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Although a wide range of applications fit the bilevel pro-
gramming framework, real-life implementations are scarce,
due mainly to the lack of efficient algorithms for tackling
medium- and large-scale bilevel programming problems.
Solving a bilevel (more generally, hierarchical) optimization
problem, even in its simplest form, is a difficult task. A lot
of different alternative methods may be used based on the
structure of the problem analyzed, but there is no general
method that guarantees convergence, performance, or opti-
mality for every type of problem.

Many new ideas appeared and were discussed in works
of plenty of authors. Among them, we would name Dempe
[1], Dempe et al. [2], Dempe and Dutta [3], Dewez et al. [4],
Thi et al. [5], and Vicente and Calamai [6], whose works have
developed various ways of reducing original bilevel program-
ming problems to equivalent single level ones, thus making
their solution somewhat an easier task for conventional
mathematical programming software packages.

Mixed-integer bilevel programming problems (with part
of variables at the upper and/or lower level being integer/

Boolean ones) are even harder for the well-known conven-
tional optimization techniques. For instance, a usual replace-
ment of the lower level optimization problem with the cor-
responding Karush-Kuhn-Tucker (KKT) conditions may not
work if some lower level variables are not continuous. There-
fore, solid theoretical base is necessary to be found, in order
to propose efficient algorithmic procedures aimed at finding
local or global solutions of such a problem.

A great amount of new applied problems in the area of
energy networks have recently arisen that can be efficiently
solved only as mixed-integer bilevel programs. Among them
are the natural gas cash-out problem, the deregulated electric-
ity market equilibrium problem, biofuel problems, problem
of designing coupled energy carrier networks, and so forth,
if we mention only part of such applications. Bilevel models
to describe migration processes are also in the running of the
most popular new themes in the area of bilevel programming.

This special volume comprises papers dealing with three
main themes: bilevel programming, equilibriummodels, and
combinatorial (integer programming) problems and their
applications to engineering.
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Mathematical Problems in Engineering
Volume 2015, Article ID 490758, 3 pages
http://dx.doi.org/10.1155/2015/490758

http://dx.doi.org/10.1155/2015/490758


2 Mathematical Problems in Engineering

The special issue opens with a survey paper “Bilevel
programming and applications” by S. Dempe et al. that sums
up some recent and new directions and results of the devel-
opment of the mathematical methods aimed at the solution
of bilevel programs of different types and their applications
to real-life problems.

One of such applications is the well-known bilevel pro-
gramming problem arising in the natural gas industry and
related to the solution of the important imbalance cash-
out problem (a good part of the above-mentioned survey
paper is devoted to this area). Since the stochastic state-
ment of the problem in question needs the generation of
scenario trees with a very large number of branches and
arcs, the reduction of the quantity of common variables is
an important challenge. This item is analyzed and solved by
proposing newmethods of grouping the variables (classifying
and representing various groups of states with respect to the
natural gas prices) in the article “US natural gas market clas-
sification using pooled regression” by V. V. Kalashnikov et al.
The techniques proposed in this paper help classify regions
or states into groups or classes that share similar regression
parameters. Once obtained, these groups may be used to
make assumptions about corresponding natural gas prices in
further studies.

One of the principal management problems dealt with
in numerous organizations and institutions in the public
sector is to decide how to invest and manage funds available
to support potential research and development projects
in various areas. A classification of the portfolio problem
distinguishes two types: (a) static and (b) dynamic. In (a) only
projects proposals for funding are involved, while in (b) at
certain moments some active projects are withdrawn from
the portfolio and some inactive projects are activated.Within
this framework, a social project is a group of tasks or activities
consuming funds, carried out during a given period of time
in one or more regions, with an impact on the objectives
set by an organization, and focused on providing solution
to problems or needs of the society. The paper “Selecting
large portfolios of social projects in public organizations” by I.
Litvinchev et al. models the task as a two-objective mixed-
integer linear programming problem. The model supports
both complete (all or nothing) and partial (a certain amount
from a given interval of funding) resource allocation policies.
Numerical results for large scale problem instances are also
presented. The computational experiment demonstrates that
increasing the number of projects subject to funds reduction
results in a decrease in both objectives. However, if the
number of projects subject to funds reduction is fixed but the
strength of funds reduction is increased, one of the objectives
may grow at the expense of a larger drop in another.

A capacitated fixed-cost facility location problem with
transportation choices (CFCLP-TC) is studied in the paper
“Variations in the flow approach to CFCLP-TC for multi-
objective supply chain design” by M. P. Hertwin et al. The
problem based on a production network of two echelons with
multiple plants, a set of potential distribution centers and
customers, is formulated as an optimization model with two
objective functions with time and cost as variables. The main
contribution of this paper is in an extension of the existing

approaches to the supply of products to customers through
multiple sources, the direct flow between plants and cus-
tomers, and the product flow between distribution centers.
Based upon these approaches, the authors generate mathe-
matical programming models and propose solution methods
by the 𝜀-constraint approach. Namely, they generate Pareto
boundaries and thus compare each of those approaches with
the original model. The models are implemented in GAMS
and solved with CPLEX.

Another work presenting a novel capacitated model
for supply chain network design is the paper “Design and
optimization of capacitated supply chain networks including
quality measures” by K. K. Castillo-Villar et al. The model
in question (abbreviated as SCND-COQ) is described as a
mixed-integer nonlinear programming problem, which can
be used at a strategic planning level to design a supply chain
network that maximizes the total profit subject to meeting
an overall quality level of the final product at the minimum
costs. To process the problem, the authors propose five
combinatorial optimization algorithms based on nonlinear
optimization, heuristic, andmetaheuristic approaches, which
are used to solve realistic instances of practical size.The com-
putational results demonstrate that the state and individual
representation in the simulated annealing and the genetic
algorithm, respectively, has a significant impact on the
improvement of the solution quality.

A problem of packing a limited number of unequal circles
in a fixed size rectangular container is considered in the
paper “Integer programming formulations for approximate
packing circles in a rectangular container” by I. Litvinchev
and E. L. O. Espinosa. The aim of this research is to
maximize the (weighted) number of circles placed into the
container orminimize the waste.This problem has numerous
applications in logistics, including production and packing
for the textile, apparel, naval, automobile, aerospace, and food
industries. Frequently the problem is formulated as a non-
convex continuous optimization problem, which is solved by
heuristic techniques combined with local search procedures.
The authors propose new formulations for an approximate
solution of the packing problem. The container is approx-
imated by a regular grid and the nodes of the grid are
considered as potential positions for assigning centers of
the circles. The packing problem is then stated as a large
scale linear 0-1 optimization problem. The binary variables
represent the assignment of centers to the nodes of the grid.
Nesting circles inside one another are also considered. The
resulting binary problem is then solved by commercial soft-
ware. Numerical results are presented to demonstrate the effi-
ciency of the proposed approach and compared with known
results.

The paper “A heuristic procedure for a ship routing and
scheduling problem with variable speed and discretized time
windows” by K. K. Castillo-Villar et al. develops a heuristic
algorithm solving a routing and scheduling problem for
tramp shipping with discretized time windows. The problem
consists of determining the set of cargoes that should be
served by each ship, as well as the arrival, departure, and
waiting times at each port, while minimizing the total costs.
The heuristic proposed is based on a variable neighborhood
search, considering a number of neighborhood structures
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to find a solution to the problem. The authors present
computational results, and, for comparison purposes, they
consider instances that can be solved directly by CPLEX to
test the performance of the proposed heuristic. The heuristic
achieves good solution qualities within reasonable computa-
tional times. The obtained numerical results are encouraging
andmake the presented heuristic quite promising to be useful
when solving large real-size examples.

It is well-known that modern approaches to the devel-
opment of a national economy are often characterized with
an imbalanced inflation of some economic branches leading
to a disproportional socioeconomic territories development
(SETD). Such disproportions, together with other similar
factors, frequently result in a lack of economic integrity,
various regional crises, and a low rate of the economic and
territorial growth.Those disproportions may also conduce to
an inadequate degree of the interregional collaboration. The
paper “Simulation of territorial development based on fiscal
policy tools” by R. Brumnik et al. proposes some new ways of
regulating imbalances in the territorial development making
use of the fiscal policy tools. The latter can immediately
reduce the amplitude of economic cycle fluctuations and
provide a stable development of the economic state system.
The same approach is applied to control the processes of
transformation of the tax legislation and tax relations, as
well as the levying and redistribution of the recollected taxes
among the territories’ budgets (this approach is also known as
a tax policy). To resume, this paper describes comprehensive
models of financial regulation of the socioeconomic territo-
rial development that can help in estimating and choosing
the right financial policy parameters. The research highlights
the following conclusions: analysis of the predictive dynamics
of socioeconomic development territories, in the case of the
implementation of an optimistic scenario of tax revenue,
demonstrates the effectiveness of the adopted stabilization
policy.

Though a bit off the special issue’s general stream, still
interesting results of research are provided by the article
“The solution of fourth order boundary value problem arising
out of the beam-column theory using Adomian decomposition
method” by O. Kelesoglu. In this study, Adomian decomposi-
tion method (ADM) is applied to a linear nonhomogeneous
boundary value problem arising from the beam-column
theory. The obtained results of numerical experiments are
presented in tables and illustrated with graphs.The proposed
approach provides a rapidly converging method, with the
approximate solutions tending to the exact solution of the
problem in question. This fact characterizes the method as
appropriate and reliable for such kind of problems.

Wehope that readers of this special issuewill findnot only
new ideas and algorithms dealing with the difficult applied
problems like supply chain design, assignment problems,
bilevel programming models, and so forth, but also some
interesting results related to regression analysis, as well as the
modern simulation techniques.
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A great amount of new applied problems in the area of energy networks has recently arisen that can be efficiently solved only as
mixed-integer bilevel programs. Among them are the natural gas cash-out problem, the deregulated electricity market equilibrium
problem, biofuel problems, a problem of designing coupled energy carrier networks, and so forth, if we mention only part of
such applications. Bilevel models to describe migration processes are also in the list of the most popular new themes of bilevel
programming, as well as allocation, information protection, and cybersecurity problems. This survey provides a comprehensive
review of some of the above-mentioned new areas including both theoretical and applied results.

1. Introduction

Although a wide range of applications fit the bilevel pro-
gramming framework, real-life implementations are scarce,
due mainly to the lack of efficient algorithms for tackling
medium- and large-scale bilevel programming problems
(BLP). Solving a bilevel (more generally, hierarchical) opti-
mization problem, even in its simplest form, is a difficult
task. A lot of different alternativemethodsmay be used based
on the structure of the problem analyzed, but there is no
general method that guarantees convergence, performance,
or optimality for every type of problem.

Many new ideas appeared and were discussed in works
of plenty of authors. Among them, we would name Dempe
[1], Dempe et al. [2], Dempe and Dutta [3], Dewez et al. [4],
Thi et al. [5], and Vicente and Calamai [6], whose works

have developed various ways of reducing original bilevel
programming problems to equivalent single-level ones, thus
making their solution somewhat easier task for conventional
mathematical programming software packages.

Mixed-integer bilevel programming problems (with part
of the variables at the upper and/or lower level being
integer/Boolean ones) are even harder for the conventional
optimization techniques. For instance, a usual replacement of
the lower level optimization problem with a corresponding
KKT condition may not work if some of the lower level
variables are not continuous. Therefore, solid theoretical
base is necessary to be found, in order to propose efficient
algorithmic procedures aimed at finding local or global
solutions of such a problem.

A great amount of new applied problems in the area of
energy networks has recently arisen that can be efficiently
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solved only as mixed-integer bilevel programs. Among them
are the natural gas cash-out problem, the deregulated electric-
ity market equilibrium problem, biofuel problems, a problem
of designing coupled energy carrier networks, and so forth, if
we mention only part of such applications. Bilevel models to
describe migration processes are also in the list of the most
popular new themes of bilevel programming.

This special volume of the Hindawi journalMathematical
Problems in Engineering comprises papers dealingwith three
main themes: bilevel programming, equilibriummodels, and
combinatorial (integer programming) problems, and their
applications to engineering. Because of that, it opens with
this survey paper “Bilevel Programming and Applications”
summing up some recent and new directions and results
of the development of the mathematical methods aimed at
the solution of bilevel programs of different types and their
applications to real-life problems.

The paper is organized as follows: the survey of the
literature dealing with the formulation and history of bilevel
programming problems is given in Section 2. Section 3
describes the ways the linear bilevel programs are treated,
while Section 4 surveys the recent results in an important
application of BLP to the well-known imbalance cash-out
problem arising in the natural gas industry. Section 5 reviews
the new methods of reducing the number of upper level
variables, which helps a lot in applying stochastic program-
ming algorithms to solve the optimal cash-out problems.
Section 6 describes various promising bilevel approaches
to the mixed-integer allocation model. Finally, Section 7
presents the latest bilevelmechanisms to solve very important
information protection and cybersecurity problems. The
conclusion, acknowledgements, and the list of references
finish the survey.

2. Bilevel Programs: Statement and History

A bilevel program is an optimization problem where the
feasible set is partly determined through a solution set
mapping of a second parametric optimization problem [1].
The latter problem is given as

min
𝑦

{𝑓 (𝑥, 𝑦) : 𝑔 (𝑥, 𝑦) ≤ 0, 𝑦 ∈ 𝑇} , (1)

where 𝑓 : 𝑅
𝑛
× 𝑅
𝑚

→ 𝑅, 𝑔 : 𝑅
𝑛
× 𝑅
𝑚

→ 𝑅
𝑝
, 𝑇 ⊆ 𝑅

𝑚 is a
(closed) set.

Let 𝑌 : 𝑅
𝑛
→ 𝑅
𝑚 denote the feasible set mapping: let

𝑌 (𝑥) := {𝑦 : 𝑔 (𝑥, 𝑦) ≤ 0} ,

𝜑 (𝑥) := min
𝑦

{𝑓 (𝑥, 𝑦) : 𝑔 (𝑥, 𝑦) ≤ 0, 𝑦 ∈ 𝑇}

(2)

be the optimal value function, and let Ψ : 𝑅
𝑛
→ 𝑅
𝑚 be the

solution set mapping of the problem (1) for a fixed value of 𝑥:

Ψ (𝑥) := {𝑦 ∈ 𝑌 (𝑥) ∩ 𝑇 : 𝑓 (𝑥, 𝑦) ≤ 𝜑 (𝑥)} . (3)

Let

gphΨ := {(𝑥, 𝑦) ∈ 𝑅
𝑛
× 𝑅
𝑚
: 𝑦 ∈ Ψ (𝑥)} (4)

be the graph of the mapping Ψ. Then, the bilevel program-
ming problem is given as

“min
𝑥

” {𝐹 (𝑥, 𝑦) : 𝐺 (𝑥) ≤ 0, (𝑥, 𝑦) ∈ gphΨ, 𝑥 ∈ 𝑋} , (5)

where 𝐹 : 𝑅
𝑛
× 𝑅
𝑚

→ 𝑅,𝐺 : 𝑅
𝑛
→ 𝑅
𝑞
, 𝑋 ⊆ 𝑅

𝑛 is a closed
set.

Problems (1) and (5) can be interpreted as an hierarchical
game of two decision makers (or players) which make their
decisions according to the hierarchical order. The first player
(called the leader)makes his selection first and communicates
it to the second player (the so-called follower).Then, knowing
the choice of the leader, the follower selects his response
as an optimal solution of problem (1) and gives this back
to the leader. Thus, the leader’s task is to determine a best
decision, that is, a point 𝑥 which is feasible for problem (5):
𝐺(𝑥) ≤ 0, 𝑥 ∈ 𝑋, minimizing, together with the response
𝑦 ∈ Ψ(𝑥), the function 𝐹(𝑥, 𝑦). Therefore, problem (1) is
called the follower’s problem and (5) the leader’s problem.
Problem (5) is the bilevel programming problem.

2.1. Optimistic and Pessimistic Approaches. Strictly speaking,
problem (5) is ill-posed in the case when the set Ψ(𝑥) is not
a singleton for some 𝑥, which means that the mapping 𝑥 →

𝐹(𝑥, 𝑦(𝑥)) is not a function but a multivalued mapping. This
is implied by an ambiguity in the computation of the upper
level objective function value, which is rather an element in
the set {𝐹(𝑥, 𝑦) : 𝑦 ∈ Ψ(𝑥)}. The quotation marks in (5) are
used purely to indicate this ambiguity. To cope with such an
obstacle, there are several ways out.

(1) The leader can assume that the follower is willing
(and able) to cooperate. In this case, the leader simply
selects the solution within the setΨ(𝑥) that is the best
one with respect to the upper level objective function.
This leads then to the function

𝜑𝑜 (𝑥) := min {𝐹 (𝑥, 𝑦) : 𝑦 ∈ Ψ (𝑥)} (6)

to be minimized over the set {𝑥 : 𝐺(𝑥) ≤ 0, 𝑥 ∈ 𝑋}.
This is the optimistic approach leading to the opti-
mistic bilevel programming problem. Roughly speak-
ing, this problem is closely related to the problem

min
𝑥,𝑦

{𝐹 (𝑥, 𝑦) : 𝐺 (𝑥) ≤ 0, (𝑥, 𝑦) ∈ gphΨ, 𝑥 ∈ 𝑋} . (7)

If 𝑥 is a local minimum point of the function 𝜑𝑜(⋅) on
the set

{𝑥 : 𝐺 (𝑥) ≤ 0, 𝑥 ∈ 𝑋} (8)

and 𝑦 ∈ Ψ(𝑥), then the point (𝑥, 𝑦) is also a local
minimum point of problem (7). The converse is in
general not true. For more information about the
relation between both problems, the interested reader
is referred to Dempe [1].



Mathematical Problems in Engineering 3

(2) The leader has no possibility to influence the fol-
lower’s selection, neither has he/she any guess about
the follower’s choice. In this case, the leader has to
take into account the follower’s ability to select the
worst solution with respect to the leader’s objective
function; hence the leader has to diminish the damage
resulting from such an unlucky selection. This brings
up the function

𝜑𝑝 (𝑥) := max {𝐹 (𝑥, 𝑦) : 𝑦 ∈ Ψ (𝑥)} (9)

to be minimized on the set {𝑥 : 𝐺(𝑥) ≤ 0, 𝑥 ∈ 𝑋} :

min {𝜑𝑝 (𝑥) : 𝐺 (𝑥) ≤ 0, 𝑥 ∈ 𝑋} . (10)

This is the pessimistic approach resulting in the pes-
simistic bilevel programming problem. This problem
is often much more complicated than the optimistic
bilevel programming problem; see Dempe [1].
There is also another pessimistic bilevel optimization
problem in the literature. To describe this problem
consider the bilevel optimization problem with con-
necting upper level constraints and an upper level
objective function depending only on the upper level
variable 𝑥:

“min
𝑥

” {𝐹 (𝑥) : 𝐺 (𝑥, 𝑦) ≤ 0, 𝑦 ∈ Ψ (𝑥)} . (11)

In this case, a point𝑥 is feasible if there exists𝑦 ∈ Ψ(𝑥)

such that 𝐺(𝑥, 𝑦) ≤ 0, which can be written as

min
𝑥

{𝐹 (𝑥) : 𝐺 (𝑥, 𝑦) ≤ 0 for some 𝑦 ∈ Ψ (𝑥)} . (12)

Now, if the quantifier ∃ is replaced by ∀ we derive a
second pessimistic bilevel programming problem

min
𝑥

{𝐹 (𝑥) : 𝐺 (𝑥, 𝑦) ≤ 0 ∀𝑦 ∈ Ψ (𝑥)} . (13)

This problem has been investigated in Wiesemann et
al. [7]. The relations between (13) and (10) should be
studied in the future.

(3) The leader is able to predict a selection of the follower:
𝑦(𝑥) ∈ Ψ(𝑥) for all 𝑥. If this function is inserted into
the upper level objective function, this leads to the
problem

min
𝑥

{𝐹 (𝑥, 𝑦 (𝑥)) : 𝐺 (𝑥) ≤ 0, 𝑥 ∈ 𝑋} . (14)

Such a function 𝑦(⋅) is called a selection function of
the point-to-set mapping Ψ(⋅). Hence, we call this
approach the selection function approach. One special
case of this approach arises if the optimal solution of
the lower level problem is unique for all values of 𝑥.
It is obvious that the optimistic and the pessimistic
problems are special cases of the selection function
approach.

Even under restrictive assumptions (as in the case of
linear bilevel optimization or if the follower’s problem has
a unique optimal solution for all 𝑥), the function 𝑦(⋅) is in

general nondifferentiable. Hence, the bilevel programming
problem is a nonsmooth optimization problem.

Various results and examples/counterexamples concern-
ing the existence of solutions to different formulations of
bilevel programming problems can be found in [1, 8–10], to
mention only few.

2.2. A Short History of Bilevel Programming. The history of
bilevel programming dates back to von Stackelberg who (in
1934 in monograph [11]) formulated a hierarchical game of
two players now called Stackelberg game. The formulation
of the bilevel programming problem goes back to Bracken
and McGill [12]; the notion “bilevel programming” has been
coined probably by Candler and Norton [13]; see also Vicente
et al. [14]. With the beginning of the 80’s of the last century
a very intensive investigation of bilevel programming started.
A number of monographs, for example, Bard [15], Shimizu
et al. [16] and Dempe [1], edited volumes, see Dempe and
Kalashnikov [17] and Migdalas et al. [18] and (annotated)
bibliographies, for example, Vicente and Calamai [6], and
Dempe [19] have been published in that field.

One possibility to investigate bilevel programs is to
transform them into single-level (or ordinary) optimization
problems. In the first years, linear bilevel programming
problems (where all the involved functions are affine (linear)
and the sets 𝑋 and 𝑇 are whole spaces) were usually
transformed making use of linear programming duality or,
equivalently, the Karush-Kuhn-Tucker conditions for linear
programming. Applying this approach, solution algorithms
have been developed; compare, for example, Candler and
Townsley [20]. The transformed problem is a special case
of a mathematical program with equilibrium constraints
MPEC (now sometimes called mathematical program with
complementarity constraints, MPCC). We can call this the
KKT transformation of the bilevel programming problem.
This approach is also possible for convex parametric lower
level problems satisfying some regularity assumption.

General MPCCs have been the topic of some mono-
graphs; see Luo et al. [21] and Outrata et al. [22]. Solution
algorithms for MPCCs (see, for instance, Outrata et al. [22],
Demiguel et al. [23], Leyffer et al. [24], and many others)
have also been suggested for solving bilevel programming
problems.

Since MPCCs are nonconvex optimization problems,
solution algorithms will hopefully compute local optimal
solutions of the MPCCs. Thus, it is interesting if a local
optimal solution of the KKT transformation of a bilevel
programming problem is related to a local optimal solution
of the latter problem. This has been the topic of the paper by
Dempe and Dutta [3].

Later on, the selection function approach to bilevel
programming has been investigated in the case when the
optimal solution of the lower level problem is uniquely
determined and strongly stable in the sense of Kojima [25].
Then, under some assumptions, the optimal solution of the
lower level problem is a 𝑃𝐶1-function; see Ralph and Dempe
[26] and Scholtes [27] for the definition and properties of
𝑃𝐶
1-functions.This can then be used to determine necessary
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and sufficient optimality conditions for bilevel programming;
compare Dempe [28].

Using the optimal value function 𝜑(𝑥) of the lower level
problem (1), the bilevel programming problem (7) can be
replaced with

min
𝑥,𝑦

{𝐹 (𝑥, 𝑦) : 𝐺 (𝑥) ≤ 0, 𝑔 (𝑥, 𝑦) ≤ 0,

𝑓 (𝑥, 𝑦) ≤ 𝜑 (𝑥) , 𝑥 ∈ 𝑋} .

(15)

This is the so-called optimal value transformation.
Since the optimal value function is nonsmooth even

under very restrictive assumptions, this is a nonsmooth, non-
convex optimization problem. Using nonsmooth analysis,
see, for example, Mordukhovich [29, 30] and Rockafellar
and Wets [31], optimality conditions for the optimal value
transformation can be obtained, compareOutrata [32], Ye and
Zhu [33], and Dempe et al. [34].

Nowadays, a large number of Ph.D. theses have been
written on bilevel programming problems, very different
types of (necessary and sufficient) optimality conditions can
be found in the literature, the number of applications is huge,
and both exact and heuristic solution algorithms have been
suggested.

3. Linear Bilevel Programming Problems

The linear bilevel program is the problem of the following
structure:

min
𝑥,𝑦

{𝑎
⊤
𝑥 + 𝑏
⊤
𝑦 : 𝐴𝑥 + 𝐵𝑦 ≤ 𝑐, (𝑥, 𝑦) ∈ gphΨ} , (16)

where Ψ(⋅) is the solution set mapping of the lower level
problem

Ψ (𝑥) := Argmin
𝑦

{𝑑
⊤
𝑦 : 𝐶𝑦 ≤ 𝑥} . (17)

Here, 𝐴, 𝐵, and 𝐶 are matrices of sizes 𝑝 × 𝑛, 𝑝 × 𝑚, and
𝑛 × 𝑚, respectively, and all variables and vectors used are
of appropriate dimensions. Note that we have used here the
so-called optimistic bilevel optimization problem, which is
related to problem (7).

The so-called connecting constraints 𝐴𝑥 + 𝐵𝑦 ≤ 𝑐

are included in the upper level problem. Validity of such
constraints is beyond the selection of the leader and can be
verified only after the follower has selected his/her (possibly
not unique) optimal solution. In the case especially when
Ψ(𝑥) does not reduce to a singleton, certain difficulties may
arise. In order to examine the bilevel programming problem
in the case that Ψ(𝑥) does not reduce to a singleton, Ishizuka
and Aiyoshi [35] introduced their double penalty method. In
general, connecting constraints may imply that the feasible
set of the bilevel programming problem is disconnected.This
situation is illustrated by the following example:

Example 1 (Mersha and Dempe [36]). Consider the problem

𝑧 = −𝑥 − 2𝑦 → min
𝑥,𝑦 (18)

0

10

x

A C

B

10

y −x − 2y → min −y → min

Figure 1:The problem with upper level connecting constraints.The
feasible set is depicted with bold lines. The point 𝐶 is global optimal
solution and point 𝐴 is a local optimal solution.

0
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x

A C

B

10

y −x − 2y → min −y → min

Figure 2:The problem when the upper level connecting constraints
are shifted into the lower level problem. The feasible set is depicted
with bold lines. The global optimal solution is point 𝐵.

subject to

2𝑥 − 3𝑦 ≥ −12

𝑥 + 𝑦 ≤ 14,

𝑦 ∈ Argmin
𝑦

{−𝑦 : −3𝑥 + 𝑦 ≤ −3, 3𝑥 + 𝑦 ≤ 30} .

(19)

The optimal solution for this problem is the point 𝐶 at
(𝑥, 𝑦) = (8, 6) (see Figure 1). But if we shift the two upper
level constraints to the lower level we get the point 𝐵 at
(𝑥, 𝑦) = (6, 8) as an optimal solution (see Figure 2). From
this example one can easily notice that if we shift constraints
from the upper level to the lower one, the optimal solution
obtained prior to shifting is not optimal any more in general.
Hence ideas based on shifting constraints from one level
to another will lead to a solution which may not solve the
original problem.

In Example 1, the optimal solution of the lower level
problem was unique for all 𝑥. If this is not the case, feasibility
of a selection of the upper level decision maker possibly
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depends on the selection of the follower. In the optimistic
case, this means that the leader selects within the set of
optimal solutions of the follower’s problem one point which
is at the same time feasible for the upper level connecting
constraints and gives the best objective function value for the
upper level objective function.

As we can see in Example 1 the existence of connecting
upper level constraints might lead, in general, to a dis-
connected feasible set in the bilevel programming problem.
Therefore, solution algorithms will live in one of the con-
nected components of the feasible set (i.e., a sequence of
feasible points which all belong to one of the connected parts
is computed) or they need to jump from one of the connected
parts of the feasible set to another one. Some ideas of discrete
optimization are needed in such cases.

In order to avoid the above-mentioned difficulties, some
researchers restrict themselves to the cases when the upper
level constraints depend on the upper level variables only (i.e.,
matrix 𝐵 is zero-matrix, 𝐵 = 0). Thus, the bilevel problem
(16)-(17) reduces to a simpler one:

min
𝑥,𝑦

{𝑎
⊤
𝑥 + 𝑏
⊤
𝑦 : 𝐴𝑥 ≤ 𝑐, (𝑥, 𝑦) ∈ gphΨ} , (20)

where Ψ(⋅) is the solution set mapping of the lower level
problem

Ψ (𝑥) := Argmin
𝑦

{𝑑
⊤
𝑦 : 𝐶𝑦 ≤ 𝑥} . (21)

In this problem, parametric linear optimization (see, for
example, Nožička et al. [37]) can be used to show that the
graph of the mapping Ψ(⋅) equals the connected union of
faces of the set {(𝑥, 𝑦)⊤ : 𝐶𝑦 ≤ 𝑥}.

4. Application of Bilevel Programming to
Imbalance Cash-Out Problem

In the early 1990s, several regulations were passed in the USA
and the European Union [38, 39] changing the way natural
gas was marketed and traded. Particularly, this liberalization
[40] effectively ended a period in which natural gas was a
state-driven industry. The liberalization has also created the
emergent natural gas markets, as well as a strong demand
for models to better tackle the new problems and profit from
this new setting [41, 42]. It is possible to say that the above-
mentioned processes formed the natural gas supply chain.
The resulting market configuration demanded the indepen-
dence of the transportation and commercialization processes.
As a result of this paradigm shift—and the accompanying
restructurization of the market—a systematic analysis of
several new features becomes indispensable.

Of particular interest is a problem that arises in the
natural gas supply chain, namely, that of balancing the fuel
volumes over a distribution network. Such a balancing pro-
cedure directly concerns the Pipeline Operating Company
(POC), since the correct operation of the pipeline means the
well controlled volumes of the transported gas.Moreover, any
natural gas shipping company (NGSC) is also concernedwith
the balancing of the volumes because it is often impossible

to avoid an imbalance justified by certain economic reasons.
A natural gas shipping company’s business is to sell the gas
by moving it through the pipeline to its clients: it has to
fulfill signed contracts first and then market excesses of the
gas to achieve the maximum profits. In order to do that, the
NGSC has to manage the volumes at each selling point (so-
called pipeline meters) taking into account the balance, the
selling prices, and the total revenue. The basic mathematical
framework of this problem’s modeling is found in [43].

Owing not only to this liberalization, but also to the new
local conditions that aremore open to competition, new small
players entered the natural gas industry, especially at the local
scale. Indeed, the USA has over 80 interstate, long-distance
pipelines [44], serving different regions with various climatic,
demographic, economic, andpolitical circumstances.Natural
gas usage in Alabama, for example, intuitively is not the same
as in Oregon; thus the market dynamics of the fuel are also
different, and this, we presume, should be reflected in some
way in the econometric data of the states.

Not only macroeconomic trends, however, are affected
by this setting. When doing cross-regions studies of various
aspects of the supply chain, such as the forecasting of demand
[45, 46], the balancing of the pipelines after imbalances have
been created by the natural gas shippers [43, 47, 48], or the
dynamics of interstate-intrastate systems [49], one has to take
into account the existence of different markets.

The existence of a common relationship between price
and consumption of natural gas across several zones allows
for strong claims of uniformity, which are useful when, for
example, we are building scenarios for a stochastic problem.
Indeed, if we manage to group the regions in clusters with
similar price and consumption functions, we can reduce the
number of variables needed in a scenario tree formulation
[42, 50]

It must be emphasized that, while natural gas pipeline
networks have been thoroughly studied, most of the existent
models focus on aspects of this part of the supply chain other
than the NGSC-POC interaction in the system balancing,
such as network operation optimization [51, 52] or deploy-
ment of facilities [53]. There are also papers considering the
natural gas supply chain in amultilevel scheme, inwhich both
theNGSC and the POCare present and accounted for, such as
the related [54, 55]. These works are remarkable in the sense
that they span thewhole supply chainwithmuch emphasis on
the traders (financial front-ends of the natural gas producers,)
so that there is little to nomention of imbalances in the system
resulting from the dealings of the NGSCs and the POCs, even
though both actors are present in the models.

Many authors do acknowledge [56, 57] the existence of
a problematic situation in the NGSC-POC system following
the paradigm shift, yet we have found very few sources that
explain plausible ways in which this problem is nowadays
solved. For example, [58] shows how storage is required by the
NGSC when no flexibility exists in the network volumeman-
agement, either because it is not allowed, or because it is not
technically possible. Nevertheless, balancing is an important
part of the modern natural gas supply chain management,
and to date, no policy has been accepted as optimal regarding
the way, in which the imbalances produced by the NGSC
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are physically and economically handled. Among the most
important tools that aid the POC in its task of restoring the
balance of the system is the arbitrage penalization policies, in
which the POC performs a maintenance redistribution of the
imbalances in the system and charges the NGSC(s) for the
cost of this operation.

In [59], one finds a modeling framework (which we are
going to follow) of the penalization part of this problem.This
penalization refers only to the cash-out that occurs between
the NGSC and the POC: it leaves outside any reference to
actual market conditions, which are obviously important to
the NGSC. The paper presents a solution method through a
modification of the original problem, as well as the analysis
of how this modification affects the objective function and
the obtained solutions. In [47], the authors compare two
algorithms that solve the problem making use of certain
numerical procedures. In the present paper, we adapt these
algorithms to our extended model. We also make use of the
idea proposed in [43] to divide our problem into several gen-
eralized transportation problems when finding its numerical
solution.

In [60, 61], we study a modified version of the above-
described problem, in which the upper level objective func-
tion includes certain new terms based upon the net profit
of the leader—the natural gas shipping company. This for-
mulation assumes, however, the complete knowledge (perfect
information) about the changes in the prices of natural gas
during the process, which is somewhat nonrealistic and not
quite useful, as the resulting function does not clearly reflect
the reasons behind the actions of the NGSC.

In [62] a stochastic reformulation of the problem is
presented, so that the NGSC is now able to forecast the
next several values of the natural gas demand and then to
plan the extraction of natural gas from the pipeline. The
resultingmodel is a stochastic variation of the originalmixed-
integer bilevel optimization problem, for which two different
solution methods are proposed and compared.

To the best of our knowledge, there is no literature,
beyond the works listed in the paragraphs above and their
derivatives, that explicitly deals with the NGSC-POC sub-
system in the same way we propose, formulating a bilevel
optimization problem out of the balancing operations. We
attribute this to the relatively recent nature of the problem
we are dealing with, as well as the difficulty of its accurate
formulation for specific instances.

4.1. Problem Specification. Following the scheme constructed
in [47, 59], wewill consider a leader-follower system, inwhich
the first agent (the leader), namely, the Natural Gas Shipping
Company (NGSC), buys the gas at the wells, arranges for its
injection into an (interstate) pipeline at its starting point, and
extracts some amount of gas—ideally, equal to the deposited
amount—from pipeline meters in several pool zones across
the country. The follower here is the administrator of the
pipeline, which we call the Pipeline Operating Company
(POC), who permits the NGSC to extract amounts of natural
gas that may differ from the originally injected volumes, thus
creating positive or negative imbalances. The latter is a kind

of usual market practice that allows for a dynamic flow of the
fuel within the natural gas supply chain.

However, since disrupting the system in this way implies
extra costs for the NGSC, the company attempts to do it
only when its predictions of future market conditions show
that the total revenues overcome the losses incurred by the
penalization policy applied to the NGSC. It is clear that
the NGSC needs tools that provide it with the best possible
information and help it make advantage of the latter.

The NGSC-POC system operates in the following way.

(1) The NGSC makes a forecast of the demand it is likely
to have during the next period (month, year, etc.) and
considers different scenarios, in which this can occur.

(2) The NGSC books certain capacity 𝐷𝑐 for every pool
zone and stage (day, week, month, etc.)

(3) For each subsequent stage, the NGSC determines the
amount of gas to extract and sell, which possibly cre-
ates positive and negative imbalances in the process;
this continues until the period is over;.

(4) ThePOC studies the resulting last day imbalances and
rearranges them according to certain business rules.

(5) The POC charges the NGSC with certain penalty
for the final (rearranged) imbalances. The latter may
occur to be negative; that is, the POC may pay to the
NGSC.

(6) The NGSC calculates the net profits as its sales
revenue minus the penalty.

The resulting model is a bilevel multistage stochastic
optimization problem [63], in which the upper level decision
maker (the leader) is the NGSC who has the objective of
maximizing its net profit as the revenue from the sales of its
gas in the pipeline minus the penalty imposed by the POC.
The lower level decisionmaker (the follower) is the POCwho
aims at minimizing the absolute value of the penalization
cash-out flow, either from the POC to the NGSC or vice
versa.The first stage of the stochastic problem corresponds to
the capacity booking made by the NGSC, and these capacity
values remain unchanged throughout the whole process. At
the next stages, the decision variables are the daily extraction
amounts (and hence, the imbalances), unsatisfied demand,
and the penalty cash-outs imposed by the POC.

Note that, while the POC may appear as the party with
more influence in the system, the NGSC is the leader of the
bilevel problem. The only reason why the NGSC is the upper
level (leader) is because of the timing of the decision process.
Indeed, it would seem logical that the POC, enjoying stronger
control over its own facilities, has to abide to the decisions
(regarding final day imbalances) that the NGSC has already
made. This is because of the relative freedom that has been
awarded (in the current business’ practice) to the NGSC in
creating imbalances to maintain healthy business in favor of
its customers.

4.2. Stochastic Model. In [62], the authors present a bilevel
multistage stochastic optimizationmodel, which is developed
to deal with a certain subsystem of the natural gas supply
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chain. While former models were focused on the arbitrage
policies in a deterministic setting, here we have expanded
the problem to include such elements as gas sales and
booking costs and added a stochastic framework to model
the uncertainty in demand and prices faced by the upper level
decision maker (the leader).

The developed model was implemented numerically and
compared to the perfect information solution (PIS) and the
expected value solutions (EVS). Experimental findings show
that 19 of the 21 instances deliver implementation values of
over half of the PIS, whereas only one of the EVS implemen-
tation values has a relative error below 0.75. The stochastic
solution implementation values are better than those of the
EVS values in all but one case—which corresponds to the
simplest instance tested—which testifies in favour of our
approach. The performed linear reformulation also proved
advantageous, as solving the original model with nonlinear
levels takes considerably longer time and does not provide
better solutions after up to 10 hours of running time in 20
of the 21 experiments.

Future work includes assessing the convenience of using
heuristic approaches for solving the lower level (as opposed to
using a specialized linear solver) and reformulating the linear
lower level in the form of its duality conditions, adding these
to the upper level to solve a single-level problem instead of a
bilevel one. It is also worthwhile to study these models under
different time series not showing seasonality is also planned,
as it is the implementation of a rolling horizon approach to
remedy the lack of accuracy over long-period problems (such
as problem B011 involving 28 periods).

4.3. Penalty Function Method. Paper [64] studies a special
bilevel programming problem that arises from the dealings of
a Natural Gas Shipping Company (NGSC) and the Pipeline
Operator Company (POC), with facilities of the latter used
by the former. Because of the business relationships between
these two actors, the timing and objectives of their decision-
making process are different and sometimes even opposed.

In order to model that, bilevel programming was tra-
ditionally used in the above-mentioned works. Later, the
problem was expanded and theoretically studied to facilitate
its solution; this included extension of the upper level objec-
tive function, linear reformulation, heuristic approaches, and
branch-and-bound techniques.

In this paper, the authors presented a linear programming
reformulation of the latest version of the model, which is sig-
nificantly faster to solve when implemented computationally.
More importantly, this new formulation makes it easier to
theoretically analyze the problem, allowing one to draw some
conclusions about the nature of the solution of the modified
problem.

When aNGSC and a POC engage in a contract, the result-
ing dynamics may be subject to multilevel programming
analysis. In this work, an inexact penalization approach (IPA)
was developed to solve the related bilevel linear programming
problem, in which the NGSC is the upper level decision
maker, and tries to maximize its earnings. In the meantime,
the POC is the lower level decisionmaker trying to minimize

the cash-out between both parties, while balancing the
pipeline network to guarantee an adequate operation of the
latter.

The IPA algorithm is adapted to the linearized versions of
the problems found in [65], and theoretical work is thenmade
to demonstrate the convergence of this solution method.

Combining the inexact penalization approach and a
modified Nelder-Mead simplex algorithm has resulted in a
fast and efficient enough optimization scheme, in which new
iterations are generated, corrected, and then evaluated for
optimality. To summarize the numerical experiments, the
IPMNMapproachworks considerably better than both direct
implementations and IPA versionswithout linearization.This
makes a support for our linearization attempts, as well as for
the advantageous usage of the IPA algorithms developed in
[47]. Altogether, numerical results concerning the running
time, convergence, and optimal values are presented and
compared to previous reports, showing a significant improve-
ment in speedwithout actual sacrifice of the solution’s quality.

In conclusion, it is possible to believe that the new
solution speed achieved allows one to reach a quick andmore
frequent balancing. Indeed, the more accurate the solution is,
the more dynamic and successful the industry’s response to
market necessities will be.

5. Reduction of Upper Level Dimension in
Bilevel Programming Problem

As we have already seen from the previous sections, bilevel
programmingmodeling is a new and dynamically developing
area of mathematical programming and game theory. For
instance, when we study value chains, the general rule usually
is that decisions are made by different parties along the
chain, and these parties have often different, even opposed
goals. This raises the difficulty of supply chain analysis,
because regular optimization techniques (e.g., like linear
programming) cannot be readily applied, so that tweaks and
reformulations are often needed (cf. [59]).

The latter is exactly the case with the Natural Gas
Value Chain. From extraction at the wellheads to the final
consumption points (households, power plants, etc.), natural
gas goes through several processes and changes ownership
many a time.

Bilevel programming is especially relevant in the case
of the interaction between a Natural Gas Shipping Com-
pany (NGSC) and a Pipeline Operating Company (POC).
The first one owns the gas since the moment it becomes
a consumption-grade fuel (usually at wellhead/refinement
complexes, from now onward called the extraction points)
and sells it to Local Distributing Companies (LCD), who
own small, city-size pipelines that serve final costumers.
Typically, NGSCs neither engage in business with end-users,
nor actually handle the natural gas physically.

Whenever the volumes extracted by the NGSCs differ
from those stipulated in the contracts, we say an imbalance
occurs. Since imbalances are inevitable and necessary in a
healthy industry, the POC is allowed to apply control mech-
anisms in order to avoid and discourage abusive practices
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(the so-called arbitrage) on part of the NGSCs. One of
such tools is cash-out penalization techniques after a given
operative period. Namely, if a NGSC has created imbalances
in one or more pool zones, then the POC may proceed
to “move” gas from positive-imbalanced zones to negative-
imbalanced ones, up to the point where every pool zone has
the imbalance of the same sign, that is, either all nonnegative
or all nonpositive, thus rebalancing the network.At this point,
the POCwill either charge the NGSC a higher (than the spot)
price for each volume unit of natural gas withdrawn in excess
from its facilities, or pay back a lower (than the sale) price, if
the gas was not extracted.

Prices as a relevant factor induce us into the area
of stochastic programming instead of the deterministic
approach. The formulated bilevel problem is reduced to the
also bilevel one but with linear constraints at both levels (cf.
[62]). However, this reduction involves introduction of many
artificial variables, on the one hand, and generation of a lot
of scenarios to apply the essentially stochastic tools, on the
other hand. The latter makes the dimension of the upper
level problem simply unbearable burden even for the most
modern and powerful PC systems. First attempts to diminish
the number of decision variables were made by the authors in
[66, 67].

The aim of chapters [68, 69] is a mathematical formal-
ization of the task of reduction of the upper level problem’s
dimension without affecting (if possible!) the optimal solu-
tion of the original nonlinear bilevel programming prob-
lem. Under a couple of quite reasonable assumptions about
the data of the original bilevel programming problem, the
authors of [68, 69] established that the modified problem
obtained by translating part of upper level variables to the
lower level and replacing the original lower level program
with an appropriate equilibrium problem will have the same
solution set as the original bilevel program.

Abitmore specialized and profound results were deduced
in [68] for the linear bilevel program bymaking use of certain
tools from the previous works [70–74]. As paradoxically
it could sound, in the linear case, the problem is much
more complicated. Indeed, the uniqueness of a generalized
Nash equilibrium (GNE) at the lower level of is much too
restrictive a demand. As was shown by Rosen [72], the
uniqueness of a so-called normalized GNE is rather more
realistic assumption.This idea was further developed later by
many authors, including the authors of [69, 73].

Following the line proposed in [72], the authors of [69]
introduce and study the concept of normalized generalized
Nash equilibrium (NGNE) defined similarly to the concept
from [72]. Based upon the revealed properties of such a entity,
they establish the existence and uniqueness results for the
lower level problem. Hence, the coincidence of the solution
sets of the original bilevel (linear or nonlinear) program and
the modified model obtained by the translation of part of
variables from the upper to the lower level is demonstrated.

To conlcude, chapters [68, 69] deal with an interesting
problem of reducing the number of variables at the upper
level of bilevel programming problems. The latter problems
are widely used to model various applications, in particular,
the natural gas cash-out problems described in [59, 62]. To

solve these problems with stochastic programming tools, it is
important that part of the upper level variables be governed
at the lower level, to reduce the number of (upper level)
variables, which are involved in generating the scenario trees.

The chapters present certain preliminary results recently
obtained in this direction. In particular, it has been demon-
strated that the desired reduction is possible when the lower
level optimal response is determined uniquely for each vector
of upper level variables. In [69], the necessary base for
similar results is prepared for the general case of bilevel
programs with linear constraints, when the uniqueness of the
lower level optimal response is quite a rare case. However, if
the optimal response is defined for a fixed set of Lagrange
multipliers, then it is possible to demonstrate (following the
ideas and techniques from [72]) that the so-called normalized
Nash equilibrium is unique.The latter gives one a hope to get
the positive results about reducing the dimension of the upper
level problem without affecting the solution of the original
bilevel programming problem.

6. Allocation Models as Bilevel
Programming Problems

Bilevel programming has also served as a suitable option
for modeling allocation problems where two-hierarchized
levels with different objectives are involved. At each level,
the decision maker aims to optimize his own interest. The
predefined existing hierarchy allows that the upper level has
complete information about the lower level’s decision on the
allocation, but not on the vice versa manner. In particular,
bilevel programming offers a convenient framework for
dealing with the allocation problems.

An important and very common problem that appears in
these kinds of situations is the allocation of resources or the
allocation of parties in the whole process considered. Hence,
we are going to divide this literature review in two directions:
first, the previous works done where the optimal allocation
of resources are described, and then, the papers related to
optimally allocate customers, distribution centers, plants, or
other parties involved in a specific supply chain are refereed.

6.1. Bilevel Allocation of Resources. When considering a com-
pany’s personnel and workers as limited resources, we could
mention paper [75] where the main department boasting
several branching divisions needs to allocate the personnel
(workers, technicians, and management personnel) for the
company’s tasks. The leader intends to maximize its benefit
by allocating the specific workers to the divisions, while
the followers aim to maximize their own benefits using the
assigned personnel. The authors of [75] solved the proposed
model by applying a simulation bionic algorithm. The main
issue is that they did not make any conclusions about the
quality of the thus obtained solution due to the complexity
inherent to the bilevel model.

In [76], theminimum total time for finishing jobs in a sys-
tem is sought. In that problem, the leader is the job scheduler
who tries to optimize the system performance by allocating
the workers to the machines. On the other hand, the follower
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is represented by many noncooperative workers seeking to
use a set of commonmachinesminimizing the latency of their
work schedule.Three polynomial-time algorithms for solving
the problem are proposed, and complexity results are given
demonstrating that this problem is NP-hard.

Next, one can find a plenty of papers devoted to the
analyzis of the allocation of water to different regions of the
world. For example, in [77] a nonlinear bilevel programming
model with fuzzy random variables for distributing (in
an equitable way) the water in a region is studied. The
whole community (society) is seen as the leader, and the
followers are seen as the subareas contained in the region.
Both decision levels strive to maximize their economic gain.
The authors of [77] proposed a hybrid heuristic based on
an interactive fuzzy programming technique and a genetic
algorithm. Also, an application to a real case study was
made showing the reasonable performance of the developed
solution method.

Paper [78] examines a similar situation: a bilevel mul-
tiobjective linear programming model is considered. It is
important to note that the lower level problem contains
multiple objective functions. The leader has to allocate the
amount ofwater destined for irrigation, industry, domesticity,
and ecology in order to maximize the benefit for the region.
Then, the follower optimizes its gain using the water resource
doomed for each purpose. The problem is solved by using
fuzzy goal programming in the upper level and a tolerance-
based approach in the lower level. Their model and method-
ology was validated in a case study from China. In [79], more
references concerning this particular topic can be found (in
Japanese).

Another interesting application is about housing alloca-
tion. In [80], this problem for a continuum transportation
system is analyzed. The leader selects the optimal housing
development pattern while the follower decides about the
allocation of the houses based on their renting and travel
costs.The lower level problem is defined by a set of differential
equations and it is solved by the finite element method. The
results obtained from numerical experimentation show that
the algorithm seems to be efficient enough. An extension of
the previous work was done in [81]. The main difference is
in that the leader optimizes the housing allocation in order to
achieve theminimumCO2 emissions, while the followers aim
is to find the equilibrium among the users in a transportation
system. The authors of [81] also adapted the finite element
method and proposed two alternative solution algorithms
based on the Newton-Raphson procedure and the convex
combination approach. The computational tests showed that
traffic intensity, CO2 emissions, and transport demand are
balanced along with the best housing allocation.

Bilevel programs related to the optimal allocation of a
specific product can also be found in the literature. For
example, [82] presents a problem where a company markets
products and allocate resources to two producer factories
that consume the resources. Hence, the model can be viewed
and treated as a Stackelberg equilibrium problem, because
in the lower level, both followers compete for the common
allocated resources trying to optimize their own criteria. A
hybrid intelligent algorithm based on fuzzy simulation, as

well as neural network, and genetic algorithms are proposed
for solving this bilevel problem.

