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System modeling tends to have many complex features,
and uncertainties often lead to numerous complications and
influence many important aspects related to its applications.
Intelligent modeling merges mathematical and computer-
based approaches, and it utilizes pioneering new scientific
methods and cutting-edge technologies.

In recent years, significant achievements have been made
in system modeling and verification. This special issue con-
centrates on current developments in the areas of intelligent
modeling, intelligent computing, and formal methods. After
a high-quality peer-reviewing process, 27 papers have been
selected and published in this special issue as follows.

The paper entitled “An algorithm for discretization of real
value attributes based on interval similarity” (L. Zou et al.)
defines an interval similarity function as a new merging
standard in the process of discretization. The paper entitled
“Recursive identification for dynamic linear systems from noisy
Input-Output measurements” (D. Fan and K. Lo) deals with
the adaptive identification problem of real-time EIV models.
Based on the graph structure, the paper entitled “An effective
heuristic based approach for partitioning” (X. Zhao et al.)
constructs a communication graph for embedded system and
describes the delay-related constraints and the cost-related
objective. Between agents, the paper entitled “Proactive com-
municating process with asymmetry in multi-agent systems”
(J. Wang et al.) presents a formalized communicating process
to deal with information asymmetry. A Monte-Carlo relia-
bility analysis method for MANET is presented in the paper
entitled “Anovel two-terminal reliability analysis forMANET”
(X. Zhao et al.). Using a probabilistic analysis, the paper
entitled “Reliable node clustering for mobile Ad Hoc networks”

(T. Wang and W. Hung) investigates clustering algorithm.
Based on optical flow motion features extraction, the paper
entitled “Action recognition by joint spatial-temporal motion
feature” (W. Zhang et al.) introduces a method for human
action recognition. Convergence and consistent properties
of the EFOP method are shown in the paper entitled “An
identification method based on EFOP and frequency domain
smoothing” (Y. Zhang et al.). Using an enhanced mean
shift method, an intelligent modeling method for perceptual
spatial-space generation model is presented in the paper
entitled “Spatial object tracking using an enhanced mean shift
method based on perceptual spatial-space generation model”
(P. Han et al.). The macroscopic approximation models
are proposed in the paper entitled “Positive macroscopic
approximation for fast attribute reduction” (Z. Lu et al.). All
3120218828 optimal 4-bit reversible circuits with up to 8
gates for the CNT are created in the paper entitled “Efficient
algorithms for optimal 4-bit reversible logic system synthesis”
(Z. Li et al.). A discrete-time, continuous-state Hopfield
neural network with states being updated synchronously
is presented in the paper entitled “Chaotic Hopfield neural
network swarm optimization and its application” (Y. Sun
et al.).

Furthermore, the paper entitled “Formalization of linear
space theory in the higher-order logic proving system” (J. Zhang
et al.) presents the formalization of the linear space theory
in HOL4. The paper entitled “Bounded model checking of
ETL cooperating with finite and looping automata connective”
(R.Wang et al.) presents a semantic BMC encoding approach
and an algorithm for the model checker ENuSMV.The paper
entitled “Efficient semantics-based compliance checking using
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LTL formulae and unfolding” (L. Song et al.) formalizes
some operational properties which contain the linearity,
monotonicity, integration by parts, Cauchy-type integrability
criterion and other important theorems of gauge integral in
higher-order-logic 4 to verify an inverting integrator. The
paper entitled “Verification of opacity and diagnosability for
pushdown systems” (K. Kobayashi and K. Hiraishi) discusses
verification of opacity and diagnosability for infinite-state
DESs modeled by pushdown automata. The paper entitled
“Component based formal modeling of PLC systems” (R.Wang
et al.) proposes a systemic method to verify the construction
of PLC model. An algorithm is presented in the paper
entitled “A transformation-based approach to implication of
GSTE assertion graphs” (G. Yang et al.) to transform a GSTE
assertion graph to a finite-state automaton. Based on both
Groebner bases approaches and symbolic simulation, the
paper entitled “Algebraic verification method for SEREs prop-
erties via Groebner bases approaches” (N. Zhou et al.) presents
an efficient solution to perform linear temporal properties
verification for synchronous digital systems. A verification
solution based on characteristic set of Wu’s Method towards
systemVerilog assertion checking over digital circuit systems
is proposed in the paper entitled “Wu’s characteristic set
method for system Verilog assertions verification” (X. Gao
et al.). For static correctness checking of domain-specific
errors, the paper entitled “OntCheck an ontology-driven static
correctness checking tool for component-based models” (X. Lin
et al.) proposes an ontology-driven tool. The MVB system
modeling and verification are concerned in the paper entitled
“Formal modeling and verification for MVB” (M. Xia et al.).
The boom system is modeled and verified in the paper
entitled “Automata-based analysis of stage suspended boom
systems” (A. He et al.) by the hybrid automaton. The paper
entitled “A unified framework for DPLL(T) + certificates”
(M. Zhou et al.) proposes a unified certificate framework
based on DPLL(T). In software implementation, a latent
implementation error detection approach is proposed in the
paper entitled “The gauge integral theory in HOL4” (Z. Shi et
al.) to detect latent errors. The paper entitled “A latent imple-
mentation error detection method for software validation”
(J. Zhou et al.) defines a semantics-based processmodel query
language through simplifying a property specification pattern
system. A model reduction method based on the Colored
Petri Net is shown in the paper entitled “A model reduction
method for parallel software testing” (T. Sun and X. Ye).
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As a complementary technique of the BDD-based approach, boundedmodel checking (BMC) has been successfully applied to LTL
symbolic model checking. However, the expressiveness of LTL is rather limited, and some important properties cannot be captured
by such logic. In this paper, we present a semantic BMC encoding approach to deal with the mixture of ETL𝑓 and ETL𝑙. Since such
kind of temporal logic involves both finite and looping automata as connectives, all regular properties can be succinctly specified
with it. The presented algorithm is integrated into the model checker ENuSMV, and the approach is evaluated via conducting a
series of imperial experiments.

1. Introduction

A crucial bottleneck of model checking is the state-explosion
problem, and the symbolic model checking technique has
proven to be an applicable approach to alleviate it. In the
early 1990s, McMillan presented the BDD [1] based model
checking technique [2]. It is first applied toCTLmodel check-
ing and is later adapted to deal with LTL. With the rapid
evolvement of SAT solvers, an entirely new approach, namely,
bounded model checking (BMC), is presented in [3]. It rerpre-
sents the problem “there is a path (with bounded length) vio-
lating the specification in the model” with a Boolean formula
and then tests its satisfiability via a SAT solver. Usually, BMC
is considered to be a complementary approach of the BDD-
based approach: BMC is normally used for hunting bugs not
for proving their absence. It performs better when handling
a model having a large reachable state set but involving
(relatively) shallow error runnings.

BMC has been successfully employed in LTL model
checking. However, LTL has the drawback of limited expres-
siveness. Wolper was the first to complain about this by
addressing the fact that some counting properties such as “𝑝
holds at every even moment” cannot be expressed by any
LTL formula [4]. Indeed, LTL formulae are just as expressive
as star-free 𝜔-expressions, that is, 𝜔-regular expressions dis-
allowing arbitrary (in a star-free expression, Kleene-closure

operators (∙∗ and ∙
𝜔) can only be applied upon Σ, which is

the whole set of alphabet) use of Kleene-closure operators.
As pointed in [5, 6], it is of great importance for a spec-

ification language to have the power to express all 𝜔-regular
properties—as an example, it is a necessary requirement to
support modular model checking. Actually, such specifica-
tion language like PSL [7] has been accepted as industrial
standard.

For temporal logics within linear framework, there are
several ways to pursue such an expressiveness.

(1) The first way is to add fixed-point operators or propo-
sitional quantifiers to the logic, such as linear 𝜇-
calculus [8] and QLTL [9].

(2) An alternative choice is to add regular expressions to
LTL-like logics, as done in RLTL [10], FTL [11, 12], and
PSL [7].

(3) The third approach is to cooperate infinitely many
temporal connectives with the logic, just like various
of ETLs [4, 9, 13].

The first extension requires finitely many operators in
defining formulae. Meanwhile, the use of fixed-point opera-
tors and higher-order quantifiers tends to rise difficulties in
understanding. In contrast, using regular expressions or
automata as syntactical ingredients is much more intuitive in
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comprehension. To some extent, since nesting of automata
connectives is allowed, the third approach generalizes the
second one.

In [4], Wolper suggested using right linear grammars as
connectives. Later, Wolper, Vardi, and Sistla consider tak-
ing various 𝜔-automata [9, 13]. Depending on the type of
automata used as temporal connectives, we may obtain vari-
ous ETLs. As a result, ETLs employing𝜔-automatawith loop-
ing, finite, and repeating (alternatively, Büchi [14]) acceptance
are, respectively, named ETL𝑙, ETL𝑓, and ETL𝑟, and all of
them are known to be as expressive as 𝜔-regular expressions
[13].

We have presented a BDD-based model checking algo-
rithm for ETL𝑓 in [15] and an algorithm for BDD-based
model checking of an invariant of PSL in [16]. Jehle et al.
present a bounded model checking algorithm for linear 𝜇-
calculus in [17]. And in [18], a tester based symbolic model
checking approach is proposed by Pnueli and Zacks to deal
with PSL properties. Meanwhile, a modular symbolic Büchi
automata construction is presented in [19] by Cimatti et al.

In this paper, we present a semantic BMC encoding for
ETL employing both finite acceptance and looping accep-
tance automata connectives (we in the following refer to it as
ETL𝑙+𝑓). The reason that we study BMC algorithm for such
kind of logic is for the following considerations.

(1) The BDD-based symbolic model checking technique
for ETL𝑓 has been established in [15] by extending
LTL construction [20]. Nevertheless, in a pure the-
oretical perspective, looping and finite acceptance,
respectively, correspond to safety and liveness proper-
ties, and looping acceptance automata can be viewed
as the counterparts of finite acceptance automata.
Actually, both similarities and differences could be
found in compiling the semanticmodels and translat-
ing Boolean representations when dealing with these
two types of connectives. Since ETL𝑙+𝑓 has a rich set
of fragments, such as LTL, it is hopeful to develop a
unified semantic BMC framework of such logics.

(2) Practically, things would usually be much more suc-
cinct when employing both types of automata con-
nectives, in comparison tomerely using finite or loop-
ing ones. As an example, there is no direct encoding
for the temporal operatorG just with finite acceptance
automata—to do this with ETL𝑓, we need to use a
two-state and two-letter connective to represent the
operator F and then to dualize it. In contrast, with
looping automata, we just need to define a one-state
and one-letter connective. It would save much space
overhead in building tableaux.

(3) Lastly, unlike syntactic BMC encodings (such kind
of encodings give inductive Boolean translations with
the formulae’s structure, cf. [21, 22] for a survey), the
semantic fashion [22] yields a natural completeness
threshold computation approach, and it describes the
fair path finding problem over the product model
with Boolean formulae. In this paper, we give a linear

semantic encoding approach (opposing to the origi-
nal quadratic semantic encoding) for ETL𝑙+𝑓. More-
over, the technique can also be tailored to semantic
LTL BMC.

We have implemented the presented algorithm with our
model checker ENuSMV (Ver. 1.2), and this tool allows end
users to customize temporal connectives by defining automa-
ta.We have also justified the algorithm by conducting a series
of comparative experiments.

The paper is structured as follows: Section 2 briefly revis-
its basic notions. Section 3 introduces semantic BMC encod-
ing technique for ETL𝑙+𝑓. In Section 4, experimental results of
ETL𝑙+𝑓 BMC are given. Finally, we conclude the whole paper
with Section 5.

2. Preliminaries

An infinite word 𝑤 over the alphabet Σ is a mapping from
N to Σ; hence we may use 𝑤(𝑖) to denote the 𝑖th letter of 𝑤.
For the sake of simplicity, we usually write 𝑤 as the sequence
𝑤(0)𝑤(1) ⋅ ⋅ ⋅ . A finite prefix of𝑤with length 𝑛 is a restriction
of 𝑤 to the domain {0, . . . , 𝑛 − 1}, denoted by 𝑤[𝑛].

A (nondeterministic) automaton is a tuple A = ⟨Σ, 𝑄, 𝛿,

𝑞, 𝐹⟩, where:

(i) Σ is a finite alphabet,
(ii) 𝑄 is a finite set of states,
(iii) 𝛿 : 𝑄 × Σ → 2

𝑄 is a transition function,
(iv) 𝑞 ∈ 𝑄 is an initial state, and
(v) 𝐹 ⊆ 𝑄 is a set of accepting states.

An infinite run ofA = ⟨Σ, 𝑄, 𝛿, 𝑞, 𝐹⟩ over an infinite word
𝑤 is an infinite sequence 𝜎 = 𝑞0𝑞1 ⋅ ⋅ ⋅ ∈ 𝑄

𝜔, where 𝑞0 = 𝑞

and 𝑞𝑖+1 ∈ 𝛿(𝑞𝑖, 𝑤(𝑖)) for each 𝑖. In addition, we say that each
prefix 𝑞0 ⋅ ⋅ ⋅ 𝑞𝑛+1 is a finite run over 𝑤[𝑛].

In this paper, we are concernedwith two acceptance types
for 𝜔-automata.

Looping. An infinite word 𝑤 is accepted if it has an
infinite run over 𝑤.
Finite. An infinite word 𝑤 is accepted if it has a
finite prefix 𝑤[𝑛], over which there is a finite run
𝑞0 ⋅ ⋅ ⋅ 𝑞𝑛+1 and 𝑞𝑛+1 is an accepting state (call such a
prefix accepting prefix).

In both cases, we denote by L(A) the set of infinite words
accepted byA.

Given an automatonA = ⟨Σ, 𝑄, 𝛿, 𝑞, 𝐹⟩ and a state 𝑟 ∈ 𝑄,
we denote by A𝑟 the automaton ⟨Σ, 𝑄, 𝛿, 𝑟, 𝐹⟩. That is, A𝑟 is
almost identical toA, except for that its initial state is replaced
by 𝑟. Hence,A andA𝑞 are the same.

Given a set of atomic propositions 𝐴𝑃, the class of ETL𝑙+𝑓

formulae can be inductively defined as follows.

(i) Both ⊤ and ⊥ are ETL𝑙+𝑓 formulae.
(ii) Each proposition 𝑝 ∈ 𝐴𝑃 is an ETL𝑙+𝑓 formula.
(iii) If 𝜑 is an ETL𝑙+𝑓 formula, then ¬𝜑 and I𝜑 are ETL𝑙+𝑓

formulae.
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(iv) If 𝜑1, 𝜑2 are ETL𝑙+𝑓 formulae, then both 𝜑1 ∧ 𝜑2 and
𝜑1 ∨ 𝜑2 are ETL𝑙+𝑓 formulae.

(v) If A is an automaton with the alphabet Σ = {𝑎1,

. . . , 𝑎𝑛} and 𝜑1, . . . , 𝜑𝑛 are ETL𝑙+𝑓 formulae, then
A(𝜑1, . . . , 𝜑𝑛) is also an ETL𝑙+𝑓 formula.

Remark 1. In the original definition of various ETLs (say
ETL𝑙, ETL𝑓, and ETL𝑟), the “next operator” (I) is not explic-
itly declared. However, this operator is extremely important
in building the semantic BMC encodings for ETL𝑙+𝑓. Hence,
we explicitly use this operator in our definition, and it would
not change the expressiveness of the logic.

Remark 2. Since we employ both finite and looping accep-
tance automata connectives, our logic is a mixture of ETL𝑙

and ETL𝑓. On the one hand, ETL𝑙+𝑓 generalizes both of
these two logics; on the other hand, it can be embedded into
ETL𝑟; hence this logic is also as expressive as omega-regular
expressions.

The satisfaction relation of an ETL𝑙+𝑓 formula 𝜑 with
respect to an infinite word 𝜋 ∈ (2

𝐴𝑃
)
𝜔 and a position 𝑖 ∈ N is

inductively given as follows.

(i) 𝜋, 𝑖 ⊨ ⊤ and 𝜋, 𝑖 ⊭⊥.
(ii) 𝜋, 𝑖 ⊨ 𝑝 if and only if 𝑝 ∈ 𝜋(𝑖).
(iii) 𝜋, 𝑖 ⊨ ¬𝜑 if and only if 𝜋, 𝑖 ⊭ 𝜑.
(iv) 𝜋, 𝑖 ⊨ I𝜑 if and only if 𝜋, 𝑖 + 1 ⊨ 𝜑.
(v) 𝜋, 𝑖 ⊨ 𝜑1 ∧ 𝜑2 if and only if 𝜋, 𝑖 ⊨ 𝜑1 and 𝜋, 𝑖 ⊨ 𝜑2.
(vi) 𝜋, 𝑖 ⊨ 𝜑1 ∨ 𝜑2 if and only if 𝜋, 𝑖 ⊨ 𝜑1 or 𝜋, 𝑖 ⊨ 𝜑2.
(vii) If A is a looping acceptance automaton with the

alphabet {𝑎1, . . . , 𝑎𝑛}, then 𝜋, 𝑖 ⊨ A(𝜑1, . . . , 𝜑𝑛) if and
only if: there is an infinite word 𝑤 ∈ L(A), and, for
each 𝑗 ∈ N, 𝑤(𝑗) = 𝑎𝑘 implies 𝜋, 𝑖 + 𝑗 ⊨ 𝜑𝑘.

(viii) IfA is a finite acceptance automaton with the alpha-
bet {𝑎1, . . . , 𝑎𝑛}, then 𝜋, 𝑖 ⊨ A(𝜑1, . . . , 𝜑𝑛) if and only
if: there is an infinite word 𝑤 ∈ L(A) with an
accepting prefix𝑤[𝑛], such that, for each 𝑗 < 𝑛,𝑤(𝑗) =
𝑎𝑘 implies 𝜋, 𝑖 + 𝑗 ⊨ 𝜑𝑘.

As usual, we directly use 𝜋 ⊨ 𝜑 in place of 𝜋, 0 ⊨ 𝜑.
To make a better understanding of ETL𝑙+𝑓 formulas, we

here give some examples of the use of automata connectives.

(1) Considering the LTL formula 𝜑1U𝜑2, it can be
described with an ETL𝑙+𝑓 formula AU(𝜑1, 𝜑2),
where AU is the finite acceptance automaton ⟨{𝑎1,

𝑎2}, {𝑞1, 𝑞2}, 𝛿U, 𝑞1, {𝑞2}⟩, and we let 𝛿U(𝑞1, 𝑎1) = {𝑞1},
𝛿U(𝑞1, 𝑎2) = {𝑞2}, and 𝛿U(𝑞2, 𝑎1) = 𝛿U(𝑞2, 𝑎2) = 0.

(2) The LTL formula G𝜑 is equivalent to the ETL𝑙+𝑓

formula AG(𝜑), where AG = ⟨{𝑎}, {𝑞}, 𝛿G, 𝑞, 0⟩ is a
looping acceptance automaton and 𝛿G(𝑞, 𝑎) = {𝑞}.

Remark 3. The order of letters is important in defining
automata connectives. Hence, the alphabet should be consid-
ered as a vector, rather than a set.

Weuse sub(𝜑) to denote the set of subformulae of𝜑. A for-
mula 𝜑 is in negation normal form (NNF) if all negations in 𝜑
are adjacent to atomic propositions or automata connectives.
One can achieve this by repeatedly usingDeMorgan’s law and
the schemas of ¬I𝜑 ≡ I¬𝜑 and ¬¬𝜑 ≡ 𝜑. In addition, we call
a formula 𝜑 being of the form A(𝜑1, . . . , 𝜑𝑛) an automaton
formula.

Given a formula𝜑 (in NNF), we use a two-letter-acronym
to designate the type of an automaton subformula of 𝜑: the
first letter is either “P” or “N,” which means “positive” or
“negative”; and the second letter can be “F” or “L,” which
describes the acceptance type. For example, NL-subformulae
stand for “negative automata formulae with looping automata
connectives,” such as ¬A𝑞

(𝜑1, 𝜑2), where A is a two-letter
looping automaton.

A model or interchangeably a labeled transition system
(LTS) is a tupleM = ⟨𝑆, 𝜌, 𝐼, 𝐿,F⟩, where:

(i) 𝑆 is a finite set of states,
(ii) 𝜌 ⊆ 𝑆 × 𝑆 is a transition relation (usually, we require 𝜌

to be total; that is, for each 𝑠 ∈ 𝑆, there is some 𝑠 ∈ 𝑆

having (𝑠, 𝑠) ∈ 𝜌),
(iii) 𝐼 ⊆ 𝑆 is the set of initial states,
(iv) 𝐿 : 𝑆 → 2

𝐴𝑃 is the labeling function, and
(v) F ⊆ 2

𝑆 is a set of fairness constraints.

A path of M is an infinite sequence 𝜎 = 𝑠0𝑠1 ⋅ ⋅ ⋅ ∈ 𝑆
𝜔,

where 𝑠0 ∈ 𝐼 and (𝑠𝑖, 𝑠𝑖+1) ∈ 𝜌 for each 𝑖 ∈ N. In addition, 𝜎
is a fair path if 𝜎 visits each 𝐹 ∈ F infinitely often. Formally,
𝜎 is a fair path if inf(𝜎) ∩ 𝐹 ̸= 0 for each 𝐹 ∈ F, where inf(𝜎)
denotes the set of states occurring infinitely many times in 𝜎.

An infinite word 𝜋 = 𝑎0𝑎1 ⋅ ⋅ ⋅ is derived from a path 𝜎 of
M (denoted by 𝜋 = 𝐿(𝜎)) if 𝑎𝑖 = 𝐿(𝑠𝑖) for each 𝑖 ∈ N. We use
L(M) to denote the set of infinite words derived from fair
paths ofM.

Given an ETL𝑙+𝑓 formula 𝜑 and an LTSM, we denote by
M ⊨ 𝜑 if 𝜋 ⊨ 𝜑 for each 𝜋 ∈ L(M). The model checking
problem of ETL𝑙+𝑓 is just to verify if M ⊨ 𝜑 holds for the
given LTSM and the given ETL𝑙+𝑓 formula 𝜑.

3. Semantic BMC Encoding for ETL𝑙+𝑓

In this section, we will give a detailed description of the
semantic BMC encoding for ETL𝑙+𝑓. Firstly, we show how
to extend the tableau construction of LTL [20] to that of
ETL𝑙+𝑓, and hence a product model can also be constructed.
Subsequently, we interpret the fairness path finding problem
(upon the product model) into SAT, and the size blow-up of
this encoding is linear with the bound.

For the sake of convenience, in this section, we always
assume that the given ETL𝑙+𝑓 formulae have been normalized
into NNF.

3.1. The Tableaux of ETL𝑙+𝑓 Formulae. Given an ETL𝑙+𝑓 for-
mula 𝜑, we first inductively define its elementary formula set
el(𝜑) as follows.

(i) el(⊤) = el(⊥) = 0.
(ii) el(𝑝) = el(¬𝑝) = {𝑝} for each 𝑝 ∈ 𝐴𝑃.
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(iii) el(𝜑1 ∧ 𝜑2) = el(𝜑1 ∨ 𝜑2) = el(𝜑1) ∪ el(𝜑2).
(iv) el(I𝜑) = el(𝜑) ∪ {I𝜑}.
(v) If 𝜑 = A𝑞

(𝜑1, . . . , 𝜑𝑛) or 𝜑 = ¬A𝑞
(𝜑1, . . . , 𝜑𝑛) and the

states set ofA is 𝑄, then

el (𝜑) = ⋃

1≤𝑘≤𝑛

el (𝜑𝑘) ∪ {IA
𝑞
(𝜑1, . . . , 𝜑𝑛) | 𝑞


∈ 𝑄} . (1)

Hence, if𝜓 ∈ el(𝜑), then𝜓 is either an atomic proposition
or a formula rooted at the next operator.

Subsequently, we define the function sat, which maps
each subformula 𝜓 of 𝜑 to a set of members in 2

el(𝜑). Induc-
tively the following hold.

(i) sat(⊤) = 2
el(𝜑); sat(⊥) = 0.

(ii) sat(𝑝) = {Γ ⊆ el(𝜑) | 𝑝 ∈ Γ} and sat(¬𝑝) = {Γ ⊆

el(𝜑) | 𝑝 ∉ Γ}.
(iii) sat(I𝜓) = {Γ ⊆ el(𝜑) | I𝜓 ∈ Γ}.
(iv) sat(𝜑1 ∧ 𝜑2) = sat(𝜑1) ∩ sat(𝜑2) and sat(𝜑1 ∨ 𝜑2) =

sat(𝜑1) ∪ sat(𝜑2).
(v) Suppose thatA = ⟨{𝑎1, . . . , 𝑎𝑛}, 𝑄, 𝛿, 𝑞, 𝐹⟩.

(1) If A is a looping acceptance automaton or a
finite acceptance automaton and 𝑞 ∉ 𝐹, then

sat (A𝑞
(𝜑1, . . . , 𝜑𝑛))

= ⋃

1≤𝑘≤𝑛

(sat (𝜑𝑘) ∩ ⋃

𝑞∈𝛿(𝑞,𝑎𝑘)

sat (IA𝑞
(𝜑1, . . . , 𝜑𝑛))) .

(2)

(2) IfA is a finite acceptance automaton and 𝑞 ∈ 𝐹,
then sat(A𝑞

(𝜑1, . . . , 𝜑𝑛)) = 2
el(𝜑).

