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An important target in industry is that of developing new
technologies for microelectromechanical systems (MEMS)
and nanoelectromechanical systems (NEMS), designed for
a multitude of applications in many technical fields. For
example, carbon nanotubes are currently considered very
prominent materials owing to their excellent electric, ther-
mal, and mechanical properties. These new materials are
employed also for purely mechanical purposes. In fact, car-
bon nanotubes are often used as reinforcement of traditional
constructionmaterials, because their application can improve
significantly the tensile strength.

Micro-, meso-, and nanostructures need a structural and
constitutive modelling consistent with their actual geomet-
rical dimensions. In this regard, it is necessary to develop
suitable models that lead to reliable results, since in the
literature they are often not available. This special issue
is dedicated to theoretical, numerical, and experimental
investigations of the behaviour of structures at micro-, meso-
, and nanoscale. The purpose is to collect and compare the
contributions of a research field very timely and of great
scientific interest.

The papers in this special issue cover the following
topics: (i) static analysis, buckling, and vibration of micro-,
meso-, and nanostructures; (ii) nanobeams, nanoshells,
and nanoplates; (iii) micro-, meso-, and nanostructural

effects; (iv) size effects; (v) microelectromechanical systems
(MEMS); (vi) nanoelectromechanical systems (NEMS); (vii)
nonlocal theory applied to micro-, meso-, and nanoscales;
(viii) nanocomposite materials; (ix) carbon nanotubes; (x)
micro- and mesomechanics of concrete; (xi) functionally
graded materials; (xii) piezo and magnetic elastic materials;
(xiii) homogenization techniques.

The contributions offered by each paper are detailed in
the following.

V. Lepov et al. study the problem of brittle fracture
of structures at low-temperature conditions connected to
damage accumulation and ductile-brittle transition inmetals.
The internal friction method is applied to revealing the
mechanism of dislocation microstructure changes during
the low-temperature ductile-brittle transition. It has been
shown for the first time that transition is not connected to
interatomic interactions but it is stipulated by thermofluctu-
ation on nucleus such as microcracks and by their further
growth and coalescence. The proposed mechanism would
be used for theoretical and numerical modelling of damage
accumulation and fracture in materials.

B. Pomaro considers the radiation damage process in
concrete and proposes a unified approach to the practical and
predictive assessment of irradiated concrete, which combines
both physics and structural mechanics issues. Her paper
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provides a collection of the most distinguished contributions
on this topic in the past 50 years up to present, which shows
a remarkable renewed interest on the subject.

G. Mazzucco and G. Xotta examine structural elements
in concrete exposed to high and rapidly rising temperatures.
To reduce the risk of spalling of a concrete material under
fire condition, the inclusion of a low dosage of polypropylene
fibres in the mix design of concrete is largely recognized.
PP fibres in fact evaporate above certain temperatures, thus
increasing the porosity and reducing the internal pressure in
the material by an increase of the voids connectivity in the
cement paste. In their work the contribution of polypropy-
lene fibres on concrete behaviour has been numerically
investigated using a coupled hygro-thermal-mechanical finite
element formulation at the macro- and mesoscale levels.

G. Mazzucco et al. propose a three-dimensional coupled
thermoelectromechanical model for electrical connectors to
evaluate local stress and temperature distributions around
the contact area of electric connectors. A micromechanical
numerical model has been developed by merging together
the contact theory approach, which makes use of the so-
called roughness parameters obtained from experimental
measurements on real contact surfaces, with the topology
description of the rough surface via the theory of fractal
geometry. In particular, the variation of asperities has been
evaluated via the Weierstrass-Mandelbrot function. In this
way the micromechanical model allowed for an upgraded
contact algorithm in terms of effective contact area and
thermal and electrical contact conductivities. A compari-
son between numerical and analytical results shows that
the adopted procedure is suitable to simulate the transient
thermoelectromechanical response of electric connectors.

L. Feo and R. Penna employ the Eringen elastic constitu-
tive relation to assess small-scale effects in nanobeams. Struc-
tural behaviour is studied for functionally graded materials
in the cross-sectional plane and torsional loading conditions.
Torsional rotations and equilibrated moments are evaluated
by solving a first-order differential equation of elastic equi-
librium with boundary conditions of kinematic-type. Bench-
marks examples are briefly discussed, thus enlightening the
effectiveness of the proposed methodology.

P. Di Maida and G. Bianchi perform a pseudospectral
approximation to solve the problem of pull-in instability
in a cantilever microswitch. A numerical comparison is
presented between a pseudospectral and a finite element
(FE) approximation of the problem. It is shown that the
pseudospectral method appears more effective in accurately
approximating the behaviour of the cantilever near its tip.
This fact is crucial to capturing the threshold voltage on the
verge of pull-in. Conversely, the FE approximation presents
rapid successions of attracting/repulsing regions along the
cantilever, which are not restricted to the near pull-in regime.

M. Diaco analyses orthotropic Saint-Venant beams under
torsion, forwhich a skillful solutionmethod has been recently
proposed by Ecsedi considering a class of inhomogeneous
beams with shear moduli defined in terms of Prandtl’s
stress function of corresponding homogeneous beams. Using
this approach, orthotropic functionally graded beams with
shear moduli tensors defined in terms of the stress function

are studied. A result of invariance on twist centre is also
achieved. Examples of functionally graded elliptic cross-
sections of orthotropic beams are developed, thus detecting
new benchmarks for computational mechanics.

V. P. Berardi presents a micromechanical procedure to
evaluate the initiation of damage and failure of masonry with
in-plane loads. Masonry material is viewed as a composite
with periodic microstructure and, therefore, a unit cell with
suitable boundary conditions is assumed as a representative
volume element of the masonry. The finite element method
is used to determine the average stress on the unit cell
corresponding to a given average strain prescribed on the
unit cell. Finally, critical curves representing the initiation of
damage and failure in both clay brick masonry and adobe
masonry are provided.

P. Di Maida and F. O. Falope investigate the contact
problem of an Euler-Bernoulli nanobeam of finite length
bonded to a homogeneous elastic half plane. The analysis
is performed under plane strain condition. Owing to the
bending stiffness of the beam, shear and peeling stresses arise
at the interface between the beam and the substrate within
the contact region. The investigation allows evaluating the
role played by the Poisson ratio of the half plane (and, in
turn, its compressibility) on the beam-substrate mechanical
interaction. Different symmetric as well as skew-symmetric
loading conditions for the beam are considered, with par-
ticular emphasis on concentrated transversal and horizontal
forces and couples acting at its edges. It is found that the
Poisson ratio of the half plane affects the behaviour of the
interfacial stress field, particularly at the beam edges, where
the shear and peel stresses are singular.

F. O. Falope and E. Radi study the mechanical behaviour
of thin films bonded to a homogeneous elastic orthotropic
half plane under plane strain condition. Both the film
and semi-infinite substrate display linear elastic orthotropic
behaviour. By assuming perfect adhesion between film and
half plane together with membrane behaviour of the film, the
compatibility condition between the coating and substrate
leads to a singular integral equation with Cauchy kernel.
Such an equation is straightforwardly solved by expanding
the unknown interfacial stress in series of Chebyshev poly-
nomials displaying square-root singularity at the film edges.
This approach allows handling the singular behaviour of the
shear stress and, in turn, reducing the problem to a linear
algebraic system of infinite terms. Results are found for two
loading cases, with particular reference to concentrated axial
forces acting at the edges of the film.The correspondingmode
II stress intensity factor has been assessed, thus providing the
stress concentrations at both ends of the covering. Possible
applications of the results here obtained range from MEMS,
NEMS, and solar silicon cell for energy harvesting to welded
joint and building foundation.

A. Sorzia carries out creep and relaxation tensile tests
until breakage of polypropylene fibres. Creep and stress
relaxation curves are obtained and fit by a model adopting
a fraction-exponential kernel in the viscoelastic operator.
Taking into account the fact that the addition of polypropy-
lene fibres greatly improves the tensile strength of compos-
ite materials with concrete matrix, the proposed analytical
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model is used for simulating the mechanical behaviour of
composite materials with embedded viscoelastic fibres.

L. Feo and R. Penna evaluate size effects in function-
ally graded elastic nanobeams by making recourse to the
nonlocal continuum mechanics. The Bernoulli-Euler kine-
matic assumption and the Eringen nonlocal constitutive law
are assumed in the formulation of the elastic equilibrium
problem. An innovative methodology, characterized by a
lowering in the order of governing differential equation, is
adopted to solve the boundary value problem of a nanobeam
under flexure. Unlike standard treatments, a second-order
differential equation of nonlocal equilibrium elastic is inte-
grated in terms of transverse displacements and equilibrated
bending moments. Benchmark examples are developed,
thus providing the nonlocality effect in nanocantilever and
clamped-simply supported nanobeams for selected values of
the Eringen scale parameter.

A. Sorzia applies the Floquet theory of periodic coefficient
second-order ODEs to an elastic waveguide. The waveguide
is modelled as a uniform elastic string periodically supported
by a discontinuousWinkler elastic foundation and, as a result,
a Hill equation is found. The fundamental solutions, the
stability regions, and the dispersion curves are determined.
An asymptotic approximation to the dispersion curve is also
provided. It is further shown that the end points of the
band gap structure correspond to periodic and semiperiodic
solutions of the Hill equation.

The scope of the works presented in this special issue
offers a real insight into the progress made across a wide
range of theoretical and technical topics related to structural
modelling at themicro-,meso-, and nanoscales.We hope that
this special issue will stimulate further research interests.
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The evaluation of tangential stress fields in linearly elastic orthotropic Saint-Venant beams under torsion is based on the solution
of Neumann and Dirichlet boundary value problems for the cross-sectional warping and for Prandtl stress function, respectively.
A skillful solution method has been recently proposed by Ecsedi for a class of inhomogeneous beams with shear moduli defined in
terms of Prandtl stress function of corresponding homogeneous beams. An alternative reasoning is followed in the present paper
for orthotropic functionally graded beams with shear moduli tensors defined in terms of the stress function and of the elasticity of
reference inhomogeneous beams. An innovative result of invariance on twist centre is also contributed. Examples of functionally
graded elliptic cross sections of orthotropic beams are developed, detecting thus new benchmarks for computational mechanics.

1. Introduction

Analyses of composite media are a well-investigated research
field in structural mechanics. Theoretical noteworthy results
also in the nonlinear range have recently contributed to
several engineering applications, such as beam and plate
theories [1–3], fracture mechanics [4–8], hyperelastic media
[9–11], concrete systems [12–16], nonlocal models [17–19],
homogenization [20–22], thermoelasticity [23–25], nanos-
tructures [26–30], and limit analysis [31–33]. In the context of
the classical theory of elasticity, an innovative methodology
for the analysis of beams was proposed by Saint-Venant
[34, 35], with the assumption that the normal interactions
between longitudinal fibres vanish [36]. Basic results about
this model are collected in classical treatments [37–44] with
a coordinate approach. Coordinate-free investigations can
be found in [45–48]. Nevertheless, analytical solutions of
beams subjected to torsion can be obtained only for special
cross-sectional geometries and shear moduli distributions.
Exact solutions of functionally graded structures can be
found in [49]. However, finite element strategies are often
adopted in order to get effective numerical results when
exact solutions are not available; see, for example, [50–53].
Alternatively, experimental methods are employed; see, for
example, [54]. Recently Ecsedi showed that, for functionally
graded cross sections under torsion, with shear modulus

defined by a positive function of the Prandtl stress function of
a corresponding homogeneous cross-section, the warping is
invariant and the stress function is expressed in terms of the
one associated with the reference homogeneous cross section
[55, 56]. Ecsedi’s treatment is based on an integral transfor-
mation proposed by Kirchhoff in nonlinear heat conduction
[57]. An intrinsic reasoning is illustrated in the present paper,
by performing a direct discussion of Neumann and Dirichlet
boundary value problems for the cross-sectional warping and
for the stress function of orthotropic composite beams under
torsion. An invariance condition for the Cicala-Hodges
centre is also assessed (see Section 3). Finally, new analytical
solutions of functionally graded elliptic cross sections are
constructed in Section 4. Basic results of Saint-Venant theory
of linearly elastic orthotropic beams are collected in the next
section.

2. Composite Saint-Venant Beams
under Torsion

Let Ω be the simply or multiply connected cross section of
an orthotropic and linearly elastic Saint-Venant composite
beam under torsion. Position of a point in Ω, with respect
to the centre G of the Young moduli 𝐸 : Ω → R of
beam’s longitudinal fibers, is denoted by r. The tensorR is the
rotation by 𝜋/2 counterclockwise in the cross-sectional plane
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𝜋Ω. Hence R𝑇 = R−1 = −R and RR = −I. Tangential str-
esses can be expressed in terms of the warping function [34]𝜙 : Ω → R or of the stress function [58] Ψ : Ω → R by the
coordinate-free formulae [59]

𝜏 (𝛼, r) = Λ (r) 𝛾 (r) = 𝛼Λ (r) (Rr + ∇𝜙 (r))
= −𝛼R∇Ψ (r) , (1)

where the scalar 𝛼 is the twist, 𝛾 : Ω → 𝑉 is the elastic
tangential strain, andΛ : Ω → 𝐿(𝑉; 𝑉) is the positive definite
symmetric Lamé tensor field, 𝑉 being the two-dimensional
linear space of translations in 𝜋Ω. The warping field is the
solution of the following Neumann-like problem [60]:

div (Λ (r) ∇𝜙 (r)) = −div (Λ (r)Rr) , r ∈ Ω,
(Λ (r) ∇𝜙 (r)) ⋅ n (r) = − (Λ (r)Rr) ⋅ n (r) , r ∈ 𝜕Ω, (2)

where n is the unit outward normal to the domainΩ. Prandtl
stress function is the solution of the Dirichlet problem

div (RΛ−1R∇Ψ) (r) = 2 on Ω,
Ψ (r) = 0 on 𝜕Ω𝑜,
Ψ (r) = 𝑐𝑖

on 𝜕Ω𝑖, 𝑐𝑖 ∈R, 𝑖 = 1, 2, . . . , 𝑛,
(3)

where Ω is a multiply connected cross-section, with 𝜕Ω𝑜
exterior boundary and 𝜕Ω𝑖 boundary of the 𝑖th hole, being𝑖 = 1, . . . , 𝑛 and 𝑛 ≥ 0. The procedure for the evaluation
of integration constants 𝑐𝑖 is illustrated in [59]. Note that
the warping function 𝜙 : Ω → R has been introduced
above by assuming tacitly that the cross section undergoes
a rotation about the pole G. Denoting by 𝜙C : Ω → R the
warping function corresponding to a cross-sectional rotation
with respect to a point C ∈ 𝜋Ω, we get the formula

𝜙C = 𝜙 (r) + (RrC) ⋅ r − 𝑐, (4)

with rC position vector of C and 𝑐 ∈ R. Tangential stress
fields are independent of the rotation centre [40]. The twist
centre Ctw and a particular value of the constant 𝑐 were
introduced in [61] by requiring that zeroth and first elastic
moments of the scalar field 𝜙C : Ω →R are zero

∫
Ω
𝐸 (r) (𝜙 (r) − 𝑐) 𝑑𝐴 = 0,

∫
Ω
𝐸 (r) (𝜙 (r) + (RrC) ⋅ r) r 𝑑𝐴 = o.

(5)

The position of the twist centre is given by the formula

rCtw = RJG (𝐸)−1 ∫
Ω
𝐸 (r) 𝜙 (r) r 𝑑𝐴, (6)

with JG(𝐸) fl ∫
Ω
𝐸(r)r ⊗ r 𝑑𝐴 bending stiffness and ⊗

tensor product. An equivalent definition of twist centre
was proposed by Trefftz [62] in energetic terms. In [59]
it was shown that the twist centre Ctw coincides with the
shear centre Csh

timo of Timoshenko beams [63], evaluated by
the composite and orthotropic Saint-Venant beam theory.
Hereafter, the point C fl Ctw ≡ Csh

timowill be named the
Cicala-Hodges centre. The next section provides a family of
composite beams, generated by a Lamé tensor field Λ : Ω →𝐿(𝑉; 𝑉), for which the warping field and the Cicala-Hodges
centre are invariant.

3. Invariances

Let us consider a sequence of tensor fields {Λ1,Λ2, . . . ,Λ𝑛}
generated by a Lamé tensor field Λ1 : Ω → 𝐿(𝑉;𝑉) and by a
sequence of positive scalar functions {ℎ1, ℎ2, . . . , ℎ𝑛}; that is,ℎ𝑖 : X𝑖 ⊆R →]0, +∞[, according to the rule:

Λ𝑛 = (ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1, 𝑛 ≥ 2, (7)

with Ψ𝑛−1 : Ω → R Prandtl stress function associated
with the torsion tangential stress field involving Lamé tensor
field Λ𝑛−1 : Ω → 𝐿(𝑉;𝑉). The sequence of Lamé fields{Λ1,Λ2, . . . ,Λ𝑛} induces a sequence of Neumann-like PDE
problems {P1,P2, . . . ,P𝑛} for the warping field, defined by

P𝑛−1)
{{{
div (Λ𝑛−1𝛾𝑛−1) (r) = 0, in Ω,
(Λ𝑛−1 (r) 𝛾𝑛−1 (r)) ⋅ n (r) = 0, on 𝜕Ω, (8)

with 𝛾𝑛−1(r) = Λ−1𝑛−1(r)𝜏𝑛−1(r) = 𝛼(Rr + ∇𝜙𝑛−1(r)). The
following results hold true.

Proposition 1. Neumann-like PDE problems {P1,P2, . . .,
P𝑛} provide, to within an additive constant, the same solution𝜙 : Ω →R.

Proof. Let 𝜙𝑛−1 be the solution, to within a constant, of the
problem P𝑛−1. Since Λ𝑛 = (ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1, problem P𝑛
takes the form:

P𝑛)
{{{
div ((ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1𝛾𝑛) (r) = 0, in Ω,
(Λ𝑛−1 (r) 𝛾𝑛 (r)) ⋅ n (r) = 0, on 𝜕Ω. (9)

Resorting to the formula

div ((ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1𝛾𝑛) (r)
= (ℎ𝑛−1 ∘ Ψ𝑛−1) (r) div (Λ𝑛−1𝛾𝑛) (r)
+ 𝑑ℎ (Ψ𝑛−1 (r)) ∇Ψ𝑛−1 (r) ⋅ (Λ𝑛−1𝛾𝑛 (r))

(10)

and setting 𝜙𝑛(r) = 𝜙𝑛−1(r) + 𝑐 with 𝑐 ∈ R, we get 𝛾𝑛 = 𝛾𝑛−1,
so that the problemP𝑛 may be rewritten as
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P𝑛)
{{{
(ℎ𝑛−1 ∘ Ψ𝑛−1) (r) div (Λ𝑛−1𝛾𝑛−1) (r) + 𝑑ℎ (Ψ𝑛−1 (r)) ∇Ψ𝑛−1 (r) ⋅ (Λ𝑛−1𝛾𝑛−1 (r)) = 0, in Ω,
(Λ𝑛−1 (r) 𝛾𝑛−1 (r)) ⋅ n (r) = 0, on 𝜕Ω. (11)

Recalling the relation 𝜏𝑛−1(𝛼, r) = Λ𝑛−1(r)𝛾𝑛−1(r) =−𝛼R∇Ψ𝑛−1(r), we infer that ∇Ψ𝑛−1(r) ⋅ (Λ𝑛−1𝛾𝑛−1(r)) = 0
and the problem P𝑛 collapses into the one P𝑛−1. The result
follows.

Proposition 2. The relationship between Prandtl stress func-
tions corresponding to Lamé tensor fieldsΛ𝑛−1 andΛ𝑛 = (ℎ𝑛−1∘Ψ𝑛−1)Λ𝑛−1 is expressed by the formula Ψ𝑛 = 𝐻𝑛−1 ∘ Ψ𝑛−1, with𝐻𝑛−1 antiderivative of ℎ𝑛−1 such that Ψ𝑛 is identically zero on
the cross-sectional exterior boundary 𝜕Ω𝑜.
Proof. Resorting to Proposition 1 we get 𝛾𝑛−1 = 𝛾𝑛. Then the
equivalences hold

Λ
−1
𝑛−1𝜏𝑛−1 = Λ−1𝑛 𝜏𝑛 ⇐⇒
Λ
−1
𝑛−1 (−𝛼R∇Ψ𝑛−1)
= ((ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1)−1 (−𝛼R∇Ψ𝑛) ,

(12)

whence (ℎ𝑛−1 ∘ Ψ𝑛−1)∇Ψ𝑛−1 = ∇(𝐻𝑛−1 ∘ Ψ𝑛−1) = ∇Ψ𝑛 which
gives Ψ𝑛 = 𝐻𝑛−1 ∘ Ψ𝑛−1, with 𝐻𝑛−1 antiderivative of ℎ𝑛−1
such thatΨ𝑛 is identically zero on the cross-sectional exterior
boundary 𝜕Ω𝑜.
Proposition 3. Let 𝐸 : Ω → ]0, +∞[ be the Euler mod-
uli scalar field of orthotropic and composite beams whose
Lamé fields are described by the sequence {Λ1,Λ2, . . . ,Λ𝑛} ={Λ1, (ℎ1 ∘ Ψ1)Λ1, . . . , (ℎ𝑛−1 ∘ Ψ𝑛−1)Λ𝑛−1}. For these beams, the
location of the Cicala-Hodges centre is invariant.

Proof. The result follows by the formula providing the twist
centre position rCtw = RJG(𝐸)−1 ∫Ω 𝐸(r)𝜙(r)r 𝑑𝐴 and by Pro-
position 1.

4. Examples

Let us provide some analytical solutions of functionally
graded orthotropic beams under torsion with elliptic cross
sections. Inertia principal axes {𝑥, 𝑦}with origin in the centre
G of the Euler moduli field 𝐸 : Ω →Rwill be adopted in the
sequel. Position vector r and rotation R are written as

r = [𝑥𝑦] ,

R = [0 −11 0 ] ,
(13)

whence Rr = [−𝑦, 𝑥]𝑇. Torsional warping of elliptic compos-
ite beams with Lamé tensor field,

Λ1 (𝑥, 𝑦) = [ 𝜇𝑥 𝜇𝑥𝑦𝜇𝑥𝑦 𝜇𝑦 ]

= (−𝑘1𝑘2 𝑎2𝑦2 + 𝑏2𝑥2 − 𝑎2𝑏2𝑎2𝑘2 + 𝑏2𝑘1 + 𝑘3)[𝑘1 00 𝑘2] ,
(14)

is provided by the formula [40] 𝜙(𝑥, 𝑦) = −((𝑎2𝑘2 − 𝑏2𝑘1)/(𝑎2𝑘2 + 𝑏2𝑘1))𝑥𝑦 + 𝑐, with 𝑐 ∈ R, 𝑘1, 𝑘2, 𝑘3 ∈ ]0, +∞[ and𝑎, 𝑏 lengths of the ellipse semidiameters. Plots of the shear
modulus 𝜇𝑥 and of the warping 𝜙 are provided in Figures 1
and 2.

Cartesian components of the tangential strain field 𝛾 and
stress function Ψ1 are given by the formulae

𝛾 (𝛼, 𝑥, 𝑦) = [𝛾𝑥𝑧𝛾𝑦𝑧] = 𝛼 (Rr + ∇𝜙 (r)) =
2𝛼𝑎2𝑘2 + 𝑏2𝑘1

⋅ [−𝑎2𝑘2𝑦𝑏2𝑘1𝑥 ] ,
Ψ1 (𝑥, 𝑦) = 𝑘1𝑘2
⋅ 𝑎2𝑦2 + 𝑏2𝑥2 − 𝑎2𝑏2𝑎2𝑘2 + 𝑏2𝑘1 (12𝑘1𝑘2 𝑎

2𝑦2 + 𝑏2𝑥2 − 𝑎2𝑏2𝑎2𝑘2 + 𝑏2𝑘1
− 𝑘3) ,

(15)

as depicted in Figures 3 and 4. As shown in Section 3, Lamé
tensor field Λ1 generates a sequence of composite beams
under torsion for whichwarping function andCicala-Hodges
centre are invariant, and the relevant stress functions are
given by Proposition 2. Analytical solutions of the following
composite elliptic beams under torsion are discussed. The
former is characterized by Lamé shear moduli described by
the tensor field Λ2 = (Ψ1 + 𝑘)Λ1, with 𝑘 ∈ ]0, +∞[. The cor-
responding stress function is given by the formula Ψ2 =(1/2)Ψ21 + 𝑘Ψ1, as assessed in Proposition 2. The latter is
characterized by Lamé shear moduli described by the tensor
field Λ3 = (exp ∘ Ψ2)Λ2, where exp denotes the exponential
function. The corresponding stress function is given by the
formulaΨ3 = (exp∘Ψ2)−1, as assessed in Proposition 2. Stress
functions and tangential stresses are depicted in Figures 5, 6,
7, and 8.

It is worth noting that if the Euler moduli scalar field 𝐸 is
assumed to be the same in the examples discussed above, then
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Figure 1: Shear modulus 𝜇𝑥; 𝑎 = 2, 𝑏 = 1; 𝑘1 = 𝑘3 = 1, 𝑘2 = 2. Color
spectrum: 𝜇𝑥.
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Figure 2: Cross-sectional torsional warping 𝜙; 𝑎 = 2, 𝑏 = 1; 𝑘1 = 1,𝑘2 = 𝑐 = 2. Color spectrum: 𝜙.
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Figure 4: Stress function Ψ1; 𝑎 = 2, 𝑏 = 1; 𝑘1 = 𝑘3 = 1, 𝑘2 = 𝑐 = 2.
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Figure 5: Stress function Ψ2; 𝑎 = 2, 𝑏 = 1; 𝑘1 = 𝑘3 = 1, 𝑘2 = 𝑐 = 2.
Color spectrum: Ψ2.
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Figure 8: Tangential stress field per unit twist 𝜏3/𝛼; 𝑎 = 2, 𝑏 = 1;𝑘1 = 𝑘3 = 1, 𝑘2 = 2. Color spectrum: ‖𝜏3(𝑥, 𝑦)‖ for 𝛼 = 1.

warping functions and Cicala-Hodges centres are invariant,
as prescribed by Propositions 1 and 3.

5. Conclusions

The outcomes of the present paper may be summarized as
follows.

(i) Neumann and Dirichlet boundary value problems
for the cross-sectional warping and for Prandtl stress
function of linearly elastic, orthotropic composite
beams under torsion have been examined.

(ii) Invariance conditions for the warping and for the
Cicala-Hodges shear centre of simply and multiply
connected cross sections have been established.

(iii) The relationship between Prandtl stress functions of
orthotropic composite beams with invariant warping
has been assessed.

(iv) Examples have been developed for orthotropic com-
posite beams with elliptic cross section, providing
thus also new benchmarks for numerical analyses.
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TheEringen elastic constitutive relation is used in this paper in order to assess small-scale effects in nanobeams. Structural behavior
is studied for functionally graded materials in the cross-sectional plane and torsional loading conditions. The governing boundary
value problem has been formulated in a mixed framework. Torsional rotations and equilibrated moments are evaluated by solving
a first-order differential equation of elastic equilibrium with boundary conditions of kinematic-type. Benchmarks examples are
briefly discussed, enlightening thus effectiveness of the proposed methodology.

1. Introduction

Assessments of stress and displacement fields in continuous
media are a subject of special interest in the theory of
structures. Numerous case studies have been examined in
the current literature with reference to beams [1–6], half-
spaces [7, 8], thin plates [9, 10], compressible cubes [11],
and concrete [12, 13]. Several methodologies of analysis have
been developed in the research field of geometric continuum
mechanics [14, 15], limit analysis [16–19], homogenization
[20], elastodynamics [21–25], thermal problems [26–28],
random composites [29–32], and nonlocal and gradient
formulations [33–38]. A comprehensive analysis of classical
and generalized models of elastic structures, with special
emphasis on rods, can be found in the interesting book by
Ieşan [39]. In particular, Ieşan [40–42] formulated amethod
for the solution of Saint-Venant problems in micropolar
beams with arbitrary cross-section. Detailed solution of the
torsion problem for an isotropic micropolar beam with
circular cross-section is given in [43, 44]. Experimental
investigations are required for the evaluation of the behavior
of composite structures [45].

In the context of the present research, particular attention
is devoted to the investigation of scale effects in nanostruc-
tures; see, for example, [46–55] and the reviews [56, 57].
Recent contributions on functionally graded materials have
been developed for nanobeams under flexure [58, 59] and
torsion [60].

Unlike previous treatments on torsion of gradient elastic
bars (see, e.g., [61]) in which higher-order boundary condi-
tions have to be enforced, this paper is concerned with the
analysis of composite nanobeams with nonlocal constitutive
behavior conceived by Eringen in [62]. Basic equations
governing the Eringen model are preliminarily recalled in
Section 2. The corresponding elastic equilibrium problem of
torsion of an Eringen circular nanobeam is then formulated
in Section 3. It is worth noting that only classical boundary
conditions are involved in the present study. Small-scale
effects are detected in Section 4 for two static schemes of
applicative interest. Some concluding remarks are delineated
in Section 5.

2. Eringen Nonlocal Elastic Model

Before formulating the elastostatic problem of a nonlocal
nanobeam subjected to torsion, we shortly recall in the
sequel some notions of nonlocal elasticity. To this end, let us
consider a body B made of a material, possibly composite,
characterized by the following integral relation between the
stress t𝑖𝑗 at a point x and the elastic strain field e𝑖𝑗 inB [62]:

t𝑖𝑗 (x) = ∫
B

𝐾(x − x , 𝜏)E𝑖𝑗ℎ𝑘 (x) eℎ𝑘 (x) 𝑑𝑉. (1)

The fourth-order tensor E𝑖𝑗ℎ𝑘(x), symmetric and positive
definite, describes the material elastic stiffness at the point
x ∈ B.
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The attenuation function 𝐾 depends on the Euclidean
distance |x − x| and on a nonlocal dimensionless parameter
defined by

𝜏 = 𝑒0𝑎
𝑙 , (2)

where 𝑒0 is a material constant, 𝑎 is an internal characteristic
length, and 𝑙 stands for external characteristic length.

Assuming a suitable expression of the nonlocal modulus
𝐾 in terms of a variant of the Bessel function, we get the
inverse differential relationship of (1) between the nonlocal
stress and the elastic deformation

(1 − (𝑒0𝑎)2 ∇2) t𝑖𝑗 = E𝑖𝑗ℎ𝑘eℎ𝑘 (3)

with ∇2 the Laplacian. Note that (3) can be conveniently used
in order to describe the law between the nonlocal shear stress
field 𝜏𝑖 on the cross-section of a nanobeam and the elastic
shear strain 𝛾𝑖 as follows:

𝜏𝑖 − (𝑒0𝑎)2 𝑑
2
𝜏𝑖

𝑑𝑥2 = 𝜇𝛾𝑖, (4)

where 𝑥 is the axial direction and 𝜇 is the shear modulus.

3. Torsion of Nonlocal Circular Nanobeams

Let Ω be the cross-section of a circular nanobeam, of length
𝐿, subjected to the following loading conditions depicted in
Figure 1:
𝑚𝑡,
distributed couples per unit length in the interval [0, 𝐿] ,
M𝑡,

concentrated couples at the end cross-sections {0, 𝐿} .

(5)

The triplet (𝑥, 𝑦, 𝑧) describes a set of Cartesian axes originat-
ing at the left cross-section centreO.

Equilibrium equations are expressed by
𝑑𝑀𝑡
𝑑𝑥 = −𝑚𝑡, in [0, 𝐿] , (6a)

𝑀𝑡 = M𝑡, at {0, 𝐿} , (6b)

where𝑀𝑡 is the twisting moment.
Components of the displacement field, up to a rigid body

motion, of a circular nanobeam under torsion write as
𝑠𝑥 (𝑥, 𝑦𝑧) = 0,
𝑠𝑦 (𝑥, 𝑦𝑧) = −𝜃 (𝑥) 𝑧,
𝑠𝑧 (𝑥, 𝑦𝑧) = 𝜃 (𝑥) 𝑦,

(7)

where 𝜃(𝑥) is the torsional rotation of the cross-section at the
abscissa 𝑥. Shear strains, compatible with the displacement
field equation (7), are given by

𝛾𝑦𝑥 (𝑥, 𝑦, 𝑧) = −𝑑𝜃
𝑑𝑥𝑥𝑧,

𝛾𝑧𝑥 (𝑥, 𝑦, 𝑧) = 𝑑𝜃
𝑑𝑥𝑥𝑦,

(8)

where

𝜒𝑡 (𝑥) = 𝑑𝜃
𝑑𝑥 (𝑥) (9)

is the twisting curvature. The shear modulus 𝜇 is assumed to
be functionally graded only in the cross-sectional plane (𝑦, 𝑧).

The elastic twisting stiffness is provided by

𝑘𝑡 = ∫
Ω
𝜇 (𝑦2 + 𝑧2) 𝑑𝐴, (10)

where the symbol ⋅ is the inner product between vectors.
The differential equation of nonlocal elastic equilibrium

of a nanobeam under torsion is formulated as follows. Let us
preliminarily multiply (4) by Rr fl {−𝑧, 𝑦} and integrate on
Ω

∫
Ω
Rr ⋅ 𝜏𝑑𝐴 − (𝑒0𝑎)2 ∫

Ω
Rr ⋅ 𝑑𝜏

𝑑𝑥2 𝑑𝐴 = ∫
Ω
𝜇Rr ⋅ 𝛾𝑑𝐴, (11)

with the vector 𝛾 fl {𝛾𝑦𝑥, 𝛾𝑧𝑥} given by (8).
Enforcing (6a) and imposing the static equivalence con-

dition

𝑀𝑡 = ∫
Ω
(𝜏𝑧𝑥𝑦 − 𝜏𝑦𝑥𝑧) 𝑑𝐴, (12)

we get the relation

𝑀𝑡 (𝑥) + (𝑒0𝑎)2 𝑑𝑚𝑡𝑑𝑥 (𝑥) = 𝑘𝑡 𝑑𝜃𝑑𝑥 (𝑥) . (13)

This equation can be interpreted as decomposition formula of
the twisting curvature 𝜒𝑡 into elastic (𝜒𝑡)el and inelastic (𝜒𝑡)in
parts

𝜒𝑡 = (𝜒𝑡)el + (𝜒𝑡)in , (14)

with

(𝜒𝑡)el = 𝑀𝑡
𝑘𝑡 , (15a)

(𝜒𝑡)in = (𝑒0𝑎)2
𝑘𝑡

𝑑𝑚𝑡
𝑑𝑥 . (15b)

Accordingly, the scale effect exhibited by the torsional rota-
tion function of a nonlocal nanobeam can be evaluated by
solving a corresponding linearly elastic beam subjected to the
twisting curvature distortion (𝜒𝑡)in (15b).

4. Benchmark Examples

Let us consider a nanocantilever and a fully clamped
nanobeam of length 𝐿 subjected to the following quadratic
distribution of couples per unit length:

𝑚𝑡 = 𝑚
𝐿2 𝑥
2. (16)

The cross-sectional torsional rotation is evaluated by fol-
lowing the methodology illustrated in the previous section.
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Figure 1: Sketch of a nanobeam under torsion.

𝜏 = 0.2
𝜏 = 0.1

𝜏 = 0.3

𝜏 = 0.4

𝜏 = 0.5

𝜏

𝜏

= 0

𝜃
∗

0.1

0.2

0.3

0.4

0.5

0.4 0.6 0.8 1.00.2
𝜉

Figure 2: Torsional rotation 𝜃∗ for the nanocantilever versus 𝜉 for
increasing values of 𝜏.
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Figure 3: Dimensionless torsional rotation 𝜃∗ for the fully clamped
nanobeam versus 𝜉 for increasing values of 𝜏.

