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The amount of data available every day is not only enormous
but growing at an exponential rate. Over the last ten years
there has been an increasing interest in using complex
methods to analyse and visualise massive datasets, gathered
from very different sources and including many different
features: social networks, surveillance systems, smart cities,
medical diagnosis systems, business information, cyberphys-
ical systems, and digital media data. Nowadays, there are a
large number of researchers working in complex methods to
process, analyse, and visualise all this information, which can
be applied to a wide variety of open problems in different
domains. This special issue presents a collection of research
papers addressing theoretical, methodological, and practical
aspects of data processing, focusing on algorithms that use
complex methods (e.g., chaos, genetic algorithms, cellular
automata, neural networks, and evolutionary game theory)
in a variety of domains (e.g., software engineering, digital
media data, bioinformatics, health care, imaging and video,
social networks, and natural language processing). A total
of 27 papers were received from different research fields,
but sharing a common feature: they presented complex
systems that process, analyse, and visualise large amounts of
data. After the review process, 8 papers were accepted for
publication (around 30% of acceptance ratio).

These papers can be organised in different groups. The
focus of the first group of articles is time series. The paper
titled “LMC and SDL Complexity Measures: A Tool to
Explore Time Series” by J. Piqueira and S. Mattos presented a
generalisation of LMC (López-Ruiz,Mancini andCalbet) and
SDL (Shiner, Davison and Landsberg) complexity measures,

considering that the state of a system or process is represented
by a continuous temporal series of a dynamical variable. As
the two complexity measures are based on the calculation of
informational entropy, an equivalent information source was
defined by using partitions of the dynamical variable range.
During the time intervals, the information associated with
the measured dynamical variable was the seed to calculate
instantaneous LMC and SDL measures. To show how the
methodology worked generating indicators, two examples
concerning meteorological data and economic data were
presented and discussed. Another acceptedwork dealingwith
time series is “Improved Permutation Entropy for Measuring
Complexity of Time Series under Noisy Condition”, pre-
sented by Z. Chen et al. This paper proposes an improved
permutation entropy method (IPE) as a tool to measure and
analyse complexity of time series combining some advan-
tages of previous modifications of PE. Its effectiveness was
validated through both synthetic and experimental analysis,
overcoming PE limitations such as its low performance under
noisy conditions.

The second group of publications includes works dealing
with sensing data and image recognition. The paper by J. Guo
et al., entitled “Activity Feature Solving Based on TF-IDF for
Activity Recognition in Smart Homes”, presents an activity
feature solving strategy based on TF-IDF. In smart homes
based on the internet of things, daily activity recognition aims
to know resident’s daily activity in a noninvasive manner.The
performance of daily activity recognition heavily depends
on solving strategy of activity feature. However, the cur-
rent common employed solving strategy based on statistical

Hindawi
Complexity
Volume 2019, Article ID 9316123, 2 pages
https://doi.org/10.1155/2019/9316123

http://orcid.org/0000-0002-7798-3055
http://orcid.org/0000-0003-3287-9366
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/9316123


2 Complexity

information of individual activity does not support well the
activity recognition. The proposal by Guo et al. exploits sta-
tistical information related to both individual activity and the
whole of activities. Two distinct datasets were commissioned
tomitigate the effects of coupling between datasets and sensor
configuration. A number of traditional machine learning
and deep learning techniques were evaluated to assess the
performance of the method proposed for residents activity
recognition. The second paper in this group is “MI-based
Robust Waveform Design in Radar and Jammer Games”,
written by B.Wang et al. Due to the uncertainties of the radar
target prior information in the actual scene, the waveform
designed based on the radar target prior information cannot
meet the needs of parameter estimation. To improve the
performance of parameter estimation, Wang et al. presents
a novel transmitted waveform design method under the
hierarchical game model of radar and jammer.This approach
maximises the mutual information between the radar target
echo and the random target spectrum response. Another
work in this group is “A Novel Semi-Supervised Learning
Method Based on Fast Search and Density Peaks”. This paper
by F. Gao et al. address the problem of radar image recog-
nition. Recognition algorithms achieve good classification
results under the condition of sufficiently labelled samples,
but labelled samples are scarce and costly to obtain. Themain
issue faced in this paper is how to use unlabelled samples to
improve the performance of a recognition algorithm when
the number of available labelled samples is limited. Unlike
previous semisupervised learning methods, this work does
not use unlabelled samples directly, but looks for safe and
reliable samples before using them. The authors proposed
two new semisupervised learning methods: one based on
fast search and density peaks (S2DP) and the other on
iterative S2DP. Finally, F. Zhao et al. propose in “Two-Phase
Incremental Kernel PCA for Learning Massive or Online
Datasets” a specific kernel PCA (KPCA) that can incorporate
data into KPCA in an incremental way. This fact overcame
typical drawbacks of KPCAwhen handling massive or online
datasets. They tested their proposal in a synthesised dataset
and in the classical MNIST database of handwritten digits
images.

The last group of papers includes research in social impact
domains such as economics and education. A. Herrero et al.
present in “Hybrid Unsupervised Exploratory Plots: a Case
Study of Analysing Foreign Direct Investment” a new visual-
isation technique, called HUEP.This proposal for descriptive
data analysis combines the outputs of exploratory projection
pursuit and clustering methods in a novel and informative
way. As a case study, HUEP was validated in a real-world
context for analysing the internationalisation strategy of
companies by taking into account bilateral distance between
home and host countries. As a multifaceted concept, distance
encompasses multiple dimensions. Together with data from
both the countries and the companies, various psychic
distances were analyzed by means of HUEP, gaining deep
knowledge about the internationalization strategy of large
Spanish companies. Informative visualizations were obtained
from the analyzed dataset, leading to useful business implica-
tions and decisionmaking.The last paper in this issue, written

by A. Hernández-Blanco et al., is focused on the educational
domain. “A Systematic Review of Deep Learning Approaches
to Educational Data Mining” surveys the research carried
out in deep learning techniques applied to educational data
mining (EDM) from its origins to the present day. The main
goals of this study are to identify the EDM tasks that have
benefited from deep learning techniques and those that are
pending to be explored, to describe the main datasets used in
this research area, to provide an overview of the key concepts,
main architectures, and configurations of deep learning and
its applications to EDM, and to discuss current state-of-the-
art and future directions on this research field.
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The curse of dimensionality has been an open issue for many years and still is, as finding nonobvious and previously unknown
patterns in ever-increasing amounts of high-dimensional data is not an easy task. Advancing in descriptive data analysis, the
present paper proposes Hybrid Unsupervised Exploratory Plots (HUEPs) as a new visualization technique to combine the outputs
of Exploratory Projection Pursuit and Clustering methods in a novel and informative way. As a case study, HUEPs are validated in
a real-world context for analysing the internationalization strategy of companies, by taking into account bilateral distance between
home and host countries. As a multifaceted concept, distance encompasses multiple dimensions. Together with data from both
the countries and the companies, various psychic distances are analysed by means of HUEPs, to gain deep knowledge of the
internationalization strategy of large Spanish companies. Informative visualizations are obtained from the analysed dataset, leading
to useful business implications and decision making.

1. Introduction

As it is well known, there aremany different ways of analysing
unlabeled datasets in order to gain knowledge about them. A
key challenge in the analysis of high-dimensional unknown
data is to identify the patterns that exist across dimensional
boundaries. Such patterns may become visible if a change is
made to the basis of the space; however, an a priori decision
as to which basis will reveal most patterns requires prior
knowledge of the unknown patterns. This is the main idea
behind Exploratory Projection Pursuit (EPP) [1]. As opposed
to feature selection, EPP lies within the feature extraction
paradigm, as the resulting dimensions are combinations (it
could be linear or nonlinear) of the original features in the
dataset. On the other hand, clustering [2] consists in the
organization of a collection of data items or patterns into
clusters based on similarity. Hence, patterns within the same
cluster are more similar to each other than they are to a
pattern belonging to a different cluster.

Both EPP and clustering methods have been widely
applied and combined in previous work. Although it had
been stated [3, 4] that dimensionality reduction may identify
dimensions that do not enhance the results of a subsequent
clustering, some authors have contributed to the main com-
bination stream where dimensionality reduction and clus-
tering methods are sequenced, namely, “tandem” approach.
Furthermore, [5] pointed out that “cluster analysis is one of
the most frequent contexts in which principal components
are derived in order to reduce dimensionality prior to the
use of a different multivariate technique”. That is the case of
[6] where a canonical transformation is applied to data in
order to optimize k-means clustering results on functional
data. Additionally, [7] have optimized EPP as an initial step
and then applied some clustering methods (hierarchical,
partitional, and density-based) attaining interesting results.
More recently, [8] have proposed Extreme Learning Machine
for Joint Embedding and Clustering as a first step to preserve
the manifold structure of the data in the original space

Hindawi
Complexity
Volume 2019, Article ID 6271017, 14 pages
https://doi.org/10.1155/2019/6271017

http://orcid.org/0000-0002-2444-5384
https://doi.org/10.1155/2019/6271017


2 Complexity

while maximizing the class separability of the data in the
embedded space at the same time. Similarly, unsupervised
dimensionality reduction methods are proposed in [9–12] for
subsequent clustering through k-means.

In [13, 14] EPP and clustering methods are also combined
but from a different perspective; dimensionality reduction
models, implemented as neural networks, have been applied
to add the output of some clustering methods to the obtained
projections, though different labels, colours, and symbols.
As a result, 2D projections are generated, enriched with
information about the number of the cluster assigned to each
sample. In those previous works, data from the cybersecurity
and environmental fields have been analysed, respectively.

In a third alternative approach, clustering and EPP
methods interact. Projection Pursuit Clustering [15] has been
proposed to recover clusters in lower dimensional subspaces
of the data by simultaneously performing dimension reduc-
tion and clustering. The proposed methodology finds both
an optimal clustering for a subspace of given dimension
and an optimal subspace for this clustering. In order to do
that, clustering and projection pursuit methods are adapted
in order to interchange information during execution. In a
similar way, [16] has proposed a projection pursuit index to
identify clusters and other structures in multivariate data,
which is obtained from the variance decompositions of the
data’s one-dimensional projections.

Finally, some other independent uses of these two kinds
of methods have been proposed so far [17]. In [18], k-means
clustering method is applied in order to compare its results
with those obtained from EPP.Thus, no combination of such
methods is proposed but the comparison of their results,
instead. On the other hand, both dimensionality reduction
and clustering are independently combined in [19] for differ-
ent tasks under the frame of a hybrid recommender system.

Differentiating from previous work, the present paper
proposes the independent application of EPPmethods on the
one hand and clustering ones on the other. Complete results
of the two of them are then combined, together with the
glyph metaphor, in a novel way, called Hybrid Unsupervised
Exploratory Plots (HUEPs), to support decision making.
When compared to the above-mentioned previous work, it
can be said that the present paper’s proposal is a far more
general and simpler approach where any EPP and clustering
methods could be combined to generate informative and
intuitive 3D visualizations of high-dimensional data. In order
to validate this proposal, HUEPs are applied and compared
in a case study where internationalization strategies from
Spanish Multinational Enterprises (MNEs) are analysed.

In today’s business context, management of international
operations has been a focal element of company strategies.
However, while investing abroad, companies face numerous
challenges that, if not taken into consideration, may sig-
nificantly risk the success of their investment. “Distance”
emerges as a major challenge among those. A clear under-
standing of the differences between idiosyncrasies of the host
country and home country may provide opportunities, on
one hand, or, just the contrary, ignoring such differences
may lead to disruption of the company’s activities over-
seas. Referring to the fundamental role of distance between

countries in the field of international management, [20] has
even explicitly stated that “essentially, international manage-
ment is management of distances”.

Recent work [21] has conceptualized distance as a mul-
tifaceted construct. Along similar lines, various frameworks
have investigated the multiple dimensions of distance that
may influence a company’s international operations. For
example the well-known CAGE framework [22] proposed
distance to constitute cultural, administrative, geographic,
and economic facets. Another framework further posited
ten dimensions to capture distance between nations [23].
Moreover, some researchers have dissected these dimensions
of distance into further subdimensions with the aim of com-
prehending this phenomenon better. For instance, cultural
distance was proposed to include six dimensions (power
distance, uncertainty avoidance, individualism, masculinity,
long-term orientation, and indulgence) by the influential
work by [24, 25].The vast number of citations proves that this
framework and its operationalization as a single construct
[26] became widely popular.

Nevertheless, some recent criticism has raised that an
important type of distance, psychic distance, cannot entirely
be captured or measured by the current cultural dimensions
even though it is a crucial variable influencing managerial
decisions in international business [27]. Psychic distance is
an extensive framework that goes beyond culture and entails
multiple dimensions of distance [28, 29]. It is useful to
understand the context in which a manager’s perceptions are
formed while making a decision. Reference [28] suggests that
six macro factors called psychic distance stimuli shape that
context [30]. These factors measure the national differences
between language, industrial development, social system,
democracy, education, and religion [28, 31]. Previous studies
have shown that these stimuli significantly impact market
selection, performance, entry mode choice, Foreign Direct
Investments (FDI), online internationalization, and trade
flows [32].

On the other hand, even though researchers [33, 34] con-
fer that combining multiple stimuli into one single construct
is problematic in the sense that it may cause an inaccurate
view that all components are equally significant, many studies
still follow this aggregation approach. This paper, being
aware of this potential problem, focuses on one particular
stimulus concerning the political system differences between
countries, namely, democracy distance, in order to avoid the
probable confounding effects of the other stimuli.

While all stimuli may have an important role, we focus
on democracy because previous research has emphasized the
critical impact of political institutions on FDI decisions [35–
39]. The democracy distance variable indicates the level of
political rights, civil liberties and checks and balances existing
in the country to prevent any opportunistic behavior by the
local government to unilaterally modify the rules and laws
[28].

According to what has been explained above, the chal-
lenging task of analysing the internationalization strategy of
companies requires advanced data analysis tools. Up to now,
little effort has been devoted to support decision makers with
means of getting deep knowledge from such datasets. The
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Figure 1: Process to obtain a HUEP.

present paper advances previous work by proposing a new
visualization tool to ease the analysis of multidimensional
datasets related to internationalization. The rest of this paper
is organized as follows: the proposed HUEPs and their
components are described in Section 2, the case study where
HUEPs are validated is introduced in Section 3, together with
its associated results that are presented in Section 4 and the
conclusions of present study that are stated in Section 4.

2. Hybrid Unsupervised Exploratory Plots

As we humans are able to detect anomalies and to recog-
nize different features or patterns through visual inspection,
visualization techniques are a viable solution to information
seeking. This idea is based on the ability to visualize high-
dimensional datasets in a consistent and low-dimensional
representation where those anomalies, features, or patterns
can be identified. Such depiction of high-dimensional data
through visual displays is not easy and cannot be performed
immediately in most cases. The difficulty lies in converting
rawbig-size data into a graphical format that provides a useful
insight into the visualized dataset [40]. As previously men-
tioned, Hybrid Unsupervised Exploratory Plots (HUEPs) are

proposed as a new way of intuitively visualizing data within
the field of descriptive datamining.

Visualization techniques have been widely covered in
the literature; two of the most relevant works are [41, 42].
Among the wide variety of such techniques, a very popular
one is scatter plots, which represent 2D or 3D data as points,
with coordinates that correspond to their values. These plots
still are one of the most popular and widely used visual
representations for multidimensional data [43], due to their
simplicity. However, there are some drawbacks, the two main
ones being the required low dimensionality of the data to be
displayed and the problem of overplotting.

A HUEP is proposed as a scatter plot where each data is
considered as a 3D vector. These three-dimensional vectors
are obtained from (raw) original data by means of an EPP
method and a clustering one, according to what is shown in
Figure 1.

As can be seen in Figure 1, a HUEP can be described as
a mapping of vectors 𝑥 onto vectors 𝑦 in an output space.
Vectors from the input space (n-dimensional, being n≥3) 𝑆𝐼
are then mapped into a 3D output space 𝑆𝑂, according to 𝐻
nonlinear transformation:

𝐻: 𝑆𝑂 → 𝑆𝐼, for any 𝑥 ∈ 𝑆𝑂 (1)
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Resulting vectors y, from the 𝑆𝑂 space, are defined as

𝑦 = (𝑦1, 𝑦2, 𝑦3) (2)

𝑦1, 𝑦2 are the output vectors of an EPP method (𝑦𝐸𝑃𝑃1 ,
𝑦𝐸𝑃𝑃2 ) and 𝑦3 the output (scalar) of a clustering method. Once
obtained, output𝑦 vectors are then plotted in 3D scatter plots.
Furthermore, the visualization of each vector is enriched
thanks to the glyph metaphor, as can be seen in Section 3
and adding additional information from one of the input
features (𝑥𝑖). The widely used glyphs (or multidimensional
icons) can be defined as graphical objects that are designed to
convey multiple data values [44]. By using different symbols
and colours, further information can be added to the 3D
visualization of each data point.

Proposed HUEPs are hybrid as they combine both
exploratory (dimensionality reduction) methods as well as
clustering ones. On the other hand, they are unsupervised as
both kinds of methods implement this kind of learning (no
target class or value is provided to be reproduced).

The main steps to obtain HUEPs are described in the
following subsections.

2.1. Exploratory Projection Pursuit. The well-known Explor-
atory Projection Pursuit (EPP) [1] was proposed as a method
to identify structure in a given high-dimensional data. In
the case of EPP, this general task is performed by projecting
the data onto a low-dimensional subspace. By means of
such projection, one can visually identify the structure of
the dataset. As not all available projections reveal the data’s
structure in the same way, EPP defines an index aimed at
measuring the “interestingness” of a projection, and then
those projections that maximize that index are chosen.

As previously mentioned, EPP initially defines which
indices represent interesting directions. When talking about
projections, “interestingness” is usually linked to the fact
thatmost projections give almost Gaussian distributions [45].
Consequently, in order to identify the most “interesting”
features of the data, the directions generating projections as
far from the Gaussian as possible should be found.

Once the most interesting projections are identified,
the high-dimensional data are then projected onto a lower
dimensional (2D or 3D) subspace, which makes it possible to
visually examine the structure of the dataset. From the wide
range of EPP projection methods that have been proposed
until now, some neural implementations have been selected
for HUEPs in present paper, as they have been successfully
applied to a wide variety of fields and datasets.

2.1.1. Principal Component Analysis. Principal Component
Analysis (PCA) is a statistical model that has been widely
applied in last decade and still is applied at present time [46].
It was introduced in [47] and describes the variation in a
high-dimensional dataset in terms of a set of uncorrelated
variables (each one of these variables is a linear combination
of the original ones). From a geometrical perspective, it
consists of a rotation of the axes of the original coordinate
system that generates a new set of orthogonal axes. In the
case of PCA the new axes are ordered in terms of the amount

of variance of the original data they account for. As a result,
the first axes (those accounting for the highest variance) are
the ones selected to obtain the new visualization of data. It
should be noted that even if we are able to visualize the data
with a few variables, it does not follow that an interpretation
will ensue, as it depends on the original dataset. As previously
proposed [48, 49], PCA can be performed bymeans of neural
networks.

2.1.2.MaximumLikelihoodHebbian Learning. Among all the
neural alternatives of performing EPP, Maximum Likelihood
Hebbian Learning [50] is one based on theNegative Feedback
Network. It associates an input vector (x) with an output
vector (y) computed as

𝑦𝑖 =
N
∑
𝑗=1

𝑊𝑖𝑗𝑥𝑗, ∀𝑖 (3)

where𝑊𝑖𝑗 is the weight linking input 𝑗 to output i.
At the training stage, when the output of the neural

network is calculated, the activation (𝑒𝑗) is fed back through
the same weights and subtracted from the input:

𝑒𝑗 = 𝑥𝑗 −
𝑀

∑
𝑖=1

𝑊𝑖𝑗𝑦𝑖, ∀𝑗 (4)

Finally, weights are updated according to the specific
learning rule:

Δ𝑊𝑖𝑗 = 𝜂.𝑦𝑖. sign (𝑒𝑗)
𝑒𝑗


𝑝−1 (5)

where 𝜂 is the learning rate and 𝑝 is a parameter related to the
energy function.

2.1.3. Cooperative Maximum Likelihood Hebbian Learning.
The Cooperative MLHL (CMLHL) model was proposed [51]
as an extension of MLHL by adding lateral connections
between neurons in the output layer of the network (see
Equation (5)). CMLHL can be defined through (4)-(7), where
an N-dimensional input vector (x) is processed to obtain an
M-dimensional output vector (y).

(1) Feed-forward step:

𝑦𝑖 =
N
∑
𝑗=1

𝑊𝑖𝑗𝑥𝑗, ∀𝑖 (6)

(2) Lateral activation passing:

𝑦𝑖 (𝑡 + 1) = [𝑦𝑖 (𝑡) + 𝜏 (𝑏 − 𝐴𝑦)]+ (7)

(3) Feedback step:

𝑒𝑗 = 𝑥𝑗 −
𝑀

∑
𝑖=1

𝑊𝑖𝑗𝑦𝑖, ∀𝑗 (8)

(4) Weight change:

Δ𝑊𝑖𝑗 = 𝜂.𝑦𝑖. sign (𝑒𝑗)
𝑒𝑗


𝑝−1 (9)
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where 𝜏 is a parameter to model the “strength” of the
lateral connections, 𝑏 is the bias parameter, 𝐴 is a symmetric
matrix used to modify the response to the data, 𝜂 is the
learning rate, and 𝑝 is a parameter related to the energy
function.

2.2. Clustering. EPP has been described in the section above
as a method for solving the difficult problem of identifying
structure in high-dimensional data. Although for many
datasets these dimension reduction methods effectively work
to reveal groups, it has been previously highlighted that they
are not specifically designed for preserving the clusters and
neither the directions of maximum variation of data nor the
departure from normality, what may ensure that the reduced
space keeps the original structure of groups unaltered [7].
This is one of the main reasons for proposing HUEPs as
an advanced visualization technique that provides with EPP
visualizationswhile at the same time keeps information about
clustering in the original dataset.

As previously stated, cluster analysis can be defined as the
process of organizing data into groups that in some way have
similar (or close) members. Data similarity or proximity is
measured by a distance function defined on pairs of patterns.
Up to now, many different distance measures have been used
[52, 53].

On the other hand, all the different approaches to data
clustering [2] are classified in two main types of methods:
partitional or hierarchical. On the one hand, partitional
methods are based on the idea of identifying the partition
that optimizes (usually locally) a given clustering criterion.
On the other hand, hierarchical methods generate a set of
nested partitions that are iteratively merged according to a
certain criterion. In present paper, one partitional and one
hierarchical method have been applied and are described in
following subsections.

2.2.1. K-Means. K-means [54] is a well-known partitional
clustering method aimed at grouping data into a given
number of clusters. In order to apply it, two parameters
must be tuned: the given number of clusters (k) and the
initial position of centroids. The latter can be chosen by
the user or calculated in a preprocessing step. Once initial
values are assigned to these parameters, each data in the
dataset is assigned to the nearest cluster centroid, attaining
the initial allocation of data in clusters. Then, the centroids
are iteratively recalculated and a subsequent reallocation of
data is made. This step is repeated until no further changes
are made to the centroids, when the cluster assigned to each
data is generated as the output.

Thismethod heavily relies on its initial parameters; hence,
a usual measure of the “goodness” of the grouping is the sum
of the proximity Sums of Squared Error (SSE) that it attempts
to minimize:

𝑆𝑆𝐸 =
𝑘

∑
𝑗=1

∑
𝑥∈𝐺𝑗

𝑝 (𝑥𝑖, 𝑐𝑗)
𝑛 (10)

where 𝑐𝑗 are the cluster centroids, p() is the proximity
function, n is the number of rows, and 𝑘 is the number of
groups.

Similarity or proximity is a key concept for the definition
of a cluster. As a result, a measure of the similarity must be
carefully chosen as it is crucial to most clustering methods.
Among all the available measures of similarity for data whose
features are all continuous, some of themost widely used ones
are as follows:

(i) Squared Euclidean distance (sqEuclidean). Each cen-
troid is calculated as the mean of the points in that
cluster.

(ii) Cityblock: sum of absolute differences. Each centroid
is calculated as the component-wise median of the
points in that cluster.

(iii) Cosine: one minus the cosine of the included angle
between points (treated as vectors). Each centroid is
calculated as the mean of the points in that cluster,
after normalizing those points to unit Euclidean
length.

(iv) Correlation: one minus the sample correlation be-
tween points (treated as sequences of values). Each
centroid is calculated as the component-wise mean
of the points in that cluster. Previously, those points
are centred and normalized to zero mean and unit
standard deviation.

As a result of the clustering, a scalar is provided for each
input vector, being the number of the cluster to which the
vector has been assigned.

2.2.2. Hierarchical Methods. Differentiating from partitional
clustering methods, hierarchical ones can be divided into two
types:

(1) Agglomerative: they begin with each data in a dif-
ferent cluster, and clusters are successively merged
together until a stopping criterion is met or until a
single cluster is obtained.

(2) Divisive: they begin with all data assigned to the
only cluster, that is split (and its descendants) until a
stopping criterion is satisfied or every data is assigned
to a different cluster.

In the present study, due to the successful results in initial
experiments, agglomerative clustering has been selected in
order to be compared to the partitional approach (k-means).
In the case of agglomerative clustering, there is a variety of
linking methods that can be applied. In present study, the
following ones have been tested:

(i) Single: shortest distance.
(ii) Complete: furthest distance.
(iii) Ward: inner squared distance (minimum variance

algorithm), appropriate for Euclidean distances only.
(iv) Median: weighted centre of mass distance (WPGMC:

Weighted Pair Group Method with Centroid Averag-
ing), appropriate for Euclidean distances only.
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(v) Average: unweighted average distance (UPGMA: Un-
weighted Pair Group Method with Arithmetic Aver-
aging).

(vi) Centroid: centroid distance (UPGMC: Unweighted
Pair GroupMethod with Centroid Averaging), appro-
priate for Euclidean distances only.

(vii) Weighted: weighted average distance (WPGMA:
Weighted Pair Group Method with Arithmetic Aver-
aging).

3. Case Study: Internationalization of
Spanish SMEs

In order to validate the proposed HUEPs, they are applied
to an interesting problem that has not yet been addressed
by means of EPP or clustering methods. Hence, HUEPs
are generated to analyse the internationalization strategy of
companies, what involves a high number of features.

The dataset analysed in the present study is based on
a sample of all Spanish MNEs registered with the Foreign
Trade Institute (ICEX) and from the Web site http://www
.oficinascomerciales.es, both managed by the Spanish Min-
istry of Industry, Tourism, and Trade. In order to analyse a
representative sample of companies with sufficient autonomy,
we restricted the sample to keep only those large and
independent enough to conduct and decide their own inter-
nationalization strategy. Thus, following a well-established
cutoff point in international business literature, used for
example by Eurostat (http://ec.europa.eu/eurostat/statistics-
explained/index.php/Glossary:Enterprise size), we dropped
from the sample those with less than 250 employees. We
also dropped those companies with a foreign majority owner
controlling more than half of the capital.

It is also important to note the huge impact of the
financial crisis on the Spanish economy, which forced many
multinational enterprises to sell or postpone international
operations in order to focus on the problems of the home
market. To avoid distortions in the results due to this
exogenous effect, we took the year 2007 as our base year.
Overall, the sample consists of 164 companies investing in 119
countries worldwide. Unfortunately, Afghanistan, Andorra,
Puerto Rico, and São Tomé and Pŕıncipe are not included
in the sample due to lack of data. In addition, Serbia,
Montenegro, and Kosovo are included as a group because at
the time of the study they constituted a single country.

For the above-mentioned companies and countries, the
following data about each one of the cases of international
presence were collected (further details about the different
features can be found in [32]):

(i) Company sector: 5 binary features stating the econ-
omy sector the company belongs to (manufacturing,
food, construction, regulated, and others).

(ii) Company product diversification: 3 binary features
(nondiversified, related or unrelated diversification).

(iii) Other company characteristics: assets, number of
employees, return on assets (ROA), ROA growth, age,
number of countries where the company operates,

and leverage and whether or not the company is
included in a stock market.

(iv) Host country characteristics: GDP, GDP growth,
total inward Foreign Direct Investment, population,
unemployment, level of corruption, and Economic
Freedom Index.

(v) Geographic and psychic distance stimuli between
home and host countries: the data for each psychic
distance stimulus is calculated byDow& Karunaratna
[28] based on a principal component analysis of a
single factor. The calculations are based on critical
factors widely used in the literature to explain cross-
national differences at the macro level. Thus, the
education distance stimulus is based on differences
on literacy rate and enrolment in second and third-
level education building on data from the United
Nations. The industrial development stimulus takes
into account differences in ten dimensions such as
in energy consumption, vehicle ownership, employ-
ment in agriculture, and number of telephones and
televisions. The language stimulus is based on the
differences between the dominant languages and the
bilateral influence of each country’s major language in
the other country. The democracy stimulus includes
differences in the type of political systems in terms
of political rights, civil liberties and POLCON and
POLITY IV indices which account for the political
constraints of the government of the country based
on the existence and alignment of other independent
political agents who can keep reducing the govern-
ment discretional power. The political ideology stim-
ulus is based on the ideological leanings of the chief
executive’s political party and the largest political
party in the government. Finally, the religion stimulus
is calculated based on the differences between the
dominant religions and the bilateral influence of each
country’s dominant religion in the other country.

As a result, a dataset containing 1456 samples and 33
features was obtained and is analysed by means of HUEPs as
it is presented in the following section.

4. Results and Discussion

Data from the aforementioned real-world case study are
shown on low-dimensional spaces, on which they can be
visually compared. In this section, the main results (HUEPs)
are presented; for comparison purposes, combinations of
the three EPP methods (PCA, MLHL, and CMLHL) with
two clusteringmethods (hierarchical clustering and k-means)
are shown. Additionally, Psychic-Democracy information is
added through the glyph metaphor. As it is a continuous
variable ranging from 0 to 2, it has been discretized in
quartiles and data are shown accordingly (see the legend in
Figure 2).

Combinations of different values were tested during
experimentation for each one of the parameters of the applied
models. After that, the best results were selected and are

http://www.oficinascomerciales.es
http://www.oficinascomerciales.es
http://ec.europa.eu/eurostat/statistics-explained/index.php/Glossary:Enterprise_size
http://ec.europa.eu/eurostat/statistics-explained/index.php/Glossary:Enterprise_size
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Q1 (1.5 − 1.99)
Q2 (1 - 1.49)
Q3 (0.5 - 0.99)
Q4 (0 − 0.49)

Figure 2: Legend for the glyph metaphor when using Psychic-
democracy distance.

presented in Section 4 for the sake of brevity. In order to
obtain such results, the different parameters were tuned with
the following values:

(i) PCA: number of output dimensions: 2 and 3.
(ii) MLHL: number of output dimensions: 2 and 3,

number of iterations: 3000, learning rate: 0.08009, p:
0.54.

(iii) CMLHL: number of output dimensions: 2 and 3,
number of iterations: 3000, learning rate: 0.000175, p:
1.96, 𝜏: 0.034.

(iv) k-means: k-means++ algorithm for cluster centre
initialization, squared Euclidean distance and values
of 𝑘 equal to 3 and 6.

(v) Agglomerative clustering: cosine distance, single link-
age method, and a cutoff value adjusted to obtain the
same number of clusters as in the case of k-means (3
and 6).

4.1. HUEP: EPP + Partitional Clustering. Firstly, HUEPs
generated by the combination of the three EPP methods
together with partitional clustering (k-means) are presented
and their most relevant characteristics are discussed.

From a general point of view, visualizations in Figure 3
reveal a certain structure in the analysed dataset. The results
from Figure 3(a) clearly depict groups at three different
levels of the vertical axis (that is, the output of the k-
means clustering method when the 𝑘 parameter equals to
3). The first one (labelled as G1) is made of subsidiaries
located in the United States. The second one includes three
subgroups made of countries sharing specific characteristics.
Subgroup G2.1 includes subsidiaries located in countries
with economic and political problems such as Venezuela
and Bangladesh. Subgroup G2.2 includes subsidiaries in
emerging and growing economies, with a more stable envi-
ronment compared to G2.1, such as Argentina, Brazil, Chile,
Colombia, Hungary, Morocco, Mexico, Russia, Thailand,
Turkey, Poland, Philippines, Slovakia, and Slovenia. This sub-
group also includes some European countries with relatively
advanced economies such as Belgium, Ireland, and Portugal.
Finally, subgroup G2.3 includes small European countries
with advanced economies and stable democracies such as the
Netherlands and Norway. The third level includes also three
subgroups with particular characteristics. The subgroup G3.1
includes subsidiaries located in China. The subgroup G3.2
includes Japan and some of the largest Western economies
such as France, Italy, and Germany. Finally, subgroup G3.3
includes another developed European economy, the UK.
Overall, Figure 3(a) offers a very clear determination of a
cluster of a country with a very low level of democracy

(China), at the extreme left side of the visualization, com-
pared to democratic societies which appear on the right
side. However, the HUEP also clearly distinguishes between
advanced societies with a similar pluralistic political system
to Spain, such as other geographically closer Western Europe
economies of a similar size (France, Italy, and Germany), as
opposed to another democratic country but with a different
political organization based more on a bipartisan system.
Smaller economies are located in the second, intermediate
level of the vertical axis, but clearly differentiated according
to their level of economic and political development, with
those less developed economies at the extreme left side of
the graph, stable and growing emerging countries in the
middle and more advanced countries at the extreme right
side.

The results from Figure 3(b) exhibit a very similar pattern
to those of Figure 3(a). Subgroups G1.1, G1.2, G1.3, and G1.4
gather all of the subsidiaries located in the United States,
similar to the group G1 in Figure 3(a). The second level is
again a mixed combination of emerging economies from all
over the world together with democratic societies of a smaller
size of Spain, very similar to what happened in Figure 3(a).
In this case, however, it is worth noting that the subgroups
of this level are much more heterogeneous and it is not easy
to differentiate them according to their level of development
as in the previous visualization. Both emerging and advanced
countries appear in all subgroups. Finally, the main difference
between both figures is that Group 3 is also less clear in
Figure 3(b) than in Figure 3(a). While in Figure 3(a) China
was clearly identified as an independent subgroup and all
the subsidiaries located in this country were included in a
single subgroup, in this case they appear simultaneously in
subgroups G3.1, G3.2, and G3.3. Besides, subsidiaries, located
in the common law based in UK, do not appear in a slightly
separated subgroup, but mixed in all G3 subgroups.

As the best results are obtained by CMLHL, HUEP
generated by this EPP method together with k-means is
individually shown in Figure 4.

The results from Figure 4 are consistent with the previous
ones but offer an insightful nuance. First, G1 is consistent with
Figures 3(a) and 3(b) and includes all subsidiaries located in
the United States. Next, G2 can be split into two subgroups,
the first one (G2.1) is made of subsidiaries in Serbia, Mon-
tenegro, and Kosovo. While these three countries used to be
a single one, Montenegro held an independence referendum
in 2006 and Kosovo declared its unilateral independence in
2008.This particularmethod, unlike the previous ones, shows
the ability to distinguish these historic events taking place
around the time the sample was collected. The second one,
G2.2, is made of the same mix of emerging economies and
democratic advanced countries smaller in size than Spain.
Finally, G3 is split into three subgroups. The first one (G3.1)
in the left extreme of the graph shows subsidiaries located
in China. The second one (G3.2) includes Western European
countries close to Spain in terms of geography, size, and
democratic systems (France, Italy, and Germany), and the
third one (G3.3) includes the subsidiaries located in the
UK. According to the Psychic-Democracy information that
is also depicted, HUEP generated from CMLHL projection
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(b) HUEP: MLHL + partitional clustering + Psychic - Democracy
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Figure 3: HUEP samples on partitional clustering (k=3).
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Figure 4: HUEP: CMLHL + partitional clustering (k=3) + Psychic
- Democracy information.

reveals the structure of the dataset in a better way; in Figure 4
subgroups 2.1 and 3.1 only gather countries with highest
scores (Q1 - pink crosses). Data with intermediate values of
Psychic-Democracy information are all gathered in subgroup
2.2 but in an ordered way, starting from Q2 (blue triangles)
close to the data with highest values (Q1) on the left side of
the visualization. Then, data from Q3 are visualized (black
circles) and data with lowest values (red stars) can be seen
on the right side.

To check the effect of increasing the target number of
clusters to be identified (kparameter) by k-means, someother
experiments were run.The results for the three EPPmethods
when the 𝑘 parameter equals to 6 are shown below in Figures
5(a), 5(b), and 6.

In general terms, it can be said that the results from
Figure 5(a) are comparable to those from Figure 3(a). At
the lower level, on the right extreme of the graph, the
visualization identifies two separate large economies. G1
includes subsidiaries in the US and G2 those in Germany.
G3, that is more on the left side of the graph, includes sub-
sidiaries in various emerging economies such as Argentina,
Chile, Morocco, Poland, and Turkey. G4 is similar to G3
in Figure 2(a). G4.1 identifies subsidiaries located in China.
G4.2 includes subsidiaries in France and Italy and G4.3
in UK. G5.1 includes subsidiaries in three large emerging
countries: Brazil, Mexico, and Russia. G5.2 identifies one
country in particular, South Korea. G5.3 includes subsidiaries
in advanced economies such as Australia, Canada, and the

Netherlands. Finally, at the top of the graph, G6 identifies
subsidiaries in Japan.

Overall, this HUEP in Figure 5(a) shows consistent
results with those from Figure 3(a) as it displays countries
according to their level of economic and political develop-
ment from left to right, and it also identifies specific countries
that are relevant and with a particular idiosyncrasy. As in
the case of Figure 3(a), US, China, and UK are highlighted
given their differences with the continental European system
of Spain. However, in this case, Germany, South Korea,
and Japan are also identified in specific subgroups. The
former may be due to its federal political organization in
which the constituent states (Länder) retain a measure of
sovereignty. The latter two are two stable and advanced
countries with a well-functioning democratic, parliament-
based, political system. However, their large cultural distance
from Spain and political tensions with China and North
Koreamay explainwhy this visualization separates them from
the rest.

No clear structure is revealed in Figure 5(b): many differ-
ent subgroups are generated with a heterogeneous mixture of
countries. As a result, and for the sake of brevity, results in
this figure are not described.

The results from Figure 6 show a very similar pattern
to those from Figure 5(a). G1 includes subsidiaries in the
US and G2 in Germany. G3.2 includes emerging economies
similar to the previous G3 subgroup in Figure 5(a). However,
in this case, the visualization separates Serbia in G3.1, due
to the previously mentioned events happening in Montene-
gro and Kosovo. Also similar to G4 in Figure 5, here the
subgroup G4.1 located in the left extreme of the graph
includes subsidiaries in China, whereas G4.2 includes those
in France and Italy and G4.3 those in the UK. Finally, this
visualization identifies Japan in G6, but contrary to the
previous visualization, South Korea is included in a larger
and more heterogeneous group with other countries in G5.
This group includes all the countries that in Figure 5(a) were
part of subgroups G5.1 (Brazil, Mexico, and Russia) and
G5.3 (Australia, Canada, and theNetherlands). Overall, while
this visualization offers the advantage of identifying Serbia
separately as Figure 4, it shows a less clear picture in G5
compared to Figure 5(a).
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Figure 5: HUEP samples on partitional clustering (k=6).
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Figure 6: HUEP: CMLHL + partitional clustering (k=6) + Psychic
- Democracy information.

When analysing Psychic-Democracy information depict-
ed in Figure 6, it can be said that once again, groups are
coherently organized according to such criteria. Only 2 sub-
groups (out of 9) contain data from more than one quartile.
Furthermore, there is a global and decreasing ordering from
left (data in Q1, depicted as pink crosses) to right (data in Q4,
depicted as red stars).

4.2. HUEP: EPP + Hierarchical Clustering. In order to check
the validity of proposed HUEPs to combine results from
different clustering methods, results from hierarchical clus-
tering (combined with the 3 different EPP methods, namely,
PCA, MLHL, and CMLHL) are shown in this subsection.

Figure 7(a) shows some interesting differences compared
to previous visualizations. While also organized in three
levels (3 output clusters) as Figures 3(a) and 3(b), the
countries uniquely identified in separate groups are different.
In the lower level, G1 identifies Australia and in the upper
level G3 identifies Ireland. In the middle level, three
subgroups are identified. In this case, consistent with Figures
3(a) and 3(b), countries on the left show lower levels of
economic and political development. Thus, G2.1 includes
Venezuela and Bangladesh, while G3 identifies the US. G2.2
is a very heterogeneous group including all other countries
in the world. In this case, the HUEP underlines the particular
situation of Ireland, a location where the laws of the country
offer very favourable conditions given the low corporate tax,

noticeably lower than in the rest of Europe. As a result, many
MNEs have located their subsidiaries, often leading to con-
troversial debates and loss of legitimacy. For example, Zara’s
owner Inditex has been accused of tax evasion (https://www
.independent.ie/business/irish/zara-owner-used-ireland-to-
slash-its-tax-bill-meps-claim-35279873.html), reporting mil-
lions of euros in turnover but havingnoemployeeson thepay-
roll (https://fashionunited.uk/news/business/inditex-accused-
of-dodging-585-million-euros-in-taxes/2016120822765). The
case of Australia might be due to the fact that it is a country
perceived as distant both in terms of geography and culture,
which represents an obstacle to FDI, and pertaining to the
Commonwealth and therefore based on a common law
system with relevant similarities with the UK.

Figure 7(b) is also structured in three levels and shows
very consistent results with the previous one. However, in
this case, G1 and G3 are split into three subgroups. Similar
to Figure 7(a), G1 includes subsidiaries in Australia and G3
includes subsidiaries in Ireland.However, in this visualization
it is possible to observe differences based on the specific
sector of the firms. Subgroups on the left (G1.1 and G3.1)
include companies in the infrastructure sector such as ACS,
Ferrovial or Indra, and other highly regulated sectors such
as airlines (Iberia). Subgroups in the middle (G1.2 and G3.2)
include large companies in manufacturing such as Inditex
and Mango. Finally, subgroups on the right side of the
graph include smaller (albeit also MNEs) companies such as
Teka, Tamisa, or Valdepesa. While this visualization is more
precise about the sectors of these two particular countries,
the subgroups in the middle level of the vertical axis (G2.1,
G2.2, and G2.3) are heterogeneous and it is not easy to
identify groups based on their level of economic or political
development compared to G2 in Figure 7(a).

The results of Figure 8 are quite similar to those in
Figure 7(a). G1 includes subsidiaries in Australia and G3
includes those in Ireland. However, G2.1 includes two coun-
tries that have been repeatedly identified in independent
subgroups in previous visualization (China and Serbia),
although in this case they form a group together due to the
perspective. Finally, in G2.3 the UK is identified as a slightly
separate group compared to the larger G2.2 which includes
themajority of countries of the world. It is worth highlighting
that the ordering (from left to right) of Psychic-Democracy

https://www.independent.ie/business/irish/zara-owner-used-ireland-to-slash-its-tax-bill-meps-claim-35279873.html
https://www.independent.ie/business/irish/zara-owner-used-ireland-to-slash-its-tax-bill-meps-claim-35279873.html
https://www.independent.ie/business/irish/zara-owner-used-ireland-to-slash-its-tax-bill-meps-claim-35279873.html
https://fashionunited.uk/news/business/inditex-accused-of-dodging-585-million-euros-in-taxes/2016120822765
https://fashionunited.uk/news/business/inditex-accused-of-dodging-585-million-euros-in-taxes/2016120822765
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Figure 7: HUEP samples on hierarchical clustering.
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Figure 8: HUEP: CMLHL + hierarchical clustering + Psychic -
Democracy information.

information is preserved in Figure 8, with a more precise
definition than in Figure 4.

From previous Sections 4.1 and 4.2 it can be concluded
that HUEPs successfully combine the output from different
EPP (PCA, MLHL, and CMLHL) and clustering (partitional
and hierarchical) methods.

4.3. Comparison to Alternative Visualizations. Up to the
authors’ knowledge, there is not any validation method to
test HUEPs with quantitative metrics. As a consequence,
the obtained results are visually compared with some other
visualizations of the same dataset. For a fair comparison, 3D
scatterplots have also been generated.

Initially, HUEPs are compared to a combination of EPP
together with partitional clustering, without using the glyph
metaphor with any additional information as it has been used
in Figures 3–8 (Psychic-Democracy).

In Figure 9 the same structure that has already been
described in the case of Figure 4 is revealed. The same data
are located in the same groups, but obviously adding further
details through the glyph metaphor makes HUEPs more
informative. Thanks to the different colours and shapes, it
is easy to get an idea of the global ordering that has been
previously mentioned (for Figures 4 and 8) and to know
which countries are located in some of the groups.

0
51

2

1011 10 9 8 7 6 5 4

3

3 2

Figure 9: CMLHL + partitional clustering.

4.3.1. Alternative Distance Information. In order to check
the results of the proposed HUEPs when visualizing some
other distance criteria (different from Psychic-Democracy)
through the glyph metaphor, Figures 10–12 are provided.
As these also are continuous variables, they have been
discretized in quartiles, as in the case of Figures 3–8.

Yet, in order to provide a comprehensive analysis, we also
conduct the analysis of all psychic dimensions altogether. To
do so we rely on the operationalization suggested by [26] as
this method has been proven superior to the simple average
of dimensions since it also takes into account the differences
in variance of the dimensions. Algebraically, this method can
be expressed as

𝐾𝑆𝑗 =
∑6𝑖=1 ((𝐼𝑖𝑗 − 𝐼𝑖𝑢)

2 /𝑉𝑖)
6

(11)

where 𝐼𝑖𝑗 is country j’s score on the ith cultural dimension, 𝐼𝑖𝑢
is the score for Spain on this dimension, and𝑉𝑖 is the variance
of the score on the dimension.

While in the previous visualization we focused on the
democracy distance, we also controlled the visualizations of
other psychic distance stimuli and also that of the overall
psychic distance aggregated into a single construct using the
Kogut & Singh’s formula. For the sake of parsimony, we show
here only those with a clearer visualization of the different
groups, in particular the one using education distance, the
one using Religion distance, and the one using the aggregated
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(c) HUEP: CMLHL + partitional clustering (k=3) + Kogut & Singh
information

Figure 10: Comparison of HUEPs when visualizing different distance criteria through the glyph metaphor.
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Figure 11: 3D plots from EPP methods.
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Figure 12: CMLHL 3D visualization + Psychic - Democracy
information.

Kogut& Singh’s formula. However, as it can be seen in Figures
10(a), 10(b), and 10(c), the visualization is less clear as it is
observed in the more fuzzy combination of colours in some

of the groups. Although different criteria can be visualized
by the HUEPs, not all of them are equally informative for
a given projection. In the case of the criteria visualized in
Figure 10 it can be seen that some of the data from the same
quartile are gathered in the same groups but some others are
not. Furthermore, a global ordering is not revealed as in the
case of Psychic-Democracy (Figures 4 and 8).

4.3.2. 3D EPP Projections. Finally, the comprehensive com-
parison of visualizations also comprises simpler 3D plots
where only the output (3 first components) of the EPP
methods is depicted, together with the glyph metaphor.

When compared with previous HUEPs that combine the
outputs of corresponding EPP methods (PCA or MLHL),
Figure 11 does not reveal the structure of the whole dataset
in a sparse and clear way, although some subgroups could be
identified.
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In the case of Figure 12, the 3D CMLHL visualization
revealsmore clearly defined groups than those fromFigure 11.
In this case, the majority of countries are included in a very
heterogeneous group inG2.2. However, themethod identifies
the subsidiaries located in China in groupG1, the subsidiaries
located in Serbia in the subgroup G2.1, and the subsidiaries
located in the UK in the subgroup G2.2, countries showing
some specific features as already described. Finally, G3
includes the subsidiaries in South Africa, a country that
was never represented in its own separate group. As in the
case of Australia, that was singled out in some previous
visualizations, this is a country that is both geographically and
culturally distant to Spain and with a political system based
on the UK’s common law system, as a former colony and
part of theCommonwealth.While this visualization identifies
specific countries such as China, Serbia, and SouthAfrica, the
very heterogeneous nature of countries included in G1 makes
the visualization less clear than previous ones such as those
of Figures 4 and 8. When compared to the corresponding
HUEPs, it can be said that adding the clustering information
makes the visualization more precise, as data are split in a
larger number of more separated groups, which let us gain
deeper knowledge of the case of study.

