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Probability and statistics play a vital role in every field of
human activity. In particular, they are quantitative tools
widely used in the areas of economics and finance. Knowl-
edge of modern probability and statistics is essential for
the development of economic and finance theories and for
the testing of their validity through robust analysis of real-
world data. For example, probability and statistics could
help to shape effective monetary and fiscal policies and to
develop pricing models for financial assets such as equities,
bonds, currencies, and derivative securities. The importance
of developing robust methods for such empirical analysis has
become particularly important following the recent global
financial crisis in 2008, which has placed economic and
finance theories under the spotlight.

In this connection, this special issue has been co-edited
by the following guest editors Sarah Brown (University of
Sheffield), Terence Chong (The Chinese University of Hong
Kong), Pulak Ghosh (Indian Institute of Management), Tai
Zhong Hu (University of Science and Technology of China),
Lu Lin (Shandong University), Wing-Keung Wong (Hong
Kong Baptist University), and Zhijie Xiao (Boston College)
brings together high quality papers that are relevant for
academics and practitioners alike from a range of disciplines
including economics, finance, and statistics.This special issue
is devoted to advancements in the applications of probability
and statistics in the areas of economics and finance bringing
together practical, state-of-the-art applications of probability,
and statistical techniques in economics and finance.We hope
that the papers published in this special edition will stimulate
further research in this area.

The papers published in the special issue collectively
make important contributions to a wide range of areas
including contributions which enhance our understanding
of financial and commodity markets as well as contributions
to statistical theory, which may open up important avenues
for applied analysis in the future. To be specific, with
respect to finance applications, G. Hinterleitner et al. (2015)
explore market structure at the opening of the trading day
and its influence on subsequent trading. Their experimental
framework compares a single continuous double auction and
two complement markets with different call auction designs
as opening mechanisms. Their findings indicate that a call
auction not only improves market efficiency and liquidity
at the beginning of the trading day when compared to
the stand-alone continuous double auction, but also causes
positive spillover effects on subsequent trading. On the other
hand, G. M. Goerg (2014) presents a parametric, bijective
transformation to generate heavy tail versions of arbitrary
random variables. The Lambert W function is used to model
and remove heavy tails from continuous random variables
using a data-transformation approach. Motivated by the
observation that financial data is frequently characterised by
negative skewness and excess kurtosis, the simulations and
applications to S&P 500 log-returns in this paper importantly
demonstrate the usefulness of the introduced methodology.
Given that natural gas has become an extremely important
commodity for the global economy, a commodity which is
characterised by an increasingly risky and volatile market, J.
Tang et al. (2015) focus on estimating the risk of natural gas
portfolios using a GARCH-EVT-copula model. The findings

Hindawi Publishing Corporation
e Scientific World Journal
Volume 2015, Article ID 618785, 2 pages
http://dx.doi.org/10.1155/2015/618785

http://dx.doi.org/10.1155/2015/618785


2 The Scientific World Journal

indicate the importance of conducting further research on
dependence structure in themarket for this critical commod-
ity.

With respect to purely theoretical contributions, C.-W.
Lin et al. (2014) demonstrate that, under suitable conditions,
an almost sure central limit theorem for self-normalized
products of sums of partial sums holds under a fairly general
growth condition on the weight sequence, an important
statistical result. Finally, C. Yin et al. (2014) focus on one of
the key topics of actuarial science and finance, namely, the
optimal dividend problem. Specifically, they explore the opti-
mal dividends problem for a company whose cash reserves
follow a general Lévy process with certain positive jumps
and arbitrary negative jumps. In this interesting contribution,
they present conditions under which the optimal dividend
strategy, among all admissible ones, takes the formof a barrier
strategy.

Sarah Brown
Wing Keung Wong
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I present a parametric, bijective transformation to generate heavy tail versions of arbitrary randomvariables.The tail behavior of this
heavy tail Lambert W × 𝐹

𝑋
random variable depends on a tail parameter 𝛿 ≥ 0: for 𝛿 = 0, 𝑌 ≡ 𝑋, for 𝛿 > 0𝑌 has heavier tails than

𝑋. For𝑋 being Gaussian it reduces to Tukey’s ℎ distribution.The Lambert W function provides an explicit inverse transformation,
which can thus remove heavy tails from observed data. It also provides closed-form expressions for the cumulative distribution
(cdf) and probability density function (pdf). As a special case, these yield analytic expression for Tukey’s ℎ pdf and cdf. Parameters
can be estimated by maximum likelihood and applications to S&P 500 log-returns demonstrate the usefulness of the presented
methodology. The R package LambertW implements most of the introduced methodology and is publicly available on CRAN.

1. Introduction

Statistical theory and practice are both tightly linked to
Normality. In theory, many methods require Gaussian data
or noise: (i) regression often assumes Gaussian errors; (ii)
many time series models are based on Gaussian white noise
[1–3]. In such cases, a model MN, parameter estimates and
their standard errors, and other properties are then studied,
all based on the ideal(istic) assumption of Normality.

In practice, however, data/noise often exhibits asymmetry
and heavy tails, for example, wind speed data [4], human
dynamics [5], or Internet traffic data [6]. Particularly notable
examples are financial data [7, 8] and speech signals [9],
which almost exclusively exhibit heavy tails. Thus a model
MN developed for the Gaussian case does not necessarily
provide accurate inference anymore.

One way to overcome this shortcoming is to replaceMN

with a new model M
𝐺
, where 𝐺 is a heavy tail distribution:

(i) regression with Cauchy errors [10]; (ii) forecasting long
memory processes with heavy tail innovations [11, 12], or
ARMA modeling of electricity loads with hyperbolic noise
[13]. See also Adler et al. [14] for a wide range of statistical
applications and methodology for heavy-tailed data.

While such fundamental approaches are attractive from a
theoretical perspective, they can become unsatisfactory from
a practical point of view. Many successful statistical models
and techniques assume Normality, their theory is very well
understood, and many algorithms are implemented for the
simple and often much faster Gaussian case.Thus developing
models based on an entirely unrelated distribution 𝐺 is like
throwing out the (Gaussian) baby with the bathwater.

It would be very useful to transform a Gaussian random
variable 𝑋 to a heavy-tailed random variable 𝑌 and vice
versa and thus rely on knowledge and algorithms for the
well-understood Gaussian case, while still capturing heavy
tails in the data. Optimally such a transformation should
(a) be bijective, (b) include Normality as a special case for
hypothesis testing, and (c) be parametric so the optimal
transformation can be estimated efficiently.

Figure 1 illustrates this pragmatic approach: researchers
can make their observations y as Gaussian as possible (x

𝜏
)

before making inference based on their favorite Gaussian
model MN. This avoids the development of, or the data
analysts waiting for, a whole new theory of M

𝐺
and new

implementations based on a particular heavy-tailed distri-
bution 𝐺, while still improving statistical inference from
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Figure 1: Schematic view of the heavy tail LambertW × 𝐹
𝑋
framework. Latent input𝑋 ∼ 𝐹

𝑋
:𝐻

𝜏
(𝑋) from (6) transforms (solid arrows)𝑋 to

𝑌 ∼ Lambert W × 𝐹
𝑋
and generates heavy tails (right) Observed heavy-tailed 𝑌 and y: (1) use𝑊

𝜏
(⋅) to back-transform y to latent “Normal”

x
𝜏
, (2) use modelMN of your choice (regression, time series models, hypothesis testing, etc.) for inference on x

𝜏
, and (3) convert results back

to the original “heavy-tailed world” of y (right).

heavy-tailed data y. For example, consider y = (𝑦
1
, . . . , 𝑦

500
)

from a standard Cauchy distribution C(0, 1) in Figure 2(a):
modeling heavy tails by a transformation makes it even
possible to Gaussianize this Cauchy sample (Figure 2(c)).
This “nice” data x

𝜏
can then be subsequently analyzed with

common techniques. For example, the location can now be
estimated using the sample average (Figure 2(d)). For details
see Section 6.1.

Liu et al. [15] use a semiparametric approach, where𝑌 has
a nonparanormal distribution if 𝑓(𝑌) ∼ N(𝜇, 𝜎2) and 𝑓(⋅)
is an increasing smooth function; they estimate 𝑓(⋅) using
nonparametric methods. This leads to a greater flexibility in
the distribution of 𝑌, but it suffers from two drawbacks: (i)
nonparametric methods have slower convergence rates and
thus need large samples, and (ii) for identifiability of 𝑓(⋅),
E𝑓(𝑌) ≡ E𝑌 and Var(𝑓(𝑌)) ≡ Var(𝑌) must hold. While
(i) is inherent to nonparametric methods, point (ii) requires
𝑌 to have finite mean and variance, which is often not met
for heavy-tailed data. Thus here we use parametric trans-
formations which do not rely on restrictive identifiability
conditions and also work well for small sample sizes.

The main contributions of this work are threefold: (a) a
metafamily of heavy tail Lambert W × 𝐹

𝑋
distributions (see

also [16]) with Tukey’s ℎ distribution [17] as a special case, (b)
a bijective transformation to “Gaussianize” heavy-tailed data
(Section 2), and (c) simple expressions for the cumulative
distribution function (cdf) 𝐺

𝑌
(𝑦) and probability density

function (pdf) 𝑔
𝑌
(𝑦) (Section 2.4). In particular, analytic

expressions for the pdf and cdf for Tukey’s ℎ (Section 3) are
presented here, to the best of the author’s knowledge, for the
first time in the literature.

Section 4 introduces amethod ofmoments estimator and
studies the maximum likelihood estimator (MLE). Section 5
shows their finite sample properties. As has been shown
in many case studies, Tukey’s ℎ distribution (heavy tail
Lambert W × Gaussian) is useful to model data with uni-
modal, heavy-tailed densities. Applications to S&P 500 log-
returns confirm the usefulness of the Lambert W framework
(Section 6). Finally, we discuss the new methodology and
future work in Section 7. Detailed derivations and proofs
are given in the Supplementary Material available online at
http://dx.doi.org/10.1155/2015/909231.

Computations, figures, and simulations were done in
R [18]. The R package LambertW implements most of the
presented methodology and is publicly available on CRAN.

1.1. Multivariate Extensions. While this work focuses on
the univariate case, multivariate extensions of the presented
methods can be defined component-wise, analogously to the
multivariate version of Tukey’s ℎ distribution [19]. While
this may not make the transformed random variables jointly
Gaussian, it still provides a good starting point for more well-
behaved multivariate estimation.
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Figure 2: Gaussianizing a standard Cauchy sample. For (d) 𝜏(𝑛) was estimated for each fixed 𝑛 = 5, . . . , 500, before Gaussianizing (𝑦
1
, . . . , 𝑦

𝑛
).

1.2. Box-Cox Transformation. A popular method to deal with
skewed, high variance data is the Box-Cox transformation

x
𝜆
=

{

{

{

y𝜆 − 1
𝜆

, if 𝜆 > 0,
log y, if 𝜆 = 0.

(1)

A major limitation of (1) is the nonnegativity constraint on
y, which prohibits its use in many applications. To avoid
this limitation it is common to shift the data, ỹ = y +
|min(y)| ≥ 0, which restricts 𝑌 to a half-open interval.
If, however, the underlying process can occur on the entire
real line, such a shift undermines statistical inference for yet
unobserved data (see [20]). Even if out-of-sample prediction
is not important for the practitioner, Figure 2(b) shows that
the Box-Cox transformation in fact fails to remove heavy tails
from the Cauchy sample. (We use ỹ = y + |min(y)| + 1 and
use boxcox from the MASS R package; ̂𝜆 = 0.37.)

Moreover, the main purpose of the Box-Cox transfor-
mation is to stabilize variance [21–23] and remove right tail
skewness [24]; a lower empirical kurtosis is merely a by-
result of the variance stabilization. In contrast, the Lambert

W framework is designed primarily to model heavy-tailed
random variables and remove heavy tails from data and has
no difficulties with negative values.

2. Generating Heavy Tails Using
Transformations

Random variables exhibit heavy tails if more mass than for a
Gaussian random variable lies at the outer end of the density
support. A random variable 𝑍 has a tail index 𝑎 if its cdf
satisfies 1 − 𝐹

𝑍
(𝑧) ∼ 𝐿(𝑧)𝑧

−𝑎, where 𝐿(𝑧) is a slowly varying
function at infinity, that is, lim

𝑧→∞
𝐿(𝑡𝑧)/𝐿(𝑧) = 1 for all

𝑡 > 0 [25]. (There are various similar definitions of heavy, fat,
or long tails; for this work these differences are not essential.)
The heavy tail index 𝑎 is an important characteristic of 𝑍; for
example, only moments up to order 𝑎 can exist.

2.1. Tukey’s ℎ Distribution. A parametric transformation is
the basis of Tukey’s ℎ random variables [17]

𝑍 = 𝑈 exp(ℎ
2

𝑈
2
) , ℎ ≥ 0, (2)
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ℓ
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𝑟
= 1/10: identity on the left (same tail behavior) and a heavy-tailed

transformation in the right tail of input 𝑈.

where 𝑈 is standard Normal random variable and ℎ is
the heavy tail parameter. The random variable 𝑍 has tail
parameter 𝑎 = 1/ℎ [17] and reduces to the Gaussian for ℎ = 0.
Morgenthaler and Tukey [26] extend the ℎ distribution to the
skewed, heavy-tailed family of ℎℎ random variables

𝑍 =

{
{
{

{
{
{

{

𝑈 exp(
𝛿
ℓ

2

𝑈
2
) , if 𝑈 ≤ 0,

𝑈 exp(
𝛿
𝑟

2

𝑈
2
) , if 𝑈 > 0,

(3)

where again 𝑈 ∼ N(0, 1). Here 𝛿
ℓ
≥ 0 and 𝛿

𝑟
≥ 0 shape the

left and right tail of 𝑍, respectively; thus transformation (3)
can model skewed and heavy-tailed data; see Figure 3(a). For
the sake of brevity let𝐻

𝛿
(𝑢) := 𝑢 exp((𝛿/2)𝑢2).

However, despite their great flexibility, Tukey’s ℎ and
ℎℎ distributions are not very popular in statistical practice,
because expressions for the cdf or pdf have not been available
in closed form. Although Morgenthaler and Tukey [26]
express the pdf of (2) as (ℎ ≡ 𝛿)

𝑔
𝑍 (
𝑧) =

𝑓
𝑈
(𝐻

−1

𝛿
(𝑧))

𝐻


𝛿
(𝐻

−1

𝛿
(𝑧))

, (4)

they fall short of making𝐻−1

𝛿
(𝑧) explicit. So far the inverse of

(2) or (3) has been considered analytically intractable [4, 27].
Thus parameter inference relied on matching empirical and
theoretical quantiles [4, 17, 26], or by themethod ofmoments
[28]. Only recently Headrick et al. [28] provided numerical
approximations to the inverse. However, numerical approx-
imations can be slow and prohibit analytical derivations.
Thus a closed form, analytically tractable pdf, which can
be computed efficiently, is essential for a widespread use of
Tukey’s ℎ (and variants).

In this work I present this long sought closed-form
inverse, which has a large body of literature in mathematics
and is readily available in standard statistics software. For
ease of notation and concision main results are shown for
𝛿
ℓ
= 𝛿

𝑟
= 𝛿; analogous results for 𝛿

ℓ
̸= 𝛿

𝑟
will be stated

without details.

2.2. Heavy Tail Lambert W Random Variables. Tukey’s ℎ
transformation (2) is strongly related to the approach taken
by Goerg [16] to introduce skewness in continuous random
variables 𝑋 ∼ 𝐹

𝑋
(𝑥). In particular, if 𝑍 ∼ Tukey’s ℎ, then

𝑍
2
∼ skewed Lambert W × 𝜒

2

1
with skew parameter 𝛾 = ℎ.

Adapting the skew Lambert W × 𝐹
𝑋
input/output idea

(see Figure 1), Tukey’s ℎ random variables can be generalized
to heavy-tailed Lambert W × 𝐹

𝑋
random variables. (Most

concepts and methods from the skew Lambert W × 𝐹
𝑋
case

transfer one-to-one to the heavy tail Lambert W random
variables presented here.Thus for the sake of concision I refer
to Goerg [16] for details of the Lambert W framework.)

Definition 1. Let𝑈 be a continuous random variable with cdf
𝐹
𝑈
(𝑢 | 𝛽), pdf 𝑓

𝑈
(𝑢 | 𝛽), and parameter vector 𝛽. Then,

𝑍 = 𝑈 exp(𝛿
2

𝑈
2
) , 𝛿 ∈ R, (5)

is a noncentral, nonscaled heavy tail LambertW × 𝐹
𝑈
random

variable with parameter vector 𝜃 = (𝛽, 𝛿), where 𝛿 is the tail
parameter.

Tukey’s ℎ distribution results for 𝑈 being a standard
GaussianN(0, 1).

Definition 2. For a continuous location-scale family random
variable 𝑋 ∼ 𝐹

𝑋
(𝑥 | 𝛽) define a location-scale heavy-tailed

LambertW × 𝐹
𝑋
random variable

𝑌 = {𝑈 exp(𝛿
2

𝑈
2
)}𝜎

𝑋
+ 𝜇

𝑋
, 𝛿 ∈ R, (6)

with parameter vector 𝜃 = (𝛽, 𝛿), where𝑈 = (𝑋−𝜇
𝑋
)/𝜎

𝑋
and

𝜇
𝑋
and𝜎

𝑋
aremean and standard deviation of𝑋, respectively.

The input is not necessarily Gaussian (Tukey’s ℎ) but can
be any other location-scale continuous random variable, for
example, from a uniform distribution, 𝑋 ∼ 𝑈(𝑎, 𝑏) (see
Figure 4).
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Figure 4: Pdf (left) and cdf (right) of a heavy tail (a) “noncentral, nonscaled,” (b) “scale,” and (c and d) “location-scale” Lambert W × 𝐹
𝑋

random variable 𝑌 for various degrees of heavy tails (color, dashed lines).

Definition 3. Let 𝑋 ∼ 𝐹
𝑋
(𝑥/𝑠 | 𝛽) be a continuous scale-

family random variable, with scale parameter 𝑠 and standard
deviation 𝜎

𝑋
; let 𝑈 = 𝑋/𝜎

𝑋
. Then,

𝑌 = 𝑋 exp(𝛿
2

𝑈
2
) , 𝛿 ∈ R, (7)

is a scaled heavy-tailed Lambert W × 𝐹
𝑋
random variable

with parameter 𝜃 = (𝛽, 𝛿).

Let 𝜏 := (𝜇
𝑋
(𝛽), 𝜎

𝑋
(𝛽), 𝛿) define transformation (6). (For

noncentral, nonscale input set 𝜏 = (0, 1, 𝛿); for scale-family
input 𝜏 = (0, 𝜎

𝑋
, 𝛿).) The shape parameter 𝛿(= Tukey’s ℎ)

governs the tail behavior of 𝑌: for 𝛿 > 0 values further away
from 𝜇

𝑋
are increasingly emphasized, leading to a heavy-

tailed version of𝑋; for 𝛿 = 0, 𝑌 ≡ 𝑋, and for 𝛿 < 0 values far
away from the mean are mapped back again closer to 𝜇

𝑋
. For

𝛿 ≥ 0 and 𝑋 ∈ (−∞,∞), also 𝑌 ∈ (−∞,∞). For 𝛿 ≥ 0 and
𝑋 ∈ [0,∞), also 𝑌 ∈ [0,∞).

Remark 4 (only nonnegative 𝛿). Although 𝛿 < 0 gives
interesting properties for 𝑌, it defines a nonbijective trans-
formation and leads to parameter-dependent support and
nonunique input.Thus for the remainder of this work assume
𝛿 ≥ 0, unless stated otherwise.

2.3. Inverse Transformation: “Gaussianize” Heavy-Tailed Data.
Transformation (6) is bijective and its inverse can be
obtained via the Lambert W function, which is the inverse
of 𝑧 = 𝑢 exp(𝑢), that is, that function which satisfies
𝑊(𝑧) exp(𝑊(𝑧)) = 𝑧. It has been studied extensively in
mathematics, physics, and other areas of science [29–31] and
is implemented in the GNU Scientific Library (GSL) [32].
Only recently the Lambert W function received attention
in the statistics literature [16, 33–35]. It has many useful
properties (see Appendix A in the supplementary material

and Corless et al. [29]), in particular, 𝑊(𝑧) is bijective for
𝑧 ≥ 0.

Lemma 5. The inverse transformation of (6) is

𝑊
𝜏 (
𝑌) := 𝑊𝛿

(

𝑌 − 𝜇
𝑋

𝜎
𝑋

)𝜎
𝑋
+ 𝜇

𝑋
= 𝑈𝜎

𝑋
+ 𝜇

𝑋
= 𝑋, (8)

where

𝑊
𝛿 (
𝑧) := sgn (𝑧)(

𝑊(𝛿𝑧
2
)

𝛿

)

1/2

, (9)

and sgn(𝑧) is the sign of 𝑧.𝑊
𝛿
(𝑧) is bijective for all 𝛿 ≥ 0 and

all 𝑧 ∈ R.

Lemma 5 gives for the first time an analytic, bijective
inverse of Tukey’s ℎ transformation:𝐻−1

𝛿
(𝑦) of Morgenthaler

and Tukey [26] is now analytically available as (8). Bijectivity
implies that for any data y and parameter 𝜏, the exact input
x
𝜏
= 𝑊

𝜏
(y) ∼ 𝐹

𝑋
(𝑥) can be obtained.

In view of the importance and popularity of Normality,
we clearly want to back-transform heavy-tailed data to
data from a Gaussian rather than yet another heavy-tailed
distribution. Tail behavior of random variables is typically
compared by their kurtosis 𝛾

2
(𝑋) = E(𝑋 − 𝜇

𝑋
)
4
/𝜎

4

𝑋
, which

equals 3 if 𝑋 is Gaussian. Hence for the future when we
“normalize y” we cannot only center and scale but also
transform it to x

𝜏
with 𝛾

2
(x
𝜏
) = 3 (see Figure 2(c)). While

𝛾
2
(𝑋) = 3 does not guarantee that 𝑋 is Gaussian, it is a good

baseline for a Gaussian sample. Furthermore, it puts different
data not only on the same scale, but also on the same tail.

This data-driven view of the Lambert W framework can
also be useful for kernel density estimation (KDE), where
multivariate data is often prescaled to unit variance, so the
same bandwidth can be used in each dimension [36, 37].Thus
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“normalizing” the Lambert Way can also improve KDE for
heavy-tailed data (see also [38, 39]).

Remark 6 (generalized transformation). Transformation (2)
can be generalized to

𝑍 = 𝑈 exp(𝛿
2

(𝑈
2
)

𝛼

) , 𝛼 > 0. (10)

The inner term 𝑈
2 guarantees bijectivity for all 𝛼 > 0. The

inverse is

𝑊
𝛿,𝛼 (

𝑧) := sgn (𝑧)(
𝑊(𝛼𝛿 (𝑧

2
)

𝛼

)

𝛼𝛿

)

1/2𝛼

. (11)

For comparison with Tukey’s ℎ I consider 𝛼 = 1 only.
For 𝛼 = 1/2 transformation (10) is closely related to skewed
Lambert W × 𝐹

𝑋
distributions.

2.4. Distribution and Density. For ease of notation let

𝑧 =

𝑦 − 𝜇
𝑋

𝜎
𝑋

, 𝑢 = 𝑊
𝛿 (
𝑧) , 𝑥 = 𝑊

𝜏
(𝑦) = 𝑢𝜎

𝑋
+ 𝜇

𝑋
. (12)

Theorem 7. The cdf and pdf of a location-scale heavy tail
Lambert W × 𝐹

𝑋
random variable 𝑌 equal

𝐺
𝑌
(𝑦 | 𝛽, 𝛿) = 𝐹

𝑋
(𝑊

𝛿
(

𝑦 − 𝜇
𝑥

𝜎
𝑥

)𝜎
𝑋
+ 𝜇

𝑋
| 𝛽) , (13)

𝑔
𝑌
(𝑦 | 𝛽, 𝛿)

= 𝑓
𝑋
(𝑊

𝛿
(

𝑦 − 𝜇
𝑋

𝜎
𝑋

)𝜎
𝑋
+ 𝜇

𝑋
| 𝛽)

⋅

𝑊
𝛿
((𝑦 − 𝜇

𝑋
) /𝜎

𝑋
)

((𝑦 − 𝜇
𝑋
) /𝜎

𝑋
) [1 +𝑊(𝛿 ((𝑦 − 𝜇

𝑋
) /𝜎

𝑋
)
2
)]

.

(14)

Clearly, 𝐺
𝑌
(𝑦 | 𝛽, 𝛿 = 0) = 𝐹

𝑋
(𝑦 | 𝛽) and 𝑔

𝑌
(𝑦 | 𝛽, 𝛿 =

0) = 𝑓
𝑋
(𝑦 | 𝛽), since lim

𝛿→0
𝑊
𝛿
(𝑧) = 𝑧 and lim

𝛿→0
𝑊(𝛿𝑧

2
) =

0 for all 𝑧 ∈ R.
For scale family or noncentral, nonscale input set 𝜇

𝑋
= 0

or 𝜇
𝑋
= 0, 𝜎

𝑋
= 1.

The explicit formula (14) allows a fast computation and
theoretical analysis of the likelihood, which is essential for
statistical inference. Detailed properties of (14) are given in
Section 4.1.

Figure 4 shows (13) and (14) for various 𝛿 ≥ 0 with four
different input distributions: for 𝛿 = ℎ = 0 the input equals
the output (solid black); for larger 𝛿 the tails of 𝐺

𝑌
(𝑦 | 𝜃) and

𝑔
𝑌
(𝑦 | 𝜃) get heavier (dashed colored).

2.5. Quantile Function. Quantile fitting has been the standard
technique to estimate 𝜇

𝑋
,𝜎

𝑋
, and 𝛿 of Tukey’s ℎ. In particular,

the medians of 𝑌 and 𝑋 are equal. Thus for symmetric,
location-scale family input the sample median of y is a robust

estimate of 𝜇
𝑋
for any 𝛿 ≥ 0 (see also Section 5). General

quantiles can be computed via [17]

𝑦
𝛼
= 𝑢

𝛼
exp(𝛿

2

𝑢
2

𝛼
)𝜎

𝑋
+ 𝜇

𝑋
, (15)

where 𝑢
𝛼
= 𝑊

𝛿
(𝑧
𝛼
) are the 𝛼-quantiles of 𝐹

𝑈
(𝑢).

