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Although originally developed for stress analysis in complex
airframe structures, finite element analysis (FEA) is currently
applicable to the broad field of continuum mechanics and
many other disciplines. FEA is receiving much attention in
academia and industries because of its diversity, flexibility,
and ability to provide approximated numerical solutions to
a wide range of engineering applications. Recent advances in
FEA have led to the development of new elements, solvers,
meshing techniques, and tools and to the understanding of
many physical problems. Nowadays, with the advances of
computer technology, FEA is widely used by scientists and
becomes very popular in engineering communities.

Themain objective of this special issue is to publish recent
advances in FEA and its application to several disciplines,
such as structural engineering, civil engineering, aerospace
engineering, materials engineering, mechanical engineering,
electronics, electrical engineering, and biomedical engineer-
ing. A particular emphasis of this special issue is on compu-
tational mechanics aspects.

For this special issue, a total number of 64 manuscripts
have been received, from which two papers have been
withdrawn. After the reviewing process, 33 manuscripts have
been rejected and 29 manuscripts have been accepted.

This volume covers different topics on the use of FEA
in a wide range of applications including the following:
collision contact for reciprocating pump valve by J. Pei et
al., 3D topology optimization by M. A. Kütük and I. Göv,
nonlinear dynamic analysis of drilling shaft in deep-hole
machining by L. F. Kong et al., a biomechanical study on

laminectomy and dekyphosis for thoracic ossification of the
posterior longitudinal ligament by T. Okayama et al., analysis
of hydraulic seals for downhole equipment by L. Xin et
al., residual stress induction due to welding process by G.
Urriolagoitia-Sosa et al., pear-shaped casing swage by Y. Lin
et al., SH wave in multiple orthotropic elliptical inclusions
by J. Lee et al., vortex-induced vibration by G. Tang et
al. and by H. Wang et al., modeling the multiphysics in
pultrusion process by P. Carlone et al., flow erosion on sand
discharge pipe in nitrogen drilling by H. Zhu et al., fatigue
behaviour of fastening joints of sheet materials by X. He et
al., vibration behavior of multiple layered cylindrical shells
by M. R. Isvandzibaei et al., damage identification of trusses
with elastic supports by N.-I. Kim and J. Lee, biomechanical
response and behavior of users underemergency buffer crash
by R. Miralbes et al., zonal disintegration mechanism around
deep underground openings by Y.-J. Zuo et al., simulation
of suspensions, torsion bars, and fifth wheel for semitrailers
by R. Miralbes et al., heat insulations for cryogenic tankers
by R. M. Buil and D. V. Hernando, ductile fracture for
3Cr20Ni10W2 austenitic heat-resistant alloy byY.-F. Xia et al.,
residual stress analysis of planetary gear tooth by J. Wang et
al., brittle and ductile fracture using a unified cohesive zone
model by J. Liu et al, viscous numerical wave flume by J. Qin
et al., nanobeams by F. Marotti de Sciarra, stress analysis in
fruits by L. Fenyvesi et al., angle-ply and cross-ply composite
plates with shape memory alloy by Z. A. Rasid et al., armor
plate response subjected to blast loading by A. M. A. Zaidi
et al., circular beams with mixed-mode imperfections by
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F. Guarracino and M. Fraldi, and, finally, sheet metal stamp-
ing processes by A. Quesada et al.
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Sheet metal forming is an important technology in manufacturing, especially in the automotive industry. Today, engineering
simulation tools based on the finite elements method are employed regularly in the design of stamping dies for sheet metal parts.
However, a bad material model choice or the use of nonaccurate enough parameters can lead to imprecise simulation results.
This work uses ANSYS LS-DYNA software to analyze several material models and the influence of their parameter values in FEM
simulation results. The main tool to solve these problems is an application designed to assist die stamp designers. The program
allows a procedure to be defined to obtain the values of the properties of an unknown material, which combines finite element
simulations with real experimental results. Results obtained for the simulation of a real automotive part are analyzed and compared
with the real experimental results. Parameters involved in each material model have been identified, and their influence in final
results has been quantified.This is very useful to fit material properties in other simulations.This paper fulfils an identified need in
themanufacturing industry. In fact, the proposed application is currently being used by amanufacturer of automotive components.

1. Introduction

Automotive industry has been a major sector of the world
economy for a long time. To be competitive in this business is
necessary to minimize manufacturing cost through efficient
and effective design. A general goal of typical auto part
manufacturing development is to produce parts with shape
conformance and without cracking/tearing or wrinkling [1].

Sheet metal stamping process is among the oldest and
most widely used industrial manufacturing processes [2, 3],
especially in the automotive parts industry. Stamping is a
critical activity characterized by short lead times and constant
technological modifications in order to improve quality and
reduce manufacturing costs [4]. However, each experimental
setup in automotive parts industry is usually very costly and
time consuming, because a trial-and-error approach through
physical experiments must be implemented to search an
optimal process [1].

Simulation of stamping process bymeans of finite element
computer analysis has proved to be a powerful tool to evaluate

the formability of stamping parts during process and die
design procedures and is capable of helping engineers solving
different technological tasks [4–7], such as testing the impact
of different lubricants or evaluating the effect of small changes
in process parameters.

The sheetmetal forming process, in theory, can be viewed
as relatively straightforward operation where a sheet of mate-
rial is plastically deformed into a desired shape. In practice,
however, variations in blank dimensions, material properties,
and environmental conditions make the predictability and
reproducibility of a sheet metal forming process difficult [8].

Because of this, sheet metal forming results on a process
that is heavily experience based and involves trial-and-error
loops.The less the experience on the part geometry andmate-
rial is the more these loops are repeated. In the innovative
process design procedure, however, the trial-and-error loops
can be reduced by means of computer simulations.

With the increasing popularity of FE simulations in
automotive companies, the forming analyses of sheet metals
are performed repeatedly in the design feasibility studies

Hindawi Publishing Corporation
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of production tooling and stamping dies [9]. With these
analyses, the formability of the sheet material part can be
calculated, but it is also possible to estimate the deformed
geometry of stamped parts. To do it, it is necessary to quantify
accurately the sheet metal springback [10].

The problem of springback deformations in sheet metal
parts makes most of the produced parts not conform to the
design geometry within the required dimensional tolerances
right at the first time [11], and this dimensional accuracy
becomes a crucial factor in determining the overall quality
of the part as part components get smaller and tolerances get
tighter [12].

It is also well known that the forming limits vary from
material to material. Because of these considerations, knowl-
edge of the behaviour of sheet metal is critical to the success
of the sheet forming operation [13].

The trend to reduce weight of the cars in order to reduce
the fuel consumption obliges the automotive industry to test
new materials not used before. This leads to the following
problem: behaviour of new materials is not as well known
as behaviour of traditional ones. Constitutive modeling for
classical steels can be considered as satisfactory, whereas for
new high-strength steels as well as for aluminium alloys
available models are still unsatisfactory [5]. Furthermore, the
use of these materials makes the springback problem more
important [14].

Taking into account previous exposition, it is clear that
a good material model is essential when trying to simulate a
stamping process by FE tools. These material models usually
involve a lot of parameters, and it is quite difficult for
engineers to consider all of them.

In this work, three different material models have been
used to simulate a well-known stamping process. Results
for each simulation are shown and discussed. A procedure
to create an accurate material model is proposed. Such a
procedure combines real test results, FEM simulations and
optimization tools.

2. Experimental Experience: Pattern Test

To validate a simulation of a stamping process, simulations
results have been often comparedwith experimental results in
benchmark problems, such as those proposed by Buranathiti
and Cao [15, 16]. The use of such benchmark tests forces the
manufacturer to build a special device for each kind of test.
It is also well known that material behaviour is not the same
when stamping as when bending, for example. Therefore it
does not seem appropriate to use just one experimental test
to adjust material parameters.

To avoid this problem, the following solution is proposed
[17].

Step 1. First, it is necessary to determine which manufac-
turing processes are going to be simulated, for example,
stamping and bending.

Step 2. Next, a real experimental manufacturing process of
each type is selected. Since this procedure is being applied
in a real manufacturing industry, these processes have been

selected from those already performed in this factory. This
avoids the need to build new devices and allows the designer
to use all the knowledge that has been previously acquired.
The selected process will be called a pattern test, and it will be
used to adjust the material parameters.

Step 3. Then, the pattern test is carried out using the new
material whose parameters are going to be determined. Since
the process is well known, all the modifications that appear
are due to the material.

Step 4. Once material parameters have been determined,
they can be used to simulate other similar processes. For
example, to determine by simulation a better design for the
dies of a new stamping process. By doing this, the need to
build real dies decreased extremely.

This paper focuses on Step 3, that is, the way in which
the material parameters should be adjusted from a real well-
known pattern test.

3. Material Models Selection

The complexity of stamping processes forces the use of high-
level software, which must be able to simulate contacts and
dynamic loads.This paper adopts ANSYS and LS-DYNA [18].

When trying to select a material model for the blank
(between the more than 100 models implemented in LS-
DYNA), several aspects must be taken into account.

(i) The model has to be applicable to metals.

(ii) It has to work with shell elements (that are generally
used for meshing the blank [5]).

(iii) It must include strain-rate sensitivity.

(iv) It has to deal with plasticity.

(v) It has to be able to study failure.

According to these statements, three material models have
been selected for this study:

(1) kinematic/isotropic elastic plastic;

(2) strain rate dependent isotropic plasticity;

(3) piecewise linear isotropic plasticity.

3.1. Kinematic/Isotropic Elastic Plastic Model. This material
model is described by the expression (1) [19], based on the
Cowper-Symondsmodel [19–21], which scales the yield stress
by a strain rate dependent factor:

𝜎𝑦 = [1 + (

̇𝜀

𝐶

)

1/𝑝

] (𝜎0 + 𝛽𝐸𝑝𝜀
𝑝

eff) , (1)

where 𝜎0 is initial yield stress, 𝜎𝑦 is yield stress, ̇𝜀 is strain
rate, and 𝛽 is varying this parameter; isotropic (𝛽 = 1) or
kinematic (𝛽 = 0) hardening can be obtained. In this work,
isotropic hardening is supposed, so 𝛽 = 1. 𝐸𝑝 is plastic
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hardening modulus, defined by (2), where 𝐸𝑡 is the tangent
modulus and 𝐸 is the elastic modulus:

𝐸𝑝 =

𝐸𝑡𝐸

𝐸 − 𝐸𝑡

, (2)

𝜀
𝑝

eff is effective plastic strain, and 𝐶 and 𝑝 are strain rate
parameters.

The following parameters have to be specified by the user
in order to define properly this material when using LS-
DYNA.Those parameters are as follows:

(i) density;
(ii) Young’s module;
(iii) poisson ratio;
(iv) initial yield stress;
(v) tangent modulus;
(vi) hardening and strain rate parameters 𝛽, 𝐶, and 𝑝.

3.2. Strain Rate Dependent Isotropic Plasticity Model. In this
model [19, 22], a load curve is used to describe the initial
yield stress 𝜎0 as a function of effective strain rate ̇𝜀eff, and
the yield stress 𝜎𝑦 is a function of the initial yield stress, the
effective plastic strain 𝜀𝑝eff, and the plastic hardening modulus
𝐸𝑝 obtained through (2). The yield stress for this material
model is defined as

𝜎𝑦 = 𝜎0
̇𝜀eff + 𝐸𝑝𝜀

𝑝

eff, (3)

where ̇𝜀eff is the effective strain rate.
In this case,material density and Poisson ratio are defined

as scalar parameters, but the other properties can be defined
as a function of effective strain rate. So, the entries for the
model are as follows:

(i) density;
(ii) poisson ratio;
(iii) load curve for defining the Young’s module versus

effective strain rate;
(iv) load curve for defining the initial yield stress versus

effective strain rate;
(v) load curve for defining the tangent modulus versus

effective strain rate;
(vi) load curve for defining the Von Mises stress at failure

versus effective strain rate.

3.3. Piecewise Linear Isotropic Plasticity Model. This is a
multilinear elastic-plastic material option that allows stress
versus strain curve input and strain rate dependency [19, 21,
23, 24]. Yield stress is expressed as

𝜎𝑦 = 𝜆 [𝜎0 + 𝑓ℎ (𝜀
𝑝

eff)] , (4)

where the hardening function 𝑓ℎ(𝜀
𝑝

eff) can be specified in
tabular form. Otherwise, linear hardening is assumed as

𝑓ℎ (𝜀
𝑝

eff) = 𝐸𝑝𝜀
𝑝

eff. (5)

The parameter 𝜆 accounts for strain rate effects.There are
three options to obtain it. For each of these options, the user
has to specify different parameters, although there are some
values that are always needed:

(i) density;
(ii) young’s module;
(iii) poisson ratio;
(iv) effective plastic true strain at failure;
(v) initial yield stress and tangent modulus (or alterna-

tively tabular form for 𝑓ℎ(𝜀
𝑝

eff)).

The three options can be explained as follows.

(1) Strain rate may be accounted for using the Cowper-
Symondsmodel, which scales the yield stress with the
factor expressed in (6). In this case, the user has to
specify strain rate parameters 𝐶 and 𝑝:

𝜆 = 1 + (

̇𝜀

𝐶

)

1/𝑝

. (6)

(2) A load curve which defines 𝜆 versus strain rate can be
directly introduced.

(3) Different stress versus strain curves can be provided
for various strain rates. Intermediate values are found
by interpolating between curves.

4. Example: Stamping Pattern Test

The pattern test selected for the deep stamping process is
being used as an example of the procedure.

This test is the first of the five stages needed to manu-
facture the part shown in Figure 1, which belongs to the fix
system of the spare tire of a Mercedes Vito. Figures 2 and 3
show different views of the real dies used in this test.

A diagram of the position of the parts at the beginning of
the test can be seen in Figure 4.

The blank is leaned on the bed die and the process starts
with the movement of the blankholder, which applies a load
to hold the blank once contact is established between them.
After that, punch begins to go down, deforming the blank to
obtain the part shown in Figure 5.

Deformed blank was measured with a Mitutoyo coordi-
nate measuring machine (Figure 6), and the dimension used
to be compared with simulation results is shown in Figure 7.

5. Finite Element Simulation

As is used to do in simulation of stamping processes [5, 8, 11,
25, 26], it is divided into two major steps:

(1) an explicit analysis that includes the blank and the
dies to determine the sheet metal deformation during
the stamping process;

(2) an implicit analysis to predict the sheet metal spring-
back deformations after the removal of the dies.
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Figure 1: Part manufactured by five stamping stages.

Figure 2: Pattern test for the deep stamping process. Top view.

Figure 3: Pattern test for the deep stamping process. Bottom view.

Bed die
Blank
Blankholder
Punch

Figure 4: Pattern test for the deep stamping process.

Figure 5: Deformed blank obtained by pattern test.

Figure 6: Mitutoyo coordinate measuring machine.

Δ
z

Figure 7: Dimension used to compare experimental and simulation
results.

Table 1: Loads and displacements used in the pattern test simula-
tion.

TIME (s)
Punch

displacement
(mm)

Blankholder
displacement

(mm)

Blankholder load
(𝑁)

0 0 0 0
0.5 −38 −25 −90000
1 −78.5 −49.998 −90000
1.5 −116.498 −49.998 −90000
2 −78.5 −49.998 −90000
2.5 −38 −25 −90000
3 0 0 0

It is also common in sheet metal forming analysis to
include only the surface of the dies in the finite elements
model and define them as rigid entities [5]. This allows using
shell elements for meshing the dies. Due to the aspect ratio
of the blank, it has also been meshed with shells elements
(Figure 8).

Regarding the question of thematerialmodel, a nonlinear
isotropic hardening model has been implemented. These
isotropic hardening plasticity models that include the initial
material anisotropy are the industry standards for the sheet
metal process simulation and are assumed to be accurate
enough [26].

Contacts between the blank and the dies have been
defined using an automatic surface-to-surface contact algo-
rithm and defining appropriate friction coefficients.

Finally, boundary and loading conditions have been
specified by fixing degrees of freedom of the dies or by
applying displacements and loads to them to simulate the real
process (Table 1).
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LS-DYNA user input

Figure 8: Finite element model of the dies and the blank.

Deformed blank, after springback simulation, can be seen
in Figure 9.

6. Developed Application

As can be seen in previous section, building the finite element
model is a hard duty, specially using high-level software as LS-
DYNA.

Usually, these commercial applications are not easy to
use, and the designer must employ a lot of time and effort
in learning how to use them.

Because of that, an application to automate the finite
element simulation has been designed [17]. This application
is programmed in Matlab and offers the user a very friendly
windows environment.

Since pattern tests are fixed and well known, there is no
need to introduce any new parameter or command in the
simulation model, just those related to material parameters.
Taking this into account, the process has been programmed
and it can run “blindly” for the user; that is to say that
there is no need for his intervention during the simulation;
furthermore, the user does not need to know how it works.

All the information that has to be introduced to define
parts geometry, contact properties, loads, movements, and
meshing is already collected in a subroutine that can be read
by the finite element software.

Exposed procedure can be seen in Figure 10, where stages
that require user intervention are drawn with solid line and
those that can run “blindly” are drawnwith broken line. It can
be summed up as follows.

(1) By means of the windows environment, the user
chooses the kind of pattern test that is being simulated
and introduces initial values for the material param-
eters. As a result, a text file is generated and the finite
element software begins to run.

(2) Initially, the user has to specify four different values
for the material parameters, so the program will do
four simulations over the same model, in order to
have enough data to do an optimization.

LS-DYNA user input

Figure 9: Deformed blank after springback simulation.

(3) ANSYS-LS-DYNA reads this text file, as well as the
geometry of the parts (created with any CAD pro-
gram) and the subroutine that includes the command
orders to execute the simulations.

(4) The value obtained for the dimension shown in
Figure 7 in each simulation is stored in a text file that
can be read by the MATLAB application in order to
do the optimization process.

7. Optimization Procedure

Once the simulation results are obtained they have to be com-
pared with experimental ones, obtained from the physical
pattern test.

This stage is also automated and only needs the user
intervention in order to set the tolerance limit.

The procedure is the following.

(1) Values obtained in the first four simulations are
compared with the experimental measure.

(2) If any of these comparisons fall inside tolerance
limits,material parameters used in that simulation are
considered valid.

(3) If no one of the simulation results is accurate enough,
a linear interpolation is performed to obtain new
material parameters that will be used in a new sim-
ulation.

(4) The procedure described in 1-2-3 is repeated until
one of the simulation results is accurate enough.
In each step, the new simulation result obtained is
added to the interpolation data, as well as thematerial
parameters used in that simulation. By doing so, in
each step the interpolation process is a little bit more
accurate than in previous steps, because it is built with
more information.

(5) Finally, the user gets the material parameters that
allow to obtain a simulation result that falls inside
tolerance limits. All the procedures that have been
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Table 2: Initial parameters for the kinematic/isotropic elastic plastic
model.

Density 7800 kg/m3

Young module 210000MPa
Poisson ratio 0.29

Table 3: Influence of 𝐶 and 𝑝 parameters.

Parameter 𝐶 (s−1) Parameter 𝑝 Depth (mm)
10 5 15.8407
40 5 15.8805
100 5 15.9192
40 3 15.8974
40 7 15.8325

Table 4: Influence of the Young module.

Young module (MPa) Depth (mm)
220 15.92
230 15.8982
237 15.8805
245 15.8383
250 15.8246

performed to obtain them have run hiddenly to the
user, as can be seen in Figure 10.

8. Materials Models Study

8.1. Kinematic/Isotropic Elastic Plastic Model. In this case,
basic parameters like density, Poisson ratio, and Young’s
module will remain constant, as long as they are not expected
to vary too much from one steel to another. They adopt the
following values (see Table 2).

So, the study is focused on the influence of those param-
eters that define the plastic and dynamic behavior of the
material.

8.1.1. Hardening Parameter 𝛽. This parameter has a major
influence in stamping processes with several steps, in which
the material plasticizes more than once. Since this is not the
case, it is expected that the influence of 𝛽 is minimal. In
spite of it, simulations have been carried out to validate this
supposition, with 𝛽 values of 0, 0.3 [27], and 1. As it was
expected, obtained results were identical.

In following simulations, 𝛽 = 0.3 is assumed.
Even in process with several stages, it can be also pointed

that, looking at (1), the hardening parameter has minor
influence if the tangent modulus is quite small relative to
the initial yield stress (this occurs when the material has low
strain hardening). This is the case of this example, so, even if
the blank plasticizes again, the influence of 𝛽 will not be very
important.

8.1.2. Strain Rate Parameters in the Cowper-Symonds Model
𝐶 and 𝑝. In this case, initial values have been selected

Table 5: Final parameters for the kinematic/isotropic elastic plastic
model.

Density 7800 kg/m3

Young module 210000MPa
Poisson ratio 0.29
Yield stress 237Mpa
Hardening parameter 𝛽 0.3
𝐶 (Cowper-Symonds parameter) 40 s−1

𝑝 (Cowper-Symonds parameter) 5

according to examples provided by LS-DYNA users guide
[28]. Starting with 𝑝 = 5 and 𝐶 = 40 s−1, different values
of 𝐶 and 𝑝 have been tested in order to study their influence
in final results. Table 3 collects these values and the obtained
depth.

According to these values, it can be concluded that
multiplying 𝐶 by 10, produces a variation of less than 0.5%
in the result. Analogous, multiplying 𝑝 by 2.33 produces a
variation of 0.4% in the result. Since variations in the final
depth are not very important, initial values of 𝑝 = 5 and
𝐶 = 40 s−1 have been kept.

8.1.3. Tangent Modulus. After several simulations with dif-
ferent values for the tangent modulus, it has been observed
that values over 25000MPa produce wrinkles in the blank. It
was also seen that values over 3000MPa produce stress values
that are over the material limits. Because of that, a tangent
modulus of 2000MPa has been adopted.

8.1.4. Yield Stress. Without a doubt, this is themost important
parameter in the characterization of this material model.
Table 4 shows the results obtained by simulating the process
with different values of the Young module.

As can be seen, not very large variations (about 13.6%)
produce significant differences in the final depth (about
0.6%). It can also be observed that for 𝜎0 = 237MPa the final
depth is 15.8805mm, very close to the depth obtained from
the real test (15.88mm).

Table 5 shows the combination of parameters that lean to
best results for this material model.

8.2. Strain RateDependent Isotropic PlasticityModel. Initially,
density, Youngmodule, and poisson ratio kept the values used
in the previousmaterial model (see Table 2). However, Young
module can be defined by a curve that represents it versus
the strain rate.This possibility has been also studied as shown
below.

8.2.1. Yield Stress. Yield stress has been defined by the load
curve shown in Figure 11, which relates yield stress to effective
strain rate.

Three load curves have been implemented: an original
one, obtained from the material by a real traction test, and
two modified curves (shown in broken line) used to analyze
the influence of this parameter. Results are shown in Table 6.
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Figure 10: Exposed procedure diagram.

Table 6: Influence of the yield stress in the strain rate dependent
model.

Multiplier factor Depth (mm)
0.8 15.7871
0.9 15.6797
1 15.7132

In this case, varying the yield stress about 25%, results
vary about 0.5%.

Table 7: Obtained depths for different multiplier factors applied to
𝑓
ℎ
(𝜀
𝑝

eff).

Multiplier factor Depth (mm)
0.9 15.9108
1 15.8888
1.1 15.8484

8.2.2. Tangent Modulus. As has been explained previously,
the use of the strain rate dependent isotropic plasticity model



8 Advances in Mechanical Engineering

200

250

300

350

400

450

500

0 1 2 3 4 5 6 7 8 9

Yi
el

d 
str

es
s (

M
Pa

)

Strain rate (1/s)

Original
90%

80%

Figure 11: Load curve for defining the initial yield stress versus
effective strain rate.

Table 8: Obtained depths for different multiplier factors applied to
the effective plastic strain.

Multiplier factor Depth (mm)
0.95 15.9088
1 15.8888
1.05 15.8653

allows to introduce the tangent modulus as function of the
strain rate. By defining this load curve, a final depth of
15.8474mm has been obtained. This represents a variation of
a 0.85% regarding the initial value of 15.7132mm.

8.2.3. Young’s Module. Other possibility of this material
model is to introduce a load curve to define the Young’s
module as a function of the strain rate. There are references
[20] that have established that the variation is not very
important for strain rates higher than 2000 s−1. In this
case, a final depth of 15.7132mm has been obtained. This
result, as well as bibliographical fonts, concludes that Young’s
module can be considered as constant in this material model,
since results do not change significantly by considering its
dependency to strain rate.

8.3. Piecewise Linear Isotropic Plasticity Model. This material
model can be defined in three different ways. All of themhave
been analyzed, and for all of them initial values of density,
Youngmodule, and Poisson ratio are the same as those shown
in Table 2. Another needed value is the tangent modulus. A
value of 2000MPa has been used in order to keep the same
values used with other models.

8.3.1. Strain Rate Is Accounted for Using the Cowper-Symonds
Model. Cowper-Symonds parameters 𝐶 and 𝑝 have to be
introduced in order to use (6). Initial yield stress and tangent
modulus (or alternatively tabular form for 𝑓ℎ(𝜀

𝑝

eff)) are also
needed. In this case, 𝐶 and 𝑝 have the same values as in the
original model (𝐶 = 40 s−1 and 𝑝 = 5), and 𝑓ℎ(𝜀

𝑝

eff) has been
introduced as a curve shown in Figure 12, which corresponds
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Figure 12: Curve to introduce 𝑓
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eff) in the piecewise linear
isotropic plasticity model.
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Figure 13: Curve to define the scale parameter 𝜆 versus strain rate.

to a constant tangent modulus of 2000MPa and a constant
initial yield stress of 237MPa.

This curve has beenmodified bymultiplier factors obtain-
ing other two curves also plotted in Figure 12. Table 7 shows
the results of the three simulations, which vary about 0.4% by
varying 𝑓ℎ(𝜀

𝑝

eff) about 22%. Multiplier factors have been also
applied to the effective plastic strain (for a given strain, the
stress is less than before, so the elastic recovering is smaller).
For this assumption, by varying 𝜀𝑝eff about 11%, results vary
about 0.27% (see Table 8).

8.3.2. Load Curve Which Defines 𝜆 versus Strain Rate
Is Directly Introduced. Instead of applying the Cowper-
Symonds model, parameter 𝜆 involved in (6) can be directly
introduced by a curve like the one shown in Figure 13. In this
case, a final depth of 15.9838mm has been obtained, which
represents a 0.6% difference with respect to the constant 𝜆
case.

8.3.3. Different Stress versus Strain Curves Is Provided for
Various Strain Rates. Ten different curves have been intro-
duced in order to define the stress-strain relation. Strain rates
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Table 9: Employed parameters.

Parameter Number of simulation
1st 2nd 3th 4th Last

Density (Kg/m3) 7800 7800 7800 7800 7800
Young’s module (MPa) 210000 210000 210000 210000 210000
Poisson ratio 0.3 0.3 0.3 0.3 0.3
Yield stress (MPa) 354 425 612 723 664
Tangent modulus (MPa) 763 763 763 763 763
𝛽 1 1 1 1 1
𝐶 (s−1) 40 100 10 5 10.99
𝑝 5 5 3 2 2.5
Obtained depth (mm) 16.14 16.14 15.98 15.83 15.96
Relative error 1.5% 1.5% 0.51% 0.44% 0.38%

Table 10: Comparison between experimental and simulation results
for the second simulation.

Experimental result (mm) Simulation result (mm) Relative error
14.8 14.68 0.81%

have been selected according to the real ones, and they vary
from 0.0004 s−1 to 8 s−1. Obtained depth is 15.8791mm, just a
0.005% away from the real measured depth.

9. Obtained Results

Pattern test exposed previously has been examined as an
example of the proposed optimization process.

Firstly, a deep analysis has been done to adjust all the
parameters that can influence the simulation result and
that do not depend on the material, that is, mesh size and
boundary conditions. These parameters have been adjusted
taken into account previous knowledge and real results
obtained over well-known materials.

Once that the model is accurate enough for these known
situations it is time for adjusting the parameters of a high-
strength steel.

In the experimental test, the displacement of the punch is
16.5mm. For this value, the final depth of the manufactured
part, measured by the MMCmachine, is 15.9mm.

Initial values for the material parameters and the depths
obtained for each combination can be seen in Table 9.
The last column shows the parameters values obtained after
optimization, considering a tolerance limit for the relative
error of 0.5%.

To validate these results, obtained parameters have been
used in a new deep stamping process. Dies employed in it
are shown in Figure 14 and deformed blank can be seen in
Figure 15.

In this case, the dimension used to validate the model is
the one shown in Figure 16. A comparison between results
obtained through simulation and by means of the real test is
shown in Table 10.

Punch

LS-DYNA user input

Figure 14: Second simulation dies.
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Figure 15: Second simulation deformed blank.

10. Conclusions

According to previous expositions and results, the following
can be concluded.

(i) A procedure to simulate real sheet metal forming
processes by means of finite elements has been estab-
lished.

(ii) Such a procedure has been automated and allows
performing simulations with no user intervention,
avoiding the difficulty of using a high-level program
as LS-DYNA.

(iii) By using this automated procedure, a methodology to
adjust material parameters has been developed.

(iv) Experimental tests used to validate simulation results
are real applications of the industry instead of bench-
mark theoretical tests. This allows using previous
knowledge of the designer to particularize material
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Δ
z

Figure 16: Dimension used to compared experimental and simula-
tion results in the second simulation.

characterization for each kind of process and avoids
building specific tooling.

(v) Parameters involved in each material model have
been identified and their influence in final results has
been quantified. This is very useful to fit material
properties in other simulations.

(vi) In the characterization of the three tested models, the
most important parameter is the yield stress.

(vii) In the strain rate dependent isotropic plasticity model
and in the piecewise linear isotropic plasticity model,
considering the variation of the Young’s module with
the strain rate does not modify results significantly,
so quite accurate results can be obtained by using a
constant value.This option requires less knowledge of
the material.

(viii) The kinematic/isotropic elastic plastic model is the
simplest one and the more appropriate when the
material behavior is not well known.

(ix) The piecewise linear isotropic plasticity model can
be the more accurate, but many material parameters
have to be obtained by experimental tests on real
specimens.

(x) Parameters obtained by thismethodology lead to very
accurate simulation results and can be used in other
simulations that involve the same kind of test and the
same material.
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The elastic-plastic collapse of circular beams under uniform lateral pressure with an initial imperfection represented by a
combination of different modes and amplitudes and with varying material properties is analysed from a computational viewpoint.
The work is stimulated by a number of accurate experimental tests recently performed and it is found that both the initial
imperfection and the material inhomogeneity along the beam axis can affect the collapse and produce a sensible variation in the
carrying capacity of the structure on account of the changes between the underlying buckling modes.This can give reason for some
apparently anomalous observed experimental results.

1. Introduction

The foundation of the analytical theory for the postbuckling
behaviour of structures in the plastic range is essentially
due to Hutchinson [1], but with the advent of powerful
computers, a large number of studies based on materially
and geometrically nonlinear numerical procedures have been
performed.

The present study,moving from the analysis of cylindrical
shells employed in the oil industry and nuclear power
plants, shows a limit behaviour in collapse of circular rings
under uniform external pressure that can be considered an
extension to the elastic-plastic range of the phenomenon of
change in buckle patterns in elastic structures studied by
Chilver [2] and Supple [3], among others.

In fact, the cross sections of many of these cylindrical
shells possess a diameter over thickness ratio, 𝐷/𝑡, in the
region where failure under uniform external pressure is
dominated by both instability and plastic collapse, which
means that prior to collapse the compressive yield strength of
thematerial is exceeded, followed by deformation and further
local yielding.

Moving from some apparently anomalous observed
experimental results, the problem is investigated and it is
found that both the shape of the initial imperfection and the

variation of material properties along the axis can affect the
buckling load and produce a reduction in the carrying capac-
ity of a circular beam by accelerating changes in collapsing
patterns.

2. Experimental Findings

The results from four different circular beams machined at
Tata Steel [4] and from the same pipe of diameter 𝐷 =

457.2mm, thickness 𝑡 = 31.75mm (see Figure 1), are shown
in Figure 3, where the displacements are referred to four
transducers placed at 0, 𝜋/2, 𝜋 and 3𝜋/2 positions; see
Figure 2.

The experimental setting is described in detail in [5].
The first three cases, namely, (a), (b), and (c), show a limit

pressure consistently ranging from67.6 to 69.5MPa, while the
last one, (d), shows a limit pressure of 55.4MPa.

At first sight, this anomaly was not followed up and after
checking that the transducers were correctly positioned and
the instrumentation was functioning properly, its cause was
not further investigated.

However, since this behaviour has been found in addi-
tional instances, the need to understand the possible causes of
such findings has led us to studymore carefully themechanics
of the problem.
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Figure 1: A circular beam specimen.

Figure 2: Specimen equipped with displacement transducers.

3. Problem Statement

The problem under analysis can be represented as that of
a circular beam subject to a uniform external pressure, as
shown in Figure 4.

With reference to Figure 4 a system of polar coordinates
is set:

𝑥 = 𝑅 sin 𝜃, 𝑦 = 𝑅 cos 𝜃, (1)

where 𝑅 is the radius of beam axis. The displacement field
is expressed in terms of the radial component, 𝑤 = 𝑤(𝜃), 𝑝
being the uniform external pressure.

In order to be general, the collapse of the ring of Figure 4
is here studied under the assumption that the material
properties vary along the axis of the beam and that the initial
out of roundness can be represented in the form

𝑤 (𝜃) = ∑

𝑖

𝑤𝑖 cos (𝑛𝑖𝜃 + 𝜓𝑖) , 𝑛𝑖 ∈ 𝑁, (2)

where 𝑛𝑖 is the number of waves characterising each compo-
nent of the out of roundness (see Figure 5) and 𝑤𝑖 and 𝜓𝑖 are
the corresponding amplitude and phase angles, respectively.
Moreover, it is 𝜔 = ∑

𝑖
𝑤𝑖𝑅
−1.

In order to account for the variation of the material
properties along the beam axis, for the sake of simplicity but
without loss of generality, three different material regions,

symmetric with respect to the 𝑥 axis, are defined around the
ring circumference, as shown in Figure 6. The amplitudes of
these regions for 𝜃 ∈ [0, 𝜋] are, respectively,

A 𝜃 ∈ [−𝜃𝑐, 𝜃𝑐] ,

B 𝜃 ∈ [𝜃𝑐, 𝜋 − 𝜃𝑐] ∪ [𝜋 + 𝜃𝑐, 2𝜋 − 𝜃𝑐] ,

C 𝜃 ∈ [𝜋 − 𝜃𝑐, 𝜋 + 𝜃𝑐] .

(3)

The representation of the stress-strain curves for carbon steels
is assumed in the form of the Ramberg-Osgood (RO) power
law [6],

𝜀
(𝑗)
=

𝜎
(𝑗)

𝐸

+ (𝜀
(𝑗)

𝑦
−

𝜎
(𝑗)

𝑦

𝐸

)(

𝜎
(𝑗)

𝜎
(𝑗)

𝑦

)

𝛽

, (4)

where 𝛽 is a dimensionless coefficient, which for most
engineering cases can be assumed ≥5, 𝜎(𝑗)

𝑦
is the Jth material

region yield stress, and 𝜀
(𝑗)

𝑦
is the corresponding strain.

Without loss of generality, Young’s modulus, E, is assumed to
be the same for each material region.

Under these assumptions, the collapse load and the failure
modes of the circular beam are the object of the investigation
of the next sections. In order to analyse the contributions
separately and shed light on the mechanics of the problem,
first the influence of the mixed-mode imperfections and
successively that of the varying material properties along the
beam axis will be considered.

4. Influence of Mixed-Mode Imperfections

The influence of mixed-mode imperfections modelled as in
(2) has been analysed by means of the commercial finite
element (FE) package ANSYS [7].

Every circular beam was modelled by means of 23040
SOLID185 3D 8-node elements, as shown in Figure 7. Eight
divisions were carried out through both the width and
the depth of the cross section of the beam. Out of plane
displacements of the beam axis were not allowed in order to
simulate the testing arrangement [5].

In general, numerical investigation of the nonlinear
behaviour of structures must follow the equilibrium path,
identifying and computing the singular points like limit
or bifurcation points, whose secondary branches in the
equilibrium path must be examined and followed, and this
procedure can be adversely affected by any kind of approx-
imation, as shown even in the simplest examples [8, 9]. To
overcome difficulties with limit points, displacement control
techniques were introduced and for this reason the modified
arc-length method was used in ANSYS to follow the load-
deformation path [10, 11].

The case studies taken into consideration are those of a
circular beam characterised by a diameter of 457.2 mm with
𝐷/𝑡 ratios equal to 14.40 and 22.85, respectively. The second
example represents the ring whose tests results have been
presented in Section 2.

The material properties are the following: 𝐸 = 206.6GPa,
𝜎𝑦 = 561MPa, 𝜀𝑦 = 0.01, and 𝛽 = 7.625.
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Figure 3: Measured radial displacements against the applied pressure for four different rings machined from the same pipe (𝐷 = 457.2mm,
𝑡 = 31.75mm).
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o x

𝜃

Figure 4: A circular beam under external pressure.

From an engineering standpoint, the measured out of
roundness on experimental specimens needs to be smoothed

n = 2 n = 3

Figure 5: Sample out of roundness component shapes, 𝑛 = 2 (left)
and 𝑛 = 3 (right).

and decomposed in its fundamental modes. However, it
has been shown in [12] that in the case of many sections
commonly used in offshore engineering, the prominent
imperfection modes are those characterised by two (𝑛 = 2)
and three (𝑛 = 3) waves.

Therefore, without lack of generality, the analysis has
been performed on a combination of two, and three-wave
imperfection modes.

The results are summarised in Tables 1 and 2.
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Figure 6: Inhomogeneous material regions.

Figure 7: FE modelling of a circular beam.

Table 1: Maximum lateral load (D = 457.2mm, t = 20mm, h =
50mm, and 𝜔 = 1/1000).

𝑛
1
= 2 𝑛

2
= 3 Pcrit (MPa)

𝑤
1
= 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0, 𝜓

2
= 0 25.454

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 0 26.003

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 𝜋/3 26.005

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 𝜋/2 26.008

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 2𝜋/3 26.011

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 0 26.702

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 𝜋/3 26.688

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 𝜋/2 26.679

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 2𝜋/3 26.676

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 0 27.642

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 𝜋/3 27.594

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 𝜋/2 27.577

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 2𝜋/3 27.600

𝑤
1
= 0, 𝜓

1
= 0 𝑤

2
= 𝜔𝑅, 𝜓

2
= 0 34.586

The parameters for the control of the nonlinear FE
analysis have been set assuming that the maximum initial
load is 1.2 times the value deriving from the analytical
expression in [13] and the number of initial substeps is 100.

Table 2: Maximum lateral load (D = 457.2mm, t = 31.75mm, h =
50mm, 𝜔 = 1/1000).

𝑛
1
= 2 𝑛

2
= 3 Pcrit (MPa)

𝑤
1
= 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0, 𝜓

2
= 0 56.046

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 0 56.620

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 𝜋/3 56.621

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 𝜋/2 56.623

𝑤
1
= 0.75 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.25 𝜔𝑅, 𝜓

2
= 2𝜋/3 56.626

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 0 57.085

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 𝜋/3 59.432

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 𝜋/2 57.116

𝑤
1
= 0.5 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.5 𝜔𝑅, 𝜓

2
= 2𝜋/3 57.120

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 0 60.310

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 𝜋/3 57.712

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 𝜋/2 57.727

𝑤
1
= 0.25 𝜔𝑅, 𝜓

1
= 0 𝑤

2
= 0.75 𝜔𝑅, 𝜓

2
= 2𝜋/3 57.744

𝑤
1
= 0, 𝜓

1
= 0 𝑤

2
= 𝜔𝑅, 𝜓

2
= 0 67.764

It is worth noticing that in the case of the ring with𝐷/𝑡 =
14.40, the increment in the collapse load which occurs for a
pure three-wave initial imperfectionwith respect to two-wave
is about 35%,whereas in the case of the ringwith𝐷/𝑡 = 22.85,
the corresponding increment is about 21%.

It can be also noticed that in the first case, that is, for
𝐷/𝑡 = 14.40, on average the increment in the collapse load
for a combination of imperfectionmodes𝑤1 = 0.25𝜔𝑅, 𝑤2 =
0.75𝜔𝑅 with respect to a pure two-wave imperfection mode
results is about 8.3%, whereas in the second case, that is, for
𝐷/𝑡 = 22.85, the increment reduces to about 3%.

Figures 8 and 9 show both the load-displacement plot
and the deformation at impending collapse from FE analyses
for the limit cases of pure two and pure three-wave initial
imperfection (𝐷 = 457.2mm, 𝑡 = 31.75mm).

It is worth noticing that in the case of the circular beam
with 𝐷/𝑡 = 22.85, a few relatively swift variations in the
maximum load increment can be sporadically recorded (𝑤1 =
0.5 𝜔𝑅, 𝜓1 = 0, 𝑤2 = 0.5𝜔𝑅, 𝜓2 = 𝜋/3 and 𝑤1 =

0.25𝜔𝑅, 𝜓1 = 0, 𝑤2 = 0.75𝜔𝑅, 𝜓2 = 0). This suggests
that the maximum lateral load of a ring with high 𝐷/𝑡

ratio, whose collapse is more affected by material plasticity
than by geometric instability, can be occasionally affected
by the particular combination of initial imperfection modes
albeit maintaining the oval pattern at collapse. This is shown
in Figure 10, where the deformation and plastic strains are
represented both at the attainment of the maximum carrying
load and at collapse.

Overall, the results from Table 2 show that the influence
ofmixing initial imperfectionmodes varies with their relative
amplitude and offset, but the increment in the collapse load
deriving from the presence of the mode 𝑛2 = 3 does not
result proportional to its weight and provides the value of
67.764Mpa, in line with the results from Figures 3(a)–3(c),
only for𝑤1 = 0, that is, when the contribution from the lowest
buckling mode is very low or nearly negligible.

For such a reason, it can be inferred that the circular
beams tested in cases (a)–(c) of Figure 3, in absence of other
experimental disturbances, such as improper sealing of the
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specimens in the testing rig, are likely to have been shaped
in themanufacturing process with a predominant three-wave
imperfection. This supposition is also supported by some
geometrical and experimental investigations [12, 14].

5. Influence of Material Inhomogeneity

The influence of material inhomogeneity has been conducted
on the basis of the problem statement in Section 3 and
according to the analytical solutions provided in [15].

With reference to Figure 6 the yield strengths for Regions
A andC have been obtained by amplifying the yield strength
of Region B, 𝐸 = 206.6GPa, 𝜎𝑦 = 561MPa, 𝜀𝑦 = 0.01,

and 𝛽 = 7.625, by a factor of 1.1 and by reducing it by a factor
of 0.9, respectively. In this manner, an increase in resistance
is attributed to Region A and a corresponding decrease in
resistance is attributed to RegionC.

The analytical treatment of the problem proposed in [15]
leads to the determination of a collapse function, f. The
function f can be plotted against the lateral load of the beam
and the condition 𝑓 = 0 is attained at impending collapse.

Figure 11 shows the plot of the collapse function, f,
versus the lateral load, p, for a homogeneous (dashed line)
and an inhomogeneous (continuous line) circular beam for
𝜃𝑐 = 𝜋/4, 𝑛1 = 2, 𝑛2 = 3, and 𝑤1 = 0, 𝑤2 = 𝜔𝑅. The
dimensions are the same for the rings of Figure 3 and Table 1.
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From the plot, it appears evident that for a pure three-
wave initial imperfection the collapse load for the homoge-
neous beam is much lower than the one for the inhomoge-
neous beam. Moreover, both these values of the collapse load
are in line with the experimental findings of Figures 3(a)–3(c)
and Figure 3(d), respectively.

This phenomenon can be attributed to an interference
between the geometrical andmaterial imperfections. In other
words, the variability of material properties along the beam
axis can induce a change of the buckling pattern, swinging
the failure mode of the beam characterized by an initial
imperfection of shape 𝑤1 = 0, 𝑤2 = 𝜔𝑅 to the failure mode
of a ring characterized by an initial imperfection of shape
𝑤1 = 𝜔𝑅, 𝑤2 = 0.

Most importantly, it is worth underlining that Figure 11
shows the presence of a peak at the red dot which can be
considered as a sort of concealed well in the load-yielding
plot. This sort of peaks, which can assume a very narrow
shape depending on the geometrical and material properties
of the beam, can turn sometimes difficult to trace numerically
and can contribute to explaining the anomalous results in
experimental tests.

6. Conclusions

The elastic-plastic collapse of circular beams under uniform
lateral pressure and with various degrees of initial imper-
fection and varying material properties has been analysed
on account of some apparently anomalous experimental
findings. It has been shown that both the initial imperfection
and material inhomogeneity along the beam axis can affect
the collapse modes and produce a sensible variation in the
carrying capacity of the structure by trigging the same change
between the underlying buckling modes. The presented
examples evidently show that the considered problem, far
from being rather straightforward as it might appear at first
sight, presents several hitches and requires great care in its
treatment on account of its intrinsic features, especially in the
design and assessment of problems of interest to the nuclear
and offshore industry [16–20].
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Shape memory alloy (SMA) wires were embedded within laminated composite plates to take advantage of the shape memory
effect property of the SMA in improving post-buckling behavior of composite plates. A nonlinear finite element formulation was
developed for this study.The plate-bending formulation used in this study was developed based on the first order shear deformation
theory, where the von Karman’s nonlinear moderate strain terms were added to the strain equations. The effect of the SMA was
captured by adding recovery stress term in the constitutive equation of the SMAcomposite plates. Values of the recovery stress of the
SMAwere determined using Brinson’s model. Using the principle of virtual work and the total Lagrangian approach, the final finite
element nonlinear governing equation for the post-buckling of SMA composite plates was derived. Buckling and post-buckling
analyses were then conducted on the symmetric angle-ply and cross-ply SMA composite plates. The effect of several parameters
such as the activation temperature, volume fraction, and the initial strain of the SMA on the post-buckling behavior of the SMA
composite plates were studied. It was found that significant improvements in the post-buckling behavior for composite plates can
be attained.

1. Introduction

One of the major material consideration in the design of
aerospace vehicles is the weight saving and fiber reinforced
composite (FRC) that meet this requirement. Also due to
this weight saving purpose, some parts of these structures
are made of thin, flat, or curved panels. Examples of these
components are aircraft stabilizer, fuselage section, and body
section of an aircraft. These components are subjected to
mechanical loading such as lateral pressure and edge com-
pression loads. As these loads are responsible for buckling
failure, it is important to study the buckling and postbuckling
behaviors of the FRC plates. Buckling of plate refers to the
abrupt and huge lateral deflection of a plate that occurs after
the magnitude of the load reaches a critical value. A large
geometrically nonlinear deflection will follow this critical
buckling point. It is important to understand this post-

buckling behavior of plates if the usage of these plates is to
be optimized.

The postbuckling behavior of the FRC plate can be
optimized by determining the correct combination of FRC
parameters such as lamination angles and number of layers.
However this type of improvement is rather fully utilized.
Researchers in recent years have turned to smart materials
for improving buckling behavior of FRC plates. SMA is
a widely preferred smart material since through its shape
memory effect (SME) property, it offers the advantage of
high recovery stress and/or strain. Generally the recovery
strain provides shape changes of composite plates, while the
recovery stress increases strain energy and thus improves
structural behaviors of composite plates. A high recovery
strain of up to 10% and recovery stress of up to 800MPa
can be induced for nickel-titanium (Nitinol) SMA [1]. In this
study, the SME property of the SMA was used by embedding
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SMA wires within layers of laminated composite plates. The
embedment of SMA wires within layers of composite is
practical since current technology allows processing of high
quality ultrathin SMA with diameter of 50𝜇m, where as
a comparison, the diameter for carbon fiber is 5𝜇m. This
actually has allowed direct integration of the SMA wires
within matrix without disturbing the structural integrity of
the composite [2].

The SMA methods of improvement of structural behav-
iors can be classified into two methods: active property
tuning (APT) and active strain energy tuning (ASET) [3].
The APT refers to the increase in the Young’s modulus,
yield strength, and other mechanical properties of the SMA
after the transformation of SMA from martensite to austen-
ite phase occurs. On the other hand, the ASET method
implements the SME property of the SMA. It involves the
embedment of prestrained martensite SMA wires within
laminated composite plates. When the heat is increased, the
wires are constrained from returning to their memorized
length as the transformation to austenite phase occurs and
thus generating the recovery stress. This recovery stress
can be used to increase strain energy and stiffness of the
structures and thus improving structural behaviors such as
shifting natural frequencies and suppressing vibration of
composite plates [4], providing shape or position change
of composite plates and increasing buckling and thermal
buckling loads [5, 6].

Studies on the postbuckling behavior of SMA composite
plates due to mechanical loading are considerably few even
though studies on the postbuckling behavior of SMA com-
posite plates subjected to thermal loading are quite extensive
[7, 8]. Baz et al. [9] studied the buckling characteristics of
a flexible fiber-glass composite beam that was controlled by
SMA wires. Nitinol wires situated inside rubber sleeves were
embedded along the neutral axis of the composite beam. Prior
to that, Nitinol wires were trained to memorize the shape of
the unbuckled beam. Once buckling occurs, the SMA wires
were activated to bring the beam back to its original shape.
Finite element model was developed and the individual
contribution of matrix, Nitinol wires, thermal stress, and
recovery stress to the buckling of the beam was analyzed. It
was shown that for the given specifications of the SMA beam,
embedding eight SMAwireswould increase the buckling load
three times. The results from the FEM work correlated well
to the results from the experimental work. Later this work
on the linear buckling improvement of composite beams was
extended to linear buckling of composite plates by Ro and
Baz [10, 11].The FEM thermal analysis of the SMA composite
plates was firstly conducted to determine the steady-state and
transient temperature distributions inside SMA composite
plates and this result was used to study the static and buckling
characteristics of the SMA composite plates. It was found that
the reinforcement of Nitinol fibers within composite plates
can dramatically enhance their critical buckling loads even
when these plates were clamped from all edges.

In their research, Thompson and Loughlan [12, 13]
proved that by embedding prestrained SMA wires within
laminated composite plates, the out-of-plane displacement
can be reduced. Two concepts of SMA controlled composite

platewere used. Firstly, SMAwireswere embeddedwithin the
outermost layer of a symmetric cross-ply composite laminate
with a lamination scheme of [02/902]s and secondly the
SMA wires were located within tubing at the neutral axis
of the composite plate. The results obtained from the FEM
work were compared to their experimental results. It was
found that the postbuckling deflection can be reduced even
for applying a small volume fraction of SMA. The second
concept was found to give more effect on the elevation of
the postbuckling response as compared to the first concept.
Zhang and Zhao [14] conducted a comprehensive study on
the effect of SMA on several structural behaviors of beams
such as free and force vibrations, buckling and postbuckling,
and deflection using the FEM.The effect of the nonuniformly
distributed SMA wires in the transverse direction on the
linear buckling of laminated plates was studied by Kuo et al.
[5] using the FEM. The motivation to this new study was
the important requirement for careful application of SMA
fibers in laminated composite plates since the mass density
of Nitinol was actually much higher than the mass density
of carbon-epoxy. Due to variable fiber spacing, uniform
stress was applied to opposite edges that results in the non-
uniform stress distribution in themiddle of the plate. A plane
elasticity problem must be solved first to determine the in-
plane stresses caused by in-plane boundary loading and these
stresses became the input to the buckling problem. They
found that when the fibers were concentrated at the center
of the plate, the critical load of the plate will be improved
considerably.

More studies are still required to further the understand-
ing on the buckling behavior of SMA plates. Realizing the
importance of the smart material technology as the future
design base provides the motivation for this research to
be conducted. In this study the buckling and postbuckling
behaviors of the SMA composite plates subjected to mechan-
ical loading were examined using the FEM. A nonlinear
FEM formulation of the SMA composite plates and its source
codes were developed. The behaviors of the SMA wires were
governed by the Brinson’s constitutive model. The effect of
several parameters such as the activation temperature, the
volume fraction, and the initial strain of the SMA on the
postbuckling behavior of composite plates was studied.

2. Material and Methods

2.1. Shape Memory Alloy Composite Plates. The effect of the
ASETmethod of improvement on the postbuckling behavior
of the composite plates has been studied for simply supported
symmetric angle-ply and cross-ply laminated composite
plates. Figure 1 shows this SMA composite plate focusing on
the top layer of the plate.

The angle of orientations for angle-ply and cross-ply
composite plates are the (45/−45)s and (0/90)s, respectively.
The graphite-epoxy (GE) composites are used here. SMA
wires at a certain volume fraction are embedded parallel to
the graphite fibers in each layer. From Figure 1, the x-y-z
and 1-2-3 are the Cartesian and material coordinate systems,
respectively. The plate has an aspect ratio of 𝑎/𝑏 = 1. The side
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Figure 1: The SMA composite plate [15].

Table 1: Properties of the GE and the SMA.

Property GE [16] Nitinol

Young’s modulus (GPa) 𝐸
1𝑚

= 40
𝐸
2𝑚

= 1
𝐸
𝑠
from the Brinson’s
model [17]

Shear modulus (GPa)
𝐺
12𝑚

= 0.6
𝐺
13𝑚

= 0.5 =
𝐺
23𝑚

𝐺
𝑠
= 24.86 T < 𝐴

𝑠

= 25.77 T > 𝐴
𝑠

Poisson’s ratio ]
12𝑚

= 0.22 ]
𝑠
= 0.33

Recovery stress (MPa) — 𝜎rec from the Brinson’s
model [17]

to thickness ratio is 𝑎/𝑡= 100which represents thin composite
plate. Table 1 shows the properties of the GE and the SMA.
Notice that while𝑇 refers to temperature in general,𝐴 𝑠 refers
to the austenite start temperature.

Both of the loaded sides of the plates have simply sup-
ported boundary condition, while the boundary conditions
correspond to the nonloading sides of the plates that are
both simply supported (SSSS), both clamped (SSCC), or one
simply supported and one clamped (SSSC).

2.2. The Brinson’s Model. The unique behaviors of SMA
can be described by the constitutive relationship of the
SMA that was proposed by several researchers. A simple
SMA constitutive model was developed by Tanaka [18] and
later improved by Liang and Rogers [19] and Brinson [17].
The improvement made by Brinson’s model was significant
since the martensite is divided into the temperature induced
martensite (TIM) and the stress induced martensite (SIM)
and this model recognizes only the SIM that gives the
functional properties of SME. This study thus used the SMA
constitutive model of Brinson. Brinson’s model requires the
use of several parameters which can be determined through
experiments. In this study, these material parameters were
taken from the experimental works of Zak et al. [20] and
are shown in Table 2. With these material parameters, the
quasiplasticity and SME properties of SMA were studied
using Brinson’s model [17]. Here the SMA wires can be
initially in a state of fully martensite or fully austenite. These
wires were stressed above a critical finish stress, 𝜎cr,𝑓 for
a complete detwinning process to occur [17]. A complete
unloading thereafter for each case of the initial state of the
SMA will give the maximum residual strain (𝑒𝐿) of about

Table 2: Parameters of the shape memory alloy Brinson’s model
[20].

Parameters Values
Critical stress start, 𝜎cr,𝑠 (Pa) 80 (106)
Critical stress finish, 𝜎cr,𝑓 (Pa) 155 (106)
Martensite Young’s modulus (Pa) 33 (106)
Austenite Young’s modulus (Pa) 69.6 (106)
Maximum residual strain, 𝑒

𝐿
0.058

Initial strain, 𝑒 0.001
Martensite finish temperature,𝑀

𝑓
(∘C) 20.7

Martensite start temperature,𝑀
𝑠
(∘C) 26.8

Austenite start temperature, 𝐴
𝑠
(∘C) 37.2

Austenite finish temperature, 𝐴
𝑓
(∘C) 47.0

Stress influence coefficient, 𝐶
𝑀
(Pa ∘C−1) 10.6 (106)

Stress influence coefficient, 𝐶
𝐴
(Pa ∘C−1) 9.7 (106)

0.058m/m. These behaviors of quasiplasticity are shown in
Figure 2.

Notice that in Figure 2(a), Liang and Rogers’s (L&R’s)
model [19] cannot represent the detwinning process of the
martensite, where the loading process becomes an infinite
linear elastic loading. This occurs since martensite is not
categorized into TIM and SIM as in Brinson’s model and as
such the detwinning process of the SMA is not considered
in this model and the L&R’s model [19] cannot represent the
quasiplasticity behavior at temperature 𝑇 < 𝑀𝑠. However
for the fully austenite loading case, both models provide
the same curve of quasiplasticity behavior such as shown in
Figure 2(b).

The same type of SMAwire with a certain amount of pre-
strains is now heated above the austenite start temperature,
𝐴 𝑠, while the wires are prohibited from recovering its strain.
Restrained recovery occurs when the SMA wires are totally
prohibited from recovering their strain [19]. Figure 3(a)
provides the amount of recovery stress over an increase in
temperature for different values of SMA initial strains, e.
Notice that in this figure, the incomplete L&R’s curve is shown
where in the complete one actually, an enormous amount
of recovery stress of more than 4000MPa can be recovered.
An alternative assumption for the stress recovery process
is the controlled recovery where some recovery strain may
occur during the heating process of the SMA wires. The
SMA and the composite here can be modeled as a SMA-
spring structure, where the amount of recovery stress induced
depends on the stiffness of spring [19]. Figure 3(b) shows the
reduction of the recovery stress in the controlled recovery for
different values of SMA-spring property, 𝑘𝐿/𝑠, where 𝑘 is the
spring constant, 𝐿 is the length of the wire, and s is the cross-
sectional area of the wire [19].

Notice fromTable 2 that the transformation temperatures
which are 𝑀𝑠, 𝑀𝑓, 𝐴 𝑠, and 𝐴𝑓 are values determined at
a zero state of stress. However, since these transformation
temperatures depend on stress, the actual transformation
temperatures in this study are higher due to the presence of
thermal stress prior to the start of the transformation process.
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Figure 2: Quasiplasticity of Nitinol SMA with initial phase of (a) martensite and (b) austenite.
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Figure 3: Recovery stress of Nitinol SMA for the (a) constrained recovery and (b) controlled recovery.

2.3. Finite Element Formulation. The FEM formulation of
the SMA composite plates differs from the typical formu-
lation of composite plates due to the need to include two
additional aspects into the formulation: combining the SMA
and composite properties to get the effective properties and
the inclusion of the recovery stress of the SMA into the
formulation. With current technology that allows for the
good embedment of SMA wires within composite matrix,
perfect bonding can be assumed between SMA wires and the
compositematrix. As such the effective properties forNitinol-
GE layers can be calculated using the rule of mixture. As an
example, referring to the material coordinate system (1-2-3)
of the SMA composite plate in Figure 1, the effective Young’s
modulus for each layer is

𝐸1 = 𝑉𝑚𝐸𝑚 + 𝑉𝑠𝐸𝑠, (1)

where 𝐸1 is the effective Young’s modulus in 1-direction, 𝐸𝑚
and𝐸𝑠 are theYoung’smodulus forGE and SMA, respectively,
and 𝑉𝑚 and 𝑉𝑠 are the volume fractions for GE and SMA,
respectively.

The effect of SMA recovery stress can be included in
the composite constitutive relationship. Since the tensional
recovery load will be in the direction along the SMA wires,
the orientation of the SMAwires should be in the principle 1-
direction. The in-plane constitutive relationship for the kth
layer of the SMA composite plate in material coordinate
system is then

{
{

{
{

{

𝜎1

𝜎2

𝜏12

}
}

}
}

}𝑘

=
[
[

[

𝑄11 𝑄12 0

𝑄12 𝑄22 0

0 0 𝑄33

]
]

]𝑘

{
{

{
{

{

𝜀1

𝜀2

𝛾12

}
}

}
}

}

+ 𝑉𝑠

{
{

{
{

{

𝜎
𝑟

0

0

}
}

}
}

}

(2)
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or in a short form

{𝜎12} = [𝑄]𝑘 {𝜀12} + 𝑉𝑠 {𝜎
𝑟

12
} , (3)

where [𝑄]𝑘 is the reduced stiffness matrix of the kth layer of
the composite plate and 𝜎𝑟 is the recovery stress of the SMA.
Transforming to the global plane x-y-z [21], we have

{𝜎𝑥𝑦} = [𝑄]𝑘
{𝜀𝑥𝑦} + 𝑉𝑠 {𝜎

𝑟

𝑥𝑦
} , (4)

where [𝑄] is the transformed reduced stiffness matrix, {𝜎𝑥𝑦}
and {𝜀𝑥𝑦} are the stress and strain vectors in the x-y-z coor-
dinate system, respectively, and {𝜎𝑟

𝑥𝑦
} is the recovery stress

vector in the x-y-z coordinate system. Using Mindlin’s first
order shear deformation theory (FSDT) [22], displacements
at any points in a laminated composite plate can be expressed
as

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑢0 (𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑥 (𝑥, 𝑦, 𝑡) ,

V (𝑥, 𝑦, 𝑧, 𝑡) = V0 (𝑥, 𝑦, 𝑡) + 𝑧𝜃𝑦 (𝑥, 𝑦, 𝑡) ,

𝑤 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑤0 (𝑥, 𝑦, 𝑡) ,

(5)

where 𝑢0, V0, and 𝑤0 are the midplane displacements in the
𝑥, 𝑦, and 𝑧 directions, respectively, while 𝜃𝑥 and 𝜃𝑦 are the
normal rotations in the x-z plane and y-z plane, respectively,
and 𝑡 is the time variable. By including the von Karman’s
strain, the strain can be expressed as

{𝜀} =

{

{

{

𝜀𝑥

𝜀𝑦

𝛾𝑥𝑦

}

}

}

=

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

𝜕𝑢0

𝜕𝑥

𝜕V0
𝜕𝑦

𝜕𝑢0

𝜕𝑦

+

𝜕V0
𝜕𝑥

}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}

}

+

1

2

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

(

𝜕𝑤

𝜕𝑥

)

2

(

𝜕𝑤

𝜕𝑦

)

2

2

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦

}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}

}

+ 𝑧

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

𝜕𝜃𝑥

𝜕𝑥

𝜕𝜃𝑦

𝜕𝑦

𝜕𝑥

𝜕𝑦

+

𝜕𝜃𝑦

𝜕𝑥

}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}

}

(6)

or

{𝜀} = {𝜀𝑚} + {𝜀𝑛𝑙} + 𝑧 {𝜅} , (7)

where {𝜀𝑚}, {𝜀𝑛𝑙}, and {𝜅} are the in-plane linear strain vector,
the in-plane nonlinear strain vector, and the curvature strain
vector, respectively. The transverse shear strain vector is as
follows:

{𝛾} = {

𝛾𝑥𝑧

𝛾𝑦𝑧

} =

{
{
{

{
{
{

{

𝑑𝑤

𝑑𝑥

+ 𝜃𝑥

𝑑𝑤

𝑑𝑦

+ 𝜃𝑦

}
}
}

}
}
}

}

. (8)

The constitutive relationship based on the stress resultant for
the in-plane stress is

{
𝑁

𝑀
} = [

𝐴 𝐵

𝐵 𝐷
]({

𝜀𝑚

𝜅
} + {

𝜀𝑛𝑙

0
}) + {

𝑁
𝑟

𝑀
𝑟} , (9)

and for the out-of-plane stress,

{

𝑄𝑥𝑧

𝑄𝑦𝑧

} = [
𝐴44 𝐴45

𝐴45 𝐴55

]{

𝛾𝑥𝑧

𝛾𝑦𝑧

} , (10)

where 𝐴, 𝐵, and 𝐷 are the laminate material matrices,
while 𝑁 and𝑀 are the force and moment resultant vectors,
respectively. 𝑁𝑟 and𝑀𝑟 are the resultant force and moment
vectors due to the recovery stress, respectively, such as

({𝑁
𝑟
} , {𝑀

𝑟
}) =

𝑛

∑

𝑘=1

∫𝑉𝑠 {𝜎
𝑟
} (1, 𝑧) 𝑑𝑧. (11)

Due to its simplicity and ability to represent the linear and
nonlinear buckling formulation based on Mindlin’s FSDT,
eight-noded isoparametric quadrilateral elements were used
in this study. Each node carries 5 degrees of freedom.

{𝑎} = [𝑁] {𝑞} , (12)

{𝑞}
𝑇
= {𝑢1, V1, 𝑤1, 𝜃𝑥1, 𝜃𝑦1, 𝑢2, . . . , 𝑤8, 𝜃𝑥8, 𝜃𝑦8} , (13)

where {a}and {q}are the generalized andnodal displacement
vector, respectively, and [N] is the shape functionmatrix.The
principle of virtual works can be stated as

𝛿𝑊 = 𝛿𝑊int − 𝛿𝑊ext = 0, (14)

𝛿𝑊int = ∫
𝐴

{𝛿𝜀𝑚}
𝑇
{𝑁} + {𝛿𝜀𝑛𝑙}

𝑇
{𝑁} + {𝛿𝜀𝑏}

𝑇
{𝑀}

+ {𝛿𝜀𝑠}
𝑇
{𝑄} 𝑑𝐴.

(15)

Combining (5)–(13) into (15) and following the standard FEM
modeling procedures [21], we have

𝛿𝑊int = {𝑞}
𝑇
([𝐾𝐿] + [𝐾𝑠] + [𝐾𝐺] + [𝐾𝑟] + [𝑁1] +

1

3

[𝑁2])

× {𝑞} + {𝑞}
𝑇
{𝑃𝑟} .

(16)

The external work done for the case of buckling will be due to
compressive loading. Taking this compressive load vector as
{𝑃𝑒}, we have

𝛿𝑊ext = {𝛿𝑞}
𝑇
[𝐵𝑚]
𝑇
{𝑃𝑒} .

(17)

So combining (16) and (17) into (14), the FEM governing
equation for the nonlinear buckling of SMA composite plates
can be obtained as in the following:

([𝐾𝐿] + [𝐾𝑠] + [𝐾𝐺] + [𝐾𝑟] +

1

2

[𝑁1] +

1

3

[𝑁2]) {𝑞}

= {𝑃𝑒} + {𝑃𝑟} ,

(18)
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where [𝐾𝐿], [𝐾𝑠], [𝐾𝐺], and [𝐾𝑟] are the linear, shear,
geometric, and recovery stress stiffness matrices and [𝑁1]
and [𝑁2] are the first and second order nonlinear stiffness
matrices. Equation (18) is a nonlinear equation that can be
solved using Newton Raphson’s method and here the total
Lagrangian approach was used [21]. Introducing a function
of residual force, 𝜓.

{𝜓 (𝑞)} = ([𝐾𝐿] + [𝐾𝑠] + [𝐾𝐺] + [𝐾𝑟] +

1

2

[𝑁1] +

1

3

[𝑁2])

× {𝑞} − {𝑃𝑒} − {𝑃𝑟} .

(19)

Applying Taylor’s expansion [21] to {𝜓},

{𝜓 (𝑞 + 𝛿𝑞)} = {𝜓 (𝑞)} + (

𝑑𝜓

𝑑𝑞

) {𝛿𝑞}

+ higher order terms,
(20)

where

(

𝑑𝜓

𝑑𝑞

) = [𝐾tan] = [𝐾𝐿] + [𝐾𝑠] + [𝐾𝑟] + [𝑁1] + [𝑁2] . (21)

So that the iterative procedure in determining the post-
buckling response is

{𝜓 (𝑞𝑖)}

= ([𝐾𝐿] + [𝐾𝑠] + [𝐾𝐺] + [𝐾𝑟] +

1

2

[𝑁1]𝑖 +

1

3

[𝑁2]𝑖)

× {𝑞𝑖} − {𝑃𝑒} + {𝑃𝑟} ,

(22)

[𝐾tan]𝑖{𝛿𝑞}𝑖+1 = −{𝜓 (𝑞)}𝑖, (23)

where displacements are incremented such as

{𝑞}
𝑖+1
= {𝑞}
𝑖
+ {𝛿𝑞}

𝑖+1
. (24)

Equation (18) can be reduced to the standard classical
buckling equation as in the following equation:

([𝐾𝐿] + [𝐾𝑠] + [𝐾𝑟] − [𝐾𝑇] + 𝜆 [𝐾𝐺]) {𝑞} = 0, (25)

where 𝜆 is the eigen-value or the critical load, while {𝑞} is the
eigen-vector corresponds to each of the eigen-value. Critical
loads are determined here by solving the eigen-value problem
in (25) using the inverse-power method [21]. In a more
accurate derivation of [𝐾𝐺] for the linear buckling equation of
(25) using Hamilton’s principle [21], this geometric stiffness
matrix can be expressed as

[𝐾𝐺] = ∬

𝐴

[𝐺]
𝑇
[𝜏] [𝐺] 𝑑𝐴, (26)

where
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=
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, (27)

[𝜏]
𝑇
=
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Table 3: The critical loads for SMA composite plates.

(0/(45/−45)2/0) (0/(45/45)4/0) (0/(45/−45)6/0)
CLT1 235.75 264.43 269.88
FSDT1 233.8 261.98 267.33
3 × 3 236.49 270.06 264.70
4 × 4 234.07 262.29 267.45
5 × 5 233.78 261.99 267.34
6 × 6 233.72 261.92 267.27
7 × 7 233.70 261.88 267.25
8 × 8 233.69 261.88 267.24
1Reddy [21].

Table 4: The data determined through Brinson’s model at 𝜀
0
=

0.001.

𝑇
𝑎
(∘C) 𝜎

𝑟
(MPa) 𝜉

𝑠
𝐸
𝑠
(GPa)

20 0 0.01724 33
30 5.5 0.01724 33
40 12.92 0.01628 35.05
50 61.23 0.00441 60.23
60 91.6 0 69.6
70 97.1 0 69.6

where

[
[
[

[

𝑁𝑥 𝐿𝑥 𝑀𝑥

𝑁𝑥 𝐿𝑦 𝑀𝑦
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]
]

]

= ∫
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{
{
{

{
{
{
{
{

{

𝜎
0

𝑥

𝜎
0

𝑦

𝜎
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𝑥𝑦

}
}
}
}
}

}
}
}
}
}

}

[1 𝑧 𝑧
2
] 𝑑𝑧, (29)

[

𝑄𝑥𝑧 𝑃𝑥𝑧

𝑄𝑦𝑧 𝑃𝑦𝑧

] = ∫

𝑡/2

−𝑡/2

{

{

{

𝜏
0

𝑥𝑧

𝜏
0

𝑦𝑧

}

}

}

[1 𝑧
2
] 𝑑𝑧. (30)

3. Results and Discussion

3.1. Validation. Linear mechanical buckling analysis was
conducted on several configurations of SMAcomposite plates
and the results are compared with results from analytical
solutions. Beside the purpose of validation, these validation
analyses are used as convergent tests in order to get the appro-
priate mesh size for the elements that are to be applied to the
plates throughout the study. In this buckling analysis, three
configurations are used: (0/(45/−45)2/0), (0/(45/45)4/0), and
(0/(45/−45)6/0), where the angle of orientation of 0∘ corre-
sponds to the SMA layer. Table 3 shows the critical load results
of the linear buckling analysis for three composite configura-
tions, where the results are compared with analytical results
that are based on the classical lamination theory (CLT) and
the FSDT [21]. Quick convergences can be seen to occur in
these finite element analyses for all three SMA composites.

It was decided that the 6 × 6 configuration are the best
mesh to be applied in this study considering the accuracy and
the required amount of computing time.
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Figure 4: The validation of the postbuckling path of the composite
plate.
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Figure 5: The effect of the 𝑇
𝑎
of the SMA on the RCL of composite

plates.

A postbuckling analysis was conducted on a simply
supported antisymmetric angle-ply composite plate with
(45/−45) configuration, using the following properties:

𝐸1 = 250GPa, 𝐸2 = 6.25GPa, ]12 = 0.24,

𝐺12 = 5.125GPa, 𝐺13 = 5.125GPa, 𝐺23 = 3.25GPa,

geometry : 𝑎 = 𝑏 = 0.1m, 𝑎/𝑡 = 500.

(31)

The plot of the load ratio (𝑃/𝑃cr) against the maximum
transverse displacement (𝑤max) is given in Figure 4. It shows
that the codes developed in this study give a postbuckling
path that agrees well with the past result [23].

3.2. The Effect of the SMA Activation Temperature. In this
study, initial strain of the SMA is set to be 𝜀0 = 0.001 and the
activation temperature, 𝑇𝑎, is varied. Data in Table 4 shows
the amount of recovery stress,𝜎𝑟, the SIM volume fraction, 𝜉𝑠,
and the Young’smodulus,𝐸𝑠 at several activation temperature
determined through Brinson’s model for SMA with initial
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Figure 6:The effect of the SMA activation temperature on the postbuckling of the symmetric (a) angle-ply and (b) cross-ply composite plates.
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strain, 𝜀0 = 0.001. The data shows Young’s modulus and
the corresponding recovery stress are increased as the 𝑇𝑎 is
increased, while the austenite transformation is progressing.

Recall from Table 2 that the 𝐴 𝑠 and the 𝐴𝑓 are 37.2∘C
and 47∘C, respectively. However, these transformation tem-
peratures depend on the level of stress that presents in the
SMA composite plate [19]. With the effect of stress that
occurs due to the increase of temperature, the actual austenite
start temperature, 𝐴𝑚

𝑠
, and the austenite finish temperature,

𝐴
𝑚

𝑓
become 38.2∘C and 58.2∘C, respectively [19]. Figure 5

shows the effect of increasing the 𝑇𝑎 on the APT and ASET
improvements of critical loads for the three cases of boundary
condition.

The effects of SMAhere aremeasured through the relative
critical load (RCL) [24], which is the ratio of the critical load
of the composite plate after the SMA activation to the critical
load before the SMA activation. It can be seen from the RCL
against 𝑇𝑎 plot in Figure 5 that as the 𝑇𝑎 is increased, the
RCL is increased for both the APT and ASET cases, where
the effect of SMA is greater between the 𝑇𝑎 of 40

∘C and
60∘C.This is the range of temperatures where stress is mostly

recovered and Young’s modulus is increased quickly as the
austenite transformation takes place within this temperature
range according to the values 38.2∘C and 58.2∘C of the 𝐴𝑚

𝑠

and 𝐴𝑚
𝑓
, respectively. Above the 𝐴𝑚

𝑓
temperature, the process

of recovery stress has stopped and the increase of the level
of stress is solely due to the effect of temperature. As such
the curves become flatter. Figure 5 also shows the trends that
the effect of the SMA on the ASET improvement is more
significant for the SSSS boundary condition, while the effect
of the SMA on the ASET improvement for SSSC and SSCC
boundary conditions shows almost similar response.

In the postbuckling analysis, the effect of the SMA
activation temperature 𝑇𝑎, the initial strain, and the volume
fraction of the SMA are fixed at 0.01 and 10%, respectively,
while 𝑇𝑎 is varied. Brinson’s model [17] is used to determine
the values of the recovery stress and Young’s modulus at the
required temperatures. Studies are conducted for cases of
composite plate without SMA (WO SMA), the APT, and the
ASET. Figures 6(a) and 6(b) show the effect of the SMA on
the postbuckling behavior of composite plates at different 𝑇𝑎
for the angle-ply and cross-ply configurations, respectively.
For the case of WO SMA, the plates buckle at the 𝑃/𝑃cr
= 1 for each angle-ply and cross-ply composite plates as
expected [23]. It can be seen that the postbuckling path has
improved slightly in the case of the APT. Notice further that
the postbuckling behavior has already improved even before
reaching the actual start temperature, 𝐴𝑠

𝑚
, of 38.2∘C. This is

possible since a certain amount of stress has already been
generated due to the increase of temperature [19].

A big improvement can be seen between the temperature
of 40∘C and 45∘C, where during this time, due to the austenite
transformation, that is, occurring, recovery stress is largely
generated. At 45∘C, the critical buckling loads have increased
to almost 3 and 4 times the critical buckling loads of the
composites without SMA for the angle-ply and cross-ply
composite plates, respectively.

3.3. The Effect of the SMA Volume Fractions. The effect of
the volume fraction of Nitinol wires on the critical loads
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Figure 8:The effect of the volume fraction of the SMA on the postbuckling of the symmetric (a) angle-ply and (b) cross-ply composite plates.
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of the SMA composite plates can be studied by varying the
𝑉𝑠 of the Nitinol wires in the NE layers, while the volume
fraction of graphite fibres in the GE layers is kept constant.
SMAwith initial strain of 0.001m/m that gives recovery stress
of 91.6MPa at the activation temperature of 60∘C, based on
Brinson’s model [17], is used. The thickness of a NE layer is
0.6mm. The results of the effect of the volume fraction of
the SMA on the RCL can be seen in Figure 7. It shows that
as the 𝑉𝑠 of the SMA is increased, the effects of SMA on
the APT and ASET improvements increase at the same time,
where the RCLs in all six cases increase. Notice also that the
improvement made by the APT is very small compared to
the improvement made by ASET. Furthermore, the effect of
boundary condition is more significant in the SSSS boundary
condition as compared to the other two boundary conditions.

In the postbuckling analysis, the volume fraction of the
SMA in the composite plate is varied, while the initial strain
and the activation temperature of the SMA are fixed at 0.01
and 60∘C, respectively. Figures 8(a) and 8(b) show the effects

of the SMA on the postbuckling behavior of the SMA angle-
ply and cross-ply composite plates, respectively, when the
volume fraction of the SMA is varied. It can be seen that,
as in the previous study, the plates buckle at the 𝑃/𝑃cr = 1
for each angle-ply and cross-ply composite plate in the WO
SMA case as expected. Note that in this study, the effective
Young’s modulus and the recovery stress are increased as the
volume fraction of the SMA is increased. As such, it can be
seen for both angle-ply and cross-ply cases, the increase in
the postbuckling stiffness occurs as the volume fraction of the
SMA is increased. At the SMA volume fraction of 25%, the
critical parameter (𝑃/𝑃cr ratio) has reached a value of slightly
below 3 for the angle-ply composite plate, while the effect
is higher in the cross-ply composite plate where the critical
parameter is more than 3.

It is interesting to see that the improvement caused by the
SMA in the ASETmethod of improvement increases steadily
especially for the case of the symmetric angle-ply composite
plate. This can be clearly seen in Figure 8(a) that the amount
of upward shifting of the post-buckling paths is almost equal
for every 5% increase of the 𝑉𝑠.

3.4.The Effect of the SMA Initial Strain. In studying the effect
of initial strains of the SMA on the improvements of the
critical load of the composite plates, Brinson’s model is used
to determine the recovery stresses and the corresponding
Young’s modulus of the SMA for several values of initial
strains at a fixed temperature of 55∘C. Data in Table 5 shows
the amount of recovery stress, 𝜎𝑟, the SIM volume fraction,
𝜉𝑠, and Young’s modulus, 𝐸𝑠 for several 𝜀0 values at 𝑇𝑎 = 55∘C.
It can be seen from Table 5 that the increase in 𝜀0 will result
in the increase in 𝜎𝑟 and the decrease in the 𝐸𝑠. This is due to
the fact that a higher 𝜀0 requires a higher temperature for the
austenite transformation to complete. As a result at the fixed
temperature of 55∘C, the transformation that occurs will be
less complete as the 𝜀0 is increased. This behaviour patterns
can be seen in Figure 9 which shows the effect of the initial
strain on the RCL.
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Figure 10: The effect of the initial strain of the SMA on the postbuckling of the symmetric (a) angle ply (b) cross-ply composite plates.

Table 5: The restrained recovery stress based on Brinson’s model at
𝑇
𝑎
= 55∘C.

𝜀
0

𝜎
𝑟
(MPa) 𝐸

𝑠
(GPa)

0.001 86.49 68.82
0.003 118.84 55.10
0.005 128.53 49.28
0.008 135.95 44.93
0.01 139.08 43.20

In Figure 9, the reduction of Young’s modulus is obvious
when the effect of SMA in APT improvement can be seen to
be declining as the initial strain is increased. However since
the recovery stress is increased, the effect of SMA in the ASET
improvement can be seen to increase as the initial strain is
increased. Typically, the effect of SMA is at the greatest in the
case of SSSS boundary condition.

Similar to the study in Section 3.3, SMA’s initial strain, 𝑒
is varied here while the 𝑇𝑎 and 𝑉𝑠 are fixed at 40∘C and 10%,
respectively. An interesting transformational behavior can be
seen here in Figures 10(a) and 10(b) that show the effect of
the SMA’s 𝑒 on the postbuckling behaviour of the symmetric
angle-ply and symmetric cross-ply composite plates, respec-
tively. Note that as the 𝑒 is increased, the total recovery stress
will be increased. However, this can only occur at the higher
temperatures of the austenite finish temperature, 𝐴𝑠

𝑓
[19].

As such at the fixed value of the 𝑇𝑎 = 40∘C, values of the
recovery stress shows little increase for the increase of initial
strain.Thus for both cases in Figures 10(a) and 10(b), after the
significant increase in the buckling and postbuckling stiffness
due to the addition of the SMA, that is, moving from the plot
of WO SMA to the plot of 𝑒 = 0.01, little upward shifting of
the postbuckling path can only be seen as the initial strain of
the SMA is increased.

4. Conclusions

A linear and nonlinear FEM formulation and its source codes
were developed to study the effect of SMA on the post-
buckling behavior of laminated composite plates. The results

show that the formulation and codes are able to produce the
expected effects of the SMA on the postbuckling behavior
of the composite plates. It is found that as the activation
temperature of the SMA is increased, the improvement of
the postbuckling behavior is increased along, where the
improvement in the postbuckling behavior for the cross-ply
symmetric composites is higher than the improvement for
the angle-ply composite plates. These improvements are due
to the increase in the recovery stress of the SMA that occurs
as the activation temperature is increased. The postbuckling
behavior is also improved when the volume fraction of the
SMA is increased. This is due to the fact that as the volume
fraction of the SMA is increased, both Young’s modulus and
the recovery stress of the SMA plates are increased as well.
Finally, as the initial strain of the SMA is increased, for a
fixed value of activation temperature, the value of recovery
stress does not changemuch.Thus, in contrast to the previous
cases, little improvement can be seen in the postbuckling
behavior of the SMA composite plates as the initial strain
was increased for fixed values of activation temperature and
volume fraction.
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Rolled homogeneous armor (RHA) plate subjected to blast loading is a complex problem involving the nonlinear fluid-structure
interaction.The numerical techniques using the spatial discretization scheme that has been provided as a solver in the AUTODYN
computer code will be used in this study in order to predict the RHA response subjected to explosive (TNT) blast loading. The
final deflection will be used as a reference in order to identify the suitable solver for both materials RHA and TNT; then the
plastic deformation will be chosen in the simulation process. Instead of using the same solver for RHA and TNT domains, the
optimization of solver can be achieved if it is only used in an appropriate domain, or in other words, a different domain will be
using different solver. The solvers, which were available in AUTODYN, were used in the analysis of impact and explosion or fluid-
structure interaction. Therefore, in this paper, we will determine the suitable solver for both materials (TNT and RHA plate), and
the appropriate interaction coupling solver will be obtained. Defining TNT andRHAplates using theArbitrary Lagrangian Eulerian
solver has found the best coupling solver for this case study when compared with existing experimental data. This coupling solver
will be used for future analysis in simulating blast-loading phenomena.

1. Introduction

In the blast phenomena, interaction between fluid and struc-
ture, also called fluid-structure interaction (FSI), normally
will occur, and there is no single method that can be used
for all conditions in FSI analysis [1]. The governing partial
deferential equation for FSI model needs to be solved in
both time and space domain with the basic physic principles
involving the conservation of mass, momentum, and energy.
The solution over the time domain can be achieved by an
explicit method [2]. It can be obtained by utilizing different
spatial discretization such as Lagrange, Euler, and Arbitrary
Lagrangian Eulerian (ALE) or mesh-free method also known

as Smooth Particle Hydrodynamic (SPH) methods [1]. How-
ever, the basic solvers for explicit integration numerical wave-
codes (sometimes termed “hydro-codes”) can be utilized as
an outline with their associated strengths and weaknesses
[3]. Air, plate, and trinitrotoluene (TNT) are three different
domains in this model analysis. Each domain has a solver
that is suitable to be used. The numerical solver be used in
AUTODYN generally fall into the following methods which
are Lagrange, Euler, ALE, and SPHmethods. With intelligent
selection of suitable solver for various regimes, an optimal
solution in terms of accuracy and efficiency can be achieved.
The appropriate solvers in AUTODYN will be carried out,
and the effect on a final result will be discussed further.
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Table 1: Lagrangian solver summary [3].

Advantages Limitations
Enhancement
to overcome
limitation

Efficiency, fewer
computations per time step
relative to other solvers

Element distortion
can lead to small-time
step

Rezoning and
erosion

Clear definition of material
interface and boundaries

Cell distortion can
lead to grid tangling
inaccuracies

Rezoning and
erosion

Good time history
Information

Thin section needs
small-time step

Use of
structural
solver

Good for strength
modeling

Complex logic for
sliding interface

Simpler code

2. Method of Discretization

Numerical analysis needs to be subdivided into problem
domain analysis to the nodes, elements, and spatial dis-
cretization. The spatial discretization is performed by rep-
resenting the fields and structures of the problem using
computational point in space, and connected with each other
through a computational grid. Usually, the fine grid will lead
to more accuracy of the result. The most popular spatial
discretization has been widely used are Langrage, Euler, ALE
and SPH and are provided in the AUTODYN computer code.

2.1. The Lagrange Solver. Lagrange’s equation has been use
to formulate the equation of motion, which represents the
response of structure subjected to any external load. Simple
Lagrange’s governing equation can be derived by considering
conservative system, where all internal forces have a potential
energy and Lagrangian discretization scheme is usually a
based on the finite element method.

In the Lagrangian scheme, the elements (and hence the
nodes) move with the material, while in the Eulerian scheme
the nodes are fixed in space, but the material is allowed
to flow as described in [3]. Thus, the characteristics make
the Lagrangian scheme more suitable for modeling solid
materials, while the Eulerian scheme is more suitable for
modeling fluid materials. The advantages and limitations of
the Lagrangian solver are as summarized in Table 1.

2.2. The Euler Solver. The Euler method of space discretiza-
tion as described in [3], where the numerical meshes or grids
are fixed in space and the physical material flows through
the mesh. It is typically well suited for the description of
the material behavior of large deformation or flows situation
and consequently, by definition, it does not result in grid
distortion due to the fixed grid scenario.

Most of the time, the Euler is usually used for representing
fluids and gases. However, to describe for solid behavior,
additional calculations are required to transport the solid
stress tensor and the histories of the material through the

Table 2: Eulerian solver summary [3].

Advantages Limitations Enhancement to
overcome limitation

No grid
distortion

More computations per
cycle than Lagrange

Simplified Euler
formulation without
strength

Large
deformation
handle

Diffusion of material
boundaries

Sophisticated interface
tracking
implementations

Allows mixing
of different
materials within
cells

Need finer zoning for
similar accuracy
compared to Lagrange
Need interactive
equation of states solver
for multiple material
cells

Use of higher order
techniques

Rezoning not
required

Need void cell defined in
space where material
may flow to very large
meshes

Use of dynamic memory
allocation to store
information only where
needed

Shock diffusion Higher order
implementations

Less flexible for strength
modeling than Lagrange
solvers
Thin section needs many
cells

Couple to alternative
solvers

grid.The advantages and limitations of the Eulerian solver are
as summarized in Table 2.

2.3. The Arbitrary Lagrange-Euler (ALE) Solver. The ALE is
a special solver that incorporates Lagrange and Euler solvers
in a single governing equation and provides a full coupling
between the blast wave and the structural response. The
interaction of solid-type material in Lagrangian and fluid-
type material in Eulerian generated a FSI.

In the differential form of the conservative equation of
mass, momentum and energy aremore readily obtained from
the corresponding well-known Eulerian form than from the
ALE form; the conservative equation is to be replaced in the
various conservative term, such as material velocity, mass
density and stress tensor of material.

The ALE solver, also allows for “automatic rezoning,”
which can be quite useful for certain problems. With these
features, this solver is perhaps appropriate formodeling solid,
fluid, and gas. Thus, generally, this solver is suitable for a
variety of fluid-structure interaction problemanalyses. Baylot
and Bevins [4] had performed the analysis of blast wave
propagation using the ALE solver and the structure response
in the Lagrangian scheme simultaneously. However, like any
other discretization schemes, the ALE solver also has its
advantages and limitations as summarized in Table 3.

2.4. The Smooth Particle Hydrodynamic (SPH) Solver. Based
on the Lagrangian space discretization scheme, SPH was
developed as an alternative method without any nodes or
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Table 3: ALE solver summary [3].

Advantages Limitations
Enhancement
to overcome
limitation

Wide range of
applicability with
arbitrary mesh motions
(automatic rezoning)

Need to specify mesh
motion constraints

Clear definition of
material interfaces and
boundaries

Cell distortion can lead
to grid tangling and
inaccuracies

Rezoning and
erosion

Good time history
information

Thin sections need
small-time step Use shell solver

Good for strength
modeling

Complex logic for
sliding interface

grid approaches or also known as a meshless method. The
SPH solver was initially used in astrophysics [5]. It had the
potential to be efficient and accurate in material deformation
as well as flexible in terms of the inclusion of specific material
models.

The idea behind SPH is to replace the equations of fluid
dynamics by equations for particles. The SPH particle is
not only interacting mass point but also interpolation point
used to calculate the value of physics variables based on the
data from neighboring SPH particle, scaled by the weighting
function. Since there is no grid defined, the SPHmethod does
not suffer from the normal problem of grid tangling in large
deformation problem.

However, according to Quan et al. [1] the SPH method
requires a sort of the particle in order to locate the current
neighboring particles, which makes the computational times
per cycle more expensive than the mesh based on Lagrangian
technique. This can make the SPH method less efficient than
the Lagrange’s method.

3. Validation of the Few Solvers

The appropriate solvers discussed in Section 2 were validated
against one of the series of blast test experiments performed
byNeuberger et al. [6].The experiment consisted of a circular
target plate with a diameter of 1000mm that was clamped
with two thick armor steel rings, tightened together with
bolts, fully clamped, and subjected to 8.75 kg of TNT located
at 200mm standoff distance. The experimental setup is as
shown in Figure 1.

The experimental setup as shown in Figure 1 will be
modeled in AUTODYN 3D and the equivalent simulation
model was developed as shown in Figure 2.

The simulation was conducted by using a high speed
computer processor Intel Core i7-2600K CPU@ 3.40GHz
(8CPUs), 3.7 GHz. The model was created in a domain size
of (500 × 500 × 500)mm with 5 mm element size defined
as air and symmetrical in the “𝑋” and “𝑍” axes. A quarter
symmetry model was used in the simulation in order to
reduce the computational time.

Figure 1: The experimental setup [6].

Table 4: Material properties for RHA [7].

Properties Value
t 3–20mm
𝜎
𝑦

950MPa
𝜎UTS 1250MPa
𝜀
𝐿

9%
𝐸 210GPa
] 0.28
Hardness 380–430HBW
𝐴 950MPa
𝐵 560MPa
𝑛 0.26
𝑐 0.0014
𝑚 1

The samemechanical property of the RHAmaterial in [7]
was used in the simulation model as shown in Table 4 where
𝑡 is plate thickness, 𝜎𝑦 is yield stress, 𝜎UTS is ultimate tensile
stress, 𝜀𝐿 is strain, 𝐸 is Modulus Young, ] is Poisson’s ratio,
and𝐴, 𝐵, 𝑛, 𝑐, and𝑚 are material dependent parameters, and
may be determined from empirical fit of flow stress data.

There are four solvers that will be used to calculate
interaction between TNT explosive and the RHA plate with
respect to the EoS for RHA and TNT material. Johnson and
Cook EoS has been selected to represent RHA material as
following:

𝑌 = 𝐴(1 +

𝐵

𝐴

𝜀
𝑛
) (1 + 𝐶 ln ̇𝜀∗) (1 − 𝑇∗𝑚) , (1)

where 𝐴, 𝐵, 𝐶, 𝑚, and 𝑛 are constant, 𝜀 is equivalent plastic
strain, ̇𝜀∗ is the strain rate nondimensionalized by reference
strain rate of 1/𝑠, and 𝑇∗ is nondimensional temperature.
Parameter 𝐴, the initial (𝜀 ≈ 0) yield strength of the
material at a plastic strain rate of ̇𝜀 = 1/𝑠 at the room
temperature (298K), is modified by a strain-hardening factor
(containing parameter, 𝐵 and 𝑛), a strain-rate-hardening
factor (containing parameter 𝐶), and a thermal-softening
factor (containing parameter𝑚), while 𝑇∗, defined by

𝑇
∗
=

𝑇 − 𝑇𝑟

𝑇𝑚 − 𝑇𝑟

, (2)
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Figure 2: A three-dimensional simulation model created in AUTODYN 3D.

where 𝑇𝑟 is room temperature and 𝑇𝑚 is the melting temper-
ature of material, 1783K for RHA. Equation (2) is the form
used in US Army Research Laboratory (ARL) [8] and is valid
for 𝑇𝑟 ≤ 𝑇 ≤ 𝑇𝑚, the region of interest in most blast and
ballistics application.

For the blast application, this paper used Jones Wilkins
Lee (JWL) EoS to represent TNT blast loading. The JWL
EoS has been used by AUTODYN to accurately describe the
pressure-volume-energy behavior of the detonation product
as follows:

𝑃 = 𝐴(1 −

𝜔

𝑅1𝑉

) 𝑒
−𝑅
1
𝑉
+ 𝐵(1 −

𝜔

𝑅2𝑉

) 𝑒
−𝑅
2
𝑉
+

𝜔𝐸

𝑉

, (3)

where𝑉 is the volume of detonation product or, 𝑃 is pressure
inmegabar, and𝐸 is the energy inMb cc/cc, while𝐴,𝐵,𝑅1,𝑅2
and𝜔 are constant parameters based on the type of explosive.
For TNT, it was identified by Lee et al. [9], that 𝐴 = 5.242,
𝐵 = 0.07678, 𝐶 = 0.01082, 𝑅1 = 4.2, 𝑅2 = 1.10 and 𝜔 = 0.30.

4. Results and Discussion

4.1. Interaction of Coupling Solver. TNT as an explosive
material will produce a blast force that propagated through
the air as amedium and hit the RHAplate as the target object.
This phenomenon involved the interaction between fluid and
structure.

The analysis startedwhenTNTas high-explosivematerial
detonated, it interacted with the surrounding which were
defined as an air ideal gas. Air as a medium containing
the explosive charges striked the RHA plate. The TNT

Table 5: Properties of air [10].

Properties Value
𝜌 1.225 kg/m3

𝑇 288.2 K
𝐶
𝑝

1.005 kJ/kgK
𝐶V 0.718 kJ/kgK
𝑒 2.068 × 105 kJ/kg

and plate domain interacted. In the numerical simulation,
interaction involved two or more type, domains using the
same or different type of solvers. Three material variable,
that is; air, TNT, and RHA plate, were involved in the case
response of RHA plate subjected to blast loading. For air,
the medium has been set according to Chung Kim Yuen
et al. [10] had established the Ideal Gas Euler solver which
was the most appropriate solver for air (Table 5). In this
paper, the appropriate solver for TNT and RHA plate solver
will be determined. There are four solvers for TNT that had
been considered as follows Lagrange, ALE, Euler, and SPH
while the two solvers for RHA plate; Lagrange and ALE.
The interaction diagram between TNT and RHA plate is as
illustrated in Figure 3.The appropriate solver interaction will
be used in future analysis.

4.2. The Euler-Lagrange Solvers Interaction. In this type of
interaction, it was involved in the interaction between RHA
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Figure 3: The diagram interaction between solvers to represent TNT and RHA plates.
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Figure 7: Case (a) RHA plate response to Lagrange solver and TNT to SPH solver.

plates represented by the Lagrange solver, and TNT repre-
sented by Euler solver. This interaction was also called Euler-
Lagrange coupling, and was commonly used to simulate an
interaction between fluid and structure domains.

Simultaneous analysis in the numerical simulation, for
both domains; Lagragian grids provide the geometry con-
straint in order to allow the material to flow in the Eulerian
grids. At the Euler-Lagrange interface, the Lagrange grids act
as structure geometry inside the flow boundary, while the
Euler grids will provide a pressure or heat boundary to the
Lagrangian domain. As the Lagrange’s grids move or distort,

the effect of interaction will produce the deflections of a
structure as illustrated in Figure 4.

In the finite element analysis (FEA), the Euler solver
is commonly used for fluid analysis by using the finite
volume method (FVM) or the finite difference method
(FDM) discretization scheme, and the solution involves large
relative deformation, whereas the Lagrange used the finite
element method (FEM) discretization scheme for structure
analysis for a small relative deformation. Both solvers provide
different rates of deformation and will lead to the small-
time step. This problem frequently happens in the numerical
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Figure 9: Case (b) RHA plate response to ALE solver and TNT to SPH solver.

simulation. Coupling solver for this case showed the plate
deflection stopped at 0.15ms due to the small-time step as
shown in Figure 5.

However, according to Birnbaumet al. [3], for two dimen-
sional (2D) cases, Euler-Lagrange coupling showed very pow-
erful and stable coupling for FSI problem, whereas in three-
dimensional (3D) cases, the computational requirement time
was excessive even on supercomputers. This stems from the
substantial and complex intersection calculation that must
be performed for each time step. In this paper, the coupling
Euler-Lagrange solvers were unable to produce a good results

when compared with the experimental data. Thus, other
solver interactions should be considered.

4.3. The Smooth Particle Hydrodynamic (SPH) Interaction.
Previous numerical simulations used SPH solver to see the
trajectory particle on the impact analysis and commonly was
used for the porous material such as soil, sand and water.
Toussaint and Durocher [11], Barsotti et al., [12] and Quan et
al., [1] used SPH solver to define for sand and Campbell and
Vignjevic [13] for water.
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Figure 11: Case (a) RHA plate response to ALE solver and TNT to ALE solver.

In this paper, numerical simulationwill be involved in the
interaction between RHA plate and TNT with respect to the
SPH, Lagrange, and ALE solvers. The case is as follows;

(a) RHA plate with Lagrange solver and TNT with SPH
solver;

(b) RHAplate with ALE solver and TNTwith SPH solver.
The limitations of Euler-Lagrange coupling in AUTO-

DYN 3D simulation lead to explore on coupling for another
solver interaction to obtain the promising result. It should
also evaluate the coupling between the mesh-less technique
(SPH) representative of TNT and the traditional Lagrange

and ALE solvers representative of RHA plate. By using the
SPHmethod, TNTwas discretized as the continuum through
a set of the nodes without the connective mesh. The node
or element assumed a physical meaning; they represent
material particle carrying properties such as pressure and
thermal and impacted the RHA plate as shown in Figure 6
representing case (a) and Figure 8 representing case (b). The
deformation results of the RHA plate for both cases (a) and
(b) are as shown in Figures 7 and 9. The approximate final
deformation results had large discrepancies when compared
with experimental data. Thus, the SPH-Lagrange coupling
was not the appropriate solution for this particular case.
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Figure 12: The RHA plate (Lagrange)-TNT(Lagrange) interaction process.
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Figure 13: Case (b) RHA plate response to Lagrange solver and TNT to Lagrange solver.

4.4. The Lagrange and ALE Interaction (RHA Plate and TNT
Represented by ALE/Lagrange Solver). This simulation will
involve the four interaction cases between RHA plate and
TNTwith respect to the Lagrange and ALE solvers.The cases
are as follows:

(a) RHAplate withALE solver andTNTwithALE solver;

(b) RHA plate with Lagrange solver and TNT with
Lagrange solver;

(c) RHA plate with Lagrange solver and TNT with ALE
solver;

(d) RHA plate with ALE solver and TNT with Lagrange
solver (Figure 17).

A surface on Lagrange’s domain interacted with another
surface of a different domain allowing for impact and sliding,
gap opening and closing, and mesh distortion between the
bodies. The interaction between TNT and RHA plate using
Lagrange and ALE element for all cases found was a similar
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Figure 14: The RHA plate (Lagrange)-TNT(ALE) interaction process.
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Figure 15: Case (c) RHA plate response to Lagrange solver and TNT to ALE solver.

pattern on the grid distortion on the RHA plate as shown in
Figures 10, 12, 14, and 16. Consequently, the predictions on
the final deflection of the RHA plate were in good agreement
with all cases on the Lagrange and ALE interaction as shown
in Figures 11, 13, and 15 despite differences in the computation
time taken and cycle interaction as shown in Table 6.

However, taking into account the computation time
taken, cycles of iterations had been obtained and consolidated
in Table 6 and deformation results are as shown in Figure 11,
interaction usingALE solver for bothmaterial TNT andRHA
plate showed an appropriate interaction selection in this case.
The deformation result shown in Figure 11 was in very good

agreement with when compared with Neuberger et al. [6]
experimental data.

5. Conclusions

Different numerical solvers have certain advantages and
limitations. It is critical that analyst must understand which
solver or combination of solver is appropriate to be used in a
particular case or problem of interest.

Use of computer code or software package intelligence is
considered as a key in order to obtain the good prediction
result. No doubt, the coupling techniques are extremely
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Figure 16: The RHA plate (ALE)-TNT(Lagrange) interaction process.
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Figure 17: Case (d) RHA plate response with ALE solver and TNT with Lagrange solver.

powerful for any FSI analyses, although they have inherent
limitations that must be recognized. The solver investigation
must be done before the appropriate solver is obtained for
a particular case. However, the suitable coupling solver can
only be selected after the analyst performed numerical trial
and validation against experiment.

This paper presents the appropriate solver coupling of a
RHA plate subjected to blast loading and has been compared
with Neuberger et al. [6] experimental data. For this case, it
was found out that using the ALE solver to represent both the

TNT and RHA plate in the numerical simulation, managed
to produce good agreement with the experimental test data.
Thus, the ALE solver will be chosen as the coupling solver to
simulate similar cases for future analysis.
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Table 6: Result consolidation.

Neuberger et al. [6] experimental data
Residual deflection = 64mm

TNT solver Plate solver
Lagrange ALE

Lagrange

Residual deflection =
68mm

Residual deflection =
60mm

Computation time = 66
hours

Computation time =
108 hours

Cycle of iteration =
400000

Cycle of iteration =
500000

ALE

Residual deflection =
60mm

Residual deflection =
63mm

Computation time = 102
hours

Computation time = 96
hours

Cycle of iteration =
530000

Cycle of iteration =
430000

SPH

Residual deflection =
25mm

Residual deflection =
32.64mm

Computation time = 80
hours

Computation time = 40
hours

Cycle of iteration =
326000

Cycle of iteration =
327000

Euler

Residual deflection =
12mm

Residual deflection =
12mm

Computation time = 4
hours

Computation time = 4
hours

Cycle of iteration = 1200 Cycle of iteration =
1200

∗Iteration top due to
time step to small

∗Iteration top due to
time step to small
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It is a known phenomenon that loads during fruit treatment (e.g., harvesting, transport, and manipulating) result in the damage
of product parts, primarily below the surface. The maximum stress likely develops inside the fruit, which leads to its damage. This
phenomenonwas analysed in a generalmanner (generalmaterial properties, unit load) by finite elementmethod (FEM) simulations
on an apple and a pear. The shell was found to have a significant effect on the developed stress state, especially for juicy fruits. The
mechanism that determines how the stress properties of tomatoes affect the stress state was analysed. According to our model, the
stress maxima develop in the middle of the analysed fruits. Such stress maxima might be the reason for the inner damage, which,
in the case of a missing healing period, results in fruit breakage.

1. Introduction

There is a connection between the mechanical damage of a
fruit and the stress state developed while loading the fruit [1].
Any damage and injury on the fruit surface is easy to identify
[2]. The occurrence of damage below the shell has already
been proven by several researchers. This phenomenon has
been observed by Holt et al. [3] for apples and pears. Similar
phenomena have been detailed by O’Brian et al. [4] for
peaches and by Fridley and Adrian [5] for pears.

The discoloration of potatoes near to the surface has been
analysed by Birth [6] using X-ray equipment, and he has
indicated that the damage was caused by the load.

Frederich [7] provided the first strong explanation for the
above phenomenon. Puchalski and Brusewitz [8] found that,
in some cases, it is possible that the resulting stress maximum
does not develop on the surface and that fruit ismore resistant
against shear stress.

Thematerial inhomogeneity of the fruit essentially affects
the resulting stress state. Four separated parts of the fruit
can be observed: shell, flesh, core, and seed [9]. The different
parts of the fruit affect the resulting stress state differently; for
example, the effect of the shell is more important in tomatoes
than in apples [10]. The complex structure of fruits requires
the use of numerical modelling for its mechanical analysis

[11]. The finite element method (FEM) is generally used to
analyse complex mechanical interactions [12, 13], as well as
to analyse the effect of the fruit parts [14, 15]. The discrete
element method (DEM) was recently used to analyse the
storage and transport of fruit batches [16, 17].

The skin is usually considered as a fruit part with different
properties [18]; however, this solution does not consider the
skin straightness or its fruit covering effect. There are some
solutions available for the modelling of the contract stress
state developing inside a sphere with known features and
known skin covering properties [19]. The determining of
the strength effect of the skin has been already shown by
micromechanical modelling of the yeast cell wall [20].

There was no literature found either on the analysis of the
stress state within the fruit or on the effect of the fruit shell.

Our aim was to determine the resulting stress state of
fruits (apples and pears) for a given load as well as the role
of the potato shell.

2. Materials and Methods

2.1. Mechanical Modelling of Fruits. Fruit injuries are gener-
ally caused by short time mechanical loads or impacts. The
load on the fruit surface deforms the product.Themechanical
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state can be determined by the displacement, the deformation
field, and the resulting strain field. Usually, themaximum of a
strength field is the point that exceeds the so-called biological
yield point, beyond which the cell structure will be destroyed
and finally result in the decomposition of the product.

The complex form and the complicated structure make
the analytical calculation of themechanical stress field impos-
sible. In this case, the finite elementmethodprovides themost
useful and the most convenient solution under the available
options.

Fruitmodelsmust be prepared for the calculations, which
will be considered as rotationally symmetric bodies. The
symmetry axis of the model presented in a cut along the half
meridian coincides with the 𝑦-axis.

The fruit consists of four separated parts: shell, flesh, core
and seed.

In the calculations, the applied FEM element types were
the following:

TRIANG3: two-dimensional three-node solid ele-
ment, axial-symmetric—with analysis option (flesh,
core, and seed),
SHELLAX: axial-symmetric two-node, conic shell
element (fruit shell).

Material properties must be defined during the static
calculations for each element type.

The buildup of the fruit load is assumed to be rapid; there-
fore, the relationship between the load and the deformation
can be defined as an approximately linear elastic material
model. However, the rheological equations provide a more
accurate solution for the behaviour of vegetable materials.
Isotropic behaviour of thematerial has been assumed because
of the high moisture content.

The stress-elongation function of any axial symmetric
model with elastic material properties is isotropic:
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The 4 × 4 flexibility material matrix can be seen to use 2
pieces of data: 𝐸 = 𝐸𝑋 and ] = NU𝑋𝑌.

The material properties used in our models are only the
mean values of the literature parameters [21–23]; therefore,
these are not characteristic for a single unit or species.

Skin

Flesh

Load

Support

Core

Seed

Load

Figure 1: The buildup of the model “apple.”

Table 1: Material properties of model apple.

Flesh 𝐸
𝑋

600MPa
NU
𝑋𝑌

0.3

Core 𝐸
𝑋

1000MPa
NU
𝑋𝑌

0.3

Seed 𝐸
𝑋

3000MPa
NU
𝑋𝑌

0.3

Skin 𝐸
𝑋

800MPa
NU
𝑋𝑌

0.3
𝐸𝑋: Young’s modulus, NU𝑋𝑌: Poisson factor.

In addition, the exact values of the boundary conditions
are not important because only the stress state distribution
has been analysed. Therefore, a unit load was only applied at
the given points in the models.

The load set of the fruit was a distributed load on the top
and sideward; furthermore, a sustainment was used on the
bottom and in the rotating axis to provide a balance.

2.1.1. The Finite Element Model of an Apple Can Be Seen in
Figure 1. The set material properties are in Table 1.

2.1.2. The Finite Element Model of a Pear Can Be Seen in
Figure 2. The applied FEM element types were as follows:

TRIANG: axial-symmetric three-node solid element
(flesh, core),
SHELLAX: axial-symmetric two-node, conic shell
element (fruit skin).

The load set of the fruit was a distributed load sideways;
also, a sustainment was used on the bottom and in the
rotating axis to provide a balance.

The set material properties are in Table 2.

2.2. Modelling the Mechanical Effect of the Shell. The potato
was considered as an approximately rotationally symmetric
body. The symmetry axis of the model presented in a cut
along the half meridian coincides with the 𝑦-axis. The fruit
consists of three separated parts: shell, flesh, and juice. The
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Figure 2: The finite element model of the “pear.”

Table 2: The material properties of the pear model.

Flesh 𝐸
𝑋

400MPa
NU
𝑋𝑌

0.3

Core 𝐸
𝑋

1000MPa
NU
𝑋𝑌

0.3

Skin 𝐸
𝑋

800MPa
NU
𝑋𝑌

0.3
𝐸𝑋: Young’s modulus, NU𝑋𝑌: Poisson factor.

first two items are solid, while the third one is liquid. The
load set of the body was a distributed load on the top, with
a sustainment used on the bottom and in the rotating axis to
provide a balance (Figure 3).

The applied FEM element types were as follows:

(1) juice: PLANE2D, axial-symmetric, four-node ele-
ment with liquid option,

(2) flesh: PLANE2D, axial-symmetric, four-node ele-
ment with solid option,

(3) shell: SHELLAX, axial-symmetric, shell element (in a
0.2mm thickness).

Table 3 lists the set material properties of shell.
The goal of our analysis is to determine the value and

the location (coordinates) of the reduced 𝜎 stress maximum
(belonging to the applied load).The effect of the shell rigidity
on the maximal stress value by unchanged load was also
analysed.

The shell (or membrane) stiffness in the technical calcu-
lations is determined by the following equation:

𝐷 =

ℎ
3

12 (1 − ]2)
𝐸 =

(2 ⋅ 10
−1
)

3

12 (1 − 0.3
2
)

𝐸 = 7.326 ⋅ 10
−4
⋅ 𝐸Nmm,

(2)

Figure 3: Modelling of the strength effect of the shell.

Table 3: Material properties of the “shell model”.

Juice
𝐸
𝑋

1000MPa
NU
𝑋𝑌

0.3
G
𝑥𝑦

2MPa

Flesh 𝐸
𝑋

500MPa
NU
𝑋𝑌

0.3

Shell 𝐸
𝑋

Variable (500–1000) MPa
NU
𝑋𝑌

0.3
𝐸𝑋: Young’s modulus, NU𝑋𝑌: Poisson factor, and G𝑥𝑦: shear modulus.

where ℎ is the shell (or plate) thickness, ] is the Poisson factor,
and 𝐸 is Young’s modulus.

Different stiffness values were set by varying Young’s
modulus (because of computational reasons, this was the
only parameter varied), and the inner stress calculations were
performed by using this stiffness value. The shell stiffness as
well as corresponding Young’s modulus in brackets was used
in some calculations. The zoomed picture below shows the
nodes (ND) belonging to the tables containing the results
(Figure 4 and Table 4).

3. Results and Discussion

Figure 5 shows the reduced 𝜎 stress distribution and its
distortion during loading of an apple.

Note that the maximum reduced stress develops around
the core. Figure 6 shows the reduced 𝜎 stress distribution
during the loading of a pear.

The pictures of the stress distributions of an apple and a
pear show that the maximal stress does not develop close to
the shell.
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Figure 4: A zoomed picture of the nodes for the stress analysis
(𝐷(0.5𝑒3) = 0.3663Nmm).

Table 4: Location and value of the maximal stress points.

