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Grenoble Cedex 09, France

Correspondence should be addressed to Anke Meyer-Baese, ameyerbaese@fsu.edu

Received 29 August 2012; Accepted 29 August 2012

Copyright © 2012 Anke Meyer-Baese et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

1. Introduction
Artificial neural systems have been for the past thirty years
a fascinating research topic with contributions from both
theoreticians as well as from researchers implementing novel
computational learning techniques into numerous applica-
tion fields. Starting as an attempt to emulate human brain
processing and cognition, supervised and unsupervised
learning techniques as well as hybrid concepts have emerged
for information visualization and discovery mining in high
dimensional spaces. The properties of these spaces are very
different from what we usually encounter in the more intu-
itive low dimensional spaces; the “curse of dimensionality,”
for example, often impacts the performance of data-mining
tools. However, with the increasing demand of information
and knowledge processing, and integration of information
from heterogeneous sources into biomedical decision tools
and resources for health care, innovative learning approaches
become imperative. Especially, when facing a huge number
of data descriptors as it is the case in almost all applications
in life sciences.

The aim of this special issue is to present the current
state of the art in the theory of unsupervised learning and
applications by active experts researching in the vast area of
biosciences and medicine.

2. Novel Learning Algorithms
The paper by X. Zhang et al. presents an indirect learning
method that changes the synaptic weights by modulating

spike-timing-dependent plasticity based on controlled input
spike trains. V. Norris et al. propose a novel learning
concept—competitive coherence—that appears to be rele-
vant to a large group of biological systems and describe the
differences to other existing content-addressable systems.

3. Data Compression of Non-Gaussian Signals

C. Plant et al.’s paper introduces a very general technique for
evaluating ICA (Independent Component Analysis) results
rooted in information-theoretic model selection and has
potential applications to data compression.

4. Applications in Brain Research

A. Ortiz et al. proposes alternatives to MR (Magnetic Reso-
nance) brain image segmentation algorithms based on self-
organized maps and does not use any a priori information
about the voxels in order to classify different tissue classes.
R. Duan’s and H. Man’s paper proposes two novel unsuper-
vised learning methods for analyzing functional magnetic
resonance imaging (fMRI) data based on hidden Markov
model (HMM). The HMM approach is focused on capturing
the first-order statistical evolution among the samples of a
voxel time series and not like conventional approaches to
model the blood oxygen level-dependent (BOLD) response
of a voxel as a function of time.
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5. Applications in Mammography

F. Steinbruecker et al.’s paper “Selection of spatiotemporal
features in breast MRI (Magnetic Resonance Imaging) to
differentiate between malignant and benign small lesions using
computer-aided diagnosis” addresses the important aspect of
motion compensation in breast MRI (Magnetic Resonance
Imaging) and provides a new nonrigid technique for it. F.
Steinbruecker et al.’s paper “Evaluation of a nano-rigid motion
compensation technique based on spatiotemporal features for
small lesion detection in breast MRI (Magnetic Resonance
Imaging)” extracts spatiotemporal features for small lesions
and evaluates their discriminative power in connection with
motion compensation.

6. Sleep Staging

M. Langkvist et al.’s paper addresses the important aspect
of sleep stage classification. He proposes deep belief nets
(DBN), an unsupervised learning paradigm, and shows how
to apply it to sleep data in order to eliminate the use of hand-
made features.

7. Hemodialysis

The paper by T.-C. Lu et al. presents an entropy function
to identify key features related to hemodialysis and based
on these determined features a decision is made whether a
patient needs hemodialysis.

In closing, many novel algorithmic techniques emerged
for unsupervised learning and much more applications in
biosciences and medicine are identified. Artificial neural
network research has matured over the past decades and the
power of unsupervised learning techniques is increasingly
recognized. This special issue is brought to the reader with
the hope to inform about the wealth of applications of
unsupervised learning techniques and their indispensable
role in biology and medicine.
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This paper presents a deterministic and adaptive spike model derived from radial basis functions and a leaky integrate-and-
fire sampler developed for training spiking neural networks without direct weight manipulation. Several algorithms have
been proposed for training spiking neural networks through biologically-plausible learning mechanisms, such as spike-timing-
dependent synaptic plasticity and Hebbian plasticity. These algorithms typically rely on the ability to update the synaptic strengths,
or weights, directly, through a weight update rule in which the weight increment can be decided and implemented based on
the training equations. However, in several potential applications of adaptive spiking neural networks, including neuroprosthetic
devices and CMOS/memristor nanoscale neuromorphic chips, the weights cannot be manipulated directly and, instead, tend to
change over time by virtue of the pre- and postsynaptic neural activity. This paper presents an indirect learning method that
induces changes in the synaptic weights by modulating spike-timing-dependent plasticity by means of controlled input spike
trains. In place of the weights, the algorithm manipulates the input spike trains used to stimulate the input neurons by determining
a sequence of spike timings that minimize a desired objective function and, indirectly, induce the desired synaptic plasticity in the
network.

1. Introduction

This paper presents a deterministic and adaptive spike
model obtained from radial basis functions (RBFs) and a
leaky integrate-and-fire (LIF) sampler for the purpose of
training spiking neural networks (SNNs), without directly
manipulating the synaptic weights. Spiking neural networks
are computational models of biological neurons comprised
of systems of differential equations that can reproduce
some of the spike patterns and dynamics observed in real
neuronal networks [1, 2]. Recently, SNNs have also been
shown capable of simulating sigmoidal artificial neural net-
works (ANNs) and of solving small-dimensional nonlinear
function approximation problems through reinforcement
learning [3–5]. Like all ANN learning techniques, existing
SNN training algorithms rely on the direct manipulation
of the synaptic weights [4–9]. In other words, the learning

algorithms typically include a weight-update rule by which
the synaptic weights are updated over several iterations,
based on the reinforcement signal or network performance.

In many potential SNN applications, including neuro-
prosthetic devices, light-sensitive neuronal networks grown
in vitro, and CMOS/memristor nanoscale neuromorphic
chips [10], the synaptic weights cannot be updated directly
by the learning algorithm. In several of these applications,
the objective is to stimulate a network of biological or
artificial spiking neurons to perform a complex function,
such as processing an auditory signal or restoring a cognitive
function. In neuroprosthetic medical implants, for example,
the artificial device may consist of a microelectrode array
or integrated circuit that stimulates biological neurons via
spike trains. Therefore, the device is not capable of directly
modifying the synaptic efficacies of the biological neurons,
as do existing SNN training algorithms, but it is capable of
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stimulating a subset of neurons through controlled pulses of
electrical current.

As another example, light-sensitive neuronal networks
grown in vitro can be similarly stimulated through controlled
light patterns that cause selected neurons to fire at precise
moments in time, in an attempt to induce plasticity, while
their output is being recorded in real time using a multi-
electrode array (MEA) [11]. In this case, a digital computer
can be used to determine the desired stimulation patterns
for an in-vitro neuronal network with random connectivity,
produced by culturing dissociated cortical neurons derived
from embryonic day E18 rat brain [11, 12]. As a result, the
cultures may be used to verify biophysical models of the
mechanisms by which biological neuronal networks execute
the control and storage of information via temporal coding
and learn to solve complex tasks over time. In these networks,
the actual connectivity and synaptic plasticities are typically
unknown and cannot be manipulated directly as required by
existing SNN learning algorithms.

This paper presents a novel indirect learning approach
and algorithm that assume synaptic weights cannot be
updated or manipulated at any time. The learning algorithm
induces changes in the SNN weights by modulating spike-
timing dependent plasticity (STDP) through controlled
input spike trains. The algorithm adapts the input spike
trains that are used to stimulate the input neurons of the
SNN and, thus, are realizable through controlled pulses of
electric voltage or controlled pulses of blue light. The main
difficulty to be overcome in indirect learning is that the
algorithm aims at adapting pulse signals, such as square
waves, in place of continuous-valued weights. While available
in closed analytic form, these signals typically are represented
by piece-wise continuous, multi-valued (or many-to-one),
and nondifferentiable functions that are difficult to adapt
or update using optimization or reinforcement-learning
algorithms. Furthermore, stimulation patterns typically are
generated by spike models that are stochastic, such as the
Poisson spike model [5, 13–15]. Thus, even when the spike
model is optimized, it does not allow for precise timing of
pre- and post-synaptic firings, and as a result, may induce
undesirable changes in the synaptic weights.

In this paper, a deterministic spike model that allows
for precise timing of neuron firings is obtained using
adaptive RBFs to model the characteristics of the spike
pattern through a continuous and infinitely differentiable
function that also is one to one. The RBF model is combined
with an LIF sampling technique originally developed in
[16, 17] for the approximate reconstruction of bandlimited
functions. It is shown that, by this approach, the spike
trains generated by the LIF sampler display the precise
characteristics specified by the RBF model. Furthermore, this
deterministic spike model can be optimized to modulate
STDP through controlled input spike trains that bring about
the desired SNN weight change without direct manipulation.
The indirect learning approach presented in this paper is
applicable both in supervised and unsupervised settings. In
fact, when the desired SNN output is unknown, it can be
replaced by a reinforcement signal produced by a critic SNN,
as shown by the adaptive critic method reviewed in Section 3.

The paper is organized as follows. The model of spiking
neural network used to derive and demonstrate the train-
ing equations is presented in Section 2. In Section 3, an
adaptive critic approach is described to illustrate how the
proposed indirect training methodology can be applied using
reinforcement learning, for example, to model or control a
dynamical plant. The novel spike model and indirect training
methodology are presented in Section 4 and demonstrated
on a benchmark problem involving a two-node spiking neu-
ral network. The generalized form of gradient equations for
indirect training is presented in Section 5 and demonstrated
through a three-node spiking neural network. These gradient
equations show how the methodology can be generalized to
any spiking neural network with the characteristics described
in the next section.

2. Spiking Neural Network Model

2.1. Models of Neuron and Synapse. Various models of SNNs
have been proposed in recent years, motivated by biological
studies that have shown complex spike patterns and dynam-
ics to be an essential component of information processing
and learning in the brain. The two crucial considerations
involved in determining a suitable SNN model are the range
of neurocomputational behaviors the model can reproduce,
and its computational efficiency [18]. As can be expected,
the implementation efficiency typically increases with the
number of features and behaviors that can be accurately
reproduced [18], such that each model offers a tradeoff
between these competing objectives. One of the computa-
tional neuron models that is most biophysically accurate is
the well-known Hodgkin-Huxley (HH) model [2]. Due to
its extremely low computational efficiency, however, using
the HH model to simulate large networks of neurons can
be computationally prohibitive [18]. Recently, bifurcation
studies have been used to reduce the HH dynamics from four
to two differential equations, referred to as the Izhikevich
model, which are capable of reproducing a wide range of
spiking patterns and behaviors with much higher efficiency
than the HH model [19].

In [15], the authors proposed an indirect training
method based on a Poison spike model and demonstrated
it on a network of Izhikevich neurons. In this work it
was found that the adaptive critic architecture described
in Section 3 could be implemented without modeling the
neuron response in closed form. However, the effectiveness
of the approach in [15] was limited in that, due to the
use of a stochastic Poison model, the Izhikevich SNN could
not converge to the optimal control law. Therefore, in this
paper, a new deterministic spike model is proposed and
implemented by deriving the training equations in closed
form, using a leaky integrate-and-fire (LIF) SNN. The LIF is
the simplest model of spiking neuron. It has the advantages
that it displays the highest computational efficiency and is
amenable to mathematical analysis [13, 14].

The LIF membrane potential, v(t), is governed by

Cm
dv(t)
dt

= Ileak(t) + Is(t) + Iinj(t), (1)
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where Cm is the membrane capacitance, Ileak(t) is the current
due to the leak of the membrane, Is(t) is the synaptic input to
the neuron, and Iinj(t) is the current injected to the neuron
[20]. The leak current is defined as follow:

Ileak(t) = −Cm

τm
[v(t)−V0], (2)

where V0 is the resting potential and τm is the passive-
membrane time constant [20]. τm is related to the capac-
itance, Cm, and the membrane resistance, Rm, of the
membrane potential by τm = RmCm.

The response of the membrane potential is obtained by
solving the differential equation (1) analytically for v(t), such
that

v(t) = V0 + e−t/τm
∫ t

t0

Iinj
(
ρ
)

Cm
eρ/τmdρ, (3)

where ρ is a dummy variable used for integration and t0 is
the time at which the membrane potential equals V0 [20].
Whenever the membrane potential, v(t), reaches a prescribed
threshold value, Vth, the neuron will fire. At this point, we
have considered an isolated neuron that is stimulated by an
external current, Iinj(t). When the LIF neuron (1) is part of a
larger network, the input current, referred to as the synaptic
current, is generated by the activity of presynaptic neurons.

Let the synaptic current, denoted by Is(t), be modeled as
the sum of the currents of excitatory presynaptic neurons and
of inhibitory presynaptic neurons,

Is(t) = Cm

NE∑
k=1

aE,kSE,k(t) + Cm

NI∑
k=1

aI ,kSI ,k(t), (4)

where the subscript E denotes inputs from excitatory neu-
rons, while the subscript I denotes inputs from inhibitory
neurons. The amplitudes, aE,k > 0 and aI ,k < 0, represent the
change in potential due to a single synaptic event and depend
on the weight of the synapse. NE and NI are the numbers
of excitatory and inhibitory current synapses, respectively.
SE,k and SI ,k describe the excitatory and inhibitory synaptic
inputs as a series of input spikes to each synapse. The synaptic
inputs are modeled as a sum of instantaneous impulse
functions,

SE,k(t) =
∑
tE,k

δ
(
t − tE,k

)
, (5)

SI ,k(t) =
∑
tI ,k

δ
(
t − tI ,k

)
, (6)

where tE,k and tI ,k are the firing times of the presynaptic
neurons and δ represents the Dirac delta function [21].

In addition to the above deterministic properties, there
are prevalent stochastic qualities in biological neural net-
works caused by effects such as thermal noise and random
variations in neurotransmitters. For simplicity, these effects
are assumed negligible in this paper. However, the reader
is referred to [15] for a technique that can be used to
incorporate these effects in the above SNN model.
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Figure 1: STDP term as a function of the time delay between the
last spike of postsynaptic neuron and presynaptic neuron.

2.2. Model of Spike-Timing-Dependent Plasticity (STDP).
A persistent learning mechanism known as spike-timing-
dependent plasticity, recently observed in biological neu-
ronal networks, is used in this paper to model synaptic
plasticity in the LIF SNN. Synaptic plasticity refers to the
mechanism by which the synaptic efficacies or strengths
between neurons are modified over time, typically as a
result of the neuronal activity. These changes are known
to be driven in part by the correlated activity of adjacently
connected neurons. The directions and magnitudes of the
changes are dependent on the relative timings of the presy-
naptic spike arrivals and postsynaptic firings. For simplicity,
in this paper, all changes in synaptic strengths are assumed
to occur solely as a result of the spike-timing-dependent
plasticity mechanism. The approach presented in [5] can be
used to also incorporate a model of the Hebbian plasticity.

Spike-timing-dependent plasticity (STDP) is known to
modify the synaptic strengths according to the relative
timing of the output and input action potentials, or spikes,
of a particular neuron. If the presynaptic neuron fires
shortly before the postsynaptic neuron, the strength of the
connection will be increased. In contrast, if the presynaptic
neuron fires after the postsynaptic neuron, the strength of the
connection will be decreased, as illustrated in Figure 1. Two
constants τ+ and τ− determine the ranges of the presynaptic
to postsynaptic interspike intervals over which synaptic
strengthening and weakening occur. Let the synaptic efficacy
or strength be referred to as weight and denoted by w. A is the
maximum amplitude of the change of weight due to a pair
of spikes. tpre and tpost denote firing times of the presynaptic
neuron and the postsynaptic neuron, respectively. Then, for
each set of neighboring spikes, the weight adjustment is given
by,

Δw = Ae[(tpre−tpost)τ], (7)

such that the connection weight increases when the post-
synaptic spike follows the presynaptic spike and the weight
decreases when the opposite occurs. The amplitude of the
adjustment Δw lessens as the time between the spikes
becomes larger, as is illustrated in Figure 1.
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Different methods can be used to identify the spikes that
give rise to the STDP mechanism. In this paper, the nearest-
spike STDP model [22] is adopted, by which, for every spike
of the presynaptic neuron, its nearest postsynaptic spike is
used to calculate the timing difference in (7), regardless of
whether it takes place before or after the presynaptic firing.
Then, from (7), the weight change due to one of the spikes of
the ith neuron is modeled by the rule

Δwi(Δti) =
{
A+eΔti/τ+ if Δti ≤ 0

A−e−Δti/τ− if Δti > 0,
(8)

where

Δti = t1,i − argmin
t2,k

∣∣t1,i − t2,k
∣∣. (9)

Δti is the firing time difference between the two neurons, t1,i

is the firing time of the presynaptic neuron, and t2,i is the
firing time of the postsynaptic neuron. The constants used
in this paper are τ+ = τ− = 20 ms, A+ = 0.006, and A− =
1.5A+, where A+ and A− determine the maximum amounts
of synaptic modification that occur when Δt is approximately
zero [21].

From (8), the firing time of the postsynaptic neuron is
chosen such that the absolute firing time difference between
the presynaptic neuron and the postsynaptic neuron, |t1,i −
t2,k|, is minimized. Therefore, the postsynaptic spike t2,k

that is nearest to the presynaptic firing time t1,i is used to
calculate the firing time difference Δti. The value of t2,k that
minimizes |t1,i − t2,k| can be found by comparing the firing
time difference of the two neurons. In order to obtain an
indirect learning method that does not rely on the direct
manipulation of the synaptic weights, in this paper, it is
assumed that the weights can only be modified according
to the STDP rule (8). Also, the training algorithm cannot
specify any of the terms in (8) directly but can only induce
the firing times in (8) by stimulating the input neurons, for
example, through controlled pulses of electric voltage or blue
light.

3. Adaptive Critic Architecture for
Indirect Reinforcement Learning

Many approaches have been proposed to train SNNs by
modifying the synaptic weights by means of reward signals or
by update rules inspired by reward-driven Hebbian learning
and modulation of STDP [5, 8]. However, these methods are
not applicable to approaches involving biological neuronal
networks (e.g., neuronal cultures grown in vitro), because
biological synaptic efficacies cannot be manipulated directly
by the training algorithm. Similarly, in nanoscale neuromor-
phic chips, the CMOS/memristor synaptic weights cannot
be manipulated directly but may be modified via controlled
programming voltages that induce a mechanism analogous
to STDP, as demonstrated in [10]. This paper presents an
approach for training an SNN through controlled input pulse
signals (e.g., voltages or blue light) that are generated by
a new deterministic and adaptive spike model presented in
Section 4.1.

The derivation of the training equations used to adapt
the proposed spike model and subsequent pulse signals are
demonstrated in Section 4.2 using a two-node LIF SNN. It
is shown that the synaptic weight can be updated by the
proposed indirect training method and driven precisely to
a desired value, by minimizing a function of the synaptic
weight error. It follows that, using a simple chain rule, the
same training equations can be used to minimize a function
of the decoded SNN output error, as is typically required by
supervised training. In this section, we show how the indirect
training method can be used for reinforcement learning,
using a critic SNN to modulate the STDP mechanisms
in an action SNN with synaptic weights that cannot be
manipulated directly (e.g., a biological neuronal network).

Let NNa represent an action SNN of LIF neurons,
exhibiting STDP and modeled as described in Section 2. It
is assumed that the weights of the action SNN cannot be
manipulated directly, and the only controls available to the
learning algorithm are the training signals (Figure 2), com-
prised of programming voltages that can be delivered using
a square wave or the Rademacher function (Section 4.1).
Now, let NNc denote a critic SNN of feedforward fully
connected HH neurons. In this architecture, schematized in
Figure 2, NNa is treated as a biological network and NNc is
treated as an artificial network implemented on a computer
or integrated circuit. Thus, the synaptic weights of NNc,
defined as wij , are directly adjustable, while the synaptic
efficacies of NNa can only be modified through a simulated
STDP mechanism which is modulated by the input spikes
from NNc. The algorithm presented in this section trains the
network by changing the values of wij inside NNc, which are
assumed to be bounded by a positive constant wmax such that
−wmax ≤ wij ≤ wmax, for all i, j.

In this paper, spike frequencies are used to code continu-
ous signals, and the leaky integrator

û = α
∑

tk∈Si(T)

eβ(tk−t)H(t − tk)− γ (10)

is used to decode spike trains and convert them into
continuous signals as required according to the architecture
in Figure 2 Where, α, β, and γ are user-specified constants,
H(·) is the Heaviside function, and Si(T) is the set of spiking
times of the output neuron. One advantage of the leaky
integrator decoder is its effectiveness of filtering inevitable
noise during the flight control without influencing the speed
of matching the continuous value with the target function.

3.1. Adaptive Critic Recurrence Relations. Typically, adaptive
critic algorithms are used to update the actor and critic
weights by computing a synaptic weight increment through
an optimization-based algorithm, such as backpropagation
([23], page 359). Therefore a new approach is required in
order to apply adaptive critics to SNNs in which changes
in the synaptic weights can occur only as a result of pre-
and postsynaptic neuronal activity. The training approach
presented in Section 4 can be combined with the policy
and value-iteration procedures described in this section
to supervise stimulation patterns in the action SNN such
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that the synaptic strengths, and subsequently their dynamic
mappings, are adapted according to the STDP rule in (8).

Suppose the action SNN is being trained to control
or model a dynamical system which obeys a nonlinear
differential equation of the form

ẋ(t) = f [x(t),u(t), t], (11)

where x ∈ X ⊂ Rn and u ∈ U ⊂ Rm denote the dynamical
system state and control inputs, respectively, and ẋ denotes
the derivative of x with respect to time. The model of the
dynamical system (11) may be unknown or imperfect and
may be improved upon over time by a system identification
(ID) algorithm. The macroscopic behavioral goals of the
plant can be expressed by the value function or cost-to-go

Vπ[x(tk)] =
t f −1∑
tk=t

L[x(tk),u(tk), x(tk + 1)], (12)

where u(tk) = π[x(tk)] is the unknown control law or
dynamic mapping to be learned by the action SNN, NNa.
Then, the cost-to-go in (12) can be used to represent the
future performance of the action network and dynamical
system, as is accrued from the present, tk, up to the final time,
t f , if subject to the present control law π[·]. The Lagrangian
L[·] represents instantaneous behavioral goals as a function
of x and u.

Since the dynamic mapping π[·] must be adapted over
time through the learning algorithm and an accurate plant
model may not be available, the cost-to-go typically is
unknown and is learned by the critic, NNc. Then, by
Bellman’s principle of optimality [24], at any time tk the
cost-to-go can be minimized online with respect to the
present control law, based on the known value of x(tk)
and predictions of x(tk + 1). The value of x(tk) is assumed
to be fully observable from the dynamical system at any
present time tk, and x(tk + 1) is predicted or estimated
from the approximation of the system’s dynamics (11),
based on the present values of the state and the control.
In [25], Howard showed that if iterative approximations
of the control law and optimal cost-to-go, denoted by π	
and V	 , respectively, are modified by a policy-improvement
routine and a value-determination operation, respectively,
they eventually converge to their optimal counterparts π∗

and V∗.
The policy-improvement routine states that, given a cost-

to-go function V(·,π	) corresponding to a control law π	 , an
improved control law π	+1 can be obtained as follows:

π	+1[x(tk)]=arg min
u∈U
{L[x(tk),u(tk), x(tk+1)]

+V[x(tk+1,π	)]},
(13)

such that V[x(tk),π	+1] ≤ V[x(tk),π	], for any x(tk).
Furthermore, the sequence of functions C = {π	 | 	 =
0, 1, 2, . . .} converges to the optimal control law π∗. The
value-determination operation states that given a control

law π(·), the cost-to-go can be updated according to the
following rule:

V	+1[x(tk+1),π]=L[x(tk),u(tk), x(tk+1)]+Vell[x(tk+1,π)],
(14)

such that the sequence of functions V = {V	 | 	 = 0, 1, 2, . . .}
converges to V∗.

Then, at every iteration cycle 	 of the adaptive critic
algorithm, the above policy and value-iteration procedures
can be used to in tandem to supervise training of the actor
and critic SNN; that is,

u(tk)←− NNa[	, x(tk)] ≈ π	[x(tk)], (15)

Vπ[x(tk)]←− NNc[	, x(tk),π] ≈ V	[x(tk),π], (16)

respectively where 	 = Mk and M is a positive constant
chosen based on the desired frequency of the updates. It can
be seen that, at 	 + 1, the desired mappings for NNa and
NNc, provided by (13) and (14), respectively, are based on
the actor and critic outputs at 	, and on x(tk+1), which can be
estimated from an available dynamical system model (11).
To accomplish (15) and (16), two error metrics defined as a
function of the actual (decoded) actor and critic outputs and
of the desired actor and critic outputs (13) and (14) must be
minimized by the chosen training algorithm, as explained in
the following subsection.

3.2. Action and Critic Network Training Algorithm. The
action and critic networks implemented in Figure 2 differ in
that while the critic network can be trained by a conventional
algorithm that manipulates the synaptic weights directly
(e.g., see [5, 15]), the action network must be trained by
inducing weight changes indirectly through STDP (8), such
that its (decoded) output û will closely match u in (15), for
all x ∈ X . Since the weights within NNa cannot be adjusted
directly, they are manipulated with training signals from
NNc. Connections are made between q pairs of action/critic
neurons which serve as outputs in NNc and inputs for
NNa (Figure 2). To provide feedback signals to the critic,
connections are also created between r pairs of neurons from
NNa to NNc. The information flow through the networks is
illustrated in Figure 2. Since it is not known what training
signals will produce the desired results in NNa, the critic
must also be trained to match Vπ in (16) for all x ∈ X and
u ∈ U .

Both updates (15) and (16) can be formulated as follows.
Let SNN[·] denote an action or critic network comprised
of multiple spiking neurons and STDP synapses. Then, as
shown in (15) and (16), SNN[·] must represent a desired
mapping between two vectors ξ ∈ Rp and y ∈ Rr :

y(tk) = g	[ξ(tk)]←− SNN[ξ(tk),W	(tk)] � ŷ(tk). (17)

The desired mapping g	 : Rp → Rr can be assumed known
and stationary during every iteration cycle 	 and is updated
by the policy/value-iteration routine. Let W	(tk) = {wij(tk)}
denote a matrix containing the SNN synaptic weights at time
tk. Then, for proper values of W	 , if the SNN is provided
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Figure 2: Adaptive critic architecture comprised of a critic network, NNc, and, an action network, NNa, to control a dynamical system.

with an observation of the input, ξl, encoded as n spike train
sequences Xl

i = {t̂i,κ : κ = 1, . . . ,Nl
i }, i = 1, . . . ,n, over a

time interval [tk, tk+τ] with the firing times at t̂i,κ, the decoded
output of the SNN must match the output yl = g	[ξl],
where since τ 	 (tk+1 − tk), Xl

i can be used to encode
instantaneous values of ξl at any tk. Then, the chosen SNN
training algorithm must modify the synaptic weights such
that a figure of merit representing distance is optimized at
the output space of the mapping in (17).

For the critic network, NNc, the synaptic weights are
adjusted manually, using the reward-modulated Hebbian
approach presented in [5, 15]. Because the target function
y is known for all values of ξ, the SNN output error (y− ŷ) is
also known and can be used as a feedback to the critic in the
form of an imitated chemical reward, r(t), that decays over
time with time constant τc. The critic reward is modeled as

r(t) =
[
b
(
ŷ, y

)
+ r(t − Δt)

]
e−(t−t̂i)

τc
, (18)

where for the critic y ∈ R. Therefore, the error function can
be defined as b( ŷ, y) = sgn(y− ŷ), where sgn(·) is the signum
function. Thus, the value of b(·) is positive when the critic’s
output is too low, and it is negative when the critic’s output
is too high.

For the action network,NNa, the synaptic weights cannot
be manipulated directly; therefore the distance between y
and the (decoded) SNN’s output ŷ is minimized with respect
to the parameters of the RBF spike model described in
the next section. From (17), we identify (tag) two sets of

neurons referred to as input and output neurons (Figure 2),
where each neuron in the set provides the response for one
element of ξ and y, respectively, in the form of a spike
train. It is assumed that the set of input neurons can be
induced to fire on command with very high precision over
a training time interval [tk, tk+τ], with τ < T 	 (tk+1 −
tk). The input neurons’ firings could be implemented in
practice by using local programming voltages with controlled
pulse width and height that are easily realizable both in
CMOS/memristor chips [10] and in neuronal networks
grown in vitro [26]. In order to induce STDP in a manner
that will improve the SNN representation of the mapping
in (17), the programming voltages are delivered based on
an optimized spiking sequence Sιi = {t̂i,κ : κ = 1, . . . ,Nι

i},
i = 1, . . . , q, during the ith time interval of the training
algorithm, [tι, tι+1].

Existing spike models [13, 14] cannot be used to generate
Sιi because they are stochastic and, as such, they do not allow
for precise timing of pre- and postsynaptic firings. As a result,
they may induce undesirable changes in the synaptic weights
by virtue of the STDP rule (7), illustrated in Figure 1, which
shows that a small difference in the arrival time of a pre- and
postsynaptic spike can obtain the opposite effect in terms of
the weight change Δw. Beside allowing for precise timing of
neuron firings, the new deterministic spike model presented
in the next section can be updated by the training algorithm,
by optimizing a corresponding continuous signal modeled
by a superposition of Gaussian radial basis functions (RBFs),
which is characterized by a set of adjustable parameters P =
{wk, ck,βk | k = 1, . . . ,N}, where wk is the height the RBF



Advances in Artificial Neural Systems 7

IF
s(t) Input Iinj

Neuron 1

Pre Post

w21

Neuron 2

Output

Integrate-and-fire

Figure 3: Model of two-node LIF spiking neural network.

pulse, ck is the center of RBF pulse, βk is the width of the
RBF pulse, and N is the number of RBF pulses. As shown in
the next section, the continuous RBF signal can be integrated
against a suitable averaging function in a leaky integrator
and then compared to a positive threshold, by means of
a leaky integrate-and-fire (LIF) sampler. Subsequently, a
precise pulse function with desired widths and intensity can
be generated at a sequence of time instants, t̂i,κ, during the
interval [tι, tι+1], that correspond to the centers of the RBF
signal specified by P. Thus, a set of optimal RBF parameters
P∗ used to generate Sιi can be determined by minimizing
a measure of the distance between the (decoded) SNN’s
output ŷ and the desired output y, computed by the policy-
improvement routine (13).

In the next section, the derivation of gradient equations
that can be used to minimize the SNN’s output error (y − ŷ)
with respect to P is illustrated by means of a two-node LIF
neural network, with STDP modeled as shown in Section 2.
Let P = {plk} denote a matrix of RBF parameters to be
adjusted by the training algorithm. It can be easily shown that
the minimization of an error function E(y − ŷ) with respect
to the elements of P when y is a known constant can be
accomplished using the gradients ∂ŷ/∂plk, or some function
thereof, based on the chosen unconstrained minimization
algorithm [27]. As shown in (17), for a given input ξl the
only SNN variables to be optimized are the synaptic weights
wij . From the STDP rule (7), the weights are a function of the
parameters plk, which determine the input spike sequence
(or training signal) to the SNN (Figure 3). By virtue of the
chain rule of differentiation, it follows that

∂ŷ

∂plk
= ∂ŷ

∂wi j

∂wi j

∂plk
. (19)

Since ∂ŷ/∂wi j can be computed from the SNN model
(Section 2), it follows that if a training algorithm can
successfully modify the synaptic weights wij using the
proposed spike model, it also can successfully modify ŷ,
simply by redefining the error function. In other words,
if a training algorithm can successfully train the synaptic
weights of an SNN using the gradient ∂wij /∂plk, it follows
that it can also train the SNN using the gradient ∂ŷ/∂plk,
since the component ∂ŷ/∂wi j is known and given by the
SNN equations (1)–(5). Based on this property, the novel
spike model and indirect training algorithm are illustrated
by training the synaptic weight of a two-node LIF SNN to
meet a desired value w∗, without direct manipulation.

4. Indirect Training Methodology

Consider the two-node LIF SNN schematized in Figure 3,
modeled using the approach described in Section 2. s(t)
represents the input given to the LIF sampler, and S(t)
denotes the corresponding LIF sampler’s output. Based on
the approach presented in Section 3, the SNN synaptic
strength w21, representing the synaptic efficacy for a pre-
synaptic neuron (labeled by i = 1) and a postsynaptic
neuron (labeled by i = 2) cannot be modified directly by
the training algorithm but can only change as a result of
the STDP mechanism described in Section 2. In place of
controlling w21, the goal of the indirect training algorithm
is to determine a spike train that can be used to stimulate the
input neuron (i = 1) using Iinj, thereby inducing it to spike,
such that the synaptic weight w21 changes from an initial
(random) value to a desired value w∗.

For this purpose, we introduce a continuous spike
model comprised of a superposition of Gaussian radial basis
functions (RBFs):

s(t) =
N∑
k=1

wk exp
[
−βk(‖t − ck‖)2

]
, (20)

where wk determines the height of the kth RBF, which will
decide the constant current input Iinj. βk determines the
width of the kth RBF and ck determines the center of the kth
RBF, where k = 1, . . . ,N and N is the number of RBFs. Thus,
the set of RBF adjustable parameters is P = {wk, ck,βk | k =
1, . . . ,N}. A spike train can be obtained from the continuous
spike model (20) by processing s using a suitable LIF sampler
that outputs a square pulse function S(t) with the same
heights, widths, and centers, as the RBF spike model (20).

In this two-node SNN model, there is no synaptic current
sent to the first neuron because there are no presynaptic
neurons connected to it. Rather, the input for the first neuron
is the square pulse function provided by the output of the
LIF sampler. Therefore, during one square pulse, the input,
Iinj(t), to neuron i = 1 can be viewed as a constant, which for
our case is h, the height of the RBF. For a fixed threshold and
a constant input, the time it takes for the first neuron to fire
(or a spike to be generated) is

T = −τm ln
[

1− θ

hRm

]
(hRm > θ), (21)

where θ is the potential difference between the spike
generating threshold, Vth, and the resting potential, V0; that
is, θ = Vth − V0. h is the height of input square pulse, Rm

is the resistance of the membrane, and τm is the passive-
membrane time constant [20]. Thus, from (21), the value of
T can be controlled by adjusting h. We allow the first neuron
to fire near the end of a square pulse by inputting a spike
sequence generated by an RBF model with a suitable width
and height. Then, the firing times of the first neuron can be
easily adjusted by altering the centers of the RBF.
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Figure 4: Membrane potential of the two neurons in the SNN in Figure 3.
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Figure 5: Deterministic spike model signals.

In this simple example, it is assumed that the synapse is
of the excitatory type. Therefore, (4) can be written as,

Is(t) = CmaE

kt∑
k=k0

δ
(
t − t1,k − τd

)
, (22)

where τd is a known constant that represents the conduction
delay of the synaptic current from neuron i = 1 and t1,k are
the firing times of the first neuron. k0 is the index of the spike
of the first neuron, which occurs after the previous spike of
the second neuron, and kt is the index of the spike of the first
neuron, which provokes the firing time of the second neuron.
The only input to the second neuron is the synaptic current
defined in (22). Therefore, substituting (22) and (2) into (1)
results in the following equation for the membrane potential,

Cm
dv(t)
dt

= −Cm

τm
[v(t)−V0] + CmaE

kt∑
k=k0

δ
(
t − t1,k − τd

)
.

(23)

Solving (23) for the membrane potential of the second
neuron provides the response of neuron i = 2,

v(t) = V0 +
kt∑

k=k0

aE exp
[
− t − t1,k − τd

τm

]
H
(
t − t1,k − τd

)
,

(24)

where H(·) is the Heaviside function. Whenever the mem-
brane potential in (24) exceeds the threshold Vth, the second

neuron fires, and the membrane potential v(t) is then set
instantly equal to V0. It follows that the firing times of the
second neuron t2, j can be written as a function of the firing
times of the first neuron,

t2, j =
(
t1,kt + τd

)
H

⎧⎨
⎩

kt∑
k=k0

aE exp
[
− t2, j − t1,k − τd

τm

]

×H
(
t2, j − t1,k − τd

)
− (Vth −V0)

⎫⎬
⎭,

(25)

where j is the index of the firing times. In addition, the
membrane potentials of the first neuron and the second
neuron can be calculated using (24) and (21).

An example of the membrane potential time history for
the two neurons is plotted in Figure 4, where the square
pulse function S used to stimulate the first neuron is plotted
along with the neurons’ membrane potentials v1 and v2. The
red dots denote the firing times and potentials for the two
neurons. It can be seen from Figure 4 that, with this input,
the first neuron fires five times and the second neuron fires
one time. In this SNN, the input to the second neuron is
given only by the synaptic current caused by the firing of
the first neuron. It can be seen that only when the second
and third firing times of the first neuron are very close, the
membrane potential of the second neuron increases over the
threshold, causing it to fire, whereas the fourth and fifth
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Figure 6: Optimized input spike train and indirect weight changes brought about by STDP.
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Figure 8: Square wave obtained by the LIF sampler, for the RBF
spike model in Figure 7.

firing times of the first neuron are too far apart to cause firing
of the second neuron.

4.1. Deterministic Spike Model. The deterministic spike
model consists of a continuous RBF model in the form
(20) combined with an LIF sampler that converts the RBF
into a square wave function. The LIF sampler developed
in [28] for the approximate reconstruction of bandlimited

functions is adopted, which converts any continuous signal
f (t) into a square wave function by integrating it against an
averaging function uk,z(t). The integrated result is compared
to a positive threshold and a negative threshold, such that
when either one of the two thresholds is reached, a pulse
is generated at time tk = z. The value of the integrator is
then reset and the process repeats. In this paper, the averaging
function uk,z(t) is chosen to be the exponential eα(t−z)X[tk ,z],
where XI is the characteristic function of I and α > 0 is a
constant that models the leakage of the integrator, as due to
practical implementations [28]. Then, the LIF sampler firing
condition that generates the square wave (or sequence of
pulses) is

±θ =
∫ tk+1

tk
f (t)eα(t−tk+1)dt �

〈
f ,uk

〉
, (26)

where tk is the time instant of the sample, tk+1 is the next
time instant of the sample, uk is the averaging function, θ
is the threshold value, and α is the leakage of the integrator.
The output of the LIF sampler can be expressed in terms of
the time instants at which the integral reaches the threshold,
{t0, . . . , tn}, and by the samples q1, . . . , qn, defined as

qj �
∫ t j−1

t j
f (x)eα(x−t j )dx, for 1 ≤ j ≤ n. (27)

From (26), it follows that |qj| = θ. By adjusting the
parameters of the LIF sampler, it is possible to convert the
RBF signal in (20) to a square wave comprised of pulses with
the same width, height, and centers as the RBFs in (20). Thus,
by using the RBF spike model in (26) with suitable widths
and heights, it is possible to induce the first neuron to fire
shortly before the end of each pulse of the square-pulse func-
tion (also considering the refractory period of the neuron).
For simplicity, in this example, it is assumed that the heights
wk and widths βk are known positive constants of equal
magnitudes for all k. Then, the centers of the RBF comprise
the set of adjustable parameters, P = {ck | k = 1, . . . ,N}, to
be optimized. The same approach can be easily extended to a
case where all of the RBF parameters are adapted.
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Figure 9: Indirect weight changes brought about by STDP and corresponding deviation from w∗ = 2.8, for the SNN in Figure 3 stimulated
using the input spike train in Figure 7.
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Figure 10: Model of three-node LIF spiking neural network.
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It can be shown using the LIF SNN model in Section 2
that, under the aforementioned assumptions, the firing times
of the first neuron satisfy the constraints,

t1,k ≤ ck +
β

2
,

t1,k + Δabs ≥ ck +
β

2
,

(28)

where Δabs is an absolute refractory time of the neuron.
Then, the firing times of the first neuron can be written as
a function of the RBF centers, ck. By design, the first neuron
fires after the same time interval, relative to each square pulse

S(
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Figure 12: Square wave obtained from the LIF sampler, using the
optimized RBF spike model in Figure 11.