3. Tukey’s ℎ Distribution: Gaussian Input

For Gaussian input Lambert W × 𝐹
𝑋
equals Tukey’s ℎ, which

has been studied extensively. Dutta and Babbel [40] show that

E𝑍
𝑛
=

{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{

{

0, if 𝑛 is odd, 𝑛 < 1
𝛿

,

𝑛! (1 − 𝑛𝛿)
−(𝑛+1)/2

2
𝑛/2
(𝑛/2)!

, if 𝑛 is even, 𝑛 < 1
𝛿

,

∄, if 𝑛 is odd, 𝑛 > 1
𝛿

,

∞, if 𝑛 is even, 𝑛 > 1
𝛿

,

(16)

which, in particular, implies that [28]

E𝑍 = E𝑍
3
= 0, if 𝛿 < 1 and 1

3

, respectively, (17)

E𝑍
2
=

1

(1 − 2𝛿)
3/2
, if 𝛿 < 1

2

,

E𝑍
4
= 3

1

(1 − 4𝛿)
5/2
, if 𝛿 < 1

4

.

(18)

Thus the kurtosis of 𝑌 equals (see Figure 5)

𝛾
2 (
𝛿) = 3

(1 − 2𝛿)
3

(1 − 4𝛿)
5/2

for 𝛿 < 1/4. (19)

For 𝛿 = 0, (18) and (19) reduce to the familiarGaussian values.
Expanding (19) around 𝛿 = 0 yields

𝛾
2 (
𝛿) = 3 + 12𝛿 + 66𝛿

2
+ O (𝛿

3
) . (20)

Dropping O(𝛿3) and solving (20) gives a rule of thumb
estimate

̂
𝛿Taylor =

1

66

[√66 𝛾
2
(y) − 162 − 6]

+

, (21)

where 𝛾
2
(y) is the sample kurtosis and [𝑎]

+
= max(𝑎, 0); that

is, ̂𝛿Taylor > 0 if 𝛾2(y) > 3; otherwise, set ̂𝛿Taylor = 0.

Corollary 8. The cdf of Tukey’s ℎ equals

𝐺
𝑌
(𝑦 | 𝜇

𝑋
, 𝜎
𝑋
, 𝛿) = Φ(

𝑊
𝜏
(𝑦) − 𝜇

𝑋

𝜎
𝑋

) , (22)

whereΦ(𝑢) is the cdf of a standard Normal.The pdf equals (for
𝛿 > 0)

𝑔
𝑌
(𝑦 | 𝜇

𝑋
, 𝜎
𝑋
, 𝛿) =

1

√2𝜋

exp(−1 + 𝛿
2

𝑊
𝛿
(

𝑦 − 𝜇
𝑋

𝜎
𝑋

)

2

)

⋅

1

1 +𝑊(𝛿 ((𝑦 − 𝜇
𝑋
) /𝜎

𝑋
)
2
)

.

(23)
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Figure 5: Comparing moments of Lambert W × Gaussian and Student’s 𝑡.

Proof. Take𝑋 ∼N(𝜇
𝑋
, 𝜎

2

𝑋
) in Theorem 7.

Section 4.1 studies functional properties of (23) in more
detail.

3.1. Tukey’s ℎ versus Student’s 𝑡. Student’s 𝑡]-distribution with
] degrees of freedom is often used to model heavy-tailed data
[41, 42], as its tail index equals ]. Thus the 𝑛th moment of a
Student’s 𝑡 random variable 𝑇 exists if 𝑛 < ]. In particular,

E𝑇 = E𝑇
3
= 0 if ] > 1 or > 3,

E𝑇
2
=

]
] − 2

=

1

1 − (2/])
if ] > 2,

(24)

and kurtosis

𝛾
2 (
]) = 3

] − 2
] − 4

= 3

1 − 2 (1/])
1 − 4 (1/])

if ] > 4. (25)

Comparing (24) and (25) with (18) and (19) shows a
natural association between 1/] and 𝛿 and a close similarity
between the first four moments of Student’s 𝑡 and Tukey’s
ℎ (Figure 5). By continuity and monotonicity, the first four
moments of a location-scale 𝑡-distribution can always be
exactly matched by a corresponding location-scale Lambert
W × Gaussian. Thus if Student’s 𝑡 is used to model heavy
tails and not as the true distribution of a test statistic
it might be worthwhile to also fit heavy tail Lambert W
× Gaussian distributions for an equally valuable “second
opinion.” For example, a parallel analysis on S&P 500 log-
returns in Section 6.2 leads to divergent inference regarding
the existence of fourth moments.

4. Parameter Estimation

Due to the lack of a closed form pdf of 𝑌, 𝜃 = (𝛽, 𝛿) has
typically been estimated by matching quantiles or a method
of moments estimator [4, 26, 28]. These methods can now

be replaced by the, fast and usually efficient, maximum
likelihood estimator (MLE). Rayner and MacGillivray [43]
introduce a numerical MLE procedure based on quantile
functions, but they conclude that “sample sizes significantly
larger than 100 should be used to obtain reliable estimates.”
Simulations in Section 5 show that the MLE using the closed
form Lambert W × 𝐹

𝑋
distribution converges quickly and is

accurate even for sample sizes as small as𝑁 = 10.

4.1. Maximum Likelihood Estimation (MLE). For an i.i.d.
sample (𝑦

1
, . . . , 𝑦

𝑁
) = y ∼ 𝑔

𝑌
(𝑦 | 𝛽, 𝛿) the log-likelihood

function equals

ℓ (𝜃; y) =
𝑁

∑

𝑖=1

log𝑔
𝑌
(𝑦

𝑖
| 𝛽, 𝛿) . (26)

The MLE is that 𝜃 = (𝛽, 𝛿) which maximizes (26); that is,

̂
𝜃MLE = (

̂𝛽, ̂𝛿)
MLE

= argmax
𝛽,𝛿
ℓ (𝛽, 𝛿; y) . (27)

Since 𝑔
𝑌
(𝑦
𝑖
| 𝛽, 𝛿) is a function of 𝑓

𝑋
(𝑥
𝑖
| 𝛽), the MLE

depends on the specification of the input density. Equation
(26) can be decomposed as

ℓ (𝛽, 𝛿; y) = ℓ (𝛽; x
𝜏
) +R (𝜏; y) , (28)

where

ℓ (𝛽; x
𝜏
) =

𝑁

∑

𝑖=1

log𝑓
𝑋
(𝑊

𝛿
(

𝑦
𝑖
− 𝜇

𝑋

𝜎
𝑋

)𝜎
𝑋
+ 𝜇

𝑋
| 𝛽)

=

𝑁

∑

𝑖=1

log𝑓
𝑋
(𝑥

𝜏,𝑖
| 𝛽)

(29)

is the log-likelihood of the back-transformed data x
𝜏
=

(𝑥
𝜏,1
, . . . , 𝑥

𝜏,𝑁
) (via (8)) and

R (𝜏; y) =
𝑛

∑

𝑖=1

log𝑅 (𝜇
𝑋
, 𝜎
𝑋
, 𝛿; 𝑦

𝑖
) , (30)
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Figure 6: Log-likelihood decomposition for Lambert W × 𝐹
𝑋
distributions.

where

𝑅 (𝜇
𝑋
, 𝜎
𝑋
, 𝛿; 𝑦

𝑖
)

=

𝑊
𝛿
((𝑦

𝑖
− 𝜇

𝑋
) /𝜎

𝑋
)

((𝑦
𝑖
− 𝜇

𝑋
) /𝜎

𝑋
) [1 + 𝛿 (𝑊

𝛿
((𝑦

𝑖
− 𝜇

𝑋
) /𝜎

𝑋
))
2
]

.

(31)

Note that 𝑅(𝜇
𝑋
, 𝜎
𝑋
, 𝛿; 𝑦

𝑖
) only depends on 𝜇

𝑋
(𝛽) and 𝜎

𝑋
(𝛽)

(and 𝛿), but not necessarily on every coordinate of 𝛽.
Decomposition (28) shows the difference between the

exact MLE (̂𝛽, ̂𝛿) based on y and the approximate MLE ̂𝛽x𝜏
based on x

𝜏
alone: if we knew 𝜏 = (𝜇

𝑋
, 𝜎
𝑋
, 𝛿) beforehand,

then we could back-transform y to x
𝜏
and estimate ̂𝛽x𝜏 from

x
𝜏
(maximize (29) with respect to 𝛽). In practice, however,

𝜏 must also be estimated and this enters the likelihood via
the additive term R(𝜏; y). A little calculation shows that for
any 𝑦

𝑖
∈ R, log𝑅(𝜇

𝑋
, 𝜎
𝑋
, 𝛿; 𝑦

𝑖
) ≤ 0 if 𝛿 ≥ 0, with equality

if and only if 𝛿 = 0. Thus R(𝜏; y) can be interpreted as a
penalty for transforming the data. Maximizing (28) faces a
trade-off between transforming the data to follow 𝑓

𝑋
(𝑥 | 𝛽)

(and increasing ℓ(𝛽; x
𝜏
)) and the penalty of a more extreme

transformation (and decreasingR(𝜏; y)); see Figure 6(b).
Figure 6(a) shows a contour plot of 𝑅(𝜇

𝑋
= 0, 𝜎

𝑋
=

1, 𝛿; 𝑦) as a function of 𝛿 and 𝑦 = 𝑧: it increases (in absolute
value) either if 𝛿 gets larger (for fixed 𝑦) or for larger 𝑦 (for
fixed 𝛿). In both cases, increasing 𝛿 makes the transformed
data𝑊

𝛿
(𝑧) get closer to 0 = 𝜇

𝑋
, which in turn increases its

input likelihood. For 𝛿 = 0, the penalty disappears since input
equals output; for 𝑦 = 0 there is no penalty since𝑊

𝛿
(0) = 0

for all 𝛿.
Figure 6(b) shows an i.i.d. sample (𝑁 = 1000) z ∼

Lambert W × Gaussian with 𝛿 = 1/3 and the decomposition
of the log-likelihood as in (28). Since 𝛽 = (0, 1) is known,
the likelihood and penalty are only functions of 𝛿.Theorem 9

shows that the convexity of the penalty (decreasing, red)
and concavity of the input likelihood (increasing, green) as
a function of 𝛿 holds true in general for any data z, and their
sum (solid, black) has a unique maximum; here ̂𝛿MLE = 0.37
(blue, dashed vertical line). See Theorem 9 below for details.

The maximization of (28) can be carried out numerically.
Here I show existence and uniqueness of ̂𝛿MLE assuming that
𝜇
𝑋
and 𝜎

𝑋
are known. Further theoretical results for ̂𝜃MLE

remain for futurework.Given the “nice” formof𝑔
𝑌
(𝑦), which

is continuous, twice differentiable (under the assumption that
𝑓𝑥(⋅) is twice differentiable), the MLE for 𝜃 = (𝛽, 𝛿) should
have the usual optimality properties, such as being consistent
and efficient [44].

4.1.1. Properties of the MLE for the Heavy Tail Parameter 𝛿.
Without loss of generality let 𝜇

𝑋
= 0 and 𝜎

𝑋
= 1. In this case

ℓ (𝛿; z) ∝ −

1

2

𝑁

∑

𝑖=1

[𝑊
𝛿
(𝑧
𝑖
)]
2
+

𝑁

∑

𝑖=1

log
𝑊
𝛿
(𝑧
𝑖
)

𝑧
𝑖

−

𝑁

∑

𝑖=1

log (1 + 𝛿 [𝑊
𝛿
(𝑧
𝑖
)]
2
)

(32)

= −

1 + 𝛿

2

𝑁

∑

𝑖=1

[𝑊
𝛿
(𝑧
𝑖
)]
2
−

𝑁

∑

𝑖=1

log (1 + 𝛿 [𝑊
𝛿
(𝑧
𝑖
)]
2
) .

(33)

Theorem 9 (see [14]). Let 𝑍 have a Lambert W × Gaussian
distribution, where 𝜇

𝑋
= 0 and 𝜎

𝑋
= 1 are assumed to be

known and fixed. Also consider only 𝛿 ∈ [0,∞). (While for
some samples z the MLE also exists for 𝛿 < 0, it cannot be
guaranteed for all z. If 𝛿 < 0 (and 𝑧 ̸= 0), then𝑊

𝛿
(𝑧) is either
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not unique in R (principal and nonprincipal branch) or does
not have a real-valued solution in R if 𝛿𝑧2 < 𝑒−1.)

(a) If

∑
𝑛

𝑖=1
𝑧
4

𝑖

∑
𝑛

𝑖=1
𝑧
2

𝑖

≤ 3, (34)

then ̂𝛿
𝑀𝐿𝐸

= 0.
If (34) does not hold, then

(b) ̂𝛿
𝑀𝐿𝐸

> 0 exists and is a positive solution to

𝑁

∑

𝑖=1

𝑧
2

𝑖
𝑊


(𝛿𝑧

2

𝑖
)(

1

2

𝑊
𝛿
(𝑧
𝑖
)
2
− (

1

2

+

1

1 +𝑊(𝛿𝑧
2

𝑖
)

)) = 0. (35)

(c) There is only one such 𝛿 satisfying (35); that is, ̂𝛿
𝑀𝐿𝐸

is
unique.

Proof. See Appendix B in the supplementary material.

Condition (34) says that ̂𝛿MLE > 0 only if the data
is heavy-tailed enough. Points (b) and (c) guarantee that
there is no ambiguity in the heavy tail estimate. This is an
advantage over Student’s 𝑡-distribution, for example, which
has numerical problems and local maxima for unknown (and
small) ] [45, 46]. On the contrary, ̂𝛿MLE is always a global
maximum.

Given the heavy tails in z one might expect convergence
issues for larger 𝛿. However, 𝑊

𝛿
(𝑍) ∼ N(0, 1) for the true

𝛿 ≥ 0 and close to a standard Gaussian if ̂𝛿MLE ≈ 𝛿. Since the
log-likelihood and its gradient depend on 𝛿 and z only via
𝑊
𝛿
(z) the performance of theMLE should thus not get worse

for large 𝛿 as long as the initial estimate is close enough to the
truth. Simulations in Section 5 support this conjecture, even
for ̂𝜃MLE.

4.2. Iterative Generalized Method of Moments (IGMM). A
disadvantage of the MLE is the mandatory a priori specifi-
cation of the input distribution. Especially for heavy-tailed
data the eye is a bad judge to choose a particular parametric
𝑓
𝑋
(𝑥 | 𝛽). It would be useful to directly estimate 𝜏 without

the intermediate step of estimating 𝜃 first.
Goerg [16] presented an estimator for 𝜏 based on iterative

generalized methods of moments (IGMM). The idea of
IGMM is to find a 𝜏 such that the back-transformed data
x
𝜏
has desired properties, for example, being symmetric or

having kurtosis 3. An estimator for 𝜇
𝑋
, 𝜎

𝑋
, and 𝛿 can be

constructed entirely analogous to the IGMMestimator for the
skewed LambertW× F case. See the SupplementaryMaterial,
Appendix C for details.

IGMM requires less specific knowledge about the input
distribution and is usually also faster than the MLE. Once
𝜏IGMM has been obtained, the back-transformed x

𝜏IGMM
can be

used to check if 𝑋 has characteristics of a known parametric
distribution 𝐹

𝑋
(𝑥 | 𝛽). It must be noted though that testing

for a particular distribution 𝐹
𝑋
is too optimistic as x

𝜏
has

“nicer” properties regarding 𝐹
𝑋
than the true x would have.

However, estimating the transformation requires only three
parameters and for a large enough sample, losing three
degrees of freedom should not matter in practice.

5. Simulations

This section explores finite sample properties of estimators
for 𝜃 = (𝜇

𝑋
, 𝜎
𝑋
, 𝛿) and (𝜇

𝑌
, 𝜎
𝑌
) under Gaussian input

𝑋 ∼ N(𝜇
𝑋
, 𝜎

2

𝑋
). In particular, it compares Gaussian MLE

(estimation of 𝜇
𝑌
and 𝜎

𝑌
only), IGMM and Lambert W ×

Gaussian MLE, and, for a heavy tail competitor, the median.
(For IGMM, optimization was restricted to 𝛿 ∈ [0, 10].) All
results below are based on 𝑛 = 1, 000 replications.

5.1. Estimating 𝛿 Only. Here I show finite sample properties
of ̂𝛿MLE for𝑈 ∼N(0, 1), where 𝜇

𝑋
= 0 and 𝜎

𝑋
= 1 are known

and fixed. Theorem 9 shows that ̂𝛿MLE is unique: either at the
boundary 𝛿 = 0 or at the globally optimal solution to (35).
Results in Table 1 were obtained by numerical optimization
restricted to 𝛿 ≥ 0 (⇔ log 𝛿 ∈ R) using the nlm function in
𝑅.

Table 1 suggests that the MLE is asymptotically unbiased
for every 𝛿 and converges quickly (at about 𝑁 = 400) to its
asymptotic variance, which is increasing with 𝛿. Assuming
𝜇
𝑋
and 𝜎

𝑋
to be known is unrealistic and thus these finite

sample properties are only an indication of the behavior of the
joint MLE, ̂𝜃MLE. Nevertheless they are very remarkable for
extremely heavy-tailed data (𝛿 > 1), where classic average-
based methods typically break down. One reason lies in the
particular form of the likelihood (32) and its gradient (35)
(Theorem 9): although both depend on z, they only do so
through 𝑊

𝛿
(z) = u ∼ N(0, 1). Hence as long as ̂𝛿MLE is

sufficiently close to the true 𝛿, (32) and (35) are functions of
almost Gaussian random variables and standard asymptotic
results should still apply.

5.2. Estimating All Parameters Jointly. Here we consider the
realistic scenario where 𝜇

𝑋
and 𝜎

𝑋
are also unknown. We

consider various sample sizes (𝑁 = 50, 100, and 1000) and
different degrees of heavy tails, 𝛿 ∈ {0, 1/3, 1, 1.5}, each one
representing a particularly interesting situation: (i) Gaussian
data (does additional, superfluous, estimation of𝛿 affect other
estimates?), (ii) fourthmoments do not exist, (iii) nonexisting
mean, and (iv) extremely heavy-tailed data (can we get useful
estimates at all?)

The convergence tolerance for IGMM was set to tol =
1.22 ⋅ 10

−4. Table 2 summarizes the simulation.
The Gaussian MLE estimates 𝜎

𝑌
directly, while IGMM

and the Lambert W × Gaussian MLE estimate 𝛿 and
𝜎
𝑋
, which implicitly give �̂�

𝑌
through 𝜎

𝑌
(𝛿, 𝜎

𝑋
) = 𝜎

𝑋
⋅

(1/√(1 − 2𝛿)
3/2
) if 𝛿 < 1/2 (see (18)). For a fair comparison

each subtable also includes a column for �̂�
𝑌

= �̂�
𝑋
⋅

(1/√(1 − 2
̂
𝛿)
3/2
). Some of these entries contain “∞,” even for

𝛿 < 1/2; this occurs if at least one ̂𝛿 ≥ 1/2. For any 𝛿 < 1,
𝜇
𝑋
= 𝜇

𝑌
, thus 𝜇

𝑋
and 𝜇

𝑌
can be compared directly. For 𝛿 ≥ 1,
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Table 1: Finite sample properties of ̂𝛿MLE. For each𝑁, 𝛿 was estimated 𝑛 = 1,000 times from a random sample z∼Tukey’s ℎ. The left column
for each 𝛿 shows bias, ̂𝛿MLE − 𝛿; each right column shows the root mean square error (RMSE) times√𝑁.

𝑁 𝛿 = 0 𝛿 = 1/10 𝛿 = 1/3 𝛿 = 1/2

10 0.025 0.191 −0.017 0.394 −0.042 0.915 −0.082 1.167

50 0.013 0.187 −0.010 0.492 −0.018 0.931 −0.016 1.156

100 0.010 0.200 −0.010 0.513 −0.009 0.914 −0.006 1.225

400 0.005 0.186 −0.003 0.528 0.000 0.927 −0.004 1.211

1000 0.003 0.197 0.000 0.532 −0.001 0.928 −0.001 1.203

2000 0.003 0.217 −0.001 0.523 0.000 0.935 −0.001 1.130

𝑁 𝛿 = 1 𝛿 = 2 𝛿 = 5

10 −0.054 1.987 −0.104 3.384 −0.050 7.601

50 −0.017 1.948 −0.009 3.529 0.014 7.942

100 −0.014 2.024 −0.001 3.294 0.011 7.798

400 0.001 1.919 −0.002 3.433 0.001 7.855

1000 0.001 1.955 0.001 3.553 −0.001 7.409

2000 0.001 1.896 0.000 3.508 −0.001 7.578

the mean does not exist; each subtable for these 𝛿 interprets
𝜇
𝑌
as the median.

Gaussian Data (𝛿 = 0). This setting checks if imposing the
Lambert W framework, even though it is superfluous, causes
a quality loss in the estimation of 𝜇

𝑌
= 𝜇

𝑋
or 𝜎

𝑌
= 𝜎

𝑋
.

Furthermore, critical values for 𝐻
0
: 𝛿 = 0 (Gaussian) can

be obtained. As in the 𝛿-only case above, Table 2(a) suggests
that estimators are asymptotically unbiased and quickly tend
to a large-sample variance. Additional estimation of 𝛿 does
not affect the efficiency of𝜇

𝑋
compared to estimating solely𝜇.

Estimating 𝜎
𝑌
directly by Gaussian MLE does not give better

results than the Lambert W × Gaussian MLE.

No Fourth Moment (𝛿 = 1/3). Here 𝜎
𝑌
(𝛿, 𝜎

𝑋
= 1) =

2.28, but fourth moments do not exist. This results in an
increasing empirical standard deviation of �̂�

𝑦
as𝑁 grows. In

contrast, estimates for 𝜎
𝑋
are not drifting off. In the presence

of these large heavy tails themedian ismuch less variable than
GaussianMLE and IGMM. Yet, Lambert W ×GaussianMLE
for 𝜇

𝑋
even outperforms the median.

Nonexisting Mean (𝛿 = 1). Both sample moments diverge,
and their standard errors are also growing quickly. The
median still provides a very good estimate for the location
but is again inferior to both Lambert W estimators, which
are closer to the true values and appear to converge to an
asymptotic variance at rate√𝑁.

Extreme Heavy Tails (𝛿 = 1.5). As in Section 5.1, IGMM
and Lambert WMLE continue to provide excellent estimates
even though the data is extremely heavy tailed. Moreover,
Lambert W MLE also has the smallest empirical standard
deviation overall. In particular, the Lambert W MLE for 𝜇

𝑋

has an approximately 15% lower standard deviation than the
median.

The last column shows that for some 𝑁 about 1% of the
𝑛 = 1, 000 simulations generated invalid likelihood values
(NA and ∞). Here the search for the optimal 𝛿 led into

regions with a numerical overflow in the evaluation of𝑊
𝛿
(𝑧).

For a comparable summary, these few cases were omitted and
new simulations added until full 𝑛 = 1, 000 finite estimates
were found. Since this only happened in 1% of the cases and
also such heavy-tailed data is rarely encountered in practice,
this numerical issue is not a limitation in statistical practice.

5.3. Discussion of the Simulations. IGMM performs well
independent of the magnitude of 𝛿. As expected the Lambert
WMLE for 𝜃 has the best properties: it can recover the truth
for all 𝛿, and for 𝛿 = 0 it performs as well as the classic
sample mean and standard deviation. For small 𝛿 it has the
same empirical standard deviation as the Gaussian MLE, but
a lower one than the median for large 𝛿.

Hence the only advantage of estimating 𝜇
𝑌
and 𝜎

𝑌
by

sample moments of y is speed; otherwise the Lambert W ×

Gaussian MLE is at least as good as the Gaussian MLE and
clearly outperforms it in presence of heavy tails.

6. Applications

Tukey’s ℎ distribution has already proven useful to model
heavy-tailed data, but parametric inference was limited to
quantile fitting ormethods ofmoments estimation [4, 27, 28].
Theorem 7 allows us to estimate 𝜃 by ML.

This section applies the presented methodology on sim-
ulated as well as real world data: (i) Section 6.1 demonstrates
Gaussianizing on the Cauchy sample from the Introduction,
and (ii) Section 6.2 shows that heavy tail Lambert W ×

Gaussian distributions provide an excellent fit to daily S&P
500 log-return series.

6.1. Estimating Location of a Cauchy with the Sample Mean.
It is well known that the sample mean y is a poor estimate
of the location parameter of a Cauchy distribution, since the
sampling distribution of y is again a Cauchy (see [47] for a
recent overview); in particular, its variance does not go to 0
for𝑁 → ∞.
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Table 2: In each subtable: (first rows) average, (middle rows) proportion of estimates below truth, and (bottom rows) empirical standard
deviation times√𝑁. True 𝜇

𝑋
= 0 and 𝜎

𝑋
= 1.