5. Conclusions and Future Work

From the results presented in Section 4, it can be concluded
that HUEPs are a useful technique to visually analyse inter-
nationalization data in order to better understand it. More
specifically, the presented visualizations provide insightful
information about the geographical distribution of Spanish
subsidiaries. They also allow for the identification of specific
countries exhibiting specific political and legal characteristics
or going through particular historic events (e.g., China,
the UK, US, Serbia, etc.). This type of data represents a
valuable source of information for managers in enterprises
who can learn from vicarious experience (i.e., the knowledge
that companies can obtain from the actions of other firms
sharing a common characteristic, such as nationality) [32]. By
observing the behavior of other companies, firms can imitate
best practices and avoid previous mistakes [55]. Besides,
the data is also very relevant for policy-makers interested
in attracting larger volumes of foreign investors, as these
investments can provide key technology or managerial talent
missing in the country and also positive spillovers in the form
of a boost for the competitiveness of other related industries
in the economy [56].

When considering the different EPP methods that have
been applied, it can be said that CMLHL provides the more
sparse projections, what is consistent with previous work. On
the other hand, both clusteringmethods generate meaningful
outputs and it is worth mentioning that HUEPs greatly
accommodate to a varying number of clusters (higher than
1). According to the glyph metaphor comparison, adding
Democracy (Psychic) distance let us better understand the
nature of the analysed dataset by HUEPs. Thanks to the
more precise definition and higher number of groups in the
visualizations, HUEPs contribute to overcome some of the

drawbacks of scatter plots: overplotting and overlapping. All
in all, it has been proven that HUEPs are a valid proposal
to combine the outputs from different EPP and clustering
methods. Additionally, the 3D scatterplots can be enriched
with information from different sources (distance criteria in
the present case study).

In future work, HUEPswill be applied to some othermul-
tidimensional datasets, comprising companies from other
countries apart from Spain and thus comparing the interna-
tionalization strategies of companies fromdifferent countries.
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Educational Data Mining (EDM) is a research field that focuses on the application of data mining, machine learning, and statistical
methods to detect patterns in large collections of educational data. Different machine learning techniques have been applied in this
field over the years, but it has been recently that Deep Learning has gained increasing attention in the educational domain. Deep
Learning is a machine learning method based on neural network architectures with multiple layers of processing units, which has
been successfully applied to a broad set of problems in the areas of image recognition and natural language processing. This paper
surveys the research carried out in Deep Learning techniques applied to EDM, from its origins to the present day. The main goals
of this study are to identify the EDM tasks that have benefited from Deep Learning and those that are pending to be explored,
to describe the main datasets used, to provide an overview of the key concepts, main architectures, and configurations of Deep
Learning and its applications to EDM, and to discuss current state-of-the-art and future directions on this area of research.

1. Introduction

Theresearch field of Educational DataMining (EDM) focuses
on the application of techniques and methods of data min-
ing in educational environments. EDM is concerned with
developing, researching, and applying machine learning,
data mining, and statistical methods to detect patterns in
large collections of educational data that would otherwise be
impossible to analyze [1].

EDM leverages e-learning platforms such as Learning
Management Systems (LMS), Intelligent Tutoring Systems
(ITS), and, in the last years, Massive Open Online Courses
(MOOC), to obtain rich and multimodal information from
student’s learning activities in educational settings. For
instance, these platforms record when the students access a
learning object, how many times they accessed it, whether
the answer provided to an exercise is correct or not, or the
amount of time spent reading a text or watching a video.

All this information can be analyzed to address different
educational issues, such as generating recommendations,
developing adaptative systems, and providing automatic
grading for the students’ assignments. Different machine
learning techniques have been applied over time to analyze
this data, but it has been in recent years that the use of Deep
Learning techniques has emerged in the field of EDM.

The topic of Deep Learning (DL) has gained increasing
attention in the industry and research areas in the last decade,
revolutionizing the field of machine learning by obtaining
state-of-the-art results in perception tasks such as image and
speech recognition [2]. Major companies such as Google,
Facebook, Microsoft, Amazon, and Apple are heavily invest-
ing in the development of software and hardware innovations
in this field, trying to leverage DL potential in the production
of smart products.

DL is based onneural network architectureswithmultiple
layers of processing units that apply linear and nonlinear
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transformations to the input data. These architectures can
be applied to all type of data: image, audio, text, numerical,
or some combination of them. Many research fields have
benefited from applying these technologies, and EDM is not
an exception.

In the last few years there has been a proliferation of
research in the EDM field using DL architectures. This article
presents a review on the literature of DL techniques applied
to EDM, from its first appearance in 2015 to the present day.
The primary contributions of this article are as follows:

(i) Summarize the main EDM tasks and classify the
existing works that have applied DL on each of these
tasks.

(ii) Identify the tasks that have gained major attention
and those that are still unexplored.

(iii) Describe and categorize the main public and private
datasets employed to train and test DL models in
EDM tasks.

(iv) Introduce key DL concepts and technologies, describ-
ing the techniques and configurations most widely
used in EDM and its specific tasks.

(v) Discuss future directions for research inDL applied to
EDMbased on the information gathered in this study.

The rest of this article is organized as follows: Section 2
presents and compares previous surveys in the field of
EDM; Section 3 describes the process carried out to retrieve
the papers reviewed in this study, including a quantitative
analysis of the papers gathered; Section 4 describes the
main tasks in EDM, identifies the existing literature in
each task, and describes the main datasets employed in the
field; Section 5 presents the key concepts of DL, the main
architectures, configurations, and frameworks, summarizing
the characteristics (in terms of DL technologies) of the
work done in EDM; Section 6 presents a discussion about
the information compiled during this review work; finally,
conclusions are presented in Section 7.

2. Review of Previous Surveys

The application of data mining techniques to educational
environments has been an active research field in the last
few decades, gaining much popularity in recent times thanks
to the availability of online datasets and learning systems.
Different surveys have been published about EDM so far, and
this section summarizes these works and presents the key
differences between the current proposal and the previous
reviews in this field.

The first EDM survey identified in the literature was
developed in 2007 by Romero and Ventura [3], which was
further improved in 2010 [4] and 2013 [5]. In the later, the
authors analyzed more than 300 studies carried out before
2010, identifying eleven categories or tasks in EDM: analysis
and visualization of data, providing feedback for supporting
instructors, recommendations for students, predicting stu-
dent’s performance, student modeling detecting undesirable
student behaviors, grouping students, social network anal-
ysis, developing concept maps, constructing coursewares,

and planning and scheduling. The survey presented methods
and techniques employed in the EDM field in each of these
categories.

In 2009, a new EDM survey was presented by Baker and
Yacef [6]. This study discussed trends and shifts in research
conducted by this community, comparing its current state
with the early years of EDM. In this case, the authors iden-
tified four applications/tasks in this field: improving student
models, improving domainmodels, studying the pedagogical
support provided by learning software, and scientific research
into learning and learners. The most-cited papers in EDM
between 1995 and 2005 were listed, discussing their influence
on the EDM community.

Peña-Ayala proposed in 2014 a thorough survey by
applying data mining techniques to more than 240 papers
in EDM [7]. The execution of statistical and clustering
processes identified a set of educational functionalities, a
pattern of EDM approaches, and two patterns of value-
instances to depict EDM approaches based on descriptive
and predictive models. Unlike previous literature reviews,
thisworkmainly focused on computational techniques rather
than EDM applications.

More recently, two new studies have been added to this
list of surveys.The first one was carried out by Bakhshinategh
et al. in 2018 [8]. This work studied various tasks and
applications existing in the field of EDM and categorized
them based on their purposes. Based on the eleven categories
proposed by [4], they suggested a hierarchy of thirteen
categories grouped into five main tasks: Student Modeling,
Decision Support Systems, Adaptive Systems, Evaluation, and
Scientific Inquiry. In Section 4.1, this taxonomy of tasks is
used as the basis to classify the current studies inDL for EDM.

Finally, the most recent review devoted to EDM has
been developed by Aldowah et al. [9] in 2019. This study
constrained the research to works applied in the context
of higher education. The analysis presented was based
on four dimensions: computer supported learning ana-
lytics, computer supported predictive analytics, computer
supported behavioral analytics, and computer supported
visualization. Based on the results of previous studies, the
authors found that specific EDM techniques could offer
the best means of solving certain learning problems, offer-
ing student-focused strategies and tools for educational
institutions.

In these review papers there are two aspects that have not
been studied in a systematic way, and that the present work
intends to analyze: the existing datasets and the use of DL
techniques in EDM. Firstly, in order to empirically compare
different approaches, it is necessary to know the underlying
datasets employed in the experiments. In this paper, a section
is devoted to review and summarize these resources (see
Section 4.2). Secondly, although previous proposals have
taken into account (shallow) neural networks approaches in
the literature, none of them is specifically focused on DL
techniques. In this paper, Section 5 provides an introduc-
tion to the foundations of DL (main architectures, training
process, hyperparameters, and frameworks), characterizing
these techniques in the EDM domain and relating them to
the papers reviewed.
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Figure 1: Number of papers published per year.

3. Methodology

This section describes the methodology followed to carry
out this review and the process of gathering, analyzing
and extracting the existing works on DL applications to
EDM.

In order to perform a systematic review, the following
scientific repositories were accessed: ACM Digital Li-
brary (https://dl.acm.org/), Google Scholar (https://schol-
ar.google.es/), and IEEE Xplore (https://ieeexplore.ieee.org/).
These sources were queried with the following search
string: "deep learning" AND "educational data min-
ing". As a result, a large set of papers was retrieved and a
manual review process was applied to filter out duplicates
and papers on unrelated topics. The bibliography cited in the
papers that initially passed the filter was also reviewed. This
allowed expanding the number of relevant papers retrieved.
The final set contained 41 papers. Figure 1 summarizes the
number of publications per year.The first papers applying DL
to EDMwere published just four years ago, in 2015, and there
is clearly an increase in the number of publications over the
years until 2018.

Table 1 summarizes the number of papers published in
each publication venue. Most of them have been published
in conferences (80%). The International Conference on Edu-
cational Data Mining accumulates the maximum number of
publications (considering the last three editions), with a total
of 16. Not surprisingly, this is the congress of reference in the
EDM field.

Finally, Figure 2 shows a choropleth map of the world
showing the density of researchers per country involved in
the area of DL applied to EDM, based on their affiliation.
Authors are weighted by the number of contributors to the
paper. For instance, in a paper with 𝑛 authors, each one will
contribute to their country with a weight of 1/𝑛. The map
shows that United States is the more active country in this
field, followed (at a great distance) by India, Canada and
China. Other countries where researchers have contributed
to this field are New Zealand, Singapore, Japan, Argentina,
Australia, and Serbia.

4. Educational Data Mining

The first part of this section shows taxonomy of the tasks
addressed by EDM systems. The works reviewed are briefly
described and classified using this taxonomy in order to
differentiate the tasks that have been faced by DL approaches
from those that are still unexplored. The second part of the
section describes the main datasets used in the field, also
grouped by the task addressed.

4.1. Tasks. In the last years, different surveys have focus in
different aspects of EDM systems. A recent study is described
in [8]. An interesting aspect of thiswork is the development of
a novel taxonomy of tasks in EDM.This taxonomy is used in
this section as the basis to classify the papers gathered in the
field ofDL applied to EDM.The taxonomy comprises thirteen
tasks:

(i) Predicting student performance: the objective is to
estimate a value or variable describing the students’
performance or the achievement of learning out-
comes.

(ii) Detecting undesirable student behaviors: the focus
here is on detecting undesirable student behavior,
such as low motivation, erroneous actions, cheating,
or dropping out.

(iii) Profiling and grouping students: the purpose is to
profile students based on different variables, such as
knowledge background, or to use this information to
group students for various purposes.

(iv) Social network analysis: the aim is to obtain a model
of students in the form of a graph, showing different
possible relationships among them.

(v) Providing reports: the purpose is to find and highlight
the information related to course activities whichmay
be of use to educators and administrators, providing
them with feedback.

(vi) Creating alerts for stakeholders: the objective is to
predict student characteristics and detect unwanted
behavior, serving as an online tool for informing
stakeholders or creating alerts in real time.

(vii) Planning and scheduling: the aim is to help stakehold-
ers in the task of planning and scheduling.

(viii) Creating courseware: the purpose is to help educators
to automatically create and development coursemate-
rials using students’ usage information.

(ix) Developing concept maps: the objective is to develop
concept maps of various aspects to help educators
define the process of education.

(x) Generating recommendation: the objective is tomake
recommendations to any stakeholders, although the
main focus is usually on helping students.

(xi) Adaptive systems: this task is related to the use of
intelligent systems in computer based learning, where
the system has to adapt to the user’s behavior.

https://ieeexplore.ieee.org/
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Table 1: Number of papers over publication venue.

Type Publication venue Number

Conference

International Conference on Educational Data Mining (2016, 2017, 2018) 16
Third ACMConference on Learning @ Scale (2016, 2017) 5
Artificial Intelligence in Education 2
IEEE International Conference on Data Mining Workshop (ICDMW 2015) 1
International Symposium on Educational Technology (ISET) 1
Seventh International Learning Analytics and Knowledge Conference 1
Annual Conference on Neural Information Processing Systems (NIPS) 1
Conference on Empirical Methods in Natural Language Processing (2016) 1
26th Conference on User Modeling, Adaptation and Personalization 1
2nd International Conference on Crowd Science and Engineering 1
Neural Information Processing Systems, Workshop on Machine Learning
for Education 1

2nd International Conference on Innovation in Artificial Intelligence 1
20th ACM International Conference on Multimodal Interaction 1

Journal

CoRR 4
International Journal of Applied Engineering Research 1
Journal of Educational Data Mining 1
Journal of Engineering and Applied Sciences 1
Journal of Educational Computing Research 1

Canada

United States
of America

Argentina

Serbia
China

India
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New
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99

1

Figure 2: Choropleth map showing the density of researchers per country in the papers reviewed based on their affiliation.

(xii) Evaluation: the goal is to provide an automatic evalu-
ation tool to help educators.

(xiii) Scientific inquiry: mostly targeted on researchers as
the end users, but developed or tested theories can
be used afterwards in other applications with different
stakeholders.

All the works analyzed in this review fall into four of
these thirteen categories: predicting student performance,

detecting undesirable student behavior, generation recom-
mendations, and evaluation. The other nine categories
remain empty. Table 2 summarizes these four tasks in EDM
(first column), the references to the works in the field (second
column), the datasets employed (third column), and the types
of datasets (fourth column). This last column specifies if
the dataset has been created specifically for the experiments
carried out (“Specific”) or if it is a general dataset used in
other works (“General”). The following subsections present
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Table 2: Summary of EDM tasks, approaches, datasets, and types of datasets. “Specific” means that the dataset has been created for a specific
study, and “General” means that it has been used in different publications.

Task Reference Dataset Type

Predicting student
performance, achievement
of learning outcomes or
characteristics

Lin and Chi, 2017 [11] ITS Pyrenees Specific
Zhang et al., 2017 [49] ASSISment and OLI datasets General
Kim et al., 2018 [26] Udacity Specific
Lalwani and Agrawal, 2017
[14] Funtoot dataset Specific

Okubo et al., 2017 [24] Information Science Course dataset Specific
Guo et al., 2015 [23] High schools dataset Specific
Sharada et al., 2018 [22] ASSIStment 2018 General
Wang et al., 2017 [12] Code course dataset Specific
Tang et al., 2016 [21] Kaggle Automated Essay Scoring General
Bendangnuksung and P.,
2018 [20] Kaggle Students’ Academic Performance dataset General

Mao et al., 2018 [15] ITS Pyrenees and ITS Cordillera Specific
Wilson et al., 2016 [50] ASSISTment 2009-2010, KDD Cup 2010 and ITS Knewton General

Wilson et al., 2016 [16] ASSISTment 2009-2010 dataset, KDD Cup 2010 dataset and ITS
Knewton General

Khajah et al., 2016 [17] Assistment 2009-2010 dataset, virtual student dataset, and data
from Spanish and Engineering courses

General and
Specific

Xiong et al., 2016 [18] ASSISTments 2009-2010 dataset General
Wang et al., 2017 [53] KDD Cup 2015 dataset General
Kim et al., 2018 [27] Udacity Specific

Montero et al., 2018 [13] ASSISTment 2009-2010 dataset, KDD Cup 2010 dataset and ITS
Woot Math

General and
specific

Piech et al., 2015 [10] Virtual student dataset and Assistments 2009-2010 dataset General
Singh et al. 2018 [54] Kaggle Automated Essay Scoring General
Alam et al., 2018 [25] Kaggle Students’ Academic Performance dataset Specific

Yeung and Yeung, 2018 [19] ASSISTment 2009, ASSISTment 2015, ASSISTment Challenge,
Statics2011, Simulated-5 Specific

Detecting undesirable
student behaviors

Aung et al., 2018 [36] YouTube videos of school classrooms Specific
Sharma et al., 2016 [34] StyleX dataset (multimedia) Specific
Teruel and Alemany, 2018
[29] ASSISTment 2009-2010 dataset and KDD Cup 2015 General

Fei and Yeung, 2015 [28] - -
Whitehill et al., 2017 [31] HarvardX MOOCs General
Wang et al., 2017 [30] Code course dataset Specific
Min et al., 2016 [33] Game-based virtual learning environment Crystal Island Specific
Tato et al., 2017 [37] French corpus Specific
Yang et al., 2018 [35] Videos collected in unconstrained environments Specific
Xing and Du, 2018 [32] Canvas project management MOOC Specific

Generating
recommendations

Wong, 2018 [39] Student transcript records Specific
Abhinav et al., 2018 [38] Learner’s profile data Specific

Evaluation

Akram et al., 2018 [44] problem-solving dataset from game-based learning
environment Specific

Zhang et al., 2016 [42] Short answers from ITS Cordillera Specific
Taghipour and Ng, 2016
[41] Kaggle Automated Essay Scoring General

Zhao et al., 2017 [40] ASSISTment 2009-2010 and Kaggle Automated Essay Scoring General
Alvarado et al., 2018 [43] Short-answer question dataset from biology course Specific
Choi et al., 2017 [45] PODS dataset Specific
Sales et al., 2018 [46] 2015 ASSISTments Skill Builder Data General
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each task and the works related in more detail. The details
about the DL implementation on each paper are described in
Section 5.

4.1.1. Predicting Student Performance. One of the challenges
that has gained more attention in this area is knowledge
tracing. In this subtask the goal is to predict student’s future
performance based on their past activity. Piech et al. [10]
were the first to introduce DL techniques to address this
task, largely outperforming previous approaches based on
traditional machine learning techniques. These remarkable
achievement leads to other researchers to question the valid-
ity of the results. A series of works were published afterwards
thatwere for [11–13] or against [14–19] the claims in this paper.
The studies that disagree with Piech et al. tried to replicate the
results of the experiments and compare themwith traditional
machine learning techniques in a more fair scenario, arguing
that the differences between DL and previous models were
not so evident. Also in the task of knowledge tracing, but away
from the controversy initiated by Piech et al., the work in [20]
proposed also a DL classifier to predict whether students will
fail or pass an assignment.

The work by [21] leveraged a DL model to explore two
different contexts within the educational domain: writing
samples from students and clickstream activity within a
MOOC. The use of a single model and architecture high-
lighted the flexibility and broad applicability of DL to large,
sequential student data.

The work by [22] applied DL to a dataset obtained from
a web based mathematics tutor to model student knowledge
retention, i.e., the ability of the students to retain the acquired
knowledge. The proposal significantly outperformed the
baselinemethod proposed.This approach was later employed
to personalize retention tests.

In [23], the authors presented a DL classifier for predict-
ing students’ performance, which took advantage of a rela-
tively large real world students’ dataset of unlabeled data. The
system automatically learnedmultiple levels of representation
and the experimental results showed the effectiveness of the
method. In this line, [24] proposed a method for predicting
final grades of students applying DL to the log data stored in
an educational system. The log data represented the learning
activities of students who used the LMS, the e-portfolio
system, and the e-book system. The results showed that
DL outperformed the traditional machine learning baseline
proposed. Reference [25] proposed amodel to categorize stu-
dents into high, medium and low, to determine their learning
capabilities and help them to improve their study techniques.
A DL model was implemented to provide predictions based
on the top features identified. Finally, [26, 27] recast the stu-
dent performance prediction problem as a sequential event
prediction problem and proposed a DL algorithm, called
GritNet.The results showed that their proposal outperformed
the baseline chosen, obtaining substantially gain in the few
weeks when accurate predictions are most challenging.

4.1.2. Detecting Undesirable Student Behaviors. The works
focused in the task of detecting undesirable students’ behav-
ior have faced three different subtasks: predicting dropping

out in MOOC platforms, addressing the problem of students
engagement in their learning, and evaluating social functions.

In the subtask of dropout prediction in MOOCs, [28]
treated this task from a sequence labeling perspective,
applying temporal models to solve the problem. Using DL
techniques, they obtained significantly better performance
than traditional machine learning methods for all three
definitions of dropout: participation in the final week, last
week of engagement, and participation in the next week.
References [29, 30] defined dropout as a binary classification
problem. Reference [30] combined different DL architectures
in a bottom-up manner, selecting three attributes from the
dataset as an input. The results showed that the proposed
model could achieve comparable performance to approaches
relying on feature engineering performed by experts. Refer-
ence [29] optimized a joint embedding function to represent
both students and course elements into a single shared
space. The results indicated that coembeddings were able to
capture the latent causes involved in dropout, outperforming
other disjoint and not embedded representations. Reference
[31] questioned the fact that dropout prediction focuses
on exploring different feature representations and classifi-
cation architectures, comparing the accuracy of a standard
dropout prediction architecture with clickstream features,
classified by logistic regression, across a variety of different
training settings in order to better understand the trade-off
between accuracy and practical deployability of the classifier.
Finally, [32] focused on personalize student intervention
to compute the dropout probability of individual students
each week. A DL model was used to build dropout models
and further produce individual student dropout probabili-
ties. Instructors could use this information to personalize
and prioritize intervention for academically at-risk students.
The results supported the benefits of DL for prediction
and personalized intervention design on a MOOC course
data.

Regarding the study of how engaged are students in their
learning, in [33] the students were observed through a live
feed that included the student’s facial video, the student’s gaze
superimposed in real time over a video capture of the screen,
and the student’s voice as recorded through a headset micro-
phone. To these end, a DL-based dialogue act classifier that
utilizes these three data sources was implemented. Empirical
results suggested that DL models that utilize game trace
logs and facial action units achieved the highest predictive
accuracy. In [34] the assumption was that if educational
videos are not engaging, then students tend to lose interest in
the course content. The authors combined audio and visual
information to predict the liveliness in a video using DL.The
results demonstrated significant improvement compared to
traditional state-of-the-art methods. The work by [35] was
focused on the movements of gaze and pose to determine
the engagement intensity while watching online educational
courses videos. The authors developed a DL framework that
accepted multiple input features (statistical characteristics,
facial descriptors, and action features) and evaluated how
different modalities performed using this framework. Exper-
imental results demonstrated the effectiveness of the method
proposed. Another work addressing students engagement
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was developed by [36]. They identified disengaged or dis-
tressed students, helping teachers to better recognize whether
they are paying attention to the right thing or the right
student in the classroom. A DL-based prototype system was
developed for automated eye gaze following, which estimated
for each person in the classroom where they were looking at.
The proposed method could estimate the gaze target location
of each person in the image with accuracy substantially
better than chance and higher than other traditional baseline
methods.

Finally, the work by [37] proposed aDLmodel to evaluate
sociomoral reasoning maturity, a key social ability necessary
for adaptive social functioning. This model was used in a
serious game to evaluate students, outperforming traditional
machine learning approaches in this context.

4.1.3. Generating Recommendation. There are two works
addressing the recommendation of learning items to assist
students. Both studies focused on generating personalized
searches based on their preferences and curriculumplanning.

Reference [38] proposed a hybrid recommendation sys-
tem (called LeCoRe) that recommended learning oppor-
tunities to students based on their (implicit or explicit)
preferences, allowing connecting them by similar interests
on the platform. LeCoRe combined both content-based and
collaborative filtering techniques in its phases. The learner
training step applied traditional collaborative filtering algo-
rithms and content-based DL algorithms separately. The
authors concluded that the proposed framework was able to
successfully model the learner’s preferences. In another work,
[39] focused on the less investigated problem of curriculum
planning for students, providing a novel approach to this
domain based on two components: a DL approach to sequen-
tial recommendations and a recommender to provide a per-
sonalized pathway to completion using sequence, constraint,
and contextual parameters.

4.1.4. Evaluation. Different approaches have faced the chal-
lenge of providing evaluation tools to help teachers in the
grading process. These approaches can be broadly classified
in two subtasks: automated essay scoring (AES) and automatic
short answer grading (ASAG).

AES systems are used to evaluate and score written
student essays based on a given prompt. Reference [40]
proposed a DL-based automated grading model. For each
possible score in the rubric, student responses graded with
the same scorewere collected and used as the grading criteria.
The DL model learned to predict a score by computing the
relevance between the students response and the grading
criteria collected. In [41] the authors followed a DL approach
to identify the best feature representation to learn the relation
between an essay and its assigned score. Results showed
an improvement with respect to other approaches requiring
feature engineering.

ASAG systems automatically classify students answers as
correct or not, based on a previous set of correct answers.
Reference [42] studied answer-based, questions, and student
models features, both individually and combined, integrating

them in different machine learning models. DL obtained the
best performance in their experiments. In [43], the authors
compared several features for the classification of short open-
ended answers, such as n-gram models, entity mentions and
entity embeddings. The authors obtained inconclusive results
regarding the benefits of using embeddings with respect to
traditional n-grams.

Other specific subtasks related to evaluation are also faced
in the DL for EDM literature. Reference [44] introduced
a temporal analytics framework for stealth assessment that
analyzed students’ problem-solving strategies in a game-
based learning environment. The authors used a DL model
on a dataset of problem-solving behaviors, outperforming
baseline approaches with respect to stealth assessment pre-
dictive accuracy. Reference [45] explored how a DL-based
text analysis tool could help assess how students think
about different moral aspects. The model was not compared
in this case with traditional machine learning approaches.
Finally, [46] proposed a DLmethod to help estimate whether
students achieved skill mastery in a set of experiments using
A/B tests. This proposal was not compared with traditional
machine learning methods.

4.2. Datasets. All these EDM related tasks need different
types of educational datasets, both for training and for
evaluating the machine learning systems. Some of these
datasets are related to how students learn (for example, the
success of students developing different types of exercises)
and others to how student interact with digital learning
platforms (e.g., clickstream or eye-tracking data inMOOCs).
This section presents an overview of the main datasets
used for EDM in the reviewed papers, as well as other
datasets developed for specific studies. These datasets will
be related to the tasks identified in the previous section.
This information is summarized in the last two columns of
Table 2.

4.2.1. Predicting Student Performance. In order to predict
student performance it is necessary a dataset of exercises
with answers gathered from real students during a
period of time. This is exactly the aim of ASSISTment
(https://sites.google.com/site/assistmentsdata/) [47, 48].
This dataset is used in many papers to predict student
performance [10, 13, 16, 18, 19, 22, 29, 46, 49, 50]. It is
composed of a series of mathematics exercises offered to
middle-school students through the ASSISTment plat-
form (https://www.assistments.org/), including information
such as assignment and user identification, whether the
answer is correct on the first attempt or not (a binary
flag indicating if the student completed the exercise
correctly), the number of student attempts on a problem,
answer type, etc. (The full list of features is available here:
https://sites.google.com/site/assistmentsdata/home/assistment-
2009-2010-data.) The platform is currently up and running,
with new and updated datasets released occasionally
(see https://sites.google.com/site/assistmentsdata/home and
https://sites.google.com/view/edm-longitudinal-workshop/
home).

https://sites.google.com/site/assistmentsdata/
https://www.assistments.org/
https://sites.google.com/site/assistmentsdata/home/assistment-2009-2010-data
https://sites.google.com/site/assistmentsdata/home/assistment-2009-2010-data
https://sites.google.com/site/assistmentsdata/home
https://sites.google.com/view/edm-longitudinal-workshop/home
https://sites.google.com/view/edm-longitudinal-workshop/home
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This dataset is often used jointly with others. For instance,
[10] combined ASSISTments 2009-2010 with another two
datasets: a sample of anonymized student usage interac-
tions on Khan Academy (https://www.khanacademy.org/)
(1.4 million exercises completed by 47,495 students across
69 different exercises) and a dataset of 2,000 virtual
students performing the same sequence of 50 exercises
drawn from 5 skills. Reference [13] also combined
ASSISTments 2009-2010 dataset, in this case with KDD
Cup 2010, and with a dataset collected by the Woot
Math system (https://www.wootmath.com/). The KDD
Cup 2010 dataset comes from an EDM Challenge in 2010
(http://pslcdatashop.web.cmu.edu/KDDCup/downloads.jsp)
and comprises 100 skills from 574 students. These data
was extracted from the Cognitive Algebra Tutor system
during 2005 and 2006 [51]. The dataset collected by the
Woot Math system, a startup that develops adaptive learning
environments for mathematics, consists of exercises and
the correctness or not of the answers (binary outcome).
Reference [18] used also ASSISTments 2009-2010, together
with ASSISTments 2014-2015 and KDDCup 2010. References
[16, 50] combined also these datasets and used in addition
data collected from the Knewton adaptive learning platform
(https://www.knewton.com/). The work by [49] also
combined ASSISTments 2009-2010, in this case with the
OLI Engineering Statics dataset (https://pslcdatashop.web
.cmu.edu/Project?id=48), which included college-level en-
gineering statics. Reference [17] presented a large dataset
combining different resources: the ASSISTments 2009-2010
dataset, a synthetic dataset developed by [10], a dataset of
578,726 trials from 182 middle-school students practicing
Spanish exercises (translations and simple skills such as verb
conjugation), and a dataset from a college-level engineering
statics course comprising 189,297 trials of 1,223 exercises
from 333 students [52] (https://pslcdatashop.web.cmu.edu/).

Besides this popular dataset, there are others that have
been compiled for specific analysis or experiments. All of
them are extracted from educational platforms or Intelligent
Tutoring Systems (ITS). Regarding educational platforms,
[26, 27] compiled several datasets with information about
30,000 students in Udacity (https://www.udacity.com). This
data represents users taking a specific action such as watching
a video, reading a text page, taking a quiz, or receiving a
grade on a project at a certain time stamp. Another work
that leverages educational platforms is [20], which used
the Students’ Academic Performance Dataset from Kag-
gle (https://www.kaggle.com/aljarah/xAPI-Edu-Data). This
dataset consists of 500 students records collected from a
learning management system (Kalboard 360) with 16 differ-
ent features such as gender, nationality, place of birth, topic,
visited resource, discussion group, parent answering survey,
parent satisfaction, and student absent days. This resource
was also used by [25].

In addition to educational platforms, different works used
ITS to collect their datasets. Such is the case of [11]. They
extracted information from a ITS called Pyrenees. In this
case, the dataset contained information about the degree
of success of 524 students answering several tests about
probability. All the students received the same 12 training

problems in the same order. Pyrenees was also used in
[15] (68,740 data points from 475 students) together with
other dataset collected from a natural language physics ITS,
named Cordillera, that teaches students introductory college
physics (44,323 data points from 169 students). Another ITS
used in these works is Funtoot (https://www.funtoot.com/).
Reference [14] used this system to develop a dataset that
comprised information about knowledge tracing in online
courses, such as the scope of the question (e.g., subject, topic
and complexity), start time, total attempts allowed based on
the student’s performance, time taken, and attempts taken.

Finally, other studies used their own platforms to gather
the data. Reference [23] collected real world data from 100
junior high schools.This data was a multilevel representation
of student related information: demographic data (e.g., gen-
der, age, health status, and family status), past studies, school
assessment data (e.g., school type and school ranking), study
data (e.g., middle-term exam, final-term exam, and average),
and personal data (e.g., personality, attention and psychology
related data). Reference [24] presented a specific dataset for
predicting final grades of students, including information
about reports, quiz answers, and logbooks of lectures of 108
students attending an Information Science course.

To sum up, either in isolation or in combination with oth-
ers, themain dataset used for predicting student performance
is 2009-2010 ASSITments. Other popular datasets are KDD
Cup 2010 and the datasets available at DataShop repository.
The rest are specific datasets used in individual studies,
which extract data (mainly exercises with real answers) from
educational platforms or ITS such as Khan Academy, Woot
Math, Udacity, Knewton, Funtoot, and Cordillera.

4.2.2. Detecting Undesirable Student Behaviors. As shown
in the previous section, the most salient task for detecting
undesirable student behaviors is the study of student dropout
inMOOCplatforms.There is a set of general purpose datasets
that have been developed to address this task.

The main dataset is the KDD Cup 2015 competition
(https://biendata.com/competition/kddcup2015/). The chal-
lenge proposed in this competition was to predict student
dropout on XuetangX, one of the largest MOOC platforms
in China. The dataset contains, among others, information
about which student enrolls in which course and activity
records of the students from 39 courses. Unfortunately, it
seems that the data is no longer available. This dataset
was used in [29, 53]. The largest dataset for the analy-
sis of student dropout was presented in [31]. This corpus
comprises 40 MOOCs from HarvardX with information
about number of registered participants and number of
participants who certified. It includes additional information
such as clickstream data about answers to quiz questions,
play/pause/rewind events on lecture videos, and reading and
writing to the discussion form. Reference [32] presented a
specific dataset for student dropout analysis created from
a project management MOOC course hosted by Canvas. It
included information about clicks (pages, sources visited,
etc.), data from the discussion forum, and quiz scores for
every student.

https://www.khanacademy.org/
https://www.wootmath.com/
http://pslcdatashop.web.cmu.edu/KDDCup/downloads.jsp
https://www.knewton.com/
https://pslcdatashop.web.cmu.edu/Project?id=48
https://pslcdatashop.web.cmu.edu/Project?id=48
https://pslcdatashop.web.cmu.edu/
https://www.udacity.com
https://www.kaggle.com/aljarah/xAPI-Edu-Data
https://www.funtoot.com/
https://biendata.com/competition/kddcup2015/
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References [12, 30] used a corpus of programming exer-
cises (http://code.org/research) that contains 1,263,360 code
submissions about multiple concepts such as loops, if-else
statements and nested statements. It is important to note
that this dataset is focused on the knowledge of the student
(exercises and answers) rather than their behavior in the
MOOC platform.

Besides these datasets focused on student dropout, other
works have developed datasets for more specific tasks in the
context of detecting undesirable student behavior. Related
to multimodal interactions, [33] developed a dataset of
students interactions within a game-based virtual learning
environment called Crystal Island. Both game actions and
parallel sensor data were captured to collect cognitive and
affective features. This dataset includes information about
student interactions in the virtual environment, but not
about the student’s body of knowledge. Reference [34] also
developed a multimedia corpus for the analysis of liveliness
of educational videos. The dataset comprises 450 one-minute
video snippets featuring 50 different instructors, 10 major
topics in engineering, and various accents of spoken English,
all of them annotated for liveliness by multiple annotators.
Reference [35] presented also a multimedia dataset for
engagement prediction. It includes more than 200 videos of
5 minutes long approximately, about 78 subjects (25 female
and 53 male) that have been collected in unconstrained
environments including office, hotels, and open ground.

In order to detect PODS (privilege, oppression, diversity,
and social justice) issues in learning environments, [45] cre-
ated a domain-specific corpus of shortwritten responses from
students on PODS topic in a School of Social Work. From
this corpus, authors extracted a specific PODS vocabulary.
Finally, for the specific analysis of sociomoral reasoning
maturity, [37] developed a corpus of 691 texts in French
manually coded by experts, stating the level of maturity in a
range from 5 (highest) to 1 (lowest).

4.2.3. Generating Recommendations. Two datasets from the
papers reviewed fall in the category of generating recommen-
dation sequences for learning. The first one was described in
[38] and presents a dataset of learner’s profile information
and the courses they have enrolled or completed. The dataset
consists of 5,000 unique learners and 49,202 unique course
contents, resulting in a total of 2,140,476 enrollments. The
second dataset addresses the curriculum planning problem.
Reference [39] developed a corpus with 10 years of university
student transcript records including 2.1 million transcript
results, 30 degrees, 14 majors, 400 courses and 72,000 grad-
uation records. In their research, the authors used a subset
containing only undergraduate Engineering and IT students
information.

4.2.4. Evaluation. As mentioned in Section 4.1.4, the task of
evaluation comprises two main subtasks: automated essay
scoring and automatic short answer grading. The essay
scoring subtask requires real essays, written by students and
graded by teachers, in order to develop systems that are able
to score text essays automatically. For this purpose, theKaggle

platform has been used to obtain datasets for automated
essay scoring. In fact, there were a specific competition for
this task called ASAP (https://www.kaggle.com/c/asap-aes)
whose dataset has been used in different works [21, 40, 54]. It
consists of essayswritten inEnglish by students (fromGrade 7
to Grade 10), including a score for each one.The essays length
is between 150 and 550 words. Reference [21] combined the
Kaggle ASAP dataset with clickstream data from a BerkeleyX
MOOC from Spring 2013. This is an interesting dataset
since it combines content-based resources that show student
knowledge with data about student behavior in an online
educational platform.

The subtask of automatic short answer grading requires
datasets of questions and answers from real students. Refer-
ence [42] gathered a corpus from the ITS Cordillera (already
mentioned above as a resource for predicting students perfor-
mance). This dataset includes 16,228 short answers selected
from a total of 27,868 dialogues about physics. 61.66% of
the corpus is labeled as “correct” while the rest is labeled
as “incorrect”. Reference [43] presented a corpus of short
answer question responses from students, but in this case
the topic of the course was human biology. Specifically, the
authors used six questions in which students were expected
to explain or describe the knowledge obtained during the
course in their own words. The answers were manually
evaluated by experts with labels like “correct”, “incorrect”,
“incomplete”, or “don’t-know”, among others. Finally, [44]
presented a dataset of 244 middle-school students’ problem-
solving behaviors collected from interactions within a game-
based learning environment. The topic of these problems was
computational thinking.

5. Deep Learning

DL is undoubtedly the most trending research area in the
field of artificial intelligence nowadays. DL is a subfield of
machine learning that uses neural network architectures to
model high-level abstractions in data. These architectures
consist of multiple layers with processing units (neurons)
that apply linear and nonlinear transformations to the input
data. Different DL architectures have been developed and
successfully applied to different supervised and unsupervised
tasks in the broad fields of natural language processing and
computer vision [55].

DL algorithms learn multiple levels of data representa-
tions, where higher-level features are derived from lower
level features to form a hierarchy. For instance, in an image
classification task, the DL model can take pixel values in
the input layer and assign labels to the objects in the image
in the output layer. Between these layers there are a set
of transformation (hidden) layers that construct successive
higher-order features that are less sensitive to conditions such
as lighting and the position of the objects.

The “deep” in DL refers to the multiple transformation
layers and levels of representation that lie between the
network inputs and outputs. There is no de facto standard in
the number of layers that makes a neural network “deep”, but

http://code.org/research
https://www.kaggle.com/c/asap-aes
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Figure 3: Simple artificial neuron.

most research in the field considers that there must be more
than two intermediate transformation layers [56].

Many concepts of DL were developed thirty years ago,
and some of them long before. However, the most important
achievements of DL have taken place in the last ten years.
Although there are many factors to explain the raise of DL, it
is agreed that the two main causes are the availability of mas-
sive amounts of data and the advances in computing power
thanks to the use of Graphic Processing Units (GPU). In the
first case, big data facilitates DL algorithms to generalize well.
In the second case, GPUs allow massive parallel computing
to train bigger and deeper models. Another key factor in
the development of DL has been the emergence of software
frameworks like TensorFlow, Theano, Keras, and PyTorch,
which have allowed researches to focus in the structure of the
models rather than in low-level implementation details (see
Section 5.5).

Another reason for DL success is that it avoids the need
for the feature engineering process. In traditional machine
learning, feature engineering is the process of selecting the
most representative features necessary for the algorithms
to work, discarding noninformative attributes. This process
is difficult and time-consuming since the correct choice of
features is fundamental to the performance of the system [57].
DL performs feature learning to automatically discover the
representations needed for the task at hand [58].

The following sections describe the foundations of neural
networks, training process, main architectures, hyperparam-
eter tuning, and frameworks for developing DL models.
Besides providing a general introduction, all these topics will
be characterized within the EDM domain, relating them to
the papers reviewed.

5.1. Neural Networks. Neural networks are computational
models based on large sets of simple artificial neurons that try
tomimic the behavior observed in the axons of the neurons in
human brains. Each node in the network is a neuron, which
is the basic processing unit of a neural network.

The form of a simple neuron is depicted in Figure 3. The
components of the neuron are input data (𝑥

1
, 𝑥
2
, ..., 𝑥

𝑛
),

which can be the output of another neuron in the network;
bias (𝑥

0
), a constant value that is added to the input of the

activation function of the neuron; the weights of each input

input

hidden

output

Figure 4: Basic structure of a neural network. Each circular node
represents a neuron. Arrows represent connections from the output
of one neuron to the input of another.

(𝑤
0
, 𝑤
1
, 𝑤
2
, ..., 𝑤

𝑛
), identifying the relevance of the neurons

in the model; and the output produced (𝛼). The output of the
neuron is computed following this equation:

𝛼 = 𝑓( 𝑛∑
𝑖=0

𝑤
𝑖
⋅ 𝑥
𝑖
) , (1)

where 𝑓 is the activation function of the neuron. This
function provides flexibility to neural networks, allowing
to estimate complex nonlinear relations in the data and
providing a normalization effect on the neuron output
(e.g., bounding the resulting value between 0 and 1). The
most widely used activation functions are sigmoid, tanh
(hyperbolic tangent), and ReLU (Rectified Linear Unit). Each
neuron is connected to many others and the links between
them can increment or inhibit the activation state of the
adjacent neurons.

Figure 4 shows the basic structure of a neural network.
Thefirst layer is the input layer, which is used to provide input
data or features to the network. The output layer provides
the predictions of the model. Depending on the problem,
the activation function used in this layer differs: for binary
classification, where output values are either 0 or 1, the
sigmoid function is used; formulticlass classification, softmax
(a generalization of sigmoid to multiple classes) apply; for a
regression problem where there are no predefined categories,
a linear function can be used.

The ReLU activation function is commonly used in
hidden layers. The hidden layers can compute complex
functions by cascading simpler functions. The type of hidden
layers defines the different neural network architectures, such
as CNN, RNN, or LSTM (see Section 5.3). The number
of hidden layers determines the depth of the network. In
general, networks with more hidden layers can learn more
complex functions. In DL architectures, usually dozens or
even hundreds of hidden layers are used, which can automat-
ically learn as the model is trained with data.
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5.2. Training Process. Any machine learning algorithm tries
to assign inputs (e.g., an image) to target outputs (e.g., the
“cat” label) by observing many input and output examples.
As mentioned before, DL does this mapping between inputs
and objective outputs (i.e., what the network is expected to
produce) using artificial neural networks composed of a large
number of layers forming a hierarchy.

The network learns something simple in the initial layer
of the hierarchy and then sends this information to the next
layer.This layer then takes this simple information, combines
it with something more complex, and sends it to a third layer.
This process continues, each layer building something more
complex from the input received from the previous layer.The
specification of what each layer is doing to the input received
is stored in the weights of the layer. In order for the network
to learn, it is necessary to find the weights of each layer that
provides the best mapping between the input examples and
the corresponding objective outputs.

Training the neural network means finding the right
parameters setting (weights) for each processing unit in the
network. The problem is that DL networks may potentially
have millions of these parameters and finding the correct val-
ues for all of them can be a really difficult task. For example,
VGG16 [59], a popular neural network architecture applied
to image classification, has 138 million parameters. Initially,
the weights of each neuron can be assigned randomly, or
follow some initialization strategy, including unsupervised
pretraining [60].

In order to control the quality of the output of the
neural network, it is necessary to measure how close is
the obtained output from the expected output. This task is
carried out by the loss function of the network. This function
takes the predictions of the model and the objective values
and calculates how far the predicted outputs are from the
objective values. The result of this function indicates how
well is working the model for the specified examples. A
common loss function is the Mean Squared Error (MSE),
which measures the average of squared errors made by the
neural network over all the input instances.

The goal of the training process is to find the weights
that minimize the loss function. The error calculated by this
function is fed back through the network, usually by means
of backpropagation. This information is used to adjust the
weights of each connection in the network in order to reduce
the error.This process can be carried out by applying a general
method for nonlinear optimization called gradient descent,
in which the network computes the derivative of the loss
function with respect to the weights, changing them such that
the error decreases. The amount by which the weights are
changed is determined by a parameter called learning rate (see
Section 5.4).

After a number of training cycles (known as epochs)
repeating this process, the model will usually converge to a
state where the error is small and the network is considered
to have learned the target function.

5.3. Architectures. Depending on the type of input (images,
text, audio, etc.) there are different neural network archi-
tectures that are better suited to process that information.

The number of architectures and algorithms that are used
in DL is wide and varied. In this section, the most popular
architectures, their common tasks, and their use in EDM
will be described. Table 3 summarizes the works in EDM
studied in this article (first column), the architectures imple-
mented (second column), the baseline methods employed
(third column), the evaluation measures used to compare
DL approaches and baseline methods (fourth), and the
performance achieved by DL methods in that comparison
(fifth).

The architectures include MLP (Multilayer Perceptron),
LSTM (Long Short-Term Memory), WE (Word Embed-
dings), CNN (Convolutional Neural Networks) and variants
(VGG16 and AlexNet), FNN (Feedforward Neural Net-
works), RNN (Recurrent Neural Networks), autoencoder,
BLSTM (Bidirectional LSTM), andMN (MemoryNetworks).

The baseline methods are SVD (Singular Value Decom-
position), SlopeOne, K-NN (K-Nearest Neighbors),Majority
class, RF (Random Forest), SVM (Support Vector Machine),
N-grams, Random guess, LinReg (Linear Regression), DT
(Decision Tree), NB (Näıve Bayes), LogReg (Logistic Regres-
sion), HMM (Hidden Markov Model), IOHMM (Input
Output HMM), BKT (Bayesian Knowledge Tracing), IBKT
(Intervention BKT), PFA (Principal Factor Analysis), Major-
ity voting, CRF (Computational RandomFields), LSA (Latent
Semantic Analysis), LDA (Latent Dirichlet Allocation), SVR
(Support Vector Regression), BLRR (Bayesian Linear Ridge
Regression), AdaBoost, GTB (Gradient Tree Boosting), GNB
(Gaussian Naı̈ve Bayes), IRT (Item Response Theory), TIRT
(Temporal IRT), and HIRT (Hierarchical IRT).

Finally, evaluation measures include MAE (Mean Abso-
lute Error), RMSE (Root Mean Square Error), Accuracy,
Precision, Recall, F-measure, AUC (Area Under the Curve),
Krippendorff ’s alpha, Log Loss (Logarithmic Loss), 𝑅2,
Gini, MPCE (Mean per Class Error), and QWK (Quadratic
Weighted Kappa). The last column of this table indicates
whether, in the experiments carried out in the paper, the
DL approach outperformed baseline methods (“>”), under-
performed (“<”), or obtained similar results, with higher
performance in some of the evaluations and lower perfor-
mance in others (“=”).The symbol “−” represents approaches
that do not compare DL with traditional machine learning
techniques. Instead, they present comparisons of different
DL architectures [19, 29, 35, 45, 50], comparisons of different
hyperparameters for the same DL architecture [31, 46], or
proposals not evaluated yet [39].

5.3.1. Feedforward Neural Networks. FNNs represent the first
generation of neural networks. Nodes in these networks
do not form cycles, i.e., the information propagates always
forward in a single direction, from the input nodes to the
output nodes [61]. The main representatives of this type of
networks are perceptron andMultilayer Perceptron (MLP).

Perceptrons are the simplest kind of neural network [62].
They consist of a single layer of output nodes, where inputs
are sent directly to the output via a series of weights. Each
node calculates the sum of the products of the weights and
the inputs. If the result is above a threshold, the neuron
activates; otherwise it takes the deactivated value. Single-layer
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Table 3: Deep Learning approaches in the EDM field: architectures employed, baseline methods, and evaluation measures. The column
Performance indicates whether the approaches outperformed baseline methods (>), underperformed (<), or obtained similar results (=).