(vi) sat(¬A𝑞
(𝜑1, . . . , 𝜑𝑛)) = 2

el(𝜑)
\ sat(A𝑞

(𝜑1, . . . , 𝜑𝑛)).

Recall the tableau construction for LTL [20], an “until
subformula” would generate a fairness constraint to the
tableau. Indeed, such a subformula corresponds to a “least-
fixpoint subformula” if we translate the specification into a
logic employing higher-order quantifiers, such as 𝜇-calculus.
Similarly, for ETL𝑙+𝑓, the PF- and NL-subformulae also
impose fairness constraints. For this reason, we need to define
the following two auxiliary relations before giving the tableau
construction.

For a PF-subformula 𝜓 = A(𝜑1, . . . , 𝜑𝑛) of 𝜑, where
A = ⟨{𝑎1, . . . , 𝑎𝑛}, 𝑄, 𝛿, 𝑞, 𝐹⟩, we define a relation Δ

+
𝜓 ⊆

(2
el(𝜑)

×2
𝑄
)×(2

el(𝜑)
×2

𝑄
) as follows: suppose that Γ, Γ

⊆ el(𝜑)
and 𝑃, 𝑃

⊆ 𝑄; then ((Γ, 𝑃), (Γ

, 𝑃


)) ∈ Δ

+
𝜓 if and only if the

following hold.

(i) When𝑃 ̸= 0, then, for each 𝑞 ∈ 𝑃\𝐹, there exists some
1 ≤ 𝑘 ≤ 𝑛 such that Γ ∈ sat(𝜑𝑘) and 𝑃


∩ 𝛿(𝑞, 𝑎𝑘) ̸= 0.

(ii) When𝑃 = 0, then 𝑞 ∈ 𝑃 if and only if Γ
∈ sat(A𝑞

(𝜑1,

. . . , 𝜑𝑛)) for each 𝑞 ∈ 𝑄.

Likewise, for each NL-subformula 𝜓 = ¬A(𝜑1, . . . , 𝜑𝑛)

of 𝜑, we also define a relation Δ
−
𝜓 ⊆ (2

el(𝜑)
× 2

𝑄
) × (2

el(𝜑)
×

2
𝑄
). In detail, for any Γ, Γ

⊆ el(𝜑) and 𝑃, 𝑃

⊆ 𝑄, we have

((Γ, 𝑃), (Γ

, 𝑃


)) ∈ Δ

−
𝜓 if and only if the following hold.

(i) When 𝑃 ̸= 0, then, for each 𝑞 ∈ 𝑃 and 1 ≤ 𝑘 ≤ 𝑛, we
have: Γ ∈ sat(𝜑𝑘) implies 𝛿(𝑞, 𝑎𝑘) ⊆ 𝑃

.
(ii) When 𝑃 = 0, then 𝑞 ∈ 𝑃

 if and only if Γ
∉

sat(A𝑞
(𝜑1, . . . , 𝜑𝑛)), for each 𝑞 ∈ 𝑄.

We now describe the tableau construction for 𝜑. Suppose
that 𝜓1, . . . , 𝜓𝑚 and ¬𝜂1, . . . , ¬𝜂𝑛 are, respectively, all the PF-
subformulae and NL-subformulae occurring in 𝜑 then the
tableauT𝜑 is such an LTS ⟨𝑆𝜑, 𝜌𝜑, 𝐼𝜑, 𝐿𝜑,F𝜑⟩, where:

(i) 𝑆𝜑 consists of tuples like ⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩,
where Γ ⊆ el(𝜑) and each 𝑃𝑖 (resp., 𝑅𝑖) is a subset of
𝜓𝑖’s (resp., 𝜂𝑖’s) connective’s state set.

(ii) For two states 𝑠 = ⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩ and 𝑠

=

⟨Γ

; 𝑃


1, . . . , 𝑃


𝑚; 𝑅


1, . . . , 𝑅


𝑛⟩, (𝑠, 𝑠


) ∈ 𝜌𝜑 if and only if

the following three conditions hold.

(1) Γ ∈ sat(I𝜓) if and only if Γ
∈ sat(𝜓) for each

I𝜓 ∈ el(𝜑).
(2) ((Γ, 𝑃𝑖), (Γ


, 𝑃


𝑖 )) ∈ Δ

+
𝜓
𝑖

for each 1 ≤ 𝑖 ≤ 𝑚.
(3) ((Γ, 𝑅𝑗), (Γ


, 𝑅


𝑗)) ∈ Δ

−
¬𝜂
𝑗

for each 1 ≤ 𝑗 ≤ 𝑛.

(iii) 𝐼𝜑 = {⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩ ∈ 𝑆𝜑 | Γ ∈ sat(𝜑)}.
(iv) 𝐿𝜑(⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩) = Γ ∩ 𝐴𝑃.

(v) F𝜑 = {𝐹
+
𝑖 | 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝐹

−
𝑗 | 1 ≤ 𝑗 ≤ 𝑛}, where

𝐹
+
𝑖 = {⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩ ∈ 𝑆𝜑 | 𝑃𝑖 = 0} ,

𝐹
−
𝑗 = {⟨Γ; 𝑃1, . . . , 𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩ ∈ 𝑆𝜑 | 𝑅𝑗 = 0} .

(3)

The below two theorems (Theorems 4 and 5) reveal the
language property of ETL𝑙+𝑓 tableaux. To remove the length-
iness, we here just provide the proof sketches, and rigorous
proofs of them are postponed to the appendices.

Theorem 4. For each 𝜋 ∈ (2
𝐴𝑃
)
𝜔, if 𝜋 ∈ L(T𝜑), then 𝜋 ⊨ 𝜑.

Proof (sketch). Just assume that 𝜎 = 𝑠0𝑠1 ⋅ ⋅ ⋅ ∈ 𝑆
𝜔
𝜑 is the corre-

sponding fair path of T𝜑 such that 𝜋 = 𝐿𝜑(𝜎), where 𝑠𝑖 =
⟨Γ𝑖; 𝑃1,𝑖, . . . , 𝑃𝑚,𝑖; 𝑅1,𝑖, . . . , 𝑅𝑛,𝑖⟩. We may inductively prove the
following claim.

“For each 𝜓 ∈ sub(𝜑) ∪ 𝑒𝑙(𝜑), we have: Γ𝑖 ∈ sat(𝜓) implies
𝜋, 𝑖 ⊨ 𝜓.”

Because we require that Γ0 ∈ sat(𝜑), hence we have 𝜋, 0 ⊨
𝜑.

Theorem 5. For each 𝜋 ∈ (2
𝐴𝑃
)
𝜔, if 𝜋 ⊨ 𝜑, then 𝜋 ∈ L(T𝜑).

Proof (sketch). Suppose that 𝜋 ⊨ 𝜑; to show 𝜋 ∈ L(T𝜑),
we need to first construct an infinite state sequence 𝜎 =

𝑠0𝑠1 ⋅ ⋅ ⋅ ∈ 𝑆
𝜔
𝜑 guided by 𝜋 (the detailed construction is given

in Section A.2), and then we will subsequently show that 𝜎 is
a fair path ofT𝜑 and 𝜋 = 𝐿𝜑(𝜎).
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The following theorem is immediate from Theorems 4
and 5.

Theorem 6. The model M violates the ETL𝑙+𝑓 property 𝜑 if
and only if L(M) ∩ L(T¬𝜑) ̸= 0, equivalently; there exists
some fair path inM ×T¬𝜑.

Theorem 7. For an ETL𝑙+𝑓 formula 𝜑, its tableau T𝜑 has at
most 4|el(𝜑)| states.

Proof. Observe that a state should be of the form ⟨Γ; 𝑃1, . . . ,

𝑃𝑚; 𝑅1, . . . , 𝑅𝑛⟩. For Γ, there are 2
|el(𝜑)| possible choices. Sup-

pose that 𝜓𝑗 = A𝑗(𝜑1, . . . , 𝜑𝑘) (resp., ¬𝜂𝑖 = ¬A𝑖(𝜑

1, . . . , 𝜑


𝑟))

and the state set of A𝑗 is 𝑄𝑗 (resp., A𝑖 with 𝑄

𝑖 ). According

to the construction, each 𝑞 ∈ 𝑄𝑗 (resp., 𝑞 ∈ 𝑄

𝑖 ) cor-

responds to a unique elementary formula IA
𝑞
𝑗(𝜑1, . . . , 𝜑𝑘)

(resp., IA𝑞
𝑖 (𝜑


1, . . . , 𝜑


𝑟)), and such a mapping is an injection.

Hence we have

( ∑

1≤𝑗≤𝑚


𝑄𝑗


+ ∑

1≤𝑖≤𝑛


𝑄


𝑖


) ≤

el (𝜑) \ 𝐴𝑃
 . (4)

Note that 𝑃𝑗 ⊆ 𝑄𝑗 (resp., 𝑅𝑖 ⊆ 𝑄

𝑖 ), and hence we have |𝑆𝜑| ≤

(2
|el(𝜑)|

)
2
= 4

|el(𝜑|).

3.2.The Linear Semantic Encoding. Practically, amodel’s state
space is determined by the evaluation of a set of variables.
Further, we may assume that each of them is a “Boolean
variable” (which corresponds to a proposition belonging to
𝐴𝑃), because every variable over finite domain could be
encoded with several Boolean variables.

Let C = ⟨𝑆, 𝜌, 𝐼, 𝐿,F⟩ be an arbitrary LTS, and we
also assume that the corresponding variable set is 𝑉 = {𝑝1,

. . . , 𝑝𝑛}; then each state 𝑠 ∈ 𝑆 uniquely corresponds to an
assignment of such 𝑝𝑖s.

If we use 𝑠(𝑝𝑖) to denote the value of 𝑝𝑖 at 𝑠, then each
subset 𝑍 ⊆ 𝑆 can be represented by a Boolean formula Φ𝑍

over 𝑉. In detail, it fulfills

𝑠 ∈ 𝑆 ⇐⇒ 𝑠 ⊩ Φ𝑍, (5)

where 𝑠 ⊩ Φ𝑍 means that Φ𝑍 is evaluated to be true if we
assign each 𝑝𝑖 with the value 𝑠(𝑝𝑖).

Let 𝑉
= {𝑝


1, . . . , 𝑝


𝑛}, and each binary relation 𝜆 ⊆ 𝑆 ×

𝑆 also has a Boolean representation Φ𝜆 over the variable set
𝑉 ∪ 𝑉

. That is,

(𝑠1, 𝑠2) ∈ 𝜆 ⇐⇒ (𝑠1, 𝑠2) ⊩ Φ𝜆, (6)

where (𝑠1, 𝑠2) ⊩ Φ𝜆 means that Φ𝜆 is evaluated to be true if
we assign each 𝑝𝑖 with 𝑠1(𝑝𝑖) and assign each 𝑝

𝑖 with 𝑠2(𝑝𝑖).
Hence, all components of M can be encoded: 𝐼 and 𝜌

can be represented by two Boolean formulae Φ𝐼 and Φ𝜌,
respectively; we subsequently create a Boolean formula Φ𝐹

for each 𝐹 ∈ F; note that the labeling function 𝐿 is not
concerned any longer, because the sates labeled with 𝑝 can
be captured by the Boolean formula 𝑝.

For example, fromTheorem 7, we have that the symbolic
representation of T𝜑 requires 2 × |el(𝜑) \ 𝐴𝑃| new Boolean
variables—because variables in el(𝜑)∩𝐴𝑃 can be shared with
the encoding of the original model.

A canonical Boolean encoding of fair path existence
detection upon LTSs is presented in [22]: given a modelC =

⟨𝑆, 𝜌, 𝐼, 𝐿,F⟩ and a bound 𝑘 ∈ N, one may use the formula

Φ
(0)
𝐼 ∧ ⋀

0≤𝑖<𝑘

Φ
(𝑖,𝑖+1)
𝜌 ∧ ⋁

0≤ℓ≤𝑘

(Φ
(𝑘,ℓ)
𝜌 ∧ ⋀

𝐹∈F

⋁

ℓ≤𝑗≤𝑘

Φ
(𝑗)
𝐹 ) ,

(7)

where Φ(𝑗)
𝐼 and Φ

(𝑗)
𝐹 are, respectively, the Boolean formulae

obtained from Φ𝐼 and Φ𝐹 by replacing each variable 𝑝 with
a new copy 𝑝(𝑗), and Φ(𝑖,𝑗)

𝜌 is obtained from Φ𝜌 by replacing
each 𝑝 with 𝑝(𝑖) and replacing each 𝑝 with 𝑝(𝑗).

It can be seen that this formula is satisfiable if and only if
C involves a fair path of the form 𝑠0𝑠1 ⋅ ⋅ ⋅ 𝑠ℓ−1(𝑠ℓ ⋅ ⋅ ⋅ 𝑠𝑘)

𝜔 (call
it is of the lasso shape). Since that L(C) ̸= 0 if and only if C
contains some lasso fair path (note that from each fair path
wemay derive another fair path of lasso shape), hencewemay
convert the fair path detection into the satisfiability problem
of the above Boolean formula.

However, a closer look shows that the size of such encod-
ing is quadratic with the bound. To reduce the blow-up in
size, we need to introduce the following new variables (the
linearization can also be done with the syntactic fashion
presented in [23, 24]. We would draw a comparison of these
two approaches in Section 4.).

(1) For each 0 ≤ ℓ ≤ 𝑘, we introduce a new variable 𝑟ℓ.
Intuitively, 𝑟ℓ indicates that 𝑠ℓ is a successor of 𝑠𝑘.

(2) For each fairness constraint 𝐹 ∈ F and each 0 ≤

ℓ ≤ 𝑘, we introduce a variable 𝑓(ℓ)
𝐹 , and this variable

is evaluated to be true only if there is someΦ(𝑗)
𝐹 which

is evaluated to true, where ℓ ≤ 𝑗 ≤ 𝑘.

And the new encoding (with the bound 𝑘 ∈ N) can be formu-
lated as

Φ
(0)
𝐼 ∧ ⋀

0≤𝑖<𝑘

Φ
(𝑖,𝑖+1)
𝜌 ∧ ⋁

0≤ℓ≤𝑘

𝑟ℓ,

Ψ
(𝑘)
C = ∧ ⋀

0≤ℓ≤𝑘

(𝑟ℓ → (Φ
(𝑘,ℓ)
𝜌 ∧ ⋀

𝐹∈F

𝑓
(ℓ)
𝐹 ))

∧ ⋀

𝐹∈F

( ⋀

0≤𝑖<𝑘

(𝑓
(𝑖)
𝐹 → (𝑓

(𝑖+1)
𝐹 ∨ Φ

(𝑖)
𝐹 ))

∧ (𝑓
(𝑘)
𝐹 → Φ

(𝑘)
𝐹 )) .

(8)

Hence, both the number of variables and the size of this
encoding are linear with 𝑘. Moreover, the following theorem
guarantees the correctness of such encoding.

Theorem8. L(C) ̸= 0 if and only if Ψ(𝑘)
C

is satisfiable for some
𝑘.
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Proof. We begin with the “if ” direction: suppose that the
variable set is {𝑝1, . . . , 𝑝𝑚}; if there is some 𝑘 such that Ψ𝑘

C

is evaluated to 1 (i.e., true) under the assignment 𝑒, then we
denote 𝑠𝑖 = (𝑒(𝑝

(𝑖)
1 ), . . . , 𝑒(𝑝

(𝑖)
𝑚 )) for each 1 ≤ 𝑖 ≤ 𝑚. Hence,

each 𝑠𝑖 is a state ofC.

(i) Since the truth value ofΦ(0)
𝐼 is 1 under 𝑒, then we have

𝑠0 ⊩ Φ
(0)
𝐼 ; this implies that 𝑠0 ∈ 𝐼.

(ii) For each 0 ≤ 𝑖 < 𝑘, we have (𝑠𝑖, 𝑠𝑖+1) ⊩ Φ
(𝑖,𝑖+1)
𝜌 , and

thus (𝑠𝑖, 𝑠𝑖+1) ∈ 𝜌.
(iii) Because we have the conjunct ⋁0≤ℓ𝑟ℓ, then there is

some 0 ≤ ℓ ≤ 𝑘 such that 𝑒(𝑟ℓ) = 1. In the following,
we fix this specific value ℓ for the discussion.

(iv) According to the constraint 𝑟ℓ → (Φ
(𝑘,ℓ)
𝜌 ∧⋀𝐹∈F 𝑓

(ℓ)
𝐹 ),

we have the following.

(1) 𝑒(Φ(𝑘,ℓ)
𝜌 ) = 1, which indicates that (𝑠𝑘, 𝑠ℓ) ∈ 𝜌.

(2) For each 𝐹 ∈ F, we have 𝑒(𝑓(ℓ)
𝐹 ) = 1.

(v) For each fairness constraint 𝐹 ∈ F and 0 ≤ 𝑖 ≤ 𝑘,
we now inductively show that “𝑒(𝑓(𝑖)

𝐹 ) = 1 implies
𝑒(Φ

(𝑗)
𝐹 ) = 1 (alternatively, 𝑠𝑗 ∈ 𝐹) for some 𝑖 ≤ 𝑗 ≤ 𝑘.”

First of all, it holds in the case of 𝑖 = 𝑘, because we
have the constraint 𝑓(𝑘)

→ Φ
(𝑘)
𝐹 . In addition, the fact

of “when 𝑖 = 𝑐, it holds” can be immediately inferred
from the hypothesis “when 𝑖 = 𝑐 + 1, it holds,”
according to the conjunct𝑓(𝑖)

𝐹 → (𝑓
(𝑖+1)
𝐹 ∨Φ

(𝑖)
𝐹 ). Since

we have shown that 𝑒(𝑓(ℓ)
𝐹 ) = 1, we can conclude that

there exists some ℓ ≤ 𝑗 ≤ 𝑘 such that 𝑠𝑗 ∈ 𝐹.

The above shows that 𝑠0𝑠1 ⋅ ⋅ ⋅ 𝑠ℓ−1(𝑠ℓ ⋅ ⋅ ⋅ 𝑠𝑘)
𝜔 is a fair path ofC,

and henceL(C) ̸= 0.
Conversely, for the “only if ” direction, it suffices to find

some 𝑘 and some assignment 𝑒 evaluating Ψ
(𝑘)
C

to be true.
Since L(C) ̸= 0, there must exist some fair path of lasso
shape in C. Without loss of generality, assume that 𝜎 =

𝑠0𝑠1 ⋅ ⋅ ⋅ 𝑠ℓ−1(𝑠ℓ ⋅ ⋅ ⋅ 𝑠𝑘)
𝜔 is such a path; just let 𝑘 be this value,

and we now illustrate how the assignment 𝑒 is constructed.

(i) For each variable 𝑝𝑗 and each 𝑖 ≤ 𝑘, let 𝑒(𝑝(𝑖)
𝑗 ) =

𝑠𝑖(𝑝𝑗). Since 𝑠0 is an initial state, according to the
definition, we have 𝑒(Φ(0)

𝐼 ) = 1. Meanwhile, because
each (𝑠𝑖, 𝑠𝑖+1) ∈ 𝜌, we have that the conjunction
⋀0≤𝑖≤𝑘Φ

(𝑖,𝑖+1)
𝜌 is satisfied under 𝑒.

(ii) For each 0 ≤ 𝑖 ≤ 𝑘, we let

𝑒 (𝑟𝑖) = {
1, 𝑖 = ℓ,

0, 𝑖 ̸= ℓ.
(9)

Then it can be seen that 𝑒(⋁0≤𝑖≤𝑘𝑟𝑖) = 1.
(iii) For each 𝐹 ∈ F and each 0 ≤ 𝑖 ≤ 𝑘, we let

𝑒 (𝑓
(𝑖)
𝐹 ) = {

1, if there is some 𝑗 ≥ 𝑖 such that 𝑠𝑗 ∈ 𝐹,
0, otherwise.

(10)

Then it can be directly checked that the conjunct

⋀

𝐹∈F

( ⋀

0≤𝑖<𝑘

(𝑓
(𝑖)
𝐹 → (𝑓

(𝑖+1)
𝐹 ∨ Φ

(𝑖)
𝐹 )) ∧ (𝑓

(𝑘)
𝐹 → Φ

(𝑘)
𝐹 ))

(11)

is evaluated to be true under 𝑒.
(iv) Since (𝑠𝑘, 𝑠ℓ) ∈ 𝜌, we have 𝑒(Φ(𝑘,ℓ)

𝜌 ) = 1. Also note
that 𝜎 is a fair path; then for each 𝐹 ∈ F there is some
𝑠𝑗 ∈ 𝐹, where ℓ ≤ 𝑗 ≤ 𝑘. According to the previous
definition, we can infer that 𝑒(⋀𝐹∈F𝑓

(ℓ)
𝐹 ) = 1. Thus

the conjunct

⋀

0≤𝑖≤𝑘

(𝑟𝑖 → (Φ
(𝑘,𝑖)
𝜌 ∧ ⋀

𝐹∈F

𝑓
(𝑖)
𝐹 )) (12)

is also satisfied under 𝑒 (recall that we have assigned
𝑒(𝑟𝑖) = 0 in the case of 𝑖 ̸= ℓ).

Thus, the formula Ψ(𝑘)
C

is satisfiable.
For bounded model checking, an important issue is the

completeness threshold, which is the specific value 𝑘 such that
we may declareL(C) = 0 in the case that Ψ(𝑘)

C
is not satisfia-

ble, and we denote it by CT(C) in this paper.
Since we need only to concern about fair paths of the

form 𝜎1(𝜎2)
𝜔, as pointed in [22], a possible candidate for the

completeness threshold CT(C) is

𝐷
𝐼
(C) + |F| × 𝐷 (C) , (13)

where𝐷 and𝐷𝐼 are, respectively, the diameter and the initial-
ized diameter (cf. [22]). Since [22] just considers LTSs having
only one fairness constraint, we here add the factor |F|.

Observe that the part 𝜎2 must be enclosed in some SCC
(i.e., strongly connected component) ofC, and we may replace
𝐷(C) with 𝐷(S), where S is the largest SCC that intersects
all fairness constraints.Therefore, wemay get amore compact
upper bound of the completeness threshold.

Then, for a given LTS M and the given ETL𝑙+𝑓 formula
𝜑, since we have shown that M ⊭ 𝜑 if and only if M ×T¬𝜑

involves some fair path, we now just need to test if there is
some 𝑘makingΨ(𝑘)

M×T
¬𝜑

satisfiable, where 𝑘 ≤ CT(M×T¬𝜑).

Remark 9. In the case that C = C1 × C2, where C = ⟨𝑆,

𝜌, 𝐼, 𝐿,F⟩ and C𝑖 = ⟨𝑆𝑖, 𝜌𝑖, 𝐼𝑖, 𝐿 𝑖,F𝑖⟩ for 𝑖 = 1, 2, we have
Φ𝐼 = Φ𝐼

1

∧ Φ𝐼
2

, Φ𝜌 = Φ𝜌
1

∧ Φ𝜌
2

, and ΦF = ΦF
1

∪ ΦF
1

,
and in addition, the variable set of C is just the union of the
variable sets ofC1 andC2.

Remark 10. Actually, for an ETL𝑙+𝑓 formula 𝜑, the symbolic
representation ofT𝜑 can be directly given without the detour
of explicit construction of the LTS. Because, the relation sat
could be inductively constructed if we introduce correspond-
ing new variables in el(𝜑). Subsequently, encodings ofΦΔ+

𝜓

or
ΦΔ−
𝜂

could be naturally obtained from the underlying Boolean
variables corresponding to states of automata connectives.
Hence, the Boolean representation of Φ𝜌

𝜑

is obtained. And,
encodings of other components are as routine.
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CONNECTIVE A (a1, a2) : FIN
STATES >q1, q2, q3<;
TRANSITIONS(q1)
case a1 : q2; a2 : q3; esac;
TRANSITIONS(q2)
case

a1 : fq2, q3g;
a2 : q3;

esac;
TRANSITIONS(q3)
case a1 : fq1, q2g; esac;

Figure 1: An automata connective declaration in ENuSMV.

Table 1: Comparative results of BDD-based and BMC approaches.

Cells BDD BMC
Time (s) Memory (MB) C.L. Variables Clauses Time (s) Memory (MB) C.L.

5 170.56 68.32 78 3939 8126 13.50 34.98 39
6 513.06 209.17 84 4677 9620 29.14 42.37 39
7 2372.28 976.14 90 5415 11113 41.32 58.48 39
8 8074.05 1482.15 96 6154 12609 52.45 67.32 39
9 ≥5 h ≥2G — 6892 14102 68.17 82.13 39
10 ≥5 h ≥2G — 7630 15599 85.13 101.21 39

4. Experimental Results

To justify our idea, we have integrated (the tool is available
at https://sourceforge.net/projects/enusmv12/) the ETL𝑙+𝑓

BMC algorithm into ENuSMV (Ver. 1.2). This tool is com-
pletely compatible with NuSMV [25], and it allows end-users
to customize new temporal connectives by defining automa-
ta.

For example, Figure 1 illustrates how to declare a finite
acceptance automata connective (to define a looping accep-
tance automata connective, just replace the keyword FINwith
LOOP), namely, A. Since it has three states q1, q2, and q3
(where q1 is the initial state and q3 is an accepting state), then
A[q1], A[q2], and A[q3] are also connectives—for example,
A[q2] just replaces the initial state with q2. Subsequently, one
may define ETL𝑙+𝑓 specifications; for example,

ETLSPEC A(p,A[q2] (q,p))

is a proper declaration.
In this redistribution, both BDD-based and bounded

model checkings for ETL𝑙+𝑓 are supported. To perform (se-
mantic encoding based) BMC, we need to use the command
option bmc tab.

