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In recent decades, fractional calculus has found a large
number of profound applications, which have triggered the
development of both the theory and methods for more
reliable discretization and approximations of the dynamics of
continuous systems. Fractional order models and discretized
problems are nonlocal. They provide better descriptions of
and, ultimately, deeper insights into underlying complex phe-
nomena in sciences and technologies. Novel new analytical
approaches have become a key to the study of qualitative
properties of the aforementioned fractional systems and the
existence and uniqueness of their nonlocal solutions.

Continuous models based on systems of ordinary or
partial differential equations have been investigated under
proper criteria of discretization in this special issue. Novel
numerical approximations of solutions of fractional systems
are also investigated. In fact, the search for discrete techniques
which are faster and stable, that possess higher orders of
convergence at lower computational costs, and that preserve
the main features of the solutions of interest has been a
constant pursuit in numerical analysis. To this end, this
special issue pays a special attention to the discretization of
continuous fractional systems that preserve important char-
acteristics including the positivity, boundedness, convexity,
monotonicity, and energy of the underlying systems.

The 8 research papers in this special issue are highly
selective.These high-quality papers represent the latest devel-
opments in the theory of discrete fractional systems and the
discretization of fractional differential equations arising from

sciences and technologies.The final contributed papers focus
on issues like

(i) Lebesgue-𝑝 norm convergence analysis of PD𝛼-type
iterative learning control for fractional order nonlin-
ear systems,

(ii) solution existence for initial-value problems of hybrid
fractional sum-difference equations,

(iii) homotopy series solutions to time-space fractional
coupled systems,

(iv) numerical simulations of one-dimensional fractional
nonsteady heat transfer models based on the second
kind Chebyshev wavelet,

(v) numerical analysis of fractional order epidemic mod-
els of childhood diseases,

(vi) weak solutions for partial random Hadamard frac-
tional integral equations with multiple delays,

(vii) modified function projective synchronization for a
partially linear and fractional order financial chaotic
system with uncertain parameters,

(viii) two new approximations for variable order fractional
derivatives.

Jorge E. Maćıas-Dı́az
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The first-order and second-order PD𝛼-type iterative learning control (ILC) schemes are considered for a class of Caputo-type
fractional-order nonlinear systems. Due to the imperfection of the 𝜆-norm, the Lebesgue-p (𝐿𝑝) norm is adopted to overcome
the disadvantage. First, a generalization of the Gronwall integral inequality with singularity is established. Next, according to the
reached generalized Gronwall integral inequality and the generalized Young inequality, the monotonic convergence of the first-
order PD𝛼-type ILC is investigated, while the convergence of the second-order PD𝛼-type ILC is analyzed. The resultant condition
shows that both the learning gains and the system dynamics affect the convergence. Finally, numerical simulations are exploited to
verify the results.

1. Introduction

Iterative learning control (ILC) is an effective control devel-
oped for target trajectory tracking [1]. The key feature of
the ILC is to improve the quality of control iteratively by
using proportional, integral, and/or derivative tracking errors
obtained from previous operation and finally to generate the
control input that causes the desired output trajectory. Due
to its satisfactory tracking performance by using less a prior
knowledge, ILC has been widely applied to repetitive opera-
tions including robot manipulations and batch processes [2–
4].

Fractional calculus is amathematical topicwithmore than
three-hundred-year-old history, but its application to physics
and engineering has attracted a lot of attention in the latest
decades [5, 6]. They have been verified to be a powerful
technique to model the memory and hereditary properties
of many materials and processes [7–9]. Further, it has been
acknowledged that a fractional-order controller performs
well compared to an integer-order controller for a fractional-
order system. This pushes the development of the fractional-
order controllers [10, 11].

Among different fractional-order controllers, fractional-
order iterative learning control (FOILC) is becoming one of

active research areas. In the 2010s, for an 𝛼th-order linear sys-
tem, the authors investigated the 𝛼th-order derivative-type
(𝐷𝛼-type) ILC in time domain [12].This investigation showed
that the optimal ILC for an 𝛼th-order linear system is the ILC
order being 𝛼. In the following years, many FOILC problems
are presented for various fractional-order systems.Up to now,
the FOILC area has attracted much attention, of which the
convergence analysis is one of key issues. For more details,
readers can refer to the works [13–19] and the references
therein. Despite the nice results of existing investigations,
there still remain some undesirable problems between the
theoretical development and its practical application.

The first one is that many nice results are derived under a
questionable assumption that the desired control input exists
[20–22]. However, from the engineering application perspec-
tive, the desired output trajectory should be predetermined
by the target to be tracked, rather than constructed under the
assumption that the desired control input existed.That is, the
convergence analysis process relies on the information that
seems to be known but is actually unknown to the desired
control input.

The second one is that the existing FOILC investigations
analyzed the convergence by using 𝜆-norm-based analytical
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methods, and the convergence is guaranteed with the suffi-
ciently large 𝜆. As commented in [23, 24], the larger para-
meter 𝜆 may greatly inhibit the actual tracking error and
ignore the influence of the state matrix and proportional
learning gains to the condition. This conveys that the results
of both the ILCs and FOILCs are mathematically good, but
practically, it may result in the normal tracking error exceed-
ing the practical tolerance even though the 𝜆-norm tracking
error is satisfactory.Thus, both the existing ILCs and FOILCs
need to be refined. For this aspect, reference [25] has adopted𝐿𝑝-norm to evaluate the tracking error and has derived the
monotonic convergence of the conventional first-order PD-
type ILC for a class of integer-order linear systems. The
derivation tells that the convergence is not only dominated
by the system input and output matrices and the derivative
learning gain, but also by the system state matrix and the
proportional learning gain.The result reflects the relationship
between the system dynamics and the learning mechanism
to the convergence. To be specific, as 𝐿2-norm measures the
tracking error in the concept of energy, the convergence result
in the sense of 𝐿𝑝-norm may boost the theoretical develop-
ment near to practical execution. However, the result of the
FOILC is a hanging issue. It is necessary to state that the
integer derivative is a local operator, while the fractional
derivative is a nonlocal operator which has many different
properties; thus many theoretical approaches based on the
integer-order control systems cannot have been directly ap-
plied to the fractional ones. Therefore, it is worthwhile to ap-
ply the 𝐿𝑝-norm for convergence analysis of existing FOILCs.

In addition, as discussed in FOILCs [12, 15–17], the
higher-order learning algorithms, which employ preceding
control information ofmore than one iteration, have utility to
lead a better performance in terms of both convergence rate
and robustness, which is taken advantage of. As a matter of
fact, with different choice of learning gains, the higher-order
classical ILC algorithm can be perform slower and faster than
or equivalent to the lower-order ones in terms of convergence
rate [25]. However, such affirmation has not been seen valid
for fractional-order iterative learning control systems.

Motivated by the aforementioned hanging issue regarding
the fractional-order systems and FOILC schemes, this paper
develops the first-order and the second-order proportional-
Caputo-fractional-order-derivative-type (PD𝛼-type) ILCs for
a class of Caputo-type fractional-order nonlinear dynamic
systems and then applies the 𝐿𝑝-norm to investigate their
convergence in an objective manner. The main contributions
of this paper are that we establish a theoretical analysis frame-
work on the monotonic convergence of the first-order PD𝛼-
type ILC for a Caputo-type fractional-order nonlinear system
in the sense of𝐿𝑝-norm. In the theoretical analysis, there is no
need for the questionable assumption that the desired input
exists and a novel Growall integral inequality with singularity
is established for the strict convergence analysis. And then,
the convergence is derived for the case when the second-
order PD𝛼-type is implemented on the systems and the con-
vergent speed comparison of the second-order law with the
first-order one is generalized to FOILCs.

The rest of the paper is organized as follows. In Section 2,
the basic concepts, properties, and lemmas are described. In

Section 3, the monotonic convergence of the first-order PD𝛼-
type ILC scheme and the convergence of the second-order
PD𝛼-type ILC are given. In Section 4, examples are presented
to validate the theoretical results. Finally, some conclusions
are drawn in Section 5.

2. Preliminaries

In this section,we briefly give somebasic definitions andprop-
erties related to fractional calculus [5, 6].

Definition 1. For an arbitrary integrable function 𝑓(𝑡), the
definition of the fractional integrals of order 𝛼 > 0 is defined
as

0𝐷−𝛼𝑡 𝑓 (𝑡) = 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑓 (𝜏) 𝑑𝜏, 𝑡 ∈ [0, ∞) , (1)

where Γ(⋅) is the Gamma function and Γ(𝛼) = ∫∞
0

𝑥𝛼−1𝑒−𝑥𝑑𝑥.
Definition 2. For a given number 𝛼 > 0, the 𝛼-order Caputo-
type derivative of the function 𝑓(𝑡) is defined as

𝐶

0𝐷𝛼𝑡 𝑓 (𝑡) = 1Γ (𝑛 − 𝛼) ∫𝑡
0

𝑓(𝑛) (𝜏)
(𝑡 − 𝜏)𝛼−𝑛+1 𝑑𝜏,

𝑛 − 1 < 𝛼 < 𝑛, 𝑡 ∈ [0, ∞) ,
(2)

where 𝑛 is an integer and 𝑓(𝑛)(𝑡) = (𝑑𝑛/𝑑𝑡𝑛)𝑓(𝑡).
Property 3. If 0 < 𝛼 < 1, then 0𝐷−𝛼𝑡 (𝐶0𝐷𝛼𝑡 𝑓(𝑡)) = 𝑓(𝑡) − 𝑓(0).
Definition 4. TheMittag-Leffler function is defined as

𝐸𝛼,𝛽 (𝑧) = ∞∑
𝑘=0

𝑧𝑘Γ (𝑘𝛼 + 𝛽) , 𝛼 > 0, 𝛽 > 0, 𝑧 ∈ 𝐶𝑛×𝑛, (3)

where 𝐸𝛼(𝑧) = 𝐸𝛼,1(𝑧) and 𝐸1,1(𝑧) = 𝑒𝑧.
Definition 5 (see [26]). For a given scalar function 𝑓 :[0, 𝑇] → 𝑅, its 𝐿𝑝-norm is defined as

𝑓 (⋅)𝑝 = [∫𝑇
0

𝑓 (𝑡)𝑝 𝑑𝑡]1/𝑝 , 1 ≤ 𝑝 ≤ ∞. (4)

For a time-varying vector function 𝑓 : [0, 𝑇] → 𝑅𝑚, 𝑓(𝑡) =[𝑓1(𝑡), . . . , 𝑓𝑚(𝑡)]𝑇, its 𝐿𝑝-norm is defined as

𝑓 (⋅)𝑝 = [∫𝑇
0

(max
1≤𝑖≤𝑚

𝑓𝑖 (𝑡))
𝑝 𝑑𝑡]1/𝑝 , 1 ≤ 𝑝 ≤ ∞. (5)

Lemma 6 (see [27]). If the function 𝑓(𝑡) ∈ 𝐶𝑛[0, 𝑇], then the
initial value problem,

𝐶

0𝐷𝛼𝑡 𝑥 (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑡) , 0 < 𝛼 < 1,
𝑥 (0) = 𝑥0, (6)

is equivalent to the following nonlinear Volterra integral equa-
tion:

𝑥 (𝑡) = 𝑥0 + 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑓 (𝑥 (𝜏) , 𝜏) 𝑑𝜏, (7)

and its solutions are continuous.

For brevity, we set 0𝐷𝛼𝑡 = 𝐶0𝐷𝛼𝑡 in the following section.
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Lemma 7 (generalized Young inequality of convolution
integral [26]). For Lebesgue integrable scalar functions 𝑔, ℎ :[0, 𝑇] ∈ 𝑅, the generalized Young inequality of their convolu-
tion integral is

𝑔 ∗ ℎ (⋅)𝑟 ≤ 𝑔 (⋅)𝑞 ‖ℎ (⋅)‖𝑝 , (8)

where 1 ≤ 𝑝, 𝑞, 𝑟 ≤ ∞ satisfy 1/𝑟 = 1/𝑝+1/𝑞−1. Particularly,
when 𝑟 = 𝑝 and thus 𝑞 = 1, then the inequality of convolution
integral is

𝑔 ∗ ℎ (⋅)𝑝 ≤ 𝑔 (⋅)1 ‖ℎ (⋅)‖𝑝 . (9)

Lemma 8 (see [2]). Let {𝑎𝑛} be a positive real sequence defined
as

𝑎𝑛 ≤ 𝜌1𝑎𝑛−1 + 𝜌2𝑎𝑛−2. (10)

If 𝜌1, 𝜌2 are nonnegative numbers satisfying

𝜌 = 𝜌1 + 𝜌2 < 1, (11)

then the following holds:

lim
𝑛→∞

𝑎𝑛 = 0. (12)

Let us establish an extended Gronwall integral inequality
with singularity, which is important to the convergence anal-
ysis in the next section. The proof is based on an iteration
argument.

Lemma 9. Suppose 𝑎, 𝑏 ≥ 0 (constant) and 𝛼 > 0, 𝑐(𝑡), 𝑥(𝑡)
and𝑦(𝑡) are nonnegative and locally integrable on [0, 𝑇0) (𝑇0 ≤+∞). If

𝑥 (𝑡) ≤ 𝑐 (𝑡) + ∫𝑡
0

(𝑡 − 𝑠)𝛼−1 [𝑎𝑦 (𝑠) + 𝑏𝑥 (𝑠)] 𝑑𝑠,
𝑡 ∈ [0, 𝑇0) .

(13)

Then

𝑥 (𝑡) ≤ 𝑐 (𝑡) + ∫𝑡
0

[Γ (𝛼) ⋅ Φ𝛼,𝛼 (𝑏Γ (𝛼) (𝑡 − 𝑠))
⋅ (𝑏𝑐 (𝑠) + 𝑎𝑦 (𝑠))] 𝑑𝑠,

(14)

where Φ𝛼,𝛼(𝑏Γ(𝛼)(𝑡 − 𝑠)) = (𝑡 − 𝑠)𝛼−1𝐸𝛼,𝛼(𝑏Γ(𝛼)(𝑡 − 𝑠)𝛼).
Proof. See Appendix.

3. PD𝛼-Type ILCs and Convergence Analysis
for Fractional-Order Nonlinear Systems

Consider the following nonlinear 𝛼-order (0 < 𝛼 < 1) sys-
tems:

𝐶

0𝐷𝛼𝑡 𝑥𝑘 (𝑡) = 𝑓 (𝑥𝑘 (𝑡) , 𝑡) + 𝐵𝑢𝑘 (𝑡) ,
𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) , 𝑡 ∈ [0, 𝑇]
𝑥𝑘 (0) = 0,

(15)

where 𝑘 refers to the operation number and [0, 𝑇] is an opera-
tion time interval while 𝛼 ∈ (0, 1). 𝑥𝑘(𝑡) ∈ 𝑅𝑛, 𝑢𝑘(𝑡) ∈ 𝑅 and𝑦𝑘(𝑡) ∈ 𝑅 denote n-dimensional state vector, scalar control
input, and output, respectively. 𝐵 and 𝐶 are matrices with
appropriate dimensions. The function 𝑓(𝑥𝑘(𝑡), 𝑡) satisfies the
global Lipschitz condition:𝐶 (𝑓 (𝑥𝑘+1 (𝑡) , 𝑡) − 𝑓 (𝑥𝑘 (𝑡) , 𝑡))

≤ 𝐿0 𝐶 (𝑥𝑘+1 (𝑡) − 𝑥𝑘 (𝑡)) = 𝐿0 𝑦𝑘+1 (𝑡) − 𝑦𝑘 (𝑡) , (16)

where 𝐿0 is positive Lipschitz constant.
In this section, the sufficient conditions are derived for

convergence of the first-order and second-order PD𝛼-type
ILC algorithms for fractional-order nonlinear systems. Now,
we give our main results.

4. Monotonic Convergence Analysis for
First-Order PD𝛼-Type ILC

To control the systems stated in (15), the first-order PD𝛼-type
ILC is given as follows:

(𝐼1)
𝑢1 (𝑡) is given arbitrarily,

𝑢𝑘+1 (𝑡) = 𝑢𝑘 (𝑡) + 𝐿𝑝
1

𝑒𝑘 (𝑡) + 𝐿𝑑
1 0

𝐷𝛼𝑡 𝑒𝑘 (𝑡),
𝑡 ∈ [0, 𝑇] , 𝑘 = 2, 3, 4, . . . .

(17)

Here, 𝐿𝑝
1

and 𝐿𝑑
1

are the first-order proportional and frac-
tional-order derivative learning gains, respectively. The ex-
pression 𝑒𝑘(𝑡) = 𝑦𝑑(𝑡) − 𝑦𝑘(𝑡) denotes the tracking error be-
tween the desired trajectory𝑦𝑑(𝑡) and the system output𝑦𝑘(𝑡)
of the system (15) driven by 𝑢𝑘(𝑡) at the 𝑘th iteration.

Theorem 10. For the first-order PD𝛼-type iterative learning
control rue (𝐼1) is applied to system (15), if the system matrices𝐵, 𝐶, the order 𝛼 and the Lipchitz constant 𝐿0 together with
learning gains 𝐿𝑝

1

, 𝐿𝑑
1

satisfy the following condition:

𝜌1 = 1 − 𝐶𝐵𝐿𝑑
1

 + (𝐶𝐵𝐿𝑝
1

 + 𝐿0 + 𝐿0 1 − 𝐶𝐵𝐿𝑑
1

)
⋅ Φ𝛼,𝛼 (𝐿0 ⋅ (⋅))1 < 1. (18)

Here, | ⋅ | stands for the absolute value and ‖ ⋅ ‖1 stands for the𝐿1-norm of the function defined on the operation time interval[0, 𝑇].
Then, the output error is strictly monotonic convergence in𝐿𝑝-norm; that is,
(1) ‖𝑒𝑘+1(⋅)‖𝑝 < ‖𝑒𝑘(⋅)‖𝑝;
(2) lim𝑘→∞‖𝑒𝑘+1(⋅)‖𝑝 = 0.

Proof. For the dynamic system (15) and the PD𝛼-type ILC
scheme (𝐼1), from Lemma 6, we have

𝑥𝑘+1 (𝑡) = 𝑥𝑘+1 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) + 𝐵𝑢𝑘+1 (𝜏)) 𝑑𝜏,
(19)
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and, then, we get

𝑒𝑘+1 (𝑡) = 𝑦𝑑 (𝑡) − 𝑦𝑘+1 (𝑡) = 𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡) − [𝑦𝑘+1 (𝑡)
− 𝑦𝑘 (𝑡)] = 𝑒𝑘 (𝑡) − 𝐶 [𝑥𝑘+1 (𝑡) − 𝑥𝑘 (𝑡)] = 𝑒𝑘 (𝑡)
− 𝐶 [𝑥𝑘+1 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) + 𝐵𝑢𝑘+1 (𝜏)) 𝑑𝜏]
+ 𝐶 [𝑥𝑘 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘 (𝜏) , 𝜏) + 𝐵𝑢𝑘 (𝜏)) 𝑑𝜏]
= 𝑒𝑘 (𝑡) − 𝐶 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 − 𝐶𝐵
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 (𝑢𝑘+1 (𝜏) − 𝑢𝑘 (𝜏)) 𝑑𝜏 = 𝑒𝑘 (𝑡)

− 𝐶 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1
⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 − 𝐶𝐵𝐿𝑝

1

⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏 − 𝐶𝐵𝐿𝑑
1

⋅ 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 0𝐷𝛼𝜏𝑒𝑘 (𝜏) 𝑑𝜏.

(20)

Applying Property 3 to the last term on the right side of (20),
we have

𝑒𝑘+1 (𝑡) = (1 − 𝐶𝐵𝐿𝑑
1

) 𝑒𝑘 (𝑡) − 𝐶 ⋅ 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏
− 𝐶𝐵𝐿𝑝

1

⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏.
(21)

Taking absolution on both sides of (21) yields

𝑒𝑘+1 (𝑡) ≤ 1 − 𝐶𝐵𝐿𝑑
1

 𝑒𝑘 (𝑡) + 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1
⋅ 𝐶 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏
+ 𝐶𝐵𝐿𝑝

1

 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏.
(22)

Applying Lipschitz condition to the second term on the right
side of (22), we get

1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1
⋅ 𝐶 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 ≤ 𝐿0
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑦𝑘+1 (𝜏) − 𝑦𝑑 (𝜏) 𝑑𝜏 + 𝐿0

⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑦𝑑 (𝜏) − 𝑦𝑘 (𝜏) 𝑑𝜏 = 𝐿0
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑒𝑘+1 (𝜏) 𝑑𝜏 + 𝐿0 ⋅ 1Γ (𝛼)

⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏.

(23)

Taking (23) into (22) obtains

𝑒𝑘+1 (𝑡) ≤ 1 − 𝐶𝐵𝐿𝑑
1

 𝑒𝑘 (𝑡) + 𝐿0
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑒𝑘+1 (𝜏) 𝑑𝜏

+ (𝐶𝐵𝐿𝑝
1

 + 𝐿0)
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏.

(24)

Using Lemma 9 to inequality (24), we have

𝑒𝑘+1 (𝑡) ≤ 1 − 𝐶𝐵𝐿𝑑
1

 𝑒𝑘 (𝑡)
+ ∫𝑡
0

[(𝐶𝐵𝐿𝑝
1

 + 𝐿0 + 𝐿0 1 − 𝐶𝐵𝐿𝑑
1

)
⋅ Φ𝛼,𝛼 (𝐿0 (𝑡 − 𝜏))] 𝑒𝑘 (𝜏) 𝑑𝜏.

(25)

Taking the 𝐿𝑝-norm on both sides of (25) and adopting the
generalized Young inequality of convolution integral, we get

𝑒𝑘+1 (⋅)𝑝 ≤ 𝜌1 𝑒𝑘 (⋅)𝑝 . (26)

This completes the proof of Theorem 10.

Remark 11. We can see, from the above derivation, that the
convergence condition is quantified directly from the 𝐿𝑝-
norm, not by using the sufficiently large 𝜆, and analyzed in
terms of the tracking error rather than the control input error.
Besides, the monotonic property of convergence can ensure
the first-order PD𝛼-type ILC rule to be practically imple-
mentable. Further, from condition (18), we can observe that
the convergence is affected not only by the derivative learning
gain and the system dynamics, but also by the proportional
learning gain.That is, the result reflects the features of system
dynamics and the mechanism of the algorithm to the con-
vergence. Actually, the impact of the state dynamics and pro-
portional learning gain, which are neglected in the existing
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FOILC investigations, exists but is significantly suppressed by
the sufficiently large parameter 𝜆. It should be noted that, as
mentioned in [23], a large value of 𝜆may have a huge tracking
error, which is not allowable in practice.

Remark 12. Note that the convergence analysis for fractional-
order linear time-invariant system has been investigated in
my early work [28], in which the derivation is made bymeans
of the state transition matrix in an equality form, and the
convergence condition is

𝜌 = 1 − 𝐶𝐵𝐿𝑑
1

 + 𝐶Φ̃𝛼,𝛼 (⋅) (𝐵𝐿𝑝
1

+ 𝐴𝐵𝐿𝑑
1

)1 , (27)

where 𝐴 is the system matrix and Φ̃𝛼,𝛼(𝑡) = 𝑡𝛼−1𝐸𝛼,𝛼(𝐴𝑡𝛼) is
the state transition matrix. However, in this paper, the inves-
tigated fractional-order system is nonlinear with its nonlin-
earity unknown; the proof of convergence is derived bymeans
of inequality Lemma 9. Thus, the convergence condition 𝜌1
cannot degenerate to the condition 𝜌 when the fractional-
order nonlinear system is reduced to the corresponding linear
case.

4.1. Convergence Analysis for Second-Order PD𝛼-Type ILC. In
this section, we go on considering the second-order PD𝛼-type
ILC algorithm,which is constructed by employing the control
inputs and their output errors of the latest previously adjacent
operations in a weighting average form as follows:

(𝐼2)
𝑢1 (𝑡) is given arbitrarily,
𝑢2 (𝑡) = 𝑢1 (𝑡) + 𝐿𝑝

1

𝑒1 (𝑡) + 𝐿𝑑
1 0

𝐷𝛼𝑡 𝑒1 (𝑡),
𝑢𝑘+1 (𝑡) = 𝑟1 [𝑢𝑘 (𝑡) + 𝐿𝑝

1

𝑒𝑘 (𝑡) + 𝐿𝑑
1 0

𝐷𝛼𝑡 𝑒𝑘 (𝑡)]
+ 𝑟2 [𝑢𝑘−1 (𝑡) + 𝐿𝑝

2

𝑒𝑘−1 (𝑡) + 𝐿𝑑
2 0

𝐷𝛼𝑡 𝑒𝑘−1 (𝑡)] ,
𝑘 = 2, 3, 4, . . . .

(28)

Here, 𝐿𝑝
2

and 𝐿𝑑
2

denote the second-order proportional and
fractional-order derivative learning gains, respectively. The
weighting coefficients 𝑟1 and 𝑟2 satisfy 0 ≤ 𝑟1 < 1, 0 ≤ 𝑟2 ≤ 1,
and 𝑟1 + 𝑟2 = 1.
Theorem 13. For the second-order PD𝛼-type iterative learning
control rule (𝐼2) is applied to system (15), if the system matrices𝐵, 𝐶, the order 𝛼 , and the Lipchitz constant 𝐿0 together with
the learning gains 𝐿𝑝

1

, 𝐿𝑝
2

, 𝐿𝑑
1

, 𝐿𝑑
2

satisfy the following condi-
tions:

(1) 𝜌1 = |1 − 𝐶𝐵𝐿𝑑
1

| + (|𝐶𝐵𝐿𝑝
1

| + 𝐿0 + 𝐿0|1 −𝐶𝐵𝐿𝑑
1

|)‖Φ𝛼,𝛼(𝐿0 ⋅ (⋅))‖1 < 1.
(2) 𝜌2 = |1 − 𝐶𝐵𝐿𝑑

2

| + (|𝐶𝐵𝐿𝑝
2

| + 𝐿0 + 𝐿0|1 −𝐶𝐵𝐿𝑑
2

|)‖Φ𝛼,𝛼(𝐿0 ⋅ (⋅))‖1 < 1.
Then, the learning scheme (𝐼2) is convergent, that is,
lim𝑘→∞‖𝑒𝑘+1(⋅)‖𝑝 = 0.

Proof. From the dynamic system (15) and the PD𝛼-type ILC
scheme (𝐼2), we have

𝑒𝑘+1 (𝑡) = 𝑦𝑑 (𝑡) − 𝑦𝑘+1 (𝑡) = 𝑟1 [𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡)]
+ 𝑟2 [𝑦𝑑 (𝑡) − 𝑦𝑘−1 (𝑡)] − [𝑦𝑘+1 (𝑡) − 𝑟1𝑦𝑘 (𝑡)
− 𝑟2𝑦𝑘−1 (𝑡)] = 𝑟1𝑒𝑘 (𝑡) + 𝑟2𝑒𝑘−1 (𝑡) − 𝐶 [𝑥𝑘+1 (𝑡)
− 𝑟1𝑥𝑘 (𝑡) − 𝑟2𝑥𝑘−1 (𝑡)] = 𝑟1𝑒𝑘 (𝑡) + 𝑟2𝑒𝑘−1 (𝑡)
− 𝐶 [𝑥𝑘+1 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) + 𝐵𝑢𝑘+1 (𝜏)) 𝑑𝜏]
+ 𝑟1𝐶 [𝑥𝑘 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘 (𝜏) , 𝜏) + 𝐵𝑢𝑘 (𝜏)) 𝑑𝜏]
+ 𝑟2𝐶 [𝑥𝑘−1 (0) + 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 (𝑓 (𝑥𝑘−1 (𝜏) , 𝜏) + 𝐵𝑢𝑘−1 (𝜏)) 𝑑𝜏]
= 𝑟1𝑒𝑘 (𝑡) + 𝑟2𝑒𝑘−1 (𝑡) − 𝑟1𝐶 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 − 𝑟2𝐶
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘−1 (𝜏) , 𝜏)) 𝑑𝜏 − 𝐶𝐵
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑢𝑘+1 (𝜏) − 𝑟1𝑢𝑘 (𝜏) − 𝑟2𝑢𝑘−1 (𝜏)) 𝑑𝜏 = 𝑟1𝑒𝑘 (𝑡)
+ 𝑟2𝑒𝑘−1 (𝑡) − 𝑟1𝐶 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 − 𝑟2𝐶
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘−1 (𝜏) , 𝜏)) 𝑑𝜏 − 𝐶𝐵
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ (𝑟1𝐿𝑝
1

𝑒𝑘 (𝜏) + 𝑟2𝐿𝑝
2

𝑒𝑘−1 (𝜏)) 𝑑𝜏 − 𝐶𝐵 ⋅ 1Γ (𝛼)
⋅ ∫𝑡
0

(𝑡 − 𝜏)𝛼−1
⋅ (𝑟1𝐿𝑑

1 0
𝐷𝛼𝜏𝑒𝑘 (𝜏) +𝑟2𝐿𝑑

2 0
𝐷𝛼𝜏𝑒𝑘−1 (𝜏)) 𝑑𝜏.

(29)
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Applying Property 3 to the last term on the right side of (29)
yields

𝐶𝐵 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1
⋅ (𝑟1𝐿𝑑

1 0
𝐷𝛼𝜏𝑒𝑘 (𝜏) +𝑟2𝐿𝑑

2 0
𝐷𝛼𝜏𝑒𝑘−1 (𝜏)) 𝑑𝜏

= 𝑟1𝐶𝐵𝐿𝑑
1

𝑒𝑘 (𝑡) + 𝑟2𝐶𝐵𝐿𝑑
2

𝑒𝑘−1 (𝑡) .
(30)

Submitting (30) into (29) and taking absolute values on both
sides of (29) obtain

𝑒𝑘+1 (𝑡) ≤ 𝑟1 1 − 𝐶𝐵𝐿𝑑
1

 𝑒𝑘 (𝑡) + 𝑟2 1 − 𝐶𝐵𝐿𝑑
2


⋅ 𝑒𝑘−1 (𝑡) + 𝑟1 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ 𝐶 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘 (𝜏) , 𝜏)) 𝑑𝜏 + 𝑟2
⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1

⋅ 𝐶 (𝑓 (𝑥𝑘+1 (𝜏) , 𝜏) − 𝑓 (𝑥𝑘−1 (𝜏) , 𝜏)) 𝑑𝜏
+ 𝑟1 𝐶𝐵𝐿𝑝

1

 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏
+ 𝑟2 𝐶𝐵𝐿𝑝

2

 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘−1 (𝜏) 𝑑𝜏
≤ 𝑟1 1 − 𝐶𝐵𝐿𝑑

1

 𝑒𝑘 (𝑡) + 𝑟2 1 − 𝐶𝐵𝐿𝑑
2

 𝑒𝑘−1 (𝑡)
+ 𝑟1𝐿0 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑦𝑘+1 (𝜏) − 𝑦𝑑 (𝜏) 𝑑𝜏

+ 𝑟1𝐿0 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑦𝑑 (𝜏) − 𝑦𝑘 (𝜏) 𝑑𝜏
+ 𝑟2𝐿0 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑦𝑘+1 (𝜏) − 𝑦𝑑 (𝜏) 𝑑𝜏

+ 𝑟2𝐿0 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑦𝑑 (𝜏) − 𝑦𝑘−1 (𝜏) 𝑑𝜏
+ 𝑟1 𝐶𝐵𝐿𝑝

1

 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏
+ 𝑟2 𝐶𝐵𝐿𝑝

2

 ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘−1 (𝜏) 𝑑𝜏
= 𝑟1 1 − 𝐶𝐵𝐿𝑑

1

 𝑒𝑘 (𝑡) + 𝑟2 1 − 𝐶𝐵𝐿𝑑
2

 𝑒𝑘−1 (𝑡)
+ 𝐿0 ⋅ 1Γ (𝛼) ∫𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑒𝑘+1 (𝜏) 𝑑𝜏 + 𝑟1 (𝐿0

+ 𝐶𝐵𝐿𝑝
1

) ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘 (𝜏) 𝑑𝜏 + 𝑟2 (𝐿0
+ 𝐶𝐵𝐿𝑝

2

) ⋅ 1Γ (𝛼) ∫𝑡
0

(𝑡 − 𝜏)𝛼−1 𝑒𝑘−1 (𝜏) 𝑑𝜏.

(31)

Using Lemma 9 to equality (31) derives that

𝑒𝑘+1 (𝑡) ≤ 𝑟1 1 − 𝐶𝐵𝐿𝑑
1

 𝑒𝑘 (𝑡) + 𝑟2 1 − 𝐶𝐵𝐿𝑑
2


⋅ 𝑒𝑘−1 (𝑡)
+ 𝑟1 ∫𝑡
0

[(𝐶𝐵𝐿𝑝
1

 + 𝐿0 + 𝐿0 1 − 𝐶𝐵𝐿𝑑
1

)
⋅ Φ𝛼,𝛼 (𝐿0 (𝑡 − 𝜏))] 𝑒𝑘 (𝜏) 𝑑𝜏
+ 𝑟2 ∫𝑡
0

[(𝐶𝐵𝐿𝑝
2

 + 𝐿0 + 𝐿0 1 − 𝐶𝐵𝐿𝑑
2

)
⋅ Φ𝛼,𝛼 (𝐿0 (𝑡 − 𝜏))] 𝑒𝑘−1 (𝜏) 𝑑𝜏.

(32)

Adopting the 𝐿𝑝-norm on both sides of (32) implies that

𝑒𝑘+1 (⋅)𝑝 ≤ 𝑟1𝜌1 𝑒𝑘 (⋅)𝑝 + 𝑟2𝜌2 𝑒𝑘−1 (⋅)𝑝 , (33)

and, then, according to Lemma 8 and assumptions (1) and(2), it is therefore finally evident that lim𝑘→∞‖𝑒𝑘+1(⋅)‖𝑝 = 0.
Remark 14. It can be observed that when 𝑟2 = 0, the second-
order PD𝛼-type ILCupdating law (𝐼2) degenerates to the first-
order PD𝛼-type ILC updating law (𝐼1). Then the convergence
becomes

𝜌1 = 1 − 𝐶𝐵𝐿𝑑
1

 + (𝐶𝐵𝐿𝑝
1

 + 𝐿0 + 𝐿0 1 − 𝐶𝐵𝐿𝑑
1

)
⋅ Φ𝛼,𝛼 (𝐿0 ⋅ (⋅))1 < 1. (34)

Corollary 15. Assume that lim𝑘→∞‖𝑒𝑘+1(⋅)‖𝑝/‖𝑒𝑘(⋅)‖𝑝 exists.
Analogous to the discussion regarding the convergent speed in
[25], we can make assertions as follows:

(1) If 𝜌2 < 𝜌21 < 1, then the second-order algorithm (𝐼2) is𝑄𝑝-faster than the first-order (𝐼1).
(2) If 𝜌21 = 𝜌2 < 1, then the scheme (𝐼2) is 𝑄𝑝-equivalent

to the scheme (𝐼1).
(3) If 𝜌21 < 𝜌2 < 1, then the second-order strategy (𝐼2) is𝑄𝑝-slower than the first-order (𝐼1).

Remark 16. From the view point of speed, comparing (1)
and (3) of Corollary 15, we can conclude that if we choose
a suitable learning gains, the second-order updating law (𝐼2)
may not be a preferred candidate for the systems. However, if
we pursue more freedom in choosing the learning gains and
better robustness to noise, the second-order updating law (𝐼2)
is a useful alternative.
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Figure 1: System outputs of (𝐼1).

5. Simulation Illustrations

In this simulation, we consider the following fractional-order
nonlinear system:

[ 0𝐷0.5𝑡 𝑥1 (𝑡)
0𝐷0.5𝑡 𝑥2 (𝑡)] = [ 0.2𝑥1 (𝑡)

0.1 sin 𝑥1 (𝑡) + 0.2𝑥2 (𝑡)]

+ [ 0
0.5] 𝑢 (𝑡) ,

𝑦 (𝑡) = [0 1] [𝑥1 (𝑡)
𝑥2 (𝑡)] ,

[𝑥1 (0)
𝑥2 (0)] = [0

0] .

(35)

The operation time period is [0, 1], the desired trajectory
is 𝑦𝑑(𝑡) = 12𝑡2(1 − 𝑡), and the initial control is 𝑢1(𝑡) = 0.

For the first-order PD0.5-type ILC scheme (𝐼1), the first-
order proportional and fractional-order derivative learning
gains are chosen as 𝐿𝑝

1

= 0.2 and 𝐿𝑑
1

= 1.5, respectively. It
can be seen 𝐿0 = 0.2 and ‖Φ𝛼,𝛼(𝐿0 ⋅ (⋅))‖1 = 1.3630; then
it is easy to verify that 𝜌1 = 0.7271 < 1, which means that
the monotonic convergence condition (18) is satisfied. The
outputs by the scheme (𝐼1) at the 2nd, 3rd, and 4th operations
are shown in Figure 1, respectively. The monotonic tracking
error in the sense of 𝐿2-norm is shown in Figure 2.

For the second-order PD0.5-type ILC (𝐼2), we consider
two cases as follows.

Case 1. In schemes (𝐼1) and (𝐼2), the first-order learning gains
are set as 𝐿𝑝

1

= 0.2 and 𝐿𝑑
1

= 1.5, respectively. In scheme(𝐼2), the weighting coefficients are assigned as 𝑟1 = 0.5 and𝑟2 = 0.5, and the second-order learning gains are selected as𝐿𝑝
2

= 0.1 and 𝐿𝑑
2

= 1.2, respectively. It is computed that
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Figure 2: Tracking errors in the sense of 𝐿2-norm.
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Figure 3: System outputs of (𝐼2).

𝜌1 = 0.7271 < 1 and 𝜌2 = 0.8498 < 1, which is included
in the case that 𝜌21 < 𝜌2. It shows that the output error of(𝐼1) convergence is faster than that of (𝐼2).The corresponding
outputs by scheme (𝐼2) at the 3rd, 5th, and 7th operations
are displayed in Figure 3. It shows that the output follows
the desired trajectory well as the iteration increases. The
comparison of the tracking error in the sense of 𝐿2-norm
made by the updating laws (𝐼1) and (𝐼2) is shown in Figure 4.
It shows that the tracking errors of both the first-order and
second-order laws are convergent and the first-order law (𝐼1)
is convergence faster than second-order law (𝐼2).
Case 2. In schemes (𝐼1) and (𝐼2), the first-order learning gains
are chosen as 𝐿𝑝

1

= 0.1 and 𝐿𝑑
1

= 1, respectively. In (𝐼2), the
weighting coefficients are assigned as 𝑟1 = 0.3 and 𝑟2 = 0.7,
and the second-order learning gains are set as 𝐿𝑝

2

= 0.1 and𝐿𝑑
2

= 1.7, respectively. It is computed that 𝜌1 = 0.9771 < 1
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Figure 5: System outputs of (𝐼2).

and 𝜌2 = 0.5316 < 1, which belongs to the case that 𝜌2 < 𝜌21 .
The outputs by scheme (𝐼2) at the 2nd, 4th, and 6th iterations
are exhibited in Figure 5. Figure 6 shows that the tracking
error of the updating law (𝐼1) convergence is slower than that
of (𝐼2) in the sense of 𝐿2-norm.

6. Conclusion

In this paper, for a class of fractional-order nonlinear systems,
the first-order and second-order PD𝛼-type ILC strategies are
developed and the sufficiency for convergence is analyzed by
means of evaluating the tracking error in the sense of 𝐿𝑝-
norm. For analysis, it is found that the sufficient conditions of
convergence not only depend on all of system dynamics, but
also rely on all of learning gains. Moreover, the convergence
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Figure 6: Comparison of tracking errors.

speed comparison of the second-order law with the first-
order one has been affirmed. We have clarified that, for a
fractional-order nonlinear system, the results of the second-
order law, that is, its convergence being faster than, equivalent
to, or slower than first-order scheme, are validated. All
theoretical results were conducted by simulations.

Appendix

Proof of Lemma 9

For the locally integrable function 𝑟(𝑡), denote 𝐵𝑟(𝑡) = ∫𝑡
0
(𝑡 −

𝑠)𝛼−1𝑟(𝑠)𝑑𝑠. Then we have

𝑥 (𝑡) ≤ 𝑐 (𝑡) + 𝑎𝐵𝑦 (𝑡) + 𝑏𝐵𝑥 (𝑡) , (A.1)

and it can be written as

𝑥 (𝑡) ≤ 𝑛−1∑
𝑘=0

𝑏𝑘𝐵𝑘𝑐 (𝑡) + 𝑛−1∑
𝑘=0

𝑎𝑏𝑘𝐵𝑘+1𝑦 (𝑡) + 𝑏𝑛𝐵𝑛𝑥 (𝑡) . (A.2)

Now, let us prove that

𝐵𝑛𝑥 (𝑡) ≤ ∫𝑡
0

Γ (𝛼)𝑛Γ (𝑛𝛼) (𝑡 − 𝑠)𝑛𝛼−1 𝑥 (𝑠) 𝑑𝑠 (A.3)

and 𝐵𝑛𝑥(𝑡) → 0 as 𝑛 → +∞ for each 𝑡 in [0, 𝑇0).
Step 1. For 𝑛 = 1, inequality (A.3) is true.
Step 2. Assume that when 𝑛 = 𝑘, inequality (A.3) is true.
Step 3. If 𝑛 = 𝑘+1, then, from induction hypothesis, we derive
that

𝐵𝑘+1𝑥 (𝑡) = 𝐵 (𝐵𝑘𝑥 (𝑡)) ≤ ∫𝑡
0

(𝑡 − 𝑠)𝛼−1

⋅ [∫𝑠
0

(Γ (𝛼))𝑘Γ (𝑘𝛼) (𝑠 − 𝜏)𝑘𝛼−1 𝑥 (𝜏) 𝑑𝜏] 𝑑𝑠.
(A.4)
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By interchanging the order of integration, we get

𝐵𝑘+1𝑥 (𝑡)
≤ ∫𝑡
0

[∫𝑡
𝜏

(Γ (𝛼))𝑘Γ (𝑘𝛼) (𝑡 − 𝑠)𝛼−1 (𝑠 − 𝜏)𝑘𝛼−1 𝑑𝑠] 𝑥 (𝜏) 𝑑𝜏

= (Γ (𝛼))𝑘+1Γ ((𝑘 + 1) 𝛼) (𝑡 − 𝑠)(𝑘+1)𝛼−1 𝑥 (𝑠) 𝑑𝑠,
(A.5)

where the integral

∫𝑡
𝜏

(𝑡 − 𝑠)𝛼−1 (𝑠 − 𝜏)𝑘𝛼−1 𝑑𝑠
= (𝑡 − 𝜏)(𝑘+1)𝛼−1 ∫1

0
(1 − 𝑧)𝛼−1 𝑧𝑘𝛼−1𝑑𝑧

= (𝑡 − 𝜏)(𝑘+1)𝛼−1 𝐵 (𝑘𝛼, 𝛼)
= Γ (𝛼) Γ (𝑘𝛼)Γ ((𝑘 + 1) 𝛼) (𝑡 − 𝜏)(𝑘+1)𝛼−1

(A.6)

with 𝑠 = 𝜏 + 𝑧(𝑡 − 𝜏).
Inequality (A.3) is proved.
Since 𝐵𝑛𝑥(𝑡) ≤ ∫𝑡

0
((Γ(𝛼))𝑛/Γ(𝑛𝛼))(𝑡 − 𝑠)𝑛𝛼−1𝑥(𝑠)𝑑𝑠 → 0 as𝑛 → +∞ for each 𝑡 in [0, 𝑇0), we have

𝑥 (𝑡) ≤ 𝑐 (𝑡) + ∫𝑡
0

[∞∑
𝑛=1

(𝑏Γ (𝛼))𝑛Γ (𝑛𝛼) (𝑡 − 𝑠)𝑛𝛼−1 𝑐 (𝑠)] 𝑑𝑠

+ ∫𝑡
0

[∞∑
𝑛=0

𝑎Γ (𝛼)

⋅ (𝑏Γ (𝛼))𝑛Γ (𝑛𝛼 + 𝛼) (𝑡 − 𝑠)(𝑛+1)𝛼−1 𝑦 (𝑠)] 𝑑𝑠.