Wang and Lootsma [83] introduced a bilevel model for
the case when the general manager tries to allocate resources
among the different departments of the company. In the
upper level, the correct allocation of the resources to the
departments is made in order to maximize the company’s
total revenue. On the other hand, in the lower level, each
department estimates its own benefit generated with the
allocated resources. A numerical example is given to illustrate
the proposed exact method.

As we mentioned before, bilevel programming allows a
realistic mathematical modeling for a very wide application
areas. We are going to confirm this fact with the work done
by Burgard et al. [84] where a genomic problem is addressed.
In that problem, the leader maximizes the bioengineering
objective, that is, the chemical production, and the follower
optimizes the flux allocation based on the biomass generated
through the gene deletions.

6.2. Bilevel Allocation for the Supply Chain Models. It is
well known that supply chains involve many components in
the whole process. At some point of the supply chain, an
allocation is required, for example, to allocate customers to
plants, demanded zones to distribution centers, vehicles to
producers, and so forth.Under this scheme, Calvete et al.
[85] introduced a production-distribution bilevel problem,
in which a company (the leader) is dedicated exclusively to
the allocation of customers to distribution centers satisfying
their demand of products. Another company (the follower) is
doomed to produce these products.The leader will distribute
the products and purchase them from some plants, and
then the distribution centers will transport them to their
customers meeting their requirements in order to minimize
the distribution costs. On the other hand, the follower decides
its own production plan based on the production capacity of
the plants and by considering the requirements of the demand
grouped in the distribution centers seeking to minimize
the operation costs. The authors of [85] considered a real
case from a company in Spain and also some benchmark
instances. Furthermore, they solved this problem by using
a heuristic algorithm based on an ant colony optimization
method delivering pretty good quality solutions in a reason-
able time.

Also, Legillon et al. [86] considered the same problem
proposing a coevolutionary algorithm without improving
the solution quality given in the seminal paper. Camacho-
Vallejo et al. [87] developed a method based on scatter
search obtaining the best known results for the benchmark
instances. In [88], a single-commodity, multiplant network
with multiple depots is studied.The leader seeks to minimize
the total cost (i.e., the cost associated with the distribution
from the plants to depots and then to the customers, plus
the warehousing costs and the operation costs of the depots)
of locating depots and allocating customers to them. The
follower intends to balance the workload of the system
improving the customer service and finding a trade-off
between cost and efficiency. A standard genetic algorithmwas
proposed [88] in order to solve some randomly generated test
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problems with demonstrating certain opportunity areas for
improving its performance.

Humanitarian logistics have given rise to application of
bilevel programming frameworks for dealing with situations
that appear in that area. Feng and Wen [89] considered
the bilevel program where an earthquake affected the local
transportation network. Here, the leader tries to maximize
the flow of vehicles entering the affected area to provide
assistance, whereas the followers attempt to travel through
an unaffected route to minimize their total travel time. Since
this situation generates traffic jams andnegatively impacts the
recovery and relief efforts, a government agency regulates the
use of existing roads. In order to solve the proposed model,
a genetic algorithm was implemented and validated in a case
study showing that this algorithm is an effective tool to solve
the problem in question.

In their turn, Wang et al. [90] proposed a model for
locating storage centers and allocating the sent aid. The
leader minimizes the cost of locating the storage centers,
allocation of sent aid, distribution, and penalties, while the
follower (an affected community) optimizes its own cost
based on the resources allocated to each community. A
small test instance was created for testing the developed
particle swarm optimization algorithm showing the ease of
its implementation.

Similar to the models discussed above, Sun et al. [91].
seek an optimal decision about locating distribution centers
by the search of an equilibrium among the customers’ costs.
The leader will locate new distribution centers to minimize
fixed and variable costs while meeting the demand by a
set of customers. In its turn, the follower will allocate the
customers to the distribution centers so as to minimize the
cost of meeting their demand. An algorithm that exploits the
special structure of the lower level problem and a branch-and-
bound (B&B) scheme in the upper level is proposed to deal
with this bilevel program. In a different context (but with a
similar structure) Xu andWei [92]modeled a problem related
to the waste management of constructions and demolitions.
The government is the leader that has to make the decision
about locating the waste collection depots and processing
centers. The administrators of different construction waste
management systems control the allocation of thewaste to the
located facilities. Both objectives functions minimize their
own costs in a fuzzy random environment. An improved
particle swarm optimization algorithm was designed to treat
and solve the latter problem.

It seems that facility location and customers’ allocation
requirements can be effectively modeled with bilevel pro-
gramming when taking into account the customers’ demand
at the facilities that will serve them. Various papers in which
the customers are allocated to the facilities according to
a predetermined list of preferences can be found in the
literature; see [93–96]. In all those papers, the facility location
problem under customers’ preferences is studied. In the
bilevel program induced, the leader has to locate some facili-
ties, while the follower will allocate the customers optimizing
their preestablished preferences towards the facilities. The
first three papers (i.e., [93–95]) developed valid two-sided
bounds for the objective functions invloved in this problem,

and the last two works (i.e., [95, 96]) implemented heuristic
algorithms to process the bilevel model.

Moreover, competitive facility location models have been
approached with bilevel programming, too. In that problem,
two competing firms have to locate some facilities in order
to capture the maximum demand of the existing customers.
With an aim to classify the problem as a bilevel program,
a hierarchy among the firms must exist in the model. A
lot of variations of these models have been published. The
differentiation relies on the customers’ behavior; for example,
the customers may be allocated to the facilities based on
a predefined criterion, such as the shortest distance, a list
of preferences, preestablished contracts, or in a random
way. Another important factor is the characteristics of the
competing firms, for instance, (i) if they have an exact
number of facilities to be located, that is, (𝑟 | 𝑝)-centroid
problem; (ii) whether one firm already has located facilities
and the other firm has to locate new ones, that is, (𝑟, 𝑋𝑝)-
medianoid problem.The existence of facilities, the possibility
of closing some ormake themmore attractive, and so forth,—
all them are the issues that are addressed in these models.
It is important to note that in competitive facility location
problems, neither the leader nor the follower will make
the decision of the customers’ allocation, but this allocation
implicitly appears in the process and clearly affects both
levels’ decisions. The reader is referred to [97–106] in order
to have a closer look to particular models in this area.

Further, the design of telecommunication networks has
also been analyzed as a bilevel programming scheme. A
problemwithin this area is the one studied by Kim et al. [107],
in which the topological design of a local area network is
proposed.The problem consists of allocating users to clusters
and the union of clusters by bridges in order to obtain
a minimum response time network boasting at the same
time the minimum connection costs. Therefore, the decision
concerning the optimal allocation of users to clusters will be
made by the leader, while the follower will make the decision
about connecting all the clusters by forming a spanning tree.
The authors [107] applied a coevolutionary genetic algorithm
based on Nash equilibrium to solve the problem.

Finally, optimization in ports has also attracted the
attention of researches and found applications of bilevel
programming: compare Lee et al. [108], where a problem
for scheduling berth and quay cranes is studied. In that
problem, the leader deals with the berth allocation problem
minimizing the sum of waiting and handling times of each
vessel. On the other hand, the follower solves the quay crane
scheduling problem in order to minimize the total time until
all the vessels and the quay cranes have finished up their
activities. Owing to the difficulty of the exact solution of this
bilevel problem, a genetic algorithm that finds reasonable
quality solutions is proposed in [108].

7. Information Protection and Cybersecurity
Problems as Bilevel Programs

The methods and approaches solving bilevel programming
problems also are actual in the areas of information
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protection and cybersecurity. However, the solutions in
these similar areas have some special features, especially,
concerning certain cryptographic applications. One of these
features is the following.There exists a standard (single-level)
mathematical formalization of the cryptographic problem,
but it has been shown to bear some flaws.Thus, the proposed
methods and approaches based on the bilevel programming
techniques helps eliminate those deficiences and enhance the
processing of problems of the information protection and
cybersecurity on the new quality level.

At the same time, the problems of information protec-
tion and cybersecurity clealy lack good interpretations with
the help of the bilevel programming apparatus. Therefore,
this section of the survey is presenting the first-time and
original review of the possible treatment of these important
information protection and cybersecurity problems as bilevel
programs.

7.1. Some Cryptographic Applications. One of the urgent
problems of public key cryptosystem improvements is the
increase of the qulity of software performance and hardware
implementations. One of the approaches helping improve the
functioning of cryptosystems is marking up the performance
of finite field arithmetic concerning operations of multipli-
cation. A possible way to do is to widely apply the bilevel
programming techniques.

As the well-known publications show (cf. [109–112], to
mention only few), the most effective multiplication algo-
rithms have been provided by Comba [109] and Karatsuba
[112]. However, Comba’s algorithm shows somewhat better
results in numerous rendition (benchmark) tests of soft-
ware implementations on modern platforms. The combined
Karatsuba-Comba multiplication (KCM) algorithm for pro-
cessors of the reduced instruction set computers (RISC-
processors) is described in paper [113].

The KCM-algorithm is an example of a promising com-
bination of those by Comba and Karatsuba, while Karatsuba’s
algorithm is especially often used for the machine word
multiplication. As a result, the main goal of that paper [113]
is to provide a suggestion for the effective increasing of
software implementation of the finite field 𝐺𝐹(𝑝) multipli-
cation (squaring) with the aid of Comba’s algorithm. Such
researchwasmotivated by the necessity to obtain the effective
confirmation of software implementation of some known
algorithms for continuous development of the modern 32-
bit and 64-bit platforms. It is important to mention that the
last ten years have seen a rapid development of multicore
processors and multiprocessor systems [113].

7.2. Software Implementation. With the recent boost of infor-
mation technology in modern society, the problem of infor-
mation security became of special urgency.Themost difficult
task is to provide secure handling and storage of critical
and confidential data for government and private companies,
banks, and other systems. A solution to this problem is to
implement systems that provide for information confiden-
tiality, integrity, authenticity, and accessibility by means of

cryptographic software and cryptographic hardware based on
some approaches making use of bilevel programming.

At the same time, cryptoanalyticalmethods taking advan-
tage of the progress in capabilities of modern computers
demand high requirements on the security parameters of
modern cryptosystems with the use of the well-known
techniques and devices of bilevel programming. Moreover,
the increased amount of data processed in modern infor-
mation systems needs a quite high-level performance of
the modern cryptosystems. Hence, the timing requirements
to cryptographic applications have increased dramatically;
that is, prospective cryptoalgorithms must provide efficient
processing of bulk data when applying bilevel programming
and, at the same time, a high level of security.

So far, most research activity has been carried out
about some theoretical aspects of hyperelliptic curve cryp-
tosystems (HECC), including many improvements of the
underlying arithmetic of the hyperelliptic curves. On the
implementation side, improvements for specific processors
and hardware platforms have been analyzed. The present
approach provides a very important contribution towards
practical implementation of HECC by showing how to build
an efficient hyperelliptic curve of digital signature algorithm
(HECDSA) implementation and provides cryptographically
suitable curves. Unfortunately, the published results on prac-
tical implementations of HECC are rare (see, for example,
[114, 115]). This solution is intended to provide very practical
facts for the implementation of an HECDSA system with all
its necessary details at the interpretation with the help of the
bilevel programming techniques. There are numerous mod-
ern publications dealing with HECC, but they describe no
validated system parameters for the efficient implementation
of a workable cryptosystem.

The lack of publications dedicated to this topic was the
motivation behind the thorough summary of all results for
efficient HECC implementation presented in this review
and the comparison of HECC (HECDSA) with the existing
elliptic curve cryptosystems (ECC) and/or elliptic curve of
digital signature algorithms (ECDSA) based on the use of
some bilevel programming methods.

7.3. Cybersecurity Applications. The bilevel formulation is
investigated through a problem in which the goal of the
destructive agent is to minimize the number of power system
components that must be destroyed in order to cause a
loss of load greater than or equal to a specied level. This
goal is tempered by the logical assumption that, following
a deliberate outage, the system operator will implement all
feasible corrective actions to minimize the level of system
load shed.

The resulting nonlinear mixed-integer bilevel program-
ming formulation is transformed into an equivalent single-
level mixed-integer linear program by replacing the lower
level optimization problem with its Karush-Kuhn-Tucker
(KKT) optimality conditions and also converting a number
of nonlinearities to linear equivalents using somewell-known
integer algebra results. The equivalent formulation has been
tested in [116] on two case studies, including the 24-bus IEEE
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reliability test system (RTS) through the use of commercially
available software.

The bilevel model specically allows one to dene different
objective functions for the terrorist and the system opera-
tor and permits to impose constraints on the upper level
optimization problem. The latter are functions of both the
upper and lower level variables. This degree of exibility is not
possible to implement through the existingmax-minmodels.

As present, researchers have begun to look into some
newways of addressing the security assessment problem, here
called the Terrorist Threat Problem (TTP). For example, in
[117], a multiagent system was proposed capable of assessing
power system vulnerability, monitoring hidden failures of
protection devices, and providing adaptive control actions
to prevent catastrophic failures and cascading sequences of
events.

Attack tree (AT) is another widely used combinatorial
model in the cybersecurity analysis. The basic formalism of
AT does not take into account defense mechanisms. Defense
trees (DT) have been developed to investigate the effect of
defense mechanisms using measures such as attacker’s cost
and security cost, return on investment (ROI) and return
on attack (ROA). DT, however, places defense mechanisms
only at the leaf node level while the corresponding ROI/ROA
analysis does not incorporate the probability of attack. In an
attack response tree (ART), an attacker-defender game was
used to find an optimal policy from the countermeasures’
pool. The latter suffers from the problem of state-space
explosion, since a solution in ART is sought by means of
a partially observable stochastic game model. In [118], the
authors have presented a novel attack tree named the attack
countermeasure tree (ACT), in which (i) defense mechanisms
can be applied at any node of the tree, not just at the leaf node
level; (ii) some qualitative analysis (usingmin-cuts, structural
and Birnbaum importance measures) and probabilistic anal-
ysis (using attacker’s and security costs, the system risk,the
impact of an attack, ROI, and ROA) can be performed; (iii)
the optimal countermeasure set can be selected from the
pool of defense mechanisms without constructing a state-
space model. They have used single- and multiobjective
optimization tools to find suitable countermeasures under
different constraints. In addition, they have illustrated the
features of ACT using a practical case study, namely, a
supervisory control and data acquisition (SCADA) attack.

Finally, some authors [119] have proposed a trilevelmodel.
Cybersecurity is becoming an area of growing concern in
the electric power industry with the development of smart
grid. A false data injection attack, which is against the
state estimation through a SCADA network, has recently
attracted the ever wider interest of researchers. This review
[119] further develops the concept of a Load redistribution
(LR) attack, a special type of the false data injection attack.
The damage from LR attacks to power system operations
can manifest in an immediate or a delayed fashion. For the
immediate attacking goal, they have shown in [119] that the
most damaging attack can be identified through a max-min
attacker-defender model. Benders decomposition within a
restart framework is used to solve the bilevel immediate LR
attack problem with a moderate computational effort. Its

efficiency has been validated by the Karush-Kuhn-Tucker-
(KKT-) basedmethod solution in their previouswork. For the
delayed attacking goal, the authors of [119] have proposed a
trilevelmodel to identify themost damaging attack and trans-
form the model into an equivalent single-level mixed-integer
problem for its final solution. In order to summarize, the
techniques developed in [119] enable a quantitative analysis of
the damage from LR attacks to the power system operations
and security and hence provide an in-depth insight into
an effective attack prevention when resources (budgets) are
limited. A 14-bus system is used to test the correctness of the
proposed model and algorithm.

8. Concluding Remarks

In this paper, we present a survey of Bilevel Programming
andApplication area, closely related to applied problems such
as natural gas imbalance cash-out problem, toll optimization
problem, and others. Recent results and trends in the mixed-
integer bilevel programming models with linear objective
function and constraints are also described.

Many open questions still exist in Bilevel Program-
ming theory, especially in relation to applications. New
topics/questions arise as, for example, application of non-
smooth/variational analysis. Many new applications are
found; much is yet open with respect to solution algorithms;
important are also mixed-discrete bilevel optimization prob-
lems. All these items have not been included in this survey
only due to the space limitations, but we hope to enlight them
in the nearest future.
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[62] V. V. Kalashnikov, G. A. Pérez-Valdés, A. Tomasgard, and N. I.
Kalashnykova, “Natural gas cash-out problem: bilevel stochas-
tic optimization approach,” European Journal of Operational
Research, vol. 206, no. 1, pp. 18–33, 2010.

[63] P. Kall and S. W. Wallace, Stochastic Programming, John Wiley
& Sons, Chichester, UK, 1994.

[64] S. Dempe, V. V. Kalashnikov, G. A. Pérez-Valdés, andN. Kalash-
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Modern approaches to the development of a national economy are often characterized with an imbalanced inflation of some
economic branches leading to a disproportional socioeconomic territories development (SETD). Such disproportions, together
with other similar factors, frequently result in a lack of economic integrity, various regional crises, and a low rate of the economic
and territorial growth. Those disproportions may also conduce to an inadequate degree of the interregional collaboration. This
paper proposes the ways of regulating imbalances in the territorial development based upon the fiscal policy tools. The latter can
immediately reduce the amplitude of economic cycle fluctuations and provide for a stable development of the economic state system.
The same approach is applied to control the processes of transformation of the tax legislation and tax relations, as well as the levying
and redistribution of the recollected taxes among the territories’ budgets (this approach is also known as a tax policy). To resume,
this paper describes comprehensive models of financial regulation of the socioeconomic territorial development that can help in
estimating and choosing the right financial policy parameters. These provide the stable rates of the growth of national economies
along with a simultaneous decrease in interregional socioeconomic disproportions.

1. Introduction

This study will expose the issue of the socioeconomic devel-
opment of the nonuniformity of regional socioeconomic
systems, which is one of themost commonly occurring issues
in the world today. Political leaders, economists, and sociol-
ogists will often present asymmetry of regional development
and growth in the variability of the territory’s development,
divergence, differentiation, and unbalanced development of
some areas and regions. All of these terms are used to describe
the situation of dissimilar growth of the separate elements,
which forms the socioeconomic system of the region or
country and also of the world which lead to negative trends
that threaten the integrity of the whole economic system.This
situation is the cause of the nonuniformity of development

and is regarded as a major factor in the destabilization of,
and fundamental changes in, regional policy. The dominant
theories of unbalanced development highlight that without
government regulation the market objectively increases the
regional disparities into a force of cyclicality and market
mechanism self-organization, thus establishing the higher
development of the economy in some regions and a weakness
in others.

Socially oriented strategies of economic space determine
development following global priorities for a state’s regional
policy as a provision of unified social standards and reduc-
tion of the interregional economic differentiation. Among
the state regulation territorial development tools are, for
example, creation of special economic zones, infrastructure
development, preparation of the territories for industrial
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mastering, stimulation for attracting investments, and so
forth. This study shows the practice of regional economic
management, with the most effective being the financial
tools, such as financial support of the regional funds for-
mation, separate economic budget financing developed for
sectors within regions, and tax policy. This study presents an
existing fiscal (or tax) policy, which highlights some of the
redistribution of financial resources, leading to the inevitable
infringement of the interests of regional donors, a slowdown
in economic growth rates, absence of stimulus for less
developed regions, a reduction in subsidization levels, and
an increase in competitiveness. Some economic imbalances
induce political imbalances and consequently a growth of
social intensity, the forming of threats in border regions,
an absence of any motivation of interregional collaboration,
and a strengthening of centrifugal tendencies. A current
situation or event leads to the need for a correction of regional
policy, in particular, financial policy. One of the directions
for the improvement of regional financial policy includes a
model basis development for state financial regulation of the
territory’s development.

In modern scientific and economic publications,
approaches to the simulation of the regional policy are
considered [1–15]. In such publications [1, 2] it is considered
that such simulation methods of the budget regulation
mechanisms are at different hierarchical levels, as well
as econometric methods and panel data. The research is
presented in [3, 4] and considers some of the questions using
the space-lagged models for testing an available overflow
effect and the possibility of costs decreasing, which are linked
with a stimulation of regional development. In publications
[5–10], some of the fundamentals of the socioeconomic
system dynamic models and the simulation models of
the region are considered. Publications [11–13] consider
questions of optimization method development for regional
development strategies and analysis of the interregional
economic collaboration based on a complex (or a set) of
optimization interregional and interbranch models. The
works [14, 15] offer a complex (or a set) of models, which
give the possibility of determining the state regulation
priority of ability to vital spheres of the regional systems and
improve the effectiveness of target coordination based upon
a multidimensional analysis and adaptive filtration methods.

Enough interest can be recognized in the development
of the models to form an effective regional policy. However,
some approaches remain unstudied, which allow to obtain an
estimate of consistency for tax, budget policy, and dynamics
if the investment processes have its influence on the conver-
gence processes of regional development.

The management tool for simulation is based upon the
balanced tax policy of the scenario simulation. This allows
for research into some of the cause-and-effect factor links,
which have an implicit structure. This model also allows
the formation of a spectrum of development strategies and
implements an estimation of some of the realization conse-
quences for different variants of management actions, which
are directed towards eliminating some of the imbalances
in the regional systems development [16]. An adequate
tool for the scenario realization approach is a simulation

model, which provides some experimental possibilities and is
linkedwith an estimation and differentmanagement scenario
analysis of the region’s socioeconomic development. The
base conception for a simulation of the financial flows of
territories is considered the advantages of the method of
systemdynamic [17], which give the possibility for an account
of all structural relationships among some variables and time
aspects of transformations.

In this research, a model development scenario was
staged for the financial regulation territorial development,
which is directed to form a multicomponent economic
system and can provide an emergence of reverse interregional
links and sustainable development of the common economy.
These scenarios are shown as sequences of some states of the
socioeconomic territorial system through the realization of
different variants of the financial regional policy.

2. Scenario Elaboration Conceptual Scheme
for Financial Regulation of the Territorial
Development

Theproposed conceptual scheme for the scenario elaboration
of the financial regulation of the territorial development and
the content for the stages of this scheme is shown in Figure 1.

In the first stage, the initial scenario of changes in
the characteristics of territorial socioeconomic development
(SED), due to the implementation of the adopted fiscal
policy, is developed. Meeting the challenges of this phase is
carried out using the model alignment imbalances using tax
instruments and the proposed simulation model of regional
financial regulatory [17]. The financial regulatory model of
the territorial development has twomain components: (1) the
unit of resource allocation and (2) the unit of socioeconomic
characteristics of the region.

The purpose of the first block is to simulate the possible
value of the regional investment of transfers, subventions, and
grants. Targeting of the second block is to simulate the impact
of the value of investment transfers, subventions, and grants
to the regions for the socioeconomic development of regional
systems.Therefore, a simulationmodel of financial territorial
regulation allows conducting multivariate projections of
regional and state economic development, depending on the
adopted financial regulation state policy. Output data of this
stage are inversion scenarios of SETD through accepted tax-
budget policy realization.

In the second stage, the formation imbalances analysis
in regional development will be performed in the following
areas: estimation of the regional socioeconomic develop-
ment, differentiation of the regional socioeconomic develop-
ment, estimation of the imbalance of the SED in the regions,
and identifying the sources of structural imbalances [18, 19].

Assessment of the level of socioeconomic development
is conducted by using the reference object as a method
of construction, taxonomic indicator of development. The
estimation of the differentiation of SED is a dynamic anal-
ysis of regional cluster formations and the analysis of the
individual propensity to migrate from regions with low levels
of socioeconomic development into a group of regions with
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Stage 1. Inertial scenario forming regarding
change of some parameters of the SETD
through fiscal policy realization

Figure 1: Conceptual scheme of scenario elaboration of the financial regulation of the SETD.

a high level of socioeconomic development. Evaluation is
focused on the analysis of the regional structure of the upward
or downward trend of economic development. To estimate
the irregularity the following data is used: coefficient of vari-
ation, coefficient of irregularity (differentiation), coefficient
of imbalance, and Tail’s index. Identifying the sources of
structural imbalances is based upon the decomposition of
Tail’s index. Herewith, the following factors in increasing
the regional imbalances are considered: the unbalanced
development of groups of regions with a high level of
SED (donor regions) and regions with low SED (recipient
regions), the unbalanced development of regions with high
levels of socioeconomic development, and the unbalanced
development of regions with low levels of socioeconomic
development.

At the third stage, the alternative scenarios of managing
the development of the territories are formed, aimed at
eliminating or preventing the identified structural imbal-
ances whilst maintaining the overall positive trajectory of
the national economy development. The objectives of this
phase are to generate management decisions concerning the

elimination of imbalances in regional development, the
formation of alternative fiscal policy options, forecasting the
dynamics of socioeconomic development, and selecting an
option of fiscal policy. Solving the above tasks is performed
by grouping the regions, considering parameters such as the
level and rate of socioeconomic development. The following
regions and groups were also allocated: regions leaders (i.e.,
regions with a high level and a high rate of socioeconomic
development); stagnant regions (i.e., regions with the high
level and the low rate of socioeconomic development);
developed regions (i.e., regions with the low level and the
high rate of socioeconomic development); and problematic
regions (i.e., regions with the low level and the low rate of
socioeconomic development).

Formation of alternative fiscal policy options suggests
changing the parameters of the distribution of investment
transfers, in particular the regional development fund among
the described groups of the regions. Since the cyclical down-
turn in the state investment policy is aimed at increasing
the speed of investment flow, especially in the production
of the high added value, then adjustment of the parameters
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of the distribution of investment transfers is based upon the
research on the territories asset management ratio of the
industrial and economic systems (PES) [20]. The predicted
results of socioeconomic development of the regions as a
result of implementation of the different options of fiscal
policy underlie the formation of alternative management
scenarios of SETD.

In considering the following scenarios, the alternative
compensation scenario assumes an estimation of the after-
maths of the priority investment support of the regions-
donors with the implementation of pessimistic scenarios
of tax revenues. The main target of the development of
this scenario is to evaluate the possibility of forming a
“compensatory” effect of reducing the depth of the economic
crisis by changing the fiscal policy parameters.The alternative
antirecessionary scenario is directed to modeling the results
of the phased financial support of the recipient and donor
regions. Financial support of the recipient regions allows a
reduction in the level of subsidization and in the depth of
the economic crisis at the beginning of the implementation
of the state stabilization policy. The financial support of the
donor regions is aimed at promoting an inward investment
in the production of high additional value and preventing the
effect of a “deferred” cyclical downturn in the forecast period.
Selecting an option of the fiscal policy based on the analysis
of the parameters of the regional financial policy offers the
alignment of the regional socioeconomic development while
maintaining the positive trend in the economy.

Thus, the proposed scheme (Figure 1) of the socioeco-
nomic development scenarios of the regionsmakes it possible
to assess the consistency of fiscal, monetary, and investment
policies and to increase the quality of information-analytical
basis for decision-making and concerning the elimination of
territorial imbalances.

3. Financial Regulation Model of
the Territorial Development

Developing the scenarios of socioeconomic development of
the territories is based on the financial regulation model,
which includes simulation models of budget system, indi-
cators, and socioeconomic characteristics of the regions.
Together with other similar traditional approaches, such as a
method of system dynamics, the proposed simulationmodels
include some other dynamic econometric models, which
is a feature of those models. The structurally determined
equations are using the panel data models [1], which allow
researching the space-dynamic effects of a realization of the
fiscal policy.

In general, the panel data model cab will be presented as
follows: 𝑦𝑖𝑡 = 𝛼 + 𝑥



𝑖𝑡
× 𝛽𝑖𝑡 + 𝑢𝑖𝑡, where 𝑦𝑖𝑡 is a value of the

researched indicator for 𝑖th region in 𝑡th time period, 𝑖 =
1, 𝑛, 𝑡 = 1, 𝑇; 𝑥

𝑖𝑡
is a vector of the explaining variables

(factors); 𝑢𝑖𝑡 is a disturbance for the 𝑖th region (object) in
𝑡th time period; 𝛽𝑖𝑡 is the model parameters (indicators).
This model is a general model, so it is suggested that a
standard presentation is used for constancy of the parameters
(indicators) 𝛽𝑖𝑡 for the all values indexed by 𝑡 and 𝑖. The

panel data specific model can give a possibility for additional
division of disturbances on some of the components (parts):
𝑢𝑖𝑡 = 𝜇𝑖 + 𝜀𝑖𝑡, where 𝜇𝑖 is the unobservable specific and
individual effects and 𝜀𝑖𝑡 is the residual “noises.”

Models with a fixed or random effect depend on sugges-
tions of a property (or character) regarding the value 𝜇𝑖. If the
value 𝜇𝑖 is 𝑛th unknown fixed parameters, then this model is
one from a set of panel data standardmodels with fixed effects
and it can be presented as follows: 𝑦𝑖𝑡 = 𝜇𝑖 + 𝑥



𝑖𝑡
× 𝛽 + 𝜀𝑖𝑡.

It is suggested that the average level of a dependent variable
for the 𝑖th region can differentiate from an average level of
dependent variable 𝑗th and is also a permanent variable for a
different time period and is implemented into thismodelwith
the help of different cross-section values𝜇𝑖. Different constant
values 𝜇𝑖 will be estimated for different objects. At the same
time, these estimated parameters 𝛽𝑖 would be similar to all
the objects and for all time periods. Besides, the general
(common) cross-section 𝛼 will be absent in this case because
if it exists, then this cross-section 𝛼 in this model will raise an
effect of multicollinearity.

If it is possible that 𝜇𝑖𝑡 is explained as a realization of
independent values from 𝑋𝑖𝑡 random variables, then this
model belongs to a type of standard panel data model
with random effects. In some models with a random cross-
section effect, 𝜇𝑖𝑡 is defined as a random value, which has a
zero expectation, but the perturbations 𝑢𝑖𝑡 are unrelated for
different time periods. The model with random effects has
the following type: 𝑦𝑖𝑡 = 𝛼 + 𝑥



𝑖𝑡
× 𝛽 + 𝜇𝑠 + 𝜀𝑖𝑡, where 𝛼 is a

general cross-section. In thesemodels with random effects, in
contrast to those models with a fixed effect, the general cross-
section can be identified and separately estimated.

The main contrast among panel data models with fixed
and random effects is shown by the cross-section of those
models. In the models with a random effect, the cross-
sections are considered as random values, whereas the mod-
els with a fixed effect—as the fixed values—exhibit differences
in some objects.

The model with fixed effects 𝑦𝑖𝑡 = 𝜇𝑖 + 𝑥


𝑖𝑡
× 𝛽 + 𝜀𝑖𝑡

can be considered as a model with an individual fictitious
value; that is, for each region, a variable is introduced which
has an individual character. Implying the existence of the
same parameters for all regions for all time moments, the
availability of heterogeneity among some observation objects
with the invariant objects with respect to time, but with a
specific location parameter for each object, can be researched.
By introducing fictitious variables,

𝑑𝑖𝑗 = {

1, 𝑖 = 𝑗,

0, 𝑖 ̸= 𝑗

(1)

for each object, this model can be presented as a standard
model: 𝑦𝑖𝑡 = ∑

𝑛

𝑗=1
𝜇𝑗𝑑𝑖𝑗 +𝑥



𝑖𝑡
𝛽+ 𝜀𝑖𝑡. For an estimation of these

parameters the intragroup transformation is used—𝑦𝑖𝑡 −𝑦𝑖 =
(𝑥𝑖𝑡 − 𝑥𝑖)


𝛽 + 𝜀𝑖𝑡 − 𝜀𝑖. If the ordinary least squares- (OLS-)

method is used, leading to a regression through the beginning
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of the origin of coordinates, a consistent estimate will be
obtained:

̂
𝛽FE = (

𝑛

∑

𝑖=1

𝑇

∑

𝑡=1

(𝑥𝑖𝑡 − 𝑥𝑖)(𝑥𝑖𝑡 − 𝑥𝑖)

)

−1

⋅

𝑛

∑

𝑖=1

𝑇

∑

𝑡=1

(𝑥𝑖𝑡 − 𝑥𝑖) (𝑦𝑖𝑡 − 𝑦𝑖
) .

(2)

Due to the subtraction of the time average of the data,
this estimation is accountable with a variation in the borders
of the object of observation. The estimations of individual
effects can be used as 𝜇𝑖 = ́𝑦𝑖 −

́𝑥


𝑖
⋅
̂
𝛽FE. These estima-

tions are unbiased and consistent estimations for fixed 𝑛
at 𝑡 → ∞. A formula for a covariance matrix has the
following type: 𝑉( ̂𝛽FE) = 𝜎

2

𝜀
(∑
𝑛

𝑖=1
∑
𝑇

𝑡=1
(𝑥𝑖𝑡 − 𝑥𝑖)(𝑥𝑖𝑡 − 𝑥𝑖)


)

−1

.
As a dispersion estimation, 𝜎2

𝜀
can use �̂�2

𝜀
= (1/(𝑛𝑇 −

𝑛 − 𝑘))∑
𝑛

𝑖=1
∑
𝑇

𝑡=1
(𝑦𝑖𝑡 − 𝑦𝑖

− (𝑥𝑖𝑡 − 𝑥𝑖)
 ̂
𝛽FE)
2

. Here a bilevel
procedure was used, whereby at first a calculated estimation
was made with an account of the variation among the objects
of observation and, afterwards, a calculation of the individual
effects is provided.

The model with random effects cannot effectively be
estimated either, with the help of the OLS-method, because
some mistakes in suggestions for this model are correlated
between them due to the presence of a specific summa for
each object of observation. Therefore, the bisteps procedure
FGLS is used:

̂
𝛽RE = 𝑊

̂
𝛽FE + (𝐼𝑘 −𝑊)

̂
𝛽𝑏,

(3)

where

̂
𝛽𝐵 = (

𝑛

∑

𝑖=1

𝑇(𝑥𝑖 − 𝑥)(𝑥𝑖 − 𝑥)

)

−1
𝑛

∑

𝑖=1

𝑇 (𝑥𝑖 − 𝑥) (𝑦𝑖
− 𝑦) ,

𝑊 = (𝑆
𝑤

𝑥𝑥
+ (1 − 𝜃)

2
𝑆
𝑏

𝑥𝑥
)

−1

𝑆
𝑤

𝑥𝑥
,

𝑆
𝑤

𝑥𝑥
=

𝑛

∑

𝑖=1

𝑇

∑

𝑡=1

(𝑥𝑖𝑡 − 𝑥𝑖) (𝑥𝑖𝑡 − 𝑥𝑖)

,

(4)

where 𝐼𝑘 is the identity matrix with dimension 𝑘 (the
explanatory variables). The parameter 𝜃 is selected as follows
in order that themistakes in themodel will not be interrelated
at any time for different values 𝑡. Then the parameter 𝜃
assumes the following form:

𝜃 = 1 −

�̂�𝜀

√�̂�
2
𝜀
+ 𝑇�̂�
2

𝑀

; �̂�
2

𝑀
=

∑
𝑛

𝑖=1
𝑢
2

𝑖

𝑛 − 𝑘 − 1

−

1

𝑇

�̂�
2

𝜀
, (5)

where 𝑢𝑖 is the remains, which received with the help of
the OLS-method in a regression with accounting a variation
among objects of observation 𝑦

𝑖
= 𝜇 + 𝑥



𝑖
𝛽 + 𝑢𝑖 + 𝜀𝑖, 𝑖 = 1, 𝑛.

It should be noted that one of the problems of using panel
data is that of choosing a model type (usual regression, fixed,
or random effect). In the above models, a definite hierarchy
exists. The usual regression model is a special case of the

model with fixed effects, when in this model we have 𝜇𝑖 = 0,
𝑖 = 1, 𝑛. In addition, this model can be used as the model
with a random effect (when the mistakes are absent) or the
model with fixed effects (when a correlation between 𝜇𝑖𝑡 and
𝑋𝑖𝑡 is absent). Therefore, with statistical tests using a null
hypothesis, there is a possibility of using a particular model,
but the use of alternative tests of a null hypothesis means the
possibility to use a common (general) model. The choice of
model specification exists and is based on the𝐹-test, Breusch-
Pagan’s test, and Haussmann’s test.

F-test. A null hypothesis is formed to check the statistical
significance of cross parameters in a model 𝐻0 where 𝐻0:
𝜇𝑖 = 𝜇𝑗 for any 𝑖, 𝑗. It corresponds to a model with the same
parameter 𝜇 for all objects sampled, that is, to an aggregated
model. The alternative hypothesis consists of the following
fact that𝐻1: 𝜇𝑖 ̸=𝜇𝑗, at least for one pair 𝑖, includes of a model
with fixed effects.The calculated criteria value is calculated as
follows:

𝐹 =

𝑅
2

pool − 𝑅
2

FE

1 − 𝑅
2

FE

𝑛𝑇 − 𝑛 − 𝑘

𝑛 − 1

=

𝑄pool − 𝑄FE

𝑄FE
⋅

𝑛𝑇 − 𝑛 − 𝑘

𝑛 − 1

𝐻0
∼ 𝐹 (𝑛 − 1, 𝑛𝑇 − 𝑛 − 𝑘) .

(6)

Breusch-Pagan’s Test. In order to check the statistical signif-
icance of the random effects, a calculation is made with the
help of Lagrange’s multiplier test:

LM = 𝑛𝑇

2 (𝑇 − 1)

(

∑
𝑛

𝑖=1
(∑
𝑇

𝑡=1
𝑒𝑖𝑡)

2

∑
𝑛

𝑖=1
∑
𝑇

𝑡=1
𝑒
2

𝑖𝑡

− 1)

2

, (7)

where 𝑒𝑖𝑡 is the oddments of the aggregated regressionmodel.
If the hypothesis 𝐻0 is true, then the statistic LM has 𝜒2

distribution and is valid with a single degree of freedom.

Haussmann’s Test. Due to the most important difference
in the heterogeneity simulation approaches of observable
objects, there is a relation among input effects with some
regressors (undefined variables). In this case, the random
effects are suggested as interrelated with these regressors,
whereas the fixed effects can be correlated with them. In
addition, the choice of model with fixed or random effects
depends on whether these effects are correlated or not with
those regressors. During the validity of the hypothesis 𝐻1,
the model estimations with the fixed effects exist, but the
model estimations with the random effects do not exist. In
this case, some significant differences can be found between
estimations of these two models. The value of Haussmann’s
statistic is calculated as follows:

𝐻 = (
̂
𝛽FE −

̂
𝛽RE)


B̂−1 ( ̂𝛽FE −
̂
𝛽RE) , (8)

where the estimation B̂ is for the covariancematrix (𝐷( ̂𝛽FE)−
𝐷(
̂
𝛽RE)).
Such modelling is based upon the consideration of infor-

mation and data for building models of a budget system and
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data on the socioeconomic development ofUkraine in the last
15 years.

A simulationmodel of the dynamics of the budget system
indicators, which includes such variables as revenues of
the consolidated budget, health care expenses, educational
expenses, social protection and social security expenses,
economic activity expenses, state budget expenses, donations,
grants, and investment transfers to the regions, is based on a
system of 11 equations. Some of these are presented below.

Health Care Expenses

Zatr oh zd𝑡 = 0.06704 ⋅ Dohod svodnogo budgeta𝑡

+ 0.021184 ⋅ VVP𝑡−1,
(9)

where Zatr oh zdt is the health care expenses (million UAH,
is the ISO 4217 currency code of the Ukrainian hryvnia, the
national currency of Ukraine), Dohod svodnogo budgetat
(is the variable, which describes the revenue (income or
profit) part of the aggregate budgets: operational, investment,
and financial) is the revenues of the consolidated budget
(million UAH), and VVP𝑡−1 are the gross domestic product
(GDP), with a lag equaling 1 (million UAH).

The determination coefficient of the dynamical model
was 0,99573; the following calculated values of 𝑡-test 3,0658
and 2,75002 are greater than the table value, which allows
the conclusion that estimates of the model parameters are
statistically significant; the value of theDurbin-Watson statis-
tic equal to 1,56 indicates the absence of autocorrelation in a
number of residuals.

Educational Expense

Zatr obbrazov𝑡 = − 4853.6 + 0.12

⋅ Dohod svodnogo budgeta𝑡

+ 0.04 ⋅ VVP𝑡−1,

(10)

where Zatr obbrazovt are the educational expenses (million
UAH).

The determination coefficient of the dynamical model
was 0,994; calculated values of 𝑡-test, 3,07, 3,56, and 3,88, are
greater than the table value at a 1% level of significance, which
leads to the conclusion that estimates of themodel parameters
are statistically significant.

The general (common) view of a simulation model of the
budget system indicators is shown in Figure 2.

In the socioeconomic simulationmodel characteristics of
the territory development, such variables are considered as
gross regional product, total export volume, investment in
fixed assets, level of employment, the total import volume,
volume of innovative products, value of foreign investments,
the average monthly wage, income, level of economically
active population, and the provision of housing, bringing

into service the apartments and the number of students at
universities. A few equations are presented in Figure 2.

Gross Regional Product

VRP𝑖𝑡 = 𝜇
1

𝑖
+ 2474.059 ⋅ Export𝑖𝑡 + 0.566316 ⋅ IOK𝑖𝑡

+ 62.60181 ⋅ Zan nas𝑖𝑡 + 0.888341 ⋅ VRP𝑖𝑡−1,
(11)

whereVRP𝑖𝑡 is the gross regional product for the 𝑖th region
per capita (UAH); is the fixed effect in the 𝑖th region; Export𝑖𝑡
is the total export volume of the 𝑖th region per capita
(thousand USD); IOK𝑖𝑡 is the investments in fixed assets of
the 𝑖th region per capita (UAH); Zan nasit is the level of
employment of the 𝑖th region (% of population aged 15–70
years); VRP𝑖𝑡−1 is the gross regional product for the 𝑖th region
per capita with lag equaling 1 (UAH).

The coefficient of considered panel data model determi-
nation was 0,978; calculated values of 𝑡-test, 48,448; 2,899;
7,86; and 8,56, are greater than the table value, which leads
to the conclusion that estimates of the model parameters are
statistically significant.

The Total Export Volume

Export𝑖𝑡 = 𝜇
2

𝑖
+ 0.434655 ⋅ Export𝑖𝑡−1 + 0.132915 ⋅ Export𝑖𝑡−2

+ 0.0000054 ⋅ VRP𝑖𝑡−1 + 0.0000591 ⋅OB IP𝑖𝑡,
(12)

where the fixed effect is in the 𝑖th region; OB IPit is the
volume of innovative products of the 𝑖th region per capita
(UAH); Exportit−1 is the total export volume of the 𝑖th region
per capita with lag equaling 1 (thousand USD); Exportit−2 is
the total export volume of the 𝑖th region per capita with lag
equaling 2 (thousand USD).

The determination coefficient of the considered panel
data model was 0,854491; calculated values of 𝑡-test, 2,7167;
2,7494; 6,02; and 1,77, are greater than the table value, which
leads to the conclusion that estimates of themodel parameters
are statistically significant.

The Total Import Volume

Import𝑖𝑡 = 𝜇
3

𝑖
+ 0.4263 ⋅ Import𝑖𝑡−1 + 0.0000886 ⋅OB IP𝑖𝑡

− 0.0000499 ⋅OB IP𝑖𝑡−1 + 0.0000054 ⋅ VRP𝑖𝑡−1,
(13)

where the fixed effect is in the 𝑖th region; Importit is the
total import volume of the 𝑖th region per capita (thousand
USD); OB IP𝑖𝑡−1 is the volume of innovative products of the
𝑖th region per capita with lag equaling 1 (UAH); Importit−1 is
the total import volume of the 𝑖th region per capita with lag
equaling 1 (thousand USD).

The determination coefficient of the considered panel
data model was 0,7117; calculated values of 𝑡-test, 5,81; −2,39;
4,58; and 4,69, are greater than the table value, which leads
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Figure 2: Simulation model for budget system indicators.

to the conclusion that estimates of the model parameters are
statistically significant.

The Average Monthly Wage

Sr ZP𝑖𝑡 = 𝜇
4

𝑖
+ 22.44544 ⋅ Zan nas𝑖,𝑡−1 + 0.097669 ⋅ VRP𝑖𝑡,

(14)

where Sr ZPit is the average monthly wage in the 𝑖th region
(UAH); is the volume for a fixed effect for the 𝑖th region;
Zan nasit−1 is the level of employment in the 𝑖th region with
lag equaling 1 (% of population aged 15–70 years).

The general (common) type of the simulation model of a
dynamic of the socioeconomic region indicators is shown in
Figure 3.

The determination coefficient of the considered panel
data model was 0,9727; calculated values of 𝑡-test, 5,39 and
56,609, are greater than the table value, which leads to
the conclusion that estimates of the model parameters are
statistically significant.

The list of exogenous simulationmodel parameters sets is
presented in Table 1.

The comprehensive country financial regulatorymodel of
the socioeconomic region development includes a simulation

model of the budget system indicators and 25 simulation
models of the socioeconomic region indicators (characteris-
tics).

With analysis of some results, which were received by
these simulation models, it is possible to make a highly
precise forecast of economic value and confirm the necessity
for use of scenario development. The comparison results
for the actual and calculated values of the socioeconomic
regional development studied indicators are shown in Figures
4(a)–4(d). Other indicators received similar results.

Analysis of the findings leads to the conclusion that the
simulation model provides the highest accuracy in forecast-
ing such indicators as GDP per capita, the interest rate on the
loan, the level of employment, and the provision of housing.
The prediction error for these parameters varies from 0,412%
to 8,8649%. Similar results were also obtained for the other
indicators.

Generally, the prediction error of the simulation model
of financial regulation for the regional development does
not exceed 11%, which proves the possibility of its utilization
for the socioeconomic development of the territories of the
characteristic change scenarios due to the implementation of
different fiscal policy variants.
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Figure 3: Dynamic simulation model of the socioeconomic region indicators.

Table 1: The values of exogenous parameters set.

Symbol Szdr
𝑖
𝑖 = 1,25 Sobr

𝑖
𝑖 = 1,25 Scosz

𝑖
𝑖 = 1,25 It

𝑖
𝑖 = 1,25 Inv

𝑖
𝑖 = 1,25 𝐷 𝑉

𝑖
𝑖 = 1,25 Fid

𝑖
𝑖 = 1,25

Coefficients of the subventions distribution Coefficients distribution

Description For health For education For the social
protection and security

For the investment
transfers

Public
investment Equalization grants Funding

innovation

4. Forming of the Inertial Scenarios and
Analysis of the Imbalances for the Regional
Development

According to the demonstration in the scheme in Figure 1 at
the first stage of the formation, the inertial scenarios were
performed, which assumes the study of the dynamic changes
of the characteristics of the socioeconomic development
territories due to the adopted fiscal policy implementation.
In the scenario development, an account was made of tax
reforms, regarding the reduction of a tax burden on legal
persons, reduction of value-added tax, an increase in the tax
burden on physical persons with a high-level income, and an
increase in the excise tax for such goods groups as alcohol,
tobacco, fuel, and cars to increase of the import customs
duties.

Calculating the value for the interbudget transfer changes
in the budget policy, with respect to forming of a regional
development fund, was taken into account. Also, two inertial
scenarios were developed: (1) the optimistic inertial scenario,
which is accounted for as an extension of the tax base
owing to a change of parameters of the tax policy, and (2)

the pessimistic inertial scenario, which is based upon the
availability of a time lag indicating the positive “feedback”
in an economy and, as a result, informing of the budget
deficiency.

An estimation of the socioeconomic regional develop-
ment level dictates a realization of the accepted fiscal policy,
which existed with the help of the development level method
[8]. The choice of this method is due to the following
advantages: absences of some limits for a number of signs
for the information space (a number of indicators can be
included in an indicator system, a positive dynamic of which
is confirmed by a reduction in the growth of the SER level); an
original indicator system can include some signs which have
a different dimension, some values of an integral indicator
which have a normative range of changes that provides an
interpretation of the received results. The level development
indicator is calculated by the formula 𝑑∗

𝑖
= 1− (𝑐𝑖0/𝑐0), where

𝑐0 = 𝑐0 + 2𝑆0, 𝑐0 = (1/𝑛)∑
𝑛

𝑖=1
𝑐𝑖0, 𝑆0 = (1/𝑛)√∑

𝑛

𝑖=1
(𝑐𝑖0 − 𝑐0)

2,

and 𝑐𝑖𝑜 = √∑
𝑚

𝑗=1
(𝑍𝑖𝑗 − 𝑍0𝑗)

2 is the Euclidean distance among
points-units (regions) and the point 𝑃0 (𝑧01, 𝑧02, . . . , 𝑧0𝑚),
which is a developed etalon. Fundamentals for the building of
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(a) Actual and forecast values of the GDP be personnel (UAH) by
Ukraine’s regions
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(b) Actual and forecast values provision of capita housing
(m2 be personnel) by Ukraine’s regions
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(c) Actual and forecast values of specific gravity for the number
of specialists who are doing the scientific and technical works by
Ukraine’s regions (%)
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(d) Actual and forecast values of number of students in the
universities (high schools) (students on 10,000 population)
by Ukraine’s regions

Figure 4: Compared actual and forecasted values of the indicators of the socioeconomic regional development.

a developed etalon are using a sign separation on a stimulant
and destimulant. Some signs, which provide a positive and
stimulating influence on the level of the socioeconomic
regional development, are called stimulants, in contrast to the
sign-destimulants. The coordinates of the developed etalon
are calculated as follows:

𝑧0𝑗 =

{

{

{

max
𝑖

𝑧𝑖𝑗, ecSK 𝑗 ∈ 𝐼,

min
𝑖

𝑧𝑖𝑗, ecSK 𝑗 ∉ 𝐼,
(15)

where 𝐼 is the set of stimulants. Due to the sign-destimulants
having different dimensions, then at the formation of the
matrix of the distances 𝐶 = (𝑑𝑖0), 𝑖 = 1, 𝑛, is existing
their standardization based on the following formulas: 𝑧𝑖𝑗 =

(𝑥𝑖𝑗 − 𝑥𝑖)/𝑆𝑗, 𝑆𝑗 = √∑
𝑛

𝑖=1
(𝑥𝑖𝑗 − 𝑥𝑗)

2
/(𝑛 − 1). The values of

the integral indicator change in the range from 0 to 1. The
nearer values to 1 of this indicator mean the higher level of
socioeconomic region development.

