
Mathematical Problems in Engineering

Mathematical Modeling  
and Analysis of Soft Computing

Guest Editors: Shifei Ding, Zhongzhi Shi, Ke Chen, and Ahmad Taher Azar 



Mathematical Modeling and Analysis of
Soft Computing



Mathematical Problems in Engineering

Mathematical Modeling and Analysis of
Soft Computing

Guest Editors: Shifei Ding, Zhongzhi Shi, Ke Chen,
and Ahmad Taher Azar



Copyright © 2015 Hindawi Publishing Corporation. All rights reserved.

This is a special issue published in “Mathematical Problems in Engineering.” All articles are open access articles distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.



Editorial Board

Mohamed Abd El Aziz, Egypt
Silvia Abrahão, Spain
Ramesh Agarwal, USA
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Welcome to this special issue. Soft computing is one of the
hot research fields in advanced artificial intelligence, while
mathematical modeling and analysis (MMA) plays key role
in soft computing. This special issue aims to promote the
research, development, and applications of MMA for soft
computing by providing a high-level international forum for
researchers and practitioners to exchange research results
and share development experiences. The papers in this
edition were selected from among the highest rated papers
in submitted manuscripts. The selection of papers featured
here cover the topics of the main soft computing theories and
experimental studies of some application systems.

Truss layout optimization is a typical difficult constrained
mixed-integer nonlinear program. A. Xiao et al. present
fitness estimation based particle swarm optimization algo-
rithm with an adaptive penalty function approach (FEPSO-
AP). The evaluation of particles is partly substituted by the
estimation of similar particles and the iteration information
is merged into the penalty function to find a good balance
between the exploration and exploitation of the constrained
design domain.The present method solves some problems as
how we can simplify truss layout optimization and the com-
putational cost of truss analysis. Flower pollination algorithm
(FPA) is a new nature-inspired intelligent algorithm which
uses the whole update and evaluation strategy on solutions.
This algorithm may deteriorate the convergence speed and
the quality of solution due to interference phenomena among
dimensions for solving multidimension function optimiza-
tion problems. To overcome this shortage, R. Wang and Y.

Zhou point out a dimension by dimension improvement
based flower pollination algorithm.

In view of the small sample classification problem, a
neural network ensemble optimized classification algorithm
based on partial least squares (PLS) and ordinary least
squares (OLS) is proposed by W. Jia et al. This algorithm
can reduce the feature dimension of small sample data
and improve the recognition precision of classification sys-
tem. X. Xiang and J. Wu build a framework of moment
neuronal networks with intra- and inter-interactions that
shows how the spontaneous activity is propagated across the
homogeneous and heterogeneous network. The application
of chemical flooding in petroleum reservoirs turns into hot
topic of the recent researches. In order to improve the
estimation efficiency of chemical flooding in oil reservoirs,M.
A. Ahmadi put forward a predictive model based on swarm
intelligence and artificial neural network (ANN).

Multilevel association rules mining is an important
domain to discover interesting relations between data ele-
ments with multiple levels abstractions. Y. Xu et al. describe
novel genetic based multilevel association rules mining to
avoid the excessive computation in the big data. The authors
use the category tree to describe the multilevel application
data sets as the domain knowledge, then put forward a special
tree encoding schema based on the category tree to build the
heuristic multilevel association mining algorithm, and lastly
propose the genetic algorithm based on the tree encoding
schema. N. H. Moin et al. propose a hybrid genetic algorithm
with multiparents crossover for job shop scheduling problem
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that is one of the well-known hard combinatorial scheduling
problems. This algorithm embeds a schedule generation
procedure to reduce the search space and ensures the sus-
tainability. Y.-H. Kim and Y. Yoon propose a new distance
metric, based on the linkage of genes, in the search space
of genetic algorithms. This second-order distance measure
is derived from the gene interaction graph and first-order
distance, which is a natural distance in chromosomal spaces.

J. Chai et al. design empirical mode decomposition least
square support vector machine (EMD LSSVM) model to
analyze theCSI 300 index.TheEMD-LSSVMmodelwith grid
search (GS) algorithm has good performance compared with
other optimization methods including simplex, GS, particle
swarm optimization (PSO), and genetic algorithm (GA) in
predicting stock market movement direction. Focusing on
the bifurcation analysis of an SIS epidemic model with
bilinear incidence rate and saturated treatment, Y. Xiao et al.
point out the global dynamics of an SIS model with bilinear
incidence rate and saturated treatment function which shows
the effect of delayed treatment when the rate of treatment
is lower and the number of infected individuals is getting
larger. Z. Shi and Z. Ji point out a new two-stage least
squares iterative algorithm to identify the parameters of
the identification of Hammerstein finite impulse response
moving average (H-FIR-MA) systems. Compared with other
methods, the present method can obtain highly accurate
parameter estimates and fast convergence rate. Accurate
identification of the aggregation residues could help fully
decipher the molecular mechanisms. In order to predict
aggregation residues from the sequence information, B. Liu
et al. introduce two computational approaches: Aggre Easy
and Aggre Balance.The prediction of aggregation prone sites
plays a crucial role in the research of drug-targets.

V. Dobrić et al. present formalization of prototype theory
of categorization that is accomplished by using Boolean con-
sistent fuzzy logic—interpolative Boolean algebra. Proposed
formalism secures the principles of categorization and shows
that Boolean laws are fundamental in the categorization
process. H. Wang et al. propose a novel hybrid approach
based on mutual information and improved gravitational
search algorithm to improve the efficiency and accuracy of
CTQs identification. The results of experiment show that the
presentmethod has a strong search capability. Accelerated life
test is commonly used for the estimation of high-reliability
product; the article by G. Wang et al. titled “Accelerated
LifetimeData Analysis with aNonconstant Shape Parameter”
explores a simple and efficient approach to estimate the
coefficients of acceleration models by using weight least
square method.

The traditional social cognitive optimization (SCO) is not
guaranteed to converge to the global optimization solution
with probability one. J. Sun et al. design an improved SCO
algorithm which is guaranteed to converge to the global
optimization solution and has better stable optimization out-
comes than the traditional SCO for nonlinear programming
problems. The convergence proof for the improved SCO
based on Solis and Wets’ research results is given. F.-A. Deng
et al. propose an improved harmony search algorithm based
on NGHS algorithm (INGHS). The novel harmony search

algorithmhas a good performance for optimization problems
into which nine construction examples of algebra system
are converted. Global best strategy and dynamic parameters
adjustment are employed in INGHS.

Many scholars have made significant contributions to
research, education, and development of soft computing.This
special issue is dedicated to those pioneers and scientific and
technical workers in research in this area.

Acknowledgments

This special issue is supported by the National Natural
Science Foundation of China under Grant no. 61379101 and
the National Basic Research Program of China under Grant
no. 2013CB329502. Finally, we would like to thank all those
who helped to make this special issue possible, especially the
authors and the reviewers of the articles.

Shifei Ding
Zhongzhi Shi

Ke Chen
Ahmad Taher Azar



Research Article
Linkage-Based Distance Metric in the Search
Space of Genetic Algorithms

Yong-Hyuk Kim1 and Yourim Yoon2

1Department of Computer Science & Engineering, Kwangwoon University, 20 Kwangwoon-ro, Nowon-gu,
Seoul 139-701, Republic of Korea
2Department of Computer Engineering, College of Information Technology, Gachon University, 1342 Seongnam-daero,
Sujeong-gu, Seongnam-si, Gyeonggi-do 461-701, Republic of Korea

Correspondence should be addressed to Yourim Yoon; yryoon@gachon.ac.kr

Received 31 July 2014; Accepted 7 September 2014

Academic Editor: Shifei Ding

Copyright © 2015 Y.-H. Kim and Y. Yoon. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

We propose a new distance metric, based on the linkage of genes, in the search space of genetic algorithms. This second-order
distance measure is derived from the gene interaction graph and first-order distance, which is a natural distance in chromosomal
spaces. We show that the proposed measure forms a metric space and can be computed efficiently. As an example application, we
demonstrate how thismeasure can be used to estimate the extent to which gene rearrangement improves the performance of genetic
algorithms.

1. Introduction

Distance metrics are fundamental tools for organizing search
spaces, because the introduction of a metric is the simplest
way to induce a topology [1]. Different metrics produce
different topologies and thus change the shape of the search
space. When a space is to be searched by a genetic algorithm
(GA), a good distance metric facilitates navigation of the
space [2–5] and can also improve the effectiveness of search
[6–12]. Hamming distance is a popular metric in a discrete
space that is to be searched by a GA. Hamming distance has
also been widely used in analyses of solution spaces [13–15].

Fitness distance correlation (FDC), proposed by Jones
and Forrest [14], is a measure of the effectiveness of a distance
metric in a space to be searched by a GA. An FDC is
obtained by measuring the correlation between fitness and
the distance to the nearest global optimum for a number of
sample solutions. FDC coefficients range from −1 to 1, where
higher values suggest increased difficulty in maximizing
fitness and decreased difficulty in minimizing fitness. When
a GA is hybridized with a local optimization, the population
consists entirely of local optima, and it is then more useful to
determine FDCs of local-optimum spaces.

In this paper, we propose a new distance measure which
takes account of gene interaction and show that it forms
a metric space. We use this metric to compute FDCs of
search space and show that FDCs obtained in this way have
improved correlation with the improvement in GA perfor-
mance that can be obtained by gene rearrangement. The
remainder of this paper is organized as follows. In Section 2,
we review gene rearrangement in GAs. In Section 3, we
propose a new distance measure for GAs, show that it forms
a metric space, and demonstrate an application. Finally, we
draw conclusions in Section 4.

2. Gene Rearrangement

Holland’s schema theorem [16] shows that schemata (i.e.,
groups of genes) with high fitness, short defining length, and
loworder have high probabilities of survival in a standardGA.

These durable schemata are called building blocks. They
make a major contribution to fitness and have a high degree
of mutual interaction. The performance of a GA is strongly
dependent on the survival and reproduction of these building
blocks.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 680624, 6 pages
http://dx.doi.org/10.1155/2015/680624

http://dx.doi.org/10.1155/2015/680624


2 Mathematical Problems in Engineering

The survival probability of a gene group through a
crossover is strongly affected by the positions of genes in
the chromosome. Schemata consisting of genes in scattered
positions tend to be too long to survive. Thus, the strategy
used for placing genes significantly affects the performance
of a GA. Inversion is an operator which changes the location
of genes while a GA is running [17], and the process of
rearranging genes dynamically to improve performance is
called linkage learning [18]. Messy GA [19] is an example of a
technique that implicitly uses dynamic gene rearrangement.

It has been observed that the performance of GAs on
problems with a locus-based encoding can be improved by
rearranging the indices of the genes before running the GA.
Static gene rearrangement was first suggested by Bui and
Moon [20, 21], who rearrange genes within a chromosomal
representation to improve the quality of schemata and to help
the GA to preserve the better schemata. Many studies on the
static rearrangement of gene positions [20–24] have showed
performance improvements. However, the improvement in
performance achieved in this way has been shown to vary
greatly between problem instances. This motivated us to
develop a distance metric to improve our ability to estimate
how much improvement in the performance of a GA on a
particular problem instance can be expected through gene
rearrangement.

3. A Linkage-Based Distance Measure

3.1. Second-Order Distance Measure. The most usual first-
order distance measure in discrete space is the Hamming
distance which is also a natural distance in chromosomal
space, although there are other first-order distance measures,
such as the quotient metric in redundant encoding [11]. We
now define a second-order distance measure derived from
first-order distance. Given a problem instance 𝑝, consider
the unweighted undirected graph 𝐺𝑝 representing first-order
gene interaction [23], which is the pairwise interaction of
genes. For convenience, we will assume that each gene has
an interaction with itself, so that {𝑔, 𝑔} ∈ 𝐸(𝐺𝑝) for each
gene 𝑔 ∈ 𝑉(𝐺𝑝). Let 𝐴𝑝 be the adjacency matrix of 𝐺𝑝 and
consider 𝐴𝑝 as a binary matrix over Z2 [25–27].

Definition 1. Suppose that the inverse of𝐴𝑝 exists as a binary
matrix over Z2; that is, 𝐴𝑝 ∈ 𝐺𝐿𝑛(Z2). One defines the
second-order distance measure 𝑑(2)

𝑝
as follows:

𝑑

(2)

𝑝
(𝑥, 𝑦) :=











𝐴

−1

𝑝
(𝑥 ⊕ 𝑦)











, (1)

where ⊕ is a vector summation operator, which performs a
Boolean XOR (i.e., 0 + 0 = 0, 0 + 1 = 1, 1 + 0 = 1, and
1+1 = 0) in each coordinate, and ‖ ⋅ ‖ is a norm derived from
the first-order distance metric 𝑑(1) (i.e., ‖ ⋅ ‖ = 𝑑(1)(⋅, 0)).

Theorem 2. 𝑑(2)
𝑝

is a metric.

Proof. It is enough to show the following four conditions [1].

(i) Nonnegativity: since 𝑑(2)
𝑝
(𝑥, 𝑦) = 𝑑

(1)
(𝐴

−1

𝑝
(𝑥 ⊕ 𝑦), 0)

and 𝑑(1) is a metric, 0 ≤ 𝑑

(2)

𝑝
(𝑥, 𝑦) < ∞ for all 𝑥 and

𝑦 in𝑋.

(ii) Identity of indiscernibles: consider

𝑑

(2)

𝑝
(𝑥, 𝑦) = 0 ⇐⇒











𝐴

−1

𝑝
(𝑥 ⊕ 𝑦)











= 0

⇐⇒ 𝐴

−1

𝑝
(𝑥 ⊕ 𝑦) = 0

⇐⇒ 𝑥 ⊕ 𝑦 = 0

⇐⇒ 𝑥 = 𝑦.

(2)

(iii) Symmetry: consider

𝑑

(2)

𝑝
(𝑥, 𝑦) =











𝐴

−1

𝑝
(𝑥 ⊕ 𝑦)
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𝑝
(𝑦, 𝑥) .

(3)

(iv) Triangle inequality: consider
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(2)

𝑝
(𝑥, 𝑧) .

(4)

If the inverse of 𝐴𝑝 does not exist, we can extend the
scope of the distance metric using the following well-defined
formulation:

𝑑

(2)

𝑝
(𝑥, 𝑦) := min

















(arg min
𝑧











(𝑥 ⊕ 𝑦) ⊕ 𝐴𝑝𝑧










)

















. (5)

We note that if the inverse of 𝐴𝑝 exists, then 𝑧 := 𝐴
−1

𝑝
(𝑥 ⊕ 𝑦),

which implies (𝑥 ⊕ 𝑦) ⊕ 𝐴𝑝𝑧 = 0, and hence arg min𝑧‖(𝑥 ⊕
𝑦) ⊕ 𝐴𝑝𝑧‖ = 𝐴

−1

𝑝
(𝑥 ⊕ 𝑦). Our second-order distance and its

extension can be computed in 𝑂(𝑛3) by a variant of Gauss-
Jordan elimination [28], where 𝑛 is the number of genes.
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Figure 1: (a) An example of a first-order gene interaction graph 𝐺𝑝 and (b) distances between two example chromosomes 𝑥 and 𝑦.

3.2. An Application. Intuitively, our measure of the distance
between two chromosomes can be understood as the min-
imum number of bits that must be changed to transform
one chromosome into the other in the genetic process using
optimal gene rearrangement.

Given an undirected graph 𝐺 = (𝑉, 𝐸) with edge weights
(𝑤𝑖𝑗)(𝑖,𝑗)∈𝐸, the max-cut problem is that of finding a subset
𝑆 ⊂ 𝑉 which maximizes the sum of the edge weights which
traverse the cut (𝑆, 𝑉 \ 𝑆) [29–31]. Consider the 6-node max-
cut problem instance 𝑝, which is to maximize the following
expression:

𝑥1 ⊕ 𝑥2 + 𝑥2 ⊕ 𝑥3 − 𝑥4 ⊕ 𝑥5 − 𝑥5 ⊕ 𝑥6, (6)

where a vertex V𝑖 belongs to the position 𝑥𝑖 ∈ {0, 1} and ⊕ is
the Boolean XOR operator. In this problem instance, edges
{V1, V2} and {V2, V3} increase the fitness and edges {V4, V5}
and {V5, V6} reduce the fitness. In the max-cut problem, we
can consider that the given graph removing edge weights
shows the first-order gene interaction (see, e.g., Figure 1(a)).
Figure 1(b) shows an example in which the Hamming and
second-order distances between two chromosomes 𝑥 and
𝑦 are obtained by optimal gene arrangement of the gene
interaction graph 𝐺𝑝. In this example,

𝐴𝑝 =
(

(

1 1 0 0 0 0

1 1 1 0 0 0

0 1 1 0 0 0

0 0 0 1 1 0

0 0 0 1 1 1

0 0 0 0 1 1

)

)

,

𝐴

−1

𝑝
=

(

(

0 1 1 0 0 0

1 1 1 0 0 0

1 1 0 0 0 0

0 0 0 0 1 1

0 0 0 1 1 1

0 0 0 1 1 0

)

)

,

(7)

𝑥 ⊕ 𝑦 = (
1 1 1 0 1 1

)

𝑇, 𝐴−1
𝑝
(𝑥 ⊕ 𝑦) = (

0 1 0 0 0 1
)

𝑇,
and hence ‖𝐴−1

𝑝
(𝑥 ⊕ 𝑦)‖ = 2. If we use the normalized

Hamming distance (developed for the 2-grouping problem)
[32, 33] as the first-order distance measure, the FDC of this
problem is −0.50. But when our second-order distance is
used, the FDC becomes −0.95.

Given a graph 𝐺 = (𝑉, 𝐸) and its adjacency matrix 𝐴 =

(𝑎𝑖𝑗), the graph bipartitioning problem is that of minimizing
the following expression:

1

2

|𝑉|

∑

𝑖=1

|𝑉|

∑

𝑗=1

𝑎𝑖𝑗 (𝑥𝑖 ⊕ 𝑥𝑗) + 𝛾(

|𝑉|

∑

𝑖=1

𝑥𝑖 −
|𝑉|

2

)

2

,
(8)

where 𝑎𝑖𝑗 ∈ {0, 1}, a vertex V𝑖 belongs to the position 𝑥𝑖 ∈

{0, 1}, and 𝛾 is a positive constant introduced to penalize
unbalanced partitions. If we ignore the second balancing
term altogether, we can regard the given graph as the first-
order gene interaction graph of the given problem instance.
Bui and Moon [21] tried gene rearrangement in a GA for
graph bipartitioning and obtained dramatic improvements in
performance for some graphs. We hypothesized that FDCs
calculated using our second-order distance would help iden-
tify graphs that could benefit most from gene rearrangement,
in terms of GA performance. Figure 2 shows the relationship
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Table 1: Effect of gene rearrangement on FDCs computed using first- and second-order distance.

Graph FDC with 𝑑(1) FDC with 𝑑(2)
𝑝

Improvement (%)† from [21]
G500.2.5 0.369 0.033 3.495
G500.05 0.449 −0.002 −0.487
G500.10 0.221 0.005 2.674
G500.20 0.288 0.004 0.117
G1000.2.5 0.241 0.035 0.469
G1000.05 0.239 0.001 1.167
G1000.10 0.311 0.009 3.362
G1000.20 0.468 0.021 1.201
U500.05 0.297 0.438 82.258
U500.10 0.437 0.416 47.649
U500.20 0.593 0.267 65.198
U500.40 0.860 0.620 67.143
U1000.05 0.188 0.385 97.144
U1000.10 0.344 0.362 50.340
U1000.20 0.582 0.291 45.341
U1000.40 0.765 0.507 80.668
†Change in GA performance obtained by gene rearrangement.
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Figure 2: Correlation of gene rearrangement with FDC values computed using first- and second-order distance.

between FDC and the performance improvement of a GA
on 16 benchmark graphs (8 random graphs and 8 random
geometric graphs) that were used in [34–40].

Here, the performance improvement means the differ-
ence in percentage between the average performances of a
GA with and without gene rearrangement (data from [21]).
The FDC values were approximated from 10,000 randomly
generated local optima. When the first-order (normalized
Hamming) distancewas used, therewas little correlationwith
the change in performance, but our second-order distance
provided a clear correlation (see Figure 2(b) and Table 1).

4. Concluding Remarks

In most previous work, distances among chromosomes in
GAs have usually been first-order distances, and in partic-

ular Hamming distance. We have proposed a second-order
distance measure for GAs, which we consider to be more
meaningful. We have showed that this distance measure
forms a metric space and that it can be computed efficiently.

Using second-order distance allows us to see problem
spaces from a different viewpoint. We have demonstrated its
value in predicting the effectiveness of gene rearrangement,
and we envisage it providing further understanding of the
working mechanism of GAs.
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This paper studies the identification of Hammerstein finite impulse response moving average (H-FIR-MA for short) systems. A
new two-stage least squares iterative algorithm is developed to identify the parameters of the H-FIR-MA systems. The simulation
cases indicate the efficiency of the proposed algorithms.

1. Introduction

System modeling [1–5] and parameter estimation [6–10] are
basic for controller design [11, 12]. Nonlinear Hammerstein
model identification has received much attention due to its
ability to describe a wide class of nonlinear systems and
has extensive applications in many engineering problems [13,
14]. The Hammerstein models are special class of nonlinear
systems; the nonlinear block is usually static nonlinearity and
is followed by a linear system [15]. For example, Wang et
al. discussed the identification problem for a Hammerstein
nonlinear system with a dynamic subspace state space [16];
Greblicki investigated a class of continuous time Hammer-
stein system identification [17].

There are a lot of research topics about linear or non-
linear system identification [18, 19] and control [20, 21]. For
example, Ding et al. derived the gradient search based and
the Newton based identification methods for Hammerstein
systems [22]; Wang and Ding proposed a hierarchical least
squares identification method for Hammerstein-Wiener sys-
tems by using the hierarchical identification principle and the
auxiliary model identification idea [23]; Based on the data
filtering technique and the key-term separation principle,
Wang et al. investigated a filtering based recursive least
squares identification algorithm for Hammerstein output

error moving average systems [24]. The proposed algorithm
can identify not only the system model parameters but also
the noise model parameters and the internal variables.

The iterative algorithm is one of the basic methods for
system analysis and synthesis, and nonlinear optimization
[25–28]. In [29], Wang and Ding presented a gradient based
and least squares based iterative identification algorithms
for Wiener systems through the use of the hierarchical
identification principle. In [30], Ding et al. discussed the
Newton iterative identification algorithm of a class ofWiener
nonlinear systems with moving average noises from input-
outputmeasurement data. Li et al. derived iterative parameter
identification methods for nonlinear functions [31]. Pan et
al. proposed a digital image correlation using iterative least
squares and pointwise least squares for displacement field and
strain field measurements [32]. In the field of control, Zhang
et al. applied the iterative algorithm to the predictive control
field [33, 34].

Recently, the multistage identification strategy is widely
applied to the system identificationfield [35, 36]. For example,
Ding and Duan studied a new-type two-stage least squares
based iterative algorithm for identifying the system model
parameters and the noise model parameters [37].

The main concern of this paper is to investigate the
parameter identification problem of Hammerstein finite
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Figure 1: The LSI estimation errors 𝛿 versus 𝑘 (𝐿 = 3000, 𝜎2 = 0.52,
and 𝜎2 = 1.02).

impulse response moving average (H-FIR-MA) systems. The
memoryless polynomial input nonlinearity is followed by a
linear dynamical system, as is explained in Figure 1. Both the
least squares iterative and the two-stage least squares iterative
algorithms are proposed to estimate the parameters of the H-
FIR-MA systems.

The layout of this paper is organized as follows. Section 2
describes the identification model of H-FIR-MA systems.
Section 3 provides the least squares iterative algorithm for the
H-FIR-MA systems. Section 4 introduces the two-stage least
squares iterative algorithm for the H-FIR-MA systems. In
Section 5, we apply the proposed algorithms to an example to
illustrate their implementation. Finally, concluding remarks
are offered in Section 6.

2. System Description and
Identification Model

Some notation is given. ‖X‖2 = tr[XX𝑇] stands for the norm
of a matrixX; “𝑎 := 𝑥” or “𝑥 := 𝑎” expresses that “𝑎 is defined
as 𝑥”; I represents the identity matrix of appropriate sizes and
1𝑛 is defined as an 𝑛-dimensional identity column vector.

Consider an H-FIR-MA system, which is described by

𝑦 (𝑡) = 𝑥 (𝑡) + 𝑤 (𝑡)

=

𝑛𝑏

∑

𝑖=1

𝑏𝑖𝑢 (𝑡 − 𝑖) + 𝑏0𝑢 (𝑡) +

𝑛𝑑

∑

𝑖=1

𝑑𝑖V (𝑡 − 𝑖) + V (𝑡) ,
(1)

𝑥 (𝑡) =

𝑛𝑏

∑

𝑖=1

𝑏𝑖𝑢 (𝑡 − 𝑖) + 𝑏0𝑢 (𝑡) ,

𝑤 (𝑡) =

𝑛𝑑

∑

𝑖=1

𝑑𝑖V (𝑡 − 𝑖) + V (𝑡) ,
(2)

𝑢 (𝑡) = f (𝑢 (𝑡)) 𝛾, (3)

where {𝑢(𝑡)} and {𝑦(𝑡)} are the input and output sequences
of the systems, {V(𝑡)} is an uncorrelated stochastic noise
sequence with zero mean and variance 𝜎2, and 𝑥(𝑡), 𝑤(𝑡),
and 𝑢(𝑡) are unmeasurable. The output 𝑢(𝑡) of the nonlinear
block is a linear combination, with unknown coefficients
𝛾 = [𝛾1, 𝛾2, . . . , 𝛾𝑚]

𝑇
∈ 𝑅

𝑚×1, of a known basis f(𝑢(𝑡)) :=

[𝑓1(𝑢(𝑡)), 𝑓2(𝑢(𝑡)), . . . , 𝑓𝑚(𝑢(𝑡))] ∈ 𝑅

1×𝑚 in the system input
𝑢(𝑡), and can be expressed as

𝑢 (𝑡) = f (𝑢 (𝑡)) 𝛾 = 𝛾1𝑓1 (𝑢 (𝑡)) + 𝛾2𝑓2 (𝑢 (𝑡))

+ ⋅ ⋅ ⋅ + 𝛾𝑚𝑓𝑚 (𝑢 (𝑡))

=

𝑚

∑

𝑗=1

𝛾𝑗𝑓𝑗 (𝑢 (𝑡)) .

(4)

Assume that the orders 𝑛𝑏, 𝑛𝑑, and 𝑚 are known in (1)
and (4) and 𝑢(𝑡) = 0, 𝑦(𝑡) = 0, 𝑢(𝑡) = 0, and V(𝑡) = 0 for
𝑡 ≤ 0. In order to get unique parameter estimates, here we let
𝑏0 = 1 [24]. The item 𝑢(𝑡) in (1) is chosen as the key term;
substituting (4) into (1) gets

𝑦 (𝑡) =

𝑛𝑏

∑

𝑖=1

𝑏𝑖𝑢 (𝑡 − 𝑖) + f (𝑢 (𝑡)) 𝛾 +
𝑛𝑑

∑

𝑖=1

𝑑𝑖V (𝑡 − 𝑖) + V (𝑡) . (5)

Define the parameter vectorΘ and the information vector
𝜑(𝑡) as follows:

Θ := [𝜃
𝑇
, 𝛾
𝑇
]

𝑇

∈ 𝑅

𝑛𝑏+𝑚+𝑛𝑑
,

𝜃 := [𝑏1, 𝑏2, . . . , 𝑏𝑛𝑏
, 𝑑1, 𝑑2, . . . , 𝑑𝑛𝑑

]

𝑇

∈ 𝑅

𝑛𝑏+𝑛𝑑
,

𝜑 (𝑡) := [𝑢 (𝑡 − 1) , 𝑢 (𝑡 − 2) , . . . , 𝑢 (𝑡 − 𝑛𝑏) ,

V (𝑡 − 1) , V (𝑡 − 2) , . . . , V (𝑡 − 𝑛𝑑) ,

𝑓1 (𝑢 (𝑡)) , 𝑓2 (𝑢 (𝑡)) , . . . , 𝑓𝑚 (𝑢 (𝑡))]
𝑇
∈ 𝑅

𝑛𝑏+𝑛𝑑+𝑚
.

(6)

From (5), we obtain the following identification model:

𝑦 (𝑡) = 𝜑
𝑇
(𝑡) [𝜃
𝑇
, 𝛾
𝑇
]

𝑇

+ V (𝑡)

= 𝜑
𝑇
(𝑡)Θ + V (𝑡) .

(7)

Define the cost function:

𝐽 (Θ) :=

𝐿

∑

𝑡=1

V2 (𝑡) =
𝐿

∑

𝑡=1

[𝑦 (𝑡) − 𝜑
𝑇
(𝑡)Θ]

2

. (8)

In what follows, we derive the algorithms for identifying
the H-FIR-MA system using the least squares and two-stage
least squares iterative estimation algorithms.

3. The Least Squares Iterative
Estimation Algorithm

In this section, referring to themethod in [27], we give simply
the least squares iterative (LSI) estimation algorithm for the
H-FIR-MA system for comparison.



Mathematical Problems in Engineering 3

Consider the data from 𝑡 = 1 to 𝑡 = 𝐿 (𝐿 ≥ 𝑛) and define
the stacked information matrices Φ(𝐿), the stacked output
vector Y(𝐿), and the stacked white noise vector V(𝐿) as

Φ (𝐿) := [𝜑 (1) ,𝜑 (2) , . . . ,𝜑 (𝐿)]
𝑇
∈ 𝑅

𝐿×𝑛
,

𝑛 = 𝑛𝑏 + 𝑚 + 𝑛𝑑,

(9)

Y (𝐿) := [𝑦 (1) , 𝑦 (2) , . . . , 𝑦 (𝐿)]𝑇 ∈ 𝑅𝐿, (10)

V (𝐿) := [V (1) , V (2) , . . . , V (𝐿)]𝑇 ∈ 𝑅𝐿. (11)

Hence, (7) can be rewritten as

Y (𝐿) = Φ (𝐿)Θ + V (𝐿) . (12)

According to the estimation model in (12), the cost function
in (8) can be written as

𝐽1 (Θ) = ‖V (𝐿)‖

2
= ‖Y (𝐿) −Φ (𝐿)Θ‖2. (13)

To minimize 𝐽1(Θ), letting its partial derivative of 𝐽1(Θ) with
respect toΘ be zero, we have

̂Θ = [Φ
𝑇
(𝐿)Φ (𝐿)]

−1

Φ
𝑇
(𝐿)Y (𝐿) . (14)

It is impossible to obtain the estimate ̂Θ, because the
information matrix Φ(𝐿) (i.e., 𝜑(𝑡) in (6)) contains the
unmeasurable inner variables 𝑢(𝑡 − 𝑖) and the noise terms
V(𝑡 − 𝑖). Here we adopt the auxiliary model idea and the
hierarchical identification principle: let 𝑘 = 1, 2, 3 . . . be
iteration variable, let ̂Θ𝑘 be the iterative estimate of Θ at
iterative 𝑘 and ̂

𝑢𝑘(𝑡 − 𝑖), and let V̂𝑘(𝑡 − 𝑖) be the 𝑘 iterative
estimates of 𝑢(𝑡−𝑖) and V(𝑡−𝑖). We replace 𝑢(𝑡−𝑖) and V(𝑡−𝑖)
in (6) with their estimates and obtain the estimates �̂�

𝑘
(𝑡) and

̂Φ𝑘(𝐿) as follows:

�̂�
𝑘 (
𝑡)

:= [

̂

𝑢𝑘−1 (𝑡 − 1) ,
̂

𝑢𝑘−1 (𝑡 − 2) , . . . ,
̂

𝑢𝑘−1 (𝑡 − 𝑛𝑏) ,

𝑓1 (𝑢 (𝑡)) , 𝑓2 (𝑢 (𝑡)) , . . . , 𝑓𝑚 (𝑢 (𝑡)) ,

V̂𝑘−1 (𝑡 − 1) , V̂𝑘−1 (𝑡 − 2) , . . . , V̂𝑘−1 (𝑡 − 𝑛𝑑) ]
𝑇

∈ 𝑅

𝑛
,

̂Φ𝑘 (𝐿) := [�̂�𝑘 (1) , �̂�𝑘 (2) , . . . , �̂�𝑘 (𝐿)]
𝑇
∈ 𝑅

𝐿×𝑛
,

𝑛 = 𝑛𝑏 + 𝑛𝑑 + 𝑚,

V̂𝑘 (𝑡 − 𝑖) = 𝑦 (𝑡 − 𝑖) − �̂�
𝑇

𝑘
(𝑡 − 𝑖)

̂Θ𝑘 (𝑡) , 𝑖 = 1, 2, 3, . . . 𝑛𝑏,

̂

𝑢𝑘 (𝑡 − 𝑖) = 𝛾1(𝑘)𝑓1 (𝑢 (𝑡 − 𝑖)) + 𝛾2(𝑘)𝑓2 (𝑢 (𝑡 − 𝑖))

+ ⋅ ⋅ ⋅ + 𝛾𝑚(𝑘)𝑓𝑚 (𝑢 (𝑡 − 𝑖))

= f (𝑢 (𝑡 − 𝑖)) �̂�𝑘, 𝑖 = 1, 2, 3, . . . 𝑚.

(15)

Replacing Φ(𝐿) in (14) with ̂Φ𝑘(𝐿) and combining (10) and
(15), we can obtain the LSI estimation algorithmof identifying
Θ for the H-FIR-MA system as follows [27]:

̂Θ𝑘 = [
̂Φ
𝑇

𝑘
(𝐿)

̂Φ𝑘 (𝐿)]

−1
̂Φ
𝑇

𝑘
(𝐿)Y (𝐿) , (16)

Y (𝐿) = [𝑦 (1) , 𝑦 (2) , . . . , 𝑦 (𝐿)]𝑇, (17)

̂Φ𝑘 (𝐿) = [�̂�𝑘 (1) , �̂�𝑘 (2) , . . . , �̂�𝑘 (𝐿)]
𝑇
,

(18)

�̂�
𝑘 (
𝑡) = [

̂

𝑢𝑘−1 (𝑡 − 1) ,
̂

𝑢𝑘−1 (𝑡 − 2) , . . . ,

̂

𝑢𝑘−1 (𝑡 − 𝑛𝑏) , V̂𝑘−1 (𝑡 − 1) ,

V̂𝑘−1 (𝑡 − 2) , . . . , V̂𝑘−1 (𝑡 − 𝑛𝑑) , f𝑘 (𝑢 (𝑡)) ]
𝑇

(19)

f𝑘 (𝑢 (𝑡)) = [𝑓1 (𝑢 (𝑡)) , 𝑓2 (𝑢 (𝑡)) , . . . , 𝑓𝑚 (𝑢 (𝑡))] , (20)

V̂𝑘 (𝑡 − 𝑖) = 𝑦 (𝑡 − 𝑖) − �̂�
𝑇

𝑘
(𝑡 − 𝑖)

̂Θ𝑘 (𝑡) , (21)

̂

𝑢𝑘 (𝑡 − 𝑖) = 𝛾1(𝑘)𝑓1 (𝑢 (𝑡 − 𝑖)) + 𝛾2(𝑘)𝑓2 (𝑢 (𝑡 − 𝑖))

+ ⋅ ⋅ ⋅ + 𝛾𝑚(𝑘)𝑓𝑚 (𝑢 (𝑡 − 𝑖))

= f (𝑢 (𝑡 − 𝑖)) �̂�𝑘.

(22)

The computation procedures of the LSI algorithm in (16)–(22)
are summarized as follows.

Step 1. Let 𝑘 = 1 and set the initial values ̂Θ0 = 1𝑛/𝑝0, V̂0(𝑡) =
1/𝑝0, ̂𝑢0(𝑡) = 1/𝑝0; 𝑝0 is a large number (i.e., 𝑝0 = 10

6).

Step 2. Collect the input and output data 𝑢(𝑡) and 𝑦(𝑡) (𝑡 =
1, 2, . . . , 𝐿), compute f𝑘(𝑢(𝑡)) by (20), structureY(𝐿) and �̂�𝑘(𝑡)
by (17) and (19), respectively, and form ̂Φ𝑘(𝐿) by (18).

Step 3. Update the parameter identification ̂Θ𝑘 by (16).

Step 4. Compute V̂𝑘(𝑡) and ̂𝑢𝑘(𝑡) by (21) and (22), respectively.

Step 5. Increase 𝑘 by 1 and jump to Step 2.

4. The Two-Stage Least Squares Iterative
Estimation Algorithm

Here, we derive a two-stage least squares iterative (TS-LSI)
estimation algorithm for the H-FIR-MA system. From (5)
and (6), we can obtain the following identification model:

𝑦 (𝑡) =

𝑛𝑏

∑

𝑖=1

𝑏𝑖𝑢 (𝑡 − 𝑖) + f (𝑢 (𝑡)) 𝛾 +
𝑛𝑑

∑

𝑖=1

𝑑𝑖V (𝑡 − 𝑖) + V (𝑡) ,

= Ψ

𝑇
(𝑡) 𝜃 + f (𝑢 (𝑡)) 𝛾 + V (𝑡) .

(23)
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Define the information vector Ψ(𝑡) and f(𝑢(𝑡)) as

Ψ (𝑡) = [𝑢 (𝑡 − 1) , 𝑢 (𝑡 − 1) , . . . , 𝑢 (𝑡 − 𝑛𝑏) ,

V (𝑡 − 1) , V (𝑡 − 2) , . . . , V (𝑡 − 𝑛𝑑)]
𝑇
∈ 𝑅

𝑛𝑏+𝑛𝑑
,

f (𝑢 (𝑡)) = [𝑓1 (𝑢 (𝑡)) , 𝑓2 (𝑢 (𝑡)) , . . . , 𝑓𝑚 (𝑢 (𝑡))] ∈ 𝑅
1×𝑚

.

(24)

Define two intermediate variables 𝑦1(𝑡) := 𝑦(𝑡) − f(𝑢(𝑡))𝛾
and 𝑦2(𝑡) := 𝑦(𝑡) − Ψ

𝑇
(𝑡)𝜃; then the system in (23) can be

decomposed into two “suppositional” subsystems:

𝑦1 (𝑡) = Ψ
𝑇
(𝑡) 𝜃 + V (𝑡) ,

𝑦2 (𝑡) = f (𝑢 (𝑡)) 𝛾 + V (𝑡) .
(25)

The estimates of two “suppositional” subsystems in (25) can
be obtained by minimizing the cost function:

𝐽2 (𝜃) =

𝐿

∑

𝑡=1

V2 (𝑡) =
𝐿

∑

𝑡=1

[𝑦1 (𝑡) − Ψ
𝑇
(𝑡) 𝜃]
2

, (26)

𝐽3 (𝛾) =

𝐿

∑

𝑡=1

V2 (𝑡) =
𝐿

∑

𝑡=1

[𝑦2 (𝑡) − f (𝑢 (𝑡)) 𝛾]2. (27)

Consider the data from 𝑡 = 1 to 𝑡 = 𝐿 (𝐿 ≥ 𝑛) and in (25)
define the stacked information matrices Ψ(𝐿) and F(𝑢(𝐿))
and the stacked vector Y1(𝐿) and Y2(𝐿) as

Ψ (𝐿) := [Ψ (1) , Ψ (2) , . . . , Ψ (𝐿)]

𝑇
∈ 𝑅

𝐿×(𝑛𝑏+𝑛𝑑)
,

Y1 (𝐿) := [𝑦1 (1) , 𝑦1 (2) , . . . , 𝑦1 (𝐿)]
𝑇
∈ 𝑅

𝐿
,

F (𝑢 (𝐿)) := [f𝑇 (𝑢 (1)) , f𝑇 (𝑢 (2)) , . . . , f𝑇 (𝑢 (𝐿))]
𝑇

∈ 𝑅

𝐿×𝑚
,

Y2 (𝐿) := [𝑦2 (1) , 𝑦2 (2) , . . . , 𝑦2 (𝐿)]
𝑇
∈ 𝑅

𝐿
.

(28)

Two intermediate variables can be rewritten as

Y1 (𝐿) := Y (𝐿) − F (𝑢 (𝐿)) 𝛾, (29)

Y2 (𝐿) := Y (𝐿) −Ψ (𝐿) 𝜃. (30)

From (25), we have

Y1 (𝐿) = Ψ (𝐿) 𝜃 + V (𝐿) , (31)

Y2 (𝐿) = F (𝑢 (𝐿)) 𝛾 + V (𝐿) . (32)

According to the estimation model in (31), the cost function
in (26) can be written as

𝐽2 (𝜃) = ‖V (𝐿)‖

2
=









Y1(𝐿) −Ψ(𝐿)𝜃








2
.

(33)

To minimize 𝐽2(𝜃), let its partial derivative of 𝐽2(𝜃) with
respect to 𝜃 be zero:

𝜕𝐽2 (𝜃)

𝜕𝜃
= −Ψ
𝑇
(𝐿) [Y1 (𝐿) −Ψ (𝐿) 𝜃] = 0. (34)

From (34), the least squares estimate of the parameter vector
𝜃 can be expressed as

̂𝜃 = [Ψ
𝑇
(𝐿)Ψ (𝐿)]

−1

Ψ
𝑇
(𝐿)Y1 (𝐿) . (35)

Here, put (29) into (35) and (35) gives

̂𝜃 = [Ψ
𝑇
(𝐿)Ψ (𝐿)]

−1

Ψ
𝑇
(𝐿) [Y (𝐿) − F (𝑢 (𝐿)) 𝛾] . (36)

In accordance with the same derivation process of ̂𝜃, we can
easily get the estimation formula of

�̂� = [F𝑇 (𝑢 (𝐿))F (𝑢 (𝐿))]
−1

F𝑇 (𝑢 (𝐿)) [Y (𝐿) −Ψ (𝐿) 𝜃] .
(37)

However, (36) and (37) contain the unknown parameter 𝛾
and 𝜃, respectively, it is impossible to ̂𝜃 and �̂�. According to
the method in Section 3, we can summarize the two-stage
least squares iterative estimation algorithm for estimating 𝜃
and 𝛾 of the H-FIR-MA systems as follows:

̂𝜃𝑘 = [
̂Ψ
𝑇

𝑘
(𝐿)

̂Ψ𝑘 (𝐿)]

−1
̂Ψ
𝑇

𝑘
(𝐿) [Y (𝐿) − F𝑘 (𝑢 (𝐿)) �̂�𝑘−1] ,

(38)

�̂�
𝑘
= [F𝑇
𝑘
(𝑢 (𝐿)) F𝑘 (𝑢 (𝐿))]

−1

F𝑇
𝑘
(𝑢 (𝐿)) [Y (𝐿) − ̂Ψ𝑘 (𝐿) ̂𝜃𝑘] ,

(39)

Y (𝐿) = [𝑦 (1) , 𝑦 (2) , . . . , 𝑦 (𝐿)]𝑇, (40)

̂Ψ𝑘 (𝐿) = [
̂

Ψ𝑘 (1) ,
̂

Ψ𝑘 (2) , . . . ,
̂

Ψ𝑘 (𝐿)]

𝑇

,

(41)

̂

Ψ𝑘 (𝑡) = [
̂

𝑢𝑘−1 (𝑡 − 1) ,
̂

𝑢𝑘−1 (𝑡 − 2) , . . . ,
̂

𝑢𝑘−1 (𝑡 − 𝑛𝑏) ,

V̂𝑘−1 (𝑡 − 1) , V̂𝑘−1 (𝑡 − 2) , . . . , V̂𝑘−1 (𝑡 − 𝑛𝑑) ]
𝑇

,

(42)

F𝑘 (𝑢 (𝐿)) = [f
𝑇

𝑘
(𝑢 (1)) , f𝑇

𝑘
(𝑢 (2)) , . . . , f𝑇

𝑘
(𝑢 (𝐿))]

𝑇

,

(43)

f𝑘 (𝑢 (𝑡)) = [𝑓1 (𝑢 (𝑡)) , 𝑓2 (𝑢 (𝑡)) , . . . , 𝑓𝑚 (𝑢 (𝑡))] , (44)

V̂𝑘 (𝑡 − 𝑖) = 𝑦 (𝑡 − 𝑖) − ̂Ψ
𝑇

𝑘
(𝑡 − 𝑖)

̂𝜃𝑘 − f (𝑢 (𝑡 − 𝑖)) �̂�𝑘, (45)

̂

𝑢𝑘 (𝑡 − 𝑖) = 𝛾1(𝑘)𝑓1 (𝑢 (𝑡 − 𝑖)) + 𝛾2(𝑘)𝑓2 (𝑢 (𝑡 − 𝑖))

+ ⋅ ⋅ ⋅ + 𝛾𝑚(𝑘)𝑓𝑚 (𝑢 (𝑡 − 𝑖))

= f (𝑢 (𝑡 − 𝑖)) �̂�𝑘.

(46)

The computation procedures of the TS-LSI algorithm in (38)–
(46) are summarized as follows.

Step 1. Let 𝑘 = 1, and set the initial values V̂0(𝑡) = 1/𝑝0, ̂𝜃0 =
1𝑛𝑏+𝑛𝑑/𝑝0, �̂�0 = 1𝑚/𝑝0, ̂𝑢0(𝑡) = 1/𝑝0, 𝑝0 = 106 (i.e., 𝑝0 = 106).

Step 2. Collect the input and output data 𝑢(𝑡) and𝑦(𝑡) (𝑡 =
1, 2, . . . , 𝐿), compute f𝑘(𝑢(𝑡)) by (44), and form Y(𝐿) by (40)
and ̂Ψ𝑘(𝑡) by (42).
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Table 1: The LSI estimation and errors with 𝜎2 = 0.52 and 𝜎2 = 1.02 (𝐿 = 3000).

𝜎

2
𝑘 𝑏1 𝑏2 𝑑1 𝛾1 𝛾2 𝛾3 𝛿 × 100%

0.5
1 −1.4978 0.5020 −0.0174 0.8217 0.5027 0.3252 31.5090
5 −1.4950 0.5016 −0.6198 0.8202 0.4979 0.3228 1.5288
10 −1.4953 0.5014 −0.6199 0.8202 0.4972 0.3228 1.5276

1.0
1 −1.4956 0.5040 −0.0348 0.8435 0.5055 0.3195 30.694
5 −1.4890 0.5027 −0.6198 0.8405 0.4954 0.3147 2.5092
10 −1.4896 0.5022 −0.6199 0.8406 0.4935 0.3146 2.5156

True values −1.5000 0.5000 −0.6400 0.8000 0.5000 0.3310

Table 2: The LSI estimation and errors with 𝜎2 = 0.52 and 𝜎2 = 1.02 (𝐿 = 7000).

𝜎

2
𝑘 𝑏1 𝑏2 𝑑1 𝛾1 𝛾2 𝛾3 𝛿 × 100%

0.5
1 −1.4976 0.4977 −0.0028 0.8038 0.5034 0.3325 32.2250
5 −1.4951 0.4973 −0.6296 0.7956 0.5050 0.3345 0.7077
10 −1.4946 0.4969 −0.6296 0.7957 0.5052 0.3345 0.7215

1.0
1 −1.4953 0.4955 −0.0058 0.8077 0.5069 0.3340 32.084
5 −1.4891 0.4943 −0.6296 0.7914 0.5094 0.3380 1.1290
10 −1.4883 0.4935 −0.6291 0.7912 0.5091 0.3380 1.0966

True values −1.5000 0.5000 −0.6400 0.8000 0.5000 0.3310
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Figure 2:The LSI estimation errors 𝛿 versus 𝑘 (𝐿 = 7000, 𝜎2 = 0.52,
and 𝜎2 = 1.02).

Step 3. Structure ̂Ψ𝑘(𝐿) and F𝑘(𝑢(𝐿)), respectively, by (41)
and (43).

Step 4. Update the parameter identification ̂𝜃𝑘, �̂�𝑘 by (38) and
(39), respectively.

Step 5. Compute V̂𝑘(𝑡) and ̂

𝑢𝑘(𝑡) by (45) and (46), respec-
tively.

Step 6. Increase 𝑘 by 1 and jump to Step 2.
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Figure 3: The TS-LSI estimation errors 𝛿 versus 𝑘 (𝐿 = 3000, 𝜎2 =
0.5

2, and 𝜎2 = 1.02).

5. Simulations and Case Study

In this section, we consider an H-FIR-MA system, where
the static nonlinearity f(𝑢(𝑡)) := [𝑓1(𝑢(𝑡)), 𝑓2(𝑢(𝑡)), . . . ,

𝑓𝑚(𝑢(𝑡))] ∈ 𝑅
1×𝑚 is chosen as polynomials. More precisely

𝑦 (𝑡) =

2

∑

𝑖=1

𝑏𝑖𝑢 (𝑡 − 𝑖) + 𝑢 (𝑡) +

1

∑

𝑖=1

𝑑𝑖V (𝑡 − 𝑖) + V (𝑡)

= 𝑏1𝑢 (𝑡 − 1) + 𝑏2𝑢 (𝑡 − 2) + 𝑢 (𝑡) + 𝑑1V (𝑡 − 1) + V (𝑡)

= −1.5𝑢 (𝑡 − 1) + 0.5𝑢 (𝑡 − 2) + 𝑢 (𝑡)

− 0.64V (𝑡 − 1) + V (𝑡) ,
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Table 3: The TS-LSI estimation and errors with 𝜎2 = 0.52 and 𝜎2 = 1.02 (𝐿 = 3000).

𝜎

2
𝑘 𝑏1 𝑏2 𝑑1 𝛾1 𝛾2 𝛾3 𝛿 × 100%

0.5
1 −1.5067 0.5064 −0.0874 0.8803 0.4947 0.2939 28.307
5 −1.4961 0.5008 −0.6194 0.8185 0.4955 0.3235 1.4828
10 −1.4955 0.5033 −0.6192 0.8182 0.5015 0.3237 1.4736

1.0
1 −1.5048 0.5083 −0.1033 0.9010 0.4971 0.2882 27.708
5 −1.4904 0.5016 −0.6196 0.8370 0.4927 0.3161 2.3477
10 −1.4901 0.5048 −0.6197 0.8366 0.5000 0.3163 2.3106

True values −1.5000 0.5000 −0.6400 0.8000 0.5000 0.3310
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Figure 4: The TS-LSI estimation errors 𝛿 versus 𝑘 (𝐿 = 7000, 𝜎2 =
0.5

2, and 𝜎2 = 1.02).

𝑢 (𝑡) = f (𝑢 (𝑡)) 𝛾 = [𝑢 (𝑡) , 𝑢(𝑡)2, 𝑢(𝑡)3] 𝛾

= 𝛾1𝑢 (𝑡) + 𝛾2𝑢
2
(𝑡) + 𝛾3𝑢

3
(𝑡)

= 0.8𝑢 (𝑡) + 0.5𝑢

2
(𝑡) + 0.331𝑢

3
(𝑡) ,

Θ = [𝜃
𝑇
, 𝛾
𝑇
]

𝑇

= [𝑏1, 𝑏2, 𝑑1, 𝛾1, 𝛾2, 𝛾3]
𝑇

= [−1.5, 0.5, −0.64, 0.8, 0.5, 0.331]

𝑇
.

(47)

In simulation, the input {𝑢(𝑡)} is taken as an uncorrelated
measured stochastic signal sequence with zero mean, the
noise {V(𝑡)} is a white noise sequence with zero mean and
variances 𝜎2 = 0.5

2 and 𝜎

2
= 1.0

2, respectively, and the
corresponding noise-to-signal ratios are 𝛿ns = 31.73% and
𝛿ns = 63.46%.The noise-to-signal ratios can be calculated by
the following formula:

𝛿ns := √
𝐷 [𝑤 (𝑡)]

𝐷 [𝑥 (𝑡)]

× 100% =

𝜎𝑤

𝜎𝑥

× 100%, (48)

where 𝐷[𝑤(𝑡)] = 𝜎

2

𝑤
and 𝐷[𝑥(𝑡)] = 𝜎

2

𝑥
are, respectively,

expressed as the variances of 𝑤(𝑡) and 𝑥(𝑡) in (1).
Take two different data lengths 𝐿 = 3000 and 𝐿 = 7000.

The parameter valuesΘ = [𝜃𝑇, 𝛾𝑇]
𝑇

= [𝑏1, 𝑏2, 𝑑1, 𝛾1, 𝛾2, 𝛾3]
𝑇

are estimated using the two different methods described in
the paper, namely, the LSI and theTS-LSImethods in Sections
3 and 4. We apply the LSI method to estimate the parameters
of this case; the parameter estimation with different data
length and noise variances 𝜎2 are shown in Tables 1 and 2,
and the estimation errors 𝛿 versus iteration 𝑘 are shown in
Figures 1 and 2, where 𝛿 := ‖̂Θ𝑘 −Θ‖/‖Θ‖.

Similarly, the parameter estimation and estimation errors
𝛿 of the TS-LSI method with different data length and noise
variances 𝜎2 are shown in Tables 3 and 4 and Figures 3 and 4.

From the simulation results in Tables 1–4 and Figures 1–4,
we can draw the following conclusions.

(1) The parameter estimation errors given by the LSI
and TS-LSI algorithms become small as iterations
increase.

(2) The parameter estimation errors given by the LSI and
TS-LSI algorithms become closer to their true values
with the data length 𝐿 increasing.

(3) It is easy to see that a high noise level results in a low
consistence rate of the parameter estimates to the true
parameters for both of the proposed algorithms.

(4) When the data length goes to infinity, the estimation
errors converge to zero. The simulations of results in
Tables 1–4 and Figures 1–4 indicate that the proposed
algorithms based iterative algorithm should stop for
about 𝑘 = 3 ∼ 4. The fluctuation of the estimation
errors is caused for large 𝑘 due to the stationary of
noise.

All in all, this shows that the proposed algorithms are
effective.

6. Conclusions

The LSI and the TS-LSI identification algorithms are devel-
oped for H-FIR-MA systems. The simulation results indicate
that the proposed algorithms can obtain highly accurate
parameter estimates and fast convergence rate and illustrate
the proposed algorithms’ performance. Comparedwith other
methods, the LSI and TS-LSI methods must compute the
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Table 4: The TS-LSI estimation and errors with 𝜎2 = 0.52 and 𝜎2 = 1.02 (𝐿 = 7000).

𝜎

2
𝑘 𝑏1 𝑏2 𝑑1 𝛾1 𝛾2 𝛾3 𝛿 × 100%

0.5
1 −1.4949 0.4998 0.0034 0.7899 0.4984 0.3378 32.552
5 −1.4940 0.4977 −0.6350 0.7964 0.5023 0.3344 0.5547
10 −1.4934 0.4977 −0.6339 0.7962 0.5015 0.3341 0.4968

1.0
1 −1.4913 0.4982 0.0077 0.7919 0.5004 0.3408 32.772
5 −1.4867 0.4951 −0.6350 0.7929 0.5045 0.3379 1.0305
10 −1.4858 0.4950 −0.6349 0.7927 0.5038 0.3360 0.9382

True values −1.5000 0.5000 −0.6400 0.8000 0.5000 0.3310

matrix inversion. The proposed methods are simple in prin-
ciple and the basic idea can be applied to other fields [38–41].

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work was supported in part by the National High
Technology Research and Development Program of China
(China 863 Program) (no. 2013AA040405), the Guangdong-
Hong Kong Breakthrough Bidding Project in Key Areas (no.
2012A080107015), the fundamental research funds for the
central universities (JUSRP51310A), and the Chinese State
Grain Administration commonweal research project (no.
201313012).

References

[1] F. Ding, System Identification—New Theory and Methods, Sci-
ence Press, Beijing, China, 2013.

[2] F. Ding, System Identification: Performances Analysis for Identi-
fication Methods, Science Press, Beijing, China, 2014.

[3] Y. B. Hu, “Iterative and recursive least squares estimation
algorithms for moving average systems,” Simulation Modelling
Practice andTheory, vol. 34, pp. 12–19, 2013.

[4] Y. Hu, B. Liu, Q. Zhou, and C. Yang, “Recursive extended least
squares parameter estimation for Wiener nonlinear systems
with moving average noises,” Circuits, Systems, and Signal
Processing, vol. 33, no. 2, pp. 655–664, 2014.

[5] F. Ding, “Hierarchical estimation algorithms for multivariable
systems usingmeasurement information,” Information Sciences,
vol. 277, pp. 396–405, 2014.

[6] F. Ding, “State filtering and parameter estimation for state space
systems with scarce measurements,” Signal Processing, vol. 104,
pp. 369–380, 2014.

[7] C. Wang and T. Tang, “Recursive least squares estimation
algorithm applied to a class of linear-in-parameters output error
moving average systems,” Applied Mathematics Letters, vol. 29,
pp. 36–41, 2014.

[8] C. Wang and T. Tang, “Several gradient-based iterative esti-
mation algorithms for a class of nonlinear systems using the
filtering technique,”Nonlinear Dynamics, vol. 77, no. 3, pp. 769–
780, 2014.

[9] Y. Shi and H. Fang, “Kalman filter-based identification for
systems with randomly missing measurements in a network
environment,” International Journal of Control, vol. 83, no. 3, pp.
538–551, 2010.

[10] Y. Liu, F. Ding, and Y. Shi, “An efficient hierarchical identi-
fication method for general dual-rate sampled-data systems,”
Automatica, vol. 50, no. 3, pp. 962–970, 2014.

[11] Y. Shi and B. Yu, “Output feedback stabilization of networked
control systems with random delays modeled by Markov
chains,” IEEE Transactions on Automatic Control, vol. 54, no. 7,
pp. 1668–1674, 2009.

[12] Y. Shi and B. Yu, “Robust mixed H2/H∞ control of networked
control systems with random time delays in both forward and
backward communication links,” Automatica, vol. 47, no. 4, pp.
754–760, 2011.

[13] J. Vörös, “Recursive identification of systemswith noninvertible
output nonlinearities,” Informatica, vol. 21, no. 1, pp. 139–148,
2010.

[14] R. Zhang, A. Xue, and S. Wang, “Dynamic modeling and
nonlinear predictive control based on partitioned model and
nonlinear optimization,” Industrial and Engineering Chemistry
Research, vol. 50, no. 13, pp. 8110–8121, 2011.

[15] B. Yu, H. Fang, Y. Lin, and Y. Shi, “Identification of Hammer-
stein output-error systems with two-segment nonlinearities:
algorithm and applications,”Control and Intelligent Systems, vol.
38, no. 4, pp. 194–201, 2010.

[16] D. Wang, F. Ding, and L. Ximei, “Least squares algorithm for
an input nonlinear system with a dynamic subspace state space
model,” Nonlinear Dynamics, vol. 75, no. 1-2, pp. 49–61, 2014.

[17] W. Greblicki, “Continuous-time Hammerstein system identifi-
cation,” IEEE Transactions on Automatic Control, vol. 45, no. 6,
pp. 1232–1236, 2000.

[18] F. Ding, X. Liu, and J. Chu, “Gradient-based and least-squares-
based iterative algorithms for Hammerstein systems using the
hierarchical identification principle,” IET Control Theory &
Applications, vol. 7, no. 2, pp. 176–184, 2013.

[19] F. Ding, “Hierarchical multi-innovation stochastic gradient
algorithm for Hammerstein nonlinear system modeling,”
Applied Mathematical Modelling, vol. 37, no. 4, pp. 1694–1704,
2013.

[20] X. Luan, P. Shi, and F. Liu, “Stabilization of networked control
systems with random delays,” IEEE Transactions on Industrial
Electronics, vol. 58, no. 9, pp. 4323–4330, 2011.

[21] X. Luan, S. Zhao, and F. Liu, “𝐻∞-infinity control for discrete-
time markov jump systems with uncertain transition probabili-
ties,” IEEE Transactions on Automatic Control, vol. 58, no. 6, pp.
1566–1572, 2013.



8 Mathematical Problems in Engineering

[22] F. Ding, X. P. Liu, and G. Liu, “Identification methods for
Hammerstein nonlinear systems,” Digital Signal Processing, vol.
21, no. 2, pp. 215–238, 2011.

[23] D. Q. Wang and F. Ding, “Hierarchical least squares estimation
algorithm for hammerstein-wiener systems,” IEEE Signal Pro-
cessing Letters, vol. 19, no. 12, pp. 825–828, 2012.

[24] D. Wang, F. Ding, and Y. Chu, “Data filtering based recursive
least squares algorithm forHammerstein systems using the key-
term separation principle,” Information Sciences, vol. 222, pp.
203–212, 2013.

[25] J. Ding, C. Fan, and J. Lin, “Auxiliary model based parameter
estimation for dual-rate output error systems with colored
noise,” Applied Mathematical Modelling, vol. 37, no. 6, pp. 4051–
4058, 2013.

[26] J. Ding and J. Lin, “Modified subspace identification for peri-
odically non-uniformly sampled systems by using the lifting
technique,” Circuits, Systems, and Signal Processing, vol. 33, no.
5, pp. 1439–1449, 2014.

[27] K. P. Deng and F. Ding, “Newton iterative identificationmethod
for an input nonlinear finite impulse response systemwithmov-
ing average noise using the key variables separation technique,”
Nonlinear Dynamics, vol. 76, no. 2, pp. 1195–1202, 2014.

[28] L. Xie and H. Yang, “Gradient-based iterative identification
for nonuniform sampling output error systems,” Journal of
Vibration and Control, vol. 17, no. 3, pp. 471–478, 2011.

[29] D. Wang and F. Ding, “Least squares based and gradient based
iterative identification for Wiener nonlinear systems,” Signal
Processing, vol. 91, no. 5, pp. 1182–1189, 2011.

[30] F. Ding, J. Ma, and Y. Xiao, “Newton iterative identification for a
class of output nonlinear systems with moving average noises,”
Nonlinear Dynamics, vol. 74, no. 1-2, pp. 21–30, 2013.

[31] J. Li, R. Ding, and Y. Yang, “Iterative parameter identification
methods for nonlinear functions,” Applied Mathematical Mod-
elling, vol. 36, no. 6, pp. 2739–2750, 2012.

[32] B. Pan, A. Asundi, H. Xie, and J. Gao, “Digital image correlation
using iterative least squares and pointwise least squares for
displacement field and strain field measurements,” Optics and
Lasers in Engineering, vol. 47, no. 7-8, pp. 865–874, 2009.

[33] R. Zhang, P. Li, A. Xue, A. Jiang, and S. Wang, “A simplified lin-
ear iterative predictive functional control approach for chamber
pressure of industrial coke furnace,” Journal of Process Control,
vol. 20, no. 4, pp. 464–471, 2010.

[34] R. Zhang, A. Xue, J. Wang, S. Wang, and Z. Ren, “Neural
network based iterative learning predictive control design for
mechatronic systems with isolated nonlinearity,” Journal of
Process Control, vol. 19, no. 1, pp. 68–74, 2009.

[35] F. Ding, “Two-stage least squares based iterative estimation
algorithm for CARARMA system modeling,” Applied Mathe-
matical Modelling, vol. 37, no. 7, pp. 4798–4808, 2013.

[36] Y. Gu, F. Ding, and J. H. Li, “State filtering and parameter
estimation for linear systemswith d-step state-delay,” IET Signal
Processing, vol. 8, no. 6, pp. 639–646, 2014.

[37] F. Ding and H. Duan, “Two-stage parameter estimation algo-
rithms for Box-Jenkins systems,” IET Signal Processing, vol. 7,
no. 8, pp. 646–654, 2013.

[38] D. Q. Zhu and M. Kong, “Adaptive fault-tolerant control of
nonlinear system: An improved CMAC based fault learning
approach,” International Journal of Control, vol. 80, no. 10, pp.
1576–1594, 2007.

[39] D. Zhu, J. Liu, and S. X. Yang, “Particle swarm optimiza-
tion approach to thruster fault-tolerant control of unmanned

underwater vehicles,” International Journal of Robotics and
Automation, vol. 26, no. 3, pp. 426–432, 2011.

[40] D. Q. Zhu, Q. Liu, and Z. Hu, “Fault-tolerant control algo-
rithm of the manned submarine with multi-thruster based on
quantum-behaved particle swarm optimisation,” International
Journal of Control, vol. 84, no. 11, pp. 1817–1829, 2011.

[41] D. Zhu, H. Huang, and S. X. Yang, “Dynamic task assignment
and path planning of multi-AUV system based on an improved
self-organizing map and velocity synthesis method in three-
dimensional underwater workspace,” IEEE Transactions on
Cybernetics, vol. 43, no. 2, pp. 504–514, 2013.



Research Article
Prediction of (Aggregation-Prone) Peptides with Hybrid
Classification Approach

Bo Liu,1 Wenyi Zhang,2 Longjia Jia,2 Jianan Wang,2 Xiaowei Zhao,2 and Minghao Yin2

1 School of Physical Education, Northeast Normal University, Changchun 130117, China
2 School of Computer Science and Information Technology, Northeast Normal University, Changchun 130117, China

Correspondence should be addressed to Xiaowei Zhao; zhaoxw303@nenu.edu.cn and Minghao Yin; mhyinnenu@163.com

Received 23 July 2014; Revised 29 September 2014; Accepted 29 September 2014

Academic Editor: Shifei Ding

Copyright © 2015 Bo Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Protein aggregation is a biological phenomenon caused by misfolding proteins aggregation and is associated with a wide variety
of diseases, such as Alzheimer’s, Parkinson’s, and prion diseases. Many studies indicate that protein aggregation is mediated by
short “aggregation-prone” peptide segments. Thus, the prediction of aggregation-prone sites plays a crucial role in the research
of drug targets. Compared with the labor-intensive and time-consuming experiment approaches, the computational prediction
of aggregation-prone sites is much desirable due to their convenience and high efficiency. In this study, we introduce two
computational approachesAggre Easy andAggre Balance for predicting aggregation residues from the sequence information; here,
the protein samples are represented by the composition of k-spaced amino acid pairs (CKSAAP). Andwe use the hybrid classification
approach to predict aggregation-prone residues, which integrates the näıve Bayes classification to reduce the number of features,
and two undersampling approaches EasyEnsemble and BalanceCascade to deal with samples imbalance problem. The Aggre Easy
achieves a promising performance with a sensitivity of 79.47%, a specificity of 80.70% and aMCC of 0.42; the sensitivity, specificity,
and MCC of Aggre Balance reach 70.32%, 80.70% and 0.42. Experimental results show that the performance of Aggre Easy and
Aggre Balance predictor is better than several other state-of-the-art predictors. A user-friendly web server is built for prediction of
aggregation-prone which is freely accessible to public at the website.

1. Introduction

Protein aggregation is a phenomenon caused by misfolding
proteins aggregation. Many studies indicate that protein
aggregations can cause amyloid fibrils which are associ-
ated with a wide variety of diseases, such as Alzheimer’s,
Parkinson’s, and prion diseases [1]. Although the amyloido-
genic proteins do not share the homology in sequences or
common native fold patterns, they are remarkably similar
in 𝛽 structure [1]. Experiments demonstrate that protein
aggregation ismediated by short “aggregation-prone” peptide
segments. So the identification of aggregation prone in the
protein sequences is the key to finding protein aggregation
phenomenon. As we know, traditional experimental identi-
fication and characterization of aggregation prone are labor-
intensive and expensive. Therefore, the aggregation residues
prediction by computational technology attracted more and
more attention in the past few years.

Over the past ten years, a large number of computational
approaches have been developed to analyze and predict
the aggregation prone. Broadly, from the perspective of
feature extraction, these approaches can be divided into
three categories: experiment-basedmethods, structure-based
methods, and physical-chemical attribute-based methods.
For example, Aggrescan [2] proposed by Conchillo-Solé
et al. and the saturation mutagenesis analysis [3] performed
by López de la Paz and Serrano were both validated by
experiments. Among structure-based methods, Galzitskaya
et al. [4] used a new parameter, “mean packing density,”
to detect both amyloidogenic and disordered regions in a
protein sequence; SALSA [5], Hexapeptide Conf. Energy [1],
and SecStr [6] were proposed by 𝛽-sheet structure analysis.
NetCSSP [7] developed by Kim et al. used CSSP algorithm
and 3D structure to predict the amyloid fibril formation. On
the other hand, physical-chemical attribute-based methods
such as PaFigure [8] proposed by Tian et al. and Tango [9]
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Table 1: The number of aggregation sites and nonaggregation sites
in training and testing dataset.

Dataset Number of the
proteins

Number of the
aggregation sites

Number of the
nonaggregation

sites
Training
datasets 25 923 5074

Testing
datasets 8 335 1499

All datasets 33 1258 6573

developed by Fernandez-Escamilla et al. took into account
the physical-chemical principles to predict the aggregation
prone. Recently, Tsolis et al. developed two methods named
AMYLPRED [10] and AMYLPRED2 [11] which integrated 5
predictors and 11 predictors, respectively.

However, the above methods did not consider that the
dataset of aggregation-prone prediction was imbalanced, and
some methods were based on the structure information
which had high computational complexity. For these reasons,
we develop two approaches Aggre Easy and Aggre Balance
based on the sequence information to predict the aggregation
residues. In this study, the protein samples are represented
by the composition of k-spaced amino acid pairs (CKSAAP)
[12–14]. Then, we use a hybrid classification approach to
solve sample imbalance problem. The hybrid classification
approach integrates the näıve Bayes classification to reduce
the number of features and undersampling strategy to
deal with the class-imbalance problem. Two undersampling
algorithms, EasyEnsemble and BalanceCascade, are both
utilized in this paper. The Aggre Easy achieves a promising
performance with a sensitivity of 79.47%, a specificity of
80.70%, and a MCC of 0.42; the sensitivity, specificity,
and MCC of Aggre Balance reach 70.32%, 80.70%, and
0.42. Experimental results show that the performance of
Aggre Easy and Aggre Balance predictor is better than
several other state-of-the-art predictors. A user-friendly
web server is built for prediction of aggregation prone
which is freely accessible to public at the following website:
http://202.198.129.220:8080/AggrePrediction/.