(A.7)

Note that, the second term on the right side of (A.7) implies

∫𝑡
0

[∞∑
𝑛=1

(𝑏Γ (𝛼))𝑛Γ (𝑛𝛼) (𝑡 − 𝑠)𝑛𝛼−1 𝑐 (𝑠)] 𝑑𝑠

= ∫𝑡
0

[∞∑
𝑛=1

(𝑏Γ (𝛼))𝑛−1 ⋅ 𝑏Γ (𝛼)Γ ((𝑛 − 1) 𝛼 + 𝛼) (𝑡 − 𝑠)(𝑛−1)𝛼+𝛼−1

⋅ 𝑐 (𝑠)] 𝑑𝑠 = ∫𝑡
0

[∞∑
𝑛=0

(𝑏Γ (𝛼))𝑛 ⋅ 𝑏Γ (𝛼)Γ (𝑛𝛼 + 𝛼) (𝑡 − 𝑠)𝑛𝛼

⋅ (𝑡 − 𝑠)𝛼−1 𝑐 (𝑠)] 𝑑𝑠 = ∫𝑡
0

[𝑏Γ (𝛼) ⋅ 𝐸𝛼,𝛼 (𝑏Γ (𝛼)
⋅ (𝑡 − 𝑠)𝛼) ⋅ (𝑡 − 𝑠)𝛼−1 𝑐 (𝑠)] 𝑑𝑠.

(A.8)

Since the last term on the right side of (A.7) is

∫𝑡
0

[∞∑
𝑛=0

𝑎Γ (𝛼) ⋅ (𝑏Γ (𝛼))𝑛Γ (𝑛𝛼 + 𝛼) (𝑡 − 𝑠)(𝑛+1)𝛼−1 𝑦 (𝑠)] 𝑑𝑠

= ∫𝑡
0

[𝑎Γ (𝛼) ⋅ 𝐸𝛼,𝛼 (𝑏Γ (𝛼) (𝑡 − 𝑠)𝛼) ⋅ (𝑡 − 𝑠)𝛼−1
⋅ 𝑦 (𝑠)] 𝑑𝑠,

(A.9)

submitting (A.8) and (A.9) into (A.7) obtains

𝑥 (𝑡) ≤ 𝑐 (𝑡) + ∫𝑡
0

[Γ (𝛼) ⋅ Φ𝛼,𝛼 (𝑏Γ (𝛼) (𝑡 − 𝑠))
⋅ (𝑏𝑐 (𝑠) + 𝑎𝑦 (𝑠))] 𝑑𝑠,

(A.10)

where Φ𝛼,𝛼(𝑏Γ(𝛼)(𝑡 − 𝑠)) = (𝑡 − 𝑠)𝛼−1𝐸𝛼,𝛼(𝑏Γ(𝛼)(𝑡 − 𝑠)𝛼).
The proof is complete.
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We consider a hybrid fractional sum-difference initial value problem and a hybrid fractional sequential sum-difference initial value
problem. The existence results of these two problems are proved by using the hybrid fixed point theorem for three operators in a
Banach algebra and the generalized Krasnoselskii’s fixed point theorem, respectively.

1. Introduction

As recognized that fractional difference calculus is a pow-
erful tool used to describe many real world phenomena
problems such as physics, chemistry, mechanics, control
systems, flow in porous media, and electrical networks
[1, 2], this is an impact on a researcher’s motivation to
develop the research works in this area. Basic definitions and
properties of fractional difference calculus were proposed
by Goodrich and Peterson [3]. The developments of the
theory related to discrete fractional boundary value problems
were studied by many authors (see [4–48]). In particular
Sitthiwirattham [41, 42] studied three-point Caputo frac-
tional difference-fractional sum boundary value problem
for sequential Caputo fractional difference equation of the
form

Δ𝛼𝐶 [𝜙𝑝 (Δ𝛽𝐶𝑥)] (𝑡)
= 𝑓 (𝑡 + 𝛼 + 𝛽 − 1, 𝑥 (𝑡 + 𝛼 + 𝛽 − 1)) ,

Δ𝛽𝐶𝑥 (𝛼 − 1) = 0,
𝑥 (𝛼 + 𝛽 + 𝑇) = 𝜌Δ−𝛾𝑥 (𝜂 + 𝛾) ,

(1)

and three-point fractional sum boundary value problem for
sequential Riemann-Liouville fractional difference equation
of the form

Δ𝛼𝛼 (Δ𝛽𝛼+𝛽−1 + 𝜆𝐸𝛽) 𝑥 (𝑡)
= 𝑓 (𝑡 + 𝛼 + 𝛽 − 1, 𝑥 (𝑡 + 𝛼 + 𝛽 − 1)) ,

𝑥 (𝛼 + 𝛽 − 2) = 0,
𝑥 (𝛼 + 𝛽 + 𝑇) = 𝜌Δ−𝛾𝛼+𝛽−1𝑥 (𝜂 + 𝛾) ,

(2)

where 𝑡 ∈ N0,𝑇, 0 < 𝛼, 𝛽 ≤ 1, 1 < 𝛼 + 𝛽 ≤ 2, 0 < 𝛾 ≤ 1,𝜂 ∈ N𝛼+𝛽−1,𝛼+𝛽+𝑇−1, 𝜌 is a constant, 𝑓 : N𝛼+𝛽−2,𝛼+𝛽+𝑇×R→ R

is a continuous function, 𝐸𝛽𝑥(𝑡) = 𝑥(𝑡 + 𝛽 − 1), and 𝜙𝑝 is the𝑝-Laplacian operator.
Calculus which deals with derivatives and integrals of

arbitrary orders is known as hybrid differential equations (i.e.,
quadratic perturbation of a nonlinear differential equation).
Hybrid fractional differential equations are initialized to be
used to model successfully several physical phenomena (see
[49–51]). Apparently, this issue has found numerous mis-
cellaneous applications connected with real world problems
as they appear in many fields of engineering and science,
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including biology, chemistry, diffusion, control theory, elec-
tromagnetic theory, fluid flow, signal and image processing,
fractals theory, fitting of experimental data, potential theory,
and viscoelasticity. For some recent developments on the
topic, see [52–57]. Recently, there are several research works
related to boundary value problems for hybrid differential
equations (see [58–65]). For example, Sun et al. [60] studied
the existence of solutions for the boundary value problem of
fractional hybrid differential equations

𝐷] [ 𝑥 (𝑡)𝑓 (𝑡, 𝑥 (𝑡))] + 𝑔 (𝑡, 𝑥 (𝑡)) = 0, 0 < 𝑡 < 1,
𝑥 (0) = 𝑥 (1) = 0,

(3)

where 𝐷] denotes the Riemann-Liouville fractional deriva-
tive of order ], 1 < ] ≤ 2.

Sitho et al. [64] studied existence results for the following
initial value problem for hybrid fractional integrodifferential
equations,

𝐷𝛼 [𝑥 (𝑡) − ∑𝑚𝑖=1 𝐼𝛽𝑖ℎ𝑖 (𝑡, 𝑥 (𝑡))𝑓 (𝑡, 𝑥 (𝑡)) ] = 𝐹 (𝑡, 𝑥 (𝑡)) ,
𝑡 ∈ 𝐽 : [0, 𝑇] ,

𝑥 (0) = 0,
(4)

and the initial value problem for hybrid fractional sequential
integrodifferential equations,

𝐷𝛼 [𝐷𝜔𝑥 (𝑡) − ∑𝑚𝑖=1 𝐼𝛽𝑖ℎ𝑖 (𝑡, 𝑥 (𝑡))𝑓 (𝑡, 𝑥 (𝑡)) ]
= 𝐺 (𝑡, 𝑥 (𝑡) , 𝐼𝛾𝑥 (𝑡)) , 𝑡 ∈ 𝐽,

𝑥 (0) = 𝐷𝜔𝑥 (0) = 0,
(5)

where 𝐷𝛼 denotes the Riemann-Liouville fractional deriva-
tive of order 𝛼, 𝐼𝜙 is the Riemann-Liouville fractional integral
of order 𝜙 > 0, 𝜙 ∈ {𝛽1, 𝛽2, . . . , 𝛽𝑚}, 0 < 𝛼, 𝜔 ≤ 1, 1 < 𝛼+𝜔 ≤2, and functions are 𝐹 ∈ 𝐶(𝐽 × R,R), 𝐺 ∈ 𝐶(𝐽 × R2),R,𝑓 ∈ 𝐶(𝐽 ×R,R − {0}), and ℎ𝑖 ∈ 𝐶(𝐽 ×R,R) with ℎ𝑖(0, 0) = 0,𝑖 = 1, 2, . . . , 𝑚.

While the boundary value problem for hybrid fractional
difference equations has not been studied, to fill this gap, we
study a hybrid fractional difference initial value problem of
the form,

Δ𝛼 [𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑓 (𝑡, 𝑢 (𝑡)) ]
= 𝐹 [𝑡 + 𝛼, 𝑢 (𝑡 + 𝛼)] ,

𝑢 (𝛼 − 1) = 0,
(6)

and a hybrid fractional sequential sum-difference initial value
problem of the form

Δ𝛼 [Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))ℎ (𝑡, 𝑢 (𝑡)) ]
= 𝐻 [𝑡 + 𝛼 + 𝛽
− 1, 𝑢 (𝑡 + 𝛼 + 𝛽 − 1) , Δ−𝜔𝑢 (𝑡 + 𝛼 + 𝛽 + 𝜔 − 1)] ,

𝑢 (𝛼 + 𝛽 − 2) = Δ𝛽𝑢 (𝛼 − 1) = 0,

(7)

where 𝑡 ∈ N0,𝑇 fl {0, 1, . . . , 𝑇}, 𝛼, 𝛽, 𝛾, 𝜔 ∈ (0, 1], 1 < 𝛼 +𝛽 ≤ 2 are given constants, 𝑓 ∈ 𝐶(N𝛼−1,𝑇+𝛼 × R,R − {0}),ℎ ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽×R,R−{0}), 𝑝 ∈ 𝐶(N𝛼−1,𝑇+𝛼×R,R)with𝑝(𝛼 − 1, 0) = 0, 𝑔 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R) with 𝑔(𝛼 + 𝛽 −2, 0) = 0, 𝐹 ∈ 𝐶(N𝛼−1,𝑇+𝛼 ×R,R), and𝐻 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×
R ×R,R).

The article is organized as follows. In Section 2, we recall
some definitions and basic lemmas used in this work. Then,
we present the solutions of (6) and (7) by converting the
problem to an equivalent summation equation. In Sections
3 and 4, we prove existence results of problems (6) and (7) by
employing the hybrid fixed point theorem for three operators
in a Banach algebra and the generalized Krasnoselskii’s fixed
point theorem, respectively. We end with some examples to
illustrate our results in the last section.

2. Preliminaries

In what follows are the notations, definitions, and lemmas
which are used in the main results.

Definition 1 (see [6]). Define the generalized falling function
by 𝑡𝛼 fl Γ(𝑡 + 1)/Γ(𝑡 + 1 − 𝛼), for any 𝑡 and 𝛼 for which the
right-hand side is defined. If 𝑡 + 1 − 𝛼 is a pole of the Gamma
function and 𝑡 + 1 is not a pole, then 𝑡𝛼 = 0.
Lemma 2 (see [4]). Assume that the factorial functions are
well defined. If 𝑡 ≤ 𝑟, then 𝑡𝛼 ≤ 𝑟𝛼 for any 𝛼 > 0.
Definition 3 (see [6]). For𝛼 > 0 and𝑓definedonN𝑎 fl {𝑎, 𝑎+1, . . .}, the 𝛼-order fractional sum of 𝑓 is defined by

Δ−𝛼𝑓 (𝑡) fl 1Γ (𝛼)
𝑡−𝛼∑
𝑠=𝑎

(𝑡 − 𝜎 (𝑠))𝛼−1 𝑓 (𝑠) , (8)

where 𝑡 ∈ N𝑎+𝛼 and 𝜎(𝑠) = 𝑠 + 1.
Definition 4 (see [6]). For 𝛼 > 0 and 𝑓 defined on N𝑎, the 𝛼-
order Riemann-Liouville fractional difference of 𝑓 is defined
by

Δ𝛼𝑓 (𝑡) fl Δ𝑁Δ−(𝑁−𝛼)𝑓 (𝑡)
= 1Γ (−𝛼)

𝑡+𝛼∑
𝑠=𝑎

(𝑡 − 𝜎 (𝑠))−𝛼−1 𝑓 (𝑠) , (9)

where 𝑡 ∈ N𝑎+𝑁−𝛼 and 𝑁 ∈ N is satisfied with 0 ≤ 𝑁 − 1 <𝛼 < 𝑁.
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Lemma 5 (see [5]). For any real number ] and any positive
integer 𝑝, the following equality holds:

Δ−]Δ𝑝𝑓 (𝑡) = Δ𝑝Δ−]𝑓 (𝑡)
− 𝑝−1∑
𝑘=0

(𝑡 − 𝑎)]−𝑝+𝑘Γ (] − 𝑝 + 𝑘 + 1)Δ𝑘𝑓 (𝑎) ,
(10)

or 𝑓 is defined on N𝑎.

Lemma 6 (see [4]). Let 0 ≤ 𝑁 − 1 < 𝛼 ≤ 𝑁.Then,

Δ−𝛼Δ𝛼𝑦 (𝑡) = 𝑦 (𝑡) + 𝐶1𝑡𝛼−1 + 𝐶2𝑡𝛼−2 + ⋅ ⋅ ⋅ + 𝐶𝑁𝑡𝛼−𝑁, (11)

for some 𝐶𝑖 ∈ R, with 1 ≤ 𝑖 ≤ 𝑁.

We provide the following lemma dealing with linear
variant of the boundary value problems (6) and (7) and give
a representation of the solution.

Lemma7. Let𝛼, 𝛾 ∈ (0, 1],𝑝 ∈ 𝐶(N𝛼−1,𝑇+𝛼×R,R)with𝑝(𝛼−1, 0) = 0, 𝑦 ∈ 𝐶(N𝛼−1,𝑇+𝛼,R − {0}), and ℎ ∈ 𝐶(N𝛼−1,𝑇+𝛼,R).
Then, for 𝑡 ∈ N0,𝑇, the problem

Δ𝛼 [𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑦 (𝑡) ] = ℎ (𝑡 + 𝛼) ,
𝑢 (𝛼 − 1) = 0,

(12)

has the unique solution

𝑢 (𝑡)
= 𝑦 (𝑡)Γ (𝛼)

𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1 ℎ (𝑠 + 𝛼)
+ 1Γ (𝛾)

𝑡−𝛾∑
𝑠=𝛼−𝛾−1

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑝 (𝑠 + 𝛾, 𝑢 (𝑠 + 𝛾)) ,
(13)

for 𝑡 ∈ N𝛼−1,𝑇+𝛼.
Proof. Using the fractional sum of order 𝛼 : Δ−𝛼 for (12) and
Lemmas 5 and 6, we obtain

Δ−𝛼ℎ (𝑡 + 𝛼) = [𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑦 (𝑡) ] − 𝑡𝛼−1Γ (𝛼)
⋅ Δ−(1−𝛼) [𝑢 (𝛼 − 1) − Δ−𝛾𝑝 (𝛼 − 1 + 𝛾, 𝑢 (𝛼 − 1 + 𝛾))𝑦 (𝛼 − 1) ]
= [𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑦 (𝑡) ] − 𝑡𝛼−1Γ (𝛼)

⋅ Δ−(1−𝛼) { 1𝑦 (𝛼 − 1) × [𝑢 (𝛼 − 1)

− 1Γ (𝛾)
(𝛼+𝛾−1)−𝛾∑
𝑠=𝛼−1

(𝛼 + 𝛾 − 1 − 𝜎 (𝑠))𝛾−1 𝑝 (𝑠, 𝑢 (𝑠))]}
= [𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑦 (𝑡) ] − 𝑡𝛼−1Γ (𝛼)
⋅ Δ−(1−𝛼) { 1𝑦 (𝛼 − 1) [𝑢 (𝛼 − 1)
− 𝛾𝑝 (𝛼 − 1, 𝑢 (𝛼 − 1))]} ,

(14)

for 𝑡 ∈ N𝛼−1,𝑇+𝛼.
Since 𝑢(𝛼 − 1) = 0, 𝑝(𝛼 − 1, 0) = 0, and 𝑦(𝛼 − 1) ̸= 0, it

follows that

[𝑢 (𝑡) − Δ−𝛾𝑝 (𝑡 + 𝛾, 𝑢 (𝑡 + 𝛾))𝑦 (𝑡) ] = Δ−𝛼ℎ (𝑡 + 𝛼) . (15)

Thus, (13) holds. The proof is completed.

Lemma 8. Let 𝛼, 𝛽, 𝛾 ∈ (0, 1], 1 < 𝛼 + 𝛽 ≤ 2, 𝑔 ∈𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R) with 𝑔(𝛼 + 𝛽 − 2, 0) = 0, 𝑥 ∈𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽,R−{0}), and 𝑘 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽,R) be given.
Then, for 𝑡 ∈ N0,𝑇, the problem

Δ𝛼 [Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))𝑥 (𝑡) ]
= 𝑘 (𝑡 + 𝛼 + 𝛽 − 1) ,

𝑢 (𝛼 + 𝛽 − 2) = Δ𝛽𝑢 (𝛼 − 1) = 0,
(16)

has the unique solution

𝑢 (𝑡) = 1Γ (𝛼) Γ (𝛽)
𝑡−𝛽∑
𝑠=𝛼−1

[
[(𝑡 − 𝜎 (𝑠))

𝛽−1 𝑥 (𝑠 + 𝛽)

⋅ 𝑠−𝛼∑
𝜉=0

(𝑠 − 𝜎 (𝜉))𝛼−1 𝑘 (𝜉 + 𝛼 + 𝛽 − 1)]] +
1Γ (𝛾)

⋅ 𝑡−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾)) ,

(17)

for 𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽.
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Proof. Using the fractional sum of order 𝛼 : Δ−𝛼 for (16) and
Lemmas 5 and 6, we obtain

Δ−𝛼𝑘 (𝑡 + 𝛼 + 𝛽 − 1)
= [Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))𝑥 (𝑡) ]
− 𝑡𝛼−1Γ (𝛼)Δ−(1−𝛼) [Δ

𝛽𝑢 (𝛼 − 1) − Δ−𝛾𝑔 (𝛼 − 1 + 𝛽 + 𝛾 − 1, 𝑢 (𝛼 − 1 + 𝛽 + 𝛾 − 1))𝑥 (𝛼 − 1) ]
= [Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))𝑥 (𝑡) ]

− 𝑡𝛼−1Γ (𝛼)Δ−(1−𝛼){{{
1𝑥 (𝛼 − 1) × [[Δ

𝛽𝑢 (𝛼 − 1) − 1Γ (𝛾)
(𝛼+𝛽+𝛾−2)−𝛾∑
𝑠=𝛼+𝛽−2

(𝛼 + 𝛽 + 𝛾 − 2 − 𝜎 (𝑠))𝛾−1 𝑔 (𝑠, 𝑢 (𝑠))]]
}}}

= [Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))𝑥 (𝑡) ]
− 𝑡𝛼−1Γ (𝛼)Δ−(1−𝛼) { 1𝑥 (𝛼 − 1) [Δ𝛽𝑢 (𝛼 − 1) − 𝛾𝑔 (𝛼 + 𝛽 − 2, 𝑢 (𝛼 + 𝛽 − 2))]} ,

(18)

for 𝑡 ∈ N𝛼−1,𝑇+𝛼.
Since 𝑢(𝛼 + 𝛽 − 2) = Δ𝛽𝑢(𝛼 − 1) = 0, 𝑔(𝛼 + 𝛽 − 2, 0) = 0,

and 𝑥(𝛼 − 1) ̸= 0, we have
[Δ𝛽𝑢 (𝑡) − Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1))𝑥 (𝑡) ]
= Δ−𝛼𝑘 (𝑡 + 𝛼 + 𝛽 − 1) .

(19)

That can be arranged in the form

Δ𝛽𝑢 (𝑡) = 𝑥 (𝑡) Δ−𝛼𝑘 (𝑡 + 𝛼 + 𝛽 − 1)
+ Δ−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1)) . (20)

Using the fractional sum of order 𝛽 for (20), we obtain
𝑢 (𝑡) = Δ−𝛽 [𝑥 (𝑡) Δ−𝛼𝑘 (𝑡 + 𝛼 + 𝛽 − 1)]

+ Δ−𝛽−𝛾𝑔 (𝑡 + 𝛽 + 𝛾 − 1, 𝑢 (𝑡 + 𝛽 + 𝛾 − 1)) , (21)

for 𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽.
Thus (17) holds. Our proof is completed.

Lemma 9 (Arzelá-Ascoli theorem [66]). A set of functions in𝐶[𝑎, 𝑏] with the sup norm is relatively compact if and only if it
is uniformly bounded and equicontinuous on [𝑎, 𝑏].
Lemma 10 (see [66]). If a set is closed and relatively compact,
then it is compact.

3. Hybrid Fractional Sum-Difference Initial
Value Problem (6)

In this section, we aim to show the existence results for
problem (6). To accomplish this, we let 𝐸 = 𝐶(N𝛼−1,𝑇+𝛼,R)
be a space of all functions 𝑢 and defined a norm and a
multiplication in 𝐸 by

‖𝑢‖ = max
𝑡∈N𝛼−1,𝑇+𝛼

|𝑢 (𝑡)| ,
(𝑢V) (𝑡) = 𝑢 (𝑡) V (𝑡) . (22)

In addition, we define operatorF : 𝐸 → 𝐸 by

(F𝑢) (𝑡)
= 𝑓 (𝑡, 𝑢 (𝑡))Γ (𝛼)

𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1 𝐹 ((𝑠 + 𝛼) , 𝑢 (𝑠 + 𝛼))
+ 1Γ (𝛾)

𝑡−𝛾∑
𝑠=𝛼−𝛾−1

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑝 (𝑠 + 𝛾, 𝑢 (𝑠 + 𝛾)) .
(23)

Clearly, problem (6) has solutions if and only if operator F
has fixed points.The first shows the existence and uniqueness
of a solution to problem (6) by using the Banach contraction
principle.

Theorem 11. Assume that 𝑓 ∈ 𝐶(N𝛼−1,𝑇+𝛼 × R,R − {0}),𝑝 ∈ 𝐶(N𝛼−1,𝑇+𝛼 × R,R) with 𝑝(𝛼 − 1, 0) = 0, and 𝐻 ∈𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R ×R,R). In addition, suppose that
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(𝐴1) there exist constants 𝐿1, 𝐿2 > 0 such that for each 𝑡 ∈
N𝛼−1,𝑇+𝛼 and 𝑢, V ∈ R

|𝐹 (𝑡, 𝑢) − 𝐹 (𝑡, V)| ≤ 𝐿1 |𝑢 − V| ,𝑝 (𝑡, 𝑢) − 𝑝 (𝑡, V) ≤ 𝐿2 |𝑢 − V| , (24)

(𝐴2) there exists a positive function 𝜃 with bound ‖𝜃‖ such
that for each 𝑡 ∈ N𝛼−1,𝑇+𝛼 and 𝑢, V ∈ R𝑓 (𝑡, 𝑢) − 𝑓 (𝑡, V) ≤ 𝜃 (𝑡) . (25)

If 𝐿1‖𝜃‖(𝑇𝛼/Γ(𝛼 + 1)) + 𝐿2((𝑇 + 𝛼)𝛾/Γ(𝛾 + 1)) < 1, then
problem (6) has a unique solution.

Proof. We shall show thatF is a contraction. For any 𝑢, V ∈ C
and for each 𝑡 ∈ N𝛼−1,𝑇+𝛼, we have
|(F𝑢) (𝑡) − (FV) (𝑡)| ≤ 𝑓Γ (𝛼)

𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1
⋅ |𝐹 ((𝑠 + 𝛼) , 𝑢 (𝑠 + 𝛼)) − 𝐹 ((𝑠 + 𝛼) , V (𝑠 + 𝛼))|
+ 1Γ (𝛾)

𝑡−𝛾∑
𝑠=𝛼−𝛾−1

(𝑡 − 𝜎 (𝑠))𝛾−1
⋅ 𝑝 (𝑠 + 𝛾, 𝑢 (𝑠 + 𝛾)) − 𝑝 (𝑠 + 𝛾, V (𝑠 + 𝛾))
≤ ‖𝜃‖Γ (𝛼)𝐿1 ‖𝑢 − V‖

𝑇∑
𝑠=0

(𝑇 + 𝛼 − 𝜎 (𝑠))𝛼−1 + 1Γ (𝛾)
⋅ 𝐿2 ‖𝑢 − V‖ 𝑇+𝛼−𝛾∑

𝑠=𝛼−𝛾−1

(𝑇 + 𝛼 − 𝜎 (𝑠))𝛾−1 ≤ ‖𝑢
− V‖ {𝐿1 ‖𝜃‖ 𝑇𝛼Γ (𝛼 + 1) + 𝐿2 (𝑇 + 𝛼)

𝛾

Γ (𝛾 + 1)} .

(26)

Thus, we have ‖(F𝑢) − (FV)‖ < ‖𝑢 − V‖.
Consequently, F is a contraction. Therefore, by the

Banach fixed point theorem, we get that F has a fixed point
which is a unique solution of problem (6).

In the second result, we deduce the existence of at least
one solution of the initial value problem (6) by using the
hybrid fixed point theorem for three operators in a Banach
algebra. Clearly, 𝐸 is a Banach algebra with respect to the
above norm and multiplication in it.

Theorem 12 (hybrid fixed point theorem for three operators
in a Banach algebra [67]). Let 𝑆 be a nonempty, closed convex,
and bounded subset of the Banach algebra 𝐸, and let 𝐴,𝐶 :𝐸 → 𝐸 and 𝐵 : 𝑆 → 𝐸 be three operators such that

(i) 𝐴 and𝐶 are Lipschitzianwith Lipschitz constants 𝛿 and𝜌, respectively,
(ii) 𝐵 is completely continuous,
(iii) 𝑥 = 𝐴𝑥𝐵𝑦 + 𝐶𝑥 ⇒ 𝑥 ∈ 𝑆 for all 𝑦 ∈ 𝑆,
(iv) 𝛿𝑀 + 𝜌 < 1, where𝑀 = ‖𝐵(𝑆)‖.

Then, the operator equation 𝐴𝑥𝐵𝑥 + 𝐶𝑥 = 𝑥 has a solution.

Theorem 13. Assume that 𝑓 ∈ 𝐶(N𝛼−1,𝑇+𝛼 × R,R − {0}),𝑝 ∈ 𝐶(N𝛼−1,𝑇+𝛼 × R,R) with 𝑝(𝛼 − 1, 0) = 0, and 𝐻 ∈𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R ×R,R). In addition, suppose that

(𝐻1) there exist two positive functions 𝜙 and 𝜓 with bound‖𝜙‖ and ‖𝜓‖, respectively, such that for each 𝑡 ∈
N𝛼−1,𝑇+𝛼 and 𝑢, V ∈ R𝑓 (𝑡, 𝑢) − 𝑓 (𝑡, V) ≤ 𝜙 (𝑡) |𝑢 − V| ,𝑝 (𝑡, 𝑢) − 𝑝 (𝑡, V) ≤ 𝜓 (𝑡) |𝑢 − V| , (27)

(𝐻2) there exists a function 𝜔 ∈ 𝐶(N𝛼−1,𝑇+𝛼,R+) and a
continuous nondecreasing function Ψ : [0,∞) →(0,∞) such that for each (𝑡, 𝑢) ∈ N𝛼−1,𝑇+𝛼 ×R

|𝐹 (𝑡, 𝑢)| ≤ 𝜔 (𝑡) Ψ (|𝑢|) , (28)

(𝐻3) there exists a number

𝑅
≥ 𝑓0 (‖𝜔‖Ψ (𝑅) 𝑇𝛼/Γ (𝛼 + 1)) + 𝑝0 ((𝑇 + 𝛼)𝛾 /Γ (𝛾 + 1))1 − 𝜙 (‖𝜔‖Ψ (𝑅) 𝑇𝛼/Γ (𝛼 + 1)) − 𝜓 ((𝑇 + 𝛼)𝛾 /Γ (𝛾 + 1)) ,

(29)

where 𝑓0 = max𝑡∈N𝛼−1,𝑇+𝛼 |𝑓(𝑡, 0)|, 𝑝0 =
max𝑡∈N𝛼−1,𝑇+𝛼 |𝑝(𝑡, 0)|, and

𝜙 ‖𝜔‖Ψ (𝑅) 𝑇𝛼Γ (𝛼 + 1) + 𝜓 (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) < 1. (30)

Then problem (6) has a unique solution on N𝛼−1,𝑇+𝛼.

Proof. Define subset 𝑆 of 𝐸 as

𝑆 = {𝑢 ∈ 𝐸 : ‖𝑢‖ ≤ 𝑅} . (31)

We see that 𝑆 is closed, convex, and bounded subset of the
Banach spaceC. By Lemma 7, we define three operatorsA :𝐸 → 𝐸,B : 𝑆 → 𝐸, andC : 𝐸 → 𝐸 by

A𝑢 (𝑡) fl 𝑓 (𝑡, 𝑢 (𝑡)) , 𝑡 ∈ N𝛼−1,𝑇+𝛼,
B𝑢 (𝑡) fl 1Γ (𝛼)

𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1 𝐹 (𝑠 + 𝛼, 𝑢 (𝑠 + 𝛼)) ,
𝑡 ∈ N𝛼−1,𝑇+𝛼,

C𝑢 (𝑡)
fl

1Γ (𝛾)
𝑡−𝛾∑
𝑠=𝛼−𝛾−1

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑝 (𝑠 + 𝛾, 𝑢 (𝑠 + 𝛾)) ,
𝑡 ∈ N𝛼−1,𝑇+𝛼.

(32)

Note that problem (6) has solutions if and only if the operator𝑢 = A𝑢BV +C𝑢 has fixed points.
To show that all operators satisfy all the conditions of

Theorem 12, we proceed with the following steps.

Step 1. Prove thatA andC are Lipschitzian on 𝐸.
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For any 𝑢, V ∈ R and for each 𝑡 ∈ N𝛼−1,𝑇+𝛼, then by (𝐻1),
we have|A𝑢 (𝑡) −AV (𝑡)| = 𝑓 (𝑡, 𝑢 (𝑡)) − 𝑓 (𝑡, V (𝑡)) ≤ 𝜙 (𝑡) |𝑢− V| ≤ 𝜙 ‖𝑢 − V‖ ,
|C𝑢 (𝑡) −CV (𝑡)| = 1Γ (𝛾)

𝑡−𝛾∑
𝑠=𝛼−𝛾−1

(𝑡 − 𝜎 (𝑠))𝛾−1

⋅ 𝑝 (𝑠 + 𝛾, 𝑢 (𝑠 + 𝛾)) − 𝑝 (𝑠 + 𝛾, V (𝑠 + 𝛾)) ≤ 1Γ (𝛾)
⋅ 𝑇+𝛼−𝛾∑
𝑠=𝛼−𝛾−1

(𝑇 + 𝛼 − 𝜎 (𝑠))𝛾−1 𝜓 (𝑠) |𝑢 − V|
≤ 𝜓 (𝑠) (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) ‖𝑢 − V‖ .

(33)

This implies that, for all 𝑢, V ∈ R,
‖A𝑢 (𝑡) −AV (𝑡)‖ ≤ 𝜙 ‖𝑢 − V‖ ,
‖C𝑢 (𝑡) −CV (𝑡)‖ ≤ 𝜓 (𝑠) (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) ‖𝑢 − V‖ . (34)

Therefore, Aand C are Lipschitzian on 𝐸 with Lipschitz
constants ‖𝜙‖ and ‖𝜓(𝑠)‖(𝑇 + 𝛼)𝛾/Γ(𝛾 + 1).
Step 2. We prove thatB is completely continuous on 𝑆.

Since 𝐹 is continuous, the operatorB is continuous on 𝑆.
Next, we will prove that the set B(𝑆) is uniformly bounded
in 𝑆. For any 𝑢 ∈ 𝑆, we find that

|B𝑢 (𝑡)| ≤ 
1Γ (𝛼)
𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1 𝜔 (𝑠)Ψ (𝑅)
≤ ‖𝜔‖Ψ (𝑅) 𝑇𝛼Γ (𝛼 + 1) š 𝐾,

(35)

for all 𝑡 ∈ N𝛼−1,𝑇+𝛼.Therefore, ‖B‖ ≤ 𝐾, which shows thatB
is uniformly bounded on 𝑆.

Next we show that B(𝑆) is an equicontinuous set in 𝐸.
For any 𝜖 > 0, there exists a positive constant 𝛿 such that, for𝑡1, 𝑡2 ∈ N𝛼−1,𝑇+𝛼,𝑡𝛼2 − 𝑡𝛼1  < Γ (𝛼 + 1)‖𝜔‖Ψ (𝑅) , whenever 𝑡2 − 𝑡1 < 𝛿. (36)

Then we obtain(B𝑥) (𝑡2) − (B𝑥) (𝑡1)
≤ ‖𝜔‖Ψ (𝑅)Γ (𝛼)


𝑡2−𝛼∑
𝑠=0

(𝑡2 − 𝜎 (𝑠))𝛼−1

− 𝑡1−𝛼∑
𝑠=0

(𝑡1 − 𝜎 (𝑠))𝛼−1
 ≤

‖𝜔‖Ψ (𝑅)Γ (𝛼 + 1) 𝑡𝛼2 − 𝑡𝛼1  < 𝜖.
(37)

This implies that the setB(𝑆) is an equicontinuous set. From
the Arzelá-Ascoli theorem, we find that B is completely
continuous.

Step 3. 𝑢 = A𝑢BV +C𝑢 ⇒ 𝑢 ∈ 𝑆 for all V ∈ 𝑆.

Let 𝑢 ∈ 𝐸 and V ∈ 𝑆 be arbitrary elements such that 𝑢 =
A𝑢BV +C𝑢. Then,

|𝑢 (𝑡)| ≤ |A𝑢 (𝑡)| |BV (𝑡)| + |C𝑢 (𝑡)| ≤ 𝑓 (𝑡, 𝑢 (𝑡))Γ (𝛼)
⋅ 𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1 |𝐹 (𝑠 + 𝛼, 𝑢 (𝑠 + 𝛼))| + 1Γ (𝛾)
⋅ 𝑡∑
𝑠=𝛼−1

(𝑡 + 𝛾 − 𝜎 (𝑠))𝛾−1 𝑝 (𝑠, 𝑢 (𝑠))
≤ 𝑓 (𝑡, 𝑢 (𝑡)) − 𝑓 (𝑡, 0) + 𝑓 (𝑡, 0)Γ (𝛼)
⋅ 𝑇∑
𝑠=0

(𝑇 + 𝛼 − 𝜎 (𝑠))𝛼−1 ‖𝜔‖Ψ (𝑅) + 1Γ (𝛾)
⋅ 𝑇+𝛼∑
𝑠=𝛼−1

(𝑇 + 𝛼 + 𝛾 − 𝜎 (𝑠))𝛾−1
⋅ (𝑝 (𝑠, 𝑢 (𝑠)) − 𝑝 (𝑡, 0) + 𝑝 (𝑡, 0)) ≤ (𝑅 𝜙
+ 𝑓0) ‖𝜔‖Ψ (𝑅) 𝑇𝛼Γ (𝛼 + 1) + (𝑅 𝜓 + 𝑝0) (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) .

(38)

We find that

‖𝑢‖ ≤ (𝑅 𝜙 + 𝑓0) ‖𝜔‖Ψ (𝑅) 𝑇𝛼Γ (𝛼 + 1)
+ (𝑅 𝜓 + 𝑝0) (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) ≤ 𝑅.

(39)

Therefore, 𝑢 ∈ 𝑆.
Step 4. We prove that 𝛿𝑀 + 𝜌 < 1. Since

𝑀 = ‖B (𝑆)‖ = sup
𝑢∈𝑆

{ max
𝑡∈N𝛼−1,𝑇+𝛼

|B𝑢 (𝑡)|}
≤ ‖𝜔‖Ψ (𝑅) 𝑇𝛼Γ (𝛼 + 1) , (40)

and by (𝐻3), we have
𝜙𝑀 + 𝜓 (𝑇 + 𝛼)𝛾Γ (𝛾 + 1) < 1, (41)

with 𝛿 = ‖𝜙‖ and 𝜌 = ‖𝜓‖((𝑇 + 𝛼)𝛾/Γ(𝛾 + 1)).
We see that all the conditions of Theorem 12 are satisfied.

Hence, the operator equation 𝑢 = A𝑢BV+C𝑢 has a solution
in 𝑆. In consequence, problem (6) has a solution on N𝛼−1,𝑇+𝛼.
This completes the proof.

4. Hybrid Fractional Sequential
Sum-Difference Initial Value Problem (7)

In this section, we prove existence results of problem (7). To
accomplish this, we denote that 𝑋 = 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽,R) and
define the space of all functions 𝑢 with the norm by

‖𝑢‖ = max
𝑡∈N𝛼+𝛽−2,𝑇+𝛼+𝛽

|𝑢 (𝑡)| . (42)
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In addition, we define the operatorH : 𝑋 → 𝑋 by

(H𝑢) (𝑡) = 1Γ (𝛼) Γ (𝛽)
𝑡−𝛽∑
𝑠=𝛼−1

[
[(𝑡 − 𝜎 (𝑠))

𝛽−1

⋅ ℎ ((𝑠 + 𝛽) , 𝑢 (𝑠 + 𝛽)) × 𝑠−𝛼∑
𝜉=0

(𝑠 − 𝜎 (𝜉))𝛼−1

⋅ 𝐻 ((𝜉 + 𝛼 + 𝛽 − 1) , 𝑢 (𝜉 + 𝛼 + 𝛽 − 1))]] +
1Γ (𝛾)

⋅ 𝑡−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾)) .

(43)

Clearly, problem (7) has solutions if and only if the operator
H has fixed points. The first shows the existence and
uniqueness of a solution to problem (7) by using the Banach
contraction principle.

Theorem 14. Assume that ℎ ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R − {0}),𝑔 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R) with 𝑔(𝛼 + 𝛽 − 2, 0) = 0, and𝐻 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R ×R,R). In addition, suppose that

(𝐵1) there exist constants𝑀1,𝑀2, 𝑁 > 0 such that for each𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽 and 𝑢, V, 𝑢∗, V∗ ∈ R
𝐻 (𝑡, 𝑢, 𝑢∗) − 𝐻 (𝑡, V, V∗)
≤ 𝑀1 |𝑢 − V| + 𝑀2 𝑢∗ − V∗ ,𝑔 (𝑡, 𝑢) − 𝑔 (𝑡, V) ≤ 𝑁 |𝑢 − V| ,

(44)

(𝐵2) there exists a positive function 𝜗 with bound ‖𝜗‖ such
that for each 𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽 and 𝑢, V ∈ R

|ℎ (𝑡, 𝑢) − ℎ (𝑡, V)| ≤ 𝜗 (𝑡) . (45)

If Ω < 1 then problem (7) has a unique solution, where

Ω fl ‖𝜗‖Γ (𝛼) Γ (𝛽) (𝑇 + 𝛽)𝛽−1 (𝑇 + 𝛼 + 𝛽)𝛼−1

⋅ [𝑀1 +𝑀2 (𝑇 + 𝛼 + 𝛽)𝜔Γ (𝜔 + 1) ] + 𝑁 (𝑇 + 𝛼 + 𝛽)𝛾Γ (𝛾 + 1) .
(46)

Proof. We shall show thatH is a contraction. For any𝑢, V ∈ C
and for each 𝑡 ∈ N𝛼−1,𝑇+𝛼, we have

|(H𝑢) (𝑡) − (HV) (𝑡)| ≤ ‖ℎ‖Γ (𝛼) Γ (𝛽)
𝑡−𝛽∑
𝑠=𝛼−1

[
[(𝑡 − 𝜎 (𝑠))

𝛽−1

⋅ 𝑠−𝛼∑
𝜉=0

(𝑠 − 𝜎 (𝜉))𝛼−1 𝐻 ((𝜉 + 𝛼 + 𝛽 − 1) , 𝑢 (𝜉 + 𝛼 + 𝛽 − 1)) − 𝐻 ((𝜉 + 𝛼 + 𝛽 − 1) , V (𝜉 + 𝛼 + 𝛽 − 1))]] +
1Γ (𝛾)

⋅ 𝑡−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾)) − 𝑔 (𝑠 + 𝛽 + 𝛾, V (𝑠 + 𝛽 + 𝛾)) ≤ ‖𝜗‖Γ (𝛼) Γ (𝛽)
⋅ 𝑇+𝛼∑
𝑠=𝛼−1

𝑠−𝛼∑
𝜉=0

(𝑇 + 𝛼 + 𝛽 − 𝜎 (𝑠))𝛽−1 (𝑠 − 𝜎 (𝜉))𝛼−1 [𝑀1 |𝑢 − V| + 𝑀2 Δ−𝜔𝑢 − Δ−𝜔V] + 𝑁Γ (𝛾) ‖𝑢 − V‖
𝑇+𝛼+𝛽−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑇 + 𝛼 + 𝛽
− 𝜎 (𝑠))𝛾−1 ≤ ‖𝜗‖Γ (𝛼) Γ (𝛽) [𝑀1 +𝑀2 (𝑇 + 𝛼 + 𝛽)

𝜔

Γ (𝜔 + 1) ] ‖𝑢 − V‖ (𝑇 + 𝛽)𝛽−1 (𝑇 + 𝛼 + 𝛽)𝛼−1 + 𝑁Γ (𝛾) ‖𝑢 − V‖ (𝑇 + 𝛼 + 𝛽)𝛾

≤ ‖𝑢 − V‖ { ‖𝜗‖Γ (𝛼) Γ (𝛽) (𝑇 + 𝛽)𝛽−1 (𝑇 + 𝛼 + 𝛽)𝛼−1 [𝑀1 +𝑀2 (𝑇 + 𝛼 + 𝛽)
𝜔

Γ (𝜔 + 1) ] + 𝑁 (𝑇 + 𝛼 + 𝛽)𝛾Γ (𝛾 + 1) } = ‖𝑢 − V‖Ω.