We have conducted some experiments to test the correct-
ness and efficiency of our algorithm. In this paper, we are
especially concerned with the following issues.

(1) The comparison of BDD-based symbolic model
checking and bounded model checking.

(2) The overhead contrast in verifications of ETL𝑓 and
ETL𝑙+𝑓 upon both star-free and nonstar-free proper-
ties.

(3) The comparison of performances with syntactic/se-
mantic BMC of LTL and semantic BMC of ETL𝑙+𝑓.

To compare the efficiencies between BDD-based MC
and BMC, we chose the (distributed mutual exclusion) DME
circuit as the model (which involves a buggy design), as
described in [3]. It consists of 𝑛 cells for 𝑛 users that want to
have exclusive access to a shared resource. We conducted the
experiment by describing the liveness property that “a request
for using the resource will eventually be acknowledged” (with
ETL𝑙+𝑓 formula). The max bound are set to 100, and the
comparative results are shown in Table 1, where “C.L.” stands
for the length of counterexample.

As a previous work, we have implemented the symbolic
model checking algorithm for ETL𝑓 in ENuSMV 1.0. To
justify that in general ETL𝑙+𝑓 could be more effectively
checked, we wouldmake a comparison of BMC for ETL𝑓 and
ETL𝑙+𝑓.

To draw the comparison upon non-start-free regular
properties, we use a “mod 2

𝑛 counter” as the model. The
model consists of 𝑛 “cells” bit 0,. . .,bit n-1. Each cell is
a (mod 2) counter having an input carry in and an output
signal carry out. These cells are connected in a serial
manner; that is, bit 0’s carry in is set to 1, and bit i’s
carry in is connected to bit i−1’s carry out as described
in Figure 2.
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Carry out Carry out Carry out Carry out

· · ·bit 0 bit 1 bit n − 1

Carry in Carry in Carry in Carry in1

Figure 2: The circuit of MOD 2
𝑛 counter.

Table 2: Comparison of ETL𝑓 and ETL𝑙+𝑓 with periodicity properties.

Cells ETL𝑓 ETL𝑙+𝑓

Max bound Memory (MB) Variables Clauses Max bound Memory (MB) Variables Clauses
10 11032 279.44 154461 1180431 13009 382.784 182140 1417990
11 5138 148.22 77084 631981 6037 173.59 90570 754461
12 3702 129.571 3702 518287 4316 143.802 69072 612888

We, respectively, describe the periodicity property that
“bit 0 carries out at every even (except for 0) moment”
with ETL𝑓 and ETL𝑙+𝑓. We set the time bound to 1 hour,
and Table 2 provides the max bounds (together with related
information) which can be handled by the SAT solver within
the time bound. From it, we can see that a deeper search could
be done when specifications are described with ETL𝑙+𝑓.

To compare the overhead of ETL𝑓 and ETL𝑙+𝑓 upon
star-free properties, we would first use the DME model to
check the safety property: “no two cells will be simultaneously
acknowledged.”The results are shown in Table 3, and the time
bound is also set to 1 hour.

At the same time, we can also compare the verification
performances of the DME model upon the aforementioned
liveness property that “each request will be acknowledged
in the further.” Note that for this property, the verification
could be accomplished within the given time bound, and a
counterexample could be detected at the bound 𝑘 = 39. The
comparative results are given in Table 4.

The last group of experiments aims at comparing the
efficiencies of (syntactic/semantic) LTL BMC and ETL𝑙+𝑓

BMC. First of all, for LTL BMC, we are also concerned with
two types of encoding approaches.

(1) The Syntactic Approach. We here adopt the linear
incremental syntactic encoding proposed in [26]—to
the best of our knowledge, this is the most effective
syntactic encoding for full LTL.

(2) The Semantic Approach. ENuSMV 1.2 also supports
semantic encoding for LTL—this is tailored from our
linear encoding presented in Section 3.2.

We still use the DME circuit as themodel and the liveness
property as specification; Table 5 provides the experimental
results on LTL BMC based on syntactic and semantic encod-
ings. From that, we can see that, with semantic encoding, it
tends to generate less clauses and tends to terminate earlier
than that with the syntactic encoding, whereas the latter
requires fewer variables.

Meanwhile, we can also make a comparison between
Tables 4 and 5; we may find that the variable numbers of
semantic ETL BMC and LTL BMC are almost at a fixed
ratio—for this experiment, the ratio is 1.09 (approximately).

5. Concluding Remarks

The logic ETL𝑙+𝑓 is a variant of extended temporal logic,
it employs both finite and looping acceptance automata
connectives, and it can be considered a mixture of ETL𝑙 and
ETL𝑓. Thus, any omega-regular properties can be succinctly
described with this kind of logic, particularly for safety and
liveness properties.

Wehave presented the semantic boundedmodel checking
algorithm for ETL𝑙+𝑓. The central part of this approach is
the tableau construction. Meanwhile, we also illustrate how
to give a linear BMC encoding for it. To justify it, we
have implemented the presented algorithm (in ENuSMV
1.2). Experimental results show that ETL𝑙+𝑓 could be more
efficiently verified via BMC (in comparison to our previous
implementation for ETL𝑙+𝑓).

In this paper, verification of ETL𝑟, namely, extended tem-
poral logic using Büchi (alternatively, repeating) automata
as connectives, has not been studied. This is partly because
of the inherited difficulties of Büchi complementation
[27]. Indeed,wemaymimic the ranking complementing tech-
nique of Büchi automata [28–30]. However, this would cause
an asymptotically quadratic blow-up of variable number in
building the tableaux. Hence, a further work is about to study
the semantic BMC encodings of ETL𝑟.

Appendix

A. Omitted Proofs

A.1. Proof of Theorem 4. Just assume that 𝜎 = 𝑠0𝑠1 ⋅ ⋅ ⋅ ∈ 𝑆
𝜔
𝜑 is

the corresponding fair path of T𝜑 having 𝜋 = 𝐿𝜑(𝜎), where
𝑠𝑖 = ⟨Γ𝑖; 𝑃1,𝑖, . . . , 𝑃𝑚,𝑖; 𝑅1,𝑖, . . . , 𝑅𝑛,𝑖⟩.We now inductively prove
the following claim.

“For each 𝜓 ∈ sub(𝜑) ∪ el(𝜑), we have: Γ𝑖 ∈ sat(𝜓)
implies 𝜋, 𝑖 ⊨ 𝜓.”

(i) The basic cases are trivial.

(a) 𝜓 = ⊤, or 𝜓 =⊥. Since 𝜋, 𝑖 ⊨ ⊤ holds trivially, the case
Γ𝑖 ∈ sat(⊥) never happens.
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Table 3: Comparison of ETL𝑓 and ETL𝑙+𝑓 with safety properties.

Cells ETL𝑓 ETL𝑙+𝑓

Max bound Memory (MB) Variables Clauses Max-bound Memory (MB) Variables Clauses
3 68 29.14 4002 8091 101 38.03 4958 9898
4 62 34.76 4864 9764 87 40.34 5712 11512
5 54 40.12 5170 10313 73 45.37 6072 12088

Table 4: Comparison of ETL𝑓 and ETL𝑙+𝑓 with liveness properties.

Cells ETL𝑓 ETL𝑙+𝑓

Time (s) Variables Clauses Memory (MB) Time (s) Variables Clauses Memory (MB)
3 25.09 2400 4796 29.66 13.78 2340 4747 26.34
4 31.42 3120 6200 38.61 20.06 3042 6115 31.38
5 42.56 3840 7604 44.28 24.70 3744 7843 36.12

(b) 𝜓 = 𝑝, or 𝜓 = ¬𝑝, where 𝑝 ∈ 𝐴𝑃. Because Γ𝑖 ∈ sat(𝑝)
if and only if 𝑝 ∈ Γ𝑖 if and only if 𝑝 ∈ 𝜋(𝑖) if and only
if 𝜋, 𝑖 ⊨ 𝑝. Similar to show it when 𝜓 = ¬𝑝.

(ii) The following inductions are as routine.

(a) For the case 𝜓 = 𝜓1 ∧𝜓2, or 𝜓1 ∨𝜓2. For the first case,
we have Γ𝑖 ∈ sat(𝜓) if and only if Γ𝑖 ∈ Sat(𝜓1) and Γ𝑖 ∈
sat(𝜓2); by induction, we have 𝜋, 𝑖 ⊨ 𝜓1 and 𝜋, 𝑖 ⊨ 𝜓2;
hence 𝜋, 𝑖 ⊨ 𝜓; similar to the case of 𝜓 = 𝜓1 ∨ 𝜓2.

(b) In the case of 𝜓 = I𝜓, we have Γ𝑖 ∈ sat(𝜓) if and
only if Γ𝑖+1 ∈ sat(𝜓

), according to the definition ofΔ 𝜑

(note that in this case 𝜓 is an elementary formula of
𝜑). By induction, we have 𝜋, 𝑖+1 ⊨ 𝜓

; hence 𝜋, 𝑖 ⊨ 𝜓.

(iii) If 𝜓 = A𝑞
(𝜑1, . . . , 𝜑𝑘) is a PF-subformula, without

loss of generality, assume 𝜓 = 𝜓𝑗 (i.e., the 𝑗th PF-subformula
of 𝜑), where 1 ≤ 𝑗 ≤ 𝑚 and A𝑞

= ⟨{𝑎1, . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹⟩,
then the proof is given as follows.

Since 𝜎 is a fair path, there exists 𝑖2 > 𝑖1 > 𝑖, such that
𝑃𝑗,𝑖
1

= 𝑃𝑗,𝑖
2

= 0 and 𝑃𝑗,𝑐 ̸= 0 for each 𝑖1 < 𝑐 < 𝑖2.

(a) First, let 𝑞0 = 𝑞; then we have Γ𝑖 ∈ sat(A𝑞
0(𝜑1, . . . ,

𝜑𝑘)).
(b) For each 𝑡 ≤ 𝑖1 − 𝑖, if 𝑞𝑡 ∉ 𝐹 and Γ𝑖+𝑡 ∈ sat(A𝑞

𝑡(𝜑1,

. . . , 𝜑𝑘)), then, according to the definition of sat, there
is some 1 ≤ 𝑘𝑡 ≤ 𝑘 and a 𝑞 such that Γ𝑖+𝑡 ∈ sat(𝜑𝑘

𝑡

),
𝑞

∈ 𝛿(𝑞𝑡, 𝑎𝑘

𝑡

), and Γ𝑖+𝑡 ∈ sat(IA𝑞
(𝜑1, . . . , 𝜑𝑘)) (equiv-

alently, Γ𝑖+𝑡+1 ∈ sat(A𝑞
(𝜑1, . . . , 𝜑𝑘)), as discussed

above). Now, we let 𝑞𝑡+1 = 𝑞
.

Till now, if there is some 𝑡 having 𝑞𝑡 ∈ 𝐹, we stop the process-
ing. Otherwise, we go on with the following processing.

(a) When 𝑡 = 𝑖1 − 𝑖 + 1, we have Γ𝑡 ∈ sat(A𝑞
𝑡(𝜑1, . . . , 𝜑𝑘)).

Since 𝑃𝑗,𝑖
1

= 0, according to the definition of Δ+
𝜓
𝑗

, we
have 𝑞𝑡 ∈ 𝑃𝑗,𝑖

1
+1 = 𝑃𝑗,𝑖+𝑡.

(b) For each 𝑖1 − 𝑖 < 𝑡 ≤ 𝑖2 − 𝑖, if 𝑞𝑡 ∈ 𝑃𝑗,𝑖+𝑡 and 𝑞𝑡 ∉

𝐹, according to Δ+
𝜓
𝑗

, there is some 1 ≤ 𝑘𝑡 ≤ 𝑘, such
that Γ𝑖+𝑡 ∈ sat(𝜑𝑘

𝑡

), and there is some 𝑞 ∈ 𝑃𝑗,𝑖+𝑡+1 ∩

𝛿(𝑞𝑡, 𝑎𝑘
𝑡

). Now, we let 𝑞𝑡+1 = 𝑞
.

Notice that 𝑃𝑗,𝑖
2

= 0, and we have the inductive assertion that
𝑞𝑡 ∉ 𝐹 implies 𝑞𝑡 ∈ 𝑃𝑗,𝑖+𝑡; hence there must exist some 𝑞𝑡 ∈ 𝐹.

Thus,A have some accepting prefix 𝑎𝑘
0

𝑎𝑘
1

⋅ ⋅ ⋅ 𝑎𝑘
ℓ

of some
infinite word.On the other hand, by induction, Γ𝑖+𝑡 ∈ sat(𝜑𝑘,𝑡)

implies 𝜋, 𝑖 + 𝑡 ⊨ 𝜑𝑘
𝑡

. Hence, we have 𝜋, 𝑖 ⊨ 𝜓 by definition.
(iv) If 𝜓 = ¬A𝑞

(𝜑1, . . . , 𝜑𝑘) is an NF-subformula of 𝜑 and
assume that A𝑞

= ⟨{𝑎1 . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹⟩, then the proof is
given as below.

Assume by contradiction it is not the case; then 𝜋, 𝑖 ⊨

A𝑞
(𝜑1, . . . , 𝜑𝑘) holds. Therefore, there exist some accepting

prefix 𝑎𝑘
0

𝑎𝑘
1

⋅ ⋅ ⋅ 𝑎𝑘
ℓ

of some infinite word and a state sequence
𝑞0𝑞1⋅ ⋅ ⋅ 𝑞ℓ𝑞ℓ+1 such that

(a) 𝑞0 = 𝑞, 𝑞ℓ+1 ∈ 𝐹 and each 𝑞𝑡+1 ∈ 𝛿(𝑞𝑡, 𝑎𝑘
𝑡

),
(b) for each 𝑡 ≤ ℓ, we have 𝜋, 𝑖 + 𝑡⊨ 𝜑𝑘

𝑡

.

Then, we have the following facts.

(a) Γ𝑖+ℓ+1 ∈ sat(A𝑞
ℓ+1(𝜑1, . . . , 𝜑𝑘)) = 2

el(𝜑), because 𝑞ℓ+1 ∈
𝐹.

(b) Assume that Γ𝑖+𝑡+1 ∈ sat(A𝑞
𝑡+1(𝜑1, . . . , 𝜑𝑘)), where

𝑡 ≤ ℓ; then Γ𝑖+𝑡 ∈ sat(IA𝑞
𝑡+1(𝜑1, . . . , 𝜑𝑘)). In addition,

𝜋, 𝑖 + 𝑡 ⊨ 𝜑𝑘
𝑡

implies that Γ𝑖+𝑡 ∈ sat(𝜑𝑘
𝑡

)—otherwise
(it is not hard to show that if there is an infinite path
inT𝜑 starting from 𝑠𝑖+𝑡, then, for each 𝜂, either Γ𝑖+𝑡 ∈
sat(𝜂) or Γ𝑖+𝑡 ∈ sat(¬𝜂) holds), Γ𝑖+𝑡 ∈ sat(¬𝜑𝑘

𝑡

); then
we have 𝜋, 𝑖 + 𝑡 ⊨ ¬𝜑𝑘

𝑡

by induction contradicts!
Hence, by the definition of sat, we have Γ𝑖+𝑡 ∈

sat(A𝑞
𝑡(𝜑1, . . . , 𝜑𝑘)).

Then, we have Γ𝑖 ∈ sat(A𝑞
0(𝜑1, . . . , 𝜑𝑘))when 𝑡 = 0. However,

it contradicts the premiss Γ𝑖 ∈ sat(¬A𝑞
(𝜑1, . . . , 𝜑𝑛)), because

𝑞0 = 𝑞. Therefore, the assumption 𝜋, 𝑖 ⊨ A𝑞
(𝜑1, . . . , 𝜑𝑘) is a

falsity, and this implies that 𝜋, 𝑖 ⊨ 𝜓 holds.
(v) If 𝜓 = A𝑞

(𝜑1, . . . , 𝜑𝑘) is a PL-subformula of 𝜑, where
A𝑞

= ({𝑎1, . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹), then we have the following
proof in the case that Γ𝑖 ∈ sat(𝜓).

(a) Let 𝑞0 = 𝑞, and Γ𝑖 ∈ sat(A𝑞
0(𝜑1, . . . , 𝜑𝑘)).

(b) For each 𝑡 ≥ 0, assume that Γ𝑖+𝑡 ∈ sat(A𝑞
𝑡(𝜑1, . . . ,

𝜑𝑘)); then by the definition of sat, there is some 1 ≤

𝑘𝑡 ≤ 𝑘, such that Γ𝑖+𝑡 ∈ sat(𝜑𝑘
𝑡

), and there is
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Table 5: Comparison of syntactic/semantic LTL BMC with liveness properties.

Cells Syntactic LTL BMC encoding Semantic LTL BMC encoding
Time (s) Variables Clauses Memory (MB) Time (s) Variables Clauses Memory (MB)

3 9.34 2052 5474 32.66 8.59 2128 4291 24.79
4 16.71 2736 6806 35.74 10.87 2812 5623 28.44
5 24.06 3420 8138 37.02 15.90 3469 6955 32.28

some 𝑞 ∈ 𝛿(𝑞𝑡, 𝑎𝑘
𝑡

) such that 𝑠𝑎𝑡(IA𝑞
(𝜑1, . . . , 𝜑𝑘))

(equivalently, Γ𝑖+𝑡+1 ∈ sat(A𝑞
(𝜑1, . . . , 𝜑𝑘)) holds).

Now, we let 𝑞𝑡+1 = 𝑞
.

Hence, we have an accepting run ofA𝑞 over the infinite word
𝑎𝑘
0

𝑎𝑘
1

⋅ ⋅ ⋅ . Meanwhile, by induction, Γ𝑖+𝑡 ∈ sat(𝜑𝑘
𝑡

) implies
that 𝜋, 𝑖 + 𝑡 ⊨ 𝜑𝑘

𝑡

. By definition, we have 𝜋, 𝑖 ⊨ 𝜓 in this
case.

(vi) Lastly, consider the case 𝜓 = ¬A𝑞
(𝜑1, . . . , 𝜑𝑘), where

A𝑞
= ⟨{𝑎1, . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹⟩ is a looping acceptance automa-

ton.
Suppose that Γ𝑖 ∈ sat(𝜓), and assume by contradiction

that 𝜋, 𝑖 ⊭ 𝜓; then there is an infinite word 𝑤 = 𝑎𝑘
0

𝑎𝑘
1

⋅ ⋅ ⋅ ∈

L(A𝑞
) and 𝜋, 𝑖 + 𝑡 ⊨ 𝜑𝑘

𝑡

for each 𝑡 ≥ 0. Also, let the
corresponding run ofA𝑞 on 𝑤 is 𝑞0𝑞1 ⋅ ⋅ ⋅ , where 𝑞0 = 𝑞.

Without loss of generality, suppose that 𝜓 = ¬𝜂𝑗 (i.e., the
𝑗th NL-subformula); since 𝜎 is a fair path, there must exist
some 𝑖2 > 𝑖1 > 𝑖 such that 𝑅𝑗,𝑖

1

= 𝑅𝑗,𝑖
2

= 0 and 𝑅𝑗,𝑐 ̸= 0 for
each 𝑖1 < 𝑐 < 𝑖2. Then

(a) Γ𝑖 ∈ sat(¬A𝑞
0(𝜑1, . . . , 𝜑𝑘)), because 𝑞0 = 𝑞,

(b) as discussed before (in the case of NF-subformula),
𝜋, 𝑖 + 𝑡 ⊨ 𝜑𝑘

𝑡

implies that Γ𝑖+𝑡 ∈ sat(𝜑𝑘
𝑡

). For each
𝑡 > 0, if Γ𝑖+𝑡 ∈ sat(¬A𝑞

𝑡(𝜑1, . . . , 𝜑𝑘)) holds, according
to the definition of sat, for each 𝑞 ∈ 𝛿(𝑞𝑡, 𝑎𝑘

𝑡

), we have
Γ𝑖+𝑡�∈ sat(IA

𝑞
(𝜑1, . . . , 𝜑𝑘)). Note that 𝑞𝑡+1 ∈ 𝛿(𝑞𝑡, 𝑎𝑘);

hence Γ𝑖+𝑡+1 ∈ sat(¬A𝑞
𝑡+1(𝜑1, . . . , 𝜑𝑘)).

Therefore, we have Γ𝑖+𝑡 ∈ sat(¬A𝑞
𝑡(𝜑1, . . . , 𝜑𝑘)) for each 𝑡 ≥ 0.

According to the definition of Δ−
¬𝜂
𝑗

, we have

(a) 𝑞𝑖
1
+1−𝑖 ∈ 𝑅𝑗,𝑖

1
+1, since 𝑅𝑗,𝑖

1

= 0,
(b) for each 𝑡 having 𝑞𝑡 ∈ 𝑅𝑗,𝑖+𝑡, since Γ𝑖+𝑡 ∈ sat(𝜑𝑘

𝑡

), then
𝑞

∈ 𝛿(𝑞𝑡, 𝑎𝑘

𝑡

) implies 𝑞 ∈ 𝑅𝑗,𝑖+𝑡+1. Therefore, 𝑞𝑡+1 ∈

𝑅𝑗,𝑖+𝑡+1.

The above induction implies that 𝑞𝑡 ∈ 𝑅𝑗,𝑖+𝑡 for each 𝑡 ≥ 𝑖1 −

𝑖 + 1. However, it is impossible since 𝑅𝑗,𝑖
2

= 0. Hence, the
assumption 𝜋, 𝑖 ⊨ A𝑞

(𝜑1, . . . , 𝜑𝑘) is incorrect, which implies
that 𝜋, 𝑖 ⊨ 𝜓 also holds in this case.

Clearly, the above induction is complete. Because we
require that Γ0 ∈ sat(𝜑), we have 𝜋, 0 ⊨ 𝜑.

A.2. Proof of Theorem 5. Suppose that 𝜋 ⊨ 𝜑 to show 𝜋 ∈

L(T𝜑), we need to first construct an infinite state sequence
𝜎 = 𝑠0𝑠1 ⋅ ⋅ ⋅ , where 𝑠𝑖 = ⟨Γ𝑖; 𝑃1,𝑖, . . . , 𝑃𝑚,𝑖; 𝑅1,𝑖, . . . , 𝑅𝑛,𝑖⟩ ∈ 𝑆𝜑,
and then we will show that 𝜎 is a fair path of T𝜑 and 𝜋 =

𝐿𝜑(𝜎).
(i) The construction of Γ𝑖 is as follows.

For each 𝑖 ≥ 0, we let Γ𝑖 = {𝜓 ∈ el(𝜑) | 𝜋, 𝑖 ⊨ 𝜓}. We will
now show the following claim.

“For each 𝜓 ∈ sub(𝜑) ∪ el(𝜑), we have Γ𝑖 ∈ sat(𝜓) if
and only if 𝜋, 𝑖 ⊨ 𝜓.”

By induction of the structure of 𝜓 the following hold.

(a) Cases are trivial when 𝜓 =⊥ or 𝜓 = ⊤.
(b) If 𝜓 = 𝑝 ∈ 𝐴𝑃, then 𝜓 ∈ el(𝜑). Thus, Γ𝑖 ∈ sat(𝑝) if

and only if 𝑝 ∈ Γ𝑖 if and only if 𝑝 ∈ 𝜋(𝑖) if and only if
𝜋, 𝑖 ⊨ 𝑝. Similar to show the case of 𝜓 = ¬𝑝.

(c) Another basic case is 𝜓 = I𝜓: note that in this case
we also have𝜓 ∈ el(𝜑); hence Γ𝑖 ∈ sat(I𝜓

) if and only
if 𝜓 ∈ Γ𝑖 if and only if 𝜋, 𝑖 ⊨ 𝜓.

(d) If 𝜓 = 𝜓1 ∧ 𝜓2, then Γ𝑖 ∈ sat(𝜓) if and only if Γ𝑖 ∈
sat(𝜓1) and Γ𝑖 ∈ sat(𝜓2). By induction, we have 𝜋, 𝑖 ⊨
𝜓1 and 𝜋, 𝑖 ⊨ 𝜓2 that is, 𝜋, 𝑖 ⊨ 𝜓. Similar to show the
case of 𝜓 = 𝜓1 ∨ 𝜓2.

(e) If 𝜓 = A𝑞
(𝜑1, . . . , 𝜑𝑘), where A𝑞

= ⟨{𝑎1, . . . , 𝑎𝑘},

𝑄, 𝛿, 𝑞, 𝐹⟩ and ifA is a looping acceptance automaton
or a finite acceptance automaton, but 𝑞 �∈𝐹, it is not
difficult to show that

A
𝑞
(𝜑1, . . . , 𝜑𝑘) ←→ ⋁

1≤𝑡≤𝑘

(𝜑𝑡∧ ⋁

𝑞∈𝛿(𝑞,𝑎𝑡)

IA
𝑞
(𝜑1, . . . , 𝜑𝑘)) .

(A.1)

Then by induction and according to the scheme
sat(𝜓

∨ 𝜓

) = sat(𝜓

) ∪ sat(𝜓
) and sat(𝜓

∧ 𝜓

) =

sat(𝜓
) ∩ sat(𝜓

), we have 𝜋, 𝑖 ⊨ 𝜓 if and only if

Γ𝑖 ∈ ⋃

1≤𝑡≤𝑘

(sat (𝜑𝑡) ∩ ⋃

𝑞∈𝛿(𝑞,𝑎𝑡)

sat (IA𝑞
(𝜑1, . . . , 𝜑𝑘)))

= sat (A𝑞
(𝜑1, . . . , 𝜑𝑘)) .