The nonlocality effect is assessed by prescribing the twisting
curvature distortion equation (15b)

(𝜒𝑡)in = (𝑒0𝑎)2
𝑘𝑡

2𝑚
𝐿2 𝑥 (17)

on corresponding (cantilever and fully clamped) local
nanobeams. Let us set 𝜉 = 𝑥/𝐿 and 𝜃∗(𝜉) = 𝑘𝑡/(𝑚𝐿2)𝜃(𝜉).
Torsional rotations 𝜃∗ versus 𝜉 of both the nanobeams are
displayed in Figures 2 and 3 for selected values of the nonlocal
parameter 𝜏 fl 𝑒0𝑎/𝐿.

5. Concluding Remarks

Thebasic outcomes contributed in the present paper are listed
as follows:

(1) Size-effects in nanobeams under torsion have been
evaluated by resorting to the nonlocal theory of
elasticity.

(2) Exact torsional rotations solutions of cross-sections of
functionally gradednanobeamshave been established
for nanocantilevers and fully clamped nanobeams
under a quadratic distribution of couples per unit
length.

(3) It has been observed that the stiffness of a nanobeam
under torsional loadings is affected by the scale
parameter and depends on the boundary kinematic
constraints. Indeed, as shown in Figures 2 and 3,
contrary to the nanocantilever structural behavior,
the fully clamped nanobeam becomes stiffer for
increasing values of the nonlocal parameter.
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[60] F. Marotti de Sciarra, M. Čanadija, and R. Barretta, “A gradient
model for torsion of nanobeams,”Comptes Rendus—Mecanique,
vol. 343, no. 4, pp. 289–300, 2015.

[61] K. A. Lazopoulos and A. K. Lazopoulos, “On the torsion
problem of strain gradient elastic bars,” Mechanics Research
Communications, vol. 45, pp. 42–47, 2012.

[62] A. C. Eringen, “On differential equations of nonlocal elasticity
and solutions of screw dislocation and surface waves,” Journal
of Applied Physics, vol. 54, no. 9, pp. 4703–4710, 1983.



Research Article
On Bending of Bernoulli-Euler Nanobeams for
Nonlocal Composite Materials

Luciano Feo and Rosa Penna

Department of Civil Engineering, University of Salerno, Via Giovanni Paolo II, 132, 84084 Fisciano, Italy

Correspondence should be addressed to Luciano Feo; l.feo@unisa.it

Received 4 December 2015; Accepted 24 April 2016

Academic Editor: Theodoros C. Rousakis

Copyright © 2016 L. Feo and R. Penna.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Evaluation of size effects in functionally graded elastic nanobeams is carried out by making recourse to the nonlocal continuum
mechanics. The Bernoulli-Euler kinematic assumption and the Eringen nonlocal constitutive law are assumed in the formulation
of the elastic equilibrium problem. An innovative methodology, characterized by a lowering in the order of governing differential
equation, is adopted in the present manuscript in order to solve the boundary value problem of a nanobeam under flexure.
Unlike standard treatments, a second-order differential equation of nonlocal equilibrium elastic is integrated in terms of transverse
displacements and equilibrated bending moments. Benchmark examples are developed, thus providing the nonlocality effect in
nanocantilever and clampled-simply supported nanobeams for selected values of the Eringen scale parameter.

1. Introduction

Analysis of nanodevices is a subject of special interest in the
current literature. Particular attention is given to the static
behavior of beam-like components of nanoelectromechanical
systems (NEMS). Nonlocal constitutive behaviors are ade-
quate in order to evaluate the size phenomenon in nanostruc-
tures; see, for example, [1–9]. Investigations on randomelastic
structures have been carried out in [10–13]. Many research
efforts have been devoted to theoretical and computational
advances about specific structural models [14–19]. Recent
variational formulations of nonlocal continua have been
developed in [20–22]. Noteworthy theoretical results on
functionally graded nanobeams have been contributed in
[23–25]. Nevertheless, exact solutions are not always available
so that finite element strategies are needful; see, for example,
[26]. Micromechanical approaches are broadly used in order
to analyze the effective behavior of composite structures [27].

Innovative applications of engineering interest are pro-
posed in [28–30]. Numerical and experimental method-
ologies for composite structures are developed in [31, 32].
Effective applications of tensionless models concerning crack
propagation are reported in [33–37]. A skillful analysis of
equilibrium configurations of hyperelastic cylindrical bodies
and compressible cubes is carried out in [38].

The present paper deals with one-dimensional nanos-
tructure by making recourse to the tools of nonlocal contin-
uummechanics. Small-scale effects exhibited by functionally
graded nanobeams under flexure are analyzed in Section 2.

2. Nonlocal Elasticity

In local linear elasticity for isotropic materials, stress and
strain at a point x of a Cauchy continuum are functionally
related by the following classical law:

𝜎𝑖𝑗 (x) = 2𝜇e𝑖𝑗 (x) + 𝜆e𝑟𝑟 (x) 𝛿𝑖𝑗, (1)

with 𝜇 and 𝜆 Lamé constants.
Such a constitutive behavior is not adequate to evaluate

size effects in nanostructures. An effective law able to capture
scale phenomena was developed by Eringen in [39] who
defined the following nonlocal integral operator:

t𝑖𝑗 (x) = ∫
𝑉
𝐾(x − x , 𝜏)𝜎𝑖𝑗 (x) 𝑑𝑉, (2)

where

(1) t𝑖𝑗 is the nonlocal stress,
(2) 𝜎𝑖𝑗 is the macroscopic stress given by (5),
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(3) 𝐾 is the influence function,
(4) 𝜏 = 𝑒0𝑎/𝑙 a dimensionless nonlocal parameter defined

in terms of the material constant 𝑒0 and of the
internal and external characteristic lengths 𝑎 and 𝑙,
respectively.

In agreement with the Eringen proposal in choosing the
following influence function 1−𝑐2∇2, the nonlocal elastic law
(2) rewrites as

(1 − (𝑒0𝑎)2 ∇2) t𝑖𝑗 = 𝜎𝑖𝑗, (3)

where ∇2 denotes the Laplace operator. The differential form
adopted for bending of nanobeams, analogous to (3), is
provided by

𝜎 − 𝑐2 𝑑2𝜎𝑑𝑥2 = 𝜎, (4)

where 𝜎 is the nonlocal normal stress and 𝜎 is the macro-
scopic normal stress on cross sections. Note that the stress 𝜎
is expressed in terms of elastic axial strains by

𝜎 = 𝐸𝜀, (5)

with 𝐸 Young modulus.

3. Bending of Nonlocal Nanobeams

Let us consider a bent nanobeam of length 𝐿, with Young
modulus 𝐸 functionally graded in the cross section Ω and
uniform along the beam axis 𝑥. The cross-sectional elastic
centre and the principal axes of elastic inertia, associated with
the scalar field 𝐸, are, respectively, denoted by G and by the
pair (𝑦, 𝑧).

The nanobeam is assumed to be subjected in the plane(𝑥, 𝑦) to the following loading conditions:
𝑞𝑡, distributed load per unit length in the interval[0, 𝐿],
F𝑡, concentrated forces at the end cross sections{0, 𝐿},
M, concentrated couples at the end cross sections{0, 𝐿}.

The bending stiffness is defined by

𝑘𝑏 fl ∫
Ω
𝐸𝑦2𝑑𝐴. (6)

Differential and boundary conditions of equilibrium are
expressed by

𝑑2𝑀𝑏𝑑𝑥2 = 𝑞𝑡, in [0, 𝐿] ,
𝑑𝑀𝑏𝑑𝑥 = ±F𝑡, at {0, 𝐿} ,
𝑀𝑏 = ∓M, at {0, 𝐿} ,

(7)

where𝑀𝑏 is the bending moment.

The bending curvature, corresponding to the transverse
displacement V, is given by

𝜒 (𝑥) = 𝑑2V
𝑑𝑥2 (𝑥) . (8)

The differential equation of nonlocal elastic equilibrium of
a nanobeam under flexure is formulated as follows. Let us
preliminarily multiply (4) by the coordinate 𝑦 along the
bending axis and integrate on the cross sectionΩ:

∫
Ω
𝜎𝑦𝑑𝐴 − (𝑒0𝑎)2 ∫

Ω

𝑑2𝜎
𝑑𝑥2𝑦𝑑𝐴 = ∫

Ω
𝐸𝜀𝑦 𝑑𝐴, (9)

with the axial dilation provided by the known formula 𝜀(𝑥) =−𝜒(𝑥)𝑦.
Enforcing (8) and (7)1 and imposing the static equiva-

lence condition

𝑀𝑏 = −∫
Ω
𝜎𝑦𝑑𝐴, (10)

we obtain the relation

𝑀𝑏 − (𝑒0𝑎)2 𝑞𝑡 = 𝑘𝑏 𝑑
2V

𝑑𝑥2 . (11)

This equation can be interpreted as decomposition formula
of the bending curvature 𝜒𝑏 = 𝑑2V/𝑑𝑥2 into elastic 𝜒EL and
inelastic 𝜒IN parts

𝜒𝑏 = 𝜒EL + 𝜒IN, (12)

with

𝜒EL = 𝑀𝑏𝑘𝑏 ,

𝜒IN = −(𝑒0𝑎)
2

𝑘𝑏 𝑞𝑡.
(13)

Accordingly, the scale effect exhibited by bending moments
and displacements of a FG nonlocal nanobeam can be
evaluated by solving a corresponding linearly elastic beam
subjected to the bending curvature distortion 𝜒IN (13)2.

4. Examples

The solutionmethodology of the nonlocal elastic equilibrium
problem of a nanobeam enlightened in the previous section
is here adopted in order to assess small-scale effects in
nanocantilever and clamped-simply supported nanobeams
under a uniformly distributed load 𝑞𝑡. The nonlocality effect
on the transverse displacement is thus due to the uniform
bending curvature distortion formulated in (13)2. Graphical
evidences of the elastic displacements are provided in Figures
1 and 2, in terms of the following dimensionless parameters𝜉 = 𝑥/𝐿 and V∗(𝜉) = (100𝑘𝑏)/(𝑞𝑡𝐿4)V(𝜉), for selected values of
the nonlocal parameter 𝜏 fl 𝑒0𝑎/𝐿. Details of the calculations
and some comments are reported below.

4.1. Cantilever Nanobeam. The bending moment is given by

𝑀𝑏 (𝑥) = 𝑞𝑡2 𝑥2 − 𝑞𝑡𝐿𝑥 +
𝑞𝑡𝐿22 . (14)
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Figure 1: Dimensionless transverse displacements V∗ for the
nanocantilever versus 𝜉 for 𝜏 ∈ {0, 0.05, 0.1, 0.15, 0.2, 0.3, 0.5}.
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Figure 2: Dimensionless transverse displacement V∗ for the
clamped-simply supported nanobeam versus 𝜉 for 𝜏 ∈ {0, 0.05, 0.1,0.15, 0.2, 0.3, 0.5}.

The l.h.s. of (11) is hence known, so that the differential
condition of nonlocal elastic equilibrium to be integrated
writes explicitly as

𝑘𝑏 𝑑
2V

𝑑𝑥2 (𝑥) = 𝑀𝑏 (𝑥) − 𝜏2𝐿2𝑞𝑡. (15)

The general integral of (15) takes the form

V (𝑥) = 𝑎𝑥 + 𝑏 + V (𝑥) , (16)

where

V (𝑥) = − 𝑞𝑡24𝑘𝑏 𝑥
4 + 𝑞𝑡𝐿6𝑘𝑏 𝑥

3 − 𝑞𝑡𝐿24 𝑥2 − 𝜏2𝐿2𝑞𝑡2𝑘𝑏 𝑥2 (17)

is a particular solution of (15). The evaluation of the inte-
gration constants 𝑎 and 𝑏 is carried out by prescribing the
boundary conditions

V (0) = 0,
𝑑V
𝑑𝑥 (0) = 0.

(18)

The transversal deflection follows by a direct computation

V (𝑥) = 𝑞𝑡24𝑘𝑏 𝑥
4 − 𝑞𝑡𝐿6𝑘𝑏 𝑥

3 + 𝑞𝑡𝐿24𝑘𝑏 𝑥
2 − 𝜏2𝑞𝑡𝐿22𝑘𝑏 𝑥2. (19)

The maximum displacement is given by

V𝑚 = V (𝐿) = (18 −
𝜏2
2 )

𝑞𝑡𝐿4𝑘𝑏 . (20)

Nanocantilever becomes stiffer with increasing the nonlocal
parameter 𝜏. Indeed, according to the analysis proposed in
Section 3, the sign of the prescribed distortion𝜒IN, describing
the nonlocality effect, is opposite to the one of the elastic
curvature 𝜒EL. In particular, the displacement of the free end
vanishes if 𝜏 = 0.5 (see Figure 1) according to (20).

It is worth noting that, with the structure being statically
determinate, the bending moment (14) is not affected by the
scale phenomenon.

4.2. Clamped-Simply Supported Nanobeam. Equilibrated
bending moments are provided by the relation

𝑀𝑏 (𝑥) = 𝑎1 (𝑥 − 𝐿) + 𝑞𝑡𝐿22 − 𝑞𝑡2 𝑥2, (21)

with 𝑎1 ∈ R being an arbitrary constant. The differential
condition of nonlocal elastic equilibrium (11) to be integrated
takes thus the form

−𝑘𝑏 𝑑
2V

𝑑𝑥2 (𝑥) = 𝑎1 (𝑥 − 𝐿) +
𝑞𝑡𝐿22 − 𝑞𝑡2 𝑥2 + 𝜏2𝐿2𝑞𝑡. (22)

Equation (22) is solved by imposing the following kinematic
boundary conditions:

V (0) = 0,
𝑑V
𝑑𝑥 (0) = 0,
V (𝐿) = 0.

(23)

A direct computation gives the transversal displacement field

V (𝑥) = 𝑞𝑡24𝑘𝑏 𝑥
4 − 5𝑞𝑡𝐿48𝑘𝑏 𝑥

3 + 𝑞𝑡𝐿216𝑘𝑏 𝑥
2 + 𝜏2𝑞𝑡𝐿4𝑘𝑏 𝑥

2 (𝐿 − 𝑥) (24)

and the bending moment

𝑀𝑏 (𝑥) = 𝑞𝑡2 𝑥2 −
𝑞𝑡𝐿2 (54 + 3𝜏2)𝑥 +

𝑞𝑡𝐿22 (3𝜏2 + 1
4) . (25)

The maximum displacement is given by

V𝑚 = V (𝑥) , (26)

with 𝑥 = 3𝐿((3/2)(5/24+𝜏2/2)−√(9/16)𝜏4 + 11/768 + (13/96)𝜏2)
solution of the equation (the known local maximum point𝑥 ≃ 0.578𝐿 is recovered by setting 𝜏 = 0) (𝑑V/𝑑𝑥)(𝑥) = 0.

In agreement with the equivalence method exposed
in Section 3, (24) and (25) provide the deflection and
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Figure 3: Dimensionless bending moment 𝑀∗ versus dimension-
less abscissa 𝜉 of a clamped-simply supported nanobeam.

bending moment of a corresponding local nanobeam under
the transversal load distribution 𝑞𝑡 and the distortion 𝜒IN
equivalent to the nonlocality effect.

A plot of the dimensionless bending moment 𝑀∗ =−(100/𝑞𝑡𝐿2)𝑀 versus the dimensionless parameter 𝜉 = 𝑥/𝐿
is given in Figure 3 for increasing values of the nonlocal
parameter 𝜏.
5. Conclusion

TheEringen nonlocal law has been used in order to assess size
effects in nanobeams formulated according to the Bernoulli-
Euler kinematics. The treatment extends to functionally
graded materials the analysis carried out in [24] under the
special assumption of elastically homogeneous nanobeams.
Transverse deflections of cantilever and clamped-simply sup-
ported nanobeams have been established for different values
of the nonlocal parameter. Such analytical solutions could be
conveniently adopted by other scholars as simple reference
examples for numerical evaluations in nonlocal composite
mechanics.
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The present work deals with the mechanical behaviour of thin films bonded to a homogeneous elastic orthotropic half plane under
plain strain condition and infinitesimal strain. Both the film and semi-infinite substrate display linear elastic orthotropic behaviour.
By assuming perfect adhesion between film and half plane together with membrane behaviour of the film, the compatibility
condition between the coating and substrate leads to a singular integral equation with Cauchy kernel. Such an equation is
straightforwardly solved by expanding the unknown interfacial stress in series of Chebyshev polynomials displaying square-root
singularity at the film edges. This approach allows handling the singular behaviour of the shear stress and, in turn, reducing
the problem to a linear algebraic system of infinite terms. Results are found for two loading cases, with particular reference to
concentrated axial forces acting at the edges of the film. The corresponding mode II stress intensity factor has been assessed, thus
providing the stress concentrations at both ends of the covering. Possible applications of the results here obtained range from
MEMS, NEMS, and solar Silicon cell for energy harvesting to welded joint and building foundation.

1. Introduction

A wide class of MEMS and NEMS are based on thin films
and coatings technology and the most part of these microde-
vices involves film and substrate materials which exhibit
anisotropic behaviour [1]. As an example, a crystalline undu-
lator (CU) is a special kind ofMEMS realized by properly pat-
terning [2, 3], through a suitable photolithographic process,
a coated ceramic substrate [4, 5] which generally consists of
a silicon (Si) or germanium (Ge) crystalline plate. As shown
in [4], based on the channeling phenomenon, a CU can be
used as a compact source of intense and coherent electro-
magnetic waves, with particular reference to UV and hard
X-rays.

Thin films and coatings are also widely used as thermal
barriers and protective layers to shield compressors, internal
combustion engines, and turbine engine components from
gaseous and aqueous aggressive environments in order to
prevent excessive wear and oxidation [6].

Thin films and coatings are usually employed for the
realization of modern optical devices also, with particular
reference to high-reflectance mirrors and lens in the inter-
ferometry and spectroscopy fields (optical filters, telescopes,
binoculars, etc.).

In the field of civil engineering, sheets or fibre reinforced
stiffeners are often modeled as thin membranes bonded
to an elastic substrate simulating concrete [7–11] or rigid
road pavement [12] (a viscoelastic analysis performed on
variable structural systems can be found in [13, 14]). As a
rough approximation, these problems have been modeled by
considering beams resting on an elastic support (e.g., [15]).

Thin films and coatings bonded to an elastic substrate
generate geometric discontinuities and, in turn, stress con-
centrations and strain localizations which can drive damag-
ing phenomena like delamination and crack growth. These
phenomena can be properly modeled in the framework of
both infinitesimal [16, 17] and finite elastostatics [18–22]. In
order to accurately evaluate the mechanical behaviour of this
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Figure 1: Half plane and film’s geometry.

kind of micro- or nanosystems, the actual physical properties
of the film and substrate materials must be taken into
account and the accurate evaluation of the stress and strain
fields, particularly along the interface, is mandatory (for
nonhomogeneous graded films, nanobeams, and nanoplates,
see, e.g., [23–26]).

The mechanical interaction between a thin film and an
isotropic half plane has been widely investigated by many
researchers through analytical models [5, 27–29] or via
numerical analyses [30–32]. The present study investigates
the mechanical interaction between a thin elastic film and
an elastic orthotropic half plane under various loading
conditions. In particular, the present work extends the results
obtained in [5] by taking into account anisotropic behaviour
of the substrate. The analysis has been performed by assum-
ing plane strain conditions for both the film and the half
plane. Moreover, the film is assumed very thin, thus allowing
for neglecting its bending stiffness. The strain compatibility
condition between the film and the underlying substrate
leads to a singular integral equation with Cauchy kernel. By
expanding the unknown interfacial shear stress in singular
series of Chebyshev polynomials, the integral equation is
reduced to an algebraic linear system of infinite terms which
is solved for the coefficients of the series expansion.The shear
stress intensity factors are then evaluated and compared for
two different cases.

The paper is organized as follows: the formulation of
the problem in terms of singular integral equation with the
Cauchy kernel is presented in Section 2. In Section 3, effective
values for material and geometric parameters governing the
problem are quantified.The effect induced by the slenderness
of the film with respect to the compliance of the half plane is
discussed in Section 4 by studying two different loading cases𝛾. Finally, conclusions are drawn in Section 5.

2. Half Plane Covered by Thin Film

In the present section, the problem of an orthotropic elastic
half plane covered by a thin film and subjected to two
opposite or concordant axial loads (Figures 1 and 2) is
treated. Perfect adhesion between the half plane and the
film and negligible bending stiffness of the film have been
assumed also. The present analysis could also be extended
by assuming a proper constitutive law for the interface in
order to simulate imperfect welding, detachment, and so
on (e.g., [39]). Under these statements, only the tangential
component of the interfacial stress arises within the contact

region (Figure 2). The strain fields along the contact region
can be written in terms of the interface shear stress 𝜏(𝑥) by
using Green’s function for the elastic half plane and by the
membrane constitutive equation:

𝜀𝐹 = 𝐾𝐹 ∫𝑎
𝑥
𝜏 (𝑡) 𝑑𝑡 − Δ𝜀,

𝜀𝑆 = 𝐾𝑆𝜋 ∫𝑎
−𝑎

𝜏 (𝑡)𝑦 − 𝑡𝑑𝑡.
(1)

Then, the compatibility condition under perfect adhesion
assumption leads to the following integral equation:

𝐾𝐹 ∫𝑎
𝑥
𝜏 (𝑡) 𝑑𝑡 − Δ𝜀 = 𝐾𝑆𝜋 ∫𝑎

−𝑎

𝜏 (𝑡)𝑥 − 𝑡𝑑𝑡, (2)

where 𝐾𝑖 (𝑖 = 𝐹, 𝑆 stands for “film” or “substrate,” resp.; see
(A.3)) represents the compliance of the 𝑖 component.The load
term,Δ𝜀, has been considered acting on the filmonly; namely,

Δ𝜀 = −𝐹𝐾𝐹,
Δ𝜀 = − [(1 + 𝛼3𝐹𝛼1𝐹 ]31)𝛼𝑆 − (1 + 𝛼3𝑆𝛼1𝐹)𝛼𝐹]Δ𝑇, (3)

for the case of two opposite axial forces of magnitude 𝐹 or
thermal load variation Δ𝑇, respectively (for a detailed study
about the thermoelasticity without energy dissipation, see
[40]). By using the Chebyshev polynomials of the first kind,𝑇𝑛(𝑡), the following series expansion has been assumed for the
shear stress:

𝜏 (𝑥) = ∑∞𝑛=0 𝐶𝑛𝑇𝑛 (𝑥/𝑎)
𝐾𝑆√1 − (𝑥/𝑎)2 , for − 𝑎 ≤ 𝑥 ≤ 𝑎. (4)

Introducing the series expansion (4) in (2) using the orthog-
onality properties of Chebyshev polynomials (Appendix B),
multiplying by Chebyshev polynomials of second type𝑈𝑚−1(𝑡)with𝑚 = 0, 1, 2 . . ., and integrating over [−𝑎, +𝑎], the
integral equation is transformed in a linear algebraic system
for the unknown coefficient 𝐶𝑛. From (2) and (4), it follows
that
∞∑
𝑛=1

𝐶𝑛 [𝜋𝛾2𝑛 𝛿𝑛𝑚 + 𝐵𝑛𝑚]
= Δ𝜀 {1 − cos (𝑚𝜋)𝑚 + 1 − cos [(𝑚 + 1) 𝜋]𝛾𝜋 }

(5)

𝐵𝑛𝑚 = ∫+1
−1

𝑈𝑛−1 (𝜉) 𝑈𝑚−1 (𝜉) 𝑑𝜉, with𝑚 = 1, 2 . . . , (6)

where 𝛾 = 𝑎𝐾𝐹/𝐾𝑆 is a dimensionless parameter which gov-
erns the problem, whose role will be discussed in Section 4,
and 𝛿𝑛𝑚 is the Kronecker delta, respectively.

For the loading case sketched in Figure 2(b), the coef-
ficient 𝐶0 is provided by (4) together with the equilibrium
condition of the film:

𝐶0 = Δ𝜀𝛾𝜋 . (7)
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Figure 2: Loading cases.

By introducing the dimensionless variable 𝜉 = 𝑥/𝑎 over
the contact domain, the solution of system (5) with respect to
the series coefficient provides

𝜀𝑆𝑥 (𝜉) = ∞∑
𝑛=1,2,3

𝐶𝑛𝑈𝑛−1 (𝜉) , (8)

𝜀𝐹𝑥 (𝜉) = −Δ𝜀 + 𝛾 [𝐶0 arccos (𝜉)

+ ∞∑
𝑛=1

𝐶𝑛𝑈𝑛−1 (𝜉)𝑛 √1 − 𝜉2] ,
(9)

𝜏 (𝜉) = 1
𝐾𝑆√1 − 𝜉2

∞∑
𝑛=0

𝐶𝑛𝑇𝑛 (𝜉) , (10)

𝜎𝐹𝑥 (𝜉) = 𝜀𝐹𝑦 (𝜉)𝛿𝐾𝐹 , (11)

𝑢𝐹 (𝜉) = 𝑎{−Δ𝜀𝜉
+ 𝛾 [𝐶0 (1 − √1 − 𝜉2 + 𝜉 arccos (𝜉))]
+ 𝐶1 arccos (𝜉) + 𝜉√1 − 𝜉22
+ ∞∑
𝑛=2

𝐶𝑛𝑛 𝑛𝑇𝑛 (𝜉) − 𝜉𝑈𝑛−1 (𝜉)𝑛2 − 1 } ,

(12)

with 𝜀𝑥, 𝜏, 𝜎𝑥, and 𝑢 being the longitudinal strain, shear
stress, longitudinal stress, and longitudinal displacement,
respectively. As a result of the assumption of perfect adhesion
between the half plane and the film, expressions (8) and (9)
must coincide.

3. Influence of the Parameter 𝛾
The dimensionless parameter 𝛾 denotes the ratio between
the substrate and film compliances. This factor governs the
problem and affects the convergence of the Chebyshev series
and the stress intensity factor𝐾II at the edges of the film.

Values of parameter 𝛾, for different typical materials and
film geometries involved in contact problems, can be found
in Tables 1 and 2, respectively.

Table 1: Some materials involved in contact problems application.

Material Ref 𝛿𝐾𝐹 [N−1mm2] 𝐾𝑆 [N−1mm2]
Seabed soil [33] 9.97𝐸 − 1 1.27
Ice [34] 9.76𝐸 − 3 9.82𝐸 − 3
Structural steel [35] 4.33𝐸 − 5 8.67𝐸 − 5
Beech [36] 4.32𝐸 − 5 8.44𝐸 − 5
Silicon nitride [37] 3.23𝐸 − 5 6.47𝐸 − 5
Aluminium [34] 1.22𝐸 − 5 2.44𝐸 − 5
Silicon [38] 5.15𝐸 − 6 1.21𝐸 − 5
Spruce [36] 1.45𝐸 − 6 4.88𝐸 − 6
Germanium [34] 8.89𝐸 − 7 3.84𝐸 − 6
Table 2: Range of film length ratio in contact problems applications.

Welded or
bolted
plates

Cu and
silicon

solar cells
Ice lenses Slab

foundations
𝑎𝛿 101–102 103–104 102–103 102–103

The limit case occurring for high values of 𝛾, ranging
within [10−1, 102], is representative of contact problems met
in MEMS and NEMS application. In this case, the half plane
is stiffer than the film.

The other limit case concerns low values of 𝛾, ranging
within [10−3, 10−6], occurring when the stiffness of the half
plane is more compliant than the film or when the film has a
squat geometry, typically involved in soil contact application.

4. Results and Discussion

Two different loading conditions, sketched in Figure 2,
have been analysed. The Chebyshev coefficient index has
been assumed odd or even including 𝐶0, for symmetric
and skew-symmetric loading cases, respectively. The proper
superposition of the two schemes provides the same results
reported in [5], where an isotropic film subjected to a single
axial force applied to a film end has been studied.

As reported in [27, 28, 41], both the high speed conver-
gence of the coefficients 𝐶𝑛 and the regularity of system (5)
depend on the parameter 𝛾. By truncating the Chebyshev
series to 𝑛 = 40 (20 terms in series expansion), Figure 3 and
Table 3 show the convergence of the Chebyshev coefficients.
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Figure 3: Convergence of Chebyshev coefficients.

Table 3: Sensibility of 𝐶𝑛 with respect to 𝛾.
𝛾 Symmetric load Skew-symmetric load𝐶1Δ𝜀 𝐶3Δ𝜀 𝐶5Δ𝜀 𝐶2Δ𝜀 𝐶4Δ𝜀 𝐶6Δ𝜀10−3 0.99 0.0161 0.0024 0.36 0.0288 0.0079510−1 0.92 0.0153 0.0023 0.34 0.0317 0.00859100 0.54 0.0762 0.0163 0.27 0.0478 0.0135101 0.10 0.0627 0.0325 0.08 0.0469 0.0241102 0.012 0.0112 0.0097 0.01 0.010 0.00897

Theconvergence rate of the series decreases as 𝛾 increases.
For 𝛾 > 10, the rate of convergence for the coefficients 𝐶𝑛
becomes faster. The symmetric loading case exhibits higher
convergence speed than the skew-symmetric case.

Under symmetric loading (Figure 2(a)), the longitudinal
strain of the substrate (Figure 4) exhibits high sensitivity with
respect to the governing parameter only for large value 𝛾;
instead, for small value of 𝛾, no significant impact on the

strain behaviour is detected. For 𝛾 < 10−4, the film behaves
like a rigid body. Similar to the strain field, the longitudinal
displacement increases as the film’s compliance increaseswith𝛾 (Figure 5). For low values of 𝛾, the film displacement varies
linearly and attains a maximum value 𝑎Δ𝜀 at the film edges.
For large values of 𝛾, the axial stress of the film displays an
oscillatory behaviour induced by the low convergence rate of
the Chebyshev coefficient and by the high gradient of stress
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Figure 4: Longitudinal strain field for symmetric loading case.

field in the neighbourhood of the film’s edges (Figure 5).
As 𝛾 increases, the magnitude of shear stress field increases
and its gradient decreases at the film edge (Figure 2(a)). This
behaviour is explained by the stress intensity factor 𝐾II at
the films edge which monotonically decreases as 𝛾 increases
(Figure 6).

For the symmetric loading case, the stress intensity factor
is defined as proposed by [5]:

𝐾II (±1) = lim
𝜉→±1

𝜏 (𝜉)√2𝜋 (𝜉 ∓ 1)
= √𝜋 ∞∑
𝑛=1,3,...

𝐶𝑛𝑇𝑛 (𝜉)𝐾𝑆 .
(13)

In agreement with the asymptotic solution for isotropic
materials in [28], for inextensible films, one finds

lim
𝛾→0

∞∑
𝑛=1,3...

𝐶𝑛𝑇𝑛Δ𝜀 = 𝐶1Δ𝜀 = 1, (14)

and the stress intensity factor then becomes

𝐾II (𝜉 = ±1) = ±√𝜋Δ𝜀𝐾𝑆 (15)

in agreement with the value found in [5, 42] for isotopic
constitutive law. By scaling, the term√2𝜋 from the definition
of the stress intensity factor (13) provides 𝐾II(𝜉 = ±1) =0.707, corresponding to the mode II stress intensity factor at
crack tip, induced by the stress component 𝜏(𝜉 = ±1) which
may cause crack propagation along the ±𝜋/4 direction.

The same conclusion drawn about the stress and displace-
ment fields under symmetric loading conditions could be
extended to skew-symmetric loading condition (Figures 7
and 8) with the exception of the convergence rate and the
stress intensity factor witch are less sensible to the parameter𝛾.

Differently from the symmetric loading case, the singu-
larity of the shear stress field is proportional by theChebyshev

constant 𝐶0 (7). The mode II of the stress intensity factor of
the stress intensity factor assumes the following form:

𝐾II (𝜉 = ±1) = lim
𝜉→±1

𝜏 (𝜉) √2𝜋 (𝜉 ∓ 1)𝐶0
= √𝜋Δ𝜀𝐾𝑆 (1 +

∞∑
𝑛=0

𝐶𝑛𝑇𝑚 (𝜉)𝐶0 ) .
(16)

In the case of an inextensible film, namely, as 𝛾 → 0,
the sum in (16) becomes vanishing small. As a consequence
for this asymptotic case, the stress intensity factor displays
the same behaviour of the symmetric loading case (13) as
reported in Figure 6.

5. Conclusions

The contact problem of a homogeneous orthotropic half
plane covered by thin film has been analysed here (for the
behaviours of nonhomogeneous nanobeams and nanoplates,
see [43–45]). The interfacial singular shear stress has been
approximated through a series expansion of Chebyshev poly-
nomials. The governing singular integral equation derived
from the compatibility condition between the half plane
and thin film has been transformed into a linear algebraic
system for the unknown coefficient 𝐶𝑛 of the series. Once the
Chebyshev coefficients have been calculated, the strain field,
contact shear stress, and displacement field have been found
in dimensionless form in terms of Chebyshev polynomials of
the first and second kind.

The governing parameter 𝛾 assumes specific values for
real applications. The rate of convergence of the proposed
method displays high or low speed for low [10−6, 10−3] or
high [10−1, 103] values of 𝛾, respectively.The relation between
the parameter 𝛾 and the field of practical application (Table 2)
suggests the appropriateness of the proposed method for
geometries and material properties typically involved in
MEMS or steel joints design.
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Figure 5: Longitudinal displacement, longitudinal stress, and shear stress field of symmetric loading case condition for high (left (a), (c), and
(e)) and low (right (b), (d), and (f)) values of 𝛾, respectively.
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Figure 7: Longitudinal strain field for symmetric loading case.

Through the superposition of the two loading conditions
here studied, it becomes possible to reproduce the case of a
single force acting at the film edge.The stress intensity factors
for both symmetric and skew-symmetric loading conditions
exhibit opposite behaviour with respect to the dimensionless
parameter 𝛾. The results found here agree reasonably well
with the solution reported in [5, 42] for the particular case
of an isotropic half plane.

In order to take into account voids, defects, and inclusions
that can occur during the deposition process of a film onto a
substrate, the analysis will be extended to a nonhomogeneous
half plane in a forthcoming paper (for a detailed study
concerning nonhomogeneous bodies, see [46]).