(47)

Thus, we have ‖(H𝑢) − (HV)‖ < ‖𝑢 − V‖.
Consequently, H is a contraction. Therefore, by the

Banach fixed point theorem, we get thatH has a fixed point
which is a unique solution of problem (7).

In the second result, we deduce the existence of at least
one solution of the initial value problem (7) by using the
generalized Krasnoselskii’s fixed point theorem.

Theorem 15 (generalized Krasnoselskii’s fixed point theorem
[68]). Let 𝑀 be a nonempty, closed convex, and bounded

subset of the Banach space𝑋. Let𝐴 : 𝑋 → 𝑋 and 𝐵 : 𝑀 → 𝑋
be two operators such that

(i) 𝐴 is a contraction,

(ii) 𝐵 is completely continuous,

(iii) 𝑥 = 𝐴𝑥 + 𝐵𝑦 for all 𝑦 ∈ 𝑀 ⇒ 𝑥 ∈ 𝑀.
Then, the operator equation 𝐴𝑥 + 𝐵𝑥 = 𝑥 has a solution.
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Theorem 16. Assume that ℎ ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R − {0}),𝑔 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 × R,R) with 𝑔(𝛼 + 𝛽 − 2, 0) = 0, and𝐻 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R ×R,R). In addition, suppose that

(𝐾1) there exist two positive functions 𝜗 and 𝜃 with bound‖𝜗‖ and ‖𝜃‖, respectively, such that, for each 𝑡 ∈
N𝛼+𝛽−2,𝑇+𝛼+𝛽 and 𝑢, V, Δ−𝜔𝑢, Δ−𝜔V ∈ R,

|ℎ (𝑡, 𝑢) − ℎ (𝑡, V)| ≤ 𝜗 (𝑡) |𝑢 − V| ,𝐻 [𝑡, 𝑢, Δ−𝜔𝑢] − 𝐻 [𝑡, 𝑢, Δ−𝜔V]
≤ 𝜃 (𝑡) (|𝑢 − V| − Δ−𝜔𝑢 − Δ−𝜔V) ,

(48)

(𝐾2) there exist functions 𝜇, ], 𝜅 ∈ 𝐶(N𝛼+𝛽−2,𝑇+𝛼+𝛽,R+)
such that

|ℎ (𝑡, 𝑢)| ≤ 𝜇 (𝑡) ∀ (𝑡, 𝑢) ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R,𝐻 (𝑡, 𝑢, Δ−𝜔𝑢) ≤ ] (𝑡)
∀ (𝑡, 𝑢, Δ−𝜔𝑢) ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R ×R,𝑔 (𝑡, 𝑢) ≤ 𝜅 (𝑡) ∀ (𝑡, 𝑢) ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽 ×R.

(49)

If

(𝑇 + 𝛼 + 𝛽)𝛽Γ (𝛽 + 1) {‖𝜗‖ ‖]‖ (𝑇 + 𝛼 + 𝛽)𝛼Γ (𝛼 + 1)
+ 𝜇 ‖𝜃‖ (1 + (𝑇 + 𝛼 + 𝛽)

𝜔

Γ (𝜔 + 1) )} < 1,
(50)

then problem (7) has a unique solution on N𝛼+𝛽−2,𝑇+𝛼+𝛽.

Proof. Let max𝑡∈N𝛼+𝛽−2,𝑇+𝛼+𝛽 |𝜇(𝑡)| = ‖𝜇‖,
max𝑡∈N𝛼+𝛽−2,𝑇+𝛼+𝛽 |](𝑡)| = ‖]‖, and max𝑡∈N𝛼+𝛽−2,𝑇+𝛼+𝛽 |𝜅(𝑡)| = ‖𝜅‖,
and choose a constant

𝑅 ≥ ‖𝜅‖ (𝑇 + 𝛼 + 𝛽)𝛾Γ (𝛾 + 1) + 𝜇 ‖]‖ (𝑇 + 𝛼 + 𝛽)𝛼+𝛽Γ (𝛼 + 1) Γ (𝛽 + 1) . (51)

We consider 𝐵𝑅 = {𝑢 ∈ 𝑋 : ‖𝑢‖ ≤ 𝑅}. Define four operators
P : 𝑋 → 𝑋, Q : 𝐵𝑅 → 𝑋, and S : 𝑋 → 𝑋 by

P𝑢 (𝑡) fl ℎ (𝑡, 𝑢 (𝑡)) ,
Q𝑢 (𝑡) fl 1Γ (𝛼)

𝑡−𝛼∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛼−1
⋅ 𝐻 (𝑠 + 𝛼 + 𝛽 − 1, 𝑢 (𝑠 + 𝛼 + 𝛽 − 1)) ,

S𝑢 (𝑡) fl 1Γ (𝛾)
𝑡−𝛾∑

𝑠=𝛼+𝛽−𝛾−2

(𝑡 − 𝜎 (𝑠))𝛾−1
⋅ 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾)) ,

(52)

for 𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽, and
T𝑢 (𝑡) fl 1Γ (𝛽)

𝑡−𝛽∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛽−1P𝑢 (𝑠)Q𝑢 (𝑠) . (53)

Problem (7) has solutions if and only if the operator 𝑢 = S𝑢+
T𝑢 has fixed points.

The proof is divided into three steps as follows.

Step 1. Verify 𝑢 = S𝑢 +T𝑢map bounded sets into bounded
sets in 𝐵𝑅.

For each V ∈ 𝐵𝑅, we obtain
|𝑢 (𝑡)| = |S𝑢 (𝑡) +T𝑢 (𝑡)| ≤ 1Γ (𝛾)
⋅ 𝑡−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡 − 𝜎 (𝑠))𝛾−1 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾))
+ 1Γ (𝛽)

𝑡−𝛽∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛽−1 |P𝑢 (𝑠)| |Q𝑢 (𝑠)| ≤ ‖𝜅‖Γ (𝛾)
⋅ 𝑇+𝛼+𝛽−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑇 + 𝛼 + 𝛽 − 𝜎 (𝑠))𝛾−1 + 𝜇 ‖]‖Γ (𝛼) Γ (𝛽)
⋅ 𝑇+𝛼∑
𝑠=0

[
[(𝑇 + 𝛼 + 𝛽 − 𝜎 (𝑠))

𝛽−1
𝑠−𝛼∑
𝜉=0

(𝜉 − 𝜎 (𝜉))𝛼−1]]
≤ ‖𝜅‖ (𝑇 + 𝛼 + 𝛽)𝛾Γ (𝛾 + 1) + 𝜇 ‖]‖ (𝑇 + 𝛼)𝛼+𝛽Γ (𝛼 + 1) Γ (𝛽 + 1) ≤ 𝑅.

(54)

Thus, ‖𝑢‖ ≤ 𝑅. This implies that S𝑢 + T𝑢 is uniformly
bounded.

Hence, condition (iii) of Theorem 15 holds.

Step 2. Check thatT is contraction mapping.
For any 𝑢, V ∈ R and for each 𝑡 ∈ N𝛼+𝛽−2,𝑇+𝛼+𝛽, by (𝐾1),

we have

|T𝑢 (𝑡) −TV (𝑡)| ≤ 1Γ (𝛽)

𝑡−𝛽∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛽−1 [|P𝑢 (𝑠)|

⋅ |Q𝑢 (𝑠)| − |PV (𝑠)| |QV (𝑠)|] =
1Γ (𝛽)


𝑡−𝛽∑
𝑠=0

(𝑡
− 𝜎 (𝑠))𝛽−1 [|Q𝑢 (𝑠)| (|P𝑢 (𝑠)| − |PV (𝑠)|) + |PV (𝑠)|
⋅ (|Q𝑢 (𝑠)| − |QV (𝑠)|)] =

1Γ (𝛽)

𝑡−𝛽∑
𝑠=0

(𝑡 − 𝜎 (𝑠))𝛽−1

⋅ {{{
‖𝜗‖ ‖]‖ (𝑇 + 𝛼 + 𝛽)𝛼Γ (𝛼 + 1) ‖𝑢 − V‖ + 𝜇 ‖𝜃‖

⋅ (‖𝑢 − V‖ + ‖𝑢 − V‖ 1Γ (𝜔)
𝑡∑

𝑠=𝛼+𝛽−2

(𝑡 − 𝜎 (𝑠))𝜔−1)}}}


≤ ‖𝑢 − V‖ (𝑇 + 𝛼 + 𝛽)𝛽Γ (𝛽 + 1) {‖𝜗‖ ‖]‖ (𝑇 + 𝛼 + 𝛽)𝛼Γ (𝛼 + 1)
+ 𝜇 ‖𝜃‖ (1 + (𝑇 + 𝛼 + 𝛽)

𝜔

Γ (𝜔 + 1) )} .

(55)
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By (50),T is a contraction mapping. Hence, condition (i) of
Theorem 15 holds.

Step 3. Check that S is completely continuous on 𝐵𝑅.
The operator S is obviously continuous on 𝐵𝑅. Further-

more, S is uniformly bounded on 𝐵𝑅 since
‖S‖ ≤ ‖𝜅‖ (𝑇 + 𝛼 + 𝛽)𝛾Γ (𝛾 + 1) . (56)

For any 𝜖 > 0, there exists a positive constant 𝛿 such that for𝑡1, 𝑡2 ∈ N𝛼+𝛼+𝛽,𝑇+𝛼+𝛽
𝑡𝛾2 − 𝑡𝛾1 < Γ (𝛾 + 1)‖𝜅‖ , whenever 𝑡2 − 𝑡1 < 𝛿. (57)

Then,

(S𝑥) (𝑡2) − (S𝑥) (𝑡1)
≤ 1Γ (𝛾)


𝑡2−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡2 − 𝜎 (𝑠))𝛾−1
⋅ 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾))
− 𝑡1−𝛾∑
𝑠=𝛼+𝛽−𝛾−2

(𝑡1 − 𝜎 (𝑠))𝛾−1

⋅ 𝑔 (𝑠 + 𝛽 + 𝛾, 𝑢 (𝑠 + 𝛽 + 𝛾))
 ≤

‖𝜅‖Γ (𝛾 + 1) 𝑡𝛾2
− 𝑡𝛾1 < 𝜖.

(58)

This implies that the set S(𝐵𝑅) is an equicontinuous set.
Therefore, by the Arzelá-Ascoli theorem, we find that S is
completely continuous. Hence, condition (ii) of Theorem 15
holds.

We see that all the assumptions of Theorem 15 are
satisfied. Therefore, we can conclude that problem (7) has at
least one solution. The proof is completed.

5. Examples

In this section, we provide some examples to illustrate our
results.

Example 1. Consider the following fractional difference ini-
tial value problem:

Δ1/2 [𝑢 (𝑡) − Δ−1/3𝑝 (𝑡 + 1/3, 𝑢 (𝑡 + 1/3))𝑓 (𝑡, 𝑢 (𝑡)) ]
= 𝐹 [𝑡 + 12 , 𝑢 (𝑡 + 12)] , 𝑡 ∈ N0,10,

𝑢 (−12) = 0,
(59)

where

𝑝 (𝑡, 𝑢 (𝑡)) = 𝑢2 (𝑡) + 4 |𝑢 (𝑡)|3 + |𝑢 (𝑡)| ⋅ 𝑡 sin22𝜋𝑡5000 (2 + 𝑒−𝑡) ,
𝑓 (𝑡, 𝑢 (𝑡)) = 10 (2 cos22𝜋𝑡 + 3𝑡)3 (100𝜋 − 2𝑡)2 ⋅ 𝑢2 (𝑡) + 3 |𝑢 (𝑡)||𝑢 (𝑡)| + 10 ,
𝐹 [𝑡, 𝑢 (𝑡)] = (𝑡2 + 5) (8 |𝑢 (𝑡)| + 10𝜋)80 (100𝜋 − 𝑡) .

(60)

We set 𝛼 = 1/2, 𝛾 = 1/3, and 𝑇 = 10.
Noticing that (𝐻1)-(𝐻2) hold, for each 𝑡 ∈ N−1/2,21/2, we

have

𝑝 (𝑡, 𝑢) − 𝑝 (𝑡, V) = 4𝑡15000 (2 + 𝑒−𝑡) |𝑢 − V| ,
𝑓 (𝑡, 𝑢) − 𝑓 (𝑡, V) = 2 + 3𝑡(100𝜋 − 2𝑡)2 |𝑢 − V| ,
|𝐹 [𝑡, 𝑢] − 𝐹 [𝑡, V]| = ( (𝑡2 + 5)100𝜋 − 𝑡)(|𝑢|10 + 𝜋8 ) .

(61)

Thus, 𝜙 = 0.000389,𝜓 = 0.00139,
‖𝜔‖ = 0.441.

(62)

Finally, we find that

𝑓0 = 0.00389,
𝑝0 = 0.00105. (63)

So, (𝐻3) holds with a number 𝑅 ∈ [730.5887, 892.9406].
Hence, byTheorem 13, problem (59) has a unique solution

on N−1/2,21/2.

Example 2. Consider the following fractional difference
boundary value problem:

Δ1/2 [Δ2/5𝑢 (𝑡) − Δ−1/3𝑔 (𝑡 − 4/15, 𝑢 (𝑡 − 4/15))ℎ (𝑡, 𝑢 (𝑡)) ]
= 𝐻[𝑡 − 110 , 𝑢 (𝑡 − 110) , Δ−3/4𝑢 (𝑡 + 1320)] ,

𝑢 (−1110) = Δ2/5𝑢 (−12) = 0,
(64)

for 𝑡 ∈ N0,10, where
𝑔 (𝑡, 𝑢 (𝑡)) = log(1 + |𝑢 (𝑡)| 𝑒𝑡 sin 5𝜋𝑡1 + |𝑢 (𝑡)| ) ,
ℎ (𝑡, 𝑢 (𝑡)) = (|𝑢 (𝑡)| + 1|𝑢 (𝑡)| + 2) 𝑒−sin2𝜋𝑡100𝑒 − 𝑡 ,
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𝐻[𝑡, 𝑢 (𝑡) , Δ−3/4𝑢 (𝑡 + 34)]
= 13 arctan(3 |𝑢 (𝑡)| sin

25𝜋𝑡10 + |𝑢 (𝑡)| )
− 13 arctan(

3 Δ−3/4𝑢 (𝑡 + 3/4) sin25𝜋𝑡10 + Δ−3/4𝑢 (𝑡 + 3/4) ) .
(65)

We let 𝛼 = 1/2, 𝛽 = 2/5, 𝛾 = 1/3, 𝜔 = 3/4, and 𝑇 = 10.
Noticing that (𝐾1)-(𝐾2) hold, for each 𝑡 ∈ N−11/10,109/10,

we obtain

|ℎ (𝑡, 𝑢) − ℎ (𝑡, V)| = ( 𝑒−sin2𝜋𝑡400𝑒 − 4𝑡) |𝑢 − V| ,
𝐻 [𝑡, 𝑢, Δ−3/4𝑢] − 𝐻 [𝑡, V, Δ−3/4V]
= 110 sin25𝜋𝑡 (|𝑢 − V| + Δ−3/4𝑢 − Δ−3/4V) ,

|ℎ (𝑡, 𝑢)| = 𝑒−sin2𝜋𝑡100𝑒 − 𝑡 + 𝑒−𝜋𝑡,𝐻 [𝑡, 𝑢, Δ−3/4𝑢] = 3 sin25𝜋𝑡.

(66)

Thus, we obtain

‖𝜗‖ = 0.000923,
‖𝜃‖ = 0.1,𝜇 = 0.00369,
‖]‖ = 3.

(67)

Finally, we find that

(𝑇 + 𝛼 + 𝛽)𝛽Γ (𝛽 + 1) {‖𝜗‖ ‖]‖ (𝑇 + 𝛼 + 𝛽)𝛼Γ (𝛼 + 1)
+ 𝜇 ‖𝜃‖ (1 + (𝑇 + 𝛼 + 𝛽)

𝜔

Γ (𝜔 + 1) )} ≈ 0.2277 < 1.
(68)

Hence, byTheorem 16, problem (64) has a unique solution on
N−11/10,109/10.
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We apply the homotopy perturbation Sumudu transform method (HPSTM) to the time-space fractional coupled systems in the
sense of Riemann-Liouville fractional integral and Caputo derivative. The HPSTM is a combination of Sumudu transform and
homotopy perturbation method, which can be easily handled with nonlinear coupled system. We apply the method to the coupled
Burgers system, the coupled KdV system, the generalized Hirota-Satsuma coupled KdV system, the coupled WBK system, and the
coupled shallowwater system.The simplicity and validity of themethod can be shown by the applications and the numerical results.

1. Introduction

Fractional calculus, compared to integer calculus, was men-
tioned in a letter from L’Hospital to Leibniz in 1695. In the
letter, L’Hospital raised a question, “what is the result of
d𝑛𝑦/d𝑥𝑛 if 𝑛 = 1/2?”The answer of Leibniz was “d1/2𝑥will be
equal to 𝑥√d𝑥 : 𝑥. This is an apparent paradox, from which,
one day useful consequences will be drawn” [1]. Furthermore,
the generalization of this framework indicates that it is more
appropriate to talk about integration and differentiation of
arbitrary order, such as fractional order, real number order,
and even complex number order just as the development
of number system. Thus, there is a basic question: “what
are the definitions of fractional integral and derivative?”
Or “how to define the fractional integral and derivative?”
More and more mathematicians focused on this problem,
like Lagrange, Laplace, Fourier, and so on. Some different
fractional integrals and derivatives have been given according
to different needs, like Riemann-Liouville fractional integral,
Caputo fractional derivative, Weyl fractional derivative, and
so on [2]. But there are no uniform definitions of fractional
integral and derivative, and the frequently used definitions
are Riemann-Liouville integral and Caputo derivative.

Fractional differential equations arise in many engineer-
ing and scientific disciplines as the mathematical modeling
of systems and processes in the fields of physics, chem-
istry, aerodynamics, electrodynamics of complex medium,
polymer rheology, and so on, which involve derivatives of
fractional order. Fractional differential equations also serve as
an excellent tool for the description of hereditary properties
of various materials and processes. In consequence, the
subject of fractional differential equations is gaining much
more attention. For example, in electromagnetism, Sebaa
et al. [3] studied ultrasonic wave propagation in human
cancellous bone by using fractional calculus to describe
the viscous interactions between fluid and solid structure.
In signal processing, Assaleh and Ahmad [4] proposed a
new approach for speech signal modeling through using
fractional calculus.Magin andOvadia [5]molded the cardiac
tissue electrode interface using fractional calculus. In control
theory, Suarez et al. [6] applied fractional controllers to the
path-tracking problem in an autonomous electric vehicle.
In fluid mechanics, Kulish and Lage [7] applied fractional
calculus to the solution of time-dependent, viscous-diffusion
fluid mechanics problems.

Hindawi
Discrete Dynamics in Nature and Society
Volume 2017, Article ID 3540364, 19 pages
https://doi.org/10.1155/2017/3540364

https://doi.org/10.1155/2017/3540364


2 Discrete Dynamics in Nature and Society

In this paper, we intend to construct the approximate
solutions to the nonlinear time-space fractional coupled
systems. There are many effective methods to solve this
problem, like Adomian decomposition method [8–10], vari-
ation iteration method [11], differential transform method
[12], residual power series method [13, 14], iteration method
[15], homotopy perturbationmethod [16], homotopy analysis
method [17], and so on. Furthermore, for the nonlinear
problem, the multiple exp-function method [18, 19], the
transformed rational functionmethod [20–22], and invariant
subspace method [23, 24] are three systematical approaches
to handle the nonlinear terms. The first one is to propose
the exact solution of nonlinear partial differential equations
by using rational function transformations. Its key point is
to search for rational solutions to variable-coefficient ordi-
nary differential equations transformed from given partial
differential equations.The second one is to consider the form
of solution as rational exponential functions with unknown
coefficients whose advantage is direct applicability to under-
lying equation. The invariant subspace method is refined to
present more unity and more diversity of exact solutions to
evolution equations. The key idea is to take subspaces of
solutions to linear ordinary differential equations as invariant
subspaces that evolution equations admit. Motivated by these
fruitful results, Singh et al. [25] proposed the homotopy
perturbation Sumudu transformmethod based on the homo-
topy perturbation method and Sumudu transform method
and applied it to nonlinear partial differential equations.
The HPSTM was extended to the time-fractional PDEs in
[26, 27]. It is worth mentioning that the HPSTM is applied
without any using of Adomian polynomials, over restrictive
assumption or linearization, and is capable of reducing the
volume of computational work as compared to the classical
numerical methods while still maintaining the high accuracy
of the result.Meanwhile, it is appropriate not only for strongly
nonlinear system but also for weakly nonlinear system.

The rest of the paper is organized as follows. In Section 2,
we introduce some concepts on fractional calculus and the
Sumudu transform. In Section 3, we illustrate the basic idea of
HPSTMwhich is applied to the time-space fractional coupled
systems. In Section 4, we apply HPSTM to obtain fractional
power series solutions of nonlinear time-space fractional
coupled systems with initial values, and some numerical
results are presented as well.

2. Preliminaries

Definition 1 (see [2]). A real function 𝑓(𝑥), 𝑥 > 0 is said to
be in the space 𝐶𝜇, 𝜇 ∈ R, if there exists a real number 𝜌 > 𝜇,
such that 𝑓(𝑥) = 𝑥𝜌𝑓1(𝑥), where 𝑓1(𝑥) ∈ 𝐶[0,∞), and it is
said that 𝑓(𝑥) ∈ 𝐶𝑛𝜇, if 𝑓(𝑛)(𝑥) ∈ 𝐶𝜇, 𝑛 ∈ N.

Definition 2 (see [2]). The fractional integral of 𝑓(𝑡) in the
Riemann-Liouville (left-sided) sense is defined as

𝐼𝛼𝑡 𝑓 (𝑡)

fl
{{{

1Γ (𝛼) ∫𝑡
0
(𝑡 − 𝜏)𝛼−1 𝑓 (𝜏) d𝜏, 𝛼 > 0, 𝑡 > 𝜏 ⩾ 0;

𝑓 (𝑡) , 𝛼 = 0,
(1)

where 𝛼 ⩾ 0, 𝑓 ∈ 𝐶𝜇, 𝜇 ⩾ −1, and Γ is the Gamma func-
tion.

Definition 3 (see [2]). The fractional integral of 𝑓(𝑥) in the
Riemann-Liouville sense is defined as

𝐼𝛼𝑥𝑓 (𝑥)

fl
{{{{{{{

1Γ (𝛼) ∫𝑥
−∞

(𝑥 − 𝜏)𝛼−1 𝑓 (𝜏) d𝜏, 𝛼 > 0, −∞ < 𝑥 < ∞;
𝑓 (𝑥) , 𝛼 = 0,

(2)

where 𝛼 ⩾ 0, 𝑓 ∈ 𝐶𝜇, 𝜇 ⩾ −1, and Γ is the Gamma func-
tion.

Definition 4 (see [2]). The Caputo (left-sided) fractional
derivative operator of order 𝛼 ≥ 0, of a function 𝑓 ∈ 𝐶𝑛𝜇 (𝜇 ⩾−1, 𝑛 ∈ N), is defined as

𝐷𝛼𝑡 𝑓 (𝑡)

fl

{{{{{{{{{

1Γ (𝑛 − 𝛼) ∫𝑡
0
(𝑡 − 𝜏)𝑛−𝛼−1 𝑓(𝑛) (𝜏) d𝜏, 𝑛 − 1 < 𝛼 < 𝑛, 𝑡 > 0;

d𝑛𝑓 (𝑡)
d𝑡𝑛 , 𝛼 = 𝑛.

(3)

Definition 5 (see [2]). The Caputo fractional derivative oper-
ator of order 𝛼 ≥ 0, of a function 𝑓 ∈ 𝐶𝑛𝜇 (𝜇 ⩾ −1, 𝑛 ∈ N), is
defined as

𝐷𝛼𝑥𝑓 (𝑥) fl
{{{{{{{{{{{

1Γ (𝑛 − 𝛼) ∫𝑥
−∞

(𝑥 − 𝜏)𝑛−𝛼−1 𝑓(𝑛) (𝜏) d𝜏, 𝑛 − 1 < 𝛼 < 𝑛, −∞ < 𝑥 < ∞;
d𝑛𝑓 (𝑥)
d𝑥𝑛 , 𝛼 = 𝑛.

(4)

Lemma 6 (see [28]). If 𝑚 − 1 < 𝛼 ≤ 𝑚, 𝑚 ∈ N, and 𝑓 ∈ 𝐶𝑚𝜇 ,𝜇 ≥ −1, one has
𝐷𝛼𝑡 𝐼𝛼𝑡 𝑓 (𝑡) = 𝑓 (𝑡) ,

𝐼𝛼𝑡 𝐷𝛼𝑡 𝑓 (𝑡) = 𝑓 (𝑡) − 𝑚−1∑
𝑘=0

𝑓(𝑘) (0) 𝑡𝑘𝑘! .
(5)
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In 1998, a new integral transform, named Sumudu trans-
form, was introduced by Watugala [29] to study solutions
of ordinary differential equations in control engineering
problems. The Sumudu transform is defined over the set
of functions 𝐴 = {𝑓(𝑡) : ∃𝑀, 𝜏1, 𝜏2 > 0, s.t. |𝑓(𝑡)| <𝑀𝑒|𝑡|/𝜏𝑗 , if 𝑡 ∈ (−1)𝑗 × [0, +∞)} by the following formula:

𝐹 (𝑢) = 𝑆 [𝑓 (𝑡)] = ∫∞
0

𝑓 (𝑢𝑡) 𝑒−𝑡d𝑡, 𝑢 ∈ (−𝜏1, 𝜏2) . (6)

Property 7 (see [30]). (i) The Sumudu transform satisfies lin-
ear property; that is,

𝑆 [𝑎𝑓 (𝑡) + 𝑏ℎ (𝑡)] = 𝑎𝑆 [𝑓 (𝑡)] + 𝑏𝑆 [ℎ (𝑡)] , (7)

where 𝑎, 𝑏 are constants.
(ii)

𝑆 [𝑡𝑛] = 𝑢𝑛Γ (𝑛 + 1) , 𝑛 ∈ N. (8)

Lemma 8 (see [31]). The Sumudu transform of the Caputo
fractional derivative is

𝑆 [𝐷𝛼𝑡 𝑓] (𝑡) = 𝑢−𝛼𝑆 [𝑓 (𝑡)] − 𝑚∑
𝑘=0

𝑢−𝛼+𝑘𝑓(𝑘) (0) ,
𝑚 < 𝛼 ≤ 𝑚 + 1, 𝑚 ∈ N.

(9)

3. Homotopy Perturbation Sumudu
Transform Method

In this section, to illustrate the basic idea of this method,
we consider a general nonhomogeneous fractional partial
differential coupled system

𝐷𝛼𝑡 𝑈1 (𝑥, 𝑡) +R
1 (𝑈1, 𝑈2, 𝑈3) +N

1 (𝑈1, 𝑈2, 𝑈3)
= 𝑔1 (𝑥, 𝑡) ,

𝐷𝛽𝑡 𝑈2 (𝑥, 𝑡) +R
2 (𝑈1, 𝑈2, 𝑈3) +N

2 (𝑈1, 𝑈2, 𝑈3)
= 𝑔2 (𝑥, 𝑡) ,

𝐷𝛾𝑡𝑈3 (𝑥, 𝑡) +R
3 (𝑈1, 𝑈2, 𝑈3) +N

3 (𝑈1, 𝑈2, 𝑈3)
= 𝑔3 (𝑥, 𝑡) ,

(10)

with the initial conditions

𝑈1 (𝑥, 0) = 𝑓1 (𝑥) ,
𝑈2 (𝑥, 0) = 𝑓2 (𝑥) ,
𝑈3 (𝑥, 0) = 𝑓3 (𝑥) ,

(11)

where 𝛼, 𝛽, 𝛾 ∈ (0, 1], R𝑖, N𝑖, 𝑖 = 1, 2, 3, denote linear
differential operators and nonlinear differential operators,

respectively, and 𝑔𝑖(𝑥, 𝑡) are the source terms. Applying the
Sumudu transform on both sides of (10) yields

𝑆 [𝐷𝛼𝑡 𝑈1 (𝑥, 𝑡)] + 𝑆 [R1 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N1 (𝑈1, 𝑈2, 𝑈3)] = 𝑆 [𝑔1 (𝑥, 𝑡)] ,

𝑆 [𝐷𝛽𝑡 𝑈2 (𝑥, 𝑡)] + 𝑆 [R2 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N2 (𝑈1, 𝑈2, 𝑈3)] = 𝑆 [𝑔2 (𝑥, 𝑡)] ,

𝑆 [𝐷𝛾𝑡𝑈3 (𝑥, 𝑡)] + 𝑆 [R3 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N3 (𝑈1, 𝑈2, 𝑈3)] = 𝑆 [𝑔3 (𝑥, 𝑡)] .

(12)

It follows from the property of the Sumudu transform in (9)
that

𝑆 [𝑈1 (𝑥, 𝑡)] = 𝑓1 (𝑥) − 𝑢𝛼 (𝑆 [R1 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N1 (𝑈1, 𝑈2, 𝑈3)]) + 𝑢𝛼𝑆 [𝑔1 (𝑥, 𝑡)] ,

𝑆 [𝑈2 (𝑥, 𝑡)] = 𝑓2 (𝑥) − 𝑢𝛽 (𝑆 [R2 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N2 (𝑈1, 𝑈2, 𝑈3)]) + 𝑢𝛽𝑆 [𝑔2 (𝑥, 𝑡)] ,

𝑆 [𝑈3 (𝑥, 𝑡)] = 𝑓3 (𝑥) − 𝑢𝛾 (𝑆 [R3 (𝑈1, 𝑈2, 𝑈3)]
+ 𝑆 [N3 (𝑈1, 𝑈2, 𝑈3)]) + 𝑢𝛾𝑆 [𝑔3 (𝑥, 𝑡)] .

(13)

Furthermore, applying the inverse Sumudu transform 𝑆−1 on
both sides of (13) yields

𝑈1 (𝑥, 𝑡) = 𝑀1 (𝑥, 𝑡) − 𝑆−1 [𝑢𝛼𝑆 [R1 (𝑈1, 𝑈2, 𝑈3)
+N
1 (𝑈1, 𝑈2, 𝑈3)]] ,

𝑈2 (𝑥, 𝑡) = 𝑀2 (𝑥, 𝑡) − S−1 [𝑢𝛽𝑆 [R2 (𝑈1, 𝑈2, 𝑈3)
+N
2 (𝑈1, 𝑈2, 𝑈3)]] ,

𝑈3 (𝑥, 𝑡) = 𝑀3 (𝑥, 𝑡) − 𝑆−1 [𝑢𝛾𝑆 [R3 (𝑈1, 𝑈2, 𝑈3)
+N
3 (𝑈1, 𝑈2, 𝑈3)]] ,

(14)

where 𝑀𝑖(𝑥, 𝑡), 𝑖 = 1, 2, 3, represent the terms arising from
the source terms and prescribed initial conditions; that is,

𝑀1 (𝑥, 𝑡) = S−1 [𝑓1 (𝑥) + 𝑢𝛼𝑆 [𝑔1 (𝑥, 𝑡)]] ,
𝑀2 (𝑥, 𝑡) = 𝑆−1 [𝑓2 (𝑥) + 𝑢𝛽𝑆 [𝑔2 (𝑥, 𝑡)]] ,
𝑀3 (𝑥, 𝑡) = 𝑆−1 [𝑓3 (𝑥) + 𝑢𝛾𝑆 [𝑔3 (𝑥, 𝑡)]] .

(15)

Let us construct the homotopy perturbation equations

𝑈1 (𝑥, 𝑡) = 𝑀1 (𝑥, 𝑡) − 𝑝 × 𝑆−1 [𝑢𝛼𝑆 [R1 (𝑈1, 𝑈2, 𝑈3)
+N
1 (𝑈1, 𝑈2, 𝑈3)]] ,
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𝑈2 (𝑥, 𝑡) = 𝑀2 (𝑥, 𝑡) − 𝑝 × 𝑆−1 [𝑢𝛽𝑆 [R2 (𝑈1, 𝑈2, 𝑈3)
+N
2 (𝑈1, 𝑈2, 𝑈3)]] ,

𝑈3 (𝑥, 𝑡) = 𝑀3 (𝑥, 𝑡) − 𝑝 × 𝑆−1 [𝑢𝛾𝑆 [R3 (𝑈1, 𝑈2, 𝑈3)
+N
3 (𝑈1, 𝑈2, 𝑈3)]] ,

(16)

where homotopy parameter 𝑝 ∈ [0, 1]. Suppose that 𝑈𝑖(𝑥, 𝑡)
and the nonlinear termsN𝑗𝑈𝑖(𝑥, 𝑡) can be written as

𝑈𝑖 (𝑥, 𝑡) = ∞∑
𝑛=0

𝑝𝑛𝑈𝑖𝑛 (𝑥, 𝑡) , 𝑖 = 1, 2, 3,
N
𝑗 (𝑈1, 𝑈2, 𝑈3) = ∞∑

𝑛=0

𝑝𝑛𝐻𝑗𝑛 (𝑈1, 𝑈2, 𝑈3) ,
𝑗 = 1, 2, 3,

(17)

where the coefficient polynomials 𝑈𝑖𝑛 can be determined
below and 𝐻𝑗𝑛(𝑈1, 𝑈2, 𝑈3) are given by the following formu-
lae:

𝐻𝑗𝑛 (𝑈1, 𝑈2, 𝑈3) = 1𝑛!
⋅ 𝜕𝑛𝜕𝑝𝑛 (N

𝑗(∞∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈3𝑘))𝑝=0
= 1𝑛! 𝜕𝑛𝜕𝑝𝑛 (N

𝑗( 𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)

+N
𝑗( ∞∑
𝑘=𝑛+1

𝑝𝑘𝑈1𝑘 ,
∞∑
𝑘=𝑛+1

𝑝𝑘𝑈2𝑘 ,
∞∑
𝑘=𝑛+1

𝑝𝑘𝑈3𝑘))𝑝=0
= 1𝑛!

⋅ 𝜕𝑛𝜕𝑝𝑛 (N
𝑗( 𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘))𝑝=0 ,
𝑗 = 1, 2, 3.

(18)

Substituting (17) into (16) gives

∞∑
𝑛=0

𝑝𝑛𝑈1𝑛 (𝑥, 𝑡) = 𝑀1 (𝑥, 𝑡) − 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [R1(∞∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈3𝑘)

+ ∞∑
𝑛=0

𝑝𝑛𝐻1𝑛 (
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] ,
∞∑
𝑛=0

𝑝𝑛𝑈2𝑛 (𝑥, 𝑡) = 𝑀2 (𝑥, 𝑡) − 𝑝

× 𝑆−1 [𝑢𝛽𝑆 [R2(∞∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈3𝑘)

+ ∞∑
𝑛=0

𝑝𝑛𝐻2𝑛 (
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] ,
∞∑
𝑛=0

𝑝𝑛𝑈3𝑛 (𝑥, 𝑡) = 𝑀3 (𝑥, 𝑡) − 𝑝

× 𝑆−1 [𝑢𝛾𝑆 [R3(∞∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
∞∑
𝑘=0

𝑝𝑘𝑈3𝑘)

+ ∞∑
𝑛=0

𝑝𝑛𝐻3𝑛 (
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] .

(19)

Comparing the coefficients of 𝑝, we obtain the following
recurrence equations:

𝑝0: 𝑈10 (𝑥, 𝑡) = 𝑀1 (𝑥, 𝑡) ,
𝑈20 (𝑥, 𝑡) = 𝑀2 (𝑥, 𝑡) ,
𝑈30 (𝑥, 𝑡) = 𝑀3 (𝑥, 𝑡) ,

...
𝑝𝑛: 𝑈1𝑛 (𝑥, 𝑡) = −𝑆−1 [𝑢𝛼𝑆 [R1(𝑛−1∑

𝑟=0

𝑛−1−𝑟∑
𝑠=0

𝑈1𝑟𝑈2𝑠𝑈3𝑛−1−𝑟−𝑠) + 𝐻1𝑛−1(
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] ,
𝑈2𝑛 (𝑥, 𝑡) = −𝑆−1 [𝑢𝛽𝑆 [R2(𝑛−1∑

𝑟=0

𝑛−1−𝑟∑
𝑠=0

𝑈1𝑟𝑈2𝑠𝑈3𝑛−1−𝑟−𝑠) + 𝐻2𝑛−1(
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] ,
𝑈3𝑛 (𝑥, 𝑡) = −𝑆−1 [𝑢𝛾𝑆 [R3(𝑛−1∑

𝑟=0

𝑛−1−𝑟∑
𝑠=0

𝑈1𝑟𝑈2𝑠𝑈3𝑛−1−𝑟−𝑠) + 𝐻3𝑛−1(
𝑛∑
𝑘=0

𝑝𝑘𝑈1𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈2𝑘 ,
𝑛∑
𝑘=0

𝑝𝑘𝑈3𝑘)]] ,

(20)

where 𝑛 = 1, 2, . . ..
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According to the homotopy perturbation method, we
assume that the solution of (10)-(11) can be written as

𝑉𝑖 (𝑥, 𝑡) = lim
𝑛→∞

(𝑈𝑖0 + 𝑈𝑖1𝑝 + 𝑈𝑖2𝑝2 + ⋅ ⋅ ⋅ + 𝑈𝑖𝑛𝑝𝑛) ,
𝑖 = 1, 2, 3. (21)

Setting 𝑝 → 1, the approximate solution to (10)-(11) is

𝑈𝑖 (𝑥, 𝑡) = lim
𝑝→1

𝑉𝑖 (𝑥1, . . . , 𝑥𝑚, 𝑡)
= lim
𝑛→∞

(𝑈𝑖0 + 𝑈𝑖1 + 𝑈𝑖2 + ⋅ ⋅ ⋅ + 𝑈𝑖𝑛) ,
𝑖 = 1, 2, 3.

(22)

The convergence of series (21) depends on the nonlinear
differential operatorN. Generally, the derivative with respect
to𝑈 of the nonlinear part in the splitting must be sufficiently
small, since the parameter 𝑝may be relatively large; in fact we
take 𝑝 → 1. The series is convergent for most cases [32].

Remark 9. HPSTM is applied to construct homotophy series
solutions for fractional coupled systems, which has not too
many overstrict assumptions compared to some classical
methods.

4. Application of HPSTM to Time-Space
Fractional Coupled Systems

In this section, we apply HPSTM to nonlinear time-space
fractional coupled systems with initial conditions.

4.1. The Time-Space Fractional Coupled Burgers System. The
Burgers equation is one of the most important partial dif-
ferential equations from fluid mechanics, which not only
describes many phenomena, for example, modeling the
motion of turbulence [33], but also has many applications
in science and engineering [34]. Here we apply HPSTM to
solve the following nonlinear time-space fractional coupled
Burgers system:

𝐷𝛼𝑡 𝑈 − 𝐷2𝑥𝑈 − 2𝑈𝐷𝛽𝑥𝑈 + 𝐷𝑥 (𝑈𝑉) = 0,
𝐷𝛾𝑡𝑉 − 𝐷2𝑥𝑉 − 2𝑉𝐷𝛿𝑥𝑉 + 𝐷𝑥 (𝑈𝑉) = 0, (23)

with the initial conditions
𝑈 (𝑥, 0) = sin𝑥,
𝑉 (𝑥, 0) = sin𝑥, (24)

where 0 < 𝛼, 𝛽, 𝛿, 𝛾 ≤ 1, (𝑥, 𝑡) ∈ R × [0,∞).
Applying the Sumudu transform on both sides of (23)

with the initial conditions, we can obtain

𝑆 [𝑈 (𝑥, 𝑡)] = sin𝑥 + 𝑢𝛼 (𝑆 [𝐷2𝑥𝑈 (𝑥, 𝑡)
+ 2𝑈 (𝑥, 𝑡) 𝐷𝛽𝑥𝑈 (𝑥, 𝑡) − 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))]) ,

𝑆 [𝑉 (𝑥, 𝑡)] = sin𝑥 + V𝛾 (𝑆 [𝐷2𝑥𝑉 (𝑥, 𝑡)
+ 2𝑉 (𝑥, 𝑡) 𝐷𝛿𝑥𝑉 (𝑥, 𝑡) − 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))]) .

(25)

The inverse Sumudu transform of (25) implies that

𝑈 (𝑥, 𝑡) = sin 𝑥 + 𝑆−1 [𝑢𝛼 (𝑆 [𝐷2𝑥𝑈 (𝑥, 𝑡)
+ 2𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡) − 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))])] ,

𝑉 (𝑥, 𝑡) = sin 𝑥 + 𝑆−1 [V𝛾 (𝑆 [𝐷2𝑥𝑉 (𝑥, 𝑡)
+ 2𝑉 (𝑥, 𝑡)𝐷𝛿𝑥𝑉 (𝑥, 𝑡) − 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))])] .

(26)

Now applying the homotopy perturbation method gives
∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡) = sin 𝑥 + 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [𝐷2𝑥 (
∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡)]] ,
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡) = sin𝑥 + 𝑝

× 𝑆−1 [V𝛾𝑆 [𝐷2𝑥 (
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡)]] ,

(27)

where 𝐻𝑈𝑛 (𝑥, 𝑡) and 𝐻𝑉𝑛 (𝑥, 𝑡) are polynomials which denote
the homotopy coefficients of the nonlinear term and are given
by

∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡) = 2𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡)
− 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡)) ,

∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡) = 2𝑉 (𝑥, 𝑡) 𝐷𝛿𝑥𝑉 (𝑥, 𝑡)
− 𝐷𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡)) .

(28)

Set

𝑈𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑉𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛾Γ (𝑛𝛾 + 1) ,

(29)

and then

𝐻𝑈𝑛 (𝑥, 𝑡) = 2 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑛−𝑖 (𝑥)
⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1)
− 𝑛∑
𝑖=0

𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑛−𝑖 (𝑥))
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⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) ,

𝐻𝑉𝑛 (𝑥, 𝑡) = 2 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝛿𝑥�̃�𝑛−𝑖 (𝑥)

⋅ 𝑡𝑛𝛾Γ (𝑖𝛾 + 1) Γ ((𝑛 − 𝑖) 𝛾 + 1)

− 𝑛∑
𝑖=0

𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑛−𝑖 (𝑥))
⋅ 𝑡𝑛𝛾Γ (𝑖𝛾 + 1) Γ ((𝑛 − 𝑖) 𝛾 + 1) .