(A.2)

Otherwise, ifA is a finite acceptance automaton and
𝑞 ∈ 𝐹, then

A
𝑞
(𝜑1, . . . , 𝜑𝑘) ←→ ⊤. (A.3)

In this case, sat(A𝑞
(𝜑1, . . . , 𝜑𝑘)) = 2

el(𝜑), and hence
the claim “𝜋, 𝑖 ⊨ 𝜓 if and only if Γ𝑖 ∈ sat(𝜓)” also
holds.

(f) If 𝜓 = ¬A𝑞
(𝜑1, . . . , 𝜑𝑘), then Γ𝑖 ∈ sat(𝜓) if and only

if Γ𝑖 �∈ sat(A
𝑞
(𝜑1, . . . , 𝜑𝑘)) if and only if 𝜋, 𝑖 ⊭ A𝑞

(𝜑1,

. . . , 𝜑𝑘) if and only if 𝜋, 𝑖 ⊨ 𝜓.
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Now, we have the following properties.

(1) Since 𝜋, 0 ⊨ 𝜑, we have Γ0 ∈ sat(𝜑), and hence 𝑠0 ∈ 𝐼𝜑.
(2) For each 𝑖 and each I𝜓 ∈ el(𝜑), we have Γ𝑖 ∈ sat(I𝜓)

if and only if 𝜋, 𝑖 ⊨ I𝜓 if and only if 𝜋, 𝑖 + 1 ⊨ 𝜓 if and
only if Γ𝑖+1 ∈ sat(𝜓).

(3) For each 𝑝 ∈ 𝐴𝑃 and each 𝑖, we have 𝑝 ∈ 𝜋(𝑖) if and
only if 𝜋, 𝑖 ⊨ 𝑝 if and only if 𝑝 ∈ Γ𝑖. Hence, 𝜋(𝑖) =

Γ𝑖 ∩ 𝐴𝑃.

(ii) The construction of 𝑃𝑗,𝑖, for 1 ≤ 𝑗 ≤ 𝑚 is as follows.
Assume that the 𝑗th PF-subformula 𝜓𝑗 = A𝑞

(𝜑1, . . . , 𝜑𝑘)

and the automata connective A𝑞
= ⟨{𝑎1, . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹⟩;

then the construction is as follows.

(a) Wewill find a series of “key positions” ℓ0, ℓ1, . . ., having
𝑃𝑗,ℓ
𝑡

= 0 for each ℓ𝑡. First, let ℓ0 = 0, and, for each 𝑡 ≥
0, once ℓ𝑡 has been determined, we use the following
two steps to determine ℓ𝑡+1 and each 𝑃𝑗,𝑐 for ℓ𝑡 < 𝑐 <

ℓ𝑡+1.

(b) Let 𝑃𝑗,ℓ
𝑡

= 0, and let 𝑃𝑗,ℓ
𝑡
+1 = {𝑞


| 𝜋, ℓ𝑡 + 1 ⊨ A𝑞

(𝜑1,

. . . , 𝜑𝑘)}. For each 𝑞

∈ 𝑃𝑗,ℓ

𝑡
+1, there must exit a finite

word 𝑤𝑞 = 𝑎𝑘
0

𝑎𝑘
1

⋅ ⋅ ⋅ 𝑎𝑘
𝑠

and a finite state sequence
𝜒𝑞 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑠+1 such that 𝑞0 = 𝑞

, 𝑞𝑠+1 ∈ 𝐹, and, for
each 𝑐 ≤ 𝑠, we have 𝑞𝑐+1 ∈ 𝛿(𝑞𝑐, 𝑎𝑘

𝑐

) and 𝜋, ℓ𝑡 + 𝑐+ 1 ⊨
𝜑𝑘
𝑠

(equivalently, Γℓ
𝑡
+𝑐+1 ∈ sat(𝜑𝑘

𝑠

)).

(c) Now, let ℓ𝑡+1 = ℓ𝑡 +max{|𝜒𝑞 | | 𝑞

∈ 𝑃𝑗,ℓ

𝑡
+1} + 1. And

we let

𝑃𝑗,𝑐 = {𝜒𝑞 (𝑐 − ℓ𝑡 − 1)

𝜒𝑞


> 𝑐 − ℓ𝑡 − 1} (A.4)

for each ℓ𝑡 + 1 < 𝑐 < ℓ𝑡+1, where 𝜒𝑞(𝑠) is the 𝑠th ele-
ment of 𝜒𝑞 .

Now, it is not hard to check that ((Γ𝑖, 𝑃𝑗,𝑖), (Γ𝑖+1, 𝑃𝑗+1)) ∈ Δ
+
𝜓
𝑗

for each 𝑖. Moreover, for each 𝑡, we have 𝑃𝑗,ℓ
𝑡

= 0.
(iii) The construction of 𝑅𝑗,𝑖 for each 1 ≤ 𝑗 ≤ 𝑛 is as

follows.
Assume that the 𝑗thNL-subformula¬𝜂𝑗=¬A

𝑞
(𝜑1, . . . , 𝜑𝑘)

and the automata connective A𝑞
= ⟨{𝑎1, . . . , 𝑎𝑘}, 𝑄, 𝛿, 𝑞, 𝐹⟩;

then the construction is as follows.

(a) First, let ℓ0 = 0, and, for each 𝑡 ≥ 0, once ℓ𝑡 is decided,
we use the following steps to determine ℓ𝑡+1 and each
set 𝑅𝑗,𝑐 for ℓ𝑡 < 𝑐 < ℓ𝑡+1.

(b) Let 𝑅𝑗,ℓ
𝑡

= 0, and let 𝑅𝑗,ℓ
𝑡
+1 = {𝑞


| Γℓ
𝑡
+1 ∈ sat(¬A𝑞

(𝜑1,

. . . , 𝜑𝑘))}. For each 𝑐 ≥ ℓ𝑡 + 1, let

𝑅𝑗,𝑐+1 = ⋃

𝑞∈𝑅
𝑗,𝑐

{𝛿 (𝑞

, 𝑎𝑠) | 1 ≤ 𝑠 ≤ 𝑘, Γ𝑐 ∈ sat (𝜑𝑠)} . (A.5)

(c) Since we have shown that Γ, 𝑖 ⊨ 𝜓 if and only if
𝜋, 𝑖 ⊨ 𝜓 for every 𝜓 ∈ sub(𝜑) ∪ el(𝜓), it is not hard
to show that if 𝑅𝑗,ℓ

𝑡
+1 ̸= 0, then there is some 𝑐 > ℓ𝑡 +1

such that 𝑅𝑗,𝑐 = 0—otherwise (because, if 𝑅𝑗,𝑐 ̸= 0

for each 𝑡 > ℓ𝑡, using König’s lemma, we may find
a run of A𝑞 over some infinite word), we can show

𝜋, ℓt + 1 ⊨ A𝑞
(𝜑1, . . . , 𝜑𝑘) for some 𝑞 ∈ 𝑅𝑗,ℓ

𝑡
+1, and

this implies that Γℓ
𝑡
+1 ∈ sat(A𝑞

(𝜑1, . . . , 𝜑𝑘)), which is
contradiction!

If 𝑅𝑗,ℓ
𝑡
+1 = 0, let ℓ𝑡+1 = ℓ𝑡 + 1; otherwise, let ℓ𝑡+1 = 𝑐.

According to the construction, it can be examined that
((Γ𝑖, 𝑅𝑗,𝑖), (Γ𝑖+1, 𝑅𝑗,𝑖+1)) ∈ Δ

−
¬𝜂
𝑗

for each 𝑖. In addition, we have
𝑅𝑗,ℓ
𝑡

= 0 for each 𝑡 ≥ 0.
Taking all the above into account, by definition, we may

conclude that (𝑠𝑖, 𝑠𝑖+1) ∈ 𝜌𝜑 for every 𝑖 ≥ 0; hence 𝜎 is a fair
path ofT𝜑. According to the construction of Γ𝑖s, we have that
𝜋 = 𝐿𝜑(𝜎); hence 𝜋 ∈ L(T𝜑).
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mentation made tighter,” in Automated Technology for Verifi-
cation and Analysis (ATVA ’06), vol. 3299 of Lecture Notes in
Computer Science, pp. 64–78, Springer, Berlin, Germany, 2004.
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Generalized symbolic trajectory evaluation (GSTE) is a model checking approach and has successfully demonstrated its powerful
capacity in formal verification of VLSI systems. GSTE is an extension of symbolic trajectory evaluation (STE) to themodel checking
of 𝜔-regular properties. It is an alternative to classical model checking algorithms where properties are specified as finite-state
automata. In GSTE, properties are specified as assertion graphs, which are labeled directed graphs where each edge is labeled
with two labeling functions: antecedent and consequent. In this paper, we show the complement relation between GSTE assertion
graphs and finite-state automata with the expressiveness of regular languages and 𝜔-regular languages. We present an algorithm
that transforms a GSTE assertion graph to a finite-state automaton and vice versa. By applying this algorithm, we transform the
problem of GSTE assertion graphs implication to the problem of automata language containment. We demonstrate our approach
with its application to verification of an FIFO circuit.

1. Introduction

Generalized symbolic trajectory evaluation (GSTE) [1–4] is
a model checking approach which was originally developed
at Intel and has successfully demonstrated its powerful
capacity in formal verification of VLSI systems [1–7]. GSTE
is extended from the lattice-based symbolic trajectory evalu-
ation (STE) [8, 9] which can handle large industrial designs
[10–13]. The STE theory consists of a simple specification
language, a simulation-based model checking algorithm,
and a powerful quaternary abstraction algorithm. Though
STE is very efficient in automatic verification of large-scale
industrial hardware designs at both gate and transistor levels,
it has a limited specification language which only allows the
specification of properties over finite time intervals.

In GSTE, all 𝜔-regular properties can be expressed
and verified with space and time efficiencies comparable
with STE. Assertion graphs are introduced in GSTE as an
extension of STE specification language and are the key
to the usability of GSTE. An assertion graph is a labeled

directed graph where each edge is labeled with two labeling
functions: antecedent and consequent [3].The existing GSTE
theory provides an efficient model checking procedure for
verifying that a circuit obeys an assertion graph as well as
techniques based on abstract interpretation to combat state
space explosion [3, 7].

How to establish that one specification implies another
is a fundamental problem in formal verification. Hu et al.
[6, 7] proposed some algorithms to decide whether one
assertion graph implies another through building monitor
circuits. Yang and Seger [2] verified assertion graphs through
manually refining assertion graphs. Yang et al. [14] gave some
conditions under which the assertion graphs implication is
decided without reachability analysis if two assertion graphs
have the same graph structure. Sebastiani et al. [15] gave the
complement relation between an assertion graph and a finite-
state automaton. An assertion graph with 𝑛 states resulted in
a nondeterministic automaton with 3 ∗ 𝑛 states.

In this paper, we consider both finite-state automata that
accept regular languages and finite-state 𝜔-automata with
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Büchi acceptance conditions that accept𝜔-regular languages.
For a finite-state automaton over finite words, acceptance is
defined according to the last state visited by a run of the
automaton; while for a finite-state automaton with Büchi
acceptance conditions, there is no such “the last state” and
acceptance is defined according to the set of states that a run
visits infinitely often [16].

We present a theory on the complement relation between
GSTE assertion graphs and finite-state automata and an
algorithm which automatically transforms assertion graphs
to their equivalent finite-state automata, and vice versa. For
an assertion graph 𝐺, we construct a corresponding finite-
state automaton 𝑀𝐺 such that 𝐿∗(𝐺) = Σ

∗
− 𝐿
∗
(𝑀𝐺) and

𝐿
𝜔
(𝐺) = Σ

𝜔
− 𝐿
𝜔
(𝑀𝐺), the number of states in 𝑀𝐺 is only

twice asmany as that in𝐺, and a deterministic assertion graph
is transformed to a deterministic automaton. On the other
hand, for an arbitrary finite-state automaton𝑀, we construct
a corresponding assertion graph 𝐺𝑀 such that 𝐿∗(𝐺𝑀) =

Σ
∗
−𝐿
∗
(𝑀) and 𝐿𝜔(𝐺𝑀) = Σ

𝜔
−𝐿
𝜔
(𝑀), the number of states

inG𝑀 is the same as that in𝑀, and a deterministic automaton
is transformed to a deterministic assertion graph.

We apply the proposed theory and algorithm to the
GSTE assertion graphs implication problem by transforming
this problem to the automata language containment prob-
lem. Since, in many cases, assertion graphs are nondeter-
ministic, their corresponding finite-state automata are also
nondeterministic. This may cause exponential state space
blowups in checking automata language containment [16–
22]. We avoid such blowups in determining the implication
relation between a nondeterministic assertion graph and its
refinement derived following the refinement strategies given
in [2], by transforming the implication relation between
nondeterministic assertion graphs to the implication relation
between deterministic assertion graphs without adding any
states. This application is illustrated with a case study for
verifying correctness properties of an FIFO circuit.

The remainder of this paper is organized as follows.
In Section 2, we introduce the preliminaries of finite-state
automata andGSTE assertion graphs. In Section 3,we present
the transformation algorithm and prove its correctness. In
Section 4, we propose an application of the transformation
algorithm to determine the implication relation between
GSTE assertion graphs and demonstrate its effectiveness with
a case study. We conclude in Section 5.

2. Preliminaries

In this section, we give the definitions of finite-state automata
and GSTE assertion graphs and of their finite and infinite
languages.We also show that the fairness edge constraints for
GSTE assertion graphs [1] are equivalent to the fairness state
constraints.

Definition 1. A finite-state automaton 𝑀 is a tuple 𝑀 =

⟨𝑄, Σ, 𝐸, 𝐿𝐹, 𝑞0, 𝐹⟩, where𝑄 is a finite set of states, Σ is a finite
alphabet, 𝐸 is a set of directed edges over 𝑄, 𝐿𝐹 : 𝐸 → 2

Σ is
the labeling function for all edges, 𝑞0 ∈ 𝑄 is the initial state,
and 𝐹 is a subset of 𝑄 whose elements are called acceptance
states.

Definition 2. A finite word (or string)𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ Σ
∗ is

accepted by a finite-state automaton𝑀 (denoted as 𝑋⊨∗𝑀)
if there exists a path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 such that (𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸,
𝑞𝑛 ∈ 𝐹, and 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑞𝑖)), denoted as𝑋⊨𝐿𝐹𝜌.

Definition 3. An infinite word (or string) 𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ ∈

Σ
𝜔 is accepted by a finite-state automaton 𝑀 (denoted as

𝑋⊨𝜔𝑀) if there exists an infinite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ such
that (𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸, Inf(𝜌) ∩ 𝐹 ̸=0, where Inf(𝜌) is the set of
states occurring infinitely often in 𝜌, and 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑞𝑖)),
denoted as𝑋⊨𝐿𝐹𝜌.

Definition 4. The finite language 𝐿∗(𝑀) of 𝑀 is 𝐿∗(𝑀) =

{𝑋 ∈ Σ
∗
| 𝑋⊨∗𝑀}. The infinite language 𝐿𝜔(𝑀) of 𝑀 is

𝐿
𝜔
(𝑀) = {𝑋 ∈ Σ

𝜔
| 𝑋⊨𝜔𝑀}.

Definition 5. Given a finite-state automaton 𝑀 = ⟨𝑄, Σ, 𝐸,

𝐿𝐹, 𝑞0, 𝐹⟩, In(𝑞) and Out(𝑞) for 𝑞 ∈ 𝑄 are called the set
of incoming edges of 𝑞 and the set of outgoing edges of 𝑞,
respectively; that is, In(𝑞) = {(𝑞


, 𝑞) | (𝑞


, 𝑞) ∈ 𝐸} and

Out(𝑞) = {(𝑞, 𝑞) | (𝑞, 𝑞) ∈ 𝐸}.

Definition 6. If for all 𝑞 ∈ 𝑄 and for all 𝑒, 𝑒 ∈ Out(𝑞), 𝑒 ̸= 𝑒


and 𝐿𝐹(𝑒)∩𝐿𝐹(𝑒) = 0,𝑀 is called a deterministic finite-state
automaton (DFA). Otherwise,𝑀 is called a nondeterministic
finite-state automaton (NFA).

Traditionally, an NFA may have a set of initial states.
The expressiveness of an NFA with multiple initial states is
the same as that of an NFA with a unique initial state. The
transformation is easy.

Definition 7. An assertion graph 𝐺 is a tuple ⟨𝑄, Σ, 𝐸, 𝑞0, ant,
cons, 𝐹⟩, where𝑄 is a finite set of states, Σ is a finite alphabet,
𝐸 is a set of directed edges over 𝑄, ant : 𝐸 → 2

Σ and cons :
𝐸 → 2

Σ are the labeling functions for all edges, 𝑞0 ∈ 𝑄 is the
initial state, and𝐹 is a subset of𝑄 and elements of𝐹 are called
acceptance states.

Definition 8. A finite word (or string) 𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ Σ
∗

is accepted by an assertion graph 𝐺 (denoted as 𝑋⊨∗𝐺) if for
each finite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 with (𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸 (where
1 ≤ 𝑖 ≤ 𝑛) and 𝑞𝑛 ∈ 𝐹 such that 𝑋⊨ant𝜌 ⇒ 𝑋⊨cons𝜌, where
𝑋⊨ant𝜌 denotes 𝑥𝑖 ∈ ant((𝑞𝑖−1, 𝑞𝑖)) and 𝑋⊨cons𝜌 denotes 𝑥𝑖 ∈
cons((𝑞𝑖−1, 𝑞𝑖)) for 1 ≤ 𝑖 ≤ 𝑛. An infinite word (or string)
𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ ∈ Σ

𝜔 is accepted by 𝐺 (denoted as 𝑋⊨𝜔𝐺) if
for all infinite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ with (𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸 (where
𝑖 ≥ 1) and Inf(𝜌) ∩ 𝐹 ̸=0 such that 𝑋⊨ant𝜌 ⇒ 𝑋⊨cons𝜌. The
finite language 𝐿∗(𝐺) of 𝐺 is 𝐿∗(𝐺) = {𝑋 ∈ Σ

∗
| 𝑋⊨∗𝐺}. The

infinite language 𝐿𝜔(𝐺) of 𝐺 is 𝐿𝜔(𝐺) = {𝑋 ∈ Σ
𝜔
| 𝑋⊨𝜔𝐺}.

Remark 9. In [1], an assertion graph 𝐺 = ⟨𝑄, Σ, 𝐸, 𝑞0, ant,
cons, 𝐹𝑒⟩ has a set 𝐹𝑒 of acceptance (fair) edges. The final
edge of a finite path must be in 𝐹𝑒 and for an infinite path;
at least one edge in 𝐹𝑒 must appear in the path infinitely
often. This can be transformed to the above definitions by
the following construction. For any 𝑞 ∈ 𝑄, if the incoming
edges In(𝑞) have both acceptance edges and nonacceptance
edges, 𝑞 is substituted with 𝑞

 and 𝑞
 such that In(𝑞) =

In(𝑞) ∩ 𝐹𝑒, In(𝑞

) = In(𝑞) − In(𝑞); that is, the incoming
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Figure 1: Fair edges to fair states.

edges of 𝑞 are all acceptance edges, the incoming edges of 𝑞
are nonacceptance edges (See Figure 1). The outgoing edges
of 𝑞 and 𝑞

 are the same as the outgoing edges of 𝑞, and
the labeling function ant and cons are the same. All such 𝑞𝑠
are included the acceptance state set 𝐹 in the transformed
assertion graph.

Definition 10. Given an assertion graph 𝐺 = ⟨𝑄, Σ, 𝐸, 𝑞0, ant,
cons, 𝐹⟩, if for all 𝑞 ∈ 𝑄, for all 𝑒, 𝑒 ∈ Out(𝑞) and 𝑒 ̸= 𝑒

,
ant(𝑒)∩ant(𝑒) = 0,𝐺 is called a deterministic assertion graph
(DAG). Otherwise, 𝐺 is called a nondeterministic assertion
graph (NAG).

For any assertion graph 𝐺 = ⟨𝑄, Σ, 𝐸, 𝑞0, ant, cons, 𝐹⟩,
we can assume that 𝐺 is a nonrestarting assertion graph
(i.e., In(𝑞0) = 0); otherwise, we construct a nonrestarting
assertion graph 𝐺


= ⟨𝑄


, Σ, 𝐸

, 𝑞0, ant, cons, 𝐹


⟩ from 𝐺:

𝑄

= 𝑄 ∪ {𝑞


} (add a new state 𝑞 to 𝑄), In(𝑞) = {(𝑞, 𝑞


) |

(𝑞, 𝑞0) ∈ 𝐸)}, Out(𝑞) = {(𝑞

, 𝑞) | (𝑞0, 𝑞) ∈ 𝐸)}, ant((𝑞


, 𝑞)) =

ant((𝑞0, 𝑞)), cons((𝑞

, 𝑞)) = cons((𝑞0, 𝑞)), ant((𝑞, 𝑞)) =

ant((𝑞, 𝑞0)), cons((𝑞, 𝑞

)) = cons((𝑞, 𝑞0)). Basically, we copy

the edges and the related labeling functions ant and cons of
𝑞0 to 𝑞

 and delete the incoming edges of 𝑞0. The other edges
and labeling functions remain the same.

3. Transformations between GSTE Assertion
Graphs and Finite-State Automata

In this section, we present the transformations between a
GSTE assertion graph and a finite-state automaton. Given
an assertion graph 𝐺, we build a finite-state automaton 𝑀𝐺
such that 𝐿∗(𝐺) = Σ

∗
− 𝐿
∗
(𝑀𝐺) and 𝐿

𝜔
(𝐺) = Σ

𝜔
−

𝐿
𝜔
(𝑀𝐺). And if 𝐺 is a deterministic assertion graph, then

𝑀𝐺 is also a deterministic finite-state automaton. Let𝑀𝐺 =
⟨𝑄

, Σ, 𝐸

, 𝐿𝐹, 𝑞


0, 𝐹

⟩:

(1) 𝑄 = (𝑄 − {𝑞0}) × {0, 1} ∪ {(𝑞0, 0)}, 𝑞

0 = (𝑞0, 0);

(2) 𝐸 = {((𝑞1, 𝑘1), (𝑞2, 𝑘2)) | (𝑞1, 𝑞2) ∈ 𝐸; if 𝑘1 = 0,

then 𝑘2 ∈ {0, 1}; if 𝑘1 = 1, then 𝑘2 = 1} (See
Figure 2);

(3) 𝐿𝐹((𝑞1, 0), (𝑞2, 0)) = ant((𝑞1, 𝑞2)) ∩ cons((𝑞1, 𝑞2)),
𝐿𝐹((𝑞1, 0), (𝑞2, 1)) = ant((𝑞1, 𝑞2)) ∩ ¬cons((𝑞1, 𝑞2)),
𝐿𝐹((𝑞1, 1), (𝑞2, 1)) = ant((𝑞1, 𝑞2));

(4) 𝐹 = {(𝑞, 1) | 𝑞 ∈ 𝐹}.

Intuitively, 𝑀𝐺 is constructed to accept all strings (or
words) that are not accepted by 𝐺. Such a string (or word)
satisfies the antecedent of each edge traversed while violating
the consequent of at least of such edge.
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1
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Figure 2: Assertion graph to finite-state automaton.

Theorem 11. If 𝐺 is a DAG, then𝑀𝐺 is a DFA.

Proof. We prove the following two cases.
(i) For any state (𝑞, 1) in 𝑀𝐺 and any two outgoing

edges ((𝑞, 1), (𝑞1, 1)) and ((𝑞, 1), (𝑞2, 1)), 𝐿𝐹(((𝑞, 1), (𝑞1, 1))) ∩
𝐿𝐹(((𝑞, 1), (𝑞2, 1))) = ant((𝑞, 𝑞1))∩ ant((𝑞, 𝑞2)) (the construc-
tion of𝑀𝐺) = 0 (the definition of DAG).

(ii) For any state (𝑞, 0) in𝑀𝐺 and any two outgoing edges
((𝑞, 0), (𝑞1, 𝑘1)) and ((𝑞, 0), (𝑞2, 𝑘2)).

(a) If 𝑞1 = 𝑞2, then 𝑘1 = 0, 𝑘2 = 1, 𝐿𝐹(((𝑞, 0), (𝑞1, 0))) ∩
𝐿𝐹(((𝑞, 0), (𝑞1, 1))) = ant((𝑞, 𝑞1)) ∩ cons((𝑞, 𝑞1)) ∩
ant((𝑞, 𝑞1))∩¬cons((𝑞, 𝑞1)) (the construction of𝑀𝐺)
= 0.

(b) If 𝑞1 ̸=𝑞2, then 𝐿𝐹(((𝑞, 1), (𝑞1, 1))) ∩ 𝐿𝐹(((𝑞, 1),

(𝑞2, 1))) ⊆ ant((𝑞, 𝑞1)) ∩ ant((𝑞, 𝑞2)) (the construc-
tion of𝑀𝐺) = 0 (the definition of DAG).

Therefore,𝑀𝐺 is a DFA.

Theorem 12. 𝐿∗(𝑀𝐺) = Σ∗ − 𝐿∗(𝐺).

Proof. First, we show 𝐿
∗
(𝑀𝐺) ⊇ Σ

∗
− 𝐿
∗
(𝐺).

