥, 𝑦), theHu’s invariant orthogonalmoments are
computed as below.

The 2Dmoment of order (𝑝+ 𝑞) of a digital image𝑓(𝑥, 𝑦)
of size 𝑀 × 𝑁 is defined as

𝑚𝑝𝑞 =
𝑀−1

∑
𝑥=0

𝑁−1

∑
𝑦=0

𝑥𝑝𝑦𝑞𝑓 (𝑥, 𝑦) , (3)

where 𝑝 = 0, 1, 2, . . . ,𝑀 − 1 and 𝑞 = 0, 1, 2, . . . , 𝑁 − 1 are
integers. The corresponding central moment of order (𝑝 + 𝑞)
is defined as

𝜇𝑝𝑞 =
𝑀−1

∑
𝑥=0

𝑁−1

∑
𝑦=0

(𝑥 − 𝑥)𝑝(𝑦 − 𝑦)𝑞𝑓 (𝑥, 𝑦)

for 𝑝 = 0, 1, 2, . . . ,𝑀 − 1, 𝑞 = 0, 1, 2, . . . , 𝑁 − 1,
(4)

where

𝑥 = 𝑚10
𝑚00 , 𝑦 = 𝑚01

𝑚00 . (5)

The normalized central moment of order (𝑝+𝑞) is defined as
𝜂𝑝𝑞 = 𝜇𝑝𝑞

𝜇𝛾00 , (6)

where

𝛾 = 𝑝 + 𝑞
2 + 1 for 𝑝 + 𝑞 = 2, 3, . . . . (7)

From the previous equations, the 2D moments invariant
to translation, scaling, rotation, and mirroring are derived as
follows:

𝐼1 = 𝜂20 + 𝜂02,
𝐼2 = (𝜂20 − 𝜂02)2 + 4𝜂211,

𝐼3 = (𝜂30 − 3𝜂12)2 + (3𝜂21 − 𝜂03)2,
𝐼4 = (𝜂30 + 𝜂12)2 + (𝜂21 + 𝜂03)2,

𝐼5 = (𝜂30 − 3𝜂12) (𝜂30 + 𝜂12)
× [(𝜂30 + 𝜂12)2 − 3(𝜂21 + 𝜂03)2]
+ (3𝜂21 + 𝜂03) (𝜂21 + 𝜂03)
× [3(𝜂30 + 𝜂12)2 − (𝜂21 + 𝜂03)2] ,

𝐼6 = (𝜂20 − 𝜂02) [(𝜂30 + 𝜂12)2 − (𝜂210 + 𝜂03)2]
+ 4𝜂11 (𝜂30 + 𝜂12) (𝜂21 + 𝜂03) ,

𝐼7 = (3𝜂21 − 𝜂03) (𝜂30 + 𝜂12)
× [(𝜂30 + 𝜂12)2 − 3(𝜂21 + 𝜂03)2]
+ (3𝜂12 − 𝜂30) (𝜂21 + 𝜂03)
× [3(𝜂30 + 𝜂12)2 − (𝜂21 + 𝜂03)2] .

(8)

From the above, it can be seen that the computational
complexity is high for higher-order moments.The invariance
of the Hu’s image moments for geometrically transformed
images can be understood from the illustration in [42].
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Referring site Reading site
PACS server

EHR server

(2) Get access to medical image

(1) Request for reading

(4) Extract watermark

(5) Decode watermark to access PID and URL string  

(7) Send radiology report

(3) Get access to secret share

(6) Get access to EHR with URL string

Figure 6: Framework for patient authentication.
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Figure 8: Watermark Construction.

3.3. Triangular Number Generator Function. In the proposed
system, we follow a novel approach for generation of Secret
Share. Here, we apply a Triangular Number Generator (TNG)
function which can uniquely code a pair of integers, to
combine the Master Share and the watermark to generate the
Secret Share. The mathematical computations to code and
recover a pair of integers employing this function appear in
[43]. We have applied the same approach in our previous
works, to embed a binary logo in the High Frequency (HF)

subband and a facial image watermark in the LF subband of
CT domain to achieve reversibility and blind extraction. A
triangular number is a figurate number which can be repre-
sented in a triangular pattern with dots. Triangular numbers
are generated by applying (9).This function uniquely encodes
a pair of integers (𝑎, 𝑏) into 𝑇 which can be factored back
without any overhead

𝑇 = 𝑓 (𝑎, 𝑏) = [(𝑎 + 𝑏)2 + 3𝑎 + 𝑏]
2 . (9)
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Input: Host ImageH of size N × N, WatermarkW of sizem × m, Key (ki, kj) for initial block
Selection, size of block b × b, Number of iterations i for Arnold Transform

Output: Secret Share Sshare of sizem × m
Step 1. Apply Contourlet Transform onH to generate a n × n LF subband
Step 2. Perform a b × b block partitioning on the LF subband to generate n/b × n/b non

overlapping blocks
Step 3. Apply Arnold Transform onW to generate scrambled watermark SW
Step 4. Perform steps 4–9 for each bitWij of watermark
Step 5. Apply Arnold transform on (ki, kj) to select a block for Master Share creation; Increment

ki and kj by 1; i.e., ki = ki + 1 and kj = kj + 1
Step 6. Apply SVD to the selected block to generate U, S and Vmatrices
Step 7. Compute the Hu’s invariant moments I1, I2 and I3 for the diagonal matrix S
Step 8. Create a 3 bit Master ShareMshare out of the sign bits of I1, I2 and I3
Step 9. EncodeMshare and SW with equation (9) to generate Secret Share Sshare, of size

m × m; i.e. Sshare = f(Mshare, SW)

Algorithm 1: Master share and secret share creation.

Input: Host imageH of size N × N, Secret Share Sshare of sizem × m, Key (ki, kj) for initial
block Selection, size of block b × b, Number of iterations i for Arnold Transform

Output: WatermarkW of sizem × m
Step 1. Apply Contourlet Transform onH to generate a n × n LF subband
Step 2. Perform a b × b block partitioning on the LF subband to generate n/b × n/b overlapping

blocks
Step 3. Perform steps 4–9 for each element of Sshare
Step 4. Apply Arnold transform on (ki, kj) to select a block for Master Share creation;

Increment ki and kj by 1; i.e., ki = ki + 1 and kj = kj + 1
Step 5. Apply SVD to selected block to generate U, S and Vmatrices
Step 6. Compute the Hu’s invariant moments I1, I2 and I3 for the diagonal matrix S
Step 7. Create a 3 bit Master ShareMshare out of the sign bits of I1, I2 and I3
Step 8. Compute C from Sshare with equation (10);

i.e., C = [sqrt (8 ∗ Sshare + 1) − 1] /2 where C = sum(Mshare, SW)
Step 9. SubtractMshare from C to get SW
Step 10. Apply Arnold Transform to unscramble SW to getW

Algorithm 2: Watermark construction.