Reference Architecture Baseline Evaluation Performance

Abhinav et al., 2018 [38] MLP SVD, Slope One,
K-NN MAE, RMSE >

Akram et al., 2018 [44] LSTM Majority class, RF,
SVM

Accuracy, Precision, Recall,
F1 >

Alam et al., 2018 [25] MLP DT, RF, SVM,
KNN Accuracy >

Alvarado et al., 2018 [43] WE N-grams Precision, Recall,
F-measure =

Aung et al., 2018 [36]
CNN,
VGG16,
AlexNet

Random guess,
LinReg AUC >

Bendangnuksung and P.,
2018 [20] FNN DT, NB, MLP Accuracy >
Choi et al., 2017 [45] WE - Krippendorff ’s alpha −
Fei and Yeung, 2015 [28] RNN, LSTM SVM, LogReg,

IOHMM AUC >
Guo et al., 2015 [23] Autoencoder NB, SVM, MLP Accuracy >
Khajah et al., 2016 [17] LSTM BKT AUC =
Kim et al., 2018 [27] BLSTM LogReg AUC >
Kim et al., 2018 [26] BLSTM LogReg AUC >
Lalwani and Agrawal,
2017 [14] LSTM PFA, BKT AUC =

Lin and Chi, 2017 [11] RNN, LSTM Majority voting,
BKT

Accuracy, Precision, Recall,
F-measure >

Mao et al., 2018 [15] LSTM BKT, IBKT RMSE, Accuracy, Recall,
F-measure, AUC =

Min et al., 2016 [33] LSTM CRF Accuracy =
Montero et al., 2018 [13] LSTM BKT AUC >
Okubo et al., 2017 [24] LSTM LinReg Accuracy >
Piech et al., 2015 [10] RNN, LSTM BKT AUC >
Sales et al., 2018 [46] LSTM - - −
Sharada et al., 2018 [22] MLP RF, LogReg Log Loss, RMSE, R2, AUC,

Gini, MPCE <

Sharma et al., 2016 [34]

CNN,
AlexNet,
VGG16,
LSTM

SVM, HMM Accuracy >
Taghipour and Ng, 2016
[41] LSTM SVR, BLRR QWK >
Tang et al., 2016 [21] LSTM Majority class Accuracy =

Tato et al., 2017 [37] CNN SVM, NB, LSA,
LDA, MLP Accuracy, F-measure >

Teruel and Alemany,
2018 [29] LSTM LSTM AUC, RMSE, R2 −
Wang et al., 2017 [30] CNN, RNN

SVM, LogReg, DT,
AdaBoost, GTB,

RF, GNB

Precision, Recall,
F-measure, AUC =

Wang et al., 2017 [12] LSTM LogReg Accuracy >
Wang et al., 2017 [53] LSTM LogReg Recall, Precission,

F-measure =

Whitehill et al., 2017 [31] FNN - AUC −
Wilson et al., 2016 [50] RNN IRT, TIRT, HIRT Accuracy, AUC <
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Table 3: Continued.

Reference Architecture Baseline Evaluation Performance
Wilson et al., 2016 [16] LSTM - - −
Wong, 2018 [39] LSTM - - −
Xiong et al., 2016 [18] LSTM PFA, BKT AUC, R2 >
Xing and Du, 2018 [32] RNN DT, KNN, SVM Accuracy, AUC >
Yang et al., 2018 [35] LSTM - MSE −
Yeung and Yeung, 2018
[19] LSTM - AUC −
Zhang et al., 2016 [42] DBN NB, LogReg, DT,

Perceptron, SVM
Accuracy, AUC, Precission,

Recall, F-measure >
Zhang et al., 2017 [49] LSTM,

Autoencoder LSTM AUC, R2 >
Zhao et al., 2017 [40] MN FNN, SVR, BLRR,

LSTM QWK >

perceptrons are only capable of learning linearly separable
patterns. Networks without hidden layers are quiet limited in
the patterns they can learn, and introducing more layers of
linear units does not overcome this limitation. It is therefore
necessary to introduce multiple layers of nonlinear hidden
units. MLP consists of multiple layers of neurons, where each
neuron in one layer has directed connections to the neurons
of the following layer. In many applications, the sigmoid
function is used as the activation function in these neurons.

FNNs are applicable to many areas where classical
machine learning techniques have been applied, although
major success have been achieved in computer vision [63]
and speech recognition applications [64]. FNNs are primarily
used for supervised learning tasks where the input data is
neither sequential nor time-dependent, offering good results
when the number of layers, neurons and training data is large
enough. One of the main problems of this architecture is the
possibility of ending up in a local minima of the loss function,
getting a suboptimal solution to the problem at hand.

In the area of EDM, FNNs have been used for predicting
students performance [20, 22] and for recommending learn-
ing opportunities to students based on their preferences [38].

Another type of FNN is autoencoders [65]. This architec-
ture is similar to MLP, but in this case the output layer has
the same number of neurons as the input layer. The goal is
to reconstruct its own inputs instead of predicting a target
value. This is an example of unsupervised learning, since
no labeled data is required. Autoencoders (and its variants
stacked, sparse and denoising) are typically used to learn
compact representations of data [66]. Another application
of this architecture is pretraining a deep network: a stacked
autoencoder is trained in an unsupervised way and weights
are obtained. Then this weight can be used for the deep net-
work (with the same configuration in terms of hidden layers,
number of neuros per layer, etc.) as a better choice rather
than using randomly initialized weights [67]. Focusing in
EDM, the work by [23] used a sparse autoencoder in the task
of predicting students performance. They pretrained hidden
layers of features using an unsupervised sparse autoencoder

from unlabeled data, and then used supervised training to
fine-tune the parameters of the network.

5.3.2. Convolutional Neural Networks. CNNs are multilayer
neural networks particularly useful in image-processing
applications [68]. In this architecture, the first layers recog-
nize simple features in images (e.g., edges) and the last layers
combine these initial features into higher-level abstractions
(e.g., recognizing faces). CNNs are similar to FNNs in
different aspects: they are composed of neurons where bias
and weights have to be learned, each neuron has some inputs,
performs a dot product, and applies an activation function,
and there is a loss function in the last (fully connected) layer
that measures the difference between the predicted and the
expected value.

In general, a CNN is formed by an structure that contains
three different types of layers: a convolutional layer that
extracts features from the input (usually an image); a reduc-
tion (pooling) layer, which reduces the dimensionality of the
extracted features through down-sampling while retaining
the most important information (usually max pooling is
applied [69]); and a fully connected classification layer, which
provides the final result at the end of the network. The use
of deep layers of convolution, pooling and classification, has
facilitated the emergence of new applications of CNN. In
addition to image processing [70], this type of networks has
been applied to video recognition [71], game playing [72], and
different natural language processing tasks [73].

The main advantage of CNNs is their accuracy in pattern
recognition tasks, such as image recognition, requiring con-
siderably fewer parameters than FNNs. On the negative side,
they have disadvantages such as the high computation cost,
the need for large amounts of training data, and the work
required to properly initialize the network according to the
problem addressed.

In the field of EDM, CNNs have been used in detecting
undesirable student behaviors usingVGG16 [59] andAlexNet
[70] architectures for video analysis [36], using also VGG16
and AlexNet architectures for audio and video analysis [34],
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performing text classification [37], and predicting student
dropout [30].

5.3.3. Recurrent Neural Networks. A distinctive feature of
FNNs is that they do not provide persistence mechanisms.
RNNs address this problem by implementing a feedback
loop that allows for information to persist [74]. Instead
of completely feedforward connections, RNNs may have
connections that feed back previous or the same layer. This
feedback allows RNNs to keep a memory of past inputs.

RNNs can be thought as networks with multiple copies
of themselves, in which each one passes a message to its
successor. This structure makes them convenient for dealing
with sequences and lists, and thus one of their common uses
is modeling text. RNNs have been successfully applied to a
variety of problems such as speech recognition [75], language
modeling [76], andmachine translation [77]. One of themain
disadvantages of RNNs is the issue of vanishing gradients,
where the magnitude of the gradients (values used to update
the neural network weights) gets exponentially smaller (van-
ish) as the network back propagates, resulting in a very slow
learning of the weights in the lower layers of the RNN.
This makes the training process difficult in several ways: this
architecture cannot be stacked into very deep models and
cannot keep track of long-term dependencies. Another issue
of RNNs is that they require a high performance hardware to
train and run the models.

In the context of EDM, this type of networks has been
used in the task of anticipate students dropout [28, 30,
32], and in the task of predicting students performance for
learning gain predictions [11] and proficiency estimation [50].

There are different RNN architectures (see LSTM in the
next section). The key difference is the feedback mechanisms
within the network, which can manifest in a hidden layer, in
the output layer or in a combination of them. RNNs can be
trained with standard backpropagation or by using a variant
called backpropagation through time (BPTT) [78].

5.3.4. Long Short-Term Memory Networks. LSTMs are a spe-
cial type of RNN that has grown in popularity in recent years
[79].This architecture introduces the concept ofmemory cell,
which allows to learn dependencies in the long term. The
memory cell retains its value for a period of time as a function
of its inputs and contains three gates that control information
flow into and out of the cell: the input gate defines when
new information can flow into the memory; the forget gate
controls when the information stored is forgotten, allowing
the cell to store new data; the output gate decides when the
information stored in the cell is used in the output.

Each gate in thememory cell is also controlled byweights.
The training algorithm (e.g., BPTT) optimizes these weights
based on the resulting network output error. Recently, a
simplification of LSTM called Gated Recurrent Unit (GRU)
has been introduced [80]. This recurrent unit has fewer
parameters than LSTMs, since it has two gates instead of
three, lacking an output gate.

As a type of recurrent network, LSTMs are especially
suitable for problems dealing with sequences. Several tasks

can be added to the list of tasks previously mentioned for
RNNs: text generation [81], question answering [82] and
action recognition in video sequences [83], among others. In
conjunction with CNNs, LSTMs have been used to produce
image [84] and video [85] captioning: the CNN implements
the image/video processingwhereas the LSTMconverts CNN
output into natural language. One of the main advantages of
LSTMs, compared to RNNs, is the extension of the memory
that allows this architecture to remember their inputs over
a long period of time. Unlike LSTMs, a RNN may leave out
important information from the beginning while trying to
process a paragraph of text to do predictions. LSTMs also
overcome the issue of the vanishing gradient described above
for RNNs. Finally, compared to this architecture, LSTMs
reduce the amount of training data required to build the
models.

In the set of works studied in this article, LSTM has
been the most widely used architecture. In fact, it has been
applied to all the EDM tasks covered by DL approaches:
predicting students performance [21, 24, 53]; detecting unde-
sirable student behaviors by predicting students dropout [28],
predicting dialogue acts [33], modeling student behavior in
learning platforms [29], and predicting engagement intensity
[35]; generating recommendations [39]; and evaluation by
doing stealth assessment [44], improving casual estimates
from A/B tests [46], and automating essay scoring [41].

As already mentioned in Section 4.1.1, there is a con-
troversy between a set of studies, falling in the task of
predicting students performance, which have focused on
knowledge tracing, i.e., modeling the knowledge of students
as they interact with coursework. The controversy arose
after the publication of Deep Knowledge Tracing (DKT) [10],
an LSTM-based model which significantly outperformed
previous approaches that used BKT and PFA. A series of
works were published afterwards that were for [11–13, 19] or
against [14–18] the claims in this paper. All these studies used
the LSTM implementation of DKT, although some of them
introduced their own variants.

5.3.5. Other Architectures. Apart from the architectures
already described, other network structures have been
employed in the literature reviewed on DL applied to EDM.
One of these architectures is Deep Belief Networks (DBN),
used in the task of evaluation [42]. This type of neural
network has been used for image recognition, information
retrieval and natural language understanding, among other
tasks. The DBN is a multilayer network where each pair of
connected layers is a Restricted Boltzmann Machine (RBM)
[86]. Training in DBN occurs in two steps: unsupervised
pretraining and subsequent supervised fine-tuning. In the
unsupervised phase, each RBM is trained to reconstruct its
input using the previous hidden layer output [87].

Memory networks (MN) have also been used in the task
of evaluation [40]. MN are a new class of models designed to
address the problem of learning long-term dependencies in
sequential data, including a long-term memory component
that can be read and written to provide an explicit memory
representation for each token in the sequence [88].
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Finally, bidirectional LSTM (BLSTM) is employed in the
work developed for the task of predicting student perfor-
mance [26, 27]. The difference with conventional LSTMs is
that these networks only preserve information from the past,
whereas BLSTMs run inputs in two ways: one from past to
future and other from future to past, preserving information
from the future in the backward run [89].

5.4. Hyperparameters Tuning. DL models include hyper-
parameters, which are variables set before optimizing the
parameters (weights and bias) of the models. Hyperparam-
eters can be set by hand, selected by a search algorithm
(e.g., grid search or random search), or optimized applying
a model-based method [90].

This section describes hyperparameters typically found
when building neural networks. They have been classified
in two types: those related to the training process and those
related to the model itself. Although not all the studies ana-
lyzed in this article provide details about the hyperparameters
used, references are provided when available.

5.4.1. Training. The hyperparameters described here that
affect the training process are learning rate, batch size,
momentum, weight update, and stopping criteria.

Learning Rate. The learning rate controls how much the
weights of the network are adjusted with respect to the loss
gradient. The lower the value is, the slower the algorithm
traverses the downward slope. This helps to avoid missing
local minima, but on the downside it takes a long time to
converge and arrive at the best accuracy of the model.

The learning rate employed in the works studied ranges
from a minimum of 0.0001 [34, 36] to a maximum of 0.1 [31],
with other values such as 0.00025 [23] and 0.01 [19, 29, 35, 41].

Batch Size. The batch size defines the number of training
instances that are propagated through the neural network.
For instance, a set of 1000 training samples could be split in
10 batches of 100 samples. Using a batch size lower than the
number of all samples has some benefits, such as requiring
less memory (the network is trained using fewer samples in
each propagation) and training faster (weights are updated
after each propagation). The disadvantage of using a batch
instead of all samples is that the smaller the batch size, the
less accurate the estimate of the gradient.

Batch sizes used in the works reviewed include 10 [31, 38],
32 [19, 27, 33, 41], 48 [25], 100 [10, 11, 18], 500 [37], and 512
[23].

Momentum. Momentum is a popular extension of backprop-
agation that helps to prevent the network from falling into
local minima. This technique adds a fraction of the previous
weight update to the current weight.When the gradient keeps
pointing in the same direction, this increases the size of
the steps taken towards the minimum. When the gradient
keeps changing direction, momentum will smooth out the
variations.

Only three papers in EDM explicitly stated the use of
momentum, all of them with a value of 0.9 [23, 35, 36].

Weight Update. DL models usually employ stochastic gradient
descent (SGD) in the training phase. Although this is an easy
to implement approach, it is difficult to tune and parallelize,
making it challenging to debug and scale up DL networks.
There are more sophisticated optimization methods such
as limited memory Broyden–Fletcher–Goldfarb–Shanno (L-
BFGS) and conjugate gradient (CG) that can speed up the
process of training DL algorithms [91].

Most of the papers reviewed used SGD in the training
phase [10, 18–20, 22, 27, 31–33, 36, 40, 41, 49, 50]. Other works
used Adam [25, 38], an efficient gradient descent algorithm
[92]. Finally, as an alternative to backpropagation in the
training process, some studies used BPTT to train RNNs
[28, 29, 34].

Stopping Criteria. There are different ways to determine
the number of epochs employed to train the algorithms. If
training and validation errors are high, the system is probably
underfitting (it can neither model the training data nor
generalize to new data), and the number of epochs can be
increased. Early stopping is a form or regularization used
to avoid overfitting. It updates the network so as to make
it better fit the training data with each iteration, improving
also the model performance on the validation dataset. At a
certain point, improving the model fit to the training data
increases generalization errors. Early stopping rules provide
a guide to identify how many iterations can be run before
overfitting.

Most of the works studied established a fixed number of
epochs to train the algorithms: 22 [22], 50 [20, 38, 41, 49],
60 [35], 100 [11], 150 [21], and 250 [37]. In [25] the authors
employed 50,000 epochs, but considering a very limited
number of input features. Reference [36] used a validation set
for early stopping, whereas [33] defined a strategy consisting
in stopping the training if there is no improvement in the last
15 epochs (with a maximum of 100 epochs).

5.4.2. Model. The hyperparameters listed here, related to the
model architecture, are depth and width of the network,
initial weights, and dropout.

Depth andWidth.These hyperparameters refer to the number
of hidden layers (depth) and the number of hidden units
(width) in the network. There is no analytical approach to
setting these two parameters and choosing the best config-
uration for a task is sometimes a matter of trial and error.
Whereas shallow neural networks (with a single hidden layer)
can in theory approximate any function (according to the
universal approximation theorem [93])many empirical results
in different tasks and domains demonstrate that adding more
hidden layers improves the performance of the network. A
possible explanation for this phenomenon is that the number
of units in a shallow network grows exponentially with
task complexity, requiring much more neurons than a deep
network to achieve the same performance [2].

Since these are two key elements of a network architec-
ture, most of the papers reviewed provide information about
the depth and width of their implementation. Regarding the
number of layers, most of the implementation ranges from
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1 to 6 layers: 1 hidden layer [10, 13, 14, 17–19, 24, 32, 49, 50,
53], 2 hidden layers [11, 15, 20, 21, 34, 44], 3 hidden layers
[22], 4 hidden layers [23, 26, 27, 37, 40, 41], 5 hidden layers
[25, 31], and 6 hidden layers [30, 38]. In [35] the authors set
2 hidden layers for each modality feature (e.g., eye gaze and
head pose), adding up to 8 hidden layers. The work by [36]
defined 16 (since it employs the VGG16 architecture). Refer-
ence [33] implemented an LSTM with 64 layers (obtaining
better results than with 32 layers). Finally, [29] experimented
with different configurations of layers: 20, 50, 100, and
200.

With respect to the number of units per hidden layer, the
most common value in the papers reviewed is 200 [10, 11, 14,
15, 17–19, 49], followed by 100 [22, 40, 50], 64 [33, 35], 128
[21, 27], and 256 [26, 34]. Other configurations include 5 [31],
15 [44], 20 [28], 40 [37], and 300 [20]. Some works tested
different ranges of width values in their implementation: 10
to 200 [13], 50 to 300 [41], and 64 to 512 [36].

InitialWeights.The initial values assigned to theweights of the
network play an important role in finding the global minima
of the cost function in a deep neural network [94]. Oneway to
do this initialization is assigning randomvalues, although this
method can potentially lead to two issues: vanishing gradient
(the weight update is minor and the optimization of the loss
function is slow) and exploding gradient (oscillating around
the minima). There are more sophisticated approaches
such as using unsupervised stacked RBMs to choose these
weights.

The most common initialization procedure in the papers
reviewed is to randomly select the initial weights: Gaussian
distribution with zeromean and small variance [19], uniform
weights in the range [−0.1, 0.1] [20, 28, 44], and uniform
weights in the range [−0.05, 0.05] [13]. A sparse autoencoder
was used for pretraining in [23]. Transfer learning [95] was
used in [36] to initialize CNNs with weights pretrained
on ImageNet. Finally, [31] used Net2Net, a technique to
accelerate transfer learning from a previous network to a new
one [96].

Dropout.Dropout is a regularization technique used in neural
networks to prevent overfitting. The core of this approach is
to randomly select neurons that will be ignored (“dropped
out”) during the training process. Their contribution to the
activation of neurons in the next layer is temporally removed
on the forward pass and weight updates are not applied
to the neuron on the backward pass [97]. As neurons are
randomly dropped out during training, other neurons have
to handle the representation required to make predictions
for the missing units. The result is that the neural network is
less sensitive to specific weights of neurons achieving better
generalization.

Some of the works studied reported dropout values in
their network configurations. The most repeated values are
0.2 [11, 27, 34] and 0.5 [19, 23, 41], followed by 0.3 [29, 36].
Other values reported are 0.25 [50], 0.4 [49], 0.6 [13], and
0.7 [33]. There are three works that used dropout in their
networks but did not reported the specific value of this
hyperparameter [10, 18, 38].

5.5. Frameworks. Nowadays there are a large set of frame-
works available for fast prototyping DL models that can
efficiently run in parallel taking advantage of GPU infrastruc-
tures. In this way, researchers can focus on the architecture
of the model and overlook low-level details. This section
introduces the frameworks used in theDL for EDM literature,
including some additional popular frameworks that have not
yet been used in this domain. Note that not all the papers
reviewed provide implementation details.

Keras (https://keras.io/) is themost popular framework in
the articles reviewed. It was used in their implementation by
[11, 14, 17, 25, 31, 38, 41, 44]. Keras provides a Python interface
to facilitate the rapid prototyping of different deep neural
networks, such asCNNs andRNNs,which can be executed on
top of other more complex frameworks such as TensorFlow
andTheano (see below).The code produced using Keras runs
seamlessly on both CPUs and GPUs.

TensorFlow (https://www.tensorflow.org/) is the second
most popular framework in this list. It is available for both
desktop and mobile applications, and supports developing
DL models using languages such as Python, C++ and R.
The framework includes TensorBoard, a tool to visualize
data modeling and network performance. It is supported by
Google and by a large community of developers that provide
numerous documentation, tutorials and guides.Theworks in
EDM using this framework are [13, 18–20, 25, 29, 49].

Third in the list is Theano (http://deeplearning.net/soft-
ware/theano/). It was the most widely used library for DL
before the arrival of other competitors such as Tensorflow,
Caffe, and PyTorch. It is a low-level library supporting both
CPU and GPU computation. After launching the release
of version 1.0, it was announced that the development and
support for this tool would be discontinued. The works by
[23, 30, 50] used this framework.

Caffe (http://caffe.berkeleyvision.org/) is a library written
inC++ that includes a Python interface. It is specialized in the
development of CNNs for image-processing tasks. One of the
biggest benefits of using this library is the ability to access
out-of-the-box pretrained networks from the Caffe Model
Zoo (http://caffe.berkeleyvision.org/model zoo.html). It was
used by [36] for automatic eye gaze following in the
classroom.

Torch (http://torch.ch/) is a relatively old machine learn-
ing library, since it was first released fifteen years ago. The
primary programming language is Lua, although there is
an implementation in C. It contains both DL and other
traditional machine learning algorithms, supporting CUDA
for parallel computation. It was used by [10, 12] to develop
their DL models using Lua for the task of knowledge tracing.
There is an open-source machine learning library for Python
based on Torch, called PyTorch (https://pytorch.org/), which
has gained increasing attention from theDL community since
its release in 2016. This library was used in the work by [35].

Other relevant frameworks for DL, not used in any of the
presented works, are Caffe2 (https://caffe2.ai/), Deeplearn-
ing4j (https://deeplearning4j.org/),MXNet (urlhttps://mxnet
.apache.org/), Microsoft Cognitive Toolkit (https://www
.microsoft.com/en-us/cognitive-toolkit/), andChainer (https://
chainer.org/).

https://keras.io/
https://www.tensorflow.org/
http://deeplearning.net/software/theano/
http://deeplearning.net/software/theano/
http://caffe.berkeleyvision.org/
http://caffe.berkeleyvision.org/model_zoo.html
http://torch.ch/
https://pytorch.org/
https://caffe2.ai/
https://deeplearning4j.org/
https://www.microsoft.com/en-us/cognitive-toolkit/
https://www.microsoft.com/en-us/cognitive-toolkit/
https://chainer.org/
https://chainer.org/
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Some works described in this article use word embed-
dings to reduce the dimensionality of the input space.
Word embeddings are used in the area of natural language
processing to map words (or phrases) to vectors of real
numbers. This mapping can be done using neural network
approaches [98]. They aim to identify semantic similarities
between words based on their cooccurrence with other
words in large samples of texts. The frameworks chosen
for this task in the EDM field are word2vec [29, 45]
and Glove (https://nlp.stanford.edu/projects/glove/) [40, 43].
Other popular frameworks to work with word embeddings
are fastText (https://fasttext.cc/), although none of the works
described here used it in their implementation.

6. Discussion

The first question to analyze in this section is the current
status of EDM tasks with respect to the use of DL models.
Based on the taxonomy of EDM applications defined by
[8], the papers reviewed on the present study were catego-
rized according to the problem addressed. This classification
revealed that only 4 of the 13 tasks defined in that taxonomy
have been faced using DL approaches: predicting students
performance, detecting undesirable student behaviors, gener-
ating recommendations, and automatic evaluation. The other
9 tasks remain as an opportunity for researchers in the field
to explore the application of DL techniques.

In the task of predicting student performance, a large
sample of the papers analyzed were devoted to compare
the performance of BKT (probabilistic) and DKT (deep
learning) models, resulting in an interesting discussion
between traditional and deep learning approaches (see Sec-
tion 5.3.4). While DKT usually obtained better performance,
BKT offered better interpretation of its predictions. Since DL
is a very active research topic, it is expected that advances
in DL will provide in a future theoretical understanding and
interpretability of the models generated, and these findings
will benefit all the fields where DL is applied, including EDM.

The prediction of dropping out in MOOC platforms
is the subtask that has gained more attention in detecting
undesirable student behaviors. Most of these studies focused
on predicting student’s dropout at a given point in time.
These studies performed video analysis to identify the loss
of interest in the contents of the course, extracting features
such as the student’s gaze. Including multimodal features to
trainDLmodels, such as behavioral traits (e.g., asking for help
in the classroom or cheating in tests), could benefit future
approaches to this task.

The third task studied, generating recommendations,
was the target of two papers that focused on generating
personalized searches based on the students’ preferences and
curriculum planning. An open challenge for future research
is the recommendation of learning resources in an informal
setting.The problem in this case would be the impossibility to
manually structure the large amount of data that comes from
sources such as expert communities and educational blogs.

Finally, in the evaluation task different frameworks were
built to help teachers in the grading process, primarily

focused on automatic essay scoring and short answer grading.
The use of game-based environments and A/B testing has
demonstrated its benefits as an automatic evaluation tools,
and either would be an interesting line of research for future
works.

The second relevant aspect of this work is the study of
existing datasets used by DL models in educational contexts.
As shown in Section 4.2, several datasets have been developed
for predicting student performance and student behaviors in
online platforms. Although only some of them are available
(e.g., ASSISTment and KDD cup 2010 for predicting student
performance, and KDD Cup 2015 for predicting student
dropout), there are many online learning platforms, ITSs and
MOOCs that can provide large amounts of information to
train EDM systems.

Based on the literature reviewed, it seems necessary to
develop specific datasets for two tasks: educational recom-
mender systems based on data mining and automatic essay
scoring.Themain problem for the first task is that there is not
a single “correct” sequence of learning items to recommend
to a student, and this recommendation largely depends on the
background knowledge, abilities, and goals of the learner. For
this reason, it is necessary not only datasets with coherent
sequences of learning (such as the sequences that can be
found in a MOOC), but also to know which sequences
are appropriate for each student profile. The second task,
automatic essay scoring, is a hard challenge that requires a
deep linguistic analysis to achieve automatic evaluations of
texts. Although there are successful machine learning based
natural language processing tools, automatic essay scoring
requires a fine and deep semantic analysis in order to identify
the topic of the essay, the main idea, arguments for and
against, and, in general, the reasoning process carried out by
the student. Unfortunately, there is no dataset available today
that comprises this type of complex linguistic information
that would benefit DL approaches in this task.

Finally, the last point studied in this review is the different
DL models and configurations used in the EDM literature.
Regarding DL architectures, LSTMs have been the most
used approach, both in terms of frequency of use (59%
of the papers used it) and variety of tasks covered, since
it was applied in the four EDM tasks addressed by the
works analyzed. In principle, this could be considered a good
starting point to develop a system in any of the tasks covered.
In the case of other architectures, Vanilla RNNswere used for
predicting students performance and detecting undesirable
student behaviors, FNNs were constrained to predicting stu-
dents performance and CNNs to detect undesirable student
behaviors. Other proposals considered the use of MLP, DBN,
MN, and autoencoders.

The main hyperparameters of DL models were also
reviewed in the previous section. Given the empirical nature
of the development process of DL models, there is no one-
size-fits-all solution to set the best configuration for a specific
architecture, and the hyperparameters chosen will depend
on the input data available and the task at hand. Among
those analyzed, learning rate, batch size, and the stopping
criteria (number of epochs) are considered to be critical
to model performance. In theory, larger batch sizes imply

https://nlp.stanford.edu/projects/glove/
https://fasttext.cc/
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more stable gradients, facilitating higher learning rates. A
larger batch sizes is also more computationally efficient, as
the number of samples processed in each iteration increases.
Nevertheless, a general advice with deep neural networks is to
take many small steps (smaller batch sizes and learning rates)
instead of fewer larger ones, although this is a design trade-
off that requires experimentation. The third hyperparameter
mentioned, the number of epochs, must also be properly
adjusted to avoid the problem of overfitting. Another aspect
to take into account is the size of the network. Adding more
layers (depth) and neurons (width) can lead tomore powerful
models, but these architectures are also easier to overfit. A
model with a large number of parameters requires also a large
number of samples to achieve generalization. In this respect,
more training data means almost always better DL models.

Manually choosing these hyperparameters is time-con-
suming and error-prone. As the models change, previous
choices may no longer be the best ones. To avoid this draw-
back, there are a number of techniques to automatically pick
the best hyperparameters (such as grid search).The summary
provided in Section 5.4 can give a hint of the starting point
and suitable ranges of values for these hyperparameters in the
development of new architectures. In this regard, the most
commonly used configuration values were: 0.0001 and 0.01
learning rate; 32 and 100 batch size; 0.9 momentum; SGD
weighting update; 50 epochs stopping criteria; 1 or 2 hidden
layers depth; 100 or 200 hidden units per layer width; random
weight initialization; and 0.2 dropout.

It should be noted that the limited number of hidden
layers inmost of theseworks, with 79%of the implementation
using 5 or less hidden layers. Indeed, according to [56],
54% of the works reviewed could be considered “shallow”
neural networks, since they only include 1 or 2 hidden layers
in their architectures. This suggests that there is room for
applying more complex and deep architectures in the field of
EDM. Popular techniques and architectures, such as trans-
fer learning, reinforcement learning, Generative Adversarial
Networks, and unified frameworks, are almost unexplored in
the EDM domain.

With respect to the performance of DL techniques in
these works, leaving aside the papers that do not offer a
comparison between DL and traditional machine learning
techniques, 67% of the works reported that DL outperformed
the existing baselines, 27% showed inconclusive results (DL
performed better only in some of the experiments), and
only 6% reported a lower performance of DL techniques.
These figures are not surprising given the successful results
of DL techniques in many different domains. Nevertheless,
these results are not exempt from controversy. Out of the
field of EDM, there are detractors who claim that the inner
mechanisms of the DL models generated are so complex that
researchers often cannot explain why a model produces a
particular output from a set of inputs. This controversy has
also arisen in EDM, with the aforementioned arguments for
and against DKT and BKT.

Taking into account the current DL techniques applied to
EDM, there are many open paths to explore new approaches
to this field, such as the use or transfer learning for initial-
ization of the neural networks (only used in [36]), the use of

reinforcement learning [99], a promising learning technique
that reduces the need for training data, and the application
of architectures such as MN, DBN, and generative adversarial
networks (GAN), in taskswhere language or image generation
are required [100].

7. Conclusions

This study has reviewed the emergence of DL applications to
EDM, a trend that started in 2015 with 3 papers published,
increasing its presence every year so far with 17 papers
published in 2018. After a systematic search, 41 works were
retrieved in this area. It is worth mentioning the presence of
these approaches in relevant EDM forums such as the annual
International Conference in Educational Data Mining, with
7 papers published in the last edition (for a total of 16 in the
last three years).

Based on the taxonomy of EDM applications defined by
[8], only 4 of the 13 tasks proposed in that study have been
addressed by DL techniques. This reveals that there are many
open opportunities for the use of DL in unexplored EDM
tasks, moreover taking into account the promising results
obtained by thesemodels in theworks reviewed (67% of them
reported that DL outperformed the “traditional” machine
learning baselines in all their experiments).

The study carried out also included a revision of the
main datasets used in the EDM tasks covered. As in other
research areas, some of them are publicly available for the
scientific community, which allows for reproducibility of
the experiments, whereas others were developed ad hoc for
specific studies. In the EDM field, an additional problem that
exists to make the datasets freely available is the existence of
sensitive information concerning (underage) students. This
problem could be overcome with proper anonymization of
the data.

A thorough study of DL techniques were also provided in
this work, starting with an introduction to the field, an analy-
sis of the types of DL architectures used in every task, a review
of the most common hyperparameter configurations, and a
list of the existing frameworks to help in the development of
DL models. Since defining a DL architecture relays mostly in
an empirical process, the information provided in this study
can serve as a basis for starting future developments of DL
applications in EDM.

Given the increasing adoption of DL techniques in EDM,
this work can provide a valuable reference and a starting
point for researches in both DL and EDM fields that want to
leverage the potential of these techniques in the educational
domain.
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Due to the uncertainties of the radar target prior information in the actual scene, the waveform designed based on the radar
target prior information cannot meet the needs of parameter estimation. To improve the performance of parameter estimation, a
novel transmitted waveform design method under the hierarchical game model of radar and jammer, whichmaximizes the mutual
information (MI) between the radar target echo and the random target spectrum response, is proposed. In the hierarchical game
model of radar and jammer, the radar is in a leading position while the jammer is in a following position. The strategy of the
jammer is optimized based on the radar transmitted waveform of previous moment, then the radar selects its own strategy based
on the strategy of the jammer. It is generally assumed that the radar and the jammer have intercepted the real target spectrum
and then the optimal jamming and the optimal transmitted waveform spectrum are obtained. However, the exact characteristic
of the real target spectrum is hard to capture accurately in actual scenes. To simulate this, the real target spectrum is considered
to be within an uncertainty range which is confined by known upper and lower bounds. Then, the minimax robust jamming and
the maximin robust transmitted waveform are designed successively based on the MI criteria, which optimizes the performance
under the most unfavorable condition of the radar and the jammer, respectively. Simulation results demonstrate that the robust
transmitted waveform design method guarantees the parameter estimation performance effectively and provides useful guidance
for waveform energy allocation.

1. Introduction

Cognitive radar (CR) is a new radar system concept pro-
posed in recent years. This system is inspired by the bat
echolocation, which improves the system performance of
the radar through using the feedback structure from the
receiver to the transmitter to optimize the transmitted
waveform based on the recognition of the target and the
scene [1]. The transmitted waveform of the traditional radar
is independent of the environment and each transmission
repeats the same waveform. Therefore the research of the
traditional radar is devoted to optimizing the receiver design
through radar signal processing [2]. Different from the
traditional radar, CR transmitter can adjust the transmitted
waveform adaptively to achieve optimal matching with the
environment according to the acquired information [3].
During the past decades, many adaptive waveform design
methods for radar target parameter estimation have been
developed by a lot of experts and scholars. MI is a useful

information metric in information theory [4], which has
beenwidely adopted in cognitive radar and other engineering
fields [5, 6]. One important method for radar waveform
design is to use information theory. Researchers such as
Vaidyanathan applied information theory to the radar of
the MIMO system [7]. Many radar experts are devoted to
improving the parameter estimation performance by boost-
ing MI [8–10]. The innovative study in [9] optimizes the
transmitted waveform through maximizing the conditional
MI between the radar target echo and the random target
spectrum response. Kwon et al. studied multitarget detection
at low SNR, using the maximum eigenvalue of the sample
covariance matrix and the correlation coefficient between the
transmitted signal and the echo signal to obtain a modified
full correlation detector from the perspective of average
mutual information [11]. Under certain assumptions, such as
fully known noise PSD and white noise, better estimation
performance can be obtained bymaximizing MI, as shown in
[12].
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However, the designed optimal waveforms under the
environment of complex target model are not well known
and do not consider the complex battlefield game environ-
ment, while in practice precise estimation of the real target
spectrum is impossible and the game between radar and
jammer is real existence inmany cases.Themismatch of prior
information of the real target and the ignorance of battlefield
game environment might reduce the waveform performance
transmitted by the radar transmitter.

In this paper, a novel transmitted waveform design
technique based on MI under the environment of complex
battlefield game and complicated target model is presented.
Minimax robust jamming and maximin robust waveform
design methods are proposed successively to reduce the
impact of insufficient prior information on the performance
of the designed waveform. Our main contribution is that the
imprecise estimation of target spectrum [12] is considered in
the optimal jamming and the optimal transmitted waveform
design strategies. In addition, we also establish a hierarchical
game model of radar and jammer, which regards radar as
the leader and jammer as the follower. The minimax robust
jamming and maximin robust transmitted waveform tech-
niques under the established hierarchical game model above
based on the MI are developed successively. In summary,
first of all, given that the real target spectrum is known,
the optimal jamming and optimal transmitted waveform
design methods for random target based onMI are proposed
successively. Secondly, by considering the uncertainty of the
target spectrum, the MI-based minimax robust jamming
and maximin robust transmitted waveform techniques are
proposed successively. In this paper, we consider the single
target model and multitarget model, respectively; then the
minimax robust jamming and maximin robust transmit-
ted waveform techniques under the two different target
models above based on MI are proposed, respectively. The
minimax robust jamming and maximin robust transmitted
waveform design methods optimize the performance under
the most unfavorable condition of the jammer and the radar
transmitter, respectively. Their behaviour with regard to the
uncertainty of target spectrum is also analyzed. The MI-
based robust jamming and robust waveform provide useful
guidance for waveform energy allocation strategy. These
two waveform design techniques are easy to implement
in an intelligent jammer and a cognitive radar and will
have important applications in electronic warfare. In the
actual situation, the minimax and maximin robust wave-
form design methods proposed in this paper can provide
the most favorable strategies for intelligent jammer and
radar, respectively, in complex target environments. And
the waveform design method proposed in this paper can
be well applied to the battlefield game environment which
regards radar as the leader and the intelligent jammer as
the follower. In electronic warfare, radar and jammer can
design their own waveform, respectively, according to the
strategy of their opponent, which can improve their own
performance and weaken the performance of their opponent.
As the method proposed in this paper assumes that the
radar is more powerful than the jammer, the radar finally
won this electronic warfare, and the transmitted waveform

designed by radar maximizes the estimation performance of
radar.

2. Signal Model and Problem Formulation

For the jammer, to impair the estimation performance, the
minimization ofMImeans that the radar target echo contains
little information on the target, which will result in poor
performance of the radar transmitter. But for the radar
transmitter, the maximization of the MI will improve the
estimation performance.

2.1. Model of Random Target and Optimal Jamming Design
Based on MI. In this subsection, to minimize the estimation
performance of a general radar system, the optimal jamming
design method based on MI is proposed. The model of the
random target is given in Figure 1 [9, 13], where Figure 1(a)
illustrates that the duration of the random target is finite. In
this model, 𝑎(𝑡) denotes a window function with duration 𝑇ℎ
and 𝑔(𝑡) represents a generalized stationary random process.
Thus, the product ℎ(𝑡) = 𝑎(𝑡)𝑔(𝑡) is a generalized stationary
random process within [0, 𝑇ℎ]. The random target model
is shown in radar signal processing system in Figure 1(b),
where 𝑥(𝑡) denotes the transmitted waveform signal and ℎ(𝑡)
represents the signal model of random target. The spectrum
response of 𝑥(𝑡) can be denoted by𝑋(𝑓), and similarly𝐻(𝑓)
is the spectrum response of ℎ(𝑡). 𝑟(𝑡) denotes the signalmodel
of receiver filter and 𝑛(𝑡) is a noise process with the power
spectrum density (PSD) 𝑆𝑛𝑛(𝑓). Likewise, 𝑐(𝑡) represents a
jamming component which is a Gaussian random process
and the PSD of 𝑐(𝑡) can be denoted by 𝐽(𝑓).

The energy spectrum variance (ESV) of ℎ(𝑡) is repre-
sented as follows [9, 13].

𝜎𝐻2 (𝑓) = Ε [𝐻 (𝑓) − 𝜇𝐻 (𝑓)2] (1)

In the expression of (1), E[⋅] represents the expectation of
an input entity, and 𝜇𝐻(𝑓) denotes the mean value of 𝐻(𝑓)
which is assumed to be 0.

The signal model depicted in Figure 1(b) can be applied
for MI-based jamming and transmitted waveform design.
Therefore, the expression of MI for the model of random
target can be denoted by [13]

𝑀𝐼
= 𝑇𝑦 ∫

𝐵𝑊
ln[
[
1 + 𝜎𝐻2 (𝑓) 𝑋 (𝑓)2𝑇𝑦 (𝐽 (𝑓) 𝑋 (𝑓)2 + 𝑆𝑛𝑛 (𝑓))

]
]
𝑑𝑓 (2)

where 𝑇𝑦 represents the duration of the radar target echo𝑦(𝑡). The energy constraint of the jamming is set to be 𝐸𝑋.
Therefore, for the jammer to impair the performance of the
radar transmitter, the optimization problem can be expressed
as follows.

min
𝐽(𝑓)

MI (𝐽 (𝑓)) (3)

s.t. ∫
𝐵𝑊
𝐽 (𝑓) 𝑑𝑓 ≤ 𝐸𝑋 (4)
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Figure 1: Random target model for waveform design based on MI. (a) Signal model for random target with finite duration 𝑇ℎ. (b) Signal
model for waveform design based on MI.

In the expression of (4), 𝐵𝑊 is the bandwidth that the
spectrum response of transmitted waveform and jamming
are virtually limited to. The minimization of MI means
that the radar target echo contains little information on the
real target, which will result in poor performance for the
radar transmitter. The equation of MI is expressed by the
transmitted waveform of previous moment, the noise PSD,
the target ESV, and the jamming PSD.

The optimal jamming solution obtained by Lagrange
multiplier method that minimizes the MI (2) under the
energy constraint (4) can be denoted by [14]

𝐽 (𝑓) = max [0, 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓))] (5)

where

𝐵 (𝑓) = − 𝜎𝐻2 (𝑓) 𝑋 (𝑓)22𝑇𝑦 ⋅ 𝑆𝑛𝑛 (𝑓) + 𝜎𝐻2 (𝑓) 𝑋 (𝑓)2 , (6)

𝐷(𝑓) = 𝑇𝑦𝑆𝑛𝑛2 (𝑓) + 𝜎𝐻2 (𝑓) 𝑋 (𝑓)2 𝑆𝑛𝑛 (𝑓)𝜎𝐻2 (𝑓) 𝑋 (𝑓)4 , (7)

and 𝐴 is a constant that can be derived from the energy
constraint of the jamming.

∫
𝐵𝑊

max [0, 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (8)

The results show that the optimal jamming solution based on
MI can be obtained by water-filling operation which assumes
that the target spectrum 𝐻(𝑓) and transmitted waveform of
previousmoment𝑋(𝑓) are greater than zero at each sampling
frequency.

2.2. MI-Based Transmitted Waveform Design. According to
the jamming solved above, for radar transmitter to improve
the parameter estimation performance, MI is also adopted
as the criterion. The energy constraint of the transmitted
waveform is also set to be 𝐸𝑋. In (9), the MI is expressed by
the jamming designed by jammer, the noise PSD, the target

ESV, and the transmitted waveform spectrum. The designed
optimal transmitted waveform should satisfy the following.

max
|𝑋(𝑓)|2

MI (𝑋 (𝑓)2) (9)

s.t. ∫
𝐵𝑊

𝑋 (𝑓)2 𝑑𝑓 ≤ 𝐸𝑋 (10)

The maximization of MI means that the radar target echo
contains much target information, which will result in rich
parameter estimation performance for the radar.

The optimal transmitted waveform obtained by Lagrange
multiplier method which maximizes the MI (9) under the
energy constraint (10) can be written as

𝑋 (𝑓)2 = max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] (11)

where

𝐵 (𝑓) = 𝜎𝐻2 (𝑓)2𝑇𝑦 ⋅ 𝐽 (𝑓) + 𝜎𝐻2 (𝑓) , (12)

𝐷(𝑓) = 𝑇𝑦𝑆𝑛𝑛 (𝑓)𝜎𝐻2 (𝑓) , (13)

and 𝐴 is a constant that can be derived from the energy
constraint of the transmitted waveform.

∫
𝐵𝑊

max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (14)

The optimal transmitted waveform based on MI is obtained
by performing a water-filling operation when the jamming
spectrum, the target ESV, and the noise PSD are known.
By using the designed transmitted waveform, the available
energy can be used more efficiently in battlefield game
environment, which will achieve better performance of the
transmitted waveform. Simulation results show that the
optimal jamming and optimal transmitted waveform actually
lead to opposite energy allocation strategies.

Note that in the designed jamming and transmitted wave-
form above, the real target spectrum response is assumed to
be fully known, while in practice the real target spectrum
is difficult to capture. When the target model is blurred, the
designed jamming and transmitted waveform based on target
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Figure 2: Model of the uncertainty range of single target spectrum.

prior information will not guarantee the performance of the
radar or the jammer effectively, so it is critical to minimize
the loss of the performance. Therefore, the robust jamming
technique and robust transmitted waveform technique are
considered next.

3. Maximin Robust Waveform Design

Taking the target spectrum uncertainty into account, the
band model in [15] is adopted. For single target, assume that
the real target spectrumexists in an uncertainty range 𝜀 where
both the upper and the lower bound are known, that is,

𝐻(𝑓) ∈ 𝜀 = {𝑙𝑘 ≤ 𝐻 (𝑓𝑘) ≤ 𝑢𝑘, 𝑘 = 1, 2 . . . , 𝐾} (15)

where 𝑓𝑘 denotes the sampling frequency. The model of
uncertainty single target is shown as Figure 2.

For multiple targets, assume that each real target spec-
trumof themultiple targets existswithin anuncertainty range𝜀𝑖 which is confined also by known upper and lower bounds,
that is,

𝐻𝑖 (𝑓) ∈ 𝜀𝑖 = {𝑙𝑖𝑘 ≤ 𝐻𝑖 (𝑓𝑘) ≤ 𝑢𝑖𝑘, 𝑘 = 1, 2 . . . , 𝐾} (16)

where 𝑖 = 1, 2, 3, 4 . . ., which is used to distinguish different
targets.The uncertainty class 𝜀𝑖 for each target is different.The
model of uncertainty multiple targets is shown as Figure 3.

In practice, uncertainty target model is widely adopted in
robust waveform design because the uncertainty range can
be captured through spectrum estimation [15]. The larger
the difference between the upper and the lower bound, the
greater the uncertainty of the target spectrum. Moreover, pay
attention to the fact that the difference in amplitude between
the upper and the lower bound of the blurred target spectrum
could be different at each sampling frequency.
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Figure 3: Model of the uncertainty range of multitarget spectrum.

Now the gamemodel of radar and jammer is built: assume
that the radar is in a leading position and the jammer is in a
following position.The information of the leader and follower
is not equal. Firstly, the strategy of the jammer is optimized
according to the radar transmitted waveform of the previous
moment. Then the radar selects its own strategy according to
the jammer’s strategy.

For each particular target spectrum, there exist an
optimal jamming and an optimal transmitted waveform,
respectively, for jammer and radar. However, the real target
spectrum may vary in this uncertainty range, so the mini-
max robust technique for jammer and the maximin robust
technique for radar are good approaches which guarantee the
performance under themost unfavorable case. In this section,
the minimax robust jamming technique and the maximin
robust transmitted waveform technique for MI are proposed
successively.

3.1. Minimax Robust Jamming Technique Based on MI. Let𝜉(𝐽(𝑓), 𝜎𝐻2(𝑓)) denote the optimization criterion MI. The
expression of MI can be expressed by the jamming spectrum𝐽(𝑓) and the target ESV 𝜎𝐻2(𝑓) or target spectrum 𝐻(𝑓).
Note that the expressions of 𝜎𝐻2(𝑓) for single target and
multiple targets are different, which will be given in Sections
3.1.1 and 3.1.2, respectively. The minimax robust jamming
design method should satisfy the following [12, 15, 16].

min
𝐽(𝑓)

{ max
|𝐻(𝑓)|∈𝜀

𝜉 (𝐽 (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

} (17)

Based on the theory of robust signal processing in [16],
the solution of this minimax optimization problem can be
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denoted as follows.