The results of the integral indicator calculation on the
level of the socioeconomic region development, received and
based on average values of socioeconomic development indi-
cators for 25 regions in the forecast period and characterized
by a tendency for the development of a national economy in
general, are shown in Figure 5.

From Figure 5, the stabilization policy is available, and
positive effects are obtained in the medium perspective by
two developed scenarios.This fact is confirmed by a dynamic
value for the integral indicator for 2013-2014. Due to the
reduction of integral indicator values in 2015 the possibility
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Figure 5: Integral indicator dynamic on the level of socioeconomic
regional development.

of creating a conclusion about the forming of a descending
developed tendency and occurrence of the “differed” cyclical
downturn was obtained.

The economic space proportions were studied with the
help of the cluster analysis methods [8, 9, 16]. Classification
consists of the decomposition of an initial set of regional
points to make a comparison of a small number of classes
𝑄 = {𝑄1, 𝑄2, . . . , 𝑄𝑛}. As for the regions which are owned by
one class (or group), these would be placed at comparatively
small distances from each other.

The established similarity or differences among regions
(or among classified objects) are dependent on the metric
distance between them. The following distances are used to
measure among objects (Table 2).

The final conclusions confirm the necessity of a distribu-
tion parameter correction for interbudget transfers with the
purpose of saving positive developed tendencies of a national
economy. In this connection, a forecasted dynamic analysis
was made of the socioeconomic region development during
2013–2015. An analysis was made of the structure of the
region’s cluster formations, a tendency of separated regions
of migration of a group with a low level of socioeconomic
development to a group with a high level of SETD.

For the building of the group of the hierarchical agglom-
erative and iterative methods were used. The hierarchical
agglomerative methods can only give a conditionally optimal
solution in a subset of a local portion (or cluster). However,
an advantage of these methods is the calculated simplicity
and interpretation of the results received. An entity of the
hierarchical agglomerative method is included in the fact
that, on the first step, each selected object is considered as
a separated cluster. The combining clustering process occurs
successively; the most similar objects unite which are based
on the distancematrix or the similaritymatrix. Clusterization
results, which are presented as a dendrogram, allow the
presentation of a hypothesis about the number of clusters.
This number of clusters is used for choosing initial conditions
for the iteration algorithm, which is based on the method
of “𝑘-means” [14]. The algorithm of this method includes
the following fundamental steps: 𝑘 points (or regions) are

randomly selected or are indicated from 𝑛 regions by a
researcher based on some prior considerations.

These points are like etalons; a sequence number, which at
the same time is a cluster number, is assigned to each etalon;
from the remaining (𝑛-𝑘) regions the point 𝑋𝑖 is retrieved
with the coordinates (𝑥𝑖1, . . . , 𝑥𝑖𝑚) and it is checked for which
etalons (or centers) it is closest to. The checked region joins
that center (or etalon), to which 𝑑𝑙 = min 𝑑𝑖𝑙 (𝑙 = 1, . . . , 𝑘)
matches. This etalon is replaced by the new one, which was
recalculated with an account of a jointed point, and its weight
(a number of regions are included in this cluster) is increased
by one. If there are two or more minimal distances, then
𝑖th region is attached to a center with the smallest sequence
number; afterwards, the point𝑋𝑖+1 will be selected and all the
steps (procedures) are repeated.

Thus, via (𝑛-𝑘) steps, all points (regions) of a set will
be assimilated to one of the 𝑘 clusters, but the partition
process is not finished with this step. In order for the stability
of a partition to be received according to a similar rule,
then all points 𝑋1, 𝑋2, . . . , 𝑋𝑛 are connected to received
clusters again, whilst at the same time the weights continue to
accumulate. The new partition is compared with a previous
portion and they are the same; then this algorithm is
completed. In another case, this cycle is repeated. The final
partition may have some gravity centers, which do not match
with the etalons, so they can be classified as 𝐶1, 𝐶2, . . . , 𝐶𝑛.
At the same time, each point 𝑋𝑖 (𝑖 = 1, 2, . . . , 𝑛) will relate
to that cluster (or class), for which the following 𝐷(𝑥𝑗, 𝑐𝑙) =
min 𝑑(𝑥𝑗, 𝑐𝑗) pertains.

After finishing the classification procedures, there is a
need to estimate the received results. For this, a measure of a
classification quality can be used, a so-called “the functional
of a quality.” The best partition should be considered as
such a partition by selecting the functional, of which an
extreme value of the objective function, the functional of
a quality, can be achieved. The following functionals of a
quality were considered in the partition analysis: 𝐹1 =
∑
𝑘

𝑙=1
∑
𝑖∈𝑆𝑙
𝑑
2
(𝑥𝑖, 𝑥𝑙), 𝐹2 = ∑

𝑘

𝑙=1
∑
𝑖,𝑗∈𝑆𝑙
𝑑
2

𝑖𝑗
, 𝐹3 = ∑

𝑘

𝑙=1
∑
𝑝

𝑗=1
𝜎
2

𝑙𝑗
.

Optimal partition is a partition where we have 𝐹𝑖 → min𝑆∈𝐴
and where 𝐴 is the set of all allowable partitions.

For determining a cluster number, which is needed to
split the original region set, the hierarchical agglomerative
methods were used. As a distance, the Euclidean distance
measure was considered. For determining the distances
among a random cluster pair,Ward’smethodwas used, which
allowed the minimization of the sum of squared deviations
among each region (object) and a cluster center, which was
included in this region. A graphical analysis of the grouped
results, which were presented as a dendrogram (Figure 6),
allowed the conclusion to bemade that the researched regions
set could be split into two objects, or groups, similar to the
socioeconomic developmental characteristics.

The method of “𝑘-means” was used as a stable analysis
for receiving classification. The results obtained allowed a
conclusion to be made regarding the saving of a socioeco-
nomic territories development differentiation in a forecast
period. Region clusters with a high and low level of socioe-
conomic development are sustained by their own structure.
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Table 2: Distances measures among objects (regions).

Distances measure among
objects Calculated formula Conditions of using

The common Mahalanobis
distance

𝑑
𝑖𝑗
= √(𝑋

𝑖
− 𝑋
𝑗
)



Λ

𝑆
−1
Λ(𝑋
𝑖
− 𝑋
𝑗
), where 𝑑

𝑖𝑗
is

the distance between 𝑖th and 𝑗th regions (or
objects); H

𝑖
, 𝑋
𝑗
are the value vectors of the SETD

indicators for 𝑖th and 𝑗th objects; 𝑆 is the common
covariation matrix; Λ is the matrix of weighting
coefficients

Is used in case of dependent vector
components 𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
and their different

significance at classification

Euclidean’s distance
𝑑
𝑖𝑗
= √

𝑚

∑

𝑘=1

(𝑥
𝑖𝑘
− 𝑥
𝑗𝑘
)

2

, where 𝑥
𝑖𝑘
, 𝑥
𝑗𝑘
are the

values for 𝑘th indicator, respectively, for 𝑖th and
𝑗th objects

Is used in case if the vector observation
components 𝑋 are homogeneous by physical
sense and are equally important for
classification

Weighted Euclidean’s distance 𝑑
𝑖𝑗
= √

𝑚

∑

𝑘=1

𝑤
𝑘
(𝑥
𝑖𝑘
− 𝑥
𝑗𝑘
)

2

, where 𝑤
𝑘
is the weight,

which can be used for 𝑘th indicator

Is used in case when for each vector
component𝑋 can be used as a weight, which is
proportional for a degree of a sign important
0 ≤ 𝑤

𝑘
≤ 1

Hamming’s distance 𝑑
𝑖𝑗
=

𝑚

∑

𝑘=1






𝑥
𝑖𝑘
− 𝑥
𝑗𝑘







Is used as a difference measure of the objects,
which can be defined by dichotomous signs
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Figure 6: Classification dendrogram.

For example, 15 regions, which are included in a group with
low developed levels in the preforecast classification and in
the forecast period, are saving their own position. A tendency
to migrate from one cluster to another is observed in just two
regions. A specific regional weight, with a high and low level
of SETD, is shown in Table 3.

The results obtained allow the conclusion to be made that
in the forecast period a convergence in regional development
levels was observed. A value of one of the nonuniform
indicators (variation coefficient) for the end of the forecast
period in the first development scenario is 18,043% and in
the second development scenario is 22,707%. Consequently,
we can explain the decrease in the financial possibilities
for an uneven smoothing of the territorial development.
However, some uneven indicators, which were received from
the end of the forecast period, are confirmed as a decrease in
interregional differentiation on account of allowed regional
policy.

The final direction for an analysis of the socioeconomic
territorial development is the detection of some “factors-
sources” of structural imbalances, which are based on a
decomposition of Tail’s index. At the same time, the following
amplification factors of the regional imbalances are consid-
ered: the imbalance of a development among the groups
by region-donors and regional-recipients and imbalanced
development into a region’s group with a high and low level
of socioeconomic development.

As is shown by the analysis that was carried out, one
of the general factors which formed was from an imbalance
based upon intergroup socioeconomic differentiation. How-
ever, some minor decreases in the forecast period of this
differentiation can be seen. Unfortunately, some divergent
processes are characterized by a group of regional-donors;
this is a source of the occurrence for an effect of “deferred”
cyclical downturn (shown in Figure 5). Rates comparable to
the economic region’s growth, with high and low developed
levels in the preforecast and forecast periods, show that the
preforecast period of outstripping rates was characterized
for the first regional group, when the forecast period of the
economic growth rates for this group is significantly slowed
down.

Therefore, the regions-donors are one of the primary
sources for the formation of regional imbalances; they are also
confirming the necessity for a correction of the tax-budget
policy.

5. Forming and Analysis of Alternative
Scenarios of Socioeconomic Regional
Development

In forming the alternative scenarios of regional policy, the
regions were grouped by level and rated according to the
socioeconomic region development. The research regions,
selected by classification variables, will allow the following
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Table 3: Specific regional weight with a high and low level of SETD.

Specific region weight Preforecast classification The period of feed forward
1 2 3 4

With the low level of SETD 64% 72% 64% 64% 64%
With the high level of SETD 36% 28% 36% 36% 36%

Regions-“leaders”
Stagnant regions

Developing regions
“Problematic” regions

36%

43%

10%
11%

Figure 7: The specific weight of an investment transfer, which was
selected from the region’s groups.

groups: region-“leaders” (regions with a high level and rate
of SETD); stagnant regions (regions with a high level and
low rate of SETD); developing regions (regions with a low
level and high rate of SETD), and “problematic” regions
(regions with the lowest level and a low rate of SETD). An
analysis of the specific weight of investment transfers, which
was selected from these groups of regions (as is shown in
Figure 7), allows the conclusion that an accepted financial
and regional policy is directed, at least, to supporting the
stagnant and problematic regions.

It can be concluded that the accepted policy levels,
for alignment of socioeconomic regional development, lead
on one side to an imbalance and decrease in regional
development on account of a level reduction of regional
depression and accelerated regional growthwith a low level of
socioeconomic regional development. However, it leads to a
significant slowdown in the rate of growth for a region’s group
with a high level of socioeconomic regional development.

As a result of the above, the priority of the country-
wide investment policy, under some conditions of cyclical
downturn, is an increase in the investment and innovation
activity of the enterprises, which are making products with
high added value. A parameter correction is necessary if the
fiscal policy is based on analysis of the impacts of resources
in regional systems. Research methods, which analyze the
impact of resources, are production functions, based on panel
data without accounting for a factor of scientific progress.
The variants of the panel data model were considered and are
defined as
lnVDS𝑖𝑡 = ln𝛽0𝑖 + 𝜌𝑖𝑡 + 𝛽1𝑖 ln Zan𝑖𝑡 + 𝛽2𝑖 ln IOK𝑖𝑡 + 𝜀𝑖𝑡,

ln VDS𝑖𝑡 = ln 𝛽0𝑖 + 𝛽1𝑖 ln Zan𝑖𝑡 + 𝛽2𝑖 ln IOK𝑖𝑡 + 𝜀𝑖𝑡,
(16)

where VDS𝑖𝑡 is the gross value added per capita (in UAH) for
𝑖th region in 𝑡th time period:

Zan𝑖𝑡is the employed population (thousand popula-
tions per one thousand people) for 𝑖th region in 𝑖th
time period;
IOK𝑖𝑡 is the rate of investment in fixed capital per
capita (in UAH) for 𝑖th region in 𝑖th time period;
𝜀𝑖𝑡 is the random component; 𝛽0𝑖, 𝛽1𝑖, 𝛽2𝑖, and 𝜌𝑖 are
unknown parameters, which need to be quantitatively
estimated.

Moreover, some hypotheses were tested for the fact of
separated regions with the parameter estimations 𝛽0𝑖, 𝛽1𝑖,
𝛽2𝑖, and 𝜌𝑖 having no significant regional differences, that is,
𝛽𝑜1 = 𝛽02 = ⋅ ⋅ ⋅ = 𝛽025 = 𝛽0; 𝛽11 = 𝛽12 = ⋅ ⋅ ⋅ = 𝛽1,25 = 𝛽1;
𝛽21 = 𝛽22 = ⋅ ⋅ ⋅ = 𝛽2,25 = 𝛽2; 𝜌1 = 𝜌2 = ⋅ ⋅ ⋅ = 𝜌25 = 𝜌.

Due to the scientific progress being differentiated by
some types of economic activity (in particular, the higher
rates are observed in such industry sectors as mechanical
engineering, the communications industry, and instrument
making), research and detection were carried out on some
types of economic activity that were characterized using the
most effective technologies, which formed a “regional profile”
of the impact of industry resources.

Similarly, as with the model variants presented above,
which account for some regional differences in investment
activity effectiveness for a dependence specification, account-
ing for some industry differences, the model variance was
considered and is defined as

ln VDS(ED)𝑖𝑡 = ln𝛽0𝑖 + 𝜌𝑖𝑡 + 𝛽1𝑖 ln Zan (ED)𝑖𝑡

+ 𝛽2𝑖 ln OF (ED)𝑖𝑡 + 𝜀𝑖𝑡,

ln VDS(ED)𝑖𝑡 = ln𝛽0𝑖 + 𝛽1𝑖 ln Zan (ED)𝑖𝑡

+ 𝛽2𝑖 ln OF (ED)𝑖𝑡 + 𝜀𝑖𝑡,

(17)

where VDS (ED)𝑖𝑡 is the gross value added (in million UAH)
for 𝑖th kind of economic activity in the 𝑡th time period per
capita”:

Zan(ED)𝑖𝑡 is the number of population (thousand
people) who are engaged in 𝑖th kind of economic
activity in the 𝑡th time period;
OF(ED)𝑖𝑡 is the value of fixed assets (in million UAH)
for 𝑖th kind of economic activity in the 𝑡th time
period; 𝜀𝑖𝑡 is the random component;
𝛽0𝑖, 𝛽1𝑖,𝛽2𝑖, and 𝜌𝑖 are unknown parameters, which
need to be quantitatively estimated.

The original data for model building data for 15 kinds
of economic activity was used: agriculture; forestry and
interlinked services; fishery (E1 E2); extractive industry;
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reprocessing industry; energy, gas, and water production
and distribution (E3 E4 E5); construction (E6); trade, car
maintenance, and household goods; hotel and restaurant
activities (E7 E8); transport and communication activities
(E9); financial activity (E10); real estate operations, leasing,
and engineering (E11); state or government management
(E12); education (E13); health care and provision of social aid
(E14); provision of communal and individual services (E15).

In addition, an analysis of the regional differences of
effectiveness was performed for the investments into a type
of economic activity for a determination of regional priorities
for a distribution of the investment transfers. The model
variants of panel data were considered and are defined as

ln VDS (ED)𝑗
𝑖𝑡
= ln 𝛽𝑗

0𝑖
+ 𝜌
𝑗

𝑖
𝑡 + 𝛽
𝑗

1𝑖
ln Zan (ED)𝑗

𝑖𝑡

+ 𝛽
𝑗

2𝑖
ln IOK (ED)𝑗

𝑖𝑡
+ 𝜀
𝑗

𝑖𝑡

(18)

ln VDS (ED)𝑗
𝑖𝑡
= ln𝛽𝑗

0𝑖
+ 𝛽
𝑗

1𝑖
ln Zan(ED)𝑗

𝑖𝑡

+ 𝛽
𝑗

2𝑖
ln IOK (ED)𝑗

𝑖𝑡
+ 𝜀
𝑗

𝑖𝑡
,

(19)

where VDS(ED)𝑗
𝑖𝑡
is the gross value added per capita (in

million UAH) for 𝑗th kind of economic activity for the 𝑖th
region in the 𝑡th time period:

Zan(ED)𝑗
𝑖𝑡
is the number of population (thousand

people) who are engaged in 𝑗th kind of economic
activity for the 𝑖th region in the 𝑡th time period;

IOK(ED)𝑗
𝑖𝑡
is the rate of investment in fixed capital per

capita (UAH) for 𝑗th kind of economic activity for the
𝑖th region in the 𝑡th time period;

𝜀𝑖𝑡 is the random component; 𝛽𝑗
0𝑖
, 𝛽𝑗
1𝑖
, 𝛽𝑗
2𝑖
, and 𝜌𝑗

𝑖
are

unknown parameters, which need to be quantitatively
estimated.

The received industry functions will provide the possi-
bility for an estimation of the technology effectively in some
production investment and a potential growth in the gross
added value.

From some alternative scenarios of financial regional
policy, the compensating scenario (scenario 3) was consid-
ered, which provides a stimulation of economic growth for
“problem” and stagnation regions and also for the region-
“leaders,” which have a slowdown of economic growth rates.
At the same time, a transformation was being considered as
the possibility for using of the distribution mechanisms from
2013. The original data for a scenario-form was being also
considered for the forecast of some tax revenues, which were
received based on a model of the imbalanced alignment of
socio economic systems by use of tax levies. A pessimistic
developed scenario also conducted this analysis, since this
scenario allows an estimation of possibility for the formation
of a “compensating” effect based upon a change of budget
policy parameters.

In the alternative anticrisis scenario (scenario 4) a
systematic financial support for the regions-recipients and
regions-donors was considered. In the simulation some
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Figure 8: The integral indicator values of socioeconomic regional
development.

investment transfers values in 2013 were accounted for, which
were accepted as distribution parameters for the regional-
development fund in the budget codecs and are oriented to
the priority financial support for “problematic” territories.
Correction of the distribution parameters of the investment
transfers was carried out in 2014 with the purpose of warning
of a cyclic recession in a dynamic of macroeconomic indica-
tors (this recession is forecast in 2015), which is directed to
financial support not only for “problem” territories, but also
for the region-“leaders,” for which a significant recession of
the economic growth rates is observed.

The values of the integral indicator of the socioeconomic
regional development, which are characterized by a devel-
opmental tendency of national economy in general, at the
different scenarios of a fiscal policy, are shown in Figure 8.

Figure 8 shows that the realization of scenario 3 is
formed by a forecast stagnation phase in a dynamic of
the macroeconomic indicators, which is confirmed by the
effectiveness of the accepted stabilization policy, allowing a
rolling over of a growth phase for 2013-2014. Change of the
budget policy parameters in 2014 can provide the possibility
of decreasing the crisis depth in comparison with a base
pessimistic scenario of budget insufficiency. The integral
dynamic indicator for realization of scenario 4 is matched
with a dynamic of an integral indicator in realization of
scenario 1, accounted for with an optimistic forecast for tax
revenues in a budget.

6. Results of the Research

The research highlights the following conclusions: analysis
of the predictive dynamics of socioeconomic development
territories, in the case of the implementation of an optimistic
scenario of tax revenue, demonstrates the effectiveness of the
adopted stabilization policy. The research serves to prevent
the establishment of a crisis in the dynamics of macroeco-
nomic indicators and indexes of regional development, to
sustain a development phase. In addition, this research allows
forming the “compensatory” effect of cutting the capacity of
financial regulation of the developmental territories based on
varying the parameters of the regional financial policy, which
should be addressed to support “problematic” areas during
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the pessimistic scenario development of indicators of a bud-
get system. As well as the results of this research allow to use
the “basic” policy of levelling socioeconomic development of
the regions “leaders,” which are a significant slowdown for
the economic growth tempos. The analysis of the coefficients
of the instability of socioeconomic development shows a
convergence trend of the stages of economic development
territories, with different scenarios of development and a
reduction in intergroup socioeconomic differentiation.

7. Conclusion

The developed scenario models offer the possibility for
estimating the consistency for tax, budget, and investment
policy. It also allows an increase in the quality of the data-
analytical base for management decision-making with regard
to the financial stability policy for regions and for the state.
However, one promising direction of distribution of this
inquiry is the structural and parametric adaptation of the
proposed complex of the models. At the same, this complex
can be used for estimation of a potential of the interregional
collaboration and interaction. In addition, some other direc-
tions of this study will be able to detect of some possibilities
forminimization ofmonetary values, which are re-connected
with a stimulation of the territories development.
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We address the portfolio selection of social projects in public organizations considering interdependencies (synergies) affecting
project funds requirements and tasks. A mixed integer linear programming model is proposed incorporating the most relevant
aspects of the problem found in the literature. The model supports both complete (all or nothing) and partial (a certain amount
from a given interval of funding) resource allocation policies. Numerical results for large-scale problem instances are presented.

1. Introduction

One of the main management problems in many organiza-
tions and institutions in the public sector is to decide how
to invest and manage funds available to support potential
research anddevelopment projects in various areas [1]. A clas-
sification of the portfolio problem [2] distinguishes two types:
(a) static and (b) dynamic. In (a), only projects proposals for
funding are involved, while, in (b), at certain moments, some
active projects are withdrawn from the portfolio and some
inactive projects are activated.

Selecting portfolio of social projects is a periodical
activity, involving a group of projects with social impact
competing for financial support. This problem is categorized
under the static type of portfolio problems.

It is important to highlight the differences between port-
folio problems in public and private sectors. In contrast to
public sector, the problem that occurs in private organizations
is typically a dynamic one. Along with other differences,
such as selection criteria and characteristics of the projects,
in private sector, the projects can be evaluated more than
once during the implementation. Moreover, criteria used to
measure the portfolio in private sector are typically related to
economic factors, such as expected sales, return of inversion
or profit, and market situation. In the selection of portfolios

of social projects, an important criterion is the social impact.
Typically return of inversion or profit is not expected.

We refer to a social project as a group of tasks or activities
consuming funds, carried out during a given period of time
in one or more regions, with an impact on the objectives
set by an organization, and focused on providing solution to
problems or needs of the society.

Structural characteristics of the problem are as follows.

(1) There is a set of projects proposals competing only
for funding. Every proposal is evaluated by a group of
experts (reviewers) assigning to the proposal a value
of its social impact (benefit).

(2) Every proposal has its own estimation of the funds
required.

(3) The reviewers suggest a range of funding for each
project.

(4) Each project belongs to a certain area of interest
defined in the call for proposals. In particular, the area
can be associated with geographical regions.

(5) The available budget is lower than the total amount of
funds requested by all the proposals.
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(6) Maximal and minimal value of funds that can be
assigned to a given area are defined according to the
organization rules.

(7) The total amount of funds requested by each proposal
has to be divided between the tasks included in the
proposal. Since it is difficult to set up a priori an exact
value of funding for each task, a range of funding
is defined, indicating the minimal and the maximal
amounts of funds to be allocated to each task.

(8) The decision of funding is taken only once in a given
period of time.

(9) All the projects are scheduled to start and finish in the
same time period.

(10) All the tasks included in the project must start and
finish in the same time period.

(11) There are interdependences between projects or tasks,
resulting in synergies affecting the benefice and/or
providing increase-decrease of required funds.

(12) According to organization rules, there may be certain
relationships between projects/tasks, which restrict a
number of projects/tasks included in the portfolio.

Below we summarize principal characteristics of our
approach to portfolio selection problem.

(i) Characterization of Projects through a Set of Tasks. It is
natural to see the project as a set of tasks requiring funds for
their implementation. If so, each of these tasks must make
a contribution to the impact of the project, contributing to
the quality measure of the portfolio. Thus it is necessary to
include the amount of funds requested by the task, as well
as an index of its importance for achieving objectives of the
project.

(ii) Flexibility of the Funds Allocated to Tasks. Inmost of refer-
ences on portfolio selection, the projects are either supported
by the complete amount requested in the proposal or not
supported at all.However, inmany real-word problems, a part
of the requested amount can also be assigned. Taking this into
account, we assume that reviewers (if necessary, supported
by experts) are able to analyze if the request is overestimated
(underestimated). This way, an interval of possible funds
assignment is defined allowing flexible assignment within the
interval. Similarly, for the tasks. Hence, the funding of the
project can vary according to funds assigned to its tasks.

(iii) Interdependences between Projects or Project Tasks.
Another important factor to consider is the existence of syn-
ergies between tasks produced by interdependencies in tasks
and/or projects. According to Rungi [3], projects synergies
appear when the measure of the quality of all the projects
is different from the sum of the measures of individual
projects. In this paper, we consider the interdependencies
between tasks of two or more projects producing synergies
of the following types: (1) synergies of benefit or impact, (2)
synergies which result in an increase in funds, (3) synergies
which results in a decrease in funds, and (4) technical
synergies.These are defined for groups of synergies indicating

that only a subset of them can be active. Technical synergies
are used to have greater control over the synergies of any kind.

The following assumptions are used in this paper.

(i) There is a person (or persons) referred to as the
decision maker (DM) and representing preferences
and priorities of the organization. Typically the DM
is represented by reviewers of the project proposals.

(ii) The DM is able to express the
advantages/disadvantages providing by synergies.

(iii) Each project can be divided into a number of tasks
requiring funds.

(iv) The tasks of each project have different impacts on the
objectives of the project they belong to. The value of
impact is provided in the proposal and is evaluated by
reviewers.

(v) The reviewers are able to define the interval of funds
allocated for each task and project.

Bearing in mind the characteristics stated above, the
solution of the problem consists in making the following
decisions:

(1) selection of projects and corresponding tasks to be
included in the portfolio,

(2) allocation of funds to tasks of selected projects,
(3) evaluation of synergetic effects produced by inter-

dependences between projects/tasks included in the
portfolio.

2. Some Background

Tables 1 and 2 summarize some characteristics of portfolio
problems considered in the references.

Table 1 shows that there is a tendency to consider more
than one objective in the evaluation of the portfolio.

These objectives can be of general form as in [4, 5] or may
represent specificmeasures associated with a set of attributes.
Portfolio problems in the private sector are focusedmainly on
inversion related objectives and sales, among other market
related issues. In social or public areas, usually the aim is
to maximize the quality of the portfolio related to the social
impact of the projects selected.

The total allocation of resourcesmeans that once a project
was selected for inclusion in the portfolio, it receives all
requested resources. However, in many real situations, it is
important to consider partial allocations of resources when a
project receives less than what was requested.

In the work of Wang and Hwang [6], they consider the
uncertain character of the project cost and use fuzzy sets
concept for modeling. Though resource assignment was not
considered explicitly in their model, a partial assignment is
implied.

Table 2 presents some characteristics of social portfolios.
Balance constraintsmay be established by organizations to set
upper/lower bounds for funds designated, in particular, for
R&D areas. This way, the portfolio can be balanced to assure
at least minimal funding for some specific areas.
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Table 1: General characteristics.

Paper Objectives

Maximum
number of
projects in
portfolio

Resource
allocation policy Solution methodology

Ghasemzadeh and
Archer, 2000 [18]

General benefits integrated in a
weighted sum 10 Complete Integer linear programming model

adjusted interactively

Stummer and
Heidenberger, 2003
[4]

General benefit and resources
consumption by period of
scheduling

30 Complete

Integer linear programming model
to get efficient solutions; the best
compromise solution is selected
interactively

Wang and Hwang,
2007 [6]

Total benefit obtained by
summing expected returns of the
projects minus total inversion

20 Partial Fuzzy model

Gutjahr et al., 2008
[7]

Economic gains and strategic
gains 18 Partial

Nonlinear mixed integer
programming model, greedy
heuristic, and two alternative
metaheuristics (ACO and GA)

Carazo et al., 2010 [5] General benefit categories 90 Complete Metaheuristics (SS-PPS, Scatter
Search)

Gutjahr et al., 2010 [8] Economic benefits and
competence benefits 18 Partial

Mixed integer linear model, two
metaheuristics (NSGA-II and
P-ACO)

Litvinchev et al., 2010
[15]

Portfolio quality and number of
projects in portfolio integrated in
a weighted sum

25000 Partial
Mixed integer linear programming
model; a compromise solution is
obtained interactively

Litvinchev et al., 2011
[16]

Portfolio quality and number of
projects in portfolio integrated in
a weighted sum

10000 Partial
Mixed integer linear programming
model; a compromise solution is
obtained interactively

Gutjahr and Froeschl,
2013 [9]

Expected return minus
outsourced costs 15 Partial Metaheuristic method (S-VNS) and

the Frank-Wolfe algorithm

Table 2: Specific characteristics.

Paper Balance
constraints Tasks Interdependencies Scheduling Risk

Ghasemzadeh and
Archer, 2000 [18] No No General Multiple periods As an attribute of portfolio

Stummer and
Heidenberger, 2003
[4]

No No
Benefit, increment, or
decrement in resources
consumption

Multiple periods No

Wang and Hwang,
2007 [6] No No No Single period Risk aversion

Gutjahr et al., 2008
[7] No Yes No Multiple periods No

Carazo et al., 2010 [5] No No
Benefit, increment, or
decrement in resources
consumption

Multiple periods As an attribute in portfolio

Gutjahr et al., 2010 [8] No Yes No Multiple periods No
Litvinchev et al., 2010
[15] No No No Single period Neutral position

Litvinchev et al., 2011
[16] Yes Yes

Benefit, increment, or
decrement in resources
consumption

Single period Neutral position

Gutjahr and Froeschl,
2013 [9] No Yes Yes Multiple periods Risk aversion by penalizing

the variance of the return
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Another important characteristic of the social portfo-
lio problems is considering a project as a set of tasks,
each with a certain impact on the project objectives. In
[7–9], the projects are represented by tasks that require
human resources and that have relations of precedence
in the planning horizon. In [10, 11], tasks are also used
in project portfolio scheduling. It was pointed out in
[12] that, by representing projects by tasks, it is possible
to have a control of expenses or resources consumption
or even of the impact of projects on portfolio impact
measures.

Since, in social area, usually only one time period is
considered, only a single evaluation of proposals is imple-
mented and a single decision on funding is taken. In contrast,
in private area, proposals can be reevaluated to continue
funding or even stop funding and choose another project for
support if a project is no longer attractive for investment.

3. The Model

It is assumed that there is a set of projects competing for
funding in a number of areas of research and development,
such that every project belongs to a single area. The project
consists of a number of tasks and the project is supported if
at least one of its tasks is supported.

The project is funded sufficiently if it receives support
in a certain interval of funding. The corresponding benefit
function increases linearly on this interval and is zero for
funding below the minimal value (see [13] for details).
Sufficient funding for tasks is defined similarly.

To represent interdependency between different
projects/tasks, the concept of synergy is used. Generally
speaking, synergy arises when the total indicator
corresponding to elements (projects, tasks, etc.) from the
synergy is different from the sum of indicators corresponding
to the same elements considered independently. More
specifically, synergy is interpreted as a set of tasks
corresponding to certain projects that, being supported
sufficiently, produce an effect of changing the benefit
or increase/decrease of funds. In [4], it was assumed
that synergy is activated if all its elements are funded
sufficiently; that is, cardinality of synergy coincides with
that of the set of the elements funded. In this paper,
we use a more flexible definition of synergy. Similar
to [5, 14], we say that synergy is activated if a number
of its elements funded sufficiently lie within certain
bounds.

Three types of synergies are considered. Benefit syn-
ergies, being activated, result in increase/decrease of the
overall benefit of the portfolio. Resource synergies result
in increase/decrease of the overall funding to elements of
synergy. It is assumed that resource synergies are defined for
tasks corresponding to projects of the same area. Technical
synergies aimed to limit the number of activated synergies of
certain type. To state themodelmathematically, the following
notation is used.

3.1. Sets and Parameters

𝐽: set of projects competing for financial support, 𝑗 =
1, 2, 3, . . . , |𝐽|.

𝐾: set of areas of research and development, its indices
𝑘 = 1, 2, 3, . . . , |𝐾|.

𝐽𝑘: set of projects belonging to area 𝑘.

𝐼: set of tasks 𝑖 = 1, 2, 3, . . . |𝐼|.

𝐶: set of synergies, 𝑠 = 1, 2, 3, . . . |𝐶|.

𝐶
𝑠: set of elements (pairs) of synergy 𝑠, 𝐶𝑠 =

{(𝑗1, 𝑖1), (𝑗2, 𝑖2), . . . , (𝑗|𝐶𝑠|, 𝑖|𝐶𝑠|)}.

𝐵: set of benefit type synergies, 𝐵 ⊂ 𝐶.

𝐿: set of synergies of funds reduction, 𝐿 ⊂ 𝐶.

𝐻: set of synergies of funds enlargement,𝐻 ⊂ 𝐶.

𝜏: set of technical synergies.

𝜂
𝑠: value of synergetic effect of funds reduction by
synergy 𝑠.

𝜆
𝑠: value of synergetic effect of funds enlargement by

synergy 𝑠.

]𝑠: value of synergetic effect of benefit by synergy 𝑠.

𝑤𝑗: the social impact of the project 𝑗.

𝜌𝑗𝑖: relative importance of the task 𝑖 of the project 𝑗.

𝑃𝐺: available budget.

𝑅
−

𝑗𝑖
,𝑅+
𝑗𝑖
: minimum andmaximum amount to fund the

task 𝑗, 𝑖.

𝑃
−

𝑘
, 𝑃+
𝑘
: minimum and maximum amount of funds to

the area 𝑘.

𝑀
−

𝑗
, 𝑀+
𝑗
: minimum and maximum amount to fund

the project 𝑗.

𝑚
𝑠−, 𝑚𝑠+: minimum and maximum number of tasks

to enable synergy 𝑠.

𝐸
−

𝑇
, 𝐸+
𝑇
: minimum and maximum number of syner-

gies to enable technical synergy 𝑇.

𝑑
−

𝑗
, 𝑑+
𝑗
: minimum and maximum number of projects

to fund by area.
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Figure 1: Representation of the piecewise linear function.

3.2. Variables. Let 𝑥𝑗𝑖 be an amount of funds assigned to task
𝑖 of project 𝑗. Consider

𝑦𝑗 = {

1, the project 𝑗 is enough supported
0, otherwise

𝑧𝑗𝑖 = {

1, the task 𝑗, 𝑖 is enough supported
0, otherwise

𝜎
𝑠

1
= {

1, synergetic set has cardinality ≥ 𝑚𝑠−

0, otherwise

𝜎
𝑠

2
= {

1, synergetic set has cardinality ≤ 𝑚𝑠+

0, otherwise

𝜎
𝑠
= {

1, synergy 𝑠 is activated, 𝜎𝑠 = 𝜎𝑠
1
+ 𝜎
𝑠

2
− 1

0, otherwise.

(1)

3.3. Objectives. Two objectives are considered: (1) represents
the quality of the portfolio in a similar way as in Litvinchev et
al. [15] and (2) represents the total amount of funded projects:

∑

𝑗∈𝐽

𝑤𝑗(∑

𝑖∈𝐼

(𝑎𝑗𝑖𝑧𝑗𝑖 + 𝑏𝑗𝑖𝑥𝑗𝑖) ⋅ 𝜌𝑗𝑖) + ∑

𝑠∈𝐵

]𝑠𝜎𝑠 (2)

∑

𝑗∈𝐽

𝑦𝑗. (3)

We consider the number of funded projects as an objective
since if we have two portfolioswith equal quality and resource
consumption, the portfolio with more projects is preferable.

In (2), the parameters 𝑎𝑗𝑖 and 𝑏𝑗𝑖 are defined similarly to
Litvinchev et al. [15] but adjusted to the representation of
projects by tasks. Essentially, the predicate “a task is suffi-
ciently funded” is modeled with a degree of truth represented
by a piecewise linear function 𝜇𝑗𝑖, Figure 1 increasing on
[𝑅−
𝑗𝑖
, 𝑅
+

𝑗𝑖
], such that 𝜇𝑗𝑖(𝑅

+

𝑗𝑖
) = 𝛼𝑗𝑖 and 𝜇𝑗𝑖(𝑅

−

𝑗𝑖
) = 1 [15].

In thisway, the parameters 𝑎𝑗𝑖 and 𝑏𝑗𝑖 are defined such that
𝑎𝑗𝑖 + 𝑏𝑗𝑖𝑥𝑗𝑖 = 1 for 𝑥𝑗𝑖 = 𝑅

+

𝑗𝑖
and 𝑎𝑗𝑖 + 𝑏𝑗𝑖𝑥 = 𝛼𝑗𝑖 for 𝑥𝑗𝑖 = 𝑅

−

𝑗𝑖
.

Thus,

𝑎𝑗𝑖 = 𝛼𝑗𝑖 −

𝑅
−

𝑗𝑖
(1 − 𝛼𝑗𝑖)

𝑅
+

𝑗𝑖
− 𝑅
−

𝑗𝑖

, 𝑏𝑗𝑖 =

(1 − 𝛼𝑗𝑖)

𝑅
+

𝑗𝑖
− 𝑅
−

𝑗𝑖

. (4)

For the case 𝑅−
𝑗𝑖
< 𝑅
+

𝑗𝑖
, the expressions in (4), as well as the

coefficients of the objective (2), are well defined. If 𝑅−
𝑗𝑖
= 𝑅
+

𝑗𝑖

or are very close to each other, the objective (2) has to be
modified. For 𝑅−

𝑗𝑖
= 𝑅
+

𝑗𝑖
, we may set 𝑎𝑗𝑖 = 1, 𝑏𝑗𝑖 = 0, such

that the corresponding benefit is either 0 or 𝑎𝑗𝑖. Note that, in
this case by constraint (8) below, the task is either supported
completely (𝑧𝑗𝑖 = 1) or not supported at all (𝑧𝑗𝑖 = 0).

3.4. Constraints. The constraints of the model are
∑

𝑗∈𝐽

∑

𝑖∈𝐼

𝑥𝑗𝑖 ≤ 𝑃𝐺 (5)

𝑃
−

𝑘
≤ ∑

𝑗∈𝐽𝑘

∑

𝑖∈𝐼

𝑥𝑗𝑖 ≤ 𝑃
+

𝑘
, 𝑘 ∈ 𝐾 (6)

𝑀
−

𝑗
𝑦𝑗 ≤ ∑

𝑖∈𝐼

𝑥𝑗𝑖 ≤ 𝑀
+

𝑗
𝑦𝑗, 𝑗 ∈ 𝐽 (7)

𝑅
−

𝑗𝑖
𝑧𝑗𝑖 ≤ 𝑥𝑗𝑖 ≤ 𝑅

+

𝑗𝑖
𝑧𝑗𝑖, {

𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

(𝑗, 𝑖) ∉ 𝐿 ∪ 𝐻
(8)

𝑦𝑗 ≤ ∑

𝑖∈𝐼

𝑧𝑗𝑖, 𝑗 ∈ 𝐽 (9)

∑

𝑖∈𝐼

𝑧𝑗𝑖 ≤ |𝐼| 𝑦𝑗, 𝑗 ∈ 𝐽 (10)

∑

(𝑗,𝑖)∈𝐶𝑠

𝑧𝑗𝑖 − 𝑚
𝑠−
+ 1 ≤





𝐶
𝑠



𝜎
𝑠

1
, 𝑠 ∈ 𝐶 (11)





𝐶
𝑠



𝜎
𝑠

1
≤ ∑

(𝑗,𝑖)∈𝐶𝑠

𝑧𝑗𝑖 − 𝑚
𝑠−
+




𝐶
𝑠



, 𝑠 ∈ 𝐶 (12)

𝑚
𝑠+
− ∑

(𝑗,𝑖)∈𝐶𝑠

𝑧𝑗𝑖 + 1 ≤




𝐶
𝑠



𝜎
𝑠

2
, 𝑠 ∈ 𝐶 (13)





𝐶
𝑠



𝜎
𝑠

2
≤ 𝑚
𝑠+
− ∑

(𝑗,𝑖)∈𝐶𝑠

𝑧𝑗𝑖 +




𝐶
𝑠



, 𝑠 ∈ 𝐶 (14)

𝜎
𝑠
= 𝜎
𝑠

1
+ 𝜎
𝑠

2
− 1, 𝑠 ∈ 𝐶 (15)

∑

(𝑗,𝑖)∈𝐶𝑠

𝑥𝑗𝑖 ≤ ∑

(𝑗,𝑖)∈𝐶𝑠

𝑅
+

𝑗𝑖
𝑧𝑗𝑖 − 𝜂

𝑠
𝜎
𝑠
, 𝑠 ∈ 𝐿 (16)

∑

(𝑗,𝑖)∈𝐶𝑠

𝑥𝑗𝑖 ≥ ∑

(𝑗,𝑖)∈𝐶𝑠

𝑅
−

𝑗𝑖
𝑧𝑗𝑖 + 𝜆

𝑠
𝜎
𝑠
, 𝑠 ∈ 𝐻 (17)

∑

(𝑗,𝑖)∈𝐶𝑠

𝑥𝑗𝑖 ≥ ∑

(𝑗,𝑖)∈𝐶𝑠

𝑅
−

𝑗𝑖
𝑧𝑗𝑖 − 𝜂

𝑠
𝜎
𝑠
, 𝑠 ∈ 𝐿 (18)

∑

(𝑗,𝑖)∈𝐶𝑠

𝑥𝑗𝑖 ≤ ∑

(𝑗,𝑖)∈𝐶𝑠

𝑅
+

𝑗𝑖
𝑧𝑗𝑖 + 𝜆

𝑠
𝜎
𝑠
, 𝑠 ∈ 𝐻 (19)

𝐸
−

𝑇
≤ ∑

𝑠∈𝑇

𝜎
𝑠
≤ 𝐸
+

𝑇
, 𝑇 ∈ 𝜏 (20)

𝑥𝑗𝑖 ≥ 0, 𝑦𝑗, 𝑧𝑗𝑖, 𝜎
𝑠
, 𝜎
𝑠

1
, 𝜎
𝑠

2
∈ {0, 1} . (21)
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Constraints (5)–(8) are typical budged constraints, defined
at portfolio, area, project, and task levels, respectively. Con-
straints (9)-(10) relate tasks to projects. All these constraints
are defined in Litvinchev et al. [16].

Constraints (11)–(15) represent the activation of synergies.
Defining synergies at the task level provides more flexibility
comparingwith the definition of synergies at the project level.
Here a synergy is activated if a subset of tasks in 𝐶𝑠 is funded
with cardinality less than a number𝑚𝑠+and greater than a𝑚𝑠−
(see also [5]).

If 𝑚𝑠+ = 𝑚
𝑠−, this implies that the synergy 𝑠 is activated

only if all the tasks associatedwith that synergy are supported.
In (11)–(14), variables 𝜎𝑠

1
and 𝜎

𝑠

2
correspond to lower and

upper limits, respectively. We define 𝜎
𝑠 in terms of the

previous two variables to verify that the synergy 𝑠 is activated.
Variables 𝜎𝑠

1
and 𝜎𝑠

2
cannot be equal to zero simultaneously,

since that would imply that the sum ∑
(𝑗,𝑖)∈𝐶𝑠

𝑧𝑗𝑖 is less than
𝑚
𝑠−and greater than𝑚𝑠+. This is impossible since𝑚𝑠− ≤ 𝑚𝑠+.

Moreover, our formulation for the restriction (20) eliminates
the nonlinearity of the model of Carazo et al. [5]. Constraints
(16)–(19) represent resources synergies.

Technical synergies are defined to keep control over the
synergies of tasks that could be activated. The aim is to limit
a number of active synergies from a group of them. We call
𝑇 the set containing the indices of synergies to be limited;
that is, 𝑇 = {𝑠1, 𝑠2, 𝑠3, . . . , 𝑠|𝑇|}, so that only a number less
than or equal to 𝐸

+

𝑇
and/or greater than or equal to 𝐸

−

𝑇
of

them can be active. The set of all 𝑇’s is 𝜏. In our model,
technical constraints are represented by constraint (20). This
representation allows incorporating more than two groups of
mutually exclusive groups of tasks.

Other Constraints. In some cases, it is desirable to balance the
portfolio for the number of projects supported by area. That
is,

𝑑
−

𝑗
≤ ∑

𝑗∈𝐽𝑘

𝑦𝑗 ≤ 𝑑
+

𝑗
, (22)

where 𝑑−
𝑗
and 𝑑+

𝑗
are respective lower and upper bounds.

4. Numerical Experiments

Different groups of instances were generated varying the
number of projects proposals, tasks, and synergies. The
objective of the first part of the numerical study was to test
the tractability of the model for large-scale instances. The
commercial software CPLEX 12.5 was used for optimization
running on a server DELL PowerEdge 2950 with 8 cores. Six
classes of instances were generated each having 15 replica-
tions: (1) 100 projects, 2 areas, 5 tasks, and 5 synergies; (2) 500
projects, 2 areas, 15 tasks, and 40 synergies; (3) 1000 projects,
2 areas, 15 tasks, and 80 synergies; (4) 1000 projects, 2 areas, 15
tasks, and 200 synergies; (5) 10000 projects, 4 areas, 15 tasks,
and 0 synergies; and (6) 25000 projects, 4 areas, 1 task, and
0 synergies. The instances were coded according to Projects
Areas Tasks Synergies, such that P100A2T5S5 corresponds to
the first class.

Table 3: CPU time.

Instance Mean CPU time (sec.) Std. dev.
P100A2T5S5 0.208 0.034
P500A2T15S40 6.397 1.035
P1000A2T15S80 59.158 17.462
P1000A2T15S200 328.233 132.692
P10000A4T15S0 588.47 223.18
P25000A4T1S0 8.67 2.11

Table 3 shows the results for one run of the model using
a weighted sum of the objectives (weighting parameters of
0.5 for both objectives were used in all experiments). For
instances with less than 1000 projects, the running time was
on average less than 1min. For large-scale instances with
more than 1000 projects, the running time increased in the
worst case up to 10min.

From Table 3, we may conclude that the number of
projects is not a critical factor for the increasing of CPU time.
However the number of tasks and, especially, the number
of synergies represent a key factor for the complexity of the
problem, as can be observed in instances P25000A4T15S0
and P1000A4T15S200. Bearing inmind that themodel is used
for long-term decisions, we may conclude that the model
provides decisions in a reasonable time. For more numerical
experiments for very large-scale instances, see Irarragori and
Mart́ınez [17].

The second part of the numerical experiment was con-
ducted to see the behavior of the model subject to changes
in some parameters. In particular, upper and lower bounds
for the funds to be assigned for projects and tasks were of
special interest. Three classes of 15 instances were considered
(P100A2T5S5, P500A2T15S40, and P1000A2T15S80).

First, all instances were solved and the respective values
of the objectives (quality of the portfolio and number of
projects) and the solution time were stored.Then we reduced
the interval [𝑅−

𝑗𝑖
, 𝑅
+

𝑗𝑖
] of possible funding for each task of the

project. This was done by shifting the minimal amount 𝑅−
𝑗𝑖

towards the maximal value 𝑅+
𝑗𝑖
keeping the later constant.

The new interval was obtained in the form [𝑅
−

𝑗𝑖
+ 𝛾(𝑅

+

𝑗𝑖
−

𝑅
−

𝑗𝑖
), 𝑅
+

𝑗𝑖
], where 𝛾 ∈ [0, 1] represents the index of reduction.

In the experiment 7 levels of reduction were considered
corresponding to different values of 𝛾 (in %): 10%, 30%, 50%,
90%, 95%, and 100%. Reduction 100% (𝛾 = 1) corresponds
to 𝑅−
𝑗𝑖
= 𝑅
+

𝑗𝑖
. In this case by constraint (8), the task is either

supported completely (𝑧𝑗𝑖 = 1) or not supported at all (𝑧𝑗𝑖 =
0). The reduction of funds was applied to a different number
of projects. We selected randomly 25%, 50%, 75%, and 100%
of all the projects being subject to funds reduction.

The results of the corresponding computational experi-
ment are summarized in Tables 4–6.The indicators presented
in these tables are the average (over all problem instances)
reductions in number of projects supported and in the quality
measure. More specifically, the quality reduction indicator
(QR) in Tables 4(a), 5(a), and 6(a) was defined as QR = (1 −

𝑁𝑄/𝑄) ⋅ 100%, where𝑄 denotes the quality measure without
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Table 4: QR (a) and PR (b) for instances of P100A2T5S5.

(a)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.847 1.138 1.753 5.913 5.655 5.816
50 0.907 2.367 3.401 9.925 9.757 9.851
75 1.858 4.217 5.731 13.018 12.741 12.890
100 1.652 4.659 7.650 15.259 16.043 16.784

(b)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.816 2.961 5.621 11.173 11.664 11.749
50 1.968 6.348 11.636 19.274 20.020 20.689
75 2.637 9.438 17.877 29.812 30.555 30.965
100 4.635 13.324 23.844 39.151 39.900 40.994

Table 5: QR (a) and PR (b) for instances of P500A2T15S40.

(a)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.169 0.680 0.346 8.360 9.217 9.966
50 0.869 0.902 1.488 12.197 12.930 13.535
75 1.100 1.787 3.383 15.283 16.404 16.971
100 1.344 2.729 5.038 18.564 20.431 20.726

(b)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 1.512 4.066 7.152 12.771 12.711 13.348
50 2.401 8.149 13.050 21.857 23.123 23.555
75 3.726 11.790 19.031 31.944 33.467 34.114
100 5.279 15.393 24.978 41.012 43.177 43.922

Table 6: QR (a) and PR (b) for instances of P1000A2T15S80.

(a)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.770 1.066 1.614 8.833 9.123 9.236
50 0.903 2.127 3.355 12.525 13.251 13.664
75 1.178 3.240 4.806 16.196 17.662 17.930
100 1.594 4.360 6.217 19.996 21.760 22.157

(b)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.811 3.744 6.172 12.461 12.882 13.047
50 2.386 7.456 12.476 22.131 23.036 23.546
75 3.614 11.195 18.733 31.243 32.798 33.440
100 4.849 14.914 24.714 40.698 42.640 43.480



8 Mathematical Problems in Engineering

Table 7: Relative change of CPU time for P100A2T5S5 (a), P500A2T15S40 (b), and P1000A2T15S80 (c).