(a) Truly Gaussian data: 𝛿 = 0

𝛿 = 0 Median Gaussian MLE IGMM Lambert WMLE NA
𝑁 𝜇

𝑌
𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

Ratio
50 0.00 0.00 0.98 0.00 0.97 0.02 0.99 0.00 0.96 0.02 0.98 0

100 0.00 0.00 0.99 0.00 0.98 0.01 1.00 0.00 0.97 0.01 0.99 0

1000 0.00 0.00 1.00 0.00 0.99 0.00 1.00 0.00 0.99 0.00 1.00 0

50 0.50 0.50 0.57 0.51 0.60 0.66 0.54 0.51 0.65 0.66 0.56 0

100 0.50 0.51 0.56 0.51 0.62 0.62 0.53 0.52 0.65 0.62 0.56 0

1000 0.50 0.49 0.52 0.49 0.62 0.56 0.52 0.49 0.63 0.56 0.52 0

50 1.24 1.01 0.72 1.01 0.76 0.21 0.73 1.02 0.78 0.26 0.72 0

100 1.25 1.02 0.70 1.02 0.76 0.23 0.70 1.03 0.78 0.26 0.70 0

1000 1.26 0.98 0.73 0.98 0.79 0.22 0.73 0.98 0.79 0.22 0.73 0

(b) No fourth moments: 𝛿 = 1/3

𝛿 = 1/3 Median Gaussian MLE IGMM Lambert WMLE NA
𝑁 𝜇

𝑌
𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

Ratio
50 0.00 0.00 1.98 0.00 1.07 0.29 ∞ 0.00 1.01 0.33 ∞ 0

100 0.00 0.00 2.03 0.00 1.04 0.31 ∞ 0.00 1.00 0.33 ∞ 0

1000 0.00 0.00 2.18 0.00 1.00 0.33 2.34 0.00 1.00 0.33 2.34 0

50 0.50 0.51 0.78 0.50 0.38 0.63 0.60 0.50 0.52 0.54 0.54 0

100 0.50 0.51 0.78 0.51 0.42 0.61 0.60 0.50 0.51 0.54 0.54 0

1000 0.48 0.51 0.77 0.51 0.47 0.56 0.55 0.51 0.50 0.53 0.52 0

50 1.27 2.21 6.56 1.44 1.45 1.10 NA 1.23 1.35 1.14 NA 0

100 1.30 2.33 11.28 1.43 1.42 1.12 NA 1.19 1.34 1.09 NA 0

1000 1.23 2.25 16.76 1.39 1.45 1.20 15.97 1.17 1.33 1.08 12.30 0

(c) Non-existing mean: 𝛿 = 1

𝛿 = 1 Median Gaussian MLE IGMM Lambert WMLE NA
𝑁 𝜇

𝑌
𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

Ratio
50 0.00 −0.10 24.6 −0.01 1.18 0.90 ∞ 0.00 1.01 0.99 ∞ 0

100 0.00 0.74 72.4 0.00 1.09 0.95 ∞ 0.00 1.01 0.99 ∞ 0

1000 0.00 3.84 348.1 0.00 1.01 1.00 ∞ 0.00 1.00 1.00 ∞ 0

50 0.53 0.52 1.0 0.51 0.34 0.65 1 0.51 0.52 0.52 1 0

100 0.50 0.52 1.0 0.51 0.38 0.63 1 0.50 0.53 0.53 1 0

1000 0.49 0.52 1.0 0.51 0.48 0.53 1 0.49 0.51 0.51 1 0

50 1.27 65.85 424.3 2.10 2.50 2.32 NA 1.19 1.70 2.16 NA 0

100 1.30 410.75 4050.2 2.01 2.28 2.59 NA 1.17 1.74 2.25 NA 0

1000 1.26 3307.58 104052.7 1.93 2.21 2.81 NA 1.11 1.64 2.18 NA 0

(d) Extreme heavy tails: 𝛿 = 1.5

𝛿 = 1.5 Median Gaussian MLE IGMM Lambert WMLE NA
𝑁 𝜇

𝑌
𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

𝜇
𝑋

𝜎
𝑋

𝛿 𝜎
𝑌

Ratio
50 −0.02 6.84 309 −0.02 1.23 1.37 ∞ −0.01 1.00 1.49 ∞ 0.01

100 0.00 −51.16 3080 −0.01 1.12 1.44 ∞ 0.00 1.01 1.50 ∞ 0.00

1000 0.00 176.13 14251 0.00 1.01 1.49 ∞ 0.00 1.00 1.50 ∞ 0.00

50 0.53 0.48 1 0.51 0.34 0.64 1 0.53 0.53 0.54 1 0.01

100 0.51 0.53 1 0.54 0.37 0.61 1 0.52 0.51 0.51 1 0.00

1000 0.50 0.50 1 0.50 0.47 0.54 1 0.49 0.53 0.52 1 0.00

50 1.32 1347.71 9261 2.57 3.20 3.12 NA 1.15 1.86 2.76 NA 0.01

100 1.33 42156.28 418435 2.39 2.87 3.44 NA 1.12 1.78 2.84 NA 0.00

1000 1.26 124462.82 3903629 2.18 2.66 3.67 NA 1.11 1.80 2.85 NA 0.00
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Table 3: Summary statistics for observed (heavy-tailed) y and back-transformed (Gaussianized) data x
𝜏MLE

. ∗∗ stands for <10−16and ∗ for
<2.2 ⋅ 10

−16.

y ∼ C(0, 1)

(Section 6.1)
y = S&P 500
(Section 6.2)

y x
𝜏

x
�̂�

y x
𝜏

Min −161.59 −3.16 0 −7.11 −2.42
Max 952.95 3.81 33.18 4.99 2.23
Mean 2.30 0.03 14.98 0.05 0.05
Median 0.04 0.04 14.96 0.04 0.04
Standard Deviation 46.980 1.06 1.20 0.95 0.71
Skewness 17.43 0.12 3.90 −0.30 −0.04
Kurtosis 343.34 3.21 161.75 7.70 2.93
Shapiro-Wilk ∗ 0.71 ∗∗ ∗ 0.24
Anderson-Darling ∗∗ 0.51 ∗∗ ∗ 0.18

Heavy-tailed Lambert W × Gaussian distributions have
similar properties to a Cauchy for 𝛿 ≈ 1. The mean of𝑋 (𝜇

𝑋
)

equals the location of𝑌 (𝑐) due to symmetry around 𝜇
𝑋
and 𝑐,

respectively. Thus we can estimate 𝜏 from the Cauchy sample
y, transform y to x

𝜏
, get 𝜇

𝑋
from x

𝜏
= 𝑊

𝜏
(y), and thus obtain

an estimate for 𝑐 by 𝑐 = 𝜇
𝑋
.

The random sample y ∼ C(0, 1), with pdf 𝑓(𝑦) = 1/𝜋(1+
𝑦
2
), in Figure 2(a) has heavy tails with two extreme (positive)

observations. A Cauchy ML fit gives 𝑐 = 0.03(0.055) and
𝑠 = 0.86(0.053) (standard errors in parenthesis). A Lambert
W×GaussianMLEgives𝜇

𝑋
= 0.03(0.055),𝜎

𝑋
= 1.05(0.072),

and ̂𝛿 = 0.86(0.082). Thus both fits correctly fail to reject
𝜇
𝑋
= 𝑐 = 0. Table 3(a) shows summary statistics on both

samples. Since the Cauchy distribution does not have a well-
defined mean, y = 2.304(2.101) is not meaningful. However,
x
𝜏MLE

is approximately Gaussian and we can use the sample
average for inference: x

𝜏MLE
= 0.033(0.0472) correctly fails to

reject a zero location for y. The transformed x
𝜏MLE

features
additional Gaussian characteristics (symmetric, no excess
kurtosis), and even the null hypothesis of Normality cannot
be rejected (𝑃-value≥ 0.5). Note, however, that Normality for
the transformed data is only an empirical approximation; the
random variable𝑊

𝜏
((𝑌 − 𝜇

𝑋
)/𝜎

𝑋
), where 𝑌 is Cauchy, does

not have a Normal distribution.
Figure 2(d) shows the cumulative sample average for

the original sample and its Gaussianized version. For a
fair comparison 𝜏(𝑛)MLE was reestimated cumulatively for each
𝑛 = 5, . . . , 500 and then used to compute (𝑥

1
, . . . , 𝑥

𝑛
). The

transformation works extremely well: data point 𝑦
49
is highly

influential for y but has no relevant effect on x
𝜏
(𝑛)

MLE
. Even for

small 𝑛 it is already clear that the location of the underlying
Cauchy distribution is approximately zero.

Although it is a simulated example, it demonstrates that
removing (strong) heavy tails from data works well and
provides “nice” data that can then be analyzed with more
refined Gaussian methods.

6.2. Heavy Tails in Finance: S&P 500 Case Study. A lot of
financial data displays negative skewness and excess kurto-
sis. Since financial data in general is not i.i.d., it is often
modeled with a (skew) Student’s 𝑡-distribution underlying
a (generalized) autoregressive conditional heteroskedastic
(GARCH) [2, 48] or a stochastic volatility (SV) [49, 50]
model. Using the Lambert W approach we can build upon
the knowledge and implications of Normality (and avoid
deriving properties of a GARCH or SV model with heavy-
tailed innovations) and simply “Gaussianize” the returns
before fitting more complex, GARCH or SV, models.

Remark 10. Time series models with Lambert W × Gaussian
white noise are far beyond the scope of this work but can
be a direction of future research. Here I only consider the
unconditional distribution.

Figure 7(a) shows the S&P 500 log-returns with a total
of 𝑁 = 2, 780 daily observations (R package MASS,
dataset SP500). Table 3(b) confirms the heavy tails (sample
kurtosis 7.70) but also indicates negative skewness (−0.296).
As the sample skewness 𝛾

1
(y) is very sensitive to outliers,

we fit a distribution which allows skewness and test for
symmetry. In case of the double-tail Lambert W × Gaussian
this means testing 𝐻

0
: 𝛿

ℓ
= 𝛿

𝑟
= 𝛿 versus 𝐻

1
:

𝛿
ℓ

̸= 𝛿
𝑟
. Using the likelihood expression in (28), we can

use a likelihood ratio test with one degree of freedom (3
versus 4 parameters). The log-likelihood of the double-tail fit
(Table 4(a)) equals −3606.0 = −2972.27 + (−633.73) (input
log-likelihood + penalty), while the symmetric 𝛿 fit gives
−3606.56 = −2971.47 + (−635.09). Here the symmetric fit
gives a transformed sample that is more Gaussian, but it pays
a greater penalty for transforming the data. Comparing twice
their difference to a𝜒2

1
distribution gives a𝑃-value of 0.29. For

comparison, a skew-𝑡 fit [51], with location 𝑐, scale 𝑠, shape
𝛼, and ] degrees of freedom, also yields (Function st.mle

in the R package sn.) a nonsignificant �̂� (Table 4(b)). Thus
both fits cannot reject symmetry.
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(b) Gaussianized returns x𝜏MLE

Figure 7: Lambert W Gaussianization of S&P 500 log-returns: 𝜏 = (0.05, 0.70, 0.17). In (a) and (b): data (top left); autocorrelation function
(ACF) (top right); histogram, Gaussian fit, and KDE (bottom left); Normal QQ plot (bottom right).

Assume we have to make a decision if we should trade a
certificate replicating the S&P 500. Since we can either buy
or sell, it is not important if the average return is positive or
negative, as long as it is significantly different from zero.

6.2.1. Gaussian Fit to Returns. Estimating (𝜇
𝑌
, 𝜎
𝑌
) by Gaus-

sianMLE and thus ignoring the heavy tails, 𝜇
𝑌
= 0 cannot be

rejected on a 𝛼 = 1% level (Table 4(e)). Ignoring heavy tails
we would thus decide to not trade a replicating certificate at
all.

6.2.2. Heavy Tail Fit to Returns. Both a heavy tail LambertW
× Gaussian (Table 4(c)) and Student 𝑡-fit (Table 4(d)) reject
the zero mean null (𝑃-values: 10−4 and 3 ⋅ 10−5, resp.).

Location and scale estimates are almost identical, but
tail estimates lead to different conclusions: while for ]̂ =

3.71 only moments up to order 3 exist, in the Lambert W ×

Gaussian case moments up to order 5 exist (1/0.172 = 5.81).
This is especially noteworthy as many theoretical results in
the (financial) time series literature rely on finite fourth
moments [52, 53]; consequently many empirical studies test
this assumption [7, 54]. Here Student’s 𝑡 and a Lambert
W × Gaussian fit give different conclusions. Since previous
empirical studies often use Student’s 𝑡 as a baseline [41], it
might be worthwhile to reexamine their findings in light of
heavy tail Lambert W × Gaussian distributions.

6.2.3. “Gaussianizing” Financial Returns. The back-trans-
formed x

𝜏MLE
is indistinguishable from a Gaussian sample

(Figure 7(b)) and thus demonstrates that a Lambert W ×

Gaussian distribution is indeed appropriate for x
𝜏MLE

. Not
even one test can reject Normality: 𝑃-values are 0.18, 0.18,
0.31, and 0.24, respectively (Anderson-Darling, Cramer-
von-Mises, Shapiro-Francia, Shapiro-Wilk; see Thode [55]).
Table 3(b) confirms that Lambert W “Gaussianiziation” was

successful: 𝛾
1
(x
𝜏
) = −0.039 and 𝛾

2
(x
𝜏
) = 2.93 are within the

typical variation for aGaussian sample of size𝑁 = 2780.Thus

𝑌 = (𝑈𝑒
(0.172/2)𝑈

2

) 0.705 + 0.055, 𝑈 =

𝑋 − 0.055

0.705

,

𝑈 ∼N (0, 1)

(36)

is an adequate (unconditional) LambertW×Gaussianmodel
for the S&P 500 log-returns y. For trading, thismeans that the
expected return is significantly larger than zero (𝜇

𝑋
= 0.055 >

0) and thus replicating certificates should be bought.

6.2.4. Gaussian MLE for Gaussianized Data. For 𝛿
𝑙
= 𝛿

𝑟
≡

𝛿 < 1, also 𝜇
𝑋
≡ 𝜇

𝑌
. We can therefore replace testing

𝜇
𝑦
= 0 versus 𝜇

𝑦
̸= 0 for a non-Gaussian y, with the

very well-understood hypothesis test 𝜇
𝑥
= 0 versus 𝜇

𝑥
̸= 0

for the Gaussian x
𝜏MLE

. In particular, standard errors based
on �̂�/√𝑁 and thus t and 𝑃-values should be closer to the
“truth” (Tables 4(c) and 4(d)) than a Gaussian MLE on the
non-Gaussian y (Table 4(e)). Table 4(f) shows that standard
errors for 𝜇x are even a bit too small compared to the heavy-
tailed versions. Since the “Gaussianizing” transformation was
estimated, treating x

𝜏MLE
as if it was original data is too

optimistic regarding its Normality (recall the penalty (30) in
the total likelihood (28)).

This example confirms that if a model and its theoret-
ical properties are based on Normality, but the observed
data is heavy-tailed, then Gaussianizing the data first gives
more reliable inference than applying Gaussian methods to
the original, heavy-tailed data (Figure 1). Clearly, a joint
estimation of the model parameters based on Lambert W
× Gaussian random variables (or any other heavy-tailed
distribution) would be optimal. However, theoretical prop-
erties and estimation techniques may not be available or
well understood. The Lambert Way to Gaussianize data is
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Table 4: MLE fits to S&P 500 y Tables 4(a), 4(b), 4(c), 4(d), and 4(e)
and the Gaussianized data x

𝜏MLE
Table 4(f).

(a) Double-tail Lambert W × Gaussian = Tukey’s ℎℎ (S&P 500)

Est. se 𝑡 Pr (>|𝑡|)
𝜇
𝑋

0.06 0.015 3.66 0.00
𝜎
𝑋

0.71 0.016 44.00 0.00
𝛿
ℓ

0.19 0.021 8.99 0.00
𝛿
𝑟

0.16 0.019 8.24 0.00

(b) Skew 𝑡 (S&P 500)

Est. se 𝑡 Pr (>|𝑡|)
𝑐 0.10 0.061 1.65 0.10
𝑠 0.67 0.017 38.47 0.00
𝛼 −0.08 0.101 −0.77 0.44
] 3.73 0.297 12.57 0.00

(c) Lambert W × Gaussian = Tukey’s ℎ (S&P 500)

Est. se 𝑡 Pr (>|𝑡|)
𝜇
𝑋

0.06 0.015 3.65 0.000
𝜎
𝑋

0.71 0.016 43.95 0.000
𝛿 0.17 0.016 11.05 0.000

(d) Student’s 𝑡 (S&P 500)

Est. se 𝑡 Pr (>|𝑡|)
𝑐 0.06 0.015 3.65 0.00
𝑠 0.67 0.017 39.51 0.00
] 3.72 0.295 12.61 0.00

(e) Gaussian (S&P 500)

Est. se 𝑡 Pr (>|𝑡|)
𝜇
𝑌

0.05 0.018 2.55 0.01
𝜎
𝑌

0.95 0.013 74.57 0.00

(f) Gaussian (x𝜏MLE )

Est. se 𝑡 Pr (>|𝑡|)
𝜇
𝑥𝜏

0.05 0.013 3.81 0.00
𝜎
𝑥𝜏

0.71 0.009 74.57 0.00

thus a pragmatic method to improve statistical inference
on heavy-tailed data, while preserving the applicability and
interpretation of Gaussian models.

7. Discussion and Outlook

In this work I use the Lambert W function to model
and remove heavy tails from continuous random variables
using a data-transformation approach. For Gaussian random
variables this not only contributes to existing work on
Tukey’s ℎ distribution but also gives convincing empirical
results: unimodal data with heavy tails can be transformed
to Gaussian data. Properties of a Gaussian model MN on
the back-transformed data mimic the features of the “true”
heavy-tailed modelM

𝐺
very closely.

Since Normality is the single most typical and often
required assumption in many areas of statistics, machine

learning, and signal processing, future research can take
many directions. From a theoretical perspective properties of
Lambert W × 𝐹

𝑋
distributions viewed as a generalization of

alreadywell-known distributions𝐹
𝑋
can be studied.This area

will profit from existing literature on the Lambert W func-
tion, which has been discovered only recently by the statistics
community. Empirical work can focus on transforming the
data and comparing approximate Gaussian with joint heavy
tail analyses. The comparisons in this work showed that
approximate inference for Gaussianized data is comparable
with the direct heavy tail modeling and so provides a simple
tool to improve inference for heavy-tailed data in statistical
practice.

I also provide the R package Lambert W, publicly avail-
able at CRAN, to facilitate the use of heavy tail Lambert W
× 𝐹

𝑋
distributions in practice.

Disclosure

The first version of this article entitled “Closed-form cdf
and pdf of Tukey’s ℎ-distribution, the heavy-tail Lambert W
approach, and how to bijectively ‘Gaussianize’ heavy-tailed
data” has appeared online [56].This research was performed
while the author was at Carnegie Mellon University. Cur-
rently, Georg M. Goerg works at Google Inc., New York, NY
10011, USA.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

References

[1] P. J. Brockwell andR. A.Davis,Time Series:Theory andMethods,
Springer Series in Statistics, 1998.

[2] R. F. Engle, “Autoregressive conditional heteroscedasticity with
estimates of the variance of United Kingdom inflation,” Econo-
metrica, vol. 50, no. 4, pp. 987–1007, 1982.

[3] C. W. J. Granger and R. Joyeux, “An introduction to long-
memory time series models and fractional differencing,” Jour-
nal of Time Series Analysis, vol. 1, pp. 15–30, 2001.

[4] C. A. Field, “Using the gh distribution to model extreme wind
speeds,” Journal of Statistical Planning and Inference, vol. 122, no.
1-2, pp. 15–22, 2004.

[5] A. Vazquez, J. G. Oliveira, Z. Dezso, K.-I. Goh, I. Kondor, and
A.-L. Barabasi, “Modeling bursts and heavy tails in human
dynamics,” Physical Review E, vol. 73, no. 3, Article ID 036127,
2006.

[6] M. Gidlund and N. Debernardi, “Scheduling performance of
heavy-tailed data traffic in wireless high-speed shared chan-
nels,” in Proceedings of the IEEE Wireless Communications &
Networking Conference (WCNC ’09), pp. 1818–1823, IEEE Press,
Budapest, Hungary, April 2009.

[7] R. Cont, “Empirical properties of asset returns: stylized facts
and statistical issues,” Quantitative Finance, vol. 1, pp. 223–236,
2001.

[8] T.-H. Kim and H. White, “On more robust estim ation of
skewness and kurtosis: simulation and application to the SP500
index,” Tech. Rep., Department of Economics, UCSD, 2003.



The Scientific World Journal 15

[9] T. C. Aysal and K. E. Barner, “Second-order heavy-tailed
distributions and tail analysis,” IEEE Transactions on Signal
Processing, vol. 54, no. 7, pp. 2827–2832, 2006.

[10] V. K. Smith, “Least squares regression with Cauchy errors,”
Oxford Bulletin of Economics and Statistics, vol. 35, no. 3, pp.
223–231, 1973.

[11] J. Ilow, “Forecasting network traffic using FARIMAmodels with
heavy tailed innovations,” inProceedings of the IEEE Interntional
Conference onAcoustics, Speech, and Signal Processing, pp. 3814–
3817, June 2000.

[12] W. Palma and M. Zevallos, “Fitting non-Gaussian persistent
data,” Applied Stochastic Models in Business and Industry, vol.
27, no. 1, pp. 23–36, 2011.

[13] J. Nowicka-Zagrajek and R. Weron, “Modeling electricity loads
in California: ARMA models with hyperbolic noise,” Signal
Processing, vol. 82, no. 12, pp. 1903–1915, 2002.

[14] R. J. Adler, R. E. Feldman, and M. S. Taqqu, Eds., A Practical
Guide to Heavy Tails: Statistical Techniques and Applications,
Birkhauser, Cambridge, Mass, USA, 1998.

[15] H. Liu, J. Lafferty, and L. Wasserman, “The nonparanormal:
semiparametric estimation of high dimensional undirected
graphs,” Journal ofMachine Learning Research, vol. 10, pp. 2295–
2328, 2009.

[16] G. M. Goerg, “Lambert W random variables—a new family
of generalized skewed distributions with applications to risk
estimation,” The Annals of Applied Statistics, vol. 5, no. 3, pp.
2197–2230, 2011.

[17] D. C. Hoaglin, “Summarizing shape numerically: the g-and-h
distributions,” in Exploring Data Tables, Trends, and Shapes, D.
C. Hoaglin, F. Mosteller, and J. W. Tukey, Eds., chapter 11, pp.
461–513, John Wiley & Sons, Hoboken, NJ, USA, 1985.

[18] RDevelopment Core Team, R: A Language and Environment for
Statistical Computing, R Foundation for Statistical Computing,
Vienna, Austria, 2010.

[19] C. Field and M. G. Genton, “The Multivariate g-and-h Distri-
bution,” Technometrics, vol. 48, no. 1, pp. 104–111, 2006.

[20] R.M. Sakia, “The Box-Cox transformation technique: a review,”
Journal of the Royal Statistical Society, Series D: The Statistician,
vol. 41, no. 2, pp. 169–178, 1992.

[21] J. R. Blaylock, L. E. Salathe, and R. D. Green, “A note on the Box-
Cox transformation under heteroskedasticity,”Western Journal
of Agricultural Economics, vol. 5, no. 2, pp. 129–136, 1980.

[22] A. J. Lawrance, “A note on the variance of the Box-Cox regres-
sion transformation estimate,” Journal of the Royal Statistical
Society C, vol. 36, no. 2, pp. 221–223, 1987.

[23] G. Tsiotas, “On the use of the Box-Cox transformation on
conditional variance models,” Finance Research Letters, vol. 4,
no. 1, pp. 28–32, 2007.
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This paper deals with the market structure at the opening of the trading day and its influence on subsequent trading. We compare
a single continuous double auction and two complement markets with different call auction designs as opening mechanisms in a
unified experimental framework.The call auctions differ with respect to their levels of transparency. We find that a call auction not
only improves market efficiency and liquidity at the beginning of the trading day when compared to the stand-alone continuous
double auction, but also causes positive spillover effects on subsequent trading. Concerning the design of the opening call auction,
we find no significant differences between the transparent and nontransparent specification with respect to opening prices and
liquidity. In the course of subsequent continuous trading, however, market quality is slightly higher after a nontransparent call
auction.

1. Introduction

The opening of markets is a crucial time in the trading
day, because it constitutes the starting point of the price
discovery process and the beginning of the incorporation of
overnight information into prices. The uncertainty about the
fundamental value of the asset is relatively high, leading to
lower market quality in terms of mispricing and liquidity
compared to intraday trading [1–3].Therefore, the question of
which trading structure is best suited for the opening carries
particular relevance.

The study at hand focuses on the effect of opening call
auctions on several measures of market quality.The objective
is to determine whichmarket structure is ideal for themarket
opening and whether there exists a spillover effect from an
opening call auction on subsequent continuous trading. As
will bemade clear below, the relevant literature on these issues
has come to divergent results. One reason for this fact might
be the differences in the applied research methodologies.
Our study aims at bridging the gap between the results of

empirical and theoretical research by using a stable environ-
ment. For three reasons we opt for an experimental approach.
(1)When using field data, informational efficiency can only
be measured using estimates of the underlying fundamental
value. (2) The distribution of information is not known in
such empirical studies. (3) Comparing three kinds of market
structures in one framework, which is a prerequisite for our
research question, is not possible on real stock markets.

In contrast to earlier studies, our examination extends the
existing literature in two important respects. First, our study
not only investigates the market quality of call auctions at the
market opening, but also analyzes the effect of an opening
call auction on the subsequent continuous trading phase.
We achieve this by comparing a continuous double auction
after an opening call auction with a stand-alone continuous
double auction. We furthermore analyze two different kinds
of call auctions: a transparent designwith an open order book
and a nontransparent version where no order information is
available during the order entry phase.We separately evaluate
the effects of these two specifications concerning market
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quality for both, market opening and subsequent continuous
trading.

We find that both versions of the opening call auction
significantly increase the informational efficiency of opening
prices relative to the stand-alone continuous double auction.
Regarding the effect of an opening call auction on the
subsequent continuous trading phase, we discover a positive
spillover effect in terms of a higher liquidity compared to the
single trading venue without an opening call auction.

We also find that the transparent version of the call
auction does not lead to a more efficient opening price, nor
generate higher liquidity at the opening, than the nontrans-
parent call auction. The continuous double auction after the
transparent opening auction furthermore exhibits a partly
lower market quality than the continuous trading phase after
the nontransparent call auction.

This paper is organized as follows: Section 2 reviews
the literature and describes the experimental design and
Section 3 presents and discusses the results. The paper con-
cludes with some suggestions for future research on call
auction and market opening issues.