(Figure 4), due to the chosen RBF heights and widths. Then,
the firing times of the first neuron can be written as,

t1,k = ck − β

2
+ T , (29)

where t1,k denotes the firing times of the first neuron, ck are
the centers of the RBF, β is the constant width of the RBF, and
T is given by (21).

The RBF spike model is demonstrated in Figure 5, where
an example of RBF output obtained from (20) is plotted and,
after being fed to the LIF sampler, produces a corresponding
square wave which can be used as controlled pulse. It can
be seen that the centers of the RBFs precisely determine the
times at which a pulse occurs in the square wave and that
the square wave maintains the desired constant width and
magnitude for all k. The next subsection illustrates how,
by adapting the continuous RBF spike model in (20), it is
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Figure 13: Indirect weight changes brought about by STDP and corresponding error functions, for the SNN in Figure 10 stimulated using
the input spike train in Figure 12.

possible to minimize a desired error function and train the
synaptic weight of the SNN without directly manipulating it.

4.2. Indirect Training Equations. As explained in Section 2.2,
it is assumed that the synaptic weight w21 can only be
modified by controlling the activity of the SNN input
neuron(s), with i = 1, and that it obeys the nearest-spike
STDP model in (8). Over time, the synaptic weight can
change repeatedly, and therefore its final value can be written
as the sum of all incremental changes that have occurred over
the time interval [tι, tι+1],

w21(t) =
M∏
i=1

w0(1 + Δwi), (30)

where, for the two-neuron SNN in Figure 3, Δw1, . . . ,ΔwM

are due to M pairs of pre- and postsynaptic spikes that occur
at any time t ∈ [tι, tι+1]. Every weight increment Δwi is
induced via STDP and, thus, obeys equation (8). Since the
firing times in (8) depend on the centers of the RBF input
through (21)–(29), it follows that every weight increment
Δwi is a function of the RBF centers. In this example, the
constraints (28) can be written as,

β

2
<c1, cN +

β

2
<t f , ck+β<ck+1, for k=1, . . . ,N ,

(31)

where, from Figure 5, N = 5.
A training-error function is defined in terms of the

desired synaptic weight w∗ and the actual value of the
synaptic weight w21(t). While different forms of error
function may be used, the chosen form determines the
complexity of the derivation of the training gradients. It
was found that the most convenient form of training-error
function can be derived from the ratio of the actual weight
over the desired weight,

e(t) = w21(t)
w∗

, (32)

where w21(t) is the weight value at time t ∈ [tι, tι+1], obtained
from all previous spikes. As explained in Section 3, w∗ can
be viewed as the weight that leads to desired output ŷ for a
given input ξ. It can be seen that when w21 is equal to w∗, e
is equal to one. Plugging (30) into (36), the weight ratio can
be rewritten as,

e(t) = 1
w∗

M∏
i=1

w0(1 + Δwi), (33)

and the error between w21 and w∗ can be minimized by
minimizing the natural logarithm of the ratio (33):

E(t) � ln[e(t)] = ln(w0) + ln(1 + Δw1)

+ · · · + ln(1 + ΔwM)− ln(w∗).
(34)

As is typical of all optimization problems, minimizing a
quadratic form presents several advantages [29]. Therefore,
at any time t ∈ [tι, tι+1], the indirect training algorithm seeks
to minimize the quadratic training-error function:

J(t) � E(t)2 = {ln[e(t)]}2 = {ln(w0) + ln(1 + Δw1)

+ · · · + ln(1 + ΔwM)

− ln(w∗)
}2
.

(35)

Then, indirect training can be formulated as an uncon-
strained optimization problem in which J is to be minimized
with respect to the RBF centers, or P = {ck : ck ∈ [tι, tι+1]}.
Any gradient-based numerical optimization algorithm can
be utilized for this purpose. The analytical form of the
gradient ∂J/∂ck depends on the form of the spike patterns.
The following subsection derives this gradient analytically for
one example of spike patterns and demonstrates that, using
this gradient, the synaptic weight can be trained indirectly
to meet the desired value w∗ exactly. The same results were
derived and demonstrated numerically for all other possible
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spike patterns, but they are omitted here for brevity. Another
representation of error e′(t) is defined below to make the
convergence of error more understandable in figures,

e′(t) = ∣∣w21 −w∗
∣∣. (36)

where, | · | denotes the absolute value.

4.3. Derivation of Gradient Equations for Indirect Training.
Consider the case in which M = 5, w∗ = 1.72, and 2aE >
Vth − V0 > aE, which results in a two-node SNN (Figure 3)
in which neuron i = 1 must fire at least two times in order
for neuron i = 2 to fire. An example of such a spike pattern
is shown in Figure 6, where N1 and N2 denote spike trains
of neuron i = 1 and i = 2, respectively. In this case, the
first neuron fires five times, and the second neuron fires two
times. The firing time of the first neuron is controlled by the
RBF spike model described in Section 4.1. In Figure 6, ti,k
denotes the kth firing time of the ith neuron with k ∈ Ii,
where Ii = {k = 1, . . . , 5} is an index set for the firing times
and i is the index labeling the neurons. In this example, the
second neuron fires after t1,3 and t1,5, because t1,2, t1,3 and t1,4,
t1,5 are close enough to cause the membrane potential of the
second neuron, v2, to exceed the threshold.

Initially, the synaptic weight is equal to 1.7. The weight
change is discontinuous due to the discrete property of
spikes. As shown in Figure 6, the weight increases three times
at t1,3 +τd, decreases at t1,4, and increases again at t1,5 +τd. For
this example, the synaptic weight changes in five increments:

Δw1 = A+ exp
(
t1,1

τ+

)
exp

(−t1,3

τ+

)
exp

(−τd
τ+

)

Δw2 = A+ exp
(
t1,2

τ+

)
exp

(−t1,3

τ+

)
exp

(−τd
τ+

)

Δw3 = A+ exp
(−τd

τ+

)

Δw4 = −A− exp
(
t1,3

τ−

)
exp

(−t1,4

τ−

)
exp

(
τd
τ−

)

Δw5 = A+ exp
(−τd

τ+

)
.

(37)

When the equations above are substituted in (35), the
training-error function can be written as

J =
{

ln(w0) + ln
[

1 + A+ exp
(
t1,1

τ+

)
exp

(−t1,3

τ+

)
exp

(−τd
τ+

)]

+ ln
[

1 + A+ exp
(
t1,2

τ+

)
exp

(−t1,3

τ+

)
exp

(−τd
τ+

)]

+ ln
[

1 + A+ exp
(−τd

τ+

)]

+ ln
[

1− A− exp
(
t1,3

τ−

)
exp

(−t1,4

τ−

)
exp

(
τd
τ−

)]

+ ln
[

1 + A+ exp
(−τd

τ+

)]
− ln(w∗)

}2

.

(38)

Then, the gradients of J with respect to the RBF centers are

given by

∂J

∂c1
= ∂E2

∂c1
= ∂E2

∂t1,1
= 2E

[
Δw1

τ+(1 + Δw1)

]

∂J

∂c2
= ∂

(
E2
)

∂c2
= ∂E2

∂t1,2
= 2E

[
Δw2

τ+(1 + Δw2)

]

∂J

∂c3
= ∂E2

∂c3
= ∂E2

∂t1,3

= 2E
[ −Δw1

τ+(1 + Δw1)
+

−Δw2

τ+(1 + Δw2)
+

Δw4

τ−(1 + Δw4)

]

∂J

∂c4
= ∂E2

∂c4
= ∂E2

∂t1,4
= 2E

[ −Δw4

τ−(1 + Δw4)

]

∂J

∂c5
= ∂E2

∂c5
= ∂E2

∂t1,5
= 0.

(39)

Using the above gradients, the optimal values of c1, . . . , c5

can be obtained by minimizing J using a gradient-based
numerical algorithm such as Newton’s method.

An example of indirect learning algorithm implemen-
tation is shown in Figure 6, where the RBF-adjustable
parameters (which, in this case, coincide with the firing times
of neuron i = 1) are optimized to induce a change in the
synaptic weight w21 from an initial value of 1.704, to a desired
value w∗ = 1.72. Another example, for which the gradient
equations are omitted for brevity, is shown in Figures 7–
9. In this case, the desired weight value w∗ = 2.8 is far
from the initial weight w21(tι) = 3.5, and thus N = 43
spikes are required to train the SNN. The optimal RBF input
and corresponding controlled pulse used to stimulate neuron
i = 1 are shown in Figures 7 and 8, respectively. The time
history of the weight w21 is plotted in Figure 9(a), along with
the corresponding deviation from w∗ plotted in Figure 9(b).

5. Generalized Form of Gradient Equations for
Indirect Training

A more general form of the gradient equations can be found
by rewriting the response of the membrane potential for
neuron i = 2 in (24), as follows,

v(t) = V0 +
b∑

k=a
aE exp

[
− t − t1,k − τd

τm

]
H
(
t − t1,k − τd

)
,

(40)

where t1,k denotes the kth firing time of neuron i = 1. Then,
the gradients of the training objective function (35) with
respect to the centers of the RBF spike model for M = 5 are
given by the equations in the Appendix, which are obtained
in terms of the two functions,

g+

(
t1,i, t1, j

)
= A+ exp

(
t1,i

τ+

)
exp

(−t1, j

τ+

)
exp

(−τd
τ+

)
,

g−
(
t1,i, t1, j

)
= −A− exp

(
t1,i

τ−

)
exp

(−t1, j

τ−

)
exp

(
τd
τ−

)
,

(41)

where t1,i, t1, j are two distinct firing times of neuron i = 1.
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The methodology presented in Section 4 can also be
extended to larger SNNs, although in this case it may be
more convenient to compute the gradients of the objective
function numerically. As an example, consider the three-
neuron SNN in Figure 10, modeled by the approach in
Section 2 and with two synaptic weights w21 and w23 that
each obey the STDP mechanism in (8). Suppose that the
desired values of the synaptic weights are w∗21 = 4.1 and
w∗23 = 2.8. Using the indirect learning method presented
in this paper, and the gradient provided in the Appendix, a
training-error function formulated in terms of the deviations
of w21(t) and w23(t) from w∗21 and w∗23, respectively, can be
minimized with respect to the parameters (centers) P of the
RBF spike model (20).

Once the optimal RBF spike model, plotted in Figure 11,
is fed to the LIF sampler, the controlled pulse plotted
in Figure 12 is obtained and implemented via Iinj. The
controlled pulse is thus used to stimulate neuron i = 1 at
precise instants in time that corresponds to centers of the
optimal RBF spike model. By this approach, w21(t) can be
made to converge to the desired value w∗21. The same method
is implemented to stimulate neuron i = 2 to make the value
of w23(t) converge to w∗23. The time histories of the weight
values w21(t) and w23(t), obtained by the indirect training
algorithm are plotted in Figure 13(a). As is also shown by
the corresponding training errors, plotted in Figure 13(b),
the SNN weights over time converge to the desired values,
that is w∗21 = 4.1 and w∗23 = 2.8. These results demonstrate
that, even for larger SNNs, the indirect training method
presented in this paper is capable of modifying synaptic
weights until they meet their desired values, without direct
manipulation. Since this indirect training algorithm only
relies on modulating the activity of the input neurons via
controlled input spike trains, it also has the potential of
being realizable in vitro and in silico to train biological
neuronal networks and CMOS/memristor nanoscale chips,
respectively.

6. Summary and Conclusion

Recently, several algorithms have been proposed for training
spiking neural networks through biologically plausible learn-
ing mechanisms, such as spike-timing-dependent synaptic
plasticity. These algorithms, however, rely on being able to
modify the synaptic weights directly or STDP. In other words,
they minimize a desired objective function with respect to
weight increments that are assumed to be controllable and,

thus, are decided by a weight update rule, and then are
implemented directly by the training algorithm. In several
potential applications of spiking neural networks, synaptic
weights cannot be manipulated directly but change over time
by virtue of pre- and postsynaptic neural activity. In these
applications, the activity of selected input neurons can be
controlled via programming voltages or pulses of blue light
that induce precise spiking of the input neurons, at precise
moments in time.

This paper presents an indirect learning method that
induces changes in the synaptic weights by modulating spike-
timing-dependent plasticity using controlled input spike
trains, in lieu of the weight increments. The key difficulty to
be overcome is that indirect learning seeks to adapt a pulse
signal, such as a square wave or Rademacher function, in
place of continuous-valued weights. Pulse signals that can
be delivered to stimulate input neurons and cause them to
spike, such as blue light patterns or programming voltages,
are represented by piece-wise continuous, multi-valued (or
many-to-one), and nondifferentiable functions that are not
well suited to numerical optimization. Furthermore, stimu-
lation patterns typically are generated by spike models that
are stochastic, such as the Poisson spike model. Therefore,
even when the spike model is optimized, it does not allow
for precise timing of pre- and post-synaptic firings, and as
a result, may induce undesirable changes in the synaptic
weights. This paper presents a deterministic and adaptive
spike model derived from radial basis functions and a leaky
integrate-and-fire sampler. This spike model can be easily
optimized to determine the sequence of spike timings that
minimizes a desired objective function and, then, used to
stimulate input neurons. The results demonstrate that this
methodology is capable of inducing the desired synaptic
plasticity in the network and modify synaptic weights to
meet their desired values only by virtue of controlled
input spike trains that are realizable both in biological
neuronal networks and in CMOS/memristor nanoscale
chips.

Appendix

The gradients of the training objective function can be
derived as follows. The membrane potential of neuron 2 is
denoted by vi. j(t), where the membrane potential can only
be affected by presynaptic spikes that occur within the time
interval [t1.i, t1, j].

∂E2

∂c1
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2E

[
g+
(
t1,1, t1,3

)
τ+
(
1 + g+

(
t1,1, t1,3

))
]

if v
(
t1,3 + τd

)
1,3 > Vth

2E

[
g+
(
t1,1, t1,2

)
τ+
(
1 + g+

(
t1,1, t1,2

))
]

if v
(
t1,2 + τd

)
1,2 > Vth

2E

[
g+
(
t1,1, t1,4

)
τ+
(
1 + g+

(
t1,1, t1,4

))
]

if v
(
t1,4 + τd

)
1,4 > Vth

2E

[
g+
(
t1,1, t1,5

)
τ+
(
1 + g+

(
t1,1, t1,5

))
]

if v
(
t1,5 + τd

)
1,5 > Vth.
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∂E2
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)
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(
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)
1,2 > Vth, v

(
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2

2E
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(
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(
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(
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(
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]
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2
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2
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(
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(
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(
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(
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]
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]
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Motion-induced artifacts represent a major problem in detection and diagnosis of breast cancer in dynamic contrast-enhanced
magnetic resonance imaging. The goal of this paper is to evaluate the performance of a new nonrigid motion correction algorithm
based on the optical flow method. For each of the small lesions, we extracted morphological and dynamical features describing
both global and local shape, and kinetics behavior. In this paper, we compare the performance of each extracted feature set
under consideration of several 2D or 3D motion compensation parameters for the differential diagnosis of enhancing lesions
in breast MRI. Based on several simulation results, we determined the optimal motion compensation parameters. Our results have
shown that motion compensation can improve the classification results. The results suggest that the computerized analysis system
based on the non-rigid motion compensation technique and spatiotemporal features has the potential to increase the diagnostic
accuracy of MRI mammography for small lesions and can be used as a basis for computer-aided diagnosis of breast cancer with
MR mammography.

1. Introduction

Breast cancer is one of the leading death cases among women
in the US. MR technology has advanced tremendously
and became a highly sensitive method for the detection of
invasive breast cancer [1]. While only dynamic signal inten-
sity characteristics are integrated in today’s CAD systems
leaving morphological features to the interpretation of the
radiologist, an automated diagnosis based on a combination
of both should be strived for. Clinical studies have shown
that combinations of different dynamic and morphologic
characteristics [2] achieve diagnostic sensitivities up to 97%
and specificities up to 76.5%.

However, most of these techniques have not been applied
to small enhancing foci having a size of less than 1 cm. These
diagnostically challenging cases found unclear ultrasound or
mammography indications can be adequately visualized in

magnetic resonance imaging (MRI) [3] with MRI providing
an accurate estimation of invasive breast cancer tumor size
[4].

Automatic motion correction represents an important
prerequisite to a correct automated small lesion evaluation
[5]. Motion artifacts are caused either by the relaxation
of the pectoral muscle or involuntary patient motion and
invalidate the assumption of same spatial location within
the breast of the corresponding voxels in the acquired
volumes for assessing lesion enhancement. Especially for
small lesions, the assumption of correct spatial alignment
often leads to misinterpretation of the diagnostic significance
of enhancing lesions [6]. Therefore, spatial registration has
to be performed before enhancement curve analysis. Due to
the elasticity and heterogeneity of breast tissue, only nonrigid
image registration methods are suitable. Although there has
been a significant amount of research on nonrigid motion
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(a) (b)

(c) (d)

Figure 1: Motion detection on a transverse image. (a) Masking the data term: the green lines separate the boundary between masked and
unmasked areas. (b) Color code describing motion from the interior of the image. (c) Motion in two directions determined without mask
and (d) based on the mask from (a). The values for the standard deviation of the Gaussian presmoothing kernel and for the smoothness
term are σ = 3 and α = 500.

(a) (b) (c) (d)

Figure 2: Tumor in adjacent transverse slices of a 512 × 512 × 32 image.

compensation techniques in brain imaging, few methods
have been so far proposed for breast MRI. Most proposed
techniques employ physically motivated deformation models
[6, 7], transformations based on the deformation of B-
splines, [8, 9], elastic transformations [10], and more

recently adaptive grid generation algorithms [11]. We present
in this paper a novel elastic image registration method based
on the variational optical flow computation and will study
its impact on the shape of the enhancement curves for small
lesions.
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(a) (b)

Figure 3: Example of an MR images segmentation showing the transverse image of a tumor in the right breast (a) and the binary
segmentation of the tumor (b).

Table 1: Motion compensation parameters for two or three
directions. σ represents the standard deviation for presmoothing
and α the regularization parameter.

01 No motion compensation

02 3 directions, σ = 1, α = 100

03 3 directions, σ = 1, α = 500

04 3 directions, σ = 3, α = 100

05 3 directions, σ = 13, α = 500

06 2 directions, σ = 1, α = 100

07 2 directions, σ = 1, α = 500

08 2 directions, σ = 3, α = 100

09 2 directions, σ = 13, α = 500

The automated evaluation is a multistep system which
includes a non-rigid motion compensation technique based
on the optical flow, global and local feature extraction
methods as shape descriptors, dynamical features, and
spatiotemporal features combining both morphology and
dynamics aspects to determine the optimal motion compen-
sation parameters.

The paper is organized as follows. Section 2 describes the
materials and methods, Section 3 the motion compensation
technique, Section 4 the feature extraction techniques, and
Section 5 the results. In Section 3, we present the non-
rigid motion compensation technique, the feature extrac-
tion based on geometrical features, morphological features,
dynamical features, and scaling index method for simul-
taneous time and space descriptions, and as classification
technique the Fisher’s discriminant analysis.

2. Material and Methods

2.1. Patients. A total of 40 patients, all female and age
range 42–73, with indeterminate small mammographic

breast lesions were examined. All patients were consecu-
tively selected after clinical examinations, mammography in
standard projections (craniocaudal and oblique mediolateral
projections) and ultrasound. Only lesions BIRADS 3 and 4
were selected where at least one of the following criteria was
present: nonpalpable lesion, previous surgery with intense
scarring, or location difficult for biopsy (close to chest wall).
All patients had histopathologically confirmed diagnosis
from needle aspiration/excision biopsy and surgical removal.
Breast cancer was diagnosed in 17 out of the total 31 cases.
The average size of both benign and malignant tumors was
less than 1.1 cm.

2.2. MR Imaging. MRI was performed with a 1.5 T system
(Magnetom Vision, Siemens, Erlangen, Germany) with two
different protocols equipped with a dedicated surface coil to
enable simultaneous imaging of both breasts. The patients
were placed in a prone position. First, transversal images
were acquired with a STIR (short TI inversion recovery)
sequence (TR = 5600 ms, TE = 60 ms, FA = 90◦, IT = 150 ms,
matrix size 256 × 256 pixels, slice thickness 4 mm). Then
a dynamic T-weighted gradient echo sequence (3D fast low
angle shot sequence) was performed (TR = 11 ms and TR =
9 ms, TE = 5 ms, FA = 25◦) in transversal slice orientation
with a matrix size of 256 × 256 pixels and an effective slice
thickness of 4 mm or 2 mm.

The dynamic study consisted of 6 measurements with
an interval of 83 s. The first frame was acquired before
injection of paramagnetic contrast agent (gadopentetate
dimeglumine, 0.1 mmol/kg body weight, Magnevist, Scher-
ing, Berlin, Germany) immediately followed by the 5 other
measurements. The initial localization of suspicious breast
lesions was performed by computing difference images, that
is subtracting the image data of the first from the fourth
acquisition. As a preprocessing step to clustering, each raw
gray level time-series S(τ), τ ∈ {1, . . . , 6} was transformed
into a signal time-series of relative signal enhancement x(τ)
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Table 2: Areas under the ROC curves for contour features using FLDA. The rows represent the motion compensation as given in Table 1.
Numbers in boldface show the best results.

Feature type
Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

Radius min. 70.2 85.1 79.0 72.9 63.9 80.3 66.8 74.4 71.2

Radius max. 83.4 76.3 81.7 84.0 84.2 80.7 80.0 79.6 83.4

Radius mean 83.2 80.0 83.0 83.4 79.8 81.1 76.7 82.6 84.2

Radius st. dev. 82.4 70.4 76.1 80.3 80.7 76.9 79.2 75.0 76.9

Radius entropy 83.0 76.7 79.6 84.0 74.8 79.6 75.0 80.7 80.9

Azimuth entropy 80.7 81.9 77.7 79.6 77.5 81.9 79.0 78.4 79.6

Compactness 69.5 77.1 73.7 75.6 67.9 68.9 68.7 71.4 65.8

Table 3: Areas under the ROC curves for morphological features (geometric moments I1 to I6) using FLDA. The rows represent the motion
compensation as given in Table 1. Numbers in boldface show the best results.

Feature type
Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

I1 64.5 54.4 64.7 60.3 63.2 67.6 65.8 64.1 66.2

I2 56.3 58.0 56.7 54.2 69.5 60.7 63.7 66.8 59.7

I3 56.3 78.8 65.5 58.0 59.0 67.2 68.1 61.6 62.2

I4 56.3 55.9 61.8 63.4 56.3 58.2 63.9 59.2 54.0

I5 56.3 52.9 58.8 66.2 64.5 64.5 64.5 61.8 59.2

I6 56.3 56.3 63.7 59.9 60.1 67.2 66.0 64.3 66.4

for each voxel, the precontrast scan at τ = 1 serving as
reference. Thus, we ensure that the proposed method is less
sensitive to changing between different MR scanners and/or
protocols.

3. Motion Compensation Technique

The employed motion compensation algorithm is based
on the Horn and Schunck method [12] and represents a
variational method for computing the displacement field, the
so-called optical flow, in an image sequence. It is based on
two typical assumptions for variational optical flow methods,
the brightness constancy, and smoothness assumption.

In this context, the MR image sequence f0 is a differen-
tiable function of brightness values on a four-dimensional
spatiotemporal image domain Ω:

f0 : Ω︸︷︷︸
⊂R3

×R+ −→ R+. (1)

From this image sequence, we want to compute a dense
vector field u = (u1,u2,u3)� : Ω → R{2,3} that describes the
motion between the precontrast image at time point t and
a postcontrast image at time point t + k, either for all three
dimensions (R3) or only in one transversal slice (R2).

The initial image sequence f0 is preprocessed and
convolved with a Gaussian Kσ of a standard deviation σ to
remove noise in the image:

f = Kσ ∗ f0. (2)

The brightness constancy assumption dictates that under
the motion u, the image brightness values of the precontrast

image at time t and the postcontrast image at time t + k
remain constant in every pixel:

f (x + u(x), t + k) = f (x, t), ∀x ∈ Ω. (3)

Naturally, this condition by itself is not sufficient to describe
the motion field u properly, since for a brightness value
in an image voxel in the precontrast image, there are
generally many voxels in the postcontrast image with the
same brightness value, or, in the presence of noise, possibly
even none at all. Therefore, we include the smoothness
assumption, dictating that neighboring voxels should move
in the same direction, which is expressed as the gradient
magnitude of the flow field components is supposed 0 to be
as follows: ∣∣∇u{1,2,3}(x)

∣∣ = 0, ∀x ∈ Ω. (4)

This constraint by itself would force the motion field to be
a rigid translation, which is not the case in MR images.
However, if we use both the brightness constancy assumption
and the smoothness assumption as weak constraints in an
energy formulation, the motion field u that minimizes this
energy matches the postcontrast image to the precontrast
image and is spatially smooth.

The variational method is based on the minimization
of the continuous energy functional which penalizes all
deviations from model assumptions:

E(u) =
∫
Ω

(
f (x + u(x), t + k)− f (x, t)

)2

︸ ︷︷ ︸
Data term

+ α
(
|∇u1(x)|2 + |∇u2(x)|2 + |∇u3(x)|2

)
dx︸ ︷︷ ︸

Smoothness term

.
(5)
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Table 4: Areas under the ROC curves for dynamic features (slope) using FLDA. The rows represent the motion compensation as given by
Table 1.

Feature type
Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

Slope 70.4 75.6 74.2 75.0 75.0 73.9 75.8 72.7 75.4

The weight term α > 0 represents the regularization
parameter where larger values correspond to smoother
flow fields. This technique is a global method where the
filling-in-effect yields dense flow fields, and no subsequent
interpolation is necessary as with the technique proposed
in [13]. This method works within a single variational
framework.

Given the computed motion from the precontrast image
to a postcontrast image, the postcontrast image is being
registered backwards before its difference image with the pre-
contrast image is being computed for tumor classification:

fpost-registered(x) = fpost(x + u(x)). (6)

Since this registration explicitly yields the brightness con-
stancy assumption, if the motion has been estimated cor-
rectly, the registered postcontrast image is equal to the
precontrast image.

Breast MR images are mostly characterized by brightness,
since bright regions are created by fatty tissue or contrast
agent enhancing tumor tissue, while dark regions describe
glandular tissue and background. Tumors are mainly located
in the glandular tissue and proliferate either into the fatty
tissue (invasive) or along the boundary inside the glandular
tissue (noninvasive).

Two major concerns have to be addressed when applying
the optical flow approach to breast MRI: (1) The constancy
assumption does not hold for objects appearing from one
image to the next such as lesions the contrast agent enhance-
ment of which is much stronger than in the surrounding
tissue and (2) The lack of constant grid size in all directions
since voxel size is smaller than the slice thickness. The
first concern is alleviated by masking suspicious areas by
a radiologist and by detecting the sharp gradients in the
motion field in the unmasked image. Figure 1 shows the
masking of the entire upper image and visualizes the motion
in the inner slice by a color code. This color code describes
the motion direction based on the hue and the motion
magnitude based on the brightness and thus identifies
suspicious regions by detecting the sharp gradients. The
mask m : Ω → {0, 1} can be easily incorporated in the
energy formulation and it forces the data term to disappear
in suspicious regions:

E(u) =
∫
Ω
m(x)

(
f (x + u(x), t + k)− f (x, t)

)2

+ α
(
|∇u1(x)|2 + |∇u2(x)|2 + |∇u3(x)|2

)
dx.

(7)

In addition, there can be gaps between the slices where no
nuclei are being excited in order to avoid overlapping of the
slices. Figure 2 shows an example of a tumor considerably
shifting its position on adjacent transversal slices.

To overcome the second concern, it is important to
decide whether the motion in transverse direction is having
a significant impact. The present research has shown that
there is no significant difference in visual quality if motion
is computed in two or three directions. In the following
notation, we will consider the motion in three directions, the
one in two directions is analogous.

Based on the work of Horn and Schunck, a vast variety
of research in optical flow estimation has been conducted,
most of it on more robust, edge preserving regularity terms,
for example [14]. In our work however, we favor the original
quadratic formulation, since we explicitly need the filling-in
effect of a non-robust regularizer to fill in the information
in masked regions. To overcome the problem of having a
non-convex energy in (5), we use the coarse-to-fine warping
scheme detailed in [14], which linearizes the data term as in
[12] and computes incremental solutions on different image
scales.

For this, we approximate the image f at the distorted
point (x + u(x), t + k) by a first-order Taylor approximation:

f (x + u(x), t + k)− f (x, t)

≈ f (x, t + k) +∇ f (x, t + k)�u(x)− f (x, t).
(8)

Alternatively, one can develop the Taylor series at time t,
getting

f (x + u(x), t + k)− f (x, t)

≈ f (x, t) +∇ f (x, t)�u(x) +
∂

∂t
f (x, t)k − f (x, t).

(9)

Since the term f (x, t) cancels and the temporal derivative is
again approximated by the difference between the two images
at point x, the only difference between (8) and (9) is the
time at which the spatial derivative ∇ f is being computed.
In optical flow computation, one usually uses the arithmetic
mean (1/2)(∇ f (x, t + k) + ∇ f (x, t)). For the purpose of
registration, the scalar factor k can be neglected since it is
arbitrary whether one computes a motion for a k /= 1 and
then scales the motion later on with k when registering the
image, or simply sets k to 1. Incorporating this into the
energy formulation and leaving out the indices for better
readability, the linearized energy functional then reads as

Elin(u) =
∫
Ω
m
(
∂

∂t
f +∇ f �u

)2

+ α
(
|∇u1|2 + |∇u2|2 + |∇u3|2

)
dx.

(10)
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This functional is convex in u, and a minimizer can be found
by solving its Euler-Lagrange equations:

0 = m

(
∂ f

∂x

∂ f

∂x
u1 +

∂ f

∂x

∂ f

∂y
u2 +

∂ f

∂x

∂ f

∂z
u3 +

∂ f

∂x

∂ f

∂t

)
− αΔu1

∀x ∈ Ω,

0 = m

(
∂ f

∂x

∂ f

∂y
u1 +

∂ f

∂y

∂ f

∂y
u2 +

∂ f

∂y

∂ f

∂z
u3 +

∂ f

∂y

∂ f

∂t

)
− αΔu2

∀x ∈ Ω,

0 = m

(
∂ f

∂x

∂ f

∂z
u1 +

∂ f

∂y

∂ f

∂z
u2 +

∂ f

∂z

∂ f

∂z
u3 +

∂ f

∂z

∂ f

∂t

)
− αΔu3

∀x ∈ Ω.
(11)

Since the linearization in (8) or (9) is only valid for small
motions in the subpixel range, a typical strategy to overcome
the problem of large motions is to downsample the MR
images to a coarse resolution, compute an approximate
motion on the coarse resolution, interpolate this motion
to the next finer resolution, register the second image with
the approximate motion, compute the incremental motion
from the first image to the registered second image, add the
incremental motion to the approximate motion, and repeat
this iteration up to the original resolution.

4. Segmentation

Before we proceed with feature extraction, each MR image
has to be segmented into two regions, the region of interest
(ROI), that is, the voxels belonging to the tumor, and the
background. We are using an interactive region growing
algorithm, creating a binary mask the tumor voxels of which
are true, and all other voxels are false. The image used for
the region growing algorithm was the difference image of the
second postcontrast image and the native precontrast image.
The center of the lesion was interactively marked on one
slice of the subtraction images and then a region growing
algorithm included all adjacent contrast-enhancing voxels
also those from neighboring slices. Thus a 3D form of the
lesion was determined. An interactive ROI was necessary
whenever the lesion was connected with diffuse contrast
enhancement, as it is the case in mastopathic tissue.

Figure 3 shows a transverse image of a tumor in the
right breast and its binary segmentation, created with region
growing.

5. Feature Extraction

The complexity of the spatio-temporal tumor representation
requires specific morphology and/or kinetic descriptors. We
analyzed geometric and dynamical features as shape descrip-
tors, provided a temporal enhancement modeling for kinetic
feature extraction and the scaling index method for the
simultaneous morphological and dynamics representation.

5.1. Contour Features. To represent the shape of a tumor, we
compute the following features: the maximal, the minimum,
the mean, and the standard deviation of a radius as well as
the azimuth, entropy, and compactness.

First, we determine the center of mass of the tumor as

v := 1
n

n∑
i=1

vi, (12)

where n is the number of voxels belonging to the tumor, and
vi is location of the ith voxel.

We define for each contour voxel ci, the radius ri and the
azimuth ωi (i.e, the angle between the vector from the center
of mass to the voxel ci and the sagittal plane) and give in
the following the definitions of the geometrical features to
be used in context with the motion compensation technique.

From the set of the values r1, . . . , rm representing the
radii, we determine the minimum value rmin and the
maximum value rmax as well as

the radius:

ri := ‖ci − v‖2, (13)

the azimuth:

ωi := arcsine

⎛
⎜⎝ cix − vx

(cix − vx)2 +
(
ci y − vy

)2

⎞
⎟⎠, (14)

the mean value:

r := 1
m

m∑
i=1

ri (15)

the standard deviation:

σr :=
√√√√ 1
m

m∑
i=1

(ri − r)2, (16)

and the entropy:

hr := −
100∑
i=1

pi · log2

(
pi
)
. (17)

The subscripts x and y denote the position of the voxel
in sagittal and coronal direction respectively. ωi was also
extended to the range from −π to π by taking into account
the sign of (ci y − vy).

The entropy hr was computed from the normalized
distribution of the values into 100 “buckets,” where pi is
defined as follows:

For 0 ≤ i ≤ 99:

pi :=
∣∣∣{r j | i ≤

(
r j − rmin

)
/(rmax − rmin) · 100 < i + 1

}∣∣∣
m

.

(18)

From the radius, rmin, rmax, r, σr , and hr were used as
morphological features of the tumor. From the azimuth, only
the entropy hω (computed for ω as in (17) and (18)) was used
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as a feature, since the values ωmin and ωmax are always around
π and −π, and the values ω, and σω are not invariant under
rotation of the tumor image.

An additional measurement describing the compactness
of the tumor, which was also used as a feature, is the
number of contour voxels, divided by the number of all
voxels belonging to the tumor.

5.2. Geometric Moments. The spatial and morphological
variations of a tumor can be easily captured by shape
descriptors. Here, we will employ geometric moments [15]
as shape descriptors for our lesions. For each lesion, we
determine 6 three-dimensional moments that are invariant
under rotation, translation, and scaling and are able to
completely characterize the shape of the tumor.

Geometric moments are defined in the discrete three-
dimensional case as

mpqr =
∑
x

∑
y

xp yqzr f
(
x, y, z

)
, (19)

with f (x, y, z) being the image intensity function (gray
values). Finally, we compute three-dimensional moment
invariants [16] that are not computational intensive and
provide results stable to noise and distortion.

5.3. Dynamical Features. For each lesion, the time/intensity
curve is computed based on the average signal intensity
of the tumor before contrast agent administration (SI)
and after contrast agent administration (SIC), the relative
enhancement as

ΔSI := SIC − SI
SI

· 100%. (20)

To capture the slope of the curve of relative signal inten-
sity enhancement (RSIE) versus time in the late postcontrast
time, we compute the linear approximation of the RSIE curve
for the last three time scans. The slope of this curve represents
an important parameter for lesion classification.

5.4. Simultaneous Morphology and Dynamics Representations.
The scaling index method [17] describes mathematically
an estimation of the local scaling properties of a point
represented in an n-dimensional embedding space. For every
single point in the distribution, the number N of points is
determined, which are included in an n-dimensional sphere
of a radius r centered at xi

N(xi, r) =
∑
j

Θ
(
r −

∣∣∣xj − xi

∣∣∣), (21)

where Θ represents the Heaviside function. The function
N(xi, r), is usually determined within a specified range r ∈
[r1, r2], the so-called scaling range.

If the scaling region is large, then N(xi, r) becomes
N(xi, r) ∝ rα where α is the scaling index. A first-order
approximation yields

αi =
(
logN(xi, r2)− logN(xi, r1)

)
(
log r2 − log r1

) (22)

with r1 and r2 being the lower and upper limit of the scaling
range.

This technique can easily distinguish between point-like
(α = 0), string-like (α = 1), and sheet-like (α = 2) structures,
in images and be thus employed for texture extraction. In the
context of breast MRI, such a point consists of the sagittal,
coronal, and transverse positions of a tumor voxel and its
third-time scan gray value, and the scaling index serves as an
approximation of the dimension of local point distributions.

The scaling index serves as a descriptor of the simultane-
ous enhancement kinetics and morphology. In particular, it
can capture the blooming and the hook sign [18] and identify
cancers with benign-like kinetics, discriminate normal tissue
showing cancer-like enhancement curves, and thus improve
the performance of computer-assisted detection of small
enhancing lesions.

5.5. Morphologic Blooming. Another feature relying on mor-
phology as well as on dynamics is the so-called blooming:
the tumor contour becoming blurred and proliferating over
the time of contrast agent enhancement is an indication
for malignancy [19]. Beside blooming, [PTL+ 06] also
attributes “centripetal” enhancement (strong, contrast agent
enhancement near the tumor contour, weak enhancement in
the tumor center with advancing time), and inhomogeneous
contrast agent enhancement in general to a high probability
of malignancy of the tumor.

To capture the blooming of a tumor, the difference of
the relative signal intensity enhancement (RSIE) of every
contour voxel and the average RSIE of its nontumor neighbor
voxels was computed, and their mean, standard deviation
and entropy from the 3rd to the 5th postcontrast image
were used as features. Unlike for computation of the radial
transform, for these features not only voxels in the contour
of each transverse slice were considered contour voxels, but
also voxels of the tumor with a non-tumor neighbor voxel on
an adjacent transverse slice. The minimum and maximum
values were neglected as features, since the gray values in the
images are sensitive to noise.

The general irregularity of contrast agent enhancement
in the tumor interior was computed as the standard deviation
and entropy of the RSIE si, j described above for the time
scans 1, 3, and 5 (i ∈ {1, 3, 5}), and for all tumor voxels j.
For each of the three time scans, the standard deviation and
entropy were used as a feature.

In order to compensate general contrast and brightness
differences between the images, for all features described in
this section, the images were normalized to have the same
mean as the precontrast image, and the standard deviation
was divided by the standard deviation of the precontrast
image.

6. Results

In the following, we will explore the applicability of the
previously described motion compensation algorithm under
different motion compensation parameters and features
sets. The results will elucidate the applicability of motion
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Table 5: Areas under the ROC curves for scaling index (SI) method using FLDA. The rows represent the motion compensation as given by
Table 1. Numbers in boldface show the best results.

Feature type
Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

SI max. 74.6 66.6 64.3 69.3 62.8 80.3 69.1 60.9 62.8

SI mean 80.3 79.8 79.6 80.0 78.6 80.5 77.1 79.6 77.5

SI st. dev. 52.7 81.5 73.3 70.8 74.4 61.1 67.4 79.2 72.5

SI entropy 70.8 71.4 75.0 72.7 71.6 68.9 65.1 75.0 76.5

Table 6: Areas under the ROC curves for spatio-temporal features using FLDA. The rows represent the motion compensation as given in
Table 1.