(a)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 5.77 10.10 7.69 25.00 20.67 20.67
50 −1.44 13.46 16.83 22.12 30.77 29.33
75 2.88 0.96 34.62 11.54 13.46 21.63
100 5.29 15.87 42.31 53.37 26.92 8.17

(b)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.86 41.30 70.60 88.93 40.19 39.91
50 11.46 63.87 112.47 108.32 57.56 30.31
75 34.23 82.15 166.30 149.74 101.00 70.17
100 45.24 153.93 236.38 349.07 221.23 182.21

(c)

Projects with reduction (in %) Reduction index 𝛾 (in %)
10 30 50 90 95 100

25 0.85 −23.97 −19.04 −18.20 −13.98 −12.55
50 5.24 −38.80 8.84 −17.29 −36.57 −28.56
75 6.19 −11.91 86.36 0.44 −30.70 −45.96
100 16.25 65.65 165.24 44.41 63.64 56.82

funds reduction, while 𝑁𝑄 states the quality measure after
funds reduction. Similarly, the project reduction indicator
(PR) in Tables 4(b), 5(b), and 6(b) was defined as PR =

(1 − 𝑁𝑃/𝑃) ⋅ 100%, where 𝑃 and 𝑁𝑃 denote the number of
projects before and after funds reduction, respectively.

Observing the columns in Tables 4–6, we may conclude
that both QR and PR increase monotonously as long as
the number of projects with funds reduction is increased.
This holds for all problem instances and all indices 𝛾 of
funds reduction. That is, applying funds reduction to more
projects results in stronger decrease for both objectives of
the problem, the quality, and the number of projects in the
portfolio.

Considering the rows in Tables 4–6, we see that, for the
fixed number of projects with funds reduction, both QR
and PR typically increase as long as the value of the funds
reduction index 𝛾 is increased. However, this is not always the
case. For example, comparing the first 3 rows in Table 4(a),
we see that the QR slightly decreases when 𝛾 changes from
90% to 95%.That is, reducing the funds results in increase of
the quality. However, this is “compensated” by decrease in the
number of projects supported.

Generally speaking, the weighted criterion (the weighted
sum of the quality and the number of projects) decreases as
long as the funds reduction 𝛾 increases.This holds since solu-
tion to the weighted problem (2)–(22) obtained for a smaller
funding interval remains feasible for the same problem with
a larger funding interval. But this does not mean that both
terms, quality and projects, have to be decreased. An increase

of one term can be compensated by a larger decrease of the
other.

Table 7 presents the values of indicator characterizing
relative changes of CPU time due to funds reduction. This
indicator was defined as TR = (𝑁𝑇/𝑇 − 1)100%, where 𝑇
is CPU time without funds reduction and𝑁𝑇 corresponds to
CPU time after funds reduction. Note that a negative value
of TR indicates that 𝑁𝑇 is less than 𝑇. The average (over 15
problem instances) value of the indicator is presented.

As we can see from Table 7, if funds reduction is applied
to all projects (the last row in tables), then reducing interval of
funding always results in increase of CPU time (all values in
the last row are positive).That is, instances with complete (all
or nothing) type of funding for all projects are more difficult
to solve for this model. However, if funds reduction is applied
only to a part of projects, CPU time may either increase or
decrease (negative values in the table). Comparing with the
values of CPU time presented in Table 3, we may conclude
that even if CPU time increases, it is still reasonably low.

5. Conclusions

This paper studies portfolio selection problem for R&D
projects in public organizations. Two objectives are consid-
ered: benefit (the quality of portfolio related to the social
impact of projects) and number of projects supported. It
is assumed that there is a set of projects competing for
funding in a number of areas of R&D, such that every
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project belongs to a single area. The project consists of a
number of tasks and the project is supported if at least
one task is supported. The project/task is funded sufficiently
if it receives support in a certain interval of funding. The
interdependency between projects/tasks is modeling using
the general concept of synergy. A synergy is active if a number
of its elements supported sufficiently are within certain
bounds.Three types of synergies are considered, affecting the
benefit, changing resource consumptions, and the so-called
technical synergies, aimed at limiting the number of active
synergies. A corresponding mixed integer linear model is
presented providing solutions to large-scale instances in a
reasonable time.

We demonstrated that, within the proposed model, the
project/task can be supported, completely, receiving the funds
requestedor, partially, receiving funds within a certain inter-
val; that is, the concept of sufficient (continuous) funding was
implemented.

The computational experiment demonstrates that
increasing the number of projects subject to funds reduction
results in decrease for both objectives. However, if the
number of projects subject to funds reduction is fixed but the
strength of funds reduction is increased, one of the objectives
may increase at the expense of a larger decrease of another.

Only one type of the resources (funds) was considered
in the model. An interesting direction for future research is
studying problems with multiple resources, where synergetic
effects can arise not only at the level of projects/tasks, but also
at the level of resources.
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[18] F. Ghasemzadeh and N. P. Archer, “Project portfolio selection
through decision support,”Decision Support Systems, vol. 29, no.
1, pp. 73–88, 2000.



Research Article
A Heuristic Procedure for a Ship Routing and Scheduling
Problem with Variable Speed and Discretized Time Windows

Krystel K. Castillo-Villar,1 Rosa G. González-Ramírez,2

Pablo Miranda González,2 and Neale R. Smith3

1 Department of Mechanical Engineering, The University of Texas at San Antonio, One UTSA Circle, San Antonio, TX 78249, USA
2 Industrial Engineering School, Pontificia Universidad Católica de Valparaı́so, Valparaı́so, Chile
3 Quality and Manufacturing Center, Tecnológico de Monterrey, Campus Monterrey, Mexico

Correspondence should be addressed to Rosa G. González-Ramı́rez; rosa.gonzalez@ucv.cl
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This paper develops a heuristic algorithm for solving a routing and scheduling problem for tramp shipping with discretized time
windows. The problem consists of determining the set of cargoes that should be served by each ship, the arrival, departure, and
waiting times at each port, while minimizing total costs. The heuristic proposed is based on a variable neighborhood search,
considering a number of neighborhood structures to find a solution to the problem. We present computational results, and, for
comparison purposes, we consider instances that can be solved directly by CPLEX to test the performance of the proposed heuristic.
The heuristics achieves good solution quality with reasonable computational times. Our computational results are encouraging and
establish that our heuristic can be utilized to solve large real-size instances.

1. Introduction

In light of the phenomenon of globalization, rapid growth of
Asian economies, and the increasing volumes of international
trade, global logistics management in business operations
has become more important than ever. In this regard, trans-
portation is becoming a more strategic business function
because transport costs account for a larger percentage of
the cost of goods sold. There is an increasing interest in
reducing transportation costs and increasing route efficiency.
Maritime transportation plays a key role in international
trade as it represents a low cost transportation mode for high
volume and long-distance shipments, being far less expensive
than airplane transportation.Hence,maritime transportation
is responsible for the majority of long-distance shipments
in terms of volume. According to the review of maritime
transport by UNCTAD [1], more than seven million tons of
goods are carried by ship annually. Some illustrative statistics
are provided in [2]. General shipping industry statistics are
available in publications by the Institute of Shipping Eco-
nomics and Logistics (http://www.isl.org/) and the Astrup
Fearnley Group (http://www.isl.orgwww.fearnley.com/).

Optimizing maritime transportation systems involves
several types of decisions (strategic, tactical, and operational).
The strategic decisions include network design (configuration
of the routes and their frequencies) and fleet and ship
size determination. Tactical decisions include routing and
scheduling of ships either for liner, tramp, or industrial ship-
ping. Operational decisions refer to day-to-day decisions
which may be aided by the design of on-board advisory
systems that increase a vessel’s operability and performance.

In this work, we consider a tactical problem consisting
of routing and scheduling a heterogeneous tramp fleet.
Gatica and Miranda [3] propose a network based model in
which time windows for picking and delivering cargoes are
discretized and the model is solved directly by using CPLEX.
Authors showed that the loss of optimality due to the dis-
cretization approach was not significant. Size of the instances
solved by the authors considered up to 50 cargo contracts, a
fleet size of up to 9 ships, and a level of discretization of 15
time nodes. As reported in the results section, there were
several instances that cannot be solved to optimality, which is
proportional to the level of discretization. For the continuous
case, only 50% of the instances could be solved, and as long
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as the level of discretization increases, higher number of
instances can be solved to optimality.

Difficulty in solving real-life sized problems motivated
us to propose, as an extension of this previous work, a
heuristic procedure based on a variable neighborhood search
to efficiently solve the problem for larger size instances.
In order to evaluate the performance of the procedure, we
create a set of instances using the same instance generation
procedure used in [3] and compare the performance of the
heuristic procedures against the results obtained by using
CPLEX.

The rest of the paper is organized as follows. Section 1
provides a brief review of related literature and Section 2
presents background of the problem. Section 3 presents
the problem description and introduces the notation and
the mathematical formulation provided in [3]. Section 4
provides algorithmic and implementation details. Section 5
presents computational experimentation and finally conclu-
sions and recommendations for further research are provided
in Section 6.

2. Background

The problem addressed in this paper is related to the gen-
eral traveling salesman problem (TSP), the vehicle routing
problem (VRP), and, especially, to a variation of the VRP: the
vehicle routing problem with time windows (VRPTW). TSP
is a problem based on a salesman whomust visit 𝑛 clients and
return to the initial place of departure.The objective is to visit
all clients without passing through the ones previously visited
[4]. VRP is considered as a generalization of TSP where the
clients request either delivery or pick up of an amount of
cargo. The VRP differs from the TSP problem in the fact that
more than one vehicle is needed to deliver the cargoes with
an associated cost [5]. We refer the interested reader to the
work of Laporte and Osman [6], for a comprehensive review
onVRP andVRPTW, and to the work of Ando and Taniguchi
[7], which discusses recent issues arising on city logistics and
urban freight transport.

Christiansen et al. [8] discuss several differences between
ship routing and other vehicle routing problems and justifies
the need for research specifically focused on ship routing
and scheduling. The most recent review of ship routing and
scheduling is presented in [9], in which research on ship
routing and scheduling problems during the newmillennium
is reviewed. Some of the highlights are that the number
of papers doubles every decade and that research on liner
shipping, marine inventory routing, and optimal speed is
leading the research efforts. In [8], a literature review for these
problems is provided and perspectives for further research as
well as other optimization and decision-support techniques
within the shipping industry are discussed. For earlier litera-
ture reviews, the reader is referred to [10, 11].

Three generalmodes of operation for shipping companies
can be distinguished: industrial, tramp, and liner [8, 11]. In
liner shipping, the ships follow a published schedule with
regular itineraries and predetermined routes, frequencies,
and port arrivals/departures; it is very similar to a bus line.
The tramp shipping company follows the available cargoes

similarly to a taxi. A tramp shipping company usually has
a fixed amount of contract cargoes that it is committed to
carry and tries to maximize the profit from optional cargoes.
In industrial shipping, the cargo owner usually controls the
ships and aims to ship cargo at aminimal cost. In the simplest
cases, industrial fleet operation is similar to tramp shipping.
In more general cases, the industrial fleet operation becomes
more complex, especially when trips are not prespecified
and a supply network has to be determined based on
time-dependent supply chain demand functions. The main
difference is that industrial shipping is commonly used for
a specific type of cargo related to a certain type of industry.
Tramp is usually the operation mode to transport liquid and
dry commodities or cargo involving a large number of units
(e.g., vehicles) and liner shipping is the selected mode to
transport containerized cargo which represents the major
segment of liner shipping [3].

The main costs in ocean shipping are (1) capital and
depreciation costs which are related to the loss of a ship’s
market value with respect to the initial investment, (2)
running costs which are fixed costs such as maintenance,
insurance, crew salaries, and overhead costs, among others,
and (3) operating costs which are associated with day-to-
day operations such as fuel consumption, port and customs
expenses, and tolls paid at canals, among others. Fuel con-
sumption has been a relevant subject in themaritime industry
as well as for the world’s largest navies due to oil price
variability and environmental considerations which drive the
effort for fuel-efficient navigation. Fuel consumption can be,
to a large extent, controlled by navigation speed since it is
approximately a cubic function of speed [11].

We base our discussion on the recent works on ship
routing and scheduling of tramp fleets. Even when maritime
transportation is a part of a supply chain, Christiansen et al.
[8] found that little work has been done to integrate the whole
supply chain. Later, Flatberg et al. [12] developed another
solution approach for solving the problem proposed in [11];
they use an iterative improvement heuristic combined with
an LP solver. Fox and Herden [13] describe a MIP model
to schedule ships from ammonia processing plants (which
convert ammonia into different fertilizer products) to eight
ports in Australia. The objective is to minimize freight, dis-
charge, and inventory holding cots while taking into account
the inventory,minimumdischarge tonnage, and ship capacity
constraints. The MIP model is solved by using commercial
optimization software. An inventory routing problem similar
to [11] but with multiple products was analyzed by Ronen
[14] for liquid bulk oil cargo. Considering multiple products
adds complexity to the model since it requires separating the
shipments planning stage from the ship scheduling stage.The
methods used were MIP and heuristics.

Christiansen et al. [8] commented on the lack of research
on tramp shipping as compared to industrial shipping. One
main reason could be the large number of small operations
in the tramp market. The first work to introduce a typical
tramp ship scheduling problem was presented by Appel-
gren [15, 16]. DW decomposition was employed to solve
it. Instead of minimizing costs, the model maximizes the
actual marginal contribution (excluding fixed costs). Kim
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and Lee [17] developed a prototype decision-support system
for ship scheduling in the bulk trade where the scheduling
problem is formulated as a set packing problem with similar
constraints as in Appelgren’s model. Several authors have
developed decision-support systems for companies operating
both in tramp and industrial modes [18–20]. A tramp routing
and scheduling problem that maximizes the profit from
operating the fleet was solved by [21, 22]. Brønmo et al.
[23] develop a multistart local search heuristic. Korsvik et
al. [24] propose a unified tabu search heuristic, which allows
infeasible solutions with respect to ship capacity and time.
In contrast to the procedure followed by Brønmo et al. [23],
Malliappi et al. [25] present a variable neighborhood search
heuristic; the results show that this procedure outperforms
the previous heuristics. Recent research efforts [26, 27] were
conducted in solving problems where cargo may be split
among several ships.

This paper revisits themodel in [3] and proposes heuristic
procedures for solving large-scale problems. Gatica and
Miranda [3] developed a network basedmodel for the routing
and scheduling of a heterogeneous tramp fleet that aims to
minimize the total operating cost of serving a set of trip
cargo contracts considering time window constraints at both
the origin and destination of cargoes. To the best of our
knowledge, this is the first paper that proposes a discretiza-
tion of time windows for picking up and delivering cargoes.
This characteristic allows for a broad variety of features and
practical constraints to be considered such as navigation
speed to control fuel consumption.

3. Discretized Time-Window
Approach for Solving a Ship Scheduling
and Routing Problem

In this section, we present the description of the ship schedul-
ing and routing problem with discretized time windows.
Section 3.1 presents the details of the discretized modeling
approach and the characteristics of the problem. Section 3.2
presents the mathematical model proposed by Gatica and
Miranda [3] which is considered in this paper.

3.1. Problem Description. We consider the routing and
scheduling problem for tramp shipping which has been
addressed by Gatica and Miranda [3]. This is one of the most
relevant and challenging problems faced by decision makers
at shipping companies along with planning and operation of
the liner fleets. An important difference between tramp and
liner operations is that liner shipping allows a more static
and long-run operation planning than tramp shipping. Liner
shipping operates under fixed routes. In contrast to liner case,
tramp shipping faces a more dynamic demand and changes
in contracts and routes. This emphasizes the importance to
address this problem and to provide optimization models for
designing the routes and schedules of the ships as well as the
need of developing algorithms that allows efficiently solving
this problem repeatedly andwithin reasonable computational
times due to the dynamism of the tramp shipping.

As is typical in tramp shipping, contracts and their
required schedules are known beforehand by ship contrac-
tors. Contracts correspond to a single shipment between two
ports, both with time windows for loading and unloading
the cargo. Each ship can serve one contract at a time. The
fleet of ships is nonhomogeneous in terms of capacity, speed,
fuel consumption, and, hence, costs. Not all ships can serve
all contracts because the specific characteristics required per
contract (cargo-ship or port-ship incompatibilities), which
conditions the arc set of the model’s underlying network.
Incompatible cargoes may make it infeasible for the corre-
sponding trips to be done consecutively by the same ship
which also conditions the network.

For each sequence of cargoes to be served by a single ship,
a ballast or empty trip must take place from the delivery port
of each cargo to the origin of the next cargo in the sequence,
unless the delivery port and next origin happen to coincide.
Costs for the trips are computed based on fuel consumption
and the distance travelled as well as some other operational
variables and may vary from ship to ship due to the hetero-
geneity of the fleet. Furthermore, the speed of the ship is a key
factor that affects cost. On the other hand, income is fixed for
each contract and hence profit is maximized by minimizing
total costs. Then, the problem consists of defining the set of
cargoes to be served by each ship as well as the times of arrival
and departure and waiting times at each port, with the aim of
serving all cargoes at minimal total cost.

3.2. Mathematical Formulation. We adopt the discretized
modeling approach used in [3] for the time windows for
picking up and delivering cargoes, assuming that the arrival
time to the origin port must occur only at discrete times.The
same applies for cargo delivery times. Thus, each contract
consists of a discrete set of possible time instants in which
cargo may be picked up and/or delivered.

The nodes, indexed by 𝑖 = 1, . . . , 𝑁, of the network
represent discrete and feasible starting times for each cargo.
For each node 𝑖, the cargo associated with that node is
represented by 𝑛(𝑖). The set of nodes for cargo 𝑛(𝑖) is
represented by 𝐷𝑖. Ships are indexed by 𝑘 = 1, . . . , 𝐵. Each
arc(𝑖, 𝑗, 𝑘) represents the service of cargoes 𝑛(𝑖) and 𝑛(𝑗)
consecutively by ship 𝑘 and is included in the network if both
the trips and the ship are compatible. Arc(𝑖, 𝑗, 𝑘) is included
in the network if it is feasible for ship 𝑘 to begin service of
cargo 𝑛(𝑖) at the time instance represented by node 𝑖, which
candeliver the cargowithin the corresponding timewindows,
make the ballast trip from the destination port of cargo 𝑛(𝑖)
to the origin of cargo 𝑛(𝑗), and be available to begin service
of cargo 𝑛(𝑗) at the time instance associated with node 𝑗.

For each arc, the cost parameter 𝑐𝑖𝑗𝑘 represents the total
minimal cost incurred when the ship delivers cargo 𝑛(𝑖)
immediately followed by cargo 𝑛(𝑗). Costs include travel costs
for trip between the ports associated with 𝑛(𝑖), waiting times,
and the ballast trip to the origin port of 𝑛(𝑗). To complete
the network, a fictitious node 0 is created to represent the
source of all ships. For each ship 𝑘 and node 𝑖, if cargo 𝑛(𝑖)
is compatible with ship 𝑘, there are an arc(0, 𝑗, 𝑘) and an
arc(𝑖, 0, 𝑘). Cost 𝑐0𝑖𝑘 is calculated based on the real initial
position of ship 𝑘, and cost 𝑐0𝑖𝑘 represents the minimum total
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Figure 1: Graph representation of the problem. Source: Gatica and Miranda [3].

cost incurred if ship 𝑘 serves cargo 𝑛(𝑖). It is assumed that ship
𝑘 will stay at the port of destination of its last assigned cargo.

We can observe a single-ship view of the graph in Figure 1.
The segmented ovals group all nodes (feasible starting times)
related with the same cargo. Some arcs for a single ship 𝑘 are
drawn, based on the feasible trips that can be selected. Each
arc, as previously mentioned, takes into account the ballast
trip between destination port of cargo 𝑛(𝑖) and the origin of
cargo 𝑛(𝑗).

The mathematical formulation of the problem from [3] is
as follows:

Min ∑

(𝑖,𝑗,𝑘)∈𝐴

𝑐𝑖𝑗𝑘 ⋅ 𝑥𝑖𝑗𝑘 (1)

s.t. : ∑

𝑖∈𝑉/(0,𝑖,𝑘) ∈𝐴

𝑥0𝑖𝑘 ≤ 1 𝑘 = 1, . . . , 𝐵 (2)

∑

(𝑖,𝑗,𝑘)∈𝐴/𝑗∈𝐷𝑛

𝑥𝑖𝑗𝑘 = 1 𝑛 = 1, . . . , 𝑁 (3)

∑

𝑖∈𝑉/(𝑖,𝑗,𝑘)∈𝐴

𝑥𝑖𝑗𝑘 = ∑

𝑙∈𝑉/(𝑗,𝑙,𝑘)∈𝐴

𝑥𝑖𝑗𝑘

𝑗 ∈ 𝑉, 𝑘 = 1, . . . , 𝐵

(4)

𝑥𝑖𝑗𝑘 ∈ {0, 1} (𝑖, 𝑗, 𝑘) ∈ 𝐴, (5)
where 𝑁 is number of cargoes or contracts to be served, 𝑉
is set of nodes in the network, 𝐷𝑛 is set of nodes associated
with cargo 𝑛 (i.e., set of possible starting times for trip 𝑛), 𝐵 is
number of available ships,𝐴 is set of arcs in the network, and
𝑐𝑖𝑗𝑘 is cost of arc(𝑖, 𝑗, 𝑘). Consider

𝑥𝑖𝑗𝑘 = {

1 if arc (𝑖, 𝑗, 𝑘) is selected as part of the solution.
0 otherwise.

(6)
Selecting arc(𝑖, 𝑗, 𝑘) as part of the solution (𝑥𝑖𝑗𝑘 = 1)

implies that ship 𝑘 will serve cargo 𝑛(𝑖) and will serve cargo

𝑛(𝑗) immediately afterwards. Selecting arc(0, 𝑖, 𝑘) implies that
𝑛(𝑖) is the first cargo to be served by ship 𝑘, and selecting
arc(𝑖, 0, 𝑘) implies that 𝑛(𝑖) is the last cargo to be served by
ship 𝑘.

The objective function (1) represents the total solution
cost. Constraints (2) ensure that each ship is employed at
most in one route. A route is defined as a sequence of cargoes
to be served. Constraints (3) ensure that, for each cargo 𝑛,
exactly one arc entering set 𝐷𝑛 is selected, establishing that
each cargo must be served exactly once, by exactly one ship,
which begins service at exactly one of the nodes or time
instants in the discretized time window for cargo pick up.
For nodes other than the central fictitious node, constraints
(4) state that if an entering arc is selected, a leaving arc must
also be selected and that both arcs must be associated with
the same ship. For the fictitious node, this constraint states
that if a leaving arc associated with ship 𝑘 is selected, then
an entering arc associated with the same ship must also be
selected (i.e., if a ship exits the node), and then it must return
to it. Arcs leaving the fictitious node represent the ships that
are, in fact, used in the solution.

4. Proposed Methodology

There are several contributions related to ship routing and
scheduling problems in the literature and several mathemati-
cal models have been proposed to optimize related decisions.
In addition, diverse solution approaches based on either
metaheuristics or mathematical programming methods have
been developed. Heuristic procedures are frequently used
when exhaustive enumeration and/or optimal solutionmeth-
ods are impractical.

The difficulty of the ship routing and scheduling problem
with discretized time windows motivated us to propose
a heuristic procedure based on a Variable Neighborhood
Search (VNS) metaheuristic structure. In VNS, the basic
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idea is to explore different vicinities in a systematic way.
The majority of local search algorithms use a single neigh-
borhood. VNS is based on three basic concepts: (1) a local
minimumwith respect to a structure of vicinity is not related
to another local minimum with respect to another structure
of vicinity; (2) a global minimum is a local minimum with
respect to all possible structures of vicinity; and (3) local
minima with respect to one or more structures of vicinity are
close to each other [21].

Originality of the proposed algorithm relies on the adap-
tation of a local search heuristic to a routing and scheduling
problem that is very challenging and recent, that is, the
routing and scheduling of a tramp fleet with variable speed
and discretized time windows (Gatica and Miranda [3])
which has not been extensively addressed in the literature
(seeChristiansen et al. [8]).Theproposed heuristic procedure
provides a solution to the routing and scheduling problem
of a tramp fleet with discretized time windows and variable
speed in a more reasonable computational effort which
enhances the usability of the proposed method to address
large scale instances faster than using CPLEX (as numerical
results in Chapter 5 display).

The proposed algorithm consists of two main stages.
The first stage searches for a feasible solution that defines a
route for each ship. The second stage seeks to improve the
initial solution by a local search procedure similar to a VNS
mechanism. For this, different neighborhood structures were
defined which are sequentially applied in a steepest descent
fashion. A solution to the problem consists of a route for
each ship in which the route is defined as the set of contracts
to be performed by the ship as well as the departure and
arrival time at each port (as allowed by the discretized
times). Pseudocode 1 presents the pseudocode of the general
procedure.

4.1. Stage 1. Construction of an Initial Feasible Solution. As
shown in Pseudocode 1, the first stage refers to the construc-
tion of an initial feasible solution. For this, we employ a
greedy procedure. In order to describe this procedure, we
introduce the nomenclature described in Table 1, in which
each node represents an allowable and discrete time instant
in which cargo can be picked up or delivered. Each contract
consists of a group of nodes in which the cargo is able to be
picked up at an origin and delivered at a destination. Arcs
joining nodes represent the associated cost of the trip, based
on the distance between the origin-destination pair and the
speed required to arrive at the correct time instant at the
destination.

TheConstruction() procedure analyzes each contract with
the aim of assigning it to a ship. For this, a sorted list of
contracts based on their due dates is formed with the earliest
due date contract at the top of the list.The ships are also sorted
on a list. Initially, the ships are in a random order. The first
iteration of the procedure begins by selecting the first contract
of the list and the first ship on the list in order to analyze if it is
possible to assign the contract to the ship at the earliest time
instant in the discrete set of time instances in the timewindow
of the contract. If this is possible, the contract is assigned to
the ship and the ship is placed at the last position of the list

Table 1: Overview of graphical nomenclature.

Graphical nomenclature: Represents
i

Ship 𝑖.

1 Node or instant of time.

1 2 3 4

Contract

Contract with the corresponding
discrete feasible starting times for
cargo of the trip. Consider the

illustration that the node 1 is
the earliest time instant and 4

is the latest time instant.

i j
(i, j, b)

Arc representing a ship 𝑏 that
departs at time instant 𝑖 from the
origin port and arrives at time
instant 𝑗 at the destination port.

of ships. Otherwise, we select the next ship of the list and
repeat the same procedure until the contract is assigned to
a ship in the earliest possible time instant. In each iteration,
the ship to which the contract is assigned is placed in the last
position of the list of ships. Therefore, the greedy function of
this procedure is based on prioritizing the earliest due date
contracts and seeking to assign each contract at the earliest
possible instant to a ship.

Figure 2 illustrates the procedure. In the example, we
consider four ships and twelve contracts. The first contract
is assigned in its earliest time window to the first ship. The
process is repeated for contracts 2 to 5. However, when we
analyze contract 6 with the corresponding sequential ship 2,
we realize that it is not possible to assign the contract in its
earliest time instant to ship 2, so ship 3 must be considered.
Given that it is possible to assign the contract to ship 3, this
is assigned. Then, we consider contract 7. At the top of the
list of ships we still have ship 2, so we explore the possibility
to assign it to contract 7 in its earliest time instant. Given
that this is possible, we assign the contract. The procedure
is repeated until all contracts are assigned to ship at some
time instants, always striving to assign the contracts as early as
possible. As can be seen in Figure 2, there are some contracts
that get assigned to later time instants because it was not
possible to assign them to any ship at earlier time instants.

4.2. Stage 2. Local Search Procedure. Once a feasible initial
solution has been constructed, a local search procedure is
applied in order to improve the solution. For this, we propose
to explore iteratively and in a steepest descent fashion,
using four neighborhood structures. If no improvement of
the solution is attained, then we consider two additional
alternative neighborhood structures that will be also explored
in a steepest descent fashion. Pseudocode 2 presents the
pseudocode of the general procedure.

4.2.1. ImproveRoute(). This neighborhood of solution 𝑥 con-
sists of the set of solutions that results from exploring all
feasible combinations of arcs that connect two contracts in
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Figure 2: Example of Construction() procedure.

Ship route Procedure
Input: 𝑃 := a problem instance (𝑁, 𝑉,𝐷

𝑛
, 𝐵, 𝐴, 𝑐

𝑖𝑗𝑘
)

Output: 𝑥∗ := Route for each ship 𝑘,
or empty set with no feasible solution.

𝑥 ← Construction();
Set 𝑓∗= 𝑓(𝑥); 𝑥∗ = 𝑥

Do until a stopping condition is met
𝑥 ← Local-Search();
If 𝑓(𝑥) < 𝑓∗ then
𝑓
∗
= 𝑓(𝑥) and 𝑥∗ = 𝑥;

End Do
Return 𝑥∗

Pseudocode 1: Pseudocode of the solution procedure.

1 2

3 4
c2

1

c1

Figure 3: Illustration of an iteration of the ImproveRoute() proce-
dure.

the route of a ship, selecting the pair of arcs with lowest cost.
The procedure aims to improve solutions based on an analysis
of the timewindows of each contract, respecting the contracts
assigned to the route of a ship. Figure 3 shows different
options for a ship (each dotted line color corresponds to an
option).

4.2.2. InsertionContractsN(). This neighborhood structure
consists of the set of solutions that results from moving a
contract from a route to insert it into another route. For this,
the procedure considers a pair of ship routes and evaluates
both the active nodes and nonactive nodes (not included in

the initial solution). If moving a contract from one route to
another improves the solution reducing total costs, then the
move is performed. The order of the contracts is maintained
at all times.

Figure 4 illustrates the procedure. The initial solution
(black lines) consists of the routes of ship 1 (contract 1 at time
instant 2, followed by contract 2 at time instant 3) and ship
2 (contract 3 at time instant 6). The procedure then analyzes
the insertion of a contract from the route of ship 1 into the
route of ship 2. The yellow arcs are an example of an option
that includes nonactive nodes of the initial solution.

As observed in Figure 4, analyzing the insertion of con-
tract 2 into the route of ship 2, it turns out that costs are
reduced if contract 2 is inserted into the route of ship 2 as
shown by the red lines. The resulting route for ship 2 selects
contract 2 at time instant 3 followed by contract 3 at time
instant 6.

4.2.3. InterchangeContractsN(). This neighborhood structure
consists of the set of solutions that results from interchanging
contracts between two routes of ships considering both the
active nodes and nonactive nodes (those nodes that are part
of the current solution as well as those that are not) and
respecting the initial order of contracts in the routes. The
exchange is performed only if the new configuration provides
lower costs.

Figure 5 illustrates this method. Consider the initial
solution presented in part (a) of the figure and assume that
we will evaluate the exchange of contracts 1 and 3 (c1 and c3).
As can be seen in part (b) of the figure, we add arcs to get a
new solution (red, blue, pink, and yellow dotted lines). Black
dotted lines correspond to the initial solution and the black
line indicates that contract 2 should be performed by ship 1. If
the new configuration provides lower costs, the contracts are
interchanged and a new solution is obtained. Suppose this is
the case for solution found with pink and yellow dotted arcs,
as shown in (c).

4.2.4. TwoOptUpward(). This neighborhood of solution 𝑥
consists of the set of solutions that results from crossing
over a pair of routes, based on a variation of the 2Opt local
search algorithm proposed by [22]. The procedure considers
a pair of arcs to be crossed and the upward part of the each
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Figure 4: Illustration of InsertionContractsN() procedure.
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Figure 5: Illustration of InterchangeContractsN() procedure.

route is swapped. The procedure differs with respect to the
2Opt procedure in that segments of several contracts are
exchanged and not only the individual route is improved.
Figure 6 illustrates the procedure.

4.2.5. InsertionContractsN2(). This neighborhood of solution
𝑥 is a variant of the InsertionContractsN() but differs in that
when a contract is inserted between a pair of contracts of
another route, for the previous contract to the one inserted,
we select the earliest possible node for its departure and for
the following contract in the route to the one inserted, we
select the latest possible node for arriving. The insertion is
performed only if lower costs are obtained. The procedure is
illustrated in Figure 7.

4.2.6. InterchangeContracts S(). This neighborhood struc-
ture is a simplification of the InterchangeContractsN() pro-
cedure in which solutions that result from all possible pair

of contracts to be exchanged between two ship routes are
evaluated, considering only active nodes (those that are
currently part of the solution). The exchange is performed
only if the new configuration provides lower costs.

4.2.7. InterchangeContracts C(). This neighborhood struc-
ture is a variant of previous one (Interchange Contracts-
S) in which a pair of contracts is exchanged but instead of
searching among a pair of ships, the search is performed on a
contracts sequence.

5. Computational Experimentation

This section describes the test instances generation and the
computational results. The heuristic procedure was imple-
mented in JAVA SE 6 and numerical experimentation was
performed to test its performance. We generate a set of
instances of different sizes. Previous instances solved in [3]
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Figure 6: Illustration of an iteration of the TwoOptUpward() procedure.
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Figure 7: Pseudocode of the local search procedure.

were not available, so that new instances were generated
using the test instances generator code developed by [3].
For comparison purposes, all instances were also solved by
CPLEX 11.1. Numerical experiments were performed using
a 2.00GHz Pentium processor with 2GB of RAM running
under Windows XP.

5.1. Instance Generation. An instance of the problem consists
of a list of contracts and the corresponding set of nodes for
arrival and departure arrivals, as well as a set of arcs for all
the feasible trips that could be performed. Each arc possesses
an initial node, a final node, a ship number, and an associated
cost. As it was previously mentioned, we employed the test
instances generator developed by [3] which is composed of a
real based database containing potential contracts in a port-
port matrix, including distances of trip estimated to each
potential contract.

The database contains 400 potential cargo contracts, a
port-port matrix which contains distances of trips estimated
for ach potential cargoes among 87 different ports. For each
potential cargo, a pair of ports was chosen with real place
of arrival which is frequently used in practice. Information
regarding the necessity of going through a channel for each
trip is used as well as the channel fees. In order to generate
an instance, a subset of the cargoes from the database
is randomly selected, according to the instance size. For
the generation of random numbers, 45 different seeds are

employed.The application is coded in JAVA SE 6. It is impor-
tant to recall that the instances generated should guarantee
that it is possible to obtain a feasible solution.

Eighteen groups of instances were generated, each group
composed of a combination of ships, timewindownodes, and
contracts. The set of discrete time window consists of 3, 6, or
15 nodes.The number of ships was varied over the values of 4,
5, 7, and 9.The number of contracts was varied over the values
of 30, 40, and 50. Each group contains 15 different instances.
Instance sizes consider between 14,000 and 2,000,000 arcs. In
total, we generated 3 × 4 × 3 × 15 = 540 instances.

5.2. Results and Discussion. In this section, a comparison of
the results obtained by using CPLEX and the heuristic is
presented. Tables 1 and 2 present the results according to
the instance groups (18 groups generated with 15 instances
each). Stopping rules consider a limit time of 7200 seconds
for CPLEX. For the heuristic no limit time was set, con-
sidering only a maximum number of iterations without any
improvement in the solution as stopping criterion based on
an epsilon which was defined in terms of the instance size.
For comparison purposes, instance sizes in which CPLEX
could find at least a feasible solution are considered which
are of similar size as those solved in [3]. Hence, for each
instance solved, we compare the results obtained by CPLEX
and the heuristic and estimate a gap with respect to the
best integer solution reported by CPLEX (which for some
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Table 2: Summary of results of instances of 30 contracts.

Instance CPLEX Heuristic

Contracts Ships Nodes per
window

Optimum
found

Only feasible
solution No solution Average

time (sec)
Solution not

found
Average
time (sec)

GAP
O.F. (%) average

30 4 3 13 0 2 1 3 4.80 4.79
30 4 6 13 0 2 4.84 2 15.92 5.36
30 4 15 13 0 2 171.84 2 93.15 5.53
30 5 3 15 0 0 1.13 0 7.06 4.34
30 5 6 15 0 0 12.73 0 26.53 5.49
30 5 15 15 0 0 140.60 0 151.40 5.49

Local-Search()
Input: 𝑥 := Initial Feasible solution (Route for each ship 𝑘)
Output: 𝑥∗ := Best Solution found (Route for each ship 𝑘)

Do until no further improvement is achieved
InsertionContractsN()
ImproveRoute()

End do
Do until no further improvement is achieved

InterchangeContractsN()
ImproveRoute()

End do
Do until no further improvement is achieved

2OptUpward()
ImproveRoute()

End do
Do until no further improvement is achieved

InsertionContractsN2()
ImproveRoute()

End do
If no improvement of the initial solution was found, then

InterchangeContracts S()
If no improvement was previously found, then

InterchangeContracts C()
End if

End If
Return 𝑥∗

Pseudocode 2: Pseudocode of the Local Search Procedure.

instances corresponds to the optimal solution) as described
by (7) in which 𝑍 corresponds to the value obtained by the
heuristic. Positive gaps are obtainedwhenCPLEXfinds better
solutions. Consider

variation = 𝑍 − CPLEX
CPLEX

∗ 100. (7)

Tables 2, 3, and 4 show a summary of all results obtained
for those instances of 30, 40, and 50 contracts, respectively.
Each instance type is indicated according to its combination
of contracts, ships, and nodes which account for 15 replicates
of each instance type. The averages of 15 replicates are shown
for the execution times of CPLEX and the execution times of
the heuristic. Furthermore, average gaps computed according
to (7) are also presented, considering only those cases in

which at least a feasible solution was obtained by CPLEX or
by the heuristic. The tables indicate, for each instance type,
the number of instances in which an optimum solution was
found, the instances inwhich a feasible (nonoptimal) solution
was found, and also those cases in which no feasible solution
was obtained by CPLEX. Similarly, for the heuristic proce-
dure, the tables present the number of instances in which an
initial solution could not be found and, consequently, could
not apply the methods of local search.

Table 2 shows instances of 30 contracts corresponding to
the smaller size instances in which the difference on compu-
tational times between CPLEX and the heuristic resulted no
significant. In terms of the quality of solutions, average gaps
of the solution found by the heuristic with respect to CPLEX
is less than 5.5%.

Instances of 40 contracts are medium size instances and
we can observe from Table 3 a more significant difference
between computational times of CPLEX and the heuristic. In
terms of the gaps found by the heuristic solutionswith respect
to CPLEX, the maximum average gap corresponds to 8.11%.
In most of the instances, CPLEX found an optimal solution
or at least a feasible solution.

Table 4 shows instances of 50 contracts correspond to the
biggest size instances, and computational times of CPLEX
and the heuristic present more significant differences. In
terms of average gaps, we observe even lower gaps with
respect to the instances of 40 contracts, where the maximum
average gap corresponds to 6.69%. It is noteworthy that the
heuristic improves the execution times for large problems,
which indicates that it can be employed for solving larger
size instances. On the other hand, we can observe a good
performance of the procedure with relatively small gaps with
respect to the optimum solutions found by CPLEX, with a
maximum value of 8.11%, which corresponds to a medium
size instance (40 contracts) and does not increment propor-
tionally to instance size.

Tables 5, 6, and 7 present results classified according to
the number of ships and nodes per window for the instances
of 30, 40, and 50 contracts, respectively.The tables present the
percentage of instances in which CPLEX found an optimum
solution, a feasible solution, and no solution, based on the
number of instances ran for each type. Results found by
the heuristic procedure are also presented in terms of the
percentage of instances in which no solution was found.
Average computational times are presented for both CPLEX
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Table 3: Summary of results of instances of 40 contracts.

Instance CPLEX Heuristic

Contracts Ships Nodes per
window

Optimum
found

Only feasible
solution No solution Average

time (sec)
Solution not

found
Average
time (sec)

GAP
O.F. (%) average

40 5 3 14 0 1 3.85 6 21.55 5.00
40 5 6 15 0 0 42 3 82.50 8.11
40 5 15 15 0 0 719.40 3 442.58 7.49
40 7 3 15 0 0 8.66 0 33.93 6.27
40 7 6 15 0 0 447.53 0 137.13 7.38
40 7 15 12 3 0 1870.86 0 645.53 7.76

Table 4: Summary of results of instances of 50 Contracts.

Instance CPLEX Heuristic

Contracts Ships Nodes per
window

Optimum
Found

Only Feasible
Solution No Solution Average

Time (sec)
Solution not

Found
Average

Time (sec)
GAP

O.F. (%) Average
50 7 3 14 0 1 18.71 2 109.30 5.95
50 7 6 13 0 2 183.53 4 358.45 5.35
50 7 15 8 7 1 4291.85 2 1551.38 5.87
50 9 3 15 0 0 23.80 0 134.06 6.69
50 9 6 15 0 0 371.53 0 558.40 6.53
50 9 15 7 8 0 4450.20 0 2795.53 6.09

Table 5: Results per contracts.

Type of
instance CPLEX Heuristic

Contracts Optimum
found

Only feasible
solution No solution Average

time (sec)
Solution not

found
Average
time (sec)

GAP % time
average

GAP % OF
average

30 93.33% 0.00% 6.67% 55.36 7.78% 49.81 −0.1001 5.17
40 95.56% 3.33% 1.11% 515.38 13.33% 227.20 −0.5591 7.00
50 80.00% 16.67% 4.44% 1556.60 8.89% 917.85 −0.4103 6.08

and the heuristic. Average gaps of the heuristic with respect
to CPLEX are also presented for each type of instance.

As observed in Table 5, computational times for CPLEX
and the heuristic increase as long as the number of con-
tracts also increase. However, not necessarily the number of
instances in which CPLEX cannot find an optimal solution
increases proportionally as the number of contracts increases,
given that for 40 contracts the percentage of optimal solutions
found by CPLEX is higher than for 30 contracts, but for 50
contracts it is observed significant reduction on the number
of optimal solutions found by CPLEX. In the case of the
heuristic, similar results are found in which the percentage of
cases in which no feasible solution is found decreases for the
50 contracts instances. For the 50 contracts instances, com-
putational times of the heuristic procedure are significantly
lower than CPLEX times.

As observed in Table 6, the number of ships does not
significantly increase the difficulty of the instance. Similar
results in terms of the number of optimal solutions are found
by CPLEX for most of the cases. For the heuristic procedure,
very similar gaps are obtained for all the instances which,

on average, are about 6%. Average times increase for both
CPLEX and the heuristic for the instances with more ships
which was expected.

As shown in Table 7, as the number of nodes increases, it
becomes more difficult to obtain exact solutions by CPLEX
and computational times increase significantly and, in this
case, the heuristic performs better. On the other hand, gaps
of the heuristic with respect to CPLEX do not increase
proportionally with respect to the difficulty of the problem
and are about 6%.

Provided that in some instances CPLEX found more
efficient solutions than the heuristic procedure; Tables 8 and
9 present an analysis of the results to determine which the
cases are in which the proposed heuristic is efficient. Table 8
presents a comparison of computational times between the
heuristic and CPLEX considering the number of nodes per
window and the number of contracts. An index is computed
as indicated at (8). When the index is less than 1, the heuristic
achieves better results. Consider

Index = TimeHeuristic
TimeCPLEX

. (8)
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Table 6: Results per ships.

Type of instance CPLEX Heuristic

Ships Optimum
found

Only feasible
solution No solution Average

time (sec)
Solution not

found
Average
time (sec)

GAP % time
average

GAP % OF
average

4 86.67% 0.00% 13.33% 59.23 15.56% 37.96 −0.3591 5.23
5 98.89% 0.00% 1.11% 153.29 13.33% 121.94 −0.2045 5.99
7 85.56% 11.11% 4.44% 1136.86 8.89% 472.62 −0.5842 6.43
9 82.22% 17.78% 0.00% 1615.18 0.00% 1162.66 −0.2801 6.44

Table 7: Results per nodes per window.

Type of instance CPLEX Heuristic

Nodes per window Optimum
found

Only feasible
solution

No
solution

Average
time (sec)

Solution not
found

Average
time (sec)

GAP % time
average

GAP % of
average

3 97.33% 0.00% 2.67% 9.525 10.67% 51.78 4.4365 5.50
6 95.56% 0.00% 4.44% 177.03 10.00% 196.49 0.1099 6.370
15 77.78% 20.00% 3.33% 1940.79 7.78% 946.60 −0.5122 6.371

Table 8: Analysis of computational times.

Contracts/nodes 3 6 15
30 5.568075117 2.416050085 0.78271028
40 4.434852118 0.448654832 0.420077521
50 5.724770642 1.651803409 0.497241494

As observed in Table 8, the heuristic does not present an
advantage for the smallest size instances (those with 3 nodes
and for the 3 variations of contracts). For the medium size
instances (those with 6 number of nodes), results are not
conclusive (for some cases the heuristic performs better and
for other it does not). However, for the bigger size instances
(those with 15 nodes), the heuristic presents better results
independent of the number of contracts. Hence, the heuristic
is more effective (in terms of computational effort) when
the instance contains more nodes. As observed in Table 8,
the number of contracts does not increase significantly the
complexity of the instance. This can be attributed to the fact
thatwhen the number of contracts is increased, the number of
ships also increases. Based on the results, when the number
of nodes (and consequently the complexity of the problem)
is increased, the heuristic is a more attractive option. It is
worth noting that the discretization of time windows was the
approach followed to tackle a continuous time problem in
this paper. As more precision is demanded (i.e., more time
windows or nodes are needed), the heuristic results in a more
attractive option than using CPLEX.

Table 9 presents an analysis of the quality of the heuristic
in terms of the GAP obtained with respect to CPLEX
considering the number of contracts and nodes per window.
The average gaps of each type of instance are shown. As
observed in the table, gaps do not increase with respect to
the size of the instance and are relatively similar for all the

Table 9: Analysis of quality of the heuristic.

Contracts/nodes 3 6 15
30 4.565 5.425 5.51
40 5.635 7.745 7.625
50 6.32 5.94 5.98

instance types, with an average of about 6% which is a good
feature of the proposed heuristic.

6. Conclusions and Further Research

We present a heuristic based on variable neighborhood
search heuristic to solve a routing and scheduling problem
for tramp shipping operations that are modeled adopting a
time based discretization as proposed in [3]. This heuristic
approach is an alternative method for solving large instances
that CPLEX cannot solve efficiently or even find a feasible
solution in reasonable times. Several special features such
as navigation speed and time windows are introduced as
network parameters in the instances, without increasing the
complexity of the heuristic.

Numerical results show that the proposed solution
approach requires reasonable computational times with rea-
sonable gaps with respect to the solution found by CPLEX
which in general were less than 8% and were about 6% in
average. Instances tested in this work represent the size of
real instances for a medium size shipping company for tramp
mode.

As observed in Section 5, numerical results show that the
number of nodes per window is the main parameter that
affects the difficulty of the instance. It was observed that the
heuristic procedure works better for bigger size instances;
hence, if more precision is demanded for the problem (more
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nodes), then the heuristic represents an efficient method.
Furthermore, numerical results indicate that the heuristic
presents a similar performance for all the instances and gaps
do not increase with respect to the instance size, which is an
important element of the heuristic and it may be expected
a good and robust performance for bigger size instances in
which no comparison with respect to CPLEX is possible.

The usability and applicability that the proposed heuristic
provides to solve the routing and scheduling problem of a
tramp fleet with discretized time windows and variable speed
allow addressing instances of bigger size with less computa-
tional times than when using CPLEX. Due to comparison
purposes, only instances in which CPLEX is able to find
a solution were solved but it is expected that bigger size
instancesmay be able to be solved in reasonable timeswithout
decreasing the quality of the solutions as it was observed in
the numerical results where the quality of the heuristic did
not decrease when the size of the instance increased.

Other features that can be easily incorporated into the
heuristic are, for instance, congestion at the ports or priorities
of the cargoes, which for the case of the mathematical model
may increase its complexity. In particular, for the case of
variable navigation speed, a very complex problem is gen-
erated even for median size instances, resulting in high
computational times even for instances or reduced size. This
can be observed in the discretization approach. An instance
of 50 cargoes and 15 window times generates 50 × 15 = 750
nodes.

The approach model and heuristic presented in this
paper provide a decision-support tool for helping shipping
companies in the design of the routes and schedules of their
tramp fleets. This problem is frequently faced by the industry
of international trade which presents an increasing trend in
the current global environment andmaritime shipping repre-
sents the bigger participation among the different transporta-
tion modes. Maritime industry presents a high dynamism
and variability on its operations; thus, decision-support tools
to improve their operations are extremely important. This
model and solution procedure provide a mechanism to
efficiently plan the routes of the fleet in order to minimize
costs associated with the consumption of fuel (which can
be, to a large extent, controlled by navigation speed) and
to reduce lead times. In this regard, both governments and
private industry may potentially benefit from the reduction
of logistics costs in which the maritime fleet cost represents
an important percentage of the total logistical costs.

For further research we recommend generating instances
in which the navigation speeds and the discretized time
windowsmay be determined through the local search instead
of including fixed values within the network model. Addi-
tionally, mathematical programming techniques for solving
the algorithm could be explored. For instance, Branch and
Cut algorithms have been widely used for solving vehicle
routing problems andmay prove to be useful for this problem
aswell.We also propose applying themodel and solution pro-
cedure in some real-world case studies in order to measure
real improvements with respect to the current operations.
Another avenue of research could involve attempting to
apply similar models with discretized time windows to liner

shipping operations, where themain difference is that usually
no ballast or empty trips are required as in tramp shipping.
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This paper presents (1) a novel capacitated model for supply chain network design which considers manufacturing, distribution,
and quality costs (named SCND-COQmodel) and (2) five combinatorial optimization methods, based on nonlinear optimization,
heuristic, and metaheuristic approaches, which are used to solve realistic instances of practical size. The SCND-COQ model is a
mixed-integer nonlinear problem which can be used at a strategic planning level to design a supply chain network that maximizes
the total profit subject to meeting an overall quality level of the final product at minimum costs. The SCND-COQmodel computes
the quality-related costs for the whole supply chain network considering the interdependencies among business entities. The
effectiveness of the proposed solution approaches is shown using numerical experiments. These methods allow solving more
realistic (capacitated) supply chain network design problems including quality-related costs (inspections, rework, opportunity costs,
and others) within a reasonable computational time.