Skin stiffness
(Nmm)

Maximal stress
(MPa)

Location of the maximal
stress (node)

0.7326 1.08 1017
1.465 0.99 1017
2.1978 0.85 47
2.93 0.797 47
3.663 0.7788 47
7.326 0.713 959

The pictures of the calculation results of the shell effect in
the case of a potato show that the shell stiffness affects the size
and place of the resulting stress (Figure 7).

Figure 4 shows the developed stress maximum points,
and Table 4 lists its values.

The summarising pictures (Figure 7) show the connec-
tion between the stress and the stiffness. The plate stiffness
is affected by the thickness (to the third power) and Young’s
modulus of the shell (the Poisson factor can be assumed to
be constant). The picture proves the reasonable fact that the
thicker and harder shell provides more protection against
damage, although its measure cannot be estimated without
extended calculations.

In addition, the largest stress was found to progress not on
the surface but deeper. Moreover, according to Table 4, the
maximal stress location was found to move away. The more
rigid skin results in a maximal stress shifting from the skin
towards the inside of the product.

Figure 8 shows the maximal stress developed in tomatoes
for the same load along the shell stiffness.Themore rigid shell
was found to result in a lowermaximal stress value within the
product.

4. Conclusions

The results of the FEM modelling confirm that the stress
state in fruits can be analysed universally (the mean value
of the material properties and that of the defined biological
load). The maximal reduced stress was found to develop

Von Mises
0.000655320
0.000580240
0.000505150
0.000430070
0.000354990
0.000279900
0.000204820
0.000129740
5.4653E − 005

Figure 5: Numeric estimation for the stress distribution in an apple.

0.000768060
0.000672060
0.000576050
0.000480040
0.000384030
0.000288020
0.000192020
9.6008E − 005
3.0391E − 012

Von Mises

Von Mises

Figure 6: Stress distribution in a pear.
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D(1e3) = 0.7326Nmm D(4e3) = 2.93Nmm

D(2e3) = 1.465Nmm D(5e3) = 3.663Nmm

D(3e3) = 2.1978Nmm D(1e4) = 7.326Nmm

Figure 7: Some results of the stress analysis at different skin stiffness values.

near the core of an apple. This stress near the core was
also found in the results of the pear. These simulation
results indicate that the core operates as a stress accu-
mulator part, which extraordinarily indicates that damage
often occurs in the region near the core. The calculated
results for a pear with the largest flesh thickness indicate
that a local stress maximum develops below the surface.

The shell of tomatoes plays an important role in the result-
ing stress distribution. A high shell rigidity was found to
lower the inner stress maximum. This reduction is higher
at the beginning, and its importance will be lower later
on. Hence, a threshold value for the shell stiffness can be
assumed, which should not be exceeded by plant selection
because it will not result in a significant improvement of
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Figure 8: Relation between the shell stiffness and themaximal stress
by a given load.

the mechanical resistance, but it already affects the culinary
quality.
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[20] R. Mercadé-Prieto, C. R. Thomas, and Z. Zhang, “Mechanical
double layer model for Saccharomyces Cerevisiae cell wall,”
European Biophysics Journal, vol. 42, no. 8, pp. 613–620, 2013.

[21] G. Sitkei, Mechanics of Agricultural Materials, Elsevier, New
York, NY, USA, 1986.

[22] P. Guillermin, N. Dupont, C. Le Morvan, J.-M. Le Quéré, C.
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Three-dimensional numerical tests have been conducted to investigate the failure process of surrounding rockmass around circular
and U-shaped tunnel at depth. Different failure modes of deep underground openings have been reproduced. The influence of
different shapes and sizes of tunnel section, as well as the direction of the maximum principal stress, on zonal disintegration
was analyzed. Numerical simulations show that failure modes and load-bearing capacity of tunnel depend on the direction of the
maximum principal stress. The zonal disintegration around deep underground openings is a phenomenon that only occurs under
some special conditions. Firstly, there must be a higher horizontal tectonic stress along the axial direction of tunnel; secondly, the
radius of curvature of tunnel should be large enough to induce the tensile stress higher than tensile strength of rockmass.Therefore,
the direction of tunnel axis as well as the direction and the size of tectonic stress should be carefully considered during tunnel design.

1. Introduction

Due to the rareness of resources in shallow area, the mining
activity is developing into much a more deeper area. In
China, in the future 10–20 years, many mines will be under
1000 to 2000m, while some mines in South Africa, Canada,
America, and Australia are already under 1000m below the
ground surface. According to the incomplete statistics, the
mental mines over 1000m in depth are more than 80 and
most of them are in South Africa, such as the deep mine
of Anglogold Limited Company, the depth of which is over
3700m. In India, the depth of 3 mines in the Kolar Gold
Mine is already over 2400m. The rock mechanical problems
in the deep underground mining industry have provoked
the interest of many researchers, especially the zonal disin-
tegration phenomenon [1]. The zonal disintegration refers
to the phenomenon that, after excavation, there were some
alternating regions of fracture zones and relatively intact

zones around or in front of the working face. This failure
mode is quite different from that in shallow depth, which is
classified as fracture zone, plastic zone, and undisturbed zone,
in sequence.

During many deep underground mining activities, the
zonal disintegration has been confirmed by different kinds of
geophysical prospectingmeans. In the 1980s, Shemyakin et al.
[2–5] found the zonal disintegration in a deep mine by using
a resistivity instrument. Zonal disintegration in Taimyrskii
Mine is shown in Figure 1.

Adams and Jager observed the zonal disintegration in the
roof of Witwatersrand Gold Mine located 2000 to 3000m
underground by a borehole periscope [6]. In China, this
phenomenon was also found in deep Jinchuan Nickel Mine
by measuring the displacement in surrounding rock mass
using multipoint displacement meters [7]. The monitoring
results are shown in Figure 2, which is at 1200m depth, and
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the stress distribution perpendicular to the side wall of tunnel
is quite different from that in shallow area (see Figure 3)
[8], as is also observed by Li and his fellows and recorded
in boreholes of Huainan Coal Mine in China by using the
visual apparatus, which confirmed the existence of zonal
disintegration at depth (see Figure 4) [9].

It is very important to have a good understanding of
the failure mechanism of deep rock mass and to form the
theoretical basis for support design [10]. Although many
researchers have tried to explain the zonal disintegration
by site investigation, laboratory test, theory analysis, and
numerical modeling, the mechanism of zonal disintegration
is still under debate [1].

Many researchers devoted themselves to theoretically
explain the zonal disintegration. For instance, Shemyakin
fromRussia illustrated the existence of the abutment pressure
on the two sides and in front of tunnel face based on the
elastic-plastic theory, and then analyzed the mechanism of
zonal disintegration and reproduced it in laboratory [2–5].
Wang et al. investigated the quantization effect of geomechan-
ical energy and deemed that due to the zonal disintegration,
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the mining method, support type, and support scope should
all be reconsidered [10–12]. According to Li et al. [13, 14], the
prerequisite of zonal disintegration is the spalling failure in
the abutment area around tunnel. They deemed that during
excavation, the zonal disintegration is not caused by dynamic
disturbance but by creep deformation. On the other hand,
Zhou et al. [15] and Li et al. [16] took the mining activity
as a dynamic problem in order to characterize the zonal
disintegration around underground deep tunnel.

In the experimental study aspect, Shemyakin et al. [2–5]
tested and verified the zonal disintegration in laboratory and
found that during the failure process of zonal disintegration,
the load in the rock mass changes very slowly and it can be
considered as a static one. Sellers and Klerck [17] studied
the impact of the structural planes in rock mass on zonal
disintegration in laboratory and the result showed that under
some conditions, the structural planes existing in rock mass
can be the origination of the zonal disintegration. Based on
the laboratory loading tests of physical model containing a
round or a U-shaped tunnel, Gu et al. [18] confirmed that
the larger compressive stress along the axial direction of
tunnel was themain reason of zonal disintegration. Tang et al.
[19, 20] numerically simulated the failure process of a square
specimen under 3D loading conditions and the zonal dis-
integration was successfully reproduced by using the RFPA-
Parallel code. Tang deemed that the zonal disintegration was
the result of annular tension failure under the principal stress
along tunnel axis. One year later, Zhang [21] also reproduced
the zonal disintegration successfully in a similarity material
test.

Due to the mechanism for zonal integration remains
controversy, it is very import to investigate the initiation,
development and formation of zonal disintegration.There are
a lot of impact factors on zonal disintegration, such as stress
state, tunnel shape, rock mass properties, and excavation
sequence. In this paper, the RFPA-Parallel was used to study
the failure process of numerical rock specimens. The zonal
disintegration phenomenon around the existing holes was
reproduced and the impact of tunnel shape and the direction
of maximum principle on the zonal disintegration were
discussed.

2. Introduction about RFAP Code

2.1. Heterogeneous Material Property Distribution. Rock is a
kind of heterogeneous material in the mesoscopic scale and
the physicmechanical properties of the mesoscopic element
can be expressed by the statistic distribution function. In
RFPA-Parallel, the rock specimen is assumed to be composed
of many elements with the same size, and the mechanical
properties of these elements are assumed to conform to
a given Weibull distribution as defined by the following
probability density function [22]:

𝑓 (𝑢) =

𝑚

𝑢0

(

𝑢

𝑢0

)

𝑚−1

exp(−(

𝑢

𝑢0

)

𝑚

) , (1)

where 𝑢 is the mechanical parameter of the element (such
as strength or Young’s modulus); the scale parameter 𝑢0

is related to the means of the element parameters and the
parameter 𝑚 defines the shape of the distribution function.
From the properties of theWeibull distribution, a larger value
of 𝑚 implies a more heterogeneous material and vice versa.
Therefore, the parameter 𝑚 is called the homogeneity index
in our numerical simulations.

2.2. The Constitutive Model of Mesoscopic Element. Before
loading, the mesoscopic elements are under elastic condition
and can be expressed by the elastic modulus and Poisson’s
ratio. The stress-strain relation for each element is elastic.
When the stress comes to the damage threshold, the element
then takes on a softening character. Once one of the following
criteria is satisfied, the damage begins [23]. Consider

−𝜀1 =

𝑘𝑓𝑐0

𝐸0

,

𝜎1 −

1 + sin𝜙

1 − sin𝜙

𝜎3 ≥ 𝑓𝑐0,

(2)

where𝑓𝑐0 is the uniaxial compressive strength,𝐸0 is the initial
elastic modulus of element, 𝑘 is the tension-compression
ratio, and 𝜙 is the internal friction angle.

The first part of (2) is the maximum tensile strain
criteria and the second part is the Mohr-Coulomb criteria,
which are taken as the damage threshold of tensile stress
and shear stress. Therefore, the damage of each element is
either under tensile stress damage, which is according to
the maximum tensile strain criteria, or shear stress damage,
which is according to the Mohr-Coulomb criteria. Consider

𝐸 = (1 − 𝜔) 𝐸0, (3)

where 𝜔 is the damage variable. 𝐸 and 𝐸0 are the elastic
modulus of damaged and undamaged elements, respectively.
In RFPA, because the element and its damage are taken
as isotropic, the 𝐸, 𝐸0, and 𝜔 are all scalar. In this paper,
the compressive stress and compressive strain are taken as
positive.

The constitutive model of element under uniaxial stress
state (tension or compression) is shown in Figure 5, where𝑓𝑡0
and 𝑓𝑡𝑟 are uniaxial tensile strength and residue uniaxial ten-
sile strength and𝑓𝑐0 and𝑓𝑐𝑟 are uniaxial compressive strength
and residue uniaxial compressive strength, respectively. The
stress-strain curve in the initial stage is elastic, which means
no damage occurs or 𝜔 = 0. When the maximum tensile
strain criterion is satisfied, the element is damaged.

The constitutive law under uniaxial tensile state in Fig-
ure 5 is expressed as

𝜔 =

{
{
{

{
{
{

{

0, 𝜀 > 𝜀𝑡0,

1 −

𝜆𝜀𝑡0

𝜀

, 𝜀𝑡𝑢 < 𝜀 ≤ 𝜀𝑡0,

1, 𝜀 ≤ 𝜀𝑡𝑢,

(4)

where 𝜆 is the residual strength factor, and the residue
strength can be expressed as𝑓𝑡𝑟 = 𝜆𝑓𝑡0, where𝑓𝑡0 is the tensile
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strength of element. 𝜀𝑡0 is ultimate elastic strain and is called
threshold strain, which can be expressed by

𝜀𝑡0=−

𝑓𝑡0

𝐸0

, (5)

where 𝜀𝑡𝑢 is the ultimate tensile strain of element, under
which the element will be damaged completely. The ultimate
tensile strain can be expressed by 𝜀𝑡𝑢 = 𝜂𝜀𝑡0, where 𝜂 is the
ultimate strain factor. Here we suppose that 𝜆 and 𝜂 have
nothing to do with stress state.

In RFPA3D, we suppose that the damage of element under
multiaxial stress state is isotropic, so the constitutive equation
in 1D can be easily extended to 3D. Under multiaxial stress
state, when the equivalent tensile principal strain comes to
the threshold strain of 𝜀𝑡0, damage occurs in element. And
the equivalent principal strain 𝜀 can be defined as

𝜀 = −√⟨−𝜀1⟩
2
+ ⟨𝜀2⟩

2
+ ⟨𝜀3⟩

2
, (6)

where 𝜀1, 𝜀2, and 𝜀3 are the three principal strains and <> is a
function defined by (7)

⟨𝑥⟩ = {

𝑥, 𝑥 ≥ 0,

0, 𝑥 < 0.

(7)

Substituting the strain 𝜀 in (4) by the equivalent strain
defined by (6) and (7), the constitutive law of element can be
expressed as

𝜔 =

{
{
{

{
{
{

{

0, 𝜀 > 𝜀𝑡0,

1 −

𝜆𝜀𝑡0

𝜀

, 𝜀𝑡𝑢 < 𝜀 ≤ 𝜀𝑡0,

1, 𝜀 ≤ 𝜀𝑡𝑢.

(8)

According to elastic damage mechanics, the constitutive
equation of stress-strain relation can be obtained as

𝜎𝑖𝑗 =

{
{
{
{
{
{

{
{
{
{
{
{

{

(2𝐺𝜀𝑖𝑗 + 𝜆𝛿𝑖𝑗𝜀𝑖𝑘) , (𝜀 > 𝜀𝑡0)

𝑓𝑡𝑟

𝜀𝐸0

(2𝐺𝜀𝑖𝑗+𝜆𝛿𝑖𝑗𝜀𝑘𝑘)=

𝑓𝑡𝑟

𝜀

[

𝜀𝑖𝑗

1+]
+

𝛿𝑖𝑗𝜀𝑘𝑘

(1+]) (1−2])
] ,

(𝜀𝑡𝑢 < 𝜀 ≤ 𝜀𝑡0)

0, (𝜀 ≤ 𝜀𝑡𝑢)

(9)

where

𝐺 =

𝐸0

2 (1 + ])
, 𝜆 =

𝐸0]
(1 + ]) (1 − 2])

,

𝛿𝑖𝑗 = {

1 (𝑖 = 𝑗)

0 (𝑖 ̸=𝑗) .

(10)

Like the condition under uniaxial tensile state, when the
element is under uniaxial compressive state, the damage fail-
ure follows the Mohr-Coulomb criteria.The damage variable
can be expressed as

𝜔 =

{

{

{

0, 𝜀 < 𝜀𝑐0,

1 −

𝜆𝜀𝑐0

𝜀

, 𝜀 ≥ 𝜀𝑐0,

(11)

where 𝜆 is residue strength factor and 𝑓𝑐𝑟/𝑓𝑐0 = 𝑓𝑡𝑟/𝑓𝑡0 =

𝜆 under uniaxial compressive or tensile state. 𝜀𝑐0 can be
calculated by the following:

𝜀𝑐0 =

𝑓𝑐0

𝐸0

. (12)

In RFPA3D, damage will occur when the strength of
element satisfies the Mohr-Coulomb criteria. During the
damage process, the impact of principle stress should be
taken into account in the model. When the Mohr-Coulomb
criteria is satisfied, the maximum principal (compressive)
strain 𝜀𝑐0 can be calculated according to the peak value of the
maximum principal (compressive) stress:

𝜀𝑐0 =

1

𝐸0

[𝑓𝑐0 +

1 + sin𝜙

1 − sin𝜙

𝜎3 − 𝜇 (𝜎1 + 𝜎2)] . (13)

Suppos that the shear damage evolution is only relate to
the maximum compressive principal strain 𝜀1, the uniaxial
compressive strain 𝑐 in (8) can be substituted by the maxi-
mum compressive principal strain of the damaged element
𝜀1, then we get the expanded equation under triaxial stress
state:

𝜔 =

{

{

{

0, 𝜀1 < 𝜀𝑐0,

1 −

𝜆𝜀𝑐0

𝜀1

, 𝜀1 ≥ 𝜀𝑐0.

(14)

Equally, according to the damage mechanics, the consti-
tutive equation can be written as

𝜎𝑖𝑗 =

{
{
{
{

{
{
{
{

{

(2𝐺𝜀𝑖𝑗 + 𝜆𝛿𝑖𝑗𝜀𝑖𝑘) , (𝜀1 < 𝜀𝑐0) ,

𝑓𝑐𝑟

𝜀𝐸0

(2𝐺𝜀𝑖𝑗+𝜆𝛿𝑖𝑗𝜀𝑘𝑘)=

𝑓𝑐𝑟

𝜀

[

𝜀𝑖𝑗

1+]
+

𝛿𝑖𝑗𝜀𝑘𝑘

(1+]) (1−2])
] ,

(𝜀1 ≥ 𝜀𝑐0) .

(15)
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Figure 6: Boundary conditions for the tunnels.

2.3. The Brief to RFPA3𝐷-Parallel. The RFPA-Parallel is com-
posed of four parts, that is preprocessor, elastic stress analysis,
failure analysis, and postprocessor. In the preprocessor and
postprocessor parts, the friendly man-machine interaction
mode is used. And the software is developed by Visual C and
OpenGL, which brought a user friendly interface. There is
no need to build a rigid matrix and system of equation. The
windows serial program is used in the failure analysis. The
FEM is used in elastic stress analysis.

The calculation function is written by Fortran 90 in
RFPA3D. The numerical model is meshed by cube elements,
which can reflect the heterogeneity of material. The calcula-
tion program is run under Redhat Linux 9.0. The Message
Passing Interface (MPI) technique is used in the program-
ming. The Preprocess Conjugate Gradient method (PCG) is
used to solve the linear equations. For more details, readers
are recommended to refer to related papers [24].

3. Numerical Studies on Zonal Disintegration

3.1. Numerical Model. The numerical model shown in Fig-
ure 6 is 35mm × 140mm × 140mm in dimension and the
axial direction of the tunnel is in 𝑥 direction. The whole
domain is discretized into 35 × 140 × 140 = 686000 finite
elements.

In order to investigate the effect of the tunnel shape on
zonal disintegration, as well as to compare numerical simu-
lation results with the laboratory by Gu et al. [18], circular
tunnels with diameter of 𝑑1 = 20mm and 𝑑2 = 30mm, as
well as U-shaped tunnels with a size of 20mm × 25mm
(width × height) and 30mm × 30mm (width × height) are
chosen. The diameter of the crown of the U-shaped tunnel is
10mm and 15mm, respectively. The boundary condition of
the model is showed in Figure 6. A displacement is
applied on the surface of 𝑥 = 35mm by 0.01mm per
step.
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In addition, for studying the effect of the direction of
maximum principal stress on the failure mechanism of zonal
disintegration, two kinds of boundary conditions for the U-
shaped tunnel are considered.

(1) Apply displacement on the surface of 𝑦 = 140mm
vertically and fix the perpendicular displacement on
surfaces at 𝑧 = 0mm, 𝑥 = 0mm, 𝑥 = 35mm, and
𝑦 = 0mm, respectively.

(2) Apply displacement on the surface of 𝑧 = 140mm
horizontally and fix perpendicular displacement on
surfaces 𝑧 = 0; V, 𝑥 = 0mm, 𝑥 = 35mm, 𝑦 = 0mm,
and 𝑦 = 140mm.

For rock material, there might be randomly distributed
defects in it, which can be considered in the model by
adopting the Weibull distribution function to describe the
inhomogeneity of rock prosperities in spatial.Thehomogene-
ity index of the model is 𝑚 = 5. The elastic modulus and the
poisson’s ratio are 40GPa and 0.25, respectively. The mean
strength of the elements is 60MPa, which means that the
corresponding macroscopic strength of the whole model is
about 26MPa.

3.2. Numerical Simulation Results

3.2.1. Circular Shaped Tunnel

(A) The Character of Loading Stress, AE and Accumulated
AE of the Model. For the two numerical models containing
a circular tunnel with a diameter of 20mm and 30mm,
respectively, the stress-loading steps curves along 𝑥, 𝑦, and
𝑧 direction under the 𝑥 direction load are shown in Figure 7.
The AE and accumulated AE curves are shown in Figure 8.

As shown in Figures 7 and 8, for model with 𝑑1 =

20mm, the loading stress in 𝑥 direction comes to its peak
value of 71.0MPa at step 6, which is about 2.73 times of
the compressive strength; while at step 7, the amount of
themicrocracks increase dramatically and the corresponding
loading stress is near to the residue strength of the rock
material. After step 7, the increase of the microcracks is
then getting mild, which indicates that most of the cracking
events cluster in step 7. As for the model with diameter of
𝑑2 = 30mm, the loading stress in 𝑥 direction comes to its
peak value of 58.2MPa at step 5, which is 2.24 times of the
compressive strength of material. At step 6, the amount of
microcrack increases sharply before step 7, which means that
most of the microcrack events are in step 6.

It can be seen from Figure 7 that the larger the span is,
the smaller the bearing capacity of the model is. For example,
for 𝑑2 = 30mm, the loading stress in 𝑥 direction is only
58.2MPa, while for 𝑑1 = 20mm, the loading stress in 𝑥

direction is 71.0MPa, nearly 1.22 times of the former, which
is in good agreement with the laboratory results by Gu et al.
[18].

In Figure 8, for a smaller span tunnel model, due to its
higher load bearing capacity, the deformation prior to failure
is larger than that of the small spanmodel; the released energy
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and the amount of mircocracks in it are more than that of the
larger span model.

(B) Zonal Disintegration Process Analysis on the Circular
Tunnel Model

(1) For Tunnel with Diameter of 𝑑1 = 20mm. Figure 9 shows
the zonal disintegration process under the 𝑥 direction load.
Figure 3.2.1 shows the elastic modulus distribution at specific
steps and Figure 3.2.1 shows the maximum principal stress
distribution. With the increase of the loading, the mirco-
cracks first initiate at the periphery of the tunnel and then
gather into several conjugate slip lines around the tunnel.
Due to the heterogeneity of the material, the propagation
of the microcracks is discontinuous but finally forms into
fracture rings (see step 5(1)). After the first fracture ring has
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Figure 9: Continued.
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Figure 9: Zonal disintegration process under the load in 𝑥 direction.

formed, the diameter of the tunnel is becoming larger indeed,
thus forming the next new fracture under a larger axial
compressive stress (see step 7(5)). With the load increase,
some new fracture rings are formed and the space between
the fracture rings is increasing simultaneously but still near
the tunnel span in size (see steps 7(11) and 7(31). After step 7,
the amount of the microcracks increases slowly, which is the
same with Figures 7 and 8.

In fact, the zonal disintegration described as circle
microcracks [2–9] in many papers are deduced from limited
borehole data drawn by the field observers, which cannot
present the real zonal disintegration phenomenon. If we
analyze the sketch drawn in Russia mine in the paper [2–5],
wewill find that the fracture rings are not continuous butwith
some isolated fracture rings or two fracture rings developed
from the fracture. The numerical simulated results show that
the fracture curve is either continuous or discontinuous,
indicating that the propagation of fracture is influenced by
many factors such as the heterogeneity, boundary conditions,
and so on.

With the increase of axial load, the loading stress comes to
the peak value at step 6 and the stress curve along horizontal
line (𝑥 = 18mm, 𝑦 = 70mm) in 𝑧 direction is shown
in Figure 10. It needs to be noted that the stress and strain
of an element are averaged over its Gaussian points. The
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Figure 10: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18 and 𝑦 = 17 at step 6.

displacement around the tunnel periphery is larger than that
in the area far from the tunnel boundary. The displacement
around tunnel can be explained by the elastic theory 𝜀𝜃 = 𝑢/𝑟

for a small 𝑟; the tangential strain 𝜀𝜃 caused by the radial
displacement 𝑢 is then large enough to cause the shear slip
line fracture. For a larger radius of curvature 𝑟, the rock mass
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Figure 11: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 20.

under a larger axial compressive stress will swell laterally
into tunnel, which causes a radial tensile stress in the rock
mass. The tensile stress is small near to the periphery of
tunnel but is large far from tunnel periphery [18]. When the
axial stress is increased to some value, the maximum radial
tensile stress will be up to the ultimate tensile strain of rock
mass, which leads to the tensile failure of rock mass. As it
is mentioned before that when the loading stress comes to
the peak value, the displacement of tunnel wall gets larger so
that the conjugate slip line failure mode happens. At the same
time, discontinuous fracture rings form due to tensile failure
in the surrounding rock mass.

Figure 11 shows the strain curves of middle units
(𝑥 = 18mm, 𝑦 = 70mm) in the horizontal direction (𝑧)
at step 6 and step 20. At step 20, the zonal disintegration is
already in a stable stage. Compared with Figure 10, in this
stable stage, the strain in the fracture area is larger and the
peak strain area exists in both sides of tunnel. But even in
the same fracture ring, the peak values are not the same due
to the heterogeneity of rock mass. From the whole failure
process, it can be seen that before a certain loading stress, the
zonal disintegration can be developed gradually, but when
the loading stress comes to a certain value, the development
of zonal disintegration is reduced.

(2) For Tunnel with Diameter of 𝑑1 = 30mm. Figure 12 shows
the zonal disintegration process for model with a tunnel
diameter of 30mm. Cracks first initiate from the tunnel
periphery and then gradually develop into conjugate slip
lines.The first fracture ring is relatively circle but is discontin-
uous. It can be noticed that the distance betweenmicrocracks
is relatively wide and more microcracks generated from one
fracture intersect with each other, thus forming the conjugate
slip lines. The distance between microcracks increases with
the increase of tunnel diameter.

The loading strain curves along the horizontal line
through points (𝑥 = 18mm, 𝑦 = 70mm) along 𝑧 direction at
step 5 (peak value stage) and step 20 (stable stage) are shown

in Figures 13 and 14. The displacement in the fracture area
is larger than that of the small diameter model, which may
indicate that for a larger span, the surrounding rock mass is
easier to move into.

3.2.2. U-Shaped Tunnel

(A) The Character of Loading Stress, AE and Accumulated AE
of theModel. Figure 15 shows the stress-loading step curves of
two models with different tunnel size of 20mm × 25mm and
30mm × 30mm (width × height), respectively. The models
are loaded in 𝑥 direction.TheAE and accumulated AE curves
are shown in Figure 16. For the model with tunnel size of
20mm × 25mm, at step 4, the loading stress comes to the
peak value when the load in 𝑥 direction is up to 48MPa,
which is about 1.85 times of the compressive strength. At step
5, the microcracks increase sharply and the loading stress
drops to the residue strength of 21MPa at the end of step 5.
At the same time, the increase of microcracks becomes slow,
meaning that most of the fracture events occur at step 5.

Similarly, for the model with tunnel size of 30mm ×

30mm, at step 4, the loading stress comes to the peak value of
47MPa, which is about 1.81 times of the compressive strength,
while at step 5, themicrocracks increases dramatically and the
corresponding loading stress drops to 16MPawhich equals to
the residue strength of the material. After step 5, the increase
ofmicrocracks gets slow, which also indicates thatmost of the
microfracture events occur at step 5.

From Figure 15, it can be concluded that the load bearing
capacity of model is almost unchanged when the span and
cross-sectional area of tunnel are in some range. The peak
load value of the small tunnel cross section model is 1.02
times of the large tunnel cross sectionmodel, which is almost
the same. But after the peak value, the residual load bearing
capacity for the small tunnel cross section model is 1.31 times
the large one, which indicates that the load bearing capacity
is increased with the decrease of tunnel span and cross-
sectional area.This can also be seen from Figure 6, which also
shows that for the small span and cross section area tunnel,
the amount of microcracks and displacement energy released
during failure are more than that of the large span tunnel.

(B) Failure Process Analysis on U-Shaped Tunnel

(1) For U-Shaped Tunnel with Size of 20mm× 25mm. Figure 7
shows the failure process of numerical model under the
load in 𝑥 direction. The elastic modulus and the maximum
principal stress at certain steps are shown in Figures 3.2.2
and 3.2.2, respectively. With load increasing, microcracks
first initiate at the periphery of the tunnel, and most of
the microcracks concentrate at the two side walls. Some
microcracks develop from the bottom of the side walls
although most of the microcracks in the sidewalls are still
in some distance from the wall. It can be seen that the new
generated tunnel after zonal disintegration is still a round
opening (see step 5(4)). With the increase of the load, near
to the first fracture ring, the second fracture ring forms (see
from step 5(12)). Due to the heterogeneity, the development
of the fracture rings is discontinuous. With the increasing of
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Figure 12: Zonal disintegration process under the load in 𝑥 direction.

load, the next fracture ring forms, but the space between the
new formed one and the second fracture becomes larger (see
step 5(40)).

It should be noted that for a small radius of curvature,
the failure mode is conjugate slip failure on the bottom of
side walls, while for a larger radius of curvature, the fractures
mainly propagate parallel to the side wall in some distance.
As mentioned before, this is due to the different tangential
compressive strain 𝜀𝜃 caused by the radial displacement u of
tunnel boundary with different radius of curvature.

It can be concluded that there are two prerequisite for the
zonal disintegration, one is the large compressive stress acted
along the axial direction of tunnel, the other is that the radius
of curvature of the tunnel should be large. As is the same with
the laboratory test [18].

Figures 18 and 19 are the stress curves at step 4 (peak
value stage) and step 20 (after zonal disintegration formed)
of elements along 𝑧 direction at point 𝑥 = 18mm,𝑦 = 70mm
under the load in 𝑥 direction. It can be seen that with the
development of zonal disintegration, the strain in the
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Figure 13: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 5.
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Figure 16: AE accumulation/AE energy accumulation vs. steps
curves of different U-shaped tunnels.

fractured area is increased especially in the vicinity of tunnel
sidewalls, which indicates that the zonal disintegration
develops with the increasing of load.

(2) For U-Shaped Tunnel with Size of 30mm × 30mm.
Figure 20 shows the failure process of a U-shaped tunnel with
size of 20mm × 25mm under the load in 𝑥 direction. The
mirco-cracks initiated at the two side walls are not so many
and the first fracture ring is formed relatively intact compared
with the small size U-shaped tunnel. In addition, the fracture
face is crushed and the distance between fracture rings
increases with the tunnel span, which means the number of
fracture rings decrease with the increase of tunnel span and
cross section area.

Figures 21 and 22 show the strain curves of elements along
𝑧 direction at points 𝑥 = 18mm, 𝑦 = 70mm under the
load in 𝑥 direction at step 4 (peak value stage) and step 20
(after zonal disintegration). The strain at the two sidewalls
increases sharply at the beginning of zonal disintegration.
With the increase of load steps (Figure 22), the local strain
at some distance from the two sidewalls increases obviously,
which means the fracture forms there thus causing a large
displacement. It can be concluded that for a stable stage of
zonal disintegration, the displacement of the fracture area
is larger and with the increase of tunnel span and sidewall
height, the increase of displacement is even larger and can be
up to several order of magnitude.

From the figures shown above, some conclusions can be
drawn.

(1) The spacing between fractures is in direct proportion
to the diameter of tunnel.

(2) The new shape formed after fracture is still a round
shape for both the circular tunnel and U-shaped
tunnel. Moreover the fracture ring is not a standard
circle, but a discontinuous one.
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Figure 17: Continued.
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Figure 17: Zonal disintegration process under the load in 𝑥 direction.
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Figure 18: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 4.

(3) From the fracture characteristics shown in the simu-
lation, the fracture surface is crushed other than intact
and it will bemore obvious with the increase of tunnel
diameter. This phenomenon is closely related to the
heterogeneity of rock material and will not occur in
homogeneous material described in Gu’s paper [18].

(4) Under the same loading condition, the zonal dis-
integration is more likely to occur around large
underground excavation.

(C) The Impact of the Direction of Maximum Principal Stress
on Failure Mode of Tunnel. In Sections 3.2.2(A) and 3.2.2(B),
we have discussed the failure characteristics of model under
the load in 𝑋 direction. Here we mainly focus on the failure
characteristics under the load in 𝑌 and 𝑍 directions.

(1) Loading in Y Direction. Figure 23 shows the stress-steps
curves along 𝑋, 𝑌, and 𝑍 directions and Figure 24 shows
the AE curve and accumulated AE curve. At step 13, the
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Figure 19: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 20.

loading stress comes to the peak value of 32.9MPa, which
is about 1.3 times of the compressive strength of rock model
in 𝑌 direction. Then the loading stress drops to the residual
strength at step 15. Most of the mirco-cracks formed between
step 9 and step 15.The AE amount increases sharply at step 15
and then decreases dramatically.

The failure process under the load in 𝑌 direction is
shown in Figure 25. The change of elastic modulus of the
model at some specific steps is shown in Figure 3.2.2 and
the corresponding maximum principal stress distribution at
each step is shown in Figure 3.2.2. According to the simulated
results, with the increase of load, stress concentration occurs
in the roof and floor (see step 2(0)) andmicrocracks initiate at
the two side walls until two failure zones form (see step 12(2)).
Then several conjugate slip lines extend fromboth side failure
zones (step 14(3)) to the upper boundary of the model (see
step 15(14) and 20(0)). So the failure mode under the load in
𝑌 direction is funnel failure.

Figures 26 and 27 show the strain-step curves of elements
in the location of 𝑥 = 18mm, 𝑦 = 70mm along 𝑧 direction
at step 13 and step 20 under the load in 𝑌 direction. It can
be seen from Figure 26 that the displacement at the two side
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Figure 20: Continued.



Advances in Mechanical Engineering 15

Y

Y Y

Y

Z

Z Z

Z

1.541e + 001

6.555e + 003

1.310e + 004

1.964e + 004

2.618e + 004

3.271e + 004

3.925e + 004

4.579e + 004

5.233e + 004

5.887e + 004

−1.090e + 001

3.146e + 000

1.719e + 001

3.124e + 001

4.529e + 001

5.934e + 001

7.339e + 001

8.744e + 001

1.015e + 002

1.155e + 002

1.866e + 001

6.558e + 003

1.310e + 004

1.964e + 004

2.618e + 004

3.272e + 004

3.926e + 004

4.580e + 004

5.234e + 004

5.887e + 004

−8.790e + 000

2.350e + 000

1.349e + 001

2.463e + 001

3.577e + 001

4.691e + 001

5.805e + 001

6.919e + 001

8.033e + 001

9.147e + 001

Step 20

(a) Elasticity modulus map (b) Maximum principal stress map

Figure 20: Zonal disintegration process under the load in 𝑥 direction.
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Figure 21: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 4.

walls is asymmetrical, but the failure zones and the conjugate
slip lines at the two side walls are nearly symmetrical, while
in Figure 27, the displacement is more symmetrical and the
zonal disintegration is more obvious.

(2) Load in Z Direction. Figure 28 shows the stress-load
step curves in 𝑋, 𝑌, and 𝑍 directions. The AE curve and

0

20000

40000

60000

80000

100000

120000

0 50 100 150

St
ra

in

Serial number of elements

x

y

z

−40000

−20000

Figure 22: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 20.

accumulated AE curve are shown in Figure 29. At step 13,
the loading stress comes to the peak value of 32.1MPa in 𝑍

direction, which is 1.2 times of the compress strength. At step
15, the loading stress drops to the residual strength. Most of
the mirco-cracks propagate between step 11 and step 15. The
amount of AE increases quickly at step 14 and step 15 and
then decreases after step 15.The failure process and AE under
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Figure 24: AE accumulation/AE energy accumulation vs. steps
curves.

the load in 𝑌 direction are almost the same with what was
described above.

Figure 30 shows the failure process under the load in 𝑍

direction.With the increase of load, stress concentrates at the
two side walls (step 2(0)), but microcracks mainly occur at
the roof and floor and are rarely seen near the two side walls.
As shown at step 13(0) and step 14(14), some conjugate slip
lines are formed in the roof and floor and then form into
a horizontal fracture near the two side walls. With the load
increase, the conjugated slip lines extend to the boundary
of the model (step 15(5) and step 20(0)). So, the failure
mode under the horizontal loading condition is conjugate slip
failure.

The stress-step curves of elements at 𝑥 = 18mm,
𝑦 = 70mm along 𝑍 direction at step 13 and step 20 under
the load in 𝑍 direction are shown in Figures 31 and 32,
respectively. FromFigure 31, it can be seen that displacements
at the two side walls are larger compared with the place far
from the tunnel boundary, while as shown in Figure 32, the
displacement at the loading point is much larger, which is
different from the vertical loading condition.

From the simulation results shown above, the direction
of maximum principal stress has a very important impact on
the failure mode of tunnel. When the tunnel axis is parallel to
the maximum principal stress, the zonal disintegration may
occur; when the maximum principal stress is in the vertical
direction, the funnel failure will occur; when the maximum
principal stress is in the horizontal direction, conjugated
slip failure will occur at the roof and floor of tunnel. In
addition, the load bearing capacity of tunnel depends on
the direction of the maximum principal stress. The load
bearing capacity is higher when the direction of maximum
principal stress is parallel to the tunnel axis and is the lower
for vertical and horizontal loads. Because the maximum
tectonic stress in deep rock mass is always in horizontal
direction, the zonal disintegrationmay occurwhen the tunnel
axis is parallel to the maximum horizontal stress. For this
reason, the occurrence of zonal disintegration must be under
some conditions and is not a universal phenomenon. Two
prerequisites must be satisfied: one is the relatively high
horizontal stress and the other is a large tunnel diameter.This
conclusion is in agreementwith the precious conclusions [18].
Thus, the alignment of tunnel should be carefully considered
with regard to the direction of tectonic stress and magnitude
before tunnel construction.

4. Conclusions

There are lots of factors posing an impact on the zonal
disintegration. In this paper, a large-scale RFPA-Parallel
analysis system has been used to analyze the failure process
of numerical specimens with different tunnel cross-sections.
The zonal disintegration phenomenon is reproduced success-
fully and the effects of tunnel cross sections and the direction
of the maximum principal stress on zonal disintegration are
discussed. The main conclusions are drawn as follows.

(1) Under a high compressive stress along the axial direc-
tion of tunnel, the zonal disintegrationmay develop in
the surrounding rockmass. For a small axial compres-
sive load and a small tunnel diameter, themicrocracks
near to the tunnel periphery are mainly conjugate
slip lines. While for a large axial compressive load
and large tunnel diameter, the fracture rings of zonal
disintegration will generate at a distance from the
tunnel periphery.

(2) The zonal disintegration and the stability of tunnel
are influenced by the size and shape of tunnel. The
distance between the fracture rings is in direction
ratio with the tunnel diameter. The cross section of
the new formed tunnel after zonal disintegration is
circular and is independent on its initial shape. The
fracture rings are not real circles but are discontin-
uous circles. The fracture rings are fragmented due
to the heterogeneity of rock mass and will be more
fragmented with the increase of tunnel diameter.
Under the same loading condition, the larger the
diameter is, the more fragmented the fracture is,
especially for the circular tunnel shape.
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Figure 25: Continued.



18 Advances in Mechanical Engineering

Y Y

Z Z

2.363e + 001

6.563e + 003

1.310e + 004

1.964e + 004

2.618e + 004

3.272e + 004

3.926e + 004

4.580e + 004

5.234e + 004

5.887e + 004

−6.355e + 000

4.097e + 000

1.455e + 001

2.500e + 001

3.545e + 001

4.591e + 001

5.636e + 001

6.681e + 001

7.726e + 001

8.772e + 001

Step 20(0)
(a) Elasticity modulus map (b) Maximum principal stress map

Figure 25: Zonal disintegration process under the load in 𝑦 direction.
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Figure 26: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 13.
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Figure 27: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 20.
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0
10000
20000
30000
40000
50000
60000
70000
80000
90000

0
5000

10000
15000
20000
25000
30000
35000
40000
45000

1 4 7 10 13 16 19

Ac
cu

m
ul

at
iv

e A
E

A
E

Loading step

AE
Accumulative AE

Figure 29: AE accumulation/AE energy accumulation vs. Steps
curves.



Advances in Mechanical Engineering 19

Y

Y

Y

Y Y

Y

Y

Y

Z

Z

Z

Z Z

Z

Z

Z

1.005e + 004

1.547e + 004

2.090e + 004

2.632e + 004

3.175e + 004

3.717e + 004

4.260e + 004

4.802e + 004

5.345e + 004

5.887e + 004

−1.581e − 001

2.203e + 000

4.565e + 000

6.926e + 000

9.287e + 000

1.165e + 001

1.401e + 001

1.637e + 001

1.873e + 001

2.109e + 001

5.364e + 001

6.589e + 003

1.312e + 004

1.966e + 004

2.620e + 004

3.273e + 004

3.927e + 004

4.580e + 004

5.234e + 004

5.887e + 004

−2.552e + 000

9.130e + 000

2.081e + 001

3.249e + 001

4.418e + 001

5.586e + 001

6.754e + 001

7.922e + 001

9.091e + 001

1.026e + 002

2.682e + 001

6.565e + 003

1.310e + 004

1.964e + 004

2.618e + 004

3.272e + 004

3.926e + 004

4.580e + 004

5.234e + 004

5.887e + 004

−3.125e + 000

7.295e + 000

1.772e + 001

2.814e + 001

3.856e + 001

4.898e + 001

5.940e + 001

6.982e + 001

8.024e + 001

9.066e + 001

2.682e + 001

6.565e + 003

1.310e + 004

1.964e + 004

2.618e + 004

3.272e + 004

3.926e + 004

4.580e + 004

5.234e + 004

5.887e + 004

−4.968e + 000

6.999e + 000

1.897e + 001

3.093e + 001

4.290e + 001

5.487e + 001

6.683e + 001

7.880e + 001

9.077e + 001

1.027e + 002

Step 2(0)

Step 13(0)

Step 14(14)

Step 15(5)

Figure 30: Continued.
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Figure 30: Zonal disintegration process under the load in 𝑧 direction.
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Figure 31: Strain curves of elements along 𝑧 direction at positions
𝑥 = 18mm and 𝑦 = 17mm at step 13.

(3) The failure mode and the load bearing capacity of
tunnel depend on the direction of the maximum
principal stress. When the maximum principal stress
is along the tunnel axis, the zonal disintegration
may be developed and the load bearing capacity
of tunnel is higher compared with other loading
conditions. When the maximum principal stress is
vertical to the roof and floor, the failure mode is
funnel shaped failure. When the maximum principal
stress is horizontal to the side wall of tunnel, the
failuremode is conjugate slip line fractures in the roof
and floor and the load bearing capacity is the lowest.

(4) The zonal disintegration is not a universal phe-
nomenon in deep rock mass. Two conditions must
be satisfied, one is that there exists a large horizontal
tectonic stress along the tunnel axis, the other is that
the radius of curvature of tunnel should be large.
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Pultrusion is a continuousmanufacturing process used to produce high strength composite profiles with constant cross section.The
mutual interactions between heat transfer, resin flow and cure reaction, variation in the material properties, and stress/distortion
evolutions strongly affect the process dynamics together with the mechanical properties and the geometrical precision of the final
product. In the present work, pultrusion process simulations are performed for a unidirectional (UD) graphite/epoxy composite
rod including several processing physics, such as fluid flow, heat transfer, chemical reaction, and solid mechanics. The pressure
increase and the resin flow at the tapered inlet of the die are calculated by means of a computational fluid dynamics (CFD) finite
volumemodel. Several models, based on different homogenization levels and solution schemes, are proposed and compared for the
evaluation of the temperature and the degree of cure distributions inside the heating die and at the postdie region. The transient
stresses, distortions, and pull force are predicted using a sequentially coupled three-dimensional (3D) thermochemical analysis
together with a 2D plane strain mechanical analysis using the finite element method and compared with results obtained from a
semianalytical approach.

1. Introduction

Pultrusion is a continuous manufacturing process used to
realize constant cross sectional composite profiles. In recent
years, the pultrusion process experienced a remarkable grow-
ing within the composite industry, due to its cost-effect-
iveness, automation, and high quality of products. Nowadays,
the process is widely used to manufacture highly strength-
ened structures such as wind turbine blades, window profiles,
door panels, and reinforcing bars for concrete. Moreover, in
some applicative sectors, such as in the automotive industry,
the environmental impact of pultruded composite structures
over the entire life cycles results is lower than other engi-
neeringmaterials [1]. A schematic view of the pultrusion pro-
cess is depicted in Figure 1. During the process, the reinforce-
ment fibers, in the form of rovings or mat, are pulled through
guiders and impregnated by the resin material in an open
bath or employing a resin injection chamber.Wetted out rein-
forcements are then pulled via a pulling mechanism through
the heating die. The die inlet is typically characterized by a

tapered or a conical convergent shape, in order to promote the
desired impregnation and compaction of the reinforcement,
the removal of the air and the excess resin. In the straight
portion of the die, the heat provided by means of electrical
heaters or hot oil activates the exothermic cure reaction of
the thermoset resin. As a consequence, the material changes
its status from reactive liquid to gel and then vitrified
solid [2, 3]. The thermochemical behavior of the processing
thermoset resin, generally represented by time-temperature-
transformation (TTT) diagrams [2–4], is a crucial issue.
During the curing process, the resin shrinks because of the
chemical reaction (cross linking) promoting the contraction
of the work piece. Besides that, the part continues contracting
due to the cooling effect, for example, convective cooling at
the postdie region. At the end of the process, the cured and
solidified product is cut into desired lengths.

Even if the process is conceptually quite simple, the anal-
ysis of its dynamics and the definition of optimal processing
parameters are a complex task, due to themutual interactions
between involved physical phenomena,mainly related to heat
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Figure 1: Schematic view of the pultrusion domain for the compos-
ite rod.

transfer, species conversion and phase changes, die-material
contact, and stress-strain development. Several researchers
have performed numerical and experimental investigations
on different aspects inherent to the pultrusion process,
mainly focusing on issues related to heat transfer and cure
[5–11], pressure distribution [12, 13], and pulling force [14–
20]. However, proposedmodels often neglect the interactions
between involved phenomena, on the base of some simpli-
fying assumptions. Most of the published works converge
on the conclusion that the mechanical properties and the
quality of the pultruded composite are strongly affected by
the degree of cure (DOC) distribution and the applied pulling
force. The aforementioned features, in turn, depend on the
pull speed, die temperature, die geometry, constituents’ type,
and volume fractions. Furthermore, the pulling force consists
of different contributions, such as the bulk compaction force
due to the pressure increase in the tapered portion of the die,
the viscous drag acting in the liquid zone, and the frictional
force due to the contact between the internal surface of
the die and the solidified processing material [2, 3, 18–21].
Experimental outcomes reported in [14] by Price and Cup-
schalk showed the impact of the materials volume fractions,
die temperature and pull speed on the pull force. It was
also indicated that for a constant temperature, and pulling
speed, the force increases exponentially with the volume
of material. Lackey and Vaughan carried on an extensive
experimental and statistical investigation on the influence of
process parameters on the pulling force and flexural strength
of pultruded products, employing a five-factor half-factorial
central composite design (CCD). It was concluded that the
process parameters affect the pulling force according to com-
plex interactions whose overall effect may vary significantly
using resin systems characterized by different cure kinetics
[15]. Considering the elevated number of variables involved
in the aforementioned problem, a satisfactory experimental
analysis could result in undesired time and money spending.
Furthermore, pure experimental tests may have no solid
predictive capability. As a consequence, the development of
suitablemultiphysicsmodels is highly required for composite
manufacturing processes. In-plane stresses and deformations
in composite laminates can also be related to the interaction
between the tool and the part [22]. Besides, the temperature
and the DOC gradients through the composite thickness
also promote the development of residual stresses in the
manufactured part [23]. A better understanding of these
phenomena, which take place in the heating die as well as
in the postdie region, is highly required to reduce process
induced shape distortions and residual stresses and to obtain

a realistic analysis of inservice loading scenarios and reliabil-
ity assessments [24, 25]. It should be noted that the general
mechanical behavior of the composite material is orthotropic
(transversely isotropic if only unidirectional fibers are used)
and the coefficient of thermal expansion (CTE) of the
polymer-matrix materials is usually much higher than that of
the fibers.Hence, dimensional variations and internal stresses
are induced mainly due to the curing shrinkage of resin and
the mismatch in the CTE of the fibers and the resin matrix
[26].

In the present work, several processing models dealing
with different phenomena are combined to simulate the
manufacturing of a pultruded product.This approach has not
been considered up to now for the analysis of the pultrusion,
providing a better understanding of the entire process at a
glance. A schematic representation of the implementedmod-
els, including outputs and relative connections, is depicted in
Figure 2.

In particular, pultrusion process simulations are per-
formed for a unidirectional (UD) graphite/epoxy composite
rod including different processing physics with the aim to
predict the pulling force and the stress/distortion evolutions
in the processingmaterial. All the contributions to the overall
pulling force have been accounted for in the present work.
The pressure increase, which is responsible for the bulk com-
paction force, has been derived by means of a computational
fluid dynamics (CFD) model of the resin flow field at
the inlet and solved using a finite volume (FV) approach.
The reinforcing fibers have been modeled as an anisotropic
porous media, with directional permeability in accordance
with the Gebart model.The temperature and the DOC distri-
butions inside the heating die and at the postdie region are
obtained by means of a three-dimensional (3D) thermo-
chemical analysis. Two different modeling approaches are
implemented: a continuous finite element (FE) model and a
porous FV model, based on different homogenization levels
and solution schemes. Bothmodels provide the viscosity field
allowing one to infer the viscous drag acting in the liquid
zone. Furthermore, two solution strategies have been devel-
oped and compared for the prediction of the normal pres-
sure, which generates the frictional force, between the pro-
cessing material and the internal die surface after resin gela-
tion. In the first case, numerical outcomes provided by the FV
porous model have been analytically processed considering
the well-established relations of the continuous mechanics,
resulting in a semianalytical method (SAM). In the second
approach, the transient stresses, distortions, and frictional
pull force are predicted using a sequentially coupled 3D
thermochemical analysis together with a 2D plane strain
mechanical analysis using the finite element method (FEM).
In both cases the evolution of the mechanical properties of
the processingmaterial is computed using the cure hardening
instantaneous linear elastic (CHILE) approach [25, 27]. The
paper is organized as follows: in Section 2 the theoretical
modeling and the governing equations are described in detail,
while in Section 3 the obtained results are exposed and
discussed. Finally, in Section 4, the relevant findings and the
future perspectives of this research are highlighted.
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Figure 2: Implemented models and coupling effects in pultrusion.
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2. Theoretical Modeling and
Numerical Implementation

2.1. Pull Force Model. As aforementioned, four different
contributions to the overall pulling force in pultrusion have
been identified in the literature [2, 3, 14–21]: the collimation
force 𝐹col, the bulk compaction force 𝐹bulk, the viscous drag
𝐹vis, and the frictional force 𝐹fric. These contributions are
strictly related to the geometrical features of the die-work
piece system and to the resin transitions from liquid to gel
and then solid status, as schematized in Figure 3.

The first contribution 𝐹col is due to resistances arising
from the creel to the die inlet and it is generally assumed to
be negligible. As a consequence, the pulling force 𝐹pul can be
expressed as follows:

𝐹pul = 𝐹col + 𝐹bulk + 𝐹vis + 𝐹fric ≈ 𝐹bulk + 𝐹vis + 𝐹fric. (1)

𝐹bulk is related to the increase in the resin pressure
typically observed in the initial part of the die, that is, when
the resin is still in liquid phase. The die inlet is generally
designed as tapered (𝜃 ≤ 10∘) or rounded shapes [4] in order
to promote the constituents compaction reducing fibers dam-
age. Moreover, the resulting over-pressure allows the resin to
completely fill the reinforcingmaterial porosities. At the same
time, this overpressure forces the excess resin to flow back, as
depicted in Figure 4.The excess resin is usually recovered and

Straight die

Intersection 
point

Resin 
backflow

Compacting 

Tapered 

Impregnated 
fibers

pressure p

𝜃

length Li

Figure 4: Resin flow and pressure increase at the die inlet.

redriven to the open bath for the fiber impregnation. While
the resin is in a liquid status at the die entrance, the force due
to the applied pressure acts along a direction normal to the
die surfaces. As a consequence, it does not affect the pulling
force except at the tapered die entrance (Figure 4). Defining
the local resin pressure as 𝑝, the die taper angle as 𝜃, and the
inlet surface as 𝐴1, the bulk compaction term can be written
as follows:

𝐹bulk = ∬

𝐴
1

𝑝 sin 𝜃 𝑑𝐴. (2)

In the straight portion of the die, the increase in the
temperature of the processing resin, due to the heat provided
by the heaters, activates the exothermic cure reaction. The
crosslinking of the thermosetmonomers, in conjunctionwith
the existing temperature field, provides two relevant pheno-
mena, namely, gelation and vitrification, inwhich the status of
the resin is changed.The term gelation refers to the transition
of the catalyzed resin from viscous liquid to gelled (rubbery)
solid. This transition is associated with the achievement
of a certain degree of cure or polymerization (degree of
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Figure 5: Couette flow in the liquid region.

cure at gelation, 𝛼gel), which corresponds also to a sharp
increase of the resin viscosity. Vitrification (glass transition)
is not rigorously associated with a specific extent of the
cure reaction, but with the (𝛼-dependent) glass transition
temperature (𝑇𝑔). If the resin temperature is below 𝑇𝑔, it
behaves as a vitrified (glassy) solid. Differently from gelation,
vitrification is a reversible phase change.

Before the gel point, viscous drag occurs at the die wall.
This resistance is imputable to the presence of a thin liquid
layer between the travelling fibers and the stationary die
surface. Thus, a plane Couette flow is induced, in which
the reinforcing fibers are assumed to be the moving plate
translated at a constant pull speed and the die surface as the
fixed plate. A schematic view is shown in Figure 5 [17]. The
viscous force can be written analytically as follows:

𝐹vis =
Vpul
𝜆

∬

𝐴
2

𝜂 (𝛼, 𝑇) 𝑑𝐴, (3)

where 𝜆 is the thickness of the resin layer between the solid
boundary and themoving fibers, 𝜂 denotes the resin viscosity,
Vpul is the fiber pull speed, and 𝐴2 is the surface interested by
viscous effects, whose length is determined by the gel-point.
Several approaches for the estimation of 𝜆 have been adopted
in the literature, mainly based on the fiber packing, the radius
𝑟𝑓, the volume fraction V𝑓, or permeability considerations
[16, 17]. In the present investigation, the following relation has
been employed [17]:

𝜆 = 𝑟𝑓(1 −

1

2

√
√3𝜋𝑉𝑓

2

) . (4)

The rheological behavior is herein modeled following the
well-recognized three parameters correlation model [12, 13,
16, 17], which is expressed as follows:

𝜂 = 𝜂∞ exp(
Δ𝐸𝜂

𝑅𝑇

+ 𝐾𝛼) , (5)

where𝑅 is the gas constant,𝑇 is the absolute temperature, 𝜂∞,
Δ𝐸𝜂 and𝐾 arematerial parameters provided by experimental
data fitting.

After the gel point, the resin flow and the viscous
effects are obviously inhibited and the composite is mechan-
ically pulled through the die. Consequently, the interaction

between the processingmaterial and the die surface is mainly
characterized by frictional effects. Generally, the entity of the
frictional force can be inferred by considering the friction
coefficient 𝜇 and the contact pressure 𝜎, according to the
following equation:

𝐹fric = ∫

𝐴
3

𝜇 ⋅ 𝜎 𝑑𝐴, (6)

being𝐴3 the die surface from the gel-point to the detachment
point. It should be noted that the value of the friction
coefficient depends on theDOCduring the resin gelation and
further varies at the glass transition. However, due to the lack
of thorough experimental data, generally the averaged values
are utilized [14–21]. Regarding the magnitude of the contact
pressure, 𝜎 is considered to be affected by two contrasting
conditions: the transverse thermal expansion of the compos-
ite due to the increase in temperature and pressure and the
resin chemical shrinkage related to crosslinking reaction.The
latter phenomenon leads to a progressive reduction in the size
of the composite cross section until it shrinks away from the
die internal wall (detachment point).

It is worth noting that the separation of the processing
material from the die cavity induces the formation of a thin
(thermally insulating) air layer. As a consequence, a thermal
contact resistance (TCR) is interposed between the heated die
and the processingmaterial. In the present investigation, each
contribution has been computed using the numerical and the
semianalytical models, as explained in detail in the following.

2.2. Impregnation Analysis. In a conventional pultrusion
process, reinforcing fibers are wetted out inside the resin bath
before entering the heating die. After the impregnation, the
wetted fibers typically show an excess of resin with respect to
the amount needed for the final product. As a consequence,
in the tapered zone of the die (inlet) the processing material
is compacted resulting in a pressure increase with respect
to the atmospheric value. Material compaction is affected
by several factors, such as the volume fraction and the
permeability of the reinforcement, the resin viscosity, and
the geometrical features of the die-material system [12]. The
impregnation model describes the pressure distribution and
the resin flow in the first part of the die, including the
tapered or rounded zone and a portion of the straight die
(Figure 4). Velocity and pressure in the reinforcement-free
zones of the domain are inferred by means of the conjunct
solution of the well-known mass and momentum equations.
In particular, since the early part of the die is not heated in
order to avoid premature resin gelation, it is assumed that
the temperature and the DOC variations are negligible, and
therefore the resin viscosity remains constant. Furthermore,
under the hypothesis of incompressibility of the liquid resin
and neglecting body forces, the equilibrium equations can be
written as follows:

𝜕𝑢

𝜕𝑥

+

𝜕V
𝜕𝑦

+

𝜕𝑤

𝜕𝑧

= 0,

𝜂(

𝜕
2
𝑢

𝜕𝑥
2
+

𝜕
2
𝑢

𝜕𝑦
2
+

𝜕
2
𝑢

𝜕𝑧
2
) −

𝜕𝑝

𝜕𝑥

= 0,
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𝜂(

𝜕
2V

𝜕𝑥
2
+

𝜕
2V
𝜕𝑦
2
+

𝜕
2V
𝜕𝑧
2
) −

𝜕𝑝

𝜕𝑦

= 0,

𝜂 (

𝜕
2
𝑤

𝜕𝑥
2
+

𝜕
2
𝑤

𝜕𝑦
2
+

𝜕
2
𝑤

𝜕𝑧
2
) −

𝜕𝑝

𝜕𝑧

= 0,

(7)

where 𝑢, V, and 𝑤 are the velocity components of the resin
along the 𝑥, 𝑦, and 𝑧 directions, respectively, and 𝑝 is the
liquid pressure. The reinforcing fibers have been treated as
a moving porous media, in which the porosity and the
permeability vary according to geometrical considerations,
ensuring always the final fiber volume. The following mod-
ified Darcy model has been solved in the porous region:

𝑢 = 𝑈 −

𝐾𝑥𝑥

𝜂Φ

𝜕𝑃

𝜕𝑥

,

V = 𝑉 −

𝐾𝑦𝑦

𝜂Φ

𝜕𝑃

𝜕𝑦

,

𝑤 = 𝑊 −

𝐾𝑧𝑧

𝜂Φ

𝜕𝑃

𝜕𝑧

,

(8)

where 𝑈, 𝑉, and𝑊 represent the velocity components of the
porous media along the 𝑥, 𝑦, and 𝑧 directions, respectively. It
should be noted that, assuming that 𝑧-direction is the pull
direction, the component 𝑊 is constant and it is the only
nonzero term in the straight portions of the domain, while
other components should be locally modified considering
the geometric configuration of the tapered zone [12]. Tow
permeability has been defined according to the Gebart model
as follows:

𝐾𝑥𝑥 = 𝐾𝑦𝑦 = 𝐶1(
√

𝑉𝑓max
𝑉𝑓

− 1) 𝑟𝑓

2
,

𝐾𝑧𝑧 =

8𝑟𝑓

2

𝑐

(1 − 𝑉𝑓)

3

𝑉𝑓

2
,

(9)

where 𝑟𝑓 is the fiber radius, 𝑉𝑓,max the maximum achievable
fiber volume fraction, 𝐶1 and 𝑐 are constants equal to 0.231
and 53, respectively [13]. The impregnation model has been
implemented and solved using a FV scheme.The commercial
software ANSYS-CFX has been employed for this purpose.
The pressure distribution provided by the impregnation
model is then used in (2) to evaluate 𝐹bulk.

2.3. Thermochemical Analysis. In this section, theoretical
backgrounds of the implemented continuous and porous
models are presented.

2.3.1. Continuous Model. The basic assumption of the con-
tinuous (homogenized) model is that in each location of the
processing composite material, all the constituents experi-
ence the same temperature. As a consequence, the whole
temperature field is established solving a unique nonlinear

equation using the lumped material properties [4–11, 16–18],
which can be written as follows:

𝜌𝑐𝐶𝑝,𝑐 (

𝜕𝑇

𝜕𝑡

+ Vpul
𝜕𝑇

𝜕𝑧

)

= 𝑘𝑥,𝑐

𝜕
2
𝑇

𝜕𝑥
2
+ 𝑘𝑦,𝑐

𝜕
2
𝑇

𝜕𝑦
2
+ 𝑘𝑧,𝑐

𝜕
2
𝑇

𝜕𝑧
2
+ 𝑉𝑟𝑞,

(10)

where 𝑇 is the temperature, 𝑡 is the time, 𝜌𝑐 is the density,
𝐶𝑝,𝑐 is the specific heat, 𝑘𝑥,𝑐, 𝑘𝑦,𝑐, and 𝑘𝑧,𝑐 are the thermal
conductivities of the composite material along 𝑥, 𝑦, and 𝑧

directions, respectively, and 𝑉𝑟 is the resin volume fraction.
Material properties are assumed to be constant throughout
the process.The source term 𝑞 in (10) is related to the internal
heat generation due to the exothermic resin reaction and is
expressed as follows:

𝑞 = 𝜌𝑟𝐻𝑡𝑟𝑅𝑟, (11)

where 𝑅𝑟 is the reaction rate,𝐻𝑡𝑟 is the total heat of reaction,
and 𝜌𝑟 is the resin density.

Several kinetic models have been proposed and discussed
in the inherent literature to describe the evolution of the cure
reaction. In the present investigation thewell-established 𝑛th-
order model has been adopted, assuming an Arrhenius type
dependence on the absolute temperature:

𝑅𝑟 (𝛼, 𝑇) =

𝜕𝛼

𝜕𝑡

=

1

𝐻𝑡𝑟

𝑑𝐻 (𝑡)

𝑑𝑡

= 𝐾0 exp(−
Δ𝐸

𝑅𝑇

) (1 − 𝛼)
𝑛
,

(12)

where 𝛼 is the degree of cure and 𝐻(𝑡) is the heat generated
during cure. The above equations have been solved in a
3D domain using a FE approach. The evaluation of the
DOC and the reaction rate has been obtained by means
of an iterative inhouse developed routine implemented into
the commercial software package ABAQUS [28], until the
matching of temperature and DOC tolerances to reach the
steady state. The DOC is obtained by using the following
discretization [7, 25]:

(

𝜕𝛼

𝜕𝑡

+ Vpul
𝜕𝛼

𝜕𝑧

) = 𝑅𝑟 (𝛼, 𝑇) . (13)

2.3.2. Porous Model. Differently from the continuous model,
the porous model treats the pultrusion process as a reactive
liquid (resin) flow through a moving porous media (rein-
forcement) inside a defined rigid boundary (die cavity). In
other words, it is a CFDbased nonthermal equilibriummodel
considering each component as a different entity on macro-
scale; therefore a finite difference between the reinforcement
and the matrix temperatures is admitted. As a consequence,
besides the continuity and the momentum equations for the
fluid phase, one energy balance equation for each compo-
nent is needed. This allows heat to be transferred between
contiguous phases. Assuming that the processing composite
is only composed by the reacting resin and the fibrous
reinforcement, that is, neglecting voids and porosity effects,
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the temperature field can be obtained by solving the following
equations:

𝜑𝑓𝜌𝑓𝐶𝑝,𝑓

𝜕𝑇𝑓

𝜕𝑡

+ 𝜌𝑓𝐶𝑝,𝑓Vpul
𝜕𝑇𝑓

𝜕𝑧

= 𝜑𝑓(𝑘𝑥,𝑓

𝜕
2
𝑇𝑓

𝜕𝑥
2
+ 𝑘𝑦,𝑓

𝜕
2
𝑇𝑓

𝜕𝑦
2
+ 𝑘𝑧,𝑓

𝜕
2
𝑇𝑓

𝜕𝑧
2
) + 𝑄𝑟𝑓,

(14)

𝜑𝜌𝑟𝐶𝑝,𝑟

𝜕𝑇𝑟

𝜕𝑡

+ 𝜌𝑟𝐶𝑝,𝑟 (𝑢

𝜕𝑇𝑟
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𝜕𝑇𝑟

𝜕𝑦
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𝜕𝑇𝑟

𝜕𝑧
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= 𝜑(𝑘𝑟

𝜕
2
𝑇𝑟

𝜕𝑥
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+ 𝑘𝑟

𝜕
2
𝑇𝑟

𝜕𝑦
2
+ 𝑘𝑟

𝜕
2
𝑇𝑟

𝜕𝑧
2
) + 𝜑𝑞 + 𝑄

𝑓𝑟
,

(15)

where the subscripts 𝑟 and 𝑓 refer to the resin and fiber,
respectively. In the above equations, 𝜑 = 1−𝜑𝑓 represents the
volume porosity of the medium (ratio between the volume
available for fluid flow and the total volume). Assuming
the absence of voids, 𝜑 coincides with the resin volume
fraction 𝑉𝑟 = 1 − 𝑉𝑓 ⋅ 𝑄𝑟𝑓 = −𝑄𝑓𝑟 is the interfacial heat
transfer between the fluid and the solid depending on the
temperature difference, the interfacial area density, and the
physical properties of the two phases. It should be borne in
mind that in the porous model the DOC is treated as an
additional scalar variable with transport properties existing
only in the fluid phase and varying according to a source
term generated by the reaction rate previously defined in
(12). Similarly, the heat generation term 𝑞 in (11) is restricted
to the reactive resin and the exothermic reaction affects the
fiber temperature by means of conductive heat transfer. As
for the impregnation model, the software ANSYS-CFX [29]
has been used to solve the porous thermal model employing
a FV numerical scheme. The temperature and the DOC
distributions are utilized to compute the resin viscosity and
the viscous drag, according to (5) and (3), respectively.

2.4. Mechanical Analysis. As mentioned above, the pro-
cess induced stress and distortions, including also the die-
composite contact pressure, are predicted using the two
different procedures. The former approach is based on the
solution of a 2D quasi-static FE mechanical model, sequen-
tially coupled with the 3D continuous thermochemical FE
model. The latter is a semianalytical approach based on the
applications of the well-established principles of the linear
elasticity to the results provided by the above described
porous model.

2.4.1. FE Model. In this model, the 2D cross section of the
part is assumed to bemoved along the pulling direction while
tracking the corresponding temperature and DOC profiles
provided by the FE model. A detailed description of this
procedure, that is, the mapping of the predicted fields (𝑇,
𝛼) to the 2D mechanical plain-strain model, is shown in
Figure 6. The implemented mechanical FE model assumes
that the longitudinal strains, that is, parallel to the pulling
direction, are negligiblewith respect to the transverse compo-
nents of the strain tensor. This approximation is well jus-
tified considering the remarkable difference, for pultruded

products, between in plane (cross sectional) and out of plane
(product length) dimensions, being the former of few square
millimeters and the latter of several meters before the cutout.
As a consequence, the problem can be reduced to a two
dimensional plane strain analysis, as discussed in [25]. The
corresponding transient distortions and the evolution of the
process induced stresses and strains are calculated consider-
ing the temperature and the cure distributions, assuming the
following contributions to the incremental total strain (Δ𝜀tot):

Δ𝜀tot = Δ𝜀mech + Δ𝜀th + Δ𝜀ch, (16)

where Δ𝜀mech is the incremental mechanical strain, Δ𝜀th is
the incremental thermal strain, and Δ𝜀ch is the incremental
chemical strain due to the volumetric shrinkage of the resin.
The details of the relations between the stress and strain
tensors used in the present FE approach can be found in [25].

The CHILE approach [25, 27] has been implemented by
means of user-routines in the commercial package ABAQUS
to derive the instantaneous local resin elastic modulus (𝐸𝑟),
assuming a linear relation of the stress and strain tensors.
The corresponding expression for the resin elastic modulus,
assuming secondary effects of temperature as negligible, is
given as follows:

𝐸𝑟 =

{
{
{
{

{
{
{
{

{
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0

𝑟
𝑇
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𝑟
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𝑟
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∗
≤ 𝑇𝐶2

𝐸
∞

𝑟
𝑇
∗
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(17)

The fictitious temperature 𝑇
∗ is defined as the difference

between the 𝑇𝑔 and the actual resin temperature 𝑇 and
expressed as follows:

𝑇
∗
= 𝑇𝑔 − 𝑇 = (𝑇

0

𝑔
+ 𝑎𝑇𝑔𝛼) − 𝑇, (18)

where 𝑇0
𝑔
represents the glass transition temperature of the

uncured resin and 𝑎𝑇𝑔 describes the dependence of the glass
transition temperature on the degree of cure. According to
the CHILE approach, during the cure reaction, 𝐸𝑟 varies
linearly with 𝑇

∗ from the uncured (𝐸0
𝑟
) to the fully cured

(𝐸∞
𝑟
) resin moduli. 𝑇𝐶1 and 𝑇𝐶2 are the critical temperatures,

defining the beginning and the end of modulus development
[27]. The effective mechanical properties of the composite
are calculated using the self-consisting field micromechanics
(SCFM) relationships, as reported in detail in [25]. For the
proposed approach shown in Figure 6, the die is assumed to
be rigid and therefore rigid body surfaces are added at the
die-part interface instead of including the meshing for the
whole die. Between the rigid surfaces and the composite part,
a mechanical contact formulation is defined which restricts
any expansion of the composite beyond the tool interface;
however, any separation due to resin shrinkage is allowed.
In this approach, the friction force at the contact condition
is assumed to be zero (sliding condition). A generic view of
the plane strain model including the rigid surfaces and the
mechanical boundary conditions (BCs) is shown in Figure 6.
It should be noted that, even if the constitutive behavior of the
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Figure 6: Representation of the coupling of the 3D Eulerian thermochemical model with the 2D Lagrangian plain-strain mechanical model
including the rigid body surfaces and the mechanical BCs.

homogenized material is linear elastic, the solved boundary
value problem is significantly nonlinear, due to the space
and time variations of all physical and mechanical properties
involved.

2.4.2. Semianalytical Analysis ofDistortions andPressure. The
proposed semianalytical approach is based on the computa-
tion of a virtual unconstrained cross section of the processing
material. It is assumed that during the process the position
of the center of mass (barycenter) of the cross section is
always preserved [11].The composite distortions are related to
the thermal expansion of each component and the chemical
shrinkage of the reactive resin. As a consequence, each
virtual dimension of the 𝑖th control volume can be computed
multiplying its initial value by the correction factor as follows:

𝛿𝑐,𝑖 = 𝑉𝑟𝛿𝑟,𝑖 + 𝑉𝑓𝛿𝑓,𝑖, (19)

where 𝛿𝑟,𝑖 and 𝛿𝑓,𝑖 are the variations of a unit dimension of
the 𝑖th volume entirely filled with resin and fiber, respectively.
Defining the CTEs of the resin as 𝛼𝑟 and of the fibers in the
transverse direction as 𝛼𝑓,𝑡, and the percentage volumetric
shrinkage of the fully cured resin as 𝛾𝑟, it follows

𝛿𝑟,𝑖 = (1 + 𝛼𝑟 (𝑇𝑟,𝑖 − 𝑇0)) ⋅ (1 −

𝛾𝑟𝛼𝑖

100

)

1/3

𝛿𝑓,𝑖 = (1 + 𝛼𝑓,𝑡 (𝑇𝑓,𝑖 − 𝑇0)) ,

(20)

where the subscripts 𝑟 and 𝑓 refers to resin and fiber, respec-
tively. Here, the utilized temperature and the DOC values
are the volume averaged values calculated by considering
the results of the porous model described in Section 2.3.2.

With reference to the circular cross section investigated, the
dimensional variation Δ 𝑟,𝑖 of the 𝑖th volume, along the radial
direction, is given by

Δ 𝑟,𝑖 = 𝑟𝑖 (𝛿𝑐,𝑖 − 1) . (21)

The total displacement Δ 𝑟 = ΣΔ 𝑟,𝑖 and the virtual radius
𝑟V can be evaluated by extending equation (21) to the whole
radius. In particular, from the die inlet until the detachment
point, due to the prevalence of the thermal expansion on
the chemical shrinkage, the virtual section of the processing
composite results reasonably greater than the die cavity.
Consequently, the pultruded part is compressed by the die
internal walls. In this case, the contact pressure is evaluated
following the well-known principles of materials science for
thick walled cylinders, schematizing the virtual section as a
series of concentric and contiguous annulus (delamination
phenomena are not included) and assuming plane strain
hypothesis. As for the FE model described in Section 2.4.1,
material elastic properties are evaluated according to local
temperature and DOC, using the CHILE approach and the
SCFM relationships. Taking into account this, the continuity
of thematerial imposes the congruence of the circumferential
strains 𝜀𝜃 and the radial stress 𝜎𝑟 at the boundaries between
adjacent layers, using the subscript 𝑗 to identify each annulus
(increasing with the radial position) and the subscripts int
and ext to localize the strain at the inner or outer radius of
the annulus, respectively, which results in the following:

𝜀𝜃𝑗,ext = 𝜀𝜃𝑗+1,int

𝜎𝑟𝑗,ext = 𝜎𝑟𝑗+1,int.
(22)
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Figure 7: Pressure calculation scheme.

Furthermore, considering that the enlargement of the real
cross section is prevented by the rigid die walls (the uncon-
strained section previously computed is a purely virtual one),
the circumferential strain on the external radius results in the
following:

𝜀𝜃 = −

Δ𝑟

𝑟V
, (23)

providing the closure to the considered problem. A schematic
representation of the calculation procedure is depicted in
Figure 7. It is trivial to outline that, in correspondence with
the external radius, the radial solicitation 𝜎𝑟 equals to the
opposite of the pressure 𝜎 acting on the die internal wall,
allowing one to derive the frictional contribution using (6).

Frictional resistance vanishes when the shrinkage effect
prevails, inducing the detachment of the material from the
die. In this case, an additional TCR is induced between the
die and the composite. TCR values are computed in the cor-
responding locations assuming that the empty space between
the die surface and the processing composite is fulfilled by
air. Since radial displacements and TCR values along the
die length are not known as a priori, an iterative procedure,
connecting the thermochemical model with the dimensional
change model, has been implemented, until reaching the
convergence of a temperature criterion.

3. Results and Discussion

3.1. Case Study. The pultrusion process of a UD graphite/
epoxy composite rod with circular cross section is simu-
lated to compare the numerical outcomes provided by the
proposed models as well as with results discussed in the
literature [6, 13].The radius of the processing rod is 4.75mm,
while the length 𝐿die of heating die is 914mm, which are
adopted for the numerical and experimental analysis detailed
in [6]. It should be noted that, in the performed simulations,
the temperature distribution on the internal die surface is
used to provide the required closure of the above described
thermochemical problem; that is, the die is not included in
the calculation domain, as also done in [6]. Despite the imple-
mented thermochemical models that allow one to define
more complex boundary conditions, this relatively simpler
case has been reproduced in order to compare numerical

results with data reported in [6]. The inlet temperature is
assumed to be equal to the resin bath temperature (38∘C),
while the matrix material is assumed to be totally uncured
(𝛼 = 0) at the same cross section. Only a quarter of the 3D
model has been considered due to the symmetry and in order
to reduce the computational effort. A schematic view of the
simulation domain is depicted in Figure 8.

The variation of the internal section in the tapered inlet is
not taken into account in the thermochemical model as well
as for the stress and distortions calculations in themechanical
model. The reason is that the size of the tapered section is
relatively small and there is almost no heat transfer, curing,
and stress development observed in that region.

In addition, considering that the composite material in
the die exit section is still at elevated temperature, it is
reasonable to suppose that the cure reaction proceeds also
in the postdie region, leading to a certain amount of DOC
increase, as already discussed in [6, 25]. This aspect has been
included in the model extending the length of the pultruded
composite to the postdie region. The postdie is characterized
by a total length 𝐿post-die equal to 1370mm, ensuring that no
further reaction will take place in the material. In the postdie
region, convective cooling in the room temperature (27∘C)
is imposed as a boundary condition on the external surface
of the pultruded product. The dependence of the convective
cooling coefficient on the surface temperature is defined
using the well-known principle of heat transfer for horizontal
cylinder. The pull speed Vpull has been defined as 5mm/s [6].

The pultruded composite rod consists of Shell Epon
9420/9470/537 resin and Graphite Hercules AS4-12K fibers
(𝑟𝑓 = 13 𝜇m). The properties of components and the resin
kinetic parameters are listed in Tables 1 and 2, respectively.
The parameters used in the CHILE approach are given in
Table 3.

3.2. Impregnation Analysis. The impregnation model is con-
sidered for the first 30mm of the die, assuming that after this
length flow perturbations induced by the convergent section
of the inlet vanish. The tapered inlet has been modeled
assuming a rounded shape with length 𝐿 𝑡 and radius𝑅𝑡 being
equal to 6 and 6.35mm, respectively [13]. The preform ratio,
defined as the ratio between the cross sectional area of the
impregnated material before and after the compaction due to
the tapered inlet, is assumed to be 1.44, neglecting shape vari-
ations of the pulled material. As a consequence, the wetted
fibers approaching to the inlet have been modeled as a cylin-
drical porous medium with radius being equal to 5.7mm.

As aforementioned, a constant viscosity assumption is
adopted, taking into account that generally in the very early
part of the die no significant reaction is observed. The refer-
ence viscosity value has been obtained according to (5), con-
sidering the resin as fully uncured (𝛼 = 0) at a temperature
equal to 38∘C, as for the thermochemical models. It should
be noted, however, that the catalyzed resin, before the impre-
gnation and entering of the die, lays into the open bath
for some time. During this period, a small amount of reac-
tion cannot be excluded a priori. Even if the degree of cross-
linking in the resin bath does not significantly affect the evo-
lution of the solidification process, it can influence the



Advances in Mechanical Engineering 9

Pulling direction

Heating Convective cooling

Composite4.75

Ldie = 914 Lpost-die = 1370

yy

xz

Top

Center

Centerline
(Symmetric BC)
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Table 1: Material physical properties and concentration [6, 9–11].

Property Graphite Epoxy
𝜌 [kgm−3] 1790 1260
𝑐
𝑝
[J kg−1 K−1] 712 1255

𝑘
𝑥
[Wm−1 K−1] 11.6 0.2

𝑘
𝑦
[Wm−1 K−1] 11.6 0.2

𝑘
𝑧
[Wm−1 K−1] 66 0.2

𝐸
𝑥
[GPa] 2.068𝐸 + 1 —

𝐸
𝑦
[GPa] 2.068𝐸 + 1 —

𝐸
𝑧
[GPa] 2.068𝐸 + 2 —

]
𝑧𝑥

0.2 0.35
]
𝑧𝑦

0.2 0.35
]
𝑥𝑦

0.5 0.35
𝐺
𝑧𝑥
[GPa] 2.758𝐸 + 1 —

𝐺
𝑦𝑧
[GPa] 2.758𝐸 + 1 —

𝐺
𝑥𝑦
[GPa] 6.894𝐸 + 0 —

𝛼
𝑥
(1/∘C) 7.2𝐸 − 6 4.5𝐸 − 5

𝛼
𝑦
(1/∘C) 7.2𝐸 − 6 4.5𝐸 − 5

𝛼
𝑧
(1/∘C) −9.0𝐸 − 7 4.5𝐸 − 5

𝛾
𝑟
(%) — 4

Volume fraction 0.6 0.4

viscosity for the impregnation and compaction analysis. This
situation is investigated in the present work by simulating
the compaction process using three different viscosity values:
1.05 Pa⋅s (𝛼 = 0), 1.5 Pa⋅s (𝛼 = 0.008) [13], and 2.60 Pa⋅s
(𝛼 = 0.02). In the impregnation model, the die surfaces are
modeled as rigid walls, defined with a no slip condition. An
inlet condition is imposed to the inlet surface corresponding
to the preform, while an opening condition allowing the
creation of the resin backflow is applied on the surrounding
surface. In both cases, a zero relative pressure is defined. The
velocity of the processing material crossing the outlet section
has been assumed to be equal to the pull speed.

In Figures 9–11 the results provided by the impregnation
model are reported which show the pressure profiles at the
centerline of the processing material (Figure 9), a streamline
plot of the resin flow in the tapered region (Figure 10), and
the calculated bulk compaction force (Figure 11). For all the
simulated conditions, an increase in the pressure has been
predicted before the intersection point, which is identified
by the contact between the reinforced preform and the die
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Figure 9: Centerline pressure rise in the tapered region of the die.

internal surface and is depicted in Figure 9 by the vertical
dashed line. This pressure variation is due to the effect of the
resin backflow (well highlighted by the streamlines opposite
to the pulling speed in Figure 10), which prevents the free flow
of the resin inside the preform towards the nonreinforced
zones.The samefigure also highlights the excellent agreement
between the obtained pressure profiles and the data reported
in [13], confirming the validity of the implemented numerical
model. Furthermore, as already indicated in [13], for the
considered configuration more than half of the total pressure
increase has already developed at the intersection point. It is
also worth noting in Figure 10 that, at the very beginning of
the straight portion of the die, the resin velocity converges on
the pull speed imposed to the reinforcing fibers.

Obtained outcomes also show that the activation of the
cure reaction inside the resin bath is quite undesirable, even
if the degree of crosslinking achieved before entering the
die is reduced. Indeed, the premature crosslinking of the
catalyzed resin increases its viscosity and, as a consequence,
higher pressures are needed to squeeze the excess resin out
of the preform. This results also in a proportional increase
of the pulling force contribution due to material compaction
(Figure 11).

3.3.Thermochemical Analysis. The calculated centerline tem-
perature and DOC profiles are shown in Figure 12 together
with the temperature profile imposed on the diewall. It is seen
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Table 2: Epoxy resin rheological parameters [6, 9–12].

𝐾
0
[s−1] Δ𝐸 [Jmol−1] 𝑛 𝐻tr [J kg

−1] 𝜂
∞
[Pa⋅s] 𝐸

𝜂
[Jmol−1] 𝐾

19.14𝐸 + 4 60.5𝐸 + 3 1.69 323.7𝐸 + 3 5.12𝐸 − 7 3.76𝐸 + 4 45.0

Table 3: Resin properties for modulus calculation (CHILE and glass transition) [25, 27].

𝑇
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[
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that the predicted results match quite well with the available
experimental data in [6]. This evidences that the numerical
schemes adopted for the continuous homogeneous FEmodel
(denoted as “CM” in Figure 12) and the porous nonhomoge-
neous FV model (denoted as “PM” in Figure 12) are stable
and converged to a reliable solution. The temperature in the
center of the composite rod becomes higher than the die wall
temperature after approximately 390mm from the die inlet
due to the internal heat generation of the epoxy resin. At that
point a peak of the reaction rate is obtained, inducing a sharp
increase of the DOC. The maximum composite temperature
is calculated approximately as 208∘C. What is more, at the
postdie region, the DOC is increased slightly which indicates
that the curing still takes place after the die exit, as also
observed in [6]. The centerline DOC is increased from 0.84
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Figure 12: Temperature and DOC profiles: comparison of the
present outcomes with the reference data [6].

(at the die exit) to 0.87 (at the end of the process), while, at
the surface, it varies from 0.80 to 0.83, indicating a global
percentage increase of approximately 3.6%.

The depicted DOC profiles in Figure 12 show an earlier
activation of the cure reaction at the composite surface due
to the rapid temperature increase related to conductive heat
transfer from the die wall. As a consequence, the DOC at the
external radius initially results higher than at the center. This
trend varies after the activation of the reaction in the core of
the material; indeed, the relatively low thermal conductivity
of the resin prevents the heat generated at the center to
flow towards the external zones, inducing a significant and
localized temperature increase at the center, which strongly
promotes monomers crosslinking. It is worth noting that the
cure crossover (intersection between the DOC profiles at the
center and at the top) is reached approximately at 𝛼 = 0.5,
that is, well above the gel point (𝛼 = 0.265) of the considered
resin system, indicating a delay in the establishment of the
desired in-out solidification direction. Indeed, as evidenced
by the viscosity profiles depicted in Figure 13, the activation
of the cure reaction implies a sharp viscosity increase at gela-
tion, occurring earlier at the top surface, at a distance approxi-
mately equal to 360mm from die entrance and separating
the liquid zone (where viscous drag acts) from the gel
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by viscosity profiles at top and work piece radius.

zone (dominated by frictional resistance).The same viscosity
trend is observed at the center of the composite rod after
approximately 405mm from the die entrance. It should be
also noted that, in the first 200mm from the inlet, the tem-
perature increase leads to a slight viscosity reduction before
the beginning of crosslinking phenomena, as also highlighted
in Figure 13.

In the same figure (Figure 13) the work piece radius, as a
function of the axial distance, is reported. As highlighted by
numerical outcomes, in the liquid zone the materials thermal
expansion prevails on chemical shrinkage, leading to a virtual
radius of the work piece greater than the die internal radius.
As a consequence a further pressure increase (shown in what
follows) is to be expected. Even if this pressure increase
does not theoretically implies further contributions to the
total pulling force (being the wall surface parallel to 𝐹pull),
from a practical point of view it is very interesting since, in
conjunction with the aforementioned viscosity reduction, it
promotes the reduction of voids in the final product. As can
be seen, bothmodels fairly agree with the individuation of the
detachment point, which is the intersection point between
the virtual radius and the die internal radius during shrink-
age. Please note that the zero radial displacement provided
by the FE model (CM) is due, in agreement with reality,
to the nonpenetrating condition applied at the mechanical
contact between the composite and the rigid die surface [25].
The detachment point for the outer surface of the composite
rod is found to be approximately at 540mm from the inlet
(more precisely 535mm and 545mm for the FEM and SAM);
as a consequence the die length interested by the frictional
effect (gel zone) is estimated to be approximately 180mm.
The delayed position of the detachment point predicted
by the SAM with respect to the FEM suggests also that a
relatively major computation of the virtual radius (or radial
displacement of the cross section). This aspect can be related
to the assumption of the lumped CTE employed in the FE
model in contrast with the usage of a different CTE for each
constituent (when the resin is in liquid phase) adopted by the
SAM.After the detachment point, TCRs are induced between

the work piece and the die. Nevertheless, very negligible
differences (less than 0.5∘C) in the temperature distributions
have been found with and without the TCR inclusion in the
calculations. The work piece radius in the exit section as
provided by the analytical calculation coupled to the finite
volume model, results 4.742mm, in good agreement with
the value (4.739mm) reported in [11]. A slight difference
(∼0.003mm = 3𝜇m) regarding the work piece radius at the
exit calculated using the FE model and the semianalytical
procedure has been found. As can be seen in Figure 13, after
the detachment point, the evolution of the radial distortion
differs between the aforementioned approaches. The reason
for this deviation could be found in the oversimplification of
the semianalytical model (SAM), in which the displacements
are calculated only in the radial direction without taking
the effect of the mechanical behaviors in the longitudinal
direction into account.

3.4. Mechanical Analysis. The evolution of the process
induced transverse normal stresses in the 𝑥-direction (𝑆11)
is shown in Figure 14(a). It is seen that at the end of the
process, tensile stresses prevail at the inner region (center)
and compression stresses occur at the outer region (top)
while upholding the self-static equilibrium in which there
is no applied external load. This observation resembles with
the one presented in [25]. The stress levels are found to be
relatively small (<1MPa). The main reason is that there are
an almost uniform temperature andDOCdevelopments over
the cross section of the composite rod which provides rela-
tively lower through-thickness gradients promoting almost
no residual stresses at the end of the process. The variation
in 𝑆11 is due to the internal competition between expansion
and contraction of the part.The effective longitudinal and the
transversemoduli (calculated by the SCFM) of the composite
rod at the end of the process are found to be 130.2GPa
and 9.7GPa, respectively, which agrees well with typical
values given in [30] for T300 carbon/epoxy with a fiber
volume fraction of 60%. In Figure 14(b) the resin modulus
development due to monomers crosslinking is depicted. It is
seen that almost same evolution pattern is obtained using the
CHILE model in FEMmodel and SAMmodel.

Undeformed contour plots of the stresses 𝑆11 (in 𝑥-
direction) and 𝑆22 (in the 𝑦-direction) are shown in Figure 15.
As expected, the 𝑆11 distribution is almost symmetricwith the
𝑆22 distribution with respect to the diagonal of the composite
rod, since all the mechanical boundary conditions are the
same.Themaximumnormal tensile and compression stresses
are found to be approximately 0.26MPa and −0.82MPa,
respectively, for 𝑆11 and 𝑆22.

In Figure 16, the contact pressure profiles (between inter-
nal die surface and the outer surface of the part, that is, top
point indicated in figure) provided by the implementedmod-
els (FEM, SAM) are shown. Both models highlighted a pro-
gressive pressure increase (up to approximately 0.2MPa for
the FEMand0.27 for the SAM) from the die inlet to the strong
activation of the resin reaction since the composite part tries
to expand because of the temperature increase; however the
internal die surface restricts this expansion. The difference
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Figure 15: The undeformed contour plots of the inplane stresses: 𝑆
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(a) and 𝑆

22
(b).

between these two predictions is due to the aforementioned
considerations in virtual section calculations, which relies
on the specific assumptions in the FEM and in the SAM.
Afterwards, due to resin chemical shrinkage, a continuous
pressure reduction is observed until the detachment occurs.

According to the calculated viscosity and pressure pro-
files, in the thermochemical analysis the total pulling force
together with its components is predicted (Figure 17). For the
calculation of the frictional resistance, the friction coefficient
𝜇 has been assumed to be 0.25, as also used in [19]. Numerical
outcomes show that, for the simulated process, the viscous
force represents the principal amount of the total resistance,
being 𝐹bulk = 4.9N, 𝐹vis = 313.7N, and 𝐹fric = 184.1N,
as predicted by the semianalytical procedure. A relatively
smaller frictional resistance (112.9N) is predicted by the
FE mechanical model, due to the lower contact pressure

profile in Figure 16. The key role played by the viscous drag
with respect to the frictional force can be related to the
reduced die length affected by the frictional phenomena and
to the delayed development of the resin (and the composite)
modulus. The contribution due to the material compaction
is found to be not significant as compared to other amounts,
being less than 1% of the total load.

4. Conclusions

In the present work, different approaches for modeling
and simulations of several physical aspects, such as fluid
flow, heat transfer, chemical reaction, and solid mechanics,
involved in a conventional pultrusion process are proposed
and compared. The proposed models are based on different
numerical techniques (FEM, FVM) as well as the analytical
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calculation. Taking into account the discussed outcomes, it
can be concluded that

(i) the resin pressure increases at the tapered die inlet,
promoting the backflow of the excess resin; however,
as soon as the straight portion of the die begins,
a flat velocity profile is enforced. It is found that
the compaction force increases with the viscosity (or
degree of cure) of the resin in the impregnation bath;

(ii) adopted numerical schemes (FEM, FVM) are found
to be accurate and converged to a reliable solution,
since the predicted values match well with the ref-
erence data [6]. Moreover, both models fairly agree
in the evaluation of viscosity profiles, dimensional

variations and extension of the three zones (i.e.,
liquid, gel, and solid). The inclusion of the thermal
contact resistance due to material contraction inside
the die in pultrusion modeling does not affect the
simulation results significantly;

(iii) in the initial portion of the curing die, the thermal
expansion of the processing materials dominates the
resin shrinkage, which induces a progressive contact
pressure increase and, consequently, frictional resis-
tance after gelation. However, as the cure reaction
proceeds, the chemical contraction of the reactive
resin prevails causing the detachment of the work
piece from the die internal surface and the vanishing
of the contact pressure as well as the frictional force;

(iv) in the residual stress model, relatively small residual
stress values were predicted at the end of the process
due to the uniform distribution of the tempera-
ture and degree of cure over the cross section of
the composite part having a relatively small diam-
eter (9.5mm). The thickness of the composite part
together with the total volumetric shrinkage of the
resin has an important effect on the residual stress
evolution [25]. At the end of the process, it is found
that tension stresses prevail for the center of the part
since it cured later and faster as compared to the outer
regions where compression stresses were obtained
while upholding the self-static equilibrium;

(v) the viscous drag is found to be the main contribution
as the frictional force to the overall pulling force,
while the contribution due to material compaction at
the inlet is found to be negligible.

Investigating the several aforementioned processing
physics simultaneously provides a better understanding of
the entire pultrusion dynamics at a glance and therefore
this study would be very much of interest to the composite
manufacturing processing community and especially to sci-
entists and engineers in the field of manufacturing process
modeling.
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A volume integral equation method (VIEM) is applied for the effective analysis of elastic wave scattering problems in unbounded
solids containing general anisotropic inclusions. It should be noted that this numerical method does not require use of Green’s
function for anisotropic inclusions to solve this class of problems since only Green’s function for the unbounded isotropic matrix is
necessary for the analysis. This new method can also be applied to general two-dimensional elastodynamic problems involving
arbitrary shapes and numbers of anisotropic inclusions. A detailed analysis of SH wave scattering problems is developed for
an unbounded isotropic matrix containing multiple orthotropic elliptical inclusions. Numerical results are presented for the
displacement fields at the interfaces of the inclusions in a broad frequency range of practical interest. Through the analysis of plane
elastodynamic problems in an unbounded isotropic matrix with multiple orthotropic elliptical inclusions, it is established that this
new method is very accurate and effective for solving plane elastic problems in unbounded solids containing general anisotropic
inclusions of arbitrary shapes.

1. Introduction

A micrograph of the cross-section of a phosphate glass
fiber/polymer composite is shown in Figure 1 [1]. Figure 1
indicates that the fibers are close to ellipses and themajor axis
of the elliptical fibers is not aligned in any one direction.
Furthermore, the micrograph cross section of the glass fiber
composite in Figure 2 [2] shows that the fibers are triangular
in shape.

A number of analytical techniques are available for solv-
ing stress analysis of isotropic inclusion problems when the
geometry of the inclusions is simple (i.e., cylindrical, spher-
ical, or ellipsoidal) and when they are well separated [3–6].
However, these approaches cannot be applied tomore general
problems where the inclusions are both anisotropic and arbi-
trary in shapewhen their concentration is high.Thus, analysis
of elastic wave scattering problems in heterogeneous solids
often requires the use of numerical techniques based on the
finite element method (FEM) or boundary element method
(BIEM). Unfortunately, both methods encounter limitations

in dealing with elastic wave scattering problems involving
multiple anisotropic inclusions of arbitrary shapes. However,
it has been demonstrated that a newly developed numerical
method based on a volume integral equation formulation can
overcome such difficulties in solving this class of inclusion
problems [7, 8]. In contrast to the conventional bound-
ary integral equation method (BIEM), where the infinite
medium Green’s functions for both the matrix material and
the anisotropic inclusion material are needed, the present
method does not require the latter. Since elastodynamic
Green’s functions for anisotropic media are extremely dif-
ficult to calculate, the present method offers a definite
advantage over the boundary integral equation method. In
addition, the VIEM is not sensitive to the geometry or
concentration of the inclusions. Moreover, in contrast to the
finite element method (FEM), where the full domain needs
to be discretized, the VIEM requires discretization of the
inclusions only.

Therefore, in order to investigate the influence of ortho-
tropic elliptical inclusions on the interfacial field, a detailed
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Figure 1: Phosphate glass fiber/polymer composite cross section [1].
Used with permission from Journal of Materials Science: Materials
in Medicine.

Figure 2: Micrograph cross-section of a unidirectional 60𝜇m
triangular glass fiber composite (𝑉

𝑓
= 0.5) [2].Usedwith permission

from Composites Science and Technology.

analysis of the displacement field at the interface between
the matrix and the central inclusion is first carried out for
an unbounded isotropic matrix containing five orthotropic
elliptical inclusions.Themajor axis of each elliptical inclusion
is 0∘ or 90∘ with the x-axis and the aspect ratio is assumed to
be 1.0 (circular) and 0.8.The inclusion separation distance (𝑠)
is assumed to be 3.24a and 2.51a (𝑎: the radius of each circular
inclusion or the major radius of each elliptical inclusion). It
should be noted that the central inclusion is selected since
the interaction effects of the multiple inclusions are likely to
be highest in value there. The incident wave represents SH
waves propagating parallel to the x-axis with particle motion
being parallel to the z-axis.

It is demonstrated that this new method is very accurate
and effective for solving plane elastodynamic problems in
unbounded solids containing general anisotropic inclusions
of arbitrary shapes. In forthcoming papers, in order to
accurately predict the failure and damagemechanisms in real
composites, the formulations developed herein will be used
to calculate other quantities of practical interest in realistic
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Figure 3: Geometry of the general elastodynamic problem.

models of composites containing multiple strong anisotropic
heterogeneities [9].

2. Volume Integral Equation Method (VIEM)

The geometry of the general elastodynamic problem consid-
ered here is shown in Figure 3 where an unbounded isotropic
elastic solid containing a number of isotropic or anisotropic
inclusions of arbitrary shape are subjected to prescribed
dynamic loading at infinity. The symbols 𝜌

(1) and 𝑐𝑖𝑗𝑘𝑙

(1)

denote the density and the elastic stiffness tensor of the inclu-
sion.𝜌(2) and 𝑐𝑖𝑗𝑘𝑙

(2) denote the density and the elastic stiffness
tensor of the unbounded matrix material. The matrix is
assumed to be homogeneous and isotropic so that 𝑐𝑖𝑗𝑘𝑙

(2)

is a constant isotropic tensor, while 𝑐𝑖𝑗𝑘𝑙

(1)can be arbitrary;
that is, the inclusions may, in general, be inhomogeneous
and anisotropic. The interfaces between the inclusions and
the matrix are assumed to be perfectly bonded ensuring
continuity of the displacement and stress vectors.

Let 𝑢
𝑜

𝑚
(x,𝜔)𝑒−𝑖𝜔𝑡 denote the 𝑚th component of the

displacement vector due to the incident field at x in the
absence of the inclusions. Also, let 𝑢𝑚(x,𝜔)𝑒

−𝑖𝜔𝑡denote the
same in the presence of the inclusions, where 𝜔 is the circular
frequency of the waves. In what follows, the common time
factor 𝑒

−𝑖𝜔𝑡 and the explicit dependence on 𝜔 for all field
quantities will be suppressed.

It has been shown in Mal and Knopoff [10] that the
elastodynamic displacement, 𝑢𝑚(x), in the composite satisfies
the volume integral equation

𝑢𝑚 (x) = 𝑢
𝑜

𝑚
(x) + ∫

𝑅

[𝛿𝜌𝜔
2
𝑔
𝑚

𝑖
(𝜉, x) 𝑢𝑖 (𝜉)

−𝛿𝑐𝑖𝑗𝑘𝑙𝑔
𝑚

𝑖,𝑗
(𝜉, x) 𝑢𝑘,𝑙 (𝜉)] 𝑑𝜉,

(1)

where the integral is over the domain occupied by the
inclusions, 𝛿𝜌 and 𝛿𝑐𝑖𝑗𝑘𝑙 represent contrasts in the density
and elastic tensor of the inclusions and the matrix (i.e., 𝛿𝜌 =

𝜌
(1)

− 𝜌
(2) and 𝛿𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖𝑗𝑘𝑙

(1)
− 𝑐𝑖𝑗𝑘𝑙

(2)
), and 𝑔𝑖

𝑚
(𝜉, x)𝑒−𝑖𝜔𝑡 is

elastodynamic Green’s function for the unbounded homoge-
neousmatrixmaterial; that is, 𝑔𝑖

𝑚
(𝜉, x)𝑒−𝑖𝜔𝑡 represents the 𝑖th

component of the displacement at 𝜉 due to unit concentrated
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force, 𝑒𝑚𝑒
−𝑖𝜔𝑡, at x in the𝑚th direction. In (1), the summation

convention and comma notation have been used and the
differentiations are with respect to the integration variable,
𝜉𝑖. It should also be pointed out that the integrand is nonzero
only within the inclusions, since 𝛿𝑐𝑖𝑗𝑘𝑙 = 0, outside the
inclusions.

If x ∈ 𝑅 (within the inclusions), then (1) is an integro-
differential equation for the unknown displacement vector
u(x). It can, therefore in principle, be determined through the
solution of this equation. An algorithm for the solution of (1)
was developed by Lee and Mal [7] by discretizing the inclu-
sions using conventional finite elements. Once u(x) within
the inclusions is determined, the displacement field in the
matrix can be calculated from (1) by evaluating the integral
for x ∉ 𝑅. The stress field within and outside the inclusions
can also be determined in a similar manner. Extensive details
of the numerical treatment of (1) for plane elastodynamic
problems can be found in [7, 8]. Further explanation of the
elastostatic volume integral equation method for isotropic
inclusions in an isotropic matrix can also be found in Section
4.3 “Volume Integral EquationMethod” by Buryachenko [11].

3. Scattering of SH Waves

3.1. Scattering of SH Waves in an Unbounded Isotropic
Matrix Containing Multiple Orthotropic Circular Inclusions.
We first consider multiple orthotropic circular inclusions
in an unbounded isotropic matrix. The incident wave is
represented as an SH wave with particle motion along the z-
axis (see Figure 4). Let the coordinate axes 𝑥1(𝑥), 𝑥2(𝑦), 𝑥3(𝑧)
be taken parallel to the symmetry axes of the orthotropic
material, let 𝜌1 and 𝑐44, 𝑐55 denote the density and elastic
constants, respectively, of the orthotropic inclusion, and let 𝜌2
and 𝜇2 denote the density and shear modulus of the isotropic
matrix, respectively.

For SHwaves, the volume integral equation (1) reduces to

𝑢3 (x) = 𝑢
𝑜

3
(x) + ∫

𝑅

[𝛿𝜌𝜔
2
𝑔
3

3
(𝜉, x) 𝑢3 (𝜉)

− 𝛿𝑐55𝑔
3

3,1
𝑢3,1 − 𝛿𝑐44𝑔

3

3,2
𝑢3,2] 𝑑𝜉1𝑑𝜉2,

(2)

where 𝑢3(x) is the antiplane displacement component (i.e.,
the displacement component in the z-axis), 𝛿𝜌 = 𝜌1 − 𝜌2,

𝛿𝑐44 = 𝑐44 − 𝜇2, and 𝛿𝑐55 = 𝑐55 − 𝜇2.
In (2), 𝑔𝑖

𝑚
(𝜉, x) is Green’s function for the unbounded

isotropic matrix material. The Green’s function for the SH
problem is given by Kitahara [12] as

𝑔
3

3
(𝜉, x) =

𝑖𝐻0 (𝑘2𝑟)

4𝜇2

, (3)

where 𝑟 = |x − 𝜉|, 𝑘2 = 𝜔/𝛽2 is the 𝑆 wavenumber, 𝛽2
is the shear wave speed in the unbounded matrix material,
and 𝐻0 is the Hankel function of the first kind of the
zeroth order.Thus, the volume integral equationmethod does
not require use of the Green’s function for the orthotropic
material of the inclusions.This is in contrast to the boundary
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Figure 4: SH wave interaction with five orthotropic elliptical
inclusions in an unbounded isotropic matrix.

Table 1: Material properties of the isotropic matrix and the
orthotropic inclusions.

Isotropic
matrix

Orthotropic
inclusion #1

Orthotropic
inclusion #2

𝜌 (g/cm3) 2.706 1.6 3.181
𝜇 (GPa) 37.88 — —
𝑐44 (GPa) 37.88 5.81 46.48
𝑐55 (GPa) 37.88 7.46 59.68

integral equationmethod, where the infinite mediumGreen’s
functions for both the isotropic matrix and the orthotropic
inclusions are involved in the formulation of the equations.

Finite element discretization of the inclusions in (2)
results in a system of linear algebraic equations for the
unknown nodal displacements inside the orthotropic inclu-
sions. Once the displacement field, 𝑢3(x), within the inclu-
sions is determined, that outside the inclusions can be
obtained from (2) by evaluating the integrals.The stress fields
within and outside the orthotropic inclusions can also be
readily determined. Further details of this numerical treat-
ment can be found in Lee and Mal [7, 8].

It should be noted that the singularities in VIEM are
weaker (integrable) than those in BIEM, where they are of the
Cauchy type. In response, we have used the direct integration
scheme introduced by Cerrolaza and Alarcon [13], Li et al.
[14], and Lu andYe [15] after suitablemodifications to address
these singularity concerns. A description of the modified
method used in the discretization of the volume integral
equation is given by Lee and Mal [7, 16].

In the SH wave case, the incident wave is given as

𝑢
𝑜

3
= 𝑒
𝑖𝑘
2
𝑥
, (4)

where 𝑘2 is the 𝑆 wavenumber in the matrix material. The
elastic constants for the materials of the isotropic matrix and
the orthotropic inclusions are listed in Table 1. Two different
elastic constants for the orthotropic inclusions are consid-
ered: for “orthotropic inclusion #1,” the density values, 𝑐44
and 𝑐55 in the orthotropic inclusions, are smaller than those
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Figure 5: A typical discretized model in the volume integral
equation method.

in the matrix, and for “orthotropic inclusion #2,” the density
values, 𝑐44 and 𝑐55 in the orthotropic inclusions, are greater
than those in the matrix. The calculations are carried out for
three different normalized wavenumbers (i.e., 𝑘2𝑎 = 3.14,
5.03, and 7.85). The ratios of the corresponding wavelengths
to the radius of each circular inclusion are approximated to
be between 0.8 and 2.0. This represents a useful range of
intermediate frequencies for dynamic loading and ultrasonic
testing.

Figure 5 shows a typical discretized model used in the
volume integral equation method [17]. Standard eight-node
quadrilateral and six-node triangular elements were used.
The number of elements in each circular inclusion used in the
VIEMwas 3,600 andwas determined based on a convergence
test. Figure 6 shows real and imaginary parts of the displace-
ment component in the z-axis, 𝑢3, at three separate interfaces:
(a) for the single orthotropic circular inclusion (#1), (b) for
the central inclusion with five orthotropic circular inclusions
(#1) where 𝑠 = 3.24𝑎, and (c) for the central inclusion with
five orthotropic circular inclusions (#1) where 𝑠 = 2.51𝑎,
all of which use the VIEM for three different frequencies
(i.e., 𝑘2𝑎 = 3.14, 5.03, and 7.85). Figure 7 shows real and
imaginary parts of the displacement component in the z-axis,
𝑢3, at three separate interfaces: (a) for the single orthotropic
circular inclusion (#2), (b) for the central inclusion with five
orthotropic circular inclusions (#2) where 𝑠 = 3.24𝑎, and
(c) for the central inclusion with five orthotropic circular
inclusions (#2) where 𝑠 = 2.51𝑎, all of which use the VIEM
for three different frequencies (i.e., 𝑘2𝑎 = 3.14, 5.03, and 7.85).

3.2. Verification of the Viem Solution. To the best of
the authors’ knowledge, neither an analytical solution to
this problem nor a closed form solution for the two-
dimensional time-harmonic elastodynamic Green’s function

Table 2: Material properties of graphite/epoxy composites.

Material Density (g/cm3) 𝜇 (GPa)
Graphite 1.79 27.580
Epoxy 1.26 1.595

Table 3: Calculated average strains in the central fiber for the real
parts using both analytical and volume integral equation methods.
The material is graphite/epoxy with a volume concentration of 0.6
and a frequency of 10MHz.

Number of inclusions Average strain (Re)
Analytical VIE Difference

7 0.09416 0.09474 0.61%
9 0.09035 0.09048 0.14%
19 0.08072 0.08089 0.21%
25 0.08047 0.08070 0.29%

for the orthotropic material is presently available in the liter-
ature. Thus, in order to compare the calculated results
with available analytical solutions, simple packing sequences
(hexagonal and square) and isotropic circular inclusions in
an unbounded isotropic elastic solid are considered (see Fig-
ure 8). Let 𝜌1 and 𝜇1 denote the density and elastic constants,
respectively, of the isotropic inclusion and let 𝜌2 and 𝜇2

denote the density and shearmodulus of the isotropicmatrix,
respectively.Thematerial properties used are those for typical
graphite/epoxy composites and are given in Table 2.

For SHwaves, the volume integral equation (1) reduces to

𝑢3 (x) = 𝑢
𝑜

3
(x) + ∫

𝑅

[𝛿𝜌𝜔
2
𝑔
3

3
(𝜉, x) 𝑢3 (𝜉)

−𝛿𝜇𝑔
3

3,1
𝑢3,1 − 𝛿𝜇𝑔

3

3,2
𝑢3,2] 𝑑𝜉1𝑑𝜉2,

(5)

where 𝑢3(x) is the antiplane displacement component, 𝛿𝜌 =

𝜌1 − 𝜌2, 𝛿𝜇 = 𝜇1 − 𝜇2.
In (5), 𝑔𝑖

𝑚
(𝜉, x) is Green’s function for the unbounded

isotropic matrix material. Finite element discretization of
the inclusions in (5) results in a system of linear algebraic
equations for the unknown nodal displacements inside the
isotropic inclusions. Once the displacement field, 𝑢3(x),
within the inclusions is determined, that outside the inclu-
sions can be obtained from (5) by evaluating the integrals.
The stress fields within and outside the isotropic inclusions
can also be readily determined.

The incident wave is given as

𝑢
𝑜

3
= 𝑒
𝑖𝑘
2
𝑥
, (6)

where 𝑘2 is the 𝑆 wavenumber in the matrix material.
Figure 9 shows discretizedmodels used in the VIEM.The

standard eight-node quadrilateral and six-node triangular
elements were used in the VIEM. The total number of ele-
ments for each inclusion used in the VIEM was 256 and was
determined based on a convergence test. Tables 3 and 4 show
calculated average strains in the central isotropic fiber for real
and imaginary parts as determined by an analytical method
using the generalized self-consistent model (GSCM) [5] and
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Figure 6: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic circular

inclusion (#1), (b) the central inclusion with five orthotropic circular inclusions (#1) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic circular inclusions (#1) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2
𝑎 = 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in the

unbounded isotropic matrix and 𝑎 is the radius of the circular inclusion. The inclusion cited represents orthotropic inclusion #1 in Table 1.
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Figure 7: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic circular

inclusion (#2), (b) the central inclusion with five orthotropic circular inclusions (#2) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic circular inclusions (#2) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2𝑎
= 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in the

unbounded isotropic matrix and 𝑎 is the radius of the circular inclusion. The inclusion cited represents orthotropic inclusion #2 in Table 1.
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Figure 8: SH wave interaction with multiple isotropic inclusions.

Table 4: Calculated average strains in the central fiber for the
imaginary parts using both analytical and volume integral equation
methods. The material is graphite/epoxy with a volume concentra-
tion of 0.6 and a frequency of 10MHz.

Number of inclusions Average strain (Im)
Analytical VIE Difference

7 −0.0270 −0.0272 0.74%
9 −0.0329 −0.0330 0.30%
19 −0.0519 −0.0523 0.77%
25 −0.0645 −0.0652 1.10%

the volume integral equation method for both (i) the square
packing of 9 and 25 isotropic circular inclusions and (ii) the
hexagonal packing of 7 and 19 isotropic circular inclusions.
The material used was standard graphite/epoxy composites
with an inclusion volume fraction of 0.6 and a frequency of
10MHz. The percentage differences in the two sets of results
were less than 1% in all cases [7].