Feature type
Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

RSIE st. dev. (3) 56.7 52.5 55.0 52.3 48.1 52.5 55.5 58.4 55.3

RSIE st. dev. (4) 64.9 65.8 68.5 62.8 63.7 66.6 66.8 69.5 64.5

RSIE st. dev. (5) 64.7 70.6 70.0 64.9 68.3 69.7 65.8 66.8 69.5

RSIE entropy (3) 80.9 84.2 85.3 83.0 79.4 84.5 81.3 81.5 83.4

RSIE entropy (4) 77.9 87.4 81.9 80.7 76.7 83.8 78.8 77.3 78.4

RSIE entropy (5) 74.6 79.8 81.7 81.7 73.3 81.5 76.3 76.9 73.5

Contour RSIE mean (3) 54.4 51.7 52.7 52.3 54.0 55.7 52.7 52.7 55.5

Contour RSIE mean (4) 63.7 56.9 62.8 59.2 61.1 59.5 59.5 59.0 59.9

Contour RSIE mean (5) 62.2 64.9 60.3 68.5 68.7 62.6 63.9 62.6 66.6

Contour RSIE st. dev. (3) 55.3 57.4 58.0 52.1 55.7 58.0 55.0 57.4 57.8

Contour RSIE st. dev. (4) 58.4 59.9 57.1 56.7 61.3 60.7 58.6 56.9 62.4

Contour RSIE st. dev. (5) 63.7 63.2 67.6 60.5 65.1 58.6 58.2 66.2 64.3

Contour RSIE entropy (3) 77.5 81.3 77.1 74.2 76.9 77.1 74.8 75.4 74.4

Contour RSIE entropy (4) 83.2 84.5 82.8 79.8 77.9 84.9 77.5 81.3 79.6

Contour RSIE entropy (5) 80.5 81.3 78.2 80.7 72.9 79.6 78.2 77.5 78.4

compensation as an artefact correction method and also the
descriptive power of several tumor features with and without
motion correction.

Table 1 describes the motion compensation parameters
used in the subsequent evaluations.

The effect of the motion compensation based on motion
compensation parameters such as the amount of presmooth-
ing and the regularization parameter was analyzed based on
different combinations of feature groups.

We analyzed the performance of each proposed feature
set and combinations of those for tumor classification based
on receiver-operating characteristic (ROC) and compare the
area-under-the-curve (AUC) values.

As a classification method to evaluate the effect of
motion compensation on breast MR images, we chose the
Fisher’s linear discriminant analysis. Discriminant analysis
represents an important area of multivariate statistics and
finds a wide application in medical imaging problems. The
most known approaches are linear discriminant analysis
(LDA), quadratic discriminant analysis (QDA), and Fisher’s
canonical discriminant analysis.

Let us assume that x describes a K-dimensional feature
vector, that there are J classes and there are Nj samples
available in group j. The mean in group j is given by μj , and
the covariance matrix is given by Σ j .

The underlying idea of Fisher’s linear discriminant anal-
ysis (FLDA) is to determine the directions in the multivariate
space that allow the best discrimination between the sample
classes. FLDA is based on a common covariance estimate and
finds the most dominant direction and afterwards searches
for “orthogonal” directions with the same property. The
technique can extract at most J − 1 components, and for
visualization purposes scores of the first component are
plotted against that of the second one, thus yielding the
optimal separation among the classes.

This technique identifies the first discriminating com-
ponent based on finding the vector a that maximizes the
discrimination index given as

aTBa
aTWa

, (23)

with B denoting the interclass sum-of-squares matrix and W
the intraclass sum-of-squares matrix.

6.1. Effectiveness of Contour Features. The contour features
described in Section 5.1 show for almost all motion com-
pensation parameters high ROC values as shown in Table 2.
Without motion compensation, the entropy as well as radius
mean and maximum yield the best results. The radius
minimum followed by the compactness show a significant
improvement for motion compensation in 3D directions.
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Table 7: Areas under the ROC curves for all combined features and for the optimal number of PCs using FLDA. The rows represent the
motion compensation as given by Table 1.

Area under the ROC curve (%)

01 02 03 04 05 06 07 08 09

FLDA classification 85.1 80.0 77.1 78.6 84.2 76.3 83.8 84.7 84.0

Number of PC 14 20 19 17 20 5 12 11 21

6.2. Effectiveness of Geometric Moments. The geometric
moments describe a representation of average shape param-
eters. Table 3 shows that motion compensations in two
directions yields better results than in three directions for
almost all geometric moments. However, the geometric
moments seen not to be an adequate mean to extract features
for small lesions.

6.3. Effectiveness of Kinetic Features. The slope is derived
from the first-order approximation of relative signal intensity
enhancement from the last three scans. Table 4 shows that
both 2D as well as 3D motion compensation yield almost
equally good results.

6.4. Effectiveness of Spatiotemporal Features. For the two radii
r1 and r2, we used radii in the size of tumor structures,
r1 = 3 mm and r2 = 6 mm. The maximum, mean, and
standard deviation and entropy of the set of scaling-indices,
computed from tumor points as in (15)–(17), were used as
features of the tumor. The minimum was neglected, since for
almost every tumor it was 0, due to isolated points.

Table 5 shows the ROC values for the scaling index
method for different motion compensation parameters
shown in Table 1. The scaling index mean value yields the
highest results without motion compensation and for both
2D and 3D motion compensation.

The performance results for the spatio-temporal features
related to both contour and tumor relative signal intensity
enhancement are shown in Table 6 for the third, fourth, and
fifth scans. For both the tumor and contour, the entropy
showed the best results in the ROC analysis: the third scan
for the tumor entropy and the fourth for the contour entropy
for both uncompensated and compensated motion.

6.5. Effectiveness of All Combined Features. In a final step,
we considered all determined features as a vector, reduced
its dimension with PCA and used FLDA as a classification
method. The AUCvalues for the optimal number of PCs
and depending on the motion compensation parameters are
shown in Table 7. We observe again that motion compen-
sation in 2D yields promising results for a CAD for small
lesions.

7. Conclusion

Breast MRI reading is often impeded by motion artifacts
of different grades. Motion correction algorithms become a
necessary correction tool in order to improve the diagnostic
value of these mammographic images. We applied a new

motion compensation algorithm based on the Horn and
Schunck method for motion correction and determined the
optimal parameters for lesion classification. Several novel
lesion descriptors such as morphologic, kinetic, and spa-
tiotemporal are applied and evaluated in context with benign
and malignant lesion discrimination. The optimal motion
correction results were achieved for motion compensation
in two directions for mostly small standard deviations of
the Gaussian kernel and smoothing parameter. Consistent
with the only study known for evaluating the effect of
motion correction algorithms [20], the proposed motion
compensation technique achieved good results for weak
motion artifacts.

The performed ROC-analysis shows that an integrated
motion compensation step in a CAD system represents
a valuable tool for supporting radiological diagnosis in
dynamic breast MR imaging.
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This paper introduces two unsupervised learning methods for analyzing functional magnetic resonance imaging (fMRI) data based
on hidden Markov model (HMM). HMM approach is focused on capturing the first-order statistical evolution among the samples
of a voxel time series, and it can provide a complimentary perspective of the BOLD signals. Two-state HMM is created for each
voxel, and the model parameters are estimated from the voxel time series and the stimulus paradigm. Two different activation
detection methods are presented in this paper. The first method is based on the likelihood and likelihood-ratio test, in which an
additional Gaussian model is used to enhance the contrast of the HMM likelihood map. The second method is based on certain dis-
tance measures between the two state distributions, in which the most likely HMM state sequence is estimated through the Viterbi
algorithm. The distance between the on-state and off-state distributions is measured either through a t-test, or using the Kullback-
Leibler distance (KLD). Experimental results on both normal subject and brain tumor subject are presented. HMM approach
appears to be more robust in detecting the supplemental active voxels comparing with SPM, especially for brain tumor subject.

1. Introduction

Functional magnetic resonance imaging (fMRI) is a well-
established technique to monitor brain activities in the field
of cognitive neuroscience. The temporal behavior of each
fMRI voxel reflects the variations in the concentration of
oxyhemoglobin and deoxyhemoglobin, measured through
blood oxygen level-dependent (BOLD) contrast. BOLD
signal is generally considered as an indirect indicator for
brain activities, because neural activations may increase
blood flow in certain regions of the brain.

1.1. Characteristics of fMRI Data. fMRI data are collected
as a time series of 3D images. Each point in the 3D image
volume is called a voxel. fMRI data have four important
characteristics: (1) large data volume; (2) relatively low
SNR; (3) hemodynamic delay and dispersion; (4) fractal
properties. Typically, one fMRI data set includes over 100-
K voxels from a whole brain scan and therefore has 100-K
time series. The observed time sequences are combinations

of different types of signals, such as task-related, function-
related, and transiently task-related (different kinds of
transiently task-related signals coming from different regions
of brain). These are the signals that convey brain activation
information. There are also many types of noises, which
can be physiology-related, motion-related, and scanning-
related. The signal to noise ratio (SNR) in typical fMRI
time series can be quite low, for example, around 0.2
to 0.5. For different regions and different trails, the SNR
level also varies significantly. Such noise nature causes
major difficulty in signal analysis. Hemodynamic delay and
dispersion further increase the complexity of fMRI signal
structure. Special efforts have been made to construct flexible
hemodynamic response function (HRF) which can model
the hemodynamic delay and dispersion through various
regions and different subjects [1, 2]. fMRI data also have
fractal properties, which means that a class of objects may
have certain interesting properties in common. In other
words, fMRI data are approximately scale invariant or scale
free.
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1.2. Methodology of Analyzing fMRI Data. Two areas of
fMRI-based neural systems study have attracted lots of
attention over the past two decades: functional activity
detection and functional connectivity detection. Functional
activity detection aims to locate the spatial areas that
are associated with certain psychological tasks, commonly
specified by a predefined paradigm. Functional connectivity
detection focuses on finding spatially separated areas that
have high temporal correlations [3]. Generally, functional
connectivity detection is conducted under the resting-state
condition. The differences in biophysical motivations and
experiment designs of these two studies are reflected in their
methodologies. Functional activity detection compares the
temporal series of each voxel with the excitation paradigm
and functional connectivity detection compares the voxel
timeseries with other series in a predefined spatial region,
that is, Region of Interesting (ROI), or “seed” region.
Functional activity detection is more on the temporal
correlation and functional connectivity detection is more on
spatial correlation. Even though the two areas have some
differences, they share many common statistical modelling
strategies. Both of them attempt to build models to abstract
the spatial and temporal relations from the observed fMRI
data. To choose a model that can capture the properties of
the time series accurately and efficiently is essential in both
study areas.

A large number of methods have been proposed to
analyze fMRI data. Most of them can be characterized into
one of these two categories: modelling based approach and
data driven approach. Reference [4] provided a detailed
review. Even though the authors claimed the methodologies
as functional connectivity detection, certain amount of the
reviewed methods were commonly used in functional activ-
ity detection study too. This paper focuses on constructing
a model to extract voxel temporal characteristics and test
the voxel activities using functional activity detection as
example. All the models referred following are for this task
if no further clarification.

An established software called statistical parametric map
(SPM) is a typical functional activity detection modelling
package based on general linear model (GLM) [5], general
linear model transforms a voxel time series into a space
spanned by a set of basis vectors defined in the design matrix.
These basis vectors include a set of paradigm waveforms
convolved with hemodynamic response function (HRF), as
well as several low-frequency DCT bases. The residual errors
of this linear transform is modelled as Gaussian pdf. The key
component of this method is how to constitute the design-
matrix which can accurately model the brain activation
effects and separate noises. Using GLM to analyze fMRI data
has following intrinsic assumptions:

(i) the activation patterns are spatially distributed in the
same way for all subjects,

(ii) the response between input stimulation and brain
response is linear,

(iii) the HRF function is the same for every voxel,

(iv) the time series observation has a known Gaussian
distribution,

(v) the variance and covariance between repeated mea-
surements are invariant,

(vi) the time courses of different factors affecting the
variance of fMRI signals can be reliably estimated in
advance,

(vii) the signals at different voxels are independent, and

(viii) the intensity distribution of background (nonactive
areas) is known whereas the distribution of active
areas is not known.

Reference [6] substituted paradigm with the average
temporal series of ROI as seed and applied SPM on func-
tional connectivity detection. And the most recent release
of SPM incorporates dynamic causal modelling to infer the
interregional coupling, but it is designed more on EEG and
MEG data [7].

There are some other methods which can be considered
as special cases of GLM. For example, direct subtraction
method subtracts the average of “off” period from the
average of “on” period. Voxels with significant difference
will then be identified as active. Students’ t-test can be used
to measure the difference in the means by the standard
deviations in “off” and “on” periods. The larger the t-value
is, the larger the “on-off” difference is, and the more active
the voxel is. Correlation coefficient is another special case
of GLM. It measures the correlation coefficient between
a reference function waveform and each voxel temporal
signal waveform. Voxels with large correlation coefficient
are considered to be connected. If the reference function
waveform is defined by paradigm [8], it is functional activity
detection, and if the reference function waveform is defined
by some seed time course, it is functional connectivity
detection [9].

There exist some problems in GLM-based methods. For
example, GLM assumes one HRF function for all voxels.
The BOLD signal is only an indirect indicator of neural
activity, and many nonneural changes in the body could
also influence the BOLD signal. Different brain areas may
have different hemodynamic responses, which would not
be accurately reflected by the general linear model. Also,
GLM method typically requires grouping or averaging data
over several task/control blocks, which reduces sensitivity
for detecting transient task-related changes, and make it
insensitive to significant changes not consistently time-
synched to the task block design. Low SNR makes it
possible for nontask-relevant components overshadow task-
relevant components and further reduces the sensitivity
and specificity. GLM only considers the time series and
ignores relationships between voxels, hindering the detection
of brain regions acting as functional units during the
experiment. Another problem is that the GLM method does
not extract the intrinsic structure of the data, which may
significantly weaken its effectiveness when the a priori of
fMRI signal in response to the experimental events is not
known or may not be constant across all voxels.
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Besides GLM-based methods, a few methods have been
proposed to improve the accuracy of modelling fMRI
temporal signals. Reference [10] introduced a Bayesian
modelling method which used a two-state HMM to infer
an optimal state sequence through Markov Chain Monte
Carlo sampling. The method assumed the observation is
a linear combination of a two-state HMM, which infer
hidden psychological states, plus constant and trend. The
model is designed as the combination of offset, linear
trend and a set of two-state HMMs state sequences start
at different time points. MCMC is used to estimate the
optimal state sequence for each voxel. This method is
good in interpreting the dynamics in each voxel, but the
computing complexity is big concern as mentioned by
the authors, and also the totally paradigm-free approach
might introduce noise that irrelevant with the experiment
design. Reference [11] applied state-space model and Kalman
filter to model the baseline and stimulus effect without
any parametric constrain. Reference [12] employed multiple
reference functions with 100 ms shift to find the highest
correlation coefficient reference function for specific voxels,
which avoids the common practice of using a single-reference
function for all voxels. Reference [13] proposed Gaussian
mixture models to describe the mutually exclusive fMRI
time sequence. Reference [14] introduced an unsupervised
learning method based on hidden semi-Markov event
sequence models (HSMESMs) method which had the advan-
tage of explicitly modelling the state occupancy duration.
The method decomposed an observation into true positive
events, false positive events, and missing observations. The
“off-on” paradigm transitions were modelled as left to right
HMM true positive states, and the other periods were con-
sidered as semi-Markov false positive states. The likelihood
of HSMESM was calculated iteratively to detect activity
base on predefined threshold. Reference [15] used first-
order Markov chain to estimate the time series, t-test, and
mutual information to detect the actions. All these methods
are essentially two-stage approach. The temporal property
is modelled at each voxel independently and then spatial
modelling is performed based on the summarized statis-
tics from temporal analysis. Fully Bayesian spatiotemporal
modelling [16] considered spatial and temporal information
together. This method decomposed the observation data into
spatiotemporal signal and noise, and space-time simultane-
ously specified autoregressive model (STSAR) was employed
to construct noise model. Half-cosine HRF model and
activation height model were used to construct fMRI signal
models.

Granger causality analysis [17] and dynamic causal
modelling [18] are two popular methods in functional
connectivity detection in recent years. A series comments
and controversies [19–22] have been dedicated to comparing
these two methods on model selection, causality, and
deconvolution from biophysiological view. Reference [23]
criticized dynamic causal modelling from computation com-
plexity and model validation from mathematical perspective.
The advantage of these two methods are that they consider
the spatial and temporal information at the same time, but
the disadvantage is the model complexity.

All the modelling-based approaches mentioned above are
either too simple to capture the temporal or spatial dynamics
for different voxels and subjects, or too complicated to
estimate parameters accurately and inference easily.

In addition to these modelling-based methods, there
are also data driven methods in analyzing fMRI data. One
popular example of this approach is independent component
analysis (ICA). ICA decomposes a 4D fMRI data volume
(3D spatial and 1D temporal) into a set of maximum
temporal or spatial independent components by minimizing
the mutual information between these components. ICA
does not require the knowledge of stimulus or paradigm in
data decomposition, and similar voxel activation patterns
will usually appear in the same component. ICA is also
called blind source separation, because it does not need
prior knowledge, and it is able to identify “transient task
related” components that could not be easily identified by
the paradigm. The first application of ICA in fMRI data
was the spatial ICA (sICA) [24]. Temporal ICA (tICA) was
introduced later by [25]. Reference [26] compared the sICA
with tICA and reported that the beneficial of each method
depends on the independence of the underlying spatial or
temporal signal. sICA maximizes independence spatially and
the corresponding temporal information might be highly
correlated, and vice versa for tICA. To consider the mutual
independence between space and time simultaneously, [27]
proposed a spatiotemporal independent component analysis
(stICA). Extended from entropy-based one-dimension ICA
decomposition introduced in [28], the authors embedded
the spatial and temporal components at the same time
and also incorporated the spatial skewed probability density
function to replace the kurtosis and symmetric probability
density function in decomposing the independent signals.
As pointed out in [29], the disadvantages of the Infomax
and entropy-based stICA algorithms used in [27] are that
the number of parameters needed to be estimated is large,
the local minima and sensitive to noise characteristics of
the gradient descent optimization methods. To improve the
stability, robustness, and simplify the computing complexity,
[29] adopted the generalized eigenvalue decomposition
and joint diagonalization on both spatial and temporal
autocorrelation to achieve spatial and temporal independent
signals simultaneously. ICA methods have showed promising
results in fMRI analysis, but similar as all other data-driven
methods, it is hard to interpret the output and it usually
requires special knowledge and human intervention. Also,
ICA does not specify which component, among many output
components, is the activation component, and there is no
statistical confidence level of each components extracted.

Clustering is another well-developed data driven
approach in brain activity and connectivity detection. It
has been used to identify regions with similar patterns
of activations. Common clustering algorithms include
hierarchical clustering, crisp clustering, K-means, self-
organizing maps (SOM), and fussy clustering. The major
drawback of most clustering methods is that they make
assumptions about cluster shapes and sizes, which may
deviate in observed data structures. The optimization
techniques used in clustering may also result in local maxima
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and instable results. In addition, the number of clusters is
frequently determined heuristically and randomly initialized,
which makes the output inconsistent with each trial.

In this paper, we propose a simple dynamic state space
model, which attempts to model the voxel time series as
a random process driven by the experimental paradigm or
some ROI area seed series. For a given voxel, its behavior
is described by a two-state hidden Markov model with
certain state distributions and state transitions. The HMM
parameters are estimated from the prior statistics of the
paradigm as well as from the testing time series. Two
methods are introduced to detect the voxel activation based
on the estimated HMM. The first method calculates the
likelihood of each time series, given its HMM, and forms
a likelihood map for all the voxels reside in a fMRI slice. A
simple Gaussian model is also used to improve the contrast
of this likelihood map. The second method uses the t-
test or the Kullback-Leibler distance (KLD) to measure the
distance between the on-state distribution and the off-state
distribution. These distributions are estimated based on the
most likely HMM state sequence, which is calculated through
a Viterbi algorithm. The contribution of the method is that
it unifies the robustness, stability, and reliability under the
same framework in estimating paradigm driven fMRI study.
First, it incorporates the dynamic characteristics of fMRI
time series by adapting 2-state HMM model, which is robust
in detecting active voxels with different delay and dispersion
behaviors. Second, the proposed method utilizes paradigm
prior knowledge in parameter estimation, which is not only
to simplify the computing compared with the approach in
[10], but also to improve the stability and reliability of the
output due to the stability of paradigm.

The rest of this paper is organized as follows. In
Section 2, we introduce the two-state hidden Markov model
approach for fMRI data. In Section 3, we discuss activation
detection methods base on the estimated HMM. In Section 4,
we present the experimental results on two sets of fMRI
data, one is normal subject and the other is brain tumor
subject, and compare the results with GLM-based statistical
parametric mapping package (SPM) [5].

2. Hidden Markov Model for fMRI Time Series

2.1. Hidden Markov Model. HMM is a very efficient stochas-
tic method in modelling sequential data of which the
distribution patterns tend to cluster and alternate among
different clusters [30]. A hidden Markov model consists of
a finite set of states. In a traditional Markov chain, the state
is directly visible to the observer, and the state transition
probabilities are the only parameters. In an HMM, only the
observations influenced by the state are visible. Each of the
hidden state is associated with a probability distribution.
Transitions among the states are measured by transition
probabilities. The most common first-order HMM implies
that the state at any given time depends only on the state at
the previous time step.

HMM is well developed in temporal pattern recognition
applications. It was first applied to speech recognition [31].

Now it is widely used in multimedia [32], bioinformatics [33,
34], informational retrieval [35], and so forth.

An HMM can be described by the following elements
[31]: (1) a set of observations O{T}, where T is the
number of time samples; (2) a set of states Q{N}, where
N is the number of states; (3) a state-transition probability
distribution A = {ai j}, where ai j = P[qt+1 = Sj | qt =
Si], 1 ≤ i, j ≤ N ; (4) observation probability distribution for
each state B = {bj(x)}, where bj(x) = P[ot = x | qt = Sj],
1 ≤ j ≤ N , x ∈ � is a possible observation value; (5) an
initial state distribution π = {πj}, where πj = P[q1 = Sj],
1 ≤ j ≤ N .

An HMM is therefore denoted by λ = {A,B,π}. We
further model each state distribution as a Gaussian pdf:

P
[
Ot = x | qt = Sj

]
= 1

σj
√

2π
e−(x−μj )

2/(2σj 2), j ∈ {0, 1}.
(1)

Let Q = q1, q2, . . . , qT be a possible state sequence and
assume that the observation samples are independent, the
likelihood of an observed sequence given this HMM can be
calculated as:

P(O | λ) =
∑
Q

P(O | Q, λ)P(Q | λ)

=
∑
Q

πq1bq1 (o1)aq1q2bq2 (o2) · · · aqT−1qT bqT (oT).

(2)

Given the observation O and the HMM, the most likely
state sequence Q = {q1, q2, . . . , qT}, which maximizes the
likelihood P(Q | O, λ), can be calculated through the Viterbi
algorithm [36]. The Viterbi path score function is defined as:

δt(i) = max
q1,q2,...,qt−1

P
[
q1q2 · · · qt = i, o1o2 · · · ot | λ

]
, (3)

where δt(i) is the highest probable path ending in state i at
time t. The induction can be expressed as:

δt+1
(
j
) = max

1≤i≤N

[
δt(i)ai j

]
bj(ot+1). (4)

In an application of HMM, multiple HMMs are trained
by different groups of labeled data. The HMM parameters
are estimated based on these training data. The test data will
be assigned to the one which has the maximum likelihood.

2.2. Brain Activation Detection

2.2.1. HMM Likelihood Methods. In our unsupervised learn-
ing methods, HMM parameters are estimated directly from
the experimental paradigm or the voxel time series under
examination. This is different from conventional HMM
applications where HMM parameters are usually estimated
from some training data. The attempt of avoiding training
process is motivated by the fact that the true activation
behavior varies from voxel to voxel and from patient to
patient. Therefore, it is not advisable to use the parameters
from certain set of voxels to characterize other voxels.
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Since the simple block paradigm has only two levels, “on,
off,” in this work we let the number of state N = 2, that is,
on-state S1 and off-state S0.

Because of the first-order Markov assumption, that is,
P(qt = j | qt−1 = i, qt−2 = k, . . .) = P(qt = j | qt−1 = i),
the distribution of a state duration is exponential, and the
expected value of a state duration can be expressed as:

di = 1
1− aii

. (5)

Given an experimental paradigm, let the length (i.e., time
samples) of the ON period be Lon, and the length of off
period be Loff , the transition matrix A can be estimated as
a00 = 1/(1 − Loff ), a01 = 1 − a00, a11 = 1/(1 − Lon), a10 =
1− a11.

The parameters in B can be estimated from the voxel time
series O. Assuming that the time samples are normalized, let
pon denote the paradigm ON periods, and poff denote the
paradigm off periods, the off-state S0 Gaussian parameters
are

μ0 = 1∣∣poff

∣∣
∑

t∈poff

ot , σ0 =
√√√√ 1∣∣poff

∣∣
∑

t∈poff

(
ot − μ0

)2, (6)

and the on-state S1 Gaussian parameters are

μ1 = 1∣∣pon
∣∣
∑
t∈pon

ot , σ1 =
√√√√ 1∣∣pon

∣∣
∑
t∈pon

(
ot − μ1

)2, (7)

where |poff | is the total number of time samples in the off
periods, and |pon| is the total number of time samples in the
ON periods.

Because the paradigm always starts at the off state, the
parameters in π are set as π0 = 1 and π1 = 0.

Given a 2-state HMM as specified, if an observation
sequence does have two distinguishable states in consistence
with the paradigm states, the resulting {μ0, σ0} will be clearly
different from {μ1, σ1}, and the likelihood of such sequence
given this model will be relatively high. If an observation
sequence does not have such clear 2-state characteristic,
the corresponding state transition will be somehow random
and will not fit well with the specified A matrix. In such
situation, the likelihood of this sequence will be relatively
low. Therefore, the value of voxel sequence likelihood can
provide an indication about the activation of this voxel. A
likelihood test on an fMRI slice will be able to produce a
likelihood map with each point representing the likelihood
of a voxel on this slice.

To enhance the contrast of this likelihood map, we
introduce a simple Gaussian model for the poff samples.
This model is consistent with the S0 state distribution in
the 2-state HMM. The likelihood of the entire sequence is
calculated based on this model. The expectation is that if a
voxel is non-active, its distribution in poff periods and pon

periods should be similar, and therefore the likelihood to this
model should be relatively high; on the other hand, if the
voxel is active, its distribution in pon periods will be quite

different from the distribution in poff periods, and therefore
the likelihood of the whole sequence on this model will be
relatively low. The substraction of the HMM log likelihood
map and the Gaussian log likelihood map is equivalent to
a general likelihood ratio test, and it provides an activation
map with enhanced contrast.

2.2.2. State Distribution Distance Methods. If a voxel is
active, its fMRI time series can be partitioned into segments
associated with two states, and each state can be described
by a distribution. The assumption is that if the on-state
distribution is significantly different from the off-state
distribution, we have high confidence to declare a voxel as
active, and vice versa. Therefore, the second method we are
investigating attempts to measure the distance between the
presumed on-state and off-state distributions.

There are many techniques available for measuring the
distance of two distributions. We study two of such measures
in this work, one is the t-test, and the other is the Kullback-
Leibler divergence. Both on-state and off-state distributions
are models as simple Gaussian pdfs.

Given the Gaussian parameters, {μ0, σ0} and {μ1, σ1}, the
t-test calculates the difference of two mean values corrected
by their variance values

t = μ1 − μ0√(
σ2

on/
∣∣pon

∣∣) +
(
σ2

off /
∣∣poff

∣∣) . (8)

A t-map is produced after the t-test is applied to all the
voxles on an fMRI slice. High t values in the map usually
indicate active voxles.

The Kullback-Leibler divergence [37] is frequently used
as a distance measure for two probability densities, although
in theory it is not a true distance measure because it is not
symmetric. In general it is defined in the form of “relative
entropy,”

D
(
pi(x)‖pj(x)

)
= −

∫
pi(x) log

pj(x)

pi(x)
dx. (9)

For two Gaussian pdfs, a close form expression for KLD
is available:

D
(
pi
(·;μi, σi)‖pj

(
·;μj , σj

))

= 1
2

⎡
⎢⎣log

(
σ2
j

σ2
i

)
− 1 +

σ2
i

σ2
j

+

(
μi − μj

)2

σ2
j

⎤
⎥⎦.

(10)

These are well-established methods. However a critical
issue in fMRI analysis is how to estimate the correct on-
state and off-state distributions. A simple assumption is to
let all time samples in the paradigm ON periods be the
on-state samples and let all samples in the paradigm off
periods be the off-state samples. We refer to this approach
as the “paradigm state” approach. The SPM takes a similar
approach, except that the block paradigm is convolved with
an HRF, which is normally a low-pass filter characterizing
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(a) Paradigm state t-test (b) SPM t-test (c) 2-state HMM Viterbi path t-test

(d) Paradigm state KLD map (e) SPM F-test map (f) 2-state HMM Viterbi path KLD

Figure 1: (a), (b), and (c) are t-test map for paradigm-defined state, SPM method, and 2-state HMM Viterbi path map respectively; (d),
(e), and (f) are KLD map for paradigm defined state, SPM F-test, and 2-state HMM Viterbi path KLD map, respectively. The HMM Viterbi
path methods (c) and (f) produce more compact and clearly highlighted regions than paradigm state estimation (a) and (d); HMM Viterbi
path methods perform similarly to SPM with some minor differences.

(a) HMM log-likelihood map (b) Gaussian log-likelihood
map

(c) HMM likelihood ratio test
map

Figure 2: (a) HMM log-likelihood map—2-state HMM model is applied to all voxels. The active voxels with obvious 2-state on/off patterns
will have relative high likelihood given this model; (b) Gaussian log-likelihood map—“off”-state Gaussian model is applied to all voxels.
The nonactive voxels with obvious 2-state on/off patterns will have relative high likelihood given this model; (c) HMM likelihood ratio
test map—subtraction of HMM log-likelihood map and Gaussian log-likelihood map equivalent to general likelihood ration test, and it
enhances the contrast for activation map.
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(a) SPM t-test map with 4 voxel locations
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D

(b) HMM LLR map with 4 voxel locations

Figure 3: Glass map for SPM t-test and HMM likelihood ratio and 4 voxel time series. “A” and “B” are detected by both SPM and HMM
methods, while “C” and “D” are only detected by the HMM log-likelihood ratio method.
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Figure 4: The time series of four active voxels. “A” and “B” are detected by both SPM and HMM methods, while “C” and “D” are only
detected by the HMM log-likelihood ratio method.
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(a) Tumor patient MRI brain image
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(b) SPM t-test map
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(c) HMM LLR map

Figure 5: Tumor patient high-resolution image and glass maps for SPM test and 2-state HMM likelihood ratio test. The patient has a tumor
on his left frontal lobe from (a). No supplemental voxels from SPM t-test (b). “D” and “F” are supplemental voxels detected from HMM LLR
map in (c).

the nature voxel response to a stimulus. The μ0 and μ1 are
obtained by projecting the time series to the HRF convolved
paradigm waveform, and the σ0 and σ1 are set to be the same
to model the residual error between the voxel time series and
the weighted paradigm waveform.

We take a different approach by applying the 2-state
HMM on each voxel series and calculate the most likely
state sequence using the Viterbi algorithm. We refer to this
approach as the “Viterbi path” approach. Then the on-state
and off-state statistics are calculated according to the optimal
state assignment for each time sample. The {μ0, σ0} are
obtained from all samples belonging to the off-state, and
{μ1, σ1} are obtained from all samples belonging to the on-
state.

3. Experimental Results

3.1. Normal Subject. The data set is collected from a test with
self-paced bilateral sequential thumb-to-digits opposition
task. The task paradigm consists of a 32 sec baseline followed
by 4 cycles of 30 sec ON and 30 sec OFF. The time series
is sampled at 0.25 Hz, which produces 68 time samples for
each voxel. The first four samples are ignored during analysis
because of initial unstable measurement. The BOLD image is
acquired in a 1.5 T GE echo speed horizon scanner with the
following parameters: TR/TE = 4000/60, FOV = 24 cm, 64×
64 matrix, slice thickness 5 mm without gap, and 28 slices to
cover the entire brain. Following acquisition of the functional
data (with a resolution of 3.75 × 3.75 × 5 mm3), a set of
3 mm slice thickness, high resolution (256×256 matrix size),
gadolinium-enhanced images are also obtained according
to clinical imaging protocol. The data is aligned to remove
the limited motion between data sets then smoothed with
a Gaussian kernel before further processing [5]. We further
normalize each time series with the mean and variance of its
paradigm off period. In order to compensate DC drifting in

many voxels, each time series is partitioned into four equal-
length segments, and normalization is performed separately
on each of these segments. In the reported results, only one
fMRI transverse slice is shown.

We first compare three methods based on two different
distribution distance measures. These include the SPM with
a t-test or an f-test, and our HMM Viterbi path method with
a t-test or a KLD measure. The results are shown in Figure 1.
From these results we can see that the primary motor and
secondary motor areas are effectively highlighted by all these
methods. We also have the following observations: (1) the
HMM Viterbi path methods produce more compact and
clearly highlighted regions, which indicates that Viterbi path
estimation is more accurate than paradigm state estimation;
(2) the HMM Viterbi path t-test method performs similarly
to SPM t-test with some minor differences, mostly along the
outer frontal regions; (3) the KLD methods have resemblance
to SPM F-test in the sense that their results are pure positive,
while t-test results are signed.

To test the effectiveness of our HMM likelihood ratio
method, we compare its result with an SPM t-test result.
In Figure 2, (a) shows the two-state HMM log-likelihood
map; (b) shows the Gaussian log-likelihood map of the
same slice; (c) shows the log-likelihood ratio test map. It
can be seen that HMM log-likelihood map is almost the
reverse of Gaussian log-likelihood map, which validates our
expectation in Section 2.2.1. (c) is similar to (a), yet with
enhanced contrast. This result resembles the SPM t-test
result, although their magnitude scales are quite different.

We examine several active voxels detected by SPM and
by HMM likelihood ratio test. In Figure 3, the SPM t-map
and the HMM log likelihood ratio map are thresholded at
certain level to yield similar number of active voxels. The
corresponding voxel time series marked with “A,” “B,” “C,”
and “D” are shown in Figure 4. The voxels “A” and “B” can
be detected by both SPM and HMM likelihood ratio test.
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Figure 6: Continued.
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Voxel E time sequence
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Figure 6: Voxel time series, voxels “A” and “B” are detected by both SPM t-test and 2-state HMM likelihood ratio test; voxels “C,” “G,” and
“H” are detected by SPM t-test only. “D,” “E,” and “F” are detected by 2-state HMM likelihood ratio test only.

The voxels “C” and “D” are only highlighted by the HMM
likelihood ratio test.

3.2. Brain Tumor Subject. Functional MRI is not only used
for normal brain function mapping, it is also widely used for
neurosurgical planning and neurologic risk assessment in the
treatment of brain tumors. The growth of a tumor can cause
functional areas to shift from their original locations. Large
tumors can cause these critical regions to shift dramatically.
Localizing the motor strip and coregistering the results to
a surgical scan prior to a neurosurgical intervention can
help guide the direct cortical stimulation during an awake
craniotomy and possibly shorten operation time. In some
cases, using fMRI to confirm the expected location of the
motor strip may avoid awake neurosurgery altogether.

The HRF for brain tumor patient is more complicated
than that for normal healthy subjects. We compare our
unsupervised 2-state HMM model with GLM-based SPM
on brain tumor patient and found 2-state HMM model is
more robust to HRF and it is more sensitive in detecting
supplemental motor activation.

The machine specification and the functional data acqui-
sition for a tumor patient is the same as for the normal
subject described above. The experiment design is different.
The test is self-paced bilateral sequential thumb-to-digits
opposition task. The task paradigm consists of a 20 sec
baseline followed by 4 cycles of 20 sec ON and 20 sec off. Each
point is 2 sec for a total of 3 min. The time series is totally 90
time samples for each voxel. The first 3 samples are ignored
during analysis because of initial unstable measurement. The
patient has a tumor on his left frontal lobe. As seen in the
high resolution fMRI image in Figure 5(a).

Figure 5(b) is a thresholded SPM t-test map, both left
and right motor areas are detected by SPM and there is
no supplemental voxels. SPM t-test shows that the tumor
does not impact the patient’s motor area. Thresholded HMM

likelihood ratio test result shown in Figure 5(c) indicates
some weak motor activation in the left side motor area.
In addition, there are some supplemental motor activation
detected on surrounding areas. We further study several
active voxels from Figures 5(b) and 5(c). The locations
of selected active voxels are marked as “A,” “B,” “C,” “D,”
“E.” “F,” “G,” and “H” in each figures, respectively. The
corresponding voxel time series are shown from Figure 6.
From these results, we can see that there are three types of
voxels. The voxels “A” and “B” are detected by both SPM and
HMM likelihood ratio test, which exhibit strong activation
patterns. Voxels “C”, “G,” and “H” are detected only by
SPM, and in fact they are either very weak activations or
false positives. Voxels “D,” “E,” and “F” are detected only
in HMM likelihood ratio test and their time series have
strong activation patterns related to the paradigm but with
different delay and dispersion. These results reaffirmed our
understanding that SPM has difficulty in locating active
voxels with unexpected delay and dispersion behaviors.

4. Conclusion Remarks and Future Works

In this paper we have presented HMM-based method to
detect active voxels in fMRI data. A 2-state HMM model is
built based on paradigm on/off periods, and a 1-state HMM
model is built based on paradigm off period. A log-likelihood
ratio map is generated using the two log-likelihoods. Viterbi
path is obtained for the 2-state HMM model. According to
the Viterbi path, t-test map and KLD map are generated.
From experiments we see that HMM methods are as effective
as SPM method, and sometime HMM methods can detect
supplemental active voxels that SPM may miss, especially in
complicated cases with such as tumor patients. Overall we
consider that the HMM methods are complementary to the
SPM method, because SPM focuses on capturing fMRI signal
waveform characteristics while HMM method attempts to
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describe fMRI signal stochastic behaviors. In other words, the
HMM methods can provide a second opinion to the SPM test
results, which can be very helpful in practical situations.
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The kidneys are very vital organs. Failing kidneys lose their ability to filter out waste products, resulting in kidney disease. To
extend or save the lives of patients with impaired kidney function, kidney replacement is typically utilized, such as hemodialysis.
This work uses an entropy function to identify key features related to hemodialysis. By identifying these key features, one can
determine whether a patient requires hemodialysis. This work uses these key features as dimensions in cluster analysis. The key
features can effectively determine whether a patient requires hemodialysis. The proposed data mining scheme finds association
rules of each cluster. Hidden rules for causing any kidney disease can therefore be identified. The contributions and key points
of this paper are as follows. (1) This paper finds some key features that can be used to predict the patient who may has high
probability to perform hemodialysis. (2) The proposed scheme applies k-means clustering algorithm with the key features to
category the patients. (3) A data mining technique is used to find the association rules from each cluster. (4) The mined rules can
be used to determine whether a patient requires hemodialysis.

1. Introduction

The human kidney is located on the posterior abdominal
wall on both sides of the spinal column. The main functions
of the kidney include metabolism control, waste and toxin
excretion, regulation of blood pressure, and maintaining the
body’s fluid balance. All blood in the body passes through the
kidney 20 times per hour. When renal function is impaired,
the body’s waste cannot be metabolized, which can result in
back pain, edema, uremia, high blood pressure, inflamma-
tion of the urethra, lethargy, insomnia, tinnitus, hair loss,
blurred vision, slow reaction time, depression, fear, mental
disorders, and other adverse consequences. Furthermore, an
impaired kidney will produce and secrete erythropoietin.
When secretion of red blood cells is insufficient, patients will
have the anemia. The kidney also helps maintain the calcium
and phosphate balance in blood, such that a patient with
renal failure may develop bone lesions.