1. Introduction

The supply chain (SC) can be understood as the integra-
tion of all business entities that work together in order to
ensure that the customer receives a product or service at
the right time, with the right quality, and at low cost. To
achieve this, it is necessary to coordinate all the business
entities within a SC. This can be achieved through supply
chain management (SCM). This paper addresses one of the
problems included in SCM which is supply chain network
design (SCND). The SCND aims at selecting the business
entities that increase the overall performance of the SC. Cost
of Quality (COQ) is ameasurement system that translates the
implications of poor quality into monetary terms. Although
COQ has been applied mostly within enterprises, COQ can
be applied as an external measure to integrate these costs
into SCND modeling. Several studies have provided models
to ensure quality in multistage SC [1]. Das [2] proposed

a multistage global SC mathematical model for preventing
recall risks. Srivastava [3], who initiates estimating COQ in a
SC, measures COQ inmonetary terms at selected third-party
contract manufacturing sites of a pharmaceutical company.
Ramudhin et al. [4] also focus on integrating COQ in the
SC.Their seminal study presents a mathematical formulation
that integrates known COQ functions into the modeling
of a SC network for a single-product, three-echelon system
and seeks to minimize the overall operational and quality
costs. Ramudhin et al. [4] found that by adding a known
and given quadratic COQ function that affects only the
suppliers into the objective function results in a difference
of approximately 16% in costs and changes the network
selection.WhenCOQ is not included, choicesmade solely on
production costs could sacrifice quality and lead to additional
quality nonconformance costs or corrective action costs in
the subsequent stages of the SC.More recently, Alzaman et al.
[5] established a mathematical model, considering an 𝑛 level
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bill of materials, that incorporates a known COQ quadratic
function based on a defect ratio at all SC nodes. As assumed
in Ramudhin et al.’s work, the COQ function is known and is
based on Juran’s original model [6].

In previous studies, the COQ function, based on percent-
age of defective units, is assumed to be given. This paper
deals with the development of an SCND-COQ model that
computes theCOQ for awhole SCbased on internal decisions
within the manufacturing plant, such as fraction defective
at the manufacturing plant and error rate at inspection.
No previous work has addressed how the COQ functions
were obtained while taking internal operational decisions
within the SC. Moreover, the proposed SCND-COQ model
computes quality costs for the whole SC considering the
interdependencies among business entities, whereas previous
works have assumed independent COQ functions for each
node of the SC.

This study aims to develop a strategic-level model for
computing the COQ for a multistage, capacitated supply
chain network design (SCND-COQ) problem.The proposed
model is an extension of the serial supply chain model (SC-
COQmodel) developed by Castillo-Villar et al. [7] for which
two solution procedures were developed [8]. The problem
addressed here is significantly more difficult to solve due
to the capacity constraints and the combinatorial nature of
a MINLP (mixed-integer nonlinear programming) network
problem.Moreover, it differs from the SC-COQmodel in two
main aspects: (1) several business entities can be selected at
each echelon of the SC; (2) the components from all selected
suppliers enter a plant and are mixed; thus, a shipment to
a retailer contains products with components from different
suppliers. Therefore, a pooled fraction defective from the
selected suppliers is computed. Specialized solution proce-
dures were developed to address this problem. The decision
variables are to select the best combination of one or more
suppliers, decide which plants of a given set to open, and
select the best combination of one or more retailers in order
to maximize the total profit and satisfy a minimum quality
level for the final product as illustrated in Figure 1.

2. The Capacitated SCND-COQ Model

Themodel assumptions are as follows.

(1) A consumer goods SC, consisting of three echelons:
suppliers, manufacturers, and retailers, is modeled.

(2) A single product is modeled.
(3) The objective is to maximize profit.
(4) The overall quality level, QL, (see xvi) is sufficient to

represent the quality of the final product.
(5) A new SC is being designed. Modifications to the

model would be necessary if implemented for a
manufacturing process which is currently working
at a specific fraction defective at manufacturing and
with an established inspection system.

(6) External failure costs can be tolerable for the firm.
This implies direct applicability to products where
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Figure 1: Illustration of a supply chain network.

external failure is not catastrophic for customers.
However the overall quality level (QL) can be adjusted
to address problems in which external failures are
not desirable (e.g., aerospace and pharmaceutical
industries).

(7) Suppliers and retailers are external to themanufactur-
ing plant.

(8) It is assumed that a 100% inspection at the end of
the manufacturing process is performed to check
component conformance. Two types of errors may
arise; Type I error involves classifying a good item
as defective and Type II error involves labeling a
defective item as good. Type I error is not considered
in thismodel because it is not detrimental to customer
satisfaction. Type I and Type II errors are defined in
this paper as in [9], in terms of inspector fallibility.

(9) All defective products are returned by customers and
incur external failure costs.

(10) The relevant operational costs are production, pro-
curement, transportation from supplier to manu-
facturing plant, transportation from manufacturing
plant to retailer, and a fixed cost for opening the plant.

(11) Customer demand at each retailer (𝐷𝑒𝑚k) is known
for the study period; demand is determined by the
retailers and communicated to the company. There-
fore, retailers’ capacity is not considered.

(12) Suppliers andmanufacturing plants have finite capac-
ity.

(13) At least one supplier, one plant, and one retailer must
be selected (simplest supply chain network).

2.1. Computing the Quality Costs for the Capacitated Model.
An example of the representation of the flow of items through
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Supplier 1

Manufacturing
plant

100%
inspection

Retailer 1

Rework

Due to supplier

Due to manufacture
Total defectives

Supplier 2 Supplier 3

Retailer 2

Good components with good manufacturing (GgM) 

Good components with bad manufacturing (GbM) 

Bad components with good manufacturing (BgM) 
Bad components with bad manufacturing (BbM) 

Good components with good manufacturing (GgM) 

Identifed as bad items

Bad items that were misclassifed as good (BcGC) 

Good items afer rework (GaR)

Sold as defective (SaD) 

Good components 

Bad components

Good components 

Bad components

Good components 

Bad components

Total of bad items afer rework process for the SC 

Total of bad items misclassifed as good for the SC 

Total of good items afer rework process for the SC ( GaRe)

Total of bad items afer rework process for the SC ( BaRe)

Total of sold as defective items for the SC (SaD )

Total of bad items misclassifed as good for the SC ( BcGC)

Total of good items afer rework process for the SC ( GaRe)

Total of sold as defective items for the SC (SaD )

Figure 2: Representation of the flow of items through a supply chain network.

a SC network is shown in Figure 2 where a fixed network of
three suppliers, one manufacturing plant, and two retailers is
assumed.

The mathematical notation is presented below.

Sets

𝐼: set of suppliers (𝑖 ∈ 𝐼).
𝐽: set of manufacturing plants (𝑗 ∈ 𝐽).
𝐾: set of retailers (𝑘 ∈ 𝐾).

Parameters

𝐷𝑒𝑚𝑘: captured customer demand for retailer 𝑘 ∈ 𝐾.
𝐶𝑎𝑝𝑖: maximum capacity at supplier 𝑖 ∈ 𝐼 for
procuring components.
𝐶𝑎𝑝𝑗: maximum capacity at manufacturing plant 𝑗 ∈
𝐽 for the production of items.
𝑌𝑠𝑖: fraction defective at supplier 𝑖 ∈ 𝐼.
𝑌𝑠𝑗 = ∑

𝑖
𝑌𝑠𝑖𝑤𝑖𝑗/∑𝑖

𝑤𝑖𝑗: pooled fraction defective
of all suppliers shipping products to manufacturing
plant 𝑗 ∈ 𝐽.
𝑌𝑟𝑘: fraction defective at retailer 𝑘 ∈ 𝐾.

𝑝𝑗𝑘: price per product sold bymanufacturing plant 𝑗 ∈
𝐽 to retailer 𝑘 ∈ 𝐾.
𝑃𝑐𝑖𝑗: direct cost of components shipped from supplier
𝑖 ∈ 𝐼 to plant 𝑗 ∈ 𝐽.
𝑃𝑜𝑖𝑗: production cost (base cost) for component from
supplier 𝑖 ∈ 𝐼 transformed at manufacturing plant 𝑗 ∈
𝐽.
𝑢𝑖𝑗: cost of transporting one component from supplier
𝑖 ∈ 𝐼 to plant 𝑗 ∈ 𝐽.
𝑙𝑗𝑘: cost of transporting one item from plant 𝑗 ∈ 𝐽 to
retailer 𝑘 ∈ 𝐾.
𝐹𝑗: fixed cost for operatingmanufacturing plant 𝑗 ∈ 𝐽.

Parameters for the COQ Function
𝐴𝑓𝑗: fixed cost for prevention activities at manufac-
turing plant 𝑗 ∈ 𝐽.
𝐴V𝑖: variable cost for prevention activities imple-
mented by supplier 𝑖 ∈ 𝐼.
𝐴V𝑗: variable cost for prevention activities imple-
mented by plant 𝑗 ∈ 𝐽.
𝐴V𝑖𝑗: variable cost for combined prevention activities
at supplier 𝑖 ∈ 𝐼 and manufacturing plant 𝑗 ∈ 𝐽.
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𝐵𝑓𝑗: fixed cost of inspection at manufacturing plant
𝑗 ∈ 𝐽.
𝐵V𝑗: variable cost of inspection at manufacturing
plant 𝑗 ∈ 𝐽.
𝐶𝑓𝑗: fixed cost for internal failure cost at manufactur-
ing plant 𝑗 ∈ 𝐽.
𝐶𝑠𝑗: loss incurred due to failure of components
procured from supplier to meet quality requirements
(replacement costs and payroll costs incurred) at
manufacturing plant 𝑗 ∈ 𝐽.
𝐶𝑟𝑗: rework cost per defective item at manufacturing
plant 𝑗 ∈ 𝐽.
𝐶𝑗: cost per defective item associated with repair or
replacement of the product at manufacturing plant
𝑗 ∈ 𝐽.
𝜙𝑗: rework rate at manufacturing plant 𝑗 ∈ 𝐽.

𝑙 = (𝐶𝑜𝑠𝑡/100)/(𝑈𝑏 − 𝐿𝑏): loss coefficient for the
Taguchi loss function associated with the cost of
working at the specification limit (for the whole
network) and the width of the specification.
𝑃
∗

𝑗𝑘
: price per “sold as defective” item sold by manu-

facturing plant 𝑗 to retailer 𝑘.

Decision Variables
𝑦𝐼𝑗: inspection error rate at the output ofmanufactur-
ing plant 𝑗 ∈ 𝐽 (continuous variable between 0 and 1).
𝑦𝑝𝑗: fraction defective at manufacturing plant 𝑗 ∈ 𝐽
(continuous variable between 0 and 1).
𝑍𝑖: binary variable which equals 1 if supplier 𝑖 ∈ 𝐼 is
selected, zero otherwise.
𝑅𝑘: binary variable which equals 1 if retailer 𝑘 ∈ 𝐾 is
selected, zero otherwise.
𝑃𝑗: binary variablewhich equals 1 if plant 𝑗 ∈ 𝐽 is open,
zero otherwise.
𝑤
𝑠𝑝

𝑖𝑗
: number of components shipped from supplier 𝑖 ∈

𝐼 to manufacturing plant 𝑗 ∈ 𝐽.
𝑤
𝑝𝑟

𝑗𝑘
: number of components shipped from manufac-

turing plant 𝑗 ∈ 𝐽 to retailer 𝑘 ∈ 𝐾.

Expressions
(i) GgM(𝑤𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗) = ∑

𝑖
∑
𝑗
(1 − 𝑌𝑠𝑖)𝑤

𝑠𝑝

𝑖𝑗
(1 −

𝑦𝑝𝑗)𝑍𝑖𝑃𝑗 represents good components with success-
ful manufacturing for the whole network.

(ii) GbM(𝑤𝑠𝑝
𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗) = ∑𝑖∑𝑗(1 − 𝑌𝑠𝑖)𝑤

𝑠𝑝

𝑖𝑗
𝑦𝑝𝑗𝑍𝑖𝑃𝑗

represents good components with defectivemanufac-
ture for the whole network. These defective products
are due to the manufacturing process.

(iii) BgM(𝑤𝑠𝑝
𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗) = ∑𝑖∑𝑗 𝑌𝑠𝑖𝑤

𝑠𝑝

𝑖𝑗
(1 − 𝑦𝑝𝑗)𝑍𝑖𝑃𝑗

represents bad components with successful manufac-
ture for the whole network. These defective products
are due to the supplier.

(iv) BbM(𝑤𝑠𝑝
𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗) = ∑𝑖∑𝑗 𝑌𝑠𝑖𝑤

𝑠𝑝

𝑖𝑗
𝑦𝑝𝑗𝑍𝑖𝑃𝑗 repre-

sents bad components with defective manufacture for
the whole network. These defective products are due
to the supplier.

(v) GaRe(𝑤𝑠𝑝
𝑖𝑗
,𝑦𝑝𝑗,𝑦𝐼𝑗,𝑍𝑖,𝑃𝑗) = ∑𝑖∑𝑗 𝜙𝑗(1−𝑦𝐼𝑗)𝑤

𝑠𝑝

𝑖𝑗
[(1−

𝑌𝑠𝑖)𝑦𝑝𝑗 + 𝑌𝑠𝑖]𝑍𝑖𝑃𝑗 is a function that returns the
number of good products after successful rework
before leaving the plants.

(vi) SaD(𝑤𝑠𝑝
𝑖𝑗
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑍𝑖, 𝑃𝑗) = ∑

𝑖
∑
𝑗
(1 − 𝜙𝑗)(1 −

𝑦𝐼𝑗)𝑤
𝑠𝑝

𝑖𝑗
[(1 − 𝑌𝑠𝑖)𝑦𝑝𝑗 + 𝑌𝑠𝑖]𝑍𝑖𝑃𝑗 is a function that

returns the number of defective products which will
be sold at a reduced price before leaving the plants.

(vii) BcGC(𝑤𝑠𝑝
𝑖𝑗
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑍𝑖, 𝑃𝑗) = ∑

𝑖
∑
𝑗
𝑦𝐼𝑗𝑤
𝑠𝑝

𝑖𝑗
[(1 −

𝑌𝑠𝑖)𝑦𝑝𝑗 + 𝑌𝑠𝑖]𝑍𝑖𝑃𝑗 is a function that returns the bad
items that were misclassified as good at inspection
before leaving the plants.

(viii) SaD(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = ∑

𝑗
∑
𝑘
(1 − 𝜙𝑗)(1 −

𝑦𝐼𝑗)𝑤
𝑝𝑟

𝑗𝑘
[(1 − 𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗]𝑃𝑗𝑅𝑘 is a function that

returns the number of defective products which will
be sold at a reduced price at retailers. The computa-
tion utilizes the pooled fraction defective at suppliers
because the items shipped to the retailer may come
from different suppliers.

(ix) SaD𝑗(𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘) = ∑𝑘

(1 −𝜙𝑗)(1 −𝑦𝐼𝑗)𝑤
𝑝𝑟

𝑗𝑘
[(1 −

𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗]𝑅𝑘 is a function that quantifies the
number of defective products which will be sold at a
reduced price at retailers per manufacturing plant.

(x) BcGC(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = ∑

𝑗
∑
𝑘
𝑦𝐼𝑗𝑤
𝑝𝑟

𝑗𝑘
[(1 −

𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗]𝑃𝑗𝑅𝑘 is a function that returns the
number of bad products after the manufacturing
process. The computation utilizes the pooled fraction
defective at suppliers.

(xi) BcGC𝑗(𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘) = ∑𝑘 𝑦𝐼𝑗𝑤

𝑝𝑟

𝑗𝑘
[(1−𝑌𝑠𝑗)𝑦𝑝𝑗 +

𝑌𝑠𝑗]𝑅𝑘 is a function that quantifies the number of
bad products after the manufacturing process per
manufacturing plant.

(xii) GaRe (𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = ∑

𝑗
∑
𝑘
(1 − 𝑌𝑟𝑘)

[(1 − 𝑌𝑠𝑗)𝑤
𝑝𝑟

𝑗𝑘
(1 − 𝑦𝑝𝑗) + 𝜙𝑗(1 − 𝑦𝐼𝑗)𝑤

𝑝𝑟

𝑗𝑘
((1 −

𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗)] 𝑃𝑗𝑅𝑘 is a function that returns the
number of good products delivered to the customers
for the whole network.

(xiii) BaRe(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = ∑

𝑗
∑
𝑘
𝑌𝑟𝑘𝑤
𝑝𝑟

𝑗𝑘
[(1-

𝑌𝑠𝑗)(1-𝑦𝑝𝑗) + 𝜙𝑗(1 − 𝑦𝐼𝑗)((1 − 𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗)]𝑃𝑗𝑅𝑘
is a function that returns the number of bad products
delivered to the customers for the whole network.

(xiv) BaRe𝑗(𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘) = ∑𝑘 𝑌𝑟𝑘𝑤

𝑝𝑟

𝑗𝑘
[(1 − 𝑌𝑠𝑗)(1 −

𝑦𝑝𝑗) + 𝜙𝑗(1 − 𝑦𝐼𝑗)((1 − 𝑌𝑠𝑗)𝑦𝑝𝑗 + 𝑌𝑠𝑗)]𝑅𝑘 is a func-
tion that quantifies the number of bad products
delivered to the customers for the whole network per
manufacturing plant.
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(xv) 𝑦(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = BaRe + BcGC +

SaD/∑
𝑗
∑
𝑘
𝑤
𝑝𝑟

𝑗𝑘
𝑃𝑗𝑅𝑘 is the overall fraction defective

for the whole supply chain network.

(xvi) 𝑄𝐿𝑘(𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = ∑

𝑗
(1 − 𝑌𝑟𝑘)[(1 −

𝑌𝑠𝑗)𝑤
𝑝𝑟

𝑗𝑘
(1 − 𝑦𝑝𝑗) + 𝜙𝑗(1 − 𝑦𝐼𝑗)𝑤

𝑝𝑟

𝑗𝑘
((1 − 𝑌𝑠𝑗)𝑦𝑝𝑗 +

𝑌𝑠𝑗)]𝑃𝑗/∑𝑗
𝑤
𝑝𝑟

𝑗𝑘
𝑃𝑗𝑅𝑘 is the overall quality level

achieved at retailer 𝑘.

(xvii) QL(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) = GaRe/∑

𝑗
∑
𝑘
𝑤
𝑝𝑟

𝑗𝑘
𝑃𝑗𝑅𝑘 is

the overall quality level achieved by the supply chain
network.

2.1.1. Prevention Cost. Prevention cost is linked to the pro-
duction of good products after the manufacturing process as
given by

𝐶𝑃 (𝑤
𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗)

= ∑

𝑗

𝐴𝑓𝑗𝑃𝑗

+∑

𝑖

∑

𝑗

𝐴V𝑖 (𝑌𝑠𝑖) [𝑤
𝑠𝑝

𝑖𝑗
(1 − 𝑌𝑠𝑖) 𝑍𝑖𝑃𝑗]

+∑

𝑖

∑

𝑗

𝐴V𝑗 (𝑦𝑝𝑗) [𝑤
𝑠𝑝

𝑖𝑗
(1 − 𝑌𝑠𝑖) (1 − 𝑦𝑝𝑗)]𝑍𝑖𝑃𝑗

+∑

𝑖

∑

𝑗

𝐴V𝑖𝑗 (𝑌𝑠𝑖, 𝑦𝑝𝑗)

× [𝑤
𝑠𝑝

𝑖𝑗
(1 − 𝑌𝑠𝑖) (1 − 𝑦𝑝𝑗)]𝑍𝑖𝑃𝑗,

(1)

where 𝐴𝑓𝑗 is a fixed cost. The variable cost for prevention
activities is divided into three scenarios: (1) the prevention
activity is carried out only at suppliers; (2) the prevention
activity is implemented only at the manufacturing plants;
and (3) the prevention activity is a coordinated action
between a supplier and plant. In the first case, 𝐴V𝑖(𝑌𝑠𝑖) is a
function of the fraction defective at a supplier that returns the
cost per unit of good components for prevention activities.
Even though this prevention activity is carried out at the
supplier, the cost of this prevention activity is incurred by
the manufacturing plant. For the second (resp., third) case,
𝐴V𝑗(𝑦𝑝𝑗)(𝐴V𝑖𝑗(𝑌𝑠𝑖, 𝑦𝑝𝑗)) is a function of the fraction defective
at the selected plant (resp., supplier) that quantifies the
cost per unit of good product after the manufacturing pro-
cess, GgM(𝑤𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗). These three functions typically

increase as the fraction defective at supplier and/or plant
decreases (i.e., when the quality level of the supplier and/or
manufacturing process improves).

2.1.2. Appraisal Cost. A 100% inspection is performed at the
end of the manufacturing process to verify conformance.
The appraisal costs (𝐶𝐴) are modeled by a fixed cost and a
variable cost per item that is classified accurately. Thus, the

appraisal cost increases when inspection is more accurate.
The appraisal cost is given by

𝐶𝐴 (𝑤
𝑠𝑝

𝑖𝑗
, 𝑦𝐼𝑗, 𝑍𝑖, 𝑃𝑗) = ∑

𝑗

𝐵𝑓𝑗𝑃𝑗

+∑

𝑖

∑

𝑗

𝐵V𝑗𝑤
𝑠𝑝

𝑖𝑗
(1 − 𝑦𝐼𝑗)𝑍𝑖𝑃𝑗,

(2)

where 𝐵𝑓𝑗 is a fixed cost and 𝐵V𝑗 is a variable cost. All items
going through the system are inspected; thus, 𝑤𝑠𝑝

𝑖𝑗
represents

the number of items to be inspected.

2.1.3. Internal Failure Cost. The internal failure cost for the
capacitated model is given by (3). The first term is a fixed
cost (𝐶𝑓𝑗) for corrective activities. The second term is the
internal failure cost due to unsuccessful manufacture com-
puted as rework cost per item (𝐶𝑟𝑗) times the identified good
components with unsuccessful manufacture. It is assumed
that these components can be recovered. The third term is
the purchasing failure cost computed as the sum of losses
incurred due to failure of purchased components to meet
quality requirements (𝐶𝑠𝑗) and rework cost per item (𝐶𝑟𝑗),
multiplied by the number of items identified as defective
due to bad components, 𝜙𝑗(1 − 𝑦𝐼𝑗) BgM (𝑤

𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗),

as well as the items identified as defective because of bad
components and unsuccessful manufacture, 𝜙𝑗(1 − 𝑦𝐼𝑗) BbM
(𝑤
𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗). The fourth term represents the difference

between what would have been the income from sales of
nondefective or good products (𝑝𝑗𝑘) and the actual income
from sales of defective items (𝑃∗

𝑗𝑘
) [10], times the items sold

as defective, SaD(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘):

𝐶𝐼𝐹 (𝑤
𝑠𝑝

𝑖𝑗
, 𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝐼𝑗, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗, 𝑅𝑘)

= ∑

𝑗

𝐶𝑓𝑗𝑃𝑗

+∑

𝑖

∑

𝑗

𝐶𝑟𝑗𝜙𝑗 (1 − 𝑦𝐼𝑗) (1 − 𝑌𝑠𝑖) 𝑤
𝑠𝑝

𝑖𝑗
𝑦𝑝𝑗𝑍𝑖𝑃𝑗

+∑

𝑖

∑

𝑗

(𝐶𝑠𝑗 + 𝐶𝑟𝑗) 𝜙𝑗 (1 − 𝑦𝐼𝑗)𝑤
𝑠𝑝

𝑖𝑗
𝑌𝑠𝑖𝑍𝑖𝑃𝑗

+∑

𝑗

∑

𝑘

(𝑝𝑗𝑘 − 𝑃
∗

𝑗𝑘
) (1 − 𝜙𝑗)𝑤

𝑝𝑟

𝑗𝑘
(1 − 𝑦𝐼𝑗)

× [(1 − 𝑌𝑠𝑗) 𝑦𝑝𝑗 + 𝑌𝑠𝑗] 𝑃𝑗𝑅𝑘.

(3)

2.1.4. External Failure Cost. The external failure costs and
opportunity costs are given by

𝐶𝐸𝐹 (𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘)

= ∑

𝑗

∑

𝑘

𝐶𝑗𝑌𝑟𝑘𝑤
𝑝𝑟

𝑗𝑘
{(1 − 𝑌𝑠𝑗) (1 − 𝑦𝑝𝑗)
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+ 𝜙𝑗 (1 − 𝑦𝐼𝑗)

× [(1 − 𝑌𝑠𝑗) 𝑦𝑝𝑗 + 𝑌𝑠𝑗]} 𝑃𝑗𝑅𝑘

+∑

𝑗

∑

𝑘

𝐶𝑗𝑦𝐼𝑗𝑤
𝑝𝑟

𝑗𝑘
[(1 − 𝑌𝑠𝑗) 𝑦𝑝𝑗 + 𝑌𝑠𝑗] 𝑃𝑗𝑅𝑘

+∑

𝑗

𝑙𝑗(𝑦𝑗 − 𝐿𝑏𝑗)

2

𝑃𝑗,

(4)

where the first and second terms represent the costs gen-
erated by defective items returned by customers, which is
the product of 𝐶𝑗 and the sum of the bad items due to
the retailer, BaRe(𝑤𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘), and the bad items

that were classified as good, BcGC(𝑤𝑝𝑟
𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘). The

third term is based on the Taguchi loss function. The loss
constant coefficient, 𝑙, depends on the cost for working at the
specification limits and the width of the specification [11].The
cost for working at the specification limits (𝑐𝑝𝑗) is computed
as a proportion (given by the parameter cost) of the income
of the items sold by each manufacturing plant as given by

𝑐𝑝𝑗 = 𝐶𝑜𝑠𝑡∑

𝑘

𝑤
𝑝𝑟

𝑗𝑘
𝑝𝑗𝑘 ∀𝑗 ∈ 𝐽. (5)

The width of the specification is defined by an upper limit
(𝑈𝑏𝑗) which is set to 100 to indicate the allowable deviation
from target value. Notice that 𝑦 = 100% is the worst case,
that is, when the process has 100% defective products. Perfect
inspection and manufacturing are assumed in (8) in order to
obtain a lower bound or target value (𝐿𝑏𝑗) for the Taguchi
function as given by (6). Thus, the width of the specification
is 𝑈𝑏𝑗 − 𝐿𝑏𝑗:

𝐿𝑏𝑗 =

∑
𝑘
𝑌𝑟𝑘𝑤
𝑝𝑟

𝑗𝑘
[(1 − 𝑌𝑠𝑗) + 𝜙𝑗𝑌𝑠𝑗] 𝑅𝑘

∑
𝑘
𝑤
𝑝𝑟

𝑗𝑘
𝑅𝑘

× 100% ∀𝑗 ∈ 𝐽.

(6)

The loss coefficient is given by

𝑙𝑗 =

𝑐𝑝𝑗

(100) (𝑈𝑏𝑗 − 𝐿𝑏𝑗)

∀𝑗 ∈ 𝐽. (7)

The quality characteristic, 𝑦𝑗, is the overall percentage
defective for plant 𝑗 as shown in (8).The quality characteristic
includes BaRe𝑗(𝑤

𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘), BcGC𝑗(𝑤

𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘),

and SaD𝑗(𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘). Consider

𝑦𝑗 = (BaRe𝑗 (𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘)

+ BcGC𝑗 (𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘)

+SaD𝑗 (𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑅𝑘))

×(∑

𝑗

∑

𝑘

𝑤
𝑝𝑟

𝑗𝑘
𝑃𝑗𝑅𝑘)

−1

× 100% ∀𝑗 ∈ 𝐽.

(8)

In order to compute the opportunity loss for the SC,
a relative value of the quality characteristic is obtained by
subtracting the target value (a lower bound) from the current
overall percentage defective as shown in the last term of (4).
In summary, the Taguchi loss is computed for each plant and
these costs are summed to obtain the total opportunity loss
for the network.

The total COQ is computed as the sum of the prevention,
appraisal, and internal and external failure expressions as
given by

COQ (𝑤𝑠𝑝
𝑖𝑗
, 𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝐼𝑗, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗, 𝑅𝑘)

= 𝐶𝑃 (𝑤
𝑠𝑝

𝑖𝑗
, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗) + 𝐶𝐴 (𝑤

𝑠𝑝

𝑖𝑗
, 𝑦𝐼𝑗, 𝑃𝑗)

+ 𝐶𝐼𝐹 (𝑤
𝑠𝑝

𝑖𝑗
, 𝑦𝐼𝑗, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗, 𝑅𝑘)

+ 𝐶𝐸𝐹 (𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝑝𝑗, 𝑦𝐼𝑗, 𝑃𝑗, 𝑅𝑘) .

(9)

2.2. Mathematical Formulation of the SCND-COQ Model.
The objective function is to maximize profit

∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑤
𝑝𝑟

𝑗𝑘
𝑝𝑗𝑘𝑃𝑗𝑅𝑘 − COQ (𝑤𝑠𝑝

𝑖𝑗
, 𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝐼𝑗, 𝑦𝑝𝑗, 𝑍𝑖, 𝑃𝑗, 𝑅𝑘)

−∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝑤
𝑠𝑝

𝑖𝑗
𝑃𝑐𝑖𝑗𝑍𝑖𝑃𝑗 −∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝑤
𝑠𝑝

𝑖𝑗
𝑃𝑜𝑖𝑗𝑍𝑖𝑃𝑗

−∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝑤
𝑠𝑝

𝑖𝑗
𝑢𝑖𝑗𝑍𝑖𝑃𝑗 −∑

𝑗∈𝐽

∑

𝑘∈𝐾

𝑤
𝑝𝑟

𝑗𝑘
𝑙𝑗𝑘𝑃𝑗𝑅𝑘 −∑

𝑗∈𝐽

𝐹𝑗𝑃𝑗

(10)

subject to

∑

𝑗

𝑤
𝑝𝑟

𝑗𝑘
≤ 𝐷𝑒𝑚𝑘𝑅𝑘; ∀𝑘 ∈ 𝐾, (11)

∑

𝑖

𝑤
𝑠𝑝

𝑖𝑗
= ∑

𝑘

𝑤
𝑝𝑟

𝑗𝑘
; ∀𝑗 ∈ 𝐽, (12)

∑

𝑖

𝑤
𝑠𝑝

𝑖𝑗
≤ Cap

𝑗
𝑃𝑗; ∀𝑗 ∈ 𝐽, (13)

∑

𝑗

𝑤
𝑠𝑝

𝑖𝑗
≤ Cap

𝑖
𝑍𝑖; ∀𝑖 ∈ 𝐼, (14)

𝑄𝐿𝑘 ≥ 𝑙𝑅𝑘; ∀𝑘 ∈ 𝐾, (15)

0 ≤ 𝑦𝐼𝑗 ≤ 1; ∀𝑗 ∈ 𝐽, (16)

0 ≤ 𝑦𝑝𝑗 ≤ 1; ∀𝑗 ∈ 𝐽, (17)

𝑍𝑖 ∈ {0, 1} , 𝑃𝑗 ∈ {0, 1} , 𝑅𝑘 ∈ {0, 1} ;

∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽, ∀𝑘 ∈ 𝐾.

(18)

The objective function given in (10) represents the profit;
it is a nonconvex and nonlinear function and has seven
components. The first term is the sales revenue. The second
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term represents the total COQ for the network. The third
term represents the direct cost of acquiring components
from the selected supplier(s) by the opened manufacturing
plant(s). The fourth term represents the operational cost
for the components from selected supplier(s) processed at
the opened plant(s). The fifth term gives the transportation
cost from the supplier(s) to opened plant(s). The sixth term
represents the transportation costs from the opened plant(s)
to the retailer(s). Lastly, the seventh component determines
the fixed cost for opening plants.

Constraints in (11) enforce that demand at retailers is
not exceeded. Constraints in (12) ensure that the number
of components shipped from suppliers to manufacturing
plantsequals the number of items shipped from manufac-
turing plants to retailers. Constraints in (13) ensure that
the plant capacity (in units) is not exceeded. Since the
same number of components received from the suppliers
is transformed by the manufacturing plants and shipped
to the retailers as either good items or sold as defective
items, the capacity corresponds to an entry-exit capacity
(maximum flow allowed within the plants). Constraints in
(14) enforce that the exit capacity (in units) at the suppliers is
not exceeded. The exit capacity is the amount of components
shipped to manufacturing plants. Constraints in (15) are the
quality level constraints; thus, the quality of the final product
delivered at each retailer must meet the minimum required
quality level; this set of constraints is nonlinear. Constraints
shown in (16) and (17) define feasible ranges and binary
requirements for the model variables.

3. Solution Procedures

The capacitated SCND-COQ model is a constrained mixed-
integer nonlinear programming problem (MINLP) which is
challenging to solve because it combines all the difficulties of
both of its subcategories: the combinatorial nature of mixed
integer programming (MIP) and the difficulty of solving non-
convex nonlinear problems (NLP). These two subcategories
are known as NPO-complete problems [12]; thus, solving
MINLP problems can be a daunting task.Metaheuristics have
proven to be computationally more efficient than gradient-
based nonlinear programming methods for MINLP. Hence,
developing an effectivemetaheuristic-based algorithm to deal
with problems of practical and realistic size is preferred.

Five procedures for solving the capacitated SCND-COQ
model are described and compared. Three heuristic proce-
dures are based on the serial model and they can be divided
into two stages. Stage I consists of finding serial logistic
routes, a serial route being a combination of three entities
(supplier-plant-retailer), with the highest profit per unit sold,
which are to be added to the network at each iteration of
the procedure. Once a feasible network is constructed, Stage
II consists of evaluating the feasible network configuration
using the capacitated SCND-COQ model. The difference
among the serial-based procedures lies in how the search of
the serial routes to be added to the network at each iteration
is performed. The first heuristic procedure enumerates all
the serial routes and applies a value-restricted selection for

finding the serial logistic route to be added to the network at
each iteration of the algorithm. The second procedure uses
the local search metaheuristic simulated annealing (SA) for
finding the serial logistic route to be added to the network
at each iteration of the algorithm.The third procedure uses a
population-basedmetaheuristic, the genetic algorithm (GA),
for finding the serial logistic route to be added to the network
at each iteration of the algorithm. In addition, two solution
procedures which are not based on finding serial logistic
routes were developed: (1) an exhaustive enumeration of all
possible networkswith calls to aGlobalSearch (GS) algorithm
and (2) an exhaustive enumeration of all possible networks
with calls to a MultiStart (MS) algorithm. A detailed descrip-
tion of each of the five solution procedures is presented in
Sections 3.1 and 3.2.

3.1. Heuristic Procedures Based on Adding Serial Logistic
Routes. The number of possible serial logistic routes is
computed as |𝐼| × |𝐽| × |𝐾|. For instance, the number of serial
routes for a problem with 5 suppliers, 3 plants, and 5 retailers
is 75, which is considerably less than the number of possible
network configurations, 6,727. The total number of possible
network configurations is given by the following expression:

|𝑍|

∑

𝑖=1

𝐶 (|𝑍| , 𝑖)

|𝑃|

∑

𝑗=1

𝐶 (|𝑃| , 𝑗)

|𝑅|

∑

𝑘=1

𝐶 (|𝑅| , 𝑘) , (19)

where 𝐶(𝑛, 𝑟) is the number of ways in which 𝑟 items can be
selected from among 𝑛 items without replacement.

The heuristic procedures based on the serial model rely
on the following idea: a network can be constructed by (1)
choosing the serial logistic route with the highest profit per
unit sold when sending the maximum possible amount of
items through that route, (2) adding that serial route to the
network, (3) updating the remaining capacities, and repeating
the process.

The heuristic procedures serve to construct a feasible
network and to determine the amount of items to be sent
(Stage I). Despite the ease of implementation and speed
of these heuristic procedures for constructing a network,
some limitations exist. For each serial route, the internal
decision variables error rate at inspection (𝑦𝐼𝑗) and fraction
defective at manufacturing (𝑦𝑝𝑗) must be determined. This
implies that, for example, a manufacturing plant included
in multiple serial routes could have different values of the
internal decision variables. Operating the real system in this
way may not be feasible or desirable. To remedy this, a
reoptimization of the internal decision variables (𝑦𝐼𝑗 and
𝑦𝑝𝑗) is performed for the constructed feasible SC network
by using the capacitated SCND-COQ model (Stage II). The
profit achieved by this network is taken as the best-found
solution for the capacitated model. The general procedure
for the heuristic serial-based solution methods is depicted as
follows.

Stage I

(1.1) Create a list of all possible serial routes (|𝐼|× |𝐽|× |𝐾|).
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(1.2) Compute the quality level attained by each serial
route, eliminate the routes that do not meet the
minimum level in (15), and save the resultant matrix
with all the feasible serial routes (PSmatrix).

(1.3) Determine the maximum flow that can be sent
through a route by evaluating the following:
min{∑

𝑖∈𝐼
Cap
𝑖
, ∑
𝑗∈𝐽

Cap
𝑗
, ∑
𝑘∈𝐾

𝐷𝑒𝑚𝑘}.

(1.4) Prelocate the vector with not opened plants (NOP).
Since the same plant can be selected in several serial
routes (as long as the remaining plant’s capacity is
greater than zero), this vector avoids taking the fixed
cost for opening a plant into account more than once.

(1.5) The search for additional serial routes to be added to
the network continues until one of the five following
cases occurs: nonpositive profit is obtained, the sum
of the capacities of the suppliers is exhausted, the
sum of the capacities of the plants is exhausted, the
demand is satisfied, or there are no more feasible
remaining routes to select from (the updated PS
matrix is empty).

(1.5.1) The search is performed by using one of the
following procedures: (1) evaluation of all the
serial routes and a greedy or value-restricted
constructive (VRC) procedure, (2) simulated
annealing (SA), and (3) the genetic algo-
rithm (GA). The details of the procedures are
described in Sections 3.1.1, 3.1.2, and 3.1.3.

(1.5.2) Update the remaining capacities and demands.
(1.5.3) One or more of these three cases may occur:

one supplier is saturated, one plant is saturated,
or the demand at one retailer is fully satisfied.
In each case, the business entities that were
saturated are eliminated from the set of potential
business entities and all the routes that include
these business entities are eliminated from the
matrix with possible serial routes (PSmatrix).

(1.5.4) Update the NOP vector each time a plant
is selected. For instance, if the selected route
contains a plant that was already opened in a
previous iteration, then the additional fixed cost
is zero; otherwise, if the plant is in the NOP
vector, then a fixed cost is incurred for opening
that plant.

(1.6) Store results.

Stage II
The network with flows formed by adding serial routes is

evaluated by using the capacitated SCND-COQ model and
the internal continuous variables are reoptimized. It is worth
noting that the network and flows found in Stage I are not
modified.

(2.1) Reoptimize the internal continuous variables associ-
ated with the opened manufacturing plants by using
the GlobalSearch algorithm in MATLAB.

3.1.1. Value-Restricted Constructive Procedure for Selecting
Serial Routes. For each serial route (rows in the possible serial
routes matrix, that is, the PS matrix), the internal decision
variables (𝑦𝐼

𝑗
and 𝑦𝑝

𝑗
) that minimize the total COQ are

obtained by using a nonlinear solver, FMINCON with the
interior-point algorithm ofMATLAB.The total profit and the
profit per unit sold are computed for each serial route. The
profit per unit sold is used to select a serial route; this avoids
selecting the route that generates the maximum profit based
on volume. Ties are broken by selecting the route that yields
a higher total profit.

Value-restricted selection (VRS) was used to choose the
serial route to be added to the network at each iteration of the
procedure.The selection of the logistic route at each iteration
is determined by choosing a random route from a restricted
candidate list (RCL). The RCL was used as a way to avoid a
greedy choice as in the GRASP (greedy randomized adaptive
search procedure) metaheuristic; refer to [13–15].

The RCL contains the routes with the higher values of
profit per unit sold. Let 𝛿 be a real value such that 0 ≤ 𝛿 ≤ 1.
The RCL consists of all the routes 𝑒 such that the greedy
function 𝑐(𝑒), total unit profit, is 𝑐(𝑒) ≥ 𝑐

∗
− 𝛿(𝑐
∗
− 𝑐∗).

When 𝛿 = 0, then the selection is greedy and when 𝛿 =

1, the selection is completely randomized. The serial-based
heuristic procedure using a VRS for selecting the serial routes
at each iteration and theGlobalSearchmethod for optimizing
the internal decision variables of the constructed network is
named SVRC (serial value-restricted constructive procedure)
and was implemented using MATLAB. The SVRC algorithm
with 𝛿 = 0.1 (𝛿 was obtained from previous computational
experiments) is named SVRC1 and with 𝛿 = 0 (which is a
greedy procedure) is named SVRC2).

3.1.2. SA for Selecting Serial Routes. Descriptions of the
general SA procedure can be found in [16–18]. The SA-
based solution procedure used to find the serial route that
maximizes unit profit while satisfying a required quality
level of the final product is described in [8]. The SA-based
procedure chooses the serial route that yields the highest-
found profit per unit sold at each iteration. In contrast
to the SVRC procedures, SA search procedure does not
enumerate all the serial routes at each iteration of the heuristic
procedure.The SA serial-based heuristic procedure using the
GlobalSearch method for optimizing the internal decision
variables of the constructed network is named SSA1 (serial
simulated annealingmethod version 1) and was implemented
using MATLAB.

Two additional variations of this methodwere developed:
SSA2 and SSA3. SSA2 has as decision variables the selection
of serial routes while the internal continuous variables (𝑦𝐼

𝑗

and 𝑦𝑝
𝑗
) are optimized using the nonlinear solver FMIN-

CON with the interior-point algorithm of MATLAB. The
difference between SSA1 and SSA2 is the use of FMINCON
for the optimization of the continuous variables.

SSA3 also has as decision variables the selection of serial
routes while the internal continuous variables (𝑦𝐼

𝑗
and 𝑦𝑝

𝑗
)

are optimized using the nonlinear solver FMINCONwith the
interior-point algorithmofMATLAB.Thedifference between
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SSA1 and SSA2 versus SSA3 lies in the state representation.
SSA1 and SSA2 determine the next neighborhood solution
by indicating how many indexes apart from the current
index of the PSmatrix (matrix where rows represent feasible
combinations of entities) this next solution could be. For
SSA3, the state is represented by a vector containing three
indexes, and each index represents an entity and its value
ranges from 1 to the amount of entities of each type.When an
unfeasible route is selected (that is not inPSmatrix), a penalty
is performed. In such cases, the value of the objective function
is set to zero. This state representation for determining the
next neighboring solution was implemented in SSA3 to gain
insight about the impact of the state representation on the
solution procedure’s performance.

3.1.3. GA for Selecting Serial Routes. Genetic algorithms,
introduced by Holland [19], refer to a class of adaptive search
procedures based on the principles derived from natural
evolution and genetics. A GA solution procedure to find
the serial route that maximizes unit profit and satisfies a
required quality level of the final product is described in
[8]. The GA based procedure chooses the serial route that
yields the highest profit per unit sold at each iteration. In
contrast to the SVRC procedures, the GA search procedure
does not enumerate all the serial routes at each iteration of
the heuristic procedure.The serial-based heuristic procedure
using GA and GlobalSearch is named SGA1 (serial genetic
algorithm method version 1) and was implemented using
MATLAB. Similar to SSA, SGA has three variations. SGA2
and SGA3 algorithms call the nonlinear solver FMINCON
with the interior-point algorithm of MATLAB for the opti-
mization of the internal continuous variables while SGA1
optimizes all decision variables (selection of entities and
internal continuous variables). For SGA1 and SGA2, the
representation of the individual genotype consists of binary
numbers that in decimal base represent an index in the PS
matrix. In SGA3, the individual genotype is segmented in
three parts that define the serial route; each part consists
of binary numbers that in decimal base represent an inde-
pendent entity (supplier, plant, or retailer). Equivalently to
SSA3, this representation was implemented to gain insight
about the impact of the individual representation on the
solution procedure’s performance. During the optimization
process (selection of serial routes), evolutionary operations
(selection, crossover, and mutation) are performed over the
population in order to improve the population fitness over
generations. A binary tournament selection and a one-point
crossover method were adopted in the present work for all
GA-based solution procedures. When an unfeasible route is
selected (that is not in PSmatrix), a penalty is performed. In
such cases, the value of the objective function is set to zero.

3.2. Exhaustive Enumeration Procedures. Exhaustive enu-
meration consists of listing all possible SC networks. For
each SC network, the MATLAB GlobalSearch (GS) and the
MultiStart (MS) algorithms are used to solve for the amount
of items to be sent between suppliers and manufacturing
plants and between plants and retailers (i.e., 𝑤𝑠𝑝

𝑖𝑗
and 𝑤𝑝𝑟

𝑗𝑘

matrices, resp.) as well as the variables representing the
quality system within the manufacturing plant (i.e., 𝑦𝐼

𝑗
and

𝑦𝑝
𝑗
). Both algorithms have similar approaches; they run a

nonlinear solver (FMINCON) from multiple starting points
and try to maximize the total profit of the SC network while
satisfying the SCND-COQ model constrains. The solution
with the highest profit (related to one of themany SC network
configurations with optimized variables) is reported as the
best found.

It should be noted that the exhaustive enumeration of
all possible SC networks does not necessarily mean that all
the possible solutions in the search space are evaluated, as
each possible SC network contains infinite possible solutions,
which depend on the values of the decision variables (𝑤𝑠𝑝

𝑖𝑗
,

𝑤
𝑝𝑟

𝑗𝑘
, 𝑦𝐼
𝑗
, and 𝑦𝑝

𝑗
). Moreover, the nonlinear solvers will not

always find optimal solution because the solvers may return
a local maximum.

Since the number of networks grows exponentially as the
number of business entities increases, as shown in (19) and as
described in Section 3.1, exhaustive enumeration can only be
performed for small problems and heuristic procedures are
needed to deal with problems of practical and realistic size.
For instance, a problem with 10 suppliers, 15 manufacturing
plants, and 2 retailers has 3.5148 × 109 possible SC network
configurations and 237 decision variables.

4. Experimental Study

To investigate the effectiveness of the developed solution
procedures, a variety of network sizes (as shown in Table 1)
were solved.Moreover, three classes of instances were defined
and five instances from each class were randomly generated.
The pool of test problems consists of 60 problems (15 for each
problem size).

In order to compare the performance of the solution
procedures against optimal solutions, specially constructed
instances (problem class I described in Subsection 4.1.1)
were constructed such that the optimal solution is known
in advance. Additional class problems where the optimal
solution is not known were also generated (classes II and
III). A comparison of the solution procedures relative to each
other was performed for classes II and III.

4.1. Test Problem Generation. The general approach used
to generate instances is described next. The data used in
test problems was generated randomly from a uniform
distribution between the low and high levels documented in
Table 2.Theminimum required quality level (𝑙) is fixed at 0.85
for all test instances. When the required quality level is too
low, the solution space will be larger and finding the near-
optimal solutions will be more difficult. When the required
quality level is too high, the solution space will be smaller
and highly constrained. The interested reader can obtain the
test problems used in the development of this paper from the
authors.

The function of the variable cost for prevention activities
was considered as in scenario 3 (as described in Section 2.1.1),
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Table 1: Test problems.

Number of suppliers (𝐼) Number of plants (𝑃) Number of retailers (𝑅) Number of constraints Number of
decision variables

3 2 3 13 24
5 4 6 25 67
8 8 10 44 186
35 20 35 145 1530

Table 2: Ranges of the parameters used to generate the instances.

Input parameter Low level High level
Fraction defective at supplier (𝑌𝑠

𝑖
) 0.05 0.2

Fraction defective at retailer (𝑌𝑟
𝑘
) 0.05 0.1

Extra percentage (extra) in price (𝑝
𝑗𝑘
) 1.2 1.3

Procurement costs (𝑃𝑐
𝑖𝑗
) 50 120

Production costs (𝑃𝑜
𝑖𝑗
) 70 130

Transportation costs: 𝑢
𝑖𝑗
and 𝑙
𝑗𝑘

3 12
Fixed cost for opening manufacturing plants (𝐹

𝑗
) 80,000 120,000

Fixed costs: 𝐴𝑓
𝑗
, 𝐵𝑓
𝑗
, and 𝐶𝑓

𝑗
5,000 15,000

Rework cost (𝐶𝑟
𝑗
). 70 90

Loss incurred owing to failure of purchased components (𝐶𝑠
𝑗
) 0.45 of average 𝑃𝑐

𝑖𝑗
0.55 of average 𝑃𝑐

𝑖𝑗

Variable cost for prevention activities (𝐴V
𝑖𝑗
(𝑌𝑠
𝑖
, 𝑦𝑝
𝑗
)) 𝐵V

𝑗
5 𝐵V
𝑗

Variable cost for appraisal/inspection activities (𝐵V
𝑗
) 5 5

Price per “sold as defective” items (𝑃∗
𝑗𝑘
) 1/4 𝑝

𝑗𝑘
3/4 𝑝
𝑗𝑘

Cost for computing Taguchi loss function for the network (Cost) 1/10 1/3
Cost per defective item (𝐶

𝑗
) 1/4 of avg. price 1/2 of avg. price

𝐷𝑒𝑚
𝑘
, 𝐶𝑎𝑝

𝑖
, and 𝐶𝑎𝑝

𝑗
50,000 80,000

where𝐴V𝑖𝑗(𝑌𝑠𝑖, 𝑦𝑝𝑗) = 𝑐 (𝑐 is a constant) for the test problems.
The rework rate (𝜙𝑗) is set to 𝐶𝑟𝑗/100. The price (𝑝𝑗𝑘) is
calculated using (20).The price considers an extra percentage
(extra) for revenue and for covering administrative costs as
shown in Table 2. The vectors of average cost for all potential
suppliers for plant 𝑗 are differentiated from the matrices by
using a bar (𝐴V𝑗 for prevention activities;𝑃𝑐𝑗 for procurement
costs; and 𝑢𝑗 and 𝑙𝑗 for transportation costs) and used in

𝑝𝑗𝑘 = round(∑
𝑘

(𝐴V𝑗 + 𝐵V𝑗 + 𝐶𝑟𝑗

+ 𝐶𝑠𝑗 + 𝑃𝑐𝑗 + 𝑃𝑜𝑗 + 𝑢𝑗 + 𝑙𝑗

+

(𝐴𝑓𝑗 + 𝐵𝑓𝑗 + 𝐶𝑓𝑗)

𝐷𝑒𝑚𝑘

)) extra.