The𝑇 values of the coded integer pairs (𝑎, 𝑏) for a small set
of values is tabulated in Figure 5. The sequence of triangular
numbers appears in the first row of the table. It can be seen
that each integer pair is uniquely coded, that is, 𝑓(𝑎, 𝑏) and
𝑓(𝑏, 𝑎) are distinct. The integer pair (𝑎, 𝑏) can be restored on
applying (10)-(11).

𝐶 = [sqrt (8𝑇 + 1) − 1]
2 , (10)

where 𝐶 = 𝑎 + 𝑏
𝑎 = 𝑇 − 𝐶 (𝐶 + 1)

2 ,

𝑏 = 𝐶 (𝐶 + 3)
2 − 𝑇.

(11)

This approach offers the features of both reversibility and
blindness in extraction; that is, 𝑎 and 𝑏 can be recovered
exactly without any side information. In the proposed system
we have applied (9) for Secret Share generation and (10)-(11)
for watermark extraction.

3.4. Arnold Transform. Arnold transform is a chaotic trans-
form from the torus onto itself. It can randomize an image
and restore it to original form on sufficient number of
iterations. Arnold’s Map, Duffing Map, Henon Map, and so
forth, are common chaotic transforms for the 2D space which
are suitable for scrambling and recovering the watermarks.
Arnold transform given in (12) is applied to encrypt the
embedding position of the host image and the logistic map,
to determine the bit positions for embedding in a scheme
proposed by Wu and Guan [44]

[𝑥𝑛𝑦𝑛] = [1 1
1 2] [𝑥𝑦] (mod 𝑛) . (12)

In a 𝑛 × 𝑛 spaces any coordinate position (𝑥, 𝑦) can be
mapped to (𝑥𝑛, 𝑦𝑛) and vice versa on applying the previous
equation. Watermark synchronization which refers to locat-
ing the position of embedding and extraction is a challenging
issue in a watermarking system.The dynamic, invertible, and
area-preserving properties of this transform is suitable for
realizing synchronization in watermarking systems.
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4. Proposed System

The EHR, an integrated collection of patient information
including demographic information, diagnostic history, clin-
ical findings, laboratory results, and radiology reports. can
support the clinicians to provide better medical care. We
have suggested the framework and watermarking system for
seamless integration of past medical history with radiology
readings, focusing on patient authentication and confiden-
tiality. In this section, we present the authentication model
and the algorithms for watermark embedding and extraction.

4.1. Authentication Framework. The framework is illustrated
in Figure 6 and the complete workflow is as follows.

(1) Request for reading is sent from the referral site to the
remote radiologist.

(2) On acceptance, radiologist gets access to the image for
study from the Picture Archiving and Communica-
tion System (PACS) server.

(3) Radiologist gets access to Secret Share from EHR
server.

(4) Radiologist generates Master Share from the host
image and combines with Secret Share to construct
watermark.

(5) Radiologist decodes the watermark and gets access to
PID segment and URL string.

(6) Radiologist gets access to EHR of the patient.
(7) Radiologist sends the report to the referral site.

4.2. Secret Share Creation. The steps for creation of Master
Share and Secret Share are given in Algorithm 1.

4.3. Watermark Extraction. The steps for watermark con-
struction from the Master Share and Secret Share are given
in Algorithm 2.

Algorithms 1 and 2 are illustrated in Figures 7 and 8.
Due to its simplicity, the proposed scheme can be

deployed in radiology workstations and in hand held devices
such as laptops, ipads, and smartphones which provide
reliable readings under emergencies.

5. Experimental Results

We have implemented the previous algorithms in Matlab
12 software. The algorithms are tested with host images of
different modalities such as CT, Mammogram, MRA, PET,
Ultrasound, Nuclear, and X-ray each of size 512 × 512 as
shown in Figures 9(a)–9(g) and the trimmed watermark of
size 77 × 77 in Figure 4(b).

Initially, the host image is subjected to a 1-level CT
decomposition to generate an LF band of size 256 × 256.
It is divided into 128 × 128 nonoverlapping blocks each of
size 2 × 2. The watermark is scrambled on applying the
Arnold Transform. For Master Share creation, initially, we
have assumed ki = 32 and kj = 32; that is, k = (32, 32) and
i = 6.

(a) (b)

(c) (d)

(e) (f)

(g)

Figure 9: Host Images—(a) CT scan (b) Mammogram (c) MRA (d)
Nuclear (e) PET (f) Ultrasound (g) X-ray.

With these assumptions, on applying Arnold transform,
k is mapped to (63, 94); that is, for the watermark bit at
position (1, 1), the Master Share is created out of block
(63, 94). Subsequently, for each bit in the watermark, ki
and kj are incremented by 1 to select blocks. The Master
Share is combined with the watermark to generate the Secret
Share. Similarly, the Master Share is created at the other
end following the same procedure. It is combined with
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Table 1: Performance measures for checkmark attacks.

Attack Parameter BER NC Extracted watermark

Cropping

Cropping %: 20 0.0001 0.9999

Cropping %: 50 0.0002 0.9999

Cropping %: 75 0.0003 0.9999

Dithering No parameters 0.0001 0.9999

Denoising & remodulation

Window size: 3 × 3 0.0001 0.9999

Window size: 5 × 5 0.0001 0.9999

Denoising & remodulation assuming a
correlated watermark

Window size: 3 × 3 0.0002 0.9999

Window size: 5 × 5 0.0001 0.9999

Gaussian

Window size: 3 × 3 0.0000 1.0000

Window size: 5 × 5 0.0000 1.0000

Hard thresholding

Window size: 3 × 3 0.0002 1.0000

Window size: 5 × 5 0.0002 1.0000

JPEG compression

Compression factor: 10 0.0210 1.0000

Compression factor: 15 0.0046 0.9999

Compression factor: 25 0.0007 0.9999

Compression factor: 30 0.0021 1.0000

Compression factor: 40 0.0011 0.9999

Compression factor: 50 0.0010 0.9999
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Table 1: Continued.