When renal function is abnormal, toxins can be pro-
duced, damaging organs and possibly leading to death. To
extend or save the lives of patients with impaired kidney
function, kidney replacement is typically utilized, including
kidney transplantation, hemodialysis (HD), and peritoneal
dialysis (PD). Although kidney transplantation is the most
clinically effective method, few donor kidneys are available
and transplantation can be limited by the physical conditions
of patients. Notably, HD can extend the lives of kidney
patients.

Although medical technology is mature, factors causing
diseases are changing due to changing environments. Any
factor may potentially lead to disease. When the detection
index of a patient exceeds the standard and kidney disease
has been diagnosed, patients must go the hospital for kidney
replacement therapy. For instance, a doctor may recommend
that high-risk patients adjust their habits by, say, stopping
smoking, controlling blood pressure, maintaining normal
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urination, controlling urinary protein levels, maintaining
normal sleeping patterns, controlling blood sugar levels,
reducing the use of medications, avoiding reductions in the
body’s resistance, maintaining low body fat levels, and reduc-
ing the burden on the kidneys.

However, improving one’s physical condition and diet
are insufficient. To control one’s physical condition, periodic
health examinations at a hospital have become a common
disease-prevention strategy. Doctors may offer advice to
patients based on health examination results to reduce dis-
ease risk.

Many scholars have applied data mining techniques
for disease prediction. These techniques include clustering,
association rules, and time-series analysis. Different analyses
may require different mining techniques. Selection of an
appropriate mining technique is the key to obtaining valu-
able data. However, choosing a data mining technique is very
difficult for general hospitals, especially when dealing with
different forms of original data. Therefore, to help medical
professionals identify hidden factors that cause kidney
diseases, this work applies a novel hemodialysis system (HD
system). The HD system may identify factors not previously
known.

General medical staff may perform routine examinations
for particular factors associated with a particular disease
and ignore other factors that may be associated with other
diseases, such as kidney diseases. For example, staff may
only assess blood urea nitrogen (BUN) and creatinine (CRE)
levels and CRE clearance (CC). However, increasing amounts
of data indicate that some hidden rules and relationships
may exist. Therefore, this work uses an entropy function
to identify key features related to HD. By identifying these
key features, one can determine whether a patient requires
HD. This work uses these key features as dimensions in
cluster analysis. When patients requiring HD are classified
into the same group, and the other patients are classified into
the other group, the key features can effectively determine
whether a patient requires HD. The proposed data mining
scheme finds association rules of each cluster. Hidden rules
for causing any kidney disease can therefore be identified.

2. Literature Review

2.1. Hemodialysis. Hemodialysis is also called dialysis. An
artificial kidney discharges uremic toxins and water to
eliminate uremic symptoms. In an HD system, a semi-
permeable membrane separates the blood and dialysate. The
human blood continues passing through on one side of an
artificial kidney and the dialysate carries away uremic toxins
on the other side. Finally, the cleaned blood will back into the
body. This continuous cycle eventually purifies blood.

A doctor may recommend that patient undergo dialysis
according to the difference between acute and chronic. If
kidney failure is acute, the doctor will recommend that the
patient undergo dialysis before the occurrence of uremic

toxins accumulate. For chronic kidney failure, medical
treatment is first utilized and HD may be initiated after
uremia occurs. Additionally, a doctor may assess according to
the causes of kidney failure, kidney size, anemic state, degra-
dation of kidney function, and recovery. Moreover, each
examination indicator will be assessed. The most commonly
used indicators are BUN concentration, CRE concentration,
CC, urine-specific gravity, and osmotic pressure [1, 2].

2.1.1. Blood Urea Nitrogen (BUN). Blood urea nitrogen is
the metabolite of proteins and amino acids excreted by the
kidneys. The BUN concentration in blood can be used to
determine whether kidney function is normal. The normal
BUN range is 10–20 mg/dL. If the BUN concentration
exceeds 20 mg/dL, this is called high azotemia. However,
the BUN concentration may increase temporarily because
of dehydration, eating large amounts of high-protein foods,
upper gastrointestinal bleeding, severe liver disease, infec-
tion, steroid use, and impaired kidney blood flow. When
the BUN concentration is high and the CRE concentration
is normal, kidney function is normal. Although the BUN
concentration can be used as an indicator of kidney function,
it is not as accurate as the CRE concentration and CC.

2.1.2. Creatinine (CRE). Creatinine is mainly a metabolite
of muscle activity and daily production is excreted through
the kidneys. Daily CRE production cannot be fully excreted
and the CRE concentration increases when TRY kidney
function is impaired. As the CRE concentration increases,
kidney function decreases. Because CRE is a waste generated
by muscle metabolism, the CRE concentration is associated
with the total amount of muscle or weight but is not related
to diet or water intake. The CRE concentration may reflect
kidney function more accurately than the BUN concentra-
tion. When the CRE concentration is in the normal range,
it does mean that kidney function is normal; that is, CC is
a better tool when assessing kidney function. The compen-
satory capacity of the kidney is large. For example, although
the CRE concentration may increase from 1.4 mg/dL to
1.5 mg/dL, kidney function may have declined by more than
50%.

2.1.3. Creatinine Clearance (CC). Creatinine clearance is
widely used and is an accurate estimation of kidney function.
Creatinine Clearance is the amount of CRE cleared per
minute. The CC for a healthy person is 80–120 mL/min; the
average is 100 mL/min. Kidney failure is minor when the
CC is 50–70 mL/min and moderate when CC is only 30–
50 mL/min. If CC is <30 mL/min, kidney failure is severe
and uremic symptoms will develop gradually. When CC is
<10 gradually, a patient must start dialysis. By collecting all
the urine produced within 24 hours, CC can be determined
easily. Notably, CC is derived as follows:

CC = Urine CREconcentration
(
mg%

)× 24 hours urine volume (c.c.)
Blood CREconcentration

(
mg%

) × 1440 (minutes)
. (1)
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2.1.4. Urine-Specific Gravity and Osmotic Pressure. Urine-
specific gravity and osmotic pressure reflects the ability of
the kidney to concentrate urine. If the specific gravity of
urine is ≤1.018 or each urine-specific gravity gap is ≤0.008,
the ability of the kidney to concentrate urine is impaired.
Moreover, the ratio of osmolality to blood osmotic pressure
must exceed 1.0; otherwise, the ability of the kidney to
concentrate urine is impaired. If the ratio of urine to blood
osmotic pressure is ≤3 after water fasting for 12 hours,
the ability of the kidney to concentrate urine is impaired.
Abnormal urine concentration function usually occurs in
patients with analgesic nephropathy.

Doctors recommend patients undergo dialysis when their
BUN concentration exceeds 90 mg/dL, the CRE concentra-
tion exceeds 9 mg/dL, and CC is <0.17 mL/sec, or the CRE
concentration exceeds 707.2 mg/dL. However, when the BUN
concentration begins increasing, the kidney is very fragile.
That is, the kidney that has been damaged exceeds 1/3 when
HD is required [3]. Thus, indexes such as the albumin
globulin ratio (A/G ratio) of kidney function (Table 1), red
blood cell (RBC) count in blood tests (Table 2), or white
blood cell (WBC) count by urinalysis (Table 3) are related to
kidney function [1]. This work proposes an effective scheme
that identifies unknown key features to predict HD. This
work uses the entropy function to identify key features that
are strongly related to HD and applies the k-means clustering
algorithm to these key features to group patients.

Hung proposed an association rule mining with multiple
minimum supports for predicting hospitalization of HD
patients [4]. Hung used this association rule to analyze
factors that may lead to HD to reduce the number of patients
hospitalized for kidney impairment.

Hung relied on routinely examined HD indexes for
patients per month, including BUN, CRE, uric acid (UA),
natrium (Na), potassium (K), calcium (Ca), phosphate (IP),
and alkaline phosphatase levels and analyzed 667 derived
variables, such as protein ratio, to determine whether mono-
cytes infected or a patient was undernourished. Hung
obtained 9 rules from 5,793 records. For instance, diabetic
patients with high cholesterol levels were hospitalized most.
Inadequate dialysis was a high risk factor for hospitalization.
If patient is female, aged 40–49, infected with monocytes,
and had a recent hemoglobin (Hb/Ht) test value that
was too low, the frequency of hospitalization was high. If
hematocrit (Ht) was abnormal twice in the last three months,
average platelet volume (MPV) was abnormal twice, and
total protein (TP) was abnormal once, the probability of hos-
pitalization was 93%. If TP, glutamic oxaloacetic transami-
nase (GOT), and glutamic pyruvic transaminase (GPT) of
patients were abnormal twice in the last three months and
uric acid was also abnormal, hospitalization risk was 100%.

Huang analyzed risk of mortality for patients on long-
term HD in 2009 [5]. Huang used the Classification and
Regression Tree, Mann-Whitney U Test, Chi-square Test,
Pearson Correlation, and the Nomogram to analyze 992
patients on long-term HD. Albumin level and age were the
factors most strongly related to mortality. Huang clustered
and analyzed patients. If a patient had good nutrition and
was young, mortality of diabetic patients was 5.45 times

Table 1: Kidney function test features.

Kidney function test items Reference Units

Blood urea nitrogen BUN 5–25 mg/dL

Creatinine CRE 0.3–1.4 mg/dL

Uric acid UA 2.5–7.0 mg/dL

Albumin-globulin in
ratio

A/G ratio 1.0–1.8

Creatinine
clearance/24 hrs urine

CC
M: 71–135

mL/min
F: 78–116

Renin Penin 0.15–3.95 pg/mL/hr

Creatinine urine Creatinine urine 60–250 mg/dL

Natrium Na 135–145 meq/L

Potassium K 3.4–4.5 meq/L

Calcium Ca 8.4–10.6 mg/dL

Phosphorus IP 2.1–4.7 mg/dL

Alkaline phosphatase ALP 27–110 U/L

Table 2: Blood test features.

Blood test items Reference Units

Hemoglobin Hb
M: 14–18

g/dL
F: 12–16

Red blood cell RBC
M: 450–600

mil/mm3

F: 400–550
White blood cell WBC 5000–10000 mm3

Hematocrit Hct
M: 40–55

%
F: 37–50

Platelets PLT 15–40.0 103/uL
Mean corpuscular
volume

MCV 83–100 u3

Mean corpuscular
hemoglobin

MCH 27–32.5 uug

Mean corpuscular
hemoglobin
concentration

MCHC 32–36 %

Reticulocyte Reticulocyte 0.5–2.0 %
Malaria Malaria (−)
Erythrocyte
sedimentation Rate.

ESR
M: 1–15

mm/hr
F: 1–20

Differential count DC
Band Band 0–2 %
Neutrophils Neutrophils 50–70 %
Lymphocytes Lymphocytes 20–40 %
Monocytes Monocytes 2–6 %
Eosinophils Eosinophils 1–4 %
Basophils Basophils 0–1 %
Bleeding times BT 0–3 Minute
Coagulation times CT 2–6 Minute
Blood type Blood type
Rhesus factor Rh Factor (+)
Blood pressure BP mm/Hg
Height Height cm
Weight Weight kg

that of nondiabetic patients. However, if a patient was
malnourished and older, albumin and CRE levels were the
factors most strongly related to mortality. Thus, albumin
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Table 3: Urine test features.

Urine test items
Reference Units

Color/appearance Color/appearance

Reaction pH Reaction PH 5.5–8.5

Protein Protein <(+) mg/mL

Sugar Sugar (−) g/dL

Bilirubin BIL (−)

Urobilinogen URO ≤1; 4 umol/L

Urine red blood cells RBC 0–3 /HPF

Urine white blood cells WBC 0–5 /HPF

Pus cell Pus cell 0-1 /HPF

Epith cell Epith cell
M: 0–3

/HPF
F: 0–15

Casts Casts Not found /LPF

Ketones Ketones (−) mmol/L

Crystals Crystals − ∼ (±) /LPF

Bacteria and other Bacteria and other − /HPF

level, age, diabetes status, and CRE level can help predict risk
of mortality.

Yeh et al. used a data mining technique to predict hos-
pitalization of HD patients in 2011 [6]. The availability of
medical resources and dialysis quality may decline when too
many patients are admitted to a hospital. Therefore, Yeh et
al. used analysis of the C4.5 decision tree and the multiple
minimum support (MS) association rule mining technology
for analysis. The C4.5 decision tree was used to eliminate
null values and association rule mining was used to identify
hospitalization of HD patients. According to the records of
hospitalized patients, hospitalized patients seldom have a
chronic disease or may not have a chronic disease, but doc-
tors only determine whether a patient should be hospitalized
during an examination.

Lin used hospital records of patients combined with the
association rule and the time-series analysis to establish a
health-management information system for chronic diseases
[7]. Lin found that occluded cerebral arteries may lead to
cerebral thrombosis and a cerebral embolism. After exami-
nation by a doctor, the rule is effective in avoiding a second
stroke. Additionally, ill-defined heart diseases still require
improvement. Lin used data mining to provide the chronic
disease patients’ family members and medical staffs for con-
trolling their disease.

These scholars usually used well-known blood tests as
mining rules. This work uses an effective and novel scheme
to identify some previously unknown features to predict HD.
The entropy function is applied to identify features that are
strongly related to HD, and the k-means clustering algorithm
is applied with these key features to group patients.

2.2. Entropy Function. Information gain, proposed by Quin-
lan in 1979 [8], is a basis of the decision tree constructed by
Interactive Dichotomiser 3 (ID3). Information gain can also
be utilized to determine differences in feature attributes and
other classification attributes. Further, it is usually used to
select the split point of ID3.

We assume a classification problem that includes N data
records, m feature dimensions, and k clusters. The mea-
surement of a single feature’s information gain must be
determined based on two correlated values, called entropy;
the difference between two correlated values is called infor-
mation entropy

Entropy (N) =
∑

Pt × log
(

1
Pt

)
= −

∑
pt × log

(
pt
)
, (2)

Entropy
(
Dj

)
=
|Dj |∑
v=1

Djv

N
× Entropy

(
Djv

)
, (3)

Gain
(
Dj

)
= Entropy (N)− Entropy

(
Dj

)
. (4)

In (2), Entropy (N) is the total information content of whole
problems, and this total information content is taken as a
basis of single feature information gain, in which Pt is the
probability of occurrence of t classification in N dataset.

In (3), Entropy (Djv) is the information content of
the j feature dimension, the v value, and classification
and information quantity, Djv is the j feature dimension,
including v kinds of values, and the j feature dimension has
|Dj| values.

In (4), Gain (Dj) is a classification problem, the informa-
tion gain received by the j feature dimension. Through (2)–
(4), the information gain of each feature for a classification
problem is found. This work then evaluates all threshold set-
tings and collects the features with the greatest information
gain to form a feature set for classification. Entropy is used
to identify key features and cluster HD patients to determine
the accuracy of key features.

2.3. Clustering Algorithm. Although many clustering tech-
niques have been proposed, the k-means algorithm is the
most representative and widely applied [9]. The k-means
algorithm is also called the generalized Lloyd algorithm
(GLA) [10]. The k-means algorithm transforms each data
record into a data point and random numbers are utilized
to generate the initial cluster center to determine which data
point belongs to which cluster point. The divided data points
are used to calculate the distance between a data point and
the cluster center, such that a data point will belong to one
cluster center when the data point is closer to one cluster
center than another cluster center. The newly recomputed
cluster center is the average among all data points in a cluster,
and the new cluster center is taken as a basis for the next
iteration. This process is repeated until no change occurs.
The steps of the k-means algorithm are as follows.

(1) Use random numbers to generate the initial cluster
centers Ci = {1, 2, . . . , k}.

(2) Calculate the Euclidean distance d(X ,Ci) for each
data point X = {x1, x2, . . . , xm} and each cluster
center Ci. The point with the shortest distance is
classified in to Ci, and the distance formula is as fol-
lows:

d(X ,Ci) =
√√√√√

m∑
j=1

(
xj − ci j

)2
. (5)
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(3) Recompute the new cluster center Ci. If the move-
ment of all data points in a cluster stop moving, all
clustering work stops; otherwise, steps (1) and (2) are
repeated for clustering.

2.4. Association Rule. An association rule is a widely used
technique. It progressively scans a database to identify
rules for the relationships between items. For instance, the
probability that people will buy bread after buying milk is
milk → bread (support = 50% and confidence = 100%);
support means that the probability of a consumer buying
both milk and bread is 50%, and confidence means that the
probability of a consumer buying bread after buying milk is
100%.

Agrawal et al. developed the Apriori algorithm in 1994
[11]. The Apriori algorithm is one of the most popular data
mining methods, where I is all itemsets, each data record is
X = {x1, x2, . . . , xm}, and X ⊆ I . The expression of the asso-
ciation rule is x1 → x2 (support, confidence), where x1 ⊆
I , x2 ⊆ I , and x1 ∩ x2 = ϕ. Support and confidence affect
mining results most. Support is the occupied percentage for
N data records and the probability of occurrence of both x1

and x2 is (x1 ∪ x2)/N . Confidence is the probability of x1 and
x2 and is called a strong association rule.

First, set the threshold of minimum support and min-
imum confidence to generate frequently occurring items,
where Lb represents frequently occurring b-itemsets, and all
generated Lb frequent itemsets are combined to generate
candidate itemsets. Only the support and confidence values
that are greater than the minimum support and minimum
confidence thresholds are retained. This process is repeated
until all Lb frequent itemsets are identified.

3. Proposed Algorithms

This work applies a novel and effective scheme to find key
features that predict HD. This work uses the entropy function
to find the key features that are strongly related to HD and
applies the k-means clustering algorithm with these key fea-
tures to group patients. Furthermore, the proposed scheme
applies the data mining technique to identify association
rules from each cluster. These rules can be used to warn
patients who may require HD. Figure 1 shows the system
architecture, which is divided into four procedures.

These procedures are as follows.

(1) The input procedure, which should be handled very
carefully, can determine the disease target and input
various sources and formats into a database. This
procedure has a marked impact on the subsequent
procedure.

(2) The preprocess procedure is divided into two sub-
procedures. For quantitative processing, one subpro-
cedure, data are converted into an appropriate ana-
lytical form; for example, a string form is converted
into a numeric form, or a numeric form is converted
into a similar spacing. For selecting features, the other
subprocedure, this work uses the entropy function

to find the key features that are strongly related to
diseases.

(3) The mining procedure is also divided in two subpro-
cedures. For clustering analysis, one subprocedure,
the clustering algorithm is applied to these key fea-
tures to group patients. For the association rule, the
other subprocedure, the Apriori algorithm is applied
to find the association rule in each cluster.

(4) The output procedure may express the entire mining
result, and a medical professional will explain the
mining result, and find any factor that may cause a
disease.

3.1. Input Procedure. Examination information is from many
sources, such as a hospital information system (HIS), lab-
oratory information system (LIS), or Excel report. These
different systems may have different data storage formats.
For example, in the A database, gender is 1 for male and 2
for female, but in the B database, M is for male and F is
for female. Thus, an error may occur while collecting data.
Therefore, one should apply the preprocess process to ensure
that information is correct, complete, and sufficient. The
preprocess process is divided into five steps.

(1) Unified data storage format: to simplify mining, all
information must be in the same format.

(2) Irrelevant data: if one does not specify the mining
topic, mining efficiency and even accuracy will be
adversely affected.

(3) Incorrect data: incorrect data may be caused by a
source error or login error; thus, one should modify
or remove.

(4) Formats do not match: to smooth information min-
ing, information must be converted into an appropri-
ate format when necessary.

(5) Incomplete data: incomplete data is a common prob-
lem; for example, some information may be lost,
lacking for a certain period.

3.2. Preprocess Procedure. Data are standardized to improve
analytical accuracy. A standard value may be applied to
an item such as triglycerides (TG). If the TG level is
≥201 mg/dL, it exceeds and the standard is 100; if TG is
normal it is in the range of 20–200 and the standard is 50;
if TG is smaller than <19 mg/dL, it is lower than the standard
and the standard is 0. If data are consecutive, a packing
normalization method is used; its formula is as follows:

v′j =
⌊(

vj −min j

max j −min j

)
×Qj

⌋
, (6)

where vj represents raw data, min j is the minimum value of
j, max j is the maximum value of j, v′j is the packing nor-
malized value, and Qj is quantified distance. Table 4 shows
example data after quantization.

Table 4 is a normalized form used to derive information
gain and in association rule analysis, and it can effectively
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Figure 1: The system architecture.

differentiate between patients. This work simultaneously
uses extreme value normalization; its formula is

v′′j =
vj −min j

max j −min j
× 100, (7)

where vj represents raw data, min j is the minimum value
of j, max j is the maximum value of j, and v′′j is the packing
normalized value. For instance, if the WBC value is 1, max =
10.7, and min = 3.5, then v′′ = [(1 − 3.5)/(10.7 − 3.5)] ×
100 = 38.89% can be derived by applying (7).

In the entire database, the maximum and minimum
values of each item markedly affect the quantification result,
and the values are called outliers. If outliers exist, anomalies
will also exist; for example, suppose that Q of CRE is 80, and
CRE values are generally 0.37–2.99; however, a polarization
datum may occur when a record is 6990. After quantization,
values in the range of 0.37–2.99 will be quantified as 1, and
the value recorded as 6990 will be assigned 80. Therefore,
this work creates a mechanism to remove outliers. To avoid

the influence of outlier values, this work sets a minNum
threshold for each record. For example, assume minNum =
3 is the threshold. The total number of hemoglobin (HB),
which is quantified as 2 (HB = 2), is 9; however, that of HB,
which is quantified as 0 (HB = 0), is 1. This means that most
data are assigned to HB = 2, and only 1 datum is assigned
to HB = 0. The total number of quantified values that are
smaller than minNum is the extreme value. This scheme
replaces the extreme value with the average value.

3.3. Information Gain Analysis. This work uses dialysis item
to identify information gain. For example, 6 patients are on
dialysis (Dialysis = 1) (Table 4), the occurrence probability
is P1 = 6/15, and information gain is P1 × log(1/P1) =
(6/15) × log(6/15) = 0.528771. When 9 patients are nondi-
alysis (Dialysis = 0), occurrence probability is P0 = 9/15,
information gain is P0 × log(1/P0) = (9/15) × log(9/15) =
0.442179, and total information gain of P0 and P1 is
0.970951.
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Table 4: Packing method normalized data.

Qj
Sex Age WBC RBC HB BUN CRE UA GOT GPT TP ALB GLO A/G TG Dialysis

2 5 4 3 3 4 2 2 4 5 2 2 2 2 3 2

1 1 3 1 1 1 3 1 0 0 0 0 0 0 0 1 1

2 0 1 3 1 0 0 0 0 0 1 1 0 1 0 1 1

3 0 1 1 0 0 1 0 0 1 1 0 0 0 0 1 1

4 0 2 0 1 0 0 0 0 2 0 0 0 0 0 2 0

5 1 3 1 1 1 2 1 0 3 4 1 1 1 0 1 0

6 1 1 1 1 2 1 1 1 0 0 0 0 0 0 1 1

7 0 4 2 0 0 1 1 0 0 0 1 0 1 0 1 0

8 1 1 1 1 2 3 1 0 2 4 0 0 0 1 2 1

9 1 2 0 1 2 2 1 1 1 2 0 0 0 1 1 0

10 0 2 3 1 0 2 0 1 2 1 0 0 1 0 2 0

11 1 0 1 2 2 1 0 0 1 1 1 1 1 0 1 0

12 0 0 1 1 0 3 0 0 0 0 0 0 0 0 1 0

13 0 2 1 2 0 0 0 0 0 1 1 0 1 0 1 1

14 1 2 2 0 1 1 1 1 1 0 0 1 0 1 1 0

15 1 2 3 1 2 3 1 1 1 1 0 1 0 1 1 0

Table 5: Calculation information gain of sex relative to dialysis.

Sex j Dialysis Count (Djν) PDjν PDjν× log(1/PDjν ) Entropy (Djν) Entropy (Dj)

0
0 4 4/7 0.46

0.99 0.459773
1 3 3/7 0.52

1
0 5 5/8 0.42

0.95 0.509031
1 3 3/8 0.53

Sum 0.968804

Next, this work calculates the information gain of each
item relative to dialysis item. Take Sex (Table 5) as an exam-
ple. The Sex of 7 women is 0 (Sex = 0) and only 4 records with
non-dialysis (Dialysis = 0), the probability is PDjv = 4/7 of
Sex = 0 and Dialysis = 0, and information gain is 0.46. Three
records have Sex = 0 and Dialysis = 1; thus, the probability
PDjv = 3/7, and information gain is 0.52. Total information
gain of 0.46 and 0.52 is 0.99. Information gain of the women
is 0.99 × (7/16) = 0.459773 because the probability of
Sex = 0 is 7/16. After summing the information gain of the
women (Sex = 0) and men (Sex = 1), total information gain
is 0.968804, where 0.968804 = 0.459773 + 0.509031. Next,
via (3), which is Entropy (N) − Entropy (Dj), Gain (Dj) =
0.970951− 0.968804 = 0.002147.

The information gain of each item related to dialysis can
be obtained and ranked, and the association rule can be
mined using the top few items as key features. Take Table 6
as an example. Assume that the top three items are chosen.
Thus, Age, WBC, and BUN are taken as key features.

3.4. Data Mining Procedure

3.4.1. Missing Values. Some patients may have missing val-
ues. If their records are removed directly, some import infor-
mation may be lost. Thus, this work applies a second filter
before data mining analysis. This research sets minMissing
as the threshold and takes missingNum as a null value of

each record. If missingNum>minMissing, then the record
is removed. Otherwise, missingNum � minMissing, the
record will be retained and the missing null values will
be replaced by the mean value. For instance, Age, WBC,
and BUN are the top three key features when records are
missing records. Assume minMissing is 1. When a record for
which missingNum> 1, the record is removed; otherwise, the
record is retained and the missing null values are replaced by
the mean value.

3.4.2. Clustering. This work uses key features for clustering,
where x1, x2, . . . , xm as m key features, X = {x1, x2, . . . , xm}
are patient records, xj is a key feature in X , 1 ≤ j ≤ m, and k
is the cluster number. The k-means process is as follows.

(1) First, randomly generate k initial cluster centers Ci =
{c1, c2, . . . , cm}. Figure 2(a) has ten solid circles, N =
10, which are the locations of each record, and three
triangles, k = 3, which are the locations of cluster
centers Ci.

(2) Apply (5), d(X ,Ci) =
√∑m

j=1(xj − ci j)
2, to calculate

the distance between each patient’s data point X and
the cluster center Ci. When some X distance d1 is less
than di, X will be classified to C1.

(3) Let Ĉi = {Xci1,Xci2, . . . ,XciS} be a cluster center
membership, where S is the total number of members
in Ci, and Xciu is u patient’s data point in Ci. Thus,
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Table 6: Information gain of each item.

Items Sex Age WBC RBC HB BUN CRE UA GOT GPT TP ALB GLO A/G TG

Gain 0.002 0.577 0.329 0.14 0.06 0.28 0.05 0.09 0.18 0.2 0.05 0.24 0.02 0.06 0.03

C1

C2

C3

(a) Initial dataset and cluster center (Before)

newC2

newC3

newC1

(b) Center displacement (After)

Figure 2: The diagram of clustering algorithm.

newCi will be added to the sum of XciS in each
Ĉi, and newCi = {(∑s

u=1 xu1/S), (
∑s

u=2 xu2/S), . . . ,
(
∑s

u=1 xuj/S)} can then be obtained. This function
can also be taken as a new cluster center.

(4) Repeat steps (2) and (3) until each Ci remains the
same.

3.4.3. Association Rule. Next, the proposed scheme finds
each clustering characteristic rule using Apriori association
rule analysis. We assume that the total number of records

in cluster Ci is S, and each cluster membership is Ĉi =
{Xci1,Xci2, . . . ,XciS}; thus, the u patient’s data point Xc,u is in
the Ĉi, and the j key features xuj are in Xciu = {xu1, xu2, . . . ,
xum}. Next, the association rule is used to analyze each cluster
Ci.

(1) First, set the values of minimum support minSup and
minimum confidence minConf.

(2) Convert the normalization table into an extreme
values table.

(3) Find the candidate set. We assume α = itemi
j p, where

itemi
j p is the p quantified value of the j key feature in

Ĉi, 1 � p � Q, and Sup(α) denotes the occurrence
probability of itemi

j p in Ĉi. If Sup(α) � minSup, then

itemi
j p becomes a candidate itemset LZ and proceed

to the next step.

(4) Through candidate set Lz = {α1,α2, . . . ,αy}, generate

a set of two items, L̂y = {α1 ∪ α2,α1 ∪ α3, . . . ,α1 ∪
αy ,α2 ∪ α3, . . . ,αy−1 ∪ αy}; however, αA and αB
cannot be the same item. Calculate the occurrence
probability of each group, Sup(αA ∪ αB). If Sup(αA ∪
αB)>minSup, it becomes a member of frequent
itemset LZ+1.

(5) Take LZ as a candidate set and repeat step (4) until
the candidate set is null.

(6) Generate the association rule of the frequent itemset.
If the confidence of the rule exceeds minConf, the
rule is set up and the process is as follows.

(i) Let α∗ be one of the frequent itemsets L f , α∗ =
(RA ∪ RB).

(ii) Generate rules RA → RB and RB → RA.

In the case of A clustering CA, where minSup = 2 and
minConf = 0.5, the key features are item1 =Age, item2 =
WBC, and item3 = BUN, and S = 7 is the total number of
records in CA. Thus, this work finds the frequent itemsets L1

using the minSup and minConf thresholds. The proposed
scheme merges two items by L1 as a candidate set, where
j =Age, p = 3 in α1, and j =WBC and p = 1 in α3, and then
calculates Sup(α1∪α3). If Sup(α1∪α3) � minSup, then let α1

and α3 be the two frequent itemsets until no more frequent
itemsests are found.

Next, the quantified values are converted back into their
original values if all rules are found; the formula is

vj =
v′j
Qj
×
(

max
j
−min

j

)
+ min

j
, (8)

where v′j is a quantified value, min j is the minimum value of
j, max j is the maximum value of j, vj is the original value,
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and Qj is a quantified interval. Take WBC = 1 → Age = 3
as an example rule. If the max j of WBC is 10.7, the min j

value is 3.5, and Qj is 4; then the original value of WBC = 1 is
WBC = 1/4×(10.7−3.5)+3.5 = 5.3. If the max j value of Age
is 68, the min j value is 30, and Qj is 5; then the original value
of Age = 3 is Age = 3/5× (68−30) + 30 = 52.8. Through (8),
the association rule WBC= 1 → Age = 3 can be transformed
into WBC = 5.3 → Age= 52.8.

4. Experimental Results

This experiment uses health examination records provided
by hospitals. The data are mainly for outpatient dialysis and
general outpatients. The hospital has 105 records with many
values missing. This is because each patient does not undergo
all examinations. Therefore, data must first be filtered to
eliminate records with missing values. This work adopts
BUN and CRE, which are related to kidney function, as the
first filter. If any null value occurs in BUN or CRE, the record
is removed. In total, 18,166 records are retained after the first
filtering.

The purpose of quantification in the preprocess proce-
dure is to convert values into a continuity value or significant
difference value from a finite interval. This work sets interval
Qj for each item based on recommendations by medical staff.
Table 7 shows the intervals.

4.1. Choose Key Features. The mining result does not make
sense when too many items are used. The proposed scheme
uses the Entropy function to identify the top 4 key features
between each item and dialysis; these features are are UA,
AST (GOT), TG, and K (Blood).

4.2. Mining Procedure

4.2.1. Clustering Analysis. Based upon the above clustering
algorithm, this work applies the k-means clustering algo-
rithm with these key features to group patients. Before the
experiment, records with many missing values were filtered
out, leaving 7118 records. Table 8 shows the cluster grouping
result. For example, 1169 patients are classified into the first
group. The average indicator values are UA = 6.54, AST
(GOT) = 24.48, TG= 119.79, and K (Blood) = 5.10, and
the average density of the first group is 13.26. The average
difference among all groups is 27.02, which is the best result
of 100 random trial runs.

4.2.2. Association Rule Analysis. This work identifies the top
four items related to dialysis as TG, AST (GOT), UA, and K
(Blood); AST (GOT) is the main indicator of liver function.
These four items are adopted as key features and the
association rule technique is applied to analyze each group
rule after clustering, where minSup = 35% and minConf =
65%. The association rules of the four clusters are shown in
Table 9.

4.3. Summary. This work uses the clustering algorithm and
the association rule algorithm to identify some previously
unknown features of HD patients and possible association
rules. This work then evaluates all threshold settings and

Table 7: Each interval of item.

ID Item Interval

1 TG 50

2 AST (GOT) 20

3 Ch 50

4 ALT (GPT) 20

5 UA 2

6 K (Boold) 2

7 BUN 5

8 Amylase (B) 50

. . . . . . . . .

Table 8: Clustering results.

Cluster UA AST (GOT) TG K (Blood) Density

Cluster-1 6.54 24.48 119.72 5.10 14.14

Cluster-2 6.16 30.12 138.92 3.92 11.59

Cluster-3 4.47 24.72 112.33 4.07 11.22

Cluster-4 8.40 28.03 228.72 4.20 20.91

collects the features with the greatest information gained
to form a feature set for classification. Entropy is used to
identify key features and cluster HD patients to determine the
accuracy of key features. During the clustering process, the
clustering algorithm is applied on these key features to group
patients, and the entropy function can effectively determine
clustering analysis with the key features. Furthermore, this
work applies the apriori algorithm to find the association
rules of each cluster. Hidden rules for causing any kidney
disease can therefore be identified.

This experiment adopts the health examination records
provided by one general hospital of Taiwan. During the
experiment process, the experimental results will be dis-
cussed with medical staffs. From the experimental results, we
can find that if BUN is in the range of 58.5–61.5 (60± 1.5)
and Na (Blood) is in the range of 137.5–140.25 (140± 2.5),
patients have a high risk of receiving a dialysis. The BUN
is reported to be a reliable indicator of high risk, but the
Na (Blood) is not clearly defined. Therefore, the Na (Blood)
needs for further analysis and clarification. Conversely, if UA
is in the range of 6.25–6.75 (6.5± 0.25), TG is in the range of
134.75–184.75 (159.75± 25), and K (Blood) is in the range
of 3.89–4.39 (4.14± 0.25), or AC-GLU is in the range of
111–161 (136± 25), patients have a low risk of receiving a
dialysis.

The medical staffs express that the UA, TG, and AC-GLU
will definitely affect the possibility of patients to receive a
dialysis, but K (Blood) is not clearly defined to create an
influence on patients. The factor should be further analysis.
At last, there is one more special feature, AST (GOT) because
it appears both in the groups of high risk and low risk. The
medical staffs express, actually AST (GOT) is not directly
related to HD. Thus, AST (GOT) is not a key factor to
determine whether a patient requires HD.
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Table 9: Association rule of each cluster-k.

α∗ Sup (α∗) Conf.

Cluster-1 (k = 1)

BUN = 60 ± 1.5 → Dialysis = Yes 487 91%

Dialysis = Yes → AST (GOT) = 24.5 ± 10 708 74%

AST (GOT) = 24.5 ± 10 → Dialysis = Yes 523 73%

Na (Blood) =140 ± 2.5 → Dialysis = Yes 455 70%

Dialysis = Yes→ BUN = 60 ± 1.5 487 69%

Na (Blood) = 140 ± 2.5 → AST (GOT) = 24.5 ± 10 434 66%

Cluster-2 (k = 2)

CRE = 0.85 ± 0.15 → Dialysis = No 487 91%

UA = 6.5 ± 0.25 TG = 159.75 ± 25 → Dialysis = No 1341 97%

AC-GLU = 136 ± 25 → Dialysis = No 1265 94%

TG = 159.75 ± 25 → Dialysis = No 1696 93%

UA = 6.5 ± 0.25 → Dialysis = No 1920 93%

AST (GOT) = 45 ±10 → Dialysis = No 1479 92%

K (Boold) = 4.14 ± 0.25 → Dialysis = No 1938 91%

TG = 159.75 ± 25 Dialysis = No→ UA = 6.5 ± 0.25 1341 79%

TG = 159.75 ± 25 → UA = 6.5 ± 0.25 1378 76%

TG =159.75 ± 25 → UA = 6.5 ± 0.25 Dialysis = No 1341 74%

UA = 6.5 ± 0.25 Dialysis = No→ TG = 159.75 ± 25 1341 70%

UA = 6.5 ± 0.25 → TG = 159.75 ± 25 1378 67%

UA = 6.5 ± 0.25 → TG = 159.75 ± 25 Dialysis = No 1341 65%

CRE = 0.85 ± 0.15 →Dialysis = No 487 91%

UA = 6.5 ± 0.25 TG = 159.75 ± 25 → Dialysis = No 1341 97%

Cluster-3 (k = 3)

CRE = 0.85 ± 0.15 → Dialysis = No 732 100%

CRE = 0.85 ± 0.15 K (Boold) = 5 ± 0.25 → Dialysis = No 560 100%

K (Boold) = 4.14 ± 0.25 → Dialysis = No 910 95%

AST (GOT) = 24.5 ± 10 K (Boold) = 4.14 ± 0.25 → Dialysis = No 507 94%

AST (GOT) = 24.5 ± 10 → Dialysis = No 505 92%

AST (GOT) = 24.5 ± 10 → Dialysis = No 679 86%

CRE = 0.85 ± 0.15 → K (Boold) = 4.14 ± 0.25 560 77%

CRE = 0.85 ± 0.15 Dialysis = No→ K (Boold) = 4.14 ± 0.25 560 77%

CRE = 0.85 ± 0.15 → K (Boold) = 4.14 ± 0.25 Dialysis = No 560 77%

AST (GOT) = 24.5 ± 10 Dialysis = No→ K (Boold) = 4.14 ± 0.25 507 75%

Dialysis = No → K (Boold) = 4.14 ± 0.25 910 74%

AST (GOT) = 24.5 ± 10 → K (Boold) = 4.14 ± 0.25 539 68%

Cluster-4 (k = 4)

AST (GOT) = 45 ± 10 K (Boold) = 4.14 ± 0.25 → Dialysis = No 364 98%

K (Boold) = 4.14 ± 0.25 → Dialysis = No 503 91%

AST (GOT) = 45 ± 10 → Dialysis = No 537 90%

K (Boold) = 4.14 ± 0.25 Dialysis = No → AST (GOT) = 45 ± 10 364 72%

Dialysis = No → AST (GOT) = 45 ± 10 537 71%

AST (GOT) = 45 ± 10 Dialysis = No→ K (Boold) = 4.14 ± 0.25 364 68%

K (Boold) = 4.14 ± 0.25 → AST (GOT) = 45 ± 10 372 68%

Dialysis = No→ K (Boold) = 4.14 ± 0.25 503 67%

K (Boold) = 4.14 ± 0.25 → AST (GOT) = 45 ± 10 Dialysis = No 364 66%
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5. Conclusion

Medical staffs try to find some information from patient’s
health examination records to reduce the occurrence of
disease. However, some hidden information may be ignored
because of the human observation or the restriction of
book. Although there are many data mining techniques that
have been proposed, most of them are focused on some
known items. Seldom techniques in regard with searching for
hidden key features are proposed. The reason is because the
examination items are too many but incomplete. It is hard to
find out the association rule by using system.