3.3. Scattering of SH Waves in an Unbounded Isotropic
Matrix Containing Multiple Orthotropic Elliptical Inclusions.
We next consider multiple orthotropic elliptical inclusions in
an unbounded isotropic matrix (see Figure 4). For elliptical
cylindrical inclusions, the value of the aspect ratio for each
elliptical inclusion was chosen to be 0.8 (see Figures (4) and
(5)). Two different types of elliptical inclusions are considered
where (1) the major axis of each inclusion coincides with
the x axis (see Figure 4 ) and (2) the major axis of each
inclusion coincides with the y axis (see Figure 5). The
general features of the volume integral equation method for
multiple orthotropic elliptical inclusions are similar to those
for multiple orthotropic circular inclusions.

In the SH wave case, the incident wave is given as

𝑢
𝑜

3
= 𝑒
𝑖𝑘
2
𝑥
, (7)

where 𝑘2 is the 𝑆 wavenumber in the matrix material. The
elastic constants for the materials of the isotropic matrix

and the orthotropic inclusions are listed in Table 1. The
calculations are carried out for three different normalized
wavenumbers (i.e., 𝑘2𝑎 = 3.14, 5.03, and 7.85). The ratios of
the corresponding wavelengths to the major radius of each
elliptical inclusion are approximated to be between 0.8 and
2.0. This is a useful range of intermediate frequencies for
dynamic loading and ultrasonic testing.

Figure 5 shows a typical discretized model used in the
volume integral equation method [17]. Standard eight-node
quadrilateral and six-node triangular elements were used.
The number of elements in each elliptical inclusion used
in the VIEM was 3,600 and was determined based on a
convergence test.

When themajor axis of each elliptical inclusion is parallel
to the x-axis, Figure 10 shows real and imaginary parts of the
displacement component in the z-axis, 𝑢3, at three separate
interfaces: (a) for the single orthotropic elliptical inclusion
(#1), (b) for the central inclusion with five orthotropic
elliptical inclusions (#1) where 𝑠 = 3.24𝑎, and (c) for the
central inclusion with five orthotropic elliptical inclusions
(#1) where 𝑠 = 2.51𝑎, all of which use the volume integral
equation method for three different frequencies (i.e., 𝑘2𝑎 =

3.14, 5.03, and 7.85). Figure 11 shows real and imaginary
parts of the displacement component in the z-axis, 𝑢3,
at three separate interfaces: (a) for the single orthotropic
elliptical inclusion (#2), (b) for the central inclusion with five
orthotropic elliptical inclusions (#2) where 𝑠 = 3.24𝑎, and
(c) for the central inclusion with five orthotropic elliptical
inclusions (#2) where 𝑠 = 2.51𝑎, all of which use the VIEM
for three different frequencies (i.e., 𝑘2𝑎 = 3.14, 5.03, and 7.85).

When themajor axis of each elliptical inclusion is parallel
to the y-axis, Figure 12 shows real and imaginary parts of the
displacement component in the z-axis, 𝑢3, at three separate
interfaces: (a) for the single orthotropic elliptical inclusion
(#1), (b) for the central inclusion with five orthotropic
elliptical inclusions (#1) where 𝑠 = 3.24𝑎, and (c) for the
central inclusion with five orthotropic elliptical inclusions
(#1) where 𝑠 = 2.51𝑎, all of which use the VIEM for
three different frequencies (i.e., 𝑘2𝑎 = 3.14, 5.03, and 7.85).
Figure 13 shows real and imaginary parts of the displacement
component in the z-axis, 𝑢3, at three separate interfaces: (a)
for the single orthotropic elliptical inclusion (#2), (b) for the
central inclusion with five orthotropic elliptical inclusions
(#2) where 𝑠 = 3.24𝑎, and (c) for the central inclusion with
five orthotropic elliptical inclusions (#2) where 𝑠 = 2.51𝑎, all
of which use the VIEM for three different frequencies.

For different shapes of orthotropic elliptical inclusions,
the interaction effect of the inclusions on the displacement
component in the z-axis, 𝑢3, at the interface of the central
inclusion appeared to be significant for orthotropic elliptical
inclusion #1. In this case, the density values, 𝑐44 and 𝑐55, in
the inclusions were determined to be smaller than those in
the matrix. However, the interaction effect of the inclusions
appeared to beminimal for orthotropic elliptical inclusion #2.
In that case, the density values, 𝑐44 and 𝑐55, in the inclusions
were found to be greater than those in the matrix.
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(b) 25 inclusions in a square packing sequence

Figure 9: Discretized models for multiple inclusion problems used in the volume integral equation method.

4. Concluding Remarks

The volume integral equation method was applied to the
solution of SH wave scattering problems with multiple
orthotropic inclusions involving variations in orientation
angle and inclusion separation distances for three different
frequencies in an unbounded isotropic matrix. The aspect
ratio of each elliptical inclusion was given as 1.0 (circular)
and 0.8. It was determined that the displacement component
in the z-axis, 𝑢3, at the interface of the central inclusion
for orthotropic elliptical inclusion #1 (soft inclusion) differed
significantly. However, for orthotropic elliptical inclusion #2
(hard inclusion), the interaction effect of orthotropic elliptical
inclusions on the displacement component, 𝑢3 (in the z-
axis), at the interface of the central inclusion appeared to be
minimal.

The main advantage of this technique over those based
on finite elements is that it requires discretization of the
inclusions only as opposed to having to discretize the entire
domain. This approach is similar to the boundary integral
equation method except for the presence of the volume
integral over the inclusions instead of the surface integrals
over the two sides of the interface. It should be noted
that if the medium contains a small number of isotropic
inclusions, this method may not be as advantageous when
compared to the BIEM. However, in the presence of mul-
tiple nonsmooth inclusions, the BIEM numerical treatment
becomes noticeably cumbersome. Specifically, in elastody-
namic problems involving multiple anisotropic inclusions,
BIEM numerical treatment becomes extremely difficult since
closed-form expressions for elastodynamic Green’s functions
for anisotropic media are currently not available. However,
the volume integral equationmethod does not require the use
of Green’s functions for anisotropic inclusions. Furthermore,
since standard finite elements are used in the VIEM, it is
easier and more convenient to handle multiple nonsmooth
anisotropic inclusions.Therefore, the formulations developed

in this paper in conjunctionwith other usefulmethods [18, 19]
can be used to calculate the dynamic stress intensity factors
and other quantities of practical interest in realistic models of
materials containing strong heterogeneities.

Through the analysis of plane elastodynamic problems
in an unbounded isotropic matrix with multiple orthotropic
elliptical inclusions, it is established that this new method is
very accurate and effective for solving plane elastodynamic
problems in unbounded solids containing general anisotropic
inclusions of arbitrary shapes. In forthcoming papers, the
formulations developed in this research will be used to
calculate other quantities of practical interest in realistic
models of composites containing multiple strong anisotropic
heterogeneities [9].

Appendix

For three-dimensional elastodynamic problems, 𝑢3(x) in the
volume integral equation (1) for fully anisotropic inclusions
can be expressed in the form

𝑢3 = 𝑢
𝑜

3
+ ∫

𝑉

𝛿𝜌𝜔
2
(𝑔
3

1
𝑢1 + 𝑔

3

2
𝑢2 + 𝑔

3

3
𝑢3) 𝑑𝜉1𝑑𝜉2𝑑𝜉3

− ∫

𝑉

{𝛿𝑐11𝑔
3

1,1
𝑢1,1 + 𝛿𝑐12 (𝑔

3

1,1
𝑢2,2 + 𝑔

3

2,2
𝑢1,1)

+ 𝛿𝑐13 (𝑔
3

1,1
𝑢3,3 + 𝑔

3

3,3
𝑢1,1)

+ 𝛿𝑐14 [𝑔
3

1,1
(𝑢2,3 + 𝑢3,2) + 𝑢1,1 (𝑔

3

2,3
+ 𝑔
3

3,2
)]

+ 𝛿𝑐15 [𝑔
3

1,1
(𝑢1,3 + 𝑢3,1) + 𝑢1,1 (𝑔

3

1,3
+ 𝑔
3

3,1
)]

+ 𝛿𝑐16 [𝑔
3

1,1
(𝑢1,2 + 𝑢2,1) + 𝑢1,1 (𝑔

3

1,2
+ 𝑔
3

2,1
)]

+ 𝛿𝑐22𝑔
3

2,2
𝑢2,2 + 𝛿𝑐23 (𝑔

3

2,2
𝑢3,3 + 𝑔

3

3,3
𝑢2,2)
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Figure 10: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic elliptical

inclusion (#1), (b) the central inclusion with five orthotropic elliptical inclusions (#1) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic elliptical inclusions (#1) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2
𝑎 = 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in

the unbounded isotropic matrix and 𝑎 is the major radius of the elliptical inclusion. The inclusion cited represents orthotropic inclusion #1
in Table 1.
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Figure 11: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic elliptical

inclusion, (b) the central inclusion with five orthotropic elliptical inclusions (#2) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic elliptical inclusions (#2) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2
𝑎 = 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in

the unbounded isotropic matrix and 𝑎 is the major radius of the elliptical inclusion. The inclusion cited represents orthotropic inclusion #2
in Table 1.
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Figure 12: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic elliptical

inclusion, (b) the central inclusion with five orthotropic elliptical inclusions (#1) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic elliptical inclusions (#1) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2
𝑎 = 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in

the unbounded isotropic matrix and 𝑎 is the major radius of the elliptical inclusion. The inclusion cited represents orthotropic inclusion #1
in Table 1.
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Figure 13: Real and imaginary parts of the displacement component in the z-axis, 𝑢
3
, at the interface for: (a) the single orthotropic elliptical

inclusion, (b) the central inclusion with five orthotropic elliptical inclusions (#2) where 𝑠 = 3.24𝑎, and (c) the central inclusion with five
orthotropic elliptical inclusions (#2) where 𝑠 = 2.51𝑎. The frequencies used are 𝑘

2
𝑎 = 3.14, 5.03, and 7.85 where 𝑘

2
is the 𝑆 wavenumber in

the unbounded isotropic matrix and 𝑎 is the major radius of the elliptical inclusion. The inclusion cited represents orthotropic inclusion #2
in Table 1.



Advances in Mechanical Engineering 13

+ 𝛿𝑐24 [𝑔
3

2,2
(𝑢2,3 + 𝑢3,2) + 𝑢2,2 (𝑔

3

2,3
+ 𝑔
3

3,2
)]

+ 𝛿𝑐25 [𝑔
3

2,2
(𝑢1,3 + 𝑢3,1) + 𝑢2,2 (𝑔

3

1,3
+ 𝑔
3

3,1
)]

+ 𝛿𝑐26 [𝑔
3

2,2
(𝑢1,2 + 𝑢2,1) + 𝑢2,2 (𝑔

3

1,2
+ 𝑔
3

2,1
)]

+ 𝛿𝑐33𝑔
3

3,3
𝑢3,3

+ 𝛿𝑐34 [𝑔
3

3,3
(𝑢2,3 + 𝑢3,2) + 𝑢3,3 (𝑔

3

2,3
+ 𝑔
3

3,2
)]

+ 𝛿𝑐35 [𝑔
3

3,3
(𝑢1,3 + 𝑢3,1) + 𝑢3,3 (𝑔

3

1,3
+ 𝑔
3

3,1
)]

+ 𝛿𝑐36 [𝑔
3

3,3
(𝑢1,2 + 𝑢2,1) + 𝑢3,3 (𝑔

3

1,2
+ 𝑔
3

2,1
)]

+ 𝛿𝑐44 [𝑔
3

2,3
(𝑢2,3 + 𝑢3,2) + 𝑔

3

3,2
(𝑢2,3 + 𝑢3,2)]

+ 𝛿𝑐45 [𝑔
3

1,3
(𝑢2,3 + 𝑢3,2) + 𝑔

3

2,3
(𝑢1,3 + 𝑢3,1)

+𝑔
3

3,1
(𝑢2,3 + 𝑢3,2) + 𝑔

3

3,2
(𝑢1,3 + 𝑢3,1)]

+ 𝛿𝑐46 [𝑔
3

1,2
(𝑢2,3 + 𝑢3,2) + 𝑔

3

2,3
(𝑢2,3 + 𝑢3,2)

+𝑔
3

2,3
(𝑢1,2 + 𝑢2,1) + 𝑔

3

3,2
(𝑢1,2 + 𝑢2,1)]

+ 𝛿𝑐55 [𝑔
3

1,3
(𝑢1,3 + 𝑢3,1) + 𝑔

3

3,1
(𝑢1,3 + 𝑢3,1)]

+ 𝛿𝑐56 [𝑔
3

1,2
(𝑢1,3 + 𝑢3,1) + 𝑔

3

1,3
(𝑢1,2 + 𝑢2,1)

+𝑔
3

2,1
(𝑢1,3 + 𝑢3,1) + 𝑔

3

3,1
(𝑢1,2 + 𝑢2,1)]

+ 𝛿𝑐66 [𝑔
3

1,2
(𝑢1,2 + 𝑢2,1)

+ 𝑔
3

2,1
(𝑢1,2 + 𝑢2,1)]} 𝑑𝜉1𝑑𝜉2𝑑𝜉3,

(A.1)

where 𝑢1(x), 𝑢2(x), and 𝑢3(x) are the three-dimensional
displacement components, 𝜔 is the circular frequency of the
waves, and 𝛿𝜌 = 𝜌

(1)
− 𝜌
(2), where 𝜌

(1) denotes the density
of the inclusions while 𝜌

(2) represents that for the matrix
material. In addition, 𝛿𝑐𝛼𝛽 = 𝑐

(1)

𝛼𝛽
− 𝑐
(2)

𝛼𝛽
(𝛼, 𝛽 = 1, 6), where

𝑐𝛼𝛽

(1) denote the elastic stiffness constants of the inclusions
while 𝑐𝛼𝛽

(2) represent those for the matrix material. In (A.1),
𝑔
𝑚

𝑖
(𝜉, x) (𝑖, 𝑚 = 1, 3) represents the three-dimensional

elastodynamic Green’s function for the unbounded isotropic
matrix material and is given by Pao and Varatharajulu [20] as
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where 𝑅 = |𝑥 − 𝜉| = √(𝑥1 − 𝜉1)
2
+ (𝑥2 − 𝜉2)

2
+ (𝑥3 − 𝜉3)

2,
𝑘1 = 𝜔/𝑐1, and 𝑘2 = 𝜔/𝑐2 where 𝑐1 is the 𝑃 wave speed while
𝑐2 is the 𝑆 wave speed.
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Residual stresses are mechanical effects that remain in a body after all external loads have been removed. In this sense and because a
weldment is locally heated by a welding heat source, the temperature distribution is not uniform and changes as welding progresses.
During the welding thermal cycle, complex transient thermal stresses are produced in the weldment and the surrounding joint.
With the advancement of modern computers and computational techniques (such as the finite-element and the finite-difference
methods), a renewed effort has been made in recent years to study and simulate residual stresses and the related phenomena. This
paper discusses the procedure applying a finite element analysis by a 2D model to determine the residual stresses and distortions
of steel AISI 316 bars under an arc welding process; additionally, the state of the stresses in the component is determined by the
application of the crack compliance method (CCM); this is destructive experimental method based on fracture mechanics theory.
This research also demonstrates that the residual stress distribution and the magnitude inducted into the component must be
carefully assessed, or it could result in a component susceptible to failure.

1. Introduction

In general, welding is defined as a manufacture or sculptural
process that joins components and produces coalescence
of materials by heating them to a specific temperature.
Several welding techniques have been employed during the
past decades to develop numerous products or systems [1].
Nevertheless, for welding industries around the world, the
induction of residual stresses and material distortion is a
major concern [2, 3]. Due to autoequilibrated conditions that
residual stresses provide, during the welding process residual
stresses could be detrimental to the integrity and the expected
service life of the component structure. It has been clearly
established that welding residual stresses may promote brittle
fracture, decrease buckling strength, interrupt fatigue life,
and promote stress corrosion cracking [4].

Components that are manufactured by a welding pro-
cess are often under high-cycle fatigue services, where the

induction of residual stresses affects directly the fatigue
strength of the material [5]. Several factors contribute to the
development of detrimental residual stress fields in welded
components like a noncontrolled heat input or constraints
[6]; Influence of material properties of both (base and
welding) metals [7]; be the cause, when a consumable with a
low-temperaturemartenśıtic phase transformation is applied,
achieve a high-tensile steel structure [8]; Cases with previous
loading history [9, 10]. Additionally, the application of a non-
homogeneous process causes an elastoplastic deformation
into both metals, and its intensity could depend on structure,
material, and manufacturing factors [4].

Heat flow theory is essential in order to understand,
explain, and develop analytically, numerically, and/or exper-
imentally a welding process. Since the pioneering work of
Rosenthal, considerable interest in the thermal aspects of
welding, was expressed by the engineering and research
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community [11–13]. In this sense, the most critical input
data required for welding thermal analysis are the parame-
ters necessary to describe the heat input to the weldment.
Some researchers have developed the thermal finite element
simulation to investigate the temperature distribution on
metal [14–17]. Numerical simulation of welding processes
enables engineers to predict transient residual stress fields
and deformation in structures. Potential applications can be
contemplated to control photothermal phenomena or heat
transference induced by laser effects even in nanostructures
[18]. The results obtained can be applied to evaluate struc-
tural misalignments and premature failures due to external
agents. However, welding process simulation altogether is
not a simple computational task, due to the involvement
of multifield interactions such as thermal, mechanical, and
metallurgical [19–21]. Other factors that make this kind of
simulation extremely complex are filler metal deposition,
moving heat source, and material behavior at elevated tem-
perature along with geometric nonlinearities. In this sense,
several commercially computational programs are available,
with a finite element code application such as; ANSYS,
ABAQUS, FEMLAB, MSC MARC, ADINA, and SYSWELD,
and can be employed to carry out such type of manufacturing
process simulation.

The main objective of this paper is to present a method-
ology for numerical analysis, carry out a coupled study
considering the thermal and mechanical effects, and evaluate
the residual stress field in welding components. This work
is based on the application of the semilinear elastic thermal
conditions, which in conjunction with the elastic-plastic
mechanical properties reproduce the elastoplastic material
behavior the components that induce residual stresses. To
develop a proper numerical model, it was necessary to
consider real welding process parameters, such as speed,
heat input, efficiency, filling material supply, geometrical
constrains, material nonlinearities, and different physical
phenomena involved. The present work deals with the fol-
lowing main assumptions and features regarding the thermal
model.

(a) Displacements of the parts during theweldingwill not
affect the thermal distribution of the parts themselves.

(b) The material properties considered in this work are
those of the material before entering into the liquid
phase transformation.

(c) Convection effects are considered.
(d) The analysis performed is a combination of thermo-

mechanical behavior.

Additionally, the numerical simulation of a welding pro-
cess requires that the study has to be divided into two parts:
transient thermal analysis and elastoplastic mechanical anal-
ysis. Nevertheless, to simplify the reproduction of thewelding
procedure, uncoupled numerical simulations were used. In
such uncoupled research, the results of the transient thermal
analysis (which include the temperature distribution) will be
used for the second analysis together with the temperature
dependent mechanical properties of the material.

Lastly, it is important to establish a technique to deter-
mine the residual stress field acting into the strip and caused
by the welding procedure. In this sense, the crack compliance
method (CCM) [22–24] was selected to be numerically
simulated to determine the acting residual stress field, and a
comparison against numerical results is presented to assess
the accuracy of both the numerical simulation and the CCM,
so later it could be corroborated in an experimental manner.

2. Theoretical Background

2.1. Stress Effect due to Welding Joints. Welding is a locally
heated process, and temperature distribution tends to be
established in a nonuniform manner which changes as the
procedure progresses. During the welding thermal cycle,
complex transient thermal stresses are produced in the
weldment and the surrounding joint. As the welded section
undergoes shrinkage and deformation during solidification
and cooling, a typical residual stresses distribution in a
grooved weld is presented in Figure 1 [25].

The thermal analysis performed by the finite element
method is based on the consideration of the first law of ther-
modynamics; it states that the thermal energy is conserved,
so the welding process simulation is based on heat transfer
[26], which is expressed by (1) [27]

𝜌𝑐
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=
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) + 𝑄,

(1)

where𝑄 represents the heat generation, 𝑇 is the temperature,
𝐾 is the thermal conductivity, 𝜌 is the material density, and 𝑐

is the specific heat in the system. The previous equation can
be written as

𝜌𝑐
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𝜕𝑡

= {𝐿}
𝑇
([𝐷] {𝐿} 𝑇) + 𝑄, (2)
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}

= vector operator;

[𝐷] = [

[

𝑘𝑥 0 0

0 𝑘𝑦 0

0 0 𝑘𝑧

]

]

= conductivity matrix.

(3)

Three types of boundary conditions are considered as
follows.

(a) Temperature 𝑇 acting over the surface 𝑆1.
(b) Heat flow acting over the surface 𝑆2. {𝑞}

𝑇
{𝜂} = −𝑞

∗

where {𝜂} is the normal vector and 𝑞
∗ is the heat flow.

(c) Convection of the surfaces acting on the surface 𝑆3

(Newton’s law of cooling)

[𝑞]
𝑇
𝜂 = ℎ𝑓 (𝑇𝑆 − 𝑇𝐵) ,

(4)
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Figure 1: Groove weld. (a) General welding composition. (b)
Residual stress distribution along 𝑥.

where ℎ𝑓 is the film coefficient evaluated at (𝑇𝐵 + 𝑇𝑆)/2, 𝑇𝐵
is the bulk temperature, and 𝑇𝑆 is the temperature at the
surface of the model. Regarding the differential equation (5),
by a virtual change in temperature and integrating over the
volume of the element, it defined as

∫

vol
(𝜌𝑐𝛿𝑇(

𝜕𝑇

𝜕𝑡

) + {𝐿}
𝑇
(𝜕𝑇) ([𝐷] {𝐿} 𝑇)) 𝑑 (vol)

= ∫

𝑆
2

𝜕𝑇𝑞
∗
𝑑 (𝑆2) + ∫

𝑆
2

𝜕𝑇ℎ𝑓 (𝑇𝐵 − 𝑇) 𝑑 (𝑆3)

+ ∫

vol
𝜕𝑇𝑄𝑑 (vol) ,

(5)

where vol is the volume of the element and 𝛿𝑇 is the
allowable virtual temperature. Initially, the thermal condition
was set up to reach the plastic response of the material
considering the mechanical properties conditions. The stress
strain relationship is defined by (6)

{𝜎} = [𝐷] {𝜀
el
} , (6)

where

{𝜎} = stress vector = [𝜎𝑥𝜎𝑦𝜎𝑧𝜎𝑥𝑦𝜎𝑦𝑧𝜎𝑥𝑧]

𝑇

,

[𝐷] = Elastic stiffness matrix,

{𝜀
el
} = {𝜀} − {𝜀

th
} ,

(7)

where {𝜀} = strain vector and {𝜀
th
} = thermal strain vector,

𝜀
th

= Δ𝑇𝛼 (𝑇) . (8)

The general formulation to determine the stress is given by
the following expressions:

𝜎𝑥 =

𝐸𝑥

ℎ

(1 − (𝛾𝑦𝑧)

2

(

𝐸𝑧

𝐸𝑦

)) (𝜀𝑥 − 𝛼𝑥Δ𝑇)

+

𝐸𝑦

ℎ

(𝛾𝑥𝑦 + 𝛾𝑥𝑧𝛾𝑦𝑧 (

𝐸𝑧

𝐸𝑦

))(𝜀𝑦 − 𝛼𝑦Δ𝑇)

+

𝐸𝑧

ℎ

(𝛾𝑥𝑧 + 𝛾𝑦𝑧𝛾𝑥𝑦) (𝜀𝑧 − 𝛼𝑧Δ𝑇) ,

𝜎𝑦 =

𝐸𝑥

ℎ

(𝛾𝑥𝑦 + 𝛾𝑥𝑧𝛾𝑦𝑧

𝐸𝑧

𝐸𝑦

) (𝜀𝑥 − 𝛼𝑥Δ𝑇)

+

𝐸𝑦

ℎ

(1 − (𝛾𝑥𝑧)
2 𝐸𝑧

𝐸𝑥

) (𝜀𝑦 − 𝛼𝑦Δ𝑇)

+

𝐸𝑧

ℎ

(𝛾𝑦𝑧 − 𝛾𝑥𝑧𝛾𝑥𝑦

𝐸𝑦

𝐸𝑥

) (𝜀𝑧 − 𝛼𝑧Δ𝑇) ,

𝜎𝑦 =

𝐸𝑥

ℎ

(𝛾𝑥𝑦 + 𝛾𝑥𝑧𝛾𝑦𝑧

𝐸𝑧

𝐸𝑦

) (𝜀𝑥 − 𝛼𝑥Δ𝑇)

+

𝐸𝑦

ℎ

(1 − (𝛾𝑥𝑧)
2 𝐸𝑧

𝐸𝑥

) (𝜀𝑦 − 𝛼𝑦Δ𝑇)

+

𝐸𝑧

ℎ

(𝛾𝑦𝑧 − 𝛾𝑥𝑧𝛾𝑥𝑦

𝐸𝑦

𝐸𝑥

) (𝜀𝑧 − 𝛼𝑧Δ𝑇) ,

𝜎𝑥𝑦 = 𝐺𝑥𝑦𝜀𝑥𝑦,

𝜎𝑦𝑧 = 𝐺𝑦𝑧𝜀𝑦𝑧,

𝜎𝑥𝑧 = 𝐺𝑥𝑧𝜀𝑥𝑧,

(9)

where

ℎ = 1 − (𝛾𝑥𝑦)

2𝐸𝑦

𝐸𝑥

− (𝛾𝑦𝑧)

2 𝐸𝑧

𝐸𝑦

− (𝛾𝑥𝑧)
2 𝐸𝑧

𝐸𝑦

− 2𝛾𝑥𝑦𝛾𝑦𝑧𝛾𝑥𝑧

𝐸𝑧

𝐸𝑥

.

(10)

The numerical analysis, developed in this research, was a
thermomechanical simulation that was divided into two
sequentially coupled simulations. A transient nonlinear ther-
mal analysis is performed to capture the thermal behavior,
and this is a nodal temperature distribution followed by an
iterative structural analysis. An overview of the coupled ther-
momechanical simulation procedure is shown in Figure 2.

2.2. Crack Compliance Method [24]. In addition to the ther-
mal simulation, it was necessary to implement a mechanical
simulation to assess the accuracy of the finite element
program by the application of the crack compliance method
(CCM) and to determine the residual stress field induced
into the component. The analytical solution of the CCM can
be carried out only when the relaxed strain readings have
been obtained by cutting a component with inherent residual
stresses. In general, the analysis for the determination of
the residual stress field from the strain data collected is
performed in two stages, the forward solution stage, followed
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Figure 2: Overview of coupled thermomechanical simulation approach adopted.

by the inverse solution stage. These solutions are based on
linear isotropic material considerations. A brief summary
of the theory relative to the CCM applied in this research
follows. Let the unknown residual stress distribution in the
beam be represented by the summation of an 𝑛th order
polynomial series [28] as follows:

𝜎𝑦 (𝑥) =

𝑛

∑

𝑖=1

𝐴 𝑖𝑃𝑖 (𝑥) , (11)

where 𝐴 𝑖 are the coefficients that have to be obtained and 𝑃𝑖

are the power series 𝑥0, 𝑥1, 𝑥2, . . . , 𝑥𝑛, and so forth. Legendre
polynomials are also used. However, the CCM includes a step
which assumes that the stress distribution, 𝜎𝑦(𝑥) = 𝑃𝑖(𝑥),
interacting with the crack is known. This known stress field
is used to obtain the crack compliance function 𝐶 by using
Castigliano’s approach. Therefore, it is required to evaluate
the change in the strain energy due to the presence of the
crack and the virtual force. One alternative is by means of
the Strain Energy Density. Its main factor, 𝑆, is direction
sensitive. It establishes the direction of the least resistance
for crack initiation. The stationary value of 𝑆min can be used
as an intrinsic material parameter, whose value at the point
of crack instability is independent of crack geometry and
loading [29]. In the case of an elastic material, the expression
for the intensity of the strain energy density field is as follows:

𝑆 = 𝑎11𝐾
2

𝑓
+ 2𝑎12𝐾𝐼𝐾𝐼𝐼 + 𝑎22𝐾

2

𝐼𝐼
+ 𝑎33𝐾

2

𝐼𝐼𝐼
. (12)

This criterion is based on the local density of the energy field
at the crack tip, and it does not require any assumption on
the direction in which the energy is released. This is suitable
for mixed mode loading. For the problem at hand, 𝐾𝐼 =

𝜎𝑎
1/2; 𝐾𝐼𝐼 = 𝐾𝐼𝐼𝐼 = 0, as the specimen is under mode I. In

this way, 𝑆 can be combined with Castigliano’s theorem. The
displacement 𝑢(𝑎, 𝑠) can be determined by taking a derivative
with respect to the virtual force as [30] follows:

𝑢 (𝑎, 𝑠) =

1

2

𝜕𝑢

𝜕𝐹








𝐹−0

=

1

𝐸

∫

𝑎

0

𝐾𝐼

𝜕𝐾𝐼𝐹 (𝑎, 𝑠)

𝜕𝐹

𝑑𝑎








𝐹=0

. (13)

Now differentiating, with respect to the distance 𝑠, the strain
in the 𝑥-direction is given by [30]

𝜀 (𝑎𝑗, 𝑠) =

1

𝐸

∫

𝑎

0

𝐾𝐼 (𝑎)

𝜕
2
𝐾𝐼𝐹 (𝑎, 𝑠)

𝜕𝐹𝜕𝑠

𝑑𝑎|𝐹=0.
(14)

The strain 𝜀(𝑎, 𝑠) (where 𝑎 = crack length and 𝑠 is the distance
between the location of the strain gauge and the crack plane)
due to the stress fields 𝑃𝑖(𝑥) is known as the compliance
function 𝐶𝑖(𝑎𝑗, 𝑠) and is given by

𝐶𝑖 (𝑎𝑗, 𝑠) =

1

𝐸

∫

𝑎
𝑗

0

𝐾𝐼 (𝑎)

𝜕
2
𝐾𝐼𝐹 (𝑎, 𝑠)

𝜕𝐹𝜕𝑠

𝑑𝑎. (15)

Due to the linearity of𝐾𝐼𝐹 with 𝐹, the second term under
the integral sign in (15) is the same as 𝑍(𝑎) in

𝑍 (𝑎) =

𝐵

𝐹

(

𝜕𝐾𝐼𝐹

𝜕𝑠








𝑠=0

) . (16)

With 𝐵 = 1, therefore, it can be written as follows:

𝐶𝑖 (𝑎𝑗, 𝑠) =

1

𝐸

∫

𝑎
𝑗

0

𝐾𝐼 (𝑎) 𝑍 (𝑎) 𝑑𝑎. (17)

𝐾𝐼(𝑎) is the stress intensity factor due to the residual stress
field when the crack depth in the beam is equal to 𝑎, and
𝐾𝐼𝐹(𝑎) is the stress intensity factor corresponding to the same
depth due to a pair of virtual forces 𝐹 applied tangentially at
a position on the beam where strain measurements will be
taken during theCCMcut at the slotwhere𝑍(𝑎) is a geometry
dependant function (see (13)):

𝑍 (𝑎) =

𝜕
2
𝐾𝐼𝐹 (𝑎, 𝑠)

𝜕𝐹𝜕𝑠

. (18)

By following the weight function approach,𝐾𝐼(𝑎) and𝐾𝐼𝐹(𝑎)

can be expressed as [31]

𝐾𝐼 (𝑎) = ∫

𝑎

0

ℎ (𝑥, 𝑎) 𝜎𝑦 (𝑥) 𝑑𝑥,

𝑍 (𝑎) = 4.283∫

𝑎

0

ℎ (𝑥, 𝑎) (1 − 2𝑥) 𝑑𝑥,

(19)
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where 𝜎𝑦(𝑥) = 𝑃𝑖(𝑥) and ℎ(𝑥, 𝑎) is known as the weight
function [32]. So, the 𝜎𝑦𝐹(𝑥) is the stress field due to the
virtual force 𝐹. Once the 𝐶𝑖(𝑎, 𝑠) solutions are determined,
the expected strain due to the stress components in (11) can
be obtained as follows:

𝜀 (𝑎𝑗, 𝑠) =

𝑛

∑

𝑖=0

𝐴 𝑖𝐶𝑖 (𝑎𝑗, 𝑠) . (20)

The unknown terms 𝐴 𝑖 are determined so that the strain
given by (20) matches those strains measured in the exper-
iment at the cut, this is, 𝜀(𝑎𝑗, 𝑠)actual. In order to minimise
the average error over all data points for an 𝑛th order
approximation, the method of least squares is used to obtain
the values of𝐴 𝑖.Therefore, the number of cutting increments
𝑚 is chosen to be greater than the order of the polynomial,
that is, 𝑚 > 𝑛. This work used 𝑛 = 7 with 8 constants
𝐴 𝑖 and 𝑚 = 9, this being the number of experimental slot
cutting depths at which strain readings were collected. The
least square solution is obtained by minimising the square of
the error relative to the unknown constant 𝐴 𝑖 [33]:

𝜕

𝜕𝐴 𝑖

𝑚

∑

𝑗=𝐼

[𝜀(𝑎, 𝑠)actual −
𝑛

∑

𝑘=0

𝐴𝑘𝐶𝑘 (𝑎𝑗𝑠)]

2

= 0, 𝑖 = 0, . . . , 𝑛.

(21)

This gives [𝐻]{𝐴} = {𝐽} where [𝐻] = [𝐶]
𝑇
[𝐶] and {𝐽} =

[𝐶]
𝑇
{𝜀𝑗}actual [34] give a linear set of simultaneous solutions,

from which 𝐴 𝑖 values are determined and (11) is then used
to determine the residual stress distribution. This numerical
procedure was implemented in a FORTRAN program.

3. Numerical Simulation Procedure

The numerical simulation was divided into two parts: the
thermal analysis and the mechanical analysis. The main
reason is based on the fact that, in the thermal process, the
residual stress field will be induced and, in the mechanical
analysis (applying the strain data), the residual stress will be
determined to corroborate the data provided by the thermal
analysis.

Initially, the geometry was developed for the finite ele-
ment program, and themodel is illustrated in Figure 3(a).The
beammodel was selected because this model has been widely
used by the Biomechanical group of the Instituto Politécnico
Nacional, and the results obtained on the specimen of 10mm
thickness have been validated in different papers [23, 35–38].
The discretization of the bar was performed in a controlled
manner, taking care to obtain square elements of 1mm by
1mm (Figure 3(b)). The center of the bar was marked, as this
is the zone where the CCM is going to be applied.

Themesh is developed by 2D second-order finite element;
this element has only a temperature degree of freedom at
each node.This element is also suitable to be used in a steady
state or transient thermal analysis. Convection or heat flux
and radiation can be the input in the element faces, and heat
generation rates can then be the input as element body loads.
The outputs from this analysis are the nodal temperatures,

10

200

100 Welding line 4 mm of width 

Center

(a)

4 elements width
10 elements through high 

Dimensions (mm)

Center

x

y

z

(b)

Figure 3: Simulated geometry. (a) General geometry. (b) Dis-
cretized component.

film coefficient average, temperature average, heat flow rate,
and so forth. The material properties obtained from this
temperature analysis are illustrated in Figure 4.

In this research, the transient thermal analysis determines
the temperatures and other thermal parameters that change
over the time.This type of analysis follows the same principles
as the steady state thermal analysis; themain difference is that
the applied load changes over the time, and in this specific
study the load is the temperature provided by the heat source.

The nodal temperature of themetal elements at the start is
equal to the ambient temperature, and the nodal constraints
are removed when the elements come under the influence
of the heat source [39]. The time step in the analysis is
determined by

Load step =

total welding time
no. of element along the welding

. (22)

During the heating phase, the time step is kept constant and
the heat source was induced moving it from bottom to top
with a specified welding speed. For the cooling phase, the
time steps increase as the weldments are cooling till they
finally reach the ambient or initial temperature. For this
case study, an initial temperature is set at 700∘C which is
high enough to induce the residual stresses into the material
(however, the temperature could be set up to a higher
level and produce a more intensive effect). The ambient
temperature is considered to be 25∘C and the convection
heat transfer coefficient is 10 (W/m2K). The heat source is
considered to move at a constant velocity of 1mm/sec.

For the mechanical research development and since the
load for the structural analysis is the temperature distribution
from the transient thermal analysis, the mesh should be the
same for both studies; otherwise, the temperature mapping
will be incorrect. The action is just to switch from the finite
element thermal model to the structural are with the same
nodes and elements.The finite element used for the structural
analysis is a 2D second-order element with 8 nodes. This
element has the capability to model plasticity, creep, stress
stiffening, large deflection, large strain, and birth and death
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Figure 4: Thermal properties. (a) Density versus temperature. (b) Specific heat versus temperature. (c) Thermal conductivity versus
temperature. (d) Enthalpy versus temperature.

elements. The outputs for the elements are principal stress,
equivalent stress, principal plastic strain, principal elastic
strains, average plastic strains, and displacements.

The kinematic hardening option is chosen to model the
mechanical properties with the elastic and plastic modulus
decreasing with temperature; this is the most usual and
close way to simulate the material behavior. Additionally, the
viscous effect is not considered. A general material model
consisting of a nonlinear kinematic and isotropic hardening
component as given in (23) and (24), respectively, was used
for the mechanical analysis and the application of the CCM.
Consider

𝑑𝛼 = 𝐶

1

𝜎0

(𝜎 − 𝛼) 𝑑𝜀
−pl

− 𝛾𝛼𝑑𝜀
−pl

, (23)

𝜎𝑜 = 𝜎|0 + 𝑄∞ (1 − 𝑒
−𝜀
−pl
𝑏
) , (24)

where 𝜀
−pl is the equivalent plastic strain, 𝛼 is the back stress,

𝐶 is the initial kinematic hardening modulus, 𝛾 determines
the rate at which kinematic modulus decreases with plastic
deformation, 𝜎𝑜 is the current yield stress, 𝜎|𝑜 is the initial
yield stress,𝑄∞ is themaximumchange in the size of the yield
surface, and 𝑏 defines the rate at which the size of the yield

surface changes as plastic straining develops. Equation (23)
describes the translation of the yield surface in the stress space
due to the back-stress 𝛼, while (24) describes the change of
the equivalent stress defining the size of the yield surface, 𝜎𝑜,
as a function of plastic deformation.The behavior of material
properties is described in Figure 5.

The solution of the structural analysis is based on the
steady loading conditions, which ignore the inertia, damping
effects, and so forth. The external load applied to the model
is the temperature distribution from the transient thermal
analysis. The boundary conditions are critical to determine
the residual stresses; therefore, the restrictions should be
applied in such a way that there is not a stress concentration
on the constrained nodes. The boundary conditions for this
analysis were applied to the bottom edges of the model as
illustrated in the Figure 6.

The first step in the proposed solution is to apply the
temperature and send it to be solved. The second step is
to cool down the system by removing the temperature and
solve it again. To apply the CCM method, it is necessary to
induce a slot, which is developed by deleting elements from
top to bottom of the model (Figure 7) [23, 35–38]. The slot
is induced by deleting a pair of elements of the first row at
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Figure 5: Mechanicalthermal properties. (a) Yield strength versus temperature. (b) Ultimate strength versus temperature. (c) Modulus of
young versus temperature. (d) Thermal expansion versus temperature.
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Figure 6: Boundary constrains.

Induction of the slot by deleting elements
simulation of a cut

Elastic strain data node for recollection

Figure 7: Simulation of the induction of a crack for the application
of the CCM.

the center of the piece; the system is sent to be solved and the
elastic strain data is recollected at the rear end of the plate
(Figure 7). The introduction of the crack will produce strain
relaxation data from the reaccommodation of the residual
stress field. This step is continued eight more times with the
respectively strain data recollection. The total elastic strain

data recollected after the nine consecutive cuts was applied
in the CCM program, and the residual stress acting into
the element was determined and can be assessed against the
results obtained by the thermal analysis.

4. Results

Figure 8 intends to show how the material cools down. The
analysis starts with the heat focus applied at the bottom of
the model and proceeds to move toward the top of the beam,
and once the top of the beam is reached, the heat source is
retired and the beammodel is left to cool downuntil it reaches
ambient temperature. Figure 8(a) shows the case of the heat
source still being applied at that point and the corresponding
temperature distribution five seconds after the experiment
started, at this time the heat source is at the middle of the
beam (velocity of 1mm/sec). The temperature distribution in
Figure 8(b) shows how the beam cools down after the heat
source reaches the top and is eliminated. Figures 8(c) and 8(d)
show the subsequent cool down of the element as time goes
by (25 and 300 seconds, resp.).

Figure 9 shows the axial residual stress distribution in
𝑥, when the piece finally cools down to room temperature.
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Figure 11: Elastic strain relaxation due to the introduction of the
slot.

The major stresses are located at the weld area and the
surrounding elements.

Figure 10 shows a nodal solution of the residual stress
along 𝑥 at the welding zone; these are the most significant
stresses due to the welding process.

Once the residual stress field has been induced into the
component, by simulating the introduction of a crack, it was
possible to determine the existing residual stress field acting
into the component. A crack has been induced in a sequence
of 9 steps; each crack step is 1mm long. Each time material is
removed, and the crack will redistribute the residual stress in
the material, causing a deformation which can be recorded as
a strain at the rear locationwith respect to the directionwhere
the crack should propagate.The relaxation for themechanical
component developed as strain data, during the 9 cuts, as
shown in Figure 11.

In Figure 12, the residual stress field as determined by the
CCM as well as data for the residual stress field determined
by the thermal finite element simulation is presented. It can
clearly be seen that the data obtained by the CCM is very
similar to the thermal analysis, so it can be concluded that
the CCM is a potential technique to predict residual stress.

5. Conclusions

This paper analyzes the residual stress caused by the tem-
perature raise of the welding heat source in a coupled
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Figure 12: CCM results assess against the numerical distribution.

thermal-structural analysis. The finite element analysis as
well is a potential methodology to determine the residual
stress during the design stage, which saves time and cost
in the product development. To develop a coupled thermal-
structural finite element analysis, it is important to consider
the appropriate thermal properties of the material to obtain a
high accuracy temperature distribution during the transient
thermal analysis; otherwise, the structural analysis will not
predict the residual stress properly.

For a structural analysis, when the external load comes
from the temperature distribution, the boundary conditions
generate a stress concentration on the displacement con-
strains; therefore, constrains have to be applied in such way
that the stress concentration does not lie on the constrained
nodes.

From Figure 9 it can be observed that the bending
introduction will tend to be detrimental to the component
because a high tensile residual stress field will be left lying on
the surfaces of the material.

This research has several applications as the welding
process has been widely used in several fields, and generally
the thermal residual stress is neglected; however, this research
shows that the magnitude of the stresses could produce an
early failure in the component function if they are ignored.

Additionally, in this research, the CCM was numerically
evaluated; Figure 10 shows a very good correlation with
those from the FEM results. The CCM method has proved
to be a very good tool to obtain residual stresses when
the component is under bending behavior and could be
extremely useful to avoid certain problems when it is applied
in the laboratory.

Lastly, an additional objective of this work was the
convergence evaluation of the numerical solution proposed.
Previous papers have evaluated the advantages of the appli-
cation of the crack compliance method (CCM) when the
residual stresses are uniformly distributed over the surface
layer. In particular, in this paper, an experimental-numerical
approach has been followed and encouraging results have
been obtained. Nevertheless, for the case of a welded joint,
the residual stress distribution is complex, as the heat that

affected zone (HAZ) has a great influence. Therefore, it has
been intended to find, by using codes at hand (ANSYS,
ABAQUS, FEMLAB,MSCMARC, ADINA, and SYSWELD),
which one gives the best results. Such codes are in a contin-
uous process for quality improvement. Everyone knows that
the algorithms involved are carefully validated.Therefore, it is
considered that the procedures involved in the finite element
analysis have already been accepted. So, the research was
focused only on the comparison of diverse solutions.
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A two-dimensional numerical wave flume (NWF) for viscous fluid flows with free surface is developed in this work. It is based on
the upwind finite element solutions of Navier-Stokes equations, CLEAR-volume of fluid method for free surface capture, internal
wave maker for wave generation, and sponge layer for wave absorbing.The wave generation and absorption by prescribing velocity
boundary conditions along inlet and radiation boundary condition along outlet are also incorporated. The numerical model is
validated against several benchmarks, including dam-breaking flow, liquid sloshing in baffled tank, linear water wave propagation
and reflection from vertical wall, nonlinear solitary wave fission over sharp step, and wave-induced fluid resonance in narrow gap
confined by floating structures. The comparisons with available experimental data, numerical results, and theoretical solutions
confirm that the present numerical wave flume has good performance in dealing with complex interface flows and water wave
interaction with structures.

1. Introduction

Water wave motion, as one kind of interfacial flows, is widely
encountered in ocean engineering. The great challenges
remained nowadays for the water wave problems include
the numerical predictions of the complex wave propaga-
tion, transformation, and wave-structure interactions, which
usually involve difficulties such as the violent free surface,
turbulence flow, viscous effects, and complexity of boundary
configurations. Under these situations, the viscosity and
vortices play rather important role, and hence the viscous
fluid model based on the numerical solutions of the Navier-
Stokes equations becomes necessary since the convectional
potential flow model assumes that the fluid is inviscid and
the flow is irrotational. Promoted by the great demands
of engineering practices and attributed to the fast develop-
ment of computational facilities and numerical techniques,
computational fluid dynamics (CFD) becomes a powerful
tool for the ocean hydrodynamics, which consequently leads
to the growth of two-dimensional numerical wave flume
(NWF) and three-dimensional numerical wave tank (NWT).
Although the theoretical and experimental investigations
play still the most important role in ocean engineering,

the NWF/NWT technique has become more and more
popular due to its inspiring advantages over the convectional
laboratory tests and theoretical analysis. The limitations in
the convectional approaches include that, for example, the
theoretical predictions of hydrodynamic characteristics are
usually limited to simple geometries and physics and the
physical modeling is extremely difficult in matching the
model scale, and it is time-consuming and costly.

Generally speaking, the existed numerical wave
flume/tank can be divided into two main groups depending
on the basic mathematical model, that is, the potential
flow theory model and the viscous fluid model. The former
is preferred for the situations that the fluid viscosity and
vortical flow are negligible and works with high numerical
efficiency. A great number of numerical models based on
the potential flow theory have been proposed, including the
linear and nonlinear models in both frequency and time
domains. However, due to the primary assumptionsmade for
the traditional potential flow theory, that is, the irrotational
flows of inviscid fluids, together with the limitations of single-
value height function used for the free surface predictions,
the potential theory based NWF/NWT is not available for
the complex water wave problems with strong nonlinearity
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of interface and significant mechanical energy dissipations.
On the other hand, the NWF/NWT based on viscous fluid
model performs much better with great generality and
remarkable ability although the computational efforts are
expected to be increased.

The viscous numerical wave flume is highly dependent
on the numerical solution of the Navier-Stokes equations. As
an important numerical method, the finite element method
is widely used in solid mechanics and structural analysis in
contrast to the popularities of the finite difference and finite
volume methods in the community of computational fluid
dynamics [1]. However, themerits of finite elementmethod in
CFD should be addressed, for example, the flexible adaptation
to complex boundaries in conjunction with irregular mesh
partition, the high numerical accuracy, and the convenience
in modularization programming [2]. The most important
potential benefit of using the finite element method for
the NWF/NWT consists in the unified simulations for the
fluid and structure interactions (FSI), in which the dynamics
responses of the structures should be considered as well.
Under this situation, the finite element method can be used
as the uniform numerical method for both fluid flow and
structure analysis in the frame of arbitrary Lagrangian-
Eulerian reference system [3].

In addition to the necessary flow solver, the free surface
prediction is another critical issue for a numerical wave
flume/tank. In general, the methods developed so far for
predicting the flow interface fall into two categories, that
is, the Lagrangian method and the Eulerian method. In
Lagrangian approach, the discrete grid nodes can be regarded
as material points to move with the fluid flow, giving rise to
the moving grid method [4]. In this sense, it is also called
the interface tracking type method. For the simple cases,
the interface tracking is a desirable choice attributed to its
less computational demands and high numerical precision.
However, if the extremely large deformation of free surface
is involved, the tracking method becomes invalid, leading
to severe distortion of the computational meshes and finally
the failure of computations. In addition to the moving grid
method, usually used with viscous fluid models, the height
function method, for example, the wave profile function
defined by the Taylor expansion with respect to the still
water level, can be also grouped into this class, which gen-
erally works in conjunction with the potential flow models.
By using the height function method, it can bring great
convenience since the computational meshes are allowed to
remain unchanged and the free surface boundary conditions
are directly incorporated in the definition of wave profile.
However, the height function is a singlevalue function,
bearing limitations for complex interfacial problems. The
Eulerian method, on the other hand, is free from either
the mesh distortion as the moving grid method or the
limitation of singlevalue as the height function. Hence, it
plays more important role in the numerical wave flume/tank
in the context of viscous fluid flows. In Eulerian frame,
the computational grids are fixed throughout the numerical
calculation while the free surface is captured by means of a
marker function. The Eulearian interface capturing methods
include the Marker and Cell (MAC) [5], volume of fluid

method (VOF) [6], and level set method (LS) [7] among
others.Themarker and cell method is the ancestor of volume
of fluid method, which captures the free surface with the
marker particles assigned in the computational cells. The
main drawback ofMAC is the huge requirement of computer
capacity. Hirt and Nichols [6] raised the idea of VOF instead
of MAC, in which the free surface is captured by a fractional
volume function.The volume of fluid method is theoretically
available to any complex free surface flows even involving the
folding, splashing, and breaking processes. Several numerical
wave flumes/tanks have been established based on the volume
of fluid method, for example, the COMBRAS model by
[8] and the numerical models developed, respectively, in
references [9–13].

The original volume of fluidmethod [6] was actually pro-
posed in the context of finite differencemethod.Therefore the
orthogonal rectangular computational meshes are required,
not only for the solution of governing equations but also
for the implementation of the volume fluid advection, which
brings difficulties in dealing with the problems of wave action
on structures with rather complex boundary configurations.
The combination of VOF with irregular mesh partition
remains still great challenges, although some achievements
have beenmade, for example, the coupling of VOFwith finite
volumemethod by using the triangularmesh cells [14], where
the concept of flux across cell face is adopted, in addition to
the other work by [15, 16]. As for the finite element method,
Ashgriz et al. [17] proposed a novel and efficient volume of
fluid method, referred to as the computational Lagrangian-
Eulerian advection remap volume of fluid method (CLEAR-
VOF), in which the volume of fluid can be advected in con-
sistence with any irregular mesh partition and the interface
reconstruction employs a piecewise linear interface construc-
tion (PLIC) strategy. In CLEAR-VOF, the fluid transport is
conducted by means of the Lagrangian movement of a “fluid
polygon”, and then the fractional volume of fluid is remapped
on the Eulerian meshes, which is essentially distinct from the
idea behind the concept of donoracceptor [6] or flux crossing
cell side [14]. Since the CLEAR-VOF method is applicable
to the irregular computational meshes, the collaboration of
VOF and FEM consequently becomes feasible. It should be
addressed here that the level set method, as a new interface
capture technique, was also introduced into the field of wave
hydrodynamics. However, the level set method requires the
numerical computations to be carried out for the two phases
on the both sides of the interface. Generally speaking, the
level set method is more time-consuming than the volume of
fluid method, since the single-phase simulations are allowed
for the VOF.

Analogue to the facilities of wave flume/tank in labora-
tory, the NWF/NWT should have the function to produce
desirable wave trains. A straightforward way for the wave
generation in a numerical model is to impose the velocity
boundary conditions together with the wave profile along
the inlet of the computational domain. The required velocity
components and wave profile can be evaluated according to
an appropriate wave theory. This method is the common
approach for wave generation and proves to be efficient.
However, under some complex conditions, for example,
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the water waves that interact strongly with structures and
involve significant reflection waves, the method of wave
generation by describing inlet boundary conditions may be
problematic because the reflected wave will travel upstream
and eventually collides with the inlet boundary. These inter-
actions further result in the so-called severe second reflection,
the same as the situation encountered in laboratory tests.
The increase in the size of wave flume/tank seems to be a
solution. However, it is practice impossible for the laboratory
facility building and will give rise to the excessive increase
in computational costs for numerical modeling. In order
to overcome this difficulty, the technique of internal wake
maker (IWM)was proposed.As for the numerical wave flume
based on Navier-Stokes equations, Lin and Liu [18] devised a
promising approach by means of adding a source term to the
continuum equation. With internal wave maker, the target
waves can be produced numerically. And the undesirable
refection wave is possible to be reduced greatly and even
eliminated completely, although the second reflection may
still occur if structures are involved.

Similar to the wave generation, both numerical and
physical wave flumes/tanks require the function of wave
absorption. Inspired by the artificial beach used in the lab-
oratory tests, the damping zone is most often incorporated in
the NWF/NWT, which can be realized numerically through
introducing a damping force into theNavier-Stokes equations
or a damping term into the free surface boundary conditions
for the potential flow models. The wave damper devised for
numerical model is usually dependent on the velocity field
and its robust performance in eliminating the undesirable
reflection wave can be expected.

As far as the simple harmonic water waves are concerned,
the application of Sommerfeld-Orlanski radiation bound-
ary condition on the outlet may produce satisfying results
without giving rise to wave reflection. Note that the usage
of radiation boundary condition in the numerical model
serves as an advantage over the physical model test since the
radiation boundary does not exist in any laboratory facility.
However, thismethod loses its attractiveness if thewave phase
celerity becomes unclear, for example, the irregular waves
or the regular waves disturbed significantly by structure or
uneven bottom.

Although the wave damper is preferred by taking con-
sideration its generality, it does not mean that the approach
with damping zone can be applied to any cases. If the wave
propagation is accompanied by themass transportation, such
as the typical high-order Stokes waves, the introducing of
artificial damping zone may lead to sustaining accumulation
of fluid bulk. Under this case, the coupled strategy of
using together the damping zone and Sommerfeld-Orlanski
boundary condition at outlet is suggested, where the local
averaged horizontal velocity component can be adopted as
the phase speed.

This work focuses on developing a comprehensive finite
element based two-dimensional viscous numerical wave
flume (2DNWF).The numerical implementations associated
with the previously mentioned necessary four components,
namely, the flow solver, interface predictor, wave maker,

andwave absorber, will be described in detail. Several numer-
ical validations against benchmarks will be presented in
Section 3, and finally the conclusions are drawn in Section 4.

2. Formulations

2.1. Governing Equations. The governing equations for the
motion of homogeneous incompressible viscous Newtonian
fluids can be described by the following continuity equation
and Navier-Stokes equations, being of the form

𝜕𝑢𝑖

𝜕𝑥𝑖

= {

𝑞 (x, 𝑡) , x ∈ Ω𝑠,
0, x ∉ Ω𝑠,
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where 𝑢𝑖 is the velocity component in the 𝑖th direction, 𝑝 is
the pressure, 𝜌 is the fluid density, V is the fluid viscosity, 𝑓𝑖
is the external force and 𝑞(x, 𝑡), a source term used as one
of the options to generate the desirable target waves in this
work. The source term 𝑞(x, 𝑡) is activated only in the source
region Ω𝑠 under necessary situation. Otherwise, it remains
zero, either outside of the source region or with the other
wave generation methods. Various formulations have been
designed for the source term in order to generate desirable
target waves [18]. As for the linear Airy wave, the source
function reads

𝑞 (x, 𝑡) = 𝐻
𝐴

cos (𝜔𝑡) , (3)

where 𝐻 is the wave height, 𝐴 is the area of source region,
is 𝜔 = 2𝜋/𝑇 and the wave frequency with 𝑇 being the wave
period.

In addition to thewave generation, the efficientmethod to
reduce the reflection waves plays the same important role for
a numerical wave flume.This is implemented in this work by
introducing an artificial damping force into the momentum
equation, serving as the artificial beach in the laboratory tests
to dissipate the wave energy. The body-force term in (2) is
accordingly assumed to be

𝑓𝑖 = 𝑔𝑖 + 𝑅𝑖, (4)

where 𝑔𝑖 = (0.0, −9.81m/s
2
) is the gravitational acceleration

and 𝑅𝑖 denotes the artificial resistance used to damp out
the reflection waves. Similar to Kim et al. [19], the damping
function used in this work reads

𝑅𝑦 = −𝑘𝑑(

𝑥 − 𝑥0

𝐿 𝑠

)

2
𝑦𝑏 − 𝑦

𝑦𝑏 − 𝑦ℎ

⋅ 𝑢𝑦,
(5)

where 𝑥0 is the horizontal coordinate at the start point of
sponge layer, 𝐿 𝑠 is the total length of sponge layer, at least
longer than two times of the incident wave length, 𝑦𝑏 is the
elevation of flume bottom, 𝑦ℎ is the prescribed maximum
elevation of the free surface, and 𝑘𝑑 is the damping coefficient.
For the sake of numerical stability, the artificial damping force
works only in the vertical direction. The damping zones are
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Figure 1: Sketch definition of two-dimensional viscous numerical wave flume.

generally arranged at both ends of the computational domain.
A sketch definition of the numerical wave flumewith internal
wave maker for wave generation and sponge layer for wave
absorption is shown in Figure 1.

2.2. Numerical Discretization and Implementation. The Nav-
ier-Stokes equations are typical advection-diffusion equation.
It is well known that the standard Galerkin finite element
method is analogue to the central finite difference scheme,
which may lead to the numerical instability when it is used
to solve the advection-dominated problems. In order to
overcome this difficulty, the upwind FEM schemes have been
developed, such as the Taylor-Gelarkin (TG) [20], Stream-
line Upwind Petrov Galerkin (SUPG) [21], Galerkin Least-
Squares (GLS) [22], and Characteristic-Based Split (CBS)
[23]. The Taylor-Gelarkin scheme considers the upwind
characteristics of fluid flows by means of representing the
time derivatives of with spatial derivatives. A three-step
Taylor-Gerlarkin finite element method was proposed [24,
25], which proves to be with third-order accuracy in time
but without introducing the higher order derivatives as the
normal Tayler-Galerkin scheme. Another advantage of the
three-step finite element method is that it allows using
relatively large time step and saves the computational efforts
since it satisfies the uniformCourant-Friedrichs-Lewy (CFL)
condition. Employing the three-step finite element method,
themomentumequation can be discretized in time as follows:
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where the superscripts 𝑛 + 1/3, 𝑛 + 1/2, and 𝑛 + 1 represent
the time instants at 𝑛Δ𝑡 + Δ𝑡/3, 𝑛Δ𝑡 + Δ𝑡/2, and (𝑛 +
1)Δ𝑡, respectively, with Δ𝑡 being the time interval and 𝑛 =
1, 2, 3, . . ..

It can be seen that the unknowns of velocity can
be obtained by explicitly solving the above equations in
sequence. However, according to (8), the pressure at the 𝑛+ 1
time level has to be solved beforehand in order to obtain the
velocity 𝑢𝑛+1

𝑖
. By applying the divergence operation on the

both sides of (8) and incorporating the continuity equation
(incompressibility) at 𝑛 + 1 time level, that is, 𝜕𝑢𝑛+1

𝑖
/𝜕𝑥𝑖 = 0

or 𝑞(x, 𝑡𝑛+1), we may have the pressure Poisson equation, that
is, (9).

Since the fractional strategy is used in the three-step finite
element method, the standard Galerkin weighted residual
method can be adopted for the spatial discretization. Thus
the corresponding finite element equations in elemental level
can be obtained, referring to (10)∼(11), where 𝜙 is the weight
function and shares the same form with the trial function in
Galerkin method, and 𝑛𝑖 denotes the component of outward
normal unit vector in the 𝑖th direction. The corresponding
weak form of (9) in a finite element is formulated in (13):
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Note that since the projection procedure is involved in
three-step finite element method, that is, the pressure is
decoupled from the momentum equation and is solved sepa-
rately, the same order interpolation function (the bilinear trial
function used in this work) can be adopted for the pressure as
the velocity, which satisfies with the Ladyzenskaja-Babuska-
Brezzi (LBB) condition.

As the elemental coefficient matrix is obtained according
to (10)∼(13), the globalmatrix should be assembled according
to the accumulation rule, which finally leads to the algebraic
system in terms of the unknowns of velocity and pressure. As
for themomentum equations, due to the explicit scheme used
in the time discretization, the coefficient matrix of velocity
presents a diagonal dominated linear equation set.Therefore,
the lumped mass matrix is used to solve the velocity, which
proves to be in high computational efficiency but with
little numerical errors. On the other hand, the solution of
pressure Poisson equation is very timeconsuming. In this
study, the preconditioned BiConjugate Gradient Stabilized
(BICGSTAB) method is adopted [26]. Although BICGSTAB
solver is originally devised for asymmetric linear system, it is
helpful to the convergent acceleration and numerical stability
when it is applied to the sparse symmetric problems.

2.3. Free Surface Capture. The computational Lagrangian-
Eulerian advection remap volume of fluid method (CLEAR-
VOF) is adopted in this work for the free surface prediction,
which is a novel interface capture approach with inherent
consistence with the unstructured irregular mesh partition
in the context of finite element method. The main ideas
behind the CLEAR-VOF method are based on the concepts
of Lagrangian transportation of “fluid polygon” for the fluid
advection and piecewise linear interface construction (PLIC)
scheme for the free-surface reconstruction.

As for the fluid advection step, the notion of “fluid
polygon” is introduced in CLEAR-VOF. As is well known,
the fractional function of fluid volume, denoted by 𝜑 herein,
varies from 0.0 to 1.0, defined by the occupied fluid volume
over the volume of computational cell. In CLEAR-VOF, 𝜑 =
1.0 corresponds to a “full cell,” for which the “fluid polygon”
coincides with the mesh cell, while 𝜑 = 0.0 presents a void
cell, indicating that there is no fluid in the computational cell,
and hence the “fluid polygon” does not exist. As for the case
of 0.0 < 𝜑 < 1.0, a “partial cell” is defined in a mother cell
(the computational mesh cell contains fluids), for which the
“fluid polygon” should be reconstructed according to the local
distribution of VOF function.

Assuming that the “fluid polygon” has been determined,
the motion of the “fluid polygon” can then be described
approximately in the Lagrangian sense by using the velocities
at its vertices in a tiny time step. As for the case that the
“fluid polygon” is just the full cell with 𝜑 = 1.0, the
velocity solutions obtained on the elemental nodes can be
used directly for the fluid advection. As for the partial cell,
the velocity components on the vertices of the “fluid polygon”
have to be interpolated based on the nodal velocities of the
mother cell. A detailed illustration of the advection of fluid
volume in CLEAR-VOF is shown in Figure 2.
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Figure 2: Illustration of fluid advection in CLEAR-VOF.

Figure 2 shows that, for example, a fluid polygon ABJK is
defined in the mother cell ABCD. With the available velocity
vectoru𝐾 on its vertex𝐾, the displacementΔx𝐾 after one time
step Δ𝑡 can be evaluated by

Δx𝐾 = 0.5 (u
𝑛

𝐾
+ u𝑛+1
𝐾
) Δ𝑡 (14)

which finally leads to the advection of “fluid polygon” from
ABJK to abjk in a Lagrangian sense, where the superscripts
𝑛 and 𝑛 + 1 stand for the two sequent time levels. In
order to determine the new fractional volume at the 𝑛 +
1 time level, the fluid volume in abjk should be distributed
to the background Eulerian meshes. This is achieved by a
computational geometry procedure, that is, to calculate the
intersections of the fluid polygon abjk with the possible
computational cells. For example, the present fluid polygon
abjk will insect with the adjacent cells ABCD, BEFC, and
DCGH and gives the intersection areas of apqrs, pbjq, and srk,
respectively.

On the other hand, as for a particular mesh cell, for
example, considering again the typical mesh cell ABCD, part
of the fluid volume will be remained in it, that is, the volume
of apqrs. Meanwhile the adjacent fluid polygons may also
bring some fluids into it.The summations of the fluid volume
remained in and flowing into the mesh ABCD can then be
used to update the new fractional function of the volume of
fluid:

𝜑 =

∑
𝑛

𝑖=1
𝐴 𝑖

𝐴𝑒

, (15)

where 𝐴𝑒 is the area of the current computational mesh
cell and 𝐴 𝑖 means the intersection area with the 𝑖th fluid
polygon. After the fluid volume advection and accumulation
are conducted throughout the total computational cells, the
new distribution of 𝜑 can be obtained for the next time step
and the interface reconstruction can be followed.

The significance of interface reconstruction is not only
sharpening the configuration of free surface but also saving
computer costs since the very fine meshes are not necessary

in order to predict the free surface with the same precision.
That is the meanings of using the VOF method to capture
the interface. Moreover, it is also a requirement from the
construction of fluid polygon as mentioned above. For
the present numerical model, the popular PLIC method is
adopted and a brief description is included as follows. Firstly,
the local normal outward unit vector n for an interface cell
should be calculated by using the local gradient of 𝜑, which
is defined at the centre of the corresponding computational
cell:

n = ∇𝜑





∇𝜑





, (16)

where 𝜑 is the fractional function of volume of fluid and ∇ is
the differential operator. The details on calculating the local
gradient ∇𝜑, requiring the appropriate arrangements of the
imaginary elements, are referred to [17]. With the obtained
direction of free surface, a line segment passing the interfacial
element can be defined as

𝐿 (x) = n ⋅ x + 𝑘𝑐 = 0, (17)

where 𝑘𝑐 is a constant unknown requiring to be determined
by an iterative procedure. The convergent criterion for the
iteration is devised as that the fluid volume in the current
element beneath the interface line 𝐿(x) approaches to the
determined fluid volume in it. In this work, the uniform crite-
rion 𝜖𝜑 = 10

−5 is used.The accomplishment of fluid advection
and interface reconstruction means that the computational
domain and the necessary boundary information for the next
step numerical calculation are available.

It should be mentioned that the fractional volume of
fluid obtained numerically as abovemight be with unphysical
values attributed to the numerical errors. During the com-
putations, the real-time numerical monitor is necessary. If an
exception of𝜑 > 1 occurs in an element, it will be reset to unit.
For convenience, if the fraction volume is approaching to be
zero or unit, the numerical truncation is applied as follows:

𝜑 = {

1 abs (1 − 𝜑) < 𝜀,
0 abs (𝜑) < 𝜀,

(18)

where the fuzzy number 𝜀 = 1.0−5 is adopted in the present
study. Moreover a partial element will be forced to be full
element if it completely surrounded by full cells. And it
will be reset to be void if it is not adjacent to at least
one full element. By applying these implementations, the
unphysical error can be eliminated completely. In addition to
these local adjustments, a global correction concerning the
mass conservation is also required. This is realized through
increasing or decreasing the fractional volume for the free
surface cells:

𝜑𝑓 = 𝜑𝑓 +

Volimb
Σ𝜑𝑓𝐴𝑓

𝜑𝑓, (19)

where 𝜑𝑓 is the fractional volume in a free surface element,
𝐴𝑓 is the area of the free surface element, and Volimb is the
total volume of imbalance in the computational domain.Note
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that a full element may be a free surface element and should
be considered in the above formula, which is different from
that used in [17], where the global adjustment is only con-
ducted for partial elements.The present revision proves to be
more robust according to the numerical calculations included
in this paper. Note that the previous local adjustment must
be carried out again after the global mass correction since the
fractional volume may be changed during the global correc-
tion, especially for the possibility involving unphysical value
of fractional volume.This procedure is actually implemented
by a numerical iteration.

2.4. Initial and Boundary Conditions. In the previous sec-
tions, the numerical discretization of governing equation
and the interface capture with CLEAR-VOF method are
described. In order to obtain proper solutions for a particular
physical problem, the governing equations must be subjected
to appropriate initial and boundary conditions.

As for the water wave problems concerned in this work, it
is convenient to start the simulations from the still water state.
Therefore, the initial conditions can be applied as follows, that
is, the zero velocity and the static water pressure,

u (x, 0) = 0, 𝑝 (x, 0) = 𝜌𝑔𝑦, (20)

where x represents the position vector and 𝑦 represents the
vertical coordinate.

For a two-dimensional numerical wave flume, the bound-
aries are generally composed of the inlet, outlet, solid wall,
and free surface. The inlet boundary often serves as the wave
generator in addition to the internal wave maker. Gener-
ally speaking, if the problem is not involved in significant
wave reflections, the method for wave generation with the
inlet boundary conditions is preferred due to its simplicity
in numerical implementation. In practice, the water wave
solutions based on the potential flow theory in terms of the
velocity components and wave profiles along the inlet are
often adopted as the boundary conditions:

u (xin, 𝑡) = 𝐹in (𝑡) 𝜂 (xin, 𝑡) = 𝐻in (𝑡) , (21)

where the time-dependent wave profile 𝜂(xin, 𝑡) should be
converted into the fractional volume fluid.

On the other hand, if the internal wave maker is utilized.
The inlet boundary disappears, leaving one/two outlets for
the two-dimensional numerical wave flume.The correspond-
ing boundary conditions along the outlets depend on the
types of wave absorption. For the simple case, it is convenient
to adopt the Sommerfeld-Orlanski boundary condition [27],
which reads

𝜕Φ

𝜕𝑡

+ 𝐶𝑤

𝜕Φ

𝜕n
= 0, (22)

where Φ presents the physical variables of velocity and wave
profile, n presents the local outward normal vector at outlet,
and 𝐶𝑤 the phase speed of water wave.

For the situations that the phase speed is not clear, as an
approximation, the averaged velocity along the vertical outlet

can be specified. The above radiation boundary condition is
generally used together with the prescribed pressure,

𝑝 (xout, 𝑡) = 𝜌𝑔 (ℎ + 𝜂out) , (23)

where ℎ and 𝜂out is the local water depth and time-dependent
wave profile, respectively.

As a more general method, the artificial sponge layers
can be introduced, leading to that the velocity components
and wave profile along the outlets approach to be zero.
Under this circumstance, the exterior ends of the sponge
layers can be simply regarded as solid wall. For some cases
that the travelling waves in the sponge layer cannot be
damped out, the Sommerfeld-Orlanski boundary conditions
are also incorporated along the exits and work together with
the sponge layer. Such a coupling strategy enables the user
to shorten the length of sponge layer and hence receive
considerable improvement of the computational efficiency.

As far as the solid wall is concerned, including the flume
bottom, structure surface, and the outer ends of the sponge
layers, the on-slip boundary conditions are applied:

u (xwall, 𝑡) = Uwall
𝜕𝑝

𝜕n
= 0, (24)

where Uwall is the time-dependent velocity of the solid wall
surface and the zero gradient of pressure is used for the
pressure Poisson equation since it should be solved separately
in the present numerical model.

The most important for a water wave problem is the
treatment of free surface boundary conditions. According to
the requirement of stress balance, both pressure and velocity
boundary conditions should be imposed along the free
surface. As for the present numerical wave flume, the surface
tension is neglected, thus the interface dynamic boundary
condition reads

−𝑝𝑤 + 2𝜇𝑎

𝜕𝑢𝑛

𝜕𝑛

= −𝑝𝑎,

2𝜇𝑎 (

𝜕𝑢𝑛

𝜕𝑟

+

𝜕𝑢𝑟

𝜕𝑛

) = 0,

(25)

where 𝑝𝑤 and 𝑝𝑎 are the pressures in the water phase and
air phase, respectively, 𝜇𝑎 is the dynamic viscosity of the air,
and the subscripts 𝑛 and 𝜏 denote the normal and tangential
directions, respectively. By neglecting further the viscous
effect, a simplified normal dynamic free surface boundary
condition 𝑝 = 0 can be used directly for the pressure Poisson
equation. However, the velocity boundary conditions on the
interface are not able to be incorporated in a straightforward
manner. Alternatively, the velocity extrapolations [28, 29] are
adopted in this work.

2.5. Numerical Procedure. The overall numerical procedure
for the present numerical wave flume is summarized as
follows:

(1) generating initial computational mesh covering a
fairly large computational domain: either regular
mesh or irregularmesh is compatible with the present
model;
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(2) specifying appropriate initial and boundary condi-
tions;

(3) flow simulations with three-step finite element
method including the following:

(i) employing (6) to obtain the velocityu𝑛+1/3 based
on the known variables at the 𝑛th time level;

(ii) calculating u𝑛+1/2 with (7);
(iii) solving pressure Poisson equation, that is, (9), to

obtain 𝑝𝑛+1 at the next time step;
(iv) solving (8) to obtain the velocity at 𝑛 + 1 time

level, that is, u𝑛+1 ;

(4) predicting interface with CLEAR-VOF:

(i) fluid bulk advection in Lagrangian sense with
available velocities at 𝑛 and 𝑛 + 1 time levels;

(ii) interface reconstruction with PLIC algorithm;
(iii) conducting necessary numerical corrections for

the fractional volume;

(5) updating the computational domain with obtained
distribution of fractional volume;

(6) going back to Step (2) if continue, otherwise, program
stops.

In addition to the above main procedures, several impor-
tant issues associated with the numerical implementation
should be clarified.

(1) For the sake of numerical stabilities excessive large
time step should be avoided. In this study, the time step is not
only restricted to the CFL condition but also the advection of
fluid bulk in the CLEAR-VOF frame. For the latter, it means
that the displacement of fluid polygon in one time step is not
permitted to go beyond the region covered by the mother
cell and its immediate elements. To guarantee this rule, the
following formula is used to automatically determine the time
step increment:

Δ𝑡 = 𝐶𝑘Min(
𝐿𝑒

‖u‖𝑒
) , (26)

where 𝐿𝑒 is the characteristic length of the computational ele-
ment, which is evaluated by √𝑆 with 𝑆 being the individual
mesh area, ‖u‖𝑒 is the absolute velocity at the mesh centre,
and 𝐶𝑘 is a safe coefficient, normally used as 0.2 in this work.

(2) For water wave problems, it is convenient to consider
only thewater phasewithmuch higher density, neglecting the
inertia influence from the air, which is helpful to reduce the
computer demands. Therefore the void cells are excluded in
the present model. As for the full elements they are treated
as usual, whereas the partial elements have to be treated
with particular technique since they are generally involved
in strong discontinuity in terms of the fluid properties of
density and viscosity. In this work, the density and viscosity
in partial/interfacial elements are averaged:

𝜌 = 𝜑𝜌𝑤 + (1 − 𝜑) 𝜌𝑎,

𝜌 = 𝜑V𝑤 + (1 − 𝜑) V𝑎.
(27)
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Figure 3: Experimental setup of dam breaking flow.

In the present model, the turbulence is not considered by
means of introducing the turbulent closure. The numerical
computations are carried out with very fine mesh resolution,
which approaches to the two-dimensional direct numerical
simulation. The above viscosity in (2) is therefore restricted
to themolecular viscosity. Otherwise, if the turbulencemodel
is incorporated, the viscosity should be interpreted as the
effective viscosity.

(3) Considering the small quantity of the fluid viscos-
ity ], the integral terms related to (]/3) (𝜕𝑞/𝜕𝑥𝑖) in (2)
can be neglected without introducing noticeable numer-
ical errors. And the numerical tests of this work show that
the following three terms in the pressure Poisson equa-
tion can also be neglected with little influence on
the numerical accuracy; that is, ∮

𝑆
𝜙((𝑢
𝑛+1

𝑖
− 𝑢
𝑛

𝑖
)/Δ𝑡) ⋅

𝑛𝑖d𝑆, (]/3)∬Ω((𝜕𝜙/𝜕𝑥𝑖) (𝜕𝑞
𝑛+1/2

/𝜕𝑥𝑖))dΩ and ]∬
Ω
((𝜕𝜙/𝜕𝑥𝑖)

(𝜕/𝜕𝑥𝑗) (𝜕𝑢
𝑛+1/2

𝑖
/𝜕𝑥𝑗))dΩ.

(4) Generally speaking, the advection of fluid volume
should be carried out throughout the computational domain
for the interfacial flows. However, for some special cases of
waterwave problems, the evolution of free surface is definitely
restricted to a certain region. For example, it is enough for us
to consider only a fluid layer with the thickness of twice wave
height in order to capture the free surface associated with
the propagation of linear water wave.Within this subdomain,
the CLEAR-VOF procedure is activated. Otherwise, out of
the sub-domain, the fractional volume of fluid is directly set
to unit since the computational cells are always occupied by
water. By introducing the appropriate sub-domain for free
surface capture, the computational efforts can be reduced
considerably.

3. Numerical Validations

3.1. Dam-Breaking Flow. The classic dam breaking problem
is firstly considered to validate the preset numerical model.
This case mainly concerns the numerical implements of
free surface capture with CLEAR-VOF. Martin and Moyce
[30] conducted a benchmark experiment study, as shown in
Figure 3, where the initial depth and breadth of the water
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Figure 4: Free surface evolution (denoted by red solid line with 𝜑 = 0.5) and velocity field of dam-breaking flow.
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Figure 5: Comparison of free surface front and water height with available experimental and numerical results.

column are with the same dimension𝐻 = 𝐵 = 0.05175m. In
the experiment the gate is removed suddenly and the water
column collapses under the action of gravity 𝑔 = −9.81m/s2.
The fluid density and dynamic viscosity are 𝜌 = 1000 kg/m3
and 𝜇 = 0.001 pa ⋅ s , respectively.

The computation starts from the initial still state with
zero velocities and hydrostatic pressure. No-slip boundary
conditions are imposed along the solid bottom and dynamic
boundary condition 𝑝 = 0 is specified at the free surface. The
numerical results of velocity field and free surface (denoted
by red solid line) at several typical time instants are shown
in Figure 4. The numerical results confirm that the present
numerical model is capable of producing sharp predictions
for the evolution of violent free surface. Especially, Figure 4

suggests that the fluid advection by CLEAR-VOF along the
bottom solid wall is satisfying, not leading to the appearance
of the numerical flotsam.

For the purpose of further comparisons, the develop-
ments of surface front on the bottom and water elevation
on the left vertical wall with time are compared with exper-
imental data [30] and available numerical results [31], as
shown in Figure 5, in which the dimensionless parameters
are used; that is, 𝑡∗ = 𝑡√𝑔/𝐻, 𝑥∗ = 𝑥/𝐻, and 𝑦∗ = 𝑦/𝐻.
It is observed that the present numerical results agree well
with both the experimental and numerical data, indicating
that the present numerical model based on the three-step
finite element method and CLEAR-VOF technique has good
accuracy in capturing the flow interface.
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3.2. Liquid Sloshing in Baffled Tank. The liquid sloshing in
a rectangular container with horizontal baffles is adopted as
the second case to validate the numerical model. The tank is
partially filled with water with a depth of𝐻 = 0.5m and the
tank width is 𝐵 = 1.0m. A pair of rigid baffles with thickness
0.005m is installed on the two opposite side-walls. The twin
baffles are submerged in water with the same depth ℎ and the
same breadth 𝑊. Various parameters of ℎ/𝐻 and 𝑊/𝐵 are
considered in the computations. A sketch definition for the
numerical setup is referred to in Figure 6.

The container is initially placed on a horizontal plane and
then is forced to oscillate as a sinusoidalmotion, which results
in the following acceleration:

𝑎𝑥 (𝑡) = 𝑋

(𝑡) = −𝑋0𝜔

2

𝑠
sin (𝜔𝑠𝑡) , (28)

where 𝑋0 = 0.002m is the oscillatory amplitude of the tank
and 𝜔𝑠 = 0.995𝜔0 = 5.29 rad/s is the oscillatory frequency
with 𝜔0 being the natural frequency of the counterpart tank
without baffles. For the present sloshing problem, it is con-
venient to utilize the noninertial reference coordinate, which
is fixed on the moving container with the same acceleration
of the container with respect to the ground. Accordingly,
the governing equation of (2) should be reformulated by
introducing the acceleration of the reference system into the
body force term, leading to the horizontal component being

𝑓𝑥 = 𝑎𝑥. (29)

The numerical results along the right wall of the forced
oscillating baffledtank by using the present non-inertial based
FEM viscous fluid model are compared with those obtained
from the linear and non-linear potential flow models [32].
The comparisons are restricted to the numerical results
because of the absence of experimental data. As shown in
Figure 7, the present numerical results are in general agree-
ments with the previous numerical solutions. However, the
discrepancies between the results of potential flowmodel and
the present viscous flow model are noticeable. The potential
flow models produce larger amplitudes compared with the
present viscous fluid model.This is because that the potential
flow theory is not able to consider properly the physical
dissipation, especially the strong flow shear and significant
vortex shedding in the flow field due to the existence of
baffles.Therefore, it can be speculated that the present viscous
fluidmodel is able to producemore reasonable predictions for
the reality than the potential flowmodels.The comparisons in
Figure 7 suggest clearly that it is necessary to use the viscous

fluid model for the water wave problems where the physical
dissipations play important role.

3.3. Linear Wave Propagation and Reflection from of Vertical
Wall. As mentioned previously, a numerical wave flume has
to be provided with two fundamental functions, that is, the
wave generation and the wave reduction. Firstly, the strategy
with the collaboration of internal wave maker and sponge
layer for the present numerical wave flume is validated. A
typical example with wave height 𝐻 = 0.24m and wave
length 𝐿 = 0.20m is considered. The two-dimensional
numerical wave flume is set to be with a water depth of ℎ =
0.5m and a total length of 𝐿𝑐 = 0.30m. The corresponding
wave steepness is 𝐻/𝐿 = 0.012 and the ratio of wave height
over water depth is 0.048, which are consistent with the Airy
wave theory, giving the wave period 𝑇 = 1.1816 s according
to the linear dispersion relation. On the both ends of the
computational domain, sponge layers are located there. The
left sponge layer covers the region from−6.0m to 0.0m,while
the right one is from 18.0m to 24.0m. The centroid of the
source region is located at (9.0m, 0.379m) with height of
0.104m and length of 0.184m, which are in accordance with
the principals suggested by Lin and Liu [18].

The computations are subjected to the no-slip boundary
conditions along the flume bottom and the both ends of
the sponge layers together with the free surface boundary
condition on the wave profile. The numerical result of the
wave surface history above the source region is compared
with the theoretical solution, as shown in Figure 8, where
the wave surface 𝜂(𝑡) and time 𝑡 are normalized by the wave
amplitude 𝐴 = 0.5𝐻 and wave period 𝑇, respectively. It can
be seen that the present numerical results agree well with the
theoretical solution of linear wave theory. This comparison
shows that the present wave generator works well and is able
to accurately produce the target wave trains.

The performance of wave reduction with sponge layer is
examined in Figure 9 by considering the wave profiles in the
left sponge layer during 𝑡 = 49𝑇 ∼ 50𝑇 with a time inter-
val of 𝑇/20. It can be seen from this figure that the wave
amplitude in the dissipative zone is reduced gradually to be
nearly zero. It shows that the sponge layer works fairly well.
The good performance of wave damping in the right sponge
layer is also observed in this study. A number of numerical
trials in this work show that the desirable wave reduction
can be achieved as the length of the artificial sponge layer is
greater than twice the incident wave length.

The propagation of linear water wave over even bed
and its reflection from vertical wall are also simulated by
using the present numerical wave flume. The computational
parameters include the water depth ℎ = 0.5m, wave length
𝐿 = 3.0m, wave height 𝐻 = 0.03m, and the corresponding
wave period 𝑇 = 1.57 s. The internal wave maker is adopted
again in this case, located at (−8.0m, 0.38m) with 8 cm
in length and 6 cm in height. At the left boundary of the
computational domain 𝑥 = −14.0m, a vertical wall is built.
Different from the previous case, the radiation boundary is
assumed at the other end of the computational domain at
𝑥 = 1.0m. Therefore this case serves as another validation
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focusing on the combination of internal wave maker and
free radiation of water wave. Accordingly, the Sommerfeld-
Orlanski boundary condition is imposed along the right
boundary since the linear harmonic wave with determined
phase speed is simulated in this case. On the left vertical
wall and the flume bottom, the no-slip boundary condition
is specified.

The typical wave profiles at 20.0𝑇, 20.25𝑇, 20.5𝑇, and
20.75𝑇 are depicted in Figure 10. It can be seen that the
standingwave trains are fully developed after 20wave periods
in the numerical wave flume and the numerical results remain
stable solutions after the long-time calculation. It is observed
that the distance between the wave node and antinode is
0.75m, equal to 0.25𝐿, while the standing wave height is
6 cm, twice the incident wave height. These quantities are
in exact agreement with the theoretical analysis, indicating
that the present numericalwave flumehas correctly simulated
the action of linear water wave on vertical wall. Especially,
the stable wave profiles are observed at the right radiation
boundary, confirming the good performance of radiation
boundary condition implemented in the present numerical
model. Considering that the distance between the source
region and vertical wall is 6.0m, just three times of the
incident wave length, the reflection waves have the same
phase as the waves produced by the internal wave maker,
which finally leads to the wave height in the right half
domain is twice the incident wave height. However, Figure 10
shows that the wave profiles in the neighborhood of source
region involve noticeable distortion. This is induced by the
interactions between the reflection wave and the internal
wave maker, which may lead to the occurrence of unphysical

incident waves if the source region is located very close to
the structure. Generally speaking, the distancemore than two
times of the incident wave length is acceptable.

3.4. Solitary Wave Passing Sharp Step. As a typical nonlinear
dynamic process, the propagation of solitary wave and its
interaction with structures have been paid much attention
during the past decades. When a solitary wave travels from
deep water to shallow water, it disintegrates into two or more
solitons.Thefission of solitarywave is oftenused as a standard
test case for the validation of numerical wave flume.

According to the theoretical solution [33], the solitary
wave profile can be represented by

𝜂 = 𝐴 Sech2 (𝑘𝜃) , (30)

where 𝜂 is the wave profile, 𝐴 the wave height, 𝑘 =

√3𝐴/4ℎ
3 with ℎ being the water depth and 𝜃 = 𝑥𝑠 − 𝑐𝑡

with 𝑥𝑠 being the horizontal coordinate, 𝑡 is the time, and 𝑐,
is the wave celerity defined as

𝑐 = √𝑔ℎ(1 +

𝐴

ℎ

) ≈ √𝑔ℎ(1 +

𝐴

2ℎ

) . (31)

From the Eulerian point of view, the velocity components
in the horizontal 𝑥 and vertical 𝑦 directions, denoted by 𝑢
and, respectively, read

𝑢 = 𝜀√𝑔ℎ[𝜂∗ −

1
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(33)

where the dimensionless 𝜀 = 𝐴/ℎ and 𝜂∗ = 𝜂/𝐴 are intro-
duced. The derivatives associated with the dimensionless
wave profile 𝜂∗ are

𝜕𝜂∗

𝜕𝑡

= 2𝑐𝑘 Sech2 (𝑘𝜃)Tanh (𝑘𝜃) ,

𝜕
2
𝜂∗

𝜕𝑡
2
= 4𝑐
2
𝑘
2Sech2 (𝑘𝜃)Tanh2 (𝑘𝜃)

− 2𝑐
2
𝑘
2Sech2 (𝑘𝜃) [1 − 2Tanh2 (𝑘𝜃)] ,

𝜕
3
𝜂∗

𝜕𝑡
3
= 8𝑐
3
𝑘
3Sech2 (𝑘𝜃)Tanh3 (𝑘𝜃)

− 16𝑐
3
𝑘
3Sech2 (𝑘𝜃)Tanh2 (𝑘𝜃)

× [1 − Tanh2 (𝑘𝜃)] .

(34)

The sketch definition of the numerical setup is shown in
Figure 11, which is in accordance with the experiment setup
in [34]. The deep water depth is ℎ𝑑 = 0.2m and the shallow
water depth is ℎ𝑠 = 0.1m. The edge of step is located at
𝑥/ℎ𝑑 = 20. The computational domain in the wave travelling
direction covers the region from 𝑥 = 0 to 𝑥 = 100ℎ𝑑. The
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Figure 11: Sketch definition of solitary over step.

incident wave amplitude is 𝐴 = 3.65 cm. Four wave gauges
are arranged in the computational domain, which are located
at 𝑥 = 4m, 7m, 10m, and 13m, respectively.

In the computations, the no-slip boundary condition
is applied on the bottom, while the free surface boundary
condition is treated as (25). At the outlet 𝑥 = 100ℎ𝑑, the
radiation boundary condition is used. The incident wave
is generated by describing the wave profile and velocity
components along the inlet at 𝑥 = 0, referring to (30) and
(33), respectively. In order to be compatible with the desirable
initial condition at 𝑡 = 0 with the still water state in the
computational domain 𝑥 > 0, the free parameter 𝑥𝑠 included
in (30) is set to be −15.0m together with a relative time 𝑡𝑟 to
be determined, which gives rise to 𝜂/𝐴 < 0.01 and the nearly
zero vertical velocity component at the inlet 𝑥 = 0with 𝑡 = 0.

The numerical results of dimensionless free surface evo-
lution with respect to the initial still water level, normalized
by the deep water depth ℎ𝑑, at four locations (𝑥 = 4.0m,
7.0m, 10.0m and 13.0m) are compared with the experimental
observations [34] in Figure 12. For the purpose of further
comparisons, the numerical data based on the other two
different Navier-Stoke solvers by Liu and Cheng [35] and
Shen and Chan [36] are also included. The former is the
COBRAS model, developed by Lin and Liu [8] with the
finite difference method, SOLA-VOF, and RANS turbulent
model, while the latter is a combined immersed boundary
(IB) and volume of fluid (VOF) model in the context of finite
difference discretization. Different mesh resolutions for the
present numerical computations have been tested and the
numerical convergence was confirmed. The comparisons in
Figure 12(a), for the position that the numerical wave gauge
is located at 𝑥 = 4.0m, just over the step, suggest that
the present model works well. The predictions are in good
agreement with the available experimental and numerical
results, indicating that the target solitary wave is correctly
generated and the wave propagation is accurately predicted.
It can be seen from Figure 12(b) that the fission of solitary
wave occurs after it passes the shelf, leading to two distin-
guishable solitons. The primary soliton seems to has a larger
amplitude compared with that observed at Figure 12(a) while
the secondary one follows the leading soliton with a lower
amplitude. The comparisons with experiments and the other
numerical simulations confirm the good performance of the
present numerical model. Figure 12(c) presents the compar-
isons at the third wave gauge located at 𝑥 = 10m where the
separated soliton develops more significantly. Meanwhile the

wave height of the primary soliton is observed to increase
further. Comparing with the other two numerical results, the
wave phases for the two solitons predicted by the present
model are closer to the experimental observations. However,
the wave heights of this work are slightly smaller than the
experimental data, while the wave heights for the leading
soliton predicted by [35, 36] are larger than the experiment.
As for the comparisons at the last wave gauge at 𝑥 = 13m, the
discrepancies among the numerical results and experimental
data are seen. The discrepancies between the numerical
results by the three different models and the experimental
data consist in both the wave phase and wave height. For
the leading soliton, the results of [36] are in agreement with
the experiment, while the model in [35] predicts an earlier
appearance of the leading soliton and the present model
produces a phase lag with respect to the experiment. As far
as the phase of the second soliton is concerned, the present
model gives the best result compared with the laboratory test.
The discrepancies between the numerical and experimental
results were speculated to be attributed to the errors in
the experimental observations [33], which should be further
clarified. Generally speaking, the present numerical model
is able to produce acceptable predictions on the problem of
solitary wave passing shelf with non-linear fission.

3.5. Water Wave-Induced Fluid Resonance in Narrow Gap.
The advantage of volume of fluid method is the capability
to deal with extremely violent free surface flows, which is
further demonstrate in this section by taking consideration
of the wave-induced resonance in narrow gap. It was known
that the very large wave response occurs in the gaps confined
by adjacent floating bodies as the incident wave frequency
approaches to the resonant frequency.

Saitoh et al. [37] investigated the gap resonance problem
by experiments. In the laboratory tests, two identical floating
boxes were fixed in a wave flume.The linear water waves with
constant wave height 𝐻0 = 2.4 cm and various wave periods
were generated.The experimental setup is shown in Figure 13,
in which the water depth is ℎ = 0.5m , the same as the box
breadth 𝐵. The typical case with the same draft 𝑑 = 0.155m
for the twin bodies and a narrow gap in width 𝐵𝑔 = 11 cm is
used as the benchmark for the numerical validation.

In the numerical computations, the internal wave maker
is used for the wave generation, and two sponge layers are
located at the both ends of the numerical wave flume to
eliminate the reflection waves. The no-slip boundary condi-
tions are applied along the solid walls and the free-surface
boundary conditions are treated as (25). The comparisons
between the numerical results and the experimental data are
presented in Figure 14, where the vertical axis 𝐻𝑔/𝐻0 is the
relative wave height in the narrow gap and horizontal axis
𝑘ℎ represents the dimensionless wave frequency with 𝑘 being
the wave number. It can be seen that the present numerical
results are in fairly good agreement with the experimental
data, both in the predictions of the resonant frequency and
the extremely large resonant wave height. The resonant wave
frequency and the resonant wave height in the gap are 𝑘ℎ =
1.737 and𝐻𝑔/𝐻0 = 3.64, respectively.
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Figure 12: Comparison of free surface evolution at typical sections for solitary wave passing step.
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Figure 13: Numerical set-up for gap resonance problem.

The previous examinations based on the convectional
potential flow model produced much overprediction on the
resonant wave height, although the potential flow model is
able to predict the resonant frequency with good accuracy
[38, 39]. This is because that the potential flow model fails to
consider the physical dissipation related to the fluid viscosity,
vortex motion, and shear flow since the assumptions of
perfect fluid and irrotational flow are involved. It is believed
that themechanical energy dissipation plays a very important
role as the resonance occurs in the narrow gap. In order
to demonstrate this aspect, the velocity field in the narrow
gap during one period of fluid oscillation is provided in
Figure 15, for the typical case with, 𝑘ℎ = 1.737, namely,
the resonant condition. Figure 15 shows clearly that the
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Figure 14: Comparisons of wave height in the gap confined by twin
rectangular boxes at various wave frequencies with draft 0.155m,
box breadth 0.5m, gap width 0.11m, water depth 0.5m, and incident
wave height 2.4 cm.

complicated vortex structures are fully developed in the gap
together with the significant vortex shedding from the sharp
corners, which is expected to be accounted for the majority
of energy dissipation [40]. The numerical results presented
above suggest that the numerical wave flume developed in
this work has good performance in predicting the complex
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Figure 15: Typical velocity field under resonance condition with 𝑘ℎ = 1.737 (𝑇 = 1.11 s).

problems associatedwithwave-structure interaction.And the
development and application of the numerical wave flume
based on viscous fluid theory become absolutely necessary for
the cases with significant physical dissipations.

4. Conclusions

A comprehensive two-dimensional viscous numerical wave
flume is developed in this work. The present numerical
model is featured by the flow solver with upwind finite
element solution of the Navier-Stokes equations, interface
predictor with CLEAR-VOF method, wave generator with
internal wave maker and describing boundary conditions
at inlet, and wave absorber with sponge layer and applying
Sommerfeld-Orlanski boundary condition at outlet. The

collaboration of FEM and VOF in consistence with the
irregularmesh partition for the complexwaterwave problems
and the various combinations of wave generations and wave
absorptions are addressed. The 2D NWF developed in this
work is validated against available theoretical, experimental,
and numerical results, including the cases of dam-breaking
flow, liquid sloshing in baffled tank, linear water wave
propagation and reflection from vertical wall, non-linear
solitary wave fission passing shelf, and water wave-induced
fluid resonance in narrow gap confined by floating structures.
Good agreements were obtained, confirming that the present
numerical wave flume performs well in predicting complex
interface flows and water wave interaction with structures.
Comparing with the other existing viscous numerical wave
flumes, the present model has advantage in dealing with the
problems with complex boundary configuration since the
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finite element method with unstructured mesh partition is
adopted, which further allows the more complicated fluid-
structures interaction to be simulated in the unified frame of
the finite element method. And the free surface capture by
using the CLEAR-VOF method, inherently consistent with
the irregular computational meshes, is rather simple in the
numerical implement, which can be fulfilled by means of the
straightforward computational geometry techniques. Several
typical numerical examples show that the necessity of using
the numerical wave flume based on viscous fluid model for
the situations involving significant dissipative effects should
be paid special attention.
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[28] C. Yang, R. Löhner, and H. Lu, “An unstructured-grid based
volume-of-fluid method for extreme wave and freely-floating
structure interactions,” Journal of Hydrodynamics, Ser. B, vol. 18,
no. 3, pp. 415–422, 2006.
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This paper presents a consistent derivation of a new nonlocal finite element procedure in the framework of continuum mechanics
and nonlocal thermodynamics for the analysis of bending of nanobeams under transverse loads. This approach is able to provide
the overall performance and the influence of specific parameters in the behavior of nanobeams and it is also able to deal with
nanomechanical systems by solving a reduced number of algebraic equations. An example shows that the proposed nonlocal finite
element procedure, using a mesh composed by only four elements of equal size, provides the exact values in terms of transversal
displacement and bending of the nanobeam.

1. Introduction

Carbonnanotubes (CNTs) play a very significant role inmany
fields of nanotechnology, nanoscience, and nanoengineering
and have high applications in nanocomposites, nanoelectron-
ics, and nano-electromechanical systems and devices. There-
fore, a thorough understanding of their nanomechanical
properties is necessary for designing nanosystems and nan-
odevices [1].

Two main approaches for the analysis of CNTs can be
followed: atomic modeling and continuum modelling. The
former approach includes molecular dynamics simulations
which consider each individual molecule and its mechanical
or chemical mutual interactions [2]. As a consequence, the
computational effort is extremely time consuming and the
method is restricted to systems with a limited number of
molecules or atoms. The latter approach is considered in
this paper since it is more efficient from the analytical and
computational point of view, see, for example, [3, 4].

Nonlocal effects have been introduced in the framework
of nonlocal continuum theories by Eringen [5, 6]. Then gra-
dient and integral approaches have been extensively applied
to analyse localization phenomena, size-dependent effects,
plasticity, and damage problems [7–11]. However several
continuum models have been developed to analyse CNTs in
terms of classical (local) models, see, for example, [12].

Since size-dependent effects are fundamental in CNTs,
a nonlocal version of the classical Euler-Bernoulli beam is

adopted in this paper and the effects of the nonlocalities
on displacements and bending are investigated by using a
consistent nonlocal thermodynamic approach.

A new nonlocal finite element model for nanobeams is
then developed starting from a suitable variational statement
obtained from the nonlocal thermodynamic analysis. The
proposed procedure can be easily extended to different mod-
els of elastic nanobeams or to two-dimensional nanomodels.

Moreover, the use of the classical beam finite element
for the analysis of the transversal deflection of the Euler-
Bernoulli beam [13] is not adequate for the proposed nonlocal
finite element problem. Accordingly the nodal finite element
parameters of the beam are enhanced by introducing an
additional parameter associated with the second derivative of
the transversal displacement.The resulting element is termed
enhanced finite element (EFE).

Exact equilibrium conditions and higher-order differ-
ential governing equation with the corresponding higher-
order nonlocal boundary conditions are derived according to
the thermodynamic requirements following the framework
proposed in [14].The exact solution has been used as a bench-
mark for the enhanced finite element analysis.

A nanobeam under a uniformly distributed transverse
load is considered. The numerical solution is obtained by
the recourse to the proposed nonlocal EFE procedure and
the method shows no pathological behaviors such as mesh
dependence, numerical instability, or boundary effects. A
mesh composed of only 𝑛 = 4 elements of equal size provides
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the exact solution in terms of displacement and bending
moment.

The EFE procedure shows that the presence of a nonlocal
effect tends to induce higher stiffness for nanobeams and
the stiffness is enhanced with increasing nonlocal nanoscale
effect.

2. A Nonlocal Elastic Model

Assuming that there is no heat input due to radiation or con-
duction, the absolute temperature and the density of mass are
constant; the first law of thermodynamics, see, for example,
[15], for isothermal processes and for a nonlocal behaviour
can be formulated as follows:

∫

Ω

̇𝑒𝑑x = ∫

Ω

𝜎 ∗ ̇𝜀 𝑑x. (1)

The internal energy density 𝑒 depends on the strain tensor 𝜀
and entropy 𝑠, and a superimposed dotmeans time derivative.
The energy balance in (1) can bewritten pointwise in the body
domainΩ in the form [16]

̇𝑒 = 𝜎 ∗ ̇𝜀 + 𝑃, (2)

where 𝑃 is the nonlocality residual function which takes into
account the energy exchanges between neighbor particles
[17]. The residual 𝑃 fulfils the insulation condition

∫

Ω

𝑃𝑑x = 0, (3)

since the body is a thermodynamically isolated system with
reference to energy exchanges due to nonlocality.

The second principle of thermodynamics for isothermal
processes in the nonlocal context is written in its local form
[18] as follows:

𝐷 = ̇𝑠𝑇 ≥ 0, (4)

everywhere in Ω where ̇𝑠 is the internal entropy production
rate per unit volume and 𝐷 is the dissipation.TheHelmholtz
free energy 𝜙(𝜀, 𝑇) is defined by means of the Legendre
transform 𝜙 = 𝑒 − 𝑠𝑇 so that, using the relation (2), the dis-
sipation at a given point of the body is given in the following
form:

𝐷 = 𝜎 ∗ ̇𝜀 −
̇

𝜙 + 𝑃 ≥ 0. (5)

Note that (5) represents the nonlocal counterpart of the
Clausius-Duhem inequality for isothermal processes and
the nonnegativeness of the dissipation is guaranteed by the
presence of the nonlocality residual function.

The body energy dissipation E is given by integrating the
relation (5) to get

E = ∫

Ω

𝜎 ∗ ̇𝜀 𝑑x − ∫

Ω

̇
𝜙𝑑x

= ∫

Ω

𝜎 ∗ ̇𝜀 𝑑x − ∫

Ω

𝑑
𝜀
𝜙 (𝜀) ∗ ̇𝜀 𝑑x ≥ 0,

(6)

y

EJ

L

z

p(z)

Figure 1: Geometry and coordinate system of the beam.

which must hold for any admissible deformation mechanism
so that, following widely used arguments, the nonlocal elastic
state law is obtained as follows:

𝜎 = 𝑑
𝜀
𝜙 (𝜀) . (7)

Accordingly the body energy dissipationE vanishes and also
the dissipation is pointwise vanishing; that is,𝐷 = 0, since (5)
can be viewed as the nonnegative integrand of (6).

2.1. A Nonlocal Elastic Model of Nanobeams. Let us consider
a thin nanobeam with length 𝐿, cross sectional area 𝐴,
and Young’s modulus 𝐸 which is subjected to an external
distributed transverse load 𝑝(𝑧) as shown in Figure 1.

The Euler-Bernoulli beam theory is adopted where a
straight line normal to the midplane before deformation
remains straight and perpendicular to the deflectedmidplane
after deformation.

The axial elongation 𝜀 due to transverse displacements
V of the nanobeam is given by 𝜀 = −V(2)𝑦 where V(2) is the
second derivative along the nanobeam axis of the transversal
displacement field V and 𝑦 is the bending axis. The super-
posed apex (⋅)(𝑛) denotes the 𝑛-th derivative of (⋅) with respect
to the nanobeam axis 𝑧.

Nonlocality due to long range interactions arising in an
elastic structure can be provided in terms of an integral
relation which yields an integral constitutive relation [19]. An
alternative approach, see [6, 20], is followed in this paper
where the nonlocality is expressed in terms of a differential
relation so that the corresponding constitutive relation turns
out to be in a differential form.

The elastic energy for the nanobeams is defined according
to the following expression:

𝜙 (𝜀, 𝜀
(1)
) =

1

2

𝐸𝜀
2
+ (𝑒0𝑎)

2
𝐸𝜀
(1)
2

, (8)

where 𝑎 is an internal characteristic length (e.g., lattice
parameter, C–C bond length, or granular distance) and 𝑒0 is
a material constant. The magnitude of 𝑒0 can be determined
experimentally or approximated by matching the dispersion
curves of plane waves with those of atomic lattice dynamics.
Classical elasticity for continuum mechanics is recovered in
the limit of vanishing nonlocal nanoscale; that is (𝑒0𝑎) → 0.

In the sequel, the variational relation among the bending
moments and the displacement field, following from the
elastic energy (8), is explicitly recovered since it is the starting
point for the nonlocal FE analysis.
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The vanishing of the body energy dissipation (6) together
with the expression (8) provides the relation

∫

Ω

𝜎 ∗ ̇𝜀 𝑑𝑧 − ∫

Ω

𝑑𝜀𝜙 ∗ ̇𝜀 𝑑𝑧 − ∫

Ω

𝑑
𝜀(1)

𝜙 ∗ ̇𝜀
(1)

𝑑𝑧

= ∫

Ω

𝜎 ∗ ̇𝜀 𝑑𝑧 − ∫

Ω

𝜎0 ∗
̇𝜀 𝑑𝑧 − ∫

Ω

𝜎1 ∗
̇𝜀
(1)

𝑑𝑧 = 0,

(9)

where Ω = [0, 𝐿] so that the following constitutive relations
hold:

𝜎0 = 𝑑𝜀𝜙 (𝜀, 𝜀
(1)
) = 𝐸𝜀,

𝜎1 = 𝑑
𝜀(1)

𝜙 (𝜀, 𝜀
(1)
) = 𝐸(𝑒0𝑎)

2
𝜀
(1)
.

(10)

By inserting the expression of the beam axial elongation ̇𝜀 and
of its derivative ̇𝜀

(1) in the energy dissipation (9), after some
rearrangements of the various terms and denoting by𝑀,𝑀0,
and 𝑀1 the bending moment associated with the stresses 𝜎,
𝜎0, and 𝜎1 as follows:

𝑀 = ∫

Ω

𝜎𝑦𝑑𝑧, 𝑀𝑖 = ∫

Ω

𝜎𝑖𝑦𝑑𝑧, 𝑖 = {0, 1} , (11)

a more explicit expression (see Appendix A) can be given to
the energy dissipation (9) in the following form:

∫

Ω

𝑀∗ ̇V(2) 𝑑𝑧 − ∫

Ω

𝑀0 ∗ ̇V(2) 𝑑𝑧 − ∫

Ω

𝑀1 ∗ ̇V(3) 𝑑𝑧 = 0.

(12)

It is worth noting that the bending moments 𝑀𝑖, with 𝑖 =

{0, 1}, can be expressed in terms of the transversal displace-
ment field V as follows:

𝑀0 = ∫

Ω

𝐸𝜀𝑦 𝑑𝑧 = −𝐸 ̇V(2) ∫
Ω

𝑦
2
𝑑𝑧 = −𝐸𝐽 ̇V(2),

𝑀1 = ∫

Ω

𝐸(𝑒0𝑎)
2
𝜀
(1)
𝑦𝑑𝑧

= −𝐸(𝑒0𝑎)
2
̇V(3) ∫
Ω

𝑦
2
𝑑𝑧 = −𝐸𝐽(𝑒0𝑎)

2
̇V(3),

(13)

where 𝐸𝐽 is the beam bending stiffness. Further, equilibrium
considerations produce the usual results as follows:

𝑇
(1)

(𝑧) = −𝑝 (𝑧) , 𝑀
(1)

(𝑧) = 𝑇 (𝑧) ,

𝑀
(2)

(𝑧) = −𝑝 (𝑧) ,

(14)

where 𝑇 is the shear force.
The sixth-order nonlocal differential equilibrium equa-

tion and the related boundary conditions are reported for
completeness, in Appendix B. Moreover, the nonlocal exact
solution, obtained by solving the nonlocal sixth-order differ-
ential problem, is used as a benchmark to test the correspond-
ing solution obtained by the nonlocal FE method developed
in the next section.

A sixth-order nonlocal equation for buckling of nan-
otubes in the framework of the Euler-Bernoulli beam theory

has been obtained in [21] using a strain gradient approach.
Consistent sets of boundary conditions are used and, for cer-
tain forms of boundary conditions, it is shown that the buck-
ling load exhibits a considerable sensitivity in terms of the
nonlocal parameter. Moreover, the nonlocal model in [21]
envisages a buckling load that is smaller than the correspond-
ing local counterpart.

The stress gradient approach adopted in [21] yields a
fourth-order nonlocal equation for buckling of nanotubes
which is analogous to the governing equation in terms of
displacements for the nonlocal Euler-Bernoulli beam theory
obtained in [22] if a static model is considered.

3. A Nonlocal Finite Element for Nanobeams

The nonlocal elastic problem can be numerically solved by
means of a nonlocal finite element approach starting from
the relation (12). It will be shown that the proposed non-
local finite element method requires to build up a nonlocal
stiffness matrix which reflects the nonlocality features of the
nanobeam problem. An advantage of the proposed nonlocal
FE procedure is that the band width of the nonlocal stiffness
matrix turns out to be equal to the one of the local stiffness
matrix in standard FEM.

The domain Ω = [0, 𝐿] occupied by the nanobeam is
partitioned in the subdomains Ω𝑒 ⊆ Ω, with 𝑒 = 1, . . . , 𝑁,
such that ∪𝑁

𝑒=1
Ω𝑒 = Ω andΩ𝑖 ∩ Ω𝑗 = 0 for any element 𝑖 ̸=𝑗.

Adopting a conforming finite element discretization, the
unknown displacement field ̇V(𝑧) is given in the interpolated
form ̇V𝑒

ℎ
(𝑧) = N𝑒(𝑧)q𝑒 for each element 𝑒 with 𝑧 ∈ Ω𝑒. The

matrix collecting the chosen shape functions is N𝑒(𝑧) and
the vector collecting the nodal displacement of the 𝑒-th finite
element is denoted by q𝑒.

Moreover, a conforming displacement field ̇Vℎ(𝑧) =

{ ̇V1
ℎ
(𝑧), ̇V2
ℎ
(𝑧), . . . , ̇V𝑁

ℎ
(𝑧)} satisfies the interelement continuity

conditions and the homogeneous boundary conditions so
that the rigid body displacements are ruled out.

The finite element procedure requires the definition of the
assembly operatorA𝑒 which provides the nodal displacement
parameters q𝑒, pertaining to the 𝑒-th element, in terms of the
nodal parameters q according to the parametric expression
q𝑒 = A𝑒q.

A recoursive application of Green’s formula with refer-
ence to the first term of (12) provides the following equality:

[𝑀 ∗ ̇V(1)]
𝐿

0
− [𝑀
(1)

∗ ̇V]
𝐿

0

+ ∫

Ω

𝑀
(2)

∗ ̇V 𝑑𝑧 − ∫

Ω

𝑀0 ∗ ̇V(2) 𝑑𝑧

− ∫

Ω

𝑀1 ∗ ̇V(3) 𝑑𝑧 = 0,

(15)

so that, recalling (13) and (14)3, it turns out to be

[𝑀 ∗ ̇V(1)]
𝐿

0
− [𝑀
(1)

∗ ̇V]
𝐿

0

− ∫

Ω

𝑝 ∗ ̇V 𝑑𝑧 + ∫

Ω

𝐸𝐽 ̇V(2) ∗ ̇V(2) 𝑑𝑧

+ ∫

Ω

𝐸𝐽(𝑒0𝑎)
2
̇V(3) ∗ ̇V(3) 𝑑𝑧 = 0.

(16)
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The interpolated counterpart of the nonlocal variational for-
mulation (16) can be obtained by adding up the contributions
of each nonassembly element and imposing the conforming
requirement to the interpolating displacement. A direct
computation yields the relation

𝑁

∑

𝑒=1

∫

Ω
𝑒

𝐸𝐽N(2)
𝑒

(𝑧) q𝑒 ∗ N(2)
𝑒

(𝑧) 𝛿q𝑒 𝑑𝑧

+

𝑁

∑

𝑒=1

∫

Ω
𝑒

𝐸𝐽(𝑒0𝑎)
2N(3)
𝑒

(𝑧) q𝑒 ∗ N(3)
𝑒

(𝑧) 𝛿q𝑒 𝑑𝑧

= −

𝑁

∑

𝑒=1

[𝑀𝑒 ∗ ̇V𝑒(1)
ℎ

]

𝐿

0
+

𝑁

∑

𝑒=1

[𝑀
(1)

𝑒
∗ ̇V𝑒
ℎ
]

𝐿

0

+

𝑁

∑

𝑒=1

∫

Ω
𝑒

𝑝𝑒 (𝑧) ∗ N𝑒 (𝑧) 𝛿q𝑒 𝑑𝑧.