Suppose𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ Σ
∗
− 𝐿
∗
(𝐺).

Then there exists a finite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 in 𝐺 with
(𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸, 1 ≤ 𝑖 ≤ 𝑛 and 𝑞𝑛 ∈ 𝐹 such that 𝑥𝑖 ∈
ant((𝑞𝑖−1, 𝑞𝑖)) for 1 ≤ 𝑖 ≤ 𝑛; and ∃𝑙, 1 ≤ 𝑙 ≤ 𝑛, when 1 ≤ ℎ < 𝑙,
𝑥ℎ ∈ ant((𝑞𝑖−1, 𝑞𝑖)) ∩ cons((𝑞𝑖−1, 𝑞𝑖)), 𝑥𝑙 ∈ ant((𝑞𝑙−1, 𝑞𝑙)) ∩
¬cons((𝑞𝑖−1, 𝑞𝑖)).

Let a path 𝜌 of𝑀𝐺 be as follows:

𝜌

= (𝑞0, 0) (𝑞1, 0) ⋅ ⋅ ⋅ (𝑞𝑙−0, 0) (𝑞𝑙, 1) ⋅ ⋅ ⋅ (𝑞𝑛, 1) . (1)

Then 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘i)), where 𝑘𝑖 = 0 if 1 ≤ 𝑖 <

𝑙, 𝑘𝑖 = 1 if 𝑙 ≤ 𝑖 ≤ 𝑛; and (𝑞𝑛, 1) ∈ 𝐹
.

Therefore,𝑋 ∈ 𝐿
∗
(𝑀𝐺).

Second, we show 𝐿
∗
(𝑀𝐺) ⊆ Σ

∗
− 𝐿
∗
(𝐺).

Suppose𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ 𝐿
∗
(𝑀𝐺).

Then there exists a path as follows:

𝜌

= (𝑞0, 0) (𝑞1, 0) ⋅ ⋅ ⋅ (𝑞𝑙−0, 0) (𝑞𝑙, 1) ⋅ ⋅ ⋅ (𝑞𝑛, 1) , (2)

such that 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘𝑖)), where 𝑘𝑖 = 0 if 1 ≤ 𝑖 <

𝑙, 𝑘𝑖 = 1 if 𝑙 ≤ 𝑖 ≤ 𝑛; and (𝑞𝑛, 1) ∈ 𝐹
.

According to the construction of 𝑀𝐺 from 𝐺, we know
that 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 is a path of 𝐺; if 1 ≤ 𝑖 < 𝑙,
𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘𝑖)) = 𝐿𝐹((𝑞𝑖−1, 0), (𝑞𝑖, 0)) =

ant((𝑞𝑖−1, 𝑞𝑖)) ∩ cons((𝑞𝑖−1, 𝑞𝑖)) ⊆ ant((𝑞𝑖−1, 𝑞𝑖)).
𝑥𝑙 ∈ 𝐿𝐹((𝑞𝑙−1, 0), (𝑞𝑙, 1)) = ant((𝑞𝑙−1, 𝑞𝑙)) ∩ ¬cons((𝑞𝑙−1,

𝑞𝑙)), that is, 𝑥𝑙 ∈ ant((𝑞𝑙−1, 𝑞𝑙)), but 𝑥𝑙 ∉ cons((𝑞𝑙−1, 𝑞𝑙)).
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If 𝑙 < 𝑖 ≤ 𝑛, 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘𝑖)) = 𝐿𝐹((𝑞𝑖−1,

1), (𝑞𝑖, 1)) = ant((𝑞𝑖−1, 𝑞𝑖)).
Therefore,𝑋 ∉ 𝐿

∗
(𝐺).

Theorem 13. 𝐿𝜔(𝑀𝐺) = Σ𝜔 − 𝐿𝜔(𝐺).

Proof. First, we prove 𝐿𝜔(𝑀𝐺) ⊇ Σ𝜔 − 𝐿𝜔(𝐺).
Suppose𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ ∈ Σ

𝜔
− 𝐿
𝜔
(𝐺).

Then there exists an infinite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ in 𝐺 with
(𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸 and Inf(𝜌) ∩ 𝐹 ̸=0 such that 𝑥𝑖 ∈ ant((𝑞𝑖−1, 𝑞𝑖))
for 1 ≤ 𝑖; and ∃𝑙, 1 ≤ 𝑙, 𝑥𝑙 ∉ cons((𝑞𝑙−1, 𝑞𝑙)). Let a path
𝜌
 of 𝑀𝐺 be 𝜌


= (𝑞0, 0)(𝑞1, 0) ⋅ ⋅ ⋅ (𝑞𝑙−1, 0)(𝑞𝑙, 1)(𝑞𝑙+1, 1) ⋅ ⋅ ⋅ .

This path 𝜌
 will visit infinitely often every (𝑞, 1) ∈ 𝐹

 if
𝑞 ∈ Inf(𝜌) ∩ 𝐹. And 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘𝑖)), where
𝑘𝑖−1 = 0 if 1 ≤ 𝑖 ≤ 𝑙, 𝑘𝑖 = 1 if 𝑙 < 𝑖.

Thus𝑋 ∈ 𝐿
𝜔
(𝑀𝐺).

Second, we prove 𝐿𝜔(𝑀𝐺) ⊆ Σ
𝜔
− 𝐿
𝜔
(𝐺).

Suppose𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ ∈ 𝐿
𝜔
(𝑀𝐺).

Then there exists an infinite path 𝜌 = (𝑞0, 0)(𝑞1, 0) ⋅ ⋅ ⋅

(𝑞𝑙−1, 0)(𝑞𝑙, 1)(𝑞𝑙+1, 1) ⋅ ⋅ ⋅ in 𝑀𝐺 with (𝑞𝑖−1, 𝑞𝑖) ∈ 𝐸 and
Inf(𝜌) ∩ 𝐹 ̸=0 such that 𝑥𝑖 ∈ 𝐿𝐹((𝑞𝑖−1, 𝑘𝑖−1), (𝑞𝑖, 𝑘𝑖)), where
𝑘𝑖 = 0 if 1 ≤ 𝑖 < 𝑙, 𝑘𝑖 = 1 if 𝑙 ≤ 𝑖 ≤ 𝑛.

According to the construction of 𝑀𝐺 from 𝐺, we know
that 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ is a path of 𝐺, and Inf(𝜌) ∩ 𝐹 ̸=0;
𝑥𝑖 ∈ ant((𝑞𝑖−1, 𝑞𝑖)) for 1 ≤ 𝑖, and 𝑥𝑙 ∈ ant((𝑞𝑙−1, 𝑞𝑙)) ∩
¬cons((𝑞𝑙−1, 𝑞𝑙)), that is, 𝑥𝑙 ∉ cons((𝑞𝑙−1, 𝑞𝑙)).

Therefore,𝑋⊭𝜔𝐺, that is,𝑋 ∈ Σ
𝜔
− 𝐿
𝜔
(𝐺).

Given a finite-state automaton 𝑀 = ⟨𝑄, Σ, 𝐸, 𝐿𝐹, 𝑞0,

𝐹⟩, build an assertion graph 𝐺𝑀 as 𝐺𝑀 = ⟨𝑄, Σ, 𝐸, 𝑞0, ant,
cons, 𝐹⟩ where ant(𝑒) = 𝐿𝐹(𝑒), cons(𝑒) = 0 for all 𝑒 ∈ 𝐸. This
construction is the same as the construction proposed in [15].

Theorem 14. 𝐿∗(𝐺𝑀) = Σ
∗
− 𝐿
∗
(𝑀) and 𝐿𝜔(𝐺𝑀) = Σ

𝜔
−

𝐿
𝜔
(𝑀).

Proof. Directly from the construction of 𝐺𝑀 and the lan-
guage definitions in [15].

Theorem 15. If𝑀 is a DFA, then 𝐺𝑀 is a DAG.

Proof. Directly from the construction of 𝐺𝑀 and the deter-
ministic definition.

4. Application to GSTE Assertion
Graphs Implication

4.1. Transforming GSTE Assertion Graphs Implication to
Automata Language Containment. The complement relation
between an assertion graph and a finite-state automaton can
be applied to determine the implication relation between
assertion graphs by transforming the GSTE assertion graphs
implication to the finite-state automata language contain-
ment.

Definition 16. Given two assertion graphs 𝐺1 and 𝐺2,
𝐺1⇒∗𝐺2 if and only if 𝐿∗(𝐺1) ⊆ 𝐿

∗
(𝐺2) and 𝐺1⇒𝜔𝐺2 if and

only if 𝐿𝜔(𝐺1) ⊆ 𝐿
𝜔
(𝐺2).

Let 𝑀∗𝑐 be an automaton whose finite language is the
complement of the finite language of an automaton 𝑀; that

is, 𝐿∗(𝑀∗𝑐) = Σ
∗
− 𝐿
∗
(𝑀). Let𝑀𝜔𝑐 be an automaton whose

infinite language is the complement of the infinite language
of an automaton𝑀; that is, 𝐿𝜔(𝑀𝜔𝑐) = Σ𝜔 − 𝐿𝜔(𝑀).

Theorem 17. 𝐺1⇒∗𝐺2 iff 𝐿∗((𝑀𝐺
1

)
∗𝑐
×𝑀𝐺

2

) = 0.
𝐺1⇒𝜔𝐺2 iff 𝐿𝜔((𝑀𝐺

1

)
𝜔𝑐
×𝑀𝐺

2

) = 0.

Proof. (𝐺1⇒∗𝐺2) ⇔ 𝐿
∗
(𝐺1) ⊆ 𝐿

∗
(𝐺2) ⇔ 𝐿

∗
(𝑀𝐺

1

) ⊇

𝐿
∗
(𝑀𝐺

2

) ⇔ 𝐿
∗
((𝑀𝐺

1

)
∗𝑐
×𝑀𝐺

2

) = 0.
(𝐺1⇒𝜔𝐺2) ⇔ 𝐿

𝜔
(𝐺1) ⊆ 𝐿

𝜔
(𝐺2) ⇔ 𝐿

𝜔
(𝑀𝐺

1

) ⊇

𝐿
𝜔
(𝑀𝐺

2

) ⇔ 𝐿
𝜔
((𝑀𝐺

1

)
𝜔𝑐
×𝑀𝐺

2

) = 0.

InGSTE, because of its aggressive abstraction, abstraction
refinement is often necessary [2]. Verifying whether a circuit
𝐶 satisfies an assertion graph 𝐺, 𝐶 ⊨ 𝐺, using the GSTE
engine may produce false negative if 𝐺 is too abstract. Thus,
it is necessary to refine 𝐺 into a refined assertion graph 𝐺ref.
If we can verify 𝐶 ⊨ 𝐺

ref, then we can conclude 𝐶 ⊨ 𝐺. But
how can we guarantee that (𝐶 ⊨ 𝐺

ref
) ⇒ (𝐶 ⊨ 𝐺) if the

assertion graph is complex? We must establish 𝐺
ref

⇒ 𝐺.
We can verify 𝐺ref

⇒ 𝐺 by transforming it to an automata
language containment test usingTheorem 17.

A critical difficulty in checking the language containment,
𝐿(𝑀1) ⊆ 𝐿(𝑀2), is the construction of a complement finite-
state automaton𝑀𝑐2 of𝑀2. Complementing a nondetermin-
istic automaton with 𝑛 states resulted in an automaton with
2
2𝑂(𝑛) [23]. Some optimized complementing constructions
were introduced with 2

𝑂(𝑛 log 𝑛) [16–22]. However, the com-
plexity is still exponential.

Although we can transform deterministic assertion
graphs to deterministic finite-state automata, in many cases,
assertion graphs are nondeterministic. This may cause
state space blowups when checking language containment
between automata corresponding to these assertion graphs.
We observe that in determining the implication relation
between an assertion graph and its refinements constructed
using the refinement strategies in [2], we can transform
the nondeterministic assertion graph 𝐺 to deterministic
assertion graph 𝐺det by adding only one variable without
adding any states and then apply the refinements to 𝐺det. The
requirement of our method is that the refinements applied to
𝐺det will not cause nondeterminism. The refinement strate-
gies in [2] satisfy our requirement.The language containment
of deterministic finite state automata can be checked in
polynomial time [19]. Therefore, the state space blowup
problem can be avoided in determining the implication
relation between a refined assertion graph and an original
assertion graph.

For any given assertion graph 𝐺 = ⟨𝑄, Σ, 𝐸, 𝑞0, ant, cons,
𝐹⟩, let 𝐺ref be a refined assertion graph of 𝐺. If 𝐺 is a non-
deterministic assertion graph, we add an additional variable
“det” to constrain the overlapped antecedents of the outgoing
edges of every state in 𝐺 and the resulting assertion graph
is denoted as 𝐺det; that is, 𝐺det = ⟨𝑄, Σ × det, 𝐸, 𝑞0, ant ×
det, cons × det, 𝐹⟩. The value domain of “det” is from 1
to the maximal number 𝑛 that we need to distinguish the
overlapped antecedents of the outgoing edges of every state
in the assertion graph 𝐺, denoted as𝐷(det).
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Figure 3: Assertion graph determinization.

Figure 3 illustrates the determinization process: there are
three outgoing edges from state 𝑝: (𝑝, 𝑞1), (𝑝, 𝑞2), and (𝑝, 𝑞3).
Two of these three antecedents ant((𝑝, 𝑞2)) = {3, 4} and
ant((𝑝, 𝑞3)) = {3, 5} in Figure 3(a) are overlapped. So, it
is a non-deterministic transition. We constrain these two
antecedents by adding a variable “det” with a domain of {1, 2}
and changing ant((𝑝, 𝑞2)) to {3, 4}×{det = 1} and ant((𝑝, 𝑞3))
to {3, 5} × {det = 2} in Figure 3(b), the determinized
assertion graph 𝐺det. For simplification, the consequents and
the antecedents which are not needed to be constrained will
not be followed by ×det.

The projection of the (finite or infinite) language of
𝐺det is defined as 𝐿

∗
proj(𝐺det) = {𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ Σ

∗
|

∃𝑑𝑖 ∈ 𝐷(det), s.t. (𝑥1, 𝑑1)(𝑥2, 𝑑2) ⋅ ⋅ ⋅ (𝑥𝑛, 𝑑𝑛) ∈ 𝐿
∗
(𝐺det)},

𝐿
𝜔
proj(𝐺det) = {𝑥1𝑥2 ⋅ ⋅ ⋅ ∈ Σ

𝜔
| ∃𝑑𝑖 ∈ 𝐷(det), s.t. (𝑥1, 𝑑1)

(𝑥2, 𝑑2) ⋅ ⋅ ⋅ ∈ 𝐿
𝜔
(𝐺det)}.

Lemma 18. 𝐿∗(𝐺) = 𝐿∗proj(𝐺𝑑𝑒𝑡), 𝐿
𝜔
(𝐺) = 𝐿

𝜔
proj(𝐺𝑑𝑒𝑡).

Proof. First, suppose 𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ 𝐿
∗
(𝐺). For any

finite path 𝜌 = 𝑞0𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 in 𝐺det, it is also a path in 𝐺

according to the construction of 𝐺det (because it does not
change the graph structure of the assertion graph 𝐺). If
𝑋⊨ant𝜌, that is, 𝑥𝑖 ∈ ant((𝑞𝑖−1, 𝑞𝑖)) for 1 ≤ 𝑖 ≤ 𝑛, then
𝑋⊨cons𝜌, namely, 𝑥𝑖 ∈ cons((𝑞𝑖−1, 𝑞𝑖)) for 1 ≤ 𝑖 ≤ 𝑛.
According to the definition of 𝐺det, there exists 𝑑𝑖 ∈ 𝐷(det)
such that ant((𝑞𝑖−1, 𝑞𝑖)) × 𝑑𝑖 is the antecedent of the edge
(𝑞𝑖−1, 𝑞𝑖) in 𝐺det if there is a constraint det = 𝑑𝑖 for this
antecedent, or a subset of the antecedent of the edge
(𝑞𝑖−1, 𝑞𝑖) in 𝐺det if there is no constraint for this antecedent.
Therefore, 𝑋det = (𝑥1, 𝑑1)(𝑥2, 𝑑2) ⋅ ⋅ ⋅ (𝑥𝑛, 𝑑𝑛)⊨ant×det𝜌,
and 𝑋det⊨cons×det 𝜌 because there is no constraint for the
consequents. Thus, 𝑋det ∈ 𝐿

∗
(𝐺det). According to the

definition of the projection language of 𝐺det,𝑋 ∈ 𝐿
∗
proj(𝐺det).

Second, suppose that 𝑋 = 𝑥1𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ∈ 𝐿
∗
proj(𝐺det).

Then there exists 𝑑𝑖 ∈ 𝐷(det) such that 𝑋det = (𝑥1, 𝑑1)

(𝑥2, 𝑑2) ⋅ ⋅ ⋅ (𝑥𝑛, 𝑑𝑛) ∈ 𝐿
∗
(𝐺det), which implies that if (𝑥𝑖, 𝑑𝑖) ∈

ant((𝑞𝑖−1, 𝑞𝑖)) × 𝑑𝑖 for 1 ≤ 𝑖 ≤ 𝑛, then (𝑥𝑖, 𝑑𝑖) ∈

cons((𝑞𝑖−1, 𝑞𝑖))×det. And (𝑥𝑖, 𝑑𝑖) ∈ ant((𝑞𝑖−1, 𝑞𝑖))×𝑑𝑖 implies
𝑥𝑖 ∈ ant((𝑞𝑖−1, 𝑞𝑖)), (𝑥𝑖, 𝑑𝑖) ∈ cons((𝑞𝑖−1, 𝑞𝑖)) × det implies
𝑥𝑖 ∈ cons((𝑞𝑖−1, 𝑞𝑖)).

Therefore𝑋 ∈ 𝐿
∗
(𝐺).

Combining these two cases, we have 𝐿∗(𝐺) = 𝐿∗proj(𝐺det).
Similarly, 𝐿𝜔(𝐺) = 𝐿𝜔proj(𝐺det) is also true.

Theorem 19. (𝐺𝑟𝑒𝑓
𝑑𝑒𝑡

⇒ 𝐺𝑑𝑒𝑡) ⇒ (𝐺
𝑟𝑒𝑓

⇒ 𝐺).

Proof. (𝐺ref
det ⇒ 𝐺det) ⇔ (𝐿(𝐺

ref
det) ⊆ 𝐿(𝐺det)) (definition of

implication).

⇒ (𝐿proj(𝐺
ref
det) ⊆ 𝐿proj(𝐺det)) (definition of projection

language).
⇒ (𝐿(𝐺ref) ⊆ 𝐿(𝐺)) (Lemma 18).
⇒ (𝐺

ref
⇒ 𝐺) (definition of implication).

In the above proof, the language 𝐿(𝐺) can be finite
language 𝐿∗(𝐺) or infinite language 𝐿𝜔(𝐺). Thus,Theorem 19
holds for both finite and infinite languages, respectively.

4.2. Case Study. An FIFO is a common circuit within a
microprocessor design. The design requirements of an FIFO
can be fairly complex due to the variable lengths, different
rates of data throughput, and timing. Therefore, it makes
a good practice to verify the FIFO design against these
requirements. In general, the behavior of an FIFOmust meet
the following requirements: (1) correctness of full and empty
flags, and (2) enqueued data must be dequeued in the correct
order while maintaining uncorrupted data. The FIFO has 0
entry after the reset. If an enqueue only operation occurred,
the total number of entries increases by 1. On the other hand,
if a dequeue only operation occurred, the total number of
entries decreases by 1 when the number of entries is bigger
than 0. The empty flag is set when the number of entries is 0
and the full flag is set when contents reach the depth of the
FIFO.

An assertion graph of a 3-deep FIFO circuit is shown in
Figure 4 without determinization variable det.

The top part of the assertion graph specifies the number
of filled entries. However, it cannot guarantee whether the
enqueued data is corrupted or not. In order to overcome this
situation, an enqueued vector of distinct symbolic constants
is used at an arbitrary time as shown in the bottom portion of
the graph.

The assertion graph shown in Figure 4 without deter-
minization variable det has the potential problem of overap-
proximation. In order to overcome this problem, a refined
assertion graph shown in Figure 5 without determinization
variable det is introduced.

It unfolds the graph at the states where the precision is
lost.

Using the GSTE engine, we can verify the refined asser-
tion graph on the FIFO circuit. To conclude that the original
assertion graph also holds on the circuit, we must establish
that the refined assertion graph implies the original assertion
graph. Since both assertion graphs are non-deterministic, we
first determinize the original assertion graph. A variable “det”
whose domain is {1, 2} is added to determinize the original
assertion graph. We add “det = 1” in the antecedents on the
edges (𝑖-filled, (𝑖 + 1)-filled) and “det = 2” in the antecedents
on the edges (𝑖-filled, 𝑖-ahead), respectively, for 𝑖 = 0, 1, 2.
And We add “det = 1” in the antecedents on the edges
(𝑖-filled, 𝑖-filled) and “det = 2” in the antecedents on the
edges (𝑖-filled, (𝑖 − 1)-ahead), respectively, for 𝑖 = 1, 2. The
determinized assertion graph is shown in Figure 4. We then
refine the assertion graph in Figure 4 by applying the same
refinements that refine the original assertion graph to the
refined assertion graph and get the determinized and refined
assertion graph shown in Figure 5.
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Figure 4: Determinized assertion graph for FIFO.
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We select COSPAN [24, 25] as themodel checking engine
to perform language containment test. We code the automata
corresponding to the assertion graphs in Figures 4 and 5 in
S/R, the input language of COSPAN, and use COSPAN to
verify that the language of the automaton corresponding to
the assertion graph in Figure 4 is contained in the language
of the assertion graph in Figure 5. COSPAN establishes the
language containment using 0.156 megabytes memory and
0.02CPU seconds on a Pentium IV 2.8GHz computer.

5. Conclusion

In this paper, we have established the complement relation
between GSTE assertion graphs and finite-state automata
with expressiveness of regular languages and 𝜔-regular lan-
guages. We present an algorithm that transforms a GSTE
assertion graph to a finite-state automaton and vice versa.
Using this algorithm, we transform the problem of GSTE
assertion graphs implication to the problem of automata
language containment. We avoid the exponential state
space blowups in checking language containment of non-
deterministic finite-state automata when determining the
implication relation between a nondeterministic assertion
graph and its refinement derived following the refinement
strategies given in [2]. This avoidance is achieved by trans-
forming the implication relation between nondeterministic
assertion graphs to the implication relation between deter-
ministic assertion graphs without adding any states. This
application has been illustrated with a case study for verifying
properties of an FIFO circuit.
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Modeling and testing for parallel software systems are very difficult, because the number of states and execution sequences expands
significantly caused by parallel behaviors. In this paper, a model reduction method based on Coloured Petri Net (CPN) is shown,
which could generate a functionality-equivalent and trace-equivalent model with smaller scale. Model-based testing for parallel
software systems becomesmuch easier after themodel is reduced by the reductionmethod. Specifically, a formalmodel for software
system specification is constructed based on CPN. Then the places in the model are divided into input places, output places, and
internal places; the transitions in the model are divided into input transitions, output transitions, and internal transitions. Internal
places and internal transitions could be reduced if preconditions are matching, and some other operations should be done for
functionality equivalence and trace equivalence. If the place and the transition are in a parallel structure, then many execution
sequences will be removed from the state space. We have proved the equivalence and have analyzed the reduction effort, so that we
could get the same testing result with much lower testing workload. Finally, some practices and a performance analysis show that
the method is effective.

1. Introduction

Many software applications are parallel software systems. For
example, most of cloud computing software systems contain
parallel behaviors. However, parallel behaviors lead to the
number of states and execution sequences expanding signifi-
cantly. As a result, it is very difficult to validate correctness of
this kind of software.

Software testing technology is the primary means of
software correctness validation. Recently, the size of software
is rising significantly, so model-based software testing tech-
nology becomes a focus in software testing area [1, 2].

However, model-based testing technology for parallel
software systems has not been solved well. Many traditional
testing technologies cannot work effectively for parallel sys-
tems with masses of states.

Many formal languages, like Finite State Machine (FSM),
are not suitable for parallel softwaremodeling. FSMdescribes
system states and system messages directly, and it is very
difficult to build an FSMmodel for a parallel system, because
of its numerous states. Although testing methods based on
FSM models have been studied in depth [3], there is almost
no existing literature addresses on parallel system testing

based on FSM. To solve this problem, utilizing Coloured
Petri Net (CPN) models for software testing is a good choice.
CPN is better than many other formal languages for parallel
behaviors modeling. In CPN modeling, firing of transitions
andmoving of tokens directly express parallel behavior of the
system.

Many formal languages, like CPN and Input Output
Symbolic Transition System (IOSTS), could model parallel
software; however, testing methods based on these languages
could notworkwell because the number of states in themodel
is too large. In CPN modeling, state space diagram of the
model can be calculated automatically. The CPN model of a
parallel software system is usually simple, but the number of
states in its state space diagram is still very large, so traditional
testing methods on CPN could not work well because of the
large number of states.

In this paper, a model reduction method based on CPN
is shown, which could generate a function-equivalent and
trace-equivalent model with smaller scale. The aim of the
method is to get an external behavior equivalent model and
remove many internal places and transitions from the model,
cutting down the number of states, so that the number and
the size of execution sequences becomemuch smaller. So that



2 Journal of Applied Mathematics

model-based testing for parallel software systems becomes
much easier after the model is reduced by the method.