This research will help medical staffs to find some
unknown key features to predict the hemodialysis. We apply
k-means clustering algorithm with these key features to
group the patients. Furthermore, the proposed scheme
applies data mining technique to find the association rule
from each cluster. The rules can help the patients to detect
any occurrence possibility of disease.
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Most attempts at training computers for the difficult and time-consuming task of sleep stage classification involve a feature
extraction step. Due to the complexity of multimodal sleep data, the size of the feature space can grow to the extent that it is
also necessary to include a feature selection step. In this paper, we propose the use of an unsupervised feature learning architecture
called deep belief nets (DBNs) and show how to apply it to sleep data in order to eliminate the use of handmade features. Using
a postprocessing step of hidden Markov model (HMM) to accurately capture sleep stage switching, we compare our results to a
feature-based approach. A study of anomaly detection with the application to home environment data collection is also presented.
The results using raw data with a deep architecture, such as the DBN, were comparable to a feature-based approach when validated
on clinical datasets.

1. Introduction

One of the main challenges in sleep stage classification is to
isolate features in multivariate time-series data which can
be used to correctly identify and thereby automate the
annotation process to generate sleep hypnograms. In the
current absence of a set of universally applicable features,
typically a two-stage process is required before training
a sleep stage algorithm, namely, feature extraction and
feature selection [1–9]. In other domains which share similar
challenges, an alternative to using hand-tailored feature
representations derived from expert knowledge is to apply
unsupervised feature learning techniques, where the feature
representations are learned from unlabeled data. This not
only enables the discovery of new useful feature represen-
tations that a human expert might not be aware of, which
in turn could lead to a better understanding of the sleep
process and present a way of exploiting massive amounts of
unlabeled data.

Unsupervised feature learning and in particular deep
learning [10–15] propose ways for training the weight
matrices in each layer in an unsupervised fashion as a pre-
processing step before training the whole network. This has
proven to give good results in other areas such as vision tasks

[10], object recognition [16], motion capture data [17],
speech recognition [18], and bacteria identification [19].

This work presents a new approach to the automatic
sleep staging problem. The main focus is to learn meaningful
feature representations from unlabeled sleep data. A dataset
of 25 subjects consisting of electroencephalography (EEG) of
brain activity, electrooculography (EOG) of eye movements,
and electromyography (EMG) of skeletal muscle activity
is segmented and used to train a deep belief network
(DBN), using no prior knowledge. Validation of the learned
representations is done by integrating a hidden Markov
model (HMM) and compare classification accuracy with
a feature-based approach that uses prior knowledge. The
inclusion of an HMM serves the purpose of improving upon
capturing a more realistic sleep stage switching, for example,
hinders excessive or unlikely sleep stage transitions. It is in
this manner that the knowledge from the human experts
is infused into the system. Even though the classifier is
trained using labeled data, the feature representations are
learned from unlabeled data. The architecture of the DBN
follows previous work with unsupervised feature learning for
electroencephalography (EEG) event detection [20].

A secondary contribution of the proposed method
leverages the information from the DBN in order to perform
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anomaly detection. Particularly, in light of an increasing
trend to streamline sleep diagnosis and reduce the burden
on health care centers by using at home sleep monitoring
technologies, anomaly detection is important in order to
rapidly assess the quality of the polysomnograph data and
determine if the patient requires another additional night’s
collection at home. In this paper, we illustrate how the DBN
once trained on datasets for sleep stage classification in the
lab can still be applied to data which has been collected at
home to find particular anomalies such as a loose electrode.

Finally, inconsistencies between sleep labs (equipment,
electrode placement), experimental setups (number of sig-
nals and categories, subject variations), and interscorer
variability (80% conformance for healthy patients and even
less for patients with sleep disorder [9]) make it challenging
to compare sleep stage classification accuracy to previous
works. Results in [2] report a best result accuracy of around
61% for classification of 5 stages from a single EEG channel
using GOHMM and AR coefficients as features. Works by
[8] achieved 83.7% accuracy using conditional random fields
with six power spectra density features for one EEG signal
on four human subjects during a 24-hour recording session
and considering six stages. Works by [7] achieved 85.6%
accuracy on artifact-free, two expert agreement sleep data
from 47 mostly healthy subjects using 33 features with SFS
feature selection and four separately trained neural networks
as classifiers.

The goal of this work is not to replicate the R&K system
or improve current state-of-the-art sleep stage classification
but rather to explore the advantages of deep learning and
the feasibility of using unsupervised feature learning applied
to sleep data. Therefore, the main method of evaluation is
a comparison with a feature-based shallow model. Matlab
code used in this paper is available at http://aass.oru.se/∼mlt.

2. Deep Belief Networks

DBN is a probabilistic generative model with deep archi-
tecture that searches the parameter space by unsupervised
greedy layerwise training. Each layer consists of a restricted
Boltzmann machine (RBM) with visible units, v, and hidden
units, h. There are no visible-visible connections and no
hidden-hidden connections. The visible and hidden units
have a bias vector, c and b, respectively. The visible and
hidden units are connected by a weight matrix, W, see
Figure 1(a). A DBN is formed by stacking a user-defined
number of RBMs on top of each other where the output
from a lower-level RBM is the input to a higher-level RBM,
see Figure 1(b). The main difference between a DBN and a
multilayer perceptron is the inclusion of a bias vector for the
visible units, which is used to reconstruct the input signal,
which plays an important role in the way DBNs are trained.

A reconstruction of the input can be obtained from the
unsupervised pretrained DBN by encoding the input to the
top RBM and then decoding the state of the top RBM back to
the lowest level. For a Bernoulli (visible)-Bernoulli (hidden)
RBM, the probability that hidden unit hj is activated given
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Figure 1: Graphical depiction of (a) RBM and (b) DBN.

visible vector, v, and the probability that visible unit vi is
activated given hidden vector, h, are given by

P
(
hj | v

)
= 1

1 + expbj+
∑

i Wij vi

P(vi | h) = 1

1 + expci+
∑

j Wijhj
.

(1)

The energy function and the joint distribution for a given
visible and hidden vector are

E(v, h) = hTWv + bTh + cTv

P(v, h) = 1
z

expE(v, h).
(2)

The parameters W, b, and v are trained to minimize the
reconstruction error. An approximation of the gradient of
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the log likelihood of v using contrastive divergence [21] gives
the learning rule for RBM:

∂ logP(v)
∂Wij

≈
〈
vihj

〉
data
−
〈
vihj

〉
recon

, (3)

where 〈·〉 is the average value over all training samples. In
this work, training is performed in three steps: (1) unsuper-
vised pretraining of each layer, (2) unsupervised fine-tuning
of all layers with backpropagation, and (3) supervised fine-
tuning of all layers with backpropagation.

3. Experimental Setup

3.1. Automatic Sleep Stager. The five sleep stages that are at
focus are awake, stage 1 (S1), stage 2 (S2), slow wave sleep
(SWS), and rapid eye-movement sleep (REM). These stages
come from a unified method for classifying an 8 h sleep
recording introduced by Rechtschaffen and Kales (R&K)
[22]. A graph that shows these five stages over an entire night
is called a hypnogram, and each epoch according to the R&K
system is either 20 s or 30 s. While the R&K system brings
consensus on terminology, among other advantages [23], it
has been criticized for a number of issues [24]. Even though
the goal in this work is not to replicate the R&K system, its
terminology will be used for evaluation of our architecture.
Each channel of the data is divided into segments of 1
second with zero overlap, which is a much higher temporal
resolution than the one practiced by the R&K system.

We compare the performance of three experimental
setups as shown in Figure 2.

3.1.1. Feat-GOHMM. A Gaussian observation hidden
Markov model (GOHMM) is used on 28 handmade features;
see the appendix for a description of the features used.
Feature selection is done by sequential backward selection
(SBS), which starts with the full set of features and greedily
removes a feature after each iteration step. A principal
component analysis (PCA) with five principal components is
used after feature selection, followed by a Gaussian mixture
model (GMM) with five components. The purpose of the
PCA is to reduce dimensionality, and the choice of five
components was made since it captured most of the variance
in the data, while still being tractable for the GMM step.
Initial mean and covariance values for each GMM
component are set to the mean and covariance of annotated
data for each sleep stage. Finally, the output from the GMM
is used as input to a hidden Markov model (HMM) [25].

3.1.2. Feat-DBN. A 2-layer DBN with 200 hidden units in
both layers and a softmax classifier attached on top is used
on 28 handmade features. Both layers are pretrained for 300
epochs, and the top layer is fine-tuned for 50 epochs. Initial
biases of hidden units are set empirically to−4 to encouraged
sparsity [26], which prevents learning trivial or uninteresting
feature representations. Scaling to values between 0 and 1
is done by subtracting the mean, divided by the standard
deviation, and finally adding 0.5.

HMM

HMM

HMM

GMM

PCA

Feature 
selection

Raw dataRaw dataRaw data

DBN

DBN

Feature 
extraction

Feature 
extraction

raw-DBNfeat-DBNfeat-GOHMM

Figure 2: Overview of three setups for an automatic sleep stager
used in this work. The first method, feat-GOHMM, is a shallow
method that uses prior knowledge. The second method, feat-DBN,
is a deep architecture that also uses prior knowledge. And, lastly, the
third method, raw-DBN, is a deep architecture that does not use any
prior knowledge. See text for more details.

3.1.3. Raw-DBN. A DBN with the same parameters as feat-
DBN is used on preprocessed raw data. Scaling is done by
saturating the signal at a saturation constant, satchannel, then
divide by 2∗ satchannel, and finally adding 0.5. The saturation
constant was set to satEEG = satEOG = ±60μV and satEMG =
±40μV. Input consisted of the concatenation of EEG, EOG1,
EOG2, and EMG. With window width, w, the visible layer
becomes

v =

⎡
⎢⎢⎣

EEG64
1 EOG164

1 EOG264
1 EMG64

1

EEG64+w
1+w EOG164+w

1+w EOG264+w
1+w EMG64+w

1+w
...

...
...

...

⎤
⎥⎥⎦. (4)

With four signals, 1 second window, and 64 samples per
second, the input dimension is 256.

3.2. Anomaly Detection for Home Sleep Data. In this work,
anomaly detection is evaluated by training a DBN and
calculating the root mean square error (RMSE) from the
reconstructed signal from the DBN and the original signal. A
faulty signal in one channel often affects other channels for
sleep data, such as movement artifacts, blink artifacts, and
loose reference or ground electrode. Therefore, a detected
fault in one channel should label all channels at that time
as faulty.

Figure 3 shows data that has been collected at a healthy
patient’s home during sleep. All signals, except EEG2, are
nonfaulty prior to a movement artifact at t = 7 s. This
movement affected the reference electrode or the ground
electrode, resulting in disturbances in all signals for the
rest of the night, thereby rendering the signals unusable by
a clinician. A poorly attached electrode was the cause for
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Figure 3: PSG data collected in a home environment. A movement
occurs at t = 7 s resulting in one of the electrodes to be misplaced
affecting EOG1 and both EEG channels. EOG2 is not properly
attached resulting in a faulty signal for the entire night.

the noise in signal EEG2. Previous approaches to artifact
rejection in EEG analysis range from simple thresholding
on abnormal amplitude and/or frequency to more complex
strategies in order to detect individual artefacts [27, 28].

4. Experimental Datasets

Two datasets are used in this work. The first consists of 25
acquisitions and is used to train and test the automatic sleep
stager. The second consists of 5 acquisitions and is used to
validate anomaly detection on sleep data collected at home.

4.1. Benchmark Dataset. This dataset has kindly been pro-
vided by St. Vincent’s University Hospital and University
College Dublin, which can be downloaded from PhysioNet
[29]. The dataset consists of 25 acquisitions (21 males 4
females with average age 50, average weight 95 kg, and
average height 173 cm) from subjects with suspected sleep-
disordered breathing. Each acquisition consists of 2 EEG
channels (C3-A2 and C4-A1), 2 EOG channels, and 1 EMG
channel using 10–20 electrode placements system. Only one
of the EEG channel (C3-A2) is used in this work. Sample rate
is 128 Hz for EEG and 64 Hz for EOG and EMG. Average
recording time is 6.9 hours. Sleep stages are divided into
S1: 16.7%, S2: 33.3%, SWS: 12.7%, REM: 14.5%, awake:
22.7%, and indeterminate: 0.1%. Scoring was performed by
one sleep expert.

All signals are preprocessed by notch filtering at 50 Hz
in order to cancel out power line disturbances and down-
sampled to 64 Hz after being prefiltered with a band-pass
filter of 0.3 to 32 Hz for EEG and EOG, and 10 to 32 Hz
for EMG. Each epoch before and after a sleep stage switch is
removed from the training set to avoid possible subsections
of mislabeled data within one epoch. This resulted in 20.7%
of total training samples to be removed.

A 25 leave-one-out cross-validation is performed. Train-
ing samples are randomly picked from 24 acquisitions in
order to compensate for any class imbalance. A total of
approximately 250000 training samples and 50000 training
validation samples are used for each validation.

4.2. Home Sleep Dataset. PSG data of approximately 60
hours (5 nights) was collected at a healthy patient’s home
using a Embla Titanium PSG. A total of 8 electrodes were
used: EEG C3, EEG C4, EOG left, EOG right, 2 electrodes for
the EMG channel, reference electrode, and ground electrode.
Data was collected with a sampling rate of 256 Hz, which
was downsampled to match the sampling rate of the training
data. The signals are preprocessed using the same method as
the benchmark dataset.

5. Results

5.1. Automatic Sleep Stager. A full leave-one-out cross-
validation of the 25 acquisitions is performed for the three
experimental setups. The classification accuracy and confu-
sion matrices for each setup and sleep stage are presented
in Tables 1, 2, 3, and 4. Here, the performance of using
a DBN based approach, either with features or using the
raw data, is comparable to the feat-GOHMM. While the
best accuracy was achieved with feat-DBN, followed by raw-
DBN and lastly, feat-GOHMM, it is important to examine
the performances individually. Figure 4 shows classification
accuracy for each subject. The raw-DBN setup gives best, or
second best, performance in the majority of the sets, with
the exception of subjects 9 and 22. An examination of the
performance when comparing the F1-score for individual
sleep stages indicates that S1 is the most difficult stage to
classify and awake and slow wave sleep is the easiest.

For the raw-DBN, it is also possible to analyze the learned
features. In Figure 6, the learned features for the first layer
are given. Here, it can clearly be seen that both low and high
frequency features for the EEG and high and low amplitude
features for the EMG are included, which to some degree
correspond to the features which are typically selected in
handmade feature selection methods.

Some conclusions from analyzing the selected features
from the SBS algorithm used in feat-GOHMM can be made.
Fractal exponent for EEG and entropy for EOG were selected
for all 25 subjects and thus proven to be valuable features.
Correlation between both EOG signals was also among
the top selected features, as well as delta, theta, and alpha
frequencies for EEG. Frequency features for EOG and EMG
were excluded early, which is in accordance to the fact that
these signals do not exhibit valuable information in the
frequency domain [30]. The kurtosis feature was selected
more frequently when it was applied to EMG and less
frequently when it was applied to EEG or EOG. Features of
spectral mean for all signals, median for EMG, and standard
deviation for EOG were not frequently selected. See Figure 5
for errors bars for each feature at each sleep stage.

It is worth noting that variations in the number of
layers and hidden units were attempted, and it was found
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Table 1: Classification accuracy and F1-score for the three experimental setups.

Accuracy (mean ± std)
F1-score

Awake S1 S2 SWS REM

f eat-GOHMM 63.9 ± 10.8 0.71 0.31 0.72 0.82 0.47

feat-DBN 72.2 ± 9.7 0.78 0.37 0.76 0.84 0.78

raw-DBN 67.4 ± 12.9 0.69 0.36 0.78 0.83 0.58
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Figure 4: Classification accuracy for 25 testing sets for three setups.

Table 2: Confusion matrix for feat-GOHMM.

%
Classified

Awake S1 S2 SWS REM

Awake 72.5 16.8 3.0 2.5 5.2

S1 29.4 31.1 25.6 1.5 12.4

S2 2.0 8.4 71.9 7.1 10.6

SWS 1.1 1.3 9.6 87.8 0.2

REM 11.7 13.3 29.4 2.7 42.9

Table 3: Confusion matrix for feat-DBN.

%
Classified

Awake S1 S2 SWS REM

Awake 75.8 18.2 1.8 0.2 4.1

S1 26.0 37.6 25.1 0.7 10.6

S2 1.0 9.8 73.1 7.2 9.0

SWS 0.4 0.1 13.9 85.5 0.1

REM 1.9 4.0 10.3 0.1 83.7

that an increase did not significantly improve classification
accuracy. Rather, an increase in either the number of layers
or hidden units often resulted in a significant increase in
simulation time, and therefore to maintain a reasonable
training time, the layers and hidden units were kept to a

Table 4: Confusion matrix for raw-DBN.

%
Classified

Awake S1 S2 SWS REM

Awake 68.4 13.4 2.5 0.7 15.1

S1 20.3 33.1 24.8 1.6 20.2

S2 1.0 6.3 76.5 9.1 7.1

SWS 0.1 0.0 11.1 88.8 0.0

REM 21.1 6.9 11.1 0.8 60.1

minimum. With the configuration of the three experimental
setups described above and simulations performed on a
Windows 7, 64-bit machine with quad-core Intel i5 3.1 GHz
CPU with use of a nVIDIA GeForce GTX 470 GPU using
GPUmat, simulation time for feat-GOHMM, feat-DBN, and
raw-DBN were approximately 10 minutes, 1 hour, and 3
hours per dataset, respectively.

5.2. Anomaly Detection on Home Sleep Data. A total of five
acquisitions were recorded at a patient’s home during sleep
and manually labeled into faulty or nonfaulty signals. A DBN
with the raw-DBN setup was trained using the benchmark
dataset. The root mean square error (RMSE) between the
home sleep data and the reconstructed signal from the
trained DBN for the five night runs and a close-up for night
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Figure 5: Error bar of the 28 features. Gray number in background represents how many times that feature was part of best subset from SBS
algorithm (maximum is 25).

2 where an electrode falls off after around 380 minutes can
be seen in Figure 7.

Interestingly, attempts on using the feat-GOHMM for
sleep stage classification on the home sleep dataset resulted
in faulty data to be misclassified as awake. This could be
explained by the fact that faulty data mostly resembles signals
in awake state.

6. Discussion

In this work, we have shown that an automatic sleep stager
can be applied to multimodal sleep data without using any
handmade features. We also compared the reconstructed
signal from a trained DBN on data collected in a home
environment and saw that the RMSE was large where an
obvious error had occurred.

Regarding the DBN parameter selection, it was noticed
that setting initial biases for the hidden units to −4 was an
important parameter for achieving good accuracy. A better
way of encourage sparsity is to include a sparsity penalty term
in the cost objective function [31] instead of making a crude
estimation of initial biases for the hidden units. For the raw-
DBN setup, it was also crucial to train each layer with a large
number of epochs and in particular the fine tuning step.

We also noticed a lower performance if sleep stages were
not set to equal sizes in the training set. There was also
a high variation in the accuracy between patients, even if

they came from the same dataset. Since the DBN will find
a generalization that best fits all training examples, a testing
set that deviates from the average training set might give poor
results. Since data might differs greatly between patients, a
single DBN trained on general sleep data is not specialized
enough. The need for a more dynamic system, especially
one including the transition and emission matrices for the
HMM, is made clear when comparing the hypnograms of a
healthy patient and a patient with sleep disordered breathing.
Further, although the HMM provides a simple solution that
captures temporal properties of sleep data, it makes two
critical assumptions [13]. The first one is that the next hidden
state can be approximated by a state depending only on the
previous state, and the second one is that observations at
different time steps are conditionally independent given a
state sequence. Replacing HMM with conditional random
fields (CRFs) could improve accuracy but is still a simplistic
temporal model that does not exploit the power of DBNs
[32].

While a clear advantage of using DBN is the natural
way in which it deals with anomalous data, there are some
limitations to the DBN. One limitation is that correlations
between signals in the input data are not well captured.
This gives a feature-based approach an advantage where, for
example, the correlation between both EOG channels can
easily be represented with a feature. This could be solved by
either representing the correlation in the input or extending
the DBN to handle such correlations, such as a cRBM [33].
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(a) (b)

(c) (d)

Figure 6: Learned features of layer 1 for (a) EEG, (b) EOG1, (c) EOG2, and (d) EMG. It can be observed that the learned features are of
various amplitudes and frequencies and some resemble known sleep events such as a K-complex or blink artifacts. Only the first 100 of the
200 features are shown here.

Regarding the implemented feat-GOHMM, we have tried
our best to get as high accuracy with the setup as possible.
It is almost certain that another set of features, different
feature selection algorithm, and/or another classifier could
outperform our feat-GOHMM. However, we hope that
this work illustrates the advantages of unsupervised feature
learning, which not only removes the need for domain
specific expert knowledge, but inherently provides tools for
anomaly detection and noise redundancy.

It has been suggested for multimodal signals to train a
separate DBN for each signal first and then train a top DBN
with concatenated data [34]. This not only could improve
classification accuracy, but also provide the ability to single
out which signal contains the anomalous signal. Further,
this work has explored clinical data sets in close cooperation
with physicians, and future work will concentrate on the
application for at home monitoring as sleep data is an area
where unsupervised feature learning is a highly promising
method for sleep stage classification as data is abundant and
labels are costly to obtain.

Appendix

A. Features

A total of 28 features are used in this work.
Relative power for signal y in frequency band f is

calculated as

yPrel

(
f
) = yP

(
f
)

∑ f5
f= f1

yP
(
f
) , (A.1)

where y( f )P is the sum of the absolute power in frequency
band f for signal y. The five frequency bands used are
delta (0.5–4 Hz), theta (4–8 Hz), alpha (8–13 Hz), beta (13–
20 Hz), and gamma (20–64 Hz).

The median of the absolute value for EMG is calculated
as

EMGmedian = median

⎛
⎝ N∑
k=1

|EMG(k)|
⎞
⎠. (A.2)
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Figure 7: RMSE for five night runs recorded at home (bottom). Color-code of RMSE for night run 2 where the redder areas more anomalous
areas of the signal. EOG2 falls off at around 380 minutes (top).

The eye correlation coefficient for the EOG is calculated as

EOGcorr =
E
[(

y1 − μy1

)(
y2 − μy2

)]

σy1σy2

, (A.3)

where y1 = EOGleft and y2 = EOGright.
The entropy for a signal y is calculated as

yentropy = −
8∑

k=1

nk
N

ln
nk
N

, (A.4)

where N is the number of samples in signal y, and nk is the
number of samples from y that belongs to the kth bin from a
histogram of y.

The kurtosis for a signal y is calculated as

ykurtosis = E
[
y − μ

]4

σ4
, (A.5)

where μ and σ are the mean and standard deviation, respec-
tively, for signal y.

The spectral mean for signal y is calculated as

yspectralmean = 1
F

f5∑
f= f1

y
(
f
)
Prel
· f , (A.6)

where F is the sum of the lengths of the 5 frequency bands.
Fractal exponent [35, 36] for the EEG is calculated as

the negative slope of the linear fit of spectral density in the
double logarithmic graph.

Normalization is performed for some features according
to [37] and [30]. The absolute median for EMG is normal-
ized by dividing with the absolute median for the whole EMG
signal.
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Automated detection and diagnosis of small lesions in breast MRI represents a challenge for the traditional computer-aided
diagnosis (CAD) systems. The goal of the present research was to compare and determine the optimal feature sets describing the
morphology and the enhancement kinetic features for a set of small lesions and to determine their diagnostic performance. For
each of the small lesions, we extracted morphological and dynamical features describing both global and local shape, and kinetics
behavior. In this paper, we compare the performance of each extracted feature set for the differential diagnosis of enhancing lesions
in breast MRI. Based on several simulation results, we determined the optimal feature number and tested different classification
techniques. The results suggest that the computerized analysis system based on spatiotemporal features has the potential to increase
the diagnostic accuracy of MRI mammography for small lesions and can be used as a basis for computer-aided diagnosis of breast
cancer with MR mammography.

1. Introduction

Breast cancer is one of the most common cancers among
women. Contrast-enhanced MR imaging of the breast was
reported to be a highly sensitive method for the detection of
invasive breast cancer [1]. Different investigators described
that certain dynamic signal intensity (SI) characteristics
(rapid and intense contrast enhancement followed by a wash
out phase) obtained in dynamic studies are a strong indicator
for malignancy [2]. Morphologic criteria have also been
identified as valuable diagnostic tools [3]. Recently, combi-
nations of different dynamic and morphologic characteristics
have been reported [4] that can reach diagnostic sensitivities
up to 97% and specificities up to 76.5%.

As an important aspect remains the fact that many of
these techniques were applied on a database of predomi-
nantly tumors of a size larger than 2 cm. In these cases, MRI

reaches a very high sensitivity in the detection of invasive
breast cancer due to both morphological criteria as well
as characteristic time-signal intensity curves. However, the
value of dynamic MRI and of automatic identification and
classification of characteristic kinetic curves is not well estab-
lished in small lesions when clinical findings, mammography,
and ultrasound are unclear. Recent clinical research has
shown that DCIS with small invasive carcinoma can be
adequately visualized in MRI [5] and that MRI provides
an accurate estimation of invasive breast cancer tumor size,
especially in tumors of 2 cm or smaller [6].

Visual assessment of morphological properties is highly
interobserver variable [7], while automated computation of
features leads to more reproducible indices and thus to a
more standardized and objective diagnosis. In this sense, we
present novel mathematical descriptors for both morphology
and dynamics and will compare their performance regarding
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small lesion classification based on novel feature selection
algorithms.

More than 40% of the false-negative MR diagnosis are
associated with pure ductal carcinoma in situ (DCIS) and
with small lesion size and thus indicating a lower sensitivity
of MRI for these cases. It has been shown that double reading
achieves a higher sensitivity but is time-consuming and as
an alternative a computer-assisted system was suggested [8].
The success of CAD in conventional X-ray mammography
[9–13] motivates further the research of similar automated
diagnosis techniques in breast MRI.

In the present study, we design and evaluate a computer-
ized analysis system for the diagnosis of small breast masses
with an average diameter of <1 cm.

The automated evaluation is a multistep system which
includes global and local features such as shape descriptors,
dynamical features, and spatiotemporal features combining
both morphology and dynamics aspects. Different classifi-
cation techniques are employed to test the performance of
the complete system. Summarizing, in the present paper,
a multifactorial protocol, including image registration, and
morphologic and dynamic criteria are evaluated in predom-
inantly small lesions of 1.0 cm or less as shown in Figure 1.

2. Material and Methods

2.1. Patients. A total of 40 patients, all females having an
age range 42–73, with indeterminate small mammographic
breast lesions were examined. All patients were consecu-
tively selected after clinical examinations, mammography in
standard projections (craniocaudal and oblique mediolateral
projections) and ultrasound. Only lesions BIRADS 3 and 4
were selected where at least one of the following criteria was
present: nonpalpable lesion, previous surgery with intense
scarring, or location difficult for biopsy (close to chest wall).
All patients had histopathologically confirmed diagnosis
from needle aspiration/excision biopsy and surgical removal.
Breast cancer was diagnosed in 17 out of the total 31 cases.
The average size of both benign and malignant tumors was
less than 1.1 cm.

2.2. MR Imaging. MRI was performed with a 1.5 T system
(Magnetom Vision, Siemens, Erlangen, Germany) with two
different protocols equipped with a dedicated surface coil to
enable simultaneous imaging of both breasts. The patients
were placed in a prone position. First, transversal images
were acquired with a STIR (short TI inversion recovery)
sequence (TR = 5600 ms, TE = 60 ms, FA = 90◦, IT = 150 ms,
matrix size 256 × 256 pixels, slice thickness 4 mm). Then a
dynamic T1 weighted gradient echo sequence (3D fast low
angle shot sequence) was performed (TR = 12 ms, TE = 5 ms,
FA = 25◦) in transversal slice orientation with a matrix size of
256 × 256 pixels and an effective slice thickness of 4 mm or
2 mm.

The dynamic study consisted of 6 measurements with
an interval of 83 s. The first frame was acquired before
injection of paramagnetic contrast agent (gadopentetate

dimeglumine, 0.1 mmol/kg body weight, Magnevist, Scher-
ing, Berlin, Germany) immediately followed by the 5 other
measurements. The initial localization of suspicious breast
lesions was performed by computing difference images, that
is, subtracting the image data of the first from the fourth
acquisition. As a preprocessing step to clustering, each raw
gray level time-series S(τ), τ ∈ {1, . . . , 6} was transformed
into a signal time-series of relative signal enhancement x(τ)
for each voxel, the precontrast scan at τ = 1 serving as
reference, in other words x(τ) = (x(τ)−x(1))/x(1). Thus, we
ensure that the proposed method is less sensitive to changing
between different MR scanners and/or protocols.

Automatic motion correction represents an important
prerequisite to a correct automated small lesion evaluation
[14]. Especially for small lesions, the assumption of correct
spatial alignment often leads to misinterpretation of the
diagnostic significance of enhancing lesions [15]. Therefore,
we performed an elastic image registration method based
on the optical flow method [16]. The employed motion
compensation algorithm is based on the Horn and Schunck
method [17] and represents a variational method for com-
puting the displacement field, the so-called optical flow, in
an image sequence. In contrast to optical flow, we do not
want to compute the displacement field in a projected image
of our data, but the actual displacement in 3D space. In our
work, however, we favor the original quadratic formulation,
since we explicitly need the filling-in effect of a nonrobust
regularizer to fill in the information in masked regions. To
overcome the problem of having a nonconvex energy in the
energy functional, we use the coarse-to-fine warping scheme
detailed in [16], which linearizes the data term as in [17] and
computes incremental solutions on different image scales.

We tested motion compensation for two and three
directions and found the optimal motion compensation
results in two directions [18]. Segmentation of the tumor
is semiautomatic and we define an ROI including all voxels
of a lesion with an initial contrast enhancement of ≥50%.
The center of the lesion was interactively marked on one
slice of the subtraction images and then a region growing
algorithm included all adjacent contrast-enhancing voxels
and also those from neighboring slices. Thus a 3-D form of
the lesion was determined. An interactive ROI was necessary
whenever the lesion was connected with diffuse contrast
enhancement, as it is the case in mastopathic tissue.

3. Computer-Aided Diagnosis (CAD) System

The small lesion evaluation is based on a multi-step system
that includes a reduction of motion artifacts based on
a novel nonrigid registration method, an extraction of
morphologic features, dynamic enhancement patterns as
well as mixed features for diagnostic feature selection and
performance of lesion evaluation. Figure 1 visualizes the
proposed automated system for small lesion detection.

3.1. Feature Extraction. The complexity of the spatio-tem-
poral tumor representation requires specific morphology
and/or kinetic descriptors. We analyzed geometric and
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Lesion segmentation

Dynamics: time-signal intensity curve types
Morphology: geometrical and topological texture features, moments

Simultaneous dynamics and morphology: scaling index method

Feature extraction

Image registration

(nonrigid optical flow in 2D or 3D)

Features classification
ROC analysis

Figure 1: Diagram of a computer-assisted system for the evaluation of small contrast enhancing lesions.

Krawtchouk moments and geometrical features as shape
descriptors, provided a temporal enhancement modeling for
kinetic feature extraction and the scaling index method for
the simultaneous morphological and dynamics representa-
tion.

3.1.1. Contour Features. To represent the shape of the tumor
contour, the tumor voxels having nontumor voxel as a
neighbor were extracted to represent the contour of the
tumor. In this context, neighbor voxels include diagonally
adjacent voxels, but not voxels from a different transverse
slice. Due to the different grid sizes in the three directions
of the MR images and possible gaps between transverse
slices, the tumor contour in one transverse slice does not
necessarily continue smoothly into the next transverse slice.
Considering tumor contours between transverse slices there-
fore introduces contour voxels that are completely in the
tumor interior in one slice. This is illustrated in Figure 2:
the dark voxels are contour voxels and the arrows indicate
the computed contour chain. If voxels in the tumor having
at least one non-tumor voxel as a neighbor on an adjacent
transverse slice were considered part of the contour, in this
example, the crossed-out voxels would belong to the contour.

Figure 3 shows an example for a tumor where the contour
shifts considerably from one transverse slice to another.

The contour in each slice was stored as an 1D chain
of the 3D position of each contour voxel, constituting a
“walk” along the contour. The chains of several slices were
spliced together end to end to form a chain of 3D vectors
representing the contour of the tumor.

Next, the center of mass of the tumor was computed as

v := 1
n

n∑
i=1

vi, (1)

where n is the number of voxels belonging to the tumor,
and vi is location of the ith tumor voxel. Since the center
of mass was computed from the binary image of the tumor,
irregularities in the voxel gray values of the tumor were not
taken into account.

Knowing the center of mass, for each contour voxel ci,
the radius ri and the azimuth ωi (i.e., the angle between the
vector from the center of mass to the voxel ci and the sagittal
plane) were computed the following way:

ri := ‖ci − v‖2,

ωi := arcsin

⎛
⎜⎝ cix − vx

(cix − vx)2 +
(
ci y − vy

)2

⎞
⎟⎠,

(2)

where the subscripts x and y denote the position of the voxel
in sagittal and coronal direction, respectively. ωi was also
extended to the range from −π to π by taking into account
the sign of (ci y − vy).

From the chain of floating point values r1, . . . , rm, the
minimum value rmin and the maximum value rmax were
computed, as well as

the mean value r := 1
m

m∑
i=1

ri, (3)

the standard deviation σr :=
√√√√ 1
m

m∑
i=1

(ri − r)2, (4)

the entropy hr := −
100∑
i=1

pi · log2

(
pi
)
. (5)
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Figure 2: Example of contour computation.

Figure 3: Left to right: tumor in adjacent transverse slices of a 512 × 512 × 32 voxel MR image.

The entropy hr was computed from the normalized
distribution of the values into 100 “buckets”, where pi is
defined as follows:

For 0 ≤ i ≤ 99:

pi :=
∣∣∣{r j | i ≤

(
r j − rmin

)
/
(
rmax − rmin

)
· 100 < i + 1

}∣∣∣
m

.

(6)

From the radius, rmin, rmax, r, σr , and hr were used as
morphological features of the tumor. From the azimuth, only
the entropy hω (computed for ω as in (5) and (6)) was used as
a feature, since the values ωmin and ωmax are always around π
and −π, respectively, and the value σω is not invariant under
rotation of the tumor image.

An additional measurement describing the compactness
of the tumor, which was also used as a feature, is the
number of contour voxels, divided by the number of all
voxels belonging to the tumor.

3.1.2. Morphological Features. The spatial and morphologi-
cal variations of a tumor can be easily captured by shape

descriptors. We analyze two modalities as shape descrip-
tors based on moments: the geometric and Krawtchouk
moments.

Geometrical Moments. We will employ low-order three-
dimensional geometrical moment invariants as described in
[19] because they have a low computation time and the
results are stable to noise and distortion. We will utilize the 6
low-order finite-term three-dimensional moment invariants
as described in [19]. There are one second-order and fourth-
order, two third-order and three fourth-order moment
invariants.

Krawtchouk Moments. Global and local shape description
represents an important field in 3D medical image analysis.
For breast lesion classification, there is a stringent need to
describe properly the huge data volumes stemming from
3D images by a small set of parameters which captures the
morphology (shape) well. However, very few techniques have
been proposed for both global and local shape description.
We employed Krawtchouk moments [20] as shape descrip-
tors for both malignant and benign lesions. Weighted 3-D



Advances in Artificial Neural Systems 5

Krawtchouk moments have several advantages compared to
other known methods: (1) they are defined in the discrete
field and thus do not introduce any discretization error like
Spherical Harmonics defined in a continuous field and (2)
low-order moments can capture abrupt changes in the shape
of an object. The weighted 3D Krawtchouk moments [20]
form a very compact descriptor of a tumor, achieved in a very
short computational time. Every tumor can be represented
by Krawtchouk moments since it is expressed as a function
f (x, y, z) in a discrete grid [0 · · ·N − 1] × [0 · · ·M − 1] ×
[0 · · ·L− 1].

Krawtchouk moments represent a set of orthonormal
polynomials associated with the binomial distribution [21].
The nth order Krawtchouk classical polynomials can be
expressed as a hypergeometric function:

Kn
(
x; p,N

) =
N∑
k=0

ak,n,px
k = 2F1

(
−n,−x;−N ;

1
p

)
(7)

with x,n = 0, 1 · · ·N ; N > 0; p ∈ (0, 1) and the hypergeo-
metric function 2F1 is defined as

2F1(a, b; c; z) =
∞∑
k=0

(a)k(b)k
(c)k

zk

k!
, (8)

and with (a)k being the Pochhammer symbol

(a)k = a(a + 1) · · · (a + k − 1) = Γ(a + k)
Γ(a)

. (9)

The set of the Krawtchouk polynomials S = {Kn(x; p,N),
n = 0 · · ·N} has N + 1 elements. This corresponds to a set
of discrete basis functions with the weight function

w
(
x; p,N

) =
(
N
x

)
px
(
1− p

)N−x,

ρ
(
n; p,N

) = (−1)n
(

1− p

p

)n
n!

(−N)n
.

(10)

We assume that f (x, y, z) is a 3-dimensional function
defined in a discrete field A = {(x, y, z) : x, y, z ∈ N , x =
[0 · · ·N − 1], y = [0 · · ·M − 1], z = [0 · · ·L − 1]}. The
weighted three-dimensional moments of order (n+m+ l) of
f are given as

Q̃mnl =
N−1∑
x=0

M−1∑
y=0

L−1∑
z=0

Kn
(
x; px,N − 1

)

· Km

(
y; py ,M − 1

)
Kl
(
z; pz,L− 1

)

· f (x, y, z
)
,

(11)

with px, py , pz ∈ (0, 1). Local features can be extracted by the
appropriate selection of low-order Krawtchouk moments.
Kn(x; p,N) is given as

Kn
(
x; p,N

) = Kn
(
x; p,N

)
√√√√w

(
x; p,N

)
ρ
(
n; p,N

) . (12)
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Figure 4: Schematic drawing of the time-signal intensity (SI) curve
types [2]. Type I corresponds to a straight (Ia) or curved (Ib) line;
enhancement continues over the entire dynamic study. Type II is a
plateau curve with a sharp bend after the initial upstroke. Type III
is a washout time course. In breast cancer, plateau or washout-time
courses (type II or III) prevail. Steadily progressive signal intensity
time courses (type I) are exhibited by benign enhancing lesions.

Km(y; py ,M − 1) and Kl(z; pz,L − 1) are defined corre-
spondingly. Thus, every 3-dimensional function f (x, y, z) in
a 3-dimensional field can be decomposed into weighted 3-
dimensional Krawtchouk moments Q̃nml.

The tumor can be represented by Krawtchouk moments
since it is expressed as a function f (x, y, z) in a discrete space
[0 · · ·N − 1]× [0 · · ·M − 1]× [0 · · ·L− 1].

3.1.3. Dynamical Features. Lesion differential diagnosis in
dynamic protocols is based on the assumption that benign
and malignant lesions exhibit different enhancement kinet-
ics. In [2], it was shown that the shape of the time-
signal intensity curve represents an important criterion in
differentiating benign and malignant enhancing lesions in
dynamic breast MR imaging. The results indicate that the
enhancement kinetics, as represented by the time-signal
intensity curves visualized in Figure 4, differ significantly for
benign and malignant enhancing lesions and thus represent
a basis for differential diagnosis. In breast cancer, plateau or
washout-time courses (type II or III) prevail. Steadily pro-
gressive signal intensity time courses (type I) are exhibited by
benign enhancing lesions. Also, these enhancement kinetics
are not only present in benign tumors but also in fybrocystic
changes [2].