2. Materials and Method

2.1. Datasets. In this paper, we select 33 amyloidogenic
proteins to predict “aggregation-prone” peptides. And all
the proteins are extracted from Uniprot/Swiss-Prot (Mar, 20,
2013). Moreover, in order to facilitate comparison with the
AMYLPRED2, we select the same dataset. For aggregation-
prone peptides prediction, 25 proteins are used for train-
ing and the remaining 8 proteins for testing. Similar to
[11], all experimentally verified aggregation sites in this
paper are regarded as positive samples, and the other
nonaggregation sites in the same proteins are taken as the
negative samples (as can be seen in Supporting Informa-
tion Text S1 in Supplementary Material available online at
http://dx.doi.org/10.1155/2015/857325). The number of pro-
teins samples in each dataset is shown in the Table 1.

We define a possible aggregation-prone peptide (2×𝑤+1)
as the aggregation bond is flanked by “w” residues upstream
and “w” residues downstream from the aggregation site. In
this paper, we select four different values of w (2, 3, 4, and 5),
and the window sizes are the 5, 7, 9, and 11. If the aggregation
site is located at the N- or C-terminus of the protein and the
length of the peptide is smaller than (2×𝑤+1), one ormultiple
“O” characters are added to complement the peptide (2 ×𝑤+
1).

2.2. Protein Encoding Schema. To develop a powerful pre-
dictor, an effective mathematical expression to formulate
the protein sequences plays an important role, which can
truly reflect their intrinsic correlation with the attribute to
be predicted [15, 16]. In this research, we use the encoding
scheme based the composition of k-spaced amino acid pairs
(CKSAAP) [12–14], which is successfully used for predicting
more types of posttranslational modifications (PTMs) sites
(e.g., prediction of palmitoylation sites [13], ubiquitination
sites [12], and Phosphorylation Sites [17]). We describe the
detailed procedures as follows.

Generally, we define an aggregation prone with a
sequence fragment of (2 × 𝑤 + 1) amino acids. There are 441
possible amino acid pair types (i.e., 𝐴𝐴,𝐴𝐶,𝐴𝐷, . . . , 𝑂𝑂).
Note that the pairs are extended to the k-spaced amino acid
pairs (i.e., pairs that are separated by 𝑘 other amino acids).
We can use the vector (𝑚𝑘

𝐴𝐴
𝑚

𝑘

𝐴𝐶
𝑚

𝑘

𝐴𝐷
⋅ ⋅ ⋅ 𝑚

𝑘

𝑂𝑂
)441 to describe a

feature vector. For instance,𝑚𝑘
𝐴𝐶

denotes that𝐴𝐶 pairs occur
𝑚 times, and amino acid 𝐴 is separated by 𝑘 other amino
acid from the amino acid𝐶 in the sequences fragment. In this
study, based on previous experience, the amino acid pairs for
k = 3, 4, 5 are jointly considered. So the total dimension of the
proposed feature vector is 441 × (𝑘 − 1).

2.3. Hybrid Classification Approach. From Section 2.1, we can
see that the negative samples are about five times of positive
samples, so the traditional learning algorithm, such as SVM,
cannot get good performance in this kind of imbalance
dataset. For the huge number of features transformed from
the CKSAAP encoding, many feature selections methods
are carried out to overcome this problem by reducing the
dimension of the features. In this paper, we design a hybrid
classification approach integrating naı̈ve Bayes classification
and two undersampling methods EasyEnsemble and Bal-
anceCascade to predict aggregation sites, which has also been
successfully used for text document classification [18, 19]. It
takes advantage of both the simplicity of the Bayes technique
and the efficient strategy of the undersampling to deal with
class-imbalance problem. In Figure 1, the black frame illus-
trates the process of hybrid classification approach. Firstly,
all training proteins or peptides are represented by CKSAAP
encoding schema. Secondly, the features of composition of
k-spaced amino acid pairs are used as the input data for
Bayes classification, where the dimensions of process of Bayes
classification are based on the number of available classes in
the classification task [20]. Finally, we use the undersampling
approaches for the predictors. For the query protein, we
can use the training model to predict whether or not it is
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Figure 1: Proposed hybrid classification approach block diagram.

an aggregation protein. The details would be shown in the
following sections.

2.3.1. The Bayes Classification Approach. The näıve Bayes
classifier [21] starts with the initial step of encoding the
sample by extracting the composition of k-spaced amino acid
pairs (CKSAAP). The list of AAPs (amino acid pairs) is
constructed with the assumption that input data contains
aap
1
, aap
2
, . . . , aap

𝑛−1
, aap
𝑛
, where𝑛 is theCKSAAPencoding

schema length. And it can be used to create a table; containing
the probabilities of the amino acid pair (AAP) in each class.
And Table 2 shows the details.

Based on the list of AAP numbers, the trained proba-
bilistic classifier calculates the posterior probability of the
particular AAP of the sample being annotated to a particular
class by using the formula (1), since each AAP in the input
sample contributes to the sample’s class probability:

Pr (Class,AAP) = Pr (AAP,Class) ⋅ Pr (Class)
Pr (AAP)

. (1)

The prior probability, Pr(Class𝑖) can be computed from

Pr (Class𝑖) =
Total of AAPs in Class𝑖

Total of AAPs in Training Dataset
. (2)

Meanwhile, we calculate the Pr(aap
𝑗
), which is repre-

sented by the probability of each aap
𝑗
in all classes; it is

expressed as

Pr (aap
𝑗
) =

∑ numbers of aap
𝑖
in all Classes

∑ numbers of all AAPs in all Classes
. (3)

The total occurrence of a particular AAP in every class
can be calculated by searching the training database, which is
composed from the lists of AAP occurrences for every class.
As previously mentioned, the list of AAP numbers for a class
is generated from the analysis of all training samples in the
particular class during the initial training stage. The same
method can be used to retrieve the sum of numbers of all
samples in every class in the training database.

To calculate the likelihood of a particular Class𝑖 with
respect to a particular aap

𝑗
, the lists of AAP number from the

training database is searched to retrieve the numbers of aap
𝑗

in Class𝑖 and the sum of all AAPs in Class𝑖. This information
will contribute to the value of Pr(aap

𝑗
,Class𝑖) given in

Pr (aap
𝑗
,Class𝑖) =

numbers of aap
𝑗
in Class𝑖

∑ numbers of all aaps in Class𝑖
.

(4)

Based on the derived Bayes’ formula for classification and
the value of the prior probability Pr(Class), the likelihood
Pr(AAP, Class) and evidence Pr(AAP), along with the pos-
terior probability, Pr(Class, AAP) of each AAP in the input
data being annotated to each class can be measured.

The probability for an input sample to be annotated to
a particular Class𝑖 is calculated by dividing the sum of each
of the “Probability” column with the length of the query, 𝑛,
which is shown in

Pr (Class𝑖, Sample)

=

Pr (Class𝑖, aap1, aap2, aap3, . . . , aap𝑛−1, aap𝑛)
𝑛

,

(5)

where aap
1
, aap
2
, aap
3
, . . . , aap

𝑛−1
, aap
𝑛
are the AAPs that are

extracted from the input sample.
The Pr(Class, Sample) is the probability value for a

sample to be annotated to a class. And if we have
class list as Class1, Class2, Class3, . . . ,Class𝑁, each sample
would have 𝑁 associated probability values, where sample
will have Pr(Class1, Sample), Pr(Class2, Sample), Pr(Class3,
Sample), . . ., and Pr(Class𝑁, Sample). All the probability val-
ues of a sample are combined to construct amultidimensional
array, which represents the probability distribution of the
sample in the vector space. In thisway, all the training samples
are vectorized into their probability distribution in vector
space, in the format of numerical multidimensional arrays,
with the number of dimensions depending on the number of
classes.

2.3.2. EasyEnsemble and BalanceCascade. Liu et al. proposed
EasyEnsemble algorithm and BalanceCascade algorithm
[22], which were the undersampling algorithms and were
widely used for classification task. EasyEnsemble algorithm
extracted several subsets from majority class examples by
themselves; for each subset, a classifier was built, and all
generated classifiers created an ensemble learning system and
then combined them for the final decision by using Adaboost
[23]. BalanceCascade algorithm depending on supervised
learning methods extracted examples from majority class
examples and then created ensemble classifiers with training
datasets [24]. The pseudocodes for EasyEnsemble and Bal-
anceCascade were shown in Algorithms 1 and 2.

2.4. Evaluation. In this study, we adopt the 10-fold cross-
validation. The dataset is randomly divided into ten equal
sets, out of which nine sets are used for training and the
remaining one for testing. This procedure is repeated ten
times and the final prediction result is the average accuracy
of the ten testing sets [25–32].

Four parameters, sensitivity (Sn), specificity (Sp), 𝑄, and
Mathew correlation coefficient (MCC), are used to measure
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Input: Training dataset 𝑆𝑟 = {(𝑥, 𝑦)}, the number of individuals 𝑇, the number of iterations 𝑆𝑖
(1) Begin
(2) For 𝑖 = 1 : 𝑇
(3) Creating a subset 𝑆𝑖

− from negative dataset of 𝑆𝑟
− by using Bootstrap sampling technique, and

the number 𝑆𝑖
− is equal to the 𝑆𝑟

+

(4) Use the Adaboost with the weak classifiers ℎ𝑖,𝑗 and corresponding weights 𝛼𝑖,𝑗 to train the
individual model𝑁𝑖, the ensemble’s threshold is 𝜃𝑖, i.e.

𝑁𝑖(𝑥) = sgn (∑𝑠𝑖
𝑗=1

𝛼𝑖,𝑗ℎ𝑖,𝑗(𝑥) − 𝜃𝑖).
(5) End For
(6) Output: An ensemble like:

𝑁(𝑥) = sgn(
𝑇

∑

𝑖=1

𝑠𝑖

∑

𝑗=1

𝛼𝑖,𝑗ℎ𝑖,𝑗 (𝑥) −

𝑇

∑

𝑖=1

𝜃𝑖)

(7) End

Algorithm 1: The EasyEnsemble algorithm.

Input: Training dataset 𝑆𝑟 = {(𝑥, 𝑦)}, the number of individuals 𝑇, the number of iterations 𝑆𝑖
(1) Begin
(2) 𝑓 = 𝑇−1√|𝑃|/|𝑁| 𝑓 is the false positive rate (the error rate of misclassifying a majority class

example to the minority class) that𝑁𝑖 should achieve
(3) For 𝐼 = 1 : 𝑇
(4) Creating a subset 𝑆𝑖

− from negative dataset of 𝑆𝑟
− by using Bootstrap sampling technique, and

the number 𝑆𝑖
− is equal to the 𝑆𝑟

+

(5) Use the Adaboost with the weak classifiers ℎ𝑖,𝑗 and corresponding weights 𝛼𝑖,𝑗 to train the
individual model𝑁𝑖, the ensemble’s threshold is 𝜃𝑖, i.e.

𝑁𝑖(𝑥) = sgn(
𝑠𝑖

∑

𝑗=1

𝛼𝑖,𝑗ℎ𝑖,𝑗(𝑥) − 𝜃𝑖)

(6) Adjust 𝜃𝑖 such that𝑁𝑖’s false positive rate is 𝑓.
(7) Remove from 𝑆𝑟

− all examples that are correctly classified by𝑁𝑖
(8) End for
(9) Output: A single ensemble like:

𝑁(𝑥) = sgn(
𝑇

∑

𝑖=1

𝑠𝑖

∑

𝑗=1

𝛼𝑖,𝑗ℎ𝑖,𝑗(𝑥) −

𝑇

∑

𝑖=1

𝜃𝑖)

(10) End

Algorithm 2: The BalanceCascade algorithm.

the performance of our model. They are defined by the
following formulas:

Sn = TP
TP + FN

,

Sp = TN
TN + FP

,

𝑄 =

Sn + Sp
2

,

MCC

=

(TP × TN) − (FN × FP)
√

(TP + FN) × (TN + FP) × (TP + FP) × (TN + FN)
,

(6)

where TP, TN, FP, and FN denote the number of true positive,
true negative, false positive, and false negative, respectively.

For a given dataset, all these values can be obtained from the
decision function with fixed cutoff [33–37].

3. Result and Discussion

3.1. The Performance in the Testing Dataset. In this research,
we select 33 amyloidogenic proteins for the prediction of
“aggregation-prone” peptides. And 25 amyloidogenic pro-
teins are selected for training; there are 923 positive samples
and 5074 negative samples; and the rest of 8 amyloidogenic
proteins are selected for testing; thus, there are 335 positive
samples and 1499 negative samples. The details are shown
in Table 1. We define a possible aggregation-prone peptide
(2 × 𝑤 + 1) as the aggregation bond; “w” is 3, 4, and 5, and
the window size is 7, 9, and 11. Next, we use the encoding
scheme based on the composition of k-spaced amino acid pairs
(CKSAAP) to formulate the aggregation-prone peptide, and
the “k” is 3, 4, and 5. In Tables 3 and 4, we compare the values
of MCC to determine the best values of 𝑤 and k.
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Table 3: The performance for EasyEnsemble learning algorithm in testing dataset.

Window size The value of the 𝑘 𝑄 MCC TP FN TN FP
5 3 0.5318 0.0514 136 199 986 513
7 3 0.5438 0.0725 131 204 1044 455
9 3 0.5426 0.0706 130 205 1045 454
11 3 0.5457 0.0779 122 213 1092 407
5 4 0.5443 0.0720 140 195 1006 493
7 4 0.5497 0.0827 133 202 1052 447
9 4 0.5347 0.0595 115 220 1090 409
11 4 0.5347 0.0598 112 223 1101 398
5 5 0.5417 0.0677 139 196 1002 497
7 5 0.5188 0.0313 117 218 1034 465
9 5 0.5303 0.0512 116 219 1069 430
11 5 0.5308 0.0542 104 231 1128 371

Table 4: The performance for BalanceCascade learning algorithm in testing dataset.

Window size The value of the 𝑘 𝑄 MCC TP FN TN FP
5 3 0.5292 0.0506 107 228 1107 392
7 3 0.5382 0.0694 100 235 1166 333
9 3 0.5197 0.0660 104 231 1142 356
11 3 0.5357 0.0641 101 234 1152 347
5 4 0.5366 0.0649 106 229 1135 367
7 4 0.5405 0.0738 101 234 1168 331
9 4 0.5319 0.0580 97 238 1163 336
11 4 0.5253 0.0489 81 254 1213 286
5 5 0.5379 0.0667 108 227 1130 369
7 5 0.5197 0.0353 94 241 1139 360
9 5 0.5293 0.0543 92 243 1175 324
11 5 0.5253 0.0470 81 254 1208 291

We use the hybrid classification approach (naı̈ve
Bayes vectorizer and two undersampling algorithms
called EasyEnsemble and BalanceCascade) to improve the
classification accuracy and performance in the imbalance
dataset. For the EasyEnsemble approach, the CART is used to
train weak classifiers; the number subset𝑇 is 4; the number of
iterations 𝑆𝑖 is 10 in the each Adaboost ensemble method; the
same parameters are used for the BalanceCascade approach.
Meanwhile, we perform a 10-fold stratified cross validation.
Within each fold, the classification method is repeated 10
times considering that the sampling of subsets introduces
randomness. The whole cross validation process is repeated
10 times, and the averages of these 10 cross validations are
the final performance of the method.

The average performance of the different parameter is
summarized in Tables 3 and 4. When the window size is
7 and the 𝑘 value was 4, the value of MCC is the highest,
0.0827 for EasyEnsemble learning algorithm and 0.0738 for
BalanceCascade learning algorithm in the testing dataset.
Thus, we select 7 (window size) and 4 (the 𝑘 value) as the final
parameters of classifier, which is used to comprise with other
predictors by 10-fold cross validation in all datasets.

The average Sn of the EasyEnsemble learning algo-
rithm and BalanceCascade learning algorithm is shown in

Figures 2 and 4.When thewindow size is smaller, the value of
Sn is higher; for example, window size is 5 and 7, and the Sn
is about 0.39∼0.41 for EasyEnsemble and 0.27∼0.32 for Bal-
anceCascade; on the contrary, when the window size is 9 and
11, the Sn is about 0.34∼0.38 for EasyEnsemble and 0.24∼0.31
for BalanceCascade. Also in Figures 3 and 5, the average Sp
of the EasyEnsemble learning algorithm and BalanceCascade
learning algorithm is summarized. It is about 0.66∼0.70 for
EasyEnsemble and 0.73∼0.77 for BalanceCascade, when the
window size is 5 and 7; however, it is about 0.69∼0.75 for
EasyEnsemble and 0.76∼0.80 for BalanceCascade, when the
window size is 9 and 11. It indicates that smaller window size
would be beneficial to predict positive sample; also, the larger
the window size is, the more redundant the information is.
What’s more, the value of Sn is higher for EasyEnsemble than
for BalanceCascade, about 10% higher; however, the value
of Sp is lower for EasyEnsemble than for BalanceCascade,
about 7% lower; it illustrates that the EasyEnsemble would
improve the prediction performance of sensitivity, and Bal-
anceCascade would improve the prediction performance of
specificity.

3.2. Comparison with Other Predictors. As the result in
Table 5, the prediction sensitivity and MCC of Aggre Easy
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Figure 2: The value of Sn for EasyEnsemble learning algorithm in
testing dataset.
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Figure 3: The value of Sp for EasyEnsemble learning algorithm in
testing dataset.

and Aggre Balance are the highest compared to others, the
Sp is 79.46%, MCC is 0.42 for the Aggre Easy, the Sp is
70.32%, MCC is 0.42 for the Aggre Balance. It indicates that
our predictor has good performance to predict the positive
samples in the imbalance dataset. However, the value of
specificity is lower than others. For Aggre Easy, the value
of specificity (Sp = 74.43%) is lower than Amyloidogenic
Pattern, Average Packing Density, Beta-strand contiguity,
SecStr, Tango, AMYLPRED, and AMYLPRED2, slightly
lower than Aggrescan, AmyloidMutants, and Hexapeptide
Conf. Energy, and higher thanNetCSSP, PaFigure, andWaltz.
For Aggre Balance, the value of specificity (Sp = 80.70%) is
lower than Amyloidogenic Pattern, Average Packing Den-
sity, Beta-strand contiguity, SecStr, Tango, AMYLPRED, and
AMYLPRED2 and higher than other methods. More impor-
tantly, the reasonably good performance of Aggre Easy and
Aggre Balance reflects that the method effectively captures
the information of aggregation sites, and we propose that
the hybrid classification approach can take advantage of the
simplicity of the Bayes technique and the sensitivity of the
undersampling ensemble learning algorithm.

InTable 5, the false positives (FP) is large; themain reason
was because of the fact that only a relative small portion of
them have been studied and confirmed experimentally to be
amyloidogenic [11]. On the other hand, we would propose
the window redirection operator to improve the prediction
performance in the future.

3.3. Web Server for Aggregation-Prone Prediction. An effec-
tive prediction servers, Aggre Easy and Aggre Balance,
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Figure 4:The value of Sn for BalanceCascade learning algorithm in
testing dataset.
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Figure 5:The value of Sp for BalanceCascade learning algorithm in
testing dataset.

are available at http://202.198.129.220:8080/AggrePrediction/.
And it is hosted on Apache 2.2 web server by usingWindows
2003 server environment. In the web server, the models
based on the datasets with the optimal parameters are used
to predict sites in submitted sequences. As is displayed in
Figures 6 and 7, users could submit the uncharacteristic
sequences with FASTA format, and the system would return
the prediction results. A region in the polypeptide sequence
was considered an aggregation prone if there are 5 or more
sequentially continuous residues to be prediction aggregation
prone.

4. Conclusion

Accurate identification of the aggregation residues could
help fully decipher the molecular mechanisms. Though
some researchers have focused on this problem, the overall
prediction performance is still not satisfied. In this paper,
we develop approaches Aggre Easy and Aggre Balance to
predict the aggregation prone from the primary sequence
information. The Aggre Easy achieves a promising perfor-
mance with a sensitivity of 79.47%, a specificity of 80.70%,
and a MCC of 0.42; the sensitivity, specificity, and MCC of
Aggre Balance reach 70.32%, 80.70%, and 0.42. Experimen-
tal results show that the performances of Aggre Easy and
Aggre Balance predictor are better than several other state-
of-the-art predictors and our methods are helpful for the
prediction of aggregation prone.
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Table 5: The performance comparison of Aggre Easy and Aggre Balance with existing 12 predictors.

Method Sn (%) Sp (%) 𝑄 (%) MCC TP TN FP FN
Aggrescan 35.37 79.26 57.32 0.13 445 5210 1363 813
AmyloidMutants 41.65 74.91 58.28 0.14 524 4924 1649 734
Amyloidogenic Pattern 13.99 94.95 54.22 0.12 176 6208 365 1082
Average Packing Density 28.70 84.12 56.41 0.12 361 5529 1044 897
Beta-strand contiguity 33.15 85.62 59.39 0.18 417 5628 945 841
Hexapeptide Conf. Energy 39.27 78.69 58.98 0.15 494 5172 1401 764
NetCSSP 51.27 65.22 58.25 0.12 645 4287 2286 613
PaFigure 51.75 71.43 61.59 0.18 651 4695 1878 607
SecStr 11.37 94.40 52.88 0.09 143 6205 368 1115
Tango 13.67 95.57 54.62 0.14 172 6282 291 1086
Waltz 56.44 65.42 60.93 0.16 710 4300 2273 548
AMYLPRED 32.99 86.23 59.61 0.19 415 5668 905 843
AMYLPRED2 39.27 84.48 61.88 0.22 494 5553 1020 764
Aggre Easy 79.46 74.43 76.95 0.42 1000 4892 1681 258
Aggre Balance 70.32 80.70 75.51 0.42 885 5304 1269 373

Figure 6: The interface of user input.

Figure 7: The example of prediction result by Aggre Easy.

Supporting Information

Text S1: All datasets are consisting of the 33 proteins and their
sites information.

Text S2: The prediction result of aggregation prone
for Aggre Easy, Aggre Balance, AMYLPRED and AMYL-
PRED2, by comparison. Simply, we remove the single pre-
diction positive site, and, in the future, we will propose
the window redirection operator to improve the prediction
performance.
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A framework of moment neuronal networks with intra- and inter-interactions is presented. It is to show how the spontaneous
activity is propagated across the homogeneous and heterogeneous network. The input-output firing relationship and the stability
are first explored for a homogeneous network. For heterogeneous network without the constraint of the correlation coefficients
between neurons, amore sophisticated dynamics is then explored.With random interactions, the network gets easily synchronized.
However, desynchronization is produced by a lateral interaction such as Mexico hat function. It is the external intralayer input unit
that offers a more sophisticated and unexpected dynamics over the predecessors. Hence, the work further opens up the possibility
of carrying out a stochastic computation in neuronal networks.

1. Introduction

The theory of moment neuronal networks (MNN) was
developed recently [1], which takes into account both the first
and the second order statistics of spike trains, generalizing the
case of Poisson synaptic inputs to more biologically plausible
renewal processes. Therefore, the MNN framework can be
considered as an attempt toward a general framework of
computation with stochastic systems. Further a more biolog-
ically reasonableMNNwith intra- and interlayer interactions
was developed by introducing intralayer inputs [2], which is
analogous to the “networks with context units” [3] in ANNs.
It shows that even a single unit with such system, as analogous
to [4–6], is able to perform various complex nonlinear tasks
like the XOR problem and that it can reach the trade-off
between the output bias and variance by determining the
optimal penalty factor due to a specific learning task.

In this letter we will explore how the spontaneous activity
is propagated across the feedforward network with both
homogeneous and heterogeneous connections, derived from
the intralayers inputs. The input-output firing relationship
and the stability are first explored for a homogeneous net-
work. Synchronization or desynchronization is then pre-
sented for heterogeneous network by random or lateral

interactions. It is the external intralayer input unit that offers
a more sophisticated and unexpectedly dynamics overMNN.

This paper is organized as follows. The framework of
MNN with intra- and interlayer interactions is presented in
Section 2.The dynamics of homogeneous and heterogeneous
network are explored in Section 3.

2. Moment Neuronal Networks with
Intra- and Inter-Interactions

For the decay rate 𝐿, when themembrane potential𝑉𝑘+1
𝑖

(𝑡) of
the 𝑖th neuron in the (𝑘+1)th layer is between its resting state
𝑉𝑟 and its threshold 𝑉𝑡, it satisfies the following dynamics:

𝑑𝑉

(𝑘+1)

𝑖
(𝑡) = −𝐿 [𝑉

(𝑘+1)

𝑖
(𝑡) − 𝑉𝑟] 𝑑𝑡 + 𝑑𝐼

(𝑘+1)

𝑖,syn (𝑡) , (1)

where the synaptic input 𝐼(𝑘+1)
𝑖,syn (𝑡) is given by

𝑑𝐼

(𝑘+1)

𝑖,syn (𝑡) =

𝑝
(𝑘),𝑖𝑟

∑

𝑗=1

𝜔

𝐸,(𝑘),𝑖𝑟

𝑖𝑗
𝑑𝑁
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−
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∑

𝑗=1

𝜔

𝐼,(𝑘),𝑖𝑟
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𝑑𝑁
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+

𝑝
(𝑘+1),𝑖𝑎

∑

𝑗=1

𝜔

𝐸,(𝑘+1),𝑖𝑎

𝑖𝑗
𝑑𝑁

𝐸,(𝑘+1),𝑖𝑎

𝑗
(𝑡)

−

𝑞
(𝑘+1),𝑖𝑎
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𝐼,(𝑘+1),𝑖𝑎

𝑗
(𝑡) .

(2)

Here 𝜔

𝐸,(𝑘),𝑖𝑟

𝑖𝑗
and 𝜔

𝐼,(𝑘),𝑖𝑟

𝑖𝑗
are the magnitudes of excitatory

postsynaptic potentials (EPSPs) and inhibitory postsynaptic
potentials (IPSPs), {𝑁𝐸,(𝑘),𝑖𝑟

𝑖
(𝑡)} and {𝑁

𝐼,(𝑘),𝑖𝑟

𝑖
(𝑡)} are renewal

processes arriving from the 𝑖th and 𝑗th synapse, and 𝑝

(𝑘) and
𝑞

(𝑘) are the total number of active excitatory and inhibitory
synapses in the 𝑘th layer. All notations with the superscript ia
imply that they receive the external stimulus from intralayer
interactions rather than from the network itself, similar
to the “networks with context unit” [3]. It would present
a more biologically reasonable network architecture than
the moment neuronal networks. When 𝑉

(𝑘+1)

𝑖
(𝑡) crosses the

membrane threshold 𝑉𝑡 from below, a spike is generated and
the membrane resets to its resting potential 𝑉𝑟.

The renewal process {𝑁𝐸,(𝑘),𝑖𝑥
𝑖

(𝑡)} can be approximated as
[1, 2]

𝑑𝑁
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where ⟨𝑇𝐸,(𝑘),𝑖𝑥
𝑖

⟩ and Var(𝑇𝐸,(𝑘),𝑖𝑥
𝑖

) are the mean and variance
of the interspike intervals (ISIs) of the renewal process
{𝑁

𝐸,(𝑘),𝑖𝑥

𝑖
(𝑡)}, respectively, the superscript ix could be either

ir or ia, and 𝑇ref is the refractory period.
For the conciseness of notation, we take the intrainput

from the (𝑘 + 1)th layer as external context input paralleled
to the 𝑘th layer, which is denoted by the superscript ia.
Furthermore, we suppose that 𝑞
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(7)

Here 𝑟𝑖𝑎 is the ratio between inhibitory inputs and excitatory
inputs from the intralayer; 𝜌(𝑘),𝑖𝑎

𝑗𝑠
is correlation coefficient

between the 𝑗th and 𝑠th input from intralayer.
In terms of Siegert’s expression [7], we have the expression

of the mean and variance of the output ISIs:
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(9)

As discussed in [2], for the correlation between the inputs
and outputs, we can assume that the following heuristic
relationship holds:
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.

(10)

Note that the right-hand side of (10) is the correlation of the
inputs to the 𝑖th and the 𝑗th neurons in the (𝑘 + 1)th layer,
which includes the intra- and interinput correlations.

The above relationships between inputs and outputs lay
the foundation of the moment neural networks with intra-
and interinteractions (MNNIII).

3. Dynamics of Networks

The question we intend to address here is how a spontaneous
activity can be maintained in a feedforward network. For
all simulations, the values of the decay rate, threshold, and
resting potential were set equal to 𝐿 = 1/20ms−1, 𝑉𝑡 =

20mV, and 𝑉𝑟 = 0mV, respectively. The same parameters
have been employed elsewhere [8] and are thought to be
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Figure 1: Propagation of activity in a homogeneous feedforward MNNIII. For each layer 𝑘, the output firing rate (𝜇(𝑘)
1
) and the coefficient of

variation (𝐶(𝑘)
1
) are reported on the abscissa and the ordinate, respectively. Points labeled 1 correspond to the first layer; points corresponding

to successive layers are connected by lines. Results were obtained for 𝑝 = 100, 𝜌𝑖𝑗 = 𝜌

𝑖𝑎

𝑖𝑗
= 0, 𝜇(1)

1
= 50Hz (solid lines), 100Hz (dashed lines),

and 𝑟 = 0.1 (top), 𝑟 = 0.5 (middle), and 𝑟 = 1.5 (bottom). In each panel, the ratios from intralayer (𝑟𝑖𝑎) are evenly spaced.
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Figure 2: The input-output firing rate relationship for a homogeneous MNNIII varied from numbers of intralayer neurons 𝑝𝑖𝑎 and the ratio
of intrainputs 𝑟𝑖𝑎. Results were obtained for 𝜌𝑖𝑗 = 𝜌

𝑖𝑎

𝑖𝑗
= 0.1 and 𝑟 = 0.5 (solid lines), 𝑟 = 1.5 (dashed lines).

in the physiological range for visual cortex cells and in
agreement with most published results [9, 10].The coefficient
of variation, CV =

√var(𝑇)/⟨𝑇⟩, is used to quantify the
irregularity of a spike train. If CV = 0, the spike train is
regular; otherwise the spike train is random. As analogous to
[1], we stop our simulation when the firing rate is slower than
0.001Hz. All simulations were carried out with MATLAB.

3.1. Dynamics of Homogeneous Network. In this section, we
focus on a homogeneous network, where all weights, afferent
means, and variances were set to be identical. Now the
quantities in (6) reduce to 𝜇

(𝑘)

1
= 𝜇

(𝑘)

𝑗
, 𝜎(𝑘)
1

= 𝜎

(𝑘)

𝑗
, 𝜇(𝑘),𝑖𝑎
1

=

𝜇

(𝑘),𝑖𝑎

𝑗
, 𝜎(𝑘),𝑖𝑎
1

= 𝜎

(𝑘),𝑖𝑎

𝑗
, and 𝜔

(𝑘)

12
= 𝜔

(𝑘)

𝑖𝑗
= 𝜔

(𝑘)
= 𝜔, 𝜔(𝑘),𝑖𝑎

12
=

𝜔

(𝑘),𝑖𝑎

𝑖𝑗
= 𝜔

(𝑘),𝑖𝑎
= 𝜔

𝑖𝑎, 𝑖 ̸= 𝑗. As we discussed before, the
propagation of correlation becomes trivial in such case since
all cells become fully correlated after the first layer. To avoid
this, we clamped the correlation coefficient; that is, we set
𝜌

(𝑘)

12
= 𝜌

(𝑘)

𝑖𝑗
= 𝜌

(𝑘)
= 𝜌, 𝜌(𝑘),𝑖𝑎

12
= 𝜌

(𝑘),𝑖𝑎

𝑖𝑗
= 𝜌

(𝑘),𝑖𝑎
= 𝜌

𝑖𝑎,
𝑖 ̸= 𝑗. In simulations we set 𝜌𝑖𝑎 = 𝜌 = 0 or 0.1, in agreement
with experimental data reported in the literature [1, 11, 12],

and we assume that each intralayer input, including numbers
of neurons, afferent means, and variances, is identical; that is,
𝑝

(1),𝑖𝑎
= 𝑝

(𝑘),𝑖𝑎
≡ 𝑝

𝑖𝑎, 𝜇(1),𝑖𝑎
1

= 𝜇

(𝑘),𝑖𝑎

1
, and𝜎

(1),𝑖𝑎

1
= 𝜎

(𝑘),𝑖𝑎

1
.

First we choose 𝑟 = 0.1, 0.5, 1.5 to illustrate how the
activity is propagated across the networks, varied from 𝑟

𝑖𝑎 and
𝑝

𝑖𝑎, on assumption that 𝐶(𝑘)
1

= 𝐶

(𝑘),𝑖𝑎

1
= 1. Unless otherwise

specified, the initial CV in all simulations is always 1, and the
weight is 0.5. In Figure 1, we show the results obtained for
various values of 𝜇(1) and 𝜎

(1) (we reported the coefficient
of variation 𝐶

(𝑘)
= 𝜎

(𝑘)
/𝜇

(𝑘)). As stated in [1], each data
point (𝜇(𝑘), 𝐶(𝑘)) is connected with (𝜇(𝑘+1), 𝐶(𝑘+1)) to illustrate
how the activity is propagated across the networks. After the
first few layers, for 𝑟 = 0.1 (top), neurons are found to be
either silent or firing at relatively high frequency for all 𝑟𝑖𝑎

and 𝑝

𝑖𝑎. For 𝑟 = 0.5 (middle), however, the situation has
changed. On the one hand, the left panel (middle) shows that
even if there is no inhibitory input (𝑟𝑖𝑎 = 0) for a small
number of intraneurons (𝑝𝑖𝑎 = 10), to be silent is certainty
on fewer intrainput neurons. On the other hand, the right
panel (middle) shows that not all networks are certainty to
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Figure 3: Stable outputs for a homogeneous MNNIII varied from numbers of intralayer neurons 𝑝𝑖𝑎 and the ratio of intralayer 𝑟𝑖𝑎. Results
were obtained for 𝑟 = 0.8 (top) and 1.5 (bottom) and 𝑝 = 100 (left) and 300 (right), with 𝜌𝑖𝑗 = 𝜌

𝑖𝑎

𝑖𝑗
= 0.1.

be silent. As stated earlier, for 𝑟 = 0.5 with fewer intrainput
neurons (𝑝𝑖𝑎 = 10), the network is certainty to be silent
(left). However, with increasing size of intrainput units, the
network might be fixing or firing at relatively high frequency
(right). Instead, they fire at low or relatively high frequency;
for example, 𝑝𝑖𝑎 ≥ 30 for 𝑟𝑖𝑎

1
= 0.1. It actually shows that the

networks can be stable at low frequency; see discussions later.
In addition, for 𝑟 = 1.5 (bottom), there is another kind of
properties that neurons fire at relatively low frequency after
a few times oscillations. Unlike a homogeneous MNN [1],
neurons are certainty to be silent with a larger ratio (e.g., 𝑟 ≥

0.4) after the first few layers. It is obvious that the intrainputs
cause a more sophisticated dynamics of network than MNN.

Figure 1 implies that the stable solution existed in some
networks. Thus we explore the stable solution of such
network. Figure 2 shows how the input-output firing rate
relationship is varied from 𝑝

𝑖𝑎 and 𝑟

𝑖𝑎, for 𝑟 = 0.5 and
𝑟 = 1.5. As analogous to [1], roughly speaking, the stable
solution appears at low firing rate for networks of increasing
size (either 𝑝 or 𝑝𝑖𝑎 size) with strong inhibition (either 𝑟 or
𝑟

𝑖𝑎). However, the preferred appearance of stable solution at
low frequency is not the increasing size of both inter- and
intralayer; for 𝑟 = 1.5 (top right, dashed lines), for example,

any ratio 𝑟

𝑖𝑎 from intralayer (from 0 to 1.5) appears as a fixed
point at low firing rate when 𝑝 = 300, 𝑝𝑖𝑎 = 100 (top right),
instead of 𝑝 = 300, 𝑝𝑖𝑎 = 300 (bottom right).

We further explore the stability of such network by
showing that the stable outputs varied from (𝑝

𝑖𝑎
, 𝑟

𝑖𝑎
). Figure 3

shows the stable outputs versus 𝑟𝑖𝑎 and 𝑝

𝑖𝑎, with a fixed ratio
from interlayer inputs 𝑟 = 0.8 (top) and 𝑟 = 1.5 (bottom) and
with the number of neurons from interlayer inputs 𝑝 = 100

(left) and 𝑝 = 300 (right). The initial inputs fix 5Hz in the
current and latter simulations. It is found that the intralayer
input unit appears to have a sophisticated role in the stability
of such network, depending on the ratio 𝑟

𝑖𝑎 and the size 𝑝

𝑖𝑎

of context unit, together with the ratio 𝑟 and the size 𝑝 of
network itself, that is, interlayer. For example, for 𝑟 = 0.8

(top), the stable output appears to increasewith the increasing
size 𝑝

𝑖𝑎 and the decreasing ratio 𝑟

𝑖𝑎 of context unit, which
plays a general role; for 𝑟 = 1.5 and 𝑝 = 300 (bottom right
panel), however, the situation has changed to play a negative
role; see 𝑝𝑖𝑎 ⩾ 300.

We also explore the stability of such network by showing
that the stable outputs varied from numbers of intralayer
neurons 𝑝

𝑖𝑎 and of interlayer 𝑝. Figure 4 shows that the
network with a small size of intra- and interlayer will be
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𝑖𝑎
= 300, with 𝜌𝑖𝑗 = 𝜌

𝑖𝑎

𝑖𝑗
= 0.1. (b) The appearance of oscillation for a homogeneous MNNIII.

either silent or firing at low frequency. Top panel shows that
the stable output of such network seems to be symmetry
between numbers of intralayers and interlayers when 𝑟 = 1.
However, there are obvious asymmetry for 𝑟 < 1 or 𝑟 > 1; see
middle and bottom panels in Figure 4. Middle panel shows
that the network with a relatively large size of interlayer, for
𝑟 < 1, will be firing at relatively high rate and that the size
of intralayer has negligible effect on the stable outputs such
as 𝑝 > 250. Bottom panel presents unexpected results of
𝑟 > 1 that relatively high frequency is firing at the large size
of intralayer and small size interlayer, rather than the large
size of intralayer and interlayer. In particular, for 𝑝 > 300 and
𝑝

𝑖𝑎
> 300, the network is unexpectedly firing at low frequency

when 𝑟 = 1.5 and 𝑟

𝑖𝑎
= 0.5; see the left of bottom panel.

All those imply that the current network can lead to more
sophisticated dynamics than MNN and the intrainput unit
plays a very sophisticated role in dynamics of such network.

Finally, we explore the stability of such network by
showing that the stable outputs varied from the ratio of both
inter- and intralayers, that is, 𝑟 and 𝑟

𝑖𝑎. Figure 5(a) shows
the stable outputs versus 𝑟 and 𝑟

𝑖𝑎 with 𝑝 = 𝑝

𝑖𝑎
= 300. It

can be seen that the network will be either silent or firing
at low frequency when 𝑟 > 1 and will be firing at relatively
high rate when 𝑟 < 1, which implies that the ratio (between
inhibitory and excitatory input) from the network itself plays
a more important role than that from intrainput unit with
such parameters.However, the networkwill converge to silent
or to low firing frequency with strong inhibition 𝑟 > 1 or to
high frequency with weak inhibition 𝑟 < 1. Unlike the stable
output of MNN in [1] (a high level of inhibition is necessary
to maintain a spontaneous activity, that is, a low output firing
rate), a weaker inhibition (𝑟 < 1 approaching 1), even with
weaker intrainhibition (𝑟𝑖𝑎 < 1 approaching 1), can converge
to low firing frequency; see, for example, 𝑟 ∈ (0.8, 1) and 𝑟

𝑖𝑎
∈

(0.5, 1). It is the intrainput unit tomaintain the low frequency
activity. Thus there is an important gain in computational

power over MNN. Note the appearance of oscillation for a
homogeneous MNNIII as singularity, for example, with 𝑟 =

2, 𝑟𝑖𝑎 = 0.1, 𝑝 = 𝑝

𝑖𝑎
= 300, and 𝜌𝑖𝑗 = 𝜌

𝑖𝑎

𝑖𝑗
= 0.1 (Figure 5(b)).

3.2. Dynamics of Heterogeneous Network. We now turn to
explore a more sophisticated dynamics of a heterogeneous
network.We shed light on, for instance, how synchronization
or desynchronization is produced by random or lateral con-
nections when we remove the constraint on the correlations
between neurons.

In accordance with the results reported in the previous
publications, we fixed the total number of neurons in each
interlayer to 𝑝

(𝑘)
= 𝑝 = 324. To show the influences of

intralayer inputs on networks, we also fixed the total number
of neurons in each intralayer to 𝑝

(𝑘),𝑖𝑎
= 𝑝

𝑖𝑎
= 324. We

further assumed that each intralayer receives the same inputs
as the first intralayer; that is, 𝑤

(𝑘),𝑖𝑎

𝑖𝑗
= 𝑤

(1),𝑖𝑎

𝑖𝑗
, 𝜇(𝑘),𝑖𝑎
𝑖

=

𝜇

(1),𝑖𝑎

𝑖
, 𝐶(𝑘),𝑖𝑎
𝑖

= 𝐶

(1),𝑖𝑎

𝑖
, and 𝜌

(𝑘),𝑖𝑎

𝑖𝑗
= 𝜌

(1),𝑖𝑎

𝑖𝑗
for 𝑖, 𝑗 = 1, . . . , 324.

First we generated random connections 𝑤

(𝑘)

𝑖𝑗
, 𝑤

(1),𝑖𝑎

𝑖𝑗
∈

[0, 0.5] and inputs 𝜇(1)
𝑖

, 𝜇

(1),𝑖𝑎

𝑖
∈ [0, 100]Hz. We also assumed

that 𝐶(1)
1

= 𝐶

(1),𝑖𝑎

1
= 1 and that 𝜌(1)

𝑖𝑗
, 𝜌

(1),𝑖𝑎

𝑖𝑗
∈ [0, 0.1] for

𝑖, 𝑗 = 1, . . . , 324.
Figure 6 shows the output CV versus the mean firing

rate in the first 10 layers of the network itself (left) and the
correlation coefficients for one cell in the first, second, and
fourth (or fifth) layer (right) for 𝑟 = 1.2, 𝑟𝑖𝑎 = 1.5; 𝑟 =

0.5, 𝑟𝑖𝑎 = 0.5; and 𝑟 = 1.5, 𝑟𝑖𝑎 = 0.9. Simulations show that
all neurons synchronize after the 5th layer, that is, 𝜌(𝑘)

𝑖𝑗
= 1

for 𝑘 ≥ 5, and that the network is stable. Top panels show
that the network will be stable at relatively low frequency
(<100Hz) after the 4th layer; middle panels show that the
network will be stable at relatively high rate (>100Hz) after
the 5th layer; however, the last panels show that the network
can be stable at a very low frequency (<1 Hz). For example,
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Figure 6: Propagation of activity in a heterogeneous MNNIII with random connections. The output CV versus the mean firing rate in the
first 10 layers (left). The correlation coefficients for one cell (right). Results were obtained for 𝑟 = 1.2, 𝑟𝑖𝑎 = 1.5; 𝑟 = 0.5, 𝑟𝑖𝑎 = 0.5, and
𝑟 = 1.5, 𝑟𝑖𝑎 = 0.9.

Figure 7 shows the mean firing rate for different layers,
corresponding to Figure 6 (top). Note the different scale for
each layer. It can be seen from Figures 6 and 10 (top) that the
ratios 𝑟 and 𝑟

𝑖𝑎 change the stable outputs but do not change
the synchronization. This result, in general, is in agreement
with numerical experiments of feedforward spiking neuronal

networks, showing that neurons get synchronized quite easily
[13]. In fact, desynchronization rather than synchronization
seems to be the major problem for a spiking neuronal
network.

In order to avoid synchronization, we used the same
Mexican hat weight distribution as in [1]. To this end, we
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Figure 7: The mean firing rate for different layers, corresponding to top panel in Figure 6.

first rearranged all neurons {1, 2, . . . , 𝑝} from the interlayer
on a two-dimensional square lattice by assigning to neuron
𝑖 ∈ {1, 2, . . . , 𝑝} coordinates as

𝑥 (𝑖) = (

𝑖 − 1

𝑛

) ,

𝑦 (𝑖) = (𝑖 − 1) − 𝑛𝑥 (𝑖) ≡ mod (𝑖 − 1, 𝑛) ,

(11)

with 𝑝

(𝑘)
= 𝑝 = 𝑛

2. Then for 𝑖, 𝑗 = 1, 2, . . . , 𝑝, we set

𝜔

(𝑘)

𝑖𝑗
= 𝜔𝑖𝑗 = 𝑀(0.1 [𝑥 (𝑖) − 𝑥 (𝑗)] , 0.1 [𝑦 (𝑖) − 𝑦 (𝑗)]) ,

(12)

where 𝑀(𝑥, 𝑦) is the Mexico hat function, defined for 𝑥, 𝑦 ∈

𝑅 as
𝑀(𝑥, 𝑦)

=

𝑚

√

2𝜋𝛾

[exp(−

𝑥

2
+ 𝑦

2

2𝛾

2
) −

1

2

exp(−

𝑥

2
+ 𝑦

2

8𝛾

2
)] ,

(13)

with 𝑚 > 0, 𝛾 > 0 modulation parameters. For simulations
we used the same modulation 𝑚 = 3, 𝛾 = 0.5 as [1] and the
same other parameters as in the previous subsection.

Figure 8 shows the propagation of activity in a hetero-
geneous MNNIII with Mexico hat type connections for 𝑟 =

1.2, 𝑟𝑖𝑎 = 1.5. The results indicate that the activity in the
network becomes stable after the 6th layer (top left). Also,
as indicated by the values of the correlation coefficients in
the top right panel, the neurons do not synchronize. Middle
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Figure 8: Propagation of activity in a heterogeneous MNNIII with Mexico hat type connections. The output CV versus the mean firing rate
in the first 10 layers (top left).The correlation coefficients for three cells in layer 10 (top right).Themean firing rate for different layers (middle
and bottom). Results were obtained for 𝑟 = 1.2, 𝑟𝑖𝑎 = 1.5.

and bottom panels show the mean firing rate for different
layers. Figure 9 presents the correlation coefficients between
the central cell and the other cells in layer 3 and in layer
10, corresponding to Figure 8; on average the correlation
coefficient between neurons was around zero.

It is interesting to note that, from the first to the second
layer, there is a general reduction in firing rate. Then, after a
few transition layers, the neuronal activity becomes stable. In
summary, the activity in a heterogeneous MNNIII becomes
stationary after a few layers. With random interactions,

the network gets easily synchronized. However, with lateral
interactions by Mexico hat function, desynchronization is
presented; that is, firing rates of individual neurons tend to
spread out.

To compare the results with others, Figure 10 shows
the propagation of activity in a heterogeneous MNNIII
with random connections (top) and with Mexico hat type
connections (bottom) for 𝑟 = 1.5, 𝑟𝑖𝑎 = 1.5. It only shows
the output CV versus the mean firing rate in the first 10

layers (left) and the stable mean firing rate in layer 10 (right),
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Figure 9: The correlation coefficients between the central cell and the other cells in layer 3 (left) and in layer 10 (right), corresponding to
Figure 8.

respectively. Figure 10 implies that the MNNIII with random
connections gets synchronized after the 6th layer, and with
Mexico hat type connections it becomes stationary and fires
with the bell-like firing rates after the 7th layer.

First, the weight connections are key to propagate the
activity of such network. A homogeneous network with
clamped weight connections, as stated in Section 3.1, con-
verges to silent or to low/high firing frequency. However, a
heterogeneous network gets synchronized or desynchronized
due to random or lateral weight connections. It is the lateral
weight connections introduced by the Mexican hat that push
cells to fire with more widely spread firing rates than in a
network with random interactions; see the former discus-
sions in this subsection. In other words, weight connections
determine the type of dynamics of network (say, convergence,
synchronization, and desynchronization) and subsequently
change the size of stable outputs. For 𝑟 = 1.5, 𝑟𝑖𝑎 = 1.5,
for example, a homogeneous network with initial input 50Hz
converges to 16.09Hz after the 5th layer (approximate to 𝑟 =

1.5, 𝑟𝑖𝑎 = 1.5 in the left panel of Figure 5); Figure 10 shows
that a network with random connections gets synchronized
at 9.36Hz after the 6th layer (top) and with Mexico hat
type connections it gets desynchronized at the stable bell-
like outputs with a mean value of 19.56Hz after the 7th layer
(bottom). It is the weight connections that change the stable
outputs of network. Additionally, the network simulations
reported in this subsection show that a highly irregular output
firing is also the result of correlations between neuronal
activities.

Second, all simulations show that the ratio of inhibition
from inter- or intralayer (𝑟 or 𝑟

𝑖𝑎) does not determine the
type of dynamics but influences the stable outputs of network.
For homogeneous network, it was verified in Section 3.1.
For a network with random connections, Figures 6 and 10
(top) show that the ratio 𝑟 or 𝑟𝑖𝑎 changes the stable outputs
but does not change the synchronization. Figures 8 and 10
(bottom) show that the lateral weight connections introduced

by the Mexican hat push cells to fire with more widely spread
firing rates than in a network with random interactions and
that the ratio 𝑟 only changes the stable outputs; for example,
the mean of stable bell-like outputs in Figure 8 (18.05Hz) is
bigger than that in bottom panel of Figure 10 (11.45Hz). It is
the inhibition from network itself or from external intrainput
that can enhance or weaken the (stable) firing outputs of
network.

Finally, all parameters influence the speed of the stability
of network. For homogeneous network, it was included in
discussions in Section 3.1. For heterogeneous network, the
weight connections can influence it, when other parameters
are identical; see, for example, Figure 8, which shows that the
speed of synchronization by random connections is slightly
faster than that of desynchronization by lateral connections.
Further the ratio of inhibition influences it; see, for example,
Figures 6 and 10 (top), which show its validity for random
connections, and Figures 8 and 10 (bottom) do so for the
Mexican hat type connections. In addition, the heteroge-
neous MNNIII simulations reported in this subsection show
that synchronization/desynchronization seems to be slightly
slower or faster than MNN [1] with other identical parame-
ters, since the external intralayer input unit can enhance or
weaken the firing outputs. Thus, the network reported here
offers a more sophisticated and unexpected dynamics over
the MNN.

4. Discussion

In the current paper, we have focused on the dynamics of
feedforward MNNIII, akin to the dynamics of MNN. Syn-
chronization or desynchronization is presented by random
or lateral interactions. Due to more biologically reasonable
intralayer inputs, such network offers a more sophisticated
and unexpected dynamics over the MNN. As stated earlier,
the intrainput unit plays a very sophisticated role in dynamics
of such network. It can enhance or weaken the firing outputs
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Figure 10: Propagation of activity in a heterogeneous MNNIII with random connections (top) and Mexico hat type connections (bottom).
The output CV versus the mean firing rate in the first 10 layers (left). The stable mean firing rate in layer 10 (right). Results were obtained for
𝑟 = 1.5, 𝑟𝑖𝑎 = 1.5.

by varying on the ratio 𝑟

𝑖𝑎 and/or the size 𝑝

𝑖𝑎 of intralayer,
incorporating with those of interlayer, that is, 𝑟 and/or 𝑝.
In the future we might shed light on the application in
engineering, the dynamics, and/or learning rule of MNNIII
with other network architectures such as recurrent and RBF
network [14].
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The job shop scheduling problem (JSSP) is one of the well-known hard combinatorial scheduling problems. This paper proposes a
hybrid genetic algorithmwith multiparents crossover for JSSP.Themultiparents crossover operator known as extended precedence
preservative crossover (EPPX) is able to recombine more than two parents to generate a single new offspring distinguished from
common crossover operators that recombine only two parents. This algorithm also embeds a schedule generation procedure to
generate full-active schedule that satisfies precedence constraints in order to reduce the search space. Once a schedule is obtained,
a neighborhood search is applied to exploit the search space for better solutions and to enhance the GA. This hybrid genetic
algorithm is simulated on a set of benchmarks from the literatures and the results are compared with other approaches to ensure
the sustainability of this algorithm in solving JSSP.The results suggest that the implementation of multiparents crossover produces
competitive results.

1. Introduction

The job shop scheduling problem (JSSP) is one of the well-
known hard combinatorial scheduling problems and it has
been studied extensively due its practical importance. During
the past three decades, optimization strategies for JSSP
ranging from exact algorithms (mathematical programming)
to approximation algorithms (metaheuristics) have been
proposed [1]. Exact methods which are based on exhaustive
enumeration and decomposition method guarantee global
convergence and have been successfully applied to small
instances. But, for the moderate and large scale instances,
they require very high computational time to be either
ineffective or inefficient [2]. Therefore, a lot of researchers
focused their attention on approximation methods. Meta-
heuristics is one of the approximation methods that were
proposed in the literatures to deal with JSSP which include
tabu search (TS) [3], simulated annealing (SA) [4], genetic
algorithm (GA) [5], and discrete artificial bee colony (DABC)
[6].

In recent years, since the first use of GA based algorithm
to solve the JSSP proposed byDavis [7], various GA strategies

are introduced to increase the efficiency of GA to find the
optimal or near optimal solutions for JSSP [8]. In the GA
strategies, hybridization of GA with local search methods
provides good results in solving the problems where GA
capitalizes on the strength of the local search in locating the
optimal or near optimal solutions. For example, Gonçalves
et al. [9] and Zhang et al. [10] embedded the local search
procedure of Nowicki and Smutnicki [11] into GA due
to the effectiveness of the local search that increases the
performance of GA. Qing-Dao-Er-Ji andWang [12] proposed
new crossover operator and mutation operator together with
local search in improving local search ability of GA.

Additionally, the structure of the GA can be modified
and enhanced to reduce the problems often encountered
in GA. Yusof et al. [13] implemented a migration operator
in GA by using parallelization of GA (PGA) to find the
near optimal solutions. Watanabe et al. [14] proposed a GA
with search area adaption and a modified crossover operator
for adapting to the structure of the solutions space. Ripon
et al. [15] embedded heuristic method in the crossover to
reduce the tail redundancy of chromosome. Particularly,

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 210680, 12 pages
http://dx.doi.org/10.1155/2015/210680

http://dx.doi.org/10.1155/2015/210680


2 Mathematical Problems in Engineering

recombination operators, especially crossover operators, play
important roles in the structure of GA.

Crossover between two parents is traditionally adopted in
GA [8] for JSSP but the GA can be modified accordingly to
suit the problem at hand including selecting several numbers
of parents for the crossover operation which is known as
multiparents crossover.

The application of multiparents recombination can be
found in different research areas. Mühlenbein and Voigt [16]
proposed gene pool recombination (GPR) in solving discrete
domain problems. Eiben and van Kemenade [17] introduced
the diagonal crossover as the generalization of uniform
crossover in GA for numerical optimization problems. Wu
et al. [18] proposed multiparents orthogonal recombination
to determine the identity of an unknown image contour. The
crossover operators that were used in those areas show the
good search ability of the operator but are verymuch problem
dependent.

The above literatures indicated the ascendency of mul-
tiparents crossover over two parents’ crossover. Although
multiparents crossover has been used in different fields, to
the best of our knowledge, only limited numbers are applied
to combinatorial scheduling problems and none has been
proposed for JSSP. In particular, Eiben et al. [19] proposed
multiparent for the adjacency based crossover (ABC) and
Ting et al. [20] developed multiparent extension of partially
mapped crossover (MPPMX) for the travelling salesman
problems. Although the experimental results point out that
ABC of multiparents has no tangible benefit, MPPMX
shows significant improvement in the use of multiparents
in crossover. In other words, one would expect that, by
biasing the recombination operator, the performance of the
GA would improve.

In this paper, we propose extended precedence preser-
vative crossover (EPPX) as a multiparent crossover. EPPX
is based on the precedence preservative crossover (PPX)
proposed by Bierwirth et al. [21]. Because of its ability to pre-
serve the phenotypical properties of the schedules. EPPX as
crossover operator will retain this advantage in theGA. EPPX
is used in GA in conjunction with neighborhood search to
solve JSSP. The rest of the paper is organized as follows. JSSP
and the different types of schedules are described in detail
in the next section. In Section 3, we present our approach
to solve the JSSP: chromosome representation, schedule gen-
eration procedure, neighborhood search procedure, and GA
withmultiparents crossover. Section 4 provides experimental
results and analysis. The conclusions are drawn in Section 5.

2. Problem Definition

2.1. Job Shop Scheduling Problem (JSSP). The JSSP can be
defined as a set of 𝑛 jobs that need to be processed on a set
of 𝑚machines. A job consists of a set of operations 𝐽, where
𝑂𝑖𝑗 represents the 𝑗th (1 ≤ 𝑗 ≤ 𝐽) operation of the 𝑖th (1 ≤
𝑖 ≤ 𝑛) job. The technological requirement for each operation
processing time is denoted as 𝑝𝑖𝑗 and a set of machines is
denoted by𝑀𝑘 (1 ≤ 𝑘 ≤ 𝑚).

Table 1: Example for 3-job and 3-machine problem.

Job Operation routing
1 2 3

Processing time
1 3 3 2
2 1 5 3
3 3 2 3

Machine sequence
1 M1 M2 M3
2 M1 M3 M2
3 M2 M1 M3

Precedence constraint of the JSSP is defined as [22]
operation 𝑗th must finish before operation 𝑗th + 1 in the job.
A job can visit a machine once only. Only one operation at
a time for one time is allowed to be processed in a machine.
It is assumed that the delay time for the job transfer machine
will be neglected and operation allocation for machine will
be predefined. Preemption of operations is not allowed.
There are no precedence constraints among the operations of
different jobs.

The main objective of JSSP is to find the minimum
makespan for the scheduling. The finish time of job 𝑖 with
last operation, 𝐽, is represented by 𝐹𝑖𝐽. The time for the whole
schedule to complete or the makespan is also the maximum
finish time of a set of the jobs 𝑖. Therefore, the makespan is
expressed as follows:

Makespan = max (𝐹𝑖𝐽) . (1)

Let 𝐺(𝑘) be the set of operations being processed in
machine 𝑘 and let

𝑋𝑂𝑖𝑗 ,𝑘
= {

1 if 𝑂𝑖𝑗 has been assigned to machine 𝑘
0 otherwise.

(2)

The conceptual model of the JSSP is shown as below:

Minimize {max (𝐹𝑖𝐽)} (3)

𝐹𝑖𝑗 ≤ 𝐹𝑖𝑗+1 − 𝑝𝑖𝑗+1, 𝑗 = 1, 2, . . . 𝐽, ∀𝑖 (4)

∑

𝑂𝑖𝑗𝜖𝐺(𝑘)

𝑋𝑂𝑖𝑗 ,𝑘
≤ 1, ∀𝑘. (5)

The objective function represented by (3) minimizes the
maximum finish time in the set of the jobs 𝑖 and therefore
minimizes the makespan. Equation (4) satisfies precedence
relationships between operations and (5) imposes that an
operation can only be assigned to a machine at a time.

Table 1 shows an example of 3 jobs and 3 machines and
their sequences for JSSP.

2.2. Type of Schedules. Three types of feasible schedule are
considered: semiactive, active, and nondelay schedule [22].
In a semiactive schedule, there are no operations that can be
started earlier without altering the sequences of the opera-
tions. In a semiactive schedule the makespan may often be
reduced by shifting an operation to the left without delaying
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Semiactive

Active

Nondelay

Optimal

Feasible

Full-active

Figure 1: Relationship of the schedules.

other jobs. Reassignment of operations is called a permissible
left shift. An active schedule is a schedule with no more
permissible left shifts.Therefore, the set of active schedules is
a subset of semiactive schedules. In a nondelay schedule, no
machine is kept idle at a time when it could begin processing
other operations and hence the set of nondelay schedules is a
subset of active schedules. In addition the search space can
be further reduced by implementing a full-active schedule
introduced by Zhang et al. [10]. A full-active schedule is
defined as a schedule where there is no more permissible left
or right shift. Optimal solution of the scheduling always lies
in the full-active schedule. Figure 1 illustrates the interaction
of the schedules.

In order to generate the full-active schedule, we employ a
scheduling approach called iterative forward-backward pass
[23] in Section 3.1.2which performs a kind of local search that
can be used to introduce heuristic improvement into genetic
search.

3. Hybrid Genetic Algorithm

GA is a stochastic search optimization technique that mim-
ics the evolutionary processes in biological systems. This
approach begins with a population, which represents a set
of potential solutions in the search space. Each individual
in the population is assigned a value by GA according to
a problem specific objective function. The individuals will
attempt to combine the good features in each individual
in the population using a reproduction operator step such
as crossover or mutation in order to construct individuals
which are better suited than previous individuals. Through
this evolution process, individuals that are less fit tend to be
replaced by fitter individuals to generate a new population
which eventually the desired optimal solutions will be found.

3.1. Schedule Generator Procedure

3.1.1. Chromosome Representation and Decoding. Represen-
tation of JSSP in chromosome is classified by Cheng et al.
[22] into two approaches: direct and indirect. The direct
approach directly encodes and decodes the representation
into schedule while the indirect approach needs a sched-
ule builder to encode and decode the chromosome into

Permutation with 
repetition 1 2 3 3 2 2 3 1 1

Machine 1

Machine 2

Machine 3

1 2 3

3 2 1

2 3 1

Figure 2: Permutation with repetition representation for 3 jobs and
3 machines.

the schedule. The indirect approach is adopted in this study
to represent the individual.

The chromosome in this paper is represented as operation
based representation. In this representation, 𝑖 represents the
number of jobs 𝑖 = 1, 2, 3 . . . , 𝑛 and is repeated according the
total number of operations in the job. Figure 2 illustrates the
representation of 3 jobs and 3 machines. The chromosome
is represented as [1 2 3 3 2 2 3 1 1], where jobs 1, 2, and 3
are represented as numbers 1, 2, and 3 in the chromosome,
respectively. The number of occurrences in each chromo-
some depends on the number of operations required. The
chromosome is scanned from left to right and at the 𝑗th
occurrence of a job number refers to the 𝑗th operation in the
technological sequence of this job. The chromosome created
is always feasible and legal.

A scheduling can be built by constructing a schedule
builder that performs a simple local search to decode the
genes of the chromosome from left to right to a list of ordered
operations. The first operation in the list is scheduled first,
then the second operation, and so on. The operation will
always be shifted to the left until time is equal to zero or
inserted into a blank time interval between operations to
find the earliest completion time. The process is repeated
until all operations are scheduled. A schedule generated by
the procedure can be guaranteed to be an active schedule
[22]. Figure 3(a) illustrates the scheduling encoded by fol-
lowing operation sequences in the chromosome [1 1 3 ⋅ ⋅ ⋅ ].
Applying the process will enable the job to find possible
earlier start time before being appended as last operation
in the machine (Figure 3(b)) and the chromosome encoded
is transformed to [1 3 1 ⋅ ⋅ ⋅ ]. In this representation, two
or more chromosomes decoded may be translated into an
identical schedule.

3.1.2. Schedule Generation Procedure. The procedure used
to construct full-active schedule is based on a schedul-
ing scheme called iterative forward-backward pass. This
approach was proposed by Lova et al. [23] which had
been shown to produce significant improvement in reducing
makespan in the other field of scheduling problems.

The algorithm described in Section 3.1.1 uses a forward
pass approach to generate an active schedule with the
makespan max(𝐹𝑖𝐽) in the schedule in which the operations
are able to shift left until time is equal to zero. Backward pass
is a reverse process of the forward pass where the operations
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Figure 3: Permissible left shift for semiactive schedule.

in a schedule start from end of the schedule and end at the
beginning of the schedule min(𝐹𝑖1), in which the operations
are able to shift right until time is equal to max(𝐹𝑖𝐽).

The iterative forward-backward pass approach can be
described with the following steps.

Step 1. An active schedule chromosome is generated by
forward pass with maximummakespan max(𝐹𝑖𝐽).

Step 2. Apply backward pass on the chromosome fromStep 1.
Chromosome is scanned starting from right to left to generate
a schedule with start time max(𝐹𝑖𝐽) (Figure 4). Through the
right shifting in the schedule, we can obtain the beginning of
the schedule min(𝐹𝑖1) and the makespan of this schedule is
given as

𝐵𝐶max = max (𝐹𝑖𝐽) −min (𝐹𝑖1) . (6)

𝐵𝐶max and min(𝐹𝑖1) denote makespan and minimum time,
respectively, in this new schedule. The new schedule is
encoded into a new chromosome with makespan 𝐵𝐶max.

Step 3. If𝐵𝐶max < max(𝐹𝑖𝐽), themakespan obtained from the
schedule in Step 2 is less than themakespan in the schedule of
Step 1, there is improvement of the schedule makespan, and
then the new chromosome is used in Step 1; otherwise the
active schedule chromosome and the makespan generated by
forward pass are maintained. Steps 1 and 2 are repeated until
there is no further improvement on the schedule (Figure 5).

In this iterative function, the makespan of both processes
is mutually restricted and hence the makespan of new
solution generated either is lesser or remains unchanged.
The last schedule generated by forward pass is equivalent to
the last schedule generated by backward pass with the same
makespan and they are sharing the same critical path.

Figure 6 shows the steps where each chromosome gener-
ated by the GA employed the schedule generator procedure.
The procedure starts from generating the full-active schedule
by schedule generation procedure and then applying the
neighborhood search to improve the schedule obtained. After
improvement of the schedule ends, the corresponding quality
of the makespan is obtained. The neighborhood search is
presented in the next section.

3.1.3. Neighborhood Search Procedure. Reduction of the
search space does not guarantee the optimal solution will
be found. Therefore we use a neighborhood search as an
exploitation mechanism to decrease the makespan. This
mechanism is restricted to searching the possible solutions in
a critical path that consists of longest sequences of operation
in a schedule. Swapping the operations on the path by using
neighborhood search significantly reduces the total length of
the makespan [11].

Instead of the swap operation which is determined
deterministically as in [11], we modify the operation such
that we chose the operations to be swapped randomly in
a critical block. The neighborhood search starts with the
identification of the critical path in the schedule generated
by the scheduling process. Operations on the critical path
are called critical operations. A critical block consists of a
maximal sequence of adjacent critical operations that are
processed on the same machine [11]. Our neighborhood is
defined as the random swap between two jobs in a critical
block that contains two or more operations. No swap is made
if the critical block contains only one operation.

All possible moves of the operations are predetermined
(Figure 7). A swap of the operations is accepted if it improves
the makespan; otherwise the operations remain unchanged.
Once the swap is accepted, the new critical path must be
identified. The procedure is repeated and stops if there is no
swap that can improve the makespan. Pseudocode for the
neighborhood search is presented in Algorithm 1.

3.2. Hybrid GA. In our proposed hybrid GA, the search
methods will be based on intensification and diversification
mechanisms. The neighborhood search acts as an intensi-
fication mechanism that exploits the better solution in an
individual and GA functions as diversification mechanism
that explores the search space to provide different individuals
for the local search. Structure of the hybrid GA that is based
on a standard GA may be represented by the pseudocode in
Algorithm 2.

Population is initialized randomly with a set of param-
eters and a particular chromosome which is often referred
to as an individual. Each individual is evaluated by a fitness
function and the parents selected for the recombination,
which favors fitter individuals. The selected chromosomes
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Figure 4: Backward pass.

while New solution accepted = true
New solutions accepted = false
Determine the critical path, critical block in New schedule
List out the possible swaps of the operations

for 𝑘 = 1 to total of possible swaps do
Swap a pair of operations
New schedule generated and makespan recalculated (New makespan)
if New makespan < Current makespan

Current makespan = New Makespan
New solution accepted = true

end if
end for

end while

Algorithm 1: Pseudocode for neighborhood search.

Forward pass

Backward pass 

Improvement

Yes

Use chromosome
from forward pass

No

Use chromosome
from backward pass

Figure 5: Iterative forward-backward pass.

are recombined usingmechanisms of crossover andmutation
to produce offspring. These offspring are then evaluated and
then elitism strategy is applied to the new offspring with best
fitness to replace the worst individuals in the previous popu-
lation to generate a new population. Termination criterions
of the GA in JSSP are set to terminate once the GA had

achieved the optimal solution (if have) or maximum number
of generations is reached.

3.2.1. Fitness and Selection Method. In this paper, we use
nonlinear ranking to rank the evaluated chromosomes and
each chromosome competes with the others and the selected
chromosome survives to the next generation based on the
fitness value (objective function). Chromosome with greater
fitness indicates the greater probability to survive.Thehighest
ranking chromosome in a population is considered the best
solution. It is noted that the lowest makespan is given the
highest ranking.

Stochastic universal sampling (SUS) is applied to select
the parents for recombination in our GA. SUS is one of the
selection methods that are often used in practice because
they have less stochastic noise and have a constant selection
pressure [24]. This fitness based proportionate selection will
choose the chromosomes process with minimum spread and
zero bias. SUS uses 𝑁 equally spaced pins on wheel, where
𝑁 is the number of selections required. The population is
shuffled randomly and a single random number in the range
[0−∑𝑓𝑖/𝑁] is generated in which∑𝑓𝑖 represents the sum of
all the fitness values of the individuals in the population.

3.2.2. Proposed Extended Precedence Preservative Crossover
(EPPX). Generally in natural biological system the reproduc-
tion takes place between two parents (bisexual) or in a single
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Figure 7: Critical path, critical operations, and possible operations swaps.