Appendix

A. Elastic Parameters

Denotingwith 𝑐𝑖𝑗 the elastic stiffness coefficients, with𝐸 and ]
being the Young modulus and the Poisson ratio, respectively,

from [16], the horizontal component of strain of the half plane
surface is known in closed form:

𝜀𝑆 (𝑦) = 𝛽22√𝐶ℎ + 4
𝜆𝜋 ∫+𝑎

−𝑎

𝜏 (𝑡)𝑦 − 𝑡𝑑𝑡, (A.1)

where the elastic parameters read

𝛽22 = 𝑐11𝑐11𝑐22 − 𝑐212 ,

𝜆 = 4√𝑐11𝑐22 ,

𝐶ℎ = (�̃�12 + 𝑐12) (�̃�12 − 𝑐12 − 2𝑐66)�̃�12𝑐66 ,

𝑅 = (𝑐12 − 𝜆2𝑐22) (𝑐12 + 𝑐66)[𝜆4𝑐222 + 𝜆2𝑐12𝑐22 (𝐶ℎ + 2) + 𝑐212] 𝑐66 ,
�̃�12 = √𝑐11𝑐22,

(A.2)
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Figure 8: Longitudinal displacement, longitudinal stress, and shear stress field of skew-symmetric loading case condition for high (left (a),
(c), and (e)) and low (right (b), (d), and (f)) values of 𝛾, respectively.
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and, in turn, the film and half plane compliances can be
defined as

𝐾𝐹 = 𝛽22,𝐹𝛿 ,
𝐾𝑆 = √𝐶ℎ + 4

𝜆 𝛽22,𝑆.
(A.3)

In case of isotropic half plane, the elastic parameters and
compliances reduce to

𝛽22 = 1 − ]2𝐸 ,
𝜆 = 1,

𝐶ℎ = 0,
𝑅 = (1 − 2]) (1 + ])𝐸 ,
�̃�12 = 𝐸,
𝐾𝑆 = 2 (1 − ]2𝑆)𝐸𝑆 ,
𝐾𝐹 = 1 − ]2𝐹𝐸𝐹𝛿 ,

(A.4)

and the half plane longitudinal strain reads [47]

𝜀𝑆 (𝑦) = (1 − ]2𝑆)𝐸𝜋 ∫+𝑎
−𝑎

𝜏 (𝑡)𝑦 − 𝑡𝑑𝑡. (A.5)

B. Useful Integral Involving Chebyshev
Polynomials

The Chebyshev polynomials of the first and second kind,𝑇𝑛(𝑡) and 𝑈𝑛(𝑡), are defined as

𝑇𝑛 (𝜉) = cos [𝑛 arccos (𝜉)] ,
𝑈𝑛 (𝜉) = sin [(𝑛 + 1) arccos (𝜉)]

sin [arccos (𝜉)] . (B.1)

In Section 2, the following identities have been used:

∫𝑎
−𝑎

𝑇𝑛 (𝑡)(𝑡 − 𝑥)√1 − 𝑡2

=
{{{{{{{{{{{{{

0, if 𝑛 = 1, |𝑥| < 𝑎
𝜋𝑈𝑛−1 (𝑥) , if 𝑛 ̸= 1, |𝑥| < 𝑎
−𝜋[𝑥 − sign (𝑥)√𝑥2 − 1]𝑛

sign (𝑥)√𝑥2 − 1 , if 𝑛 ≥ 0, |𝑥| > 1

∫1
𝑥

𝑇𝑛 (𝑡)√1 − 𝑡2 𝑑𝑡 =
{{{
1𝑛𝑈𝑛−1 (𝑥)√1 − 𝑥2, if 𝑛 ̸= 0
arccos (𝑥) , if 𝑛 = 0

∫+𝑎
−𝑎

𝑈𝑛−1 (𝑡) 𝑈𝑚−1 (𝑡) √1 − 𝑡2𝑑𝑡 = 𝜋2 𝛿𝑛𝑚,

∫𝑎
−𝑎
𝑈𝑛−1 (𝑡) 𝑑𝑡 = {{{

2𝑛 , if 𝑛 odd
0, if 𝑛 even

∫+𝑎
−𝑎

𝑇𝑛 (𝑡)√1 − 𝑡2 ln
𝑥𝑎 − 𝑡 𝑑𝑡 =

{{{
−𝜋 ln (2) , if 𝑛 = 0
−𝜋𝑛𝑇𝑛 (𝑥) , if 𝑛 > 0.

(B.2)
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A tensile test until breakage and a creep and relaxation test on a polypropylene fibre are carried out and the resulting creep and stress
relaxation curves are fit by a model adopting a fraction-exponential kernel in the viscoelastic operator.The models using fraction-
exponential functions are simpler than the complex ones obtained from combination of dashpots and springs and, furthermore, are
suitable for fitting experimental data with good approximation allowing, at the same time, obtaining inverse Laplace transform in
closed form. Therefore, the viscoelastic response of polypropylene fibres can be modelled straightforwardly through analytical
methods. Addition of polypropylene fibres greatly improves the tensile strength of composite materials with concrete matrix.
The proposed analytical model can be employed for simulating the mechanical behaviour of composite materials with embedded
viscoelastic fibres.

1. Introduction

Fibre-reinforced composite materials consist of fibres with
high strength and elastic modulus embedded in a matrix to
produce a combination of properties that cannot be achieved
by single constituents. Usually, fibres are the principal load-
carrying members, while the surrounding matrix keeps them
in the desired location and orientation. The matrix acts as
a load transfer medium between fibres and plays a number
of useful functions, for example, protecting the fibres from
environmental damage. Fibres may be made up of various
materials, such as steel, polymer, glass, or carbon, whereas
polymer, metal, or ceramic can be chosen for the matrix
material.

Fibre-reinforced polymer composites are probably the
most important and widespread fibre-reinforced materials
used for commercial and industrial applications. This is due
to the combination of their low density, strength-weight
ratios, and modulus-weight ratios that make them more
attractive than many traditional metallic materials [1].

A classic example of fibre-reinforced composite used in
civil engineering is Fibre-Reinforced Concrete (FRC), widely
adopted for industrial pavements, tunnel linings, marine
structures, earthquake-resistant structures, and plate and slab

foundation [2]. In FRC composites, fibres are commonly
added to concrete mixture in random disposition and short
cuts in order to increase the cracking behaviour of concrete,
thus transforming concrete frombrittle into a ductilematerial
[3]. However, there are composite materials in which fibres
are aligned along particular directions, as it occurs in FRP
frame elements (these composites can be studied by adopting,
for instance, the approaches proposed in [4, 5]).

Recently, the use of macro synthetic fibres made of poly-
meric materials has been proposed for structural purposes
[6, 7]. Experimental tests performed by Lanzoni et al. [8]
show that the addition of polypropylene-based draw-wired
fibres significantly improves crack resistance of the concrete
mixture and enhances toughness and durability of FRC struc-
tural elements. Fibres could be found in interesting appli-
cations as an additive to improve concrete under aggressive
environments (the mechanical behaviour has been studied
under high thermal loads also [9, 10] and nuclear radiation
[11]). However, particularly in such harsh conditions, a wide
class of additives can be inserted at the mixing stage (like fly
ash) to increase resistance of the concrete mixture [12].

Ductility and flexural strength of FRC are defined by
energy-dissipation mechanisms during the pullout of the
fibres that occurs in the opening propagating cracks [13, 14].
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Pullout of the fibres begins after cracking the concrete
matrix (for the stress and strain localizations at the crack
tip, see, e.g., [14–17]) and ceases with the complete extraction
of the fibres and its evolution depends on the bonding
between fibre and matrix [18, 19]. Nevertheless due to their
chemical inertness, polypropylene (PP) synthetic fibres have
poor adhesion to the cement matrix with respect to other
kinds of fibres. However, special surface nanotreatment can
actually increase the adhesion properties between concrete
and synthetic fibres, as shown by Di Maida et al. [3]. In this
case, PP fibres may experience significant loading and conse-
quently the viscous deformations of the composite material
may considerably increase (for time-dependent effects in
concrete structures see [20–22]). A single fibre can be studied
as an embedded cylindrical body or a viscoelastic circular
nanobeam in frictional contact with the cement matrix under
axial tensile load (e.g., [23–25]).

Another application of synthetic fibres in civil engi-
neering is the fibre-reinforced polymer (FRP) composites
for reinforcement and retrofitting of concrete and masonry
members, with applications in new buildings as well as for
strengthening and/or rehabilitation of existing (prestressed as
well as nonprestressed) structural members of both prefabri-
cated and cast-in-place frames. FRP reinforcement consists
in strengthening fibres applied to structural elements by
a cementitious or polymeric-based layer. The mechanical
performances of such systems can be assessed by solving the
contact problem between two bounded layers [26–28] where
the adhesive layer is a fibre-reinforced composite material
[29] or, in a simpler way, as a fibre-reinforced Kirchhoff plate
[30].

This work presents a creep and stress relaxation test
performed over a PP synthetic fibre used for FRC. Creep is a
time-dependent deformation of a viscoelastic material under
the application of a constant stress at a constant temperature.
Relaxation is the counterpart of creep, namely, a time-
dependent stress of a viscoelastic material under the appli-
cation of a constant deformation at a constant temperature.
Both are complex phenomena for they depend on material
properties (e.g., molecular orientation and crystallinity) and
external conditions (e.g., applied stress, temperature, and
moisture). Moreover, the viscoelastic behaviour of PP fibres
embedded in an elastic matrix complicates the modelling
of creep and stress relaxation response of the composite
material, which depends onmany additional parameters such
as concentration, aspect ratio, orientation, and, obviously,
mechanical properties of PP fibres.

Creep and stress relaxation tests best demonstrate the
viscoelastic characteristics of a polymeric solid. In creep
test, a constant stress is maintained on a specimen while
its deformation is monitored as a function of time, and
deformation increases with time. In stress relaxation test,
a constant deformation is maintained while the stress on
the specimen is monitored as a function of time, and stress
decreases with time. Typical creep and stress relaxation
diagrams exhibit an instantaneous elastic response followed
by a delayed time-dependent response [1].

Over the experimental creep and stress relaxation tests
performed, this paper proposes an analytical model to

fit these experimental curves. The model uses fraction-
exponential kernel in the viscoelastic operator and was
proposed, for the first time, by Scott Blair and Coppen [31, 32]
and Rabotnov [33] independently.

The classical viscoelastic constitutive models represented
by a combination of dashpots and springs are usually adopted
for simulating creep behaviour of composite materials. How-
ever, the simplest ones (Maxwell and Kelvin-Voight) are
not sufficiently flexible to match experimental data for real
materials. The more complex ones, obtained from com-
bination of different Maxwell and Kelvin-Voight models,
require instead many parameters and do not allow obtaining
inverse Fourier or Laplace transforms in closed form [34,
35]. Therefore, in the 50s of the last century, a viscoelastic
stress-strain relation based on fractional derivative has been
proposed. The fractional derivative model (FDM) is more
flexible and requires a smaller number of parameters, so
that their calibration is considerably simpler. The flexibility
is due to the order of derivatives which can vary to obtain a
constitutive law suitable for the considered material. In 1948
Rabotnov [33] suggested to use fraction-exponential oper-
ators that can describe experimental data of real materials
with sufficient accuracy and allows one to obtain inverse
Laplace transforms analytically [36]. Scott Blair and Coppen
[31, 32] used fraction-exponential operators for description
of viscoelastic properties of materials experimentally (see
Rogosin and Mainardi [37]). Fraction-exponential functions
in viscoelastic operators were used by many authors last
decade. Detailed discussion can be found in the book of
Podlubny [38]. Published broad surveys are, for example,
[39–41].

The model developed in the present paper is able to
describe the creep curve of a PP fibre carefully and it allows
obtaining the creep and stress relaxation test response of
a fibre composite material in closed form. Moreover, the
adopted fraction-exponential operators can be efficiently
employed for the homogenization of synthetic FRC by
extending the Maxwell scheme developed for elastic com-
posites to viscoelastic behaviour of the constituents (e.g.,
[34, 42]).

2. Materials and Methods

2.1. Material and Breaking Test. The fibre consists of PP
monofilament with a diameter of 0.78mm and length of
200mm. Since the cross section of the fibre is not perfectly
circular, the diameter is an average of six measurements: Two
measurements in two orthogonal directions in three points
of the fibre, namely, at the middle and at both ends. To
evaluate elastic Young modulus and tensile strength, tensile
tests were performed on four specimens of fibres until their
breakage. Each fibre was clamped at its ends and pulled by
an electromechanic traction machine under displacement
control.

The load cell is a GALDABINI 514262 TYPE TCA, with
OUTPUT sensitivity of 2mV/V. The machine uses a 20-
bit A/D converter to acquire the analogical quantities. The
resolution of the load cell is 0.002N over the entire field
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Figure 1: (a) Tensile tests until breakage on four specimens of fibre: load versus displacement. (b) Experimental curves: creep versus time
(dashed orange curve) and stress relaxation versus time (dashed cyan curve: stress scaled by 1/2000).

Table 1: Properties of polypropylene fibre.

Diameter (mm) 0.78
Tensile strength (N/mm2) 273.0
Elastic modulus 𝐸0 at 𝑡 = 0 (N/mm2) 5.131 × 103

Elastic modulus 𝐸∞ at 𝑡 → ∞ (N/mm2) 1.959 × 103

of use, with a capacity of 250N. The displacement control
was performed by the actuator at a rate of 40mm/min. The
average value of the breakage tensile load is 130.5N that
occurs approximately at a displacement of 10mm, namely, at
5% of strain.

The elastic Young modulus 𝐸0 (Table 1) was determined
from the ratio between stress and strain. The stresses and
strains were calculated based on the early stage of the
experimental load-displacement curve averaged on the four
fibres.

The experiments were performed at 25∘C. Since the glass
transition temperature of the PP is approximately −20∘C
[43], at room temperature PP fibres exhibit a mechanical
behaviour corresponding to that of a viscoelastic material in
rubbery state, that is, a time-dependent response as shown in
Figure 1(b).

Plots of breaking tests are reported in Figure 1(a). In
particular, the first peak that can be observed in the curve is
due to the breakage of the fibres that occurred on the clamped
portion, at which followed a pullout stage until the complete
detachment of the fibres. The properties adopted for PP fibre
are listed in Table 1. The PP fibre was provided by the Italian
company Fili&Forme� Ltd. and shown in Figure 3.

2.2. Creep andRelaxationTests. Thecreep testwas carried out
on a sample of length 200mm subject to a constant tensile
force of 60N by fixing between two clamps and measuring
the displacement of the fibre over the time.The load cell is the
same used for the breaking test (see Section 2.1) and the speed

to gain 60N was performed at a rate of 40mm/min. The total
duration of the creep test was 15 hours needed for the fibre
to achieve a (temporary) stationary value of the deformation
(plateau region of the creep curve). However, it should
be remarked that the deformation could further increase
after 15 hours, since the maximum level of deformation is
theoretically achieved at 𝑡 → ∞.

It is worth noting that at time longer than 20,000 s the
strain exceeds 5% but the fibre does not break (Figure 1(b)).
Conversely, the fibre under tensile test falls at a strain level
equal to 5% (Figure 1(a)). This is due to the fact that the creep
test was performed at a constant load of 60N, less than one-
half the ultimate tensile load of 130.5N.

Similarly, the stress relaxation test was carried out on a
sample of length 200mm subject to a constant displacement
of 5mm and measuring the tensile force over the time. The
speed to gain 5mm was performed at a rate of 40mm/min.
The total duration timewas 7 hours, until the force of the fibre
was almost stationary. Plots of creep and stress relaxation tests
are reported in Figure 1(b).

Both creep and relaxation tests were performed on a
single specimen.

The elastic Young modulus 𝐸∞ (Table 1) was assessed
based on the final stage of the experimental creep and
relaxation tests by knowing the imposed constant load and
displacement values at which the tests were performed. The
assumed values were the averages of the obtained experimen-
tal results.

3. Results and Discussion

3.1. Analytical Model for Creep and Stress Relaxation Curves.
We wanted to fit experimental creep and stress relax-
ation curves with an analytical model by using fraction-
exponential kernel that on one side fits carefully experimental
data and, at the same time, allows analytical expression for
inverse Laplace transform. Let us consider the Boltzmann
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convolution integral that describes the creep strain 𝜀(𝑡) of a
material under a stress 𝜎(𝑡) variable over time

𝜀 (𝑡) = 𝜎0𝜓 (𝑡) + ∫𝑡
0

�̇� (𝜏) 𝜓 (𝑡 − 𝜏) 𝑑𝜏, (1)

where 𝜓(𝑡) is the creep function and 𝜎0 = 𝜎(0) the stress
applied at 𝑡 = 0. Note that the creep function 𝜓(𝑡) coincides
with the axial strain produced by the constant stress 𝜎(𝑡) = 1.
Integrating by parts (1) it follows

𝜀 (𝑡) = 𝜎 (𝑡) 𝜓0 − ∫𝑡
0

𝜎 (𝜏) �̇� (𝑡 − 𝜏) 𝑑𝜏. (2)

By following [34], we write (2) in the form

𝜀 (𝑡) = 1
𝐸0 [𝜎 (𝑡) − 𝜆∫𝑡

0

𝑅𝛼 (𝛽 − 𝜆, 𝑡 − 𝜏) 𝜎 (𝜏) 𝑑𝜏] , (3)

where

𝑅𝛼 (𝛽 − 𝜆, 𝑡 − 𝜏) = (𝑡 − 𝜏)𝛼 ∞∑
𝑛=0

(𝛽 − 𝜆)𝑛 (𝑡 − 𝜏)𝑛(1+𝛼)
Γ [(𝑛 + 1) (1 + 𝛼)] ,

𝜓0 = 1
𝐸0 ,

𝜆 = 𝐸0 − 𝐸∞𝐸0 𝛽,

(4)

where𝑅𝛼 is the Rabotnov function that allows using fraction-
exponential kernel in viscoelastic operators, and 𝐸0, 𝐸∞ are
the elastic Young modulus at 𝑡 = 0, 𝑡 → ∞, respectively. A
constant stress 𝜎(𝑡) = 𝜎0 is then assumed in order to simulate
the creep test, so that

∫𝑡
0

𝑅𝛼 (𝛽 − 𝜆, 𝑡 − 𝜏) 𝜎 (𝜏) 𝑑𝜏

= 𝜎0
∞∑
𝑛=0

(𝛽 − 𝜆)𝑛
Γ [(𝑛 + 1) (1 + 𝛼)] ∫

𝑡

0

(𝑡 − 𝜏)𝑛(1+𝛼)+𝛼 𝑑𝜏

= 𝜎0
∞∑
𝑛=0

(𝛽 − 𝜆)𝑛 (𝑡 − 𝜏)(𝑛+1)(1+𝛼)
Γ [(𝑛 + 1) (1 + 𝛼) + 1] ,

(5)

where the property of Euler gamma function Γ(𝑧+1) = 𝑧Γ(𝑧)
has been used.

By shifting the index 𝑚 = 𝑛 + 1, it follows
𝜎0𝛽 − 𝜆
∞∑
𝑛=0

(𝛽 − 𝜆)𝑛+1 𝑡(𝑛+1)(1+𝛼)
Γ [(𝑛 + 1) (1 + 𝛼) + 1]

= 𝜎0𝛽 − 𝜆 { ∞∑
𝑚=0

(𝛽 − 𝜆)𝑚 𝑡𝑚(1+𝛼)
Γ [𝑚 (1 + 𝛼) + 1] − 1}

= 𝜎0𝛽 − 𝜆 {𝑀1+𝛼 [(𝛽 − 𝜆) 𝑡1+𝛼] − 1} ,

(6)

where the Mittag-Leffler function,

𝑀𝑎 (𝑧) =
∞∑
𝑚=0

𝑧𝑚
Γ [𝑚𝑎 + 1] , (7)

has been introduced. Therefore, (3) becomes

𝜀 (𝑡) = 𝜎0𝐸0 [1 − 𝜆
𝛽 − 𝜆 {𝑀1+𝛼 [(𝛽 − 𝜆) 𝑡1+𝛼] − 1}] . (8)

By using the following properties of the Mittag-Leffler func-
tion

lim
𝑡→0

𝑀1+𝛼 [(𝛽 − 𝜆) 𝑡1+𝛼] = 1,
lim
𝑡→∞

𝑀1+𝛼 [(𝛽 − 𝜆) 𝑡1+𝛼] = 0, (9)

then, from (8) and (9), it follows

𝜀0 = lim
𝑡→0

𝜀 (𝑡) = 𝜎0𝐸0 ,
𝜀∞ = lim

𝑡→∞
𝜀 (𝑡) = 𝜎0𝐸∞ ,

(10)

where 𝜀0 and 𝜀∞ are the creep strains at 𝑡 = 0, 𝑡 → ∞,
respectively.

Again, let us consider the Boltzmann convolution integral
that describes the relaxation stress 𝜎(𝑡) of a material under a
strain variable over time 𝜀(𝑡).

𝜎 (𝑡) = 𝜀0𝜙 (𝑡) + ∫𝑡
0

�̇� (𝜏) 𝜙 (𝑡 − 𝜏) 𝑑𝜏, (11)

where 𝜙(𝑡) is the relaxation function and 𝜀0 = 𝜀(0) the strain
applied at 𝑡 = 0. The relaxation function 𝜙(𝑡) coincides with
the axial stress produced by the constant strain 𝜀(𝑡) = 1.
Integrating by parts (11) it follows

𝜎 (𝑡) = 𝜀 (𝑡) 𝜙0 − ∫𝑡
0

𝜀 (𝜏) �̇� (𝑡 − 𝜏) 𝑑𝜏. (12)

By following [34], (12) can be written in the form

𝜎 (𝑡) = 𝐸0 [𝜀 (𝑡) + 𝜆∫𝑡
0

𝑅𝛼 (𝛽, 𝑡 − 𝜏) 𝜀 (𝜏) 𝑑𝜏] ,
𝜙0 = 𝐸0.

(13)

Assuming a constant strain 𝜀(𝑡) = 𝜀0 in order to simulate the
stress relaxation test and following the way to find (8), (13)
becomes

𝜎 (𝑡) = 𝐸0𝜀0 {1 + 𝐸0 − 𝐸∞𝐸0 [𝑀1+𝛼 (𝛽𝑡1+𝛼) − 1]} . (14)

For the properties of the Mittag-Leffler function, from (14) it
follows

𝜎0 = lim
𝑡→0

𝜎 (𝑡) = 𝐸0𝜀0,
𝜎∞ = lim

𝑡→∞
𝜎 (𝑡) = 𝐸∞𝜀0, (15)

where 𝜎0 and 𝜎∞ are the stress relaxation at 𝑡 = 0, 𝑡 → ∞,
respectively.

The equations (8) and (14) represent the model by
means of the fact that it was possible to fit accurately the
experimental creep and stress relaxation tests for suitable
values of parameters 𝛼 and 𝛽. The plots of experimental and
analytical creep and stress relaxation curves are reported in
Figure 2(a) and the corresponding parameters 𝛼 and 𝛽 are
reported in Table 2.
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Figure 2: (a) Experimental creep curve (dashed orange curve) and analytical creep curve according to (8) (solid red curve). Experimental
stress relaxation curve (dashed cyan curve) and analytical stress relaxation curve according to (14) (dashed blue curve) both scaled by 1/2000.
(b) Relative error between experimental data on creep and relaxation and their model given by (8) and (14).

Figure 3: Polypropylene fibres used for tensile until breakage and
creep and stress relaxation tests [3].

Table 2: Parameters 𝛼 and 𝛽 that fit experimental creep and
relaxation curves using the model given by (8) and (14).

𝛼 (dimensionless) −1/3
𝛽 (s−(1+𝛼)) −1/(100√3)

4. Conclusions

In the present paper we carried out a tensile test until
breakage and a creep and stress relaxation test on a PP fibre
and fitted these experimental tests by using a viscoelastic
model based on fractional-exponential kernel. The curves
plotted in Figure 2(a) show that the theoretical model closely
fits the experimental results. The relative error, showing the
deviation between the experimental data and the theoretical
prediction, is plotted in Figure 2(b). It shows a maximum
relative error of 5% and 10%, respectively, for creep and
relaxation, occurring in a very small portion of the curves.

Conversely to complex viscoelasticmodels based on com-
binations of Maxwell and Kelvin-Voight schemes, the pro-
posed model requires the calibration of only two parameters
(𝛼 and 𝛽) to simulate creep and relaxation phenomena [35].
Moreover, for simple load or displacement histories, it allows
calculating straightforwardly the stress and strain fields based
on the calculation of the inverse Laplace transform in closed
form. Note also that the Rabotnov function generally allows
fitting the experimental data better than other conventional
schemes based on the combination of springs and dashpots
[34].

It has been proved that the model here adopted is able to
match carefully experimental data obtained for PP fibres. In a
forthcoming work, the present investigation will be extended
in order to take into account the effects induced by thermal
variations acting on FRC elements (for the thermodynamic
aspects of thermoelasticity, see, e.g., [44]).
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Apseudo-spectral approximation is presented to solve the problemof pull-in instability in a cantilevermicro-switch. Aswell known,
pull-in instability arises when the acting force reaches a critical threshold beyond which equilibrium is no longer possible. In
particular, Coulomb electrostatic force is considered, although the method can be easily generalized to account for fringe as well as
Casimir effects. A numerical comparison is presented between a pseudo-spectral and a Finite Element (FE) approximation of the
problem, both methods employing the same number of degrees of freedom. It is shown that the pseudo-spectral method appears
more effective in accurately approximating the behavior of the cantilever near its tip. This fact is crucial to capturing the threshold
voltage on the verge of pull-in. Conversely, the FE approximation presents rapid successions of attracting/repulsing regions along
the cantilever, which are not restricted to the near pull-in regime.

1. Introduction

Micro-Electro-Mechanical Systems (MEMS) form a rather
diverse and inhomogeneous group of micro-devices aimed
at sensing and actuating in a wide array of fields, ranging
from mechanical or electronic engineering to chemistry or
biology, from micro-mechanics to micro-machining [1–5].
The manufacturing technology is the common standground
for such devices, which heavily relies on the different litho-
graphic techniques borrowed from the technology of micro-
electronics. Indeed, MEMS devices are mostly obtained from
a silicon substrate. It is observed that MEMS are really
“systems” in the sense that they are often made up of several
functional parts joint together in the device (like piezo-
and magneto-sensors [6]). Among MEMS, micro-switch
forms a distinct set with great application potential, with
special regard to phase shifters and Radio Frequency MEMS
(RFMEMS).They are usually gathered in two groups, namely,
capacitor and metal-air-metal switches. Besides, they are fur-
ther divided according to the actuationmethod: electrostatic,
electrothermal, magnetostatic, and piezoelectric among the

most common. A study of magnetoelastic actuated micro-
switch is given in [7, 8] for the low-frequency asymptotic
analysis of energy scavengers. In this paper, we focus attention
on the pull-in instability of a capacitor micro-switch actuated
by electrostatic Coulomb force. This particular application
has received extensive attention in the literature, owing to
the importance of pull-in induced failures in applications. A
recent review on the subject can be found in [9]. A theoretical
analysis of this problem within the static regime is provided
in [10] and references therein. Pull-in voltage in cantilever
MEMS have been considered in [11–14]. Failure mechanisms
of MEMS include cracking [15–18], peeling of the cantilever
[19–21], stiction to the substrate [22–24], and temperature
[25, 26]. Besides, micropolar theories are often preferred
when dealing with micro- and nanodevices to incorporate
the scale effect [27, 28]. Spotlight is set on a pseudo-spectral
approximation of the problem, which is compared with a
Finite Element (FE) solution. Spectral methods belong to the
family of Galerkin’s (or Ritz’s) methods [29]. Spectral meth-
ods are often divided into two groups, namely, pseudo-spectral
or interpolating. The former group enforces the fulfillment of
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Figure 1: Micro-cantilever switch.

the differential operator at a set of points termed nodes (this is
sometimes also named orthogonal collocation). For the latter
group, wherein the Galerkin’s method is properly placed, the
expansion coefficients are obtained projecting the solution
onto the basis set [30].

The paper is structured as follows: Section 2 sets forth
the governing equations and the boundary condition for a
cantilever. Section 3 introduces the pseudo-spectral method.
A numerical comparison with the FE method is illustrated in
Section 4. Finally, conclusions are drawn in Section 5.

2. Governing Equations

Let us consider a micro-cantilever switch device subjected to
electrostatic attractive force (Figure 1). The micro-cantilever
acts as one armor of a capacitor under the electric potential
difference 𝑉. Let 𝑡 denote the distance between the capac-
itor armors. We consider a plane problem and introduce
the transverse displacement 𝑦(𝑥) for the cantilever. Let us
introduce the dimensionless variables

𝜉 = 𝑥𝐿 ,
𝑢 = 𝑦𝑡 . (1)

Then the governing equation for the cantilever reads

𝐸𝐼𝑡𝐿4 d
4𝑢
d𝜉4 = 𝑞𝑐 + 𝑞𝑒, (2)

where 𝑞𝑐 and 𝑞𝑒 are the Casimir and the electrostatic line-
load, being

𝑞𝑒 = 𝛼𝜖0 𝑏𝑉2
𝑡2 (1 − 𝑢)2 . (3)

Here, 𝑉 stands for the electric potential difference acting
between the capacitor armors (in the SI this is expressed in
volt, i.e., 𝑉 = Nm/C where N stands for newton, m for
meter, and C for electric charge, expressed in Coulomb), 𝑏 is
the armors width, 𝜖0 = 8.854 ⋅ 10−12 C2N−1m−2 is the
electric permittivity (in vacuum), and 𝛼 is generally a func-
tion of 𝑢 which takes into account the fringe effect. For the
sake of illustrating the method, we neglect the Casimir force

contribution and assume 𝛼 independent of 𝑢. Then, we can
rewrite the governing equation (2) as

𝑢(𝑖V) = 𝐴
(1 − 𝑢)2 , (4)

where prime denotes differentiation with respect to 𝜉 and the
following driving parameter is obtained:

𝐴 = 𝛼𝜖0 𝑏𝐿4𝑡3𝐸𝐼𝑉2 ≥ 0. (5)

Under the attractive electrostatic force, it is 0 ≤ 𝑢(𝜉) ≤ 𝑢max ≤1 and the boundary conditions (BCs) for the cantilever read

𝑢 (0) = 𝑢 (0) = 𝑢 (1) = 𝑢 (1) = 0. (6)

Let us define V(𝜉) = 1 − 𝑢(𝜉); thus (4) further reduces to
V(𝑖V) = −𝐴

V2
, (7)

with 0 ≤ Vmin ≤ V(𝜉) ≤ 1 and the BCs

V (0) = 1,
V (0) = V (1) = V (1) = 0. (8)

It is observed that, integrating and making use of the last BC,
it may be deduced that

V (𝜉) = ∫1
𝜉

𝐴
V2 (𝜏)d𝜏, (9)

which shows that the shearing force is generally positive and
it is zero only at 𝜉 = 1. The same argument may be applied to
infer that V is generally negative, apart from the point 𝜉 = 1
where it is zero, and that V is generally negative, although it
vanishes at 𝜉 = 0. Consequently, V is a monotonic decreasing
function of 𝜉 and V(1) = Vmin. The nonlinear fourth order
ODE (7) may be integrated once [31, §4.2.1] to give

2VV − (V)2 = 2𝐴
V

+ 43𝐵. (10)

It is observed that, in the case 𝐵 = 0, (10) falls into the
Emdem-Fowler class of nonlinear ODEs, which, in special
cases, may admit closed form solutions [31, 32]. Evaluation
at 𝜉 = 1 and making use of the BCs (8) give

𝐵 = −32 𝐴
Vmin

, (11)

which shows that the situation 𝐵 = 0 is not relevant in this
problem. Besides, it follows

2VV − (V)2 = 2𝐴(1
V

− 1
Vmin

) ≤ 0, (12)

and evaluation at 𝜉 = 0 lends
[V (0)]2 = 2𝐴( 1

Vmin
− 1) . (13)

Consideration of the sign for V and V yields the inequality

V ≤ √2𝐴( 1
Vmin

− 1
V
). (14)
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3. Pseudo-Spectral Method

The governing equations (7) may be numerically solved
through a pseudo-spectral approach [29, 33]. Accordingly, a𝑛-degree polynomial function 𝑝𝑛(𝜉) is adopted to approxi-
mate the function 𝑢(𝜉) on the interval [0, 1]. Since a collo-
cation method is adopted, the polynomial will be uniquely
determined enforcing (7) at some 𝑛+1 predetermined points
(nodes). This procedure results in a system of nonlinear
algebraic equations, which may be solved through standard
methods, such as the iterative Newton method. The Jacobian
of the system may be supplemented in closed form to the
numerical equation solver.

Let 𝑝𝑛(𝜉) ∈ P𝑛 be the 𝑛-degree polynomial approxima-
tion of V(𝜉). The collocation set is defined through the first𝑛 + 1 Gauss-Lobatto points

GL𝑛 = {𝜂𝑖 such that 𝜂0 = −1, 𝜂𝑛 = +1 , 𝑝𝑛 (𝜂𝑖)
= 0, 𝑖 = 1, . . . , 𝑛 − 1} , (15)

where 𝑝𝑛 stands for the 𝑛th degree Legendre polynomial.
Equation (7), evaluated at the interior nodes 𝜂𝑖, yields the
system of (𝑛 − 1) algebraic equations

𝑝2𝑛 (𝜂𝑖) 𝑝(𝑖V)𝑛 (𝜂𝑖) + 𝐴 = 0, 𝑖 = 1, . . . , 𝑛 − 1, (16)

which is then supplementedwith the boundary conditions (8)

𝑝𝑛 (𝜂0) = 1,
𝑝𝑛 (𝜂0) = 𝑝𝑛 (𝜂𝑛) = 𝑝𝑛 (𝜂𝑛) = 0. (17)

The problem is now rewritten in matrix form. To this aim, let
the unknown column vector, the vector of the square, and the
vector of the 𝑚th derivative

x = [𝑝𝑛 (𝜂𝑖)] ,
y = [𝑝2𝑛 (𝜂𝑖)] ,

x
(𝑚) = [𝑝(𝑚)𝑛 (𝜂𝑖)] ,

𝑖 = 0, . . . , 𝑛, 𝑚 ∈ N.
(18)

Making use of the (𝑛 + 1) × (𝑛 + 1) derivative matrix D (see
[33, Chap.7]) we have

x
 = Dx,

x
 = DDx = D

2
x, . . . (19)

and (16) and (17) may be rewritten through the derivative
matrix as

yD̃
4
x + 𝐴Id = õ, (20)

where Id is the identity matrix. Here, D̃4 is D4 supplemented
with the BCs (8); that is, the first row is set to zero apart from
the first entry that is set to 1; the second, the last-but-one and
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Figure 2: Displacement 𝑢 at 𝐴 = 12, 14, 16, 18 and 𝐴 = 20.

the last rows are replaced by the first and the last rows of D,
D2 , and D3, respectively. Then we have

D̃
4 =

[[[[[[[[[[[[[[[[
[

1 0 ⋅ ⋅ ⋅ 0
𝐷0,0 ⋅ ⋅ ⋅ 𝐷0,𝑛
𝐷42,0 ⋅ ⋅ ⋅ 𝐷42,𝑛... d

𝐷4𝑛−2,0 ⋅ ⋅ ⋅ 𝐷4𝑛−2,𝑛𝐷2𝑛−1,0 ⋅ ⋅ ⋅ 𝐷2𝑛−1,𝑛𝐷3𝑛,0 𝐷3𝑛,1 ⋅ ⋅ ⋅ 𝐷3𝑛,𝑛

]]]]]]]]]]]]]]]]
]

. (21)

At the RHS of system (20) we have the zero vector o

supplemented with the BCs, namely,

õ =
[[[[[[
[

1
0
...
0

]]]]]]
]

. (22)

4. Numerical Solution

In this section, the pseudo-spectral approximation is com-
pared with a Finite Element solution, both methods employ-
ing the same number of degrees of freedom, which corre-
sponds to 𝑛 = 20 for the order of the interpolating poly-
nomial. For the FE solution, we introduce 10 nodes, each
endowedwith 2 degrees of freedom, that is, one translational
and the other rotational. In Figure 2, the system of algebraic
equations (20) is solved for different values of the driving
parameter (voltage difference) 𝐴 with the FE method. It
clearly appears that, for 𝐴 = 20, the cantilever dimensionless
tip deflection is very close to 1; that is, the cantilever is at
the verge of pull-in instability. Figure 3 shows the product−V(𝑖V)V2, which should be constant along the cantilever and
equal to 𝐴, for the FE approximation. It is evident that
the quality of the numerical solution rapidly deteriorates
near the cantilever tip, which is exactly where best accuracy
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Figure 3: Plot of −V2V(𝑖V) versus 𝜉 according to the FE approxima-
tion: this product should return the constant 𝐴.
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Figure 4: Plot of −V2V(𝑖V) versus 𝜉 according to the pseudo-spectral
approximation: this product should return the constant 𝐴.

is demanded to effectively capture the pull-in threshold.
Conversely, Figure 4 plots the product−V(𝑖V)V2 for the pseudo-
spectral approximation. The comparison between the two
plots is a striking example of the effectiveness of this method
in this kind of nonlinear problems. Figure 5 plots the slope,
bending moment and shearing force along the cantilever
beam, and it illustrates that BCs are well captured by the
numerical solution, either FE or pseudo-spectral. The plot
is obtained by successive differentiation of the displacement
field and it is readily available for the spectral method, where
polynomial functions are employed. Conversely, obtaining
the corresponding curves for the FE approximation needs
some extra care for curve fitting of the nodal displacement
is first applied, which is then successively differentiated.
Figure 6 plots the applied line load density V(𝑖V) for the FE
solution near pull-in, which corresponds to (the negative
of) the electrostatic Coulomb force −𝑞𝑒. It is remarkable
that the electrostatic force appears highly oscillatory (note
that curve-fitting is employed to get a continuous plot),
and it attains unphysical negative values. As a comparison,
Figure 7 describes the same behavior for 𝐴 = 12, that is
well below the threshold value for pull-in. It appears that
the electrostatic force is rather poorly approximated by the
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𝜉

Figure 5: Slope (solid), bending moment (dashed), and shearing
force (dotted) near pull-in.Graphs are indistinguishable between the
pseudo-spectral and the FE solution.
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Figure 6: Line load density 𝑞𝑒 on the cantilever beam near pull-in
according to the FE approximation (𝐴 = 20).

method, even far from instability. On the contrary, Figures
8 and 9 illustrate the same graphs as obtained from the
pseudo-spectral method. The smoothness of the solution
is remarkable. The reason for the superior performance of
the pseudo-spectral approximation seems to lie in the fact
that it is more robust in dealing with little deviations of the
cantilever tip displacement on the verge of contact. Indeed, it
is well known that pseudo-spectral approximation guarantees
high precision and exponential convergence (under suitable
assumptions, see [29]), and this feature proves important in
smoothly approximating the highly nonlinear behavior of the
electrostatic force.