(17)

Then the matrix form of the discrete problem is obtained
from (17) as follows:

𝑁

∑

𝑒=1

A
𝑇

𝑒
K𝑒𝑒A𝑒q +

𝑁

∑

𝑒=1

A
𝑇

𝑒
K𝑒𝑒A𝑒q

=

𝑁

∑

𝑒=1

A
𝑇

𝑒
f𝑒 −
𝑁

∑

𝑒=1

A
𝑇

𝑒
M𝑒 +

𝑁

∑

𝑒=1

A
𝑇

𝑒
F𝑒,

(18)

in which the stiffness matrices are given by

K𝑒𝑒 = ∫

Ω
𝑒

N(2)
𝑇

𝑒
(𝑧) 𝐸𝐽N(2)

𝑒
(𝑧) 𝑑𝑧,

K𝑒𝑒 = ∫

Ω
𝑒

N(3)
𝑇

𝑒
(𝑧) 𝐸𝐽(𝑒0𝑎)

2N(3)
𝑒

(𝑧) 𝑑𝑧,

(19)

and the force vectors are

p𝑒 = ∫

Ω
𝑒

N𝑒(𝑧)
𝑇
𝑝𝑒 (𝑧) 𝑑𝑧,

M𝑒 = [N(1)
𝑇

𝑒
(𝑧)𝑀𝑒 (𝑧)]

𝐿

0

,

F𝑒 = [N𝑇
𝑒
(𝑧)𝑀

(1)

𝑒
(𝑧)]

𝐿

0
.

(20)

The integrals appearing in (19) are performed elementwise so
that K𝑒𝑒 is the standard stiffness matrix and the symmetric
matrix K𝑒𝑒 turns out to be the nonlocal stiffness matrix
reflecting the nonlocality of the model.

Note that the band width of the nonlocal stiffness matrix
pertaining to nonlocal models of integral type is larger than
that in the standard stiffness matrix since the element 𝑖𝑗 of
the nonlocal stiffness matrix vanishes if the element 𝑗 is
beyond the influence distance with respect to the element 𝑖,
see [23].

On the contrary, the present nonlocal formulation shows
that the band width of the nonlocal stiffness matrix K𝑒𝑒 is
equal to the one of the standard stiffnessmatrixK𝑒𝑒 so that the

nonlocal effects does increase the dimension of the numerical
problem.

The solving linear equation system is obtained from (18)
and is given by

Kq = (K + K) q = f (21)

and the global stiffness matrix K is symmetric and positive
definite.

In the case of a local elastic behaviour, the nonlocal part of
the stiffness matrix vanishes and the solving equation system
decreases to the standard local FEM given by Kq = f .

4. An Example of Bending of Nanobeams

Anexample concerning nanobeams subjected to a distributed
load in the transverse direction is presented to highlight the
performances of the proposed nonlocal FE procedure.

The example reported in the next subsection shows that
the classical beam finite element for the analysis of the
transversal deflection of the Euler-Bernoulli beam is not
adequate for the solution of the nonlocal problem.

As a consequence, the classical finite element nodal
parameters for the bending analysis of nanobeams are
enhanced by introducing an additional nodal parameter
which is associated with the second derivative of the displace-
ment ̇V. Accordingly, the total number of the nodal param-
eters for the bending analysis of nanobeams in the FE dis-
cretization is equal to six (three for each node). The resulting
finite element is called enhanced finite element (EFE).

A simply supported nanobeam is subjected to a uniformly
distributed transverse load 𝑝(𝑧) = 𝑝0. Some commonmolec-
ular values are adopted for the nanobeam parameters such
as the C–C bond length 𝑎 = 0.12 nm, nanobeam length 𝐿 =

100 nm, and 𝑒0 ranging from 0 to the value of 166.7. Hence,
the dimensionless nonlocal nanolength scale (𝑒0𝑎)/𝐿 ranges
in the interval [0, 0.2].

The problem is discretized with 𝑛 enhanced finite ele-
ments (EFEs) all of equal size, namely, 𝑛 = 4 and 𝑛 = 10.
The nonlocal solution is compared with the local one and,
in order to check the performance of the proposed EFE, the
nonlocal finite element solution is compared with the exact
nonlocal solution obtained by the resolution of the sixth-
order differential equation reported in Appendix B, see (B.3),
with the boundary conditions defined in Table 2.

The plot of the displacement field ̇V is reported in Figure 2
considering the following values of the nonlocal material
constant 𝑒0 = {0, 33.3}.

In particular, the EFE analysis with 𝑒0 = 0 provides the
classical local solution (EFE0). Assuming 𝑒0 = 33.3, the
results of the EFE analysis with 𝑛 = 10 and 𝑛 = 4 elements are,
respectively, labeled EFE1 and EFE2 in Figure 2.The nonlocal
solutions EFE0, EFE1, and EFE2 can thus be compared with
the corresponding exact solutions obtained by the resolution
of the sixth-order differential equation which are plotted in
ES1 for 𝑒0 = 0 and in ES2 for 𝑒0 = 33.3 (see Figure 2).

Figure 3 reports a close-up of the displacement fields
evaluated in Figure 2 in the interval 40 nm ≤ 𝑧 ≤ 60 nm
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Figure 2: Plot of the displacement field ̇V for the nonlocal material
constant 𝑒

0
= 33.3 with 𝑛 = 10 elements (EFE1), 𝑛 = 4 elements

(EFE2), and exact solution (ES2). The plot of the local solution is
EFE0 (𝑒

0
= 0) and the plot of the exact solution is ES1. The classical

beam FEM with 𝑛 = 50 elements is plotted in FE2.
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Figure 3: Close-up of the local and nonlocal displacement fields
reported in Figure 2 in the interval 40 nm ≤ 𝑧 ≤ 60 nm.

which clearly shows the difference between the local and
nonlocal EFE solutions.

It is worth noting that the EFE solution with only 4 ele-
ments exactly matches the corresponding analytical solution.
Further, the evaluated displacements with the EFE mesh
composed of 4 and 10 elements, see Figures 2 and 3, clearly
show that no mesh dependence or boundary effects are
pointed out by the considered nonlocal EFE model.

Moreover, the FE solution obtained with the classical
beam FEM considering a mesh composed of 50 elements is
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Figure 4: Plot of the displacement field ̇V for the nonlocal material
constant 𝑒

0
= 166.7 with 𝑛 = 10 elements (EFE3), 𝑛 = 4 elements

(EFE4), exact solution (ES3). The plot of the local solution is EFE0
(𝑒
0
= 0) and the plot of the exact local solution is ES1. The classical

beam FEM with 𝑛 = 50 elements is plotted in FE2.

also reported in Figures 2 and 3.The associated displacement
field is plotted in FE2 and the poor performance of this
element is apparent since the nonlocal effect is not exhibited.

The plot of the displacement field ̇V for the value 𝑒0 =

166.7 of the nonlocal material parameter is reported in
Figure 4.

The results of the EFE analysis with 𝑛 = 10 and 𝑛 = 4

elements are labelled EFE3 and EFE4, respectively. As before,
the EFE analysis with 𝑒0 = 0 provides the classical local
solution (EFE0). The nonlocal EFE solution is thus com-
pared with the corresponding exact solution obtained by the
resolution of the sixth-order differential equation which is
plotted in ES1 for 𝑒0 = 0 and in ES3 for 𝑒0 = 166.7. A
more significant nonlocal effect is apparent with increasing
the nonlocal material parameter.

Moreover, Figure 5 reports a close-up of the displacement
field plotted in Figure 4 in the interval 40 nm ≤ 𝑧 ≤ 60 nm.

Also in this case, the nonlocal EFE solution with 𝑛 = 4

elements best fits the exact solution and the results reported in
Figures 4 and 5 with 𝑛 = 4 and 𝑛 = 10 elements clearly show
that nomesh dependence or boundary effects are pointed out
by the considered EFE.

For the considered nanobeam, the bending moment
associated with the local and nonlocal models coincides as
shown in Figure 6 where the plot ES is related to the exact
solutions obtained by the sixth-order differential equation
and EFE0, EFE1, and EFE2 denote the nonlocal enhanced
finite element solution for 𝑒0 = {0, 33.3, 166.7}, respectively.

5. Concluding Remarks

A thermodynamic analysis is developed in order to consis-
tently derive a nonlocal finite element model for nanobeams.
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Figure 5: Close-up of the local and nonlocal displacement fields in
the interval 40 nm ≤ 𝑧 ≤ 60 nm reported in Figure 4.
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Figure 6: Plot of the bending moment: exact solution (ES), EFE0
with 𝑒

0
= 0 and 𝑛 = 4 elements, EFE1 with 𝑒

0
= 33.3 and 𝑛 = 4

elements, and EFE2 with 𝑒
0
= 166.7 and 𝑛 = 4 elements.

The adopted procedure is quite general and can be straight-
forwardly extended to different models of elastic nanobeams
or to two-dimensional nanoelements.

A nanobeam under a uniformly distributed transverse
load is considered. The numerical solution is obtained by the
recourse to the proposed nonlocal enhanced finite element
(EFE) procedure and the method shows no pathological
behaviours such as mesh dependence, numerical instability,
or boundary effects. A mesh composed of only 𝑛 = 4

elements of equal size provides the exact solution in terms of
displacement and bending moment thus showing the good
performance of the proposed finite element method.

Table 1: Boundary conditions.

Boundary conditions (𝑧 = 0, 𝐿) Dual state variables (𝑧 = 0, 𝐿)

𝑀
(1)

=𝑀
(1)

0
−𝑀
(2)

1
̇V

𝑀 = 𝑀
0
−𝑀
(1)

1
̇V(1)

𝑀
1
= 0 ̇V(2)

Appendices

A.

The axial elongation rate ̇𝜀 for the Bernoulli-Euler beam
theory is given by ̇𝜀(𝑧) = − ̇V(2)(𝑧)𝑦 so that the three terms
appearing in the (9) become

∫

Ω

𝜎 ∗ ̇𝜀 𝑑𝑧 = −∫

Ω

𝜎 ∗ ̇V(2) (𝑧) 𝑦 𝑑𝑧

= −∫

Ω

𝑀∗ ̇V(2) (𝑧) 𝑑𝑧,

∫

Ω

𝜎0 ∗
̇𝜀 𝑑𝑧 = ∫

Ω

𝜎0 ∗ ̇V(2) (𝑧) 𝑦 𝑑𝑧

= −∫

Ω

𝑀0 ∗ ̇V(2) (𝑧) 𝑑𝑧,

∫

Ω

𝜎1 ∗
̇𝜀
(1)
𝑑𝑧 = ∫

Ω

𝜎1 ∗ V(3) (𝑧) 𝑦 𝑑𝑧

= −∫

Ω

𝑀1 ∗ ̇V(3) (𝑧) 𝑑𝑧,

(A.1)

and the relation (12) is recovered.

B.

Two iterative applications of Green’s formula in (11) yield

[𝑀 ∗ ̇V(1)]
𝐿

0
− [𝑀
(1)

∗ ̇V]
𝐿

0
+ ∫

Ω

𝑀
(2)

∗ ̇V 𝑑𝑧

− [𝑀0 ∗ ̇V(1)]
𝐿

0
+ [𝑀
(1)

0
∗ ̇V]
𝐿

0
− ∫

Ω

𝑀
(2)

0
∗ ̇V 𝑑𝑧

− [𝑀1 ∗ ̇V(2)]
𝐿

0
+ [𝑀
(1)

1
∗ ̇V(1)]

𝐿

0
− [𝑀
(2)

1
∗ ̇V]
𝐿

0

+ ∫

Ω

𝑀
(3)

1
∗ ̇V 𝑑𝑧 = 0.

(B.1)

A standard localization procedure then provides the differen-
tial equation

𝑀
(3)

1
−𝑀
(2)

0
= 𝑝, (B.2)

since 𝑀
(2)

= −𝑝, and the relevant boundary conditions are
reported in Table 1, where𝑀(1) denotes the shear force.

Recalling that the bending moments 𝑀0 and 𝑀1 are
provided in (13) in terms of the transversal displacement field
V, the differential equation (B.2) and its boundary conditions
reported in Table 1 can be expressed in terms of the transver-
sal displacement field V. In fact, the sixth-order differential
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Table 2: Boundary conditions in terms of the displacement field.

Boundary conditions (𝑧 = 0, 𝐿) Dual state variables (𝑧 = 0, 𝐿)

𝑀
(1)

= −𝐸𝐽 ̇V(3) + 𝐸𝐽(𝑒
0
𝑎)
2

̇V
(5)

̇V
𝑀 = −𝐸𝐽 ̇V(2) + 𝐸𝐽(𝑒

0
𝑎)
2 V̇
(4)

̇V(1)

𝐸𝐽(𝑒
𝑜
𝑎)
2 V̇
(3)

= 0 ̇V(2)

equation for the nonlocal nanobeam is given in the following
form:

−𝐸𝐽(𝑒0𝑎)
2
̇V(6) + 𝐸𝐽 ̇V(4) = 𝑝 (B.3)

and its boundary conditions are reported in Table 2.
Let us now provide the exact solution for a simply

supported nanobeam subjected to a uniformly distributed
transverse load 𝑝(𝑧) = 𝑝0.

Setting 𝑘 = 𝑒0𝑎, the boundary conditions to be imposed
are

̇V|𝑧=0,𝐿 = 0, (− ̇V(2) + 𝑘
2
̇V(4))





𝑧=0,𝐿

= 0,

̇V(3)




𝑧=0,𝐿

= 0, −𝐸𝐽𝑘
2
̇V(6) + 𝐸𝐽 ̇V(4) = 𝑝0.

(B.4)

The exact nonlocal transversal deflection field ̇V(𝑧) of the
simply supported nanobeam is given by:

̇V (𝑧) = 𝑐1 + 𝑐2𝑧 + 𝑐3𝑧
2
+ 𝑐4𝑧
3

+ 𝑐5 exp (

𝑧

𝑘

) + 𝑐6 exp(−

𝑧

𝑘

) + 𝑐7𝑧
4
,

(B.5)

where the seven integration constants are obtained by solving
the system (B.4) and are reported hereafter

𝑐1 =

[1 + exp (𝐿/𝑘)] 𝑘
3
𝐿𝑝0

2𝐸𝐽 [exp (𝐿/𝑘) − 1]

, 𝑐2 =

𝐿
3
− 12𝑘

2
𝐿

24𝐸𝐽

𝑝0,

𝑐3 =

𝑘
2
𝑝0

2𝐸𝐽

, 𝑐4 = −

𝐿𝑝0

12𝐸𝐽

,

𝑐5 =

𝑘
3
𝐿𝑝0

2𝐸𝐽 [1 − exp (𝐿/𝑘)]

, 𝑐6 =

𝑘
3
𝐿𝑝0 exp (𝐿/𝑘)

2𝐸𝐽 [1 − exp (𝐿/𝑘)]

,

𝑐7 =

𝑝0

24𝐸𝐽

.

(B.6)

Finally, the bending moment field 𝑀(𝑧) for the considered
nanobeam is

𝑀(𝑧) = −2𝐸𝐽 [𝑐3 + 3𝑐4𝑧 + 6𝑐7 (−2𝑘
2
+ 𝑧
2
)] . (B.7)
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Pear-shaped casing swage (PCS) repair technology is highly efficient in repairing deformed casing and the value of repairing force
is a very important parameter for designing and optimizing the casing swage and structure parameters. A new three-dimensional
simulation analysis of casing swage in the well and the finite element analysis (FEA) model of 7 API deformed casing and PCS are
established based on the elastic-plasticmechanics, the finite element theory, and application of numerical simulation analysis for the
actual process of repairing deformed casing. According to the model, the repairing force required to repair the deformed casing is
obtained; furthermore, the correlation between the repairing force and confining pressure is obtained.Meanwhile, the repairing test
of deformed casing was performed by using PCS in the lab. Experimental results are consistent with simulation results. It indicated
that the mechanical model can provide theoretical guidance for design and optimization of the structure of tool and reshaping
technological parameters.

1. Introduction

Casings of many oil and gas wells at home have been in
deformation [1] due to the creep of mudstone, shale [2],
water injection [3], and corrosion factors after the production
for a long period of time, which restricts the application
of stimulation and perforation. For example, the casings in
Long-gang 001-1, Long-gang 001-2, Long-gang 39, Long-gang
13, Pu-guang 204-2H wells in Sichuan and Chongqing gas
fields, the Yingshen 1 well in Tarim oilfield, and the TK1127
well in Tahe oilfield in Xinjiang were destroyed by creep and
plastic flow of salt rock. Those failures pose a serious threat
to the safety of oil and gas field.

In order to restore the normal production of oil and gas
field, many repair technologies [4] have been proposed at
home and aboard. Among them, the PCS repair technology
(it belongs to impact truing technology) is often utilized to
repair the deformed casing of oil and water wells, and the

repair technology reaches the purpose of expanding casing by
exerting impact load on deformed casing based on the impact
theory.

However, the current PCS repair technology sometimes
leads tomany problems [5–7] (e.g., the smaller repairing force
cannot reach the purpose of repairing and the larger repairing
force causes great damage of cement sheath and continuing
damage to casing, or the sticking accidents) because the size
of repairing force cannot be known or controlled accurately.
At present, scholars at home and abroad have done many
studies in the field of casing failure, which mainly includes
the studies about the mechanism of casing failure [8, 9],
casing failure detection technology [10], repair technologies
[11–15] (such as grind press plastic technology, PCS technol-
ogy, casing patch technology, and solid expandable tubular
technology), and preventive measures [16].

Besides, the researches about the expandable technology
for casing repair have been done in detail by many scholars.
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Table 1: The geometric and mechanical parameters of deformed casing.

Grade
Elasticity
modulus
(Gpa)

Yield
strength MPa

Long axis
diameter
(mm)

Short axis
diameter
(mm)

Wall
thickness
(mm)

Axial length
(mm)

C110 210 830 185 120 12.65 500

For example, Binggui et al. [17] established a solid expandable
tubular (SET) finite element model to analyze the stress,
strain, and residual stress of SET and to analyze the internal
tube changes. Mack and Shell Intl [18] designed a laboratory
program to study the effects of tubular expansion andmethod
of tubular expansion upon the mechanical properties of
casing. Al-Abri [19] employed the analytical model and
numerical solution to predict the force required for expansion
and the length and thickness variations induced in the tubular
due to the expansion process under different expansion ratio.
Experiments have also been conducted for tubular expansion
to validate analytical and numerical solutions.

It is known that many researches about mechanism of
casing failure and solid expandable tubular technologies have
been done. However, the study about PCS technology is not
enough or cannot solve problems completely, especially the
research about theworkingmechanics. Hence, in this paper, a
new three-dimensional simulation analysis of casing swage in
thewell and the finite element analysis (FEA)model of 7API
deformed casing and PCS are established based on the elastic-
plastic mechanics, finite element theory, and application
of numerical simulation analysis for the actual process of
repairing deformed casing. With the aim of validating the
accuracy and reliability of this model, the repairing test of
deformed casing by PCS was performed. The test results
and simulation results provided powerful guidance for the
determination of designing and construction parameters of
this tool.

2. An Overview of Pear-Shaped Casing Swage

2.1.The Basic Structure. In Figure 1, the outer layer is stratum,
themiddle layer is cement sheath, the inner layer is deformed
casing, the PCS is in the center of deformed casing, the cone
angle of casing swage is 2𝛼, 𝐹3 is the tangential force, 𝐹2 is the
lateral component, and 𝐹𝑃 is the repairing force.

2.2. Working Principle. When the repairing force 𝐹𝑃 is ex-
erted on the pear-shaped casing swage, the lateral component
𝐹2 is generated between the work face of PCS and the part
of deformed casing as in Figure 1. The lateral component
expands the deformed area of casing. The casing swage is
placed to the deformed area of casing by using PCS to repair
the deformed casing. Next, the PCS impacts and expands the
deformed casing by relying on the repairing force applied on
the casing swage. Finally, the purpose of repair is achieved by
the reciprocating motion of PCS in the center of deformed
casing.

Stratum

Casing swage
Cement sheath

The deformed
casing

𝛼
F2

F3
2𝛼

Repairing force
Fp

Figure 1: The structural drawing of pear-shaped casing swage.

3. Repairing Test of Deformed Casing

In order to validate the accuracy and reliability of this finite
element model in this paper, the repairing test of deformed
casing by PCS was performed under zero confining pressure.
The structure parameters of PCS are the same as parameters
of the PCS used in finite element model established in
this paper. Geometrical and mechanical parameters of the
deformed casing are shown in Table 1.

3.1. The Main Experimental Equipment and Methods. The
reshaping test system mainly consisted of YE-2533 static
strain indicator, YS32-500 universal hydraulic machines,
upper fixture, bottom fixture, and the crossover sub with a
strain gage, as shown in Figure 2. The upper and bottom
fixtureswere used to fix the PCS anddeformed casing, respec-
tively. The universal hydraulic testing machine was used to
impose repairing force which pushed the PCS reciprocating
movement in the middle of deformed casing. Static strain
indicator was used to measure the compressive strain on the
crossover sub and the deformation rule of deformed casing
during the repairing process. Therefore, the repairing effect
can be obtained in the repairing process according to the
deformation rule of deformed casing. Based on Hooke’s law,
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Figure 2: The repairing process and experimental equipment.
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Figure 3:The deformation rule of deformed casing in the repairing
process.

the compressive strain, and the geometry dimension of the
crossover sub, the repairing force 𝐹𝑃 of PCS can be given:

𝜎 = 𝐸𝜀,

𝐹𝑃 = 𝜎𝐴,

(1)

where 𝐸 is Young’s modulus of casing (MPa), 𝜎 is the
compressive stress (MPa), and 𝐴 is the cross-sectional area
of crossover sub (m2).

3.2. Test Results and Analysis. The deformation rule of de-
formed casing has been tested according to the measured
strain in the repairing process, as shown in Figure 3. Figure 3
shows that the larger plastic deformation of deformed casing
occurred and the residual microstrain was equal to 9540
(microstrain) in the repairing process, as indicated in Table 2.
Therefore, it indicated that a good effect has been achieved in
the repairing process. In addition, themaximum compressive
strain (𝜀 = −1334) on the crossover sub was measured in the
repairing process, as shown in Table 2. The expanding radial
displacement (residual deformation) of deformed casing

Guide cone
Working face

500
400

12
5

12
∘

Figure 4: The main dimensions of pear-shaped casing swage.

Table 2: The results of repairing test.

Outer diameter of PCS (mm) 125
Maximum compressive strain on the crossover sub −1334
Cross-sectional area of crossover sub (mm2) 2463
Residual strain of deformed casing 9450
Repairing force (t) 69
Radial displacement (mm) 3.36

measured by micrometer is equal to 3.36mm after being
repaired. The repairing force (𝐹𝑃 = 69 t) has been obtained
according to (1), and the parameters are listed in Table 2.

4. Finite Element Model

4.1. The Geometric and Mechanical Parameters of Material

(1) The PCS mainly includes guide cone and working
face. The maximum diameter of PCS is 125mm; its
cone angle is 12 degree, as shown in Figure 4.The PCS
is regarded as rigid body and its deformation is not
considered in the process of simulation.

(2) The cross section of repaired C110 casing is oval;
its short axis diameter and long axis diameter are
120mm and 185mm, respectively. Its wall thickness
and axial length are 12.65mm and 500mm. Its elas-
ticitymodulus and Poisson’s ratio are 210Gpa and 0.3,
respectively. Based on the stress-strain curve of tensile
test, as shown in Figure 5, the mean yield strength
(830MPa) of deformed casing can be obtained, as
shown in Table 1. The coefficient of friction between
deformed casing and PCS is 0.1.

4.2. Establishment of Finite Element Model. Parametric ge-
ometry model of PCS and deformed casing was established
by using the finite element analysis software (ABAQUS 6.9).
So, the repairing process of deformed casing can be studied
by changing the geometric andmechanical parameters of this
finite element model. The 8-node linear reduced integration
hexahedral solid element (C3D8R) was adopted to divide the
finite element model because the type of element has three
main advantages: first, it is suitable for the 3D solid model;
second, it has precise calculation result of displacement; last
but not the least, it could save a large amount of computing
time. The axial length of deformed casing is divided into 100
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Figure 5: Stress-strain curve of deformed casing.

equal parts, the radial thickness is separated into 6 equal
parts, and the circumferential length is divided into 39 equal
parts as shown in Figure 6(b). The mesh size which increases
gradually from inner wall and outer wall of deformed casing
is different. The finite element model of deformed casing
presented in Figure 6 incorporated 23,400 elements.

Only one-quarter of the deformed casing’s cross section
is used to simulate the repairing process of deformed casing
while considering the symmetry of the deformed casing as
shown in Figure 6(b). To observe the stress and displacement
distribution at the deformed casing, three-dimensional hex-
ahedral element was chosen to build the model as shown
in Figure 6(b). In addition, the casing swage and deformed
casing are regarded as rigid body and deformable body,
respectively. According to the above mechanical model and
material parameters, 3D solid model is used to simulate the
repairing process of deformed casing by PCS and the model
consists of PCS and deformed casing, as shown in Figure 6.

Based on thismodel, the repairing process is simulated by
slow reciprocating motion of PCS in the center of deformed
casing.The elastic and plastic deformation need to be consid-
ered simultaneously because the maximum Von Mises stress
will be greater than the yield limit of deformed casing. So, in
the process of simulation, the elastic stage is analyzed using
Hooke’s law, Von Mises yield criterion is adopted, and the
plastic stage is analyzed using the Prandtl-Reuss constitutive
equation. Based on that method, the repairing process of
deformed casing mainly includes four stages (precontact,
initial contact, repairing process, and after being repaired)
which will be analyzed one by one in detail.

4.3. Boundary and Constraint Conditions

(1) Symmetry constraint is applied to both sides of de-
formed casing, as shown in Figure 6(a).

(2) A fixed displacement constraint along the axial direc-
tion of casing is applied to the bottomof the deformed
casing but the casing can expand along the radial
direction during the repairing process with the aim
of obtaining the repairing force; one reference node is
predefined at the bottom of the deformed casing.

(3) The uniform confining pressure (0MPa, 5MPa,
10MPa, 20MPa, and 30MPa) is applied to the outer
wall of deformed casing in sequence; uniform con-
fining pressure is used to simulate the repairing
process of deformed casing under different formation
pressure.

(4) The downward displacement of PCS along the axial
direction of casing is equal to 1 meter larger than
the axial length of deformed casing, as shown in
Figure 6(c).

(5) The PCS is also constrained from rotation about its
own axis.

The analytical method and model which are used to
simulate the repairing process are the same under different
confining pressure. In addition, the confining pressure is
equal to zero in the physical experiment performed in this
paper. Hence, this paper takes simulation of the repairing
process under the condition of zero confining pressure as
the major study object while only the simulated results are
given under the different confining pressure condition for
providing theoretical basis for the deformed casing repair in
the different formation depth.

5. Simulation Results and Analysis

5.1. Simulation Results and Analysis under the Condition of
No Confining Pressure. The radial deformation of deformed
casing is shown in Figure 7 in the process of deformed
casing repaired by 125mm PCS. The Von Mises equivalent
stress is shown in Figure 8 in the process of deformed casing
repaired by 125mm pear-shaped casing swage. According to
the reacting force on the predefined reference node at the
bottomof the deformed casing, the repairing force (63.5 t) has
been obtained in the repairing process.

From Figures 7 and 8, we can observe that the repairing
process of deformed casing mainly includes four stages
(precontact, initial contact, repairing process, and after being
repaired). The deformation, VonMises equivalent stress, and
the repairing effect of deformed casing can be seen clearly
from those four stages.

In the first stage, it can be seen from Figures 7(a) and 8(a)
that the Von Mises equivalent stress and radial displacement
of deformed casing are equal to zero.

In the second stage, it can be observed from Figures
7(b) and 8(b) that the Von Mises equivalent stress and radial
displacement of deformed casing reach maximum when the
PCS initially contacts the deformed casing. The maximum
(912MPa) of Von Mises equivalent stress is considerably
larger than the yield strength (830MPa) of deformed casing.
It indicates that the plastic deformation of deformed casing
occurs and the repairing effect of contact region is good.
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Figure 6: 3D solid model of pear-shaped casing swage and deformed casing.
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Figure 7: Radial displacement distribution of deformed casing at different stages.

In the third stage, it can be noticed from Figure 8(c) that
the maximum (892.5MPa) of Von Mises equivalent stress
is also lager than the yield strength (830MPa) of deformed
casing. Similarly, it is seen from Figure 7(c) that the plastic
deformation of deformed casing occurs and the repairing
effect of entire deformed casing is good in the repairing
process.

In the fourth stage, it can be concluded from Figure 8(d)
that the maximum of the residual stress of deformed casing
reaches up to 849.4MPa; the maximum of unilateral expand-
ing radial displacement (residual deformation) of deformed
casing is equal to 1.81mm after being repaired and the total
radial displacement of deformed casing is equal to 3.62mm
according to the symmetry.
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Figure 8: Von Mises equivalent stress distribution of deformed casing at different stages.
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Figure 9:The correlation between the repairing force and confining
pressure.

5.2. Simulation Results and Analysis under the Confining Pres-
sure. The same PCS is used to simulate the repairing process
of deformed casing, as shown in Figure 9, and the geometric
and mechanical parameters of deformed casing are shown
in Table 3. The repairing process of deformed casing is
simulated by using the same finite element model under
different confining pressure (0MPa, 5MPa, 10MPa, 20MPa,
and 30MPa). Similarly, according to the reacting force on
the predefined reference node at the bottom of the deformed
casing, the repairing forces have been obtained in the process
of repairing under different confining pressure, as shown in
Figure 9 and Table 3.

It can be seen from Table 3 and Figure 9 that repairing
force increases with the increase in confining pressure. The

Table 3: The repairing force obtained by FEA under different con-
fining pressure.

Confining pressure (MPa) 0 5 10 20 30
Repairing force (t) 63.5 81.6 99.3 127.7 155.1

linear relation (𝐹 = 3.02483𝑃+66.11724) between the repair-
ing force and confining pressure is obtained by analyzing
and fitting those data, as shown in Figure 9. Based on that
relation, the repairing force required to repair the deformed
casing under different confining pressure can be determined
accurately so that it can provide powerful guidance for the
designing and construction parameters of the pear-shaped
casing swage.

5.3. Summary. Themaximum of VonMises equivalent stress
of deformed casing is larger than the yield strength and
the plastic deformation occurs during the repairing process.
The maximum of residual stress of deformed casing reaches
up to 849.5MPa and the total expanding radial displace-
ment (residual deformation) of deformed casing is equal to
3.62mm after being repaired. The repairing force required to
repair deformed casing is equal to 63.5 t under the condition
of zero confining pressure as shown in Table 4. All of them
suggested that the repairing effect is good.

The repairing process of deformed casing has been sim-
ulated by using the finite element model under different
confining pressure (0MPa, 5MPa, 10MPa, 20MPa, and
30MPa). Similarly, the repairing force has been obtained
under different confining pressure and the repairing force
increases with the increase of confining pressure.The relation
(𝐹 = 3.02483𝑃 + 66.11724) between the repairing force and
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Table 4: Comparison between numerical simulation and actual test results.

Diameter of PCS
(mm)

Repairing force (t) The radial displacement (mm)

Test results FEM simulation
results Deviation (%) Test results FEM simulation

results Deviation (%)

𝜑 = 125 69.0 63.5 8.6 3.36 3.62 7.74

confining pressure has been obtained by fitting and analysis
of the obtained experimental data.

The numerical simulation results and the actual test data
were compared as shown in Table 4. It can be observed
from Table 4 that the repairing force (69 t) obtained by
repairing test is close to the simulation results (63.5 t) and the
deviation is 8.6%, which is acceptable. The expanding radial
displacement (3.36mm) obtained by repairing test is close to
the simulation results (3.62mm) and the deviation is 7.74%,
which is acceptable. It is considered that the experimental
results are in excellent agreement with the simulation results
of FEA and the finite element model and analysis results are
accurate and reliable.

6. Conclusions

(1) The repairing test of 7 API deformed casing was
performed by using pear-shaped casing swage. The
repairing force, expanding radial displacement (resid-
ual deformation) of deformed casing, and the defor-
mation law of deformed casing in the repairing
process were obtained according to the repairing test.

(2) Based on the elastic-plastic mechanics and finite ele-
ment theory, three-dimensional finite element anal-
ysis (FEA) model was established with the aim of
studying the repairing process of deformed casing by
pear-shaped casing swage. According to the model,
the repairing force required to repair the 7 API
deformed casing was obtained and the linear correla-
tion (𝐹 = 3.02483𝑃+66.11724) between the repairing
force and confining pressure was obtained. So this
model can provide theoretical basis for the deformed
casing to repair in different formation depth.

(3) The accuracy and reliability of the proposed finite
element model have been validated through a very
careful comparison with test data. It indicated that
the results of the repairing test and the finite element
model can provide powerful guidance for designing
and constructing parameters of the pear-shaped cas-
ing swage.
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This paper presents the study on natural frequency characteristics of a multiple layered cylindrical shell with ring support under
internal pressure. The multiple layered cylindrical shell configuration is formed by three layers of isotropic materials where the
inner and outer layers are stainless steel and the middle layer is aluminum.The isotropic multiple layered shell equations with ring
support and internal pressure are established based on first order shear deformation theory (FSDT). The governing equations of
motion were employed by using energy functional and by applying the Ritz method. The boundary conditions represented by end
conditions of the multiple cylindrical shell are simply supported-simply supported (SS-SS), clamped-clamped (C-C), free-free (F-
F), clamped-free (C-F), clamped-simply supported (C-SS), and free-simply supported (F-SS). The influences of internal pressure
and ring support and the effect of the different boundary conditions on natural frequencies characteristics are studied. The results
are validated by comparing them with those in the literature.

1. Introduction

Shells structures are light weight constructions commonly
used as structural components in engineering applications.
Basically, a shell structure is a three-dimensional struc-
ture. In comparison with plates and beams, shells usually
exhibit more different dynamic behaviours because they can
carry applied various loads effectively by their curvatures
[1]. The dynamic characteristic of shells has been studied
by many researchers. It was first introduced by Love [2].
Love employed Kirchhoff hypothesis for shells. Kirchhoff
hypotheses were developed for plate bending, assuming small
deflection and thinness of the shell.

A special kind of shells is the cylindrical shell. Cylindrical
shells have been used for many years in different engineering
applications including large aerospace, naval construction,
and civil and mechanical structures to small electrical
components [3]. They are used as structures in aircrafts,
ships, rockets, submarines, missile bodies, pressure vessels,
oil tanks, buildings, and so forth. The vibration problems
of cylindrical shells have been of great interest to many
engineers in industries. The study of vibration of multiple

layered cylindrical shells with one ring support and internal
pressure is an important aspect for a successful application
of cylindrical shells. More than one ring support are used in
long cylindrical shells, such as body of airplanes, submarines,
and pipelines for undersea transmission oil, to increase their
stiffness. Without the rings support, these cylindrical shells
will undergo large deformation, due to their low stiffness, and
will finally lead to failure [4–12].

There is a collection of works on vibration of cylindrical
shells including effects, such as anisotropy, variable wall
thickness, and initial stress, that can be found; but the study
of vibration of multiple layered cylindrical shells with ring
support and internal pressure is limited.

Extensive works on vibration of cylindrical shells have
been reported that include Arnold and Warburton [13] who
studied thin cylindrical shells and derived the equations
of motion. Leissa [14] presented and illustrated various
theories for cylindrical shells under vibration. Analysis of
natural frequencies and mode shapes of cylindrical shells
was reported by Blevins [15]. Scedel [16] and Chung [17]
worked on circular cylindrical shells. Reddy [18] and Soedel
[19] have discussed thickness changes of cylindrical shells
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and plates under vibration. Forsberg [20] studied effects of
boundary conditions on frequencies characteristics. Among
various cylindrical shell structures, the dynamic behavior is
the subject of some of the researches [21–26]. The effect of
buckling on cylindrical shells was presented by Prabu et al.
[27]. Najafizadeh and Isvandzibaei [28] employed various
theories for the analysis of vibration of cylindrical shells with
FGMmaterials.Malekzadeh et al. [29] presented the dynamic
response of circular cylindrical shells made of composite
materials. Arshad et al. [30] investigated the vibration of
cylindrical shell made of two layers which were functionally
graded.

The objective of this research is to investigate and under-
stand the natural frequency characteristics of a multiple
layered cylindrical shell, which is very often more effective
and useful than the single layered type of shells, because of
the improvements in the mechanical properties due to the
layers. Multiple layered structures are able to redistribute the
energy effect among the layers due to their higher stiffness,
compressive strength, fatigue limit, better damping, and
shock absorbing characteristics. Reported works on vibration
of multiple layered cylindrical shells composed of stainless
steel and aluminum with ring support subjected to internal
pressure could not be found in the literature.

The aim of this paper is to present a study on the
natural frequency characteristics of multiple layered cylin-
drical shells with ring support under internal pressure for
different boundary conditions. The analysis is carried out
using first order shear deformation theory. The governing
equations of motion are derived using Ritz method with
energy functional. The analysis is carried out on the nat-
ural frequency characteristics with the different boundary
conditions by using beam functions as the axial modal
functions. The multiple layered cylindrical shell is made up
of isotropic three layers where the inner and outer layers are
made of stainless steel and the middle layer is aluminum.
The boundary conditions of the multiple layered cylindrical
shell considered are the combination of simply supported-
simply supported (SS-SS), clamped-clamped (C-C), free-free
(F-F), clamped-free (C-F), clamped-simply supported (C-
SS), and free-simply supported (F-SS). The influences of
internal pressure and ring support and the effect of different
boundary conditions on natural frequencies characteristics
are discussed. The results obtained from this method are
validated by comparing them with the results for cylindrical
shells without pressure and ring support reported in the
literature.

2. First Order Shear Deformation Theory

Consider a multiple layered cylindrical shell supported with
ring subjected to internal pressurewith the thicknessℎ, radius
of the shell 𝑅, length 𝐿, position of ring support 𝑏, internal
pressure 𝑃, mass density 𝜌, modulus of elasticity 𝐸, and
Poisson’s ratio ], as displayed in Figure 1. An orthogonal
coordinate system is established at the mid-surface of the
multiple layered shell along 𝑥, 𝜃, and 𝑧, the axial, circumfer-
ential and radial directions, respectively. The corresponding

displacement deformations from the multiple layered shell
mid-surface are defined by 𝑢, V, and 𝑤. Thickness of the
multiple layered cylindrical shell is divided into three layers
where the inner and outer layers are of stainless steel and the
middle layer is aluminum.

The displacement fields based on first order shear defor-
mation theory (FSDT) for an arbitrary point in the cylindrical
coordinate system using Kirchhoff hypothesis are expressed
as follows:

𝑢 (𝑥, 𝜃, 𝑧) = 𝑢0 (𝑥, 𝜃) + 𝑧𝜓𝑥 (𝑥, 𝜃) ,

] (𝑥, 𝜃, 𝑧) = ]0 (𝑥, 𝜃) + 𝑧𝜓𝜃 (𝑥, 𝜃) ,

𝑤 (𝑥, 𝜃, 𝑧) = 𝑤0 (𝑥, 𝜃) ,

(1)

where 𝑢(𝑥, 𝜃, 𝑧), ](𝑥, 𝜃, 𝑧), and 𝑤(𝑥, 𝜃, 𝑧) are the components
of displacement in the 𝑥, 𝜃, and 𝑧 directions, respectively,
𝑢0(𝑥, 𝜃), ]0(𝑥, 𝜃), and 𝑤0(𝑥, 𝜃) are the displacements of the
mid-surface of the multiple layered shell, and 𝜓𝑥(𝑥, 𝜃) and
𝜓𝜃(𝑥, 𝜃) are the rotations of the normals to the mid-surface
of the multiple layered shell around the 𝑥 and 𝜃 axes,
respectively.

2.1. Strains-Displacement Relations. The strain-displacement
relationships for multiple layered cylindrical shell are
expressed by

𝜀11 =

1

𝐴1

𝜕𝑢 (𝑥, 𝜃, 𝑧)

𝜕𝑥

+

1

𝐴1𝐴2

𝜕𝐴1

𝜕𝜃

] (𝑥, 𝜃, 𝑧) +
𝑤 (𝑥, 𝜃, 𝑧)

𝑅1

,

(2)

𝜀22 =

1

𝐴2

𝜕] (𝑥, 𝜃, 𝑧)
𝜕𝜃

+

1

𝐴1𝐴2

𝜕𝐴2

𝜕𝑥

𝑢 (𝑥, 𝜃, 𝑧) +

𝑤 (𝑥, 𝜃, 𝑧)

𝑅2

,

(3)

𝜀12 =

𝐴2

𝐴1

𝜕

𝜕𝑥

(

] (𝑥, 𝜃, 𝑧)
𝐴2

) +

𝐴1

𝐴2

𝜕

𝜕𝜃

(

𝑢 (𝑥, 𝜃, 𝑧)

𝐴1

) , (4)

𝜀13 = 𝐴1

𝜕

𝜕𝑧

(

𝑢 (𝑥, 𝜃, 𝑧)

𝐴1

) +

1

𝐴1

𝜕𝑤 (𝑥, 𝜃, 𝑧)

𝜕𝑥

, (5)

𝜀23 = 𝐴2

𝜕

𝜕𝑧

(

] (𝑥, 𝜃, 𝑧)
𝐴2

) +

1

𝐴2

𝜕𝑤 (𝑥, 𝜃, 𝑧)

𝜕𝜃

, (6)

𝜀33 = 0, (7)

where 𝐴1 and 𝐴2 are the parameters of Lame and expressed
by [31]

𝐴1 =

𝜕𝑟

𝜕𝑥

, 𝐴2 =

𝜕𝑟

𝜕𝜃

. (8)

Substituting (1) into strain-displacement relationships (2)–
(6) and applying the cylindrical coordinate system,

𝜀11 =

𝜕𝑢0 (𝑥, 𝜃)

𝜕𝑥

+ 𝑧

𝜕𝜓𝑥 (𝑥, 𝜃)

𝜕𝑥

,

𝜀22 =

𝜕]0 (𝑥, 𝜃)
𝑅𝜕𝜃

+ 𝑧

𝜕𝜓𝜃 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝑤0 (𝑥, 𝜃)

𝑅

,

𝜀12 =

𝜕]0 (𝑥, 𝜃)
𝜕𝑥

+

𝜕𝑢0 (𝑥, 𝜃)

𝑅𝜕𝜃

+ 𝑧(

𝜕𝜓𝑥 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝜕𝜓𝜃 (𝑥, 𝜃)

𝜕𝑥

) ,
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Figure 1: Geometry of a multiple layered cylindrical shell supported with one ring subjected to internal pressure.

𝜀13 = 𝜓𝑥 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝜕𝑥

,

𝜀23 = 𝜓𝜃 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝑅𝜕𝜃

.

(9)
Considering the relations of strain-displacement for first

order shear deformation theory, it can be construed inmatrix
form

{

{

{

𝜀11

𝜀22

𝜀12

}

}

}

=

{
{
{

{
{
{

{

𝜀
0

11

𝜀
0

22

𝜀
0

12

}
}
}

}
}
}

}

+ 𝑧

{

{

{

𝐿11

𝐿22

𝐿12

}

}

}

,

{
𝜀13

𝜀23

} = {
𝛾13

𝛾23

} ,

(10)

where

{
{
{
{
{

{
{
{
{
{

{

𝜀
0

11

𝜀
0

22

𝜀
0

12

}
}
}
}
}

}
}
}
}
}

}

=

{
{
{
{
{
{
{

{
{
{
{
{
{
{

{

𝜕𝑢0 (𝑥, 𝜃)

𝜕𝑥

𝜕]0 (𝑥, 𝜃)
𝑅𝜕𝜃

+

𝑤0 (𝑥, 𝜃)

𝑅

𝜕]0 (𝑥, 𝜃)
𝜕𝑥

+

𝜕𝑢0 (𝑥, 𝜃)

𝑅𝜕𝜃

}
}
}
}
}
}
}

}
}
}
}
}
}
}

}

,

{

{

{

𝐿11

𝐿22

𝐿12

}

}

}

=

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

𝜕𝜓𝑥 (𝑥, 𝜃)

𝜕𝑥

𝜕𝜓𝜃 (𝑥, 𝜃)

𝑅𝜕𝜃

𝜕𝜓𝑥 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝜕𝜓𝜃 (𝑥, 𝜃)

𝜕𝑥

}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}

}

,

{
𝛾13

𝛾23

} =

{
{
{

{
{
{

{

𝜓𝑥 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝜕𝑥

𝜓𝜃 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝑅𝜕𝜃

}
}
}

}
}
}

}

(11)

in which 𝜀0
11
and 𝜀0
22
are the normal strains at themid-surface,

𝜀
0

12
, 𝛾13, and 𝛾23 are the shear strains at the mid-surface, 𝐿11

and 𝐿22 are the mid-surface changes in curvature, and 𝐿12 is
the mid-surface torsion of multiple layered shell.

2.2. Equations of Stress-Strain. The stress-strain relation for a
multiple layered cylindrical shell with plane-stress conditions
is expressed by

{𝜎} = [𝑄] {𝜀} , (12)

where {𝜎} and {𝜀} are the corresponding stress and strain
vectors, respectively, and [𝑄] is the reduced stiffness matrix
with Kirchhoff hypothesis expressed as

{𝜎}
𝑇
= {𝜎11 𝜎22 𝜎12 𝜎13 𝜎23} ,

{𝑒}
𝑇
= {𝜀11 𝜀22 𝜀12 𝜀13 𝜀23} ,

[𝑄] =

[
[
[
[
[
[
[
[
[

[

𝑄11 𝑄12 0 0 0

𝑄21 𝑄22 0 0 0

0 0 𝑄66 0 0

0 0 0 𝑄55 0

0 0 0 0 𝑄44

]
]
]
]
]
]
]
]
]

]

.

(13)

Then (12) can be expressed as

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

𝜎11

𝜎22

𝜎12

𝜎13

𝜎23

}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}

}

=

[
[
[
[
[
[
[
[
[

[

𝑄11 𝑄12 0 0 0

𝑄21 𝑄22 0 0 0

0 0 𝑄66 0 0

0 0 0 𝑄55 0

0 0 0 0 𝑄44

]
]
]
]
]
]
]
]
]

]

{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{

{

𝜀11

𝜀22

𝜀12

𝜀13

𝜀23

}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}

}

. (14)
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For multiple layered cylindrical shells, the stiffness 𝑄𝑖𝑗 is
defined as

𝑄11 =

𝐸

1 − ]2
, 𝑄12 =

]𝐸
(1 − ]2)

,

𝑄21 =

]𝐸
1 − ]2

, 𝑄22 =

𝐸

𝐴 (1 − ]2)
,

𝑄66 =

𝐸

2 (1 − ])
, 𝑄44 =

𝐸

2 (1 − ])
,

𝑄55 =

𝐸

2 (1 − ])
.

(15)

The stress andmoment resultants are defined, respectively, by

{𝑁𝑥, 𝑁𝜃, 𝑁𝑥𝜃 𝐻𝑥 𝐻𝜃}

= ∫

ℎ/2

−ℎ/2

{𝜎11 𝜎22 𝜎12 𝜎13 𝜎23} 𝑑𝑧,

{𝑀𝑥, 𝑀𝜃, 𝑀𝑥𝜃} = ∫

ℎ/2

−ℎ/2

{𝜎11 𝜎22 𝜎12} 𝑧𝑑𝑧.

(16)

Applying (9) into (14) and then substituting it into (16), the
stress and moment resultants combined as

{𝑁} = [𝐼] {𝜀} , (17)

where {𝑁} and {𝜀} are expressed as

{𝑁}
𝑇
= {𝑁𝑥, 𝑁𝜃, 𝑁𝑥𝜃, 𝑀𝑥, 𝑀𝜃, 𝑀𝑥𝜃 𝐻𝑥 𝐻𝜃} ,

{𝜀}
𝑇
= {𝜀11 𝜀22 𝜀12 𝜀11 𝜀22 𝜀12 𝜀13 𝜀23} .

(18)

[𝐼] is the matrix of stiffness and can be written as

[𝐼] =

[
[
[
[
[
[
[
[
[
[

[

𝑋11 𝑋12 𝑋16 𝑌11 𝑌12 𝑌16 0 0

𝑋12 𝑋22 𝑋26 𝑌12 𝑌22 𝑌26 0 0

𝑋16 𝑋26 𝑋66 𝑌16 𝑌26 𝑌66 0 0

𝑌11 𝑌12 𝑌16 𝑍11 𝑍12 𝑍16 0 0

𝑌12 𝑌22 𝑌26 𝑍12 𝑍22 𝑍26 0 0

𝑌16 𝑌26 𝑌66 𝑍16 𝑍26 𝑍66 0 0

0 0 0 0 0 0 𝑉44 𝑉45

0 0 0 0 0 0 𝑉45 𝑉55

]
]
]
]
]
]
]
]
]
]

]

, (19)

in which 𝑋𝑖𝑗, 𝑌𝑖𝑗, and 𝑍𝑖𝑗 are the extensional, coupling, and
bending stiffness matrices and 𝑉𝑖𝑗 is thickness shear stiffness
matrices and is defined as

(𝑋𝑖𝑗, 𝑌𝑖𝑗, 𝑍𝑖𝑗) = ∫

ℎ/2

−ℎ/2

𝑄𝑖𝑗 (1, 𝑍, 𝑍
2
) 𝑑𝑧,

𝑉𝑖𝑗 = ∫

ℎ/2

−ℎ/2

𝑄𝑖𝑗𝑑𝑧.

(20)

For a multiple layered shell composed of different layers
of isotropic material, the𝑋𝑖𝑗, 𝑌𝑖𝑗, 𝑍𝑖𝑗, and 𝑉𝑖𝑗 are given by

𝑋𝑖𝑗 =

𝐻

∑

𝑘=1

𝑄
𝑘

𝑖𝑗
(ℎ𝑘 − ℎ𝑘−1) ,

𝑌𝑖𝑗 =

1

2

𝐻

∑

𝑘=1

𝑄
𝑘

𝑖𝑗
(ℎ
2

𝑘
− ℎ
2

𝑘−1
) ,

𝑍𝑖𝑗 =

1

3

𝐻

∑

𝑘=1

𝑄
𝑘

𝑖𝑗
(ℎ
3

𝑘
− ℎ
3

𝑘−1
) ,

𝑉𝑖𝑗 =

𝐻

∑

𝑘=1

𝑄
𝑘

𝑖𝑗
(ℎ𝑘 − ℎ𝑘−1) ,

(21)

where ℎ𝑘 and ℎ𝑘−1 are the distances from the middle surface
of the multiple layered cylindrical shell to the outer and
inner surfaces of the 𝑘th layer, respectively.𝑄𝑘

𝑖𝑗
is the reduced

stiffness for the 𝑘th layer, defined as in (15).𝐻 is the number
of layers in the multiple layered cylindrical shell.

Substituting (18)–(19) into (17) can be expressed in the
following form:

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝑁𝑥

𝑁𝜃

𝑁𝑥𝜃

𝑀𝑥

𝑀𝜃

𝑀𝑥𝜃

𝐻𝑥

𝐻𝜃

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}

=

[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

𝑋11 𝑋12 𝑋16 𝑌11 𝑌12 𝑌16 0 0

𝑋12 𝑋22 𝑋26 𝑌12 𝑌22 𝑌26 0 0

𝑋16 𝑋26 𝑋66 𝑌16 𝑌26 𝑌66 0 0

𝑌11 𝑌12 𝑌16 𝑍11 𝑍12 𝑍16 0 0

𝑌12 𝑌22 𝑌26 𝑍12 𝑍22 𝑍26 0 0

𝑌16 𝑌26 𝑌66 𝑍16 𝑍26 𝑍66 0 0

0 0 0 0 0 0 𝑉44 𝑉45

0 0 0 0 0 0 𝑉45 𝑉55

]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

×

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝜕𝑢0 (𝑥, 𝜃)

𝜕𝑥

+ 𝑧

𝜕𝜓𝑥 (𝑥, 𝜃)

𝜕𝑥

𝜕]0 (𝑥, 𝜃)
𝑅𝜕𝜃

+ 𝑧

𝜕𝜓𝜃 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝑤0 (𝑥, 𝜃)

𝑅

𝜕]0 (𝑥, 𝜃)
𝜕𝑥

+

𝜕𝑢0 (𝑥, 𝜃)

𝑅𝜕𝜃

+ 𝑧(

𝜕𝜓𝑥 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝜕𝜓𝜃 (𝑥, 𝜃)

𝜕𝑥

)

𝜕𝑢0 (𝑥, 𝜃)

𝜕𝑥

+ 𝑧

𝜕𝜓𝑥 (𝑥, 𝜃)

𝜕𝑥

𝜕]0 (𝑥, 𝜃)
𝑅𝜕𝜃

+ 𝑧

𝜕𝜓𝜃 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝑤0 (𝑥, 𝜃)

𝑅

𝜕]0 (𝑥, 𝜃)
𝜕𝑥

+

𝜕𝑢0 (𝑥, 𝜃)

𝑅𝜕𝜃

+𝑧(

𝜕𝜓𝑥 (𝑥, 𝜃)

𝑅𝜕𝜃

+

𝜕𝜓𝜃 (𝑥, 𝜃)

𝜕𝑥

)

𝜓𝑥 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝜕𝑥

𝜓𝜃 (𝑥, 𝜃) +

𝜕𝑤0 (𝑥, 𝜃)

𝑅𝜕𝜃

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}

.

(22)



Advances in Mechanical Engineering 5

3. Energy Equations

The expressions for strain energy, potential energy of internal
pressure, and kinetic energy depend on the theory chosen
to describe the multiple layered cylindrical shell behaviour
during vibration.

3.1. Strain Energy. Based on FSDT, the strain energy of the
multiple layered cylindrical shell 𝑈 is expressed as

𝑈 =

1

2

∫

𝐿

0

∫

2𝜋

0

{𝜀}
𝑇
[𝐼] {𝜀} 𝑅 𝑑𝜃 𝑑𝑥. (23)

Substitution of {𝜀}𝑇, [𝐼], and {𝜀} into the strain energy for
multiple layered cylindrical shell, thus, gives

𝑈 =

1

2

∫

𝐿

0

∫

2𝜋

0

{𝜀
2

11
𝑋11 + 𝜀11𝜀22𝑋12 + 𝜀11𝜀12𝑋16

+ 𝜀
2

11
𝑌11 + 𝜀11𝜀22𝑌12 + 𝜀11𝜀12𝑌16

+ 𝜀22𝜀11𝑋12 + 𝜀
2

22
𝑋22 + 𝜀22𝜀12𝑋26

+ 𝜀22𝜀11𝑌12 + 𝜀
2

22
𝑌22 + 𝜀22𝜀12𝑌26

+ 𝜀12𝜀11𝑋16 + 𝜀12𝜀22𝑋26 + 𝜀
2

12
𝑋66

+ 𝜀12𝜀11𝑌16 + 𝜀12𝜀22𝑌26 + 𝜀
2

12
𝑌66

+ 𝜀
2

11
𝑌11 + 𝜀11𝜀22𝑌12 + 𝜀11𝜀12𝑌16

+ 𝜀
2

11
𝑍11 + 𝜀11𝜀22𝑍12 + 𝜀11𝜀12𝑍16

+ 𝜀22𝜀11𝑌12 + 𝜀
2

22
𝑌22 + 𝜀22𝜀12𝑌26

+ 𝜀22𝜀11𝑍12 + 𝜀
2

22
𝑍22 + 𝜀22𝜀12𝑍26

+ 𝜀12𝜀11𝑌16 + 𝜀12𝜀22𝑌26 + 𝜀
2

12
𝑌66

+ 𝜀12𝜀11𝑍16 + 𝜀12𝜀22𝑍26 + 𝜀
2

12
𝑍66

+ 𝜀
2

13
𝑉44 + 𝜀13𝜀23𝑉45 + 𝜀23𝜀13𝑉45

+ 𝜀
2

23
𝑉55} 𝑅 𝑑𝜃 𝑑𝑥.

(24)

3.2. Kinetic Energy. Based on FSDT, the kinetic energy for
multiple layered cylindrical shell during vibration is given by

𝑇 =

1

2

∫

𝐿

0

∫

2𝜋

0

𝜌𝑇 {(

𝜕𝑢0 (𝑥, 𝜃)

𝜕𝑡

)

2

+ (

𝜕]0 (𝑥, 𝜃)
𝜕𝑡

)

2

+ (

𝜕𝜔0 (𝑥, 𝜃)

𝜕𝑡

)

2

+ (

𝜕𝜓𝑥 (𝑥, 𝜃)

𝜕𝑡

)

2

+(

𝜕𝜓𝜃 (𝑥, 𝜃)

𝜕𝑡

)

2

}𝑅𝑑𝜃 𝑑𝑥,

(25)

where 𝜌𝑇 is the density of unit length and is defined as

𝜌𝑇 =

𝐻

∑

𝑘=1

𝜌𝑘 (ℎ𝑘 − ℎ𝑘−1) . (26)

3.3. Internal Pressure Energy. The potential energy of the
internal pressure 𝑃 for multiple layered cylindrical shell with
FSDT is

𝑉 = ∫

𝐿

0

∫

2𝜋

0

𝑃

2

{[

𝜕
2
𝑤0 (𝑥, 𝜃)

𝜕𝜃
2

+ 𝑤0 (𝑥, 𝜃)]𝑤0 (𝑥, 𝜃)} 𝑑𝜃 𝑑𝑥.

(27)

Therefore the energy functional for vibration of multiple
layered cylindrical shell with ring support and internal
pressure can be written as

𝐹 = 𝑈 − 𝑇 + 𝑉. (28)

4. Displacement Field and Axial
Modal Function

The displacement field for vibration of multiple layered
cylindrical shell with ring support and internal pressure can
be expressed as

𝑢0 (𝑥, 𝜃) = 𝐸1

𝜕Ω (𝑥)

𝜕𝑥

cos (𝑛𝜃) cos (𝜔𝑡) ,

V0 (𝑥, 𝜃) = 𝐸2Ω (𝑥) sin (𝑛𝜃) cos (𝜔𝑡) ,

𝑤0 (𝑥, 𝜃) = 𝐸3Ω (𝑥)

𝐻

∏

𝑖=1

(𝑥 − 𝑏𝑖)
𝜇
𝑖 cos (𝑛𝜃) cos (𝜔𝑡) ,

𝜓𝑥 (𝑥, 𝜃) = 𝐸4

𝜕Ω (𝑥)

𝜕𝑥

cos (𝑛𝜃) cos (𝜔𝑡) ,

𝜓𝜃 (𝑥, 𝜃) = 𝐸5Ω (𝑥) sin (𝑛𝜃) cos (𝜔𝑡) ,

(29)

where 𝐸1, 𝐸2, 𝐸3, 𝐸4, and 𝐸5 are constants denoting the
vibrational amplitude.Ω(𝑥) is the axial function that satisfies
the boundary conditions, 𝑏𝑖 is ring of position, 𝐻 is the
number of rings, 𝜇𝑖 is a parameter having a value of 1 when
there is one ring, 𝑛 is the circumferential waves number, and
𝜔 is the natural frequency.

The axial modal function Ω(𝑥) is selected as the beam
function is given by [32]

Ω (𝑥) = Ψ1 cosh (
Φ𝑚𝑥

𝐿

) + Ψ2 cos(
Φ𝑚𝑥

𝐿

)

− 𝜇𝑚 (Ψ3 sinh(
Φ𝑚𝑥

𝐿

) + Ψ4 sin(
Φ𝑚𝑥

𝐿

)) ,

(30)

where the values of Ψ𝑖 (𝑖 = 1, . . . , 4), Φ𝑚, and 𝜇𝑚 for
multiple layered cylindrical shell with ring support and
internal pressure for the six boundary conditions are given
in Table 1. In this table,𝑚 represents the axial wave number.
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Table 1: Values of Ψ
𝑖
, Φ
𝑚
, and 𝜇

𝑚
for ten boundary conditions.

Boundary conditions Ψ
𝑖
(𝑖 = 1, . . . , 4) Φ

𝑚
𝜇
𝑚

Simply support-simply support (SS-SS) Ψ
1
= 0, Ψ

2
= 0

Ψ
3
= 0, Ψ

4
= −1

𝑚𝜋 1

Clamped-clamped (C-C) Ψ
1
= 1, Ψ

2
= −1

Ψ
3
= 1, Ψ

4
= −1

(2𝑚 + 1)𝜋/2

coshΦ
𝑚
− cosΦ

𝑚

sinhΦ
𝑚
− sinΦ

𝑚

Free-free (F-F) Ψ
1
= 1, Ψ

2
= 1

Ψ
3
= 1, Ψ

4
= 1

(2𝑚 + 1)𝜋/2

coshΦ
𝑚
− cosΦ

𝑚

sinhΦ
𝑚
− sinΦ

𝑚

Clamped-simply support (C-SS) Ψ
1
= 1, Ψ

2
= −1

Ψ
3
= 1, Ψ

4
= −1

(4𝑚 + 1)𝜋/4

coshΦ
𝑚
− cosΦ

𝑚

sinhΦ
𝑚
− sinΦ

𝑚

Clamped-free (C-F) Ψ
1
= 1, Ψ

2
= −1

Ψ
3
= 1, Ψ

4
= −1

(2𝑚 − 1)𝜋/2

sinhΦ
𝑚
− sinΦ

𝑚

coshΦ
𝑚
+ cosΦ

𝑚

Free-simply support (F-SS) Ψ
1
= 1, Ψ

2
= 1

Ψ
3
= 1, Ψ

4
= 1

(4𝑚 + 1)𝜋/4

coshΦ
𝑚
− cosΦ

𝑚

sinhΦ
𝑚
− sinΦ

𝑚

The boundary conditions for simply supported, free, and
clamped that satisfy 𝑥 = 0 and 𝑥 = 𝐿 can be expressed as

Simply supported boundary condition

Ω (0) =

𝜕
2
Ω (𝐿)

𝜕𝑥
2

= 0. (31)

Free boundary condition

𝜕
2
Ω (0)

𝜕𝑥
2

=

𝜕
3
Ω (𝐿)

𝜕𝑥
3

= 0. (32)

Clamped boundary condition

Ω (0) =

𝜕Ω (𝐿)

𝜕𝑥

= 0. (33)

5. Ritz Method

Ritz method is commonly used as an approximation method
for a solution of various boundary value problems inmechan-
ics.Thismethod is based on variational principles.The energy
method was developed by Ritz. To determine the natural
frequency of vibration for multiple layered cylindrical shell
with ring support and internal pressure, the Ritz technique is
used. The energy functional 𝐹 is defined by the Lagrangian
function as

𝐹 = 𝑈max − 𝑇max + 𝑉max. (34)

Substituting (29) into (24), (25), and (27) and applying Ritz
technique with minimizing the energy functional 𝐹 gives

𝜕 (𝑈max − 𝑇max + 𝑉max)

𝜕Ε1

= 0,

𝜕 (𝑈max − 𝑇max + 𝑉max)

𝜕Ε2

= 0,

𝜕 (𝑈max − 𝑇max + 𝑉max)

𝜕Ε3

= 0,

𝜕 (𝑈max − 𝑇max + 𝑉max)

𝜕Ε4

= 0,

𝜕 (𝑈max − 𝑇max + 𝑉max)

𝜕Ε5

= 0.

(35)

There are five equations of motion in (5) characterizing
the vibration characteristics of multiple layered cylindrical
shell with ring support under internal pressure. Therefore,
the governing eigenvalue equation can be written in a matrix
form as

[
[
[
[
[

[

𝐶11 𝐶12 𝐶13 𝐶14 𝐶15

𝐶21 𝐶22 𝐶23 𝐶24 𝐶25

𝐶31 𝐶32 𝐶33 𝐶34 𝐶35

𝐶41 𝐶42 𝐶43 𝐶44 𝐶45

𝐶51 𝐶52 𝐶53 𝐶54 𝐶55

]
]
]
]
]

]

{
{
{
{
{
{

{
{
{
{
{
{

{

Ε1

Ε2

Ε3

Ε4

Ε5

}
}
}
}
}
}

}
}
}
}
}
}

}

=

{
{
{
{
{

{
{
{
{
{

{

0

0

0

0

0

}
}
}
}
}

}
}
}
}
}

}

. (36)

The solution is obtained by setting the determinant of matrix
𝐶 equals to zero; that is,






𝐶𝑖𝑗






= 0 (𝑖, 𝑗 = 1, 2, 3, 4, 5) . (37)

The solution for (37) is obtained and a characteristic of
the multiple layered cylindrical shell with ring support and
internal is expressed in the power of 𝜔 as

𝛿0𝜔
10
+ 𝛿1𝜔

8
+ 𝛿2𝜔

6
+ 𝛿3𝜔

4
+ 𝛿4𝜔

2
+ 𝛿5 = 0, (38)

where 𝛿𝑖 are the coefficients that depend on the boundary
conditions. The solution of (38) consists of ten roots and the
five positive roots are the natural frequencies. The smallest of
the five positive roots is the natural frequency of the multiple
layered cylindrical shell with ring support under internal
pressure of interest in this study. The material properties
of the three layered multiple cylindrical shell are given in
Table 2.

6. Validation

In order to validate the predictive accuracy of the present
analysis, the results for multiple layered cylindrical shell
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Table 2: Material properties of the three layered isotropic cylindrical shell.

Layers status Type of materials Young’s modulus E (N/m2) Poisson ratio (]) Density 𝜌 (Kg/m3)
Outer layer Stainless steel 2.1 × 10

11
0.28 7.8 × 10

3

Middle Layer Aluminum 7.0 × 10
10

0.35 2.7 × 10
3

Inner layer Stainless steel 2.1 × 10
11

0.28 7.8 × 10
3

Table 3: Comparison of the frequency parameters, Γ =

𝜔𝑅√(1 − ]2)𝜌/𝐸, for a cylindrical shell without pressure and
rings.

Boundary conditions n m L/R h/R Chung [17] Present
F-F 2 5 8.67 0.002 0.4472 0.3921
C-F 2 1 1.14 0.05 0.3076 0.3485
C-F 2 2 2.88 0.05 0.3081 0.3254
C-F 2 3 5.07 0.05 0.3079 0.2867
SS-SS 4 1 10 0.002 0.0150 0.0314
C-C 3 1 2 0.05 0.3118 0.3209

without ring support and internal pressure are comparedwith
the results available in open literature. Table 3 shows the com-
parison of natural frequency parameter Γ = 𝜔𝑅√(1 − ]2)𝜌/𝐸
of cylindrical shell with one layer without ring support and
internal pressure.

Table 4 shows the comparison between natural frequency
of multiple layered cylindrical shell without ring support and
internal pressure found in the literature and the three layered
cylindrical shell model developed in this paper for different
circumferential wave numbers. The boundary condition of
the geometric cylindrical shell used is simply supported-
simply supported (SS-SS).

The comparisons presented in Tables 3-4 show good
agreement with published works. The purpose of this com-
parison is to ensure that the obtained magnitudes of the
natural frequencies are of the same order as those reported
in the literature. However, deviations are observed because
in this study first order shear deformation theory is used
but in references [17, 30] classical shell theory was used.
Another difference is related to the kind of materials used
in this study, stainless steel and aluminum. The comparisons
between cylindrical shells supported with ring subjected to
internal pressure are not presented as the results for amultiple
layered cylindrical shell are not found in the literature.

7. Results and Discussion

7.1. Multiple Layered Cylindrical Shell without Ring Support.
In this study, initially a multiple layered cylindrical shell is
subjected to internal pressure without ring support being
analysed. The analyses are conducted by assuming internal
pressures equal to 400 and 600 kPa. Altogether, the six
boundary conditions are discussed in this paper. The effects
of the six boundary conditions on the natural frequencies for

Table 4: Comparison of natural frequency of three layered cylin-
drical shell without ring support and internal pressure with simply
supported-simply supported boundary condition (𝐿/𝑅 = 20, ℎ/𝑅 =

0.002).

m n Arshad et al. [30] Present
1 1 13.645 12.560
1 2 4.625 3.421
1 3 4.331 4.045
1 4 7.366 7.231
1 5 11.775 10.889
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Figure 2: Variation of the natural frequency with SS-SS boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).

multiple layered cylindrical shell subjected to internal pres-
sure without ring support as the function of circumferential
wave numbers (𝑛) are studied.

Figures 2, 3, 4, 5, 6, and 7 show the variation of the natural
frequency of a multiple layered cylindrical shell without
ring support for different circumferential wave numbers (𝑛)
with and without internal pressure for the six boundary
conditions. All of these graphs show the vibration behaviour
of the multiple layered cylindrical shells without ring under
the effects of pressure. For all the six boundary conditions
when the internal pressure is zero, the natural frequency
initially decreases and then increases. The results show that
for the six boundary conditions all natural frequencies are the
same when the circumferential wave numbers are large. The
results also showed that in cases without pressure the natural
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Figure 3: Variation of the natural frequency with C-C boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).

0

40

80

120

160

200

240

280

1 2 3 4 5 6 7 8 9 10

N
at

ur
al

 fr
eq

ue
nc

y 
(H

z)

Circumferential wave number (n)

P = 0

P = 400KPa
P = 600KPa

Figure 4: Variation of the natural frequency with F-F boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).

frequency of free-free multiple layered cylindrical shell is
higher than that of the multiple layered cylindrical shell of
other boundary conditions; and similarly, natural frequency
of clamped-free multiple layered cylindrical shell is lower
than that of the shell of any other end conditions. Natural
frequency of clamped-clamped multiple layered cylindrical
shell is very close to that of free-freemultiple layered cylindri-
cal shell; and similarly, natural frequency of clamped-simply
supported multiple layered cylindrical shell is very close to
that of simply supported-free multiple layered cylindrical
shell. In the case of multiple layered cylindrical shell without
pressure, the minimum frequency occurs In circumferential
wave numbers 2 and 3. Boundary conditions will have an

0

40

80

120

160

200

240

280

1 2 3 4 5 6 7 8 9 10

N
at

ur
al

 fr
eq

ue
nc

y 
(H

z)

Circumferential wave number (n)

P = 0

P = 400KPa
P = 600KPa

Figure 5: Variation of the natural frequency with C-SS boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).
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Figure 6: Variation of the natural frequency with C-F boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).

effect when the circumferential wave number is low, while
for large value of 𝑛 all multiple layered shells with different
boundary conditions will have the same natural frequencies.
Thus, the effects of the six boundary conditions can be seen
to be more significant at small circumferential wave numbers
than at high ones.

When a multiple layered cylindrical shell is subjected to
internal pressure, for all six boundary conditions the natural
frequencies increase as the circumferential wave number 𝑛 is
increased.The results show that internal pressure has an effect
on the natural frequency of a multiple layered cylindrical
shell and causes the natural frequency to increase. When the
value of the internal pressure is large, the natural frequency
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is higher. The results obtained also show that the natural
frequency characteristics of a multiple layered cylindrical
shell with and without internal pressure are different for
different boundary conditions. It should be noted that the
natural frequencies of multiple layered cylindrical shells with
andwithout ring support subjected to internal pressure for all
the graphs are calculated for𝑚 = 1.

7.2. Multiple Layered Cylindrical Shell with One Ring Support.
Figures 8, 9, 10, 11, 12, and 13 depict the variation of
natural frequency with the circumferential wave numbers
𝑛 for a multiple layered cylindrical shell subjected to one
ring support at 𝑏 = 0.3𝐿 with and without internal pres-
sure for the six boundary conditions. The multiple layered
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Figure 10: Variation of the natural frequency with F-F boundary
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cylindrical shell length to radius ratio 𝐿/𝑅 is taken to be
20, the thickness to radius ratio is ℎ/𝑅 = 0.002, and
the location of the ring support is at 𝑏/𝐿 = 0.3. It can
be seen that, with the use of ring support, the natural
frequencies of the multiple layered cylindrical shell with
and without internal pressure are significantly increased for
all the six boundary conditions. In these graphs when the
ring support is used, significant changes in the natural fre-
quency of multiple layered cylindrical shell with and without
internal pressure are observed at low circumferential wave
numbers.

Similar to the case without internal pressure, the nat-
ural frequencies for the six boundary conditions of the
multilayered shells with internal pressure increase as the



10 Advances in Mechanical Engineering

0

80

160

240

320

400

480

560

640

1 2 3 4 5 6 7 8 9 10

N
at

ur
al

 fr
eq

ue
nc

y 
(H

z)

Circumferential wave number (n)

P = 0
P = 400KPa

P = 600KPa
P = 1500KPa

Figure 11: Variation of the natural frequency with C-SS boundary
conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, 𝑅 = 1, and 𝑏 = 0.3𝐿).

0

60

120

180

240

300

360

420

480

540

600

1 2 3 4 5 6 7 8 9 10

N
at

ur
al

 fr
eq

ue
nc

y (
H

z)

Circumferential wave number (n)

P = 0
P = 400KPa

P = 600KPa
P = 1500KPa

Figure 12: Variation of the natural frequency with C-F boundary
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circumferential wave number 𝑛 is increased. It can be seen
from these figures that the increase in natural frequencies
is significant when 𝑛 increased from 1 to 2, and for 𝑛

greater than 2 (𝑛 > 2), the natural frequencies increased
gradually as the circumferential wave number 𝑛 is increased.
The results show that, for the multiple layered cylindrical
shell with ring support with and without internal pressure,
the natural frequencies for free-simply supported boundary
condition are higher than those of other boundary conditions
and similarly natural frequencies of clamped-free bound-
ary condition with ring support with and without internal
pressure are lower than those of the shell of any other end
conditions.
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Figure 14: Variations of the natural frequency with the ring position
𝑏/𝐿 for SS-SS boundary conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 =
1).

The results show that internal pressure has an effect on the
natural frequency of a multiple layered cylindrical shell with
one ring support and causes the natural frequency to increase;
and when the value of the internal pressure is large, the
natural frequency is higher. The results obtained also show
that one ring support with internal pressure has influenced
the natural frequency and this influence is different for
different boundary conditions.

Figures 14, 15, 16, 17, 18, and 19 depict the variation
of the natural frequency against the position of the ring
support 𝑏/𝐿 for a multiple layered cylindrical shell with and
without internal pressure for the six boundary conditions.
Positioning the ring support along a multiple layered shell
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Figure 16: Variations of the natural frequency with the ring position
𝑏/𝐿 for F-F boundary conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 = 1).

is very important and the effect on the natural frequency
characteristics needs to be investigated. As shown in these
figures, for the shells with and without internal pressure with
symmetric boundary conditions such as SS-SS, C-C, and F-F
boundary conditions, the natural frequency curves for both
cases with and without internal pressure are symmetrical
about the center of the shell. The natural frequency increases
as the position of the ring support is moved away from the
first position of the shell towards the center and decreased
from the center towards the end of the shell. This indicates
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Figure 17: Variation of the natural frequency with the ring position
𝑏/𝐿 for C-SS boundary conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 =
1).
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Figure 18: Variations of the natural frequency with the ring position
𝑏/𝐿 for C-F boundary conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 =
1).

that, for symmetric boundary conditions for both cases
with and without internal pressure, the maximum natural
frequency is obtained when the ring support is in the
middle of the shell (𝑏/𝐿 = 0.5). These natural frequency
curves are symmetric because the end edges have the same
conditions.

For themultiple layered cylindrical shell with andwithout
internal pressure with asymmetric boundary condition such
as C-SS, C-F, and F-SS boundary conditions, the natural
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Figure 19: Variation of the natural frequency with the ring position
𝑏/𝐿 for F-SS boundary conditions (ℎ/𝑅 = 0.002, 𝐿/𝑅 = 20, and 𝑅 =
1).

frequency curves for both cases with and without internal
pressure are not symmetrical about the center of the shell as
expected. It is seen that the maximum natural frequency is
shifted away from the shell centre for both with and without
internal pressure and is in the ranges of 𝑏/𝐿 = 0.6 for C-
SS, 𝑏/𝐿 = 0.8 for C-F, and 𝑏/𝐿 = 0.4 for F-SS. The natural
frequency curves are asymmetric because the end edges are
of different end conditions.

The results show, for all positions of the ring support 𝑏/𝐿
for both cases with and without internal pressure, the natural
frequencies of free-free boundary condition are higher than
the other boundary conditions and similarly the natural
frequencies of clamped-free shell are lower than the other
conditions.

The internal pressures used in this study are 3000 and
6000KPa. The results show that internal pressure affects
the natural frequency of the shell when the position of the
ring support is changed and causes the natural frequency
to increase. When the internal pressure is large, the natural
frequency is higher. The results obtained also show the
natural frequency characteristics as the function of ring
location along the shell for both cases with and without
internal pressure and that the characteristic is different for
different boundary conditions. It should be pointed out that
the circumferential wave number used in these figures is 𝑛 =
5.

8. Conclusions

In this study, the vibration characteristics of multiple layered
cylindrical shell with ring support subjected to internal pres-
sure for six different boundary conditions were investigated.
The first order shear deformation theory is employed and the
governing equations of motion were derived, using energy

functional applied to the Ritz method. The boundary condi-
tions represented by the end conditions are simply supported-
simply supported (SS-SS), clamped-clamped (C-C), free-
free (F-F), clamped-free (C-F), clamped-simply supported
(C-SS), and free-simply supported (F-SS). The influence of
internal pressure, ring position, and six boundary conditions
on vibration characteristics of multiple layered cylindrical
shell is discussed. This study shows that the ring support
and internal pressure have effect on the natural frequency of
multiple layered cylindrical shell and cause the natural fre-
quency to increase.When the value of the internal pressure is
large, the natural frequency is higher. Another point deduced
here is that the natural frequency characteristics of multiple
layered cylindrical shell with and without internal pressure
and ring support are different for the six different boundary
conditions. The authors believe that vibration frequencies
results for multiple layered cylindrical shells supported with
ring subjected to internal pressure are useful in engineering
applications.
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In nitrogen drilling, entrained sand particles in the gas flow may cause erosive wear on metal surfaces and have a significant effect
on the operational life of discharge pipelines, especially for elbows. In this paper, computational fluid dynamics (CFD) simulations
based code FLUENT is carried out to investigate the flow erosion on a sand discharge pipe in conjunction with an erosion model.
Themotion of the continuum phase is captured based on solving the three-dimensional Reynolds-averaged Navier-Stokes (RANS)
equations, while the kinematics and trajectory of the sand particles are evaluated by the discrete phase model (DPM).The flow field
has been examined in terms of pressure, velocity, and erosion rate profiles along the flow path in the bend of the simulated discharge
pipe. Effects of flow parameters such as inlet velocity, sandy volume fraction, and particle diameter and structure parameters such
as pipe diameter and bend curvature are analyzed based on a series of numerical simulations. The results show that small pipe
diameter or small bend curvature leads to serious erosion, while slow flow, little sandy volume fraction, and small particle diameter
can weaken erosion. The results obtained from the present work provide useful guidance to practical operation and discharge pipe
design.

1. Introduction

Sand discharge pipe is an important ground facility in gas
drilling engineering. It takes on the crucial task of trans-
porting high-speed cuttings-carrying gas flow from wellbore
annulus to ground recovery tank to discharge cuttings timely,
which is the safety guarantee for efficient gas drilling [1].
However, the service environment of sand discharge pipe
is harsh, and pipe failures frequently occur. From the gas
drilling practices in Xinjiang, Sichuan, and Chongqing fields
in China, flow erosion induced fracture and perforation
are the main failure forms of sand discharge pipe and the
great majority of failures present in the elbows [2, 3]. Such
failure accidents seriously affect the normal safe drilling
and even lead to fire and explosion in the drilling field,
resulting in well-site facilities burning up completely and
heavy casualties. Take Qionglai number 1 well in Sichuan for
example [4]; on December 22, 2011, the sudden burst of sand

discharge pipe brought about ejected cuttings hitting derrick
substructure to create sparks and then caused a flash-fire
explosion.This accident resulted in one death and five people
injured.Therefore, timely replacement of sand discharge pipe
before its failure is very important. However, the discharge
pipe replacement is time consuming and cost consuming
especially for the nitrogen drilling engineering where the
outage time is very short from the viewpoint of economy.
Even more critical is that we do not know when the pipe
would be damaged and where the damage point is locates.
Thus, a research in depth for sand discharge pipe failure
mechanism and prediction of pipe life is urgently needed in
nitrogen drilling engineering.

For gas-solid two-phase flow, flow erosion has been
found the main reason causing the pipeline failures [5–9]. In
nitrogen drilling, as the compressed nitrogen is continuously
expanding in the rising process along the wellbore, the
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cuttings-carrying flow rate increases quickly and reaches the
peak in the inlet of the discharge pipe.Then the sand particles
are entrained in the nitrogen flow along the discharge pipe
and impact on the wall surfaces during their passage through
the pipe. Elbows, as the main failure part, are known to be
responsible for dramatic change in flow field, high pressure
loss, and secondary flow. Sand particles during their travel
along an elbow will have impact at a certain angle with
high rate, damaging the target surface. Erosion in bends
has been experimentally or numerically analyzed by several
researchers [10–13]. And a few empirical or semiempirical
formulas have been developed to predict the erosion rate
of elbows in gas-solid flow [14, 15]. But they are limited
to special working conditions and cannot be used for all
erosion predictions, because flow erosion strongly depends
on piping structure, piping layout, flow field, and so on. The
high speed and compressiblility of cuttings-carrying flow in
sand discharge pipe indicate its particularity. Furthermore,
few studies concern the effect of solid particle size on the
distribution of erosion.Therefore, it is essential to investigate
the flow erosion on sand discharge pipe in nitrogen drilling
and examine the key factors affecting erosion.

Numerical simulation can provide detailed information
on the hydrodynamics of gas-cuttings two-phase flow and
the erosion rate distribution, which is not easily obtained by
physical experiments. Therefore, in the present work, CFD
model coupling with an erosion model has been employed
to investigate the flow erosion on sand discharge pipe.
An Eulerian-Lagrangian approach is applied to analyze the
continuumphase and particle tracking for sand particles.The
flow field has been examined in terms of pressure, velocity,
and erosion rate profiles along the flow path in the bend of the
simulated discharge pipe. By conducting a series of numerical
simulations, effects of flow parameters such as inlet velocity,
sandy volume fraction, and particle diameter and structure
parameters such as pipe diameter and bend curvature are
examined. The results provide useful guidance to practical
operation and discharge pipe design.

The remaining part of this paper is organized as follows.
In Section 2, the description of the simulation problem is
provided; Section 3 presents the mathematical models and
simulation method; Section 4 presents the numerical results
and discussion; Section 5 is the concluding remarks.

2. Problem Description

Figure 1 shows a sketch of the sand discharge pipe investigated
in this study. This discharge pipe is placed horizontally on
the ground, consisting of three sections: front straight pipe
section, bend section, and rear straight pipe section. The
main section, 90∘ bend, is located 60m downstream of the
inlet. And the length of the rear straight pipe is 40m. Bend
curvatures are set to 2, 3, and 4 in comparing cases to explore
the effects on erosion. In order to analyze the effect of the pipe
diameter, the outer diameter of pipe is defined as 168mm,
273mm, or 325mm, respectively, with wall thickness fixed at
10mm.

Due to the fact that the change of the temperature in
sand discharge pipe is very little, the total temperature is
fixed at 300K in simulations. Density of nitrogen is a variable
corresponding to pressure for its compressibility. In standard
state (273.15 K and 101.325 KPa), its density is defined as
1.138 kg/m3. The viscosity of nitrogen seemed constant as
1.663 × 10−5Pa⋅s. Sand particles are treated as spherical
particles with density of 2800 kg/m3. For analyzing the effect
of particle diameter, three different particle sizes, 0.5mm,
0.75mm, and 1mm, are chosen in simulations. The material
of the discharge pipe is steel, whose density, Young’s modulus
and damping ratio of steel are defined as 7850 kg/m3, 196GPa,
and 0.05, respectively.

3. Governing Equations and
Numerical Method

3.1. Governing Equations. An Eulerian-Lagrangian approach
is applied to analyze the continuum phase and particle
tracking for sand particles, in which, compressible nitrogen
flow is treated as the continuum phase evaluated by the
RANS equations based on the Eulerian approach, while
sand particles are treated as spherical particles added into
continuum phase flow field as discrete phase, which are
captured by DPM based on the Lagrangian approach.

The RANS equations used to solve the continuum phase
include continuity andmomentum equations and are written
as follows [16–18]:

𝜕𝜌

𝜕𝑡

+

𝜕𝜌𝑢𝑖

𝜕𝑥𝑖

= 0,

𝜌

𝜕𝑢𝑖

𝜕𝑡

+ 𝜌

𝜕𝑢𝑖𝑢𝑗

𝜕𝑥𝑗

= −

𝜕𝑝

𝜕𝑥𝑖

+ 𝜇∇
2
𝑢𝑖 − 𝜌

𝜕𝑢


𝑖
𝑢


𝑗

𝜕𝑥𝑗

+ 𝜌𝑔𝑖,

(1)

where 𝑢𝑖 represents instantaneous velocity component in
𝑖 direction, while 𝑢



𝑖
is fluctuation velocity component in

𝑖 direction, 𝑥𝑖 is space coordinate in 𝑖 direction, 𝑔𝑖 is
gravitational acceleration in 𝑖direction, 𝑡 is time,𝑝 is pressure,
and 𝜌 and 𝜇 are density and viscosity, respectively.

Since the Reynolds number ranges from 3.038 × 105 to
1.044 × 106 in the calculations, a realizable 𝑘-𝜀 turbulence
model [19–23] is employed to close the flow governing
equations and describe the turbulent properties:

𝜕 (𝜌𝑘)

𝜕𝑡

+
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𝜀
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𝐺𝑏,

(2)
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Figure 1: Schematic of the sand discharge pipe and mesh model of the key calculative domain (bend).

where

𝐶1 = max(0.43,
𝜂

𝜂 + 5

) , 𝜂 = 𝑆

𝑘

𝜀

,

𝑆 = (2𝑆𝑖𝑗 ⋅ 𝑆𝑖𝑗)

1/2

, 𝑆𝑖𝑗 =

1

2
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𝜕𝑢𝑖

𝜕𝑥𝑗
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𝜕𝑢𝑗

𝜕𝑥𝑖

) ,
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𝑖
𝑢


𝑗

𝜕𝑢𝑗

𝜕𝑥𝑖

, 𝐺𝑏 = −𝑔𝑖

𝜇𝑡

Pr𝑡
𝜕𝜌

𝜌𝜕𝑥𝑖

, 𝜇𝑡 = 𝜌𝐶𝜇

𝑘
2

𝜀

,

(3)

where 𝑘 and 𝜀 represent turbulent kinetic energy and turbu-
lent kinetic energy dissipation rate per unitmass, respectively,
𝜂 is the relative strain parameter, 𝑆 is the strain rate, 𝐺𝑘 and
𝐺𝑏 represent production term of turbulent kinetic energy
due to the average velocity gradient and production term of
turbulent kinetic energy due to lift, respectively, 𝜐 is kinematic
viscosity of fluid, 𝜇𝑡 is turbulent viscosity, Pr𝑡 is Prandtl
number taken as 0.85, 𝐶𝜇, 𝐶1𝜀, 𝐶2, and 𝐶3𝜀 are empirical
model constants taken as 0.09, 1.44, 1.9, and 0.9, respectively,
and 𝜎𝑡 and 𝜎𝜀 are turbulent Prandtl numbers taken as 1.0 and
1.2, respectively.

After the flow field of the continuum phase being
obtained by solving the aforementioned equations, a particle
motion equation is used to describe the turbulent properties
of the discrete phase, including the trajectory of particles, the
attack angle, and velocity perturbation [24, 25]. This particle
motion equation is called the DPMmodel:

𝑑𝑢𝑠

𝑑𝑡

=

𝐶𝐷Re𝑠
24𝜏𝑡

(𝑢 − 𝑢𝑠) +

𝑔 (𝜌𝑠 − 𝜌)

𝜌𝑠

+ 0.5

𝜌

𝜌𝑠

𝑑 (𝑢 − 𝑢𝑠)

𝑑𝑡

,

(4)

where
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2

𝑠

18𝜇

, Re𝑠 =
𝜌𝑑𝑠





𝑢𝑠 − 𝑢






𝜇

,

𝐶𝐷 =

24

Re𝑠
(1 + 𝑏1Re

𝑏
2

𝑠
) +

𝑏3Re𝑠
𝑏4 + Re𝑠

,

(5)

where 𝑢𝑠 represents velocity of solid particle, 𝐶𝐷 is drag
coefficient, Re𝑠 is particle equivalent Reynolds number, 𝜌𝑠 is
density of solid particle, 𝜏𝑡 is particle relaxation time, and 𝑏1,
𝑏2, 𝑏3, and 𝑏4 are empirical constants taken as 0.186, 0.653,
0.437 and 7178.741, respectively.

Then the erosion rate can be determined by the mass
transfer rate of magnetite on the metal surface, which takes
the following form [26]:

𝑒 =

𝑁
𝑠

∑

𝑠=1

1.8 × 10
−9
𝑀𝑠

𝐴

, (6)

where 𝑒 is the erosion rate,𝑀𝑠 and𝑁𝑠 represent the mass rate
and number of particles, respectively, and 𝐴 is the projected
area of particles in wall.

3.2. Numerical Method. The finite volume method (FVM) is
used to discretize the aforementioned equations. All the cal-
culations are carried out using a commercial software pack-
age FLUENT 14.0, in which DPM is adopted to capture the
discrete phase based on the Lagrangian approach. Patankar’s
well-known SIMPLE algorithm [27] is employed to solve
the pressure-velocity coupling. And second-order upwind
scheme and second-order central-differencing scheme are
used for convective terms and diffusion terms, respectively, in
order to ensure the accuracy of calculation. The convergent
criteria for all calculations are set as that the residual in the
control volume for each equation is smaller than 10−5.

3.3. Computational Mesh. ICEM CFD mesh-generator is
employed to perform the geometry generation and meshing.
As shown in Figure 1, the computational domain is divided
into five blocks and progressive mesh is used to capture the
near-wall flow properties. In order to control the grid distri-
bution and computational stability, each block is discretized
with hexahedral cells. A suitable grid density is reached by
repeating computations until a satisfactory independent grid
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Figure 2: Static pressure distribution and velocity distribution at the middle plane of bend and erosion rate distribution at the bend wall at
different inlet velocities: (a) inlet velocity = 30m/s; (b) inlet velocity = 40m/s; (c) inlet velocity = 50m/s.

is found. For example, the number of hexahedral cells for
discharge pipe with the outer diameter of 168mm and bend
curvature of 3 is 2245684 at last.

3.4. Boundary Conditions. At the inlet, the velocities of
nitrogen and sand particles are defined as the same value and
uniform distribution. After traveling a certain distance in the
front straight pipe, they will form a fully developed flow. In
order to examine the effects of inlet condition, the inlet rates
of nitrogen and sand particles are taken as 30m/s, 40m/s, and
50m/s in comparing cases, and the sandy volume fraction in
inlet is set to 3%, 6%, or 9%.

Pressure outlet boundary condition is used for the outlet
of the computational domain. And the value is defined as

0 Pa in order to facilitate comparative analysis. Finally, no slip
boundary condition is imposed on the discharge pipe inner
wall.

The information of simulation cases is listed in Table 1, in
which inlet rate, pipe outer diameter, bend curvature, inlet
sandy volume fraction, and particle diameter are the five
variables.

4. Numerical Results and Discussion

4.1. Effect of Inlet Velocity and Simulation Validation. We
focus on the flow properties and flow erosion in the bend,
since it is themain failure part of sand discharge pipe. Figure 2
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Table 1: Simulation cases.

Case Inlet rate (m/s) Pipe outer
diameter (mm) Bend curvature Inlet sandy volume

fraction (%)
Particle

diameter (mm)
1 30 273 3 6 1
2 40 273 3 6 1
3 50 273 3 6 1
4 40 168 3 6 1
5 40 325 3 6 1
6 40 273 2 6 1
7 40 273 4 6 1
8 40 273 3 3 1
9 40 273 3 9 1
10 40 273 3 6 0.75
11 40 273 3 6 0.5

shows the pressure and velocity distribution of cuttings-
carrying flow at the longitudinal cross-section in the bends
at different inlet velocities. To have a better understanding of
flow field in the bend, the contours and values are marked in
the figure.

It is seen that the flow field is disturbed when flow
enters the bend. There is a significant pressure drop for gas-
solid flow through the elbow. The pressure is uniform across
the flow as the fluid just flows into the bend. However, its
distribution changes dramatically in the elbow, showing an
obvious pressure gradient along the direction of the radius of
bend curvature. It can be observed that the highest pressure
is along the extrados farthest from the center of curvature
while the lowest pressure is along the intrados nearest to the
center of curvature. This is mainly caused by flow countering
the centrifugal force formed in the elbowwhen flow direction
is forced to turn. This pressure gradient established in the
bend has well-known effects on the flow, which produces a
secondary flow. At an inlet flow rate of 30m/s, the cross-
stream pressure gradient is 924.9 Pa/m, about three-tenths of
the pressure gradient for an inlet flow rate of 50m/s. It means
that the cross-stream flow is more intense at high speed,
bringing about greater impinging on elbow wall. The total
pressure drop for fast flow (inlet flow rate = 50m/s) passing
through the elbow is about 1.43 times larger than that for slow
flow (inlet flow rate = 30m/s).

As shown in Figure 2, the curvature of the bend causes
non-uniform velocity distributions around the bend. The
flow rate along the extrados decreases due to the effect of
an adverse streamwise pressure gradient, while the flow rate
along the intrados increases. The high cross-stream velocity
gradient near the outer wall of the bend is worth noting. It
indicates that more kinetic energy transfer and release occurs
in this region. The higher the inlet rate is, the greater the
velocity gradient is. Therefore, particles’ impinging on the
bend outer wall is greater for high-speed flow. It is verified
from the erosion rate distributions shown in Figure 2.

It can be seen that the erosion rate on the outer wall is
much larger than that on the inner wall, and the maximum
erosion rate is located at 30–50∘ of the outerwall.Theparticles
along with high-speed flow have a high inertia. Therefore,

30 35 40 45 50
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Figure 3: Comparison between simulation results and measure-
ment values.

the severity of erosion is enhanced with the increase in inlet
rate, which is not only reflected in the value of the erosion
rate but also reflected in the range of severe erosion area.
The maximum value of erosion rate in slow flow (inlet flow
rate = 30m/s), 1.2 × 10−6 kg/(m2⋅s), is just four tenths of
that in fast flow (inlet flow rate = 50m/s). And the most
severe erosion area at the outer wall increases five times as
inlet rate increases from 30m/s to 50m/s. Since the erosion
rate increases exponentially with the increase in flow rate,
appropriate operation parameters should be taken to control
the flow rate in the discharge pipe below a limited value.

To validate the numerical model in this study, erosion
rate on the bend wall is tested. After bends serviced a period
of time under the same working conditions as case 1, case
2, and case 3, we have removed them and measured the
depth of erosion pits on the elbows’ walls. Then we obtained
the maximum erosion rate. These measured data, shown
in Figure 3, are compared with the simulation results as
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Figure 4: Static pressure distribution and velocity distribution at the middle plane of bend and erosion rate distribution at the bend wall at
different outer diameters: (a) outer diameter = 168mm; (b) outer diameter = 273mm; (c) outer diameter = 325mm.

presented previously. It can be found that the numerical
predicted erosion rates are consistent with the measured
results. The maximum error of simulation results is under
8.5%. And the calculated results are slightly larger than the
measured values. Using the predicted erosion rate is safer.
Therefore, this numerical method is sufficiently accurate to
predict the erosion rate.

4.2. Effect of Pipe Diameter. Figure 4 presents the flow
pattern in the bends with different pipe diameters. The total
pressure drop of flow passing through large diameter bend
is smaller than that in small diameter bend. The pressure
drop decreases from 1000 Pa to 800 Pa as the diameter of the
pipe increases from 168mm to 325mm. The similar change
trend is found in the cross-stream pressure gradient, which
is 3006.8 Pa/m in the bend with the diameter of 168mm, 1.43

times larger than that for the one diameter of 273mm and
1.72 times larger than that for with the diameter of 325mm.
The velocity distributions along the stream are similar in
different-diameter bends, while the cross-stream velocity
gradient near the outer wall of the bend increases with the
reduction in diameter.This velocity gradient is 263.5 s−1 in the
bend with the diameter of 168mm, which is about 2.32 times
larger than that in the bend with the diameter of 325mm.

It can be seen from Figure 4 that decreasing of pipe
diameter leads to the rise in the erosion rate. The maximum
erosion rate of approximately 3.0× 10−6 kg/(m2⋅s) is presented
at the small-diameter bend (out diameter = 168mm). How-
ever, the most severe erosion area is limited comparing to
that in the big-diameter bend. Under the same inlet rate
condition, greater mass flow rate in the big-diameter pipe
could be a major cause for the large area of erosion. Another
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Figure 5: Static pressure distribution and velocity distribution at the middle plane of bend and erosion rate distribution at the bend wall at
different bend curvatures: (a) bend curvature (R/D) = 2; (b) bend curvature (R/D) = 3; (c) bend curvature (R/D) = 4.

reason for it can be attributed to the large frontal area in the
big bend. But the erosion problems in the small bend should
be paid more attention, because the concentrated impinging
on the small area of the bend wall usually leads to perforation
failure, which is prone to happen earlier.

4.3. Effect of Bend Curvature. In Figure 5, it depicts the
flow field at the middle plane of bend and erosion rate
distribution at the bend wall at different bend curvatures.
There is an obvious cross-stream pressure gradient in the
small-curvature bend, which is 2458.5 Pa/m in the bend with
R/D of 2, about 2.34 times greater than that in the bend with
R/D of 4. Due to the rapid turn in the small-curvature bend,

the cross-stream velocity gradient near the outer wall of the
bend is larger and twisted velocity contours are present near
the inner wall just downstream from 45∘.

Under the action of this flow field, the sand particles flow
along the nitrogen flow and impinge on the wall of the bend
resulting in significant erosion. The maximum erosion rate
of 9.0 × 10−6 kg/(m2⋅s) presenting in the bend with R/D of 2
is 7.5 times greater than that in the bend with R/D of 4. And
the most severe erosion area for R/D of 2 is mainly located
at 35–45∘ of the outer wall, while the erosion area for R/D of
4 extends from 30∘ to 85∘ of the bend outer wall. Therefore,
perforation may be the main failure of the small-curvature
bend, while crack may be the main failure form in the large-
curvature bend.



8 Advances in Mechanical Engineering

X (m)

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.6

1.6

1.4
59.4

59.6

59.8

60

61

60.2

60.4

60.6

60.8

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
59.4

59.6

59.8

60

60.2

60.4

60.6

60.8

61

Z
(m

)

Ve
lo

ci
ty

-m
ag

ni
tu

de

�
(m

/s
)

Z
(m

)
P

(P
a)

Pr
es

su
re

X (m)

2300
2211
2122
2033
1944
1856
1767
1678
1589
1500

50
48
46
43
41
39
37
34
32
30

7.0E − 07
6.4E − 07
5.8E − 07
5.2E − 07
4.6E − 07
4.0E − 07
3.4E − 07
2.8E − 07
2.2E − 07
1.6E − 07
1.0E − 07

1944

1678
20
33

1944

2122

1767

2122

1589

1767

4
1

37

3
7

32

48

43

41

3
9

46

32

41

41

37

46

3430

46

X

Y

Z

e
(k

g/
(m
2
·s)

)

(a)

X (m)

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.6

1.6

1.4
59.4

59.6

59.8

60

61

60.2

60.4

60.6

60.8

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
59.4

59.6

59.8

60

60.2

60.4

60.6

60.8

61

Ve
lo

ci
ty

-m
ag

ni
tu

de
Pr

es
su

re

X (m)

2300
2211
2122
2033
1944
1856
1767
1678
1589
1500

50
48
46
43
41
39
37
34
32
30

1.6E − 06
1.5E − 06
1.3E − 06
1.2E − 06
1.0E − 06
9.0E − 07
7.6E − 07
6.2E − 07
4.8E − 07
3.4E − 07
2.0E − 07

20
3
3

1944

1767

1678

1944

2122

2122

1589

1767

37

4
1

3943

41

46

39

3430

48

46

37

41

32

3
7

43
32

Z
(m

)
Z

(m
)

X

Y

Z

(b)

X (m)
−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.6

1.6

1.4
59.4

59.6

59.8

60

61

60.2

60.4

60.6

60.8

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
59.4

59.6

59.8

60

60.2

60.4

60.6

60.8

61

Ve
lo

ci
ty

-m
ag

ni
tu

de
Pr

es
su

re

X (m)

2300
2211
2122
2033
1944
1856
1767
1678
1589
1500

50
48
46
43
41
39
37
34
32
30

2.6E − 06
2.4E − 06
2.1E − 06
1.9E − 06
1.6E − 06
1.4E − 06
1.2E − 06
9.2E − 07
6.8E − 07
4.4E − 07
2.0E − 07

2122

1767

2122

1589

1944

1678

2033

19
44

1856

41

32

39

4
6

34
30

46

43

43
32

41

43

41

41

39

48

46

Z
(m

)
Z

(m
)

X

Y

Z

(c)

Figure 6: Static pressure distribution and velocity distribution at the middle plane of bend and erosion rate distribution at the bend wall at
different inlet sandy volume fractions: (a) inlet sandy volume fraction = 3%; (b) inlet sandy volume fraction = 6%; (c) inlet sandy volume
fraction = 9%.

4.4. Effect of Sand Concentration. The process of drilling a
deep well usually encounters different strata, bringing about
different sand concentrations and sand sizes. Thus, a number
of simulations have been performed by varying the inlet
sandy volume fraction or sand particle diameter while other
variables are fixed at their base values. Figure 6 gives the
pressure and velocity distribution and erosion rate profile
at different inlet sandy volume fractions. The differences of
pressure and velocity contours are not obvious for different
inlet sandy volume fractions. But the erosion rate distribution
has an obvious difference. For small inlet sandy volume
fraction, the reduction in the amount of particles weakens
the erosion-dominated regime significantly. The maximum

erosion rate in case 8 is just 27% of that in case 9. Therefore,
we cannot ignore the change in sandy volume fraction. In
practice, the particle concentration should be monitored in
real time to conduct proper adjustments.

4.5. Effect of Sandy Particle Diameter. Figure 7 displays the
flow field and erosion rate distribution at different sand sizes.
Since the inlet sandy volume fraction is fixed at 6%, the
reduction of particle diameter produces the increase in the
number of particles. However, the differences of pressure and
velocity contours are also not obvious due to the limited
total amount of solid particles in the nitrogen flow. It is
observed that with decreasing particle diameter the erosion
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Figure 7: Static pressure distribution and velocity distribution at the middle plane of bend and erosion rate distribution at the bend wall at
different sandy particle diameters: (a) particle diameter = 1mm; (b) particle diameter = 0.75mm; (c) particle diameter = 0.5mm.

is weakened.Themaximum erosion rate decreases from 1.6 ×
10−6 kg/(m2⋅s) to 3.0 × 10−7 kg/(m2⋅s) as particle diameter
decreases from 1mm to 0.5mm. It can be explained that
with the same rate particles of big diameter have more
impinging energy than small particles. Another reason is that
the centripetal force of the bigger particle is larger than that
of the small one. Therefore, a proper drill bit which can cut
rocks into small particles should be applied in actual drilling
in order to weaken the flow erosion in the discharge pipe.

5. Conclusions

A numerical method, for examining the flow erosion on
sand discharge pipe in nitrogen drilling, by finite volume

simulation combined with DPM is proposed. Effects of flow
parameters such as inlet velocity, sandy volume fraction,
and particle diameter and structure parameters such as pipe
diameter and bend curvature are analyzed by conducting a
series of simulations. Based on the numerical results, the
following conclusions can be drawn.

(1) Flow field changes dramatically in the elbow, showing
an obvious cross-stream pressure gradient and a high
cross-stream velocity gradient near the outer wall
of the elbow. Inlet rate, pipe diameter, and bend
curvature affect the flow field significantly, while
small changes in sand concentration and particle
diameter have little influence on flow.
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(2) Erosion rate is sensitive to inlet velocity, pipe diam-
eter, bend curvature, sandy volume fraction, and
particle diameter. The smaller the pipe diameter is or
the smaller the bend curvature is, the more serious
the erosion is. However, erosion can be weakened
by reducing the flow rate or reducing the sandy
concentration and particle size.

(3) The detailed results presented in this work provide
useful information for the design engineer to over-
come the flow erosion on sand discharge pipe. These
references have been used to guide actual nitrogen
drilling in Sichuan.
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Vortex-induced vibrations (VIV) of three circular cylinders in equilateral-triangle arrangement are numerically investigated. The
Reynolds number based on the free stream velocity𝐷 is 150.The gap spacing between the cylinders is set as 4𝐷 and all cylinders are
free to vibrate in both transverse and in-line directions. The incompressible Navier-Stokes equations in two dimensions are solved
by a four-step fractional finite element method. Simulations are carried out for three typical flow incidence angles (i.e., 𝛼 = 0

∘,
30∘, and 60∘) and a wide range of reduced velocities (3 ≤ 𝑈

𝑟
≤ 12). Numerical results show that the responses of these cylinders,

including the vortex shedding frequencies, the vibration amplitudes, and the motion trajectories, are significantly affected by the
flow incidence angle and the reduced velocity. Some typical vorticity fields are also shown to investigate the flow interference
between the cylinders.

1. Introduction

Vortex-induced vibrations (VIV) of cylindrical structures are
a subject that has attracted lots of attention due to its impor-
tance in engineering applications, such as offshore platforms,
marine risers, heat exchangers, and transmission cables. The
VIV of a single cylinder has been already studied extensively
in the recent decades. It is well known that an important
phenomenon associated with free vibration of a cylinder
is the synchronization or lock-in. For a certain reduced
velocity range, the vortex shedding frequency approaches the
structural natural frequency, and the cylinder experiences
severe resonant vibration. More Details about the VIV of
a single cylinder can be found in the review papers by
Williamson and Govardhan [1], Sarpkaya [2], Gabbai and
Benaroya [3], and recently by Bearman [4].

The complexity of the VIV dynamics is considerably
increased when the cylinders are grouped in proximity and
allowed to vibrate freely as a coupled system [5].Theflowfield
and the responses of the cylinders can be quite different from
those observed when the cylinders are isolated in the fluid.
At present, many experimental and numerical investigations
have focused on the VIV of two cylinders. For example,
Zdravkovich [6] carried out experiments on the behavior of

two flexible cylinders placed in various arrangements and
observed that the vibration amplitude strongly depended on
the relative locations of the two cylinders. The numerical
study ofMittal and Kumar [7] about the VIV of two cylinders
in tandem with a separation distance of 5.5𝐷 (𝐷 is the
cylinder diameter) showed that the response of the upstream
cylinder was similar to that of a single cylinder while
the downstream one experienced disorganized vibrations.
Papaioannou et al. [8] numerically studied the effect of
spacing on the vibration responses of two cylinders in tandem
and found that the onset and the range of lock-in changed
with cylinder spacing along with the maximum vibration
amplitude of the downstream cylinder. Prasanth and Mittal
[9, 10] numerically investigated the VIV of two cylinders
in tandem and staggered arrangements. It was observed
that the downstream cylinder exhibited very large amplitude
transverse vibrations in both arrangements. Huera-Huarte
and Gharib [11, 12] experimentally studied the VIV of two
cylinders in tandem and side-by-side configurations. Their
experiments showed that the flow interference between the
side-by-side cylinders became very weak when the centre-
to-centre spacing exceeded 3.5𝐷. Bao et al. [13] conducted a
numerical investigation on the VIV of two tandem cylinders
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with varying natural frequency ratios.The authors found that
the condition of the occurrence of a dual-resonance existed
over a broad range of tested natural frequency ratios.

The VIV of cylinder group is more often encountered in
engineering field, but this issue has not been investigated as
extensively as the single and two cylinders. Kubo et al. [14]
experimentally studied the aerodynamic responses of two,
three, and four elastic cables with various arrangements and
centre-to-centre spaces.The results showed that the optimum
configuration of multiple cable systems was the turning
regular triangle arrangement with space of 4𝐷. Lin and Yu
[15] carried out an experimental study on the free vibration of
amonitored flexible cylinder surrounded by one to six flexible
cylinders. The effects of the incoming velocity boundary,
the number of the surrounding cylinders, and the cylinder’s
natural frequency on the monitored cylinder’s response were
analyzed in their experiment. Lam et al. [16] numerically
studied the flow-induced vibration of a cylinder row and a
staggered cylinder array with different structural parameters.
It was found that when the cylinders were relatively more
flexible, the flow pattern changed dramatically and the fluid-
structure interaction had a dominant impact on the flowfield.
More recently, Zhao and Cheng [17] numerically investigated
the VIV of four circular cylinders in a square configuration.
The results showed that the response of the four-cylinder
system was strongly affected by the flow approaching angle.

To the best of our knowledge, the research on the VIV
of cylinder group is far from complete because of the large
number of parameters to be analyzed. In this study, numerical
simulations are performed to investigate the VIV of three
cylinders in equilateral-triangle arrangement at Reynolds
number Re = 150 using the finite element method. All
cylinders are free to vibrate in both transverse and in-line
directions. Figure 1 shows the layout of the three cylinders
(Cylinders 1, 2, and 3) and the definition of the flow incidence
angle 𝛼. The dynamic responses of the cylinders are studied
systematically for three flow incidence angles (i.e., 𝛼 = 0

∘,
30∘, and 60∘). The gap spacing between the cylinders is set as
4𝐷. At this spacing, vortex shedding behind three stationary
cylinders can be fully developed and the flow interference is
mainly dominated by the wake effect [18]. In the present VIV
simulations, to excite large amplitude vibration, the structural
damping coefficient 𝜁 is set to be zero. The mass ratio of the
cylinders is𝑀𝑟 = 2.0. The reduced velocity 𝑈𝑟 ranges from 3
to 12 with a step increment of 1.

2. Numerical Method

2.1. The Incompressible Flow Equations. The governing equa-
tions for the incompressible fluid flows are the two-
dimensional Navier-Stokes (N-S) equations. In this study, the
arbitrary Lagrangian-Eulerian (ALE) scheme [19] is applied
to deal with the flow problem with moving boundaries. The
nondimensional N-S equations in the ALE form can be
written as

𝜕𝑢𝑖

𝜕𝑡

+ (𝑢𝑗 − 𝑤𝑗) 𝑢𝑖,𝑗 = 𝜎𝑖𝑗,𝑗 + 𝑓𝑖,
(1)

𝑢𝑖,𝑖 = 0, (2)

x

𝛼

y

Flow 1 2

3

Figure 1: Schematic diagram of three cylinders in equilateral-
triangle arrangement in a uniform flow.

where 𝑢𝑖 is the velocity component in the 𝑥𝑖-direction (𝑖 =

1, 2);𝑤𝑗 is the mesh velocity component; 𝑡 is the time; and 𝑓𝑖
is the external force. The stress tensor 𝜎𝑖𝑗 is defined as

𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 +

1

Re
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) ,

(3)

where 𝑝 is the pressure; 𝛿𝑖𝑗 is the identity tensor; and Re is the
Reynolds number defined as

Re =
𝑈∞𝐷

]
, (4)

wherein 𝑈∞ is the free stream velocity, 𝐷 is the cylinder
diameter, and ] is the kinematic viscosity of the fluid.

The N-S equations are supplemented by the following
boundary conditions:

𝑢𝑖 = 𝑔𝑖




Γ
𝑔

, 𝜎𝑖𝑗𝑛𝑗





Γ
ℎ

= ℎ𝑖, (5)

where Γ𝑔 and Γℎ denote the Dirichlet boundary and the
Neumann boundary, respectively; 𝑔𝑖 and ℎ𝑖 are the values
prescribed on Γ𝑔 and Γℎ, respectively; and 𝑛𝑗 is the 𝑗th
component of the outward unit vector normal to Γℎ.