2. Materials and Methods

2.1. Literature Review. Historically, many stock exchanges
employed a continuous trading mechanism for their most
liquid securities over the entire trading day. Nowadays,
however, most western capital markets have switched to
using a call auction as their opening mechanism. The most
frequently advanced argument in support of this focuses on
the ability of call auctions to collect orders and pool liquidity
by including different orders from different investors. One
of the first studies confirming this argument is that by
Madhavan [4], who finds that in the case of high information
asymmetry, a call auction structure is best suited in terms
of informational efficiency and liquidity. He concludes that
a call auction should be used at difficult trading times such
as the market opening. Along this line, Economides and
Schwartz [5], Domowitz and Madhavan [6], and Pagano
and Schwartz [7] point out that in call auctions transaction
costs are reduced compared to continuous trading structures
because of lower adverse selection costs and because of the
absence of a free trading option (A free trading option is
created when a trader enters a limit order in the continuous
double auction, thus giving other traders the opportunity to
buy the stock at the limit price. If stock prices suddenly shift
in the wrong direction and the initiator is not able to change
the limit price in time, the initiator may realize a loss. This
source of trading risk is eliminated in the call auction, since all
trades occur at the same time at one market clearing price, cf.
Stoll [8]). The advantages of call auctions are also supported
by Pagano and Röell [9], Snell and Tonks [10], and Aitken
et al. [11] among others.

Ellul et al. [12] document that price discovery at the
opening on the London Stock Exchange is more efficient in
the call auction than in the dealer market, although the call
auction is associated with higher transaction costs, especially
in the presence of high informational asymmetries and great

order imbalance. Comerton-Forde et al. [13] analyze the
introduction of a call auction at the Singapore Stock Exchange
and find that informational efficiency is enhanced relative
to the mechanism previously in place, which employed a
continuous double auction.

Beside the mentioned theoretical and empirical investi-
gations, several studies investigated the question of market
opening in an experimental framework. Noussair and Tucker
[14] and Palan [15] provide two recent reviews of the literature
on experimental market research. The paper which comes
closest to our study is Theissen [16]. He compares a call
auction, a continuous double auction and a dealer market.
He discovers that a call auction does not lead to lower
informational efficiency compared to the continuous double
auction but generates higher liquidity.Theworst performance
in terms of market quality is exhibited by the dealer market.

Note that the analyses above do not investigate the
influences of different designs of opening call auctions on
market efficiency. Madhavan [17] and Pagano and Röell [18]
compare a nontransparent call auction, in which market
participants have no information about the order book, with
a transparent version. Both conclude that the latter should
lead to higher market quality due to the greater amount of
information revealed during the bidding process. Analyzing
the preopening phase of transparent call auctions, Biais
et al. [19] and Davies [20] show that market quality is higher
in the later stage of the preopening phase compared to
the beginning at the Paris Bourse and the Toronto Stock
Exchange, respectively. In contrast to these results,Madhavan
et al. [21] report that higher transparency at the Toronto Stock
Exchange proved detrimental to market quality. From this
Eom et al. [22] conclude that the evidence on the effect of
pretrade transparency on market quality is mixed.

Beside the impacts of differentmarket opening designs on
market efficiency and liquidity at the beginning of the trading
day, some investigations deal with the question whether a
specific market opening design may also influence market
quality in the subsequent continuous trading phase “spillover
effect”. Since different stock exchanges have been using
different specifications of call auctions, questions concerning,
for example, the transparency during the preopening phase or
the shape of priority rules, have attracted increased attention
in the literature. Chang et al. [23] report positive spillover
effects after the introduction of an opening call auction at the
Singapore Stock Exchange. Pagano et al. [24] show that these
results extend to NASDAQ. Comerton-Forde et al. [13] on
the other hand document that market quality declined after
the introduction of an opening auction at the Hong Kong
Stock Exchange. This decline is accompanied by increasing
spreads, which in turn lead to reduced liquidity. The authors
attribute this problem to an unsuitable design of the opening
mechanism which renders it unattractive for traders.

Gerace et al. [25] analyze the spillover effect of a more
transparent opening call auction on continuous trading at the
Shanghai Stock Exchange (SHX). The authors report that the
volatility and spreads during intraday trading were reduced
after the introduction of indicative prices. This general result
receives further support from Hoffmann and van Bommel
[26], who compare stocks listed at the more transparent
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Euronext Paris with ones listed at the slightly less transparent
German Stock Exchange. In their analysis, informational
efficiency and liquidity in continuous trading is higher at the
Euronext Paris.

We thus conclude our review of the relevant literature
by identifying the gap we intend to fill. No studies have
hitherto analyzed a call auction and a subsequent continuous
double auction in a unified framework, investigating both
the direct and the spillover effects, and complementing
this investigation by analyzing the differential impact of
transparency. This is what we will address.

2.2. Experimental Design. In total, we conducted 21 sessions
fromOctober 2009 toNovember 2010, using three treatments
with seven sessions each. The experiment was programmed
in z-Tree [27]. Each session involved 12 participants from the
student body of the Faculty of Social and Economic Sciences
at the Karl-Franzens-University Graz, recruited using the
ORSEE system [28]. Each participant took part only once in
this experimental setting.

2.2.1. Description of Treatments. The experimental design is
based on the work of Theissen [16], who compares three
different stand-alone trading structures. In contrast to this
investigation, we have a five-minute stand-alone continuous
double auction (CDA) and two different types of complement
markets, both starting with a two-minute call auction. After
the opening price has been determined, a five-minute contin-
uous double auction begins also in these treatments.

The two complement markets differ with respect to the
transparency level of the opening call auction. In the first
complement market (CM) a completely nontransparent call
auction is used, meaning that no information about the order
flow or the indicative prices is available to the participants.
The second complement market (CMT) employs a fully
transparent call auction; that is, market participants can
see the whole order book and the indicative prices during
the entire duration of the preopening phase. (Note that
these two kinds of call auctions occupy the two extremes
in the continuum of possible transparency levels. Real stock
markets are in general located somewhere in between these
transparency levels, although there are exceptions like, e.g.,
the Paris Bourse, which employs a fully transparent call
auction (cf. [29]).) Furthermore, the indicative prices are
steadily being updated during the order entry phase. During
the preopening phase, participants are allowed to enter and
change (e.g., cancel) their orders. To enter an order the trader
has to enter a price and a volume on the selected market side.

2.2.2. Market Mechanisms. In the call auction, the price
which leads to the highest trading volume is used for both
indicative prices and the opening price. In the case of two
or more prices with the same trading volume, the middle of
the price range leading to the maximum trading volume is
used. Generally, buy (sell) orders with prices higher (lower)
than the opening price are being executed. If one market side
exceeds the other in terms of order volume at the opening
price, a rationing mechanism is applied. In contrast to other

experiments (e.g., [16, 30]), this rationing mechanism uses
a price-time-priority rule like in Friedman [31]. If two or
more traders on one market side have the same price limit,
the order entered first is processed first. At the opening all
participants receive information about the opening price, the
trading volume, and the order surplus.

The continuous double auction has the same design in
all treatments. The best bid and ask prices are visible to all
participants. A new bid (ask) is permissible if its price is
higher (lower) than the current bid (ask) price. If a new bid
or ask order is entered and accepted, all orders entered earlier
are deleted. A transaction is executed if a trader accepts the
current bid or ask price. The order entry is again organized
such that participants have to enter price and volume on the
selected market side. If a trader wants to accept a current bid
(ask) she only has to enter an order volume of between 1 and
the volume of the bid (ask) in the market.

2.2.3. Session Structure and Payoffs. Each session of the
stand-alone continuous double auction (complement mar-
ket) lasts approximately 120 min (160 min). First, the par-
ticipants get instructions explaining the trading rules, the
structure of the experiment, the payoff, and details about
the traded asset and the information structure. Next they
complete a self-test in which they have to answer questions
concerning the instructions. If a participant gives an incorrect
answer, the experimenter is informed and helps the partici-
pant in order to achieve a level playing field in terms of subject
understanding.

In each experimental session there are 8 trading periods,
the first two of which serve as training periods in which
participants are able to get acquainted with the trading inter-
face. These training periods do not count towards subjects’
earnings, which are based only on subjects’ performance in
the following six trading periods. (After these 8 trading peri-
ods we conducted a second experimental treatment. At the
beginning of the session, subjects were made aware that there
would be a second part but did not learn any details about
it.) This is communicated to the students at the beginning
of the experiment and is additionally documented in the
written instructions they receive. Each period is structured as
follows: the individual price signals are displayed on subjects’
screens and subjects have 20 seconds to contemplate them
before trading starts. In the complement markets, subjects
then have 120 seconds in which to submit call market bids
and asks. After the 20 seconds have elapsed in the CDA,
the continuous trading phase starts. After the 120 seconds
have elapsed in the complement markets, the opening price
is determined from the submitted bids and asks and subjects
are informed about the price and about how many shares
they have traded. The information screen is displayed for
10 seconds, after which the continuous trading phase starts.
After fiveminutes this phase ends and subjects’ endowment of
experimental currency and cash is reset to their initial values,
after which trading restarts for the next period. (At the end
of a trading period, subjects do not receive any additional
information. In particular, they are not informed about their
trading profits or the fundamental value.)
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Table 1: Performance-dependent payout structure of the experi-
ment.

Ranking Complement markets CDA alone
1 47.00C 40.00C
2 35.00C 30.00C
3 26.00C 22.00C
4 19.50C 16.50C
5 14.50C 12.00C
6 10.50C 8.50C
7 7.50C 6.10C
8 5.00C 4.10C
9 3.00C 2.50C
10 1.50C 1.30C
11 0.50C 0.50C
12 0.00C 0.00C

As in Theissen [16], each participant’s initial portfolio
consists of 50 000 currency units and 100 shares and is
reinitialized at the beginning of every period. Subjects can
sell short up to 100 shares and can overdraw their currency
account by up to a maximum of 50 000 currency units. No
interest and dividends are being paid in the experiment.
Therefore, the profit of a participant results exclusively from
the prices and quantities of her trades and from the funda-
mental value of her shares at the end of the experiment. The
minimum tick size is one experimental currency unit.

The payment for a participant consists of a fixed show-up
fee plus an amount depending on the sum of her six period-
end portfolio values. The payment for the trading success is
exponentially structured depending on the trader’s portfolio
value rank within the session. The performance-dependent
payout is shown in Table 1. The payoff structure thus conveys
a clear incentive to trade.

A second reason for this type of payout function is
that it allows for relatively large marginal incentives, while
ruling out the possibility of bankruptcy. When allowing for
short selling and margin buying, a payoff function linear in
subjects’ terminal wealth or profit admits the possibility of
negative final wealth. In order to circumvent this problem,
one strategy would be to add a fixed lump-sum payment
to the outcome of the experiment and use an exchange
rate from experimental into real currency which ensures
that bankruptcy is very unlikely. However, in this case the
marginal incentives from performing well in the experiment
are relatively small, since the difference in payouts to good
and bad performers is—by necessity—small. Our payoff
function allows for large marginal incentives (i.e., great
differences between the best and worst performers) without
the risk of bankruptcy. Furthermore we argue that convex
incentives and incentives determined by a trader’s rank
relative to others are not uncommon in markets outside the
laboratory. Brown et al. [32], for example, argue that the mar-
ket for mutual funds can be considered a tournament, since
past performance (relative to others) drives new investment
inflow and because fund managers’ rewards are usually tied
to the assets under management. (“Specifically, we suggest

that viewing the mutual fund market as a tournament in
which all funds having comparable investment objectives
compete with one another provides a useful framework
for a better understanding of the portfolio management
decision-making process. Similar to the payoffs for golf and
tennis competitions, the amount of remuneration that a
fund receives for ‘winning’ this tournament depends upon
its performance relative to the other participants” [32].)
Similarly, Basak et al. [33] analyze this link between fund
flows and performance, noting that it induces convexities in
managers’ objectives. A number of recent studies are thus
motivated by the importance of tournament and convex
incentives in real-world financial markets and analyze their
impact on trader behavior and market outcomes (further
examples include [34–37]).

In addition to the variable payoff, every participant
receives a 10 C show-up fee in the complementmarket and an
8 C show-up fee in the continuous double auction setting.The
differences in payoffs stem from the fact that the complement
markets have a longer time duration of about 30 minutes
compared to the setting with the continuous double auction
alone. On average, the participants of the different treatments
receive identical expected payoffs of 8.50 Cper hour. After the
experimental periods have concluded, participants have to fill
in a questionnaire dealing with the experiment in general and
the behavior of the individual in particular.

Each period’s fundamental value 𝑉
𝑡
is independently

drawn from a discrete uniform distribution over all integer
values in the interval [0.8 ⋅𝑉

𝑡−1
, 1.2 ⋅𝑉

𝑡−1
], (Due to a program-

ming error, in 1.85% of all cases (i.e., in the second period
each of one stand-alone CDA and one nontransparent com-
plement market) the fundamental value changed by 24.1%
fromone period to the next. Note, however, that subjects were
only informed about the last period’s fundamental value.)The
first asset value of the six trading periods is randomly chosen
from the interval of 400 to 600 currency units. (The asset
values in the two training periods were 86 and 90. They were
chosen far from the range of values employed later for the six
periods which counted towards payoffs in order to eliminate
the possibility of anchoring.) The fundamental value is not
communicated or displayed to the participants at any time
during or after a trading period, except for the very end of
trading (i.e., after period 8). Instead, each participant receives
an individual, imperfect price signal for the fundamental
value of the asset before a trading period starts. In line with
the calculation of the fundamental value, the price signals
are uniformly distributed over all integer values between 10%
below and above the fundamental value. (During the pretests
of the final experimental setting we also conducted some
series with a higher range of price signals and therefore a
higher information asymmetry. The results do not indicate
that this change in the price signal distribution is associated
with a change in market quality. Due to a programming
error, in 3.49% of all cases the signals deviated by more than
10% (maximum: 12.01%) from the fundamental value. Since
subjects did not learn the fundamental value in periods 1
through 5, they could have become aware of the problem in
0.47% of all cases (i.e., when a signal’s deviation was too large
in the last period), and only at the end of the experiment
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after trading had concluded. No subject gave an indication
of having become aware of one of these cases.) Therefore,
the price signal is of equal ex-ante quality for all traders,
whereas the ex-post signal quality differs in terms of precision
between the traders. We do however ensure that, within each
period, the average of the randomly calculated price signals
equals the fundamental value of the asset. The variation in
price signals—computed as the average absolute deviation
of each of the 12 price signals from the fundamental value
of the period—ranged between 3% and 6.5%. The average
absolute variation of price signals over all periods was 4.8%.
All the facts concerning the information structure within the
experimental market were common knowledge.

3. Results and Discussion

The results we present are based only on the six experimental
trading periods. We structure the presentation into results
regarding the market opening, regarding the preopening
phase and regarding possible spillover effects.

3.1. Market Opening. We start by analyzing the informational
efficiency of the opening prices of all treatments and obtain
the following result.

Result 1. An opening call auction prior to continuous trading
leads to a smaller opening price deviation from fundamental
value and lower spreads than a continuous double auction
alone. This result holds for both transparent and nontrans-
parent call auction forms.

Support for Result 1. The mean relative error (MRE) for the
opening prices 𝑃

𝑜,𝑡
in a series measures the average absolute

difference between these prices and the fundamental value𝑉
𝑡
,

divided by the fundamental value (cf. [16]).We first define the
relative error (RE) as follows:

RE
𝑜,𝑡
=





𝑃
𝑜,𝑡
− 𝑉
𝑡






𝑉
𝑡

. (1)

TheMRE for the opening prices is then defined as the session
average of the individual periods’ RE

𝑜,𝑡
values as follows:

MRE
𝑜
=

1

6

⋅

8

∑

𝑡=3

RE
𝑜,𝑡
. (2)

Here, 𝑡 is the trading period, running from 3 to 8 to exclude
the training periods 1 and 2. Lower MRE

𝑜
values indicate

higher informational efficiency of the opening price. Using
theMRE as ameasure of informational efficiency of amarket,
we find that the call auction leads to a higher level of efficiency
than the continuous double auction in terms of the opening
price. We obtain MRE

𝑜
values of 2.61% (1.92%) [3.93%] in

the transparent call auction (nontransparent call auction)
[stand-alone CDA]. To investigate the robustness of these
differences, we conduct a number of statistical tests. Since the
assumption of a normal distribution is rejected for various
datasets in our analysis, we report only nonparametric tests.
It is worth mentioning that several hypotheses were also

tested by use of parametric methods, yielding qualitatively
equivalent results as the reported nonparametric tests.

The differences between the MRE
𝑜
values of the three

treatments are investigated by a Kruskal-Wallis-ANOVA
which shows that they differ significantly (P value: 0.035).
In addition we execute Wilcoxon rank sum tests comparing
the MRE

𝑜
values of the stand-alone CDA to those from the

call auctions. The comparison between the opening prices
of the stand-alone CDA and the nontransparent call auction
shows that the latter generates significantly more efficient
opening prices (P value: 0.013). Comparing the prices from
the transparent call auction to either the opening prices of the
stand-alone CDA or the nontransparent call auction prices
yields no significant differences (P values: 0.142 and 0.225,
resp.).

Finally, we compare the MRE
𝑜
values of the call auctions

to the MRE 120 seconds after the start of the stand-alone
CDA. This comparison yields evidence on the competitive
performance of these different openingmechanisms, control-
ling for the time cost (i.e., the call auctions and the stand-
alone CDA in this comparison have both been given 120
seconds to aggregate prices). The average MRE 120 seconds
into the stand-alone CDA is 3.56%, which is significantly
(not significantly) different from the MRE

𝑜
yielded by the

nontransparent (transparent) call auction (Wilcoxon rank
sum test P values: 0.048 and 0.225).

However, these tests suffer from a lack of power because
theymust compare session averages of the RE

𝑜,𝑡
values for the

six periods in each session (i.e., MRE
𝑜
), since the results from

individual periods within a session are not independent of
each other. To remedy this shortcoming and make better use
of our data while still accounting for the possible dependence
between consecutive periods within a session, we regress
RE
𝑜,𝑡
on a constant, on dummies for the two treatments using

either transparent or nontransparent call auctions, and on
dummies for the period within a session, for the sessions
themselves, and for the interactions of periods and sessions,
adjusting for clusters in the standard errors by session:

RE
𝑜,𝑡
= 𝛼 + 𝛽CM ⋅ CM + 𝛽CMT ⋅ CMT

+ 𝛽
𝑇

𝑡
⋅ t + 𝛽𝑇

𝑠
⋅ s + 𝛽𝑇

𝑡×𝑠
⋅ t × s + 𝜀

𝑡
.

(3)

In this regression, CM (CMT) is a dummy variable equal to
1 in the nontransparent (transparent) call market treatment
and zero otherwise. The expressions 𝛽𝑇

𝑡
, 𝛽𝑇
𝑠
, and 𝛽𝑇

𝑡×𝑠
are

transposed coefficient vectors, t is a vector of dummies for
periods 4 through 8, s is a vector of dummies for sessions
2 through 7 and t × s is the interaction between periods
and sessions. The results are shown in regression model (1)
in Table 2. We find significant treatment effects for both the
transparent and the nontransparent call auctions. We then
repeat the analysis, again using RE

𝑜,𝑡
for the opening prices

in the treatments with call auctions, but using the relative
error after 120 seconds in the CDA. The results, reported in
model (2) in Table 2, are similar, albeit with slightly smaller
(absolute) coefficients. We interpret this as evidence that the
existence of a preceding call auction of either transparency
level leads to a more efficient opening price than in the case
of a stand-alone CDA.
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Table 2: Regression analysis market open.

Model (1) Model (2) Model (3)

CM −0.020 −0.016 −0.022
(0.006) ∗∗∗ (0.005) ∗∗∗ (0.004) ∗∗∗

CMT −0.013 −0.010 −0.024
(0.007) ∗∗ (0.006) ∗ (0.004) ∗∗∗

Session dummies,
period dummies, and
interactions

Yes Yes Yes

Const. 0.087 0.058 0.076
(0.029) ∗∗∗ (0.007) ∗∗∗ (0.009) ∗∗∗

𝑅
2 0.39 0.36 0.56

Adj. 𝑅2 0.08 0.03 0.34
𝑁 126 126 126
∗
𝑃 < 0.1; ∗∗𝑃 < 0.05; ∗∗∗𝑃 < 0.01. Standard errors clustered at the session

level (in parentheses). Session and period dummy interaction coefficients
omitted.

The homogeneity of the call auctions’ efficiency is also
supported when analyzing the liquidity of the two types of
call auctions and the stand-alone CDA. As in most empirical
(e.g., [26, 38]) and experimental studies (e.g., [16, 31]), we
use the bid-ask spread as a measure of market liquidity. We
define the spread in the CDA to be the difference between the
lowest ask and the highest bid in the order book at the time
when a transaction takes place. (Remember that our order
book has a depth of 1, since subjects can only enter orders
which improve the quoted spread (i.e., are higher than the
previous highest bid and lower than the previous lowest ask)
and that previous bids (asks) are deleted upon entry of a new
best bid (ask). For this reason, in 17 out of 42 cases no spread
exists at the time of the opening transaction in the stand-
alone continuous double auction.) In a call auction, however,
no direct bid-ask spread exists.We therefore follow Friedman
[31] andTheissen [16] in calculating the relative inside spread
as

RIS
𝑡
=

𝑃
𝐴,𝑙

𝑜,𝑡
− 𝑃
𝐵,ℎ

𝑜,𝑡

𝑉
𝑡

, (4)

where 𝑃𝐵,ℎ
𝑜,𝑡

(𝑃𝐴,𝑙
𝑜,𝑡

) is the highest bid (lowest ask) price of a
buy (sell) order which is not executed in the call auction.
The difference between these two prices is an indirect spread,
because an increase (reduction) of 𝑃𝐵,ℎ

𝑜,𝑡
(𝑃𝐴,𝑙
𝑜,𝑡

) to the level
of 𝑃𝐴,𝑙
𝑜,𝑡

(𝑃𝐵,ℎ
𝑜,𝑡

) would lead to the execution of the order. An
additional order can only be executed at a price between 𝑃𝐵,ℎ

𝑜,𝑡

and 𝑃𝐴,𝑙
𝑜,𝑡

, implying that RIS
𝑡
represents the price impact of

an additional order. We find that the average spreads of the
opening call auctions are 2.28% for the nontransparent call
auction and 2.14% for the transparent call auction (medians:
2.62% and 3.27%, resp.), a difference which is not significant
in aWilcoxon rank sum test (P value: 0.848). (The same result
obtains when analyzing the trading volume at the opening
(P value: 0.678). Note however that trading volume is a
relatively poor measure of liquidity because no dimensions

of liquidity are impounded (e.g., [39]).) The average spread
in the CDA, conversely, is 4.52% (median: 4.25%). Applying
again the regressionmethodology outlined in (3) but using as
the dependent variable the relative inside spread in the case of
the call auction treatments and the direct spread in the stand-
alone CDA, we find and report in model (3) of Table 2 highly
significant treatment coefficients.

Summing up our results from the market opening, we
find support for earlier findings by Madhavan [4], Econo-
mides and Schwartz [5], and Comerton-Forde et al. [40].
They show that an opening call auction seems to be best suited
for difficult trading situations like the market opening, when
trader uncertainty about the fundamental value is high. The
attributes of the call auction with regard to collecting orders,
generating liquidity, and incorporating heterogeneous orders
and traders with different expectations and information
therefore tend to lead to a more efficient opening price
in such settings. Three findings strengthen the conclusion
that this effect is caused by the mechanism of trading (i.e.,
call versus continuous double auction). First, the effect is
robust to analyzing prices after the same amount of time has
elapsed in the three treatments. Second, the effect is present in
both transparency levels of the call auction, even though the
transparent call auction and the continuous double auction
provide traders with a comparable level of information which
is considerably greater than that in the nontransparent call
auction. Third, the results hold both for price efficiency and
for the spread.

As a second high-level observation we note that we detect
no significant differences between the transparent and the
nontransparent call markets regarding any of the measures
investigated so far. If there is a difference, our results suggest
that it would favor the nontransparent version, which has
higher (absolute) coefficients and lower P values in most
analyses. This result is surprising. In contrast to most of the
literature, which finds efficiency increasing in transparency
(e.g., [22, 41–43]), relatively few studies report similar results
regarding the issue of transparency in call auctions (e.g.,
[21, 44]).

3.2. Preopening Phase. In order to analyze our results at mar-
ket opening in more detail, we investigate the development
of prices and the order flow during the preopening phase.
Such an analysis has the potential to shed more light on the
question of how the different specifications of call auction
mechanisms perform. We obtain the following result for the
preopening phase.

Result 2. In both forms of the opening call auction (transpar-
ent and nontransparent), price discovery is completed within
the first minute of order submission.

Support for Result 2. Our experimental framework enables
us to compare a transparent auction mechanism with a non-
transparent version with respect to the preopening behavior.
Although the participants do not receive any information
concerning the order flow and the indicative prices in the
latter, we are nonetheless able to compute the indicative
prices in this auction mechanism. The amount and variety
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Figure 1: Average MRE of indicative prices in the call auctions.
This figure displays the development of the average mean relative
error (MRE) in the transparent and nontransparent call auctions
over time.

of orders and market depth in both auction forms increase
with increasing time elapsed in the preopening phase. As
Figure 1 illustrates, both call auction forms have completed
the price discovery process by the end of the first minute
of order submissions. Furthermore, they achieve a similar
level of informational efficiency, measured by theMRE of the
indicative prices.

To further investigate this topic, we compute the MRE
for the first indicative prices and for the indicative prices
in the middle of the preopening phase (after 60 seconds).
(In addition to computing the MREs of the first indicative
prices we analyze the time at which the first indicative price
becomes available in the call auctions. In the transparent
(nontransparent) call auction the first indicative price is
arrived at on average after 23.5 (24.2) seconds. A two-sample
t-test on a period-by-period basis shows that this difference
is not significant (P value: 0.596) and linear regression
analysis shows that the duration until the appearance of the
first indicative price does not influence the MREs of the
first indicative prices, nor the mid MREs or the opening
MREs.) Afterwards we compare these MRE values to the
ones at market opening. Again, these three MRE values are
calculated as averages over all trading periods, which leads to
7 observations per treatment and type (first indicative price,
indicative price in the middle of the preopening phase, and
opening price).

Using a Kruskal-Wallis-ANOVA of the MRE values per
experimental session we find significant differences between
the distributions of the three price types for both the trans-
parent (P value 0.020) and the nontransparent call auctions
(P value: 0.001). The results of Wilcoxon rank sum tests show
that the MREs of the first indicative prices are significantly
greater than the MREs of the indicative prices after 60
seconds in the transparent (P value: 0.048) as well as the
nontransparent call auctions (P value: 0.002). The same is
true for the comparison of the MREs of the first indicative
prices to the opening priceMREs (P values: 0.009 and 0.003),
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Figure 2: Gross and net average order volume during the preopen-
ing phase. This figure displays the development of the average order
volume in the transparent and nontransparent call auctions gross
and net of cancellations over time.

respectively. The main result of higher price efficiency at the
end of the preopening phase compared to the beginning is in
line with [19], who find a similar result for a transparent call
auction preopening mechanism at the Paris Bourse.