Attack Parameter BER NC Extracted watermark

Linear

Transformation matrix
[1.15 −0.02 −0.03 0.9] 0.0001 0.9999

Transformation matrix
[−0.85 −0.2 −0.05 1.3] 0.0001 0.9999

Median

Window size: 3 × 3 0.0001 1.0000

Window size: 4 × 4 0.0003 0.9999

Midpoint

Window size: 3 × 3 0.0001 1.0000

Window size: 5 × 5 0.0002 0.9999

Line removal

Row: 12, Col: 9 0.0001 0.9999

Row: 5, Col: 51 0.0001 0.9999

Projection

Angle: 5.00
Axis: 1.00

Distance factor: 2.00
Radius factor: 2.00

0.0001 0.9999

Angle: 30.00
Axis: 1.00

Distance factor: 2.00
Radius factor: 2.00

0.0001 0.9999

Aspect ratio

𝑋 scale: 0.80
𝑌 scale: 1.00 0.0001 0.9999

𝑋 scale: 1.00
𝑌 scale: 1.10 0.0001 0.9999

Rotation

Angle: 15 0.0001 0.9999

Angle: 45 0.0001 0.9999

Rotation scale

Angle: −2 0.0012 0.9999

Angle: 45 0.0001 0.9999

Row column removal

Row: 17, Col: 5 0.0002 0.9999

Row: 5, Col: 1 0.0001 0.9999
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Table 1: Continued.

Attack Parameter BER NC Extracted watermark

Up- & downsampling

Downsampling factor: 0.50
Upsampling factor: 2.00 0.0002 0.9999

Downsampling factor: 0.75
Upsampling factor: 1.30 0.0001 0.9999

Scale

Scale factor: 2 0.0001 0.9999

Scale factor: 0.5 0.0001 0.9999

Sharpening No parameters 0.0002 0.9999

Shearing

𝑥 Shear %: 0
𝑦 Shear %: 5 0.0001 0.9999

𝑥 Shear %: 5
𝑦 Shear %: 5 0.0002 0.9999

Soft thresholding

Window size: 3 × 3 0.0002 1.0000

Window size: 5 × 5 0.0002 1.0000

Stirmark Random 0.0001 0.9999

Template removal No parameters 0.0001 0.9999

Thresholding No parameters 0.0008 0.9999

Trim median

Window size: 3 × 3 0.0001 1.0000

Window size: 5 × 5 0.0003 0.9999

Warping

Warp factor: 3 0.0001 0.9999

Warp factor: 6 0.0001 0.9999

Warp factor: 12 0.0001 0.9999

Compression factor: 10 0.0019 0.9999

Compression factor: 20 0.0009 0.9999
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Table 1: Continued.

Attack Parameter BER NC Extracted watermark

Wavelet compression

Compression factor: 30 0.0004 0.9999

Compression factor: 40 0.0006 0.9999

Compression factor: 50 0.0005 0.9999

Weiner filtering

Window size: 3 × 3 0.0003 0.9999

Window size: 5 × 5 0.0002 0.9999

Table 2: NC values under Matlab attacks.

Attack Modality
CT Mammogram MRA Nuclear PET Ultrasound X-ray

JPEG compression
Quality factor: 50% 0.9999 0.9854 0.9999 1.0000 0.9995 1.0000 0.9990

Average
Window size: [9 × 9] 0.9999 0.9891 0.9999 1.0000 0.9995 1.0000 0.9992

Median
Window size: [9 × 9] 0.9999 0.9885 0.9997 1.0000 0.9998 1.0000 0.9991

Blur
Window size: [9 × 9] 0.9999 0.9885 0.9997 1.0000 0.9997 1.0000 0.9993

Sharpening
+50% sharpness 0.9999 0.9875 0.9999 1.0000 0.9997 1.0000 0.9990

Gaussian
Noise: 30% 0.9999 0.9755 0.9997 1.0000 0.9994 1.0000 0.9984

Contrast
Sharpness: +50% 0.9999 0.9904 0.9998 1.0000 0.9995 1.0000 0.9985

Gamma correction
Gamma value: 0.6 0.9999 0.9841 0.9999 1.0000 0.9997 1.0000 0.9993

Histogram
Equalization 0.9999 0.9824 0.9998 1.0000 0.9995 1.0000 0.9986

Resizing
Scale factor: 0.5 0.9999 0.9804 0.9999 1.0000 0.9994 1.0000 0.9984

Rotation
Angle: 3∘ 0.9999 0.9850 0.9997 1.0000 0.9994 1.0000 0.9985

Distortion
Warp factor: 3 0.9999 0.9831 0.9997 1.0000 0.9994 1.0000 0.9988

the Secret Share to construct the watermark. The extracted
watermarks are evaluatedwith Bit Error Rate (BER), Normal-
ized Correlation coefficient (NC), Structural Similarity Index
Measure (SSIM), and Universal Image Quality Index (UIQI)
metrics. These performance metrics are shown in Figure 10
for all the modalities. The experimental results show that the
watermarks constructed are intact under all modalities.

We have tested the robustness of the watermarks with
the checkmark [45] benchmarking software. The extracted
watermarks under different attacks are shown in Table 1 with

the corresponding BER and NC values. It is evident that the
watermark is robust to all classes of attacks.

We have also compared our scheme with those proposed
by Hsu and Hou [31], Wang and Chen [32], and Rawat and
Raman [33]. For this, we have run the attacks with suitable
parameters specified in Rawat and Raman [33] with Matlab
software on the host images. The comparison is based on
the NC values for a set of attacks under which comparison
is made in the later. The results of the attacks are shown in
Table 2.The results of comparison are shown in Figure 11. It is
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Table 3: Comparison for JPEG compression attacks (BER).

Scheme Quality factor
100% 90% 80% 70%

Kim et al. [27] 0.0732 (Spatial) 0.1953 (Spatial) 4.6143 (Spatial) 12.0850 (Spatial)
Proposed scheme

CT 0.0001 0.0001 0.0006 0.0005
Mammogram 0.0185 0.0182 0.0253 0.0209
MRA 0.0002 0.0002 0.0002 0.0006
Nuclear 0.0001 0.0001 0.0001 0.0002
PET 0.0004 0.0005 0.0009 0.0010
Ultrasound 0.0001 0.0001 0.0001 0.0001
X-ray 0.0022 0.0018 0.0034 0.0042
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Figure 10: Performance Metrics-Watermark Construction.
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Figure 11: Comparison with existing zero-watermarking schemes.

evident that the proposed scheme provides better robustness
compared to the rest.