The time integration of (1) is performed by a four-step
fractional method [20]. In this approach, the intermediate
velocities are computed by decoupling the pressure gradient
term from the momentum equation. However, the velocity
field does not satisfy the continuity equation. To amend
this, the pressure is computed by imposing the continuity
constraint after obtaining the intermediate velocity, and the
velocity is finally corrected by the new pressure field. The
procedure of this semi-implicit four-step fractional method
can be summarized as follows:

�̂�𝑖 − 𝑢
𝑛

𝑖

Δ𝑡

+ 𝑐
𝑛

𝑗
�̂�𝑖,𝑗 =

1

2Re
[(𝑢
𝑛

𝑖,𝑗
+ 𝑢
𝑛

𝑗,𝑖
)
,𝑗
+ (�̂�𝑖,𝑗 + �̂�𝑗,𝑖),𝑗

]

− 𝑝
𝑛

,𝑖
− 𝑓𝑖,

(6)
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𝑢
∗

𝑖
− �̂�𝑖

Δ𝑡

= 𝑝
𝑛

,𝑖
, (7)

𝑝
𝑛+1

,𝑗𝑗
=

1

Δ𝑡

𝑢
∗

𝑖,𝑖
, (8)

𝑢
𝑛+1

𝑖
− 𝑢
∗

𝑖

Δ𝑡

= −𝑝
𝑛+1

,𝑖
, (9)

where �̂�𝑖 and 𝑢
∗

𝑖
are the intermediate velocities, and Δ𝑡 is the

time step. In this algorithm, the role of pressure in (6) can be
considered as a projection operator that projects an arbitrary
vector onto a divergence-free vector field. The substitution
of (7) and (9) into (6) indicates that the present algorithm
is second-order accurate in time. Note that the linearized
convection term is used to avoid nonlinear iteration. The
diffusion term is integrated using the second-order Crank-
Nicolson method.

Equations (6)–(9) are discretized by the Galerkin finite
element method (FEM) in space. For the convection dom-
inated flow, in order to eliminate the numerical oscil-
lation in the velocity solutions from the conventional
Galerkin method, a streamline upwind/Petrov-Galerkin
(SUPG) scheme is applied to the spatial discretization of (6).
In the SUPG scheme, an artificial diffusion term is added
to (6) with an appropriate weighting function chosen as
𝜏𝑠𝑐
𝑛

𝑘
𝛿𝑢𝑖,𝑘, where 𝛿𝑢𝑖 is the velocity test function, and the

parameter 𝜏𝑠 is defined as [20]

𝜏𝑠 =

𝑧ℎ
𝑒

2 ‖𝑐
𝑒
‖

,

𝑧 = coth (Pe) − 1

Pe
, Pe =

(




𝑐
𝑒


ℎ
𝑒
)

2]
,

(10)

where ℎ
𝑒, 𝑐𝑒, and Pe denote the characteristic element size,

the convection velocity in the element center, and the element
Peclet number, respectively.The velocity and the pressure are
interpolated by the linear shape function:

𝑢𝑖 = 𝑢𝑖𝐼Φ𝐼, 𝑝 = 𝑝𝐼Φ𝐼, (11)

where 𝑢𝑖𝐼 and 𝑝𝐼 are the nodal quantities of 𝑢𝑖 and 𝑝 at node
𝐼, and Φ𝐼 denotes the shape function of the finite element.
Multiplying (6)–(9) by test functions and integrating over
the computational domain, and adding the SUPG term, the
discrete matrix equations of the four steps can be obtained as
follows:

[𝑀
𝑛

𝑠𝐼𝐽
+ Δ𝑡 (𝐶

𝑛

𝐼𝐽
+

1

2

𝐷𝐼𝐽)] �̂�𝑖𝐽 = 𝑀
𝑛

𝑠𝐼𝐽
𝑢
𝑛

𝑖𝐽
−

1

2

Δ𝑡𝐷𝐼𝐽𝑢
𝑛

𝑖𝐽

+ Δ𝑡 (𝐺
𝑛

𝑖𝐼𝐽
𝑝
𝑛

𝐽
+ 𝐹
𝑛

𝑖𝐼
+ 𝐻𝑖𝐼) ,

𝑀𝐼𝐽𝑢
∗

𝑖𝐽
= 𝑀𝐼𝐽�̂�𝑖𝐽 + Δ𝑡𝐴 𝑖𝐼𝐽𝑝

𝑛

𝐽
,

(𝐵𝐼𝐽 − 𝐸𝐼𝐽) 𝑝
𝑛+1

𝐽
= −

1

Δ𝑡

𝐴 𝑖𝐼𝐽𝑢
∗

𝑖𝐽
,

𝑀𝐼𝐽𝑢
𝑛+1

𝑖𝐽
= 𝑀𝐼𝐽𝑢

∗

𝑖𝐽
− Δ𝑡𝐴 𝑖𝐼𝐽𝑝

𝑛+1

𝐽
,

(12)

where

𝑀
𝑛

𝑠𝐼𝐽
= ∫

Ω𝑒
Φ𝐼Φ𝐽𝑑Ω + ∫

Ω𝑒
𝜏𝑠𝑐
𝑛

𝑘
Φ𝐼,𝑘Φ𝐽𝑑Ω,

𝐶
𝑛

𝐼𝐽
= ∫

Ω𝑒
Φ𝐼𝑐
𝑛

𝑗
Φ𝐽,𝑗𝑑Ω + ∫

Ω𝑒
𝜏𝑠𝑐
𝑛

𝑘
Φ𝐼,𝑘𝑐
𝑛

𝑗
Φ𝐽,𝑗𝑑Ω,

𝐷𝐼𝐽 = ∫

Ω𝑒

1

Re
Φ𝐼,𝑗Φ𝐽,𝑗𝑑Ω,

𝐺
𝑛

𝑠𝑖𝐼𝐽
= ∫

Ω𝑒
Φ𝐼,𝑖Φ𝐽𝑑Ω − ∫

Ω𝑒
𝜏𝑠𝑐
𝑛

𝑘
Φ𝐼,𝑘Φ𝐽,𝑖𝑑Ω,

𝐹
𝑛

𝑖𝐼
= ∫

Ω𝑒
Φ𝐼𝑓𝑖𝑑Ω + ∫

Ω𝑒
𝜏𝑠𝑐
𝑛

𝑘
Φ𝐼,𝑘𝑓𝑖𝑑Ω,

𝐻𝑖𝐼 = ∫

Γ𝑒
Φ𝐼ℎ𝑖𝑑Γ , 𝐸𝐼𝐽 = ∫

Γ𝑒
Φ𝐼Φ𝐽,𝑖𝑛𝑖𝑑Γ,

𝑀𝐼𝐽 = ∫

Ω𝑒
Φ𝐼Φ𝐽𝑑Ω,

𝐴 𝑖𝐼𝐽 = ∫

Ω𝑒
Φ𝐼Φ𝐽,𝑖𝑑Ω, 𝐵𝐼𝐽 = ∫

Ω𝑒
Φ𝐼,𝑖Φ𝐽,𝑖𝑑Ω.

(13)

In (13), the boundary integrations are replaced by the
enforcement of the boundary conditions (5) on the bound-
aries of the computation domain.

2.2. Dynamic Equations of the Cylinders and Mesh Moving
Scheme. The motion equations of the vibrating cylinders
with two degrees of freedom are modeled by a mass-spring-
damper system as follows:

𝜕
2
𝑋

𝜕𝑡
2
+

4𝜋𝜁

𝑈𝑟

𝜕𝑋

𝜕𝑡

+

4𝜋
2

𝑈
2
𝑟

𝑋 =

𝐶𝐷

2𝑀𝑟

,

𝜕
2
𝑌

𝜕𝑡
2
+

4𝜋𝜁

𝑈𝑟

𝜕𝑌

𝜕𝑡

+

4𝜋
2

𝑈
2
𝑟

𝑌 =

𝐶𝐿

2𝑀𝑟

,

(14)

where𝑋 and 𝑌 represent the in-line and transverse displace-
ments of the cylinder, respectively; 𝜁 is the structural damping
ratio;𝑀𝑟 is the mass ratio, defined by

𝑀𝑟 =

𝑚

𝜌𝐷
2
, (15)

where 𝑚 is the cylinder mass of the per unit length and 𝜌 is
the fluid density. 𝐶𝐷 and 𝐶𝐿 are the drag and lift coefficients,
respectively, and they are computed by

𝐶𝐷 =

2𝐹𝐷

𝜌𝑈
2
∞
𝐷

, 𝐶𝐿 =

2𝐹𝐿

𝜌𝑈
2
∞
𝐷

, (16)

where 𝐹𝐷 and 𝐹𝐿 are the drag and lift forces acting on
the cylinder, respectively. The fluid forces are calculated by
integrating the pressure and viscous stress on the surface of
the cylinder. The reduced velocity 𝑈𝑟 is defined as

𝑈𝑟 =

𝑈∞

𝑓𝑛𝐷

, (17)
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where 𝑓𝑛 is the structural natural frequency. The tempo-
ral integration of (14) is carried out numerically by the
Newmark-𝛽 algorithm.

To accommodate the cylinder motion, the nodal dis-
placements of the FEM mesh are calculated based on the
boundary-value problem [21]:

[(1 + 𝜏) 𝑆𝑖]𝑗𝑗
= 0,

𝑆𝑖 = 𝑔𝑖




Γ
𝑚

, 𝑆𝑖 = 0|Γ
𝑓

,

(18)

where 𝑆𝑖 denotes the displacement component of the node in
the 𝑥𝑖-direction and 𝜏 is a parameter which controls themesh
deformation. In order to avoid excessive deformation of the
near wall elements, the parameter 𝜏 in an element is set to
be

𝜏
𝑒
=

(1 − Δmin/Δmax)

(Δ
𝑒
/Δmax)

, (19)

where Δ𝑒, Δmin, and Δmax represent the areas of the current,
the largest, and smallest elements in the mesh, respectively.
Γ𝑚 and Γ𝑓 are the moving and fixed portions of the boundary,
respectively; 𝑔𝑖 is the prescribed mesh displacement com-
ponent on Γ𝑚. By specifying the displacements at all the
boundaries, (18) is solved by the Galerkin FEM.

2.3. Fluid-Structure Interaction Procedure. The resolution
of the fluid-structure interaction (FSI) problem can be
conducted relatively easily by using a staggered algorithm
[22]. The main procedure can be described as follows. (i)
Initialize the fluid field on the initial mesh; (ii) calculate the
hydrodynamic force coefficients of the cylinders by solving
(16); (iii) solve (14) to get the displacements and velocities
of the cylinders; (iv) renew the mesh field based on (18);
(v) equations (12) are solved to obtain the fluid velocities
and pressure on the new mesh; (vi) go to step; (ii) continue
looping through these steps until the time limit for the
computation is reached. The in-house computational code
written by Fortran 90 is developed based on the algorithm
mentioned above.

3. Computational Details

3.1. Flow Domain and Boundary Conditions. The geometry
configuration and boundary conditions for a typical case of
𝛼 = 0

∘ are shown in Figure 2. The entire computational
domain is defined as Ω = [−30𝐷, 70𝐷] × [−30𝐷, 30𝐷].
A Dirichlet boundary condition is applied on the inlet
boundary as 𝑢1 = 𝑈∞ and 𝑢2 = 0, while, at the outlet,
the conditions are 𝜕𝑢𝑖/𝜕𝑥 = 0 and 𝑝 = 0. A no-slip
condition is imposed upon the surface of the cylinders. The
lateral boundaries have a slip condition of 𝜕𝑢1/𝜕𝑦 = 0

and 𝑢2 = 0. Numerical simulations for the VIV of three
cylinders are initialized from the solution of the flow over
the stationary counterpart. For reference and comparison, the
instantaneous vorticity fields of the flow over the stationary
system at Re = 150 are shown in Figure 3.

30D

30D

30D

70D

4D
1

2
u1 = U∞
u2 = 0

Flow
x

y

D

𝜕u1/𝜕y = 0, u2 = 0

𝜕u1/𝜕y = 0, u2 = 0

𝜕u1/𝜕x = 0

𝜕u2/𝜕x = 0

u1 = Ẋ

u2 = Ẏ

p = 03

Figure 2: VIV of three cylinders in equilateral-triangle arrangement
at 𝛼 = 0

∘: schematic diagram of the computational domain and
boundary conditions.

3.2. Mesh Resolution Study. To ensure the mesh indepen-
dency, three different meshes (named as M1, M2, and M3)
have been considered for the mesh refinement study in
the typical case of 𝛼 = 0

∘ and 𝑈𝑟 = 6.0. During the
refinement, the time steps of Δ𝑡 = 0.005, 0.002, and 0.001
are used, respectively, for meshes M1, M2 and M3. The mesh
parameters and the computed values for Cylinder 2 are given
in Table 1, along with the percentage differences. In this
table,𝑋max/𝐷 and𝑌max/𝐷 are the nondimensionalmaximum
vibration amplitudes in the in-line and transverse directions,
respectively, and St represents the vortex shedding frequency.
It is found that the maximum difference of 1.72% occurs in
the value of 𝑋max/𝐷 from M1 to M2, while the maximum
change is reduced to only 0.84% fromM2 toM3.These results
indicate thatM2 with a time step ofΔ𝑡 = 0.002 and 200 nodes
on each cylinder surface can provide acceptable temporal and
spatial resolutions. The entire finite element mesh for M2,
which consists of 101949 triangle elements and 51310 nodes,
is shown in Figure 4.

3.3. Code Validation Test. The finite element code is verified
by applying it to the numerical simulation of VIV of a
single cylinder with one degree of freedom (only transverse).
Figure 5 shows the maximum amplitude response against the
reduced velocity, along with the available solutions from the
literature [5, 13, 23]. All numerical results are based on the
same flow and structural parameters (Re = 150, 𝑀𝑟 = 2.0

and 𝜁 = 0.0). It is shown that there is an excellent agreement
between the present and previous results.The resonant region
with the maximum vibrations of 0.38 ≤ 𝑌max/𝐷 ≤ 0.57 is
observed in the simulations when 4.0 ≤ 𝑈𝑟 ≤ 7.0. All of
the response curves reach the peak amplitude at the same
reduced velocity of 𝑈𝑟 = 4.0. The comparisons indicate that
our numerical method can provide satisfactory results for the
VIV problem.

4. Results and Discussion

4.1. VIV of Three Cylinders at 𝛼 = 0
∘. Figure 6 shows

the variations of the vortex shedding frequencies of three
cylinders in equilateral-triangle arrangement with different
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(a) (b) (c)

Figure 3: Vorticity contours of the flow past three stationary cylinders at different flow incidence angles: (a) 𝛼 = 0
∘, (b) 𝛼 = 30

∘, and (c)
𝛼 = 60

∘.

Table 1: Mesh refinement study:𝑋max/𝐷, 𝑌max/𝐷 and St values for Cylinder 2 at 𝛼 = 0
∘ and 𝑈

𝑟
= 6.0.

Mesh Nodes on each cylinder Nodes Elements 𝑋max/𝐷 𝑌max/𝐷 St
M1 160 37605 74659 0.233 0.840 0.159
M2 200 51310 101949 0.237 (1.72%) 0.853 (1.55%) 0.159
M3 240 76425 152588 0.239 (0.84%) 0.857 (0.47%) 0.159
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Figure 4:The entire computational mesh for VIV of three cylinders
in equilateral-triangle arrangement at 𝛼 = 0
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Figure 5: Comparisons of maximum vibration amplitude for the
case of the VIV of a single cylinder at Re = 150.

𝑈𝑟 at 𝛼 = 0
∘. The variations of the structural natural

frequency 𝑓𝑛 and vortex shedding frequency of a single
vibrating cylinder are also shown in Figure 6. It can be found
that the synchronization or lock-in for three cylinders occurs
in the same range of 4 ≤ 𝑈𝑟 ≤ 8, which is wider than that for
a single cylinder (4 ≤ 𝑈𝑟 ≤ 7). Here, noted that at 𝑈𝑟 = 4, the
vortex shedding frequencies do not exactly match the 𝑓𝑛, and
there is a slight detuning, that is, “soft” lock-in. “Soft” lock-in
has been previously reported for a single cylinder [24, 25] and
has also been observed for two tandem or staggered cylinders
[5, 9, 10, 26]. As stated byMittal andKumar [26], this is one of
the physical mechanisms through which the nonlinear oscil-
lator self-limits its vibration amplitude. Another interesting
observation is that the vortex shedding frequencies of three
cylinders are identical at all reduced velocities examined.
Bao et al. [18] found a similar behavior for the stationary
counterpart. This can be attributed to the synchronization
between the wake interference and the vortex shedding from
the cylinders. Beyond the lock-in resonance regime (𝑈𝑟 ≥ 9),
the vortex shedding frequencies of three vibrating cylinders
approach that of the stationary counterpart (0.168) with the
vibration amplitude being reduced; it is also noted that the
vortex shedding frequencies of the single cylinder are slightly
larger than those of the three cylinders.

Figure 7 shows the maximum vibration amplitudes of
three cylinders in the transverse and in-line directions with
various 𝑈𝑟 at 𝛼 = 0

∘. The response of a single cylinder
is also included in the figure for comparison. It is found
that the vibration responses of the downstream Cylinders 2
and 3 are identical with each other in all conditions, due
to their symmetric flow configuration. From Figure 7(a), it
is seen that all three cylinders experience large amplitude
transverse vibrations within 4 ≤ 𝑈𝑟 ≤ 8, caused by the
lock-in resonance. The vibration responses of Cylinders 2
and 3 subjected to wake interference are larger than that
of the upstream Cylinder 1 or the single cylinder. The
peak amplitude of transverse vibration is about 0.853𝐷 for
Cylinders 2 and 3 while it is 0.653𝐷 for Cylinder 1 and 0.631𝐷
for the single cylinder. The vibration amplitudes of Cylinders
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Figure 6: Variations of the vortex shedding frequencies of three cylinders versus the reduced velocity at 𝛼 = 0
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Figure 7: Maximum vibration amplitudes of three cylinders as a function of the reduced velocity at 𝛼 = 0
∘: (a) transverse amplitude and (b)

in-line amplitude.

2 and 3 are still significant even if the 𝑈𝑟 is outside the lock-
in regime, and they are greater than 0.2𝐷 when 9 ≤ 𝑈𝑟 ≤

12. In addition, the presence of the downstream cylinders
has some effect on the upstream one. For example, the
upstream Cylinder 1 experiences larger amplitude vibrations
in the 𝑈𝑟 range of 5 ≤ 𝑈𝑟 ≤ 8 compared to the single
cylinder. As shown in Figure 7(b), the vibration amplitudes
in the in-line direction are much smaller than those in
the transverse direction shown in Figure 7(a). The in-line
vibration amplitudes of Cylinder 1 are qualitatively similar to

those of the single cylinder. However, the in-line responses of
Cylinders 2 and 3 are significantly larger compared to those
of the single cylinder within the lock-in range of 4 ≤ 𝑈𝑟 ≤ 8,
and the peak amplitude observed is 0.237𝐷 at 𝑈𝑟 = 6.

The coupled transverse and in-line vibrations of a single
cylinder typically present a figure-eight pattern because the
vibration frequency in the in-line direction is twice that in the
transverse direction [9].This behavior is also observed for the
upstream Cylinder 1 in the case of three cylinders at 𝛼 = 0

∘.
Figure 8 shows the Lissajous figures of themotion trajectories
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Figure 8: Lissajous figures of the trajectories for three cylinders versus the reduced velocity at 𝛼 = 0
∘: (a) 𝑈

𝑟
= 3, (b) 𝑈

𝑟
= 4, (c) 𝑈

𝑟
= 5, (d)

𝑈
𝑟
= 6, (e) 𝑈

𝑟
= 7, (f) 𝑈

𝑟
= 8, (g) 𝑈

𝑟
= 9, (h) 𝑈

𝑟
= 10, and (i) 𝑈

𝑟
= 12. In the plot, the black, cyan, and red lines represent the trajectories of

Cylinder 1, 2, and 3, respectively.

for the cylinders versus𝑈𝑟. It can be observed that, except for
the case of𝑈𝑟 = 4whereCylinder 1moves in amessy irregular
trajectory, most of the motions present a regular figure-eight
path. In contrast, themotions ofCylinders 2 and 3 showa very
different behavior and their trajectories exhibit considerable
variation with 𝑈𝑟. At lower 𝑈𝑟 = 3, the two cylinders move
in inclined figure-eight paths. During the lock-in regime, the
motion trajectories are either in fairly irregular shapes or
in inclined oval shapes. As 𝑈𝑟 increases beyond the lock-in
regime, the trajectories exhibit vertical oval shapes.These oval
motion trajectories imply that the vibration frequencies for
Cylinder 2 or 3 in the transverse and in-line directions are
the same but there is a certain phase difference between the
two vibrations.

Figure 9 shows the time histories of the transverse and
in-line displacements of three cylinders at 𝑈𝑟 = 6 and 𝑈𝑟 =

8. At 𝑈𝑟 = 6, Cylinders 2 and 3 undergo large amplitude
vibrations. Beating is observed from the time histories of both
transverse and in-line responses of the cylinders, resulting in
unclosed Lissajous figures as shown in Figure 8(d). At𝑈𝑟 = 8,
constant periodic vibrations are observed in the timehistories
of the responses of three cylinders, and these are typical of the
responses seen at many other 𝑈𝑟.

Figure 10 shows the instantaneous vorticity fields for the
fully developed flow with different 𝑈𝑟 at 𝛼 = 0

∘. At 𝑈𝑟 = 3, a
nearly in-phase synchronized vortex shedding is developed
behind the three cylinders. The vortices from upstream
Cylinder 1 pass though the gap between downstream Cylin-
ders 2 and 3 and merge with those from inner sides of the
downstream cylinders in the far wake. It is also noted that
the vortices from the outer sides of the downstream cylinders
do not take part in the merging process. This wake pattern
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Figure 9: Displacement time histories of three cylinders at 𝑈
𝑟
= 6 and 8. In the plot, the black and green lines represent the transverse and

in-line displacements, respectively.

is similar to that for the stationary counterpart shown in
Figure 3(a). Within the lock-in regime of 4 ≤ 𝑈𝑟 ≤ 8, because
of large amplitude vibrations of the cylinders, the vortices
shedding from them appear to be not in-phase synchronized.
The vortices from the upstream cylinder can even impinge on
the inner sides of the downstream cylinders and the vortex-
cylinder interactions become more active. An unstable wake
is observed at 4 ≤ 𝑈𝑟 ≤ 6, which is associated with
the unclosed trajectories shown in Figure 8; as the reduced
velocity increases up to 𝑈𝑟 = 7.0-8.0, a regular wake is
recovered behind the cylinders. Beyond the lock-in regime
(𝑈𝑟 = 9-10), all cylinders return to the in-phase synchronized
vortex shedding; however, with the vibration amplitude being
reduced, the downstreamwake becomes significantly narrow.

4.2. VIV of Three Cylinders at 𝛼 = 30∘. Figure 11 shows
the variations of the vortex shedding frequencies of three
cylinders with different 𝑈𝑟 at 𝛼 = 30

∘. Similar to the case of
𝛼 = 0
∘, the lock-in for three cylinders at𝛼 = 30

∘ also occurs in
the same range of 4 ≤ 𝑈𝑟 ≤ 8. At 𝑈𝑟 = 4, the vortex shedding
frequency of Cylinder 3 is much closer to the 𝑓𝑛 than those
of the other cylinders; in addition, it is significantly larger
compared to those of Cylinders 1 and 2 outside the lock-in
range. For tandem Cylinders 1 and 2, their vortex shedding
frequencies are identical with each other at all 𝑈𝑟, which
can be attributed to the synchronization between the flow
impingement and the vortex shedding from the downstream
cylinder. The frequency characteristics of Cylinders 1 and 2

in this case show a reasonable agreement with the available
numerical investigations on two tandem cylinders [9, 10].

Figure 12 shows the maximum transverse and in-line
vibration amplitudes of three cylinders with various𝑈𝑟 at 𝛼 =

30
∘. From Figure 12(a), it is seen that Cylinders 1 and 3 experi-

ence significant vibrations in the transverse direction within
the lock-in range of 4 ≤ 𝑈𝑟 ≤ 8, and their peak amplitudes are
comparable to that of the single cylinder. However, Cylinder 2
exhibits a completely different response. The peak amplitude
of Cylinder 2 shifts to a more higher reduced velocity (𝑈𝑟 =
8) compared to other cylinders and reaches a relatively
high value of 1.071𝐷, which is approximately twice those of
the other cylinders. The transverse response of Cylinder 2
remains at a high level even at the highest reduced velocity
(𝑈𝑟 = 12). As shown in Figure 12(b), the in-line responses
of Cylinders 1 and 3 are qualitatively similar to that of the
single cylinder. For Cylinder 2, the peak amplitudes show
much larger compared to the single cylinder, and the primary
peak at 𝑈𝑟 = 6 reaches a level as high as 0.614𝐷. Some local
peaks are observed at both sub- and super-harmonics of 𝑓𝑛
corresponding to𝑈𝑟 = 6. In existing numerical simulations of
VIV of two tandem cylinders [5, 9, 10, 13], the response of the
downstreamcylinder exhibits similar dynamic characteristics
to the present results for Cylinder 2.

Figure 13 shows the Lissajous figures of the trajectories
for three cylinders with some representative 𝑈𝑟 at 𝛼 =

30
∘. In most cases, the three cylinders move along unclosed

trajectories, which are particularly apparent for downstream



Advances in Mechanical Engineering 9

Ur = 3

Ur = 5

Ur = 7

Ur = 9

Ur = 4

Ur = 6

Ur = 8

Ur = 10

Figure 10: Vorticity fields for fully developed flow with different reduced velocities at 𝛼 = 0
∘.

S t

0.30

0.25

0.20

0.15

0.10

0.05
2 3 4 5 6 7 8 9 10 11 12 13

Ur

Cylinder 1
Cylinder 2
Cylinder 3

Single cylinder
fn

Figure 11: Variations of the vortex shedding frequencies of three cylinders versus the reduced velocity at 𝛼 = 30
∘.

Cylinder 2 due to the high disturbance in the wake of
upstream cylinder. Closed motions only occur at 𝑈𝑟 =

7 and 8 where the vortex shedding frequencies of three
cylinders collapse exactly upon the natural frequency 𝑓𝑛,
and the trajectories exhibit inclined figure-eight patterns.The

asymmetric feature of the motion patterns can be explained
by the asymmetric mean flow with respect to the free stream
direction.

Figure 14 shows the instantaneous vorticity contours of
the flow with some typical Ur at 𝛼 = 30

∘. The vortices
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Figure 12: Maximum vibration amplitudes of three cylinders as a function of reduced velocity at 𝛼 = 30
∘: (a) transverse amplitude and (b)

in-line amplitude.
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Figure 13: Lissajous figures of the trajectories for three cylinders at some representative reduced velocities at 𝛼 = 30
∘: (a) 𝑈

𝑟
= 3, (b) 𝑈

𝑟
= 5,

(c) 𝑈
𝑟
= 6, (d) 𝑈

𝑟
= 7, (e) 𝑈

𝑟
= 8, and (f) 𝑈

𝑟
= 9. In the plot, the black, cyan, and red lines represent the trajectories of Cylinder 1, 2, and 3,

respectively.

shedding from upstream Cylinder 1 always impinge on
downstream Cylinder 2. A near-independent vortex street is
developed behind Cylinder 3 and interacts with that behind
the two tandem cylinders. It is worth noting that at 𝑈𝑟 =

7 and 8, the vortices shedding from the inner sides of the
cylinders become weaker and weaker as they move further
downstream; therefore, a two-row vortex structure forms in
the far wake.
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∘.

4.3. VIV of Three Cylinders at 𝛼 = 60∘. Figure 15 shows
the variations of the vortex shedding frequencies of three
cylinders with different 𝑈𝑟 at 𝛼 = 60

∘. As seen in Figure 15,
for upstream Cylinders 1 and 3, the lock-in regime is the
same as that for the single cylinder. At the onset of the
lock-in, that is, 𝑈𝑟 = 4, the vortex shedding frequencies of
Cylinders 1 and 3 are much closer to the 𝑓𝑛 than that of the
single cylinder or Cylinder 2; with increasing𝑈𝑟, their vortex
shedding frequencies collapse onto the 𝑓𝑛 until reaching the
end of the lock-in at 𝑈𝑟 = 7. For downstream Cylinder 2, the
lock-in occurs in a wider range of 4 ≤ 𝑈𝑟 ≤ 8 compared to
the single cylinder, which indicates that the vortex shedding
of the downstream cylinder is affected by the upstream side-
by-side cylinders.

Figure 16 shows the maximum vibration amplitudes of
three cylinders with various 𝑈𝑟 at 𝛼 = 60

∘. The responses of
upstreamCylinders 1 and 3 are the same throughout the entire
range of𝑈𝑟, due to their symmetric flow configuration. From
Figure 16(a), it is observed that the maximum transverse
amplitudes of Cylinders 1 and 3 are very similar to that of the
single cylinder, which indicates that the transverse responses
of upstream cylinders are less affected by the downstream
cylinder. In contrast, the downstreamCylinder 2 shows larger
amplitude vibrations over the entire range of 𝑈𝑟 (especially
for the lock-in resonance range of 4 ≤ 𝑈𝑟 ≤ 8) due to the
wake interference and achieves the peak amplitude (0.818𝐷)
at 𝑈𝑟 = 7. As shown in Figure 16(b), the maximum in-
line amplitudes of Cylinders 1 and 3 are slightly larger than
those of the single cylinder, but still less than 0.1𝐷. For
the downstream Cylinder 2, significant in-line responses are
triggered in the range of 4 ≤ 𝑈𝑟 ≤ 8, corresponding to
the large amplitude transverse vibrations. At 𝑈𝑟 = 6, the in-
line maximum amplitude reaches a level as high as 0.437𝐷,
which is one order larger than that of the single cylinder.
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Figure 15: Variations of the vortex shedding frequencies of three
cylinders versus the reduced velocity at 𝛼 = 60

∘.

From Figure 16, it is seen that the variation of the vibration
amplitude of Cylinder 2 in the in-line direction is more
significant than that in the transverse direction.

For the equilateral-triangle arrangement at 𝛼 = 60
∘, the

motion trajectories of upstream Cylinders 1 and 3 usually
present unclosed figure-eight patterns, while the motion of
Cylinder 2 is irregular mostly. Figure 17 shows the Lissajous
figures of the trajectories for three cylinders with some repre-
sentative𝑈𝑟. It can be seen clearly that Cylinder 2 experiences
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Figure 16: Maximum vibration amplitudes of three cylinders as a function of reduced velocity at 𝛼 = 60
∘: (a) transverse amplitude and (b)

in-line amplitude.
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Figure 17: Lissajous figures of the trajectories for three cylinders with some representative reduced velocities at 𝛼 = 60
∘: (a) 𝑈

𝑟
= 6, (b)

𝑈
𝑟
= 7, and (c) 𝑈

𝑟
= 9. In the plot, the black, cyan, and red lines represent the trajectories of Cylinder 1, 2, and 3, respectively.

a very complex vibration, and the maximum amplitudes in
transverse and in-line directions are significantly larger than
those of the other two cylinders. The irregularity of the
motion of Cylinder 2 implies that the wake interference of the
upstream cylinders induces complex dynamic response of the
downstream cylinder.

Figure 18 shows the instantaneous vorticity fields with
some typical 𝑈𝑟 at 𝛼 = 60

∘. It is observed that the vortices
shedding from the upstream cylinders pass through the up
and down sides of the downstream cylinder and interact with
those shedding from downstream one, making the wake flow
more disordered. The reduced velocity has some effect on
the flow pattern: at 𝑈𝑟 = 3 and 4, different from the flow
pattern of the stationary counterpart shown in Figure 3(c)
where the vortex shedding in antiphase is formed behind
the upstream side-by-side cylinders, a nearly in-phase vortex
shedding occurs. However, when 𝑈𝑟 ≥ 5, the antiphase

vortex shedding is recovered at the lee sides of the upstream
cylinders.

4.4. Comparisons of Vibration Responses for Three Cylinders
at Different 𝛼. The lock-in region and peak vibration ampli-
tudes of three cylinders at three typical 𝛼 are listed in Table 2,
as well as those for a single cylinder. It is found that the lock-
in range for all cylinders appears to be less sensitive to the
flow incidence angle. The peak amplitudes of Cylinder 1 in
both directions are always close to those of the single cylinder,
while the peak amplitudes of Cylinder 2 become significantly
larger. It is worth noting that the vibration amplitudes of
1.071𝐷 and 0.614𝐷 for Cylinder 2 at 𝛼 = 30

∘ are the
maximum values of the transverse and in-line responses,
respectively, for all simulated cases in this study.The vigorous
vibrations of Cylinder 2 can be explained by the strong wake
flow impingement on the cylinder.
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Table 2: Lock-in range and peak vibration amplitudes for the three cylinders at different incidence angles and a single cylinder. In this table,
the bolded values 1.071 and 0.614 are the maximum transverse and in-line amplitudes, respectively, for all examined cases.

Cylinder 𝛼 Lock-in range Peak 𝑌max/𝐷 Peak𝑋max/𝐷

Single — 4–7 0.631 0.061

1
0∘ 4–8 0.653 0.049
30∘ 4–8 0.621 0.065
60∘ 4–7 0.622 0.072

2
0∘ 4–8 0.853 0.237
30∘ 4–8 1.071 0.614
60∘ 4–8 0.818 0.437

3
0∘ 4–8 0.853 0.237
30∘ 4–8 0.641 0.071
60∘ 4–7 0.612 0.069

5. Conclusions

Vortex-induced vibrations of three cylinders in equilateral-
triangle arrangement at three flow incidence angles (𝛼 = 0

∘,
30∘, and 60∘) have been investigated numerically at Re = 150.
The gap spacing between the cylinders is set as 4𝐷. A low
mass ratio of𝑀𝑟 = 2.0 and a zero value of damping coefficient
are assigned to be the structural parameters. The four-step
fractional FEM is employed to solve the governing equations
of fluid flow in two dimensions with varying reduced veloci-
ties from3 to 12.Main conclusions are summarized as follows.

At 𝛼 = 0
∘ and 30∘, the lock-in for three cylinders occurs

in the same range of 4 ≤ 𝑈𝑟 ≤ 8, which is wider than that
for a single cylinder (4 ≤ 𝑈𝑟 ≤ 7). At 𝛼 = 60

∘, the lock-
in range for the two upstream cylinders is 4 ≤ 𝑈𝑟 ≤ 7,
while it is 4 ≤ 𝑈𝑟 ≤ 8 for the downstream cylinder. For
each 𝛼, within the lock-in range the cylinders undergo large
amplitude resonant vibrations, especially for the downstream

cylinder (or cylinders). At 𝛼 = 30
∘, the vibration amplitudes

of 1.071𝐷 and 0.614𝐷 for the downstream cylinder are the
maximum values of the transverse and in-line responses,
respectively, among all cases examined in this paper.

At 𝛼 = 0
∘, the trajectories of the upstream cylinder

generally present a typical figure-eight pattern similar to
that of the single cylinder. However, the two downstream
cylinders move along oval trajectories at many𝑈𝑟, indicating
that the transverse and in-line vibrations have the same
frequency but with a phase difference; the vortices shedding
from the three cylinders are found to be nearly in-phase
synchronized except within the lock-in range. At 𝛼 = 30

∘,
closed motions for the three cylinders only occur at 𝑈𝑟 = 7

and 8 where the vortex shedding frequencies of the cylinders
are exactly equal to the structural natural frequency, and
their trajectories exhibit inclined figure-eight patterns due
to the asymmetric mean flow. At 𝛼 = 60

∘, the vibration of
the downstream cylinder is irregular mostly because the two
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upstream cylinders have complicated wake interferences on
the downstream cylinder; within the range of 4 ≤ 𝑈𝑟 ≤ 5,
it is observed that the shedding vortices from the upstream
cylinders change from in-phase synchronized pattern to
antiphase synchronized pattern.
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Numerical simulations were performed in this paper to investigate an elastically mounted circular cylinder subjected to vortex-
induced vibration (VIV). A three-step finite element method (FEM) is introduced for solving the incompressible fluid flow
equations in two dimensions. The computational procedure is coupled with a mesh movement scheme by use of the arbitrary
Lagrangian-Eulerian (ALE) formulation on account of the body motion in the flow field. On running the numerical simulations,
the Reynolds number was kept constant of Re = 100 and the reduced velocity𝑈

𝑟
=U/(𝑓

𝑛
D) was varied from 3.0 to 10.2 by changing

the natural frequency 𝑓
𝑛
of the cylinder.Themass ratiom∗ = 4m/𝜌𝜋D2 and damping ratio 𝜉 are set to be 10.0 and 0.01, respectively,

where U is free-stream velocity, D the diameter of the circular cylinder, 𝑚 the mass of the cylinder per unit length, and 𝜌 the
density of the fluid. Numerical results are examined for the response amplitude of transverse direction as well as the phase angle, 𝜑,
between the lift force and the transverse displacement of the cylinder. The numerical results reveal that the transverse amplitudes
present only two branches, namely, initial branch and lower branch, rather than three branches as the results obtained from high-
Re experiments with low 𝑚

∗
𝜉. On the other hand, the phase angles present almost linear increase with the reduced velocity in

the synchronization region. However, experiments concerned with high Re exhibit a sudden jump in phase angle of approximate
180
∘. The difference between the present study and the high-Re experiment is attributed to no substantial vortex shedding mode

transition at the present numerical results of laminar flow.

1. Introduction

Vortex-induced vibrations of bluff bodies have been studied
for a long time due to thier importance in both academic
researches and engineering applications. The prediction of
offshore structures subjected to VIV is one of the most
challenging tasks since the complicated fluid-structure inter-
action phenomenon is involved. For the purpose of under-
standing this issue, the fluid flow over an elastically-mounted
circular cylinder has received numerous attentions in the past
decades. It is well known that the lock-in or synchronization
will occur as the vortex shedding process is governed by
the natural frequency of the cylinder and results in the
attendant failure in fatigue. Comprehensive comments and
reviews focused on the various aspects of VIV can be found

in Bearman [1], Sarpkaya [2], Gabbai and Benaroya [3], and
the recent review of Williamson and Govardhan [4].

Making an attempt at understanding the fundamental
phenomena involved in VIV, a majority of experimental
investigations have been conducted to concentrate on a self-
excited cylinder exposed to the incoming flow. Feng [5] was
among the first researchers to investigate the VIV problem
with a single degree of freedom flexible cylinder at high
Reynolds numbers (Re = 104 ∼ 5 × 105). In the experimental
results, the jump in the phase angle 𝜑 was observed when
the lock-in occurred. In addition, the transverse amplitude
with respect to reduced velocity showed the hysteresis effect
by continuously increasing and decreasing the fluid speed.
Brika and Laneville [6] investigated the VIV of a flexible
cylinder through experimental study (Re = 3400∼11800). Two
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different response amplitude branches were identified. The
transition in the different branches was accompanied by the
change in the vortex sheddingmode. Khalak andWilliamson
[7] found that there are two distinct types of amplitude
response for the elastically mounted cylinder limited to
oscillate in transverse direction, depending on the values
of the mass-damping parameter 𝑚∗𝜉. For the low mass-
damping parameter 𝑚∗𝜉, three different amplitude branches
were detected, defined as the initial branch, the upper branch,
and the lower branch. However for the high mass-damping
parameter𝑚∗𝜉, only initial branch and lower branch exist in
the transverse displacement which is similar to the previous
observations [5].

It is worth pointing out that all the above mentioned
experimental works focused on high Reynolds numbers. The
fluid flow possesses evidently three-dimensional character-
istics. Apart from the experimental investigations, the com-
putational fluid dynamics (CFD) method based on Navier-
Stokes equation is an alternative choice for understanding
the mechanism of VIV. As authors know, only few sets of
numerical simulations have been conducted in three dimen-
sions related to high Re due to the limitation of computer
resources [8, 9]. Although the fluid flow is inherently three-
dimensional, the two-dimensional computations still can
provide useful insight on the various aspects associated with
the VIV problem [10]. Several two-dimensional numerical
simulations were conducted to study the VIV at high Re
in conjunction with the necessary turbulence model [11–13].
However, in the present study, our way of understanding
VIV is performed at the low Re in consideration of few
studies concentrating on the main concern of this paper.
Mittal and Kumar [14] carried out numerical simulations of
an elastically mounted circular cylinder subjected to VIV at
Re = 325.They reported a soft-lock-in phenomenon, defined
as the vortex shedding frequency, that does not exactly match
the structural frequency. Shiels et al. [15] suggested a new
parameter, defined as effective elasticity 𝑘eff, to demonstrate
the dynamic response of a cylinder subjected to VIV at
Re = 100. The response displacements and hydrodynamic
coefficients with respect to 𝑘eff were examined. Following
the above idea, Placzek et al. [16] also conducted numerical
simulations of laminar fluid flow over a cylinder restricted
to oscillate in transverse direction at Re = 100. Similar to
the work of Shiels et al. [15], they examined the response
displacement and hydrodynamic coefficients. In addition, the
vortex shedding mode was addressed in their work.

The objective of this work is to investigate the VIV of an
elasticallymounted circular cylinder freely oscillating in both
cross-flow and in-line directions. A three-step finite element
method coupled with ALE formulation was developed for
solving the fluid-structure problem. In the present study, we
concentrate our thoughts on laminar fluid flowwith Re = 100
and mass-damping parameter𝑚∗𝜉 = 0.1. It is hoped that the
present study can contribute to not only the various aspects
involved in VIV at low Re but also to the ascertainment of
the similarities and differences of VIV between the low Re
and high Re. On the basis of present numerical solution, the
dynamic responses of the oscillating cylinder are analyzed. At

the same time, the timing of vortex shedding patterns is also
investigated in this work.

2. Numerical Model

2.1. Governing Equations and Numerical Discretization. The
governing equations of the laminar fluid flow, represented by
the nondimensional continuity equation and Navier-Stokes
equations, can be written in the following ALE formulation
[17]:

𝜕𝑢𝑖

𝜕𝑥𝑖

= 0, (1)

𝜕𝑢𝑖

𝜕𝑡

+ 𝑐𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗

= −

𝜕𝑝

𝜕𝑥𝑖

+

1

Re
𝜕

𝜕𝑥𝑗

(

𝜕𝑢𝑖

𝜕𝑥𝑗

) , (2)

where 𝑢𝑖 is the fluid velocity components correlating with
the Cartesian coordinate 𝑥𝑖 in the present two-dimensional
numerical model (i.e., 𝑢𝑖 = 𝑢, 𝑢2 = V corresponding to 𝑥1 =
𝑥, 𝑥2 = 𝑦) and 𝑝 and 𝑡 denote pressure and time, respectively.
TheReynolds number is defined as Re = 𝜌𝑈𝐷/𝜇with 𝜇 being
the dynamic viscosity of the fluid.Under theALEdescription,
the convection term in Navier-Stokes equations is revised so
as to accommodate the moving boundary conditions; it reads
as follows:

𝑐𝑗 = 𝑢𝑗 − 𝑚𝑗, (3)

where 𝑚𝑗 is the velocity components of the moving mesh
occupied by the fluid.

In the present study, the standard finite element method
is adopted to generate the solution of Navier-Stokes equa-
tions. As is well known, the standard finite element method
shows weak performance for solving the fluid problem in
comparison with the solution of solid mechanics due to
the convection dominated characteristic in the fluid flow
[18]. To overcome this problem, the upwind finite element
methods are usually employed, such as the SUPG (Stream-
line Upwind/Petrov-Galerkin) method and Taylor-Galerkin
method. In the present numerical investigation, a three-step
finite element method affiliated to Taylor-Galerkin method is
utilized to discretize the Navier-Stokes equations. The three-
step finite element method is first proposed by Jiang and
Kawahara [19] which exhibited good performance to produce
stable numerical results for advection-diffusion problems
because of its inherently higher-order upwind scheme [20].
However, the original three-step finite element method was
developed for the fixed computational meshes from the
Eulerian point of view. Therefore, it is extended to the ALE
reference coordinates as described in (2) in order to consider
themoving boundary conditions. Following the idea of three-
step finite element method, the momentum equation can be
discretized as follows:

𝑢
𝑛+1/3

𝑖
− 𝑢
𝑛

𝑖

Δ𝑡/3

= −𝑐
𝑛

𝑗

𝜕𝑢
𝑛

𝑖

𝜕𝑥𝑗

−

𝜕𝑝
𝑛

𝜕𝑥𝑖

+

1

Re
𝜕

𝜕𝑥𝑗

(

𝜕𝑢
𝑛

𝑖

𝜕𝑥𝑗

) , (4)



Advances in Mechanical Engineering 3

𝑢
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𝑖

𝜕𝑥𝑗

) ,

(5)

𝑢
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𝑖
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= −𝑐
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𝑗
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−
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+
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𝜕

𝜕𝑥𝑗

(

𝜕𝑢
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𝑖

𝜕𝑥𝑗

) ,

(6)

where the superscripts 𝑛, 𝑛 + 1/3, 𝑛 + 1/2, and 𝑛 + 1 illustrate
the time levels at 𝑛Δ𝑡, 𝑛Δ𝑡 + Δ𝑡/3, 𝑛Δ𝑡 + Δ𝑡/2, and (𝑛 + 1) Δ𝑡,
respectively. It should be noted here that the calculations of
the 𝑐𝑗 at different time levels are in terms of the same mesh
moving velocity as the 𝑛th time step.

Observation of (6) suggests that the pressure at 𝑛 + 1

time level has to be obtained beforehand in order to have the
solutions of velocity 𝑢𝑛+1. In the present numerical model,
by means of applying the divergence operation on both sides
of (6) and forcing the mass conservation 𝜕𝑢𝑛+1

𝑖
/𝜕𝑥𝑖 = 0, the

Poisson-type pressure equation can be obtained as follows:

𝜕

𝜕𝑥𝑖

(

𝜕𝑝
𝑛+1

𝜕𝑥𝑖

) =

1
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𝜕𝑥𝑖

−

𝜕
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𝑗

𝜕𝑢
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𝑖

𝜕𝑥𝑗

)

+

𝜕

𝜕𝑥𝑖

[

1

Re
𝜕

𝜕𝑥𝑗

(

𝜕𝑢
𝑛+1/2

𝑖

𝜕𝑥𝑗

)] .

(7)

Under the description of three-step finite element
method, the velocity and pressure in Navier-Stokes equations
are decoupling based on the mentioned high-order Taylor-
Galerkin scheme. Therefore, the solution of fluid velocity
and pressure can be performed independently through the
standard Galerkin finite element method. Consequently, the
overall procedures of the three-step finite element algorithm
for solving the present two-dimensional VIV can be summa-
rized as the following steps.

(1) Solving the momentum equation (4) to obtain the
intermediate velocity 𝑢𝑛+1/3

𝑖
.

(2) Calculating the velocity 𝑢𝑛+1/2
𝑖

based on (5) with the
available 𝑢𝑛+1/3

𝑖
,𝑚𝑛
𝑗
, and 𝑝𝑛.

(3) Solving the Poisson-type pressure equation with BI-
CGSTAB method [21] to obtain the distribution of
pressure at 𝑛 + 1 time level.

(4) Correcting the fluid velocity with (6) and getting the
final 𝑢𝑛+1

𝑖
.

(5) Calculating the structural response with the available
external force.

(6) Updating the computational meshes and getting the
grid velocities for the next time step.

The time-dependent drag and lift coefficients, normalized
by 0.5𝜌𝐷𝑈2, are calculated by the integration operation of

ALE domain
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Figure 1: Computational domain of incompressible viscous flow
over elastically mounted circular cylinder.

the instantaneous pressure and vorticity along the surface of
the cylinder:

𝐶𝐷 (𝑡) = −∫

2𝜋

0

𝑝 (𝑡) cos 𝜃 𝑑𝜃 − 1

Re
∫

2𝜋

0

𝜔 (𝑡) sin 𝜃 𝑑𝜃,

𝐶𝐿 (𝑡) = −∫

2𝜋

0

𝑝 (𝑡) sin 𝜃 𝑑𝜃 + 1

Re
∫

2𝜋

0

𝜔 (𝑡) cos 𝜃 𝑑𝜃,
(8)

where 𝜃 is the angle from the positive 𝑥 axis and 𝜔(𝑡) =

𝜕V/𝜕𝑥 − 𝜕𝑢/𝜕𝑦 is the local vorticity.
The Strouhal number St, denoting the nondimensional

vortex shedding frequency, is defined as

St =
𝑓𝐷

𝑈

, (9)

which can be evaluated through the Fast Fourier Transform
(FFT) analysis of the time-dependent lift force with 𝑓 being
the vortex shedding frequency.

2.2. Computational Domain and Boundary Conditions. The
sketch definition for oscillating cylinder subjected to VIV in
uniform flow is shown in Figure 1. The cylinder is placed
in a rectangular computational domain. The boundaries of
upstream and downstream are located at 60𝐷 and 85𝐷 rel-
ative to the center of the cylinder, respectively, while the half
breadth in the lateral directions is set to be 45𝐷. For the pur-
pose of reducing the computational efforts associated with
the ALE mesh update, a rather smaller square subdomain
enclosing the maximal possible oscillation of the cylinder
is used, referring to the ALE domain in Figure 1, where the
mesh deformation is carried out in order to accommodate
the motion of the circular cylinder. Otherwise, outside the
ALE domain, the fixed Eulerianmeshes are adopted, allowing
the elemental coefficient matrix to be formed beforehand and
used repetitively for the computational advance.

The boundary conditions are imposed as follows: the
no-slip boundary condition is specified on the surface of
the cylinder, that is, 𝑢 = 𝑑𝑋/𝑑𝑡, V = 𝑑𝑌/𝑑𝑡, which is
the same as the velocities of the cylinder oscillation, and
𝜕𝑝/𝜕n = 0, where n is the outward unit vector. At the
inlet, the dimensionless velocity components 𝑢 = 1, V = 0
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are prescribed together with 𝜕𝑝/𝜕𝑥 = 0. As for the two
lateral boundaries, far away from the oscillating cylinder, the
approximations of 𝜕𝑢/𝜕𝑦 = 0, V = 0, and 𝜕𝑝/𝜕𝑦 = 0

are imposed. Along the outlet boundary, the free outflow
boundary condition is applied, namely, 𝜕𝑢/𝜕𝑥 = 0, 𝜕V/𝜕𝑥 =
0, and 𝑝 = 0. The computations start from the still water
state, implying the initial conditions with zero pressure and
velocities.

2.3. Grid Update Strategy. In the present study, the circular
cylinder is assumed to be mounted on springs in both
cross-flow and in-line directions with the same structural
attribution. Hence, the motion of the body is governed by the
following linear oscillator equations:

𝑚 ̈𝑥 + 𝑐 ̇𝑥 + 𝑘𝑥 =

1

2

𝜌𝐷𝑈
2
𝐶𝐷,

𝑚 ̈𝑦 + 𝑐 ̇𝑦 + 𝑘𝑦 =

1

2

𝜌𝐷𝑈
2
𝐶𝐿,

(10)

where 𝑚, 𝑐, and 𝑘 represent the mass of the cylinder per
unit length, structural damping, and the rigidity of the
spring, respectively. ̈𝑥, ̇𝑥, and 𝑥 denote the acceleration,
velocity, and displacement of the circular cylinder in the
in-line direction, respectively, while ̈𝑦, ̇𝑦, 𝑦 are the cross-
flow acceleration, velocity, and displacement, respectively.
Employing the following relationships, 𝑐/𝑚 = 4𝜋𝜉𝑓𝑛, 𝑘/𝑚 =

(2𝜋𝑓𝑛)
2 and 𝑚∗ = 4𝑚/𝜌𝜋𝐷2, the oscillator equations can be

rewritten as

̈𝑥+ 4𝜋𝜉𝑓𝑛
̇𝑥+ (2𝜋𝑓𝑛)

2
𝑥 =

2𝑈
2
𝐶𝐷

𝜋𝑚
∗
𝐷

, (11)

̈𝑦+ 4𝜋𝜉𝑓𝑛
̇𝑦+ (2𝜋𝑓𝑛)

2
𝑦 =

2𝑈
2
𝐶𝐿

𝜋𝑚
∗
𝐷

. (12)

The nondimensional forms of the variables in (11) can be
defined by

𝑋 =

̈𝑥𝐷

𝑈
2
, 𝑋 =

̇𝑥

𝑈

, 𝑋 =

𝑥

𝐷

,
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̈𝑦𝐷

𝑈
2
, ̇𝑌 =

̇𝑦

𝑈

, 𝑌 =

𝑦

𝐷

, 𝐹𝑛 =

𝑓𝑛𝐷

𝑈

.

(13)

Inserting (13) into (11), the final nondimensional govern-
ing equations can be obtained as

𝑋 + 4𝜋𝐹𝑛𝜉𝑋 + (2𝜋𝐹𝑛)
2
𝑋 =

2𝐶𝐷

𝜋𝑚
∗
,

̈𝑌 + 4𝜋𝐹𝑛𝜉
̇𝑌 + (2𝜋𝐹𝑛)

2
𝑌 =

2𝐶𝐿

𝜋𝑚
∗
.

(14)

The reduced velocity𝑈𝑟 is defined as𝑈𝑟 = 𝑈/𝑓𝑛𝐷 = 1/𝐹𝑛.
In the present study, the reduced velocity𝑈𝑟 is varied from 3.0
to 10.2 by changing the natural frequency 𝑓𝑛 of the circular
cylinder. Solving (14) can obtain the dynamic response of
the cylinder due to VIV. Under the ALE description, the
nodal coordinates inside the ALE domain should be updated
to accommodate the motion of the oscillating cylinder. In

the present model, the Laplace equation is employed to
perform the grid update at each time step by assuming that
the grids in the ALE domain are composed of linear elastic
materials [22]. Therefore, the ALE Cartesian coordinates can
be solved by

Δ𝑋 = 0, Δ𝑌 = 0, (15)

where 𝑋 and 𝑌 are the horizontal and vertical coordinates
after the ALE grid update, respectively, and Δ = 𝜕

2
/𝜕𝑥
2
+

𝜕
2
/𝜕𝑦
2 is the two-dimensional Laplacian operator. It can be

discretized by the standard Galerkin finite element method
and solved by the same subroutine used for the pressure
equation. During the numerical solution, the unchanged
coordinates are prescribed along the outer boundaries of
the ALE domain, while the new coordinates on the cylinder
surface are imposed as the boundary conditions.The updated
coordinates𝑋 and 𝑌 are remapped to the Eulerian computa-
tional meshes, denoted by 𝑥𝑛+1

𝑖
for the flow simulation at the

𝑛 + 1 time level. Therefore, the velocities of the moving mesh
grids in the ALE domain can be evaluated as

𝑚
𝑛+1

𝑖
=

(𝑥
𝑛+1

𝑖
− 𝑥
𝑛

𝑖
)

Δ𝑡

.
(16)

3. Numerical Validations

In this study, the numerical model is first verified by con-
sidering the grid independence. The main variables of the
present study are the hydrodynamic coefficients as well as the
displacements. Therefore, for the purpose of validating the
accuracy of the present numerical model, two different cases
are selected to compare the abovementioned parameterswith
the previous available work. The first case is the flow over a
fixed cylinder at Re = 100. After that, the case of an elastically
mounted circular cylinder oscillating in transverse direction
behind a stationary cylinder is considered at Re = 150.

3.1. Spatial and Time Convergence. For the purpose of
establishing the grid independence of the present numerical
model, numerical calculations were conducted by consid-
ering four different mesh sizes. The number of elements
and nodes of different grids utilized is shown in Table 1.
Here, the extreme situation is considered with Re = 100,
𝑚
∗

= 10.0, 𝜉 = 0.01, and 𝑈𝑟 = 5.2 which produces
the largest response displacement in the transverse direction.
The detailed numerical results with respect to the response
displacements and hydrodynamic coefficients are also listed
in Table 1, where 𝑁𝑐, 𝑁𝑟 denote the number of grid points
along the surface of the cylinder and in the radial direction.
𝑌RMS, 𝑋𝑀, 𝑋RMS, 𝐶

𝑀

𝐷
, 𝐶RMS
𝐷

, and 𝐶RMS
𝐿

represent the root
mean square (RMS) transverse displacement, mean in-line
displacement, RMS in-line displacement, mean drag force,
RMS drag, and lift force, respectively. In addition, during the
numerical computations, the dynamic time step is utilized in
this model, which is determined by

Δ𝑡 = 𝜆Min(
√𝑆𝑒

𝑢𝑒

) , (17)
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Table 1: Grid independence test for freely oscillating cylinder at Re = 100, 𝑈
𝑟
= 5.2,m∗ = 10.0, and 𝜉 = 0.01.

Mesh 𝑁
𝑐
× 𝑁
𝑟

Elements Nodes 𝑌RMS 𝑋
𝑀

𝑋RMS 𝐶
𝑀

𝐷
𝐶

RMS
𝐷

𝐶
RMS
𝐿

Mesh 1 80 × 60 28918 29339 0.353 0.085 0.005 1.950 0.308 0.630
Mesh 2 104 × 70 39692 40190 0.353 0.085 0.005 1.949 0.310 0.633
Mesh 3 120 × 80 47300 47846 0.353 0.085 0.005 1.951 0.311 0.634
Mesh 4 144 × 90 59624 60242 0.353 0.085 0.005 1.954 0.312 0.635

where 𝑆𝑒 is the area of a computational cell, 𝑢𝑒 is the absolute
velocity at the center of the mesh cell, and the function
Min(∗) denotes the minimal value of all the computational
meshes. The numerical stability is further guaranteed by a
safe coefficient 𝜆 = 0.3 considering that the present three-
step finite element scheme proves to be consistent with the
uniform CFL condition.

It is evident in Table 1 that the numerical results of the
concerned variations are not sensitive to the four different
grid sizes. Therefore, Mesh 3 is selected throughout the
numerical simulations from accurate and efficient points of
view.

3.2. Numerical Validations. The numerical code is first vali-
dated by considering laminar fluid flow over a fixed circular
cylinder at Re = 100. The corresponding numerical results
are shown in Table 2. The present results exhibit good agree-
ment with the numerical results obtained from the references
as displayed in Table 2, suggesting that the present numerical
model works well.

The present numerical model is further validated against
an elastically mounted circular cylinder oscillating in trans-
verse direction behind a stationary cylinder at Re = 150.
Two cylinderswith the samediameter are arranged in tandem
form and the center-to-center distance between them is 𝐿𝑐
= 3.0D. The comparisons of the nondimensional oscillating
amplitude 𝐴𝑓/𝐷 at various reduced velocities 𝑈𝑟 are shown
in Figure 2. The mass ratio𝑚∗ and damping ratio 𝜉 are set to
be 2.0 and 0.007, respectively. It can be seen that the transverse
displacement of the rear cylinder increases rapidly with the
reduced velocity and attains the maximum 𝐴𝑓/𝐷 ≈ 0.91

around 𝑈𝑟 = 6.0, which means that the lock-in happens.
After that, the displacement response decreases slowly and
approaches to constant value at the extremely large reduced
velocity. Figure 2 shows that the numerical results of this
work are in good agreement with those obtained fromCarmo
et al. [26], indicating that the present numerical model is
adequate to produce enough accuracy to calculate the VIV
problem.

4. Numerical Results and Discussion

In the present study, numerical simulations were conducted
for VIV of an elastically mounted circular cylinder freely
oscillating in both cross-flow and in-line directions. All of the
numerical results herein were obtained at Re = 100, mass
ratio 𝑚∗ = 10.0, and structural damping ratio 𝜉 = 0.01,
leading to a low combined mass-damping parameter 𝑚∗𝜉 =
0.1. The reduced velocity 𝑈𝑟 was varied from 3.0 to 10.2, and
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Figure 2: Comparison of vortex-induced vibration of elastically
mounted circular cylinder in steady flow.

Table 2: Comparisons of hydrodynamic forces and St at Re = 100.

References 𝐶
𝑀

𝐷
𝐶
𝐴

𝐿
St

Wanderley et al. [13] 1.30 0.25 0.158
Stansby and Slaouti [23] 1.32 0.35 0.166
Norberg [24] — 0.32 0.164
Baranyi and Lewis [25] 1.34 0.32 0.166
Present 1.33 0.33 0.165

the change in the reduced velocity was achieved by altering
the natural frequency of the cylinder.

4.1. Dynamic Response of the Cylinder. The numerical results
associated with the maximum transverse displacement 𝑌max,
the response frequency 𝑓/𝑓𝑛, and the phase angle 𝜑 between
lift force and displacement are shown in Figure 3.

The variation of the maximum transverse displacement
𝑌max with respect to reduced velocity 𝑈𝑟 is shown in
Figure 3(a). It shows that there is no evident upper branch
as defined by Khalak and Williamson [7] in the response
displacement. Instead, only initial branch and lower branch
are clearly seen which coincides with experimental results
reported by Anagnostopoulos and Bearman [27] for laminar
fluid flow with very low 𝑚

∗
𝜉. Khalak and Williamson [7]

reported that the 𝑚∗𝜉 has a great influence on the response
amplitude branch. For the low 𝑚

∗
𝜉, the response amplitude

should exhibit three different branches which is different
from the present numerical investigations concerned with
laminar flow. Therefore, by the collaboration of the present
numerical simulation and those obtained from the experi-
mental results of Anagnostopoulos and Bearman [27] and
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Figure 3: Vortex excited dynamic response of the cylinder in transverse direction at different reduced velocities.

Khalak andWilliamson [7], it is inferred that𝑚∗𝜉 is not only
the factors responsible for the number of branches in the
amplitude response but also the Reynolds number. Further
inspection reveals that the peak value of the transverse dis-
placement is approximately 0.5D occurring at𝑈𝑟 = 5.2which
illustrates the onset of the synchronization. In addition, the
response displacement undergoes sudden transition from
initial branch to lower branch at 𝑈𝑟 = 7.1 and 𝑈𝑟 = 7.2

without having an intermediate value of reduced velocity.
Figure 3(b) displays the frequency response against

reduced velocity. In this picture, 𝑓 is the vortex shedding
frequency obtained from the FFT analysis of the time-
dependent lift force. One of the important phenomena asso-
ciated with VIV is the synchronization. It has been pointed
out that the synchronization can be defined as the vortex
shedding frequency 𝑓 matches the natural frequency 𝑓𝑛 of
the cylinder [18]. This is well demonstrated in Figure 3(b)
where the two vertical dashed lines illustrate the boundaries
of the synchronization region. Over the synchronization
range, 𝑈𝑟 = 5.2 ∼ 7.1, it is observed that the vortex
shedding frequency is modulated to the natural frequency of
the elastically mounted circular cylinder and the oscillations
are dominated by the oscillating frequency 𝑓. Although only
one frequency is plotted in Figure 3(b), it is not suggestive
that a single frequency is involved in the lift force. In fact, the
interaction between the oscillating frequency 𝑓 and the nat-
ural vortex shedding frequency 𝑓st usually introduces some
additional frequencies for not only the synchronization cases
but also for the nonsynchronization ones. Typical examples
can be found over the range of reduced velocities 4.75 ≤

𝑈𝑟 ≤ 5.1. In this reduced velocity range, multiple frequencies
are presented in the spectra of the response making the
lift and displacement fluctuations behave large deviation
from the pure-tone oscillations. A similar phenomenon was
also observed by Blackburn and Henderson [10] which is
divided into three different oscillating patterns according to

the periodical characteristics in the oscillations. This will be
demonstrated later.

The averaged phase angle 𝜑 between lift force and
response displacement with reduced velocity is plotted in
Figure 3(c). Before the onset of lock-in, 3.0 ≤ 𝑈𝑟 ≤ 5.1,
the phase angle is found to be around 0∘. After that, a linear
increase in the phase angle is observed in the synchronization
region rather than the sudden jump around 180∘ observed
in the high-Re experiment. In other words, the phase angle
shows great dependence on the reduced velocity in this
region. As for the transition from the initial branch to
lower branch, the phase angle jumps from 129.82∘ to 161.96∘.
For the lower branch, the averaged phase angle presents to
be independent on the reduced velocity and keeps almost
constant values of approximate 180∘.

As the above mentioned numerical results state, the
present study exhibits two distinct aspects in the dynamic
response in comparison with the results obtained from the
high-Re experiment. First, only two amplitude response
branches are displayed in the transverse displacement with
low 𝑚

∗
𝜉. Secondly, the phase angle gradually ascends with

the increasing reduced velocity in the synchronization rather
than an abrupt jump was observed in the high-Re experi-
ments. We now want to make a brief discussion about what
is reason to result in the difference of dynamic response
between the low-Re two-dimensional flow and the high-
Re experiment. Inspections of the high-Re experiment [7]
as well as the two-dimensional numerical simulations [12,
13] concerned with high Re reveal that the jump in the
phase angle is usually accompanied by the transition of
2S vortex shedding mode to 2P. Here, 2S vortex shedding
mode is defined as the vortices with opposite signs and shed
alternately from each side of the cylinder, while in the 2P
vortex shedding mode, two vortex pairs were shed from the
cylinder as the interpretation ofWilliamson andRoshko [28].
However, in the present study, only 2S vortex shedding mode
is detected. It is inferred that the strong dissipation effect
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for the laminar flow prohibits the formation of 2P vortex
shedding mode, the consequent absence of the upper branch,
and the jump in the phase angle.

In Figure 4, we present the numerical results of RMS
displacement as well as the mean displacement of in-line
direction. Again, the two vertical dashed lines demonstrate
the synchronization region.

In Figure 4(a), compared with the transverse displace-
ment, the RMS displacement of in-line direction behaves
extremely small value. This is the reason why the in-line
dynamic response is often neglected in the previous study.
However, the oscillating frequency of in-line is usually two
times of that of the transverse direction, so it is believed
that the stream-wise oscillation may produce the similar
effect on the fatigue damage as the transverse direction
[29]. Further examination of Figure 4(a) shows that two
peaks are clearly seen. They are adjacent to the lower and
higher reduced velocity boundaries of the synchronization
region. Figure 4(b) displays the mean displacement of in-
line direction. From this figure, it is observed that, with
the increasing of reduced velocity, the mean displacement
increases continuously. However, a lower slope is found in
the synchronization region than the other reduced velocity
ranges.

4.2. Hydrodynamic Forces. In Figure 5, the numerical results
of hydrodynamic forces associated with RMS lift force, RMS
drag force, and mean drag force are presented. It should be
noted here that the hydrodynamic forces are normalized by
the corresponding results obtained for a fixed cylinder at
the same Reynolds number. The two vertical dashed lines
represent the lock-in region as displayed in Figure 3.

Figure 5(a) displays 𝐶RMS
𝐿

/𝐶
RMS
𝐿0

associated with different
reduced velocities. Compared with the fixed cylinder, at
the beginning of initial branch, VIV makes the oscillating
cylinder experiences slightly larger value of𝐶RMS

𝐿
than that of

the fixed cylinder until 𝑈𝑟 = 4.75. After that, the 𝐶
RMS
𝐿

/𝐶
RMS
𝐿0

undergoes rapidly increase with the increasing of reduced
velocity and attains maximum value at 𝑈𝑟 = 5.0 which is
adjacent to the onset of the lock-in region. At this point,
we find that the 𝐶RMS

𝐿
of the freely oscillating cylinder is

approximately four times that of the stationary cylinder. In
the lock-in region, with the increasing of reduced velocity, the
𝐶
RMS
𝐿

decreases continuously, but it still holds larger values
than the fixed cylinder at the lower reduced velocity range
of the synchronization. However, it is found that transition
occurs at a critical reduced velocity 𝑈𝑟 = 5.8 for the 𝐶RMS

𝐿
.

Beyond this critical reduced velocity, the 𝐶RMS
𝐿

is small in
comparisonwith the result of the fixed cylinder for the higher
reduced velocity range in the synchronization. For the lower
branch with 𝑈𝑟 ≥ 7.2, it is evident that the switch from the
initial branch to lower branch results in the change of trend in
the𝐶RMS
𝐿

/𝐶
RMS
𝐿0

. Over this reduced velocity range,𝐶RMS
𝐿

/𝐶
RMS
𝐿0

increases slowly and approaches to almost constant value at
the large reduced velocities. The 𝐶RMS

𝐿0
for the fixed cylinder

is found to be approximately 1.3 times that of the oscillating
cylinder subjected to VIV.

Figures 5(b) and 5(c) show the variables of 𝐶RMS
𝐷

/𝐶
RMS
𝐷0

and 𝐶
𝑀

𝐷
/𝐶
𝑀

𝐷0
, respectively. Contrasted to the variable

𝐶
RMS
𝐿

/𝐶
RMS
𝐿0

, 𝐶RMS
𝐷

/𝐶
RMS
𝐷0

exhibits the similar trend with the
reduced velocity. However, in the synchronization region,
it is observed that 𝐶RMS

𝐷
/𝐶

RMS
𝐷0

almost linearly decreases
with the increasing of the reduced velocity rather than the
parabolic decrease in 𝐶RMS

𝐿
/𝐶

RMS
𝐿0

. Moreover, the maximum
value of the 𝐶RMS

𝐷
is found to be 55 times of that for the fixed

cylinder. As for the 𝐶𝑀
𝐷
/𝐶
𝑀

𝐷0
as presented in Figure 5(c), it

is observed that, at the beginning of the initial branch, the
𝐶
𝑀

𝐷
is approximately equal to the 𝐶𝑀

𝐷0
. After a rapid increase,

𝐶
𝑀

𝐷
/𝐶
𝑀

𝐷0
reaches its maximum value at the exact onset of the

synchronization. For the lower branch, it is evident that the
increasing in the reduced velocity almost has limited effect
on the 𝐶𝑀

𝐷
/𝐶
𝑀

𝐷0
which is slightly smaller than 1.0.

4.3. Time Traces of Displacement and Hydrodynamic Coeffi-
cient. In the above mentioned study, we report a multiple-
frequency phenomenon over the range of reduced velocity
4.75 ≤ 𝑈𝑟 ≤ 5.1. Here, three typical examples are selected
to demonstrate this phenomenon; they are 𝑈𝑟 = 4.8, 4.9, and
5.0, respectively. The corresponding numerical results with
respect to hydrodynamic force and response displacement
are presented in Figure 6. In this picture, the left column
represents the time traces of lift force, while the response
displacements for transverse direction are shown in the right
column.

Time traces of lift force and transverse displacement with
respect to 𝑈𝑟 = 4.8 are displayed in Figure 6(a). It is evident
that both the lift force and transverse displacement clearly
behave the beating oscillations and share the same beating
period. Further, increasing 𝑈𝑟 to 𝑈𝑟 = 4.9, the absence of
periodical repetition discloses the characteristic of random
oscillation. As for Figure 6(c) associated with 𝑈𝑟 = 5.0, long-
period oscillations are evident for both the lift force and
transverse displacement giving rise to the classification of this
case as weakly chaotic defined by Blackburn and Henderson
[10] but concentrating on a cylinder forced oscillating in
transverse direction.

One of the most important aspects involved in VIV is the
synchronization. Hence the numerical results associated with
the time traces of transverse displacement and lift force at
various reduced velocities in the synchronization region are
presented in Figure 7.

As shown in Figure 7, the amplitude of displacement is
observed to decrease with the increase of reduced velocity
which is coincident with the observations of Figure 3(a) in
the synchronization. All the displacements are in purely
harmonic fluctuations. As for the lift forces, it is evident that
the oscillating cylinder introduces an additional frequency
resulting in that the lift forces are slight deviation from the
pure-tone oscillations. Figure 8 shows the spectra analysis
of the lift force time series corresponding to Figure 7. In
Figure 8, the oscillating frequency 𝑓 of the lift force is
normalized by the natural frequency 𝑓𝑛 of the cylinder. It is
found that the primary frequency, which exhibits the highest
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represent the root mean square lift,
drag force, and mean drag force obtained from the results of the fixed cylinder at Re = 100, respectively.

amplitude in the spectra, peaks at the natural frequency
of the cylinder. However, the oscillating cylinder gives rise
to not only the primary frequency but also the frequency
component of three times of the primary frequency 3𝑓𝑛. Both
the two frequencies result in the lift force is slight deviation
from the simple harmonic oscillation.

4.4. Timing of Vortex Shedding. From the above discussion,
we find that the vortex shedding mode has a great influence
on the dynamic response of cylinder subjected to VIV. To
support this claim, in Figure 9, the instantaneous vorticity
contours are shown at various reduced velocities. The vortic-
ity contours cover three different phase angle ranges.The first
range is at 𝑈𝑟 = 4.2 and 4.6 with the phase angle near 0∘. The
second range corresponds to the gradual increase of phase
angle in the synchronization with 𝑈𝑟 = 5.2, 5.8, 6.2, 6.6, 7.1,
respectively. At last,𝑈𝑟 = 7.1 and 9.0 are selected for the lower
branch where the phase angle is approximately 180∘. It should
be mentioned here that the vorticity contours are taken at
the instant where the cylinder is at its maximum transverse
displacement. The negative vorticity is represented by blue
color, while the red color illustrates the positive vorticity.

It is seen in Figures 9(a) and 9(b) that, corresponding to
the beginning of the initial branch as presented in Figure 3(a)

with 𝑈𝑟 = 4.2 and 4.6, the classical Von Kármán vortex sheet
is displayed for these two cases, that is, 2S vortex shedding
mode. Further increasing𝑈𝑟 to𝑈𝑟 = 5.2 which is responsible
for the onset of synchronization and themaximum transverse
displacement, compared with the vorticity contour at 𝑈𝑟 =
4.2 and 4.6, the vortex shedding develops into two rows and
coalesces in the far wake instead of a single vortex suggesting
the occurrence of the 𝐶(2S) vortex shedding mode as
reported by [30]. In the synchronization, the oscillations grow
gradually as presented in Figure 3(a); the evolution of vortex
shedding with the increase of reduced velocity is displayed
by Figures 9(b)–9(g). The vortex shedding transition from
𝐶(2S) to 2S shedding mode is clearly seen with the increasing
of reduced velocity. As the above discussion, the vortex
coalesces in the far wake at 𝑈𝑟 = 5.2. Although two-row
configuration of vortex shedding is shown at 𝑈𝑟 = 5.8, there
is no evident coalescence effect in the far wake suggesting
again the occurrence of the 2S vortex shedding mode. For
the values of 𝑈𝑟 between 6.2 and 7.1, with the decrease of
response displacement shown in Figure 3(a), the trend of
vortex shed in a single row aligned in the medial plane is
clearly exhibited. Finally, the classical Von Kármán vortex
sheet is presented again at 𝑈𝑟 = 7.1 which is associated with
the low amplitude response of VIV. Further investigations
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Figure 6: Time traces of hydrodynamic coefficients and displacement at three typical reduced velocities: (a) 𝑈
𝑟
= 4.8, (b) 𝑈

𝑟
= 4.9, and (c)

𝑈
𝑟
= 5.0.

reveal that the length of the vortex attached to the upper side
of the oscillating cylinder continuously increased with the
increasing𝑈𝑟.The increasing negative vorticity interacts with
the positive vorticity generated on the base of the oscillating
cylinder making the vortex affiliated to the lower side of the
cylinder roll up with a long distance relative to the cylinder.
The vortex shedding mode which is accompanied by the
transition from initial branch to lower branch is displayed
in Figure 9(h) by increasing the reduced velocity from 𝑈𝑟 =

7.1 to 𝑈𝑟 = 7.2. From the above discussion, it is found
that there is no substantial vortex shedding mode transition
between such two different response branches which is alien
from the experimental results of high Re [7]. In the high-Re
experiment, it is observed that the transition in the response
branch results in the change in the vortex shedding pattern
from 2S to 2P as well as the jump in phase angle. Although
the same 2S vortex shedding mode is observed for 𝑈𝑟 = 7.1

and 𝑈𝑟 = 7.2, there is still difference between the vorticity
contours. At 𝑈𝑟 = 7.2, the amount of both the positive and
negative vorticity generated in the shear layer is less than
that of 𝑈𝑟 = 7.1 resulting in the reduction in the length
of the opposite-sign vortex pair attached to the cylinder.
Moreover, compared with vortex at𝑈𝑟 = 7.1, the lower vortex
has rolled up tightly making the upper vortex split into two
vortices. As for the vortices far away from the cylinder, an
interesting phenomenon is found that the vorticity for 𝑈𝑟 =
7.1 presents almost mirror image of that for𝑈𝑟 = 7.2. For the
lower branch cases with 𝑈𝑟 = 7.2 and 𝑈𝑟 = 9.0, the same
2S vortex shedding mode is shown for these two reduced
velocities. From the above discussion, we find that there are
two different vortex shedding patterns, namely, 𝐶(2S) and
2S, respectively. Observations suggest that the 𝐶(2S) vortex
shedding pattern is found at the high-amplitude oscillation,
while 2S is responsible for the low-amplitude oscillations.
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Figure 7: Time history of lift force and transverse displacement in the synchronization.

In Figure 6, the numerical results of both the hydrody-
namic forces and response displacements display instanta-
neous characteristics which should be closely related to the
timing of vortex shedding. Hence, in Figure 10, we display the
vorticity contours corresponding to the different instants of
transverse displacements at 𝑈𝑟 = 5.0.

In Figure 10(b) corresponding to rather small response
displacement, the single vortex is shed from the upper side
of the cylinder, while the vortex coalesces between each
other at the lower side of the cylinder suggesting that this
is a competitive shedding mode between 2S and 𝐶(2S). The
vorticity contours presented in Figures 10(c) and 10(d) are
obtained at the moderate response displacements. Both the
two cases show the 2S vortex shedding mode and slight
difference between each other. At the large response dis-
placement, the 𝐶(2S) vortex shedding patterns are observed
as shown in Figures 10(e) and 10(f). However, Figure 10(f)
presents longer length in the vortex behind the oscillat-
ing cylinder than that in Figure 10(e). As time progresses
to 𝑡 = 787.88, the 2S shedding mode is observed in

Figure 10(g) which is associated with small response dis-
placement. Because of the long-period characteristic between
the instantaneous displacement of Figures 10(b) and 10(h),
the vorticity contour presented in Figure 10(h) shows the
approximately same shedding pattern as Figure 10(b). From
the above discussions, we find that the periodic vortex
shedding process now is governed by the long period as
presented in the displacement of Figure 10(a) instead of
the oscillating frequency of the cylinder. On the other hand,
it is inferred that the competition between the 2S and 𝐶(2S)
vortex shedding mode resulted in the random and weakly
chaotic oscillations as displayed in Figures 6(b) and 6(c).

5. Conclusions

Numerical results have been presented for a freely oscillating
cylinder subjected to VIV with low combinedmass-damping
parameter 𝑚∗𝜉 = 0.1 in the regime of laminar flow Re =

100. Computations were conducted by the three-step finite
element method in conjunction with ALE formulation on
account of the body motion in the fluid field. Although
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Figure 8: Spectra of lift forces at various reduced velocities.

the present study focuses on the laminar fluid flow, two
amplitude branches, namely, initial branch and lower branch,
are identifiedwhich have been found by the previous research
at high-Re experiment with high combined mass-damping
parameter. However, with low combined mass-damping
parameter𝑚∗𝜉, three different amplitude branches are exhib-
ited in the high-Re experiment which is different from the
present study.We attribute the absence of the 2P vortex shed-
ding mode to the lack of the upper branch. The phase angle

between the lift force and transverse displacement is also
addressed in the present work. It is found that the phase angle
gradually climbs with the increasing of the reduced velocities
in the synchronization rather that an abrupt phenomenon
at high-Re experiment. High-Re experiments reveal that
the jump in the phase angle is usually accompanied by
the substantialtransition of vortex shedding mode. However,
very similar vortex shedding modes of 𝐶(2S) and 2S were
found in the present study. The corresponding numerical
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results show that the 2S vortex shedding mode is observed
as the cylinder oscillates in low amplitude, while the high-
amplitude oscillations are responsible for the occurrence of
𝐶(2S) vortex shedding mode. It is found that the VIV can
lead to large response hydrodynamic forces on the cylinder
especially for the RMS drag force. The maximum value of
the 𝐶RMS
𝐷

is found to be 55 times of that for the fixed cylinder
at the same Reynolds number.
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We have successfully employed two-step circumspinal decompression for the treatment of thoracic OPLL. In the first step,
laminectomy is performed according to the ossified lesion, and then correcting fixation of kyphosis (dekyphosis) is performed using
instrumentation. In this study, we reconstructed the first step by a FEM.A commercially available FEMof the humanbody, THUMS,
was used for the modeling of the operative procedure.The spinal cord and OPLL were incorporated into this model. After applying
imposed displacement to OPLL, mechanical stress on the spinal cord was measured before or after posterior decompression at
the occupying rates in the spinal canal between 0 and 70% in this model. When the occupancy rate was greater than 60%, the
stress decreased after decompression compared to before decompression. The stress decreased by up to 52.3%. For reconstruction
of dekyphosis, the change in the stress was analyzed after imposed displacement by which the spine was decreased: the cobb angle
decreased by 10 degrees between T7 to T11. As a result, the stress further decreased by 14.6%.The present study proved the usefulness
of posterior decompression and dekyphosis in order to reduce the pressure of the spinal cord in circumspinal decompression.

1. Introduction

Ossification of the posterior longitudinal ligament (OPLL)
is an intractable disease characterized by spinal canal nar-
rowing and spinal cord compression due to ossification/
enlargement of the posterior longitudinal ligament extending
craniocaudally along the posterior surfaces of the vertebral
bodies, resulting in spinal paralysis.

We performed a 2-step surgery (posterior decompression
and fusion as the first step and anterior decompression as the
second step) for OPLL in the thoracic spine to achieve cir-
cumspinal decompression and obtained favorable results [1].
At the time of posterior decompression and fusion, correcting
fixation of kyphosis (dekyphosis) in addition to laminectomy
had been performed [2, 3]. Dekyphosis may lead to indirect
spinal cord decompression, producing favorable results.

Therefore, we produced finite element models (FEMs)
of OPLL in the thoracic spine, including the thoracic spinal
cord, and mechanically evaluated the effects of posterior

decompression and fusion, with dekyphosis as our routine
method on the spinal cord, using computer simulation.

2. Methods

2.1. Posterior Decompression and Fusion with Dekyphosis. In
posterior decompression and fusion as the routine method,
laminectomy in the ligament ossification area is performed,
followed by posterior decompression. Subsequently, left and
right pedicle screws are inserted into the cranial and caudal
sides of the ossification area, and rods with curvature about
15 degrees smaller than the kyphosis angle are placed into the
screw heads for 5 to 10 degrees reduction in kyphosis and
stabilization (Figure 1).

2.2. Production and Analysis of FEMs. To utilize the total
human model for safety (THUMS: Toyota technical develop-
ment) as a FEMof the humanbody in this study, the following
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revisions were made. The THUMS is an FEM model of
the whole human body for crash analysis (Figure 2(a)). The
model used in this study was for an assumed female in the
standing position (height, 150 cm; weight, 50 kg; and age,
40–50 years). From this THUMS, the head, spine, and ribs
were extracted, and modifications were made to obtain a
continuousmodel in this study (Figure 2(b)).The spinal cord,
spinal nerve roots, and OPLL were added to the original
model for this study (Figure 2(c)).

Since Tsuzuki [4] reported that the spinal canal area
is smaller at the 8th thoracic spine (T8) and T9 than at
other levels, OPLL between T8 and T9 may induce severe
myelopathy. Therefore, the model was constructed assuming
OPLL between T8 and T9. The shape of OPLL was assumed
to be the simple segmental type.The ligamentum flavum was
assumed to have a simple shape with amaximum thickness of
2mm.The material constants of the ligament were inputted.

The spinal cord was added so that it could pass through
the midline of the spinal canal. We performed modeling,

assuming that the spinal cord extends to L5. Since ossification
at T8-T9 was assumed in this study, the thickness of the
spinal cord at T8-T9 was used. The thickness of the spinal
cord at this level was determined based on the measurement
results on MRI images of 20 healthy adults. As a result of
the determination of the percentage of the anteroposterior
diameter of the spinal cord to that of the spinal canal at T8-
T9, the mean value was 50% (45%–60%). Therefore, the size
of the spinal cord was determined to be 6.5mm (50% of
the anteroposterior diameter of the spinal canal at T8-T9).
The transverse diameter was determined to be 10mm as the
general size [5]. There are no generally accepted opinions
about Young’s moduli of the gray and white matters of the
spinal cord [6, 7]. Therefore, in this study, to simplify the
model, we used the results of tensile tests performed by
Bilston and Thibault [8] using the human cervical spinal
cord without distinction between the gray and white matters.
Spinal nerve roots from the 1st cervical spinal nerve to the
5th lumbar spinal nerve were constructed. Each nerve root
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was established so that it would originate in the spinal cord
at the middle level of each vertebral body and be fixed on the
posterolateral side of the vertebral body corresponding to the
intervertebral foramen. The material constants of the nerve
root were determined based on the report by Scifert et al.
[9].

In this study, to evaluate the mechanical effects of spinal
cord decompression, two models (before and after posterior
decompression) were produced. The model after posterior
decompression was produced by removing the vertebral
arches (the posterior part of a vertebra) of T8 and T9 from
the preoperative model (Figure 3).

The material constants of this analytic model were the
same as those used in the THUMS.Thematerial constants of
OPLL, which were newly added, were assumed to be similar
to those of cortical bone in the thoracic spine (Table 1).
Further, 248.7(N) corresponding to the weight of the upper
half body was applied to the center of gravity of the trunk,
and analysis was performed [10]. As having restraining

conditions, the intervertebral disc and spinal cord on the
lower surface of L5 were completely fixed.

There have been various studies on the relationship
between the occupation rate and symptoms [11–13]. Mat-
sunaga et al. [14] reported that myelopathy developed in
all 45 patients with an occupation rate ≥60%. Therefore,
in this study, to create an occupation rate ≥60%, analysis
was performed by changing the size of OPLL so that the
occupation rate became 70%, respectively. Changes in OPLL
were reproduced by applying forced displacement to the
surface (Figure 4).

Under these conditions, analysis and comparison were
performed using the model before posterior decompres-
sion and model after laminectomy representing posterior
decompression. In addition, mechanical evaluation after
posterior decompression followed by thoracic dekyphosis
was performed. Since the mean dekyphosis angle in the
15 patients that we surgically treated was 6 degrees (5–10
degrees), the maximum dekyphosis angle in this study was
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Table 1: Material constants of the model.

Part of the model Young’s modulus [MPa] Poisson’s ratio
Cancellous bone

C1–C7 70.00 0.300
T1–T12 203.0 0.450
L1–L5 70.00 0.450
Rib 40.00 0.450

Cortical bone
C1–C7 5000 0.300
T1–T12 (front) 5000 0.300
T1–T12 (rear) 4000 0.300
L1–L5 1000 0.450
Rib 18900 0.300

Rib cartilage 24.50 0.400
Cartilage 12.60 0.400
Annulus in 0.200 0.400
Annulus out 13.30 0.400
Nucleus pulposus

C1–C7 0.198 0.499
L1–L5 0.013 0.499
T1–T12 0.200 0.499

Vertebral endplate 500.0 0.400
Cartilaginous endplate 24.00 0.400
Brain 0.102 0.499
Lamina 8000 0.220
Diploe 200.0 0.220
Face 5540 0.220
OPLL, OLF 5000 0.300
Iliolumbar ligament 10.00 0.000
LCL, SCL 52.00 0.000
SSL, ISL, LF, ITL 10.00 0.300
ALL, PLL 20.00 0.400
ALL, PLL (cervical) 3.250 0.220
LN (C2–C7) 3.010 0.220
Nerve root 31.50 0.450
ALL: anterior longitudinal ligament; ISL: interspinous ligament; ITL: inter-
transverse ligament; LCL: lateral costotransverse ligament; LN: ligamentum
nuchae; PLL: posterior longitudinal ligament; SCL: superior costotransverse
ligament; SSL: supraspinous ligament.
Young’s modulus is a measure of the stiffness of an isotropic elastic material
in solid mechanics. Poisson’s ratio is the negative ratio of transverse to axial
strain.

determined to be 10 degrees, and stress was measured with
each dekyphosis angle from 0 to 10 degrees. As shown in
the postdecompression model with a Cobb angle (the angle
formed between a line drawn parallel to the superior endplate
of the upper vertebra and a line drawn parallel to the inferior
endplate of the lower vertebra) between T7 and T11 of 19
degrees in Figure 5, dekyphosis was reproduced by rotating
the upper part of T7 by −5 degrees and the lower part of T11
by 5 degrees (total rotation, 10 degrees).

3. Results

3.1. Analysis of the Model before Posterior Decompression.
When the occupation rate of OPLL was gradually increased

from 0%, stress in the spinal cord began to develop at about
25%, and it increased with the occupation rate. In particular,
when the occupation rate exceeded 60%, the spinal cord was
markedly deformed, and stress sharply increased (Figures
6(a) and 7).Themaximum stress at an occupation rate of 70%
was 618 kPa.

3.2. Analysis of the Model after Posterior Decompression.
In the postdecompression model as well as the predecom-
pression model, stress increased with the occupation rate.
The stress in this model was similar to that in the prede-
compression model until an occupation rate of 50%, but
it was lower than that in the predecompression model at
an occupation rate ≥50% (Figures 6 and 7). The maximum
stress at an occupation rate of 70% was 295 kPa, showing a
52.3% reduction compared with the value (618 kPa) in the
predecompression model.

3.3. Analysis of Dekyphosis. In the model after posterior
decompression, dekyphosis reduced stress in the spinal cord.
The degree of this reduction increased with an increase in
the dekyphosis angle. At an occupation rate of 70%, the
stress before dekyphosis (dekyphosis angle was 0 degree)
was 295 kPa, but it maximally decreased to 252 kPa (a
14.6% reduction) when the dekyphosis angle was 10 degrees
(Figure 8).

4. Discussion

We have reported that posterior decompression followed by
kyphosis correction is effective against myelopathy due to
thoracic OPLL based on clinical results. However, there have
been no mechanical studies on this surgery. In this study,
FEMs of thoracic OPLL were produced, and stress generated
in the spinal cord was analyzed.

In the predecompression model, stress generated in the
spinal cord began to increase when the OPLL occupation
rate increased to 25%.This may have been because of contact
between OPLL and the spinal cord at an occupation rate of
25%. The maximum stress began to sharply increase at an
occupation rate of 60%. The spinal cord comes into contact
with the ligamentum flavum at an occupation rate of 50%,
but since the ligamentum flavum is soft, this ligament may
not have affected the maximum stress at an occupation rate
from 50% to 60%.These results suggest that the risk of spinal
cord disorder increases at an OPLL occupation rate >60%.

At an OPLL occupation rate ≥60%, stress generated in
the spinal cord was lower in the postdecompression model
than in the predecompression model. At an occupation rate
of 70%, the maximum stress generated in the spinal cord
was 618 kPa before posterior decompression and 295 kPa after
posterior decompression, showing a 52.3% decrease. This
may have been because of the absence of anteroposterior
trapping of the spinal cord due to laminectomy. Posterior
decompression markedly decreased stress in the spinal cord.

On the other hand, the results of the present experiment
suggest that stress remains in the spinal cord even after
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posterior decompression, and the effects of posterior decom-
pression performed alone are inadequate in the presence of
extensive OPLL. Tokuhashi et al. [15] described that spinal
decompression is inadequate in using posterior decompres-
sion and fusion alone when the thoracic kyphosis angle is
>23 degrees. Ito et al. [16] defined the local ossification angle
(the medial angle at the intersection between a line from the
superior posterior margin at the cranial vertebral body of
maximumOPLL to the top of OPLLwith beak type and a line

from the lower posterior margin at the caudal vertebral body
of the maximum OPLL to the top of OPLL with beak type)
and reported poor improvement in the JOA score after pos-
terior decompression alone when this angle was >28 degrees.
Thus, since there is a possibility that the results of posterior
decompression are affected by not only the size of the anterior
ossification lesion but also the local kyphosis angle, changes
in stress in the spinal cord after reducing kyphosis were
evaluated in the dekyphosis model in this study. As a result,
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the maximum stress decreased by 14.6% after a 10-degree
reduction in kyphosis compared with the predekyphosis
value in the model at an OPLL occupation rate of 70%.
This shows a decrease in spinal cord compression by OPLL
after dekyphosis, which may have been because the spinal
cord shifted posteriorly after dekyphosis and was indirectly
decompressed. Based on these results, further improvement
in symptoms by indirect decompression using dekypho-
sis can be also expected in clinical practice. Matsuyama
et al. [17] clearly showed, using intraoperative ultrasonog-
raphy, a reduction in pressure from OPLL after dekyphosis

using posterior instrumentation. Posterior stabilization with
instrumentation prevents postoperative kyphosis and the
instability after posterior decompression for thoracic OPLL
[15, 17–19]. Dekyphosis stabilization is not only to maintain
spinal stability but also to reduce the compressive pressure of
the OPLL plaque on the spinal cord [3].

In actual surgery, posterior decompressionwith dekypho-
sis is performed as a first-step operation, and resection of
OPLL using an anterior approach is performed as a second-
step operation. Our results showed that stress in the spinal
cord is markedly reduced by posterior decompression and
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further reduced by the following dekyphosis as a first-
step operation. This spinal cord decompression allows safer
OPLL resection using an anterior approach as a second-step
operation.

In this study, the spinal cord was modeled as a simple
shape with a constant thickness. For more detailed analysis
of the spinal cord closer to that in the human body, analysis
using models that also have the dura meter, cerebrospinal
fluid, and internal structures of the spinal cord is necessary.
In addition, since the morphology of the spinal cord as well
as OPLL differs among individuals, analysis using a model of
each patient is also clinically required. Thus, analysis using
models closer to the human body is necessary in the future.

5. Conclusion

We reconstructed the OPLL model using a finite element
model, and the mechanical stress on the spinal cord was
measured.

(1) After the laminectomy when the occupancy rate was
70%, the stress put on the spinal cord is decreased by
52.3%

(2) We found that laminectomy was more effective when
the OPLL occupancy rate was greater.

(3) When the dekyphosis angle was 10 degrees, the stress
on the spinal cord decreased by 14.6%.

(4) This study demonstrates that the pressure on the
spinal cord is indirectly reduced by dekyphosis.
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Some fastening techniques such as self-piercing riveting,mechanical clinching, and structural adhesive bonding are efficient joining
methods which are suitable for joining advanced lightweight sheet materials that are hard to weld. The recent literature relating to
fatigue behavior of such fastening joints and finite element analysis is reviewed in this paper. The recent development in fatigue
behavior analysis of the fastening joints is described with particular reference to some major factors that influence the fatigue
behavior of the fastening joints: failure mechanism, environmental effects, and hybrid joining techniques. The main methods used
in finite element analysis of fatigue behavior of the fastening joints of sheet materials are discussed and illustrated with brief case
studies from the literature.

1. Introduction

Due to the need to design lightweigh thin-walled structures
and the increased use of lightweight materials in different
industries, some relative new joining techniques such as self-
piercing riveting (SPR), mechanical clinching, and structural
adhesive bonding have drawn more attention in recent years
because they can join advanced sheet materials that are
dissimilar, coated, and hard to weld [1–5].

Fatigue loading is a common cause of failure in the fas-
tening joints. In order to understand the failure mechanisms
and the influence of parameters, the fatigue behavior analysis
of the fastening joints of sheet materials has been the subjects
of a considerable amount of experimental and numerical
studies [6–15].The increasing complex joint geometry and its
three-dimensional nature combine to increase the difficulty
of obtaining an overall system of governing equations for
predicting the fatigue properties of the fastening joints. To
overcome these problems, the finite element analysis (FEA)
is frequently used [16–24].

As self-pierce riveting and clinching are considered to
be alternatives to spot-welding, most investigations have
focused on comparisons of the mechanical behavior of joints

manufactured by these techniques. Research in this area has
shown that SPR and clinching gives joints of comparable
static strength and superior fatigue behavior to spot weld-
ing, whilst also producing promising results in peel and
shear testing. Figure 1 compares the fatigue behavior of SPR
and clinching with spot welding [25]. Structural adhesively
bonded joints are also the efficient method for joining both
metallic and nonmetallic structures where strength, stiffness
and fatigue life must be maximized at a minimum weight.
Hybrid joints bring together the advantages of different
fastening techniques. Published work relating to fatigue
behavior analysis of the fastening joints of sheet materials is
reviewed in this paper, in terms of fracture mechanics, effects
of environmental conditions, and hybrid joining techniques.

2. Self-Piercing Riveting

SPR is a high-speed mechanical fastening technique used to
fasten two ormore sheets ofmaterial by driving a semitubular
rivet through the top sheet(s), piercing the bottom sheet and
spreading the rivet skirt under the guidance of a suitable
die. As the process relies on a mechanical interlock rather
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[26].

than fusion, SPR can be used for a wide range of advanced
materials. The principle of SPR with a semitubular rivet is
given in Figure 2 [26].

The fatigue behavior of the SPR joints has been investi-
gated by a number of authors for a number of materials. All
agree that the fatigue strength of SPR joints is superior to that
of the spot-welded joints.

For efficient simulations of stiffness and operational
strength behavior, a node-independent SPRmodel was devel-
oped by Ruprechter et al. [27]. Global and local stiffness were
modeled in a proper way and it is possible to determine
the local stresses needed for the fatigue life estimation. In
Lim’s research paper [28], the simulations of various SPR
specimens were performed to predict the fatigue life of
SPR connections under different shape combinations. Finite
element models of various SPR specimens were developed
using a FEMFAT SPOT SPR preprocessor.The fatigue lives of
SPR specimenswere predicted using a FEMFAT4.4e based on
the linear FEA. In Di Franco et al.’s paper [29] the possibility
to join aluminum alloys blanks and carbon fiber composites
panels by SPR operation was considered. In particular a few
case studies were carried out at the varying of the process
parameters.The effectiveness of the obtained joints was tested
through tensile and fatigue tests.

Sun et al.’s paper [30] summarized the fatigue test results
of SPR joints between similar and dissimilar sheet metals.
Fatigue test results indicated that SPR joints have superior
fatigue strength than resistance spot weld (RSW) joints for
the same material combinations. It was also found that

Figure 3: Typical lap-shear fatigue failure modes of SPR joints [30].

Applied load
Applied load

A: interface between the two riveted sheets
B: interface between the rivet shank and the locked sheet
C: interface between the edge of the rivet head and the pierced sheet

Figure 4: Three fretting positions in a SPR joint [31, 32].

different piercing directions (from thinner sheet to thicker
sheet or from thicker sheet to thinner sheet) for SPR joints
have a noticeable effect on the static and fatigue strength of
the joints. Figure 3 shows the typical lap-shear fatigue failure
modes of SPR joints.

A study was conducted by Han et al. [31] to characterize
fretting fatigue in SPR single-lap joints of aluminum alloy
5754 sheets. The experimental results showed that fretting
occurred at three different positions in a SPR joint, as shown
in Figure 4. It was established that fretting led to surface
work-hardening and crack initiation as well as early-stage
crack propagation. The fretting behavior of SPR aluminum
alloy joints with different interfacial conditions was inves-
tigated by Han et al. [32]. The fatigue life of the joints was
observed to be dependent on the fretting behavior under
different interfacial conditions, as also shown in Figure 4.
They found that the presence of a wax-based solid surface
lubricant on the surface of the aluminum alloy sheet could
delay the onset of fretting damage.

In Wang et al.’s paper [33], a new process was presented
using gunpowder to drive the SPR process. A SPR joint
formed using the new process has different geometric char-
acteristics from one created using a conventional system.
The tensile-shear, cross-tension, fatigue, and impact perfor-
mances of SPR joints using the new device were compared to
those of spot-welded joints on aluminum sheets. The results
showed that the new SPR joints have provided a similar
or higher strength than resistance spot welds. Monotonic
and fatigue strengths of coach peel pop rivet (CPPR) and
coach peel self-piercing rivet (CPSPR) joined specimens of
aluminum alloy with different plate thickness combinations
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were investigated by Li and Fatemi [34]. It was found that
the overall fatigue performance of the CPSPR joints is better
than that of the CPPR specimens with the same thickness
combinations. Fatigue crack formation locations and growth
paths depend on plate thickness combinations, applied load
level, and load ratio for both CPPR and CPSPR joints. Min et
al. [35] carried out an assessment for structural stiffness and
fatigue life on self-piercing rivet of car bodies.They found that
even though the structural stiffness of an SPR joint specimen
is roughly the same with another type of joint, the fatigue life
is different according to sheet material and its thickness. The
results of numerical analysis were nearly identical to those of
experiments.

Efforts have also been focused on enhancing the fatigue
life of SPR joints through process optimization. Jin and
Mallick [36] found that ring coining improved the fatigue
life of SPR joints in aluminum alloys and the degree of
improvement may be dependent on the coining condition
and the sheet thickness combination. A newmethod combin-
ing hydroforming and SPRwas proposed byNeugebauer et al.
[37]. In contrast to the standard method, the riveting process
was achieved without a solid die, instead high pressure fluid
acted as the die during joining. Han et al. [38] reported
the influence of sheet prestraining on the static and fatigue
behavior of SPR aluminum alloy sheet. They concluded that
the rate of increase of the static and fatigue strength differed
as the prestraining levels varied. Iyer et al. [39] found both
the fatigue and static strength of double-rivet SPR joints to be
strongly dependent on the “orientation combination” of the
rivets.

3. Mechanical Clinching

Mechanical clinching is a mechanical joint for fastening
sheet metal components, and it is widely used in automotive
industry. The clinching process is a method of joining sheet
metal or extrusions by localized cold forming of materials.
The result is an interlocking friction joint between two or
more layers of material formed by a punch into a special die.
Depending on the tooling sets used, clinched joints can be
made with or without the need for cutting. By using a round
tool type, materials are only deformed. If a square tool is
used, however, both deformation and cutting of materials are
required. The principle of clinching [40] is given in Figure 5.

Although the static strength of clinched joints is lower
than that of other joints, the fatigue strength of clinched joints
is comparable to that of other joints, and the strength of the
clinched joints is more consistent with a significantly lower
variation across a range of samples [3]. In Mizukoshi and
Okada’s study [41], tensile-shear strength and fatigue strength
of riveting joints, clinching joints, and rivet-bonded joints for
aluminum autobody sheets were investigated and compared
with those of spot-welded joints. Moreover corrosion perfor-
mances have also been investigated.

In Lin et al.’s study [42], tensile-shear tests and fatigue
tests were carried out on clinched joints of 6063-T5 alu-
minum alloy sheet to investigate the tensile-shear strength
and fatigue strength. Based on the joint strength results of

Figure 5: Principle of mechanical clinching [40].

clinched joint, the joint pitch of the built-up beam is designed
under the specified bending load. Galtier and Duchet [43]
investigated the fatigue behavior of high strength steel thin
sheet assemblies. The main parameters that influence the
fatigue behavior of assemblies were presented and some
comparisons were made. For example, while the steel grade
has a very small influence on the fatigue strength of spot
welds, the riveted or clinched specimens exhibit a higher
fatigue property on high strength steel than on mild steel.

The work of Carboni et al. [44] focused on a deeper
study of the mechanical behavior of clinching in terms of
static, fatigue, and residual strength tests after fatigue damage.
Figure 6 shows the failures observed during fatigue tests.
Fractographic observations showed three different failure
modes whose occurrence depends on the maximum applied
load and on the stress ratio. Results were supported by FEM
analyses showing that the failure regions of the clinched joints
correspond to those with high stress concentrations.

Sjöström and Johansson [45] investigated residual stress
relaxation during fatigue of clinched joints in stainless steels.
Hahn et al. [46] carried out extended failure analysis for the
case of tensile shear tests on clinched H-specimens subjected
to dynamic loads, the local temperature distributions were
determined during the test.They concluded that it is possible
to further supplement the failure analysis during fatigue tests
and to provide additional reference points for the design of
components.

In Saathoff and Mallick’s paper [47], the effect of die/
punch combination of the static and fatigue strength of
clinched joints between two aluminum alloy sheets was
studied. The effect of elevated temperature exposure after
the clinching operation on the static and fatigue strength of
clinched joints was also examined. They found that, for the
particular aluminum alloy and sheet thickness considered,
the smallest punch and the smallest die ring depth combi-
nation provide the most consistent static failure load in both
unpainted and painted conditions.

4. Structural Adhesive Bonding

Though adhesive bonding has been used for many centuries,
it is only in the last seventy years that the science and tech-
nology of structural adhesive bonding have really progressed
significantly. Structural adhesive bonding is currently used
in many areas such as automobile and aerospace industries.
However, in themanufacture of automobiles the adhesives are
almost always used as basic sealant materials or in noncritical
secondary structures. In the manufacture of aircrafts the use
of adhesive bonded joints has also largely been limited to
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Figure 6: Failures observed during fatigue tests [44]: (a) low maximum applied stress at 𝑅 = 0.1 and 𝑅 = 0.3, (b) high maximum applied
stress at 𝑅 = 0.1 and 𝑅 = 0.3, (c) sometimes observed for high maximum applied stress at 𝑅 = 0.1, and (d) all 𝑅 = 0.7 and high maximum
applied stress at 𝑅 = 0.3.
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Figure 7: The L-N curve for the adhesively bonded single lap joints
[49].

secondary noncritical structures such as aerodynamic fair-
ings and wing panels. Therefore, the use of adhesives in truly
structural applications has been quite limited. The reasons
for these limitations are as follows [48]: (a) a concern about
the fatigue and durability behavior of bonded, structural
components over the expected lifetime of the vehicle, and
(b) secondly, the fracture behavior of adhesive bonded joints,
particularly those with dissimilar adherends, is still not well
understood. In order to overcome these problems, the fatigue
behavior of structural adhesively bonded joints has been the
subject of a considerable amount of investigations.

For structural adhesively bonded joints, the presence of
fatigue loading is found to lead to a much lower resistance

to crack growth than under monotonic loading. The fatigue
behavior of adhesively bonded joints needs a significant
research improvement in order to understand the failure
mechanisms and the influence of parameters such as surface
pretreatment, adhesive thickness, or adherends thickness.

The backface strain (BFS) measurement technique was
used by Shenoy et al. [49] to characterise fatigue damage in
the single-lap joints (SLJs) subjected to constant amplitude
fatigue loading. Different regions in the BFS plots were
correlated with damage in the joints through microscopic
characterization of damage and cracking in partially fatigued
joints and comparison with 3D FEA of various crack growth
scenarios. Figure 7 shows L-N curve for the adhesively
bonded single lap joints. In a similar topic, an elastoplastic
damage model was proposed by Graner Solana et al. [50]
for predicting the experimentally observed backface strain
patterns and fatigue life at different fatigue loads.

In Wahab et al.’s study [51], the damage parameters
for crack initiation in a SLJ were determined by combin-
ing continuous damage mechanics, FEA, and experimental
fatigue data. It was found that the effect of stress singularity
also contributes to the complex state of stress and to the
variability of the triaxiality function along the adhesive
layer in a SLJ. Keller and Schollmayer [52] studied the
through-thickness performance of adhesive joints between
pultruded FRP bridge decks and steel girders experimentally
and numerically.They concluded that the joint ultimate loads
could be accurately predicted based on stress concentration
factors fromFEA and FRP through-thickness tensile strength
values obtained from small-scale coupon tests.

In a recent study, Jen and Ko [53] investigated the effect
of bonding dimensions on fatigue strength. Three selected
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parameters, namely, maximum interfacial peeling stress,
maximum interfacial shear stress, and a linear combination
of interfacial peeling stress and shear stress, were considered
to correlate with the fatigue life data of all specimens with
various adhesive dimensions. A research study on the fatigue
behaviour of aluminium alloy adhesive lap joints was carried
out by Pereira et al. [54] to understand the effect of surface
pretreatment and adherends thickness on the fatigue strength
of adhesive joints.TheFEAwas also performed to understand
the effect of the adherends thickness on the stress level.

Fessel et al.’s paper [55] assessed the fatigue performance
of reverse-bent joints. Results from analysis demonstrated
that significant improvements could be achieved. The propa-
gation of an interface crack subjected to mixed mode I/II was
investigated byMarannano et al. [56] for Al-Al bonded joints.
The analytical strain energy release rate was compared with
the FEA using the virtual crack closure technique (VCCT).
Fatigue crack propagation behaviour of adhesively-bonded
CFRP/aluminium joints was investigated by Ishii et al. [57].
An FEA was conducted to investigate the mode ratio, and
stress and strain distributions near the crack tip.

Structural adhesives are generally thermosets such as
acrylic, epoxy, polyurethane, and phenolic adhesives. The
adhesion characteristics of adhesives are very sensitive to
manufacturing and environmental conditions. Therefore the
fatigue behavior of adhesive joints is affected by both temper-
ature during cure and service environments.

The prediction of fatigue threshold in composite adhe-
sively bonded joints using continuum damage mechan-
ics (CDM) and fracture mechanics (FM) approaches was
investigated at various test temperatures by Wahab et al.
[58]. The stresses were calculated from nonlinear FEA,
considering both geometrical and material nonlinearities.
The mixed-mode fatigue fracture of intercomposite adhe-
sive joints over a range of temperatures and solvents was
studied by Arzoumanidis and Liechti [59]. Experiments
were conducted on specimens that consist of swirled glass
fiber/isocyanurate matrix composite adherends bonded with
a urethane adhesive. Crack length was determined using
compliance techniques as well as digital imaging techniques.
Effect of temperature on the quasistatic strength and fatigue
resistance of bonded composite double lap joints was studied
by Ashcroft et al. [60]. It was seen that the multidirectional
(MD) CFRP joints were stronger at low temperatures and the

unidirectional (UD) CFRP joints stronger at high tempera-
tures.

A detailed series of experiments and FEAwere carried out
by Grant et al. [61] to assess the effects of temperature that
an automotive joint might experience in service. Tests were
carried out at −40 and +90∘C. It was shown that the failure
criterion proposed at room temperature is still valid at low
and high temperatures, the failure envelope moving up and
down as the temperature increases or decreases, respectively.
Figure 8 shows the stress-strain curves for sheet steel at −40,
+20, and +90∘C alongwith the adhesive strain to failure at the
corresponding temperatures.

Abdel Wahab et al. studied the diffusion of moisture in
adhesively bonded composite joints [62]. Both unidirectional
and multidirectional composites were considered, as well as
two different fillet shapes, that is, rectangular and triangular
fillet. Iwasa andHattori [63] developed an evaluationmethod
that separates the effects of temperature on fatigue strength
into two effects: thermal residual stress and low temperature.
And the stress singularity parameters of the delamination
edges under mechanical and thermal loadings were analyzed
by FEM for various delamination lengths. In Abdel Wahab et
al.’s paper [64], a procedure was outlined and programmed in
software in order to predict the fatigue threshold in composite
adhesively bonded joints. The theory of continuum damage
mechanics has been used to develop damage evolution laws
for unidirectional double lap joints at different temperatures.

5. Hybrid Joints

It is also important for one joining process to benefit from the
advantages of other fastening techniques. These can be done
by combining one joining process with other fastening tech-
niques and are referred to as hybrid-fastening processes. A
number of researchers have carried out fatigue performances
of the hybrid joints in different materials with various load
conditions.Their study shows that the combination produced
a much stronger joint in fatigue tests.

Using ADINA FEA code, a computational model was
established by Chang et al. [65] for studying the stress distri-
bution and fatigue behavior of weld-bonded lap shear joints.
Both material non-linearity and geometrical non-linearity
from large strain and large displacement were considered in
this computation.

Fu and Mallick [66] presented a study on the static
and fatigue performance of adhesive/bolted hybrid joints in
a structural reaction injection molded (SRIM) composites.
FEA of adhesive joints showed that the presence of lateral
clamping can significantly reduce themaximum peel stress at
the adhesive-substrate interface. Balanced single-lap bonded
and bolt-bonded hybrid joints with flexible adhesives were
studied by Hoang-Ngoc and Paroissien [67] using the FEA.
Flexible adhesivesweremodelled using hyperelasticMooney-
Rivlin potentials. Numerical analyses of bolt-bonded hybrid
joints showed that their fatigue life is longer than corre-
sponding bolted joints. Kelly [68] investigated quasistatic
strength and fatigue life of bolt-bonded hybrid composite
SLJs. A 3D FEA of the hybrid joint was carried out using
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Figure 9: Intercepts of (a) strength, (b) stiffness, and (c) energy absorption for the heterogeneous joints case [75].

the ABAQUS code with the model including the effects of
large-deformations, bolt-hole contact and nonlinear adhesive
material properties. Three distinct stages in the fatigue life
of the hybrid joints were observed where the adhesive, the
bolt and their combination were all contributing to the load
transfer.