5. Conclusions

In this paper, the pseudo-spectral method is adopted to
numerically solve the problem of pull-in instability in a can-
tilever beam. The beam constitutes one armor of a capacitor,
the other armor being represented by a grounded flat surface.
Although only Coulomb electrostatic force is considered, the
method is easily extended to deal with the fringe effect and
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Figure 7: Line load density 𝑞𝑒 on the cantilever beam near pull-in
according to the FE approximation (𝐴 = 12).
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Figure 8: Line load density 𝑞𝑒 on the cantilever beam near pull-in
according to the pseudo-spectral approximation (𝐴 = 20).

the Casimir force. Results may be especially relevant for can-
tilever micro-switches inMEMS. It is shown that the pseudo-
spectral method compares very favorably with an equivalent
Finite Element approximation, equivalency being constituted
by an equal number of degrees of freedom in the methods. In
particular, good approximation for the cantilever deflection
near its tip is crucial to capturing the threshold voltage on
the verge of pull-in. Indeed, poor approximation leads to very
unphysical oscillatory attraction/repulsion forces along the
cantilever. It is further shown that the oscillatory behavior
is not restricted to the near pull-in regime. Finally, it is
emphasized that both methods exactly satisfy the boundary
conditions (BCs). It is remarked that the present analysis can
be extended to incorporate functionally graded cantilevers
[34–36] and beam-plates [37, 38] or to include viscoelastic
effects [39–42].
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We apply Floquet theory of periodic coefficient second-order ODEs to an elastic waveguide. The waveguide is modeled as a
uniform elastic string periodically supported by a discontinuous Winkler elastic foundation and, as a result, a Hill equation is
found.The fundamental solutions, the stability regions, and the dispersion curves are determined and then plotted. An asymptotic
approximation to the dispersion curve is also given. It is further shown that the end points of the band gap structure correspond to
periodic and semiperiodic solutions of the Hill equation.

1. Introduction

Periodic structures often appear in several mechanical sys-
tems, ranging from strings and beams [1, 2] to phononic
crystals [3–5] to name just a few. Such systems exhibit a
typical pass/block band structure when wave propagation is
considered. Indeed, periodic structures are especially relevant
when employed as waveguides [6, 7] or energy scavenging
devices [8]. The analysis of the transmission property of
waveguides is best carried out through Floquet theory of
periodic coefficient ODEs, although this fact is seldom
neglected in favor of a more direct approach by means
of the Floquet-Bloch boundary conditions. In this paper,
an analysis of the mechanical problem of a uniform string
periodically supported on a Winkler foundation is presented
form the standpoint of the stability theory of Hill’s equation
[9]. Besides, a high-frequency asymptotic homogenization
procedure is presented, following [10, 11]. The discontinuous
character of the support may be due to crack propagation
[12–15] or debonding in composite materials [16, 17]. It could
also be due to the tensionless character of the substrate [18].
This study follows upon a very vast body of literature on
elastic periodic structures [2, 19–24]. The situation of wave
propagation through a thin coating layer [25–27] could also
be considered. Applications in the realm of civil engineering
are also possible [28–32]. The paper is structured as follows:
Section 2 sets up the mechanical model and the governing

equations. Section 3 discusses stability of the solution of Hill’s
equation. The dispersion relation and its asymptotic approx-
imation are presented in Section 4. Finally, conclusions are
drawn in Section 5.

2. The Mechanical Model

Let us consider a homogeneous elastic string in uniform
tension 𝑇, periodically supported on a Winkler elastic foun-
dation (Figure 1). The governing equation for the transverse
displacement 𝑤(𝑥, 𝑡) in the absence of loading is periodic
with period 𝐿:
− 𝑇𝜕𝑥𝑥𝑤 + 𝜌𝐴𝜕𝑡𝑡𝑤 + (1 − 𝐻) 𝛽𝑤 = 0,

𝑥 ∈ (−𝐿1, 𝐿 − 𝐿1) , (1)

where 𝜌𝐴 is the mass linear density of the string, assumed
constant, 𝛽 is the Winkler subgrade modulus (with physical
dimension of stress), and 𝐻 is Heaviside step function; that
is,

𝐻(𝑥) = {{{
1, 𝑥 > 0,
0, 𝑥 < 0. (2)

This equation may be rewritten in dimensionless form

−𝜅2𝑤 + �̈� + (1 − 𝐻)𝑤 = 0, 𝑥1 ∈ (−𝛼, 1 − 𝛼) , (3)
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Figure 1: Ahomogeneous string periodically supported by an elastic
foundation.

having introduced the dimensionless positive ratios:

𝜅 = √ 𝑇𝛽𝐿2 ,
𝛼 = 𝐿1𝐿 ≤ 1,

(4)

together with 𝑥1 = 𝑥/𝐿 ∈ [0, 1], the dimensionless axial
coordinate, and 𝜏 = 𝑡/√𝜌𝐴/𝛽, the dimensionless time.
Here, prime denotes differentiation with respect to 𝑥1 and
dot differentiation with respect to 𝜏 and 𝑤(𝑥1, 𝜏) and 𝐻(𝑥1)
are assumed. We shall look for the harmonic behavior of 𝑤;
that is, 𝑤(𝑥1, 𝜏) = 𝑢(𝑥1) exp(𝑖Ω𝜏), whence (3) becomes the
constant coefficient ODE for 𝑢(𝑥1):

−𝜅2𝑢 − Ω2𝑢 + (1 − 𝐻) 𝑢 = 0, 𝑥1 ∈ (−𝛼, 1 − 𝛼) . (5)

We shift the unit period to range in the interval (−𝛼/2, 1−𝛼/2)
in order to consider an even/odd problem; namely,

− 𝜅2𝑢 − Ω2𝑢 + [1 − 𝐻(𝑥1 − 𝛼2)] 𝑢 = 0,
𝑥1 ∈ (−𝛼2 , 1 − 𝛼2 ) .

(6)

The general harmonic solution of (3) in the supported region𝑥1 ∈ (−𝛼/2, 𝛼/2) is given by

𝑢𝑠 (𝑥1) = 𝐴1 exp(√1 − Ω2𝜅 𝑥1)
+ 𝐴2 exp(−√1 − Ω2𝜅 𝑥1) ,

(7)

while the solution in the free region 𝑥1 ∈ (𝛼/2, 1 − 𝛼/2) is
𝑢𝑓 (𝑥1) = 𝐵1 sin(Ω𝜅 𝑥1) + 𝐵2 cos(Ω𝜅 𝑥1) , (8)

where𝐴1,𝐴2 and𝐵1,𝐵2 are integration constants to be deter-
mined through the boundary conditions (BCs). The BCs for
the system require continuity at the supported/unsupported
transition:

𝑢𝑠 (0) = 𝑢𝑓 (0) ,
𝑢𝑠 (0) = 𝑢𝑓 (0) , (9)

where prime stands for 𝑥1 differentiation. Furthermore, con-
sideration of the Floquet-Bloch waves lends the periodicity
conditions

𝑢𝑠 (−𝛼2 ) = 𝑢𝑓 (1 − 𝛼2 ) 𝜌,
𝑢𝑠 (−𝛼2 ) = 𝑢𝑓 (1 − 𝛼2 ) 𝜌,

(10)

where 𝜌 ̸= 0 is the characteristic multiplier. For a second-
order ODE, there are two nonnecessarily distinct character-
istic multipliers, which are denoted by 𝜌1 and 𝜌2. Besides, let𝜌𝑘 = exp(𝑚𝑘)with 𝑘 ∈ {1, 2}; then𝑚𝑘 = 𝑖𝑞 is the characteristic
exponent.

3. Boundedness and Periodicity of the Solution

Equation (5) is known as Hill’s equation, after Hill who
studied it in 1886 in the context of lunar dynamics [33]. For
the sake of clarity, we shall write (0, 𝑎) for the periodicity
interval (−𝛼/2, 1−𝛼/2). It is easy to find a fundamental system
of solutions 𝜙1(𝑥1), 𝜙2(𝑥1) such that

𝜙1 (0) = 1,
𝜙1 (0) = 0,
𝜙2 (0) = 0,
𝜙2 (0) = 1.

(11)

This is a set of two particular linearly independent solutions
of the ODE (6); see [9] for further details. It is well known
that, for any second-order ODE,

𝑊(𝜙1 (𝑥1) , 𝜙2 (𝑥1)) = det[𝜙1 (𝑥1) 𝜙2 (𝑥1)𝜙1 (𝑥1) 𝜙2 (𝑥1)]
= 𝜙1 (𝑥1) 𝜙2 (𝑥1)
− 𝜙2 (𝑥1) 𝜙1 (𝑥1) ≡ 1,

(12)

where𝑊 is theWronskian of the fundamental solutions [34].
In light of the problem’s symmetry, 𝜙1 is an even and 𝜙2 an
odd function. Let us introduce the discriminant

𝐷 = 𝜙1 (𝑎) + 𝜙2 (𝑎) = 𝜌1 + 𝜌2
= 2𝑓 (Ω) sin [(1 − 𝛼)Ω𝜅 ] sin(𝛼√Ω2 − 1𝜅 )
+ 2 cos [(1 − 𝛼)Ω𝜅 ] cos(𝛼√Ω2 − 1𝜅 ) ,

(13)

being

𝑓 (Ω) = 1 − 2Ω2
2Ω√Ω2 − 1 = −

1 − 1/2Ω2
√1 − 1/Ω2 . (14)

Hill’s equation is said to be unstable if all nontrivial solutions
are unbounded in R and conditionally stable if there is a
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Figure 2: Stability regions (shaded in gray) for Hill’s equation (5) at𝜅 = 0.5. Solid and dashed curves represent the level lines 𝐷 = ±2,
respectively.

nontrivial solution bounded in R and stable if all solutions
are bounded in R.

By Theorem 1.3.1 of [9], the solution is stable if |𝐷| < 2
and unstable when |𝐷| > 2 and special consideration is
required for the case |𝐷| = 2. Indeed, when |𝐷| < 2, the char-
acteristic multipliers 𝜌1 and 𝜌2 are complex conjugated and
have unit modulus, whereupon the characteristic exponents
are opposite; that is, 𝑞1 = −𝑞2. Figure 2 plots the bounding
curves 𝐷 = 2 (dashed) and 𝐷 = −2 (solid) as a function
of Ω and 𝛼 for 𝜅 = 0.5. Stable regions are shaded in gray.
It is seen that Band Gaps (BGs) are bounded by dashed and
solid curves in succession. When 𝐷 = ±2 it is 𝜌1 = 𝜌2 = ±1,
respectively.

It is also well known [9, Section 1.2] that the bounding
curve𝐷 = 2 corresponds to solutions in the form

𝜓1 (𝑥1) = 𝑝1 (𝑥1) ,
𝜓2 (𝑥1) = 𝑝2 (𝑥1) , (15)

where 𝑝1(𝑥1) and 𝑝2(𝑥1) are periodic functions with period1, provided that the following condition which grants the
availability of two eigenvectors for the repeated eigenvalue𝜌1,2 = 1 holds

𝜙2 (𝑎) = 𝜙1 (𝑎) = 0. (16)

Under the same condition, the bounding curve 𝐷 = −2
corresponds to solutions in the form

𝜓1 (𝑥1) = 𝑃1 (𝑥1) ,
𝜓2 (𝑥1) = 𝑃2 (𝑥1) , (17)
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Figure 3: Periodic and semiperiodic solutions for Hill’s equation (5)
at 𝜅 = 0.5. The red and the blue dotted curves represent the solution
of the first and the second of the conditions (16), respectively.

where 𝑃1(𝑥1) and 𝑃2(𝑥1) are semiperiodic function with
period 1; that is,

𝑃𝑖 (𝑥1 + 1) = −𝑃𝑖 (𝑥1) , 𝑖 = 1, 2. (18)

In Figure 3, the solution curves for the first and the second
of the conditions (16) are plotted in dotted line style and
they partly overlie the conditionally stable curves 𝐷 = ±2.
However, it is observed that such conditions are satisfied only
at some very special points. Indeed, we have

(1 − Ω2) 𝜙2 (𝑎) − 𝜅2𝜙1 (𝑎)
= 𝜅Ω sin((1 − 𝛼)Ω𝜅 ) cosh(𝛼√1 − Ω2𝜅 ) , (19)

whence crossing is possible either when

Ω = 𝑛 𝜅𝜋1 − 𝛼 , 𝑛 ∈ {0, 1, 2, 3, . . .} (20)

or when 𝛼 = 1. The case 𝛼 = 1 relates to a fully supported
string for which 𝜙1(𝑎) and 𝜙2(𝑎) are both proportional to

√Ω2 − 1 sinh √Ω2 − 1𝜅 , (21)

so that they vanish at the isolated points Ω = √1 + 𝑛2𝜅2𝜋2,𝑛 ∈ {0, 1, 2, . . .}. The first point, Ω = 1, corresponds to
the pivotal frequency for the 0th BG. Conversely, the case𝛼 = 0 corresponds to a free string, which is a nondispersive
situation. Indeed, BGs collapse into single points which,
according to (20), are located at Ω = 𝑛𝜅𝜋. Other (Ω, 𝛼, 𝜅)
combinations exist which satisfy |𝐷| = 2 and (16), such
as (3.22313, 0.512649, 0.5). In all such points two periodic
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(or semiperiodic) solutions exist and conditional stability is
reverted to stability. However, in the general case, (16) never
hold together and thus conditional stability remains. Indeed,
the second of the conditions (15) is replaced by

𝜓2 (𝑥1) = 𝑥1𝑝1 (𝑥1) + 𝑝2 (𝑥1) , (22)

which is obviously unstable. By the same token, the second of
the conditions (17) becomes

𝜓2 (𝑥1) = 𝑥1𝑃1 (𝑥1) + 𝑃2 (𝑥1) . (23)

Thus, the coexistence problem for period 1 is generally
answered in the negative; that is, a single periodic (or
semiperiodic) solution exists which is accompanied by a
nonperiodic one. Besides, from a mechanical standpoint, it
is observed that, in the general case, a periodic solution 𝑝(𝑥)
is not acceptable on physical grounds, as it conveys a jump
discontinuity at the boundary, unless

𝑝 (0) = 𝑝 (𝑎) . (24)

Likewise, a semiperiodic solution 𝑃(𝑥) is not acceptable
unless

𝑃 (0) = −𝑃 (𝑎) . (25)

We now prove that such conditions can always bemet. To this
aim we now take advantage of the problem’s symmetry and
recall that a nontrivial even solution exists if and only if

𝜙1 (𝑎2) = 0
or 𝜙1 (𝑎2) = 0,

(26)

respectively, are periodic and semiperiodic, whereas an odd
solution stands if and only if

𝜙2 (𝑎2) = 0
or 𝜙2 (𝑎2) = 0,

(27)

again for periodic and semiperiodic [9,Theorem 1.3.4]. Now,
when 𝐷 = 2 we have the nontrivial periodic solution 𝑝1(𝑥1)
and let us define

𝑝1+ (𝑥1) = 𝑝1 (𝑥1) + 𝑝1 (𝑎 − 𝑥1)𝑝1 (0) + 𝑝1 (𝑎) . (28)

By the periodicity of𝑝1, clearly𝑝1+ is proportional to the even
part of 𝑝1 and it is periodic. Besides,

𝑝1+ (0) = 𝑝1+ (𝑎) ,
𝑝1+ (𝑎2) = 0,

(29)

which are, respectively, (24) and the first of the conditions
(26). With the choice for the denominator in (28), it is also𝑝1+(0) = 1 by which we conclude that 𝑝1+ ≡ 𝜙1 extended in
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Figure 4: Stability regions (shaded in gray) for Hill’s equation (5) at𝜅 = 0.25.

periodic fashion (it is also easy to show that no slope jump
discontinuity is admitted by Hill’s equation. Then, one can
prove that 𝜙1(0) = 𝜙1(𝑎) = 0 and 𝜙2(0) = ±𝜙2(𝑎), where
the sign is given in the periodic and semiperiodic situation,
resp.). Likewise, when 𝐷 = −2, we have the nontrivial
semiperiodic solution 𝑃1(𝑥1) and let us define

𝑃1− (𝑥1) = 𝑃1 (𝑥1) − 𝑃1 (𝑎 − 𝑥1)𝑃1 (0) − 𝑃1 (𝑎) , (30)

which, in light of𝑃1 being semiperiodic, is again proportional
to the even part of 𝑃1. It is the sum of two semiperiodic
functions; 𝑃1−(𝑥) is semiperiodic; besides

𝑃1− (0) = −𝑃1− (𝑎) ,
𝑃1− (𝑎2) = 0,

(31)

which are, respectively, (25) and the second of the conditions
(27). With the choice for the denominator in (30), it is𝑃1−(0) = 1 and we conclude that 𝑃1− ≡ 𝜙1 extended
in semiperiodic fashion. Through the analogous definitions
of 𝑝1− and 𝑃1+, one gets the odd function 𝜙2 extended in
periodic and semiperiodic fashion, respectively.

The role of 𝜅 is illustrated comparing Figure 2 with
Figure 4. It is seen that the frequency axis roughly scales with𝜅. Besides, reducing 𝜅 brings wider BGs which tilt and tend
to cluster together. It is noticed that no symmetry exists about𝛼 = 0.5.
4. Dispersion Relation

Imposing the BCs ((9), (10)) gives the dispersion relation:

12𝐷 − cos 𝑞 = 0. (32)
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Figure 5: Dispersion relation for a string on a periodic support (𝜅 =0.5, 𝛼 = 0.25).

This relation can also be written as (see also [35])

12 [1 + 𝑓 (Ω)] cos((1 − 𝛼)Ω − 𝛼
√Ω2 − 1𝜅 )

+ 12 (1 − 𝑓 (Ω)) cos((1 − 𝛼)Ω + 𝛼
√Ω2 − 1𝜅 )

− cos 𝑞 = 0
(33)

and it is plotted in Figure 5 for 𝜅 = 0.5 and 𝛼 = 0.25. Equation
(32) conforms to the form of (4) in [19].

It is easy to prove that 𝑓(Ω) quickly asymptotes −1 from
below for Ω > 1, whence we can give a simple expression for
the dispersion relation:

(1 − 𝛼)Ω + 𝛼√Ω2 − 1𝜅 = 𝑞 + 𝑘𝜋, 𝑘 ∈ {0, 1, 2, . . .} . (34)

Such approximation is superposed onto the dispersion curves
in Figure 8whereupon it is seen that it is very effective already
at Ω close to 1, although it is unable to capture the BGs.

The relevant bounding values for each band gap (BG)
are obtained considering the periodic and the semiperiodic
eigenvalue problems, for which two sets of BCs need to be
considered, respectively:

(1) the periodicity conditions 𝑢(0) = 𝑢(𝑎) and 𝑢(0) =𝑢(𝑎);
(2) the semiperiodicity conditions 𝑢(0) = −𝑢(𝑎) and𝑢(0) = −𝑢(𝑎).

The relevant eigenfrequencies are denoted by 𝜆0, 𝜆1, . . . and𝜇0, 𝜇1, . . ., respectively, for the periodic and the semiperiodic
eigenproblems.The eigenmode for the first periodic eigenfre-
quency 𝜆0 is shown in Figure 6 at = 0.5, 𝛼 = 0.25. Likewise,

Figure 6: The first eigenmode, relative to the eigenfrequency 𝜆0 =0.488445 at 𝜅 = 0.5, 𝛼 = 0.25, and 𝑞 = 0, is a periodic function.

Figure 7:The eigenmode at the lower end of the first BG, relative to
the eigenfrequency 𝜇0 = 1.57858 at 𝜅 = 0.5, 𝛼 = 0.25, and 𝑞 = 𝜋, is
a semiperiodic function.

the eigenmode for the first semiperiodic eigenfrequency 𝜇0
is shown in Figure 7. Such eigenfrequency is the lower
boundary of the system’s first BG.

The dispersion curve intersection with the axis 𝑞 = 0 is
given by 𝜆𝑚 while the intersection with the axis 𝑞 = 𝜋 is given
by 𝜇𝑚, where𝑚 ∈ N. BGs’ size is obtained by 𝜇2𝑚 −𝜇2𝑚+1 and𝜆2𝑚+1 − 𝜆2𝑚+2.
5. Conclusions

In this paper, the Floquet theory of periodic coefficient ODEs
is applied to describe the behavior of amechanical waveguide.
A homogeneous elastic string periodically supported by an
elastic Winkler foundation is considered and it is found
that the governing equation is given by a second-order Hill
equation. Floquet-Bloch periodic boundary conditions are
enforced. The stability regions together with the dispersion
relation are found in terms of the Floquet theory through
the discriminant. An asymptotic approximation to the lowest
cutoff frequency is given. The fundamental eigensolutions
of the periodic and of the semiperiodic problem are also
determined. It is remarked that the present methodology can
be extended to tackle functionally graded beams [36–39] or
plates [40, 41]. Applications in the realm of civil engineering
are also possible [28–32, 42]. A nice extension of the present
theory could be related to temperature [43, 44] or viscoelastic
effects in the fiber [45–48].
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Figure 8: Dispersion relation (solid) superposed onto its first
approximation (34) (dashed).
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The contact problem of an Euler-Bernoulli nanobeam of finite length bonded to a homogeneous elastic half plane is studied in the
present work. Both the beam and the half plane are assumed to display a linear elastic behaviour under infinitesimal strains. The
analysis is performed under plane strain condition.Owing to the bending stiffness of the beam, shear and peeling stresses arise at the
interface between the beam and the substrate within the contact region. The investigation allows evaluating the role played by the
Poisson ratio of the half plane (and, in turn, its compressibility) on the beam-substrate mechanical interaction. Different symmetric
and skew-symmetric loading conditions for the beam are considered, with particular emphasis to concentrated transversal and
horizontal forces and couples acting at its edges. It is found that the Poisson ratio of the half plane affects the behaviour of the
interfacial stress field, particularly at the beam edges, where the shear and peel stresses are singular.

1. Introduction

The mechanical interaction between bars, strips, rings, thin
films, and so forth and an elastic substrate has been widely
investigated because of its great importance inmany practical
engineering tasks. As an example, in the framework of civil
engineering, the load transfer between FRP sheets (or other
reinforcing elements like discrete fibres [1, 2]) applied to exist-
ing concrete structures is often performed by modeling the
reinforcing stiffeners as 2D membranes [3–6] welded to half
plane (for the equilibrium configurations of cylindrical and
cubic bodies [2]). By following such an approach, retrofitted
concrete structures [7], elastic foundations [8–10], rigid road
pavements [11], and retrofittedmasonry elements [12, 13] have
been studied (for the behaviour of high performance concrete
based on fly ash, see [14]).

In microelectronics, various NEMS and MEMS involve
thin films and coatings [5, 15–17] (examples about numerical
studies performed on thin films can be found in [6, 18]),
and the stress concentrations arising in the neighbourhood of

geometric discontinuities and/or across bimaterial interfaces
provide useful information about the risk of occurrence of
fracture phenomena [19, 20] in such devices and, in turn,
about their stability in time [21, 22].

In mechanical engineering, the film-substrate contact
mechanics is relevant in order to study the mechanical
response of thermal barriers and protective alloys typically
involved in a variety of mechanical devices, like blades of
centrifugal pump impellers, components of compressors, gas
turbines, and so forth. Inmost of these examples, the problem
can be studied by neglecting the bending stiffness of the
covering; namely, the coating is modeled like a membrane
element. However, in a wide class of mechanical systems,
the flexural behaviour of the covers can not be neglected
without introducing rough approximations. As an example,
the flexural behaviourmust be taken into account to properly
study beams [23] andmultilayer systems [24]. As an example,
foundations of buildings are often characterized by high
values of flexural rigidity and, typically, they are simulated
as beams or plates resting on an elastic support [8, 9].
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Similarly, the mechanical behaviour of MEMS or NEMS
based on coatings characterized by small length-to-thickness
ratio must be studied by taking into account the bending
stiffness of the layers.

The contact problemof anEuler-Bernoulli beamperfectly
bonded to an elastic half plane has been performed in [23].
These authors carried out their investigation by considering
an incompressible half plane (i.e., by considering ]𝑠 =0.5, where ]𝑠 is the Poisson ratio of the substrate), thus
finding a nonoscillatory behaviour of the interfacial stress
field. This allowed the authors to straightforwardly express
the unknown peel and shear stresses as infinite series of
Chebyshev polynomials having square-root singularities at
the edges of the beam.

Studying the singular nature of the stress and strain
fields in such contact problems is an important topic [6, 25]
in order to assess if such systems are resistant or prone
to delamination, interfacial crack propagation, and other
damage phenomena [5, 26–28].

In the present work, the effect induced by the Poisson
ratio of the half plane on the beam-half plane mechanical
interaction has been studied. The oscillatory index charac-
terizing the interfacial stress field is found to depend on the
Poisson ratio of the half plane only. The strain compatibility
condition leads to a system of two integral equations, which
is reduced to algebraic systems by expanding the interfacial
stresses in series of orthogonal Jacobi polynomials having
complex index. In the present investigation, both the beam
and the half plane have been assumed homogeneous bodies
displaying linear elastic behaviour. However, the analysis can
be extended to nonhomogeneous bodies by following the
approach performed in [29–31]. The time dependence can be
taken into account also (for a general approach concerning
the nonlocal behaviour of functionally graded materials see,
e.g., [32, 33]).

The paper is organized as follows. The formulation of the
problem is given in Section 2. The main results are presented
and discussed in Section 3. Finally, conclusions are reported
in Section 4.

2. Formulation of the Problem

The problem of Euler-Bernoulli nanobeams bonded to an
isotropic elastic half plane is formulated in the present
section.The reference system is centred at the middle span of
the beam, as shown in Figure 1. Perfect adhesion between the
half plane and beam is assumed. Both the axial and flexural
stiffness of the beam are taken into account. The beam and
the underlying half plane have an isotropic constitutive law,
characterized by the following elastic constants 𝐸𝑠, 𝐸𝑏, ]𝑠,
and ]𝑏 denoting the Young moduli and the Poisson ratio,
respectively (the subscript 𝑖, with 𝑖 = 𝑏, 𝑠 stands for beam or
semi-infinite substrate, resp.). Furthermore, ℎ, and 2𝑎 denote
the height and the total length of the beam, respectively,
whereas 𝐴 and 𝐽 indicate the area and the moment of inertia
of the beam cross section.

The shear and peeling stresses, 𝜏(𝑦) and 𝑞(𝑦), respectively
(Figure 2), which arise along the contact region, represent the
unknown of the problem. In the following, the apex prime ()

x

Semi-infinite a a
y

h Beam: Eb, �b, A, J

substrate: Es, �s

Figure 1: Semi-infinite substrate and beam geometry.

denotes the derivative with respect to the spatial coordinate𝑦.
By considering the symmetric as well as skew-symmetric

loading cases reported in Figure 2, the balance condition of
the beam along 𝑦 ∈ [−𝑎, +𝑎] leads to

𝑁(𝑦) = 𝑁∗ + ∫𝑎
𝑦
𝜏 (𝑡) 𝑑𝑡,

𝑇 (𝑦) = −𝑇∗ + ∫𝑎
𝑦
𝑞 (𝑡) 𝑑𝑡,

𝑀 (𝑦) = 𝑀∗ + 𝑇∗ (𝑎 − 𝑥) + ℎ2 ∫
𝑎

𝑦
𝜏 (𝑡) 𝑑𝑡

+ ∫𝑎
𝑦
𝑞 (𝑡) (𝑦 − 𝑡) 𝑑𝑡,

(1)

where 𝑁, 𝑇, and𝑀 are the internal axial force, shear force,
and bending moment of the beam, respectively, whereas𝑁∗,𝑇∗, and 𝑀∗ are the corresponding external concentrated
loads acting at the beam edges. By using the equilibrium
conditions (1) and the isotropic elastic constitutive law, the
axial strain 𝜀𝑏𝑦, and the slope 𝜑𝑏, take the expressions

𝜀𝑏𝑦 (𝑦) = 𝑁∗
𝐸𝑏𝐴 + 1

𝐸𝑏ℎ ∫
𝑎

𝑦
𝜏 (𝑡) 𝑑𝑡 + ℎ

2𝐸𝑏𝐽 {𝑀
∗

+ 𝑇∗ (𝑎 − 𝑦) + ∫𝑎
𝑦
[ℎ2𝜏 (𝑡) + 𝑞 (𝑡) (𝑦 − 𝑡)]} 𝑑𝑡,

𝜑𝑏 (𝑦) = 1
𝐸𝑏𝐽𝑏 {𝑦𝑀

∗ + 𝑇∗ (𝑦 − 𝑦22 )

+ ℎ2 [𝑦∫
𝑎

𝑦
𝜏 (𝑡) 𝑑𝑡 + ∫𝑦

0
𝑡𝜏 (𝑡) 𝑑𝑡]

− 12 [∫
𝑎

0
𝑡2𝑞 (𝑡) 𝑑𝑡 − ∫𝑎

𝑦
(𝑡 − 𝑦)2 𝑞 (𝑡) 𝑑𝑡]} + �̃�,

(2)

where �̃� is an unknown integration constant. Concerning the
semi-infinite substrate, the longitudinal strain and slope at
the contact region are known in closed form [34] as

𝜀𝑠𝑦 (𝑦) = 2 (1 − ]2𝑠)
𝐸𝑠𝜋 ∫+𝑎

−𝑎

𝜏 (𝑡)
𝑦 − 𝑡𝑑𝑡

+ (1 − 2]𝑠) (1 + ]𝑠)𝐸𝑠 𝑞 (𝑦) ,
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Figure 2: Mechanical interaction between the beam and the substrate for symmetric and skew-symmetric loading cases.

𝜑𝑠 (𝑦) = −(1 − 2]𝑠) (1 + ]𝑠)𝐸𝑠 𝜏 (𝑦)

+ (1 − ]2𝑠)
𝐸𝑠𝜋 ∫+𝑎

−𝑎

𝑞 (𝑡)
𝑦 − 𝑡𝑑𝑡.

(3)

Thus, the unknowns of the problem are the stress distribu-
tions 𝜏(𝑦) and 𝑞(𝑦) at the interface within the contact region.

The interfacial shear and peeling stresses can be straight-
forwardly expanded in series of Jacobi orthogonal polynomi-
als,

𝜏 (𝑦) = 𝐸𝑠 (𝑎 + 𝑦)𝑝 (𝑎 − 𝑦)𝑝
∞∑
𝑛=0

𝐶𝑛𝑃(𝑝,𝑝)𝑛 (𝑦𝑎) ,

𝑞 (𝑦) = 𝐸𝑠 (𝑎 + 𝑦)𝑝 (𝑎 − 𝑦)𝑝
∞∑
𝑛=0

𝐷𝑛𝑃(𝑝,𝑝)𝑛 (𝑦𝑎) ,
(4)

where 𝑃(𝑝,𝑝)𝑛 (𝑦/𝑎) represents the Jacobi polynomial of order𝑛 (see Appendix) and 𝑝 is the order of the singularity of the
stress field at the beam edges, namely, at 𝑦 = ±𝑎. Indeed, as
shown by [23],

𝑝 = −12 +
𝑖𝜖
2𝜋 , (5)

with 𝜖 = log(3 − 4]𝑠) or 𝜖 = log(3 − ]𝑠)/(1 + ]𝑠) for a plane
strain or plane stress state, respectively.

The problem is governed by the following compatibility
equations between the beam and the substrate:

𝜀𝑏𝑦 (𝑦) = 𝜀𝑠𝑦 (𝑦) ,
𝜑𝑏𝑦 (𝑦) = 𝜑𝑠𝑦 (𝑦) .

(6)

By introducing (2)–(4) into (6) and truncating series (4)
to the first 𝑁 elements, the imposition of the compatibility

conditions at 𝑁 + 1 collocation points 𝑦𝑘 over the contact
region allows reducing the system of singular integral equa-
tions (6) into a linear algebraic system for the unknown 𝐶𝑛
and 𝐷𝑛. The collocation points 𝑦𝑘, with 𝑘 = 1, 2, . . . , 𝑁 + 1,
have been set as the roots of theChebyshev polynomial of first
kind of order𝑁 + 1,

𝑦𝑘 = cos [ 𝜋𝑘
2 (𝑁 + 1)] . (7)

Once the coefficients 𝐶𝑛 and 𝐷𝑛 are found, the strain
and displacement fields can be determined and, in turn, the
internal forces in the beam can be assessed.The displacement
components along the substrate surface [34] take the form

𝑢𝑠 (𝑦) = (1 − 2]𝑠) (1 + ]𝑠)2𝐸𝑠 [∫𝑦
−𝑎
𝑞 (𝑡) 𝑑𝑡 − ∫+𝑎

𝑦
𝑞 (𝑡) 𝑑𝑡]

− 2 (1 − ]2𝑠)
𝜋𝐸𝑠 ∫𝑎

−𝑎
𝜏 (𝑡) ln 𝑦 − 𝑡 𝑑𝑡

V𝑠 (𝑦) = (1 − 2]𝑠) (1 + ]𝑠)2𝐸𝑠 [∫𝑦
−𝑎
𝜏 (𝑡) 𝑑𝑡 − ∫+𝑎

𝑦
𝜏 (𝑡) 𝑑𝑡]

− 2 (1 − ]2𝑠)
𝜋𝐸𝑠 ∫𝑎

−𝑎
𝑞 (𝑡) ln 𝑦 − 𝑡 𝑑𝑡,

(8)

where 𝑢 and V represent the longitudinal and transversal
displacement. The displacement field of the beam reads

𝑢𝑏 (𝑦) = �̃� + 𝑁∗
𝐸𝑏𝐴𝑦 + (

1
𝐸𝑏𝐴 + ℎ2

4𝐸𝑏𝐽) [𝑦∫
𝑎

𝑦
𝜏 (𝑡) 𝑑𝑡

+ ∫𝑦
0
𝑡𝜏 (𝑡) 𝑑𝑡] + ℎ

4𝐸𝑏𝐽 [2𝑀
∗𝑦 + 𝑇∗ (2𝑎𝑦 − 𝑦2)

+ ∫𝑎
𝑦
𝑞 (𝑡) (𝑦 − 𝑡)2 𝑑𝑡 − ∫𝑎

0
𝑡2𝑞 (𝑡) 𝑑𝑡] ,
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V𝑏 (𝑦) = 1
2𝐸𝑏𝐽 {−𝑀

∗𝑦2 − 𝑇∗3 (3𝑎𝑦2 − 𝑦3)

− ℎ [∫𝑦
0
𝑡 (𝑦 − 𝑡) 𝜏 (𝑡) 𝑑𝑡]

− ℎ [𝑦22 ∫𝑎
𝑦
𝜏 (𝑡) 𝑑𝑡 + 12 ∫

𝑦

0
𝑡2𝜏 (𝑡) 𝑑𝑡]

+ 𝑦∫𝑎
0
𝑡2𝑞 (𝑡) 𝑑𝑡 − ∫𝑎

𝑦
𝑞 (𝑡) (𝑦𝑡2 + 𝑦33 − 𝑦2𝑡) 𝑑𝑡

− ∫𝑦
0

𝑞 (𝑡)
3 𝑑𝑡} + Ṽ − �̃�𝑦.