Computing the average signal intensity of the tumor
before contrast agent administration (SI) and after contrast
agent administration (SIC), the relative enhancement can be
computed as

ΔSI(t) := SIC(t)− SI(t)
SI(t)

· 100%. (13)

To capture the slope of the curve of relative signal inten-
sity enhancement (RSIE) versus time in the late postcontrast
time, we computed the line (s = a · t + b) that approximates
the curve of the RSIE for the last three time scans. The values
a and b are the least square solutions of the overdetermined
system of equations a · ti + b = si, j for the three last points in
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time (i ∈ {3, 4, 5}), as well as for all tumor voxels j, with si, j
being the RSIE in voxel j at time scan i.

The solutions to these equations are given by

a = 3n
∑
tisi, j −

∑
ti
∑
si, j

3n ·∑ t2
i − (

∑
ti)

2 ,

b =
∑
si, j
∑
t2
i −

∑
ti
∑
tisi, j

3n ·∑ t2
i − (

∑
ti)

2 ,

(14)

where n is the number of voxels in the tumor, and
∑

is an
abbreviation for

∑3
j=1

∑n
i=1. The slope a was used as a feature

to describe the dynamics.

3.1.4. Simultaneous Morphology and Dynamics Representa-
tions. The scaling index method [22] is a technique that
is based on both morphology and kinetics. It represents
the local structure around a given point. In the context of
breast MRI, such a point consists of the sagittal, coronal, and
transverse position of a tumor voxel and its third time scan
gray value, and the scaling index serves as an approximation
of the dimension of local point distributions.

Mathematically, the scaling index represents the 2-D
image as a set of points in a three-dimensional state space
defined by the coordinates x, y, z and the gray value
f (x, y, z). For every point Pi with coordinates (xi, yi, zi) the
number of points in a sphere with radius r1 and a sphere with
radius r2 is determined and the scaling index αi is computed
based on the following equation:

αi =
(
logN(Pi, r2)− logN(Pi, r1)

)
(
log r2 − log r1

) , (15)

where N(Pi, r) is the number of points located within an n-
dimensional sphere of radius r centered at Pi. As radii, we
choose the bounds of the tumor shape. Thus, the obtained
scaling-index is a measure for the local dimensionality of the
tumor and thus quantifies its morphological and dynamical
features. There is a correlation between the scaling index and
the structural nature: α = 0 for clumpy structures, α = 1 for
points embedded in straight lines, and α = 2 for points in a
flat distribution.

For each of the three time scans (i ∈ {1, 3, 5}), the
standard deviation and entropy were determined and used
as a feature to capture the heterogeneous behavior of the
enhancement in a tumor.

3.2. Classification Techniques. The following section gives a
description of classification methods applied to evaluate the
effect of spatiotemporal features in breast MR images.

Discriminant analysis represents an important area of
multivariate statistics and finds a wide application in medical
imaging problems. The most known approaches are linear
discriminant analysis (LDA), quadratic discriminant analysis
(QDA), and Fisher’s canonical discriminant analysis.

Let us assume that x describes a K-dimensional feature
vector that is, there are J classes and there are Nj samples
available in group j. The mean in group j is given by μj and
the covariance matrix is given by Σ j .

3.2.1. Bayes Classification Based on LDA and QDA. The Bayes
classification [23] is based on estimating the prior probabili-
ties πi for each class which describe the prior estimates about
how probable a class is.

This classification method assigns each new sample to
the group with the highest a posterior probability. Thus, the
classification rule becomes

Cj =
(

xi − μj

)T(
Σ j

)−1(
xi − μj

)
+ log

∣∣∣Σ j

∣∣∣− 2 logπj ,

(16)

where μj represent the means of the classes and Σ j the cor-
responding covariance matrix. The assignment to a certain
class j for a certain pattern is made based on the smallest
determined value of Cj .

There are two cases to be distinguished regarding the
covariance matrices: if the covariance matrices are different
for each class, then we have a QDA (quadratic discriminant
analysis) classifier, while if they are identical for the different
classes, it becomes an LDA (linear discriminant analysis)
classifier.

3.2.2. Fisher’s Linear Discriminant Analysis. The underlying
idea of Fisher’s linear discriminant analysis (FLDA) is to de-
termine the directions in the multivariate space which allow
the best discrimination between the sample classes. FLDA is
based on a common covariance estimate and finds the most
dominant direction and afterwards searches for “orthogonal”
directions with the same property. The technique can extract
at most J − 1 components.

This technique identifies the first discriminating com-
ponent based on finding the vector a that maximizes the
discrimination index given as

aTBa
aTWa

(17)

with B denoting the interclass sum-of-squares matrix and W
the intraclass sum-of-squares matrix.

4. Results

In the following, we will explore the results of the previ-
ously described features’ sets from different classification
techniques. The results will elucidate the descriptive power
of several tumor features for small lesion detection and
diagnosis.

4.1. Effectiveness of Krawtchouk Moments. The Krawtchouk
moments describe a representation of local shape parameters
and can thus describe the differences in morphology between
benign and malignant tumors. Since the obtained number of
Krawtchouk moments is very high (>200), we reduced their
dimension based on principal component analysis (PCA).
Table 1 shows the results for the Krawtchouk moments for
different classifiers and number of principal components. In
general, the quadratic discriminant analysis shows the best
results and for PC >10 they tend to deteriorate.
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Table 1: Classification results based on Krawtchouk moments for
different principal components (PC). Abbreviations: linear dis-
criminant analysis (LDA), naive Bayes linear discriminant analysis
(N.B.LDA), quadratic discriminant analysis (QDA), naive Bayes
quadratic discriminant analysis (N.B.QDA), and Fisher’s linear
discriminant (FLDA).

PC
Correctly classified (%)

LDA N.B.LDA QDA N.B.QDA FLDA

1 71.0 71.0 64.5 64.5 71.0

2 71.0 74.2 58.1 64.5 74.2

3 64.5 67.7 67.7 58.1 67.7

4 64.5 64.5 74.2 71.0 64.5

5 64.5 64.5 74.2 64.5 64.5

6 61.3 64.5 77.4 64.5 61.3

7 67.7 74.2 74.2 67.7 71.0

8 71.0 74.2 74.2 67.7 71.0

9 61.3 74.2 71.0 67.7 61.3

10 61.3 74.2 74.2 67.7 61.3

11 58.1 67.7 71.0 67.7 58.1

Table 2: Combined classification of the feature groups and
different classification methods. Abbreviations: linear discriminant
analysis (LDA), naive Bayes linear discriminant analysis (N.B.LDA),
quadratic discriminant analysis (QDA), naive Bayes quadratic
discriminant analysis (N.B.QDA), and Fisher’s linear discriminant
(FLDA).

Features
Correctly classified (%)

LDA N.B.LDA QDA N.B.QDA FLDA

Contour features 64.5 74.2 67.7 77.4 64.5

Scaling index features 67.7 71.0 61.3 51.6 67.7

Tumor RSIE features 64.5 74.2 74.2 77.4 64.5

Contour RSIE features 64.5 74.2 54.8 54.8 64.5

Geometric moments 51.6 54.8 51.6 64.5 51.6

Krawtchouk moments 71.0 74.2 77.4 71.0 74.2

4.2. Effectiveness of Combined Feature Groups. We now
examine not anymore every single feature but group the
features together in specific classes that contain the features
described in the previous sections. Table 2 shows the results
for five distinct classifiers assuming motion compensation in
2 directions. The Krawtchouk moments (reduced to a six-
dimensional vector by PCA) yield the best results since they
capture both local and global shape properties.

We perform receiver operating characteristic (ROC)
analysis to determine the sensitivity, specificity, and area
under the curve (AUC) of the CAD system. The results of
the sensitivity and specificity for the current data set based
on specific features selected based on their discrimination
capability and also in combination are shown in Table 3. The
scaling index entropy yields the highest sensitivity and the
5th geometric moment the highest specificity. This finding
is not surprising since the scaling index is a spatio-temporal
feature while the geometric moment is averaging over the
tumor’s shape. Since benign lesions tend to have smoother

Table 3: Sensitivity and specificity for specific features alone and in
combination based on linear naive Bayes classification.

Features
True positive

(%)
True negative

(%)

Contour feature (radius standard
deviation)

70.5 85.7

Scaling index features (entropy) 82.3 57.1

Tumor RSIE features (entropy
(time scan 4))

76.4 71.4

Contour RSIE features (entropy
(time scan 4))

76.4 71.4

Slope of RSIE 76.4 64.3

Geometric 5th moment 71.6 100

Bayes classification without
geometric moments

76.4 78.5

Bayes classification with
geometric moments

88.2 78.5

Table 4: AUC values for selected single features and all features
combined based on an FLDA classification.

Features AUC (%)

Contour feature (radius mean) 82.6

Scaling index features (mean) 79.6

Tumor RSIE features (entropy (time scan 3)) 81.5

Contour RSIE features (entropy (time scan 4)) 81.3

Slope of RSIE 72.7

FLDA classification with all features 84.7

surfaces than malignant, this feature can be used as a first-
step discriminator between those lesions. The inclusion of
geometric moments in the feature set increases the sensitivity
but leaves the specificity unchanged.

The best AUC-values for single features as well as for all
features combined can be found in Table 4.

The AUC-values demonstrate that the contour features
are very powerful descriptors and are able to capture the
spatio-temporal behavior of small lesions.

5. Conclusion

The goal of the presented study was the introduction of
new techniques for the automatic evaluation of dynamic
MR mammography in small lesions and is motivated to
increase specificity in MRI and thus improve the quality of
breast MRI postprocessing, reduce the number of missed or
misinterpreted cases leading to false-negative diagnosis.

Several novel lesion descriptors such as morphological,
kinetic and spatio-temporal are applied and evaluated in
context with benign and malignant lesion discrimination.
Different classification techniques were applied to the clas-
sification of the lesions. A surprisingly low number of
eight features proved to contain relevant information and
achieved for both Fisher’s LDA and LDA good classification
results. Krawtchouk moments proved to capture both the
local and global shape features and represent thus in term



8 Advances in Artificial Neural Systems

of classification the best shape descriptors. In terms of
spatio-temporal features, the scaling index entropy yields
the highest sensitivity demonstrating that the enhancement
pattern in small lesions has to be analyzed both in terms of
spatial and temporal information. The benign characteristics
are best described by geometric moments. The AUC-values
demonstrate that the contour features can capture very well
the spatio-temporal behavior of these small lesions.

The results suggest that quantitative diagnostic features
can be employed for developing automated CAD for small
lesions to achieve a high detection and diagnosis perfor-
mance. The performed ROC-analysis shows the potential of
increasing the diagnostic accuracy of MR mammography by
improving the sensitivity without reduction of specificity for
the data sets examined.
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Many living systems, from cells to brains to governments, are controlled by the activity of a small subset of their constituents. It
has been argued that coherence is of evolutionary advantage and that this active subset of constituents results from competition
between two processes, a Next process that brings about coherence over time, and a Now process that brings about coherence
between the interior and the exterior of the system at a particular time. This competition has been termed competitive coherence
and has been implemented in a toy-learning program in order to clarify the concept and to generate—and ultimately test—
new hypotheses covering subjects as diverse as complexity, emergence, DNA replication, global mutations, dreaming, bioputing
(computing using either the parts of biological system or the entire biological system), and equilibrium and nonequilibrium
structures. Here, we show that a program using competitive coherence, Coco, can learn to respond to a simple input sequence 1,
2, 3, 2, 3, with responses to inputs that differ according to the position of the input in the sequence and hence require competition
between both Next and Now processes.

1. Introduction

The quest for universal laws in biology and other sciences has
led to the development—and sometimes the acceptance—
of concepts such as tensegrity [1], edge of chaos [2, 3],
small worlds [4], and self-organised criticality [5]. This quest
has also led to the pioneering (N , k) model developed by
Kauffman in whichN is the number of nodes in an arbitrarily
defined Boolean network and k is the fixed degree of connec-
tivity between them [6]. The actual use of the (N , k) model to
the microbiologist, for example, is that it might help explain
how a bacterium negotiates the enormity of phenotype
space so as to generate a limited number of reproducible
phenotypes on which natural selection can act. Although
the (N , k) model successfully generates a small number
of short state cycles from an inexplorable vast number of
combinations—which might be equated to generating a few
phenotypes from the vast number apparently available to the
cell—the model has its limitations for the microbiologist as,
for example, it has a fixed connectivity, it does not evolve,
and it does not actually do anything.

In a different attempt to find a universal law in biology,
one of us began working on the idea of network coherence
in the seventies. This idea is related to neural networks

(though the idea was developed with no knowledge of
them) which have indeed been proposed as important in
generating phenotypes [7]. The network coherence idea
turned out to be scale-free and to address one of the
most important problems that confronts bacteria, eukaryotic
cells, collections of cells (including brains), and even social
organisations. This problem is how a system can behave in
(1) a coherent way over time so as to maintain historical
continuity and (2) a coherent way at a particular time that
makes sense in terms of both internal and environmental
conditions. A possible solution would be for these systems
to operate using the principle of competitive coherence [8,
9]. Competitive coherence can be used to describe the
way that a key subset of constituents—the Active Set—are
chosen to determine the behaviour of an organisation at
a particular level. This choice results from a competition
for inclusion in the Active Set between elements with
connections that confer coherence over time (i.e., continuity)
and connections that confer internal and external coherence
at the present time. Given that living systems are complex
or rather hypercomplex systems, characterised by emergent
properties, we have speculated that competitive coherence
has parameters useful for clarifying emergent properties and,
perhaps, for classifying and quantifying types of complexity
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[10]. We have further argued that competitive coherence
might even be considered as the hallmark of life itself.

One of the objections to universal laws such as compet-
itive coherence is that without testing they are mere hand-
waving. To try to overcome this objection and to make the
central idea and related ideas clear, we have implemented
competitive coherence into a toy-learning program in which
the competitive coherence part, Coco, learns or fails to
learn when playing against an environment that rewards or
punishes Coco by changing connections between elements.
In what follows, we describe the structure of the program,
results from this toy version, and optional extras that
could be added to or manipulated within the program.
Some of these optional extras are wildly speculative but
they are included to show that Coco might be useful as
a generator, editor, and test-bed for new and/or woolly
concepts including those that might find a home in biology-
based computing [11].

2. Principle of the Program

The central idea is that an active subset of elements deter-
mines the behaviour of a system: the majority of elements
are inactive. The members of this active subset, the size
of which is fixed, are chosen by a competition between
two processes, Next and Now (Figure 1). The active subset
corresponds to those elements that have their addresses
in the current line of the Activity Register. The subset of
elements that are active at the same time constitutes the
state of the system at that time and each line in the Activity
Register says what state is at a particular time; consecutive
lines correspond to consecutive states of the system. How
is this state obtained? An overview of the program is given
in Figure 2 to show the order of the essential subroutines,
which are explained in detail in the following subsections.
COMPUTE is the cyclical core of the system. INITIALISE
sets up the initial conditions by filling at random the Now
and Next fields (two separate sets of weightings) of each
element with the addresses of other elements, and by filling
at random the first line (which corresponds to the state of
the system) of the Activity Register with addresses. INPUT
provides one input at a time (by loading the address into
the Activity Register of a specific element); these inputs
are taken in order from a defined sequence. DOWNTIME
prevents an element whose address has been loaded into the
Activity Register from having its address loaded again within
a brief time. MUTATE changes at random the contents of
the Now and Next fields (in a sense, the weightings). LOAD
is responsible for extracting and ranking the scores of the
elements’ Now and Next fields and then comparing these
scores so as to decide which address to load to the Activity
Register. LOAD is helped by REVERSE DOWNTIME, which
stops an element likely to be useful later from being used
too soon, and by COMPATIBILITY-EMERGENCE, which
increases the probability that some groups of elements have
their addresses loaded at the same time (corresponding to
these elements being active together). REWARD-PUNISH
routines detect and evaluate outputs and reward or punish

the elements involved by strengthening or weakening the
Now/Next links between them. The results are displayed
every loop of the COMPUTE routine, which corresponds to
a line in the Activity Register being filled (see the following).

2.1. The Biological Elements. An individual gene or neurone
or another biological building block is represented in the
program as an element. In the version presented here, there
are a thousand elements. Only ten elements (again in the
version presented here) can be active—that is, determine the
state of the system—at any one time. The composition of
this subset of active elements determines whether this active
subset is successful or not.

Each element contains, in the version presented here,
two fields: Now and Next (Figure 3). Each element has an
address. Each field contains the addresses of other elements
with which the element has been associated successfully
during learning (see the following). The Now field contains
the addresses of those elements that have been successful in
the same time step in which the element itself was successful
whilst the Next field contains the addresses of those elements
that have been successful in the time step following the step
in which the element was active. A time step corresponds to
a single line in the Activity Register, hence the active subset
of elements corresponds to those elements that have their
addresses in the current line of the Activity Register. In other
words, each line says what the state of the system is in terms
of activity in that particular time step.

2.2. The Activity Register. Each line in the Activity Register
contains the addresses of the small subset of elements that
are active at a particular time (Figure 4). Each line is filled
according to a set of rules (see the following), and when the
register is full, the first line is filled again (so the register
operates cyclically). A line is set to zero before it is filled.

2.3. Coherence via the Now Process. Biological systems are
characterised by coherence. At the level of human society,
the composition of a successful football team reflects the
importance of coherence in the manager’s choice of players:
the team must contain players who can take on the roles
of goalkeeper, defenders, midfield players and attackers.
Choosing the players is a progressive process: the choice
of the goalkeeper influences the choice of the defenders
which then influences the choice of the defenders. At the
level of a bacterium, the composition of a bacterium reflects
its growth strategy: if Escherichia coli is to grow rapidly, it
needs to express the genes that encode ribosomes, tRNA
synthetases, RNA polymerases, and the proteins that drive
the cell cycle whereas if it is to survive in harsh conditions
and in the absence of nutrients, it needs to express the
genes that, for example, encode proteins that compact and
protect its genome such as Dps [12]. Biological systems
from sports’ teams and brains to bacteria that fail to achieve
this internal coherence risk elimination in a world in which
natural selection operates. The coherence that a biological
system must achieve also has an external component. The
football manager may choose his team as a function of the
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Figure 1: The principle of Now-Next competition. The elements active at time t1 (inside black ellipse) are used to select the elements to be
active at time t2. This selection uses the Next fields of the elements active at time t1 (red arrows). As the new elements are activated at time
t2 (inside the red dotted circle), the Now fields of these new elements are also used to select and activate more elements (blue arrows) such
as the element inside the dotted blue circle. The elements to be activated are selected from a large set of inactive elements by a competition
between the Now and Next processes. The inset shows an element which has an address and two fields.
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Figure 2: Overview of essential modules. A single cycle of the COMPUTE routine results in the addresses of a subset of the elements being
loaded into a line of the Activity Register; this corresponds to activating these elements. Certain elements are inputs and others are outputs.
The INPUT routine creates an input by loading the address of an input element into the Activity Register. The learning part of the program,
Coco, eventually responds to an input by loading the address of an output element into the Activity Register; this corresponds to an output.
The actual loading of addresses results from a competition between Now and Next links; the scores obtained from counting these links may
be modified by an EMERGENCE routine. The DOWNTIME and REVERSE DOWNTIME routines may make certain elements ineligible
for loading, depending on the history of these elements. Outputs are detected, evaluated, and rewarded or punished by REWARD/PUNISH
routines. Each time a line of the Activity Register has been filled, the results are displayed.

pitch, the weather, their position in a league table, and the
opposing team (which may contain players known for their
“physical” approach). The bacterium should not express
the full complement of genes needed for fast growth if it
is in conditions in which there are few nutrients and in

which physical conditions such as temperature and humidity
require stress responses. The Now process is intended to
represent the way biological systems achieve both internal
and external coherence. For example, suppose that at high
temperatures, phospholipids with long, saturated fatty acids
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Figure 3: The Elements table. The Now and Next fields of an
element contain the addresses of the elements with which the
element in question has been successfully active (for convenience
of representation each field here contains only 5 addresses).

23461118510

227

Present state t

Developing state t + 1 16

Figure 4: The Activity Register. Two lines are shown (correspond-
ing to two successive active states), one full and the other (italics) in
the process of being filled (for convenience, only 7 entries and only
two lines are shown).

are needed to confer stability to the membrane; suppose
that genes 7, 19, and 23 encode membrane proteins with an
affinity for such phospholipids (Figure 5); the expression of
one of these genes (e.g., 23) may help to create a domain
on the membrane enriched in both the protein encoded by
23 and the long chain phospholipid; the existence of this
domain then helps the expression of 19 which has a protein
product that also contributes to the size and stability of
the domain; this in turn helps the expression of 7 (for the
possible biological significance see [13]).

2.4. Coherence via the Next Process. The Now process on
its own is not enough to allow a biological system to
adapt effectively to its environment. This is because these
environments often require different responses to the same
stimulus because the historical contexts are different. One
may not respond in the same way to an invitation from
Human Resources following a successful sales campaign as
following the news that the company is about to go out
of business. A Next process is required to take account of
the dependency of a correct response on the history of the
system. This is made easier by the fact that environments
are often unchanging for long periods and, when they
do change, change in predictable ways; rules in sport,
for example, do not change very often. And even when
different environments exist at the same time, it would not
be advisable for a sports’ team that wants to compete at
a good level for it to play football one week, switch to
hockey the next, then rugby, and so forth. It would not be
a winning strategy for a bacterium to switch phenotypes
either (we ignore here events at the level of the population of
bacteria which needs to explore phenotypic heterogeneity).
For example, three genes that are active in one time step,
7, 19, and 23, may have connections via their Next fields to
the same subset of genes, 22, 24, and 33 (Figure 6) with 7

Now 7, 23

Address 7

Address 19

Address 23

23 19 7

Activity Register

Time t

Time t + 1

Now 19, 23

Now 19, 7

Figure 5: The Now Process. Out of a large set of elements (genes),
a few, well-connected ones are chosen (positioned) to be active
(expressed) at a particular time. For example, if gene 23 encodes
a protein with the same lipid preferences as the proteins encoded by
genes 19 and 7 the expression of these genes may be synergistic (for
convenience, only two addresses are shown in the Now field).

Next 22, 33

Next 24, 33

Next 24, 22

Next 

Next 

Next 

7 19 23

Activity Register

Address 22 

Address 24

Address 33 

Address 19 

Address 23 

33 22 24

Time t

Time t

Time t + 1

Time t + 1

Address 7

Figure 6: The Next Process. The elements (genes) active in time
step t determine the elements that will be active in time step t + 1.

encoding a transcriptional activator being produced in one
time step and 22 and 23 being the genes under its control
and hence expressed in the following time step.

2.5. Competition between the Now and Next Processes. Mod-
elling competitive coherence in the program consists of
the competition between the Now and Next processes for
choosing the subset of elements that are to be active (i.e.,
determine the state of the system). This activation takes the
form of loading the addresses of elements into the new line
of the Activity Register. The competition is on the basis of
the scores of the elements. To load a new line, first, the Next
fields of the elements present in the current line are consulted
and the number of occurrences of the addresses in these fields
is counted to give Next Scores (Figure 7). These Next Scores
are then ranked in HighestNext to give, in Figure 7, element
7 with the highest score (of 8).

Once the address of this first element has been loaded
into the new line, the following highest score in the
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Figure 7: Competition between Now and Next Processes. The
diagram shows the operation of filling the third position in the
new line of the Activity Register (corresponding to the developing
state of the system). The elements in the current line of the Activity
Register are labelled with an asterisk and only their Next fields are
shown. The two elements loaded into the new line at the start of
the competition for third position have their Now fields in bold;
their Next fields are not shown. The Now and Next scores are in the
second column of HighestNow and HighestNext, respectively. See
text for full explanation.

HighestNext list is consulted: this is 22 with a score of 5.
It is not, however, loaded straightaway because 7 has been
loaded and 7 has a Now field. The addresses of the elements
in 7’s Now field are counted and ranked in HighestNow; in
this example, the ranking is at random because the scores of
these addresses are all the same (here, 1). The highest scores
in HighestNext and HighestNow are then compared and the
address of the element with the higher score is then loaded
into the Activity Register (if they have the same score, the
Now element is preferred).

There are now two addresses in the Activity Register, 7
and 22. The addresses in the Now fields of both 7 and 22 are
counted and ranked to give at the top of HighestNow 16 with
a score of 3. The address at the top of HighestNext is 24 with
a score of 2. Comparison of the two scores shows that the
address of element 16 has the greater score and this address
is therefore loaded to the Activity Register. Once an address
has been loaded, its score is set to zero to prevent it from
being loaded a second time.

This competition between Next and Now processes
continues until the line of the Activity Register has been
filled. Note that, during the determination of the new
state of the system, the relative contribution of the two
processes changes since, first, the number of Now fields
increases as addresses are progressively loaded into the
Activity Register (i.e., as more and more elements become
active), and, second, each time an element is chosen from the
HighestNext, the following one has a lower score. In other
words, the Next process dominates at the beginning and the
Now process at the end (Figure 8).

Progressive filling of line of  Activity Register

Figure 8: Differential Contributions of the Next and Now pro-
cesses. A line of the Activity Register that has just been filled is
shown along with part of the contents of the HighestNext and
HighestNow counters at this time. The addresses in these counters
are on the top and the corresponding scores on the bottom. The
red circles show the addresses of elements contributed by the Next
process and the dotted blue circles show those contributed by the
Now process. The arrows show where there is a clear change in the
contributions of the processes to filling the Activity Register.

2.6. Inputs and Outputs. Both inputs and outputs corre-
spond to specific elements each of which has a Now and a
Next field. In this version, there are three inputs, 1, 2, and 3,
and three outputs, 998, 999, and 1000. An input is generated
when the INPUT subroutine inserts one (and only one) of
the three inputs into the new line of the Activity Register.
An output is generated when Coco loads an output element
into the new line of the Activity Register. The lines between
the input line and the output line constitute an input-output
module.

A new input is generated in the line immediately
following an output. A new output must occur in the four
lines following an input; if an output is not generated in
these time steps, an arbitrarily chosen output is inserted
into the fourth line. A maximum number of lines before
forcing an output is needed if the program is to run rapidly
when the proportion of output elements to the total number
of elements becomes small (since the initial probability of
generating an output is similarly low). The choice of four
lines as a maximum is also arbitrary.

Inputs are not related to outputs: it does not matter
whether the output is right or wrong. The sequence of
inputs is fixed: (1, 2, 3, 2, 3)n. Elements in lines containing
outputs that correspond to inputs are rewarded—or pun-
ished if the outputs are wrong (see the following). Coco
is considered to have succeeded when it has learnt to
generate (1000, 999, 999, 1000, 998)n in response to the input
sequence (Figure 9). This simple input-output relationship
was chosen because neither the Now nor the Next process
alone is sufficient to lead to Coco learning. The Now process
fails because two different outputs—999 and 1000—are
required when 2 is the input (and also because two different
outputs—999 and 998—are required when 3 is the input).
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Figure 9: Contents of Activity Register after learning. The screen print shows consecutive lines in the Activity Register. Inputs are circled
with dotted blue lines and outputs with continuous red lines.

The Next process fails because two different outputs—999
and 998—are required when 3 follows 2.

2.7. Downtime. An element that has been active (i.e., its
address has been loaded into a line of the Activity Register)
cannot be activated again for ten more timesteps. Inputs
that are generated by the environment subroutine are not
affected by downtimes (artefactual inputs generated by the
dynamics of Coco do have downtimes). Outputs do not
have downtimes. Downtimes are taken into account when
the Now and Next scores are worked out. Downtime can be
problem when the size of the Activity Register is increased
since Coco can run out of elements to load; for example,
if there are only 1000 elements, if the Activity Register has
a line containing 100 elements, and if Downtime is set to
10, there are not enough elements to load. There is an echo
here of the E. coli cell cycle in which, after initiation of
chromosome replication, the constituents of the initiation
hyperstructure are inactivated or sequestered to prevent a
second initiation event [14], whilst after cell division, the
constituents of the division hyperstructure are presumably
also disabled to prevent repeated divisions in the bacterial
poles [15].

2.8. Rewarding and Punishing. Rewarding entails strength-
ening the connections between successful states (and series
of successful states). Briefly, this is achieved by (1) taking

an element with its address in a line of the Activity Register
between and including the input and output lines, which we
term a module (see the previous part) and (2) writing this
address into the Now or Next fields of other elements in
the same or in the preceding lines of the Activity Register
(Figure 10). First, the environmental part of the program
detects whether there is an output in the new line and, if
so, decides whether there is more than one output (more
than one output is punished, see the following). Then, if
the output is correct, two addresses are chosen from the
same line in the successful module and the second address
is written into the Now field of the first element. This is
done for every element in the entire module (i.e., each line
is treated). These connections are not made when it would
entail connecting an element to itself (i.e., self-referral) or
overwriting the address of another element that is actually
already in the same line. The Next connections are rewarded
in much the same way except that elements are taken from
one line of the module and the addresses that are written
into their Next fields are taken from the following line. Self-
referral and overwriting of successful elements is avoided
as in the case of rewarding via the Now connections. It
should be noted that a connection is made between the
previous module and the rewarded module insofar as the
Next fields of the last line of the previous module are
connected to the first line of the rewarded module (note
too that the Next rewarding has to stop at the penultimate
line of the rewarded module because the future line is not
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Figure 10: Rewarding by overwriting. The connections of element
5, whose address is in a line of a successful module in the Activity
Register, are strengthened (black arrow). A randomly chosen
address in the Now field of 5 is overwritten with 18, which is another
address present in the same line as 5 (blue arrow), whilst a randomly
chosen address in the Next field of 5 is overwritten with 44, which
is an address present in the following line (red arrow).

known!). A small section of the elements, along with a
couple of lines of the Activity Register and the HighestNow
and HighestNext registers (Figure 11) shows the pattern of
connectivity resulting from learning to couple an input with
the appropriate output for Coco with a 1000 elements,
Anumber of 10 (size of Active Set) and Knumber of 7 (size
of Now and Next fields).

Punishing entails taking a single Activity Register line
at random from the failed input-output module or taking
the last line of the previous module. The Now fields of the
elements whose addresses are in this line are then consulted.
A randomly chosen address is then used to overwrite one
of these Now addresses. The Next fields of these elements
(which helped determine the following line) are altered in
a similar way. There is a mutation aspect to punishment
(Section 4.3).

2.9. Synchrony. There is a synchrony in the program that
results from it being based on successive lines in the Activity
Register, each of which is examined in a time step. Reward
and punish decisions are then made in this time step to
change the connections between the elements by altering the
contents of their Now and Next fields; these alterations are
made together in a synchronous fashion. The actual loading
of addresses into a new line is a mixture of synchronous and
asynchronous events: the Next scores are obtained together at
the end of one time step (and the process exhibits synchrony)
whilst the Now scores are obtained progressively during the
loading of the Activity Register (and the process exhibits
asynchrony).

3. Results

3.1. With Next Alone. The relative contributions of Now and
Next scores to the loading of addresses into the Activity Reg-
ister can be altered by a constant factor, NowNextWeighting.

If this factor is set very low or very high, it switches the pro-
gram so that it operates with either just Nexts or just Nows.
Generally, this factor equals 1. By setting NowNextWeighting
to 1/100, the Next scores dominate. The graphs show the
fraction (total outputs-correct outputs)/total outputs, so a
line towards the top of the figure corresponds to a failure to
learn effectively. When the Nexts alone determine the loading
of the Activity Register (red circles), learning does not occur
(Figure 12). Note that only a truncated part of HighestNext
and HighestNow is shown and that the scores shown in the
bottom row are before scaling by NowNextWeighting.

3.2. With Now Alone. Setting NowNextWeighting to 100
allows the Now scores to dominate. The graphs in Figure 13
show the proportion of incorrect outputs (failures to learn)
to total outputs, so a series of successful outputs corresponds
to a negative slope. In one case, learning has not occurred
after 20000 timesteps (Figure 13(a)). In another case, learn-
ing has actually occurred at a late stage (Figure 13(b)). The
explanation is that the Next scores are still operating even
with this NowNextWeighting because the first address chosen
for the NewLine of the Activity Register is chosen from
the Next element with the HighestNext score (unless an
input is loaded). This initial choice does not depend on
the NowNextWeighting. The Activity Register corresponding
to this surprising learning confirms that the Nows have
contributed the addresses (compare contents of last line
of Activity Register and with contents of HighestNow and
HighestNext in Figure 13(c)).

3.3. Without Downtime. The address of an element that
has loaded into the Activity Register cannot be loaded
again within the next ten timesteps. In the absence of
DOWNTIME, Coco does not learn (Figure 14(a)). One
evident reason for this is that false inputs can be loaded into
the Activity Register (Figure 14(b)).

3.4. With Now, Next, and Downtime. Three independent
runs of the program show that Coco learns the task albeit
sometimes with difficulty (Figure 15). Inspection of the
Activity Register and the HighestNext and HighestNow
confirms that the initial contribution to the last line in the
register comes first from the Next (red circles) and then
from the Now (blue circles). Note that only a truncated
part of HighestNext and HighestNow is shown. Note too
the limited size of the Activity Register (Section 4.14). What
might DOWNTIME correspond to in a biological system?
In a bacterium, it might correspond to the state of a gene
x in an operon which requires an activator but which also
encodes an unstable repressor Y of this operon; activating
the gene would then lead to both production of X and of Y; Y
would then switch off the operon for a Downtime until it was
degraded. A more interesting possible example is that of the
sequestration of newly replicated, hemimethylated DNA in
E. coli (which occurs when the SeqA protein recognises that
a GATC sequence in the old strand is methylated whilst its
complement in the new strand has yet to be replicated); since
a gene may have a greater chance of being expressed when
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Figure 11: The connectivity after successful learning. An input line and the following, correct, output line in the Activity Register are shown.
The total scores of some of the elements whose addresses are in the Next fields of the elements in the top line of the Activity Register can
be seen in the bottom row of HighestNext. If the Next field of element 2 is inspected, two references to element 827 are found; these two
references are part of the total of five references to element 827; this score of five is sufficient for the address of element 827 to be loaded into
the new line of the Activity Register (so activating element 827). Note the presence of the output itself, 1000.

the region within which it lies is being replicating (perhaps
due to greater accessibility to RNA polymerase), some genes
with GATC sequences may be both switched on and switched
off by the act of replication. This latter possibility might
be modelled specifically by confining DOWNTIME to those
elements that are activated by the CYCLE subroutine, as
mentioned in Section 4.2. What then might the inputs and
outputs correspond to in a biological system? As shown here,
Coco readily learns to give the same output to different
inputs. It also learns to give a different output to the same
input depending on the history of the inputs; this could
correspond to a low concentration of nutrients having a
different meaning for a bacterium if this concentration
follows a period of starvation or a period of plenty; in the
former case it means that conditions are improving and in
the latter case it means that they are getting worse, and the
appropriate response of the bacterium would be to grow or
to sporulate, respectively.

3.5. An Oscillatory Input Gives an Oscillatory Output. The
environment gives the inputs (1, 2, 3) in a cycle (1, 2, 3, 2, 3)n
and immediately Coco responds with an output the envi-
ronment gives the next input. Hence, Coco learns to
respond to an oscillating input pattern with an oscillating
output pattern. This can be confirmed after learning has
occurred by removing inputs and following the pattern
active elements (i.e., the addresses in the Activity Regis-
ter). It does indeed maintain the output pattern in the
absence of inputs and absence of changes to connectiv-
ity normally caused by rewarding, punishing, and noise
(data not shown). This shows the extent to which the
state of the system reflects the interdependency of the
elements loaded to the Activity Register. Note though that
if the Activity register is small (low Anumber) and the
connections are weak (low Knumber), inputs must be
continued (along with rewarding) to maintain the oscillating
output pattern. We discuss further the significance of
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Figure 12: Running the program depending on the Nexts. No learning has occurred after 20000 time steps (the time taken to fill, analyse,
and respond to a single line in the Activity Register); the contents of the Activity Register and the HighestNow and HighestNext confirm
the Next contribution (red circles). Correct responses is (total number of responses–correct responses)/total number of responses. Note that
the total number of successes and failures (10627) would only equal the number of timesteps or lines (here 20000) if the program were
constrained to give an output in the same line as it had received an input (rather than up to four lines later).

a noncyclical input-output pattern—and how to achieve
this—in Section 4.18.

4. Optional Extras

4.1. Positive and Negative Links. Biological systems generally
have both activators and repressors. Simulation suggests that
the ratio between them is a major influence on the dynamics

[16]. In the program, elements can be connected positively
and negatively. When the Now and Next scores are calculated,
each address present in a field with a positive link counts as
+1 whilst an address with a negative link counts as −1. The
positive or negative nature of a link is defined at random at
the start of the program and is not modified afterwards. In
the present version, 10% of the signs are negative (though it
learns when none of them are negative).
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Figure 13: Running the program depending on the Nows. (a) No learning has occurred after 20000 timesteps, and (b) Learning has been
delayed in this case after 20000 timesteps and the contents of the Activity Register and the HighestNow and HighestNext confirm the Now
contribution (dotted blue circles).

4.2. DNA Replication. Growing bacteria replicate their DNA.
It has been proposed that the replication of a gene affects the
probability that the gene and its physical neighbours may
have an altered probability of transcription [17, 18]. One
consequence of this could be to enable the bacterium to avoid
getting trapped in a very limited state cycle of phenotypes. In
other words, DNA replication itself might constitute a way
of exploring phenotype space. Such exploration could even
constitute a coherent exploration of phenotype space if the
position of the gene on the chromosome were close to those
of other genes with related functions (and far from those
with opposed functions). To introduce this parameter into
the program, a CYCLE subroutine allows an element to be
loaded into the Activity Register irrespective of the Now and
Next connections. This element is chosen in order from the
elements (e.g., first 17 is inserted, then 18, then 19, etc.). It is
not inserted into the Activity Register if Coco has just given
the correct output (which corresponds in this version of the
program to CyclePermission = 0).

4.3. Mutations and Noise. Mutations occur as part of the
PUNISH subroutines. In fact, the overwriting of the Now
and Next fields (of the elements with addresses in the line
to be punished) is a mutation process insofar as the new
addresses that are written into these fields are chosen at
random. This overwriting is done at a frequency determined
by the MutationThreshold which, in the version presented
here, is set so that overwriting occurs on one out of ten
occasions.

There is more to the mutation story than this though.
After the program has run for 200 timesteps, a RunningScore
is kept of how many of the last ten outputs have been correct
(this involves a sliding window, RunningScoreWindow, set
to ten). Depending on this RunningScore, mutations are
either made at different frequencies or not made at all. A
mutation is made by taking an element with an address
that is rarely found in the fields of the other elements (i.e.,
a lonely element) and writing it into a field of any one
of the other elements chosen at random. This is done ten
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Figure 14: No learning without DOWNTIME. (a) After 20000 timesteps, Coco shows no sign of learning. (b) The Activity Register shows
that inputs are being generated inappropriately.

times per output if the RunningScore is low. If the last ten
outputs were all correct, no mutations are made. Clearly,
RunningScoreWindow is a parameter that the program itself
could modify during running but, in the version presented
here, it is held constant at ten.

Noise is not present in the basic version of the program
presented here but is easy to introduce. For example, in
Figure 16 the NoiseLevel has been set to insert a random
address for every twenty or so (on average) addresses loaded
into the Activity Register (i.e., around every three lines). The
results show that the learning displayed by Coco is fairly
robust and, even when it is forced to forget, it can relearn
rapidly.

Finally, a SCRAMBLE subroutine may be a source
of mutations. This routine operates in a democratic way
to ensure that when elements have the same score, they
are chosen at random to be ranked in HighestNow and
HighestNext. This may result in an address being loaded
into a position in the Activity Register that it had not
occupied previously and bring to an end a winning streak,
at least, temporarily. The fact that learning is often stable
despite scrambling is again indicative of the robustness of this
learning.