Initialize population
Evaluation
while termination criterion = false

Selection
Crossover
Mutation
Evaluation
Reinsertion

End while

Algorithm 2: Pseudocode for a standard GA.

parent (asexual). However from the computational perspec-
tive, there is no restriction on the number of parents to
use. Therefore some of the multiparents crossover operators
are extended from the two-parent crossover operators [17–
20] for recombination. As mentioned before, our proposed
EPPX is an extension of PPX. A crossover mask in the form

of a vector is generated randomly to determine in which
parent the genes, specified in the mask, are to be selected for
recombination. The multiparents will then recombine into a
single offspring (Figure 8(a)). Starting from the first element
on the mask vector, number 1 in the first element of the mask
vector indicates that the first gene in that parent 1 is selected.
In general, the mask vector indicates from which parent the
element is to be selected. In this example, the selected job
(job 3) is selected and eliminated in the other parents (Figures
8(b) and 8(c)).The second element in the mask indicates that
the first element (after deletion) is to be selected also from
parent 1 (Figure 8(c)). The third element in the mask shows
that the first element in parent 3 is selected (Figure 8(d)).
The process continues until all the elements in the mask
have been examined. Algorithm 3 outlines the algorithm for
multiparents crossover for JSSP.

3.2.3. Mutation. Mutation is a genetic operator, analogous to
the biological mutation, which is used to maintain genetic
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Parent 1: 3 3 1 1 2 1 2 2 3

Parent 2: 3 2 2 1 1 1 3 3 2

Parent 3: 1 3 2 2 1 1 2 3 3

Vector: 1 1 3 2 3 3 1 1 2

Child: 3 3 1 2 2 1 1 2 3

(a) Example of EPPX

Parent 1: 3 3 1 1 2 1 2 2 3
Parent 2: 3 2 2 1 1 1 3 3 2
Parent 3: 1 3 2 2 1 21 3 3
Vector: 1 1 3 2 3 3 1 1 2
Child: 3

Vector number 1 = select first gene from parent 1
Vector number 2 = select first gene from parent 2
Vector number 3 = select first gene from parent 3

(b) First step—vector number 1; the first gene in
parent 1 is selected and the same job from the other
parents is removed

Parent 1: 3 3 1 1 2 1 2 2 3

Parent 2: 3 2 2 1 1 1 3 3 2

Parent 3: 1 3 2 2 1 1 2 3 3

Vector: 1 1 3 2 3 3 1 1 2

Child: 3 3

(c) Second step—previous selected gene will be
deleted, first gene (after deletion) in parent 1 is
selected, and the job from the other parents are
removed

Parent 1: 3 3 1 1 2 1 2 2 3

Parent 2: 3 2 2 1 1 1 3 3 2

Parent 3: 1 3 2 2 1 1 2 3 3

Vector: 1 1 3 2 3 3 1 1 2

Child: 3 3 1

(d) Repeat—the process will continue until at the
end of the vector

Figure 8: EPPX crossover.

Crossover vector generated randomly
Select three parents: → S1, S2, and S3

for 𝑘 = 1 to length of the chromosome do
Select vector number by position 𝑘th starting from the left element in the vector

case
Vector number 1:

Choose first gene at left most S1
Search same job number at left most in S2 and S3
Remove the first gene in S1 and gene searched in S2 and S3

Vector number 2:
Choose first gene at left most S2
Search same job number at left most in S1 and S3
Remove the first gene in S2 and gene searched in S1 and S3

Vector number 3:
Choose first gene at left most S3
Search same job number at left most in S1 and S2
Remove the first gene in 𝑆3 and gene searched in S1 and S2

end case
Selected gene insert to new chromosome by sequence from left to right

end for

Algorithm 3: Pseudocode for EPPX (3 jobs and 3 machines).

diversity from one generation of a population of chromo-
somes to the next. In this study, the mutation is applied by
selecting two genes in different positions and different jobs
inside the same chromosome to be swapped.The process will
be repeated if two genes selected are at the same position
or the same job. Figure 9 illustrates the swapping of the two
genes in the chromosome.

4. Experiment Setup and Results

4.1. Experimental Setup. To test the performance of our
hybrid GA, we consider the benchmark from four classes
of different JSSP test problems: instances FT06, FT10, and
FT20 from Fisher and Thompson [25], instances ORB01 to
ORB10 from Applegate and Cook [26], instances ABZ5 to
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Figure 9: Mutation by swapping two genes in the chromosome.

Table 2: Output for different crossover rates and mutation rates.

Mut 01 Mut 02 Mut 03 Mut 04 Mut 05 Mut 06 Mut 07 Mut 08 Mut 09 Mut 10 Average Relative error (%)
Crs 10 971.96 978.20 972.64 968.06 969.28 972.34 971.58 965.46 963.24 968.12 970.09 4.31
Crs 9 967.38 975.94 965.82 968.24 970.30 965.36 963.44 961.14 961.00 960.32 965.89 3.86
Crs 8 971.54 968.00 967.24 965.92 966.10 964.28 964.58 958.92 958.84 959.12 964.45 3.70
Crs 7 973.94 968.32 969.26 963.72 963.48 961.58 958.46 957.84 959.02 958.94 963.46 3.60
Crs 6 972.96 968.32 969.30 965.26 964.02 965.10 964.08 960.16 959.90 959.58 964.87 3.75
Crs 5 971.88 975.96 975.60 969.12 962.58 967.36 960.92 961.60 961.04 957.10 966.32 3.90
Crs 10 represents crossover rate at 1.0, Crs 9 represents crossover rate at 0.9, and so on.
Mut 01 represents mutation rate at 0.1, Mut 02 represents mutation rate at 0.2, and so on.

ABZ9 fromAdams et al. [27], and instances YN1 to YN4 from
Yamada and Nakano [28]. The instances that we use were
downloaded from http://people.brunel.ac.uk, OR-Library of
Brunel University.

MATLAB 7.11 R2010b is used to develop the GA and
the simulations are run using workstation Intel Xeon 12GB
RAMwith 2.4GHz processor.The population size comprises
100 individuals for problems FT06, FT10, ABZ5, ABZ6,
and ORB01–ORB10. In large sized problems (FT20, ABZ7–
ABZ9, and YN1–YN4), their population sizes are increased
to 150. The number of parents for EPPX ranges from 3 to
10. Crossover rate and mutation rate are set to 0.7 and 1.0,
respectively. After the recombination process, elitism strategy
is applied; 10% of the fittest new offspring replaces 10% of
the worst individuals in the previous population to generate a
newpopulation. Each instance is run for 50 times for different
numbers of parents to find out their best solution available.

4.1.1. Maximum Number of Generations. In the multiparent
crossover, the parents will be recombined to generate one
child.Therefore, the relationship of different numbers of par-
ents with different total solutions (offspring) for a population
exists. Thus the total solutions are defined as

total solutions = MAXGen × population size
number of parents

. (7)

The maximum number of generations is denoted as
MAXGen. To be fair, the total number of generations is
adjusted to make sure that different numbers of parents
for recombination generate approximately the same number
of total solutions by referring to (8). Total solutions for
instances FT06, FT10, ABZ5 and ABZ6, and ORB01–ORB10
after recombination process are set at around 5000 schedules.
In addition, problems FT20, ABZ7–ABZ9, and YN1–YN4
are set at around 10,000 schedules. Among the multipar-
ents crossover, three-parent crossover operator is used as
reference because we consider them as the starting point

of multiparents recombination (more than two parents).
Consider

MAXGen = total solutions × number of parents
populations size

. (8)

4.1.2. Crossover Rate. In our cases, due to the different
problems sizes and different numbers of parents for recom-
bination, we need to fix crossover rate and mutation rate
to use them for all numbers of parents. Instance FT10 is
selected for the parameters testing because it is considered
as a difficult problem. Among the multiparents crossovers,
three-parent crossovers are used because we consider them as
the starting point of multiparents recombination (more than
two parents).

The dependencies between the crossover and mutation
rates are tested by the GA. The crossover rates are set from
1.0 to 0.5 with varied mutation rates from 0.1 to 1.0. Each case
(example: crossover rate = 1.0, mutation rate = 0.1) will be run
for 100 times and the average of each case will be figured out.
The relative errors are calculated by computing the difference
between the average solutions for each crossover rate and the
optimal solution of FT10 (930).

In Table 2, the relative error for crossover rate at 0.7
appears as the lowest value compared to the other crossover
rates. The frequencies of optimal solutions for FT10 at the
crossover rate 0.7 that obtain from the simulation had shown
the highest occurrences as indicated in Figure 10. Thus, it is
reasonable for us to use the crossover rate at 0.7 to compare
to other values.

4.1.3. Mutation Rate. In the multiparents crossover applica-
tion, especially in the JSSP, there is a lack of information about
the mutation rate values. Hence, we try to find the suitable
mutation rate for our GA. Due to the inconsistencies of the
results between the crossover rates and mutation rates we
obtained from the simulation, Figure 11 plotted the best fit
line for the problems. All lines for the different crossover
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Figure 11: Best fit line for crossover with different mutation rates.

rates are decreasing from left to right which means that the
average solutions will get better when the mutation rates
increase. Thus, we conclude that the last mutation rate (1.0)
performs the best when applied in this GA and it will be used
as parameter for other instances and problems.

4.2. Results and Discussions

4.2.1. Comparison with the Other Permutation Crossover
Operator That uses Two Parents. Table 3 lists the GAs using
permutation crossover operator with various hybridization
or modification that had been applied on the FT problem.
The GAs in the list (except EPPX) use only two parents for
crossover operation and the results vary because of different
strategies of hybridization. Initially the earlier papers [21, 29]
was unable to obtain the optimal solutions for FT10 using
the proposed crossover operators.Then later by hybridization
or modification using this method, the optimal results of
FT10 can be reached, including our EPPX. EPPX is able to
perform well in the FT20 as compared to the GP-GA and

IPPX with the deviation of 1.12%. The acceptable ranges of
comparable GAs are up to 7% [21]. Tested results show that
EPPX is able to get the solution within these values and is
considered applicable for solving the JSSP. Instance FT06 can
be solved easily with the number of parents used for crossover
ranging from 3 to 10 parents. For difficult problems such
as FT10, EPPX also performs well because it is able to get
the optimum solution with the number of parents of 3 and
5 in crossover operation. As the variable of JSSP increases
(instance FT20), a deviation between optimal solution and
EPPX which obtains the best solution of 1178 by using 6
parents in EPPX’s crossover operation occurs.

4.2.2. Comparison with Different Algorithms. ORB problem
contains ten 10 × 10 instances. To illustrate the effectiveness,
the proposed multiparent crossover is compared with the
other algorithms such as synergistically combining small
and large neighborhood schemes (SLENP) [31], parallel
genetic algorithms (PGA) [13] with two-parent crossover, and
greedy randomized adaptive search procedure (GRASP) [32].
The relative errors (REs) are calculated based on deviation
between BKS and the best solution found (Best). In EPPX,
different numbers of parents are used for recombination.The
numbers of parents (MP) that achieve the best solutions are
recorded in the table.

Table 4 states the name, size (number of jobs 𝑥 number of
machines), the best known solutions (BKS), the best solutions
found (Best), multiparents that obtain the best solutions
(MP), and relative error (RE) for each test instance.The RE is
calculated from the gap between Best and BKS in percentage.
The effectiveness of the proposed algorithm is analyzed by
referring to the total relative error, total RE, in the last lane.
In the ORB problem, EPPX found the BKS in 5 instances.The
best solutions found are located in the different numbers of
parents for different instances. Total RE provided by EPPX
is lower than GRASP but higher than SLENP and PGA. This
shows that EPPX performs averagely among these methods.

ABZ problem contains five instances with the sizes 10×10
and 20 × 15. ABZ8 and ABZ9 and no optimal solutions
have been known. Table 5 shows the detailed results of
comparison for ORB instances. EPPX is able to perform
better as compared to PGA and GRASP with lower total RE.

YN problem consists of four instances with size of 20 ×
20 that are still open problems. EPPX is compared with
TSSA and PGA in Table 6 because algorithm GRASP did not
provide the results of each instance.

4.2.3. The Performance Evaluation of EPPX. FT, ORB, ABZ,
and YN problems are used to evaluate the performance of
our hybrid GA which incorporates EPPX. Tables 3–6 show
that, in 9 out of 22 cases, the EPPX has been able to find
the best known solution for the corresponding benchmark
instance. Table 4 shows that our results are competitive when
compared to PGA achieving the same solutions in 5 out
of 10 instances. However when the problem size increases
(Tables 5 and 6) the performances of our algorithm are better
with smaller relative error compared to PGA and GRASP.
The computational results indicated that EPPX is capable of
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Table 3: Results for FT06, FT10, and FT20 with 𝑛 jobs × 𝑚machines.

Author(s) Year Crossover operator FT06 (6 × 6) FT10 (10 × 10) FT20 (20 × 5)
Optimum 55 930 1165
Gen et al. [29] 1994 Partial schedule exchange crossover 55 962 1175
Bierwirth et al. [21] 1996 Generalized permutation GP-GA 55 936 1181
Park et al. [30] 2003 Parallel genetic algorithm PGA 55 930 1173
Ripon et al. [15] 2011 Improved precedence preservation crossover IPPX 55 930 1180

2014 Multiparents crossover EPPX 55 930 1178

Table 4: Results for ORB problems.

Instances Size BKS EPPX SLENP PGA GRASP
Best RE MP Best RE Best RE Best RE

ORB01 10 × 10 1059 1077 1.70 9 1059 0.00 1060 0.09 1070 1.04
ORB02 10 × 10 888 889 0.11 3, 4, 6, 7, 9 888 0.00 889 0.11 889 0.11
ORB03 10 × 10 1005 1022 1.69 7 1005 0.00 1020 1.49 1021 1.59
ORB04 10 × 10 1005 1005 0.00 5, 9 1005 0.00 1005 0.00 1031 2.59
ORB05 10 × 10 887 890 0.34 5 887 0.00 889 0.23 891 0.45
ORB06 10 × 10 1010 1021 1.09 4 1010 0.00 1013 0.30 1013 0.30
ORB07 10 × 10 397 397 0.00 10 397 0.00 397 0.00 397 0.00
ORB08 10 × 10 899 899 0.00 4 899 0.00 899 0.00 909 1.11
ORB09 10 × 10 934 934 0.00 10 934 0.00 934 0.00 945 1.18
ORB10 10 × 10 944 944 0.00 3–7, 9 944 0.00 944 0.00 953 0.95

Total RE 4.93 0.00 2.22 9.32

Table 5: Results for ABZ problems.

Instances Size BKS EPPX SLENP PGA GRASP
Best RE MP Best RE Best RE Best RE

ABZ5 10 × 10 1234 1234 0.00 3 1234 0.00 1236 0.16 1238 0.32
ABZ6 10 × 10 943 943 0.00 7, 8 943 0.00 943 0.00 947 0.42
ABZ7 20 × 15 656 683 4.12 4 662 0.91 685 4.42 723 10.21
ABZ8 20 × 15 665 701 5.41 3 668 0.45 704 5.86 729 9.62
ABZ9 20 × 15 678 712 5.01 4 688 1.47 723 6.64 758 11.80

Total RE 14.54 2.83 17.08 32.37

Table 6: Results for YN problems.

Instances Size BKS EPPX SLENP PGA
Best RE MP Best RE Best RE

YN1 20 × 20 884 911 3.05 7 892 0.90 933 5.54
YN2 20 × 20 907 941 3.75 4 911 0.44 944 4.08
YN3 20 × 20 892 928 4.04 4 900 0.90 928 4.04
YN4 20 × 20 968 1011 4.44 6 982 1.45 1018 5.17

Total RE 15.28 3.69 18.82

adapting to more difficult and larger size problems in com-
parison with PGA that only uses two parents for crossover.
The best solutions found are located in the different numbers
of parents for different instances indicated in column MP in
all tables.

Table 7 displays the average computational times for
different numbers of parents for each instance. Optimal
solutions for easy problem (FT06) can be found in shorter

time while, as for harder problem, the algorithm needs more
time to find out the near optimal solutions. It can be seen
that our algorithms require on average less than 15 seconds
CPU time. The CPU times of EPPX, PGA, and GRASP are
calculated per iteration meanwhile SLENP is based on the
time per run.

The computational time for EPPX and PGA which are
based on genetic algorithm is large for harder problems.
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Table 7: Average computational time for different number of parents.

Instances Size
Computational time (in second)

EPPX (number of parents) SLENP PGA GRASP
3 4 5 6 7 8 9 10

FT 06 6 × 6 0.02 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.76 0.70
FT 10 10 × 10 0.93 0.72 0.57 0.46 0.41 0.37 0.33 0.30 9.22 1.54 2.90
FT 20 20 × 5 1.19 0.89 0.73 0.61 0.52 0.45 0.40 0.38 2.73 1.52 4.30
ORB01 10 × 10 1.02 0.78 0.64 0.52 0.45 0.38 0.37 0.33 5.96 1.56 2.90
ORB02 10 × 10 0.92 0.70 0.57 0.46 0.41 0.35 0.32 0.29 0.48 1.56 3.80
ORB03 10 × 10 1.07 0.82 0.66 0.55 0.48 0.40 0.38 0.34 7.42 1.56 3.10
ORB04 10 × 10 0.93 0.73 0.59 0.47 0.41 0.36 0.33 0.30 7.58 1.56 3.10
ORB05 10 × 10 0.98 0.81 0.60 0.49 0.43 0.37 0.34 0.30 12.09 1.56 2.80
ORB06 10 × 10 1.11 0.80 0.64 0.53 0.46 0.40 0.37 0.33 9.17 1.56 3.10
ORB07 10 × 10 0.90 0.70 0.55 0.46 0.40 0.35 0.32 0.29 0.28 1.56 3.20
ORB08 10 × 10 1.01 0.75 0.63 0.51 0.46 0.39 0.35 0.33 6.02 1.56 3.10
ORB09 10 × 10 0.92 0.72 0.57 0.47 0.41 0.36 0.33 0.30 0.51 1.56 3.10
ORB10 10 × 10 0.98 0.74 0.59 0.48 0.42 0.36 0.33 0.30 0.18 1.56 2.90
ABZ5 10 × 10 0.84 0.64 0.51 0.41 0.36 0.31 0.29 0.26 3.55 1.78 0.30
ABZ6 10 × 10 0.79 0.61 0.53 0.43 0.38 0.34 0.31 0.28 0.15 1.56 3.10
ABZ7 20 × 15 6.17 4.77 3.78 3.29 2.79 2.42 2.09 1.97 64.82 7.36 17.40
ABZ8 20 × 15 6.45 4.76 3.85 3.21 2.77 2.52 2.05 1.93 55.94 7.28 18.20
ABZ9 20 × 15 5.83 4.38 3.53 2.97 2.49 2.19 1.96 1.79 35.82 7.32 17.10
YN1 20 × 20 12.19 9.32 7.56 6.46 5.39 4.66 4.13 3.79 40.04 7.60 —
YN2 20 × 20 11.72 8.97 7.32 6.00 5.18 4.48 3.95 3.80 62.31 7.60 —
YN3 20 × 20 14.09 10.43 8.56 7.13 6.14 5.28 4.71 4.45 42.18 7.60 —
YN4 20 × 20 10.52 7.75 6.38 5.30 4.51 3.89 3.45 3.26 56.05 7.60 —

However the large computational time displayed by SLENP
andGRASPwhich are based on single solution is larger when
compared to EPPX and PGA. PGA is expected to perform
better in terms of computational time because the algorithm
is run in parallel. Based on the calculation per iteration, EPPX
is more efficient compared to PGA and GRASP because it
requires less time to do the calculation.

The highlighted time in the EPPX shows the computa-
tional time of the result achieved by different number of
parents. Multiparents are recombined to produce a single
child resulting in a decreasing rate of computational time
with the increasing number of parents. It is proven that
increasing the number of parents in the EPPX may reduce
the calculation time to obtain the optimal result in some
instances.

5. Conclusion

This paper presents a hybrid genetic algorithmwithmultipar-
ent crossover, EPPX, for the job shops scheduling problem.
The hybrid GA combines genetic algorithm with neighbor-
hood search in which GA explores the population while the
neighborhood search exploits the individual solution to find
better solution. The chromosome represented by operation
based representation is used to generate a full-active schedule
through iterative forward-backward pass which can further
reduce the search space.

In the experimental results, EPPX using multiparent is
able to get the solutions within the acceptable range of GA
values. Results show that the best solutions are obtained from
different numbers of parents for crossover; thus it is proven
that GA is not restricted to two-parent crossover in order to
find the best solution. The number of parents used in EPPX
and GA is dependent on the problem and it may be observed
that the best solutions for different instances are produced by
different numbers of parents.

In future works, suitable ranges for number of parents
for crossover are needed to determine and solve JSSP. It is
also anticipated that the efficiency of GA can be increased
by embedding other local searches into GA. Further research
is necessary to reduce the computational time as a way
to improve the efficiency of hybrid genetic algorithm with
multiparent crossover for JSSP.
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[9] J. F. Gonçalves, J. J. Mendes, and M. G. C. Resende, “A
hybrid genetic algorithm for the job shop scheduling problem,”
European Journal of Operational Research, vol. 167, no. 1, pp. 77–
95, 2005.

[10] C. Zhang, Y. Rao, and P. Li, “An effective hybrid genetic algo-
rithm for the job shop scheduling problem,” The International
Journal of Advanced Manufacturing Technology, vol. 39, no. 9-
10, pp. 965–974, 2008.

[11] E. Nowicki and C. Smutnicki, “A fast taboo search algorithm for
the job shop problem,” Management Science, vol. 42, no. 6, pp.
797–813, 1996.

[12] R. Qing-Dao-Er-Ji and Y. Wang, “A new hybrid genetic
algorithm for job shop scheduling problem,” Computers and
Operations Research, vol. 39, no. 10, pp. 2291–2299, 2012.

[13] R. Yusof, M. Khalid, G. T. Hui, S. Md Yusof, and M. F. Othman,
“Solving job shop scheduling problem using a hybrid parallel
micro genetic algorithm,” Applied Soft Computing Journal, vol.
11, no. 8, pp. 5782–5792, 2011.

[14] M. Watanabe, K. Ida, and M. Gen, “A genetic algorithm with
modified crossover operator and search area adaptation for
the job-shop scheduling problem,” Computers & Industrial
Engineering, vol. 48, no. 4, pp. 743–752, 2005.

[15] K. S. N. Ripon, N. H. Siddique, and J. Torresen, “Improved
precedence preservation crossover for multi-objective job shop
scheduling problem,” Evolving Systems, vol. 2, no. 2, pp. 119–129,
2011.

[16] H. Mühlenbein and H. M. Voigt, “Gene pool recombination
in genetic algorithms,” in Proceedings of the Metaheuristics
Conference, Kluwer Academic Publishers, Norwell, Mass, USA,
1995.

[17] A. E. Eiben and C. H. van Kemenade, “Diagonal crossover in
genetic algorithms for numerical optimization,” Control and
Cybernetics, vol. 26, no. 3, pp. 447–466, 1997.

[18] A. Wu, P. W. M. Tsang, T. Y. F. Yuen, and L. F. Yeung, “Affine
invariant object shape matching using genetic algorithm with
multi-parent orthogonal recombination andmigrant principle,”
Applied Soft Computing Journal, vol. 9, no. 1, pp. 282–289, 2009.
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This paper introduces the global dynamics of an SIS model with bilinear incidence rate and saturated treatment function. The
treatment function is a continuous and differential function which shows the effect of delayed treatment when the rate of treatment
is lower and the number of infected individuals is getting larger. Sufficient conditions for the existence and global asymptotic stability
of the disease-free and endemic equilibria are given in this paper. The first Lyapunov coefficient is computed to determine various
types of Hopf bifurcation, such as subcritical or supercritical. By some complex algebra, the Bogdanov-Takens normal form and
the three types of bifurcation curves are derived. Finally, mathematical analysis and numerical simulations are given to support our
theoretical results.

1. Introduction

In the mathematical modeling of epidemic transmission,
there are several factors that substantially affect the dynamical
behavior of the models. Incidence rate functions are seen as
a major factor in producing the rich dynamics of epidemic
models in many literatures (see [1–25]). In most classical
models of epidemics, the incidence rate is taken to be mass
action incidence with bilinear interaction, that is, 𝛽𝐼𝑆, where
𝛽 is the probability of transmission per contact and 𝑆 and 𝐼
represent the number of susceptible and infected individuals,
respectively. Epidemic models with such bilinear incidence
rates usually have at most one endemic equilibrium, and
then the diseases will be eradicated if the basic reproduction
number is less than one and will persist otherwise. Besides,
there are also many other types of incidence rate func-
tions, such as nonlinear incidence rate, standard incidence
rate, and saturated incidence rate. Recently, there are many
studies that have demonstrated the nonlinear incidence rate
which is one of the key factors that induce periodic oscil-
lations in epidemic models (see [1, 2, 9, 10, 15]). Moreover,

Liu et al. [12] introduced a nonlinear incidence rate of the
form

𝑓 (𝐼) 𝑆 =

𝛽𝐼

𝑝
𝑆

1 + 𝛼𝐼

𝑞
,

(1)

where 𝛽𝐼𝑝 means the infection force of the disease and
1/(1+𝛼𝐼

𝑞
)measures the inhibition effect from the behavioral

change of the susceptible individuals when the number of
infective individuals increases. So we can see that the bilinear
incidence rate 𝛽𝑆𝐼 is a special case of (1) with 𝑝 = 1

and 𝛼 = 0 or 𝑞 = 0. Furthermore, Wang and Ruan in
[16] studied the global dynamics of an SIRS model with
the incidence function 𝑓(𝐼) = 𝛽𝐼2/(1 + 𝛼𝐼2); that is, 𝑝 =
𝑞 = 2; they also showed that the SIRS epidemic model
undergoes a Bogdanov-Takens bifurcation, that is, saddle-
node, Hopf, and homoclinic bifurcations. To have a better
understanding of the dynamics of the system, Tang et al. [17]
calculated higher order Lyapunov values of the weak focus
and reduced the system to a universal unfolding form for a
cusp of codimension 3, and they gave the bifurcation surfaces
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and displayed all limit cycles and monoclinic loops of order
up to 2. Wei and Cui explored an SIS epidemic model with
standard incidence rate in [19]. They took the incidence rate
form 𝑓(𝐼)𝑆 = 𝛽𝐼𝑆/(𝐼 + 𝑆) and showed the dynamics and
backward bifurcation of the SIS epidemic model.

Recently, in order to prevent and control the spread of
the infectious diseases such as measles, tuberculosis, and
flu, many mathematicians (see [7, 11, 16, 20, 23, 25–29])
have begun to investigate the role of treatment functions in
epidemiological models. In some classical epidemic models,
the treatment function is an important method to decrease
the spread of the epidemiological diseases. Generally speak-
ing, the treatment function of the infective individuals is
assumed to be proportional to the number of the infective
individuals. But every community should have a maximal
capacity for the treatment of a disease and the resources for
treatment should be very large.Therefore, it is very important
to adopt a suitable treatment function. In [16], Wang and
Ruan introduced a constant treatment function of diseases in
an SIR model; that is,

𝑇 (𝐼) = {

𝑟, 𝐼 > 0,

0, 𝐼 = 0.

(2)

This means that they use the maximal treatment capacity
to cure infective individuals so that the disease can be
eradicated.They also found that themodel undergoes saddle-
node bifurcation, Hopf bifurcation, and Bogdanov-Takens
bifurcation. Further, a piecewise linear treatment function
was considered in [20]; that is,

𝑇 (𝐼) = {

𝑘𝐼, 0 ≤ 𝐼 ≤ 𝐼0,

𝑚, 𝐼 > 𝐼0,

(3)

where 𝑚 = 𝑘𝐼0 and 𝑘 and 𝐼0 are positive constants. This
means that the treatment rate is proportional to the number
of the infective individuals when the capacity of treatment has
not been reached; otherwise it takes the maximal capacity of
treatment 𝑘𝐼0. By considering the above treatment function,
Wang [20] found that a backward bifurcation takes place in an
SIR epidemicmodel. In [30], J. C. Eckalbar andW. L. Eckalbar
constructed an SIR epidemic model with a quadratic treat-
ment function; that is,𝑇(𝐼) = max{𝑟𝐼−𝑔𝐼2, 0}, 𝑟, 𝑔 > 0.They
found that the system has as many as four equilibria, with
possible bistability, backward bifurcations, and limit cycles.

Recently, saturated treatment function has been widely
applied inmany epidemicmodels. In particular, in paper [23],
Zhang and Liu took a continuous and differentiable saturated
treatment function 𝑇(𝐼) = 𝑟𝐼/(1 + 𝛼𝐼), where 𝑟 > 0, 𝛼 ≥ 0.
𝑟 stands for the cure rate and 𝛼 measures the extent of the
effect of the infected being delayed for treatment. We can
see that the treatment function 𝑇(𝐼) ∼ 𝑟𝐼 when 𝐼 is small
enough,whereas𝑇(𝐼) ∼ 𝑟/𝛼when 𝐼 is large enough. It ismore
realistic and it has the convenience of being continuous and
differential compared to the previous ones. Furthermore, the
authors in [23] found that 𝑅0 = 1 is a critical threshold for
disease eradication when this delayed effect for treatment is
weak and a backward bifurcation will take place when this
effect is strong. So, it is really important to adequately stress

the interesting connection recently established between the
choice of saturated treatment functions in epidemic models
and the occurrence of backward bifurcation in the related
system dynamics. In fact, recently, saturated-type treatment
functions have been indicated as responsible for the occur-
rence of backward bifurcations for SIR [20, 23], for SIS [19,
21], and for SEIR [28, 29] models, supporting the general
circumstance that saturated-type treatments can be one of
the causes of backward bifurcations in epidemic models. In
particular, in [29], such connection has also been shown and
validated in a specific concrete disease-control setting.

In the real world, some infectious diseases do not confer
immunity. Such infections do not have a recovered state and
individuals become susceptible again after infection. This
type of disease can be modeled by the SIS type. So the SIS
epidemic model has been adopted by many mathematicians
(see [8, 11, 18, 19, 21, 25]). And SIS models are appropriate
for some bacterial agent diseases such as meningitis, plague,
and venereal diseases and for protozoan agent diseases such
as malaria and sleeping sickness.

Motivated by the above points, we will consider the fol-
lowing SIS model with bilinear incidence rate and saturated
treatment function:

𝑑𝑆

𝑑𝑡

= 𝐴 − 𝑑𝑆 − 𝜆𝑆𝐼 + 𝜀𝐼 +

𝑟𝐼

1 + 𝛼𝐼

,

𝑑𝐼

𝑑𝑡

= 𝜆𝑆𝐼 − (𝑑 + 𝜀 + 𝜇) 𝐼 −

𝑟𝐼

1 + 𝛼𝐼

,

(4)

where 𝑆 and 𝐼 denote the numbers of susceptible and infective
individuals, respectively. Positive constant 𝐴 is the recruit-
ment rate of the population. Positive constant 𝑑 is the nature
death rate of population. The bilinear incidence rate is 𝜆𝑆𝐼,
where 𝜆 is positive. Positive constant 𝜀 is the natural recovery
rate of infective individuals. Positive constant 𝜇 is the disease-
related death rate. The saturated treatment function ℎ(𝐼) ≜
𝑟𝐼/(1 + 𝛼𝐼), where 𝑟 is positive and 𝛼 is nonnegative.

This paper focuses on the detailed dynamics analysis
of the model (4). The local stability of these equilibria is
investigated, which enables us to classify the types of model
equilibria (e.g., attractor, saddle, or repeller). We show that
the system has backward bifurcation and Bogdanov-Takens
bifurcation (i.e., Hopf bifurcation, saddle-node bifurcation,
and homoclinic bifurcation) under some certain conditions.
Finally, the three bifurcation curves and the complicated
global bifurcation phase portraits are derived by applying
the Bogdanov-Takens normal form and the correspond-
ing parameters which satisfy the conditions that ensure
Bogdanov-Takens bifurcation exists.

The organization of this paper is as follows. In Section 2,
we study the existence and local stability of equilibria and
backward bifurcation. In Section 3, we investigate the global
stability of the model. In Section 4, we give the supercritical
and subcritical bifurcation under two different conditions
in system (4). In Section 5, we show that the system (4)
undergoes Bogdanov-Takens bifurcation under some certain
conditions. In Section 6, some numerical simulations are
displayed in detail. We close with a discussion in Section 7 on
our mathematical results and epidemiological implications.
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Figure 1: The disease-free equilibrium 𝐸0 is locally asymptotically
stable when 𝑅0 < 1, with the parameter values 𝐴 = 2, 𝑑 = 0.1,
𝑘 = 0.1, 𝜇 = 0.01, 𝜆 = 0.01, 𝛼 = 1, 𝑟 = 2, and 𝜀 = 0.1.

2. Equilibria and Backward Bifurcation

2.1. Disease-Free Equilibrium. Obviously, system (4) has a
disease-free equilibrium 𝐸0 = (𝐴/𝑑, 0). The Jacobian matrix
of (4) at 𝐸0 is

𝑀(𝐸0) = (

−𝑑

−𝜆𝐴

𝑑

+ 𝜀 + 𝑟

0

𝜆𝐴

𝑑

− (𝑑 + 𝜀 + 𝜇) − 𝑟

) . (5)

By using the next generation matrix of (4), we get the basic
reproduction number 𝑅0 = 𝜆𝐴/𝑑(𝑑 + 𝜀 + 𝑟 + 𝜇).𝑀(𝐸0) has
negative eigenvalues if 𝜆𝐴/𝑑 − (𝑑 + 𝜀 + 𝜇) − 𝑟 < 0. Then we
have the following result.

Theorem 1. The disease-free equilibrium 𝐸0 is locally asymp-
totically stable when 𝑅0 < 1 (see Figure 1) and is unstable when
𝑅0 > 1 (see Figure 2).

2.2. Endemic Equilibria. An endemic equilibrium always
satisfies

𝐴 − 𝑑𝑆 − 𝜆𝑆𝐼 + 𝜀𝐼 +

𝑟𝐼

1 + 𝛼𝐼

= 0,

𝜆𝑆𝐼 − (𝑑 + 𝜀 + 𝜇) 𝐼 −

𝑟𝐼

1 + 𝛼𝐼

= 0.

(6)

In view of 𝑑𝑆 + (𝑑 + 𝜇)𝐼 = 𝐴, we get 𝑆 = (𝐴 − (𝑑 + 𝜇)𝐼)/𝑑 and
substitute it into the second equation of (6). When 𝐼 ̸= 0, we
obtain

𝜆[

𝐴 − (𝑑 + 𝜇) 𝐼

𝑑

] − (𝑑 + 𝜀 + 𝜇) −

𝑟

1 + 𝛼𝐼

= 0. (7)

Then we have an equation of the form

𝑎𝐼

2
+ 𝑏𝐼 + 𝑐 = 0,

(8)
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Figure 2: The disease-free equilibrium is unstable when 𝑅0 > 1,
with the parameter values 𝐴 = 15, 𝑑 = 0.1, 𝑘 = 0.1, 𝜇 = 0.01,
𝜆 = 0.01, 𝛼 = 1, 𝑟 = 0.8, and 𝜀 = 0.1.

with

𝑎 = 𝛼𝜆 (𝑑 + 𝜇) ,

𝑏 = 𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) − 𝛼𝜆𝐴,

𝑐 = 𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇) − 𝜆𝐴.

(9)

This equation may admit positive solution

𝐼1 =
−𝑏 −

√

𝑏

2
− 4𝑎𝑐

2𝑎

, 𝐼2 =
−𝑏 +

√

𝑏

2
− 4𝑎𝑐

2𝑎

.

(10)

Obviously, if 𝑅0 = 1, then 𝑐 = 0, if 𝑅0 > 1, then 𝑐 < 0, and
if 𝑅0 < 1, then 𝑐 > 0. From (8), it is obvious that we have the
following results.

Theorem 2. The following results hold.

(𝐻1) Let 𝛼 = 0. Equation (8) is a linear equation with a
unique solution 𝐼 = −𝑐/𝑏. Then the system (4) has a
unique endemic equilibrium when 𝑅0 > 1 and has no
endemic equilibrium when 𝑅0 ≤ 1.

(𝐻2) Let 𝛼 > 0. If 𝑏 > 0, system (4) has a unique endemic
equilibrium when 𝑅0 > 1 and no endemic equilibrium
when 𝑅0 ≤ 1.

(𝐻3) Let 𝛼 > 0. If 𝑏 < 0, system (4) has a unique endemic
equilibrium when 𝑅0 ≥ 1, no endemic equilibrium
when 𝑅0 < 𝑅∗0 , and two endemic equilibria 𝐸1 and 𝐸2
when 𝑅∗

0
≤ 𝑅0 < 1. When 𝑅0 = 𝑅∗0 and 𝐸1 = 𝐸2, one

has 𝑏2 − 4𝑎𝑐 = 0 which is equivalent to

𝑅0 =
4𝑎𝜆𝐴

𝑏

2
+ 4𝑎𝜆𝐴

=

4𝜆

2
𝛼 (𝑑 + 𝜇)𝐴

[𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) − 𝛼𝜆𝐴]

2
+ 4𝜆

2
𝛼 (𝑑 + 𝜇)𝐴

.

(11)
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Figure 3: The figure of infective sizes at equilibria versus 𝑅0 when
𝛼 = 1, 𝑑 = 0.1, 𝜇 = 0.01, 𝜆 = 0.05, 𝑟 = 2, and 𝜀 = 0.1.

We define the right-hand side of (11) as

𝑅

∗

0
≜

4𝜆

2
𝛼 (𝑑 + 𝜇)𝐴

[𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) − 𝛼𝜆𝐴]

2
+ 4𝜆

2
𝛼 (𝑑 + 𝜇)𝐴

.

(12)

Therefore, according to the qualitative approach recently
proposed by [31] which is based on the analysis of the
equilibria curve in the neighboring of the critical threshold
𝑅0 = 1, we have the following theorem.

Theorem 3. If 𝛼 > 0, 𝑏 < 0, then system (4) has a backward
bifurcation at 𝑅0 = 1 (see Figure 3).

In order to verify the bifurcation curve (the graph of 𝐼
as a function of 𝑅0) in Figure 3, we think of 𝑟 as a variable
with the other parameters as constant. Through implicit
differentiation of (8) with respect to 𝑟, we get

(2𝑎𝐼 + 𝑏)

𝑑𝐼

𝑑𝑟

= −𝑑 < 0.

(13)

From (13), we know that the sign of 𝑑𝐼/𝑑𝑟 is opposite to that
of 2𝑎𝐼 + 𝑏. And from the definition of 𝑅0 we know that 𝑅0
decreases when 𝑟 increases. It implies that the bifurcation
curve has positive slope at equilibrium values with 2𝑎𝐼+𝑏 > 0
and negative slope at equilibrium values with 2𝑎𝐼 + 𝑏 < 0. If
there is no backward bifurcation at 𝑅0 = 1, then the unique
endemic equilibrium for 𝑅0 > 1 satisfies

2𝑎𝐼 + 𝑏 =

√

𝑏

2
− 4𝑎𝑐 > 0,

(14)

and the bifurcation curve has positive slope at all pointswhere
𝐼 > 0. If there is a backward bifurcation at 𝑅0 = 1, then there
is an interval onwhich there are two endemic equilibria given
by

2𝑎𝐼 + 𝑏 = ±

√

𝑏

2
− 4𝑎𝑐.

(15)

The bifurcation curve has negative slope at the smaller one
andpositive slope at the larger one.Thus the bifurcation curve
is as shown in Figure 3.

Under the conditions of Theorem 3, if a backward bifur-
cation takes place, we can see from Figure 3 that there is a
critical value 𝑅∗

0
at the turning point. In this case, the disease

will not die out when𝑅0 < 1. However, the diseasewill die out
when 𝑅0 < 𝑅

∗

0
. Therefore, the critical value 𝑅∗

0
can be taken

as a new threshold for the control of the disease.
In the following, we give an explicit criterion of a

backward bifurcation at 𝑅0 = 1.
For convenience, we define

𝛼0 :=

𝜆 (𝑑 + 𝜇)

𝑑𝑟

.

(16)

Corollary 4. When 𝛼 > 𝛼0, system (4) has a backward bifur-
cation at 𝑅0 = 1.

Proof. When 𝑅0 ≤ 1 ⇔ 𝑐 ≥ 0,

𝜆𝐴 ≤ 𝑑 (𝑑 + 𝜀 + 𝜇 + 𝑟) . (17)

The condition 𝑏 < 0 is equivalent to

𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) < 𝛼𝜆𝐴. (18)

From (17) and (18), we get 𝜆(𝑑 + 𝜇) + 𝛼𝑑(𝑑 + 𝜀 + 𝜇) < 𝛼𝑑(𝑑 +
𝜀 + 𝑟 + 𝜇), which reduces to

𝛼 >

𝜆 (𝑑 + 𝜇)

𝑑𝑟

≜ 𝛼0.
(19)

It means that 𝛼 is big enough to lead a backward bifurcation
with two endemic equilibria when 𝑅0 < 1. Therefore, the
proof is complete.

Next, we consider the local stability of the unique
endemic equilibrium when 𝑅0 > 1.

Theorem 5. When 𝑅0 > 1 and 0 ≤ 𝛼 < 𝜆/𝑟, the unique
endemic equilibrium 𝐸∗ is locally asymptotically stable.

Proof. Firstly, from Theorem 2, we can know that system
(4) has a unique endemic equilibrium 𝐸∗ when 𝑅0 > 1.
Moreover, the Jacobian matrix of system (4) is

𝑀 =(

−𝑑 − 𝜆𝐼 −𝜆𝑆 + 𝜀 +

𝑟

1 + 𝛼𝐼

−

𝑟𝛼𝐼

(1 + 𝛼𝐼)

2

𝜆𝐼 𝜆𝑆 − (𝑑 + 𝜀 + 𝜇) −

𝑟

1 + 𝛼𝐼

+

𝑟𝛼𝐼

(1 + 𝛼𝐼)

2

).

(20)

From the second equation of (6), we have

−𝜆𝑆 + 𝜀 +

𝑟

1 + 𝛼𝐼

= −𝑑 − 𝜇. (21)

From (21), the Jacobian matrix𝑀 reduces to

𝑀 =(

−𝑑 − 𝜆𝐼 −𝑑 − 𝜇 −

𝑟𝛼𝐼

(1 + 𝛼𝐼)

2

𝜆𝐼

𝑟𝛼𝐼

(1 + 𝛼𝐼)

2

). (22)
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We obtain

det (𝑀) = 𝐼

(1 + 𝛼𝐼)

2
[𝜆 (𝑑 + 𝜇) (1 + 𝛼𝐼)

2
− 𝑟𝛼𝑑] . (23)

In fact, there is 𝜆(𝑑 + 𝜇)(1 + 𝛼𝐼)2 > 𝜆𝑑. Since 𝑅0 > 1 and
0 ≤ 𝛼 < 𝜆/𝑟, we have

𝜆 (𝑑 + 𝜇) (1 + 𝛼𝐼)

2
− 𝑟𝛼𝑑 > 𝜆𝑑 − 𝑟𝛼𝑑 > 0.

(24)

So we get det(𝑀) > 0. The trace of𝑀 is given by

tr (𝑀) = 1

(1 + 𝛼𝐼)

2
[− (𝑑 + 𝜆𝐼) (1 + 𝛼𝐼)

2
+ 𝑟𝛼𝐼] . (25)

In the same way as the above calculation of (24), we have

− (𝑑 + 𝜆𝐼) (1 + 𝛼𝐼)

2
+ 𝑟𝛼𝐼 < −𝜆𝐼 + 𝑟𝛼𝐼 < 0.

(26)

So we get tr(𝑀) < 0. The proof is complete.

Now we consider the case that there are two endemic
equilibria 𝐸1 and 𝐸2; let 𝑀𝑖 be the Jacobian matrix at 𝐸𝑖,
𝑖 = 1, 2.

Theorem 6. The endemic equilibrium 𝐸1 is a saddle whenever
it exists.

Proof. Since 𝐼1 = (−𝑏 − √𝑏2 − 4𝑎𝑐)/2𝑎 and Δ = 𝑏2 − 4𝑎𝑐, we
have 𝐼1 = (−𝑏 − √Δ)/2𝑎. Thus

det (𝑀1)

=

𝐼1

(1 + 𝛼𝐼1)
2
[𝜆 (𝑑 + 𝜇) (1 + 𝛼𝐼1)

2
− 𝑟𝛼𝑑]

≜

𝐼1

(1 + 𝛼𝐼1)
2
𝜓 (𝐼1) .

(27)

From (𝐻3) of Theorem 2, we can know that if 𝛼 > 0, 𝑏 < 0,
and 𝑅∗

0
< 𝑅0 < 1, then 𝐸1 exists. Hence, we can get 𝜓(0) =

𝜆(𝑑 + 𝜇) − 𝑟𝛼𝑑 < 0 and 𝜓(𝐼1) = 2𝜆(𝑑 + 𝜇)(1 + 𝛼𝐼1)𝛼 > 0. It
follows that there exists a unique 𝐼∗ > 0 such that

𝜓 (𝐼1) = 0, when 𝐼1 = 𝐼
∗
,

𝜓 (𝐼1) < 0, when 0 < 𝐼1 < 𝐼
∗
,

𝜓 (𝐼1) > 0, when 𝐼1 > 𝐼
∗
,

(28)

where

𝐼

∗
= √

𝑟𝑑

𝛼𝜆 (𝑑 + 𝜇)

−

1

𝛼

.
(29)

On the other hand,

𝐼1 = −
𝑏

2𝑎

−

√

Δ

2𝑎

=

𝛼𝜆𝐴 − 𝜆 (𝑑 + 𝜇) − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)

2𝛼𝜆 (𝑑 + 𝜇)

−

√

Δ

2𝑎

= √

𝑟𝑑

𝛼𝜆 (𝑑 + 𝜇)

−

1

𝛼

+

1

𝛼

− √

𝑟𝑑

𝛼𝜆 (𝑑 + 𝜇)

+

𝛼𝜆𝐴 − 𝜆 (𝑑 + 𝜇) − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)

2𝛼𝜆 (𝑑 + 𝜇)

−

√

Δ

2𝑎

= 𝐼

∗
+ ([𝜆 (𝑑 + 𝜇) + 𝛼𝜆𝐴 − 2

√

𝑟𝑑𝛼𝜆 (𝑑 + 𝜇)

− 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)] −

√

Δ)× (2𝛼𝜆 (𝑑 + 𝜇))

−1
,

(30)

Δ = {𝜆 (𝑑 + 𝜇) − [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]}

2

− 4𝛼𝜆 (𝑑 + 𝜇) [𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇) − 𝜆𝐴]

= {𝜆 (𝑑 + 𝜇) + [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]

− 2

√

𝑟𝑑𝛼𝜆(𝑑 + 𝜇)}

2

− 4𝑟𝑑𝛼𝜆 (𝑑 + 𝜇)

− 4𝜆 (𝑑 + 𝜇) [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]

+ 4

√

𝑟𝑑𝛼𝜆 (𝑑 + 𝜇) {𝜆 (𝑑 + 𝜇) + [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]}

− 4𝛼𝜆 (𝑑 + 𝜇) [−𝜆𝐴 + 𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇)]

≜ {𝜆 (𝑑 + 𝜇) + [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]

− 2

√

𝑟𝑑𝛼𝜆 (𝑑 + 𝜇)}

2

+ 𝑃,

(31)

where

𝑃 = −8𝑟𝑑𝛼𝜆 (𝑑 + 𝜇) + 4

√

𝑟𝑑𝛼𝜆 (𝑑 + 𝜇)

× {𝜆 (𝑑 + 𝜇) + [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]} .

(32)

In the following we will show that 𝑃 > 0. Since 𝑅∗
0
< 𝑅0, we

have

4𝛼𝜆 (𝑑 + 𝜇)

[𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) − 𝛼𝜆𝐴]

2
+ 4𝛼𝜆

2
(𝑑 + 𝜇)𝐴

<

1

𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇)

;

(33)
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that is,

[𝜆 (𝑑 + 𝜇) + 𝛼𝑑 (𝑑 + 𝜀 + 𝜇) − 𝛼𝜆𝐴]

2

> 4𝛼𝜆 (𝑑 + 𝜇) 𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇) − 4𝛼𝜆

2
(𝑑 + 𝜇)𝐴.

(34)

Therefore,

{𝜆 (𝑑 + 𝜇) + [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]}

2

= {𝜆 (𝑑 + 𝜇) − [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]}

2

+ 4𝜆 (𝑑 + 𝜇) [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]

> 4𝛼𝜆 (𝑑 + 𝜇) 𝑑 (𝑑 + 𝜀 + 𝑟 + 𝜇) − 4𝛼𝜆

2
(𝑑 + 𝜇)𝐴

+ 4𝜆 (𝑑 + 𝜇) [𝛼𝜆𝐴 − 𝛼𝑑 (𝑑 + 𝜀 + 𝜇)]

= 4𝑟𝑑𝛼𝜆 (𝑑 + 𝜇) .

(35)

Obviously, we have 𝑃 > 0. From (30), one has 𝐼1 < 𝐼
∗. So

we get det(𝑀1) < 0. Hence the endemic equilibrium 𝐸1 is a
saddle. The proof is complete.

In order to explore the stability of the endemic equilib-
rium 𝐸2, define

𝑚1 := (2𝑑𝛼𝑎
2
+ 𝜆𝑎

2
− 𝜀𝛼𝑎

2
− 𝑎𝑐𝜆𝛼

2
)

− 𝑏 (2𝜆𝛼𝑎 + 𝑑𝛼

2
𝑎 − 𝑏𝜆𝛼

2
) ,

𝑚2 := 𝑎
2
𝑑 − 𝑐 (2𝜆𝛼𝑎 + 𝑑𝛼

2
𝑎 − 𝑏𝜆𝛼

2
) .

(36)

Theorem 7. If 𝜂 > 0, then endemic equilibrium 𝐸2 is locally
asymptotically stable; if 𝜂 < 0, then endemic equilibrium 𝐸2 is
unstable, where 𝜂 := 2𝑎𝑚2 + 𝑚1(√𝑏2 − 4𝑎𝑐 − 𝑏).

Proof. Consider

det (𝑀2) =
𝐼2

(1 + 𝛼𝐼2)
2
[𝜆 (𝑑 + 𝜇) (1 + 𝛼𝐼2)

2
− 𝜀𝛼𝑑]

=

𝐼2

(1 + 𝛼𝐼2)
2
× 𝜓 (𝐼2) .

(37)

By carrying out arguments similar to that of Theorem 6, we
have 𝐼2 > 𝐼

∗. Therefore, det(𝑀2) > 0. In addition, we have

tr (𝑀2) = −
(𝑑 + 𝜆𝐼2) (1 + 𝛼𝐼2)

2
− 𝜀𝛼𝐼2

(1 + 𝛼𝐼2)
2

= −

𝜆𝛼

2
𝐼

3

2
+ (2𝜆𝛼 + 𝑑𝛼

2
) 𝐼

2

2
+ (2𝑑𝛼 + 𝜆 − 𝜀𝛼) 𝐼2 + 𝑑

(1 + 𝛼𝐼2)
2

,

(38)

and then sgn(tr(𝑀2)) = − sgn(𝐺(𝐼2)), where

𝐺 (𝑥) = 𝜆𝛼

2
𝑥

3
+ (2𝜆𝛼 + 𝑑𝛼

2
) 𝑥

2
+ (2𝑑𝛼 + 𝜆 − 𝜀𝛼) 𝑥 + 𝑑.

(39)

I

0 50 100 150
0

5

10

15

20

25

30

35

40

S

E0

E1

E2

Figure 4: One region of disease persistence and one region of
disease extinction when 𝐴 = 10, 𝛼 = 1, 𝑑 = 0.1, 𝜇 = 0.01, 𝜆 = 0.01,
𝑟 = 0.1, and 𝜀 = 0.1.

Using the expression of𝑚1 = (2𝑑𝛼𝑎
2
+𝜆𝑎

2
− 𝜀𝛼𝑎

2
−𝑎𝑐𝜆𝛼

2
) −

𝑏(2𝜆𝛼𝑎+𝑑𝛼

2
𝑎−𝑏𝜆𝛼

2
) and𝑚2 = 𝑎

2
𝑑−𝑐(2𝜆𝛼𝑎+𝑑𝛼

2
𝑎−𝑏𝜆𝛼

2
),

one has

𝐺 (𝐼2) = (𝑎𝐼
2

2
+ 𝑏𝐼2 + 𝑐) 𝜑0 +

𝑚1𝐼2 + 𝑚2

𝑎

2
,

(40)

where𝜑0 is a first degree polynomial of 𝐼2. Since 𝑎𝐼
2

2
+𝑏𝐼2+𝑐 =

0, sgn(tr(𝑀2)) = − sgn(𝐺(𝐼2)) = − sgn(𝑚1𝐼2 + 𝑚2). From the
expression of 𝐼2, we have

sgn (𝑚1𝐼2 + 𝑚2)

= sgn (2𝑎𝑚2 + 𝑚1 (√𝑏2 − 4𝑎𝑐 − 𝑏)) ≜ sgn (𝜂) .
(41)

Thus, 𝐸2 is locally asymptotically stable if 𝜂 > 0 and 𝐸2 is
unstable if 𝜂 < 0. The proof is complete.

From the above discussion, we have the following con-
clusion. If two endemic equilibria 𝐸1 and 𝐸2 exist, the stable
manifolds of the saddle 𝐸1 split 𝑅

2

+
into two regions. The

disease is persistent in the upper region and dies out in the
lower region (see Figure 4).

3. Global Analysis

Firstly, we consider the global stability of the disease-free
equilibrium 𝐸0. Let 𝑁 = 𝑆 + 𝐼 be the total population size.
Now we note that the equation for total population is given
by 𝑑𝑁/𝑑𝑡 = 𝐴 − 𝑑𝑆 − (𝑑 + 𝜇)𝐼 ≤ 𝐴 − 𝑑𝑁. It follows that
lim𝑡→+∞𝑁(𝑡) ≤ 𝐴/𝑑. Let

R = {(𝑆, 𝐼) ∈ 𝑅
2

+
: 𝑆 + 𝐼 ≤

𝐴

𝑑

}
(42)

which is positive invariant with respect to system (4).

Theorem 8. If 𝑅0 < 𝑅∗0 , the disease-free equilibrium 𝐸0(𝐴/
𝑑, 0) is globally asymptotically stable; that is, the disease dies
out.
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Proof. Suppose 𝑅0 < 𝑅∗0 . From the (𝐻3) of Theorem 2, we
know that the model has no endemic equilibrium. From
the corollary of Poincaré-Bendixson theorem [32], we know
that there is no periodic orbit in R as there is a disease-
free equilibrium in R. Since R is a bounded positively
invariant region and 𝐸0 is the only equilibrium in R, the
local stability of 𝐸0 implies that every solution initiating in
R approaches 𝐸0. Thus, the disease-free equilibrium 𝐸0 is
globally asymptotically stable. The proof is complete.

Now we analyze the global dynamics of the endemic
equilibrium when 𝑅0 > 1.

Theorem 9. If 𝑅0 > 1 and 0 ≤ 𝛼 < 𝜆/𝑟, the system (4) has no
limit cycles.

Proof. We use Dulac theorem to exclude the limit cycle. Let

𝑃 (𝑆, 𝐼) = 𝐴 − 𝑑𝑆 − 𝜆𝑆𝐼 + 𝜀𝐼 +

𝑟𝐼

1 + 𝛼𝐼

,

𝑄 (𝑆, 𝐼) = 𝜆𝑆𝐼 − (𝑑 + 𝜀 + 𝜇) 𝐼 −

𝑟𝐼

1 + 𝛼𝐼

,

(43)

and take the Dulac function

𝐷 =

1

𝐼

.
(44)

According to 0 ≤ 𝛼 < 𝜆/𝑟, we can get

𝜕 (𝑃𝐷)

𝜕𝑆

+

𝜕 (𝑄𝐷)

𝜕𝐼

= −

𝑑

𝐼

− 𝜆 +

𝛼𝑟

(1 + 𝛼𝐼)

2

< −

𝑑

𝐼

− 𝜆 +

𝜆

(1 + 𝛼𝐼)

2

=

1

𝐼 (1 + 𝛼𝐼)

2
{−𝑑 (1 + 𝛼𝐼)

2
− 𝜆𝐼 [(1 + 𝛼𝐼)

2
− 1]}

< 0.

(45)

Hence, the system (4) has no limit cycles. The proof is
complete.

Therefore, we obtain the global result of the unique
endemic equilibrium.

Theorem 10. If 𝑅0 > 1 and 0 ≤ 𝛼 < 𝜆/𝑟, the unique endemic
equilibrium 𝐸∗ is globally asymptotically stable (see Figure 5).

4. Hopf Bifurcation

In this section, we study the Hopf bifurcation of system (4).
From the above discussion, we know that there is no closed
orbit surrounding𝐸0 or𝐸1 because the 𝑆-axis is invariantwith

0 50 100 150
0

50

100

150

S

I E
∗

Figure 5:The unique endemic equilibrium 𝐸∗ is globally asymptot-
ically stable when 𝐴 = 15, 𝛼 = 0.01, 𝑑 = 0.1, 𝜇 = 0.01, 𝜆 = 0.01,
𝑟 = 0.8, and 𝜀 = 0.1.

respect to system (4) and 𝐸1 is always a saddle. Therefore,
Hopf bifurcation can only occur at 𝐸2. Set

𝜎 = [−𝜆𝛼 −

𝑐1 (𝑐2 + 2𝑐4)

𝑎12

]𝐷

4

+ [− 𝜆𝛼𝑎

2

11
− 2𝜆𝛼𝑎11𝑎12 + (𝑐2 −

2𝑎11𝑐1

𝑎12

)

× (𝑎11𝑐2 −

𝑎

2

11
𝑐1

𝑎12

)

− (

2𝑎

2

11
𝑐1

𝑎12

− 𝑎11𝑐2 + 2𝑐4𝑎11 − 𝑐3𝑎12)

× (𝑐4 −
𝑎11𝑐1

𝑎12

)]𝐷

2

+ 𝑎11 (

𝑎

2

11
𝑐1

𝑎12

− 𝑎11𝑐2 + 𝑐4𝑎11 − 𝑐3𝑎12)

× (𝑎12𝑐3 − 2𝑎11𝑐4 − 𝑎11𝑐2) ,

(46)

where 𝑎𝑖𝑗 (𝑖, 𝑗 = 1, 2), 𝑐𝑘 (𝑘 = 1, 2, 3, 4), and 𝐷 are defined by
(50) and (52).

Theorem 11. System (4) undergoes a Hopf bifurcation if 𝜂 = 0.
Moreover, if 𝜎 < 0, there is a family of stable period orbits of
system (4) as 𝜂 decreases from 0; that is, a supercritical Hopf
bifurcation occurs; if 𝜎 > 0, there is a family of unstable period
orbits of system (4) as 𝜂 increases from 0; that is, a subcritical
Hopf bifurcation occurs.

Proof. The proof of Theorem 7 shows that tr(𝑀2) = 0 if and
only if 𝜂 = 0, and det(𝑀2) > 0 when 𝐸2 exists. Therefore, the
eigenvalues of 𝑀2 are a pair of pure imaginary roots if and
only if 𝜂 = 0. The direct calculations show that

𝑑 (tr (𝑀2))
𝑑𝜂

















𝜂=0

= −

1

2𝑎

3
(1 + 𝛼𝐼2)

2
< 0. (47)
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ByTheorem 3.4.2 in [24], 𝜂 = 0 is the Hopf bifurcation point
for system (4).

To be concise in notations, rescale (4) by 𝜏 = 𝑡/(1 + 𝛼𝐼).
For simplicity, we still use 𝑡 instead of 𝜏. Then we obtain

𝑑𝑆

𝑑𝑡

= (𝐴 − 𝑑𝑆 − 𝜆𝑆𝐼 + 𝜀𝐼) (1 + 𝛼𝐼) + 𝑟𝐼,

𝑑𝐼

𝑑𝑡

= 𝜆𝑆𝐼 (1 + 𝛼𝐼) − (𝑑 + 𝜀 + 𝜇) 𝐼 (1 + 𝛼𝐼) − 𝑟𝐼.

(48)

Let 𝑥 = 𝑆 − 𝑆2 and 𝑦 = 𝐼 − 𝐼2; then (48) becomes

𝑑𝑥

𝑑𝑡

= 𝑎11𝑥 + 𝑎12𝑦 + 𝑐1𝑦
2
+ 𝑐2𝑥𝑦 − 𝜆𝛼𝑥𝑦

2
,

𝑑𝑦

𝑑𝑡

= 𝑎21𝑥 + 𝑎22𝑦 + 𝑐3𝑥𝑦 + 𝑐4𝑦
2
+ 𝜆𝛼𝑥𝑦

2
,

(49)

where

𝑎11 = − (𝑑 + 𝜆𝐼2) (1 + 𝛼𝐼2) ,

𝑎12 = (−𝜆𝑆2 + 𝑟) (1 + 𝛼𝐼2)

+ 𝛼 (𝐴 − 𝑑𝑆2 − 𝜆𝑆2𝐼2 + 𝑟𝐼2) + 𝜀,

𝑎21 = 𝜆𝐼2 (1 + 𝛼𝐼2) ,

𝑎22 = [𝜆𝑆2 − (𝑑 + 𝑟 + 𝜇)] (1 + 𝛼𝐼2)

+ 𝛼 [𝜆𝑆2𝐼2 − (𝑑 + 𝑟 + 𝜇) 𝐼2] − 𝜀,

𝑐1 = 𝛼 (−𝜆𝑆2 + 𝑟) ,

𝑐2 = 𝛼 (−𝑑 − 𝜆𝐼2) − 𝜆 (1 + 𝛼𝐼2) ,

𝑐3 = 𝜆 (1 + 𝛼𝐼2) + 𝜆𝐼2𝛼,

𝑐4 = [𝜆𝑆2 − (𝑑 + 𝑟 + 𝜇)] 𝛼.

(50)

Let 𝐸∗ denote the origin of 𝑥-𝑦 plane. Since 𝐸2 = (𝑆2, 𝐼2)
satisfies (6), we obtain

det (𝑀 (𝐸∗))

= − (𝑑 + 𝜆𝐼2) 𝛼𝜀𝐼2 + (𝑑 + 𝜇) (1 + 𝛼𝐼
2

2
)

2

𝜆𝐼2 + 𝛼𝜆𝜀𝐼
2

2

= 𝐼2 × 𝜓 (𝐼2) .

(51)

From the proof of Theorem 7, it follows that 𝜓(𝐼2) is always
positive. It is easy to verify that 𝑎11 + 𝑎22 = 0 if and only if
𝜂 = 0. Set

𝐷 =

√det (𝑀 (𝐸∗)) (52)

and let 𝑢 = −𝑥 and V = (𝑎11/𝐷)𝑥+(𝑎12/𝐷)𝑦; then the normal
form of (48) for Hopf bifurcation reads

𝑑𝑢

𝑑𝑡

= −𝐷V + 𝑓 (𝑢, V) ,

𝑑V
𝑑𝑡

= 𝐷𝑢 + 𝑔 (𝑢, V) ,
(53)

where

𝑓 (𝑢, V) = (
𝑎11

𝑎12

𝑐2 −

𝑎

2

11

𝑎

2
12

𝑐1)𝑢
2
−

𝐷

2
𝑐1

𝑎

2
12

V2

+ (

𝐷𝑐2

𝑎12

− 2

𝐷𝑎11𝑐1

𝑎

2
12

)𝑢V −
𝜆𝛼𝑎

2

11

𝑎

2
12

𝑢

3

− 2

𝐷𝑎11𝜆𝛼

𝑎

2
12

𝑢

2V −
𝐷

2
𝜆𝛼

𝑎

2
12

𝑢V2,

𝑔 (𝑢, V) =
𝑎11

𝐷

(

𝑎

2

11

𝑎

2
12

𝑐1 −
𝑎11

𝑎12

𝑐2 +
𝑎11

𝑎12

𝑐4 − 𝑐3)𝑢
2

+ (

𝐷𝑎11𝑐1

𝑎

2
12

+

𝐷𝑐4

𝑎12

) V2

+ (2

𝑎

2

11

𝑎

2
12

𝑐1 −
𝑎11

𝑎12

𝑐2 + 2
𝑎11

𝑎12

𝑐4 − 𝑐3)𝑢V

+

𝜆𝛼𝑎

2

11

𝑎12𝐷

(

1

𝑎12

− 1)𝑢

3
+

2𝜆𝛼𝑎11

𝑎12

(

𝑎11

𝑎12

− 1)𝑢

2V

+

𝐷𝜆𝛼

𝑎12

(

𝑎11

𝑎12

− 1)𝑢V2.

(54)

Now, we evaluate the first Lyapunov coefficient Γ of system
(4) as follows:

Γ =

1

16

[𝑓𝑢𝑢𝑢 + 𝑓𝑢VV + 𝑔𝑢𝑢V + 𝑔VVV] +
1

16𝐷

× [𝑓𝑢V (𝑓𝑢𝑢 + 𝑓VV) − 𝑔𝑢V (𝑔𝑢𝑢 + 𝑔VV) − 𝑓𝑢𝑢𝑔𝑢𝑢 + 𝑓VV𝑔VV] ,

(55)

where 𝑓𝑢V denotes (𝜕
2
𝑓/𝜕𝑢𝜕V)(0, 0) and so forth. Then

Γ =

1

8𝑎

2
12
𝐷

2
{[−𝜆𝛼 −

𝑐1 (𝑐2 + 2𝑐4)

𝑎12

]𝐷

4

+ [− 𝜆𝛼𝑎

2

11
− 2𝜆𝛼𝑎11𝑎12 + (𝑐2 −

2𝑎11𝑐1

𝑎12

)

× (𝑎11𝑐2 −

𝑎

2

11
𝑐1

𝑎12

)

− (

2𝑎

2

11
𝑐1

𝑎12

− 𝑎11𝑐2 + 2𝑐4𝑎11 − 𝑐3𝑎12)

× (𝑐4 −
𝑎11𝑐1

𝑎12

)]𝐷

2

+ 𝑎11 (

𝑎

2

11
𝑐1

𝑎12

− 𝑎11𝑐2 + 𝑐4𝑎11 − 𝑐3𝑎12)

× (𝑎12𝑐3 − 2𝑎11𝑐4 − 𝑎11𝑐2)}

=

𝜎

8𝑎

2
12
𝐷

2
.

(56)
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Obviously, the sign of Γ is determined by 𝜎. ByTheorem 3.4.2
and (3.4.11) in [24], the rest of the claims in Theorem 11 are
valid. The proof is complete.

5. Bogdanov-Takens Bifurcations

The purpose of this section is to study the Bogdanov-Takens
bifurcation of (4). Now, we assume the following:

(𝐴1) 𝑏
2
− 4𝑎𝑐 = 0,

(𝐴2) 2𝑎𝑑
2
+ 𝑏𝜆𝜇 = 0.

Then (6) admits a unique positive equilibrium 𝐸∗ = (𝑆∗, 𝐼∗),
where

𝐼

∗
= −

𝑏

2𝑎

, 𝑆

∗
=

𝐴 − (𝑑 + 𝜇) 𝐼

∗

𝑑

.

(57)

The Jacobian matrix of system (4) at 𝐸∗ is

𝑀

∗
= (

−𝑑 − 𝜆𝐼

∗
−𝜆𝑆

∗
+ 𝜀 +

𝑟

(1 + 𝛼𝐼

∗
)

2

𝜆𝐼

∗
𝜆𝑆

∗
− (𝑑 + 𝜀 + 𝜇) −

𝑟

(1 + 𝛼𝐼

∗
)

2

).

(58)

By (58), we have

det (𝑀∗) = 𝐼

∗

(1 + 𝛼𝐼

∗
)

2
[(𝑑 + 𝜇) 𝜆 (1 + 𝛼𝐼

∗
)

2
− 𝑟𝑑𝛼]

= 0,

(59)

because of

(1 + 𝛼𝐼

∗
)

2
=

4𝑎

2
− 4𝑎𝛼𝑏 + 𝛼

2
𝑏

2

4𝑎

2

=

4𝑎

2
− 4𝑎𝛼𝑏 + 𝛼

2
4𝑎𝑐

4𝑎

2

=

𝑎 − 𝛼𝑏 + 𝛼

2
𝑐

𝑎

=

𝛼

2
𝑟𝑑

𝑎

.

(60)

Furthermore, (𝐴2) implies that

tr (𝑀∗) = 0. (61)

Thus, (𝐴1) and (𝐴2) imply that the Jacobian matrix has a
zero eigenvalue withmultiplicity 2.This suggests that (4)may
admit a Bogdanov-Takens singularity.

Theorem 12. Suppose that (𝐴1), (𝐴2), and 2𝑏1 + 𝑏4 ̸= 0 hold.
Then the endemic equilibrium 𝐸∗ = (𝑆∗, 𝐼∗) of (4) is a cusp
of codimension 2; that is, it is a Bogdanov-Takens singularity.
Here, 𝑏1 and 𝑏4 are defined by (65).

Proof. Using the transformation of 𝑥 = 𝐼− 𝐼∗ and 𝑦 = 𝑆− 𝑆∗,
system (4) becomes

𝑑𝑥

𝑑𝑡

= 𝑎1𝑥 + 𝑎2𝑦 + 𝜆𝑥𝑦 + 𝑎11𝑥
2
− 𝑃1 (𝑥) ,

𝑑𝑦

𝑑𝑡

= −

𝑎

2

1

𝑎2

𝑥 − 𝑎1𝑦 − 𝜆𝑥𝑦 − 𝑎11𝑥
2
+ 𝑃1 (𝑥) ,

(62)

where 𝑃1(𝑥) is a smooth function of 𝑥 at least of the third
order and

𝑎1 = 𝜆𝑆
∗
− (𝑑 + 𝜀 + 𝜇) −

𝑟

(1 + 𝛼𝐼

∗
)

2
> 0,

𝑎2 = 𝜆𝐼
∗
> 0,

𝑎11 =
𝑟𝛼

(1 + 𝛼𝐼

∗
)

3
> 0.