(30)

Comparing the coefficients of 𝑝, this gives
𝑝0: 𝑈0 (𝑥, 𝑡) = �̃�0 (𝑥) = sin𝑥,

𝑉0 (𝑥, 𝑡) = �̃�0 (𝑥) = sin𝑥,
𝑝1: 𝑈1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛼𝑆 [𝐷2𝑥𝑈0 (𝑥, 𝑡) + 𝐻𝑢0 (𝑥, 𝑡)]] = 𝑆−1 [𝑢𝛼𝑆 [𝐷2𝑥�̃�0 (𝑥) + 2�̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥) − 𝐷𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))]]

= 𝑡𝛼Γ (𝛼 + 1) {𝐷2𝑥�̃�0 (𝑥) + 2�̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥) − 𝐷𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))} = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑉1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛾𝑆 [𝐷2𝑥𝑉0 (𝑥, 𝑡) + 𝐻V

0 (𝑥, 𝑡)]] = 𝑆−1 [𝑢𝛾𝑆 [𝐷2𝑥�̃�0 (𝑥) + 2�̃�0 (𝑥)𝐷𝛿𝑥�̃�0 (𝑥) − 𝐷𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))]]
= 𝑡𝛾Γ (𝛾 + 1) {𝐷2𝑥�̃�0 (𝑥) + 2�̃�0 (𝑥)𝐷𝛿𝑥�̃�0 (𝑥) − 𝐷𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))} = 𝑡𝛾Γ (𝛾 + 1)�̃�1 (𝑥) .

(31)

Generally, we have

𝑝𝑘: 𝑈𝑘 (𝑥, 𝑡)
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {𝐷2𝑥�̃�𝑘−1 (𝑥) +

𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (2�̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥) − 𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑘−1−𝑖 (𝑥)))}

= t𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,
𝑉𝑘 (𝑥, 𝑡)
= 𝑡𝑘𝛾Γ (𝑘𝛾 + 1) {𝐷2𝑥�̃�𝑘−1 (𝑥) +

𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛾 + 1)
Γ (𝑖𝛾 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛾 + 1) (2�̃�𝑖 (𝑥)𝐷𝛿𝑥�̃�𝑘−1−𝑖 (𝑥) − 𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑘−1−𝑖 (𝑥)))}

= 𝑡𝑘𝛾Γ (𝑘𝛾 + 1)�̃�𝑘 (𝑥) ,

(32)

where

�̃�𝑘 (𝑥) = 𝐷2𝑥�̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (2�̃�𝑖 (𝑥)
⋅ 𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥) − 𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑘−1−𝑖 (𝑥))) ,

�̃�𝑘 (𝑥) = 𝐷2𝑥�̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛾 + 1)
Γ (𝑖𝛾 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛾 + 1) (2�̃�𝑖 (𝑥)

⋅ 𝐷𝛿𝑥�̃�𝑘−1−𝑖 (𝑥) − 𝐷𝑥 (�̃�𝑖 (𝑥) �̃�𝑘−1−𝑖 (𝑥))) .

(33)

Hence, the series solution of (23) is

𝑈 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑈𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑉 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑉𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛾Γ (𝑘𝛾 + 1) .
(34)

Particularly, when 𝛼 = 𝛾 = 𝛽 = 𝛿 = 1, the exact solution of
(23) is

𝑈 (𝑥, 𝑡) = 𝑒−𝑡 sin𝑥,
𝑉 (𝑥, 𝑡) = 𝑒−𝑡 sin𝑥. (35)
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(a) The third-order approximate solution of𝑈(𝑥, 𝑡)
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(b) The exact solution of𝑈(𝑥, 𝑡)
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(c) The error |𝑈app − 𝑈ex| of𝑈(𝑥, 𝑡) at 𝑡 = 0.01
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(d) The error |𝑈app − 𝑈ex| of𝑈(𝑥, 𝑡) at 𝑡 = 0.1

Figure 1

Using HPSTM, when 𝛼 = 𝛾 = 𝛽 = 𝛿 = 1, the third
approximate solution of (23) is

𝑈app (𝑥, 𝑡) = sin 𝑥 + 𝑡2! (− sin𝑥) + 𝑡23! (sin 𝑥)
+ 𝑡34! (− sin𝑥)

= sin 𝑥{1 + −𝑡2! + (−𝑡)23! + −𝑡34! } ,
𝑉app (𝑥, 𝑡) = sin 𝑥 + 𝑡2! (− sin𝑥) + 𝑡23! (sin 𝑥)

+ 𝑡34! (− sin𝑥)
= sin 𝑥{1 + −𝑡2! + (−𝑡)23! + −𝑡34! } .

(36)

In general, the limit of the approximate solution is

𝑈 (𝑥, 𝑡) = sin𝑥 + 𝑡2! (− sin𝑥) + 𝑡23! (sin𝑥)
+ 𝑡34! (− sin𝑥) + ⋅ ⋅ ⋅

= sin𝑥{1 + −𝑡2! + (−𝑡)23! + −𝑡34! + ⋅ ⋅ ⋅}
= 𝑒−𝑡 sin𝑥,

𝑉 (𝑥, 𝑡) = sin𝑥 + 𝑡2! (− sin𝑥) + 𝑡23! (sin 𝑥)
+ 𝑡34! (− sin𝑥) + ⋅ ⋅ ⋅

= sin𝑥{1 + −𝑡2! + (−𝑡)23! + −𝑡34! + ⋅ ⋅ ⋅}
= 𝑒−𝑡 sin𝑥,

(37)
which is as same as the exact solution. However, if the initial
values are too complex to find the limit of the approximated
solution, then we replace the exact solution by the approxi-
mated solution within a certain scale, which is useful in the
application of engineering.

Thus we plot the images of the approximate solution (see
Figure 1(a)), the exact solution (see Figure 1(b)), and the error
function (see Figures 1(c) and 1(d)). It is clear that the error
function |𝑈app −𝑈ex| depends on time 𝑡. When time 𝑡 is small
(e.g., 𝑡 = 0.01), the error function is in the scale of 10−3 (see
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Figure 1(c)), which indicates that this is a good approximation
in the neighbour of time 0 for system (23) with some explicit
parameters.However, when time becomes large (e.g., 𝑡 = 0.1),
the error function tends to be large as well (see Figure 1(d));
that is to say, this method is only suitable for constructing the
approximated solution around the initial data.

4.2.The Time-Space Fractional Coupled KdV System of Gener-
alized Hirota-Satsuma Type. In this subsection, consider the
time-space fractional generalization of the Hirota-Satsuma
coupled KdV system

𝐷𝛼𝑡 𝑈 − 12𝐷3𝛽𝑥 𝑈 + 3𝑈𝐷𝛾𝑥𝑈 − 3𝐷𝛿𝑥 (𝑉𝑊) = 0,
𝐷𝛼𝑡 𝑉 + 𝐷3𝜆𝑥 𝑉 − 3𝑈𝐷𝜏𝑥𝑉 = 0,

𝐷𝛼𝑡𝑊 + 𝐷3𝜃𝑥 𝑊 − 3𝑈𝐷𝜎𝑥𝑊 = 0,
(38)

with respect to the initial conditions

𝑈 (𝑥, 0) = 𝑎0 (𝑥) ,
𝑉 (𝑥, 0) = 𝑏0 (𝑥) ,
𝑊 (𝑥, 0) = 𝑐0 (𝑥) ,

(39)

where 0 < 𝛼, 𝛾, 𝛿, 𝜆, 𝜏 ≤ 1, 2/3 < 𝛽, 𝜎, 𝜃 ≤ 1, 𝑈 = 𝑈(𝑥, 𝑡),𝑉 = 𝑉(𝑥, 𝑡), 𝑊 = 𝑊(𝑥, 𝑡), (𝑥, 𝑡) ∈ R × [0,∞). The Hirota-
Satsuma coupled KdV equation describes the unidirectional
propagation of shallow water waves, which was initiated by
Wu et al. [35]. Further (38) becomes a generalized fractional
KdV equation for𝑈 = 0 and a fractional MKdV equation for𝑉 = 0.

Applying the Sumudu transform on both sides of (38)
with the initial conditions, we obtain

𝑆 [𝑈 (𝑥, 𝑡)] = 𝑎0 (𝑥) + 𝑢𝛼 (𝑆 [12𝐷3𝛽𝑥 𝑈 (𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡) 𝐷𝛾𝑥𝑈 (𝑥, 𝑡) + 3𝐷𝛿𝑥 (𝑉 (𝑥, 𝑡)𝑊 (𝑥, 𝑡))]) ,

𝑆 [𝑉 (𝑥, 𝑡)] = 𝑏0 (𝑥) − V𝛼 (𝑆 [𝐷3𝜆𝑥 𝑉 (𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡) 𝐷𝜏𝑥𝑉 (𝑥, 𝑡)]) ,

𝑆 [𝑊 (𝑥, 𝑡)] = 𝑐0 (𝑥) − 𝑤𝛼 (𝑆 [𝐷3𝜃𝑥 𝑊(𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡) 𝐷𝜎𝑥𝑊(𝑥, 𝑡)]) .

(40)

The inverse Sumudu transform of (40) implies that

𝑈 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑆−1 [𝑢𝛼 (𝑆 [12𝐷3𝛽𝑥 𝑈 (𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡) 𝐷𝛾𝑥𝑈 (𝑥, 𝑡)
+ 3𝐷𝛿𝑥 (𝑉 (𝑥, 𝑡)𝑊 (𝑥, 𝑡))])] ,

𝑉 (𝑥, 𝑡) = 𝑏0 (𝑥) − 𝑆−1 [V𝛼 (𝑆 [𝐷3𝜆𝑥 𝑉 (𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡) 𝐷𝜏𝑥𝑉 (𝑥, 𝑡)])] ,

𝑊 (𝑥, 𝑡) = 𝑐0 (𝑥) − 𝑆−1 [𝑤𝛼 (𝑆 [𝐷3𝜃𝑥 𝑊(𝑥, 𝑡)
− 3𝑈 (𝑥, 𝑡)𝐷𝜎𝑥𝑊(𝑥, 𝑡)])] .

(41)

Via the homotopy perturbation method, it gives
∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [12𝐷3𝛽𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡)]] ,
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑝

× 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 (∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡)]] ,
∞∑
𝑛=0

𝑝𝑛𝑊𝑛 (𝑥, 𝑡) = 𝑐0 (𝑥) + 𝑝

× 𝑆−1 [𝑤𝛼𝑆 [−𝐷3𝜃𝑥 (∞∑
𝑛=0

𝑊𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑊𝑛 (𝑥, 𝑡)]] ,

(42)

where 𝐻𝑈𝑛 (𝑥, 𝑡), 𝐻𝑉𝑛 (𝑥, 𝑡), and 𝐻𝑊𝑛 (𝑥, 𝑡) are polynomials
which denote the nonlinear term, and they are given by

∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡) = 3𝐷𝛿𝑥 (𝑉 (𝑥, 𝑡)𝑊 (𝑥, 𝑡))
− 3𝑈 (𝑥, 𝑡)𝐷𝛾𝑥𝑈 (𝑥, 𝑡) ,

∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡) = 3𝑈 (𝑥, 𝑡) 𝐷𝜏𝑥𝑉 (𝑥, 𝑡) ,
∞∑
𝑛=0

𝑝𝑛𝐻𝑊𝑛 (𝑥, 𝑡) = 3𝑈 (𝑥, 𝑡) 𝐷𝜎𝑥𝑊(𝑥, 𝑡) .

(43)

Set

𝑈𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑉𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑊𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,

(44)
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and then

𝐻𝑈𝑛 = 3𝐷𝛿𝑥(
𝑛∑
𝑖=0

�̃�𝑖 (𝑥) �̃�𝑛−𝑖 (𝑥)
⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1)) − 3 𝑛∑

𝑖=0

�̃�𝑖 (𝑥)
⋅ 𝐷𝛾𝑥�̃�𝑛−𝑖 (𝑥) 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) ,

𝐻𝑉𝑛 = 3 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑛−𝑖 (𝑥)

⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) ,

𝐻𝑊𝑛 = 3 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝜎𝑥�̃�𝑛−𝑖 (𝑥)

⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) .
(45)

Comparing the coefficients of 𝑝 shows

𝑝0: 𝑈0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑎0 (𝑥) ,
𝑉0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑏0 (𝑥) ,
𝑊0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑐0 (𝑥) ,

𝑝1: 𝑈1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛼𝑆 [12𝐷3𝛽𝑥 𝑈0 (𝑥, 𝑡) + 𝐻𝑈0 (𝑥, 𝑡)]]
= 𝑆−1 [𝑢𝛼𝑆 [12𝐷3𝛽𝑥 �̃�0 (𝑥) + 3𝐷𝛿𝑥 (�̃�0 (𝑥) �̃�0 (𝑥)) − 3�̃�0 (𝑥)𝐷𝛾𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (12𝐷3𝛽𝑥 �̃�0 (𝑥) + 3𝐷𝛿𝑥 (�̃�0 (𝑥) �̃�0 (𝑥)) − 3�̃�0 (𝑥)𝐷𝛾𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑉1 (𝑥, 𝑡) = 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 𝑉0 (𝑥, 𝑡) + 𝐻𝑉0 (𝑥, 𝑡)]] = 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 �̃�0 (𝑥) + 3�̃�0 (𝑥)𝐷𝜏𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝐷3𝜆𝑥 �̃�0 (𝑥) + 3�̃�0 (𝑥)𝐷𝛾𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑊1 (𝑥, 𝑡) = 𝑆−1 [𝑤𝛼𝑆 [−𝐷3𝜃𝑥 𝑊0 (𝑥, 𝑡) + 𝐻𝑊0 (𝑥, 𝑡)]] = 𝑆−1 [𝑤𝛼𝑆 [−𝐷3𝜃𝑥 �̃�0 (𝑥) + 3�̃�0 (𝑥)𝐷𝜎𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝐷3𝜃𝑥 �̃�0 (𝑥) + 3�̃�0 (𝑥)𝐷𝜎𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1)�̃�1 (𝑥) .

(46)

Generally, one has

𝑝𝑘: 𝑈𝑘 (𝑥, 𝑡)
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {12𝐷3𝛽𝑥 �̃�𝑘−1 (𝑥) + 𝑘−1∑

𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (3𝐷𝛿𝑥 (𝑉𝑘−1−𝑖 (𝑥) �̃�𝑖 (𝑥)) − 3�̃�𝑖 (𝑥)𝐷𝛾𝑥�̃�𝑘−1−𝑖 (𝑥))}

= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,

𝑉𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {−𝐷3𝜆𝑥 �̃�𝑘−1 (𝑥) +
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)𝐷𝜏𝑥𝑉𝑘−1−𝑖 (𝑥)} = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1)𝑉𝑘 (𝑥) ,

𝑊𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {−𝐷3𝜃𝑥 �̃�𝑘−1 (𝑥) +
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)𝐷𝜎𝑥�̃�𝑘−1−𝑖 (𝑥)}

= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1)�̃�𝑘 (𝑥) ,

(47)
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where

�̃�𝑘 (𝑥) = 12𝐷3𝛽𝑥 �̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)
⋅ (3𝐷𝛿𝑥 (�̃�𝑘−1−𝑖 (𝑥) �̃�𝑖 (𝑥))
− 3�̃�𝑖 (𝑥)𝐷𝛾𝑥�̃�𝑘−1−𝑖 (𝑥)) ,

�̃�𝑘 (𝑥) = −𝐷3𝜆𝑥 �̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)
⋅ 𝐷𝜏𝑥�̃�𝑘−1−𝑖 (𝑥) ,

�̃�𝑘 (𝑥) = −𝐷3𝜃𝑥 �̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)
⋅ 𝐷𝜎𝑥�̃�𝑘−1−𝑖 (𝑥) .

(48)

Therefore, the approximate series solution of (38) is

𝑈 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑈𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑉 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑉𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑊 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑊𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) .

(49)

Particularly, when 𝛼 = 𝛾 = 𝛿 = 𝜆 = 1, 𝜏 = 𝛽 = 𝜎 = 𝜃 = 2/3,
and the special initial value of (38) is

𝑈 (𝑥, 0) = −2 + 4 tanh2𝑥,
𝑉 (𝑥, 0) = −4 + 4 tanh2𝑥,
𝑊 (𝑥, 0) = 1 + tanh2𝑥,

(50)

then the exact solutions are
𝑈 (𝑥, 𝑡) = −2 + 4 tanh2 (𝑥 + 2𝑡) ,
𝑉 (𝑥, 𝑡) = −4 + 4 tanh2 (𝑥 + 2𝑡) ,
𝑊 (𝑥, 𝑡) = 1 + tanh2 (𝑥 + 2𝑡) .

(51)

Under these special conditions, via HPSTM, the first approx-
imate solution of (38) is

𝑈app (𝑥, 𝑡) = −2 + 4 tanh2𝑥 + 16 (tanh𝑥 − tanh3𝑥) 𝑡,
𝑉app (𝑥, 𝑡) = −4 + 4 tanh2𝑥 + 16 (tanh𝑥 − tanh3𝑥) 𝑡,
𝑊app (𝑥, 𝑡) = 1 + tanh2𝑥 + 4 (tanh𝑥 − tanh3𝑥) 𝑡.

(52)

Similarly, we obtain the following numerical results: see
Figures 2(a), 2(b), 2(c), 2(d), 3(a), 3(b), 3(c), 3(d), 4(a), 4(b),
4(c), and 4(d).

4.3.TheTime-Space Fractional Coupled ShallowWater System.
Shallow water systems are widely used in many areas of fluid
dynamics, such asmultiphase flows [36], turbulence [37], and
viscoelasticity [38]. It is well known that the shallow water
systems can accurately predict both the hydraulic parameters
under conditions of slow erosion and low sediment concen-
tration. Let us consider the time-space fractional coupled
shallow water system

𝐷𝛼𝑡 𝑈 + 𝑈𝐷𝛽𝑥𝑈 + 𝐷𝛾𝑥𝑉 + 𝑎𝐷2𝛿𝑥 𝑈 = 0,
𝐷𝛼𝑡 𝑉 + 𝑉𝐷𝜆𝑥𝑈 + 𝑈𝐷𝜏𝑥𝑉 − 𝑎𝐷2𝜃𝑥 𝑉 + 𝑏𝐷3𝜎𝑥 𝑈 = 0 (53)

with initial values

𝑈 (𝑥, 0) = 𝑎0 (𝑥) ,
𝑉 (𝑥, 0) = 𝑏0 (𝑥) , (54)

where 0 < 𝛼, 𝛽, 𝛾, 𝜆, 𝜏 ≤ 1, 1/2 < 𝛿, 𝜃 ≤ 1, 2/3 < 𝜎 ≤ 1,𝑈 = 𝑈(𝑥, 𝑡), 𝑉 = 𝑉(𝑥, 𝑡), (𝑥, 𝑡) ∈ R × [0, 1/3].
Applying the Sumudu transform on both sides of (53)

with the initial conditions, we obtain

𝑆 [𝑈 (𝑥, 𝑡)] = 𝑎0 (𝑥) + 𝑢𝛼 (𝑆 [−𝑈 (𝑥, 𝑡) 𝐷𝛽𝑥𝑈 (𝑥, 𝑡)
− 𝐷𝛾𝑥𝑉 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈 (𝑥, 𝑡)]) ,

𝑆 [𝑉 (𝑥, 𝑡)] = 𝑏0 (𝑥) + V𝛼 (𝑆 [−𝑉 (𝑥, 𝑡)𝐷𝜆𝑥𝑈 (𝑥, 𝑡)
− 𝑈 (𝑥, 𝑡) 𝐷𝜏𝑥𝑉 (𝑥, 𝑡) + 𝑎𝐷2𝜃𝑥 𝑉 (𝑥, 𝑡)
− 𝑏𝐷3𝜎𝑥 𝑈 (𝑥, 𝑡)]) .

(55)

The inverse Sumudu transform of (55) implies that

𝑈 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑆−1 [𝑢𝛼 (𝑆 [−𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡)
− 𝐷𝛾𝑥𝑉 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈 (𝑥, 𝑡)])] ,

𝑉 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑆−1 [V𝛼 (𝑆 [−𝑉 (𝑥, 𝑡) 𝐷𝜆𝑥𝑈 (𝑥, 𝑡)
− 𝑈 (𝑥, 𝑡)𝐷𝜏𝑥𝑉 (𝑥, 𝑡) + 𝑎𝐷2𝜃𝑥 𝑉 (𝑥, 𝑡)
− 𝑏𝐷3𝜎𝑥 𝑈 (𝑥, 𝑡)])] .

(56)

According to homotopy perturbation method, we have

∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥 (
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))
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Figure 2

− 𝑎𝐷2𝛿𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡)) − ∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡)]] ,
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑝

× 𝑆−1 [V𝛼𝑆 [𝑎𝐷2𝜃𝑥 (∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

− 𝑏𝐷3𝜎𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡)) − ∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡)]] ,
(57)

where𝐻𝑈𝑛 (𝑥, 𝑡) and𝐻𝑉𝑛 (𝑥, 𝑡) are polynomials of the nonlinear
term and are given by

∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡) = 𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡) ,
∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡) = 𝑉 (𝑥, 𝑡)𝐷𝜆𝑥𝑈 (𝑥, 𝑡)
+ 𝑈 (𝑥, 𝑡)𝐷𝜏𝑥𝑉 (𝑥, 𝑡) .

(58)

Setting

𝑈𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑉𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,

(59)

then we arrive at

𝐻𝑈𝑛 (𝑥, 𝑡)
= 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑛−𝑖 (𝑥) 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) ,
𝐻𝑉𝑛 (𝑥, 𝑡)

= ( 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝜆𝑥�̃�𝑛−𝑖 (𝑥) +
𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑛−𝑖 (𝑥))
⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) .

(60)

Comparing the coefficients of 𝑝 yields
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𝑝0: 𝑈0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑎0 (𝑥) ,
𝑉0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑏0 (𝑥) ,

𝑝1: 𝑈1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥𝑉0 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈0 (𝑥, 𝑡) − 𝐻𝑈0 (𝑥)]]
= 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥�̃�0 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝐷𝛾𝑥�̃�0 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑉1 (𝑥, 𝑡) = 𝑆−1 [V𝛼𝑆 [−𝑏𝐷3𝜎𝑥 𝑉0 (𝑥, 𝑡) + 𝑎𝐷2𝜃𝑥 𝑉0 (𝑥, 𝑡) − 𝐻𝑉0 (𝑥)]]
= 𝑆−1 [V𝛼𝑆 [−𝑏𝐷3𝜎𝑥 �̃�0 (𝑥) + 𝑎𝐷2𝜃𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝜆𝑥�̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝜏𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝑏𝐷3𝜎𝑥 �̃�0 (𝑥) + 𝑎𝐷2𝜃𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝜆𝑥�̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝜏𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) .

(61)

Generally, we have

𝑝𝑘: 𝑈𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {−𝐷𝛾𝑥�̃�𝑘−1 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�𝑘−1 (𝑥) −
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) �̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥)}
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,
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Figure 4

𝑉𝑘 (𝑥, 𝑡)
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {−𝑏𝐷3𝜎𝑥 �̃�𝑘−1 (𝑥) + 𝑎𝐷2𝜃𝑥 �̃�𝑘−1 (𝑥) −

𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (�̃�𝑖 (𝑥)𝐷𝜆𝑥�̃�𝑘−1−𝑖 (𝑥) + �̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑘−1−𝑖 (𝑥))}
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,

(62)

where

�̃�𝑘 (𝑥) = −𝐷𝛾𝑥�̃�𝑘−1 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�𝑘−1 (𝑥)
− 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) �̃�𝑖 (𝑥)
⋅ 𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥) ,

�̃�𝑘 (𝑥) = −𝑏𝐷3𝜎𝑥 �̃�𝑘−1 (𝑥) + 𝑎𝐷2𝜃𝑥 �̃�𝑘−1 (𝑥)
− 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (�̃�𝑖 (𝑥)
⋅ 𝐷𝜆𝑥�̃�𝑘−1−𝑖 (𝑥) + �̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑘−1−𝑖 (𝑥)) .

(63)

Hence, the series solution is

𝑈 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑈𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑉 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑉𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) .
(64)

4.4. The Time-Space Fractional Coupled KdV System. KdV
equation plays an important role in nonlinear equations for
wide applications in physics and engineering. Hirota and
Satsuma [39] firstly found coupled KdV system to describe
the iterations of water waves; meanwhile, they claimed that
the system exists with a soliton solution. In [40], Fan and
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Zhang settled several kinds of solutions by an improved
homogeneous method. The time-space fractional coupled
KdV equation is a generalization of the classical coupled KdV
equation. In this subsection, we consider the following time-
space fractional coupled KdV system:

𝐷𝛼𝑡 𝑈 − 𝑎𝐷3𝛽𝑥 𝑈 − 6𝑎𝑈𝐷𝛾𝑥𝑈 − 2𝑏𝑉𝐷𝛿𝑥𝑉 = 0,
𝐷𝛼𝑡 𝑉 + 𝐷3𝜆𝑥 𝑉 + 3𝑈𝐷𝜏𝑥𝑉 = 0, (65)

with respect to initial values

𝑈 (𝑥, 0) = 𝑎0 (𝑥) ,
𝑉 (𝑥, 0) = 𝑏0 (𝑥) , (66)

where 0 < 𝛼, 𝛾, 𝛿, 𝜏 ≤ 1, 2/3 < 𝛽, 𝜆 ≤ 1, (𝑥, 𝑡) ∈ R × [0,∞),
and the coefficients 𝑎, 𝑏 are constants.

Applying the Sumudu transform on both sides of (65)
with the initial conditions, we obtain

𝑆 [𝑈 (𝑥, 𝑡)] = 𝑎0 (𝑥) + 𝑢𝛼 (𝑆 [𝑎𝐷3𝛽𝑥 𝑈 (𝑥, 𝑡)
+ 6𝑎𝑈 (𝑥, 𝑡)𝐷𝛾𝑥𝑈 (𝑥, 𝑡) + 2𝑏𝑉 (𝑥, 𝑡) 𝐷𝛿𝑥𝑉 (𝑥, 𝑡)]) ,

𝑆 [𝑉 (𝑥, 𝑡)] = 𝑏0 (𝑥) − V𝛼 (𝑆 [𝐷3𝜆𝑥 𝑉 (𝑥, 𝑡)
+ 3𝑈 (𝑥, 𝑡)𝐷𝜏𝑥𝑉 (𝑥, 𝑡)]) .

(67)

The inverse Sumudu transform of (67) implies that

𝑈 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑆−1 [𝑢𝛼 (𝑆 [𝑎𝐷3𝛽𝑥 𝑈 (𝑥, 𝑡)
+ 6𝑎𝑈 (𝑥, 𝑡)𝐷𝛾𝑥𝑈 (𝑥, 𝑡) + 2𝑏𝑉 (𝑥, 𝑡) 𝐷𝛿𝑥𝑉 (𝑥, 𝑡)])] ,

𝑉 (𝑥, 𝑡) = 𝑏0 (𝑥) − 𝑆−1 [V𝛼 (𝑆 [𝐷3𝜆𝑥 𝑉 (𝑥, 𝑡)
+ 3𝑈 (𝑥, 𝑡)𝐷𝜏𝑥𝑉 (𝑥, 𝑡)])] .

(68)

Analogously, using homotopy perturbation method gives

∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [𝑎𝐷3𝛽𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡)]] ,

∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑝

× 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 (∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

+ ∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡)]] ,
(69)

where 𝐻𝑈𝑛 (𝑥, 𝑡) and 𝐻𝑉𝑛 (𝑥, 𝑡) are homotopy polynomials
coefficients of the nonlinear term, which are given by

∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡) = 6𝑎𝑈 (𝑥, 𝑡) 𝐷𝛾𝑥𝑈 (𝑥, 𝑡)
+ 2𝑏𝑉 (𝑥, 𝑡) 𝐷𝛿𝑥𝑉 (𝑥, 𝑡) ,

∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡) = −3𝑈 (𝑥, 𝑡)𝐷𝜏𝑥𝑉 (𝑥, 𝑡) .
(70)

Setting

𝑈𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑉𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,

(71)

then

𝐻𝑈𝑛 (𝑥, 𝑡) = 6𝑎 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝛾𝑥�̃�𝑛−𝑖 (𝑥)
⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1)
+ 2𝑏 𝑛∑
𝑖=0

𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) �̃�𝑖 (𝑥)
⋅ 𝐷𝛿𝑥�̃�𝑛−𝑖 (𝑥) ,

𝐻𝑉𝑛 (𝑥, 𝑡) = −3 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑛−𝑖 (𝑥)
⋅ 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) .

(72)

Comparing the coefficients of 𝑝,

𝑝0: 𝑈0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑎0 (𝑥) ,
𝑉0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑏0 (𝑥) ,

𝑝1: 𝑈1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛼𝑆 [𝑎𝐷3𝛽𝑥 𝑈0 (𝑥, 𝑡) + 𝐻𝑈0 (𝑥, 𝑡)]]
= 𝑆−1 [𝑢𝛼𝑆 [𝑎𝐷3𝛽𝑥 �̃�0 (𝑥) + 6𝑎�̃�0 (𝑥)𝐷𝛾𝑥�̃�0 (𝑥) + 2𝑏�̃�0 (𝑥)𝐷𝛿𝑥�̃�0 (𝑥)]]
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= 𝑡𝛼Γ (𝛼 + 1) (𝑎𝐷3𝛽𝑥 �̃�0 (𝑥) + 6𝑎�̃�0 (𝑥)𝐷𝛾𝑥�̃�0 (𝑥) + 2𝑏�̃�0 (𝑥)𝐷𝛿𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑉1 (𝑥, 𝑡) = 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 𝑉0 (𝑥, 𝑡) + 𝐻𝑉0 (𝑥, 𝑡)]] = 𝑆−1 [V𝛼𝑆 [−𝐷3𝜆𝑥 �̃�0 (𝑥) − 3�̃�0𝐷𝜏𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝐷3𝜆𝑥 �̃�0 (𝑥) − 3�̃�0𝐷𝜏𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) .

(73)

Generally, we get

𝑝𝑘: 𝑈𝑘 (𝑥, 𝑡)
= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {𝑎𝐷3𝛽𝑥 �̃�𝑘−1 (𝑥) + 𝑘−1∑

𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) (6𝑎�̃�𝑖 (𝑥)𝐷𝛾𝑥�̃�𝑘−1−𝑖 (𝑥) + 2𝑏�̃�𝑖 (𝑥)𝐷𝛿𝑥�̃�𝑘−1−𝑖 (𝑥))}

= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,

𝑉𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) (−𝐷3𝜆𝑥 �̃�𝑘−1 (𝑥) −
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)𝐷𝜏𝑥�̃�𝑘−1−𝑖 (𝑥)) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,

(74)

where

�̃�𝑘 (𝑥) = 𝑎𝐷3𝛽𝑥 �̃�𝑘−1 (𝑥)
+ 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)6𝑎�̃�𝑖 (𝑥)
⋅ 𝐷𝛾𝑥�̃�𝑘−1−𝑖 (𝑥) + 2𝑏�̃�𝑖 (𝑥)𝐷𝛿𝑥�̃�𝑘−1−𝑖 (𝑥) ,

�̃�𝑘 (𝑥) = −𝐷3𝜆𝑥 �̃�𝑘−1 (𝑥)
− 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)3�̃�𝑖 (𝑥)
⋅ 𝐷𝜏𝑥�̃�𝑘−1−𝑖 (𝑥) .

(75)

Thus, the series solution of (65) is

𝑈 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑈𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑉 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑉𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) .
(76)

4.5. The Time-Space Fractional Coupled Whitham-Broer-
Kaup (WBK) System. Under the Boussinesq approximation,
Whitham [41], Broer [42], and Kaup [43] obtained the
following nonlinear WBK system. In this subsection, we
construct the approximate solution by the HPST method to
the time-space fractional coupled WBK system.

Consider the time-space fractional coupled WBK system

𝐷𝛼𝑡 𝑈 + 𝑈𝐷𝛽𝑥𝑈 + 𝐷𝛾𝑥𝑉 + 𝑎𝐷2𝛿𝑥 𝑈 = 0,
𝐷𝛼𝑡 𝑉 + 𝐷𝜆𝑥 (𝑈𝑉) − 𝑎𝐷2𝜏𝑥 𝑉 + 𝑏𝐷3𝜃𝑥 𝑈 = 0 (77)

with respect to the initial conditions

𝑈 (𝑥, 0) = 𝑎0 (𝑥) ,
𝑉 (𝑥, 0) = 𝑏0 (𝑥) , (78)

where 0 < 𝛼, 𝛽, 𝛾, 𝜆 ≤ 1, 1/2 < 𝛿, 𝜏 ≤ 1, 2/3 < 𝜃 ≤ 1,(𝑥, 𝑡) ∈ R×[0,∞), 𝑎, 𝑏 ∈ R denote different dispersive power,𝑈 = 𝑈(𝑥, 𝑡) is the field of horizontal velocity, and𝑉 = 𝑉(𝑥, 𝑡)
is the height deviating equilibrium position of liquid.

Applying the Sumudu transform on both sides of (77)
with the initial conditions, we obtain

𝑆 [𝑈 (𝑥, 𝑡)] = 𝑎0 (𝑥) + 𝑢𝛼 (𝑆 [−𝑈 (𝑥, 𝑡) 𝐷𝛽𝑥𝑈 (𝑥, 𝑡)
− 𝐷𝛾𝑥𝑉 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈 (𝑥, 𝑡)]) ,

𝑆 [𝑉 (𝑥, 𝑡)] = 𝑏0 (𝑥) + V𝛼 (𝑆 [−𝐷𝜆𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))
+ 𝑎𝐷2𝜏𝑥 𝑉 (𝑥, 𝑡) − 𝑏𝐷3𝜃𝑥 𝑈 (𝑥, 𝑡)]) .

(79)

The inverse Sumudu transform of (79) implies that

𝑈 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑆−1 [𝑢𝛼 (𝑆 [−𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡)
− 𝐷𝛾𝑥𝑉 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈 (𝑥, 𝑡)])] ,
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𝑉 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑆−1 [V𝛼 (𝑆 [−𝐷𝜆𝑥 (𝑈 (𝑥, 𝑡) 𝑉 (𝑥, 𝑡))
+ 𝑎𝐷2𝜏𝑥 𝑉 (𝑥, 𝑡) − 𝑏𝐷3𝜃𝑥 𝑈 (𝑥, 𝑡)])] .

(80)

Using homotopy perturbation method, it leads to

∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡) = 𝑎0 (𝑥) + 𝑝

× 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥 (
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

− 𝑎𝐷2𝛿𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡)) − ∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡)]] ,
∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡) = 𝑏0 (𝑥) + 𝑝

× 𝑆−1 [V𝛼𝑆 [𝑎𝐷2𝜏𝑥 (∞∑
𝑛=0

𝑝𝑛𝑉𝑛 (𝑥, 𝑡))

− 𝑏𝐷3𝜃𝑥 (∞∑
𝑛=0

𝑝𝑛𝑈𝑛 (𝑥, 𝑡)) − ∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡)]] ,

(81)

where𝐻𝑈𝑛 (𝑥, 𝑡) and𝐻𝑉𝑛 (𝑥, 𝑡) are polynomials of the nonlinear
term and are given by

∞∑
𝑛=0

𝑝𝑛𝐻𝑈𝑛 (𝑥, 𝑡) = 𝑈 (𝑥, 𝑡)𝐷𝛽𝑥𝑈 (𝑥, 𝑡) ,
∞∑
𝑛=0

𝑝𝑛𝐻𝑉𝑛 (𝑥, 𝑡) = 𝐷𝜆𝑥 (𝑉 (𝑥, 𝑡) 𝑈 (𝑥, 𝑡)) .
(82)

Setting

𝑈𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,
𝑉𝑛 (𝑥, 𝑡) fl �̃�𝑛 (𝑥) 𝑡𝑛𝛼Γ (𝑛𝛼 + 1) ,

(83)

then

𝐻𝑈𝑛 (𝑥, 𝑡)
= 𝑛∑
𝑖=0

�̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑛−𝑖 (𝑥) 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) ,
𝐻𝑉𝑛 (𝑥, 𝑡)

= 𝐷𝜆𝑥
𝑛∑
𝑖=0

�̃�𝑖 (𝑥) �̃�𝑛−𝑖 (𝑥) 𝑡𝑛𝛼Γ (𝑖𝛼 + 1) Γ ((𝑛 − 𝑖) 𝛼 + 1) .

(84)

Comparing the coefficients of 𝑝, this gives
𝑝0: 𝑈0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑎0 (𝑥) ,

𝑉0 (𝑥, 𝑡) = �̃�0 (𝑥) = 𝑏0 (𝑥) ,
𝑝1: 𝑈1 (𝑥, 𝑡) = 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥𝑉0 (𝑥, 𝑡) − 𝑎𝐷2𝛿𝑥 𝑈0 (𝑥, 𝑡) − 𝐻𝑈0 (𝑥, 𝑡)]]

= 𝑆−1 [𝑢𝛼𝑆 [−𝐷𝛾𝑥�̃�0 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥)]]
= 𝑡𝛼Γ (𝛼 + 1) (−𝐷𝛾𝑥�̃�0 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�0 (𝑥) − �̃�0 (𝑥)𝐷𝛽𝑥�̃�0 (𝑥)) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) ,
𝑉1 (𝑥, 𝑡) = 𝑆−1 [V𝛼𝑆 [𝑎𝐷2𝜏𝑥 𝑉0 (𝑥, 𝑡) − 𝑏𝐷3𝜃𝑥 𝑈0 (𝑥, 𝑡) − 𝐻𝑉0 (𝑥, 𝑡)]]
= 𝑆−1 [V𝛼𝑆 [𝑎𝐷2𝜏𝑥 �̃�0 (𝑥) − 𝑏𝐷3𝜃𝑥 �̃�0 (𝑥) − 𝐷𝜆𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))]]
= 𝑡𝛼Γ (𝛼 + 1) (𝑎𝐷2𝜏𝑥 �̃�0 (𝑥) − 𝑏𝐷3𝜃𝑥 �̃�0 (𝑥) − 𝐷𝜆𝑥 (�̃�0 (𝑥) �̃�0 (𝑥))) = 𝑡𝛼Γ (𝛼 + 1) �̃�1 (𝑥) .

(85)

Generally, we have

𝑝𝑘: 𝑈𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {−𝐷𝛾𝑥�̃�𝑘−1 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�𝑘−1 (𝑥) −
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) �̃�𝑖 (𝑥)𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥)}

= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,
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𝑉𝑘 (𝑥, 𝑡) = 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) {𝑎𝐷2𝜏𝑥 �̃�𝑘−1 (𝑥) − 𝑏𝐷3𝜃𝑥 �̃�𝑘−1 (𝑥) −
𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)𝐷𝜆𝑥 (�̃�𝑖 (𝑥) �̃�𝑘−1−𝑖 (𝑥))}

= 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) �̃�𝑘 (𝑥) ,
(86)

where

�̃�𝑘 (𝑥) = −𝐷𝛾𝑥𝑉𝑘−1 (𝑥) − 𝑎𝐷2𝛿𝑥 �̃�𝑘−1 (𝑥)
− 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1) �̃�𝑖 (𝑥)
⋅ 𝐷𝛽𝑥�̃�𝑘−1−𝑖 (𝑥) ,

�̃�𝑘 (𝑥) = 𝑎𝐷2𝜏𝑥 �̃�𝑘−1 (𝑥) − 𝑏𝐷3𝜃𝑥 �̃�𝑘−1 (𝑥)
− 𝑘−1∑
𝑖=0

Γ ((𝑘 − 1) 𝛼 + 1)Γ (𝑖𝛼 + 1) Γ ((𝑘 − 𝑖 − 1) 𝛼 + 1)𝐷𝜆𝑥 (�̃�𝑖 (𝑥)
⋅ �̃�𝑘−1−𝑖 (𝑥)) .

(87)

Hence, the series solution of (77) is

𝑈 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑈𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) ,

𝑉 (𝑥, 𝑡) = ∞∑
𝑘=0

𝑉𝑘 (𝑥, 𝑡) = ∞∑
𝑘=0

�̃�𝑘 (𝑥) 𝑡𝑘𝛼Γ (𝑘𝛼 + 1) .
(88)

Remark 10. When alpha = 𝜏 = 𝛿 = 𝜆 = 𝜃 = 1, 𝛽 ̸= 0,
and 𝛾 = 0, (77) reduces to the classical long-wave system that
describes the shallow water wave with diffusion.

Remark 11. When 𝛼 = 𝜏 = 𝛿 = 𝜆 = 𝜃 = 1, 𝛽 = 0, and 𝛾 = 1,
(77) reduces to the variant Boussinesq system.

5. Concluding Remarks

In this paper, we apply the HPSTM to the nonlinear time-
space fractional coupled equations. Applying theHPSTM, we
can obtain analytic and approximate solutions to different
coupled systems, for example, the coupled Burgers system,
the coupled KdV system, the generalized Hirota-Satsuma
coupled KdV system, the coupledWBK system, and the cou-
pled shallowwater system.The advantage of theHPSTM is its
capability of combining two powerful methods for obtaining
exact and approximate analytical solutions for nonlinear
system. It provides the solutions in terms of convergent series
with easily computable components in a direct way without
using linearization, perturbation, or restrictive assumptions.
The numerical results indicate that this method is effective
and simple in constructing analytic or approximate solutions
to fractional coupled systems.
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In the current study, a numerical technique for solving one-dimensional fractional nonsteady heat transfer model is presented.
We construct the second kind Chebyshev wavelet and then derive the operational matrix of fractional-order integration. The
operationalmatrix of fractional-order integration is utilized to reduce the original problem to a system of linear algebraic equations,
and then the numerical solutions obtained by our method are compared with those obtained by CAS wavelet method. Lastly,
illustrated examples are included to demonstrate the validity and applicability of the technique.

1. Introduction

Fractional calculus is a branch of mathematics that deals with
generalization of the well-known operations of differentia-
tions to arbitrary orders. Many papers on fractional calculus
have been published for the real-world applications in science
and engineering such as viscoelasticity [1], bioengineering
[2], biology [3], and more can be found in [4, 5]. Moreover
fractional partial differential equations also arewidely used in
the areas of signal processing [6], mechanics [7], economet-
rics [8], fluid dynamics [9], and electromagnetics [10]. As the
analytical solutions of fractional partial differential equations
are not easy to derive, the scholars are committed to obtain
their numerical solutions of these equations.

In recent years, various numerical methods have been
proposed for solving fractional diffusion equations, these
methods include wavelets methods [11–17], Jacobi, Legendre,
and Chebyshev polynomials methods [18–21], spectral meth-
ods [22, 23], finite element method [24], wavelet Galerkin
method [25], and finite difference methods [26, 27]. In [28],
a new matrix method is proposed to solve two-dimensional
time-dependent diffusion equations with Dirichlet boundary
conditions. In [29], the authors utilize the second kind
Chebyshev wavelets to obtain the numerical solutions of the

convection diffusion equations. Xie et al. use the Cheby-
shev operational matrix method to numerically solve one-
dimensional fractional convection diffusion equations in
[30]. In this paper, we apply the second kind Chebyshev
wavelet method to obtain the numerical solutions of one-
dimensional fractional nonsteady heat transfer model. The
obtained numerical solutions by our method have been
compared with those obtained by CAS wavelet method.