(20)

The cost for computing the Taguchi loss function (Cost)
is given by

𝐶𝑜𝑠𝑡 = ∑

𝑘∈𝐾

𝑤
𝑝𝑟

𝑗𝑘
𝑝𝑗𝑘𝑈 (𝑎, 𝑏) ∀𝑗 ∈ 𝐽, (21)

where 𝑝𝑗𝑘 is the average price and 𝑈(𝑎, 𝑏) is the continuous
uniform distribution of the low and high levels in Table 2 for
Cost.

4.1.1. Class I Test Instances. In class I problem instances, the
optimal solution is a serial route that satisfies all the demand
at the selected retailers. This was accomplished by generating
instances as described above but setting the extra percentage
(extra) to 0.5, instead of the interval shown in Table 2.

Once the parameter values are generated from uniform
distributions with ranges as shown in Table 2, some of
the parameters associated with the business entities in the
optimal serial route (𝑍∗ will denote the optimal supplier
selection, 𝑃∗ the optimal plants, and 𝑅∗ the optimal retailers)
are modified in order to force the optimal solution to be a
specific serial route. A ratio 𝛽 = 0.6 will be used to adjust the
parameters of 𝑍∗, 𝑃∗, and 𝑅∗ so that the cost parameters of
these entities are favorable (significantly lower than the rest
of the values of the cost parameters of other business entities)
to make this specific serial route the optimal solution. The
optimal business entities’ cost parameters are modified by
taking the low level in the ranges in Table 2 and multiplying
by 𝛽. In this way, the costs are (1 − 𝛽)% less than the rest of
the cost parameters.The fraction defective at the supplier and
retailer are also decreased by (1 − 𝛽)% for 𝑍∗ and 𝑅∗.

The rework rate (𝜙𝑗) is modified for𝑃∗ by considering the
maximum rework rate among all the plants and then dividing
by 100. The demand at 𝑅∗ is set to the highest demand
generated multiplied by 1 + 𝛽. The capacities at 𝑍∗ and 𝑃∗
are set such that they exactly match the demand at 𝑅∗.
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The sales price is set to three times the maximum
generated price. The price of “sold as defective” items of 𝑃∗
is computed as the sales price multiplied by the high level of
𝑃
∗

𝑗𝑘
in the range shown in Table 2.
The instances created by using the above procedure are

verified by enumerating and evaluating all the possible serial
routes. The maximum flow is sent through the route and the
internal continuous variables are found by using a nonlinear
solver to obtain the profit. The solution with the maximum
profit should select 𝑍∗, 𝑃∗, and 𝑅∗; otherwise, the instance is
not used for testing.

4.1.2. Class II Test Instances. For class II problem instances,
the opening of all the business entities to satisfy the demand
at retailers is expected. This was accomplished by increasing
the price of the final items and modifying capacities so that
the retailers limit the flow.

The parameter values are randomly generated from uni-
form distributions with ranges as shown in Table 2. However,
the price for class II problems ranges from 1.9 to 2.The higher
prices are conducive to networks with positive profit (even
when the quality costs are higher in some networks than
others).Moreover, the capacities aremodified so that retailers
limit the amount of items to be sent.The sumof the randomly
generated retailer capacities 𝐷𝑒𝑚𝑘 is multiplied by 1.1 and
divided by the number of suppliers to obtain the capacity at
each supplier. This calculation is repeated for plants. Thus,
the suppliers and plants have enough capacity to satisfy the
demand at retailers.

4.1.3. Class III Test Instances. The data for class III prob-
lems was generated randomly from a uniform distribution
between the low and high levels documented in Table 2 as
described in the general approach presented at the beginning
of Section 4.1.

4.2. Computational Results. Instances were solved using each
of the five proposed solution procedures. Since the number
of SC network configurations grows exponentially as the size
of the problem increases, exhaustive enumeration procedures
are used only for the 3 × 2 × 3 test problem size. For the
rest of the problems, a comparison of SVRC, SSA, and SGA
procedures (including its different versions) is performed.

4.2.1. Runs and Parameter Setting for the Serial-Based Solution
Procedures. TheSA algorithm is run 5 times in order to select
one serial route with the best-found objective value at each
iteration of the heuristic procedure.The GA algorithm is also
run 5 times. The VRC procedure performs an enumeration
of all the possible serial routes and selects one from the
RCL at each iteration of the heuristic procedure. The whole
procedure (steps (1.5) and (1.6) in Section 3.1) is run 5 times
and the network configuration with the best accumulated
profit was reported.

The heuristic parameter for SVRC1 and SVRC2 is 𝛿. The
heuristic parameters for SSA1, SSA2, and SSA3 (phase I)
are the neighborhood size for the internal decision variables
(neigsize), the initial system temperature (𝑇𝑜), the rate of

cooling (𝛼), the number of accepted trials (AccepTrials),
the maximum number of trials (MaxTrials), and the maxi-
mum number of Markov Chains (MaxChains). The heuristic
parameters for SGA1, SGA2, and SGA3 (phase I) are the
number of generations (gen), probability of mutation (pm),
the probability of crossover (pc), and the initial population
(pop) which is computed as a percentage of the PS matrix.
All heuristic parameters were tuned using statistical designs
of experiments. Table 3 shows the values of the heuristic
parameters.

In previous studies, the COQ function, based on percent-
age of defective units, is assumed to be given. This paper
deals with the development of an SCND-COQ model that
computes theCOQ for awhole SCbased on internal decisions
within the manufacturing plant, such as fraction defective
at the manufacturing plant and error rate at inspection.
No previous work has addressed how the COQ functions
were obtained while taking internal operational decisions
within the SC. Moreover, the proposed SCND-COQ model
computes quality costs for the whole SC considering the
interdependencies among business entities, whereas previous
works have assumed independent COQ functions for each
node of the SC.

4.2.2. Comparison among Solution Procedures. Tables 4–7
show the results for each problem size. Performance was
measured by solution quality, number of evaluations of the
objective function, and computational time in CPU seconds.
Solution quality is characterized in two ways: (a) the average
best-found profit (Avg Profit) over 5 instances obtained by
each solution procedure and (b) the average percentage
deviation from the optimal solution for class I and from the
best-found solution for classes II and III (Avg%dev) over the
same 5 instances. The deviation at each instance is computed
as [(optimal solution−Avg Profit)/optimal solution)]× 100%
for class I and as [(best-found solution − Avg Profit)/best-
found solution)] × 100% for classes II and III.

For the GS and MS procedures, the best-found profit,
achieved from one of all possible SC network configura-
tions, is the one reported. For SVRC1 and SVRC2 (greedy
approach), only 1 run is performed in Stage 1 and the profit
achieved by the network in Stage 2 is the one reported as the
final objective value. For SSA/SGA, at each iteration, the serial
logistic route with the best-found profit in 5 runs is the one
added to the network in Stage 1; the profit obtained by the
network in Stage 2 is the one reported.

The average number of evaluations of the objective
function over 5 instances (Avg Evals) is also considered as
a performance measure. For the GS and MS procedures, the
number of evaluations of the objective function is determined
by the total number of times that the nonlinear solver
is called while solving the problem instance. For SVRC,
SSA, and SGA, the number of evaluations is computed as
the sum of the number of evaluations performed by the
heuristic procedures when constructing the network and the
number of evaluations performed by the nonlinear solver
while reoptimizing the internal continuous variables for the
capacitated model.
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Table 3: Heuristic parameters.

Solution procedure Heuristic parameters
SVRC1 𝛿 = 0.1

SVRC2 𝛿 = 0

SSA1 neigsize = [0.45 0.45 0.1 size (PS, 1)] 𝑇
𝑜
= 1 × 10

5
𝛼 = 0.8 Accep/MaxTrials = 30 MaxChains = 3

SSA2
neigsize = [0.1 size (PS, 1)]
neigsize == [0.3 size (PS, 1)]

for 8 × 8 × 10, classes II and III
𝑇
𝑜
= 1 × 10

5
𝛼 = 0.8

Accep/MaxTrials = 30;
50 for 8 × 8 × 10 class I;

and 80 for classes II and III
MaxChains = 2

SSA3
neigsize = [2 2 2]
neigsize == [3 3 3]

for 8 × 8 × 10, classes II and III
𝑇
𝑜
= 1 × 10

5
𝛼 = 0.8

Accep/MaxTrials = 30;
50 for 8 × 8 × 10 class I;

and 80 for classes II and III
MaxChains = 2

SGA1 pm = 0.01 pc = 0.95 gen = 20 pop = 20% of PS
SGA2 pm = 0.01 pc = 0.95 gen = 10 pop = 10% of PS
SGA3 pm = 0.01 pc = 0.95 gen = 10 pop = 10% of PS
Note: for the 35 × 20 × 35 size, SGA2 and SGA3 have gen = 25 and pop = 120 individuals. The number of runs was decreased from 5 to 3.

Finally, the average computational time (Avg Time) is
the average processing time duration in CPU seconds that
is required for each solution procedure over 5 instances. The
computational time considers the entire solution procedures,
that is, phase I and phase II. The computer used for the
computational experiments was a Sager NP8130 with an Intel
i7 2720QM processor operating at 3.3 GHz, with 16GB of
memory DDR3 on an Intel HM65 chipset motherboard.

Table 4 gives computational results for the first problem
size. For class I problems, it can be observed that most
algorithms reached the optimal solutions in all five instances,
with the exceptions being MS and SGA1. The GS (exhaustive
enumeration procedure) was able to find the optimal solution
for class I instances but was unable to find good solutions
for classes II and III, thus, denoting a limitation of such
procedure to tackle complex instances.

For class II problems, based on Avg Profit, the SVRC2,
SSA2, SSA3, SGA2, and the SGA3 reach the same average
solution (best-found solution). For class III problems, the
best-found solution was found by SVRC2, SSA1, SSA2, SSA3,
SGA2, and SGA3. GS, MS, and SVRC1 present an Avg%dev
greater than 6.6%.

Table 5 shows the results for the 5 × 4 × 6 problem
size. As observed previously for class I problems, most
algorithms reached the optimal solution, with the exception
being SGA1 and SGA2. For class II problems, SSA2 found
the best solutions on average, followed by SVRC2 and SGA2
(Avg%dev of 0.19% and 0.29%, resp.). Similarly, for class
III, SSA2 found the best solutions on average, followed
by SVRC2, SSA1, and SGA3. This shows that suboptimal
selections of serial routes in SSA phase I may lead to a more
profitable network configuration (as shown in SSA2) than the
profit obtained by using a greedy approach (SVRC2).

Table 6 shows the results for the 8 × 8 × 10 problem size.
For class I problems, most algorithms reached the optimal
solution, with the exception being SSA3 and SGA1. For class
II, SSA1 found the best solutions on average, closely followed
by SVRC2, SSA2, and SGA3. For class III, SSA1 found the
best solutions on average, followed by SGA1. It is noteworthy

that for class III (considered difficult), the heuristic proce-
dures (SSA1 and SGA1) outperform the enumeration-greedy
approach (SVRC2) in average profit and computational time.

The results for the largest instance (35 × 20 × 35) are
shown in Table 7. For class I, it was expected that SVRC2
outperformed the rest of the procedures because the optimal
solution is a serial route; however, the SSA1 reached solutions
with an Avg%dev of 1.64%. For class II, the best-found
profits are obtained by SGA1 and SGA3 closely followed by
SSA1 and SVRC2. For class III, SVRC2 provides the best
found solutions followed by SGA1 and SGA2. In general, the
algorithms that produce best solutions on average for large
problems are SVRC2, the three GA-based algorithms, and
SSA1.The computational burden required by the SVRC2 and
theGA-based procedures is significantly greater than the time
required by the SSA1 (2.68 hrs on average per instance for
SVRC2 and 2.24 hrs on average for the SA-based procedures
versus less than 4 minutes for SSA1). SSA1 is able to reach
good solutions with a percentage deviation from the best-
found average solution for all classes of 0.48%.

To conclude, GS and MS perform poorly, even for the
smallest problem size, and require substantial computational
effort. The computational time for SVRC2 is for only one run
of the whole procedure and the CPU time for the remaining
procedures includes the 5 runs in phase I. For realistically
sized problems, the practitioner could use the SSA1 which
requires less computational time than the remaining pro-
cedures to obtain good quality solutions or the GA-based
procedures which require more computational effort but
obtain the higher profits on average. Interestingly, the index-
independent representation is not adequate for the SA-based
procedure (SSA3) but improves the average profits reached by
SGA3.

5. Conclusions and Future Research

The capacitated SCND-COQ model selects several business
entities at each echelon of the SC and allows the modeling
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of business entities with limited capacity. Using the SCND-
COQ model can assist firms in improving their profitability
and quality simultaneously.

Noteworthy, in the classes where SGA2, SGA3, SSA1,
and SSA2 achieve better profits than SVRC2, the average
percentage difference between the solutions was less than
0.73%. This may suggest that these methods could be close
to the global solution for the classes where the optimal is
unknown. As the problem size continues to increase, using
SVRC2 will entail considerable computational burden. Thus,
the use of GA-based procedures and SSA1 is more attractive
for large problems and these methods find solutions close to
the best-found solutions. The computational results demon-
strate that the state and individual representation in the
simulated annealing and the genetic algorithm, respectively,
has a significant impact on the solution quality.

A possibility for future researchwould be to develop addi-
tional algorithms specifically designed for the capacitated
model; metaheuristics such as SA, the GA, Tabu search, and
scatter search could be explored. In addition, a multiproduct
and multiobjective capacitated supply chain network design
problem including COQ could be studied.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research was funded in-part by the University of Texas
at San Antonio, Office of the Vice President for Research.

References

[1] L. Li and J. N. Warfield, “Perspectives on quality coordination
and assurance in global supply chains,” International Journal of
Production Research, vol. 49, no. 1, pp. 1–4, 2011.

[2] K. Das, “A quality integrated strategic level global supply chain
model,” International Journal of Production Research, vol. 49, no.
1, pp. 5–31, 2011.

[3] S. K. Srivastava, “Towards estimating cost of quality in supply
chains,” Total Quality Management and Business Excellence, vol.
19, no. 3, pp. 193–208, 2008.

[4] A. Ramudhin, C. Alzaman, and A. A. Bulgak, “Incorporating
the cost of quality in supply chain design,” Journal of Quality in
Maintenance Engineering, vol. 14, no. 1, pp. 71–86, 2008.

[5] C. Alzaman, A. A. Bulgak, and A. Ramudhin, “Quality in
operational supply chain networks: an aerospace case study,”
International Journal of Operational Research, vol. 9, no. 4, pp.
426–442, 2010.

[6] Juran,Quality Control Handbook, McGraw-Hill, New York, NY,
USA, 1951.

[7] K. K. Castillo-Villar, N. R. Smith, and J. L. Simonton, “A model
for supply chain design considering the cost of quality,” Applied
Mathematical Modelling, vol. 36, no. 12, pp. 5920–5935, 2012.

[8] K. K. Castillo-Villar, N. R. Smith, and J. L. Simonton, “The
impact of the cost of quality on serial supply chain network

design,” International Journal of ProductionResearch, vol. 50, no.
19, pp. 5544–5566, 2012.

[9] D. P. Ballou and H. L. Pazer, “The impact of inspector fallibility
on the inspection policy in serial production systems,”Manage-
ment Science, vol. 28, no. 4, pp. 387–399, 1982.

[10] J. T. Godfrey and W. R. Pasewark, “Controlling quality costs,”
Management Accounting, vol. 69, no. 9, pp. 48–51, 1988.

[11] W.-N. Pi and C. Low, “Supplier evaluation and selection using
Taguchi loss functions,” International Journal of Advanced
Manufacturing Technology, vol. 26, no. 1-2, pp. 155–160, 2005.

[12] M. R. Bussieck and A. Pruessner, “Mixed-integer nonlinear
programming,” SIAG/OPT Newsletter: Views & News, vol. 14,
no. 1, pp. 19–22, 2003.

[13] T. A. Feo and M. G. C. Resende, “Greedy randomized adaptive
search procedures,” Journal of Global Optimization, vol. 6, no. 2,
pp. 109–133, 1995.

[14] M. Resende and C. Ribeiro, “Greedy randomized adaptive
search procedures,” in Handbook of Metaheuristics, F. Glover
and G. Kochenberger, Eds., pp. 219–249, Springer, New York,
NY, USA, 2003.

[15] P. Festa and M. G. C. Resende, “An annotated bibliography
of GRASP-part I: algorithms,” International Transactions in
Operational Research, vol. 16, no. 1, pp. 1–24, 2009.

[16] R. W. Eglese, “Simulated annealing: a tool for operational
research,” European Journal of Operational Research, vol. 46, no.
3, pp. 271–281, 1990.

[17] E. Aarts, J. H. M. Korst, and P. J. M. van Laarhoven, “Local
search in combinatorial optimization,” in Local Search in Com-
binatorial Optimization, John Wiley & Sons, England, 1997.

[18] B. Suman and P. Kumar, “A survey of simulated annealing as a
tool for single and multiobjective optimization,” Journal of the
Operational Research Society, vol. 57, no. 10, pp. 1143–1160, 2006.

[19] J. H. Holland, Adaptation in Natural and Artificial Systems, The
University of Michigan Press, Ann Arbor, Mich, USA, 1975.



Research Article
The Solution of Fourth Order Boundary
Value Problem Arising out of the Beam-Column
Theory Using Adomian Decomposition Method

Omer Kelesoglu

Department of Civil Engineering, Technology Faculty, Firat University, 23119 Elazig, Turkey

Correspondence should be addressed to Omer Kelesoglu; okelesoglu@firat.edu.tr

Received 23 November 2013; Accepted 2 March 2014; Published 30 March 2014

Academic Editor: Sergii V. Kavun

Copyright © 2014 Omer Kelesoglu. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Adomian decomposition method (ADM) is applied to linear nonhomogeneous boundary value problem arising from the beam-
column theory. The obtained results are expressed in tables and graphs. We obtain rapidly converging results to exact solution by
using the ADM.This situation indicates that the method is appropriate and reliable for such problems.

1. Introduction

It is possible to model many of the physical events that
take place in nature using linear and nonlinear differential
equations. This modeling enables us to understand and
interpret the particular event in a much better manner. Thus,
finding the analytical and approximate solutions of such
models with initial and boundary conditions gain impor-
tance. Differential equations have had an important place
in engineering since many years. Scientists and engineers
generally examine systems that undergo changes.

Many methods have been developed to determine the
analytical and approximate solutions of linear and nonlinear
differential equations with initial and boundary value condi-
tions and among these methods, the ADM [1–6], homotopy
perturbation method [7–11], variational iteration method
[12–19], and homotopy analysismethod [20–25] can be listed.
Package software such as Matematica, Maple, or Matlab is
used to overcome tedious algebraic operations when using
these methods. The determination of the analytical and
approximate solutions of linear and nonlinear differential
equations is an important topic for civil engineering, because
these equations are the mathematical models of complex
events that occur in engineering.

In this study, the approximate solution of the fourth order
linear nonhomogeneous differential equation with initial

and boundary conditions that arises in the beam-column
theory will be determined via the ADMand comparisons will
be made with the existing results in the literature.

The ADMwas first put forth in the 1980s by an American
scientist named Adomian [26]. This method is based on the
decomposition of the unknown function. Using this method
it is possible to determine the approximate solutions for
the linear and nonlinear ordinary and partial differential
equations.The ADM has been used effectively by researchers
during 1990 and 2007 especially for the solution of differential
and integral equations [27–32]. Using this method a nonlin-
ear problem can be applied directly without discretization
and linearization. Hence, this is a method that is preferred
by researchers.

In this study, the analytical and approximate solutions of
a fourth order linear boundary value problemwere calculated
using the ADM. In addition, the fourth order linear ordinary
differential equation set used in the beam-column theory
was solved under specific boundary conditions. The ADM
used provides realistic solutions without changing the linear
or nonlinear differential equation model. Numerical results
close to the real solution can be found by calculating the terms
of the limited number of decomposition series. It is possible
to find the numerical solution of a differential equation using
this method without the necessity of indexing.
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2. Adomian Decomposition Method

The method has many advantages in comparison with many
other traditional methods such as Finite differences, Finite
elements, and Galerkin method [33–35]. The method gives
converging results adapted to the problems. It is a disadvan-
tage that convergence interval is small and the calculation of
the ADM polynomials occurs in nonlinear problems in the
ADM.

We now consider second order nonlinear ordinary differ-
ential equations with initial conditions. This equation can be
written in an operator by

𝐿𝑢 + 𝑅𝑢 + 𝑁𝑢 = 𝑓, (1)

where 𝐿 is the lower-order derivative, which is assumed to be
invertible, 𝑅 is a linear differential operator of order greater
than𝐿,𝑁 is a nonlinear differential operator, and𝑓 is a source
term. We next apply the inverse operator 𝐿−1 to both sides of
(1) and use the given initial conditions to get

𝑢 (𝑥) = 𝑢 (0) + 𝑥𝑢

(0) + 𝐿

−1
(𝑔) − 𝐿

−1
(𝑅𝑢) − 𝐿

−1
(𝑁𝑢) ,

(2)

where

𝐿 =

𝑑
2

𝑑𝑥
2
, 𝐿

−1
= ∫

𝑥

0

∫

𝑥

0

𝑑𝑥 𝑑𝑥. (3)

The ADM consists in decomposing the unknown func-
tion 𝑢(𝑥) of any equation into a sum of infinite number of
components given by the decomposition series

𝑢 (𝑥) =

∞

∑

𝑛=0

𝑢𝑛 (𝑥) , (4)

where the components 𝑢𝑛(𝑥), 𝑛 ≥ 0 are to be determined
in a recursive manner. The nonlinear term 𝑁𝑢 will be
decomposed by the infinite series of polynomials given by

𝑁𝑢 =

∞

∑

𝑛=0

𝐴𝑛, (5)

where 𝐴𝑛 are Adomian polynomials [1, 36]. Substituting (3)
and (4) into (2) gives

∞

∑

𝑛=0

𝑢𝑛 = 𝑢0 (𝑥) − 𝐿
−1
𝑅(

∞

∑

𝑛=0

𝑢𝑛 (𝑥) − 𝐿
−1

∞

∑

𝑛=0

𝐴𝑛) , (6)

where

𝑢0 (𝑥) = 𝑢 (0) + 𝑥𝑢

(0) + 𝐿

−1
(𝑔) . (7)

The various components 𝑢𝑛 of the solution 𝑢 can be easily
determined by using the recursive relation

𝑢0 (𝑥) = 𝑢 (0) + 𝑥𝑢

(0) + 𝐿

−1
𝑔 (𝑥) ,

𝑢𝑘+1 (𝑥) = − 𝐿
−1

(𝑅𝑢𝑘) − 𝐿
−1

(𝐴𝑘) , 𝑘 ≥ 0.

(8)

In order to obtain the numerical solutions of 𝑢(𝑥) closed
solution function using the decomposition method;

𝜑𝑛 =

𝑛

∑

𝑘=0

𝑢𝑘 (𝑥) 𝑘 ≥ 0, (9)

being; the term,

𝑢 (𝑥) = lim𝜑𝑛
𝑛→∞

, (10)

can be calculated by taking into account the reduction for-
mula (8). In addition, the series solution of the decomposition
written as (10) generally yields results that rapidly converge
for physical problems. The convergence of the decomposi-
tion series has been examined by many researchers in the
literature. The convergence of the decomposition series has
been examined theoretically by Cherruault [37]. In addition
to these studies, Abbaoui and Cherruault have suggested
a new approach in determining the convergence of the
decomposition series [38]. These authors have determined
the convergence of the decomposition series method by
giving new conditions.

3. The Application of the ADM to the Linear
Problem with Boundary Condition That
Arises in Beam-Column Theory

3.1. Problem Definition. Fourth order differential equations
consist of various physical problems that are related to
the elastic stability theory. Differential relations should be
established between the effects of various cross-section effects
in order to understand beam-column problems better.

When a cross section of distance 𝑑𝑥 shown in Figure 1(b)
is taken from a beam-column subject to both the 𝑃 axial load
and the 𝑞 spread load perpendicular to the axis as shown
in Figure 1(a), internal forces arise in the element. When the
equilibrium equation in the 𝑦 direction is written with

𝑞 = −

𝑑𝑉

𝑑𝑥

, (11)

the following ordinary differential equation is found [39–42]:

−𝑉 + 𝑞𝑑𝑥 + (𝑉 + 𝑑𝑉) = 0. (12)

The algebraic sums of the forces acting on both surfaces
of the cross-section element are the same due to equilibrium.
Consider

𝑀 + 𝑞𝑑𝑥

𝑑𝑥

2

+ (𝑉 + 𝑑𝑉) 𝑑𝑥 − (𝑀 + 𝑑𝑀) + 𝑃

𝑑𝑦

𝑑𝑥

= 0.

(13)

Here, 𝑉 is the shear force acting on the surface of the
element, whereas𝑀 is the bendingmoment that tries to bend
the cross-section element.

If rotations are assumed to be small and the second order
terms in terms of 𝑑𝑥 are neglected, then (13) becomes

𝑉 =

𝑑𝑀

𝑑𝑥

− 𝑃

𝑑𝑦

𝑑𝑥

. (14)
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Figure 1: Cross-sectional analysis of thecolumn-beam element.

Since rotations are assumed to be small, if 𝑑2/𝑑𝑥2 = −𝑀/𝐸𝐼,
then (14) becomes

−𝑉 = 𝐸𝐼

𝑑
3
𝑦

𝑑𝑥
3
+ 𝑃

𝑑𝑦

𝑑𝑥

. (15)

Here, 𝐸𝐼 represents bending rigidity. If the derivative of
both sides of (15) is taken in terms of 𝑥, then the fourth order
linear differential equation for the elastic curve is found as
such:

𝐸𝐼

𝑑
4
𝑦

𝑑𝑥
4
+ 𝑃

𝑑
2
𝑦

𝑑𝑥
2
= 𝑞 (𝑥) . (16)

3.2. Application of the ADM to the Problem

Example 1. We consider the fourth order linear nonhomoge-
neous differential equation [43]:

𝑑
4
𝑦

𝑑𝑥
4
− 2

𝑑
2
𝑦

𝑑𝑥
2
+ 𝑦 = −8𝑒

𝑥
, 𝑥 ∈ [0, 1] , (17)

with the boundary conditions of

𝑦 (0) = 𝑦

(0) = 1, 𝑦


(1) = 𝑦


(1) = −𝑒. (18)

If (18) is written out in operator form, we obtain

𝐿𝑦 = 2𝑦

− 𝑦 − 8𝑒

𝑥
. (19)

Here,

𝐿 =

𝑑
4

𝑑𝑥
4
, 𝐿

−1
(⋅) = ∫

𝑥

0

∫

𝑥

0

∫

𝑥

0

∫

𝑥

0

(⋅) 𝑑𝑥 𝑑𝑥 𝑑𝑥 𝑑𝑥

(20)

are the derivative and integral operators. If the 𝐿
−1 inverse

operator is applied to (19) and initial conditions are taken, we
find

𝑦 (𝑥) = 𝐴𝑥 +

1

3!

𝐵𝑥
3
− 8𝐿
−1

(𝑒
𝑥
) + 2𝐿

−1
(𝑦

) − 𝐿
−1

(𝑦) ,

(21)

where 𝐴 = 𝑦

(0) and 𝐵 = 𝑦


(0). If we use (3) in (21), then

we find

∞

∑

𝑛=0

𝑦𝑛 (𝑥) = 𝐴𝑥 +

1

3!

𝐵𝑥
3
− 8𝐿
−1
𝑒
𝑥

+ 2𝐿
−1

(

∞

∑

𝑛=0

𝑦


𝑛
(𝑥)) − 𝐿

−1
(

∞

∑

𝑛=0

𝑦𝑛 (𝑥)) ,

(22)

whereas the reduction formula given below can be written
using (22):

𝑦0 (𝑥) = 𝐴𝑥 +

1

3!

𝐵𝑥
3
− 8𝐿
−1

(𝑒
𝑥
)

𝑦𝑛+1 (𝑥) = 2𝐿
−1

(𝑦


𝑛
) − 𝐿
−1

(𝑦𝑛)

𝑛 ≥ 0.

(23)

The 𝐴 and 𝐵 constants in the reduction formula will be
determined using boundary conditions (18) after finding the
decomposition series. From the reduction relation, we can
obtain the solution terms of the decomposition series as

𝑦0 (𝑥) = 8 − 8𝑒
𝑥
+ (8 + 𝐴) 𝑥 + 4𝑥

2
+

1

6

(8 + 𝐵) 𝑥
3
,

𝑦1 (𝑥) = 8 − 8𝑒
𝑥
+ 8𝑥 + 4𝑥

2
+

4𝑥
3

3

+

𝑥
4

3

−

1

120

(−8 + 𝐴 − 2𝐵) 𝑥
5
−

𝑥
6

90

−

(8 + 𝐵) 𝑥
7

5040

𝑦2 (𝑥) = 8 − 8𝑒
𝑥
+ 8𝑥 + 4𝑥

2
+

4𝑥
3

3

+

𝑥
4

3

−

𝑥
5

15

+

𝑥
6

90

−

(𝐴 − 2 (2 + 𝐵)) 𝑥
7

2520

−

𝑥
8

1680

+

(𝐴 − 4 (6 + 𝐵)) 𝑥
9

362880

+

𝑥
10

453600

+

(8 + 𝐵) 𝑥
11

39916800

,

𝑦3 (𝑥) = 8 − 8𝑒
𝑥
+ 8𝑥 + 4𝑥

2
+

4𝑥
3

3

+

𝑥
4

3

+

𝑥
5

15

+

𝑥
6

90

+

𝑥
7

630

+

𝑥
8

5040

−

(−2 + 𝐴 − 2𝐵) 𝑥
9

90720

−

𝑥
10

64800

+

(−14 + 𝐴 − 3𝐵) 𝑥
11

9979200
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+

𝑥
12

11975040

−

(−40 + 𝐴 − 6𝐵) 𝑥
13

6227020800

−

𝑥
14

10897286400

−

(8 + 𝐵) 𝑥
15

1307674368000

,

𝑦4 (𝑥) = 8 − 8𝑒
𝑥
+ 8𝑥 + 4𝑥

2
+

4𝑥
3

3

+

𝑥
4

3

+

𝑥
5

15

+

𝑥
6

90

+

𝑥
7

630

+

𝑥
8

5040

+

𝑥
9

45360

+

𝑥
10

453600

−

(−1 + 𝐴 − 2𝐵) 𝑥
11

4989600

−

𝑥
12

3991680

+

(−30 + 3𝐴 − 8𝐵) 𝑥
13

1556755200

+

17𝑥
14

10897286400

−

(−6𝐵 + 3𝐴 − 12𝐵) 𝑥
15

653837184000

−

𝑥
16

373621248000

+

(𝐴 − 8 (7 + 𝐵)) 𝑥
17

355687428096000

+

𝑥
18

800296713216000

+

(8 + 𝐵) 𝑥
19

121645100408832000

.

(24)

If these terms are placed in (4), we obtain the approximate
solution obtained via the ADM using the five terms of (17)
and problem (18) can be written as

𝑦 (𝑥) =

4

∑

𝑖=0

𝑦𝑖 (𝑥) = 𝑦0 (𝑥) + 𝑦1 (𝑥) + 𝑦2 (𝑥) + 𝑦3 (𝑥) + 𝑦4 (𝑥) ,

(25)

𝑦 (𝑥) = 40 − 40𝑒
𝑥
+ (40 + 𝐴) 𝑥 + 20𝑥

2
+

1

6

(40 + 𝐵) 𝑥
3

+

4𝑥
4

3

−

1
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(𝐴 − 2 (16 + 𝐵)) 𝑥
5
+

𝑥
6
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−

(−16 + 2𝐴 − 3𝐵) 𝑥
7
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−

𝑥
8
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(8 + 3𝐴 − 4𝐵) 𝑥
9
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𝑥
10
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−

(40 + 4𝐴 − 5𝐵) 𝑥
11
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−

𝑥
12
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+

(−80 + 11𝐴 − 26𝐵) 𝑥
13

6227020800

+

𝑥
14

681080400

−

(−128 + 6𝐴 − 23𝐵) 𝑥
15

1307674368000

−

𝑥
16

373621248000

+

(𝐴 − 8 (7 + 𝐵)) 𝑥
17

355687428096000

+

𝑥
18

800296713216000

+

(8 + 𝐵) 𝑥
19

121645100408832000

.

(26)
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Figure 2: Graph showing the ADMand analytical solution obtained
using the five terms of the decomposition series.

Table 1: Numerical results obtained using the five terms of the
decomposition series.

𝑥

Analytical
solution 𝑦(𝑥)

Approximate
solution 0

5

Error
|𝑦(𝑥) − 0

5
|

0 0. 0. 0.
0.1 0.099465 0.099465 2.92821 × 10−15

0.2 0.195424 0.195424 −2.16493 × 10−15

0.3 0.283470 0.283470 6.10623 × 10−16

0.4 0.358038 0.358038 −1.30451 × 10−13

0.5 0.412180 0.412180 −2.37055 × 10−12

0.6 0.437309 0.437309 −2.58711 × 10−11

0.7 0.422888 0.422888 −1.94957 × 10−10

0.8 0.356087 0.356087 −1.12373 × 10−9

0.9 0.221364 0.221364 −5.27758 × 10−9

1.0 0. 2.10884 × 10−8 −2.10884 × 10−8

If we use boundary conditions (18) in solutions series
(26), then we have 𝐴 = 1 and 𝐵 = −3. The analytical solution
of problem (17) and (18) is [43]

𝑦 (𝑥) = 𝑥 (1 − 𝑥) 𝑒
𝑥
. (27)

The numerical results and graphs obtained for five terms
using the solution series in (26) have been given below.

4. Results and Discussion

In this study, the approximate solution of the fourth order
boundary value problem arising in beam-column theory has
been determined using theADM.Thismethod can be applied
on differential equations without the need for discretization,
indexing, or linearization.

Nonhomogeneous problem has been handled regarding
the topic and the obtained results have been given in Table 1
and Figure 2. As can be seen from the table and figure, the
method used has given results that converge rapidly to the
analytical solution with the removal of a few terms from the
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Table 2: Comparison of the absolute error obtained using the spline
method (SM) and the ADM.

𝑥

SM
ℎ = 1/5

SM
ℎ = 1/10

ADM
0
5

CPU time

0 0 0 0 0.542
0.2 1.960𝐸 − 5 1.228𝐸 − 6 −2.164𝐸 − 15 0.846
0.4 3.211𝐸 − 5 2.012𝐸 − 6 −1.304𝐸 − 13 0.870
0.6 3.568𝐸 − 5 2.235𝐸 − 6 −2.587𝐸 − 11 0.875
0.8 2.683𝐸 − 5 1.681𝐸 − 6 −1.123𝐸 − 9 0.891
1 0 0 −2.108𝐸 − 8 0.902

solution series. This shows that the method is suitable and
reliable for such problems. In addition, the handled example
has been compared with the results obtained by Chen and
Atsuta [41, 42] using nonpolynomial spline method. As seen
in Table 2 values close to those obtained in this study were
found only in case when the “ℎ” step was small. New terms
can be added to the solution series of the ADM to obtain
results that are much better than those of the spline method.

In Figure 2, five terms of the decompositionmethod have
been taken from the analytical solution and decomposition
series of example have been drawn in two dimensional
graphs. As seen in these graphs, the analytical and approxi-
mate solutions cannot be distinguished.

In conclusion, it has been determined that the ADM can
be applied to the linear homogeneous and nonhomogeneous
boundary value problems that arise in civil engineering in the
beam-column theory. Solutions that converge rapidly to the
analytical solution can be found without changing the nature
of the physical phenomenon. In addition, the calculations
for this method can be carried out using software such as
Mathematica, Maple, and Matlab.
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[20] M. Inc and Y. Uǧurlu, “Numerical simulation of the regularized
long wave equation by He’s homotopy perturbation method,”
Physics Letters A: General, Atomic and Solid State Physics, vol.
369, no. 3, pp. 173–179, 2007.

[21] A. S. Bataineh, M. S. M. Noorani, and I. Hashim, “Homotopy
analysis method for singular IVPs of Emden-Fowler type,”
Communications in Nonlinear Science and Numerical Simula-
tion, vol. 14, no. 4, pp. 1121–1131, 2009.



6 Mathematical Problems in Engineering

[22] S. Abbasbandy, E. Babolian, and M. Ashtiani, “Numerical
solution of the generalized Zakharov equation by homotopy
analysis method,” Communications in Nonlinear Science and
Numerical Simulation, vol. 14, no. 12, pp. 4114–4121, 2009.

[23] M. M. Rashidi and S. Dinarvand, “Purely analytic approximate
solutions for steady three-dimensional problem of conden-
sation film on inclined rotating disk by homotopy analysis
method,” Nonlinear Analysis: Real World Applications, vol. 10,
no. 4, pp. 2346–2356, 2009.

[24] L. Song and H. Zhang, “Solving the fractional BBM-Burgers
equation using the homotopy analysis method,” Chaos, Solitons
& Fractals, vol. 40, no. 4, pp. 1616–1622, 2009.

[25] S. Liao, “On the relationship between the homotopy analysis
method and Euler transform,” Communications in Nonlinear
Science and Numerical Simulation, vol. 15, no. 6, pp. 1421–1431,
2010.

[26] G. Adomian, Nonlinear Stochastic Operator Equations, Aca-
demic Press, San Diego, Calif, USA, 1986.
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A problem of packing a limited number of unequal circles in a fixed size rectangular container is considered.The aim is tomaximize
the (weighted) number of circles placed into the container or minimize the waste. This problem has numerous applications in
logistics, including production and packing for the textile, apparel, naval, automobile, aerospace, and food industries. Frequently
the problem is formulated as a nonconvex continuous optimization problem which is solved by heuristic techniques combined
with local search procedures. New formulations are proposed for approximate solution of packing problem. The container is
approximated by a regular grid and the nodes of the grid are considered as potential positions for assigning centers of the circles.
The packing problem is then stated as a large scale linear 0-1 optimization problem. The binary variables represent the assignment
of centers to the nodes of the grid. Nesting circles inside one another is also considered.The resulting binary problem is then solved
by commercial software. Numerical results are presented to demonstrate the efficiency of the proposed approach and compared
with known results.

1. Introduction

Packing problems generally consist of packing of a certain
number of items of known dimensions into one ormore large
objects or containers so as to minimize a certain objective
(e.g., the unused part of the objects or waste). The shape
of items and containers may vary from a circle, a square, a
rectangle, and so forth.

This problem has been applied in different areas, such
as the coverage of a geographical area with cell transmitters,
storage of a cylindrical drums into containers or stocking
them into an open area, packaging bottles or cans into
the smallest box, planting trees in a given region so as to
maximize the forest density and the distance between the
trees, and so forth [1–3]. One can find other applications in
the motor cycle industry, circular cutting, communication
networks, facility location, and dashboard layout [4–8].

In this paper we address the problem of packing a
set of circular items in a rectangular container. There are
two principal types of objectives that have been used in

the literature: (a) regard the circles (not necessary equal) as
being of fixed size and the container as being of variable size
and (b) regard the circles and the container as being of fixed
size and minimize “waste.”

Examples of the first approach include the following [9].

(i) For the square container minimize the length of the
side and hence minimize the perimeter and area of
the square.

(ii) Minimize the perimeter of the rectangle.
(iii) Minimize the area of the rectangle.
(iv) Considering one dimension of the rectangle as fixed,

minimize the other dimension. Problems of this type
are often referred to as strip packing problems (or as
circular open dimension problems).

For the second approach various definitions of the waste
can be used. The waste can be defined in relation to circles
not packed (e.g., the number of unpacked circles or the
perimeter/area of unpacked circles) or introducing a value
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associated with each circle that is packed (e.g., area of the
circles packed), and so forth.

Many variants of packing circular objects in the plane
have been formulated as nonconvex (continuous) optimiza-
tion problems with decision variables being coordinates of
the centres. The nonconvexity is mainly provided by no
overlapping conditions between circles. These conditions
typically state that the Euclidean distance separating the
centres of the circles is greater than a sum of their radii. The
nonconvex problems can be tackled by available nonlinear
programming (NLP) solvers; however, most NLP solvers fail
to identify global optima. Thus, the nonconvex formulation
of circular packing problem requires algorithms which mix
local searches with heuristic procedures in order to widely
explore the search space. It is impossible to give a detailed
overview on the existing solution strategies and numerical
results within the framework of a single short paper. We will
refer the reader to review papers presenting the scope of
techniques and applications for the circle packing problem
(see, e.g., [1, 2, 10–13] and the references therein).

In this paper we propose a new formulation for approxi-
mate solution of packing problems based on using a regular
grid to approximate the container. The nodes of the grid
are considered as potential positions for assigning centers
of the circles. The packing problem is then stated as a large
scale linear 0-1 optimization problem. The binary variables
represent the assignment of centers to the nodes of the grid.
The resulting binary problem is then solved by commercial
software. To the best of our knowledge, the idea to use a grid
was first implemented by Beasley [14] in the context of cutting
problems. Recently this approach was applied in [15, 16] for
packing problems. This work is a continuation of [16].

2. The Model

Suppose we have nonidentical circles 𝐶𝑘 of known radius 𝑅𝑘,
𝑘 ∈ 𝐾 = {1, 2, . . . 𝐾}. Let atmost𝑀𝑘 circles𝐶𝑘 be available for
packing, and at least𝑚𝑘 of themhave to be packed. Denote by
𝑖 ∈ 𝐼 = {1, 2 . . . , 𝑛} the node points of a regular grid covering
the rectangular container. Let 𝐹 ⊆ 𝐼 be the grid points lying
on the boundary of the container. Denote by 𝑑𝑖𝑗 the Euclidean
distance between points 𝑖 and 𝑗 of the grid. Define binary
variables 𝑥𝑘

𝑖
= 1 if centre of a circle𝐶𝑘 is assigned to the point

𝑖; 𝑥𝑘
𝑖
= 0, otherwise.
In what follows we will distinguish two cases of circle

packing, depending on whether nesting circles inside one
another is permitted or not. To the best of our knowledge,
nesting problem was first mentioned in [6] in the context of
packing pipes of different diameters into a shipping container.
Compared to the standard packing, packing with nesting is
much less investigated.

Consider first the problemwithout nesting. In order to let
the circle 𝐶𝑘 assigned to the point 𝑖 be nonoverlapping with
other circles being packed, it is necessary that 𝑥𝑙

𝑗
= 0 for 𝑗 ∈ 𝐼,

𝑙 ∈ 𝐾, such that 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙. For fixed 𝑖, 𝑘 let 𝑁𝑖𝑘 = {𝑗, 𝑙 :
𝑖 ̸= 𝑗, 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙}. Let 𝑛𝑖𝑘 be the cardinality of 𝑁𝑖𝑘 : 𝑛𝑖𝑘 =

|𝑁𝑖𝑘|. Then the problem of maximizing the area covered by
the circles can be stated as follows:

max ∑
𝑖∈𝐼

∑

𝑘∈𝐾

𝑅
2

𝑘
𝑥
𝑘

𝑖
, (1)

subject to 𝑚𝑘 ≤ ∑

𝑖∈𝐼

𝑥
𝑘

𝑖
≤ 𝑀𝑘, 𝑘 ∈ 𝐾, (2)

∑

𝑘∈𝐾

𝑥
𝑘

𝑖
≤ 1, 𝑖 ∈ 𝐼 \ 𝐹, (3)

𝑅𝑘𝑥
𝑘

𝑖
≤ min
𝑗∈𝐹

𝑑𝑖𝑗, 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (4)

𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
≤ 1,

for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (𝑗, 𝑙) ∈ 𝑁𝑖𝑘
(5)

𝑥
𝑘

𝑖
∈ {0, 1} , 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾. (6)

Constraints (2) ensure that the number of circles packed is
between 𝑚𝑘 and𝑀𝑘; constraints (3) ensure that at most one
centre is assigned to any grid point; constraints (4) ensure that
the point 𝑖 cannot be a centre of the circle 𝐶𝑘 if the distance
from 𝑖 to the boundary is less than 𝑅𝑘; pairwise constraints
(5) guarantee that there is no overlapping between the circles;
constraints (6) represent the binary nature of variables.

Similar to plant location problems [17] we can state
nonoverlapping conditions in a more compact form. Sum-
ming up pairwise constraints (5) over (𝑗, 𝑙) ∈ 𝑁𝑖𝑘 we get

𝑛𝑖𝑘𝑥
𝑘

𝑖
+ ∑

𝑗,𝑙∈𝑁𝑖𝑘

𝑥
𝑙

𝑗
≤ 𝑛𝑖𝑘 for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾. (7)

Note that constraints similar to (7) were used in [15] for
packing equal circles.

Proposition 1. Constraints (5) and (6) are equivalent to
constraints (6) and (7).

Proof. If (5) are fulfilled, then obviously (7) hold by construc-
tion. If (7) are fulfilled, then for 𝑥𝑘

𝑖
= 1we have∑

𝑗,𝑙∈𝑁𝑖𝑘
𝑥
𝑙

𝑗
≤ 0

and hence 𝑥𝑙
𝑗
= 0 for 𝑗, 𝑙 ∈ 𝑁𝑖𝑘 as in (5). If 𝑥𝑘

𝑖
= 0 in (7), then

∑
𝑗,𝑙∈𝑁𝑖𝑘

𝑥
𝑙

𝑗
≤ 𝑛𝑖𝑘 holds for all 𝑥

𝑙

𝑗
∈ {0, 1}.

Thus the problem (1)–(6) is equivalent to the problem (1)–
(4), (6), and (7). To compare two equivalent formulations, let

𝑃1 = {𝑥 ≥ 0 : 𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
≤ 1, for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (𝑗, 𝑙) ∈ 𝑁𝑖𝑘} ,

𝑃2 =

{

{

{

𝑥 ≥ 0 : 𝑛𝑖𝑘𝑥
𝑘

𝑖
+ ∑

𝑗,𝑙∈𝑁𝑖𝑘

𝑥
𝑙

𝑗
≤ 𝑛𝑖𝑘 for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾

}

}

}

.

(8)

Proposition 2. 𝑃1 ⊂ 𝑃2.

Proof. Since constraints of 𝑃2 are obtained by summing up
some constraints of 𝑃1, then 𝑃1 ⊆ 𝑃2. To show that 𝑃1 ⊂ 𝑃2 we
need to find a point in 𝑃2 that is not in 𝑃1.
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Table 1: Results of the numerical experiments.

Circle radius Δ Problem dimension Circle number Complete Half Compact Compact half
0.625 0.15625 1403 10 6.4 125.5 144.8 110.6
0.5625 0.0703125 2449 13 50.4 647.0 5034.5 1890.6
0.5 0.125 697 18 2.6 3.2 5.2 24.1
0.4375 0.0546875 3666 21 849.2 310.8 7459.9 3690.5
0.375 0.046875 1425 32 50.0 21.4 3873.5 847.7
0.3125 0.078125 2139 45 403.8 183.9 6514.3 4451.8
0.275 0.06875 2880 61 1032.4 415.3 ∗ 6985.4
0.25 0.0625 3649 74 1234.8 535.5 14645.9 7840.6
0.1875 0.046875 6897 140 1427.3 725.9 ∗ 8765.2

This point can be constructed as follows. By the definition,
𝑁𝑖𝑘 = {𝑗, 𝑙 : 𝑖 ̸= 𝑗, 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙} and hence if (𝑗, 𝑙) ∈
𝑁𝑖𝑘, then (𝑖, 𝑘) ∈ 𝑁𝑗𝑙. Choose (𝑖, 𝑘) and (𝑗, 𝑙) ∈ 𝑁𝑖𝑘

such that 𝑛𝑖𝑘, 𝑛𝑗𝑙 ≥ 2. Set to zero all the variables except
𝑥
𝑘

𝑖
, 𝑥𝑙
𝑗
. Obviously all constraints (5) corresponding to zero

variables are fulfilled. Define 𝑥𝑘
𝑖
, 𝑥𝑙
𝑗
to fulfil the two remaining

constraints as equalities:

𝑛
𝑘

𝑖
𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
= 𝑛
𝑘

𝑖
, 𝑛

𝑙

𝑗
𝑥
𝑙

𝑗
+ 𝑥
𝑘

𝑖
= 𝑛
𝑙

𝑗
(9)

with 𝑛𝑖𝑘, 𝑛𝑗𝑙 ≥ 2. The corresponding solution is

𝑥
𝑘

𝑖
=

𝑛𝑗𝑙 (𝑛𝑖𝑘 − 1)

𝑛𝑖𝑙𝑛𝑖𝑘 − 1

< 1, 𝑥
𝑙

𝑗
=

𝑛𝑖𝑘 (𝑛𝑗𝑙 − 1)

𝑛𝑖𝑙𝑛𝑖𝑘 − 1

< 1 (10)

with

𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
= 1 +

1 + 𝑛𝑗𝑙𝑛𝑖𝑘 − 𝑛𝑗𝑙 − 𝑛𝑖𝑘

𝑛𝑖𝑙𝑛𝑖𝑘 − 1

> 1. (11)

Thus this point violates corresponding constraint (5) in 𝑃1
and hence 𝑃1 ⊂ 𝑃2 as desired.

As follows from Proposition 2, the pairwise formulation
(1)–(6) is stronger than the compact one [17].