Specifically, a formal model for parallel software system
under testing is constructed by CPN tools, called system
model. In the model, places which match with input and
output ports are recorded, called input and output places,
or visible places; other places are called internal places.
Transitions which match with input and output behaviors
are recorded, called input and output transitions, or visible
transitions; other transitions are called internal transitions.
Internal places and internal transitions could be reduced
if preconditions are matching. In the process of reduction,
the place and the transition will be removed from the
model, and some arcs should be removed or redirected,
while some expression or function should be modified, so
that the reduced model is functionality equivalent and trace
equivalent to the original model.

There are three basic structures in CPNmodels, including
sequence structure, fork and joint structure, and parallel
and synchronization structure. The method is effective for
all of these structures. After reduction, the trace is equiv-
alent with the original model; the fork joint structure and
the parallel synchronization structure are reserved. Some
internal places and internal transitions will be removed
from the sequence structure model fragment or branches
of the fork joint structure and the parallel synchronization
structure model fragment. As a result, the number of states
of the model is reduced largely, so the number and the
size of execution fragments become much smaller. If the
place and the transition being removed are in a parallel
synchronization structure, then many execution sequences
will be removed from the state space, so that we could get
the same testing result with much lower testing workload.
So the reduction method is particularly effective for parallel
software testing.

The major contribution of this paper is to propose a CPN
model-based reduction method for parallel software testing,
which could reduce the model automatically. Model-based
testing for a parallel software system becomes much easier
after the model is reduced by the method. We have proved
the equivalence and have analyzed the reduction effort, so
that we could get the same testing result with much lower
testing workload. The method is effective for all kinds of
CPN models, including sequence structure, fork and joint
structure, and parallel and synchronization structure.

The rest of this paper is organized as follows. Section 2
shows the related work. Section 3 will give some definition
of key terms. Section 4 focuses on the model reduction
algorithm based on trace-equivalence principle, including
the description of the algorithm, the proof of the algorithm,
examples, and effort analysis of the algorithm. Section 5
describes some practical applications of the algorithm, and
we conclude the paper in last section.

2. Related Work

In recent years, there are many studies concerning model-
based software testing technology [1, 2]. However, there are

few notable studies about model-based testing for paral-
lel software, because the number of states and execution
sequences are very large caused by parallel behaviors. Many
formal languages, like FSM, are not suitable for parallel
software modeling. Although testing methods based on FSM
models have been studied in depth [3], there is almost
no existing literature that addresses parallel system testing
based on FSM. Many formal languages could model parallel
software; however, testing methods based on these languages
could not work because the number of states in the model is
too large. Overall, there are only a few literatures addressing
testing methods for parallel system, and the testing effect in
these literatures is not very good. For example, the literature
[4] is based on activity diagram of UML and shows a method
to test parallel behaviors about critical resource. However,
this method ignores the interleaving path coverage between
concurrent processes and only requires each process to cover
every resource for once.The testing coverage is relatively low,
so it is hard to get good testing results.

This paper argues model-based testing for parallel soft-
ware based on CPN, because CPN is very suitable for parallel
behaviors modeling. In some literatures, CPN is used in
modeling and analysis of railway network control logic, and
railway network is a typical parallel system.

There are some researches addressing testing based on
CPN; however, few of them are for parallel software, so their
testing effect for parallel software is not very good. Literature
[5] gives a relatively simple test case generation method,
which directly calculates the state reachable tree of system
model and generates test sequences based on traversal of tree;
literature [6] is based on a simple CPN model, constructs a
causal relationship net which is made up of key transitions,
and extracts test input and output to form a complete test
case; literature [7] shows sequence coverage criteria (branch
coverage, edge cover, etc.) and parallel coverage criteria
(interleaving node or edge coverage, etc.), and test sequences
are generated from randomwalk algorithm on the state space
of CPN model. Overall, these methods are based on simply
searching or traversal for the state space of CPN models. But
state spaces of parallel software systems are often large, so
these methods will generate many useless test sequences.

Modeling and testing for a parallel software system is
very difficult for all kinds of modeling languages. CPN is
suitable for parallel behavior modeling, but testing based
on CPN is very difficult too. The reason is that although
the CPN model of a parallel software system is usually with
small scale, but its state space is also very big caused by
parallel behaviors. To solve this problem, model reduction
technology becomes breakthrough. Model reduction process
generates an external behavior equivalentmodel with smaller
scale, so the number of system states and execution sequences
are reduced. There are some researches about reduction
method of Petri Nets models, and there are some researches
about reduction method of other formal modeling language
[8, 9], but there are few studies about reduction method of
CPNmodels. CPN is muchmore complex than Petri Nets, so
reduction method of CPN models is much more difficult.

In this paper, a CPN model reduction approach for
parallel software testing is proposed. In CPN-based testing
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for a parallel software system, many testing methods could
not work because its state space is too big; if the system
model is reduced by the reductionmethod of this paper, then
some testing methods will work well. So a trace-equivalent
reduction method is advantageous for model-based parallel
software testing.

3. Preliminaries

This section presents some key concepts in the CPN model
reduction approach for parallel software testing.

Definition 1. A Colored Petri Net is a nine-tuple CPN =

(𝑃, 𝑇, 𝐴, Σ, 𝑉, 𝐶, 𝐺, 𝐸, 𝐼), where

(1) 𝑃 is a finite set of places;
(2) 𝑇 is a finite set of transitions such that 𝑃 ∩ 𝑇 = Φ;
(3) 𝐴 ⊆ 𝑃 × 𝑇 ∪ 𝑇 × 𝑃 is a set of directed arcs;
(4) Σ is a finite set of nonempty color sets;
(5) 𝑉 is a finite set of typed variables, Type[V] ⊆ Σ for all

variables V ∈ 𝑉;
(6) 𝐶 : 𝑃 → Σ is a color set function that assigns a color

set to each place;
(7) 𝐺 : 𝑇 → EXPR𝑉 is a guard function that assigns a

guard to each transition 𝑡 such that Type[𝐺(𝑡)]=Bool;
(8) 𝐸 : 𝐴 → EXPR𝑉 is an arc expression function that

assigns an arc expression to each arc 𝑎 such that
Type[𝐸(𝑎)] = 𝐶(𝑝)MS, where 𝑝 is the place connected
to the arc 𝑎;

(9) 𝐼 : 𝑃 → EXPRΦ is an initialization function that assi-
gns an initialization expression to each place 𝑝 such
that Type[𝐼(𝑝)] = 𝐶(𝑝)MS.

In parallel software testing, the system is often divided
into two parts: implementation under test (IUT) and simulat-
ing test environment. Ports between the two parts are called
points of control and observation (PCOs), including input
PCOswhich senddata to IUTandoutput PCOswhich receive
data from IUT.

Definition 2. In CPNmodels, input places are corresponding
to input PCOs; output places are corresponding to output
PCOs; other places are all internal places. Input transitions
are successor of input places in the IUT part, so that firing
behavior of input transitions will move tokens out of input
places, representing input behaviors; output transitions are
successor of output places in the simulating test environment
part, so that firing behavior of output transitions will move
tokens out of output places, representing output behaviors;
other transitions are all internal transitions.

As shown in Figure 1, the system model called 𝑀 is
divided into two parts by a dotted line. The right part is IUT
and the left part is simulating test environment. The place
named a is an input place and its input transition is TA; the
place named b is an output place and its output transition is
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Figure 1: Example of system model.

TB.WhenTA is firing, tokens of awillmoving into IUT;when
TB is firing, tokens of b will moving out of IUT.

Definition 3. A testing-oriented Coloured Petri Net (ToCPN)
is a nine-tuple ToCPN = (𝑃, 𝑇, 𝐴, Σ, 𝑉, 𝐶, 𝐺, 𝐸, 𝐼), whose
definitions are all same as CPN.

(1) 𝑃 is partitioned into three sets 𝑃 = 𝑃Input ∪𝑃Output
∪ 𝑃Internal, where 𝑃Input is the set of places rep-
resenting input places, 𝑃Output is the set of places
representing output places, 𝑃Internal is the set of
places representing internal and invisible places, and
𝑃Input ∪𝑃Output is also called visible places.

(2) 𝑇 is partitioned into three sets 𝑇 = 𝑇Input ∪𝑇Output
∪𝑇Internal, where 𝑇Input is the set of transitions
representing input actions, 𝑇Output is the set of tran-
sitions representing output actions, 𝑇Internal is the
set of transitions representing internal and invisible
actions, and 𝑇Input ∪𝑇Output is also called visible
transitions.

(3) An input place in 𝑃Input must be a predecessor
of an input transition in 𝑇Input; an output place
in 𝑃Output must be a predecessor of an output
transition in 𝑇Output.

CPN Tools is a tool for editing, simulating, and analyzing
CPNs, which is originally developed by the CPN Group at
Aarhus University from 2000 to 2010. A CPN model will
be saved as an xml file by CPN tools. A ToCPN model is
also a CPN model. However, six sets should be recorded
additionally, including 𝑃Input, 𝑃Output, 𝑃Internal, 𝑇Input,
𝑇Output, and 𝑇Internal. We can edit a model in CPN Tools
and record these six sets in an additional file. Algorithms
in this paper will act on the xml file of CPN tools and the
addition file. ToCPN models of parallel software system are
called system models.
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Figure 2: State space of model in Figure 1.

Definition 4. For a place 𝑝 ∈ 𝑃, the set of predecessor transi-
tions of 𝑝 is called pred(𝑝); the set of successor transitions of
𝑝 is called succ(𝑝). Similarly, for a transition 𝑡 ∈ 𝑇, the set of
predecessor places of 𝑡 is called pred(𝑡); the set of successor
places of 𝑡 is called succ(𝑡).

As shown in Figure 1, pred(b) = {TF}, succ(b) = {TB},
pred(TF) = {h, i}, succ(TF) = {b}.
Definition 5. Amarking of CPNmodel is a functionmarking
that maps each place 𝑝 ∈ 𝑃 into a multiset of tokens Mark-
ing(𝑝) ∈ 𝐶(𝑝)MS.Marking describes tokens distribution in all
places at a time, that is, the system state at a time.

Definition 6. A transition firing behavior removes tokens
from its predecessor places and adds tokens to its successor
places. When a firing behavior 𝑡 occurs in a marking 𝑀1,
producing a new marking𝑀2, we say that the marking𝑀2 is
directly reachable from𝑀1 by the firing behavior 𝑡

.

Definition 7. The state space of a CPN model is a directed
graph with a node for each reachable marking and an arc for
each occurring firing behavior.

The state space of model in Figure 1 is shown in Figure 2.
Nodes named 1 to 7 are all of markings of the model; arcs
named 1 to 6 are all of transition firing behaviors of themodel.
Information of nodes and arcs is shown in rectangular boxes.

For example, in marking 1, only place a and place f have
tokens; arc1 represents the firing of TA with variable 𝑛 = 1,
leading to marking 1 transferring to marking 2.

Definition 8. An execution fragment of a model is a sequence
of alternatingmarkings and firing behaviors. So any sequence
in the directed graph of state space is an execution fragment.
An execution is an execution fragment starting in an initial
marking.

In a state space diagram, if we denote nodes as𝑀, denote
transitions as 𝑡, and denote transition firing behaviors as 𝑡,
then all executions and execution fragments appear as form
𝑀(𝑡

𝑀)
∗. All executions are in state space of the model.

As shown in Figure 2, there is only one execution in the
state space as follows:
𝑝 = 𝑀1TA


𝑀2TE


𝑀3TF


𝑀4TB


𝑀5TD


𝑀6TC


𝑀7. (1)

Definition 9. The transition firing behavior sequence of an
execution𝑝 is the projection of𝑝 on the set of transition firing
behaviors, called transition(𝑝).

As shown in Figure 2, transition(𝑝) = TATETFTB
TDTC.

Definition 10. A transition firing behavior is an input firing
behavior if its transition is in 𝑇Input, and it leads to token-
losing of places in𝑃Input. A firing behavior is an output firing
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Figure 3: Effect of the reduction algorithm.

behavior if its transition is in 𝑇Output, and it leads to token-
losing of places in𝑃Output. Input firing behaviors and output
firing behaviors are visible firing behaviors, and other firing
behaviors are invisible firing behaviors.

As shown in Figure 1, the firing of TA and the firing of TB
are visible firing behaviors; other firings are invisible firing
behaviors.

Definition 11. The trace of an execution 𝑝 is the projection of
𝑝 on the set of visible firing behaviors, called trace(𝑝). The
set of traces of a CPN model𝑀 is the set of all traces of all
executions of𝑀 and is denoted by traces(𝑀).

As shown in Figure 2, trace(𝑝) = TATB. There is only
one execution in the state space, so traces(𝑀) = {TATB}.

4. Model Reduction Method

In model-based parallel software testing, input and output
firing behaviors of the IUT are visible firing behaviors, and
other firing behaviors are all internal transitions, which are
invisible firing behaviors. So only visible firing behaviors
should be cared about when the software system is tested.
That is, we should input data to IUT according to input firing
behaviors and compare whether outputs of IUT are same as
output firing behaviors.

When an execution 𝑝 is tested, the trace(𝑝) represents
all input and output information flow of 𝑝, so the trace
of an execution is the key content of software testing. In the
example, input and output information of TATB is the
tested content when execution 𝑀1TA


𝑀2TE


𝑀3TF


𝑀4

TB𝑀5TD

𝑀6TC


𝑀7 is tested.

In CPN-based software testing, executions of the model
are sequences to be tested. If we could give testing sequences
by any generation method, like depth first search algorithm,
then traces of these testing sequences are content of testing.

However, for parallel software testing, the number of states
and executions are very large, so it is very difficult to get and
test all executions.

In this section, a CPNmodel reduction method based on
trace-equivalence principle is shown and applied on system
model𝑀. The aim of the method is to get an external behav-
ior equivalent model RM with smaller scale. Specifically,
RM is gained from𝑀 by many internal places and internal
transitions are removed, and traces(RM) = traces(𝑀). So the
number of states and executions will be cut down, and we
could complete the testing process with lower workload. The
testing result on RM is same as testing result on𝑀, because
traces(RM) = traces(𝑀). Before parallel software testing, we
could apply this model reduction method on system model,
and then the testing workload will be cut down and testing
result will be unchanged. In other words, testing for parallel
software systems becomes much easier after the model is
reduced by the method.

In a CPN model, there are three kinds of structures that
should be discussed, including sequence structure, fork and
joint structure, and parallel and synchronization structure.
If places and transitions are single-input and single-output,
it is sequence structure; if a place is multioutput, it is fork
structure; if a place is multi-input, it is fork and joint
structure; if a transition is multioutput, it is concurrency
structure; if a transition is multi-input, it is parallel and syn-
chronization structure. These structures should be discussed
when reduction.

When we reduce the model, the following four principles
should be complied.

(i) The connectivity of the model should be conformed
after reduction, so some arcs should be redirected.

(ii) The executability of the model should be conformed
after reduction, so variables of some arcs should be
changed.

(iii) Functions of places and transitions which are remov-
ed should be reserved in themodel, so these functions
should be added to other places and transitions which
are reserved. Some internal places or transitions
should not be removed. For example, fork points, joint
points, parallel points, synchronization points, and
transitions with guard should be reserved; otherwise,
some behaviors of the model may be changed.

(iv) After reduction, traces of the model should be equiv-
alent to the original model, and many internal places
and transitions should be removed, so the size of state
space should be cut down, and the number of states
and executions should be decreased.

In this section, the reduction algorithm and the proof of
the algorithm will be shown; some examples of the algorithm
will be given; effort analysis of the algorithm for three
structures will be discussed too.

4.1. Reduction Algorithm and Proof of the Algorithm. As
shown in Figure 3, the left part is a model fragment, and the
right part is the reduction result. We will reduce the model
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fragment complying with the four previous principles. The
aim of the reduction is that internal places and transitions
are removing, and the state space of the model is reduced the
number of states and executions are decreased, but traces of
the model are same as the original model. The algorithm is
shown in Algorithm 12.

Algorithm 12. Reduction algorithm based on trace-equiva-
lence.
Symbols. In the model fragment as shown in left part of
Figure 3, suppose that

places are called 𝑝1, 𝑝2, . . . , 𝑝5;
transitions are called 𝑇1, 𝑇2, . . . , 𝑇5;
arcs are called arc1, arc2, . . . , arc9.

Variables of arc𝑥 are called V(𝑥), and arc expression of
arc𝑥 is defined as function called 𝐹𝑥(V(𝑥)), where 𝑥 is a
number between 1 and 9.

Variables of transition 𝑇𝑥 are called V(𝑇𝑥), and guard of
transition 𝑇𝑥 is defined as function called 𝐺𝑇𝑥(),where 𝑥 is a
number between 1 and 5.

Initialization of place 𝑝𝑥 is defined as function called
𝐼𝑝𝑥(), where 𝑥 is number between 1 and 5.

Preconditions.𝑇3 is an internal transition and𝑝2 is an internal
place; 𝑇3 and 𝑝2 are single-input and single-output; guard of
𝑇3 is empty.

Step 1. Transition 𝑇3, place 𝑝2, arc5, and arc6 should be
removed; arc3 should start from 𝑇5.

Step 2. Operation V(3) = V(6) should be done, where symbol
“” represents the new version after reduction algorithm. In
other words, variables of arc3 should be changed to variables
of arc6 after reduction.

Step 3. Two operations should be done, as follows.

(1) Arc expression of arc3 should be changed as follows:

𝐹3

(V

(3)) = 𝐹3


(V (6))

= 𝐹3 (V (3) | 𝐹5 (V (5)) := 𝐹6 (V (6))) ;
(2)

(2) initialization of place𝑝2 should be changed as follows:

𝐼𝑝1

() = 𝐼𝑝1 () + +𝐹3 (V (3) | 𝐹5 (V (5)) := 𝐼𝑝2 ()) . (3)

Operator “|”represent that variables in left operand and
the same variables in right operand should have the same
value; operator “:=”represent that left operand and right
operand should have the same value.

Theorem 13. Reduction algorithm in Algorithm 12 is trace-
equivalent.

In other words, if CPNmodelM is reduced by Algorithm 12,
and RM is the result, then traces(M) = traces(RM).

If a fragment of the model matches the precondition of
Algorithm 12, then the algorithm will work, until no fragment
in the model matches the precondition. In other words, the

algorithm may be executed for many times, and many internal
places and transitions in𝑀 are removed.

Proof of Theorem 13. There are four properties that should
be proved: the connectivity of RM; the executability of
RM; the functionality-equivalence of𝑀 and RM; the trace-
equivalence of𝑀 and RM.
(1) Proof of the Connectivity. The connectivity is the precon-
dition of other properties.

In the reduction algorithm, an internal transition 𝑇3
and an internal place 𝑝2 will be removed. 𝑇3 and 𝑝2 are
single-input and single-output, specifically, pred(𝑝2) = {𝑇5},
succ(𝑝2) = {𝑇3}, pred(𝑇3) = {𝑝2}, succ(𝑇3) = {𝑝1}.

In Step 1, the transition 𝑇3, the place 𝑝2, the arc5, and the
arc6 are removed, and the arc3 is changed to be from 𝑇5 to
𝑝1. So the connectivity of RM is conformed.
(2) Proof of the Executability. In Step 1, the start of the arc3 is
changed from 𝑇3 to 𝑇5, so the arc3 will take part in the firing
of 𝑇5.

In Step 2, V(3) = V(6), variables of the arc3 in RM
are same as variables of the arc6 in 𝑀, so that 𝑇5 could be
banding, enabling, and firing in RM. So the executability of
RM is conformed.

(3) Proof of the Functionality Equivalence of RM and M. In
Step 1, the place 𝑝2 is removed, so tokens of the 𝑝2 should be
further processed, including two aspects: tokens gaining from
the firing of 𝑇5; initialization tokens of 𝑝2. So in the proof of
the functionality equivalence, there are two properties that
should be proved: tokens gaining from the firing of 𝑇5 are
equivalent; initialization tokens of 𝑝2 are equivalent.

(a) Proof of tokens gained from the firing of 𝑇5 are
equivalent.

In model 𝑀,𝑇3 and 𝑝2 are single-input and single-
output, and the guard of 𝑇3 is empty, so tokens gain from the
firing of 𝑇5 will move to 𝑝1 by three steps.

(i) Tokens will move into the place 𝑝2 when 𝑇5 is firing,
according to expressions of arc6.

(ii) Tokenswillmove out of the place𝑝2when𝑇3 is firing,
according to expressions of arc5.

(iii) Tokens will move into the place 𝑝1 when 𝑇3 is firing,
according to expressions of arc3.

In model RM, the place 𝑝1 is successor of the transition
𝑇5 by the arc3. In Step 3, arc expression of the arc3 is changed
as 𝐹3(V(3)) = 𝐹3(V(6)) = 𝐹3(V(3) | 𝐹5(V(5)) := 𝐹6(V(6))).
When 𝑇5 is firing, 𝐹3(V(3)) is calculated as follows.

(i) 𝐹6(V(6)) is calculated, and the result is the set of
tokens moving into the place 𝑝2 in𝑀.

(ii) 𝐹5(V(5)) := 𝐹6(V(6)) is calculated, and the result is the
set of tokens moving out of the place 𝑝2 in𝑀.

(iii) 𝐹3(V(3) | 𝐹5(V(5)) := 𝐹6(V(6))) is calculated, and the
result is the set of tokens moving into 𝑝1 in𝑀.

So 𝐹3(V(3)) = 𝐹3(V(3) | 𝐹5(V(5)) := 𝐹6(V(6))) makes
that when 𝑇5 is firing in RM, the result is same as expressions
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of arc6, arc5, and arc3 are all calculated in 𝑀. So tokens
gained from the firing of 𝑇5 are equivalent.

(b) Proof of initialization tokens of 𝑝2 is equivalent.
In model 𝑀,𝑇3 and 𝑝2 are single-input and single-

output, and the guard of 𝑇3 is empty, so initialization tokens
of 𝑝2 will move to 𝑝1 by two steps.

(i) Tokenswillmove out of the place𝑝2when𝑇3 is firing,
according to expressions of arc5.

(ii) Tokens will move into the place 𝑝1 when 𝑇3 is firing,
according to expressions of arc3.

Inmodel RM, initialization of place 𝑝1 should be changed
as 𝐼𝑝1() = 𝐼𝑝1() + +𝐹3(V(3) | 𝐹5(V(5)) := 𝐼𝑝2()). 𝐼𝑝1() is
calculated as follows.

(i) 𝐹5(V(5)) := 𝐼𝑝2() is calculated, and the result is the
set of initialization tokens moving out of 𝑝2 in𝑀.

(ii) 𝐹3(V(3) | 𝐹5(V(5)) := 𝐼𝑝2()) is calculated, and the
result is the set of tokens moving into 𝑝1 in𝑀.

So 𝐼𝑝1() = 𝐼𝑝1() + +𝐹3(V(3) | 𝐹5(V(5)) := 𝐼𝑝2())

makes that initialization tokens of 𝑝1 in RM are same as
initialization tokens of 𝑝1 and tokens of 𝑝1 gaining from
initialization tokens of 𝑝2 in 𝑀. So initialization tokens of
𝑝2 are equivalent.
(4) Proof of the Trace Equivalence of RM and𝑀. In model𝑀,
if an execution 𝐸1 contains a firing of𝑇3, then a firing of𝑇5 is
a must in the execution and before the firing of 𝑇3. Suppose
that 𝐸1 is as follows:

𝐸1 = 𝑀1𝑇1 ⋅ ⋅ ⋅𝑀𝑝𝑇𝑝𝑀𝑝+1𝑇𝑝+1 ⋅ ⋅ ⋅𝑀𝑝+𝑛−1

× 𝑇𝑝+𝑛−1𝑀𝑝+𝑛𝑇𝑝+𝑛𝑀𝑝+𝑛+1𝑇𝑝+𝑛+1 ⋅ ⋅ ⋅ ,

Transition (𝐸1) = 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+1 ⋅ ⋅ ⋅ 𝑇𝑝+𝑛−1𝑇𝑝+𝑛𝑇𝑝+𝑛+1 ⋅ ⋅ ⋅ .
(4)

In 𝐸1, 𝑝, 𝑛, and 𝑒 are positive integers, 𝑝 ≥ 1, 𝑛 ≥ 1, 𝑒 ≥
𝑝 + 𝑛 + 1; the firing of 𝑇3 is 𝑇𝑝+𝑛, and the firing of 𝑇5 is
𝑇𝑝. After 𝑇𝑝, 𝑇3 is enabling, and some other transitions may
be enabling too. So there may be firings of other transitions
between 𝑇𝑝 and 𝑇𝑝+𝑛, which are 𝑇𝑝+1 . . . 𝑇𝑝+𝑛−1.

In model RM, 𝑇5 moves tokens into place 𝑝1 directly, so
token gain of 𝑝1 in 𝑀𝑝+𝑛+1 will be acting in 𝑀𝑝+1, which
will not change the enabling and firing of 𝑇𝑝+1 . . . 𝑇𝑝+𝑛−1. The
reason is𝑇3 and 𝑝2 are single-input and single-output. So the
execution 𝐸1 will be changed as follows:

Transition (𝐸1) = 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+1 ⋅ ⋅ ⋅ 𝑇𝑝+𝑛−1𝑇𝑝+𝑛+1 ⋅ ⋅ ⋅ . (5)

The number of places in model RM is less than the
number of places in model 𝑀, so all markings of RM are
different from𝑀, but firings of transitions are the same. 𝑇𝑝+𝑛
is removed from 𝐸1, and other firings of transitions exist in
the original order. 𝑇3 is internal transition, so trace(𝐸1) =
trace(𝐸1).