Figure 1 illustrates graphically that the price discovery
process is less pronounced (or even nonexistent) from the
middle of the preopening phase to the opening. More
technically we find that the MRE of the opening prices is
different from that of the indicative prices in the middle of
the preopening phase for neither the transparent nor the
nontransparent call auctions in Wilcoxon rank sum tests (𝑃
values: 0.406 and 0.225). This conflicts with the result of
Biais et al. [19], who report efficient price discovery especially
in the later part of the pre-opening phase. One reason for
this discrepancy may be that in our experimental study,
a price-time priority rule is implemented, possibly leading
to a higher order volume already at the beginning of the
preopening phase (see Figure 2). The Paris Bourse however
did not have such a rule during the sample period. This may
have led to the higher trading activity in the later part of
the preopening phase and the more efficient price discovery
process documented by Biais et al. [19].

In accordance with the results from the opening prices,
we observe no significant differences between the first ormid-
period indicative prices between the two treatments of the
call auction (P values: 0.565 and 0.180 in Wilcoxon rank sum
tests), suggesting again that a transparent market, although
providingmore information about the market situation, does
not lead to higher market quality compared to the non-
transparent auction. (As Figure 1 indicates, the marginally
significant difference between themid-periodMREs suggests
that, on the contrary, the nontransparent market is more
efficient (average MRE: 2.29%) than the transparent market
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(averageMRE: 3.09%).) A closer look at the preopening order
flowallows us to investigate if andunderwhich circumstances
the market quality in the transparent call auction differs
from that in the nontransparent setting. Figure 2 displays an
overview of the order flow during the preopening phases of
both call auctions. It shows the gross and net average order
volumes separately, with net order volume in this context
defined as the gross order volume minus the volume of
cancelled orders.

Figure 2 highlights slight treatment differences. At the
beginning of the preopening phase, the (cumulative) gross
order volume is greater in the transparent auction, but the
nontransparent auction order volume catches up over time.
The net order volumes under the two treatments exhibit
a similar development as the gross volumes early in the
preopening phase (this is to be expected, since order can-
cellations accrue over time and must by definition lag order
entries), but then intersect in the middle of the preopening
phase. Finally, cumulative net order volume ends up being
significantly higher in the nontransparent auction at the time
of the opening. This shows that, during the second half of
the preopening phase, more orders are being cancelled in
the transparent than in the nontransparent call auction. The
higher incidence of order cancellations in the transparent
auction may hint at strategic behavior in the sense that
subjects submitting orders which are later cancelled may not
really intend to trade at the submitted prices but could be
trying to move the market through the revelation of what
others may believe to be information (cf. [31]). In line with
Davies [20], we compute the fraction of cancelled orders
which would have been executed at the indicative price.
For the second half of the preopening phase we find this
to be 3.27% (5.94%) in the nontransparent (transparent)
auction. (For the first half of the preopening phase the
average fraction of cancelled quotes is 2.39% (3.80%) for
the nontransparent (transparent) call auction.This difference
is not statistically significant in a Wilcoxon rank sum test
(both P values: 0.220).) A Wilcoxon rank sum test confirms
that this difference is statistically significant (𝑃 value: 0.022).
However, a second interpretation of the greater number of
order cancellations in the transparent treatment would be
that there are greater learning effects, which cause subjects
to rethink and cancel their orders. Since our data are insuf-
ficient for further pursuing this issue, we leave it for future
research.

3.3. Spillover Effects. In the majority of real stock markets,
trading after the opening call auction continues in the form of
a continuous double auction.This raises the questionwhether
an opening call auction not only leads to a more efficient
opening price, but also influences subsequent continuous
trading in a positive manner in terms of market quality.
Our experimental research design enables us to analyze these
spillover effects of different call auction formats in a common
framework by comparing measures of market quality from a
double auction market preceded by a call market with data
from a stand-alone double auction market.

We start our investigation by analyzing the price effi-
ciency during the continuous double auction. In order to do
so, we employ the following adapted RE and MRE measures:

RECDA
𝑡
=

𝑛

∑

𝑖=1

(
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𝑡
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=

1

6

⋅

8

∑
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RECDA
𝑡
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In (5) we first calculate the period average of the relative
error (RECDA

𝑡
) of each transaction in the continuous double

auction in period 𝑡 by taking the relative absolute differences
between the transaction prices and the fundamental value
and—in contrast to the call auction—weighting them by the
proportion of the period’s total trading volume represented
by the transaction in question (cf. [16]). The weighting factor
serves to limit the influence transactions small in volume
but large in price deviation have on the overall MRE of a
continuous trading period (MRECDA

𝑡
). In a second step we

derive the MRECDA as the average of the sum of the RECDA
𝑡

values of all transactions in a period, over all periods for a
series, as presented in (6).

We list the mean, median, and standard deviation of
each treatment’s MRECDA values in Panel A of Table 3.
The notation we use is as follows: “CDA-CM” stands for
the continuous double auction after the nontransparent call
auction; “CDA-CMT” is the continuous double auction after
the transparent call auction; and “CDA alone” is the stand-
alone continuous double auctionwithout an opening auction.

We use Wilcoxon rank sum tests to compare the stand-
alone continuous double auction outcomes to data from the
markets preceded by either of the two types of call auctions.
The results are reported in Panel B of Table 3. Despite our
small sample size of only seven observations each of the
results indicates that prices in the continuous double auction
are more efficient subsequent to a nontransparent opening
call auction than without such an opening institution. The
difference between the stand-alone CDA and the CDA-CMT
is not significant. When using only the MRE calculated over
the last transaction price in each session of the CDA, we find
no significant results.

We obtain a stronger result when we again estimate the
regression specification from (3), using RECDA

𝑡
as the depen-

dent variable.The treatment dummy coefficients for the CDA
following both the nontransparent and the transparent call
markets, reported in model (4) in Table 4, are negative and
significant. This would support the assumption that opening
call auctions reduce uncertainty about the fundamental value,
thus indicating that a good start of trading goes hand in hand
with an overall increase in market quality.

While these findings appear promising at first sight, we
believe that they actually constitute a result of learning by
the market participants, which leads the spillover effects to
disappear in repeated markets. To substantiate this claim, we
plot the average value of RECDA by period in order to give an
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Table 3: Descriptive statistics of period and last trade MRECDA values as well as results of Wilcoxon rank sum tests between the stand-alone
CDA and the CDA of the complement markets.

Panel A: descriptive statistics CDA alone CDA-CM CDA-CMT
Mean 3.60% 2.68% 2.82%
Median 3.22% 2.65% 3.15%
Standard deviation 1.95% 1.15% 1.15%
Mean (last trade) 2.93% 2.27% 2.64%
Median (last trade) 2.50% 2.46% 2.65%
Panel B: Wilcoxon tests CDA alone versus CDA-CM CDA alone versus CDA-CMT CDA-CM versus CDA-CMT
𝑍 1.725 1.214 −0.958
𝑃 value 0.085 0.225 0.338
𝑍 (last trade) 1.214 0.319 −0.831
𝑃 value (last trade) 0.225 0.749 0.401

Table 4: Regression analysis spillover effect.

Model (4) Model (5) Model (6) Model (7) Model (8)

CM −0.009 −0.005 −0.017 −0.013 −0.014
(0.003) ∗∗∗ (0.003) (0.004) ∗∗∗ (0.005) ∗∗∗ (0.004) ∗∗∗

CMT −0.008 −0.005 −0.006 −0.002 −0.004
(0.003) ∗∗ (0.003) (0.004) (0.005) (0.005)

RE
𝑜,𝑡

0.209 0.187
(0.057) ∗∗∗ (0.072) ∗∗

𝑆
Call
𝑡

0.186
(0.120)

Session dummies, period dummies, and interactions Yes Yes Yes Yes Yes

Const. 0.050 0.032 0.066 0.052 0.050
(0.021) ∗∗ (0.014) ∗∗ (0.012) ∗∗∗ (0.014) ∗∗∗ (0.010) ∗∗∗

𝑅
2 0.41 0.52 0.51 0.52 0.54

Adj. 𝑅2 0.11 0.25 0.25 0.26 0.29
𝑁 126 126 126 126 126
∗∗
𝑃 < 0.05; ∗∗∗𝑃 < 0.01. Standard errors clustered at the session level (in parentheses). Coefficients for session and period dummies and their interactions

omitted.

overview of the heterogeneity and average development over
time. We do so in Figure 3, which displays the development
of RECDA in each session, in each of the three treatments,
depicted in thin grey lines. The solid black line is the mean
over all sessions. Since the first CDA session exhibits relatively
high mispricing in the first three periods, we also calculate
the mean without this session. The dashed black line in the
left panel displays the mean without this possible outlier,
documenting that prices remain relatively high early in the
CDA markets.

The overall patterns in Figure 3 clearly document rel-
atively large heterogeneity between sessions, but relatively
similar convergence in later periods.While the CM andCMT
treatments seem to follow similarly flat trajectories, the panel
for the stand-alone CDA suggests the existence of a learning
effect from the earlier to the later periods. We therefore test
for differences in the RECDA values between treatments and
provide the results in Table 5. (We also repeat the regression

analysis excluding periods 1 and 2, finding that the significant
treatment effect likewise disappears.)

The results indicate thatmispricing is indeed significantly
higher in the early periods of the CDA treatment (and that
this effect is relatively robust to the removal of one possible
outlier, despite the sample size of only 7 sessions each).
Nonetheless, our findings also show that the positive spillover
effect from the opening call auctions disappears after the sec-
ond period of the market. The reason is not that prices in the
CDA following a call auction become less efficient but rather
that prices in the stand-alone CDA become more efficient.
Given that we run two training periods, we interpret this as
evidence that our market participants require substantial
experience to largely eliminate mispricing in this setting.
When they gain this experience, however, the difference
between our treatments disappears. In other words, our
spillover effect findings seem to be driven by an interaction
with subject experience, with a call auction ameliorating the
pricing errors in markets with inexperienced subjects.
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Figure 3: Average RECDA in the CDA phase, by treatment. This figure displays the development of the average relative error in each session’s
CDA phase (RECDA), in each of the three treatments (thin grey lines), the mean over all sessions (solid black line), and the mean over all
sessions without the first session in the case of the stand-alone CDA (dashed black line, leftmost panel).

Table 5: Average RECDA values and results of corresponding Wilcoxon rank sum tests. Results without the first CDA session in parentheses.

Panel A: descriptive statistics CDA alone CDA-CM CDA-CMT
(1) Avg. RECDA, Period 1 4.96% (4.29%) 2.59% 2.51%
(2) Avg. RECDA, Period 2 4.95% (4.21%) 3.24% 2.99%
(3) Avg. RECDA, Period 3 3.24% (2.66%) 2.84% 2.70%
(4) Avg. RECDA, Period 4 2.57% (2.83%) 1.98% 3.06%
(5) Avg. RECDA, Period 5 2.84% (2.86%) 2.40% 2.90%
(6) Avg. RECDA, Period 6 3.05% (3.04%) 3.05% 3.12%
(7) Avg. RECDA, last transaction, and all periods 2.93% (2.67%) 2.27% 2.64%
(8) Avg. RECDA, last transaction, and Period 6 2.41% (2.69%) 2.92% 2.39%
Panel B: Wilcoxon tests CDA alone versus CDA-CM CDA alone versus CDA-CMT CDA-CM versus CDA-CMT
𝑃 value (1) 0.035 (0.063) 0.025 (0.046) 0.848
𝑃 value (2) 0.048 (0.087) 0.085 (0.153) 0.848
𝑃 value (3) 0.655 (1.000) 0.848 (0.475) 0.949
𝑃 value (4) 0.277 (0.153) 0.482 (0.775) 0.110
𝑃 value (5) 0.338 (0.317) 0.749 (0.886) 0.482
𝑃 value (6) 0.949 (1.000) 0.949 (0.886) 0.655
𝑃 value (7) 0.247 (0.386) 0.682 (0.931) 0.420
𝑃 value (8) 0.338 (0.475) 0.949 (0.886) 0.949

Wefindno such outliers or clear time trendswhen analyz-
ing market liquidity. In line with the outcomes for MRECDA,
we perform a comparison of the spreads (In contrast to the
call auction, spreads are directly observable in the continuous
double auction by computing the difference between ask and
bid prices when a transaction occurs. They are particularly
relevant in this setting, since transactions tend to take place
when spreads are lower and because traders are affected by
the spreads only when a transaction occurs (cf. [16]). Note
that no spread can be derived when somebody accepts the
standing bid (ask) at a time when there is no ask (bid) in the
market.) between the continuous double auction alone and
the continuous double auctions of the complement markets.

Descriptive statistics as well as results of the Wilcoxon rank
sum tests are shown in Table 6 (Panels A and B, resp.).

Table 6 documents that the spreads in the continuous
double auction after a nontransparent opening call auction
are significantly lower than in the stand-alone continuous
double auction. We again estimate the regression specifica-
tion from (3), using the average spread as the dependent
variable. The results are reported in model (6) in Table 4.
Our results show the treatment dummy coefficient for the
CDA following the nontransparent call market to be negative
and significant, while the coefficient for the CDA after a
transparent call market is not significant. This supports
the assumption that a nontransparent opening call auction
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Table 6: Descriptive statistics of period spreads and results of Wilcoxon rank sum tests on average series spreads between the stand-alone
CDA and the CDA of the complement markets.

Panel A: descriptive statistics CDA alone CDA-CM CDA-CMT
Mean 4.53% 2.78% 3.91%
Median 4.25% 2.62% 3.27%
Standard deviation 2.21% 1.66% 2.43%
Panel B: Wilcoxon test CDA alone versus CDA-CM CDA alone versus CDA-CMT CDA-CM versus CDA-CMT
𝑍 2.108 1.086 −0.831
𝑃 value 0.035 0.278 0.406

reduces uncertainty about the fundamental value, leading
to higher liquidity in continuous trading after such a call
auction.

Note that some traders in the continuous double auction
after a transparent opening call auction enter order prices
which are particularly far away from other traders’ bids or
asks and from the fundamental value. Although a majority of
these orders is not accepted, they may lead to high reported
spreads when an order of the other market side is accepted
(since the spread is defined as the difference between the
standing bid and ask at the time of a transaction).

This phenomenon becomes apparent when analyzing
the intraday volatility in the continuous double auction.
The intraday price standard deviation was computed for
every period and session. The average is 2.26% (2.47%)
[3.12%] in the CDA-CM (CDA-CMT) [stand-alone CDA].
The hypothesis of the existence of positive spillover effects
on price volatility is not supported by the Wilcoxon rank
sum test results for either the nontransparent opening
call auction (P value: 0.110) or the transparent version (P
value: 0.277). We also fail to detect a significant difference
between the continuous auctions following the two call
auction types (P value: 0.848). However, employing ourmore
powerful regression methodology, we can isolate negative
and significant treatment effects from the nontransparent
(coefficient: −0.0086, P value: 0.002) and the transparent call
auctions (coefficient: 0.0065, P value: 0.019). Interestingly, we
find small but significant downward trends when regressing
volatility on time in CDA-CM and CDA, but not in CDA-
CMT (coefficients: −0.0016, −0.0054, and −0.0010; 𝑃 values:
0.020, 0.002, and 0.281, resp.).

Finally, we again find no significant differences in total
trading volume between the three continuous double auc-
tions using the Wilcoxon rank sum test (P values: 0.277,
0.142, and 0.565 when comparing the stand-alone CDA
and the CDA-CM, when comparing the stand-alone CDA
and the CDA-CMT, and when comparing the CDA-CM
and the CDA-CMT, resp.). Once more, using the regression
methodology, we obtain positive and significant treatment
effects from the nontransparent (coefficient: 233.43, P value:
0.007) and the transparent call auctions (coefficient: 245.55,
P value: 0.004).

To further investigate the question of spillover effects, we
perform a linear regression analyzing the impact of market
efficiency at the market opening after a call auction on

subsequent efficiency using the following functional form,
with the symbols defined as in (3), and again adjusting for
clusters in the standard errors by session:

RECDA,𝜃
𝑡
= 𝛼 + 𝛽RE ⋅ RE

𝜃

𝑜,𝑡
+ 𝛽CM ⋅ CM

+ 𝛽CMT ⋅ CMT + 𝛽𝑇
𝑡
⋅ t + 𝛽𝑇

𝑠
⋅ s + 𝛽𝑇

𝑡×𝑠
⋅ t × s + 𝜀

𝑡
.

(7)

In this regression, 𝜃 ∈ {CM,CMT} indicates the nontranspar-
ent and transparent call market treatment, respectively. This
regression investigates the association between the opening
price efficiencies in the call auctions and the average price
efficiencies over the course of the following continuous dou-
ble auctions andwhether there is a treatment difference in the
spillover effect between the transparent and the nontranspar-
ent versions of the opening call auction. As shown in model
(5) in Table 4, we find 𝛽RE to be highly significant, while
the coefficient dummies of the nontransparent (transparent)
call market treatments turn out to carry the correct sign
but are not significantly different from zero. (This result is
robust to excluding the first two periods.) In other words,
lower (higher) efficiencies at the opening of the transparent
auction market are associated with lower (higher) efficiency
in the subsequent continuous double auction, and this effect
subsumes any treatment effects that may be present. When
we extend this line of analysis to spreads, we find a significant
treatment difference but no spillover effect. (When regressing
the spreads in the continuous double auction on the spreads
in the preceding call market in a specification analogous to
(7), we find the results reported for model (7) in Table 4.
Regressing the spread in the continuous double auction on
the opening MRE from the call auctions yields the findings
listed in model (8). As is the case for model (5), RE

𝑜,𝑡
also

has significant explanatory power for the CDA spread results,
while the spread in the call auction preceding the CDA does
not. The dummy for the nontransparent complement market
treatment is highly significantly different from zero in both
models.)

In contrast to some of the empirical literature (e.g., [25,
26]) our experimental results provide no support for the
conjecture that a higher level of transparency in the call
auction has a positive influence on the market quality in the
subsequent CDA. On the contrary, they seem to be more in
line with the arguments of Domowitz and Madhavan [6],
who show that excessive transparency can have a negative
influence on market quality. It is possible that observing
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the order flow and the price discovery process during the
preopening phase increases the feeling of uncertainty in
the market, which spills over into subsequent continuous
trading. Alternatively it is possible that some participants
are overwhelmed by the amount of information revealed
in the preopening phase, which would be in line with the
concept of “information overload” (cf. [45]; see also [46] for
complexity in financial markets and information overload).
Finally, we acknowledge the possibility that the lack of a better
performance of the transparent call auction is due to the
greater room for price manipulation therein, as documented
by Arifovic and Ledyard [30]. Unfortunately, our data do not
allow us to distinguish between these rival hypotheses.

4. Conclusions

The paper deals with the market structure at the opening and
its influence on subsequent trading. In contrast to previous
papers, we compare a single continuous double auction and
two complement markets with different call auction designs
as opening mechanisms in a unified framework. This is also
the first experimental examination of complement markets
using different designs of an opening call auction.The results
of our experimental approach can be summarized as follows.

(1) A call auction is well-suited as a market opening
institution, generating a higher market quality at this
time of market stress than opening directly with
continuous trading.

(2) Opening call auctions cause a positive spillover
effect on subsequent continuous trading in terms of
spreads, volatility, and trading volume, although not
necessarily on mispricing.

(3) Higher transparency during the preopening phase
leads to higher market quality neither at the open-
ing nor in subsequent trading. While there are no
significant differences in terms of market quality at
the opening, spreads in the continuous market are
significantly higher than in the CDA-CM setting with
a nontransparent opening call auction.

We consider this as evidence supporting the decision of
most stock exchanges to institute an opening call auction. As
predicted by the theoretical literature (e.g., [4, 5]), such an
institution seems a suitable instrument at this crucial time of
the trading day. Furthermore, the opening call auction has
a positive spillover effect on subsequent continuous trading,
thereby supporting most of the empirical literature (e.g., [23,
24, 47]). This result also means that an opening call auction
creates higher price efficiency and liquidity for the whole
market and should therefore lead to a more attractive stock
market for issuers and investors, which in turn implies an
overall welfare gain for the economy (e.g., [48]). However, as
Comerton-Forde et al. [13] pointed out in their examination
of the Hong Kong Stock Exchange, the design of call auction
markets is a complex issue. It encompasses the choice of a
level of transparency during the preopening phase as well
as price determination and priority rules. As the present
experimental examination shows, the design of the call

auction can influence the behavior of traders, with attendant
implications for market quality.

In periods with inefficient prices during the first seconds
of the preopening phase, traders seem to try to avoid prices
getting more efficient by placing orders that support the
current inefficient prices or by not placing orders, so that
no efficient price discovery process takes place. In these
periods, the efficiency of the opening price is lower than in
the nontransparent auction. Regression analysis furthermore
shows that this lower efficiency is not corrected in the
subsequent continuous double auction. In fact, the higher
the MRE value at the opening of the transparent auction
compared to the nontransparent auction, the higher is the
difference between the MRE values in the continuous double
auction.

Further experimental analysis concerning the trans-
parency of the opening call auctions would therefore be
valuable. Note that most stock exchanges outside the lab
use lower levels of transparency than that chosen in our
transparent call auction treatment. It would therefore be
worthwhile to learn whether the higher efficiency in our
nontransparent call auction markets is a corner solution, or
whether there is an optimal level somewhere in between
no and full transparency. Such a U-shaped pattern is, for
example, suggested by Comerton-Forde and Rydge [41]. A
study investigating this question could, for example, only
provide traders with indicative prices (this is, e.g., the case
at the Deutsche Börse) or show a limited number of bids
(this is the case, e.g., at Euronext Paris and at the New
York Stock Exchange). Furthermore, manipulative behavior
by some traders, as seems to be present in a few periods of
our study, could be analyzed by further experiments with low
price signals for one part of traders and high price signals
for the second part of traders. Therefore, it could be analyzed
whether manipulating behavior in a transparent auction can
generally be observed. This would be particularly interesting
in a setting with heterogeneously informed traders.

As a final area of possible future research we identify the
implementation of amarketmaking setting in the continuous
trading phase (like, e.g., at NASDAQ, cf. the empirical work
of [24]). In some empirical and experimental studies (e.g., [16,
49]), market making without an opening call auction exhibits
lower market quality than the continuous double auction. An
opening call auction could therefore possibly have an even
greater spillover effect in this kind of institution.
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We consider the optimal dividends problem for a company whose cash reserves follow a general Lévy process with certain positive
jumps and arbitrary negative jumps. The objective is to find a policy which maximizes the expected discounted dividends until
the time of ruin. Under appropriate conditions, we use some recent results in the theory of potential analysis of subordinators to
obtain the convexity properties of probability of ruin. We present conditions under which the optimal dividend strategy, among all
admissible ones, takes the form of a barrier strategy.

1. Introduction

In the literatures of actuarial science and finance, the optimal
dividend problem is one of the key topics. For companies
paying dividends to shareholders, a commonly encountered
problem is to find a dividend strategy that maximizes the
expected total discounted dividends until ruin. The pioneer
work can be traced to de Finetti [1] who considered a discrete-
time risk model with step sizes ±1 and showed that a certain
barrier strategy maximizes the expected discounted dividend
payments. Since then, the problem of finding the optimal
dividend strategy has become a popular topic in the actuarial
literature. For diffusion models, see, for example, Jeanblanc-
Picqué and Shiryaev [2], Asmussen and Taksar [3], Gerber
and Shiu [4], Løkka andZervos [5], Paulsen [6], He and Liang
[7], and Bai and Paulsen [8]. For the Cramér-Lundberg risk
model, some related works on this subject include, among
others, Gerber [9], Azcue and Muler [10, 11], Yuen et al. [12],
Kulenko and Schmidli [13], Bai and Guo [14], and Hunting
and Paulsen [15].

Analysis of optimal dividends for Lévy risk processes
is of particular interest which have undergone an intensive
development. For example, Avram et al. [16] considered a
general spectrally negative Lévy process and gave a sufficient
condition involving the generator of the Lévy process for

the optimality of barrier strategy; Loeffen [17] showed that
barrier strategy is optimal among all admissible strategies for
general spectrally negative Lévy risk process with completely
monotone jump density; Kyprianou et al. [18] relaxed this
condition on the jump density; Yin and Wang [19] also
studied the same problem and gave an alternate proof of
the result; Loeffen [20, 21] considered the optimal dividend
problem with transaction costs and a terminal value for the
spectrally negative Lévy process. Recently, Bayraktar et al.
[22] using the fluctuation theory of spectrally positive Lévy
processes show the optimality of barrier strategies for all such
Lévy processes. SeeYin andWen [23] for a different approach.
All of the abovementionedworks are based on spectrally one-
sided models.There are, however, few papers that studied the
analogous problems for Lévy process with two-sided jumps
(cf. Bo et al. [24, 25]). Inspired by the works of Avram et al.
[16], Loeffen [17], andKyprianou et al. [18], Yuen and Yin [26]
considered the optimal dividend problem for a special Lévy
process with both upward and downward jumps and showed
that the optimal strategy takes the form of a barrier strategy
if the Lévy measure (both negative and positive jumps) has
a completely monotone density. The purpose of the present
paper is to extend the result of Yuen and Yin [26] to the
case with less restrictive conditions on the Lévy measure.
Although the broader case definitely makes the optimization
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problemmore challenging and complex, recent results on the
theory of potential analysis of subordinators can be applied to
handle it. In particular, ourmain results show that the optimal
dividend strategy is still of a barrier type if the Lévy process
has certain positive jumps and Lévy density of negative jumps
is completely monotone or log-convex.

The paper is organized as follows. In Section 2, we
introduce the mathematical formulation of the problem. In
Section 3, we give a brief review on ladder processes and
potential measure for general Lévy processes.The convexities
of the ruin probability and the scale function are discussed in
Sections 4 and 5 and the main results and their proofs are
given in Section 6.