We have also compared the proposed scheme with the
one proposed by Kim et al. [27] which exclusively embeds
a QR code into the spatial, DCT, and FFT domains of

Table 4: Comparison for rotation attacks (BER).

Scheme Angle of rotation
30∘ 45∘ 60∘

Kim et al. [27] 17.52 (Spatial) 49.38 (FFT) 4.83 (Spatial)
Proposed scheme

CT 0.0002 0.0001 0.0001
Mammogram 0.0093 0.0092 0.0064
MRA 0.0002 0.0001 0.0001
Nuclear 0.0006 0.0004 0.0001
PET 0.0005 0.0004 0.0002
Ultrasound 0.0004 0.0001 0.0016
X-ray 0.0011 0.0002 0.0002

Table 5: Comparison for shrinkage attacks (BER).

Scheme Shrinkage %
50% 75%

Kim et al. [27] 6.20 (Spatial) 21.58 (Spatial)
Proposed scheme

CT 0.0009 0.0009
Mammogram 0.0251 0.0239
MRA 0.0006 0.0004
Nuclear 0.0001 0.0002
PET 0.0007 0.0005
Ultrasound 0.0001 0.0001
X-ray 0.0040 0.0034

the digital image. The comparison is based on the best BER
values reported by the authors irrespective of the domain
and the embedding strengths. The comparison is shown for
JPEG compression, rotation, and shrinking attacks in Tables
3, 4, and 5, respectively. It is seen from the tables that the
proposed scheme provides better robustness, invariably for
all themodalities. In all the experiments, we have verified that
the QR codes are readable.

6. Discussion

Robustness to attacks and security are the challenging issues
in zero-watermarking systems. In addition to the previous,
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Table 6: Log scaled representation of Hu’s moments for original Figure 9(a) and cropped images.

Image Hu’s moments
𝐼1 𝐼2 𝐼3 𝐼4 𝐼5 𝐼6 𝐼7

Cropping %: 0
(unaltered image)

2.8952 7.8677 11.3004 11.3819 23.8702 15.4492 22.7241

Cropping %: 20

2.8965 8.2655 10.8645 10.9762 22.2239 15.1110 21.9509

Cropping %: 50

2.8618 7.3862 10.2945 10.2306 20.5785 14.4780 20.7373

Cropping %: 75

2.7527 7.5646 9.3965 9.8563 20.0902 14.6144 19.4964

in the proposed system, the watermarks constructed must
also be decodable by a QR code decoder. From the experi-
mental results, it is apparent that the watermarks are robust
and readable against a variety of image-processing attacks
under different attack parameters. We understand from the
embedding and extraction algorithms that the Master Share
plays major role in achieving robustness. Here, we have
exploited the CT and SVD transform domains and invariant
nature of the image moments for Master Share creation.
Instead of employing a complete set of image invariants,
we have taken only the three lower-order invariants for
creating theMaster Share. Computational complexity of these
invariants is comparatively lower than that of the higher-
order invariants. The magnitude of each of these invariants
is very small. Here, for ease of computation, we have taken
only the sign bits of the invariants. We have considerably
reduced the spatial and time complexity by embedding only
the kernel of the QR code excluding the quiet zone.The TNG
function employed in this scheme offers a provision to resolve

false claims of ownership. The Secret Share can be decoded
into the Master Share and the watermark blindly without any
overhead to prove ownership. The security of the proposed
system is attributed to the position of the blocks selected for
creation of master and secret shares. In this system, the block
selection is based on 2 factors: initial block position and the
number of iterations for Arnold Transform tomap it to a new
position.The area preserving nature of the Arnold Transform
presents the freedom of arbitrary block selection. It is highly
unlikely that an attacker would able to blindly determine the
block positions and generate the Master Share due to the
complexity of computations involved.

From Table 1, we see that the proposed scheme offers
robustness even against 75% of cropping. This is ascribed to
the stability of magnitude of the moment invariants. We have
tabulated the log scaled representation of the Hu’s invariants
of the unaltered image 9(a) and its cropped versions inTable 6
to understand this. From this table it can be seen thatmoment
magnitudes for the cropped images are closer to that of
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the original host image in spite of higher degrees of cropping.
As we create the Master Shares out of the sign bits of these
invariants in the CT-SVD domain, there is no significant
variation in them, irrespective of the level of cropping.
This in turn attributes to the intactness of the watermark
constructed. However, though NC values are similar for the
watermarks extracted from the three cropped images, the
BER is slightly higher for the one extracted from the image
cropped by 75%.

There are no existing systems proposed for zero-
watermarking of QR code particularly for medical images.
Though we have tested the system for robustness with a
benchmarking software, we have done a fair comparison
with similar systems with suitable parameters to establish
that our system outperforms the rest. This system for QR
based authentication can assist the radiologists to make a
better reading; also, it can alleviate medical errors due to
mistaken patient identification. Further, the system can be
customized to enforce patient consent based EHR sharing in
which case; the Secret Sharemust be possessed by the patient.
The proposed system is HITECH compliant as it is designed
to provide patient information and access to only authorized
radiologists registered with the referral institution.

7. Conclusion

In this paper, we have proposed a framework based on
zero-watermarking for patient authentication and controlled
access to medical records in a teleradiology environment.
The patient identification data encoded in the form of QR
code is decodable under all attacks. Comparison with similar
techniques shows that the proposed scheme is better in the
aspects of resilience, security, and complexity. This system is
suitable for implementation in both dayhawk and nighthawk
radiology practices for patient authentication, compliant to
the requirements of healthcare policies. Further research can
be carried out, to tailor the framework to provide fine grained
access to different parts of the clinical documents such as
EHR, Electronic Medical Records (EMR), Protected Health
Information (PHI) records, and Continuity of Care Records
(CCR). Extensive studies can be conducted on moment
invariants to identify a single unique invariant to be employed
in Master Share construction. To supplement the previous,
the complexity of the watermarking scheme can be reduced
further by embedding only the data and error correction code
words of the QR codes.
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The ability to conduct high-quality semiautomatic 3D segmentation of lung nodules in CT scans is of high value to busy radiologists.
Discriminative random fields (DRFs) were used to segment 3D volumes of lung nodules in CT scan data using only one seed point
per nodule. Optimal parameters for the DRF inference were first found using simulated annealing. These parameters were then
used to solve the inference problem using the graph cuts algorithm. Results of the segmentation exhibited high precision and recall.
The system can be adapted to facilitate the process of longitudinal studies but will still require human checking for failed cases.