So trances(RM) = trances(𝑀), and the trace equivalence
of RM and𝑀 is conformed.

In model 𝑀, there may be several executions that are
similar. In these executions, only the position of 𝑇𝑝+𝑛 is
different from each other. After reduction, these executions
are reduced into an execution. For example, in the following
sequences, 𝑇𝑝 is a firing of 𝑇5, and 𝑇𝑝+3 is a firing of 𝑇3:

Transition (𝐸1) = 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+1𝑇𝑝+2𝑇𝑝+3 ⋅ ⋅ ⋅ ,

Transition (𝐸2) = 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+1𝑇𝑝+3𝑇𝑝+2 ⋅ ⋅ ⋅ ,

Transition (𝐸3) = 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+3𝑇𝑝+1𝑇𝑝+2 ⋅ ⋅ ⋅ .

After reduction algorithm,

Transition (𝐸1) = Transition (𝐸2) = Transition (𝐸3)

= 𝑇1 ⋅ ⋅ ⋅ 𝑇𝑝𝑇𝑝+1𝑇𝑝+2 ⋅ ⋅ ⋅ .

(6)

So the reduction algorithm makes all markings of the
model become smaller; makes some markings be not in
the state space; makes some executions become shorter;
especially makes some executions be not in the state space.

4.2. Examples of the Reduction Algorithm. In this section,
two simple examples will show the execution process of the
algorithm and the effect of the algorithm on the state space.

4.2.1. Example to Show the Execution Process of the Algorithm.
In the model fragment of Figure 3 left, take the calculation of
𝐹3

(V(3)), for example, as follows.

Precondition. Consider

V (6) = {𝑎} , V (5) = {𝑏} , V (3) = {𝑏} ,

𝐹6 (V (6)) = 𝐹6 ({𝑎}) = if (𝑎 > 0) 𝑎∗2 else 𝑎∗10,
𝐹5 (V (5)) = 𝐹5 ({𝑏}) = 𝑏,

𝐹3 (V (3)) = 𝐹3 ({𝑏}) = if (𝑏 > 5) 𝑏∗2 else 𝑏∗10.

(7)

Calculation of 𝐹3(V(3)). Consider

V

(3) = V (6) = {𝑎} ,

𝐹3

(V

(3)) = 𝐹3 (V (3) | 𝐹5 (V (5)) := 𝐹6 (V (6)))

= 𝐹3 ({𝑏} | 𝐹5 ({𝑏}) := 𝐹6 ({𝑎}))

= 𝐹3 ({𝑏} | 𝐹5 ({𝑏}) := if (𝑎 > 0)

𝑎
∗
2 else 𝑎∗10)

= 𝐹3 ({𝑏} | 𝑏 := if (𝑎 > 0) 𝑎∗2 else 𝑎∗10)

= if (𝑏 > 5) 𝑏∗2 else 𝑏∗10,

(8)

where 𝑏 := if (𝑎 > 0)𝑎∗2 else 𝑎∗10.
Result of 𝐹3(V(3)). Consider

𝐹3

(V

(3)) = 𝐹3


({𝑎}) = if (𝑏 > 5) 𝑏∗2 else 𝑏∗10, (9)

where 𝑏:= if (𝑎 > 0) 𝑎∗2 else 𝑎∗10.
So in model RM, if 𝑇5 is firing with 𝑎 = 10, then 𝑝1 will

get 1000, and the result is same as model𝑀. Variables of arc3
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changed from {𝑏} to {𝑎}. Both {𝑎} and {𝑏} are in the function
of 𝐹3({𝑎}); however, {𝑎} is the real variable of the arc, and {𝑏}
is the temporary local variable of the function which is not
variable of arc for binding when transition firing.

The reduction algorithm could remove the internal place
and internal transition. After reduction, the connectivity and
executability of RM and the functionality equivalence of RM
and𝑀 are conformed.

4.2.2. Example to Show the Effect of the Algorithm on the State
Space. As shown in Figure 4, a simple software model𝑀 is
on the left of Figure 4, and the model after reduction is called
RM which is on the right of Figure 4. The transition TB is
internal transition; the place b is internal place; the guard of
TB is empty. After reduction, TB and b and arc4 and arc2 are
removed.

As shown in Figure 5, the state space diagram of 𝑀 is
on the left, and the state space diagram of RM is on the
right. In Figure 5, a node represents a marking; letters in a
node represent names of places with token at the marking;
letters on an arc represent the firing transition between two
markings. For example, the firing of transition TA transforms
the marking a into the marking b; in the marking a, only the
place a has token; in the marking bc, place b and place c have
tokens.

There are 4 executions in the state space of𝑀 as follows:

Transition (𝐸1) = TATBTDTCTD,

Transition (𝐸2) = TATBTCTDTD,

Transition (𝐸3) = TATCTBTDTD,

Transition (𝐸4) = TATCTDTBTD.

(10)

There are 2 executions in the state space of RM as follows:

Transition (𝐸1) = TATDTCTD,

Transition (𝐸2) = TATCTDTD.
(11)

The transition TB is internal transition, so trace(𝐸1)
= trace(𝐸1), trace(𝐸2) = trace(𝐸2), trace(𝐸3) = trace(𝐸2),
trace(𝐸4) = trace(𝐸2), and traces(𝑀) = traces(RM).

4.3. Effect Analysis of the Reduction Algorithm. In a CPN
model, there are three kinds of basic structures that should
be discussed, including sequence structure, fork and joint
structure, and parallel and synchronization structure. If
places and transitions are single-input and single-output, it
is sequence structure; if a place is multioutput, it is fork
structure; if a place is multi-input, it is joint structure; if
a transition is multioutput, it is concurrency structure; if a
transition is multi-input, it is synchronization structure.

The effects of the reduction algorithm used in all three
kinds of basic structures are good.
(1) Reduction of Sequence Structure. As shown in Figure 6,
a sequence structure model fragment is on the left. The
transition TB is internal transition; the place c is internal
place; the guard of TB is empty. All preconditions of the
algorithm are matching, so the sequence structure model
fragment could be reduced by the algorithm and the result
is on the right on Figure 6.

If the sequence structure model fragment is not in a
branch of a parallel structure, and then some executions in the
state space will become shorter, but the number of executions
will be unchanged; if the sequence structure model fragment
is in a branch of a parallel structure, then some executions
in the state space will become shorter, and the number of
executions will be smaller, like the example in Figure 4.

So the algorithm is effective for sequence structure model
fragment, and the effect of the reduction is determined by
whether the model fragment is in a parallel structure or
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not.The algorithm is especially effective for parallel structure
model.
(2) Reduction of Parallel and Synchronization Structure. As
shown in Figure 7, a parallel and synchronization structure
model fragment is shown on the left. TC is multioutput and
TA is multi-input; TB1, TB2, c1, and c2 are all internal; guards
of TB1 and TB2 are empty. Each of the two branches matches
the precondition of the algorithm, and two branches could
be reduced, respectively.The reduction result is shown on the
right of Figure 7.
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If visible places and transitions exist in a branch, then
visible places and transitions will be reserved after reduced;
if there is no visible place or transition in a branch, then only
a single place will be reserved in the branch after reduced, as
shown on the right of Figure 7.

The internal transitions and places in a parallel and
synchronization structuremodel fragment are removed, then
some executions in the state space will become shorter, and
the number of executions will be smaller, like the example in
Figure 4. Particularly, if there is no visible place or transition
in a branch, then only a single place will be reserved in the
branch after reduction, as shown on the right of Figure 7, and
then the number of executions in themodel will be 1. In other
words, the parallel behaviors are invisible outside, sowe could
reduce it to be happening at the same time, when TC is firing.

So the algorithm is especially effective for parallel and
synchronization structure model fragment, especially many
internal transitions and places matching the precondition
of the algorithm being in a branch of the parallel and
synchronization structure model.
(3) Reduction of Fork and Joint Structure. As shown in
Figure 8, a fork and joint structure model fragment is shown
on the left. The place d is multioutput and b is multi-
input; TB1, TB2, c1, and c2 are all internal; guards of TB1
and TB2 are empty. Each of the two branches matches the
precondition of the algorithm, and two branches could be
reduced, respectively. The reduction result is shown on the
right of Figure 8.

If visible places and transitions exist in a branch, then
visible places and transitions will be reserved after reduced; if
there is no visible place or transition in a branch, then only a
single transition will be reserved in the branch after reduced,
as shown on the right of Figure 7.
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The internal transitions and places in a fork and joint
structure model fragment are removed, and then some
executions in the state space will become shorter. If the
sequence structuremodel fragment is in a branch of a parallel
structure, then some executions in the state spacewill become
shorter, and the number of executions will be smaller, like the
example in Figure 4.

So the algorithm is effective for fork and joint structure
model fragment, and the effect of the reduction is determined
by whether the model fragment is in a parallel structure or
not.The algorithm is especially effective for parallel structure
model.

Three kinds of basic structures have been discussed, the
algorithm could be used in all of three situations, and its
effect on reduction is good. The reduction algorithm makes
allmarkings of themodel become smaller;makes somemark-
ings be not in the state space; makes some executions become
shorter; especially makes some executions be removed from
the state space, when the reduction is in a parallel structure
model. So the reduction algorithm is especially effective for
parallel software system testing.

5. Practical Applications of the Algorithm

In practice, a software tool has been built based on the
reduction algorithm. When the CPN model of the system
under testing is given, the tool could give a reduced model
automatically.

Several systems are tested based on the original model
and the reducedmodel, and practices show that testing based
on the reduced model is much more efficient.

In this section, a simple introduction of the tool is
given, and a testing performance contrast analysis is given,
and a BitTorrent (BT) software practical application of the
algorithm is shown.

5.1. Practices of the Algorithm. The processing of model
reduction and software testing is as follows.

(i) Before testing, the systemmodel is built byCPN tools,
and all information of themodel is saved as an xml file
by CPN tools.

(ii) Our software tool reads information from the xml
file and reconstructs all information into its own data
structure.

(iii) The tool will show all places and transitions of the
model in text areas, and user should divide the set
of 𝑃Input, 𝑃Output, 𝑃Internal, 𝑇Input, 𝑇Output, and
𝑇Internal. And the six sets are recorded in another
additional xml file.

(iv) The tool will traverse the model automatically, to
judge whether a transition and its predecessor place
are matching preconditions of the algorithm; if true,
the algorithm will be performed to the transition and
the place.

(v) Then the reduced model is calculated automatically,
and the state space diagram of the model is calculated
too.

P2 to P1

PACKET

Seed
Seed

P2 to SP1 to S

S to P1 S to P2

Peer1
Peer1

Peer2
Peer2

P1 to P2

PACKET

PACKET

PACKET

PACKET

PACKET

Figure 9: The top page of the BT software system.

(vi) The testing sequence generation algorithm is executed
on the state space diagram of the reduced model. In
the tool, the depth first algorithm is used as the testing
sequence generation algorithm.

The tool could give the testing sequences automatically,
and every testing sequence is an execution in the reduced
model. We could test the system according to the input and
output information in the testing sequence.

5.2. Testing Performance Analysis. For parallel software test-
ing, the reduction algorithm is very effective, because the
number of executions will be greatly reduced, and the traces
are equivalent. In other words, we could get the same test
effort with much lower workload.

Supposing that only one internal transition called TT
is reduced, and TT is in a parallel structure, when TT is
enabling, there are𝑚 transitions that are enabling too, where
𝑚 is a positive integer. If 𝑚 transitions are enabling in turn,
then𝑚 executionswill be reduced by the reduction of TT; if𝑚
transitions are enabling at the same time, then𝑚! executions
will be reduced by the reduction of TT. In practice, two types
of cases usually mixed, and then the effort is between 𝑚 and
𝑚!.

For one reduced transition, the more parallel behaviors
occurring at the same time, the more executions being
reduced by the reduction. For the system model, the more
transitions are reduced, the more executions will be reduced.
The effort of reduction is determined by the following two
factors:

(i) the number of transitions and places which match
preconditions of the algorithm;

(ii) the number of transitions which are enabled at the
same time of the reduced transition is enabled.

In practice of parallel system testing, the two numbers are
always big, so the effort of reduction is very good.

5.3. A BT Software Practical Application of the Algorithm.
BT protocol is a 𝑝2𝑝 file transfer protocol, which is typical
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Table 1: The reduction results of every page.

Peer1 Peer1-send Peer1-receive Peer2 Peer2-send Peer2-receive
Places reduced 2 1 3 2 1 3
Transition reducted 2 1 3 2 1 3

Table 2:The comparison of state reports before and after reduction.

Number of
markings in
state space

Number of
arcs in state

space

Status of state
space

Before reduction 3409 9414 Full
After reduction 1329 3620 Full
Markings reduced 2080
Arcs reduced 5794
Markings
reduction rate About 61%

Arcs reduction rate About 61.5%

parallel system. In the protocol, many clients download files
from each other. A software system based on BT protocol is
built, which is under testing.

First of all, a hierarchical CPN model based on the
requirement specification of the software is built. There are
3 layers and 7 pages in the model. For example, the top page
of the software system is shown in Figure 9, and the receive
page of a client in BT software system is shown in Figure 10.

Secondly, a test sequence generationmethod based on the
state space diagram of the model will be used [10], by which
test sequences related to a test purpose will be generated
automatically. However, the scale of state space diagram for
a parallel system is always big, so that the number and size
of testing sequences will be big too, and it is hard to get good
testing results.

The reduction algorithm is used for the model. Many
places and transitions and arcs are removed from the model,
which are matching preconditions of the algorithm. For
example, the receive page after reduction is shown in Fig-
ure 11. Transition bitmap and sendfile and sendindexp2 have
been removed; place gbitmap and getpiece and bitmap have
been removed; several arcs have been removed too. Other
transitions and places could not match preconditions of the
algorithm.

Several model elements are reduced in these model pages
except for the top page. Table 1 shows the reduction results of
every page, and Table 2 shows the comparison of state reports
before and after reduction.

Behaviors in the model are parallel with each other. As a
result, the number of model-elements being reduced is not
big, but the number of states is reduced very much. In other
words, the effect of reduction is good.

After reduction, the scale of state space diagram is
reduced, so that the number and size of testing sequences will
be small, and it is easy to get good testing results. We have
proved that traces of the reduced model are equivalent to the
original model, so we could get the same testing result with
much lower testing workload.

6. Conclusion

Model-based testing of parallel software systems plays a
significant role in software testing, which is quite difficult,
because the number of executions in the system is too big.
Many traditional testing methods cannot work effectively for
this kind of software.

In this paper, a CPN model reduction method based
on trace-equivalence principle is shown and applied on
system model. It could remove many internal transitions
and places and cut down the number of executions. The
method is effective for all kinds of CPN models, including
sequence structure, fork and joint structure, and parallel and
synchronization structure. The method makes all markings
of the model become smaller; makes some markings be not
in the state space; makes some executions become shorter;
especially makes some executions be removed from the state
space, when the reduction is in a parallel structure model.
So the reduction algorithm is especially effective for parallel
software system testing.

We have proved that traces of the reduced model are
equivalent to the original model, and the number of exe-
cutions is significantly reduced after reduction when the
reduction is in a parallel structure model fragment, and some
practices and a performance analysis have shown the effort
of reduction. So model-based testing for a parallel software
system becomes much easier after the model is reduced by
the method.
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Business process models are required to be in line with frequently changing regulations, policies, and environments. In the field of
intelligent modeling, organisations concern automated business process compliance checking as the manual verification is a time-
consuming and inefficient work. There exist two key issues for business process compliance checking. One is the definition of a
business process retrieval language that can be employed to capture the compliance rules, the other concerns efficient evaluation of
these rules. Traditional syntax-based retrieval approaches cannot deal with various important requirements of compliance checking
in practice. Although a retrieval language that is based on semantics can overcome the drawback of syntax-based ones, it suffers
from the well-known state space explosion. In this paper, we define a semantics-based process model query language through
simplifying a property specification pattern system without affecting its expressiveness. We use this language to capture semantics-
based compliance rules and constraints. We also propose a feasible approach in such a way that the compliance checking will not
suffer from the state space explosion asmuch as possible. A tool is implemented to evaluate the efficiency. An experiment conducted
on three model collections illustrates that our technology is very efficient.

1. Introduction

Business process models are valuable intellectual assets cap-
turing theways organisations conduct their business. Current
business process management evolves increasingly fast due
to changing environments and emerging technologies. As a
result, organisations accumulate huge numbers of business
process models, and among these may be models with high
complexity. For example, Haier is one of the largest Chinese
consumer electronics manufacturers. Over the years, Haier
has gathered more than 4,000 process models from various
domains, including purchase, financing, distribution, and
service. In this context, support for business process manage-
ment, for example, for the purposes of knowledge discovery
and process reuse, faces real challenges. In order to stand
a competitive advantage, one of these challenges concerns
business process compliance checking tomake sure that busi-
ness processes are in line with frequently changing business

environments and legal regulations. This problem has also
gradually emerged as an important branch of intelligentmod-
eling.There are two key issuesmust be addressed for automat-
ed business process compliance checking. One is a retrieval
language that can be employed to capture compliance rules,
the other is the efficient evaluation of compliance checking.

In recent years, there are some query languages have been
proposed to retrieve process models in repositories, such
as BP-QL [1] and BPMN-Q [2]. In [3], BPMN-Q was also
used to capture compliance rules. But these languages are
based on syntax (structure) of process models, rather than on
semantics of them. While in the syntax of a process model,
a directed path connecting a task A and a task B does not
mean that during execution task A will always occur before
task B. Let us consider, for example, the three process models
in Figure 2. Among of them, rectangles represent tasks,
arcs represent sequential dependencies between tasks, while
diamonds represent choices (if each of the diamonds has one
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Figure 1: Three variants of a business process for opening bank accounts.

Receive
customer
request

Analyse
customer

credit history“Leads to”

Figure 2: A query written in BPMN-Q.

input arc and multiple output arcs) and merges (if each of
the diamonds has multiple input arcs and one output arc).
These models represent three variants of a business process
for opening an account in the BPMN notation [4]. These
three variants could specify the way an account is opened
in three different states in which the company conducts its
business and could be part of a repository of hundreds, even
thousands of process models for all states in which the bank
operates.Next, let us take BPMN-Qas an example to illustrate
the drawback of syntax-based languages. A rule written in
BPMN-Q uses a directed edge connecting two activities to
represent that these two activities are executed in order (in
just some executions of a process). For example, the BPMN-Q
query, as shown in Figure 2, can specify the compliance rule
that task “receive customer request” must always be followed
by task “analyse customer credit history” in some process
executions. But if an analyst requires to retrieve processes
where in every process execution task “receive customer
request” always occurs before task “analyse customer credit
history,” BPMN-Q cannot capture this kind of requirements.
Thus, after executing the query in Figure 2, we would retrieve
the first and the third processes, since in both process (a)
and process (c), there exists at least one process execution
in which if task “receive customer request” occurs, then task
“analyst customer credit history” would eventually occur.
However, according to the requirement, process (c) does not
belong to the result as process (c) has an execution where
that task “receive customer request” always precedes task
“analyst customer credit history” does not hold (the process
execution where task “open VIP account” is run). As a result,

the problem of BPMN-Q is that people cannot knowwhether
all of the process executions of a resulting process satisfy the
requirement, or just some of them satisfy the requirement.
This issue is very important in reuse of business processes,
automatic modeling, and verification. For example, in reuse
of business process, people often need to know whether there
are some process executions that fail to satisfy a requirement,
with the goal to check the reason and modify these process
executions. Therefore, in order to yield correct result, we
have to explore every process execution of every process in
a repository, which is indeed based on semantics.

As we can see from the example, syntax-based retrieval
languages are not powerful enough. In fact, retrieval tech-
nologies based on semantics are indeed in line with process
execution and therefore are more intuitive to ordinary users
who are not necessarily experts in business process man-
agement (BPM). A semantics-based process model query
language should capture two types of requirements: (1) it
can specify various semantic relationships between tasks; (2)
it can explicitly specify that these relationships hold in just
some process execution or in every process execution.

In light of the previous, in this paper, we aim to address
two questions. One is that how many the semantic relation-
ships between tasks are enough; the other is that the evalua-
tion of semantics-based compliance rules requires to explore
every process execution of a process model, which suffers
from the well-known state space explosion problem.

In [5], a property specification pattern system (SPS) has
been proposed for finite-state verification by Dwyer and
so forth. SPS consists of 5 basic patterns and 5 scopes,
which results in 5 × 5 = 25 LTL formulae. In this paper, we
significantly simplify SPS without affecting its expressiveness
through formal logic reasoning. After this simplification,
there are only 3 basic LTL formulae from which the rest
formulae can be deduced. A retrieval language for expressing
semantics-based compliance rules is based on this simplified
SPS. With respect to the evaluation of semantics of process
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models, we proposed a feasible technology which can extract
every execution of a business process model. In such a way,
the state space explosion can be avoided as much as possible.
We achieve this by adopting the theory of complete finite
prefixes (CFP) [6] and its improvements [7]. Moreover, a
tool is implemented to evaluate the performance of our
technology over three collections of Petri nets. For the three
collections, two are obtained from practice, and the third is a
much larger one and obtained by artificially generating.

The remainder of this paper is organized as follows. In
Section 2 we simplify SPS to define a process model retrieval
language for specifying compliance rules. While in Section 3
the basic concepts of Petri nets, unfolding, and CFP are
presented. In Section 4, we detail the mechanism of efficient
semantics-based compliance checking. Next, in Section 5
we illustrate the tool implementation and report on the
performance evaluation over three processmodel collections.
Finally, we discuss related work in Section 6 and conclude the
paper in Section 7.

2. Language

As discussed in Section 1, a language is needed for specifying
semantics-based compliance rules. This language should be
powerful enoughwhile being not too complex. In this section,
we will simplify the SPS to obtain a core pattern system
from which the rest patterns and scopes of SPS can be
derived. Then we present the formal definition of a new
query language, namely, “a semantics-based process query
language” (ASBPQL), based on this core pattern system.

2.1. LTL Formulae. Linear temporal logic (LTL) is a widely
used formalism for specifying properties of concurrent,
finite-state systems. In this subsection, we use LTL to reason
about the core of SPS.

Definition 1 (linear temporal logic formulae). The formulae
of linear temporal logic are built from a finite set of atomic
propositions 𝑃, the logical operators ¬, ∧, and ∨, and the
temporal modal operators ⃝and 𝑈. Formally, the set of LTL
formulae over 𝑃 can be inductively defined as follows:

(i) both true and false are LTL formulae;
(ii) for all 𝑝 ∈ 𝑃, 𝑝 and ¬𝑝 are LTL formulae;
(iii) if 𝜑1 and 𝜑2 are both LTL formulae, then 𝜑1 ∧ 𝜑2, 𝜑1 ∨

𝜑2, ⃝𝜑1, 𝜑1𝑈𝜑2, and 𝜑1𝑅𝜑2 are LTL formulae.
The operator ⃝is read as “next” and denotes in the next
state.The operator 𝑈 is read as “until” and means that its first
argument has to hold until its second argument is true, where
it is required that the second argument holds eventually
(some literatures also define the weak until operator (𝑊)
which related to the strong until operator (𝑈) through the
following equivalences: 𝑊𝑞 ≡ (𝑝𝑈𝑞) ∨ 𝑝 ≡ 𝑝𝑈(𝑞 ∨ ◻𝑝) ≡

(◻𝑝) ∨ (𝑝 𝑈 𝑞) ≡ 𝑝 𝑈 (𝑞 ∨ ◻𝑝), 𝑝𝑈𝑞 ≡ ⬦𝑞 ∧ (𝑝 𝑊 𝑞)).
The operator 𝑅 is read as “releases” and is the dual of 𝑈. In
addition, two derived operators are in common use.They are
as follows:
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Figure 3: The pattern hierarchy and the scopes in SPS.

(i) ⬦ is read as “eventually,” ⬦𝜑 = 𝑡𝑟𝑢𝑒 𝑈 𝜑, which
requires that its argument be true eventually, that is,
at some states in the future;

(ii) ◻ is read as “always,” ◻𝜑 = 𝑓𝑎𝑙𝑠𝑒 𝑅 𝜑, which requires
that its argument be true at all future states.

2.2. Simplification. SPS consists of 5 basic patterns (the other
three patterns are defined based on them) and 5 scopes, as
shown in Figure 3. The intents of the 5 basic patterns are as
follows:

(i) Absence, a given task never occurs within a scope;
(ii) Universality, a given task occurs throughout a scope;
(iii) Existence, a given task occurs at least once within a

scope;

(iv) Precedence, a task 𝑃 occurs before a task 𝑇 within a
scope;

(v) Response, a task 𝑃must be followed by a task𝑇within
a scope.

The meanings of the five scopes are presented as follows:

(i) Globalmeans the entire extent of a process execution;

(ii) Before 𝐿 means the extent up to an occurrence of the
given task 𝐿 within a process execution;

(iii) After 𝑅 means the extent after an occurrence of the
given task 𝐿 within a process execution;

(iv) Between 𝐿 and 𝑅 means the part of a process execu-
tion from an occurrence of the task 𝐿 and that of the
task 𝑅;

(v) After 𝐿 until𝑅 is similar to the scopeBetween 𝐿 and 𝑅

except that the designated part of a process execution
continues if the task 𝑅 does not occur.
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Table 1: LTL formulae in SPS.