2. The Model

To present the mathematical formulation of the problem of
study, let us first introduce some notations and definitions.
Let 𝑋 = {𝑋

𝑡
}
𝑡≥0

be a real-valued Lévy process on a
filtered probability space (Ω,F, F ,P) where F = (F

𝑡
)
𝑡≥0

is
generated by the process𝑋 and satisfies the usual conditions
of right continuity and completeness. Denote by 𝑃

𝑥
the law of

𝑋when𝑋
0
= 𝑥. Let𝐸

𝑥
be the expectation associated with𝑃

𝑥
.

For notational convenience, we write 𝑃 and 𝐸 when 𝑋
0
= 0.

Write the Lévy triplet of 𝑋 as (𝑎, 𝜎2, Π), where 𝑎, 𝜎 ≥ 0 are
real constants and Π is a positive measure on (−∞,∞) \ {0}
which satisfies the integrability condition

∫

∞

−∞

(1 ∧ 𝑥
2
)Π (𝑑𝑥) < ∞. (1)

If Π(𝑑𝑥) = 𝜋(𝑥)𝑑𝑥, then we call 𝜋 the Lévy density. The
characteristic exponent of𝑋 is given by

𝜅 (𝜃) = −

1

𝑡

log𝐸 (𝑒𝑖𝜃𝑋𝑡)

= − 𝑖𝑎𝜃 +

1

2

𝜎
2
𝜃
2

+ ∫

∞

−∞

(1 − 𝑒
𝑖𝜃𝑥
+ 𝑖𝜃𝑥1

{|𝑥|<1}
)Π (𝑑𝑥) ,

(2)

where 1
𝐴
is the indicator of set 𝐴. Furthermore, define the

Laplace exponent of𝑋 by

Ψ (𝜃) =

1

𝑡

log𝐸 (𝑒𝜃𝑋𝑡)

= 𝑎𝜃 +

1

2

𝜎
2
𝜃
2

+ ∫

∞

−∞

(𝑒
𝜃𝑥
− 1 − 𝜃𝑥1

{|𝑥|<1}
)Π (𝑑𝑥) .

(3)

Such a Lévy process is of bounded variation if and only if
𝜎 = 0 and ∫1

−1
|𝑥|Π(𝑑𝑥) < ∞. If Π{(0,∞)} = 0, then

the Lévy process 𝑋 with no positive jumps is called the
spectrally negative Lévy process; if Π{(−∞, 0)} = 0, then
the Lévy process 𝑋 with no negative jumps is called the
spectrally positive Lévy process. It is usual to assume that

𝑃(lim
𝑡→∞

𝑋
𝑡
= +∞) = 1 which says nothing other than

Ψ

(0+) > 0. Formore information on Lévy processes we refer

to the excellent book by Kyprianou [27].
Now, we consider an insurance company or investment

company whose cash reserve process (also called risk process
or surplus process) evolves according to the process𝑋 before
dividends are deducted. Let 𝜉 = {𝐿

𝜉

𝑡
: 𝑡 ≥ 0} be a

dividend policy consisting of a right-continuous nonnegative
nondecreasing process adapted to the filtration {F

𝑡
}
𝑡≥0

of 𝑋
with 𝐿𝜉

0−
= 0, where 𝐿𝜉

𝑡
represents the cumulative dividends

paid up to time 𝑡. Given a control policy 𝜉, the controlled
reserve process with initial capital 𝑥 ≥ 0 is given by 𝑈𝜉

=

{𝑈
𝜉

𝑡
: 𝑡 ≥ 0} where

𝑈
𝜉

𝑡
= 𝑋

𝑡
− 𝐿

𝜉

𝑡
, (4)

with𝑋
0
= 𝑥. Let 𝜏𝜉 = {𝑡 > 0 : 𝑈𝜉

𝑡
< 0} be the ruin time when

dividend payments are taken into account. Define the value
function associated to dividend policy 𝜉 by

𝑉
𝜉 (
𝑥) = 𝐸𝑥

(∫

𝜏
𝜉

0

𝑒
−𝛿𝑡
𝑑𝐿

𝜉

𝑡
) , (5)

where 𝛿 > 0 is the discounted rate.The integral is understood
pathwise in a Lebesgue-Stieltjes sense. Clearly, 𝑉

𝜉
(𝑥) = 0 for

𝑥 < 0. A dividend policy is called admissible if 𝐿𝜉
𝑡
− 𝐿

𝜉

𝑡−
≤ 𝑈

𝜉

𝑡

for 𝑡 < 𝜏𝜉 and 𝐿𝜉
𝜏
𝜉
− 𝐿

𝜉

𝜏
𝜉
−
= 0 for 𝜏𝜉 < ∞. Denote by Ξ the set

of all admissible dividend policies. Our objective is to find

𝑉
∗ (
𝑥) = sup

𝜉∈Ξ

𝑉
𝜉 (
𝑥) , (6)

and an optimal policy 𝜉∗ ∈ Ξ such that 𝑉
𝜉
∗(𝑥) = 𝑉

∗
(𝑥) for all

𝑥 ≥ 0. The function 𝑉
∗
is called the optimal value function.

Wedenote by 𝜉
𝑏
= {𝐿

𝑏

𝑡
: 𝑡 ≥ 0} the barrier strategy at 𝑏 and

let𝑈𝑏 be the corresponding risk process; that is,𝑈𝑏

𝑡
= 𝑋

𝑡
−𝐿

𝑏

𝑡
.

Note that 𝜉
𝑏
∈ Ξ. Also, if 𝑈𝑏

0
∈ [0, 𝑏], then the process 𝐿𝑏

𝑡
can

be explicitly represented by

𝐿
𝑏

𝑡
= (sup

𝑠≤𝑡

𝑋
𝑠
− 𝑏) ∨ 0. (7)

If 𝑈𝑏

0
= 𝑥 > 𝑏, then

𝐿
𝑏

𝑡
= (𝑥 − 𝑏) 1{𝑡=0} + (sup

𝑠≤𝑡

𝑋
𝑠
− 𝑏) ∨ 0. (8)

Denote by 𝑉
𝑏
(𝑥) the dividend value function if barrier

strategy 𝜉
𝑏
is applied; that is,

𝑉
𝑏 (
𝑥) = 𝐸𝑥

(∫

𝜏
𝜉
𝑏

0

𝑒
−𝛿𝑡
𝑑𝐿

𝑏

𝑡
) . (9)
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Applying Ito’s formula for semimartingale, we can prove that
𝑉
𝑏
is the solution to

Γ𝑉
𝑏 (
𝑥) = 𝛿𝑉𝑏 (

𝑥) , 𝑥 > 0,

𝑉
𝑏 (
𝑥) = 0, 𝑥 < 0,

𝑉
𝑏 (
0) = 0, 𝜎

2
> 0,

𝑉


𝑏
(𝑏) = 1,

𝑉
𝑏 (
𝑥) = 𝑥 − 𝑏 + 𝑉𝑏 (

𝑏) ,

(10)

where Γ is the infinitesimal generator of𝑋 with

Γ𝑔 (𝑥) =

1

2

𝜎
2
𝑔

(𝑥) + 𝑎𝑔


(𝑥)

+ ∫

∞

−∞

[𝑔 (𝑥 + 𝑦) − 𝑔 (𝑥) − 𝑔

(𝑥) 𝑦1{|𝑦|<1}]

× Π (𝑑𝑦) .

(11)

In the sequel, we assume that, for any 𝛿 > 0, the equation
Ψ(𝑧) = 𝛿 has a unique solution on (0,∞), say 𝜌(𝛿). A typical
example is that the Lévy measure of the positive jumps has
the following gamma distribution Γ(𝑟, 1/𝛾); that is,

𝑃 (𝑥) = ∫

𝑥

0

𝑟
1/𝛾

Γ (1/𝛾)

𝑦
1/𝛾−1

𝑒
−𝑟𝑦
𝑑𝑦, 𝑥 > 0, (12)

where 𝑟 is a positive number and 𝛾 is an even number.
Following similar reasoning to Yuen and Yin [26], 𝑉

𝑏
can

be expressed as

𝑉
𝑏 (
𝑥) =

{
{
{

{
{
{

{

ℎ (𝑥)

ℎ

(𝑏)

, 0 ≤ 𝑥 ≤ 𝑏,

𝑥 − 𝑏 +

ℎ (𝑏)

ℎ

(𝑏)

, 𝑥 > 𝑏,

(13)

where

ℎ (𝑥) = [1 − �̃� (𝑥)] 𝑒
𝜌(𝛿)𝑥

. (14)

Here, let �̃�(𝑢) be the ruin probability for a Lévy process 𝑋
with Laplace exponent𝜓

𝜌(𝛿)
given by𝜓

𝜌(𝛿)
(𝜂) = Ψ(𝜂+𝜌(𝛿))−

𝛿. Note that the process 𝑋 has the Lévy triplet (𝑎, �̃�2, Π̃),
where �̃�2 = 𝜎2, Π̃(𝑑𝑥) = 𝑒𝜌(𝛿)𝑥Π(𝑑𝑥), and

𝑎 = 𝑎 + 𝜎
2
𝜌 (𝛿) + ∫

𝑘

−∞

(𝑒
𝜌(𝛿)𝑦

− 1) 𝑦1
{|𝑦|≤1}

Π(𝑑𝑦) . (15)

Moreover,

∫

|𝑥|≥1

𝑒
𝜌(𝛿)𝑥

Π (𝑑𝑥) < ∞. (16)

3. Some Results on Ladder Processes and
Potential Measure

In this section, we recap some basic facts about ladder
processes and potential measure. Consider the dual process

𝑌 = {𝑌
𝑡
}
𝑡≥0

, with 𝑌
0
= 0, where 𝑌

𝑡
= −𝑋

𝑡
, 𝑡 ≥ 0. It is

easy to see that the Lévy triplet of 𝑌 is (−𝑎, 𝜎2, Π
𝑌
), where

Π
𝑌
(𝑑𝑥) = 𝜋

𝑋
(−𝑥)𝑑𝑥. Let

𝑌
𝑡
= inf

0≤𝑠≤𝑡

𝑌
𝑠
, 𝑌

𝑡
= sup

0≤𝑠≤𝑡

𝑌
𝑠 (17)

be the processes of the first infimum and the last supremum
of the Lévy process 𝑌, respectively. Following Klüppelberg
et al. [28], we now introduce the notion of ladder processes
and potential measure. Let 𝐿 = {𝐿

𝑡
: 𝑡 ≥ 0} denote the

local time in the time period [0, 𝑡] that 𝑌 − 𝑌 spends at
zero. Then 𝐿−1 = {𝐿

−1

𝑡
: 𝑡 ≥ 0} is the inverse local time

such that 𝐿−1
𝑡
= inf{𝑠 ≥ 0 : 𝐿

𝑠
> 𝑡}, where we take

the infimum of the empty set as ∞. Define an increasing
process 𝐻 by {𝐻

𝑡
= 𝑌

𝐿
−1

𝑡

: 𝑡 ≥ 0}, that is, the process of
new maxima indexed by local time at the maximum. The
processes 𝐿−1 and 𝐻 are both defective subordinators, and
we call them the ascending ladder time and ladder height
process of𝑌, respectively. It is understood that𝐻

𝑡
= ∞when

𝐿
−1

𝑡
= ∞. Throughout the paper, we denote the nondefective

versions of 𝐿, 𝐿−1, and 𝐻 by L, L−1, and H, respectively.
In fact, the pair (L−1,H) is a bivariate subordinator. Define
(�̂�

−1
, �̂�) the descending ladder time and the ladder height

processes in an analogous way. Note that �̂� is a process which
is negatively valued. Because 𝑌 drifts to −∞, the decreasing
ladder height process is not defective. Associated with the
ascending and descending ladder processes are the bivariate
renewal functions 𝑈 and �̂�. The former is defined by

𝑈 (𝑑𝑥, 𝑑𝑠) = ∫

∞

0

𝑃 (𝐻
𝑡
∈ 𝑑𝑥, 𝐿

−1

𝑡
∈ 𝑑𝑠) 𝑑𝑡. (18)

Taking Laplace transforms shows that

∬

∞

0

𝑒
−𝛽𝑥−𝛼𝑠

𝑈 (𝑑𝑥, 𝑑𝑠) =

1

𝑘 (𝛼, 𝛽)

, 𝛼, 𝛽 ≥ 0, (19)

where 𝑘(𝛼, 𝛽) is its joint Laplace exponent such that

𝑘 (0, 𝛽) = 𝑞 + 𝑐𝛽 + ∫

(0,∞)

(1 − 𝑒
−𝛽𝑥
)Π

𝐻 (
𝑑𝑥) , (20)

𝑞 ≥ 0 is the killing rate of 𝐻 so that 𝑞 > 0 if and only if
lim

𝑡→∞
𝑌
𝑡
= −∞, 𝑐 ≥ 0 is the drift of𝐻, and Π

𝐻
is its jump

measure. Denote the marginal measure of 𝑈(⋅, ⋅) by

𝑈 (𝑑𝑥) = 𝑈 (𝑑𝑥, [0,∞))

= ∫

∞

0

𝑃 (𝐻
𝑡
∈ 𝑑𝑥) 𝑑𝑡

= ∫

∞

0

𝑒
−𝑞𝑡
𝑃 (H

𝑡
∈ 𝑑𝑥) 𝑑𝑡, 𝑥 ≥ 0.

(21)

The function𝑈 is called the potential/renewalmeasure. As for
the descending ladder process, �̂� and ̂𝑘 are defined similarly.
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WriteΠ
+
andΠ

−
for the restrictions ofΠ(𝑑𝑢) andΠ(−𝑑𝑢) to

(0,∞). Furthermore, for 𝑢 > 0, define

Π

+

𝑌
(𝑢) = Π𝑌 {(

𝑢,∞)} ,

Π

−

𝑌
(𝑢) = Π𝑌 {(

−∞, −𝑢)} ,

Π
𝑌 (
𝑢) = Π

+

𝑌
(𝑢) + Π

−

𝑌
(𝑢) .

(22)

We next introduce the notions of a special Bernstein
function and complete Bernstein function and two useful
results. Recall that a function 𝜙 : (0,∞) → (0,∞) is called
a Bernstein function if it admits a representation

𝜙 (𝜆) = 𝑎 + 𝑏𝜆 + ∫

∞

0

(1 − 𝑒
−𝜆𝑥
) 𝜇 (𝑑𝑥) , (23)

where 𝑎 ≥ 0 is the killing term, 𝑏 ≥ 0 is the drift, and 𝜇 is
the Lévy measure concentrated on (0,∞) satisfying ∫∞

0
(1 ∧

𝑥)𝜇(𝑑𝑥) < ∞. A function 𝜓 is called a special Bernstein
function if the function 𝜓(𝜆) = 𝜆/𝜙(𝜆) is again a Bernstein
function. Let

𝜓 (𝜆) = 𝑎 +
̃
𝑏𝜆 + ∫

∞

0

(1 − 𝑒
−𝜆𝑥
) ] (𝑑𝑥) (24)

be the corresponding representation. It was shown in Song
and Vondraček [29] that

̃
𝑏 =

1

𝑎 + 𝜇 ((0,∞))

1
{𝑏=0}

,

𝑎 =

1

𝑏 + ∫

∞

0
𝑡𝜇 (𝑑𝑡)

1
{𝑎=0,𝜇(0,∞)<∞}

.

(25)

A possibly killed subordinator is called a special subordinator
if its Laplace exponent is a special Bernstein function. Song
and Vondraček [30] showed that a sufficient condition for 𝜙
to be a special subordinator is that 𝜇(𝑥,∞) is log-convex on
(0,∞). A function 𝜙 : (0,∞) → R is called a complete
Bernstein function if there exists a Bernstein function 𝜂 such
that

𝜙 (𝜆) = 𝜆
2
L𝜂 (𝜆) , 𝜆 > 0, (26)

where L stands for the Laplace transform. It is known that
every complete Bernstein function is a Bernstein function
and that the following three conditions are equivalent:

(i) 𝜙 is a complete Bernstein function;
(ii) 𝜓(𝜆) = 𝜆/𝜙(𝜆) is a complete Bernstein function;
(iii) 𝜙 is a Bernstein function whose Lévy measure 𝜇 is

given by

𝜇 (𝑑𝑡) = 𝑑𝑡 ∫

∞

0

𝑒
−𝑠𝑡] (𝑑𝑠) , (27)

where ] is a measure on (0,∞) satisfying

∫

1

0

1

𝑠

] (𝑑𝑠) < ∞, ∫

∞

1

1

𝑠
2
] (𝑑𝑠) < ∞. (28)

To end the section, we present two results which are useful
in potential theory and will be used in later sections of the
paper.The first due to Kyprianou et al. [18] (see also Song and
Vondraček [30]) is summarized in Lemma 1 while the second
due to Kingman [31] and Hawkes [32] is given in Lemma 2.

Lemma 1. Let 𝐻 be a subordinator whose Lévy density, say
𝜇(𝑥), 𝑥 > 0, is log-convex. Then, the restriction of its potential
measure to (0,∞) has a nonincreasing and convex density.
Furthermore, if the drift of𝐻 is strictly positive, then the density
is in 𝐶1(0,∞).

Lemma 2. Suppose that 𝐻 is a subordinator with Laplace
exponent 𝜙 and potential measure 𝑈. Then, 𝑈 has a density
𝑢which is completely monotone on (0,∞) if and only if the tail
of the Lévy measure is completely monotone.

Remark 3. Note that the tail of the Lévy measure 𝜇 is
a completely monotone function if and only if 𝜇 has a
completely monotone density. Thus, we have the following
two equivalent statements: 𝜙 is a complete Bernstein function
if and only if𝑈 has a density 𝑢which is completely monotone
on (0,∞); or, equivalently, 𝑈 has a density 𝑢 which is
completely monotone on (0,∞) if and only if 𝜇 has a
completely monotone density.

4. Convexity of Probability of Ruin

Define the probability of ruin by

𝜓 (𝑥) = 𝑃 (there exists 𝑡 ≥ 0 such that 𝑥 + 𝑋
𝑡
≤ 0)

= 𝑃 (there exists 𝑡 ≥ 0 such that 𝑌
𝑡
≥ 𝑥) .

(29)

It follows from Bertoin and Doney [33] that 𝜓(𝑥) =

𝛼𝑈(𝑥,∞), where 𝛼−1 = 𝑈(0,∞) = ∫∞
0
𝑃(𝐻

𝑡
< ∞)𝑑𝑡, with𝑈

given in (21).
For simplicity, we write the Lévy measure Π as

Π (𝑑𝑥) = {

Π
+ (
𝑑𝑥) , 𝑥 > 0,

𝜋
− (
−𝑥) 𝑑𝑥, 𝑥 < 0.

(30)

Recall that an infinitely differentiable function𝑓 ∈ (0,∞) →
[0,∞) is called completely monotone if (−1)𝑛𝑓(𝑛)(𝑥) ≥ 0 for
all 𝑛 = 0, 1, 2, . . . and all 𝑥 > 0.

Lemma 4 (see Vigon [34]). For the Lévy process𝑋, one has

ΠH (𝑥) = − ∫

0

−∞

�̂� (𝑑𝑦)Π

+

𝑌
(𝑥 − 𝑦)

= − ∫

0

−∞

�̂� (𝑑𝑦)Π

−

𝑋
(𝑥 − 𝑦) , 𝑥 > 0,

(31)

where 𝑌 = −𝑋 and �̂� is the potential measure corresponding
to �̂�.

Theorem 5. (i) Suppose 𝜋
−
is completely monotone on (0,∞).

Then, the probability of ruin 𝜓 is completely monotone on
(0,∞). In particular, 𝜓 ∈ 𝐶∞(0,∞).

(ii) Suppose 𝜋
−
is log-convex on (0,∞). Then,
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(a) 𝜓 is convex on (0,∞);
(b) 𝜓 is concave on (0,∞);
(c) if 𝑋 has no Gaussian component, then 𝜓 is twice con-

tinuously differentiable except at finitely or countably
many points on (0,∞), else 𝜓 ∈ 𝐶2(0,∞).

Proof. We first prove (i). Since 𝜋
−
is completely monotone on

(0,∞), it follows from Lemma 4 that the tail ΠH(𝑥,∞) of
Lévy measure ΠH is a complete monotone function. Also,
it follows from Lemma 2 that the potential measure 𝑈 has
a density 𝑢 which is completely monotone on (0,∞). Thus,
the probability of ruin 𝜓 is completely monotone on (0,∞)
as 𝜓(𝑥) = 𝛼𝑈(𝑥,∞).

We now prove (ii). The log-convexity of 𝜋
−
implies the

log-convexity of Π+

𝑌
, and hence ΠH is log-convex on (0,∞)

due to Lemma 4 as log-convexity is preserved under mixing.
It follows from Lemma 1 that the potential measure 𝑈 has
a nonincreasing and convex density 𝑢. Thus, 𝜓 = −𝛼𝑢

is nondecreasing and concave on (0,∞), and hence (a)
and (b) are proved. Since a convex function on (0,∞) is
differentiable except at finitely or countably many points,
we see that 𝜓 is twice continuously differentiable except at
finitely or countably many points on (0,∞) if 𝑋 has no
Gaussian component. On the other hand, if𝑋 has a Gaussian
component or, equivalently, the drift of ascending ladder
processes 𝐻 strictly positive, then it follows from Lemma 1
that 𝑢 ∈ 𝐶1(0,∞), and hence 𝜓 ∈ 𝐶2(0,∞). Therefore, (c) is
proved.

5. Convexity of ℎ

For ℎ in (14), define a barrier level by

𝑏
∗
= sup {𝑏 ≥ 0 : ℎ (𝑏) ≤ ℎ (𝑥) ∀𝑥 ≥ 0} , (32)

where ℎ(0) is understood to be the right-hand derivative at
0.

For a spectrally negative Lévy process, that is, in the case
of Π{(0,∞)} = 0, it was shown in Loeffen [17] that the
derivative of the 𝛿-scale function𝑊(𝛿)



(𝑥) is convex for 𝛿 > 0
if Π(𝑥,∞) is completely monotone. This implies that there
exists an 𝑎∗ ≥ 0 such that 𝑊(𝛿) is concave on (0, 𝑎∗) and
convex on (𝑎∗,∞). Also, Kyprianou et al. [18] showed that if
Π(𝑥,∞) has a density on (0,∞) which is nonincreasing and
log-convex; then, for each 𝛿 ≥ 0, the scale function𝑊(𝛿)

(𝑥)

and its first derivative are convex beyond some finite value of
𝑥.

Parallel to the results of Loeffen [17] and Kyprianou et
al. [18] for spectrally negative Lévy processes, we have the
following results.

Theorem 6. (i) Suppose 𝜋
−
is completely monotone on (0,∞).

Then, the derivative ℎ(𝑢) is strictly convex on (0,∞) and ℎ ∈
𝐶
∞
(0,∞).
(ii) Suppose 𝜋

−
is log-convex on (0,∞). Then, the ℎ and its

derivative ℎ are strictly convex on (𝑏∗,∞). Moreover, if𝑋 has
no Gaussian component, ℎ is twice continuously differentiable

except at finitely or countably many points on (0,∞), else ℎ ∈
𝐶
2
(0,∞).

Proof. Since 𝜋
−
is completely monotone on (0,∞), we have

�̃�
−
which is also completely monotone on (0,∞), where

Π̃(𝑑𝑥) = �̃�
−
(−𝑥)𝑑𝑥, 𝑥 < 0. We can now apply Theorem 5 to

deduce that the probability of ruin �̃� is completely monotone
on (0,∞). In particular, �̃� ∈ 𝐶∞(0,∞). It is easy to prove that
ℎ

(𝑢) is strictly convex on (0,∞) and ℎ ∈ 𝐶∞(0,∞). Hence,

(i) is proved.
Let ̃H (̂̃H) be the ascending (descending) ladder height

process of �̃� = −𝑋. By Lemma 4, we have

ΠH̃ (𝑥) = −∫

0

−∞

̂
�̃� (𝑑𝑦)Π

−

�̃�
(𝑥 − 𝑦) , 𝑥 > 0, (33)

where ̂�̃� is the renewal measure corresponding to ̂�̃�. Then,

Π


H̃
(𝑥) = − 𝑒

𝜌(𝛿)𝑥
∫

0

−∞

̂
�̃� (𝑑𝑦) 𝑒

−𝜌(𝛿)𝑦
𝜋
−
(𝑦 − 𝑥)

≡ 𝑒
𝜌(𝛿)𝑥]

+ (
𝑥) .

(34)

The assumption of log-convexity of 𝜋
−
implies that ]

+
is log-

convex, and hence Π

H̃
(𝑥) is also log-convex. It follows from

Lemma 1 of Kyprianou and Rivero [35] that the restriction of
its potential measure to (0,∞) of a subordinator with Lévy
density ]

+
has a nonincreasing and convex density, say 𝑓

𝛿
.

Also, the restriction of its potential measure to (0,∞) of a
subordinator with Lévy density Π

H̃
(𝑥) has a nonincreasing

and convex density, say ℎ
𝛿
. Moreover, ℎ

𝛿
(𝑥) = 𝑒

𝜌(𝛿)𝑥
𝑓
𝛿
(𝑥).

Thus, �̃�(𝑥) = −�̃�𝑒𝜌(𝛿)𝑥𝑓
𝛿
(𝑥), where �̃�−1 = ∫∞

0
𝑃(�̃�

𝑡
< ∞)𝑑𝑡.

Since ℎ(𝑥) = [1 − �̃�(𝑥)]𝑒𝜌(𝛿)𝑥, we have

ℎ

(𝑥) = 𝜌 (𝛿) ℎ (𝑥) + 𝛼𝑓𝛿 (

𝑥) , 𝑥 > 0. (35)

This implies that ℎ(𝑥) tends to ∞ as 𝑥 tends to ∞ as
lim

𝑥→∞
ℎ(𝑥) = ∞. Thus 𝑏∗ < ∞. Applying the same

arguments as those in Kyprianou et al. [18], we can prove that
ℎ and its derivative ℎ are strictly convex on (𝑏∗,∞). Finally,
the smoothness of ℎ is a direct consequence ofTheorem 5. So,
(ii) is proved.

6. Main Results and Proofs

We now present the main results of the paper about the
optimality of the barrier strategy 𝜉𝑏

∗

for de Finetti’s dividend
problem for general Lévy processes. This is a continuation of
the work of Yuen andYin [26] in which a special Lévy process
with both upward and downward jumps and a completely
monotone density was considered.