(9)

All the integrals involved in the above expressions can be
evaluated in closed form (see Appendix).

The strength of the interfacial stresses at the beam ends
can be assessed through the peeling and shear stress intensity
factors𝐾𝐼 and𝐾𝐼𝐼:

𝐾𝐼 (±𝑎) = lim
𝑦→±𝑎

𝑞 (𝑦)
(𝑎 ∓ 𝑦)𝑝

= ±2𝑝𝐸𝑠𝑎𝑝
𝑁∑
𝑛=0,2,...,

𝐷𝑛𝑃(𝑝,𝑝)𝑛 (±1) ,

𝐾𝐼𝐼 (±𝑎) = lim
𝑦→±𝑎

𝜏 (𝑦)
(𝑎 ∓ 𝑦)𝑝

= ±2𝑝𝐸𝑠𝑎𝑝
𝑁∑
𝑛=1,3,...,

𝐶𝑛𝑃(𝑝,𝑝)𝑛 (±1) .

(10)

3. Results and Discussion

The behaviour of the beam-substrate system under the
symmetric and skew-symmetric loading conditions reported
in Figures 2(a) and 2(b) has been investigated. The series
expansions (4) have been truncated to 13 terms and the
compatibility conditions (6) have been imposed at 14 col-
location points within the contact region. Refereed to the
dimensionless spatial coordinate 𝜉 = 𝑦/𝑎, Figures 3–5 show
the dimensionless shear and peeling stress distributions due
to different symmetric or skew-symmetric loading cases.

For the beam loaded with two axial forces acting at
the film edges, the shear stress (Figure 3) shows a mono-
tonic trend over the entire contact region. Conversely, the
behaviour displayed by the peeling tractions is notmonotonic
as they change sign in the neighbourhood of the film edge.

For the case of shear forces acting at the beam edges, the
shear contact stresses are reported in Figure 4. As shown, the
results are almost invariant with respect to the Poisson ratio
of the substrate, with particular reference to the peeling stress.
The interfacial shear stress displays a nonmonotonic trend, in
particular for the loading case of two skew-symmetric shear
forces, except for ]𝑠 = 0.5, namely, for an incompressible half
plane, as found by [23]. The loading case of two symmetric

couples acting at the beam edges induce an almost linear
trend for the shear stress (Figure 5) in the region closer to
the middle of the beam for any value assumed by the Poisson
ratio of the half plane. Conversely, when two skew-symmetric
couples act at the beam ends, the shear stress decreases as the
Poisson ratio increases. Also for the loading cases of two end
couples, the Poisson ratio affects the shear stress more than
the peel tractions.

The trend exhibited by the peeling distribution on the
contact surface allows satisfying the balance of momentum
induced by shear stress along contact region and the external
load acting on the beam.

4. Conclusions

The contact problem of an Euler-Bernoulli nanobeam per-
fectly welded to a homogeneous elastic half plane has been
addressed in the present work. The problem has been solved
by expressing the unknown shear and peel interfacial stresses
as infinite series of Jacobi orthogonal polynomials. The com-
patibility condition between the strains of the beam and those
of the underlying half plane leads to a systemof two Fredholm
integral equations with Cauchy kernel. The complex singular
behaviour of such stresses has been handled by assuming
properly the singularity of the stress field at the beam edges.
This allows reducing the singular integral equations into a
linear system of algebraic equations, which has been solved
for the unknown coefficients of the interfacial stress field.
The shear and peel stresses have been evaluated for different
values of the Poisson ratio for the half plane, thus finding the
effect played by this elastic parameter on the beam-substrate
mechanical interaction. In particular, it has been shown that
the Poisson ratio of the half plane affects mostly the shear
stress distribution than the behaviour of the peel tractions.
For both symmetric or skew-symmetric couples or shear
forces acting at the beam edges Poisson ratio does not affect
significantly the mechanical response of the system.

The analysis allows properly assessing the stress concen-
trations at the edges of the beam (note that high stress levels
can increase the time-dependent effects, as shown in [35–37]
for concrete frames), an important task in many engineering
problems involving beams and plates bonded to an elastic
support. For example, the obtained results can be used to
properly design FRP stiffeners applied to concrete structures
that are prone to various damaging phenomena (see, e.g.,
[38]). It should be noted that the case of a thermal variationΔ𝑇 (thermal variations can sensibly affect the mechanical
behaviour of structural elements, as shown in [39, 40]) acting
on the beam (for the effect produced by thermal loads on
concrete structures, see, e.g., [38]) can be studied as the
loading case of two symmetric axial end forces𝑁 by assuming

𝑁 = [(1 + ]𝑏) 𝛼𝑏 − (1 + ]𝑠) 𝛼𝑠] 𝐸𝐴Δ𝑇, (11)

where 𝛼 denotes the coefficient of thermal expansion. Note
also that the contact mechanics of a nonhomogeneous com-
posite beam with random composition and microstructure
should be investigated by following the approach reported in
[41, 42].
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Figure 3: Dimensionless mechanical interactions of the beam subjected to axial forces acting at the edges.

Appendix

Jacobi Polynomials

The Jacobi polynomial 𝑃(𝛼,𝛽)𝑛 (𝑡) of order 𝑛 is defined as [43]

𝑃(𝛼,𝛽)𝑛 (𝑡) = Γ (𝛼 + 𝑛 + 1)
𝑛!Γ (𝛼 + 𝛽 + 𝑛 + 1)

⋅ 𝑛∑
𝑚=0

(𝑛𝑚)
Γ (𝛼 + 𝛽 + 𝑛 + 𝑚 + 1)

Γ (𝛼 + 𝑚 + 1) (𝑡 − 12 )𝑚 ,
(A.1)

where Γ is the Euler gamma function. In the special case of𝛼 = 𝛽 equal to 0 or 1/2 the Jacobi polynomials reduce to the
Legendre or Chebyshev polynomials, respectively. Another

possible definition of the Jacobi polynomials is provided by
Rodrigues’ formula,

𝑃(𝛼,𝛽)𝑛 (𝑡) = (−1)𝑛2𝑛𝑛! (1 − 𝑡)−𝛼

⋅ (1 + 𝑡)−𝛽 𝑑𝑛𝑑𝑡𝑛 [(1 − 𝑡)𝛼 (1 + 𝑡)𝛽 (1 − 𝑡2)
𝑛] .

(A.2)

or, equivalently [44],

𝑃(𝛼,𝛽)𝑛 (𝑡)
= (𝛼 + 1)𝑛𝑛! 2𝐹1 (−𝑛, 1 + 𝛼 + 𝛽 + 𝑛; 𝛼 + 1; 1 − 𝑡2 ) , (A.3)

where 2𝐹1 represents the hypergeometric function for |𝑡| <1. The orthogonal properties of Jacobi polynomials over[−1, +1] domain provide the following identities used in
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Figure 4: Dimensionless mechanical interactions of the beam subjected to shear forces acting at the edges.

Section 2 to evaluate in closed form the integrals involved in
the compatibility equations [45]:

∫+1
−1
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑃(𝑝,𝑝)𝑚 (𝑡) 𝑑𝑡

= 22𝑝+1Γ2 (𝑝 + 𝑛 + 1) 𝛿𝑛𝑚𝑛! (2𝑝 + 1 + 2𝑛) Γ (2𝑝 + 1 + 𝑛) ,

∫+1
−1
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡

= √𝜋 Γ (𝑝 + 1)
Γ (𝑝 + (3/2))𝛿𝑛0,

∫+1
−1
𝑡 (1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡

= √𝜋 Γ (𝑝 + 2)
Γ2 (𝑝 + (5/2))𝛿𝑛0,

∫𝑟
−1
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡

− ∫+1
𝑟
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡

=
{{{{{{{

2𝑡2𝐹1 (12 , −𝑝,
3
2 , 𝑟2) , for 𝑛 = 0

−(1 − 𝑟
2)𝑝+1
𝑛 𝑃(𝑝+1,𝑝+1)𝑛−1 (𝑟) , for 𝑛 = 1, 2, . . . ,

(A.4)

where 𝛿𝑛𝑚 represents the Kronecker delta.
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Figure 5: Dimensionless mechanical interactions of the beam subjected to couples acting at the edges.

∫𝑟
−1
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡 =

{{{{{{{{{

√𝜋Γ (1 + 𝑝)
2Γ ((3/2) + 𝑝) − 𝑟2𝐹1 (

1
2 , −𝑝,

3
2 , 𝑟2) , for 𝑛 = 0

1
2𝑛𝑃(𝑝+1,𝑝+1)𝑛−1 (𝑟) (1 + 𝑟)𝑝+1 (1 − 𝑟)𝑝+1 , for 𝑛 = 1, 2, . . .

∫+1
𝑟
(1 + 𝑡)𝑝 (1 − 𝑡)𝑝 𝑃(𝑝,𝑝)𝑛 (𝑡) 𝑑𝑡

=
{{{{{{{{{{{

√𝜋Γ (1 + 𝑝)
2Γ ((3/2) + 𝑝) − 𝑟2𝐹1 (

1
2 , −𝑝,

3
2 , 𝑟2) , for 𝑛 = 0

1
2𝑛 [

1 − (−1)𝑛
2 𝑃(𝑝+1,𝑝+1)𝑛−1 (0) − 𝑃(𝑝+1,𝑝+1)𝑛−1 (𝑟) (1 − 𝑟)𝑝+1 (1 − 𝑟)𝑝+1] , for 𝑛 = 1, 2, . . . .

(A.5)
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A micromechanical procedure is used in order to evaluate the initiation of damage and failure of masonry with in-plane loads.
Masonrymaterial is viewed as a compositewith periodicmicrostructure and, therefore, a unit cell with suitable boundary conditions
is assumed as a representative volume element of the masonry.The finite element method is used to determine the average stress on
the unit cell corresponding to a given average strain prescribed on the unit cell. Finally, critical curves representing the initiation
of damage and failure in both clay brick masonry and adobe masonry are provided.

1. Introduction

Materials used in civil engineering such as cement concrete
[1–4] and masonry are subject to deterioration; moreover,
constructions built in the past need to carry increasing seis-
mic horizontal as well as vertical loads, leading to the need for
strengthening interventions. Fibre reinforced plastics (FRP),
polymeric nets embedded in the plaster, and other more
classical materials and techniques are effectively used to
strengthen existing structures [5–8]. More complex tech-
niques require the insertion of seismic isolation bearings
made of rubber, usually modelled as a hyperelastic material
[9–16]. New materials are being tested for civil engineering
applications; recently, carbon nanotubes (CNTs) are being
used in various research works in order to improve the
mechanical properties of cement mortar (usable also in
strengthening existing structures); therefore many authors
are investigating the behaviour of structures at nanoscalewith
nonlocal material models [17–21].

Numerical methods for determining the structural re-
sponse of unreinforced and reinforced masonry construc-
tions, such as arches, wall, and dome, are available in the
literature [22–27]. It is important to have available methods
for estimating not only the structural response but also
the material behaviour. To this end, micromechanics and
homogenization methods have been applied to the masonry

material. In this work, a micromechanical procedure is used
in order to evaluate the initiation of damage and failure of
masonry panels with in-plane loads following the approach
developed in [28–30].

2. Micromechanical Analysis and
Material Model

The masonry material is composed of two constituents:
the brick and the mortar. These constituents have different
mechanical properties and the resulting masonry material
can be viewed as a composite so that classical techniques
based on micromechanics and homogenization are used in
order to determine the local and overall response of the
masonry material. The overall mechanical properties of the
composite are derived from the geometric and mechanical
properties of the constituents, the microstructure of the
composite, and so forth. Such information is contained in
a reference volume element (RVE), which is statistically
representative of the masonry under consideration. The fol-
lowing analyses are performed on the representative volume
element. Instead of modelling the masonry as a random
composite material (see, e.g., [31–36]), it is assumed that the
constituents are arranged in a periodic way [37–45] and a
unit cell is adopted as the representative volume element.The
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Brick Mortar joint

Figure 1: A masonry wall.

masonry considered in this work is shown in Figure 1, where
a wall is depicted. The aim is to determine the strength of the
masonry when it is subjected to in-plane loads.

The wall in Figure 1 is a three-dimensional structure
whose three-dimensional unit cell is shown in Figure 2(a),
where 2𝑎1, 2𝑎2, and 2𝑎3 are the dimensions of the unit cell
along the 𝑥1-, 𝑥2-, and 𝑥3-axes of the coordinate system with
origin in the centre of the unit cell.

In micromechanical and homogenization analyses of
periodic microstructure, the three-dimensional unit cell is
subjected to the following periodic boundary conditions:

𝑢𝑖 (𝑎1, 𝑥2, 𝑥3) − 𝑢𝑖 (−𝑎1, 𝑥2, 𝑥3) = 2𝐸𝑖1𝑎1
∀𝑥2 ∈ [−𝑎2, 𝑎2] , ∀𝑥3 ∈ [−𝑎3, 𝑎3] ,

𝑢𝑖 (𝑥1, 𝑎2, 𝑥3) − 𝑢𝑖 (𝑥1, −𝑎2, 𝑥3) = 2𝐸𝑖2𝑎2
∀𝑥1 ∈ [−𝑎1, 𝑎1] , ∀𝑥3 ∈ [−𝑎3, 𝑎3] ,

𝑢𝑖 (𝑥1, 𝑥2, 𝑎3) − 𝑢𝑖 (𝑥1, 𝑥2, −𝑎3) = 2𝐸𝑖3𝑎3
∀𝑥1 ∈ [−𝑎1, 𝑎1] , ∀𝑥2 ∈ [−𝑎2, 𝑎2] ,

(1)

where 𝑢𝑖 is the displacement along the 𝑥𝑖-axis and 𝐸𝑖𝑗 are the
components of the average strain prescribed to the unit cell.
Together with (1), the following constraint must be imposed
in order to avoid the rigid-body translations:

u (x∗) = 0, (2)

where x∗ is the position vector of the centre of the unit cell.
Since the in-plane behaviour must be investigated, the plane
unit cell shown in Figure 2(b) can be used as representa-
tive volume element for a two-dimensional (2D) analysis.
In the homogenization analysis, the boundary conditions
prescribed to the plane unit cell are

𝑢𝑖 (𝑎1, 𝑥2) − 𝑢𝑖 (−𝑎1, 𝑥2) = 2𝐸𝑖1𝑎1 ∀𝑥2 ∈ [−𝑎2, 𝑎2] ,
𝑢𝑖 (𝑥1, 𝑎2) − 𝑢𝑖 (𝑥1, −𝑎2) = 2𝐸𝑖2𝑎2 ∀𝑥1 ∈ [−𝑎1, 𝑎1] . (3)

The average stress in the unit cell is denoted byΣ, whereas
the local stress in a point of the constituent of the unit cell
is the microstress 𝜎 and, for simplicity, will be called stress
in the following. The constituents (brick and mortar) are
considered linear elastic before their damage and failure. The
bond between the constituents is considered perfect. It is

assumed that the plane unit cell and the constituents are
subject to a plane stress state. Therefore, the principal stress
perpendicular to the plane unit cell is equal to zero whereas
the principal stresses parallel to the plane of the unit cell can
be different from zero. The failure in a point of a constituent
occurs when one of the following three failure criteria is
satisfied.

First Criterion. If the two principal stresses parallel to the
plane of the unit cell are nonnegative the failure occurs when
themaximum principal stress in a point is equal to the tensile
strength of the constituent.

Second Criterion. If the two principal stresses parallel to the
plane of the unit cell are nonpositive the failure occurs when
the following equation is satisfied:

𝐶𝐽2 + (1 − 𝐶) 𝐼1 + 𝐶𝐼2 = 1, (4)

where 𝐶 = 1.6,
𝐽2 = 1𝑓2𝑐 (𝜎2 − 𝜎3)

2 ,

𝐼1 = 1𝑓𝑐 (𝜎2 + 𝜎3) ,
𝐼2 = 𝜎2𝜎3𝑓2𝑐 ,

(5)

where 𝜎2 and 𝜎3 are the two nonpositive principal stresses
parallel to the plane of the unit cell and 𝑓𝑐 is the compressive
strength of the material of the constituent.

Third Criterion. When a principal stress 𝜎1 parallel to the
plane of the unit cell is nonnegative and the other principal
stress 𝜎3 parallel to the plane of the unit cell is nonpositive,
the failure occurs when the following equation is satisfied:

𝜎1𝑓𝑡 +
𝜎3𝑓𝑐 = 1, (6)

where 𝑓𝑡 is the tensile strength of the material of the
constituent.

Next, the average strain E (which is a tensor with
components 𝐸𝑖𝑗) is imposed on the plane unit cell by means
of the conditions (2) and (3). Then, the average stress Σ
corresponding to the prescribed average strain E is evaluated
and the critical curves of the masonry are determined with a
finite element homogenization technique. The critical curves
may be plotted in the plane defined by Σ11- and Σ22-axes
or in the plane defined by Σ11- and Σ12-axes. There are
two kinds of critical curves: a generic critical curve may
be related to the brick or to the mortar. The generic point
of the critical curve related to a constituent represents the
average stresses corresponding to the initiation of failure
of that constituent. Specifically, the initiation of failure of
a constituent is evaluated by prescribing a linear load path
E = 𝜆E0, whereE0 is a constant tensor, which does not vary in
the loading process, and the scalar 𝜆 is an increasing loading
positive parameter. Considering both constituents linear
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Figure 2: (a) Three-dimensional unit cell; (b) plane unit cell.

elastic, there exists a value 𝜆cr,𝑖 such that the microstresses
in a constituent 𝑖 (𝑖 = brick or mortar) of the unit cell subject
to the average strain E = 𝜆cr,𝑖E0 satisfy some of the above-
mentioned criteria in the same constituent 𝑖, whereas failure
criteria are not satisfied in the same constituent 𝑖 when the
unit cell is subject to E = 𝜆E0 for 0 ≤ 𝜆 < 𝜆cr,𝑖. The average
stress of the unit cell subject to the average strainE = 𝜆cr,𝑖E0 is
denoted byΣcr,𝑖. In the plane defined byΣ11- andΣ22-axes, the
components (Σcr,𝑖11 , Σcr,𝑖22 ) of Σcr,𝑖 define a closed curve which
represents the masonry critical curve related to the initiation
of failure of the constituent 𝑖. An analogous critical curve can
be plotted in the plane defined by Σ11- and Σ12-axes.

3. Numerical Examples

If the constituents have the same mechanical properties and
the bond between the brick and the mortar is perfect, the
masonry behaves like a homogeneous material and the
homogenization procedure is not required. Critical cases
occur when the mechanical properties of one constituent are
significantly different from the mechanical properties of the
other constituents. For example, in adobe masonry (AM),
bricks and mortar have similar elastic properties, whereas in
some kinds of clay brickmasonry (CBM) Young’s modulus of
the brickmay be significantly different fromYoung’smodulus
of the mortar. The masonry critical curves are very sensitive
to the ratio𝐸𝑏/𝐸𝑚, where𝐸𝑏 and𝐸𝑚 are Young’smoduli of the
brick and the mortar, respectively. This is shown in Figure 3,
where the masonry critical curve related to the initiation of
failure of the constituent 𝑖 is denoted by “𝑏” for 𝑖 = brick and
by “𝑚” for 𝑖 = mortar in the legend of the figure.

The critical curves in Figure 3 are obtained by prescribing
the following average strain:

E = [𝐸11 𝐸12𝐸21 𝐸22] = 𝜆[
cos𝜑 0
0 sin𝜑] for 𝜑 ∈ [0, 2𝜋] . (7)

0.0

0.5

0.0 0.5−1.5
−1.5

−1.0

−1.0

−0.5

−0.5

CBM, b
CBM, m

AM, b
AM, m

Σ22

Σ11

Figure 3: CBM and AM critical curves, in the Σ11-Σ22 plane, related
to the initiation of failure of brick and mortar.

In this section, the mechanical properties of the con-
stituents of CBM are ]𝑏 = 0.23, ]𝑚 = 0.15, 𝐸𝑏 = 10𝐸𝑚 =
10000MPa, 𝑓𝑐𝑏 = 10𝑓𝑡𝑏 = 1MPa, 𝑓𝑐𝑚 = 𝑓𝑐𝑏, and 𝑓𝑡𝑚 = 𝑓𝑡𝑏;
the mechanical properties of the constituents of AM are ]𝑏
= ]𝑚 = 0.15, 𝐸𝑏 = 2𝐸𝑚 = 100MPa, 𝑓𝑐𝑏 = 10𝑓𝑡𝑏 = 1MPa, 𝑓𝑐𝑚
= 𝑓𝑐𝑏, and 𝑓𝑡𝑚 = 𝑓𝑡𝑏. In this work, ]𝑏 and ]𝑚 are Poisson’s
ratios of the brick and themortar, respectively,𝑓𝑡𝑏 and𝑓𝑡𝑚 are
the tensile strengths of the brick and the mortar, and 𝑓𝑐𝑏 and𝑓𝑐𝑚 are the compressive strengths of the brick and themortar.
Both CBM and AM have the following geometric properties:𝑏 = 400mm (width of the bricks), ℎ = 100mm (height
of the bricks), 𝑡 = 10mm (thickness of mortar joints), and
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Figure 4: CBM and AM critical curves, in the Σ11-Σ12 plane, related
to the initiation of failure of brick and mortar.

𝜌 = ℎ/40 (each brick corner was approximated as arc of circle
with radius 𝜌).

In Figure 3, two different values of the ratio 𝑐 = 𝐸𝑏/𝐸𝑚
are considered: 𝑐 = 10 for the CBM critical curves and𝑐 = 2 for the AM critical curves. Greater values of 𝑐
determine greater concentration of the local stress and, as
a consequence, smaller critical areas (the critical area is the
area bounded by the critical curve related to the initiation of
failure of a constituent). A similar behaviour is observed in
Figure 4, where the critical curves are obtained by prescribing
the following average strain:

E = [𝐸11 𝐸12𝐸21 𝐸22] = 𝜆[
cos𝜑 sin𝜑
sin𝜑 0 ] for 𝜑 ∈ [0, 2𝜋] . (8)

The contrast 𝑐 between the masonry constituents also
influences the deformed shape of the unit cell and the
distribution of local stress in the unit cell, as shown in Figures
5 and 6, where the local stress 𝜎12 on the deformed unit cell
subject to the average strain (8) with 𝜑 = 𝜋/2 and 𝜆 = 1 is
plotted for CBM (𝑐 = 10) and AM (𝑐 = 2), respectively.
4. Conclusions

In this work, masonry is viewed as a composite constituted of
two components (namely, brick and mortar) so that classical
techniques based on micromechanics and homogenization
are used in order to determine the local and overall response
of the masonry material. The critical curves of the masonry
are determined with a finite element homogenization tech-
nique. The generic point of the critical curve related to a
constituent represents the average stresses corresponding to
the initiation of failure of that constituent. The numerical
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Figure 5: Local stress 𝜎12 on the deformed CBM unit cell subject to
a pure shear average strain 𝐸12 = 𝐸21 = 1.
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Figure 6: Local stress 𝜎12 on the deformed AM unit cell subject to
a pure shear average strain 𝐸12 = 𝐸21 = 1.

analyses show that the critical curves are sensitive to the con-
trast 𝑐 = 𝐸𝑏/𝐸𝑚 between brick and mortar: greater contrast
involves earlier initiation of damage in the constituents.
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A three-dimensional coupled thermoelectromechanical model for electrical connectors is here proposed to evaluate local stress
and temperature distributions around the contact area of electric connectors under different applied loads. A micromechanical
numerical model has been developed bymerging together the contact theory approach, whichmakes use of the so-called roughness
parameters obtained from experimental measurements on real contact surfaces, with the topology description of the rough surface
via the theory of fractal geometry. Particularly, the variation of asperities has been evaluated via the Weierstrass-Mandelbrot
function. In this way the micromechanical model allowed for an upgraded contact algorithm in terms of effective contact area
and thermal and electrical contact conductivities. Such an algorithm is subsequently implemented to construct a global model for
performing transient thermoelectromechanical analyses without the need of simulating roughness asperities of contact surfaces,
so reducing the computational cost. A comparison between numerical and analytical results shows that the adopted procedure is
suitable to simulate the transient thermoelectromechanical response of electric connectors.

1. Introduction

Several engineering applications involve connections where
the electrical contact relies on a relatively weak pressure, able
to ensure a partial adhesion between two elements. The real
contact surfaces are not flat but include many asperities [1];
contacts occur in a number 𝑛

𝑐
of small surfaces named a-

spots, so that the effective contact area 𝐴
𝑐
is much smaller

than the apparent, macroscopic, contact one 𝐴
𝑎
(Figure 1).

The effective contact area can also be reduced due, for
example, to natural oxidation and the presence of other
superficial contaminant films, that can be present in the
contact zone. A direct consequence of the fact that the
electrical contact is established only through these a-spots is
that contact resistivity increases, producing the constriction
resistance. The total contact resistance can be generally
estimated by means of a statistical approach linking the
microscopic contact physics to the meso-scale modelling [2–
4]; with this approach the total constriction resistance is
defined as a function of parameters such as surface roughness,
material hardness, normal pressure 𝑝

𝑐
, and temperature 𝑇.

Numerical simulations of electrical contacts can be con-
ducted in agreement with the contact theory [5] which, in
general, is able to evaluate only the apparent contact area
𝐴
𝑐
, possibly overestimating the electrical and the thermal

connection; for example, in [6, 7] the electromechanical
contact has been evaluated by considering a micro-macro
approach where 𝐴

𝑐
has been statistically defined.

To improve the knowledge of the effective intercon-
nection between two bodies in contact, a micromechan-
ical numerical model is here developed to simulate the
irregular contact surface. Micromechanical models require
a homogenized material response which takes into account
microstructural heterogeneity [8]. Analytical models of com-
posite structures at nanoscale can be found in [9–14].

More specifically, in the present work the micromechan-
ical model is characterized by means of three-dimensional
contact surfaces obtained via the fractal theory [15, 16] which
makes use of roughness parameters resulting from experi-
mentalmeasurements on real contact surfaces to simulate the
surface asperities (Figure 2).
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b b

Figure 1: Schematic view of a-spot area.

Asperities heights, peaks distribution, and so forth are
dependent on the contact surface preparation and the load
history; in fact residual strains under elastoplastic cycles
can modify the contact surfaces. The fractal theory has
been followed to represent the initial asperities for a virgin
material and to evaluate the effective electrical contact area;
the material is modelled to behave elastoplastically and able
to undergo large strains.

Previous three-dimensional models have been developed
[17] to evaluate the global effects in terms of stress and tem-
perature distributions around the contact area; the analyses
were supported by experimental tests to retrieve the thermo-
electromechanical characteristics of interest.

Here an analytical-numerical comparison is additionally
carried out to validate this procedure, considering a classic
case of a cylinder and a hemisphere in contact under different
compression loads.

Such problems may undergo instability [18–20], which
would require a local investigation of the stress field in large
strains [21–24]; nevertheless this topic is not addressed in the
present micro-macro approach, under the assumption that
the compressive load does not generate buckling.

2. The Analytical Model

On the macroscopic scale two contact elements pressed
together apparently touch each other on area 𝐴

𝑎
that, due to

surface roughness, is much larger than area 𝐴
𝑐
of effective

mechanical contact. In fact, on such a scale contact occurs
between the asperities of the two surfaces in a number 𝑛

𝑐

of small surfaces per macro-unit area, named a-spots, which
both increase with the applied contact force 𝑃 [25]. Current
density lines are forced to pass through a-spots, causing a
local increase in resistance 𝑅

𝑐
. For a single circular a-spot

of radius 𝑎
𝑐
and sufficiently thick elements, 𝑅

𝑐
is analytically

known. A more complex question is determining the total
constriction resistance corresponding to 𝐴

𝑎
and given by

many a-spots whose number and radius depend on the

compressive load 𝑃, the surface roughness, and the material
properties.

A statistical approach that allows linking themacroscopic
model needed for numerical simulation with the physics of
microscopic contacts is extensively presented in [2–4] and it
has been taken as reference for the present work. The statis-
tical characterization of the surface roughness is considered
as representative quantities: the mean plane between peaks
and valleys of the asperities, the mean absolute asperity slope
𝑚, and the root mean square (RMS) of the surface roughness
𝜎
𝑟
, whereas the contact between the two surfaces is expressed

by the mean plane distance 𝑌. As long as relatively weak
contact forces are considered, 𝑚 and 𝜎

𝑟
can be assumed to

be constant, so that only 𝑌 varies with the applied load 𝑃.
When the load increases, the asperities in contact are

crushed and the mean distance 𝑌 between two bodies
decreases (Figure 3). We define 𝑑max as the maximum mean
distance between the two bodies (𝑌 = 𝑑max when the two
bodies are in contact but the external load is equal to 0). If the
external load is applied, the mean distance 𝑑 is evaluated by

𝑌 = 𝑑max −
𝑃

𝐾spot
, (1)

where 𝐾spot is the spot stiffness in the contact surface. The
spot stiffness is evaluated in [4, 17] via the relationship

𝐾spot =
𝑐
1

2

(

2

√𝜋

)

1+𝑐
2

(

4𝜎
𝑟

𝑚

)

𝑐
2

, (2)

where 𝑐
1
, 𝑐
2
are two material parameters.

Starting from these conditions, the following expression
is derived for the a-spot mean radius, their number, and the
total contact surface

𝑎
𝑐
= √

8

𝜋

𝜎
𝑟

𝑚

exp( 𝑌
2

2𝜎
2

𝑟

) erfc( 𝑌

√2𝜎
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) ,

𝑛
𝑐
=

1

16

(

𝑚

𝜎
𝑟

)

2

𝐴
𝑎

erfc (𝑌/√2𝜎
𝑟
) exp (𝑌2/𝜎2

𝑟
)

,

𝐴
𝑐
= 𝑛
𝑐
𝜋𝑎
2

𝑐
=

1

2

erfc( 𝑌

√2𝜎
𝑟

)𝐴
𝑎
.

(3)

In order to relate 𝑌 to 𝑃, in agreement with most of the
available literature, a plastic deformation of the asperities
has been assumed, because a-spots are very small so that
weak forces can produce very high local pressures over them,
highly exceeding the yield limit [3, 4]. However it must
also be noted that hypothesis of elastic deformations is even
reported in literature, considering that asperities may behave
plastically at first but when the a-spots enlarge enough, loads
are elastically supported. As far as the linear assumption is
accepted, the plastic condition allows expressing the contact
force as 𝑃 = 𝐴

𝑐
𝐻
𝑐
, with 𝐻

𝑐
the contact micro-hardness,

whereas 𝐴
𝑎
is related to the macroscopic apparent pressure

𝑝
𝑐
= 𝑃/𝐴

𝑎
, so that

𝑝
𝑐
=

𝐻
𝑐

2

erfc( 𝑑

√2𝜎
𝑟

) . (4)
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Figure 2: (a) Effective contact area; (b) typical fractal surface.

dmax Kspot

Figure 3: Connection between two contact surfaces.

Considering the Vickers hardness test,𝐻
𝑐
can be found start-

ing by a Vickers micro-hardness measure𝐻V

𝐻V = 𝑐1𝑑
𝑐
2

V , (5)

where 𝑑V is themean indentation diagonal; that is, in a similar
way

𝐻
𝑐
= 𝑐
1
𝑑
𝑐
2

𝑐
,

𝑑
𝑐
= √2𝜋𝑎

𝑐
.

(6)

Considering the plurality of a-spots and the proximity among
them, each current tube can expand far from its contact point
to a radius 𝑏 (Figure 1). The total contact resistance 𝑅

𝑐
can be

defined as the inverse of the contact conductance 𝑅
𝑐
= 1/ℎ

𝑐

that can be evaluated as

ℎ
𝑐
= 1.25𝑘

𝑐
(

𝑚

𝜎
𝑟

)(

𝐴
𝑐

𝐴
𝑎

)

0.95

(7)

in which 𝑘
𝑐
is the electrical conductivity.

Moreover, as the contact surfaces generally present some
level of oxidation and often also stray deposits of insulating
substances, a film resistance has been added to the constric-
tion resistance from (7). As it strongly depends on the level of
cleanness of the surfaces and on the used metal, values taken
from literature have been considered.

3. The Thermoelectromechanical Model

Under an electrical flux, bodies’ configurations are subjected
to modifications caused by electrical energy dissipation.
Correspondingly, a coupled thermoelectromechanical model
has been accounted for.

The electric field is governed by Maxwell’s equation

∫

Γ

J ⋅ n 𝑑Γ = ∫
Ω

𝑟
𝑐
𝑑Ω, (8)

where Γ is the surface area,Ω is the volume, J is the electrical
current density vector (per unit area), and 𝑟

𝑐
is the internal

volumetric current source (per unit volume).
J can be defined via Ohm’s law by considering the current

density as a function of the electrical conductivity matrix
𝜎
𝐸

= 𝜎
𝐸

(𝑇), with 𝑇 being temperature, and the gradient of
the electrical potential E𝐸

J = 𝜎𝐸 ⋅ Ε𝐸 = −𝜎𝐸 ⋅
𝜕𝜑

𝜕x
, (9)

where x is the position vector in the current configuration
and𝜑 is the electrical potential.The thermal energy generated
by the electrical current can be defined by Joule’s law that
evaluates the dissipated electrical energy 𝑃

𝐸
as

𝑃
𝐸
= E𝐸 ⋅ J. (10)

The energy released in the form of internal heat is

𝑟 = 𝜂𝑃
𝐸
, (11)

where 𝑟 is the heat energy generated during dissipation and 𝜂
is the energy conversion factor.

Thermal variations within a body involve a new mechan-
ical configuration.The stiffness matrix for a coupled thermo-
electromechanical model results as

[

[

[

[

k
𝑚𝑚

k
𝑚𝑇

0
k
𝑇𝑚

k
𝑇𝑇

k
𝑇𝜑

0 k
𝜑𝑇

k
𝜑𝜑

]

]

]

]

, (12)

where k
𝑚𝑚

, k
𝑇𝑇
, k
𝜑𝜑

are the mechanical, thermal, and
electrical parts, respectively, whereas k

𝑚𝑇
, k
𝑇𝑚

, k
𝜑𝑇
, k
𝑇𝜑

are
the coupling terms.