Using FEA along with thin adhesive layer analysis
(TALA), Fongsamootr et al. [69] carried out a paramet-
ric study of combined adhesive-riveted lap joints. The
FEA/TALA results were used to predict the fatigue life of
the joints as functions of the three parameters. The results
showed that the maximum tensile stress is smaller with a
smaller panel thickness. The results also showed that the
stress concentration factor in the joints was reduced when
the stiffness of the adhesive layer was increased or when the
thickness of the adhesive layer was decreased. In Kunc et al.’s
work [70], three joining methods were evaluated including
riveting, adhesive bonding, and combination of riveting and
adhesive bonding. FEA was used to predict the behavior of
the structure up to the point of damage in the composite. A
general method was devised by Dechwayukul et al. [71] for
determining the effects of thin layers of sealants or adhesives
on the mechanical behavior of riveted lap joints using FEA.
The analyses revealed that adhesive layers introduce large
increases in the in- and out-of-plane displacements, reduce
bending and stress concentration factors (SCF), and increase
the fatigue life of riveted lap joints. A 3D FE model of the
riveting process was simulated by Atre and Johnson [72]
to determine the effects of interference and sealant on the

induced stresses. Both implicit and explicit FE techniques
were utilized to model the process.

Chernenkoff ’s paper [73] discussed a fatigue evaluation
of single overlap joints using four structural adhesives and
five steels tested in laboratory ambient, elevated tempera-
ture/humidity, and corrosive environments. Weld-bonded,
adhesive-bonded, mechanically joined (clinched), and spot
weld data were compared. Results showed that the bonding
process can improve long life fatigue strength as much as
500% compared to spot-welded joints. Improvements were
less when the specimens were subjected to the last two
environments.

In Moroni and Pirondi’s work [74] an extensive experi-
mental campaign was carried out in order to compare the
strength of different hybrid joints with that of the related
nonhybrid joints, evaluating also the influence of geometrical
and environmental factors. In a recent study, Moroni et
al. [75] carried out experimental analysis and comparison
of the strength of simple and hybrid structural joints. The
experimental analysis was conducted using the design of
experiments (DoE) methodology and the influence of the
material, geometrical factors and environment on static and
fatigue strength, stiffness and energy absorption was assessed
through the analysis of variance (ANOVA). Hybrid and
simple joints were then compared in terms of mechanical
response under the various conditions tested. Figure 9 shows
the intercepts of strength, stiffness, and energy absorption for
the heterogeneous joints case.
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6. Conclusion

Almost every mechanical structure requires component
members to be jointed. Some relative new fastening tech-
niques such as SPR, mechanical clinching and structural
adhesive bonding are efficient joining methods which are
suitable for joining advanced lightweight sheet materials
that are hard to weld; especially SPR, mechanical clinching,
structural adhesive bonding, and their combinations are
extensively used in lightweight car industry recent years for
joining various materials in the assembly of components
and structures. SPR is normally used in main load-bearing
structures whereas mechanical clinching used in secondary
load-bearing structures. Adhesively bonding is usually used
to increase the strength of mechanical joints and make them
watertight. It is commonly understood that the addition
of adhesive in SPR or clinched joints is beneficial, but
it is not clear if there are negative effects on mechanical
properties of the joints [76]. Thus adequate understanding of
fatigue behavior of the fastening joints is necessary to ensure
efficiency, safety, and reliability of such joints. The recent
development in fatigue behavior analysis of the fastening
joints is described with particular reference to some major
factors that influence the fatigue behavior of the fastening
joints: failure mechanism, environmental effects and hybrid
joining techniques. FEA of fatigue behavior of the fastening
joints will allow many different fatigue failure processes
to be simulated in order to perform a selection of differ-
ent parameters before testing, which would be very time-
consuming or prohibitively expensive in practice. The main
methods used in FEA of fatigue behavior of the fastening
joints, such as parameters selection, materials modeling, and
meshing procedure, are discussed and illustrated with brief
case studies from the literature. The references presented
in this paper are by no means complete but they give a
comprehensive representation of some general trends on the
subjects.
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The aim of this paper is to present a numerical method to predict the work performance of hydraulic seals used in downhole
equipments. The impact of key factors, namely, compression rate and the number of seals, on the wearing behavior of seal
components is studied. To simulate the wear process of sealing contact surface, a methodology is built with the iterative wear
prediction procedure in which the geometry of the contact interface progressively changes according to the wear model. In this
method, the structural and the thermal coupled mechanism is investigated and the performance of seal structure containing
different number of seals is discussed. By taking a gear pump used in the downhole robots as a case study, both numerical analysis
with proposedmethod and practical experiment are presented.The simulation results of the worn volume of the seals are consistent
with the experiment data.This work provides an effective computerized approach to aid seal components design andmanufacturing
for downhole equipments.

1. Introduction

Nowadays more and more people care about the exploitation
of the natural resources, such as oil [1]. With the fast increase
of population and the appearance of more factories, oil is
getting less and less year after year. Deep well exploitation
has been a concern in the oil industry. For example, in
China, 70 percent of oil resources are distributed in the belts
which are five kilometers under the ground. The downhole
equipments will encounter harsh work conditions in such
an environment, such as high pressure (with an extent of
70∼80MPa) and high temperature (always above 100∘C).
Therefore, a more rigorous requirement is proposed for the
steady working of the downhole equipments.

The seal components may have a rather profound effect
on the downhole equipments [2, 3]. It helps to prevent sur-
rounding drilling fluid (often called the “mud”) from flowing
into the inner structure of equipments. This high tempera-
ture, high pressure, and abrasive liquid will lead to eventual
seal degradation. So it is important to predict the service life
of a seal to replace a new one in time. The method adopted
previously is through experience which is used to determine

when the seals are not able to meet the engineering require-
ments.The commonmethod is to set up a test rigwhich is able
to provide the test running conditions. The working process
of the seal is simulated and the related environment param-
eters, such as temperature and pressure, can be monitored
during the test. However, as the environment underground is
extremely harsh, it is a time and money consuming project
to set up a test rig which is able to simulate the downhole
environment.

Other than the experiential ways to predict the life of
seal components, the numerical prediction method is also
available. As the computer technology develops, to predict
the service life of seal components through a numerical way
is possible. Kim et al. [4] analyzed the sealing performances
of O-ring through Finite Element (FE) method and the
influence of friction coefficient for the deformation of O-
ring was also considered. Lin et al. [5] analyzed the sealing
structure of the reactor pressure vessel through FE method.
The thermal effect and the plastic deformationwere included.
However, this investigation focused on the static sealing.
Lingerkar and Khonsari [6] obtained the laws on how the
sliding speed and the pressure affect the sealing performances
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through analyzing the flow field in the gap between O-
ring and rod with FE method. Azhikannickal and Wild [7]
analyzed the stress distribution of elastomeric foam seal
through FE method and modified the structure of the area
with stress concentration. Ötingün et al. [8] also utilized the
FE method to analyze the sealing performances of O-ring
under mixed lubricated conditions.

FE method was applied in the researches mentioned
above. Many other studies adopted numerical methods. Yuan
et al. [9] set up the flow model of the spiral groove face
seals with the Reynolds equation. Besides, the thermal effect
was also analyzed. Zhou et al. [10] proposed an elastohydro-
dynamic model to describe the sealing performances of lip
seal. Full film lubrication was assumed during the analysis.
The Reynolds equation and the deformation equation of
the seal were concurrently solved. The laws of relevant
parameters such as the pressure distribution in the film and
the thickness of the film are obtained. Thomas et al. [11]
presented a thermoelastohydrodynamicmodel to analyze the
sealing performances of rotating seals. Nikas [12] described
the extrusion behavior of rectangle-section seal numerically.
He also analyzed the sealing behaviors of rectangle-section
seal with elastohydrodynamic model [13].

The wear behaviors of the seals are not considered in the
researches mentioned above. Even though some researches
involve the mixed lubrication, they are based on the assump-
tion of low friction coefficient.The seals used in the downhole
equipments do not accord with this assumption. High pres-
sure and high temperaturemake the seals contact tightly with
the executive components. So the wear effect of the executive
components for the seals cannot be neglected. However,
there are few studies concerning the wear of seals through
simulation ways. Hambli et al. [14] proposed an FE method
to predict the lifetime of the blanking tool considering the
wear effect.The similarworkwas also fulfilled byHambli et al.
[15]. It is easy to realize this simulationmethod for the “hard”
material because the influence of the wear on the change of
the mechanical behaviors is apparent but does not work for
the “soft” material such as rubber. Bagci and Ozcelik [16] also
studied the influence of the wear on the twist drill through
FEmethod.The thermal effect was considered. Mamalis et al.
[17] studied the process of material removal during grinding
with the FEmethod inwhich the thermal factorwas included.

Few studies have been presented on the wear simulation
of the seals. Nandor et al. [18, 19] proposed an FE method
for wear simulation of reciprocating seal. Archard’s wear
model was included tomodel the variation of the seal’s profile
and subsequently the mesh reconstruction technology was
applied on the modified field of the seal. The next simulation
cycle began. But sharp corners may emerge on the worn
profile of the seal and this will bring some troubles for
remeshing operation with FE method. So a new FE method
for wear simulation of the seals is presented in this paper
which is able to overcome this disadvantage.

When designing the sealing components of the downhole
equipments, two ways are often adopted to enhance the
reliability of seal system, which is increasing the compression
rate of the seals and adopting multiple seals.The authors take
the rotating sealing system in the downhole equipments as

an example in this paper in order to investigate how the com-
pression rate and the seal number affect the wear behavior of
O-ring.

In order to model the wear process of the seal, an FE
method for wear simulation of the seal component is pre-
sented in this paper. This method overcomes the problem of
sharp corners on the profile. Besides, due to the fact that the
shaft rotates with a high speed, the effect of friction heat is
considered during the wear simulation. A thermal-structural
coupled algorithm is presented for the simulation process.
The worn volumes of O-rings under different compression
rates and with different number of seals are given through
both numerical analysis and experiment. The comparisons
imply that the results from both methods coincide well. The
simulation method presented in this paper can be used to
predict the life of O-ring in the downhole equipments.

2. Description of Seal Problem

In the downhole equipments, the specified motions for
drilling or measurement are accomplished by the executive
components and these components are controlled by the
hydraulic systems in the equipment.The function of the seals
is to prevent the flow of fluid on both sides in order to make
sure that there are enough pressure differences to make the
executive components run accurately. Once the leakage is
extensive, the executive components will not reach their posi-
tions correctly. Even worse, some protruding components
may not be able to return to their original positionswhichwill
lead to the scrap of the well.This brings a huge economic loss.

A typical rotating sealing system is displayed in Fig-
ure 1(a). The system is composed of the shaft, the chamber,
and the O-ring. The slot holding the O-ring is machined in
the chamber in this paper. So the O-ring is installed in the
slot and keeps still with the chamber while the shaft rotates
with a high speed. The compression rate Δ is decided by the
height of the slot ℎ and the initial sectional diameter of O-
ring 𝑑. Thus, the compression rate of O-ring can be given as
Δ = (𝑑−ℎ)/𝑑×100%. In order to increase the sealing pressure,
one way is to increases the compression rate and another is to
increase the number of O-rings. Generally, the depth of the
oil well is less than 10 kilometers and three O-rings in one
slot are enough to accomplish the sealing mission.Therefore,
the upper limit of the number of O-rings is defined as three.
The sealing systems with two and three O-rings in one slot
are shown in Figures 1(b) and 1(c).

3. Wear Simulation with FE Method

3.1. Sliding Wear. Many factors decide the wear behaviors of
mechanical components, for example, the geometry of the
contact surfaces, normal loads, relative sliding speeds, hard-
ness of the contact materials, and the friction characteristics.
The wear process can be seen as a function of these factors as
given in

𝑊 = 𝑓 (geometry, normal load, sliding speed, . . .) , (1)

where𝑊 is the worn volume.
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Figure 1: Typical rotating sealing systems. (a) Sealing system with a
single O-ring in a slot. (b) Sealing system with a couple of O-rings
in a slot. (c) Sealing system with three O-rings in a slot.

The most widely used wear model is the linear wear
model which was proposed by Rabinowicz et al. in the
1900s [20, 21]. This model was based on the experimental
data and the results demonstrated that the worn volume is
proportional to the normal load and sliding distance while
inversely proportional to hardness of the softer material. The
linear wear model is given in the following:

𝑊 = 𝐾

𝐹

𝐻

𝐿, (2)

where 𝐾 is the dimensionless wear coefficient, 𝐻 is the
hardness of the softer material, 𝐹 represents the normal load,
and 𝐿 is the sliding distance.

In order to apply thewearmodel into the simulation, both
sides of (2) are divided by the time increment 𝑑𝑡 and the
equation can be modified as

𝑑𝑊

𝑑𝑡

= 𝑘𝐻𝐹V, (3)

where 𝑑𝑊/𝑑𝑡 is the volumeworn rate, 𝑘𝐻 = 𝐾/𝐻 is the wear
coefficient, and V is the sliding speed.

If both sides of (3) are divided by the contact area 𝐴, a
new form will be given as

𝑑ℎ = 𝑘𝐻𝑃V ⋅ 𝑑𝑡, (4)

where 𝑑ℎ is worn height increment and 𝑃 is the normal con-
tact pressure.

In order to model the wear of nodes in FE simulation, the
discrete form of (4) is applied:

𝑑ℎ𝑖 = 𝑘𝐻𝑃𝑖V ⋅ 𝑑𝑡, (5)

where 𝑑ℎ𝑖 is the nodal worn height increment and 𝑃𝑖 is the
nodal normal pressure.

3.2. Structural FE Model. According to the geometric model
of the sealing system shown in Figure 1, structural 2D finite
element models are built as displayed in Figure 2. The rela-
tionship between the compression rate of O-ring and sealing
pressure, as well as the relationship between the number ofO-
rings and the sealing pressure, can be analyzed through these
models. Figure 2(a) represents that only one single O-ring is
installed in the sealing seat.The sealing systems with two and
three O-rings in the sealing seats are shown in Figures 2(b)
and 2(c), respectively.

According to the symmetrical characteristic, half of the
geometrical model is built in the FE model for saving the
computing time. Since rubber is a kind of hyperelastic
material, a hyperelastic element is adopted when building the
finite element models of O-ring.

In reality, deformation always occurs when the seal is
installed in the slot. But the deformation cannot be precalcu-
lated in FE model. So O-ring is modeled as an uncompressed
state at the beginning of the simulation.The pre-compression
effect can be simulated through setting contact pairs between
the shaft and O-ring. The influence from the fluid is also
considered. The fluid pressure is set as one of the boundary
conditions. Left side of O-ring is assumed to undertake the
fluid pressure. As the right side of O-ring will be compressed
on the surface of the chamber, the fluid pressure is ignored on
the right side.

Therefore, two steps are operated to model the deforma-
tion ofO-ring.Thefirst is to compress the seal along the radial
direction to model the precompression when installed (A
in Figure 2(a)) and the second is to compress the seal along
the axial direction to model the compression effect caused by
the fluid (B in Figure 2(b)). Besides, the fluid temperature
is set as the initial condition. Before the simulation starts, the
temperature distribution inO-ring is assumed to be steady. So
the whole domain of O-ring is set with the fluid temperature.

Asymmetricalmeshing strategy is adoptedwhenmeshing
the domain of O-ring. As mentioned above, there is relative
motion between the O-ring and the shaft. So the wear of O-
ring mainly occurs on the area where O-ring contacts with
the shaft. In order to simulate the wear behavior of the seal
precisely and reduce the computing time, the area where the
seal contacts with the shaft is densely meshed and the other
area of the seal is sparsely meshed.
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Figure 2: FE models of sealing system. (a) Sealing system with a
single O-ring in a slot. (b) Sealing system with a couple of O-rings
in a slot. (c) Sealing system with three O-rings in a slot.

3.3. Transient Thermal Analysis. The influence of friction
heat on the wear of the seal cannot be neglected when
the shafts rotate with a high speed. The circumferential shear
stress at node 𝑖 on the seal’s surface can be given as

𝜏𝑖 = 𝑓𝑝𝑖, (6)

where 𝑓 is the friction coefficient and 𝑝𝑖 is the normal nodal
pressure.

In high speed rotating sealing system, the friction heat
will affect the wear behavior of the seal and the loss of the
material will affect the distribution of the contact pressure.
The friction heat will be influenced in return. Coupled effect
of the thermal and structural stress is required to analyze the
wear behavior of the seal. It is a complicated coupled problem.

Recently, some researchers have adopted the method that
the thermal effect and structural effect are independently
analyzed for this subject [22–24]. The heat flux density at
node 𝑖 on the surface of the seal can be expressed as

𝑞𝑖 = 𝜓𝜏𝑖V = 𝜓𝑓𝑝𝑖V, (7)

where𝜓 is the percentage of transition frommechanical work
to friction heat and V is the relative circumferential speed.
According to [25], the friction heat can be thought to be
completely transformed, it means 𝜓 = 1.0.

Since the nodal temperature in the seal dynamically
changes with time, it belongs to transient analysis problem.
The nodal temperature can be solved by the following equa-
tion:

[𝐶] [
̇

𝑇] + [𝐾] [𝑇] = [𝑃] , (8)

where [𝐶] is the specific heat matrix, [𝐾] is thermal conduc-
tion coefficient matrix, [𝑃] is the thermal load matrix, [𝑇]

is the nodal temperature matrix, and [
̇

𝑇] is the derivative of
[𝑇]. The elements in these matrices can be expressed by the
following equations:

𝐾𝑖𝑗 = ∑𝐾
𝑒

𝑖𝑗
+ ∑𝐻

𝑒

𝑖𝑗
,

𝐶𝑖𝑗 = ∑𝐶
𝑒

𝑖𝑗
,

𝑃𝑖 = ∑𝑃
𝑒

𝑞
𝑖

+ ∑𝑃
𝑒

𝐻
𝑖

,

(9)

where𝐾𝑒
𝑖𝑗
represents the contribution to the thermal conduc-

tion matrix from elements,𝐻𝑒
𝑖𝑗
represents the contribution to

the thermal conduction matrix from boundary conditions,
𝐶
𝑒

𝑖𝑗
represents the contribution to the specific heat matrix

from elements, and 𝑃
𝑒

𝑞
𝑖

and 𝑃
𝑒

𝐻
𝑖

are the thermal loads from
elements.

Figure 3 shows the thermal analysis model of O-ring
with finite element method. A single O-ring is analyzed in
Figure 3(a). Firstly, deformation of O-ring is obtained from
the results of the structural analysis. It is more close to reality
to set thermal boundary conditions on the deformed finite
element model. It is assumed that the seal has reached a
thermal equilibrium state before simulation and the fluid
temperature 𝑇fluid is set as the initial condition of the nodes.
The value of 𝑇fluid keeps independent of time. The heat flux
density of the friction heat in the sealing area varies with time.
The heat flux density at each node on the contact area can be
written as follows:

𝑞 (𝑢contact , 𝑡) = 𝑓𝑝 (𝑢contact , 𝑡) V, (10)

where 𝑢contact is the coordinate vector of the nodes contacting
with the shaft.

The thermal FE models with two and three O-rings are,
respectively, displayed in Figures 3(b) and 3(c).The difference
between the FE model with two or three seals and the FE
model with a single seal is that the boundary of the seal,
except the area where the seal contacts with the shaft, is
set with the boundary condition of the fluid temperature
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Figure 3: Thermal finite element model of the sealing system. (a)
Thermal FE model of the system with a single seal. (b) Thermal FE
model of the system with two seals. (c) Thermal FE model of the
system with three seals.

in the single seal model. However, since the temperature of
the seal varies with time in this study, the contact boundary
where the adjacent seals contact with each other is set with
the temperature of the opposite seal in the two or three seals
model which is marked with a red ellipse in Figures 3(b) and
3(c).

Though the thermal conduction coefficient of the steel is
several orders ofmagnitude bigger than that of the rubber, the
thermal expansion coefficient of the rubber is several orders
of magnitude greater than that of the steel. Thus, the effect of
thermal deformation of the seal cannot be ignored. It should
be noted that though the thermal conduction coefficient and
thermal expansion coefficient of both materials vary with the

temperature, the variation stays in a small extent because
the friction heat is not enough to change the environmental
temperature greatly. Thus, both of the two parameters are
thought to be independent of the temperature. Since most
parts of the friction heat dissipate through the shaft for its
high thermal conduction coefficient, only a little is absorbed
by the seal. The heat flux density accepted by the seal in
the sealing area is approximately 𝑘rubber/𝑘steel times the total
value. So the boundary condition in the sealing region 𝑞seal
can be calculated as

𝑞seal (𝑢contact , 𝑡) ≈

𝑘rubber
𝑘steel

𝑞 (𝑢contact , 𝑡) . (11)

In addition, the initial condition is given as

𝑇 (𝑢, 𝑡 = 0) = 𝑇fluid. (12)

The change of temperature will lead to linear expansion of
the seal. The shear strain on the contact area can be ignored.
The strain caused by thermal deformation can be taken as
initial strain set on the finite element model. For 2D model
the initial strain can be given as

𝜀0 = 𝛼 (𝑇 − 𝑇0) [
1 1 0]


, (13)

where 𝛼 is the thermal expansion coefficient, 𝑇0 is the initial
temperature, and𝑇 is the transient temperature.The equation
which is used to solve the coupled stress is given as

[𝐾
𝑒
] [𝑞
𝑒
] = [𝐹

𝑒
] + [𝐹

𝑒

0
] . (14)

In (14), [𝐾𝑒] is the elemental stiffness matrix, [𝑞𝑒] is the nodal
displacement matrix, and [𝐹

𝑒
] and [𝐹

𝑒

0
] are structural stress

matrix and equivalent structural stress matrix.
The stress distribution in the seals caused by thermal

effect is shown in Figure 4 when the simulation process has
been operated for one minute.

3.4. Remeshing Strategy. Mesh reconstruction is a key tech-
nique to realize wear process simulation with finite element
method. Though global remeshing strategy proposed by
Nandor et al. [18] can be used to simulate the wear process of
the seal, the whole domain needs to be remeshed. Once the
worn profile owns some sharp corners which are generated
due to the movement of the profile points, the remeshing
work will be more complicated. Killing elements strategy
is more suitable for finite element analysis software. If the
contact pressures in the elements exceed the predefined
threshold, these elements will be “killed.” However, the wear
depth is limited by the size of the contact elements. Only
the wear process whose wear depth is larger than the size of
the contact elements can be simulated. To overcome this
restriction, in the current work, not only the contact elements
are remeshed but also the elements adjacent to them can be
remeshed by the wear processor, if required.

Mesh distribution of O-ring after being compressed is
shown in Figure 5. The elements near the sealing area are
quadrangles. Since the wear only occurs in the elements near
the sealing area, the proposed remeshing method is applied
to the elements in this region.
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Figure 4: Stress distribution caused by thermal effect. (a) Stress dis-
tribution in a single seal. (b) Stress distribution in a couple of seals.
(c) Stress distribution in three seals.
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Figure 5: Mesh distribution of O-ring.

The presented remeshing strategy is demonstrated in
Figure 6. One of the contact elements and its neighboring
elements are chosen as an example. Node N1 is moved based
on the wear increment in (5).Thewear depth of N1 is equal to
ℎ1.𝐻1-2 is defined as initial vertical distance between N1 and
N2. The current vertical distance𝐻

𝑐

1-2 becomes

𝐻
𝑐

1-2 = 𝐻1-2 − 𝑑ℎ1, (15)

where𝐻pre
1-2 is defined as the critical vertical distance between

N1 and N2. Once 𝐻
𝑐

1-2 is no more than 𝐻
pre
1-2 , the relative

position of N1 and N2 is fixed with the vertical distance𝐻
pre
1-2

and the wear processor moves node N2 to N3. Bymoving N2,
the current vertical distance of N2 and N3 𝐻

𝑐

2-3 becomes

𝐻
𝑐

2-3 = 𝐻2-3 − 𝑑ℎ2. (16)

In this equation, 𝐻2-3 is the initial vertical distance
between N2 and N3. 𝑑ℎ2 is the vertical displacement of N2.
Similar to node N1, 𝐻pre

2-3 is defined as the critical vertical
distance betweenN2 andN3.Once𝐻𝑐

2-3 is nomore than𝐻
pre
2-3 ,

the relative position of N2 and N3 is fixed with the vertical
distance 𝐻

pre
2-3 and the wear processor moves node N3 to N4.

Here, 𝑑ℎ2 is the difference of 𝑑ℎ1 and 𝐻
pre
1-2 that can be given

as 𝑑ℎ2 = 𝑑ℎ1 −𝐻
pre
1-2 . So the current vertical distance𝐻

𝑐

2-3 can
be expressed as

𝐻
𝑐

2-3 = 𝐻
pre
1-2 + 𝐻2-3 − 𝑑ℎ1. (17)

Repeat this process and the wear depth can be expanded
to any number of layers of elements in the proximity of the
contact region. More generally, the vertical distance between
node Ni and Ni + 1 can be written with a similar way:

𝐻
𝑐

𝑖−(𝑖+1)

=

{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{

{

𝐻
𝑖−(𝑖+1)

, 𝑑ℎ
1
≤

𝑖−1

∑

𝑛=1

𝐻
pre
𝑛−(𝑛+1)

𝐻
pre
𝑖−(𝑖+1)

, 𝑑ℎ
1
≥

𝑖

∑

𝑛=1

𝐻
pre
𝑛−(𝑛+1)

𝑖−1

∑

𝑛=1

𝐻
pre
𝑛−(𝑛+1)

+ 𝐻
𝑖−(𝑖+1)

− 𝑑ℎ
1
,

𝑖−1

∑

𝑛=1

𝐻
pre
𝑛−(𝑛+1)

< 𝑑ℎ
1
<

𝑖

∑

𝑛=1

𝐻
pre
𝑛−(𝑛+1)

.

(18)

With this method, the wear depth of the simulation
process is no longer limited by the size of the contact
elements. Besides, a safe aspect ratio can be ensured for these
contact elements through this way. The value of total wear
depth can be bigger than the size of the contact elements.The
effect of wear simulation of the seal is shown in Figure 7.

3.5. Thermal-Structure Coupled Simulation Algorithm. In
general, wear phenomenon is a continuous process. However,
in order to simulate the process with an FE method, the
continuous material removal in time needs to be approxi-
mated at a discrete set of time. Iterative mechanism is widely
used in the subject of wear analysis and simulation. In our
approach, the geometry of O-ring is updated in the end of
each cycle to reflect the evolution of wear behaviors. Entirely
coupled thermal-structure simulation analysis is operated in
every cycle. The flowchart of the simulation process is shown
in Figure 8. One cycle of the simulation contains four main
modules, namely, initial contact analysis, thermal analysis,
comprehensive contact analysis, and wear simulation.

A precompressed FE model is built in the first module.
O-ring is compressed on the surface of the shaft in the first
step to simulate the radial compression. The axial load is set
on the left surface of O-ring in the second step to model the
pressure distribution of the fluid.

According to the contact pressure distribution deter-
mined in the first module, a transient thermal FE analysis is
run in the second module. The flux density of friction heat
at each contact node is calculated as one of the boundary
conditions of the FE model. The temperature of the fluid
is assumed as the initial condition. The initial temperature
distribution in the following cycles can be obtained from the
result of the previous thermal simulation.

In the third module, another FE contact model which
takes into account the effect of thermal expansion is operated.
The nodal wear depths can be calculated in the last module



Advances in Mechanical Engineering 7

Shaft surface

Elements of the seal
Ni

N3

N2

Ni Ni

N3 N3

N2
N2

N1
N1 N1H1-2

H2-3

H1-2
Hc1-2

Hc2-3

dh1

dh2

Ni − 1 Ni − 1 Ni − 1

Figure 6: Illustration of the remeshing strategy.

Shaft

O-ring
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of the cycle. Once the wear depth at each node is known, the
worn profile of the seal can be reconstructed. The modified
geometrymodel will be the input of the next simulation cycle.

3.6. Determination of Cycle Time. The selection of suitable
time for simulation cycle is a key problem in iterative
simulation analysis of wear. As the sealing system with a
single seal is the fundamental element of the system with two
or three seals, the determination of the cycle time is operated
in the sealing system with a single seal.

The cycle of the simulation process presented above is
solved for different time increments. The nodal pressure
distribution for five stochastically selected contact nodes
(namely from node-1 to node-5) is plotted for different time
increments in Figure 9. In order to save the computing cost,
the process of selecting suitable cycle time is accomplished in
the first 30 s. It can be seen that as the cycle time is increased
the pressure distribution starts varying considerably. This
behavior of FE model affects the overall solution. Though a
model solved with a smaller cycle time gives more accurate
results, it comes at the expense of computational time.
Therefore, the cycle time is to be selected accordingly. In this
case, the cycle time 6 s was used.

4. Case Study

4.1. Introduction of the Gear Pump. In order to verify the
numerical analysis method presented in this paper, a gear
pump in the downhole robots is chosen as the experimental
subject.The structure of the gear pump is shown in Figure 10.
The power for motions of the robots is supplied by the power
source assembly which is composed of oil block, hydraulic
valves and the gear pump, as shown in Figure 10(a). Dynamo
(which is not displayed in the figure) rotates the driving gear
shaft in the gear pump and then the driven gear shaft is

also rotated. The space between the two gears is divided into
sucking space and compressing space. The two spaces are,
respectively, connected with the oil way outside the pump
to construct a complete loop which supplies power for the
executive components.

Sectional drawing of the pump is shown in Figure 10(b).
To make sure that there is enough pressure to drive the
executive components to their right positions, it is necessary
to prevent the fluid in the pump from leaking. The O-
rings marked with blueness are used as static seals. They
still keep corresponding to the pump body and there is no
relative motion in the sealing area. The O-rings marked with
redness are used as dynamic seals. They are installed in the
seat and their inner sides contact with the rotating shafts.
Once the shafts rotate, there are relative motions where the
seals contact with the shafts. The wear of the seals mainly
happens in these areas. Because this paper concerns the wear
simulation of the seals in the downhole equipments, the static
seals are not considered in the following content.

4.2. Worn Volume of the Seal. Thewear volume can be calcu-
lated through the following way. For the seal which is
assembled without eccentricity, the wear on each section is
absolutely the same if the influence of gravity is neglected.
We can suppose that if O-ring is cut off along the section,
the shape of the worn volume can be seen as a column. So
the worn volume can be calculated through the volume of
column.

The geometry model for the calculation of the worn
volume is illustrated in Figure 11, where 𝑟 is the inner radius
of O-ring. The height of the column can be approximately
replaced by the circumference of the inner circle. Since the
worn section is irregular, an approach based on the FE nodes
is proposed to calculate the area of the worn region approx-
imately. Only the change of the positions of the contacting



8 Advances in Mechanical Engineering

Start

Initial geometry

FE meshing

Radial and axial 
pre-compression

Contact pressure 
distribution

Determine nodal heat 
flux density

FE thermal analysis

Temperature 
distribution and 

thermal expansion

FE contact analysis

Contact pressure 
distribution

Basic simulation 
parameters

Wear calculation

Nodal wear depths

Moving the nodes

New geometry

Output results

End

Thermal

Initial 
contact 
analysis

Comprehensive 
contact analysis Wear

Yes

No
t > tmax ?

Figure 8: Flowchart for the wear simulation of thermal-structure coupled analysis.

nodes, which are distributed on the profile of the seal in the
sealing region, is considered during the calculation. If the
worn height of node 𝑖 is marked as 𝑑ℎ𝑖, make a rectangle with
the length of 𝑑ℎ𝑖 and the width of 𝐿 𝑖, and the value of 𝐿 𝑖 can
be obtained through its neighboring nodes 𝑖 − 1 and 𝑖 + 1. 𝐿 𝑖
can be given as follows:

𝐿 𝑖 =

1

2

(ℎ(𝑖−1)−𝑖 + ℎ𝑖−(𝑖+1)) ,
(19)

where ℎ(𝑖−1)−1 and ℎ𝑖−(𝑖+1) represent the horizontal distances
between node 𝑖 − 1 and 𝑖 and between node 𝑖 and 𝑖 + 1,
respectively.

So the worn volume of O-ring can be expressed as

𝑉 = 2𝜋𝑟

𝑛

∑

𝑖=1

𝐿 𝑖 ⋅ 𝑑ℎ𝑖, (20)

where 𝑛 represents the number of the contacting nodes on the
profile of O-ring.

4.3. Numerical Results. The material and geometry parame-
ters which will be used in the simulation process are given
in Table 1. The materials of the shaft and the chamber are
defined as steel, while the material of O-ring is defined as
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Figure 9: Distribution of the nodal contact pressure with different cycle time. (a) Cycle time = 2 s. (b) Cycle time = 6 s. (c) Cycle time = 10 s.

fluororubber.The angular speed of the shaft is set to be 3000 r/
min.

In order to study the influence of the compression rate
on the wear behavior of the seal, three compression rates
are selected in this work: 20%, 25%, and 30%. Under each
compression rate, the sealing systems with a single seal, a
couple of seals, and three seals are, respectively simulated and
tested to obtain theworn volumeof the seals.Thevariations of
the compression rate and the number of the seals are fulfilled
through changing different sizes of sealing seats. The results
are displayed in Figure 12.

The worn volume of the seal in the sealing system with a
single seal is shown in Figure 12(a). It implies that the wearing

speed in the initial period is fast. In about two hours, the
tendency of the worn volume varies linearly. According to
the wearing law, we can affirm that the seal has entered the
running-in period. What is more, as the compression rate is
increased, the worn extent of the seal is also increased. And
the worn speed in the running-in period is faster.

The result of the worn volume in the sealing system with
a couple of seals is displayed in Figure 12(b). In order to
obtain the wearing behavior of each seal, the result of each
seal is given individually. For convenience, the left seal in
Figure 2(b) is simply marked as “Left” while the other one is
simply marked as “Right”. The tendency of the worn volume
of each seal is similar as the result shown in Figure 12(a).
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Figure 10: Structure of the gear pump. (a) The gear pump in the power source assembly of downhole robots. (b) Sectional drawing of the
gear pump. (1) Top end cap-1; (2) bolt; (3) top end cap-2; (4) seal seat; (5) driven gear shaft; (6) driving gear shaft; (7) static O-ring; (8) dowel
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Figure 11: Geometry model for worn volume.

Beyond that, we can find that the worn extent of the right-
hand seal is bigger.

The result of the worn volume in the sealing system with
three seals is displayed in Figure 12(c).The seals in Figure 2(c)
are simply marked as “left,” “middle,” and “right” from the
left side to the right side. It can be seen from the result that
the worn extent of the “right” seal is the biggest when the
three seals are installed in series, while the worn extent of the
“middle” seal is the smallest.

4.4. Experiment Results. The test rig is shown in Figure 13.
The rig is composed of four modules.

(i) Heating module: this part is in charge of heating the
oil which will be infused into the testing module.

The oil is heated to the required temperature in the
heating container by four heaters.Then, the heated oil
is transferred to the pressure module.

(ii) Pressure module: the oil enters into the pressure
container and is pressured by the pressure cylinder
laid beside the pressure container.The oil is pressured
linearly to the value which the test requires.

(iii) Test module: the downhole robot is mounted in a
cylinder where the heated and pressured oil repre-
senting the harsh environment is also accommodated.
The robot accomplishes the specified orders sent by
the control module, including the continuous work-
ing of the gear pump.
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Figure 12: Worn volume of O-ring through simulation way. (a) Sealing system with a single seal. (b) Sealing system with a couple of seals.
(c) Sealing system with three seals.

(iv) Control module: this module is comprised of electric
closet and control cabinet. Its function is to send
orders to the robot and other modules to fulfill
specified mission. In the meantime, it accepts the
signals sent by the sensors to monitor the variation of
the parameters. However, the concern of this paper is
on the worn of O-rings. This can be finished through
weighing the seals before and after the test. So this
module is not in charge of recording the parameters
in this paper.

The experimental results are shown in Figure 14. The
variation of the worn volume of a single seal is displayed in
Figure 14(a). The worn volume of the seal under bigger com-
pression rate is also bigger. And the wear speed is faster.These
are quite consistent with the simulation results. However, we
can note that the experimental data is a little smaller than the
simulation data. This can be explained that in reality there
is a thin film in the gap between the seal and the shaft. So
the wear effect will be weakened due to this film. Thus, the
experimental results are smaller than the simulation results.
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Figure 13: Test rig for downhole equipment development. (a) Structure of the test rig. (b) Tested robot.
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Figure 14: Worn volume of O-ring through simulation way. (a) Sealing system with a single seal. (b) Sealing system with a couple of seals.
(c) Sealing system with three seals.

The variation of theworn volume of the two-seal system is
shown in Figure 14(b).The law of the compression rate affect-
ing the worn volume is similar to that in Figure 14(a). In addi-
tion, the experimental data prove that the worn extent of the
“right” seal is bigger. This agrees with the simulation results.

Figure 14(c) displays the worn volume of the sealing sys-
tem with three seals in a slot. Similar to the simulation result,
the “right” seal is worn most and the “middle” seal is worn
least. It implies that the simulation method is able to model
the true wear effect of the seals underground.

4.5. Discussion. The results from both simulation and experi-
ment are almost coincident.Theworn volume for a single seal
displays a tendency that the initial speed of worn volume is
faster. This can be explained that the initial contact pressure
between the seal and the shaft is larger and the effect of the
friction heat is apparent. This leads to an even larger contact
pressure. So the wear speed is faster according to Archard’s
model. With the removal of the seal material, the contact
pressure between the seal and the shaft as well as the effect
of the friction heat decreased. Consequently, the wear speed
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Table 1: Material and geometry parameters.

Parameters Value
Elastic modulus of fluororubber 7.84MPa
Poisson’s ratio of fluororubber 0.49
Elastic modulus of steel 201 GPa
Poisson’s ratio of steel 0.3
Density of fluororubber 1400 kg/m3

Density of steel 7850 kg/m3

Thermal conduction coefficient of rubber 0.16W/mK
Thermal conduction coefficient of steel 44W/mK
Thermal expansion coefficient of rubber 6.9 × 10

−4/∘C
Specific heat of rubber 1700 J/kgK
Temperature of fluid 80∘C
Pressure of fluid 1MPa
Diameter of the shaft 30mm
Sectional radius of O-ring 20mm
Friction coefficient between the steel and the
fluororubber 0.3

of the seal is reduced. A high compression rate increases the
contact pressure. So the fact that higher compression rate
speeds up the worn behavior can be easily explained.

In the two-seal sealing system, the worn extent of the
“right” seal is a little bigger than the “left” one. The explana-
tion of this result is that the deformation of the chamber is
much smaller than the seals and the “right” seal is constrained
by the chamber on the right surface. So the deformation of
the “right” seal is larger than the “left” one which leads to
the contact pressure of the “right” seal being bigger than
the “Left” one. The subsequent explanation is the same as
introduced in last section.

This explanation is also suitable for the three-seal sealing
system. The “right” seal is constrained by the chamber. So
its deformation as well as the contact pressure is the largest.
That is why the “right” seal is worn most. Oppositely, as the
“middle” seal is constrained by two seals on both sides, its
deformation will be slightly released. Thus, the extent of the
“middle” seal’s worn is the smallest.

5. Conclusions

The wear phenomenon of seal component in downhole
equipments is investigated with a numerical method in this
paper. The effect of initial compression rate and the number
of seals on the wearing behavior of O-rings is discussed. A
structural and thermal coupled FE approach is presented to
simulate the wear process of seal component under high tem-
perature and high pressure condition. A remeshing strategy
is proposed to simulate the behavior of the material removal
of the seal. A rotating hydraulic seal component in the
self-developed downhole robot is taken as in experimental
subject. Both numerical analysis and practical experiment are
conducted. The results of the numerical analysis method are
consistent with the experiment data.This work can be used to

predict the life of O-ring indirectly through predicting worn
volume of the seal.

Since the downhole environment is quite complicated, a
further study on the influence of other factors on the wear of
the seal is needed. One factor is that sometimes the seal will
be working with contamination particles. So the wear type is
abrasive wear instead of adhesion wear. How to simulate the
wear process of the seal with an abrasive wear is the next aim
of the authors.
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This paper aims to study the biomechanical effects on elevator users and the injuries sustained should an elevator crash happen.The
analysis will focus on buffer impact, signaling that the earlier mentioned buffer is usually located at the bottom of the pit. In order to
carry out this analysis, a numerical technique based on finite element method will be used, while elevator users will be simulated by
means of automotive dummies. Two crash factors will be studied, namely, location of dummy and fall velocity.The analysis criteria
will be damages sustained by the dummy, based on biomechanical index such as HIC, CSI, forces, and accelerations.

1. Introduction

Safety in elevators has been a major issue in the elevator
industry since the beginning of such transport systems.
Furthermore, there is a high level of social awareness linked to
elevator accidents that has brought about a lot of investigation
into them. There are two main types of accidents, those
involving car free falling [1] and car ceiling crashes due to the
misdetection of top floor.

This paper will focus on the particular case of an elevator
car free fall crash. In that case the elevator would crash into
those pit polyurethane buffers, henceforward called puffers.
There are two pit buffers types, those falling under the
energy dissipation category, and those of under the energy
accumulation one. Polyurethane buffers belong to the energy
accumulation type, as well as those of steel spring type,
whereas oil buffers fall under the energy dissipation category
and are not as popular as polyurethane or spring based.

If an elevator car free fall should happen, three systems
might stop the elevator. Firstly, the elevator brake should stop
the engine. Were this to fail, and the brake did not stop the
engine and the ropes, the overspeed governor should make
the safety gear stop the elevator. In the unlikely case of a safety
gear failure or an overspeed governor malfunction, the pit
puffers [2] would absorb the kinetic energy of the car, turning

such energy into strain energy due to the deformation of the
puffers [3].

This paper will focus on the third situation of the elevator
crash. This is when the elevator will crash into the buffers
located at the bottom of the pit. This free fall would occur
if the brake did not stop the car and if the safety gear was not
activated by the overspeed governor.

Polyurethane buffers, puffers, turn kinetic energy into
strain energy, thereby causing an attenuated collision between
the car and buffer, leading to a soft and smooth landing of
the car while avoiding serious accidents. These buffers have
a higher energy absorption capacity compared to the steel
spring buffers.

Two crash variations are presented in this paper, that is,
location of dummy and fall velocity.The analysis criteria used
are damages on dummy, based on biomechanical indexes
such as head injury criteria (HIC), chest severity index (CSI),
forces, and accelerations.

For the numerical calculations, a crash test dummy
will be used. This dummy allows monitoring those main
biomechanical indexes such as HIC and CSI. Accelerations
and forces can be calculated as well by means of virtual
accelerometers located in the dummy. These measures will
allow damages and injuries sustained on the dummy due to
the crash to be calculated.
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Table 1: Stress-strain polyurethane behavior.

Deformation Tension (MPa) Deformation Tension (MPa)
0 2.15 0.44 4.908
0.01 2.24 0.49 8.19
0.02 2.323 0.52 14.67
0.345 3.226 2 558.801

Figure 1: Elevator car finite element model.

Several variants will be calculated by changing both
dummy location and considering various impact velocities.

2. FEM Models

In order to assess the damages sustained, the best option
consists in making use of a crash test dummy placed inside
an elevator while there is a crashing of buffers. However, this
option has been ruled out as being too expensive.

The option chosen has been resorting to numerical
techniques which allow researchers to simulate the real l
conditions encountered while cutting down on cost and time.

This research will be performed by means of an effective
and efficient use of a numerical tool such as the finite element
method (FEM).

The main FEM code utilized for the calculations is the
LS-DYNA code. This code is widely used for automotive
crash and allows the use of an extensive family of crash test
dummies. All dummies are available, and some of them are
even free to use and widely correlated to actual test dummies.
While LS-DYNA has beenmainly used to calculate the crash,
two other codes (ABAQUS and PATRAN) were used to
model and mesh both elevator car and buffers based on a
generic elevator car and the buffer model. Both models were
calculated in order to check static and dynamic behavior,
weight, structural integrity, and suitability of mesh in terms
of stresses and calculation time.

Polyurethane
Aluminium shirt

Figure 2: Puffer finite element model.

The elevator car used is a four-people car, (Figure 1) 2.45
meters high, 1.14meters deep, and 2.18meters wide. Any non-
structural parts such as mirror, decorations, and lights were
removed and therefore not modeled nor meshed. Usually the
car is made of steel plates with a relatively small thickness.
That allows modeling the car with shell elements. A reduced
integration was selected and a fine mesh consisting of about
180,000 elements and 190,000 nodes was necessary in order
to model the car (Table 1 shows it properties).

Puffers are made of high-density polyurethane suitable
for crash conditions. These puffers (Figure 2) belong to the
latest generation of impact buffers and are covered with
an aluminum sheet 1mm thick. This part was necessarily
modeled with solid brick elements for the polyurethane and
shell elements for the cover sheet.

Once both car and buffers were modeled, a Hybrid III
dummy model was placed into the car. Integration and
positioning was done in LS-DYNA. Figure 3 shows the global
model with car, buffers, and dummy fully integrated and
ready to crash.

The elevator car was mainly made of steel. Both St-
52 and St-44 were used for the car. The floor was also
made of plywood. Plywood was simulated as well by means
of solid brick elements due to its thickness. The puffer
consisted of two integrated parts. The solid meshed part
was polyurethane, whereas the other was the aluminum
sheet cover, made of 5088 alloy. Steel and aluminum were
modeled as elastic-plastic materials, following a stress-strain
curve, using the LS-DYNA piecewise linear plastic option
[4]. Plywood was simulated by means of the wood material
option of LS-DYNA [4]. Scottish pine wood properties were
selected for this particular elevator car floor. No failure was
expected on the pine wood floor, while some plastic strain
should occur on steel parts. High strain was expected on
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Figure 3: Global finite element model.

the puffer; therefore crushable foam with hardening was
used to simulate polyurethane behavior. Properties for the
polyurethane foam were as follows:

Youngs modulus: 0.10917MPa,

C. Poisson: 0.3,

density: 2.85∗10−2 kg/mm3.

3. Load Cases and Boundary Conditions

Nine load cases were calculated. These load cases result from
the combination of three free fall heights and three dummy
locations inside the car. Therefore the influence of both
factors will be assessed.

Heights correspond to free falls from the second floor (6
meters high), from the seventh floor (20 meters high), and
from the ground floor. Ground floor free fall is considered as
a fall at 2.5m/s speed which corresponds to a high elevator
velocity impact. Velocity is considered 2.5m/s for the other
load cases.

Numerical simulation will be carried out by means of
dynamic explicit finite element formulation, which is the
most suitable calculationmethod for highly dynamic impacts
[4].

In order to reduce and optimize computing time, a crash
is considered initiated when the car is about to hit the buffers.
Calculation time lasts until the necessary time required to
turn kinetic energy into some other types of energies is
consumed. Kinetic energy will turnmainly into strain energy
and some friction energy.

Therefore, the load cases begin with the car located
extremely close to the buffers and bearing an initial velocity
(V) calculated by means of (1), where V𝑛 is the elevator
maximum rated velocity (2.5m/s currently), 𝑔 is gravity and
ℎ is free fall height. Free fall height will be determined by

Rigid wall

20mm

Ux, Uy = 0

Figure 4: Boundary conditions.

multiplying 3 meters by the number of floors considered for
the load case.

V = √V𝑛 + 2𝑔ℎ. (1)

Therefore, the crash velocities would be 2.5m/s, 11.1m/s, and
20.4m/s. These velocities are introduced into calculation as
initial velocity of car. The dummy has the same velocity
owing to gravity and contact boundary conditions between
the whole body and the car. It is not necessary to introduce
such velocity into the dummy, as the elevator car forces the
dummy to travel at its own speed, which is the same as that of
the elevator. Gravity acceleration must be introduced as well.

Boundary conditions are as follows: full autocontact (LS-
DYNA automatic single surface) for all parts. This means
that the elevator car and buffers, the dummy, and the car,
and even all parts can enter into contact with one another
if necessary. A static and dynamic friction of 0.3 has been
considered.

As the elevator car moves along the guide rails, rail
brackets are restrained as shown in Figure 4. Puffers are
usually attached to a concrete cube at the bottom of the pit.
Therefore the bottom part of the puffer is fully restrained.
A concrete cube is modeled as a rigid wall, in order to
simplify calculations. The puffers must stop the car before
it impacts the floor, so this assumption should be suitable
for the purpose of the paper. As concrete would always be
under compression conditions, this assumption seems to be
reasonable.

The passenger is located on three different positions in
order to calculate three load cases. These locations will be
the centere, the lateral, and the corner. These three locations
should allow knowing the influence which the location has
on damages and injuries on impact. Figure 5 shows dummy
locations for the load cases.
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Figure 5: Dummy locations inside the car: center, lateral, and
corner.

4. Dummy

There is a wide range of numerical dummies at our disposal.
There are some companies offering dummies for many types
of calculations and simulations, and these companies even
offer the crash test dummy as well. The dummy is supposed
to portray human behavior under different situations, and
the crash test is one of the most typical ones [5]. While
the crash test dummy is the major issue on dummies,
dummies are widely used for many applications, including
automotive, aircraft, and railway crashes among others and
not necessarily on crash tests but to test accelerations or
forces in somewhat risky situations. At present no dummy
crash test has been carried out in the field of elevators
[5].

Crash test dummies have been developed mainly for the
automotive sector. The range of dummies is quite wide and
includes models such as the Hybrid III (frontal crash seated
dummy), FAT ES-2, ES-2re, FTSS SID-IIs, FAT EuroSID-1,
FATUSSID, SIDHIII, for lateral crash or back crash (Bio RID
II). The choice of dummy will depend upon standard or load
case.

As there is no dummy specifically designed for the field
of elevators, the choice will depend on three boundary
conditions of the proposed test and their availability.

For this elevator crash, the most suitable model would
be one used for frontal crash, rather than lateral or back
crash. The Hybrid III dummy will be the chosen model. This
dummy is currently used to simulate frontal crash under
Euro NCAP standards. The HYBRID III 50th Percentile
crash test dummy, representing the average adult male, is
the most widely used dummy for frontal crash and auto-
motive safety restraint testing. Originally, the Hybrid III
50th male was developed by General Motors for vehicle
safety purposes. Over the years, improvements have been
made to the dummy to make it more humanlike. It is
usually considered for generic testing. For instance, this
dummy has been considered for the UNE-EN 135000 stan-
dard regarding biker protection against road lateral protective
walls.

Hybrid III percentiles, such as male 50th percentile
(standard male, 168 cm height, and 77 kg weight), male 90th
percentile (tall male, 188 cm height, and 100 kg weight),

Figure 6: Hybrid III 50th percentile.
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Figure 7: Forces, accelerations, and moments in the neck/head.
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Figure 10: Axial compressive neck loading.

female 50th percentile (small female, 152 cmheight, and 50 kg
weight), kids six years old (21 kg weight), kids three years old
(15 kg weight), and kids 18 months old, are available.

This dummy is usually in a seated position when used
for automotive crashes such as the euron CAP frontal crash.
Therefore, the dummy had to bemodified to reach an upright
position. Both neck and pelvis had to be tuned to match the
standing position. The neck is easily modified by means of
commands, whereas the pelvis had to be modified by means
of a pelvis kit following the standard UNE 135900.

This is the reason for the somewhat weird external
appearance of the dummy shown in Figures 4 and 6, although
it does not affect the dummy’s capacity to measure accelera-
tions and forces.

Dummy Hybrid III consists of the following parts:

Head: made of aluminum and rubber. It is equipped
with triple-axis accelerometers measuring brain
accelerations.
Neck: there are sensors measuring pit, pitch, forces,
and accelerations.
Arms: the arms are not too restrained due to their
nature, therefore damages are not usual. Because
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Figure 11: Fore/aft shear force.
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Figure 12: Sternum deflection.

of that, arms are not tracked by sensors. A visual
checkout is performed.
Chest: the ribs are tracked in order to asses chest
crushing. Crushing ismeasured bymeans of displace-
ments and forces.
Femur and thighs: there are sensors between pelvis
and knees. On the pelvis femur joint, sensors also
measure forces and accelerations.
Calf: compression, torsion, pit, pitch, shear forces at
tibia and fibula are measured.
Ankles and feet: sensors measure pit, pitch, and twist.
Forces are measured.

The current description shows dummy behavior no matter
which crash test dummy or FEM model may be used. Of
course, the dummy used is fitted with sensors and accelerom-
eters, and FEM model just locates a node at the area where
forces must be measured.

4.1. Load Case 0: Dummy Placement Area. Load Case zero
is the initial dummy placement before any crash calculation.
The dummy is located and placed horizontally and vertically
as shown in Figure 5. Once correctly located, an initial gravity
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force is applied to the dummy for 3 seconds. The elevator is
fully restrained at buffer impact zones. This load case allows
the dummy to contact the floor.

There is no initial velocity at all, and the system is ready
to proceed with the crash load case.

4.2. Load Case 1: Elevator Car Buffer Crash. This load case is
generated once the dummy is placed by means of load case
0. Load case boundary conditions are as those previously
specified, as well as the initial velocity for both elevator car
and dummy, while the velocity on car would be enough as
the gravity attaches the dummy to the floor. Initial velocity is
2.5m/s, 11.1m/s, or 20.4m/s depending on load case.

The calculation time is enough to allow kinetic energy
to be zero if that situation happens. Calculation time is 1.5
seconds. Later on, initial kinetic energy considerations, such
as kinetic energy turning into strain energy, mainly fail to
happen. This is due to the car and dummy rebounding after
the crash. Therefore, it was required to measure vertical
velocity and acceleration in order to take a decision on when
to stop calculations. Of course, initial calculations required a
longer time in order to evaluate how the model behaves.
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Figure 15: Axial compressive right femur force.
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Figure 16: Axial compressive left femur force.

Kinetic initial energy is considered as follows:

𝐸𝑐,0 =

1

2

(𝑚lift + 𝑚dummy) ⋅ V
2

0
. (2)

5. Biomechanical Indexes and Injuries

Biomechanical indexes are related to damages and injuries;
therefore a basic knowledge on such fields is necessary in
order to assess damages and injuries.

Hybrid III allows assessing the damages at head, neck,
thorax, pelvis femur and lower extremities. Those zones are
designed according to experimental data coming from testing
performed on corpses. That is the best way to correlate
dummy fidelity to human body response to a crash as stated
by several authors in different studies (head [5], neck [6],
thorax [7], pelvis [8], femur [9] and lower extremities [10]),
on Hybrid III [11]. These authors provide the main criteria
to analyze damages and injuries by means of biomechanical
indexes calculated from dummy data.



Advances in Mechanical Engineering 7

0

1000

2000

3000

4000

5000

6000

7000

8000

Velocity (m/s)
0 5 10 15 20 25

Central position
Lateral position

Corner position
Limit

Fo
rc

e (
N

)

Figure 17: Medial and lateral tibia right plateau compressive forces.
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Figure 18: Medial and lateral tibia left plateau compressive forces.

Therefore, the main biomechanical indexes to assess
damages and injuries are as follows.

Head. Main damage is due to decelerations on impact. Peak
values are important, but sustained acceleration values are
even more important. The available criteria for the head are
the “head injure criterion” (HIC), defined as follows.

HIC = [ 1
𝑡2 − 𝑡1

∫

𝑡
2

𝑡
1

𝑎 ⋅ 𝑑𝑡]

2.5

⋅ (𝑡2 − 𝑡1) ,
(3)

where 𝑡1 and 𝑡2 are two time points during impact and 𝑎 is the
acceleration considered (𝑔’s). HIC36 and HIC15 are defined
as follows:

HIC36 = max{[ 1
𝑡2 − 𝑡1

∫

𝑡
2

𝑡
1

𝑎 ⋅ 𝑑𝑡]

2.5

⋅ (𝑡2 − 𝑡1)} ,
(4)

where 𝑡2 − 𝑡1 < 36ms like HIC15, HIC36 has been selected as
it is more restrictive. The considered limits are: damage level
I: 600 and damage level II: 1000 these limits correspond to a
2% and a 15%, respectively, of a permanent brain damage.
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Figure 19: Medial and lateral right ankle compressive forces.
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Figure 20: Medial and lateral left ankle compressive forces.

Neck. The following values are assessed (Figure 7).

Neck flexion moment (MF < 190Nm).
Neck extension moment (ME < 57Nm).
Axial tensile neck loading (Fz, Figure 1 of [10]).
Axial compressive neck loading (Fz, Figure 2 of [10]).
Fore/aft shear force (Figure 3 of [10]).

Thorax. The following values are assessed.

Sternum deflection (<60mm).
Sternum deflection rate (<8m/s).
Viscous criterion (<1m/s).
Thoracic spine acceleration (<60𝑔’s in less than
3ms.).
Chest severity index (CSI, <700).

Femur. The following values are assessed.

Axial Compressive femur force (Figure 5 of [10],
9070N).
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(a) (b) (c)

(d) (e) (f)

Figure 21: Evolution of calculation for a center located dummy at 20m/s speed crash. Frames are every 1ms.

Relative translation of femur and tibia at knee joint
(<15mm).

Combined bending and axial compressive loading of
leg (<1).

Medial and lateral tibia plateau compressive forces
(<4000N).

Lower Extremities. Medial and lateral ankle compressive
forces (<4000N).

All these parameters are available within the numerical
Hybrid III dummy except for the thorax viscous criterion;
there is a relative translation of femur and tibia at knee joint
and the combined bending and axial compressive loading of
leg.

It is worth mentioning that below the pelvis, damages or
injuries should not be fatal, nomatter how severe the injuries.
Damages and injuries on neck, head, and thorax could cause
many severe problems, even leading to death.

6. Results

Figures 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, and 20 show
results for the three dummy locations and velocities. Biome-
chanical safety levels are analyzed for the biomechanical
indexes previously shown.

Figures 21 and 22 graphically show dummy behavior at
different velocities and locations.

7. Discussion

Once the charts have been analyzed, it is possible to conclude
that injuries might occur to passenger users. Those possible
injuries to passengers aremainly located on lower extremities.

A detailed analysis reveals that accelerations at the head
are quite low, and therefore the HIC36/15 index shows values
much lower than the value of 600, so no damage would be
inflicted to the brain.

The neck index is above the lower safety limit for the
axial tensile neck loading.This problem occurs for all dummy
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(a) (b) (c) (d)

(e) (f)

Figure 22: Evolution of calculation for a corner located dummy at 10m/s speed crash. Frames are every 1ms.

locations and velocities. Values are different for every load
case, but at any rate, neck problems could arise on crashing
against buffers.

If axial compressive neck loading is checked, there are
damages just when the dummy is in a center location. The
other locations show values which are very close to the lower
limit, but figures are near enough.

Regarding fore/aft shear force, free fall from ground and
3rd floor is not enough to cause damages/injuries. From the
7th floor, those forces are above the limits for the center load
case and below the limits for the others. In brief, the neck
would be particularly injured on the center location and in
the case of a 7th floor free fall. Damage should affect ligaments
and vertebrae disks mainly due to axial tensile neck loading
at the center of the car. Lateral and corner locations are much
safer in case of a buffer crash.

There is no significant thorax damage for any load case.
There are neither high decelerations nor great displacements
for the thorax zone.Thoracic spine acceleration and Sternum
deflection are not significantly high. Values are higher for the
center location load case but below safety limits.

The hip area does not fall under safety limits except for
the 7th floor free fall at the corner location.

Axial Compressive right femur force is above the safety
limits in all circumstances. Figures 16 and 17 show values
above limits for any location and load case. Even for a much
limited velocity, injuries could occur on femur. In case of a 7th
floor free fall, damage at center location could be quite severe.
Lateral and corner positions are less safe for free falls at lower
floors and safer at top floors, when compared to the center
location. That is due to the deflection of floor and stiffness of
the car.

There is no damage above limits for themedial and lateral
tibia left plateau compressive forces, except when velocity is
related to top floors free fall. In such case, center location of
passengers is worse.

There are injuries at ankles at almost any load case and
speed. Figures 19 and 20 show damage levels for left and right
ankle. The position adopted determines level of damage for
each ankle.

As a summary, it can be concluded that no lethal damage
or injuries should occur on an elevator car buffer crash.
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Velocity levels are high enough to cover high-speed elevators
which are also related to polyurethane buffers. While no
fatal injuries should occur, different levels of damage could
arise regarding speed and location from this crash. This is
especially certain for the lower extremities, with the femur
and ankles as the most critical areas. Critical areas such as
head and thorax are quite safe, although the neckmight suffer
from problems in the disks and ligaments.

8. Concluding Remarks, Future Work,
and Considerations

In general terms, protection against the highly unlikely case
of overspeed governor and safety gear failure is good.

Bearing in mind that the studied velocities are quite high,
protection is sufficient enough as far as the 7th floor. Below
that floor with maximum velocity of 2.5m/s, damage and
injuries sustained are not really serious or fatal.

Above that 7th floor, injuries could be really severe for
both femur and neck.

Our main conclusion is that protection for high speed
elevators is good enough in case of buffer crash.

It must be pointed that the analysis and reseach is for
a elevator with only one passenger but the results if there
were more passengers should be quite similar. Likewise, the
dummy of choice corresponds to the 50th percentile male.
It must be mentioned that results might differ in the case of
heavier people and that could be the case for kid dummies.
The analysis has been done at high speed, and the latest
polyurethane generation buffers, steel spring buffers, and
lower velocities would lead to different results.

The possibility of a combined overspeed governor mal-
function or safety gear failure is extremely low, bearing in
mind that the elevator brake should as well fail to stop the
elevator. Despite these extremely low possibilities, in May 12,
2009, six people were injured at London’s Tower Bridge when
an elevator plunged 10 feet (3.05 meters) to the ground. Six
people were taken to the hospital. Their injuries included
broken bones; a husband and wife suffered leg injuries, while
three others suffered minor leg injuries. Ten people were able
to walk away unharmed.
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The computationally efficient damage identification technique for truss structures with elastic supports is proposed based on the
force method. To transform the truss with supports into the equivalent free-standing model without supports, the novel zero-
length dummymembers are employed. General equilibrium equations and kinematic relations, in which the reaction forces and the
displacements at the elastic supports are taken into account, are clearly formulated. The compatibility equations, in terms of forces
in which the flexibilities of elastic supports are considered, are explicitly presented using the singular value decomposition (SVD)
technique. Both member and reaction forces are simultaneously and directly obtained. Then, all nodal displacements including
constrained nodes are back calculated from the member and reaction forces. Next, the microgenetic algorithm (MGA) is used to
properly identify the site and the extent of multiple damages in truss structures. In order to verify the superiority of the current
study, the numerical solutions are presented for the planar and space truss models with and without elastic supports.The numerical
results indicate that the computational effort required by this study is found to be significantly lower than that of the displacement
method.

1. Introduction

The development of methods with higher computation effi-
ciency is a crucial subject in engineering problems, and
elimination of undue repetition in the analysis and the design
procedures can lead to a considerable reduction in computa-
tion efficiency. The well-known two counterpart approaches
have been usually carried out for the matrix structural
analysis. The displacement method has been considered as
a dominated structural analysis method due to its generality
and simplicity in the computer implementation, and a lot
of commercial softwares have been developed based on this
method.

In comparison with the displacement method, the force
method has its own advantages: (a) generating accurate stress
and displacement results even for modest finite element
models, since both equilibrium and compatibility conditions
are simultaneously satisfied; (b) the properties of members of
a structure most often depend on the member forces rather
than the joint displacements; (c) simple formulation for opti-
mization problems including stress constraints; and (d) easier

basic concept.These advantages have made the force method
as important part in the field of the structural engineering.

Up to now, considerable research efforts have been made
by many researchers to solve the structural analysis problems
using various types of force methods. Topological force
methods were proposed for rigid-jointed skeletal structures
using manual selection of the cycle bases of their graph
models [1, 2]. Algebraic force methods were developed by
Robinson [3], Kaneko et al. [4], and Pellegrino [5]. The
general formulation of the force method, which was named
as integrated force method, was suggested by Patnaik [6].

The damage identification of the system is an imperative
issue in structural engineering and the functional age of the
structure will increase after rehabilitating. To identify the site
and the extent of damage in the structural systems, various
methods have been introduced. Messina et al. [7] showed
a new correlation coefficient termed the multiple damage
location assurance criterion (MDLAC) to provide reliable
information about the location and absolute size of dam-
ages. Begambre and Laier [8] proposed the particle swarm
optimization combined with the simplex algorithm based on
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the damage identification procedure using frequency domain
data. The principal advantages of this approach were the
high reliability and stability of the algorithm and its inde-
pendence from the initial estimate of heuristic parameters.
Wang et al. [9] improved the damage signature matching
technique through a proper definition of the measured
damage signatures and predicted damage signatures to locate
damage in the structure. Qian et al. [10] proposed a two-stage
damage diagnosis approach in order to detect the structural
damage in steel braced frame. This approach was comprised
of the damage locating vectors method and eigensensitivity
analysis. Among the variety of damage detection methods,
the genetic algorithms (GAs) are one of the most successful
search methods and they have been applied to the problems
of the multiple structural damage identification [11–15]. The
concept of residual force techniques have also been used to
specify the objective function for the optimization procedure
whichwas then implemented by usingGAs [16–18]. However,
the above mentioned damage detection techniques used
the finite element approaches based on the displacement
method.

From the previously cited references, it is noted that even
though a significant amount of research has been conducted
on the development of the damage detection methods in
structural systems, there still has been no study reported of
the damage detection of the structural system considering
the effect of elastic supports using the force method. The
truss supporting with elastic springs has received increasing
attention due to its wide applicability in various engineering
problems. The elastic springs can be used to investigate the
behaviour of the partial connection at support, the subsoil,
or the elastic foundation.

In this paper, a computationally efficient numerical
procedure is proposed for the damage detection of the
truss structures accounting for the flexibilities of the elastic
supports through the force method. To transform the truss
with supports into an equivalent free-standingmodel without
supports, the novel zero-length dummy members are uti-
lized. General equilibrium equations and general kinematic
relations in which the reaction forces and the displacements
at the elastic supports are, respectively, taken into account
are formulated. A direct approach using the singular value
decomposition (SVD) technique is employed on the general
equilibrium matrix instead of the kinematic matrix to gener-
ate the compatibility conditions for the indeterminate trusses
without the need to select any consistent redundantmembers
as the classical forcemethod [19].The compatibility equations
in terms of forces, in which the flexibilities of the elastic
supports are considered, are clearly given. The analysis gov-
erning equations with unknown reaction forces, initial elon-
gations, and elastic supports are developed. Bothmember and
reaction forces are simultaneously and directly obtained and
then all nodal displacements including constrained nodes are
back computed based on the obtained member and reaction
forces. Next, themicrogenetic algorithm (MGA) is utilized to
identify the multiple structural damages in truss structures.
The numerical solutions are presented for the planar and
space truss models in order to show the superiority of the
proposed methodology.

2. Structural Analysis Based on Force Method

2.1. General EquilibriumEquations. For a𝑑-dimensional (𝑑 =

2 or 3) truss structure with 𝑏 members, 𝑛 free nodes and 𝑛𝑐

constrainednodes, the coordinate difference vectors l𝑥 (= 𝑙
𝑘

𝑥
),

l𝑦 (= 𝑙
𝑘

𝑦
), and l𝑧 (= 𝑙

𝑘

𝑧
) ∈ R𝑏 (𝑘 = 1, 2, . . . , 𝑏) of members in

𝑥-, 𝑦- and 𝑧-directions, respectively, are given by

l𝑥=Cx +C𝑐x𝑐,

l𝑦=Cy +C𝑐y𝑐,

l𝑧=Cz+C𝑐z𝑐,

(1)

where x, y, z (∈ R𝑛) and x𝑐, y𝑐, z𝑐 (∈ R𝑛𝑐) are the nodal coor-
dinate vectors of the free and constrained nodes, respectively,
in 𝑥-, 𝑦-, and 𝑧-directions; l (𝑙𝑘 = √(𝑙

𝑘
𝑥
)
2
+ (𝑙
𝑘
𝑦
)
2
+ (𝑙
𝑘
𝑧
)
2)

∈ R𝑏 is the length vector; L𝑥 = diag(l𝑥), L𝑦 = diag(l𝑦),
L𝑧 = diag(l𝑧), and L = diag(l) ∈ R𝑏×𝑏 are the diagonal
square matrices of the coordinate difference vectors and the
member length vector, respectively; C (∈ R𝑏×𝑛) and C𝑐 (∈
R𝑏×𝑛𝑐) denote the connectivities of members to the free and
constrained nodes, respectively.The equilibrium equations of
the free nodes in each direction of a truss structure can be
stated as

Af = p, (2)

where A (∈ R𝑑𝑛×𝑏) is the equilibrium matrix that transforms
the vector of member forces f of the system to the vector of
external loads p of the free nodes, defined by

A=(

C𝑇L𝑥
C𝑇L𝑦
C𝑇L𝑧

) L−1. (3)

It is noted that the equilibrium equations given in (2) do not
include any boundary constraints.

Let 𝑟𝑒, 𝑟𝑖, and 𝑟 denote the number of external, internal,
and total indeterminacies, respectively. The external inde-
terminacy is related to the boundary constraints while the
internal indeterminacy is associated with the number of bars
in the truss. They are defined, respectively, as follows:

𝑟𝑒 = 𝑐 − 𝑟𝑏, (4)

𝑟𝑖 = 𝑏 − 𝑑𝑛𝑠 + 𝑟𝑏, (5)

where 𝑐 and 𝑟𝑏 (= 𝑑(𝑑 + 1)/2) are the numbers of boundary
constraints and independent rigid-body motions, respec-
tively; 𝑛𝑠 (= 𝑛 + 𝑛𝑐) is the total number of nodes of the truss.
The number of total statically indeterminacy is given by

𝑟 = 𝑟𝑒 + 𝑟𝑖 = 𝑏𝑠 − 𝑑𝑛𝑠, (6)

where 𝑏𝑠 (= 𝑏 + 𝑐) is the sum of the number of members and
boundary constraints.

Let r𝑐 (∈ R𝑐) denote the unknown vector of reac-
tion forces employed to remove all boundary constraints.
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The general equilibrium equations for all nodes of the discrete
truss can be written considering the reaction forces as
external nodal loads as follows:

A f = p, (7)

where f (= {f𝑇, r𝑇
𝑐
}
𝑇
) ∈ R𝑏𝑠 is the unknown member and

reaction force vector, and p (∈ R𝑑𝑛𝑠) is the external load
vector of all nodes; A (= [A | A𝑐]) ∈ R𝑑𝑛𝑠×𝑏𝑠 is the general
equilibrium matrix; A𝑐 (∈ R𝑑𝑛𝑠×𝑐) is the coefficient matrix of
𝑐 unknown reaction forces in which its 𝑐 columns correspond
to the last 𝑐 unknown components of f . The 𝑐 columns of the
matrixA𝑐 are vectorswith all of their entries being zero except
the entries in the rows corresponding to the constrained

degrees of freedom having the negative unit value. If 𝑟 > 0,
the number of the unknowns of member and reaction
forces exceed the number of equations, that is, the general
equilibrium matrix A is rectangular. This means that the
equilibrium equations themselves are not sufficient to find the
member and reaction forces. Therefore, additional equations
of compatibility conditions are needed to determine the
unknown force vector.

Next, as an example, consider the 3-bar planar truss
supported by three hinges with two springs with the stiffness
𝑘3𝑥 and 𝑘3𝑦 as shown in Figure 1(a). Based on its free body
diagram in Figure 1(b), the equilibrium equations in (7) for
all nodes aftermoving the unknown reaction forces to the left
hand side can be written as

[
[
[
[
[
[
[
[
[
[
[
[
[

[

A/Members A𝑐/Boundary constraints
0.7071 0 −0.7071

−0.7071 0 0

0 0 0

0 0 0.7071

−0.7071 −1 −0.7071

0.7071 0 0

0 1 0

0 0 0.7071

0 0 0 0 0 0

−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 −1 0 0 0

0 0 0 0 0 0

0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1

]
]
]
]
]
]
]
]
]
]
]
]
]

]

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝑓1

𝑓2

𝑓3

𝑟2𝑥

𝑟3𝑥

𝑟4𝑥

𝑟2𝑦

𝑟3𝑦

𝑟4𝑦

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}

=

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

50

0

0

0

100

0

0

0

}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}

}

. (8)

In this study, the novel dummy members are introduced
to replace the elastic supports, which enable the analysis of
the trusses accounting for the flexibilities of elastic supports.
Figure 1(c) shows the six novel dummy members 4–9 (which
are represented by thick lines) having zero lengths (i.e., 𝑙𝑖 = 0,
𝑖 = 4–9) and the stiffness 𝑘4–𝑘9. Thus, the truss with elastic
supports can be converted into the equivalent free-standing
structure without supports. After implementation of struc-
tural analysis using the proposed method, the novel zero-
length dummy members 4–9 will be removed to transform
the nodes 2–4 back to the supports.

2.2. Kinematic Relations. The element deformation vector
e (∈ R𝑏𝑠) is related to the displacements of all nodes d (∈

R𝑑𝑛𝑠) by the following kinematic relation:

e = Bd, (9)

where

e = {e𝑇
1
, e𝑇
2
}

𝑇

,

d = {d𝑇
1
, d𝑇
2
}

𝑇

,

(10)

where B (∈ R𝑏𝑠×𝑑𝑛𝑠) is the kinematic matrix; e1 (∈ R𝑏) and
e2 (∈ R𝑐) are the elongation vectors of the 𝑏members and the
𝑐 novel dummy members, respectively; similarly, d1 (∈ R𝑑𝑛)

and d2 (∈ R𝑑𝑛𝑐) are the displacement vectors of the 𝑛 free
nodes and the 𝑛𝑐 constrained nodes, respectively.

The displacement-deformation relationship in the field of
small displacements for the elastic conservative systems can
be obtained by equating the external work and the internal
strain energy as

1

2

p𝑇d =

1

2

f
𝑇

e. (11)

By substituting p from (7) and e in (9) into (11), the following
relation is obtained:

f
𝑇

A𝑇d = f
𝑇

Bd. (12)

Based on the principle of virtual work, the above equation can
be ensured to be true only if the following relation holds

B = A𝑇. (13)

Hence, the kinematic relation in (9) can be rewritten as

e = A𝑇d. (14)

The expression given by (14) is the general form of the
deformation-displacement relationship of the discrete sys-
tem. In (14), there are 𝑟 (= 𝑏𝑠 − 𝑑𝑛𝑠) compatibility equations
which can be achieved through the elimination of the 𝑑𝑛𝑠

nodal displacements from the 𝑏𝑠 elongations. The 𝑏𝑠 com-
ponents of the member and reaction force vector f must
satisfy the 𝑑𝑛𝑠 equilibrium equations in (7) along with 𝑟

compatibility equations obtained from (14).
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Figure 1: (a) A 3-bar statically indeterminate planar truss with elastic supports at node 3. (b) The free body diagram of the system in (a).
(c) The equivalent free-standing model of the system in (a) with dummy members 4–9 to remove the supports.

2.3. Compatibility Equations. In this study, the singular value
decomposition (SVD) method is adopted as an effective
and numerically stable algorithm in order to extract the 𝑟

compatibility conditions from (14). The SVD is performed
on the general equilibriummatrixA instead of the kinematic
matrixB (i.e., the transpose of the general equilibriummatrix
A) due to the static-kinematic duality

A = UVW𝑇, (15)

where U (∈ R𝑑𝑛𝑠×𝑑𝑛𝑠) and W (∈ R𝑏𝑠×𝑏𝑠) are the orthogonal
matrices;V (∈ R𝑑𝑛𝑠×𝑏𝑠) is a diagonal matrix with nonnegative
singular values of A.

The vector space bases of compatibility equations of any
discrete truss structures are calculated from the transpose of
the null space of the general equilibrium matrix A. In this
case, the matrixW in (15) can be expressed as follow:

W = [w1 w2 ⋅ ⋅ ⋅w𝑑𝑛
𝑠

| s1 s2 ⋅ ⋅ ⋅ s𝑟] . (16)

For any displacement vector d, the element deformation
vector e must be in the subspace spanned by the column
vectors of [w1 w2 ⋅ ⋅ ⋅w𝑑𝑛

𝑠

] from (14) and (15). Hence, it has
to be orthogonal to the columns of [s1 s2 ⋅ ⋅ ⋅ s𝑟]

𝑇; that is, the
transpose of the last 𝑟 vectors s𝑖 (∈ R𝑏𝑠) inW corresponding
to the last 𝑟 zero singular values in V forms a set of 𝑟

compatibility equations as follows:

Se = 0, (17)

where S (∈ R𝑟×𝑏𝑠) is the compatibility matrix in terms of
elongations defined by

S = [s1 s2 ⋅ ⋅ ⋅ s𝑟]
𝑇
. (18)

The compatibility equations in (18) assure that the elongation
vector e is constrained such that the deformed elements fit
together to form the structure free of voids and discontinu-
ities.

2.4. Determination of Member Forces and Nodal Displace-
ments. Similarly, the compatibility matrix in terms of elon-
gations can be decomposed into two parts as

S = [S1 | S2] , (19)

where S1 (∈ R𝑟×𝑏) and S2 (∈ R𝑟×𝑐) are two compatibility
submatrices in terms of elongations of the 𝑏 members and
the 𝑐 dummy ones of the equivalent system, respectively.
Assuming linear elastic material, elongation-force relation is
given as

e = e𝑜 + Gf , (20)

where e𝑜 (∈ R𝑏𝑠) and G (∈ R𝑏𝑠×𝑏𝑠) are the initial elongation
vector (due to initial stresses, imperfections, and temperature
effects) and the diagonal flexibility matrix, respectively. The
diagonal flexibility matrix G can also be decomposed into

G = [

G1 0
0 G2

] , (21)
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where G1 (∈ R𝑏×𝑏) and G2 (∈ R𝑐×𝑐) are the diagonal
flexibility matrices of the 𝑏 members and the 𝑐 dummy ones
of the equivalent system, respectively. Inserting (20) into (17)
yields the following expression:

SGf = −Se𝑜. (22)

By substituting (19) and (21) into the left hand side of (22),
the compatibility equations expressed in terms of forces are
obtained as follows:

Df = p𝑒
𝑜

, (23)

where D (= [D1 | D2]) ∈ R𝑟×𝑏𝑠 is the compatibility matrix in
terms of forces of all members; D1 (∈ R𝑟×𝑏) andD2 (∈ R𝑟×𝑐)

are two compatibility submatrices in terms of forces of the
𝑏 members and the 𝑐 dummy ones, respectively; p𝑒

𝑜

(∈ R𝑟)

is a virtual force vector in the indeterminate truss caused by
member initial elongations e𝑜.D1,D2, andp𝑒

𝑜

are respectively
given by

D1 = S1G1, (24)

D2 = S2G2, (25)

p𝑒
𝑜

= −Se𝑜. (26)

Combining (7) and (23) yields

[

A A𝑐
D1 D2

]{

f
r𝑐
} = {

p
p𝑒
𝑜

} (27)

or

̃A f =
̃p, (28)

where ̃p (= {p𝑇, p𝑇
𝑒
0

}
𝑇
) ∈ R𝑏𝑠 is the external actions coupling

the external loads and the virtual forces due to member
initial elongations (or imperfections and temperature effects);
̃A (∈ R𝑏𝑠×𝑏𝑠) is a square full rank matrix coupling the general
equilibrium matrix A and the compatibility matrix in terms
of forcesD, defined by

̃A = [

A
D

] = [

A A𝑐
D1 D2

] . (29)

If all constrained nodes are fully rigid (i.e., there exists no
spring support in the structure), all the diagonal components
of G2 must be zero (i.e., G2 = 0), which leads to D2 = 0 in
(25). Similarly, if there is no initial elongation (i.e., e𝑜 = 0),
which leads to p𝑒

𝑜

= 0 in (26). Then (29) becomes

[

A A𝑐
D1 0 ]{

f
r𝑐
} = {

p
0
} . (30)

Regarding indeterminate trusses, however, it is not suf-
ficient to conversely obtain the nodal displacements using
themember elongations since the general equilibriummatrix
A is rectangular and cannot be inverted. This implies that

the compatibility equations should bemelted into the general
equilibrium equations. For this reason, the nodal displace-
ments dmust be calculated using ̃A in (28) instead of A as

d = Me, (31)

whereM (∈ R𝑑𝑛𝑠×𝑑𝑛𝑠) is given by

M =

{

{

{

A−𝑇 if 𝑟 = 0,

𝑑𝑛𝑠 rows of
̃A
−𝑇

if 𝑟 > 0.

(32)

3. Implementation of Microgenetic Algorithm

Genetic algorithms (GAs) are the numerical search algo-
rithms based on Darwin’s theory of evolution and survival
of the fittest. The information regarding an optimization
problem, such as design variable, is coded into a genetic
string known as an individual. Each of these individuals
has an associated fitness value, which is determined by
the objective function to be maximized or minimized. The
genetic algorithms proceed by taking a population, which
is comprised of different individuals with different fitness.
The best individuals of the current generation are selected
to produce the new generation which has better fitness by
crossover and mutation operators [20]. These GAs have been
shown to be capable of solving various optimization problems
via some basic concepts and operators. However, it has been
revealed from some research works [12, 13, 20] that the
simple GA cannot solve the damage identification problems
properly.

In order to acquire better identification results and high
efficiency, in this study, the microgenetic algorithm (MGA)
proposed by Krishnakumar [21] is used to properly identify
the site and the extent ofmultiple damages in truss structures.
TheMGAutilizes a relatively smaller population size than the
simple GA resulting in less computation time.The index used
as the objective function to beminimized in the optimization
process is demonstrated as follows:

obj (𝑥) = 




𝜆𝑖 {𝜀
𝑑

𝑖
− 𝜀𝑖 (𝑥)}






, (33)

where

𝜆𝑖 =

𝜀min
𝜀
𝑑

𝑖

, (34)

where 𝜀
𝑑

𝑖
is the strain of the 𝑖th member for the damaged

truss and 𝜀𝑖(𝑥) is the one that can be predicted from an
analytic model; 𝜀min is the strain of the member at which the
minimum axial force occurs.

Now, some basic concepts and operations of the current
algorithm are introduced.

(i) Coding. The coding of variables that describe the problem
are an essential characteristic of the genetic algorithm. A
binary coding method is used in this study. This method is
to transform variables to a binary string of specific length.

(ii) Selection Operator. The selection procedure used by
current study is based on the fitness of each individual.
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There are number of reproduction schemes commonly used
in the genetic algorithm. These include tournament selec-
tion, ranking selection, steady-state selection, greedy over
selection, and proportionate reproduction. In this study, the
tournament selection is used.

(iii) Crossover. Crossover is the operator that produces new
individuals by exchanging some bits of a couple of randomly
selected individuals. The two-point crossover is utilized
since the two-point crossover performs much better among
the multipoint crossover techniques [22]. In addition, the
crossover rate is set as 1.0; therefore, all populations must
perform a crossover operation at every generation.

(iv) Mutation and Restart Operation. There is no use of muta-
tion operation because 1.0 crossover rate provide adequate
variability. In addition, we do not use the restart operation
in this study.

4. Numerical Examples

To show the accuracy and the superiority of the proposed
damage detection method, two types of indeterminate truss
structures are solved.Through numerical examples, all mem-
bers are assumed to have the same elastic modulus 𝐸 =
70MPa and the area of cross-section 𝐴 = 0.01m2, and the
initial elongation vector e𝑜 is assumed to be zero.The damage
of truss structures is simulated via the reduction of the elastic
modulus in each element. The parameters of the current
genetic algorithmare selected here from the experience of our
work and a trial and error method as follows: the maximum
number of generation is 500, the population size is 500, and
the 30 bits are used to represent each optimization variable.
The convergence of the algorithm is met when the maximum
number of generation is attained.

4.1. 16-Bar Planar Truss. Figure 2 shows the simply sup-
ported 16-bar planar truss with the elastic springs at node 4.
The truss is modelled using 16 consistent finite elements and
subjected to a vertical force −1 kN acting at node 7. First, in
case of the simply supported boundary condition at node 4,
the flexibility matrix of the novel dummy members is zero
(i.e., G2 = 0) in (21) since the elastic supports are fully rigid.
The number of external indeterminacy in (4) is 𝑟𝑒 = 4−3 = 1,
while the number of internal indeterminacy 𝑟𝑖 = 16 − 2 ×

8 + 3 = 3; thus, the total number of redundancy in (6)
is 𝑟 = 1 + 3 = 4. In case of truss with elastic supports,
this study uses experimentally determined values for the soil
modulus of elasticity 𝐸𝑠 and the Poisson ratio ]. If the soil
is the loose sand with 𝐸𝑠 = 1750 kN/cm−1 and ] = 0.28, the
application of the Vallabhan-Das method [23] produces the
coefficient of subgrade reaction 𝐾𝑠 = 0.99461N/cm3. For a
truss member width 𝑏𝑏 = 10 cm and height ℎ𝑏 = 10 cm, the
Winkler foundationmoduli are 𝑘𝑥 = 𝐾𝑠ℎ𝑏 =9.946N/cm

2 and
𝑘𝑧 = 𝐾𝑠𝑏𝑏 = 9.946N/cm2.

The member and reaction forces f and all nodal dis-
placements d for the planar trusses with simple support and
elastic supports at node 4 are presented in Tables 1 and 2,
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Figure 2: A 16-bar planar truss.

Table 1: Member and reaction forces of the 16-bar planar truss (N).

Members
SS ES

Force
method (FM) SAP2000 Force

method (FM) SAP2000

𝑓
5 −423.06 −423.06 −445.08 −445.08

𝑓
6 −211.83 −211.83 −236.72 −236.72

𝑓
9 −301.55 −301.55 −348.47 −348.47

𝑓
13 −344.51 −344.51 −313.37 −313.37

𝑓
16 −643.24 −643.24 −608.03 −608.03

𝑓
17

(= 𝑟
1𝑥
) 416.97 416.97 154.53 154.53

𝑓
18

(= 𝑟
1𝑦
) 333.33 333.33 333.33 333.33

𝑓
19

(= 𝑟
4𝑥
) −416.93 −416.93 −154.53 −154.53

𝑓
20

(= 𝑟
4𝑦
) 666.67 666.67 666.67 666.67

Note: SS and ES denote the simple and elastic supports, respectively.

Table 2: Nodal displacements of the 16-bar planar truss (mm).

Nodes
SS ES

Force
method (FM) SAP2000 Force

method (FM) SAP2000

𝑑
2𝑦 −1.986 −1.986 −4.767 −4.767

𝑑
3𝑦 −2.698 −2.698 −7.712 −7.712

𝑑
4𝑦 0 0 −6.703 −6.703

𝑑
6𝑦 −1.705 −1.705 −4.587 −4.587

𝑑
7𝑦 −3.353 −3.353 −8.469 −8.469

𝑑
8𝑦 −0.460 −0.460 −7.217 −7.217

Note: SS and ES denote the simple and elastic supports, respectively.

respectively. It can be found from Tables 1 and 2 that the
results obtained from the prosed method are well compared
with those from SAP2000 [24] program.

Next, for the truss with elastic supports, the damage is
introduced in element 9 by reducing its stiffness to 30% of the
initial value as the first scenario. The measurement noise is
simulated and entered into the analysis. The identified dam-
age expressed in the ratio of elastic modulus reduction and
the convergence history of the objective function value with
generations are depicted in Figures 3 and 4, respectively. For
comparison, the results from the finite element model based
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Figure 3: Identified damage of the 16-bar planar truss for scenario
1.
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Figure 4: Convergence history of the 16-bar planar truss for
scenario 1.

on the displacement method (DM) is presented together. It
can be seen from Figures 3 and 4 that the two algorithms
based on the force and displacementmethods combined with
MGA are properly achieved to the site and the extent of the
hypothetical damage. The CPU time calculated for analyses
by using the force and displacement methods are presented
in Table 3. It is seen that the required computational time
for the FM is approximately one fifth of that required by the
DM, illustrating the efficiency of the FM over the DM for the
analysis of planar truss structure.

In the second scenario, the damages are induced in
members 5 and 13.Damagedmembers are assumed to have 40
and 30% of their initial stiffnesses, respectively.The identified
damages and the convergence history are presented in Figures
5 and 6, respectively. It is seen that the present study detects
the location and the extent of the damagewith good accuracy.
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Figure 5: Identified damages of the 16-bar planar truss for scenario
2.
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Figure 6: Convergence history of the 16-bar planar truss for
scenario 2.

Table 3: Computational time for the 16-bar planar truss (sec).

Force method (FM) Displacement method (DM)
Scenario 1 136 679
Scenario 2 130 686

It can also be found in Table 3 that the computational time for
the FM is significantly lower than that required by the DM.

4.2. 36-Bar Space Truss. The 36-bar space truss with 12 nodes
as shown in Figure 7, subjected to horizontal forces 𝑝1𝑥 =
𝑝1𝑦 = 1 kN and vertical force 𝑝1𝑧 = −1 kN, is considered.
The truss has mixed statically indeterminacy of twelve in
which six are externally statically indeterminacy, and the
others are internally generated. Therefore, twelve equations
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Figure 7: A 36-bar space truss.

of compatibility conditions are required to determine the
unknown member and reaction force vector f which can
be straightforwardly obtained by the analysis governing
equations in (27). For trusses with simple support and elastic
supports with 𝑘9𝑥 = 𝑘9𝑦 = 𝑘9𝑧 = 9.946N/cm2 at node 9,
the obtained member and reaction forces f , and all nodal
displacements d, as given in Tables 4 and 5, respectively,
coincide exactly with those of SAP2000 [24] program.

As a first damage scenario, the member 13 is damaged by
reduction of its stiffness to 40% of the initial value for the
truss considering elastic supports. Figures 8 and 9 show the
identified damages and the convergence history, respectively,
obtained from the force and displacement methods. In
addition, the CPU time for analyses by two methods is given
in Table 6. It is observed from Figures 8 and 9 and Table 6
that the current MGA can identify the locations as well as the
extent of the damaged space truss in both cases, whereas the
FM shows the superior efficiency on the CPU time required
when compared with the DM as can be seen in Table 6.

In our final scenario, the stiffnesses of members 1 and 21
are reduced to 30 and 50% of their initial values, respectively.
The identified damages and the convergence history are

Table 4: Member and reaction forces of the 36-bar space truss (N).

Members
SS ES

Force
method (FM) SAP2000 Force

method (FM) SAP2000

𝑓
1 −532.51 −532.51 −563.80 −563.80

𝑓
3 −169.22 −169.22 −183.23 −183.23

𝑓
5 240.83 240.83 238.09 238.09

𝑓
19 −41.36 −41.36 −48.27 −48.27

𝑓
21 −476.67 −476.67 −570.77 −570.77

𝑓
24 328.07 328.07 162.00 162.00

𝑓
37

(= 𝑟
9𝑥
) −293.43 −293.43 −144.90 −144.89

𝑓
38

(= 𝑟
9𝑦
) −293.43 −293.43 −144.90 −144.89

𝑓
39

(= 𝑟
9𝑧
) −252.07 −252.07 −96.63 −96.63

Note: SS and ES denote the simple and elastic supports, respectively.

plotted in Figures 10 and 11, respectively. From the results
shown in Figures 10 and 11, it is observed that the present
damage detection method achieves to the site and the extent
of the induced damages truthfully. It can also be found from
Table 6 that the computational time for the FM is significantly
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Figure 8: Identified damages of the 36-bar space truss for scenario
1.

10
9
8
7
6
5
4
3
2
1
0

0 50 100 150 200 250 300 350 400 450 500
Evaluated generations

FM
DM

O
bj

ec
tiv

e f
un

ct
io

n 
(×
10

−
4
)

Figure 9: Convergence history of the 36-bar space truss for scenario
1.

Table 5: Nodal displacements of the 36-bar space truss (mm).

Nodes
SS ES

Force
method (FM) SAP2000 Force

method (FM) SAP2000

𝑑
2𝑥 3.138 3.138 4.080 4.080

𝑑
2𝑦 2.654 2.654 3.507 3.507

𝑑
2𝑧 −0.495 −0.495 −0.169 −0.169

𝑑
8𝑥 1.436 1.436 1.959 1.959

𝑑
8𝑦 1.992 1.992 2.882 2.882

𝑑
8𝑧 −0.421 −0.421 −0.120 −0.120

Note: SS and ES denote the simple and elastic supports, respectively.

lower than that required by the DM, again pointing out the
efficiency of the FM.
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Figure 10: Identified damages of the 36-bar space truss for scenario
2.
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Figure 11: Convergence history of the 36-bar space truss for scenario
2.

Table 6: Computational time for the 36-bar space truss (sec).

Force method (FM) Displacement method (DM)
Scenario 1 592 2060
Scenario 2 608 1601

5. Conclusions

An efficient force method combined with the microgenetic
algorithm (MGA) for identifying the location and the extent
of multiple damages in the truss structures with elastic sup-
ports has been proposed. The general equilibrium equations
considering the effect of elastic supports and the kinematic
relations have been formulated, and the compatibility equa-
tions in terms of forces using the singular value decomposi-
tion technique are presented.Then, the optimization problem
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has been solved using theMGA to identify the actual damage.
In order to assess the performance of the proposed method,
two illustrated test examples are considered. Throughout
numerical examples, the relative performance of the force and
displacement methods in the damage detection analysis of
the truss structures is also investigated.The numerical results
indicate that the combination of the force method and MGA
can provide a reliable tool to accurately identify the multiple
damages of the truss structures and is computationally far
more efficient than the displacement method combined with
MGA.
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Theobjective of this paper is the simulation of some different types of elements for semitrailers, like the suspension, bothmechanical
with springs and pneumatic with a spring and diapresses; other parts like the wheels, the torsion bars, the fifth wheel and the
suspension of the tractor unit have also been simulated. Then, the numerical simplified FE model of these elements that allows
simulating the real behavior of the suspension to apply adequately the boundary conditions of a heavy vehicle has been obtained
for a structural simulation using numerical tools with a good accuracy of the local and global behavior of the vehicle.

1. Introduction

For a good structural design of any type of structure, it is
necessary to know its behavior for all possible load cases,
both extreme and usual, which it can support during its
useful life, and, so, the boundary conditions for each load
case must be perfectly defined to have a good accuracy of the
real behavior. For the particular case of semitrailers, during
the structural design, the structural behavior in terms of
strength and stiffness for the entire vehicle and for its parts
must be optimized to obtain a lightened vehicle that can
support the loads that can appear during its useful life [1].
Nowadays, numerical tools like the finite elements method
are usually involved in the structural design process, but
some problems related to the simulation of the boundary
conditions can appear, especially for a correct simulation of
some kind of elements such as the suspensions and the fifth
wheel with a low computational cost. These elements can be
simulated using a numerical meshmodel comprising all their
elements, parts, and their joints, but then the computational
cost, in terms of CPU time and hardware required, and the
numerical complexity of the model increase excessively [2].
The objective of this paper is the simulation of these elements
using simple elements (like beams and springs) and joints to
model their real behavior with a low computational cost and
a low complexity. By this way, numerical simplified models,

for a mechanical suspension, for a pneumatic suspension, for
the fifth wheel, and for the torsion bar, have been developed.

2. Fifth Wheel Simulation

The fifth wheel is a mechanical part, located in the rear part
of the tractor unit of a trailer designed to join the tractor unit
to the semitrailer, allowing some relative rotations so that the
vehicle can maneuver easily and does not behave like a rigid
element, which would imply high efforts for the structure.

The fifth wheel has a surface with a high stiffness, named
fifth wheel plate, designed to contact the king-pin sheet, and
a structure that fixes this part with the rear crossbar of the
tractor unit, allowing some rotations (see Figure 1) [3].

(i) Rotation in the “𝑋” direction of ±5∘, it allows the
swaying between the cabin and the semitrailer. Then
the efforts due to terrains with different inclination
are smaller, and there is a better contact between the
wheels and the road. The geometry of the fifth wheel
limits this rotation to ±5∘.

(ii) Rotation in the “𝑌” direction of ±15∘, it allows the
pitch between the cabin and the semitrailer. Then
the efforts due to terrains with different inclination
are smaller, and there is a better contact between the
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Figure 1: Fifth wheel coupled in a tractor cabin and their rotation directions in (a). In (b) a scheme of a fifth wheel.

wheels and the road. The geometry of the fifth wheel
limits this rotation to ±15∘.

(iii) Rotation in the “𝑍” direction of ±360∘ is disabled for
the possible contact between both parts of the trailer,
but that cannot be taken in consideration because this
contact does not appear during the structural design.
The objective of this rotation is to allow a higher
maneuverability of the vehicle.This is due to the joint
between the fifth wheel and the king-pin located in
the semitrailer.

The joint between the fifth wheel and the semitrailer is
due to the use of the king-pin (see Figure 2) which is a piece
welded to the semitrailer that allows the “𝑍” rotation.

Under the fifth wheel it is the crossbar of the tractor unit
and its suspension that must be simulated. If we analyze the
stiffness of all the parts, the stiffness of the fifth wheel and
that of the crossbar are quite higher than the stiffness of the
suspension [4], so they are negligible for the calculation, and
only the stiffness of the suspension can be considered.

Three different fifth wheel models have been made:

(i) model with the king-pin clamped,
(ii) fifth wheel model with five springs (see Figure 6 (left

panel)),
(iii) fifth wheel model with connector (see Figure 6 (right

panel)).

2.1. Model with the King-Pin Clamped. This is a model that
does not simulate the behavior of the fifth wheel, and it is
used to compare the local and global behavior with the other
models, mainly to analyze the stress concentrations near the
clamps. This model does not take into consideration the
behavior of the tractor unit cabin, so results obtained with it
can be used to compare the global and local strength behavior
far from the clamps and its deformation, but not its local
behavior and the vertical displacement near the clamps.

This model is the simplest and needs low numerical
requirements. Nevertheless it presents the lowest accuracy.

The main problem of this model is the local stress
concentration near the fifthwheel clamp, but it can be used to
analyze the rest of the vehicle because its structural behavior

will be quite similar to the real one and the maximum
deformation can also be obtained with it.

In this model, although all the displacements of the nodes
of the king-pin are clamped, their rotations are allowed like
in the real model but without the ±5∘ and ±15∘ restrictions.

Figure 3 shows the model with the king-pin clamped for
a tanker.

2.2. Fifth Wheel Model with Five Springs. A new fifth wheel
model has been made to correct the disadvantages of the
previous model, but this implies that higher complexity,
higher numerical requirements, and smaller increments are
needed during the numerical convergence process.

In this model the fifth wheel plate was simulated like
a 450mm round rigid plate chamfered in its contour (in
ABAQUS, R3D4 elements with a central reference node were
used). A rigid part, like the fist model, must have a reference
node, in this case located in the center, and this node must be
joined to some nodes located in the center of the king-pin to
constrain the relative displacements, but not the rotations (in
ABAQUS a link type multipoint constraint or MPC has been
used).

Then, all the rotations between the semitrailer and the
tractor unit are allowed, not the displacements. To avoid
the rotations without stops in “𝑋” and in “𝑌” directions, a
contact has been used between the king-pin sheet and the
fifth wheel (in ABAQUS using a rigid to deformable contact).
This contact also allows the fifth wheel to contact with the
king-pin sheet only at those zones where this contact really
exists, so the local stresses due to the clamp will be reduced,
and the efforts will be distributed in a higher area, which is
more approximated to what really occurs.

Between the fifth wheel and the king-pin sheet there is
some grease to reduce the friction between them, so a friction
coefficient, equal to 0.1 has been used [4].

The contact implies a higher accuracy but has a great
disadvantage because it requires the use of a nonlinear
solution model instead of a linear one (that can be used if
the material is linear and there are no other contacts), so
there is a higher numerical complexity with quite significant
computational cost and hardware requirements.

To simulate the “𝑌” rotation, there have been used four
springs located in a specific position that join the rigid fifth
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Figure 2: A fifth wheel (a), the coupling between the king-pin and the fifth wheel (b), and a king-pin (c).

Figure 3: Tanker with the king-pin clamped.

Fifth wheel 

MPC

Nonlinear springs 

Second rigid sheet

Tractor unit
spring

Figure 4: Fifth wheel model with five springs.

wheel plate (see Figure 4) to another rigid plate.These springs
have a nonlinear curve, so, until ±15∘, “𝑌” rotations are
allowedwith a low force, and beyond this point, a higher force
is needed, so that the stops at ±15∘ are simulated.

There is a link type MPC between the reference nodes of
both rigid sheets to avoid the deformation of all the springs,
due to the weight of the vehicle, so only a ±15∘ rotation is
allowed. Here another problem appears because in direction
“𝑋” there will be a ±15∘ stop instead of a ±5∘ one, and, so, for
a nonsymmetric load case, such as the step in only one wheel
case, the global behaviour will be different.

Under the second rigid sheet there is a spring between the
rigid reference node of this sheet and another node that will

0
2
4
6
8

10

30 80

Fo
rc

e (
N

)

Displacement (mm)
−10

−8

−6

−4

−2−120 −70 −20

×104

Figure 5: Force-displacement curve for the nonlinear springs.
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Swaying hinge
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Tractor unit suspension

Figure 6: Fifth wheel model with one spring.

be totally clamped.This spring simulated the rear suspension
of the tractor unit and has a spring constant of 2000 kN/mm,
obtained from some test of diverse tractor units.

Figure 4 shows this model, and Figure 5 shows the force-
deformation curve for the nonlinear springs that allows the
“𝑌” rotation.

The main disadvantages of this model, are that the
geometry of the fifth wheel plate is different from the real
one and that the swaying angle (“𝑋”) is ±15∘ instead of ±5∘.
Moreover it is a quite complex and noncompact model needs
high numerical requirements.

The main advantages are that allows to simulate “𝑌” and
“𝑍” and the suspensions of the cabin, and that it allows to
simulate the real contact between the king-pin sheet and the
fifth wheel in a higher area, like it really occurs.
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2.3. Fifth Wheel Model with One Spring. This is the last and
most accurate fifth wheel model, in which, the real geometry
of a fifth wheel plate has been used. The model has the same
joints between the king-pin and the fifth wheel using MPCs
like in the previous model and a contact between the rigid
fifth wheel plate (with a new geometry) and the king-pin
sheet.

Two hinge connectors have been used, one after the other,
which allow only a relative rotation in one direction defined
by two nodes, to simulate the ±15∘ and the ±5∘ rotations, so
that the swaying and the pitch can be simulated. Tomodel the
±15∘ and±5∘ stop angles, one stop condition has been used for
each hinge.

After the second connector, a spring has been located
(like in the previous model) that simulates the tractor unit
suspension. Then, a quite accurate and compact fifth wheel
model has been obtained, with the same rotations as the real
vehicle allowed and with the suspension included.

The main disadvantages of this model, as in the previous
one, are the necessity of carrying out a nonlinear analysis
with a higher numerical complexity and that the fifth wheel
elements used increase the numerical complexity of the
analysis and the CPU time; like in the previous model.

Figure 7 shows the fifth wheel model and a sketch of it.

3. Suspension Simulation

Another part of the vehicle thatmust be adequately character-
ized in order to achieve a good accuracy with the real results
is the suspension of the vehicle, so, in this chapter, some
different numerical models have been described. There have
beenmodels made for the most common types of suspension
[5]: the mechanical one (used usually for public works) and
pneumatic one (for the rest of the applications). So, although
suspensions for three-axis semitrailers will be analyzed, they
can also be used for two-axis ones easily.

Any suspension system is usually composed of an elastic
element, in parallel a dumping element, and the wheels
system,which can be simulated like another in parallel system
with a spring and a dumping. So, for a wheel, the next figure
quarter vehicle model simulates its static and dynamical
behaviour [6, 7].

For Figure 8:

𝐾𝑠 is the suspension stiffness coefficient,
𝐾𝑛𝑠 is the wheel stiffness coefficient,
𝑐𝑠 is the dump coefficient of the dumping,
𝑐𝑛𝑠 is the dump coefficient of the wheel,
𝑚𝑛𝑠 is the nonhangedmass: axis, pneumatic, rim, and
so forth.

It must be highlighted that the dumps do not act during a
static load case, so they can be erased in the model, but they
must be included for dynamic load cases. Figure 8 shows a
middle vehicle model, and there are also full vehicle models
[8].

The full vehicle model for a semitrailer will include the
same number of middle vehicle models tan number of axes

csKs
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Figure 7: Quarter vehicle model for a suspension.
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Figure 8: Middle vehicle model for a suspension.

that it has. To simulate the axes in the vehicles, each one is
going to be modeled like a bar located between the centers
of each wheel with an equivalent rigidity. Then, wheels are
modeled like a spring because load cases usually used to
analyze a vehicle are static load cases, so the effects of their
dumping can be erased, so they can be modeled like a spring,
with the rigidity of the wheel (Figure 9) and a nonhanged
mass, with the mass of the wheel and the rim. The rigidity of
the rim is too high compared with the rigidity of the wheel;
therefore it can be omitted [9].

3.1. Mechanical Suspension. Quite robust mechanical sus-
pensions are usually installed in public works semitrailers
because they have a good behaviour in adverse work condi-
tions (gravel deposits, quarries, tacks, etc.), showing a good
reliability and a low mechanical wear-out compared with
other pneumatic suspensions. Nevertheless they have a worse
dynamic behavior, so the comfort and the adaptation of the
suspension to the ground are worse too.

These suspensions have usually a mechanical spring that
acts elastically, a dumping element, the elements to join the
spring to the crossbar of the vehicle, the axis, and the wheel
with the rim, as Figure 10 shows.
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Figure 9: Wheel model and rigidity curve of a semitrailer wheel depending on the internal pressure (bar).
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Figure 10: Mechanical suspension with spring (B), crossbars (V),
and axis (E).

As we can see in Figure 11, there are two different types
of springs: conventional and parabolic ones, but parabolic
springs are not used in heavy vehicles.They will be simulated
both like a spring with the equivalent elastic coefficient.

There are other types of suspensions, for instance, the
double spring suspension (Figure 12), inwhich, depending on
the payload of the vehicle, only one spring acts (low loads and
less rigid suspension) or both springs act together (high loads
and more rigid suspension).

In any suspension system, springs are as important as the
joint systems because they allow certain displacements and
rotations that keep them working in order. For these springs,
one end is fully clamped, except for the transversal rotation
(see Figure 13), and the other end allows all the displacements
and rotations, except for the longitudinal displacement and

(a)

(b)

Figure 11: Conventional (a) and parabolic spring (b).

the transversal rotation; to achieve this behaviour two differ-
ent types of joints are possible, corresponding to springs with
housings and to friction springs, which define two types of
mechanical suspensions.

Concerning the suspension configurations for a semi-
trailer, there are several different configurations: individual,
with one bogie, with two bogies, and so forth. Here, only the
individual configuration has been taken into consideration,
but results can easily be extrapolated to other models. Three
types of mechanical suspensions have been developed.

To obtain the spring behaviour of the suspension, an
experimental analysis with a real vehicle has been carried out
(Figure 14).

Model 1. This model is used with the fifth wheel model 1
because although it is a model that clamps the supports of
the suspensions (see Figure 15), nonreal stress concentration
zones with appearing near these parts, it can be used to
simulate and to model the behaviour of the elements that
are far from these zones. It can also be used to obtain the
maximum deformation of the vehicle but not the maximum
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1

2

3
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5

Figure 12: Double-spring suspension: secondary spring (1), main
spring (2), U bolts (3), secondary spring support (4), and crossbar
of the vehicle (5).

displacement because it does not include the rigidity of
the suspension. The main advantages of this model are its
simplicity and its lower numerical complexity.
Model 2. In this model, showed in Figure 16, the suspension
is simulated with a rigid bar element, which joins the support
zones of the real spring, allowing only the transversal rotation
(using a hinge connector, point red in Figure 16) in one of
the ends, and, on the other, there is a hinge connector (red)
with cylindrical connector before it (two green points) for the
friction spring (a), or, for a spring with housings (b), there
are a hinge and, after it, a rigid bar (blue), and another hinge
connector.Thesemodels allow to simulate the behavior of the
ends of the suspension [9]. The rigidity of the suspension is
modeled using a spring element, located in the longitudinal
position of the wheel, with the equivalent rigidity of the
spring and the wheel, obtained using:

1

𝐾spring eq
=

1

𝐾spring
+

1

𝐾wheel
. (1)

The main advantages are that it allows the simulation of all
the displacements, rotations, and the vertical rigidity of the
suspension system and that it is quite compact and simple
to implement. The main disadvantage is that it does not
include neither theweight of the axes and thewheels nor their
transversal rigidity that is necessary for nonsymmetric load
cases such as the case of step in only one wheel.

Model 3. This is the most advanced mechanical suspension
model developed and allows simulating the lateral and verti-
cal behavior of the suspension, which is especially important
for the analysis of nonsymmetric load cases.

The simulation of the spring is quite similar to the previ-
ous model, with the same two different modelizations for the
end of the spring. For this model, the spring can be simulated
as in model 2, but with some rigid elements and with a spring
(Figure 17 right), which does not take in consideration the
transversal rigidity of the system, with volumetric elements

(Figure 17middle), which includes lateral and vertical rigidity
but implies a higher numerical complexity, and with bar
elements (Figure 17 left) where the rigidity of the bars is the
same (transversal and vertical) as in the volumetric model
and implies a lower numerical cost and complexity.

Figure 17 shows models for a double spring suspension,
so, for obtaining a simple one, we only must erase the
secondary spring. The simulation the real behaviour of the
double suspension, not only of the simulation of both springs
and the support of the secondary suspension, is necessary but
also a contact between the support and the secondary spring
must be used. Furthermore, in a nonloaded state, there must
be a space between the secondary spring and the support that
really exists in the vehicle (see Figure 17).

To simulate the axis a bar with similar rigidity and mass
has been used, and in the joints to the wheel a punctual mass
has been included (blue in Figures 18 and 19) to simulate the
masses of the rim and the wheel.

Figures 18 and 19 show the models used for a friction
spring model and for a spring with housings, considering a
double spring model.

In Figures 18 and 19, the black bars are rigid bars, the
red points are hinge MPCs that allow a transversal rotation,
the springs are spring elements to simulate the rigidity of
the main and the secondary spring elements and the wheel,
blue points are mass elements to simulate the mass of the
wheel and the rim, two green points are cylindrical MPCs,
the purple bar is a bar with the mass and the rigidity of the
axis, and the pink bar is a rigid bar. In those cases where there
is a simple spring, the elements of the secondary spring will
be erased. If there is a load case where the secondary spring
does not act, it can be erased too, but this is not usual during
the design process.

Thismodel allows to simulate any type ofmechanical sus-
pension and can be adapted to any type of vehicle modifying
the dimensions, the masses, and the elastic coefficient of each
spring; moreover the suspensions are simulated with their
transversal and vertical rigidity and with all the nonhanged
masses.

The main disadvantages of this model are its complex
implementation including some connectors, springs, and
masses and the fact that, for the double spring suspension,
there is a contact (so nonlinear analysis must be made) that
must be included, which could lead to some convergence
problems. This entails that both the numerical requirements
and the time necessary to converge increase.

Complete Suspension Models. Another aspect to take into
consideration for the suspension systems is that for tandem
suspensions, each wheel must support the same load. To
simulate this requirement, some joints must be included
in the suspensions as well as other auxiliary elements for
joining some springs. Figure 20 shows a simplified tandem
suspension, using the second suspension model described
before.

If a force equilibrium analysis is made, it can be observed
that the vertical load for each wheel is the same.This tandem
model can be easily extrapolated to the third mechanical
suspension model.
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Figure 13: spring with housings (a) and friction spring (b).
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Figure 14: Experimental results for a real suspension.

Figure 15: Suspension model with all the suspension supports
clamped.