(63)

Set𝑋 = 𝑥, 𝑌 = 𝑎1𝑥 + 𝑎2𝑦. Then (62) is transformed into

𝑑𝑋

𝑑𝑡

= 𝑌 + 𝑏1𝑋
2
+ 𝑏2𝑋𝑌 + 𝑄1 (𝑋) ,

𝑑𝑌

𝑑𝑡

= 𝑏3𝑋
2
+ 𝑏4𝑋𝑌 + 𝑄2 (𝑋) ,

(64)

where 𝑄𝑖(𝑋) are smooth functions of 𝑋 at least of the third
order and

𝑏1 = 𝑎11 −
𝜆𝑎1

𝑎2

,

𝑏2 =
𝜆

𝑎2

,

𝑏3 = 𝑎1𝑎11 −

𝜆𝑎

2

1

𝑎2

+ 𝑎1𝜆 − 𝑎2𝑎11,

𝑏4 =
𝜆𝑎1

𝑎2

− 𝜆.

(65)

In order to obtain the canonical normal form, we perform the
transformation of variables by

𝑢 = 𝑋 −

𝑏2

2

𝑋

2
, V = 𝑌 + 𝑏1𝑋

2
.

(66)

Then, we obtain

𝑑𝑢

𝑑𝑡

= V + 𝑅1 (𝑢) ,

𝑑V
𝑑𝑡

= 𝑏3𝑢
2
+ (2𝑏1 + 𝑏4) 𝑢V + 𝑅2 (𝑢) ,

(67)

where 𝑅𝑖(𝑢) are smooth functions of 𝑢 at least of the third
order. Note that 𝑏3 < 0 and 2𝑏1 + 𝑏4 ̸= 0. It follows from [33–
35] that (4) admits a Bogdanov-Takens bifurcation.

In the following, wewill find the versal unfolding in terms
of the original parameters in (4). In this way, we will know the
approximate saddle-node, Hopf, and homoclinic bifurcation
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curves.We choose𝐴 and 𝑑 as bifurcation parameters. Fix 𝜆 =
𝜆0, 𝜀 = 𝜀0, 𝑟 = 𝑟0, 𝛼 = 𝛼0, and 𝜇 = 𝜇0. Let 𝐴 = 𝐴0 + 𝜃1 and
𝑑 = 𝑑0 + 𝜃2, where 𝜃1 and 𝜃2 are parameters which vary in a
small neighborhood of the origin.

Suppose that 𝐴 = 𝐴0, 𝑑 = 𝑑0, 𝜆 = 𝜆0, 𝜀 = 𝜀0, 𝑟 = 𝑟0, 𝛼 =
𝛼0, and 𝜇 = 𝜇0 satisfy (𝐴1) and (𝐴2). Consider the following
system:

𝑑𝐼

𝑑𝑡

= 𝜆0𝑆𝐼 − (𝑑0 + 𝜃2 + 𝜀0 + 𝜇0) 𝐼 −
𝑟0𝐼

1 + 𝛼0𝐼

,

𝑑𝑆

𝑑𝑡

= 𝐴0 + 𝜃1 − (𝑑0 + 𝜃2) 𝑆 − 𝜆0𝑆𝐼 + 𝜀0𝐼 +
𝑟0𝐼

1 + 𝛼0𝐼

.

(68)

By the transformations of 𝑥 = 𝐼 − 𝐼∗ and 𝑦 = 𝑆 − 𝑆∗, system
(68) becomes

𝑑𝑥

𝑑𝑡

= − 𝜃2𝐼
∗
+ 𝑐1𝑥 + 𝑐2𝑦 + 𝑐11𝑥

2
+ 𝜆0𝑥𝑦 − 𝑤1 (𝑥) ,

𝑑𝑦

𝑑𝑡

= (𝜃1 − 𝜃2𝑆
∗
) + 𝑐3𝑥 + 𝑐4𝑦 − 𝑐11𝑥

2
− 𝜆0𝑥𝑦 + 𝑤1 (𝑥) ,

(69)

where 𝑤1(𝑥) is a smooth function of 𝑥 at least of the third
order and

𝑐1 = 𝜆0𝑆
∗
− (𝑑0 + 𝜃2 + 𝜀0 + 𝜇0) −

𝑟0

(1 + 𝛼0𝐼
∗
)

2
,

𝑐2 = 𝜆0𝐼
∗
,

𝑐3 = − 𝜆0𝑆
∗
+ 𝜀0 +

𝑟0

(1 + 𝛼0𝐼
∗
)

2
,

𝑐4 = − (𝑑0 + 𝜃2) − 𝜆0𝐼
∗
,

𝑐11 =
𝑟0𝛼0

(1 + 𝛼0𝐼
∗
)

3
.

(70)

Making the change of variables 𝑋 = 𝑥, 𝑌 = −𝜃2𝐼
∗
+ 𝑐1𝑥 +

𝑐2𝑦 + 𝑐11𝑥
2
+ 𝜆0𝑥𝑦 − 𝑤1(𝑥) and rewriting 𝑋, 𝑌 as 𝑥 and 𝑦,

respectively, we have

𝑑𝑥

𝑑𝑡

= 𝑦,

𝑑𝑦

𝑑𝑡

= 𝑒0+ 𝑒1𝑥 + 𝑒2𝑦 + 𝑒11𝑥
2
+ 𝑒12𝑥𝑦 + 𝑒22𝑦

2
+ 𝑤2 (𝑥, 𝑦, 𝜃) ,

(71)

where 𝜃 = (𝜃1, 𝜃2), 𝑤2(𝑥, 𝑦, 𝜃) is a smooth function of 𝑥, 𝑦,
𝜃1, and 𝜃2 at least of the third order, and

𝑒0 = 𝑐2 (𝜃1 − 𝜃2𝑆
∗
) + 𝑐4𝜃2𝐼

∗
,

𝑒1 = 𝜆0 (𝜃1 − 𝜃2𝑆
∗
) + 𝑐2𝑐3 − 𝑐1𝑐4 − 𝜆0𝜃2𝐼

∗
,

𝑒2 = 𝑐1 + 𝑐4 + 𝜆0

𝜃2𝐼
∗

𝑐2

,

𝑒11 = 𝜆0𝑐3 − 𝑐4𝑐11 − 𝑐11𝑐2 + 𝑐1𝜆0,

𝑒12 = − 𝜆0 + 2𝑐11 + 𝜆0

−𝑐1𝑐2 − 𝜆0𝜃2𝐼
∗

𝑐

2
2

,

𝑒22 =
𝜆0

𝑐2

.

(72)

Next, introduce a new time variable 𝜏 by 𝑑𝑡 = (1 −

(𝜆0/𝑐2)𝑥)𝑑𝜏. Rewriting 𝜏 as 𝑡, we obtain

𝑑𝑥

𝑑𝑡

= 𝑦(1 −

𝜆0

𝑐2

𝑥) ,

𝑑𝑦

𝑑𝑡

= (1 −

𝜆0

𝑐2

𝑥)

× (𝑒0 + 𝑒1𝑥 + 𝑒2𝑦 + 𝑒11𝑥
2

+ 𝑒12𝑥𝑦 + 𝑒22𝑦
2
+ 𝑤2 (𝑥, 𝑦, 𝜃)) .

(73)

Let𝑋 = 𝑥, 𝑌 = 𝑦(1−(𝜆0/𝑐2)𝑥) and rename𝑋 and𝑌 as 𝑥 and
𝑦; we have

𝑑𝑥

𝑑𝑡

= 𝑦,

𝑑𝑦

𝑑𝑡

= 𝑒0 + 𝑔1𝑥 + 𝑒2𝑦 + 𝑔11𝑥
2
+ 𝑔12𝑥𝑦 + 𝑤3 (𝑥, 𝑦, 𝜃) ,

(74)

where 𝜃 = (𝜃1, 𝜃2), 𝑤3(𝑥, 𝑦, 𝜃) is a smooth function of 𝑥, 𝑦,
𝜃1, and 𝜃2 at least of the third order, and

𝑔1 = − 2𝑒0

𝜆0

𝑐2

+ 𝑒1,

𝑔11 = 𝑒11 − 2
𝑒1𝜆0

𝑐2

+

𝑒0𝜆
2

0

𝑐

2
2

,

𝑔12 = 𝑒12 −
𝑒2𝜆0

𝑐2

.

(75)

Now, we assume that 𝑔11 ̸= 0 and 𝑔12 ̸= 0 when 𝜆𝑖 are small.
Set 𝑥 = 𝑋 − 𝑒2/𝑔12 and rewrite𝑋 as 𝑥; we can get

𝑑𝑥

𝑑𝑡

= 𝑦,

𝑑𝑦

𝑑𝑡

= 𝑓0 + 𝑓1𝑥 + 𝑔11𝑥
2
+ 𝑔12𝑥𝑦 + 𝑤4 (𝑥, 𝑦, 𝜃) ,

(76)

where 𝜃 = (𝜃1, 𝜃2), 𝑤4(𝑥, 𝑦, 𝜃) is a smooth function of 𝑥, 𝑦,
𝜃1, and 𝜃2 at least of the third order, and

𝑓0 = 𝑒0 −

𝑔1𝑒2

𝑔12

+

𝑔11𝑒
2

2

𝑔

2
12

,

𝑓1 = 𝑔1 −

2𝑔11𝑒2

𝑔12

.

(77)
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Making the final change of variables by 𝑋 = 𝑔2
12
𝑥/𝑔11, 𝑌 =

𝑔

3

12
𝑦/𝑔

2

11
, and 𝜏 = 𝑔11𝑡/𝑔12 and then denoting them again by

𝑥, 𝑦, and 𝑡, respectively, we obtain

𝑑𝑥

𝑑𝑡

= 𝑦,

𝑑𝑦

𝑑𝑡

= 𝜏1 (𝜃1, 𝜃2) + 𝜏2 (𝜃1, 𝜃2) 𝑥 + 𝑥
2
+ 𝑥𝑦 + 𝑤5 (𝑥, 𝑦, 𝜃) ,

(78)

where 𝜃 = (𝜃1, 𝜃2) and 𝑤5(𝑥, 𝑦, 𝜃) is a smooth function of 𝑥,
𝑦, 𝜃1, and 𝜃2 at least of the third order.

We substitute values of 𝛼0 = 1, 𝜆0 = 1/4, 𝑑0 = 1/10,
𝜀0 = 1/10, 𝜇0 = 1/100, 𝐴0 = 537/500, and 𝑟0 = 55/8 for
the above system and these values satisfy conditions (𝐴1) and
(𝐴2). And we obtain the following equations:

𝜏1 (𝜃1, 𝜃2) =

𝑓0𝑔
4

12

𝑔

3
11

= −

237291605

85184

𝜃1 +
25485118377

851840

𝜃2

+ 𝑂 (









𝜃1, 𝜃2









2
) ,

𝜏2 (𝜃1, 𝜃2) =

𝑓1𝑔
2

12

𝑔

2
11

= −

172225

1936

𝜃1 +
3983253

3872

𝜃2 + 𝑂 (








𝜃1, 𝜃2









2
) ,

(79)

where 𝑔11 = −11/500 − (1/16)𝜃1 + (341/800)𝜃2 + (1/4)𝜃
2

2
< 0

and 𝑔12 = −83/200 + (1/4)𝜃2 < 0 in a small neighborhood of
(𝜃1, 𝜃2) = (0, 0). Let

𝐽 = (

𝜕𝜏1

𝜕𝜃1

𝜕𝜏1

𝜕𝜃2

𝜕𝜏2

𝜕𝜃1

𝜕𝜏2

𝜕𝜃2

). (80)

And after simple calculation we obtain that

det(𝐽)|𝜆=0 = −
16839398748825

82458112

̸= 0.
(81)

Thus, 𝜏1 and 𝜏2 are regular maps in a small neighborhood
of (𝜃1, 𝜃2) = (0, 0). By the Bogdanov and Takens bifurcation
theorems [36], we obtain the following conclusion.

Theorem 13. Suppose that𝐴0, 𝑑0, 𝜆0, 𝜀0, 𝑟0, 𝛼0, and 𝜇0 satisfy
(𝐴1), (𝐴2), 𝑔11 ̸= 0, and 𝑔12 ̸= 0 when 𝜃𝑖 are small. Then (4)
admits the following bifurcation behavior.

(1) There is a saddle-node bifurcation curve 𝑆𝑁 =

{(𝜃1, 𝜃2) : 4𝑓0𝑔11 = 𝑓

2

1
+ 𝑜(|(𝜃1, 𝜃2)|

2
), 𝑓1 ̸=

0} = {(𝜃1, 𝜃2) : (5907/6250)𝜃2 − (11/125)𝜃1 +
(2313/400)𝜃1𝜃2 − (5/16)𝜃

2

1
− (1028637/40000)𝜃

2

2
+

𝑜(|(𝜃1, 𝜃2)|
2
) = 0, (47991/16600)𝜃2 − (1/4)𝜃1 + (25/

83)𝜃1𝜃2 − (13645/13778)𝜃
2

2
+ 𝑜(|(𝜃1, 𝜃2)|

2
) ̸= 0}.

I

I

O

O 𝜃1

𝜃2

SN+

SN+

SN−
SN−

II, H

III HL

IVIV
HL

III
II

H

Figure 6:The bifurcation set and the corresponding phase portraits
for system (68).

(2) There is a Hopf bifurcation curve 𝐻 = {(𝜃1, 𝜃2) :

𝑓0 + 𝑜(|(𝜃1, 𝜃2)|
2
) = 0, 𝑓1 < 0} = {(𝜃1, 𝜃2) : −(537/

50)𝜃2+𝜃1 + (50/83)𝜃1𝜃2 − (74667/6889)𝜃22 + 𝑜(|(𝜃1,
𝜃2)|
2
) = 0, (47991/16600)𝜃2 − (1/4)𝜃1+(25/83)𝜃1𝜃2 −

(13645/13778)𝜃

2

2
+ 𝑜(|(𝜃1, 𝜃2)|

2
) < 0}.

(3) There is a homoclinic bifurcation curve𝐻𝐿 = {(𝜃1, 𝜃2) :
25𝑔11𝑓0 + 6𝑓

2

1
= 𝑜(|(𝜃1, 𝜃2)|

2
), 𝑓1 < 0} = {(𝜃1, 𝜃2) :

(5907/1000)𝜃2 − (11/20)𝜃1 + (611979/ 33200)𝜃1𝜃2 −
(19/16)𝜃

2

1
− (16075834839/275560000)𝜃

2

2
+ 𝑜(|(𝜃1,

𝜃2)|
2
) = 0, (47991/16600)𝜃2−(1/4)𝜃1+(25/83)𝜃1𝜃2−

(13645/13778)𝜃

2

2
+ 𝑜(|(𝜃1, 𝜃2)|

2
) < 0}.

6. Numerical Simulations

When 𝛼 = 1, 𝜆 = 1/4, 𝑑 = 1/10, 𝜀 = 1/10, 𝜇 = 1/100,
𝐴 = 537/500, and 𝑟 = 55/8, 𝜎 > 0. By applying PPLANE8
and Photoshop software, the (𝜃1, 𝜃2)-plane near the origin is
divided into 4 regions by these bifurcation curves as shown in
Figure 6. Fix 𝜃1 < 0 and decrease 𝜃2 from 0; our conclusions
are summarized as follows.

(a) When (𝜃1, 𝜃2) lies in region I, there is no positive
equilibrium, which implies that the positive orbits
of (4) meet the positive 𝑆-axis in finite time, and
therefore the disease disappears.

(b) There is a saddle-node point when (𝜃1, 𝜃2) lies on
curve SN.

(c) When (𝜃1, 𝜃2) crosses SN into region II, two positive
equilibria which are an unstable focus and a saddle
appear.

(d) When the parameters lie on the curve H, there is also
a saddle and an unstable focus. An unstable limit cycle
appears with the parameters crossing H into III.

(e) A homoclinic cycle appears as the parameters passing
III into HL through the homoclinic bifurcation.
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Figure 7: When (𝜃1, 𝜃2) = (0, 0), the unique positive equilibrium is
a cusp of codimension 2.
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Figure 8: When (𝜃1, 𝜃2) = (−0.1, −0.0093) lies in region I, there is
no positive equilibrium.

(f) The homoclinic loop breakswith the parameter cross-
ing HL into IV, and a saddle and a stable focus appear.

Furthermore, using PPLANE8, some numerical simu-
lations of system (68) are depicted in Figures 7–10. When
(𝜃1, 𝜃2) = (0, 0), that is (𝐴0, 𝑑0) = (537/500, 1/10), there is
a unique positive equilibrium (𝑆∗, 𝐼∗) = (317/50, 4), which
is a cusp of codimension 2 (Figure 7). When (𝜃1, 𝜃2) =
(−0.1, −0.0093) lies in region I, there is no positive equi-
librium (Figure 8). When (𝜃1, 𝜃2) = (−0.02, −0.001863798),
there is a homoclinic loop (Figure 9). When (𝜃1, 𝜃2) =
(−0.02, −0.0020) lies in region IV, the homoclinic loop
is broken, and there is a stable focus and a saddle
(Figure 10).
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Figure 9: When (𝜃1, 𝜃2) = (−0.02, −0.001863798), there is a
homoclinic loop.
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Figure 10: When (𝜃1, 𝜃2) = (−0.02, −0.0020) lies in region IV, there
is a stable focus and a saddle.

7. Discussion

In this paper, we focus on the bifurcation analysis of an SIS
epidemic model with bilinear incidence rate and saturated
treatment. Generally speaking, in many epidemic models,
the basic reproduction number, which is the key concept
in epidemiology, can be decreased below unity to eradicate
the disease. However, in our model, the basic reproduction
number below 1 is not enough to eradicate the disease.
According to our analysis in this paper, we demonstrate not
only the global stability of the disease-free equilibrium when
𝑅0 < 𝑅

∗

0
and the local asymptotic stability of the endemic

equilibrium 𝐸2 when 𝑅
∗

0
< 𝑅0 < 1, but also the global

stability of the unique endemic equilibrium 𝐸∗ when 𝑅0 > 1.
Moreover, it has been shown in Corollary 4 that backward
bifurcations occur if the effect of the infected being delayed
for treatment is strong. That is to say, we should get prompt
treatment for patients. Through Figure 4, we can see that
there is a region such that the disease will persist if the initial
position lies in the region and disappear if the initial position
lies outside this region. So, in order to restrain the spread
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of the disease, governments should take timely measures to
control the initial infected individuals in a lower level. In
addition, fromTheorem 8, we can see that the disease will die
out if 𝑅0 is small enough. Therefore, from the definition of
𝑅0, one knows that we can decrease the incidence rate 𝜆 and
increase the cure rate 𝑟 so as to eradicate the diseases or to
make them controlled in a lower endemic steady state.

The stability analysis of the model equilibria enables us
to completely analyze their local bifurcation behavior, such
as Hopf, saddle-node, and Bogdanov-Takens bifurcation. By
computing the first Lyapunov coefficient, we can determine
that the Hopf bifurcation is a supercritical Hopf bifurca-
tion or a subcritical Hopf bifurcation. We also show that,
under assumptions (𝐴1) and (𝐴2), the model undertakes
Bogdanov-Takens bifurcation; that is, there are saddle-node
bifurcation, Hopf bifurcation, and homoclinic bifurcation
in the system. The normal norm of the Bogdanov-Takens
bifurcation is derived in Section 5 which is very helpful to
obtain the three kinds of bifurcation curves. By analytical
techniques, 𝐴 and 𝑑 are chosen as bifurcation parameters
and other parameters are fixed, and we easily get a clear
picture about the rich dynamics behaviors of our model.
Through studying the bifurcations of the SIS epidemicmodel,
we are suggesting that, in order to eradicate the disease,
more medical facilities as well as medical professionals are
needed and the medical standard needs to be improved as
well.
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The identification of CTQs for complex products is the first step to implement quality control. To improve the efficiency and
accuracy of CTQs identification, we propose a novel hybrid approach based on mutual information and improved gravitational
search algorithm, which has advantages of filter and wrapper. At first, the information relevance and redundancy are measured by
mutual information.Then, the improved gravitational search algorithm is used to search the CTQs. Experimentation is carried out
using 2 UCI data sets, and the classification capability of CTQs is tested by SVM and tenfold cross validation.The results show that
the presented method is verified to be effective and practically applicable.

1. Introduction

Thequality characteristics of complex products with complex
structure, high-tech, and components highly integrated are
high-dimensional characteristics. It is not economically or
logistically feasible to control or monitor all of the quality
characteristics for the high-dimensional data. Of all these
characteristics, some are critical to quality characteristics
(CTQs) which determine the quality of the product while
others are redundant or insignificant [1–4]. Therefore, iden-
tifying the CTQs is the key to monitor, analyze, and improve
the quality of complex products. In this paper, we propose
a novel hybrid approach based on mutual information and
improved gravitational search algorithm (MIGSA) for CTQs
identification; see Algorithm 1.The rest of this paper is struc-
tured as follows. Section 2 introduces the literature review
of CTQs identification. Some basic concepts on mutual
information, gravitational search algorithm, and rough sets
theory are described briefly in Section 3. The fundamentals
of the proposed hybrid approach to CTQs identification of
complex products are described in Section 4.The experimen-
tal results and discussion are presented in Section 5. Finally,
conclusions are given in Section 6.

2. Literature Reviews of CTQs

According to the literatures, the research on CTQs identifica-
tion can be divided into two sections: CTQs in design phase
and CTQs in manufacture process.

For CTQs of design, the design team identifies the voice
of the customer (VOC) and determines the CTQs from
engineering characteristics based on the relationship of
VOCs and engineering characteristics.The typical method of
CTQs identification is quality function deployment (QFD)
[5, 6]. QFD provides a means of translating customer
requirements into the appropriate technical requirements
for each stage of product development and production [7].
For example, Zhang et al. established a multiple CTQs
optimization model by using QFD technology and
successfully extracted various influencing factors for
multiple quality characteristics [8]. He et al. put forward
an approach to CTQs decomposition from customer
requirements into critical technical parameters based on
the relational tree [6]. Thornton distinguishes importance
degree of obtained characteristics through adding process
data [4, 9]. Rowe presented a methodology compatible with
Design for Six Sigma (DFSS) for constructing comprehensive
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Input: data set𝐷; 𝑑, the number of characteristics;
𝐹 = {𝑋1, 𝑋2, . . . , 𝑋𝑑}, the set of characteristics; 𝑆 = ⌀; 𝐶, the set of classes;
Values of parameters in GSA:𝑁, the size of agents;
𝑇max, the maximum iteration; 𝑇𝑠, a constant; 𝑃0, the initial positions
of agents. 𝑉0, initial velocities of agents; Fitnessmax,
the best fitness value.

Output: CTQs
Steps:
for 𝑖 = 1 to 𝑑, do

Compute 𝐼(𝑋𝑖; 𝐶)
end
Select the characteristic𝑋𝑖 with maximum 𝐼(𝑋𝑖; 𝐶)

𝑆 = 𝑆 ∪ {𝑋𝑖}

𝐹 = 𝐹 − {𝑋𝑖}

𝑡 = 1

while 𝑡 ≤ 𝑘 do
for each characteristic𝑋𝑗 ∈ 𝐹, do

Compute 𝐽(𝑋𝑗)
end
Select the next characteristic𝑋𝑗 with the maximum 𝐽(𝑋𝑗).
𝑆 = 𝑆 ∪ {𝑋𝑗}

𝐹 = 𝐹 − {𝑋𝑗}

𝑡 = 𝑡 + 1

end
Initialize 𝑃0
𝑇 = 0

while 𝑇 ≤ 𝑇max do
Evaluate the fitness value for each agent and find
the best fitness. If the best value is met, then stop.
Otherwise, update agents’ position by (8). If the
best global position is no change for 𝑇𝑠 consecutive
generations, use improving strategies to generate
new agents.
𝑇 = 𝑇 + 1

end

Algorithm 1: MIGSA.

statistical design and process control specifications for CTQs
[10].

During manufacture process, the CTQs can be identified
by using sequential experimental design. Shen and Wan
proposed controlled sequential factorial design (CSFD) for
discrete-event simulation experiments [11]. Rout and Mittal
used combined array design of experiment approach to
screen the factors influencing the performance of manip-
ulator [12]. Mathieu and Marguet presented an integrated
method for CTQs identification based on assembly directed
graph [13].Whitney proposed the concept of a data flow chain
(DFC), which was used to analyze the effect factors of CTQs
[14]. Variation mode and effect analysis (VMEA) was used in
identification of noise factors that caused CTQs to fluctuate
and risk coefficient was used to measure the importance
of them [15]. Wang et al. proposed CTQs identification
method in multistage manufacturing process by combining
the partial least squares regression (PLSR) method with the
state space model [16]. Wu presented an approach to opti-
mizing the correlated multiple quality characteristics based

on the modified double-exponential desirability function
[17].

The above methods have been applied successfully in
many fields. However, if the number of factors is large (say
more than 30) and the output dimension is relatively high,
it is hard to obtain the expected characteristics reduction by
using the above methods.

According to the characteristic of the manufacturing
process, Yan et al. constructed the relationship between the
quality characteristics and the class of each product sample
and then used information gain (IG)methodology to identify
the CTQs of high dimensional complex products [18]. CTQs
identification in complex products can be regarded as a
feature selection problem. Datamining approach can be used
to solve the problem. Yan et al. [1] used ReliefF algorithm to
identify CTQs in complex products. The method is verified
feasible, but the classification accuracy of the results is low
(nearly 70%).

The method MIGSA proposed in this paper merges the
merits of efficiency of both filter and high accuracy wrapper.
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The following sections provide a more detailed description of
the approach.

3. Preliminaries

3.1. Mutual Information. In information theory, the uncer-
tainty of random variables can be measured by the entropy
[19]. Let 𝑋 be random variables with discrete values; its
entropy𝐻(𝑋) is defined as

𝐻(𝑋) = −∑

𝑥∈𝑋

𝑝 (𝑥) log𝑝 (𝑥) , (1)

where𝑝(𝑥) = Pr{𝑋 = 𝑥} is the probability density function of
𝑋. Then, let 𝑋 and 𝑌 be two discrete random variables; their
joint probability density function is 𝑝(𝑥, 𝑦); then, the joint
entropy𝐻(𝑋, 𝑌) of them is

𝐻(𝑋, 𝑌) = −∑

𝑦∈𝑌

∑

𝑥∈𝑋

𝑝 (𝑥, 𝑦) log𝑝 (𝑥, 𝑦) . (2)

Conditional entropy𝐻(𝑋 | 𝑌) is used to describe the uncer-
tainty reduction of variable𝑋 when variable 𝑌 is known. It is
defined as

𝐻(𝑋 | 𝑌) = −∑

𝑦∈𝑌

∑

𝑥∈𝑋

𝑝 (𝑥, 𝑦) log𝑝 (𝑥 | 𝑦) . (3)

Themutual information 𝐼(𝑋; 𝑌) is defined tomeasure the
common information of two variables𝑋 and 𝑌:

𝐼 (𝑋; 𝑌) = −∑

𝑦∈𝑌

∑

𝑥∈𝑋

𝑝 (𝑥, 𝑦) log
𝑝 (𝑥, 𝑦)

𝑝 (𝑥) 𝑝 (𝑦)

. (4)

From the above definition, the high value of 𝐼(𝑋; 𝑌)
means that the two variables 𝑋 and 𝑌 are closely related;
otherwise, the two variables are not closely related when
the value is small; specially, they are totally unrelated when
𝐼(𝑋; 𝑌) = 0.

According to (1)–(4), the relation between the entropy
and mutual information can be described in

𝐼 (𝑋; 𝑌) = 𝐻 (𝑋) − (𝑋 | 𝑌) . (5)

3.2. Gravitational Search Algorithm. The gravitational search
algorithm (GSA) is a recently proposed heuristic search
algorithm by Rashedi et al. [20], which has been inspired by
the Newtonian laws of gravity and motion. As a new stochas-
tic population-based heuristic optimization tool, the GSA
algorithm provides an iterative method that simulates mass
interactions and moves through a multidimensional search
space in the influence of gravitation. In the GSA algorithm,
agents are considered as objects and their performance is
measured by their masses. The GSA algorithm is introduced
as follows [20, 21].

For a system with 𝑛 agents, the position of the 𝑖th agent is
defined as

𝑃𝑖 = (𝑝

1

𝑖
, . . . , 𝑝

𝑑

𝑖
, . . . , 𝑝

ℎ

𝑖
) for 𝑖 = 1, 2, . . . , 𝑛, (6)

where 𝑝

𝑑

𝑖
presents the position of the 𝑖th agent in the 𝑑th

dimension and ℎ is the dimension of the search space.
The velocity V𝑑

𝑖
(𝑡) and position 𝑝

𝑑

𝑖
(𝑡) of the 𝑖th agent in

the 𝑑th dimension can be updated using (7) and (12):

V𝑑
𝑖
(𝑡 + 1) = rand𝑖 × V𝑑

𝑖
(𝑡) + 𝑎

𝑑

𝑖
(𝑡) ,

(7)

𝑝

𝑑

𝑖
(𝑡 + 1) = 𝑝

𝑑

𝑖
(𝑡) + V𝑑

𝑖
(𝑡 + 1) ,

(8)

where rand𝑖 is uniform random data in the interval [0, 1],
which is utilized to give a randomized characteristic to the
search. The acceleration 𝑎

𝑑

𝑖
(𝑡) can be calculated as follows:

𝑎

𝑑

𝑖
(𝑡) =

𝐹

𝑑

𝑖
(𝑡)

𝑀𝑖 (𝑡)

.

(9)

𝐹

𝑑

𝑖
(𝑡) is the total force exerted on agent 𝑖 in the 𝑑th dimension

and𝑀𝑖(𝑡) is the mass of the agent 𝑖 at time 𝑡.
The force acting on agent 𝑖 from the agent 𝑗 at time 𝑡 is

defined as

𝐹

𝑑

𝑖𝑗
(𝑡) = 𝐺 (𝑡)

𝑀𝑖 (𝑡) × 𝑀𝑗 (𝑡)

𝑅𝑖𝑗 (𝑡) + 𝜀

(𝑝

𝑑

𝑗
(𝑡) − 𝑝

𝑑

𝑖
(𝑡)) , (10)

where 𝐺(𝑡) is gravitational constant at time 𝑡, 𝐺(𝑡) = 𝐺0(1 −

𝑡/𝑇), 𝜀 is a small constant, and 𝑅𝑖𝑗(𝑡) is the distance between
agents 𝑖 and 𝑗. Then, 𝐹𝑑

𝑖
(𝑡) and𝑀𝑖(𝑡) can be calculated:

𝐹

𝑑

𝑖
(𝑡) =

𝑛

∑

𝑗=1,𝑗 ̸=𝑖

rand𝑗𝐹
𝑑

𝑖𝑗
(𝑡) , (11)

𝑞𝑖 (𝑡) =
fit𝑖 (𝑡) − worst (𝑡)
best (𝑡) − worst (𝑡)

, (12)

𝑀𝑖 (𝑡) =

𝑞𝑖 (𝑡)

∑

𝑛

𝑗=1
𝑞𝑗 (𝑡)

, (13)

where rand𝑗 is a random number in the interval [0, 1]. fit𝑖(𝑡)
is the fitness value of the agent 𝑖 at time 𝑡. best(𝑡) and worst(𝑡)
are the best and worst fit𝑖(𝑡) at time 𝑡, respectively.

According to the difference of the position updating,
GSA can be divided into continuous GSA (CGSA) and
binary GSA (BGSA). In the binary algorithm, the position
updating means a switching between “0” and “1” values. In
the implementation of the BGSA, a large value of velocity
must provide a high probability of hanging the position of the
mass with respect to its previous position and a small value of
the velocity must provide a small probability of changing the
position. So, V𝑑

𝑖
can be transferred into a probability function

𝑆(V𝑑
𝑖
) as follows:

𝑆 (V𝑑
𝑖
(𝑡)) =











tanh (V𝑑
𝑖
(𝑡))











. (14)

Then, the agents will move according to the following rule:

𝑥

𝑑

𝑖
(𝑡 + 1) = {

1 − 𝑝

𝑑

𝑖
(𝑡) , rand < 𝑆 (V𝑑

𝑖
(𝑡 + 1)) ,

𝑝

𝑑

𝑖
(𝑡) , else.

(15)
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4. The Approach to CTQs Identification

4.1. Characteristics Ranking by Mutual Information. In infor-
mation theory, mutual information is used to quantita-
tively analyze the relationship between two characteristics
or between a characteristic and a class variable. There are
two subsets about the characteristics, one is the already
selected subset 𝑆; the other is unselected subset 𝐹. Among
all the characteristics in 𝐹, the characteristic 𝑥𝑖, which has
the largest information about classes 𝐶 that not provided by
the already selected characteristics, can be selected into 𝑆

[19]. The mutual information 𝐽(𝑋𝑖) of characteristic 𝑋𝑖 can
be estimated as follows [22]:

𝐽 (𝑋𝑖) = 𝑁𝐼 (𝐶;𝑋𝑖) −
1









𝑆𝑖−1









∑

𝑋𝑠∈𝑆𝑖−1

𝐼 (𝑋𝑠, 𝑋𝑖)

min (𝐻 (𝑋𝑠) ,𝐻 (𝑋𝑖))

,

(16)

where 𝑁𝐼(𝐶;𝑋𝑖) = 𝐼(𝐶;𝑋𝑖)/log2(|Ω𝐶|) and 𝑋𝑠 is the
characteristic of already selected subset.

4.2. Improved GSA. We use the GSA method to identify the
CTQs for complex products. It has been proved that GSA is
a better optimization algorithm than PSO and GA in most
cases [20]. However, similar to other intelligent algorithms,
GSA has a limitation of premature convergence. In order to
overcome the drawback, we use opposition-based learning
and immune strategy to improve GSA (IGSA).

The concept of opposition-based learningwas introduced
by Tizhoosh [23]. The main idea behind opposition-based
learning is the simultaneous consideration of an estimate and
its corresponding opposite estimate in order to achieve a
better approximation for the current candidate solution [24].
Let 𝑥 ∈ 𝑅 be a real number defined on a certain interval:
𝑥 ∈ [𝑎, 𝑏]. The opposite number 𝑥 is defined as follows:

𝑥 = 𝑎 + 𝑏 − 𝑥. (17)

Analogously, the opposite number in amultidimensional case
can be defined.

Immune algorithm (IA) is a kind of optimizationmethod
based on the characteristics of the biological immune system.
It is proposed by Farmer, Packard, and Perelson in 1986,
when they discussed links between immune system and
other artificial intelligence methods. It has the capability to
control a complex system [25] and has been applied in many
fields. In the IA, antigen represents the problem to be solved.
An antibody is generated where each member represents a
candidate solution. Affinity is the fitness of an antibody to the
antigen. The key of IA is how to generate antibodies [26].

Immune strategy can effectively solve the problem of
population diversity and improve the convergence speed
through immune recognition and immune memory. In the
immune strategy, affinity is used to describe the information
contained in an antibody [25]. The affinity function can be
calculated as follows:

𝐴 𝑖 =
1

∑

𝑀

𝑗=1
√
∑

𝐷

𝑘=1
(𝑃𝑔𝑖𝑘

− 𝑃𝑔𝑗𝑘
)

,

(18)

where 𝐷 is the dimension, 𝑀 is the number of antibodies,
and 𝑃𝑔 is the best position. Then the affinity of all memory
antibodies with best position is calculated.

4.3. Implementation of Hybrid Approach

4.3.1. Representation of Position. Assume that there are 𝐿 total
characteristics; there will be 2𝐿 kinds of characteristic subsets
which are different from each other. If each agent takes one
characteristic subset, the agent’s position can be represented
as binary bit strings of length 𝐿; every bit represents a
characteristic; 1 means the corresponding characteristic is
selected while 0 means the characteristic is not selected.

4.3.2. Fitness Function. The CTQs subset should not only
have a small length but also have a high classification quality
[27]. So the fitness function can be defined as follows:

Fitness = 𝛼 ⋅ 𝛾𝐵 (𝐷) + 𝛽 ⋅

|𝐶| − |𝐵|

|𝐶|

, (19)

where 𝛾𝐵(𝐷) is the classification quality of condition attribute
set 𝐵 relative to decision 𝐷 in rough set theory and |𝐵| is the
length of selected characteristic subset. |𝐶| is the total number
of characteristics. 𝛼 and 𝛽 are two parameters corresponding
to the importance of classification quality and subset length,
𝛼 ∈ [0, 1] and 𝛽 = 1 − 𝛼. The high 𝛼 assures that the best
position is at least a real rough set reduction.We can calculate
the quality of each position by the formula. The goal is to
maximize fitness values [27].

4.3.3. Hybrid Approach (MIGSA). The proposed method has
two major parts. The first one is ranking the characteristics
by mutual information, and the second one is finding the
optimal subset of characteristics by improved GSA based
on the result of the first part. Let 𝑘 be the number of the
characteristics that we select by the mutual information, 𝑘 <

𝑑.Then, the characteristics dimension is reduced through the
selection.

5. Experiments

For our experiments, we implement the hybrid approach for
CTQs identification in Matlab 7.10.0. We test the algorithm
through two datasets fromUCImachine learning repository:
SECOM dataset and Statlog (LS) dataset. The brief informa-
tion about them is given in Table 1. SECOMdataset is the data
about semi-conductor manufacturing process. There are two
classes in 1567 instances including 104 fails, and they have
some missing values. Statlog (LS) dataset is the data about
landsat satellite. There are 6 classes in 6435 instances. The
instance number of each class is 1533, 703, 1358, 626, 707, and
1508, respectively. The dataset of SECOM is used to test the
proposedmethod’s capability, and Statlog (LS) dataset is used
to compare with other methods in literatures.

Before the beginning of hybrid approach, data prepro-
cessing, which contains missing values preprocessing and
data balance, should be done first. Then mutual informa-
tion was calculated between characteristics and classes 𝐶.
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Figure 1: Evolution process of the global best on 2 datasets.

Table 1: Information of 2 datasets.

Dataset Instances Characteristics Class
SECOM 1567 591 2
Statlog (LS) 6435 36 6

Table 2: Parameters of algorithm used in the experiment.

𝐺0 𝛼 𝛽 Max iterations Population (𝑁)
100 0.9 0.1 100 30

After that, characteristics are selected to optimize through
improved GSA. The program is terminated when the algo-
rithm reaches the stopping criterion. The parameters of
configuration of GSA are given in Table 2.

Figure 1 is the process of global best on SECOM and
Statlog (LS) by IGSA andGSA. FromFigure 1, we find that the
IGSA overcomes the premature convergence of GSA. Then,
SVM is used as the training procedure, and the classification
accuracy of CTQs is estimated by tenfold cross validation.
The results are given in Table 3. From Table 3, we can find
that the number of CTQs is 11, and the classification is
88.3% for SECOM dataset; the number of CTQs is 5, and the
classification is 84.9% for the Statlog (LS) dataset.

In order to prove the proposed method’s capability, it is
comparedwith four algorithms (MRPSO, BPSO, CBPSO, and
ReliefF) in the literature [28] from two dimensions: number
of CTQs and accuracy using Statlog (LS). The results are
listed in Table 4. From Table 4, we can find that the accuracy
of CTQs obtained by 5 methods is similar. However, the
numbers of CTQs are significantly different. Of the four
existing methods, the best is MRPSO with 85.24 percent
accuracy and 16 CTQs, while the accuracy of CTQs obtained
by our proposed method MIGSA can reach 84.9 percent and

Table 3: Information of 2 datasets.

Dataset Number of CTQs Accuracy (%)
SECOM 11 88.3
Statlog (LS) 5 84.9

Table 4: Number of CTQs and accuracy with different methods for
dataset landsat satellite.

MRPSO BPSO CBPSO ReliefF MIGSA
Number of CTQs 16 22 25 34 5
Accuracy (%) 85.24 83.15 83.4 82.03 84.9

only needs 5 CTQs. Hence, the proposed approach is an
efficient method of CTQs identification.

6. Conclusions

In order to solve the identification of CTQs for complex
products, we propose a hybrid approach based on mutual
information and GSA. Due to premature convergence that
often happens on GSA, we improve the algorithm through
opposition learning and immune algorithm. At first, we com-
pare the improved method IGSA with the original method
GSA, and the results of experiment show that IGSA has a
strong search capability. Then, MIGSA is compared with 4
methods in the literature; the experimental results show that
it can reduce CTQs dimension greatly. From experiments, it
can be said that MIGSA is an effective method to identify
CTQs for complex products.
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The construction example of algebra system is to verify the existence of a complex algebra system, and it is a NP-hard problem. In
this paper, to solve this kind of problems, firstly, a mathematical optimization model for construction example of algebra system
is established. Secondly, an improved harmony search algorithm based on NGHS algorithm (INGHS) is proposed to find as more
solutions as possible for the optimization model; in the proposed INGHS algorithm, to achieve the balance between exploration
power and exploitation power in the search process, a global best strategy and parameters dynamic adjustment method are present.
Finally, nine construction examples of algebra system are used to evaluate the optimizationmodel and performance of INGHS.The
experimental results show that the proposed algorithmhas strong performance for solving complex construction example problems
of algebra system.

1. Introduction

Algebra system is one of the broad parts of mathematics,
together with number theory, geometry, and analysis. It
has wide applications in astronomy, biology, construction,
computer science, and so on. Many scientific researchers
focus on its studies. However, with the rapid development
of science and technology, more and more complex algebra
systems emerge in large numbers, so the algebra system
researchers meet a lot of difficult problems. One of them
is to construct appropriate examples for the algebra system
so as to prove the existence of the algebra system. This is
because there is the tremendous computing workload to
construct appropriate examples that are satisfied with the
operations of the algebra system. In the current study of
algebra system, the construction examples of algebra system
are often manually achieved. However, for a multielement
complex algebra system, the construction examples are very
difficult. In order to understand the construction example
of algebra system better, we introduce its construction by an
example of N(2, 2, 0) algebra system.

Above all, we begin this section by introducing a simpli-
fied definition of N(2, 2, 0) algebra system [1, 2].

Definition 1. An N(2, 2, 0) algebra is a system (𝑆, ∗, Δ, 0)

where 𝑆 is nonempty set, 0 is a constant element of 𝑆, and ∗
and Δ are two binary operations on 𝑆, obeying the following
axioms. For all 𝑥, 𝑦, 𝑧 ∈ 𝑆,

(F1) 𝑥 ∗ (𝑦Δ𝑧) = 𝑧 ∗ (𝑥 ∗ 𝑦),

(F2) (𝑥Δ𝑦) ∗ 𝑧 = 𝑦 ∗ (𝑥 ∗ 𝑧),

(F3) 0 ∗ 𝑥 = 𝑥.

ForDefinition 1, there are twoworks for researchers to do.

(1) Give some examples to prove the existence of this
algebra.

(2) How many solutions are satisfying the three condi-
tions (F1), (F2), and (F3) simultaneously?
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Example 2. Let 𝑆 = {𝑎1, 𝑎2, . . . , 𝑎𝑛} be a finite set of distinct
elements. We define operations ∗ and Δ by the following
equations, respectively:

∗ 𝑎1 𝑎2 ⋅ ⋅ ⋅ 𝑎𝑛

𝑎1 𝑥11 𝑥12 ⋅ ⋅ ⋅ 𝑥1𝑛

𝑎2 𝑥21 𝑥22 ⋅ ⋅ ⋅ 𝑥2𝑛

⋅ ⋅ ⋅

𝑎𝑛 𝑥𝑛1 𝑥𝑛2 ⋅ ⋅ ⋅ 𝑥𝑛𝑛

(1)

Δ 𝑎1 𝑎2 ⋅ ⋅ ⋅ 𝑎𝑛

𝑎1 𝑦11 𝑦12 ⋅ ⋅ ⋅ 𝑦1𝑛

𝑎2 𝑦21 𝑦22 ⋅ ⋅ ⋅ 𝑦2𝑛

⋅ ⋅ ⋅

𝑎𝑛 𝑦𝑛1 𝑦𝑛2 ⋅ ⋅ ⋅ 𝑦𝑛𝑛

(2)

In (1) and (2), 𝑎𝑖 ∗ 𝑎𝑗 = 𝑥𝑖𝑗 ∈ 𝑆, 𝑎𝑖Δ𝑎𝑗 = 𝑦𝑖𝑗 ∈ 𝑆 (𝑖 =

1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑛).
Next we consider

(F1) 𝑎𝑖 ∗ (𝑎𝑗Δ𝑎𝑘) = 𝑎𝑘 ∗ (𝑎𝑖 ∗ 𝑎𝑗) ⇔ 𝑎𝑖 ∗ (𝑦𝑗𝑘) = 𝑎𝑘 ∗ (𝑥𝑖𝑘),

(F2) (𝑎𝑖Δ𝑎𝑗)∗𝑎𝑘 = 𝑎𝑗∗(𝑎𝑖∗𝑎𝑘) ⇔ (𝑦𝑖𝑗)∗𝑎𝑘 = 𝑎𝑗∗(𝑥𝑖𝑘) ⇔

𝑎𝑖 ∗ (𝑦𝑗𝑘) = 𝑎𝑘 ∗ (𝑥𝑖𝑘),

(F3) 𝑎1 ∗ 𝑎𝑖 = 𝑎𝑖 ⇔ 𝑥1𝑖 = 𝑎𝑖,

where 𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑛; 𝑘 = 1, 2, . . . , 𝑛.

For this algebra system, researchers hope to construct
some examples that satisfy the conditions (F1), (F2), and
(F3) and to prove the existence of the algebra. However, the
calculated amount of this work is so large that computing
cost is typically high. Like Example 2, each variable 𝑥𝑖𝑗 or
𝑦𝑖𝑗 (𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑛) can take 𝑛 different values
(𝑎1, 𝑎2, . . . , 𝑎𝑛); the combinatorial number with the repetition
for all 𝑥𝑖𝑗 and 𝑦𝑖𝑗 is 𝑛

2𝑛
2

. Obviously it is a NP-hard problem.
It will result in the combination blast when the dimension
increases. So the enumeration method can hardly be used to
construct an example for the algebra system (𝑆, ∗, Δ, 0).

Therefore, for this kind of NP-hard problem, this
paper proposes an intelligent metaheuristic algorithm
to get a set of (𝑥11, 𝑥12, . . . , 𝑥1𝑛; . . . ; 𝑥𝑛1, 𝑥𝑛2, . . . , 𝑥𝑛𝑛) and
(𝑦11, 𝑦12, . . . , 𝑦1𝑛; . . . ; 𝑦𝑛1, 𝑦𝑛2, . . . , 𝑦𝑛𝑛) quickly that satisfy
conditions (F1), (F2), and (F3).

2. The Optimization Model of 𝑁(2, 2, 0)
Algebra System

For the construction example of an𝑁(2, 2, 0) algebra system,
we can consider it as an optimized constraint satisfaction
problem (OCSP) that satisfies conditions (F1), (F2), and
(F3). Then it can be solved by the intelligent optimization
algorithm.

To predigest the solving process and promote its practica-
bility, we turn this problem into nonconstrained optimization
problem. The optimization model is as follows:

min𝐹 (X,Y)

=

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝑛

∑

𝑘=1

[𝑓1 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘) + 𝑓2 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘) + 𝑓3 (𝑎𝑖)] ,

(3)

where
X = (𝑥11, 𝑥12, . . . , 𝑥1𝑛; . . . ; 𝑥𝑛1, 𝑥𝑛2, . . . , 𝑥𝑛𝑛)

is algebra (𝑆, ∗, 0) ;

Y = (𝑦11, 𝑦12, . . . , 𝑦1𝑛; . . . ; 𝑦𝑛1, 𝑦𝑛2, . . . , 𝑦𝑛𝑛)

is algebra (𝑆, Δ, 0) ;

(4)

for any 𝑎𝑖, 𝑎𝑗, and 𝑎𝑘 (𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑛; 𝑘 =

1, 2, . . . , 𝑛) in 𝑆 = {𝑎1, 𝑎2, . . . , 𝑎𝑛},

𝑎𝑖 ∗ 𝑎𝑗 = 𝑥𝑖𝑗 ∈ 𝑆, 𝑎𝑖Δ𝑎𝑗 = 𝑦𝑖𝑗 ∈ 𝑆,

𝑓1 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘) = {

0, 𝑎𝑖 ∗ (𝑎𝑗Δ𝑎𝑘) = 𝑎𝑘 ∗ (𝑎𝑖 ∗ 𝑎𝑗)

1, 𝑎𝑖 ∗ (𝑎𝑗Δ𝑎𝑘) ̸= 𝑎𝑘 ∗ (𝑎𝑖 ∗ 𝑎𝑗) ,

𝑓2 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘) = {

0, (𝑎𝑖Δ𝑎𝑗) ∗ 𝑎𝑘 = 𝑎𝑗 ∗ (𝑎𝑖 ∗ 𝑎𝑘)

1, (𝑎𝑖Δ𝑎𝑗) ∗ 𝑎𝑘 ̸= 𝑎𝑗 ∗ (𝑎𝑖 ∗ 𝑎𝑘) ,

𝑓3 (𝑎𝑖) = {
0, 0 ∗ 𝑎𝑖 = 𝑎𝑖

1, 0 ∗ 𝑎𝑖 ̸= 𝑎𝑖.

(5)

The functions 𝑓1, 𝑓2, and 𝑓3 are to transform the con-
straint satisfaction problem to a nonconstraint optimization
problem by adding the penalty factors. When 𝑓1, 𝑓2, and
𝑓3 meet conditions (F1), (F2), and (F3), respectively, the
objective values of each functions are 0; otherwise, a penalty
factor 1 is as the objective value.

For this problem, there are multiple solutions that
meet conditions (F1), (F2), and (F3). Therefore, sometimes
researchers hope to get as many solutions as possible. To
resolve the multisolution problem, we introduce tube table
(tube table: TT) to store the obtained solutions and to avoid
duplication of solutions. The definite means are as follows:

𝑓4 (X) = {
0 X ∉ TT
𝑛 X ∈ TT,

(6)

where TT is the tube table.𝑓4 is defined as a penalty function.
If X is not in tube table TT, 𝑓4 is equal to 0. Otherwise, 𝑓4 is
assigned a penalty value 𝑛.

Under this condition, the objective function can be
expressed as

min𝐹 (X,Y)

=

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝑛

∑

𝑘=1

[𝑓1 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘)

+ 𝑓2 (𝑎𝑖, 𝑎𝑗, 𝑎𝑘) + 𝑓3 (𝑎𝑖)] + 𝑓4 (X) .

(7)
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It is clear that, for this optimization problem, the objective
value of optimal solution is min𝐹∗ = 0.

In order to solve the nonconstrained optimization prob-
lem,we propose a newharmony search (HS) algorithmwhich
is a big improvement for classicalHS algorithm [1] andNGHS
[3] method. We called it improved NGHS (INGHS).

3. Classical Harmony Search (HS) and NGHS

Classical harmony search (HS) is derivative-free metaheuris-
tic algorithm [4, 5]. It mimics the improvisation process of
music players and attains the ideal harmony by adjusting the
HM. HS algorithm has the same feature as genetic algorithm
(GA). The HS algorithm is good at identifying the new
regions of the searching space in a reasonable time; however,
it has difficulties performing a local search for numerical
applications [3, 6–8].

So, several variants of HS have been proposed to improve
the performance of the HS algorithm [3, 6–14], such as local-
best harmony search algorithmwith dynamic subpopulations
(DLHS) [6], self-adaptive global best harmony search algo-
rithm (SGHS) [7], intelligent tuned harmony search (ITHS)
[8] algorithm, and exploratory power of the harmony search
(EHS) [3] algorithm. In addition, Zou et al. presented a
novel global harmony search algorithm for unconstrained
problems (NGHS) [9, 10]. The literature [11] presents the
recent advances in HS algorithm. Tuo and Yong proposed
HSTL methods for large scale optimization problem and
presented an improved harmony search with chaos (HSCH)
[12], as well as other variants [13–15] of HS and some
applications [16–19] of HS.

Consider an optimization model as follows:

min 𝑓 (X) , X = (𝑥1, 𝑥2, . . . , 𝑥𝐷)
subject to 𝑥𝑖 ∈ [𝑥

𝐿

𝑖
, 𝑥

𝑈

𝑖
] , 𝑖 = 1, 2, . . . , 𝐷,

(8)

where 𝑓(X) is the optimization objective function, X is
the solution vector that consists of 𝐷 decision variables
𝑥𝑖 (𝑖 = 1, 2, . . . , 𝐷), and [𝑥𝐿

𝑖
, 𝑥

𝑈

𝑖
] is feasible range of values

for decision variable 𝑥𝑖.
In the HS algorithm,X represents the harmony and 𝑓(X)

denotes themelody of harmonyX. HS uses three rules (mem-
ory consideration, pitch adjustments, and randomization) to
optimize the harmony memories (HM) composed of HMS
harmony vectors.

3.1. The Classical Harmony Search (HS) Algorithm. The steps
in the procedure of classical harmony search algorithm are as
follows.

Step 1 (initialize the harmony memory). The harmony mem-
ory (HM) consists of HMS harmony vectors. Each harmony
vector is generated from a uniformdistribution in the feasible
space, as

𝑥

𝑗

𝑖
= 𝑥

𝐿

𝑖
+ 𝑟 ⋅ (𝑥

𝑈

𝑖
− 𝑥

𝐿

𝑖
) ,

𝑖 = 1, 2, . . . , 𝐷; 𝑗 = 1, 2, . . . ,HMS,
(9)

where𝐷 andHMS represent the number of decision variables
and the size of harmony memory, respectively, and 𝑟 denotes
a uniform distribution random number between 0 and 1, as

HM =

[

[

[

[

[

[

X1
X2
.

.

.

XHMS

]

]

]

]

]

]

=

[

[

[

[

[

[

[

𝑥

1

1
𝑥

1

2
⋅ ⋅ ⋅ 𝑥

1

𝐷

𝑥

2

1
𝑥

2

2
⋅ ⋅ ⋅ 𝑥

2

𝐷

.

.

.

.

.

.

.

.

.

.

.

.

𝑥

HMS
1

𝑥

HMS
2

⋅ ⋅ ⋅ 𝑥

HMS
𝐷

]

]

]

]

]

]

]

. (10)

Step 2 (improvise a new harmony via three rules). There are
three rules that can be used to improvise a new harmony
vector Xnew.

(a) Memory Consideration. A decision variable value of
the harmony vector will be adopted by choosing from the
harmony memory with probability HMCR.

(b) Pitch Adjustment. Get a component randomly from an
adjacent value of one decision variable of a harmony vector
with probability PAR.

(c) Random Generation. Generate a component randomly in
the feasible region with probability 1-HMCR.

The improvisation procedure of a new harmony vector
works as Algorithm 2.

A trial harmony vector Xnew is generated in Step 2. Next,
in Step 3, it will be decided whether to survive.

Step 3 (select operator). Get the worst harmony vectorXworst

from the HM (see Algorithm 1).

Step 4 (check stopping criterion). If the stopping criterion
(maximum function evaluation times: maxFEs) is satisfied,
computation is terminated. Otherwise, Steps 2 and 3 are
repeated.

3.2. The NGHS Algorithm. In the novel global harmony
search (NGHS) algorithm [9], three significant parameters,
harmony memory considering rate (HMCR), fret width
(FW), and pitch adjusting rate (PAR), are excluded from
NGHS and a random selection rate (𝑝𝑚) is included in
the NGHS. In Step 3, NGHS works as Algorithm 3, where
𝑥

best
𝑖

and 𝑥worst
𝑖

, respectively, represent indexes of the best
harmony and the worst harmony in HM. rand(0, 1) is a
uniformly generated random number in [0, 1], and it should
set parameter 𝑝𝑚 = 2/𝐷 for the 0-1 knapsack problem and set
parameter 𝑝𝑚 = 0.01∼0.1 for continuous optimal problem.

3.3. The Proposed HS Method. In this section, we proposed
a new harmony search algorithm which is improved based
on classical HS algorithm and NGHS method, so we call the
proposed algorithm INGHS.

Since the HS algorithm origination, it has been applied
to many practical optimization problems. However, for large
scale optimization problems, classical HS has slow conver-
gence and low precision, which is due to the fact that because
a new decision variable value in harmonymemory (HM) can
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If fitness (Xnew
) is better than fitness (Xworst

) then
Xworst

= Xnew; (Xworst is the worst harmony vector in HM).
EndIf

Algorithm 1

For 𝑖 = 1 to𝐷 do
If rand(0, 1) <HMCR then

𝑥

new
𝑖

= 𝑥

𝑗

𝑖
, 𝑗 ∈ 𝑈{1, 2, . . . ,HMS}

If rand(0, 1) < PAR then
𝑥

new
𝑖

= 𝑥

new
𝑖

± rand() × FW(𝑖); //FW: fretwidth
𝑥

new
𝑖

= min (max (𝑥new
𝑖
, 𝑥

𝐿

𝑖
) , 𝑥

𝑈

𝑖
)

Endif
Else
𝑥

new
𝑖

= 𝑥

𝐿

𝑖
+ (𝑥

𝑈

𝑖
− 𝑥

𝐿

𝑖
) × rand()

Endif
End For

Algorithm 2: The improvisation procedure of new harmony vector by HS.

For 𝑖 = 1 to 𝐷 do
𝑥

𝑟

𝑖
= 2 × 𝑥

best
𝑖
− 𝑥

worst
𝑖

𝑥

𝑟

𝑖
= min (max (𝑥𝑟

𝑖
, 𝑥

𝐿

𝑖
) , 𝑥

𝑈

𝑖
)

𝑥

new
𝑖

= 𝑥

worst
𝑖

+ rand(0, 1) × (𝑥𝑟
𝑖
− 𝑥

worst
𝑖

).
If rand(0, 1) ≤ 𝑝𝑚 %random mutation
𝑥

new
𝑖

= 𝑥

𝐿

𝑖
+ (𝑥

𝑈

𝑖
− 𝑥

𝐿

𝑖
) × rand(0, 1)

EndIf
EndFor

Algorithm 3: The NGHS modifies improvisation step.

be generated only by using pitch adjustment and random-
ization strategies during the search procedure, the memory
consideration rule is only used to adjust the existing decision
variable values according to the harmony memory (HM).
Thus HS can maintain a strong performance of exploration,
but not a good performance of exploitation, and, in the
later stage of search, it is characterized by slow convergent.
Therefore, for solving the large scale optimization problem,
the key is to balance the global exploration performance and
the local exploitation ability.

Because the construction example of the algebra is a large
scale high-dimensional optimization problem, to achieve the
most satisfactory optimization performance by applying the
HS algorithm to a given problem, we adopt four optimization
strategies and dynamical parameter control method to bal-
ance the global exploration power and the local exploitation
ability.

It is of very importance between the convergence and the
diversity in order to improve the efficiency of the search. In
the classical HS algorithm, a new harmony is generated in
Step 2. After the selecting operation in Step 3, the population

variance may increase or decrease. With a high population
variance, the diversity and exploration power will increase,
and in the same time the convergence and the exploitation
power will decrease accordingly. Conversely, with a low
population variance, the convergence and the exploitation
power will increase [8]; the diversity and the exploration
power will decrease. So it is significant how to keep the
balance between the convergence and the diversity. Classical
HS algorithm loses its ability easily at the later evolution
process [3], because of improvising a new harmony from
HM with a high HMCR and local adjusting with PAR. And
HM diversity decreases gradually from the early iteration to
the last. However, in HS algorithm, a low HMCR employed
will increase the probability (1-HMCR) of random select in
search space; the exploration power will improve, but the
local search ability and the exploitation accuracy cannot be
improved by the single pitch adjusting strategy.

To overcome the inherent weaknesses of HS, in this
section, we present INGHS method to construct example for
algebra. The INGHS algorithm works as Algorithm 4 and
Figure 1.
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Output result

t = t + 1
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Figure 1: The flow chart of the proposed algorithm.

In Algorithm 4, to resolve the discrete optimization
problems, the function Round(𝑥) is used to round each
element of 𝑥 to the nearest integer.

(1) Novel Global (NG) Best Strategy. In NGHS algorithm, the
novel global best strategy is very effective to explore the global
best solution. So, in the proposed method, the novel global
best strategy is adopted (see Algorithm 5), where the best and
worst, respectively, represent indexes of the best harmony and
the worst harmony in HM.

(2) Parameters Dynamically Changed. To balance the explo-
ration and exploitation power of the INGHS algorithm
efficiently, HMCR, PAR, FW, and NGP parameters are

dynamically adapted to a suitable range with the increase
of generations. Equation (11) shows the dynamic change of
HMCR, PAR, and NGP, respectively,

HMCR = HMCRmin + (HMCRmax −HMCRmin)

× (

𝑡

𝑇max
) ,

NGP = NGPmin + (NGPmax −NGPmin) × (
𝑡

𝑇max
)

3

,

PAR = PARmax −
(PARmax − PARmin) × 𝑡

𝑇max

(11)

(see [8]).



6 Mathematical Problems in Engineering

Xnew
= Xworst %%% worst is the index of the worst harmony in HM

For i = 1 to D
If rand(0,1) < Pm

% Random playing: randomly select any pitch within bounds
𝑥

new
𝑖

= Round (𝑥𝐿
𝑖
+ (𝑥

𝑈

𝑖
− 𝑥

𝐿

𝑖
) × rand(0, 1))

Else
If rand(0,1) < HMCR

%Memory considering: randomly select a note stored in HM
𝑥

new
𝑖

= 𝑥

𝑎

𝑖
; 𝑎 ∈ 𝑈(1, 2, . . . ,HMS)

If rand(0,1) < PAR
% Pitch adjusting: randomly adjust the pitch slightly
𝑥

new
𝑖

= Round(𝑥new
𝑖

± rand(0, 1) × FW(𝑖))
EndIf

ElseIf rand(0,1) < NGP %
𝑥𝑟 = Round (2𝑥best

𝑖
− 𝑥

worst
𝑖

)

𝑥

new
𝑖

= Round (𝑥worst
𝑖

+ rand (0, 1) × (𝑥𝑟 − 𝑥
worst
𝑖

))

EndIf
EndIf

EndFor % Finished improvising a new harmony

Algorithm 4: The pseudocode of the proposed algorithm INGHS.

If rand(0, 1) < NGP (NGP is the rate of choosing the novel global best strategy)
𝑥𝑟 = Round (2𝑥best

𝑖
− 𝑥

worst
𝑖

)

𝑥

new
𝑖

= Round (𝑥worst
𝑖

+ rand (0, 1) × (𝑥𝑟 − 𝑥
worst
𝑖

))

End

Algorithm 5

It can be seen that the parameter HMCR gradually
increased from HMCRmin to HMCRmax linearly and the
parameter NGP increased with low velocity in the early
stage and it increased sharply in the final stage. That is
because, in the beginning, in order to explore the global
optimal solution, the harmony consideration rules and NG
strategies are carried out with a smaller probability, and,
in later stage, INGHS methods begin to focus on the local
exploitation that needs a high probability to employ the NG
strategy and harmony consideration rules. The benefits of
doing so can get more opportunities to reinforce the global
exploration by strengthening disturbance in the early stage
and can acquire high precision solution by carrying local
intensification search in the later stage. For the same reason,
FW is decreased gradually in order to reduce perturbation
step size step by step, and the variation of PAR from 0.55 to
0.3 is to reduce the probability of pitch adjustment.

3.4. The Construction Example for 𝑁(2, 2, 0) Algebra System
with the Proposed HS Method. For an N(2, 2, 0) algebra
system, there are multiple solutions that meet the conditions.
Sometimes we need to obtain multiple solutions. So we adopt
the proposed HS algorithm and tube table technology to
resolve the multisolution problem. Its flow chart is as shown
in Figure 2 and in Pseudocode 1.

3.5. Effect of Parameters HMCR and NGP on INGHS Perfor-
mance. In this section, we determine the effect of parameters
HMCRmax, HMCRmin, NGPmax, and NGPmin on the perfor-
mance of the proposed algorithm INGHS. The experiments
are investigated for algebra system (𝑆, ∗, Δ, 0), where 𝑆 =

{𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔}.

(1) Investigation for 𝑁𝐺𝑃max and 𝑁𝐺𝑃min (initialize
HMCRmax = 0.9, HMCRmin = 0.6). Let NGPmin change from
0.1 to 0.6; then, for each NGPmin, let NGPmax = 0.5 to 1. So
there are 6 × 6 = 36 pairs of parameters (NGPmin, NGPmax).
For each pair of parameters (NGPmin, NGPmax), we execute
the proposed algorithm (INGHS) |𝑆|4 (74 = 2401) times and
then record the number of solutions obtained. The result is
shown in Figure 3.

(2) Investigation for 𝐻𝑀𝐶𝑅max and 𝐻𝑀𝐶𝑅min (initialize
NGPmax = 0.5, NGPmin = 0.15). Let HMCRmin = 0.2 to 0.7
and let HMCRmax = 0.5 to 1, respectively. For each pair of
parameters (HMCRmin, HMCRmax), the proposed algorithm
INGHS is performed |𝑆|4 (74 = 2401) times and then we
record the number of solutions obtained. The number of
solutions obtained is shown in Figure 4.

It can be seen from Figure 3 that most solutions can
be obtained when NGPmin = 0.2 and NGPmax = 0.5.
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Set TT as empty
For 𝐿 = 1 to Max Loop times (ML)

Run the proposed HS algorithm to get a best solution Xnew;
If the objective function value 𝐹(Xnew

) == 0

Put Xnew into tube table TT.
EndIf

EndFor

Pseudocode 1

No

Yes

Yes

No

Initialize the max amount of looping (ML) and set tube
table (TT) as empty set

Begin

L = 1

Output result

is not in TT and satisfies conditions

TT ← TT ∪

L + 1 ≤ ML

L = L + 1

(F1), (F2), and (F3)

Perform INGHS algorithm to find an optimal solution Xnew

Xnew

Xnew

Figure 2: The flow chart for construction example of algebra system based on INGHS algorithm.

From Figure 4, we find that most solutions are found when
HMCRmin = 0.6 and HMCRmax = 0.9.

From the above, the proposed algorithm has better
performance when it is set as HMCRmin = 0.6, HMCRmax =
0.9, NGPmin = 0.2, and NGPmax = 0.5.

4. Computational Experiments and Results

In this section, we have tested the proposed algorithm over
a set of N(2, 2, 0) algebra system construction examples
problems.

4.1. The Proposed Algorithm for Solving the Construction
Examples of Algebra System. Definition 1 is chosen as the

optimization objective algebra system. For Definition 1, we,
respectively, set the following:

(1) 𝑆 = {𝑎, 𝑏};

(2) 𝑆 = {𝑎, 𝑏, 𝑐};

(3) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑};

(4) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒};

(5) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓};

(6) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔};
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Figure 3: Variation of number of solutions with change in NGPmax
and NGPmin.
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Figure 4: Variation of number of solutions with change in
HMCRmax and HMCRmin.

(7) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ};

(8) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖};

(9) 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖, 𝑗}; 𝑛 = |𝑆| represents the
number of set 𝑆, 𝐷 = 2𝑛

2.

Then we use the proposed algorithm to construct the
examples for the algebra system on 𝑆.

In order to deal with the optimization problems easily, we
replace the elements 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ, 𝑖, and 𝑗with 1, 2, 3, 4,
5, 6, 7, 8, 9, and 10, respectively. So, for each 𝑆, the upper limit
of variables about optimization problems is set as |𝑆| and the
lower limit is set as 1.

4.2.The Parameters Setting for Algorithms. In the experiment
test, we set the following parameter values: 𝑇max = 500 × 𝐷;
for NGHS algorithm, HMS = 10, 𝑝𝑚 = min(0.01, 2/𝐷); for
the proposed algorithm (INGHS), HMS = 10, HMCRmax =
0.9, HMCRmax = 0.6, NGPmax = 0.55, NGPmin = 0.15,
PARmax = 0.8, PARmin = 0.25, FWmax = 𝑛/2, FWmin = 𝑛/10,
and 𝑝𝑚 = min(0.01, 2/𝐷).

When 𝑛 = 2 and 𝑛 = 3, there are 3 and 16 solutions for the
N(2, 2, 0) algebra system, respectively. So we set max looping
times (ML) = 3 and 16, respectively. When 𝑛 > 3 and 𝑛 < 9,
we do not know howmany solutions are there for the algebra
system. So we setML = 𝑛4. However, with the increasing of 𝑛,
there are much more solutions, and computer’s running time
is very long. So we set ML = 8000 and 5000 when 𝑛 = 9 and
𝑛 = 10.

4.3.The Experiment Results andAnalysis. In order to evaluate
the performance of the proposed algorithm INGHS, we
compared its success rate of finding the solutions with HS,
HSTL, and NGHS algorithms in the same conditions. The
results are shown in Table 1.

When 𝑆 = {𝑎, 𝑏} (𝑛 = 2), the solutions, as shown in (12a)–
(12c), are obtained by using the proposed algorithm. And
when 𝑆 = {𝑎, 𝑏, 𝑐} (𝑛 = 3), the solutions obtained by INGHS
method are shown in (13a)–(13p). For other instances (𝑛 > 3),
due to the existence of many solutions, we only present one
solution for each instance. All is shown in (14)–(20).