At present the piezoelectric behaviour is not considered
and the constitutive relation can be defined as

T = C (X, 𝑇) : E𝑒 (X, 𝑇) = C (X, 𝑇) : (E − E𝑇) , (13)

where the stress tensor T is dependent on the logarithmic
elastic strain E𝑒, obtained by subtracting the thermal strain
tensor E𝑇 to total logarithmic strain E, and the constitutive
tensor C. Considering an elastoplastic material, the constitu-
tive tensor C is dependent on both the position vector in the
reference configuration X and temperature 𝑇.
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Figure 4: Contact scheme.

4. The Contact Algorithm

In order to simulate the thermoelectric interconnectionwhen
two bodies are touching, the contact theory has been applied
[5].

Considering two bodies,Ω1 andΩ2 (Figure 4), for exam-
ple, representative of connection components, two surfaces
can be identified, Γ1 (with Γ1 ∈ Ω

1, named slave) and Γ2
(with Γ2 ∈ Ω2 namedmaster), where contact is possible. The
closed contact condition is achieved and the two bodies are in
contact if the contact surface Γ𝑐 = Γ1 ∩ Γ2 ̸= 0.

Contact is defined when the fundamental conditions are
set:

(i) Nonpenetration conditions:

(u𝑚 − u𝑠) ⋅ n + 𝑔 ≥ 0 on Γ𝑐

𝑔 = (X𝑚 − X𝑠) ⋅ n on Γ𝑐,
(14)

where u𝑖 (with 𝑖 equal to 𝑚, master, and 𝑠, slave) are
the displacement vectors, X𝑖 are the position vectors
in the reference configuration, 𝑔 is the gap function
(the distance between two points in contact), and n is
the normal vector (Figure 4).

(ii) Action-reaction conditions:

t𝑚 + t𝑠 = 0 on Γ𝑐, (15)

where t𝑖 are the stress vectors.
(iii) Kuhn-Tucker conditions:

𝑔 ≥ 0,

𝑝
𝑐
≤ 0,

𝑝
𝑐
⋅ 𝑔 = 0,

on Γ𝑐,

(16)

where 𝑝
𝑐
is the normal pressure: 𝑝

𝑐
= t ⋅ n.

n
nnn

n

n

Figure 5: Normal contact definition in the fractal surface.

Generally, friction effects between two bodies in contact are
dependent on the roughness of the contact surface; in our
case, if one considers the adopted material asperity model,
friction is a direct consequence of the model itself and it
comes from the transversal asperity connections, so that a
normal condition only has been considered (Figure 5).

The normal contact is characterized by a normal pressure,
defined based on the penalty method; that is,

𝑝
𝑐
= 𝑘
𝑛
⋅ 𝑔
𝛼

𝑛
, (17)

where 𝑔
𝑛
is the gap function along the normal direction and

𝑘
𝑛
is the penalty coefficient.
In the developed three-dimensional numerical model

here presented, characterized by tetrahedral elements, master
and slave surfaces have been defined on the contact faces
of the elements (Figure 6). The closed contact condition has
been considered in the contact pair, defined through a slave
node and a master point. On these surfaces only the gap
function 𝑔 is evaluated.

The master point x𝑚 in a contact pair is chosen as the
point with the minimum distance from the slave node x𝑠
(minimal distance rule); generally it does not coincide with
a master node but with a generic point belonging to surface
Γ
2.
The minimum distance between slave nodes and master

points can be defined by considering that the master point is
obtained by the orthogonal projection of the slave node onto
the master surface (see Figure 7), where the normal direction
n is defined by

n = a
1
× a
2





a
1
× a
2






(18)

and a
𝑖
are the tangent vectors to the master surface in x𝑚

(Figure 4) [26].
A “master element” is characterized by the elements faces,

and the tangent vector at a generic point x𝑚 can be con-
sequently defined taking into account the shape functions
derivatives in the master element. A master point can gener-
ally be represented by referring to two different reference sys-
tems: a global reference system (g.r.s.), x𝑚 = x𝑚(𝑥

1
, 𝑥
2
, 𝑥
3
),

and a local curvilinear reference system (l.r.s.) belonging to
the master surface, x𝑚 = x𝑚(𝜉) = x𝑚(𝜉

1
, 𝜉
2
). The shape
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Master
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Figure 6: Master and slave surfaces in finite elements.
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Figure 7: Definition of the normal direction in a point and location
of a master point.

functions of a master element related to point x𝑚 can be
defined as

𝑥
𝑚

1
=

𝑛

∑

𝑖=1

𝑁
𝑖
(𝜉
1
, 𝜉
2
) 𝑥
𝑖

1
,

𝑥
𝑚

2
=

𝑛

∑

𝑖=1

𝑁
𝑖
(𝜉
1
, 𝜉
2
) 𝑥
𝑖

2
,

𝑥
𝑚

3
=

𝑛

∑

𝑖=1

𝑁
𝑖
(𝜉
1
, 𝜉
2
) 𝑥
𝑖

3

(19)

in which 𝑛 is the number of element nodes, 𝑁
𝑖
is the shape

function for node 𝑖, and x𝑖 = (𝑥𝑖
1
, 𝑥
𝑖

2
, 𝑥
𝑖

3
) are the coordinates

of the master element nodes referred to as the g.r.s.

5. Thermoelectromechanical Conditions

The contact surfaces shown before must additionally transfer
thermal and electrical potential fluxes.

The heat flux per unit area 𝑞 defined between a contact
pair has been assumed as

𝑞 = ℎ (𝑇
𝑚

, 𝑇
𝑠

, 𝑝
𝑐
) (𝑇
𝑚

− 𝑇
𝑠

) , (20)

where the thermal conductivity ℎ is dependent on the tem-
perature 𝑇𝑖 (with 𝑖 equal to 𝑚, master, and 𝑠, slave) and the
normal contact pressure 𝑝

𝑐
.

The electric flux density 𝐽 has been defined as

𝐽 = ℎ
𝑐
(𝑇

avg
, 𝑝
𝑐
) (𝜑
𝑚

− 𝜑
𝑠

) = ℎ
𝑐
Δ𝜑 (21)

withΔ𝜑 being the electric potential betweenmaster and slave
surfaces and ℎ

𝑐
the gap of electrical conductance or electrical

conductivity in the contact zone, which is dependent on the
average temperature in the contact zone 𝑇avg

= 𝑇
𝑚

− 𝑇
𝑠 and

on the normal pressure 𝑝
𝑐
.

By assuming that the effective contact area 𝐴
𝑐
can be

represented as a circular area, the contact resistance𝑅
𝑐
can be

obtained following Yovanovich’s resistance relation [3, 4] and
considering that, in general, the contact size is much larger
than the mean free path of electrons; correspondingly the
contact resistance can be obtained as

𝑅
𝑐
=

𝜌
𝑚

+ 𝜌
𝑠

2𝐷

, (22)

where 𝜌𝑖 is the resistivity of the contact surface 𝑖 and𝐷 is the
contact diameter. Experimental tests have been conducted on
samples in aluminium alloy with assumed resistivity equal to
3.4⋅10

−8

Ωm [27]. A thermoelectrical conductance due to the
interstitial gas layers [16] has been here neglected.
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(a) (b)

Figure 8: Sample of electrical contact (a); roughness surface test zone (b).
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Figure 9: Typical roughness profiles in two different positions.

6. Roughness Tests

To evaluate the electrical resistance between two contact
bodies under different compression load levels, experimental
tests have been conducted with an aluminium cylinder
and a hemisphere (Figure 8(a)). In this simplified case the
apparent contact surface 𝐴

𝑎
remains circular and can be also

analytically estimated. The effective contact area, that is, the
zone where the thermoelectric connections are defined, is
dependent on contact surface asperities; the surface rough-
ness in the contact area has consequently been characterized.

For each contact surface of cylinders and hemispheres,
20 roughness profiles have been evaluated, in 20 different
positions (the measurements have been taken in the neigh-
bourhood of the contact zone between the cylinder and the
hemisphere).

Profile lengths are equal to 4.0mm considering a cut-off
length of 0.8mm. The sampling measures have been taken
every 2𝜇m.

Typical examples of roughness profiles evaluated in dif-
ferent positions of the sample are shown in Figure 9.

The RMS surface roughness 𝜎
𝑟
in the contact zone has

been defined as

𝜎
𝑟
=

1

2

√𝜎
2

𝑟,1
+ 𝜎
2

𝑟,2
, (23)

where 𝜎
𝑟,𝑖
is the RMS value in the contact surface 𝑖. The RMS

for the two contact surfaces has been obtained based on the
roughness tests, reaching an average value of 𝜎

𝑟
= 0.105 𝜇m.

Themean absolute asperity slope𝑚 has been evaluated equal
to 13%.

7. The Fractal Surface

The roughness parameters obtained via the roughness tests
are dependent on the resolution of available measuring
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(a) (b) (c)

Figure 10: Example of a generated fractal surface (a); solid geometry (b); mesh of the numerical model (c).

instruments because of themultiscale character of the rough-
ness and its nonstationary features. The fractal theory can be
adopted [27] to evaluate the invariant roughness parameters
for all scale levels.

At this purpose the numerical representations of the
effective contact area have been conducted in agreement with
the fractal approach. A micromechanical model has been
developed to evaluate where the thermoelectrical connection

occurs, taking into account the material asperity in the con-
tact surface.

So, starting from the theory of the fractal geometry, the
topology description of the rough surface has been possi-
ble. The asperity height 𝑧(𝑥, 𝑦) in a plane (𝑥, 𝑦) has been
calculated with the modified Weierstrass-Mandelbrot (WM)
function [16]

𝑧 (𝑥, 𝑦)

= 𝐿 (

𝐺

𝐿

)

𝐷−2

(

ln 𝛾
𝑀

)

1/2 𝑀

∑

𝑚=1

{

{

{

𝑁

∑

𝑛=0

𝛾
𝑛(𝐷−3)

[

[

cos𝜑
𝑚,𝑛

− cos(
2𝜋𝛾
𝑛

(𝑥
2

+ 𝑦
2

)

0.5

𝐿

cos(tan−1 (
𝑦

𝑥

) −

𝜋𝑚

𝑀

) + 𝜑
𝑚,𝑛
)
]

]

}

}

}

,

(24)

where the mechanical characteristics are 𝐿, sample length, 𝐺,
fractal roughness, 𝐷, fractal dimension; considering a two-
dimensional surface, the limits of parameter 𝐷 are 2 < 𝐷 <

3. 𝐷 represents the extent of space occupied by the rough
surface; 𝛾 is the scaling parameter (equal to 1.5); 𝑀 is the
number of superimposed ridges used in constructing the
surface profile; 𝑛 is a frequency index; and 𝜑

𝑚,𝑛
is a random

phase with interval [0–2𝜋].
The only unknown variables in (24) are 𝐺 and 𝐷, which

can be experimentally estimated.

7.1. Fractal Surface Generation. To define the fractal surface
two different codes have been developed: the first written
in C++ language is able to define the WM coefficients
after reading different 1D roughness profiles experimentally
obtained, with roughness surface tests at different positions
in the same area of the analysed contact surface. This code
evaluates the surface conditions with different parameters
such as maximum and minimum height peak present in
the profiles, average height of asperities, profile slope, and
asperity density distribution.

These surface characteristics are necessary to obtain an
equivalent fractal surface developed via a second code, writ-
ten in Fortran 90, where the three-dimensional WM surface
(Figure 10) is defined.

After adopting such a method for generating a fractal
surface, a solid geometry has been then defined and after-
wards a numerical model has been created (Figures 10(b) and
10(c)).The irregular surface has been meshed via a triangular
discretization.

As shown in (24), the fractal surface can be defined
provided that a “random phase” parameter, representative of
an independent random variable, is known. Hence, a specific
Fortran function has been called to generate randomly a
phase parameter as shown in Box 1.

8. Mechanical Characteristics

An aluminium alloy has been tested. The mechanical char-
acteristics in terms of elastic modulus 𝐸 and yield stress
have been obtained at room temperature via tensile tests.
A thermal variation of such parameters has been accounted
for in agreement with Eurocode 9 prescriptions [28]. When
temperature increases, the elastic modulus and yield stress
decrease (Figure 11(a)).

For the sake of simplicity, a bilinear temperature-depend-
ent elastoplastic relation has been assumed for the numerical
analyses (Figure 11(b)).

The hardness parameters have been experimentally
defined by considering the Vickers measure; namely, a value
𝐻V = 315MPa at room temperature was obtained for the
tested alloy.

9. Numerical Analyses

Twodifferentmodels have been carried out in the following: a
micromechanicalmodel, to evaluate the effective contact area
between two contact surfaces (and consequently upgrading
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Real ∗ 8 function randomPhase()
implicit none
real ∗ 8 :: phi
real ∗ 8, parameter :: pi = 3.141592653589793d0

call RANDOM SEED()
call RANDOM NUMBER(phi)
randomPhase = abs(2.d0 ∗ pi ∗ phi)

return
end function randomPhase

Box 1: Random phase function in Fortran 90.

El
as

tic
 m

od
ul

us
 (M

Pa
)

Elastic modulus
Yield stress

0 200 400 600

Temperature (∘C)

×104 ×102

0

1

2

3

4

5

6

7

8

0

0.2

0.4

0.6

0.8

1

1.2

1.4

Yi
el

d 
str

es
s (

M
Pa

)

(a)

T = 20∘C

T = 200∘C

T = 300∘C

T = 450∘C

0

50

100

150

200

250

St
re

ss
 (M

Pa
)

0.02 0.06 0.08 0.10.040 0.12

Strain
(b)

Figure 11: Mechanical characteristics versus temperature (a); stress-
strain relation at different temperatures (b).

the contact algorithm), and a global model where the ther-
moelectromechanical characteristics have been modified in
agreement with the micromechanical results.

9.1. The Micromechanical Model. To evaluate the effective
contact zone, where the real electrothermomechanical con-
nections are established, fractal interfaces associated with the
contact algorithm have been considered. In the real contact

surfaces the irregular asperities generate stress concentra-
tions that can be estimated through the fractal surfaces them-
selves.

TheWMequation used to generate the roughness surface
considers a random phase parameter that allows the creation
of different fractal surfaces with the samemechanical charac-
teristics (derived by experimental tests). The contact surfaces
used in the numerical models have been built by taking an
average value of 10 different surfaces obtained via the WM
equation to simulate the cylinder contact surface and 10 for
the hemispheric one. The maximum in-plane extension of
the fractal surface has been assumed 1.0 × 1.0mm2 and the
average asperity height is equal to about 0.2 𝜇m.

The independent variables 𝐺 and 𝐷 have been calcu-
lated by taking into account that maximum, minimum, and
average asperity heights must be the same, when comparing
fractal surfaces and experimental measurements.

The micro-model of the cylinder in contact with the
hemisphere consists of 123610 nodes and 513833 tetrahedral
elements; circular macro asperities have been created to sim-
ulate the effective contact surface, by means of surface prep-
aration techniques.

During compression of the two electrical joint surfaces,
the different asperity heights come into contact at different
times and the effective contact area depends on the external
load as shown in Figure 12.

Figures 12(b) and 12(c) show that contact occurs first
in the circular macro asperities and, subsequently, contact
involves the internal part of the surface. As shown in Fig-
ure 13(a), the joint stiffness increases when surface asperities
enter into contact but stiffness decreases at higher tempera-
tures. The relation in terms of contact stiffness, temperature,
and gap function has been used to evaluate the mechanical
penalty coefficient in the global model.

When two asperities are touching, the transferred me-
chanical stress rapidly increases above the yield stress (Fig-
ure 13(b)).

As already stated, when compression occurs, at the
contact surface the effective contact area 𝐴

𝑐
changes with

temperature, but as reported also in [27], the relation between
the applied load and the effective contact area results to be
linear, with decreasing slope at increasing temperatures (see
Figure 14). At thermal melting point (about 550∘C) the curve
becomes almost horizontal.

If the effective contact area is equal to zero the two
surfaces are not in contact and the contact resistance 𝑅

𝑐
is

infinite. In agreement with (22), 𝑅
𝑐
decreases as 𝐴

𝑐
increases

(Figure 15(a)).
As evidenced in Figure 14, by varying normal pressure

and temperature, the effective contact area𝐴
𝑐
changes, which

allows obtaining 𝑅
𝑐
law in terms of pressure and temperature

variations (Figure 15(b)).
Hence, the contact algorithm adopted in the macro scale

model has been modified in light of the thermoelectrome-
chanical relations coming from the micromechanical model
just illustrated. In the global one, roughness contact surfaces
have not been represented to reduce the computational cost,
and the contact area itself gives the apparent contact area
𝐴
𝑎
related to the pair, once the effective contact area 𝐴

𝑐



Modelling and Simulation in Engineering 9

(a) (b) (c)

Figure 12: Effective contact surface at 79% of the applied load (a); at 89% of the applied load (b); at 100% of the applied load (c).
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Figure 13: Contact stiffening at different temperatures (a); Von Mises stress during contact closure.
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is evaluated following the relationship shown in Figure 16.
Consequently, the contact resistance 𝑅

𝑐
has been defined for

each contact pair.

9.2. Global Model and Comparison of the Results. The global
model has been carried out as illustrated in Guarnieri et al.
[29], where a hemisphere and a cylinder are put in contact
at different compressive load levels and different electrical
potentials. These types of shapes ensure a closed solution
for the analytical approach, because the resulting contact
surface is always circular. The contact characteristics have
been compared considering the analytical formulation and
the previously described fractal characterization.

The schematic view of contact between the two surfaces
is shown in Figure 8, where the maximum diameter for the



10 Modelling and Simulation in Engineering

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.080

Ac/Aa

0

20

40

60

80

100

120

140

160

180

200
R
H

(Ω
10

−
5
)

(a)

T = 300∘CT = 400∘C
T = 20∘C

10 20 30 40 50 60 700

Normal pressure (MPa)

0

50

100

150

200

250

R
H

(Ω
10

−
5
)

(b)

Figure 15: Contact resistance 𝑅
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versus a-dimensional contact area (a); 𝑅
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samples 𝑑 is assumed to be equal to 90mm and the material
is conceived to behave thermoelastoplastically.

A current density 𝐽 = 1.0A/mm2 is applied to the hemi-
sphere after the load application, at an initial temperature of
20∘C.

The three-dimensional numerical model consists of
730000 tetrahedral elements (Figure 17(a)) and linear shape
functions. Due to symmetry, only 1/4 of the geometry has
been considered.

After the application of the compressive load, the sphere
touches the cylinder in the contact zone and the contact
pressure increases following the elastoplastic relationship. A
permanent indentation occurs if the elastic field is exceeded
as shown in Figure 17(b) [30].

The geometric configuration of the sample allowed for
obtaining a circular apparent contact surface at different load
levels (see Figure 18), which is proved in the following to
correspond to that analytically evaluated [1].

In the contact algorithm the electrical conductance ℎ
𝑐𝑖

at the contact pair 𝑖 has been obtained via the apparent
contact area 𝐴

𝑎,𝑖
and the effective contact area 𝐴

𝑐,𝑖
, based on

Yovanovich’s formulation [2, 4]

ℎ
𝑐𝑖
= 1.25𝑘

𝑐

𝑚

𝜎

(

𝐴
𝑐,𝑖

𝐴
𝑎,𝑖

)

0.95

, (25)

where 𝑘
𝑐
is the average electrical conductance of the two

bodies in contact

1

𝑘
𝑐

= 2(

1

𝑘
𝑐,𝑚

+

1

𝑘
𝑐,𝑠

) . (26)

𝐴
𝑐𝑖

has been calculated, via the micromechanical models,
as a function of contact pressure and temperature. In the
analytical and numerical models 𝑘

𝑐
has been assumed to be

equal to 2.9 × 104 S/mm. Similarly, the thermal conductance
has been evaluated and the thermal conductivity ℎ has been
assumed to be equal to 0.237W/(K⋅mm). This assumption
allowed evaluating the variation of the electrical and the
thermal conductance at different contact positions, under
different contact pressures.

Analytical and numerical results have been compared by
considering the contact surface at 20∘C.

A comparison in terms of real contact area 𝐴
𝑐
and ℎV is

reported in Table 1 and in Figure 19.
As shown, the numerical and the analytic results for 𝐴

𝑐

are pretty similar at different load levels, which confirms that
fractal surfaces are good to evaluate the real contact surface
in these types of problems.

A slight discrepancy is encountered in the first load steps:
such difference can be explained by the fact that the analytical
method is based on a statistical approach and the correspon-
dent results are averaged, whereas the fractal approach takes
into account the effective contact area found through the
micromechanical model during the overall compressive load
histories; that is, the analytical method is not able to locally
catch the real contact area at low load values. Indeed, the
deviation between the results gradually decreases when the
load increases, due to the fact that the contact spots defined
by the fractal model are comparable to those obtained via the
statistical approach. In fact, the resulting contact areas must
finally coincide, getting closer to the real one.

According to the micromechanical model, the real con-
tact area 𝐴

𝑐
is consequently a function dependent on load

and temperature, 𝐴
𝑐
= 𝐴
𝑐
(𝑃, 𝑇). This allows evaluating the
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Y
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(a) (b)

Figure 17: Three-dimensional model of the electric connector (a); sphere indentation (b).

(a) (b) (c)

(d) (e) (f)

Figure 18: Apparent contact surface at different load levels (at room temperature 𝑇 = 20∘C): 2% (a); 11.6% (b); 18.4% (c); 35% (d); 56% (e);
100% (f).

Table 1: Comparison between analytical and numerical results.

% load 𝐴
𝑎
(mm2) 𝐴

𝑐,analytical (mm2) 𝐴
𝑐,fractal (mm2) 𝑃 (MPa) ℎ

𝑐,analytical (S/mm2) ℎ
𝑐,fractal (S/mm2)

0.00E + 00 0.00E + 00 0.00E + 00 0.00E + 00 0.00E + 00 0.00E + 00 0.00E + 00
1.00E − 02 1.26E − 01 1.02E − 02 1.27E − 03 5.06E + 01 3.98E + 03 5.48E + 02
1.00E − 01 2.89E − 01 2.63E − 02 1.24E − 02 2.20E + 02 4.44E + 03 2.17E + 03
2.50E − 01 5.15E − 01 4.97E − 02 4.02E − 02 3.09E + 02 4.69E + 03 3.83E + 03
4.00E − 01 8.49E − 01 8.14E − 02 7.65E − 02 3.00E + 02 4.69E + 03 4.39E + 03
5.50E − 01 1.32E + 00 1.24E − 01 1.17E − 01 2.64E + 02 4.69E + 03 4.39E + 03
7.50E − 01 1.99E + 00 1.81E − 01 1.84E − 01 2.40E + 02 4.69E + 03 4.50E + 03
1.00E + 00 2.90E + 00 2.64E − 01 2.74E − 01 2.20E + 02 4.69E + 03 4.60E + 03
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Figure 19: Apparent and real contact area at different load levels (20∘C) (a); comparison between analytical and numerical electrical con-
ductivities (b).
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Figure 20: Vertical displacements versus position at different loads levels (a); Von Mises stress (b).

interaction between two bodies during an electrical con-
nection, by taking into account the different thermal defor-
mations at different positions of the contact zone during
transient load scenarios.

The global model is also able to evaluate the displacement
variations and the stress fields (Figures 20(a) and 20(b)) when
an electrical current is applied at different compressive loads.

The contact discontinuity generates a sudden deviation
in terms of electrical potential and temperature (Figure 21);
when the contact area increases, at higher loads, the peak of

temperature and electrical potential decreases, being locally
higher than the thermal and the electrical contact conductiv-
ities.

10. Conclusions

A three-dimensional coupled thermoelectromechanical
model for electrical connectors has been here proposed to
evaluate local stress and temperature distributions around the
contact area of the connectors under different applied loads.
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Figure 21: Comparison between electrical potential versus position at different loads levels (a); comparison between temperature versus
position at different loads levels (b).

The electrical resistance arising in the contact area varies
with the effective contact area 𝐴

𝑐
, where thermal and elec-

trical contacts are established. It can be assumed that 𝐴
𝑐

depends on the surface roughness and the contact pressure.
A micromechanical numerical model has been devel-

oped by merging together the contact theory approach [5],
which makes use of roughness parameters obtained from
experimental measurements on real contact surfaces, with
the topology description of the rough surface via the theory
of fractal geometry. Particularly, the asperities variation has
been evaluated via theWeierstrass-Mandelbrot function [16].

In this way the micromechanical model has allowed for
obtaining an upgraded contact algorithm in terms of effective
contact area 𝐴

𝑐
, as well as thermal and electrical contact

conductivities, qualifying a small region of the total contact
zone.

Such an algorithm has been subsequently implemented
in a global model for performing transient thermoelectrome-
chanical analyses without the need of simulating roughness
asperities of contact surfaces, so reducing the computational
costs.

A comparison between numerical and analytical results
proved that the adopted procedure is suitable to simulate
the transient thermoelectromechanical response of electric
connectors.

Nomenclature

a
𝑖
: Tangent vector along 𝑖 direction

𝐴
𝑎
: Apparent contact area

𝐴
𝑐
: Effective/real contact area

𝑎
𝑐
: a-spot radius

𝑏: Contact point radius
C: Constitutive tensor
𝑐
𝑖
: Material parameters (𝑖 = 1, 2)
𝑑: Sample diameter
𝐷: Fractal dimension

𝑑max: Maximum mean distance between two
bodies

𝑑V: Mean indentation diagonal
E: Total logarithmic strain
E𝐸: Electrical potential gradient
E𝑒: Elastic logarithmic strain
E𝑇: Thermal logarithmic strain
𝑔: Gap function
𝐺: Fractal roughness
𝑔
𝑛
: Gap function along normal direction

ℎ: Thermal conductivity
ℎ
𝑐
: Electrical contact conductance

𝐻
𝑐
: Contact microhardness

𝐻V: Vickers microhardness
𝐽: Current density
J: Electrical current density
k
𝑖𝑗
: Stiffness matrix parameters

𝑘
𝑛
: Penalty coefficient

𝐿: Sample length
𝑚: Mean asperity slope
𝑀: Number of superimposed ridges used in

constructing the surface profile
n: Normal vector
𝑁
𝑖
: Shape function

𝑛
𝑐
: Numbers of a-spots

𝑃: Compressive load
𝑝
𝑐
: Contact pressure

𝑃
𝐸
: Dissipated energy

𝑞: Heat flux per unit area
𝑟: Heat energy release
𝑟
𝑐
: Internal volumetric current source

𝑅
𝑐
: Contact resistance

𝑇: Temperature
T: Stress tensor
t: Contact stress vector
u: Displacement vector
x: Position vector in actual configuration
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X: Position vector in reference configuration
𝑌: Mean plane distance
𝑧: Asperity height
𝛾: Scaling parameter
Γ: Surface area
𝜂: Energy conversion factor
𝜉
𝑖
: Curvilinear coordinates
𝜌: Resistivity in the contact surface
𝜎
𝑔
: Gap electrical conductance

𝜎
𝑟
: RMS (root mean square)
𝜎
𝐸: Electrical conductivity matrix
𝜑: Electrical potential gradient
Ø: Random phase
Ω: Volume.
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A deep understanding of concrete at the mesoscale level is essential for a better comprehension of several concrete phenomena,
such as creep, damage, and spalling. The latter one specifically corresponds to the separation of pieces of concrete from the
surface of a structural element when it is exposed to high and rapidly rising temperatures; for this phenomenon a mesoscopic
approach is fundamental since aggregates performance and their thermal properties play a crucial role. To reduce the risk of
spalling of a concrete material under fire condition, the inclusion of a low dosage of polypropylene fibres in the mix design of
concrete is largely recognized. PP fibres in fact evaporate above certain temperatures, thus increasing the porosity and reducing
the internal pressure in the material by an increase of the voids connectivity in the cement paste. In this work, the contribution of
polypropylene fibres on concrete behaviour, if subjected to elevated thermal ranges, has been numerically investigated thanks to
a coupled hygrothermomechanical finite element formulation. Numerical analyses at the macro- and mesoscale levels have been
performed.

1. Introduction

In the last three decades, catastrophic fire events in concrete
tunnels (such as the Danish Great Belt one, the Channel Tun-
nel, Mont Blanc, and Tauern tunnels) led to the development
of new fire protection systems to increase the safety of the
people as well as the strength of concrete structures under
high temperatures.

One of the principal problems in concrete under fire
exposure is spalling, corresponding to the ablation of con-
crete segments until collapse of the structure, when exposed
to high and rapidly rising temperatures. This phenomenon is
influenced by many factors but can be explained by taking
into account two main contributions: a thermal stress, gen-
erated by a thermal gradient between the heated surface and
the internal concrete zone, and the pore pressure increments
in concrete that occurs when the internal water evaporates
[1].

In order to prevent spalling, when concrete structures are
subjected to elevated temperatures, the role of polypropylene

(PP) fibres into concrete mix design is largely recognized.
These fibres are anisotropic monofilaments (diameter 𝑑 =

10 ÷ 100 𝜇m and length 𝑙 = 3 ÷ 20mm) that are not able to
increase the material stiffness, but under high temperatures
the explosive spalling risk decreases if the volume content in
the mix design is between 1 and 3 kg/m3 of concrete.

Studies have proved that PP fibres reduce pore pressure
into the cement paste, so decreasing the risk of explosive
spalling. In fact, the fibres are in a solid state at room
temperature but when it increases the state changes; melting
phase starts at about 165∘C and over 325∘C the fibres vaporize
and the connected voids channels increase the permeability
and diffusivity [1, 2] into concrete. PP evaporation process
terminates when temperature is over 475∘C.

In this work, the complex mechanism of polypropy-
lene contribution on concrete behaviour under thermal
conditions will be numerically investigated through a
3D thermohygromechanical finite element code [3, 4],
appropriately updated to take into account the effect of
the polypropylene fibres if they are added in the mix
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design [5]. Innovative concrete systems are investigated in
[6, 7].

Numerical analyses at the macro- and mesoscale levels
have been performed and validated considering experimental
tests by literature. Recent theoretical and computational
advances about composite structures also at nanoscale can be
found in [8, 9].

To simulate spalling phenomenon, it is not possible to
use a linear constitutive law of the material, as concrete has
a brittle behaviour; numerically, the softening branch of the
material can be described through several theories such as
the fracture [10, 11] and damage [12, 13]. In this work, Mazars’
damage law [14] with nonlocal correction has been adopted.

A mesoscopic approach has a remarkable importance for
understanding specific concrete phenomena, such as spalling.
Indeed, this representation is able to determine the effects
of internal hyperstaticity due to the different mechanical
characteristics, triggering stress concentrations that can lead
to damage.

2. Concrete as a Multiphase Material

Although traditional engineering studies consider concrete as
a homogeneous material, idealized as a continuum medium
with average properties (macroscopic approach), concrete is
a highly heterogeneous material and its composite behaviour
is exceedingly complex.

On a macroscopic approach, most of the works proposed
in literature assume phenomenological relationships based
on macroscopic observations; even if this approach implies
a series of simplifications, using continuum-type constitutive
models, a satisfactory description of the basic features of the
mechanical behaviour of concrete has been reached. Anyway,
to obtain a deeper understanding of the macroscopic consti-
tutive behaviour of concrete, it is necessary to adopt a lower
scale of observation, that is, mesoscale.

A mesoscale approach will provide a more realistic
description of concrete than the macroscale, influenced by
the geometry and the properties of its multiple constituents.
This could be expected, since the observed macroscopic
behaviour is a direct consequence of the phenomena, which
take place at the level of the material heterogeneities.

At this level, concrete becomes a mixture of cement
paste with aggregates inclusions of various sizes. Aggregates
generally occupy 60–80% of the volume of concrete and
greatly influence its properties, mix proportion, and econ-
omy. Aggregates can be divided into two distinct categories:
fine (often called sand) and coarse aggregates; the latter
represents around 40–50% of concrete volume. However
concrete is not just a two-phase composite; it has been found
that the presence of grains in the cement paste causes a
thin layer of matrix material surrounding each inclusion to
be more porous than the bulk of the surrounding cement
paste matrix. This layer is named interfacial transition zone
(ITZ) and has relevant effects on the properties of concrete,
being likely to act as the “weak link in the chain” when com-
pared to the bulk cement paste and the aggregate particles
[15, 16].

For the numerical simulations at the mesolevel meso-
scopic continuum models have been adopted; each single
composite constituent itself has been approached as a mul-
tiphase material, fully described and characterized via a
coupled thermohygromechanical model.

Coarse aggregates have been simplified assuming spheri-
cal shapes, in order to eliminate possible stress concentrations
generated by the angularities; they are distributed randomly
in the concrete sample and have an elastic behaviour (they do
not creep and do not damage).

The mortar matrix, comprehensive of the cement paste
and of the fine aggregates, and the ITZ, whose thickness
is strictly related to the diameter of each aggregate, are
homogeneous materials; they can be subjected to creep and
damage.

Finally PPfibres, having a size on the order ofmicrometer,
are not explicitly represented in themesoscale approach; their
presence and effect have been taken into consideration updat-
ing the concrete formulation as explained in the subsequent
section.

3. Theoretical Background

Concrete is considered as a multiphase system where the
voids of the skeleton are partly filled with liquid and partly
with a gas phase. The liquid phase consists of bound water
and capillary water, while the gas phase, that is, moist air, is a
mixture of dry air andwater vapor and it is assumed to behave
as an ideal gas.

When higher than standard temperatures are taken into
account, several phenomena are considered within the code,
dealing with concrete as a porous medium: heat conduction,
vapor diffusion, and liquid water flow in the voids.

As regards themechanical field, themodel couples shrink,
creep, and damage within the constitutive law of thematerial.
For details, please refer to [17, 18].

In order to take into account the effect of PP fibres, con-
crete porosity formulation has been enriched and the micro-
cracking that appears after PP fibres vaporization around the
void channels has been considered [5].

3.1. PP Fibres Effect on Concrete Porosity. Total porosity at
different temperatures and different dosages of fibres can be
expressed as [5]

𝑛 = 𝑛
𝑐
+ 𝑛
𝑚
+ 𝑛
𝑀

+ 𝑛
𝑎,ITZ + 𝑛

𝑓,ITZ + 𝑛relax + 𝑛air + 𝑛
𝑓

+ 𝑛crack,
(1)

where the capillary porosity 𝑛
𝑐
and the micro- and macrop-

orosities 𝑛
𝑚
and 𝑛

𝑀
terms depend only on the mix design,

while the rest of the equation is related to the PP fibres effect
at different temperatures. Specifically, the porosity terms
dependent on fibres mean the following: 𝑛

𝑎,ITZ is related
to aggregates ITZ connected by fibres; 𝑛

𝑓,ITZ is due to ITZ
formation around fibres; 𝑛relax is related to voids variation
due to PP fibres relaxation; 𝑛air takes into account micro
air bubbles connection and consequent porosity increment;
𝑛
𝑓
considers void channels formation, at high temperatures,
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after fibres evaporation; and finally 𝑛crack is the porosity
increment to the microthermal cracks.

Appling this porosity formulation to the hygrothermo-
mechanical FE code, the hydraulic diffusivity 𝐶 will vary
accordingly.

Following Bazant’s formulation [19], 𝐶 is so expressed:

𝐶
1 (𝑇) = 𝐶

0
[0.3 + (

13

𝑡
𝑒

)

0.5

]
𝑇

𝑇
0

⋅ 𝑒
(𝑄/𝑅𝑇0−𝑄/𝑅𝑇) [𝛼

0
+

1 − 𝛼
0

1 + ((1 − ℎ) / (1 − ℎ
𝑐
))
𝑛ℎ
] ,

(2)

where 𝐶
0
is the diffusivity part, dependent on the physics

characteristics related to the 𝑤/𝑐 ratio.
The PP fibres employed in the concrete material at

elevated temperatures, increasing the porosity and the con-
nections between the material voids and not affecting the
chemical reactions in the matrix, can be taken into account
modifying only the term 𝐶

0
:

𝐶
0
(𝑛) = 𝛾 exp(𝛽𝑛), (3)

where 𝛾 and 𝛽 are constitutive parameters.