3.2. Pneumatic Suspension. This is the most common sus-
pension system for semitrailers; therefore it must be perfectly
simulated.The first step has been the analysis of the elements
and components comprising it and their behavior. These
elements are shown in Figure 21 [10], and for the simulation
process, only the diapress (element 11; see Figure 22) and
the spring (element 7; see Figure 22) have been considered
important; the other elements are used for assembly purposes
between the parts.

The spring of the pneumatic suspension is quite similar to
the mechanical one; there is only one because one of the ends
is joined to a diapress, so previous springmodels can be used.

The diapress is a part that joins the spring to the cross-bar
of the vehicle, and it is an air cushionwith a constant area that
only can transmit vertical forces between their ends [11]. It is
connected to the other diapresses of the vehicle and to the air

Kspring

(a)

Kspring

(b)

Figure 16: Suspensionmodels for a spring with housings (b) and for
a friction spring (a).

compressor of the tractor unit by a pneumatic circuit, so the
force transmitted by each of the diapresses is the samebecause
they have the same pressure and the same vertical area.There
is another element, the levelling valve (see Figure 23), which
is joined to the chassis and to one of the axis (usually the
central one for three-axis vehicles and the rear one for two-
axis ones).

This valve, depending on the distance between the axis
and the chassis, allows the air flow to the diapresses when
the distance is lower than the reference one; by this way the
pressure inside the diapresses increases and the suspension
tends to rise in order to reach the reference level in the
levelling valve [12]. If the distance in the levelling valve is
lower than the reference one, the valve allows the air inside
the diapresses to escape to the atmosphere, so the pressure
inside the diapresses is reduced as well as their height, until
the levelling valve reaches its reference level.There is amargin
for the reference level value that allows the valve not to be
constantly working.

We have pointed out that the pressure, the area, and so
the forces in the diapresses are the same for all, so if we make
a force equilibrium analysis, we obtain that the vertical force
for each wheel is the same, like in a tandem model.

In this paper, some models for the pneumatic suspension
have been developed. Model 1 is like the mechanical suspen-
sion model 1.

Model 2. In this model the diapresses and the springs are
simulated like springs, one with a nonlinear behaviour and
the other with a linear one, as shown in Figures 24 and 25.
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Figure 17: Some models of the spring for a double spring suspension.
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Figure 18: Model for a friction spring.
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Figure 19: Model for a spring with housings.
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Figure 20: Second suspension model for a mechanical tandem
suspension.

Figure 21: Pneumatic suspension.

Figure 22: Sketch and a photo of a diapress.

The spring that simulates the spring element has a linear
behavior with the rigidity coefficient (𝐾1) of this element, and
the spring that simulates the diapress has a nonlinear force-
displacement curve (𝐾2) which is presented in Figure 25.

With this curve, all the diapress has the same vertical force
thatmust be previously calculated to adapt the curve to obtain
this value, and there is a flat zonewhere the force value is quite
similar for different displacements [13].

In order to simulate the lateral and transversal behaviour
of the diapress, only the vertical displacement has been
clamped.

This is a quite easy model, and if we obtain previously
the force acting at each diapress and adjust the curve of the
diapress, its vertical behavior is reproduced quite similarly.
With this model, although we can obtain the local stresses
near the suspensions and the vertical displacement with a
low accuracy level, it shows low convergence problems and
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Figure 23: Levelling valve and its location.

a low numerical complexity. Its main problem is due to the
fact that the model needs a previous calculation to obtain
the diapress curve, and additionally it does not consider the
nonhanged masses, the axis, the levelling valve, or the wheel
rigidity. Another problem is that the behavior of the spring
depends on the pressure of the diapress, and it cannot be used
for nonsymmetric load cases.

Model 3. The previous model has some errors and disad-
vantages that must be corrected; therefore the suspension
simulation has been improved with a newmodel. To simulate
the behavior of the levelling valve and its influence on the
pressure of the diapresses, it has been necessary to use
an ABAQUS subroutine. The other elements: the axis, the
wheel, and the spring can be simulated without a subroutine,
similarly as in the mechanical suspension models. So to
simulate the behavior of the levelling valve, it is necessary to
use two additional nodes: one is located in the axis and the
other in the chassis zone where the levelling valve is located.
These nodes can be joined together with some bars that will
not be affected by loads.

The key for a good simulation process is the subroutine
performance that must read from the results file (.odb) the
global position of both nodes, obtain the global distance
between them, and then compare this distance with a pre-
vious established range of distances. If the distance read is
higher, the subroutinemust reduce the pressure applied to the
diapresses to decrease the distance to the range values, and if
it is lower, it must increase it.

Moreover, during the first time increment, it must apply
a pressure to each end of the diapresses, obtained as the force
obtained in Figure 25 divided by the area of the diapresses.

The diapresses must not be modeled, but there must be
selected several zones of the chassis, with their same area,
and the pressure must be applied in these locations.The same
occurs for the end of the spring in contact with the diapress
that must be simulated like a sheet with a high rigidity joined
to the end of the spring and where we apply the pressure of
the subroutine (see Figure 26).

Concerning the subroutine, there have been used two
different subroutines joined with global variables: one to
obtain the relative distance between the nodes at the ends of
the levelling valve and another, after obtaining the pressure,
to apply it to the ends of the diapresses.

The first one is a URDFIL ABAQUS subroutine that reads
the results file (.odb) in each time increment andmust, for the
zero increment, read the distance between the levelling valve

nodes (introducing their node numbers in the subroutine),
obtain the relative distance, and archive it as a reference value
(𝑑0); the distance range will be: [𝑑0 −𝑅/2, 𝑑0 +𝑅/2], where 𝑅
is the range of the levelling valve in mm (usually 20mm) and
must be provided to the subroutine.

The function used to obtain the pressure is

𝑃ref =
𝑤veh + 𝑤load
𝑓 ⋅ 𝐴diap

, (2)

𝐹 =

𝐿vehi
𝐿vehi − 𝑎/2 + 𝑏

, (3)

𝑃 (increment = 1) = 𝑃ref ⋅
𝑡1

𝑡tot
, (4)

𝑃 (increment = 𝑛 ̸=1) = 𝑃 (𝑛 − 1) − 𝐾 (𝑑𝑡 − 𝑑0) ⋅
𝑡𝑛

𝑡tot

if 𝑑𝑡 ∉ [𝑑0 −
𝑅

2

, 𝑑0 +

𝑅

2

] ,

(5)

𝑃 (increment = 𝑛 ̸=1) = 𝑃 (𝑛 − 1) ⋅
𝑡𝑛

𝑡tot

if 𝑑𝑡 ∈ [𝑑0 −
𝑅

2

, 𝑑0 +

𝑅

2

] ,

(6)

where 𝑤veh is the empty weight of the vehicle, 𝑤load is
the payload, 𝑛 is the increment, 𝑡 is the total time of the
increment, 𝐴diap is the transversal area of the diapress, and
𝐾 is a convergence constant (it has been used 1.1).

The pressure will be applied with a DLOAD subroutine to
the specified elements.

This suspension model allows a perfect simulation of the
pneumatic suspension for any static load case; therefore it is
specially designed for standard load cases. For dynamic load
cases the subroutine will be quite similar, but in these cases
the ABAQUS subroutine used to apply the pressure will be a
VLOAD subroutine and to read the results a VURDFIL one.

Themain disadvantages of this suspensionmodel are that
it requires the use of a subroutinewhich entails a considerable
increase of the numerical complexity and the numerical
requirements of the analysis and also that the time increment
must be quite small to obtain a good convergence of the
model, so the time needed to run the analysis increases.

Figure 27 shows a numerical simulation of a tanker
vehicle with the suspension model 3.The zones used to apply
the pressure can be observed in this figure.

Model 4. Model 3 has the highest accuracy but has some
disadvantages as previously indicated, so it has been made
another pneumatic model, where some accuracy has been
sacrificed to obtain a better convergence as well as lower
numerical requirements and calculation time; a subroutine
has not been used in model 4. It has been used a nonlin-
ear spring to simulate the suspension as in model 2 (see
Figure 25); then, the rigidity of the spring in the flat zone
must be obtained previously, with theweight distribution (see
Figure 26 and (2) and (3)) and the distribution of weight
inside the suspension shared between the diapress and the
spring support (see Figure 28 and (7)).
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Figure 24: Pneumatic suspension second model.
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Figure 26: Main dimensions of the vehicle.

With a force equilibrium calculation we obtain

𝐹spring,plane =
𝑁wheel ⋅ 𝑙sop

𝑙sop + 𝑙diap
, (7)

so 𝑁wheel, 𝑙sop, and 𝑙diap, the vertical forces, will be the same
for all the axes, and their value will depend on the load level.

Figure 29 shows this numerical model, which is quite
similar to the third mechanical suspensión model but with
an additional spring to simulate the diapress. SLIDE-PLANE
connectors have been used in the diapress end,which restricts
all the displacements and all the rotations between their ends
in a plane, so the diapress spring only supports vertical forces
[9].

The main disadvantages of this model are that it is
necessary to obtain previously the vertical forces on each

Figure 27: Model 3 for a pneumatic suspension.

Nwheel

Nsop Ndiap

lsop ldiap

Figure 28: Force equilibrium equations for a pneumatic suspension.

wheel to introduce the nonlinear curve for the diapress and
that it uses some connectors and springs, which implies a
worse convergence and a higher calculation time but in any
case better and smaller than for third model.

The main advantages are that the vertical and transversal
rigidity of the suspension can be simulated with a high
accuracy, that it is not as difficult to implement as model
3, and that it has better convergence and lower convergence
problems than the previous model.
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Figure 29: Pneumatic suspension model 4.
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Figure 30: Torsion bar.

Figure 31: Torsion bar location.

Figure 32: Measure points to compare the obtained results.

4. Torsion Bar Model

Mechanical suspensions sometimes mount some additional
parts, called torsion bars (See Figures 30 and 31) that act when
a relative vertical distance appears between the two wheels of
an axis, and then they apply a torsion moment to reduce this
displacement and avoid that a wheel has an excessive jump.

The developedmodel for the torsion bar can be used with
the third mechanical suspension model, and it has three bars
with the same geometry than a real bar, joined to the extremes
of the chassis and to the axis allowing the transversal rotations
with hinge connectors, so it must be included to simulate the
additional torsion moment that is introduced in the model
for some load case, like the step in one wheel load case. In
other load cases where a relative vertical displacement does
not appear between the wheels of an axis, it does not act, so
it is not necessary to include it because its use would imply
some additional freedom degrees, convergence problems,
and higher modelling complexity [14].

5. Comparative Analysis of the Suspension and
the Fifth Wheel Models

Todo the comparative analysis, a vehicle tanker has been used
where all the mechanical and pneumatic suspensions models
and their corresponding fifth wheel model have been placed
for a static load case: the rest case with the maximum vehicle
payload transported [15, 16].

Results have been analyzed in some parts of the structure,
obtaining the stresses (Von Mises), the maximum defor-
mation (see Figure 35), and the vertical displacement. The
calculation time required has also been analyzed. It must be
pointed out that a plastic material model has been used for
all themodels, and this implies that a nonlinear analysis must
be applied to all of them. Figure 32 shows some of the points
used to compare the stresses between the different models.

Analyzing the obtained results (see Figures 32, 33, and 34
and Table 1), the pneumatic suspension models 2, 3, and 4
have the same behavior with similar stresses, displacements,
and deformations, so all the models have the same accuracy,
but it must be pointed out that model 3 needs higher
numerical requirements and CPU time (double the time) to
solve the same vehicle, but the accuracy is the same, and it
needs to use subroutines; models 2 and 4 need more or less
the same CPU time and have the same accuracy, but model 4
includes the axis, the nonhanging mass, and the transversal
rigidity, so this model is more adequate for nonsymmetric
load cases.

Concerning the mechanical suspensions, models 2 and
3 have the same values in terms of stresses, displacements,
and deformations, but they are different from the pneumatic
suspension results because they have different vertical rigid-
ity. In this case, model 2 needs a lower CPU time, but,
like the pneumatic second model, it is not adequate for
nonsymmetric load cases because it does not present a good
transversal rigidity behaviour.

The fifth wheel models have been compared with the
second pneumatic suspension model and the results show
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Table 1: Results for each model.

Suspension
model

Fifth wheel
model

Maximum
deformation

Vertical
displacement Von Mises stress (MPa) CPU

time (s)
(mm) (mm) Point 1 Point 2 Point 3 Point 4 Point 5 Point 6 Point 7 Point 8

Pneumatic/
Mechanic 1 Model 1 10,7 10,7 25,4 73,19 22,06 30,7 69,3 12,9 16,6 23,13 48273

Pneumatic 2 Model 2 11,2 81,8 24,1 57,34 9,4 29,9 250 15,2 8,7 22,73 76454
Pneumatic 2 Model 3 11,4 82,2 24,3 59,2 9,4 31,1 247 15,3 8,9 22,4 73434
Pneumatic 3 Model 3 11,3 81,5 24 58,4 9,5 30,4 248 15,1 8,8 22,5 136567
Pneumatic 4 Model 3 11,2 84,2 24,2 59,6 9,4 31,1 249 15,2 8,7 22,4 84657
Mechanic 2 Model 3 10,6 67,4 26,7 67,5 9,8 33,2 261,1 16,4 8,5 22,3 72453
Mechanic 3 Model 3 10,7 71,3 26,9 66,8 9,7 33,3 260,9 16,5 8,4 22,3 90538
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Figure 33: Von Mises Stress (MPa) for suspension model 1 (a) and for pneumatic model 2 (b).
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Figure 34: Von Mises Stress (MPa) for suspension model 1 (a) and
for pneumatic model 2 (b). Details of the king-pin zone and the
supports zone.

that both models have the same behavior, so all models have
the same accuracy, but model 3 needs less CPU time, and it
is more compact, and the geometry of the fifth wheel plate is

identical to a real one.Therefore model 3 is the best option to
simulate this element.

Finally, about the clamped suspension and fifth wheel
models (model 1 for both), it can be observed that results
in the zones near the clamps (see Figure 33 and Table 1) are
different from the other models, so they cannot be used to
analyze these zones. In the rest of the zones results are quite
similar, so they can be used to analyze and optimize these
zones with a lower computational cost. They can also be
used to obtain the deformation, not to obtain the vertical
displacement, because they do not include the suspension
behaviour.

6. Conclusions

The main conclusions are that, with the developed models
of fifth wheels and suspensions, the boundary conditions to
analyze structurally a semitrailer vehicle can be simulated
without the necessity of simulating these elements in detail
as indicated by other authors [17]. To make this possible,
some different mechanical and pneumatic suspensions and
fifth wheel models have been developed, and their behaviour
has been compared in terms of stiffness and strength. It can
be concluded that the most adequate models are the third
mechanical suspension model, the third fifth wheel model,
and the fourth pneumatic suspension model if we analyze
the accuracy, the computational and CPU cost, and their
transversal rigidity behaviour to simulate nonsymmetric load
cases.
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Figure 35: Vertical displacements (mm) for suspension model 1 (a) and for pneumatic model 2 (b).
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[1] E. Larrodé, A. Miravete, and L. Castejon, “Design and opti-
misation of a light-weight frigorific semitrailer,” Heavy Vehicle
Systems, vol. 5, no. 1, pp. 45–68, 1998.

[2] Q. Li and W. Li, “A contact finite element algorithm for the
multileaf spring of vehicle suspension systems,” Proceedings of
the Institution ofMechanical Engineers D, vol. 218, no. 3, pp. 305–
314, 2004.

[3] J. Klemenc, T. Jurejevcic, and M. Fajdiga, “Fifth wheel,” in
Proceedings of the 5th International Design Conference, pp. 19–
22, Dubrovnik, Croatia, MAY 1998.

[4] Y. Reboh, S. Griza, A. Reguly, and T. R. Strohaecker, “Failure
analysis of fifth wheel coupling system,” Engineering Failure
Analysis, vol. 15, no. 4, pp. 332–338, 2008.

[5] B. L. Bohnett and P. M. Bohnett, Fifth wheel travel trailer’s
for example, towing vehicle, support leg manipulating method,
involves disengaging support leg locking pin via rod including
pin engagement end and handling end.

[6] T.-T. Fu and D. Cebon, “Analysis of a truck suspension
database,”Heavy Vehicle Systems, vol. 9, no. 4, pp. 281–297, 2002.
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Most bulk metal forming processes may be limited by ductile fracture, such as an internal or surface fracture developing in the
workpiece. Finding a way to evaluate the ductile fracture criteria (DFC) and identify the relationships between damage evolution
and strain-softening behavior of 3Cr20Ni10W2 heat-resistant alloy is very important, which, however, is a nontrivial issue that
still needs to be addressed in greater depth. Based on cumulative damage theory, an innovative approach involving heat physical
compression experiments, numerical simulations, and mathematical computations provides mutual support to evaluate ductile
damage cumulating process and DFC diagram along with deformation conditions. It is concluded that, as for strain-softening
material, ductile damage starts at work hardening phase, and the damage cumulation is more sensitive in work hardening phase
than in work softening phase. In addition, DFC of 3Cr20Ni10W2 heat-resistant alloy in a wide temperature range of 1203∼1403K
and the strain rate of 0.01∼10 s−1 are not constant but change in a range of 0.099∼0.197; thus they have been defined as varying
ductile fracture criteria (VDFC) and characterized by a function of strain rate and temperature. According to VDFC diagram, the
exact fracture moment and position during various forming processes will be predicted conveniently.

1. Introduction

3Cr20Ni10W2 is one of the representative austenitic heat-
resistant alloys. It is usually used for the material of exhaust
valves on diesel engine in the large marine industry due to
high strength, superior creep strength, excellent oxidation
resistance, excellent heat resistance, and high corrosion resis-
tance [1]. It is well known that the deformation behavior
for a specified material is sensitive to strain, strain rate,
and temperature. At a particular strain, under certain com-
binations of temperature and strain rate, the material may
exhibit poor workability, whereas at other combinations it
may show good workability. An important concern in the
plastic forming processes of heat-resistant alloy iswhether the
desired deformation can be performed without any fracture
in workpiece. In industrial practice, however, the empirical
know-how of the designer is decisive for the fracture-free
quality of the products, but it usually requires very costly
trial-and-error [2].Thus, there is a critical need for predicting
and preventing fracture, which is a major feature of the

forming process and the quality of the products. If it is pos-
sible to predict the conditionswithin the deformedworkpiece
which lead to fracture, then it would allow early modification
of a production process and so reduces the risk of failure
occurring, with obviously saving time and cost [3, 4].

As a vital index of formability, the ductile damage in
plastic forming process can be described as a function of
local temperature, strain, and the stress state. The resulting
damage can be calculated, for example, with the model of
effective stresses, considering crack closure effects by splitting
the Cauchy stress tensor in a compressive and tensile part.
Therefore, the materials damage state in industrial processes
can be simulated by implementing damage models into
finite element software. Thus the damage degree, that is,
the fracture tendency, can be characterized as the ration of
damage value and ductile fracture criteria (DFC). So far,
the fracture criterion of Cockcroft-Latham has been applied
successfully to a variety of loading situations. It is suited
for ductile fracture in bulk metal-forming simulation [5].
Usually the critical damage value is considered as a constant
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Figure 1: True stress-strain curves of 3Cr20Ni10W2 alloy at different strain rates and temperatures (a) 0.01 s−1, 1203∼1403K; (b) 0.1 s−1,
1203∼1403K; (c) 1 s−1, 1203∼1403K; and (d) 10 s−1, 1203∼1403K.

of materials like yield stress and stress limit, though it is
affected by the working condition. Cockcroft and Latham
[2–9] have not expounded whether the critical damage value
depends on the temperature and strain rate.

The main purpose of the present work is to analyze and
uncover the nature relationships between damage evolution
and deforming parameters of 3Cr20Ni10W2 heat-resistant
alloy and furthermore to construct ductile fracture criteria
histogram along with deforming parameters. An innovative
concept of damage sensitive rate is brought forth as the
essential intermediate quantity to determine ductile fracture
criteria. As for the innovative approach, heat physical com-
pression simulations, numerical simulations, and mathemat-
ical computations are necessary, which induces that physical
experiments and numerical computations provide mutual
support to determine the varying ductile fracture criteria
(VDFC). Without a doubt, VDFC of 3Cr20Ni10W2 alloy
make it possible to predict the exact fracture moment and
position during various forming processes. That is to say, the
VDFC obtained in this work can help technicians to choose

suitable process parameters and avoid the occurrence of frac-
ture. It is very significant to guide the practical production.

2. Materials and Experimental Procedure

The3Cr20Ni10W2 austenitic heat-resistant alloy employed in
the present investigation is provided in the form of bar with
the diameter of 100mm. Its chemical compositions (wt. %)
are as follows: C 0.25, Si 1, Cr 20, Ni 10, Mn 1, W 2, and Fe
(balance). Before the experiment, the homogenized ingot was
scalped to diameter 10mm and height 12mm with grooves
on both sides filled with machine oil mingled with graphite
powder as lubrication to reduce friction between the anvils
and specimen during hot compression tests. The specimens
were resistant heated to a certain temperature at a heating
rate of 1 K/s by a computer-controlled, servohydraulicGleeble
1500 machine, and held at a certain temperature for 180 s
by thermocoupled-feedback-controlled AC current to ensure
a uniform starting temperature and decrease the material
anisotropy. All the twenty specimens were compressed to
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Figure 2:The specimen (a) as-received, (b) with a height reduction of 60% at temperature of 1253K and strain rate of 10 s−1, (c) with a height
reduction of 80% at temperature of 1253K and strain rate of 10 s−1 (d) a height reduction of 60% at temperature of 1203K and strain rate of
0.1 s−1, (e) and a height reduction of 60% at temperature of 1353 K and strain rate of 0.1 s−1.

a fixed true strain of 0.9163 (height reduction 60%) at the
temperatures of 1203K, 1253K, 1303K, 1353 K, and 1403K and
the strain rates of 0.01 s−1, 0.1 s−1, 1 s−1, and 10 s−1. During the
compressing processes the variations of stress and strain were
monitored continuously by a personal computer equipped
with an automatic data acquisition system. In the tests, the
temperatures of the specimens were controlled to within
±0.1K through three thermocouples adhibited affixed to the
specimens.

The true stress-strain relationships were derived from
the nominal stress-strain curves collected according to the
following formula: 𝜎𝑇 = 𝜎𝑁(1 + 𝜀𝑁), 𝜀𝑇 = ln(1 + 𝜀𝑁), where
𝜎𝑇 is the true stress, 𝜎𝑁 the nominal stress, 𝜀𝑇 the true strain,
and 𝜀𝑁 the nominal strain.

3. Flow Stress Behavior and
Experiment Results

The true compressive stress-strain curves of 3Cr20Ni10W2
heat-resistant alloy are illustrated in Figures 1(a)–1(d), which
show that both deformation temperature and strain rate have
considerable influence on the flow stress of 3Cr20Ni10W2
alloy. Comparing these curves with one another, it is found
that, for all of specimens after initial yielding, the flow stress
decreases monotonically with different softening rates. For a
specific strain rate, the flow stress decreases markedly with
the increase in temperature. In contrast, for a specific tem-
perature, the flow stress generally increases with the increase
of strain rate due to an increase of dislocation density and
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(a) (b)

Figure 3:The cross-sectional microstructure of 3Cr2Ni10W2 alloy (a) with a height reduction of 60% under temperature of 1203K and strain
rate of 10 s−1 (b) and a height reduction of 80% under temperature of 1253K and strain rate of 10 s−1.
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Figure 4: Damaged RVE in a damaged body.

the dislocationmultiplication rate. Moreover, the true stress–
strain curves in Figure 1 show that increasing strain rate or
decreasing deformation temperature makes the flow stress
level increase; in other words, it prevents the occurrence
of softening due to DRX and dynamic recovery (DRV)
and makes the deformed metals exhibit work hardening
(WH). The cause lies in the fact that higher strain rate
and lower temperature provide shorter time for the energy
accumulation and lowermobilities at boundarieswhich result
in the nucleation and growth of dynamically recrystallized
grains and dislocation annihilation [10–12].

From the true stress-strain curves in Figures 1(a)–1(d), it
can be seen that the stress evolution with strain exhibits three
distinct stages [13]. At the first stage while work hardening
(WH) predominates and causes dislocations to polygonize
into stable subgrains, flow stress exhibits a rapid increase to a
critical value with increasing strain; meanwhile the stored
energy in the grain boundaries originates from a large dif-
ference in dislocation density within subgrains or grains and
grows rapidly to dynamic recrystallization (DRX) activation
energy.When the critical driving force is attained, new grains
are nucleated along the grain boundaries, deformation bands,
and dislocations, resulting in equiaxed DRX grains. At the
second stage, flow stress exhibits smaller and smaller increase
until a peak value or an inflection of work hardening rate

Top die

Axis of symmetry
Workpiece

Bottom die

Figure 5: The basic model of compression testing in DEFORM-2D.

is reached, which shows that the thermal softening due to
DRX and dynamic recovery (DRV) becomes more and more
predominant, and then it exceeds WH. At the third stage,
two types of curve variation tendency can be generalized
as follows: decreasing gradually to a steady state with DRV
softening (1303∼1403K & 0.01 s−1, 1353∼1403K & 0.1 s−1, and
1403K & 1 s−1) and decreasing continuously with signifi-
cant DRX softening (1203∼1253K & 0.01 s−1, 1203∼1303K
& 0.1 s−1, 1203∼1353 K & 1 s−1, and 1203∼1403K & 10 s−1).
Thus, it can be concluded that the typical form of flow curve
with DRX softening, including a single peak followed by a
steady-state flow as a plateau, is more recognizable at high
temperatures and low strain rates. The cause lies in the fact
that at higher strain rates and lower temperatures the higher
work hardening rate slows down the rate of DRX softening,
and both the peak stress and the onset of steady-state flow are
therefore shifted to higher strain levels [14, 15].
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Figure 6: The damage distribution of the height reduction 60% under temperature of 1253K and strain rate of 0.01 s−1.

The results of heat physical compression experiments
are shown in Figure 2. Figure 2(a) shows the specimen
as-received; Figure 2(b) shows the deformed specimen with
a height reduction of 60% at temperature of 1253K and strain
rate of 10 s−1, on which no visible crack appears; Figure 2(c)
shows the deformed specimen with a height reduction of
80% at temperature of 1253K and strain rate of 10 s−1, on
which visible cracks appear; Figure 2(d) shows the deformed
specimen with a height reduction of 60% at temperature of
1203K and strain rate of 0.1 s−1, on which no visible crack
appears; Figure 2(e) shows the deformed specimen with a
height reduction of 60% at temperature of 1353K and strain
rate of 0.1 s−1, on which cracks appear.

The microstructures on the section plane of specimen
were examined and analyzed under the optical microscope,
as shown in Figure 3. Figure 3(a) shows the microstructure
on the cross section of the deformed specimen with a height
reduction of 60% under temperature of 1203K and strain rate
of 10 s−1. It can be seen that the deformed metal partially
transforms to a microstructure of approximately equiaxed
defect-free grains which are predominantly bounded by
high angle boundaries (i.e., a recrystallized microstructure)
by relatively localized boundary migration, and the grain
boundaries of the rest of untransformed metal reveal an uni-
form vector in radial direction due to weak recovery for grain
boundary torsion. Across the recrystallized microstructure,
no crack can be found. Figure 3(b) shows the microstruc-
ture on the cross section of the deformed specimen with
a height reduction of 80% under temperature of 1253K
and strain rate of 10 s−1. By comparison with Figure 3(a),
it can be seen that more deformed metal transforms to
recrystallized microstructure due to higher mobility of grain
boundaries (growth kinetics), and all the grains tend to
be more homogeneous due to stronger adaptivity for grain
boundary migration. However, microcracks appear in the
middle region of the section, which shows that the visible
cracks on the upsetting drum have extended from the surface
to the center. According to elastic-plastic mechanics theory,
in an upsetting process, the maximum stress appears on the
upsetting drum, while minimum stress appears in themiddle

region.Therefore,macrocracks appear on the upsetting drum
firstly and then extend to the internal.

4. Basis for Damage Computation

4.1. Cockcroft-Latham’s DFC. Generally, workability depends
on the local conditions of stress, strain, strain rate, and
temperature in combinationwithmaterial factors, such as the
resistance of a metal to failure. Failure in bulk metal forming
usually occurs as ductile fracture, rarely as brittle fracture.
Therefore, a ductile fracture criterion is very important and
necessary for designing an optimum plastic forming process
without failure. According to various hypotheses, many
criteria for ductile fracture have been proposed empirically
as well as theoretically. Cockcroft and Latham [9, 16–19],
based on cumulative damage theory, developed a damage
computation module based on a critical value of the tensile
strain energy per unit volume, which has been widely applied
in the field of bulk formingwith high reliability.Therefore, the
damage module of Cockcroft-Latham is convenient for both
experimental and numerical approaches is used in the present
investigation to estimate if and where surface fracture occurs
during the deformation process. Cockcroft-Latham’s damage
[9, 16, 17] can be expressed as an amount of work that the ratio
of maximum tensile stress 𝜎𝑇 to effective stress 𝜎 carries out
through the applied equivalent strain 𝜀 in a metal-working
process; that is,

𝐷 = ∫

𝜀
𝑓

0

𝜎𝑇

𝜎

d𝜀, (1)

where 𝜀𝑓 is the total equivalent strain corresponding to
fracture failure; the damage module is not based on a
micromechanicalmodel to fracture but simply recognizes the
dependence of the critical at fracture upon the level of the
largest principal stress. In (1), the maximum damage value,
𝐷max, is named ductile fracture criteria (DFC), that is, the
critical damage value of the workpiece.TheDFC value, 𝐷max,
is dependent on the material metallurgical properties such
as grain form, grain size, and nonmetallic inclusion content.
The magnitude of𝐷 cannot exceed𝐷max to failure; when the
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Figure 7:The maximum damage varying during compressing process at different temperatures and strain rates (a) 0.01 s−1, 1203∼1403K; (b)
0.1 s−1, 1203∼1403K; (c) 1 s−1, 1203∼1403K; and (d) 10 s−1, 1203∼1403K.

damage value of (1) reaches𝐷max, fracture will occur. For this
reason, by comparing𝐷with𝐷max, the risk ofmaterial failure
during processing can be assessed.

In order to calculate 𝐷 by FE simulation, (1) has to be
converted to an appropriate discrete expression that is con-
venient for FE code:

𝐷 = ∫

𝜀
𝑓

0

𝜎𝑇

𝜎

d𝜀
d𝑡

d𝑡 = ∫
𝑡
𝑓

0

𝜎𝑇

𝜎

̇
𝜀 d𝑡 ≅

𝑡
𝑓

∑

0

𝜎𝑇
̇
𝜀Δ𝑡

𝜎

, (2)

where ̇𝜀 is the equivalent strain rate as (1) calculated from
the individual principle strain-rate components, 𝑡𝑓 is the total

time corresponding to fracture failure, and Δ𝑡 is the variable
time increment used in the FE analysis.

4.2. Approach to Determine Cockcroft-Latham-Type DFC.
From Figure 1, it can be seen that 3Cr20Ni10W2 heat-
resistant alloy is a typical strain-softening alloy. As is well
known, for strain-hardening alloy the fracture criteria can
be determined by directly comparing the simulation with the
destructive experiments in terms of the critical deformation
level. However, for strain-softening alloy the ductile fracture
criteria can not be determined directly because it is difficult to
find visible cracks on the surface of deformed billet and the
stress-strain curveshave not apparent fracture points. Thus,
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Figure 8: The relationships between maximum damage and strain
rates at the end of compressing process.

it is necessary to find an indirect way to evaluate the ductile
fracture criteria. An innovative indirect (nondestructive)
method to evaluate DFC has been brought forward in this
research. A basic research approach in which physical exper-
iments and numerical simulation provide mutual support
for the critical damage factor was established. As several
series of billet samples had been compressed on a heat
physical simulation machine under different deformation
temperatures and strain rates, the true stress-strain data
collected resulted in the performance of simulations through
an integrationmethod using the subroutine in theDEFORM-
2D platform.

According to cumulative damage theory, the damage
value a moment ago is less than that a moment later during
a compressing process. Therefore the maximum value seems
to appear at the last simulation step, but it does not mean
fracture step. As the cumulation characters maybe contribute
to find the critical damage value, it is necessary to analyze
the damage cumulating process. Thus, an innovative concept
about the sensitive rate of Cockcroft-Latham damage (as (3))
in plastic deformation (𝑅step) is brought out and defined as
the ratio of the damage increment at one step (Δ𝐷) to the
accumulated value (𝐷acc). It is supposed that if the maximum
damage value will keep increasing in a very small growth rate
near to zero, it means that fractures have appeared [9]. Thus,
the fracture time, that is, fracture strain or fracture height
reduction, will be identified and determined:

𝑅step =
Δ𝐷

𝐷acc
. (3)

The emergence of the assumptions above responds
to Kachanov’s [20–22] explanation of damage. Kachanov
explained the “one-dimensional surface damage variable” by
considering a damaged body and a representative volume
element (RVE) at a point𝑀 oriented by a plane defined by its

normal ⃗𝑛 and its abscissa 𝑥 along the direction ⃗𝑛 (as shown in
Figure 4) [20]. The value of the damage 𝐷(𝑀, ⃗𝑛, 𝑥) attached
to the point𝑀 in the direction ⃗𝑛 and the abscissa 𝑥 is

𝐷 (𝑀, ⃗𝑛, 𝑥) =

𝛿𝑆𝐷𝑥

𝛿𝑆

, (4)

where 𝑆𝐷𝑥 is the area of intersection of all the flaws with the
plane defined by the normal ⃗𝑛 and abscissa 𝑥 and 𝑆 is the total
area at the intersection plane.

In (3), damage 𝐷 is bounded as 0 ≤ 𝐷 ≤ 𝐷𝑐, where 𝐷𝑐
is a critical damage value corresponding to the decohesion of
atoms in a representative volume element, 𝐷 = 0 represents
the undamaged RVE material, and 𝐷 = 𝐷𝑐 represents the
rupture failure in the remaining resisting area. As rupture
failure has occurred, damage 𝐷 will keep increasing in a
growth rate near to zero or equal to zero with increasing
deformation strain. It means that the damage will not be
sensitive to deformation.

5. Computation Results

5.1. Cumulating Process of Ductile Damage. Rigid-plastic FE
models were established in the DEFORM-2D platform to
simulate the above corresponding upsetting tests. The basic
model to represent compression testing method is shown
in Figure 5. Because of symmetry, in order to simplify and
reduce the running time during the simulation, only one-half
of the geometry is considered. The specimen was modeled as
a plastic object; the tools were modeled as rigid surfaces. The
initial mesh of billet consists of 800 four node elements; due
to both sides of the cylinder workpiece filled withmachine oil
mingled with graphite powder as lubrication, the frictional
between the specimen and the tools is assumed to be 0.1. For
the simulation of plastic deformation process, the material
model for billet can be defined by inputting the true stress-
strain curve date (as Figure 1). And then the damage value
during the deformation process was calculated. Figure 6
shows the damage distribution of the height reduction of 60%
under temperature of 1253K and strain rate of 0.01 s−1. From
the simulation results of all the isothermal hot compression
tests at the temperatures of 1203K, 1253K, 1303K, 1353K, and
1403K and the strain rates of 0.01 s−1, 0.1 s−1, 1 s−1, and 10 s−1,
it can be seen clearly that the maximum damage value always
appears in the region of upsetting drum corresponding to
higher strain, stress, and strain rate, while the minimal
value appears in the middle region. As the results shown in
Figure 6, themost severely damagedmaterial is located in the
upsetting drum,with the damage extent decreasing sharply in
diameter from outside to inside.

Based on the simulation results, the maximum damage of
workpiece during the whole upsetting processes at different
temperatures and strain rates was evaluated and shown in
Figures 7(a)–7(d). It can be seen that the damage increases
nonlinearly as the compressive true strain increases from 0
to about 0.4, and then it increases nearly linearly. Comparing
these curves with one another, it is found that as the strain
rate is 1 s−1, for a fixed true strain, the maximum cumulated
damage decreases with increasing temperature, while there is
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Figure 9:Thevariation of damage sensitive rate under different temperatures and strain rates (a) 0.01 s−1, 1203∼1403K; (b) 0.1 s−1, 1203∼1403K;
(c) 1 s−1, 1203∼1403K; and (d) 10 s−1, 1203∼1403K.

no obvious regularity for the strain rates of 0.01 s−1, 0.1 s−1,
and 10 s−1. In contrast, for a fixed temperature, at first, the
maximum cumulated damage decreases rapidly and then
slightly increases; finally, the damage value decreased again
(as shown in Figure 8). Further, it can be summarized that
the changes in strain rate have a more significant effect on the
cumulated damage.

5.2. Evaluation of Varying Ductile Fracture Criteria (VDFC).
In order to evaluate the ductile fracture criteria, the fracture
occurrence and the damage value at fracture time are nec-
essary to be made certain. Based on the damage cumulating
processes as shown in Figure 7, the sensitive rates of

Cockcroft-Latham damage (as (3)) in plastic deformation
(𝑅step) at different temperatures and strain rates were
calculated and shown in Figures 9(a)–9(d). It can be seen
that, for all the deformation conditions, 𝑅step decreases to the
trough point rapidly before true strain 0.1∼0.15, and then it
slightly increases in true strain 0.15∼0.2, soon after which it
decreases to zero by slow degrees in true strain range 0.2∼
0.92. In this study, the zero point has a tolerance of 0∼0.03,
and it is assumed as the fracture time in tolerance limits.That
is to say, when 𝑅step decreases to 0.03, it means that fractures
have appeared. To find the fracture time, the point arrays after
true strain 0.6 are picked out from each incremental ratio
varying curve and fitted linearly.The intersection of line fitted
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Figure 10: The temperature and strain rate effect on the ductile fracture criteria of 3Cr20Ni10W2 alloy: (a) contour plot and (b) response
surface.

Table 1: An approximate analytical formula for the VDFC of 3Cr20Ni10W2 alloy.

VDFC Exponents Remarks

𝑧 = 𝑎+𝑏𝑥+𝑐ln𝑦+𝑑𝑥2 +𝑒(ln𝑦)2 +𝑓𝑥ln𝑦+𝑔𝑥3 +ℎ(ln𝑦)3 + 𝑖𝑥(ln𝑦)2 +𝑗𝑥2ln𝑦

𝑎 = 3816.7446

𝑏 = 68.729828

𝑐 = −1579.797

𝑑 = −0.059114997

𝑒 = 217.96749

𝑓 = 19.188862

𝑔 = −0.013456596

ℎ = −10.024214

𝑖 = −1.3390056

𝑗 = 0.0066272407

Error = 0.0064441403

and horizontal axis is obtained, and it is made certain as the
fracture step.

As the fracture time has been determined, and then based
on Figure 7, the fracture analysis step and the correspondent
DFC under different deformation conditions can be evalu-
ated.The contour plot and response surface ofDFC in Figures
10(a)-10(b) indicate the nature influence of temperature and
strain rate on DFC of 3Cr20Ni10W2 alloy. Figures 10(a)-
10(b) show that DFC of 3Cr20Ni10W2 alloy are not constant
but change in a range of 0.099∼0.197, and thus they can
be defined as varying ductile fracture criteria (VDFC) and
described as a function of strain rate and temperature (as
in Table 1). In the scatter diagram, there is a valley under
the deformation conditions 1273∼1353 K & 0.032∼0.316 s−1,
on both sides of which DFC value increases. What is worth
explaining is that the forming process will be worse under
these conditions due to lower DFC, in addition to which, the
deformation domains (1203∼1253K & 0.01∼0.016 s−1, 1403∼
1453K & 0.01∼0.016 s−1, and 1203∼1228K & 0.178∼1.29 s−1)
with lower fracture risk corresponding to higher VDFC
have been identified. Therefore, in bulk forming operations

of 3Cr20Ni10W2 alloy, it should choose these deformation
conditions to reduce fracture risk.

Comparing Figures 2 and 10, it is clear that the predict
results of FEA corresponding to the experiment results. The
crack initialization takes place at the edge of the workpiece
due to themaximumdamage value. Besides, the fracture time
predicted based on the VDFC conforms to the experimental
results.

6. Conclusion

An innovative approach involving heat physical compression
experiments, numerical simulations, andmathematical com-
putations was brought forth to evaluate the ductile damage
cumulating process and DFC diagram along with various
deformation conditions for 3Cr20Ni10W2 alloy. The main
conclusions can be summarized as follows.

(1) As for 3Cr20Ni10W2 alloy, a typical strain-softening
material, ductile damage starts at work hardening
phase, and the damage cumulation is more sensitive
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in work hardening phase than in work softening
phase. Besides, the maximum damage value appears
in the region of upsetting drum, while the minimal
value in the middle region.

(2) DFC of 3Cr20Ni10W2 alloy in the temperature range
of 1203∼1403K and strain rate range of 0.01∼10 s−1
are not constant but change with a range of 0.099∼
0.197, and thus they have been defined as varying
ductile fracture criteria (VDFC) and characterized by
a function of strain rate and temperature.

(3) According to VDFC diagram, the exact fracture
moment and position during various forming pro-
cesses can be predicted conveniently and effectively,
in addition to which, the deformation domains with
lower fracture risk of 3Cr20Ni10W2 alloy have been
identified as 1203∼1253K & 0.01∼0.016 s−1, 1403∼
1453K & 0.01∼0.016 s−1, and 1203∼1228K & 0.178∼
1.29 s−1.
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This paper presented a methodology for the design of heat insulations used in cryogenic tankers.This insulation usually comprises
a combination of vacuum and perlite or vacuum and superinsulation. Concretely, it is a methodology to obtain the temperatures,
heat fluxes, and so forth. Using analytical tools has been established, which is based on the equivalence with an electric circuit,
and on numerical tools using finite elements. Results obtained with both methods are then compared. In addition, the influence
of the outer finish of the external part, due to the effect of the solar radiation, is analyzed too, and the equations to determine the
maximum time available to transport the cryogenic liquid have been established. All these aspects are applied to a specific cryogenic
commercial vehicle.

1. Introduction

A main aspect of any type of cryogenic device is the heat
insulation of its content. The case of a cryogenic tanker for
liquefied gases is not an exception so during the design stages,
it is necessary to carry out a detailed study and analysis of
the thermic phenomena that take place during the use of the
tanker. It is also necessary a thermic analysis to choose and to
dimension correctly the insulation used in the zones between
the two main parts of the tanker so as to reduce the heat flux,
with the resulting heating of the load, and to allow a higher
storage time [1]; this aspect involves that the vehicle has a
higher range distance. On the other hand, if heat losses are
reduced, the energy needed in the discharge point to cool the
gas is lower and appears an energy benefit [2].

Nowadays, the thermic analysis that some vehicle design-
ers of the main manufacturing companies make has a low
precision and is based on some coarse simplifications of the
problem, so the results have low precision [3].

This paper explains some techniques to make a thermal
analysis of these types of vehicles, using analytical and nu-
merical tools.

The main thermal insulation methods used in the cryo-
genic industry [4, 5] are based on the combination of vacuum
and superinsulation (based on the Dewar flask) and vacuum
with expanded perlite. The use of one or another technique
depends on some aspects: economical, manufacturing, gas
transported, and so forth.

Another aspect analyzed is the maximum range time
to make the transport, depending on some aspects like the
weather, wind, external temperature, filling grade, and so
forth. All these aspects are dealt theoretically and applied to
a commercial cryogenic tanker.

2. Heat Transmission Methods

There are three different heat transmissionmechanisms: con-
duction, convection, and radiation.

2.1. Conduction. Conduction is the energy transmission
method based on the transmission of the energy between
adjacent molecules; it is the heat transmission method of the
solids and has not influence in the other states of the material
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(liquid and gas). The Fourier law (see (1)) with the thermal
conductivity constant (𝑘) defines it [6] as follows:

𝑞


cond = 𝑘Δ𝑇. (1)

2.2. Convection. It appears in the liquids and in the gases,
and it is due to the particle movement associated with the
variation of its temperature and its density.

This phenomenon depends on the fluid characteristics; if
the fluid has a movement related to the tanker, then a forced
convection appears, and in an other case a natural convection
occurs. Both can be laminar or turbulent, depending on the
Reynolds number (Re).

In this case, the convection transmission appears only in
the exterior surface of the outer main part of the tanker, and
(2), with the thermal convection coefficient (ℎ𝑐), defines it [6]
as follows:

𝑞


conv =
Δ𝑇

ℎ𝑐

. (2)

Before the beginning of the calculation of the convection
coefficient, the Nusselt number (Nu𝑚) must be introduced; it
relates the convection flux with the conduction flux in a fluid
[6]:

Nu𝑚 =
ℎ𝑐 ⋅ 𝐿𝑐

𝑘

, (3)

where 𝐿𝑐 is the characteristic length that for this case is the
total length of the vehicle. In this case, the natural convection
is quite difficult to obtain using experimental and theoretical
tools, but it can be approximated as the natural convection
of a horizontal cylinder with a diameter𝐷, so (4) and (5) are
obtained [6] as follows:

Nu𝑚 =
4

3

⋅ 𝑓 (Pr) ⋅ (
Gr𝐷
4

)

1/4

=

ℎ𝑐 ⋅ 𝐷

𝑘

, (4)

Gr𝑑 =
𝑔 ⋅ (𝑇ext − 𝑇env) ⋅ 𝐷

3

V2air
, (5)

where Pr is the Prandtl numberGr𝑑 is theGrashoff number,𝑔
is the gravity, 𝑇env is the environmental temperature and 𝑇ext
is the temperature of the exterior surface. The main problem
of these equations is that Gr𝑑 depends on 𝑇ext, which is an
unknown factor, so it must be estimated initially. The real
value can be obtained later using iterative calculus.

For the forced convection, the Nusselt number can be
obtained using [6] and the obtained values for the study case
is show in Table 1

Nu𝑚 = 0.664 ⋅ Re1/2
𝑙

⋅ Pr1/3 for Re ≤ 5 ⋅ 10
5
, (6)

Nu𝑚 = (0.037 ⋅ Re0.8 − 872) ⋅ Pr1/3 for others, (7)

where Re is the Reynolds number:

Re =
𝑉∞ ⋅ 𝐿

V
, (8)

where 𝑉∞ is the relative velocity between the tanker and the
environment and 𝐿 is the length of the vehicle.

In this particular case, it can be observed that, after the
tractor cabin, the flow become into a turbulent one, so (7) is
going to be used in this methodology.

2.3. Radiation. It is an energy transmission phenomenon
that occurs because a material has a temperature and emits
electromagnetic waves. As the light, the emitted heat can be
reflected, refracted, and absorbed. In this case there are some
different elements that emit radiation: the environment, the
sun, the different parts of the tanker, and so forth.

The radiation can be defined using the Steffan-Bolzman
equation [6]:

𝑞


rad = 𝜀𝜎𝑇
4

sup, (9)

where 𝜀 is the emissivity coefficient and 𝜎 is the Stefan-
Boltzmann one (5.67 ⋅ 108W/m2 K4).

In this case, the radiation for the exterior part of the
tanker can be obtained doing an energy balance (Figure 1).

2.3.1. Incident Radiation

(i) Solar incident radiation (𝐺): depending of some
aspects such as the climatology and the geographic
situation, varying between 0 and 1000W/m2.

(ii) Environmental radiation (𝐻): due to the effect of the
environmental gases. The value of the environmental
emissivity (𝜀𝑎) can be obtained using the Verdal and
Fromberg equations [6]:

𝜀𝑎,day = 0.741 + 0.0063𝑇𝑑𝑝 (
∘C) , (10)

𝜀𝑎,night = 0.727 + 0.0060𝑇𝑑𝑝 (
∘C) , (11)

where 𝑇𝑑𝑝 = 𝑇𝑎 + log(𝐻𝑟), and 𝑇𝑎 is the dew temperature and
𝐻𝑟 is the relative humidity.

2.3.2. Emitted Radiation. It is due to the reflected radiation
(𝐽), where 𝛼 is the absorption coefficient of the exterior part
of the tanker, 𝜀 ≈ 𝛼 is the emission coefficient, and 𝛼𝑆 is the
solar absorption coefficient of the exterior of the tanker, and
depends on the material, color, and exterior temperature.

2.3.3. Absorbed Radiation. After doing an equation balance,
(12) is obtained:

𝑞


rad,abs = 𝛼sext (𝐺 + 𝜀𝑎𝜎𝑇
4

𝑎
) − 𝜀ce𝜎𝑇

4

ce. (12)

Additionally the solar radiation (𝐺) occurs only in a specific
zone of the tanker and so, for the axisymmetric and for the
theoretical case, it must be modified using

𝐺axi−teo = 𝐺 ⋅

𝐴ext pro

𝐴ext
. (13)
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Table 1: Nusselt numbers and convection coefficient for the thermic cases to study.

𝑇amb (
∘C) 𝑉amb (Km/h) Re Pr Nu

𝑚
ℎ
𝑐
(W/m2

⋅K)

−10.00
100.00 36500000 0.72 36384.43 65.21
200.00 73000000 0.72 63927.72 114.58

0.00 100.00 34000000 0.72 34289.91 63.30
200.00 68000000 0.72 60280.22 111.29

20.00 100.00 27000000 0.70 28189.87 57.03
200.00 54000000 0.70 49655.49 100.46

50.00 100.00 24000000 0.70 25603.52 55.34
200.00 48000000 0.70 45152.81 97.60

G

Interior

J

(1 − 𝛼)H

𝛼H

(1 − 𝛼)G

𝛼sG

Ambiente (Ta)

Ts

H = 𝜀a𝜎T
4
a

𝜀ce𝜎T
4
s

qs,conv

qs,cond

Figure 1: Energy balance for the exterior part of the tanker.

3. The Thermic Insulation

There are two different insulation configurations.

3.1. Perlite Insulation. Perlite is the name of a natural silicate
that has a 65–75% of SiO2, a 10–20% of Al2O3, and a 2–5%
of water. To be used industrially, it must be subjected to an
expansion process, where it is heated until 1000∘C; in this
process, water evaporates, the material internal structure is
modified and perlite increases 20 times its volume, becoming
into expanded perlite.

The main advantages are that it is a natural material, it
has not toxic emissions, it is chemically neutral (pH 7), it is
fire resistant, and it is the cheapest industrial insulation.

Perlite thermal properties depend on its density and its
grain size. For cryogenic applications the common density is
between 128 and 152Kg/m3 (see Figure 2).

Usually cryogenic tankers use expanded perlite inside
and with a high degree of vacuum (until 100Hgmm) it is
obtained a low conductivity.Thus, the radiation flux between
the interior and the exterior parts of the tanker disappears.

The use of vacuum with this material implies a decrease
of the density and the conductivity. For cryogenic tankers,
a common value of the density is 4 Kg/m3 and, as a result
of this, conductivity is 22 times lower than the value corre-
sponding to the material with density 139Kg/m3.

Themain disadvantage of perlite usually tends to compact
in the bottom zone of the tanker, producing as a result a
nonuniform insulation.

3.2. InsulationUsing “Superinsulation”. This insulationmeth-
od is based on the Dewar balloon. In cryogenic tankers, a
vacuum is created inside the tanker using a pump; in this way
the convection flux is avoided, but not the radiation flux.
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Figure 2: Conductivity values for perlite with grain size 1m and
density 4Kg/m3.

In a cryogenic tanker, there is usually a material called
“multilayer insulation” (MLI) to reduce the radiation. This
material is made of some small layers and acts like a radiation
shield. These layers must be separated between themselves to
avoid the conduction, so usually there are some nylon and
polystyrene inner layers.

Usually, 60 layers per inch multilayers are used [7], but
the radiation insulation depends not only on the thickness of
the multilayer but also on the vacuum grade. Figure 3 shows
the equivalent conductivity for this insulation system [8].

The main disadvantages of the multilayer insulation
appear because it is difficult to use it at complex geometries,
and it is sensitive to the mechanical compression effects and
must be manufactured carefully.
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Figure 3: Effective conductivity for several insulation materials.

For the application of this insulation system in cryogenic
tankers, a composite combination of multilayer (5mm/layer)
and rock wool (20mm/layer) [7] is made. Usually a five-layer
configuration (see Figure 4) is used.

This composite configuration is used because the multi-
layer material is quite expensive, and in this way the final cost
is reduced.

Nowadays there are two different configurations, depend-
ing on the zone of the tanker where it is fixed: in the exterior
or in the interior part. These configurations imply that exist a
free zone between the end of the insulation and the other part
of the tanker and so appears some radiation phenomena that
must be taken into account.There appear some reflection and
absorption effects, as can be seen in Figure 5.

By means of an energy balance, the heat flux is obtained:

𝑞


rad,ext = 𝜀ext𝜎𝑇
4

ext

− 𝜀ext𝜎𝑇
4

ext𝛼ext

∞

∑

𝑖=0

[(1 − 𝛼int)
𝑖+1

(1 − 𝛼ext)
𝑖
]

− 𝜀int𝜎𝑇
4

int𝛼int
𝐴 int
𝐴ext

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖
(1 − 𝛼int)

𝑖
] ,

𝑞


rad,int = 𝜀int𝜎𝑇
4

int

− 𝜀int𝜎𝑇
4

int𝛼int

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖+1

(1 − 𝛼int)
𝑖
]

− 𝜀ext𝜎𝑇
4

ext𝛼ext
𝐴 int
𝐴ext

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖
(1 − 𝛼int)

𝑖
] .

(14)

4. Thermal Load Cases

In the thermal analysis of the tanker, depending on the
boundaries considered, different load cases can be analysed.
The boundaries to study are as follos.

Steel

MultilayerRock
wool

Figure 4: Multilayer with rock wool insulation.

(i) Relative air velocity: it is due to the movement of the
vehicle and the movement of the air and can appear
superposed, so then the equivalent velocity is the
addition of both. It has been considered a velocity for
the vehicle and for the wind between 0 and 100Km/h
[9]. As a result of this three different velocities will be
studied: 0, 100, and 200Km/h.

(ii) Exterior temperature: there have been studied four
different temperatures: −10, 0, 20, and 50∘C.

(iii) Radiation (𝐺): there have been studied three dif-
ferent solar radiation cases: without sun (0W/m2),
average radiation (500W/m2), and extreme radiation
(1000W/m2) [10].

All in all there are thirty-six different load cases for each
insulation configuration; there are two extreme load cases:

(i) maximum energy profit: 200Km/h air velocity, 𝐺 =

1000W/m2 K, and 50∘C air temperature
(ii) minimum energy profit: 0 Km/h air velocity, 𝐺 =

0W/m2 K, and −10∘C air temperature.

5. Analytical Calculation of the Insulation

The thermal analytical calculus is governed by the following
differential equation:

∇ ⋅ (𝑘∇𝑇) + ̇𝑞 = 𝜌𝑐

𝜕𝑇

𝜕𝑡

. (15)

If the stationary state is analyzed and there is not heat
generation inside the tanker, the equation becomes into this
one:

∇
2
𝑇 = 0. (16)

This equation has analytical solutions for simple geometries
[10]: cylinders, spheres, shells,. . . but not for this particular
case, so it cannot be solved exactly.

Due to this fact, an approximated analytical calculusmust
be made, and the tanker must be considered as a complex
geometry comprising two cylinders, one inside the other, and
four spherical caps.

In this calculus, there have been taken into account the
insulation and the steel parts of the different joint zones.

5.1. Analytical Calculation with Perlite. In this case the tanker
can be approximated with the equivalent electric circuit
(Figure 6).

After the definition of the equivalent circuit, the different
variables involved must be obtained.
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Exterior part/ 
multilayer

Interior part/multilayer

Aext/A int ∗ 𝛼int𝜀ext𝜎T
4 Aext/A int ∗ 𝛼int(1 − 𝛼int)(1 − 𝛼ext)𝜀ext𝜎T

4

· · ·

(1 − 𝛼int)(1 − 𝛼ext)𝜀ext𝜎T
4

(1 − 𝛼int)𝛼ext𝜀ext𝜎T
4

(1 − 𝛼int)𝜀ext𝜎T
4𝜀ext𝜎T

4

Figure 5: Radiation balance between the multilayer and the corresponding part.
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Figure 6: Equivalent circuit for the perlite insulation configuration.

(i) 𝐼 is the power due to the radiation emissions. It can
be obtained using this equation that is obtained doing
the energy balance of the Figure 5:

𝐼 = 𝐴ext ⋅ 𝑞


rad,abs = (2𝜋𝑟ext𝑙cyl + 4𝜋𝑟
2

ext) 𝑞


rad,abs, (17)

where 𝑞rad,abs is obtained from (13).
(ii) 𝑅conv is the thermal resistance due to the air conven-

tion, and their equation is

𝑅conv =
1

ℎconv𝐴ext
, (18)

where ℎconv is obtained using (4), (6) and (7).
(iii) 𝑅cond,esp is the thermal resistance due to the con-

duction in the spherical zones and is defined in the
following equation:

𝑅cond,esp =
1/𝑟int − 1/𝑟ext
4𝜋𝑘perlite

, (19)

where 𝑘perlite depends on the temperature, so for this
case the conductivity will be used at the average
temperature: (𝑇amb + 𝑇int)/2.

(iv) 𝑅cond,cyl is the thermal resistance for the cylindrical
zone and is obtained using this equation:

𝑅cond,cil =
ln (𝑟ext/ int)
2𝜋𝑘perlitecyl

. (20)

(v) 𝑅cond,uni is the thermal resistance in the support zones
and can be approximated with this equation:

1

𝑅cond,uni
=

𝑛

∑

𝑖=1

𝐴 trans,𝑖𝑘steel

𝑙𝑖

. (21)

In this case the supports are simplified as sheets with a length
l and an average transversal area. 𝑘steel [7] will be obtained in
the same way as perlite.

Now, the thermal circuit can be solved for the perlite
in each load case. There is a problem because the radiation
depends on the temperature of the exterior part of the tanker
(12), so there is a fourth-order equation. It has been used
MATLAB to solve the equations system using the Newton
method. Table 2 shows the obtained results.

5.2. Calculation of the Superinsulation System. Two different
insulation configurations have been analyzed, as showed in
Figure 7.

5.3. Calculation of the Insulation Using Superinsulation in the
Exterior. This is the configuration where the superinsulation
is located between the parts of the tanker and joined only to
the exterior part. It can be approximated with the equivalent
circuit (Figure 8).

After establishing the equivalent circuit, the diverse vari-
ables involved must be defined. Some of them were defined
for the perlite equivalent circuit.

(i) 𝐼1 is the thermal power due to the diverse radiation
emissions and can be obtained using (17).

(ii) 𝑅cond,esp is the thermal resistance due to the conduc-
tion in the diverse spherical zones, and it is obtained
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Table 2: Analytical results obtained for the perlite.

Environmental temperature (∘C) Solar radiation (W/m2) Wind velocity (km/h) 𝑇cext (
∘C) 𝐼 (W) 𝑄abs (W)

−10 0 0 −273.00 −1699.46 283.43
−10 0 100 −273.00 −2149.20 287.90
−10 0 200 −273.00 −2070.48 287.13
−10 500 0 −273.00 2819.65 294.74
−10 500 100 −273.00 3419.15 289.04
−10 500 200 −273.00 3446.71 288.77
−10 1000 0 −273.00 7266.10 305.84
−10 1000 100 −273.00 8986.54 290.17
−10 1000 200 −273.00 9064.86 289.42
0 0 0 −273.00 −1927.84 298.59
0 0 100 −273.00 −2490.19 303.60
0 0 200 −273.00 −2517.20 303.84
0 500 0 −273.00 2492.49 309.62
0 500 100 −273.00 3066.25 304.72
0 500 200 −273.00 3093.44 304.48
0 1000 0 −273.00 6835.27 320.48
0 1000 100 −273.00 8632.65 305.74
0 1000 200 −273.00 8703.74 305.13
20 0 0 −273.00 −2431.89 328.77
20 0 100 −273.00 −3285.49 334.95
20 0 200 −273.00 −3330.00 335.26
20 500 0 −273.00 1779.24 339.28
20 500 100 −273.00 2240.82 336.07
20 500 200 −273.00 2263.20 335.91
20 1000 0 −273.00 5913.48 349.62
20 1000 100 −273.00 7765.97 337.19
20 1000 200 −273.00 7856.01 336.55
50 0 0 −273.00 −3303.32 373.75
50 0 100 −273.00 −4807.02 381.91
50 0 200 −273.00 −4893.08 382.37
50 500 0 −273.00 638.90 383.17
50 500 100 −273.00 668.85 383.02
50 500 200 −273.00 671.84 383.00
50 1000 0 −273.00 4392.90 393.04
50 1000 100 −273.00 6143.35 384.12
50 1000 200 −273.00 6233.61 383.65

as the addition of the resistance at each layer (see
Figure 8 and (22)):

𝑅cond,esp =
3

∑

SI=1
𝑅cond,esp,𝑖 +

2

∑

Lana=1
𝑅cond,esp,lana,

𝑅cond,esp,mat =
1/𝑟int,mat − 1/𝑟ext,mat

4𝜋𝑘mat
,

(22)

where 𝑘mat is the conductivity for each material at an
average temperature.

(iii) 𝑅cond,cyl is the thermal resistance due to the conduc-
tion in the diverse cylindrical zones, and it is obtained

as the addition of the resistance at each layer as follows
(see equivalent circuit of Figure 9):

𝑅cond,cil =
3

∑

si=1
𝑅cond,cyl,mat +

2

∑

lana=1
𝑅conf,cyl,lana,

𝑅cond,cyl,mat =
ln (𝑟ext,mat/𝑟int,mat)

2𝜋𝑘mat𝑙cyl
,

(23)

(iv) 𝐼2 and 𝐼3 are the heat fluxes due to the radiation inside
the tanker, for the spherical and for the cylindrical
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Figure 7: Insulation with vacuum and superinsulation in the
exterior (left) and in the interior (right) parts of the tanker.

Rcond,cil

Tc.ext

Rconv

R
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,u
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Figure 8: Equivalent circuit for the vacuum and superinsulation
joined to the exterior part.

Rcond,si1

Rcond,ln1

Rcond,si2

Rcond,ln2

Rcond,si3

Figure 9: Equivalent conduction for the multilayer and the rock
wool.

zone. They can be obtained using (14), and these final
equations are obtained as follows:

𝐼2 = 𝐴esp,int𝑞


rad,int

= 4𝜋𝑅
2

int {𝜀int𝜎𝑇
4

int

− 𝜀int𝜎𝑇
4

int𝛼int

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖+1

(1 − 𝛼int)
𝑖
]

− 𝜀ext𝜎𝑇
4

ext𝛼ext
𝐴 int
𝐴ext

∞

∑

𝑖=0

[(1−𝛼ext)
𝑖
(1−𝛼int)

𝑖
]} ,

𝐼3 = 𝐴cil,int𝑞


rad,ext

= 2𝜋𝑅int

× 𝑙int {𝜀int𝜎𝑇
4

int − 𝜀int𝜎𝑇
4

int𝛼int

×

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖+1

(1 − 𝛼int)
𝑖
]

− 𝜀ext𝜎𝑇
4

ext𝛼ext
𝐴 int
𝐴ext

×

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖
(1 − 𝛼int)

𝑖
]} .

(24)

Now, the equivalent circuit can be solved as in the perlite case.
Table 5 shows the obtained results.

5.4. Calculation of the Insulation Using Superinsulation in the
Interior. This is the configuration with the superinsulation
located between the parts of the tanker and joined only to
the interior part. It can be approximated with the equivalent
circuit (Figure 10).

In this case, equations are similar to that obtained for the
perlite and for the other superinsulation configuration; only
𝐼2 and 𝐼3 change as well as the 𝑘mat value as follows:

𝐼2 = 𝐴esf,ext𝑞


rad,ext

= 4𝜋𝑅
2

ext {𝜀ext𝜎𝑇
4

ext − 𝜀ext𝜎𝑇
4

ext𝛼ext

×

∞

∑

𝑖=0

[(1 − 𝛼int)
𝑖+1

(1 − 𝛼ext)
𝑖
]

− 𝜀int𝜎𝑇
4

int𝛼int
𝐴 int
𝐴ext

×

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖
(1 − 𝛼int)

𝑖
]} ,
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𝐼3 = 𝐴cil,ext𝑞


rad,ext

= 2𝜋𝑅ext𝑙int

× {𝜀ext𝜎𝑇
4

ext − 𝜀ext𝜎𝑇
4

ext𝛼ext

×

∞

∑

𝑖=0

[(1 − 𝛼int)
𝑖+1

(1 − 𝛼ext)
𝑖
]

− 𝜀int𝜎𝑇
4

int𝛼int
𝐴 int
𝐴ext

×

∞

∑

𝑖=0

[(1 − 𝛼ext)
𝑖
(1 − 𝛼int)

𝑖
]} .

(25)

Now, the equivalent circuit can be solved as in the previous
configurations. Table 6 shows the obtained results.

5.5. Insulation with Superinsulation and Perlite. A mixed
insulation using superinsulation and perlite has a great
disadvantage, which is the vacuum level needed. Although
the required vacuum level is similar to the superinsulation
vacuum level, this value is not compatible with perlite.

If we analyse Tables 3 and 4, it can be observed that with
a 0.03 torr vacuum level, the superinsulation has a behaviour
similar to the perlite’s behaviour, so a mixed isolation has
no sense because it has the same behaviour as perlite, but
it is more expensive. Figure 10 shows the equivalent electric
circuit.

5.6. Conclusions. After analysing the obtained results, it can
be observed that the best configuration is the configuration
with perlite, although the configuration with superinsulation
in the exterior part also shows a good behavior. Analysing
both in depth, it can be concluded that the perlite config-
uration has on average 2.2% better insulation capabilities,
and that the maximum is 6.65% better if all load case for
superinsulation in the exterior and perlite configurations are
compared.

Concerning the configuration with superinsulation in
the interior part, it can be observed that it is on average
65.8% worse and a maximum 85.7% worse. After analysing
(14), it is observed that this behaviour is due to the fact
that the radiation level depends on the temperature. Then,
the configuration with the insulation in the exterior has
lower temperature values than the configuration with the
insulation in the interior (in this case the temperature
is similar to the environmental temperature). In (14) the
exterior temperature will govern the equations, whereas the
interior temperature effect (between the radiation parts) is
insignificant. In the radiation equations, temperature has a
fourth-order, which implies a high heat absorption/emission
difference.

Rcond,cil

Tc.ext

Rconv

R
co

nd
,u

ni

Rcond,esf

Tamb

Tc.int
Qint

I1

I2 I3

Figure 10: Equivalent circuit for the vacuum and superinsulation
joined to the interior.

6. Numerical Simulation

Finite-elements method allows solving different kind of
problems without an analytical solution; in this case it allows
obtaining the real behaviour at any point of the tanker. On the
one hand, this was a problem for an analytical solution. On
the other hand, it does not require to simplify the problem
(like in the analytical method), so results will be more similar
to the real behaviour.

For this case, an axisymmetric model has been used
because it allows to simplify the model and reduces the
numerical requirements and the complexity of the mesh.
Although this implies that exists an axis symmetry, which do
not exist because the radiation load is not symmetric, load
can be redistributed in all the exterior part to simplify the
problem. A 3D model can be used to obtain the results with
a higher accuracy level.

The main advantages of using an axisymmetric model
instead of an analytical model are as follows.

(i) The effects of the supports are included.

(ii) Temperature values and the heat flux can be obtained
at any point of the model.

(iii) It includes material properties dependent on the
temperature and not with an average value.

(iv) The caps has their real geometry and not an approxi-
mated spherical geometry.

(v) The radiation can be obtained exactly, taking into
account the real shape of the involved geometries, the
supports, and so forth.
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Table 3: Analytical results for insulation with the superinsulation joined to the exterior part of the tanker.

Environmental temperature (∘C) Solar radiation (W/m2) Wind velocity (km/h) 𝑇superins (
∘C) 𝑇cext (

∘C) 𝐼 (W) 𝑄abs (w)
−10 0 0 −273.00 −273.00 −3139.72 298.74
−10 0 100 −273.00 −273.00 −2292.25 289.30
−10 0 200 −273.00 −273.00 −2253.08 288.92
−10 500 0 −273.00 −273.00 1292.25 308.31
−10 500 100 −273.00 −273.00 3274.10 290.44
−10 500 200 −273.00 −273.00 3368.89 289.53
−10 1000 0 −273.00 −273.00 5659.65 319.07
−10 1000 100 −273.00 −273.00 8847.18 291.51
−10 1000 200 −273.00 −273.00 8982.58 290.21
0 0 0 −273.00 −273.00 −3769.34 314.39
0 0 100 −273.00 −273.00 −2669.87 305.17
0 0 200 −273.00 −273.00 −2633.56 304.85
0 500 0 −273.00 −273.00 559.19 325.02
0 500 100 −273.00 −273.00 2877.75 306.35
0 500 200 −273.00 −273.00 2987.54 305.40
0 1000 0 −273.00 −273.00 4802.64 335.56
0 1000 100 −273.00 −273.00 8433.18 307.45
0 1000 200 −273.00 −273.00 8599.17 306.03
20 0 0 −273.00 −273.00 −5329.45 348.80
20 0 100 −273.00 −273.00 −3586.55 337.07
20 0 200 −273.00 −273.00 −3502.61 336.48
20 500 0 −273.00 −273.00 −1247.53 358.87
20 500 100 −273.00 −273.00 1941.16 338.16
20 500 200 −273.00 −273.00 2170.14 336.56
20 1000 0 −273.00 −273.00 2790.96 368.60
20 1000 100 −273.00 −273.00 7455.17 339.34
20 1000 200 −273.00 −273.00 7686.43 337.74
50 0 0 −273.00 −273.00 −8625.47 401.04
50 0 100 −273.00 −273.00 −5413.26 385.09
50 0 200 −273.00 −273.00 −5237.08 384.18
50 500 0 −273.00 −273.00 −4920.08 410.19
50 500 100 −273.00 −273.00 58.39 386.20
50 500 200 −273.00 −273.00 324.44 384.82
50 1000 0 −273.00 −273.00 −1260.98 419.09
50 1000 100 −273.00 −273.00 5528.24 387.31
50 1000 200 −273 −273 5885.344591 385.462819

Figure 11 shows the FE mesh used for each insulation
model.

The main aspect to make a good FEM simulation of a
real problem is the correct establishment of the boundary
conditions and the behaviour of the material; in this case
diverse heat phenomena must be considered: convection,
radiation, and conduction.

For this problem the software ABAQUS 6.10.2 has been
used.

6.1. Conduction. Conduction is not difficult to simulate using
numerical tools. It has been included the material with
its properties dependent on the temperature (conductivity,
specific heat).

6.2. Convection. Numerical programs like ABAQUS allow
to simulate the convection phenomenon; in this case the
parameter required is the convection coefficient (ℎ𝑐), which
must be obtained using convection equations. It can also be
introduced depending on the temperature, using curves and
fields.

6.3. Radiation. It is a quite difficult to simulate the radiation
phenomenon with numerical tools; in this case there are
four different types of radiation: solar radiation, environ-
mental radiation, the radiation of the exterior part to the
environment, and the radiation inside the tanker in the
superinsulation configuration.
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Table 4: Analytical results for insulation with the superinsulation in the interior of the tanker.

Environmental temperature (∘C) Solar radiation (W/m2) Wind velocity (km/h) 𝑇superins (
∘C) 𝑇cext (

∘C) 𝐼 (W) 𝑄abs (w)
−10 0 0 −273.00 −273.00 −1648.15 529.46
−10 0 100 −273.00 −273.00 −2144.70 529.25
−10 0 200 −273.00 −273.00 −2168.53 529.74
−10 500 0 −273.00 −273.00 2878.53 533.93
−10 500 100 −273.00 −273.00 3424.34 541.95
−10 500 200 −273.00 −273.00 3449.14 493.26
−10 1000 0 −273.00 −273.00 7326.31 522.36
−10 1000 100 −273.00 −273.00 8991.94 529.94
−10 1000 200 −273.00 −273.00 9067.30 525.40
0 0 0 −273.00 −273.00 −1874.08 526.84
0 0 100 −273.00 −273.00 −2484.79 510.82
0 0 200 −273.00 −273.00 −2514.50 520.11
0 500 0 −273.00 −273.00 2548.68 521.73
0 500 100 −273.00 −273.00 3070.79 517.79
0 500 200 −273.00 −273.00 3095.97 530.91
0 1000 0 −273.00 −273.00 6899.80 533.13
0 1000 100 −273.00 −273.00 8625.34 523.73
0 1000 200 −273.00 −273.00 8705.92 527.56
20 0 0 −273.00 −273.00 −2371.78 537.55
20 0 100 −273.00 −273.00 −3279.94 520.47
20 0 200 −273.00 −273.00 −3326.43 529.21
20 500 0 −273.00 −273.00 1840.88 529.99
20 500 100 −273.00 −273.00 2246.41 536.92
20 500 200 −273.00 −273.00 2267.00 550.16
20 1000 0 −273.00 −273.00 5991.50 567.49
20 1000 100 −273.00 −273.00 7771.61 552.21
20 1000 200 −273.00 −273.00 7859.82 556.88
50 0 0 −273.00 −273.00 −3235.41 552.79
50 0 100 −273.00 −273.00 −4798.10 573.79
50 0 200 −273.00 −273.00 −4885.92 571.59
50 500 0 −273.00 −273.00 662.86 570.70
50 500 100 −273.00 −273.00 676.03 568.91
50 500 200 −273.00 −273.00 676.93 575.49
50 1000 0 −273.00 −273.00 4494.30 597.32
50 1000 100 −273.00 −273.00 6149.68 586.82
50 1000 200 −273.00 −273.00 6239.62 592.86

Solar and environmental radiation can be simulated as a
heat flux using (11) and (12). Radiation of the exterior part to
the environment can be simulated like a heat flux dependent
on the temperature of the external part at each point, using
the ABAQUS command RADIATE; this command uses the
emissivity of steel, and radiation can be obtained depending
on the temperature at each point, instead of using an average
value like in the analytical model.

Themost difficult radiation type to simulate is the interior
radiation. It has been also simulated using the command
RADIATE at each point of the diverse surfaces, but consid-
ering that the real geometry and each cavity could absorb
and reflect it. Therefore it has been simulated each cavity (10:

2 cylinders, 4 caps, and 4 supports), and the ray theory has
been used. The Steffan-Boltzman theory has been applied to
analyse the radiation between these cavities. Equation (26)
defines this radiation [6]:

𝑞
𝑐

𝑖
=

𝜎𝜀𝑖

𝐴 𝑖

∑𝜀𝑗∑𝐹𝑖𝑘𝐶
−1

𝑘𝑗
[(𝜃𝑗 − 𝜃𝑧)

4

− (𝜃𝑖 − 𝜃𝑧)
4
] , (26)

where𝐴 𝑖 is the area of each face in each element of the 𝑖 cavity,
𝜀𝑖, 𝜀𝑗 are the emissivity of the face 𝑖 or of the face𝑗, 𝐹𝑖𝑘 is the
shape factors matrix of the face 𝑖, 𝐶𝑖𝑗 is the reflection matrix
between the face 𝑖 and the 𝑗, 𝜃𝑖, 𝜃𝑗 are the temperature (∘K)
of the face 𝑖 or j, and 𝜃𝑧 is the zero temperature.
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Figure 11: Detail of the support zones for each FEMmodel.

This equation is equivalent to (14) equation but with a
matrix expression.

The shape factors matrix is automatically obtained with
the numerical software, but it is necessary to define the
block grade; in this case a partial grade has been used
because it allows the reflection between surfaces. By this way
the software is able to obtain the successive radiations and
absorptions.

6.4. Boundaries. There is only one boundary condition to
apply to the numerical model which is the temperature of
the liquid contained. For this case the liquid temperature is
−193∘C, and this value has been applied to the inner face of
the interior part of the tanker.

6.5. Obtained Results. See Figure 12.

6.6. Conclusions. After analysing the results (see Table 7), it
can be observed that whereas the best insulation results are
obtained for the perlite configuration, the configuration with
superinsulation in the interior provides the worst.

Analysing the temperatures, it can be observed that
temperatures in the steel parts of the tanker do not show
important variations and that the effect of convection has not
a high influence on results.

It can be observed that numerical results have lower heat
flux values (due to the fact of the blocking of the radiation, to
the effects of temperature on the material properties, and to
the simulation of the real geometry of the caps) and therefore
show better performance than analytical results (see Table 7).

The maximum error between the numerical and the
analytical results is 23.9%, and the average error is 7.8%. A
higher heat flux for the analytical method implies that the
analytical method can be used with a high accuracy level.

It can be observed that there is a high heat flux through
the supports, because they aremade of steel, which has a high
thermal conductivity, so to reduce these heat losses, a heat
bridge should be used.

7. Exterior Finish Thermal Behaviour

The influence of the exterior finish of the tanker on the heat
fluxes and on the exterior temperature has been analysed for
each load case in the perlite insulation configuration.

Figure 13 shows the approximated absorption and emis-
sion factor values (emissivity or absorptivity/10).

Using (11), it can be observed that the best behaviour will
be achieved with a high emissivity and a low absorptivity.
Those materials showing this behaviour are called selective
cooling materials, and they present high energy emission
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Figure 12: Temperature at each point for the configurations: perlite
(top), superinsulation in the exterior (middle), and superinsulation
in the interior part of the tanker (down).

and reflection capabilities. Some of these materials used for
tankers are white paint, white lacquered, and white galva-
nized steel.

Analyzing Table 7, the desirable properties are indicated
in bold letters. With these values, the results of Table 6 are
obtained. Analyzing the results, we can see that, without solar
radiation, the best surface finish is the black paint, because it
has the highest emissivity coefficient, and in this case the heat
emission is higher than the absorption.

On the other hand, with solar emissions the incident solar
radiation is the main heat source, so in this case it will better
the surface finish with the best absorptivity and the lower
emissivity.

Table 7: Thermal properties depending on the surface finish for
tankers [11].

Absorptivity Reflectivity Emissivity
Polish stainless steel 0.3 0.7 0.33
Stripped stainless steel 0.52 0.48 0.27
Galvanized steel 0.62 0.38 0.19
White painted steel 0.23 0.77 0.77
Black painted 0.95 0.05 0.97
Black laquer 0.92 0.08 0.89
Dark grey paint 0.91 0.09 0.86
Dark blue painted 0.91 0.09 0.75
Silver painted 0.25 0.75 0.67
White laquer 0.21 0.79 0.2
Aluminium paint 0.4 0.6 0.5
Shiny white paint 0.21 0.79 0.87

Figure 13: Reflection and emission factor for some different surface
finish [12].

8. Maximum Transport Time for Tanker

To obtain the maximum time to transport the liquid, the first
step is to understand the process that takes place inside the
tanker. Inside the interior part of the tanker there is a fluid
that using cold temperatures and pressure has been changed
from a gas state into a liquid + gas state. The quantity of
liquid depends on the filling level and is lower than the 100%,
because it must be a gas inside the tanker to make a pressure,
so there must be a gas-liquid equilibrium. A common filling
level is 98%.

There must not exist another gas inside the tanker,
because it would mix with the liquid to transport, and the
degree of purity of this liquid would be modified, so other
gases are removed during the filling operation.

So, in order to make the calculation, the Clausius-
Clapeyron diagrams of these gases are needed to obtain the
initial and final filling levels, pressures, temperatures, and so
forth.

These graphics also show the process that takes place
inside the tanker; this is a constant volume heating.
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Then the liquid tends to head, the gas amount increases
due to the liquid evaporation, and this increases the internal
pressure; internal pressures and temperatures are directly
involved.

To obtain the heat flux, it is necessary to carry out
an energy balance between the initial and the final state.
Equation (27) shows this energy balance:

𝑚final,gas ⋅ ℎgas (𝑃final𝑉total)

+ 𝑚final,liquid ⋅ ℎliquid (𝑃final𝑉total)

= ̇𝑄Δ𝑇 + 𝑚initial,gas ⋅ ℎgas (𝑃initial𝑉total)

+ 𝑚inicial,liquid ⋅ ℎliquid (𝑃initial𝑉total)

→ ̇𝑄Δ𝑇 = 𝑚final,gas ⋅ ℎgas (𝑃final𝑉total)

+ 𝑚final,liquid ⋅ ℎliquid (𝑃final𝑉total)

− 𝑚initial,gas ⋅ ℎgas (𝑃initial𝑉total)

− 𝑚initial,liquid ⋅ ℎliquid (𝑃initial𝑉total)

=

100 − GLfinal
100

⋅ 𝑉total ⋅ 𝜌gas,final

⋅ ℎgas (𝑃final𝑉total)

+

GLfinal
100

⋅ 𝑉total ⋅ 𝜌liquid,final

⋅ 𝜌liquid,final ⋅ ℎgas (𝑃final𝑉total)

−

100 − GLinicial
100

⋅ 𝑉total

⋅ 𝜌gas,initial ⋅ ℎgas (𝑃initial𝑉total)

−

GLinitial
100

⋅ 𝑉total ⋅ 𝜌liquid,initial

⋅ 𝜌liquid,initial ⋅ ℎgas (𝑃initial𝑉total) ,

(27)

whereΔ𝑡 is themaximum time to perform the transport,𝑃final
is the maximum pressure that could be reached before the
safety valve acts, and the gas is evacuated to the environment.

Now the problem can be solved, so the time can be
obtained.

To obtain the initial filling level, we use the properties
of the gas and the saturation pressure for each temperature.
With a mass balance, (28) is obtained:

𝑚inicial = 𝑚inicial,gas + 𝑚inicial,liquid

= 𝑚final = 𝑚final,gas + 𝑚final,liquid

=

GLinicial
100

𝑉total ⋅ 𝜌liquid,init

+

100 − GLinitial
100

𝑉total ⋅ 𝜌gas,init

=

GLfinal
100

𝑉total ⋅ 𝜌liquid,final

+

100 − GLfinal
100

𝑉total ⋅ 𝜌gas,final

→

GLinicial
100

⋅ 𝜌liquid,initial

+

100 − GLinitial
100

⋅ 𝜌gas,initial

=

GLfinal
100

⋅ 𝜌liquid,final +
100 − GLfinal

100

⋅ 𝜌gas,final.

(28)

Now, the filling level can be obtained for any temperature,
depending on the filling level at a specific temperature.

The following equation must be fulfilled too:

GL (𝑇) ≤ GLmaxpara𝑇 ∈ [𝑇min, 𝑇max] . (29)

Therefore, solving (27), (28), and (29), the initial filling
level, the mass, temperatures, and initial pressures can be
obtained, and by this way, the maximum transport time can
be calculated for each insulation configuration.

In this particular case, the maximum filling level is 98%
with a maximum and minimum pressures of 5.5 and 1 atm,
respectively. Using (28), we obtain an initial filling level of
87.3% for nitrogen. Using (27), we obtain

̇𝑄Δ𝑡 = 1.143 ⋅ 10
9 J. (30)

If data obtained in Table 8 is used, the maximum transport
distance and time can be calculated (see Table 8).

Although time values that appears in Table 8 seem too
high, they are inside the ranges that builders of this type of
vehicles use to have experimentally. This time value indicates
the maximum time that you could have the gas inside, before
the pressure emergency valve acts; however, the time is
usually lower. On the other hand, a high time value indicates
that the final temperature of the liquid will be lower and so
if this liquid would be stored later in a cryogenic tanker, the
energy needed to cool it would be lower.

9. Analysis of the Frost outside the Tanker

Another phenomenon that has to be considered is the frost
that can appear in the exterior part of the tanker. This frost
shows a bad visual aspect and therefore should be taken
into account during the design stage. This frost appears
because the exterior tanker has a temperature lower than the
environmental one: if it is lower than the fusion temperature
of water (0∘C), frost appears. On the contrary, if it is higher,
water condensation usually appears due to the condensation
of the air humidity.

Equation (31) shows the temperature value, depending
on the environmental temperature and the humidity, below
which the condensation appears. This temperature is called
dew temperature [6].
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Table 8: Maximum transportation time (in days).

Environmental
temperature (∘C)

Solar radiation
(W/m2) Wind velocity (km/h) Perlite Superinsulation

outside
Superinsulation

inside
−10 0 0 41.25 39.13 22.08
−10 0 100 40.61 40.41 22.09
−10 0 200 40.72 40.46 22.07
−10 500 0 39.66 37.92 21.90
−10 500 100 40.45 40.25 21.57
−10 500 200 40.49 40.38 23.70
−10 1000 0 38.23 36.64 22.38
−10 1000 100 40.29 40.10 22.06
−10 1000 200 40.39 40.28 22.25
0 0 0 39.15 37.19 22.19
0 0 100 38.51 38.31 22.89
0 0 200 38.48 38.35 22.48
0 500 0 37.76 35.97 22.41
0 500 100 38.37 38.16 22.58
0 500 200 38.40 38.28 22.02
0 1000 0 36.48 34.84 21.93
0 1000 100 38.24 38.02 22.32
0 1000 200 38.31 38.20 22.16
20 0 0 35.56 33.52 21.75
20 0 100 34.90 34.68 22.46
20 0 200 34.87 34.74 22.09
20 500 0 34.46 32.58 22.06
20 500 100 34.79 34.57 21.77
20 500 200 34.80 34.74 21.25
20 1000 0 33.44 31.72 20.60
20 1000 100 34.67 34.45 21.17
20 1000 200 34.74 34.62 20.99
50 0 0 31.28 29.15 21.15
50 0 100 30.61 30.36 20.37
50 0 200 30.58 30.43 20.45
50 500 0 30.51 28.50 20.49
50 500 100 30.52 30.27 20.55
50 500 200 30.52 30.38 20.31
50 1000 0 29.74 27.90 19.57
50 1000 100 30.44 30.19 19.92
50 1000 200 30.47 30.33 19.72

Consider

𝑇dew =
8
√
humidity

100

⋅ (112 + 0, 9𝑇env) + 0, 1𝑇env − 112. (31)

Then, if the temperature at any point of the external surface of
the tanker is lower than the dew temperature, condensation
will appear, and if it is lower than 0∘C, it will appear frost.
These phenomena usually appear in the coldest temperature
zones which are the support zones of the tanker, because

there is a high conductivity, and therefore show a lower
temperature.

10. Conclusions

The main conclusions that are obtained from this thermal
analysis are, on the one hand, that the analytical approxi-
mation can solve the problem with a good accuracy level
and with this method different insulation and vacuum levels
can be compared. Moreover, analytical results are obtained
quickly and without using numerical tools (which would
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require a higher work and higher computational cost), and
the exterior temperature and the heat flux can also be
obtained.

The axisymmetric model allows a better solution of the
problem, and with it, there can be obtained the temperatures
and heat fluxes at any point and therefore theworse insulation
locations and the temperature map of the tanker.

Another aspect analysed was the exterior finish of the
tanker, because a good selection of this aspect entails lower
heat fluxes and losses and, as a result of this, higher trans-
portation times with a low manufacturing cost.

The best insulation configuration is the perlite one,
although the superinsulation in the exterior part showed a
similar behaviour with a more expensive cost. The superin-
sulation in the interior configuration showed the worst
behaviour.

It can be observed that the superinsulation and the perlite
properties depend on the vacuum level, and depending on
this aspect the behaviour changes.

It has to be taken into account, when the isolation
is selected, that when there is a vacuum loss (during an
accident, a perforation, etc.), the perlite configuration has
always a better behaviour because it is not very sensitive
to temperature. The superinsulation has worse properties,
because without vacuum, convention phenomena appear
inside the tanker and heat losses increase a lot. In the case of
the perlite configuration, although this implies a conductivity
increase, quite lower heat losses appear, and therefore the
perlite configuration allows containing the fluid inside the
tanker for much more time.
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A unified cohesive zone model is proposed. By introducing a parameter which denotes the ductility of the material, the proposed
model can be used to simulate both brittle and ductile fracture. No fitting experimental data is needed in calibrating the parameters
of the proposed model, and this leads to a high predictive ability of the model. Several numerical examples for brittle and ductile
materials are given using finite element method. The good agreement between numerical results and experimental data proves the
applicability and accuracy of the proposed cohesive zone model.

1. Introduction

Fracture is one of main failure modes in engineering. Frac-
ture mechanics techniques, including linear elastic fracture
mechanics and nonlinear fracture mechanics, can be used to
evaluate the size of a crack to cause catastrophic structural
failure and the time a crack of known length reaches to this
value in the current service environment. However, linear
elastic fracture mechanics break down when the fracture
process zone is too large relative to the crack length or other
structural dimensions. Also, nonlinear fracture mechanics
concepts like that of crack tip opening displacement (CTOD)
or that of J-integral are not easy to apply in engineering analy-
sis. Onemethod to account for these problems is the cohesive
zone model. In this method, a zone of nonzero traction is
placed at the crack tip. This concept provides a convenient
way of avoiding problems with crack tip singularities and
can be used in many situations where conventional fracture
mechanics do not work.

The idea of cohesive zone model can be traced to the
strip yield models of Dugdale [1] and Barenblatt [2]. In this
way, the unrealistic continuum mechanics stress singularity
at the crack tip can be avoided. Several merits make the
cohesive zone model popular in fracture mechanics. It seems
to mimic many process zone effects in engineering materials.
The fracture process, isolated from surrounding continuum

constitutive material, is very simple: traction versus separa-
tion. It is easy to implement the cohesive zone model in the
finite element method using interface elements or specified
interface. The cohesive zone model has been successfully
used in solving the complicated fracture problems such as
mixed mode fracture [3], fatigue fracture [4, 5], and dynamic
fracture [6, 7].

The choice of a constitutive law for the cohesive zone is the
most delicate aspect of this approach to fracture mechanics.
Due to the small scale of the cohesive zone in most materials,
it is experimentally quite difficult to determine the precise
nature of the constitutive behavior in the cohesive zone.Thus,
it has become commonplace to postulate a phenomenological
form for the cohesive zone constitutive model. Postulating
the form of the cohesive zone model is mainly based on the
fracture characteristic of the material, for example, ductile
or brittle modes. In the literature, several cohesive zone
constitutive models can be found. Typical cohesive zone laws
include linear decreasing form suggested by Hillerborg et
al. [8], cubic and exponential forms by Needleman [9, 10],
constant form by Yuan et al. [11], bilinear form by Geubelle
and Baylor [12], trilinear form by Tvergaard and Hutchinson
[13], and polynomial form by Chaboche et al. [14].

The object of the present work is to provide a unified
cohesive zone model for both brittle and ductile fractures.
The model is limited to mode I crack. The paper begins with
a description of the unified cohesive zone model and the
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Figure 1: Fracture process zone (a) and schematic of the cohesive zone (b) in front of the crack tip under the loading condition.

parameter calibration of the model. After that, the numerical
implementation of the cohesive zone model is introduced.
This is then followed by solving some examples of brittle
and ductile fractures to demonstrate the applicability and
accuracy of the model. Finally, the concluding remarks are
made based on the study.

2. Cohesive Zone Model

During crack propagation, a fracture process zone exists in
front of the crack tip, where microvoids initiate, grow, and
finally coalesce with the main crack, as shown in Figure 1(a).
The material response in this fracture process zone differs
greatly from that of the surrounding bulk material. In
fracture process zone, the material degradation is obvious.
The conventional elastic-plastic constitutive relation used in
bulk material is not suitable for this local material degraded
region. When formulating analytic solutions to problems
involving the fracture process zone, a new constitutive rela-
tion is necessary. Compared with the other characteristic
dimensions of the region, the thickness of the fracture process
zone is very small. Therefore, it is reasonable to assume
that the fracture process zone can be approximated by a
zone of cohesive tractions, which has zero thickness in the
undeformed configuration. In this case, the fracture process
zone is termed a cohesive zonewhich consists of two fictitious
cohesive surfaces. The cohesive surfaces are connected by
cohesive traction and can be separated during deformation as
shown in Figure 1(b). The relation between cohesive traction
and displacement jump of cohesive surfaces is usually called
traction separation law. In contrast to the standard concept
in continuum mechanics, cohesive zone model allows for a
displacement jump inside the material and for separation of
cohesive surfaces which finally leads to failure of thematerial.
By introducing cohesive zone model, the material’s behavior
is split into two parts: deformation and separation. For
bulk material, deformation is accounted for by conventional
continuummaterialmodel, whereas the fracture process zone
is modeled by the traction separation law.

The cohesive zone model is a phenomenological model
and there is no direct evidence for the formulation of
traction separation law in themodel. Various forms have been
proposed since its initiation, as shown in Figure 2 [15]. A
challenge of using cohesive zone model is to choose a proper
traction separation law for different materials. As mentioned
above, there are various forms for differentmaterialsThey can
be classified into two categories based on the model features,
for example, zero traction and nonzero traction at the initial
zero separation. The typical cohesive zone models of these
two categories are Needleman’s and Hillerborg’s models as
shown in Figure 3. For ductilematerials, the exponential form
proposed by Needleman [10] is one of the most popular
traction separation laws. In this model, the traction first
increases drastically to a peak value 𝑇0, called the cohesive
stress, and then decreases to zero at a critical separation Δ 𝑐.
For brittle materials, a linear decreasing form suggested by
Hillerborg et al. [8] is used widely. The model starts with
an infinite stiffness until the cohesive stress 𝑇0 is reached.
The area under the traction-separation curve is called the
cohesive energy Γ. Recent atomistic simulations show that
even for ductile materials [16], the cohesive zone model
should have a nonzero critical traction.The separation cannot
occur when the traction is below this critical traction. Jin
and Sun [17] also conclude that the cohesive zone model
must have a nonzero traction at the initial zero separation,
and the cohesive traction should first increase quickly to the
cohesive stress and finally decreases with further increasing
separation. Based on this knowledge, we propose a new
cohesive zone model, in which a parameter representing the
ductility of the material is included to determine the critical
traction.The proposed model is focused on the mode I crack
problem.

For mode I fracture, the constitutive behavior of the
cohesive zone is derived through a potential function Φ in
the form

𝑇𝑛 =

𝑑Φ

𝑑𝑔𝑛

, (1)
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Figure 2: Various traction separation laws for mode I crack [15]: (a) rigid plastic law, (b) linear elastic brittle law, (c) triangular law with initial
linear elastic regime followed by a linear softening regime, (d) an arbitrary traction law, often approximated with a cubic function, (e) linear
softening law, and (f) nonlinear softening law.
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Figure 3: Typical cohesive zone models for ductile materials (a) and brittle materials (b), recommended by Needleman [10] and Hillerborg
[8], respectively.

where 𝑇𝑛 is the normal traction and 𝑔𝑛 is the normal sep-
aration.The equation for the potential functionΦ is proposed
to be the form

Φ(𝑔𝑛) =

27

16

𝑇0Δ 0𝐴,
(2)

with

𝐴 = 3(

𝜆Δ 0 + 𝑔𝑛

3Δ 0

)

4

− 8(

𝜆Δ 0 + 𝑔𝑛

3Δ 0

)

3

+ 6(

𝜆Δ 0 + 𝑔𝑛

3Δ 0

)

2

,

(3)

where Δ 0 is the cohesive length, which is the normal
separation between the crack surfaces corresponding to the
cohesive stress 𝑇0 for mode I crack problem. 𝜆 is a model
parameter. The relation between the traction and separation
is obtained by the substitution of (2) into (1):

𝑇𝑛 =

9

4

𝑇0

𝜆Δ 0 + 𝑔𝑛

Δ 0

(1 −

𝜆Δ 0 + 𝑔𝑛

3Δ 0

)

2

. (4)

The parameter 𝜆 can be defined to be the ratio of yield
stress to tensile strength of the material. When the value
of 𝜆 ranges between 0 and 1, the model is applicable to
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the materials with different ductilities. Figure 4 displays the
cohesive zone model with different values of the parameter 𝜆
but the same cohesive stress and cohesive energy. By setting
𝜆 = 0, the cohesive zone model returns to with Needleman’s
cubic traction separation form model.

Until now, there is no unified method to determine
the cohesive stress according to the author’s knowledge.
However, it is commonly considered to be dependent on
the material property, that is, brittle or ductile. In this
paper, the determination of the cohesive stress is based on
the global measurement results for brittle material [18–20]
and the micromechanical study of void growth for ductile
material [21–26]. For brittle material, it fails without obvious
plastic deformations, and the failure is dominated by the
maximum principal stress. The material behaves linearly
elastic before the maximum principal stress reaches the
tensile stress. Once the tensile stress is exceeded, the material
begins to fail. Based on this knowledge, the cohesive stress
for the brittle materials can be taken as tensile strength
of the material. For ductile material, both numerical and
experimental results show that the cohesive stress strongly
depends on the condition of mechanical constraint present
at the crack tip [21]. The constraint state can be represented
by the stress triaxiality, that is, the ratio of hydrostatic stress
to equivalent stress 𝜒 = 𝜎ℎ/𝜎𝑒 [23]. The relationship between
cohesive stress and the stress triaxiality can be determined
by studying the material failure uncoupled from the crack
tip problems using the so-called unit cell method [22]. In
the unit cell method, the material is regarded as a periodic
array of identical cells, and a representative unit cell of
material under consideration is picked out to be investigated.
The method is initially used to determine the constitutive
relation of composite materials at the microscale [27] and
recently used by researchers to determine the triaxiality
dependent cohesive stress for cohesive zone model [28, 29].
To determine the relationship between cohesive stress and
stress triaxiality, a representative unit cell in front of the crack
tip can be studied separately from themacroscopic specimen.
The constitutive equation of the material for volume element
is based on the Gurson-Tvergaard-Needleman (GTN) model
[24–26], which describes the void growth and nucleation
process in ductile materials. Using the unit cell method, the
maximum load carrying capacity can be captured during the
void growth under the given stress triaxiality, and the value of
the maximum load carrying capacity is equal to the cohesive
stress.

The cohesive energy Γ for both ductile and brittle mate-
rials is identical to the fracture energy, that is, the energy
needed to create unit area of new crack surface. It can
be experimentally measured. Once the parameters, that is,
ductility 𝜆, cohesive stress 𝑇0, and cohesive energy Γ, are
settled, the cohesive length Δ 0 is subsequently determined.

3. Numerical Implementation

The cohesive zone model is usually implemented into finite
element analysis through a zero-thickness interface element,
that is, cohesive element.The formulation of cohesive element

is described in the following. The cohesive element is made
up of two surfaces: the upper and the lower. In undeformed
condition, the two surfaces of the cohesive element lie
together. Under external load, the two surfaces separate but
are connected by cohesive traction.The traction is calculated
at the integration points according to the traction separation
law. When the separation reaches a critical separation, the
element fails at this point, and the contribution of the
integration point to the stiffness vanishes. In the study, the
bulk material is modeled by 4-node quadrilateral elements.
Based on the compatibility requirements in the finite element
formulation, the corresponding cohesive element is a 4-
node interface element with two nodes at each surface. The
cohesive element condition and its integration point position
are illustrated in Figure 5. When the separation across the
crack reaches a critical separation Δ 𝑐, the solid elements
connected by this cohesive element are disconnected, which
implies that a real crack propagates to this element.

The stiffness matrix of the cohesive element and finite
element equations can be derived from the principle of virtual
work. The principle of virtual work reads

𝛿Π𝑖 = 𝛿Π𝑒; (5)

that is, the internal virtual work 𝛿Π𝑖 is equal to the external
virtual work 𝛿Π𝑒. The symbol 𝛿 denotes the variation of a
quantity. The internal virtual work for the cohesive element
is defined by

𝛿Π𝑖 = ∫T𝛿g 𝑑𝑆, (6)

where T is the vector of the cohesive traction, g is the
separation of crack, and g = u+ − u−. Here, u+ and u−
represent the displacements of the two cohesive surfaces.
𝑆 is the cohesive zone area. In finite element method, the
displacement u is interpolated within the element using the
nodal shape functions N and the nodal displacement q:

u = Nq. (7)

Inserting (7) into (6) leads to

𝛿Π𝑖 = 𝛿q
𝑇f𝑖, (8)

with

f𝑖 = ∫N
𝑇T 𝑑𝑆, (9)

where superscript ()T denotes a transpose operation. f𝑖 is the
equivalent internal nodal force.

The external virtual work 𝛿Π𝑒 is defined by

𝛿Π𝑒 = ∫T𝛿u 𝑑𝑆, (10)

where T is the external traction force. Substituting (7) into
(10), the external virtual work can be written as

𝛿Π𝑒 = 𝛿q
𝑇f𝑒, (11)



Advances in Mechanical Engineering 5

𝜆 = 0

𝜆 = 0.4

𝜆 = 1T
n

gn0

Figure 4: The cohesive zone models with different parameter 𝜆 but the same cohesive stress and cohesive energy Γ.

Cohesive element

Solid elements

Figure 5: Cohesive element in two-dimension condition.The circles
represent the element nodes, and the solid circles represent the
Gauss points.

with

f𝑒 = ∫N
𝑇T 𝑑𝑆, (12)

where f𝑒 is the external force.
Combining (5), (8), (9), and (11) gives

∫N𝑇T 𝑑𝑆 = f𝑒. (13)

Since the cohesive traction is nonlinear functions of
the separation, the incremental procedure is needed. The
traction rate can be expressed in terms of nodal displacement
velocities as

Ṫ = 𝜕T
𝜕g
̇g = C ̇g = CN ̇q, (14)

whereC is the cohesive stiffnessmatrix. For two-dimensional
problem, C can be expressed as

C =
[
[
[
[

[

𝜕𝑇𝑛

𝜕𝑔𝑛

𝜕𝑇𝑛

𝜕𝑔𝑡

𝜕𝑇𝑡

𝜕𝑔𝑛

𝜕𝑇𝑡

𝜕𝑔𝑡

]
]
]
]

]

, (15)

where 𝑔𝑡 and 𝑇𝑡 are the tangential separation and tangential
traction, respectively. There are two degrees of freedom for
two-dimensional problem, that is, normal and shear degrees.
However, for mode I crack, all components related to shear

degree are zero. Therefore, the cohesive stiffness C for mode
I crack can be given as

C = [[
[

𝜕𝑇𝑛

𝜕𝑔𝑛

0

0 0

]
]

]

. (16)

Substitution of (14) into (13) leads to the tangent stiffness
matrix K in terms of incremental nodal displacements 𝑑q,

K𝑑q = f𝑒 − f𝑖, (17)

with

K = ∫N𝑇CN 𝑑𝑆. (18)

4. Numerical Examples

In this section, four numerical examples of crack growth
are carried out for two brittle materials and two ductile
materials to verify the applicability and accuracy of the
proposed cohesive zone model. Two brittle materials are
two kinds of concrete and two ductile materials are steel 20
MnMoNi 55 and aluminium alloy AL5083. Cohesive zone
model defined in (4) is implemented as the cohesive element
through the user-defined subroutine UEL in the commercial
finite element code ABAQUS.

4.1. Crack Growth in Brittle Materials. Two kinds of concrete,
named as concrete 1 and concrete 2, are taken as examples of
the brittlematerials. Crack growth in three-point bending test
is simulated. Experimental results taken from Fathy’s work
[30] are used for comparison with simulating results. The
geometry, loading, and boundary conditions of three-point
bending specimen are shown in Figure 6. The geometric
parameters are 𝑆 = 300mm, 𝐿 = 500mm, 𝐻 = 100mm,
𝑎0 = 33mm, and thickness B = 100mm. The finite element
meshes for the specimen are given in Figure 7, including
1368 elements and 1451 nodes. To improve the computational
efficiency, only the potential damage zone along the expected
crack path is covered by the cohesive elements, and the rest
of the region is occupied by 4-node linear elements.
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Figure 6: Geometry, loading, and boundary conditions of three-
point bending.

Figure 7: Finite element meshes of the three-point bending speci-
men.

4.1.1. Crack Growth in Concrete 1. The material properties of
concrete 1 are Young’s modulus 𝐸 = 47.7GPa, Poisson’s ratio
] = 0.2, tensile strength 𝜎𝑏 = 6.18MPa, and the cohesive
energy Γ = 0.126N/mm [30]. The parameter 𝜆 = 1 is
employed. Cohesive stress 𝑇0 = 6.18MPa which is equal to
the tensile strength. The plane strain condition is assumed.

The experimental and simulating results of force-crack
mouth opening displacement (F-CMOD) curves are summa-
rized in Figure 8(a). It can be seen that the numerical results
based on the proposed model have a good agreement with
the experimental data.Moreover, the prediction of Fathy et al.
[30] is also displayed in Figure 8(a). It can be found that the
simulating results are very close to Fathy’s results. Figure 8(b)
shows the proposed model and Fathy’s model. It is obvious
that the cohesive stress in Fathy’s model is higher than the
proposed model which causes the slight difference of the
predictions in Figure 8(a).

4.1.2. Crack Growth in Concrete 2. To further study the
feasibility of the proposed model in brittle materials, another
simulation has been done for concrete 2. The material
properties of concrete 2 are Young’s modulus 𝐸 = 45.1GPa,
Poisson’s ratio ] = 0.2, tensile strength 𝜎𝑏 = 5.82MPa, and
the cohesive energy Γ = 0.121N/mm [30]. Parameter 𝜆 = 1
and cohesive stress 𝑇0 = 5.82MPa which is equal to the
tensile strength. The same plane strain condition is adopted
as concrete 1.

Both simulating and experimental F-CMOD curves are
shown in Figure 9(a), together with the prediction of Fathy
et al. [30]. It can be found that the simulating results fit the
experimental results very well in the initial part as well as the
peak load value. For the postpeak response, Fathy’s model
gives a better result than the proposed model. Figure 9(b)
displays the comparison of the two models. It is clear to see
that softening curve in Fathy’s model decreases much steeper
than the proposedmodel which could lead to the deviation of
the simulating results in the postpeak response in Figure 9(a).

4.2. Crack Growth in Ductile Materials. In order to study
the feasibility of the proposed model in ductile materials,
two different ductile materials, that is, steel 20 MnMoNi 55
and aluminium alloy AL5083, have been employed. Crack
growth tests for both materials are carried out in stan-
dard compact tension (CT) specimen which is displaced in
Figure 10. Figure 11 shows the finite element meshes used in
the calculation, with 3877 elements and 3996 nodes. Same as
the mesh arrangement of the three-point bending specimen
in Section 4.1, the potential damage zone along the expected
crack path is covered by the cohesive elements, and the rest
of the region is occupied by 4-node linear elements. The
experimental results are documented in [31] for 20 MnMoNi
55 and [32] for AL5083.

4.2.1. Crack Growth in Steel 20 MnMoNi 55. The geometric
parameters of the CT specimen for steel 20 MnMoNi 55 are
𝑊 = 100mm, 𝑎0 = 60mm, 𝐵 = 10mm, and 𝐵net =
8mm. The material properties are Young’s modulus 𝐸 =
210GPa, Poisson’s ratio ] = 0.3, yield stress 𝜎𝑦 = 465MPa,
tensile strength 𝜎𝑏 = 600MPa, and the cohesive energy
Γ = 120N/mm [31]. The parameter 𝜆 calculated from the
ratio of yield stress to tensile strength is 0.78.The plane strain
condition is assumed in the simulation.

As mentioned above, the cohesive stress can be deter-
mined by studying the damage process at the microscale
using the so-called unit cell method. At a certain point of
the structure, the stress triaxiality is varied with the increase
of external loading. For cohesive zone model, it results in
a change of cohesive stress which depends on the stress
triaxiality. The change of cohesive stress will not only make
the simulation complicated but also lead to a convergency
problem [29]. In this study, the maximum value of the stress
triaxiality at the initial crack tip is used for evaluating the
cohesive stress in unit cell method. The same treatment
has been successfully used by other researchers [28, 33].
To determine the triaxiality dependent cohesive stress, the
stress triaxiality at the initial point is studied first using
the finite element method, in which no crack propagation
is considered. The response of the stress triaxiality as the
loading increases is shown in Figure 12(a) and the parameter
𝜌 represents the load fraction. The maximum value of stress
triaxiality which represents the maximum constraint state
that can endure during the whole plastic deformations is then
used in the unit cell method. Once the stress triaxiality is
settled, the unit cell method is used to determine the cohesive
stress. Following the configuration in [29], a two-dimensional
axisymmetric element is used in the unit cell method. For
the material considered here, the GTN model parameters
are taken from Pirondi’s work [34]. Loading under various
constant applied stress ratio, 𝛽 = 𝜎1/𝜎2, is considered. 𝜎1
is applied in the horizontal direction while 𝜎2 is applied in
the vertical direction. The triaxiality of the element can be
calculated as

𝜒 =

2𝛽 + 1

3 (1 − 𝛽)

. (19)

For a given 𝛽, the applied stress and the vertical displace-
ment at the top of the element can be evaluated. Since
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Figure 8: The simulating F-CMOD curve in comparison with the experimental as well as Fathy’s results for concrete 1 [30] (a), and the
comparison between proposed model and Fathy’s model (b).
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Figure 9: The simulating F-CMOD curve in comparison with the experimental as well as Fathy’s results for concrete 2 [30] (a), and the
comparison between proposed model and Fathy’s model (b).

the maximum value of 𝜎2 is taken as the cohesive stress,
the relationship between the cohesive stress and the stress
triaxiality can be obtained. Then the maximum value of
the stress triaxiality at the initial crack tip can be used to
determine the cohesive stress. The relationship of the applied
stress and the displacement in the vertical direction is shown
in Figure 12(b), where 𝑢 is the displacement in the vertical
direction and 𝐷 is the length scale associated with void
growth in the unit cell method. As explained in Section 2, the

value of the maximum load carrying capacity is the cohesive
stress, namely; 𝑇0 = 3.44, 𝜎𝑦 = 1600MPa.

Once the cohesive parameters are determined, the crack
propagation simulation is carried out. The simulating as well
as the experimental force-displacement (F-V) curves are
displayed in Figure 13(a). The numerical prediction obtained
by Cornec et al. [31] is also displayed. For whole force-
displacement curve, the proposedmodel and Cornec’s model
[31] almost give the same values and match the experimental
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Figure 10: Geometry of standard CT specimen. 𝑉 is the location of displacement measurement in the test, 𝐵 is the thickness, and 𝐵net is the
thickness of the net section.

Figure 11: Finite element meshes of the CT specimen.
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Figure 12: Determination of the cohesive stress for 20 MnMoNi 55. (a) The response of stress triaxiality as loading increases. (b) The
relationship of the applied stress and the displacement in the vertical direction determined by unit cell method at 𝜒 = 2.2.
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Figure 13: Comparison of experimental [31] and predicted F-V curves for steel 20 MnMoNi 55 (a), and comparison of proposed model and
Cornec’s model (b).
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Figure 14: Determination of the cohesive stress for AL5083. (a) The response of stress triaxiality with the increase of load fraction. (b) The
relationship of the applied stress and the displacement in the vertical direction determined by unit cell method at 𝜒 = 0.63.

results accurately. Figure 13(b) shows the proposed model
and Cornec’s model. The difference between the two models
is obvious. It seems that for the ductile materials, the
simulating results are not sensitive to the form of the cohesive
zone model.

4.2.2. Crack Propagation in Aluminium Alloy AL5083. The
CT specimen used for aluminium alloy AL5083 has different
geometric parameters from that for steel 20 MnMoNi 55,
which are𝑊 = 50mm, 𝑎0 = 25mm, and 𝐵 = 𝐵net = 3mm.
The material properties of AL5083 are Young’s modulus 𝐸 =
68GPa, Poisson’s ratio ] = 0.33, yield stress 𝜎𝑦 = 243MPa,
tensile strength 𝜎𝑏 = 350MPa, and the cohesive energy

Γ = 10N/mm [32]. In the simulation, plane stress condition
is adopted. Parameter 𝜆 = 0.69 which is calculated by
the ratio of yield stress to tensile strength. Using the same
method mentioned in Section 4.2.1, the stress triaxiality is
calculated and depicted in Figure 14(a). The maximum value
of stress triaxiality is 0.63, which will be used in the unit
cell method. The GTN model parameters in the unit cell
method for this material are determined by Gao et al. [35].
The relationship of the applied stress and the displacement in
the vertical direction is determined by unit cell approach and
shown in Figure 14(b). From Figure 14(b), the cohesive stress
is determined as 𝑇0 = 2.3, 𝜎𝑦 = 560MPa.