Theorem 7. Suppose that ] is a nonnegative function on
(0,∞) which is sufficiently smooth and satisfies the following:

(i) (Γ − 𝛿)](𝑥) ≤ 0, for almost every 𝑥 > 0;
(ii) ] is concave on (0,∞);
(iii) ](𝑥) ≥ 1, 𝑥 > 0.

Then, ](𝑥) ≥ 𝑉
∗
(𝑥).



6 The Scientific World Journal

Theorem 8. Suppose that 𝑉
𝑏
defined in (13) is sufficiently

smooth and satisfies

(i) 𝑉

𝑏
(𝑥) > 1, for all 𝑥 ∈ [0, 𝑏);

(ii) (Γ − 𝛿)𝑉
𝑏
(𝑥) ≤ 0, for all 𝑥 > 𝑏.

Then,𝑉
𝑏
(𝑥) = 𝑉

∗
(𝑥). In particular, if (Γ − 𝛿)𝑉

𝑏
∗(𝑥) ≤ 0, for all

𝑥 > 𝑏
∗, then 𝑉

𝑏
∗(𝑥) = 𝑉

∗
(𝑥).

Theorem 9. Suppose that 𝜋
−
is completely monotone. Then,

𝑉
𝑏
∗(𝑥) = 𝑉

∗
(𝑥); that is, the barrier strategy at 𝑏∗ is the optimal

strategy among all admissible strategies.

Theorem 10. Suppose that 𝜋
−
is log-convex on (0,∞). Then,

𝑉
𝑏
∗(𝑥) = 𝑉

∗
(𝑥); that is, the barrier strategy at 𝑏∗ is the optimal

strategy among all admissible strategies.

Before proving the main results, we give two lemmas
which are similar to those in Loeffen [17] for spectrally
negative Lévy processes.

Lemma 11. Suppose that ℎ is sufficiently smooth and convex in
the interval (𝑏∗,∞). Then, the following statements hold:

(i) 𝑏∗ < ∞;
(ii) 𝑉

𝑏
∗(𝑥) ≥ 1 for 𝑥 ∈ [0, 𝑏∗] and 𝑉

𝑏
∗(𝑥) = 𝑉



𝑥
(𝑥) = 1 for

𝑥 > 𝑏
∗;

(iii) (Γ − 𝛿)𝑉
𝑏
∗(𝑥) = 0 for 𝑥 ∈ (0, 𝑏∗).

Proof . As lim
𝑥→∞

ℎ

(𝑥) = ∞, we have (i). For (ii), 𝑉

𝑏
∗(𝑥) =

ℎ

(𝑥)/ℎ


(𝑏

∗
) for 𝑥 ∈ [0, 𝑏∗]; it follows from the definition of

𝑏
∗ that 𝑉

𝑏
∗(𝑥) ≥ 1 for 𝑥 ∈ [0, 𝑏∗]; 𝑉

𝑏
∗(𝑥) = 𝑉



𝑥
(𝑥) = 1 for

𝑥 > 𝑏
∗ because of 𝑉

𝑏
∗(𝑥) = 𝑥 − 𝑏

∗
+ 𝑉

𝑏
∗(𝑏

∗
); and 𝑉

𝑥
(𝑥) = 1

since𝑉
𝑥
(𝑥) = ℎ(𝑥)/ℎ


(𝑥). Finally, (iii) is due to (Γ−𝛿)ℎ(𝑥) = 0

for 𝑥 ∈ (0, 𝑏∗) and (13).

Lemma 12. Suppose that ℎ is sufficiently smooth and is convex
in the interval (𝑏∗,∞). Then, for 𝑥 > 𝑏∗,

(i) 𝑉

𝑏
∗(𝑥) = 0 ≤ 𝑉



𝑥
(𝑥−) if 𝜎 ̸= 0;

(ii) 𝑉

𝑏
∗(𝑦) ≥ 𝑉



𝑥
(𝑦), 𝑦 ∈ [0, 𝑥];

(iii) 𝑉
𝑏
∗(𝑥) ≥ 𝑉

𝑥
(𝑥);

(iv) (Γ − 𝛿)𝑉
𝑏
∗(𝑥) ≤ 0.

Proof . If 𝜎 ̸= 0, 𝑉

𝑏
∗(𝑥) = 0 is clear. Also, since ℎ ∈ 𝐶2(0,∞)

and is convex in the interval (𝑏∗,∞), we have 𝑉

𝑥
(𝑥−) =

lim
𝑦↑𝑥
𝑉


𝑥
(𝑦) = lim

𝑦↑𝑥
ℎ

(𝑦)/ℎ


(𝑥) ≥ 0. Thus, (i) is proved.

For 𝑦 ∈ [0, 𝑏∗], by the definition of 𝑏∗, we have

𝑉


𝑏
∗ (𝑦) − 𝑉



𝑥
(𝑦) =

ℎ

(𝑦)

ℎ

(𝑏

∗
)

−

ℎ

(𝑦)

ℎ

(𝑥)

≥ 0. (36)

On the other hand, for 𝑦 ∈ [𝑏∗, 𝑥], by the convexity of ℎ on
(𝑏

∗
,∞), we have

𝑉


𝑏
∗ (𝑦) − 𝑉



𝑥
(𝑦) = 1 −

ℎ

(𝑦)

ℎ

(𝑥)

≥ 0. (37)

These give (ii).

Note that𝑉
𝑏
∗(𝑏

∗
) = ℎ(𝑏

∗
)/ℎ


(𝑏

∗
) ≥ ℎ(𝑏

∗
)/ℎ


(𝑥) = 𝑉

𝑥
(𝑏

∗
)

and that (𝑉
𝑏
∗ − 𝑉

𝑥
) is nondecreasing on (𝑏∗,∞) because of

(ii). Thus, 𝑉
𝑏
∗(𝑥) ≥ 𝑉

𝑥
(𝑥); that is, (iii) holds.

For 𝑥 > 𝑏∗, (Γ − 𝛿)𝑉
𝑥
(𝑥−) = lim

𝑦↑𝑥
(Γ − 𝛿)𝑉

𝑥
(𝑦) = 0. For

𝑥 ≤ 𝑏
∗, we have

(Γ − 𝛿)𝑉𝑏
∗ (𝑥)

= (Γ − 𝛿)𝑉𝑏
∗ (𝑥) − (Γ − 𝛿)𝑉𝑥 (

𝑥−)

=

1

2

𝜎
2
(𝑉



𝑏
∗ (𝑥) − 𝑉



𝑥
(𝑥−)) + 𝑎 (𝑉



𝑏
∗ (𝑥) − 𝑉



𝑥
(𝑥))

+ ∫

∞

−∞

(𝑉
𝑏
∗ (𝑥 + 𝑦) − 𝑉

𝑏
∗ (𝑥) − 𝑉



𝑏
∗ (𝑥) 𝑦1{|𝑦|<1})

× 𝜋 (𝑦) 𝑑𝑦

+ ∫

∞

−∞

(𝑉
𝑥
(𝑥 + 𝑦) − 𝑉

𝑥 (
𝑥) − 𝑉



𝑥
(𝑥) 𝑦1{|𝑦|<1})

× 𝜋 (𝑦) 𝑑𝑦

− 𝛿 (𝑉
𝑏
∗ (𝑥) − 𝑉𝑥 (

𝑥)) ≡ 𝐼1
+ 𝐼

2
+ 𝐼

3
− 𝐼

4
.

(38)

Lemmas 11(ii) and 12(i) imply that 𝐼
1
≤ 0, and Lemma 12(iii)

implies that 𝐼
4
≥ 0. For 𝐼

2
+ 𝐼

3
, we have

𝐼
2
+ 𝐼

3

= ∫

∞

−∞

((𝑉
𝑏
∗ − 𝑉

𝑥
) (𝑥 + 𝑦) − (𝑉

𝑏
∗ − 𝑉

𝑥
) (𝑥)

− (𝑉


𝑏
∗ − 𝑉



𝑥
) (𝑥) 𝑦1{|𝑦|<1}) 𝜋 (𝑦) 𝑑𝑦

= ∫

0

−∞

((𝑉
𝑏
∗ − 𝑉

𝑥
) (𝑥 + 𝑦) − (𝑉

𝑏
∗ − 𝑉

𝑥
) (𝑥)

− (𝑉


𝑏
∗ − 𝑉



𝑥
) (𝑥) 𝑦1{|𝑦|<1}) 𝜋 (𝑦) 𝑑𝑦

+ ∫

∞

0

((𝑉
𝑏
∗ − 𝑉

𝑥
) (𝑥 + 𝑦) − (𝑉

𝑏
∗ − 𝑉

𝑥
) (𝑥)

− (𝑉


𝑏
∗ − 𝑉



𝑥
) (𝑥) 𝑦1{|𝑦|<1}) 𝜋 (𝑦) 𝑑𝑦

≡ 𝐽
1
+ 𝐽

2
.

(39)

Applying Lemmas 11(ii) and 12(ii) yields 𝐽
1
≤ 0. For 𝑦 > 0, we

obtain

(𝑉
𝑏
∗ − 𝑉

𝑥
) (𝑥 + 𝑦) = (𝑉

𝑏
∗ − 𝑉

𝑥
) (𝑥)

= 𝑥 − 𝑏
∗
+

ℎ (𝑏
∗
)

ℎ

(𝑏

∗
)

−

ℎ (𝑥)

ℎ

(𝑥)

,

(40)

which, together with Lemma 12(ii), imply that 𝐽
2
= 0. These

prove (iv).

We now present the proofs of Theorems 7–10.

Proof of Theorem 7. Define the jump measure of𝑋 by

𝜇
𝑋
= 𝜇

𝑋
(𝜔, 𝑑𝑡, 𝑑𝑦) = ∑

𝑠

1
{Δ𝑋𝑠 ̸=0}

𝛿
(𝑠,Δ𝑋𝑠)

(𝑑𝑡, 𝑑𝑦) , (41)
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and its compensator by 𝜐 = 𝜐(𝑑𝑡, 𝑑𝑦) = 𝑑𝑡Π(𝑑𝑦). Then, the
Lévy decomposition [36, Theorem 42] gives

𝑋
𝑡
= 𝜎𝐵

𝑡
+ ∫

[0,𝑡]×R

𝑦1
{|𝑦|<1}

(𝜇
𝑋
− 𝜐) + 𝑎𝑡

+ ∫

[0,𝑡]×R

(𝑦 − 𝑦1
{|𝑦|<1}

) 𝜇
𝑋

≡ 𝑀
𝑡
+ 𝑎𝑡 + ∑

0≤𝑠≤𝑡

Δ𝑋
𝑠
1
{|𝑦|≥1}

,

(42)

where 𝐵 = {𝐵
𝑡
}
𝑡≥0

is a standard Brownian motion and𝑀
𝑡
is a

martingale with𝑀
0
= 0.

Note that ] is smooth enough for an application of
the appropriate version of Itô’s formula and the change of
variables formula. In fact, if 𝑋 is of bounded variation, then
] ∈ 𝐶

1
(0,∞) and we are allowed to use the change of

variables formula [36, Theorem 31]; if 𝑋 has a Gaussian
exponent, then ] ∈ 𝐶2(0,∞) and we are allowed to use Itô’s
formula [36, Theorem 32]; and if𝑋 has unbounded variation
and 𝜎 = 0, then ] is twice continuously differentiable almost
everywhere but is not in𝐶2(0,∞) and we can useMeyer-Itô’s
formula [36, Theorem 70] and product rule formula. In any
cases, for any appropriate localization sequence of stopping
times {𝑡

𝑛
, 𝑛 ≥ 1}, we get under 𝑃

𝑥

𝑒
−𝛿(𝑡𝑛∧𝜏

𝜉
)] (𝑈𝜉

𝑡𝑛∧𝜏
𝜉
) − ] (𝑈𝜉

0
)

= ∫

𝑡𝑛∧𝜏
𝜉

0

𝑒
−𝛿𝑠
𝑑𝑀

𝜉

𝑠
+ ∫

𝑡𝑛∧𝜏
𝜉

0

𝑒
−𝛿𝑠
(Γ − 𝛿) ] (𝑈𝜉

𝑠−
) 𝑑𝑠

+ ∑

𝑠≤𝑡𝑛∧𝜏
𝜉

1
{Δ𝐿
𝜉

𝑠>0}
𝑒
−𝛿𝑠

× {] (𝑈𝜉

𝑠−
+ Δ𝑋

𝑠
− Δ𝐿

𝜉

𝑠
) − ] (𝑈𝜉

𝑠−
+ Δ𝑋

𝑠
)

+ ] (𝑈𝜉

𝑠−
+ Δ𝑋

𝑠
) Δ𝐿

𝜉

𝑠
}

− ∫

𝑡𝑛∧𝜏
𝜉

0

𝑒
−𝛿𝑠] (𝑈𝜉

𝑠−
) 𝑑𝐿

𝜉

𝑠
,

(43)

where

𝑀
𝜉

𝑡
= ∑

𝑠≤𝑡

1
{|Δ𝑋𝑠|>0}

× {] (𝑈𝜉

𝑠−
+ Δ𝑋

𝑠
) − ] (𝑈𝜉

𝑠−
)

−Δ𝑋
𝑠
] (𝑈𝜉

𝑠−
) 1

{|Δ𝑋𝑠|≤1}
}

− ∫

𝑡

0

∫

∞

−∞

{] (𝑈𝜉

𝑠−
− 𝑦) − ] (𝑈𝜉

𝑠−
) + 𝑦] (𝑈𝜉

𝑠−
) 1

{|𝑦|≤1}
}

× 𝜋 (𝑦) 𝑑𝑦 𝑑𝑠 + ∫

𝑡

0

] (𝑈𝜉

𝑠−
) 𝑑𝑀

𝑠

(44)

is a local martingale. The concavity of ] implies that ](𝑥) −
](𝑦) + (𝑥−𝑦)](𝑦) ≤ 0 for any 𝑥 ≤ 𝑦. Taking expectations on
both sides of (43) and using conditions (i)–(iii), we obtain

𝐸
𝑥
(𝑒

−𝛿(𝑡𝑛∧𝜏
𝜉
)] (𝑈𝜉

𝑡𝑛∧𝜏
𝜉
)) − ] (𝑥) ≤ −𝐸𝑥 ∫

𝑡𝑛∧𝜏
𝜉

0

𝑒
−𝛿𝑠
𝑑𝐿

𝜉

𝑠
. (45)

Then, letting 𝑛 → ∞ in (45) and recalling that 𝜉 is an
arbitrary strategy in Ξ, we get

] (𝑥) ≥ sup
𝜉∈Ξ

𝑉
𝜉 (
𝑥) = 𝑉∗ (

𝑥) . (46)

This ends the proof of Theorem 7.

Proof ofTheorem 8. It follows from (13) and conditions (i) and
(ii) that (Γ − 𝛿)𝑉

𝑏
(𝑥) ≤ 0 for 𝑥 ∈ (0,∞) \ {𝑏} and 𝑉

𝑏
(𝑥) ≥ 1

for 𝑥 > 0. Similar to (43), one can show that

𝑒
−𝛿𝑡
𝑉
𝑏
(𝑈

𝜉

𝑡
) − 𝑉

𝑏
(𝑈

𝜉

0
)

= ∫

𝑡

0

𝑒
−𝛿𝑡
𝑑𝑁

𝜉

𝑠
+ ∫

𝑡

0

𝑒
−𝛿𝑠
(Γ − 𝛿)𝑉𝑏

(𝑈
𝜉

𝑠−
) 𝑑𝑠

+∑

𝑠≤𝑡

1
{Δ𝐿
𝜉

𝑠>0}
𝑒
−𝛿𝑠

× {𝑉
𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
− Δ𝐿

𝜉

𝑠
) − 𝑉

𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
)}

− ∫

(0,𝑡]

𝑒
−𝛿𝑠
𝑉


𝑏
(𝑈

𝜉

𝑠−
) 𝑑𝐿

𝜉,𝑐

𝑠
,

(47)

where 𝐿𝜉,𝑐
𝑠
is the continuous part of 𝐿𝜉

𝑠
, and

𝑁
𝜉

𝑡
= ∑

𝑠≤𝑡

1
{|Δ𝑋𝑠|>0}

× {𝑉
𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
) − 𝑉

𝑏
(𝑈

𝜉

𝑠−
)

−Δ𝑋
𝑠
𝑉


𝑏
(𝑈

𝜉

𝑠−
) 1

{|Δ𝑋𝑠|≤1}
}

− ∫

𝑡

0

∫

∞

−∞

{𝑉
𝑏
(𝑈

𝜉

𝑠−
− 𝑦) − 𝑉

𝑏
(𝑈

𝜉

𝑠−
)

+𝑦𝑉


𝑏
(𝑈

𝜉

𝑠−
) 1

{|𝑦|≤1}
} 𝜋 (𝑦) 𝑑𝑦 𝑑𝑠

+ ∫

𝑡

0

𝑉


𝑏
(𝑈

𝜉

𝑠−
) 𝑑𝑀

𝑠
.

(48)

Note that 𝑃(Δ𝐿𝜉
𝑠
> 0, Δ𝑋

𝑠
< 0) = 0 and that 𝑈𝜉

𝑠−
+ Δ𝑋

𝑠
≥ 𝑏

on {Δ𝐿𝜉
𝑠
> 0, Δ𝑋

𝑠
> 0}. Consequently, 𝑉

𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
) = 1,

and hence

∑

𝑠≤𝑡

1
{Δ𝐿
𝜉

𝑠>0}
𝑒
−𝛿𝑠
{𝑉

𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
− Δ𝐿

𝜉

𝑠
) − 𝑉

𝑏
(𝑈

𝜉

𝑠−
+ Δ𝑋

𝑠
)}

= −∑

𝑠≤𝑡

1
{Δ𝐿
𝜉

𝑠>0}
𝑒
−𝛿𝑠
Δ𝐿

𝜉

𝑠
.

(49)
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Also, for any appropriate localization sequence of stopping
times {𝑡

𝑛
, 𝑛 ≥ 1}, we have

𝐸
𝑥
(𝑒

−𝛿(𝑡𝑛∧𝜏
𝜉
)
𝑉
𝑏
(𝑈

𝜉

𝑡𝑛∧𝜏
𝜉
)) − 𝐸

𝑥
𝑉
𝑏
(𝑈

𝜉

0
)

≤ −𝐸
𝑥
∫

[0,𝑡𝑛∧𝜏
𝜉
]

𝑒
−𝛿𝑠
𝑑𝐿

𝜉

𝑠
.

(50)

Letting 𝑛 → ∞ in (50) yields

𝑉
𝑏 (
𝑥) ≥ sup

𝜉∈Ξ

𝑉
𝜉 (
𝑥) = 𝑉∗ (

𝑥) . (51)

However,

𝑉
𝑏 (
𝑥) ≤ sup

𝜉∈Ξ

𝑉
𝜉 (
𝑥) = 𝑉∗ (

𝑥) . (52)

This ends the proof of Theorem 8.

Proof of Theorem 9. If 𝜋
−
is completely monotone, it follows

from Theorem 6(i) that ℎ(𝑥) is strictly convex on (0,∞).
Then,𝑉

𝑏
∗ is concave on (0,∞) because of (13). From Lemmas

11(ii) and (iii) and 12(iv), we see that the conditions in
Theorem 7 are satisfied. Thus, 𝑉

𝑏
(𝑥) ≥ 𝑉

∗
(𝑥). Consequently,

𝑉
𝑏
(𝑥) = 𝑉

∗
(𝑥) and the proof is complete.

Proof of Theorem 10. If 𝜋
−
is log-convex on (0,∞), it follows

from Theorem 6(ii) that ℎ(𝑥) is strictly convex on (𝑏∗,∞).
Then, applying Lemma 12(iv) gives (Γ − 𝛿)𝑉

𝑏
∗(𝑥) ≤ 0 for all

𝑥 > 𝑏
∗. The result follows fromTheorem 8.
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cesses,” Statistics&Probability Letters, vol. 21, no. 5, pp. 363–365,
1994.
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This paper concentrates on estimating the risk of Title Transfer Facility (TTF) Hub natural gas portfolios by using the GARCH-
EVT-copula model.We first use the univariate ARMA-GARCHmodel tomodel each natural gas return series. Second, the extreme
value distribution (EVT) is fitted to the tails of the residuals to model marginal residual distributions.Third, multivariate Gaussian
copula and Student 𝑡-copula are employed to describe the natural gas portfolio risk dependence structure. Finally, we simulate N
portfolios and estimate value at risk (VaR) and conditional value at risk (CVaR). Our empirical results show that, for an equally
weighted portfolio of five natural gases, the VaR and CVaR values obtained from the Student 𝑡-copula are larger than those obtained
from the Gaussian copula. Moreover, when minimizing the portfolio risk, the optimal natural gas portfolio weights are found to be
similar across the multivariate Gaussian copula and Student 𝑡-copula and different confidence levels.

1. Introduction

Natural gas has become an important commodity for global
economy today and is commonly regarded as a strategic
commodity. Since the momentous arrival of hedge funds and
other new players that have their focus on this strategic com-
modity, the market for natural gas has become increasingly
volatile and risky. Hence, managing the risks associated with
spot and futures natural gas prices has become a crucial issue
for financial institutions, regulators, and portfolio managers.
One of the most popular and usual tools for measuring
market risk is VaR. VaR is defined as the amount of loss in
a portfolio under given probability over a certain time period
[1]. VaR is considered as a benchmark for measuring market
risk, which is the main reason that it can summarize risks
in a single number. Additionally, CVaR is a supplement to
VaR, and it measures the expected loss, given that the loss is
greater than or equal to the VaR at certain confidence levels
[2]. The purpose of this study is to apply the GARCH-EVT-
copula model to estimate the risk measures (VaR and CVaR)
for natural gas portfolios.

More and more empirical studies concerned with VaR
estimation have been using the copula-GARCHmodel.Many
research literatures have proved that the copula method is
a better method to estimate VaR. For example, Huang et al.
[3] proposed a new method, conditional copula-GARCH, to
measure the VaR of stock portfolios. Their empirical results
suggested that conditional copula-GARCH could be quite
robust in estimating VaR. Low et al. [4] investigated whether
applying copula models to forecast returns for portfolios
could produce superior investment performance compared
to traditional models.They found that whenmanaging larger
portfolios, theClayton canonical vine copula outperforms the
Clayton standard copula. Aloui et al. [5] used the copula-
GARCH approach to investigate the conditional dependence
structure between crude oil prices and U.S. dollar exchange
rates. The empirical results suggested that using the Student
𝑡-copula improved the accuracy of VaR forecasts. Chen and
Tu [6] estimated the risk (VaR) of hedged portfolio to
illustrate the potential model risk. They found that copula-
based HPVaR outperforms the conventional CCC- and
DCC-GARCH estimators. Weiß and Supper [7] estimated

Hindawi Publishing Corporation
e Scientific World Journal
Volume 2015, Article ID 125958, 7 pages
http://dx.doi.org/10.1155/2015/125958

http://dx.doi.org/10.1155/2015/125958


2 The Scientific World Journal

the liquidity-adjusted intraday VaR of stock portfolio by
using vine copulas for the dependence structure and the
ACDP (Autoregressive Conditional Double Poisson) and
GARCH processes for the marginal distribution. The empir-
ical evidences showed that the GARCH-Vine copula model
performed well in estimating the liquidity-adjusted intraday
portfolio profits and losses. Berger [8] used time-varying
copulas combined with EVT-based margins. He pointed out
that when forecasting the VaR of a portfolio, it is crucial
to find the “right” portfolio return distribution. They found
that reliable copulas combined with EVT-based margins can
capture reliable VaR figures. Aloui et al. [9] investigated
the conditional dependence structure between the crude oil
and natural gas markets and derived implications for risk
management issues related to an oil and gas portfolio within
a VaR framework.

The contributions of this paper are twofold. First, to
the best of our knowledge, there are no previous empir-
ical papers estimating the risks of natural gas portfolios
using the GARCH-EVT-copula model. In this sense, this
study can perfectly contribute to this area of the litera-
ture. Second, risk measures of natural gas portfolios which
are computed by the GARCH-EVT-copula model can be
utilized to have implications for natural gas portfolio risk
management.

The outline of this paper is as follows. The next section
describes the GARCH-EVT-copula model used in the paper.
Section 3 discusses the data and their properties. Section 4
presents the empirical results of the model and estimate
the VaR and the CVaR five-dimensional natural gas port-
folios and the optimal natural gas portfolio weights under
minimized portfolio risk. The last section delivers the final
concluding remarks.

2. Data Description

This study focuses on natural gas portfolios consisting of
spot and futures prices at the Title Transfer Facility (TTF)
Hub. Our dataset consists of daily series of one-day-ahead
gas prices (TTFFD), one-month-ahead cash-settled futures
natural gas prices (TTFFM), one-quarter-ahead cash-settled
futures natural gas prices (TTFFQ), one-season-ahead cash-
settled futures natural gas prices (TTFFS), and one-year-
ahead cash-settled futures natural gas prices (denoted by
TTFFY). The natural gas price series are expressed in euro
per megawatt hour (C/MWh). The data are sourced from
Datastream and are from January 1, 2007, to May 30, 2014.
The data used in this paper are from Monday to Friday, with
total of 1934 observations.

Figure 1 is plotted to illustrate the natural gas spot and
futures prices at the TTF Hub. The figures of the spot and
futures prices reveal the typical properties of natural gas
prices: extreme price spikes and volatility clustered. The
descriptive statistics for natural gas spot and futures returns
are reported in Table 1. The natural gas spot and futures
returns (𝑟

𝑡
) are computed on a continuous compounding

basis, as 𝑟
𝑡
= ln(𝑃

𝑡
/𝑃
𝑡−1
), where 𝑃

𝑡
and 𝑃

𝑡−1
are current

and one-period lagged daily natural gas spot or futures
prices. The mean returns for all spot and futures series

are very small and near zero, indicating that there is no
significant trend in the data. All the returns exhibit significant
skewness, except for TTFFD and kurtosis. All the returns
exhibit positive skewness except for TTFFD. Second, all the
returns strongly reject the null hypotheses for the JB (Jarque-
Bera) test of normality. Finally, augmentedDickey-Fuller [10]
and Kwiatkowski-Phillips-Schmidt-Shin [11] tests are used
for the unit root test. Table 1 shows the results, indicating
that all return series are stationary at the 1% significance
level.