The current paper is organized as follows: Section 2 intro-
duces the basic definitions of fractional calculus. In Section 3,
the mathematical model of nonsteady heat transfer problem
is proposed. Section 4 illustrates the second kind Chebyshev
wavelets and their properties. In Section 5, we apply the sec-
ond kind Chebyshev wavelet for solving fractional nonsteady
heat transfer model. Numerical examples are presented to
test the proposed method in Section 6. Finally, a conclusion
is drawn in Section 7.

2. One-Dimensional Nonsteady Heat
Transfer Model

For one infinite plate sample, as shown in Figure 1, the
height is 𝛿, the upper surface and the edge are adiabatic,
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Figure 1: Nonsteady heat transfer model with constant temperature
boundary condition.

and the lower surface is contacted with the fluid, which its
temperature is 𝑡𝑤. The heat conductivity coefficient of the
sample is𝜆, the density is𝜌, and the specific heat capacity is 𝑐𝑝.
The initial temperature is 𝑡0, taking the origin of coordinates
on the sample adiabatic surfaces, and the nonsteady heat
transfer model with the initial-boundary condition can be
defined as follows [31]:

𝜕𝑡𝜕𝜏 = 𝜆𝜕2𝑡𝜌𝑐𝑝𝜕𝑥2 ,
𝜏 = 0,
𝑡 = 𝑡0,
𝑥 = 0,
𝜕𝑡𝜕𝑥 = 0,
𝑥 = 𝜎,
𝑡 = 𝑡𝑤.

(1)

Obviously, when the sample density𝜌, heat conductivity coef-
ficient 𝜆, specific heat capacity 𝑐𝑝, and thickness 𝛿 are known,
we can obtain the temperature distribution at any position𝑥 and any time 𝜏, which is the nonsteady heat conduction
model with constant temperature boundary condition. Based
on the above-mentioned model, we give the fractional-order
nonsteady heat transfer model of the following form:

𝜕𝑇𝜕𝑡 = 𝜆𝜕𝛼𝑇𝜌𝑐𝑝𝜕𝑥𝛼 + 𝑔 (𝑥, 𝑡) ,
0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, 1 < 𝛼 ≤ 2,

(2)

with the initial condition:

𝑇 (𝑥, 0) = 𝑓 (𝑥) , 0 ≤ 𝑥 ≤ 1, (3)

and the boundary conditions:

𝑇 (0, 𝑡) = 𝑔0 (𝑡) ,
𝑇 (1, 𝑡) = 𝑔1 (𝑡) ,

0 ≤ 𝑡 ≤ 1,
(4)

where 𝑔(𝑥, 𝑡) denotes source term, 𝑓(𝑥) is a given function,
and 𝑔0(𝑡), 𝑔1(𝑡) are continuous functions with first-order
derivative.

3. Preliminaries of the Fractional Calculus

In this section, we give some necessary definitions and
mathematical preliminaries on fractional calculus which will
be used further in this paper.

Definition 1. TheRiemann-Liouville fractional integral oper-
ator 𝐼𝛼 (𝛼 > 0) of a function 𝑓(𝑡) is defined as follows [4]:

𝐼𝛼𝑓 (𝑡) = 1Γ (𝛼) ∫
𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑓 (𝜏) d𝜏,

𝛼 > 0, 𝛼 ∈ R+.
(5)

Some properties of the operator 𝐼𝛼 are as follows:
𝐼𝛼𝐼𝛽𝑓 (𝑡) = 𝐼𝛼+𝛽𝑓 (𝑡) , (𝛼 > 0, 𝛽 > 0) , (6)

𝐼𝛼𝑡𝛾 = Γ (1 + 𝛾)
Γ (1 + 𝛾 + 𝛼)𝑡𝛼+𝛾, (𝛾 > −1) . (7)

Definition 2. The Caputo fractional derivative 0𝐷𝛼𝑡 of a
function 𝑓(𝑡) is defined as follows [4]:

0𝐷𝛼𝑡 𝑓 (𝑡) = 1Γ (𝑛 − 𝛼) ∫
𝑡

0

𝑓𝑛 (𝜏)
(𝑡 − 𝜏)𝑛−𝛼+1 d𝜏,

(𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ 𝑁) .
(8)

Some properties of the Caputo fractional derivative are as
follows:

0𝐷𝛼𝑡 𝑡𝛽 = Γ (1 + 𝛽)
Γ (1 + 𝛽 − 𝛼)𝑡𝛽−𝛼,

0 < 𝛼 < 𝛽 + 1, 𝛽 > −1,
𝐼𝛼𝐷𝛼𝑓 (𝑡) = 𝑓 (𝑡) − 𝑛−1∑

𝑘=0

𝑓(𝑘) (0+) 𝑡𝑘𝑘! ,
𝑛 − 1 < 𝛼 ≤ 𝑛, 𝑛 ∈ 𝑁.

(9)

4. The Second Kind Chebyshev
Wavelet and Its Operational Matrix of
Fractional Integration

4.1. The Second Kind Chebyshev Wavelet and Its Properties.
The second kind Chebyshev wavelet 𝜓𝑛𝑚(𝑡) = 𝜓(𝑘, 𝑛,𝑚, 𝑡)
has four arguments, 𝑛 = 1, 2, . . . , 2𝑘−1, 𝑘 ∈ 𝑁∗. They are
defined on the interval [0, 1) as follows [19]:
𝜓𝑛𝑚 (𝑡)
= {{{

2𝑘/2�̃�𝑚 (2𝑘𝑡 − 2𝑛 + 1) , 𝑛 − 12𝑘−1 ≤ 𝑡 < 𝑛2𝑘−1 ,0, o.w.
(10)

with

�̃�𝑚 (𝑡) = √ 2𝜋𝑈𝑚 (𝑡) , 𝑚 = 0, 1, 2, . . . ,𝑀 − 1. (11)
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Here 𝑈𝑚(𝑡) are the second kind Chebyshev polynomials
which are orthogonal with respect to the weight function𝑤(𝑡) = √1 − 𝑡2 and satisfy the following recursive formula:

𝑈0 (𝑡) = 1,
𝑈1 (𝑡) = 2𝑡,

𝑈𝑚+1 (𝑡) = 2𝑡𝑈𝑚 (𝑡) − 𝑈𝑚−1 (𝑡) , 𝑚 = 1, 2, . . . .
(12)

A function 𝑓(𝑡) defined over [0, 1) may be expanded in
terms of the second kind Chebyshev wavelet as follows:

𝑓 (𝑡) ≃ 2
𝑘−1

∑
𝑛=1

𝑀−1∑
𝑚=0

𝑐𝑛𝑚𝜓𝑛𝑚 (𝑡) = 𝐶𝑇Ψ (𝑡) , (13)

where

𝑐𝑛𝑚 = (𝑓 (𝑡) , 𝜓𝑛𝑚 (𝑡))𝜔𝑛 = ∫
1

0
𝜔𝑛 (𝑡) 𝜓𝑛𝑚 (𝑡) d𝑡, (14)

and the weight function 𝑤𝑛(𝑡) = 𝑤(2𝑘𝑡 − 2𝑛 + 1).Moreover,𝐶 and Ψ(𝑡) are �̂� = (2𝑘−1𝑀) column vectors given by

𝐶 = [𝑐10, 𝑐11, . . . , 𝑐1(𝑀−1), 𝑐20, 𝑐21, . . . , 𝑐2(𝑀−1), . . . , 𝑐2𝑘−10, . . . ,
𝑐2𝑘−1(𝑀−1)]𝑇 ,

Ψ (𝑡) = [𝜓10, 𝜓11, . . . , 𝜓1(𝑀−1), 𝜓20, 𝜓21, . . . , 𝜓2(𝑀−1), . . . ,
𝜓2𝑘−10, . . . , 𝜓2𝑘−1(𝑀−1)]𝑇 .

(15)

Take the collocation points as follows:

𝑡𝑖 = 2𝑖 − 12𝑘𝑀 , 𝑖 = 1, 2, . . . , 2𝑘−1𝑀, �̂� = 2𝑘−1𝑀. (16)

We define the second kind Chebyshev wavelet matrix Φ�̂�×�̂�
as

Φ�̂�×�̂� = [Ψ( 12�̂�) , Ψ ( 32�̂�) , . . . , Ψ (2�̂� − 12�̂� )] . (17)

An arbitrary function of two variables𝑇(𝑥, 𝑡)defined over[0, 1)× [0, 1)may be expanded into Chebyshev wavelets basis
as follows:

𝑇 (𝑥, 𝑡) ≃ �̂�∑
𝑖=1

�̂�∑
𝑗=1

𝑑𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡) = Ψ𝑇 (𝑥)𝐷Ψ (𝑡) , (18)

where𝐷 = [𝑑𝑖𝑗]�̂�×�̂� and 𝑑𝑖𝑗 = (𝜓𝑖(𝑥), (𝑇(𝑥, 𝑡), 𝜓𝑗(𝑡))).
The following theorem discusses the convergence and

accuracy estimation of the proposed method.

Theorem 3. Let 𝑓(𝑡) be a second-order derivative square-
integrable function defined over [0, 1) with bounded second-
order derivative, satisfying |𝑓(𝑡)| ≤ 𝐵 for some constants 𝐵;
then

(1) 𝑓(𝑡) can be expanded as an infinite sum of the second
kind Chebyshev wavelets and the series converge to𝑓(𝑡)
uniformly, that is,

𝑓 (𝑡) = ∞∑
𝑛=0

∞∑
𝑚∈𝑍

𝑐𝑛𝑚𝜓𝑛𝑚 (𝑡) , (19)

where 𝑐𝑛𝑚 = ⟨𝑓(𝑡), 𝜓𝑛𝑚(𝑡)⟩𝐿2
𝜔
[0,1).

(2)

𝜎𝑓,𝑘,𝑀 < √𝜋𝐵23 (
∞∑
𝑛=2𝑘−1+1

1𝑛5
∞∑
𝑚=𝑀

1
(𝑚 − 1)4)

1/2 , (20)

where 𝜎𝑓,𝑘,𝑀 = (∫1
0
|𝑓(𝑡) −

∑2𝑘−1𝑛=1 ∑𝑀−1𝑚=0 𝑐𝑛𝑚𝜓𝑛𝑚(𝑡)|2𝜔𝑛(𝑡)𝑑𝑡)1/2.
4.2. Operational Matrix of Fractional Integration. On the
interval [0, 1), we defined a �̂� – set of block-pulse functions
(BPFs) as

𝑏𝑖 (𝑡) = {{{
1, �̂�𝑚 ≤ 𝑡 < 𝑖 + 1�̂� ,
0, o.w. 𝑖 = 0, 1, 2, . . . , �̂� − 1. (21)

The functions {𝑏𝑖(𝑡)} are disjoint and orthogonal:

𝑏𝑖 (𝑡) 𝑏𝑗 (𝑡) = {{{
0, 𝑖 ̸= 𝑗,
𝑏𝑖 (𝑡) , 𝑖 = 𝑗,

∫1
0
𝑏𝑖 (𝑠) 𝑏𝑗 (𝑠) d𝑠 = {{{{{

0, 𝑖 ̸= 𝑗,
1𝑚, 𝑖 = 𝑗.

(22)

Similarly, the second kind Chebyshev wavelet may be
expanded into an �̂�-term block-pulse functions as

Ψ (𝑡) = Φ�̂�×�̂�𝐵�̂� (𝑡) . (23)

Kilicman has given the block-pulse functions operational
matrix of fractional integration 𝐹𝛼 of following form:

(𝐼𝛼𝐵�̂�) (𝑡) ≈ 𝐹𝛼𝐵�̂� (𝑡) , (24)

where

𝐵�̂� (𝑡) = [𝑏0 (𝑡) , 𝑏1 (𝑡) , . . . , 𝑏�̂�−1 (𝑡)]𝑇 ,

𝐹𝛼 = 1̂𝑚𝛼 1Γ (𝛼 + 2)

[[[[[[[[[[[[
[

1 𝜉1 𝜉2 𝜉3 ⋅ ⋅ ⋅ 𝜉�̂�−10 1 𝜉1 𝜉2 ⋅ ⋅ ⋅ 𝜉�̂�−20 0 1 𝜉1 ⋅ ⋅ ⋅ 𝜉�̂�−3... ... d d
...

0 0 ⋅ ⋅ ⋅ 0 1 𝜉10 0 0 ⋅ ⋅ ⋅ 0 1

]]]]]]]]]]]]
]

. (25)

Next, we derive the second kind Chebyshev wavelet opera-
tional matrix of fractional integration. Let

(𝐼𝛼Ψ) (𝑡) = 𝑃𝛼�̂�×�̂�Ψ (𝑡) , (26)

where 𝑃𝛼�̂�×�̂� is called the second kind Chebyshev wavelet
operational matrix of fractional integration and it can be
given by

𝑃𝛼�̂�×�̂� = Φ�̂�×�̂�𝐹𝛼Φ−1�̂�×�̂�. (27)

For More details, see [29].
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5. Numerical Implementation

In this section, we use the second kind Chebyshev wavelets
method for numerically solving the nonsteady fractional-
order heat transfer model with initial-boundary conditions.
In order to solve this problem, we assume

𝜕3𝑇𝜕𝑡𝜕𝑥2 = Ψ𝑇 (𝑥)𝐷Ψ (𝑡) , (28)

where 𝐷 = (𝑑𝑖𝑗)�̂�×�̂� is an unknown matrix which should
be determined, and Ψ(⋅) is the vector defined in (15). By
integrating (28) from 0 to 𝑡, we obtain

𝜕2𝑇𝜕𝑥2 = 𝜕
2𝑇𝜕𝑥2
𝑡=0 + Ψ

𝑇 (𝑥)𝐷𝑃�̂�×�̂�Ψ (𝑡) . (29)

Making use of the initial condition (3) enables one to put (29)
in the following form:

𝜕
2𝑇
𝜕𝑥2 = 𝑓 (𝑥) + Ψ𝑇 (𝑥)𝐷𝑃�̂�×�̂�Ψ (𝑡) . (30)

Then we have

𝜕𝛼𝑇𝜕𝑥𝛼 = 𝐼2−𝛼𝑥 (𝜕2𝑇𝜕𝑥2 )
= 𝐼2−𝛼𝑥 ( 𝜕2𝑇𝜕𝑥2

𝑡=0 + Ψ
𝑇 (𝑥)𝐷𝑃�̂�×�̂�Ψ (𝑡))

= 𝐼2−𝛼𝑥 𝑓 (𝑥) + Ψ𝑇 (𝑥) (𝑃2−𝛼�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) .
(31)

By integrating (30) two times from 0 to 𝑥, we obtain
𝑇 (𝑥, 𝑡) = 𝑇 (0, 𝑡) + 𝑥 𝜕𝑇𝜕𝑥

𝑥=0 + 𝑓 (𝑥) − 𝑓 (0)
− 𝑥𝑓 (0) + Ψ𝑇 (𝑥) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) ,

(32)

and, by putting 𝑥 = 1 in (32), we get

𝑇 (𝑥, 𝑡) = 𝑇 (0, 𝑡) + 𝑥𝐻 (𝑡) + 𝑓 (𝑥) − 𝑓 (0) − 𝑥𝑓 (0)
+ Ψ𝑇 (𝑥) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) ,

(33)

where

𝐻(𝑡) = 𝑇 (1, 𝑡) − 𝑇 (0, 𝑡) + 𝑓 (0) + 𝑓 (0) − 𝑓 (1)
− Ψ𝑇 (1) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) .

(34)

By one time differentiation of (33) with respect to 𝑡, we obtain
𝜕𝑇𝜕𝑡 = 𝑇 (0, 𝑡) + 𝑥𝐻 (𝑡)

+ Ψ𝑇 (𝑥) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) ,
(35)

where

𝐻 (𝑡) = 𝑇 (1, 𝑡) − 𝑇 (0, 𝑡)
− Ψ𝑇 (1) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ (𝑡) .

(36)
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Figure 2: Analytical solution.

Now by substituting (31) and (35) into (2) and combining (4)
and taking collocation points 𝑥𝑖 = (2𝑖−1)/�̂�, 𝑡𝑗 = (2𝑗−1)/�̂�,𝑖, 𝑗 = 1, 2, 3, . . . , �̂�, we obtain the following linear system of
algebraic equations:

𝑇 (0, 𝑡𝑗) + 𝑥𝑖 (𝑇 (1, 𝑡𝑗) − 𝑇 (0, 𝑡𝑗)
− Ψ𝑇 (1) (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ(𝑡𝑗)) + Ψ𝑇 (𝑥𝑖)
⋅ (𝑃2�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ(𝑡𝑗) = 𝑎𝐼2−V𝑥 𝑓 (𝑥𝑖)
+ 𝑎Ψ𝑇 (𝑥𝑖) (P2−V�̂�×�̂�)𝑇𝐷𝑃�̂�×�̂�Ψ(𝑡𝑗) + 𝑔 (𝑥𝑖, 𝑡𝑗) ,

𝑖, 𝑗, = 1, 2, 3, . . . , �̂�.

(37)

By solving this system to determine 𝐷, we can get the
numerical solution of this problem by substituting 𝐷 into
(33).

6. Numerical Simulations

In this section, we use the proposed method to solve the
initial-boundary problem of nonsteady heat transfer equa-
tions.The followingnumerical examples are given to show the
effectiveness and practicability of the proposed method and
the results have been compared with the analytical solution.

Example 4. Consider the following fractional-order non-
steady heat transfer model:

𝜕𝑇𝜕𝑡 = 𝜆𝜕1.5𝑇𝜌𝑐𝑝𝜕𝑥1.5 + 𝑔 (𝑥, 𝑡) , 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (38)

where the parameters 𝜌 = 7500, 𝑐𝑝 = 0.795, 𝜆 = 800, and𝑔(𝑥, 𝑡) = 𝑥(𝑥−1)(2𝑡−1)−0.302793571044498𝑥0.5𝑡(𝑡−1)with
initial-boundary condition 𝑇(𝑥, 0) = 𝑇(0, 𝑡) = 𝑇(1, 𝑡) = 0.
The analytical solution of this problem is 𝑇(𝑥, 𝑡) = 𝑥𝑡(𝑥 −1)(𝑡 − 1). The graph of the analytical solution is shown in
Figure 2. The graphs of the numerical solutions when 𝑘 =𝑀 = 3, 𝑘 = 𝑀 = 4, 𝑘 = 𝑀 = 5 are shown in Figures
3–5. From Examples 4, 6, and 7, it can be concluded that the
numerical solutions approximate to the analytical solution for
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Figure 3: Numerical solution with 𝑘 = 𝑀 = 3.
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Figure 4: Numerical solution with 𝑘 = 𝑀 = 4.
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Figure 5: Numerical solution with 𝑘 = 𝑀 = 5.

a given value 𝑘, as𝑀 increases, or, for a given value𝑀, as 𝑘
increases.

Example 5. Consider the following fractional-order non-
steady heat transfer equation:

𝜕𝑇𝜕𝑡 = 𝜕
1.8𝑇𝜕𝑥1.8 + 2𝑥2𝑡 − 2𝑥

0.2𝑡2Γ (1.2) , 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (39)

with initial-boundary condition 𝑇(𝑥, 0) = 𝑇(0, 𝑡) = 0,𝑇(1, 𝑡) = 𝑡2. The analytical solution of this problem is𝑇(𝑥, 𝑡) = 𝑥2𝑡2. When 𝑘 = 𝑀 = 3, 𝑘 = 𝑀 = 4, 𝑘 = 𝑀 = 5,
the numerical solutions obtained by our method and those
obtained by CAS wavelet method at some values of 𝑥, 𝑡 are
listed in Table 1.

Example 6. We consider the following second-order non-
steady heat transfer model:
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Figure 6: Analytical solution.
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Figure 7: Numerical solution with 𝑘 = 3.

𝜕𝑇𝜕𝑡 = 2𝜕
2𝑇𝜕𝑥2 + 3 sin (𝑥) − sin (𝑡) − 2 cos (𝑡) ,

0 ≤ 𝑥 ≤ 1, 𝑡 > 0,
(40)

in such a way that 𝑇(𝑥, 0) = sin(𝑥) + 1, 𝑇(0, 𝑡) = cos(𝑡),𝑇(1, 𝑡) = sin(1) + cos(𝑡). The analytical solution of the system
is 𝑇(𝑥, 𝑡) = sin(𝑥) + cos(𝑡).The absolute errors between the
numerical and analytical solutions obtained by our method
and CAS wavelet method at some values of 𝑥, 𝑡 when 𝑘 = 3,(𝑀 = 3,𝑀 = 4,𝑀 = 5) are shown in Table 2. Table 2 shows
that ourmethodhas a better approximation thanCASwavelet
method.

Example 7. Consider the following second-order nonsteady
heat transfer model:

𝜕𝑇𝜕𝑡 = 𝜆𝜕2𝑇𝜌𝑐𝑝𝜕𝑥2 + 𝑔 (𝑥, 𝑡) , 0 ≤ 𝑥 ≤ 1, 𝑡 ≥ 0, (41)

where the parameters 𝜌 = 7500, 𝑐𝑝 = 0.795,𝜆 = 1000, and 𝑔(𝑥, 𝑡) = −𝜋 sin(𝜋𝑥) sin(𝜋𝑡) +0.167714884696017𝜋2 sin(𝜋𝑥) cos(𝜋𝑡), in such a way
that 𝑇(𝑥, 0) = sin(𝜋𝑥), 𝑇(0, 𝑡) = 𝑇(1, 𝑡) = 0.The analytical
solution of this problem is 𝑇(𝑥, 𝑡) = sin(𝜋𝑥) cos(𝜋𝑡). The
graphs of the analytical and numerical solutions, when𝑀 = 3, (𝑘 = 3, 4, 5), are shown in Figures 6–9.

Example 8. Consider (41), with 𝛼 = 2, 1.9, 1.8, 1.7; the
numerical solutions when 𝑘 = 𝑀 = 4 at 𝑡 = 0.3, 0.6, 0.95
are shown in Figure 10. This example is introduced to verify
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Figure 8: Numerical solution with 𝑘 = 4.
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the robustness of the proposed method; when the fractional
order gradually approaches to 2, the numerical solutions are
in agreement with the analytical solution.

7. Conclusions

This paper presents a numerical technique for approximat-
ing solutions of one-dimensional fractional nonsteady heat
transfer model by combining the second kind Chebyshev
wavelet with its operational matrix of fractional-order inte-
gration. In the proposed method, a small number of grid
points guarantee the necessary accuracy.Themain advantage
of wavelet method for solving the kinds of equations is that,
after dispersing the coefficients, matrix of algebraic equations
is sparse. The solution is convenient, even though the size
of increment may be large. Several examples are given to
demonstrate the powerfulness of the proposed method.
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The fractional order Susceptible-Infected-Recovered (SIR) epidemic model of childhood disease is considered. Laplace–Adomian
Decomposition Method is used to compute an approximate solution of the system of nonlinear fractional differential equations.
We obtain the solutions of fractional differential equations in the form of infinite series. The series solution of the proposed model
converges rapidly to its exact value. The obtained results are compared with the classical case.

1. Introduction

Childhood diseases are most serious infectious diseases.
Measles, poliomyelitis, and rubella are famous among them
[1, 2]. Measles is a highly infectious disease, caused by respi-
ratory infection by a Morbillivirus. These diseases normally
affect the children, because child population is more prone to
the disease as compared to the adults [1]. Therefore, the pop-
ulation can be divided into two major classes: premature and
mature populations. Premature population takes a constant
time to become mature, which is known as maturation delay.
In disease dynamics, a disease cannot spread instantaneously
but rather it will take some time in the body which is
called latent period for the particular disease. For the control
of childhood disease vaccination is a significant strategy
being used all over the world. A universal effort to extend
vaccination range to all children began in 1974, when the
World Health Organization (WHO) founded the Expanded
Program on Immunization [3]. Mathematical model plays an
important role to comprehend the process of transmission
of a disease and provides different techniques to control its
propagation. Many mathematicians investigated childhood
disease; for instance, Singh et al. [2] studied about vaccination
of the childhood diseases. In addition, the authors presented

numerical solution of the childhood disease model. Makinde
[4] presented a Susceptible-Infected-Recovered model

𝑑𝑠𝑑𝑡 = (1 − 𝑝) 𝜋 − 𝛽𝑠𝑖𝑛 − 𝜋𝑠,
𝑑𝑖𝑑𝑡 = 𝛽𝑠𝑖𝑛 − (𝛾 + 𝜋) 𝑖,
𝑑𝑟𝑑𝑡 = 𝑝𝜋 + 𝛾𝑖 − 𝜋𝑟.

(1)

The authors [1] rearrangedmodel (1) using the relations 𝑠/𝑛 =𝑆, 𝑖/𝑛 = 𝐼, and 𝑟/𝑛 = 𝑅 and obtained a new (SIR) model in
the following form:

𝑑𝑆𝑑𝑡 = (1 − 𝑝) 𝜋 − 𝛽𝑆𝐼 − 𝜋𝑆,
𝑑𝐼𝑑𝑡 = 𝛽𝑆𝐼 − (𝛾 + 𝜋) 𝐼,
𝑑𝑅𝑑𝑡 = 𝑝𝜋 + 𝛾𝐼 − 𝜋𝑅.

(2)

The description of the preceding model is given below.
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The model shows that vaccination is 100 percent efficient
and the natural death rate 𝜇 is unequal. Therefore the total
population size 𝑁 is not constant. The birth rate is repre-
sented by 𝜋 while the rate of mortality of the childhood dis-
ease is very low.Theparameter,𝑝, represents a fraction of vac-
cinated population at birth, where 0 < 𝑝 < 1, considering that
the rest of population is susceptible. A susceptible individual
suffers from the disease through a contact with infected indi-
viduals at rate𝛽. Infected individuals recover at a rate 𝛾.There
are many applications of fractional calculus [5, 6]. Mathe-
maticians and researchers used fractional calculus to model
real world problems. Fractional calculus has greater degree
of freedom; therefore it helps to solve nonlinear problems
[7, 8]. Also with the help of fractional derivative interdisci-
plinary applications can be studied.The nonlinear oscillation
of earthquake can be modeled with the help of fractional
derivative.

In 1980, Laplace–Adomian Decomposition Method
(LADM) was introduced by Adomian, which is an effective
method for finding the numerical and explicit solution of a
system of differential equations representing physical prob-
lems. This method works efficiently for solving several kinds
of differential equations. It includes nonlinear boundary
value/initial value problems. Moreover, we can use it for the
partial differential equations; in addition, it can be used to
solve a system of stochastic differential equations also. In this
method, no perturbation or linearization is required. The
advantage of LADM is that it needs no extra memory and
does not require any additional parameters, which wastes
time and memory.

Studying the literature review of childhood diseasemodel
it has been found that Arafa et al. [1] presented the frac-
tional order model for the childhood disease and provided
numerical solution by using homotopy analysis method.
The reason behind the use of fractional order differential
equations (FDEs) is that FDEs are naturally related to systems
that involve memory, which can be found in many biological
systems. Also, they show the realistic behavior of infection of
disease but at a slower rate. Motivated by the applications of
fractional calculus and LADMwe explore numerical solution
of childhood disease model. The Caputo derivative, which is
a modification of the Riemann-Liouville definition [9, 10], is
considered as a differential operator in our model.

We now gather some well-known definitions and results
from the literature, which we will use throughout this paper.
For more details, we refer the reader to [1, 7–12].

Definition 1. The Caputo fractional order derivative of a
function 𝑦 on the interval [0, 𝑇] is defined by

𝑐𝐷𝛼0+𝑦 (𝑡) = 1Γ (𝑛 − 𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝑛−𝛼−1 𝑦(𝑛) (𝑠) 𝑑𝑠, (3)

where 𝑛 = [𝛼] + 1 and [𝛼] represents the integer part of 𝛼.
Definition 2. We recall the definition of Laplace transform of
Caputo derivative as

L {𝑐𝐷𝛼𝑦 (𝑡)} = 𝑠𝛼𝑦 (𝑠) − 𝑛−1∑
𝑘=0

𝑠𝛼−𝑘−1𝑦(𝑘) (0) ,
𝑛 − 1 < 𝛼 < 𝑛, 𝑛 ∈ 𝑁.

(4)

2. The Laplace–Adomian
Decomposition Method

Using the Caputo fractional derivative system (2) gets the
following form:

𝑐𝐷𝛼𝑆 (𝑡) = (1 − 𝑝) 𝜋 − 𝛽𝑆𝐼 − 𝜋𝑆,
𝑐𝐷𝛼𝐼 (𝑡) = 𝛽𝑆𝐼 − (𝛾 + 𝜋) 𝐼,
𝑐𝐷𝛼𝑅 (𝑡) = 𝑝𝜋 + 𝛾𝐼 − 𝜋𝑅,

(5)

where 𝛼 ∈ (0, 1] while 𝜋, 𝛾, 𝑝, and 𝛽 are positive parameters
and the given initial conditions are 𝑆(0) = 𝑁1, 𝐼(0) = 𝑁2, and𝑅(0) = 𝑁3. To solve system (5), we use Laplace–Adomian
Decomposition Method (LADM) [5, 13]. Moreover, the
obtained solution will be compared with the integer order
derivative case. Furthermore, we use Laplace transformation
to convert the system of differential equations into a system
of algebraic equations.Then, the algebraic equations are used
to obtain the required solution in form of series. We will
discuss the procedure for solving model (5) with given initial
conditions. Applying Laplace transform on both sides of
model (5), we obtain the following system:

L {𝑐𝐷𝛼𝑆 (𝑡)} = L {(1 − 𝑝) 𝜋 − 𝛽𝑆𝐼 − 𝜋𝑆} ,
L {𝑐𝐷𝛼𝐼 (𝑡)} = L {𝛽𝑆𝐼 − (𝛾 + 𝜋) 𝐼} ,
L {𝑐𝐷𝛼𝑅 (𝑡)} = L {𝑝𝜋 + 𝛾𝐼 − 𝜋𝑅} ,

(6)

or

𝑠𝛼L {𝑆 (𝑡)} − 𝑠𝛼−1𝑆 (0) = L {(1 − 𝑝) 𝜋 − 𝛽𝑆𝐼 − 𝜋𝑆} ,
𝑠𝛼L {𝐼 (𝑡)} − 𝑠𝛼−1𝐼 (0) = L {𝛽𝑆𝐼 − (𝛾 + 𝜋) 𝐼} ,
𝑠𝛼L {𝑅 (𝑡)} − 𝑠𝛼−1𝑅 (0) = L {𝑝𝜋 + 𝛾𝐼 − 𝜋𝑅} .

(7)

Using the initial conditions (7), we obtain the form

L {𝑆 (𝑡)} = 𝑆0𝑠 + [ 1𝑠𝛼L {(1 − 𝑝) 𝜋 − 𝛽𝑆𝐼 − 𝜋𝑆}] ,
L {𝐼 (𝑡)} = 𝐼0𝑠 + [ 1𝑠𝛼L {𝛽𝑆𝐼 − (𝛾 + 𝜋) 𝐼}] ,
L {𝑅 (𝑡)} = 𝑅0𝑠 + [ 1𝑠𝛼L {𝑝𝜋 + 𝛾𝐼 − 𝜋𝑅}] .

(8)

Assume that the solutions 𝑆(𝑡), 𝐼(𝑡), and 𝑅(𝑡) in the form of
infinite series are given by
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𝑆 (𝑡) = ∞∑
𝑘=0

𝑆𝑘 (𝑡) ,

𝐼 (𝑡) = ∞∑
𝑘=0

𝐼𝑘 (𝑡) ,

𝑅 (𝑡) = ∞∑
𝑘=0

𝑅𝑘 (𝑡) ,

(9)

while the nonlinear term 𝑆(𝑡)𝐼(𝑡) is decomposed as follows:

𝑆 (𝑡) 𝐼 (𝑡) = ∞∑
𝑘=0

𝐴𝑘 (𝑡) , (10)

where each 𝐴𝑘 is the Adomian polynomials defined as

𝐴𝑘 = 1Γ (𝑘 + 1) 𝑑𝑘𝑑𝜆𝑘 [[
𝑘∑
𝑗=0

𝜆𝑗𝑆𝑗 (𝑡) 𝑘∑
𝑗=0

𝜆𝑗𝐼𝑗 (𝑡)]]
𝜆=0

. (11)

The first three polynomials are given by

𝐴0 = 𝑆0 (𝑡) 𝐼0 (𝑡) ,
𝐴1 = 𝑆0 (𝑡) 𝐼1 (𝑡) + 𝑆1 (𝑡) 𝐼0 (𝑡) ,
𝐴2 = 2𝑆0 (𝑡) 𝐼2 (𝑡) + 2𝑆1 (𝑡) 𝐼1 (𝑡) + 2𝑆2 (𝑡) 𝐼0 (𝑡) .

(12)

Substituting (9) and (10) into (8) results in

L{∞∑
𝑘=0

𝑆𝑘 (𝑡)}

= 𝑆0𝑠
+ [ 1𝑠𝛼L{(1 − 𝑝) 𝜋 − 𝛽∞∑

𝑘=0

𝐴𝑘 (𝑡) − 𝜋∞∑
𝑘=0

𝑆𝑘 (𝑡)}] ,

L{∞∑
𝑘=0

𝐼𝑘 (𝑡)}

= 𝐼0𝑠 + [ 1𝑠𝛼L{𝛽∞∑
𝑘=0

𝐴𝑘 (𝑡) − (𝛾 + 𝜋) ∞∑
𝑘=0

𝐼𝑘 (𝑡)}] ,

L{∞∑
𝑘=0

𝑅𝑘 (𝑡)}

= 𝑅0𝑠 + [ 1𝑠𝛼L{𝑝𝜋 + 𝛾∞∑
𝑘=0

𝐼𝑘 (𝑡) − 𝜋∞∑
𝑘=0

𝑅𝑘 (𝑡)}] .

(13)

Matching the two sides of (13) yields the following
iterative algorithm:

L (𝑆0) = 𝑁1𝑠 ,

L (𝑆1) = (1 − 𝑝) 𝜋
𝑠𝛼 − 𝛽𝑠𝛼L {𝐴0} − 𝜋𝑠𝛼L {𝑆0} ,

L (𝑆2) = (1 − 𝑝) 𝜋
𝑠𝛼 − 𝛽𝑠𝛼L {𝐴1} − 𝜋𝑠𝛼L {𝑆1} ,

...
L (𝑆𝑘+1) = (1 − 𝑝) 𝜋

𝑠𝛼 − 𝛽𝑠𝛼L {𝐴𝑘} − 𝜋𝑠𝛼L {𝑆𝑘} ,
𝑘 ≥ 1,

L (𝐼0) = 𝑁2𝑠 ,
L (𝐼1) = 𝛽𝑠𝛼L {𝐴0} − 𝛾 + 𝜋𝑠𝛼 L {𝐼0} ,
L (𝐼2) = 𝛽𝑠𝛼L {𝐴1} − 𝛾 + 𝜋𝑠𝛼 L {𝐼1} ,

...
L (𝐼𝑘+1) = 𝛽𝑠𝛼L {𝐴𝑘} − 𝛾 + 𝜋𝑠𝛼 L {𝐼𝑘} , 𝑘 ≥ 1,

L (𝑅0) = 𝑁3𝑠 ,
L (𝑅1) = 𝑝𝜋𝑠𝛼 + 𝛾𝑠𝛼L {𝐼0} − 𝜋𝑠𝛼L {𝑅0} ,

...
L (𝑅𝑘+1) = 𝑝𝜋𝑠𝛼 + 𝛾𝑠𝛼L {𝐼𝑘} − 𝜋𝑠𝛼L {𝑅𝑘} , 𝑘 ≥ 1.

(14)

Taking Laplace inverse of (14) and considering first three
terms, we get

𝑆0 = 𝑁1,
𝑆1 = (1 − 𝑝) 𝜋 𝑡𝛼Γ (𝛼 + 1) − 𝛽 (𝑁1𝑁2 + 𝑁1𝜋) 𝑡𝛼Γ (𝑡𝛼 + 1)

− (1 − 𝑝) 𝜋2 𝑡2𝛼Γ (2𝛼 + 1) ,

𝑆2 = (1 − 𝑝) 𝜋 𝑡𝛼Γ (𝛼 + 1) − 𝛽2 (𝑁21𝑁2

+ 𝛽 (𝛾 + 𝜋)𝑁1𝑁2) 𝑡2𝛼Γ (𝑡2𝛼 + 1) − 𝛽 (𝑁1𝑁2 + 𝑁1𝜋)
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⋅ (𝛽𝑁2𝜋) 𝑡2𝛼Γ (𝛼 + 1) − (1 − 𝑝) 𝜋2 (𝛽𝑁2 + 𝜋)

⋅ 𝑡3𝛼Γ (3𝛼 + 1) ,
𝐼0 = 𝑁2,
𝐼1 = 𝛽𝑁1𝑁2 𝑡𝛼Γ (𝑡𝛼 + 1) − (𝛾 + 𝜋)𝑁2 𝑡𝛼Γ (𝑡𝛼 + 1) ,
𝐼2 = 𝛽𝑁1𝑁2 (𝛽𝑁1𝑁2 − (𝛾 + 𝜋) − (𝛾 + 𝜋) 𝛽𝑁1𝑁2

− (𝛾 + 𝜋)𝑁2) 𝑡2𝛼Γ (2𝛼 + 1) − 𝛽𝑁2 (𝛽𝑁1𝑁2 + 𝜋𝑁1)
⋅ 𝑡2𝛼Γ (2𝛼 + 1) − ((1 − 𝑝) 𝜋2 − (𝛽𝑁2 + 𝜋))

⋅ 𝑡3𝛼Γ (3𝛼 + 1) ,
𝑅0 = 𝑁3,
𝑅1 = (𝑝𝜋 − 𝛾𝑁2 − 𝛾𝑁3) 𝑡𝛼Γ (𝛼 + 1) − 𝑝𝜋 𝑡2𝛼Γ (2𝛼 + 1) ,
𝑅2 = 𝑝𝜋 𝑡𝛼Γ (𝛼 + 1) + 𝛾 (𝛽𝑁1𝑁2 − (𝛾 + 𝜋)

+ (𝜋𝛾𝑁2 − 𝜋2𝑁3)) 𝑡2𝛼Γ (2𝛼 + 1) − 𝑝𝜋2 𝑡3𝛼Γ (3𝛼 + 1) .
(15)

3. Numerical Results and Discussion

Using𝑁1 = 1, 𝑁2 = 0.5, 𝑁3 = 0, 𝜇 = 0.4, 𝛽 = 0.8, 𝛾 = 0.03,𝑝 = 0.9, and 𝜋 = 0.4, the LADMprovides us with an approxi-
mate solution in the form of infinite series. Thus we calculate
the first four terms of (5) to obtain

𝑆 (𝑡) = 1 + 0.4400 𝑡𝛼Γ (𝛼 + 1) − 0.0868 𝑡2𝛼Γ (2𝛼 + 1)
+ 0.0490 𝑡3𝛼Γ (3𝛼 + 1) ,

𝐼 (𝑡) = 0.2 + 0.2340 𝑡𝛼Γ (𝛼 + 1) + 0.0923 𝑡2𝛼Γ (2𝛼 + 1)
+ 0.0080 𝑡3𝛼Γ (3𝛼 + 1) ,

𝑅 (𝑡) = 1.0800 𝑡𝛼Γ (𝛼 + 1) − 0.3240 𝑡2𝛼Γ (2𝛼 + 1)
+ 0.0336 𝑡3𝛼Γ (3𝛼 + 1) .

(16)

For 𝛼 = 1, (16) attains the form
𝑆 (𝑡) = 1 + 0.4400𝑡 − 0.1278000𝑡2 + 0.0081666668𝑡3,
𝐼 (𝑡) = 0.2 + 0.2340𝑡 + 0.0465000𝑡2

+ 0.0003333668𝑡3,
𝑅 (𝑡) = 1.0800𝑡 − 0.324000𝑡2 + 0.0366000𝑡3.

(17)

Similarly, we get the following system for 𝛼 = 0.95:
𝑆 (𝑡) = 1 + 0.44903𝑡0.95 − 0.1398742𝑡1.90

+ 0.0098280395𝑡2.85,
𝐼 (𝑡) = 0.2 + 0.23880453𝑡0.95 + 0.050899322𝑡1.90

+ 0.000449848𝑡2.85,
𝑅 (𝑡) = 1.1021503𝑡0.95 − 0.35461087𝑡1.90

+ 0.0400435362𝑡2.85.

(18)

Now, for 𝛼 = 0.85, one can obtain the following system:

𝑆 (𝑡) = 1 + 0.4653075𝑡0.85 − 0.16547042𝑡1.70
+ 0.01394913𝑡2.55,

𝐼 (𝑡) = 0.2 + 0.2474402𝑡0.85 + 0.06020641𝑡1.70
+ 0.00078925𝑡2.55,

𝑅 (𝑡) = 1.14211848𝑡0.85 − 0.41950277𝑡1.70
+ 0.05738273𝑡2.55.

(19)

Similarly, the solution after three terms for 𝛼 = 0.75 is
calculated as follows:

𝑆 (𝑡) = 1 + 0.44787487𝑡0.75 − 0.1922758𝑡1.50
+ 0.0122128708𝑡2.55,

𝐼 (𝑡) = 0.2 + 0.254607𝑡0.75 + 0.0699959508𝑡1.50
+ 0.00133334𝑡2.55,

𝑅 (𝑡) = 1.1751104𝑡0.75 − 0.4874598003𝑡1.50
+ 0.790818664𝑡2.55.