4.4. Reverse Downtime. Input-output modules can readily
become compressed so that, for example, an input in line n
of the Activity Register followed by an output in line n + 4
can be shortened such that the output occurs in line n + 2 or
indeed in line n itself (Figure 17). The idea behind REVERSE
DOWNTIME is to avoid this compression by preventing the
addresses of elements in line t + 1 from being loaded into
the previous line t. This entails using the REVERSE DOWN-
TIME subroutine to examine progressively the elements of
addresses loaded into the NewLine and ensuring that the
addresses in their Nexts, which may correspond to elements
often active in the following line, are not loaded via the Now

process. Preventing such addresses from being loaded is done
via the NOW EXTRACTION subroutine which sets their
scores to zero (in this version, it is not done by the NEXT
EXTRACTION subroutine too—but could be). Although it
is not clear to us that the REVERSE DOWNTIME subroutine
has an equivalent in cells, it might be argued that REVERSE
DOWNTIME resembles checkpoints, which prevent late cell
cycle events from occurring until earlier ones have been
completed [19].

4.5. Uptime. It would be easy to introduce an uptime in
which an element that had already participated successfully
would have a greater chance of being loaded again. This
would be a variant of the Matthew effect in which the rich
get richer (and the poor, poorer), which has been explored in
connectivity studies [20].

4.6. Emergence. One of the characteristics of an emergent
property is that it resists attempts to predict or deduce it [21].
An emergent property could be, for example, the affinity of
certain membrane proteins for the phospholipid, cardiolipin,
so that they assemble into a membrane domain enriched
in cardiolipin where these proteins then function together.
In the framework of competitive coherence, emergence is
related to the formation of the new state, the subset of
elements that are active together because their addresses are
loaded together into the Activity Register [10]. Suppose that
a subset of the elements (e.g., 27, 37, 47, 57, 67, and 77)
correspond to proteins with a strong affinity for cardiolipin.
Similarly, another subset of elements (e.g., 23, 33, 43, 53,
63, and 73) might correspond to proteins with an affinity
for another phospholipid, phosphatidylethanolamine. This
could be done for a hundred different phospholipids. In the
program, these affinities could correspond to a hardwiring
done in the INITIALISE subroutine such that the probability
that 27 and 37 and so forth are loaded into the Activity



12 Advances in Artificial Neural Systems

Activity Register

Time

C
or

re
ct

re
sp

on
se

Figure 15: Successful learning with Now, Next, and Downtime processes working. Three, consecutive, independent examples are shown
after 20000 timesteps. The contents of the Activity Register, HighestNext, and HighestNow of one of them are shown (now addresses are
circled with a dotted blue line and Next addresses with a red line).

Register is greater if one of them is already present. If this
combination of elements turns out to be a successful one,
this might be considered as the emergence of the property of
an affinity for cardiolipin.

The aforementioned approach to emergence can be
modelled to some extent in the program via a Compatibility
Table, which is a 2D matrix of the elements in which the
Compatibility of Element(i)× Element( j) is a factor. During
the loading of the Activity Register, this factor is used to
multiply the Now and Next scores of the elements so as to
help determine which is the highest. The factor in (i, j) is
determined once and for all at the start of the program (i.e., it

is hardwired). It would be possible to have a large number of
sets of factors (e.g., a hundred sets of factors each linking ten
elements) and then explore the effect—for example, it might
significantly reduce the combinatorial space. In the present
version, all the factors in the Compatibility Table are set to 1
(so they have no effect) with the exception of the inputs with
one another which are set to zero (e.g., Compatibility(2,3) =
0).

4.7. Global Changes via Yin-Yang. A bacterium like E. coli
can be exposed suddenly to an environmental change that
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Figure 16: Robustness to noise. Three separate runs of the program, each for 20000 timesteps, show how allowing noise has in the third run
perturbed Coco twice and caused it to forget a previously learnt sequence.
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Figure 17: Principle of REVERSE DOWNTIME. Without this rule to reduce the compression of input-output modules, addresses can move
from one line to another line closer to the input line. (a) The Activity Register is shown here with only four elements (for simplicity) and
initially has addresses of certain elements (red) in a successful output line; these addresses can become displaced towards the input line. (b)
The results of 20000 timesteps without REVERSE DOWNTIME. (c) Implementing REVERSE DOWNTIME during the loading of a NewLine
requires the Next field of 13 to be consulted; this shows that 7 and 38 often follow 13, so, to avoid compression by 7 and 38 being loaded into
the NewLine, the NowScore register for 7 and 38 is set to zero.
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affects a great many of its systems. Typically, such global
changes might include those in temperature or calcium
concentration. Global changes can also result from internal
changes such as those resulting from alterations in DNA
supercoiling, mediated by topoisomerases like DNA gyrase,
which then affect the expression of many genes [22]. Such
changes distort the entire phenotype but in a way that is
related to the original phenotype. It seems reasonable to
imagine that mutations that affect the activity of enzymes
like gyrase have a different role in evolution from those that
affect enzymes involved in the metabolism of lactose. One
way to explore this in the program is to choose two elements
(e.g., 6 and 7) to represent two different global conditions
(such as a high calcium level and a low calcium level alias
Yin and Yang). When a 6 is loaded into the Activity Register,
the Compatibility Table is modified temporarily such that
different addresses may be loaded into the Activity Register
under these Yin conditions. The effect of loading a 6 can
be carried over several time steps before the Compatibility
Table is reset. When a 7 is loaded into the Activity Register,
the Compatibility Table is modified in a different way
to take into account the Yang conditions. In the present
version, no such changes are allowed to the Compatibility
Table.

4.8. Equilibrium and Nonequilibrium Structures. It has been
proposed that bacteria and other cells are confronted
with the task of reconciling surviving harsh conditions,
which requires quasi-equilibrium structures (thick, cross-
linked walls, and liquid crystalline DNA), with growing
in favourable conditions, which requires nonequilibrium
structures (such as those formed by the dynamic, ATP/GTP
consuming, dynamically coupled processes of transcription
and translation) [23–26]. To put it picturesquely, cells
are confronted with life on the scales of equilibria and,
conceivably, use the cell cycle in their balancing act [23, 27].
It might therefore be interesting to explore what happens
when the equivalent of the energy currencies of the cell, ATP,
GTP, and polyphosphate, is introduced into the program.
This might be achieved by attributing the role of ATP
to an element and giving this element special properties.
For example, this element (e.g., element 77) might have
to be present in the Activity Register for a subset of
other nonequilibrium elements to be loaded (which could
be done via the Compatibility Table); if 77 were absent
from the Activity Register, this subset could not be loaded
although another subset of equilibrium structures could
be; the probability with which 77 could be loaded might
depend on a combination in a line of the Activity Register
of an input element (corresponding to glucose) and other
elements (corresponding to glycolytic enzymes).

4.9. Several Activity Registers. The Yin-Yang approach
(Section 4.7) could be adapted to study some of the under-
appreciated implications of DNA being double stranded [28,
29]. This might be done by employing two Activity Registers
running in parallel, one using the odd numbers and the

other the even numbers. Loading one Activity Register (cor-
responding to creating a nonequilibrium hyperstructure)
would require ATP whilst loading the other Activity Register
(corresponding to creating an equilibrium hyperstructure)
would require the absence of ATP (Section 4.8). This might
allow two phenotypes to be selected simultaneously so
as to balance the scales of equilibria (Section 4.8). More
interesting still would be to create a hierarchy of Activity
Registers or to allow Coco itself to create them during
learning.

4.10. Free-Running, Dreaming, and Looking Ahead. If Coco’s
environment were partially disconnected, Coco can continue
running—more exactly, free-running—in the absence of
inputs. Such free-running would occur if the environment
were not to respond immediately to an output. Periods
of free-running could be used to play in a sandbox or to
dream. A sandbox is a concept that refers to a software
environment where potentially dangerous operations can be
tested in isolation, thus reducing the chances of damaging
the primary program. Using a sandbox allows risk-free
exploratory behaviour and, in a sense, corresponds to Coco
operating in a look-ahead mode. In this mode, Coco might
be disconnected from the environment and run through
different combinations of stored input and output modules
(where modules are sequential lines of the Activity Register).
These modules might be associated with special elements
12 and 13 to represent pleasure and pain, respectively,
depending on whether they have been rewarded or punished.
Starting from the present state, Coco might load the Activity
Register with different addresses for different runs (e.g., 20
timesteps) and compare the pleasure index (e.g., sum of
12/(12 + 13)) for these runs (in which inputs from the
environment are replaced by those stored in the modules).
The initial loading of the Activity Register corresponding
to the most successful run would then be adopted and
environmental inputs once again were allowed.

Hypotheses about the function of dreaming might be
explored via the creation of a parallel set of objects copied
from the normal ones, namely, a DreamActivity Register
running in dream time with DreamElements, DreamNow,
and DreamNext. Perhaps this could be used to discover and
remedy pathogenic connectivities that lead the system to get
stuck in deep basins of attraction and so forth. Such action
might be based on a characterisation of the states in the
Activity Register. For example, for each line in the Activity
Register, the ten addresses have elements where each contains
seven Now addresses and seven Next addresses, hence a total
for the line of 70 Now addresses and 70 Next addresses. Each
line, alias the state of the system at that time, can therefore
be characterised by a pair of coordinates (different Now
addresses, different Next addresses). Intuitively, a successful
state should tend towards (length of line, length of line)—
here (10, 10)—whilst an unsuccessful state should tend
towards (length of line × size of Now field, length of line
× size of Next field)—here (70, 70). (This is not strictly
speaking correct, but it gives the flavour.) The sequence of
these coordinates then constitutes a function that might be
recognised and used during dreaming.
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A different approach would be to use dreaming to make
a landscape of the connection space by loading the Activity
Register with different elements and then letting it run so
as to determine state cycles and basins of attraction; when
the program has done, it might be possible to modify the
connections so as to maximise the use of the landscape
and connect basins. One attractive possibility is that Coco
acts during free-running to minimise conflict between the
Next and Now processes. This would take the form of
changing the connections so that in loading addresses
into a line of the Activity Register the same elements are
scored highly by both processes. It amounts to making
the Next and Now processes coherent with one another.
Indeed, insofar as incoherence results in unhappiness, it
could even be argued that this would create a state of
happiness in systems as different as men, bacteria, and
machines!

How far away is all this from real biology? Is the dreaming
envisaged here only relevant to higher organisms or does it
extend, for example, to bacteria? If that were the case, related
questions include how we would know that a bacterium
was dreaming and what it would mean for the bacterium.
Showing that dreaming had a role in the learning of Coco
might cast some light on its potential evolutionary value for
all organisms.

4.11. Varying the Size of the Now and Next Fields. In
the version presented here, the Now and Next fields are
of constant size (each contains 7 addresses). This is far
from biological reality where networks generally contain
nodes with very different connectivities, including hubs and
“driver” nodes [30–32]. These connectivities can take the
form of protein activators and repressors of gene expression
[33], small molecules acting on functioning-dependent
structures [34], ions travelling along charged filaments such
as microtubules or DNA [35], ions and molecules moving
along and through pili and nanotubes [36, 37], convergence
on common frequencies of oscillation [38, 39], joining a
hyperstructure [25], and so forth. Coco would be much
closer to modelling reality if the size of the fields were to
vary as a function of learning (one reason for this is that
increasing the size of a field permits element X to have
stronger connections to element Y because X’s field can hold
more copies of Y’s address). This may prove relatively easy
to implement: for example, rewarding and punishing might
entail increasing and decreasing the fields, respectively (as
well as overwriting).

The relative strengths of the Now and Next connections
can also be modified via the NowNextWeighting. As shown
in Sections 3.1 and 3.2, setting NowNextWeighting very
low or very high makes Coco run with either just Nexts
or just Nows. Insofar as Next connections can be equated
with local connections and Now connections with global
connections, changing the value of NowNextWeighting can
result in a phase transition in connectivity with similarity
perhaps to the great deluge algorithm [40] or to Dual-Phase
Evolution [41] or even, in the world of microbiology, to
maintaining the right ratio of nonequilibrium to equilibrium
hyperstructures within cells [23].

4.12. An Interactive Environment. An output is immediately
followed by an environmental input that does not depend
on the nature of the output. There is no possibility therefore
for the present version of the program to influence the
environment. This excludes the richness of connections that
may emerge from dialogues between a learning system such
as Coco and its environment. Two-way connections between
a biological system such as a bacterium and its environment
are fundamental and trying to understand them using Coco
might take the form of Coco learning to play a simple game
such as Noughts and Crosses (Tic-Tac-Toe).

4.13. Three or More Fields: from, Now, and Next and So Forth.
The addition of a From field might add a new dimension to
Coco. A From field would record the addresses of elements
which preceded successful states in which the element was
active. This would allow Coco to run backwards during
Dreamtime (Section 4.10), analogous perhaps to the way
humans mull over the day’s events. In this speculation,
such running might then allow input-output modules with
similar characteristics to be identified (Section 4.10) and
eventually connected via yet another, higher-level field
involving a higher-level Activity Register. This, we would like
to think, might be the equivalent of generating concepts.

4.14. Size of the Active Set. The size of the Active Set
is an important parameter that can be changed and, in
particular, increased, to take into account biological systems
in which many elements can be active at the same time. In
the present version of the program, the maximum size of
the Activity Register is limited by the number of elements
and by DOWNTIME (Section 2.7). This limits the size
of the Active Set to around 80. An example of results
obtained with an Activity Register containing 60 addresses
is shown in Figure 18. Increasing the number of elements
to, for example, 4000, allows learning with an Activity
Register containing 100 addresses (Figure 18). It may prove
important under some circumstances for Coco itself to
modify the size of the Active Set. This might be the case if an
input were to arrive “out of the blue” when Coco is in free-
running mode; if an input were to trigger a sudden change in
the size of the Activity Register, this could have a major effect,
perhaps similar to that reported for the effects of a stimulus
on connectivity in the cortex (for references see [41]) and
perhaps similar too to the greater receptivity of bacteria to
their environment when conditions start to worsen [42].

4.15. Collaborative Coherence. It will not have escaped the
attention of the reader that, instead of separating the scores
of the elements in competition for inclusion in the Active
Set into Next and Now scores, these scores could be added
together or even be combined synergistically to yield a kind
of collaborative coherence. Philosophically, it would be nice
to escape competition but we have no preliminary evidence
that collaborative coherence leads to learning.

4.16. Pain and Pleasure. The present version punishes
incorrect responses by randomly overwriting connections.
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Figure 18: Examples of successful learning with (a) 1000 elements and an Activity Register containing 60 addresses. (b) 4000 elements and
an Activity Register containing 100 addresses.

This squanders a lot of information. A potentially bet-
ter approach would be to retain and reuse information
about mistakes by, for example, making use of specific
elements such as 12 and 13 to represent pleasure and
pain, respectively, in combination with a LOOK AHEAD
subroutine (Section 4.10). Rewarding successful states might
then entail writing a 12 into the Now and Next fields
of the elements whose addresses are in the rewarded line
of the Activity Register and, reciprocally, punishing might
entail writing a 13 into them. This information could then
be exploited using the LOOK AHEAD subroutine sketched
out before that would count and compare the total of the
addresses of these two elements when looking into possible
futures (Section 4.10). An interesting question here is what
would end up in the Now and Next fields of elements 12
and 13 themselves. Presumably, these fields would reflect
connections to common, strong sources of pleasure and pain;
these connections might then be used to drive the system
towards or away from these sources.

4.17. Long-Term Memory. One way to obtain a long-term
memory would be via a connections’ matrix (number
of elements × number of elements) that would record
Now connections between elements that had participated
in the same successful state (there could be similar ones
for Next connections and, perhaps, further two matrices
for unsuccessful states). A SUCCESSFUL CONNECTIONS
subroutine could then be used to prevent overwriting
successful connections or, at least, to alter the probability of
overwriting these connections.

4.18. Noncyclical Input Sequences. Cycles are of major impor-
tance in biology. A primary example is the cell cycle which
still remains to be fully understood [43]. The learning
task presented here is based on an input sequence that is
presented cyclically. Each output is immediately followed
by a new input; at no time does Coco “run on its own”
or run freely (Section 4.10). In responding to an input that
“comes out of nowhere,” as in the case of the first input
in a linear series of inputs, the size of the Activity Register
may be important (Section 4.14). One might envisage that
during free-running the Activity Register would be small but
would increase greatly on receiving an input; such increase
might enable an input to make a decisive contribution to the
composition of the Activity Register, particularly in the case
of a variable Knumber since in such conditions, and when
learning has occurred, the Now and Next fields of inputs
become large (Section 4.11, unpublished data). It would also
be interesting to explore the effects (on responding to an
unannounced input) of changes to connectivity made during
free-running (Section 4.10), changes that might even include
modification of the weights associated with the Now and
Next fields of inputs; such temporary modifications could be
made during looking ahead.

Free-running whilst waiting for an input would entail
Coco filling the Activity Register and wandering through the
enormity of the combinatorial space in a state cycle [6]. The
nature and length of such cycles may prove an important
parameter in learning to respond to inputs that are given at
random intervals from one another and from the outputs.
This is because it is of little value in learning to connect (via
the Next process) an active state containing an input to the



Advances in Artificial Neural Systems 17

active state that immediately precedes it if this preceding state
is hardly ever repeated. A possible solution would be for Coco
to enter a short state cycle whilst waiting for the next input
such that each input in the sequence was accessible from its
own preceding state cycle. It is conceivable that these cycles
might again be generated by the changes in connectivity
occurring during dreaming (Section 4.10).

5. Relationship to Existing Systems

Hopfield’s network model [44] uses the same learning rule
as used by Hebb in which learning occurs as a result of
the strengthening of the weights of the links between nodes
[45]; this resembles the strengthening of links in Coco by
the writing of addresses into the Now and Next fields of
elements. In the Hopfield model it is assumed that the
individual units preserve their individual states until they
are selected at random for a new update; in Coco, the
elements also preserve their identity until they are selected,
but this selection is confined to members of the Active Set
and occurs during rewarding and punishing. In a Hopfield
network, each unit is connected to all other units (except
itself); in Coco, each element can only be connected to a
few others (the Knumber) via the Now and Next fields. A
Hopfield network is symmetric because the weight of the
link between unit i and unit j equals that between unit j and
unit i; the network in Coco is asymmetric. In a Hopfield
network, all the nodes contribute to the change in the
activation of any single node at any one time; in Coco, only
the elements (nodes/units) in the previous Active Set and
in the developing Active Set contribute to the activation of
an element (node/unit). In a Hopfield network, there is one
type of connection between the nodes; in Coco, there are two
types of connection—Next and Now. In a Hopfield network,
the units can be in a state of either 1 or 0; similarly, in Coco,
the elements can be either active or inactive.

It might be argued that a Hopfield network is a type of
the Coco program. For example, if an attempt were to be
made to turn Coco into a Hopfield network, (1) the size of
the Knumber would be set similar to the size of the Enumber
(i.e., the total number of elements) to make it closer to a
weighting factor that takes into account all elements, (2) the
activity of an element would be determined by its absolute
score (using a threshold) rather than by its score relative to
a limited number of competing elements, (3) the Anumber
(the size of the Active Set) would therefore become a variable
whose size would vary with the number of elements deemed
to be active, (4) the Next links would correspond to the links
between nodes but the Now links would have no equivalent,
(5) the asymmetrical Coco network would tend towards
symmetry if changes in the links to element i in the Next
field of element j were accompanied by reciprocal changes
in the links to element j in the Next field of element i (of
course, Coco would then no longer run in the same way),
and (6) some of the biologically relevant developments of
Coco would have to be implemented in a Hopfield network
which would be hard since Coco lends itself to the study
of types of links with different properties; see Sections 4.6

and 4.7. In this context, it should be stressed that the weights
in Coco are discrete, transparent, and easy to study and to
manipulate.

Boolean networks have been extensively used to model
biological systems. Thomas and collaborators have devel-
oped logical analysis which they have used both to study
specific systems [46] and to derive general principles [47].
From such analyses, predictions can be made for experi-
mental biologists to test. Logical analysis is not, however, a
learning system like Coco. Reciprocally, Coco is not designed
at present to model specific biological systems. As mentioned
in Section 1, the (N , k) Boolean network of Kauffman [6] has
given insight into the dynamics of biological systems and, in
particular, into the concept of cells as living on the “edge
of chaos” [2, 3]. But again, it is not a learning system like
Coco.

6. Discussion

Few would deny that living systems are rich, complicated,
and (hyper)complex. Such systems are often, almost neces-
sarily, modelled and simulated by invoking Occam’s Razor
and adopting a reductionist approach. Life may, however,
have originated as a rich, complicated, and diverse system,
as, in other words, a prebiotic ecology [48]. In attempting
to capture some of the characteristics of living system in
a program, we have therefore adopted the holist approach
of putting everything in and seeing what, if anything,
emerges. To try to create a test-bed for concepts and to
ensure that these concepts have some substance, we have
written a program with a learning part, Coco. Coco contains
parameters that may have very loose equivalents in aspects
of evolution via global (as opposed to local) mutation,
DNA replication, emergence, life on the scales of equilibria,
and even the generation of concepts and dreaming. Most
importantly, Coco is based on coherence.

Coherence characterises living systems. Coherence mech-
anisms operating—or suspected by some to operate—at
the level of cells include tensegrity, ion condensation, DNA
supercoiling, and a variety of oscillations [25, 48–52] plus,
of course, mechanisms based on the usual activators and
repressors of transcription along with DNA packaging pro-
teins. Competitive coherence is an attempt to describe how
bacterial phenotypes are created by a competition between
maintaining a consistent story over time and creating a
response that is coherent with respect to both internal
and external conditions. Previously, it has been proposed
that the bacterium E. coli can be considered as passing
through a series of states in which a distinct set of its
constituent molecules or “elements” are active [8]. The
activity of these elements is determined by a competition
between two processes. One of these processes depends on
the previous cell state whilst the other depends on the
internal coherence of the developing state. The simultaneous
operation of these two processes is competitive coherence.
Competitive coherence is in fact a scale-free concept. It can
be applied to a population of bacteria such as a colony in
which each cell is an element with its own Now and Next
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fields. In this case, a typical Now process might involve
global connections via a sonic vibration created by the
combined metabolic activity of all the growing cells in the
colony (which constitute the Active Set) [38] whilst the
Next process might involve essentially local connections
via diffusible molecules, sex pili, and lipid nanotubes [37].
We have invoked competitive coherence at higher levels to
explain, for example, how a football team is selected. It is
perhaps no longer original in computer science since the
idea of two competing processes staggered in time can be
found elsewhere in Simple Recurrent Networks [53]. What
may be new is the possibility that the implementation of
competitive coherence into a learning program could give
rise to parameters suitable for describing the rich form of
complexity found in living systems which depends on the
interaction between many types of connection and which we
have termed hypercomplexity [10]. The preliminary results
from the toy program presented here encourage us to think
that this may be the case.

One of these preliminary results is on the maximum
size of the Activity Register that can result in Coco learning
(Section 4.14). In Section 1, we mentioned the problem of
how cells manage to negotiate the enormity of phenotype
space in a reproducible and selectable way [6]; if, for exam-
ple, a phenotype were determined by a simple combination
of on-off expression of genes, a bacterium like E. coli with
over 4000 genes would have the difficult task of exploring
24000 combinations. (It should be noted though that no one
knows how many genes are expressed at one time in an
individual cell, let alone how many of these expressed genes
are actually determining the phenotype, that is, form part of
the Active Set.) However, if the phenotype were determined
not directly by genes but at a higher level by a hundred
or so extended macromolecular assemblies or hyperstruc-
tures comprising many different macromolecules—for which
there is good evidence [25, 54, 55]—the number of on-off
combinations would fall to 2100. As we show here, a system
with 4000 elements, of which a hundred form an Active Set,
can learn via competitive coherence.

Finally, if there is any substance to our claim that
competitive coherence is a fundamental to life, perhaps even
its defining characteristic [56], the concept should be of value
in novel approaches to computing inspired by and reliant on
the way real cells behave [11].

7. Conclusion

Competitive coherence is a concept used to describe how
a subset of elements out of a large set is activated to
determine behaviour. It has been proposed as operating at
many levels in biology. The results of the toy version of a
type of neural network, based on competitive coherence, are
presented here and show that it can learn. This is consistent
with competitive coherence playing a central role in living
systems. The parameters responsible for the functioning of
the competitive coherence part of the program, which, for
example, are related to complexity and emergence, may be of
interest to biologists and others.
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The primary goal of brain image segmentation is to partition a given brain image into different regions representing anatomical
structures. Magnetic resonance image (MRI) segmentation is especially interesting, since accurate segmentation in white matter,
grey matter and cerebrospinal fluid provides a way to identify many brain disorders such as dementia, schizophrenia or Alzheimer’s
disease (AD). Then, image segmentation results in a very interesting tool for neuroanatomical analyses. In this paper we show three
alternatives to MR brain image segmentation algorithms, with the Self-Organizing Map (SOM) as the core of the algorithms. The
procedures devised do not use any a priori knowledge about voxel class assignment, and results in fully-unsupervised methods
for MRI segmentation, making it possible to automatically discover different tissue classes. Our algorithm has been tested using
the images from the Internet Brain Image Repository (IBSR) outperforming existing methods, providing values for the average
overlap metric of 0.7 for the white and grey matter and 0.45 for the cerebrospinal fluid. Furthermore, it also provides good results
for high-resolution MR images provided by the Nuclear Medicine Service of the “Virgen de las Nieves” Hospital (Granada, Spain).

1. Introduction

Nowadays, magnetic resonance imaging (MRI) systems pro-
vide an excellent spatial resolution as well as a high tissue
contrast. Nevertheless, since actual MRI systems can obtain
16-bit depth images corresponding to 65535 gray levels, the
human eye is not able to distinguish more than several tens of
gray levels. On the other hand, MRI systems provide images
as slices which compose the 3D volume. Thus, computer-
aided tools are necessary to exploit all the information con-
tained in an MRI. These are becoming a very valuable tool
for diagnosing some brain disorders such as Alzheimer’s
disease [1–5]. Moreover, modern computers, which contain
a large amount of memory and several processing cores,
have enough process capabilities for analyzing the MRI in
reasonable time.

Image segmentation consists in partitioning an image
into different regions. In MRI, segmentation consists of par-
titioning the image into different neuroanatomical structures
which corresponds to different tissues. Hence, analyzing
the neuroanatomical structures and the distribution of the

tissues on the image, brain disorders or anomalies can be
figured out. Hence, the importance of having effective tools
for grouping and recognizing different anatomical tissues,
structures and fluids is growing with the improvement of the
medical imaging systems. These tools are usually trained to
recognize the three basic tissue classes found on a healthy
brain MR image: white matter (WM), gray matter (GM), and
cerebrospinal fluid (CSF). All of the nonrecognized tissues or
fluids are classified as suspect, to be pathological.

The segmentation process can be performed in two ways.
The first consists of manual delimitation of the structures
present within an image by an expert. The second consists of
using an automatic segmentation technique. As commented
before, computer image processing techniques allow exploit-
ing all the information contained in an MRI.

There are several automatic segmentation techniques.
Some of them use the information contained in the image
histogram [6–11]. This way, since different contrast areas
should correspond with different tissues, the image his-
togram can be used for partitioning the image. Nevertheless,
variations on the contrast of the same tissue are found in
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an image due to RF noise or shading effects due to magnetic
field variations, resulting in tissue misclassification. Other
methods use statistical classifiers based on the expectation-
maximization (EM) algorithms [12–14], maximum likeli-
hood (ML) estimation [15], or Markov random fields [16,
17]. Other segmentation techniques are based on artificial
neural network classifiers [8, 18–21] such as self-organizing
maps (SOMs) [18, 19, 21–23].

In this paper we present three segmentation alternatives
based on SOMs, which provide good results over the internet
brain image repository (IBSR) [16] images.

2. SOM Algorithm

SOM is an unsupervised classifier proposed by Kohonen and
it has been used for a large number of applications regarding
classification or modelling [24]. The self-organizing process
is based on the distance (usually the Euclidean distance)
computation among each training sample and all the units
on the map as a part of a competitive learning process. On the
other hand, several issues such as topological map, number
of units on the map, initialization of weights, and the training
process on the map are decisive for the classification quality.
Regarding the topology, a 2D hexagonal grid was selected
since it fitted better in the feature space as shown in the
experiments.

The SOM algorithm can be summarized as follows. Let
X ⊂ Rd be the data manifold. In each iteration, the winning
unit is computed according to

Uω(t) = arg min
i

{‖x(t)− ωi(t)‖}, (1)

where x(t), x ∈ X , is the input vector at time t and ωi(t) is the
prototype vector associated with the unit i. The unit closer to
the input vector Uω(t) is referred to as winning unit and the
associated prototype is updated. To complete the adaptive
learning process on the SOM, the prototypes of the units
in the neighborhood of the winning unit are also updated
according to:

ωi(t + 1) = ωi(t) + α(t)hUi(t)(x(t)− ωi(t)), (2)

where α(t) is the exponential decay learning factor and hUi(t)
is the neighborhood function associated with the unit i. Both,
the learning factor and the neighborhood function decay
with time; thus the prototypes adaptation becomes slower as
the neighborhood of the unit i contains less number of units:

hUi(t) = e(−‖rU−ri‖2/2σ(t)2). (3)

Equation (3) shows the neighbourhood function, where
ri represents the position on the output space and ‖rU − ri‖
is the distance between the winning unit and the unit i
on the output space. The neighbourhood is defined by a
Gaussian function which shrinks in each iteration as shown
in (4). In this competitive process, the winning unit is named
the best matching unit (BMU). On the other hand, σ(t)
controls the reduction of the Gaussian neighborhood in each
iteration. τ1 is a time constant which depends on the number

of iterations and the map radius and computed as τ1 =
number of iterations/map radius:

σ(t) = σ0e
(−t/τ1). (4)

The quality of the trained map can be computed by
the means of two measures. These two measures are the
quantization error (te), which determines the average dis-
tance between each data vector and its best matching unit
(BMU) and the topological error (qe), which measures the
proportion of all data vectors for which first and second
BMUs are not adjacent units. Both, the quantization error
and the topological error are defined by the following:

te = 1
N

N∑
i=1

u
(
�xi
)
, (5)

qe =
N∑
i=1

∥∥∥�xi −�b�xi
∥∥∥. (6)

In (5), N is the total number of data vectors, and u(�xi) is
1 if the first and the second BMU for �xi are nonadjacent and
0 otherwise. In (6) the quantization error is defined where
�xi is the ith data vector on the input space and b�ωi

is the
weight (prototype) associated with the best matching unit
for the data vector �xi. Therefore, lower values of te and qe
imply a better topology preservation, which is equivalent to
a better clustering result. That is to say, the lower the values
on the quantization error (qe) and the topological error (te),
the better the goodness of the SOM [25, 26]. In this paper,
SOM toolbox [27] has been used to implement SOM.

3. MR Image Segmentation with SOM

In this section we present two image segmentation algo-
rithms based on unsupervised SOM. The first uses the
histogram to segment the whole volume (i.e., classify all the
voxels on the volumetric image). The second extracts a set of
features from each image slice and uses an SOM to classify
the feature vectors into clusters using the devised entropy
gradient clustering method. Thus, Figure 1 shows the block
diagram of the presented segmentation algorithms.

3.1. Image Preprocessing. Once the MR image has been
acquired, a preprocessing is performed in order to remove
noise and to homogenize the image background. The brain
extraction for undesired structures removal (i.e., skull and
scalp) can be done at this stage. There are several algorithms
for this purpose such as brain surface extractor (BSE),
brain extraction tool (BET) [8], Minneapolis consensus strip
(McStrip), or hybrid watershed algorithm (HWA) [2]. Since
IBSR 1.0 images have these undesired structures already
removed, brain extraction is not required. Nevertheless,
images provided by IBSR 2.0 are distributed without the
scalp/skull already removed. In these images, the brain has
been extracted in the preprocessing stage using BET.

3.2. Segmentation Using the Volume Image Histogram (HFS-
SOM). The first step after preprocessing the image consists
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Figure 1: Block diagram of the segmentation methods.

(a)

0.025

0.02

0.015

0.01

0.005

0
0 20 40 60 80 100 120

Voxel intensity

P
ro

ba
bi

lli
ty

(b)

Figure 2: Rendered brain surface extracted from IBSR 12 volume (a) and computed histogram (b).

in computing the volume image histogram which describes
the probability of occurrence of voxel intensities in the vol-
ume image and provides information regarding different
tissues. A common approach to avoid processing the large
number of voxels present on MR images consists in mod-
elling the intensity values as a finite number of prototypes,
which deals to improve the computational effectiveness.
After computing the histogram, the bin 0 is removed since it
contains all the background voxels. Thus, only information
corresponding to the brain is stored.

Figure 2 shows the rendered brain surface from the IBSR
volume 12, and its histogram.

Histogram data including the intensity occurrence prob-
abilities (pi) and the relative position (bin number), bi, are

used to compose the feature vectors �F = (pi, bi), pi ∈ R, bi ∈
Z, to be classified by the SOM.

On a trained SOM, the output layer is composed by a
reduced number of prototypes (the number of units on the
output layer) modelling the input data manifold. In addition,
the most similar prototypes are closely located in the output
map at the time the most dissimilar are located apart. Nev-
ertheless, since all the units have an associated prototype, it is
necessary to cluster the SOMs in order to define the borders
between clusters. In other words, each prototype is grouped
so that it belongs to a cluster. Thus, the k-means algorithm
is used to cluster the SOMs, grouping the prototypes into a
number of different classes, and the DBI [28], which gives

lower values for better clustering results, is computed for
different k values to provide a measurement of the clustering
validity.

The clusters on the SOM group the units so that they
belong to a specific class. As each of these units will be the
BMU of a specific set of voxels, the clusters define different
voxel classes. This way, each voxel is labeled as belonging to a
class (i.e., segment).

3.3. MR Image Segmentation with SOM and the Entropy-
Gradient Algorithm (EGS-SOM). The method described in
this section is also based on SOM for voxel classification, but
histogram information from the image volume is replaced by
computing a set of features, selecting the most discriminant
ones. After that, SOM clustering is performed by the EGS-
SOM method described here in after, which allows us to
obtain higher-resolution images providing good segmenta-
tion results as shown in the experiments.

3.3.1. Feature Extraction and Selection. In this stage some
significant features from the MR image are extracted to be
subjected to classification. As commented before, we perform
the image processing slice by slice on each plane. Thus, the
feature extraction is carried out by using an overlapping and
sliding window of 7×7 pixels on each slice of a specific plane.
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In the feature extraction process, window size plays an
important role since smaller windows are not able to capture
the second-order features, that is, texture information. The
use of higher window sizes results in loosing resolution.
Therefore the 7× 7 size gives a good trade-off between com-
plexity and performance.

In this paper we use first- and second-order statistical fea-
tures [29]. The first-order features we extract from the image
are intensity, mean, and variance. The intensity is referred to
the gray level of the center pixel on the window. The mean
and variance are calculated taking into account the gray level
present on the window. On the other hand, we additionally
use second-order features such as textural features. Haralick
et al. [30] proposed the use of 14 features for image clas-
sification, computed using the gray level coocurrence matrix
(GLCM) method. The set of second-order features we have
used are energy, entropy, contrast, angular second moment
(ASM), sum average, autocorrelation, correlation, inverse
difference moment, maximum probability, cluster promi-
nence, cluster shade, dissimilarity, and second-order variance
as well as moment invariants [31].

In order to select the most discriminant features, a
genetic algorithm is used to minimize the topological and the
quantization error on the SOM through the fitness function
shown in (7)

FQT =
(
0.5qe + 0.5te

)
. (7)

The feature selection process is summarized in Figure 3.
The stop criterion is reached when the performance of

the proposed solutions does not improve the performance
significantly (1%) or the maximum number of generations
is reached (500).

Once the dimension of the feature space has been
reduced, we use the vectors of this space for training a SOM.
The topology of the map and the number of units on the
map are decisive for the SOM quality. In that sense, we use a
hexagonal grid since it allows better fitting the prototypes to
the feature space vectors. Each BMU on the SOM has an
associated pixel on the image. This association is made
through a matrix computed during the feature extraction
phase which stores the coordinates of the central pixel on
each window. This allows associating a feature vector to an
image pixel.

Nevertheless, these clusters roughly define the different
areas (segments) on the image, and a further fine-tuning
phase is required. This fine-tuning phase is accomplished by
the entropy-gradient method.

Entropy-Gradient Method. The procedure devised consists of
using the feature vectors associated with each BMU to com-
pute a similarity measurement among the vectors belonging
with each BMU and the vectors associated to each other
BMU. Next, the BMUs are sorted in ascending order of
the contrast. Finally, the feature vectors of each BMU are
included on a cluster. For each map unit, we compute the
accumulated entropy:

Hmi =
Np∑
n=1

Hn, (8)

where i is the map unit index and Np the number of pixels
belonging to the map unit in the classification process. This
means that the unit i has a number of Np-associated pixels.
Since the output layer on the SOM is a two-dimensional
space, we calculate the entropy-gradient vector from each
map unit (8) and move to the opposite direction for
clustering.

4. Results and Discussion

In this section we show the segmentation results obtained
using real MR brain images from two different sources. One
of these sources is the IBSR database [32] in two versions,
IBSR and IBSR 2.0.

Figures 4(a) and 4(b) show the segmentation results for
the IBSR volume 100 23 using the HFS-SOM algorithm and
the EGS-SOM algorithm, respectively. In these images, WM,
GM, and CSF are shown for slices 120, 130, 140, 150, 160,
and 170 on the axial plane. Expert segmentation from IBSR
database is shown in Figure 4(c).

Figure 5(a) shows the segmentation results for the IBSR
2.0 volume 12 using the fast volume segmentation algorithm.
In this figure, each row corresponds to a tissue and each
image column corresponds to a different slice. In the same
way, Figure 5(b) shows the same slices of Figure 5(b) but the
segmentation is performed using the EGS-SOM algorithm.
Figure 5(c) shows the segmentation performed by expert
radiologists provided by the IBSR database (ground truth).

Visual comparison between automatic segmentation and
the ground truth points up that the EGS-SOM method
outperforms the fast volume segmentation method.

This fact is also stated in Figure 6 where Tanimoto’s
index is shown for different segmentation algorithms, where
SSOM corresponds to our entropy-gradient algorithm,
BMAP is biased map [33], AMAP is adaptative map [33],
MAP is maximum a posteriori probability [34], MLC is
maximum likelihood [35], FUZZY is fuzzy k-means [36]
and TSKMEANS is tree-structured k-means [36]. The per-
formance of the presented segmentation techniques has been
evaluated by computing the average overlap rate through
Tanimoto’s index, as it has been widely used by other authors
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(a) (b) (c)

Figure 4: Segmentation of the IBSR volume 100 23 using the HFS-SOM algorithm (a) and the EGS-SOM algorithm (b). Ground Truth is
shown in (c). Slices 120, 130, 140, 150, 160, and 170 on the axial plane are shown on each column. First column corresponds to WM, second
column to GM, and third column to CSF.

(a) (b) (c)

Figure 5: Segmentation of the IBSR 2.0 volume 12 using the HFS-SOM algorithm (a) and the EGS-SOM algorithm (b). Ground Truth is
shown in (c). Slices 110, 120, 130, 140, 150, and 160 on the axial plane are shown on each column. First column corresponds to WM, second
column to GM, and third column to CSF.

to compare the segmentation performance of their proposals
[13, 16, 17, 21, 26, 37–41]. Tanimoto’s index can be defined
as

T(S1, S2) = |S1 ∩ S2|
|S1 ∪ S2| , (9)

where S1 is the segmentation set and S2 is the ground truth.