By the definition, 𝑁𝑖𝑘 = {𝑗, 𝑙 : 𝑖 ̸= 𝑗, 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙} and
hence if (𝑗, 𝑙) ∈ 𝑁𝑖𝑘, then (𝑖, 𝑘) ∈ 𝑁𝑗𝑙. Thus a half of the
constraints in (5) are redundant:

𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
≤ 1, for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (𝑗, 𝑙) ∈ 𝑁𝑖𝑘,

𝑥
𝑙

𝑗
+ 𝑥
𝑘

𝑖
≤ 1, for 𝑗 ∈ 𝐼, 𝑙 ∈ 𝐾, (𝑖, 𝑘) ∈ 𝑁𝑗𝑙.

(12)

The redundant constraints can be eliminated giving a reduced
pairwise nonoverlapping formulation. The overall set of
the reduced constraints is independent of whether we will
eliminate the first constraint above or the second. However,
the way of eliminating redundant constraints will affect the
corresponding compact formulation obtained by summing
up the reduced constraints.

To consider nesting circles inside one another, we only
need tomodify the nonoverlapping constraints. In order to let
the circle 𝐶𝑘 assigned to the point 𝑖 be nonoverlapping with
other circles being packed (including circles places inside this
circle), it is necessary that 𝑥𝑙

𝑗
= 0 for 𝑗 ∈ 𝐼, 𝑙 ∈ 𝐾, such

that 𝑅𝑘 − 𝑅𝑙 < 𝑑𝑖𝑗 < 𝑅𝑘 + 𝑅𝑙. Note that the later condition
is always fulfilled for 𝑅𝑘 < 𝑅𝑙 (𝑑𝑖𝑗 ≥ 0), such that only smaller
circles can be placed inside a given circle. For fixed 𝑖, 𝑘 let
Ω𝑖𝑘 = {𝑗, 𝑙 : 𝑖 ̸= 𝑗, |𝑅𝑘−𝑅𝑙| < 𝑑𝑖𝑗 < 𝑅𝑘+𝑅𝑙}.Then the problem
of packing circles with nesting can be stated as follows:

max∑
𝑖∈𝐼

∑

𝑘∈𝐾

𝑤
𝑘

𝑖
𝑥
𝑘

𝑖

subject to 𝑚𝑘 ≤ ∑

𝑖∈𝐼

𝑥
𝑘

𝑖
≤ 𝑀𝑘, 𝑘 ∈ 𝐾,

𝑅𝑘𝑥
𝑘

𝑖
≤ min
𝑗∈𝐹

𝑑𝑖𝑗, 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾,

𝑥
𝑘

𝑖
+ 𝑥
𝑙

𝑗
≤ 1, for 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (𝑗, 𝑙) ∈ Ω𝑖𝑘.

(13)

Here weighting coefficients 𝑤𝑘
𝑖
may be associated with the

area of circles and/or represent the relative importance of
subsets of the container.

3. Computational Results

A rectangular uniform grid was used in the numerical
experiments, such that all grid points are defined by the grid
points on its edges. Let 𝐿 be a horizontal dimension (length)
and let 𝑊 be a vertical dimension (width) of the container;
let 𝑀 be a number of the equidistant grid points on the
horizontal edge of the container, while𝑁 is a number of the
equidistant grid points on its vertical edge. Hence the grid has
𝑀×𝑁 node points (𝑛 = 𝑀 ×𝑁).

All optimization problems were solved by the system
CPLEX 12.5. The runs were executed on a DELL Power Edge
T410, Intel Xeon 2.53Ghz and 16Gb RAM.

First, we compare different formulations for the case
of packing equal circles. The same set of 9 instances as in
[15, Table 3] was used for the experiment. The number of
circles available for packing was not limited. The following
formulations were considered: pairwise formulation (1)–(6)
(complete), reduced formulation (1)–(6) without redundant
constraints (half ), compact formulation (1)–(4), (6), and (7)
(compact), and compact formulation obtained from (1)–(6)
without redundant constraints (compact half ). The results of
the numerical experiment are presented in Table 1. Here the
first four columns present circle radius, dimension of the
quadratic cell used to construct the grid (Δ), the number
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Figure 1: 𝑅 = 0.375.

of grid points (𝑛), and the number of circles packed. For
all formulations the same number of circles packed was
achieved. The last four columns give CPU time for different
formulations (in seconds). For all problem instances mipgap
= 0 was set for running CPLEX. Asterisks in the column
indicate that computation was interrupted after the compu-
tational time exceeded 15-hour CPU time.

As we can see from Table 1, CPU time for the complete
formulation is typically much lower than for the compact for-
mulation, especially for large problems. Note that according
to Proposition 2, complete (pairwise) formulation is stronger
than the compact one. Eliminating redundant constraints
typically (but not always) reduces CPU time, although
for complete formulation eliminating redundancy does not
change the continuous relaxation. This effect is well known
for users of CPLEX since simply rearranging constraints may
result in increase/decrease of computational time, depending
on the path selected by branch and bound algorithm. How-
ever, wemay conclude that eliminating redundant constraints
is useful for large problems.

Figures 1, 2, 3, and 4 present packing pictures, for instance,
from Table 1 with radii 0.375, 0.3125, 0.4375, and 0.275,
respectively.

Figures 5 and 6 present the packing pictures obtained for
the container with 𝐿 = 𝑊 = 30 and 𝑅1 = 0.6, 𝑅2 = 3,
and 𝑅3 = 6 using pairwise formulation (1)–(6). We used
𝑀 = 𝑁 = 31 for Figure 5 and 𝑀 = 𝑁 = 51 for Figure 6.
The solution presented in Figure 5 was obtained in 53.239 sec
with mipgap = 0, while for Figure 6 the computation was

Figure 2: 𝑅 = 0.3125.

Figure 3: 𝑅 = 0.4375.
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Figure 4: 𝑅 = 0.275.

Figure 5

interrupted after the computational time exceeded 12-hour
CPU time withmipgap = 8% achieved.

Figures 7 and 8 present packing pictures obtained by the
formulation (13) for the quadratic container with 𝐿 = 𝑊 =

60 and four radii 𝑅1 = 0.7, 𝑅2 = 2, 𝑅3 = 4, and 𝑅4 =
12 with nesting permitted. Figure 7 corresponds to the grid
with 𝑀 = 𝑁 = 41, while 𝑀 = 𝑁 = 71 was used for
Figure 8. We see how packing approximation changes with
the parameters of the grid. In Figure 7 the following circles
were packed: 741 circles 𝑅1, 52𝑅2, 20𝑅3, and 3𝑅4. In Figure 8
we have 932 circles 𝑅1, 77𝑅2, 13𝑅3, and 5𝑅4 and there is still
room for more circles. For the case of Figures 7 and 8 the

Figure 6

Figure 7

computations were interrupted after the computational time
exceeded 12-hourCPU timewithmipgap=67%andmipgap=
83%, correspondingly.

4. Conclusions

Different integer formulations were proposed for approxi-
mate solution of the circle packing problem.We demonstrate
that the pairwise formulation is stronger than the compact
one obtained by summing up the nonoverlapping constraints.
The presented approach can be easily generalized to the
three- (and more) dimensional case and to different shapes
of the container, including irregulars. We also proposed a
formulation permitting nesting circles inside one another.
This problem was mentioned in [7] in the context of packing
pipes of different diameters into a shipping container and has
not received much attention so far. An interesting direction
for the future research is to study the use of Lagrangian
relaxation and corresponding heuristics [3] to cope with
large dimension of arising problems. Another area for future
study is the use of valid inequalities for strengthening the
formulations, as well as combining continuous and integer
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Figure 8

formulations in the solution process. Some complements in
these directions are in course [16].
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Natural gas marketing has considerably evolved since the early 1990s, when a set of liberalizing rules were passed in both the United
States and the European Union that eliminated state-driven regulations in favor of open energy markets. These new rules changed
many things in the business of energetics, and therefore new research opportunities arose. Econometric studies about natural gas
emerged as an important area of study since natural gas may now be sold and traded in a number of stock markets, each one
responding to potentially different behavioral drives. In this work, we present a method to differentiate sets of time series based on
a regression model relating price, consumption, supply, and other factors. Our objective is to develop a method to classify different
areas, regions, or states into groups or classes that share similar regression parameters. Once obtained, these groups may be used
to make assumptions about corresponding natural gas prices in further studies.

1. Introduction

In the early 1990s, several regulations were passed in the
US and the European Union [1–3] changing the way natural
gas was marketed and traded. Particularly, this liberalization
[4] effectively ended a period in which natural gas was a
state-driven industry. The liberalization has also created the
emergent natural gas markets, as well as a strong demand for
models to better tackle the new problems and profit from this
new setting [5, 6].

Owing not only to this liberalization, but also to the new
local conditions that aremore open to competition, new small
players entered the natural gas industry, especially at the local
scale. Indeed, the US has over 80 interstate, long-distance
pipelines [7], serving different regions with various climatic,

demographic, economic, and political circumstances.Natural
gas usage in Alabama, for example, intuitively is not the same
as in Oregon; thus the market dynamics of the fuel are also
different, and this, we presume, should be reflected in some
way in the econometric data of the states.

Not only macroeconomic trends, however, are affected
by this setting. When doing cross-regions studies of various
aspects of the supply chain, such as the forecasting of demand
[8, 9], the balancing of the pipelines after imbalances have
been created by the natural gas shippers [10–12], or the
dynamics of interstate-intrastate systems [13], one has to take
into account the existence of different markets. The existence
of a common relationship between price and consumption
of natural gas across several zones allows for strong claims
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of uniformity, which are useful when, for example, we are
building scenarios for a stochastic problem. Indeed, if we
manage to group the regions in clusters with similar price
and consumption functions, we can reduce the number of
variables needed in a scenario tree formulation [6, 14].

As such, we specify a regression function that relates
many of the most relevant econometric figures for each of
the 48 contiguous states of the American Union, modeling
price as a function of explicative variables such as natural gas
consumption, supply, and storage levels, as well as population
(number of costumers), oil prices, temperatures, and produc-
tion.The regression coefficients are then used to divide the set
of states into several subsets or groups, obtaining a partition
in which all the states in a group share the same regression
parameters, and thus can be classified as an (implicit) market.
The partition ismade considering both statistical and nonsta-
tistical characteristics of the obtained regression coefficients.
The resulting partitions are next compared with others in
their similitude and statistical significance, which would
validate the goodness of the combination of the dendrogram
and GRASP grouping methods.

This paper is organized as follows. The motivation and
literature review on natural gas econometric regression is
given in Section 2. Section 3 describes the way the regression
function is derived, while Section 4 details the method
for using the said function to perform the classification.
Section 5 presents and discusses the results of the study, and
conclusions are given in Section 6.

2. Natural Gas Price-Consumption Model

This work was motivated by our previous research in the nat-
ural gas supply chain, specifically developing an optimization
model that addresses issues in interstate pipelines. The data
used in thismodel, however, came fromdifferent regions, and
therefore the time series involved did not necessarily behave
in the same way.

As an example, suppose we are trying to model a certain
problem that involves forecasting the residential consump-
tion and price of natural gas in the states of Washington
and Oregon, that is, four time series. If the robustness of the
model is also a concern, then we should additionally consider
different forecasting scenarios. Even with only two possible
forecasting scenarios for each series (high/low consumption
or prices) this translates into 2

4 possible behaviors of the
econometric parameters. If consumption is expressed as a
function of price, however, then the scenario tree has only
2
2 branches. Furthermore, if the regression function for both
states is the same, then the number of scenarios can be
reduced to just two. As the number of states being modeled
scales up, that is, there are more than two parameters of
interest, common assumptions like those mentioned above
help reduce greatly the amount of scenarios in a stochastic
model, optimization, or otherwise.

As we studied particular sets of data, it was noted that
historical data of consumption and price showed conspicuous
properties that could be used for the sake of our aims. Even
though these data collectionswere taken fromdifferent states,
all pairs of time series showed elastic consumption/demand

[15, 16]; exponentially growing price averages [15, 17]; and
both series in every pair seemed to be highly correlated to
each other.

Indeed, the possibility of characterizing one set of series
as a (regression) function of the other was interesting, as
it would reduce the amount of data we needed to consider
when modeling optimization problems. It is, of course, a
common practice in economic andmanagerial sciences to do
that since, for example, demand data is simpler to work with
than price data [18]. The latter is mainly because the demand
is usually easier to predict, and its behavior is less chaotic than
that of prices. Such historical relationships between price
and consumption is a common topic of study in time series
economic analysis [19], which is mostly performed with the
inclusion of other explicative variables, such as the price of
substitutes (electricity, coal) and weather conditions.

This is the case of several models where the calculation
of elasticities is the primary goal of the study [20]. Log-linear
models [21–24] are generally favored because of the ease they
provide when computing elasticity figures. However, linear
models also have applications in the natural gas industry, like
the Short-Term Integrated Forecasting system (STIFS) used
by the United States Energy Information Agency in order to
estimate natural gas demand as a function of several types of
important variables related to the energy industry [25].

2.1. Former and Current Approaches. As explained in our
previous work [26], a carefully designed regression function
can help achieve such strong assumptions. Nevertheless, the
study of such relationships and the possibility of forming
state clusters based merely upon time series data analysis
turned out to be interesting by itself, and we developed two
different approaches to partition the collection of states. As
we observed, neighboring states showed a large amount of
diversity, yet different methods of grouping seemed to place
certain states consistently together.

Two major areas of opportunity discovered were the
design of the regression function, and the trade-off that each
partition algorithm made use of.

Our previous paper [26] aimed at a very definite objective
regarding the qualities of the regression model: it had to
correlate consumption and price of residential natural gas
series, using the former as the explicative variable because
of the ease in its forecasting. The expression thus obtained
served its purpose well, as demonstrated in its application
to the optimization models in [27]; nevertheless, a more
inclusive approach would involve series that comprise more
information. Following the examples found in the literature
and our own experience, we revealed that including more
explicative series provided very good results in terms of
regression fit. This has led to the model presented in the next
section.

Coming back to the partitioning method, the two
approaches presented before were as follows.

(i) The first one is the Dendrogram Grouping Method,
which “cuts” a binary tree (whose nodes represent
regression parameters) based on how close to each
other the parameters arewith respect to a givenmetric
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function and a weight scheme for the entries. This
method proved replicative and fast, but it does not
provide statistical significance to the grouped states’
parameters (i.e., one statemight find that temperature
is a significant regressor, whereas some other state in
the same group may not).

(ii) Another one is a greedy heuristic that starts with a
number of states called “group leaders,” and iteratively
selects for each remaining state the group that suits
the state best, based on its regression coefficient 𝑅2.
Because of the large amount of regressions performed,
this method was reported to be slower and subject
to accidental fluctuations, but the final results always
guaranteed that all states in one group shared the
same significance in their parameters.

In the following sections, we explain how we have
improved over our latest approach, adding explicative power
and robustness to the partitioning method and, ultimately,
creating a better technique to identify similar regions based
on their econometric data.

3. Regression Analysis

3.1. Individual Multiple Linear Regression (IMLR). Let 𝑛 be
the total number of states, 𝑚 the number of observations
per time series (months, in this case), 𝐼 = {1, 2, . . . , 𝑛} the
set of the 48 contiguous states of the American Union, 𝑡 ∈
T = {1, 2, . . . , 𝑚} the (discrete) time parameter, {𝑃

𝑖,𝑡
} the

differenced residential natural gas price in state 𝑖 ∈ 𝐼 at time
𝑡 ∈ T, {𝑇

𝑖,𝑡
} the differenced temperature, in Kelvin, shifted

so that the minimum figure is 𝑒, {𝑂
𝑡
} the differenced average

spot price of oil in the US at time 𝑡 ∈ T, {𝑁
𝑖,𝑡
} the differenced

number of residential consumers of natural gas in state 𝑖 ∈ 𝐼 at
time 𝑡 ∈ T, and {𝐶

𝑖,𝑡
} the differenced consumption of natural

gas in state 𝑖 at time 𝑡.
Notice that all these series are differenced, or more

precisely, lag-(−1) differenced from the original values. This
is because the said original values all tested positive for unit
roots in the advanced Dickey-Fuller test. In contrast to the
original series, the differenced series prove to be stationary;
hence we make use of the latter.

This is the linear model we devised to relate the above-
described series:

̂
𝐶


𝑖,𝑡
= 𝛼0,𝑖 + 𝛼1,𝑖𝑃



𝑖,𝑡
+ 𝛼2,𝑖𝐶



𝑖,𝑡−12

+ 𝛼3,𝑖𝑇


𝑖,𝑡
+ 𝛼4,𝑖𝑂



𝑡
+ 𝛼5,𝑖𝑁



𝑖,𝑡
;

𝑡 ∈ T; 𝑖 ∈ 𝐼.

(1)

We choose a Robust Regression Analysis using Huber
weights to fit the series over traditional least-squares method
due to nonnormality of the residuals experienced with the
latter. Furthermore, due to the steps described in the next sec-
tions, heteroskedasticity would likely appear in the residuals
once the pooling regression is carried on.

While most of the series were reasonably fit by (1), a
couple of them showed very erratic behavior in either their

natural gas price or consumption series. This is expected
insofar economic forecasting is commonly subject to the large
instability at time 𝑡. As the driving force behind short-term
fluctuations in natural gas pricing is consumer demand rather
than production supply, price was shown to be a significant
factor when describing market consumption.

The selection of the descriptive variables was made
considering other consumption models in the literature, the
available data, and the significance found in the preliminary
regression analysis. In particular, electricity prices and the
natural gas supply and production, as well as a time index,
were tested but found not to be significant in most of the
states. This was especially interesting in the case of electricity
prices, which certain sources cite as usual descriptors for
the natural gas demand, but which were found to be 0.05
significant in only 12 of the 48 cases and thus dropped from
the model.

The consumption and price of natural gas are endogenous
variables as both are correlated to system shocks, such
as unstable governments or weather-related events. As an
alternative to the use of least squares regression to fit the
model given in (1), a two-stage least squares approach could
be employed with such instrumental variables as the number
of gas producing wells, reserve estimates, and underground
storage, to name only a few. However, this approach is not
considered here, because the response (reaction) time of
consumers’ consumption habits to the shocks is much longer
than that to the spot prices set by the market every day.

3.2. Pooled Multiple Linear Regression (PMLR). Now we
address the issue of how one can use the same regression
formula for more than one state, which would create several
classes of states where demand responds to changes in the
descriptors in a similar mode.

Assume that we have split 𝑛 collections of state time series
into several classes, with the members of each class sharing a
common set of regression parameters. Then the pooled data
from the groupswould be regressed at the same time, creating
pooled regressions.

Let I = {𝐼1, 𝐼2, . . . , 𝐼𝐾} be a partition of 𝐼, and consider the
model:

̂
𝐶


𝑖,𝑡
= 𝛽0,𝑖 + 𝛽1,𝑘𝑃



𝑖,𝑡
+ 𝛽2,𝑘𝐶



𝑖,𝑡−12
+ 𝛽3,𝑘𝑇



𝑖,𝑡

+ 𝛽4,𝑘𝑂


𝑡
+ 𝛽5,𝑘𝑁



𝑖,𝑡
; 𝑡 ∈ 𝑇,

∀𝑖 ∈ 𝐼𝑘, 𝑘 = 1, 2, . . . , 𝐾.

(2)

Note that this model—called the Pooled Multiple Linear
Regression (PMLR) model—has 𝐾 sets of parameters for
each regressor variable, except for the intercepts 𝑎𝑖

0
, which we

allow to be different for each state. In comparison, model (1)
has 𝑛 sets of parameters.

How should one define the partition I of the set of states?
A good partition is expected to deliver groups of more or
less congruent sizes, while maintaining a high individual 𝑅2
value for each state. A good partition method should also be
replicative (i.e., the same partition is obtained for the same
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group of states), be fast enough, and support the statistical
significance.

4. Dendrogram-GRASP Grouping
Method (DGGM)

In this section, a combination of both grouping methods
mentioned in [26] into a GRASP heuristic is proposed.
The resulting technique inherits the replicative property
of the dendrogram method, while retaining the statistical
significance of the heuristic algorithm.

4.1. Dendrograms. Dendrograms are binary trees in which
two observation vectors 𝑎 and 𝑏 form the (sub-)branches of a
higher branch 𝑐, so that

(i) these two observation vectors are “closer” to each
other than to any other observation 𝑑,

(ii) 𝑐 is not an observation per se, but a new, artificial
vector formed by some linear combination of 𝑎 and 𝑏.

The term “closer” is interpreted with respect to some
metric (e.g., the Euclidean metric), while the artificial obser-
vations are produced by the weighted combination method.
Once the dendrogram is formed, it is cut down from the root
and thus generating (sub-) dendrograms with the branches
resulting from the cut. The height of the cut is determined
according to one of several criteria (the number of subden-
drograms produced, the maximum allowed membership for
the subdendrogram, etc.) The leaves pertaining to a given
subdendrogram will pool their regression data together and
form one group for the PMLR.

Previous experiments [26] have shown that what is called
the “average euclidean”metric [28] delivers satisfactorily high
𝑅
2 levels with a better homogeneity in the resulting groups

than other linkage function options.

4.2. GRASP Heuristics. GRASP stands for Greedy Ran-
domized Adaptive Search Process; it is a metaheuristic, that
is, a general method designed to provide good—but not
necessarily optimal—results in problems otherwise too com-
plicated to find an optimal solution, especially combinatorial
problems [29].

Summarily, our GRASP approach will start with a seed
formed by several one-state groups; then, for each state, it will
identify those groups that deliver higher 𝑅2 values once the
data for the current state is pooled with that of the group.This
is called the Restricted List of Candidates or RLC. A group 𝐼𝑘
from the RLC is chosen at random, and the current state is
added to 𝐼𝑘, pooling its data with those already in the group.
A number of swaps and movements are performed once the
states are all in place, in order to try to improve the values of
the resulting statistics 𝑅2.

It is important to note that setting the values for the
GRASP routine is rather subjective, since there is no definite
objective to be achieved. Indeed, one cannot determine what
number of groups is optimal, or which way is the best to
define the greedy function. For example, one could prefer to

increase the grouped 𝑅2 value in each group rather than the
average of the individual 𝑅2s in that group, or vice versa.This
is exemplified by the function

𝐹𝑤 (𝐼𝑘) = 𝜔𝑅
2

𝐼𝑘
+

1 − 𝜔





𝐼𝑘






∑

𝑖∈𝐼𝑘

𝑅
2

𝑖
, (3)

where

𝑅
2

𝐼𝑘
= 1 −

∑
𝑡∈T,𝑖∈𝐼𝑘 (𝑦𝑖,𝑡 − 𝑦𝑖,𝑡)

2

∑
𝑡∈T,𝑖∈𝐼𝑘 (𝑦𝑖,𝑡 − 𝑦𝐼𝑘)

,

𝑅
2

𝑖
= 1 −

∑
𝑡∈T (𝑦𝑖,𝑡 − 𝑦𝑖,𝑡)

2

∑
𝑡∈T (𝑦𝑖,𝑡 − 𝑦𝑖)

.

(4)

Here, 𝑦𝑖,𝑡 = ln𝐶
𝑖,𝑡
, and 𝑦

𝜄
is understood as the average of all

of the observations belonging to 𝜄 if the latter is a state (e.g.,
𝜄 = 𝑖) or as the average of the observations of the states in 𝜄, if
the latter is a set of states (e.g., 𝜄 = 𝐼𝑘).

For the local search, we handle the improvement function
𝐺𝜏(𝐼𝑘, 𝐼ℓ, 𝐼𝑖), which is used when deciding if it is convenient
to move state 𝑖 from group 𝑘 to group ℓ. It is parametrized by
the improvement weight 𝜏:

𝐺𝜏 (𝐼𝑘, 𝐼𝑙, 𝐼𝑖) = (1 − 𝜏)

𝑅
2

𝐼𝑘
+ 𝑅
2

𝐼ℓ

2

+ 𝜏𝑅
2

𝑖
.

(5)

4.3. Dendrogram-GRASP Algorithm. The following algo-
rithm is used to classify the set of 48 contiguous states of
the United States into groups that share a common regression
function.

(1) Initialize the values for each of the time series in
each of the 48 states. Set a seed size 𝑠Seed, a max-
imum number of groups 𝑠Max, a RLC size 𝑠RLC, an
individual/grouped 𝑅2 weight 𝜔 ∈ [0, 1], an individ-
ual/grouped threshold 𝜑 ∈ (0, 1), an improvement
weight 𝜏 ∈ (0, 1), a relative improvement threshold
𝜓 ∈ [0, 1], and a maximum number of local search
steps, 𝑠ls.

Seed Selection

(2) Perform an IMLR on each of the 48 sets of time series,
obtaining 𝛼𝑗,𝑖, 𝑗 = 0, . . . , 6, 𝑖 ∈ 𝐼.

(3) Form a dendrogram of 48 leaves with the vectors
𝛼, using the average euclidean mean as the linkage
function, and cut it so that there are exactly 𝑠Seed
subtrees.

(4) Select the state with the highest 𝑅2
𝑖
from each of the

obtained groups and call it the 𝑘th group’s leader.
Define the one-state groups obtained as the partition
I𝑘. All the nonselected (spare) states form the set
𝐴𝑐𝑡𝑖V𝑒.

Greedy Process

(5) For each state 𝑥 in the set 𝐴𝑐𝑡𝑖V𝑒,

(a) pool the data of 𝑥 with the data of each
of the formed groups and perform a pooled
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regression; select a number of 𝑠RLC groups with
the highest value of the greedy function 𝐹𝑤 and
form the RLC;

(b) choose randomly one of the groups from the
RLC, for example, 𝐼𝑎.

(i) If none of the candidate groups in the
RLC delivers 𝐹𝑤(𝐼𝑘) > 𝜑 and we have
not yet reached the maximum number of
groups 𝑠Max, create a new group 𝐼𝑥 = {𝑥}

containing only𝑥, remove𝑥 from the active
set, and update all the parameters.

(ii) Otherwise, assign 𝑥 to 𝐼𝑎, remove 𝑥 from
the active set, and update all the parame-
ters.

(6) All of the states are now partitioned into the groups,
and we can begin the local search.

Local Search

(7) For 𝑙 = 𝑖 to 𝑙 = 𝑠ls,

(a) randomly select one of the formed groups, 𝐼𝑎,
and one state in that group, 𝑥; select another
group, 𝐼𝑏; compute 𝑔1 = 𝐺𝜏(𝐼𝑎, 𝐼𝑏, 𝑥);

(b) remove 𝑥’s data from 𝐼𝑎 and pool the same data
of 𝑥 with 𝐼𝑏; compute 𝑔2 = 𝐺𝜏(𝐼𝑎, 𝐼𝑏, 𝑥);

(c) if 𝑔1 ≥ (1 + 𝜓)𝑔2, remove 𝑥 from 𝐼𝑏 and return
it to 𝐼𝑎; otherwise, continue.

(8) Report the obtained groups as the desired partition.
(9) End.

4.4. Partition Similarity. To determine the similitude of two
partitions, we will use an expression that, roughly speaking,
counts the number of coincidences found in two partitions
and divides it by the number of total possible coincidences,
given the sizes of the groups in each partition. While there
are many disputable ways to measure the similitude between
partitions with a different number of elements, this method
was chosen because of its normality. Indeed, it will always
return 1 when both partitions are identical and will always
return 0 when there are no coincidences between two
partitions, that is, when no two states share a group in both
partitions and no state is single-grouped in both partitions.

Let I = {𝐼1, 𝐼2, . . . , 𝐼𝐾}, J = {𝐽1, 𝐽2, . . . , 𝐽𝐿} be two arbitrary
partitions of the set of states, with 𝐼𝑖 = {𝐼

𝑖

1
, 𝐼
𝑖

2
, . . . , 𝐼

𝑖

𝑘𝑖
}, 𝑖 =

1, . . . , 𝐾, and 𝐽𝑗 = {𝐽
𝑗

1
, 𝐽
𝑗

2
, . . . , 𝐽

𝑗

𝑙𝑗
}, 𝑗 = 1, . . . , 𝐿.

The function aI,J defined by

aI,J (𝐼𝑖) = {
1, if 𝐼𝑖 = {𝑚} = 𝐽 for any 𝐽 ∈ J,
0, otherwise,

𝐼𝑖 ∈ I, (6)

assumes the value 1 if group 𝐼𝑖 contains a single state in
partition I and this state also forms a group-singleton in
partition J.

For every pair of states, we will assess if they share a group
in a given partition using the following function bJ:

bJ (𝑚, 𝑛) = {
1, if 𝑚, 𝑛 ∈ 𝐽𝑗, for any 𝑗;
0, otherwise,

𝑚, 𝑛 ∈ I. (7)

In case the function aI,J has the value of 1, we say that we
have a (one-state) coincidence, whichmeans that the state has
been found incompatible with other states twice, no matter
which method formed partitions I, J.

Similarly, if the function bJ returns 1 for two states in
a group from the partition I, we say that we have a (two-
state) coincidence; that is, in both partitions, the two states
are members of the same group.

To measure the number of coincidences between two
partitions, we use the function:

𝐶𝑞 (𝐼𝑖, I, J)

= aI,J (𝐼𝑖) + (1 − aI,J (𝐼𝑖))

× (∑

𝑚∈𝐼𝑖

∑

𝑛∈𝐼𝑖,𝑛 ̸=𝑚

𝑞bJ (𝑚, 𝑛) + (1 − 𝑞)
2

) ,

(8)

for 𝐼𝑖 ∈ I, 𝑞 = {0, 1}.
If the parameter 𝑞 equals 1, then the function 𝐶𝑞 counts

the number of either type of coincidences that couples of
states reveal in the group 𝐼𝑖 in comparison to the groups they
belong to in the partition J. Conversely, if 𝑞 = 0, then we
simply count the total number of possible coincidences for
the states in the group 𝐼𝑖 ∈ I. Note that the function 𝐶𝑞 is not
necessarily symmetric with respect to the pairs of partitions:
𝐶𝑞(𝐼𝑖, I, J) need not have the same value as 𝐶𝑞(𝐼𝑖, J, I).

The similitude function used Sim is defined as follows:

Sim (I, J) =
∑
𝐼𝑖∈I 𝐶1 (𝐼𝑖, I, J) + ∑𝐽𝑗∈J 𝐶1 (𝐽𝑗, J, I)

∑
𝐼𝑖∈I 𝐶0 (𝐼𝑖, I, J) + ∑𝐽𝑗∈J 𝐶0 (𝐽𝑗, J, I)

. (9)

Notice that if there is at least one group in either partition
containing more than one element, then 𝐶0 for that group
is at least 1, whereas if there exists no such group in either
partition, then aI,J(𝑎) = 1 and consequently𝐶0(𝑎, I, J) = 1 for
any 𝑎 ∈ I ∩ J. Therefore, the denominator is never 0, which
makes this function well defined.

Lemma 1. Let I and J be two partitions of the set 𝐼 =

{1, 2, . . . , 𝑛}, and let function Sim be defined by (9). The
following statements are true:

(1) Sim (I, J) = Sim (J, I);
(2) Sim (I, J) = 1 if and only if I = J;
(3) Sim (I, J) = 0 if and only if there are neither one-state

nor two-state coincidences between I and J;
(4) 0 ≤ Sim(I, J) ≤ 1.

Proof. (1) This is easy to see from the structure of the
function.
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(2) Let I = J. If 𝐼𝑖 = {𝑚} = 𝐽𝑘 for some 𝑖 and 𝑘, then
𝐶1(𝐼𝑖, I, J) = 𝐶0(𝐼𝑖, I, J). Otherwise, if the order of 𝐼𝑖 is greater
than one, then the second term in (8) (the definition of 𝐶𝑞)
assumes the same value no matter whether 𝑞 = 1 or 𝑞 = 0.
Therefore, the numerator and denominator in Sim are equal.

Conversely, if there exists one 𝐼𝑖 such that 𝐼𝑖 ̸= 𝐽 for all
𝐽 ∈ J, then 𝐶1(𝐼𝑖, I, J) is strictly less than 𝐶0(𝐼𝑖, I, J). Since
𝐶1(𝐽𝑖, I, J) ≤ 𝐶0(𝐽𝑖, I, J), it follows that the numerator in (9)
(defining Sim) is strictly smaller than the denominator, and
therefore Sim(I, J) < 1.

(3) If there is at least one one-state coincidence, or a two-
state coincidence, then the numerator in Sim is larger than 0,
and therefore Sim(I, J) > 0.

Conversely, since 𝐶𝑞 is nonnegative for every value of 𝑞,
Sim(I, J) = 0 means that both terms in the numerator are
zero, which is only possible if aI,J(𝐼𝑖) = aI,J(𝐽𝑗) = 0 for every
member of I and J, and bJ(𝑚, 𝑛) = 0 for every𝑚, 𝑛 ∈ 𝐼, which
means that there is no coincidence of any type between these
two partitions.

(4)The first inequality follows from the fact that both the
numerator and denominator in (9) are positive. The second
inequality comes from the same argument as in item (2);
that is, the numerator is either equal or strictly less than the
denominator.

5. Experimental Results

This section presents the results of the numerical experimen-
tation performed on a number of times series pertaining to
each of the 48 data sets. The values for the historical natural
gas prices, consumption, and number of consumers, as well
as the oil spot prices were taken from the US Energy Infor-
mation Agency, whereas the temperature figures for each
state were obtained from the US Department of Commerce
National Oceanographic and Atmospheric Agency [30].

5.1. IMLR Results. The first step was to perform the IMLR for
the 48 sets of time series; this provided the regression param-
eters for the dendrogram formation. The five time series
corresponding to every state had 240 monthly observations
each.

Individual regression models showed regression 𝑅2 coef-
ficients with the average of 0.77 and theminimumof 0.61.The
normality and heteroskedasticity were not tested due to the
use of Robust Regression with Huber weights. Randomness
of the residuals was tested, and high 𝑃 values were found for
many states.

5.2. Dendrogram-GRASP Grouping Results. There are two
main aspects we wanted to consider when evaluating the
effectiveness of the Dendrogram-GRASP approach: how
replicative it is, and how good a partition is produced. The
first issue is evaluated by examining how good and how
similar the partitions are that come from the same seed (as
opposed to those that come from randomly generated seeds).
The goodness of one partition is measured with the average
group [state] coefficient of determination,𝑅2

𝐼𝑘
[𝑅2
𝑖
], calculated

across all the groups [states] of the partitions.

There are, however, a number of different design param-
eters that should be included in the experimentation. Each
experimental observation consists of the generation of 10
partitions, using the following parameters.

(i) A seed choice: the dendrogram seed (DDR), a random
seed common to all 20 partitions (FIX), and a random
seed for each partition (RND).

(ii) The individual versus grouped 𝑅
2 weight, 𝜔, which

determines what is more important when adding a
new state to an existing group in the GRASP routine:
values considered in the experimentation are 𝜔 = 0

(only the single states’ 𝑅2s are considered), 0.5, and 1
(only the groups’ 𝑅2s are important).

(iii) The new group threshold, 𝜑: the closer the value of 𝜑
to 1, the more likely new single-state groups will be
created in the GRASP routine. The tested values are
𝜑 ∈ {0.90, 0.95}.

(iv) The length of the restricted candidate list, 𝑠RCL: the
values considered are 𝑠RLC ∈ {1, 5}.

(v) The number of local search moves: 𝑠ls ∈ {0, 100}.
(vi) The local search individual/grouped 𝑅

2 weight, 𝜏:
considered values are 𝜏 ∈ {0, 0.66, 1}.

The starting number of groups was fixed at 10, and the
maximum number of groups allowed was set at 15. Each
combination of levels was replicated 20 times. This resulted
in 5760 experimental observations.

In each observation, we calculated the average similitude
between the various partitions involved, as well as their
similitude with a randomly created partition. The compared
similitudes were as follows:

(i) the average similitude of the dendrogram partition to
each of the 20 GRASP partitions (DG);

(ii) the average similitude of a random partition and each
of the 20 GRASP partitions (GR);

(iii) the average similitude of the 20 GRASP partitions
among themselves (GG).

The first part of the analysis consisted in testing all
the experimental observations. After that, only the most
convenient levels were kept.

Tables 1 and 2 present a summary of the results of the
experimental runs. The first three data columns show the
average similarities for each of the three comparisons of
interest, whereas the last two columns show the average of
the individual and grouped coefficients of determination.

A quick look at this table suggests that the similitude
figures are characteristically low: the average similarity of
an arbitrary partition to a randomly formed one, calculated
using all the observations, is 0.0947. This will be called
the partitions’ randomness. If columns 3 and (particularly)
5 approach the average randomness for this experiment,
the partition method is not very efficient. This especially
concerns the cases 𝑠ls = 5, 𝜔 = 0, and 𝜏 = 1, whose similarity
measures are fairly low. Luckily enough, in all these cases the
average GG similarities were found to be statistically different
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Table 1: Experimental Results I.

Factor Level Av. similitude Av. 𝑅2 values
DG GR GG Av. 𝑅2

𝐼𝑖
Av. 𝑅2
𝐼𝑘

𝜑

0.90 0.145 0.079 0.178 0.503 0.535
0.95 0.149 0.079 0.177 0.499 0.537

Seed
DDR 0.182 0.083 0.194 0.513 0.568
FIX 0.130 0.077 0.154 0.489 0.521
RND 0.128 0.077 0.184 0.501 0.520

𝜔

0 0.146 0.082 0.136 0.427 0.564
0.5 0.147 0.079 0.183 0.534 0.535
1 0.148 0.077 0.213 0.542 0.511

𝜏

0 0.160 0.080 0.232 0.699 0.502
0.66 0.141 0.079 0.150 0.455 0.554
1 0.140 0.079 0.149 0.349 0.553

Table 2: Experimental Results II.

Factor Level Av. similitude Av. 𝑅2 values
DG GR GG Max. 𝑅2

𝐼𝑖
Max. 𝑅2

𝐼𝑘

𝑠RLC
1 0.160 0.082 0.247 0.879 0.862
5 0.134 0.076 0.107 0.879 0.871

𝑠ls
0 0.167 0.084 0.236 0.876 0.857
100 0.126 0.075 0.119 0.882 0.876

(higher) than their respective GR similarities by making use
of the Wilcoxon signed-rank (WSR) 𝛼 = 0.95 test.

The average 𝑅2 values in columns 6 and 7 do not deviate
much from the averages across all the observations, 0.602
and 0.624, respectively, with the exception of the grouped
individual parameter 𝑅2

𝐼𝑖
for 𝜏 = 1. It is clear that certain

similarity values for some levels are consistently lower than
others. There is, for example, a very large difference between
the average DG similitude obtained using a DDR seed than
using a RNDor FIX seed and so on. Based on this, we decided
to discard some of the levels whose averages are not only
considerably lower, but also the observations for each level
are determined to be different by a WSR test.

Now let us look at each of the level values we should
consider to drop. The first level, the GRASP new group
threshold 𝜑, shows a very similar GG figure, and equally
similar 𝑅2 values. We decide to keep the factor levels intact,
in case these figures change once other levels are removed.

Seeds are more difficult to assess. The FIX seed shows
lower values than theDDGone, but still higher than theRND.
Weight 𝜏 shows much better numbers in all but the grouped
𝑅
2 entry. Because of this, we pick it as the only label for the

later study. On the contrary,𝜔 is better at value 1, except again
in the grouped 𝑅2 column. This result for 𝜔 is very counter
intuitive! However, the two values serve a similar purpose at
different parts of the process, so this behavior might indeed
be justified.

The factors 𝑠RLC and 𝑠ls were introduced to add variation
in the GRASP routine, and their results appear separated in
Table 2. This is because, while their similitude values work
in the same way as the other factors, the 𝑅2 measurements

per observation are not the average across all 10 partitions
in the observation, but rather the maximum obtained. In
a common GRASP routine, the process will be repeated
several times and the best solution will be adopted. For
our case, this means that we should choose the best of
the 20 partitions in each observation, and this decision
becomes the result for that observation. Arguably, both the
individual and grouped average maximum coefficients of
determination seem to show little difference. In particular,
the differences are deemed not large enough to justify the
trade-off with similarity in all cases. While this was expected
from the extended RLC size, the poor results obtained by the
local search suggest that we should rethink our local search
procedure in the future.

Based on similarity alone, we decided to eliminate the
poorest levels and kept only a single-group state list and a
zero-swaps local search for the second part of the analysis.
After deciding to drop several levels, we will rewrite the
results table including only the accepted levels, to see how the
figures change once the poorest results are winnowed.

Themuch smaller Table 3 is the consequence of fixing𝜔 =

1, 𝜏 = 0, 𝑠RLC = 1, and 𝑠ls = 0 and eliminating the RND seed
choice, which results in 100 observations. Now the similitudes
look much better: we have the sample average of 0.438 and
the maximum of 0.477, which means that, for the parameters
chosen, the similitudes obtained are remarkably higher than
the average randomness.

For the first factor, 𝜑, the similitudes are of little dif-
ference, the same as the determination coefficients in all
accounts. However, for the seed levels, the DDR seed clearly
favors similitude between the seed and the resulting partition.
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Table 3: Experimental Results III.

Factor Level Av. similitude Av. 𝑅2 values
DG GR GG Av. 𝑅2

𝑖
Av. 𝑅2
𝐼𝑘

𝜑

0.90 0.171 0.077 0.432 0.760 0.340
0.95 0.178 0.085 0.432 0.759 0.349

Seed
DDR 0.238 0.090 0.454 0.757 0.432
FIX 0.143 0.074 0.365 0.760 0.299
RND 0.143 0.079 0.477 0.761 0.302

Similitude among resulting partitions is also good at the RND
partition, which could indicate the particular FIX seed was
initially a bad choice when compared to either an average
partition seed or one selected in a methodical way.

The coefficients of determination 𝑅
2 present a rather

interesting development. The individual coefficients 𝑅2
𝑖
are

decent enough when compared to the ones from the dropped
levels, but there is a dramatic drop in the group figures 𝑅2

𝐼𝑘
,

which decreased from an average of around 0.53 to as low as
0.299.This happens because, while focusing on similitude, we
chose in favor of 𝑠ls = 0, which yields the mean 𝑅2

𝐼𝑘
of only

0.366, as opposed to the 0.706 value obtained after fixing 𝑠ls =
100. In Table 2, however, we see the greatermax𝑅2

𝐼𝑘
because it

was relevant to that table. If we were to remake Table 3 using
the value of 𝑠ls = 100 for this level, similitudes would fall
around 10%, but the average group determination coefficients
𝑅
2

𝐼𝑘
would increase to roughly 0.43, which is much better than

that with 𝑠ls = 0. Maximum values for the different 𝑅2s,
correspondent to those in Table 3, remainmostly unchanged.

6. Concluding Remarks

In this paper, we propose and justify a heuristic method
to group several zones based on a regression function that
estimates several factors related to the natural gas demand.
The groups thus obtained share key information regarding
the behavior of natural gas-related historic econometric data.

We start by developing a linear regression model that
correlates natural gas historic residential consumption and
several explicative variables, such as the residential price,
number of consumers, and temperature.Thismodel, inspired
by several examples in the literature, fits well the time series
employed and has good predictive power, but it is by no
means the only one that can be used nor necessarily the best.

The results of each of the 48 regressions performed are
then used to create dendrogram-based partitions, which are
in turn used as the starting point in a GRASP routine.
The latter, while tending to form rather dissimilar partitions
(compared to the dendrogram grouping), has the advantage
of adding statistical significance to all the regressions in all
the groups formed.

We tested several parameters in an experimental design
consisting of more than 4300 observations, six factors, and
two or three levels per factor. Using ad hoc and nonpara-
metric selections, we tried to obtain a good combination of
parameters, namely, one that delivers high similitude between

partitions obtained from the same seed and a satisfactory
goodness of the pooled regressions.

Similitude is measured by a standardized function which
equals 0 if there are no common groups between two parti-
tions of a fixed set and 1 if both partitions are identical. We
were able to obtain experimental conditions with similitudes
(mostly) above 0.43, which are deemed good considering that
the average randomness of a partition in the study is around
0.09.

It is encouraging that, using the regression function
herein proposed, the GRASP routine worked well by itself
and also when combined with the dendrogram partitioning
method. Unfortunately, the inclusion of randomness did
not provide for good results, as it offered no increase in
goodness of the partitions but a considerable decrease in
similitude when a long RLC was used. The proposed local
search approach was found to have a negative impact on
the similitude values, though not overly so. However, at the
same time it did affect heavily the values of the grouped
coefficients of determination when the maximum values
were considered in the selection but the averaged values
were looked into in the end results. The “goodness” of the
regressions, as discussed, must then be judged with a more
nuanced approach.

The entire work frame summarized here is intended to
provide a way to identify individuals (states, in this case)
with common econometric behavior among themselves by
means of statistically significant information. Such results
used to help us in the past in the context of optimization
theory (by greatly decreasing the number of variables in
stochastic problems), and we believe this technique has other
applications in economic analysis.

The planned future work includes enhancing the robust-
ness of themethod by designing better GRASP RLC and local
search procedures, trying sampled regressions when forming
large groups to gain on time and studying how different data
sets and regression models would work in combination with
the Dendrogram-GRASP approach proposed in the paper.
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We review the problem for the design of supply chains called Capacitated Fixed Cost Facility Location Problemwith Transportation
Choices (CFCLP-TC). The problem is based on a production network of two echelons with multiple plants, a set of potential
distribution centers, and customers.Theproblem is formulated as an optimizationmodelwith twoobjective functions based on time
and cost. This paper proposes three changes to the original model to compare the sets of efficient solutions and the computational
time required to obtain them.Themain contribution of this paper is to extend the existing literature by incorporating approaches for
the supply of product to customers throughmultiple sources, the direct flow between plants and customers, without this necessarily
implying removing the distribution centers, and the product flow between distribution centers. From these approaches, we generate
mathematical programmingmodels and propose to solve through the epsilon-constraint approach for generating Pareto fronts and
thus compare each of these approaches with the original model. The models are implemented in GAMS and solved with CPLEX.

1. Introduction

Supply ChainManagement (SCM) is the process of planning,
implementing, and controlling the operation of the supply
chain efficiently. SCM spans all movements and storage of
rawmaterials, work-in-process inventory, and finished goods
from the point of origin to the point of consumption [1].
Part of the planning processes in SCM aim at finding the
best possible supply chain configuration so that all operations
can be performed in an efficient way. The Capacitated Fixed
Cost Facility Location Problem with Transportation Choices
(CFCLP-TC) proposed by [2, 3] is a combinatorial optimiza-
tion problem for supply chain design. It is an extension of the
CFLP as a biobjective mixed-integer program. It is based on
a two-echelon system for the distribution of one product in
a single time period with two objectives: to minimize cost
and to minimize the time of transportation from plants to
customers. This approach considers several alternatives to
transport the product from one facility to the other in each

echelon of the network. The criterion of cost is an aggregate
function of variable cost and fixed cost. At difference from
similar works in the literature, the aim here is to provide the
decision maker with a set of nondominated alternatives to
allow her deciding. Some qualitative information only known
by the decision maker may motivate the selection of one of
those alternatives.

This paper presents three innovative approaches for
the design of a supply chain for biobjective problems. In
the first approach, it is proposed that customers can be
supplied by more than one distribution center; in the second
approach it is proposed that customers can be supplied
directly by plants, but the distribution centers can be used.
In the third approach proposed here a product flow may
exist between the distribution centers. For the study of this
problem and the proposed variations, instances of different
sizes were used. The results are compared on the basis of
three metrics. The first metric is called 𝑅pos, proposed by
[4], and the second and third metrics are called 𝐷avg and
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𝐷min, proposed by [3] to compare two biobjective Pareto
fronts.

This paper is divided into five sections as follows: the
first section presents a general introduction to the work. The
second section presents the literature review to define the
opportunity area that the work will fill. The third section
presents an overview of the problem and its variations. The
fourth section describes the computational experiment, the
metrics used to evaluate the Pareto fronts, and the results
of the computational implementation. Finally, in the fifth
section the conclusions and proposals to carry out further
work are exposed.

2. Literature Review

Historically, researchers have focused on the design of dis-
tribution systems [5], without considering the supply chain
as a whole. Typically, discrete location models were pro-
posed to include additional features. Reference [6] reviews
some importantmixed-integer formulations for productions-
distribution systems. However, those models had limited
scope and could not cope with realistic supply chain struc-
tures. Reference [5] proposes the inclusion of relevant fea-
tures for the Supply ChainManagement (SCM) in the facility
location models that gradually began to be considered.These
include

(a) subsets of the products (customer specifications),
(b) upper and lower limits on shipments of a product to

a particular plant,
(c) specifications of the product weights for performance

measures in the distribution centers,
(d) piecewise linear approximation for nonlinear costs,
(e) the ability to locate plants and distribution centers,
(f) inclusion of capacity constraints of the products in

plants,
(g) conversion of rawmaterials in activities of one or two

levels,
(h) additional distribution and production levels.

Reference [7] suggested the inclusion of additional ele-
ments in facility locationmodels such as the inclusion of new
objectives (maximum return of investment) and decisions
regarding the selection of equipment for new installations.
In discrete location problems, selecting sites to establish new
facilities in is restricted to a finite set of places available for
the location. The simplest example of this approach is where
p facilities must be selected to minimize the total distance
(weighted) or the costs to supply customer demand.

This is a classic problem called the p-median problem,
which has been extensively studied by [8–11]. This problem
assumes that all candidate sites are equivalent in terms of
installation cost for a new facility. When this is not the case,
the objective function is extended with a term for the fixed
cost of location, and as a result, the number of facilities to be
open is an endogenous decision.This new approach is known
in the literature as the uncapacitated facility location problem

(UFLP). There are many references to this problem like in
[12–14]. In both cases, the p-median and UFLP, each client
is assigned to an open facility that minimizes the allocation
cost. One of the most important extensions to the UFLP is
the capacitated facility location problem (CFLP) in which
exogenous values are considered to maximize the demand
that can be supplied for each potential site. In this case, the
closest assignment property is no longer valid as proposed by
[15–17].

Themodels above have several common characteristics as
follows:

(a) single period of planning horizon,
(b) deterministic parameters (demand, costs),
(c) single product,
(d) a single type of facility,
(e) decisions of location-allocation.