𝜉 (𝐽minmax (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

≤ 𝜉 (𝐽minmax (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

≤ 𝜉 (𝐽 (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

(18)

From the right side of the inequality above, the minimax
optimal jamming is optimal for the jammer when 𝜎𝐻2(𝑓) =𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓). It minimizes the performance of radar transmit-
ter. If other jamming spectrum is adopted, the performance of
the jammer will be degraded. Meanwhile, the left side of the
inequality indicates that 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓) is the most unfavorable
target ESV for theminimax optimal jamming. If theminimax
optimal jamming spectrum 𝐽minmax(𝑓) is adopted, for all tar-
get ESV in the uncertainty range 𝜀 or 𝜀𝑖, the MI performance
will be better than the unfavorable case, at least as good as the
case of 𝜎𝐻2(𝑓) = 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓). Therefore the minimax optimal
jamming for the most unfavorable target ESV within the
uncertainty range is optimal. By ensuring the performance
under the most unfavorable condition, the performance for
all target spectra within the uncertainty range will not be
worse than this case.

3.1.1. Minimax Robust Jamming Technique for Single Target
Based on MI. For the jammer, the upper bound of the
uncertainty range is taken as the most unfavorable target
spectrum.Therefore the minimax robust jamming technique
for single target based on MI should satisfy the following.

min
𝐽(𝑓)

{ max
|𝐻(𝑓)|∈𝜀

MI (𝐽 (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

} (19)

Theorem 1. �e solution to the minimax optimum problem
described in (19) is

𝐽minmax (𝑓) = max [0, 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓))] (20)

where

𝐵 (𝑓) = − 𝜎𝑈2 (𝑓) 𝑋 (𝑓)22𝑇𝑦 ⋅ 𝑆𝑛𝑛 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 (21)

and

𝐷 (𝑓) = 𝑇𝑦𝑆𝑛𝑛2 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 𝑆𝑛𝑛 (𝑓)𝜎𝑈2 (𝑓) 𝑋 (𝑓)4 . (22)

𝜎𝑈2(𝑓) = |𝑈(𝑓)|2 denotes the unfavorable target ESV for
jammer, where 𝑈(𝑓) = {𝑢𝑘, 𝑘 = 1, 2, ..., 𝐾} represents the
upper bound of the target uncertainty range, and𝐴 is a constant
which can be derived by the following.

∫
𝐵𝑊

max [0, 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (23)

3.1.2.MinimaxRobust JammingTechnique forMultiple Targets
Based on MI. The minimax robust jamming technique for
multiple targets based on MI should satisfy the following.

min
𝐽(𝑓)

{ max
|𝐻𝑖(𝑓)|∈𝜀𝑖

MI (𝐽 (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

} (24)

Theorem 2. �e solution to the minimax optimum problem
described in (24) is

̃̃𝐽minmax (𝑓) = max [0, ̃̃𝐵 (𝑓) (̃̃𝐴 + ̃̃𝐷 (𝑓))] (25)

where

̃̃𝐵 (𝑓) = − 𝜎𝑈2 (𝑓) 𝑋 (𝑓)22𝑇𝑦 ⋅ 𝑆𝑛𝑛 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 (26)

and

̃̃𝐷 (𝑓) = 𝑇𝑦𝑆𝑛𝑛2 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 𝑆𝑛𝑛 (𝑓)𝜎𝑈2 (𝑓) 𝑋 (𝑓)4 . (27)

|𝑈𝑖(𝑓)| = {𝑢𝑖𝑘, 𝑘 = 1, 2, ..., 𝐾} represents the upper bound of 𝑖 −𝑡ℎ target uncertainty range, where 𝜎𝑈2(𝑓) = ∑𝑀𝑖=1 𝑃𝑖|𝑈𝑖(𝑓)|2 −|∑𝑀𝑖=1 𝑃𝑖𝑈𝑖(𝑓)|2 [13] in (26) and (27), 𝑀 denotes the number
of targets, 𝑃𝑖 denotes the occurrence probability of 𝑖 − 𝑡ℎ target,
and ̃̃𝐴 is a constant which can be derived by the following.

∫
𝐵𝑊

max [0, ̃̃𝐵 (𝑓) (̃̃𝐴 + ̃̃𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (28)

Note that the optimization problem in (24) whichminimizes the
MI for the multitarget model is similar to the problem described
in (19). �e difference is that the expression of 𝜎𝐻2(𝑓) is varied
from 𝜎𝐻2(𝑓) = |𝐻(𝑓)|2 to 𝜎𝐻2(𝑓) = ∑𝑀𝑖=1 𝑃𝑖|𝐻𝑖(𝑓)|2 −|∑𝑀𝑖=1 𝑃𝑖𝐻𝑖(𝑓)|2.
Proof of�eorems 1 and 2. To prove the conclusion above, the
optimal problem should satisfy the following.

𝜉 (𝐽minmax (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

≤ 𝜉 (𝐽minmax (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

≤ 𝜉 (𝐽 (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

(29)

Firstly, we prove the right side of inequality (29). The
expression of MI can be denoted as follows.

𝑀𝐼(𝐽 (𝑓))
= 𝑇𝑦 ∫

𝐵𝑊
ln[
[
1 + 𝜎𝐻2 (𝑓) 𝑋 (𝑓)2𝑇𝑦 (𝐽 (𝑓) 𝑋 (𝑓)2 + 𝑆𝑛𝑛 (𝑓))

]
]
𝑑𝑓 (30)

The expression of 𝜎𝐻2(𝑓) in (30) is varied from single target
to multiple targets, assuming that the most unfavorable
target spectrum can be captured, which is 𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) =
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|𝑈(𝑓)|. Therefore the most unfavorable target ESV is 𝜎𝑈2(𝑓).
Similarly, 𝜎𝑈2(𝑓) is the upper bound of 𝜎𝐻2(𝑓). The optimal
problem is equivalent to designing the optimal jamming that
minimizes the MI when the real target spectrum is 𝑈(𝑓).

We determine an objective function by using the
Lagrangian multiplier technique.

𝐿 (𝐽 (𝑓) , 𝜆)
= 𝑇𝑦 ∫

𝐵𝑊
ln[
[
1 + 𝑋 (𝑓)2 𝜎𝑈2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽 (𝑓))

]
]
𝑑𝑓

+ 𝜆 [𝐸𝑋 − ∫
𝐵𝑊
𝐽 (𝑓) 𝑑𝑓]

(31)

This is equivalent tominimizing 𝐿(𝐽(𝑓))with respect to 𝐽(𝑓);
the expression of (31) can be converted into

𝐿 (𝐽 (𝑓) , 𝜆)
= 𝑇𝑦 ∫

𝐵𝑊
ln[
[
1 + 𝑋 (𝑓)2 𝜎𝑈2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽 (𝑓))

]
]
𝑑𝑓

− 𝜆∫
𝐵𝑊
𝐽 (𝑓) 𝑑𝑓

(32)

where 𝐿(𝐽(𝑓)) can be denoted as follows.

𝐿 (𝐽 (𝑓)) = 𝑇𝑦
⋅ ln[

[
1 + 𝑋 (𝑓)2 𝜎𝑈2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽 (𝑓))

]
]

− 𝜆𝐽 (𝑓)
(33)

The second order derivation of 𝐿(𝐽(𝑓)) with regard to 𝐽(𝑓)
is greater than zero. Therefore, deriving 𝐿(𝐽(𝑓)) to 𝐽(𝑓) and
setting it to zero yield the optimal jamming 𝐽minmax(𝑓), that
is,

𝐽minmax (𝑓)
= max [0, −�̃� (𝑓) + √�̃�2 (𝑓) − 𝑆 (𝑓) (𝐴 + 𝐷 (𝑓))] (34)

where 𝐴 is a constant which can be derived by

∫
𝐵𝑊

max [0, −�̃� (𝑓)
+ √�̃�2 (𝑓) − 𝑆 (𝑓) (𝐴 + 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋

(35)

where

�̃� (𝑓) = 𝑆𝑛𝑛 (𝑓)𝑋 (𝑓)2 +
𝜎𝑈2 (𝑓)2𝑇𝑦 (36)

𝑆 (𝑓) = 𝜎𝑈2 (𝑓)𝑇𝑦 (37)

𝐷(𝑓) = 𝑇𝑦𝑆𝑛𝑛2 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 𝑆𝑛𝑛 (𝑓)𝜎𝑈2 (𝑓) 𝑋 (𝑓)4 (38)

respectively.

We define the following

𝑄(𝑓) = −�̃� (𝑓) + √�̃�2 (𝑓) − 𝑆 (𝑓) (𝐴 + 𝐷 (𝑓)) (39)

and use the first order Taylor approximation to (39) to yield

𝑄(𝑓) = 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓)) (40)

where

𝐵 (𝑓) = − 𝜎𝑈2 (𝑓) 𝑋 (𝑓)22𝑇𝑦 ⋅ 𝑆𝑛𝑛 (𝑓) + 𝜎𝑈2 (𝑓) 𝑋 (𝑓)2 . (41)

Thus the designed jamming can be denoted as follows.

𝐽minmax (𝑓) = max [0, 𝐵 (𝑓) (𝐴 + 𝐷 (𝑓))] (42)

Therefore we obtain the following.

𝜉 (𝐽minmax (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

≤ 𝜉 (𝐽 (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽(𝑓)𝑑𝑓≤𝐸𝑋

(43)

Thenwe continue to prove that𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) = |𝑈(𝑓)| is themost
unfavorable target spectrum which means that 𝜎𝐻𝑤𝑜𝑟𝑠𝑡2(𝑓) =𝜎𝑈2(𝑓) is the most unfavorable target ESV. Substituting the
designed jamming into the expression of MI in (30) for any𝐻(𝑓) ∈ 𝜀 or 𝐻𝑖(𝑓) ∈ 𝜀𝑖, the integral is approximated by
summation, which is

𝜉 (𝐽minmax (𝑓) , 𝜎𝐻2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

= 𝑇𝑦 ⋅ 𝐾∑
𝑘=1
Δ𝑓

⋅ ln[
[
1 + 𝑋 (𝑓𝑘)2 𝜎𝐻2 (𝑓𝑘)𝑇𝑦 (𝑆𝑛𝑛 (𝑓𝑘) + 𝑋 (𝑓𝑘)2 𝐽minmax (𝑓𝑘))]]

= 𝑇𝑦 ⋅ 𝐾∑
𝑘=1
Δ𝑓 ⋅ ln[

[
1

+ 𝑋 (𝑓𝑘)2 𝜎𝐻2 (𝑓𝑘)𝑇𝑦 (𝑆𝑛𝑛 (𝑓𝑘) + 𝑋 (𝑓𝑘)2 ⋅max (0, 𝑄 (𝑓𝑘)))]]
= 𝑇𝑦

⋅ 𝐾∑
𝑘=1
Δ𝑓 ⋅ ln[

[
1

+ 𝑋 (𝑓𝑘)2 𝜎𝐻2 (𝑓𝑘)𝑇𝑦 ⋅max (𝑆𝑛𝑛 (𝑓𝑘) , 𝑋 (𝑓𝑘)2 ⋅ 𝑄 (𝑓𝑘) + 𝑆𝑛𝑛 (𝑓𝑘))
]
]

≤ 𝑇𝑦 ⋅ 𝐾∑
𝑘=1
Δ𝑓 ⋅ ln[

[
1

+ 𝑋 (𝑓𝑘)2 𝜎𝑈2 (𝑓𝑘)𝑇𝑦 ⋅max (𝑆𝑛𝑛 (𝑓𝑘) , 𝑋 (𝑓𝑘)2 ⋅ 𝑄 (𝑓𝑘) + 𝑆𝑛𝑛 (𝑓𝑘))
]
]

= 𝜉 (𝐽minmax (𝑓) , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓))∫
𝐵𝑊
𝐽minmax(𝑓)𝑑𝑓≤𝐸𝑋

(44)
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whereΔ𝑓 denotes the sampling frequency interval.Therefore,
the most unfavorable target spectrum which maximizes the
MI is𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) = |𝑈(𝑓)|, and similarly the most unfavorable
target ESV is 𝜎𝐻𝑤𝑜𝑟𝑠𝑡2(𝑓) = 𝜎𝑈2(𝑓); the proof is complete.

3.2. Robust Transmitted Waveform Design Based on MI.
According to the minimax robust jamming solved above,
which is the strategy of the jammer, in order to improve the
estimation performance, it is time for the radar to select its
own strategy.

Let 𝜉(|𝑋(𝑓)|2, 𝜎𝐻2(𝑓), 𝐽minmax(𝑓)) represent the opti-
mization criterion MI. The MI criteria can be expressed by
the transmitted waveform spectrum 𝑋(𝑓), minimax robust
jamming 𝐽minmax(𝑓), and the target ESV 𝜎𝐻2(𝑓) or target
spectrum 𝐻(𝑓). Note that the expressions of 𝜎𝐻2(𝑓) for
single target and multiple targets are different, which will be
given in Sections 3.2.1 and 3.2.2, respectively. The maximin
robust transmitted waveform design method should satisfy
the following [15, 16].

max
|𝑋(𝑓)|2

{ min
|𝐻(𝑓)|∈𝜀

𝜉 (𝑋 (𝑓)2 , 𝜎𝐻2 (𝑓) , 𝐽minmax (𝑓))∫
𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

} (45)

Based on the theory of robust signal processing in [16],
the solution of this maximin optimization problem can be
denoted as follows.

𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋 (𝑓)2 ,
𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) , 𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

(46)

From the right side of the inequality above, the maximin
optimal transmitted waveform is optimal for the radar
transmitter when 𝜎𝐻2(𝑓) = 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓). It maximizes
the performance of radar transmitter. If another waveform

spectrum is adopted, the performance of the radar will be
degraded. Meanwhile, the left side of the inequality indicates
that 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓) is the most unfavorable target ESV for the
maximin optimal transmitted waveform. If the maximin
optimal transmitted waveform spectrum |𝑋maxmin(𝑓)|2 is
adopted, for all target ESV in the uncertainty range 𝜀 or𝜀𝑖, the MI performance will be better than the unfavorable
case, at least as good as the case of 𝜎𝐻2(𝑓) = 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2(𝑓).
Therefore the maximin optimal transmitted waveform for the
most unfavorable target ESV within the uncertainty range
is optimal. By ensuring the performance under the most
unfavorable condition, the performance for all target spectra
within the uncertainty range will not be worse than this
case.

3.2.1. Robust Transmitted Waveform Design for Single Target
Based on MI. For the radar, the lower bound of the uncer-
tainty range is taken as the most unfavorable target spec-
trum. Therefore the maximin robust transmitted waveform
technique for single target based on MI should satisfy the
following.

max
|𝑋(𝑓)|2

{ min
|𝐻(𝑓)|∈𝜀

𝜉 (𝑋 (𝑓)2 , 𝜎𝐻2 (𝑓) , 𝐽minmax (𝑓))∫
𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

} (47)

Theorem 3. �e solution to the maximin optimum problem
described in (47) is

𝑋maxmin (𝑓)2 = max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] (48)

where

𝐵 (𝑓) = 𝜎𝐿2 (𝑓)2𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓) (49)

and

𝐷(𝑓) = 𝑇𝑦𝑆𝑛𝑛 (𝑓)𝜎𝐿2 (𝑓) . (50)

𝜎𝐿2(𝑓) = |𝐿(𝑓)|2 denotes the unfavorable target ESV for radar,
where |𝐿(𝑓)| = {𝑙𝑘, 𝑘 = 1, 2, ..., 𝐾} represents the lower bound
of the single target spectrum uncertainty range, and 𝐴 is a
constant which can be derived by the following.

∫
𝐵𝑊

max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (51)

3.2.2. Robust Transmitted Waveform Design for Multiple Tar-
gets Based onMI. Themaximin robust transmittedwaveform
technique for multiple targets based on MI should satisfy the
following.
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max
|𝑋(𝑓)|2

{ min
|𝐻𝑖(𝑓)|∈𝜀𝑖

𝜉 (𝑋 (𝑓)2 , 𝜎𝐻2 (𝑓) , 𝐽minmax (𝑓))∫
𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

} (52)

Theorem 4. �e solution to the maximin optimum problem
described in (52) is

̂̂𝑋
maxmin (𝑓)

2 = max [0, ̂̂𝐵 (𝑓) (̂̂𝐴 − ̂̂𝐷 (𝑓))] (53)

where

̂̂𝐵 (𝑓) = 𝜎𝐿2 (𝑓)2𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓) (54)

and

̂̂𝐷 (𝑓) = 𝑇𝑦𝑆𝑛𝑛 (𝑓)𝜎𝐿2 (𝑓) . (55)

|𝐿 𝑖(𝑓)| = {𝑙𝑖𝑘, 𝑘 = 1, 2, ..., 𝐾} denotes the lower bound of𝑖 − 𝑡ℎ target spectrum uncertainty range, where 𝜎𝐿2(𝑓) =
∑𝑀𝑖=1 𝑃𝑖|𝐿 𝑖(𝑓)|2 − |∑𝑀𝑖=1 𝑃𝑖𝐿 𝑖(𝑓)|2 in (54) and (55), and ̂̂𝐴 is a
constant which can be derived by the following.

∫
𝐵𝑊

max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋 (56)

Note that the optimization problem in (52) which maximizes
the MI for the multitarget model is similar to the problem
described in (47). �e difference is that the expression of𝜎𝐻2(𝑓) is varied from 𝜎𝐻2(𝑓) = |𝐻(𝑓)|2 to 𝜎𝐻2(𝑓) =∑𝑀𝑖=1 𝑃𝑖|𝐻𝑖(𝑓)|2 − |∑𝑀𝑖=1 𝑃𝑖𝐻𝑖(𝑓)|2.
Proof of�eorems 3 and 4. To prove the conclusion above, the
optimal problem should satisfy the following.

𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋 (𝑓)2 ,
𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) , 𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

(57)

Firstly, we prove the right side of inequality (57). The
expression of MI can be denoted as follows.

𝑀𝐼(𝑋 (𝑓)2) = 𝑇𝑦 ∫
𝐵𝑊

ln[
[
1

+ 𝜎𝐻2 (𝑓) 𝑋 (𝑓)2𝑇𝑦 (𝐽minmax (𝑓) 𝑋 (𝑓)2 + 𝑆𝑛𝑛 (𝑓))
]
]
𝑑𝑓

(58)

The expression of 𝜎𝐻2(𝑓) in (58) is still different from
single target to multiple targets, supposing that the most
unfavorable target spectrum can be captured, which is𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) = |𝐿(𝑓)|. Therefore the most unfavorable target
ESV is 𝜎𝐿2(𝑓). Similarly, 𝜎𝐿2(𝑓) is the lower bound of 𝜎𝐻2(𝑓).
The optimal problem is equivalent to designing the optimal
transmitted waveform that minimizes the MI when the real
target spectrum is 𝐿(𝑓).

We determine an objective function by using the
Lagrangian multiplier technique.

𝐿 (𝑋 (𝑓)2 , 𝜆) = 𝑇𝑦 ∫
𝐵𝑊

ln[
[
1

+ 𝑋 (𝑓)2 𝜎𝐿2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽minmax (𝑓))]]
𝑑𝑓

+ 𝜆 [𝐸𝑋 − ∫
𝐵𝑊

𝑋 (𝑓)2 𝑑𝑓]

(59)

This is equivalent to maximizing 𝐿(|𝑋(𝑓)|2) with respect to|𝑋(𝑓)|2; the expression of (59) can be converted into

𝐿 (𝑋 (𝑓)2 , 𝜆) = 𝑇𝑦 ∫
𝐵𝑊

ln[
[
1

+ 𝑋 (𝑓)2 𝜎𝐿2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽minmax (𝑓))]]
𝑑𝑓

− 𝜆∫
𝐵𝑊

𝑋 (𝑓)2 𝑑𝑓

(60)

where 𝐿(|𝑋(𝑓)|2) can be denoted as follows.
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𝐿 (𝑋 (𝑓)2)= 𝑇𝑦
⋅ ln[

[
1 + 𝑋 (𝑓)2 𝜎𝐿2 (𝑓)𝑇𝑦 (𝑆𝑛𝑛 (𝑓) + 𝑋 (𝑓)2 𝐽minmax (𝑓))]]− 𝜆 𝑋 (𝑓)2

(61)

The second order derivation of 𝐿(|𝑋(𝑓)|2) with regard to|𝑋(𝑓)|2 is greater than zero. Therefore, deriving 𝐿(|𝑋(𝑓)|2)
to |𝑋(𝑓)|2 and setting it to zero yield the optimal transmitted
waveform |𝑋maxmin(𝑓)|2, that is,
𝑋maxmin (𝑓)2
= max [0, −�̂� (𝑓) + √�̂�2 (𝑓) + 𝑆 (𝑓) (𝐴 − 𝐷 (𝑓))] . (62)

𝐴 is a constant which can be derived by

∫
𝐵𝑊

max [0, −�̂� (𝑓)
+ √�̂�2 (𝑓) + 𝑆 (𝑓) (𝐴 − 𝐷 (𝑓))] 𝑑𝑓 ≤ 𝐸𝑋

(63)

where

�̂� (𝑓) = 𝑆𝑛𝑛 (𝑓) (2𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓))
2𝐽minmax (𝑓) (𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓)) (64)

𝑆 (𝑓) = 𝑆𝑛𝑛 (𝑓) 𝜎𝐿2 (𝑓)𝐽minmax (𝑓) (𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓)) (65)

𝐷(𝑓) = 𝑆𝑛𝑛 (𝑓)𝜎𝐿2 (𝑓) 𝑇𝑦 (66)

respectively.

We define the following

�̂� (𝑓) = −�̂� (𝑓) + √�̂�2 (𝑓) + 𝑆 (𝑓) (𝐴 − 𝐷 (𝑓)) (67)

and use the first order Taylor approximation to (67) to yield

𝑁(𝑓) = 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓)) (68)

where

𝐵 (𝑓) = 𝜎𝐿2 (𝑓)2𝑇𝑦 ⋅ 𝐽minmax (𝑓) + 𝜎𝐿2 (𝑓) . (69)

Thus the designed transmitted waveform can be denoted as
follows.

𝑋maxmin (𝑓)2 = max [0, 𝐵 (𝑓) (𝐴 − 𝐷 (𝑓))] (70)

Therefore we obtain the following.

𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋 (𝑓)2 ,

𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) , 𝐽minmax (𝑓))∫
𝐵𝑊
|𝑋(𝑓)|2𝑑𝑓≤𝐸𝑋

(71)

Then we continue to prove that 𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) = |𝐿(𝑓)| is
the most unfavorable target spectrum which means that𝜎𝐻𝑤𝑜𝑟𝑠𝑡2(𝑓) = 𝜎𝐿2(𝑓) is the most unfavorable target ESV.
Substituting the designed transmitted waveform into the
expression of MI in (58) for any 𝐻(𝑓) ∈ 𝜀 or 𝐻𝑖(𝑓) ∈𝜀𝑖, the integral is approximated by summation, which is as
follows.

𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻2 (𝑓) , 𝐽minmax (𝑓))∫
𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

= 𝑇𝑦 ⋅ 𝐾∑
𝑘=1
Δ𝑓

⋅ ln [
[
1 +

𝑋maxmin (𝑓𝑘)2 𝜎𝐻2 (𝑓𝑘)𝑇𝑦 (𝑆𝑛𝑛 (𝑓𝑘) + 𝑋maxmin (𝑓𝑘)2 𝐽minmax (𝑓𝑘))]]
∫
𝐵𝑊
|𝑋maxmin(𝑓𝑘)|2𝑑𝑓≤𝐸𝑋

= 𝑇𝑦 ⋅ 𝐾∑
𝑘=1
Δ𝑓 ⋅ ln [1

+ max (0,𝑁 (𝑓𝑘)) ⋅ 𝜎𝐻2 (𝑓𝑘)𝑇𝑦 (𝑆𝑛𝑛 (𝑓𝑘) +max (0,𝑁 (𝑓𝑘)) ⋅ 𝐽minmax (𝑓𝑘))] = 𝑇𝑦 ⋅
𝐾∑
𝑘=1
Δ𝑓 ⋅ ln[1

+ max (0,𝑁 (𝑓𝑘) ⋅ 𝜎𝐻2 (𝑓𝑘))𝑇𝑦 ⋅max (𝑆𝑛𝑛 (𝑓𝑘) ,𝑁 (𝑓𝑘) ⋅ 𝐽minmax (𝑓𝑘) + 𝑆𝑛𝑛 (𝑓𝑘))] ≥ 𝑇𝑦 ⋅
𝐾∑
𝑘=1
Δ𝑓 ⋅ ln[1

+ max (0,𝑁 (𝑓𝑘) ⋅ 𝜎𝐿2 (𝑓𝑘))𝑇𝑦 ⋅max (𝑆𝑛𝑛 (𝑓𝑘) ,𝑁 (𝑓𝑘) ⋅ 𝐽minmax (𝑓𝑘) + 𝑆𝑛𝑛 (𝑓𝑘))] = 𝜉 (
𝑋maxmin (𝑓)2 , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) , 𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

(72)
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Figure 4: Bounded single target spectrum samples.

Therefore, the most unfavorable target spectrum which
minimizes the MI is 𝐻𝑤𝑜𝑟𝑠𝑡(𝑓) = |𝐿(𝑓)|, and similarly the
most unfavorable target ESV is 𝜎𝐻𝑤𝑜𝑟𝑠𝑡2(𝑓) = 𝜎𝐿2(𝑓); this
guarantees that

𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

≥ 𝜉 (𝑋maxmin (𝑓)2 , 𝜎𝐻𝑤𝑜𝑟𝑠𝑡 2 (𝑓) ,
𝐽minmax (𝑓))∫

𝐵𝑊
|𝑋maxmin(𝑓)|2𝑑𝑓≤𝐸𝑋

,

(73)

which is the left side of (57). Thus, the proof of Theorems 3
and 4 is complete.

For the minimax robust jamming, the most unfavorable
case is the upper bound of the target uncertainty range, and
the lower bound of the uncertainty range is the most unfa-
vorable case for the maximin robust transmitted waveform.
The MI performance of the jammer and the radar for other
target ESV within this uncertainty range will be better than
the performance of these two unfavorable cases. Therefore,
considering the uncertainty range of the target spectrum can
optimize the system performance of the jammer and the
radar. Through considering the hierarchical game model of
radar and jammer, themaximin robust transmittedwaveform
is designed based on the minimax robust jamming. Although
the jamming designed by the jammer can greatly impair the
performance of the radar system, the radar is in a leading
position and the jamming is intercepted by the radar system.
Therefore, the transmitted waveform designed by the radar
transmitter can finally guarantee the performance of the
radar system. Furthermore, the robust jamming and robust
transmittedwaveform techniques based onMI provide useful
guidance for waveform energy allocation.
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Figure 5: Bounded multitarget spectrum samples.

4. Simulation and Results

To demonstrate the validity of the MI-based robust jamming
and robust transmitted waveform techniques proposed in
this paper, a lot of simulation analyses are performed.
The uncertainty ranges of the single target and multitarget
spectrum are presented in Figures 4 and 5, respectively, where
the real single target and multitarget spectrum are denoted
by the solid line. The main energy of the real single target
is allocated near the normalized frequency -0.2, 0, and 0.4.
For each target of the nominal multiple targets, the main
energy is allocated near the normalized frequency 0.2, 0.4,
0.6, and 0.8, respectively, with the occurrence probability 0.1,
0.2, 0.3, and 0.4. The upper and the lower bound at each
sampling frequency are represented by the deviation bounds.
The amplitude of the upper bound is the real amplitude that
added a random value, and similarly the lower bound is the
real amplitude that subtracted a random value.

In Figures 6 and 7, the total energy of the transmitted
waveform of previous moment is 1W, and the main energy
is allocated near the normalized frequency of 0.3; the target
spectrum response 𝐻(𝑓) in Figure 6 is the same as the solid
line in Figure 4. As 𝜎𝐻2(𝑓) and 𝐻(𝑓) have similar shapes,𝜎𝐻2(𝑓) is not presented in Figure 6. The real ESV of multiple
targets is illustrated in Figure 8. The duration of the target
echo 𝑦(𝑡) is supposed to be 𝑇𝑦 = 1.5𝑠. The energy constraint
of the noise signal is 1W. The optimal jamming under the
real target spectrum and the robust jamming under the most
unfavorable target spectrum are also illustrated in Figures 6
and 7. Both the two jamming energy constraints are assumed
to be 1W. In Figure 6, both the two jamming techniques
distribute the finite energy in frequency bandswhere both the
real target spectrum response and the transmitted waveform
of previous moment are relatively strong. But in Figure 7,
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Figure 6: Jamming results for single target.
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Figure 7: Jamming results for multiple targets.

both the two jamming techniques distribute the finite energy
only in frequency bands where the transmitted waveform of
previous moment is relatively strong, because the value of the
nominal ESV of multiple targets is too small compared to the
value of the waveform.

Assume that the total energy of the jamming varies from
1 to 7 W, the MI units (MIs) corresponding to the optimal
jamming for real target spectrum, the optimal jamming for
the most unfavorable target spectrum, the robust jamming
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Figure 8: Nominal ESV for multiple targets.
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Figure 9: MI performance of the jamming results for single target.

for the most unfavorable target spectrum, the wide-band
jamming for the most unfavorable target spectrum, and the
LFM (linear frequency modulation) jamming for the most
unfavorable target spectrum are compared in Figures 9 and 10
for single target and multiple targets, respectively. Simulation
results show that theMI of the optimal jamming for real target
spectrum is the smallest, which reaches its best performance
for the jammer; the reason is that the real target spectrum
is adopted and the optimal jamming is designed based on
the real target spectrum. When using the most unfavorable
target spectrum for the jammer, that is, the upper bound of
the uncertainty range, we can get theMI corresponding to the
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Figure 10: MI performance of the jamming results for multiple
targets.

optimal jamming for the most unfavorable target spectrum.
As expected, theMI corresponding to the robust jamming for
the most unfavorable target spectrum is between the above
two.That is because the prior knowledge of the real target for
the designed robust jamming is less. However, it is better than
the MI corresponding to the optimal jamming for the most
unfavorable target spectrum because the minimax robust
technique improves the most unfavorable performance of the
jammer. The wide-band jamming indicates that the jamming
spectrum is a straight line over the entire frequency band, and
the LFM jamming means that the instantaneous frequency of
the jamming signal changes linearly with time. Both of these
two jamming techniques do not contain the information
about the target, noise, and transmitted waveform of previous
moment. Therefore the MIs corresponding to the wide-band
jamming and the LFM jamming for the most unfavorable
target spectrum are larger than the above-mentioned three
cases.

According to the prior information of the robust jamming
shown in Figures 6 and 7, which denote the strategies of
the jammer, the optimal waveform for real target spectrum
and the robust waveform for the worst case are shown in
Figure 11 for single target and Figure 12 for multiple targets.
Both the waveform energy constraints are assumed to be 1W
and distribute the finite energy in frequency bands where
the target spectrum response is strong and the jamming
spectrum response is weak.

Assume that the total energy of the transmitted waveform
varies from 1 to 7 W, the MIs corresponding to the optimal
transmitted waveform for real target spectrum, the optimal
transmitted waveform for the most unfavorable target spec-
trum, the robust transmitted waveform for the most unfavor-
able target spectrum, the wide-band transmitted waveform
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Figure 11: Waveform results for single target.
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Figure 12: Waveform results for multiple targets.

for themost unfavorable target spectrum, and the LFM trans-
mitted waveform for the most unfavorable target spectrum
are compared in Figure 13 for single target and Figure 14
for multiple targets. Simulation results show that the MI of
the optimal transmitted waveform for real target spectrum
is the largest, which reaches its best performance for the
radar; the reason is that the real target spectrum is adopted
and the optimal transmitted waveform is designed based on
the real target spectrum. When using the most unfavorable
target spectrum for the radar, that is, the lower bound of
the uncertainty range, we can get the MI corresponding to
the optimal transmitted waveform for the most unfavorable
target spectrum. As expected, the MI corresponding to the



Complexity 13

optimal transmitted waveform at its best case
optimal transmitted waveform at its worst case
robust transmitted waveform at its worst case
wideband transmitted waveform at its worst case
LFM transmitted waveform at its worst case

0

0.5

1

1.5

2

2.5

M
I (

na
ts)

3 6521 4 7
energy (W)
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single target.
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Figure 14: MI performance of the transmitted waveform results for
multiple targets.

robust transmitted waveform for the most unfavorable target
spectrum is between the above two. That is because the prior
knowledge of the real target for the designed robust transmit-
ted waveform is less. However, it is better than the MI corre-
sponding to the optimal transmitted waveform for the most
unfavorable target spectrum because the maximin robust

technique improves the most unfavorable performance of the
radar. The wide-band transmitted waveform indicates that
the transmitted waveform spectrum is a straight line over the
entire frequency band, and the LFM transmitted waveform
means that the instantaneous frequency of the transmitted
waveform signal changes linearly with time. Both of these
two transmitted waveforms do not contain the information
about the target, noise, and jamming, which is similar to the
wide-band jamming and the LFM jamming. Therefore the
MIs corresponding to the wide-band transmitted waveform
and the LFM transmitted waveform for the most unfavorable
target spectrum are smaller than the above-mentioned three
cases.

5. Conclusion

In this paper, through assuming that the real target spectrum
is known, the MI-based jamming and radar transmitted
waveform techniques are proposed firstly. The designed
jamming and transmitted waveform under the hierarchical
game model of radar and jammer are proper for restricted
energy condition. Then, the uncertainty range of the target
spectrum is taken into account. The target model has been
adopted, which assumes that the real target spectrum exists
in an uncertainty range defined by the known upper and
lower bounds. According to the uncertainty range above, the
minimax robust jamming and maximin robust transmitted
waveform have been designed successively. Although the
jamming designed by the jammer can greatly impair the
performance of the radar system, the radar is in a leading
position and the jamming is intercepted by the radar sys-
tem. Simulation results show that the transmitted waveform
designed by the radar transmitter can finally guarantee the
estimation performance of the radar system and provide
useful guidance for waveform energy allocation. Although
the data used in this paper does not come from the real world
experimentation, the data has a certain representativeness,
and it can provide reference for future hardware or actual
device implementation.
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Smart homes based on the Internet of Things have been rapidly developed. To improve the safety, comfort, and convenience of
residents’ lives with minimal cost, daily activity recognition aims to know resident’s daily activity in non-invasive manner. The
performance of daily activity recognition heavily depends on solving strategy of activity feature. However, the current common
employed solving strategy based on statistical information of individual activity does not support well the activity recognition. To
improve the common employed solving strategy, an activity feature solving strategy based on TF-IDF is proposed in this paper.The
proposed strategy exploits statistical information related to both individual activity and the whole of activities. Two distinct datasets
have been commissioned, to mitigate against any possible effect of coupling between dataset and sensor configuration. Finally, a
number of machine learning (ML) techniques and deep learning technique have been evaluated to assess their performance for
residents activity recognition.

1. Introduction

Theworld’s population is aging, leading to uneven population
composition. It is estimated that, by 2050, there are more
than 20% of the population who will exceed 64 years and the
number of people over the age of 80 in the world will reach
nearly 379million, about 5.5 times (69 million) in 2000 [1, 2].
This increase in population aging is expected to lead to an
increase in age-related diseases, which in turn will provide
an additional burden on health care [2]. As a population
ages, the potential support ratio tends to fall. PSR is the
number of people aged 15–64 per one older person aged 65 or
older. This ratio describes the burden placed on the working
population (unemployment and children are not considered
in this measure) by the non-working elderly population.
Between 1950 and 2009, the potential ratio reduced from 12
to 9 potential workers per person aged 65 or over [1].

In recent years, smart homes based on the Internet of
Things have been rapidly developed in order to improve
the safety, comfort, and convenience of residents’ lives

with minimal cost. They are mainly used in intelligent
video surveillance, patient monitoring systems, and human-
computer interaction, virtual reality, smart security, athlete-
assisted training and so on. Obviously, the fundamental of
smart home is the recognition of user activity.

The main purpose of Ambient Assisted Living (AAL) is
to support the independent living and subsequently alleviate
a portion of the problems associated with ageing. It is widely
seen as an effective approach to solving some of the problems
associated with supporting population ageing [3, 4]. With
the continued development of smart homes technologies,
individuals, such as the elderly and disabled, can improve
their quality of life and can live independently at home.

Activity recognition (AR) is one of the important ways
of AAL. AR is a complex process and can be generally
classified into two categories in terms of the type of sensor
that is used for activity monitoring. The first is called as
vision-based activity recognition. The methods in this cat-
egory utilize computer vision techniques, including feature
extraction, structural modeling, movement segmentation,
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action extraction, and movement tracking to analyze visual
observations for pattern recognition. The second is called as
sensor-based activity recognition. Sensor data generated by
sensor-based monitoring is primarily a time series of state
changes and/or various parameter values typically processed
by data fusion, probabilistic or statistical analysis methods,
and formal knowledge techniques for activity recognition.
Sensor-based activity recognition can be divided into two
categories. The first is based on wearable sensor activity
monitoring, which is more concerned in mobile computing.
The second is dense sensing, which is more suitable for
applications that support smart environments.

In this paper, we focus on sensor-based activity recogni-
tion. A key step of sensor-based activity recognition is activity
feature solving. However, the current common employed
solving strategy based on statistical information of individual
activity does not support well the activity recognition. To
improve the common employed solving strategy, an activity
feature solving strategy based on TF-IDF is proposed in
this paper. The proposed strategy exploits more statistical
information related to both individual activity and the whole
of activities.

The rest of paper is organized as follows. Section 2
describes related work. Section 3 describes process of activ-
ity recognition. The proposed feature solving strategy is
explained in Section 4. Section 5 describes the implemen-
tation of the experiment and method evaluation. Section 6
concludes the paper.

2. Related Work

At present, a number of methods of identifying activity have
been developed. According to the sensor type, it can be
divided into video sensor based, wearable sensor based, and
embedded sensor based. For video sensors, Ashish Khare
et al. proposed a video sensor-based behavioral recognition
approach that integrates local binary patterns [5]. Lin et al.
proposed a new network-based transmission (NTB) algo-
rithm for human activity recognition in video [6]. However,
user’s privacy is a huge challenge, and many users are
reluctant to place sensors in sensitive places such as bedrooms
and bathrooms. And video sensors are also affected by factors
such as day and night, the environment, and so on. For
wearable sensors, Kevin Bouchard et al. use passive RFID-
based activity recognition systems to detect anomalies in
cognitive impairment [7]. Yang et al. proposed a simple
method for identifying human activities based on simple
object information involved in RFID usage activities [8].
Andrey et al. proposed an accelerometer-based convolutional
network for activity recognition [9]. However, it is inconve-
nient for users to carry, most users are not willing to carry
the sensor on their body, and the acquisition of activity
sometimes depends on factors such as the location carried by
the sensor. The embedded sensor solves the problem brought
by video sensor and wearable sensor. The embedded sensor
has the advantages of effectively protecting the user’s personal
privacy, being free from the influence of the surrounding
environment and not requiring the user to carry [10–12].

Activity recognition in smart homes can be divided into
knowledge-driven and data-driven [13–15]. For knowledge-
driven approach, knowledge is generated from field experts.
In [16], Chen et al. proposed a real-time continuous activity
recognition of multi-sensor data streams in knowledge-
driven smart homes. In addition, ontology is often integrated
into knowledge-driven methods. In [17], Latfi et al. present an
ontology-based model of the TSH for elderly activity recog-
nition. Salguero et al. propose that the ontology automatically
generates the features of the ADL classifier for behavior
recognition [18]. The ontology-based approach is clear and
easy to understand. Knowledge-driven is therefore called a
top-down approach, but it is poor in dealing with uncertainty
and time information.

In contrast, data-driven approaches collect data from a
large number of sensor streams, organize the data to form
information, then integrate and refine related information,
and use machine learning technology to train and fit to form
an automated decision model based on the data [19]. In [20],
a framework for acquiring and developing different layers of
context models in a smart environment is proposed. Tapia
et al. propose a real-time algorithm to automatically identify
physical activities [21]. Data driven is also known as a bottom-
up approach. Strong ability to deal with uncertainty and time
information. Therefore, this paper uses data-driven activity
recognition.

Data-driven approaches are generally divided into a
generation method and a discrimination method. In the
generation mode, Patterson et al. propose multiple different
HMM models for activity recognition [22]. In order to
improve the HMMmodel for identifying complex activities,
a multi-layer hidden Markov model (HHMM) is proposed
in [23]. Vail et al. propose a new, effective feature selection
algorithm for m-estimates-based CRF to identify the most
important features for behavior recognition [24]. Although
it works better with uncertain or incomplete data, it requires
a lot of data to learn to optimize the model. With the
development of neural networks, deep learning is gradually
applied to activity recognition. Li et al. proposed a BP
neural network for representing and identifying human
activities from observed sensor sequences [25]. Deep Belief
Network (DBN) model is proposed for successful human
activity recognition [26]. Guan proposes an ensemble of
deep long-term short-term memory (LSTM) networks for
behavior recognition [27]. In [28], Chen et al. use LSTM
recurrent neural networks to analyze sensor readings from
accelerometers and gyroscopes to identify human activity
and provide position-aware methods to improve recognition
accuracy.

For activity feature selection and solving, start time
and duration of activity instance are commonly used tem-
poral features. Individual sensors, set of frequent sen-
sors and sequence of frequent sensors are common used
space features [29]. For space features, the common solv-
ing strategy of feature includes frequency, density, etc.,
that space features are activated. Because current solving
strategy only takes into account statistical information of
individual activity, it does not support well the activity
recognition.
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Figure 1: Process of activity recognition.

3. Process of Activity Recognition

As shown in Figure 1, activity recognition process includes
four stages.

In the first stage, raw sensors events are collected in form
of stream when a daily activity is occurring. In Figure 2, raw
sensors events of a sample of activity “Sleep” are presented.
When a daily activity instance starts, some sensors will be
activated orderly in time series until the daily activity instance
ends. When some sensor is activated, the activated date,
the activated time, the name, and the value of the sensor
are stored. For example, the first activated sensor is “M021”
with value “ON” at time “00:06:32.834414” in 2011-06-15 for
activity “Sleep” in Figure 2.

In the second stage, sensor events sequence is separated
into a number of sub sequences. Each subsequence corre-
sponds to an entire activity instance.

In the third stage, features of daily activity are selected and
solved. Generally, features are divided into temporal features
and space features. Start time and duration of an activity
instance are common temporal features. Sensors are common

space features. Temporal features and space features are used
to characterize daily activity instances. After features are
selected, features can be solved according to some strategy.

In the last stage, activity recognition model is built. Then,
training data is provided to train recognition model. Trained
recognition model is employed to assign an activity label to
each of test activity instances.

4. Activity Feature Selection and Solving

4.1. Activity Feature Selection. Asmentioned above, our work
focuses on activity feature selection and solving. The task of
feature selection is to determine feature set. It is common to
previous work that both temporal features and space features
are involved in our work [10]. Temporal features include start
time and duration of an activity instance. Space features are
divided into two categories by formula of feature solving. The
first category of space features is named Start-End Frequency
(SEF) features. Each of SEF features corresponds to a sensor.
The second category of space features is named as TF-IDF
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Figure 2: Activated sensor events stream on activity “Sleep”.

Input: {𝑎𝑖1, 𝑎𝑖2, . . . , 𝑎𝑖𝑚}, a set of activity instances
{𝑓11, 𝑓12, . . . , 𝑓1𝑛}, set of SEF features
𝑆 = {𝑠1, 𝑠2, . . . , 𝑠𝑛}

Output: 𝐹𝑉
1. 𝐹𝑉 ← {(𝑓11, V11, V12, . . . , V1𝑚), (𝑓12, V21, V22, . . . , V2𝑚), . . . , (𝑓1𝑛, V𝑛1, V𝑛2, . . . , V𝑛𝑚)};
2. Assign 0 to V𝑘𝑗, where 𝑘 >=1 and k<=n, j>=1 and j<=m
3. 𝑗 ← 0;
4. while(j<=m)
5. Extract the first activated sensor 𝑠𝑠;
6. Extract the last activated sensor 𝑒𝑠;
7. 𝑘 ← 1; 𝑗 + +;
8. while(k<=n)
9. if 𝑠𝑠 is same to 𝑓1𝑘 then
10. V𝑘𝑖++;
11. end if
12. if 𝑒𝑠 is same to 𝑓1𝑘 then
13. V𝑘𝑖++;
14. end if
15. 𝑘++;
16. end while
17. end while
18. return 𝐹𝑉

Algorithm 1: solveSEFFeature.

features. Each of TF-IDF features also corresponds to a
sensor.

Formally, let 𝑆 = {𝑠1, 𝑠2, . . . , 𝑠𝑛} be the set of sen-
sors which are deployed in a smart home. Feature set is
defined 𝐹 = {𝑠𝑡, 𝑑𝑢} ∪ {𝑓11, 𝑓12, . . . , 𝑓1𝑛} ∪ {𝑓21, 𝑓22, . . . , 𝑓2𝑛}.
𝑠𝑡 and 𝑑𝑢 denote start time and duration of an activity
instance, respectively. {𝑓11, 𝑓12, . . . , 𝑓1𝑛} is set of SEF features.
{𝑓21, 𝑓22, . . . , 𝑓2𝑛} is set of TF-IDF features.

4.2. Activity Feature Solving

4.2.1. Temporal Activity Feature Solving. For an activity
instance, start time and duration are extracted as the values

of features 𝑠𝑡 and 𝑑𝑢. In Figure 2, the values of 𝑠𝑡 and 𝑑𝑢 of
the activity instance “Sleep” are “00:06:32” and 12717 seconds,
respectively.

4.2.2. SEF Activity Feature Solving. SEF activity feature solv-
ing process is presented in Algorithm 1. For an activity
instance 𝑎𝑖 and a sensor 𝑠𝑘 (k>=1 and k<=n), the correspond-
ing SEF feature value𝑓1𝑘 is assigned to 2 if both the first sensor
and the last sensor are 𝑠.The corresponding SEF feature value
𝑓1𝑘 is assigned to 1 if the first sensor or the last sensor is 𝑠.
The corresponding SEF feature value 𝑓1𝑘 is assigned to 0 if
neither of the first sensor and the last sensor are 𝑠. For activity
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Input: {𝑎𝑖1, 𝑎𝑖2, . . . , 𝑎𝑖𝑚}, a set of activity instances
{𝑓21, 𝑓22, . . . , 𝑓2𝑛}, set of 𝐹𝐹 features
𝑆 = {𝑠1, 𝑠2, . . . , 𝑠𝑛}

Output: 𝐹𝑉
1. 𝐹𝑉 ← {(𝑓21, V11, V12, . . . , V1𝑚), (𝑓22, V21, V22, . . . , V2𝑚), . . . , (𝑓2𝑛, V𝑛1, V𝑛2, . . . , V𝑛𝑚)};
2. 𝑗 ← 0;
3. while(j<=m)
4. Collect all sensors 𝑆𝑗 which are activated when 𝑎𝑖𝑗 is active;
5. Calculate the TF-IDF value 𝑓𝑠 of 𝑠 ∈ 𝑆𝑗 using TF-IDF(𝑠, 𝑎𝑖), formula (1) and formula (2);
6. 𝑘 ← 1;𝑗++;
7. while(k<=n)
8. for each 𝑠 in 𝑆𝑗
9. if 𝑠 is same to 𝑓2𝑘 then
10. V𝑘𝑖 ← 𝑓𝑠;
11. end if
12. end for
13. 𝑘++;
14. end while
15. end while
16. return 𝐹𝑉

Algorithm 2: solveTF-IDFFeature.

Table 1: Statistical information concerning datasets “tulum2009” and “cairo.”

Sensors Activity Categories Activity Instances Residents Measurement Time
tulum2009 20(2 categories) 27 1396 2 84 days
cairo 32(2 categories) 16 580 2 57 days

instance “Sleep” in Figure 2, the value of SEF feature 𝑓 is
assigned to 2 when 𝑓 is corresponding to sensor “M021”.