3.2. Microcracking Related to PP Fibres. An aspect that has
to be considered, when determining the concrete diffusivity
containing PP fibres, is the microcracking that appears
around the void channels once the fibres evaporate [20]. The
cracks, being a mechanical response of the cement paste
due to a local stiffness variation, cause a void increment, so
reducing the internal concrete pressure after the peak and
causing a variation in hydraulic diffusivity.

For the determination of the microthermal cracks, a
formulation that considers a damage variable dependent only
on temperature has been developed [21]:

𝑑
𝑚𝑐

=

{{{{

{{{{

{

0 if 𝑇 ≤ 𝑇
𝑚
,

1 −
𝛼 (Δ𝑇)

𝛼
0

if 𝑇
𝑚

< 𝑇 ≤ 𝑇
𝑀
,

1 if 𝑇 > 𝑇
𝑀
,

(4)

where 𝑇
𝑚
and 𝑇

𝑀
are the minimum and maximum tempera-

tures when microcracks occur and 𝛼
0
is the initial thermal

expansion. The 𝛼(Δ𝑇) term is the linear variation of the
thermal expansion during heating and Δ𝑇 = 𝑇 − 𝑇

𝑚
is the

thermal variation when microcrack takes place:

𝛼 (Δ𝑇) = 𝛼
0
(1 − ℎ

𝛼
Δ𝑇) , (5)

where ℎ
𝛼
is the tangent modulus of the damaged curve ℎ

𝛼
=

1/(𝑇
𝑀

− 𝑇
𝑚
).

The hygrometric diffusivity 𝐶
0
has been modified to take

into account the microcrack contribution as follows:

𝐶
0,𝑚𝑐

= 𝐶
0
+ Δ𝐶
0,𝑚𝑐

= 𝐶
0
+ 𝑑
𝑚𝑐

𝐶
𝑚𝑐

, (6)

where 𝐶
𝑚𝑐

can be found experimentally.

3.3. Visco-Elasto-Damaged Formulation. The skeleton of the
concrete material has been represented as a viscoelastic
material coupled with Mazars’ damage formulation [3].

Following a FE formulation the stress-strain relation can
be so expressed:

𝜎 (𝑡) = (1 − 𝑑) ∫

𝑡

0

B−1𝑅 (𝑡, 𝑡

) 𝑑𝜀 (𝑡


) , (7)

where 𝑡 is the analysis time, 𝑡 is the relaxation time, 𝜎, 𝜀
are the stress and strain tensors, respectively, 𝑑 is the scalar
damage parameter, B is the derivative shape function opera-
tor, and 𝑅 is the relaxation function, dual to the compliance
or creep function, in accordance with the Maxwell-Chain
model:

𝑅 (𝑡, 𝑡

) =

𝑁

∑

𝜇=1

𝐸
𝜇
𝑒
[𝑦(𝑡

)−𝑦(𝑡)]

, (8)

where 𝐸
𝜇
represents the 𝜇th elastic modulus of the Maxwell

unit and y is the reduction time parameter.
The damage variable d is evaluated following Mazars’

formulation [14], where the load function is assumed as
follows:

𝑓 = 𝜀eq − 𝑘, (9)

where k is an internal variable 𝑘(𝑡) = max[𝜀eq(𝑡)] and 𝜀eq is
the equivalent strain:

𝜀eq = √⟨𝜀⟩ : ⟨𝜀⟩. (10)

The damage law is an exponential function, subdivided in a
compression and in a traction part:

𝑑 = 𝛼
𝑡
𝑑
𝑡
+ 𝛼
𝑐
𝑑
𝑐

= 𝛼
𝑡
{1 −

(1 − 𝐴
𝑡
) 𝑘
0

𝜀eq
− 𝐴
𝑡
𝑒
[−𝐵𝑡(𝜀eq−𝑘0)]}

+ 𝛼
𝑐
{1 −

(1 − 𝐴
𝑐
) 𝑘
0

𝜀eq
− 𝐴
𝑐
𝑒
[−𝐵𝑐(𝜀eq−𝑘0)]} ,

(11)

where 𝐴
𝑖
, 𝐵
𝑖
(with 𝑖 = 𝑐, 𝑡), and 𝑘

0
are the material

parameters; 𝛼
𝑖
are the coupled coefficients.

4. Numerical Models

4.1. 3D Numerical Analyses at the Macro- and Mesolevel
without PP Fibres Inclusions. Before investigating the effect of
polypropylene fibres, the behaviour of a base cell of concrete,
without addition of PP fibres, modelled at the macro- and
mesolevel and subjected only to a heating rate has been
presented in this subsection.

A representation of the concrete at the mesolevel will
allow us to determine the effects of internal hyperstaticities
due to the different characteristics of the individual phases,
which are due to concentrations of stresses and strains during
the heating process of the material and that can lead to
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Figure 1: Base cell at the mesolevel.

a mechanical damage. Such concentrations are not visible by
using macroscopic models.

Details of the cell adopted in the analyses are visible in
Figure 1; symmetry conditions have been assumed to simplify
the numerical model.

A cylindrical cell of radius equal to 10mm has been
considered. As regards the cell at the mesolevel, it contains
approximately a 40% of coarse aggregates with an average
diameter equal to 1.2 cm, assumed spherical in order to elimi-
nate any possible stress concentration due to angularities, and
a thin layer of ITZ whose thickness is closely related to the
diameter of the inclusions. The discretization adopted here
consists of 1402 nodes and 6708 linear tetrahedral elements.

The hygrothermomechanical properties of the various
components have been properly assumed based on literature
data as follows.

Material Parameters

Matrix

𝐸 [MPa]: (2.5000𝑒 + 04) elastic modulus.
V: (2.0000𝑒 − 01) Poisson’s coefficient.
𝜌 [T/mm3]: (2.7000𝑒 − 09) material density.
𝑘 [W/(mm∘C)]: (1.3700𝑒−03) thermal conduc-
tivity.
𝑐 [J/(𝑇∘C)]: (8.8000𝑒 + 05) specific heat.
𝛼
0
: (2.5000𝑒 − 02) coeff. Bazant formulation.

𝑛Diff: (6.0000𝑒 + 00) exponent in diffusivity
equation (Bazant formulation).
𝐶
0
: (1.1350𝑒 − 01) initial diffusivity.

𝑇
0
[∘C]: (2.0000𝑒 + 01) room temperature.

Age [day]: (9.5000𝑒 + 01) concrete age.
𝑛
0
: (7.5000𝑒−02) initial porosity in the concrete.

𝑑
𝑎
: (2.0000𝑒 + 00) aggregate diameter (average).

Aggregates

𝐸 [𝑀𝑃𝑎]: (6.0000𝑒 + 04) elastic modulus.

V: (1.5000𝑒 − 01) Poisson’s coefficient.

𝜌 [T/mm3]: (1.8000𝑒 − 09) material density.

𝑘 [W/(mm∘C)]: (1.3700𝑒−03) thermal conduc-
tivity.

𝑐 [J/(𝑇∘C)]: (8.8000𝑒 + 05) specific heat.

In the performed analysis, the sample was subjected to a
linear thermal ramp applied on the outer surface, which starts
from a room temperature of 20∘C, up to 300∘C in 1000 sec,
and then is kept constant.

Mechanical damage triggering for the macro- and
mesoscale models is shown in Figure 2.

As can be noted, while at themacroscale damage interests
at the beginning the external ring and then enters in the
sample, at the mesolevel its evolution is driven by aggregates
distribution and ITZ. Indeed, damage initially triggers within
ITZ (being the weakest zone due to its properties), and then it
will spread inside this layer and finally will involve the cement
paste. Damage concentrations are located where the distance
between two different aggregates are minimal and the stress
concentrations are maximal.

In the next section, a model including fibres will be pre-
sented and damage evolution comparisons will be discussed.

4.2. Numerical Analyses Considering the Effect of PP Fibres

4.2.1. Macroscopic Numerical Models. At first, the numerical
model has been validated at the macroscale level referring to
the experimental tests of Phan [22], where a concrete sample
of size 100 × 100 × 200mm has been heated with a thermal
ramp of 5∘C/min, reaching a maximum temperature of
600∘C. The concrete sample has been coated with insulating
material on all sides except the face that will be subjected to
heating, to reproduce the behaviour that would have a wall if
subjected to a fire. A dosage of 1.5 kg/m3 of PP fibres has been
added to the mix design (fibres length equal to 13mm, with a
diameter of 0.1mm).
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Figure 2: Damage triggering at the macro- and mesoscale level.

Materials parameters for concrete and PP fibres are
summarized as follows.

Properties of Concrete and PP Fibres

Concrete

𝐸 [MPa]: (4.0000𝑒 + 04) elastic modulus.
V: (2.0000𝑒 − 01) Poisson’s coefficient.
𝜌 [T/mm3]: (2.4000𝑒 − 09) material density.
𝑘 [W/(mm∘C)]: (1.3700𝑒 − 03) thermal conduc-
tivity.
𝑐 [J/(T∘C)]: (8.8000𝑒 + 05) specific heat.
𝑇
0
[∘C]: (2.0000𝑒 + 01) room temperature.

Age [day]: (2.8000𝑒 + 01) concrete age.

PP Fibres

𝑉 [mm3]: (1585.6237𝑒 + 03) volume.
𝑑 [mm]: (1.0000𝑒 − 01) mean diameter.
𝐿 [mm]: (1.3000𝑒 + 01) mean length.
ITZ [mm]: (1.7000𝑒 − 02) ITZ thickness.
𝐵: (1.0000𝑒 − 03) relaxation coefficient of PP
fibres.

The specimen did not show spalling phenomenon. Pore
pressure data, measured at 25 and 50mm from the heated
surface, were collected; the temperaturewas alsomeasured, in
addition to the data of the heated surface and the temperature
of the furnace.

The results reported in Figure 3 show a good agreement
between the experimental and numerical results in terms of
pore pressure as a function of time at a distance of 25mm
from the heat source. An abrupt drop of the pressure after
the peak can be noticed, due to the fusion of the fibres and to
microcracking, which increase the porosity and consequently
the diffusivity of water vapor in the specimen.

This set of macrolevel analyses did not capture the real
local behaviour related to the presence of aggregates, that is,

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

Po
re

 p
re

ss
ur

e

Experimental
Numerical

Time (sec)
120001000080006000400020000

Figure 3: Pore pressure temporal evolution; numerical and experi-
mental comparison at 25mm of depth from the heat source.

stress concentrations, but they did correctly assess the mean
value of the pore pressure into the sample at different time
steps, although the obtained hygral and thermal distributions
were uniform.

4.2.2. Mesoscopic Numerical Models. In this example, a cylin-
drical concrete sample with a diameter D = 100mm and
a height H = 200mm (Figure 4(a)) has been subjected
to a fire condition. A three-dimensional model has been
carried out in a mesoscale approach where an aggregate
random distribution, in agreement with the curve reported
in Figure 4(b), has been taken into account.

The concrete mix design in volume is composed of water
for a 16%, inerts for a 72%, and cement for a 12%. The inerts
have been subdivided as follows: 53% is sand and 47% is
gravel.

Only the coarse aggregates have been explicitly repre-
sented in the mesoscale model as spheres having different
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Figure 4: Sample model (a); aggregates distribution (b).
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Figure 5: Numerical model: matrix and aggregates (a); matrix (b); aggregates (c).

diameters between 3 and 25mm. Sand and fine aggregates
have been taken into account into the cement matrix. The
hygral, thermal, andmechanical characteristic for the cement
matrix and the coarse aggregates are reported in material
parameters. In this example, the ITZ interface between the
matrix and the aggregates is neglected.

Two different concrete samples have been evaluated, with
and without PP fibres in the matrix. In the first model, the
addition of 0.3 kg/m3 of fibres with a length 𝐿

𝑓
= 19.0mm

has been considered, while in the second model the same
concrete without PP fibres has been represented.

In a mesoscale approach, the porosity formulation has
to be modified as coarse aggregates have been explicitly
represented.

So, porosity in the cement matrix is evaluated as follows:

𝑛 = 𝑛
𝑐
+ 𝑛
𝑚
+ 𝑛
𝑀

+ 𝑛air + 𝑛
𝑓,ITZ + 𝑛relax + 𝑛

𝑓 (12)

with an initial porosity 𝑛
𝑐
+ 𝑛
𝑚
+ 𝑛
𝑀

= 0.075.

Coarse aggregates are considered with a constant small
porosity 𝑛 = 0.0001.

In order to simplify the numerical analyses, symmetry
conditions have been assumed (Figure 5), obtaining a numer-
ical model composed of 17600 nodes and 91300 tetrahedral
elements with linear shape functions and five degrees of
freedom (displacements along the three directions, humidity,
and temperature).

A random aggregates distribution in the sample, accord-
ing to the mix design grading curve of Figure 4(b), has been
realized following [23, 24]. Numerically, a continuous mesh
discretization has been realized, where no numerical contact
condition has been considered at the interface between
matrix and aggregates.

Mechanical boundary conditions have been set on the
symmetry surfaces and a slow thermal heating curve has been
applied on the external surfaces of the cylindrical sample (see
Figure 6). No mechanical loads have been considered in this
numerical example.
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Figure 7: Temperature variation inside the sample at 0.0min (a); 8.0min (b); 25.0min (c) after the start of the analysis.

Considering the same thermal conductivity and specific
heat for the cement matrix and the aggregates, the thermal
distribution inside the sample during the analysis is not
affected by the different components, as visible in Figure 7.

As regards the hygral evolution, different results are
obtained (Figure 8). The humidity reduction caused by
thermal field is influenced by the aggregates distribution,
being considered with a low porosity.
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Figure 8: Humidity variation inside the sample at 0.0min (a); 8.0min (b); 25.0min (c) after the start of the analysis.

Moisture clog is the humidity increment that occurs in the
internal part of the sample due to the fact that the temperature
pushes water inward during thermal heating, as visible in
Figure 9. This effect causes a consequent water pressure
increment which, together with the thermal gradient, is one
of the spalling causes.

Considering the presence of PP fibres into the concrete
mixing there will be a porosity increase, so reducing the water
pressure and consequently the spalling risk.

Around the grains of the concrete sample, a lower humid-
ity reduction can be noticed (Figure 10(a)), as well as higher
water pressure results if compared to other zones where the
distance between the aggregates is bigger (Figure 10(b)).

The small humidity variations around the aggregates
can be associated to the initial conditions assumed for the
sample.The analysis starts considering that the hygrothermal
conditions of the aggregates and the matrix are in equilib-
rium with the environment (50% of humidity and 20∘C of
temperature have been assumed). The hydraulic diffusivity
in the inert has been assumed very low, causing a slow
water release during the analysis that will maintain humidity

of the cement matrix, so increasing also the internal water
pressure.

The water pressure 𝑝
𝑔𝑤

has been evaluated in agreement
with [25]

𝑝
𝑔𝑤

= 𝑝
𝑔𝑤𝑠

ℎ, (13)

where 𝑝
𝑔𝑤𝑠

is the water vapor saturation pressure, obtained
following the Clausius-Clapeyron relation as a function of the
molar mass𝑀

𝑤
; the evaporation enthalpy Δ𝐻

𝑔𝑤
; and the gas

constant 𝑅:

𝑝
𝑔𝑤𝑠

= 𝑝
𝑔𝑤𝑠0

𝑀
𝑤
Δ𝐻
𝑔𝑤

𝑅
(
1

𝑇
−

1

𝑇
0

) , (14)

where𝑇
0
is the room temperature and𝑝

𝑔𝑤𝑠0
is the initial water

pressure (see [18]).
In Figure 11, the water pressure variation inside the two

samples (with and without PP fibres) has been reported,
where an internal pressure reduction is visible if polypropy-
lene fibres have been added in the concrete mixing.
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Figure 10: Humidity (a) and water pressure (b) distribution in the sample after 40min of the analysis.

In the sequence shown in Figure 11, the water pressure is
approximately the same in the sample with and without fibres
before PP melting point (Figures 11(a), 11(d), 11(b), and 11(e)).
This result can be explained considering that the variation
of the initial porosity (porosity at room temperature) in the
matrix having PP fibres, due to the increment of micro air
bubbles trapped in the paste, in the ITZ around fibres, is
not very high and therefore the hygrothermic diffusivity does
not change too much. Exceeding the melting temperature
for PP fibres (that occurs between 165∘C and 200∘C), the
diffusivity in the paste increases, so reducing the water
pressure. Diffusivity increases again when temperature gets
over 325∘C, that is, the polypropylene vaporization point.

The water pressure reduction in the sample with PP fibres
can be seen also in Figure 12, where at different times a
decrease of 𝑝

𝑔𝑤
is visible in the sample containing polypropy-

lene; this is related to the porosity increment caused by the
presence of fibres.

The analyses presented in this subsection, differently
from the macroscopic ones reported in Section 4.2.1, did
allow seeing humidity and temperature concentrations due
to the barrier effect related to the explicit representation of
aggregates; that is, accurate evaluations of the local effects in
terms of humidity, temperature, and pore pressure.

5. Conclusions

In this work, the complexmechanism of polypropylene fibres
contribution on concrete behaviour at elevated temperatures
has been investigated; an additive decomposition of porosity
law has been carried out to evaluate the PP effects that occur
during thermal evolution.

Three-dimensional hygrothermomechanical finite ele-
mentmodels have been performed and validated considering
experimental tests by literature to evaluate the diffusivity
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Figure 11: Water pressure distribution inside the sample at different temperatures for the two samples, with and without PP fibres: at 20∘C
with PP (a); at 200∘C with PP (b); at 350∘C with PP (c); at 20∘C without PP (d); at 200∘C without PP (e); at 350∘C without PP (f).
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Figure 12: Water pressure versus time at different sample positions with and without PP fibres.
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variations in concrete, with and without fibres addition. As
could be noted, the porosity variation law is able to evaluate
the reduction of internal pressure in the concrete material
when PP fibres are added to the mix design.

Macro- and mesoscale numerical analyses have been car-
ried out; the latter has provided a more realistic description
of concrete than the macroscale analysis, as the mesoscale
analysis is influenced by the geometry and the properties of
multiple constituents of concrete.
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[10] Z. P. Bažant, M. R. Tabbara, M. T. Kazemi, and G. Pyaudier-
Cabot, “Randomparticlemodel for fracture of aggregate or fiber
composites,” Journal of EngineeringMechanics, vol. 116, no. 8, pp.
1686–1705, 1990.

[11] S. Eckardt, S. Hafner, and C. Könke, “Simulation of the fracture
behaviour of concrete using continuum damage models at
the mesoscale,” in Proceedings of the European Congress on
Computational Methods in Applied Sciences and Engineering
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Concrete is a relatively cheap material and easy to be cast into variously shaped structures. Its good shielding properties against
neutrons and gamma-rays, due to its intrinsic water content and relatively high-density, respectively, make it the most widely used
material for radiation shielding also. Concrete is so chosen as biological barrier in nuclear reactors and other nuclear facilities
where neutron sources are hosted. Theoretical formulas are available in nuclear engineering manuals for the optimum thickness
of shielding for radioprotection purposes; however they are restricted to one-dimensional problems; besides the basic empirical
constants donot consider radiation damage effects, while its long-termperformance is crucial for the safe operation of such facilities.
To understand the behaviour of concrete properties, it is necessary to examine concrete strength and stiffness, water behavior,
volume change of cement paste, and aggregate under irradiated conditions. Radiation damage process is not well understood yet
and there is not a unified approach to the practical and predictive assessment of irradiated concrete, which combines both physics
and structural mechanics issues. This paper provides a collection of the most distinguished contributions on this topic in the past
50 years. At present a remarkable renewed interest in the subject is shown.

1. Introduction

Despite the increasing interest in renewable energy, nuclear
power still has an important role in the energy supply world-
wide. Almost 12% of world’s electricity is generated by nuclear
power plants; nuclear energy is used by 30 countries in the
world, for total 439 units, 64 new ones being under design.
Europe depends on nuclear power for more than one-quarter
of its electricity; in fact almost 30% of electricity demand
is satisfied this way; 40% comes from fossil fuel and the
remaining from renewables. 131 nuclear power reactors were
operating in 2014 in Europe and nuclear plant construction
is currently underway in three EU member states: Finland,
France, and Slovakia [1].

Understanding the conditions that lead to concrete dete-
rioration is object of a new attention worldwide in matter of
nuclear plants. In USA many plants have already had a life
extension from 40 to 60 years and serious consideration is
now being given to a further extension to 80 years. In fact
according to the Atomic Energy Act of 1954 and the Nuclear
Regulatory Commission regulations the operating licenses

for commercial power reactors are issued for 40 years and
can be renewed for additional 20 years with no limit to the
number of renewals.

Japan has now entered the period of safety management
of nuclear plants; 20 nuclear power plants in Japan have
undergone an examination called Plant Life Management
by the Japanese government to determine their ability to
carry on continuous operation. So in this country work is
in progress to improve a quantitative evaluation method
based on the time-dependent performance of structures and
their components in relation to the deteriorationmechanism,
which could serve as a maintenance program to extend the
operational period of up to 20 years in the near future.

Most of the EU’s operational nuclear plants were built in
the 1970s and 1980s and were designed to last for around 40
years; therefore they are due to retire by the 2020s unless they
get extensions [2]. Some of the oldest reactors are in Belgium,
two of which just reached age 40, and 10 extra years has been
recently approved for them until 2025 [3]; France is the EU’s
nuclear leader, its 58 reactors producing nearly three-quarters
of the country’s electricity; this country also is considering
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whether to extend their lifespan to 50 years in 2018 or 2019
[4].

Nuclear reactors, however, are not the only structural type
undergoing nuclear radiation damage which must address
durability considerations.

For instance, radioisotopes are extensively used in
medicine; in over 10,000 hospitals worldwide radiotherapy is
the way in which some medical conditions are treated, using
radiation to weaken or destroy particular targeted cells; these
facilities as well require the design of bunker-type rooms, able
to sustain photon and neutron radiation.

This paper is aimed at picturing out state of the art of the
most relevant contributions from the late 1950s up to now
on the topic of radiation damage of concrete employed for
nuclear shielding, from the phenomenological evidences to
the modeling aspects.

Many contemporary authors agree that the techni-
cal information necessary for determining an appropriate
threshold value of nuclear radiation in assessing the sound-
ness of concrete structures under irradiation conditions is
poor, especially in regard to concrete durability evaluation.
Consequently, further experimental tests are needed. On the
other hand, from the first studies some advancements on the
interaction between concrete and neutrons or gamma-rays
have been made, which would now need implementation in
predictive models of concrete deterioration and validation
against representative laboratory tests to evaluate the related
rate effects.

The understanding of radiation effects on concrete was
largely based on Hilsdorf and coauthors’ curves compiled in
1978 [5] up to a few years ago, when the need to develop
comprehensive safety evaluation systems for aging nuclear
power plants has become a compelling issue.

Fujiwara et al. [6] have recently conducted an irradiation
test on concrete specimens simulating the exercise scenario of
a boilingwater reactor in Japan (maximum temperature 65∘C;
maximumneutron fluence 12×1018 n/cm2 (𝐸 > 0.1MeV)) by
far consistently with a 60-year operation.With this work they
confirmed that, within the range of radiation doses adopted
in the study, radiation exposure did not significantly affect
the basic long-term material characteristics; on the other
hand the tendency pictured in [5] in terms of the decrease of
concrete compressive strength in response to rise in neutron
fluence was not detected, due to some critical observations
supported also by [7–9].

In fact, despite the big effort in compiling a first data base
of experimental results on irradiated concrete, the applicabil-
ity of the reference values by Hilsdorf and coauthors to the
soundness evaluation of concrete in light-water reactors is
questioned in [8], basically in reason of some inconsistency
of the experimental conditions with the real irradiation
conditions (namely, Portland cement for the concrete mix;
irradiation from fast neutron spectrum (𝐸 > 0.1MeV); tem-
perature field less than 65∘C); in particular the experimental
database in [5] is said to show wide scattering due to different
choices on measured properties (bending strength instead of
compressive strength or bending tension strength instead of
splitting tension strength), binder type of concrete, specimen

size (even dimensions of 8–15mm), temperature of concrete
(100∘C or higher up to 550∘C), and neutron spectrum (slow
or fast neutrons or not available spectrum).

The work by Field et al. [10] very recently expanded
the data collection provided in [5] with those coming from
later experimental campaigns on neutron-irradiated concrete
and mortars; it provides a complete up to date database to
start from to investigate the key variables associated with
radiation-induced degradation in concrete structures. Effects
on concrete in terms of compressive and tensile strength,
modulus of elasticity, weight loss, and volumetric change are
here plotted and classified under the applied laboratory con-
ditions. It is here pointed out for a wider data collection that
the effects of some important parameters such as the neutron
fluence magnitude at which concrete deterioration becomes
significant, the neutron fluence energy cutoff associated with
the threshold fluence level, and the effect of high concrete
temperature during irradiation, to mention a few, cannot be
readily separated out and clearly evaluated from the existing
data.

2. Phenomenological Aspects on
Irradiated Concrete

Radiation on shieldingmaterials is known to affect themdeep
in their chemical structure. In metals radiation leads to the
displacements of atoms from their equilibrium lattice sites,
causing lattice defects, which are responsible for an increase
of hardness but also embrittlement, and so loss of ductility
[11–13]. In polymers the formation of additional cross-links
is due to the surplus energy brought by radiation [14]. In
geomaterials, like concrete, nuclear radiation leads to the
break of atomic bonds, which is supposed to explain the decay
in the mechanical properties envisaged in exposed concrete
[15, 16] as it will be illustrated in the following.

The first comprehensive collection of published exper-
imental data on the effects of nuclear radiation on the
properties of concrete dates back to Hilsdorf et al. [5] and
Kaplan [17], with the recent observations on the first work
already mentioned in the previous section. It stands out that
up to integrated neutron fluence of the order of 1019 n/cm2
the effects of the irradiation are relatively small, while higher
fluencemay have detrimental effects on concrete compressive
and tensile strength and modulus of elasticity.

In particular, distinguishing between fast or slow neu-
trons, Gray [18] found that for fast neutron fluence between
7×10
18 and 3×1019 n/cm2 themodulus of irradiated concrete

was between 10% and 20% less than that of nonirradiated
unheated concrete. Alexander [19] reported similar reduc-
tions in values of elastic modulus for slow neutron fluence
of about 2 × 1019 n/cm2. Negligible changes in mechanical
properties and weight/volume were found for fast neutrons
with 𝐸 > 1MeV at a fluence of 3 × 1018 n/cm2 by Stoces et al.
[20].

There is also evidence that concrete hardens under irradi-
ation [21, 22]: from these studies the interference of penetrat-
ing ionizing radiation with the process of setting of cement
paste has been found in the form of increased compressive
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and tensile strength, especially at the very beginning of the
hardening period.

Almost in all the cases in which samples were tested
to investigate the effects of neutron radiation, the concrete
samples were also exposed to secondary gamma radiation,
produced by nuclear reactions. Not many tests are in liter-
ature on the effects of gamma radiation alone without the
simultaneous exposure to neutron radiation. Alexander [19]
reports that for gamma radiation doses of about 1010 rad there
is no reduction in the compressive strength of concrete, when
compared with the strength of companion specimens which
have been neither irradiated nor heated; there is, however,
evidence of reductions between 25% and 60% in compressive
strength for doses exceeding 1011 rad [23]. In this last test
campaign the specimens were immersed in demineralized
water in order to shield them against neutrons and study the
effect of gamma radiation alone, but demineralized water was
found to contribute to deteriorating concrete and after several
years of exposure the surface of the irradiated samples was
partially destroyed.

Soo and Milian [24] found that a loss in the compressive
strength could occur at gamma doses that are much less
than the threshold dose of 2 × 108 Gy (2 × 1010 rad). They
postulated that the loss of strength could be connected with
the radiolysis of the water of hydration in the cement as
well as pore water. A loss of hydrogen and oxygen radiolytic
species during irradiation would decrease the level of cement
hydration and thus the strength of the cement.

The experimental campaign in [25] on concrete under
gamma irradiation allowed concluding that the interaction
with the shieldingmaterial leads to lowering both its strength
and its porosity. The mechanism is explained to happen as
a series of chemical reactions within the material, starting
from the radiolysis of water and ending with the formation
of calcite (CaCO

3
); crystallites of calcite grow into pores,

decreasing their size and destroying the tobermorite gel,
a calcium silicate hydrate mineral responsible for concrete
strength, by their crystallization pressure.

Another experimental study was conducted by Vodák et
al. [26] to investigate further on the porosity variation in
cement paste under gamma irradiation and under natural
carbonation.

The radiolytic process seems to be confirmed by more
recent studies [27], taking advantage of X-ray diffraction
and scanning electron microscopy methods. The absorption
of gamma radiation is found to induce the amorphization
of cement hydrates and finally cause their decomposition.
Moreover, bubbles were envisaged after irradiation exposure,
which must be the effect of separation of the chemically
bonded water, and numerous cracks in the cement matrix
were also observed.

The presence of calcium is pointed out as a major cause
for the progression of radiolysis; in fact the withdrawal of
calcium under gamma-rays is responsible for the formation
of CaO

2
⋅8H
2
O, a highly insoluble phase which forms at

the expense of portlandite and ettringite, leading to their
elimination in case of very high radiation doses [28].

The basic mechanisms controlling the radiolysis in
cementitious matrices are reviewed in the specific context

of gamma irradiation in [29]. Two main outcomes result
fromwater radiolysis: (i) buildup of internal gas overpressure
(mainly hydrogen and oxygen) that may lead to cracking
and/or explosive gas mixture when hydrogen gas is mixed
with atmospheric oxygen in fraction of 4% and (ii) corrosion
of steel bars in the long-term due to the attack by oxidizing
products at the steel-concrete interface [30].

Thermal expansion coefficient, thermal conductivity, and
shielding properties appear to be little affected by radiation.
As for the coefficient of thermal expansion, Hilsdorf et al. [5]
and Granata and Montagnini [21] indicate that for neutron
fluence less than 5 × 1019 n/cm2 there is no significant
difference between the coefficient of thermal expansion of
neutron-irradiated concrete samples and the coefficient of
nonirradiated samples subjected to high temperature. Also,
radiation energy is converted to heat when absorbed by a
shield. The heat generated by irradiation can reach quite
high temperatures, depending on the shielding material used
and the configuration of the shielding structure. Hilsdorf et
al. [5] found that temperatures even of the order of 250∘C
developed in some of the investigations he summarized,
which is high enough to generate considerable damage in
shielding materials.

An extensive study on the effect of elevated temperature
exposure on properties and shielding effectiveness is reported
in [31].

As for creep experiments under irradiation, limited refer-
ence data exist: [18, 32] for neutron and gamma irradiation,
respectively. In particular the internal gas pressures resulting
from water hydrolysis under gamma irradiation seem to
affect concrete shrinkage and creep in some measure.

2.1. Physical Interpretation of the Experimental Results.
Because the shielding properties of concrete are found to
be driven mainly by the selection of the aggregates in the
concrete mix; the choice must be taken in reason of the
different attenuation mechanisms characterizing the specific
particles to be addressed: gamma-rays or neutrons [17, 33–
35].

Gamma-rays are attenuated by interactions at the level of
the electrons of the atoms composing the shielding medium;
in particular they show having a negligible effect on the
solid materials composed of ionic and metallic bonds, but
they can break anisotropic chemical bonds such as covalent
bonds. Typically, siliceous materials are subject to gamma-
rays degradation because the Si-O bond is a covalent bond.
At this purpose concrete to be used as a gamma-ray shielding
material should be designed to maximize the density of
electrons within it. Practically, high-density iron ore aggre-
gates are chosen at this purpose. This is the case of barytes,
ferrophosphorus, magnetite, and hematite.

Instead, neutrons interact with nuclei of atoms leading to
change in the lattice spacing within the material during these
collision events. Therefore, neutrons have a more significant
effect on dense and well-crystallized materials than on ran-
domly structured materials with high porosity. In concrete,
aggregates (coarse and fine aggregates) are in a crystallized
phase, while cement paste is an amorphous phase; therefore
neutron radiation causes more distortion and damage to
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the internal structure of aggregates than to that of cement
paste. Moreover neutron attenuation is more effective when
fast neutrons are made to collide with lightweight atoms
(typically hydrogen) so hydrous aggregates are to be preferred
for neutron shielding; hydrous aggregates are in fact capable
of increasing the fixed-water content of concrete or retaining
their water of crystallization at high temperatures. This is the
case of serpentine, limonite, goethite, and bauxite.

In some cases the enrichment of minerals with certain
elements, such as boron, is considered to enhance the thermal
neutron attenuation of concrete and cut down secondary
gamma-rays production. Boron-containing aggregates in-
clude colemanite, borocalcite, and ferroboron.

The specific effect of radiation-induced damage of aggre-
gates is of primary interest in recent research, in view of the
durability assessment of old nuclear structures.

Kelly et al. [36] and Elleuch et al. [37] emphasize the
predominant role of the aggregate in the development of neu-
tron irradiation-induced swelling and the potential creation
or aggravation of damage in the surrounding paste.

Vanelstraete and Laermans [38] have shown that fast
neutrons cause displacement cascades in quartz resulting in
disordered regions of the crystal. For sufficiently high doses,
damage regions overlap, reducing long-range ordering and
resulting in amorphization of the SiO

2
phase. The loss of

ordering is observed as a reduction of density and increase
in swelling of the quartz phase. Complete amorphization is
supposed to be reached at a neutron dose greater than 2 ×
10
20 n/cm2.
The effect of nuclear irradiation, bot neutrons, and

gamma-rays on quartz was studied extensively by [39].
Crystalline quartz or 𝛼-quartz, with specific gravity of about
2.65 is found to convert to distorted amorphous quartz with
specific gravity of 2.27 under a fluence of 1020 n/cm2 for fast
neutrons with an energy level >0.1MeV and under a dose of
1012 Gy for beta- and gamma-rays.

Maruyama et al. [8] confirm that an expansion of siliceous
aggregate takes place due to neutron collisions. Atom align-
ments are deformed and a part of the energy imparted by
neutron collision remains as a kind of strain energy causing
permanent distortion. Also, denser siliceous aggregates have
a larger risk of expansion due to neutron irradiation.

Because the atomic structure of some aggregates can be
converted from crystalline structure to distorted amorphous
structurewith an increase in volume and a decrease inweight,
the loss of concrete mechanical properties is conceived to
be definitely correlated with radiation-induced aggregate
swelling in [10].

The antagonist effect of neutrons and gamma-rays in
radiation damage must be considered: the crystalline lattice
structure present in the aggregates is much more affected
by neutrons than the more vitreous lattice structure of the
cement paste, which is much more attacked by gamma-rays.

At this purpose, many authors [5, 17, 18, 40, 41] state that
different types of aggregates lead to concrete with different
resistance against neutron radiation. Concrete made with
flint aggregate shows considerably larger volume changes
than concrete made with limestone aggregates; the phe-
nomenon can be explained, once more, by the weakness of

covalent bonds in quartz aggregates with respect to the ionic
bonds in calcareous aggregates.

On the other hand, the cement paste undergoes shrinkage
due to (i) the radiolysis process under gamma radiation, as
illustrated above, and (ii) the evaporation of pore water under
radiation heat.

So the mismatch in the volumetric change of concrete
components (expansion in aggregates and shrinkage of the
mortar) may cause damage at the interface between the two
phases.

The uneven shrinkage properties of aggregates and
cement paste may lead to loss of concrete compressive
strength. While the overall volume growth of the composite
compromises the tensile strength, this last is shown to decay
on average of 62% and 47%, respectively, for flint and lime-
stone aggregates in the range of 2 × 1019–4 × 1019 n/cm2 [17].
According to [21] a neutron fluence of less than 1019 n/cm2
does not lead to a volume increase of the irradiated samples;
rather in this range the volume change of irradiated samples
is the expected shrinkage due to temperature exposure of the
specimens.