(20)

From the graphical results it is clear that the result
obtained by using LADM is very efficient. It also shows that
the presented method can predict the behavior of the vari-
ables accurately for the region under consideration. It is also
clear that the efficiency of this method can be dramatically
increased by increasing the terms. Fractional order derivative
provides a greater degree of freedom as compared to integer
order derivative.Thedynamics of various compartments have
been shown in Figure 1, Figure 2, and Figure 3, respectively.
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Figure 1: Plot of approximate solutions of susceptible class (𝑠) corresponding to different fractional values of 𝛼𝑘 for 𝑘 = 1, 2, 3.
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Figure 2: Plot of approximate solutions of infected class (𝑖) corresponding to different fractional values of 𝛼𝑘 for 𝑘 = 1, 2, 3.
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Figure 3: Plot of approximate solutions of removed class (𝑟) corresponding to different fractional values of 𝛼𝑘 for 𝑘 = 1, 2, 3.
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Table 1: Numerical solution of the proposed model using LADM at classical order 𝛼 = 1.
Time (week) 𝑆(𝑡) 𝐼(𝑡) 𝑅(𝑡)𝑡 = 0 1.00000 0.20000 0.00𝑡 = 0.1 0.57945 0.23226 0.29235𝑡 = 0.2 0.34554 0.22790 0.49526𝑡 = 0.3 0.22200 0.17660 0.50051𝑡 = 0.4 0.15708 0.13220 0.63007𝑡 = 0.5 0.12364 0.10420 0.65919𝑡 = 0.6 0.10530 0.06465 0.70740𝑡 = 0.7 0.19586 0.04311 0.70311𝑡 = 0.8 0.10088 0.02750 0.75970𝑡 = 0.9 0.08861 0.01640 0.74071

Table 2: Numerical solution of the proposed model using 𝑅𝐾4 at classical order 𝛼 = 1.
Time (week) 𝑆(𝑡) 𝐼(𝑡) 𝑅(𝑡)𝑡 = 0 1.00000 0.20000 0.00𝑡 = 0.1 0.57735 0.24227 0.30235𝑡 = 0.2 0.35667 0.22792 0.50527𝑡 = 0.3 0.23300 0.18672 0.64052𝑡 = 0.4 0.16808 0.14221 0.73009𝑡 = 0.5 0.13374 0.10423 0.78910𝑡 = 0.6 0.11546 0.07485 0.82784𝑡 = 0.7 0.10581 0.05317 0.85318𝑡 = 0.8 0.10088 0.03756 0.86971𝑡 = 0.9 0.09853 0.02646 0.88047

In addition, we give a comparison of 𝑅𝐾4 and LADM in
Tables 1 and 2 for 𝛼 = 1, which shows that both the methods
agree for short interval of time. The proposed method is
better than 𝑅𝐾4 method as it needs no extra predefined
parameter which controls the method.

4. Convergence Analysis

Solution (16) is in the form of series, which converges
uniformly to the exact solution. To check the convergence
of series (16), we use techniques (see [14]). For sufficient
conditions of convergence of this method, we give the
following theorem by using [14].

Theorem3 (see [13]). LetX be the Banach space and𝜙 : X →
X be a contractive nonlinear operator such that, for all 𝑥, 𝑥 ∈
X, ‖𝜙(𝑥) − 𝜙(𝑥)‖ ≤ 𝑘‖𝑥 − 𝑥‖, 0 < 𝑘 < 1.

By using Banach contraction principles 𝜙 has a unique
point 𝑥 such that 𝜙𝑥 = 𝑥, where 𝑥 = (𝑆, 𝐼, 𝑅). The series given
in (16) can be written by applying Adomian Decomposition
Method as follows:

𝑥𝑛 = 𝜙𝑥𝑛−1, 𝑥𝑛−1 = 𝑛−1∑
𝑖=1

𝑥𝑖, 𝑛 = 1, 2, 3, . . . , (21)

and assume that 𝑥0 = 𝑥0 ∈ 𝐵𝑟(𝑥), where 𝐵𝑟(𝑥) = 𝑥 ∈ X :‖𝑥 − 𝑥‖ < 𝑟; then, we have
(1) 𝑥𝑛 ∈ 𝐵𝑟(𝑥);
(2) lim𝑛→∞𝑥𝑛 = 𝑥.

Theorem 4 (see [15]). Let 𝑓 be an operator from a Hilbert
space 𝐻 into 𝐻 and 𝑦 be the exact solution of (5), where 𝑦 =(𝑆(𝑡), 𝐼(𝑡), 𝑅(𝑡)).∑∞𝑖=0 𝑦𝑖, which is obtained by (9), converges to𝑦 when ∃, 0 ≤ 𝛼 < 1 and ‖𝑦𝑘+1‖ ≤ 𝛼‖𝑦𝑘‖, ∀𝑘 ∈ 𝑁𝑈{0}.
5. Conclusion

In this paper, we have considered a fractional order childhood
disease model. The concern model is investigated for numer-
ical solution by using LADM. The LADM is effective tool to
solve nonlinearmodels and is widely used in engineering and
applied mathematics. Also we have provided convergence
results for the aforesaid method. It is clear that this method
provides good results. One can observe that the method pro-
vides excellent numerical solutions for nonlinear fractional
order models as compared to other methods like homotopy
analysis, homotopy perturbation method, and 𝑅𝐾4. Since
these methods involve an extra parameter ℎ on which the
solutions depend, therefore our proposed method needs no
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parameter and is easy to understand as well as to implement.
For initial value problems, our proposed method is better
than the PDQMand cubic-spline DQMmethods. As PDQM,
cubic-spline DQMmethods are based on discretization tech-
nique which needs extra memory and time as compared to
LADM. The method includes a pseudospectral method re-
ferred to as the quadrature discretization method (PQDM)
and cubic-spline DQM, which are based on nonstandard
polynomial basis sets. The aforesaid method is slowly con-
verging as compared to LADM [16].
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We present some results concerning the existence of weak solutions for some functional integral equations of Hadamard fractional
order with random effects and multiple delays by applying Mönch’s and Engl’s fixed point theorems associated with the technique
of measure of weak noncompactness.

1. Introduction

Random differential equations arise in many applications
and have been studied in the literature on bounded as
well as unbounded internals of the real line for different
aspects of the solution. See, for example, [1]. We refer the
reader to the monograph [2] and the papers [1, 3] and the
references therein. There are real-world phenomena with
anomalous dynamics such as signals transmissions through
strong magnetic fields, atmospheric diffusion of pollution,
network traffic, and the effect of speculations on the prof-
itability of stocks in financial markets, where the classical
models are not sufficiently good to describe these features.
In this case, the theory of fractional differential equations is
a good tool for modeling such phenomena. Therefore, the
study of the fractional differential equations with random
parameters seems to be a natural one. For some fundamental
results in the theory of fractional calculus and fractional
differential equations, we refer the reader to the monographs
of Abbas et al. [4, 5], Baleanu et al. [6], andKilbas et al. [7] and
a series of recent research articles [8–12] and the references
therein.

The measure of weak noncompactness is introduced by
De Blasi [13]. The strong measure of noncompactness was
developed first by Banaś and Goebel [14] and subsequently
developed and used in many papers; see, for example,

Akhmerov et al. [15], Alvàrez [16], and Guo et al. [17] and
the references therein. In [18], the authors considered some
existence results by applying the techniques of the measure
of noncompactness. Recently, several researchers obtained
other results by application of the technique of measure
of weak noncompactness; see [5]. Existence of random
solutions for functional differential and integral equations has
extensively been studied in various papers; see [19, 20] and the
references therein.

In this paper, we discuss the existence of random solu-
tions for the partial Hadamard fractional integral equation of
the following form:

𝑢 (𝑥, 𝑦, 𝑤)
= 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)
+ 𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤) ;

(𝑥, 𝑦) ∈ 𝐽, 𝑤 ∈ Ω,
𝑢 (𝑥, 𝑦, 𝑤) = Φ (𝑥, 𝑦, 𝑤) ; if (𝑥, 𝑦) ∈ 𝐽, 𝑤 ∈ Ω,

(1)

where 𝐽 fl [1, 𝑎] × [1, 𝑏], 𝐽 fl [−𝜉, 𝑎] × [−𝜇, 𝑏] \ (1, 𝑎] × (1, 𝑏],𝑎, 𝑏 > 1, 𝜉𝑖, 𝜇𝑖 ≥ 1 (𝑖 = 1, . . . , 𝑚), 𝜉 = max𝑖=1,...,𝑚{𝜉𝑖},
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𝜇 = max𝑖=1,...,𝑚{𝜇𝑖}, 𝜎 = (1, 1), 𝑟 = (𝑟1, 𝑟2) ∈ (0,∞) × (0,∞),𝑏𝑖 : 𝐽 × Ω → R (𝑖 = 1, . . . , 𝑚), and 𝑓 : 𝐽 × 𝐸 × 𝐸 × Ω →𝐸 are given continuous functions, (Ω,A, ]) is a measurable
space, and 𝐸 is a real (or complex) Banach space with norm‖ ⋅ ‖𝐸 and dual 𝐸∗, such that 𝐸 is the dual of a weakly
compactly generated Banach space 𝑋, 𝐻𝐼𝑟𝜎 is the left-sided
mixed Hadamard integral of order 𝑟, and Φ : 𝐽 × Ω → 𝐸
is a given continuous and measurable function such that

Φ (𝑥, 1, 𝑤) = 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 1, 𝑤)Φ (𝑥 − 𝜉𝑖, 1 − 𝜇𝑖, 𝑤) ;
𝑥 ∈ [1, 𝑎] , 𝑤 ∈ Ω,

Φ (1, 𝑦, 𝑤) = 𝑚∑
𝑖=1

𝑏𝑖 (1, 𝑦, 𝑤)Φ (1 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤) ;
𝑦 ∈ [1, 𝑏] , 𝑤 ∈ Ω.

(2)

2. Preliminaries

Let C be the Banach space of all continuous functions from[−𝜉, 𝑎] × [−𝜇, 𝑏] into 𝐸 with the supremum (uniform) norm‖⋅‖∞. By𝐿∞(Ω, ]), we denote the Banach space ofmeasurable
functions 𝑢 : Ω → 𝐶which are essentially bounded equipped
with the norm

‖𝑢‖𝐿∞ fl sup ess
𝑤∈Ω

‖𝑢 (𝑤)‖𝐶
= inf {𝑐 > 0 : ‖𝑢 (𝑤)‖𝐶 ≤ 𝑐 ]—a.e. in Ω} . (3)

Denote by (𝐸, 𝑤) = (𝐸, 𝜎(𝐸, 𝐸∗)) the Banach space 𝐸 with its
weak topology.

Definition 1. A Banach space 𝑋 is called weakly compactly
generated (WCG, in short) if it contains a weakly compact
set whose linear span is dense in𝑋.
Definition 2. A function ℎ : 𝐸 → 𝐸 is said to be weakly
sequentially continuous if ℎ takes each weakly convergent
sequence in 𝐸 to a weakly convergent sequence in 𝐸 (i.e., for
any (𝑢𝑛) in 𝐸 with 𝑢𝑛 → 𝑢 in (𝐸, 𝑤), one has ℎ(𝑢𝑛) → ℎ(𝑢) in(𝐸, 𝑤)).
Definition 3 (see [21]). The function 𝑢 : 𝐽 → 𝐸 is said to
be Pettis integrable on 𝐽 if and only if there is an element𝑢𝑗 ∈ 𝐸 corresponding to each 𝑗 ⊂ 𝐽 such that 𝜙(𝑢𝑗) =∫ ∫
𝑗
𝜙(𝑢(𝑠, 𝑡))𝑑𝑡 𝑑𝑠 for all 𝜙 ∈ 𝐸∗, where the integral on the

right-hand side is assumed to exist in the sense of Lebesgue
(by definition, 𝑢𝑗 = ∫∫𝑗 𝑢(𝑠, 𝑡)𝑑𝑡 𝑑𝑠).

Let 𝑃(𝐽, 𝐸) be the space of all 𝐸-valued Pettis integrable
functions on 𝐽, and let 𝐿1(𝐽,R) be the Banach space of
Lebesgue measurable functions 𝑢 : 𝐽 → R. Define the class𝑃1(𝐽, 𝐸) by

𝑃1 (𝐽, 𝐸) = {𝑢 ∈ 𝑃 (𝐽, 𝐸) : 𝜑 (𝑢)
∈ 𝐿1 (𝐽,R) ; for every 𝜑 ∈ 𝐸∗} . (4)

The space 𝑃1(𝐽, 𝐸) is normed by

‖𝑢‖𝑃1 = sup
𝜑∈𝐸∗,‖𝜑‖≤1

∫𝑎
1
∫𝑏
1

𝜑 (𝑢 (𝑥, 𝑦)) 𝑑𝜆 (𝑥, 𝑦) , (5)

where 𝜆 stands for a Lebesgue measure on 𝐽.
The following result is due to Pettis (see [21],Theorem 3.4

and Corollary 3.41).

Proposition 4 (see [21]). If 𝑢 ∈ 𝑃1(𝐽, 𝐸) and ℎ is a measurable
and essentially bounded𝐸-valued function, then 𝑢ℎ ∈ 𝑃1(𝐽, 𝐸).

For all what follows, the sign “∫” denotes the Pettis
integral.

Let us recall the definitions of Pettis integral and
Hadamard integral of fractional order.

Definition 5 (see [7]). The left-sided mixed Pettis Hadamard
integral of order 𝑞 > 0, for a function 𝑔 ∈ 𝑃1([1, 𝑎], 𝐸), is
defined as

(𝐻𝐼𝑟1𝑔) (𝑥) = 1Γ (𝑞) ∫
𝑥

1
(ln𝑥𝑠 )

𝑞−1 𝑔 (𝑠)𝑠 𝑑𝑠. (6)

Remark 6. Let 𝑔 ∈ 𝑃1([1, 𝑎], 𝐸). For every 𝜑 ∈ 𝐸∗, one has
𝜑 (𝐻𝐼𝑟1𝑔) (𝑥) = (𝐻𝐼𝑟1𝜑𝑔) (𝑥) ; for a.e. 𝑥 ∈ [1, 𝑎] . (7)

Definition 7. Let 𝑟1, 𝑟2 ≥ 0, 𝜎 = (1, 1), and 𝑟 = (𝑟1, 𝑟2). For𝑤 ∈ 𝑃1(𝐽, 𝐸), define the left-sided mixed Pettis Hadamard
partial fractional integral of order 𝑟 by the expression

(𝐻𝐼𝑟𝜎𝑤) (𝑥, 𝑦) = 1Γ (𝑟1) Γ (𝑟2)
⋅ ∫𝑥
1
∫𝑦
1
(ln 𝑥𝑠 )

𝑟1−1 (ln 𝑦𝑡 )
𝑟2−1 𝑤 (𝑠, 𝑡)𝑠𝑡 𝑑𝑡 𝑑𝑠.

(8)

Let 𝛽𝐸 be the 𝜎-algebra of Borel subsets of 𝐸. A mapping
V : Ω → 𝐸 is said to be measurable if, for any 𝐵 ∈ 𝛽𝐸, one has

V−1 (𝐵) = {𝑤 ∈ Ω : V (𝑤) ∈ 𝐵} ∈ A. (9)

To define integrals of sample paths of random process, it
is necessary to define a jointly measurable map.

Definition 8. A function 𝑇 : Ω × 𝐸 → 𝐸 is called jointly
measurable if, for any 𝐵 ∈ 𝛽𝐸, one has
𝑇−1 (𝐵) fl {(𝑤, V) ∈ Ω × 𝐸 : 𝑇 (𝑤, V) ∈ 𝐵} ∈ A × 𝛽𝐸, (10)

where A × 𝛽𝐸 is the direct product of the 𝜎-algebras A and𝛽𝐸, those defined in Ω and 𝐸, respectively.
Lemma 9 (see [22]). A function 𝑇 : Ω × 𝐸 → 𝐸 is jointly
measurable if 𝑇(⋅, 𝑢) is measurable for all 𝑢 ∈ 𝐸 and 𝑇(𝑤, ⋅) is
continuous for all 𝑤 ∈ Ω.
Definition 10. A function 𝑓 : 𝐽 × 𝐸 × 𝐸 × Ω → 𝐸 is
called random Carathéodory if the following conditions are
satisfied:
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(i) The map (𝑥, 𝑦, 𝑤) → 𝑓(𝑥, 𝑦, 𝑢, V, 𝑤) is jointly mea-
surable for all 𝑢, V ∈ 𝐸.

(ii) The map (𝑢, V) → 𝑓(𝑥, 𝑦, 𝑢, V, 𝑤) is continuous for all(𝑥, 𝑦) ∈ 𝐽 and 𝑤 ∈ Ω.
Let 𝑇 : Ω × 𝐸 → 𝐸 be a mapping. Then 𝑇 is called a

random operator if 𝑇(𝑤, 𝑢) is measurable in 𝑤 for all 𝑢 ∈ 𝐸
and it is expressed as 𝑇(𝑤)𝑢 = 𝑇(𝑤, 𝑢). In this case, we
also say that 𝑇(𝑤) is a random operator on 𝐸. A random
operator 𝑇(𝑤) on 𝐸 is called continuous (resp., compact,
totally bounded, and completely continuous) if 𝑇(𝑤, 𝑢) is
continuous (resp., compact, totally bounded, and completely
continuous) in 𝑢 for all 𝑤 ∈ Ω. The details of completely
continuous random operators in Banach spaces and their
properties appear in Itoh [23].

Definition 11 (see [24]). Let P(𝑌) be the family of all
nonempty subsets of 𝑌 and let 𝐶 be a mapping from Ω into
P(𝑌). A mapping 𝑇 : {(𝑤, 𝑦) : 𝑤 ∈ Ω, 𝑦 ∈ 𝐶(𝑤)} → 𝑌
is called random operator with stochastic domain 𝐶 if 𝐶 is
measurable (i.e., for all closed𝐴 ⊂ 𝑌, {𝑤 ∈ Ω, 𝐶(𝑤)∩𝐴 ̸= 0}
is measurable) and for all open 𝐷 ⊂ 𝑌 and all 𝑦 ∈ 𝑌,{𝑤 ∈ Ω : 𝑦 ∈ 𝐶(𝑤), 𝑇(𝑤, 𝑦) ∈ 𝐷} is measurable. 𝑇
will be called continuous if every 𝑇(𝑤) is continuous. For a
random operator 𝑇, a mapping 𝑦 : Ω → 𝑌 is called random
(stochastic) fixed point of 𝑇 if for 𝑃− almost all 𝑤 ∈ Ω,𝑦(𝑤) ∈ 𝐶(𝑤), and 𝑇(𝑤)𝑦(𝑤) = 𝑦(𝑤) and for all open 𝐷 ⊂ 𝑌,{𝑤 ∈ Ω : 𝑦(𝑤) ∈ 𝐷} is measurable.

Definition 12 (see [13]). Let 𝐸 be a Banach space, let Ω𝐸 be
the bounded subsets of 𝐸, and let 𝐵1 be the unit ball of 𝐸. De
Blasi measure of weak noncompactness is the map 𝛽 : Ω𝐸 →[0,∞) defined by

𝛽 (𝑋) = inf {𝜖 > 0 :
there exists a weakly compact subset Ω of 𝐸 : 𝑋
⊂ 𝜖𝐵1 + Ω} .

(11)

De Blasi measure of weak noncompactness satisfies the
following properties:

(a) 𝐴 ⊂ 𝐵 ⇒ 𝛽(𝐴) ≤ 𝛽(𝐵).
(b) 𝛽(𝐴) = 0 ⇔ 𝐴 is weakly relatively compact.
(c) 𝛽(𝐴 ∪ 𝐵) = max{𝛽(𝐴), 𝛽(𝐵)}.
(d) 𝛽(𝐴𝜔) = 𝛽(𝐴) (𝐴𝜔 denotes the weak closure of 𝐴).
(e) 𝛽(𝐴 + 𝐵) ≤ 𝛽(𝐴) + 𝛽(𝐵).
(f) 𝛽(𝜆𝐴) = |𝜆|𝛽(𝐴).
(g) 𝛽(conv(𝐴)) = 𝛽(𝐴).
(h) 𝛽(⋃|𝜆|≤ℎ 𝜆𝐴) = ℎ𝛽(𝐴).
The next result follows directly from the Hahn-Banach

theorem.

Proposition 13. Let 𝐸 be a normed space, and 𝑥0 ∈ 𝐸 with𝑥0 ̸= 0.Then, there exists 𝜑 ∈ 𝐸∗ with ‖𝜑‖ = 1 and 𝜑(𝑥0) =‖𝑥0‖.

For a given set𝑉 of functions V : 𝐽 → 𝐸, let us denote that
𝑉 (𝑥, 𝑦) = {V (𝑥, 𝑦) : V ∈ 𝑉} ; (𝑥, 𝑦) ∈ 𝐽,
𝑉 (𝐽) = {V (𝑥, 𝑦) : V ∈ 𝑉, (𝑥, 𝑦) ∈ 𝐽} . (12)

Lemma 14 (see [17]). Let𝐻 ⊂ 𝐶 be bounded and equicontin-
uous. Then the function (𝑥, 𝑦) → 𝛽(𝐻(𝑥, 𝑦)) is continuous on𝐽, and

𝛽𝐶 (𝐻) = max
(𝑥,𝑦)∈𝐽

𝛽 (𝐻 (𝑥, 𝑦)) ,
𝛽 (∫∫

𝐽
𝑢 (𝑠, 𝑡) 𝑑𝑡 𝑑𝑠) ≤ ∫∫

𝐽
𝛽 (𝐻 (𝑠, 𝑡)) 𝑑𝑡 𝑑𝑠, (13)

where 𝐻(𝑥, 𝑦) = {𝑢(𝑥, 𝑦) : 𝑢 ∈ 𝐻}; (𝑥, 𝑦) ∈ 𝐽, and 𝛽𝐶 is De
Blasi measure of weak noncompactness defined on the bounded
sets of 𝐶.

We will need the following fixed point theorems.

Theorem 15 (see [25]). Let 𝑄 be a nonempty, closed, convex,
and equicontinuous subset of a metrizable locally convex vector
space 𝐶(𝐽, 𝐸) such that 0 ∈ 𝑄. Suppose that 𝑇 : 𝑄 → 𝑄 is
weakly, sequentially continuous. If the implication

𝑉 = conv ({0} ∪ 𝑇 (𝑉)) ⇒ 𝑉 is relatively weakly compact (14)

holds for every subset 𝑉 ⊂ 𝑄, then the operator 𝑇 has a fixed
point.

Theorem 16 (see [24]). Let 𝐶 : Ω → 2𝑌 be measurable with
closed, convex, and solid𝐶(𝑤) (i.e., int𝐶(𝑤) ̸= 0) for all𝑤 ∈ Ω.
We assume that there exists measurable 𝑦0 : Ω → 𝑌 with 𝑦0 ∈
int𝐶(𝑤) for all𝑤 ∈ Ω. Let 𝑇 be a continuous random operator
with stochastic domain 𝐶 such that, for every 𝑤 ∈ Ω, {𝑦 ∈𝐶(𝜔) : 𝑇(𝑤)𝑦 = 𝑦} ̸= 0. Then 𝑇 has a stochastic fixed point.

3. Existence Results

Let us start by defining what we mean by a random solution
of problem (1).

Definition 17. By a random solution of problem (1), wemean a
measurable function𝑢 : Ω → 𝐶([−𝜉, 𝑎]×[−𝜇, 𝑏]) that satisfies
the integral equation 𝑢(𝑥, 𝑦, 𝑤) = ∑𝑚𝑖=1 𝑏𝑖(𝑥, 𝑦, 𝑤)𝑢(𝑥− 𝜉𝑖, 𝑦 −𝜇𝑖, 𝑤) + 𝑓(𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢(𝑥, 𝑦, 𝑤), 𝑢(𝑥, 𝑦, 𝑤), 𝑤) on 𝐽 × Ω, as well
as 𝑢(𝑥, 𝑦, 𝑤) = 𝜙(𝑥, 𝑦, 𝑤) on 𝐽 × Ω.

The following hypotheses will be used in the sequel:

(𝐻1)The functions 𝑤 → 𝑏𝑖(𝑥, 𝑦, 𝑤), 𝑖 = 1, . . . , 𝑚, are
bounded for a.e. (𝑥, 𝑦) ∈ 𝐽, and 𝑏𝑖(⋅, ⋅, 𝑤) ∈ 𝐿∞(𝐽,R).

(𝐻2)The function 𝑓 is random Carathéodory on 𝐽 × 𝐸 ×𝐸 × Ω for each 𝑤 ∈ Ω.
(𝐻3) For a.e. (𝑥, 𝑦) ∈ 𝐽, as well as all 𝑤 ∈ Ω, the function𝑢 → 𝑓(𝑥, 𝑦,𝐻𝐼𝜎𝑢, 𝑢, 𝑤) is weakly, sequentially

continuous.
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(𝐻4)There exist functions 𝑝1, 𝑝2, 𝑝3 : 𝐽 ×Ω → [0,∞)with𝑝𝑖(., 𝑤) ∈ 𝐿∞(𝐽, [0,∞)), 𝑖 = 1, 2, 3, for each 𝑤 ∈ Ω,
such that, for all 𝜑 ∈ 𝐸∗, one has

𝜑 (𝑓 (𝑥, 𝑦, 𝑢, V, 𝑤))
≤ 𝑝1 (𝑥, 𝑦, 𝑤) 𝜑 + 𝑝2 (𝑥, 𝑦, 𝑤) ‖𝑢‖𝐸 + 𝑝3 (𝑥, 𝑦, 𝑤) ‖V‖𝐸1 + 𝜑 , (15)

for all 𝑢, V ∈ 𝐸 and a.e. (𝑥, 𝑦) ∈ 𝐽.
(𝐻5) For all 𝑢 ∈ 𝐸, there exists a continuous function 𝜓 :[0,∞) → [0,∞) with 𝜓(0) = 0, such that, for each𝜑 ∈ 𝐸∗, (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝐽 and any 𝑤 ∈ Ω, one has
𝑚∑
𝑖=1

𝑏𝑖 (𝑥1, 𝑦1, 𝑤) 𝑢 (𝑥1 − 𝜉𝑖, 𝑦1 − 𝜇𝑖, 𝑤) − 𝑏𝑖 (𝑥2, 𝑦2, 𝑤)
⋅ 𝑢 (𝑥2 − 𝜉𝑖, 𝑦2 − 𝜇𝑖, 𝑤) + 𝜑 (𝑓 (𝑥
− 1, 𝑦1, 𝑢 (𝑥1, 𝑦1) , V (𝑥1, 𝑦1, 𝑤)
− 𝑓 (𝑥2, 𝑦2, 𝑢 (𝑥2, 𝑦2) , V (𝑥2, 𝑦2) , 𝑤)))
≤ 𝜓 (𝑥1 − 𝑥2 + 𝑦1 − 𝑦2) 𝜑1 + 𝜑 + ‖𝑢‖𝐸 + ‖V‖𝐸 .

(16)

(𝐻6)There exists a function 𝑞 : 𝐽 × Ω → [0,∞) with𝑞(⋅, ⋅, 𝑤) ∈ 𝐿∞(𝐽, [0,∞)) for each 𝑤 ∈ Ω such that,
for any bounded 𝐵 ⊂ 𝐸,

𝛼 (𝑓 (𝑥, 𝑦,𝐻𝐼𝜎𝐵, 𝐵, 𝑤)) ≤ 𝑞 (𝑥, 𝑦, 𝑤) 𝛼 (𝐵) ,
for a.e. (𝑥, 𝑦) ∈ 𝐽, (17)

where 𝐻𝐼𝜎𝐵 fl {𝐻𝐼𝜎𝑢(𝑥, 𝑦) : 𝑢(𝑥, 𝑦) ∈ 𝐵; (𝑥, 𝑦) ∈ 𝐽}.(𝐻7)There exists a random function 𝑅 : Ω → (0,∞) such
that

𝑝∗1 (𝑤) + (𝑚𝑏∗ + 𝑝∗3 (𝑤)) 𝑅 (𝑤)
+ 𝑝∗2 (𝑤) 𝑅 (𝑤) (log 𝑎)𝑟1 (log 𝑏)𝑟2Γ (1 + 𝑟1) Γ (1 + 𝑟2) ≤ 𝑅 (𝑤) , (18)

where

𝑏∗ = max
𝑖=1,...,𝑚

{ ess sup
(𝑥,𝑦,𝑤)∈𝐽×Ω

𝑏𝑖 (𝑥, 𝑦)} ,
𝑝∗𝑖 (𝑤) = ess sup

(𝑥,𝑦)∈𝐽

𝑝𝑖 (𝑥, 𝑦, 𝑤) ; 𝑖 = 1, 2, 3.
(19)

Set

𝑞∗ = ess sup
(𝑥,𝑦,𝑤)∈𝐽×Ω

𝑞 (𝑥, 𝑦, 𝑤) . (20)

Theorem 18. Assume that hypotheses (𝐻1)–(𝐻7) hold. If
ℓ fl 𝑚𝑏∗ + 𝑞∗ < 1, (21)

then problem (1) has a random solution defined on [−𝜉, 𝑎] ×[−𝜇, 𝑏].

Proof. Define the operator𝑁 : Ω ×C→ C by

(𝑁 (𝑤) 𝑢) (𝑥, 𝑦)
= 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)
+ 𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤) ;

(𝑥, 𝑦) ∈ 𝐽,
(𝑁 (𝑤) 𝑢) (𝑥, 𝑦) = Φ (𝑥, 𝑦, 𝑤) ; (𝑥, 𝑦) ∈ 𝐽.

(22)

The functionsΦ, 𝑏𝑖, 𝑖 = 1, . . . , 𝑚, are continuous for all𝑤 ∈ Ω.
Again, as the function 𝑓 is continuous on 𝐽, 𝑁(𝑤) defines a
mapping𝑁 : Ω×C→ C.Thus, 𝑢 is a solution for problem (1)
if and only if 𝑢 = (𝑁(𝑤))𝑢. We shall show that the operator𝑁
satisfies all conditions ofTheorem 16. The proof will be given
in several steps.

Step 1 (𝑁(𝑤) is a random operator with stochastic domain on
C). Since 𝑓(𝑥, 𝑦, 𝑢, V, 𝑤) is random Carathéodory, the map𝑤 → 𝑓(𝑥, 𝑦, 𝑢, V, 𝑤) is measurable in view of Definition 10.
Therefore, the map

𝑤 → 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)
+ 𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤)

(23)

ismeasurable. As a result,𝑁 is a randomoperator onΩ×C×C
intoC.

Let𝑊: Ω → P(𝐶) be defined by

𝑊(𝑤) = {𝑢 ∈ 𝐶 : ‖𝑢‖𝐶
≤ 𝑅 (𝑤) , 𝑢 (𝑥1, 𝑦1, 𝑤) − 𝑢 (𝑥2, 𝑦2, 𝑤)𝐸
≤ 𝜓 (𝑥1 − 𝑥2 + 𝑦1 − 𝑦2)} .

(24)

Clearly, the subset𝑊(𝑤) is closed, convex, end equicontinu-
ous for all𝑤 ∈ Ω.Then𝑊 ismeasurable by Lemma 17 in [24].
Therefore,𝑁 is a random operator with stochastic domain𝑊.
Step 2 (𝑁(𝑤) is continuous). Let {𝑢𝑛} be a sequence such
that 𝑢𝑛 → 𝑢 in C. Then, there exists 𝜙 ∈ 𝐸∗
such that ‖(𝑁(𝑤)𝑢𝑛)(𝑥, 𝑦)‖𝐸 = 𝜙((𝑁(𝑤)𝑢𝑛)(𝑥, 𝑦)), and‖(𝑁(𝑤)𝑢)(𝑥, 𝑦)‖𝐸 = 𝜙((𝑁(𝑤)𝑢)(𝑥, 𝑦)).

Thus, for each (𝑥, 𝑦) ∈ 𝐽 and 𝑤 ∈ Ω, one has(𝑁 (𝑤) 𝑢𝑛) (𝑥, 𝑦) − (𝑁 (𝑤) 𝑢) (𝑥, 𝑦)𝐸
= 𝜙 ((𝑁 (𝑤) 𝑢𝑛) (𝑥, 𝑦) − (𝑁 (𝑤) 𝑢) (𝑥, 𝑦))
≤ 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢𝑛 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤) − 𝑢 (𝑥
− 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)𝐸
+ 𝜙 (𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢𝑛 (𝑥, 𝑦, 𝑤) , 𝑢𝑛 (𝑥, 𝑦, 𝑤) , 𝑤)
− 𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤)) .

(25)
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Using the Lebesgue Dominated Convergence Theorem, we
get

𝑁 (𝑤) 𝑢𝑛 − 𝑁 (𝑤) 𝑢∞ → 0 as 𝑛 → ∞. (26)

As a consequence of Steps 1 and 2, we can conclude that𝑁(𝑤) : 𝑊(𝑤) → 𝑁(𝑤) is a continuous random operator
with stochastic domain𝑊, and𝑁(𝑤)(𝑊(𝑤)) is bounded.
Step 3 (for every 𝑤 ∈ Ω, {𝑢 ∈ 𝑊(𝑤) : 𝑁(𝑤)𝑢 = 𝑢} ̸= 0). For
this, we apply Theorem 15. The proof will be given in several
claims.

Claim 1 (𝑁(𝑤) maps𝑊(𝑤) into itself). Let 𝑤 ∈ Ω be fixed,
and let 𝑢 ∈ 𝑊(𝑤), (𝑥, 𝑦) ∈ 𝐽. Assume that (𝑁(𝑤)𝑢)(𝑥, 𝑦) ̸=0. Then there exists 𝜙 ∈ 𝐸∗ such that ‖(𝑁(𝑤)𝑢)(𝑥, 𝑦)‖𝐸 =𝜙((𝑁(𝑤)𝑢)(𝑥, 𝑦)).Thus, we get

(𝑁 (𝑤) 𝑢) (𝑥, 𝑦)𝐸 ≤

𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤)

⋅ 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)
𝐸

+ 𝜙 (𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤))
≤ 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)𝐸
+ 𝑝1 (𝑥, 𝑦, 𝑤) + 𝑝2 (𝑥, 𝑦, 𝑤) 𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤)𝐸
+ 𝑝3 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥, 𝑦, 𝑤)𝐸 ≤ 𝑚𝑏∗ ‖𝑢‖∞ + 𝑝∗1 (𝑤)
+ 𝑝∗2 (𝑤)Γ (𝑟1) Γ (𝑟2) ∫

𝑥

1
∫𝑦
1
(log 𝑥𝑠 )

𝑟1−1 (log 𝑦𝑡 )
𝑟2−1

⋅ ‖𝑢 (𝑠, 𝑡, 𝑤)‖𝐸 𝑑𝑡 𝑑𝑠 + 𝑝∗3 (𝑤) 𝑅 (𝑤) ≤ 𝑝∗1 (𝑤)
+ (𝑚𝑏∗ + 𝑝∗3 (𝑤)) 𝑅 (𝑤)
+ 𝑝∗2 (𝑤) 𝑅 (𝑤) (log 𝑎)𝑟1 (log 𝑏)𝑟2Γ (1 + 𝑟1) Γ (1 + 𝑟2) ≤ 𝑅 (𝑤) .

(27)

Next, for any fixed 𝑤 ∈ Ω, let (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝐽 such
that 𝑥1 < 𝑥2 and 𝑦1 < 𝑦2, and let 𝑢 ∈ 𝑊(𝑤), where(𝑁(𝑤)𝑢)(𝑥1, 𝑦1) − (𝑁(𝑤)𝑢)(𝑥2, 𝑦2) ̸= 0. Then there exists𝜙 ∈ 𝐸∗ such that ‖(𝑁(𝑤)𝑢)(𝑥1, 𝑦1) − (𝑁(𝑤)𝑢)(𝑥2, 𝑦2)‖𝐸 =𝜙((𝑁(𝑤)𝑢)(𝑥1, 𝑦1)−(𝑁(𝑤)𝑢)(𝑥2, 𝑦2)) and ‖𝜑‖ = 1.Thus, one
has (𝑁 (𝑤) 𝑢) (𝑥2, 𝑦2) − (𝑁 (𝑤) 𝑢) (𝑥1, 𝑦1)𝐸

= 𝜙 ((𝑁 (𝑤) 𝑢) (𝑥2, 𝑦2) − (𝑁 (𝑤) 𝑢) (𝑥1, 𝑦1))
≤ 𝜓 (𝑥1 − 𝑥2 + 𝑦1 − 𝑦2) .

(28)

Hence𝑁(𝑊(𝑤)) ⊂ 𝑊(𝑤).Therefore,𝑁(𝑤) : 𝑊(𝑤) → 𝑁(𝑤)
maps𝑊(𝑤) into itself.
Claim 2 (𝑁(𝑤) is weakly, sequentially continuous). Let (𝑢𝑛)
be a sequence in 𝑊(𝑤) and let (𝑢𝑛(𝑥, 𝑦, 𝑤)) → 𝑢(𝑥, 𝑦, 𝑤)

in (𝐸, 𝜔) for any 𝑤 ∈ Ω, and each (𝑥, 𝑦) ∈ 𝐽. Fix (𝑥, 𝑦)∈ 𝐽, and since 𝑓 satisfies assumption (𝐻6), one has that𝑓(𝑥, 𝑦,𝐻𝐼𝜎𝑢𝑛(𝑥, 𝑦, 𝑤), 𝑢𝑛(𝑥, 𝑦, 𝑤), 𝑤) converges weakly uni-
formly to

𝑓 (𝑥, 𝑦,𝐻𝐼𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤) . (29)

Hence, the Lebesgue Dominated Convergence Theorem
for Pettis integral implies that (𝑁𝑢𝑛)(𝑥, 𝑦, 𝑤) converges
weakly uniformly to (𝑁(𝑤)𝑢)(𝑥, 𝑦) in (𝐸, 𝜔).We do it for any𝑤 ∈ Ω, and each (𝑥, 𝑦) ∈ 𝐽, so 𝑁(𝑤)(𝑢𝑛) → 𝑁(𝑤)(𝑢).Then𝑁 : 𝑊(𝑤) → 𝑊(𝑤) is weakly, sequentially continuous.
Claim 3 (implication (14) holds). Let 𝑉 be a subset of𝑊(𝑤) such that 𝑉 = conv(𝑁(𝑤)(𝑉) ∪ {0}). Obviously,𝑉(𝑥, 𝑦, 𝑤) ⊂ conv((𝑁(𝑤)𝑉)(𝑥, 𝑦) ∪ {0}). Further, as 𝑉 is
bounded and equicontinuous, by Lemma 3 in [26], the func-
tion (𝑥, 𝑦, 𝑤) → 𝑢(𝑥, 𝑦, 𝑤) = 𝛽(𝑉(𝑥, 𝑦, 𝑤)) is continuous
on 𝐽 × Ω. Since the function 𝜇 is continuous on 𝐽 × Ω, the
set {𝜇(𝑥, 𝑦, 𝑤); (𝑥, 𝑦) ∈ 𝐽, 𝑤 ∈ Ω} ⊂ 𝐸 is compact. From
Lemma 14 and the properties of themeasure𝛽, for any𝑤 ∈ Ω,
as well as each (𝑥, 𝑦) ∈ 𝐽, one has

V (𝑥, 𝑦, 𝑤) ≤ 𝛽 ((𝑁 (𝑤)𝑉) (𝑥, 𝑦) ∪ {0})
≤ 𝛽 ((𝑁 (𝑤)𝑉) (𝑥, 𝑦))
= 𝛽( 𝑚∑

𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝑢 (𝑥 − 𝜉𝑖, 𝑦 − 𝜇𝑖, 𝑤)

+ 𝑓 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) , 𝑢 (𝑥, 𝑦, 𝑤) , 𝑤))

≤ 𝑚∑
𝑖=1

𝑏𝑖 (𝑥, 𝑦, 𝑤) 𝛽 (𝑉 (𝑥, 𝑦, 𝑤)) + 𝑞 (𝑥, 𝑦, 𝑤)
⋅ 𝛽 (𝑉 (𝑥, 𝑦, 𝑤)) ≤ 𝑚𝑏∗V (𝑥, 𝑦, 𝑤) + 𝑞∗V (𝑥, 𝑦, 𝑤)
≤ (𝑚𝑏∗ + 𝑞∗) ‖V‖𝐶 .

(30)

Thus,

‖V‖𝐶 ≤ ℓ ‖V‖𝐶 . (31)

From (21), we get ‖V‖𝐶 = 0, that is; V(𝑥, 𝑦, 𝑤) =𝛽(𝑉(𝑥, 𝑦, 𝑤)) = 0, for any𝑤 ∈ Ω, and each (𝑥, 𝑦) ∈ 𝐽.Hence,
Theorem 2 in [27] shows that 𝑉 is weakly relatively compact
in 𝐶.

As consequence of Claims 1–3 and from Theorem 15, it
follows that, for every 𝑤 ∈ Ω, {𝑢 ∈ 𝑊(𝑤) : 𝑁(𝑤)𝑢 = 𝑢} ̸= 0.
Apply now Theorem 16; Steps 1–3 show that, for each 𝑤 ∈Ω,𝑁 has at least one fixed point in𝑊. Since⋂𝑤∈Ω int𝑊(𝑤) ̸=0, and a measurable selector of int𝑊 exists, the operator 𝑁
has a stochastic fixed point; that is, problem (1) has at least
one random solution defined on [−𝜉, 𝑎] × [−𝜇, 𝑏].
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4. An Example

Let

𝐸 = 𝑙1 = {𝑤 = (𝑤1, 𝑤2, . . . , 𝑤𝑛, . . .) : ∞∑
𝑛=1

𝑤𝑛 < ∞} (32)

be the Banach space with norm ‖𝑤‖𝐸 = ∑∞𝑛=1 |𝑤𝑛| and letΩ =(−∞, 0) be equipped with the usual 𝜎-algebra consisting of
Lebesgue measurable subsets of (−∞, 0). Given a measurable
function 𝑢 : Ω → 𝐶([−7/2, 𝑒] × [−5, 𝑒]), consider the
functional random integral problem of the following form:

𝑢 (𝑥, 𝑦, 𝑤)
= 𝑥3𝑒−𝑦17 + 𝑤2 𝑢 (𝑥 − 3, 𝑦 − 43 , 𝑤)
+ 𝑥𝑦210 + 𝑤2 𝑢 (𝑥 − 2, 𝑦 − 6, 𝑤)
+ 111 + 𝑤2 + 𝑥2 + 𝑦2 𝑢 (𝑥 − 92 , 𝑦 − 54 , 𝑤)
+ 𝑤2𝑒−𝑥−𝑦−3
1 + 𝑤2 + 𝑢 (𝑥, 𝑦, 𝑤) + 𝐻𝐼𝑟𝜎𝑢 (𝑥, 𝑦, 𝑤) ,

(𝑥, 𝑦) ∈ 𝐽 = [1, 𝑒] × [1, 𝑒] , 𝑤 ∈ Ω,
𝑢 (𝑥, 𝑦, 𝑤) = Φ (𝑥, 𝑦, 𝑤) , (𝑥, 𝑦) ∈ 𝐽, 𝑤 ∈ Ω,

(33)

where 𝐽 fl [−7/2, 𝑒] × [−5, 𝑒] \ (1, 𝑒] × (1, 𝑒], 𝑚 = 3, and𝑟 = (𝑟1, 𝑟2); 𝑟1, 𝑟2 ∈ (0,∞), 𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑛, . . .), 𝑓 =(𝑓1, 𝑓2, . . . , 𝑓𝑛, . . .), and
𝑓𝑛 (𝑥, 𝑦,𝐻𝐼𝑟𝜎𝑢, 𝑢, 𝑤)
= 𝑤2𝑒−𝑥−𝑦−3
1 + 𝑤2 + 𝑢𝑛 (𝑥, 𝑦, 𝑤) + 𝐻𝐼𝑟𝜎𝑢𝑛 (𝑥, 𝑦, 𝑤) ;

(34)

(𝑥, 𝑦) ∈ 𝐽 = [0, 1] × [0, 1], 𝑤 ∈ Ω, 𝑛 ∈ N, and Φ :𝐽 → 𝐸 is a continuous and measurable function such that𝜙 = (𝜙1, 𝜙2, . . . , 𝜙𝑛, . . .), where
𝜙𝑛 (𝑥, 1, 𝑤) = 𝑥317 + 𝑤2 𝜙𝑛 (𝑥 − 3, − 13 , 𝑤)

+ 111 + 𝑤2 + 𝑥2 𝜙𝑛 (𝑥 − 92 , − 14 , 𝑤) ;
𝑥 ∈ [0, 1] , 𝑛 ∈ N,

𝜙𝑛 (1, 𝑦, 𝑤) = 111 + 𝑤2 + 𝑦2 𝜙𝑛 (−72 , 𝑦 − 54 , 𝑤) ;
𝑦 ∈ [0, 1] , 𝑛 ∈ N.