4.2.3. TF-IDF Activity Feature Solving

(1) TF-IDF. Considering a set of terms 𝑇 = {𝑡1, 𝑡2, . . . , 𝑡𝑚} and
a set of documents 𝐷 = {𝑑1, 𝑑2, . . . , 𝑑𝑛}, Term Frequency-
Inverse Document Frequency (TF-IDF) is a commonweight-
ing formula which is employed to evaluate how important a
term 𝑡 ∈ 𝑇 is to a document 𝑑 ∈ 𝐷 in the field of information
retrieval [30]. Formally, TF-IDF is defined as TF-IDF(𝑡, 𝑑) =
TF(𝑡, 𝑑) × IDF(𝑑, 𝑡, 𝐷). TF(𝑡, 𝑑) = times(𝑡, 𝑑)/(times(𝑡1, 𝑑) +
times(𝑡2, 𝑑)+⋅ ⋅ ⋅+times(𝑡𝑚, 𝑑)), where times(𝑡, 𝑑) is howmany
times the term 𝑡 appears in the document 𝑑. IDF(𝑡, 𝑑, 𝐷) =
lg(|𝐷|/(1 + |{𝑑 | 𝑑 ∈ 𝐷 and times (𝑡, 𝑑) > 0}|)).

In this paper, TF-IDF is employed to evaluate how
important a sensor is to an activity instance. Considering
a set of sensors 𝑆 = {𝑠1, 𝑠2, . . . , 𝑠𝑛} and a set of activity
instances 𝐴𝐼 = {𝑎𝑖1, 𝑎𝑖2, . . . , 𝑎𝑖𝑚}, TF-IDF(𝑠, 𝑎𝑖) is defined as
TF-IDF(𝑠, 𝑎𝑖) = TF(𝑠, 𝑎𝑖) × IDF(𝑎𝑖, 𝑡, 𝐴𝐼).

Ranges of different TF-IDF feature values vary consider-
ably. To normalize TF-IDF feature values, two optimization
functions are introduced into TF-IDF feature solving. The
first function is sigmoid function which is shown in Formula
(1). It can map TF-IDF feature value to the interval of [0, 1].
The second function is Tanh function which is shown in
Formula (2). It can map TF-IDF feature value to the interval

of [-1, 1]. TF-IDF activity features solving process is presented
in Algorithm 2.

𝑠𝑖𝑔𝑚𝑜𝑑 (𝑇𝐹 − 𝐼𝐷𝐹 (𝑠, 𝑎𝑖)) =
1

1 + 𝑒−(𝑇𝐹−𝐼𝐷𝐹(𝑠,𝑎𝑖))
(1)

tanh (𝑇𝐹 − 𝐼𝐷𝐹 (𝑠, 𝑎𝑖)) = 𝑒
𝑇𝐹−𝐼𝐷𝐹(𝑠,𝑎𝑖) − 𝑒−(𝑇𝐹−𝐼𝐷𝐹(𝑠,𝑎𝑖))

𝑒𝑇𝐹−𝐼𝐷𝐹(𝑠,𝑎𝑖) + 𝑒−(𝑇𝐹−𝐼𝐷𝐹(𝑠,𝑎𝑖))
(2)

5. Evaluation

5.1. Data Availability. In this study, we employ two public
datasets, “tulum2009” and “cairo” in [31], to illustrate the
applicability of the proposed approach. These datasets have
been published by the Washington State University [31].
Statistical information concerning the two data sets are
described in Table 1. Values listed under column “Sensors”
correspond to the number of sensors involved and their
corresponding categories. Similarly, values listed under col-
umn “Activity Categories” correspond to the number of
activity classes involved while those listed under column
“Activity Instances” correspond to the number of involved
activity instances. Values listed under column “Residents”
correspond to the number of residents involved. Lastly, values
listed under “Measurement Time” correspond to durations
over which data were collected duration that data is collected.

For the “tulum2009” dataset, the following identifier
categories were considered.
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Table 2: Involved activities concerning on “tulum2009”.

Atom Activity Interactive Activities
Two Activities Three Activities Four Activities

C B C B&E B C B&E B&C L E B&C L&W D&L H
C L C L&L H E B&C L&W D S&W T&S&W T
E H C L&E B S&W T&S
G M W T&S C L&E B&W D
L H L H&E B S&E H&W T
E B E B&W T E B&C L&L H
S S&E H
W D S&W D
W T W S&E B

W T&L H

Table 3: Involved activities concerning on “cairo”.

Atom Activity Interative Activity
B T T W I O&W
B W&W
S S&S
W W&L H
W I O W I O&S
D
Lau
L H
Lch
N W
T M

(1) Identifiers with names starting with “M” indicate
infrared motion sensors—M001–M018.

(2) Identifiers with names starting with “T” indicate
temperature sensors—T001–T002.

Involved atomactivities include “Cook Breakfast”(“C B”),
“Cook Lunch”(“C L”), “Enter Home”(“E H”), “Group Meet-
ing”(“G M”), “Leave Home”(“L H”), “Eat Breakfast”(“E B”),
“Snack”(“S”), “Wash Dishes”(“W D”), “Watch TV”(“W T”).
Involved atom activities and interactive activities are pre-
sented in Table 2.

Similarly, for the “cairo,” dataset, the following identifier
categories were considered.

(1) Identifiers with names starting with “M” indicate
infrared motion sensors—M001-M027.

(2) Identifiers with names starting with “T” indicate
temperature sensors—T001–T005.

Involved activities include “Bed to toilet” (“B T T”),
“Breakfast” (“B”), “sleep”(“S”), “wake” (“W”), “work in office”
(“W I O”), “Dinner” (“D”), “Laundry” (“Lau”), “Leave home”
(“L H”), “Lunch” (“Lch”), “Night wandering”(“N W”), “take
medicine”(“T M”). Involved atom activities and interactive
activities are presented in Table 3.

5.2. Experimental Preparation. In this study, the proposed
approach was compared against frequency based feature
solving approach. Frequency based activity features solving is
commonly employed in previous research [Liu17]. Frequency
based activity features solving process is presented as follows.
For an activity instance 𝑎𝑖 and a sensor 𝑠𝑘 (k>=1 and
k<=n), the corresponding feature value 𝑓2𝑘 is assigned by the
frequency that𝑓2𝑘 is activated. For activity instance “Sleep” in
Figure 1, the values of features are (BATV001, 1), (BATV002,
1), (BATV006, 1), (BATV010, 1), (BATV012, 1), (BATV013,
1), (BATV015, 1), (BATV019, 1), (BATV021, 1), (BATV022, 1),
(BATV102, 1), (BATV105, 1), (LS013, 2), (M021,14), (MA020,
10) when the values of features are greater than zero.

These approaches are evaluated by their corresponding
performance of activity recognition through Support Vector
Machine (SVM), Sequential minimal optimization (SMO),
and Random Forest (RF). The used toolset employed was
Weka 3.9. In addition, we experiment on the same datasets
using a state-of-the-art deep learning technique Long Short-
Term Memory (LSTM), which is appropriate for time series
data. The used LSTM consists of an input layer, two hidden
layers and an output layer. In the dataset cario, the numbers
of neurons in the input, hide, and output layers are set to
20, 40, 40, and 21, respectively. In the dataset tulum2009, the
numbers of neurons in the input, hidden, and output layers
are set to 20, 40, 40, and 37, respectively. Epoch is set to 1, 5, 10,
and 15, respectively. 10-fold cross validation was performed.
Evaluation metrics considered included accuracy, precision,
and F-measure.

5.3. Results

5.3.1. The Whole Results. Recognition accuracies concerning
the tulum2009 dataset are depicted in Table 4. The accuracy
using features TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh
far exceeded that the one using features FF when employing
SVM and SMO. The accuracies are almost equal when
employing RF. Recognition accuracies concerning the cairo
dataset are depicted in Table 5. The accuracies using features
TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh far exceeded the
one using features FF when employing SVM. The accuracies
using features TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh
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Table 4: Recognition accuracies using three classifiers concerning
dataset tulum2009.

Feature SVM SMO RF
Frequency Feature (FF) 67.2% 79% 90.8%
TF-IDF 87% 85% 90.8%
TF-IDF+Sigmod 87% 88.4% 90.5%
TF-IDF+Tanh 85.9% 87.2% 90.7%

Table 5: Recognition accuracies using three classifiers concerning
dataset cairo.

Feature SVM SMO RF
FF 41% 83.1% 87.4%
TF-IDF 83.8% 86.4% 88.8%
TF-IDF+Sigmod 83.6% 83.6% 87.8%
TF-IDF+Tanh 80.3% 83.7% 88.6%

Table 6: Recognition precisions using three classifiers concerning
dataset tulum2009.

Feature SVM SMO RF
FF 64.3% 71.5% 88%
TF-IDF 82.7% 78.5% 88.1%
TF-IDF+Sigmod 81.9% 85.3% 87.5%
TF-IDF+Tanh 80.7% 82.1% 87.9%

Table 7: Recognition precisions using three classifiers concerning
dataset cairo.

Feature SVM SMO RF
FF 52.7% 79.8% 85%
TF-IDF 82% 85% 86.3%
TF-IDF+Sigmod 80.5% 83.2% 85.4%
TF-IDF+Tanh 73.3% 85% 86.1%

still a little exceeded those using features FF when employing
SMO and RF.

Recognition precisions concerning the tulum2009
dataset are depicted in Table 6. The precisions using features
TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh less or more
exceeded that the one using features FF when employing
all of three classifiers. Recognition precisions concerning
the cairo dataset are depicted in Table 7. The precisions
using features TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh
exceeded the one using features FF when employing all of
three classifiers.

Recognition F-Measures concerning the tulum2009
dataset are depicted in Table 8. The F-Measures using
features TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh less
or more exceeded that the one using features FF when
employing all of three classifiers. Recognition F-Measures
concerning the cairo dataset are depicted in Table 9. The
F-Measures using features TF-IDF, TF-IDF+Sigmod, or
TF-IDF+Tanh exceeded the one using features FF when
employing all of three classifiers.

Recognition results using LSTM concerning the
tulum2009 dataset are depicted in Table 10. The best

Table 8: Recognition F-Measures using three classifiers concerning
dataset tulum2009.

Feature SVM SMO RF
FF 65.7% 75.1% 89.4%
TF-IDF 84.8% 81.6% 89.4%
TF-IDF+Sigmod 84.4% 86.8% 88%
TF-IDF+Tanh 83.2% 84.6% 89.3%

Table 9: Recognition F-Measures using three classifiers concerning
dataset cairo.

Feature SVM SMO RF
FF 45.8% 81.4% 86.2%
TF-IDF 82.9% 85.7% 87.5%
TF-IDF+Sigmod 82% 83.4% 86.6%
TF-IDF+Tanh 76.6% 85.8% 87.3%

Table 10: Recognition results using LSTM concerning dataset
tulum2009.

Epoch Accuracy Precision F-Measure
1 69.41% 75.58% 72.32%
5 76.01% 80.13% 77.99%
10 75.73% 78.48% 77.03%
15 69.08% 79.71% 73.16%

Table 11: Recognition results using LSTM concerning dataset cairo.

Epoch Accuracy Precision F-Measure
1 37.58% 49.05% 42.32%
5 51.03% 61.1% 55.51%
10 58.1% 66.18% 61.82%
15 58.79% 63.4% 60.93%

accuracy 76.01%, the best precision 80.13%, and the best
F-Measure 77.99% are achieved when 5 is assigned to
Epoch. The accuracies and F-Measures using features
TF-IDF, TF-IDF+Sigmod, or TF-IDF+Tanh exceeded the
best counterpart using LSTM when employing SVM, SMO,
and RF. The precisions using features TF-IDF+Sigmod or
TF-IDF+Tanh exceeded the best one using LSTM when
employing SMO. Only the best precision using LSTM a little
exceeded the one using feature TF-IDF when employing
SMO.

Recognition results using LSTM concerning the cairo
dataset are depicted in Table 11. The best precision 66.18%
and the best F-Measure 66.82% are achieved when 10 is
assigned to Epoch. The best accuracy 58.79% is achieved
when 15 is assigned to Epoch.The accuracies, precisions, and
F-Measures using features TF-IDF, TF-IDF+Sigmod, or TF-
IDF+Tanh exceeded the best counterpart using LSTM when
employing SVM, SMO, and RF. By the results, LSTM is not
enough effective to activity recognition. The main reason is
that sparse training data and relatively more neural network
nodes lead to overfitting of the training set.



8 Complexity

2

-7

1

-10

8 

-4 

5

0
2

-5

7 

-5 

3

-2

9

-1

5 

-7 

0

-3

5

-1

5 

-5 

−15

−10

−5

0

5

10

NB(SVM) NW(SVM) NB(SMO) NW(SMO) NB(RF) NW(RF)

Best and worse number of activity concerning on accuracy

FF

TF-IDF

TF-IDF+Sigmod

TF-IDF+Tanh

Figure 3: Best and worst number of activity concerning on accuracy concerning on “tulum2009”.
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Figure 4: Best and worst number of activity concerning on precision concerning on “tulum2009”.

5.3.2.The Results of Individual Activity. Best and worst recog-
nition number of activities are counted for both accuracy
and precision. Let 𝐴𝐶 = {𝑎𝑐1, 𝑎𝑐2, . . . , 𝑎𝑐𝑘} be set of activity
categories. Let𝐹𝑆={“FF”, “TF-IDF”, “TF-IDF+Sigmod”, “TF-
IDF+Tanh”} be set of feature categories. For 𝑎𝑐 ∈ 𝐴𝐶
and 𝑓 ∈ 𝐹𝑆, 𝑖𝑓𝑏𝑒𝑠𝑡𝑎𝑐𝑐(𝑎𝑐, 𝑓) and 𝑖𝑓𝑤𝑜𝑟𝑒𝑠𝑒𝑎𝑐𝑐(𝑎𝑐, 𝑓) denote
whether 𝑎𝑐 get best and worst accuracies using 𝑓 fea-
ture solving. 𝑖𝑓𝑏𝑒𝑠𝑡𝑝𝑟𝑒(𝑎𝑐, 𝑓) and 𝑖𝑓𝑤𝑜𝑟𝑒𝑠𝑒𝑝𝑟𝑒(𝑎𝑐, 𝑓) denote
whether 𝑎𝑐 get best and worst precisions using 𝑓 feature
solving. For accuracy and precision, the number of best
activities recognition is defined as 𝑁𝐵𝑎𝑐𝑐𝑓 = {𝑎𝑐 | 𝑎𝑐 ∈
𝐴𝐶 and 𝑖𝑓𝑏𝑒𝑠𝑡𝑎𝑐𝑐(𝑎𝑐, 𝑓) == 𝑡𝑟𝑢𝑒} and 𝑁𝐵𝑝𝑟𝑒𝑓 = {𝑎𝑐 |
𝑎𝑐 ∈ 𝐴𝐶 and 𝑖𝑓𝑏𝑒𝑠𝑡𝑝𝑟𝑒(𝑎𝑐, 𝑓) == 𝑡𝑟𝑢𝑒}.The number of worst
activities recognition is defined as 𝑁𝑊𝑎𝑐𝑐𝑓 = {𝑎𝑐 | 𝑎𝑐 ∈
𝐴𝐶 and 𝑖𝑓𝑤𝑜𝑟𝑠𝑡𝑎𝑐𝑐(𝑎𝑐, 𝑓) == 𝑡𝑟𝑢𝑒} and 𝑁𝑊𝑝𝑟𝑒𝑓 = {𝑎𝑐 |
𝑎𝑐 ∈ 𝐴𝐶 and 𝑖𝑓𝑤𝑜𝑟𝑠𝑡𝑝𝑟𝑒(𝑎𝑐, 𝑓) == 𝑡𝑟𝑢𝑒}.
𝑁𝐵𝑎𝑐𝑐𝑓, 𝑁𝐵𝑝𝑟𝑒𝑓, 𝑁𝑊𝑎𝑐𝑐𝑓, and 𝑁𝑊𝑝𝑟𝑒𝑓 of individual

activity are shown in Figures 3–6 concerning two datasets.
For the dataset tulum2009, FF is worst in two of three
classifiers concerning on 𝑁𝑊𝑎𝑐𝑐𝑓. FF is worst in all of three

classifiers concerning on𝑁𝑊𝑝𝑟𝑒𝑓. FF is best only in RF con-
cerning on 𝑁𝐵𝑎𝑐𝑐𝑓. FF is not best in any of three classifiers
concerning on 𝑁𝐵𝑝𝑟𝑒𝑓. TF-IDF, TF-IDF+Sigmod, and TF-
IDF+Tanh are close in all of three classifiers concerning on
𝑁𝐵𝑎𝑐𝑐𝑓 and𝑁𝑊𝑎𝑐𝑐𝑓. TF-IDF is best in all of three classifiers
concerning on 𝑁𝐵𝑝𝑟𝑒𝑓. TF-IDF+Sigmod is best in two of
three classifiers concerning on𝑊𝐵𝑝𝑟𝑒𝑓.

For the dataset cario, FF is worst in all of three classifiers
concerning on both 𝑁𝑊𝑎𝑐𝑐𝑓 and 𝑁𝑊𝑝𝑟𝑒𝑓. FF is not best
in any of three classifiers concerning on both 𝑁𝐵𝑎𝑐𝑐𝑓 and
𝑁𝐵𝑝𝑟𝑒𝑓. TF-IDF is best in two of three classifiers concerning
on 𝑁𝐵𝑎𝑐𝑐𝑓. TF-IDF and TF-IDF+Sigmod are best in two
of three classifiers concerning on 𝑁𝐵𝑝𝑟𝑒𝑓. TF-IDF and TF-
IDF+Tanh are best in two of three classifiers concerning on
𝑊𝐵𝑝𝑟𝑒𝑓.

In accordance with results obtained in this study, the
following points must be noted. Strategies based on TF-IDF
feature outperform strategy based on FF feature in accuracy,
precision, and F-Measure regardless of whole or individual of
activities.
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Figure 5: Best and worst number of activity concerning on accuracy concerning on “cario”.

3 

-7 

4 

-7 

4 

-5 

5 

0 

5 

-3 

5 

-3 

6 

-2 

5 

-4 

3 

-2 

4 

-6 

4 

-3 

4 

-2 

−8
−6
−4
−2

0
2
4
6
8

NB(SVM) NW(SVM) NB(SMO) NW(SMO) NB(RF) NW(RF)

Best and worse number of activity concerning on precision

FF

TF-IDF

TF-IDF+Sigmod

TF-IDF+Tanh

Figure 6: Best and worst number of activity concerning on precision concerning on “cario”.

6. Conclusion

Thispaper presents the strategies based onTF-IDF as ameans
of activity features solving with regard to activity recognition
applications. The proposed strategies were evaluated using
three classifiers on two distinct datasets, and results obtained
in this study demonstrate the ability of strategy based on
TF-IDF to dramatically improve the performance of activity
recognition systems.
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Measuring complexity of observed time series plays an important role for understanding the characteristics of the system under
study. Permutation entropy (PE) is a powerful tool for complexity analysis, but it has some limitations. For example, the amplitude
information is discarded; the equalities (i.e., equal values in the analysed signal) are not properly dealt with; and the performance
under noisy condition remains to be improved. In this paper, the improved permutation entropy (IPE) is proposed. The presented
method combines some advantages of previous modifications of PE. Its effectiveness is validated through both synthetic and
experimental analyses. Compared with PE, IPE is capable of detecting spiky features and correctly differentiating heart rate
variability (HRV) signals. Moreover, it performs better under noisy condition. Ship classification experiment results demonstrate
that IPE achieves 28.66% higher recognition rate than PE at 0dB. Hence, IPE could be used as an alternative of PE for analysing
time series under noisy condition.

1. Introduction

Measuring complexity of observed time series allows a better
understanding of the characteristics of the system under
study [1]. There is a lack of consensus on the definition of
complexity [2–5]. Entropy is one of themost powerfulmetrics
to evaluate the complexity of a signal [6]. By this definition,
complexity is associated with disorder degree (randomness)
and unpredictability. Many entropy approaches have been
proposed in recent years, such as permutation entropy (PE)
[7], approximate entropy [8], sample entropy [9], and fuzzy
entropy [10], each of which has its own strengths and
weaknesses. Compared with other entropy algorithms, PE
is famous for its uniqueness of being computationally fast
and conceptually simple. Furthermore, it is applicable for any
types of signals, be they deterministic, chaotic, stochastic, sta-
tionary, or nonstationary [11]. We will therefore concentrate
on PE in what follows.

PE was firstly introduced by Bandt and Pompe in 2002.
Since then, it has been extensively applied in various fields.
Without being exhaustive, applications such as fault diag-
nosis [12, 13], biomedical signal processing [6, 14–16], and

stock market analysis [17, 18] can be enumerated. Despite
considerable success, there are still defects in PE, which
have motivated researchers to present modifications for the
original algorithm. Firstly, PE is single-scale-based. Signals
generated by complex systems usually show structures on
multiple temporal scales. As a result, the single-scale-based
PE cannot describe such time series comprehensively [19].
To remedy this, Zunino et al. proposed to calculate PE as a
function of the time delay, offering a way to unveil the pres-
ence of structures onmultiple temporal scales [20].Moreover,
Costa et al. proposed a coarse-graining technique [19, 21,
22]. Based on Costa’s work, Aziz introduced the multiscale
permutation entropy (MPE) [23] by combining the coarse-
graining procedure with PE. The method is able to provide
more precise descriptions for complex signals. Secondly,
when a signal is mapped to permutation patterns (or ordinal
patterns) using Bandt and Pompe’s approach, information
regarding the amplitudes is not taken into consideration.
To this end, weighted-permutation entropy (WPE) [2] and
amplitude-aware permutation entropy (AAPE) [24] have
been developed, respectively. By assigning weights to distinct
patterns, the modified methods greatly improve the ability
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to detect abrupt changes in magnitude. Thirdly, the PE
estimation is liable to be affected by the equal values in
time series [25–27]. In the case that the sequence under
study has a continuous distribution, equal values are very
rare and can be simply ignored. Unfortunately, real-world
data are digitalized; thus equalities are inevitable to exist.
The situation could be more serious if the amplitude reso-
lution is low. Bandt and Pompe suggested ranking the equal
values according to their temporal order or breaking them
by adding random perturbations [7]. However, as pointed
out in a recent study [26], Bandt’s method for processing
equal values might lead to erroneous conclusion. To address
this issue, Bian et al. have proposed modified permutation
entropy (mPE) as an alternative [27], which assigns the same
symbol to equal values. Although mPE can significantly
improve the performance of distinguishing the heart rate
variability (HRV) signals under different conditions, it also
brings additional problems. For example, mPE does not
assign the maximum entropy value to the white Gaussian
noise (WGN), which disagrees with the fact that WGN is
completely random. Lastly, PE is susceptible to noise. In order
to improve PE’s ability under noisy condition, researchers
have suggested to apply symbolic dynamics to symbolize
the time series prior to entropy estimation [28, 29]. For
example, Porta et al. proposed an integrated approach based
on uniform quantization (IAUQ), which has shown great
ability to differentiate normal subjects and heart failure
patients.

Although previous works solve some problems of PE,
these methods are still deficient in some aspects: (I) mPE
still overlooks the amplitude information; (II) the presence
of equal values will also do harm to the WPE and AAPE
algorithm; and (III) the fluctuations of signals are not
taken into account by the IAUQ. In the present study, the
improved permutation entropy (IPE) is proposed. The pre-
sented method not only considers the amplitude information
and fluctuations of signals but also tackles the limitation
of equal values. Besides, it can be directly combined with
coarse-graining technique for multiscale analysis. As it will
be shown below, IPE is capable of detecting spiky features
and correctly differentiating HRV signals (time series with
a lot of equal values). Moreover, compared with PE and its
modifications, IPE performs better under noisy condition.
The experimental results further validate the effectiveness of
the proposed method.

The remainder of this paper is organized as follows:
detailed description of the IPE algorithm is provided in
Section 2; the effect of different parameters is studied in
Section 3; synthetic and experimental data are analysed in
Section 4; the paper is concluded in Section 5.

2. Methods

In this section, the proposed IPE algorithm is described in
detail. To gain insight into the advantages of IPE, differences
between the PE, IAUQ, and IPE are compared. For the
purpose of multiscale analysis, a multiscale version of IPE is
also introduced.

2.1. Permutation Entropy. For a time series 𝑥 = {𝑥𝑖}𝑁𝑖=1,
with given embedding dimension 𝑚 and time delay 𝜏, the
embedding vectors are represented as

𝑋(𝑗) = [𝑥𝑗, 𝑥𝑗+𝜏, ⋅ ⋅ ⋅ 𝑥𝑗+(𝑚−1)𝜏] , (1)

where 𝑗 = 1, 2, ⋅ ⋅ ⋅ 𝑁−(𝑚−1)𝜏.Then each of the𝑁−(𝑚−1)𝜏
subvectors is arranged in ascending order:

𝑥 (𝑗 + (𝑘1 − 1) 𝜏) ≤ 𝑥 (𝑗 + (𝑘2 − 1) 𝜏) ≤ ⋅ ⋅ ⋅
≤ 𝑥 (𝑗 + (𝑘𝑚 − 1) 𝜏) . (2)

If 𝑥(𝑗 + (𝑘𝑙1 − 1)𝜏) = 𝑥(𝑗 + (𝑘𝑙2 − 1)𝜏), Bandt and
Pompe suggested ranking the equal values according to their
temporal order [7]; that is, 𝑥(𝑗+(𝑘𝑙1−1)𝜏) < 𝑥(𝑗+(𝑘𝑙2−1)𝜏),
when 𝑘𝑙1 < 𝑘𝑙2. Next, an ordinal pattern, which is one of 𝑚!
possibilities, can be assigned to each 𝑋(𝑗) and be denoted as

𝜋𝑙 (𝑗) = (𝑘1𝑘2 ⋅ ⋅ ⋅ 𝑘𝑚) , (3)

where 1 ≤ 𝑙 ≤ 𝑚!. Compute the probability distribution 𝑝𝑙 of
each ordinal pattern; the normalized permutation entropy is
finally defined as

𝐻𝑃𝐸 (𝑚, 𝜏) = [−∑ℎ𝑙=1 𝑝𝑙 ∗ ln (𝑝𝑙)]
ln (𝑚!) , (4)

where ℎ ≤ 𝑚! and ln(𝑚!) represents the maximum value of𝐻𝑃𝐸.
It is known that there exist some drawbacks of the above

definition of PE [2, 24–27]. Take Figure 1 as an example;
in spite of the great amplitude differences between vectors,[1, 1.1, 3], [1, 2.9, 3], [1, 1.1, 1.2], and [2.8, 2.9, 3] are mapped
to the same pattern (012). This is due to the fact that
only the order relation is retained in PE [2, 24]. Moreover,
because of the mechanism of PE for dealing with equal
values, [1, 1, 1] and [2, 2, 2]are also symbolized as (012). For
time series having a number of repeated values, probability
distribution of some ordinal patterns may be overestimated,
leading to a biased PE evaluation [26]. Last but not least, small
difference of the amplitude values between sample points
may be caused by noise. However, PE will assign different
patterns for vectors [1.01, 1, 1.01] and [1, 1.01, 1.01], which
might also result in inaccurate entropy estimation, especially
under noisy condition. All above-mentioned limitations of
PE motivate us to propose the IPE algorithm.

2.2. Improved Permutation Entropy. The IPE algorithm is
mainly composed of two major parts: (I) definition of pattern
and (II) entropy estimation. Consider the reconstruction
vectors in (1).The first column of the embedding vectors, that
is,𝑋(:, 1), is firstly symbolized based on uniform quantization
(UQ). As shown in (5), 𝑥min and 𝑥max stand for the minimum
and maximum value of the observed time series 𝑥, respec-
tively. 𝐿 denotes the discretization level and Δ = (𝑥max −𝑥min)/𝐿. For an input data 𝜇, the UQ procedure produces an
integer ranging from 0 to 𝐿 − 1.
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Ordinal Pattern

Possible situations

Figure 1: An example of some m-dimensional subvectors that are
symbolized to the same ordinal pattern (𝑚 = 3 is used in this
example).

𝑈𝑄 (𝜇) =
{{{{{{{{{{{{{{{{{

0 𝑥min ≤ 𝑥 < Δ
1 Δ ≤ 𝑥 < 2Δ
... ...
𝐿 − 1 (𝐿 − 1) Δ ≤ 𝑥 ≤ 𝑥max

, (5)

Let 𝑆(:, 1) denote the symbolization result of𝑋(:, 1).Then,
for the kth column of embedding vectors 𝑋(:, 𝑘), 2 ≤ 𝑘 ≤ 𝑚,𝑆(:, 𝑘) is calculated by the following equation:

𝑆 (𝑗, 𝑘) = 𝑆 (𝑗, 1) + ⌊(𝑋 (𝑗, 𝑘) − 𝑋 (𝑗, 1))
Δ ⌋ ,

1 ≤ 𝑗 ≤ 𝑁 − (𝑚 − 1) 𝜏, 2 ≤ 𝑘 ≤ 𝑚.
(6)

Finally, 𝑆 is defined as the pattern matrix. Each row of𝑆 corresponds to a pattern 𝜋𝑙, 1 ≤ 𝑙 ≤ 𝐿∧𝑚. Compute the
probability distribution 𝑝𝑙 of each pattern 𝜋𝑙; the normalized
IPE is written as

𝐻𝐼𝑃𝐸 (𝑚, 𝜏, 𝐿) = [−∑ℎ𝑙=1 𝑝𝑙 ∗ ln (𝑝𝑙)]
ln (𝐿∧𝑚) , (7)

where ℎ ≤ 𝐿∧𝑚 and ln(𝐿∧𝑚) is the maximum value of𝐻𝐼𝑃𝐸,
which is only reached when the patterns have a uniform
distribution.

It is worth noting that the main difference between the
IAUQ and IPE is the definition of pattern. Unlike IAUQ, only
the first element of the embedding vector is symbolized by
UQ in the IPE algorithm. The patterns of other elements are
calculated by (6), which takes the fluctuations of signals into
consideration. Take a vector [1.9, 1, 2.1, 4] as an example; let𝐿 = 3 and 𝑚 = 4; the vector will be symbolized as [0, 0, 1, 2]
and [0, 0, 0, 2] by IAUQ and IPE, respectively.

There are 4 major differences between the PE and IPE
algorithm. Firstly, amplitude information and fluctuations
of signals are considered in IPE. Unlike PE that assigns the
same pattern (012) to all vectors in Figure 1, for 𝐿 = 3 and𝑚 = 3, IPE maps vectors [1, 1.1, 3], [1, 2.9, 3], [1, 1.1, 1.2],

and [2.8, 2.9, 3] to (002), (022), (000), and(222), respectively.
Secondly, the same symbol is assigned to equal values in IPE.
For example, [1, 1, 1] and [2, 2, 2] are separately symbolized
as (000) and (111). The way that IPE processes repeated
values will not cause overestimating of permutation patterns;
thus a more precise complexity measure can be obtained
for time series with numerous equal values. Thirdly, IPE
is more robust to noise interference. Vectors [1.01, 1, 1.01]
and [1, 1.01, 1.01] are both transformed to (000), meaning
that the presence of proper noise will not influence the IPE
estimation. Finally, there are 𝐿∧𝑚 possible patterns in IPE,
while that in PE is𝑚!.
2.3. Multiscale Improved Permutation Entropy. Within the
multiscale improved permutation entropy (MIPE) algorithm,
only the coarse-graining procedure is required to proceed
prior to IPE estimation. Given a scale factor 𝑠, the input
sequence 𝑥 = {𝑥𝑖}𝑁𝑖=1 is decomposed by the coarse-graining
technique, yielding a new subsequence of length 𝑁/𝑠, which
can be written as

𝑦𝑠𝑖 = 1𝑠
𝑗𝑠∑

𝑖=(𝑗−1)𝑠+1

𝑥 (𝑖) , (8)

where 1 ≤ 𝑗 ≤ 𝑁/𝑠. The obtained new time series is
then served as the input to the IPE algorithm for multiscale
analysis. It is important to note that IPE can also be combined
with other multiscale analysis techniques (e.g., [20]). In
the present study, we select the prevalent coarse-graining
technique for subsequent multiscale analysis.

3. Selection of Parameters

There are some parameters that need to be predetermined for
computing the IPE and MIPE algorithm, such as embedding
dimension 𝑚, time delay 𝜏, discretization level 𝐿, scale
factor 𝑠, and data-length 𝑁. The time lag is analogous to
downsampling to some extent, and 𝜏 = 1 is usually taken for
structural preservation [30, 31]. Without specification, 𝜏 = 1
is chosen for subsequent study. In the following, the selection
of other parameters is investigated through two synthetic
signals whose characteristics are known: (I) WGN and (II)
1/f noise.

3.1. Selection of Embedding Dimension. In this subsection,
we examined how IPE estimations varied as a function of
the embedding dimension 𝑚. There were 30 independent
realizations generated for each synthetic signal with a data-
length of 50000. Discretization level 𝐿 = 4 was used in
this experiment. The average IPE values with their standard
deviation (SD) error bars over a varying 𝑚 are provided in
Figure 2. As can be seen, the IPE has very low SD, implying
that it offers consistent entropy estimation. There is a slight
decrease in entropy values for both synthetic signals as 𝑚
increases. The entropy loss phenomenon at large embedding
dimensions agrees with the inference in [32], which states
that the trajectory of higher-dimensional embedding vectors
is more predictable than those with lower dimension. Hence,
lower entropy (complexity) could be expected at higher
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Figure 2: Error bar plot of IPE over a varying embedding dimen-
sion.

embedding dimensions. For practical purposes, Bandt and
Pompe suggested setting 3 ≤ 𝑚 ≤ 7 for computing PE [7].
Since 𝑚 has only little influence on IPE evaluation within
that range, without loss of generality, we selected 𝑚 = 4 for
subsequent study.

3.2. Selection ofData-Length. Theeffect of data-length on IPE
evaluation is depicted in Figure 3. The results were obtained
by averaging 30 independent trials. The data-length of syn-
thetic signals was varied from 10 to 10000 with a step length
of 50. Discretization level 𝐿 = 4 was chosen for computing
the IPE algorithm. As shown in the picture, with increasing
sample points, IPE curves of both synthetic signals firstly
increase and then gradually converge to a constant value.
The result implies that the IPE method provides unreliable
entropy estimation for very short time series. For example,
the WGN and the 1/f noise become indistinguishable by IPE
when 𝑁 ≤ 100. According to [26, 33], 𝑁 >> 𝑚! must
be satisfied to achieve a reliable PE measurement, where𝑚! denotes the number of potential permutation patterns in
PE. Analogously, 𝑁 should fulfill 𝑁 >> 𝐿∧𝑚 in the IPE
algorithm, where 𝐿∧𝑚 is the possible pattern in IPE. Because𝑚 = 4 and 𝐿 = 4 were used in Figure 3, there are 256 possible
patterns. As can be seen from Figure 3, IPE curves of both
synthetic signals start to converge when 𝑁 = 1000. Since1000 ≈ 4 ∗ 256, we can roughly deduce that 𝑁 ≥ 4(𝐿∧𝑚)
should be satisfied for reliable IPE estimation.

3.3. Selection of Discretization Level. The discretization level𝐿 is a very important parameter that affects the performance
of the IPE approach. The relation between IPE values and
the discretization level is shown in Figure 4. The mean IPE
values with their SD error bars over a varied 𝐿were plotted by
averaging 30 independent trials. Data-length 𝑁 = 50000 was
selected for generating synthetic signals. As the discretization
level increases, mean IPE values of the WGN firstly grow
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Figure 3: Error bar plot of IPE over a varying data-length.

and then gradually converge, while that of the 1/f noise keeps
progressively increasing. It is also seen that IPEdoes not reach
its maximum for the completely randomWGN.This is due to
the fact that the definition of pattern in the IPE algorithm is
partly based on UQ, in which only the dominant features of
dynamics are faithfully preserved [29, 34]. A larger 𝐿 means
more abundant information of the observed time series is
retained, but it becomes more sensitive to noise and calls for
more sample points to provide reliable results. The situation
is just the reverse when 𝐿 is small. Hence, the selection of𝐿 involves a trade-off between accurate entropy estimation
and high noise immunity. Although the IPE approach does
not assign the maximum entropy value for the WGN, it
obtains large enough entropy measurements (>0.93) when𝐿 ≥ 4, which is generally identical to the fact. Without loss
of generality, 𝐿 = 4 is selected for subsequent study.

3.4. Selection of Scale Factor. According to (8), an increasing
scale factor will result in the data-length of subsequence
rapidly decreasing. Asmentioned in Section 3.2,𝑁 ≥ 4(𝐿∧𝑚)
must be satisfied in the IPE algorithm. Since the data-length
of subsequence is equal to𝑁/𝑠, we can therefore deduce that𝑠 ≤ 𝑁/4(𝐿∧𝑚)must be fulfilled in the MIPE method.

4. Results and Discussion

After having established the basic properties of the IPE algo-
rithm, in this section, its advantages are fully demonstrated
through synthetic and experimental analysis. For comparison
purpose, other entropic approaches, such as PE,WPE,AAPE,
mPE, and IAUQ (Shannon entropy is used to implement
IAUQ) are also utilized for analysis.

4.1. Spiky Data Analysis. A signal having abrupt changes in
magnitude was firstly tested. As shown in Figure 5(a), the
synthetic signal consists of an impulse and additive WGN.
Sliding windows of 500 samples with 400 points overlapped
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were used for entropy calculation. It is important to point
out that the parameters in PE, WPE, AAPE, mPE, and IAUQ
were set the same as those in IPE, and the adjusting coefficient
was selected as 0.5 for AAPE.Without specification, the same
parameters will be used for subsequent study. It is shown in
Figure 5(b) that both PE and mPE remain constant across
all windows, while a remarkable drop of entropy values can
be noticed in the impulse region for all IPE, IAUQ, WPE,
and AAPE methods. The results are due to the fact that PE
and mPE overlook the amplitude information, while that is
fully considered in IPE, IAUQ, WPE, and AAPE approaches
[2, 7, 24, 27]. The result suggests the strong ability of IPE in
detecting spiky features.

4.2. Heart Rate Variability Signal Analysis. Typically, the
HRV signals derived from electrocardiogram have numerous
equal values because of the limited sampling frequency. We
therefore used such time series to examine how the repeated
values would affect the entropy values of various entropic
methods. The HRV signals analysed in this paper originate
from the MIT-BIH Fantasia database, which has been widely
used in scientific works [25, 27, 35]. Herein, we analysed a
collection of 10 heart-beat time series including 5 young and
5 elderly subjects, each of which has 4096 sample points.
By averaging all the subjects, Table 1 gives the percentage of
equal values in embedding vectors with different embedding
dimensions. It is found that the percentage of equal values
approximately grows by 10%when the embedding dimension
increases by 1, indicating that the equal values are almost
randomly distributed in the time series. Figure 6 provides the
entropy analysis results of the HRV signals. Unfortunately,
the young and elderly subjects are unclassifiable by the PE,
WPE, and AAPE methods. This occurs because the presence
of numerous randomly distributed equal values leads to
a stochastic distribution of ordinal patterns. Consequently,
the entropy values of all these methods are close to 1,
being indistinguishable. On the other hand, IPE, IAUQ, and

Table 1: Percentage of equal values found in embedding vectorswith
diverse embedding dimensions.

Embedding dimension m=3 m=4 m=5 m=6
Percentage (%) 17.91 30.27 41.83 51.72

mPE map the equal values to the same symbol, so they
have more sufficient potential patterns to correspond with
diverse embedding vectors. The subjects are therefore well
differentiated by these methods.The result in Figure 6 proves
the advantage of IPE in processing signals with lots of equal
values.

4.3. Analysis of Autoregressive Models. We next utilized the
entropic approaches to investigate the autoregressive (AR)
processes over a range of coarse-grained scales. The synthetic
AR time series were generated by

𝐴𝑅𝑝 (𝑡) =
𝑝∑
𝑖=1

𝛼𝑖𝐴𝑅 (𝑡 − 𝑖) + 𝑛 (𝑡) , (9)

where 𝑛(𝑡) is the WGN with zero mean and unit variance,𝑝 denotes the order of AR processes, and 𝛼𝑖 stands for
the correlation coefficients. Parameters for generating AR
processes with diverse orders are listed in Table 2. For each
order, 30 independent realizations with 10000 samples were
produced.

The entropy analysis results of the synthetic AR time
series are shown in Figure 7, where averaged entropy values
with their SD error bars over varying scale factors (1∼20)
are plotted. Figures 7(b)–7(e) are the results of PE, WPE,
AAPE, and mPE, respectively. Very similar entropy curves
are obtained for these methods except for the differences in
absolute entropy values. As can be seen, AR6 and AR7 are not
well distinguished by them. By contrast, both IPE and IAUQ
differentiate all synthetic AR time series well. Particularly, for
all scales, the mean IPE values are ranked in a descending
order as the order of the AR time series increases, which is
more consistent with the fact. As shown in (9), as the order of
AR process grows, there is an increasing correlation among
sample points. In terms of predictability, a higher-order AR
time series is more predictable than that with a lower order
and should have been assigned lower entropy. Comparing
Figure 7(a) with Figure 7(f), it is seen that the result of IPE
ranges from0.2 to 0.9, while that of IAUQranges from0.5 to 1.
Thedifference is due to the diverse definition of pattern in two
methods. The results in Figure 7 suggest that IPE is powerful
for distinguishing signals with different predictability.

4.4. Analysis of Ship-Radiated Noise. We finally tested the
effectiveness of IPE under noisy condition. To this end, three
types of real ship-radiated noise were analysed. Due to the
effect of ocean ambient noise, the ship sounds are usually
recorded in noisy conditions. The experimental data were
taken from ShipsEar [36], which is an open database of
underwater recordings of ship sounds. The sounds of three
types of marine vessels were measured at a sampling rate of
52734 Hz. Three types of ships belong to the passenger ship,
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Figure 5: Entropy analysis for time series having spiky features. (a) Waveform of the synthetic signal. (b) Entropy estimation of the synthetic
signal.

Table 2: The correlation coefficients for generating AR processes.

𝛼1 𝛼2 𝛼3 𝛼4 𝛼5 𝛼6 𝛼7𝐴𝑅1 1/2 - - - - - -
𝐴𝑅2 1/2 1/4 - - - - -
𝐴𝑅3 1/2 1/4 1/8 - - - -
𝐴𝑅4 1/2 1/4 1/8 1/16 - - -
𝐴𝑅5 1/2 1/4 1/8 1/16 1/32 - -
𝐴𝑅6 1/2 1/4 1/8 1/16 1/32 1/64 -
𝐴𝑅7 1/2 1/4 1/8 1/16 1/32 1/64 1/128
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Figure 6: Entropy analysis of HRV time series.

ocean line, and motorboat, respectively. Classifying these
ships from their radiating noise can be helpful for monitoring
the maritime traffic. For more detailed descriptions of the
data, please refer to [36]. Figure 8 shows the recorded time
series of three ships.

For each type of ship-radiated noise, the data was equally
cut into 50 pieces, each of which contains 52734 sample
points. Figure 9 provides the feature extraction results using
various entropic methods. The averaged entropy values with
their SD error bars over varying scale factors (1∼20) were
plotted. Again, PE and mPE achieve very similar entropy
curves except for the difference in absolute entropy values.
This occurs owing to the high sampling rate in the experi-
ment. The high sampling rate results in very few equal values
existing in the ship signals; the definitions of pattern in both
approaches become similar in such situation; mPE is thus
approximate to PE. Because both WPE and AAPE consider
the amplitude information of signals through assigning
weights to different patterns, similar entropy curves can also
be found in these two algorithms. Visually, three types of
ships are more distinguishable when utilizing IPE, IAUQ,
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WPE, and AAPE. This may be due to the fact that all these
methods take amplitude information into consideration.

Lower signal to noise ratio (SNR) condition was gener-
ated by adding WGN to the ship-radiated noise. Figure 10
gives the entropy analysis results under 5dB condition. Except
for IPE, addingWGN seriously affects the entropy estimation
of other algorithms, especially at lower scale factors. For
example, compared with corresponding results in Figure 9,
thesemethods assignmuch higher entropy values for all three
types of ships when 𝑠 = 1. As can be seen, there is little
difference between Figures 9(a) and 10(a), meaning that IPE
is more robust to noise. It is also found that the difference
between IPE and IAUQ is obvious if comparing Figure 10(a)
with Figure 10(f). Since IPE also considers the fluctuations of
signals, it performs better under noisy condition.

The extracted entropy features under different SNR
conditions were further processed by using the probability
neural network (PNN) [37], which is a powerful tool for
classification. For each type of vessels, 20 noise-free pieces
were used for training and the other 30 pieces were for testing.
Regarding situations with different SNR, all 50 pieces were
set as test datasets. Table 3 shows the detailed classification
results, which agree well with the entropy analysis results
in Figures 9 and 10. All the entropic methods perfectly
classify three types of ships in noise-free or high SNR
(10dB) condition.With a decreasing SNR (5dB), classification
performance of PE, AAPE, and mPE sharply declines, while
that of IPE, IAUQ, andWPE remains unchanged. As the SNR
further decreases (0dB), recognition rate of other entropic
methods reduces to 53.33% or lower, while IPE still achieves

Table 3: Classification accuracy of three types of ships by PNN.

0dB 5dB 10dB Original
IPE 69.33% 100% 100% 100%
PE 40.67% 65.33% 100% 100%
WPE 53.33% 100% 100% 100%
AAPE 48.67% 66.67% 100% 100%
mPE 40% 65.33% 100% 100%
IAUQ 52.67% 100% 100% 100%

an acceptable accuracy of 69.33%. This result validates the
effectiveness of the IPE under noisy condition.

5. Conclusions

The IPE algorithm is proposed in this paper. The param-
eter selection of IPE is investigated, and the effectiveness
of the proposed method is tested through synthetic and
experimental analysis. It shows some advantages as listed
below. Firstly, IPE takes amplitude information of time series
into account and thus is more powerful for detecting spiky
features than PE and mPE. Secondly, IPE assigns the same
symbol to equalities and has sufficient potential patterns
to correspond with different embedding vectors. Compared
with PE, WPE, and AAPE, it shows better performance for
processing signals with numerous repeated values, such as
the HRV signals. Moreover, it can better characterize signals
with diverse predictability. Lastly, IPE achieves much higher
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Figure 9: Entropy analysis of three types of ship-radiated noise. (a) Result of IPE. (b) Result of PE. (c) Result of WPE. (d) Result of AAPE.
(e) Result of mPE. (f) Result of IAUQ.
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Figure 10: Entropy analysis of three types of ship-radiated noise in 5dB condition. (a) Result of IPE. (b) Result of PE. (c) Result of WPE. (d)
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recognition rate for classifying ships under noisy conditions
thanPE and itsmodifications, implying that it is applicable for
analysing signals under noisy condition. In the future work,
IPE could be applied to various engineering applications
such as fault diagnosis, acoustic signal processing, and stock
market analysis.
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Rosso, “Forbidden patterns, permutation entropy and stock
market inefficiency,” Physica A: Statistical Mechanics and its
Applications, vol. 388, no. 14, pp. 2854–2864, 2009.

[18] K. Xu and J. Wang, “Weighted fractional permutation entropy
and fractional sample entropy for nonlinear Potts financial
dynamics,” Physics Letters A, vol. 381, no. 8, pp. 767–779, 2017.

[19] M.Costa, A. L. Goldberger, andC.-K. Peng, “Multiscale entropy
analysis of complex physiologic time series,” Physical Review
Letters, vol. 89, no. 6, Article ID 068102, 2002.

[20] L. Zunino, M. C. Soriano, and O. A. Rosso, “Distinguishing
chaotic and stochastic dynamics from time series by using a
multiscale symbolic approach,” Physical Review E: Statistical,
Nonlinear, and Soft Matter Physics, vol. 86, no. 4, Article ID
046210, 2012.

[21] M. Costa, A. L. Goldberger, and C. Peng, “Multiscale entropy
analysis of biological signals,” Physical Review E: Statistical,
Nonlinear, and Soft Matter Physics, vol. 71, no. 2, Article ID
021906, 2005.

[22] L. Faes, A. Porta, M. Javorka, and G. Nollo, “Efficient com-
putation of multiscale entropy over short biomedical time
series based on linear state-spacemodels,”Complexity, vol. 2017,
Article ID 1768264, p. 13, 2017.

[23] W. Aziz and M. Arif, “Multiscale permutation entropy of
physiological time series,” in Proceedings of the 9th International
Multitopic Conference (INMIC ’05), pp. 1–6, IEEE, Karachi,
Pakistan, December 2005.