The first solution on 𝑛 = 2 is as follows:

∗ 𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑎 𝑏

Δ 𝑎 𝑏

𝑎 𝑎 𝑎

𝑏 𝑏 𝑏

(12a)

The second solution on 𝑛 = 2 is as follows:

∗ 𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑏 𝑎

Δ 𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑏 𝑎

(12b)

The third solution on 𝑛 = 2 is as follows:

∗ 𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑏 𝑏

Δ 𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑏 𝑏

(12c)

The first solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑐

(13a)

The second solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑎 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑎

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑐

(13b)
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The third solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑏 𝑏 𝑏

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑏

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑏

(13c)

The fourth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑎 𝑏 𝑐

𝑐 𝑐 𝑐 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑎 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑐 𝑐 𝑐

(13d)

The fifth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑏

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑏

(13e)

The sixth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑎

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑎

(13f)

The seventh solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑎 𝑏 𝑐

𝑐 𝑎 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑎 𝑏 𝑐

𝑐 𝑎 𝑏 𝑐

(13g)

The eighth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑏

𝑐 𝑐 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑏

𝑐 𝑐 𝑏 𝑐

(13h)

The ninth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑏 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑏 𝑏 𝑐

(13i)

The tenth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑐 𝑏 𝑐

𝑐 𝑐 𝑏 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑐 𝑏 𝑐

𝑐 𝑐 𝑏 𝑐

(13j)

The eleventh solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑐

𝑐 𝑐 𝑐 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑐

𝑐 𝑐 𝑐 𝑐

(13k)

The twelfth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑐 𝑐 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑐 𝑐 𝑐

(13l)

The thirteenth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑐 𝑐 𝑏

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑏 𝑐

𝑐 𝑐 𝑐 𝑏

(13m)

The fourteenth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑎 𝑐

𝑐 𝑐 𝑐 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑎 𝑐

𝑐 𝑐 𝑐 𝑐

(13n)

The fifteenth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑐 𝑐 𝑐

𝑐 𝑐 𝑐 𝑐

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑐 𝑐

𝑏 𝑏 𝑐 𝑐

𝑐 𝑐 𝑐 𝑐

(13o)

The sixteenth solution on 𝑛 = 3 is as follows:

∗ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑎

𝑐 𝑐 𝑎 𝑏

Δ 𝑎 𝑏 𝑐

𝑎 𝑎 𝑏 𝑐

𝑏 𝑏 𝑐 𝑎

𝑐 𝑐 𝑎 𝑏

(13p)

One of the solutions on 𝑛 = 4 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑}) is as
follows:

∗ 𝑎 𝑏 𝑐 𝑑

𝑎 𝑎 𝑏 𝑐 𝑑

𝑏 𝑎 𝑏 𝑐 𝑑

𝑐 𝑑 𝑐 𝑐 𝑑

𝑑 𝑑 𝑐 𝑐 𝑑

Δ 𝑎 𝑏 𝑐 𝑑

𝑎 𝑎 𝑎 𝑑 𝑑

𝑏 𝑏 𝑏 𝑐 𝑐

𝑐 𝑐 𝑐 𝑐 𝑐

𝑑 𝑑 𝑑 𝑑 𝑑

(14)

One of the solutions on 𝑛 = 5 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}) is as
follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒

𝑏 𝑏 𝑏 𝑑 𝑑 𝑏

𝑐 𝑐 𝑑 𝑑 𝑑 𝑐

𝑑 𝑑 𝑑 𝑑 𝑑 𝑑

𝑒 𝑎 𝑏 𝑐 𝑑 𝑒

Δ 𝑎 𝑏 𝑐 𝑑 𝑒

𝑎 𝑎 𝑏 𝑐 𝑑 𝑎

𝑏 𝑏 𝑏 𝑑 𝑑 𝑏

𝑐 𝑐 𝑑 𝑑 𝑑 𝑐

𝑑 𝑑 𝑑 𝑑 𝑑 𝑑

𝑒 𝑒 𝑏 𝑐 𝑑 𝑒

(15)
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Figure 5: The convergence curve and the box plot when 𝑛 = 5.

One of the solutions on 𝑛 = 6 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓}) is
as follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓

𝑏 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓

𝑐 𝑐 𝑐 𝑐 𝑑 𝑐 𝑐

𝑑 𝑑 𝑑 𝑑 𝑑 𝑑 𝑑

𝑒 𝑒 𝑒 𝑐 𝑑 𝑒 𝑒

𝑓 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓

Δ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓

𝑎 𝑎 𝑎 𝑐 𝑑 𝑒 𝑎

𝑏 𝑏 𝑏 𝑐 𝑑 𝑒 𝑏

𝑐 𝑐 𝑐 𝑐 𝑑 𝑐 𝑐

𝑑 𝑑 𝑑 𝑑 𝑑 𝑑 𝑑

𝑒 𝑒 𝑒 𝑐 𝑑 𝑒 𝑒

𝑓 𝑓 𝑓 𝑐 𝑑 𝑒 𝑓

(16)

One of the solutions on 𝑛 = 7 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔})
is as follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔

𝑏 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔

𝑐 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔

𝑑 𝑑 𝑒 𝑑 𝑑 𝑒 𝑓 𝑒

𝑒 𝑑 𝑒 𝑑 𝑑 𝑒 𝑓 𝑒

𝑓 𝑓 𝑓 𝑓 𝑓 𝑓 𝑓 𝑓

𝑔 𝑑 𝑒 𝑑 𝑑 𝑒 𝑓 𝑒

Δ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔

𝑎 𝑎 𝑎 𝑎 𝑑 𝑑 𝑓 𝑑

𝑏 𝑏 𝑏 𝑏 𝑒 𝑒 𝑓 𝑒

𝑐 𝑐 𝑐 𝑐 𝑑 𝑑 𝑓 𝑑

𝑑 𝑑 𝑑 𝑑 𝑑 𝑑 𝑓 𝑑

𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑓 𝑒

𝑓 𝑓 𝑓 𝑓 𝑓 𝑓 𝑓 𝑓

𝑔 𝑔 𝑔 𝑔 𝑒 𝑒 𝑓 𝑒

(17)

One of the solutions on 𝑛 = 8 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓,

𝑔, ℎ}) is as follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

𝑏 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐

𝑑 𝑑 𝑑 𝑐 𝑐 𝑐 𝑐 𝑑 𝑑

𝑒 𝑒 𝑒 𝑐 𝑐 𝑒 𝑓 𝑒 𝑒

𝑓 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐

𝑔 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

ℎ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

Δ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ

𝑎 𝑎 𝑎 𝑐 𝑑 𝑒 𝑐 𝑎 𝑎

𝑏 𝑏 𝑏 𝑐 𝑑 𝑒 𝑐 𝑏 𝑏

𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐

𝑑 𝑑 𝑑 𝑐 𝑐 𝑐 𝑐 𝑑 𝑑

𝑒 𝑒 𝑒 𝑐 𝑐 𝑒 𝑐 𝑒 𝑒

𝑓 𝑓 𝑓 𝑐 𝑐 𝑓 𝑐 𝑓 𝑓

𝑔 𝑔 𝑔 𝑐 𝑑 𝑒 𝑐 𝑔 𝑔

ℎ ℎ ℎ 𝑐 𝑑 𝑒 𝑐 ℎ ℎ

(18)
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Figure 6: The convergence curve and the box plot when 𝑛 = 6.
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Figure 7: The convergence curve and the box plot when 𝑛 = 7.

One of the solutions on 𝑛 = 9 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒,

𝑓, 𝑔, ℎ, 𝑖}) is as follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖

𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑐 𝑏 𝑒 𝑒 𝑔 𝑏 𝑐

𝑑 𝑑 𝑏 𝑏 𝑏 𝑏 𝑑 𝑏 𝑏 𝑑

𝑒 𝑐 𝑏 𝑐 𝑏 𝑒 𝑒 𝑔 𝑏 𝑐

𝑓 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖

𝑔 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏

ℎ 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏

𝑖 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖

Δ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖

𝑎 𝑎 𝑏 𝑐 𝑑 𝑐 𝑎 𝑏 𝑏 𝑎

𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏 𝑏

𝑐 𝑐 𝑏 𝑐 𝑏 𝑐 𝑐 𝑏 𝑏 𝑐

𝑑 𝑑 𝑏 𝑏 𝑏 𝑏 𝑑 𝑏 𝑏 𝑑

𝑒 𝑒 𝑏 𝑒 𝑏 𝑒 𝑒 𝑏 𝑏 𝑒

𝑓 𝑓 𝑏 𝑒 𝑑 𝑒 𝑓 𝑏 𝑏 𝑓

𝑔 𝑔 𝑏 𝑔 𝑏 𝑔 𝑔 𝑏 𝑏 𝑔

ℎ ℎ 𝑏 𝑏 𝑏 𝑏 ℎ 𝑏 𝑏 ℎ

𝑖 𝑖 𝑏 𝑐 𝑑 𝑐 𝑖 𝑏 𝑏 𝑖

(19)



Mathematical Problems in Engineering 13

×10
4Iteration

Lo
g(

fit
ne

ss
)

10
−1

10
0

10
1

10
2 n = 8

0 1 2 3 4 5 6 7 8 9 10

HS
HSTL

NGHS
INGHS

(a)

HS HSTL NGHS INGHS

Be
st 

fit
ne

ss

n = 8

0

0.5

1

1.5

2

2.5

3

3.5

(b)

Figure 8: The convergence curve and the box plot when 𝑛 = 8.

One of the solutions on 𝑛 = 10 (𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓,

𝑔, ℎ, 𝑖, 𝑗}) is as follows:

∗ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖 𝑗

𝑎 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖 𝑗

𝑏 𝑒 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑐 𝑒 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑑 𝑑 𝑒 𝑐 𝑓 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑒 𝑒 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑓 𝑓 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑔 𝑒 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

ℎ ℎ 𝑏 𝑐 𝑒 𝑒 𝑒 𝑔 ℎ 𝑒 𝑒

𝑖 𝑖 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

𝑗 𝑒 𝑒 𝑐 𝑒 𝑒 𝑒 𝑔 𝑒 𝑒 𝑒

Δ 𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 𝑔 ℎ 𝑖 𝑗

𝑎 𝑎 𝑒 𝑒 𝑑 𝑒 𝑓 𝑒 ℎ 𝑖 𝑒

𝑏 𝑏 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑏 𝑒 𝑒

𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐 𝑐

𝑑 𝑑 𝑒 𝑒 𝑓 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒

𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒

𝑓 𝑓 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒

𝑔 𝑔 𝑔 𝑔 𝑔 𝑔 𝑔 𝑔 𝑔 𝑔 𝑔

ℎ ℎ 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 ℎ 𝑒 𝑒

𝑖 𝑖 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒

𝑗 𝑗 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒 𝑒

(20)

FromTable 1, it can be seen obviously that the success rate
of all instances of the proposed method is higher than HS,
HSTL, and NGHS.

For instance, 𝑛 = 6, 7, 8, 9, and 10, and Figures 5, 6, 7,
8, 9, and 10 show the convergence curves of three algorithms
(HS, NGHS, and INGHS). It is evident from Figures 5–10 that
the proposed algorithm is better than HS and NGHS for all

instances. The convergence curve of the proposed algorithm
can maintain falling until it finds the best solution. When
𝑛 > 6, the convergence curve of INGHS method falls faster
thanHS,HSTL, andNGHS algorithms, and it keeps declining
actively until the best solution is found.

5. Conclusions

This paper has investigated nine construction example prob-
lems of algebra system and converted the construction exam-
ple problems into optimization problems. A novel harmony
search algorithm (INGHS) is proposed to solve the problems.
Global best strategy and dynamic parameters adjustment are
employed in INGHS.The experimental results on 9 instances
of algebra system demonstrate that the proposed algorithm
is more effective than HS, HSTL, and NGHS algorithms.
Further research will investigate the INGHS algorithm to
solve the combinatorial optimization problems and some
practical optimization problems.
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Figure 9: The convergence curve and the box plot when 𝑛 = 9.

10
0

10
1

10
2 n = 10

Lo
g(

fit
ne

ss
)

×10
4

Iteration
0 1 2 3 4 5 6 7 8 9 10

HS
HSTL

NGHS
INGHS

(a)

n = 10

0

2

4

6

8

10

12

14

16

18

HS HSTL NGHS INGHS

Be
st 

fit
ne

ss

(b)

Figure 10: The convergence curve and the box plot when 𝑛 = 10.
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Application of chemical flooding in petroleum reservoirs turns into hot topic of the recent researches. Development strategies of the
aforementioned technique are more robust and precise when we consider both economical points of view (net present value, NPV)
and technical points of view (recovery factor, RF). In current study many attempts have been made to propose predictive model
for estimation of efficiency of chemical flooding in oil reservoirs. To gain this end, a couple of swarm intelligence and artificial
neural network (ANN) is employed. Also, lucrative and high precise chemical flooding data banks reported in previous attentions
are utilized to test and validate proposed intelligent model. According to the mean square error (MSE), correlation coefficient, and
average absolute relative deviation, the suggested swarm approach has acceptable reliability, integrity and robustness. Thus, the
proposed intelligent model can be considered as an alternative model to predict the efficiency of chemical flooding in oil reservoir
when the required experimental data are not available or accessible.

1. Introduction

The oil and gas upstream industries are recently encoun-
tered with the difficulties and challenges of dealing with
hydrocarbon resources whose productionswith conventional
technologies are following an upward trend of technical
limitations. It is because of achieving the stage of decline
phase by most of oilfields around the world. Therefore,
how to postpone the abandonment of reservoirs has tuned
into the priority of researchers in the worldwide. Their
researches normally highlight the concept of great necessities
for inventions of new techniques, normally classified as
tertiary oil recovery methods, having abilities of maintaining
the economic production rate [1–3].

Chemical enhanced oil recovery approaches as one of
the most effective subsets of tertiary methods are known
as a key to unlock the exploitation of referred resources.
Different methods for this process have been developed,
such as polymer, surfactant/polymer (SP), and alkaline/sur-
factant/polymer (ASP) flooding. These methods are applied

to increase the rate of oil production through focusing on
both lowering the interfacial tension and reducing the water
mobility. In more details, it has enormously been declared
in previous literatures that in order to design, manage,
and run a chemical enhanced oil recovery operation it is
highly required to set very expensive and time-consuming
but precise experimental procedures which their generated
results must be gained to plan effectively the process of
injecting chemical materials [4–9].

The laboratorial generated outputs are then used to con-
clude two parameters, recovery factor (RF) and net present
value (NPV), which are used to evaluate the performance
of the chemical flooding which is one of the most popular
methods of chemical enhanced oil recovery. Having knowl-
edge about these two parameters is essentially vital to make
decisions if it is beneficial to run the referred operation.
Unfortunately, there are no global methods to interpret
simultaneously both aforementioned factors although there
are numerous numbers of different software and numerical or
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Table 1: Statistical analysis of the implemented chemical flooding data samples [9].

Parameter Unit Type Min. Max. Average Standard deviation
Surfactant slug size PV Input 0.097 0.259 0.177 0.072
Surfactant concentration Vol. fraction Input 0.005 0.03 0.017 0.011
Polymer concentration in surfactant slug wt.% Input 0.1 0.25 0.177 0.067
Polymer drive size PV Input 0.324 0.648 0.482 0.144
Polymer concentration in polymer drive wt.% Input 0.1 0.2 0.148 0.044
𝐾V/𝐾ℎ ratio — Input 0.01 0.25 0.129 0.107
Salinity of polymer drive Meq/mL Input 0.3 0.4 0.349 0.045
Recovery factor (RF) % Output 14.82 56.99 39.67 9.24
Net present value (NPV) $ MM Output 1.781 7.229 4.45 1.53

analytical methods which are capable of making very precise
quantitative decisions about the amount of one of the RF or
NPV [10–12].

Hence, there is a great need in oilfield for having access
to a solution or model which can predict the amount of
these two parameters at the same time. The major aim of
current study is to execute new kind of artificial intelligence
approaches to suggest robust and accurate predictive method
to forecast efficiency of the chemical flooding through
petroleum reservoirs. To gain successfully this referred goal,
hybridization of artificial neural network and particle swarm
optimization (PSO) was executed on the previous literature
data bases. The integrity and performance of the proposed
predictive approaches in estimating recovery factor (RF) and
net present value (NPV) from the literature are described in
details.

2. Data Gathering

Thedata utilized throughout this research have been gathered
from previous attentions [9] in which chemical flooding
had been simulated in Benoist sand reservoir, by executing
UTCHEM simulator. That reservoir has been produced
under primary and secondary processes over fifty years. The
original dataset contained 202 data. Each data had 7 inputs:
surfactant slug size, surfactant concentration in surfactant
slug, polymer concentration in surfactant slug, polymer drive
size, and polymer concentration in polymer drive, 𝐾V/𝐾ℎ
ratio, and salinity of polymer drive. In addition, the outputs
were RF and NPV.The ranges of implemented data banks are
reported in Table 1 [9].

3. Artificial Neural Network and Particle
Swarm Optimization

Artificial neural network (ANN) includes simple nodes,
named as neurons, which are bonded to each other to
construct a network model. Indeed, the biological nervous
systems can be simulated with the ANN system, somehow.
Characterization of an ANN model is normally performed
through three ways including (a) certain patterns between
various layers, (b) connection between input and output via
activation function, and (c) updating the interconnection
weights through training process [13–24].

In fact, the main purpose of an ANN model is to
determine target function through internal computation
during the training phase if the values of input variables are
provided. The most common type of ANN is the multilayer
feed forward neural network which is made up of group
of interconnected neurons organized in the form of layers:
input layer, hidden layer(s), and output layer where each layer
comprises a group of neurons as presented in Figure 1. This
network is strictly an acyclic type since signals propagate only
in a forward direction from the input neurons to the output
neurons and no signals are allowed to be fed-back among
the neurons. The number of neurons in the input and output
layers is decided by the number of input and output variables
that are planned for the predictive tool. However, the optimal
number of neurons in hidden layer(s) is a strong function of
nonlinearity and dimensionality of the problem under study
[13–24].

The artificial neuron is the fundamental part of the neural
networks. Each artificial neuron—excluding neurons at the
input layer—takes and processes inputs gathered from other
neurons. Given further information, each artificial neuron is
a mathematical information-processing unit. The processed
information is presented at the output end of the neuron.
Figure 2 addresses the procedure inwhich an artificial neuron
treats the data and information entered in the model. Each
input signal (𝑎𝑘) is primarily multiplied by the corresponding
weight value (𝑤𝑘𝑗) and the resultant products are summed
up to generate a total weight in the form of 𝑤𝑗1𝑎1 + 𝑤𝑗2𝑎2 +
⋅ ⋅ ⋅ + 𝑤𝑗𝑚𝑎𝑚. The sum of the weighted inputs and the bias
(𝑆𝑗 = ∑

𝑚

𝑘=1
𝑤𝑗𝑘 ⋅ 𝑎𝑘 + 𝑏𝑗) forms the input to the activation

function, 𝜑. An activation function processes this sum and
gives out the output, 𝑜𝑗. Indeed, the resulting sum is processed
by a neuron activation function to obtain the ultimate output
of the neuron as follows [13–26]:

𝑜𝑗 = 𝜑 (𝑆𝑗) = 𝜑(

𝑚

∑

𝑘=1

𝑤𝑗𝑘 ⋅ 𝑎𝑘 + 𝑏𝑗) . (1)

This output will be the input signal for the neurons in the fol-
lowing layer. The linear (purelin) transfer, tan-sigmoid (tan-
sig) activation, and log-sigmoid (logsig) activation functions
are mostly employed in the practical cases with applications
in science and engineering disciplines. The corresponding
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relationships for these functions are defined, respectively, by
(2)–(4), as given below [13–27]:

𝜑 (𝑠) = 𝑠, (2)

𝜑 (𝑠) =

𝑒

𝑠
− 𝑒

−𝑠

𝑒

𝑠
+ 𝑒

−𝑠
,

(3)

𝜑 (𝑠) =

1

1 + 𝑒

−𝑠
. (4)

The weight factors are generally considered as the adaptive
parameters in the network to obtain the strength of the
input signals. A bias is characterized with a weight which
is not responsible for connecting an input of two neurons
to an output. A particular level of a neuron output signal
is represented by a set of bias that does not depend on the
input signals. The weight factors and biases are tuned during
the course of training phase such that the network is able to
forecast the accurate target parameter for a given set of inputs.
There are a number of training algorithms with different
methodologies in the context of intelligence system. A variety
of optimization tools such as particle swarm optimization
(PSO) [15, 18, 19], genetic algorithm (GA) [21], hybrid genetic

algorithm and particle swarm optimization (HGAPSO) [13,
16], unified particle swarm optimization (UPSO) [14], and
imperialist competitive algorithm (ICA) [17, 20, 23] for
weight training of neural networks have been used.

Kennedy [27] introduced the PSO as a strong stochastic
optimization technique which simulates the social manners
of birds within a group, based on population concept. It
searches for an optimum solution by iteratively updating a
swarm of particles.

Themodel originally includes a group of randomparticles
(solutions). A random velocity is attributed to each candidate
particle which flies within the problem space. The solutions
consist of memory and try to attain the best position or/and
fitness. This parameter is symbolized by “𝑝best” that is linked
only to a specific particle. The model also retains the best
fitness, known as “𝑔best,” which is found among the entire
solutions (particles) in the swarm. The candidate particle
that obtains this fitness is the global best in the population
[25–28]. In the current study, a particle’s fitness is calculated
through determination of the network output for every point
in the training part and then computing the sum of squares
of the resultant errors (MSE) for performance evaluation.
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Figure 3: PSO-based algorithm flowchart in optimization of the weights of ANN.

The basic PSO theory involves variation of each particle
velocity toward its 𝑝best and 𝑔best locations at each time
interval. The particles’ new velocity and position are updated
according to the following equations [13–28]:

V𝑖
𝑛+1
= 𝜔V𝑖
𝑛
+ 𝑐1𝑟1

𝑛
[𝑥𝑖,𝑝best

𝑛
− 𝑥𝑖

𝑛
]

+ 𝑐2𝑟2

𝑛
[𝑥𝑔best

𝑛
− 𝑥𝑖

𝑛
] ,

(5)

𝑥𝑖

𝑛+1
= 𝑥𝑖

𝑛
+ V𝑖
𝑛+1
,

(6)

where V𝑖
𝑛 and V𝑖

𝑛+1 are velocities of particle 𝑖 at iterations
𝑛 and 𝑛 + 1; 𝑥𝑖

𝑛 and 𝑥𝑖
𝑛+1 are positions of particle 𝑖 at

iterations 𝑛 and 𝑛 + 1; 𝜔 represents the inertia weight that
directs the exploitation and exploration of the search space
as it continuously updates velocity; 𝑐1 and 𝑐2 are termed
as cognition and social components, respectively. They are
considered as the acceleration constants which alter the
velocity of a solution in the direction of𝑝best and𝑔best [13–28];
and 𝑟1

𝑛 and 𝑟2
𝑛 refer to the two random variables uniformly

distributed in the interval of [0, 1].
Herein, PSO algorithm has been used in evolving weights

of multilayer feed forward neural network. In this case, a
particle’s position at any iteration is described as a particle
whose coordinates are connection weights. The vectors of
weights for each particle 𝑖 will be called 𝑥𝑖. Throughout
the training process the above equations (equations (5) and
(6)) will customize the network weights until a criterion
is met. In this case, a lower MSE, as a sufficiently good

fitness, is achieved; nevertheless, a maximum number of
iterations are used to terminate the iterative search process
if no improvement is observed over a number of consecutive
generations in an appropriate time.The flowchart of the PSO-
based training algorithm for the ANN is shown in Figure 3.

The PSO utilizes a random procedure in the search space
of the problem such that particles in the population are
directed toward optimum positions but not in or between
optimal areas [27]. Thus, PSO can be used to train neural
networks with nondifferentiable (even discontinuous) neu-
rons activation functions. It can be also implemented in cases
where gradient or error information is not accessible. PSO
is easy to implement and there are few parameters to be
adjusted. However, the uniqueness of the algorithm lies in the
dynamic interactions among the particles that turn it into a
social-psychological model of knowledge management [27].

4. Results and Discussion

According to the study accomplished by Cybenko [29], a
network that consists of only one single hidden layer has the
ability to approximate nearly any kind of nonlinear function.
However, determination of the ideal number of neurons in
the hidden layer is a challenging task; few neurons will not
give adequate precision and too many hidden neurons may
lead to overfitting. It means that the training data might be
fitted adequately; however considerable oscillations between
the points are noticed in the fitting curve, resulting in poor
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Figure 4: Effect of number of hidden neuron on PSO-ANN accuracy of (a) recovery and (b) NPVpredictions in terms ofMSE and𝑅-squared.
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Figure 5: Performance plot of the suggested network model for determining recovery factor of chemical flooding owing to correlation
coefficient (𝑅2): (a) training phase and (b) testing phase.

interpolation and extrapolation. The network performance
is evaluated as demonstrated in Figure 4, when different
number of neurons is tested. A smart model with one hidden
layer (including just one neuron) was primarily built in the
current study to predict the recovery factor and net present
value (NPV) of chemical flooding in oil reservoirs. Prediction
accuracy was further analyzed by an increase in the number
of neurons to 10 to decide on the most precise technique.
As clear from the results demonstrated in Figure 4, a 3-6-
1 architecture (6 neurons in the hidden layer, 3 neurons
in the input layer, and one neuron in output layer) offers
the best model for recovery factor and net present value
(NPV) prediction in terms ofMSE and𝑅2, since the optimum
structure achieved by the trial and error procedure has a very
low mean squared error of MSE = 0.0012 and a satisfactory
coefficient of determination of 𝑅2 = 0.9996, on the basis of
comparison between the predicted and real data.

The generated results of the proposed intelligent approach
are depicted through Figures 5 to 10. The existing contrasts
between suggested intelligent approach and related recovery
factor (RF) of the chemical flooding in oil reservoir in the
regression plot have been depicted in Figure 5. As shown
in Figure 5 which is a graphical and scatter presentation

of the PSO-ANN results versus corresponding determined
recovery factor (RF) data, the PSO-ANN outputs lie over
the line 𝑌 = 𝑋, the fact that indicates the identity of
outputs gained from suggestedPSO-ANNmodel and relevant
recovery factor data samples. To serve better understanding
about generated results of the proposed PSO-ANN model,
the comparison between gained recovery factor from the
addressedmodel and real recovery factor data versus relevant
data index has been illustrated in Figure 6. As illustrated in
Figure 6, the obtained results of proposed model are as close
as possible to real recovery factor (RF) data samples. To put it
another way, the outputs of the PSO-ANN approach have the
same behaviour as actual data do.The high considerable level
of efficiency and accuracy related to the PSO-ANN approach
in prediction of the recovery factor dataset of chemical
flooding has once again been certified in Figure 6. Moreover,
the robustness of the PSO-ANN has been demonstrated
in terms of the relative deviations of PSO-ANN model
outputs from corresponding determined recovery factor data
in Figure 7. As could be observed in Figure 7, the highest
deviations of the suggested approach results are subjected to
the early boundary of recovery factor data samples. 5% is the
maximum degree of relative deviation shown in Figure 7.
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Figure 6: Comparison between suggested network model and recovery factor versus relevant data index: (a) training phase and (b) testing
phase.
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Figure 7: Relative error distribution of the proposed approach versus actual recovery factor (RF).

The draw parallel between our proposed intelligent PSO-
ANN model results and related net present value (NPV) of
the chemical flooding in oil reservoir in the regression plot
has been shown in Figure 8. As shown in Figure 8 which
is a graphical and scatter presentation of the PSO-ANN
results versus corresponding determined net present value
(NPV) data, the PSO-ANN outputs lie over the line 𝑌 = 𝑋,
the fact that indicates the identity of outputs gained from
suggested PSO-ANN model and relevant net present value
(NPV) data samples. The comparison between generated net
present value (NPV) from the addressed approach and real
net present value (NPV) data versus relevant data index
has been shown in Figure 9. As illustrated in Figure 9, the
obtained results of proposed model are as close as possible
to net present value (NPV) data samples. To put it another
way, the outputs of the PSO-ANN approach have the same
behaviour as actual data do. Furthermore, the effectiveness
of the proposed intelligent model has been depicted in
terms of the relative deviations of PSO-ANN model outputs

Table 2: Statistical parameters of the proposed approaches in pre-
diction of efficiency of chemical flooding in oil reservoirs.

PSO-ANN
RF NPV

Correlation coefficient (𝑅2) 0.9997 0.9996
Mean square error (MSE) 0.0012 0.0015
Mean absolute error (MAE) 0.098 0.0206

from corresponding indicated net present value (NPV) data
in Figure 10. As can be seen from Figure 10, the highest
deviations of the suggested approach results are subjected to
the early boundary of net present value (NPV) data. 6% is the
maximum degree of relative deviation depicted in Figure 10.

The performance efficiency of the selected network is
assessed using the various error analysis parameters. Table 2
tabulates the PSO-ANNaccuracy in terms of correlation coef-
ficient (𝑅), coefficient of determination (𝑅2), mean absolute
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Figure 8: Performance plot of the suggested network model for determining net present value (NPV) of chemical flooding owing to corre-
lation coefficient (𝑅2): (a) training phase and (b) testing phase.
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Figure 9: Comparison between suggested network model and net present value (NPV) versus relevant data index: (a) training phase and (b)
testing phase.
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error (MAE), and mean squared error (MSE), which are
defined as follows:

𝑅 =

∑

𝑁

𝑖=1
(𝑦

𝑇
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,

(7)

in which 𝑁 represents the total number of data points
including either training, testing, or whole data set (input and
output pairs), 𝑦𝑇

𝑖
refers to the actual value at the sampling

point 𝑖,𝑦𝑃
𝑖
is the 𝑖th output of themodel, and𝑦𝑇 and𝑦𝑃 stand

for the average magnitudes of the actual and predicted data,
respectively.

5. Conclusions

Owing to the gained results of this contribution the following
major conclusions can be drawn.

(1) Adequate agreement between gain dew point pres-
sure from the developed intelligent model and cor-
responding real recovery factor/net present value
(NPV) values is observed. In other words, the con-
ventional approaches fail to monitor real recovery
factor/net present value (NPV) of chemical flooding
dedicated to the gained statistical criteria such as
mean square error (MSE) and correlation coefficient.

(2) The evolved intelligent network model for monitor-
ing real recovery factor/net present value (NPV) of
chemical flooding is user friendly, fast, and cheap
for implementation. Moreover, it is very useful and
user friendly for evolving the accuracy and robustness
of the commercial reservoir simulators like ECLIPSE
and computer modelling group (CMG) software for
enhanced oil recovery (EOR) from oil reservoirs.

Nomenclature

Abbreviations

ANN: Artificial neural network
BP: Back propagation
GA: Genetic algorithm
HGAPSO: Hybrid genetic algorithm and particle swarm

optimization
ICA: Imperialist competitive algorithm

MAE: Mean absolute error (MAE)
MSE: Mean squared error (MSE)
PSO: Particle swarm optimization
PSO: Particle swarm optimization
𝑅

2: Coefficient of determination
UPSO: Unified particle swarm optimization.
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𝑦

𝑃: The average of the predicted data
𝑦

𝑇: The average of the actual data
𝑏𝑗: Bias
𝑐1: Cognition component
𝑐2: Social components
𝑁: The total number of data points
𝑜𝑗: Output
𝑟1

𝑛 and 𝑟2
𝑛: Two random numbers

𝑆𝑗: Sum of interconnection weights
V𝑖: Velocity of particle 𝑖
𝑊𝑗𝑖: Interconnection weights in network model
𝑥𝑖: Position of particle 𝑖
𝑦𝑖
𝑃: The 𝑖th output of the model

𝑦𝑖

𝑇: The actual at the sampling point 𝑖.

Greek Letters
𝛿: Absolute relative error
𝜑: Activation function
𝜔: The inertia weight.
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Since the ancient times, it has been assumed that categorization has the basic form of classical sets. This implies that the
categorization process rests on the Boolean laws. In the second half of the twentieth century, the classical theory has been challenged
in cognitive science. According to the prototype theory, objects belong to categories with intensities, while humans categorize
objects by comparing them to prototypes of relevant categories. Such categorization process is governed by the principles of
perceived world structure and cognitive economy. Approaching the prototype theory by using truth-functional fuzzy logic has
been harshly criticized due to not satisfying the complementation laws. In this paper, the prototype theory is approached by
using structure-functional fuzzy logic, the interpolative Boolean algebra. The proposed formalism is within the Boolean frame.
Categories are represented as fuzzy sets of objects, while comparisons between objects and prototypes are formalized by using
Boolean consistent fuzzy relations. Such relations are directly constructed from a Boolean consistent fuzzy partial order relation,
which is treated by Boolean implication. The introduced formalism secures the principles of categorization showing that Boolean
laws are fundamental in the categorization process. For illustration purposes, the artificial cognitive system which mimics human
categorization activity is proposed.

1. Introduction

Categorization is the process in which ideas and objects are
recognized, differentiated, and understood [1]. Humans and
other organisms consider objects and events as members of
categories. Such cognitive activity is automatic and effortless.
Categories structure our knowledge about the world. The
ability to categorize is fundamental to any natural or artificial
cognitive system. Since the time of ancient Greece, it has been
assumed that an object can belong or cannot belong to a
category and that humans categorize by identifying necessary
and sufficient conditions for an object to belong to the
category. All objects satisfying such conditions are equivalent
with respect to that category.This can be formalized by using
classical set theory. The meanings of the categories can be
explained by the operations of classical logic. Such formal-
ization implies that the categorization process is governed by

the laws of Boolean algebra, amongwhich the laws of thought
are fundamental.This view on the categorization is called the
classical view [2–4].

In the second half of the twentieth century, the classical
theory has been challenged in cognitive science. From this
point of view, the categorization is based on gradation. This
means that objects can belong to categories with intensities.
Two fundamental principles of categorization have been
proposed in [5]. According to the principle of perceived
world structure, the perceived world comes as structured
information. In accordance with the principle of cognitive
economy, the task of the categorization is to provide maxi-
mum information about the world with the least cognitive
effort. This is possible thanks to gradation. In the classical
case, two objects can be differentiated if one belongs, while
the other one does not belong, to the relevant category.
Whenmore objects have to be differentiated from each other,
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more categories have to be considered in the process of
cognition, which requiresmore cognitive effort. In the case of
gradation, an infinite number of objects can be differentiated
inside one category.This implies that the categorization based
on gradation can provide maximum information about the
world with the least cognitive effort.

According to the gradation (prototype) theory, humans
categorize objects by comparing them to prototypes of rele-
vant categories [5–7]. As in [8], we use the term prototype in
the most general sense. Under this term, we assume either an
abstract summary of a category, or a set of exemplars—actual
category members pulled from memory. Since the classical
theory has been approached by using classical logic/set
theory, the prototype theory should be approached by using
fuzzy logic/set theory. In the conventional fuzzy logic [9],
the laws of complements are not taken as axioms. This has
been harshly criticized in cognitive science [10], as such laws
have been considered fundamental from the time of Aristotle.
According to [11], the laws of complements cannot be satisfied
in the conventional fuzzy logic because it follows the principle
of truth functionality. According to this principle, the value of
any logical expression can be calculated by using the values
of its components. The principle is valid in classical Boolean
algebra, but it breaks the Boolean frame in the case of grada-
tion. Fuzzy logic, which secures the laws of thought and the
Boolean frame, has been proposed in [12]. In opposition to
conventional fuzzy logics, this approach is based on the
fundamental principle of structure functionality.

In this paper, the Boolean consistent approach to
gradation—interpolative Boolean algebra—is used in an
attempt at the formalization of human categorization activity.
It is assumed that this innate human activity follows the
prototype theory. The proposed formalism is within the
Boolean frame, securing the principles of categorization.This
shows that Boolean laws are universal in categorization—
valid in the classical and the prototype theory. Such laws can
be considered as the fundamental laws governing the cate-
gorization process. For illustration purposes, the simple arti-
ficial cognitive system which mimics human categorization
ability is proposed.

2. Interpolative Boolean Algebra

Interpolative Boolean algebra is the Boolean consistent fuzzy
logic [11, 12]. From themathematical point of view, fuzzy logic
rests on the principle of incompatibility [13]. According to
this principle, increase in problem complexity diminishes our
ability to solve the problem by using classical mathematical
approaches (based on classical logic/set theory). According
to [14], fuzzy logic brings a drastic reduction of complexity
immanent to classical approaches when dealing with real-
world problems, and fuzzy approaches offer more expressive
power with less complexity in comparison to the classical
ones. From the cognitive science point of view, fuzzy logic
is an attempt at the formalization of remarkable human
capabilities [15]. According to [15–17], fuzzy logic is inspired
by the brain’s crucial ability to manipulate perceptions and
is essential for complex problems in artificial intelligence,

such as the pattern recognition problem. This is the problem
approached in this paper.

Fuzzy logic has been challenged in mathematics and
cognitive science since its introduction. The main drawback
of conventional fuzzy logics, based on the truth functionality
principle, is the fact that they are not in the Boolean frame
[14]. From the point of view of mathematics, this implies
that the classical results cannot be directly generalized. For
example, a basic concept of preference modeling is a pref-
erence structure. In the classical case, a preference structure
can be constructed from a reflexive preference relation. In the
case of gradation, this result is not possible in conventional
fuzzy logics [18]. In cognitive science, fuzzy logic has been
harshly criticized due to not satisfying the laws of com-
plements [19–21]. Such laws have been considered as the
fundamental laws of rational thinking since the ancient times.
The laws of thought must apply without exception to any
subject matter of thought. Boolean laws cannot be secured
in conventional fuzzy logics as they are based on the truth
functionality principle. In contrast to these fuzzy logics,
interpolative Boolean algebra is based on the principle of
structure functionality [12, 22]. According to this principle,
logical expressions have vector nature.The truth functionality
is valid in the classical case as attention is reduced to only one
vector component. In the fuzzy case, all vector components
have to be used for Boolean consistent calculations. The
structure vector of any logical expression can be calculated
by using the structures of expression’s components. The
structure functionality is the fundamental Boolean principle
as it secures the Boolean frame in any value realization of the
algebra (binary, multivalued, or fuzzy).

Formally, the finite or atomic Boolean algebra BA(Ω) =
𝑃(𝑃(Ω)) is generated by a set of free variables Ω =

{𝑥1, 𝑥2, . . . , 𝑥𝑚}. Set 𝑃(Ω) is the power set of Ω. For any
𝑥𝑖, 𝑥𝑗, 𝑥𝑘 ∈ Ω, Boolean laws are given by the following
expressions.

Associativity:

𝑥𝑖 ∨ (𝑥𝑗 ∨ 𝑥𝑘) = (𝑥𝑖 ∨ 𝑥𝑗) ∨ 𝑥𝑘,

𝑥𝑖 ∧ (𝑥𝑗 ∧ 𝑥𝑘) = (𝑥𝑖 ∧ 𝑥𝑗) ∧ 𝑥𝑘.

(1)

Commutativity:

𝑥𝑖 ∨ 𝑥𝑗 = 𝑥𝑗 ∨ 𝑥𝑖,

𝑥𝑖 ∧ 𝑥𝑗 = 𝑥𝑗 ∧ 𝑥𝑖.

(2)

Distributivity:

𝑥𝑖 ∧ (𝑥𝑗 ∨ 𝑥𝑘) = (𝑥𝑖 ∧ 𝑥𝑗) ∨ (𝑥𝑖 ∧ 𝑥𝑘) ,

𝑥𝑖 ∨ (𝑥𝑗 ∧ 𝑥𝑘) = (𝑥𝑖 ∨ 𝑥𝑗) ∧ (𝑥𝑖 ∨ 𝑥𝑘) .

(3)

Identity:

𝑥𝑖 ∨ 0 = 𝑥𝑖, 𝑥𝑖 ∧ 1 = 𝑥𝑖,

𝑥𝑖 ∧ 0 = 0, 𝑥𝑖 ∨ 1 = 1.

(4)
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Idempotence:

𝑥𝑖 ∨ 𝑥𝑖 = 𝑥𝑖, 𝑥𝑖 ∧ 𝑥𝑖 = 𝑥𝑖. (5)

Absorption:

𝑥𝑖 ∧ (𝑥𝑖 ∨ 𝑥𝑗) = 𝑥𝑖,

𝑥𝑖 ∨ (𝑥𝑖 ∧ 𝑥𝑗) = 𝑥𝑖.

(6)

Complementation:

𝑥𝑖 ∧ ¬𝑥𝑖 = 0, 𝑥𝑖 ∨ ¬𝑥𝑖 = 1. (7)

De Morgan laws:

¬ (𝑥𝑖 ∧ 𝑥𝑗) = ¬𝑥𝑖 ∨ ¬𝑥𝑗,

¬ (𝑥𝑖 ∨ 𝑥𝑗) = ¬𝑥𝑖 ∧ ¬𝑥𝑗.

(8)

Here 0 and 1 are the smallest and the biggest elements of
BA(Ω).

Atomic elements 𝛼𝑆(𝑥1, 𝑥2, . . . , 𝑥𝑚) of BA(Ω) are defined
by the following expression:

𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚) = ∧

𝑥𝑖∈𝑆
𝑥𝑖 ∧

𝑥𝑗∈Ω\𝑆
¬𝑥𝑗. (9)

Here 𝑆 ∈ 𝑃(Ω).
Atomic elements have the following properties:

𝛼𝑖 (𝑥1, 𝑥2, . . . , 𝑥𝑚) ∩ 𝛼𝑗 (𝑥1, 𝑥2, . . . , 𝑥𝑚)

= {

0, 𝑖 ̸= 𝑗

𝛼𝑖 (𝑥1, 𝑥2, . . . , 𝑥𝑚) , 𝑖 = 𝑗

⋃

𝑆∈𝑃(Ω)

𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚) = 1.

(10)

Any element of Boolean algebra can be defined as union of
relevant atoms. Which atoms are relevant for (included in)
𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑚) ∈ BA(Ω) is defined by element’s structure
function 𝜎𝜑(𝛼𝑆). Structure function is defined by the follow-
ing expression:

𝜎𝜑 (𝛼𝑆) =

{

{

{

{

{

1, 𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚) ∩ 𝜑 (𝑥1, 𝑥2, . . . , 𝑥𝑚)

= 𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚)

0, 𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚) ∩ 𝜑 (𝑥1, 𝑥2, . . . , 𝑥𝑚) = 0.

(11)

Here 𝑆 ∈ 𝑃(Ω).
Any element 𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑚) ∈ BA(Ω) can be defined

by the following expression:

𝜑 (𝑥1, 𝑥2, . . . , 𝑥𝑚) = ⋃

𝑆∈𝑃(Ω)|𝜎𝜑(𝛼𝑆)=1

𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚) . (12)

Information on which atoms are relevant for 𝜑(𝑥1, 𝑥2,

. . . , 𝑥𝑚) ∈ BA(Ω) is stored in structure vector defined by the
following expression:

⃗
𝜎𝜑 = [𝜎𝜑 (𝛼𝑆) | 𝑆 ∈ 𝑃 (Ω)]

𝑇

.

(13)

The structure of any combined element of BA(Ω) can be
directly calculated from the structures of its component:

⃗
𝜎𝜙∧𝜓 = ⃗

𝜎𝜙 ∧ ⃗
𝜎𝜓,

⃗
𝜎𝜙∨𝜓 = ⃗

𝜎𝜙 ∨ ⃗
𝜎𝜓,

⃗
𝜎¬𝜙 = ¬ ⃗

𝜎𝜙 =
⃗

1 −
⃗
𝜎𝜙.

(14)

The value V(𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑚)) ∈ [0, 1] of any 𝜑(𝑥1, 𝑥2,

. . . , 𝑥𝑚) ∈ BA(Ω) is given by corresponding Boolean
polynomial, which is the sum of values of relevant atomic
elements:

V (𝜑 (𝑥1, 𝑥2, . . . , 𝑥𝑚)) = ∑

𝑆∈𝑃(Ω)|𝜎𝜑(𝑆)=1

V (𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚)) .

(15)

The value V(𝛼𝑆(𝑥1, 𝑥2, . . . , 𝑥𝑚)) ∈ [0, 1] of atomic element
𝛼𝑆(𝑥1, 𝑥2, . . . , 𝑥𝑚) ∈ BA(Ω) is given by corresponding atomic
Boolean polynomial:

V (𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚)) = ⊗

𝑥𝑖∈𝑆
V (𝑥𝑖) ⊗

𝑥𝑗∈Ω\𝑆

(1 − V (𝑥𝑗)) . (16)

Here V(𝑥𝑖) ∈ [0, 1] is the fuzzy value of 𝑥𝑖 ∈ Ω, 𝑆 ∈ 𝑃(Ω) and
⊗ : [0, 1] × [0, 1] → [0, 1] is a generalized product operator
which can be any 𝑇-norm.

For example, for Ω = {𝑥𝑖, 𝑥𝑗} the generalized product
operator has the following property:

max (V (𝑥𝑖) + V (𝑥𝑗) − 1, 0) ≤ V (𝑥𝑖) ⊗ V (𝑥𝑗)

≤ min (V (𝑥𝑖) , V (𝑥𝑗)) .
(17)

The value of any 𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑚) ∈ BA(Ω) can be repre-
sented as the scalar product of two vectors:

V (𝜑 (𝑥1, 𝑥2, . . . , 𝑥𝑚)) = ⃗
𝜎𝜑 ⃗𝛼. (18)

Here ⃗
𝜎𝜑 is the structure vector of 𝜑(𝑥1, 𝑥2, . . . , 𝑥𝑚) ∈ BA(Ω)

and ⃗𝛼 is the vector of atomic Boolean polynomials.
Vector of atomic Boolean polynomials ⃗𝛼 is defined by the

following expression:

⃗𝛼 = [V (𝛼𝑆 (𝑥1, 𝑥2, . . . , 𝑥𝑚)) | 𝑆 ∈ 𝑃 (Ω)]
𝑇
.

(19)
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According to the principle of structure functionality, Boolean
consistent fuzzy value of any element of BA(Ω) can be
calculated by the following rules [22]:

V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚) ∧ 𝜑𝑗 (𝑥1, . . . , 𝑥𝑚))

=def V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚)) ⊗ V (𝜑𝑗 (𝑥1, . . . , 𝑥𝑚)) ,

V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚) ∨ 𝜑𝑗 (𝑥1, . . . , 𝑥𝑚))

=def V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚)) + V (𝜑𝑗 (𝑥1, . . . , 𝑥𝑚))

− V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚)) ⊗ V (𝜑𝑗 (𝑥1, . . . , 𝑥𝑚)) ,

V (¬𝜑𝑖 (𝑥1, . . . , 𝑥𝑚)) =def 1 − V (𝜑𝑖 (𝑥1, . . . , 𝑥𝑚)) ,

V (𝑥𝑖 ∧ 𝑥𝑗) =def {
V (𝑥𝑖) ⊗ V (𝑥𝑗) 𝑖 ̸= 𝑗,

V (𝑥𝑖) , 𝑖 = 𝑗,

V (𝑥𝑖 ∨ 𝑥𝑗) =def V (𝑥𝑖) + V (𝑥𝑗) − V (𝑥𝑖) ⊗ V (𝑥𝑗) ,

V (¬𝑥𝑖) =def1 − V (𝑥𝑖) .

(20)

Here 𝜑𝑖(𝑥1, . . . , 𝑥𝑚), 𝜑𝑗(𝑥1, . . . , 𝑥𝑚) ∈ BA(Ω), V(𝜑𝑖(𝑥1,
. . . , 𝑥𝑚)), V(𝜑𝑗(𝑥1, . . . , 𝑥𝑚)) ∈ [0, 1], 𝑥1, . . . , 𝑥𝑚 ∈ Ω,
V(𝑥1), . . . , V(𝑥𝑚) ∈ [0, 1].

Software tool for calculations of Boolean consistent fuzzy
values of elements of BA(Ω) is proposed in [23].

Generalized product ⊗ : [0, 1] × [0, 1] → [0, 1] can be
any operator that satisfies the following properties.

Commutativity:

V (𝑥𝑖) ⊗ V (𝑥𝑗) = V (𝑥𝑖) ⊗ V (𝑥𝑗) . (21)

Associativity:

(V (𝑥𝑖) ⊗ V (𝑥𝑗)) ⊗ V (𝑥𝑘) = V (𝑥𝑖) ⊗ (V (𝑥𝑗) ⊗ V (𝑥𝑘)) .
(22)

Monotonicity:

V (𝑥𝑖) ≤ V (𝑥𝑗) ⇒ V (𝑥𝑖) ⊗ V (𝑥𝑘) ≤ V (𝑥𝑗) ⊗ V (𝑥𝑘) . (23)

Boundary:

V (𝑥𝑖) ⊗ 1 = V (𝑥𝑖) . (24)

Nonnegativity:

⊗

𝑥𝑖∈𝑆
V (𝑥𝑖) ⊗

𝑥𝑗∈Ω\𝑆

(1 − V (𝑥𝑗)) ≥ 0. (25)

Here Ω = {𝑥1, 𝑥2, . . . , 𝑥𝑚}, 𝑆 ∈ 𝑃(Ω).
In the following section, the prototype theory will be

formalized by using interpolative Boolean algebra.

3. Formalization of Human
Categorization Process

According to the prototype theory, humans categorize objects
by comparing them to prototypes of relevant categories.

Prototypes or cognitive reference points are formed in the
process of cognition by considering observed (actual) mem-
bers of the categories. The prototype theory is based on the
principle of perceived world structure and the principle of
cognitive economy. According to these principles, categories
with graded structure “spring” to mind whenever objects or
events are considered in the process of cognition. This pro-
vides maximum information about the world with the least
cognitive effort. It is assumed in this paper that the categoriza-
tion rests on cognitive acts of ordering of perceived objects
and prototypes of relevant categories. The ordering must
be relevant to a cognitive task at hand, requiring the least
cognitive effort. From the information provided by such
ordering, maximum information about the world can be
acquired in the process of cognition. This way, the principles
of categorization are secured.

Formally, an object considered in the process of cognition
will be represented by using vector [𝐴1(𝑥), . . . , 𝐴𝑛(𝑥)], where
𝐴 𝑖(𝑥) ∈ [0, 1], 𝑖 = 1, . . . , 𝑛, are the properties of object 𝑥. Set
𝑋 is the set of objects for categorization. Set 𝑌 is the set of
prototypes of relevant categories. The prototype of a category
is an object or a set of objects, statistically derived or selected
from the observed category members. For example, the
prototype of category “𝐶” can be represented as an object
𝑦𝐶 ∈ 𝑌, whose properties are the averages of properties of
all category members:

𝑦𝐶 =
1

|𝐶|

∑

𝑧∈𝐶

𝑧 = [

1

|𝐶|

∑

𝑧∈𝐶

𝐴1 (𝑧) , . . . ,
1

|𝐶|

∑

𝑧∈𝐶

𝐴𝑛 (𝑧)]

= [𝐴1 (𝑦𝐶) , . . . , 𝐴𝑛 (𝑦𝐶)] .

(26)

Here 𝑦𝐶 ∈ [0, 1]
𝑛 is the prototype of category 𝐶, 𝑧 ∈ [0, 1]𝑛 is

the member of 𝐶, and |𝐶| is the cardinality of 𝐶.
Alternatively, the prototype of a category can be defined

as the set of the most representative objects of the category
(according to some criteria), or as the set which contains
all members of the category. Approach to categorization,
according to which humans categorize objects by comparing
them to actual category members, is called the exemplar
approach [24, 25]. The categorization based on exemplars is
more flexible but less economical, in comparison to the first
approach. Considering exemplars in the process of cognition
secures better categorization of “atypical” objects but requires
more cognitive effort.

The ordering of objects and prototypes will be formalized
by using a Boolean consistent fuzzy partial order relation
defined over 𝑋 ∪ 𝑌. This reflexive, antisymmetric and
transitive binary (two-place) fuzzy relation will be called
the primitive relation and will be treated by using Boolean
implication. The fuzzy partial order relation can be defined
by the following expression:

(𝑥 ≤ 𝑦)

= V (𝜙𝑖 (𝐴1 (𝑥) , . . . , 𝐴𝑛 (𝑥)) ⇒ 𝜙𝑖 (𝐴1 (𝑦) , . . . , 𝐴𝑛 (𝑦)))

= V (¬𝜙𝑖 (𝐴1 (𝑥) , . . . , 𝐴𝑛 (𝑥)) ∨ 𝜙𝑖 (𝐴1 (𝑦) , . . . , 𝐴𝑛 (𝑦)))
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= 1 − V (𝜙𝑖 (𝐴1 (𝑥) , . . . , 𝐴𝑛 (𝑥)))

+min (V (𝜙𝑖 (𝐴1 (𝑥) , . . . , 𝐴𝑛 (𝑥))) ,

V (𝜙𝑖 (𝐴1 (𝑦) , . . . , 𝐴𝑛 (𝑦)))) .
(27)

Here (𝑥 ≤ 𝑦) ∈ [0, 1] is a fuzzy partial order relation
(the proof is straightforward), 𝑥, 𝑦 ∈ [0, 1]

𝑛, 𝑥 ∈ 𝑋,
𝑦 ∈ 𝑌, 𝜙𝑖(𝐴1(𝑥), . . . , 𝐴𝑛(𝑥)) can be any Boolean function,
V(𝜙𝑖(𝐴1(𝑥), . . . , 𝐴𝑛(𝑥))) ∈ [0, 1] is the function’s value, and
1 − V(𝜙𝑖(𝐴1(𝑥), . . . , 𝐴𝑛(𝑥))) + min(V(𝜙𝑖(𝐴1(𝑥), . . . , 𝐴𝑛(𝑥))),
V(𝜙𝑖(𝐴1(𝑦), . . . , 𝐴𝑛(𝑦)))) is the Boolean polynomial which
corresponds to Boolean implication 𝜙𝑖(𝐴1(𝑥), . . . , 𝐴𝑛(𝑥)) ⇒
𝜙𝑖(𝐴1(𝑦), . . . , 𝐴𝑛(𝑦)).

Less complex primitive relations can be defined by the
following expressions:

(𝑥 ≤ 𝑦) = ∑

𝑖=1,...,𝑛

𝑤𝑖V (𝐴 𝑖 (𝑥) ⇒ 𝐴 𝑖 (𝑦))

= ∑

𝑖=1,...,𝑛

𝑤𝑖V (¬𝐴 𝑖 (𝑥) ∨ 𝐴 𝑖 (𝑦))

= ∑

𝑖=1,...,𝑛

𝑤𝑖 (1 − 𝐴 𝑖 (𝑥) + (min𝐴 𝑖 (𝑥) , 𝐴 𝑖 (𝑦))) ,

(𝑥 ≤ 𝑦) = V ( ∧

𝑖=1,...,𝑛
(𝐴 𝑖 (𝑥) ⇒ 𝐴 𝑖 (𝑦)))

= V ( ∧

𝑖=1,...,𝑛
(¬𝐴 𝑖 (𝑥) ∨ 𝐴 𝑖 (𝑦)))

= ⊗

𝑖=1,...,𝑛
V (¬𝐴 𝑖 (𝑥) ∨ 𝐴 𝑖 (𝑦))

= ⊗

𝑖=1,...,𝑛
(1 − 𝐴 𝑖 (𝑥) +min (𝐴 𝑖 (𝑥) , 𝐴 𝑖 (𝑦))) .

(28)

Here 𝑤𝑖 ∈ [0, 1], ∑𝑖=1,...,𝑛 𝑤𝑖 = 1, the generalized product
operator (⊗) can be any 𝑡-norm, and V(𝐴 𝑖(𝑥) ⇒ 𝐴 𝑖(𝑦)) = 1−

𝐴 𝑖(𝑥) +min(𝐴 𝑖(𝑥), 𝐴 𝑖(𝑦)) is the Boolean polynomial which
corresponds (gives value) to Boolean implication 𝐴 𝑖(𝑥) ⇒
𝐴 𝑖(𝑦) = ¬𝐴 𝑖(𝑥) ∨ 𝐴 𝑖(𝑦).

Pseudological expressions, such as the first expression in
(28), are introduced in [26].

Comparisons between object 𝑥 ∈ 𝑋 and prototype 𝑦 ∈ 𝑌
will be formalized on the basis of primitive relation (𝑥 ≤

𝑦) ∈ [0, 1] and its inverse (𝑥 ≥ 𝑦) ∈ [0, 1], 𝑥, 𝑦 ∈ [0, 1]

𝑛,
(𝑥 ≥ 𝑦) = (𝑥 ≤ 𝑦)

−1. By using the information provided by
these relations, Boolean algebra of fuzzy relations BA(Ω) =
𝑃(𝑃(Ω)) can be generated, where 𝑃(Ω) is the power set of
Ω = {(𝑥 ≤ 𝑦), (𝑥 ≥ 𝑦)}. Elements of this algebra have
semantics (meanings) thanks to the principle of structure
functionality. Such elements formalize the cognitive acts of
comparisons between objects and prototypes, on the basis
of which the objects are categorized. Proposed formalization
of prototype theory secures the principles of categorization.
The cognitive effort (in this case computational effort) is
minimized as the artificial process of categorization is only
based on the primitive relation. At the same time, maximum
information about the world can be directly derived from

the information provided by the primitive relation. This
implies that an artificial cognitive system based on the pro-
posed formalism can acquire maximum information about
the world with the least computational effort. In the rest of
this section, elements of the Boolean algebra of fuzzy relations
are defined. Detailed information on Boolean consistent
fuzzy relations can be found in [27].

Atomic elements (atomic relations) of BA(Ω) are the
following.

Reflexive, symmetric and transitive fuzzy equivalence (or
similarity) relation:

(𝑥 = 𝑦) = (𝑥 ≤ 𝑦) ∧ (𝑥 ≥ 𝑦) = (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) . (29)

Irreflexive, asymmetric and transitive fuzzy strict order rela-
tions:

(𝑥 > 𝑦) = ¬ (𝑥 ≤ 𝑦) ∧ (𝑥 ≥ 𝑦) = (1 − (𝑥 ≤ 𝑦)) ⊗ (𝑥 ≥ 𝑦)

= (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) ,

(𝑥 < 𝑦) = (𝑥 ≤ 𝑦) ∧ ¬ (𝑥 ≥ 𝑦) = (𝑥 ≤ 𝑦) ⊗ (1 − (𝑥 ≥ 𝑦))

= (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) .

(30)

Irreflexive, symmetric and transitive fuzzy incomparability
relation:

(𝑥 <> 𝑦) = ¬ (𝑥 ≤ 𝑦) ∧ ¬ (𝑥 ≥ 𝑦)

= (1 − (𝑥 ≤ 𝑦)) ⊗ (1 − (𝑥 ≥ 𝑦))

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) .

(31)

In these equations, operator of generalized product ⊗ can
be any 𝑇-norm. According to the structure functionality
principle, other Boolean consistent fuzzy relations/elements
of BA(Ω) can be defined as unions (sums) of relevant atomic
relations. Fuzzy partial order relations are defined by the
following expressions:

(𝑥 ≤ 𝑦) = (𝑥 < 𝑦) ∨ (𝑥 = 𝑦) = (𝑥 < 𝑦) + (𝑥 = 𝑦)

= (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

(𝑥 ≥ 𝑦) = (𝑥 > 𝑦) ∨ (𝑥 = 𝑦) = (𝑥 > 𝑦) + (𝑥 = 𝑦)

= (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) .

(32)

Complements of fuzzy partial order relations are defined by
the following expressions:

¬ (𝑥 ≤ 𝑦) = (𝑥 <> 𝑦) ∨ (𝑥 > 𝑦) = (𝑥 <> 𝑦) + (𝑥 > 𝑦)

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) = 1 − (𝑥 ≤ 𝑦) ,
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¬ (𝑥 ≥ 𝑦) = (𝑥 <> 𝑦) ∨ (𝑥 < 𝑦) = (𝑥 <> 𝑦) + (𝑥 < 𝑦)

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) = 1 − (𝑥 ≥ 𝑦) .

(33)

Another reflexive, symmetric and transitive fuzzy similarity
relation is defined by the following expression:

(𝑥 ⇐⇒ 𝑦) = (𝑥 = 𝑦) ∨ (𝑥 <> 𝑦) = (𝑥 = 𝑦) + (𝑥 <> 𝑦)

= (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦)

+ (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + 2 (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) .

(34)

The complement of this relation is the fuzzy dissimilarity
relation, defined by the following expression:

(𝑥 ∨ 𝑦) = ¬ (𝑥 ⇐⇒ 𝑦) = (𝑥 < 𝑦) ∨ (𝑥 > 𝑦)

= (𝑥 < 𝑦) + (𝑥 > 𝑦)

= (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≥ 𝑦)

− (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= (𝑥 ≤ 𝑦) + (𝑥 ≥ 𝑦) − 2 (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) .

(35)

Complements of fuzzy strict order relations are defined by the
following expression:

¬ (𝑥 < 𝑦) = (𝑥 <> 𝑦) ∨ (𝑥 > 𝑦) ∨ (𝑥 = 𝑦)

= (𝑥 <> 𝑦) + (𝑥 > 𝑦) + (𝑥 = 𝑦)

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= 1 − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) = 1 − (𝑥 < 𝑦) ,

¬ (𝑥 > 𝑦) = (𝑥 <> 𝑦) ∨ (𝑥 < 𝑦) ∨ (𝑥 = 𝑦)

= (𝑥 <> 𝑦) + (𝑥 < 𝑦) + (𝑥 = 𝑦)

= 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

+ (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= 1 − (𝑥 ≥ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) = 1 − (𝑥 > 𝑦) .

(36)

The complement of a fuzzy incomparability relation (related-
ness or comparability relation) is defined by the following
expression:

¬ (𝑥 <> 𝑦) = (𝑥 < 𝑦) ∨ (𝑥 > 𝑦) ∨ (𝑥 = 𝑦)

= (𝑥 < 𝑦) + (𝑥 > 𝑦) + (𝑥 = 𝑦)

= (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≥ 𝑦)

− (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= (𝑥 ≤ 𝑦) + (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= 1 − (𝑥 <> 𝑦) .

(37)

Another fuzzy dissimilarity relation, complement of equiv-
alence relation given in (29), is defined by the following
expression:

(𝑥 ̸= 𝑦) = ¬ (𝑥 = 𝑦) = (𝑥 < 𝑦) ∨ (𝑥 > 𝑦) ∨ (𝑥 <> 𝑦)

= (𝑥 < 𝑦) + (𝑥 > 𝑦) + (𝑥 <> 𝑦)

= (𝑥 ≤ 𝑦) − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + (𝑥 ≥ 𝑦)

− (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) + 1 − (𝑥 ≥ 𝑦) − (𝑥 ≤ 𝑦)

+ (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦)

= 1 − (𝑥 ≤ 𝑦) ⊗ (𝑥 ≥ 𝑦) = 1 − (𝑥 = 𝑦) .

(38)

On the basis of information provided by the Boolean algebra
of fuzzy relations, objects can be easily categorized in the
artificial process of cognition. For example, the categorization
process in which objects are recognized on the basis of their
resemblance to prototypes can be formalized by using any of
aforementioned similarity (or dissimilarity) relations. This is
demonstrated in the following section.

4. Illustrative Example

In this section, the simple artificial cognitive system which
mimics human categorization activity is constructed. The
system categorizes objects on the basis of their similarities to
prototypes of relevant categories. This will be demonstrated
by using iris flower data set taken from [28]. The data set
contains information on 150 four-dimensional objects, which
belong to one of the three categories: 𝐼Se, 𝐼Ve, and 𝐼Vi—Iris
setosa, Iris versicolor and Iris virginica, respectively.There are
50 objects in each category. Such objects can be defined by the
following expression:

𝑜 = [𝑠𝑙 (𝑜) , 𝑠𝑤 (𝑜) , 𝑝𝑙 (𝑜) , 𝑝𝑤 (𝑜)] . (39)

Here 𝑜 ∈ 𝑅4 is a physical object; 𝑠𝑙(𝑜), 𝑠𝑤(𝑜), 𝑝𝑙(𝑜), and 𝑝𝑤(𝑜)
are the physical properties of object 𝑜—sepal length, sepal
width, petal length, and petal width, respectively.
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The artificial cognitive system maps the physical object
𝑜 ∈ 𝑂 into “mental object” 𝑥 by using the following
expression:

𝑥 = [

𝑠𝑙 (𝑜)

max𝑜𝑖∈𝑂 (𝑠𝑙 (𝑜𝑖))
,

𝑠𝑤 (𝑜)

max𝑜𝑖∈𝑂 (𝑠𝑤 (𝑜𝑖))
,

𝑝𝑙 (𝑜)

max𝑜𝑖∈𝑂 (𝑝𝑙 (𝑜𝑖))
,

𝑝𝑤 (𝑜)

max𝑜𝑖∈𝑂 (𝑝𝑤 (𝑜𝑖))
]

= [𝑆𝐿 (𝑥) , 𝑆𝑊 (𝑥) , 𝑃𝐿 (𝑥) , 𝑃𝑊 (𝑥)] .

(40)

Here 𝑥 ∈ [0, 1]

4 is an object considered in the process of
cognition, 𝑆𝐿(𝑥), 𝑆𝑊(𝑥), 𝑃𝐿(𝑥), 𝑃𝑊(𝑥) ∈ [0, 1] are the prop-
erties of object 𝑥, and 𝑂 is the set of objects or the domain of
cognition.

Information on category membership is provided to the
artificial cognitive system for 105 randomly selected objects.
Set 𝑋 is the set of the remaining 45 objects (for categoriza-
tion); set 𝑌 is the set of prototypes for the three relevant
categories. The task of the system is to categorize objects,
based on their similarities to prototypes. The system builds
prototypes on the basis of observed category members, that
is, by using 105 randomly selected objects. For illustration
purposes, prototypes are defined in twoways. In the first case,
the prototype of category 𝐶 is the object 𝑦𝐶 ∈ 𝑌, whose
properties are the averages of properties of all category
members:

𝑦𝐶 =
1

|𝐶|

∑

𝑧∈𝐶

𝑧

= [

1

|𝐶|

∑

𝑧∈𝐶

𝑆𝐿 (𝑧) ,

1

|𝐶|

∑

𝑧∈𝐶

𝑆𝑊 (𝑧) ,

1

|𝐶|

∑

𝑧∈𝐶

𝑃𝐿 (𝑧) ,

1

|𝐶|

∑

𝑧∈𝐶

𝑃𝑊(𝑧)]

= [𝑆𝐿 (𝑦𝐶) , 𝑆𝑊 (𝑦𝐶) , 𝑃𝐿 (𝑦𝐶) , 𝑃𝑊 (𝑦𝐶)] .

(41)

Here 𝑦𝐶 ∈ [0, 1]
4 is the prototype of category 𝐶, 𝑧 ∈ [0, 1]4 is

the member of 𝐶, and |𝐶| is the cardinality of 𝐶.
In the second case, all observed members of a category

are used as the prototype of that category.This is the exemplar
approach. In both approaches, similarity between object 𝑥 ∈
𝑋 and prototype (or exemplar) 𝑦𝐶 ∈ 𝑌 of category 𝐶 is
defined by the following expression:

(𝑥 ⇐⇒ 𝑦𝐶) = 1 − (𝑥 ≤ 𝑦𝐶) − (𝑥 ≥ 𝑦𝐶)

+ 2 (𝑥 ≤ 𝑦𝐶) ∗ (𝑥 ≥ 𝑦𝐶) .

(42)

Here (𝑥 ⇔ 𝑦𝐶) ∈ [0, 1] is the Boolean consistent fuzzy
similarity relation defined in (34); (𝑥 ≤ 𝑦𝐶) ∈ [0, 1] and
(𝑥 ≥ 𝑦𝐶) ∈ [0, 1] are Boolean consistent fuzzy partial order
relations defined in (28).

Boolean consistent fuzzy partial order relations are
defined by the following expressions:

(𝑥 ≤ 𝑦𝐶) = (1 − 𝑆𝐿 (𝑥) +min (𝑆𝐿 (𝑥) , 𝑆𝐿 (𝑦𝐶)))

∗ (1 − 𝑆𝑊 (𝑥) +min (𝑆𝑊 (𝑥) , 𝑆𝑊 (𝑦𝐶)))

∗ (1 − 𝑃𝐿 (𝑥) +min (𝑃𝐿 (𝑥) , 𝑃𝐿 (𝑦𝐶)))

∗ (1 − 𝑃𝑊(𝑥) +min (𝑃𝑊 (𝑥) , 𝑃𝑊 (𝑦𝐶))) ,

(𝑥 ≥ 𝑦𝐶) = (𝑥 ≤ 𝑦𝐶)
−1

= (1 − 𝑆𝐿 (𝑦𝐶) +min (𝑆𝐿 (𝑦𝐶) , 𝑆𝐿 (𝑥)))

∗ (1 − 𝑆𝑊(𝑦𝐶) +min (𝑆𝑊 (𝑦𝐶) , 𝑆𝑊 (𝑥)))

∗ (1 − 𝑃𝐿 (𝑦𝐶) +min (𝑃𝐿 (𝑦𝐶) , 𝑃𝐿 (𝑥)))

∗ (1 − 𝑃𝑊(𝑦𝐶) +min (𝑃𝑊(𝑦𝐶) , 𝑃𝑊 (𝑥))) .

(43)

In the first case, the artificial cognitive system assigns an
object to a category whose prototype is the most similar to
the object. This is defined by the following expression:

𝐶 = arg max
𝐶∈{𝐼Se,𝐼Ve,𝐼Vi}

(𝑥 ⇐⇒ 𝑦𝐶) . (44)

Here 𝑥 ∈ 𝑋, 𝑦𝐶 ∈ 𝑌 is the prototype of category 𝐶 ∈

{𝐼Se, 𝐼Ve, 𝐼Vi}, and 𝑥, 𝑦𝐶 ∈ [0, 1]
4.

In the second case, an object is assigned to a category
with the highest average similarity between the object and
all category members (exemplars). This is defined by the
following expression:

𝐶 = arg max
𝐶∈{𝐼Se,𝐼Ve,𝐼Vi}

(

1

|𝐶|

∑

𝑦𝐶∈𝐶

(𝑥 ⇐⇒ 𝑦𝐶)) . (45)

Here 𝑦𝐶 ∈ [0, 1]
4 is the exemplar of 𝐶 ∈ {𝐼Se, 𝐼Ve, 𝐼Vi}, and |𝐶|

is the cardinality of category 𝐶.
The categorization process was executed 50 times. In each

execution, 70 percent of randomly selected objects are used
by the system for prototype formation. The remaining 30
percent of objects are then categorized. The accuracy of the
categorization is measured as the average of the percentages
of successfully categorized objects in each execution. In the
first case, 95.56 percent of objects are successfully categorized.
In the second case, 96.67 percent of objects are successfully
categorized. As we can see, the artificial cognitive system
based on the exemplar approach achieves slightly better
results. The same results would have been obtained if the
system had been constructed by using the Boolean consistent
fuzzy dissimilarity relation defined in (35).