The comparison between the simulating and experimen-
tal results, as well as the prediction by Scheider et al. [32],
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Figure 15: Comparison of experimental [32] and predicted F-V curves for AL5083 (a) and comparison of proposed model and Scheider’s
model (b).

is shown in Figure 15(a). The comparison between proposed
model and Scheider’s model is given in Figure 15(b). For
whole force-displacement (F-V) curve, the proposed model
presents a better agreement with the experimental results
than Scheider’s model. Same as in the case of steel 20
MnMoNi 55, the proposed model shows a big difference with
Scheider’s model, as shown in Figure 15(b).

5. Conclusions

In the present work, a unified cohesive zone model has been
proposed, which is applicable for both brittle and ductile
materials. To verify the feasibility of the proposed model,
several numerical examples have been carried out, and the
following conclusions are obtained.

(1) Introducing a new parameter into conventional cohe-
sive zone model to characterize the ductility of the
material can lead to a unified cohesive zone model
which is suitable for both brittle and ductilematerials.

(2) In the present investigation, all the parameters in
cohesive zone model are calibrated independent on
the cohesive zonemodel, that is, no fitting experimen-
tal data is needed, and this leads to a high predictive
ability of the model.

(3) The simulating results have a good agreementwith the
experimental data, which proves the applicability and
accuracy of the proposed model. Moreover, the form
of the cohesive zone model is not crucial for ductile
materials because the different cohesive zone models
can predict nearly same crack growth behavior for
ductile materials.

Nomenclature

C: Cohesive stiffness matrix
𝐸: Young’s modulus
f𝑖: Equivalent internal nodal force
f𝑒: External force
𝑔: Separation of crack surface
𝑔𝑛: Normal separation
𝑔𝑡: Tangential separation
𝐷: Length scale associated with void growth
K: Element stiffness matrix
N: Nodal shape function
q: Nodal displacement
𝑆 : Cohesive zone area
T: Cohesive traction
𝑇0: Cohesive stress
𝑇𝑛: Normal traction
𝑇𝑡: Tangential traction
T: External traction force
𝑢: Displacement of the vertical direction
u+, u−: Displacements of the two cohesive

surfaces
u: Displacement of the element
Γ: Cohesive energy
𝛿: Variation of a quantity
Δ 𝑐: Critical separation
Δ 0: Cohesive length
𝜆: Model parameter which denotes the

ductility of the material
𝜐: Poisson ratio
Π𝑖, Π𝑒: Internal and external virtual work,

respectively
𝜌 : Load fraction
𝜎1: Applied stress in the horizontal direction
𝜎2: Applied stress in the vertical direction
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𝜎𝑏: Tensile strength
𝜎𝑒: Equivalent stress
𝜎ℎ: Hydrostatic stress
𝜎𝑦: Yield stress
Φ : Potential function
𝜒: Stress triaxiality
𝛽: Applied stress ratio.
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[8] A. Hillerborg, M. Modéer, and P.-E. Petersson, “Analysis of
crack formation and crack growth in concrete by means of
fracture mechanics and finite elements,” Cement and Concrete
Research, vol. 6, no. 6, pp. 773–781, 1976.

[9] A. Needleman, “A continuum model for void nucleation by
inclusion debonding,” Journal of Applied Mechanics, Transac-
tions ASME, vol. 54, no. 3, pp. 525–531, 1987.

[10] A. Needleman, “An analysis of decohesion along an imperfect
interface,” International Journal of Fracture, vol. 42, no. 1, pp.
21–40, 1990.

[11] H. Yuan, G. Lin, and A. Cornec, “Verification of a cohesive zone
model for ductile fracture,” Journal of EngineeringMaterials and
Technology, Transactions of the ASME, vol. 118, no. 2, pp. 192–
200, 1996.

[12] P. H. Geubelle and J. S. Baylor, “Impact-induced delamination
of composites: a 2D simulation,”Composites Part B: Engineering,
vol. 29, no. 5, pp. 589–602, 1998.

[13] V. Tvergaard and J.W. Hutchinson, “The relation between crack
growth resistance and fracture process parameters in elastic-
plastic solids,” Journal of theMechanics and Physics of Solids, vol.
40, no. 6, pp. 1377–1397, 1992.

[14] J. L. Chaboche, R. Girard, and P. Levasseur, “On the interface
debondingmodels,” International Journal ofDamageMechanics,
vol. 6, no. 3, pp. 220–257, 1997.

[15] J. A. Nairn, “Analytical and numerical modeling of R curves for
cracks with bridging zones,” International Journal of Fracture,
vol. 155, no. 2, pp. 167–181, 2009.

[16] H. Krull and H. Yuan, “Suggestions to the cohesive traction-
separation law from atomistic simulations,” Engineering Frac-
ture Mechanics, vol. 78, no. 3, pp. 525–533, 2011.

[17] Z.-H. Jin and C. T. Sun, “Cohesive fracture model based on
necking,” International Journal of Fracture, vol. 134, no. 2, pp.
91–108, 2005.

[18] G. N. Wells and L. J. Sluys, “A new method for modelling
cohesive cracks using finite elements,” International Journal for
Numerical Methods in Engineering, vol. 50, no. 12, pp. 2667–
2682, 2001.

[19] A. Hansbo and P. Hansbo, “A finite elementmethod for the sim-
ulation of strong and weak discontinuities in solid mechanics,”
Computer Methods in Applied Mechanics and Engineering, vol.
193, no. 33-35, pp. 3523–3540, 2004.

[20] J. Mergheim, E. Kuhl, and P. Steinmann, “A finite element
method for the computational modelling of cohesive cracks,”
International Journal for Numerical Methods in Engineering, vol.
63, no. 2, pp. 276–289, 2005.
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A method to simulate residual stress field of planetary gear is proposed. In this method, the finite element model of planetary
gear is established and divided to tooth zone and profile zone, whose different temperature field is set. The gear’s residual stress
simulation is realized by the thermal compression stress generated by the temperature difference. Based on the simulation, the
finite element model of planetary gear train is established, the dynamic meshing process is simulated, and influence of residual
stress on equivalent stress of addendum, pitch circle, and dedendum of internal and external meshing planetary gear tooth profile
is analyzed, according to non-linear contact theory, thermodynamic theory, and finite element theory. The results show that the
equivalent stresses of planetary gear at both meshing and nonmeshing surface are significantly and differently reduced by residual
stress. The study benefits fatigue cracking analysis and dynamic optimization design of planetary gear train.

1. Introduction

Residual stresses are included in the advanced design and
fatigue failure analysis of components in the gear transmis-
sion system, aerospace, and nuclear and automotive indus-
tries. Residual stresses have an effect onmany aspects of gears
but are normally one of the largest unknown stresses, difficult
to measure and to estimate theoretically. Residual stresses
may play a significant role in analyzing dynamic behavior of
gear transmission systems.

Anumber of studies have beenperformedon the dynamic
behavior of gear transmission systems. Cooley and Parker [1]
demonstrated unusual gyroscopic system eigenvalue behav-
ior observed in a lumped-parameter planetary gear model.
The focus was on the eigenvalue phenomena that occur at
especially high speeds rather than practical planetary gear
behavior. Yuksel and Kahraman [2] employed a computa-
tional model of a planetary gear set to study the influence of
surface wear on the dynamic behavior of a typical planetary
gear set. The results for worn gear surfaces indicated that
surface wear had an influence on off-resonance speed ranges
while its influence diminishes near resonance peaks primarily
due to tooth separations. In [3] the mesh phase relations of

general compound planetary gears were systematically stud-
ied. The results from the study were necessary for analytical
or computational multibody studies on the static or dynamic
response of general compound planetary gears. In [4] the
lumped parameter dynamic model of a gear system actuated
bymany pinions was presented in this study and strength and
had traditionally been obtained by laboratorymeasurements.
The numerical results showed that these parameters could
affect the load transmission behavior of every mesh gear
pair. Suitable mechanical parameters of gear systems were
important for the load sharing performance of multiple mesh
gear pairs which could reduce the internal stress in the gear
structure and improve their fatigue life. In [5] the discrete-
continuous model of a single gear transmission with non-
linear forces occurring between gear teeth was investigated.
The range of application for the proposed nonlinear functions
was determined. In [6] a general approach to predict the
contact fatigue life of the gears in the drive-train system of
a wind turbine under dynamic conditions was presented.
In [7] a new approach to the analysis of the performance
of purse seine fishing gear was presented using a computer
simulation. The accuracy of the mathematical model used
in the simulation was verified by comparing measured and
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calculated data. In [8] the dynamic behavior of a single stage
spur gear reducer in transient regime was studied. Dynamic
responses came to confirm a significant influence of the
transient regime on the dynamic behavior of a gear set,
particularly in the case of engine acyclic condition. In [9]
the behavior of 35CrMo structural steel gears treated through
laser surface-melted (LSM) treatment was investigated. The
improvement in resistance of the LSM gears was due to
grain refinement and solid solution hardening. In [10] the
nonlinear tooth wedging behavior and its correlation with
planet bearing forces by analyzing the dynamic response of
an example planetary gear were studied. The major causes
of tooth wedging relate directly to translational vibrations
caused by gravity forces and the presence of clearance-type
nonlinearities in the form of backlash and bearing clearance.
In [11] an analytical model was proposed to investigate the
effect of gear tooth crack on the gear mesh stiffness. The
results showed that sidebands caused by the tooth crack were
more sensitive than the mesh frequency and its harmonics.
The developed analytical model could predict the change
of gear mesh stiffness with presence of a gear tooth crack
and the corresponding dynamic responses could supply some
guidance to the gear condition monitoring and fault diagno-
sis, especially for the gear tooth crack at early stage. In [12]
dynamic and three-dimensional finite element (FE) analytical
models of cracked gears were established, and the dynamic
characteristics of the gear body were investigated when tooth
cracks in the gear appeared. In [13] a systematic analysis of
the dynamic behavior of a single degree-of-freedom (SDOF)
spur gear system with and without nonlinear suspension
was performed. The results presented in this study provided
an understanding of the operating conditions under which
undesirable dynamic motion took place in a spur gear system
and therefore served as a useful source of reference for
engineers in designing and controlling such systems. In [14]
the dynamic responses of a planetary gear were analyzed
when component gears had time-varying pressure angles
and contact ratios caused by bearing deformations. The
effects of bearing stiffness on the pressure angles and contact
ratios were also analyzed. In [15] the dynamic modeling of
wheeled planetary rovers operating on rough terrain was
dealt with. Different implementations, with different degrees
of complexity, were presented and compared with each
other so that the user could simulate the dynamics of the
rover making a tradeoff between simulation accuracy and
computer time. In [16] the distinctive wave vibration of a
ring gear affected by mesh effect was investigated based on
the inherent symmetry of spur planetary gears. The main
results were demonstrated with FE examples and compar-
isons with the existing literature. In [17] an original lumped
parameter model of planetary gears, which accounted for
planet position errors and simulated their contribution to the
quasistatic and dynamic load sharing amongst the planets,
was presented. In [18] nonlinear oscillations of spur gear pairs
including the backlash nonlinearity were studied. Dynamic
system was described through the classical SDOF model in
terms of dynamic transmission error. In [19] a generalized
dynamicmodel for herringbone planetary gear train (HPGT)
was developed to investigate its modal properties. The new
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Figure 1: Schematics of FE division of planetary gear. (a) Planetary
gear. (b) Tooth profile of planetary gear. (c) Body of planetary gear.

relations between deflections of planets in translationalmode
were also derived in this research. In [20] a three-dimensional
lumped-parameter model for a pair of helical gears was
developed and shown to be equivalent to an arbitrary tooth
contact force distribution. The twist stiffness fluctuated peri-
odically with gear rotation generating fluctuating moments
(shuttling) that could potentially excite vibrations. In [21]
the three-dimensional nonlinear vibration of gear pairs was
investigated where the nonlinearity was due to portions of
gear teeth contact lines.The nonlinear dynamic response was
obtained using the discretized stiffness network.

Although references about gear’s dynamic mashing prop-
erty are available, they mainly focused on the influences of
time-varying stiffness, meshing error, and rotational speed,
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Figure 2: Residual stress simulation of planetary gear. (a) Stress of planetary gear. (b) Residual stress at dedendum of planetary gear.
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Figure 3: Residual stress of nodes around addendum of planetary gear. (a) The number of nodes around addendum of planetary gear (b)
Relationship between residual stress and temperature differences.

but seldom discussed the influence of residual stress. Few
reports about simulating residual stress field of planetary
gear train by FE division technique are concerned, as well
as those about the influence of residual stress on meshing
characteristics of planetary gear train.

In this study, FE model of planetary gear was built,
realizing the simulation of planetary gear’s residual stress and
analyzing the influences of temperature on residual stresses
of addendum, pitch circle, and dedendum of planetary gear’s
tooth profile. Then, FE model of planetary gear pair was
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Figure 4: Residual stress of nodes around pitch circle of planetary gear. (a) The number of nodes around pitch circle of planetary gear. (b)
Relationship between residual stress and temperature differences.

established to simulate the meshing process, and equivalent
stresses of tooth profile were studied with and without
residual stress of planetary gear, respectively, comparing the
influence of residual stress on equivalent stresses at different
meshing positions of planetary gear’s tooth profile.

2. Analysis of Thermal Stress

In general, internal thermal stress, which results in internal
strain, is generated because of the different thermal expan-
sions caused by temperature gradient. The Hooke relation-
ship between stress and strain in elastic range is expressed as

{𝜎} = [𝐷] {𝜀
𝑥𝑑

} , (1)

where {𝜎} = [𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜎𝑥𝑦, 𝜎𝑦𝑧, 𝜎𝑥𝑧]
𝑇 is column vector

of stress, [𝐷] is coefficient of stiffness matrix, and {𝜀
𝑥𝑑

}

is column vector of corresponding strain, which can be
expressed as

{𝜀
𝑥𝑑

} = {𝜀} − {𝜀
th
} , (2)

where {𝜀} = [𝜀𝑥, 𝜀𝑦, 𝜀𝑧, 𝜀𝑥𝑦, 𝜀𝑦𝑧, 𝜀𝑥𝑧]
𝑇 and {𝜀

th
} are column

vectors of total strain and thermal strain, respectively. Using
(1) and (2) gives the following:

{𝜀} = [𝐷]
−1

{𝜎} + {𝜀
th
} . (3)

Relationship between thermal strain and temperature is
given as

{𝜀
th
} = Δ𝑇[𝛼𝑥, 𝛼𝑦, 𝛼𝑧, 0, 0, 0]

𝑇

, (4)

where 𝛼𝑥, 𝛼𝑦, and 𝛼𝑧 are thermal expansion coefficient at 𝑥-
axis, 𝑦-axis, and 𝑧-axis, respectively, and Δ𝑇 is temperature
difference.

[𝐷]
−1 can be shown as

[𝐷]
−1

=

[
[
[
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,

(5)

where 𝐸𝑥, 𝐸𝑦, and 𝐸𝑧 are Young’s modulus at 𝑥-axis, 𝑦-axis,
and 𝑧-axis, respectively. ]𝑥𝑦, ]𝑦𝑥, and ]𝑦𝑧 are Poisson ratio,
and𝐺𝑥𝑦,𝐺𝑦𝑥, and𝐺𝑦𝑧 are shearmodulus at xy plane, yz plane
and xz plane, respectively.

The relationship among stress, strain, and mechanical
characteristic is shown as

]𝑦𝑥
𝐸𝑥

=

]𝑥𝑦
𝐸𝑦

,

]𝑧𝑥
𝐸𝑥

=

]𝑥𝑧
𝐸𝑧

,

]𝑧𝑦
𝐸𝑦

=

]𝑦𝑧
𝐸𝑧

,
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𝜀𝑥 = 𝛼𝑥Δ𝑇 +

𝜎𝑥

𝐸𝑥

−

]𝑥𝑦𝜎𝑦
𝐸𝑦

−

]𝑥𝑧𝜎𝑧
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,
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𝐺𝑦𝑧

, 𝜀𝑥𝑧 =

𝜎𝑥𝑧

𝐺𝑥𝑧

,

(6)

where𝜎𝑥, 𝜎𝑦, and𝜎𝑧 are normal stress at 𝑥-axis,𝑦-axis, and 𝑧-
axis, respectively, and 𝜀𝑥, 𝜀𝑦, and 𝜀𝑧 are corresponding strain.
𝜎𝑥𝑦, 𝜎𝑦𝑧, and 𝜎𝑥𝑧 are shear stress at xy plane, yz plane, and
xz plane, respectively, and 𝜀𝑥𝑦, 𝜀𝑥𝑦, and 𝜀𝑥𝑧 are corresponding
strain.

Expression of stress can be obtained by substituting (4),
(5), and (6) to (3). As is expressed in (7), thermal stress is
related to temperature difference, whose variation will result
in the change of stress. Accordingly, residual stress after heat
treatment can be simulated by setting temperature fields in
different zones ofmaterial and studying stress’s variationwith
the change of temperature difference:

𝜎𝑥 =

𝐸𝑥

ℎ

(1 − ]2
𝑦𝑧

𝐸𝑦
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𝜎𝑥𝑦 = 𝐺𝑥𝑦𝜀𝑥𝑦, 𝜎𝑦𝑧 = 𝐺𝑦𝑧𝜀𝑦𝑧, 𝜎𝑥𝑧 = 𝐺𝑥𝑧𝜀𝑥𝑧,
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(7)

Table 1: Parameters of planetary gear for simulating residual stress.

Parameter Planetary gear
Module (mm) 12
Number of teeth 43
Tooth width (mm) 322
Pressure angle (∘) 20
Pitch diameter (mm) 516
Base diameter (mm) 484.88
Addendum circle diameter (mm) 540
Dedendum circle diameter (mm) 486
Coefficient of linear expansion (/∘C) 1.07𝑒 − 5

Body zone temperature (∘C) 20
Tooth profile zone temperature (∘C) 50

3. Method to Simulate the Residual Stress

3.1. FEModel of Planetary Gear. Tomesh complicatedmodel,
FE division technique, which realizes better controlling posi-
tion and density of single unit, mesh refinement at concerned
zones, and endowing different types, and attribute to divided
zones, is introduced to divide FE model to several simple
zones. Planetary gear in Figure 1(a) is divided into body zone
and tooth profile zone by FE division technique shown in
Figures 1(b) and 1(c).

3.2. Simulation Method. In this study, the compression stress
is used to simulate the residual stress. The compression stress
at high-temperature zone results from the thermal stress
difference.The thermal stress is produced by the temperature
difference between two adjacent zones. The FE model is
established and planetary gear is divided into body zone and
tooth profile zone (shown in Figure 1). The temperature of
each zone is set using temperature field predefined function
in Abaqus to introduce the temperature difference, by which
the thermal stress is produced. The thermal stresses at two
adjacent zones are different because of the temperature differ-
ence, and compression stress is brought at high-temperature
zone.

Parameters of planetary gear for simulating residual stress
are listed in Table 1. The residual stress of planetary gear is
simulated by Abaqus. It is shown in Figure 2 that residual
stress is produced at addendum, pitch circle and dedendum
of tooth profile if temperature field at body zone is set to be
different from that at tooth zone.

3.3. Influence of Temperature Difference on Residual Stress.
In order to study the influence of temperature difference
on residual stress, the entire simulation process is divided
into multiple analysis steps. The method with multistep
analysis is adopted, setting different temperature in the two
zones in each step. The temperature of each zone is set
using temperature field predefined function in Abaqus to
introduce the temperature difference. Temperature difference
for multiple analysis steps is shown in Table 2.

The FE simulation is conducted to study the effect of tem-
perature differences on the residual stress around addendum
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Figure 5: Residual stress of nodes around dedendum of planetary gear. (a) The number of nodes around dedendum of planetary gear (b)
Relationship between residual stress and temperature differences.

Table 2: Temperature difference for multiple analysis steps.

Analysis step Body zone (∘C) Tooth profile zone (∘C) Temperature difference (∘C)
First analysis step 20 40 20
Second analysis step 20 60 40
Third analysis step 20 80 60
Fourth analysis step 20 100 80
Fifth analysis step 20 120 100
Sixth analysis step 20 140 120

Table 3: Parameters of planetary gear pair.

Parameter Sun gear Planetary gear Ring gear
Module (mm) 12 12 12
Number of teeth 35 43 121
Tooth width (mm) 322 322 322
Pressure angle (∘) 20 20 20
Pitch diameter (mm) 420 516 1452
Base diameter (mm) 394.67 484.88 1364.43
Addendum circle diameter (mm) 444 540 1476
Dedendum circle diameter (mm) 390 486 1422

Table 4: Parameters of the FE model and boundary conditions.

Sun gear Planetary gear Ring gear
Poisson’s ratio 0.29 0.29 0.28

Young’s modulus (MPa) 2.07𝑒5 2.08𝑒5 2.06𝑒5

Density (t/mm3) 7.9𝑒 − 9 7.9𝑒 − 9 7.9𝑒 − 9

Loads condition (KN⋅m) 70 — —
Boundary conditions U1, U2, U3, UR1, and UR2 are fixed. U3, UR1, and UR2 are fixed. U1, U2, U3, UR1, UR2, and UR3 are fixed.
Input (r/min) — 17 —
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Figure 6: FE model of planetary gear pair.

Figure 7: Model of planetary gear pair with constraints.

of planetary gear. Five nodes are chosen around addendum
of planetary gear, numbered by 1006, 1005, 1004, 1003, and
1002, respectively, as is shown in Figure 3(a).The relationship
between residual stress of nodes and temperature differences
are presented in Figure 3(b), where it can be found that the
residual stress value gains an obvious rise as temperature
difference increases from 20∘C to 120∘C.

The influence of temperature difference on the residual
stress around pitch circle of planetary gear is analyzed by
using FE simulation. Five nodes are chosen around pitch cir-
cle of planetary gear, numbered by 4650, 4575, 7697, 3916, and
4741, respectively, as is shown in Figure 4(a).The relationship
between residual stress of nodes and temperature differences
are shown in Figure 4(b), where it can be found that the
residual stress value gains an obvious rise as temperature
difference increases from 20∘C to 120∘C, showing similar
variation.

The effect of temperature differences on the residual
stress around dedendum of planetary gear is studied by the
FE simulation. Five nodes are chosen around dedendum of
planetary gear. The nodes are numbered by 978, 977, 80,
976, and 79, as is shown in Figure 5(a). The relationship
between residual stress of nodes and temperature differences

are presented in Figure 5(b). The residual stress of each node
around dedendum similar to the law around pitch circle,
increases as temperature difference increases from 20∘C to
120∘C.

4. The FE Model of Planetary Gear Pair

4.1. The Establishment of the FE Model. The FE model of the
planetary gear pair is established by Abaqus, as shown in
Figure 6, which includes sun gear, planetary gear, and ring
gear.

The parameters of FE model used in the study are
shown in Table 3. For each CAD model, a high quality
mesh is generated by Abaqus, which fully interfaces with
Proe program. An appropriate element type and a degree of
refinement characterized by an adequately small element size
are sought in different contact areas to ensure convergence of
the results. In accordancewith the principle thatmesh density
of sun gear should be greater than that of the planetary gear
and mesh density of the planetary gear should be bigger
than the ring gear, mesh generation is made on the sun
gear, planetary gear, and ring gear, respectively, by means of
hexahedron and tetrahedron.

For the current stage of the analysis, due to the lack
of information concerning the precise material properties
for some of the model components, all the materials were
assumed to be linear, elastic, homogeneous, and isotropic.
The sun gear model has a total of 181,184 elements with
207,675 nodes, the planetary gear model 126,776 elements
with 126,776 nodes, and the ring gearmodel 455,727 elements
with 115,010 nodes.

Table 4 is used to specify the inputs, boundary conditions,
material properties, and load conditions. The 𝑈𝑖 (𝑖 = 1, 2, 3)
represent the translational degrees of freedom in the 𝑥-
axis orientation, in the 𝑦-axis orientation, and in the 𝑧-axis
orientation; the UR𝑖 (𝑖 = 1, 2, 3) represent the rotational
degrees of freedom in the 𝑥-axis orientation, in the 𝑦-axis
orientation, and in the 𝑧-axis orientation, respectively. The
model of planetary gear pair with constraints is shown in
Figure 7.

4.2. Validation of the FEModel. During dynamic FE analysis,
zero-energy modes without stiffness may appear, that is, the
so-called “hourglass model” that can extend out through
the grid, so that the calculated result is not significant [22].
When the pseudostrain energy accounts for about 1% of the
total internal energy in Abaqus, the hourglass mode can
be considered to have little effect on the calculated result.
When the pseudostrain energy occupies 5% to 10% of the
total internal energy, the analytical result is deemed effective.
When the pseudostrain energy exceeds 10% of a total internal
energy, the analytical result is considered ineffective, and
appropriate measures must be taken to solve it. Through
computational analysis of the model shown in Figure 2, it
can be known that a pseudo strain ratio to the total internal
energy is less than 6%; therefore, the analysis result was valid.
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Figure 8: Influence of residual stress on contact stress of tooth profile at meshing surface of external-meshing planetary gear. (a) Addendum
of meshing surface of planetary gear. (b) Pitch circle of meshing surface of planetary gear. (c) Dedendum of meshing surface of planetary
gear.

5. Influence of Residual Stress on Tooth
Contact Characteristic of Planetary Gear

Contact pair consists of the master surface and slave surface
in Abaqus. In the process of simulation, nodes on the slave
surface could not pass through the master surface but nodes

on themaster surface could go across the slave surface.When
both the master surface and slave surface were defined, it
should be met that the selected surface with greater stiffness
serves asmaster surface; the surfacewith coarsermesh should
be selected to act as master surface for the contact surface
with similar stiffness. The master surface of contact pairs
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Figure 9: Influence of residual stress on contact stress of tooth profile at nonmeshing of external-meshing planetary gear. (a) Addendum
of nonmeshing surface of planetary gear. (b) Pitch circle of nonmeshing surface of planetary gear. (c) Dedendum of nonmeshing surface of
planetary gear.

must be continuous and the normal directions should be
opposite.

The parameters of the FEmodel and boundary conditions
are shown in Table 4. Temperature difference between body
and tooth zone of planetary gear is set at 120∘C and 0∘C,
respectively. Contact characteristics of planetary gear train at

both conditions are analyzed by FE method. As is shown in
Figures 8, 9, 10, and 11, no matter at meshing surface or at
nonmeshing surface, equivalent stress at tooth profile of both
external and internal meshing planetary gear all significantly
decreases when residual stress is available, compared to when
it is unavailable.
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Figure 10: Influence of residual stress on contact stress of tooth profile at meshing of internal-meshing planetary gear. (a) Addendum of
meshing surface of planetary gear. (b) Pitch circle of meshing surface of planetary gear. (c) Dedendum of meshing surface of planetary gear.

6. Conclusion

The residual stress field of planetary gear is simulated
using the compressive stress at the high temperature zone.

The method is with a series of advantages, such as univer-
sality, operability, no necessity to analyze complicated heat
conduction, and ability to simulate residual stress field at each
condition.
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Figure 11: Influence of residual stress on contact stress of tooth profile at nonmeshing surface of internal-meshing planetary gear. (a)
Addendum of nonmeshing surface of planetary gear. (b) Pitch circle of nonmeshing surface of planetary gear. (c) Dedendum of nonmeshing
surface of planetary gear.

Equivalent stresses at tooth profile of both external and
internal meshing planetary gear all decrease with residual
stress compared to those without residual stress, no matter
at meshing surface or at nonmeshing surface. For external-
meshing planetary gear, residual stress influences maximum

equivalent stress at addendum of meshing surface most,
followed by that at pitch circle of nonmeshing and least
effect is gained to that at pitch circle of meshing surface.
While for internal-meshing planetary gear, the largest decline
of maximum equivalent stress is obtained at addendum of



12 Advances in Mechanical Engineering

nonmeshing surface, the second largest one is at addendum
of meshing surface, and the smallest decline is at pitch circle
of meshing surface.

It is necessary to control residual stress of planetary gear
reasonably, benefiting improving dynamic characteristics and
life of planetary gear train.
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This paper presents a method to enhance computational efficiency of the nonlinear dynamic analysis of the large-scale deep-hole
drillingmachine. Based onfinite elementmodel, the drilling shaft system is constructed intoTimoshenko beamelement on the basis
of flexible rotary shaft so as to increase the accuracy of numerical calculation. In order to save the calculation time and resources,
modal synthesis technique is adopted to reduce the feature modal of linear freedom degrees of drilling shaft system. As a result,
the accuracy required by the non-linear analysis will not be loss. On the basis of these, the whirling characteristics of drilling shaft
system are studied under the conditions of different shaft lengths, and simultaneously, the stability patterns of drilling shaft motion
and its stability region are obtained in the selected drilling depth and cutting speed parameters while drilling intersection holes.

1. Introduction

In modern manufacturing field, there are a great number
of deep-hole manufacturing parts, such as the screw boot
holes of steam turbine, slanted wall holes of aero-spacecraft
pressures regulator, and cooler intersection holes.They are in
general the basic manufacturing parts for the transmission
of dynamic force and energy conversion, whose qualities
can have the direct effect upon the performances of the
relevant products.Nevertheless, how to calculate the dynamic
behaviors problems of drilling tool system efficiently and
accurately still remains unsolved due to the complexity of
drilling mechanism, the diversity of machining conditions,
and the randomness of drilling shaft rotational states.

In recent years, the scholars have carried out much
research work on the dynamic stability solution and predic-
tion of deep-hole machining tools. Al-Wedyan et al. main-
tained the continuity of the original system by introducing
homogeneous boundary condition in local points to analyze
the drilling shaft system model and discussed the whirling
motion behaviors of the single-span deep-hole machining
drilling shaft system [1]. Messaoud and Weihs obtained the
revised dynamic model of BTA deep-hole machining drilling

tool system via the computer to collect the vibration signals
of drilling tool system and in combination with the analysis
theory of mathematical statistics [2]. The above-mentioned
methods use the local dynamics properties of deep-hole
machining drilling shaft system and also adopt the direct
analysis or mathematical statistics methods to investigate
the dynamic characteristics of drilling shaft in time-varying
drilling system.However, in their drilling shaft systemmodel,
the actual existing mass eccentricities of drilling shaft system
and the influence of nonlinear cutting fluid forces cannot be
taken into account. In deep-hole machining, although the
nonlinear cutting fluid forces and cutting forces act upon the
drilling tool system locally, their influencing effects are global
because of their coupling with each other.

Chin et al. established the lateral vibration equation of
rotary drilling shaft in terms of the Timoshenko beam or
Euler-Bernoulli beam, respectively, in which the effects of
cutting fluid and cutting forces are taken into account, and
the model is used to study the drilling shaft vibration model
and natural frequency [3–5]. In 2005, Hu et al. assumed that
deep-hole drilling shaft was a rigid drilling shaft model to
analyze the whirling problem of rotary drilling shaft caused
by existing cutting fluid between the drilling shaft and hole
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wall and first suggested the cutting fluid reaction forces
with the nonlinear form. Then, they studied the mechanics
mechanism of drilling shaft whirling motion and unstability
due to the cutting fluid perturbation [6]. Nevertheless, as far
as the dynamic problem of drilling shaft system is concerned,
the above-mentioned researches have simplified the drilling
shaft system as the total infinite length or a second order
axis with static fluid so as to obtain an analytical expression
for the cutting fluid forces. In such a way, some dynamics
behaviors of the system will be unavoidable to lose. In order
to make up the shortages in this aspect, Kong et al. adopted
the lumped quality method to establish the finite length
drilling shaft model to study the stability and bifurcation of
drilling tool system. In the model, the drilling shaft mass
eccentricities and cutting forces impact are taken into full
account. The variational constraint principle is introduced
to make the fluid forces necessary for nonlinear analysis,
and Jacobian’s metric calculation can be completed at the
same time, and also, the correlative experiments are used to
test the feasibility of the method, but the shear deformation
and rotary inertia impact of the drilling shaft cannot be
considered [7]. Generally speaking, the above-mentioned
researches have simplified the drilling shaft into beams or axis
models with the extreme few freedomdegrees, and there exist
gaps with the actual conditions. In practice, the drilling shaft
system is a continuum with more parts and has one or two
auxiliary supports. For this reason, it is difficult to describe
the drilling shaft system with a simple system model.

In the actual deep-hole machining, drilling shaft system
is subject to the multifactors’ actions such as the auxiliary
supports, the cutting fluid forces, and the fluctuation of
cutting forces. Accordingly, it is a typical high-dimension,
local nonlinear dynamic system. However, if we do this
in such a way, there can be no doubt that the dimension
numbers of the system can be raised and that the difficulty
of finding solutions will be increased. Thus, whether the
order numbers of the system can be reduced or not, the local
nonlinear dynamic features of drilling shaft system can be
maintained to satisfy the accuracy requirement in calculation,
whereby research on dynamic features and stability laws of
the drilling tool system will become the key problem at
present.

With an aim at the above-mentioned problems and based
on the freeinterface modal synthesis technology, this paper
suggests a kind of system freedom shrinkage method. By
shrinking higher-order linear freedom degrees and remain-
ing the nonlinear freedom degrees of drilling shaft system,
the numerical errors caused by the coordinate transformation
will reduce, whereby making the reduced order drilling shaft
system keep the local nonlinear features. In addition, the
local cutting forces, the nonlinear cutting fluid forces, and
the imbalance forces borne by the drilling shaft are easy
to be incorporated into the shrunken system equation, and
then, the reduced order model and the whole freedom-
degree drilling shaft model (i.e., the original system model
without reduced order of drilling shaft system) are adopted
in the computation, respectively, so as to obtain the drilling
shaft periodic rotational trajectory, and the contrast results
indicate the accurateness of this method. With the practical

large size deep-holemachining as the analytical objective, this
paper dealswith thewhirling principle of drilling shaft system
under the conditions of different shaft lengths. Further,
according to the machining features of intersection holes, the
unstability and stability regions of the drilling shaft motion
can be obtained in the drilling depth and cutting speed
parameters space. Meanwhile, a great quantity of numerical
calculation results have proved the stability and feasibility of
this method.

2. Mathematical Modeling of
Drilling Shaft System

The cutting mechanism of deep-hole drilling is to install the
specially configured cutting tool on the round hollow drilling
shaft so as to make the tool do the rotary motion opposite to
the workpiece at a high speed. The cutting tool can be cooled
or lubricated by the high-pressure cutting fluid injecting into
the cutting region, and simultaneously, the cutting chip is
ejected from the tool shaft inner hole. So, it is a kind of the
inner ejection deep-hole cutting machining method.

To ensure the scheme accuracy, the drilling shaft system
in this paper is modeled on the basis of [7], where the nonlin-
ear vibration behaviors of drilling shaftwas investigatedwhen
considering the imbalance forces of drilling shaft, cutting
forces fluctuation, and nonlinear cutting fluid forces, and the
numerical results was confirmed by the experiments. So, the
deep-hole drilling shaft systemmodel with themultiauxiliary
supports is established as shown in Figure 1.

In Figure 1, 𝑙, 𝑙𝑐, 𝑙𝑠𝑎, and 𝑙𝑠𝑏 are the drilling shaft length,
the machining depth, the positions of auxiliary support A,
and auxiliary support B respectively. 𝐹𝑐𝑥, 𝐹𝑐𝑦, 𝐹𝑥, and 𝐹𝑦, are
respectively, the cutting force fluctuation and cutting fluid
force components of drilling shaft on the 𝑥 and 𝑦 negative
directions, and 𝜔 is the drilling shaft rotary speed.

In order to make the drilling shaft the system model
be closer to actual drilling shaft, Timoshenko beam finite
element model is adopted to account the influences of the
drilling shaft gyroscopic effect, rotary inertia, and shear
deformation. In accordance with the deep-hole machining
flexibility rotary drilling shaft system model established in
Figure 1, the drilling shaft is simplified into the multispan
flexible rotary shaft structures, and the workpiece is fixed on
the drilling shaft end.The auxiliary support is simplified into
themovable simply support, and the drilling shaft is dispersed
into 𝑛−1 units along the 𝑧 direction so that the whole drilling
shaft can have more 𝑛-nodes, as shown in Figure 2.

In Figure 2, 𝑥𝑖, 𝑦𝑖, and𝜓𝑖, 𝜑𝑖 (𝑖 = 1, 2, . . . , 𝑛) are the lateral
translations and rotation angles of 𝑖th nodal point along
the horizontal and vertical directions, respectively.Therefore,
drilling shaft system boundary condition can be defined as in
the spindle box end 𝑥|𝑧=0 = 𝑦|𝑧=0 = 0, 𝜓|𝑧=0 = 𝜑|𝑧=0 = 0, at
the auxiliary supports, 𝑥|𝑧=𝑙

𝑠𝑎

= 𝑦|
𝑧=𝑙
𝑠𝑎

= 0, 𝑥|𝑧=𝑙
𝑠𝑏

= 𝑦|
𝑧=𝑙
𝑠𝑏

= 0.
Based on the Timoshenko beam model, the drilling shaft

system dynamics equation can be written as follows:

[M] { ̈x} + [G] { ̇x} + [K] {x} = {Q} + {f} , (1)
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Figure 1: Schematic diagram of deep-hole drilling for nonrotary workpiece.
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Figure 2: The model of flexible-rotating drilling shaft system.

where [M], [G], [K] ∈ 𝑅
𝑛×𝑛 are mass matrix, gyroscopic

matrix, and stiffness matrix. {Q} ∈ 𝑅
𝑛 is the external force

vector (including the imbalance forces and cutting forces fluc-
tuation in drilling shaft rotation). Their concrete forms are
detailed in Appendix A; {f} ∈ 𝑅

𝑛 is the nonlinear cutting
fluid force vector, whose calculation method is detailed in
[7]. x is the displacement vector of drilling shaft system
containing some 𝑛 node points, which can be described as
x = [𝑥1, 𝑦1, 𝜓1, 𝜑1, . . . , 𝑥𝑖, 𝑦𝑖, 𝜓𝑖, 𝜑𝑖]

𝑇
(𝑖 = 1, 2, . . . 𝑛).

As to the local nonlinear of multi-span flexible drilling
system, the dynamic equation (1) of drilling shaft system can
be rearranged in terms of its linear freedom degrees and
nonlinear freedom degrees as follows:

[
M𝑖𝑖 M𝑖𝑟
M𝑟𝑖 M𝑟𝑟

]{
̈x𝑖
̈x𝑟
} + [

G𝑖𝑖 G𝑖𝑟
−G𝑇
𝑟𝑖

G𝑟𝑟
]{

̇x𝑖
̇x𝑟
} + [

K𝑖𝑖 K𝑖𝑟
K𝑟𝑖 K𝑟𝑟

]{
x𝑖
x𝑟
}

= {
Q𝑖
Q𝑟
} + {

f𝑖 (x𝑖, ̇x𝑖)
0

} ,

(2)

where f𝑖 is the nonlinear cutting fluid force vector acting upon
the 𝑖node. x𝑖 ∈ 𝑅𝑛𝑖 , x𝑟 ∈ 𝑅𝑛𝑟 are the nonlinear freedomdegree
and the linear freedom degree, respectively (𝑛𝑖 ≪ 𝑛𝑟).

In terms of this block rule and in combining with the
mode synthesis technology of freedom interface model, the
linear feature model can be truncated so as to shrink the
freedom degrees, whereas the nonlinear freedom degrees are
still maintaining in the physical space. In considering each
substructure interface freedom degree without the constraint
model applied, several low-order models are retained after
the dominating modes of each substructure is obtained.

At the same time, the residual models of each substructure
are used to compensate the influence of truncated high-order
dominating modes. If the substructures have had the rigid
displacement, attachment modes will be released by using
residue inertia in residual flexible matrix to compensate the
truncated predominant modes with high orders so as to raise
the accuracy and save the calculation resources.

In considering the interface with complete free, the free
vibration equation of formula (2) can be as follows:

[M𝑠] { ̈x𝑠} + [G𝑠] { ̇x𝑠} + [K𝑠] {x𝑠} = 0. (3)

In order to obtain the characteristic modes of (3), it can
be converted into the state space. Research results obtained
by Al-Wedyan et al. and Weinert et al. indicate that the
drilling shaft system model has had enough accuracy when
the damping effects are not considered [1, 8]. Nevertheless,
as to the gyroscopic matrix in the drilling shaft model, the
modal analysis cannot be neglected because of gyroscopic
matrix closely related to cutting rotary speed. In order to
be convenient for the calculation, it is necessary to adopt
the real eigenvalues problem with the generalized undamped
vibration as follows:

[−𝜔
2

𝑗
M𝑠 + K𝑠] [Φ] = 0 𝑗 = 1, 2, . . . 𝑛, (4)

where [Φ] is the normalized modal matrix and 𝜔2
𝑗
(𝑗 = 1,

2, . . . 𝑛) is the eigenfrequencies corresponding to the dom-
inating modes of each order, and thus, there will be the
following:

[Φ]
𝑇
[M𝑠] [Φ] = [I] ,

[Φ]
𝑇
[K𝑠] [Φ] = diag (𝜔2

𝑗
) .

(5)
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As to (2), the freedom degrees in linear part can be
shrunk, x will be doing the first coordinate conversion; that
is, x can be rewritten as the linear combination of 𝑛𝑐 columns

{x} = [Φ] p, (6)

{x} = [Φ𝑖,Φ𝑟] {
p𝑖
p𝑟
} . (7)

In (6) and (7), p = [𝑝1, 𝑝2, . . . , 𝑝𝑛
𝑐

]
𝑇, p𝑖 = [𝑝1, 𝑝2, . . . ,

𝑝𝑛
𝑖

]
𝑇, and p𝑟 = [𝑝𝑛

𝑖
+1, 𝑝𝑛

𝑖
+2, . . . , 𝑝𝑛

𝑐

]
𝑇.The columns ofmatrix

[Φ𝑟] ∈ 𝑅
𝑛×𝑛
𝑐 retaining elastic eigenmodes is corresponding to

the mass normalized solutions of the undamped eigenvalue
problem for 𝜔𝑗 ∈ [0, 𝜔cut) in (4). The matrix [Φ𝑖] ∈ 𝑅

𝑛×𝑛
𝑖

with the residual flexibility matrix can be defined as follows:

Φ𝑖 = [G𝑒 −Φ𝑟Ω
−2

𝑐𝑐
Φ
𝑇

𝑟
] {

I𝑖𝑖
0𝑟𝑖
} . (8)

In (8), the diagonal matrix [Ω𝑐𝑐] ∈ 𝑅
𝑛
𝑐
×𝑛
𝑐 is correspond-

ing to the angle eigenfrequencies matrix of retaining elastic
characteristicmodes, whose value is less than or equal to𝜔cut.
I𝑖𝑖 ∈ 𝑅𝑛𝑖×𝑛𝑖 , 0𝑟𝑖 ∈ 𝑅𝑛𝑟×𝑛𝑖 are the identity matrix and the zero
matrix, respectively. G𝑒 is the elastic flexibility matrix, which
can be expressed as follows:

G𝑒 = 𝜉
𝑇G 𝑠𝜉, (9)

G𝑠 = [
K−1
𝑒

0

0 0

] . (10)

In (9), 𝜉 = I−M𝑠Φ𝑔Φ𝑇𝑔 , [Φ𝑔] ∈ 𝑅
𝑛×𝑛
𝑔 is the rigid-bodymodes

matrix. In (10),K𝑒 ∈ 𝑅(𝑛×𝑛𝑔)×(𝑛×𝑛𝑔) can be expressed as follows:

K𝑒 =
[
[

[

K𝑎𝑎 K𝑎𝑘 K𝑎𝑔
K𝑘𝑎 K𝑘𝑘 K𝑘𝑔
K𝑔𝑎 K𝑔𝑘 K𝑔𝑔

]
]

]

. (11)

In (11), 𝑔 and 𝑘 express the degrees of freedom caused
by rigid displacement and nonrigid displacement in the
interface freedom degree, respectively; 𝑎 expresses the rest
of degrees of freedom, which do not include the interface
freedom. For this reason, (7) can be written as follows:

x𝑖 = Φ𝑖𝑖𝑝𝑖 +Φ𝑖𝑐p𝑟,

x𝑟 = Φ𝑟𝑖p𝑖 +Φ𝑟𝑐p𝑟,
(12)

whereΦ𝑖𝑖 ∈𝑅
𝑛
𝑖
×𝑛
𝑖 ,Φ𝑖𝑐 ∈𝑅

𝑛
𝑖
×𝑛
𝑐 ,Φ𝑟𝑖 ∈ 𝑅

𝑛
𝑟
×𝑛
𝑖 , andΦ𝑟𝑐 ∈𝑅

𝑛
𝑟
×𝑛
𝑐 .

From (12), we can obtain the following:

p𝑖 = Φ
−1

𝑖𝑖
x𝑖 −Φ

−1

𝑖𝑖
Φ𝑖𝑐p𝑟. (13)

Therefore, the whole transformation can be obtained as
follows:

{x} = [Φ] p ⇒ {x} =T1T2q=Tq. (14)

Namely,

{
x𝑖
x𝑟
} = [

I𝑖𝑖 0

Φ𝑟𝑖Φ
−1

𝑖𝑖
Φ𝑟𝑖 (−Φ

−1

𝑖𝑖
Φ𝑖𝑐) +Φ𝑟𝑐

]{

x𝑖
p𝑟
} , (15)

where T1 = [
Φ
𝑖𝑖
Φ
𝑖𝑐

Φ
𝑟𝑖
Φ
𝑟𝑐

], T2 = [Φ
−1

𝑖𝑖
−Φ
−1

𝑖𝑖
Φ
𝑖𝑐

0 I
𝑐𝑐

], q = [x𝑖, p𝑟]
𝑇.

Applying the transformed equation (14), the equation of
shrunken parts can be expressed as follows:

T𝑇M𝑠T ̈q + T𝑇G𝑠T ̇q + T𝑇K𝑠Tq = T𝑇Q + T𝑇f . (16)

It can be seen from the contrast of (1) with (16) that, owing
to 𝑛𝑖 ≪ 𝑛𝑟 and 𝑛𝑐 ≪ 𝑛𝑟, the number of (1) is sharply reduced
from the original 𝑛 (𝑛 = 𝑛𝑖 + 𝑛𝑟) to the number of (16)
𝑚 (𝑚 = 𝑛𝑖 + 𝑛𝑐). In addition, it can be seen from (15) that
the nonlinear degrees of freedom are completely retained in
the physical space so that there is no need to carry out the
coordinate transformation, whereby saving the calculation
resource and avoiding numerical errors to be caused by the
coordinate transformation.

After the shrinkage, it is very easy for the local external
excitation, such as the cutting forces fluctuation and the non-
linear cutting fluid forces, to incorporate into the shrunken
system equation.The shrunken dynamic system equation can
be obtained from (16) in the following:

M∗ ̈q + G∗ ̇q + K∗q = F, (17)

whereM∗ = T𝑇M𝑠T,K∗ = T𝑇K𝑠T,G∗ = T𝑇G𝑠T, F = T𝑇Q+
T𝑇f , of which,M∗,G∗, andK∗are the shrunken drilling shaft
system mass matrix, gyroscopic matrix, and stiffness matrix
respectively; F, q are the excitation force vector of drilling
shaft system and displacement vector. Since the nonlinear
system can cause the frequency components to be higher than
the excited frequency, the selected 𝜔cut must be higher than
the maximum excited frequency.

By introducing the state variableX = {q𝑇, ̇q𝑇}𝑇, the corre-
sponding drilling shaft system equation should be expressed
in the state space:

Ẋ ={

̇q
M∗
−1
(F−G∗ ̇q−K∗q)

} . (18)

3. Nonlinear Periodic Responses
and Method of Periodic Solutions

When the lathe design parameters andmachining conditions
are determined, it is necessary to obtain the tool’s accurate
rotational trajectory and its stability. This paper adopts the
shootingmethod and Floquet theory to compute the periodic
trajectory solution of drilling tool and its stability. If the tool
rotary state is the stable periodic trajectory, the following
conditions must be satisfied:

r (X,U) =X (𝑡0 + 𝑇) −X (𝑡0) = 0, (19)
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where U is the drilling shaft system parameter set. With
(19) corresponding to X for seeking solution to the partial
derivative, we can have the following:

𝜕r (X,U)
𝜕X

= J−I, (20)

where J = (𝜕X(𝑡0 + 𝑇)/𝜕X) and I is the Kronecker symbol.
From (18), there will be

d
d𝑡
(𝛿C) = 𝜕F

𝜕X
× 𝛿C. (21)

In (21), Ẋ = F(𝑡,U,X), 𝜕C(𝑡0) = I, 𝜕C(𝑡0 + 𝑇) = J are
obtained with [X(𝑡0), I] as an initial value to integrate one
Poincaré mapping periodic𝑇. In order to effectively study the
evolution laws of tool periodic trajectory when the drilling
shaft system design parameters change, continued-Pioncaré-
newton-floquet (CPNF) method is adopted to calculate the
tool stable periodic trajectory bifurcation in the selected
parameters space. When the system parameter set U is the
determined value U𝑛, the 𝑛 step solution required to meet
the needs of accuracy is obtained via Newton’s derivative
afterwards, and the derivative initial value of the 𝑛 + 1 step
can be predicted by the 𝑛 step solution; namely,

X𝑛+1 = X𝑛 − [
𝜕r (X,U)
𝜕X

]

−1

×

𝜕r (X,U)
𝜕U

× ΔU,

U𝑛+1 = U𝑛 + ΔU.
(22)

Subsequently, the shooting method is used to modify the
periodic solution when the system parameters set is U𝑛 =
U𝑛+1. The periodic solution of drilling tool can be obtained
by the system equation (18) and

d
d𝑡
(𝜕C𝑈) =

𝜕F (𝑡,U,X)
𝜕X

× 𝛿C𝑈 +
𝜕F (𝑡,U,X)
𝜕U

. (23)

In (23), 𝜕C𝑈(𝑡0) = 0, 𝜕C𝑈(𝑡0 + 𝑇) = 𝜕r(X,U)/𝜕U can
be obtained with (X𝑛+1, 0) as an initial value to integrate one
periodic 𝑇.

4. Method Tests

In order to test the effectiveness of the above method, the
program compiled by the above algorithm is used to carry out
the calculation of the dynamic behavior of drilling shaft sys-
tem.The substructuremethodwith freeinterface is adopted to
classify the drilling shaft system into 8-unit substructures, as
shown in Figure 2(a). The correlative calculation parameters
are as follows: the drilling shaft length is 𝑙 = 4m; the external
diameter of drilling shaft is 26mm; the inner diameter of
drilling shaft is 19mm; the hole diameter is 28mm; the
drilling depth is 𝑙𝑐 = 427 mm; the positions of auxiliary
supports A and B are 𝑙𝑠𝑎 = 𝑙𝑠𝑏 = (𝑙 − 𝑙𝑐)/3. The mass
eccentricities of nodes outside hole are 𝑒𝑥 = 𝑒𝑦 = 10 𝜇m,
other nodes are 𝑒𝑥 = 𝑒𝑦 = 11.2 𝜇m, and each node of the
drilling shaft is of the same phase angle.The rest of correlative
parameters are detailed in Appendix B.

Figure 3 is the drilling shaft nodal periodic trajectories
obtained via the calculation by adopting the whole freedom
degree drilling shaft model and the shrinkage model (the
reduced-order model with retaining 12-eigenmodes modal),
respectively. When rotary speed is 𝜔 = 905 r/min, the tra-
jectory mapped with the dot “⋅” is calculated from the
reduced-order model with retaining 12-eigenmodes model,
whereas the other is the trajectory mapped with the dash
“—” in the whole freedom degree model. It can be seen
from the calculated results that the trajectories from the
different models of two types are approximately the same.
Furthermore, Table 1 lists the iterative errors of drilling shaft
trajectory by using the improved shooting method in the
reduced-order model or the whole freedom degree model.
It can be seen from Table 1 that the adoption of reduced-
order model to obtain the periodic response of drilling shaft
system only needs 5-step iterative process, and the accuracy
requirement (𝜀 ≤ 10

−6) is satisfied. Thus, the above results
indicate that the shrunken model of drilling shaft system
is adaptable to studying dynamic properties of multispan
flexible drilling shaft system and of enough accuracy.

5. Analysis of Numerical Examples

In this section, the numerical algorithms are employed to
solve the dynamic properties of drilling shaft system.Toprove
the stability of methods suggested in this paper, a computer
program is developed to investigate into whirling trajectories
of drilling shaft system with multispan auxiliary supports
in drilling deep hole, and the dynamical patterns or stable
region of drilling shaftmotion is obtained under the different
machining parameters.

In the previous analysis of drilling shaft system [9, 10],
we have noticed that the overall length of drilling shaft has
an important effect on the stability of shaft system compared
with other design parameters. Figure 4 shows the influence
of variable shaft length on the whirling trajectories of drilling
shaft, while taking the diameter of drilling hole as 36mm,
inner diameter as 26mm, external diameter as 34mm,
drilling depth as 𝑙𝑐 = 520mm, the location of auxiliary sup-
ports as 𝑙𝑠𝑎 = 𝑙𝑠𝑏 = (𝑙 − 𝑙𝑐)/3, the transverse displacement
of drilling shaft inside hole due to mass eccentricities as
𝑒𝑥 = 𝑒𝑦 = 1.3 𝜇m, and an other point outside the hole
as 𝑒𝑥 = 𝑒𝑦 = 2.2 𝜇m. It is shown in Figure 4 that the
shorter shafts yield the smaller whirl diameter, and these
responses to drilling shaft generate quasiperiodic motion.
The smaller whirling diameter and quasiperiodic motion of
drilling tool indicate that the cutting thickness under the hole
surface instantaneous changes and the the wave formation
can be obtained directly [11]. Additionally, it can be seen from
Figure 4 that the longer shafts yield the bigger whirl diameter,
and the periodicity of its dynamic response is poorer than
that of the shorter shafts. This is because that longer shaft is
less stiff, which leads to bigger whirl diameter and roundness
error. This explains that the longer are the shaft lengths, the
bigger the roundness error is observed in the experiment
results obtained by Deng and Chin [9].
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Figure 3: Comparison of the trajectories of the drilling shaft center by the 12-eigenmodes model and whole DOF model for 𝜔 = 905 r/min.

Table 1: The iterative error of periodic orbit calculated by modified shooting method.

Number of iterations (k) 1 2 3 4 5
Iterative error of 12-eigenmodes model 11.6858 × 10

−1
7.3654 × 10

−2
8.1423 × 10

−3
4.2564 × 10

−5
1.5562 × 10

−7

Iterative error of whole DOF model 11.6856 × 10
−1

7.9625 × 10
−2

8.7565 × 10
−3

6.2358 × 10
−5

2.1867 × 10
−7

In recent years, the studies on the special structure hole
drilling, for example, the intersection hole as shown in
Figure 5, are increasingly emphasized due to the increasing
demand for metallurgical industry, nuclear power, and ord-
nance industry. However, in actual machining process, the
drilling shaft unstable motion is easy to form multilobe or
waviness hole structure and to cause the drilling tool wear
aggravating or tooth breakage, whereby causing damages to
the workpiece hole surface, flexural torsional vibration, or
abruption to drilling shaft and even damaging the machine
tool. It can be seen from this that the drilling shaft stability
will have the direct effect upon the drilling tool durability
and special structure hole quality. In essence, the drilling
shaft stability is a “dynamic” problem so that it is closely
related with various kinds of interference factors affecting the

stability of the drilling shaft system such as cutting forces,
cutting fluid forces, and the drilling shaft whirling, whereas
that it is necessary to get to the bottom of the variations
resources in these interference factors caused by the changes
in drilling shaft rotational speed and machining depth.

Hence, the current paper extends the works of Kong et al.
to analyze the stable region, unstable boundary, and unstable
mode of drilling shaft system for the different rotating speeds
and different drilling depth parameters in drilling inter-
section hole process by combining the theoretical method
mentioned above with the Floquet theory. The correlative
calculation parameters are as follows: drilling shaft length is
𝑙 = 2m; drilling shaft external diameter is 35mm; its inner
diameter is 26mm; intersection hole diameter is 37mm;
auxiliary supports A and B positions are 𝑙𝑠𝑎 = 𝑙𝑠𝑏 = (𝑙 − 𝑙𝑐)/3;
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Figure 4: Movement trajectories of center of drilling shaft for the different length of drilling shaft.
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𝛼1 𝛼2
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Figure 5: The layout of intersection hole. 𝛼
𝑖
-intersection angle 𝜏

𝑖
-

intersection length (𝑖 = 1, 2).

each nodal mass eccentricities of drilling shaft are 𝑒𝑥 = 𝑒𝑦 =
13 𝜇m; and each node of drilling shaft has had the same phase
angle. The intersection hole (empty-cutting region) angle is
𝛼1 = 𝛼2 = 13.57

∘, and intersection length is 𝜏1 = 𝜏2 =

0.5mm.
In Figure 6, “A” represents the machining region of

drilling shaft periodic motion. In A region, drilling shaft is
subject to the influence of external excitations disturbances,

appearing to have the stable whirling state with a small
magnitude (as shown in Figure 7). In Figure 7, the moving
trajectory of drilling shaft center appears to have evidently the
stable periodic properties, and the varying range of itsmoving
trajectory in 𝑥 and 𝑦 directions is approximately equal,
and the trajectory becomes rather regular, nearly being an
ellipse type, whereby this is in coincidence with the periodic
whirling features of the drilling tool under the experiment
conditions [1, 6]. Largely owing to the drilling shaft stable
periodic motion, the drilling tools are able to obtain the
stable periodic trajectories and the cutting thickness with
more even. For this reason, selecting cutting parameters in “A”
region will ensure the accurateness of holes to be machined
and also can prolong the service life of the cutting tools
effectively. However, when the drilling depth is large and the
medium rotational speed is selected to carry out the machin-
ing, it is easy to result in the drilling shaft from the stable
periodic motion “A” region to enter into “B” region. In “B”
region, the drilling tool rotational vibration features appear
to have the period-doubling motions as shown in Figure 8. It
can be known from the early researches [9, 12] that the cutting
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Figure 7: The stable periodic motion of the center of drilling shaft
for 𝜔 = 1035 r/min, 𝑙

𝑐
= 576mm.

tool period-doubling motion properties are to increase the
cutting thickness in the specific directions, whereby causing
the multi-lobe of intersection holes, as shown in Figure 8. On
the other hand, when the drilling depth is small, the higher
rotational speed is selected to carry out the machining, and
the drilling shaft motion trajectory enters into “C” region
from “A” region through the quasiperiodic bifurcation. So, the
cutting tool whirling trajectories will show the quasiperiodic
motion, as shown in Figure 9. It is just at this time that,
owing to higher rotational speed of drilling shaft, the cutting
tool whirling magnitudes will be enlarged and contain lots of
vibration energy.The research results by Deng and Chen and
Gessesse et al. indicate [10, 11] that the cutting tool vibration
energy increases, thus leading to the obvious decrease in the
hole machining accurateness so as to be easy to form the
asymmetric-waviness intersection holes as shown in Figure 9.

Moreover, it can be seen from the distribution of 3 regions
of “A,” “B,” and “C” that, in the drilling initial stage, the
regional area of the drilling shaft stable motion is much
larger so that the selectable range for the cutting rotational

speed is much wider, but, with an increase in machining
depth, the selectable range for the cutting rotational speed
will be gradually decreased. It can be known from the
analysis of variable shaft length that it is mainly because
the drilling shaft rigidity is reduced with an increase in its
length. Accordingly, the cutting tool stability is also decreased
obviously. This trend accounts for the phenomena observed
in the experiments by Deng and Chin [10]. In addition, it can
be seen from Figures 7–9 that with an increase in rotational
speed, whirling magnitude value at 𝑎 nodal point increases
obviously, whereby resulting in an increase in roundness
errors of the holes to be machined. As a result, this law has
been proved in the correlative experiment [7, 10]. “D” region
is the complete unstable machining region for the drilling
shaft. Owing to the drilling shaft unstablemotion, the drilling
tool can occur easily the tool edge broken, worn or even
the machine damaged, and so forth. Accordingly, in practical
machining, the cutting parameters in this region can by no
means be selected for the utilization.

6. Conclusions

Thepractical deep-hole drilling shaft system is subject to such
actions of multifactors as the auxiliary supports, cutting fluid
forces cutting forces fluctuation, and so forth. Accordingly,
this is typical high-dimension local nonlinear dynamic sys-
tem. In this paper, the drilling shaft system with auxiliary
supports was modeled based on the Timoshenko element
model so that the shear deformation and rotational inertia
are taken into full consideration in the model. The modal
synthesis technology with freeinterface offers a kind of free-
dom degree shrinkagemethod.The nonlinear hydrodynamic
forces and the nonlinear freedom degrees are retained in the
physical space. The linear freedom degrees can be converted
into the modal coordinate to truncate the feature modal for
reducing the system linear freedom degrees. The shrunken
system can retain the whole nonlinear features so as to ensure
the nonlinear analysis of the drilling shaft system.

With the multi-span flexible rotary drilling shaft system
as the analytical objective, the above-mentioned reduced-
order method is adopted to study the whirling vibration
of the deep-hole drilling shaft under the different drilling
shaft lengths, and, with machining intersection holes as the
example, the stable region of drilling shaftmotion is obtained
in the selected drilling depth and the cutting speed parameter
space. Also, the relationships between the cutting machining
parameters and the hole roundness errors are discussed. A
large number of numerical computation examples indicate
that the calculation method suggested in this paper can not
only decrease the freedom degrees of drilling shaft system
for solutions to the coupling dynamic system effectively but
also save the computation resources aswell. Furthermore, this
method can provide the theoretical bases for the dynamics
design of complicated deep-hole machining equipment and
the analysis of machining.

The future researchwill focus on the dynamic recognition
and whirling vibration suppression of drilling tool in deep-
holemachining by the proposedmethod.This is an important
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problem for the success of solving the drilling precision and
real-time controlling over drilling tool stability.

Appendices

A. The Finite Element Model of Drilling Shaft

A.1. Drilling Shaft System Model. Based on the Timoshenko
element method, the displacement and rotary angle of any
nodal on the drilling shaft dispersion unit can be q𝑒(𝑧, 𝑡). The
displacement and rotary angle of the unit two ending nodal
points can be expressed as follows:

q𝑒 = {q𝑖−1q𝑖
} = [𝑥𝑖−1, 𝑦𝑖−1, 𝜓𝑖−1, 𝜑𝑖−1, 𝑥𝑖, 𝑦𝑖, 𝜓𝑖, 𝜑𝑖]

𝑇 (A.1)

from which the nodal displacement vector function 𝛽𝑒(𝑧, 𝑡)
and 𝛼𝑒(𝑧, 𝑡) can be formed, whereby making any nodal point

displacement and rotary angle within the unit be expressed
using the displacement and rotary angle of the unit two
ending nodal points in the following:

𝛽
𝑒
(𝑧, 𝑡) = {

𝑥 (𝑧, 𝑡)

𝑦 (𝑧, 𝑡)

}

= [

𝑁1 0 0 𝑁2 𝑁3 0 0 𝑁4

0 𝑁1 𝑁2 0 0 𝑁3 𝑁4 0

] q𝑒 = [N𝑡] q
𝑒
,

(A.2)

𝛼
𝑒
(𝑧, 𝑡) = {

𝜓 (𝑧, 𝑡)

𝜑 (𝑧, 𝑡)

}

= [

0 𝜂1 𝜂2 0 0 𝜂3 𝜂4 0

𝜂1 0 0 𝜂2 𝜂3 0 0 𝜂4

] q𝑒 = [𝜂
𝑟
] q𝑒,

(A.3)
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where 𝛽𝑒(𝑧, 𝑡) and 𝛼𝑒(𝑧, 𝑡) are the displacement vector
and rotary angle deformation vector in the broad sense;
𝑁1,𝑁2,𝑁3,𝑁4, 𝜂1, 𝜂2, 𝜂3, 𝜂4 in formulas (A.2) and (A.3) are,
respectively, in the following:

𝑁1 =

1

1 + Φ

(1 + Φ − Φ𝜉 − 3𝜉
2
+ 2𝜉
3
) ,

𝑁2 =

1

1 + Φ

[(1 +

Φ

2

) 𝜉 −

4 + Φ

2

𝜉
2
+ 𝜉
3
] ,

𝑁3 =

1

1 + Φ

(Φ𝜉 + 3𝜉
2
− 2𝜉
3
) ,

𝑁4 =

1

1 + Φ

[−

Φ

2

𝜉 +

Φ − 2

2

𝜉
2
+ 𝜉
3
] ,

(A.4)

𝜂1 = −

6

(1 + Φ) 𝑙

(𝜉 − 𝜉
2
) ,

𝜂2 =

1

1 + Φ

[1 + Φ − (4 + Φ) 𝜉 + 3𝜉
2
] ,

𝜂3 =

6

(1 + Φ) 𝑙

(𝜉 − 𝜉
2
) ,

𝜂4 =

1

1 + Φ

[(Φ − 2) 𝜉 + 3𝜉
2
] ,

(A.5)

where Φ = 12𝐸𝐼/𝜇𝐴𝐺𝑙
2, 𝜉 = 𝑧/𝑙, 𝐸 is the Young’s modulus,

𝐼 is the moments of inertia, 𝐾 is the shear coefficient, 𝐺
is the shear modulus, and 𝐴 is the cross-sectional area of
the drilling shaft. In the formulas (A.2) and (A.3), [N𝑡] and
[𝜂
𝑟
] can be expressed as [N𝑡] = [

N
𝑡𝑥

N
𝑡𝑦
] and [𝜂

𝑟
] = [

𝜂
𝑟𝜓

𝜂
𝑟𝜑
],

respectively.
By substituting (A.2) and (A.3) into the following equa-

tion, we can get the dynamic expression formula for the
drilling shaft as

T𝑒 = 1
2

̇q𝑒
𝑇

M𝑒
𝑡
̇q𝑒 + 1

2

̇q𝑒
𝑇

M𝑒
𝑟
̇q𝑒 + 1

2

I𝑒𝜔2 − ̇q𝑒
𝑇

S𝑒q𝑒, (A.6)

where M𝑒
𝑡
= ∫

𝑙

0
𝜌𝐴[N𝑡]

𝑇
[N𝑡]d𝑧, M𝑒𝑟 = ∫

𝑙

0
𝐽𝑑[𝜂𝑟

]
𝑇
[𝜂
𝑟
]d𝑧, I𝑒 =

∫

𝑙

0
𝐽𝑝 d𝑧, S𝑒 = 𝜔∫

𝑙

0
𝐽𝑝[𝜂𝑟𝜑

]
𝑇
[𝜂
𝑟𝜑
]d𝑧. 𝜌 is the mass density of

the shaft material and 𝐽𝑑 and 𝐽𝑝 are the diametral and polar
mass moments of inertia of shaft per unit length.

By substituting (A.2) and (A.3) into the following equa-
tion, we can get the potential energy expression formula for
the drilling shaft unit as

V𝑒 = 1
2

q𝑒𝑇 [K𝑒] q𝑒, (A.7)

where the metrix is [K𝑒] = [K𝑏𝑒]+ [K𝑠ℎ], of which [K𝑏𝑒] is the
elastic rigidity metrix; [K𝑠ℎ] is the shear rigidity metrix.

[K𝑏𝑒] = ∫
𝑙

0

EI(
𝜕 [𝜂
𝑟
]

𝜕𝑧

)

𝑇

(

𝜕 [𝜂
𝑟
]

𝜕𝑧

) d𝑧, (A.8)

[K𝑠ℎ] = ∫
𝑙

0

kAG
[
[
[
[

[

−

𝜕 [N𝑡𝑦]
𝜕𝑧

− [𝜂
𝑟𝜓
]

−

𝜕 [N𝑡𝑥]
𝜕𝑧

+ [𝜂
𝑟𝜑
]

]
]
]
]

]

𝑇

×

[
[
[
[

[

−

𝜕 [N𝑡𝑦]
𝜕𝑧

− [𝜂
𝑟𝜓
]

−

𝜕 [N𝑡𝑥]
𝜕𝑧

+ [𝜂
𝑟𝜑
]

]
]
]
]

]

d𝑧,

(A.9)

whereby the unit dynamic energy and potential energy
are derived. Accordingly, the dynamic energy and potential
energy of the whole drilling shaft can be obtained by finding
the sum of dynamic energy and potential energy of each unit
as follows:

T =
Nseg

∑

𝑖=1

T𝑒
𝑖
, V =

Nseg

∑

𝑖=1

V𝑒
𝑖
. (A.10)

The following motion equation of drilling shaft system
can be obtained via assembling the above equations:

[M] { ̈x} + [G] { ̇x} + [K] {x} = {Q} + {f} , (A.11)

where {Q} = {F𝑢} + {F𝑐}, {F𝑢} ∈ 𝑅𝑛, {F𝑐} ∈ 𝑅𝑛 are the imbal-
ance force vector and cutting force vector of the drilling shaft,
respectively.

A.2. Imbalance Force of the Drilling Shaft. Since the actual
drilling shaft consists of rotary beam and the unit assembly
considered as the rigidity, the rotary beam and rigid unit
assembly have had the mass eccentricities so that the mass
eccentricities influence must be accounted. The centrifugal
force produced by the drilling shaft mass eccentricities is
the generalized nonconservative force so that the centrifugal
force of unit can be expressed as follows:

𝐹
𝑒

𝑢
= −𝑚

𝑒
𝜔 × (𝜔 × 𝑒)

= 𝑚
𝑒
𝜔
2
{{

𝑒𝑥

𝑒𝑦

} cos𝜔𝑡 + {
𝑒𝑦

−𝑒𝑥

} sin𝜔𝑡} ,
(A.12)

where 𝑚𝑒 is the mass of unit, 𝑒 is the mass eccentricities
of unit, and 𝑒𝑥 and 𝑒𝑦 are the components of unit mass
eccentricities in 𝑥 and 𝑦 directions.

For this reason, as to the local nonlinear multi-
span flexible drilling shaft system with multi-substructures,
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the imbalance force vector of the drilling shaft system within
the 𝑥𝑜𝑦 plane can be expressed as follows:

F𝑢 =

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

{

𝑚
𝑒
𝑒𝑥
1

𝜔
2 cos𝜔𝑡 + 𝑚𝑒𝑒𝑦

1

𝜔
2 sin𝜔𝑡

𝑚
𝑒
𝑒𝑦
1

𝜔
2 cos𝜔𝑡 − 𝑚𝑒𝑒𝑥

1

𝜔
2 sin𝜔𝑡 + 𝑚𝑒𝑔

0

0

...
𝑚
𝑒
𝑒𝑥
𝑖

𝜔
2 cos𝜔𝑡 + 𝑚𝑒𝑒𝑦

𝑖

𝜔
2 sin𝜔𝑡

𝑚
𝑒
𝑒𝑦
𝑖

𝜔
2 cos𝜔𝑡 − 𝑚𝑒𝑒𝑥

𝑖

𝜔
2 sin𝜔𝑡 + 𝑚𝑒𝑔

0

0

...

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}
}

}

, (A.13)

where 𝑒𝑥
𝑖

and 𝑒𝑦
𝑖

(𝑖 = 1, 2, . . . , 𝑛) are the mass eccentricities
of the drilling shaft acting on the 𝑖th nodal point in 𝑥 and 𝑦
directions and 𝑔 is the acceleration of gravity.

A.3. Cutting Force. In order to study the drilling shaft lateral
nonlinear vibration behaviors in the process of deep-hole
machining, the equation to express the cutting force being
subject to by the drilling shaft system is established in the case
of high rotational speed and extremely small feed, and the
feasibility of this scheme is tested via the experiments, whose
concrete form is as follows:

𝐹𝑐𝑥 = 𝐹𝑐0 sin𝜔𝑡,

𝐹𝑐𝑦 = 𝐹𝑐0 cos𝜔𝑡,
(A.14)

where 𝐹𝑐0 is the cutting force fluctuation amplitude value
borne by the drilling shaft. 𝐹𝑐𝑥 and 𝐹𝑐𝑦 are the fluctuation of
cutting force acting on the cutting tool in 𝑥 and 𝑦 directions,
respectively.

The cutting force vector can be expressed as follows:

F𝑐 =

{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{

{

0

...
0

−𝐹𝑐𝑥

−𝐹𝑐𝑦

0

0

}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}

}

. (A.15)

A.4. Cutting Fluid Force. f ∈ 𝑅𝑛 is the nonlinear cutting fluid
force vector, whose equation is as follows:

f =

{
{
{
{
{
{
{
{
{
{
{
{

{
{
{
{
{
{
{
{
{
{
{
{

{

0

...
−𝑓𝑥
𝑖

(𝑥𝑖, 𝑦𝑖,
̇𝑥𝑖,
̇𝑦𝑖)

−𝑓𝑦
𝑖

(𝑥𝑖, 𝑦𝑖,
̇𝑥𝑖,
̇𝑦𝑖)

0

0

...

}
}
}
}
}
}
}
}
}
}
}
}

}
}
}
}
}
}
}
}
}
}
}
}

}

, (A.16)

where 𝑓𝑥
𝑖

and 𝑓𝑦
𝑖

(𝑖 = 1, 2, . . . , 𝑛) are the nonlinear hydro-
dynamic forces of cutting fluid acting on the 𝑖th nodal point
inside the drilling hole in 𝑥 and 𝑦 directions, respectively.

B. The Corresponding Parameters of
Drilling Shaft

The relevant calculation parameters used are as follows.

Young’s modulus (𝐸): 206 × 109 pa.
Density (𝜌): 7.87 × 103 kg/m3.
Shear modulus (𝐺): 81 × 109 pa.
Dynamic viscosity of cutting fluid: 0.026 pa⋅s.
Pressure of cutting fluid: 2 × 106 Pa.
Fluctuation amplitude of cutting force (𝐹𝑐0):
0.067KN.
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The previous research on the pump valve is mostly focused on theory and simulation, but how much precision of these results
can be obtained is rarely of concern. A new experimental approach for accurately measuring the reciprocating pump valve motion
parameters has been presented. An FEAmodel to describe the pump valve’s collision contact state also been established. Combining
the measured valve’s velocity and displacement data, the collision contact characteristics in valve assembly during pump operation
have been systematically analyzed by ANSYS/LS-DYNA. The von Mises stress in valve disc and its seat changed by the variables
such as valve closing speed, mass, diameter, and taper angle in the collision contact process are quantitatively determined, as well as
the relationship between valve’s collision contact condition and pump service life. Results show that the experiment and simulation
approach can truly and accurately reflect the pump valve’s collision process, which provides a scientific basis for the further analysis
of pump valve movement and damage mechanism and then improves the reciprocating pump design.

1. Introduction

Owing to the high pressure and wide transmission medium
range in the petroleum and petrochemical industry, recipro-
cating pump is widely used as key transportation equipment,
which is called the heart of drilling rigs in the petroleum
drilling industry. Collision contact characteristics of recipro-
cating pump’s valve are closely related to pump design theory.
Therefore, it has been one of the hotspots of the reciprocating
pump design theory.

At the moment of the reciprocating pump valve’s closure,
the valve disc suddenly stops moving; the kinetic energy
of the valve disc is instantaneously converted into impact
energy; thus an impact can be produced during the dynamic
contact motion between valve disc and its seat. When kinetic
energy of the valve disc is large enough, the contact surface
of valve disc and seat wear out quickly; hence, it leads to
an increase in pump valve leakage and even affects the
failure of the reciprocating pump [1]. Nowadays, several
scholars have done muchmeaningful research on the motion
characteristics and impact problems of reciprocating pump
valve. Miaorong et al. [2] constructed a mathematical model

of the reciprocating pump valve movement; the systematic
simulation of the pump valve movement was realized by
the use of Delphi language; the simulation research shows
that there was a close relation between the movement char-
acteristics of pump valve and the valve parameters such as
the cone angle, spring stiffness, spring preload of a poppet
valve, and the piston diameter. Guoan et al. [3] presented a
dynamic model of impact process and analyzed its impact
characteristics by the finite element method; the reasons for
the failure of the valve seat were found out. Based on the
finite element analysismethod, Bin et al. [4] analyzed changes
of the equivalent stress and the contact surface movement
parameters of the valve disc and its seat in the impact process
of the valve; the analysis results were consistent with the
characteristics of valve failure.

How to measure the pump valve’s movement and kinetic
parameters is a very difficult work, because the valve is
mounted inside the pump cylinder with a certain liquid pres-
sure. Recently, researches on the collision process of the valve
disc and its seat are almost obtained by numerical simulation.
Therefore, its accuracy is difficult to be verified due to the lack
of actualmeasuring data. In this paper, the valve disc’smotion
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Figure 1: Dynamic model of the pump valve.

parameters have been acquired under a certain working
pressure condition by the use of homemade valve disc’s
movement test system. Combined with the measured data,
pump valve collision process has been simulated in detail by
ANSYS/LS-DYNA under different conditions. The influence
of pump valve collision and the damage mechanism of the
pump are found.This analysis approach, which combines the
simulation research with experimental test, could provide a
scientific basis for in-depth studying on pump valve’s failure
mechanism, optimizing the valve design and then improving
the pump’s service life.

2. Collision Description and Valve
Parameters Measuring

2.1. Collision Description. A dynamic model of pump valve
was put forward according to its collision principle and stress
rule. As shown in Figure 1, the valve seat is mounted on pump
body of a reciprocating pump; 𝜃 is the valve disc cone angle.
Taking discharge valve for example, the valve disc rises to a
certain height (ℎ) under the thrust of the liquid during the
discharge process, and the discharge valve is open. When the
discharging process is completed, the suction process starts.
The discharge valve disc drops down from a certain height (ℎ)
to its seat with a certain speed (V), which makes a collision
between the discharge valve disc and its seat. The greater
its weight (𝐺), spring elasticity (𝑅), and liquid differential
pressure (Δ𝑃 = |𝑃1 − 𝑃2|), the larger the collision force.

This phenomenon can occur when the discharge stroke
of discharge valve or the suction stroke of suction valve is
completed. If the stroke impact is large enough, the pump
valve will be rapidly destroyed, causing the pump to work
improperly. There are two basic theories on pump valve’s
movement parameters determination: approximation theory

and U.Adolph theory, which are the most widely used theo-
ries on pump valve’s motion calculation recently. The move-
ment parameters during the valve disc falling down can
be calculated by these two theories, which are the most
important parameters to analyze the pump valve collision [5].

2.1.1. The Approximation Theory. The approximation theory
assumes that the valve disc is massless, the spring force (𝑅)
keeps constant, the incompressible fluid flows in the inelastic
parts of the pump, and hydraulic cylinders are fully charged
with continuous flow during the valve disc’s movement.
According to Bernoulli’s equation, the maximum valve disc’s
displacement, velocity, and acceleration can be expressed as
follows:

ℎmax =
𝐹𝑟𝜔

𝜇𝜋𝑑V√2𝑔𝐻V sin 𝜃
,

Vmax =
𝐹𝑟𝜔
2

𝜇𝜋𝑑V√2𝑔𝐻V sin 𝜃
= ℎmax𝜔,

𝑎max =
𝐹𝑟𝜔
3

𝜇𝜋𝑑V√2𝑔𝐻V sin 𝜃
= ℎmax𝜔

2
,

𝐻V =
𝐺 + 𝑅

𝑓V𝛾
,

(1)

where 𝐹 is the working area of the piston, 𝑟 is the crank
radius, 𝜔 is the crank angular velocity, 𝜇 is the valve flow
coefficient, 𝜃 is the cone angle of the conical valve disc (as
show in Figure 1), 𝑑V is the valve disc’s diameter, 𝑓V is the
cross-sectional area of the valve disc, 𝐺 is the gravity, and 𝛾 is
the specific gravity of liquid.

2.1.2. U.AdolphTheory. In actual cases, the valve disc’s inertia
force, valve disc’s mass, the spring force (𝑅), and the changes
of the flow velocity in the valve gap should be taken into
account. In 1968 German academics U.Adolph considering
the variations of previous parameters deduced the second-
order nonlinear ordinary differential equations of the valve
disc motion. It is known as U.AdolphTheory.

Consider
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;
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2
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; 𝐷 =

𝜉𝜌𝑓
3

V

2𝐾𝑙
2
Vsin2𝜃

,

(2)
where 𝑅0 is the spring preload, 𝐾 is the spring constant, 𝑚
is the valve disc’s weight, 𝑙V is the peripheral length of the
valve gap, and𝑓(𝜑) takes a positive sign for the rod side of the
suction valve and a negative sign for the discharge valve; at the
other side of the piston rod, the situation is on the contrary.
The initial point of each pump valve’s stroke is 𝜙 = 0.
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Figure 2: Acceleration sensor and displacement sensor installation layout. (a) Acceleration and (b) displacement.

2.2. Motion Parameters Measurement. In order to determine
the von Mises stress between the valve disc and its seat
during collision, a set of hardware and software systems
has been established to test valve disc’s motion parameters
inside the reciprocating pump. The maximum displacement
and closing speed between valve disc and its seat during the
pump operation are measured directly by the displacement
sensor and an acceleration sensor, which both are mounted
on the valve disc. The test data are used as valve’s motion
parameters to simulate the collision process by ANSYS/LS-
DYNA software, which helps to obtain the von Mises stress
of collision contact in actual conditions.

2.2.1. Test Conditions. A BW-250 horizontal triplex single
role reciprocating pumpwas used as the test pump; the pump
has two kinds of cylinder diameters and four gear speeds; its
working principle and structure parameters are almost the
same as the triplex single role reciprocating pump, which is
widely used in the oilfield currently. The equipment used in
the test includes waterproof compression acceleration sensor,
waterproof compression displacement sensor, the displace-
ment signal conditioning instrument, charge amplifier, data
acquisition card and data acquisition box, and Labview data
acquisition and analysis software. Displacement sensor and
acceleration sensor are mounted on the valve disc directly
(Figure 2). The valve disc’s displacement signals were sent
to the displacement signal conditioning instrument, and its
acceleration signals were sent to the charge amplifier, then
each channel was Hansferred to the computer after it is
collected by the data acquisition card. Finally, all channels
were analyzed by homemade valve disc’s movement test
system [6–8].

Homemade valve disc’s movement test system not only
can independently set the sampling rate and sampling time,
but also has noise elimination and filtering function. More-
over, it can realize real-time analysis, processing and storage

Table 1: Maximum value from Figures 3 and 4.

Parameter Pump stroke (times/min)
42 72 116 200

Vmax (m/s) 0.0632 0.169 0.324 0.673
ℎmax (mm) 2.546 4.288 6.574 10.71

of the collected data and calculate correlative parameters
eigenvalues in amplitude domain.

2.2.2. Experimental Measurement. The displacement and
velocity of the discharge valve motion have been mea-
sured in the condition of the four different pump strokes
(42\72\116\200 times/min) and 1MPa pressure by home-
made valve disc’s movement test system. The acceleration
sensor is measured using a sampling rate range of 1–6000Hz;
the sampling rate range of the displacement sensor is 1–
15000Hz. Sampling rate is set to 3000Hz; the sampling time
is 3 s. High-pass and low-pass filtering frequency is 1Hz
and 30000Hz, respectively. The test results could truly and
effectively reflect the characteristic parameters of the valve
disc movement in actual operating conditions.The valve disc
speed and displacement signals obtained by experimental
measurement are shown in Figures 3 and 4; Table 1 is the
statistical results of maximum effective value.

3. Collision Model and Numerical Solution

ANSYS/LS-DYNA is the most commonly used software in
analyzing the collision problems at present. In order to
find the collision contact characteristics in pump valve, the
traditional procedure to obtain it is through various kinds
of approximation calculations or simulations, but it can
not be measured directly. Moreover, some initial condition
values used in the calculation were unconfirmed. In this
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Figure 3: Valve disc’s velocity signals under different strokes. (a) 42 times/min, (b) 72 times/min, (c) 116 times/min, and (d) 200 times/min.
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Figure 4: Valve disc’s vibration displacement signals under different strokes. (a) 42 times/min, (b) 72 times/min, (c) 116 times/min, and (d)
200 times/min.

paper, the data of the maximum distance and the closing
speed between valve disc and seat have been obtained
through repeated tests with the test system that is mentioned
previously. The data is used as the initial condition values
needed in the software calculation of the collision. In order
to find the movement rules and the influencing factors of

the collision, the real collision process of the pump valve has
been simulated by ANSYS/LS-DYNA.

3.1. Finite Element Model. 3D model of the pump valve
assembly has been established by Pro/E according to the
actual size of the BW-250 reciprocating pump, and then



Advances in Mechanical Engineering 5

Z

Y

X

A

B

(a)

Z

YX

A

(b)

Z Y

X

B

(c)

Figure 5: Finite element model of the pump valve.

import it to the ANSYS/LS-DYNA. Due to the fact that
both the structure and loads are symmetrical in the course
of pump valve, thus a quarter of the pump valve is used
to analyze (Figure 5). The finite element model is shown in
Figure 5; the red part in the figure is the contact areas of
valve disc (A) and valve seat (B) during collision.Themoving
and rotational DOFs of valve disc along the directions of 𝑋,
𝑍 axes as well as all degrees of freedom of valve seat are
constrained, then an initial velocity of negative 𝑌 direction is
added on the valve disc. In simulation, an assumption ismade
that there is no relative sliding between the valve disc and
valve seat at the moment of collision, and the fluid medium
(resistance, corrosion) effect and valve gap flow velocity (𝑉V,
Figure 1) on the valve disc falling are ignored. If breakthrough
happens when valve disc collides with seat, some surface
points of the valve disc and seat penetrate each other during
collision; then the penalty function method is used to avoid
this phenomenon and the collision process comes to an end.

3.2. Preprocess and Calculation Principles. ANSYS/LS-DYNA
is the world’s leading general display dynamic analysis pro-
gram; it can simulate various kinds of complex problems
in the real world, particularly suitable for solving a variety
of two-dimensional, three-dimensional nonlinear structure
of high-speed collisions, explosions, and metal forming and
nonlinear dynamic impact problems.

Penalty functionmethod is used in this paper to calculate
the collision of the valve disc and its seat. Firstly, the method
will check whether each slave node penetrates the main
surface in each step; if there is no penetration, no collision
calculation will be made. Otherwise, a larger interfacial
contact force should be introduced to the place where the
node penetrated the main surface; its size is proportional to
the penetration depth and the rigidity of the main surface.
This is physically equivalent to placing a spring between
them, in order to constrain the slave nodes from penetrating
the main surface [9, 10].

3.2.1. Element Type, Material Properties, and Mesh. The 8-
node hexahedron element SOLID164 is used for pump valve

Figure 6: Meshing model of the pump valve.

collision model. SOLID164 uses the default algorithm, and
its real constant does not need to be set. The material of the
valve disc and its seat is made of 38CrMoAl which is a kind of
nitride structure steel, with elasticity modulus 𝐸 = 206GPa,
density 𝜌 = 6530 kg/m3, Poisson’s ratio𝜇 = 0.3, yield strength
𝜎𝑠 = 835MPa, and tangent modulus 𝐸tan = 79.38GPa. The
collision portion of the valve disc and the valve seat model
collision portion are refined after free meshing and mapped
meshing, due to the irregularity of the pump valve model
(Figure 6).

3.2.2. ContactDefinition. In thisANSYS/LS-DYNAprogram,
in order to make sure the contact interfaces does not occur
penetrating during the movement, the type of contact, and
contact-related parameters have been defined, and the func-
tion of friction force has been considered when the contact
interfaces relatively moved. The automatic nodes to surface
type is used as the contact type in the program; the valve disc
is selected as target surface, and the valve seat is selected as
contact surface.
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Figure 7:Distribution nephogramof vonMises stress in pump valve at different strokes. (a) 42 times/min, (b) 72 times/min, (c) 116 times/min,
and (d) 200 times/min.

3.2.3. Constraints and Initial Conditions. The valve disc
falling on the valve seat is the main reason of pump valve
collision; its movement is restricted by the guide rod. There-
fore, the valve seat is modeled as a rigid body, and the valve
disc model is constrained in the appropriate direction. The
initial liter distance and speed were applied to the valve
disc, according to the maximum displacement and closing
speed data obtained in the test (Table 1) under four different
operating conditions of the valve disc. Then the solution
termination time are confirmed by the test data which was

used in the solution. Results are manipulated using the LS-
PREPOST postprocessing tool.

4. Results and Analysis

4.1. Changes in Valve Disc Stroke. According to the finite
element model mentioned previously and the data form
Table 1, the collision of pump valve under different strokes
has been simulated and analysed. Figure 7 shows the von
Mises stress distribution nephogram of collision contact
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Figure 8: Relationships between the maximum von Mises stress and different structures. (a) Mass, (b) diameters, and (c) taper angles.

Table 2: Different strokes results for the two theories.

Parameters Approximation theory (times/min) U.Adolph theory (times/min)
42 72 116 200 42 72 116 200

Vmax (m/s) 0.0163 0.0385 0.0826 0.197 0.0515 0.1405 0.2976 0.6393
ℎmax (mm) 3.7 5.1 6.8 9.4 2.8 4.5 6.4 9.6

in valve disc and its seat. Pump valve collision process is
instantaneous; enormous stress may be produced in a short
period of time; thus the service life of the pumpvalve is greatly
affected.

From Figure 7, the von Mises stress of collision contact
in pump valve is proportional to the closing speed (Table 2).
This indicates that the pump produces bigger von Mises
stress as the stroke during the collision increases and then
affects the pump valve’s normal work and service life. The
maximum velocity and displacement have been calculated
under the same working condition and pump valve structure,
according to the approximation theory and U.Adolph theory
of pump valve motion. Results are shown in Table 2. Com-
bining Table 2 data with ANSYS/LS-DYNA for simulation,

the maximum von Mises stress results of pump valve can be
calculated under the condition of approximation theory and
U.Adolph theory.

Table 3 shows that the maximum von Mises stress of
collision simulation results is approaching U.Adolph theory,
but the deviation is too large compared to the approximation
theory under four different strokes. The major reason is that
the maximum closing speed results calculated by approxi-
mation theory are larger than test conditions and U.Adolph
theory. However, the maximum velocity and displacement
calculated by U.Adolph theory and the maximum von Mises
stress of collision simulated by ANSYS/LS-DYNA are similar
to the actual test results. The U.Adolph theoretical estima-
tions are slightly below the experimental simulation results.
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Table 3: The maximum von Mises stress simulation results for all
cases.

Stroke
(times/min)

Approximation
theory (MPa)

U.Adolph theory
(MPa)

Test condition
(MPa)

42 0.00227 0.0103 0.012
72 0.0069 0.0643 0.098
116 0.0236 1.575 2.195
200 0.1225 14.47 12.28

This is because the U.Adolph theory solving motion parame-
ters is based on the valve disc and its seat allows collision con-
tact surface stress, which was calculated by average stress.
In the actual collision, the valve contact interface’s stress
concentration should be taken into consideration.

4.2. Changes in Valve Disc Structure. If the pump valve
closing speed (5m/s) and displacement (15mm) kept to
be unchanged, the maximum von Mises stress of collision
has been simulated on different valve disc masses (0.185 kg,
0.32 kg, 0.48 kg, 0.8 kg, and 1.2 kg), diameters (62mm,
72mm, 82mm, 92mm, and 102mm), and taper angles (30∘,
40∘, 50∘, 60∘, and 70∘) through ANSYS/LS-DYNA, and the
relationships between them are found. Figure 8 shows that
the maximum von Mises stress value of collision in pump
valve changes proportionally with the valve disc’s diameters
and mass, but conversely with the valve disc’s taper angles
significantly. In actual engineering design, the suitable mass,
diameters, and taper angles of the valve disc should be
taken into consideration according to collision strength and
technological requirements, so that the vonMises stress valve
does not exceed the material allowable contact stress and
guarantees normalworking and service life of the pumpvalve.

4.3. Residual Stress Influence. The von Mises stress of pump
valve increases subsequently with the in-depth of the valve
disc and seat contact during the collision process. Residual
stress is retained in the 1/3 circumference of valve disc’s
bottom, which does not disappear at the end of the collision
process (Figure 9). Because of the pump valve working repet-
itively for a long time, the collision traces on the valve disc
can get the reasonable explanation (Figure 10).The fracture or
deformation phenomenon of valve disc could be predicted at
the last stage ofmovement. As the reciprocating pump strokes
change, the damage of valve disc must be faster under the
high stroke. High abrasion resistance, high fatigue strength,
and high strength material should be chosen for pump valve,
or adding seal to slow collision impact, with the purpose of
improving the service life of pump valve.

5. Conclusion

In this paper, by testing the motion process of the recip-
rocating pump valve directly and combining the simulation
collision research with experimental data by ANSYS/LS-
DYNA, there are the following conclusions.
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Figure 9: The von Mises stress of collision in last stage at 116
times/min.

(1) The new experimental approach can acquire the true
and accurate velocity, displacement data during pump
valve collision, and then combining the data to cal-
culate the maximum von Mises stress by ANSYS/LS-
DYNA.

(2) Pump valve collision process is instantaneous; enor-
mous stress may be produced in a short period of
time; thus the service life of the pump valve is greatly
affected.

(3) The maximum von Mises stress value of collision in
pump valve changes proportionally with the valve
disc’s diameter and mass, but conversely with the
valve disc’s taper angle significantly.

(4) The U.Adolph theoretical estimations are slightly
below the experimental simulation results. This is
because the U.Adolph theory solving motion param-
eters is based on the valve disc, and its seat allows
collision contact surface stress, which was calculated
by average stress. In the actual collision, the valve
contact interface’s stress concentration should be
taken into consideration.

(5) Pump valve is vulnerable due to the residual strain
generated during collision. In order to overcome
the problem, high abrasion resistance, high fatigue
strength and high strength, material should be
selected.

Through the previouse research, a scientific basis can be
provided for further analysis of pump valve motion rule,
damagemechanism, and reciprocating pump design. Conical
valve structuremodel is the onlymodel of concern within the
research and analysis in this paper; there are other types of
valve structures (such as flat valves, ball valves) used recently.
Futureworkwill concentrate on trying to improve themodels
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(a) (b)

Figure 10: Different morphologies of valve disc. (a) New disc, (b) working disc.

and generating experimental test data to consummate the
results.
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Topology optimization provides great convenience to designers during the designing stage in many industrial applications. With
this method, designers can obtain a roughmodel of any part at the beginning of a designing stage by defining loading and boundary
conditions. At the same time the optimization can be used for the modification of a product which is being used. Lengthy solution
time is a disadvantage of this method. Therefore, the method cannot be widespread. In order to eliminate this disadvantage, an
element removal algorithm has been developed for topology optimization. In this study, the element removal algorithm is applied
on 3-dimensional parts, and the results are compared with the ones available in the related literature. In addition, the effects of the
method on solution times are investigated.

1. Introduction

In a designing stage, one of the most difficult problems that
designers have to overcome is the balancing of “trade-offs.”
In the design of a structural component, there is a trade-
off between weight and strength. When the weight of the
component is decreased, the strength of the component is
also decreased. But the designer must find the minimum
weight and sufficient strength combination for the design
component. Because the weight is known to be one of the
main factors of the final cost of load-carrying structures,
the weight reduction is often set as the main objective of
the designing task. Topology optimization is a useful tool
for a designer which generates the optimal initial shape of
a mechanical structure. The structural shape is generated
within a predefined design space. In addition, the user defines
structural supports and loads. Without any further decision
and guidance of the user, the method will give the structural
shape thus providing a first idea of an optimum geometry. A
desired property of the structure is maximized by changing
the shape of the given material. Usually this maximized
property is stiffness. Another usage of topology optimization

is minimizing the weight, subjected to a given constraint
(such as stress) [1].

Topology optimization is used for many different engi-
neering applications such as thermodynamic problems [2–4],
fluidmechanics [5, 6], electromechanics [7, 8], acoustic prob-
lems [9], multiphysics problems [10], and solid mechanics
[11, 12]. By using topology optimization, designers can easily
solve very difficult and complex problems; hence, usage of
this method increases day by day.

The simple idea of the topology optimization is the
removal of less efficient materials from a structure. To find
accurate solution of topology optimization, the designer
must increase the number of iteration and the numbers of
elements. When the number of iteration and elements are
increased, solution time also increases extremely. This is the
main drawback of the method that must be overcome. For
this reason, in the optimization processes, passive elements
(which are found from FE analyses) were eliminated after
every iteration loop in a previous study [1]. In the subsequent
iteration loop, unnecessary elements were not used during
solution. Hence, at each progressive solution loop, the num-
ber of elements decreased. The algorithm is developed for



2 Advances in Mechanical Engineering

Draw a design domain with 
load and boundary cond.

Start optimization 
algorithm

FEA

Select low-stressed 
elements

Modify the selection

Delete the selected 
elements

Take the optimized domain

Fully stressed?

Define constraints

Yes
No

Figure 1: ERM procedure.

Selected element

Figure 2: Selected element and its neighbours.

2D parts with considerable time saving compared with other
methods. In this study, previously developed element removal
algorithm for 2D models [1] is improved for 3D models.

2. Element Removal Method

The main idea of the topology optimization is THE removal
of ineffective (comparatively small stressed) elements from
the design domain. Element removal method (ERM) is
developed to systematically remove low-density elements
from the design domain [13]. Bruns and Tortorelli [13]
developed an element removal and reintroduction strategy
for topology optimization method. Material density method
is used to decide which element IS to be removed or
reintroduced. For the smoothness of the design domain,
weight function is calculated. In this function, all elements
are used to calculate weight of each element. This causes

Figure 3: Design domain with 250 elements.

Figure 4: Middle step of the ERM.

high CPU usage, especially with high element numbers.
To overcome this drawback, in the optimization processes,
passive elements (which were found from FE analyses) were
eliminated after every iteration loop in a previous study [1].
In the next iteration loop, unnecessary elements are not
used during solution. Hence, at each progressive solution
loop, the number of elements is decreased. The algorithm is
developed for 2D parts with considerable time saving. In this
algorithm, ineffective elements are selected according to their
stress values which are calculated from FEA. FEA is applied
on the design domain in a loop and after every analysis;
elementswith lowest stress values are deleted. In the proposed
algorithm, reintroduction of the removed element does not
exist. After the removal operation elements are renamed to
put the remaining elements in an order. Then these elements
form the new design domain for the next step of the loop, and
a newoptimization step starts.Theoptimization cycle stoppes
when volume-reduction ratio or yield stress is reached to
predefined values. The optimization process will be faster at
every subsequent cycle as the ineffective elements are not
used in the following FEA solutions.Therefore, total solution
time decreases rapidly. By using this method, 90% time
reduction is obtained for statically loaded 2D planer machine
parts [1].

In Figure 1, a schematic view of optimization process with
ERM can be seen. According to this procedure, the design
domain must be drawn with load and boundary conditions.
Then, the constraints (allowable stress and volume reduction
ratio) are defined. After the definition of constraints, the
optimization process can be started. In the optimization
process, firstly FEA is performed and the low stressed
elements are selected. Then, the modification algorithm is
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Figure 5: Optimized model with ERM.

applied to obtain fine material distribution. After that, the
selected elements are deleted from the design domain and
they are not used in the subsequent iteration loops. Finally,
constraints are checked; if one of the constraints is reached,
optimization loop is ended, if not, the loop continues. This
algorithm is written as a macro in ANSYS FEA program.

During the application of the ERM, a modification
algorithm is used to prevent porous structure during element
removal. In the modification algorithm, by checking the
neighbors of the selected element to be deleted (in Figure 2),
the algorithm decides whether or not to delete the selected
element.

Developed algorithm can be applied on a simple prism.
In Figure 3, a 3D design domain with loading and supporting
conditions is given. Unit load is applied at midpoint of upper
surface of the design domain, and fixed support is applied at
lower corners. In Figure 4, some of the ineffective elements
are removed from the design domain after some iteration
loops. The final optimized domain can be seen in Figure 5.

Figure 5 is the final optimization result with minimum
material usage, and at the same time, stress values are in the
acceptable limits. In the present study, an algorithm based
on the element removal is developed to optimize parts for
minimum material usage. The key point of the algorithm
is the removal of less effective elements from the design
domain. Initial models such as those given in Figures 3–5 are
encouraging for effectiveness of the algorithm.

3. Results and Discussions

The validation of the proposed algorithm is discussed in this
section. The results of the present study are compared with
those obtained from the related literature.There are two steps
as follows.

(1) Comparing results of the ERM with those of the
literature.

(2) Comparing solution times of the ERM with those of
Ansys.

3.1. Comparison with the Literature. In this section, ERM is
compared with the literature. The aim of this section is to
discuss the validity of the proposed ERM. For comparison,
three different examples are used. In these examples, solid

q

(a) Design domain [14]

(b) Optimized model [14]

(c) Optimized model with ERM [17]

Figure 6: Center-loaded cantilever beam model.

elements are used for mesh and structural steel is used as
material. Load is considered to be unit load.

In the first example, a cantilever beam (in Figure 6(a) [14])
whose one end is fixed and the other end is center loaded is
optimized. Volume reduction is used as 50% for constraint.
The literature result is shown in Figure 6(b) [14], and ERM
result can be seen in Figure 6(c).

In the second example, a cantilever beam (in Figure 7(a)
[14]) whose one end is fixed and the other end lower edge is
loaded is optimized. Volume reduction is used as 70%. The
literature result can be seen in Figure 7(b) [14], and element
removal result can be seen in Figure 7(c).

In the third example, an L-shaped beam (in Figure 8(a)
[14]) which is loaded as shown in Figure 8(a) is optimized.
Volume reduction ratio is used as 50% for constraint. The
literature result can be seen in Figure 8(b) [14], and element
removal result can be seen in Figure 8(c).
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q

(a) Design domain [14]

(b) Optimized model [14]

(c) Optimized model with ERM [17]

Figure 7: End-lower-edge-loaded cantilever beam model.

The results can be compared only visually because there
are no numerical results in the literature.When the results are
compared visually, outcomes of the present study are nearly
the same that of as given in reference.These results imply that
the developed algorithm is working well.

After the validation of the algorithm, its advantages can
be investigated. For this investigation, solution times are
compared in the next part.

3.2. Comparison of Solution Times. Main disadvantage of
the topology optimization is that a lengthy solution time
is required. For a machine part (such as connecting rod
and suspension arm), designers must use high element
numbers to obtain better results. Increased element numbers
yield asymptotically increased solution time. One of the
advantages of the proposed ERM is shorter solution time.

(a) Design domain [14]

(b) Optimized model [14] (c) Optimized model with ERM
[17]

Figure 8: L-shaped beam model.

Figure 9: The design domain with 2000 elements for Case 1 (3D
schematic view).

Solution times of the proposed ERM algorithm and ANSYS
topology optimization tool are compared in this part. For
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(a) ANSYS optimization result for Case 1

(b) ERM optimization result of Case 1

Figure 10: Visual comparisons of ANSYS and ERM results for Case
1.
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Figure 11: Maximum stress values of different element numbers for
Case 1.

this comparison, two design domains (Figures 9 and 14) are
meshed using different element numbers.

A computer with 2.13 GHz dual core CPU, 2GB ram, and
160GB hard disk is used for solutions. Volume reduction is
taken as 80% for both ERM and ANSYS. Iteration number is
taken as 37 for ANSYS.

Case 1. Solid elements are used to mesh the design domain,
structural steel is used asmaterial (modulus of elasticity (𝐸) =
200GPa, Allowable stress (𝜎𝑎) = 150MPa), and 21 kN load
is applied as shown in Figure 9. The results can be seen in
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Figure 12: Maximum deformation values of different element
numbers for Case 1.
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Figure 13: Solution times of different elements number for Case 1.

Figure 10 for this case. As well as comparing the solution
times, outcomes of the optimizations are also compared; for
this aim maximum stress and deformation values are shown
in Figures 11 and 12. Comparison of the solution times can be
seen in Figure 13. All results are tabulated in Table 1 for the
ease of comparison.
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Table 1: Results of ERM and ANSYS for Case 1.

Element number Iteration number Solution time (sec) Time reduction (%) Deformation (mm) Von-Mises stress (MPa)
Ansys 2000 37 379 58.6 0.422 133
ERM 37 157 0.247 98
Ansys 4225 37 1203 63.8 0.265 113
ERM 37 436 0.232 85
Ansys 6525 37 2575 65.2 0.334 121
ERM 37 896 0.218 80
Ansys 7936 37 4470 70.8 0.280 118
ERM 37 1307 0.193 81
Ansys 9826 37 6800 73.0 0.274 133
ERM 37 1835 0.217 87
Ansys 16000 37 15370 74.4 0.240 111
ERM 37 3939 0.183 92
Ansys 23805 37 31930 75.7 0.197 103
ERM 37 7771 0.190 94
Ansys 35146 37 77433 75.5 0.228 121
ERM 37 18989 0.185 119
Ansys 48778 37 137970 68.5 0.286 137
ERM 37 43467 0.183 131

Figure 14: Design domain with 4000 element for Case 2 (3D
schematic view).

(a) ANSYS optimization result for Case 2

(b) ERM optimization result for Case 2

Figure 15: Visual comparisons of ANSYS and ERM results for Case
2.
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Figure 16: Maximum stress values of different element numbers for
Case 2.

Case 2. Solid elements are used to mesh the design domain,
structural steel is used as material (𝐸 = 200GPa, 𝜎𝑎 =
150MPa), and 10 kN load is applied as shown in Figure 14.
The result of the optimization is shown in Figure 15. Max-
imum stress and deformation values are shown in Figures
16 and 17 for different element numbers. Comparison of the
solution times can be seen in Figure 18. All the results are
tabulated in Table 2.

Investigating Figures 11 and 16 for stress results, some
variation in stress value is observed for different element
numbers, which is mainly due to local stress concentrations.
According to the outcomes, ERM yields lower stressed



Advances in Mechanical Engineering 7

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

M
ax

im
um

 d
ef

or
m

at
io

ns
 (m

m
)

0 10000 20000 30000 40000 50000
Element numbers

ANSYS
ERM

Figure 17: Maximum deformation values of different element number for Case 2.
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Figure 18: Solution times of different element number for Case 2.

Figure 19: Solid model of original connecting rod [15].
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Table 2: Results of ERM and Ansys for Case 2.

Element number Iteration number Solution time (sec) Time reduction (%) Deformation (mm) Von-Mises stress (MPa)
Ansys 2048 37 388 58.5 0.058 17.1
ERM 37 161 0.032 13.7
Ansys 4000 35 1139 63.7 0.032 16.8
ERM 39 413 0.023 11.8
Ansys 6912 31 2728 65.2 0.069 22.7
ERM 37 950 0.024 14.0
Ansys 8450 37 4760 70.7 0.069 23.0
ERM 37 1392 0.022 12.4
Ansys 10976 37 7596 73.0 0.056 22.5
ERM 37 2050 0.021 11.3
Ansys 16384 37 15739 74.3 0.068 24.4
ERM 37 4034 0.020 11.1
Ansys 23328 37 31290 75.6 0.047 22.9
ERM 37 7616 0.020 14.2
Ansys 37044 37 63818 72.5 0.048 24.2
ERM 37 17580 0.020 12.1
Ansys 48668 37 104118 71.9 0.041 21.2
ERM 37 29255 0.020 13.1

A

B

7.56 kN

Figure 20: Design domain of connecting rod.

optimization result even at low element numbers. This out-
come implies that stress concentrations are prevented during
element removal operations byERM.Comparing the solution
times from Figures 13 and 18 and also in Tables 1 and 2, the
advantage of the proposed ERM method is clearly observed
for high element numbers especially above 25000 elements.
Use of the ERM will yield up to 75% less solution time for
topology optimization of a part.

3.3. Applications. Theproposed ERM algorithm is applied on
two applications.One of them is connecting rod and the other
one is suspension arm. The results of the ERM and stress
comparisons are given in this part. In both applications, the

Figure 21: Optimization result of connecting rod.

aim is decreasing the stress values of both parts with the same
material usage. Hence, rough design domains are produced
using ERM, and final volume is always the same as that of the
original part.

Connecting Rod. Connecting rod (Figure 19 [15]) is optimized
by using ERM. For this purpose, a design domain is produced
with a rough model of rod (Figure 20). Point A is fixed and
two load cases (tension and compression loads) are applied
at point B. AISI 1045 is used as material (𝐸 = 200GPa, 𝜎𝑎 =
200MPa). FE model is produced by using tetrahedral solid
elements under the given load cases. ERM is applied on this
FE model. Outcome of the optimization process can be seen
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Figure 22: Solid model of optimization result of connecting rod.
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Figure 23: Stress result of original model.

in Figure 21. After the optimization, the optimized domain is
remodeled (Figure 22) and analyzed.

ERM algorithm, which is given in Section 2, is used for
optimization process. Volume is used as constraint and it is
taken as original model’s volume, representing equal material
usage. After the optimization process, the shape in Figure 21
is obtained.

For analysis, solidmodel of the above result is produced as
shown in Figure 22. After producing the solidmodel, analysis
is performed on the original model and the optimizedmodel.

0 25 50 75 100
(mm)

Equivalent stress
Type: equivalent (von-Mises) stress
Unit: MPa
Time: 1

Max 49,718

44,194

38,67

33,145
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June 06,2012 14:27

Min 1,9289e − 5

Figure 24: Stress result of optimized model.

100 (mm)

Figure 25: Front and side views of suspension arm [16].

Figure 26: Solid model of original suspension arm.
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A

B

C

Figure 27: Design domain of suspension arm.

Section 1

Section 2

Section 3

Figure 28: Optimization result of suspension arm.

Table 3: Comparison of stress results of connecting rod.

Model Max. von-Mises stress (MPa) Red. (%)
Original model 62.98 —
Optimized model 49.72 21

Von-Mises stress distributions of the original and optimized
models are given in Figures 23 and 24, respectively.

The maximum von-Mises stress result, for the original
model in Table 3, is about 63MPa. For the optimized model,
the maximum value is about 50 Mpa. Stress reduction by the
use of ERM is about 21%.

Suspension Arm. In the second case, a suspension arm
(Figure 25 [16]) is optimized by using ERM. The original
arm is modeled before optimization (Figure 26), then the
design domain is modeled (Figure 27) slightly larger than the

(a) Section 1

(b) Section 2

(c) Section 3

Figure 29: Sectional view of optimization result.

Section 3

Section 2

Section 1

Figure 30: Solid model of optimization result of suspension arm.

original model. Points A and B are fixed and load is applied
at point C (𝑋 = −25N, 𝑌 = 277N, and 𝑍 = 49N). FE model
is produced by using tetrahedral solid elements under the
given load cases. ERM is applied on this FE design domain.
Optimization result of the arm is shown in Figures 28 and 29.
Then the optimized domain is remodeled (Figures 30 and 31)
and analyzed.

For the optimization processes, ERM algorithm, which is
given in Section 2, is used. Volume constraint is defined to
obtain the same volume as that of the original model. After
the optimization process, the shape in Figure 28 is obtained.

Three sections are given in Figure 29 to investigate the
interior part of the model. According to the result of opti-
mization, the new model is drawn as shown in Figure 30.
Sectional view of this new model can be seen in Figure 31.
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(a) Section 1 (b) Section 2

(c) Section 3

Figure 31: Sectional view of solid model.

Table 4: Comparison of stress results of suspension arms.

Model Max. von-Mises stress (MPa) Red. (%)
Original model 14.138 —
Optimized model 8.698 38.48

Analysis is performed on the original model and the opti-
mized models for comparison of their performances. Their
von-Mises stress results are given in Figures 32 and 33,
respectively.

In Table 4, von-Mises stress results for the original and
the optimized models are given; about 38% stress reduction
is obtained by the use of the proposed ERM.

Equivalent stress
Type: equivalent (von-Mises) stress
Unit: MPa
Time: 1

Max 14,138

12,567

10,996
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7,8543

6,2835
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3,1419
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0 25 50 75 100
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Figure 32: Stress result of original model of suspension arm.
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Figure 33: Stress result of optimized model of suspension arm.

4. Conclusions

In this study, a new algorithm is developed for topology
optimization of 3D machine parts. Validity of the algorithm
is proved by means of simple beam parts and two parts
from industrial application. The results of the comparisons
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imply that the element removal algorithm can be safely used
for 3D machine parts. Also solution times are compared
with ANSYS, and up to 75% time reduction is obtained by
using the element removal algorithm. When the stress and
deformation results are compared, up to 50% reduction can
be obtained depending on the boundary conditions in the
ERM results.
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