[24] H. Azami and J. Escudero, “Amplitude-aware permutation
entropy: Illustration in spike detection and signal segmenta-
tion,”Computer Methods and Programs in Biomedicine, vol. 128,
pp. 40–51, 2016.

[25] D. Cuesta–Frau, M. Varela–Entrecanales, A. Molina–Picó, and
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As a powerful nonlinear feature extractor, kernel principal component analysis (KPCA) has been widely adopted in many machine
learning applications. However, KPCA is usually performed in a batch mode, leading to some potential problems when handling
massive or online datasets. To overcome this drawback of KPCA, in this paper, we propose a two-phase incremental KPCA
(TP-IKPCA) algorithm which can incorporate data into KPCA in an incremental fashion. In the first phase, an incremental
algorithm is developed to explicitly express the data in the kernel space. In the second phase, we extend an incremental principal
component analysis (IPCA) to estimate the kernel principal components. Extensive experimental results on both synthesized and
real datasets showed that the proposed TP-IKPCA produces similar principal components as conventional batch-based KPCA but
is computationally faster than KPCA and its several incremental variants. Therefore, our algorithm can be applied to massive or
online datasets where the batch method is not available.

1. Introduction

As a conventional linear subspace analysis method, principal
component analysis (PCA) can only produce linear subspace
feature extractors [1], which are unsuitable for highly complex
and nonlinear data distributions. In contrast, as a nonlin-
ear extension of PCA, kernel principal component analysis
(KPCA) [2] can capture the higher-order statistical informa-
tion contained in data, thus producing nonlinear subspaces
for better feature extraction performance. This has propelled
the use of KPCA in a wide range of applications such as
pattern recognition, statistical analysis, image processing,
and so on [3–8]. Basically, KPCA firstly projects all samples
from the input space into a kernel space using nonlinear
mapping and then extracts the principal components (PCs)

in the kernel space. In practice, such nonlinear mapping
is performed implicitly via the “kernel trick”, where an
appropriately chosen kernel function is used to evaluate the
dot products of mapped samples without having to explicitly
carry out the mapping. As a result, the extracted kernel
principal component (KPC) of the mapped data is nonlinear
with respect to the original input space.

Standard KPCA has some drawbacks which limit its
practical applications when handling big or online datasets.
Firstly, in the training stage, KPCA needs to store and
compute the eigenvectors of a 𝑁 × 𝑁 kernel matrix, where𝑁 is the total number of samples. This computation results
in a space complexity of 𝑂(𝑁2) and a time complexity of𝑂(𝑁3), thus rendering the evaluation of KPCA on large-
scale datasets very time-consuming. Secondly, in the testing
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stage, the resulting kernel principal components have to be
defined implicitly by the linear expression of the training
data, and thus all the training data must be saved after
training. For a massive dataset, this translates into high
costs for storage resources and increases the computational
burden during the utilization of kernel principal components
(KPCs). Furthermore, KPCA is impractical for many real-
world applications where online samples are progressively
collected since it is used in a batch manner. This implies that
each time new data arrive, KPCA has to be conducted from
scratch.

To overcome these limitations, many promising methods
have been proposed in the past few years. These methods
can be grouped into two classes. The first class is the batch-
based modeling method, which requires that all training
data is available for estimating KPCs. Rosipal and Girolami
proposed an EM algorithm for reducing the computational
cost of KPCA [9]. However, the convergence behavior of
the EM algorithm to KPCA cannot be guaranteed in theory.
In [6], the kernel Hebbian algorithm (KHA) was proposed
as an iterative variant of KPCA algorithm. By kernelizing
the generalized Hebbian algorithm (GHA), KHA computes
KPCA without storing the kernel matrix, such that large-
scale datasets with high dimensionality can be processed.
Nonetheless, KHA has a scalar gain parameter which is either
held constant or decreased according to a predetermined
annealing schedule, leading to slow convergence during
the training stage. To improve the convergence of KHA,
gain adaptation methods were developed by providing a
separate gain for each eigenvector estimate [10]. An improved
version of KPCA was proposed based on the eigenvalue
decomposition of a symmetric matrix [11], where datasets
are divided into multiple subsets, each of which is processed
separately. One of the major drawbacks of this approach is
that it requires storing the kernel matrix, which means that
the space complexity could be extremely large for large-scale
dataset. Another variant of conventional KPCA is greedy
KPCA [12, 13], which was employed to approximate the
KPCs by a prior filtering of the training data. However,
prior filtering of the training data could be computationally
expensive. Overall, compared with standard KPCA, these
batch-based modeling methods can potentially reduce the
time or space complexity to some degree. Unfortunately, such
methods cannot handle online data.

The second class is incremental methods, which can
compute KPCs incrementally to handle online data process-
ing. Chin and Suter proposed an incremental version of
KPCA [14, 15], which is called IKPCA-RS for the notational
simplicity. In IKPCA-RS, singular value decomposition is
used to update an eigenfeature space incrementally for
incoming data. However, IKPCA-RS may lead to high time
complexity especially when dealing with high-dimensional
data. In [16, 17], an incremental KPCA was presented based
on the empirical kernel map. It is more efficient in memory
requirement than the standard KPCA. However, it is only
an approximate method and only suitable for polynomial
kernel function. Inspired by the incremental PCA algorithm
proposed by Hall et al. [18], Kimura et al. presented an
incremental KPCA algorithm [19] in which an incremental

updating algorithm for eigenaxes is derived based on a set
of linearly independent data. Subsequently, some modified
versions are proposed by Ozawa and Takeuchi et al. [20,
21]. Furthermore, in order to incrementally deal with data
streams which are given in a chunk of multiple samples at
one time, other extensions of KPCA were also successively
presented [22–24]. Hallgren and Northrop [25] proposed
an incremental KPCA (INKPCA) by applying rank one
updates to the eigendecomposition of kernel matrix. How-
ever, INKPCA needs to store the whole data when evaluated
on a new sample. Notably, incremental methods have the
capacity of integrating new data, initially unavailable, in some
way that maintains nonincreasing memory. However, to the
best of our knowledge, most of these methods operate in the
kernel space where all the samples are implicitly represented.
This has two key limitations. First, a number of incremental
methods may suffer from high computational cost. Second,
the others can only capture the approximate KPCs rather
than the accurate ones, which may affect the accuracy of its
subsequent process.

Before continuing, a note on mathematical notations
is given as follows. We use lower case and upper case
letters (e.g., 𝑖, 𝑗, 𝑙, 𝑁) to denote scalars, lower case letters
with the subscript (e.g., 𝑘𝑖𝑗, 𝛼𝑖) to denote an element from
a matrix or a vector, lower case bold letters (e.g., 𝑥,𝑦,𝛼,𝛽)
to denote vectors, and upper case bold letters (e.g., 𝐴,𝐶,𝑀)
to denote matrices. We use 𝑥𝑇 (𝐶T) to denote the transpose
of a vector (matrix) and ‖ ⋅ ‖ to denote the L2-norm of
a vector. Furthermore, we adopt {𝑥𝑖}Ni=1 to denote a set,[𝑥1,𝑥2, . . . ,𝑥𝑁] to denote a matrix with 𝑁 column vectors
and [𝑘𝑖𝑗]1≤𝑖≤𝑀,1≤𝑗≤𝑁 to denote a 𝑀 × 𝑁 matrix composed
of the corresponding element 𝑘𝑖𝑗. In this paper, 𝑥𝑖 always
denotes a column vector and the inner product between 𝑥𝑖
and 𝑥𝑗 is expressed as 𝑥𝑇𝑖 𝑥𝑗. The lower case bold letter 𝜑
denotes a nonlinear mapping. The mapped sample 𝜑(𝑥) of
the input sample 𝑥 is a column vector.

To address these limitations, we propose a two-phase
incremental KPCA (TP-IKPCA), where the mapped data is
represented in an explicit form and KPCs are updated in an
explicit space. The computational cost of the whole process
is very low and the accuracy of KPCs can be theoretically
guaranteed. An overview of TP-IKPCA is briefly illustrated
in Figure 1. In this figure, {𝑥𝑖}Ni=1 denotes the sample set in a
d-dimensional input space and𝑁 denotes the total number of
available samples. Let 𝜑 denote the nonlinear mapping which
maps the sample set {𝑥𝑖}𝑁𝑖=1 into an h-dimensional implicit
kernel space, resulting in the mapped sample set {𝜑(𝑥𝑖)}𝑁𝑖=1.
Here, h may be very large or even infinite, depending on the
specific mapping. The TP-IKPCA includes two phases. In the
first phase, we develop an incremental algorithm to capture
standard orthogonal basis {𝛽𝑗}𝑟𝑗=1 of the subspace spanned
by {𝜑(𝑥𝑖)}𝑁𝑖=1 and then explicitly obtain the projection vectors{𝑦𝑖}𝑁𝑖=1 of {𝜑(𝑥𝑖)}𝑁𝑖=1 by

𝑦𝑖 = [𝛽1,𝛽2, . . . ,𝛽𝑟]𝑇 𝜑 (𝑥𝑖) , (1)

where 𝑟 denotes the number of a standard orthogonal basis{𝛽𝑗}𝑟𝑗=1. In the second phase, the existing incremental method
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Figure 1: Overview of TP-IKPCA.

of PCA is employed to capture KPCs based on the explicit
data {𝑦𝑖}𝑁𝑖=1 in the projection space. In the following sections,
we will detail how to incrementally express the implicit
mapped data {𝜑(𝑥𝑖)}𝑁𝑖=1 using an explicit form. We will
also theoretically verify that performing PCA based on the
implicitly mapped samples {𝜑(𝑥𝑖)}𝑁𝑖=1 is equivalent to that of
based on the explicit projection vectors {𝑦𝑖}𝑁𝑖=1.

Here, we should clarify the relationship among some
important quantities, including d, h, r (see Figure 1). In
the case of KPCA or TP-IKPCA, the sample set {𝑥𝑖}𝑁𝑖=1 in
a d-dimensional input space is firstly mapped into an h-
dimensional kernel space by a nonlinear mapping 𝜑 and
then a linear PCA is performed based on the mapped set{𝜑(𝑥𝑖)}𝑁𝑖=1. Usually, h may be very large or even infinite,
depending on the specific mapping 𝜑. So, we usually have𝑑 ≤ ℎ, which implies that the dimension of each mapped
sample 𝜑(𝑥𝑖) is larger than its original dimension 𝑑. In the
case of TP-IKPCA, {𝛽𝑗}𝑟𝑗=1 denote an orthonormal basis
of the subspace spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1, and {𝑦𝑖}𝑁𝑖=1 is the
corresponding projection vectors of themapped set {𝜑(𝑥𝑖)}𝑁𝑖=1
on the basis {𝛽𝑗}𝑟𝑗=1, which means that 𝑟 is the dimension of
the subspace spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1 and equals the dimension
of each projected vector 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁). Generally, since
the mapped data {𝜑(𝑥𝑖)}𝑁𝑖=1 have strong linear correlation
in the h-dimensional kernel space, we have 𝑟 ≤ ℎ, which
means that a few components generally suffice to capture
the nonlinear distribution of the data. Furthermore, if the
dimension 𝑟 of the subspace spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1 is high,
r may be larger than the dimension 𝑑 of the input space.
However, if the mapped data {𝜑(𝑥𝑖)}𝑁𝑖=1 have strong linear
correlation, which means 𝑟 may be low and the dimension𝑑 of the input space is very high, we may get the contrast
conclusion.

The main contributions of our work are fourfold: (1)
Presenting an algorithm to express the mapped data in
an explicit form. This will help for better understanding
the distribution of the mapped data in the implicit kernel
space. (2) Endowing KPCA with the capacity of handling
dynamic dataset. (3) Compared to the standard KPCA, the
computational complexity of TP-IKPCA is reduced from𝑂(𝑁3) to 𝑂(𝑟3) and the storage complexity from 𝑂(𝑁2) to𝑂(𝑟2), where 𝑁 denotes the number of training samples
and 𝑟 is the number of bases of the subspace spanned by
nonlinear mapped samples. Usually the assumption that 𝑟 ≪𝑁 is valid, which makes TP-IKPCA very convenient for

processing large-scale datasets [26]. (4) In the testing stage,
the feature extraction from one sample is faster than that of
the batch KPCA, since TP-IKPCA only needs to calculate
the kernel functions between the new sample and 𝑟 selected
training samples which forms the orthonormal basis.

The rest of the paper is organized as follows. Section 2
briefly introduces KPCA. In Section 3, we provide a the-
oretical analysis of the proposed TP-IKPCA method and
elucidate the concrete steps for incrementally capturingKPCs
based on the projection vectors in an explicit space. The
effectiveness of TP-IKPCA is demonstrated in Section 4.
Finally, the conclusions of our study are given in Section 5.

2. Kernel Principal Component
Analysis (KPCA)

In this section, we briefly outline the standard procedure of
KPCA. As mentioned above, in KPCA, the input sample set{𝑥𝑖}𝑁𝑖=1 is mapped into a kernel space by a nonlinear mapping
𝜑 and then a linear PCA is performed based on {𝜑(𝑥𝑖)}𝑁𝑖=1 in
the kernel space.

To obtain the eigenvectors in the kernel space, the
covariance matrix is defined as

𝐶 = 1𝑁
𝑁∑
𝑖=1

(𝜑 (𝑥𝑖) − 𝑐)) (𝜑 (𝑥𝑖) − 𝑐))𝑇 , (2)

where 𝑐 = (1/𝑁)∑𝑁𝑖=1 𝜑(𝑥𝑖). However, the eigendecomposi-
tion of 𝐶 is hindered by the fact that the mapping function
𝜑 is implicit. To avoid the explicit calculation in the kernel
space, a𝑁×𝑁 kernel matrix𝐾 is defined, whose elements 𝑘𝑖𝑗
are determined by the virtue of the following kernel trick:

𝑘𝑖𝑗 = 𝜑 (𝑥𝑖)𝑇 𝜑 (𝑥𝑖) = 𝑘 (𝑥𝑖,𝑥𝑗) 𝑖, 𝑗 = 1, 2, . . . , 𝑁. (3)

where 𝑘(⋅, ⋅) is a kernel function that allows us to compute
inner products in the kernel space [2].

Combining (2) and (3), Schölkopf et al. [2] derived the
equivalent eigenvalue problem as follows:

𝐾𝛼 = 𝑁𝜆𝛼, (4)

where 𝛼 = (𝛼1, 𝛼2, . . . , 𝛼𝑁)𝑇 denotes the column vector such
that the orthogonal eigenvector ^ of the covariance matrix 𝐶
satisfies

𝑣 = 𝑁∑
𝑖=1

𝛼𝑖𝜑 (𝑥𝑖) . (5)
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Let 𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑘 > 0 (𝑘 ≤ 𝑁) denote
the first 𝑘 nonzero eigenvalues of 𝐾 and 𝛼1,𝛼2, . . . ,𝛼𝑘 the
corresponding complete set of eigenvectors (see (4)). We
can obtain the corresponding eigenvectors 𝑣1, 𝑣2, . . . , 𝑣𝑘 of 𝐶
using (5).

Considering 𝑣1, 𝑣2, . . . , 𝑣𝑘 need to be normalized,
𝛼1,𝛼2, . . . ,𝛼𝑘 need to satisfy

𝜆𝑙 (𝛼𝑙)𝑇 (𝛼𝑙) = 1 𝑙 = 1, 2, . . . , 𝑘. (6)

For a test sample 𝑥, the projection of 𝜑(𝑥) on the l-th
nonlinear principal component can be computed by

𝑑𝑙 (𝑥) = (𝑣𝑙)𝑇 𝜑 (𝑥) = 𝑁∑
𝑖=1

𝛼𝑙𝑖 (𝜑 (𝑥𝑖))𝑇 𝜑 (𝑥)
= 𝑁∑
𝑖=1

𝛼𝑙𝑖𝑘 (𝑥𝑖,𝑥) .
(7)

where 𝛼𝑙𝑖 is the ith element of 𝛼𝑙; in other words, 𝛼𝑙 =[𝛼𝑙1, 𝛼𝑙2, . . . , 𝛼𝑙𝑁]𝑇.
For the sake of simplicity, we assume that themapped data

𝜑(𝑥𝑖) (𝑖 = 1, 2, . . . , 𝑁) is zero-centered (see (2)). The detailed
description of the centering processing is given in [2].

Of note, for KPCA, the kernel matrix 𝐾 needs to be
predefined before performing eigendecompositions. Since
the size of𝐾 scales with𝑁2, a largememory space is required
for a massive dataset. Additionally, the eigendecomposition
of 𝐾 involves a time complexity of 𝑂(𝑁3). This can severely
handicap the computation of KPCA on large datasets. In
online processing applications, the arrival of a new sample
requires adding a new row and a new column in𝐾, and eigen-
decomposition has to be constantly reevaluated for an ever-
growing kernelmatrix to update the kernel subspaces. Hence,
the batch KPCA is not convenient for such applications.

3. Explicit Representation of the Mapped Data

At present, there have been many incremental algorithms
for PCA [27–34]. However, it is difficult to directly extend
them to KPCA because all mapped samples {𝜑(𝑥𝑖)}𝑁𝑖=1 are
expressed implicitly in the kernel space. Obviously, once{𝜑(𝑥𝑖)}𝑁𝑖=1 can be expressed using an explicit form, it will be
straightforward to extend incremental PCA to KPCA. In fact,
the geometrical structure of {𝜑(𝑥𝑖)}𝑁𝑖=1 can be captured by
using a standard orthogonal basis of the subspace spanned
by all the samples {𝜑(𝑥𝑖)}𝑁𝑖=1 [26]. Hence, we aim to explicitly
express {𝜑(𝑥𝑖)}𝑁𝑖=1using an indirect way. This motivation
comes from the following property shown inTheorem 1.

Let {𝛽𝑗}𝑟𝑗=1 denote an orthonormal basis of the subspace
spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1, and {𝑦𝑖}𝑁𝑖=1 is the corresponding pro-
jection vectors of {𝜑(𝑥𝑖)}𝑁𝑖=1 under {𝛽𝑗}𝑟𝑗=1 (see (1)).Theorem 1
is established as follows.

Theorem 1. If linear PCA is performed based on {𝜑(𝑥𝑖)}𝑁𝑖=1
and {𝑦𝑖}𝑁𝑖=1, respectively, then their covariance matrices have

the same nonzero eigenvalues, and those corresponding eigen-
vectors satisfy the following relationship:

𝑣𝑙 = [𝛽1,𝛽2, . . . ,𝛽𝑟] 𝑢𝑙, (8)

where 𝑣𝑙 is the l-th eigenvector of the covariance matrix of{𝜑(𝑥𝑖)}𝑁𝑖=1 and𝑢𝑙 is the l-th eigenvector of the covariancematrix
of {𝑦𝑖}𝑁𝑖=1. The proof is given in Appendix A.

Based on Theorem 1, linear PCA based on {𝜑(𝑥𝑖)}𝑁𝑖=1 can
be converted into a linear PCA based on {𝑦𝑖}𝑁𝑖=1. So, if we
can write {𝑦𝑖}𝑁𝑖=1 in an explicit form, then it will be easy
to further extend KPCA using existing linear incremental
algorithms. To incrementally obtain the orthonormal basis{𝛽𝑗}𝑟𝑗=1 and the projection vectors {𝑦𝑖}𝑁𝑖=1, we firstly introduce
two correlative lemmas.

Lemma 2. Let {𝜑(𝑥𝑏𝑗)}𝑟𝑗=1 denote a basis of the subspace
spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1, then the orthonormal basis {𝛽𝑗}𝑟𝑗=1 can
be determined using

[𝛽1,𝛽2, . . . ,𝛽𝑟] = [𝜑 (𝑥𝑏1) ,𝜑 (𝑥𝑏2) , . . . ,𝜑 (𝑥𝑏𝑟)]𝐷, (9)

where D = [𝛾1/√𝜀1, 𝛾2/√𝜀2, . . . , 𝛾𝑟/√𝜀𝑟]. 𝛾𝑗 (𝑗 = 1, 2, . . . ,𝑟) is the eigenvector of the kernel matrix 𝐾𝑟𝑟 = [𝜑(𝑥𝑏1),
𝜑(𝑥𝑏2), . . . ,𝜑(𝑥𝑏𝑟)]𝑇[𝜑(𝑥𝑏1),𝜑(𝑥𝑏2), . . . ,𝜑(𝑥𝑏𝑟)], scilicet 𝐾𝑟𝑟
= [𝑘(𝑥𝑏𝑠,𝑥𝑏𝑡)]1≤𝑠,𝑡≤𝑟. 𝜀𝑗 (𝑗 = 1, 2, . . . , 𝑟) is the corresponding
eigenvalue of 𝛾𝑗. The proof is given in Appendix B.

Based on Lemma 2, for any mapped sample 𝜑(𝑥) ∈{𝜑(𝑥𝑖)}𝑁𝑖=1, we can explicitly define its projection vector 𝑦
under the orthonormal basis {𝛽𝑗}𝑟𝑗=1 as

𝑦 = [𝛽1,𝛽2, . . . ,𝛽𝑟]𝑇 𝜑 (𝑥)
= 𝐷𝑇 [𝜑 (𝑥𝑏1) ,𝜑 (𝑥𝑏2) , . . . ,𝜑 (𝑥𝑏𝑟)]𝑇 𝜑 (𝑥)
= 𝐷𝑇𝑘𝑏𝑥,

(10)

where 𝑘𝑏𝑥 = [𝑘(𝑥𝑏1,𝑥), 𝑘(𝑥𝑏2,𝑥), . . . , 𝑘(𝑥𝑏𝑟,𝑥)]𝑇. Obviously,
using the kernel function 𝑘(⋅, ⋅) can complete the computation
of 𝑦.

However, the orthogonalization process using Lemma 2
is a batch-based method. Subsequently, when samples are
added one by one, its computational cost is still very expen-
sive. So, inspired by the Gram-Schmidt orthogonalization
process [35], we designed an online algorithm for incre-
mentally finding the orthonormal basis and the projection
vectors.

Lemma 3. Let {𝜑(𝑥𝑏𝑗)}𝑟𝑗=1 denote a basis of the subspace
spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1 and {𝛽𝑗}𝑟𝑗=1 is the orthonormal basis
obtained by (9). Suppose 𝑥𝑁+1 denotes a new sample we
have just included into our dataset. We derive the following
properties.

(1) If 𝛿 = 𝑘𝑁+1 − 𝑘𝑇𝑏(𝑁+1)𝐷𝐷𝑇𝑘𝑏(𝑁+1) = 0, then {𝛽𝑗}𝑟𝑗=1 is
the orthonormal basis of the subspace spanned by {𝜑(𝑥𝑖)}𝑁+1𝑖=1



Complexity 5

and the projection vector 𝑦𝑁+1 of 𝜑(𝑥𝑁+1) can be com-
puted using (10). Here, 𝑘𝑁+1 = 𝑘(𝑥𝑁+1,𝑥𝑁+1) and 𝑘𝑏(𝑁+1) =[𝑘(𝑥𝑏1,𝑥𝑁+1), 𝑘(𝑥𝑏2,𝑥𝑁+1), . . . , 𝑘(𝑥𝑏𝑟,𝑥𝑁+1)]𝑇.

(2) If 𝛿 = 𝑘𝑁+1 − 𝑘𝑇𝑏(𝑁+1)𝐷𝐷𝑇𝑘𝑏(𝑁+1) ̸= 0, then the ortho-
normal basis {𝛽𝑗}𝑟+1𝑗=1 of the subspace spanned by {𝜑(𝑥𝑖)}𝑁+1𝑖=1 can
be obtained by

[𝛽1,𝛽2, . . . ,𝛽𝑟,𝛽𝑟+1]
= [𝜑 (𝑥𝑏1) ,𝜑 (𝑥𝑏2) , . . . ,𝜑 (𝑥𝑏𝑟) ,𝜑 (𝑥𝑏(𝑟+1))]

⋅ [[[[
[
𝐷

−𝐷𝐷𝑇𝑘𝑏(𝑁+1)√|𝛿|0 1√|𝛿|
]]]]
]
,

(11)

where 𝑥𝑏(𝑟+1) = 𝑥𝑁+1. The projection vector 𝑦𝑁+1 of 𝜑(𝑥𝑁+1)
can be computed by

𝑦𝑁+1 = [𝑘𝑇𝑏(𝑁+1)𝐷, √𝛿]𝑇 . (12)

Obviously, based on Lemma 3, it is straightforward to
incrementally estimate the projection vector. Notably, the
dimensionality of 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁) is smaller than that of
𝑦𝑁+1 in the case of 𝛿 ̸= 0. In fact, based on the Gram-Schmidt
orthogonalization process, let 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁) denote the
projection vector of 𝜑(𝑥𝑖) on the orthonormal basis {𝛽𝑗}𝑟+1𝑗=1,
then 𝑦𝑖 = [𝑦𝑇𝑖 , 0]𝑇. The proof of Lemma 3 is provided in
Appendix C.

Combining both Lemmas 2 and 3, we summarize the
online algorithm, which incrementally finds the orthonormal
basis and the projection vectors as follows.

Algorithm 4. An online algorithm for incrementally finding
the orthonormal basis and the projection vectors.

Step 0 (initialization). For the time N=1, we found a sample
𝑥1. We suppose 𝑘(𝑥1,𝑥1) ̸= 0. Let the set 𝑆 = {𝑥1}, 𝐷 =1/√𝑘(𝑥1,𝑥1), and 𝑦1 = √𝑘(𝑥1,𝑥1).
Step 1. Calculate 𝛿 for a new sample 𝑥𝑁+1 according to

𝛿 = 𝑘𝑁+1 − 𝑘𝑇𝑏(𝑁+1)𝐷𝐷𝑇𝑘𝑏(𝑁+1), (13)

where 𝑘𝑁+1,𝐷 and 𝑘𝑏(𝑁+1) have the same definition as in
Lemma 3.

Step 2. If 𝛿 = 0, then 𝑦𝑁+1 = 𝐷𝑇𝑘𝑏(𝑁+1) and return to Step 1.

Step 3. If 𝛿 ̸= 0, then 𝑆 = 𝑆 ∪ {𝑥𝑁+1} and update 𝑦𝑁+1 using
(12). Finally, update𝐷 using (14) and return to Step 1.

𝐷 = [[[[
[
𝐷

−𝐷𝐷𝑇𝑘𝑏(𝑁+1)√|𝛿|0 1√|𝛿|
]]]]
]
. (14)

Obviously, if we map all the samples of 𝑆 into the kernel
space and get the dataset {𝜑(𝑥𝑏𝑗) | 𝑥𝑏𝑗 ∈ 𝑆}, then the

mapped samples {𝜑(𝑥𝑏𝑗) | 𝑥𝑏𝑗 ∈ 𝑆} are linearly independent.
Furthermore, we can get an orthonormal basis based on{𝜑(𝑥𝑏𝑗) | 𝑥𝑏𝑗 ∈ 𝑆} and 𝐷 (see (9) or (11)). In fact, taking
into account the actual calculation error, we usually use a very
small threshold value 𝜃 to decide performing Step 2 or Step 3
in Algorithm 4. In other words, if 𝛿 < 𝜃, we perform step 2;
otherwise, we perform Step 3.

4. Incremental Learning of KPCA

In this section, we will outline the incremental learning
method of KPCA based on the incremental version of PCA
(IPCA) proposed by Hall et al. [18]. The key difference
between our method and Hall et al.’s method is that the
dimensionality of the projection vector 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁)
in our case is not constant; hence we further adapt IPCA to
our aim and address this limitation.

4.1. Description of IKPCA. Given a sample set {𝜑(𝑥𝑖)}𝑁𝑖=1
and its corresponding projection vector set {𝑦𝑖}𝑁𝑖=1 (see the
Section 3), we assume we have already built a set of eigenvec-
tors {𝑢𝑙}𝑝𝑙=1 and its corresponding matrix𝑈 = [𝑢1, 𝑢2, . . . , 𝑢𝑝]
with the {𝑦𝑖}𝑁𝑖=1 set as an input. Note that we have 𝑝 ≤𝑟 where 𝑟 denotes the dimension of 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁).
Let Λ = diag(𝜆1, 𝜆2, . . . , 𝜆𝑝) denote the corresponding
matrix of eigenvalues and 𝑦 the mean vector. Incremental
building requires updating these eigenvectors when a new
input sample 𝑦𝑁+1 is obtained, which is the projection vector
of 𝜑(𝑥𝑁+1). Obviously, the dimensionality of 𝑦𝑁+1 may be
larger than that of 𝑦𝑖 (𝑖 = 1, 2, . . . , 𝑁) (see (12)). When their
dimensionalities are identical, we denote 𝑟𝑁+1 = 𝑟, otherwise,𝑟𝑁+1 ̸= 𝑟. Firstly, we update the mean:

𝑦 =
{{{{{{{{{

1𝑁 + 1 (𝑁𝑦 + 𝑦𝑁+1) 𝑟𝑁+1 = 𝑟
1𝑁 + 1 (𝑁(𝑦

0
) + 𝑦𝑁+1) 𝑟𝑁+1 ̸= 𝑟, (15)

where (𝑦, 0)𝑇 means adding one zero to the original vector
𝑦. Then we update the set of eigenvectors {𝑢𝑙}𝑝𝑙=1by adding
a new vector 𝑦𝑁+1 and applying a rotational transformation.
In order to do this, we first compute the orthogonal residual
vector:

ℎ𝑁+1 =
{{{{{{{{{

(𝑈𝜂𝑁+1 + 𝑦) − 𝑦𝑁+1 𝑟𝑁+1 = 𝑟
([
[
𝑈

0
]
] 𝜂𝑁+1 + 𝑦) − 𝑦𝑁+1 𝑟𝑁+1 ̸= 𝑟, (16)

where 𝜂𝑁+1 is computed by

𝜂𝑁+1 =
{{{{{{{{{{{

𝑈𝑇 (𝑦𝑁+1 − 𝑦) 𝑟𝑁+1 = 𝑟
[
[
𝑈

0]]
𝑇

(𝑦𝑁+1 − 𝑦) 𝑟𝑁+1 ̸= 𝑟. (17)
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Figure 2: Flowchart of TP-IKPCA.

Subsequently, we normalize ℎ𝑁+1 to obtain ℎ̂𝑁+1 = ℎ𝑁+1/‖ℎ𝑁+1‖ for ‖ℎ𝑁+1‖ > 0 and ℎ̂𝑁+1 = 0 otherwise. The new
matrix of eigenvectors𝑈 is computed by

𝑈 =
{{{{{{{{{

[𝑈, ℎ̂𝑁+1]𝑇 𝑟𝑁+1 = 𝑟𝑁
[
[
[
[
𝑈

0]] , ℎ̂𝑁+1]]𝑇 𝑟𝑁+1 ̸= 𝑟𝑁, (18)

where 𝑇 ∈ 𝑅(𝑝+1)×(𝑝+1) is a rotation matrix with dimension
p+1. 𝑇 is the solution of the eigenproblem of the following
form [18, 36]:

𝐻𝑇 = 𝑇Λ. (19)

We compose𝐻 ∈ R(𝑝+1)×(𝑝+1) as

𝐻 = 𝑁𝑁 + 1 [Λ 0
0𝑇 0] + 𝑁(𝑁 + 1)2 [

𝜂𝜂𝑇 𝜏𝜂

𝜏𝜂𝑇 𝜏2
] . (20)

where 𝜏 = ℎ̂
𝑇

𝑁+1(𝑦𝑁+1 − 𝑦) and 𝜂 = 𝜂𝑁+1.
Broadly, the procedure of our incremental method is

similar to IPCA presented by Hall et al. [18]. Only under the
condition 𝑟𝑁+1 ̸= 𝑟𝑁, we add one zero (zero vector) to the
corresponding variant (matrix).

Oncewedetermined the principal direction set {𝑢𝑙}𝑝𝑙=1, for
a test sample 𝑥, the projection of 𝜑(𝑥) onto the l-th nonlinear
principal direction 𝑣𝑙 can be obtained using the formulas in
(8) and (10):

𝑑𝑙 (𝑥) = (𝑣𝑙)𝑇 𝜑 (𝑥) = (𝑢𝑙)𝑇 (𝛽1,𝛽2, . . . ,𝛽𝑟)𝑇 𝜑 (𝑥)
= (𝑢𝑙)𝑇𝐷𝑇𝑘𝑏𝑥 = (𝑢𝑙)𝑇 𝑦. (21)

4.2. Framework of TP-IKPCA. Based on the analysis in
Section 3 and in Section 4.1, we present the flowchart of TP-
IKPCA in Figure 2. Here, {𝑥𝑖}𝑁𝑖=1denotes the input sample set
and {𝜑(𝑥𝑖)}𝑁𝑖=1 represents its corresponding mapped set by an
implicit nonlinear mapping 𝜑. Firstly, an orthonormal basis{𝛽𝑗}𝑟𝑗=1 of the subspace spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1 (see (9) or (11))
and the corresponding projection vectors set {𝑦𝑖}𝑁𝑖=1 (see (10))

are obtained. Subsequently, a set of eigenvectors {𝑢𝑙}𝑝𝑙=1 of{𝑦𝑖}𝑁𝑖=1 are built. Then, for a new coming sample 𝑥𝑁+1, its
mapped sample 𝜑(𝑥𝑁+1) is used to update the orthonormal
basis {𝛽𝑗}𝑟𝑗=1 and its projection vector 𝑦𝑁+1 is computed
using Algorithm 4. Finally, based on the IKPCA described in
Section 4.1, the eigenvector set {𝑢𝑙}𝑝𝑙=1 is updated using 𝑦𝑁+1.
It can be seen from Figure 2 that TP-IKPCA includes two
main steps. The first step is based on incremental learning
algorithm that represents the mapped data using an explicit
form (see Algorithm 4). The second step incrementally com-
putes the principal components of {𝑦𝑖}𝑁+1𝑖=1 using IKPCA (see
Section 4.1).

The dimensions 𝑑,ℎ, and 𝑟 of the input, kernel, and
projection spaces, respectively, generally satisfy the following
inequalities: 𝑑 ≤ ℎ and 𝑟 ≤ ℎ (see Section 1). Here, we
need to focus on the meaning of 𝑝. In this paper, p denotes
the number of the eigenvectors derived from the covariance
matrix of the projection vector set {𝑦𝑖}𝑁𝑖=1. In other words, p is
the number of the principal components of {𝑦𝑖}𝑁+1𝑖=1 . We note
that the number of the principal components, that is p, should
be also smaller than the dimension 𝑟 of the projection space.
In summary, we have 𝑝 ≤ 𝑟 ≤ ℎ.
4.3. Complexity Analysis of TP-IKPCA. Suppose that given
the current sample set {𝑥𝑖}𝑁𝑖=1, the dimension of the sub-
space spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1 is 𝑟. When a new sample
𝑥𝑁+1 arrives, TP-IKPCA first conducts Algorithm 4 where
the most time-consuming step is to compute 𝐷𝑇𝑘𝑏(𝑁+1)
appearing in (11)-(14). The time complexity for this step
is 𝑂(𝑟2) since 𝐷 is an 𝑟 × 𝑟 orthogonal transformation
matrix and 𝑘𝑏(𝑁+1) is an N-dimensional vector. Then, TP-
IKPCA incrementally computes the principal components
using IKPCA (see Section 4.1). In this step, the computation
of the eigendecomposition of matrix𝐻 ∈ 𝑅(𝑝+1)×(𝑝+1) in (20)
is most time-consuming. We can define the upper bound
for its time complexity as 𝑂(𝑝3) ≤ 𝑂(𝑟3) since we have𝑝 ≤ 𝑟. Considering the above two steps, the overall time
complexity of TP-IKPCA in worst case can be estimated as𝑂(𝑟3). In fact, 𝑟 ≪ 𝑁 is usually tenable [26, 37], which
makes TP-IKPCA convenient for processing large-scale or
online datasets. Meanwhile, TP-IKPCA requires storing an
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𝑟 × 𝑟 orthogonal transformation matrix 𝐷 (see (9)), which
only involves a space complexity of 𝑂(𝑟2). Especially in the
testing stage, obtaining the principal component of a new
sample only needs to calculate the kernel functions between
the new sample and the 𝑟 old training samples that compose
the orthonormal basis (see (21)), which results in improving
the computing speed.

5. Experiments

We evaluated and compared the performance of TP-IKPCA
on synthetic and real datasets with several typical KPCA-
based approaches in terms of accuracy and time complexity.
The comparison methods include (1) conventional batch
mode KPCA, (2) incremental KPCA [14, 15] with reduced-
set (IKPCA-RS), and (3) the recently developed incremental
KPCA [25] based on rank one updates to the eigendecompo-
sition of kernel matrix (INKPCA). The time complexity can
be captured by two aspects: (1) time required for learning
the training data; (2) r, i.e., the number of orthonormal
basis elements of the subspace spanned by the mapping
training data. Usually, a smaller 𝑟 indicates a reduced time
complexity of TP-IKPCA (see Section 4.3). At the same time,
we also used two different measures to evaluate the accuracy
of TP-IKPCA. The first one is the correlation coefficient
between two corresponding principal components (PCs) of
TP-IKPCA and KPCA. Since KPCA is performed using all
training data in a batch learning model, the PCs of KPCA
are the target that TP-IKPCA needs to capture. Ideally,
the PCs of TP-IKPCA should be identical with those of
KPCA. Therefore, the correlation coefficient between two
corresponding PCs is evaluated to show how accurate is TP-
IKPCA in comparison to batch KPCA. Specifically, let 𝑣𝑙
denote the l-th PCofKPCAafter learning all of the𝑁 samples
and 𝑣𝑇𝑃𝑙 (𝑖) is the l-th PC of TP-IKPCA after learning 𝑖 (𝑖 ≤ 𝑁)
samples, we define the correlation coefficient (corr) by

𝑐𝑜𝑟𝑟 (𝑣𝑙, 𝑣𝑇𝑃𝑙 (𝑖)) = (𝑣𝑙)𝑇 𝑣𝑇𝑃𝑙 (𝑖)𝑣𝑙 𝑣𝑇𝑃𝑙 (𝑖) , (22)

The specific computation in (22) can be deduced from (5) and
(8).The secondmeasure is to compare the effectiveness of TP-
IKPCA and KPCA. Here, for two-dimensional synthesized
datasets, we adopt the contour lines of PCs as an evaluation
measure. For real datasets, we adopt the practical denoising
effect.

5.1. Synthesized Data. In this experiment, we use two-
dimensional nonlinear synthetized data to evaluate the
accuracy and memory space efficiency of KPCA, IKPCA-
RS, INKPCA, and our proposed TP-IKPCA. The data is
generated by:

𝑦 = (𝑥22 + 1) + 0.2𝜉, 𝜉 ∼ 𝑁 (0, 1) , 𝑥 ∼ 𝑈 [0, 1] , (23)

where 𝑁(0, 1) denotes the standard Gaussian distribution
and 𝑈[0, 1] is the uniform distribution in [0, 1]. In this

Table 1: Learning time (sec) for proposed and comparisonmethods.

Training stage Testing stage
KPCA 1.067 ± 0.03 0.203 ± 0.006
IKPCA-RS 0.201 ± 0.0032 0.007 ± 0.0003
INKPCA 0.145 ± 0.0041 0.201 ± 0.004
TP-IKPCA 0.087 ± 0.0026 0.004 ± 0.0002

Notice The training number N=500 and the basis
number r=9 in TP-IKPCA.

experiment, the kernel function is the polynomial kernel
form, namely, 𝑘(𝑥𝑖,𝑥𝑗) = (𝑥𝑇𝑖 𝑥𝑗)𝑚. Here, the parameterm=2.

The contour lines of the first three PCs obtained by
each method for N=500 training samples are illustrated in
Figure 3 (Top to bottom: KPCA, TP-IKPCA, IKPCA-RS,
and INKPCA), where red dots represent samples and green
lines represent the contour lines of the corresponding PCs.𝜆𝑖 (𝑖 = 1, 2, 3) denotes the eigenvalue of the correspond-
ing PC. Figure 3 shows no visually discernible differences
between ourmethod and the 3 comparisonmethods. In other
words, their contour lines are very similar. Furthermore, the
differences in eigenvalues 𝜆𝑖 are also very small. Therefore,
it can be concluded that all of the results derived from the
three incremental algorithms: IKPCA-RS, INKPCA, and our
proposed TP-IKPCA, follow the ground truth results closely.

Figure 4 shows the evolution curves of the correlation
coefficients between the first three PCs obtained by TP-
IKPCA, IKPCA-RS, INKPCA, and their corresponding PCs
obtained by KPCA when increasing the number of training
samples. Figure 4 shows for different incremental algorithms
that the resulting correlation coefficient gradually converges
to 1 as the number of training samples increases. It indi-
cates that the PCs obtained by TP-IKPCA, IKPCA-RS, and
INKPCA gradually approximate those obtained by batch
mode KPCA with high accuracy.

Table 1 shows the average training time for learning
from 500 training samples and testing time for extracting
features from 100 testing samples (in seconds). We repeated
this procedure 20 times and reported the averaged training
and testing times as well as the corresponding standard
deviations.

From Table 1, we can clearly see that when using the
synthesized data, all of the three incremental KPCA algo-
rithms have faster training speed than KPCA due to low-
dimensional features as well as simple distribution of this
data. Among these incremental variants, our proposed TP-
IKPCA leads to fastest training speed. From the perspective of
testing speed, ourmethod can perform prediction in the least
time. This can be explained by the fact that the learning time
of TP-IKPCAdepends on the size of orthonormal basis r (=9)
while KPCA and INKPCA both depend on the total number
of training samples (=500 in our case). IKPCA-RS also leads
to fast testing speed since it uses a reduced set. However,
it performs slower than our method in training speed since
seeking a set of approximate preimages when new samples
arrive using certain optimization techniques or fixed-point
iteration is time-consuming.
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Figure 3: Synthesized data including 500 samples and the contours of the first three principal components drawn using a polynomial kernel.
The first row is from KPCA, the second row is from TP-IKPCA, the third row is from IKPCA-RS, and the forth row is from INKPCA. Data
points are represented by red dots “∗” and the green lines are the contour lines of constant value of the first three principal components.
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Figure 4: Evolution of the correlation coefficients between the first three PCs of three incremental algorithms and KPCA when increasing
the number of training samples.

In what follows, we design two experiments to investigate
the behavior of our algorithm when the number of training
samples increases. Firstly, in Figure 5, we plot the variation
curve of the number of basis, i.e., r, against the number of
training samples (N). From this result, we notice that in the
beginning, r gradually increases with𝑁. However, after𝑁 ≥21, r stops increasing. This shows that the mapped data have
strong linear correlation in the kernel space. Hence, although
the number of training samples continues to increase, the
number of basis remains stable. More importantly, the
computational complexity of TP-IKPCA becomes a constant𝑂(93) when𝑁 ≥ 21, which is a significant improvement over
standard KPCA (in the order of𝑁3) —particularly when the
number of training samples becomes very large.

Then, we compute the acceleration ratio which represents
the ratio of the time consumed by KPCA to extract features
from 100 test samples to the time consumed by TP-IKPCA.
The resulting variation of acceleration ratio for testing speed
with respect to the number of training samples is shown in
Figure 6. Obviously, a larger ratio indicates a faster test speed
of TP-IKPCA comparedwith KPCA. Figure 6 also shows that
the larger the number of training samples, the larger the ratio,
implying that TP-IKPCA can significantly improve test speed
compared with KPCA.

5.2. MNIST Data. In this section, we consider an image
processing applicationwherewe process theMNIST database
of handwritten digits (http://yann.lecun.com/exdb/mnist/).
The database consists of handwritten digits from 0 to 9. Each
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Figure 5: Variation of the number of basis (𝑟) with respect to the
number of training samples (𝑁).

digit set includes training set and testing set. Each digit is
represented by a 28-by-28 image. In order to evaluate the
performance of different approaches, we carried out image
denoising experiment to the even number. Firstly, for each
digit, we randomly select 500 training samples and 100 testing
samples and then add the Gaussian noise and the salt-
and-pepper noise, respectively, to the testing images. The
mean and variance for the Gaussian noise are 0 and 0.2,
respectively, while the level of the salt-and-pepper noise is
0.3. Next, we estimate the first sixteen principal components
using KPCA, IKPCA-RS, INKPCA, and our proposed TP-
IKPCA, respectively. Finally, we perform denoising exper-
iments on all corrupted testing samples and reconstruct

http://yann.lecun.com/exdb/mnist/
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them using the reconstructive scheme presented in [38]. In
the experiment, we use the Gaussian function 𝑘(𝑥𝑖,𝑥𝑗) =
exp(−‖𝑥𝑖 − 𝑥𝑗‖2/𝜎2) as the kernel function in each method
and set the bandwidth 𝜎 = 0.2.

Figure 7 shows some restoration results from the cor-
rupted images by conducting KPCA, TP-IKPCA, IKPCA-
RS and INKPCA, respectively. It can be seen from these
figures that all of these methods can eliminate noise and
reconstruct the images well. Therefore, we can draw the
conclusion that different incremental KPCA algorithms can
closely approximate batch mode KPCA in reconstruction
performance with high accuracy.

Figure 8 shows the evolution curves of the correlation
coefficients between the first three PCs by TP-IKPCA,
IKPCA-RS, INKPCA, and their corresponding ones by
KPCAwhen the number of training samples increases, where
the horizontal axis denotes the number of training samples
and the vertical axis is the correlation coefficient computed
by (22). Figure 8 shows that all incremental KPCA algorithms
lead to good approximation accuracies for the first three PCs

since the correlation coefficients gradually converge to 1 as
the number of training samples increases.The results indicate
that incremental KPCAalgorithms can gradually capture PCs
in real high-dimensional datasets with good approximation
accuracy.

We also display in Table 2 the average training and testing
times (in seconds) for training 500 samples and extracting
features from 100 testing samples, respectively. We repeated
this process 20 times and reported the average values and the
corresponding standard deviations.

Firstly, we analyze the training results shown in Table 2.
We can derive the following observations: (1) IKPCA-RS
consumesmuchmore time in training than other approaches,
including batch model KPCA.These results differ from those
obtained when using the synthesized data where IKPCA-RS
ran faster than batch mode KPCA. Through inspecting the
experiments, we found that IKPCA-RS iterates reduced-set
expansions many times when computing the preimages for
compression. As a result, when handling data with a large
number of features (=784 in our case), the calculation of
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Figure 8: Evolution curves of the correlation coefficients between the first three PCs of (a) TP-IKPCA, (b) IKPCA-RS, (c) INKPCA, and
KPCA as the number of training samples increases (x-axis).
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preimages increases the computational load.This observation
is in line with the conclusion drawn in [15]. (2) INKPCA
needs to apply rank one update to iteratively calculate
eigenvalues and eigenvectors associated with kernel matrix
when new data arrive. Although INKPCA consumes more
time than batch mode KPCA, it does not need to store the
whole kernel matrix in memory and has the advantage of
better handling massive data where KPCA rapidly becomes
infeasible. (3) As for our proposed TP-IKPCA, it runs much
faster than other incremental algorithms, including IKPCA-
RS and INKPCA, excluding a few cases where our algorithm
may be slower than batchmode KPCA.This can be explained
by the computational complexity of TP-IKPCA of the order
of 𝑟3. In this experiment, the linear correlation between
the mapped digital images is very weak, which results in a
very large 𝑟 and even approximates the number of training
samples.

From the testing results shown in Table 2, we can con-
clude the following: (1) The testing speeds of KPCA and
INKPCA are similar since INKPCA cannot select a few
yet important samples from the whole data but still makes
use of all available samples when calculating the projections
of new data. Therefore, their speed is proportional to the
total number of the training samples. (2) Regardless of
specific digit, the testing speed of IKPCA-RS and TP-IKPCA
are much faster than that of KPCA and INKPCA since
both methods are able to reduce the number of samples
used for kernel evaluation although they adopt different
strategies. The testing time of TP-IKPCA is proportional to
the size of basis 𝑟. In this experiment, the size of basis 𝑟 is
smaller than the number of training samples, thus leading
to an improvement in the test speed compared with KPCA.
Considering the training time, our proposed TP-IKPCA is
obviously preferred over IKPCA-RS.