1. Introduction

Traditionally, the analysis of tumors through computed
tomography (CT) scans involved time consuming manual
segmentation of tumor volumes, where a radiologist or tech-
nician would draw ROIs encapsulating the tumor areas by
hand. Numerous semiautomatic segmentation algorithms
have been proposed for a variety of tumors, including brain
[1], liver [2], breast [3], and lung [4]. In certain cases, such as
Zhang et al. [1], the proposed method was not specific to a
certain kind of tumor. In other cases, such as Kostis et al.
[4], the segmentation required prior knowledge about the
characteristics of the types of tumors observed in order to do
morphological processing.

There exists a significant opportunity for reducing the
human input required for nodule segmentation in longitudi-
nal studies. An initial seed point given at the first time point
can be coregistered and extrapolated to subsequent studies,
under the assumption that nodules do not exhibit significant
movement.This is particularly useful in a clinical application
for tracking small pulmonary nodules in the lungs to deter-
mine malignancy [4].

Markov random fields (MRFs) have been used in the area
of computer vision for segmentation by solving an energy
minimization problem [5]. We use the pixel grid as a graph,

in which each pixel is a vertex and neighboring pixels share
an edge between them.We can then define an energy cost for
any given labeling as a function of various features of the
MRF. In the traditional MRF definition, the energy potential
can be expressed as an association potential function of
each node and an interaction potential function of pairs of
neighbors. The goal is then to find an optimal labeling which
minimizes the total energy. Solving the inference problem
afterwards can be done quickly and optimally (for binary
labels, for multiple label and within an approximation factor)
using an optimization method such as graph cuts [6–9].
Picking the right potential functions can often be a matter of
trial and error.

There are several variants of MRFs out in the literature.
In particular, conditional random fields (CRFs) generalize
the MRF formulation by allowing data to factor into the
traditionalMRF interaction potential formulation, with a dis-
criminative model instead of a generative model. Kumar and
Hebert’s discriminative random fields (DRFs) [10] extend the
usual work of conditional random fields to multiple dimen-
sions. In particular, Kumar and Hebert’s construction allows
for the use of a variety of discriminative models, like SVMs
[11].

DRFs do suffer from some problems, however. Because
the learning process uses a pseudolikelihood approximation,
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the results tend to overestimate the interaction potential para-
meters, unless careful regularization is used [10]. We avoid
this issue by optimizing using simulated annealing on the
F-score, so that inference results play a direct role in the
optimization. The F-score is a direct measure of inference
performance, so optimization based on the F-score should
give us better results than pseudo-likelihood maximization.
Unfortunately, this sacrifices many of the nice properties of
the original formulation, such as convexity. In practice, how-
ever, F-score optimization consistently produces slightly bet-
ter results. This method has been tried before for CRFs, with
better reported performance than standardCRF training [12].

Our goal in this paper is to applyDRFmethodology to the
segmentation of lung nodules in CT scans. To our knowledge,
this has never been attempted before. A recent work by Ye
et al. [13] has used graph cuts to segment lung nodules but
did not use an underlying discriminative model to train
their energy function. DRFs have been used by Lee et al.
[11] for brain tumors in MRI scans, with good results. The
DRF methodology provides a strong, flexible framework for
image segmentation tasks that providesmore robust segmen-
tations than nongraphical models. For example, a previous
study by Kostis et al. has demonstrated a successful lung
nodule segmentation algorithm through thresholding and
morphological processing [4] that required identification of
nodule type (e.g., juxtapleural, juxtavascular). This followed,
earlier work by Zhao et al. using progressive thresholding and
a conditional shape constraint [14]. These methods require
different parameters for different kinds of nodules, which
makes the job of segmentation more time consuming. More
recently, Hayashi et al. used thresholding and morphological
filtering to accomplish the same goal [15].Whilemorphologi-
cal filtering can dowell at estimating volumes, the filters often
smooth away surface data, which has to be restored via some
other method.

On the other hand, Xu et al. used dynamic program-
ming and expectation maximization to calculate the opti-
mal boundaries of lung nodules, using a shape constraint
to counter the problem of juxtapleural nodules [16]. This
method avoids the problem of smoothing away surface data
but does not always performwell, requiring human interven-
tion. In addition, Xu et al. work on each slice independently,
which does not take advantage of the spacial information
from working in three dimensions. Similarly, a work has
been done by Okada et al. on robust 2D ellipsoid fitting on
synthetic data [17], though their work does not focus on the
end segmentation.

Using DRFs, we can incorporate simpler, more approxi-
mate morphological filtering into a set of other features and
pairwise constraints to achieve an overall more accurate and
robust segmentation. Coming up with good features is rarely
a systematic process; instead one must often rely on intuition
and human knowledge of the problem. In the case of lung
nodules, it is known that a lung nodule is generally located
around its seed point, has CT intensities in a certain range,
and is usually round [18]. This paper shows that good results
can be achieved even with simple features containing this
information. Furthermore, we can easily learn parameters
from training data and test performance on test data to avoid

the risk of overfitting. The DRF framework allows us to swap
out features as we see fit, giving us the ability to adapt the
method for other volumes that need segmentation. Since the
ultimate goal of this research is to create a semiautomatic
segmentation algorithm that can be applied to other types of
tumor segmentation tasks, this is a great advantage.

2. Materials and Methods

2.1. Data. Thedata set consisted of 4 pairs of training nodules
and 50 pairs of testing nodules from the VOLCANO’09 Chal-
lenge [19]. For training and individual results, only the first of
each pair was used. For longitudinal comparison results, we
numbered each individual nodule such that nodules 𝑥 and
50 + 𝑥 are the first and second nodules in pair 𝑥, respectively.
These numbers will be used throughout. Seed points were
given with the data sets. Training was done on the supplied
training set only, with results evaluated on the supplied
testing set only.

The training set nodules showed variation in image noise
but lacked variation in nodule position. In particular, the
training set contained no juxtapleural or juxtavascular nod-
ules. These kinds of nodules do show up in the testing set. In
order to maintain consistency with the VOLCANO’09 Chal-
lenge, however, the training and test sets were not rearranged.

Ground truth voxel labelings for all nodules were done
manually by a graduate research fellow trained by a radiolo-
gist.

2.2. Algorithm Summary. Several features, such as estimated
radius and approximate segmentation, are first calculated
through a morphological filtering process. We will then use
supervised learning to learn the weights for these features in
a DRF model of lung nodules from labeled training scans.
The details of the feature generation and parameter learning
are described in the following section. After we have learned
the parameters, we can solve the inference problem using the
same feature generation process and graph cuts to obtain a
segmentation on new scans.