(35)

Set

𝑏1 (𝑥, 𝑦, 𝑤) = 𝑥3𝑒−𝑦17 ,
𝑏2 (𝑥, 𝑦) = 𝑥𝑦210 ,

𝑏3 (𝑥, 𝑦, 𝑤) = 111 + 𝑥2 + 𝑦2 .
(36)

Then, 𝑏∗ = 1/10. For each 𝑢, V ∈ 𝐸, (𝑥, 𝑦) ∈ [0, 1]× [0, 1], and𝑤 ∈ Ω, one has
𝑓 (𝑥, 𝑦, 𝑢, V, 𝑤)𝐸 ≤ 1 + 1𝑒3 (‖𝑢‖𝐸 + ‖V‖𝐸) . (37)

Hence condition (𝐻4) is satisfied with 𝑝∗1 = 1 and 𝑝∗2 = 𝑝∗3 =1/𝑒3.
A simple computation shows that all other conditions

of Theorem 18 are satisfied. Consequently, Theorem 18
implies that problem (33) has a random solution defined on[−7/2, 𝑒] × [−5, 𝑒].
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Applications, Birkhäauser, Basel, Switzerland, 1992.
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This paper investigates the modified function projective synchronization between fractional-order chaotic systems, which are
partially linear financial systems with uncertain parameters. Based on the stability theory of fractional-order systems and the
Lyapunov matrix equation, a controller is obtained for the synchronization between fractional-order financial chaotic systems.
Using the controller, the error systems converged to zero as time tends to infinity, and the uncertain parameters were also estimated
so that the phenomenon of parameter distortion was effectively avoided. Numerical simulations demonstrate the validity and
feasibility of the proposed method.

1. Introduction

In recent years, study on chaos is one of the most interesting
research topics in real and physical systems [1–4]. In 1985,
chaotic behavior was discovered in financial systems [5]. In
fact, chaotic phenomena often appear in financial systems
[6], such as the supernormal shock of the international oil
prices, stock market crash, and financial crisis. Owing to its
randomness and unpredictability, these chaotic phenomena
usually lead to financial crisis and instability in the financial
system. Since financial risks come from uncertainties, it is
important to introduce unknown parameters in financial
systems [7, 8].Therefore, chaotic behaviors and uncertainties
in financial systems must be taken into account [9]. It is
necessary to investigate chaos control strategies for financial
systems to address financial crisis and other related problems.
Hence, it is important to achieve a synchronized and healthy
development of financial markets.

Since Pecora and Carroll [10] proposed synchronization
between two chaotic systems in 1990, chaotic synchronization
has been extensively and intensively studied in various fields
[11, 12]. Different types of chaotic synchronization have

been reported, including generalized synchronization [13],
lag synchronization [14], function projective synchronization
[15], modified projective synchronization [16], and modified
function projective synchronization (MFPS) [17, 18]. The
modified function projective synchronization (MFPS)means
that the drive and response systems could be synchronized
up to a scaling function matrix, but not a constant matrix.
Recent studies on complicated financial systems have shown
satisfactory results using the nonlinear method [19]. Chaos
synchronization in fractional-order financial systems has also
been studied in recent years [20–22].

The synchronization of financial systems indicates that
the financial systems in two different areas are to maintain
synchronized development by the appropriate control condi-
tions. That is, the drive system and the response system can
be interpreted as a virtual economic target and a controlled
objective, respectively. Hence, the goal of synchronization is
to control a specific objective to a virtual economic target
using the proposed controller. The dynamical behaviors of
a financial system are more complex. Therefore, financial
systems are not always completely synchronized, and some
complex synchronization methods [20–22], such as function
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projective synchronization and MFPS, should be consid-
ered. Meanwhile, because of the complexity of the financial
environment, this study highlights its theoretical value and
ensures the comprehensiveness of the theory.

Also, in practice, the parameter distortion phenomenon
frequently appears in fractional-order chaotic systems. In
other words, parameters may be uncertain or drift with
time in the chaotic synchronization between the response
and drive systems because of various kinds of interferences.
Many projective synchronizationmethods of chaotic systems
with unknown parameters have been proposed in recent
years [23]. Hence, achieving synchronization and identifying
parameters are very important in financial chaotic systems.

In this study, we investigated fractional-order financial
systems proposed by Chen [24]. A new controller is pro-
posed to achieve synchronization. The controller makes the
drive and response systems remain asymptotically stable.
Based on the stability theory of fractional-order systems
and the Lyapunov matrix equation, the MFPS was realized
for partially linear and fractional-order (PLFO) financial
chaotic systems, and the unknown parameters were also
estimated so that the phenomenon of parameter distortion
was avoided. Numerical simulation results showed that the
proposed method effectively eliminated chaos and stabilized
two financial systems.

The rest of the paper is organized as follows. In Section 2,
the definition ofMFPS, the PLFO chaotic system, and a useful
lemma are presented. In Section 3, the schemeofMFPS is pre-
sented for PLFO chaotic systems with uncertain parameters.
Numerical simulations are presented in Section 4. Finally, a
conclusion is drawn in Section 5.

2. Preliminaries

The definitions of PLFO chaotic system and coupled PLFO
chaotic system were given in [25]. We will give the definition
of PLFO chaotic system with uncertain parameters and
coupled PLFO chaotic system with uncertain parameters as
follows.

Definition 1. The fractional-order chaotic systems with
uncertain parameters are defined as follows:

d𝑞𝑢
d𝑡𝑞 = 𝑀(𝑧, 𝜃) ⋅ 𝑢,
d𝑞𝑢
d𝑡𝑞 = 𝑓 (𝑢, 𝑧) . (1)

It is called an uncertain PLFO chaotic system, where the state
vector is 𝑢 = (𝑢1, 𝑢2, . . . , 𝑢𝑛)𝑇 ∈ 𝑅𝑛, 𝑧 ∈ 𝑅 is a variable,
and 𝑓 : 𝑅 × 𝑅𝑛 → 𝑅 is a differentiable function. Its order
is subject to 0 < 𝑞 ≤ 1. 𝜃 ∈ 𝑅𝑛 represents the vector of
uncertain parameters. The coefficient matrix 𝑀(𝑧, 𝜃) ∈ 𝑅𝑛×𝑛
is dependent on the variable 𝑧 and the uncertain parameter𝜃.

System (1) can be written as

d𝑞𝑢1
d𝑡𝑞 = 𝑚11 (𝑧, 𝜃) 𝑢1 + 𝑚12 (𝑧, 𝜃) 𝑢2 + ⋅ ⋅ ⋅+ 𝑚1𝑛 (𝑧, 𝜃) 𝑢𝑛,
d𝑞𝑢2
d𝑡𝑞 = 𝑚21 (𝑧, 𝜃) 𝑢1 + 𝑚22 (𝑧, 𝜃) 𝑢2 + ⋅ ⋅ ⋅+ 𝑚2𝑛 (𝑧, 𝜃) 𝑢𝑛, ...
d𝑞𝑢𝑛
d𝑡𝑞 = 𝑚𝑛1 (𝑧, 𝜃) 𝑢1 + 𝑚𝑛2 (𝑧, 𝜃) 𝑢2 + ⋅ ⋅ ⋅+ 𝑚𝑛𝑛 (𝑧, 𝜃) 𝑢𝑛,
d𝑞𝑧
d𝑡𝑞 = 𝑓 (𝑢, 𝑧) ,

(2)

where 𝑚𝑖𝑗(𝑧, 𝜃) is a coefficient of 𝑢𝑗 in the 𝑖th differential
equation, 𝑖, 𝑗 = 1, 2, . . . , 𝑛. Hence, 𝑀(𝑧, 𝜃) can be described
by

𝑀(𝑧, 𝜃)
= (𝑚11 (𝑧, 𝜃) 𝑚12 (𝑧, 𝜃) ⋅ ⋅ ⋅ 𝑚1𝑛 (𝑧, 𝜃)𝑚21 (𝑧, 𝜃) 𝑚22 (𝑧, 𝜃) ⋅ ⋅ ⋅ 𝑚2𝑛 (𝑧, 𝜃)... ... ... ...𝑚𝑛1 (𝑧, 𝜃) 𝑚𝑛2 (𝑧, 𝜃) ⋅ ⋅ ⋅ 𝑚𝑛𝑛 (𝑧, 𝜃)). (3)

Obviously, system (1) is an uncertain partially linear and
integer-order chaotic system with 𝑞 = 1.
Definition 2. Consider two uncertain PLFO chaotic systems
(1), which can be described as

d𝑞𝑢𝑟
d𝑡𝑞 = 𝑀(𝑧, 𝜃) ⋅ 𝑢𝑟,
d𝑞𝑧
d𝑡𝑞 = 𝑓 (𝑢𝑟, 𝑧) ,
d𝑞𝑢𝑠
d𝑡𝑞 = �̃� (𝑧, 𝜃) ⋅ 𝑢𝑠 + 𝜓. (4)

The system is coupled by the variable 𝑧. The subscripts 𝑟 and𝑠 in system (4) represent the drive and response systems,
respectively. 𝜓 ∈ 𝑅𝑛 is a controller. 𝜃 is the estimated value of
unknown parameters. The coefficient matrix �̃�(𝑧, 𝜃) ∈ 𝑅𝑛×𝑛
is dependent on 𝑧 and 𝜃. System (4) is the coupled PLFO
chaotic system with uncertain parameters [26].
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The synchronization error vector of the MFPS is defined
as 𝑒 (𝑡) = 𝑢𝑠 − ℎ (𝑡) ⋅ 𝑢𝑟, (5)

where ℎ(𝑡) = diag{ℎ1(𝑡), ℎ2(𝑡), . . . , ℎ𝑛(𝑡)}, ℎ𝑖(𝑡) are continu-
ously differentiable functions, and ℎ(𝑡) is a scaling function
matrix. 𝑒(𝑡) = (𝑒1(𝑡), 𝑒2(𝑡), . . . , 𝑒𝑛(𝑡))𝑇 ∈ 𝑅𝑛 is an error state
vector.

Definition 3. System (4) is said to beMFPSwith respect to the
scaling function matrix ℎ(𝑡) if there exists a vector controller𝜓 such that

lim
𝑡→∞

‖𝑒 (𝑡)‖ = lim
𝑡→∞

𝑢𝑠 − ℎ (𝑡) ⋅ 𝑢𝑟 = 0, (6)

where ‖ ⋅ ‖ is the Euclidean norm. It implies that the MFPS
between the drive and response system (4) can be achieved or
the error dynamic systems are globally asymptotically stable.

Remark 4. If ℎ1(𝑡) = ℎ2(𝑡) = ⋅ ⋅ ⋅ = ℎ𝑛(𝑡), the
MFPS converts to function projective synchronization. Ifℎ1(𝑡), ℎ2(𝑡), . . . , ℎ𝑛(𝑡) represent identical or different con-
stants, the MFPS is simplified to modified projective syn-
chronization (such as antisynchronization and complete
synchronization). If ℎ1(𝑡) = ℎ2(𝑡) = ⋅ ⋅ ⋅ = ℎ𝑛(𝑡) = 0,
the synchronization problem is transformed into a control
problem.

Lemma 5 (see [27]). Presume that the fractional-order
autonomous system is

d𝑞𝑒
d𝑡𝑞 = 𝐴 (𝑒) ⋅ 𝑒, 𝑒 (0) = 𝑒0, (7)

where 𝑞𝑖 ∈ (0, 1] (𝑖 = 1, 2, . . . , 𝑛) are the orders of the fractional
derivative and 𝑞 = (𝑞1, 𝑞2, . . . , 𝑞𝑛)𝑇,𝐴(𝑒) ∈ 𝑅𝑛×𝑛 is a coefficient
matrix which is a polynomial matrix and depends on the state
vector 𝑒, and 𝑒 = (𝑒1, 𝑒2, . . . , 𝑒𝑛)𝑇 ∈ 𝑅𝑛 is an n-dimension state
vector. System (7) is asymptotically stable if and only ifarg (𝜆) ≥ 𝜋𝛼2 , 𝛼 = max (𝑞1, 𝑞2, . . . , 𝑞𝑛) , (8)

where 𝜆 is an arbitrary eigenvalue of 𝐴(𝑒). In this case, each
state vector decays toward 0, such as 𝑡−𝛼. Furthermore, the
system is stable if and only if |arg(𝜆)| ≥ 𝜋𝛼/2 and the
critical eigenvalues that satisfy |arg(𝜆)| = 𝜋𝛼/2 have geometric
multiplicity one.

Then, the MFPS between the drive and response system
(4) is transformed into the analysis of the asymptotical
stability of zero solution of the error system (7).

Theorem6 (see [28]). Given the autonomous system (7), there
exist a real symmetric positive definite matrix 𝑃 and a positive
definite matrix 𝑄 such that the MFPS between the drive and
response system (4) can be achieved if 𝑃𝐴(𝑒)+ (𝐴(𝑒))H𝑃 = −𝑄,
where H is the conjugate transpose of a matrix and 𝑃𝐴(𝑒) +(𝐴(𝑒))H𝑃 = −𝑄 is called a continuous Lyapunov matrix
equation.

Proof. Assume that 𝜆 is one of the eigenvalues of the polyno-
mial matrix𝐴(𝑒) and the corresponding nonzero eigenvector
is 𝛽; that is, 𝐴 (𝑒) 𝛽 = 𝜆𝛽. (9)

For (9), the Hermitian transpose is

(𝐴 (𝑒) 𝛽)𝑇 = 𝜆𝛽H. (10)

Multiplying the left side of (9) by 𝛽H𝑃, we can obtain𝛽H𝑃𝐴 (𝑒) 𝛽 = 𝜆𝛽H𝑃𝛽. (11)

Then, multiplying the right side of (10) by 𝑃𝛽, we can also
obtain 𝛽H (𝐴 (𝑒))H 𝑃𝛽 = 𝜆𝛽H𝑃𝛽. (12)

From (11) and (12), we obtain𝛽H (𝑃𝐴 (𝑒) + (𝐴 (𝑒))H 𝑃) 𝛽 = (𝜆 + 𝜆) 𝛽H𝑃𝛽. (13)

Since (𝑃𝐴(𝑒) + (𝐴(𝑒))H𝑃)H = 𝑃𝐴(𝑒) + (𝐴(𝑒))H𝑃, then 𝑃𝐴(𝑒) +(𝐴(𝑒))H𝑃 is a Hermitian matrix. At the same time, since𝑃𝐴(𝑒)+(𝐴(𝑒))H𝑃 = −𝑄,𝑃 is a real symmetric positive definite
matrix, and𝑄 is a positive definitematrix, then𝛽H𝑃𝛽 > 0 and𝛽H(−𝑄)𝛽 < 0, so that

𝜆 + 𝜆 = 𝛽H (−𝑄) 𝛽𝛽H𝑃𝛽 < 0. (14)

From (14), we can obtain |arg(𝜆)| > 𝜋/2 ≥ 𝜋𝛼/2 (𝛼 ≤ 1).
According to Lemma 5, the equilibrium point of system (7) is
asymptotically stable. That is,

lim
𝑡→∞

‖𝑒 (𝑡)‖ = lim
𝑡→∞

𝑢𝑠 − ℎ (𝑡) ⋅ 𝑢𝑟 = 0, (15)

which indicates that the MFPS between the drive and
response system (4) can be achieved. The proof is
completed.
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Remark 7. Since 𝐴(𝑒) is a polynomial matrix, it is difficult to
solve for the eigenvalues. However, based on Theorem 6, the
equilibrium point in system (7) is asymptotically stable if and
only if 𝑃𝐴(𝑒) + (𝐴(𝑒))H𝑃 = −𝑄 is a continuous Lyapunov
matrix equation.

3. Designing the Lyapunov Matrix Equation

Next, we introduce a scheme of MFPS for coupled PLFO
chaotic systems with uncertain parameters (7).

Theorem 8. For a given scaling function matrix ℎ(𝑡), we can
select a controller (16) and a synchronization error system (17)
as follows: 𝜓 = −ℎ (𝑡) �̃� (𝑧, 𝜃) 𝑢𝑟 − 𝑀(𝑧, 𝜃) 𝑒 + 𝐾𝑒+ d𝑞 (ℎ (𝑡) 𝑢𝑟)

d𝑡𝑞 , (16)

d𝑞𝑒
d𝑡𝑞 = [�̃� (𝑧, 𝜃) − 𝑀 (𝑧, 𝜃) + 𝐾] 𝑒, (17)

where 𝐾 = diag{𝑘1, 𝑘2, . . . , 𝑘𝑛}, 𝑘𝑖 < 0, 0 < 𝑞 ≤ 1. The error
system (17) can be equivalently written as

d𝑞𝑒1
d𝑡𝑞 = 𝐴11𝑒𝜃11 + 𝐴12𝑒𝜃12 + ⋅ ⋅ ⋅ + 𝐴1𝑙1𝑒𝜃1𝑙1 + 𝑘1𝑒1,
d𝑞𝑒2
d𝑡𝑞 = 𝐴2(𝑙1+1)𝑒𝜃2(𝑙1+1) + 𝐴2(𝑙1+2)𝑒𝜃2(𝑙1+2) + ⋅ ⋅ ⋅+ 𝐴2𝑙2𝑒𝜃2𝑙2 + 𝑘2𝑒2, ...
d𝑞𝑒𝑛
d𝑡𝑞 = 𝐴𝑛(𝑙𝑛−1+1)𝑒𝜃𝑛(𝑙𝑛−1+1) + 𝐴𝑛(𝑙𝑛−1+2)𝑒𝜃𝑛(𝑙𝑛−1+2) + ⋅ ⋅ ⋅+ 𝐴𝑛𝑙𝑛𝑒𝜃𝑛𝑙𝑛 + 𝑘𝑛𝑒𝑛,

(18)

where 𝑒𝜃𝑖𝑗 = 𝜃𝑖𝑗 − 𝜃𝑖𝑗 (𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑙1, 𝑙1 +1, . . . , 𝑙𝑛−1, 𝑙𝑛−1 + 1, . . . , 𝑙𝑛, where 𝑙1 stands for the number of
unknown parameters in the first error equation, and 𝑙𝑛 − 𝑙𝑛−1
stands for the number of unknown parameters in the 𝑛th error
equation) and𝐴 𝑖𝑗 is a coefficient of 𝑒𝜃𝑖𝑗 in the 𝑖th error equation.
Therefore, we can obtain the systemswith uncertain parameters
as

d𝑞𝑒𝜃11
d𝑡𝑞 = −𝐴11𝑒1 + 𝑘1𝑒𝜃11 ,
d𝑞𝑒𝜃12
d𝑡𝑞 = −𝐴12𝑒1 + 𝑘2𝑒𝜃12 ,...

d𝑞𝑒𝜃1𝑙1
d𝑡𝑞 = −𝐴1𝑙1𝑒1 + 𝑘𝑙1𝑒𝜃1𝑙1 ,

d𝑞𝑒𝜃2(𝑙1+1)
d𝑡𝑞 = −𝐴2(𝑙1+1)𝑒2 + 𝑘(𝑙1+1)𝑒𝜃2(𝑙1+1) ,...

d𝑞𝑒𝜃2𝑙2
d𝑡𝑞 = −𝐴2𝑙2𝑒2 + 𝑘𝑙2𝑒𝜃2𝑙2 ,...

d𝑞𝑒𝜃𝑛𝑙𝑛
d𝑡𝑞 = −𝐴𝑛𝑙𝑛𝑒𝑛 + 𝑘𝑙𝑛𝑒𝜃𝑛𝑙𝑛 ,

(19)

where 𝑘𝑗 < 0 (𝑗 = 1, 2, . . . , 𝑙𝑛).We can achieve the MFPS of
system (7) through the error system of (18) and the estimate
of the system with unknown parameters (19). That is, the
error system and the estimate of unknown parameters are
asymptotically stable.

Proof. Assume that 𝑒(𝑡) = 𝑢𝑠 − ℎ(𝑡) ⋅ 𝑢𝑟; we have
d𝑞𝑒 (𝑡)
d𝑡𝑞 = d𝑞𝑢𝑠

d𝑡𝑞 − d𝑞 (ℎ (𝑡) 𝑢𝑟)
d𝑡𝑞= �̃� (𝑧, 𝜃) 𝑢𝑠 + 𝜓 − d𝑞 (ℎ (𝑡) 𝑢𝑟)

d𝑡𝑞 . (20)

We select𝜓 = −ℎ(𝑡)�̃�(𝑧, 𝜃)𝑢𝑟−𝑀(𝑧, 𝜃)𝑒+𝐾𝑒+d𝑞(ℎ(𝑡)𝑢𝑟)/d𝑡𝑞;
then it has

d𝑞𝑒 (𝑡)
d𝑡𝑞 = �̃� (𝑧, 𝜃) 𝑢𝑠 + 𝜓 − d𝑞 (ℎ (𝑡) 𝑢𝑟)

d𝑡𝑞= �̃� (𝑧, 𝜃) 𝑢𝑠 − ℎ (𝑡) �̃� (𝑧, 𝜃) 𝑢𝑟 − 𝑀(𝑧, 𝜃) 𝑒+ 𝐾𝑒 + d𝑞 (ℎ (𝑡) 𝑢𝑟)
d𝑡𝑞 − d𝑞 (ℎ (𝑡) 𝑢𝑟)

d𝑡𝑞= [�̃� (𝑧, 𝜃) − 𝑀 (𝑧, 𝜃) + 𝐾] 𝑒.
(21)

Hence, we obtain a controller (16) and a synchronization
error system (17).

From (18) and (19), the error system and the estimate of
unknown parameters can be simply written as

( d𝑞𝑒
d𝑡𝑞
d𝑞𝑒𝜃
d𝑡𝑞 ) = 𝐴( 𝑒𝑒𝜃) , (22)

where 𝑒 = (𝑒1, 𝑒2, . . . , 𝑒𝑛)𝑇, 𝑒𝜃 = (𝑒𝜃11 , 𝑒𝜃12 , . . . , 𝑒𝜃1𝑙1 , 𝑒𝜃2(𝑙1+1) ,. . . , 𝑒𝜃2𝑙2 , . . . , 𝑒𝜃𝑛𝑙𝑛 )𝑇, and
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𝐴 =

((((((((((((((((((((((((((((((((((((((
(

𝑘1 0 ⋅ ⋅ ⋅ 0 𝐴11 ⋅ ⋅ ⋅ 𝐴1𝑙1 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 00 𝑘2 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 𝐴2(𝑙1+1) ⋅ ⋅ ⋅ 𝐴2𝑙2 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0... ... d
... ... ... ... ... ... ... ⋅ ⋅ ⋅ ... ... ...0 0 ⋅ ⋅ ⋅ 𝑘𝑛 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 ... 𝐴𝑛(𝑙𝑛−1+1) ⋅ ⋅ ⋅ 𝐴𝑛𝑙𝑛−𝐴11 0 ⋅ ⋅ ⋅ 0 𝑘1 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 ... 0... ... ... ... ... d

... ... ... ... ⋅ ⋅ ⋅ ... ⋅ ⋅ ⋅ ...−𝐴1𝑙1 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 𝑘𝑙1 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 00 −𝐴2(𝑙1+1) ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 𝑘𝑙1+1 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0... ... ... ... ... ... ... ... d
... ... ... ... ...0 −𝐴2𝑙2 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 𝑘𝑙2 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0... ... ⋅ ⋅ ⋅ ... ... ⋅ ⋅ ⋅ ... ... ⋅ ⋅ ⋅ ... d

... ⋅ ⋅ ⋅ ...0 0 ... −𝐴𝑛(𝑙𝑛−1+1) 0 ... 0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 𝑘𝑙𝑛−1+1 ⋅ ⋅ ⋅ 0... ... ⋅ ⋅ ⋅ ... ... ⋅ ⋅ ⋅ ... ... ... ... ⋅ ⋅ ⋅ ... d
...0 0 ⋅ ⋅ ⋅ −𝐴𝑛𝑙𝑛 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅ 𝑘𝑙𝑛

))))))))))))))))))))))))))))))))))))))
)

. (23)

Hence, we can obtain 𝑃𝐴 + 𝐴H𝑃 = −𝑄, where 𝑃 is a real
symmetric positive definitematrix and𝑄 is a positive definite
matrix. We usually choose 𝑃 = 𝐸, where 𝐸 is an identity
matrix. Then,𝑄 = diag {−2𝑘1, −2𝑘2, . . . , −2𝑘𝑛, −2𝑘1, . . . , −2𝑘𝑙𝑛} . (24)

According to Theorem 6, 𝑃𝐴 + 𝐴H𝑃 = −𝑄 is a continuous
Lyapunov matrix equation. Meanwhile, we can realize the
MFPS of system (7) through controller (16). Therefore,
lim𝑡→∞‖𝑒(𝑡)‖ = 0, which indicates that the MFPS within
system (17) can be achieved. The proof is completed.

Remark 9. In the proof ofTheorem 8, it is easy to see that the
scaling function matrix ℎ(𝑡) has no direct effect on d𝑞𝑒/d𝑡𝑞
and d𝑞𝑒𝜃/d𝑡𝑞. The results verify the validity and feasibility of
the proposed control strategy.

Remark 10. Based on Theorem 8, we can choose the scaling
function matrix to realize a variety of synchronizations by
the method. For example, if ℎ1(𝑡) = ℎ2(𝑡) = ⋅ ⋅ ⋅ =ℎ𝑛(𝑡) are continuously differentiable functions, the MFPS
converts to function projective synchronization, and if ℎ(𝑡) =
diag{ℎ1(𝑡), ℎ2(𝑡), . . . , ℎ𝑛(𝑡)}, ℎ𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑛) being real
constants, theMFPS converts tomodified projective synchro-
nization (such as complete synchronization and antisynchro-
nization).

Remark 11. This method has universal applicability if and
only if the chaotic system is a PLFO chaotic system (1).

4. Numerical Simulations

Huang and Li [29] proposed a dynamic model of finance
comprising three first-order differential equations. Then, fol-
lowing the dynamic model, Chen [24] proposed a fractional-
order financial system to describe the running of a financial
system as follows:

d𝑞1𝑥1
d𝑡𝑞1 = 𝑛𝑥3 + 𝑚𝑥1𝑥2 − 𝑎𝑥1,
d𝑞2𝑥2
d𝑡𝑞2 = 1 − 𝑏𝑥2 − 𝑥21,
d𝑞3𝑥3
d𝑡𝑞3 = 𝑝𝑥1 − 𝑐𝑥3.

(25)

It has three nonlinear equations of fractional-order chaotic
systems. The state variables 𝑥1, 𝑥2, 𝑥3 represent the interest
rate, the investment demand, and the price index, respec-
tively. Changes in 𝑥1 are mostly influenced by two factors:
contradictions from the investment market, which indicate
a surplus between investment and savings, and structural
adjustment from prices of goods. The changing rate of𝑥2 is proportional to the rate of investment but inversely
proportional to the cost of investment and interest rates.
Changes in 𝑥3 are controlled by a contradiction between
supply and demand in commercial markets and are affected
by inflation rates. Particularly, the negative interest rate 𝑥1,
negative investment demand 𝑥2, and negative price index𝑥3 mean that the banks’ deposit rates are below the level
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Figure 1: Three-dimensional phase diagram of fractional-order
financial system (25).

of inflation, the investment market presents overinvestment,
and the rate of deflation is increasing, respectively.

The constants 𝑎, 𝑏, 𝑐 are representatives of the saving
amount, the per-investment cost, and the elasticity of demand
of the commercial markets. The fractional-order financial
system (25) will exhibit chaotic behavior when 𝑞𝑖 = 𝑞 ≥0.85, 𝑖 = 1, 2, 3, and 𝑛 = 1, 𝑚 = 1, 𝑝 = −1, 𝑎 = 3,𝑏 = 0.1, and 𝑐 = 1. When 𝑞 = 0.9, the three-dimensional
phase diagram of system (25) is illustrated in Figure 1 and the
largest Lyapunov exponent is 𝐿 = 0.14. The results highlight
the chaotic attractor of fractional-order financial system (25).

It is obvious that system (25) is a PLFO chaotic system.
Therefore, the drive and response systems can be constructed
as follows:

d𝑞1𝑥1
d𝑡𝑞1 = 𝑛𝑥3 + 𝑚𝑥1𝑥2 − 𝑎𝑥1,
d𝑞3𝑥3
d𝑡𝑞3 = 𝑝𝑥1 − 𝑐𝑥3,
d𝑞2𝑥2
d𝑡𝑞2 = 1 − 𝑏𝑥2 − 𝑥21,
d𝑞1𝑥4
d𝑡𝑞1 = 𝑛𝑥5 + �̃�𝑥4𝑥2 − 𝑎𝑥4 + 𝜓1,
d𝑞3𝑥5
d𝑡𝑞3 = 𝑝𝑥4 − 𝑐𝑥5 + 𝜓2,

(26)

where 𝜓𝑖 (𝑖 = 1, 2) is the controller. In the coupled system
(26), the drive system evolves independently, while the
response system is governed by the drive system through the
variable 𝑥2. That is, the drive system is

d𝑞1𝑥1
d𝑡𝑞1 = 𝑛𝑥3 + 𝑚𝑥1𝑥2 − 𝑎𝑥1,
d𝑞3𝑥3
d𝑡𝑞3 = 𝑝𝑥1 − 𝑐𝑥3,
d𝑞2𝑥2
d𝑡𝑞2 = 1 − 𝑏𝑥2 − 𝑥21,

(27)

and the response system is

d𝑞1𝑥4
d𝑡𝑞1 = 𝑛𝑥5 + �̃�𝑥4𝑥2 − 𝑎𝑥4 + 𝜓1,
d𝑞3𝑥5
d𝑡𝑞3 = 𝑝𝑥4 − 𝑐𝑥5 + 𝜓2. (28)

System (26) becomes a coupled PLFO chaotic system with
uncertain parameters. Based on Theorem 8 and 𝑞𝑖 (𝑖 =1, 2, 3) = 𝑞, we have 𝑢𝑟 = ( 𝑥1𝑥3 ), 𝑀(𝑥2, 𝜃) = (𝑚𝑥2−𝑎 𝑛𝑝 −𝑐 ),�̃�(𝑥2, 𝜃) = ( �̃�𝑥2−𝑎 𝑛𝑝 −𝑐 ), ℎ(𝑡) = ( ℎ1(𝑡) 00 ℎ2(𝑡)

), 𝐾 = ( 𝑘1 00 𝑘2 ),𝑒 = ( 𝑒1𝑒2 ) = ( 𝑥1−ℎ1(𝑡)𝑥4𝑥3−ℎ2(𝑡)𝑥5
), 𝑒𝑚 = �̃� − 𝑚, 𝑒𝑎 = 𝑎 − 𝑎, 𝑒𝑛 = 𝑛 − 𝑛,𝑒𝑝 = 𝑝 − 𝑝, and 𝑒𝑐 = 𝑐 − 𝑐. According to (16), we can describe

the controller as𝜓 = (𝜓1𝜓2)= −ℎ (𝑡) �̃� (𝑥2, 𝜃) 𝑢𝑟 − 𝑀(𝑥2, 𝜃) 𝑒 + 𝐾𝑒+ d𝑞 (ℎ (𝑡) 𝑢𝑟)
d𝑡𝑞 . (29)

From (17) to (19), we can obtain the error systems as

d𝑞𝑒1
d𝑡𝑞 = 𝑥2𝑒1𝑒𝑚 + (−𝑒1) 𝑒𝑎 + 𝑒2𝑒𝑛 + 𝑘1𝑒1,
d𝑞𝑒2
d𝑡𝑞 = 𝑒1𝑒𝑝 + (−𝑒2) 𝑒𝑐 + 𝑘2𝑒2. (30)

It shows that 𝐴11 = 𝑥2𝑒1, 𝐴12 = −𝑒1, 𝐴13 = 𝑒2, 𝐴24 = 𝑒1, and𝐴25 = −𝑒2. Therefore, the unknown parameters systems are
given by

d𝑞𝑒𝑚
d𝑡𝑞 = −𝑥2𝑒21 + 𝑘1𝑒𝑚,
d𝑞𝑒𝑎
d𝑡𝑞 = 𝑒21 + 𝑘2𝑒𝑎,
d𝑞𝑒𝑛
d𝑡𝑞 = −𝑒1𝑒2 + 𝑘3𝑒𝑛,
d𝑞𝑒𝑝
d𝑡𝑞 = −𝑒1𝑒2 + 𝑘4𝑒𝑝,
d𝑞𝑒𝑐
d𝑡𝑞 = 𝑒22 + 𝑘5𝑒𝑐,

(31)

where 𝐾 = diag(𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5) (𝑘𝑖 < 0).
The initial conditions are 𝑥1(0) = −0.5, 𝑥2(0) = −0.2,𝑥3(0) = 8, 𝑥4(0) = 3, 𝑥5(0) = −1, and 𝑞 = 0.9 and

the estimated parameters have initial conditions 𝑛(0) = −1,�̃�(0) = 3, 𝑎(0) = −0.5, 𝑝(0) = 3, 𝑐(0) = 3.5, and 𝑘𝑖 =−10 (𝑖 = 1, 2) and 𝑘𝑖 = −20 (𝑖 = 1, 2, 3, 4, 5). Let the scaling
function factors ℎ1(𝑡) = 0.1 cos(2𝑡) and ℎ2(𝑡) = 3√𝑡; then the
simulation results are shown in Figures 2 and 3. Obviously, in
Figure 2, the errors converge to zero as time goes to infinity,
which implies that the MFPS of system (26) is achieved with
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Figure 2: MFPS errors of system (30) with ℎ1(𝑡) = 0.1 cos(2𝑡) andℎ2(𝑡) = 3√𝑡.
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Figure 3: Unknown parameters of system (31) with ℎ1(𝑡) =0.1 cos(2𝑡) and ℎ2(𝑡) = 3√𝑡.
the scaling function factors. Figure 3 shows that the estimated
values of unknown parameters 𝑛, �̃�, 𝑎, 𝑝, and 𝑐 converge to𝑛 = 1, 𝑚 = 1, 𝑎 = 3, 𝑝 = −1, and 𝑐 = 1, respectively, as𝑡 → ∞. Therefore, the uncertain parameters 𝑛,𝑚, 𝑎, 𝑝, and 𝑐
are identified. Additionally, with the scaling function factorsℎ1(𝑡) = 0.1 cos(2𝑡) and ℎ2(𝑡) = 3√𝑡, phase portrait of the drive
and response systems is illustrated in Figure 4.

5. Conclusion

In this paper, the MFPS was investigated for the coupled
uncertain fractional-order financial system. Based on the
stability criterion of the fractional-order system and the
continuous Lyapunov matrix equation, a synchronization
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Figure 4: Phase portrait of the drive and response systems in 𝑥1 −𝑥3 (𝑥4 − 𝑥5) plane with ℎ1(𝑡) = 0.1 cos(2𝑡) and ℎ2(𝑡) = 3√𝑡.
controller was proposed. Then, using an uncertain financial
system, we verified the validity of the proposed controller.
Theunknownparameterswere also estimated so that the phe-
nomenonof parameter distortionwas effectively avoided.The
results showed that the controller was feasible and effective.
In theory, the proposed approach can realize a synchronized
and healthy development of financial markets. In the case of
possessing homogeneous investment demand, we can keep
profits with price index synchronous development so that
interference factors can be avoided.
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We introduced a parameter 𝜎(𝑡) which was related to 𝛼(𝑡); then two numerical schemes for variable-order Caputo fractional
derivatives were derived; the second-order numerical approximation to variable-order fractional derivatives 𝛼(𝑡) ∈ (0, 1) and3 − 𝛼(𝑡)-order approximation for 𝛼(𝑡) ∈ (1, 2) are established. For the given parameter 𝜎(𝑡), the error estimations of formulas
were proven, which were higher than some recently derived schemes. Finally, some numerical examples with exact solutions were
studied to demonstrate the theoretical analysis and verify the efficiency of the proposed methods.

1. Introduction

Fractional differential equations include constant-order and
variable-order equations; a great quantity of natural phenom-
ena can be modeled by variable-order fractional differential
equations; the study of such problems has attracted much
attention. In recent years, profound background of physical
applications for the variable-order fractional calculus has
been already established; the definition of variable-order
operator has been investigated in [1–4]. Numerous problems
in mathematical physics and engineering have been modeled
by variable-order fractional differential equations, such as
successful applications in mechanics [5], in the simulation
of linear and nonlinear viscoelasticity oscillators [6], and in
other cases where the order of the derivative varies with
time [7]. In addition, a physical experimental investigation
of variable-order operators has been considered in [8].
Variable-order fractional derivatives can be used to model
anomalous diffusion, as they can describe the time dependent
diffusion process more specifically than fractional derivatives
of constant order, just as shown in [9].The difference schemes
of fractional derivatives with constant and variable order are
investigated in [10].

Due to the existence of variable fractional derivative,
it is usually difficult to obtain the analytical solution of
such equations; therefore, it is particularly significant to give
numerical solutions to these problems. Cao and Qiu [11]

derived a high order numerical method for variable-order
fractional ordinary differential equation by establishing a
second-order numerical approximation to variable-order
Riemann-Liouville fractional derivative. Fu et al. [12] adopted
the method of approximate particular solutions for both
constant-order and variable-order time fractional diffusion
models. Several finite difference methods for variable-order
fractional partial diffusion equations were proposed in [13–
18].

As what we can see above, there are many different defi-
nitions of the variable-order fractional derivatives. However,
different from other definitions in mathematics, only initial
condition is needed for the variable-order Caputo definition
which can be easily used in physical field; this definition
means that the memory rate of system is determined by the
current time instant and changes with time. For simplicity,
only variable-order Caputo definition was discussed in the
whole paper.

A good approximation of the variable-order Caputo
derivatives was observed in [19], it was defined at the points𝑡𝑛+1/2 and 𝑡𝑛; then what will happen if it is redefined in a
neighborhood at the point 𝑡𝑛? Approximation formula for
the 𝛼-order (0 ≤ 𝛼 ≤ 1) Caputo derivatives at the point𝑡 = 𝑡𝑛−1+𝜎 was investigated in [20], where 𝜎 = 1 − 𝛼/2 is a
superconvergence point which ensures that the convergence
order improves from the local second order to the overall 3−𝛼
order. In the current work, we applied the ideas in [20]; a
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parameter 𝜎(𝑡) was given, which was changed with 𝛼(𝑡), and
the selection of𝜎(𝑡) played a vital role in the numerical results
in the paper. We proposed two new approximation formulas
of second-order and 3−𝛼(𝑡) accuracy for variable-order time
fractional operator with orders 0 < 𝛼(𝑡) < 1 and 1 < 𝛼(𝑡) < 2,
respectively. Specifically, we adopted the following definition
of variable-order Caputo fractional derivatives:

𝐶

0𝐷𝛼(𝑡)𝑡 𝑓 (𝑡) = 1Γ (𝑛 − 𝛼 (𝑡)) ∫
𝑡

0

𝑓(𝑛) (𝑠)
(𝑡 − 𝑠)𝛼(𝑡)−𝑛+1 𝑑𝑠,

𝑛 − 1 < 𝛼 (𝑡) < 𝑛.
(1)

The paper is organized as follows. In the next section,
we present two new formulas, select 𝜎(𝑡) = 1 − 𝛼(𝑡)/2 for0 < 𝛼(𝑡) < 1 and 𝜎(𝑡) = 3/2 − 𝛼(𝑡)/2 for 1 < 𝛼(𝑡) < 2,
respectively, and provide the corresponding error analysis. In
Section 3, the numerical verifications are presented; as can
be seen from the numerical results, minor changes to the
selected parameters 𝜎(𝑡) will have a significant impact on the
error estimates. Finally, in Section 4, the conclusion is drawn.

2. Approximation Formulas

In this section, we present the following lemma, which plays
a vital role in the later analysis.

Lemma 1 (see [19]). Assuming that the derivatives of the
function 𝑓(𝑥) exist to the order of 𝑛 on [𝑎, 𝑏] and to the order
of 𝑛 + 1 on (𝑎, 𝑏), 𝑎 ≤ 𝑥0 < 𝑥1 < ⋅ ⋅ ⋅ < 𝑥𝑛 ≤ 𝑏, 𝑝𝑛(𝑥) is
the 𝑛th degree interpolation polynomial of 𝑓(𝑥) based on the
points 𝑥0, 𝑥1, . . . , 𝑥𝑛, then, for 𝑥 ∈ [𝑎, 𝑏], the following holds:
𝑓(𝑘) (𝑥) − 𝑝(𝑘)𝑛 (𝑥)

= 𝑓(𝑛+1) (𝜉)(𝑛 − 𝑘 + 1)! (𝑥 − 𝑥(𝑘)0 ) (𝑥 − 𝑥(𝑘)1 ) ⋅ ⋅ ⋅ (𝑥 − 𝑥(𝑘)𝑛−𝑘) ,
(𝑘 = 0, 1, 2, . . .) ,

(2)

where 𝜉 ∈ (𝑎, 𝑏) depends on 𝑘 and 𝑥, and 𝑥𝑖 < 𝑥(𝑘)𝑖 < 𝑥𝑖+𝑘 (𝑖 =0, 1, . . . , 𝑛 − 𝑘).
For a given function 𝑓(𝑥) and an integer 𝑁 > 0, denote𝑡𝑛 = 𝑛𝜏, 𝑓𝑛 = 𝑓(𝑡𝑛), 𝑛 = 0, 1, . . . , 𝑁, where 𝜏 = 𝑇/𝑁 is the

step. Introduce the following notation:

𝑡𝑛+𝜎 = (𝑛 + 𝜎) 𝜏,
𝛿𝑡𝑓𝑛+1/2 = 1𝜏 (𝑓𝑛+1 − 𝑓𝑛) ,

𝛿2𝑡𝑓𝑛 = 𝛿𝑡𝑓𝑛+1/2 − 𝛿𝑡𝑓𝑛−1/2𝜏 ,
(3)

and, for convenience, denote 𝜎 = 𝜎(𝑡𝑛).
2.1. Second-Order Formula for 𝛼(𝑡) ∈ (0, 1). Denote 𝛼𝑛−1+𝜎 =𝛼(𝑡𝑛−1+𝜎), 𝜎 = 1 − 𝛼(𝑡𝑛−1+𝜎)/2, 𝑛 = 0, 1, . . . , 𝑁 − 1.