Clearly, these models are insufficient to handle a realistic
facility location scenario. Therefore, many extensions of this
basic problem have been proposed and widely studied [18].
A crucial issue in many practical problems of localization is
to consider the existence of different types of facilities [19],
each playing a specific role (production or storage), and a
natural flow of the material (i.e., a hierarchy) between them
[20]. Each set of facilities of the same type is usually denoted
by a level or echelon in the hierarchy of facilities.

Part of the planning processes in SCM aim at finding the
best possible supply chain configuration so that all operations
can be performed in an efficient way. The coming back to
the capacitated facility location problem (CFLP) is a well-
known combinatorial optimization problem. It consists in
deciding which facilities to open from a given potential set,
and how to assign customers to those facilities. The objective
is minimizing total fixed and shipping cost. Applications
of the CFLP include location and distribution planning,
lot sizing in production planning, and telecommunication
network design as mentioned by [21]. Numerous heuristics
and exact algorithms for the CFLP have been proposed in
the literature. Heuristic solution methods as well as approx-
imation algorithms were proposed by [22–24]. Tabu Search
methods for the related p-median problem and the CFLP
with single source were developed [25, 26]. Exact solution
methods based on the Benders decomposition algorithm are
considered [27]. Polyhedral results for the CFLP have been
obtained by [28]. Reference [29] uses these results in a branch
and cut algorithm for the CFLP.

Moreover, several variants of the CFLP have been inves-
tigated. Reference [30] formulated a stochastic integer linear
programming model for the CFLP with stochastic demands.
A branch and cut approach was applied to find the opti-
mal solution of the problem. Reference [31] formulated the
mathematical model of the two-echelon single-source CFLP
and considered six Lagrangian relaxation based approaches
for the solution. In the recent years, many metaheuristic
approaches have been applied to combinatorial optimization
problems successfully, such as Simulated Annealing (SA),
Genetic Algorithms (GAs), Tabu Search (TS), and Ant
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Colony Optimization (ACO). Some recent work in this
field includes those presented by [32] in which they use an
MAX-MIN ant system approach for the design of a supply
chain. Reference [33] presented a memetic algorithm for a
multistage supply chain problem. Reference [34] proposes
a simulated annealing algorithm for an allocation problem.
Reference [35] presents a hybrid approach using an artifi-
cial bee algorithm (BA) with mixed integer programming
(MIP) applied to a large-scale CFLP; BA is applied for the
purpose of solving the location problem, and the MIP is
applied for the purpose of finding the optimal mathematical
problem.

The biobjective location problems are extensions of
classic locations problems. These problems are biobjec-
tive median, knapsack, quadratic, covering, unconstrained,
location-allocation, hub, hierarchical, competitive, network,
and undesirable and semidesirable location problems. Con-
sidering capacities in location problems, there are capacitated
and uncapacitated problems in the literature. For instance,
[36] has considered an uncapacitated facility location prob-
lem with two maxisum objectives (net profit and profitability
of investment) andmodeled it as parametric integer program
with fractional and linear objectives. Reference [37] hasmod-
eled a supply network as a biobjective uncapacitated facility
location problem with minisum and maxisum objectives
(cost and coverage). In contrast, [38] developed an extension
of the capacitated model to deal with locating maternity
facilities with minisum objectives (distance traveled and load
imbalance). Reference [39] has used a different bicriteria
approach to the single hub location/allocation problem. This
approach has two objectives; the first has a minisum form
(cost), while the second objective (processing time) has two
alternative forms.

The Capacitated Fixed Cost Facility Location Problem
with Transportation Choices (CFCLP-TC) proposed by [2] is
an extension of the CFLP with a biobjective mixed-integer
program approach (cost and time). This approach considers
several alternatives to transport the product from one facility
to the other in each echelon of the network. At difference
from similar works in the literature, the aim here is to provide
the decision maker with a set of nondominated alternatives
to allow him deciding. Some qualitative information only
known by the decision maker may motivate the selection of
one of those alternatives.

3. Problem Description

The Capacitated Fixed Cost Facility Location Problem with
Transportation Choices (CFCLP-TC) proposed by [2] is
based on a two-echelon system for the distribution of one
product in a single time period. In the first step, the product
is sent from manufacturing plants (𝑖) to distribution centers
(𝑗).

The second step corresponds to the flow of product from
distribution centers (𝑗) to customers (𝑘). In this problem,
the number and location of plants (𝑖) and customers (𝑘)
are known a priori. This includes a further decision on
the selection of channels of transportation between facilities

Cij1, tij1

Cij2, tij2

Cjk1, tjk1

Cjk2, tjk2

Plants
(i)

Distribution
centers
(j)
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(k)

Figure 1: Schematic of the Capacitated Fixed Cost Facility Location
Problem with Transportation Choices (CFCLP-TC).

using a bi-objective approach that simultaneously mini-
mizes the time of transportation of product from plants
to customers and the combined costs of locating facilities
and transportation. This solution approach builds a set of
alternative nondominated solutions for the decision maker.
This problem has a set of possible locations for the opening of
distribution centers (𝑗) and their number is not defined. Each
candidate site has a fixed cost for opening a facility, and each
site has limited capacity. Manufacturing plants have limited
capacity and their production is sent from each plant to the
distribution centers.

An important feature of the problem is to consider
various alternatives for transportation of product from one
facility to another in each step of the network. Each option
represents a type of service with associated costs and time
parameters. The existence of third-party logistics companies
(3PL) causes that different transportation services are avail-
able in the market. The alternatives are generated by the sup-
ply of different companies, the availability of different types
of services (urgent or regular), and the use of different modes
of transportation (truck, train, plane, ship, or intermodal).
Commonly, these differences involve an inverse correlation
between time and cost; a faster service is more expen-
sive. The outline of the distribution network is displayed
in Figure 1.

3.1. Approach That Allows Supplying from Multiple Distri-
bution Centers. In the original model it is established as a
restriction that each customer is served by a single source
(distribution center (𝑗)). At this point, we ask what would
happen if the delivery to customers from multiple sources is
allowed?Themain idea of this variation is to allow customers
to be supplied in some cases by more than one source
(distribution center (𝑗)).
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The implementation of this variation to the original
model will be evaluated over the objective functions (1) and
(2) to determine which has a better Pareto front. Also we
study the behavior of the time required to obtain results
compared with that required in the original model.

Sets
𝐼: Set of plants 𝑖
𝐽: Set of potential distribution centers 𝑗
𝐾: Set of customers 𝑘

𝐿𝑃𝑖𝑗: Set of arcs 𝑙 between nodes 𝑖 and 𝑗; 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽
𝐿𝑊𝑗𝑘: Set of arcs 𝑙 between nodes 𝑗 and 𝑘: 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾.

Parameters
𝐶𝑃𝑖𝑗𝑙: Cost of transporting one unit of product from plant 𝑖

to distribution center 𝑗 using the arc l; 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈
𝐿𝑃𝑖𝑗

𝐶𝑊𝑗𝑘𝑙: Cost of transporting one unit of product from distri-
bution center j to customer k using the arc l; 𝑗 ∈ 𝐽, 𝑘 ∈
𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘

𝑇𝑃𝑖𝑗𝑙: Time for transporting any quantity of product from
plant 𝑖 to the distribution center 𝑗 using arc l; 𝑖 ∈ 𝐼, 𝑗 ∈
𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗

𝑇𝑊𝑗𝑘𝑙: Time for transporting any quantity of product from
distribution center 𝑗 to customer 𝑘 using arc 𝑙; 𝑗 ∈

𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘

𝑀𝑃𝑖: Capacity of plant 𝑖; 𝑖 ∈ 𝐼
𝑀𝑊𝑗: Capacity of distribution center 𝑗; 𝑗 ∈ 𝐽
𝐷𝑘: Demand of customer 𝑘; 𝑘 ∈ 𝐾
𝐹𝑗: Fixed cost for opening distribution center 𝑗; 𝑗 ∈ 𝐽.

Decision Variables
𝑋𝑖𝑗𝑙: Quantity transported from plan 𝑖 to distribution

center 𝑗 using arc 𝑙; 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗
𝑌𝑗𝑘𝑙: Quantity transported from distribution center 𝑗 to

customer 𝑘 using arc 𝑙; 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘
𝑍𝑗: Binary variable equal to 1 if distribution center 𝑗 is

open and equal to 0 otherwise; 𝑗 ∈ 𝐽
𝐴 𝑖𝑗𝑙: Binary variable equal to 1 if arc 𝑙 is used to transport

product fromplant 𝑖 to distribution center 𝑗 and equal
to 0 otherwise; 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗

𝐵𝑗𝑘𝑙: Binary variable equal to 1 if arc 𝑙 is used to transport
product from distribution center 𝑗 to customer 𝑘 and
equal to 0 otherwise; 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘.

Auxiliary Variables
𝑇: A variable that computes the longest time that takes

sending product from any plant to any customer
𝐸
1

𝑗
: Longest time in the first echelon of the supply
chain for active distribution center j; that is, 𝐸1

𝑗
=

max𝑖,𝑙(𝑇𝑃𝑖𝑗𝑙𝐴 𝑖𝑗𝑙); 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗

𝐸
2

𝑗
: Longest time in the second echelon of the supply
chain for active distribution center j; that is, 𝐸2

𝑗
=

max𝑘,𝑙(𝑇𝑊𝑗𝑘𝑙𝐵𝑗𝑘𝑙); 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘.

Model 1. Consider min(𝑓1, 𝑓2)

𝑓1 = ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝐶𝑃𝑖𝑗𝑙𝑋𝑖𝑗𝑙

+∑

𝑗∈𝐽

∑

𝑘∈𝐾

∑

𝑙∈𝐿𝑊𝑗𝑘

𝐶𝑊𝑗𝑘𝑙𝑌𝑗𝑘𝑙 +∑

𝑗∈𝐽

𝐹𝑗𝑍𝑗,

(1)

𝑓2 = 𝑇, (2)

𝑇 − 𝐸
1

𝑗
− 𝐸
2

𝑗
≥ 0 ∀𝑗 ∈ 𝐽, (3)

𝐸
1

𝑗
− 𝑇𝑃𝑖𝑗𝑙𝐴 𝑖𝑗𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗, (4)

𝐸
2

𝑗
− 𝑇𝑊𝑗𝑘𝑙𝐵𝑗𝑘𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘, (5)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 = 𝐷𝑘 ∀𝑘 ∈ 𝐾, (6)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝑋𝑖𝑗𝑙 = 𝑀𝑃𝑖 ∀𝑖 ∈ 𝐼, (7)

𝑀𝑊𝑗𝑍𝑗 −∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, (8)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝑋𝑖𝑗𝑙 −∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 = 0 ∀𝑗 ∈ 𝐽, (9)

∑

𝑙∈𝐿𝑃𝑖𝑗

𝐴 𝑖𝑗𝑙 ≤ 1 ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, (10)

∑

𝑙∈𝐿𝑊𝑗𝑘

𝐵𝑗𝑘𝑙 ≤ 1 ∀𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, (11)

𝑋𝑖𝑗𝑙 − 𝐴 𝑖𝑗𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗, (12)

𝑌𝑗𝑘𝑙 − 𝐵𝑗𝑘𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘, (13)

𝑀𝑃𝑖𝐴 𝑖𝑗𝑙 − 𝑋𝑖𝑗𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑃𝑖𝑗, (14)

𝑀𝑊𝑗𝐵𝑗𝑘𝑙 − 𝑌𝑗𝑘𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘, (15)

∑

𝑖∈𝐼

∑

𝑙∈𝐿𝑃𝑖𝑗

𝐴 𝑖𝑗𝑙 − 𝑍𝑗 ≥ 0 ∀𝑗 ∈ 𝐽, (16)

𝑇, 𝐸
1

𝑗
, 𝐸
2

𝑗
, 𝑋𝑖𝑗𝑙, 𝑌𝑗𝑘𝑙 ≥ 0

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑃𝑖𝑗, 𝑙 ∈ 𝐿𝑊𝑗𝑘

(17)

𝑍𝑗, 𝐴 𝑖𝑗𝑙, 𝐵𝑗𝑘𝑙 ∈ {0, 1}

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑃𝑖𝑗, 𝑙 ∈ 𝐿𝑊𝑗𝑘.

(18)

In this model, the objective function (1) minimizes the
transportation costs and the cost of opening the distribution
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Figure 2: Schematic of the Capacitated Fixed Cost Facility Location
Problem with Transportation Choices (CFCLP-TC) with variations
in the direct flow between plants (𝑖) and customers (𝑘).

centers. The objective function (2) minimizes the time of
transportation. Restriction (3) calculates the longest total
time between (𝑖) and (𝑘). The restrictions (4) and (5) allow
calculating the transportation time between (𝑖) and (𝑗) and
then from (𝑗) to (𝑘).The restriction (6) allows the satisfaction
of the demands of each client. The restriction (7) impedes
to exceed the capacity of each plant (𝑖). The restriction (8)
impedes to exceed the capacity of the distribution centers
(j). The restriction (9) allows the balance of flow between
(𝑖)-(𝑗) and (𝑗)-(𝑘). Restrictions (10) and (11) provide that
the transportation of the material can only be done through
a single arc. Restrictions (12) and (13) provide that an arc
will be inactive if there is no flow through it. Equations (14)
and (15) state the shipment of product only through active
arcs. Restriction (16) provides that the distribution centers
(𝑗) having no product flow through them must be closed.
Restrictions (17) and (18) provide a definition of the variables
in the model.

3.2. Approach Allowing the Direct Flow between Plants and
Customers. This variation suggests that some plants (𝑖) sup-
ply customers in a direct way, that is, without necessarily
passing through the distribution centers (𝑗).Themain reason
is because in some cases customers (𝑘) may be closer to the
plants (𝑖) than the distribution centers (𝑗). This could make
the flow more efficient in terms of cost and time without
considering distribution centers (𝑗). As in the previous
variation, we want to evaluate the efficiency of this approach
through the construction of a new Pareto front and the
performance evaluation of the computational time required.
Figure 2 shows the outline of this proposal.

The mathematical model for the variation that allows the
direct flowbetween plants (𝑖) and costumers (𝑘) in some cases
is as follows.

Sets

𝐿𝑉𝑖𝑘: Set of arcs l between nodes 𝑖 and 𝑘: 𝑖 ∈ I, k ∈ 𝐾

Parameters

𝐶𝑉𝑖𝑘𝑙: Cost of sending one unit of product from plant 𝑖 to
customer 𝑘 using the arc 𝑖𝑘𝑙: i ∈ I, k ∈ K, l ∈ 𝐿𝑉𝑖𝑘

𝑇𝑉𝑖𝑘𝑙: Time to transport any quantity of products of plant 𝑖
to customer 𝑘 using the arc 𝑖𝑘𝑙; i ∈ I, k ∈ K, l ∈ 𝐿𝑉𝑖𝑘.

Decision Variables

𝑉𝑖𝑘𝑙: Quantity transported fromplant 𝑖 to customer k using
the arc 𝑖𝑘𝑙; 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑉𝑖𝑘

𝐺𝑖𝑘𝑙: Binary variable equal to 1 if the arc 𝑖𝑘𝑙 is used to
transport product from plant 𝑖 to customer 𝑘 and
equals 0 otherwise 𝑖 and 𝑘; 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑉𝑖𝑘.

Auxiliary Variables

𝐸3: The maximum time it takes to ship the 𝑖 to 𝑘, 𝐸3 =
max𝑘,𝑙(𝑇𝑉𝑖𝑘𝑙𝐺𝑖𝑘𝑙); 𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑉𝑖𝑘.

Model 2. Consider min(𝑓1, 𝑓2)

𝑓1 = ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝐶𝑃𝑖𝑗𝑙𝑋𝑖𝑗𝑙 +∑

𝑗∈𝐽

∑

𝑘∈𝐾

∑

𝑙∈𝐿𝑊𝑗𝑘

𝐶𝑊𝑗𝑘𝑙𝑌𝑗𝑘𝑙

+∑

𝑖∈𝐼

∑

𝑘∈𝐾

∑

𝑙∈𝐿𝑉𝑖𝑘

𝐶𝑉𝑖𝑘𝑙𝑉𝑖𝑘𝑙 +∑

𝑗∈𝐽

𝐹𝑗𝑍𝑗

(2), (3), (4), (5), (8), (9), (11),

(12), (13), (14), (15), (16), (17),

(19)

𝐸3 − 𝑇𝑉𝑖𝑘𝑙𝐺𝑖𝑘𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝑘, 𝑙 ∈ 𝐿𝑉𝑖𝑘 (20)

𝑇 − 𝐸3 ≥ 0 ∀𝑗 ∈ 𝐽, (21)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 +∑

𝑖∈𝐼

∑

𝑙∈𝐿𝑉𝑖𝑘

𝑉𝑖𝑘𝑙 = 𝐷𝑘 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (22)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝑋𝑖𝑗𝑙 +∑

𝑖∈𝐼

∑

𝑙∈𝐿𝑉𝑖𝑘

𝑉𝑖𝑘𝑙 = 𝑀𝑃𝑖 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (23)

∑

𝑖∈𝐼

∑

𝑙∈𝐿𝑉𝑖𝑘

𝐺𝑖𝑘𝑙 +∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝐵𝑗𝑘𝑙 = 1 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (24)

∑

𝑙∈𝐿𝑉𝑖𝑘

𝐺𝑖𝑘𝑙 ≤ 1 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, (25)

𝑉𝑖𝑘𝑙 − 𝐺𝑖𝑘𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑉𝑖𝑘, (26)

𝑀𝑃𝑖𝐺𝑖𝑘𝑙 − 𝑉𝑖𝑘𝑙 ≥ 0 ∀𝑖 ∈ 𝐼, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑉𝑖𝑘, (27)

𝑇, 𝐸
1

𝑗
, 𝐸
2

𝑗
, 𝐸3, 𝑋𝑖𝑗𝑙, 𝑌𝑗𝑘𝑙, 𝐺𝑖𝑘𝑙 ≥ 0

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾,

𝑙 ∈ 𝐿𝑃𝑖𝑗, 𝑙 ∈ 𝐿𝑊𝑗𝑘, 𝑙 ∈ 𝐿𝑉𝑖𝑘,

(28)
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Figure 3: Schematic of the Capacitated Fixed Cost Facility Location
Problem with Transportation Choices (CFCLP-TC) flow between
distribution centers.

𝑍𝑗, 𝐴 𝑖𝑗𝑙, 𝐵𝑗𝑘𝑙, 𝑉𝑖𝑘𝑙 ∈ {0, 1}

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑃𝑖𝑗,

𝑙 ∈ 𝐿𝑊𝑗𝑘, 𝑙 ∈ 𝐿𝑉𝑖𝑘.

(29)

In this new formulation (19) replaces (1) in the original
formulation as the objective function that searches for the
best cost. Equation (20) is added to the original model and
this calculates the time between the plants (𝑖) and customers
(𝑘). Equation (21) assigns the longest time between plants (𝑖)
and customers (𝑘) to variable 𝑇. Equation (22) replaces (6)
in the original model and is aimed at satisfying the customer
demand (𝑘). Equation (23) replaces (7) in the original model
and this requires that the transported amount from (𝑖) to (𝑘)
does not exceed the capacity of the plant (𝑖). Equation (24) is
added to the model, and this ensures that customers (𝑘) can
be supplied only by a single source. Equation (25) is added
to the original model and states that the transportation of
the material can only be done through a single arc. Equation
(26) is added to the original model to establish that an arc
is inactive whether its flow is zero. Equation (27) is added
to the original model and states that the product flow will
be made only through active arcs. Equations (28) and (29)
replace (18) and (19) in the original model and set the domain
of the variables.

3.3. ApproachThat Allows Flow between Distribution Centers.
This variation suggests the possibility of exchange of goods
between distribution centers (𝑗). For some alternatives this
variation would compete directly with the flow of plants (𝑖),
distribution centers (𝑗), plants (𝑘) with the alternative flow
of plants (𝑖), distribution centers (𝑗), distribution centers (𝑝),
and plants (𝑘). The main idea is that for some cases it is
cheaper and faster to send a product from a distribution

center (𝑗) to other distribution centers (𝑝) and then send it
to customers (𝑘). Figure 3 shows the outline of this proposal.

Themathematical model allowing flow between distribu-
tion centers, (j)-(p), is as follows.

Sets

𝐿𝑆𝑗𝑝: Set of arcs l between nodes 𝑗-𝑝: j ∈ 𝐽

𝐿𝑆𝑝𝑗: Set of arcs l between nodes 𝑝-𝑗: 𝑗 ∈ 𝐽.

Parameters

𝐶𝑆𝑗𝑝𝑙: Cost of sending one unit of product between distribu-
tion centers j using arc jpl: j ∈ J, l ∈ 𝐿𝑆𝑗𝑝

𝐶𝑆𝑝𝑗𝑙: Cost of sending one unit of product between distribu-
tion centers p using arc pjl: j ∈ J, l ∈ 𝐿𝑆𝑝𝑗

𝑇𝑆𝑗𝑝𝑙: Time to transport any quantity of products between
distribution centers j using the arc jpl; j ∈ j, l ∈ 𝐿𝑆𝑗𝑝

𝑇𝑆𝑝𝑗𝑙: Time to transport any quantity of products between
distribution centers p using the arc pjl; j ∈ j, l ∈ 𝐿𝑆𝑝𝑗.

Decision Variables

𝑅𝑗𝑝𝑙: Quantity transported from 𝑗 to𝑝 using arc 𝑗𝑝𝑙; 𝑗 ∈ 𝐽,
l ∈ 𝐿𝑆𝑗𝑝

𝑅𝑝𝑗𝑙: Quantity transported from 𝑝 to 𝑗 using arc pjl; 𝑗 ∈ J, l
∈ 𝐿𝑆𝑝𝑗

𝐶𝑗𝑝𝑙: Binary variable equal to 1 if the arc 𝑗𝑝𝑙 is used to
transport product between distribution centers (𝑗−𝑝)
and equals 0 otherwise; 𝑗 ∈ J, 𝑝 ∈ P, 𝑙 ∈ 𝐿𝑆𝑗𝑝

𝐶𝑝𝑗𝑙: Binary variable equal to 1 if the arc 𝑝𝑗𝑙 is used to
transport product between distribution centers (𝑝−𝑗)
and equals 0 otherwise; 𝑗 ∈ J, 𝑝 ∈ 𝑃, 𝑙 ∈ 𝐿𝑆𝑝𝑗.

Auxiliary Variables

𝑇: Maximum time it takes to ship the product using
the alternative 𝑖, 𝑗, 𝑝, 𝑘, 𝐸3 = max(𝑇𝑃𝑖𝑗𝑙𝐴 𝑖𝑗𝑙) +
max(𝑇𝑆 𝑗𝑝𝑙𝐶𝑗𝑝𝑙) + max(𝑇𝑊𝑗𝑘𝑙𝐵𝑗𝑘𝑙); 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈

𝐿𝑃𝑖𝑗, 𝑙 ∈ 𝐿𝑆𝑗𝑝, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑊𝑗𝑘

𝐸3: Alternatively time 𝑖-𝑗-𝑝-𝑘, 𝐸3 =
Max
𝑖𝑗𝑝𝑘 [𝑇𝑃𝑖𝑗𝑙 + 𝑇𝑆𝑝𝑗𝑙 +

𝑇𝑊𝑗𝑘𝑙]

𝑀: A very large positive value

𝛿𝑗𝑝: Binary variable equal to 1 if the arc 𝑗𝑝𝑙 is used to trans-
port product from 𝑗 to 𝑝 and equals 0 otherwise𝑗 ∈
𝐽, 𝑙 ∈ 𝐿𝑆𝑗𝑝

𝛿𝑝𝑗: Binary variable equal to 1 if the arc 𝑝𝑗𝑙 is used to
transport product from 𝑝 to 𝑗 and equals 0 otherwise
∈ 𝐽, 𝑙 ∈ 𝐿𝑆𝑝𝑗.
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Model 3. Consider min(𝑓1, 𝑓2)

𝑓1 = ∑

𝑖∈𝐼

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑃𝑖𝑗

𝐶𝑃𝑖𝑗𝑙𝑋𝑖𝑗𝑙 +∑

𝑗∈𝐽

∑

𝑘∈𝐾

∑

𝑙∈𝐿𝑊𝑗𝑘

𝐶𝑊𝑗𝑘𝑙𝑌𝑗𝑘𝑙

+∑

𝑗∈𝐽

∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙𝑅𝑗𝑝𝑙

+∑

𝑗∈𝐽

∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑝𝑗

𝐶𝑝𝑗𝑙𝑅𝑝𝑗𝑙 +∑

𝑗∈𝐽

𝐹𝑗𝑍𝑗

(2), (3), (4), (5), (6), (7), (8), (10),

(11), (12), (13), (14), (15), (16),

(30)

𝑇 − 𝐸3 ≥ 0 ∀𝑗 ∈ 𝐽, (31)

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙 ≤ 𝑀(1 − 𝛿𝑗𝑝) ∀𝑗 ∈ 𝐽, 𝑝 ∈ 𝑃, (32)

∑

𝑙∈𝐿𝑆𝑝𝑗

𝐶𝑝𝑗𝑙 ≤ 𝑀(1 − 𝛿𝑝𝑗) ∀𝑗 ∈ 𝐽, 𝑝 ∈ 𝑃, (33)

∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙 + ∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑝𝑗𝑙 ≤ 1 ∀𝑗 ∈ 𝐽, 𝑝 ∈ 𝑃, (34)

𝐸3 − ∑

𝑙∈𝐿𝑃𝑖𝑗

𝐴 𝑖𝑗𝑙𝑇𝑃𝑖𝑗𝑙 + ∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙𝑇𝑆𝑗𝑝𝑙

+ ∑

𝑙∈𝐿𝑊𝑝𝑘

𝐵𝑝𝑘𝑙𝑇𝑊𝑝𝑘𝑙 ≥ −𝑀𝛿𝑗𝑝

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑝 ∈ 𝑃, 𝑘 ∈ 𝐾,

(35)

𝐸3 − ∑

𝑙∈𝐿𝑃𝑖𝑗

𝐴 𝑖𝑝𝑙𝑇𝑃𝑖𝑝𝑙 + ∑

𝑙∈𝐿𝑆𝑝𝑗

𝐶𝑝𝑗𝑙𝑇𝑆𝑝𝑗𝑙

+ ∑

𝑙∈𝐿𝑊𝑝𝑘

𝐵𝑗𝑘𝑙𝑇𝑊𝑗𝑘𝑙 ≥ −𝑀𝛿𝑝𝑗

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑝 ∈ 𝑃, 𝑘 ∈ 𝐾,

(36)

𝑀𝑊𝑗𝑍𝑗 − (∑

𝑗∈𝐽

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 + ∑

𝑗∈𝐿𝑆𝑗𝑝

𝑅𝑗𝑝𝑙 − ∑

𝑗∈𝐿𝑆𝑝𝑗

𝑅𝑝𝑗𝑙) ≥ 0

∀𝑗 ∈ 𝐽,

(37)

∑

𝑖∈𝐼

∑

𝑙∈𝐿𝑃𝑖𝑗

𝑋𝑖𝑗𝑙 + ∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝑅𝑝𝑗𝑙

−∑

𝑘∈𝐾

∑

𝑙∈𝐿𝑊𝑗𝑘

𝑌𝑗𝑘𝑙 − ∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝑅𝑗𝑝𝑙 = 0

∀𝑗 ∈ 𝐽,

(38)

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙 ≤ 1 ∀𝑗 ∈ 𝐽, (39)

∑

𝑙∈𝐿𝑆𝑝𝑗

𝐶𝑝𝑗𝑙 ≤ 1 ∀𝑗 ∈ 𝐽, (40)

∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑗𝑝𝑙 + ∑

𝑝∈𝑃

∑

𝑙∈𝐿𝑆𝑗𝑝

𝐶𝑝𝑗𝑙 ≤ 1 ∀𝑗 ∈ 𝐽, (41)

𝑅𝑗𝑝𝑙 − 𝐶𝑗𝑝𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑆𝑗𝑝, (42)

𝑅𝑝𝑗𝑙 − 𝐶𝑝𝑗𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑆𝑝𝑗, (43)

𝑀𝑊𝑗𝐶𝑗𝑝𝑙 − 𝑅𝑗𝑝𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑆𝑗𝑝, (44)

𝑀𝑊𝑗𝐶𝑝𝑗𝑙 − 𝑅𝑝𝑗𝑙 ≥ 0 ∀𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿𝑆𝑝𝑗 (45)

𝑇, 𝐸
1

𝑗
, 𝐸
2

𝑗
, 𝐸3, 𝑋𝑖𝑗𝑙, 𝑌𝑗𝑘𝑙, 𝑅𝑗𝑝𝑙 ≥ 0

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑃𝑖𝑗,

𝑙 ∈ 𝐿𝑊𝑗𝑘, 𝑙 ∈ 𝐿𝑆𝑗𝑝,

(46)

𝑍𝑗, 𝐴 𝑖𝑗𝑙, 𝐵𝑗𝑘𝑙, 𝐶𝑗𝑝𝑙, 𝛿𝑗𝑝 ∈ {0, 1}

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾, 𝑙 ∈ 𝐿𝑃𝑖𝑗,

𝑙 ∈ 𝐿𝑊𝑗𝑘, 𝑙 ∈ 𝐿𝑆𝑗𝑝.

(47)

In this new formulation (30) replaces (1) in the original
model as an objective function that looks for the best
possible cost. Equation (31) is added to the original model
and calculates the longest time considering the flow (𝑗)-(𝑝).
Equations (32) and (33) are added to the original set as a
condition if-then to determine the longest time in the flow
of product from (𝑖) to (𝑘), considering the flow between (𝑗)
and (𝑝). Equation (34) is added to the original model and
this limits multiple routing between distribution centers (𝑗).
Equations (35) and (36) are added to the original model and
complete the if-then condition to calculate the longest time
in the flow of product from (𝑖) to (𝑘) considering the flow of
(𝑗)-(𝑝). Equation (37) replaces (8) in the original model and
states that the amount transported from (𝑗) to (𝑘) does not
exceed the capacity of distribution center (𝑗) by considering
the flow between distribution centers (𝑗)-(𝑝). Equation (38)
replaces (9) in the original model and provides the flow
balance in the distribution centers. Equations (39) and (40)
are added to the original model and these provide that the
transportation of the material can only be done through a
single arc. Equation (41) is added to the original model and
states that the exchange of product between (𝑗) and (𝑝) does
not create a cycle. Equations (42) and (43) provide that an arc
will be inactive if there is no flow through it. Equations (44)
and (45) are added to the original model and establish that
the distribution centers (𝑗), having no product flow through
them, will be closed. Equations (46) and (47) replace (18) and
(19) in the original model and set the domain of the variables
in the model.

4. Computational Experiment

For the process of computational experiments, five sets
of instances of each size were used as shown in Table 1.
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Table 1: Instances sizes.

Instances sizes Integer variables in the
original model

Integer variables in the
approach without single

source

Integer variables in the
approach allowing direct
flow between (𝑖) and (𝑘)

Integer variables in the
approach allowing flow
between distribution

centers (𝑗)-(𝑝)
5 5 5 2 105 105 205 355
5 5 5 5 255 255 505 805
5 10 10 2 320 320 510 1310
5 10 15 2 410 410 710 1410
5 10 20 2 510 510 910 1510

The encoding of the instance sizes is as follows. The first
index indicates the number of plants (𝑖), the second index
indicates the number of distribution centers (𝑗), the third
index indicates the number of customers (𝑘), and finally the
fourth index indicates the number of arcs between nodes in
each echelon. In each size, 5 instances were tested.

4.1. Instance Design. The instances used in the experimental
process were initially proposed by [2, 3].These instances were
used to test the original model and the variation that allows
multiple sources of supply for customers.

For the variation that permits direct supply from the
plants (𝑖) to customers (𝑘), these instances were extended to
accommodate this approach. The times for the arcs of the
alternative (𝑖)-(𝑘) were generated at random on the basis of
a normal distribution, with values ranging from 5 to 50. The
aim of these values is that they are competitive with those of
the original instance so that the model can choose to select
sometimes the direct flowof (𝑖)-(𝑘) and in other cases to select
the flow (𝑖)-(𝑗)-(𝑘). We consider that time and cost for the
alternative (𝑖)-(𝑘) are negatively correlated. The unit cost of
transportation in the flow (𝑖)-(𝑘) is a floating point variable
calculated as follows:

Cost1 =
(7) ∗ (50)

Time
. (48)

This factor of “7” was determined after some experiments
with some instances in such a way that the different solutions
along the Pareto front included direct paths (𝑖)-(𝑘) and
indirect paths (𝑖)-(𝑗)-(𝑘). This was done to impede that the
model would prefer a certain type of path.

To test the model that allows the exchange of product
between distribution centers, we intended to use the original
data extended by adding new times and costs for the arcs that
allow the exchange between distribution centers (𝑗). With
these data the model did not select arcs (𝑗)-(𝑝), because in
fact the solutions had few open distribution centers (𝑗). To
promote the opening of more distribution centers the fixed
opening cost should be reduced in the new instances. With
this change, we expected that some arcs (𝑗)-(𝑝) could be
used in the solutions. Therefore, the extension to the original
instance is as follows: the fixed cost of distribution center
(𝑗) was generated as a random variable with integer values
between 10,000 and 15,000.

These values will force the model to have more open
distribution centers so that the product flow between them

is more likely. From this point, the instances were expanded,
creating additional time for flows (𝑗)-(𝑝) at random with a
range of 1 to 5.The costs of the new alternatives are generated
using the following relationship:

Cost2 = (
50

Time
) ∗ (

1

10

) . (49)

This factor of “1/10” was determined after some experiments
with some instances in such a way that the different solu-
tions along the Pareto front included (𝑖)-(𝑗)-(𝑘) paths and
(𝑖)-(𝑗)-(𝑝)-(𝑘) paths.This was done to impede that the model
would prefer a certain type of path.

To perform the computational experiment we used a
computer equipped with the following features: Workstation
with Intel (R) Xenon (R) CPU X5550 2.67GHz with 12 GB
of RAM and 64-bit operating system (Windows 7). The
implementation of the models was performed in GAMS 12
and solved with CPLEX 23.6.2.

4.2. Metrics. To make the comparison of the new Pareto
fronts with the original ones, the metric 𝑅pos(𝑃𝑖) proposed by
[4] was used. Additionally, we registered the average number
of Pareto-optimal solutions in each front. To calculate the
𝑅pos(𝑃𝑖), consider that𝑃1 and𝑃2 are the sets of Pareto-optimal
solutions obtained from each model and 𝑃 is the union of
the sets of Pareto-optimal solutions (i.e., 𝑃 = 𝑃1 ∪ 𝑃2) such
that it includes only nondominated solutions Y’s.The ratio of
Pareto-optimal solutions in 𝑃𝑖 that are not dominated by any
other solutions in P is calculated as follows:

𝑅pos (𝑃𝑖) =





𝑃𝑖 − {𝑋 ∈ 𝑃𝑖 | ∃𝑇 ∈ 𝑃 : 𝑌 ≺ 𝑋}






𝑃𝑖

, (50)

where 𝑌 ≺ 𝑋 means that the solution 𝑋 is dominated by
solution 𝑌. The higher the ratio 𝑅pos(𝑃𝑖) is, the better the
solution set 𝑃𝑖 is. Similarly, we used the metrics proposed
by [3] called 𝐷avg and 𝐷min. These were developed to
give practical meaning to the comparison of sets point by
point. The discretization of objective 𝑓2 and the number of
objectives allow proceeding as follows for a pair of sets 𝑆1 and
𝑆2.

Let 𝑓1 and 𝑓2 be the objective functions of the problem
and 𝑆1 and 𝑆2 the sets of nondominated solutions to be
compared. By discretization of function 𝑓2 we can construct
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Table 2: Results of the first variation.

Size With single source Without single source
𝐷min

Time with
single source (seconds)

Time without
single source (seconds)Instance |𝑆

𝑖
| 𝑅pos (𝑆𝑖) |𝑆

𝑖
| 𝑅pos (𝑆𝑖) 𝐷avg

5 5 5 2

1 23 0.71875 32 1 0.99924159 0.98804728 8.838 9.068
2 13 0.46428571 28 1 0.99736445 0.98254824 9.197 11.052
3 15 0.53571429 28 1 0.99803935 0.99272805 9.606 10.751
4 18 0.5625 32 1 0.99726561 0.97547912 14.514 15.811
5 24 0.96 25 1 0.99932249 0.98894956 9.006 9.565

5 5 5 5

1 34 0.89473684 38 1 0.99955038 0.99126315 40.998 59.376
2 8 0.2 40 1 0.99470283 0.97594721 55.89 68.319
3 25 0.64102564 39 1 0.99933261 0.98922985 68.772 87.766
4 30 0.76923077 39 1 0.99938233 0.99327893 55.651 93.328
5 37 0.94871795 39 1 0.99993551 0.99766135 41.012 52.617

5 10 10 2

1 0 0 37 1 0.96917717 0.92948071 356.355 2294. 165
2 0 0 39 1 0.98128174 0.96600743 193.005 371.465
3 0 0 37 1 0.98124332 0.96250708 417.547 2212.05
4 2 0.05 40 1 0.97790924 0.94280589 233.841 813.129
5 0 0 37 1 0.96969167 0.91712171 259.442 1674.431

5 10 15 2

1 0 0 36 1 0.97493663 0.93690112 8042.069 29027.322
2 0 0 36 1 0.98081129 0.95607975 11207.506 2668.63
3 0 0 35 1 0.98012085 0.96681874 16262.752 8218.611
4 0 0 37 1 0.98183982 0.96352299 23225.921 10991.189
5 0 0 39 1 0.98417036 0.96930275 8734.642 6810.192

5 10 20 2

1 0 0 35 1 0.98737854 0.97111859 149028.323 364.128
2 0 0 37 1 0.98613018 0.97454929 112315.372 24367.128
3 0 0 35 1 0.99016256 0.9824318 246814.212 38991.51
4 0 0 37 1 0.98522424 0.973581 240520 39919.572
5 0 0 37 1 0.98692727 0.97677506 78406 32163.298

a set 𝑇, such that its elements are those values of 𝑓2 that exist
in 𝑆1 and 𝑆2,

𝑇 = {𝑓2 (𝑠) ∨ 𝑓2 (𝑠

) , 𝑠 ∈ 𝑆1, 𝑠


∈ 𝑆2 | ∃𝑓1 (𝑠) ∧ ∃𝑓1 (𝑠


)

∧𝑓2 (𝑠) = 𝑓2 (𝑠

)} .

(51)

Then 𝐷avg computes an average rate deviation of the
objective function 𝑓1 for each value of 𝑓2, which is in the set
T,

𝐷avg =
∑
𝑡∈𝑇

((𝑓1 (𝑠) : 𝑓2 (𝑠) = 𝑡) / (𝑓1 (𝑠

) : 𝑓2 (𝑠


) = 𝑡))

|𝑇|

∀𝑠 ∈ 𝑆1, 𝑠

∈ 𝑆2,

𝐷min = min
𝑡∈𝑇

(𝑓1 (𝑠) : 𝑓2 (𝑠) = 𝑡)

(𝑓1 (𝑠

) : 𝑓2 (𝑠


) = 𝑡)

∀𝑠 ∈ 𝑆1, 𝑠

∈ 𝑆2.

(52)

Themetric𝐷avg indicates the quality of a set compared to
another. The following relationship can be established:

If 𝐷avg

{
{

{
{

{

< 1 𝑆1 is better than 𝑆2

> 1 𝑆1 is worse than 𝑆2

= 1 𝑆1 is similar to 𝑆2.
(53)

It is important to establish that an important parameter is
the computational time required to solve each model for an
instance.

4.3. Results. Table 2 shows the comparison results for the
solution of the original model and the first variation (without
single source constraint) of the CFCLP-TC problem. In this
evaluation five instances are presented with metrics 𝑅pos,
𝐷avg, and 𝐷min and the processing time in seconds of each
one.

Table 2 shows that in all cases D𝑎𝑣𝑔 is less than 1; this
indicates a superior quality of the Pareto fronts of the
variation compared to the original model. D𝑚𝑖𝑛 in all cases
indicates a small difference between both fronts, since the
values are close to 1. The values of 𝑅pos in the original model
are on average 64% for instance 5-5-5-2, 69% for instances
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Table 3: Results of the second variation.

Size Instance Original model Direct flow between (𝑖)
and (𝑘) 𝐷avg 𝐷min

Time with original
model (seconds)

Time direct flow between
(𝑖) and (𝑘) (seconds)

|𝑆
𝑖
| 𝑅pos (𝑆𝑖) |𝑆

𝑖
| 𝑅pos (𝑆𝑖)

5 5 5 2

1 27 0.87096774 31 1 0.9975774 0.95965946 8.838 9.263
2 15 0.42857143 35 1 0.98096094 0.91788812 9.197 10.276
3 18 0.54545455 33 1 0.96701778 0.85386306 9.606 10.456
4 1 0.03225806 31 1 0.95896192 0.91764374 14.514 12.989
5 23 0.79310345 29 1 0.99362365 0.96388563 9.006 9.018

5 5 5 5

1 38 0.92682927 41 1 1 1 40.977 72.21
2 33 0.76744186 43 1 0.99936964 0.99153492 55.504 99.961
3 16 0.38095238 42 1 0.98025659 0.93238372 68.331 106.332
4 35 0.81395349 43 1 0.99788515 0.97854988 55.618 105.304
5 34 0.79069767 43 1 0.99839478 0.96884197 40.962 69.114

5 10 10 2

1 18 0.46153846 39 1 0.98846976 0.94669285 351.812 528.167
2 32 0.7804878 41 1 0.99766759 0.97732813 192.369 293.994
3 27 0.675 40 1 0.99658614 0.96356955 416.336 540.134
4 31 0.775 40 1 0.99855269 0.98577745 233.123 393.202
5 19 0.52777778 36 1 0.98881179 0.89438732 259.084 341.4

5 10 15 2

1 2 0.555556 36 1 0.91196956 0.7597195 6803.334 444.791
2 11 0.28205128 36 1 0.98962601 0.94587785 9754.167 10448.886
3 11 0.275 39 1 0.97893561 0.86283473 9105.095 6400.084
4 14 0.35 40 1 0.97651925 0.87874916 12192.357 10856.243
5 18 0.15 40 1 0.98074666 0.91927882 7987.301 7619.696

5 10 20 2

1 3 0.07692308 39 1 0.94659341 0.80255363 149028.323 137238.826
2 9 0.24324324 37 1 0.95456087 0.83359301 112315.372 112106.767
3 10 0.26315789 38 1 0.96070312 0.83766502 246814.212 129141.434
4 8 0.20512821 39 1 0.96055131 0.83801063 240520.165 246519.6
5 9 0.23076923 39 1 0.96889729 0.56548166 78406.285 467645.918

5-5-5-5, and 0% for instances 5-10-10-2, 5-10-15-2, and 5-10-
20-2. This indicates that in all cases the variation that allows
the supply of product to customers without single source
constraint has always better Pareto fronts compared with
those obtained in the original model.

Theprocessing time for the variation increased on average
by 9% for instances 5-5-5-2, increased on average 627%
for instances 5-5-5-5, and increased by 76% on average for
instances 5-10-10-2 compared to the originalmodel. However
for instances 5-10-15-2 time decreased by 16%andby 500% for
instances 5-10-20-2.

In Table 3 the results of the comparison between the
original model and the variation that allows the direct flow
between the plants (𝑖) and customers (𝑘) are shown. It should
be noted that, in the majority of the cases, 𝐷avg is less than 1;
this indicates that the Pareto fronts of the variation are better
compared to the original model. 𝐷min in all cases indicates
the smallest difference comparing both fronts and provides a
measure of the difference of the fronts compared.

In relation to 𝑅pos it is observed that the variation of
the model presents values of 1 in all cases, compared with
the original model. And the values of 𝑅pos in the original

model are below the proposed variation on average 53%
for instance 5-5-5-2, 73% for instance 5-5-5-5, 64% for the
instances 5-10-10-2, 26% for instance 5-10-15-2, and 18% for
instance 5-10-20-2. This indicates that in all cases the direct
flow variation between (𝑖) and (𝑘) has always better Pareto
fronts as comparedwith those obtained in the originalmodel.

Concerning the processing time, comparing the original
model with the variation that allows the flow from (𝑖) to (𝑘),
we have the following: for instance 5-5-5-2 time is increased
on average by 1.6% and for instance 5-5-5-5 increased on
average by 6.2% over the original model, for instance 5-10-10-
2 a decrease is observed on average by 3.4%, and for instances
5-10-15-2 and 5-10-20-2 processing time decreased by 22%
and increased by 16%, respectively.

Table 4 shows the results of the variation that allows the
flow between distribution centers (𝑗)-(𝑝).𝐷avg is greater than
1 in all cases; this indicates a lower quality of the Pareto fronts
of this variation compared with the original model.

The 𝑅pos values in the original model are on average of 1
with respect to the variation; this indicates that the original
model presents always better Pareto fronts. With respect to
processing time, for instance 5-5-5-2 time is increased by
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Table 4: Results of the third variation.

Size Instance Original model Direct flow between (𝑗)
and (𝑝) 𝐷avg 𝐷min

Time with original
model (seconds)

Time flow between (𝑗)
and (𝑝) (seconds)

|𝑆
𝑖
| 𝑅pos (𝑆𝑖) |𝑆

𝑖
| 𝑅pos (𝑆𝑖)

5 5 5 2

1 33 1 11 0.33333333 1.0165715 1 11.631 326.195
2 31 1 1 0.03225806 1.01402981 1 20.896 292.527
3 31 1 0 0 1.04683427 1.02795867 8.728 245.921
4 32 1 0 0 1.06735052 1.006421 13.499 1215.217
5 30 1 0 0 1.08324319 1.03670392 9.841 898.683

5 5 5 5

1 38 1 0 0 1.02172283 1.00771899 187.27 52861.828
2 39 1 0 0 1.01398614 1.00201322 112.811 382637.904
3 39 1 6 0.15384615 1.00778561 1 3944.193 122663.847
4 40 1 0 0 1.01458474 1.00033388 218.698 43666.763
5 40 1 2 0.05 1.01185138 1 2234.115 131359.178

average of 460%. For instance 5-5-5-5 time is increased on
average by 560% over the original model.

For the analysis of this variation only the first two
groups of instances were solved, because the processing time
required for evaluating the variation was very long. Solving
some instances of the group 5-5-5-5 required up to 34 hours
to get results, however for instances 5-10-10-2 after 143 hours
of processing the solver did not yield a result, so we decided
not testing for the rest of the instances.

5. Conclusions

Reference [1] defines the management of the supply chain
as the process of planning, implementation, and operational
control of the supply chain in an efficient manner.This aspect
is defined in the context of tactical decisions that allow for
more efficiency in the full cycle of manufacture. The work
developed in this research explores an area that has not been
sufficiently analyzed and incorporated into mathematical
models of supply chain design with selection of distribution
channels according to [40, 41].

The CFCLP-TC proposed by [2, 3] incorporates in a novel
way the selection of transportation alternatives in the context
of a (two-echelon) problem considering plants, distribution
centers, and customers. However, the changes proposed in
this paper can bring theoretical models to real applications,
as they consider situations that could occur in real context.

The first variation that allows the flow to customers from
multiple sources (DC) states that the proposed approach
generally results in better cost compared with the original
proposal where customers are limited to obtaining the prod-
uct from a single source (DC). This enables better Pareto
fronts in the proposed alternative. Although the results
obtained suggest that it is cheaper to allow customers to be
supplied bymore than a distribution center, this increases the
complexity of cross-docking, and in accordance with [40] the
increase of the level of complexity of the supply chain will
negatively affect the performance of a manufacturing plant.
However, a greater variety of products may create economies
of a scale enough to reduce this effect.

The second variation allows in some cases the product
flows from plants directly to customers without necessar-
ily passing through the distribution centers. This variation
generally obtained better costs compared to the original
proposal. The proposal can be justified when customers
are geographically closer to the plants than the distribution
centers.

When planning the configuration of the supply chain,
it is not possible to accurately predict in the future where
they will reside geographically, and it is clear that it is
more costly to relocate distribution centers based on the
geographical configuration of new customers. Therefore, an
alternative that would optimize the cost and time of the
supply chain is based on the ability to send directly from
plants to customers. The results obtained allowed us to
determine the best Pareto fronts with this approach; however,
a problem is the time required to solve the instances, since
the increase of time is significant as we try to solve the
larger instances that resembled real problems. The proposal
explores a configuration of the new supply chain that has not
been considered in the literature.

The third variation allowing in some cases the exchange
of product between distribution centers generally gets worse
costs compared with the original model. This proposal is
considered in the overall context of managing the supply
chain, where a distribution center can supply to another
distribution center if the times to get the product to the
customer and the costs associated with this alternative are
lower. An example is the exchange of product between
car dealers to reduce lead times, since placing an order to
assembly plant takes time and cost, and these impact the
service level.

The results determined that this approach provides Pareto
fronts worse than the original model and therefore they have
higher costs. For this approach, processing times are greatly
increased as the size of the instances grows; this situation is
not rare in practice. But one aspect that the model does not
consider is the level of customer service, since for the example
above it is difficult to predict with accuracy the products
requested by the customers, andwhen this happens, youmust
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deliver the product the customer demands in the shortest
possible time and cost.

The proposed approaches are novel and allow mathemat-
ical modeling to configure supply chains to situations that
occur most commonly in practice and allow closing the gap
between theory and practice, contributing to the state of the
art in this context.

It is clear that the new approaches produced an increase
in the required processing time.The findings and conclusions
presented are based only on instances that were tested,
which in a context of real implementation are of small
size. It is possible that the results of the Pareto front for
larger instances may be different; therefore, it is important
to determine these fronts, and however the impossibility
of doing so with exact methods requires us to try to get
them with heuristics and metaheuristics. In the revised
literature the Lagrangian relaxation method is widely used
to solve similar problems [42], and this may be applied to
the problem addressed in this work. Another approach is
the use of genetic algorithms proposed by [43] for a similar
problem found in the literature. Evolutionary algorithms like
Nondominated Sorting Genetic Algorithm (NSGA-II) and
Strength Pareto EvolutionaryAlgorithm (SPEA-II) arewidely
used in multiobjective problems as in [17, 44, 45].
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