In what follows, we gradually increase the number of
training samples and summarize the training and testing time
required by TP-IKPCA and standard KPCA. We find from
extensive experiments that the computational superiority
of TP-IKPCA over KPCA increases with the number of
training samples. Taking the experiments on digit “0” as an
example, we repeated this evaluation 20 times and recorded
the resulting training and testing time (in seconds) required
by TP-IKPCA andKPCAunder different training sample size𝑁. Finally, the averaged time and the standard deviation are
shown in Table 3 where the training ratio in Table 3 denotes
the ratio of training time of KPCA to that of TP-IKPCA, given
a total number of𝑁 samples. In a similar way, the testing ratio
represents the ratio of testing time of KPCA to that of TP-
IKPCA when extracting features from 100 test samples.

Based on Table 3, we can make the following observa-
tions: (1) As the number of training samples continues to
increase, the number of basis 𝑟 tends to increase as well.
However, the increasing speed of 𝑟 gradually decreases, which
indicates that the larger the size of the training set, the
stronger the correlation between the samples. (2) With the
increasing of the training set sizeN, the training time of both
KPCA and TP-IKPCA also increases gradually. However,
the increasing speed of TP-IKPCA is much slower than
that of KPCA. The reason lies in that the time complexity

of TP-IKPCA has a close relationship with the number of
basis 𝑟 while that of KPCA depends on the total number
of training samples 𝑁. As N increases, the increasing speed
of 𝑟 progressively decreases since most of the correlation
structure among data has been revealed. We also derive a
similar conclusion from the ratio’s evolution in the training
stage with respect to the changes of the number of training
samples, where the ratio gradually increases with 𝑁 in
the training stage. (3) As 𝑁 increases, the testing time of
KPCA and TP-IKPCA both increase gradually. However, the
increasing speed of TP-IKPCA is much slower than that of
KPCA, which is also reflected by the ratio’s evolution in the
testing stage. The reason is that the test speed of TP-IKPCA
is closely related to the number of basis 𝑟 and the increasing
speed of 𝑟 gradually becomes slower with the increasing of𝑁. Based on the above analysis, we conclude that TP-IKPCA
does significantly improve the computational complexity of
KPCA. Moreover, TP-IKPCA can deal with dynamic dataset
due to its “incremental” nature.

6. Conclusion

In this paper, we proposed a novel incremental feature
extraction method termed as TP-IKPCA which endowed
KPCA with the capability of handling dynamic or large-scale
datasets. The proposed TP-IKPCA differs from the existing
incremental approaches in providing an explicit form of
the mapped data and the updating process of KPCs is also
performed in an explicit space. Specifically, TP-IKPCA is
implemented in two phases. First, an incremental algorithm
is given to explicitly project the mapped samples in the
kernel space. Second, we employed the existing incremental
method of PCA to capture KPCs based on the explicit data
in the projection space. The computational complexity of
TP-IKPCA has a close relationship with the size of basis 𝑟
of the subspace spanned by the mapped training samples.
Usually, r is much smaller than the number of training
samples N, and thus TP-IKPCA can greatly improve the
computational complexity of KPCA. In the case of large-
scale or online dataset, the computational superiority of
our approach is remarkable. Experimental results on syn-
thetic and real datasets demonstrate that TP-IKPCA can
significantly improve the time complexity of KPCA while
preserving a high accuracy as standardKPCA. In comparison
with two incremental KPCA algorithms, TP-IKPCA also
illustrates superiority in terms of training and testing speed.

TP-IKPCA can be utilized in any application where
KPCA needs to be conducted, especially when training data
is of large scale, or can only be collected one by one, where the
conventional batch-based KPCA cannot be applied. The idea
of this study can be extended to other kernel-based methods,
such as Kernel Fisher discriminant analysis (KFDA), Kernel
independent component analysis (KICA), and so on.

Appendix

A. The Proof of Theorem 1

Let {𝛽𝑗}𝑟𝑗=1 denote an orthonormal basis of the subspace
spanned by {𝜑(𝑥𝑖)}𝑁𝑖=1. Equation (1) can be written as
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𝑌 = 𝐵𝑇𝜑 (𝑋) , (A.1)

where 𝑌 = [𝑦1,𝑦2, . . . ,𝑦𝑁] is the projection matrix, Β =[𝛽1,𝛽2, . . . ,𝛽𝑟] denotes the orthonormal basis matrix, and
𝜑(𝑋) = [𝜑(𝑥1),𝜑(𝑥2), . . . ,𝜑(𝑥𝑁)] is the mapped sample
matrix. The covariance matrix 𝐶 of {𝜑(𝑥𝑖)}𝑁𝑖=1 (see (2)) can
be expressed using the following formula:

𝐶 = 𝜑 (𝑋)𝐻𝑁𝐻𝑇𝑁𝜑 (𝑋)𝑇, (A.2)

where𝐻𝑁 is a𝑁×𝑁matrix and its element ℎ𝑖𝑗 can be written
as

ℎ𝑖𝑗 = {{{{{
(𝑁 − 1)𝑁 𝑖 = 𝑗−1𝑁 𝑖 ̸= 𝑗 (1 ≤ 𝑖, 𝑗 ≤ 𝑁) . (A.3)

Combining (A.1) and (A.2), we have

𝐶 = 𝐵 (𝑌𝐻𝑁𝐻𝑇𝑁𝑌𝑇)𝐵𝑇. (A.4)

Let 𝐶 = 𝑌𝐻𝑁𝐻
𝑇
𝑁𝑌
𝑇, then 𝐶 is the covariance matrix of

𝑌. We have

𝐶 = 𝐵𝐶𝐵𝑇. (A.5)

For the relationship of the eigenvalues and the corre-
sponding eigenvector between 𝐶 and 𝐶, we give a derivation
as follows.

Lemma A.1. Let 𝜆𝑙 ̸= 0 be the l-th nonzero eigenvalue of 𝐶
and 𝑣𝑙 be the eigenvector, then 𝑢𝑙 = 𝐵𝑇𝑣𝑙 is the eigenvector of
𝐶 and its eigenvalue is 𝜆𝑙. Scilicet, 𝐶𝑢𝑙 = 𝜆𝑙𝑢𝑙.
Proof. Based on the above definitions, we have 𝐶𝑣𝑙 = 𝜆𝑙𝑣𝑙
and𝑣𝑙 = 𝐵𝑢𝑙. On the other hand,𝐶 = 𝐵𝐶𝐵𝑇 is established. So,
𝐵𝐶𝐵𝑇𝐵𝑢𝑙 = 𝜆𝑙𝐵𝑢𝑙, thus, 𝐵𝐶𝑢𝑙 = 𝜆𝑙𝐵𝑢𝑙. Hence, 𝐵𝑇𝐵𝐶𝑢𝑙 =𝜆𝑙𝐵𝑇𝐵𝑢𝑙, Scilicet, 𝐶𝑢𝑙 = 𝜆𝑙𝑢𝑙.
Lemma A.2. Let 𝜆𝑙 ̸= 0 be the l-th nonzero eigenvalue of 𝐶
and 𝑢𝑙 be the corresponding eigenvector, then 𝑣𝑙 = 𝐵𝑢𝑙 is the
eigenvector of 𝐶 and its eigenvalue is 𝜆𝑙. Scilicet, 𝐶𝑣𝑙 = 𝜆𝑙𝑣𝑙.
Proof.

𝐶𝑣𝑙 = 𝐵𝐶𝐵𝑇𝐵𝑢𝑙 = 𝐵𝐶𝑢𝑙 = 𝐵𝜆𝑙𝑢𝑙 = 𝜆𝑙𝑣𝑙. (A.6)

Based on Lemmas A.1 and A.2, we know the nonzero
eigenvalue of𝐶 is the samewith that of𝐶and the correspond-
ing eigenvector satisfies 𝑣𝑙 = 𝐵𝑢𝑙. Hence, the eigendecompo-
sition of 𝐶 can be converted into the corresponding process
of 𝐶. And because 𝑣𝑙/‖𝑣𝑙‖ = 𝐵𝑢𝑙/‖𝐵𝑢𝑙‖ = 𝐵𝑢𝑙/‖𝑢𝑙‖, so (8)
still holds after the eigenvector is unitized. So, Theorem 1 is
proven.

B. The Proof of Lemma 2

Let Γ = [𝛾1, 𝛾2, . . . , 𝛾𝑟] and Λ = diag(𝜀1, 𝜀2, . . . , 𝜀𝑟) be
the corresponding matrix which are, respectively, from the

eigenvector and the eigenvalue of the kernel matrix 𝐾𝑟𝑟 =[𝑘(𝑥𝑏𝑠,𝑥𝑏𝑡)]1≤𝑠,𝑡≤𝑟. We have Γ𝑇𝐾𝑟𝑟Γ = Λ. Let 𝐵 =[𝛽1,𝛽2, . . . ,𝛽𝑟] and Δ = diag(1/√𝜀1, 1/√𝜀2, . . . , 1/√𝜀𝑟); we
have𝐷 = ΓΔ.Thus𝐵𝑇𝐵 = 𝐷𝑇𝐾𝑟𝑟𝐷=Δ𝑇Γ𝑇𝐾𝑟𝑟ΓΔ=Δ𝑇ΛΔ =
𝐼. So, Lemma 2 is proven.

C. The Proof of Lemma 3

If {𝛽𝑗}𝑟𝑗=1 is the orthonormal basis of the subspace spanned
by {𝜑(𝑥𝑖)}𝑁+1𝑖=1 , then 𝜑(𝑥𝑁+1) = [𝛽1,𝛽2, . . . ,𝛽𝑟][𝛽1,𝛽2, . . . ,
𝛽𝑟]𝑇𝜑(𝑥𝑁+1). Based (9), we have

𝜑 (𝑥𝑁+1) = [𝜑 (𝑥𝑏1) ,𝜑 (𝑥𝑏2) , . . . ,𝜑 (𝑥𝑏𝑟)]
⋅𝐷𝐷𝑇𝑘𝑏(𝑁+1) ⇐⇒

𝜑 (𝑥𝑁+1)
− [𝜑 (𝑥𝑏1) ,𝜑 (𝑥𝑏2) , . . . ,𝜑 (𝑥𝑏𝑟)]𝐷𝐷𝑇𝑘𝑏(𝑁+1)


= 0 ⇐⇒

𝑘𝑁+1 − 𝑘𝑇𝑏(𝑁+1)𝐷𝐷𝑇𝑘𝑏(𝑁+1) = 0.

(C.1)

So, conclusion (1) in Lemma 3 is proven. Subsequently,
if 𝛿 = 𝑘𝑁+1 − 𝑘𝑇𝑏(𝑁+1)𝐷𝐷𝑇𝑘𝑏(𝑁+1) ̸= 0, this means 𝜑(𝑥𝑁+1)
cannot be linearly expressed by {𝛽𝑗}𝑟𝑗=1. Based the Gram-
Schmidt orthogonalization process, 𝛽𝑟+1 can be determined
using the following formula:

𝛽𝑟+1

= 𝜑 (𝑥𝑁+1) − [𝛽1,𝛽2, . . . ,𝛽𝑟] [𝛽1,𝛽2, . . . ,𝛽𝑟]𝑇 𝜑 (𝑥𝑁+1)𝜑 (𝑥𝑁+1) − [𝛽1,𝛽2, . . . ,𝛽𝑟] [𝛽1,𝛽2, . . . ,𝛽𝑟]𝑇 𝜑 (𝑥𝑁+1)
. (C.2)

Combined with (9) and kernel function, (C.2) can be
written using the following formula:

𝛽𝑟+1 = [𝜑 (𝑥1) ,𝜑 (𝑥2) , . . . ,𝜑 (𝑥𝑁) ,𝜑 (𝑥𝑁+1)]

⋅ [[[[
[

−𝐷𝐷𝑇𝑘𝑏(𝑁+1)√|𝛿|1√|𝛿|
]]]]
]
. (C.3)

Then, we can obtain (11) and (12). So Lemma 2 is proven.

Data Availability

In our manuscript, we used two datasets to support the
findings of our study. One dataset is the synthetic toy data,
which can be generated by the following way: 𝑦 = (𝑥 2 2
+ 1) +0.2𝜉, 𝜉 ∼ 𝑁(0,1), 𝑥 ∼ 𝑈[0, 1] (1) where 𝑁(0, 1)
denotes the standard Gaussian distribution and 𝑈[0, 1] is
the uniform distribution in [0, 1]. The second data set is the
MNIST database of handwritten digits, which are available on
this site: http://yann.lecun.com/exdb/mnist.
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Radar image recognition is a hotspot in the field of remote sensing. Under the condition of sufficiently labeled samples, recognition
algorithms can achieve good classification results. However, labeled samples are scarce and costly to obtain. Our major interest
in this paper is how to use these unlabeled samples to improve the performance of a recognition algorithm in the case of limited
labeled samples. This is a semi-supervised learning problem. However, unlike the existing semi-supervised learning methods, we
do not use unlabeled samples directly and, instead, look for safe and reliable unlabeled samples before using them. In this paper, two
new semi-supervised learning methods are proposed: a semi-supervised learning method based on fast search and density peaks
(S2DP) and an iterative S2DP method (IS2DP). When the labeled samples satisfy a certain requirement, S2DP uses fast search and
a density peak clustering method to detect reliable unlabeled samples based on the weighted kernel Fisher discriminant analysis
(WKFDA). Then, a labeling method based on clustering information (LCI) is designed to label the unlabeled samples. When the
labeled samples are insufficient, IS2DP is used to iteratively search for reliable unlabeled samples for semi-supervision.Then, these
samples are added to the labeled samples to improve the recognition performance of S2DP. In the experiments, real radar images
are used to verify the performance of our proposed algorithm in dealing with the scarcity of the labeled samples. In addition,
our algorithm is compared against several semi-supervised deep learning methods with similar structures. Experimental results
demonstrate that the proposed algorithm has better stability than these methods.

1. Introduction

Radar image recognition is a popular research area in the field
of remote sensing [1–3]. With the development of imaging
technologies and the expansion of radar image data, the
requirement of real-time and accuracy of data processing
becomes higher and higher. Under the condition where the
number of the labeled samples is sufficient, a recognition
algorithm can generally achieve satisfactory classification
results with a strong sample representation ability [2, 4].
However, the labeled radar images are scarce compared to the
case of optical images, and the cost of labeling is also very
expensive. They can usually be interpreted by an experienced

expert [5, 6]. Therefore, it is unrealistic to obtain a large
number of labeled samples by manual annotation.

This paper focuses on how to use these unlabeled samples
to improve the performance of a recognition algorithm in
the case of limited labeled samples. This is a semi-supervised
learning problem. Currently, semi-supervised deep learning
achieves promising recognition performance, such as Lad-
der Network [7] and Temporal Ensembling [8]. However,
unlike those existing semi-supervised learning methods,
we do not use unlabeled samples directly and, instead,
look for safe and reliable unlabeled samples and then use
these unlabeled samples to enhance the performance of the
recognition algorithm. This is because the unlabeled radar
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images need to go through the detection stage in the process
of acquisition [9, 10]. These samples may deteriorate the
semi-supervised algorithms’ learning, especially when the
number of the labeled samples and that of the unlabeled
samples are somehow unbalanced. This will influence the
performance of the semi-supervised algorithm. The negative
effects of these unreliable and unlabeled samples on semi-
supervised algorithms are analyzed comprehensively in [11,
12]. Therefore, it is very important for a semi-supervised
algorithm to identify reliable unlabeled samples before we
learn unlabeled samples’ features.

Effective use of unlabeled samples is a new and inter-
esting topic for semi-supervised methods. These emerging
semi-supervised methods are mainly divided into two cate-
gories: semi-supervision based on integrated resources and
safe semi-supervision based on weights. Semi-supervised
methods, based on integration resources, usually combine
multiple semi-supervised models, comprehensively analyse
the predictions of unlabeled samples, and choose reliable
unlabeled samples to improve the recognition performance
of the system. For example, Li et al. [13] proposed the S3VM-
us method, which consists of a semi-supervised support
vector machine (S3VM) [14] and a standard support vector
machine (SVM) [15]. The confidence of unlabeled samples
is determined by both classifiers. If the evaluation results are
consistent, the unlabeled samples are identified. Li et al. [16]
also proposed a safe S3VM method (S4VM). We understand
that the S3VM is based on the low-density hypothesis in
order to detect a significant interval along the low-density
boundary from the feature space to identify unlabeled sam-
ples. Unlike S3VM, S4VM was based on the fact that there
may be more than one low-density boundary in the feature
space. This approach considers all the possible situations,
equivalently, integrating multiple S3VMs to pinpoint reliable
unlabeled samples. Wang et al. [17] proposed a safety-aware
semi-supervised method. It consists of a semi-supervised
model and a supervised model, which minimized the square
loss between the two models in order to detect reliable
unlabeled samples. Similar to [17], Gan et al. [18] proposed
a safe semi-supervised method which added a Laplace
regularization term to the square loss function to enhance
the reliability of unlabeled sample selection. Persello et al.
[19] proposed a progressive S3VMwith diversity (PS3VM-D)
method. On the basis of multiple confidence measurements,
reliable unlabeled samples were obtained by querying the
samples nearby the margin band.

Weight-based semi-supervisory is based on the fact that
the more unlabeled samples with similar weights to the label-
ed samples, the more reliable the system becomes. Therefore,
the influence of unreliable unlabeled samples on the algorith-
mic performance is suppressed by reducing their weights. For
example, [20] considered the unlabeled samples nearby the
classification plane and suppressed their influence on the sys-
tem performance by reducing their weights. In addition, [21–
23] controlled the weights by density estimation, weighted
likelihood maximization, and graph modelling.

The above semi-supervised methods use unlabeled sam-
ples to some extent, however, they also ignore the number of

the labeled samples. If the labeled samples are too few, the
performance of these algorithms is difficult to be guaranteed,
which will inevitably affect the evaluation of the reliability
of unlabeled samples. In addition, they lack investigating
variability and similarity between unlabeled and labeled
samples, whichmakes it difficult to understand the dynamics
and interaction of unlabeled samples.Therefore, in this paper,
two new semi-supervised learning methods are proposed: a
semi-supervised learning method based on fast search and
density peaks (S2DP) and an iterative S2DPmethod (IS2DP).

When the labeled samples satisfy a certain number, S2DP
is used directly to identify reliable unlabeled samples. For
one thing, it works with a new sample weighted kernel Fisher
discriminant analysis (WKFDA) supervision method. Using
the difference between the samples, the WKFDA method
extracts the features of the labeled samples to help formulate
the distribution of the unlabeled samples’ features, solving
the problem of mismatch between them. And for another,
it is combined with a clustering method: fast search and
determination of density peaks (DP) proposed by Rodriguez
and Laio in 2014 [24]. Then, unlabeled sample features are
further investigated so that the reliable unlabeled sample
features are identified. Finally, an unlabeled sample labeling
method based on clustering information (LCI) is designed to
retrieve the labels of the unlabeled sample features.

When the labeled samples are insufficient, IS2DP is used
to iteratively render reliable unlabeled samples. Since the
labeled and the unlabeled samples may be uneven in num-
bers, the unreliable unlabeled samples tend to deteriorate
the semi-supervised algorithm. The IS2DP first divides the
unlabeled learning set into different subsets according to
the size of the labeled sample set. This not only prevents
the deterioration of the semi-supervised algorithm by a
large number of unreliable samples but also speeds up the
processing of the semi-supervised algorithm.Then, the S3VM
is exploited to go through the semi-supervised samples which
may be away from the hyperplane of the S3VM as the reliable
semi-supervised samples are added to the labeled samples to
improve the performance of the semi-supervised algorithm.

The rest of this paper is organized as follows. Section 2
gives a brief review of the approaches involved. Section 3
describes the proposed method in detail. Section 4 presents
the experiments for the SAR images targets recognition. The
conclusion is drawn in Section 5.

2. Preliminary

2.1. DP Algorithm. Clustering by fast search and detection of
density peaks (DP)[24] can quickly realize accurate detection
and clustering of various shapes. Moreover, it is used to
evaluate each cluster membership so as to determine reliable
clustermembers.TheDP algorithm ismainly divided into the
following three steps.

(1) Determination of Cluster Centers. In the DP, it is assumed
that the cluster centers are surrounded by the neighbors
with the lower local density and they are at a relatively large
distance from any points with a higher local density. Based
on the above cluster center assumption, for each sample 𝑖, two
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quantities are calculated: the local density𝜌𝑖 of the sample and
the distance 𝜎𝑖 from a sample to the other with a high local
density. In the decision map with 𝜌𝑖 and 𝜎𝑖 as the horizontal
and vertical coordinates, respectively, their product is

𝛾𝑖 = 𝜌𝑖𝜎𝑖 (1)

where the sample point with the larger 𝛾𝑖 is more likely to be
the cluster center. Therefore, only 𝛾𝑖 is sorted in a descending
order, and several corresponding samples are selected as the
clustering center from the largest value.

(2) Clustering of Samples. After the clustering center has
been determined, all the samples are assigned to be the
nearest cluster centers. Compared with the other clustering
algorithms, DP clustering process is simple and does not
require iterative optimization of the loss function.

(3) Automated Evaluation of Cluster Members. In the clus-
tering results, it is important to quantitatively evaluate the
credibility of each sample cluster. The DP algorithm has
this capability, compared to other clustering algorithms. It
firstly defines a neighbourhood for each cluster. Then, the
maximum value 𝜌𝑏 of the local density of the samples is
found in each neighbourhood. Finally, in each cluster, all the
samples with local density greater than 𝜌𝑏 are considered as
the cluster core candidates, otherwise, they are considered
as the cluster halo of the cluster. The samples in the cluster
core are very similar to the central samples and belong to
reliable samples.The samples in the cluster halo have a certain
distance from the central sample, which is very likely to be
noise and belongs to unreliable samples. In addition, there
are some cross-clustering and isolated samples that are also
unreliable.

In summary, after having clustered by the DP, the samples
located at the cluster core are considered to be reliable cluster
samples, whilst the others are unreliable samples. Compared
to the conventional clustering algorithms, such as Clara [25]
or Fanny [26], the DP has lower computational complexity
and less computational time. It also well characterizes the
distribution of the samples and achieves more accurate
clustering results. Besides, the reliability of the clustering
results can be provided, which makes the DP easy to be
interactive with other algorithms. However, only considering
the distance between the sample points can insufficiently
characterize the data because it cannot accurately describe the
samples with small difference between two categories. When
the sample dimension is high, the distance matrix is large,
which can reduce the efficiency of the algorithm. Therefore,
choosing the appropriate feature extraction method is a key
in the DP.

2.2. 𝑆3𝑉𝑀Method. TheS3VMis the extension of the support
vector machine (SVM). A standard SVM is based on the
structural risk minimization to classify the learning set by
extracting the support vectors from the training set to find
the optimal hyperplane. In case of the binary SVM, given the

training set L and the testing set U, we have the following
constriction optimization problem:

min Φ(𝑤) = 1
2 (𝑤𝑇𝑤) +

𝑛

∑
𝑖=1

𝑐𝑖𝜉𝑖

𝑠.𝑡. y𝑖 [𝑤𝑇Φ (𝑥𝑖) + 𝑏] ≥ 1 − 𝜉𝑖,

𝜉𝑖 ≥ 0, i = 1, 2, ⋅ ⋅ ⋅ , n

(2)

where 𝑥𝑖 is the training sample and 𝑦𝑖 is the corresponding
label, (𝑥𝑖,𝑦𝑖)∈ L; Φ (⋅) maps the data into the feature space;
𝑤 is the orthogonal vector between 𝑥𝑖 and the hyperplane;
𝑏 is the bias to measure the distance between L and the
hyperplane; 𝜉𝑖 is the slack variable to represent the offset of 𝑥𝑖;
𝑐𝑖 is the cost factor tomeasure the weight between the optimal
hyperplane and the minimum offset; 𝑛 is the number of the
training samples.

For the S3VM, the iterative process is operated and
the semi-labeled samples (selected from U in the previous
step) are added to L. Their confidence is diverse in different
iterative steps and they are given different cost factors, leading
to the following function:

min Φ(𝑤) = 1
2 (𝑤𝑇𝑤) +

𝑛

∑
𝑖=1

𝑐𝑖𝜉𝑖 +
𝑚

∑
𝑖=1

𝑐𝑗𝜀𝑗

𝑠.𝑡. y𝑖 [𝑤𝑇Φ (𝑥𝑖) + 𝑏] ≥ 1 − 𝜉𝑖,

𝜉𝑖 ≥ 0, i = 1, 2, ⋅ ⋅ ⋅ , n
∧𝑦𝑗 [𝑤𝑇Φ( ∧𝑥𝑗) + 𝑏] ≥ 1 − 𝜀𝑗,

𝜀𝑗 ≥ 0, j = 1, 2, ⋅ ⋅ ⋅ ,m

(3)

where ∧𝑥𝑗 is the semi-labeled sample selected fromU, with the
slack variable (𝜀𝑗), cost factor (𝑐𝑗) and semi-label ( ∧𝑦𝑗 ) and 𝑚
is the number of the semi-labeled samples.

The S3VM can deal with the nonlinear problem using
the kernel methods and its semi-supervised samples with
the bigger 𝑐𝑗. But when the sample dimension is high, the
computation speedwould decrease.Therefore, the dimension
reduction and effective semi-supervised samples are the
critical aspects to the S3VM.

3. Proposed Methods

This paper presents two methods: S2DP and IS2DP. When
the labeled samples exceeds a certain number, S2DP directly
performs screening and classification of the reliable unlabeled
samples. When the labeled sample is insufficient, IS2DP is
used to continuously query reliable unlabeled samples and
generate necessary samples to be added to the labeled samples
in order to improve the recognition performance of S2DP.The
S2DP and IS2DP are described below, respectively.

3.1. 𝑆2𝐷𝑃. Figure 1 shows the flowchart of the proposed
S2DP. First, we use WKFDA to extract the labeled sample
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features of U
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SDP: Semi-supervised Learning Method Based on Fast Search and Find of Density Peaks.

Clustering the features extracted from WKFDA method.
Labeled of U

Labeling the clustering
information by labeling
method (LCI) 

Labeling method based
on the clustering

information (LCI)

Fast Search and Find of
Density Peaks (DP)

Weighted KFDA
(WKFDA)

Figure 1: Basic flowchart of the S2DP.

features to build a new space. New features are obtained by
projecting unlabeled samples into this new space. In this
space, the new feature distributions are as close as possible
between the intraclass features with a certain weight, and
the interclass features are as far apart as possible to enhance
the separability between the features. Secondly, the DP is
used to cluster the generated features. Finally, the unlabeled
samples are identified by the labeling method based on the
DP clustering information (LCI). In Figure 1,L represents
a set of the labeled samples, andU represents a set of the
unlabeled samples, which respectively generate features with
the labeled information (i.e., labeled features) and features
without labeled information (i.e., unlabeled features) after
going through WKFDA;C represents the clustering results of
the DP. The WKFDA and LCI methods are described in the
following section.

(1) WKFDA. Assume that 𝑋 represents all the samples of L
and the 𝑖th category𝑋

𝑖
= [𝑥1𝑖, 𝑥2𝑖, . . . , 𝑥𝑁𝑖

𝑖] is the subset of𝑋,
where𝑁𝑖 is the samples’ number of𝑋𝑖. 𝑣𝑖 = [V1𝑖, V2𝑖, . . . , V𝑁𝑖

𝑖]
is the sample weight vector of 𝑋

𝑖
. It is used to control

intraclass samples as close as possible with certain weights.
In case of the binary classification, it cannot simply

multiply the weight by the corresponding sample. Firstly, the
weight matrices 𝑉

𝑖
and𝐻

𝑖
are generated:

𝑉
𝑖
= diag (V1𝑖, V2𝑖, . . . , V𝑁𝑖

𝑖)
𝑁𝑖∗𝑁𝑖

𝐻
𝑖
= [𝑣
𝑖
, 𝑣
𝑖
, . . . , 𝑣

𝑖
]𝑁𝑖∗𝑁𝑖

(4)

Secondly, the weight vector and the weight matrix are
normalized using

𝑣
𝑖
= 𝑣

𝑖

𝑠𝑢𝑚 (𝑣
𝑖
)

𝑉
𝑖
= 𝑁𝑖𝑉𝑖

𝑠𝑢𝑚 (𝑉
𝑖
)

𝐻
𝑖
= 𝐻

𝑖

𝑠𝑢𝑚 (𝐻𝑖)

(5)

where 𝑠𝑢𝑚(⋅) represents the summation. The above weight
matrix can be used to measure the information of the sample
itself. Although 𝑉

𝑖
and𝐻

𝑖
are made up of 𝑣

𝑖
, their elements

are different.The sumof each column’s elements of𝐻
𝑖
is equal

to 1, and the trace of𝑉
𝑖
is equal to𝑁𝑖. Thirdly, the projection

direction 𝑤 is calculated by Equation (6):

𝑤 =
𝑁

∑
𝑗=1

𝑎𝑗Φ(𝑥𝑗) V𝑗 =
𝑁

∑
𝑗=1

𝑎𝑗V𝑗Φ(𝑥𝑗) =
𝑁

∑
𝑗=1

𝛽𝑗Φ(𝑥𝑗)

= Φ (𝑋)𝛽
(6)

where 𝛽𝑗 = 𝑎𝑗V𝑗. Φ(⋅) is nonlinear mapping that maps the
samples to a new feature space. In this new space, the sample’s
mean, before and after the projection has been made, can be
calculated by

𝑚
𝑖

𝜙 = 1
𝑁𝑖

𝑁𝑖

∑
𝑗=1

Φ(𝑥𝑖𝑗) V𝑖𝑗 =
1
𝑁𝑖

Φ (𝑋
𝑖
) 𝑣
𝑖

𝑤
𝑇
𝑚
𝑖

𝜙 = 1
𝑁𝑖

𝑁

∑
𝑗=1

𝑁𝑖

∑
𝑘=1

𝛽𝑗Φ(𝑥𝑗)Φ (𝑥𝑖𝑘) V𝑖𝑘 =
1
𝑁𝑖
𝛽
𝑇
𝐾𝑖𝑣𝑖

(7)

The interclass scatter matrix 𝑤𝑇𝑆𝜙𝑏𝑤 and intraclass scatter
matrix 𝑤𝑇𝑆𝜙𝑤𝑤, after the projection has been achieved, are
calculated by

𝑤
𝑇
𝑆
𝜙
𝑏𝑤 = 𝑤𝑇 (𝑚𝜙1 −𝑚2𝜙) (𝑚𝜙1 −𝑚2𝜙)

𝑇
𝑤

= 𝛽𝑇𝑀𝛽

𝑤
𝑇
𝑆
𝜙
𝑤𝑤

=
2

∑
𝑖=1

𝑁𝑖

∑
𝑗=1

𝑤
𝑇 [Φ (𝑥𝑖𝑗) V𝑖𝑗 −𝑚𝑖𝜙] [Φ (𝑥𝑖𝑗) V𝑖𝑗 −𝑚𝑖𝜙]

𝑇
𝑤

= 𝛽𝑇𝐺𝛽

(8)

where 𝑀 = (𝐾1𝑣1/𝑁1 − 𝐾2𝑣2/𝑁2)(𝐾1𝑣1/𝑁1 −
𝐾2𝑣2/𝑁2)Tand 𝐺 = ∑2𝑖=1𝐾1(𝑉𝑖 − 𝐻𝑖)(𝑉𝑖 − 𝐻𝑖)T𝐾𝑖𝑇.
In order to satisfy the requirements of the maximum
interclass interval and the minimum intraclass interval, this
goal can be expressed as follows:

max 𝐽 (𝑤) = 𝛽
𝑇𝑀𝛽

𝛽𝑇𝐺𝛽
(9)



Complexity 5

which is called the generalized Rayleigh quotient. Then 𝛽
can be calculated according to the flowchart of the KFDA by
solving the following optimization problem:

max 𝛽𝑇𝑀𝛽

𝑠.𝑡. 𝛽𝑇𝐺𝛽 = 𝑐 ̸= 0
(10)

where 𝑐 is the constant. By introducing the Lagrange mul-
tiplier, the function can be transformed to a Lagrange
unconstrained extremum problem:

𝐿 (𝑤, 𝜆) = 𝛽𝑇𝑀𝛽 − 𝜆 (𝛽𝑇𝐺𝛽 − 𝑐) (11)

Let 𝜕𝐿(𝑤, 𝜆)/𝜕𝛽 = 0, 𝜕(⋅) represent the partial derivative. This
function solution 𝛽 is the eigenvector of𝐺−1𝑀. Once solving
𝛽, for any sample 𝑥, its projection is

𝑦 = ⟨𝑤, Φ (𝑥)⟩ =
𝑁

∑
𝑖=1

𝑎𝑗V𝑗𝑘 (𝑥𝑖,𝑥) = 𝛽𝑇𝐾𝑥 (12)

where𝐾𝑥 is the kernel matrix of all the training samples and
𝑥.

Adding weights to KFDA algorithm is a common way
to improve the KFDA algorithm. The aim is to make the
WKFDA algorithm better learn sample features. However,
differentways of addingweightsmake theWKFDAalgorithm
focus on learning sample features differently. For example,
[27] added weights to each kernel function. The purpose
was to introduce the prior knowledge of samples to enhance
the learning of sample features in the WKFDA algorithm.
Reference [28] added weights to the within-class scatter
matrix. The purpose was to make the WKFDA algorithm
not only learn the features of different types of samples
but also learn the features of same types of samples in the
process of finding the best vector. Unlike these algorithms,
theWKFDA algorithm in this paper adds weights to samples,
and these weights can be calculated by using the similarity
or iterative difference of the samples. The purpose is to make
the intraclass samples close to a certain distance, so that the
WKFDA algorithm can not only suppress overfitting due to
the small number of labeled samples but also facilitate the
absorption of spectral information of samples to improve the
learning of sample features. Although the binary WKFDA
is shown, the multi-WKFDA can be obtained in accordance
with the promotion of the kernel Fisher discriminant analysis
(KFDA) [29].

(2) LCI. After the labeled sample setL and the unlabeled
sample setU have been extracted by the WKFDA method,
the labeled and unlabeled features are obtained. Next, the
labeled and unlabeled features go into the DP to produce a
clustering resultC. The clustering resultC includes features
such as cluster center, clustering core, clustering halo, and
cross-clustering, but is insufficient to determine the labels of
the unlabeled features. To solve this problem, we develop the
LCI by using the clustering results and labeling information of
the labeled features. LCI is able to label the clustering results
of the unlabeled features. Because the unlabeled features are

generated from the unlabeled samples, the unlabeled features
and the unlabeled samples share the same labels. The basic
flowchart of the LCI is shown in Figure 2.

We know that the features of clustering halo and cross-
clustering are unreliable. Therefore, in Figure 2, the inter-
ference features inC need to be cleared to ensure that the
subsequent unlabeled features are reliable. TheC clearing the
interference is processed separately according to whether
the labeled features are included in the cluster core. If there
are labeled features in a certain cluster core, the unlabeled
features of the cluster core are very similar to the labeled
features. These unlabeled features are regarded as the best
learning features, combined with the corresponding labeled
features, for training the S3VM. At this time, in each iteration
of the S3VM, the labeled features from the unlabeled features
are added to the next iteration to improve the robustness
of the S3VM algorithm. For the clustering cores which
do not contain any labeled feature, the cluster centers are
extracted and sent to the trained S3VM to obtain their labels.
Once the unlabeled cluster centers are labeled, the unlabeled
features of the corresponding clustering core will be assigned
the label. In this way, all the clustering cores’ features are
labeled, and the features that are not labeled are removed as
noise. Finally, the unlabeled samples corresponding to the
unlabeled features also have corresponding labels.

3.2. 𝐼𝑆2𝐷𝑃. When the number of the labeled samples is small
but reaches a certain amount, the S2DP uses the labeled fea-
tures to investigate the distribution of the unlabeled features
and also use the labeled features and the clustering result
of the DP to obtain reliable unlabeled samples. However,
when the number of the labeled samples is small, after the
DP clustering has been achieved, the labeled features are not
necessary in the cluster core, resulting in a low correlation
between the labeled and unlabeled features. At this time,
the labelled samples are difficult to represent the unlabeled
samples, and S2DP is no longer applicable. In this case, the
common solution is that the semi-labeled sample from the
unlabeled set is queried in order to increase the number of the
original labeled samples. In order to obtain the reliable semi-
labeled samples, the S2DP needs to be modified iteratively.

The iterative semi-supervised method of the S2DP,
namely, the IS2DP, is shown in Figure 3, whereU is the
unlabeled learning set to query the semi-labeled samples,L
is the labeled training set, 𝐿∗ is the semi-labeled samples set
in each iteration, 𝐿 represents the final labeled training set,
andT is the testing set.

The IS2DP specific process is described as follows. Firstly,
in each iteration,U is randomly divided into several sub-
sets (𝑈

1
,𝑈
2
, . . . ,𝑈

𝑛
), which are combined withL to obtain

(𝑈
1
,𝐿), (𝑈

2
,𝐿), . . ., (𝑈

𝑛
,𝐿) as the input of the S2DP. Secondly,

the cluster cores are selected from (𝑈
1
,𝑈
2
, . . . ,𝑈

𝑛
) after the

S2DP as the candidate semi-labeled samples, and their cluster
centers are added to the training set as the labeled samples
to train S3VM. For one thing, the number of the labeled
samples sets is increased. And for another, it ensures that the
labeled samplesmatch the unlabeled samples since the cluster
center represents the features of all the other samples in the
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(a) (b)

(c) (d)

Figure 4: Optical images of four types of targets and corresponding
SAR images: (a) T72, (b) BMP2, (c) BTR70, and (d) SLICY.

cluster core.Therefore, the robustness of the S3VMis ensured.
Thirdly, the semi-supervised sample 𝐿∗ of each iteration is
obtained by S3VM. Finally, it needs to determine whether or
not the iteration’s termination condition is met so that the
number of the iteration is greater than the threshold. If not,L
is updated,U is reduced, and the iteration process continues.
Otherwise, the final labeled training 𝐿 is undertaken to
classify the testing setT by the S2DP.

When the labeled sample is insufficient and necessary to
query the semi-supervised samples, the IS2DP can query the
reliable semi-supervised samples and classify the unlabeled
samples. In fact, the IS2DP is equivalent to the S2DP when
the labeled samples reach a certain number.

4. Experiments

Our experiments use the SAR images from the Moving
and Stationary Target Acquisition and Recognition (MSTAR)
database, cofounded by National Defense Research Planning
Bureau and the US Air Force Research Laboratory. The
military targets contained in the database are collected at 15∘
and 17∘ depression angles, covering 360∘ azimuth angles. To
display the intermediate experimental results in geometric
space and highlight the significance and effectiveness of our
method, the experiments in this paper use three types of

military targets and one type of interference targets, which
are T72, BMP2, BTR70, and SLICY. Of course, you can also
choose other targets. Among these three types of military
targets, BMP2 and T72 also contain different version variants.
These variants have the same design blueprint, but from
different manufacturers, they are slightly different in color
and shape.

The optical images of the T72, BMP2, BTR70, and SLICY
targets and the corresponding SAR images are shown in
Figure 4. From optical images, the difference between these
four types of targets is significant. However, the corre-
sponding SAR images are difficult to distinguish by human
vision due to speckle noise and similar spatial and spectral
characteristics. The original resolution of these SAR image
slices are 128∗128 and 45∗45. To facilitate the processing,
we only take the 32∗32 resolution that contains the target
and flatten these 2D images into one dimension. In order to
show the separability of these data, we perform covariance
operations on them in order to establish correlations between
two-dimensional features. Figure 5 shows the correlation and
box plot of the first 5-dimensional features. Figure 5(a) is
the correlation of two dimension features, and Figure 5(b)
is the corresponding box plot. In Figure 5(a), the lower left
corner part is the scatter plot of two-dimensional features,
and the upper right part is the correlation coefficient corre-
sponding to the two-dimensional features. 𝐶𝑜𝑟 represents the
total correlation coefficient of the relevant two-dimensional
features. Positive numbers indicate positive correlations and
negative numbers indicate negative correlations. The greater
the absolute value of these numbers, the more relevant the
features of the corresponding two dimensions. From the
correlation coefficient, 𝐶𝑜𝑟’s absolute value is small which
shows that the correlation is low, indicating that they are
independent of each other. From the scatter plot, we observe
that they are very similar, which increases the difficulty of
the recognition algorithm. In addition, from the box plot,
there are abnormal points in the upper and lower bounds of
the data. If these points are not removed in the learning set
features, the performance of the algorithm will be affected.

In order to evaluate the performance of the proposed
method, we design three sets of experiments: the evaluation
experiment of effectiveness, the evaluation experiment of
generalization ability, and the experiment compared with
the semi-supervised deep learning method. Among them,
the first set of the experiments will be carried out under
standard operating conditions (SOC), the latter two sets
under different extended operating conditions (EOC). The
SOC mean that the testing and the training conditions are
very similar. For example, the target types of the training,
the learning, and the test sets are the same. On the basis of
SOC, the gap between the training and testing conditions
is gradually extended to form different EOC. For example,
the target types of training set, learning set, and test set
are different variants. Even the learning set contains other
interfering targets. Compared with SOC, EOC significantly
increases the recognition difficulty of the algorithm. We will
set up one SOC and two EOCs (EOC 1 and EOC 2) to
carry out the above three sets of experiments. The specific
configuration of these conditions is as follows.
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Figure 5: The correlation between the first 5-dimensional features after flattening SAR images of T72, BMP2, BTR70 and SLICY.
(a)Correlation between every two dimensions and (b) box plot.

(1) Data Configuration of the SOC. Table 1 shows the data
configuration of SOC. It contains two sets of data: data and
test sets. The data set is used for the algorithm training.
According to the label of the samples, the data set is divided
into the labeled and unlabeled samples. The labeled samples,
also known as the training set, have a number ranging from
3 to 40 per class. The unlabeled samples, also known as
the learning set, have 190 samples per class. Regardless of
the training or learning set, their target depression angle is
17∘. The testing set is used for algorithm testing. Its target
depression angle is 15∘. Regardless of data or test set, we use
the same variants of the targets, that is, T72 series sn 132
tanks, BMP2 series sn c21 armored vehicles, and BTR70
series sn c71 armored vehicles.Wewill verify the effectiveness
of the S2DP and IS2DP under these conditions in Section 4.1,
including their core components (LCI and WKFDA).

(2) Data Configuration of the EOC 1. Table 2 shows the data
configuration of EOC 1. InTable 2, the training set is the same
as that of Table 1. And the testing set is not the same version
variants as the training set and the learning set. For example,
the T72 is the sn s7 version in the test, but it is the sn 132
and sn 812 versions in the training and the learning sets,
respectively. These conditions will help increase the recogni-
tion difficulty of the algorithm. Other conditions shown in
Table 2, such as the number of data sets, the depression angle
of data sets, and the depression angle of the test set, are the
same as those shown inTable 1 and are not described here.We
will verify the generalization ability of the S2DP and IS2DP
under these conditions presented in Section 4.2.

(3) Data Configuration of the EOC 2. Table 3 shows the
data configuration of EOC 2. It is formed by adding the
interference target SLICY to the learning set of Table 2,
further increasing the recognition difficulty of the algorithm.
To highlight the advantages of the proposed algorithm, we
will compare the S2DP based IS2DP algorithm with the
semi-supervised depth learning method under EOC 2 in
Section 4.3.

4.1. Effectiveness Evaluation Experiment

4.1.1. The Effectiveness of the WKFDA Feature Extraction. To
verify the effectiveness of the WKFDA feature extraction,
it is compared with the KFDA, kernel local linear dis-
criminant analysis (KLFDA) [30], semi-supervised KLFDA
(Semi-KLFDA) [31] and kernel principal component analysis
(KPCA) [32]. After these algorithms have extracted features,
they all use the standard SVM as the final classifier. The
experimental data configuration is shown in Table 1, and
with the change of the number of the labeled samples, the
overall accuracy rates (OA) of differentmethods are obtained,
as shown in Figure 6. The horizontal axis represents the
number of each type of target labeled samples corresponding
to different experiments and the vertical axis represents the
overall accuracy rate.

In Figure 6, the classification accuracy difference between
the different algorithms is very clear. The WKFDA and
KFDA both show higher accuracy, followed by the KLFDA
and Semi-KLFDA, and finally KPCA. For the WKFDA and
KFDA, when the number of the labeled samples is less than
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Table 1: Data configuration of the SOC.

Data set Testing set
Training set (Labeled samples) Learning set (Unlabeled samples)

Target T72 BMP2 BTR70 T72 BMP2 BTR70 T72 BMP2 BTR70
Type sn 132 sn c21 sn c71 sn 132 sn c21 sn c71 sn 132 sn c21 sn c71
Quantity 3∼40 3∼40 3∼40 190 190 190 196 195 196
Depression 17∘ 17∘ 15∘

Table 2: Data configuration of the EOC 1.

Data set Testing set
Training set (Labeled samples) Learning set (Unlabeled samples)

Target T72 BMP2 BTR70 T72 BMP2 BTR70 T72 BMP2 BTR70
Type sn 132 sn c21 sn c71 sn 812 sn 9566 sn c71 sn s7 sn 9563 sn c71
Quantity 3∼40 3∼40 3∼40 190 190 190 196 195 196
Depression 17∘ 17∘ 15∘

Table 3: Data configuration of the EOC 2.

Data set Testing set
Training set (Labeled samples) Learning set (Unlabeled samples)

Target T72 BMP2 BTR70 T72 BMP2 BTR70 SLICY T72 BMP2 BTR70
Type sn 132 sn c21 sn c71 sn 812 sn 9566 sn c71 — sn s7 sn 9563 sn c71
Quantity 3∼40 3∼40 3∼40 190 190 190 190 196 195 196
Depression 17∘ 17∘ 15∘
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Figure 6: The OA trend chart of different feature extraction
algorithms with the number of labeled samples changes in SOC
experiment. Here, these feature extraction algorithms use SVM as
classifier.

24, the WKFDA’s classification results are better than the
KFDA. When the number of the labeled samples is greater
than 24, their classification results are almost the same. It
shows that KFDA and WKFDA have good feature extraction
capabilities, while the WKFDA is suitable for dealing with a
small quantities of labeled samples. For the KFDA and Semi-
KLFDA, when the number of the labeled samples is less than
20, the Semi-KLFDA’s classification results are better than the
KFDA. When the number of labeled samples is greater than

20, their classification results are almost the same. For the
KPCA, as the number of the labeled samples increases, its
classification results are always poor.

In order to understand the above experimental results, we
take a close look at the projections of the learning samples
under the condition that the same number of the labeled
samples is taken. Figures 7(a), 7(b), 7(c), 7(d), and 7(e) shows
the projection of the learning set for KPCA, KLFDA, Semi-
KLFDA, KFDA, and WKFDA algorithms respectively when
the number of the labeled samples is 20. As can be seen from
Figure 7, the projection result shown in (e) is the best, where
we can classify the three targets, second best is (d) and then
(c), (b), and (a). The quality of the projection results mainly
depends on whether or not the feature extraction algorithm
can effectively extract features from the SAR images.

For the KPCA algorithm, it only reduces the original
features of the SAR images. As the number of the labeled
samples increases, the classification accuracy of the KPCA
features continues to increase. The original features of the
SAR images are difficult to identify. Therefore, the classifica-
tion accuracy of SVM based on the KPCA features is poor,
shown in Figure 7(a).

For the KLFDA and Semi-KLFDA algorithms, they take
advantage of the difference between the sample classes and
extract features that are easily identifiable from the SAR
images to certain extent. Therefore, their projection looks
better than the KPCA algorithm. However, in the case
where the overall features are not separable, the KLFDA and
Semi-KLFDA algorithms overemphasize the local features,
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Figure 7: The projections of the learning set for KLFDA, Semi-KLFDA, and KPCA, respectively, when the number of the labeled samples is
20. (a)KPCA; (b)KLFDA; (c)Semi-KLFDA; (d)KFDA; (e)WKFDA.

resulting in more confusing clutters in the projection space.
This is observed from Figures 7(b) and 7(c).