5. Conclusions

In this paper we presented fully unsupervised segmenta-
tion methods for MR images based on hybrid artificial
intelligence techniques for improving the feature extraction
process and self-organizing maps for pixel classification. The
use of a genetic algorithm provides a way for training the
Self-Organizing map used as a classifier in the most efficient
way. This is because the dimension of the training samples
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Figure 6: Average overlap metric comparison for different segmen-
tation methods.

(feature vectors) has been reduced in order to be enough dis-
criminant but not redundant. As a result, the number of units
(neurons) on the map is also optimized as well as the classi-
fication process. Thus, we take advantage of the competitive
learning model of the SOM which groups the pixels into clus-
ters. This competitive process discovers discriminant among
the pixels, resulting in an unsupervised way to segment the
image. Moreover, the clusters’ borders are redefined by using
the entropy-gradient method presented on this paper. The
whole process allows figuring out the segments present on
the image without using any a priori information.

The results shown in Section 4 have been compared with
the segmentations provided by the IBSR database that out-
perform the results obtained by other algorithms such as k-
means or fuzzy k-means. The number of segments or differ-
ent tissues found in an MR image is figured out automatically
making possible to find out tissues which could be identified
with a pathology.
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[3] J. M. Górriz, F. Segovia, J. Ramı́rez, A. Lassl, and D. Salas-
Gonzalez, “GMM based SPECT image classification for the

diagnosis of Alzheimer’s disease,” Applied Soft Computing Jour-
nal, vol. 11, no. 2, pp. 2313–2325, 2011.

[4] M. Kamber, R. Shinghal, D. L. Collins, G. S. Francis, and A. C.
Evans, “Model-based 3-D segmentation of multiple sclerosis
lesions in magnetic resonance brain images,” IEEE Transac-
tions on Medical Imaging, vol. 14, no. 3, pp. 442–453, 1995.
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Independent component analysis (ICA) is an essential building block for data analysis in many applications. Selecting the truly
meaningful components from the result of an ICA algorithm, or comparing the results of different algorithms, however, is
nontrivial problems. We introduce a very general technique for evaluating ICA results rooted in information-theoretic model
selection. The basic idea is to exploit the natural link between non-Gaussianity and data compression: the better the data
transformation represented by one or several ICs improves the effectiveness of data compression, the higher is the relevance of
the ICs. We propose two different methods which allow an efficient data compression of non-Gaussian signals: Phi-transformed
histograms and fuzzy histograms. In an extensive experimental evaluation, we demonstrate that our novel information-theoretic
measures robustly select non-Gaussian components from data in a fully automatic way, that is, without requiring any restrictive
assumptions or thresholds.

1. Introduction

Independent component analysis (ICA) is a powerful tech-
nique for signal demixing and data analysis in numerous
applications. For example, in neuroscience, ICA is essential
for the analysis of functional magnetic resonance imaging
(fMRI) data and electroencephalograms (EEGs). The func-
tion of the human brain is very complex and can be only
imaged at a very coarse spatial resolution. Millions of nerve
cells are contained in a single voxel of fMRI data. The neural
activity is indirectly measured by the so-called BOLD-effect,
that is, by the increased supply of active regions with oxy-
genated blood. In EEG, the brain function can be directly
measured by the voltage fluctuations resulting from ionic
current flows within the neurons. The spacial resolution of
EEG, however, is even much lower than that of fMRI. Usually,
an EEG is recorded using an array of 64 electrodes distributed
over the scalp. Often, the purpose of acquiring fMRI or EEG
data is obtaing a better understanding of brain function while

the subject is performing some task. An example for such
an experiment is to show subjects images while they are in
the scanner to study the processing of visual stimuli, see
Section 4.1.4. Recent results in neuroscience, for example [1],
confirm the organization of the human brain into distinct
functional modules. During task processing, some functional
modules are actively contributing to the task. However,
many other modules are also active but not involved into
task-specific activities. Due to the low resolution of fMRI
and EEG data, we observe a partial volume effect: the
signal at one particular voxel or electrode consists of task-
related activities, nontask-related activities, and a lot of noise.
ICA is a powerful tool for signal demixing and, therefore,
in principle very suitable to reconstruct the interesting task-
related activity.

Many ICA algorithms use the non-Gaussianity as implicit
or explicit optimization goal. The rationale behind this
decision is due to a reversion of the central limit theorem: the
sum of a sufficiently large number of independent random
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variables, each with finite mean and variance, will approxi-
mate a normal distribution. Therefore, an algorithm for the
demixing of signals has to optimize for non-Gaussianity in
order to obtain the original signals. We adopt this idea in this
paper and define a data compression method which yields
a high compression rate exactly if the data distribution is
far away from Gaussianity and no compression in the data
distribution is exactly gaussian.

However, the evaluation and interpretation of the result
of ICA is often difficult for two major reasons. First, most
ICA algorithms always yield a result, even if the underlying
assumption (e.g., non-Gaussianity for the algorithm FastICA
[2]) is unfulfilled. Thus, many ICA algorithms extract as
many independent sources as there are mixed signals in
the dataset, no matter how many of them really fulfill
the underlying assumption. Second, ICA has no unique
and natural evaluation criterion to assess the relevance
or strength of the detected result (like, e.g., the variance
criterion for principle component analysis (PCA)). Different
ICA algorithms use different objective functions, and to
select one of them as an overall objective, or neutral criterion
would give unjustified preference to the result of that specific
algorithm. Moreover, if the user is interested in comparing an
ICA result to completely different modeling techniques like
PCA, regression, mixture models, and so forth, these ICA-
internal criteria are obviously unsuitable. Depending on the
actual intension of the user, different model selection criteria
for ICA might be appropriate. In this paper, we investigate
the compressibility of the data as a more neutral criterion for
the quality of single component or the overall ICA result.

2. Related Work

2.1. Model Selection for ICA. Model selection for ICA or
automatically identifying the most interesting components
is an active research question. Perhaps the most widely used
options for model selection are measures like Kurtosis, Skew-
ness, and approximations of neg-entropy [3]. However, these
measures are also applied as optimization criteria by some
ICA algorithms. Thus, a comparison of the results across
algorithms is impossible. Moreover, these measures are very
sensitive with respect to noise points and single outliers.

In [4], Rasmussen et al. propose an approach for model
selection of epoched EEG signals. In their model order selec-
tion procedure, the data set is split into two sets, training-
and test set, to ensure an unbiased measure of generalization.
With each model hypothesis, the negative logarithm of the
likelihood function is then calculated using a probabilistic
framework on the training and test set. The model having
minimal generalization error is selected. This approach,
however, is based on certain assumptions about source
autocorrelation and tends to be sensitive to noise.

The most common method for model order selection is
based on principal component analysis (PCA) of the data
covariance matrix, which is proposed by Hyvärinen et al.
[3]. The choice of number of sources to be selected is based
on the number of dominant eigenvalues which significantly
contribute to the total variance. This approach is fast and

simple to implement, however, it suffers from a number of
problems, for example, an inaccurate eigenvalue decompo-
sition of the data covariance matrix in the noise-free case
with fewer numbers of sources than sensors and sensitivity to
noise. Moreover, there are no reasons to say that the subspace
spanned by dominant principal components contains the
source of interest [5]. Another approach proposed by James
and Hesse [5] is to do the step-wise extraction of the sources
until it reaches a predefined accuracy. However, the choice
of reasonable accuracy level is also one drawback of this
algorithm.

Related to model selection but still a different problem
is the reliability of ICA results. The widely used iterative fix-
point algorithm FastIca [6] converges towards different local
optima of the optimization surface. The technique Icasso
[7] combines Bootstrapping with a visualization to allow
the user to investigate the relationship between different
ICA results. Reliable results can be easily identified as dense
clusters in the visualization. However, no information on the
quality of the results is provided, which is the major focus
of our work. Similar to Icasso, Meinecke et al. [8] proposed
a resampling method to assess the quality ICA results
by computing the stability of the independent subspaces.
First, they create surrogate datasets by randomly selecting
independent components from an ICA decomposition and
apply the ICA algorithm for each of the surrogate data sets.
Then, they separate the data space into one or multidi-
mensional subspaces by their block structure and compute
the uncertainty for each subspace. This proposed reliability
estimation can be used to choose the appropriate BSS-
model, to enhance the separation performance and, most
importantly, to flag components which have a physical
meaning.

2.2. Minimum Description Length for Model Selection. The
minimum description length (MDL) principle is based on
the simple idea that the best model to describe the data is one
with the overall shortest description of the data and model
itself, and it is essentially the same as Occam’s razor.

The MDL principle has been successfully applied for
model selection for a large variety of tasks, ranging from
linear regression [9], image segmentation [10] to polyhedral
surface models [11].

In data mining, the MDL principle has recently attracted
some attention enabling parameter-free algorithms to graph
mining [12], clustering, for example [13–15], and outlier
detection [16]. Sun et al. [12] proposed GraphScope, a
parameter-free technique to mine information from streams
of graphs. This technique used MDL to decide how and when
to form and modify communities automatically. Böhm et al.
[15] proposed OCI, a novel fully automatic algorithm to
clustering non-Gaussian data with outliers, based on MDL
to control the splitting, filtering, and merging phase in
a parameter-free and very efficient top-down clustering
approach. CoCo [16], a technique for parameter-free outlier
detection, is based on the ideas of data compression and
coding costs. CoCo used MDL to define an intuitive outlier
factor together with a novel algorithm for outlier detection.
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This technique is parameter free and can be applied to a wide
range of data distributions. OCI combines local ICA with
clustering and outlier filtering. Related to this idea, in [17],
Gruber et al. propose an approach for automated image de-
noising combining local PCA or ICA with model selection by
MDL.

In this paper, we propose a model selection criterion
based on the MDL principle suitable for measuring the qual-
ity of single components as well as complete ICA results.

3. Independent Component Analysis and
Data Compression

One of the fundamental assumptions of many important
ICA algorithms is that independent sources can be found by
searching for maximal non-Gaussian directions in the data
space. Non-Gaussianity leads to a decrease in entropy, and
therefore, to a potential improvement of the efficiency of
data compression. In principle, the achievable compression
rate of a dataset, after ICA, is higher compared to the
original dataset. The principle of minimum description
length (MDL) uses the probability P(x) of a data object x to
represent it according to Huffman coding. Huffman coding
gives a lower bound for the compression rate of a data set
D achievable by any concrete coding scheme, as follows:∑

x∈D − log2(P(x)). If x is taken from a continuous domain
(e.g., the vector space Rd for the blind source separation
of a number d of signals), the relative probability given
by a probability density function p(x) is applied instead
of the absolute probability. The relative and absolute log-
likelihoods (which could be obtained by discretizing x)
are identical up to a constant value which can be safely
ignored, as we discuss in detail in Section 3.1. For a complete
description of the dataset (allowing decompression), the
parameters of the probability density function (PDF) such as
mean and variance for Gaussian PDFs need to be coded and
their code lengths added to the negative log-likelihood of the
data. We call this term the code book. For each parameter,
a number of bits equal to (1/2)log2(n) where n is the
number of objects in D, is required, as fundamental results
from information theory have proven [18]. Intuitively, the
term (1/2)log2(n) reflects the fact that the parameters need
to be coded more precisely when a higher number n of
data objects is modeled by the PDF. The MDL principle is
often applied for model selection of parametric models like
Gaussians, or Gaussian mixture models (GMMs). Gaussian
mixture models vary in the model complexity, that is, the
number of parameters needed for modeling. MDL-based
techniques are well able to compare models of different
complexity. The main purpose of the code book is to punish
complexity in order to avoid overly complex, over-fitted
models (like a GMM having one component exactly at the
position of each data object: such a model would yield a
minimal Huffman coding, but also a maximal code-book
length). By the two concepts, Huffman coding using the
negative log-likelihood of a PDF and the code-book for
the parameters of the PDF, the principle of MDL provides
a very general framework which allows the comparison of

very different modeling techniques like principal component
analysis (based on a Gaussian PDF model), clustering [13],
regression [19] for continuous domains, but, in principle,
also for discrete or mixed domains. At the same time, model
complexity is punished and, therefore, overfitting avoided.
Related criteria for general model selection include, for
example, the Bayesian information criterion and the Aikake
information criterion. However, these criteria are not adapt-
ed to the ICA model. In the following section, we discuss how
to apply the MDL principle in the context of ICA.

3.1. General Idea of the Minimum Description Length Princi-
ple. The minimum description length (MDL) principle is a
well-established technique for selecting the best model out of
a finite or infinite number of possible models for a given data
set D (in our case, a signal). The model is usually given in
terms of a probability function f (x) which assigns to every
element x ∈ D a probability that this element occurs in
the dataset. For continuous domains, f (x) is a probability
density function satisfying

∫ +∞
−∞ f (x)dx = 1. The idea of MDL

is that f (x) can be used as a basis to compress the data
set D using Huffman coding and to exploit that this coding
becomes the more efficient (w.r.t. the achievable compression
rate, or more precisely the code length after compression) the
better f (x) represents the true data distribution. According
to Huffman coding, the minimum code length corresponds
to the negative log-likelihood of the data set, that is,

NLLH f (D) = −
∑
x∈D

log2 f (x). (1)

While only for discrete domains the values of f (x) are
scaled between 0 and 1, this negative log-likelihood is also
applied for continuous domains, but then some caveats
apply. Basically, we can always reduce the continuous case to
the noncontinuous case by discretizing the data (e.g., by a
regular grid with a fixed resolution g). In this case,

Fg(x) =
∫ g·�x/g+1�

g·�x/g� f (ξ)dξ (2)

is a probability function scaled between 0 and 1 with

lim
g→ 0

Fg(x)

g
= f (x). (3)

For the negative log-likelihood of the so-discretized dataset
Dg , we get

NLLH f

(
Dg

)
= −

∑
x∈D

log2Fg(x)

≈ −
∑
x∈D

log2g · f (x)

= NLLH f (D)− n log2g,

(4)

where in the case g → 0 we have exact equality and also
−n log2g → ∞, corresponding to the obvious fact that we
need an infinite number of bits to represent a real number
with infinite precision. However, when comparing different
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models of the data (i.e., different probability functions f1(x)
and f2(x)), we simply have to ensure that all data are basically
discretized with the same (and sufficiently high) resolution g
in the original data space and then ignore the term −n log2g
which is equal in all compared models of the data (note that
data in a computer is always represented with finite precision,
and, therefore, always implicitly discretized):

lim
g→ 0

(
NLLH f2

(
Dg

)
−NLLH f1

(
Dg

))

= lim
g→ 0

((
NLLH f2 (D)− n log2g

)

−
(

NLLH f1 (D)− n log2g
))

= NLLH f2 (D)−NLLH f1 (D).

(5)

We simply have to observe that (1) the resolution is not
implicitly changed by any transformations of the dataset
(like, e.g., a linear scaling α · x of the data objects) and (2)
that ignoring the term might lead to negative values of
NLLH f (D) (so we partly lose the nice intuition of a number
of bits encoding the data objects, and particularly that 0 is a
lower limit of this amount of information).

The principle of coding a signal with a pdf f (x) is vis-
ualized in Figure 1 where a signal (a superposition of three
sinuses) is coded. To represent one given point of the signal
(at t = 15.5), we should actually use a discretization of x as
indicated in the right part of the diagram to obtain an actual
code length for the value x. However, we can also directly
use the negative log-likelihood of the value x with the above-
mentioned implications.

In addition to the amount of information which is caused
by the negative log-likelihood of the data, we need also to
code the function f . From an information-coding perspec-
tive, we need this information in order to be able to decode
the data again after transferring it through a communication
channel. The function f tells us which code words translate
back to what original data objects, so it serves as a code
book. From a statistical perspective, the coding of f is needed
to avoid overfitting. The intention of f is to generalize the
data, and not to anticipate it, as a weird function would do
which has simply a peak at every position where a data object
is available. For both purposes, the representation of the
code book must require considerably less information than
the data itself. In this paper, we will propose two different
methods to represent the function f . In Figure 1, a kernel
density estimator (KDE) was used. However, KDE needs a
number of parameters which is the same as the number of
points, and, therefore, it is not suitable for our purpose.
The classical (parametric) method is to use a class of model
functions (like a Gaussian pdf) and to code the parameters
(for Gaussian, μ and σ) with an amount of information
corresponding to (1/2)log2n per parameter. This number
can be derived by an optimization process which takes into
account that a small error in the parameters does not lead to
a serious deterioration of the NLLH, particularly if n is small
and only a few data objects are modeled by f . The number of
(1/2)log2n bits represents an optimal trade-off (and includes
this deterioration of NLLH already). Throughout this paper,

we will use the minimum description length of a dataset as
goal for minimization:

MDL f (D) = NLLH f (D) +
1
2

#PAR
(
f
) · log2n. (6)

We will in the following sections propose nonparametric
methods which are both related to histograms. Therefore,
the number of parameters in principle corresponds to the
number of bins. We do not use histograms directly since
our goal is to code the signals in a way that punishes
the Gaussianity and rewards the non-Gaussianity. Thus, we
propose two different methods which modify the histogram
concept in a suitable way.

3.2. Phi-Transformed Histograms. Techniques like [15] or
[20] successfully use the exponential power distribution
(EPD), a generalized distribution function including Gaus-
sian, Laplacian, uniform, and many other distribution func-
tions for assessing the ICA result using MDL. The reduced
entropy of non-Gaussian projections in the data allows a
higher compression rate and thus favors a good ICA result.
However, the selection of EPD is overly restrictive. For in-
stance, multimodal and asymmetric distributions cannot be
well represented by EPD but are highly relevant to ICA. In
the following, we describe an alternative representation of the
PDF which is efficient if (and only if) the data is considerably
different from Gaussian. Besides the non-Gaussianity, we
have no additional assumption (like for instance EPD) on
the data. To achieve this, we tentatively assume Gaussianity in
each signal of length n and transform the assumed Gaussian
distribution into a uniform distribution in the interval (0, 1)
by applying the Gaussian cumulative distribution function
Φ((x − μ)/σ) (the Φ-transformation) to each signal of the
data representation to be tested (e.g., after projection on the
independent components). Then, the resulting distribution
is represented by a histogram (H1, . . . ,Hb) with a number
b of equidistant bins where b is optimized as we will show
later. Hj(1 ≤ j ≤ b) is the number of objects falling in the
corresponding half open interval [( j−1)/b, j/b). If the signal
is Gaussian indeed, then the signals after Φ-transformation
will be uniform and the histogram bins will be (more or
less) uniformly filled. Therefore, a trivial histogram with
only one bin will in this case yield the best coding cost
(and thus, no real data compression comes into effect).
The Φ-transformation itself causes a change of the coding
cost which is equivalent to the entropy of the Gaussian
distribution function, as we show in as follows.

The negative log-likelihood of the signal before the Φ-
transformation with the tentative assumption that the signals
are compressed by the Gaussian pdf correspond to

NLLHbefore =
∑
x∈D
− log2

(
1√

2πσ2
e−(x−μ)2/2σ2

)

= n · log2

(√
2πσ2

)
+

1
2σ2 ln 2

∑
x∈D

(
x − μ

)2,
(7)
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Figure 1: MDL-based compression of signals by Huffman coding.

and since (1/n)
∑

(x − μ)2 is exactly the definition of the
variance σ2, we have

NLLHbefore = n · log2

(√
2πeσ2

)
, (8)

which is independent from the distribution which the signal
x actually has. After the Φ-transformation, we code the signal
under the assumption that it is uniformly distributed in
(0, 1). Thus, we obtain

NLLHafter =
∑
x∈D
− log2(1) = 0, (9)

and again, we do not worry that it appears as if no
information is necessary to code the signals after the Φ-
transformation. But the difference between coding of the
signals before and after the Φ-transformation corresponds to

PRE = NLLHbefore −NLLHafter = n · log2

(√
2πeσ2

)
. (10)

Representing the histogram (H1, . . . ,Hb) as a probability
density function (integrating to 1) leads to

fH(x) = H�b·x+1� · b
n
. (11)

The negative log-likelihood of this Φ-transformed signal
corresponds to

NLLH fH (D) =
∑
x∈D
− log2

(
H�b·x+1� · b

n

)

=
∑
x∈D

log2
n

H�b·x+1�
−
∑
x∈D

log2b,
(12)

and since we have Hi objects in histogram bin i, we can
change the first sum into the entropy of the histogram:

NLLH fH (D) =
∑

1≤i≤b

(
Hi · log2

n

Hi

)
− n · log2b. (13)

Using this coding scheme, the overall code length
(CLRG(D, b), code length relative to Gaussianity) of the
signal is provided by

CLRG(D, b) =
histogram entropy︷ ︸︸ ︷∑

1≤ j≤b
Hj · log2

n

Hj

−
offset cost︷ ︸︸ ︷
n · log2b

+

code book︷ ︸︸ ︷
b− 1

2
log2n

+

preproc︷ ︸︸ ︷
PRE .

(14)

As introduced in Section 3, the first two terms represent the
negative log-likelihood of the data given the histogram. The
first corresponds to the entropy of the histogram, and the
second term, stemming from casting the histogram into a
PDF, has also the following intuition: when coding the same
data with a varying number of histogram bins, the resulting
log-likelihoods are based on different basic resolutions of the
data space (a grid with a number b of partitions). Although
the choice of a particular basic resolution is irrelevant for the
end-result, for comparability, all alternative solutions must
be based on a common resolution. We choose g = 1 as
basic resolution, and subtract for each object the number
of bits by which we know the position of the object more
precisely than in the basic resolution. The trivial histogram
having b = 1 represents the case where the data is assumed
to be Gaussian: since the Gaussian cumulative distribution
function Φ((x−μ)/σ) has been applied to the data, Gaussian
data are transformed into uniform data, and our histograms
have an implicit assumption of uniformity inside each bin.
Therefore, we call it offset cost because it stands for coding
the position of a value inside a histogram bin. If some choice
of b /= 1 leads to smaller CLRG(D, b), we have evidence that
the signal is different from Gaussian. It is easy to see that in
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Figure 2: Overview of the computation of CLRG(D, b): left: scatter plot of two signals in original space. On the x-axis: Gaussian noise signal.
On the y-axis: signal with a rectangular pattern. The lines represent the quantiles assuming a Gaussian distribution; right: the scatter plot
after applying the Gaussian CDF. The quantiles now form an equidistant grid. On the axes: histograms and compression costs using Huffman
coding. Since the Gaussian signal does not contain any pattern beyond Gaussianity, it cannot be compressed in CDF-space.

the case b = 1 the code length is CLRG(D, b) = PRE, which is
a consequence of our definition of the offset cost. Therefore,
we call our cost function code length relative to Gaussianity,
(CLRG). If no choice that b /= 1 leads to CLRG(D, b) < PRE,
then either the data is truly Gaussian or the number of
data objects is not high enough to give evidence for non-
Gaussianity. In the latter case, we use Gaussianity as the
safe default-assumption. The third term is the cost required
for the code book: to completely describe b histogram bins
it is sufficient to use b − 1 codewords since the remaining
probability is implicitly specified. The last term, PRE is for
preprocessing, that is, taking the Φ-transform into account.

Figure 2 gives an overview and example of our method.
On the left side, the result of an ICA run is depicted which has
successfully separated a number d = 2 of signals (each having
n = 500 points). The corresponding scatter-plot shows a
Gaussian signal on the x-axis, a rectangular signal on the y-
axis (note that the corresponding signal plots on the axes are
actually transposed for better visibility). On the right side,
we see the result after applying the Gaussian CDF. Some
histograms with different resolutions are also shown. On
the x-axis, the histogram with b = 4 bins is approximately
uniformly filled (like also most other histograms with a
different selection of b). Consequently, only a very small
number of bits is saved compared to Gaussianity (e.g., only
4.1 bits for the complete signal part falling in the third
bin H3) by applying this histogram as PDF in Huffman
coding (here, the cost per bin are reported including log-
likelihood and offset-cost). The overall saving of 0.29 bit are
contrasted by a code-book length of (3/2)log2n = 13.4, so the
histogram representation does not pay off. In contrast, the
two histograms on the y-axis do pay off, since for b = 8, we
have overall savings over Gaussianity of 81.3 bit by Huffman
coding, but only (7/2)log2n = 31.4 bits of codebook.

3.2.1. An Optimization Heuristic for the Histogram Resolution.
We need to optimize b individually for each signal such
that the overall coding cost CLRG(D, b) is minimized. As an

efficient and effective heuristic, we propose to only consider
histogram resolutions where b is a power of 2. This is time
efficient since the number of alternative results is logarithmic
in n (as we will show), and the next coarser histogram can
be intelligently gained from the previous. In addition, the
strategy is effective since a sufficient number of alternative
results is examined.

We start with a histogram resolution based on the worst-
case assumption that (almost) all objects fall into the same
histogram bin of a histogram of very high resolution bm.
That means that the log-likelihood approaches 0. The offset
cost corresponds to −n log2bm but the parameter cost are
very high: ((bm − 1)/2)log2n. The other extreme case is the
model with the lowest possible resolution b = 1 having no
log-likelihood, no offset-cost, and no parameter cost. The
histogram with resolution bm can pay off only if the following
condition holds:

n log2bm ≥
bm − 1

2
log2n, (15)

which is certainly true if bm ≤ n/2. We use bm = 2�log2n�,
the first power of two less or equal n as starting resolution.
Then, in each step, the algorithm generates a new histogram
H′ = (H′1, . . . ,H′b/2) from the previous histogram H =
(H1, . . . ,Hb) by merging each pair of adjacent bins using
H′j = H2 j−1 + H2 j for all j having 1 ≤ j ≤ b/2. The overall
number of adding operations for histogram bins starting
from the histogram Hstart = (H start

1 , . . . ,H start
bm

) to the final

histogram Hend = (Hend
1 ) corresponds to

∑
1≤i≤bm/2

i = bm − 1 = 2�log2n� − 1 ∈ O(n). (16)

The coding cost of the data with respect to each alternative
histogram is evaluated as described in Section 3.2 and the
histogram with resolution bopt providing the best com-
pression is reported as result for dimension i. In the case
of bopt = 1, no compression was achieved by assuming
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non-Gaussianity. After having optimized bopt for each
signal separately, CLRG(D, b), the coding costs of the data
are provided as in Section 3.2 applying bopt. To measure
the overall improvement in compression achieved by ICA
CLRG(D, b) is summed up across all dimensions i:

CLRG(D) =
∑

1≤i≤d

(
min

0≤log2b≤�log2n�
CLRG(D, b)

)
. (17)

3.3. Fuzzy Histograms. Often histograms are not a good
description of data since they define a discontinuous func-
tion whereas the original data distribution often corresponds
to a continuous function. Since we want to focus on non-
Gaussianity without any other assumption on the underlying
distribution function, a good alternative to histograms is
fuzzy histograms. In statistics, often kernel density estimators
(KDEs) are applied in cases where a continuous representa-
tion of the distribution function is needed. However, KDEs
require a number of parameters which is higher than the
number of objects, and, therefore, KDEs are not suitable for
our philosophy of compressing the dataset according to the
defined distribution function (although other information-
theoretic KDEs exist). Therefore, we apply the simpler fuzzy
histograms which extend histograms as follows.

We have a kernel function κμi ,σ(x) which is assigned to
each fuzzy histogram bin i. Like with ordinary histograms,
the location parameters μi are equidistant, that is,

μi = m · i + t, (18)

and the scale parameter σ is uniform for all bins (and
also called bandwidth). In this paper, we use the normal
distribution:

κμi ,σ(x) = nμi,σ(x) = 1√
2πσ2

exp

(
−
(
x − μi

)2

σ2

)
(19)

since it allows an elegant way to express the coding cost
relatively to Gaussianity without explicitly transforming the
dataset using the cumulative standard normal distribution
Φ(x). To every histogram bin, a weight wi, which indicates
to which extent the bin is filled, is assigned. The sum over all
wi, is unity. The fuzzy histogram then defines the probability
density function:

f (x) =
∑

1≤i≤b
wi · κμi ,σ(x), (20)

which is continuous (as it is a sum of continuous functions)
and integrates to 1 (as all wi sum up to one and each kernel
function integrates to 1).

We determine the positions μ1, . . . ,μb (or, actually the
parameters m and t to determine all μi in an equidistant way)
as well as the bandwidth σ in an iterative learning algorithm.
We initialize the parameters such that

μ1 = min
x∈D

(x), μb = max
x∈D

(x),

wi = 1
b

, (∀i, 1 ≤ i ≤ b), σ = μb − μ1

b
.

(21)

That means that we set the initial slope m = (μb − μ1)/b and
t = μ1 −m.

Each point x ∈ D may be assigned to more than one bin.
It is gradually assigned and the sum of all assignments equals
1. The assignment is based on Bayes’ theorem:

p(i | x) = wi · κμi,σ(x)∑
1≤ j≤b wj · κμj ,σ(x)

, (22)

and the weights can be determined as

wi = 1
|D|

∑
x∈D

p(i | x). (23)

Then, we assign the points according to (22). We then
determine each μi (calling it μ̂i) individually (temporarily
omitting the requirement that they are equi-distant) as

μ̂i = 1
|D| ·wi

∑
x∈D

p(i | x) · x (24)

and determine m and t as a weighted linear regression of the
μ̂i. Let μ =∑1≤i≤b wi · μ̂i be the weighted average of all μ̂i and
i =∑1≤i≤b wi · i the weighted average of all i. Then, we obtain

m =
∑

1≤i≤b wi ·
(
i− i

)
· (μ̂i − μ

)
∑

1≤i≤b wi ·
(
i− i

)2 , t = μ−mi. (25)

Finally, we determine the bandwidth parameter σ by the
average variance which is caused by D in every bin:

σ2 = 1
|D|

∑
x∈D

∑
1≤i≤b

p(i | x) · (x − μi
)2
. (26)

These steps starting from evaluation (22) are repeated until
convergence.

4. Experiments

This section contains an extensive experimental evaluation.
We start by a proof of concept demonstrating the benefits
of information-theoretic model selection for ICA over estab-
lished model selection criteria such as kurtosis in Section 4.1.
Since in these experiments phi-transformed histograms
and equidistant Gaussian Mixture Models perform very
similar, for space limitations, we only show the results of
phi-transformed histograms. In Section 4.2, we discuss the
two possibilities of estimating the code length relative to
Gaussianity.

4.1. Proof of Concept: Information-Theoretic Model Selection

for ICA

4.1.1. Selection of the Relevant Dimensions. Which ICs truly
represent meaningful signals? Measures like kurtosis, skew-
ness, and other approximations of neg-entropy are often
used for selecting the relevant ICs but need to be suitably
thresholded, which is a nontrivial task. Figures 3(a) and 3(b)
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Figure 3: Comparison of CLRG to kurtosis for selection of relevant ICs from high-dimensional data (a)-(b) and for outlier-robust estimation
of IC quality (c).

display the recall of signal identification for a dataset
consisting of highly non-Gaussian saw-tooth signals and a
varying number of noise dimensions for various thresholds
of kurtosis. Kurtosis is measured as the absolute deviation
from Gaussianity. The recall of signal identification is defined
as the number of signals which have been correctly identified
by the selection criterion divided by the overall number of
signals. Figure 3(a) displays the results for various thresholds
on a dataset with 200 samples. For this signal length, a
threshold of t = 1.2 offers the best recall in signal iden-
tification for various numbers of noise dimensions. A slightly
higher threshold of 1.22 leads to a complete break down in
recall to 0, which implies that all noise signals are rated as
non-Gaussian by kurtosis. For the dataset of 500 samples,
however, t = 1.0 is a suitable threshold and for t = 1.2, we
can observe a complete breakdown in recall. Even on these
synthetic examples with a very clear distinction into highly

non-Gaussian signals and Gaussian noise, the range for
suitable thresholding is very narrow. Moreover, the threshold
depends on the signal length and of course strongly on the
type of the particular signal. A reasonable approach to select
a suitable threshold is to try out a wide range of candidate
thresholds and to select the threshold maximizing the area
under ROC. For most of our example datasets with 200
samples, a threshold of t = 1.2 maximizes the area under
ROC. For the datasets with 20 to 36 noise dimensions, this
threshold yields a perfect result with an area under ROC of
1.0. For 500 samples, however, a lower threshold is preferable
on most datasets. Supported by information theory, CLRG
automatically identifies the relevant dimensions without
requiring any parameters or thresholds. For all examples,
CLRG identifies the relevant dimensions as those dimensions
allowing data compression with a precision and a recall of
100%.
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Figure 4: CLRG in comparison to kurtosis and skewness for assessing the quality of ICA-results. For 1,000 results obtained with FastIca on
de-mixing speech signals, CLRG best correlates with the reconstruction error of the ICs.

4.1.2. Stable Estimation of the IC Quality. Commonly used
approximations of neg-entropy are sensitive to single out-
liers. Outliers may cause an overestimation of the quality
of the IC. CLRG is an outlier-robust measure for the inter-
estingness of a signal. Figure 3(c) displays the influence of
one single outlier on the kurtosis (displayed in terms of devi-
ation from Gaussian) and CLRG of a Gaussian noise signal
with 500 samples with respect to various outlier strengths
(displayed in units of standard deviation). For reference, also
the kurtosis of a highly non-Gaussian saw-tooth signal is
displayed with a dotted line. Already for moderate outlier
strength, the estimation of kurtosis becomes unstable. In
case of a strong single outlier, kurtosis severely overestimates
the interestingness of the signal. CLRG is not sensitive with
respect to single outliers: even for strongest outliers, the noise
signal is scored as not interesting with a CLRG of zero. For
comparison, the saw-tooth curve allows an effective data
compression with a CLRG of −553.

4.1.3. Comparing ICA Results. CLRG is a very general cri-
terion for assessing the quality of ICA results which does not
rely on any assumptions specific to certain algorithms. In

this experiment, we compare CLRG to kurtosis and skew-
ness on the benchmark dataset acspeec16 form ICALAB
(http : // www.bsp.brain.riken.go.jp/ ICALAB/ICALABSignal
Proc/benchmarks/). This dataset consists of 16 speech signals
which we mixed with a uniform random mixing matrix.
Figure 4 displays 1,000 results of FastIca [2] generated
with the nonlinearity tanh and different random starting
conditions. For each result, we computed the reconstruction
error as the sum of squared deviations of the ICs found by
FastIca to the original source signals. For each IC, we used the
best matching source signal (corrected for sign ambiguity)
and summed up the squared deviations. Figure 4(a) shows
that CLRG correlates best with the reconstruction error.
In particular, ICA results with a low reconstruction error
also allow effective data compression. For comparison, we
computed the sum of kurtosis deviations and the sum of
skewness deviations from Gaussianity. Kurtosis and even
more skewness show only a slight correlation with the
reconstruction error. As an example, Figure 5(a) shows the
first extracted IC from the result best scored by CLRG and the
corresponding IC (Figure 5(b)) from the result best scored
by kurtosis. For each of the two ICs the scatter plots with
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Figure 5: Reconstruction error of first IC from the result best scored by CLRG and matching IC from the result best scored by kurtosis.

the original signal are displayed. Obviously, the left IC better
matches the true signal than the right IC resulting in a lower
reconstruction error.

4.1.4. Selecting Relevant Components from fMRI Data. Func-
tional magnetic resonance imaging (fMRI) yields time series
of 3-d volume images allowing to study the brain activity,
usually while the subject is performing some task. In this
experiment, a subject has been visually stimulated in a block-
design by alternately displaying a checkerboard stimulus and
a central fixation point on a dark background as control
condition [21]. fMRI data with 98 images (TR/TE = 3000/
60 msec) were acquired with five stimulation and rest periods
having each a duration of 30 s. After standard preprocessing,
the dimensionality has been reduced with PCA. FastIca
has been applied to extract the task-related component.
Figure 6(a) displays an example component with strong
correlation to the experimental paradigm. This component
is localized in the visual cortex which is responsible for
processing photic stimuli, see Figure 6(b). We compared
CLRG to kurtosis and skewness with respect to their scoring
of the task-related component. In particular, we performed
PCA reductions with varying dimensionality and identified
the component with the strongest correlation to the stimulus
protocol. Figure 6(c) shows that CLRG scores the task-
related component much better than skewness and kurtosis.
Regardless of the dimensionality, the task-related component
is always among the top-ranked components by CLRG, in
most cases among the top 3 to 5. By kurtosis and skewness,
the interest of task-related component often rated close to the
average.

4.2. Discussion of CLRG Estimation Techniques. Phi-trans-
formed histograms and equidistant Gaussian mixture mod-
els represent different possibilities to estimate the code length
relative to Gaussianity (CLRG). As elaborated in Section 3,
to estimate the code length in bits, we need a probability
density function (PDF) and the two variants differ in the
way the PDF is defined. The major benefit of equidistant
Gaussian mixture models over Phi-transformed histograms
is that the PDF is defined by a continuous function which
tends to represent some signals better than phi-transformed
histograms. A better representation of the non-Gaussian
characteristics of a signal results in more effective data
compression expressed by a lower CLRG.

Figure 7 provides a comparison of phi-transformed his-
tograms and equidistant Gaussian mixture models (eGMMs)
regarding the CLRG estimated for the 16 signals of the
aspeech16 dataset. For most signals, the CLRG estimated by
both variants is very similar, for example, signals number 1
to 3, 10, and 16. Eight signals can be most effectively com-
pressed using phi-transformed histograms, most evidently
signals number 11 to 13. The other eight signals can be
most effectively compressed using eGMM. In average on
the aspeech16 dataset, the average CLRG 6,028 bits for phi-
transformed histograms, 6,148 bits for eGMM.

We found similar results on other benchmark datasets
also available at the ICALAB website: the 19 signals of the
eeg19 dataset tend to be better represented by eGMM with
an average CLRG of 17,691 (11 signals best represented by
eGMM) followed by phi-transformed histograms with an
average CLRG of 17,807 (8 signals best represented by phi-
transformed).
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Figure 6: fMRI experiment: (a) Task-related IC extracted by FastIca from a fMRI experiment where the subject performed a visual task while
in the scanner. (b) Color-coded spatial activation pattern of this IC in an axial brain slice. (c) The rank of this IC according to CLRG and
the comparison methods for varying dimensionality reduction. This interesting IC is always identified among the top-ranked components
by CLRG.

Also, the abio7 data tends to be better represented by
eGMM with an average CLRG of 6,480 (5 out of 7 signals best
represented by GMM). Phi-transformed histograms perform
with an average CLRG of 7,023 (2 best represented signals).

To summarize, we found only minor differences in per-
formance among the two techniques estimating CLRG.
Whenever a continuous representation of the PDF is requir-
ed, the eGMM techniques should be preferred. A continuous
representation allows, for example, incremental assessment
of streaming signals. In this case, the CLRG can be rees-
timated periodically when enough novel data points have
arrived from the stream.

5. Conclusion

In this paper, we introduced CLRG (code length relative to
gaussianity) as an information-theoretic measure to evaluate
the quality of single independent components as well as
complete ICA results. Our experiments demonstrated that
CLRG is an attractive complement to existing measures for
non-Gaussianity, for example, kurtosis and skewness for
the following reasons: relating the relevance of an IC to its
usefulness for data compression, CLRG identifies the most
relevant ICs in a dataset without requiring any parameters
or thresholds. Moreover, CLRG is less sensitive to outliers
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Figure 7: Comparison of CLRG estimation techniques regarding the compression of speech signals.

than comparison measures. On fMRI data, CLRG clearly
outperforms the comparison techniques in identifying the
relevant task-specific components.

The basic idea that a good model provides efficient data
compression is very general. Therefore, not only different ICs
and ICA results obtained by different algorithms can be unbi-
asedly compared. Given a dataset, we can also compare the
quality completely different models, for example, obtained
by ICA, PCA, and projection pursuit. Moreover, it might lead
to the best data compression to apply different models to
different subsets of the dimensions as well as different subsets
of the data objects. In our ongoing and future work, we will
extend CLRG to support various models and will explore
algorithms for finding subsets of objects and dimensions
which can be effectively compressed together.
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