2.2.1. Constants and Nodule Feature Extraction. We first
calculate several global constants from the data. A Gaussian
model of nodule voxel intensities was calculated from the
training data with constants 𝜇int and 𝜎int for the mean and
standard deviation, respectively. A uniformmodel (threshold
model) was calculated from the training data with constants
𝑡min, 𝑡max as the minimum andmaximum thresholds. As seen
in Figure 1, a Gaussian distribution can fit the nodule voxels
to a first approximation.

In addition, for each nodule, its radius was estimated by
taking the following steps.

(1) Denoising: an in-slice Gaussian filter of one voxel
standard deviation was applied to smooth out high
frequency noise, and then upper and lower thresholds
were applied to obtain an initial segmentation.
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Figure 1: (a) Histogram of voxel intensities of positive examples
(nodule voxels) and negative examples (everything else) in training
data. Negative examples overwhelm positive examples in all inten-
sities, even in the local area, as shown in this histogram. We must
thus exploit locality to achieve a good segmentation. (b) Histogram
normalized by number of voxels.

(2) Subvolume and initial radius estimation: a rough esti-
mate of radius 𝑟init was obtained by growing a bound-
ing box and stopping when the fraction of voxels not
in the initial segmentation reached 0.75 of the total
volume.

(3) Lung subvolume extraction: a morphological close
followed by a morphological open operation with
an anisotropic sphere with 6mm radius (under

the assumption that most features in the lung are
smaller than 6mm) was performed on the inverse of
the initial segmentation.The nodule area was filled in
with an anisotropic sphere of radius 𝑟init/2 centered at
the input point, and a morphological close operation
was applied to arrive at the final lung volume.

(4) The initial segmentation was filtered to only include
voxels in the lung volume and filtered again to only
include the voxels in the same connected component
as the seed point.

(5) The center of the nodule was recalculated by finding
the local maximum of the 2D distance transform
(distance from outside the smoothed segmentation)
closest to the seed point on the same slice.

(6) The final estimated nodule radius 𝑟 was calculated
by expanding a sphere from the new center until we
included no more segmented voxels or the fraction
of smoothed segmentation voxels inside the sphere
reached less than 0.5.

2.3. DRF Framework. We construct a DRF model of the CT
volume as follows.

Let𝐺 = (𝑆, 𝐸) be the graph that represents the 3D volume,
where each node in 𝑆 represents a voxel and an edge in 𝐸
connects adjacent voxels in a 6-neighborhood. Let 𝑛

𝑖
be the

observed intensity at voxel 𝑠
𝑖
∈ 𝑆, let 𝑝

𝑖
be the 3-vector of

the relative coordinates of voxel 𝑠
𝑖
in the volume, and let

label 𝑥
𝑖
∈ {−1, 1} be the label associated with 𝑠

𝑖
. We define

an observation 𝑦
𝑖
= (𝑛

𝑖
, 𝑝

𝑖
). The random variables 𝑥

𝑖
obey

the Markov property that Pr(𝑥
𝑖
| 𝑦, 𝑥

𝑆𝑖
) = Pr(𝑥

𝑖
| 𝑦, 𝑥

𝑁
𝑖

),
where𝑁

𝑖
is the set of neighbors of 𝑠

𝑖
and 𝑆𝑖 is everything in 𝑆

except 𝑠
𝑖
.

Assuming only pairwise clique potentials to be nonzero.

Pr (𝑥 | 𝑦) = 1

𝑍

exp(∑
𝑖∈𝑆

𝐴

𝑖
(𝑥

𝑖
, 𝑦) + ∑

𝑖∈𝑆

∑

𝑗∈𝑁
𝑖

𝐼

𝑖𝑗
(𝑥

𝑖
, 𝑥

𝑗
, 𝑦)) ,

(1)

where 𝑍 is the partition function, 𝐴
𝑖
is an association

potential, and 𝐼
𝑖𝑗
is an interaction potential.

2.3.1. Association Potential. Wemodel the association poten-
tial discriminatively using a logistic model since the labels
are binary. We will define a feature vector 𝑓

𝑖
at site 𝑠

𝑖
as

a function of the observations 𝑦. The location of the lung
nodule voxels was also modeled as a Gaussian deviating from
a prior known location normalized by the estimated nodule
radius 𝑟, calculated automatically, and constants 𝑙 = (𝑙

𝑥
, 𝑙

𝑦
, 𝑙

𝑧
)

and 𝜎loc = 𝑑/V, where V is the size of the voxel in 𝑥, 𝑦, and 𝑧
physical coordinates.
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We then define our feature vector to be
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(2)

The first two features capture the cost of a voxel’s intensity
in a Gaussian model and a uniform model, respectively. The
third feature captures the cost for a distant voxel from the
expected nodule center.

We then have the option of transforming our feature
vector via some nonlinear transformation to ℎ

𝑖
(𝑦) =

[1, 𝜙

1
(𝑓

𝑖
(𝑦)), . . . , 𝜙

2
(𝑓

𝑖
(𝑦))]

𝑇, which is a kernel mapping
of our original feature vector with the introduction of a bias
element. We chose not to use a kernel, so 𝜙(𝑓

𝑖
(𝑦)) = 𝑓

𝑖
(𝑦).

The features are then weighted by a parameter 𝑤.
We formulate our association potential as a probability by

applying a logistic function

Pr (𝑥
𝑖
= 1 | 𝑦) =

1

1 + 𝑒

−𝑤
𝑇
ℎ
𝑖
(𝑦)
. (3)

Since Pr(𝑥
𝑖
= −1 | 𝑦) = 1−Pr(𝑥

𝑖
= 1 | 𝑦), we can express

this probability more compactly as

Pr (𝑥
𝑖
| 𝑦) =

1

1 + 𝑒

−𝑥
𝑖
𝑤
𝑇
ℎ
𝑖
(𝑦)
. (4)

Finally, we model the association potential as the log of
this probability in order to preserve the logistic regression
characteristics when the interaction potential factor is zero
[10]:

𝐴 (𝑥

𝑖
, 𝑦) = log( 1

1 + 𝑒

−𝑥
𝑖
𝑤
𝑇
ℎ
𝑖
(𝑦)
) . (5)

The parameter to learn in the association potential is then
𝑤.