For the KFDA and WKFDA algorithms, both of them
well use the difference between different classes and the sim-
ilarities in the same classes. Therefore, the projections shown
in Figures 7(d) and 7(e) are better than those of the other
methods. We know that the KFDA and WKFDA algorithms
are supervised algorithms which guide the projection of the
unlabeled sample features based on the features of the labeled
samples. Therefore, whether or not these algorithms are good
at learning the labeled sample features will affect the quality of
the projection of the unlabeled sample features. In the process
of the labeled sample feature learning, the KFDA algorithm
forces the interclass samples to be as far apart as possible
in addition to forcing the samples intraclasses to be as close
as possible. At the same time, it may cause the algorithm to
overfit and is difficult to guide the unlabeled sample features
to be projected onto the optimal direction. The WKFDA
algorithm is able to give the samples different weights so that
the intraclass samples are close to each other with a certain
weight. This can balance the concentration characteristics
of the samples (the intraclass samples aggregate with each
other and have a certain spatial structure) and can fully
utilise the spectral information of the samples and reduces
the algorithm’s overfitting. Therefore, the results shown in
Figure 7(e) seem better than those of Figure 7(d).

To further explore the impact of weighting on the
WKFDA algorithm, taking the same labeled samples, Figure
8 shows the results of the KFDA and WKFDA algorithms
for learning the features of the labeled samples. Figure 8(a)
shows the KFDA features. Although the interclass distance
is significant, the intraclass samples are concentrated, almost
grouping to a point, which is easy to cause overfitting of the
algorithm. Figure 8(b) shows the WKFDA features. Under
the condition that the interclasses is separable, the intraclass
distance is relatively large, which is easy to learn the sample
information and suppress the overfitting of the algorithm.
Here, Figure 8(b) also shows that different weights can result
in different intraclass distance. Compared with the weight of
100, the intraclass sample space is larger when the weight is
50, and the interclasses can be well spaced, which makes it
easier to learn sample information.

4.1.2. The Effectiveness of the LCI for Labeling Unlabeled
Samples. To verify the effectiveness of the LCI for label-
ing unlabeled samples, using the WKFDA features of the
Section 4.1.1 experiments, LCI is comparedwith the SVMand
S3VM classifiers under the DP clustering conditions. Using
Table 1 as the experimental data, the same number of the
labeled samples is selected from each type of targets in the
training set. With the change of the number of the labeled
samples, the OA trend chart of three methods is obtained, as
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Figure 8: The projection of the KFDA and WKFDA with the same
number of the labeled samples. (a)KFDA and (b)WKFDA.

shown in Figure 9.The horizontal axis represents the number
of each type of the labeled target samples corresponding to
different experiments, and the vertical axis represents the
overall accuracy rate. As can be seen from Figure 9, the
accuracy of LCI and S3VM is better than SVM. With more
and more labeled samples, the accuracy of LCI and S3VM is
almost the same.

We know that the SVM, as a supervised learning method,
requires a large number of labeled samples. Because the DP
algorithm cannot provide enough labeled samples for the
SVM, the SVM classification results are poor. For S3VM and
LCI, as a semi-supervised method, when the DP clustering
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Figure 9: The OA trend chart of the LCI, S3VM, and SVM
algorithms as the number of labeled samples changes in the SOC
experiment.
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Figure 10:The clustering results of DP on the learning set when the
number of the labeled samples is 21. (a) Red circle, green circle, and
blue circle are the cluster centers selected by theDP; (b)the clustering
results of the DP. ∙ are the cluster cores, ∘ are clustered halos, and ⊗
are clustering error samples.

outcome is reliable, they collect enough labeled samples to
improve the recognition performance. Figure 10 shows the
clustering results of the DP on the learning set when the
number of the labeled samples is 21. In Figure 10(a), red circle,
green circle, and blue circle are the cluster centers selected
by the DP. The DP algorithm recommends that the learning
set be divided into 3 categories, which is consistent with the
actual situation. Figure 10(b) shows the clustering results of
the DP. ∙ are the cluster cores, ∘ are clustered halos, and ⊗
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Figure 11: The OA trend chart of the S2DP, semi-supervised Clara, and semi-supervised Fanny with the number of labeled samples changes
in SOC experiment.

are clustering errors. From Figure 10(b), the DP clustering
has only minor errors and the result is quite accurate, further
demonstrating that the recognition accuracy of the S3VMand
LCI is equivalent. In addition, these errors are located in the
cluster halos. In the LCI algorithm, the cluster halos and the
cross-clustering samples will be deleted to ensure that the
final labeled samples are reliable. Therefore, compared to the
S3VM, the LCI recognition results are more consistent.

4.1.3. Verifying the Recognition Performance of 𝑆2𝐷𝑃. In
order to verify the recognition performance of S2DP, S2DP
is compared with its similar semi-supervised methods. These
similar semi-supervised methods are the semi-supervised
algorithms that replace DP in S2DP with other classical clus-
tering algorithms: Clara [25] and Fanny [26], namely, semi-
supervised Clara and semi-supervised Fanny. The experi-
mental data configuration is shown in Table 1. With the
changing numbers of the labeled samples, the OA trend chart
of three methods is obtained, as shown in Figure 11. The
horizontal axis represents the number of each type of labeled
target samples corresponding to different experiments, and
the vertical axis represents the overall accuracy rate.

By comparing the S2DP with the semi-supervised Clara
and semi-supervised Fanny, the classification results of the
different methods are greatly influenced by the number of
the labeled samples. When the number of the labeled samples
is less than 24, the overall accuracy of the three methods
is continuously improved with the increase of the labeled
samples. For the curve smoothness, the curve of the S2DP
looks consistent over the curves of the other two methods.
When the number of the labeled samples reaches 15, the
recognition accuracy of S2DP is higher than that of the
other two methods. When the number of the labeled samples
reaches 24, the three methods have the same recognition
accuracy and the curve trend is stable, but the S2DP is still
better than the other two methods. Therefore, the S2DP is
superior to the other two algorithms in terms of stability and
classification accuracy.

When the labeled samples are very few, the DP clustering
results of S2DP are too divergent to represent the unlabeled
samples. Only few labeled samples are generated from the
cluster core samples. In the end, the classification accuracy
of the S2DP will not be high. As the number of the labeled
samples increases, more and more labeled samples are gen-
erated by the cluster cores, which are also quite reliable. The
S2DP classification accuracy is greatly improved. The other
two methods are similar. However, as the number of the
labeled samples increases, it is difficult for semi-supervised
Clara and semi-supervised Fanny to guarantee the reliability
of the labeled samples from the unlabeled samples during the
clustering process. Therefore, their stability is not as good as
that of S2DP. Figure 12 shows the three algorithms generate
labeled samples from the learning set when the number of the
labeled samples is 21. ⊗ are clustering errors. Obviously, the
labeled samples generated by the S2DP algorithm are more
reliable than the other two methods.

The Sections 4.1.1–4.1.3 experimental results show the
relationship between the number of the labeled samples and
the S2DP, verifying the validity of the WKFDA, LCI, and
DP as the key step in the S2DP. It shows that the S2DP,
compared with the other two methods, can achieve the best
classification result when the initial labeled samples reach a
certain number. But when the labeled samples are too few, its
classification precision decreases. Therefore, the ability of the
modified IS2DP to query semi-supervised samples needs to
be verified.

4.1.4. Verifying the 𝐼𝑆2𝐷𝑃 in Ability to Query the Semi-
Labeled Samples. When the labeled samples are few, the
IS2DP can select the semi-labeled samples from the unlabeled
samples as the labeled samples. In the Section 1, we know that
PS3VM-D is also a semi-supervised method, which considers
reliable incremental samples as semi-supervised samples
by sample similarity. Therefore, PS3VM-D is selected as a
comparative semi-supervised algorithm. They are all based
on the extracted features by WKFDA.The experimental data
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Figure 12: The semi-supervised Clara, semi-supervised Fanny, and
S2DP generate reliable labeled samples from the learning set when
the number of the labeled samples is 21. ⊗ are clustering errors. (a)
The Clara clustering results; (b) the Fanny clustering results; (c) the
DP cluster cores.

configuration is shown in Table 1. With the change of the
number of the labeled samples, the OA trend chart of two
methods is obtained, as shown in Figure 13. The horizontal
axis represents the number of each type of the labeled
target samples corresponding to different experiments and
the vertical axis represents the overall accuracy rate.

When the number of the labeled samples is less than 25,
the classification accuracy of PS3VM-D is obviously lower
than that of IS2DP, indicating that IS2DP is more suitable for
the case of too few labeled samples. When the number of the
labeled samples is more than 25, the IS2DP and PS3VM-D
have the same accuracy. It shows that the PS3VM-D also gets
enough labeled sample information, and the classification
accuracy is improved.

We know that the core of PS3VM-D is SVM.The optimal
classification surface of PS3VM-D is mainly influenced by
SVM. The PS3VM-D relies heavily on the labeled samples.
It needs enough quantity to obtain a universal classification
surface. Therefore, its classification performance varies sig-
nificantly with the number of labeled samples and cannot
remain stable until the labeled samples are sufficient. The
classification performance of the IS2DP is largely determined
by the DP and WKFDA, which makes the IS2DPmore stable
and accurate when the labeled samples are very few due to the
sample description ability of the DP and the effective use of
the labeled samples by the WKFDA.

4.2. Evaluation of Generalization Ability. The following will
verify the generalization capabilities of S2DP and IS2DP
under the EOC 1.

4.2.1. Verifying the 𝑆2𝐷𝑃 Generalization Capabilities. In Sec-
tion 4.1.2, the comparison between LCI and S3VM algorithm
is actually the comparison of S2DP with S3VM based on
WKFDA and DP (WKFDA+DP+S3VM). The recognition
accuracy of S2DP and WKFDA+DP+S3VM is equivalent
in the SOC experiments. Here, we continue to compare
the S2DP and WKFDA+DP+S3VM. The experimental data
configuration is shown in Table 2. With the change of the
number of labeled samples, the OA trend chart of two
methods is obtained, as shown in Figure 14. The horizontal
axis represents the number of each type of the labeled target
samples corresponding to different experiments, and the
vertical axis represents the overall accuracy rate.

In Figure 14, the recognition accuracy of S2DP and
WKFDA+DP+S3VM algorithms increases with the increas-
ing number of the labeled samples, and their final accuracy
is equivalent. However, the curve of the S2DP is relatively
smooth. This shows that our method is stable and robust.

To verify this conclusion, we perform visual analysis of
the key steps of the two methods, when the number of
samples is 21. Figure 15(a) shows the features of the training
and learning sets after the WKFDA processing. ∙ represents
the learning samples and ∗ represents the initial labeled
sample. Figure 15(b) is the actual classification map of the
WKFDA features after the DP clustering has been achieved. ∙
represents the clustering core and ∘ represents the clustering
halo. Figure 15(c) is the true classificationmap of Figure 15(b).
∙ represents the clustering core, ⊗ represents the clustering
error sample, and ? represents the sample of the next step
of the algorithm to be identified. As can be seen from
Figure 15(a), the three types of targets are more confused
at the boundary, which means that, in the future, they will
affect the performance of the recognition algorithm if these



14 Complexity

O
ve

ra
ll 

ac
cu

ra
cy

 ra
te

 (O
A

)

0.5

0.6

0.7

0.8

0.9

1.0

Number of labeled samples per class
5 10 15 20 25 30 35 40

I３2DP
P３3VM-D

Figure 13: The OA trend chart of the IS2DP and PS3VM-D as the number of the labeled samples changes in the SOC experiment.
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Figure 14: The OA trend chart of the S2DP andWKFDA+DP+S3VM as the number of labeled samples changes in the EOC 1 experiment.

samples are not cleared. As can be seen from Figure 15(b),
the DP algorithm divides theWKFDA features into 5 clusters.
Among these 5 clusters, clusters 1 and 3 have cluster haloes,
and clusters 2, 4, and 5 are all clustered cores. As can be seen
from Figure 15(c), the initial labeled samples ( ∗ samples) are
not included in clusters 4 and 5 and, therefore, the samples of
clusters 4 and 5 need to wait for the next step of the algorithm
to identify and label. Clusters 1, 2, and 3 contain initial labeled
samples (∗ samples), so they get the same label as the initial
labeled sample. In the clustering halos of clusters 1 and 3, there
are many clustering error samples (⊗ samples) caused by the
confused samples shown in Figure 15(a). This means that, in
the future, they will affect the performance of the recognition
algorithm if these ⊗ samples are not cleared.

For the WKFDA+DP+S3VM algorithm, in the S3VM
training process, for one thing, the S3VM cannot clear the ⊗
samples in Figure 15(c). And for another, for the ? samples in
Figure 15(c), the S3VM can only identify them by traversing
the samples. Therefore, the WKFDA+DP+S3VM algorithm
is unstable and inefficient. For the S2DP algorithm, once the

features of Figure 15(c) are input into the LCI, the LCI algo-
rithm removes the unreliable features such as the clustering
halos and cross-clustering features and makes full use of the
cluster cores as reliable samples. Once the labeled samples are
included in the cluster core, the other unlabeled samples are
labeledwith the labels of the labeled samples. For cluster cores
that do not contain labeled samples, only the clustering center
is identified, and the label of the whole cluster core can be
obtained, which greatly improves the recognition efficiency.
Figure 16 is a sequence diagram showing the recognition of
the DP clustering result of Figure 15(b) by the LCI in the
S2DP algorithm. Figure 16(a) is the visualization of the DP
clustering results after removing the interference samples.
Figure 16(b) is the result diagram of LCI’s final recognition
of the DP clustering. As can be seen from Figure 16(a), both
the confusing sample in Figure 15(a) and the ⊗ sample in
Figure 15(c) are removed, greatly improving the reliability
of sample identification. As can be seen from Figure 16(b),
clusters 4 and 5 are correctly identified, and at the same
time, only 5 samples with incorrect identification are in the
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Figure 15: In EOC 1 experiment, the visualization results of the first
two steps of the S2DP and WKFDA+DP+S3VM algorithms when
the number of the samples is 21. (a) WKFDA features: ∙ represents
the learning set and ∗ represents the initial labeled samples; (b)
actual classification map of WKFDA features after DP clustering
has been carried: ∙ represents the clustering core and ∘ represents
the clustering halo; (c) true classification map of (b): ∙ represents
the clustering core, ⊗ represents the clustering error sample, and
? represents the sample of the next step of the algorithm to be
identified.

expanded labeled samples.Thus, S2DP is quite reliable. In this
way, the above conclusions are verified.

4.2.2. Verifying the 𝐼𝑆2𝐷𝑃 Generalization Capabilities. In
Section 4.2.1, the S2DP is relatively stable, but its recognition
accuracy is relatively low when the number of the labeled
samples is less than 21. Therefore, the IS2DP is required to
generate a large number of the labeled samples to improve

BMP2
BTR70
T72

(a)

BMP2
BTR70
T72

(b)

Figure 16: The sequence diagram of the LCI algorithm for identi-
fying DP clustering results in Figure 15(b). (a) Visualization of DP
clustering results after removing the interference samples; (b) LCI’s
final recognition visualization of DP clustering. ∙ represents the
clustering core; ∗ represents the initial labeled sample; ? represents
the sample of the next step of the algorithm to be identified; ⊗
represents the sample for labeling errors.

the recognition accuracy of S2DP. Here, we compare the
IS2DP+S2DP and S2DP.The experimental data configuration
is shown in Table 2 with the change of the number of
the labeled samples, and the OA trend chart of the two
methods is obtained, as shown in Figure 17. The horizontal
axis represents the number of each type of target labeled
samples corresponding to different experiments; the vertical
axis represents the overall accuracy rate.

From Figure 17, we can see that when the number of the
labeled samples is less than 21, the recognition performance
of IS2DP+S2DP is 10% higher than that of S2DP. With the
number of labeled samples larger than 21, their classification
accuracy is equivalent. To verify this conclusion, we apply 100
iterations onto IS2DP when the number of labeled samples
is 15. The labeled samples generated by IS2DP are counted,
as shown in Table 4. The accuracy rate of labeled samples
generated from learning set is over 85%.
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Figure 17: The OA trend charts of the IS2DP+S2DP and S2DP with the number of labeled samples changes in EOC 1 experiment.
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Figure 18:TheOA trend charts of the IS2DP+S2DP, Ladder Network, and Temporal Ensembling with the number of labeled samples changes
in EOC 2 experiment.

4.3. Comparison with Semi-Supervised Deep Learning. The
semi-supervised deep learning algorithms, Ladder Network
[7] andTemporal Ensembling [8], which contain a supervised
and unsupervised learning process, similar to our algorithm.
Therefore, we choose these two methods to compare with the
IS2DP-based S2DP algorithm (IS2DP+S2DP). In addition to
using SAR images as experimental data, we also use a set of
publicly available optical image data to verify the effectiveness
of our algorithm.

4.3.1. Testing with SAR Images. The experimental data con-
figuration is shown in Table 3, and with the change of the
number of the labeled samples, the OA trend chart of three
methods is obtained, as shown in Figure 18. The horizontal
axis represents the number of each type of labeled target
samples corresponding to different experiments, and the
vertical axis represents the overall accuracy rate.

In Figure 18, the recognition accuracy of the three meth-
ods is increasing with the increase of the labeled samples.
From the curve smoothing, the accuracy curves of the Ladder

Network and the Temporal Ensembling are fluctuating,
especially the Temporal Ensembling. Comparing them, the
accuracy curve of the IS2DP+S2DP is relatively consistent.
From the classification accuracy, when the number of the
labeled samples is less than 33, the results obtained by
Ladder Network and Temporal Ensembling are not much
different, but significantly lower than that of IS2DP+S2DP.
When the number of the labeled samples reaches 33, the
classification accuracy of IS2DP+S2DP is slightly better than
that of Ladder Network. These results indicate that the
learning set containing the interference samples has a great
influence on the recognition performance of the Ladder
Network and Temporal Ensembling. Because the Ladder
Network and Temporal Ensembling were unable to remove
these interference samples during the training process, their
recognition accuracy was unstable and not high. Different
from them, the IS2DP+S2DP can select reliable unlabeled
samples and remove those interference samples, so its recog-
nition performance is relatively stable and the accuracy is
improved. When the number of the labeled samples is equal
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Table 4: The IS2DP generates labeled samples from the learning set when the number of labeled samples is 15 in EOC 1 experiment.

Target Learning set Generate labeled samples Reject Accuracy of each type of target(%)
Correct Error

T72 190 167 11 12 87.89
BMP2 190 163 13 14 85.79
BTR70 190 172 8 10 90.53
Overall accuracy 88.07

Table 5: Under EOC 2, when labeled samples number 21, recognition results (confusion matrix) of the learning set by trained Temporal
Ensembling.

T72 BMP2 BTR70 Accuracy of each type of target(%)
T72 65 3 122 34.21
BMP2 0 174 16 91.58
BTR70 0 0 190 100
SLICY 0 0 190 0
Overall accuracy 56.45

to 21, we will analyze the use of the learning set by the three
methods below.

In the Temporal Ensembling algorithm, one neutral
network conducts two different works, supervised learning
and unsupervised learning. Figures 19(a)–19(c), respectively,
show losses in these two processes and in the whole method.
Observed from the curve fluctuation, supervised learning
loss in Figure 19(a) is the most stable while unsupervised
learning in Figure 19(b) fluctuates significantly. It demon-
strates that neural network performs well in learning labeled
samples, but is still unstable to handle the learning set, thus
resulting in unstable overall loss as shown in Figure 19(c).
Finally, the Temporal Ensembling algorithm utilizes the
learning set by 56.45% only, which is calculated based on
the trained neutral network’s recognition of the learning
set. Recognition results of the learning set by the Temporal
Ensembling algorithm is displayed in Table 5 (confusion
matrix). Observed from the confusion matrix, the remaining
43.55% disturbs the learning process, for instance, by misrec-
ognizing SLICY as BTR70 targets.

Similar to temporal ensembling algorithm, the neu-
tral network in the Ladder Network algorithm consists
of supervised learning and unsupervised learning as well.
Figures 20(a)–20(c), respectively, show losses in these two
processes and by the whole method. Observed from the
curve fluctuation shown in Figure 20(a), supervised learning
loss significantly fluctuates, probably because of inadequate
labeled samples; in Figure 20(b), unsupervised learning per-
forms stably, probably resulting from unsupervised learning
(Autoencoder) embedded in the Ladder Network algorithm
which could learn and recognize unlabeled samples and
reduce certain interference. Thus, the overall loss shown in
Figure 20(c) performs stably.Therefore, comparingwith tem-
poral ensembling, Ladder Network improves the utilization
of the learning set to 68.42% (as shown in Table 6 confusion
matrix), enhancing its recognition performance as well.

Differing from temporal ensembling and ladder network,
the IS2DP+S2DP algorithm identifies reliable unlabeled sam-
ples by iterations before implementing feature learning,
instead of directly learning features from the unlabeled
samples. Here we employ 300 iterations on the IS2DP+S2DP
algorithm for fair comparison. Figures 21(a)–21(c) show the
screening of the reliable samples in the learning set during
one iteration: (a) projection of the WKFDA algorithm on
the learning set; (b) DP clustering result; (c) reliable samples
labeled by LCI. In Figure 21, red circle, green circle, light
blue circle, and blue circle represent BMP2, BTR70, T72,
and SLICY target samples, respectively, and ∗ represents the
labeled samples. Confused by SLICY interference targets, the
WKFDA algorithm has some issue in projecting the learning
set but performs well in dividing different samples during
the DP clustering, and successfully identify SLICY during
the LCI labeling process. Finally, IS2DP+S2DP improves the
utilization of the learning set to 82.76% (as shown in Table 7).
As 28.95% unreliable sample rejecting recognition will be
deleted, only 10% false samples affects the performance; thus
IS2DP+S2DP’s recognition performance can be improved.

4.3.2. Testing with Optical Images. To verify the effectiveness
of the proposed method on other data sets, we use optical
image data to test IS2DP+S2DP. These optical image data
come from somepublicly available databases, and the detailed
data configuration is shown in Table 8. The images of cats
and dogs are from the database of the Kaggle competition
platform [33]; the images of panda are from the ImageNet
database [34]; the images of airplanes, motorbike, and faces
are from the caltech101 database [35].

In Table 8, we set more stringent conditions than EOC 2
for SAR images, which is closer to the reality. Specifically,
our interested targets are cats, dogs and panda. However, our
learning set contains not only unlabeled interested targets,
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Table 6: Under EOC 2, when the labeled samples’ number is 21, the recognition results (confusion matrix) of the learning set by the trained
ladder network.

T72 BMP2 BTR70 Accuracy of each type of target(%)
T72 166 10 4 87.37
BMP2 12 178 0 93.68
BTR70 2 12 176 92.63
SLICY 67 53 70 0
Overall accuracy 68.42

Table 7: Under EOC 2, when labeled samples number 21, recognition results of the learning set by IS2DP+S2DP after 300 iterations.

Target Learning set Generate labeled samples Reject Accuracy of each type of target(%)
Correct Error

T72 190 155 12 23 81.58
BMP2 190 162 17 11 85.26
BTR70 190 147 22 21 77.37
SLICY 190 — 25 165 86.84
Overall accuracy 82.76

(a)

(b)

(c)

Figure 19: Under EOC 2, when labeled samples number 21, Tempo-
ral Ensembling losses during training: (a) supervised learning loss;
(b)unsupervised learning loss; (c) overall loss.

(a)

(b)

(c)

Figure 20: Under EOC 2, when labeled samples number 21, Ladder
Network losses during training: (a) supervised learning loss; (b)
unsupervised method loss; (c) overall loss.
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Figure 21: Under EOC 2, when the labeled samples number is 21, IS2DP+S2DP’s outcomes of the learning set: (a) WKFDA’s projection of
the learning set; (b) DP clustering result; (c) reliable samples selected and labeled by LCI. Red circle, green circle, light blue, and blue circle
represent BMP2, BTR70, T72, and SLICY target samples, respectively, and ∗ represents labeled sample.

but also other 3 types of interference targets (airplanes,
motorbike, and faces) with the same number of unlabeled
interested targets. Under such conditions, the Ladder Net-
work, Temporal Ensembling, and IS2DP+S2DP are tested and
compared. With the change of the number of the labeled
samples, the OA trend chart of three methods is obtained,

as shown in Figure 22. The horizontal axis represents the
number of each type of target labeled samples corresponding
to different experiments; the vertical axis represents the
overall accuracy rate.

In Figure 22, the identification accuracy of our method
IS2DP+S2DP is significantly better than Ladder Network and
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Table 8: Optical image data set-up of the EOC.

Data set Testing set
Training set (labeled samples) Learning set (unlabeled samples)

Interested Target cats dogs panda cats dogs panda cats dogs panda
Quantity 3∼40 3∼40 3∼40 200 200 200 200 200 200

Interferential Target — — — airplanes motorbike faces — — —
Quantity — — — 200 200 200 — — —

Ladder Network 
Temporal Ensembling 
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Figure 22: The OA trend charts of the IS2DP+S2DP, Ladder Network, and Temporal Ensembling with the number of the labeled samples
changes in the optical images testing experiment.

Temporal Ensembling. From the OA trend, the recognition
accuracy of Ladder Network and Temporal Ensembling does
not increase significantly with the increase of the number
of the labeled samples, while IS2DP+S2DP is significantly
improved. Compared with the results of the SAR image test
(Figure 18), the results of the three algorithms in the optical
image test are significantly lower. This may be because in the
learning set, we both increase the numbers of the target types
and the number of the confusion targets, which leads to the
less satisfactory results in learning the target features. From
Figure 22, the Ladder Network and Temporal Ensembling
algorithms are subject to more serious interference, and their
average recognition accuracy is about 45%, respectively. Our
algorithm IS2DP+S2DP is also subject to certain interference,
but when the number of samples per class reaches 21, its aver-
age recognition accuracy is about 70%, which is significantly
higher than the Ladder Network and Temporal Ensembling
algorithms. When the number of the labeled samples is equal
to 21, we will analyze the use of the learning set by the three
methods.

Figure 23 shows the use of the learning set by the Ladder
Network in the last 270 iterations during 1000 iterations
of training. Figure 23(a) is the recognition accuracy of the
learning set by Ladder Network; Figure 23(b) is the Ladder
Network’s loss value, where the blue line with square is the
overall loss, the black line with circle is the supervised loss,
and the green line with diamond is the unsupervised loss.
From Figure 23(a), we know that the recognition accuracy

is very low, about 33%. From Figure 23(b), we know that
the supervised loss is low, while the unsupervised loss is
high, which makes the overall loss difficult to reduce. Ladder
Network is a complex network, which is intertwined bymany
components, but its core part mainly includes adding noise
to samples, reconstructing samples and “skip connection”
[36]. It first augments the unlabeled samples by adding
noise to obtain a wider range of generalization information,
secondly retains the sample information as much as possible
by reconstructing the unlabeled samples in a regularized
manner, and finally combines unsupervised learning with
supervised learning to form semi-supervised learning by
skip connection. Compared with supervised learning, unsu-
pervised learning is more important in Ladder Network.
Therefore, although Ladder Network has been well learned in
the labeled samples, it has not been well learned in using the
unlabeled samples, resulting in the whole algorithm has not
been well trained. Finally, the Ladder Network recognition
accuracy is neither stable nor high.

Figure 24 shows the use of the learning set by the Tempo-
ral Ensembling in the last 270 iterations during 1000 iterations
of training. Compared with Figure 23, the recognition accu-
racy of Temporal Ensembling for the learning set is increased,
about 48%, but it is still relatively low. Different from the
Ladder Network, Temporal Ensembling adds noise to all the
samples, whichmakes the labeled samples augmented. At the
same time, in the initial stage of the training, the Temporal
Ensembling’s supervised learning plays an important role
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Figure 23: The use of the learning set by the Ladder Network in the last 270 iterations during 1000 iterations of training. (a) Recognition
accuracy of learning sets and (b) Ladder Network loss value.
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Figure 24: The use of the learning set by the Temporal Ensembling
in the last 270 iterations during 1000 iterations of training. (a)
Recognition accuracy of learning sets and (b) Temporal Ensembling
loss value.

because of the small value of the unsupervised loss weighting
function [8]. Therefore, the Temporal Ensembling is well
trained to some extent. As the value of the loss weighting
function increases, the unsupervised learning gradually plays
an important role in Temporal Ensembling. Although the
unsupervised loss is very low, Temporal Ensembling has
not been well trained in learning interested target features
because of the large number of unreliable samples in the
learning set. Finally, Temporal Ensembling still has low
recognition accuracy for interested targets.

Unlike the Ladder Network and the Temporal Ensem-
bling algorithms, the IS2DP+S2DP algorithm first removes
the interference samples in the process of using the learning
set and then learns the selected reliable samples. Table 9

shows the recognition results of IS2DP+S2DP algorithm for
learning set after 300 iterations. The average accuracy is 80%,
which is significantly higher than that of LadderNetwork and
Temporal Ensembling algorithms. Compared with Table 7,
the average accuracy of Table 9 is lower. However, the correct
rate of rejection of the 3 types interference target samples
has not been reduced, and these correct rates have reached
more than 80%. In addition, the rejection error rate of the
IS2DP+S2DP algorithm for the target samples is quite low;
for example, cats is 18/200 = 0.09; dogs is 15/200 = 0.075;
panda is 20/200 = 0.1. These experimental results show that
the proposed algorithm is effective in optical image testing.

5. Conclusions

In order to accurately identify remote sensing images when
there are few labeled samples, two new semi-supervised
learning algorithms have been proposed in this paper: S2DP
and IS2DP. They use labeled sample information to filter out
reliable unlabeled samples to improve the performance of the
semi-supervised algorithms.

The novelty of this paper lies in the following: (a) the
WKFDA has been derived to explore the features of the
images; (b) based on the clustering information of the DP,
the labeling method LCI has been designed to query reliable
unlabeled samples and accurately classify the unlabeled
samples; (c) in IS2DP, the unlabeled training set is divided
into different subsets, which suppresses the deterioration of
the algorithm by too many unreliable unlabeled samples in
the learning process. Moreover, IS2DP uses S3VM twice to
ensure reliable semi-supervised samples.

In the experiments for the actual SAR images recognition
from the MSTAR database, the S2DP has made a significant
improvement in terms of the classification accuracy and
the stability in comparison with other existing methods. In
addition, the IS2DP is effective and has applicable values to
query the semi-labeled samples and is more suitable to deal
with the situation where it lacks labeled samples.

How tomake full use of remote sensing images to improve
the performance of recognition algorithm has always been an
open problem. Although the semi-supervised deep learning
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Table 9: Recognition results of optical image learning set obtained after 300 iterations of the IS2DP+S2DP algorithm when the number of
samples equals 21.

Target Learning Set Generate labeled samples Reject Accuracy of each type of target(%)
Correct Error

cats 200 143 39 18 71.50
dogs 200 154 31 15 77.00
panda 200 165 15 20 82.50
airplanes 200 — 32 168 84.00
motorbike 200 — 40 160 80.00
faces 200 — 27 173 86.50
Overall accuracy 80.00

algorithm is susceptible to interfering samples, it has strong
feature learning capabilities once the interfering samples have
been removed. In the near future, we will try to further
improve the feature learning ability of the S2DP and IS2DP
algorithms by virtue of the semi-supervised deep learning.
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DP: Clustering by fast search and find of
density peaks

EOC: Extended operating conditions
IS2DP: Iterative S2DP
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SAR: Synthetic aperture radar
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This work is a generalization of the López-Ruiz, Mancini, and Calbet (LMC) and Shiner, Davison, and Landsberg (SDL) complexity
measures, considering that the state of a systemor process is representedby a continuous temporal series of a dynamical variable. As
the two complexity measures are based on the calculation of informational entropy, an equivalent information source is defined by
using partitions of the dynamical variable range.During the time intervals, the information associatedwith themeasured dynamical
variable is the seed to calculate instantaneous LMC and SDLmeasures. To show how themethodology works generating indicators,
two examples, one concerning meteorological data and the other concerning economic data, are presented and discussed.

1. Introduction

The word complexity, in the common sense meaning, repre-
sents systems that are difficult to describe, design, or under-
stand. However, since Kolmogorov presented the concept of
computational complexity [1], new ideas have been associated
with this word,mainly in life sciences [2], relating complexity,
and information [3].

As a consequence, complexity started to be associated
to with systems and with the emergence of unexpected
behaviors, due to nonlinearities [4, 5] and, concerning system
theory [6], a new meaning was carved, postulating that
complexity is half way of the equilibrium and disequilibrium
[7].

Developing this idea, in a seminal paper [8], López-
Ruiz, Mancini, and Calbet proposed the LMC (López-Ruiz,
Mancini, and Calbet) complexity measure for a random
distribution by using informational entropy [9] to evaluate
equilibrium, and the quadratic deviation from the uniform
distribution to evaluate disequilibrium.

However, there has been some criticism about the LMC
measure, considering that it is inaccurate for some classes of
systems obeying Markovian chains and cannot be considered

to represent an extensive variable. Feldman and Crutchfield
[10] proposed a correction for the disequilibrium term,
replacing it by the relative entropywith respect to the uniform
distribution.

Shiner, Davison, and Landsberg proposed another mod-
ification of the LMC measure, replacing the disequilibrium
term by the complement of the equilibrium term. This
measure is called SDL (Shiner, Davison, and Landsberg) [11]
and presents conclusions similar to that obtained by using
LMC, for the majority of usual statistical distributions [2].

The main restriction to LMC and SDL complexity mea-
sures is due to Crutchfield, Feldman, and Shalizi, as they
argue that an equilibrium system can be structurally complex
[12], but this problem could be solved by weighting order and
disorder, according to the specific problem to be analyzed.

Since the early 2000s, the idea of adapting LMC and SDL
to dynamical systems was successfully applied to different
types of time evolution problems: bird songs [13], neural plas-
ticity [14], interactions between species in ecological systems
[2], physiognomies of landscapes [15], economic series [16],
spread depression [17], and quantum information [18].

With these ideas in mind, this article presents a system-
atization of the methodology used in the referred papers,
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based on LMC and SDL measures, to be applied to temporal
series, by defining and calculating the dynamic complexity
measures.

The procedure, applied to a temporal series representing
some organizational or functional aspect of a system, pro-
vides insights regarding the evolution of its complexity.

As the LMC and SDL dynamical measures are based on
informational entropy [16], the first task, described in the
next section, is to define an alphabet source, associating a
probability distribution with the possible system states.

Following the definition of the probability distribution, a
new section defines how dynamical LMC and SDL measures
can be calculated at each time, based on the individual
information associated with the system state at this time,
generating temporal series for LMC and SDL measures.

To illustrate the calculation procedure, two examples are
presented: one related to a meteorological time series and
the other to an economic time series. In both cases section,
a practical discussion about how to divide the range of the
values assumed by the system state is presented.

The examples were chosen to show that the methodology
can be applied to different types of phenomena: precipitation
(first example) with strong periodic component and eco-
nomic time series (second example) that seems to be random.

Thework is closedwith a conclusion section, emphasizing
that the same procedure can be applied to any kind of
temporal real numbers series, even with different temporal
scale, to calculate complexity measures.

2. Defining Source and Probability
Distribution for a Temporal Series

Considering Shannon’s model [9] for an information source,
a time series 𝑥(𝑛) is considered to be a function of the
nonnegative integers into a real interval, i.e., 𝑥(𝑛) : 𝑍+ →(𝑎, 𝑏), associating with each time 𝑡0 + 𝑛𝑇 a real number
belonging to (𝑎, 𝑏), with 𝑡0 > 0 being the initial instant and
𝑇 > 0 an arbitrary period, depending on the data availability.

The set 𝑥(𝑡0), 𝑥(𝑡0 + 𝑇), . . . 𝑥(𝑡0 + 𝑛𝑇) is assumed to be a
sequence of independent random variables and the stochastic
process 𝑥(𝑛) as a whole is stationary [19].

The first step is to divide the interval (𝑎, 𝑏) into N
subintervals. For the sake of simplicity, N is chosen equal to
2𝑘, 𝑘 ∈ 𝑍+.

At this point, it could be asked how to choose N, as there
is a compromise between precision (high values of N) and
speed of calculation (low values of N). This question will not
be addressed theoretically; however, in the example section,
practical hints about this choice are presented.

Consequently, the source alphabet is defined by the
intervals 𝐴 𝑖, 𝑖 = 1, . . . , 𝑁, with⋃𝑁𝑖=1 𝐴 𝑖 = (𝑎, 𝑏) and𝐴 𝑖∩𝐴𝑗 =𝜙, ∀𝑖 ̸= 𝑗.

Then, a time interval defined by a given nmust be chosen,
and for the time sequence 𝑡0, 𝑡0+𝑇, . . . 𝑡0+𝑛𝑇 the values of the
variable 𝑥(𝑛) must be read and associated with the intervals
𝐴 𝑖, containing their respective value.

Therefore, for the whole set 𝑡0, 𝑡0 + 𝑇, . . . 𝑡0 + 𝑛𝑇, each
interval𝐴 𝑖 belonging to the source alphabet is associatedwith

𝑥(𝑛) a certain number of times 𝑛𝑖, which defines a relative
frequency 𝑝𝑖 = 𝑛𝑖/(𝑛 + 1).

As 𝑝𝑖 ≥ 0 and∑𝑁𝑖=1 𝑝𝑖 = 1, it can be taken as a probability,
associated with each interval 𝐴 𝑖.

Following the definition, for each subinterval 𝐴 𝑖 ⊂ (𝑎, 𝑏),
its individual contribution to the whole information entropy
is given by 𝑆𝑖 = −𝑝𝑖 log2 𝑝𝑖; and the maximum value of the
informational entropy for the whole source, 𝑆𝑚𝑎𝑥 = log2𝑁 =𝑘, can be calculated [9].

3. Dynamical LMC and SDL

As the source alphabet and individual information were
defined, the instantaneous values of 𝑥(𝑛) are associated with
their respective 𝑆𝑖, allowing the calculation of the instanta-
neous value of the equilibrium (disorder) term:

Δ (𝑛) = 𝑆𝑖𝑘 . (1)

Combining (1) with the different definitions of the dise-
quilibrium (order) terms, dynamical LMC and SDLmeasures
are defined.

3.1. LMC Dynamical Measure. As indicated by López-Ruiz,
Mancini, and Calbet [8], the dynamic disequilibrium (order)
term can be calculated as the quadratic deviation of the
source alphabet probability distribution from the uniform
distribution and, consequently, the individual contribution of
each interval 𝐴 𝑖 is

𝐷(𝑛) = (𝑝𝑖 − 1𝑁)
2

. (2)

Extending the definition of LMC measure, dynamical
LMC, calculated in 𝑡0 + 𝑛𝑇, is given by

𝐶𝐿𝑀𝐶 (𝑛) = Δ (𝑛).𝐷 (𝑛) . (3)

3.2. SDL Dynamical Measure. As proposed by Shiner, Davi-
son, and Landsberg [11], the dynamic disequilibrium (order)
term can be calculated as the complement of the dynamic
equilibrium term:

𝐷 (𝑛) = (1 − Δ (𝑛)) . (4)

Extending the definition of SDLmeasure, dynamical SDL,
calculated in 𝑡0 + 𝑛𝑇, is given by

𝐶𝑆𝐷𝐿 (𝑛) = Δ (𝑛).𝐷 (𝑛) . (5)

4. Applying the Method to
Meteorological Data

A monthly meteorological temporal series is studied in this
section, showing that the described method can be applied,
independently of the natural time scale and periodicity of the
phenomenon.

The meteorological data series relative to rain precip-
itation in Dourados-MS-Brazil [20] is analyzed, only in a
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Figure 1: Precipitation index (Dourados-MS-Brasil).

methodological point of view, without any meteorological
conjecture about the results.

The monthly precipitation index temporal series, from
January 2004 to September of 2012, shown in Figure 1, rep-
resents the value of 𝑥(𝑛) [20], whose complexity is analyzed.

Consequently, the interval (𝑎, 𝑏) related to the excursion
of 𝑥 is (0; 338). It is divided into 8(𝑘 = 3), 16(𝑘 = 4), 32(𝑘 =
5), and 64(𝑘 = 6) subintervals to build the sources and their
respective probability distributions.

Based on these probability distributions, 𝐶𝐿𝑀𝐶(𝑛) and𝐶𝑆𝐷𝐿(𝑛) are calculated and plotted giving an idea about how
themeasure choice and the interval division affect the results.

4.1. Equivalence between LMC and SDL. Dividing the range
of 𝑥(𝑛) into 8 parts, the results of the calculation of 𝐶𝐿𝑀𝐶(𝑛)
and 𝐶𝑆𝐷𝐿(𝑛) measures are shown in Figures 2(a) and 2(b),
respectively.

As Figures 2(a) and 2(b) show, in spite of the numerical
differences, the time evolutions of 𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛) are
represented by similar curves, in the eight-part division case.

Observing the figures, it is possible to infer that the LMC
measure captures the periodic character of the precipitation
along the years in a better way. However, the SDL measure
assumes its maximum value (.25).

If the range of 𝑥(𝑛) is divided into 16 parts, Figures 3(a)
and 3(b) show the results for 𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛).

It can be observed that, in this case (sixteen-division
case),𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛) differ by a scale factor, with LMC
measures presenting better accuracy to express the periodic
character of the rain seasons. SDL measure presents high
value of peaks but the maximum value (.25) is not reached.

Comparing Figures 2(a) and 3(a), 𝐶𝐿𝑀𝐶(𝑛) for different
range partitions, the global aspects of the curves are the same
and, by increasing the number of divisions, the dynamical
range of the measures decreases, and some rapid oscillatory
variations similar to noise appear.

Comparing Figures 2(b) and 3(b), 𝐶𝑆𝐷𝐿(𝑛) for different
range partitions, the whole aspects of the curves are the same

and the noisy aspect due to the increasing number of interval
divisions is similar to the presented by 𝐶𝐿𝑀𝐶(𝑛).

4.2. Range Interval Partition. As it was observed, the dynam-
ical range of the both measures decreases as the number
of divisions increases, as a consequence of the fact that the
number of elements of the source increases provoking more
uniform distribution of the possible measures.

To better understand this phenomenon, the measures
are recalculated by increasing the number of intervals of
𝑥(𝑛), and the result for a thirty-two partition is shown in
Figure 4(a) for 𝐶𝐿𝑀𝐶(𝑛) and in Figure 4(b) for 𝐶𝑆𝐷𝐿(𝑛).

By analyzing the results from Figures 2(a), 3(a), and
4(a), it could be observed that, by increasing the number
of intervals, the dynamical range of 𝐶𝐿𝑀𝐶(𝑛) decreases but,
apparently, for this long series, the temporal evolution of
𝐶𝐿𝑀𝐶(𝑛)maintains its qualitative behavior mixing noise with
accuracy.

By analyzing the results from Figures 2(b), 3(b), and
4(b), it could be observed that, by increasing the number
of intervals, the dynamical range of 𝐶𝑆𝐷𝐿(𝑛) decreases and
its maximum value (.25) is not reached. Apparently, for this
long series, the temporal evolution of 𝐶𝑆𝐷𝐿(𝑛) maintains its
qualitative behavior mixing noise with accuracy.

5. Applying the Method to Economic Data

In this section, the economic series relative to the conversion
of currencies studied in [16] is taken as an example, showing
the applicability of the methodology for random phenomena.

The temporal series related to the daily dollar to Brazil-
ian real (USD/BR) conversion rate, from January 1999 to
September of 2015, shown in Figure 5 [16] is analyzed, only
in a methodological point of view, without any economic
conjecture about the results.

This conversion rate represents the value of 𝑥(𝑛), whose
complexity is analyzed.

Consequently, the interval (𝑎, 𝑏) related to the excursion
of 𝑥 is (1.207; 4.178). It is divided into 8(𝑘 = 3), 16(𝑘 = 4),
32(𝑘 = 5), and 64(𝑘 = 6) subintervals to build the sources
and the respective probability distributions.

Based on these probability distributions, 𝐶𝐿𝑀𝐶(𝑛) and𝐶𝑆𝐷𝐿(𝑛) are calculated and plotted giving an idea about how
themeasure choice and the interval division affect the results.

5.1. Equivalence between LMC and SDL. Dividing the range
of 𝑥(𝑛) into 8 parts, the results of the calculation of 𝐶𝐿𝑀𝐶(𝑛)
and 𝐶𝑆𝐷𝐿(𝑛) measures are shown in Figures 6(a) and 6(b),
respectively.

As Figures 6(a) and 6(b) show, in spite of the numerical
differences, the time evolution of 𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛) are
qualitatively the same and represented by very similar curves,
in the eight-part division case.

If the range of 𝑥(𝑛) is divided into 16 parts, Figures 7(a)
and 7(b) show the results for 𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛).

It can be observed that, in this case (sixteen-division
case), 𝐶𝐿𝑀𝐶(𝑛) and 𝐶𝑆𝐷𝐿(𝑛) differ only by a scale factor, with
the same qualitative time evolution.
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Figure 2: Temporal evolution of complexity (8-part division).
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Figure 3: Temporal evolution of complexity (16-part division).
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Figure 4: Temporal evolution of complexity (32-part division).
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Figure 6: Temporal evolution of complexity (8-part division).
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Figure 7: Temporal evolution of complexity (16-part division).
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Figure 8: Temporal evolution of LMC complexity.

Comparing Figures 6(a) and 7(a), 𝐶𝐿𝑀𝐶(𝑛) for different
range partitions, the whole qualitative aspects of the curves
are the same and by increasing the number of divisions, the
dynamical range of the measures changes, implying some
rapid oscillatory variations, similar to noise.

Comparing Figures 6(b) and 7(b), 𝐶𝑆𝐷𝐿(𝑛) for different
range partitions, the whole qualitative aspects of the curves
are the same and the noisy aspect due to the increasing
number of interval divisions is maintained.

Consequently, from now on, only LMC measure will be
analyzed, since SDL presents the same qualitative dynamical
behavior and partition sensitivity.

5.2. Range Interval Partition. By increasing the number of
intervals of 𝑥(𝑛) and recalculating 𝐶𝐿𝑀𝐶(𝑛), the result for a
thirty-two partition is shown in Figure 8(a) and, for a sixty-
four partition, in Figure 8(b).

By analyzing the results from Figures 6(a), 7(a), 8(a),
and 8(b), it could be observed that, by increasing the num-
ber of intervals, the maximum value of 𝐶𝐿𝑀𝐶(𝑛) decreases
improving the precision but, apparently, for this long series,
the temporal evolution of 𝐶𝐿𝑀𝐶(𝑛) maintains its qualitative
behavior mixing noise with accuracy.

Attempting to be more precise about how the range
interval partition, 𝐶𝐿𝑀𝐶(𝑛) is calculated for the several
partitions, but considering a shorter time period for the data.
The interval between July and December of 2002 is chosen,
because, as explained in [16], it is critical concerning the
conversion rates in Brazil.

Figures 9(a), 9(b), 9(c), and 9(d) show the LMC dynam-
ical measure calculated, for the initial set of data, with the
range interval divided into 8, 16, 32, and 64 parts, respectively.

It can be observed from these results that, for shorter
intervals, the general qualitative characteristics of the time
evolution appear, independently on the partition. However,
as the number of subintervals increases, the instantaneous

numerical values change but the precision increases, allowing
more accurate analysis.

6. Conclusions

A methodology for calculating LMC and SDL dynamical
complexity was developed, starting with the construction of a
source and a probability distribution, for any temporal series.
The contribution is just concerning to extend ideas, mainly
applied to static situations, to temporal evolution of variables
representing some kind of organization phenomenon.

LMC and SDL measures were observed to be equivalent
in some temporal analyses but, when there is a strong
oscillatory component, the LMC measure seems to be more
accurate to express the temporal evolution of the complexity,
as the meteorological data analysis shows.

For more randomly distributed data, the two measures
(LMC and SDL) present the same accuracy, as the economic
data analysis shows.

A point that is always an object of discussion is the range
interval partition. The choice of the number of subintervals is
a matter of experience.

Long time intervals are not so sensitive to the increase
of the number of divisions, in spite of meteorological data
being more sensitive than economic. However, for short time
intervals, increasing the number of divisions produces a less
precise analysis, introducing noise.

The examples presented were just to illustrate the
methodological approach, without any compromise with
meteorologic or economic conclusions that can be inferred
by a specialist, by using the developed tool.

Data Availability

All the data used in this paper are available in the Internet by
following the links given in the references.
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Figure 9: LMC temporal evolution for shorter time intervals.
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