5. Conclusion

Categorization is a fundamental activity for any natural or
artificial cognitive system. Formalization of this activity in
accordance with the prototype theory of categorization is
proposed. This is accomplished by using Boolean consistent
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fuzzy logic—the interpolative Boolean algebra. The pro-
posed formalism is within the Boolean frame, securing the
principles of categorization—perceived world structure and
cognitive economy.Accordingly, an artificial cognitive system
based on the proposed formalism can acquire maximum
information about the world with the least computational
effort. The universality of Boolean laws in the classical and
the prototype theory shows that such laws are fundamental in
the categorization process. The proposed artificial cognitive
system achieves notable results in the considered example.
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This paper proposes an EMD-LSSVM (empirical mode decomposition least squares support vector machine) model to analyze
the CSI 300 index. A WD-LSSVM (wavelet denoising least squares support machine) is also proposed as a benchmark to
compare with the performance of EMD-LSSVM. Since parameters selection is vital to the performance of the model, different
optimization methods are used, including simplex, GS (grid search), PSO (particle swarm optimization), and GA (genetic
algorithm). Experimental results show that the EMD-LSSVMmodel with GS algorithm outperforms other methods in predicting
stock market movement direction.

1. Introduction

Stockmarket is one of themost sophisticated and challenging
financial markets since many factors affect its movement,
including government policy, global economic situation,
investors’ expectations, and even correlations with other
markets [1]. References [2, 3] described financial time series
as essentially noisy, dynamic, and deterministically chaotic
data sequences. Hence, a precise prediction of stock index
movement can help investors make decisions to take or shed
positions in the stock market at the right time and make
profits. Many works have been published by researchers to
maximize investment profits and minimize risk. Therefore,
predicting stock market is quite important and significant.

Neural networks have been successfully applied in fore-
casting of financial time series during the past two decades
[4–6]. Neural networks are general function approximations
which can approximate many nonlinear functions regardless
of the properties of time series data [7]. Besides, neural
networks are able to learn dynamic systems which make
them a more powerful tool for studying financial time series
compared with traditional models [8–10]. However, there
are a couple of weaknesses when neural networks are used

in forecasting financial time series. For instance, when the
typical back-propagation neural network is applied, a huge
number of parameters are required to be controlled for.
This makes the solution unstable and causes overfitting. The
overfitting problem results in poor performance and becomes
a critical issue for researchers.

Accordingly, [11] proposed a support vector machine
(SVM)model. According to [12–14], there are two advantages
of using SVM rather than neural networks. One is that
SVM has a better performance in terms of generalization.
Unlike the empirical risk minimization principle in tradi-
tional neural networks, SVM reduces generalization error
bounds based on the structural risk minimization principle.
SVM seeks to achieve an optimal structure through finding
out a balance between generalization errors and Vapnik-
Chervonenkis (VC) confidence interval. Another advantage
is that SVM prevents the model from getting stuck into local
minima.

Since the introduction of SVM, it has been developed
rapidly in the real world. There are mainly two ways for
applying SVM: one is classification and the other is regres-
sion. For classification, [15] constructed a SVM based model
to accurately evaluate the consumers’ credit score and solve
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classification problems. Also, SVM is widely used in the
area of forecasting. Reference [16] used SVM to predict the
direction of daily stock price in the Korea composite stock
price index (KOSPI). More recently, [17] applies the Support
Vector Regression to forecast the Nikki 225 opening index
and TAIEX closing index after detecting and removing the
noise by independent component analysis (ICA).

However, the performance of SVM mainly depends on
the input data and is sensitive to parameters. Recent empirical
studies have demonstrated that properties of the model
performance are influenced by two aspects: low level of signal
to noise ratio (SNR) and instability of model specification
during the estimation process. For example, [18] investigates
the hyperparameters selection for support vector machine
with different noise distributions to compare the model
performance. Moreover, [19] applied wavelet to denoise the
bearing vibration signals by improving the SNR and then
figure out the best model according to the performances of
ANN and SVM.

To improve the classification and forecasting accuracy,
several researchers including [20, 21] have proved that the
combined classifying and forecasting models perform better
than any individual model. Also, [22] showed that the
ensemble empirical model decomposition (EEMD) can be
integrated with extreme learning machine (ELM) to an effec-
tive forecasting model for computer products sales. In this
paper, we propose a hybrid EMD-LSSVM (empirical mode
decomposition least squares support vector machine) with
different parameters optimization algorithms. The experi-
mental results prove that the EMD-LSSVM model has a
better performance than the WD-LSSVM (wavelet denois-
ing least squares support vector machine) model. Firstly,
we use the empirical mode decomposition and wavelet
denoising algorithm to deal with the original input data.
Secondly, parameters of SVM are optimized by different
methods, including simplex, grid search (GS), particle swarm
optimization (PSO), and genetic algorithm (GA). Results
from empirical studies show that the hybrid model EMD-
LSSVM with GS parameter optimization outperforms the
other model.

2. EMD-LSSVM Model and WD-LSSVM

2.1. Empirical Mode Decomposition (EMD). References [23,
24] proposed empirical mode decomposition (EMD) which
decomposes data series into a number of intrinsic mode
functions (IMFs). It was designed for nonstationary and
nonlinear data sets. In order to apply EMD, time series data
set must satisfy the following two conditions.

(1) The sum of local maxima and local minima must
equate to the total number of zero crossings or the
difference between them is 1. In other words, for every
local maxima and local minima, there must be one
zero crossing following up.

(2) The local average is zero, which means that mean
value of the upper envelope (defined by localmaxima)
and lower envelope (defined by localminima)must be
zero.

Thus, if a function is an IMF, it represents a signal
symmetric to local mean zero. An IMF is a simple oscillatory
mode which is more general than the simple harmonic
function and the frequency and amplitude of the IMF can
be variable. Then, data series 𝑥(𝑡) (𝑡 = 1, 2, . . . , 𝑛) can be
decomposed by the following sifting procedure.

(1) Find all local maxima and minima in 𝑥(𝑡). Then use
the cubic spline line to connect all local maxima to
generate upper envelope 𝑥up(𝑡) and connect all local
minima to generate lower envelop 𝑥low(𝑡).

(2) According to the upper and lower envelopes obtained
in Step (1), calculate the envelope mean𝑚1(𝑡):

𝑚1 (𝑡) =

(𝑥up (𝑡) + 𝑥low (𝑡))

2

.

(1)

(3) Data series 𝑥(𝑡)minus envelope mean𝑚1(𝑡) gives the
first component 𝑑1(𝑡):

𝑑1 (𝑡) = 𝑥 (𝑡) − 𝑚1 (𝑡) . (2)

(4) Check if 𝑑1(𝑡) satisfies the IMF requirements; if
𝑑1(𝑡) does not satisfy them, go back to Step (1) and
replace 𝑥(𝑡) with 𝑑1(𝑡) to conduct the second sifting
procedure; that is, 𝑑2(𝑡) = 𝑑1(𝑡) − 𝑚2(𝑡). Repeat the
sifting procedure 𝑘 times 𝑑𝑘(𝑡) = 𝑑𝑘−1(𝑡)−𝑚𝑘(𝑡) until
the following stop criterion is satisfied:

𝑇

∑

𝑡 = 1

[𝑑𝑗 (𝑡) − 𝑑𝑗+1 (𝑡)]

2

𝑑

2
𝑗
(𝑡)

< SC, (3)

where SC is the stopping condition. Normally, it is
set between 0.2 and 0.3. Then, we get the first IMF
component; that is, 𝑐1(𝑡) = 𝑑𝑘(𝑡).

(5) Subtract first IMF component 𝑐1(𝑡) fromdata sets 𝑥(𝑡)
and get the residual 𝑟1(𝑡) = 𝑥(𝑡) − 𝑐1(𝑡).

(6) Treat 𝑟1(𝑡) as the new data series and repeat Steps (1)
to (5).Then get the new residual 𝑟2(𝑡). In thisway, after
repeating 𝑛 times, we get

𝑟2 (𝑡) = 𝑟1 (𝑡) − 𝑐2 (𝑡) ,

𝑟3 (𝑡) = 𝑟2 (𝑡) − 𝑐3 (𝑡) ,

.

.

.

𝑟𝑛 (𝑡) = 𝑟𝑛−1 (𝑡) − 𝑐𝑛 (𝑡) .

(4)

When the residual 𝑟𝑛(𝑡) becomes a monotonic function,
the data sets cannot be decomposed anymore. The whole
EMD is completed. The original date series can be described
as the combination of 𝑛 IMF components and a mean trend
𝑟𝑛(𝑡); that is,

𝑥 (𝑡) =

𝑛

∑

𝑗 = 1

𝑐𝑗 (𝑡) + 𝑟𝑛 (𝑡) . (5)
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In this way, the original data series 𝑥(𝑡) can be decom-
posed into 𝑛 IMFs and a mean trend function. Then, we use
the IMFs for instantaneous frequency analysis.

The traditional Fourier transform decomposes a data
series into a number of sine or cosine waves for the analysis.
However, the EMD technique decomposes the data series
into several sinusoid-like signals with variable frequencies
and amean trend function.The EMD has several advantages.
First, this method is relatively easy to understand and is
also widely applied since it avoids complex mathematical
algorithms. Secondly, EMD is suitable to deal with nonlinear
and nonstationary data series. Thirdly, EMD is more suitable
for analysing data series with trends such as weather and
economic data. Finally, EMD is able to find the residual which
reveals the data series trends [25–27].

2.2. Wavelet Denoising Algorithm. While the traditional
Fourier analysis can only remove noise of certain patterns
over the entire time horizon, wavelet analysis can deal with
multiscales and more detailed data and is more suitable
for financial time series. Wavelets are continuous functions
which satisfy the unit energy and admissibility condition in

𝐶𝜑 = ∫

∞

0









𝜑 (𝑓)









𝑓

𝑑𝑓 < ∞, ∫

∞

−∞









𝜓 (𝑡)









2
𝑑𝑡 = 1,

(6)

where 𝜑 is the Fourier transform of frequency𝑓. 𝜓 is the
wavelet transform.

The continuous wavelet function can orthogonally trans-
form the original data into subdata series in the wavelet
domain. Consider

𝑊(𝑢, 𝑠) = ∫

∞

−∞

𝑥 (𝑡)

1

√𝑠

𝜓(

𝑡 − 𝑢

𝑠

) 𝑑𝑡, (7)

where u is the dilation parameter and s is the translation
parameter.

The wavelet synthesis rebuilds the original data series,
guaranteed by the properties of orthogonal transformation in

𝑥 (𝑡) =

1

𝐶𝜓

∫

∞

0

∫

∞

−∞

𝑊(𝑢, 𝑠) 𝜓𝑢,𝑠 (𝑡) 𝑑𝑢
𝑑𝑠

𝑠

2
. (8)

In wavelet analysis, the denoising technique separates
the data and noise from the original data sets by selecting
a threshold. The raw data series are first decomposed into
some data subsets. Then, based on a certain strategy of
selecting the threshold, the boundary between noises and
data is set. Depending on the boundary, smaller data points
are eliminated and the remaining data are handled by setting
certain thresholds. Finally, these denoised data sets are rebuilt
from the decomposed data points [28].

2.3. LSSVM in Function Estimation. This section shows the
basic theory of the least squares support vector machine.The
support vector methodology has been used mainly in two
areas, that is, classification and function estimation. Consid-
ering regression in the set of function 𝑓(𝑥) = 𝜔

𝑇
𝜑(𝑥) + 𝑏

with given training data inputs 𝑥𝑘 ∈ 𝑅

𝑛 and outputs 𝑦𝑘 ∈ 𝑅,

we apply 𝜑(𝑥) to map 𝑥𝑘 from 𝑅

𝑛 to 𝑅

𝑛ℎ . Notice that 𝜑(𝑥)
can be of infinite dimensional and is defined only implicitly.
Also, vector 𝜔 can also be infinite dimensional. Thus, the
optimization problem becomes

min 𝐽𝑃 (𝜔, 𝜉, 𝜉
∗
) =

1

2

𝜔

𝑇
𝜔 + 𝑐

𝑁

∑

𝑘 = 1

(𝜉 + 𝜉

∗
) ,

s.t. 𝑦𝑘 − 𝜔

𝑇
𝜑 (𝑥𝑘) − 𝑏 ≤ 𝜀 + 𝜉𝑘, 𝑘 = 1, . . . , 𝑁,

𝜔

𝑇
𝜑 (𝑥𝑘) + 𝑏 − 𝑦𝑘 ≤ 𝜀 + 𝜉

∗

𝑘
, 𝑘 = 1, . . . , 𝑁,

𝜉𝑘, 𝜉
∗

𝑘
≥ 0, 𝑘 = 1, . . . , 𝑁.

(9)

The constant 𝑐 > 0 defines the tolerance of deviations
from the desired 𝜀 accuracy. It defines the weight of the
regularization term empirical risk. The larger the c is, the
more important it is for the empirical risk to grow, compared
with the regularization term. 𝜀 is called the tube size and
represents the accuracy required in training data points.

By introducing Lagrange multipliers 𝛼, 𝛼∗, 𝜂, 𝜂∗ ≥ 0, we
obtain the Lagrangian for this problem. Consider

𝐿 (𝜔, 𝑏, 𝜉𝑘, 𝜉
∗

𝑘
; 𝛼, 𝛼

∗
, 𝜂, 𝜂

∗
)

=

1

2

𝜔

𝑇
𝜔 + 𝑐

𝑁

∑

𝑘 = 1

(𝜉 + 𝜉

∗
)

−

𝑁

∑

𝑘 = 1

𝛼𝑘 (𝜀 + 𝜉𝑘 − 𝑦𝑘 + 𝜔

𝑇
𝜑 (𝑥𝑘) + 𝑏)

−

𝑁

∑

𝑘 = 1

𝛼

∗

𝑘
(𝜀 + 𝜉

∗

𝑘
+ 𝑦𝑘 − 𝜔

𝑇
𝜑 (𝑥𝑘) − 𝑏)

−

𝑁

∑

𝑘 = 1

(𝜂𝑘𝜉𝑘 + 𝜂

∗

𝑘
𝜉

∗

𝑘
) .

(10)

The reason of introducing another Lagrangemultiplier𝛼∗
𝑘

is that there are other slack variables 𝜉𝑘, 𝜉
∗

𝑘
. Bymaximizing the

Lagrangian

max
𝛼,𝛼∗ ,𝜂,𝜂∗

min
𝜔,𝑏,𝜉𝑘,𝜉

∗

𝑘

𝐿 (𝜔, 𝑏, 𝜉𝑘, 𝜉
∗

𝑘
; 𝛼, 𝛼

∗
, 𝜂, 𝜂

∗
) , (11)

we obtain

𝜕𝐿

𝜕𝜔

= 0 → 𝜔 =

𝑁

∑

𝑘 = 1

(𝛼𝑘 − 𝛼

∗

𝑘
) 𝜑 (𝑥𝑘) ,

𝜕𝐿

𝜕𝑏

= 0 →

𝑁

∑

𝑘 = 1

(𝛼𝑘 − 𝛼

∗

𝑘
) = 0,

𝜕𝐿

𝜕𝜉𝑘

= 0 → 𝑐 − 𝛼𝑘 − 𝜂𝑘 = 0,

𝜕𝐿

𝜕𝜉

∗

𝑘

= 0 → 𝑐 − 𝛼

∗

𝑘
− 𝜂

∗

𝑘
= 0.

(12)
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Table 1: Input and output variables.

Category Input variables selection Output
variable Sample Data

number

Training and validation
testing

CSI 300, USDX, SHIBOR, REPO, CDS, PE,
M2/mkt cap, short-mid not/mkt cap, New

Loan/mkt cap
CSI 300 05/01/2009–23/08/2011

24/08/2011–20/01/2012
643
100

Then we obtain the following dual problem:

max
𝛼,𝛼∗

𝐽𝐷 (𝛼, 𝛼
∗
) = −

1

2

𝑁

∑

𝑘 = 1

(𝛼𝑘 − 𝛼

∗

𝑘
) (𝛼𝑙 − 𝛼

∗

𝑙
)𝐾 (𝑥𝑘, 𝑥𝑙)

− 𝜀

𝑁

∑

𝑘 = 1

(𝛼𝑘 + 𝛼

∗

𝑘
) +

𝑁

∑

𝑘 = 1

𝑦𝑘 (𝛼𝑘 − 𝛼

∗

𝑘
) ,

s.t.
𝑁

∑

𝑘 = 1

(𝛼𝑘 − 𝛼

∗

𝑘
) = 0, 𝛼𝑘, 𝛼

∗

𝑘
∈ [0, 𝑐] .

(13)

Here we use the kernel function 𝐾(𝑥𝑘, 𝑥𝑙) = 𝜑(𝑥𝑘)
𝑇
𝜑(𝑥𝑙)

for 𝑘, 𝑙 = 1, . . . , 𝑁. Then the function estimation becomes

𝑓 (𝑥) =

𝑁

∑

𝑘 = 1

(𝛼𝑘 − 𝛼

∗

𝑘
)𝐾 (𝑥𝑘, 𝑥𝑙) + 𝑏, (14)

where 𝛼𝑘, 𝛼
∗

𝑘
are solutions of the above quadratic program-

ming problem and 𝑏 is obtained from the complementarity
of KKT conditions. It is obvious that the decision function
is determined by the support vectors in which coefficients
(𝛼𝑘 − 𝛼

∗

𝑘
) are not zero. In practice, a larger 𝜀 results in a

smaller number of support vectors and thus the sparser of the
solution. Also, the larger the 𝜀 is, the worse the accuracy of
training points will be. Hence, 𝜀 can be applied to control the
balance between closeness to training data and sparseness of
the solution.

Kernel function can be obtained by seeking the function
which satisfies Mercer’s condition. Here are some popular
kernel functions [14, 29, 30]:

linear: 𝐾(𝑥, 𝑥𝑘) = 𝑥

𝑇
𝑥𝑘;

polynomial: 𝐾(𝑥, 𝑥𝑘) = (𝑥

𝑇
𝑥𝑙 + 1)

𝑑, where 𝑑 is the
degree of the polynomial kernel;
RBF kernel:𝐾(𝑥, 𝑥𝑘) = exp(−‖𝑥 − 𝑥𝑘‖

2
/𝜎

2
), where𝜎2

is the bandwidth of the Gaussian kernel.

Parameters of the kernel function define the structure of
the high dimensional feature space 𝜑(𝑥) and also control the
accuracy of the final solution. Thus, they should be selected
carefully.

3. Empirical Study

3.1. Data Description. The CSI 300 is chosen for empirical
analysis and to examine the performance of the proposed
model. This index comprises 179 stocks from Shanghai stock

exchange and 121 stocks from Shenzhen stock exchange and
is managed by the China Securities Index Company Ltd.

Most researchers have chosen international indices in the
past, including S & P 500, NIKKEI 225, NASDAQ, DAX,
and gold price as input variables. They have examined the
cross relationship between stock market index and macroe-
conomic variables. The potential input variables that can
be used for forecasting model mainly consist of the gross
domestic product (GDP), gross national product (GNP),
short-term interest rate (ST), long-term interest rate (LT), and
term structure of interest rate (TS) [1, 31, 32].

Although China has overtaken Japan to become the
world’s second largest economy and theChinese stockmarket
has developed into one of the most important markets in the
global economy, Chinese consumption capacity is limited in
the domestic market. The movement of the stock market has
a close relationship with the money available of the investors,
which is determined by the money supply and the interest
rate. Considering that the Chinese stock market is affected
by the global economic situation as well as the domestic
economic development, we choose US Dollar Index (USDX),
Shanghai Interbank Offered Rate (SHIBOR), P/E ratio (PE),
money supply (M2), repurchase agreement (REPO), China
CNY Monthly New Loan, market capitalization of the 300
publicly traded companies (mkt cap), People’s Bank 5-year
CDS, and short-mid note as input variables.

The lag of input variables is 3 days. We use the daily data
to predict the CSI 300 index by nonlinear SVM regression.
Since M2, short-mid note, and New Loan are published once
a month, we transform these variables into daily variables by
dividing them by a daily variable. We divided all data sets
into two sections and used the first section as the training
part to find the optimal parameters for the LSSVM and avoid
overfitting by training and validating the model. The other
section is used for testing. As shown in Table 1, we choose
nine variables as the input variables and one variable as the
output variable including 643 daily data fromMay 1, 2009, to
August 23, 2011, to train the parameters in the model. Once
we obtain these parameters, we use the same input and output
variables from August 24, 2011, to January 20, 2012, including
100 daily data to examine the performance of different model
in the testing part.

In the hybrid wavelet denoising least squares support
vector machine model (WD-LSSVM), we first denoise the
CSI 300 index with wavelet denoising technique. As shown
in Figure 1, the original data, which is depicted in the upper
part of the figure, is packed with irrelevant noise. Then the
wavelet denoising algorithm is applied to reduce the noise in
the upper figure of Figure 1. The denoised data is depicted in
the lower part of Figure 1 and it is clear that the denoised data
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Figure 1: The original and denoised daily CSI 300 index.

Table 2: Parameters setting for simplex, GS, GA, and PSO.

Method Parameter setting
Simplex Chi: 2, Gamma: 0.5, Rho: 1, Sigma: 0.5
GS TolX: 0.001, maxFunEvals: 70, grain: 7, zoomfactor: 5

GA Sizepop: 20, maxgen: 200, 𝑐min: 0, 𝑐max: 100, 𝑔min: 0,
𝑔max: 1000

PSO Sizepop: 20, maxgen: 200, 𝑐min: 0, 𝑐max: 100, 𝑔min: 0,
𝑔max: 1000, 𝑘: 0.6

can better reveal the trend of the index. Also, in both EMD-
LSSVM and WD-LSSVM models, we preprocess the input
data by scaling to the range of [0, 1] to prevent small numbers
in the data sets from being overshadowed by large numbers,
resulting in loss of information.

3.2. Optimization Methods and Parameters Setting. In both
EMD-LSSVM models and WD-LSSVM, we try four kinds
of search methods, that is, simplex, GS, GA, and PSO. In
the simplex method, we define the parameters of expanding
(Chi), contracting (Gamma), reflecting (Rho), and shrinking
(Sigma) and get the optimal parameters for SVM through
iteration until the stopping criteria is satisfied. Also, by
calculating the objective function, we can get all points in the
grids, which are related to the range and the unit grid search
size.

The optimal parameters can be obtained from the point
which has the lowest cost. Another effective method to
solve optimization problem is the genetic algorithm. The
first step of this method is to randomly select parents from
the population.Then, parents produce children continuously.
Step by step, the population eventually develops and optimal
solution can be obtained when the stopping criteria are met.
The PSO algorithm works by moving the candidate solution
(particles) within the given search range. These particles are
moved by the best known positions of particles and the entire

Table 3: Performance metrics and their calculations.

Metrics Calculation

NMSE
NMSE =

∑

𝑛

𝑖=1
(𝑎𝑖 − 𝑝𝑖)

2

𝛿

2
𝑛

𝛿

2
=

∑

𝑛

𝑖=1
(𝑎𝑖 − 𝑎)

2

𝑛 − 1

MAPE MAPE =

1

𝑛

𝑛

∑

𝑖=1

















𝑎𝑖 − 𝑝𝑖

𝑝𝑖

















× 100%

HR
HR =

∑

𝑛

𝑖=1
𝑑𝑖

𝑛

𝑑𝑖 =

{

{

{

1 if (𝑎𝑖 − 𝑎𝑖−1) (𝑝𝑖 − 𝑝𝑖−1) ≥ 0

0 otherwise

Table 4: Results of eight different forecasting models.

Model NMSE MAPE HR
EMD-LSSVM (simplex) 0.0253 0.79222% 77.7778%
EMD-LSSVM (GS) 0.0245 0.78834% 79.798%
EMD-LSSVM (GA) 2.5749 9.0641% 42.4242%
EMD-LSSVM (PSO) 9.4471 18.2733% 40.404%
WD-LSSVM (simplex) 0.0521 1.1772% 65.6566%
WD-LSSVM (GS) 0.0609 1.1357% 61.6162%
WD-LSSVM (GA) 0.0657 1.2997% 62.6263%
WD-LSSVM (PSO) 0.0910 1.5072% 63.6364%

swarm in the search space. When the particles arrive at a
better position, they guide the swarm tomove.The procedure
is repeated until the stopping criteria are satisfied. In our
experiment, Table 2 shows the setting of each optimization
method.

3.3. Performance Criteria. We evaluate the performance of
these models using three measurement methods, that is,
normalizedmean squared error (NMSE), mean absolute per-
centage error (MAPE), and the hitting ratio (HR) (Table 3).
NMSE and MAPE are designed to measure the deviation
of predicted value from the actual value; smaller values of
NMSE and MAPE indicate better performance of the model.
In the stock market, smaller values of MAPE and NMSE are
able to control investment risk. We also introduce hitting
rate to evaluate the model since the HR reveals accuracy of
prediction of theCSI 300, which is valuable for individual and
institutional traders.

3.4. Experiment Results. The experiments explore four
parameter selectionmethods in both EMD-LSSVMandWD-
LSSVM. Results of the experiments are as in Table 4. From
the results, we can see that the hybrid model EMD-LSSVM
with GS parameter optimization method not only has the
smallest NMSE and MAPE but also gets the best hitting rate,
which means it outperforms the other model with different
parameter search methods.

From the experiment results, we can draw three conclu-
sions.
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(1) For overall accuracy, the EMD-LSSVM (GS) is the
best approach, followed by EMD-LSSVM (simplex),
WD-LSSVM (simplex), WD-LSSVM (PSO), WD-
LSSVM (GA), and WD-LSSVM (GS). Hitting rates
of the other approaches are below 60%. Prediction
accuracy of all methods is also related to the chosen
sample. So it is difficult to identify which model is the
best and performs the best. However, tests based on
the same samplemay help us identify which is the best
model.

(2) According to the experiments, the PSO and GA
need more computational time to obtain the best
parameters for themodel compared with simplex and
GS optimizationmethods. Although the PSO andGA
algorithm are relatively more complex than the other
twomethods, they do not perform better thanGS and
simplex.

(3) Another interesting finding is that thresholds of the
denoising algorithm also influence the performance
of the model. When the threshold is too large, useful
information in the data gets damaged. Besides, a small
threshold makes the denoising process insignificant
for handling noise. Therefore, we argue that the
performance of the wavelet denoising algorithm is
sensitive to the estimation method of the threshold
level.

4. Conclusion

We have examined the use of the hybrid EMD-LSSVM and
WD-LSSVM models to predict financial time series by four
different parameters selection methods in this paper. The
study shows that the hybrid EMD-LSSVM model provides
a better way to forecast financial time series compared with
WD-LSSVM. The key findings contain two aspects. First,
empirical mode decomposition can serve as a potential tool
for removing noise from original data during the modeling
process and improving the prediction accuracy. Second, we
compare four kinds of search methods for parameters in the
experiments. The results show that the EMD-LSSVM with
GS parameter optimization method provides the best per-
formance. Use of the GS algorithm reduces the computation
time and improves the prediction accuracy of the model for
forecasting financial time series.

Future research in this direction mainly includes gaining
better understanding of the relationship between optimal
loss function, noise distribution, and the number of training
samples. In this paper, we only consider applying different
algorithm to denoise the original data without considering
the distribution of the noise. The research on the density
of noise which will be reduced for the SVM model will
attract the effort of us.Moreover, another interesting research
direction is to figure out the minimum number of samples
based on which a theoretically optimal loss function will
indeed have superior generalization performance.
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Accelerated life test is commonly used for the estimation of high-reliability product. In this paper, we present a simple and efficient
approach to estimate the coefficients of acceleration models. Assuming that both scale and shape parameters of Weibull lifetime
distribution vary with stress factors, we estimate the parameters of Weibull distribution using maximum likelihood method and
reduce the bias of shape parameter estimator. Considering the heteroscedasticity, we compute the estimates of the coefficients
of acceleration models through weighted least square method. Additionally, we obtain the confidence interval of low percentile
via bootstrapping. We compare the proposed method with other methods using a real lifetime example. Finally, we study the
performance of the proposed method by simulation. The simulation results show that our proposed method is effective.

1. Introduction

In reliability experiments, one is often interested in obtain-
ing inference on low percentile at normal conditions. In
today’s competitive market, for high-reliability products, the
experiments are often censored within a limited period of
time. Thus, it is very difficult or impossible to get enough
lifetime data to estimate reliability. Accelerated life test (ALT)
is commonly used for forcing products to failmore quickly. In
ALT, products are tested under higher than usual conditions
to reduce the test time and to collect more failure time
information. Detailed description onALT can be found in the
studies by Lawless [1], Nelson [2], and Meeker and Escobar
[3]. Some software packages have been developed and refined
for reliability data analysis, such as Minitab, R, and SAS.
Rigdon et al. [4] provided a tutorial on lifetime data analysis
using the statistical software packages.

Often, themethods for lifetime data analysis assumed that
the scale parameter varies with stress factors but the shape
parameter remains constant when lifetime data followed a
Weibull distribution. In many applications, however, this
assumption may not be appropriate, such as metal fatigue,
electronics reliability, and reliability physics. Meeter and
Meeker [5] developed the statistical models and optimum

ALTwith a nonconstant shape parameter, andmore examples
with a nonconstant shape parameter can be found in their
references. Seo et al. [6] designed accelerated life test sam-
pling plans with a nonconstant shape parameter of Weibull
distribution.

There are only a few attempts trying to analyze lifetime
data based on a Weibull distribution with a nonconstant
shape parameter. Maximum likelihood method is generally
recommended for estimating the coefficients of accelerated
failure timemodels.The estimates can be obtained by solving
likelihood equations. However, the closed form does not
exist. Instead, they are approximated by numerical methods.
The Newton-Raphson algorithm is very sensitive to the
starting points, and it may fail when the number of the
starting points is big. To ensure the estimates converge, Bal-
akrishnan and Ling [7] foundmaximum likelihood estimates
through expectation maximization (EM) algorithm. Wang
and Kececioglu [8] presented a generalized linear model
(GLM) approach to estimate the coefficients of acceleration
models. However, the EM or GLM approach does not seem
to have enjoyed extensive application probably because it is
too “statistical” for some practitioners to intuitively grasp.

In this paper, we present an approach for estimating the
coefficients of accelerated failure timemodels using weighted
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least square method. Firstly, we obtain the maximum like-
lihood estimates of Weibull shape and scale parameters.
Secondly, we compute asymptotic covariance matrix by
inverting the observed Fisher informationmatrix. Finally, we
get the corresponding coefficients for acceleration models by
weighted least square method. Furthermore, we introduce a
procedure for performing confidence intervals of low per-
centiles via bootstrapping. It is well known that themaximum
likelihood estimators are biased. We reduce the bias of shape
parameter estimator by unbiasing factor method or modified
maximum likelihood method.

Thepaper is organized as follows: in the following section,
we introduce model description and assumption of ALT.
Then, we provide a method including coefficients estimation
and confidence interval estimation of low percentiles based
on bootstrapping. Next we compare our proposed method
with EM and GLMmethods via a real lifetime example. And
then we study the performance of the proposed method by
simulation. Finally, we present some conclusions and future
work.

2. Model Description and Assumption

The Weibull distribution is a very popular distribution for
modeling the lifetime data because of its flexibility in being
able to model multiple types of failure mechanisms. For 𝑇,
a random variable denoting the lifetime data, the commonly
used parameterization of the two-parameter Weibull proba-
bility density function (PDF) is

𝑓 (𝑡; 𝜂, 𝛽) =

𝛽

𝜂

(

𝑡

𝜂

)

𝛽−1

exp(−(

𝑡

𝜂

)

𝛽

) ,
(1)

and the cumulative distribution function (CDF) is

𝐹 (𝑡; 𝜂, 𝛽) = 1 − exp(−(

𝑡

𝜂

)

𝛽

) ,
(2)

where 𝑡 > 0 is the time to failure and 𝜂 > 0 and 𝛽 > 0 are the
scale and shape parameters, respectively.

We consider an ALT with right censored data involving
𝑚 stress levels, and the number of the samples of 𝑖th stress
level is 𝑛𝑖. We assume that the failure times of the 𝑖th stress
level follow a Weibull distribution with scale parameter 𝜂𝑖

and shape parameter 𝛽𝑖. 𝜂𝑖 and 𝛽𝑖 depend on the (possibly
transformed) stress levels through the acceleration models

log 𝜂𝑖 = aX𝑖,

log𝛽𝑖 = bX𝑖,
(3)

where a and b are the vectors of regression parameters andX𝑖
is the 𝑖th vector of designed stress level.

3. Proposed Method

This section contains a presentation of proposed method
for estimating the parameters of acceleration models and
bootstrapping for confidence intervals of low percentiles. We

estimate low percentiles bymaximum likelihoodmethod and
weighted least square method and then predict intervals by
bootstrapping.

3.1. Estimating Parameters and Reducing Bias. Let 𝑡𝑖𝑗 be the
lifetime for the 𝑗th item within the 𝑖th stress level, and it
follows a Weibull distribution. The likelihood function with
right censoring present is

L (𝑡𝑖𝑗; 𝜂𝑖, 𝛽𝑖) = 𝐶

𝑛𝑖

∏

𝑗=1

(𝑓 (𝑡𝑖𝑗))

𝛿𝑖𝑗
(1 − 𝐹 (𝑡𝑖𝑗))

1−𝛿𝑖𝑗
, (4)

where 𝛿𝑖𝑗 = 1 if the item fails and 𝛿𝑖𝑗 = 0 if the item is right
censored. 𝐶 is a constant dependent on censoring type.

The log likelihood function for the 𝑖th stress level with
right censoring present is

ℓ (𝑡𝑖𝑗; 𝜂𝑖, 𝛽𝑖) = log𝐶 + log𝛽𝑖

𝑛𝑖

∑

𝑗=1

𝛿𝑖𝑗 − 𝛽𝑖

𝑛𝑖

∑

𝑗=1

𝛿𝑖𝑗 log 𝜂𝑖

+ (𝛽𝑖 − 1)

𝑛𝑖

∑

𝑗=1

𝛿𝑖𝑗 log 𝑡𝑖𝑗 −

𝑛𝑖

∑

𝑗=1

(

𝑡𝑖𝑗

𝜂𝑖

)

𝛽𝑖

.

(5)

The shape parameter and scale parameter can be esti-
mated by solving likelihood equations or maximizing for-
mula (5).

The lifetime data may be censored and the variances of
error terms may not be constant for different stress levels,
so there is a problem of heteroscedasticity. Thus, we use
weighted least square method for estimating parameters.The
parameter estimates, â and ̂b, can be computed by

â = (XW−1X)

−1

XW−1 log �̂�,

̂b = (XV−1X)

−1

XV−1 log ̂𝛽,

(6)

where X is a matrix of designed stress levels and

log�̂� = (log 𝜂1, . . . , log 𝜂𝑚)


,

W = ⟨

̂Var (log 𝜂𝑖)⟩ =

[

[

[

̂Var (log 𝜂1) ⋅ ⋅ ⋅ 0

.

.

. d
.

.

.

0 ⋅ ⋅ ⋅

̂Var (log 𝜂𝑚)

]

]

]

;

loĝ𝛽 = (log ̂

𝛽1, . . . , log ̂

𝛽𝑚)



,

V = ⟨

̂Var (log ̂

𝛽𝑖)⟩ =

[

[

[

[

̂Var (log ̂

𝛽1) ⋅ ⋅ ⋅ 0

.

.

. d
.

.

.

0 ⋅ ⋅ ⋅

̂Var (log ̂

𝛽𝑚)

]

]

]

]

.

(7)
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The estimated variances of log 𝜂𝑖 and log ̂

𝛽𝑖 can be
obtained by inverting the observed Fisher information
matrix. Now, we introduce the procedure in brief.

From formula (5), it can be shown that
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(8)

Rinne [9] pointed out that if there does not exist censor-
ing within the 𝑖th stress level, then the estimated asymptotic
variance-covariance matrix of ̂𝜃𝑖 = (𝜂𝑖,

̂

𝛽𝑖)
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If there exists censoring within the 𝑖th stress level, the
estimated asymptotic variance-covariance matrix is then

̂Var (
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We calculate the estimates of variances by ̂Var(log 𝜂𝑖) =

̂Var(𝜂𝑖)/𝜂

2

𝑖
and ̂Var(log ̂

𝛽𝑖) =

̂Var( ̂

𝛽𝑖)/

̂

𝛽

2

𝑖
.

It is well known that the maximum likelihood estimate of
the Weibull shape parameter is biased. The bias may be very
serious in the case of small sample or heavy censoring. Yang
and Xie [10] proposed an estimator for the shape parameter
of the Weibull distribution under the notion of parameter
orthogonalization. The estimator proposed by Yang and Xie
[10] can reduce the bias for complete and censored data. It can
be easily proved that the ratio between the estimator obtained
from the study by Yang and Xie [10] and the shape parameter
is a pivotal quantity for complete and type II censoring. We
can reduce the bias further via unbiasing factor method.

The theoretical justification for using unbiasing factor
method is based on the existence of pivotal quantity.Thoman
et al. [11] proved that there are two pivotal quantities with
shape parameter and scale parameter of Weibull distribution

for complete data, and then Monte Carlo method is used to
obtain the unbiasing factor of the shape parameter estimator.
Ross [12] introduced a formula for calculating the unbiasing
factor of the shape parameter estimator in the case of
complete data. Ross [13] extended this work to the case of type
II censored data with 50% or less censoring.

In this paper, we reduce the bias of maximum likelihood
estimator of shape parameter using modified maximum
likelihood method which is proposed by Yang and Xie [10]
for the case of the failure time is type I censored. When the
failure time is complete or type II censored, we reduce the bias
using unbiasing factor method.

3.2. Interval Prediction. In reliability data analysis, interest
is focused on the low quantities. These low percentiles
provide engineers with an evaluation of the product’s early
failures along with providing information for specification
limits, warranty, and cost analysis, but we cannot compute
confidence intervals around predicted values because the
Fisher information matrix does not exist.

Bootstrapping is a straightforwardway to derive estimates
of standard errors and confidence intervals for complex esti-
mators of complex parameters of the distribution. DiCiccio
and Efron [14] presented several types of bootstrap confi-
dence intervals including standard, percentile, and bootstrap-
𝑡. Edwards et al. [15] compared two wood plastic composite
extruders using bootstrapping confidence interval of per-
centiles.

We now describe a procedure for constructing the 100
(1 − 𝛼)% percentile bootstrapping confidence interval which
involves the following steps.

(1) Obtain 𝜂𝑖 and ̂

𝛽𝑖 from the original samples and reduce
the bias of ̂

𝛽𝑖.
(2) Simulate bootstrapping samples from Weibull distri-

butions with the same data type.

(3) Obtain estimates of 𝜂𝑖 and ̂

𝛽𝑖, 𝜂

∗

𝑖
and ̂

𝛽

∗

𝑖
, based on the

bootstrapping samples and reduce the bias of ̂

𝛽

∗

𝑖
.

(4) Compute asymptotic variance-covariance matrix and
obtain the estimates of coefficients â∗ and ̂b∗.

(5) Computê

𝑡

∗

𝑝
= exp(â∗x)(− log(1−𝑝))

∧
(1/ exp(

̂b∗x)),
where x is the vector of stress level.

(6) Repeat steps (2)–(5) 𝐾 times to obtain a sample of
bootstrapping estimate, ̂

𝑡

𝑘

𝑝
, for 𝑘 = 1, 2, . . . , 𝐾, and

then arrange the bootstrapping in ascending order.

The 100 (1 − 𝛼)% percentile bootstrapping confidence
interval for 𝑡𝑝 is given by

(

̂

𝑡

(𝛼/2)(𝐾+1)

𝑝
,

̂

𝑡

(1−(𝛼/2))(𝐾+1)

𝑝
) . (11)

4. Illustrative Example

In this section, we demonstrate the practical application of
our proposed method and compare our proposed method
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Table 1: Failure data for the seven operating policies.

Voltage Operation type Load Time to failure (hours)
𝑋1 𝑋2 𝑋3

3 1 0.20 71.79 85.24 96.01 100.68 104.21 112.65 114.84 115.03 128.66
3 1 0.48 51.99 74.19 74.69 91.05 91.05 100.11 112.99
6 1 0.30 9.03 10.62 12.38 13.92 15.48 18.82
6 1 0.65 4.27 5.32 5.76 6.68 7.62 8.66 8.78 9.19 10.33 10.78
3 0 0.48 84.57 115.79 151.20 154.85 164.55 186.24
6 0 0.65 6.57 8.25 8.50 8.87 8.96 9.74 9.98 11.58 12.09 13.89
3 0 0.08 152.74 176.32 195.35 213.32 214.07 228.26 242.18 264.56
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Figure 1: The relative biases of percentiles for the case of 𝑚 = 7.
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Figure 2: The relative biases of percentiles for the case of 𝑚 = 4.

with EM and GLMmethods. Teng and Kolarik [16] designed
and performed a life test experiment to study the on/off
cycling characteristics of small DC motors. The voltage (𝑋1),
operation type (𝑋2), and load (𝑋3) were considered to be
stress factors. The lifetime data are summarized in Table 1.

We consider the main factors and 2-interaction effects
in this example. Because the lifetime data is complete, we
calculate the estimates of Weibull parameters by unbiasing
factor method. We repeat steps (2)–(5) 10,000 times and get
the values of unbiasing factors for ̂

𝛽 that are shown in Table 2.

Table 2: Unbiasing factor values of different number of samples.

Number 𝑛 = 6 𝑛 = 7 𝑛 = 8 𝑛 = 9 𝑛 = 10

Unbiased factor value 1.3302 1.2638 1.2201 1.1922 1.1645

The results in Table 2 indicate that ̂

𝛽 is greater than true
value of 𝛽. The bias of ̂

𝛽 gradually becomes smaller when 𝑛

increases from 5 up to 10. But the relative bias is very serious
even when 𝑛 = 10. Table 3 shows the values of estimates
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Table 3: The estimates of shape and scale parameters.

Stress level 1 2 3 4 5 6 7
̂

𝛽 6.4018 4.2943 3.4102 3.7409 3.9950 4.3877 5.9420
𝜂 109.0104 90.9359 14.2697 8.4077 152.7174 10.5409 222.5437

Table 4: The estimates of a and b.

Predictor Proposed method GLMmethod EMmethod
â ̂b â ̂b â ̂b

Intercept 7.4322 2.6977 7.410 2.667 7.4044 2.7464
𝑋1 −0.6506 −0.2788 −0.640 −0.208 −0.6380 −0.2338
𝑋2 −0.9019 0.4384 −0.910 0.338 −0.9033 0.3339
𝑋3 −0.0774 −2.6829 0.006 −1.879 0.0019 −2.0063
𝑋1𝑋2 0.0808 −0.0527 0.081 −0.035 0.0793 −0.0258
𝑋1𝑋3 0.2939 −0.4335 0.301 −0.441 0.3077 −0.5125
𝑋2𝑋3 −0.2880 0.5635 −0.309 0.367 −0.3097 0.4082

obtained through maximum likelihood method. Bias of the
estimator, ̂

𝛽, shown in Table 3 has been reduced via unbiasing
factor method.

We estimate the coefficients of acceleration models using
different methods. Table 4 shows the results of estimates of a
and b obtained by our proposed method, GLM method, and
EM method. We see in Table 4 that the estimates of a and b
obtained by different methods have similar values.

Practitioners may be more interested in the lifetime of 𝑝-
percentile.We calculate the percentiles in the case of𝑝 = 0.01,
0.05, 0.10, 0.50. In order to compare our proposed method
with GLM and EMmethods, we evaluate the estimates of low
percentiles by the relative bias (RB), where RB(

̂

𝑡𝑖𝑝) = |

̂

𝑡𝑖𝑝 −

𝑡𝑖𝑝|/𝑡𝑖𝑝. The procedure is described as follows.

(1) Calculate 𝑡𝑖𝑝 = exp(log 𝜂𝑖 + (Φ

−1

SEV(𝑝)/𝛽𝑖)), where
Φ

−1

SEV(𝑝) is the inverse cumulative distribution func-
tion for the smallest extreme value distribution and
𝛽𝑖 and 𝜂𝑖 are obtained from Table 3.

(2) Estimate â and ̂b using different methods and then
calculate ̂

𝛽𝑖 and 𝜂𝑖, respectively.

(3) Calculatê

𝑡𝑖𝑝 = exp(log 𝜂𝑖+(Φ

−1

SEV(𝑝)/

̂

𝛽𝑖)) using ̂

𝛽𝑖 and
𝜂𝑖 obtained from step (2).

(4) Compare our proposed method with GLM and EM
methods according to the values of RB.

The results are shown in Table 5. FromTable 5 we can find
that the values of RB2 are close to the values of RB3. RB1 is the
smallest, meaning that our proposed method is the best.

Additionally, our proposed method can obtain confi-
dence interval using bootstrapping. The number of resam-
pling is 10,000 times. We calculate the percentiles and their
inferences in the case of 𝑝 = 0.01, 0.05, 0.10, 0.50. The results
are shown in Table 6.

5. Simulation Study

This section studies the effect of several factors on the
performance of the proposed approach. In this paper, the
particular factors used are the number of stress levels 𝑚, the
sample size at the 𝑖th stress level 𝑛𝑖, censoring time 𝑡𝑐, and the
proportion of noncensoring data 𝑞.

Teng and Kolarik [16] designed a life experiment which
is cited in Section 4. We study the cases of 𝑚 = 4, 7, 𝑛𝑖 =

10, 20, 30, 40, 50, and 𝑞 = 0.5, 0.8, 1. For the case of 𝑚 = 4,
we choose the 1st, 3rd, 5th, and 7th stress levels as new stress
levels and only consider main factors. For type I censoring,
the life experiment of the 𝑖th stress level is terminated at 𝑡𝑐

which is subject to 𝐹(𝑡𝑐) = 𝑞. The results are based on 10,000
simulations.

Figure 1 shows the changes of relative biases for different
percentiles in the case of 𝑚 = 7. The relative biases of
percentiles are the averages of all stress levels. We see in
Figure 1 that the relative biases for all the types of censoring
and the proportion of noncensoring data become smaller
when 𝑛𝑖 increases from 10 up to 50. The relative biases are
less than 0.1 in most cases.

Figure 2 shows the changes of relative biases for different
percentiles in the case of 𝑚 = 4. From Table 2 we find that the
relative biases are less than 0.2 in most cases. For 𝑝 = 0.05,
0.10, and 0.50, the relative biases are less than 0.15.

6. Conclusions and Future Work

In this paper, we propose a new approach to estimate the
coefficients of acceleration models. Our method is much
simpler and can be complemented easily. The confidence
interval of low percentile is difficult to calculate analytically,
so we obtain the numerical solution via bootstrapping.

Many reliability life tests contain blocking or subsam-
pling. This is often because treatments are directly applied
to test stands rather than individual specimen. Freeman
and Vining [17] presented two-stage method to deal with
subsampling.Wang et al. [18] extended Freeman andVining’s
method such that it can compute confidence interval of
low percentile, but their research assumes that the shape
parameter is constant. The clear future work is to analyze
reliability data with subsampling under shape and scale
parameters that are varied.
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Table 5: Relative bias of ̂

𝑡𝑝.

Stress 𝑡0.01 𝑡0.05 𝑡0.10 𝑡0.50

level RB1 RB2 RB3 RB1 RB2 RB3 RB1 RB2 RB3 RB1 RB2 RB3

1 0.02 13.12 14.07 0.01 8.58 9.25 0.01 6.63 7.18 0.01 1.69 1.96
2 0.18 26.92 26.07 0.01 17.27 16.86 0.01 13.25 13.01 0.01 3.36 3.52
3 0.48 43.06 41.99 0.03 27.08 26.57 0.03 20.60 20.31 0.01 5.17 5.34
4 0.41 20.16 21.30 0.03 13.04 13.81 0.03 10.03 10.65 0.01 2.53 2.79
5 0.17 35.59 35.27 0.01 22.56 22.26 0.01 17.21 16.92 0.01 4.29 4.03
6 0.32 17.32 17.71 0.03 11.40 11.67 0.02 8.88 9.11 0.02 2.55 2.67
7 0.14 16.27 16.38 0.01 10.66 10.73 0.01 8.27 8.32 0.00 2.26 2.26
RB1, RB2, and RB3 are relative biases of the proposed method, GLMmethod, and EMmethod (in %), respectively.

Table 6: The percentile estimates and bootstrapping confidence intervals.

Stress level 𝑡0.01 𝑡0.05 𝑡0.10 𝑡0.50

1 335.63 658.67 887.12 1933.73
[20.5, 706.1] [139.0, 1200.3] [289.6, 1674.9] [849.8, 5851.5]

2 115.83 266.04 384.08 1004.16
[1.5, 401.6] [15.2, 597.2] [42.4, 726.0] [376.6, 1482.2]

3 412.76 659.81 811.68 1395.83
[109.0, 701.8] [282.0, 1067.0] [411.9, 1302.3] [886.0, 2552.7]

4 92.54 207.08 295.54 749.69
[7.1, 187.9] [39.7, 323.6] [81.5, 414.4] [376.3, 965.4]

5 425.63 589.89 681.34 993.51
[154.4, 589.5] [307.5, 729.7] [412.9, 804.0] [777.8, 1058.3]

6 73.77 160.95 227.14 559.60
[6.5, 149.5] [33.6, 249.0] [67.4, 315.4] [294.4, 723.8]

7 388.28 487.25 538.65 700.28
[143.8, 509.9] [243.0, 637.1] [282.2, 712.1] [354.5, 1039.6]

8 58.67 124.91 174.39 417.63
[1.2, 183.9] [10.0, 264.9] [24.8, 317.4] [178.5, 620.8]
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Due to the fact that vastly different variables and constraints are simultaneously considered, truss layout optimization is a typical
difficult constrained mixed-integer nonlinear program. Moreover, the computational cost of truss analysis is often quite expensive.
In this paper, a novel fitness estimation based particle swarm optimization algorithm with an adaptive penalty function approach
(FEPSO-AP) is proposed to handle this problem. FEPSO-AP adopts a special fitness estimate strategy to evaluate the similar
particles in the current population, with the purpose to reduce the computational cost. Further more, a laconic adaptive penalty
function is employed by FEPSO-AP, which can handle multiple constraints effectively by making good use of historical iteration
information. Four benchmark examples with fixed topologies and up to 44 design dimensions were studied to verify the generality
and efficiency of the proposed algorithm. Numerical results of the present work compared with results of other state-of-the-
art hybrid algorithms shown in the literature demonstrate that the convergence rate and the solution quality of FEPSO-AP are
essentially competitive.

1. Introduction

As a typical real world project, truss structural analysis is
considered to be computationally expensive [1]. Moreover,
truss layout optimization, which solves truss sizing variables
(e.g., cross-sectional areas of elements) and shape variables
(e.g., coordinates of nodes) simultaneously, is known as
a typical multimodal and highly nonlinear problem [2].
The various differences (e.g., physical nature, magnitude,
continuity, etc.) between the two types of variables make the
truss layout optimization problem a difficult task [3]. Hence,
in the past decades, researchers mainly focused on solving
truss layout optimization via multilevel methods [4].

Vanderplaats and Moses [5] proposed an alternating
gradientmethod to decompose truss layout optimization into
a number of subproblems, each of which optimized a subset
of the design variables.The subproblems are solved iteratively
until a converged optimal solution is found. Zhou [6] used
a similar two-level approximation concept to optimize the
cross-sectional areas of the members and the coordinates

of the joints. Gil and Andreu [7] used fully stressed design
method and conjugate gradientmethod to optimize the sizing
and shape parameters of bridges, respectively.

Due to the strong coupling between the variables, the
search efficiency of multilevel methods is often limited [8].
Aiming for addressing this issue and also benefiting from
recent rapid advances in computational power, single-level
methods which optimize all design variables simultaneously
are becoming popular and competitive. Wang et al. [9]
presented an optimality criteria (OC) algorithm for spatial
truss layout optimization. Fourie and Groenwold [10] used
new operators, namely, the elite velocity and the elite particle,
in the standard particle swarm optimization (PSO) algorithm
to optimize the truss layout, with the purpose of increasing
the probability of migration to regions with high fitness. In
fact, various metaheuristic algorithms including simulated
annealing (SA) [11], genetic algorithm (GA) [12], charged sys-
tem search (CSS) [13], and artificial bee colony algorithm
(ABC) [14] have been introduced to address truss layout opti-
mization problems.
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More recently, researchers turn to hybridizing different
techniques to further enhance the searching efficiency of
metaheuristic algorithms. Lingyun et al. [18] proposed a
niche hybrid genetic algorithm to solve the truss shape and
sizing optimization in a simple and effective manner. Kaveh
and Zolghadr [23] developed a hybridized CSS-BBBC algo-
rithm with trap recognition capability for truss layout opti-
mization. Zuo et al. [24] proposed a hybrid OC-GA approach
for fast and global truss layout optimization; Kaveh and Javadi
[25] used harmony search and ray optimizer to enhance the
PSO algorithm to optimize truss layout under multiple fre-
quency constraints; Liu and Ye [26] designed a genetic simu-
lated annealing algorithm for domes layout optimization.
Gholizadeh [17] proposed a hybridized cellular automata and
PSO algorithm for truss layout optimization.

However, the common weakness of metaheuristic algo-
rithms based structural optimization is that a huge number of
structural analyses are required, which is quite time-consum-
ing. In this paper, we propose a new hybridized algorithm,
termed FEPSO-AP for truss layout optimization that aims to
enhance the optimal efficiency by using the fitness estima-
tions to partly substitute the computationally expensive
fitness calculations. The finite element method (FEM) is
adopted to evaluate the structural performance. Empirical
results demonstrate that the proposed method is highly pro-
mising for truss layout optimization.

2. Statement of Truss Layout
Optimization Problem

Themain aim of truss layout optimization can be formulated
as follows:

Minimize: 𝑤 (X) =
𝑛𝑒

∑

𝑖=1

𝜌𝑖 ⋅ 𝐴 𝑖 ⋅ 𝑙𝑖,

Subject to: 𝑔 (X) ≤ 0,

(1)

where 𝑤 and 𝑔 denote the weight of truss structure and the
maximum violated structural constraint;X is the vector of all
design variables; 𝜌𝑖, 𝑙𝑖, and 𝐴 𝑖 represent the material density,
length, and cross-sectional area of the 𝑖th truss element,
respectively.

Different types of constraints might be considered simul-
taneously depending on the problem to be solved. Four
typical design constraints involved in this work can be stated
by

𝑔

𝜎

𝑖
(X) = 𝜎𝑖 (X)

𝜎𝑖,all
− 1 ≤ 0, 𝑖 = 1, 2, . . . , 𝑛𝑒,

𝑔

𝑑

𝑗
(X) =

𝑑𝑗 (X)
𝑑𝑗,all

− 1 ≤ 0, 𝑗 = 1, 2, . . . , 𝑛𝑗,

𝑔

𝑏

𝑖
(X) =









𝜎𝑖 (X)








𝜎𝑖,𝑒𝑟

− 1 ≤ 0, if 𝜎𝑖 (X) < 0,

𝑔

𝑓

𝑘
(X) =

𝑓𝑘 (X)
𝑓𝑘,all

− 1 ≤ 0, 𝑘 = 1, 2, . . . , 𝑛𝑘,

(2)

in which 𝑔𝜎
𝑖
is the truss element stress constraint, while 𝜎𝑖 and

𝜎𝑖,all stand for the actual largest stress of the 𝑖th truss element
and its stress limit, respectively; 𝑔𝑑

𝑗
is the nodal displace-

ment constraint, while 𝑑𝑗 and 𝑑𝑗,all stand for the actual largest
nodal displacement of the 𝑗th node and its displacement
limit, respectively; 𝑔𝑏

𝑖
is the local buckling constraint, while

𝜎𝑖,𝑒𝑟 stands for the Euler critical stress of the 𝑖th element; 𝑔𝑓
𝑘

is the structural natural frequency constraint, while𝑓𝑘 and
𝑓𝑘,all stand for the 𝑘th structural natural frequency and its
frequency limit; 𝑛𝑒, 𝑛𝑗, and 𝑛𝑘 represent the number of struc-
tural elements, nodes, and constrained natural frequencies,
respectively.

3. FEPSO-AP Algorithm

This section describes the fitness estimation based PSO algo-
rithm with an adaptive penalty function approach (FEPSO-
AP) developed in this research. As FEPSO-AP integrates PSO,
FE, and AP, this section recalls the basic concept of PSO
algorithm, fitness estimation strategy, and adaptive constraint
handling approach. Finally, a framework of FEPSO-AP algo-
rithm is presented.

3.1. The PSO Algorithm. As one of the most popular meta-
heuristic algorithms, PSO has found a wide application in
real world projects for its structural concision and searching
efficiency [17]. In a standard PSO [27], it is assumed that
each of the particles has a position and a certain velocity.
The position of particle represents a candidate solution to the
optimization problem, and the velocity of particle determines
the particle’s movement. Hence, the flying of particles can be
considered as the swarm searching of design domain.

If the particle flies from its current position to the next
position, its velocity and position are updated by

⃗V𝑖 (𝑡 + 1) = 𝜔 ⃗V𝑖 (𝑡) + 𝑐1r1 ( ⃗

𝑝𝑖 (𝑡) − ⃗𝑥𝑖 (𝑡))

+ 𝑐2r2 ( ⃗

𝑝𝑔 (𝑡) − ⃗𝑥𝑖 (𝑡)) ,

⃗𝑥𝑖 (𝑡 + 1) = ⃗𝑥𝑖 (𝑡) + ⃗V𝑖 (𝑡 + 1) ,

(3)

in which ⃗V𝑖(𝑡) and ⃗𝑥𝑖(𝑡) indicate the velocity and position of
the 𝑖th particle at iteration 𝑡; ⃗

𝑝𝑖(𝑡) and ⃗

𝑝𝑔(𝑡) represent the
historical best position of the 𝑖th particle and the global best
position of all particles till iteration 𝑡, respectively. 𝜔 stands
for the inertia weight; 𝑐1and 𝑐2 are cognitive and social para-
meters, respectively. r1 and r2 are diagonal matrixes, of which
the diagonal elements are uniformly distributed random
numbers among the range of (0, 1).

3.2. The Fitness Estimation Strategy. Sun et al. [28] proposed
a novel fitness estimation strategy for PSO to solve computa-
tionally expensive problems.

According to (3), the positions of any two arbitrary
particles selected from the swarm can be formulated by

⃗𝑥𝑖 (𝑡 + 1) = (1 + 𝜔 − 𝜑1 − 𝜑2) ⃗𝑥𝑖 (𝑡) + 𝜑1
⃗

𝑝𝑖 (𝑡)

+ 𝜑2
⃗

𝑝𝑔 (𝑡) − 𝜔 ⃗𝑥𝑖 (𝑡 − 1) ,
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⃗𝑥𝑗 (𝑡 + 1) = (1 + 𝜔 − 𝜑



1
− 𝜑



2
) ⃗𝑥𝑗 (𝑡) + 𝜑



1
⃗

𝑝𝑗 (𝑡)

+ 𝜑



2
⃗

𝑝𝑔 (𝑡) − 𝜔 ⃗𝑥𝑗 (𝑡 − 1) ,

(4)

in which 𝜑1 = 𝑐1r1, 𝜑2 = 𝑐2r2, 𝜑1 = 𝑐1r1, and 𝜑


2
= 𝑐2r2. It can

be found that the above two equations are both related to the
global best position ⃗

𝑝𝑔(𝑡). Hence, (4) can be abbreviated to

𝜑2 ⃗𝑥𝑗 (𝑡 + 1) + 𝜑


2
(1 + 𝜔 − 𝜑1 − 𝜑2) ⃗𝑥𝑖 (𝑡)

+ 𝜑



2
𝜑1

⃗

𝑝𝑖 (𝑡) + 𝜑2𝜔 ⃗𝑥𝑗 (𝑡 − 1)

= 𝜑



2
⃗𝑥𝑖 (𝑡 + 1) + 𝜑2 (1 + 𝜔 − 𝜑



1
− 𝜑



2
) ⃗𝑥𝑗 (𝑡)

+ 𝜑2𝜑


1
⃗

𝑝𝑗 (𝑡) + 𝜑


2
𝜔 ⃗𝑥𝑖 (𝑡 − 1) .

(5)

Use a virtual position ⃗𝑥](𝑡 + 1) to present the value of
(5). Supposing the influences of all coefficients are similar,
Figure 1 describes the geometrical relationship among the
virtual position ⃗𝑥](𝑡 + 1) and all subitems contained by (5).
As shown in Figure 1, the fitness of virtual position ⃗𝑥](𝑡 + 1)

can be estimated by either the fitness of ⃗𝑥𝑗(𝑡 + 1), ⃗𝑥𝑖(𝑡),
⃗

𝑝𝑖(𝑡), and ⃗𝑥𝑗(𝑡 − 1) or the fitness of ⃗𝑥𝑖(𝑡 + 1), ⃗𝑥𝑗(𝑡), ⃗

𝑝𝑗(𝑡),
and ⃗𝑥𝑖(𝑡 − 1). Hence, if the current fitness value and the
historical best fitness of every particle at iteration 𝑡 and 𝑡−1 are
obtained already, the explicit relationship between the fitness
of particle 𝑖 and 𝑗 at iteration 𝑡 + 1 can be expressed in the
following formulations:

𝑓

𝑒
( ⃗𝑥𝑗 (𝑡 + 1))

= 𝑑

𝑗

V (𝑡 + 1)

⋅ {𝛼 ⋅ [

𝑓 ( ⃗𝑥𝑖 (𝑡 + 1))

𝑑

𝑖
V (𝑡 + 1)

+

𝑓 ( ⃗𝑥𝑖 (𝑡 − 1))

𝑑

𝑖
V (𝑡 − 1)

+

𝑓 ( ⃗𝑥𝑗 (𝑡))

𝑑

𝑗

V (𝑡)
+

𝑓 (

⃗

𝑝𝑗 (𝑡))

𝑑

𝑝𝑗

V (𝑡)

]

−

𝑓 ( ⃗𝑥𝑗 (𝑡 − 1))

𝑑

𝑗

V (𝑡 − 1)
+

𝑓 ( ⃗𝑥𝑖 (𝑡))

𝑑

𝑖
V (𝑡)

+

𝑓 (

⃗

𝑝𝑖 (𝑡))

𝑑

𝑝𝑖

V (𝑡)

} ,

(6)
𝛼

=

(1/𝑑

𝑗

V (𝑡 + 1)) + (1/𝑑
𝑗

V (𝑡 − 1)) + (1/𝑑
𝑖

V (𝑡)) + (1/𝑑
𝑝𝑖

V (𝑡))

(1/𝑑

𝑖
V (𝑡 + 1)) + (1/𝑑

𝑖
V (𝑡 − 1)) + (1/𝑑

𝑗

V (𝑡)) + (1/𝑑
𝑝𝑗

V (𝑡))

,

(7)

in which 𝑑𝑖V(𝑡 + 1), 𝑑
𝑖

V(𝑡), 𝑑
𝑖

V(𝑡 − 1), 𝑑
𝑗

V(𝑡 + 1), 𝑑
𝑗

V(𝑡), 𝑑
𝑗

V(𝑡 − 1),
𝑑

𝑝𝑖

V (𝑡), and 𝑑
𝑝𝑗

V (𝑡) represent the distance between the virtual
position ⃗𝑥](𝑡+1) and the real positions ⃗𝑥𝑖(𝑡+1), ⃗𝑥𝑖(𝑡), ⃗𝑥𝑖(𝑡−1),
⃗𝑥𝑗(𝑡 + 1), ⃗𝑥𝑗(𝑡), ⃗𝑥𝑗(𝑡 − 1), ⃗

𝑝𝑖(𝑡), and ⃗

𝑝𝑗(𝑡), respectively.
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Figure 1: Illustration of the virtual position.

3.3. Adaptive Constraint Handling Approach. As mentioned
in Section 2, truss layout optimization problem is often
taken as amultiple constrained optimization problem. Coello
Coello [29] pointed out that the constraint handling pro-
cedure plays an important role in the exploration and
exploitation of constrained optimization problems. Similar
to other metaheuristic algorithms, FEPSO is designed for
unconstrained problems.Hence, it is necessary to incorporate
constraint handling approach into FEPSO to solve truss
layout optimization problems.

In this work, we use penalty function methods (PEM)
to transfer a constrained problem into an unconstrained
problem by adding the influence of violated constraints to the
initial fitness function. A pseudoobjective function is stated
as follows:

Φ (X) = 𝑓 (X) + 𝑊 × 𝐺 (X) , (8)

where 𝑊 and 𝐺(X) are positive penalty factor and penalty
function.The common difficulty existing in standard PEM is
to set the constant penalty factor𝑊 properly. Runarsson and
Yao [30] pointed out that if the penalty factor𝑊 turns out to
be too large, the searching landscape would be quite rough,
and thus qualified exploitation and exploration of the design
domain are hard to be achieved; on the contrary, if the penalty
factor𝑊 is too small, it would be quite possible to lose feasible
solutions.

As summarized in [29], the common target of adaptive
penalty factors is to make a good balance between the
objective function and the constraints violation. In this work,
we developed a laconic adaptive penalty factor as follows:

𝑊 = 2

1−𝜌
,

(9)

in which 𝜌 is the ratio of feasible solutions in current
population. It can be concluded that if 𝑊 is too small, the
obtained unfeasible solutions will increase the value of 𝜌,
and thus, the algorithm would be pushed to explore more
feasible solutions. On the other hand, if the feasible solutions
congregate in the population, the value of 𝑊 will approach
zero, and thus a detailed exploitation would be performed.
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3.4. The Framework of FEPSO-AP Algorithm. The penalty
function 𝐺(X) of truss layout optimization problem is deter-
mined by

𝐺 (X) = 𝑤 (X) × 𝑉 (X) , (10)

𝑉 (X) = max {0, 𝑔 (X)} , (11)

in whichX is the structural design vector,𝑉(X) is the violated
constraints, and 𝑤(X) and 𝑔(X) are defined by (1).

According to (8)–(10), the pseudoobjective function can
be abbreviated to

Φ (X) = 𝑤 (X) × (1 + 21−𝜌 × 𝑉 (X)) . (12)

To transfer the formulated truss layout optimization
problem into an unconstrained optimization problem, the
adaptive penalty function, the fitness estimation strategy, and
the PSO algorithm are assembled as follows.

Step 1. Set the termination condition of optimization and the
initial values of 𝜔, 𝑐1, and 𝑐2. Set the iteration times iter = 1.

Step 2. Generate the initial positions X = { ⃗𝑥𝑖(𝑡)} and the
initial velocitiesV = { ⃗V𝑖(𝑡)} of particles population randomly,
𝑖 = 1, 2, 3, . . . , popsize.

Step 3.Calculate the fitness values𝑓( ⃗𝑥𝑖(𝑡)) of all particles and
update every particle’s historical best position ⃗

𝑝𝑖(𝑡) and the
global best position ⃗

𝑝𝑔(𝑡) by

𝑓 ( ⃗𝑥𝑖 (𝑡)) = Φ ( ⃗𝑥𝑖 (𝑡)) , (13)

⃗

𝑝𝑖 (𝑡) = min {𝑓 ( ⃗𝑥𝑖 (𝑡

))} , 𝑡


= 1, 2, 3, . . . , 𝑡,

⃗

𝑝𝑔 (𝑡) = min {𝑓 ( ⃗𝑥𝑖 (𝑡))} , 𝑖 = 1, 2, 3, . . . , popsize.
(14)

Step 4.Update the velocity ⃗V𝑖(𝑡 + 1) and the position ⃗𝑥𝑖(𝑡 + 1)

of every particle based on (3). Set the iteration times iter =
iter + 1.

Step 5.Calculate the distances between every pair of particles.

(5.1) Select particle 𝑖 randomly and calculate its fitness
value 𝑓( ⃗𝑥𝑖(𝑡 + 1)) based on (13).

(5.2) Choose a particle 𝑗 nearby particle 𝑖 and calculate
the virtual position ⃗𝑥](𝑡 + 1) by using the historical
information of particle 𝑗 based on (5).

(5.3) If ⃗𝑥](𝑡 + 1) does not coincide with ⃗𝑥𝑖(𝑡 + 1), ⃗𝑥𝑗(𝑡),
⃗

𝑝𝑗(𝑡), ⃗𝑥𝑖(𝑡 − 1), ⃗𝑥𝑗(𝑡 + 1), ⃗𝑥𝑖(𝑡), ⃗

𝑝𝑖(𝑡), or ⃗𝑥𝑗(𝑡 − 1),
estimate the fitness value 𝑓𝑒( ⃗𝑥𝑗(𝑡 + 1)) of particle 𝑗 by
(6); otherwise, calculate the fitness value of particle 𝑗
based on (13).

(5.4) Repeat (5.1)–(5.4) till the fitness values of all particles
are evaluated.

Step 6.Update every particle’s historical best position ⃗

𝑝𝑖(𝑡+1)

and the global best position ⃗

𝑝𝑔(𝑡 + 1). If ⃗

𝑝𝑔(𝑡 + 1) is obtained
by estimation, recalculate the corresponding particle’s fitness
value by (13), and rechoose the global best position ⃗

𝑝𝑔(𝑡 + 1).

Table 1: Loading condition acting on the planar 15-bar truss.

Case Node 𝐹𝑥 (kips) 𝐹𝑦 (kips)
1 8 0 −10.0

Repeat this step till a nonestimated value of ⃗

𝑝𝑔(𝑡 + 1) is
obtained.

Step 7. Repeat Steps 4–6 till the termination condition is
reached. Output the global best position ⃗

𝑝𝑔(𝑡 + 1) and its
objective value.

4. Benchmark Examples

The following four benchmark examples have been used to
demonstrate the generality and efficiency of the FEPSO-AP
algorithm:

(i) a planar 15-bar truss subjected to a single load
condition and stress constraints,

(ii) a spatial 25-bar truss subjected to a single load
condition under stress and displacement constraints,

(iii) a planar 37-bar truss subjected to multiple frequency
constraints,

(iv) a planar 47-bar truss subjected to three load condi-
tions under stress and local buckling constraints.