2.3.2. Interaction Potential. Wemodel the interaction poten-
tial using the pairwise smoothing of the Ising model, nor-
malized by a constant minus the difference in intensities of
the two sites. We will define a new feature vector 𝛿

𝑖𝑗
(𝑦) that

captures this difference:

𝛿

𝑖𝑗
(𝑦) = [max(

1 −
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1000, 0

)]

𝑇

,

𝐼 (𝑥

𝑖
, 𝑥

𝑗
, 𝑦) = 𝛽 (𝑥

𝑖
𝑥

𝑗
V𝑇𝛿
𝑖𝑗
(𝑦)) .

(6)

The 𝛽 term is a constant term controlling whether the
smoothing cost affects the potential. The parameter to opti-
mize, then, is V.

2.4. Learning and Inference

2.4.1. Performance Metrics. The primary performance met-
rics for evaluation used are precision and recall. Given a
calculated labeling𝑂 and the ground truth labeling 𝐺, where
nodule voxels are positive samples and nonnodule voxels are
negative, tp denotes true positive, fp denotes false positive,
and fn denotes false negative. Precision and recall are then
defined as

precision = tp
tp + fp

,

recall = tp
tp + fn

.

(7)

2.4.2. Learning. Optimal parameters were learned using
simulated annealing on the F-score of inference results on
training data.

Given parameters 𝜃 = (𝑤, V), there exists an optimal label
𝑂 such that, for each 𝑥

𝑖
given 𝑦,𝐴(𝑥

𝑖
, 𝑦)+∑

𝑗∈𝑁
𝑖

𝐼(𝑥

𝑖
, 𝑥

𝑗
, 𝑦) is

greater than 𝐴(𝑥
𝑖
, 𝑦) + ∑ 𝑗 ∈ 𝑁

𝑖
𝐼(𝑥

𝑖
, 𝑥

𝑗
, 𝑦) (where 𝑥

𝑖
denotes

the opposite label of 𝑥
𝑖
). The optimal labeling is calculated

using graph cuts [5].
Optimal parameters were found by performing simulated

annealing on the F-score function, defined as 2(precision ∗
recall/(precision + recall)). At a given iteration 𝑖, a seg-
mentation was calculated with graph cuts using parameters
𝜃

𝑖
generated randomly from the previous parameters 𝜃

𝑖−1
,

constrained distancewise by a “temperature” parameter that
slowly decays as the iterations increase. The calculated seg-
mentation is then used to calculate the F-score, which is
compared to the F-score of the previous iteration as part of the
simulated annealing process. Matlab’s simulated annealing
implementation was used to find the optimal parameters.
Boundary parameters were (−Inf, Inf) for all parameters in
𝜃. Initial parameters for simulated annealing were 𝜃 =

⃗

0.
After the initial run, boundary parameters were picked by
hand to include the optimum with tighter one-sided bounds
to improve running time for subsequent runs. This did not
change the optimum parameter appreciably, so the initial
parameters were changed to the optimum parameters. Again,
this did not change the optimum parameters upon rerunning
simulated annealing. This gives us more confidence that the
optimum parameters we found are in fact optimal in its local
neighborhood.

2.4.3. Inference. The volume was first smoothed with a one
voxel radius Gaussian filter to get rid of high frequency noise.
An exact maximum a posteriori solution was then obtained
for the pairwise Isingmodel by a graph cuts algorithm. Graph
cuts were performed using Olga Veksler’s gco-3.0 library in
C++ with a Matlab wrapper [6, 9].
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(a) Inferred segmentation

(b) Ground truth segmentation

(c) Unsegmented

Figure 2: Tumor 11: comparison of inferred segmentation versus
the ground truth labeling with the unsegmented subvolume for
reference.

(a) Inferred segmentation

(b) Ground truth segmentation

(c) Unsegmented

Figure 3: Tumor 23: Comparison of inferred segmentation versus
the ground truth labeling with the unsegmented subvolume for
reference.

3. Results

3.1. Segmentation. Theparameters were learned from the first
nodules of the 4 given pairs of training nodules. Results were
segmented using graph cuts on the first nodules of the 50 pairs
of test nodules. The mean precision was 0.92 and the mean
recall was 0.89, not accounting for the size of the nodules.
An example segmentation and the ground truth can be seen
in Figures 2 and 3. When all 50 pairs (100 nodules) were
evaluated, the mean precision was 0.91 and the mean recall
was 0.89.

The segmented physical volumes were plotted against the
ground truth physical volumes in Figure 4. An ordinary least
squares fit was applied to the data, and the fit line closely
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Figure 4: Plot of segmented volume size versus ground truth
volume size. An ordinary least squares fit is shown, along with the
expected fit, 𝑦 = 𝑥. The correlation coefficient 𝑅 = 0.99, and the
𝑃 value 𝑃 = 0.00. Our method accurately estimates the volumes
compared to ground truth with no significant bias towards either
a larger or a smaller segmentation.
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Figure 5: Histogram of errors relative to ground truth volume.

approximates the expected fit line, 𝑦 = 𝑥. The correlation
coefficient 𝑅 = 0.99, and the 𝑃 value 𝑃 = 0.00. This shows
that our method accurately estimates the volumes compared
to ground truth and that there is no significant bias towards
either a larger or a smaller segmentation.

The relative volume error compared to ground truth was
calculated for each of the first 50 test examples.Themaximum
positive error was 0.33 and the maximum negative error was
−0.31. A histogram of the relative errors is shown in Figure 5.
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Figure 6: Histogram of precision and recall of first 50 segmented
examples.

A 2D histogram of the precisions and recalls is shown in
Figure 6.Most examples had precisions and recalls within the
0.8 to 1.0 range.

As a comparison test, performance was compared to the
Robust Statistical Segmentation procedure implemented in
Slicer.The RSS method uses a statistics-driven active contour
model for segmentation [20]. Approximate volumes were
specified using ground truth data. Boundary and intensity
uniformity parameters were tuned by hand for each nod-
ule until a satisfactory or best possible segmentation was
achieved. Slicer RSS achieved a mean of 0.78 precision and
0.78 recall under these conditions. A histogram of the results
can be seen in Figure 7. RSS is more inconsistent with its
performance compared to our method. Some segmentations
can be seen in Figures 8, 9, and 10, and a volume rendering
can be seen in Figure 11. As a whole, our method performed
better than RSS used by Slicer, but in some individual cases
like Figure 10 RSS performed better. There are examples in
which both methods performed poorly as well: Tumor 30 is
such an example, largely due to significant vascularization of
the nodule and its juxtapleural position. A volume rendering
comparison of Tumor 30 can be seen in Figure 12. RSS
oversegmented the nodule significantly, while DRF also
oversegmented the nodule to a lesser extent. A slice-by-slice
comparison can be seen in Figure 13.