3. Methodology

3.1. Model forMarginal Distribution. We adopt the univariate
standard GARCH model for natural gas price to obtain our
marginal distributions in this study. The univariate standard
GARCH(1, 1) model [12] is defined as follows:

𝑟
𝑠,𝑡
= 𝑐
𝑠,0
+

𝑝

∑

𝑖=1

𝜙
𝑠,𝑖
𝑟
𝑠,𝑡−𝑖

+

𝑞

∑

𝑗=1

𝜃
𝑠,𝑗
𝑟
𝑠,𝑡−𝑗

+ 𝑒
𝑠,𝑡
,

𝑒
𝑠,𝑡
= √ℎ
𝑠,𝑡
𝑧
𝑠,𝑡
,

ℎ
𝑠,𝑡
= 𝜔
𝑠
+ 𝛼
𝑠
𝑒
2

𝑠,𝑡−1
+ 𝛽
𝑠
ℎ
𝑠,𝑡−1

,

(1)

where 𝑠 is TTFFD, TTFFM, TTFFQ, TTFFS, and TTFFY,
respectively, 𝑟

𝑠,𝑡
denotes the spot or futures return of natural

gas, ℎ
𝑠,𝑡

is the conditional variance of volatility, 𝜙
𝑠,𝑖

is the
𝑖th lag AR parameter, 𝜃

𝑠,𝑗
is the 𝑖th lag MA parameter, 𝛼

𝑠
is

the ARCH parameter, and 𝛽
𝑠
is the GARCH parameter. The

conditions 𝜔
𝑠
> 0, 𝛼

𝑠
, 𝛽
𝑠
≥ 0, and 𝛼

𝑠
+ 𝛽
𝑠
< 1 are to ensure

that the conditional variance process remains positive and
stationary. 𝑧

𝑠,𝑡
is the standardized error. In Section 2, we know

that all series are not normal distribution. Hence, we assume
that 𝑧

𝑠,𝑡
is 𝑡-distribution. df

𝑠
is the degree of freedom, which

is denoted as 𝜆
𝑠
. In order to better estimate the tails of the

distribution, this paper applied EVT to those residuals. We
model residuals by using the generalized Pareto distribution
(GPD) estimate for the upper and lower tails and theGaussian
kernel estimate for the remaining part. The CDF of a GPD
distribution is parameterized as follows:

𝐹 (𝑧
𝑠,𝑡
)

=

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

𝑁
𝑚𝐿

𝑁

((1 +

𝜉
𝐿
(𝑚
𝐿
− 𝑧
𝑠,𝑡
)

𝛽
𝐿

)

−1/𝜉𝐿

) , 𝑧
𝑠,𝑡
< 𝑚
𝐿
,

𝜑 (𝑧
𝑠,𝑡
) , 𝑚

𝐿
< 𝑧
𝑠,𝑡
< 𝑚
𝑅
,

1 −

𝑁
𝑚𝑅

𝑁

((1 +

𝜉
𝑅
(𝑚
𝑅
− 𝑧
𝑠,𝑡
)

𝛽
𝑅

)

−1/𝜉𝑅

) , 𝑧
𝑠,𝑡
> 𝑚
𝑅
,

(2)

where 𝜉 is the shape parameter, 𝛽 is the scale parameter, and
𝑚
𝐿
(𝑚
𝑅
) is the lower (upper) threshold.

There is a trade-off between high precision and low vari-
ance; the critical step is the choice of the optimal threshold.
Following DuMouchel [13], this paper chose the exceedances
to be the 10th percentile of the sample.
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Figure 1: The time series plots of daily natural gas spot and futures prices at the Title Transfer Facility (TTF) Hub.

Table 1: Descriptive statistics of spot and generic futures returns for natural gas portfolio.

TTFFD TTFFM TTFFQ TTFFS TTFFY
Mean 0.0002 0.0000 0.0001 0.0002 0.0001
Median 0.0000 0.0000 −0.0007 −0.0005 0.0000
Maximum 0.3923 0.2672 0.5462 0.7724 0.3476
Minimum −0.3538 −0.1171 −0.2027 −0.1780 −0.3482
Std. dev. 0.0453 0.0273 0.0286 0.0289 0.0214
Skewness −0.0396 1.7707∗∗ 6.3836∗∗ 12.5263∗∗ 2.3924∗∗

Kurtosis 11.7180∗∗ 18.1748∗∗ 111.4036∗∗ 306.0295∗∗ 115.0176∗∗

JB 6125.1020∗∗ 19566.9600∗∗ 960097.8000∗∗ 7450294.0000∗∗ 1013000.0000∗∗

ADF −49.3317∗∗ −27.2174∗∗ −43.5283∗∗ −42.2873∗∗ −27.6217∗∗

KPSS 0.05345 0.0805 0.07311 0.04966 0.0614
Observations 1934 1934 1934 1934 1934
Note. ∗∗ denotes rejection of the null hypothesis at the 1% and 5% significance levels, respectively.
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3.2. Copula. Let𝑋
1
, . . . , 𝑋

𝑛
be the random variables with the

marginal distribution 𝐹
1
, . . . , 𝐹

𝑛
. Then, there exists a copula

𝐶 : [0, 1]
𝑛
→ [0, 1] that satisfies the following function:

𝐹 (𝑥
1
, . . . , 𝑥

𝑛
) = 𝐶 (𝐹

1
(𝑥
1
) , . . . , 𝐹

𝑛
(𝑥
𝑛
)) = 𝐶 (𝑢

1
, . . . , 𝑢

𝑛
) ,

(3)

where 𝑢
𝑖
= 𝐹
𝑖
(𝑥
𝑖
). If themarginal distribution𝐹

𝑖
(𝑥
𝑖
) is contin-

uous, then 𝐶 is unique; otherwise, 𝐶 is uniquely determined
by Ran𝐹

1
× Ran𝐹

2
× ⋅ ⋅ ⋅ × Ran𝐹

𝑛
.

The multivariate Gaussian copula [14] is given as

𝐶
Gau
∑𝜌

(𝑢
1,𝑡
, 𝑢
2,𝑡
, . . . , 𝑢

𝑛,𝑡
| 𝜌)

= Φ
∑𝜌
(Φ
−1
(𝑢
1,𝑡
) , Φ
−1
(𝑢
2,𝑡
) , . . . , Φ

−1
(𝑢
𝑛,𝑡
)) ,

(4)

where 𝑢
𝑛,𝑡

is the cumulative distribution function of the
standardized error from the marginal models, Φ

∑𝜌
denotes

the standardized multivariate normal distribution with the
correlation matrix ∑𝜌, Φ−1 is the inverse of the univariate
standard normal distribution, and 𝜌 ∈ (−1, 1) measures the
dependence.

The Gaussian copula cannot capture the dependence of a
fat tail. In order to capture the fat tail, we also introduced the
multivariate Student 𝑡-copula in this study. The multivariate
Student 𝑡-copula [14] is defined as

𝐶
Stu
∑𝜌,V (𝑢1,𝑡, 𝑢2,𝑡, . . . , 𝑢𝑛,𝑡 | 𝜌, 𝑛)

= 𝑡
∑𝜌,V [𝑡

−1

V (𝑢
1,𝑡
) , 𝑡
−1

V (𝑢
2,𝑡
) , . . . , 𝑡

−1

V (𝑢
𝑛,𝑡
)] ,

(5)

where 𝑡
∑𝜌,V is the standardized multivariate Student 𝑡-

distribution with correlation and degrees of freedom matrix
∑𝜌, V; correlation 𝜌 ∈ (−1, 1), 𝑡−1V denotes the inverse of the
univariate Student 𝑡-distribution. The parameters of V and 𝜌
determine the extent of symmetric extreme dependence by
the upper and lower tail dependences, 𝜆

𝐿
and 𝜆

𝑅
, such that

𝜆
𝐿
= 𝜆
𝑅
= 2𝑡V+1(−((√V + 1√1 − 𝜌)/√1 + 𝜌)) > 0.

3.3. Portfolio Risk Analysis

3.3.1. VaR and CVaR. In order to analyze risk management,
this paper used VaR and CVaR to measure the risk. We
estimate the VaR and the CVaR by taking the 𝛼-quantiles
of the portfolio return forecasts, as given in the following
equation:

VaR
𝑡+1|𝑡 (

𝛼) = 𝐹
−1
(𝑞) 𝑟
𝑡+1,𝑃

,

CVaR
𝑡+(1/𝑡) (

𝛼) = 𝐸 (𝑟𝑡+1,𝑝
| 𝑟
𝑡+1,𝑝

> VaR
𝑡+1|𝑡 (

𝛼)) .

(6)

We assume that the weight in each asset is the same; that
is, 𝜔 = [(1/5), (1/5), (1/5), (1/5), (1/5)]

. As a result, we
can compute the VaR and the CVaR of the equally weighted
portfolio.

3.3.2. Optimal Portfolio with Minimum Risk. We estimate
the VaR and the CVaR of an equally weighted portfolio,
but the major concern for commercial banks and individual

investors is to minimize the risk of the investment portfolio.
To address this concern, in this paper, we also compute the
optimal weights of each asset thatminimize the portfolio risk.
According to Wang et al. [2], the algorithm is as follows. We
assume that the weight in individual asset within a portfolio
is 𝜔 = [𝜔

1
, 𝜔
2
, 𝜔
3
, 𝜔
4
, 𝜔
5
]
, where 0 ≤ 𝜔

𝑠
≤ 1 (𝑠 = 1, 2, . . . , 5)

and 𝜔
1
+ 𝜔
2
+ 𝜔
3
+ 𝜔
4
+ 𝜔
5
= 1. Many weight vectors

can satisfy these conditions. Given a weight vector 𝜔, 𝑁
returns of the portfolio are obtained; this means that returns
= 𝑟
𝑡+1

× 𝜔. Subsequently, the VaR of these portfolios at a
given confidence level can be computed. After getting all
the VaR values corresponding to all the weight vectors, the
minimumVaR can be calculated.Thus, we can get the weight
of each asset that minimizes the VaR; that is, minVaR

𝛼
=

risk(𝑏
1
, 𝑏
2
, 𝑏
3
, 𝑏
4
, 𝑏
5
).

3.4. Estimation Procedure. We follow a seven-step estimation
procedure in this paper.

(1) We first complete the parameter estimation and
obtain the standardized residuals by fitting the uni-
variate ARMA(𝑝, 𝑞)-GARCH(1, 1) model for each
natural gas return series.

(2) For EVT, we chose the exceedances to be the 10th
percentile of the sample and used the sample MEF
plot and the Hill plot to determine an appropriate
threshold for the upper and lower tails of the dis-
tribution of the residuals. We assume that excess
residuals over this threshold follow the generalized
Pareto distribution (GPD) and estimate for the upper
and lower tails and use theGaussian kernel estimation
for the remaining part.

(3) We transform the standardized residuals 𝑧
𝑠,𝑡
from the

GARCHmodel into the variates 𝑢
𝑠,𝑡
, using the ECDFs

(empirical cumulative distribution functions).There-
after, we perform the goodness-of-fit test for each 𝑢

𝑠,𝑡
.

(4) We fit a copula model and estimate its parameter.
(5) We simulate 𝑁 times from the estimated copula

model to convert to 𝑁 standardized residuals using
the inverse of the corresponding distribution function
for each model.

(6) We forecast 𝑁 portfolio returns using the ARMA(𝑝,
𝑞)-GARCH(1, 1)model.

(7) We estimate the VaR and the CVaR of the equally
weighted portfolio. Additionally, we compute the
optimal portfolio with the minimum risk.

4. Empirical Results

4.1. Results for Marginal Model. Firstly, estimate the
ARMA(𝑝, 𝑞)-GARCH(1, 1) model for each natural gas
return. The AIC, BIC, and Loglik statistics are adopted to
select the most suitable models. The estimated coefficients
and standard errors for the marginal model are presented
in Table 2. Table 2 shows that the AR(1) estimates 𝜙

𝑠,1
are

significant in all the series, except for TTFFM and TTFFQ,
which implies that the current returns have spillover effects
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Table 2: Estimated parameters of agricultural commodity returns
for marginal model.

TTFFD TTFFM TTFFQ TTFFS TTFFY

𝑐
𝑠,𝑜

−0.0002
(0.0004)

−0.0007∗∗
(0.0003)

−0.0008
(0.0003)

−0.0005∗
(0.0002)

−0.0003
(0.0002)

𝜙
𝑠,1

−0.1350∗∗
(0.0234)

0.0363
(0.0206)

0.0206
(0.0190)

0.0668∗∗
(0.0218)

0.0588∗∗
(0.0223)

𝜔
𝑠

0.0000∗∗
(0.0000)

0.0000
(0.0000)

0.0000∗∗
(0.0000)

0.0000∗∗
(0.0000)

0.0000∗∗
(0.0000)

𝛼
𝑠

0.2045∗∗
(0.0263)

0.0560∗∗
(0.0169)

0.0120∗∗
(0.0035)

0.1865∗∗
(0.0341)

0.1661∗∗
(0.0243)

𝛽
𝑠

0.7945∗∗
(0.0238)

0.9430∗∗
(0.0170)

0.9848∗∗
(0.0030)

0.8125∗∗
(0.0305)

0.8329∗∗
(0.0213)

𝜆
𝑠

4.3963∗∗
(0.3857)

3.2386∗∗
(0.2172)

2.8659∗∗
(0.1965)

3.1684∗∗
(0.1866)

3.6138∗∗
(0.2616)

LL 3910.0000 4943.7790 5154.1850 5409.1680 5794.5190
AIC −4.0372 −5.1063 −5.3239 −5.5876 −5.9861
ARCH(10) 0.7074 0.8258 0.9988 1.0000 0.9996
Note.The table shows the estimates and the standard errors of the parameters
for the marginal distribution model defined in (3) and (4). ∗∗ and ∗
denote rejection of the null hypothesis at the 1% and 5% significance levels,
respectively. ARCH(10) is the P value of Engle’s LM test for the ARCH effect
in the residuals up to the 10th order.

from their returns in one of the previous periods. Second,
it can be observed that the ARCH parameter 𝛼

𝑠
and the

GARCH parameter 𝛽
𝑠
are statistically significant, implying

that all the returns experience ARCH and GARCH effects.
The 𝑃 values of ARCH(10) are more than 10%, which shows
that there is no heteroskedasticity effect in the residuals.
Additionally, the degrees of freedom 𝜆

𝑠
of the Student

𝑡-distribution for all the returns are significant, suggesting
that the error terms are not normal distribution and that
the Student 𝑡-distribution works reasonably well for all the
return series.

As described in Section 3.1, we apply EVT to those
residuals. GPD specially is for tail estimation, and we choose
the exceedances to be the 10th percentile of the sample.
The Gaussian kernel estimate is for the remaining part.
The parameter estimation for each natural gas’s residuals is
demonstrated in Table 3.

Given the availability of the estimates ofmarginalmodels,
we proceed to estimate the copula functions. For that, we
transform the standardized residuals 𝑧

𝑠,𝑡
from the GARCH

model into the variates 𝑢
𝑠,𝑡
, using the ECDF. Each variate 𝑢

𝑠,𝑡

should be uniform (0, 1); otherwise, the copula model could
be misspecified.This paper follows Patton [15] and Reboredo
[16] to carry out the goodness-of-fit test, which are Ljung-Box
(LB) test and Kolmogorov-Smirnov (KS) test. LB test is used
to examine the serial correlation under the null hypothesis
of serial independence. To do so, (𝑢

𝑠,𝑡
− 𝑢
𝑠
)
𝑘 is regressed on

the first 10 lags of the variables. And KS test is used to test
the null hypothesis that the 𝑢

𝑖,𝑡
are uniform (0, 1). Table 4

reports the 𝑃 values of these two tests. At the 5% significance
level, all the null hypotheses are rejected, which implies that
the marginal distribution model demonstrates that these are

Table 3: Parameter estimation for each natural gas’s residuals.

TTFFD TTFFM TTFFQ TTFFS TTFFY
Threshold𝑚

𝐿
−1.2278 −1.0081 −1.0463 −1.0491 −1.0857

𝜉
𝐿

0.0489 0.0588 0.1494 0.2596 0.0817
𝛽
𝑅

0.7085 0.5076 0.4999 0.5140 0.5243
Threshold𝑚

𝑅
1.1688 1.0944 1.1152 1.0989 1.1696

𝜉
𝑅

0.1999 0.3183 0.5386 0.4963 0.2987
𝛽
𝑅

0.5327 0.6823 0.5883 0.5606 0.6718

Table 4: Goodness-of-fit test for marginal distributions.

TTFFD TTFFM TTFFQ TTFFS TTFFY
First moment
LB test 0.4000 0.1278 0.2771 0.2530 0.1008

First moment
LB test 0.2171 0.6031 0.0562 0.0862 0.1753

First moment
LB test 0.5548 0.0791 0.4020 0.0503 0.1164

First moment
LB test 0.1283 0.0651 0.1357 0.1247 0.2840

KS test 0.9997 1.0000 0.9436 0.9997 0.8967
Note. This table reports the P values from the Ljung-Box (LB) test for serial
independence of the first four moments of the variable 𝑢𝑠,𝑡. We regress
(𝑢𝑠,𝑡 − 𝑢𝑠)

𝑘 on the first five lags of the variables for 𝑘 = 1, 2, 3, 4. In
addition, we present the P values of the Kolmogorov-Smirnov (KS) test for
the adequacy of the distribution model.

not misspecified. Hence, it can be concluded that the copula
model can correctly capture the dependence.

4.2. Results for Copula. After estimating the parameters of
the marginal distribution, we proceed further to estimate
the copula parameter. The multivariate Gaussian copula and
Student 𝑡-copula are applied in this study. The dependence
matrix is estimated by the maximum-likelihood estimation
(MLE) method. The results of the dependence matrix for
the multivariate Gaussian copula model and the Student 𝑡-
copula model are reported in Tables 5 and 6, respectively.The
dependence parameters are positive and strongly significant
at 10% level for theGaussian and the Student 𝑡-copulamodels.
These findings point out the presence of significantly strong
positive relationships between the TTF natural gas portfolios.
Second, the degree of freedom for the multivariate Student
𝑡-copula V is reasonably low (4.9837), which suggests the
existence of substantially extreme comovements and tail
dependence for all the pairs of the TTF natural gas portfolios.
This finding indicates that extreme events or crises are likely
to spread from one series to another during the bull and bear
periods.

4.3. Portfolio Risk Analysis. After modeling the dependence
structure, we simulate one-month natural gas portfolio
returns based on the dependence structure specified in both
the multivariate Gaussian copula and the Student 𝑡-copula
and estimate the risk of a five-dimensional natural gas
portfolio. With an equally weighted portfolio of five natural
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Table 5: Estimated parameters of natural gas portfolio for multi-
variate Gaussian copula.

TTFFD TTFFM TTFFQ TTFFS TTFFY

TTFFD 1.0000 0.5247∗∗
(0.0146)

0.4945∗∗
(0.0156)

0.4203∗∗
(0.0172)

0.3772∗∗
(0.0178)

TTFFM 0.5247∗∗
(0.0146) 1.0000 0.6884∗∗

(0.0098)
0.6780∗∗
(0.0102)

0.6258∗∗
(0.0114)

TTFFQ 0.4945∗∗
(0.0156)

0.6884∗∗
(0.0098) 1.0000 0.7018∗∗

(0.0056)
0.6864∗∗
(0.0099)

TTFFS 0.4203∗∗
(0.0172)

0.6780∗∗
(0.0102)

0.7018∗∗
(0.0056) 1.0000 0.8250∗∗

(0.0095)

TTFFY 0.3772∗∗
(0.0178)

0.6258∗∗
(0.0114)

0.6864∗∗
(0.0099)

0.8250∗∗
(0.0095)

1.0000
(0.0095)

Note. ∗∗ denotes rejection of the null hypothesis at the 1% and 5% signifi-
cance levels, respectively.

Table 6: Estimated parameters of natural gas portfolio for the
multivariate Student 𝑡-copula.

V = 4.9837 TTFFD TTFFM TTFFQ TTFFS TTFFY

TTFFD 1.0000 0.5525∗∗
(0.0161)

0.4995∗∗
(0.0177)

0.4408∗∗
(0.0190)

0.4003∗∗
(0.0194)

TTFFM 0.5525∗∗
(0.0161) 1.0000 0.7755∗∗

(0.0087)
0.7681∗∗
(0.0089)

0.7071∗∗
(0.0107)

TTFFQ 0.4995∗∗
(0.0177)

0.7755∗∗
(0.0087) 1.0000 0.7830∗∗

(0.0084)
0.8753∗∗
(0.0089)

TTFFS 0.4408∗∗
(0.0190)

0.7681∗∗
(0.0089)

0.7830∗∗
(0.0084) 1.0000 0.7514∗∗

(0.0093)

TTFFY 0.4003∗∗
(0.0194)

0.7071∗∗
(0.0107)

0.8753∗∗
(0.0089)

0.7514∗∗
(0.0093) 1.0000

Note. ∗∗ denotes rejection of the null hypothesis at the 1% and 5% signifi-
cance levels, respectively.

gas returns (TTFFD, TTFFM, TTFFQ, TTFFS, and TTFFY),
we can calculate the VaR and the CVaR of the portfolio. The
results of the VaR and the CVaR calculations are presented
in Table 7. From Table 7, we can perceive that the VaR and
the CVaR calculated from the Student 𝑡-copula are more than
those from the Gaussian copula under the same confidence
level. The reason is that the Student 𝑡-copula considers the
extreme dependence, whereas the Gaussian copula does not.

Likewise, in this paper, we also compute the optimal
weights of each asset that minimize the portfolio risk. The
optimal portfolio weight under the minimum portfolio risk
and the VaR (CVaR) under different copulas and confidence
levels are presented in Table 8. From Table 8, we can draw the
following interesting conclusions.

(1) The optimal portfolio weights are similar across
the multivariate Gaussian copula and Student 𝑡-
copula and different confidence levels. The optimal
investment tends to concentrate on TTFFM, TTFFQ,
TTFFS, and TTFFY. Moreover, the optimal portfolio
weights of TTFFM, TTFFQ, TTFFS, and TTFFY are
almost equal. However, the optimal portfolio weight
of TTFFD is nearly zero. This is because TTFFD is
the spot (one-day-ahead) price, and TTFFM, TTFFQ,
TTFFS, and TTFFY are the futures prices. Futures

Table 7: Portfolio risk under equally weighted natural gas portfolio.

Confidence level Risk value Normal copula 𝑡-copula

0.90 VaR 0.0746 0.0755
CVaR 0.1094 0.1112

0.95 VaR 0.0977 0.0991
CVaR 0.1344 0.1365

0.99 VaR 0.1565 0.1624
CVaR 0.1989 0.1994

markets have risk aversion function.Underminimum
portfolio risk, investors prefer the futures market. On
the other hand, with higher confidence levels, the
weight of TTFFD investment becomes larger. The
reason is that, with higher confidence levels, investors
will be more risk tolerant and, therefore, willing to
take more risk to achieve higher expected returns.

(2) Comparing the risk value calculated by the Gaussian
copula and Student 𝑡-copula, we observe that most
of the VaR and all the CVaR from the Gaussian
copula are less than those from the Student 𝑡-copula.
This result is consistent with the conclusions when
computing the VaR and the CVaR of the equally
weighted foreign exchange portfolio. This is because
the Student 𝑡-copula, on account of its heavy tail, is
able to capture the extreme dependence. The extreme
events of the asset returns have higher dependence
and hence larger VaR and CVaR.

5. Conclusion

We employed the GARCH-EVT-copula model to estimate
the risk of a multidimensional natural gas portfolio. This
study focuses on the natural gas portfolio at the Title Transfer
Facility (TTF) Hub. The data consist of daily series of
one-day-ahead gas prices (TTFFD), one-month-ahead cash-
settled futures natural gas prices (TTFFM), one-quarter-
ahead cash-settled futures natural gas prices (TTFFQ), one-
season-ahead cash-settled futures natural gas prices (TTFFS),
and one-year-ahead cash-settled futures natural gas prices
(denoted by TTFFY). Our dataset is from January 1, 2007 to
May 30, 2014. The multivariate Gaussian copula and Student
𝑡-copula have been employed to model the dependence
structure.

The empirical results show that, for an equally weighted
portfolio of five natural gases, theVaR and theCVaR obtained
from the Student 𝑡-copula are larger than those obtained from
the Gaussian copula. The reason is that the Gaussian copula
cannot capture the extreme dependence but the Student
𝑡-copula can. Second, the optimal portfolio weights are
found to be similar across the multivariate Gaussian copula
and Student 𝑡-copula and different confidence levels upon
minimizing the portfolio risk. The optimal investment tends
to concentrate on TTFFM, TTFFQ, TTFFS, and TTFFY. In
addition, the optimal portfolio weights of TTFFM, TTFFQ,
TTFFS, and TTFFY are almost equal. At the same time,
the optimal portfolio weight of TTFFD is nearly zero. With
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Table 8: Optimal investment proportion of natural gas portfolio with minimum risk.

Copula Confidence level VaR Corresponding CVaR Optimal coefficients
TTFFD TTFFM TTFFQ TTFFS TTFFY

Normal copula
0.90 0.0130 0.0154 0.0001 0.2499 0.2500 0.2500 0.2500
0.95 0.0169 0.0189 0.0001 0.2498 0.2500 0.2500 0.2500
0.99 0.0260 0.0274 0.0158 0.2389 0.2453 0.2450 0.2500

Student 𝑡-copula
0.90 0.0126 0.0159 0.0001 0.2498 0.2499 0.2501 0.2500
0.95 0.0171 0.0195 0.0001 0.2499 0.2499 0.2501 0.2500
0.99 0.0280 0.0287 0.0064 0.2468 0.2480 0.2492 0.2496

higher confidence levels, theweight of the TTFFD investment
becomes larger.

Further studies on estimating the risk of natural gas
portfolios should concentrate on modeling dependence.
Specifically, we should employ more copulas: multivariate
Clayton,multivariateGumbel, and vine copula. Furthermore,
the risk of natural gas portfolio in different Hubs should be
considered. Third, we should work on backtesting to check
the performance of the approach compared to other popular
approaches of VaR estimation. We intend to address these
matters in our future research.
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