Programs of FEPSO-AP algorithm and structural finite
element method (FEM) algorithm are developed by using
MATLAB R2013a. A personal computer with a Pentium
E5700 processor and 2GB memory under the Microsoft
Windows 7 operating system has been used to run the
optimization software.

For all benchmarks examined in this study, the FEPSO-
AP algorithm parameters are set as the usual constants of
standard PSO which are obtained by [31]: 𝜔 = 0.7298, 𝑐1 =
2.05, and 𝑐2 = 2.05. According to the design dimensions of
four benchmarks, the population sizes are set as 46, 26, 38,
and 88, while the maximum numbers of FEM analyses are set
as 4000, 4500, 8000, and 20000, respectively.

Twenty-five independent runs are performed with the
best one being selected for each problem.

4.1. Planar 15-Bar Truss. The original geometry of planar 15-
bar truss is shown in Figure 2(a). Two nodes (ID: 1 and 5) are
totally fixed and the 𝑥-coordinates of other two nodes (ID: 4
and 8) are fixed as well. The single loading condition is listed
in Table 1.

All design variables are classified into 23 groups:

sizing variables: 𝐴 𝑖, 𝑖 = 1, 2, . . . , 15;
shape variables: 𝑥2 = 𝑥6; 𝑥3 = 𝑥7; 𝑦2; 𝑦3; 𝑦4; 𝑦6; 𝑦7;
𝑦8.

Material parameters and design constraints are listed in
Table 2.

Figure 2(b) shows the optimum design found by this
work, of which two nodes (ID: 4 and 8) are highly overlapped.
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Table 2: Material parameters, design constraints, and search range of the planar 15-bar truss optimization problem.

Category Values
Material Parameters

Density 0.1 lb/in3

Modulus of elasticity
1 × 10

4 ksi
Constraints

Stress The allowable elements stress interval: [−25 ksi, 25 ksi]
Search range

Shape variables
100 in. ≤ 𝑥2 ≤ 140 in.; 220 in. ≤ 𝑥3 ≤ 260 in.; 100 in. ≤ 𝑦2 ≤ 140 in.; 100 in. ≤ 𝑦3 ≤ 140 in.;
50 in. ≤ 𝑦4 ≤ 90 in.; −20 in. ≤ 𝑦6 ≤ 20 in.; −20 in. ≤ 𝑦7 ≤ 20 in.; 20 in. ≤ 𝑦8 ≤ 60 in.; 𝑥1,5 = 0 in.;
𝑦1 = 120 in.; 𝑥4,8 = 360 in.

Sizing variables
𝑆 = {0.111, 0.141, 0.174, 0.220, 0.270, 0.287, 0.347, 0.440, 0.539, 0.954, 1.081, 1.174, 1.333, 1.488, 1.764, 2.142,
2.697, 2.800, 3.131, 3.565, 3.813, 4.805, 5.952, 6.572, 7.192, 8.525, 9.300, 10.850, 13.330, 14.290, 17.170,
19.180} in.2
𝐴 𝑖 ∈ 𝑆, 𝑖 = 1, 2, . . . , 15

Table 3: Comparison of optimized designs found for the planar 15-bar truss.

No. Variable FA [15] FM-GA [16] PSO [17] CPSO [17] SCPSO [17] FEPSO-AP
1 𝐴1 0.954 1.081 0.954 1.174 0.954 1.081
2 𝐴2 0.539 0.539 1.081 0.539 0.539 0.539
3 𝐴3 0.220 0.287 0.270 0.347 0.270 0.270
4 𝐴4 0.954 0.954 1.081 0.954 0.954 0.954
5 𝐴5 0.539 0.539 0.539 0.954 0.539 0.539
6 𝐴6 0.220 0.141 0.287 0.141 0.174 0.111
7 𝐴7 0.111 0.111 0.141 0.141 0.111 0.111
8 𝐴8 0.111 0.111 0.111 0.111 0.111 0.111
9 𝐴9 0.287 0.539 0.347 1.174 0.287 0.347
10 𝐴10 0.440 0.440 0.440 0.141 0.347 0.347
11 𝐴11 0.440 0.539 0.270 0.440 0.347 0.440
12 𝐴12 0.220 0.270 0.111 0.440 0.220 0.287
13 𝐴13 0.220 0.220 0.347 0.141 0.220 0.287
14 𝐴14 0.270 0.141 0.440 0.141 0.174 0.111
15 𝐴15 0.220 0.287 0.220 0.347 0.270 0.270
16 𝑥2 114.9670 101.5775 106.052 102.287 137.222 100.009
17 𝑥3 247.0400 227.9112 239.025 240.505 259.909 248.078
18 𝑦2 125.9190 134.7986 130.356 112.584 123.501 131.524
19 𝑦3 111.0670 128.2206 114.273 108.043 110.002 123.211
20 𝑦4 58.2980 54.8630 51.987 57.795 59.936 54.077
21 𝑦6 −17.5640 −16.4484 1.814 −6.430 −5.180 −9.039
22 𝑦7 −5.8210 −13.3007 9.183 −1.801 4.219 −14.905
23 𝑦8 31.4650 54.8572 46.909 57.799 57.883 54.084

Best weight (lb) 75.5473 76.6854 82.2344 77.6153 72.6153 74.1673
Maximum displacement (in.) 24.9993 24.9992 24.9999 24.9909 24.9912 24.9999
Number of structural analyses 8,000 8,000 4,500 4,500 4,500 4,000

Table 3 compares the best design found by this work with
those reported in the literature. It can be seen that the results
achieved by the proposed algorithm are quite close to the best
results reported in the literature.

4.2. Spatial 25-Bar Truss. Theoriginal geometry of spatial 25-
bar truss is shown in Figure 3(a). Two nodes (ID: 1 and 2) are
totally fixed and the 𝑧-coordinates of four nodes (ID: 7, 8, 9.

and 10) are fixed as well. The loading condition is listed in
Table 4.

To ensure the structural symmetries, all design variables
are classified into 13 groups:

sizing variables: 𝐴1; 𝐴2 = 𝐴3 = 𝐴4 = 𝐴5; 𝐴6 = 𝐴7 =

𝐴8 = 𝐴9; 𝐴10 = 𝐴11; 𝐴12 = 𝐴13; 𝐴14 = 𝐴15 = 𝐴16 =

𝐴17; 𝐴18 = 𝐴19 = 𝐴20 = 𝐴21; 𝐴22 = 𝐴23 = 𝐴24 =

𝐴25;
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Figure 3: Layout optimization of the spatial 25-bar truss.

Table 4: Loading condition acting on the spatial 25-bar truss.

Case Node 𝐹𝑥 (kips) 𝐹𝑦 (kips) 𝐹𝑧 (kips)

1

1 1.0 −10.0 −10.0
2 0.0 −10.0 −10.0
3 0.5 0.0 0.0
6 0.6 0.0 0.0

shape variables: 𝑥4 = 𝑥5 = −𝑥3 = −𝑥6; 𝑥8 = 𝑥9 =

−𝑥7 = −𝑥10; 𝑦3 = 𝑦4 = −𝑦5 = −𝑦6; 𝑦7 = 𝑦8 = −𝑦9 =

−𝑦10; 𝑧3 = 𝑧4 = 𝑧5 = 𝑧6.

Material parameters and design constraints are listed in
Table 5.

Figure 3(b) shows the optimum design found by this
work. Table 6 compares the best design found by this work
with those reported in the literature. It can be concluded that
by using the proposed algorithm it is possible to achieve the
best feasible results at a low computational cost.

4.3. Planar 37-Bar Truss. The original geometry of planar 37-
bar truss is shown in Figure 4(a). Elevennodes (ID: 1, 2, 4, 6, 8,
10, 12, 14, 16, 18, and 20) are totally fixed and the 𝑥-coordinates
of all other nine nodes (ID: 3, 5, 7, 9, 11, 13, 15, 17, and 19) are
fixed as well. A nonstructural mass of 10 kg is attached to all
free nodes on the lower chord.

To ensure the structural symmetric about the 𝑦-axis, all
design variables are classified into 19 groups:

sizing variables: 𝐴1 = 𝐴27; 𝐴2 = 𝐴26; 𝐴3 = 𝐴24;
𝐴4 = 𝐴25; 𝐴5 = 𝐴23; 𝐴6 = 𝐴21; 𝐴7 = 𝐴22; 𝐴8 =
𝐴20; 𝐴9 = 𝐴18; 𝐴10 = 𝐴19; 𝐴11 = 𝐴17; 𝐴12 = 𝐴15;
𝐴13 = 𝐴16; 𝐴14;
shape variables: 𝑥3; 𝑥5; 𝑥7; 𝑥9; 𝑦3 = 𝑦19; 𝑦5 = 𝑦17;
𝑦7 = 𝑦15; 𝑦9 = 𝑦13; 𝑦11.

Material parameters and design constraints are listed in
Table 7.

Figure 4(b) shows the optimum design explored by this
work. Table 8 compares the best design presented by this
work with those reported in the literature. It can be seen that
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Table 5: Material parameters, design constraints, and search range of the spatial 25-bar truss optimization problem.

Category Values
Material parameters

Density 0.1 lb/in3

Modulus of elasticity
1 × 10

4 ksi
Constraints

Stress The allowable elements stress interval: [−40 ksi, 40 ksi]
Displacement The allowable nodal displacement interval: [−0.35 in., 0.35 in.]

Search range

Shape variables 20 in. ≤ 𝑥4 ≤ 60 in.; 40 in. ≤ 𝑥8 ≤ 80 in.; 40 in. ≤ 𝑦4 ≤ 80 in.; 100 in. ≤ 𝑦8 ≤ 140 in.; 90 in. ≤ 𝑧4 ≤ 130 in.; −𝑥1 =
𝑥2 = 37.5 in.; 𝑦1,2 = 0 in.; 𝑧1,2 = 200 in.

Sizing variables
𝑆 = {0.1, 0.2, 0.3, . . . , 3.2, 3.3, 3.4} in.2 𝐴 𝑖 ∈ 𝑆, 𝑖 = 1, 2, . . . , 25

Table 6: Comparison of optimized designs found for the spatial 25-bar truss.

No. Variable FA [15] FM-GA [16] PSO [17] CPSO [17] SCPSO [17] FEPSO-AP
1 𝐴1 0.1 0.1 0.1 0.3 0.1 0.1
2 𝐴2 0.1 0.1 0.1 0.1 0.1 0.1
3 𝐴6 0.9 1.1 1.1 1.0 1.0 1.0
4 𝐴10 0.1 0.1 0.1 0.1 0.1 0.1
5 𝐴12 0.1 0.1 0.4 0.1 0.1 0.1
6 𝐴14 0.1 0.1 0.1 0.1 0.1 0.1
7 𝐴18 0.1 0.2 0.4 0.2 0.1 0.1
8 𝐴22 1.0 0.8 0.7 0.9 0.9 0.9
9 𝑥4 37.3200 33.0487 27.6169 33.4976 36.9520 36.8958
10 𝑦4 55.7400 53.5663 51.6196 62.3735 54.5786 54.1337
11 𝑧4 126.6200 129.9092 129.9071 114.5945 129.9758 130.0000
12 𝑥8 50.1400 43.7826 42.5526 40.0531 51.7317 51.9924
13 𝑦8 136.4000 136.8381 132.7241 133.6695 139.5316 140.0000

Best weight (lb) 118.83 120.1149 129.2076 123.5403 117.2271 117.3022
Maximum displacement (in.) 0.3500 0.3500 0.3503 0.3505 0.3518 0.3500

Maximum stress (ksi) 18.8302 17.1574 16.4391 15.5913 19.9702 20.0182
Minimum stress (ksi) −9.4017 −6.4822 −10.9931 −6.4102 −9.4049 −9.4024

Number of structural analyses 6,000 10,000 4,500 4,500 4,500 4,500

Table 7: Material parameters, design constraints, and search range of the planar 37-bar truss optimization problem.

Category Values
Material parameters

Density 7800 kg/m3

Modulus of elasticity
2.1 × 10

11 N/m2

Constraints
Natural frequencies

𝑓1 ≥ 20Hz; 𝑓2 ≥ 40Hz; 𝑓3 ≥ 60Hz;
Search range

Shape variables
𝑥1 = 0m; 𝑥2,3 = 1m; 𝑥4,5 = 2m; 𝑥6,7 = 3m; 𝑥8,9 = 4m; 𝑥10,11 = 5m; 𝑥12,13 =
6m; 𝑥14,15 = 7m;
𝑥16,17 = 8m; 𝑥18,19 = 9m; 𝑥20 = 10m; 0m ≤ 𝑦3,5,7,9,11 ≤ 3m;

Sizing variables 1 × 10

−4m2 ≤ 𝐴 𝑖 ≤ 10 × 10

−4m2, 𝑖 = 1, 2, . . . , 14

𝐴𝑗 = 4 × 10

−3m2, 𝑖 = 28, 29, . . . , 30



8 Mathematical Problems in Engineering

Table 8: Comparison of optimized designs found for the planar 37-bar truss.

No. Variable OC [9] GA [18] PSO [19] RO [20] FEPSO-AP
1 𝐴1 3.2508 2.8932 2.6797 3.0124 3.4197
2 𝐴2 1.2364 1.1201 1.1568 1.0623 0.9766
3 𝐴3 1.0000 1.0000 2.3476 1.0005 0.8313
4 𝐴4 2.5386 1.8655 1.7182 2.2647 2.8073
5 𝐴5 1.3714 1.5962 1.2751 1.6339 1.2997
6 𝐴6 1.3681 1.2642 1.4819 1.6717 1.6483
7 𝐴7 2.4290 1.8254 4.6850 2.0591 2.4972
8 𝐴8 1.6522 2.0009 1.1246 1.6607 1.5379
9 𝐴9 1.8257 1.9526 2.1214 1.4941 1.7590
10 𝐴10 2.3022 1.9705 3.8600 2.4737 2.7069
11 𝐴11 1.3103 1.8294 2.9817 1.5260 1.3046
12 𝐴12 1.4067 1.2358 1.2021 1.4823 1.4004
13 𝐴13 2.1896 1.4049 1.2563 2.4148 3.0476
14 𝐴14 1.0000 1.0000 3.3276 1.0034 0.5947
15 𝑦3 1.2086 1.1998 0.9637 1.0010 0.8756
16 𝑦5 1.5788 1.6553 1.3978 1.3909 1.2546
17 𝑦7 1.6719 1.9652 1.5929 1.5893 1.4446
18 𝑦9 1.7703 2.0737 1.8812 1.7507 1.5889
19 𝑦11 1.8502 2.3050 2.0856 1.8336 1.6480

Natural frequencies (Hz)

𝑓1 20.0850 20.0013 20.0001 20.056 20.020
𝑓2 42.0743 40.0305 40.0003 40.035 40.022
𝑓3 62.9383 60.0000 60.0001 60.030 60.233
𝑓4 74.4539 73.0444 73.0440 74.387 72.137
𝑓5 90.0576 89.8244 89.8240 85.929 84.065

Best weight (kg) 366.50 368.84 377.20 364.04 362.8812
Number of structural analyses — — 20,000 32,000 8,000
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Figure 4: Layout optimization of the planar 37-bar truss.

Table 9: Loading conditions acting on the planar 47-bar truss.

Case Node 𝐹𝑥 (kips) 𝐹𝑦 (kips)
1 17 and 22 6.0 −14.0
2 17 6.0 −14.0
3 22 6.0 −14.0

the results achieved by the proposed algorithmare even better
than the best results reported in the literature.

4.4. Planar 47-Bar Truss. Theoriginal geometry of planar 47-
bar truss is shown in Figure 5(a). Four nodes (ID: 15, 16, 17,
and 22) are totally fixed and the 𝑦-coordinates of other two
nodes (ID: 1 and 2) are fixed as well. The loading conditions
are listed in Table 9.

To ensure the structural symmetric about the 𝑦-axis, all
design variables are classified into 44 groups:

sizing variables: 𝐴1 = 𝐴3; 𝐴2 = 𝐴4; 𝐴5 = 𝐴6; 𝐴7;
𝐴8 = 𝐴9; 𝐴10; 𝐴11 = 𝐴12; 𝐴13 = 𝐴14; 𝐴15 = 𝐴16;
𝐴17 = 𝐴18; 𝐴19 = 𝐴20; 𝐴21 = 𝐴22; 𝐴23 = 𝐴24; 𝐴25 =
𝐴26; 𝐴27; 𝐴28; 𝐴29 = 𝐴30; 𝐴31 = 𝐴32; 𝐴33; 𝐴34 =
𝐴35; 𝐴36 = 𝐴37; 𝐴38; 𝐴39 = 𝐴40; 𝐴41 = 𝐴42; 𝐴43;
𝐴44 = 𝐴45; 𝐴46 = 𝐴47;

shape variables: 𝑥1 = −𝑥2; 𝑥3 = −𝑥4; 𝑦3 = 𝑦4; 𝑥5 =
−𝑥6; 𝑦5 = 𝑦6; 𝑥7 = −𝑥8; 𝑦7 = 𝑦8; 𝑥9 = −𝑥10; 𝑦9 = 𝑦10;
𝑥11 = −𝑥12; 𝑦11 = 𝑦12; 𝑥13 = −𝑥14; 𝑦13 = 𝑦14; 𝑥19 =
−𝑥20; 𝑦19 = 𝑦20; 𝑥18 = −𝑥21; 𝑦18 = 𝑦21.

Material parameters and design constraints are listed in
Table 10.
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Table 10: Material parameters, design constraints, and search range of the planar 47-bar truss optimization problem.

Category Values
Material parameters

Density 0.3 lb/in3

Modulus of elasticity
3 × 10

4 ksi
Constraints

Stress The allowable elements stress interval: [−15 ksi, 20 ksi]
Local buckling 
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1 2 

3 4 

5 6 

7 8 

9 10

11 12

13 14
15 16

17 18 19 20 21 22

1 

2 

3 

4 

6
7 

9
1011

13 14
23 2425 2627

28
29 31 32 30

33

34 35

38

39 4042

43

44 45

12
17 21 19

15 16
2022 18

8

5

37 36

41

47 46

x
y

(a) Geometry and element
definitions of the planar 47-
bar truss

1 2

3 4

5 6

7 8
9 10

11 12

13 14
15 16

17 18 19 20 21 22

(b) Best solution of the planar 47-
bar truss

Figure 5: Layout optimization of the planar 47-bar truss.

Figure 5(b) shows the optimum design identified by this
work. Table 11 compares the best design of this work with
those reported in the literature. It can be seen that by using
the proposed algorithm it is possible to achieve better results
at a lower computational cost.

5. Conclusion

In this work, a new hybrid PSO algorithm is proposed to
solve a quite challenging task in truss optimization area: truss
layout optimization with multiple constraints.

Two computational techniques are adopted to further
enhance the performance of PSOalgorithm. In the first fitness
estimation strategy, the evaluation of particles is partly substi-
tuted by the estimation of similar particles, with the purpose
to reduce the computational cost of real world optimization
problem. In the second adaptive penalty function approach,
the iteration information is merged into the penalty function

to find a good balance between the exploration and exploita-
tion of the constrained design domain. The resulted algo-
rithm is termed as FEPSO-AP.

Four benchmark truss layout optimization problems,
subject to nodal displacement constraints, element stress
constraints, natural frequency constraints, and local buckling
constraints, are used to verify the performance of FEPSO-
AP. Numerical results demonstrate that three out of four
benchmarks, to which the FEPSO-AP based optimization is
applied, delivered the best feasible designs to the author’s
knowledge.Moreover, the convergence rate of the FEPSO-AP
algorithm is quite competitive comparing to other state-of-
the-art hybrid algorithms published in the former literatures.
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Table 11: Comparison of optimized designs found for the planar 47-bar truss.

No. Variable GA [21] FSD-ES [22] PSO [17] CPSO [17] SCPSO [17] FEPSO-AP
1 𝐴3 2.50 2.70 2.80 2.60 2.50 3.20
2 𝐴4 2.20 2.50 2.70 2.50 2.50 2.80
3 𝐴5 0.70 0.70 0.80 0.70 0.80 0.70
4 𝐴7 0.10 0.10 1.10 0.30 0.10 0.10
5 𝐴8 1.30 0.90 0.80 1.20 0.70 0.60
6 𝐴10 1.30 1.10 1.30 1.10 1.40 1.60
7 𝐴12 1.80 1.80 1.80 1.60 1.70 1.90
8 𝐴14 0.50 0.70 0.90 0.80 0.80 0.90
9 𝐴15 0.80 0.90 1.20 1.10 0.90 1.00
10 𝐴18 1.20 1.30 1.40 1.30 1.30 2.00
11 𝐴20 0.40 0.30 0.30 0.30 0.30 0.10
12 𝐴22 1.20 1.10 1.40 0.80 0.90 0.40
13 𝐴24 0.90 1.00 1.10 1.00 1.00 1.40
14 𝐴26 1.00 0.90 1.20 1.00 1.10 1.50
15 𝐴27 3.60 0.80 1.60 0.90 5.00 1.20
16 𝐴28 0.10 0.10 1.00 0.10 0.10 0.70
17 𝐴30 2.40 2.70 2.80 2.70 2.50 5.00
18 𝐴31 1.10 0.80 0.80 0.90 1.00 1.00
19 𝐴33 0.10 0.10 0.10 0.10 0.10 0.10
20 𝐴35 2.70 3.00 3.00 3.00 2.80 3.00
21 𝐴36 0.80 0.90 0.90 1.00 0.90 0.50
22 𝐴38 0.10 0.00 0.10 0.20 0.10 0.10
23 𝐴40 2.80 3.20 3.30 3.30 3.00 3.30
24 𝐴41 1.30 1.00 0.90 0.90 1.00 0.30
25 𝐴43 0.20 0.10 0.10 0.10 0.10 0.10
26 𝐴45 3.00 3.30 3.30 3.30 3.20 3.50
27 𝐴46 1.20 1.10 1.20 1.10 1.20 0.40
28 𝑥2 114.0000 100.9724 98.8628 99.3630 101.3393 87.7275
29 𝑥4 97.0000 80.4772 78.6595 83.4439 85.9111 72.4352
30 𝑦4 125.0000 136.8699 146.7331 126.3845 135.9645 162.6451
31 𝑥6 76.0000 64.3908 66.5231 69.5148 74.7969 67.2113
32 𝑦6 261.0000 247.0491 239.0901 218.2013 237.7447 218.2041
33 𝑥8 69.0000 55.2589 55.6936 58.0004 64.3115 50.6507
34 𝑦8 316.0000 338.4534 327.7882 322.2272 321.3416 375.4549
35 𝑥10 56.0000 48.7333 48.8641 51.4015 53.3345 36.6525
36 𝑦10 414.0000 409.7380 398.6775 401.5626 414.3025 408.7230
37 𝑥12 50.0000 43.4742 43.1400 46.8605 46.0277 36.9960
38 𝑦12 463.0000 472.1479 464.7831 458.3021 489.9216 483.4295
39 𝑥14 54.0000 44.8349 37.8993 46.8885 41.8353 37.9558
40 𝑦14 524.0000 512.1901 511.0450 527.8575 522.4161 535.7644
41 𝑥20 1.0000 3.8414 18.2341 16.2354 1.0005 4.6875
42 𝑦20 587.0000 591.1449 594.0710 610.8496 598.3905 599.7416
43 𝑥21 99.0000 84.5040 90.9369 98.3239 97.8696 101.4535
44 𝑦21 631.0000 630.3472 621.3943 624.9580 624.0552 605.4302

Best weight (lb) 1925.7897 1842.6609 1975.8393 1908.8301 1864.0985 1799.7037
Maximum stress (ksi) 19.9528 20.0000 19.0636 19.3351 19.4735 19.9808
Minimum stress (ksi) −14.9973 −15.0000 −14.9999 −14.9986 −15.0000 −14.9986

Number of buckling elements 0 0 0 0 0 0
Number of structural analyses 100,000 55,802 25,000 25,000 25,000 20,000
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From the analysis of the traditional social cognitive optimization (SCO) in theory, we see that traditional SCO is not guaranteed
to converge to the global optimization solution with probability one. So an improved social cognitive optimizer is proposed,
which is guaranteed to converge to the global optimization solution. The global convergence of the improved SCO algorithm is
guaranteed by the strategy of periodic restart in use under the conditions of participating in comparison, which helps to avoid
the premature convergence. Then we give the convergence proof for the improved SCO based on Solis and Wets’ research results.
Finally, simulation results on a set of benchmark problems show that the proposed algorithm has higher optimization efficiency,
better global performance, and better stable optimization outcomes than the traditional SCO for nonlinear programming problems
(NLPs).

1. Introduction

Swarm intelligence (SI) is the collective behavior of decentral-
ized, self-organized systems, natural or artificial in artificial
intelligence field. Swarms often are large groups of small
insects in which eachmember performs a simple role, but the
action produces complex behavior as a whole.The emergence
of such complex behavior extends beyond swarms. Similar
complex social structures also occur in higher-order animals
and insects that do not swarm: colonies of ants, flocks of birds,
packs of wolves, or colonies of bees, and so on.

Human has higher adaptability and social intelligence
than insect swarm, and human intelligence derives from
the interactions of individuals, including interacting with
the environment, in a social world from the study of social
cognitive theory. Xie et al. [1] present social cognitive opti-
mization (SCO) algorithm which is a novel heuristic swarm
intelligence optimization algorithms. SCO algorithm has a
probabilistic iterative procedure of lots of learning agents.
A learning agent obtains vicarious capability by tourna-
ment selection and shares information by the knowledge
library with symbolizing capability. Because SCO algorithm
fully makes use of the interactions and share of the entire
social swarm, it greatly improves the convergence speed and

accuracy of the swarm intelligence algorithm and makes it
better than many other well-used intelligent optimization
methods, such as PSO and ACO, in many applications.
Such applications include nonlinear programming problems
(NLPs), nonlinear complementarity’s problem (NCP) [2],
fractional programs [3], nonlinear system of equation [4],
engineering design problems [5], and Web service composi-
tion selection [6].

Many researchers improved the traditional SCO. Wang
et al. [7] improved SCO algorithm through joining self-
organizing migrating algorithm (SOMA) migration in the
process of SCO and adding two parameters in SCO algorithm
to solve the SAT problem, which showed the improved
SCO may obtain the quick convergence rate in the opti-
mization early and only small effect on the last result. Ma
et al. [8] brought in the chaos and Kent mapping function
to modify and optimize the conditions of neighborhood
search and got more reasonable knowledge points which
were distributed more uniformly for solving the nonlinear
constraint problems. Sun et al. [9] presented a hybrid social
cognitive optimization algorithm based on elitist strategy
and chaotic optimization is proposed to solve constrained
nonlinear programming problems, which partitions learning
agents into three groups in proportion: elite learning agents,
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chaotic learning agents, and common learning agents. Zhi-
zhong et al. [10] improve the social cognitive optimization,
put the improved SCO algorithm into the framework of
culture algorithm, constructed a novel algorithm, culture
social cognitive optimization (C-SCO), and used C-SCO to
solve the QoS-aware cloud service composition problem. Sun
et al. [11] present a social cognitive optimization algorithm
(SCO) to generate optimal evidence weight values for the
Dempster-Shafer (D-S) evidence model based on historical
training data.

These improved algorithms, called hybrid optimization
algorithms, are mainly based on empirical analysis of the
experiment while the global convergence analysis of hybrid
algorithm has not been studied in theory. Because the
SCO is originated from simulation social cognitive progress
and involves sophisticated stochastic behavior, it is hard to
perform theoretical analysis, resulting in the lack of solid
theoretical foundation. Particularly, the performance of SCO
as optimization techniques requires theoretical support. The
lack of theoretical foundation injures the further develop-
ment of SCO and blocks the application of SCO in problems
where serious algorithms are required.

In this paper, from the analysis of the traditional social
cognitive optimization (SCO) in theory, we see that tra-
ditional SCO is not guaranteed to converge to the global
optimization solution with probability one. So a novel
social cognitive optimizer is called stochastic SCO that is
guaranteed to converge to the global optimization solution.
The global convergence of the improved SCO algorithm
is guaranteed by the strategy of periodic restart in use
under the conditions of participating in comparison, which
helps to avoid the premature convergence. Then we give the
convergence proof for the stochastic SCO based on Solis and
Wets’ research results [12]. Finally, simulation results on a set
of benchmark problems show that the proposed algorithm
has higher optimization efficiency, better global performance,
and better stable optimization outcomes than the traditional
SCO for NLPs.

The remainder of this paper is organized as follows. In
Section 2, we survey the traditional SCO and analyse global
convergence of traditional SCO algorithm. In Section 3, our
improvement to traditional SCO is described concretely
and the proof of the global convergence of the proposed
algorithms is presented. In Section 4 the typical experiments
are employed to evaluate the performance of the improved
SCO and the conclusions are showed in Section 5, and
finally the last section presents the acknowledgment and the
appendix.

2. Convergence Analysis of Traditional
SCO Algorithm

2.1. Social Cognitive Optimization Algorithm (SCO). Social
cognitive theory (SCT) agrees that people learn by observing
others, with the environment, behavior, and cognition all
as the chief reciprocal factors in influencing development.
Human learning possesses the abilities to symbolize, learn
from others, plan alternative strategies, regulate one’s own

behavior, and engage in self-reflection. So human has higher
adaptability and social intelligence than insect swarm. By
introducing human social intelligence based on SCT to
artificial system, Xie et al. [1] proposed social cognitive
optimization (SCO) algorithm in 2002. In SCO optimization
procedure, a knowledge library with symbolizing capability
consists of a number of knowledge points which are denoted
by the location 𝑥 in search space 𝑆 and its fitness values;
learning agents, on behalf of human individuals, in pos-
session of a knowledge point in the knowledge library, act
observational learning via the neighborhood local searching
by observing the selected model from tournament selection.
The neighborhood local searching for 𝑥2 referring to 𝑥1 is
finding a new point 𝑥, which is for 𝑑 dimension

𝑥



𝑑
= 𝑈 (𝑥1,𝑑, 𝑥𝑚,𝑑) , (1)

where 𝑈(𝑎, 𝑏) is a uniform distribution which is usually
generated by linear congruential method within [𝑎, 𝑏], 𝑥𝑚,𝑑 =
2∗𝑥2,𝑑−𝑥1,𝑑. SCO algorithm basic steps are clearly described
in [1].

2.2. Basic Conception and Theory for Global Convergence
Theorem. The general global optimization problem (𝑃) used
here is defined as

min
𝑥∈𝑆
𝑓 (𝑥) , (2)

where 𝑥 is a vector of 𝑛 decision variables, 𝑆 is an 𝑛-
dimensional feasible region and is assumed to be nonempty, a
subset of 𝑅𝑛, and 𝑓(𝑥) is a real-valued function defined over
𝑆 from 𝑅𝑛 to 𝑅. The goal is to find a value for 𝑥 contained
in 𝑆 that minimizes 𝑓. Notice that the feasible region may
include both continuous and discrete variables. Denote the
global optimal solution to (𝑃) by (𝑥∗∗, 𝑦∗∗), where

𝑥

∗∗
= argmin

𝑥∈𝑆
𝑓 (𝑥) ,

𝑦

∗∗
= 𝑓 (𝑥

∗∗
) = min
𝑥∈𝑆
𝑓 (𝑥) .

(3)

Solis and Wets [12] provide a convergence proof, in
probability, to the global minimum for general step size
algorithms with conditions on the method of generating the
step length and direction.

Conceptual algorithm [12] is as follows.

Step 0. Find 𝑥0 in 𝑆 and set 𝑘 = 0.

Step 1. Generate 𝜉𝑘 from the sample space (𝑅𝑛, 𝐵, 𝜇𝑘).

Step 2. Set 𝑥𝑘+1 = 𝐷(𝑥𝑘, 𝜉𝑘), choose 𝜇𝑘+1, set 𝑘 = 𝑘 + 1, and
return to Step 1.
(𝑅

𝑛
, 𝐵, 𝜇𝑘) is probability space on iteration 𝑘. The 𝜇𝑘 are

probabilitymeasures corresponding to distribution functions
defined on 𝑅𝑛 as conditional probability measures. The 𝐵 is
Borel subsets of𝑅𝑛.𝐵 is the𝜎-algebra of subset of𝑅𝑛.Themap
𝐷 with domain 𝑆 ×𝑅𝑛 and 𝑆 satisfies the following condition.

Hypothesis 1 (H1). Consider 𝑓(𝐷(𝑥, 𝜉)) ≤ 𝑓(𝑥); if 𝜉 ∈ 𝑆, then
𝑓(𝐷(𝑥, 𝜉)) ≤ 𝑓(𝜉).
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Clearly, the monotone sequence {𝑓(𝑥𝑘)}
∞

𝑘=1
converges to

the infimum of 𝑓 on 𝑆. In order to avoid excluding some
pathological situations, we replace the search for the infimum
by that for 𝛼, the essential infimum of 𝑓 on 𝑆, defined as
follows:

𝛼 = inf {𝑥 | V (𝑧 ∈ 𝑆 | 𝑓 (𝑧) < 𝑥) > 0} , (4)

where V is a nonnegative measure defined on the (Borel)
subsets 𝐵 of 𝑅𝑛 with V(𝑆) > 0. Typically V(𝐴) is simply the
n-dimensional volume of the set 𝐴; more generally V is the
Lebesgue measure.

Hypothesis 2 (H2). For any subset 𝐴 of 𝑆 with V(𝐴) > 0 we
have that

∞

∏

𝑘=0

(1 − 𝜇𝑘 (𝐴)) = 0. (5)

It means that given any subset 𝐴 of 𝑆 with positive
Lebesgue measure the probability of repeatedly missing the
set𝐴, when generating the random samples 𝜉𝑘, must be zero.

This requires that the sampling strategy determined by
the choice of the 𝜉𝑘 cannot rely exclusively on distribution
functions concentrated on proper subsets of 𝑆 of lower
dimension (such as discrete distributions), or that the sam-
pling strategy consistently ignore a part of 𝑆 with positive
“volume” (with respect to V).

Theorem 1 (convergence theorem (global search)). Suppose
that 𝑓 is a measurable function. 𝑆 is a measurable subset of 𝑅𝑛

and (Hypotheses 1 and 2) is satisfied. Let {𝑥𝑘}
+∞

𝑘=1
be a sequence

generated by the algorithm. Then

lim
𝑘→∞

𝑃 [𝑥

𝑘
∈ 𝑅𝜀] = 1, (6)

where 𝑃[𝑥𝑘 ∈ 𝑅𝜀] is the probability that, at step 𝑘, the point 𝑥𝑘
generated by the algorithm is in 𝑅𝜀. 𝑅𝜀 is the optimality region.

2.3. Convergence Analysis of Traditional SCO Algorithm.
Although traditional SCO may outperform other evolution-
ary algorithms in the early iterations, its performance may
not be competitive as the number of generations is increased.
Traditional SCO algorithm is not guaranteed to converge
to global optimal solution. If the optimization algorithm
satisfies the Hypotheses 1 and 2, general convergence proofs
are given.

The traditional SCO algorithm saves the best solution
in the knowledge, so it obviously satisfies Hypothesis 1.
But, global optimization point GB𝑃 of the agents in SCO
algorithm will not be set at a random solution in the search
space in the end of every generation. It is obvious that
the algorithm does not satisfy Hypothesis 2 and is not
an optimization algorithm with global search convergence
properties according to Theorem 1. So the traditional SCO
algorithm is not guaranteed to converge to global optimal
solution with probability one.

Set the parameters and

library and agent initialization

Yes No

No

Eps > variation

Random
generator

Tournament selection

Observational learning

Library refreshment

Finished?

End

Figure 1: Flowchart of SSCO.

3. Method

3.1. Overview. Swarm intelligence optimization algorithms
are also calledmetaheuristic algorithms because they provide
a high-level framework which can be adapted to solve
optimization problems. So, when swarm intelligence is used
to solving a specific problem, it must be modified to fit the
problem.

The SCO’s iterative procedure is rooted in human intel-
ligence with the social cognitive theory. When the learning
agent falls into the local optimal, learning agents learn
without observation, but with full randomicity by stochastic
search, which helps to increase the global ergodicity of the
knowledge library and to avoid premature convergence.

In this paper, a novel stochastic social cognitive opti-
mization (SSCO) algorithm based on periodic partial reini-
tialization is proposed to solve NLPs to improve the global
convergence speed of social cognitive optimization (SCO)
algorithm. Simulation results show that the performance of
SSCO is evidently better than traditional SCO for NLPs.

3.2. Stochastic Social Cognitive Optimization (SSCO) Algo-
rithm. In our study, we incorporate the periodic partial
reinitialization of the population into the SCO to enhance
the overall performance of the algorithm. Figure 1 shows the
flowchart of SSCO.The SSCO is described as follows.

Step 1 (initialization). (a) Set the parameters of SSCO: 𝑁𝑝,
𝑁𝑎, 𝑇, 𝜏𝑊, 𝜏𝐵, 𝑇𝑅, 𝜀𝑅, where 𝑁𝑝 denotes the number of
knowledge points in knowledge library; 𝑁𝑎 denotes the
number of learning agents. 𝑇 denotes the times of maximum
learning cycle; 𝜏𝐵 denotes the tournament width; and 𝑇𝑅
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Table 1: Summary of eight test cases.

Func. 𝑛 Type of func. 𝑝 LI NE NI 𝑎

𝐺1 13 Quadratic 0.0111% 9 0 0 6
𝐺2 20 Nonlinear 99.8474% 0 0 2 1
𝐺3 5 Quadratic 52.1230% 0 0 6 2
𝐺4 2 Cubic 0.0066% 0 0 2 2
𝐺5 10 Quadratic 0.0003% 3 0 5 6
𝐺6 2 Nonlinear 0.8560% 0 0 2 0
𝐺7 7 Polynomial 0.5121% 0 0 4 2
𝐺8 8 Linear 0.0010% 3 0 3 6

denotes the maximum iterate number of reinitialization; 𝜀𝑅
denotes the maximum variation of fitness in 𝑇𝑅 generation.

(b) Randomly create𝑁𝑝 knowledge points in knowledge
library (KL), and then evaluate their fitness values basis on
objective function, and save the global optimization point
GB𝑃: the best point with the best fitness.

(c) Assign a knowledge point in KL to a learning agent
randomly, but not repeatedly.

Step 2. For each learning agent, SCA learning cycle is as
follows.

(a) If the variation of fitness of the global optimization
point SCA in the previous 𝑇𝑅 generation is less than
𝜀𝑅, a new point TS𝑂 is randomly generated; if the new
point TS𝑂 is better than GB𝑃, TS𝑂 is assigned to GB𝑃.

(b) Otherwise, we have the following.

(1) Tournament selection: select a best knowledge
point TS𝑃 from arbitrary 𝜏𝐵 knowledge points
in KL not repeatedly with SCA itself.

(2) Observational learning: compare the fitness of
TS𝑃 with that of SCA. The neighborhood local
searching for the better referring to the worse
is finding a new point TS𝑂 according to (1); if
the new point TS𝑂 is better than GB𝑃, TS𝑂 is
assigned to GB𝑃.

(c) Library refreshment: remove the worst knowledge
point TS𝑤 in KL, and add the new point into KL.

Step 3. Repeat Step 2 until a stop condition (e.g., maximum
number of iterations or a satisfactory fitness value). The total
evaluation times are 𝑇𝑒 = 𝑁𝑝 + 𝑁𝑎 ∗ 𝑇.

3.3. Convergence Analysis of SSCO Algorithm. Traditional
SCO algorithm is not guaranteed to converge to global opti-
mal solution with probability one. According to Theorem 1,
the proof presented here casts the SSCO into the framework
of a global stochastic search algorithm, thus allowing the use
of Theorem 1 to prove convergence. It remains to show that
the SSCO satisfies both (H1) and (H2).

Let {GB𝑃,𝑡} be a sequence generated by the SSCO algo-
rithm, where GB𝑃,𝑡 is the current best position of the swarm
at time 𝑡.

Define function𝐷:

𝐷(GB𝑃,𝑡, 𝑥𝑖,𝑡) = {
GB𝑃,𝑡, 𝑓 (𝑔 (𝑥𝑖,𝑡)) ≥ 𝑓 (GB𝑃,𝑡)
𝑔 (𝑥𝑖,𝑡) , 𝑓 (𝑔 (𝑥𝑖,𝑡)) ≥ 𝑓 (GB𝑃,𝑡) ,

𝑓 (𝐷 (𝑥, 𝜉)) ≤ 𝑓 (𝑥) , if 𝜉 ∈ 𝑆, then 𝑓 (𝐷 (𝑥, 𝜉)) ≤ 𝑓 (𝜉) .
(7)

The definition of 𝐷 above clearly complies with hypothesis
H1, since the sequence 𝑥𝑖,𝑡 is monotonic by definition because
of always saving the best solution in the knowledge.

If the SSCO algorithm satisfies hypothesis H2, the union
of the sample spaces of the agents must cover 𝑆, so that 𝑆 ⊆
⋃

𝑠

𝑖=1
𝑀𝑖,𝑘 at time step 𝑡, where 𝑀𝑖,𝑘 denotes the support of

the sample space of agent 𝑖. Because every learning agent has
a chance to get a random solution in the search space in every
generation when the iteration is static in a certain precision,
𝑀𝑖,𝑘 = 𝑆, ⋃

𝑠

𝑖=1
𝑀𝑖,𝑘 = 𝑆. Define the Borel subset 𝐴 of 𝑆,

and 𝐴 = 𝑀𝑖,𝑘; then V(𝐴) > 0, 𝜇𝑘(𝐴) = ∑
𝑠

𝑖=1
𝜇𝑘,𝑡(𝐴) = 1.

Thus by hypothesis H2 satisfied by Theorem 1, SSCO can be
convergent to global best solution with probability one.

4. Numerical Experiment

4.1. Experimental Settings. Nonlinear programming prob-
lems (NLPs) always are nonconvex, highly nonlinear, nondif-
ferentiable, and discontinuous, which is a constrained global
optimization problem; the traditional deterministic algo-
rithms for solving the NLPs are very difficult. Furthermore,
the constrained global optimization is NP-hard [13], which
does not admit efficient deterministic solutions in practice.

In our experiments, the test cases of eight benchmark
NLPs from literature [1] and literature [13] in Table 1, except
four problems because of lack of result in the referenced
literatures, will be applied to show the way in which the
proposed algorithm works. The eight benchmark problems
almost include all the kinds of the constraints (linear inequal-
ities LI, nonlinear inequalities NI, and nonlinear equalities
NE). With respect to constraint handling of the NLPs in the
proposed algorithms, there are two effective methods [14],
basic constraint handing (BCH) rule for common inequalities
constraint and adaptive constraints relaxing (ACR) rule for
equalities constraint. The rules are described in detail in [15].

Table 1 lists the parameters of each test case: number of
variables, type of the function, relative size of the feasible
region in the search space given by the ratio 𝑝, the number of
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Table 2: Summary of results of the SSCO on eight test cases.

NLP. Type Opt. GA PSO SCO SSCO
Worst Best Avg. Avg. Avg. Worst Best Avg.

𝐺1 min −15 −14.6154 −14.7864 −14.7082 −14.7951 −14.8891 −14.8767 −15.0000 −14.9953
𝐺2 max 0.803553 0.79119 0.79953 0.79671 0.79592 0.75475 0.79124 0.80109 0.79638
𝐺3 min −30665.5 −30645.9 −30645.5 −30645.3 −30655.429 −30665.539 −30665.539 −30665.539 −30665.539
𝐺4 min −6961.814 −5473.9 −6952.1 −6342.6 −6781.913 −6961.812 −6961.805 −6961.814 −6961.813
𝐺5 min 24.306 25.069 24.620 24.826 24.713 24.742 24.681 24.306 24.359
𝐺6 max 0.095825 0.0291438 0.0958250 0.0891568 0.091573 0.095158 0.095231 0.095825 0.095811
𝐺7 min 680.63 683.18 680.91 681.16 690.642 680.699 680.811 680.631 680.671
𝐺8 min 7049.33 9659.3 7147.9 8163.6 7531.9 7407.7 7296.35 7049.41 7124.72
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Figure 2: 𝐹norm versus 𝑡/100 for 𝐺1 by SSCO and SCO.

constraints of each category (LI, NE, andNI), and the number
𝑎 of active constraints at the optimum.

4.2. Result and Discussion. To evaluate the performance of
the SSCO, we compare SSCO with standard gray-coded GA
and traditional social cognitive optimization. The experi-
ments setting for SSCO is the same as that of SCO from
[1]. Let 𝑇𝑅 = 5, 𝑁𝑝 = 98, 𝑁𝑎 = 14, 𝑇 = 2000, (for 𝐺6,
𝑇 = 200). Each problem is executed 50 times.We calculate the
best solution, worst solution, and mean solution by means of
having statistical computation for each running of the SSCO
and other algorithms. The experimental results obtained by
other algorithms are provided in [1].

Table 2 shows the comparison of the test results between
the SSCO and the known three algorithms. Opt. is the
optimum value of each NLP. The results indicate that SSCO
is superior to the known two algorithms from the viewpoints
of the best solution, worst solution, and mean solution.
Meanwhile, we can see that best solutions obtained by SSCO
are better than other three algorithms since those solutions
are much close to the true optimal solutions.

Figures 2, 3, 4, 5, 6, 7, 8, and 9 show the relative fitness
value 𝐹norm = |𝐹best − 𝐹opt|, which are performed by
SCO and SSCO, versus 𝑡/100 for different benchmark NLPs,
respectively, where 𝑡 is current generation number.TheSSCO,
which has periodic partial reinitialization, shows higher
convergence velocity and higher sustainable evolutionary
capability at the process of evolution than traditional SCO.
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Figure 3: 𝐹norm versus 𝑡/100 for 𝐺2 by SSCO and SCO.
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Figure 4: 𝐹norm versus 𝑡/100 for 𝐺3 by SSCO and SCO.

Furthermore, the iterative process of the SSCO has no more
computing than traditional SCO.

For SSCO and SCO, the only difference is that the SSCO
agents include the strategy of periodic restart, which is
guaranteed to converge to the global optimization solution.
It makes no effect on the total computing, however, because
the SSCO considers static individuals are substituted with
new randomly generated individuals to avoid the premature
convergence in the learning iteration; the SSCO shows higher
performance than SCO, PSO, and GA in all the eight test
cases.

From the above analysis, the SSCO has higher efficiency
in solving NLPs for reaching the near-optimal solutions.
Consequently, the experimental results indicate that the
SSCOhas better robustness, effectiveness, and stableness than
SCO and GA reported in the literature.
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Figure 5: 𝐹norm versus 𝑡/100 for 𝐺4 by SSCO and SCO.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

t/100

F
no

rm

SSCO
SCO

1.E − 02

1.E − 01

1.E + 00

1.E + 01

1.E + 02

G5

Figure 6: 𝐹norm versus 𝑡/100 for 𝐺5 by SSCO and SCO.

5. Conclusions

A stochastic social cognitive optimization (SSCO) algorithm
with the strategy of periodic restart is proposed in this paper
for solving NLPs. The periodic restart of SCO for static
individuals can avoid the premature convergence, improve
the global searching performance, and ensure the algorithm
to obtain stable optimal solution. The convergence proof for
the stochastic SCO is given based on Solis andWets’ research
results. The final experiment results indicate that the new
algorithm has good capability to find optimal solution.

Appendix

The appendix provides the description of eight test functions.

𝐺1:

Minimize 𝐺1 ( ⃗𝑥) = 5𝑥1 + 5𝑥2 + 5𝑥3 + 5𝑥4

− 5

4

∑

𝑖=1

𝑥

2

𝑖
−

13

∑

𝑖=5

𝑥𝑖

Subject to 2𝑥1 + 2𝑥2 + 𝑥10 + 𝑥11 ≤ 10,

2𝑥1 + 2𝑥3 + 𝑥10 + 𝑥12 ≤ 10,

2𝑥2 + 2𝑥3 + 𝑥11 + 𝑥12 ≤ 10,

− 8𝑥1 + 𝑥10 ≤ 0, −8𝑥2 + 𝑥11 ≤ 0,
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Figure 7: 𝐹norm versus 𝑡/100 for 𝐺6 by SSCO and SCO.

0.01

0.1

1

10

100

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

t/100

F
no

rm
SSCO
SCO

G7

Figure 8: 𝐹norm versus 𝑡/100 for 𝐺7 by SSCO and SCO.

− 8𝑥3 + 𝑥12 ≤ 0, −2𝑥4 − 𝑥5 + 𝑥10 ≤ 0,

− 2𝑥6 − 𝑥7 + 𝑥11 ≤ 0, −2𝑥8 − 𝑥9 + 𝑥12 ≤ 0,

(A.1)

where

0 ≤ 𝑥𝑖 ≤ 1, 𝑖 = 1, . . . , 9,

0 ≤ 𝑥𝑖 ≤ 100, 𝑖 = 10, 11, 12,

0 ≤ 𝑥13 ≤ 1

𝐺1 ( ⃗𝑥
∗
) = −15.

(A.2)

𝐺2:

Maximize 𝐺2 ( ⃗𝑥) =



























∑

𝑛

𝑖=1
cos4 (𝑥𝑖) − 2∏

𝑛

𝑖=1
cos2 (𝑥𝑖)

√
∑

𝑛

𝑖=1
𝑖𝑥

2
𝑖



























Subject to
𝑛

∏

𝑖=1

𝑥𝑖 ≥ 0.75,

𝑛

∑

𝑖=1

𝑥𝑖 ≥ 7.5𝑛,

(A.3)

where

0 ≤ 𝑥𝑖 ≤ 10 for 1 ≤ 𝑖 ≤ 𝑛.

𝐺2 ( ⃗𝑥
∗
) = 0.803553.

(A.4)
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Figure 9: 𝐹norm versus 𝑡/100 for 𝐺8 by SSCO and SCO.

𝐺3:

Minimize 𝐺3 ( ⃗𝑥) = 5.3578547𝑥
2

3
+ 0.8356891𝑥1𝑥5

+ 37.293239𝑥1 − 40792.141

Subject to 0 ≤ 85.334407 + 0.0056858𝑥2𝑥5

+ 0.0006262𝑥1𝑥4 − 0.0022053𝑥3𝑥5 ≤ 92

90 ≤ 80.51249 + 0.0071317𝑥2𝑥5

+ 0.0029955𝑥1𝑥2 + 0.0021813𝑥
2

3
≤ 110

20 ≤ 9.300961 + 0.0047026𝑥2𝑥5

+ 0.0012547𝑥1𝑥3 + 0.0019085𝑥3𝑥4 ≤ 25,

(A.5)

where

78 ≤ 𝑥1 ≤ 102, 33 ≤ 𝑥2 ≤ 45,

27 ≤ 𝑥𝑖 ≤ 45 for 𝑖 = 3, 4, 5

𝐺3 ( ⃗𝑥
∗
) = −30665.5.

(A.6)

𝐺4:

Minimize 𝐺4 ( ⃗𝑥) = (𝑥1 − 10)
3
+ (𝑥2 − 20)

3

Subject to (𝑥1 − 5)
2
+ (𝑥2 − 5)

2
− 100 ≥ 0

− (𝑥1 − 6)
2
− (𝑥2 − 5)

2
+ 82.81 ≥ 0,

(A.7)

where

13 ≤ 𝑥1 ≤ 100, 0 ≤ 𝑥2 ≤ 100,

𝐺4 ( ⃗𝑥
∗
) = −6961.81381.

(A.8)

𝐺5:

Minimize 𝐺5 ( ⃗𝑥) = 𝑥
2

1
+ 𝑥

2

2
+ 𝑥1𝑥2 − 14𝑥1 − 16𝑥2

+ (𝑥3 − 10)
2
+ 4(𝑥4 − 5)

2

+ (𝑥5 − 3)
2
+ 2(𝑥6 − 1)

2

+ 5𝑥

2

7
+ 7(𝑥8 − 11)

2
+ 2(𝑥9 − 10)

2

+ (𝑥10 − 7)
2
+ 45

Subject to 105 − 4𝑥1 − 5𝑥2 + 3𝑥7 − 9𝑥8 ≥ 0,

− 3(𝑥1 − 2)
2
− 4(𝑥2 − 3)

2
− 2𝑥

2

3

+ 7𝑥4 + 120 ≥ 0,

− 10𝑥1 + 8𝑥2 + 17𝑥7 − 2𝑥8 ≥ 0,

− 𝑥

2

1
− 2(𝑥2 − 2)

2
+ 2𝑥1𝑥2 − 14𝑥5 + 6𝑥6 ≥ 0,

8𝑥1 − 2𝑥2 − 5𝑥9 + 2𝑥10 + 12 ≥ 0,

− 5𝑥

2

1
− 8𝑥2 − (𝑥3 − 6)

2
+ 2𝑥4 + 40 ≥ 0,

3𝑥1 − 6𝑥2 − 12(𝑥9 − 8)
2
+ 7𝑥10 ≥ 0,

− 0.5(𝑥1 − 8)
2
− 2(𝑥2 − 4)

2
− 3𝑥

2

5
+ 𝑥6 + 30 ≥ 0,

(A.9)

where

−10.0 ≤ 𝑥𝑖 ≤ 10.0, 𝑖 = 1, . . . , 10,

𝐺5 ( ⃗𝑥
∗
) = 24.3062091.

(A.10)

𝐺6:

Maximize 𝐺6 ( ⃗𝑥) =

sin3 (2𝜋𝑥1) ⋅ sin (2𝜋𝑥2)
𝑥

3
1
⋅ (𝑥1 + 𝑥2)

Subject to 𝑥

2

1
− 𝑥2 + 1 ≤ 0

1 − 𝑥1 + (𝑥2 − 4)
2
≤ 0,

(A.11)

where

0 ≤ 𝑥1 ≤ 10, 0 ≤ 𝑥2 ≤ 10,

𝐺6 ( ⃗𝑥
∗
) = 0.095825.

(A.12)
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𝐺7:

Minimize 𝐺7 ( ⃗𝑥) = (𝑥1 − 10)
2
+ 5(𝑥2 − 12)

2
+ 𝑥

4

3

+ 3(𝑥4 − 11)
2
+ 10𝑥

6

5
+ 7𝑥

2

6
+ 𝑥

4

7

− 4𝑥6𝑥7 − 10𝑥6 − 8𝑥7

Subject to 127 − 2𝑥2
1
− 3𝑥

4

2
− 𝑥3 − 4𝑥

2

4
− 5𝑥5 ≥ 0,

282 − 7𝑥1 − 3𝑥2 − 10𝑥
2

3
− 𝑥4 + 𝑥5 ≥ 0

196 − 23𝑥1 − 𝑥
2

2
− 6𝑥

2

6
+ 8𝑥7 ≥ 0,

− 4𝑥

2

1
− 𝑥

2

2
+ 3𝑥1𝑥2 − 2𝑥

2

3
− 5𝑥6 + 11𝑥7 ≥ 0,

(A.13)

where
−10.0 ≤ 𝑥𝑖 ≤ 10.0, 𝑖 = 1, . . . , 7,

𝐺7 ( ⃗𝑥
∗
) = 680.6300573.

(A.14)

𝐺8:
Minimize 𝐺8 ( ⃗𝑥) = 𝑥1 + 𝑥2 + 𝑥3

Subject to 1 − 0.0025 (𝑥4 + 𝑥6) ≥ 0,

1 − 0.0025 (𝑥5 + 𝑥7 − 𝑥4) ≥ 0

1 − 0.01 (𝑥8 − 𝑥5) ≥ 0,

𝑥1𝑥6 − 833.33252𝑥4 − 100𝑥1 + 83333.333 ≥ 0

𝑥2𝑥7 − 1250𝑥5 − 𝑥2𝑥4 + 1250𝑥4 ≥ 0,

𝑥3𝑥8 − 1250000 − 𝑥3𝑥5 + 2500𝑥5 ≥ 0,

(A.15)

where
100 ≤ 𝑥1 ≤ 10000, 1000 ≤ 𝑥𝑖 ≤ 10000,

𝑖 = 2, 3, 100 ≤ 𝑥𝑖 ≤ 10000, 𝑖 = 4, . . . , 8,

𝐺8 ( ⃗𝑥
∗
) = 7049.330923.

(A.16)
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Flower pollination algorithm (FPA) is a new nature-inspired intelligent algorithm which uses the whole update and evaluation
strategy on solutions. For solving multidimension function optimization problems, this strategy may deteriorate the convergence
speed and the quality of solution of algorithm due to interference phenomena among dimensions. To overcome this shortage, in
this paper a dimension by dimension improvement based flower pollination algorithm is proposed. In the progress of iteration
of improved algorithm, a dimension by dimension based update and evaluation strategy on solutions is used. And, in order to
enhance the local searching ability, local neighborhood search strategy is also applied in this improved algorithm. The simulation
experiments show that the proposed strategies can improve the convergence speed and the quality of solutions effectively.

1. Introduction

In recent years, more and more bioinspired algorithms are
proposed, such as genetic algorithm (GA) [1], simulated
annealing (SA) [2], particle swarm optimization (PSO) [3],
firefly algorithm (FA) [4], glowworm swarm optimization
(GSO) [5], monkey search (MS) [6], bacterial foraging opti-
mization algorithm (BFOA) [7], invasive weed optimization
(IWO) [8], cultural algorithms (CA) [9], and harmony search
(HS) [10]. Because of their advantages of global and parallel
efficiency, robustness, and universality, swarm intelligence
algorithms have been widely used in engineering optimiza-
tion, scientific computing, automatic control, and other fields.

Flower pollination algorithm (proposed by Yang in 2012)
[11] is a new population-based intelligent optimization algo-
rithmby simulating flower pollination behavior. And FPAhas
been extensively researched to solve Integer Programming
Problems [12], Sudoku Puzzles [13], and Wireless Sensor
Network Lifetime Global Optimization [14] in the last two
years by scholars. It is estimated that there are over 250,000
types of flowering plants in nature. And researchers of biology
considered that almost four-fifths of all plant species are
flowering species. Flower pollination behavior stems from

the purpose of reproduction. From the biological evolution
point of view, the objective of flower pollination is the survival
of the fittest and the optimal reproduction of species. All
these factors and processes of flower pollination interact so
as to achieve optimal reproduction of the flowering plants. In
nature, pollination can be divided into two parts: abiotic and
biotic. Almost 90% pollen grains are transferred by insects
and animals; we call this biotic pollination. The other 10%
pollen grains are transferred by wind [15, 16]. They do not
need pollinators. And we call this form abiotic pollination.
Pollinators can be very diverse; researches show almost
200,000 kinds of pollinators.

Self-pollination and cross-pollination are two different
ways of pollination [17]. Cross-pollination means pollination
can occur from pollen of a flower of a different plant, and
self-pollination is just the opposite. Biotic, cross-pollination
can occur at long distance; the pollinators such as bees, bats,
birds can fly a long distance; thus they can be considered as
the global pollinators. And these pollinators can fly as Lévy
flight behavior [18], with fly distance steps obeying a Lévy dis-
tribution. Thus, this can inspire to design new optimization
algorithm. Flower pollination algorithm is an optimization
algorithm which simulates the flower pollination behavior
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mentioned above; flower pollination algorithm can also be
divided into global pollination process and local pollination
process.

2. FPA with Dimension
by Dimension Improvement

In order to enhance the global searching and local search-
ing abilities, we applied three optimization strategies to
basic flower pollination algorithm (FPA); those were local
neighborhood searching strategy (LNSS) [19], dimension by
dimension evaluation and improvement strategy (DDEIS),
and dynamic switching probability strategy (DSPS).

2.1. Local Neighborhood Search Strategy (LNSS). FPA (devel-
oped by Yang and Deb) uses differential evolution (DE)
algorithm [20] to do local search. And experiment results
show that the local search ability of DE is limited. Thus, we
add LNSS to local search process to enhance its exploitation
ability.

Firstly, we should explain a model (local neighborhood
model). In this model, each vector uses the best vector of only
a small neighborhood rather than the entire population to
do the mutation. We suppose that there exists a differential
evolutionary population 𝑃𝐺 = [𝑋1,𝐺, 𝑋2,𝐺, . . . , 𝑋𝑖+1,𝐺], and
each 𝑋𝑖,𝐺 (𝑖 = 1, 2, 3, . . . , 𝑁𝑃) is a parameter vector, and
its dimension is 𝐷. Each vector subscript index is randomly
divided to ensure the diversity of each neighborhood. For
each vector 𝑋𝑖,𝐺, we can define a neighborhood, and the
radius is 𝑘 (2𝑘 + 1 < 𝑁𝑃). The neighborhood consists of
vector 𝑋𝑖−𝑘,𝐺, . . . , 𝑋𝑖,𝐺, . . . , 𝑋𝑖+𝑘,𝐺. Assume that the vectors
accord the subscript indices in a ring topology structure.
We can take 𝑋𝑁𝑃,𝐺 and 𝑋2,𝐺 as two direct neighbors of
𝑋1,𝐺. The concept of local neighborhood model is shown
in Figures 1 and 2. The neighborhood topology here is static
and determined by the collection of vector subscript indices.
And the local neighborhood model can be expressed in the
following formula:

𝑋𝑖,𝐺+1 = 𝑋𝑖,𝐺 + 𝛼 (𝑋𝑛 best𝑖 ,𝐺 − 𝑋𝑖,𝐺) + 𝛽 (𝑋𝑝,𝐺 − 𝑋𝑞,𝐺) ,

(1)

where𝑋𝑛 best𝑖 ,𝐺 is the best vector of𝑋𝑖,𝐺 neighborhood,𝑝, 𝑞 ∈
[𝑖 − 𝑘, 𝑖 + 𝑘] (𝑝 ̸= 𝑞 ̸= 𝑖), and 𝛼, 𝛽 are two scale factors.

2.2. Dimension by Dimension Evaluation and Improvement
Strategy (DDEIS). Flower pollination algorithm uses the
whole update and evaluation strategy on solutions. For
solving multidimensional function optimization problems,
this strategy may deteriorate the convergence speed and the
quality of solution due to interference phenomena among
dimensions. To overcome this shortage, we add this strategy
to FPA in local search process.

In FPA, Lévy flight can improve the diversity of popula-
tion and strengthen the global search ability of the algorithm.
But for multidimensional objective function, overall update
evaluation strategy will affect the convergence rate and
quality of solutions.DDEIS updates dimension by dimension.

X2,G

X1,G

XNP,G

Xi−2,G

Xi−1,G

Xi,G

Xi+1,G

Xi+2,G

Figure 1: Neighborhood ring topology.
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Assume that objective function is 𝑓(𝑋) = 𝑋2
1
+ 𝑋

2

2
+ 𝑋

2

3
and

𝑋𝑔,𝑖 = (0.5, 0.5, 0.5) is a solution to𝑓(𝑋).
The objective value𝑓(𝑋𝑔,𝑖) = 0.75. We use formula (1) to

update 𝑋𝑔,𝑖 and get 𝑋𝑔+1,𝑖 = (0, 1, −1). For example, when
first dimension value of𝑋𝑔,𝑖 updates from 0.5 to 0, combined
with the value of other dimensions, we can get a new𝑋𝑔+1,𝑖 =
(0, 0.5, 0.5). The objective value 𝑓(𝑋𝑔+1,𝑖) = 0.5 < 𝑓(𝑋𝑔,𝑖); it
can improve current solution.Thus, we accept this update and
update operation into the next dimension. If first dimension
value of𝑋𝑔,𝑖 updates from 0.5 to 1, we can get a new𝑋𝑔+1,𝑖 =
(1, 0.5, 0.5). The objective value 𝑓(𝑋𝑔+1,𝑖) = 1.5 > 𝑓(𝑋𝑔,𝑖),
it fails to improve 𝑋𝑔,𝑖, and we should abandon the current
dimension updated value and update operation into the next
dimension. The strategy is described in Algorithm 1.

2.3. Dynamic Switching Probability Strategy (DSPS). In FPA,
local search and global search are controlled by a switching
probability 𝑝 ∈ [0, 1], and it is a constant value. We suppose
that a reasonable algorithm should do more global search at
the beginning of searching process and global search should
be less in the end. Thus, we applied the dynamic switching
probability strategy (DSPS) to adjust the proportion of two
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temp2 =𝑋𝑔,𝑖;
temp =𝑋𝑔+1,𝑖;
for 𝑚 = 1 : 𝑑

temp3 = temp2;
temp2(𝑚) = temp(𝑚);
if fitness(temp2 ) > fitness(temp3),

temp2(𝑚) =𝑋𝑔,𝑖(𝑚);
endif

endfor

Algorithm 1: Dimension by dimension evaluation and improvement strategy.

kinds of searching process. Switching probability 𝑝 can alter
according to the following formula:

𝑝 = 0.6 − 0.1 ×

(Max iter − 𝑡)
Max iter

,
(2)

where Max iter is the maximum iterations of the DDIFPA
and 𝑡 is current iteration. Specific implementation steps of
FPA with dimension by dimension improvement (DDIFPA)
can be summarized in the pseudocode shown inAlgorithm 2.

3. Numerical Simulation Experiments

In this section, we applied 12 standard test functions [21]
to evaluate the optimal performance of FPA with dimen-
sion by dimension improvement (DDIFPA). The mean and
standard deviation results of 20 independent runs for each
algorithm have been summarized in Table 2. The 12 standard
benchmark functions have been widely used in the literature.
The dimensions, scopes, optimal values, and iterations of 12
functions are in Table 1. We also do some high-dimensional
tests, and the results are showed in Table 3.

3.1. Experimental Setup. All of the algorithmwas programm-
ed in MATLAB R2012a; numerical experiment was set up on
AMD Athlont (tm) II∗4640 processor and 2GB memory.

3.2. Comparison of Each Algorithm Performance. The pro-
posed DDIFPA algorithm is compared with mainstream
swarm intelligence algorithms FPA [11], PSO [22], DE [23],
RCBBO [24], GSA [25], FA [26], CS [27], and ABC [28],
respectively, using the mean and standard deviations to
compare their optimal performances. The setting values of
algorithm control parameters of the mentioned algorithms
are given as follows.

PSO parameters setting: weight factor 𝜔 = 0.6, 𝑐1 = 𝑐2 =
2. The population size is 100 [22].

DE parameters setting: 𝐹 = 0.5 and CR = 0.9 in
accordance with the suggestions given in [23]; the population
size is 100.

ABC parameters setting: limit = 5D has been used as
recommended in [22]; the population size is 50 because this
algorithm has two phases.

RCBBC parameters setting: maximum immigration rate:
I = 1, maximum emigration rate: 𝐸 = 1, and mutation

probability: 𝑚max = 0.005 have been used as recommended
in [24]; the population size is 100.

CS parameters setting: 𝛽 = 1.5 and 𝜌0 = 1.5 have
been used as recommended in [27]; the population size is 50
because this algorithm has two phases.

GSA parameters setting: 𝐺0 = 100, 𝛼 = 20 and 𝐾0 which
is set to NP and is decreased linearly to 1 have been used as
recommended in [25]; the population size is 100.

FA parameters setting: 𝛼0 = 0.5, 𝛽0 = 0.2, and 𝛾 = 1 have
been used as recommended in [26]; the population size is 100.

FPA parameters setting: the population size is 50 because
this algorithm has two phases [11].

DDIFPA parameters setting: the population size is 50
because this algorithm has two phases.

From the rank of each function in Table 2, we can
conclude that DDIFPA provides many of the best results
are better than FPA and other algorithms, especially for
functions 𝑓01, 𝑓03, and 𝑓05. For 𝑓01 the mean and standard
deviation of DDIFPA are much higher than FPA. For𝑓03, the
mean and standard deviation of DDIFPA are 117 orders of
magnitude higher than GSA and 127 orders of magnitude
higher than FPA. For 𝑓04, DDIFPA and FPA fail to give
the best optimal solution. For 𝑓05, the mean and standard
deviation of DDIFPA are 2 orders of magnitude higher than
FPA.

Figures 2 and 3 show the graphical analysis results of
ANOVA test. As can be seen in Figure 2, when solving
function 𝑓01, most of the algorithms can obtain the stable
optimal value after 20 independent runs except RCBBO
algorithm, and, in Figure 3, when solving the function 𝑓05,
DDIFPA is more stable than other algorithms.

Figures 4 and 5 show the fitness function curve evolution
of each algorithm for 𝑓01 and 𝑓05. From the two figures, we
can conclude that DDIFPA has a faster convergence rate and
a higher optimizing precision.

For multimodal functions 𝑓06 to 𝑓10 with many local
minima, the final results are more important because these
functions can reflect the ability of algorithm to escape from
poor local optima and obtain the global optimum.

As can be seen in Table 2, for 𝑓06 and 𝑓07, DDIFPA are
in first place; ABC achieve the optimal value when solving
𝑓07. For 𝑓08 the mean and standard deviation of DDIFPA
are 15 orders of magnitude higher than FPA. For 𝑓09, ABC
and DDIFPA all achieve the optimal value and the standard
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Objective min or max 𝑓(𝑥), 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑑)
Initialize a population of 𝑛 flowers/pollen gametes with random solutions
Find the best solution 𝑔∗ in the initial population
while (𝑡 < 𝑀𝑎𝑥𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛)

for 𝑖 = 1 : 𝑛 (all 𝑛 flowers in the population)
Get 𝑝 according to formula (2);
if rand < 𝑝

Draw a (d-dimensional) step vector 𝐿 which obeys a Lévy distribution
Global pollination via 𝑥𝑡+1

𝑖
= 𝑥

𝑡

𝑖
+ 𝛾𝐿(𝜆)(𝑔∗ − 𝑥

𝑡

𝑖
);

else
Draw 𝜀 from a uniform distribution in [0, 1];
Local pollination via𝑋𝑖,𝐺+1 = 𝑋𝑖,𝐺 + 𝛼(𝑋𝑛 𝑏𝑒𝑠𝑡𝑖 ,𝐺 − 𝑋𝑖,𝐺) + 𝛽(𝑋𝑝,𝐺 − 𝑋𝑞,𝐺);
where 𝛼 = 𝛽 = 𝜀;

end if
Evaluate new solutions via DDEIS
If new solutions are better, update them in the population

end for
find the current best solution 𝑔∗

end while

Algorithm 2: FPA with dimension by dimension improvement (DDIFPA).