The conversion of crystalline quartz into distorted quartz
has a twofold detrimental consequence: (i) microcracking
due to differential volume change in the composite and (ii)
higher reactivity to certain aggressive chemicals, for example,
calcium hydroxide responsible in concrete of alkali-silica
reactions (ASR) [42, 43]. Both of these effects are detrimental
to the long-term performance of irradiated concrete.

2.2. Radiation-Induced Effects on ASR. The alkali-silica reac-
tion evolves in concrete as follows: OH− ions present in the
alkaline solution in the micropores of concrete react with
SiO
2
in aggregates to perform the scission of the Si-O bonds

and the subsequent expansion of the aggregates by hydration
of SiO

2
.The consumption ofOH− ions due to hydrolysis leads

to the dissolution of Ca2+ ions into the solution. The Ca2+
ions then react with hydrated SiO

2
gels (ASR gel) to generate

calcium silicate. Rigid calcium silicate shells typically form
on the surfaces of the aggregates as the reaction by-product
is generated. The alkaline solution can penetrate into the
aggregates through the calcium silicate shells and dissolve
SiO
2
groups. Since the rigid shells prevent the deformation

of the aggregates, the expansion pressure generated by the
penetration of the solution is accumulated in the aggregates
under the confining pressure of the silicate shells, thus leading
to cracks and the final expansion of the aggregates.

ASR may be accelerated both by lattice defects in SiO
2

minerals from neutrons irradiation and by the preexistence
of cracks in the aggregates.

The experiments by Ichikawa andKoizumi [39], Ichikawa
and Kimura [44], and Ichikawa and Miura [45] prove that
nuclear radiation significantly increases the reactivity of
silica-rich aggregates to alkalis; the decrease of the resistance
to nuclear radiation with increasing the content of SiO

2
in

aggregates strongly indicates that the deterioration is due to
the acceleration of ASR in concrete, according to the authors.

In particular the work in [39] shows that nuclear irradia-
tion may change the ASR expansion potential of aggregates,
which is driven by the stiffness of the ASR gel and contributes
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to the free expansion capability of the aggregate in determin-
ing the extent of damage due to ASR. In fact when the ASR
gel is soft and its stiffness is low, it is able to permeate into
the surrounding porous cement paste; therefore the swelling
pressure is not high and the cracking potential is low. In that
case a large amount of ASR gel formation may not create
severe damage and cracking in concrete. On the other hand,
when the ASR gel is stiff, a small amount of ASR can generate
significant damage [35]. The stiffness of ASR gel depends
mainly on its chemical composition, such as the ratio of
Na
2
O to SiO

2
. Struble and Diamond [46] conducted a study

to investigate the swelling pressure of ASR in terms of ASR
chemical composition.

Though not specifically addressing ASR, the work by
Vodák et al. [25] indicates that irradiation generates a succes-
sion of chemical reactions, leading to a decrease in the size of
pore space and hence inhibiting concrete to absorb some of
the ASR gel produced prior to expansion.

Saouma andHariri-Ardebili [47] critically reviewed exist-
ing available literature on ASR and they conclude that
radiation effects on concrete degradation are minimal for the
first 40-year operation of a nuclear power plant; however
they agree with [6] that a structural life extension to 60–100
yearsmay prove problematic, though the data to fully support
this concern are insufficient. The work is contextualized to
Seabrook site, the first reported nuclear plant in the USA
known to possibly suffer from ASR, which saw in 2010 its
operating license extended from 2030 to 2050. The work is
aimed at developing an aging management program for old
nuclear plants; it expresses the concern of overreliance on
surface crack observation and structural component testing
and at the same time it encourages the development of reliable
Finite Element Method (FEM) based simulations to address
the long-term assessment of such structures.

Graves et al. [48] offer a comprehensive evaluation of
potential aging-related degradation modes for light-water
reactormaterials and components.HereASR is pointed out as
one of the high-ranked causes of damage that can potentially
affect in the long-term the concrete containment of nuclear
plants, together with creep of the posttensioned system and
irradiation of concrete itself, which, as shown, may accelerate
ASR.

3. Particle Transport Simulations for
Nuclear Radiation Problems

The description of all the possible interactions between a
radiation particle and the absorber medium is the topic of
the so-called transport theory, a special branch of statistical
mechanics.

Accurate calculations of particle transport are needed,
nowadays more than in the past, for many reasons.

(i) The necessity to develop theoretical models of radi-
ation transport also for particle energies above 20MeV:
attenuation coefficients, such as neutron cross sections, need
to be evaluated for such energies, while complete libraries are
available for a representative set of nuclides up to 20MeV
[49]. Neutrons are known to be easily transported over many
energy decades, from the hundreds of MeV down to the meV

range; therefore the knowledge of the cross section over the
whole energy range is a concern.

Many new facilities, working at high energy, have been
recently built or are planned, in order to perform experiments
in this sense, to calibrate and validate predictive theoretical
models.

(ii) The need to accurately describe the proton- and
neutron-induced interaction mechanisms: a number of new
applications in the last fifteen years are devoted to the
production of intense neutron fluxes by protons impinging
on a thick target of a heavy element (mercury, lead, ura-
nium, etc.) for the purposes of point (i), thus producing a
cascade of nuclear reactions, known as spallation reactions,
which involve protons, neutrons, nuclear fragments (alpha-
particles, tritium, and deuterium), and secondary gamma-
rays.

(iii) The assistance in the design of accelerator-driven
systems, which are conceived as nowadays solution to the
problem of the transmutation, a possible mechanism for
reducing the volume and hazard of the radioactive waste
(spent fuel) in nuclear power reactors: accelerator-driven sys-
tems consist of a reactor coupled with a high-intensity proton
accelerator impinging on a high-density target.The spallation
reactions taking place in the target result in high neutron
fluxes here and in the surrounding core, which requires
accurate evaluation, for shielding design purposes and for the
radiological protection assessment (e.g., thermomechanical
assessment and study of the activation of components and
materials).

(iv) Similarly, the assistance in the design of other nuclear
facilities, such as new-generation reactors (generation IV):
the concept with these next-generation reactors is to use
different coolants (sodium-, gas-, or liquid-metal cooling
system) and to consider recycling of the fuel, in order to
both reach higher power (improved efficiency) andminimize
the waste production. For these systems a radiation damage
assessment of the materials subject to the intense neutron
fluxes (fuel cladding, vessel, and cooling system) is manda-
tory for fulfilling safety requirements [50].

(v) The scientific knowledge of the biological effects of
radiation, to study particle transport for biomedical pur-
poses: Monte Carlo simulations of neutron transport in
human tissues have been conducted in recent years, due
to the difficulty in carrying out experiments, in order to
determine the tissue-specific weighting factors at different
energies, which are useful for the assessment of the effective
dose of exposed subjects.

Two approaches are possible to quantify themain variable
in transport theory, the radiation flux density, throughout a
certain domain: the deterministic approach given by the solu-
tion of the Boltzmann transport equation and the statistical
approach given by Monte Carlo simulations.

As for the first method, an exact solution is possible only
in few cases [51, 52], but not for complex geometries; con-
sequently much effort has been done in the development of
approximations to the transport equation, both numerically
and analytically. In this second case the diffusion theory and
the two-group theory are worth mentioning.
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Numerically speaking, the solution of the Boltzmann
equation requires (i) energy discretization of the neutron
spectrum into discrete energy intervals based on a multi-
group formalism; (ii) angular discretization of the angular
direction of the radiation flux; (iii) space discretization or
mesh, according to FEM formulation.

As regards the second methods, some software programs
[53–57] are under continuous upgrade by their developers
to solve radiation transport problems via the Monte Carlo
technique.

3.1. Modeling Approaches for Irradiated Concrete. When
addressing the specific issues involving irradiated concrete,
especially with regard to its durability, ad hoc numerical
methods must be defined to catch all the complex coupled
mechanisms illustrated above, which might be used in con-
junction with radiation transport calculations.

In the following some recent distinguishing models of
radiation-related issues concerning concrete are reviewed.

Radiation-induced volumetric expansion is identified as
a predominant source of cracking in the cement paste of
pressurized water reactors in [58]. Based on an extensive
literature review on postirradiation experimental data, the
authors here developed a 2D micromechanical formulation
accounting for the radiation-induced swelling of aggregates,
which uses upscaling techniques to address the macroscopic
scale starting from the material scale (aggregates and cement
paste), that is, homogenization theory applied to random
media. Mechanical properties of concrete vary at varying
neutron fluence; no gamma-rays effects are considered nor
thermohydraulic mechanisms in concrete.

In a companion study Giorla et al. [59] proposed a
2D FEM model of concrete at the mesoscale, where aggre-
gates are supposed to be elastic and subject to thermal
and radiation-induced swelling while the cement matrix
is viscoelastic and it undergoes damage, drying shrink-
age, and thermal expansion. Therefore this model embod-
ies thermohydraulic aspects, though they are not coupled
with the mechanical field because actually thermal expan-
sion, radiation-induced volumetric expansion, and shrinkage
result in imposed deformations. In particular here radiation-
induced volumetric expansion is a predominant cause of
the development and propagation of damage around the
aggregate and surroundings.

In [60] a combined use of a thermohydromechanical
FEM model with a Monte Carlo code is suggested to analyse
radiation damage on a real nuclear facility under its design
operational life. Damage is here made to depend on the
neutron fluence based on Hilsdorf and coauthors’ data [5],
with all the limitations discussed in Section 1; the model
does not account for a specific radiation-induced volumetric
expansion but it allows catching the thermal aspect of
the phenomenon related to the energy deposition due to
radiation attenuation together with its implications on the
hydraulic field.

A chemomechanical approach to model aggregate dis-
solution and product precipitation in a microstructural
reaction-transport environment has been used in [61] to
simulate near-surface degradation of Portland cement paste

in contact with a sodium sulfate solution. With this tool
microstructural changes due to new solids in a confined-
growth condition are responsible for localized stress and
damage in a coupled way.

So far, then, in both the theoretical and the numerical
field no fully coupled radiothermohydromechanical models
have been accomplished yet to simulate the deterioration
mechanism of irradiated concrete, though an approach in
this sense has been proposed in [7], where the mismatch in
the volume changes between cement paste and aggregate is
pointed out as the main cause of cracking. For the sake of
completeness, the proposed model nowadays could take also
advantage of the recent advances on microscopic modeling
in the field of fracture mechanics and crack propagation [62–
66]. Recent theoretical studies and benchmark examples of
engineering interest at the nanoscale can be found in [67–
69], also in the context of thermoelasticity and viscoelasticity
[70].

3.2. Modeling Approaches for ASR. Though not always
addressing radiation-induced effects specifically, a consid-
erable interest in modeling ASR for concrete durability
investigations is found in literature. The effort in the past
years up to now was spent on the development of both:
macroscopic models and micro-/mesoscopic models.

The first are aimed at investigating the overall structural
behavior of entire concrete elements in their real context,
while the latter look at the phenomenon at a material
scale, often coupling the mechanical field with the chemical
reactions involved in the ASR gel production.

The work by Ulm et al. [71] belongs to the first kind of
approach.They developed a chemothermomechanical model
in the framework of Biot’s theory, where the concrete is
conceived as a two-phasematerial including the expansive gel
and the homogenized concrete skeleton. Here the volumetric
expansion of the gel is evaluated as a function of the reaction
kinetics, which is influenced by temperature.

Saouma and Perotti [72] proposed a chemothermome-
chanical model based on two main assumptions: the volu-
metric expansion of the gel and its redistribution in relation
of weights depending on the stress tensor.

In [73] a chemoelastic damage model, validated on the
basis of the acceleratedmultiaxial experimental tests on small
specimens, is formulated to simulate themechanical effects of
ASR in large dams.

As for the applications focusing on a lower scale, various
analytical models based on empirical equations were devel-
oped to explain ASR at the mesoscale of concrete: Bazant
and Steffens [74] proposed that the chemical reaction kinetics
is related to the diffusion process of the reactants, leading
to subsequent fracture in the characteristic unit cell of the
concrete, modeled with one spherical glass particle; Multon
et al. [75] developed a microscopic chemomechanical model
based on damage theory in order to assess the decrease
of stiffness of the mortar due to cracking caused by ASR
and to quantify the related expansion. The diffusion and the
fixation of alkalis are here assessed with the mass balance
equation and by defining a threshold alkalis concentration,
above which the formation of the gel is meant to start.
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An analytical model, for which a numerical solution is
provided, is studied in [76]. The formulation is based on the
description of the transport and reaction of alkalis and cal-
cium ions within a relative elementary volume, particularly
taking into account the influence of the reactive aggregate size
grading on ASR evolution.

Comby-Peyrot et al. [77] introduced a 3D mesoscopic
FEM model of concrete as a biphasic medium with coarse
aggregates randomly embedded in the cement matrix. Dam-
age in the cement matrix is caused by the phenomenon
of isotropic dilation of the reactive aggregates, specifically
induced by ASR.

Dunant and Scrivener [78] developed a 2D mesoscale
extended finite element (XFEM) model which defines the
geometry of the gel swelling by updating the enrichment
function. A specific damage parameter accounts for trigger-
ing of the fracture in the aggregates, due to growing gel
pockets in them.

Alnaggar et al. [79] proposed a mesoscale formulation of
ASR deterioration in concrete specimens via the Lattice Dis-
crete Particle Model (LDPM), in a chemothermomechanical
way, including nonuniform expansions, expansion transfer,
and heterogeneous cracking.

In [80] 3D micro-CT scans of the microscale hardened
cement paste are used to calibrate a coupled chemothermohy-
dromechanical FEMmodel in which the gel is assumed to be
produced in themicropores of the paste and it exerts uniform
pressure on the neighborhood. The expansion coefficient
of the gel at the microscale was obtained through a two-
step homogenization approach, thus enabling correlating
microscale damage and macroscale failure.

These references are not exhaustive; however; a compre-
hensive review of modeling of ASR in concrete is provided in
[81, 82].

4. Conclusions

Concerns over aged nuclear power stations are mounting
in several countries today. This is the primary reason for a
renewed interest in radiation damage assessment of biological
concrete shields in such facilities.

The behavior of irradiated concrete has reached up to
date commonly accepted explanations. Particularly, cement
paste and aggregates are known to behave differently under
radiation exposure conditions: cement paste shrinks under
drying conditions, the decrease in volumebeing only partially
covered by the thermal expansion due to high temperatures
arisen by associated radiation heat. Shrinkage of the cement
paste is mostly explained by water hydrolysis and water
evaporation occurring under gamma-ray irradiation. On the
other hand, aggregates expand due to accumulation of defects
in their crystal structures generated mainly by neutron
collisions. This uneven volume expansion between cement
matrix and aggregates is pointed out as the primary cause of
damage in irradiated cementitious materials, to date, based
on the available experimental studies. Much of the research
related to this topicwas conducted from the 1960s to the 1970s
in support of the development of prestressed concrete reactor

vessels for high temperature reactors and radioactive waste
storage facilities.

The need for long-term predictions of concrete shielding
of old reactors has enhanced the effort towards the modeling
of the related deterioration mechanisms, both theoretically
and numerically. The most relevant features which allow
fully addressing the whole complex physical process are
here summarized and the recent achievements in matter of
irradiated concrete modeling are reviewed.

In this framework further research is recommended
aimed at consolidating the new outstandingmicro-/mesome-
chanical models in order to (i) fill the knowledge gaps from
past experiments and (ii) possibly allow the integration of
radiation-induced effects into the chemothermohydrome-
chanical aspects of the problem in a coupled way.
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Européennes, Brussels, Belgium, 1971.

[33] T. Rockwell, Reactor Shielding Design Manual, McGraw-Hill,
New York, NY, USA, 1956.

[34] A. N. Komarovskii, Shielding Materials for Nuclear Reactors,
Pergamon Press, London, UK, 1961.

[35] K. William, Y. Xi, and D. Naus, “A review of the effects of
radiation onmicrostructure and properties of concretes used in
nuclear power plants,” Tech. Rep.NUREG/CR-7171ORNL/TM-
2013/263, US Nuclear Regulatory Commission, Oak Ridge
National Laboratory, 2013.

[36] B. Kelly, J. Brocklehurst, D. Mottershead, and S. McNearney,
“The effects of reactor radiation on concrete,” in Proceedings of
the 2nd InformationMeeting on Prestressed Concrete andReactor
Pressure Vessels andTheirThermal Isolation, EUR-4531, pp. 237–
265, Commission des Communautés Européennes, Brussels,
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The problem of brittle fracture of structures at low temperature conditions connected to damage accumulation and ductile-brittle
transition in metals. The data for locomotive tire contact impact fatigue and spalling are presented. The results of experimental
testing showed the impact toughness drop at low temperature. The internal friction method was applied to revealing of the
mechanism of dislocation microstructure changes during the low temperature ductile-brittle transition. It has been shown for
the first time that the transition is not connected to interatomic interactions but stipulated by thermofluctuation on nucleus such
as microcracks and by their further growth and coalescence. From now on, the proposed mechanism would be used for theoretical
and numerical modeling of damage accumulation and fracture in materials.

1. Introduction

It is well known that during the low temperature climate oper-
ation the catastrophic breakdown of structure and machine
elements often occurred. In that case the plasticity properties
fall and the character of fracture changes from ductile to
brittle [1, 2]. The significant loss of safety and economic
efficiency occurred in the operation of railway equipment
in extremely low climatic temperatures conditions [3, 4].
This leads to growth of energy and resource intensity of
transportation. Special actuality of this problem is consider-
ing the construction of new rail lines and increase of cargo
turnover. The most important units of railway equipment are
tire and rail.Their durability and reliability significantly affect
operating costs, and destruction is unacceptable because they
pose a clear threat to traffic safety. The railroad located
on territory of the Republic of Sakha (Yakutia) in Siberia
(Russia) is distinguished by low climatic temperatures and
acutely continental climate [5].The period of subzero extends
about 210 days and the minimum of temperature reaches
60∘b below zero. The difference of the average temperature
achieves 70∘b and more per season.

The diversity of the phenomenon of ductile-brittle tran-
sition is reflected by the factors affecting the type of fracture:

both internal and external. Thus the chemical composition
and the structure of the material reflect the physical nature
of the phenomenon, and the loading rate, temperature, type
of stress-strain state, and the size of the structure define the
mechanical nature, respectively. It should be noted that the
structural mechanism of the process occurring in the range
of ductile-brittle transition therefore still remains undeter-
mined. Nevertheless the existence of the phenomenon is well
studied by optical and electronic metallography. Image in
Figure 1 demonstrated the boundary of ductile (on upper-
right part) and brittle (on bottom-left part) mechanism of
fracture.

The next step will be the multiscale modeling of damage
accumulation and fracture. It should include the growth
and coalescence mechanism of ductile pores and brittle
small cracks and use the data of microstructure evolution
on nano- and microscales also [6]. The stress and strain
distribution partially accords with the thermodynamically
consistent theory of elastoplasticity coupled with nonlocal
damage in the strain space which was used [7, 8]. The
coupling of critical level of damage and strain invariants ratio
[9] defines the crack opening conditions and coalescencewith
the main crack [10].
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Figure 1: Microstructural image demonstrated the low temperature
ductile-brittle transition in structural steel 09G2.

Table 1: Chemical composition of steel, mass%.

Element b Si Mn ` S
Content 0,6 0,33 0,83 0,02 0,02

2. Materials and Methods

The locomotive tires are exposed to influence of various
loadings during operation. Material of the wheel of this
locomotive element is merged in the complex stress state. So
the internal and superficial defects are developed and damage
plastic deformation and difficult tension take place.

2.1. Materials. The chemical composition of the locomotive
tear bandage steel is shown in Table 1 and meets the require-
ments of the standard for such material [3].

The results of standard tension test for this steel do
not have a great gulf fixed for mechanical properties (as
yielding, breaking point, and tensile strain) at room and low
temperature (see Table 2).The deformation curves are shown
in Figure 2; and numbers 1–4 indicate samples.

But because the bandage of locomotive tire is operated
not only in a wide range of working temperatures, in static
and dynamic loading too the principle is to study the impact
toughness of the material of the band, as positive (20∘C) and
below freezing (−20, −40, and −60∘C) also. Table 3 shows the
results of impact test of bandage steel and average values for
three or five samples.

These values have been approximated by splines for
further application (see Figure 3) [4].

2.2. Experimental Methods. The method of internal friction
is one of the most sensitive methods in the study of the
fine structure of metals and alloys. Measurement of internal
friction runs in a wide range of frequencies. Measurement in
the ductile-brittle transition of materials with BCC lattice is
conveniently carried out at low frequencies (of the order of
a few hertz), because the internal friction is sensitive to var-
ious disturbances and alterations of the structure at the level
of crystal lattice and therefore is often used by researchers
to examine the actual defect structure of crystals. In the
present work, measurements of internal friction held by the
method of free torsional vibrations widely used for dynamic
mechanical analysis of metallic materials [11, 12].
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Figure 2: The deformation curves for tensile test.
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Figure 3: Approximation curve for impact toughness.

Table 2: Results of standard tensile test.

𝑇, ∘C 𝜎

𝑇

𝜎

𝐵

𝛿

Room
708,97 1067,77 10,61
686,12 1012,94 10,14
705,40 1030,90 10,09
690,16 1037,2 10,28

−50

747,61 1035,3 8,64
769,85 1135,21 8,93
749,77 1029,49 8,33
755,74 1066,67 8,63

The reverse torsion pendulum has been used as the
implementation of internal frictionmethod.The lower end of
test sample in the experiment has the form of a wire and was
fixed stationary one. The upper end was rigidly connected to
the inertial detail, suspended on torsion bars.The system was
excited by torsional vibration. After removal of the driving
force, the pendulum did damped oscillations. Main param-
eters of oscillations were measured (only the change of
vibration amplitude, i.e., the number of oscillations here) to
allow the calculation of the viscoelastic characteristics of the
material sample [13].
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Table 3: Results of test for impact toughness KCV.

𝑇, ∘C 20 −20 −40 −60

KCV, J/cm2

2,29 0,70
1,75 1,33 0,71 0,58
1,69 1,37 0,54 0,74
1,72 1,38 0,96 0,51
1,64 0,67

Average 1,82 1,36 0,73 0,62

Figure 4: STM-image of the steel probe deformation surface with
grain boundary.

As the test material, in this case structural steel 09G2
was selected. The test material has BCC lattice, which is
characterized by low temperature ductile-brittle transition.
Investigated wire samples have a diameter of 1mm and
working length 10 cm. The relative deformation of the order
of 10-5 has been defined at the frequency of oscillation of
pendulum about 1Hz.

The important advantage of combined structural models
should be mentioned also. It is the ability to find a way of
experimental data obtained for one of the kinds of loading
and behavior of the material, to the other, and combine
experimental data related to various kinds of stress state and
external influence.

The source data for the models are the sizes and quanti-
tative characteristics of the distribution of defects at different
structural levels obtained on the basis of scanning probe and
optical microscopy and fractography, characterized by the
fractal dimension, and it changes in the damage accumula-
tion process.

Structural level in this case means the area of the extent
to which the prevailing is certain defect structures (e.g.,
vacancy, dislocation, dislocation cluster, crack, micropore,
strip shift, and nonmetallic inclusion). Structural levels
sometimes could match the scale. Figure 4 presents the
deformation surface image of low-alloyed steel plane probe
near the rupture [14]. The image was obtained by STM and
has 5× 5 𝜇msize. Just through themiddle of the image a grain
boundary passes with some structural defects around (small
cracks, slip bends, and twins).
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Figure 5: Minimal average month temperatures per five years in
Tommot city.

3. Results and Discussion

The modeling of damage accumulation processes should
consider the complex effects of high-cycle fatigue and low-
cycle impact loading. The impact toughness as shown in
Table 3 greatly depends on the test temperature. So the overall
damage Ψ could differentiate for high-cycle fatigue damage
Ψ

𝐹
and low-cycle impact damage Ψ

𝐿
[9]:

Ψ = Ψ

𝐹
+ Ψ

𝐿
=

1

𝑁

𝑁

∑

𝑖=1

Ψ

𝐹𝑖
+

1

𝐾

𝐾

∑

𝑘=1

Ψ

𝐿𝑘
, (1)

where Ψ
𝐹𝑖

is damage during fatigue 𝑖-cycle, Ψ
𝐿𝑘

is damage
during impact 𝑘-cycle,𝑁,𝐾 are appropriate cycles value. For
operation at low temperatures the fatigue damage of tire has
reduced but the impact damage significantly grown.

In Figure 5 the time-average temperature on railroad
track section near Tommot city has been shown. The appro-
priate toughness KCV could be found according to curve in
Figure 3.The damage has been calculated taking into account
the associated flow rule and 𝐽-integral dependence as [4]

Ψ

𝐿
=

𝐾

∑

𝑗=1

[(1 −

KCV
𝑗

KCV
0

)

𝑚

] , (2)

where KCV
0
, KCV

𝑗
are impact toughness at room tem-

perature and in 𝑗-damage condition accordingly and 𝑚 ∼
0,25, . . . , 0,3 is depending of material and stress state factor.
The derivation of this empirical formula is based on connec-
tion between the stress intensity factor and 𝐽-integral, on the
one hand, and proportion between values of stress intensity
factor and impact toughness KCV, established experimentally
for the high-strength steels, on the other hand [15, 16].

The mechanism of dislocation movement on microscale
could be established by an internal friction measurement.
Also the internal friction is one of the main methods
for determination of energy dissipation localization in low
temperature ductile-brittle transition [12]. The experiment
by pendular oscillator for wire samples of structured low-
alloyed steel 09G2 (content is about 0,1% carbon and 2%
manganese) was carried out. The measurements of temper-
ature dependence for internal friction of both tempered and
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175
180
185
190
195
200
205

E
×

1
0
5

(M
Pa

)

147 169 189 208 229 241 257 273 286131
T (∘K)

Figure 7: Temperature dependence of Young’s modulus for testing
steel.

annealed samples of the testmaterial in the temperature range
100–300K have been used. Concerning the interpretation of
internal friction data the magnitude was determined by the
next equation [11]:

𝑄

−1

=

ln𝐾
𝜋

1

𝑛

,
(3)

where 𝑄−1 is the inverse mechanical quality factor, 𝑛 is the
number of oscillations within the reduction of the amplitudes
of the oscillations, and 𝐾 is a number indicating how many
times the initial amplitude decreases for 𝑛 oscillations.

On the temperature curve of internal friction of the
investigated steel is observed amaximum in the range of 160–
240K (see Figure 6). Maximum of the curve for the tempered
sample is higher than that of the annealed sample. The
maximum of activation energy is calculated at the frequency
shift and achieved a value of 0,2 eV. The interval of existence
of this maximum steel 09G2 coincides with the interval of
existence of ductile-brittle transition under impact toughness
test.

During the experiment a temperature dependence of
Young’smodulus by resonancemethod has been investigated.
The natural frequencies of a sample of steel 09G2 has
been also determinate. The temperature dependence of the
modulus of elasticity represents a monotonously increasing
with decreasing temperature, a linear relationship in the
range of ductile-brittle transition (see Figure 7).

Analytical possibilities of the method of internal friction
allow obtaining the necessary information to study the early
stages of damage in the area of ductile-brittle transition. The
local changes in the submicroscopic structure of material
occur in conditions of microstrains. Methods of mechanical
spectroscopy allow evaluating the stages of development of
the degradation processes and accumulation of the damage

of deformed low-carbon steels [4]. There are a number
of dislocation mechanisms responsible for low temperature
inelastic scattering energy in various metals and alloys with
BCC lattice. It can be thermal or geometric kinks in the
motion of dislocations, interaction of dislocations with point
defects, and the change in the density of mobile dislocations
[11–13].

Stochastic model of crack growth and fracture in mul-
tiphase heterogeneous material is based on the mechanism
triggered by stresses opening small cracks or pores on
particles or ruptures of material [7–10, 14, 15].

Further viscoplastic growth and mutual coalescence of
defects provide the crack propagation. Figure 8 showed
the Web-oriented visualization examples of crack growth
on microdefects. Algorithm has been realized by modern
version of Java script language [16, 17]. Modification of the
model can be connected with application to a wide range
of phenomena, for example, the accumulation of damage
in porous media, materials with multiple phase transitions,
including evaporation,melting, and freezing, and the second-
order phase transition [18–21].

4. Summary

The new criterion and approach of damage estimation for
locomotive tire in extreme uncertainty conditions are offered.
It is revealed that the lifetime of tire is significantly sensitive
to impact strength at low temperature during operation.

Monotonic temperature dependence of Young’s modulus
in the range of ductile-brittle transition leads to confirming
hypothesis about the dislocation and phonon mechanism
of the phenomenon. Selection of the structural level occurs
according to the classical Hamilton principle of stationary
action or least action. In this case the rupture of atomic bonds
occurs on athermal thermofluctuation mechanism in the
inelastic scattering of phonons and under the action of tensile
stresses, which can be appropriately modeled numerically. It
should be noted that the revealing mechanism of internal
friction of nano- andmicrocrystalline steels and alloysmakes
possible the building of theoretical and numerical models of
the damage accumulation and fracture of the materials with
a variable temperature-dependent structure.

So the new visualization possibilities of programming of
damage accumulation and fracture processes presented in
this paper too.The possibility of crack growth under the low-
cycling and dynamic load and in cases of complex loading is
examined.

5. Conclusions

This paper aims at experimental verification aspects of mul-
tiscale structural Web-oriented modeling of damage accu-
mulation and fracture of heterogeneous materials. In very
cold climate conditions the low temperature ductile-brittle
transition in BCC-steel and alloys has a great significance.
In such a practical problem like the strength of locomotive
tire, for example, it is important to take into account the
distribution of minimal temperature per calendar year and
experimental dependence of impact toughness to reveal the
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(a) (b)

Figure 8: Java script visualization examples of crack growth on (a) micropores and (b) small cracks.

ductile-brittle transition range. The dislocation mechanism
of such transition was showed by the amount of dissipation
energy during the internal friction test. Then for modeling
of the damage accumulation process and pores growth
and crack brunching it is necessary to bring the nonlocal
viscoelastic approach the thermodynamically consistent the-
ory of elastoplasticity. For the Web-oriented visualization
rendition the plane and stochastic approximation of crack
distribution in multiscale structure has been used. The next
step should be the connection between the modeling of
material and prediction of real structure lifetime. Besides
the transport this approach is highly desired in potentially
dangerous industrial objects such as electricity and thermal
power plants.

Competing Interests

The authors declare that they have no competing interests.

Acknowledgments

This research has been partially supported by Russian Foun-
dation for Basic Research (Project 15-41-05010) and Federal
Agency of Scientific Organization of Ministry of Science and
Education of Russian Federation.

References

[1] A. Y. Krasovskii, “Ductile-to-brittle transition temperature as a
measure of the crack resistance of steels,” Strength of Materials,
vol. 17, no. 10, pp. 1439–1446, 1985.

[2] V. I. Trefilov, Ed., Strain Hardening and Fracture of Polycrys-
talline Metal, Naukova dumka, Kiev, Ukraine, 1989 (Russian).

[3] A. V. Grigoriev and V. V. Lepov, “The mechanism of damage
accumulation and fracture of railroad wheel material in con-
dition of the North,” Vestnik Severo-Vostochnogo Federal’nogo
Universiteta, vol. 9, no. 1, pp. 79–85, 2012.

[4] A. V. Grigoriev andV.V. Lepov, “Assessment of the service life of
rail equipment operating in extreme conditions of the North,”
Zavodskaja Laboratoria. Diagnostika Materialv, vol. 81, no. 12,
pp. 42–48, 2015 (Russian).

[5] M. Weller, “Characterization of high purity bcc metals by
mechanical spectroscopy,” Le Journal de Physique IV, vol. 5, pp.
C7-199–C7-204, 1995.

[6] V. Lepov, A. Ivanova, V. Achikasova, and K. Lepova, “Modeling
of the damage accumulation and fracture: structural-statistical
aspects,” Key Engineering Materials, vol. 345-346, pp. 809–812,
2007.

[7] F.Marotti De Sciarra, “Hardening plasticitywith nonlocal strain
damage,” International Journal of Plasticity, vol. 34, pp. 114–138,
2012.

[8] F. M. Marotti de Sciarra, “A nonlocal model with strain-based
damage,” International Journal of Solids and Structures, vol. 46,
no. 22-23, pp. 4107–4122, 2009.

[9] V. Lyakhovsky, Y. Hamiel, and Y. Ben-Zion, “A non-local visco-
elastic damage model and dynamic fracturing,” Journal of the
Mechanics and Physics of Solids, vol. 59, no. 9, pp. 1752–1776,
2011.

[10] V. Lepov and A. Loginov, “Non-Markovian evolution approach
to structural modeling of material fracture,” World Journal of
Engineering, vol. 9, no. 3, pp. 207–212, 2012.

[11] Y. Kogo, Y. Iijima, N. Igata, and K. Ota, “Internal friction of
carbon–carbon composites at elevated temperatures,” Journal of
Alloys and Compounds, vol. 355, no. 1-2, pp. 148–153, 2003.

[12] V. Lepov, V. Achikasova, A. Ivanova, and K. Lepova, “Low-
temperature ductile-brittle transition in metals: the micro-
mechanics and modeling,” in Proceedings of the 23rd Annual
International Conference on Composites or Nano Engineering,
Chengdu, China, 2015.

[13] M. S. Blunter and Y. V. Piguzov, Eds., The Method of Internal
Friction in Physical Metallurgy Studies, Metallurgija, Moscow,
Russia, 1991 (Russian).

[14] V. V. Lepov, A. M. Ivanov, B. A. Loginov et al., “Themechanism
of nanostructured steel fracture at low temperatures,”Nanotech-
nologies in Russia, vol. 3, no. 11-12, pp. 734–742, 2008.

[15] S. A. Golovin and S. A. Pushkar, Microplasticity and Fatigue of
the Metals, Metallurgija, Moscow, Russia, 1980 (Russian).

[16] K. B. Broberg, “Computer demonstration of crack growth,”
International Journal of Fracture, vol. 42, no. 3, pp. 277–285,
1990.

[17] E. A. Arkhangel’skaya, V. V. Lepov, and V. P. Larionov, “The role
of defects in the development of delayed fracture of a damaged
medium under the effect of hydrogen,”Materialovedenie, vol. 8,
pp. 7–10, 2003.

[18] C. A. Reddy, “Strengtheningmechanisms and fracture behavior
of 7072Al/Al

2

O
3

metal matrix composites,” International Jour-
nal of Engineering Science andTechnology, vol. 3, no. 7, pp. 6090–
60100, 2011.

[19] S. Nasrazadani and A. Raman, “The application of infrared
spectroscopy to the study of rust systems-II. Study of cation



6 Modelling and Simulation in Engineering

deficiency in magnetite (Fe
3

O
4

) produced during its trans-
formation to maghemite (𝛾-Fe

2

O
3

) and hematite (𝛼-Fe
2

O
3

),”
Corrosion Science, vol. 34, no. 8, pp. 1355–1365, 1993.

[20] D. M. Levin, A. N. Chukanov, and A. A. Yakovenko, “The appli-
cation of mechanical spectroscopy to the study of substructural
degradation and the initial stages of fracture of steels,” Izvestija
of Tula’s State Univerity, Natural Sciences, vol. 18, pp. 1625–1626,
2013.

[21] N. Shahidzadeh-Bonn, P. Vié, X. Chateau, J.-N. Roux, and D.
Bonn, “Delayed fracture in porous media,” Physical Review
Letters, vol. 95, no. 17, Article ID 175501, 4 pages, 2005.