Estimating the derivative
𝐶

0𝐷𝛼(𝑡)𝑡 𝑓(𝑡) with order 𝛼(𝑡) ∈(0, 1) at the grid point 𝑡𝑛−1+𝜎, 𝑛 = 0, 1, . . . , 𝑁 − 1, from (1),
we directly obtain

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎)
= 1Γ (1 − 𝛼𝑛−1+𝜎) ∫

𝑡𝑛−1+𝜎

0

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠.

(4)

Evaluate the integration on each subinterval, leading to

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎)
= 1Γ (1 − 𝛼𝑛−1+𝜎) [

𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠] .

(5)

For each interval [𝑡𝑘−1, 𝑡𝑘], 𝑘 = 1, . . . , 𝑛 − 1, denote
the second-degree interpolation polynomial in the Lagrange
form as follows:

𝐿2𝑘𝑓 (𝑠) = 𝑓𝑘−1 (𝑡 − 𝑡𝑘) (𝑡 − 𝑡𝑘+1)2𝜏2
− 𝑓𝑘 (𝑡 − 𝑡𝑘−1) (𝑡 − 𝑡𝑘+1)𝜏2
+ 𝑓𝑘+1 (𝑡 − 𝑡𝑘−1) (𝑡 − 𝑡𝑘)2𝜏2 ,

(6)

and for the last interval [𝑡𝑛−1, 𝑡𝑛−1+𝜎], denote the first-degree
interpolation polynomial in the Lagrange form as

𝐿1𝑛𝑓 (𝑠) = −𝑓
𝑛−1 (𝑡 − 𝑡𝑛)𝜏 + 𝑓𝑛 (𝑡 − 𝑡𝑛−1)𝜏 . (7)

As an approximation formula, the following result is
obtained:

𝑓 (𝑠) = 𝐿2𝑘𝑓 (𝑠) + 𝑟𝑘 (𝑠) ,
𝑠 ∈ [𝑡𝑘−1, 𝑡𝑘] , 𝑘 = 1, . . . , 𝑛 − 1, (8)

where

𝑟𝑘 (𝑠) = 𝑓 (𝜉𝑘)6 (𝑠 − 𝑡𝑘−1) (𝑠 − 𝑡𝑘) (𝑠 − 𝑡𝑘+1) ,
𝜉𝑘 ∈ (𝑡𝑘−1, 𝑡𝑘+1) ,

(9)

𝑓 (𝑠) = 𝐿1𝑛𝑓 (𝑠) + 𝑟𝑛 (s) , 𝑠 ∈ [𝑡𝑛−1, 𝑡𝑛−1+𝜎] , (10)

where

𝑟𝑛 (𝑠) = 𝑓 (𝜉𝑛)2 (𝑠 − 𝑡𝑛−1) (𝑠 − 𝑡𝑛) , 𝜉𝑛 ∈ (𝑡𝑛−1, 𝑡𝑛) . (11)
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Substituting (8) and (10) into (5) yields

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎)
= 1Γ (1 − 𝛼𝑛−1+𝜎) [[

𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

(𝐿2𝑘𝑓 (𝑠))(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

(𝐿1𝑛𝑓 (𝑠))(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠]]
+ 𝑅𝑛−1+𝜎,

(12)

and the truncation error is

𝑅𝑛−1+𝜎 = 1Γ (1 − 𝛼𝑛−1+𝜎) [
𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

𝑟𝑘 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝑟𝑛 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠] .
(13)

Here we denote the discrete approximation formula
for the variable-order derivative with order 𝛼𝑛−1+𝜎 as
0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎; thus from (12), it is easy to get the following
result:

0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎 = 1Γ (1 − 𝛼𝑛−1+𝜎) [[
𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

(𝐿2𝑘𝑓 (𝑠))(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠 + ∫
𝑡𝑛−1+𝜎

𝑡𝑛−1

(𝐿1𝑛𝑓 (𝑠))(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠]]
= 1Γ (1 − 𝛼𝑛−1+𝜎) [

𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

(1/2) (𝛿𝑡𝑓𝑘+1/2 + 𝛿𝑡𝑓𝑘−1/2) + 𝛿2𝑡𝑓𝑘 (𝑠 − 𝑡𝑘)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠 + ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝛿𝑡𝑓𝑛−1/2(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠]

= 1Γ (1 − 𝛼𝑛−1+𝜎) {
𝑛−1∑
𝑘=1

(𝛿𝑡𝑓𝑘+1/2 + 𝛿𝑡𝑓𝑘−1/2) 𝜏1−𝛼𝑛−1+𝜎2 (1 − 𝛼𝑛−1+𝜎) [(𝑛 + 𝜎 − 𝑘)1−𝛼𝑛−1+𝜎 − (𝑛 + 𝜎 − 𝑘 − 1)1−𝛼𝑛−1+𝜎]

+ 𝛿𝑡𝑓𝑛−1/2𝜏1−𝛼𝑛−1+𝜎1 − 𝛼𝑛−1+𝜎 𝜎1−𝛼𝑛−1+𝜎 + 𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

𝛿2𝑡𝑓𝑘 (𝑠 − 𝑡𝑘)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠}

= 𝜏1−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎) {
𝑛−1∑
𝑘=1

(𝛿𝑡𝑓𝑘+1/2 + 𝛿𝑡𝑓𝑘−1/2)2 [(𝑛 + 𝜎 − 𝑘)1−𝛼𝑛−1+𝜎 − (𝑛 + 𝜎 − 𝑘 − 1)1−𝛼𝑛−1+𝜎]

+ 𝑛−1∑
𝑘=1

𝛿2𝑡𝑓𝑘𝜏 [ 12 − 𝛼𝑛−1+𝜎 ((𝑛 + 𝜎 − 𝑘)2−𝛼𝑛−1+𝜎 − (𝑛 + 𝜎 − 𝑘 − 1)2−𝛼𝑛−1+𝜎) − (𝑛 + 𝜎 − 𝑘)1−𝛼𝑛−1+𝜎] + 𝛿𝑡𝑓𝑛−1/2𝜎1−𝛼𝑛−1+𝜎}

= 𝜏1−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎) [
𝑛−1∑
𝑘=1

𝑎(𝛼𝑛−1+𝜎)
𝑛−𝑘

(𝛿𝑡𝑓𝑘+1/2 + 𝛿𝑡𝑓𝑘−1/2) + 𝑛−1∑
𝑘=1

𝑏(𝛼𝑛−1+𝜎)
𝑛−𝑘

𝜏𝛿2𝑡𝑓𝑘 + 𝛿𝑡𝑓𝑛−1/2𝜎1−𝛼𝑛−1+𝜎]

= 𝜏1−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎) [
𝑛−1∑
𝑘=1

𝑎(𝛼𝑛−1+𝜎)
𝑛−𝑘

(𝛿𝑡𝑓𝑘+1/2 + 𝛿𝑡𝑓𝑘−1/2) + 𝑛−1∑
𝑘=1

𝑏(𝛼𝑛−1+𝜎)
𝑛−𝑘

(𝛿𝑡𝑓𝑘+1/2 − 𝛿𝑡𝑓𝑘−1/2) + 𝛿𝑡𝑓𝑛−1/2𝜎1−𝛼𝑛−1+𝜎]

= 𝜏1−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎) [
𝑛−1∑
𝑘=2

(𝑎(𝛼𝑛−1+𝜎)
𝑛−𝑘+1

+ 𝑎(𝛼𝑛−1+𝜎)
𝑛−𝑘

+ 𝑏(𝛼𝑛−1+𝜎)
𝑛−𝑘+1

− 𝑏(𝛼𝑛−1+𝜎)
𝑛−𝑘

) 𝛿𝑡𝑓𝑘−1/2 + (𝑎(𝛼𝑛−1+𝜎)1 + 𝑎(𝛼𝑛−1+𝜎)0 + 𝑏(𝛼𝑛−1+𝜎)1 ) 𝛿𝑡𝑓𝑛−1/2

+ (𝑎(𝛼𝑛−1+𝜎)𝑛−1 − 𝑏(𝛼𝑛−1+𝜎)𝑛−1 ) 𝛿𝑡𝑓1/2] = 𝜏1−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎)
𝑛∑
𝑘=1

𝑑(𝛼𝑛−1+𝜎)
𝑛−𝑘

𝛿𝑡𝑓𝑘−1/2 = 𝜏−𝛼𝑛−1+𝜎Γ (2 − 𝛼𝑛−1+𝜎)
𝑛∑
𝑘=1

𝑑(𝛼𝑛−1+𝜎)
𝑛−𝑘

(𝑓𝑘 − 𝑓𝑘−1) ,

(14)

where

𝑎(𝛼𝑛−1+𝜎)0 = 𝜎1−𝛼𝑛−1+𝜎 ,
𝑎(𝛼𝑛−1+𝜎)
𝑘

= 12 [(𝑘 + 𝜎)1−𝛼𝑛−1+𝜎 − (𝑘 + 𝜎 − 1)1−𝛼𝑛−1+𝜎] ,
1 ≤ 𝑘 ≤ 𝑛 − 1,

𝑏(𝛼𝑛−1+𝜎)
𝑘

= 12 − 𝛼𝑛−1+𝜎 [(𝑘 + 𝜎)2−𝛼𝑛−1+𝜎 − (𝑘 + 𝜎 − 1)2−𝛼𝑛−1+𝜎]

− (𝑘 + 𝜎)1−𝛼𝑛−1+𝜎 , 1 ≤ 𝑘 ≤ 𝑛 − 1.
𝑑(𝛼𝑛−1+𝜎)
𝑘

=
{{{{{{{{{{{

𝑎(𝛼𝑛−1+𝜎)1 + 𝑎(𝛼𝑛−1+𝜎)0 + 𝑏(𝛼𝑛−1+𝜎)1 , 𝑘 = 0,
𝑎(𝛼𝑛−1+𝜎)
𝑘+1

+ 𝑎(𝛼𝑛−1+𝜎)
𝑘

+ 𝑏(𝛼𝑛−1+𝜎)
𝑘+1

− 𝑏(𝛼𝑛−1+𝜎)
𝑘

, 1 ≤ 𝑘 ≤ 𝑛 − 2,
𝑎(𝛼𝑛−1+𝜎)
𝑘

− 𝑏(𝛼𝑛−1+𝜎)
𝑘

, 𝑘 = 𝑛 − 1.
(15)
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Next, the analysis for the approximation error of formula
(12) was given in detail.

Theorem 2. Let 𝛼𝑛−1+𝜎 ∈ (0, 1), 𝑓 ∈ 𝐶3([0, 𝑡𝑛+1]); the
following holds:𝐶0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) − 0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎

≤ 1Γ (1 − 𝛼𝑛−1+𝜎) [Θ𝑛 max
𝑡0≤𝑡≤𝑡𝑛−1

𝑓 (𝑡)
+ 𝜎1−𝛼𝑛−1+𝜎𝜏−𝛼𝑛−1+𝜎1 − 𝛼𝑛−1+𝜎 max

𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡)] 𝜏2,
(16)

where Θ1 = 𝜏−𝛼𝜎𝜎1−𝛼𝜎/(1 − 𝛼𝜎), Θ𝑛 = 𝑐1𝑡1−𝛼𝑛−1+𝜎𝑛−1+𝜎 /(1 −𝛼𝑛−1+𝜎), 𝑛 = 2, . . . , 𝑁 − 1, 𝑐1 is a positive constant.
Proof. From (12), obviously

𝑅𝑛−1+𝜎 = 1Γ (1 − 𝛼𝑛−1+𝜎) [
𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

𝑟𝑘 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝑟𝑛 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠]
= 1Γ (1 − 𝛼𝑛−1+𝜎) (𝑅1 + 𝑅2) .

(17)

Using Lemma 1, it produces

𝑟𝑘 (𝑠) = 12𝑓 (𝜂𝑘) (𝑠 − 𝑡(𝑘)0 ) (𝑠 − 𝑡(𝑘)1 ) ,
𝜂𝑘 ∈ (𝑡𝑘−1, 𝑡𝑘+1) , 𝑡(𝑘)0 ∈ (𝑡𝑘−1, 𝑡𝑘) , 𝑡(𝑘)1 ∈ (𝑡𝑘, 𝑡𝑘+1) , 1 ≤ 𝑘 ≤ 𝑛 − 1,

(18)

𝑟𝑛 (𝑠) = 𝑓 (𝜂𝑛) (𝑠 − 𝑡(𝑛)0 ) , 𝜂𝑛 ∈ (𝑡𝑛−1, 𝑡𝑛) , 𝑡(𝑛)0 ∈ (𝑡𝑛−1, 𝑡𝑛) . (19)

Next, the error on each interval is analyzed.
When 𝑛 = 1, from (19), it follows that∫
𝑡𝜎

0

𝑟1 (𝑠)(𝑡𝜎 − 𝑠)𝛼𝜎 𝑑𝑠
 ≤ 𝜏max
𝑡0≤𝑡≤𝑡1

𝑓 (𝑡) ∫
𝑡𝜎

0

1
(𝑡𝜎 − 𝑠)𝛼𝜎 𝑑𝑠

= 𝜏−𝛼𝜎𝜎1−𝛼𝜎1 − 𝛼𝜎 max
𝑡0≤𝑡≤𝑡1

𝑓 (𝑡) 𝜏2.
(20)

When 𝑛 = 2, . . . , 𝑁 − 1, from (18), this leads to the
following estimation:

𝑅1 =

𝑛−1∑
𝑘=1

∫𝑡𝑘
𝑡𝑘−1

𝑟𝑘 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠


=

𝑛−1∑
𝑘=1

12 ∫
𝑡𝑘

𝑡𝑘−1

𝑓 (𝜂𝑘) (𝑠 − 𝑡(𝑘)0 ) (𝑠 − 𝑡(𝑘)1 )(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠


≤ 𝑐1 max
𝑡0≤𝑡≤𝑡𝑛−1

𝑓 (𝑡)
∫
𝑡𝑛−1

𝑡0

1
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠

 𝜏
2

= 𝑐1𝑡1−𝛼𝑛−1+𝜎𝑛−1+𝜎1 − 𝛼𝑛−1+𝜎 max
𝑡0≤𝑡≤𝑡𝑛−1

𝑓 (𝑡) 𝜏2,

(21)

where 𝑐1 is a positive constant.

From (19), it can be obtained in the same method.

𝑅2 =
∫
𝑡𝑛−1+𝜎

𝑡𝑛−1

𝑟𝑛 (𝑠)(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠


≤ 𝜏 max
𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡)
∫
𝑡𝑛−1+𝜎

𝑡𝑛−1

1
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎 𝑑𝑠


= 𝜎1−𝛼𝑛−1+𝜎𝜏−𝛼𝑛−1+𝜎1 − 𝛼𝑛−1+𝜎 max

𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡) 𝜏2.
(22)

Substituting (20)–(22) into (17) leads to the theorem.

2.2. Second-Order Formula for 𝛼(𝑡) ∈ (1, 2). Denote 𝑓0 =𝑓(𝑡0), 𝜎 = 3/2 − 𝛼𝑛−1+𝜎/2. Computing the variable-order
derivative with order 𝛼(𝑡) (1 < 𝛼(𝑡) < 2) at 𝑡𝑛−1+𝜎,
𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) = 1Γ (2 − 𝛼𝑛−1+𝜎)
⋅ ∫𝑡𝑛−1+𝜎
𝑡0

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

= 1Γ (2 − 𝛼𝑛−1+𝜎) [[
∫𝑡1
𝑡0

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ 𝑛−2∑
𝑗=1

∫𝑡𝑗+1
𝑡𝑗

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝑓 (𝑠)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]

.

(23)

For the interval [𝑡0, 𝑡1], the cubic interpolation polyno-
mial in the Hermite form is as

𝐿30𝑓 (𝑠) = 𝑓0 + 𝑓0 (𝑠 − 𝑡0) + (1/𝜏) (𝑓1 − 𝑓0) − 𝑓0𝜏 (𝑠
− 𝑡0)2 + 12𝜏 [

(1/𝜏) (𝑓1 − 𝑓0) − 𝑓0𝜏
− (1/𝜏) (𝑓2 − 𝑓1) − (1/𝜏) (𝑓1 − 𝑓0)

2𝜏 ] (𝑠 − 𝑡0)2 (𝑠
− 𝑡1) ,

(24)

and it follows that

𝑓 (𝑠) = 𝐿30𝑓 (𝑠) + 𝑟0 (𝑠) ; (25)

the truncation error is

𝑟0 (𝑠) = 𝑓(4) (𝜉0)24 (𝑠 − 𝑡0)2 (𝑠 − 𝑡1) (𝑠 − 𝑡2) ,
𝜉0 ∈ (𝑡0, 𝑡2) .

(26)
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For the interval [𝑡𝑗, 𝑡𝑗+1], 𝑗 = 1, . . . , 𝑛 − 2, the cubic
interpolation polynomial at points 𝑡𝑗−1, 𝑡𝑗, 𝑡𝑗+1, and 𝑡𝑗+2 in the
Lagrange form is as

𝐿3𝑗𝑓 (𝑠) =
𝑗+2∑
𝑘=𝑗−1

𝑓𝑘 𝑗+2∏
𝑚=𝑗−1,𝑚 ̸=𝑘

𝑠 − 𝑡𝑚𝑡𝑘 − 𝑡𝑚 , (27)

leading to

𝑓 (𝑠) = 𝐿3𝑗𝑓 (𝑠) + 𝑟𝑗 (𝑠) ; (28)

the truncation error is

𝑟𝑗 (𝑠) = 𝑓(4) (𝜉𝑗)24
2∏
𝑘=−1

(𝑠 − 𝑡𝑘+𝑗) , 𝜉𝑗 ∈ (𝑡𝑗−1, 𝑡𝑗+2) ; (29)

using the cubic interpolation polynomial at points 𝑡𝑛−2, 𝑡𝑛−1,
and 𝑡𝑛 in the Lagrange form to approximate 𝑓(𝑠) on the last
interval [𝑡𝑛−1, 𝑡𝑛−1+𝜎], we get

𝐿2𝑛𝑓 (𝑠) = 𝑓𝑛−2 (𝑡 − 𝑡𝑛−1) (𝑡 − 𝑡𝑛)2𝜏2
− 𝑓𝑛−1 (𝑡 − 𝑡𝑛−2) (𝑡 − 𝑡𝑛)𝜏2
+ 𝑓𝑛 (𝑡 − 𝑡𝑛−2) (𝑡 − 𝑡𝑛−1)2𝜏2 ,

(30)

the following holds:

𝑓 (𝑠) = 𝐿2𝑛𝑓 (𝑠) + 𝑟𝑛 (𝑠) ; (31)

the truncation error is

𝑟𝑛 (𝑠) = 𝑓 (𝜉𝑛)6 (𝑠 − 𝑡𝑛−2) (𝑠 − 𝑡𝑛−1) (𝑠 − 𝑡𝑛) ,
𝜉𝑛 ∈ (𝑡𝑛−2, 𝑡𝑛) .

(32)

Substituting (25), (28), and (31) into (23), there is

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎)
= 1Γ (2 − 𝛼𝑛−1+𝜎) [[

∫𝑡1
𝑡0

(𝐿30𝑓 (𝑠) + 𝑟0 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ 𝑛−2∑
𝑗=1

∫𝑡𝑗+1
𝑡𝑗

(𝐿3𝑗𝑓 (𝑠) + 𝑟𝑗 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

(𝐿2𝑛𝑓 (𝑠) + 𝑟𝑛 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]

.
(33)

Denote the approximation formula of the variable-order
derivative with order 𝛼𝑛−1+𝜎 as 0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎 and obtain

0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎

= 1Γ (2 − 𝛼𝑛−1+𝜎) [[
𝑛−2∑
𝑗=0

∫𝑡𝑗+1
𝑡𝑗

(𝐿3𝑗𝑓 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

(𝐿2𝑛𝑓 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]

= 1Γ (2 − 𝛼𝑛−1+𝜎) [[
∫𝑡1
𝑡0

(𝐿30𝑓 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ 𝑛−2∑
𝑗=1

∫𝑡𝑗+1
𝑡𝑗

(𝐿3𝑗𝑓 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

(𝐿2𝑛𝑓 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]

,

(34)

where

(𝐿30𝑓 (𝑠)) = 𝑠 − 𝑡0𝜏 𝑓2 − 2𝑓1 + 𝑓0𝜏2
+ 𝑡1 − 𝑠𝜏

8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓02𝜏2 ,
(𝐿3𝑗𝑓 (𝑠)) = 𝑡𝑗+1 − 𝑠𝜏 𝑓𝑗−1 − 2𝑓𝑗 + 𝑓𝑗+1𝜏2

+ 𝑠 − 𝑡𝑗𝜏 𝑓𝑗 − 2𝑓𝑗+1 + 𝑓𝑗+2𝜏2 ,
1 ≤ 𝑗 ≤ 𝑁 − 2,

(𝐿2𝑛𝑓 (𝑠)) = 𝛿2𝑡𝑓𝑛−1.

(35)

Substituting the above formula into (34), thus

0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎

= 1Γ (2 − 𝛼𝑛−1+𝜎) [[
∫𝑡1
𝑡0

((𝑠 − 𝑡0) /𝜏) ((𝑓2 − 2𝑓1 + 𝑓0) /𝜏2) + ((𝑡1 − 𝑠) /𝜏) ((8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓0) /2𝜏2)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠
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+ 𝑛−2∑
𝑗=1

∫𝑡𝑗+1
𝑡𝑗

((𝑡𝑗+1 − 𝑠) /𝜏) ((𝑓𝑗−1 − 2𝑓𝑗 + 𝑓𝑗+1) /𝜏2) + ((𝑠 − 𝑡𝑗) /𝜏) ((𝑓𝑗 − 2𝑓𝑗+1 + 𝑓𝑗+2) /𝜏2)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝛿2𝑡𝑓𝑛−1(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]
= 1Γ (2 − 𝛼𝑛−1+𝜎) (𝐼1 + 𝐼2 + 𝐼3) .

(36)

For the first term in the right hand side of (36), this leads
to

𝐼1 = ∫𝑡1
𝑡0

((𝑠 − 𝑡0) /𝜏) ((𝑓2 − 2𝑓1 + 𝑓0) /𝜏2) + ((𝑡1 − 𝑠) /𝜏) ((8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓0) /2𝜏2)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

= −𝛿2𝑡𝑓1𝜏 ∫𝑡1
𝑡0

(𝑡𝑛−1+𝜎 − 𝑠)2−𝛼𝑛−1+𝜎 𝑑𝑠 + (𝑛 − 1 + 𝜎) 𝛿2𝑡𝑓1 ∫𝑡1
𝑡0

(𝑡𝑛−1+𝜎 − 𝑠)1−𝛼𝑛−1+𝜎 𝑑𝑠
+ 8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓02𝜏3 ∫𝑡1

𝑡0

(𝑡𝑛−1+𝜎 − 𝑠)2−𝛼𝑛−1+𝜎 𝑑𝑠 − (𝑛 + 𝜎 − 2) 8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓02𝜏2 ∫𝑡1
𝑡0

(𝑡𝑛−1+𝜎 − 𝑠)1−𝛼𝑛−1+𝜎 𝑑𝑠

= (3𝑓2 − 12𝑓1 + 9𝑓0 + 6𝜏𝑓0) 𝜏−𝛼𝑛−1+𝜎2 (2 − 𝛼𝑛−1+𝜎) (3 − 𝛼𝑛−1+𝜎) [(𝑛 + 𝜎 − 1)3−𝛼𝑛−1+𝜎 − (𝑛 + 𝜎 − 2)3−𝛼𝑛−1+𝜎]

+ (8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓0) 𝜏−𝛼𝑛−1+𝜎2 (2 − 𝛼𝑛−1+𝜎) (𝑛 + 𝜎 − 1)2−𝛼𝑛−1+𝜎 − (2𝑓2 − 4𝑓1 + 2𝑓0) 𝜏−𝛼𝑛−1+𝜎
2 (2 − 𝛼𝑛−1+𝜎) (𝑛 + 𝜎 − 2)2−𝛼𝑛−1+𝜎 .

(37)

For the second term in the right hand side of (36), the
following holds:

𝐼2 = ∫𝑡𝑗+1
𝑡𝑗

((𝑡𝑗+1 − 𝑠) /𝜏) ((𝑓𝑗−1 − 2𝑓𝑗 + 𝑓𝑗+1) /𝜏2) + ((𝑠 − 𝑡𝑗) /𝜏) ((𝑓𝑗 − 2𝑓𝑗+1 + 𝑓𝑗+2) /𝜏2)
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

= 𝛿2𝑡𝑓𝑗𝜏 ∫𝑡𝑗+1
𝑡𝑗

𝑡𝑗+1 − 𝑠
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠 +

𝛿2𝑡𝑓𝑗+1𝜏 ∫𝑡𝑗+1
𝑡𝑗

𝑠 − 𝑡𝑗
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

= (𝑓𝑗+2 − 3𝑓𝑗+1 + 3𝑓𝑗 − 𝑓𝑗−1) 𝜏−𝛼𝑛−1+𝜎
(2 − 𝛼𝑛−1+𝜎) (3 − 𝛼𝑛−1+𝜎) [(𝑛 + 𝜎 − 𝑗 − 1)3−𝛼𝑛−1+𝜎 − (𝑛 + 𝜎 − 𝑗 − 2)3−𝛼𝑛−1+𝜎]

+ (𝑓𝑗+1 − 2𝑓𝑗 + 𝑓𝑗−1) 𝜏−𝛼𝑛−1+𝜎
2 − 𝛼𝑛−1+𝜎 (𝑛 + 𝜎 − 𝑗 − 1)2−𝛼𝑛−1+𝜎 − (𝑓𝑗+2 − 2𝑓𝑗+1 + 𝑓𝑗) 𝜏−𝛼𝑛−1+𝜎

2 − 𝛼𝑛−1+𝜎 (𝑛 + 𝜎 − 𝑗 − 2)2−𝛼𝑛−1+𝜎 .

(38)

For the third term in the right hand side of (36), this yields

𝐼3 = ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

𝛿2𝑡𝑓𝑛−1(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

= (𝑓𝑛 − 2𝑓𝑛−1 + 𝑓𝑛−2) 𝜎2−𝛼𝑛−1+𝜎
2 − 𝛼𝑛−1+𝜎 𝜏−𝛼𝑛−1+𝜎 .

(39)

Substituting (37)–(39) into (36), we obtain the approxi-
mate difference scheme of the 𝐶0𝐷𝛼𝑛−1+𝜎𝑡 𝑓(𝑡𝑛−1+𝜎):

0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎 = 𝜏−𝛼𝑛−1+𝜎Γ (3 − 𝛼𝑛−1+𝜎) [[
𝑛−2∑
𝑗=0

𝑎(𝛼𝑛−1+𝜎)𝑛−𝑗 (𝑓𝑗+2
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− 2𝑓𝑗+1 + 𝑓𝑗) + 𝑛−2∑
𝑗=1

𝑏(𝛼𝑛−1+𝜎)𝑛−𝑗 (𝑓𝑗+1 − 2𝑓𝑗 + 𝑓𝑗−1)
+ 12𝑏(𝛼𝑛−1+𝜎)𝑛 (8𝑓1 − 𝑓2 − 7𝑓0 − 6𝜏𝑓0)
+ 𝜎2−𝛼𝑛−1+𝜎 (𝑓𝑛 − 2𝑓𝑛−1 + 𝑓𝑛−2)]

]
,

(40)
where

𝑎(𝛼𝑛−1+𝜎)𝑗 = 13 − 𝛼𝑛−1+𝜎 [(𝑗 + 𝜎 − 1)
3−𝛼𝑛−1+𝜎

− (𝑗 + 𝜎 − 2)3−𝛼𝑛−1+𝜎] − (𝑗 + 𝜎 − 2)2−𝛼𝑛−1+𝜎 ,
1 ≤ 𝑗 ≤ 𝑛,

(41)

𝑏(𝛼𝑛−1+𝜎)𝑗 = (𝑗 + 𝜎 − 1)2−𝛼𝑛−1+𝜎
− 13 − 𝛼𝑛−1+𝜎 [(𝑗 + 𝜎 − 1)

3−𝛼𝑛−1+𝜎

− (𝑗 + 𝜎 − 2)3−𝛼𝑛−1+𝜎] , 2 ≤ 𝑗 ≤ 𝑛 − 1.
(42)

Similar to the proof of theTheorem2, the truncation error
of formula (40) is given by following theorem.

Theorem 3. For 𝛼𝑛−1+𝜎 ∈ (1, 2), 𝑓 ∈ 𝐶4([0, 𝑡𝑛+1]), the
following holds:𝐶0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) − 0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎

≤ 1Γ (3 − 𝛼𝑛−1+𝜎) (𝑡
2−𝛼𝑛−1+𝜎
𝑛−1+𝜎 max

𝑡0≤𝑡≤𝑡𝑛−1

𝑓(4) (𝑡) 𝜏2

+ 𝑐2𝜎2−𝛼𝑛−1+𝜎 max
𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡) 𝜏3−𝛼𝑛−1+𝜎) ,
(43)

where 𝑐2 is a positive constant.
Proof. From (33), we obtain the truncation error

𝑅𝑛−1+𝜎

= 1Γ (2 − 𝛼𝑛−1+𝜎) [[
𝑛−2∑
𝑗=0

∫𝑡𝑗+1
𝑡𝑗

(𝑟3𝑗 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠

+ ∫𝑡𝑛−1+𝜎
𝑡𝑛−1

(𝑟2𝑛 (𝑠))
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠]]

.
(44)

From Lemma 1, the result below is natural.

[𝑟30 (𝑠)] = 𝑓(4) (𝜂0)2 (𝑠 − 𝑡(0)0 ) (𝑠 − 𝑡(0)1 ) ,
𝜂0 ∈ (𝑡0, 𝑡2) , 𝑡(0)0 ∈ (𝑡0, 𝑡1) , 𝑡(0)1 ∈ (𝑡0, 𝑡2) ,

[𝑟3𝑗 (𝑠)] = 𝑓(4) (𝜂𝑗)2 (𝑠 − 𝑡(𝑗)0 ) (𝑠 − 𝑡(𝑗)1 ) ,

𝜂𝑗 ∈ (𝑡𝑗−1, 𝑡𝑗+2) , 𝑡(𝑗)0 ∈ (𝑡𝑗−1, 𝑡𝑗+1) , 𝑡(𝑗)1 ∈ (𝑡𝑗, 𝑡𝑗+2) ,
[𝑟2𝑛 (𝑠)] = 𝑓 (𝜂𝑛) (𝑠 − 𝑡(𝑛)0 ) ,

𝜂𝑛 ∈ (𝑡𝑛−2, 𝑡𝑛) , 𝑡(𝑛)0 ∈ (𝑡𝑛−2, 𝑡𝑛) .
(45)

Substituting (45) into (44), it yields the estimation

∫
𝑡1

𝑡0

(𝑓(4) (𝜂0) /2) (𝑠 − 𝑡(0)0 ) (𝑠 − 𝑡(0)1 )
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠


≤ max
𝑡0≤𝑡≤𝑡2

𝑓(4) (𝑡)
∫
𝑡1

𝑡0

(𝑡𝑛−1+𝜎 − 𝑠)1−𝛼𝑛−1+𝜎 𝑑𝑠
 𝜏
2

≤ 𝑡2−𝛼𝑛−1+𝜎𝑛−1+𝜎2 − 𝛼𝑛−1+𝜎 max
𝑡0≤𝑡≤𝑡2

𝑓4 (𝑡) 𝜏2,

𝑛−2∑
𝑗=1

∫𝑡𝑗+1
𝑡𝑗

(𝑓(4) (𝜂𝑗) /2) (𝑠 − 𝑡(𝑗)0 ) (𝑠 − 𝑡(𝑗)1 )
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠


≤ 2 max
𝑡0≤𝑡≤𝑡𝑛−1

𝑓(4) (𝑡)
∫
𝑡𝑛−1

𝑡1

(𝑡𝑛−1+𝜎 − 𝑠)1−𝛼𝑛−1+𝜎 𝑑𝑠
 𝜏
2

≤ 𝑡2−𝛼𝑛−1+𝜎𝑛−1+𝜎2 − 𝛼𝑛−1+𝜎 max
𝑡1≤𝑡≤𝑡𝑛−1

𝑓4 (𝑡) 𝜏2,
∫
𝑡𝑛−1+𝜎

𝑡𝑛−1

𝑓 (𝜂𝑛) (𝑠 − 𝑡(𝑛)0 )
(𝑡𝑛−1+𝜎 − 𝑠)𝛼𝑛−1+𝜎−1 𝑑𝑠


≤ 𝑐2 max
𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡)
∫
𝑡𝑛−1+𝜎

𝑡𝑛−1

(𝑡𝑛−1+𝜎 − 𝑠)1−𝛼𝑛−1+𝜎 𝑑𝑠
 𝜏

≤ 𝑐2𝜎2−𝛼𝑛−1+𝜎2 − 𝛼𝑛−1+𝜎 max
𝑡𝑛−1≤𝑡≤𝑡𝑛

𝑓 (𝑡) 𝜏3−𝛼𝑛−1+𝜎 ,

(46)

where 𝑐2 is a positive constant.
Substituting (46) into (44) leads to the theorem.

Remark 4. From the second term of the right hand of the
truncation error estimate in Theorem 2, we can easily obtain
the fact that formula (14) does not have exact second-order
accuracy; it is related to the selection of 𝛼(𝑡) and 𝜎. This can
be seen from Table 2 in the numerical example below; its
accuracy is much higher than the second order.

3. Numerical Verification

In this section, the validity and numerical accuracy of the
new presented formula (14) and (40) are demonstrated,
respectively. Meanwhile, the corresponding computational
results with the formula of [19] are given for contrast.
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Table 1: Maximum errors and convergence rates for Example 1 at 𝑇 = 1 and 𝜎 = 1 − 𝛼1/2.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) (14) Rate (14) 𝐸𝑁(𝜏) [19] Rate [19]

𝑡2 + 12
1/40 1.400𝑒 − 3 2.0753 1.726𝑒 − 3 1.9354
1/80 3.560𝑒 − 4 1.9755 4.512𝑒 − 4 1.9421
1/120 1.576𝑒 − 5 2.0121 2.053𝑒 − 4 1.9438
1/160 8.844𝑒 − 5 2.0091 1.173𝑒 − 4 1.9468
1/200 5.653𝑒 − 5 — 7.600𝑒 − 5 —

Table 2: Maximum errors and convergence rates for Example 1 at 𝑇 = 2 and 𝜎 = 1 − 𝛼2/2.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) (14) Rate (14) 𝐸𝑁(𝜏) Rate [19]

𝑒−𝑡
1/40 5.830𝑒 − 4 2.5859 4.834𝑒 − 2 1.9724
1/80 9.138𝑒 − 5 2.6734 1.232𝑒 − 2 1.9843
1/120 3.021𝑒 − 5 2.7145 5.509𝑒 − 3 1.9889
1/160 1.362𝑒 − 5 2.7462 3.109𝑒 − 3 1.9914
1/200 7.285𝑒 − 6 — 1.993𝑒 − 3 —

Take a positive integer 𝑁, let 𝑇 = 𝑡𝑛−1+𝜎, 𝜏 = 𝑇/𝑁, and
denote

𝐹𝑛−1+𝜎 = 𝐶0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) ,
𝑓𝑛−1+𝜎 = 0Δ𝛼𝑛−1+𝜎𝑡 𝑓𝑛−1+𝜎,

0 ≤ 𝑛 ≤ 𝑁,
𝐸𝑁 (𝜏) = 𝐹𝑛−1+𝜎 − 𝑓𝑛−1+𝜎 ,
Rate = log2

𝐸𝑁 (𝜏)𝐸𝑁 (𝜏/2) .

(47)

Example 1 (accuracy of formula (14) and [19]). Take 𝑓(𝑡) =𝑡5 − 𝑡3, 0 < 𝑡 ≤ 𝑇. Compute the Caputo fractional derivative
of 𝑓(𝑡) at 𝑇 = 1, 2 numerically.

The exact solution is given by

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) = Γ (6)Γ (6 − 𝛼𝑛−1+𝜎) 𝑡
5−𝛼𝑛−1+𝜎

− Γ (4)Γ (4 − 𝛼𝑛−1+𝜎) 𝑡
3−𝛼𝑛−1+𝜎 .

(48)

From the results presented in Table 1, taking 𝜎 =1 − 𝛼1/2 = 1/2, we found that although both formula
(14) and [19] have second-order approximation accuracy,
the numerical accuracy by the formula (14) is significantly
higher than that by the formula of [19]; furthermore, the
computational errors are also obviously smaller than the
formula of [19].Thus, the new formula (14) is valid for solving
complex problems that require high accuracy, and better
computational results can be obtained from the formula.

In Table 2, taking 𝜎 = 1 − 𝛼2/2 = 0.9323, it shows
that the convergence order is higher as compared with the
theoretical result, and the error is smaller than the theoretical
result, but why this happens is not clear yet; it requires further
investigation.

Moreover, on the basis of Table 1, if a slight disturbance to𝜎 is added to Tables 3 and 4, the experimental results will be

greatly different. It can be easily found that there is a very close
relationship between the convergence order and the selection
of 𝜎. The experimental results show that the convergence
order is the ideal result only when 𝜎 = 1 − 𝛼1/2. Tables 2,
5, and 6 also illustrate this fact.

Example 2 (accuracy of formula (40)). Take 𝑓(𝑡) = 𝑡5,𝑓(0) = 0, 0 < 𝑡 ≤ 𝑇. Compute the Caputo fractional
derivative of 𝑓(𝑡) at 𝑇 = 1 numerically.

The exact solution is given by

𝐶

0𝐷𝛼𝑛−1+𝜎𝑡 𝑓 (𝑡𝑛−1+𝜎) = Γ (6)Γ (6 − 𝛼𝑛−1+𝜎) 𝑡
5−𝛼𝑛−1+𝜎 . (49)

Table 7 lists the maximum errors and convergence rates
for the variable-order sin(𝑡) + 1. In particular, when 𝑇 = 1,𝛼(𝑡𝑛−1+𝜎) = sin(1) + 1 = 1.8415, and 𝜎 = 0.5793, the
numerical results demonstrate that formula (40) leads to 3 −𝛼(𝑡) accuracy.

Similar to Example 1, we also give Tables 8 and 9 as a
comparison; the results show that 𝜎 = 3/2 − 𝛼1/2 is the best
choice.

Remark 3. Due to the fact that the selection of 𝜎 is very
important, it is worth noting that different selected 𝜎 leads
to the different numerical accuracy. From considerable trials,
we observed that only if we take𝜎 = 1−𝛼(𝑡)/2 for𝛼(𝑡) ∈ (0, 1)
and𝜎 = 3/2−𝛼(𝑡)/2 for𝛼(𝑡) ∈ (1, 2), will numerical results be
closer to theoretical analysis. In addition, carefully observing
Table 9, although the convergence order is not higher than in
Table 7, the error is lower than inTable 7; further investigation
is needed on this phenomenon.

4. Conclusion

In this paper, two approximations to variable-order Caputo
fractional derivatives were developed, and the analysis for the
truncation errors of new formulas was made. In addition,
numerical examples support theoretical results. In further
work, we also want to give a strict proof of the selection of
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Table 3: Maximum errors and convergence rates for Example 1 at 𝑇 = 1 and 𝜎1 = 𝜎 − 0.1.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

𝑡2 + 12
1/40 3.720𝑒 − 2 1.0847
1/80 1.800𝑒 − 2 1.0473
1/120 1.190𝑒 − 2 1.0300
1/160 8.900𝑒 − 3 1.0161
1/200 7.100𝑒 − 3 1.0101

Table 4: Maximum errors and convergence rates for Example 1 at 𝑇 = 1 and 𝜎2 = 𝜎 + 0.1.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

𝑡2 + 12
1/40 3.380𝑒 − 2 0.9412
1/80 1.720𝑒 − 2 0.9746
1/120 1.150𝑒 − 2 0.9874
1/160 8.700𝑒 − 3 0.9833
1/200 7.000𝑒 − 3 0.9792

Table 5: Maximum errors and convergence rates for Example 1 at 𝑇 = 2 and 𝜎3 = 𝜎 + 0.1.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

𝑒−𝑡
1/40 3.070𝑒 − 2 1.8040
1/80 8.600𝑒 − 3 1.8358
1/120 4.100𝑒 − 3 1.8323
1/160 2.400𝑒 − 3 1.8413
1/200 1.600𝑒 − 3 1.8329

Table 6: Maximum errors and convergence rates for Example 1 at 𝑇 = 2 and 𝜎4 = 𝜎 − 0.23.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

𝑒−𝑡
1/40 5.390𝑒 − 2 1.8808
1/80 1.470𝑒 − 2 1.8745
1/120 6.900𝑒 − 3 1.8688
1/160 4.000𝑒 − 3 1.8777
1/200 2.600𝑒 − 3 1.8995

Table 7: Maximum errors and convergence rates for Example 2 at 𝑇 = 1 and 𝜎 = 3/2 − 𝛼1/2.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

sin(𝑡) + 1
1/40 4.023𝑒 − 1 1.1310
1/80 1.821𝑒 − 1 1.1435
1/160 8.210𝑒 − 2 1.1493
1/320 3.690𝑒 − 2 1.1538
1/640 1.660𝑒 − 2 1.1524
1/1280 7.400𝑒 − 3 1.1656

Table 8: Maximum errors and convergence rates for Example 2 at 𝑇 = 1 and 𝜎5 = 𝜎 + 0.2.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

sin(𝑡) + 1
1/40 5.644𝑒 − 1 1.1219
1/80 2.562𝑒 − 1 1.1394
1/160 1.156𝑒 − 1 1.1481
1/320 5.200𝑒 − 2 1.1526
1/640 2.33𝑒 − 2 1.1582
1/1280 1.050𝑒 − 2 1.1499
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Table 9: Maximum errors and convergence rates for Example 2 at 𝑇 = 1 and 𝜎6 = 𝜎 − 0.3.
𝛼(𝑡) 𝜏 𝐸𝑁(𝜏) Rate

sin(𝑡) + 1
1/40 1.705𝑒 − 1 1.1216
1/80 7.760𝑒 − 2 1.1356
1/160 3.510𝑒 − 2 1.1446
1/320 1.580𝑒 − 2 1.1515
1/640 7.100𝑒 − 3 1.1540
1/1280 3.200𝑒 − 3 1.1497

𝜎 and apply these new methods to solve more complex cases
within a reasonable accuracy.
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