PSO DE RCBBO CS FA GSA ABC DDIFPA
0

0.005
0.01

0.015
0.02

0.025
0.03

0.035
0.04

Algorithm

O
bj

ec
tiv

e f
un

ct
io

n

f05

Figure 3: ANOVA tests for 𝑓05.

deviations are all 0. For 𝑓10, the mean of DDIFPA is 11 orders
of magnitude higher than ABC, and the standard deviation
of DDIFPA is 27 orders of magnitude higher than ABC.

Figures 6 and 7 show the graphical analysis results of
the ANOVA tests. Figure 6 shows that RCBBO, ABC, and
DDIFPA can obtain the relatively stable optimal values.
Figure 7 shows that when solving function 𝑓10, most of
the algorithms can obtain the stable optimal value after 20
independent runs.

Figures 8 and 9 show the fitness function curve evolution.
From Figure 9, we can conclude that both ABC and DDIFPA
converge to the optimal solution. From Figure 9, we can
conclude thatDDIFPA converges to amore precise point than
other algorithms, and its convergence speed is faster.

From Table 2, 𝑓11 and 𝑓12 are multimodal low-
dimensional functions. For 𝑓11, the solutions of most of
the algorithms are accurate in 3 to 4 decimal places, and the
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Figure 4: Fitness function curve evolution for 𝑓01.

rank of DDIFPA is second. For 𝑓12, the rank is second too,
and the experiment results show that DDIFPA can do a good
job in solving multimodal low-dimensional problems.

3.3. Experimental Analysis. We have carried out benchmark
validations for unimodal andmultimodal test functions using
the proposed algorithm (DDIFPA) with three improvement
strategies (local neighborhood search strategy, dimension
by dimension evaluation and improvement strategy, and
dynamic switching probability strategy). An optimization
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Table 1: Benchmark test functions.

Benchmark test functions Dimension Range Optimum Iterations

𝑓01 =

𝑛

∑

𝑖=1

𝑥

2

𝑖
30 [−100, 100] 0 1500

𝑓02 =

𝑛

∑

𝑖=1









𝑥𝑖









+

𝑛

∏

𝑖=1









𝑥𝑖









30 [−10, 10] 0 2000

𝑓03 = max𝑖 {








𝑥𝑖









, 1 ≤ 𝑖 ≤ 𝐷} 30 [−100, 100] 0 5000

𝑓04 =

𝐷−1

∑

𝑖=1

[100(𝑥𝑖+1 − 𝑥
2

𝑖
)

2

+ (𝑥𝑖 − 1)
2
] 30 [−30, 30] 0 5000

𝑓05 =

𝐷

∑

𝑖=1

𝑖𝑥

4

𝑖
+ random[0, 1) 30 [−1.28, 1.28] 0 3000

𝑓06 =

𝐷

∑

𝑖=1

− 𝑥𝑖 sin(√








𝑥𝑖









) 30 [−500, 500]

−418.9829∗𝑛 3000

𝑓07 =

𝐷

∑

𝑖=1

[𝑥

2

𝑖
− 10 cos (2𝜋𝑥𝑖) + 10] 30 [−5.12, 5.12] 0 3000

𝑓08 = −20 exp(−0.2√
1

𝐷

𝐷

∑

𝑖=1

𝑥

2

𝑖
) − exp( 1

𝐷

𝐷

∑

𝑖=1

cos 2𝜋𝑥𝑖)

+20 + 𝑒

30 [−32, 32] 0 1500

𝑓09(𝑥) =

1

4000

𝑛

∑

𝑖=1

𝑥

2

𝑖
−

𝑛

∏

𝑖=1

cos(
𝑥𝑖

√

2

) + 1 30 [−600, 600] 0 2000

𝑓10(𝑥) =

𝜋

𝐷

{

{

{

{

{

10sin2(𝜋𝑦1)

+

𝐷−1

∑

𝑖=1

(𝑦 − 1)

2
[1 + 10sin2(𝜋𝑦1)] + (𝑦𝐷 − 1)

2

}

}

}

}

}

+

𝐷

∑

𝑖=1

𝑢(𝑥𝑖, 10, 100, 4)

𝑦𝑖 = 1 +

𝑥𝑖 + 1

4

𝑢 (𝑥𝑖, 𝑎, 𝑘, 𝑚) =

{

{

{

{

{

{

{

𝑘(𝑥𝑖 − 𝑎)
𝑚
, 𝑥𝑖 > 𝑎

0, −𝑎 ≤ 𝑥𝑖 ≤ 𝑎

𝑘(−𝑥𝑖 − 𝑧)
𝑚
, 𝑥𝑖 < 𝑎

30 [−50, 50] 0 1500

𝑓11(𝑥) = −

4

∑

𝑖=1

𝑐𝑖 exp[
3

∑

𝑗=1

𝑎𝑖𝑗(𝑥𝑗 − 𝑝𝑖𝑗)

2

] 3 [0, 1]

−3.8628 100

𝑓12(𝑥) = −

10

∑

𝑖=1

[(𝑋 − 𝑎𝑖)(𝑋 − 𝑎𝑖)
𝑇
+ 𝑐𝑖]

−1

4 [0, 10]

−10.5364 100

process can be divided into two key components (local search
and global search); we use a dynamic switching probability
𝑝 ∈ [0, 1] to control the whole searching process. LNSS and
DDEIS are applied to the local search process and enhance
its exploitation ability. Among 12 test functions listed above,
𝑓01 to 𝑓05 are unimodal, and the remarkable achievements
confirm that DDIFPA have stronger exploitation ability than
FPA and other algorithms. And DSPS, which could improve
the ability of escape from poor local optima, was applied to
enhance the exploration ability. That also balanced exploita-
tion and exploration dynamically. For multimodal bench-
mark functions (𝑓06 to 𝑓12), we can conclude that DDIFPA
converges to a more precise point than other algorithms, and
its convergence speed is faster. Our simulation results for
finding the global optima of various test functions suggest
that DDIFPA can outperform the FPA and other mentioned
algorithms in terms of both precision and convergence speed.

3.4. High-Dimensional Functions Test. In previous sections,
12 standard test functions are applied to evaluate the optimal
performances of the FPA with dimension by dimension
improvement (DDIFPA) in the case of low dimension.
In order to evaluate the performances of DDIFPA com-
prehensively, we also do some high-dimensional tests in
𝑓1, 𝑓2, 𝑓4, 𝑓7, 𝑓10. The test results are shown in Table 3. As can
be seen in Table 3, DDIFPA can also solve high-dimensional
problems efficiently and stably.

4. Conclusions

In this paper, three optimization strategies (local neighbor-
hood search strategy, dimension by dimension evaluation
and improvement strategy, and dynamic switching probabil-
ity strategy) have been applied to FPA to improve its deficien-
cies. By 12 typical standard benchmark functions simulation,



6 Mathematical Problems in Engineering

Ta
bl
e
2:
Ex

pe
rim

en
tr
es
ul
ts
of

be
nc
h
m
ar
k
fu
nc
tio

ns
fo
rd

iff
er
en
ta
lg
or
ith

m
s.

Fu
nc
tio

ns
PS

O
D
E

RC
BB

O
CS

FA
G
SA

A
BC

FP
A

D
D
IF
PA

𝑓

0
1

M
ea
n

3
.
3
3
𝐸
−
1
0

5
.
6
0
𝐸
−
1
4

0
.
3
7
3
7

5
.
6
6
𝐸
−
0
6

1
.
7
0
𝐸
−
0
3

3
.
3
7
𝐸
−
1
8

2
.
9
9
𝐸
−
2
0

1
2
3
.
5
7
9
1
6
6
1

4
.
6
2
𝐸
−
2
8
9

St
d.

7
.
0
4
𝐸
−
1
0

4
.
4
1
𝐸
−
1
4

0.
118

1
2
.
8
6
𝐸
−
0
6

4
.
0
6
𝐸
−
0
4

8
.
0
9
𝐸
−
1
9

2
.
1
5
𝐸
−
2
0

52
.5
87
86
36

0
Ra

nk
5

4
8

6
7

3
2

9
1

𝑓

0
2

M
ea
n

6
.
6
6
𝐸
−
1
1

4
.
7
3
𝐸
−
1
0

0.
16
56

2
.
0
0
𝐸
−
0
3

4
.
5
3
𝐸
−
0
2

8
.
9
2
𝐸
−
0
9

1
.
4
2
𝐸
−
1
5

8.
27
84
08
87

3
.
6
1
𝐸
−
1
9
6

St
d.

9
.
2
6
𝐸
−
1
1

1
.
7
8
𝐸
−
1
0

0.
03
42

8
.
1
0
𝐸
−
0
4

3
.
3
8
𝐸
−
0
2

1
.
3
3
𝐸
−
0
9

5
.
5
3
𝐸
−
1
6

2.
19
24
56
33

0
Ra

nk
3

4
8

6
7

5
2

9
1

𝑓

0
3

M
ea
n

7.9
99
7

0.
22
16

7.9
73
8

3.
23
88

0.
05
54

9
.
9
3
𝐸
−
1
0

18
.52

27
3.
75
99
84
11
6

4
.
5
2
𝐸
−
1
2
7

St
d.

2.
53
5

0.
24
3

2.
66
33

0.
66

44
0.
01
01

1
.
1
9
𝐸
−
1
0

4.
24
77

1.3
01
64

07
14

5
.
8
3
𝐸
−
1
2
7

Ra
nk

7
4

8
5

3
2

9
6

1

𝑓

0
4

M
ea
n

46
.9
20
2

0.
26
57

64
.6
90
7

8.
00

92
38
.12

48
20
.0
81
9

0.
04

41
32
.2
51
50
88
1

0.
06
53
92
61
7

St
d.

38
.0
31
2

1.0
29
3

36
.2
78
2

1.9
18
8

30
.39

62
0.
17
22

0.
07
07

12
.7
07
46

05
2

0.
09
43
25
11
3

Ra
nk

8
3

9
4.
00

00
7

5
1

6
2

𝑓

0
5

M
ea
n

0.
01
35

0.
00

42
0.
00
3

0.
00

96
0.
00
82

0.
00
39

0.
03
24

0.
02
97
55
13
5

0.
00
37
29
36
8

St
d.

0.
00

41
0.
00
14

0.
00
12

0.
00
28

0.
00

93
0.
00
13

0.
00
59

0.
01
33
55
90
2

0.
00

09
96
11
3

Ra
nk

7
4

1
6

5
3

9
8

2

𝑓

0
6

M
ea
n

−
8
.
8
3
𝐸
+
0
3

−
1
.
1
3
𝐸
+
0
4

−
1
.
2
6
𝐸
+
0
4

−
9
.
1
5
𝐸
+
0
3

−
6
.
2
2
𝐸
+
0
3

−
3
.
0
5
𝐸
+
0
3

−
1
.
2
5
𝐸
+
0
4

−
8
4
4
8
.
8
6
8
8
3
2

−
1
2
5
6
9
.
4
8
6
6
2

St
d.

6
1
1
.
1
5
9

1
.
8
1
𝐸
+
0
3

0.
57
58

2
.
5
3
𝐸
+
0
2

7
.
7
2
𝐸
+
0
2

3
.
3
9
𝐸
+
0
2

61
.11
86

29
2.
65
19
35
5

1
.
9
2
𝐸
−
1
2

Ra
nk

6
4

2
5

8
9

3
7

1

𝑓

0
7

M
ea
n

18
.2
67
5

13
4.
67
89

0.
03
85

51
.2
20
2

23
.52

13
7.2

83
1

0
75
.9
72
29
04

1
0

St
d.

4.
79
65

28
.8
59
8

0.
01
54

8.
10
69

8.
36
83

1.8
99
1

0
12
.3
80
31
69
6

0
Ra

nk
5

9
3

7
6

3
1

8
1

𝑓

0
8

M
ea
n

3
.
8
7
𝐸
−
0
6

7
.
4
7
𝐸
−
0
8

0.
19
47

2.
37
5

0.
00

94
1
.
4
7
𝐸
−
0
9

1
.
1
9
𝐸
−
0
9

3.
70
60
74
90
6

4
.
4
4
𝐸
−
1
5

St
d.

2
.
8
6
𝐸
−
0
6

3
.
1
1
𝐸
−
0
8

0.
04

61
1.1
23
8

0.
00
14

1
.
4
4
𝐸
−
1
0

5
.
0
1
𝐸
−
1
0

0.
51
93
23
44

5
0

Ra
nk

5
4

7
8

6
2

3
9

1

𝑓

0
9

M
ea
n

0.
01
68

0
0.
27
65

4
.
4
9
𝐸
−
0
5

0.
00
25

0.
01
26
5

0
4.
55
97
65
03
8

0
St
d.

0.
02
05

0
0.
07
96

8
.
9
6
𝐸
−
0
5

4
.
6
9
𝐸
−
0
4

0.
02
16

0
1.7

69
27
41
37

0
Ra

nk
7

1
8

4
5

6
1

9
1

𝑓

1
0

M
ea
n

0.
00
83

4
.
7
1
𝐸
−
1
5

0.
00
2

0.
50
71

8
.
8
7
𝐸
−
0
6

2
.
0
4
𝐸
−
2
0

1
.
1
9
𝐸
−
2
1

4.
35
51

1
.
5
7
𝐸
−
3
2

St
d.

0.
02
87

3
.
2
6
𝐸
−
1
5

0.
00
23

0.
26
62

2
.
8
0
𝐸
−
0
6

4
.
5
3
𝐸
−
2
1

1
.
0
8
𝐸
−
2
1

1
.
1
7
9
3

2
.
8
9
𝐸
−
4
8

Ra
nk

7
4

6
8

5
3

2
9

1

𝑓

1
1

M
ea
n

−
3
.
8
6
2
8

−
3
.
8
6
2
8

−
3
.
8
6
2
7

−
3
.
8
6
2
8

−
3
.
8
6
1
3

−
3
.
8
6
2
5

−
3
.
8
6
2
8

−
3
.
8
6
1
0
9
1
8
0
3

−
3
.
8
6
2
7
8
2
1
4
8

St
d.

3
.
1
3
𝐸
−
1
2

2
.
3
0
𝐸
−
1
5

1
.
4
1
𝐸
−
0
4

1
.
4
0
𝐸
−
0
5

0.
00
37

3
.
8
8
𝐸
−
0
4

1
.
3
7
𝐸
−
1
0

0.
00
14
95
57

1
.
4
3
𝐸
−
1
3

Ra
nk

3
1

6
5

8
7

4
9

2

𝑓

1
2

M
ea
n

−
8
.
9
6
1
1

−
1
0
.
5
3
6
4

−
9
.
3
5
1
4

−
9
.
7
5
3
4

−
1
0
.
2
2
9
7

−
8
.
2
6
5
1

−
1
0
.
5
3
3
9

−
5
.
0
0
6
7
2
7
3
9
2

−
1
0
.
5
3
6
3
6
8
3
9

St
d.

2
.
8
3
8
1

3
.
9
7
𝐸
−
0
6

2.
62
88

0.
49
13

1.5
33
2

2.
88
68

0.
00
54

1.2
35
73
73
04

7
.
4
4
0
6
𝐸
−
0
5

Ra
nk

7
1

6
5

4
8

3
9

2



Mathematical Problems in Engineering 7

Table 3: High-dimensional functions test results.

Functions Dimensions Means Std. Best Worst
𝑓01 1000 6.47933690759837𝐸 − 284 0 9.49725772050939𝐸 − 288 3.19181958962329𝐸 − 283

𝑓02 500 2.24079551697238𝐸 − 193 0 5.54622672996093𝐸 − 195 5.86867756931104𝐸 − 193

𝑓04 500 3.4272355502299𝐸 − 17 2.42530519040223𝐸 − 17 6.91784434902547𝐸 − 18 6.99285915411276𝐸 − 17

𝑓07 500 0 0 0 0
𝑓10 500 1.57054477178664𝐸 − 32 0 1.57054477178664𝐸 − 32 1.57054477178664𝐸 − 32

0 500 1000 1500 2000 2500 3000
Iterations

Be
st 

ob
je

ct
iv

e f
un

ct
io

n 
va

lu
e

f05
10

3

10
2

10
1

10
0

10
−1

10
−2

10
−3

FA
CS
DE
RCBBO
PSO

GSA
ABC
FPA
DDIFPA

Figure 5: Fitness function curve evolution for 𝑓05.
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the results show that DDIFPA algorithm generally has strong
global searching ability and local optimization ability, and
effectively avoid the defects of other algorithms fall into
local optimization. DDIFPA has improved the convergence
speed and convergence precision of FPA. The experiment
results show that it is an effective algorithm to solve complex
functions optimization problems.

In this paper, we only consider the global optimization.
The algorithm can be extended to solve other problems such
as constrained optimization problems and multiobjective
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Figure 7: ANOVA tests for 𝑓10.
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Figure 8: Fitness function curve evolution for 𝑓07.

optimization problem. In addition, many engineering design
problems are typically difficult to solve.The application of the
proposed FPAwith dimension by dimension improvement in
engineering design optimization may prove fruitful.
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Multilevel association rules mining is an important domain to discover interesting relations between data elements with multiple
levels abstractions. Most of the existing algorithms toward this issue are based on exhausting search methods such as Apriori, and
FP-growth. However, when they are applied in the big data applications, those methods will suffer for extreme computational cost
in searching association rules. To expedite multilevel association rules searching and avoid the excessive computation, in this paper,
we proposed a novel genetic-based method with three key innovations. First, we use the category tree to describe the multilevel
application data sets as the domain knowledge. Then, we put forward a special tree encoding schema based on the category tree
to build the heuristic multilevel association mining algorithm. As the last part of our design, we proposed the genetic algorithm
based on the tree encoding schema that will greatly reduce the association rule search space. The method is especially useful in
mining multilevel association rules in big data related applications. We test the proposed method with some big datasets, and the
experimental results demonstrate the effectiveness and efficiency of the proposed method in processing big data. Moreover, our
results also manifest that the algorithm is fast convergent with a limited termination threshold.

1. Introduction

Exploring knowledge in Big data is appealing in the state of
the art of data mining research [1]. Due to its high volume
and complexity, resourceful domain knowledge or hidden
patterns are potentially useful for human decision support
[2]. It is especially for the case of multilevel association rule
mining approaches to discover interesting relations among
data elements with multiple levels of abstractions. Successful
applications include spatial data analysis [3], emergency event
analysis [4], sensor network data mining [5], and gene ontol-
ogy mining. However, most existing multilevel association
rules mining algorithms rely on exhaustive scans of the
database to find frequent patterns across different abstraction
levels, such as the most renowned Apriori algorithm [6]
and Frequent Pattern tree algorithm (FP-tree) [7]. When
the dataset scales up, those algorithms will suffer for the
excessive computation cost and the system will retard due to
its heavy scan of the large database. When the algorithms are
used in big data applications, the bottleneck becomes more

prominent. For example, in gene ontology domain, the anno-
tations have rapidly grown to more than 80 million by 2012.
If considering the complicated relationships between gene
items in various hierarchical levels, the complexity of mining
association rules in multilevels has been classified as NEXP-
COMPLETE [8]. Therefore a fast multilevel association rules
mining algorithm for big datasets that is scalable and can
be performed in parallel computation environment becomes
imperative.

In this paper, we made our initial effort toward this
issue by building a genetic algorithm (GA) based heuristic
method for effective multilevel association rules mining in
big datasets. By taking advantage of the genetic algorithm,
which can efficiently find multiple solutions concurrently
in a large multidimensional problem without performing
exhaustive searches, our proposed method can improve the
mining performance while keeping a desired accuracy but
avoiding the exhausting enumeration on association rule
candidates. In summary, there are three major contributions.
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First, tomake ourGA-based approach possible, we design
a new tree like encoding schema to model the genetic
candidates of multilevel association rules so that a feasi-
ble implementation of genetic operators can be built. This
representation model is based on the application’s domain
knowledge, where each attributes (items) to be mined can
be briefly illustrated as a catalog tree. Then, each valid
multilevel association rule can be modeled as a subtree of
the catalog tree, but each leaf node should be assigned with
a binary number to indicate whether it is an antecedent or a
consequent in the rule.

Next, based on the encoding schema, we build its unique
GA-based operators to make the multilevel association rules
mining possible: (1) individual initiation function to build the
subtree with validmultilevel association rule representations;
(2) crossover function that allows subtree to cross over at
one of their common nodes to produce new generations; (3)
selection function which is based on our designed fitness
function to select stronger association rules.

As the third contribution, based on our analysis of our
fitness function design, we have found that our GA-based
method is adaptive and robust as its termination threshold
can be reached fast with a fixed time table. We have built
our experiments with different big datasets and the results
manifest the performance of our design as well as the fast
convergence with a limited termination threshold.

The remainder of the paper is organized as follows:
Section 2 is the related work; the problem of multilevel
association rulesmining is formally described in Section 3; in
Section 4, the genetic algorithm based multilevel association
rules mining is presented; in Section 5, the performance of
proposed method is evaluated on several big datasets; the
conclusions are drawn in Section 6.

2. State of the Art

Many researchers have focused on multilevel association
rules mining.The first branch are Apriori [6] based methods.
To mine multilevel association rules, these methods are
either adding all the ancestors of frequent items in the
corresponding transaction database, for example, cumulate
[9], or exhaustively finding all frequent items in every
concept level, for example, ML-T2L1 algorithm [10] and the
Level-Crossing algorithm [11]. Another branch is FP-growth
[7] based methods, such as methods proposed in [12, 13].
Additionally, Cao et al. [12] and Tang et al. [13] expanded
the FP-tree with ancestors of items. Wan built an approach
through grouping and merging the single level association
rules generated by FP-growth. ComparingwithApriori based
methods, the FP-tree based methods inherit the merit of FP-
tree algorithm which takes less times to scan the dataset and
finds the multilevel frequent items. However, when they are
utilized to analyze big data, the computational and memory
cost will increase exponentially which leads to a prominent
bottleneck in big data analysis.

In addition, there are some other approaches to improve
the efficiency of multilevel association rules mining. Vejdani
et al. proposed a method that extracted multilevel member-
ship functions by Ant Colony Systems algorithm without

specifying the actual minimum support [14]. To enhance the
efficiency of computing,Mahmoudi et al. optimizedVejdani’s
method by fixing the functions for each item followed
by computing minimum supports [15]. Wang et al. took
advantages of the OLAP and data mining technology in mul-
tilevel association rules mining which brought efficiency and
flexibility [16]. Besides, mining association rules with genetic
algorithm (GA) [17] based methods have also been explored.
The GA-based methods are able to quickly scan association
rule candidate set with large amount of candidates. According
to the previous research work [18], the GA-based methods
can discover high-level prediction rules. This is because the
GA-based methods perform a global search on association
rules and can handle the data with attribute interactions
better, comparing with the greedy rule induction algorithms.
Previous researches have thoroughly explored single-level
association rules mining with GA, such as mining single-
objective rules [19] and mining multiobjective rules [20].
However, in the big data analysis context, strong association
rules are always in multilevel forms, and mining multilevel
association rules in big data needs more efficient methods.
The GA-based multilevel association rules mining method
proposed in this paper is one attempt to efficiently find
multilevel association rules in big data.

3. Problem Description

The multilevel association rules mining problem can be
described as follows: there are a set of items 𝐼 = {𝑖1, 𝑖2, . . . , 𝑖𝑛}

and Γ is a catalog tree that briefly defines the multilevel
categorizing relationships between items as the domain
knowledge. 𝑖1 is a parent of 𝑖2 and 𝑖2 is a child of 𝑖1 if there
is an edge in Γ from 𝑖1 to 𝑖2. We denote ı̂ as an ancestor of 𝑖
and 𝑖 as a descendant of ı̂ if there is a path from ı̂ to 𝑖 in Γ. Only
leaf nodes are presented in the database. An illustration of a
catalog tree in a supermarket domain is shown as in Figure 1.

𝐷 is a database of transactions where each transaction 𝑇

in 𝐷 is a set of items such that 𝑇 ⊆ 𝐼. Each transaction is
associated with an identifier 𝑇𝐼𝐷. Items in 𝑇 are expected to
be leaves in Γ. Note that a transaction𝑇 supports an item 𝑥 ∈ 𝐼

if 𝑥 is in 𝑇 or 𝑥 is an ancestor of some items in 𝑇. In addition,
a transaction 𝑇 supports𝑋 ⊆ 𝐼 if 𝑇 supports every item in𝑋.

Amultilevel association rule is an implication of the form
𝑋 ⇒ 𝑌, where𝑋 ⊆ 𝐼,𝑌 ⊆ 𝐼, and𝑋∩𝑌 = ⌀. No item in𝑌 is an
ancestor of any item in𝑋; that is, 𝑌 ∩ ancestors(𝑥) = ⌀. This
is because a rule of the form “𝑥 ⇒ ancestor(𝑥)” is trivially
true with 100% confidence, which is redundant. Both 𝑋 and
𝑌 can contain items from any level of Γ.

The rule 𝑋 ⇒ 𝑌 holds in transaction set 𝐷 with support
𝑠, where 𝑠 is the percentage of transactions in 𝐷 that support
𝑋 ∪ 𝑌. 𝑋 ∪ 𝑌 indicates the probability 𝑃(𝑋 ∪ 𝑌). The rule
𝑋 ⇒ 𝑌 has confidence 𝑐 in transaction set 𝐷, where 𝑐 is
the percentage of the transactions which support 𝑋 in 𝐷

that meanwhile support 𝑌. This can be represented as the
conditional probability 𝑃(𝑌 | 𝑋). Then,

Support (𝑋 ⇒ 𝑌) = 𝑃 (𝑋 ∪ 𝑌) ,

Confidence (𝑋 ⇒ 𝑌) = 𝑃 (𝑌 | 𝑋) .

(1)
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Figure 1: A catalog tree in supermarket domain.

Table 1: Association rule threshold.

Rules Minsupp Minconf
𝐶𝑜𝑚𝑝𝑢𝑡𝑒𝑟 ⇒ 𝑂𝑓𝑓𝑖𝑐𝑒 5% 50%
𝐻𝑃𝑝𝑟𝑖𝑛𝑡𝑒𝑟 ⇒ 𝐶𝑎𝑛𝑜𝑛 𝐶𝑎𝑚𝑒𝑟𝑎 1% 50%

Table 2: Valid association rules.

Rules Support Confidence
𝐶𝑜𝑚𝑝𝑢𝑡𝑒𝑟 ⇒ 𝑂𝑓𝑓𝑖𝑐𝑒 10% 66%
𝐻𝑃𝑝𝑟𝑖𝑛𝑡𝑒𝑟 ⇒ 𝐶𝑎𝑛𝑜𝑛 𝐶𝑎𝑚𝑒𝑟𝑎 0.8% 66%

Example. Let Γ be the catalog tree shown in Figure 1. The
Minsupp and Minconf are shown in Table 1, and two of the
rules on item sets are shown in Table 2. Note that the rule
“Computer ⇒ Office” satisfies the minimum support (5%)
and theminimum confidence (50%), but the rule “HP printer
⇒ Canon Camera” does not satisfy the minimum support
(1%). Therefore, rule “Computer ⇒ Office” is considered as
a valid multilevel association rule.

To evaluate the rules discovered from the multilevel
abstraction, we prefer the following.

(i) Support Confidence. The rules with larger support and
higher confidence are preferred, where larger support reflects
that the rules aremore general, and higher confidence reflects
the certainty of discovered rules in the domain statistics.

(ii) Interest. The rule in a proper level of catalog tree is
preferred. Mining association rules at low levels may
lead to uninteresting rules that are too trivial; that is,
“IBM ThinkPaD R40/P4M ⇒ Symantec Norton Anti-
virus 2003.” However, mining association rules at high levels
usually leads to common sense, for example, “Computer ⇒
Software.”

Mining of multilevel associations involves items at differ-
ent levels of abstractions and its exhaustive computation com-
plexity has been classified as NEXP-COMPLETE. A dataset
that contains 𝑘 items in the primitive level can potentially
generate up to 2

𝑘
− 1 primitive and nonempty frequent item

sets. Particularly, in the Bigdata context, with the number of
items in the catalogue and transactions increasing rapidly, the
computational and memory consumptions of the traditional

methods will be expanded exponentially. It is worthy of
noting that the FP-tree algorithm enhances the efficiency of
mining association rules, but it can hardlymine themultilevel
association rules, especially the cross-level association rules.
Thus, in big data analysis context, a novel heuristic method is
imperative to mine multilevel association rules.

4. GA-Based Approach

Genetic algorithm is a heuristic search approach that mimics
the process of natural evolution and generates solutions to
optimization problems using techniques inspired by natu-
ral evolution, such as inheritance, mutation, selection, and
crossover. Its essence is an efficient, parallel, and global search
method, which can automatically obtain and accumulate
knowledge about the search space, and control the search
space in order to achieve the optimal solution adaptively in
the search process. In the traditional multilevel association
rules mining algorithms, we have to generate almost all
candidate items and test them against the entire database.
However most of the mining process is in vain and leads
to heavy computational cost. The genetic algorithm offers a
novel way to solve these problems. By efficiently testing the
most likely candidate items preferentially, GA-based method
can control the search space and achieve the optimal solution
adaptively during the association rules searching. Therefore,
by taking this advantage, the association rules search space
will be greatly reduced and the performance of mining
method can be dramatically improved.

4.1. Encoding Scheme. WhenGA is applied tominemultilevel
association rules, a key is to encode and automatically
generate candidates of the association rules in a GA-based
form. Because the classic GA-based encoding schema is not
feasible to mine multilevel association rules, we propose a
new category tree based encoding scheme to represent the
association rule candidates. Each valid multilevel association
rule can be modeled as a subtree of the catalog tree, but
each leaf node should be assigned with a binary number to
indicate whether it is an antecedent or a consequent in the
rule. The goal of the algorithm is to find valid candidates
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Figure 2: Illustration of the encoding schema.

by the evolution of subtrees. The structure of the GA-based
encoding subtree can defined as follows:

Class TreeNode {int Id;

string attributeName;

int assignedValue;

TreeNode parentNode;

List ⟨TreeNode⟩ childList; } .

(2)

In this representation, every leaf represents a commodity
and is assigned to a value of 0, 1, or −1 as shown in Figure 2.
The antecedents of the association rule can be expressed
by the commodities assigned to 0 and the consequents can
be expressed by the ones assigned to 1. The commodities
assigned to −1 do not join the association rules. With
randomly pruning the catalogue tree and assigning the values
of the leaves, we can initiate the subtrees with the first
generation of the association rules. For example, the items in
red rectangle of Figure 2(a) are regarded as the children of the
association rules tree. The multilevel association rules can be
generated and polished by the processes of roll-up, mutation,
crossover, and selection operator.

Example. As shown in Figure 2(b), the leaves assigned to
0 represent the antecedents of the association rule and
the leaves assigned to 1 represent the consequents, so the

association rule can be represented as (Sony ∩ MS os ∩

Logitech) ⇒ (MS office). The rule implies that people who
buy Sony laptops and Logitech mouses, MS os, will be likely
to buy MS office software.

4.2. Genetic Operators. Initially, according to the given cat-
alog tree, we will randomly prune the catalog tree to get the
subtrees as the children of the association rules trees.Thenwe
randomly assign the leaves of each association rule tree to −1,
0, or 1 and make sure that the association rule tree maintains
0 and 1 at the same time. In the same way, we can get the
appropriate number of the initial population.

Selection operator defines how to choose the individuals
that will create the offsprings for the next generation. The
selection operator is based on the fitness function that the
offspringswith high fitnesswill have higher probabilities to be
selected. In this paper, we use “roulette wheel” [21] selection,
and the higher the fitness of an individual is, the more likely
it is to be selected to reproduce.

After the high fitness individuals are selected, the
crossover operator can be applied.This function allows a pair
of selected subtrees to cross over at one of their randomly
chosen common nodes to produce new generations so as to
avoid generating invalid rules. In particular, only attribute
values will be exchanged if only leaf nodes are crossed over.
The crossover of the root node is prohibited because no new
rules will be produced. An example of crossover process in a
real domain is illustrated as in Figure 3.



Mathematical Problems in Engineering 5

All products

Computer

All products

Computer
accessory Software

All products

Computer

Laptop (0) Desktop (1)

All products

Software

Antivirus (0)

Software

Antivirus (0)

Antivirus (0) Antivirus (0)

Office (1)

Laptop (0) Desktop (1)

Software

Computer
accessory

Wrist pad (0) 

Wrist pad (0) 

Mouse (1)

Mouse (1)

Crossover

Office (1)

Figure 3: Illustration of the crossover.
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Figure 4: Illustration of the mutation.

Mutation operator plays an important role inmaintaining
the diversity of the population during the mutations. In our
schema, we define three types of mutation operators:

(1) randomly choose a leaf node and assign with an
alternative attribute value;

(2) randomly choose a nonroot node and prune its
subtree;

(3) randomly choose a nonroot node and add a subtree
to the node.

An illustration of the mutation operators is shown as in
Figure 4, where the node with thick border indicates that it is
the one to be chosen and mutated.

4.3. Fitness Function. Thefitness function plays an important
role in our GA schema. It is used either to evaluate the
offsprings that will be selected into the next generation or to
act as the terminate condition, when there have been enough
association rules with higher fitness values that aremore than
the predefined threshold. To build the fitness function, we

have to combine the support and confidence attributes, which
are necessary to described an association rule in domain, in
our fitness definition. Therefore, the fitness of an association
rule 𝐴 ⇒ 𝐵 is defined as

𝐹 (𝐴 ⇒ 𝐵)

= 𝛼 × support (𝐴 ⇒ 𝐵) + 𝛽 × confidence (𝐴 ⇒ 𝐵) .

(3)

Parameters 𝛼 and 𝛽 are the important factors to balance
the weight of the support and confidence in the fitness
function, and 𝛼 + 𝛽 = 1. To mine valid association rules
from the big data basewith ourGAapproach, the threshold of
the fitness function has to be predefined. As the threshold is
relevant to the support and confidence attributes, we should
set the thresholds of minimum support min sup and the
minimum confidence min conf for the algorithm. In our
approach, other than uniformly using the same thresholds
for all levels, we use different min sup for different levels
of association rules. The deeper the level is, the smaller the
corresponding thresholds will be. Furthermore, the more leaf
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Figure 5: With a limited population and a limited time, most valid
association rules could be mined in dataset 1.
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Figure 6: With a limited population and a limited time, most valid
association rules could be mined in dataset 2.

nodes the ancestor has, the highermin supof the ancestorwill
be [13].

5. Experimental Results

In this section, we build various experiments to analyse the
performances of our design. We briefly use two different
transaction databases to mine the multilevel association
rules: “Dataset 1” from University of Regina (http://www2
.cs.uregina.ca/∼dbd/cs831/notes/itemsets/datasets.php/) and
“Dataset 2” from California State University Los Angeles
(http://www.calstatela.edu/centers/hipic/contents/researchy/
cloudComputing/files/market/).
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Figure 7: Number of association rules mined from 4000 transac-
tions in dataset 1.
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Figure 8: Number of association rules mined from 4000 transac-
tions in dataset 2.

We also use the classic Apriori algorithm as the bench-
mark to compare with our GA-based algorithm. All the
experiments run on a PC with Core i5 CPU and 4GB RAM.
For the default settings, we set the size of the population in
our GA-based algorithm for dataset 1 as 200 while for dataset
2 as 200. The initialmin sup is 0.01 andmin conf is 0.5.

In the first experiment, we test whether valid association
rules can be mined with a fixed number of initial generations
and in a limited of period. In dataset 1, the initial generation
size varies from 40 to 1000, and, in dataset 2, it varies
from 50 to 160. The results are shown in Figures 5 and 6.
We can conclude that if the population is too small, the
performance of the GA-based algorithm will be similar to
the random algorithm. But if the population is too large,
although we can obtain enough association rules quickly, the
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Table 3: Number of association rules mined from 1000 and 2000 transactions in two datasets.

Results from dataset 1

Number of transactions Type Time (s)
62.5 125 250 400 1000 2000 2500

1000 GA 32.8 67.7 94.4 97 97 97 97
AP 0 0 0 1 56 98 98

2000 GA 7 30.4 66.9 92.3 116.6 116.6 116.6
AP 0 0 0 0 35 97 118

Results from dataset 2

Number of transactions Type Time (s)
15 20 40 100 200 400 600

500 GA 57.6 97.2 150.9 151 151 151 151
AP 0 0 0 46.4 130 151 151

1000 GA 0 57.3 130.9 147 147 147 147
AP 0 0 0 39 74 141 147
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Figure 9: Mining efficiencies of GA-based and Apriori algorithm
with differentmin sup andmin conf in dataset 1.

computational complexity grows fast. However, as we can see,
in both datasets, there is a good balance that, with a limited
population and a limited time period, most valid association
rules have been mined. Therefore we select 200 and 120 as
the default population for dataset 1 and dataset 2, respectively,
which performs well in our algorithm.

In the rest of this section, we compare the efficiency
of our GA-based algorithm with the Apriori algorithm in
the two different datasets. In Figures 7 and 8, we fixed
4000 transactions in each dataset. As it has shown, with the
progress of the time step, GA-based approach can find valid
association rules much quicker in both datasets. Although
as an exhaustive approach, Apriori algorithm may be able to
find a few more valid rules than ours if there is no time limit.
However, in most big data applications, the system response
time is a critical criterion of its performance andour approach
is more valuable to obtain most association rules in a short
period of time. In Table 3, we presented more detailed results
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Figure 10: Mining efficiencies of GA-based and Apriori algorithm
with differentmin sup andmin conf in dataset 2.

whenwe picked 1000 and 2000 transaction records from each
dataset. As the time goes by, we reach a consistent conclusion
that our GA-based approach is more capable of finding valid
association rules than the exhaustive approach.

When we changed the thresholds of the minimal support
and confidence for the valid association rules, the output
for both GA-based algorithm and the Apriori algorithm is
changed. As shown in Figure 9, in dataset 1, we reduced the
min sup to 0.005 and the min conf to 0.25. In Figure 10,
we increased the min sup to 0.02 and the min conf to 0.75
for dataset 2. In both experiments, the GA-based algorithm
finds more association rules in a short of period than the
Apriori algorithm, no matter what the multilevel association
thresholds are.

In the next group of experiments, we tested how valuable
the mined association rules are from either the GA-based
algorithm or the Apriori. To measure its value, we use the
same formula of fitness function and set 𝛼 = 0.9, 𝛽 = 0.1.
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Table 4: Average fitness of association rules mined from 1000 and 2000 transactions in two datasets.

Results from dataset 1

Number of transactions Type Time (s)
20 62.5 125 250 400 1000 2000 2500

1000 GA 0.14 0.17 0.17 0.16 0.16 20 62.5 125
AP 0 0 0 0 0.13 0.15 0.16 0.16

2000 GA 0 0.21 0.24 0.23 0.22 0.20 0.20 0.20
AP 0 0 0 0 0 0.16 0.20 0.20

Results from dataset 2

Number of transactions Type Time (s)
15 20 40 100 200 400 600 1000

500 GA 0.35 0.36 0.35 0.35 0.35 0.35 0.35 0.35
AP 0 0 0 0.29 0.36 0.35 0.35 0.35

1000 GA 0 0.36 0.37 0.35 0.35 0.35 0.35 0.35
AP 0 0 0 0.26 0.28 0.36 0.35 0.35
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Figure 11: Average fitness of association rules mined from 4000
transactions in dataset 1.

The experiment results in different datasets with the 4000
transactions are shown in Figures 11 and 12, and the results
in datasets with different number of transactions are shown
in Table 4.

Consistent with the conclusions above, with the progress
of the time horizon, GA-based approach can find high
valuable association rules much quicker than Apriori in both
datasets.

6. Conclusion and Future Work

In this paper, we have presented a novel genetic based
algorithm to mine multilevel association rules in big date
sets. By utilizing the application domain knowledge that
could be briefly explained as a catalog tree, we introduce
a special subtree based encoding schema to make the GA-
based algorithm possible. In addition, we personalized the
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Figure 12: Average fitness of association rules mined from 4000
transactions in dataset 2.

initiation, crossover and mutation functions for the tree-
based genetic operators. Based on our simulations and the
experiment results, we can see that by building the dynamic
fitness function from the multilevel support and confidence
threshold, this algorithm is adaptive and convergent. More-
over, we test its performance in different databases and the
algorithm performs better than the classic Apriori algorithm
with faster and more accurate mining the high quality
multilevel association rules.

Although we have proved that our GA-based approach is
capable of dealing with some key challenges in the multilevel
association rule mining in big databases, we leave many of
the others in the future. Firstly, our approach is only good
in the domains that the items in the association rules can
be organized as a catalog tree. But when it is applied in
some other domain with unstructured item sets, our basic
design does not match. Second, our GA-based approach
should be encoded in a distributed and parallel computation
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environment so as to optimize its performance. Moreover,
deployment in real domain is the key to evaluate our
approach and polish the algorithm for better performance.
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Using the neural network to classify the data which has higher dimension and fewer samples means overmuch feature inputs
influence the structure design of neural network and fewer samples will generate incomplete or overfitting phenomenon during the
neural network training. All of the above will restrict the recognition precision obviously. It is even better to use neural network to
classify and, therefore, propose a neural network ensemble optimized classification algorithm based on PLS and OLS in this paper.
The new algorithm takes some advantages of partial least squares (PLS) algorithm to reduce the feature dimension of small sample
data, which obtains the low-dimensional and stronger illustrative data; using ordinary least squares (OLS) theory determines the
weights of each neural network in ensemble learning system. Feature dimension reduction is applied to simplify the neural network’s
structure and improve the operation efficiency; ensemble learning can compensate for the information loss caused by the dimension
reduction; on the other hand, it improves the recognition precision of classification system. Finally, through the case analysis, the
experiment results suggest that the operating efficiency and recognition precision of new algorithm are greatly improved, which is
worthy of further promotion.

1. Introduction

Neural network (NN) is based on the intelligent computing,
which makes use of the computer network to imitate the bio-
logical neural network. It shows powerful function in deal-
ing with nonlinear process and large-scale computing. The
essence of classification system is regarded as an input/output
system.The transformational relations aremainly about three
aspects which includes numerical fitting, logical reasoning,
and fuzzy transforming; all of these can be well expressed by
neural network.The research of neural network classification
has obtained widespread application in many fields [1].

However, while dealing with the small sample, it is a
big challenge to use neural network to classify. Overmuch
feature inputs will influence the structure design of the neural
network and restrict the operating efficiency. However, fewer
numbers of samples easily lead to incomplete training or
overfitting, which restricts the final classification precision.
Thus, in this paper, we introduce the feature dimension

reduction and ensemble learning into neural network algo-
rithm.

The principle of feature dimension reduction theory [2, 3]
is to extract most useful feature from many complex feature
variables, which eliminates the influence of repetition or cor-
relation factors. It means that reducing the feature dimension
as much as possible on the premise of solving the problems
normally. Because feature dimension reduction will cause the
loss of information, but it can’t influence the problem solving.
To reduce the inputs of the neural network, wewill design and
simplify structure conveniently. Optimized neural network
algorithmbased on feature dimension reduction has obtained
gratifying achievement in many fields [4–6]. The traditional
feature extraction algorithm which depends on the measure
of variance (such as principal component analysis, factor
analysis, etc.) is hard to get ideal low dimensional data for
small sample, which is with higher dimension and fewer
samples. In this paper, we adopt partial least square (PLS) to
feature dimension reduction algorithm [7, 8], which can take
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the level of correlation feature variables and the dependent
variables into consideration and obtain the relatively ideal
low-dimensional data with strong interpretation. It has a
unique advantage for dealing with small sample data. Using
PLS to optimize the classification algorithm and neural
network, it has got some progress [9–11].

Hansen and Salamon first proposed neural network
ensemble learning [12]. They proved the performance of a
series of integrated neural network is better than the best
single neural network by the experiment; the generalization
ability and recognition precision of multiple classifier inte-
gration system have been improved obviously. In order to
improve the classification precision, the method of multiple
classifiers integration has been considered. Meanwhile, the
ensemble learning reaches a climax, a series of concepts
and algorithms have been proposed [13–15], and applied in
many fields. The history of neural network has more than
70 years; hundreds of models are proposed and different
models have their own advantage in dealing with different
problems. However, it is not perfect for the nature of neural
network. In this paper, choose BP, RBF, Elman three neural
networks as subclassifier to study. The integrator design is
the key point of ensemble optimization algorithm, which
is to determine the final recognition precision of integrated
classification system. The key of ensemble learning is how
to determine the weights of each subclassifier; it attracts
many scholars’ research interests [16–18]. This study is using
ordinary least squares (OLS) principle to ensemble learning
for classification system, through establishing the regression
equation to determine the weights of three subclassifiers.

Brief and to the point, in view of the nature of small
sample and neural network, in this paper, an ensemble
optimized classification algorithm by neural network based
on PLS and OLS is proposed. The new algorithm by PLS
dimension reduction is to improve the operating efficiency
and the recognition precision through OLS ensemble learn-
ing. The new algorithm aims at providing a high efficiency
and precision classification system. Finally, through the test
of two data sets, one from the actual production, the other
one form UCI standard data sets, the experimental results
suggest that the new algorithm is valid and worthy of further
popularization and application.

2. PLS Dimension Reduction Algorithm

Partial least squares is the characteristic development of
ordinary least squares (OLS), its basic idea is that the feature
variable matrix 𝑋 is reduced; at the same time, it gives
consideration to the correlation of the dependent variable
matrix𝑌. Suppose there are 𝑛 feature variables, 𝑥1, 𝑥2, . . . , 𝑥𝑛,
𝑝 dependent variables, 𝑦1, 𝑦2, . . . , 𝑦𝑝, after preprocessing,
matrix𝑋 is reduced into

𝑋 = 𝑇𝑃

𝑇
+ 𝐸.

(1)

Here, 𝑇 is the score matrix, 𝑃 is the load matrix, and 𝐸 is
the residual error matrix. Matrix multiplication of 𝑇𝑃𝑇 can
be expressed as the sum products of score vector 𝑡𝑖 (the 𝑖th

column of matrix 𝑇) and load vector 𝑝𝑖 (the 𝑖th column of
matrix 𝑃); then the above formula can be written as

𝑋 =

𝑛

∑

𝑖=1

𝑡𝑖𝑝
𝑇

𝑖
+ 𝐸, 𝑖 = 1, 2, . . . , 𝑛. (2)

Similarly, matrix 𝑌 is decomposed into

𝑌 = 𝑈𝑄

𝑇
+ 𝐹.

(3)

Here, 𝑈 is the score matrix, 𝑄 is the load matrix, and 𝐹 is
the residual error matrix. Matrix multiplication of 𝑈𝑄

𝑇 can
be expressed as the sum products of score vector 𝑢𝑗 (the 𝑗th
column of matrix 𝑈) and load vector 𝑞𝑗 (the 𝑗th column of
matrix 𝑄); then the above formula can be written as

𝑌 =

𝑝

∑

𝑗=1

𝑢𝑗𝑞
𝑇

𝑗
+ 𝐹, 𝑗 = 1, 2, . . . , 𝑟. (4)

PLS analysis separately extracted the scores 𝑡 and 𝑢 form
corresponding 𝑋 and 𝑌; they are the linear combination of
feature variables and dependent variables. And both scores
satisfied the maximum load of variation information of
feature variables and the dependent variables; the covariance
between them is the largest. Establishment of the regression
equation is

𝑢𝑗 = 𝑏𝑘𝑡𝑖. (5)

Here, 𝑏𝑘 is regression coefficient; the formula can be expressed
in matrix form as

𝑌 = 𝐵𝑋. (6)

Here, 𝐵 is coefficients matrix;

𝐵 = 𝑊(𝑃

𝑇
𝑊)

−1

𝑄

𝑇
.

(7)

Here, 𝑊 is the weights matrix.
PLS aims to each dimension iterative calculation by

using each other’s information; each iteration continuously
according to residual information of𝑋, 𝑌 to adjust 𝑡𝑖, 𝑢𝑗 for
the second round extracted, until the residual matrix element
of absolute value approximate to zero. The precision satisfied
the requirements; then the algorithm stops. In the iteration
process, 𝑡𝑖, 𝑢𝑗 can maximize the expression of variance of 𝑋
and 𝑌 simultaneously.

PLS regression does not need to use all the components to
establish the regression equation, which just need to select the
front 𝑙 components (0 ≤ l ≤ 𝑛) and then get better regression
equation. Generally, K-fold cross-validation method is used
to calculate prediction residual sum of squares and determine
the number of components extracted, reaching the purpose of
dimension reduction.

3. Neural Network Ensemble Optimization

3.1. Subclassifier (Individual Neural Network). Select BP, RBF,
and Elman regression three different types of neural networks
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Figure 1: The topology structures of BP, RBF, and Elman neural network.

as subclassifier in this paper. These three subclassifiers, to
a certain extent, play a complementary role. The topology
structure of three neural networks is as shown in Figure 1.

BP neural network is denoted by subclassifier I; it adopts
the error back propagation learning. A three-layer BP neural
network can imitate any nonlinear function with arbitrary
precision. It has good adaptive robustness and generalization
ability. With the expanding scope of application, the defects
of BP neural network emerge gradually, which includes fixed
learning rate that caused long training time, easily trapped
in local minimum, and the overfitting illusion, hidden layer,
and its uncertain neurons numbers. All these above become
the inherent defects of BP network.

RBF neural network is denoted by subclassifier II; it is
a kind of feed forward model, which can adjust the hidden
layer adaptively in the training process according to the
specific problems. The distribution of hidden layer units
is determined by the training sample’s capacity, category,
and distribution. It can dynamically determine the hidden
layer, even its center and width; meanwhile, the convergence
speed is fast. The biggest advantage is to use linear learning
algorithm to complete the work done by nonlinear learning
algorithm and maintain high precision of nonlinear algo-
rithm; it has the characteristics of the best approximation and
global optimal. It can use the sum of local approximation to
attain the global approximation of training data, so using the
sum of low-order local approximation can be finished the
training data fitting. During the training process, it is easily
appear over-fitting phenomenon, low learning ability, and so
on. All of these insufficient will lead the bigger prediction
error, further influence the recognition precision of RBF
neural network.

Elman regression neural network is denoted by subclas-
sifier III; it is a kind of feedback model that adds a context
layer based on hidden layer of BP neural network. The
context layer is regarded as a delay operator; it can delay and
store the output of hidden layer and achieve the memory.
That means the system has the ability of adapting the time-
varying dynamic characteristics and strong global stability.
Thus, Elman neural network optimization is always based
on BP neural network, naturally; it inevitably inherits the
inherent defects of BP neural network which will lead to the
unsatisfactory operating efficiency.

3.2. Construct of Neural Network Ensemble Algorithm. Con-
sider the complex pattern classification problems; single

classifier is usually difficult to achieve the ideal recognition
precision and has some of its own deficiencies. The general-
ization ability and recognition precision of multiple classifier
integrated system will be more outstanding obviously. Each
classifier is regarded as subclassifier of integrated system; the
main idea of ensemble learning is mainly about using many
subclassifiers to solve the same problem and integrating the
outputs of each subclassifier, finally obtaining the results of
integrated classification system. The purpose is to improve
the ability of generalization and recognition of the learning
algorithm.

Neural network ensemble is a pattern classification sys-
tem, which integrates a series of single neural networks.
The performance of the integrated system is better than
any single neural network. The main purpose of neural
network ensemble is to improve the recognition precision of
classification system. Obviously, determining the weights of
each subclassifier is the key of ensemble algorithm.Themain
task of neural network ensemble algorithm is seeking the
weights of each subclassifier based on the characteristics of
subclassifier and reducing the recognition error of integrated
classification system.

There are three subclassifiers for ensemble learning,
in order to deal with the small sample, adopt dimension
reduction before ensemble learning and optimizing original
data, and then we further attempt to establish neural network
ensemble learning models. Figure 2 presents the established
ensemble learning model. Its operating principle consists of
dimension reduction for small sample by PLS algorithm,
getting the low-dimensional data as the input of each sub-
classifier and regarding the output of each subclassifier as the
input of integrator. The outputs of sub-classifiers weighted
learning by integrator, finally the system gets relatively opti-
mal classification results.

Figure 2 presents the basic flow chart of neural network
ensemble algorithm; this study applies three subclassifiers,
for example. Respectively, we use three subclassifiers to
recognize the pending sample data; the cognition results of
subclassifiers I are denoted by 𝐴, the cognition results of
subclassifiers II are denoted by 𝐵, and the cognition results
of subclassifiers III are denoted by 𝐶. Three subclassifiers are
independent of each other, so are the results.

Respectively, the weights of three subclassifiers are
denoted by 𝑤1, 𝑤2, and 𝑤3, the output of integrated system
is denoted by 𝑌, and the value of 𝑌 is obtained by sum
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Figure 2: Optimized classification algorithm assembled with neural network.

of weighted 𝐴, 𝐵, 𝐶, and the ensemble learning model is
established as

𝑌 = 𝐴𝑤1 + 𝐵𝑤2 + 𝐶𝑤3. (8)

Model (8) reflects the follow discussion obviously. While
𝑤1 = 1, 𝑤2 = 0, 𝑤3 = 0, it means that only subclassifier
I works, the system output results are determined by the
subclassifier I. While 𝑤1 = 0, 𝑤2 = 1, 𝑤3 = 0, it means
that only subclassifier II works; the system output results are
determined by the subclassifier II. While 𝑤1 = 0, 𝑤2 =

0, 𝑤3 = 1, it means that only subclassifier III works, the
system output results are determined by subclassifier III. The
optimized integrated system, that is, find out the optimal
weights of each sub-classifier, and thenmakes the recognition
results of model (8) to achieve optimal state.

3.3. Optimized Weights. The study of neural network ensem-
ble learning, that is, the optimized the model (8), is to deter-
mine the value of three individual neural networks’ weights
𝑤1, 𝑤2, 𝑤3. We use the thought of multiple regressions to
establish ternary regression equation for the output of three
subclassifiers and determine the optimal estimated value of
weights 𝑤1, 𝑤2, 𝑤3 by OLS algorithm.

Suppose the recognized results of three subclassifiers are
denoted by 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, respectively, for the 𝑖th training sample;
the output of integrated system is denoted by𝑦𝑖 and the actual
value of the sample is 𝑦𝑜

𝑖
, where 𝑖 = 1, 2, . . . , 𝑛. By the actual

value 𝑌

𝑜 of training sample, the ternary regression equation
is established as follows:

𝑌 = 𝜃 + 𝛼𝐴 + 𝛽𝐵 + 𝛾𝐶 + 𝜀, 𝜀 ∼ 𝑁 (0, 𝜎

2
) . (9)

Here, 𝛼, 𝛽, 𝛾 present the partial regression coefficient; using
the method of maximum likelihood estimation to estimate

unknown parameters 𝛼, 𝛽, 𝛾, 𝜃, it needs the minimum
residual error value 𝑄:

𝑄 =

𝑛

∑

𝑖=1

(𝑦

𝑜

𝑖
− 𝑦𝑖)
2
. (10)

Satisfy, namely,

min𝑄 =

𝑛

∑

𝑖=1

(𝑦

0

𝑖
− 𝜃 − 𝛼𝑎𝑖 − 𝛽𝑏𝑖 − 𝛾𝑐𝑖)

2

. (11)

If we make 𝑄 minimum, 𝛼, 𝛽, 𝛾, 𝜃 should satisfy the
following equation sets:

𝜕𝑄

𝜕𝛼

=

𝑛

∑

𝑖=1

(𝑦

0

𝑖
− 𝜃 − 𝛼𝑎𝑖 − 𝛽𝑏𝑖 − 𝛾𝑐𝑖) 𝑎𝑖 = 0,

𝜕𝑄

𝜕𝛽

=

𝑛

∑

𝑖=1

(𝑦

0

𝑖
− 𝜃 − 𝛼𝑎𝑖 − 𝛽𝑏𝑖 − 𝛾𝑐𝑖) 𝑏𝑖 = 0,

𝜕𝑄

𝜕𝛾

=

𝑛

∑

𝑖=1

(𝑦

0

𝑖
− 𝜃 − 𝑎𝑖𝛼 − 𝛽𝑏𝑖 − 𝛾𝑐𝑖) 𝑐𝑖 = 0,

𝜕𝑄

𝜕𝜃

=

𝑛

∑

𝑖=1

(𝑦

0

𝑖
− 𝜃 − 𝑎𝑖𝛼 − 𝛽𝑏𝑖 − 𝛾𝑐𝑖) = 0.

(12)

Set

𝑋 =

[

[

[

[

[

1 𝑎1 𝑏1 𝑐1

1 𝑎2 𝑏2 𝑐2

...
...

...
...

1 𝑎𝑛 𝑏𝑛 𝑐𝑛

]

]

]

]

]𝑛×4

, 𝜂 =

[

[

[

[

𝜃

𝛼

𝛽

𝛾

]

]

]

]4×1

. (13)
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The equation set (12) translates into matrix form

𝑋

𝑇
𝑋𝜂 = 𝑋

𝑇
𝑌

𝑜
.

(14)

Obtain the least squares estimate of coefficient matrix 𝜂:

𝜂 = (𝑋

𝑇
𝑋)

−1

𝑋

𝑇
𝑌

𝑜
.

(15)

By the coefficient matrix 𝜂, get the values of regression co-
efficients 𝛼, 𝛽, 𝛾, and the values of weights 𝑤1, 𝑤2, and 𝑤3

can be further obtained:

𝑤1 =
𝛼

𝛼 + 𝛽 + 𝛾

, 𝑤2 =

𝛽

𝛼 + 𝛽 + 𝛾

, 𝑤3 =

𝛾

𝛼 + 𝛽 + 𝛾

.

(16)

When values of 𝑤1, 𝑤2, 𝑤3 as formula (16), then substitute
them into formula (8), will makes the output value𝑌 is closer
to the actual value 𝑌

𝑜, so the residual error 𝑄 reach the
minimum.

Consider

min𝑄 =

𝑛

∑

𝑖=1

(𝑦

𝑜

𝑖
− 𝑦𝑖)
2
=

𝑛

∑

𝑖=1

(𝑎𝑖𝑤1 + 𝑏𝑖𝑤2 + 𝑐𝑖𝑤3 − 𝑦

𝑜

𝑖
) .

(17)

Formula (16) is the optimal weights of the three subclas-
sifiers by training; model (8) achieves the most optimal and
further establish ensemble optimization algorithm.

3.4. Elementary Parameters of Ensemble Optimized Algorithm.
To sum up the above, using PLS for small sample dimension
reduction realized the preliminary optimization of the classi-
fication system and then optimized the weights of each sub-
classifier by OLS. For the high dimensional and small sam-
ple problems, we may as well try to establish ensemble op-
timized classification algorithm by neural network based on
PLS and OLS.

Some parameters setting of the new algorithm are as
follows.

(1) Data Preprocessing. Data preprocessing eliminates the
incommensurability by different data index distribution and
numerical differences, which ensures the quality of the
application of data from the source. Using standardized
transformation obtains the data which is in accordance with
the distribution of 𝑁(0, 1). The standardized transformation
formula is

𝑥



𝑖𝑗
=

(𝑥𝑖𝑗 − 𝑥𝑗)

√

(1/𝑛)∑

𝑛

𝑖=1
(𝑥𝑖𝑗 − 𝑥𝑗)

2

. (18)

(2) Parameters of PLS. PLS feature dimension reduction
is using K-fold cross validation (K-CV) method to calcu-
late prediction residual sum of squares. This method can

effectively avoid overlearning or under-fitting and get more
persuasive result.

(3) Parameters of BP Neural Network.Thenumber of neurons
using Gao’s empirical formula [19] to determine

𝑠 = (0.43𝑛𝑚 + 0.12𝑚

2
+ 2.54𝑛 + 0.77𝑚 + 0.35)

1/2

+ 0.51.

(19)

In the formula, 𝑠, 𝑛, 𝑚, respectively, are on behalf of the
number of neurons of hidden layer, input layer, and out-
put layer. The neural network training uses trainlm (LM)
algorithm, which is the combination of gradient descent
and quasi-newton algorithm. Its advantage is give full play
to the gradient descent algorithm can rapid convergence
at the beginning training, and the quasi-newton algorithm
can quickly produce an ideal search direction near the
extremum. Connection weights and threshold learning use
the Learngdm algorithm.

(4) Set the Center of RBF Neural Network. Set up the center of
the RBF network and choose the center of the basis function
empirically; as long as the distribution of the training samples
can represent the given problem, the 𝑠 centers of the uniform
distribution can be chosen according to experience; the
distance is 𝑑; choose the width of Gaussian basis function

𝜎 =

𝑑

√

2𝑠

. (20)

Select the basis function by K-clustering method; exploit the
center of clustered class as the center of the basis function.

(5) Parameters of Elman Neural Network. Elman neural net-
work, which is optimized by BP neural network, the number
of context layer is the same as the hidden layer. Parameter set
is equal to BP neural network.

3.5. Steps of Ensemble Optimized Algorithm. The basic steps
of neural network ensemble algorithm based on PLS andOLS
are as follows.

Step 1. Normalize the original data according to formula
(18); get the characteristic variables matrix 𝑋 and dependent
variable matrix 𝑌.

Step 2. Respectively, extract the first pair component 𝑡1, 𝑢1

from 𝑋, 𝑌 and make up to the maximum correlation,
respectively; establish the regression equation of𝑋 on 𝑡1 and
𝑌 on 𝑢1.

Step 3. Using residual error matrix 𝐸 and 𝐹 instead of𝑋 and
𝑌, repetition Step 2, until the absolute value of the residual
matrix elements is close to zero.

Step 4. With K-CV method, by the principles of cross-
validation and residual sum of squares to determine the
number of components extracted.

Step 5. From the perspective of information feature compres-
sion, get the compression matrix𝑋 and 𝑌, as new samples.
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Table 1: Comparison of every classifier’s performance for Test 1.

Network model Weights Training steps SSE Accuracy, %
Subclassifier I
(BP NN) 0.3207 1132 2.3167 73.33

Subclassifier II
(EBF NN) 0.2457 45 4.0261 66.67

Subclassifier III
(Elman NN) 0.4336 881 1.0595 80.00

PLS-Elman — 475 0.8676 80.00
Assembling system — — 0.3284 100

Step 6. Divide the new samples into two parts as training
samples and simulation samples according to the need of the
problem.

Step 7. Set up three subclassifiers, respectively; classification
training, the output of the three subclassifiers are 𝐴, 𝐵, 𝐶;

Step 8. By the output of three subclassifiers, establish the
ternary regression model (9).

Step 9. Transform (9) into equations set (12) by maximum
likelihood estimation.

Step 10. Get the formula (13) by solving equations set (12) and
using OLS theory.

Step 11. By regression coefficient and formula (16), the weight
of three subclassifiers can be obtained.

Step 12. Get the optimal solution of integrated model (8) and
terminate the algorithm.

4. Case Analysis

Respectively, use three subclassifiers, PLS-Elman neural net-
work and neural network ensemble algorithm to test the data
set and contrast the test results.

From the follow three aspects to evaluate the performance
of each algorithm (model), which includes convergence steps,
sum of squared errors and recognition accuracy rate. Conver-
gence steps, we test 10 times, the experiment tests 10 times,
we record the best once, and list in table. The sum of squared
errors, the sum of squares of the difference of predicted value
and actual value, is usually used to estimate the degree of
closeness between recognition value and actual value. In the
circumstances of the same accuracy simulation, the smaller
the error sum of squares is, the higher the precision of the
algorithm is. Accuracy rate, the ratio of correct recognized
samples and simulation samples, which reflects the recognize
accuracy of each algorithm.

In order to illustrate the validity of new algorithm better,
we use two data sets for testing. One data set is agricultural
pests forecasting data, which is from the actual production
[20], and the other data set is the ionosphere data subset of
radar, which is from the UCI machine learning standard data
sets [21].

4.1. Test 1. This data comes from agricultural production,
using the meteorological factor to predict the occurrence
degree of wheat midge.The data set includes 60 samples from
1941 to 2000, which regards 14 feature variables (meteorolog-
ical factors) as the input of neural network.The single output
presents the occurrence degree of wheat midge.

4.1.1. Algorithm Performance. Select the last 30 samples to
test among 15 training samples and 15 simulation samples,
in accordance with the characteristics of small sample. By
PLS dimension reduction, the data extracts 6 features, which
means the dimensions of data from reduce 14 to 6. The
simulation test results are listed in Table 1.

4.1.2. Recognize Precision of Algorithm. In order to better
illustrate the classification ability of the new algorithm, we
continue to do the following test; divide the selected samples
into 25 training samples and 5 simulation samples. Compared
with the simulation results and the actual value, the test
results are listed in Table 2.

4.2. Test 2. We using another UCI data set to test the new
algorithm, the radar data includes 351 samples that have 34
characteristics and each sample is used to predict the quality
of the radar, which means 34 inputs and 1 output.

4.2.1. Performance of Each Algorithm. We selected the front
40 samples, among 20 training samples and 20 simulation
samples. It is in accordance with the characteristics of small
sample. By PLS dimension reduction, this data extracts 19
features; that is, the dimensions of data reduce from 34 to 19.
The simulation test results are listed in Table 3.

4.2.2. EveryAlgorithm’s Recognize Precision. In order to better
illustrate the classification ability of the new algorithm, we
continue to do the following test and divide the selected
samples into 35 training samples and 5 simulation samples.
Comparing the simulation results with the actual value, the
test results are listed in Table 4.

4.3. Results. According to the results of Tables 1 to 4, com-
pared among the three subclassifiers, RBF neural network
training is fastest, but the recognition accuracy is the worst;
Elman neural network’s recognition accuracy is the best; BP
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Table 2: Comparison of every classifier’s accuracy for Test 1.

Network model Weights Training steps 1996 1997 1998 1999 2000 SSE
Actual value — — 1 2 2 2 1 —
Subclassifier I
(BP NN) 0.3179 1036 0.5031 1.8796 2.2593 1.6927 1.1268 0.4392

Subclassifier II
(EBF NN) 0.2311 45 1.8109 2.3207 1.3358 2.2819 0.6651 1.3932

Subclassifier III
(Elman NN) 0.4510 925 1.5218 1.9076 1.8978 2.1038 0.8255 0.3325

PLS-Elman — 447 1.4129 2.2106 1.9073 1.8775 0.8691 0.2556
Assembling system — — 1.2919 1.9942 1.8828 2.0145 0.9451 0.1022

Table 3: Comparison of every classifier’s performance for Test 2.

Network model Weights Training steps SSE Accuracy, %
Subclassifier I
(BP NN) 0.3301 976 2.0533 70.00

Subclassifier II
(EBF NN) 0.2117 45 3.1048 60.00

Subclassifier III
(Elman NN) 0.4582 907 1.8368 75.00

PLS-Elman — 459 1.4739 80.00
Assembling system — — 0.4469 100.00

Table 4: Comparison of every classifier’s accuracy for Test 2.

Network model Weights Training steps 1 2 3 4 5 SSE
Actual value — — 0 1 0 1 0 —
Subclassifier I
(BP NN) 0.3127 1205 −0.2163 1.5213 0.2027 0.6994 −0.1050 0.4610

Subclassifier II
(EBF NN) 0.2208 45 0.3255 1.4126 −0.1685 1.5012 0.2167 0.6027

Subclassifier III
(Elman NN) 0.4665 877 −0.1294 0.8927 −0.5101 1.2093 −0.0972 0.3417

PLS-Elman — 408 0.1273 0.5792 −0.2216 1.1749 0.1132 0.2858
Assembling system — — −0.0561 1.2041 −0.2118 1.1143 −0.0303 0.1036

neural network’s training is the slowest; on the training speed
and recognition accuracy, Elman is slightly better than BP
neural network.

Comparing PLS-Elman algorithmwith traditional Elman
neural network, it has better training speed and is slightly
better in recognition precision. It shows that the recognition
precision of classifier is not influenced; on the contrary, the
operating efficiency has been improved after PLS optimiza-
tion.

The classification ability of ensemble optimization is the
best. The data of Tables 1 and 3 prove that Comparing
with other traditional neural network, the ensemble learning
algorithm with the highest recognition accuracy rate and
minimum error, it can suggest that the new algorithm with
the highest recognition precision.

The experimental results reflect that the recognition
precision of ensemble algorithm is obviously higher than any
subclassifier, to a certain degree, compensating for the infor-
mation loss caused by data dimension reduction. Recognition

results meet the ideal requirements, which means the new
algorithm is effective.

5. Conclusion and Discussion

From the two groups of experimental results above,The opti-
mized classification algorithm by PLS, algorithm, improves
the training speed of subclassifier, and and the recogni-
tion accuracy is not reduced. It shows that the new algo-
rithm reduces the inputs of neural network by PLS feature
dimension reduction, which is convenient for designing the
network structure and improving the operating efficiency.
The recognition accuracy rate and test error of integrated
system have been greatly improved, which shows that the
classification precision of the ensemble algorithm has been
greatly improved and higher than any subclassifier. The
purpose of neural network ensemble is to improve the
recognition precision of pattern classification and the point
of ensemble learning is to determine the weights of each
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sub,classifier effectively. In this paper, using OLS principle
to design integrator, establish multiple regression model and
further determine the weight of each subclassifier.

In view of the small sample classification problem,
this paper proposes an ensemble optimized neural network
classification algorithm based on PLS and OLS. PLS has
unique advantage to reduce dimension for small sample data,
which obtains ideal low-dimensional data. ByOLS algorithm,
do neural network ensemble learning, to determine the
weights of each subclassifier. The new algorithm has higher
operating efficiency and classification precision, which shows
the worthness of further popularization and application.
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