The metric used to evaluate performance in the VOL-
CANO’09 Challenge is percent volume change (𝑉2−𝑉1)/𝑉1
from the first sample volume of a pair (𝑉1) to the second one
(𝑉2). In Figure 14, the percentage change for each testing pair
was plotted against the percentage change from a participant
[15] and against the percentage change of our ground truth.
Because there was no previous ground truth percentage
change established for the challenge, our ground truth does
not reflect the desired results of the challenge.

4. Discussion

Due to the lack of widely available dedicated lung nodule
segmentation software currently, it is difficult to compare
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Figure 7: Histogram of precision and recall of first 50 Slicer RSS
segmented examples.

our results with existing standards. In comparison with
similar work, Ye et al. report a mean Dice’s coefficient of
0.79 on 101 nodules [13]. Our Dice’s coefficient (which is an
equivalent definition to the F-score in this context) is 0.90.
The standard deviations of our F-scores were both around
0.06. We suspect that our superior performance despite
simpler features can be explained by two factors: first, our
discriminative model and training gave us a better energy
function; and second, simpler metrics may prove to be more
tolerant to error. Dehmeshki et al. did not do a voxelwise
comparison but instead reported an “acceptability” metric of
0.84, as determined by radiologist examination [21]. Kostis
et al. seemed to have achieved very good results, but they
did not report explicit performance metrics comparing their
results to ground truth [4]. Neither Zhao et al. [14] or
Xu et al. [16] reported data sets or performance metrics
compared to ground truth. The comparison with Robust
Statistical Segmentation in Slicer shows our performance
against a state-of-the-art generalized segmentation tool, and
our method on average performs better.

One must also be wary of placing too much trust in
ground truth. Manual segmentations currently in use may
differ significantly between users, as Opfer and Wiemker
pointed out [22]. Without a better idea of the variation in
acceptable segmentations, one runs the risk of overfitting.
For a case like Tumor 30 (which was challenging for both
our algorithm and other comparison algorithms), the nearby
vasculature and pleura may affect the accuracy of manual
segmentations as well.

Several groups participated in the VOLCANO’09 Chal-
lenge [15, 18, 19], but because the challenge was focused
on evaluating volume change in longitudinal studies instead
of measuring volume itself, only volume change metrics
were reported. Volume change metrics from our results
were comparable to the results from Hayashi et al. [15].
Because aggregate results for the VOLCANOChallenge were
renumbered before reporting in Reeves et al. [19], we did
not compare their aggregate results. Given our established
ground truth, however, we believe that the precision and
recall are a better measure of our performance in general.
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(a) Inferred segmentation (b) RSS comparison segmentation

(c) Ground truth segmentation (d) Unsegmented

Figure 8: Tumor 20: comparison of inferred segmentation versus RSS, ground truth, and the unsegmented subvolume for reference. In this
example, RSS overestimated the roundness and undersegmented the nodule. Our method successfully segmented the bumps.

(a) Inferred segmentation (b) RSS comparison segmentation

(c) Ground truth segmentation (d) Unsegmented

Figure 9: Tumor 40: comparison of inferred segmentation versus RSS, ground truth, and the unsegmented subvolume for reference. In this
example, both segmentation methods performed well.

(a) Inferred segmentation (b) RSS comparison segmentation

(c) Ground truth segmentation (d) Unsegmented

Figure 10: Tumor 50: comparison of inferred segmentation versus RSS, ground truth, and the unsegmented subvolume for reference. This is
an example in which our method oversegmented into the pleural wall, while RSS did not.

A natural extension of this work would be to apply the
same method to segmentation of other tumors in the body.
The problem of segmentation in other anatomical areas has
of course been studied: for example, Lee et al.’s work involved
segmenting MRI data on brain tumors, with results implying
their precision and recall were around 0.8 that each [11].

The main advantage of the DRF learning framework is
the automatic learning of energy function parameters for
segmentation. Since all specific knowledge about the type of
tumor we are looking for is learned automatically from the
training examples as opposed to knowledge that is built into
the algorithm, we can in theory train our model to work
with other types of tumors than the lung nodules presented

in this paper. In practice, lung nodules are generally easier to
distinguish due to their high contrast to surrounding tissue,
so applying the model to other tumors will likely produce
worse results.

If the problem has been formulated properly, the theo-
retical optimum solution for the parameters should be the
maximum likelihood solution to the DRF. Our investiga-
tion, however, found that the maximum likelihood solution
favored oversegmentation, achieving a very high recall, but
with losses in precision. We thus decided to use a more
practical approach and optimize directly based on the metric
we were using to evaluate the algorithm: the F-score, the
harmonicmean of precision and recall. Our results give better
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Figure 11: Tumor 20: comparison of our segmented volume versus
RSS and ground truth for reference. From left to right: our seg-
mented volume, ground truth volume, and RSS segmented volume.

Figure 12: Tumor 30: comparison of our segmented volume versus
RSS and ground truth for reference. From left to right: our seg-
mented volume, ground truth volume, and RSS segmented volume.
Both segmentation methods performed poorly, but RSS vastly
oversegmented the nodule compared to our method.

(a) Inferred segmentation

(b) RSS segmentation

(c) Ground truth segmentation

(d) Unsegmented

Figure 13: Tumor 30: comparison of inferred segmentation versus
RSS with ground truth and unsegmented subvolume for reference.

recall with similar precision compared to the maximum
pseudo-likelihood solution for the parameters.The difference
is on the order of a few percentage points.

In practice, the inference step required to segment new
nodules can be solved via fast polynomial time algorithms
using graph cuts. Using unoptimized Matlab code on a
3.3 GHz quad core desktop with 8GB RAM, this translated
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Figure 14: Percent volume change versus Hayashi et al.’s percent
volume change and our ground truth percent volume change.

to sub-10 second segmentations for the volumes tested. With
optimized, compiled code, this will likely be much faster.

4.1. Conclusion. OurDRF semi-automatic segmentation pro-
duces results that are generally very accurate, with on average
90% precision and recall.This system can be used to facilitate
lung nodule size tracking applications. Further work includes
creating a clinical application in order to investigate the
consistency and clinical applicability of such a system. Future
work can be done to expand the algorithm’s performance
to different types of tumors, such as brain or liver. More
consistency can be established with better radius estimation,
which can be achieved through a better initial segmentation.
Another possibility would be to try extending the robust
ellipsoid fitting algorithm from Okada et al. [17] to three
dimensions, allowing us to get a better estimate of nodule
shape.
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