Pattern Scope LTL Formula Pattern Scope LTL Formula
Global ◻(¬𝑃) Global ◻𝑃

Before 𝑅 ⬦𝑅 → ((¬𝑃) 𝑈 𝑅) Before 𝑅 ⬦𝑅 → (𝑃 𝑈 𝑅)

Absence After 𝐿 ◻(𝐿 → ◻(¬𝑃)) Universality After 𝐿 ◻(𝐿 → ◻𝑃)

Between 𝐿 and 𝑅
◻((𝐿 ∧ (¬𝑅) ∧ ⬦𝑅) →

((¬𝑃) 𝑈 𝑅))
Between 𝐿 and 𝑅

◻((𝐿 ∧ (¬𝑅) ∧ ⬦𝑅) →

(𝑃 𝑈 𝑅)))

After 𝐿 until 𝑅
◻(𝐿 ∧ (¬𝑅) →

((¬𝑃) 𝑊 𝑅))
After 𝐿 Until 𝑅

◻((𝐿 ∧ (¬𝑅)) →

(𝑃 𝑊 𝑅)))

Global ⬦𝑃 Global (¬𝑃) 𝑊 𝑇

Before 𝑅 (¬𝑅) 𝑊 (𝑃 ∧ (¬𝑅)) Before 𝑅
⬦𝑅 →

((¬𝑃) 𝑈 (𝑇 ∨ 𝑅))

Existence After 𝐿 ◻(¬𝐿) ∨ ⬦(𝐿 ∧ ⬦𝑃) Precedence After 𝐿
◻(¬𝐿) ∨ ⬦(𝐿 ∧

((¬𝑃) 𝑊 𝑇))

Between 𝐿 and 𝑅

◻((𝐿 ∧ (¬𝑅)) →

((¬𝑅) 𝑊 (𝑃 ∧

(¬𝑅))))

(𝑇 precedes 𝑃) Between 𝐿 and 𝑅
◻((𝐿 ∧ (¬𝑅) ∧ ⬦𝑅) →

((¬𝑃) 𝑈 (𝑇 ∨ 𝑅)))

After 𝐿 until 𝑅
◻((𝐿 ∧ (¬𝑅)) →

((¬𝑅) 𝑈 (𝑃∧(¬𝑅))))
After 𝐿 until 𝑅

◻(𝐿 ∧ (¬𝑅) →

((¬𝑃) 𝑊 (𝑇 ∨ 𝑅)))

Global ◻(𝑃 → ⬦𝑇)

Before 𝑅 ⬦𝑅 → (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑈 𝑅

Response After 𝐿 ◻(𝐿 → ◻(𝑃 → ⬦𝑇))

(𝑃 responds 𝑇) Between 𝐿 and 𝑅 ◻((𝐿 → (¬𝑅) ∧ ⬦𝑅) → (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑈 𝑅)

After 𝐿 until 𝑅 ◻((𝐿 ∧ (¬𝑅)) → (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅)

As shown in Table 1, for each scope there is an LTL formu-
la corresponding to a pattern, which results in 25 formulae.

Next, we provide proofs that the SPS can be simplified
from 5 patterns and 5 scopes to only 3 patterns (Absence, Exis-
tence, and Precedence) and 1 scope (After 𝐿 until 𝑅). This can
significantly reduce the number of formulae from 25 to 3.

First, we take pattern Absence as an example to prove that
scope Before 𝑅 can be derived from scope After 𝐿 until 𝑅.
According to the semantics of LTL, if 𝐿 is always true, that is,
◻𝐿, scope Before 𝑅 can be derived from scope After 𝐿 until
𝑅, that is, ◻𝐿 ∧ ◻(𝐿 ∧ (¬𝑅)) → ((¬𝑃) 𝑊𝑅) ⇒ ⬦𝑅 →

((¬𝑃) 𝑈 𝑅). Now we prove that this proposition holds.

Proposition 2. Consider◻𝐿∧◻(𝐿∧(¬𝑅)) → ((¬𝑃) 𝑊 𝑅) ⇒

⬦𝑅 → ((¬𝑃) 𝑈 𝑅).

Proof. By contradiction, assume (◻𝐿 ∧ ◻(𝐿 ∧ (¬𝑅)) →

((¬𝑃) 𝑊 𝑅)) ∧ ¬(⬦𝑅 → ((¬𝑃) 𝑈 𝑅)):

(1) ¬((¬ ⬦ 𝑅) ∨ ((¬𝑃) 𝑈 𝑅)) (by assumption),
(2) ◻𝐿 (given),
(3) ◻((𝐿 ∧ (¬𝑅)) → ((¬𝑃) 𝑊 𝑅)) (given),
(4) ⬦𝑅 ∧ ¬(⬦𝑅 ∧ ((¬𝑃)𝑊 𝑅)) (by (1)),
(5) ⬦𝑅 ∧ (¬(⬦𝑅) ∨ ¬((¬𝑃) 𝑊 𝑅)) (by (4)),
(6) (⬦𝑅 ∧ ¬(⬦𝑅)) ∨ (⬦𝑅 ∧ ¬((¬𝑃) 𝑊 𝑅)) (by (5)),
(7) ⬦𝑅 ∧ ¬((¬𝑃) 𝑊 𝑅) (by (6)),
(8) ⬦R (by (7)),
(9) ¬((¬𝑃) 𝑊 𝑅) (by (7)),

(10) 𝐿 ∧ (¬𝑅) → ((¬𝑃) 𝑊 𝑅) (by (3)),
(11) 𝐿 (by (2)),
(12) (¬𝑅) → ((¬𝑃) 𝑊 𝑅) (by (10), (11)),
(13) 𝑅 (by (9), (12)),
(14) ¬𝑃 𝑈 𝑅 (by (13)),
(15) ¬(((¬𝑃) 𝑊 𝑅) ∨ ◻(¬𝑃)) (by (9)),
(16) ¬((¬𝑃) 𝑈 𝑅) (by (15)).

By (14), (16), we get a contradiction. So, we conclude that
proposition ◻𝐿 ∧ ◻(𝐿 ∧ (¬𝑅)) → ((¬𝑃) 𝑊 𝑅) ⇒ ⬦𝑅 →

((¬𝑃) 𝑈 𝑅) holds.

Next, if 𝑅 is always false, that is, ◻(¬𝑅), we can prove that
for patternAbsence the formula corresponding to scopeAfter
𝐿 can be derived from the formula corresponding to scope
After 𝐿 until 𝑅.

Proposition 3. Consider ◻(¬𝑅) ∧ ◻((𝐿 ∧ (¬𝑅)) →

((¬𝑃) 𝑊 𝑅)) ⇒ ◻(𝐿 → ◻(¬𝑃)).

Proof. One has

(1) ◻(¬𝑅) (given),
(2) ◻((𝐿 ∧ (¬𝑅)) → ((¬𝑃) 𝑊 𝑅)) (given),
(3) ¬𝑅 (by (1)),
(4) 𝐿 ∧ (¬𝑅) → ((¬𝑃) 𝑊 𝑅) (by (2)),
(5) 𝐿 → ((¬𝑃) 𝑊 𝑅) (by (3), (4)),
(6) 𝐿 → (((¬𝑃) 𝑈 𝑅) ∨ ◻(¬𝑃)) (by (5)),
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(7) ¬(⬦𝑅) (by (1)),
(8) ¬(⬦𝑅) ∨ (¬((¬𝑃) 𝑊 𝑅)) (by (7)),
(9) ¬(⬦𝑅 ∧ ((¬𝑃) 𝑊 𝑅)) (by (8)),
(10) ¬((¬𝑃) 𝑈 𝑅) (by (9)),
(11) 𝐿 → ◻(¬𝑃) (by (6), (10)),
(12) ◻(𝐿 → ◻(¬𝑃)) (by (11)).

Next, we prove that if 𝑅 holds eventually, that is, ⬦𝑅, we
canderive the formula corresponding to scopeBetween𝐿 and
𝑅 from the formula corresponding to scope After 𝐿 until 𝑅.

Proposition 4. Consider ⬦𝑅 ∧ ◻((𝐿 ∧ (¬𝑅)) →

((¬𝑃) 𝑊 𝑅)) ⇒ ◻((𝐿 ∧ (¬𝑅) ∧ ⬦𝑅) → ((¬𝑃) 𝑈 𝑅)).

Proof. One has

(1) ◻((𝐿 ∧ (¬𝑅)) → ((¬𝑃) 𝑊 𝑅)) (given),
(2) 𝐿 ∧ (¬𝑅) → ((¬𝑃) 𝑊 𝑅)) by (1),
(3) ⬦𝑅 (given),
(4) 𝐿 ∧ (¬𝑅) ∧ ⬦𝑅 → ((¬𝑃) 𝑊 𝑅) ∧ ⬦𝑅 (by (2), (3)),
(5) 𝐿 ∧ (¬𝑅) ∧ ⬦𝑅 → ((¬𝑃) 𝑈 𝑅) (by (4)),
(6) ◻(𝐿 ∧ (¬𝑅) ∧ ⬦𝑅 → ((¬𝑃) 𝑈 𝑅)) (by (1), (5)).

Now we have proved that the formulae corresponding to
three scopes (After 𝐿, Before 𝑅, and Between 𝐿 and 𝑅) can
be derived from the formulae corresponding to scope After
𝐿 until 𝑅. If 𝐿 always holds and 𝑅 always does not hold, that
is, ◻𝐿 ∧ ◻(¬𝑅), the formula corresponding to scope Global
can be derived from that of scope After 𝐿 until 𝑅. This proof
is straightforward and is easy to be reasoned about. For page
limit, we do not present it in this paper.

Next, we prove that only pattern Absence, Existence, and
Precedence are core patterns, the rest patterns in SPS can be
derived from these three patterns. Firstly, when we replace
¬𝑃 in the formulae corresponding to pattern Absence with
𝑃, and the formulae corresponding to pattern Universality
can be derived. Pattern Absence and Universality are dual of
each other. Next, we present as follows the explicit proofs of
the derivation of pattern Response from pattern Absence and
Existence, in scope After 𝐿 until 𝑅. Lemmas 5 and 6 will be
used in this reasoning.

Lemma 5. Consider (¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅)) ⇔ ((¬𝑅) 𝑈 (𝑃 ∧

(¬𝑅))) 𝑊 𝑅.

Proof. One has

(⇒)

(¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅))

⇒ ((¬𝑅) 𝑈 (¬𝑅)) ∧ ((¬𝑅) 𝑈 𝑃)

⇒ ◻ (¬𝑅) ∧ ((¬𝑅) 𝑈 𝑃)

⇒ ((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅))) 𝑊 𝑅

(⇐)

((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅))) 𝑊 𝑅

⇒ (((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅))) 𝑈 𝑅)

∨ ◻ ((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅)))

⇒ (⬦𝑅 ∧ ((¬𝑅) 𝑊 (𝑃 ∧ (¬𝑅))))

∨ ((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅)))

⇒ ⬦𝑅 ∧ ((¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅)))

⇒ (¬𝑅) 𝑈 (𝑃 ∧ (¬𝑅)) .

(1)

Lemma 6. Consider ((¬𝑃) 𝑊 𝑅) ∨ ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅))) ⇒

(𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅.

Proof. By Lemma 5,

((¬𝑃) 𝑊 𝑅) ∨ ((¬𝑅) 𝑈 (𝑇 ∧ ¬𝑅))

⇐⇒ ((¬𝑃) 𝑊 𝑅) ∨ ((¬𝑅) 𝑈 (𝑇 ∧ ¬𝑅)) 𝑊 𝑅

⇐⇒ ((¬𝑃) ∨ ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅

⇐⇒ (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅.

(2)

Proposition7. Consider◻((𝐿∧(¬𝑅) → ((¬𝑃) 𝑊 𝑅)∧◻((𝐿∧

(¬𝑅) → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) ⇒ ◻((𝐿 ∧ (¬𝑅)) → (𝑃 →

((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅.

Proof. One has
(1) ◻(𝐿 ∧ (¬𝑅) → (¬𝑃) 𝑊 𝑅) (given),
(2) 𝐿 ∧ (¬𝑅) → (¬𝑃) 𝑊 𝑅 (by (1)),
(3) ◻((𝐿 ∧ (¬𝑅)) → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) (given),
(4) 𝐿 ∧ (¬𝑅) → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅))) (by (3)),
(5) 𝐿 ∧ (¬𝑅) → ((¬𝑃) 𝑊 𝑅) ∨ ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))

(by (2), (4)),
(6) 𝐿 ∧ (¬𝑅) → (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅 (by

Lemma 6),
(7) ◻((𝐿 ∧ (¬𝑅)) → (𝑃 → ((¬𝑅) 𝑈 (𝑇 ∧ (¬𝑅)))) 𝑊 𝑅)

(by (6)).

Finally, we obtain a simplified pattern system that consists
of only 3 patterns (Absence, Existence, and Precedence) and
one scope (After ⋅ ⋅ ⋅ until), as shown in Figure 4. As we can
see, this simplified pattern system is far more concise than
SPS.

2.3. Syntax. Based on the simplified SPS, we can define the
basic relationships between tasks in ASBPQL. One is Exis-
tence, and the other is Precedence. And two other relation-
ships are in very common use in business process manage-
ment. One is Exclusive, and the other is Concurrence. As
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Figure 4: The simplification of SPS.

discussed in Section 1, after defining the basic semantic rela-
tionships between tasks, we have to determine whether these
relationships hold in just some process executions or in every
process execution of a business process. Combining with
all these considerations, we can define 6 basic predicates to
capture the occurrence of tasks and the relationships between
tasks in some or every process execution. In the following, the
first two basic predicates, posoccur and alwoccur, capture the
occurrence of a given task in some or every process execution
of a process model. These two basic predicates are based on
pattern Existence:

(1) 𝑝𝑜𝑠𝑜𝑐𝑐𝑢𝑟(𝑡1, 𝑟): there exists some executions of
process model 𝑟 where at least one instance of 𝑡1
occurs,

(2) 𝑎𝑙𝑤𝑜𝑐𝑐𝑢𝑟(𝑡1, 𝑟): in every execution of process
model 𝑟, at least one instance of 𝑡1 occurs.

The next two basic predicates, concur and exclusive, cap-
ture the concurrent and exclusive relationships between tasks,
respectively. Note that these two basic predicates do not
assume that an instance of 𝑡1 and 𝑡2 should eventually occur:

(3) 𝑒𝑥𝑐𝑙𝑢𝑠𝑖V𝑒(𝑡1, 𝑡2, 𝑟): 𝑡1 and 𝑡2 are both executable
tasks (i.e., not dead tasks) of process model 𝑟; in every
process execution of 𝑟, it is never possible that an
instance of 𝑡1 and an instance of 𝑡2 both occur;

(4) 𝑐𝑜𝑛𝑐𝑢𝑟(𝑡1, 𝑡2, 𝑟): 𝑡1 and 𝑡2 are both executable tasks
of process model 𝑟; 𝑡1 and 𝑡2 are not causally related;

and in every execution of 𝑟, if an instance of 𝑡1 occurs,
then an instance of 𝑡2 occurs and vice versa.

The last two basic predicates, pospred and alwpred,
capture the basic relationship Precedence between tasks in
some or every process execution of a given process model,
respectively:

(5) 𝑎𝑙𝑤𝑝𝑟𝑒𝑑(𝑡1, 𝑡2, 𝑟): in every process execution of
process model 𝑟, it holds that an instance of 𝑡1 occurs
before an instance of 𝑡2;
(6)𝑝𝑜𝑠𝑝𝑟𝑒𝑑(𝑡1, 𝑡2, 𝑟): there exists some process execu-
tions of processmodel 𝑟where an instance of 𝑡1 occurs
before an instance of 𝑡2.

Finally, we define ASBPQL by BNF grammar. A Query
in ASBPQL is a Condition. The result of the Query is
those process models that satisfy the Condition. A Condi-
tion can consist of ⟨𝑇𝑎𝑠𝑘⟩“𝑝𝑜𝑠𝑜𝑐𝑐𝑢𝑟, ” with the intended
semantics what the basic predicate 𝑝𝑜𝑠𝑜𝑐𝑐𝑢𝑟(𝑡1, 𝑟) specifies,
a ⟨𝑇𝑎𝑠𝑘⟩“𝑎𝑙𝑤𝑜𝑐𝑐𝑢𝑟, ” with the intended semantics what the
basic predicate 𝑎𝑙𝑤𝑜𝑐𝑐𝑢𝑟(𝑡1, 𝑟) specifies, and a ⟨𝑇𝑎𝑠𝑘𝑅𝑒𝑙⟩,
with the intended semantics that all processmodels satisfying
that particular relation between tasks must be retrieved, or
it can be recursively defined as a binary or unary Condi-
tion through the application of logical operators, that is,
⟨𝐵𝑖𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ or ⟨𝑈𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩. Specifically, a disjunction
retrieves the union of the process models of the conditions
involved, while a conjunction retrieves the intersection. The
negation of a condition retrieves the process models that do
not satisfy the condition. A task can be defined as its label
which is a string as follows:

⟨𝑄𝑢𝑒𝑟𝑦⟩ ::= ⟨𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩

⟨𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ::= ⟨𝑇𝑎𝑠𝑘⟩ “𝑝𝑜𝑠𝑜𝑐𝑐𝑢𝑟” |⟨𝑇𝑎𝑠𝑘⟩ “𝑎𝑙𝑤𝑜𝑐𝑐𝑢𝑟”|

⟨𝑇𝑎𝑠𝑘𝑅𝑒𝑙⟩ |⟨𝐵𝑖𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩| ⟨𝑈𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ,

⟨𝑇𝑎𝑠𝑘⟩ ::= “““ ⟨𝑇𝑎𝑠𝑘𝐿𝑎𝑏𝑒𝑙⟩ ”””,

⟨𝑇𝑎𝑠𝑘𝐿𝑎𝑏𝑒𝑙⟩ ::= “ (∼ [”]) + ”,

⟨𝑇𝑎𝑠𝑘𝑅𝑒𝑙⟩ ::= ⟨𝑇𝑎𝑠𝑘⟩ ⟨𝑇𝑎𝑠𝑘𝐶𝑜𝑚𝑝𝑂𝑝⟩ ⟨𝑇𝑎𝑠𝑘⟩ ,
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⟨𝑇𝑎𝑠𝑘𝐶𝑜𝑚𝑝𝑂𝑝⟩ ::= “𝑐𝑜𝑛𝑐𝑢𝑟” | “𝑒𝑥𝑐𝑙𝑢𝑠𝑖V𝑒” | “𝑝𝑜𝑠𝑝𝑟𝑒𝑑” | “𝑎𝑙𝑤𝑝𝑟𝑒𝑑”,

⟨𝐵𝑖𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ::= ⟨𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ⟨𝐵𝑖𝑛𝐿𝑜𝑔𝑖𝑐⟩ ⟨𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ,

⟨𝐵𝑖𝑛𝐿𝑜𝑔𝑖𝑐⟩ ::= “𝑎𝑛𝑑” | “𝑜𝑟”,

⟨𝑈𝑛𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ ::= “𝑛𝑜𝑡” ⟨𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛⟩ .

(3)

Using ASBPQL, we can capture the semantics-based
compliance rules in which we are interested, including the
relationship between tasks and the occurrence of tasks in
some or every process execution. For example, rule “A”
pospred “B” and “B” alwpred “C”mean that we want to search
for all process models where in some process execution task
A occurs before task B and in every execution task B occurs
before task C.

3. Petri Nets and Unfoldings

In this section, we discuss the basic concepts of Petri nets
and unfolding on which we base our work. For more details,
readers can refer to [8] for an in-depth introduction to
Petri nets and to [6, 7, 9, 10] for unfolding and its related
definitions.

3.1. Petri Nets. Petri nets are a formal notation system which
can be employed to specify workflow systems (see, e.g., [11,
12]). Petri nets are also used as a formal foundation for defin-
ing the semantics of other process modeling languages or for
reasoning about process models specified in these languages,
for example, BPMN [13], BPEL [14, 15], and EPCs [16]. A
formal definition of Petri nets is presented as follows.

Definition 8 (Petri nets). A Petri net is a tuple (𝑃, 𝑇, 𝐹), where

(i) 𝑃 is a finite set of places;
(ii) 𝑇 is a finite set of transitions, with 𝑃 ∩ 𝑇 = 0 and

𝑃 ∪ 𝑇 ̸= 0;
(iii) 𝐹 ⊆ (𝑃 × 𝑇) ∪ (𝑇 × 𝑃) is a finite set of directed arcs

representing the flow relation, connecting transitions
and places together.

The conditions that the sets of places and transitions
should be finite and that every transition has at least one
input place and at least one output place derive from [7]. For
notational convenience we adopt a commonly used notation,
where ∙𝑛 represents all the inputs of a node 𝑛 (which can be a
place or a transition) and 𝑛∙ captures all its outputs.

Next, a labeled Petri net is basically a Petri net with
annotated transitions and the annotation does not affect the
semantics of the net.

Definition 9 (Labeled Petri nets). A labeled Petri net is a tuple
(𝑃, 𝑇, 𝐹, 𝐴, 𝐿), where

(i) (𝑃, 𝑇, 𝐹) is a Petri net;
(ii) 𝐴 is a finite set of task names;

(iii) 𝐿 : 𝑇 → 𝐴 ∪ {𝜏} is a label mapping function for 𝑇,
where 𝜏 ∉ 𝐴 is a silent action (i.e., an action not visible
to the outside world).

A marking of a Petri net is an assignment of tokens to its
places. A marking represents a state of the net, and a transi-
tion, if enabled, may change a marking into another marking,
thus capturing a state change, by firing.

Definition 10 (marking, enabling, and firing of a transition).
Let 𝑃𝑁 = (𝑃, 𝑇, 𝐹) be a Petri net.

(i) A marking 𝑀 of 𝑃𝑁 is a mapping 𝑀 : 𝑃 → N. A
marking may be represented as a collection of pairs,
for example, {(𝑝0, 2), (𝑝1, 3), (𝑝2, 0)} or as a vector, for
example, 2𝑝0+3𝑝1 (in that case we drop places that do
not have any tokens assigned to them). A labeled Petri
net system is a labeled Petri net with an initial marking
usually represented as 𝑀0.

(ii) Markings can be comparedwith each other,𝑀1 ≥ 𝑀2
if and only if for all 𝑝 ∈ 𝑃, 𝑀1(𝑝) ≥ 𝑀2(𝑝). Similarly,
one can define >, <, ≤, =.

(iii) A transition 𝑡 is enabled in a marking 𝑀, denoted
as 𝑀

𝑡
→, if and only if the following holds: ∀𝑝 ∈

∙𝑡, 𝑀(𝑝) > 0.
(iv) A transition 𝑡 that is enabled in a marking 𝑀 may fire

and change marking 𝑀 into 𝑀
. This is denoted as

𝑀
𝑡
→ 𝑀
.

Themarkings of a Petri net system and the transition relation
between these markings constitute a state space. In this
paper we consider 𝑛-bounded Petri net systems (noting that
such systems are always finite) which are necessary for the
application of unfoldings.

Definition 11 (reachability and boundedness). Let Σ = (𝑃, 𝑇,

𝐹, 𝑀0) be a Petri net system.
(i) A marking 𝑀 is called reachable if a transition

sequence 𝜎 = 𝑡1 𝑡2 ⋅ ⋅ ⋅ 𝑡𝑛 exists such that 𝑀0

𝑡
1

→

𝑀1

𝑡
2

→ 𝑀2 ⋅ ⋅ ⋅
𝑡
𝑛

→ 𝑀, which may also be denoted as
𝑀0
𝜎
→ 𝑀 or, if the choice of 𝜎 does not really matter,

𝑀0
∗
→ 𝑀.

(ii) Σ is called a finite Petri net system if and only if its set
of reachable markings is finite.

(iii) Σ is called 𝑛-bounded if and only if for every reachable
marking 𝑀 and every place 𝑝 ∈ 𝑃: 𝑀(𝑝) ≤ 𝑛.
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3.2. Unfolding. It is well known that Petri nets may suffer
from the state space explosion problem [17]. As such a naive
exploration of the state space, especially in the context of a
Petri net which allows highly concurrent behaviour, may not
be tractable. In order to deal with this,McMillan [6] proposed
a state space search technique based on the use of unfolding
(this techniquewas later on improved by Esparza et al. [7] and
is discussed in the next subsection). Unfoldings are applied
to 𝑛-bounded (or called 𝑛-safe in [7]) Petri net systems and
provide a method of searching the state space of concurrent
systems without considering all possible interleavings of
concurrent events. The concept of unfolding was firstly
introduced by Nielsen et al. [9] and later elaborated upon
by Engelfriet [10] using the term branching processes. In the
following we introduce the necessary concepts and notations
tomake this paper self-contained and to be able to build upon
this theory. Most of these defintions are adopted from [7].

Firstly, various types of relationship may hold between
pairs of nodes in a Petri net.

Definition 12 (node relations (based on [7])). Let 𝑃𝑁 = (𝑃, 𝑇,

𝐹) be a Petri net.

(i) 𝐹
+ is the irreflexive transitive closure of 𝐹, while 𝐹

∗

is its reflexive transitive closure. The partial orders
defined by these closures are denoted as < and ≤,
respectively. Hence, for example, 𝑥1 < 𝑥2 if and only
if (𝑥1, 𝑥2) ∈ 𝐹

+, and we say that 𝑥1 causally precedes
𝑥2.

(ii) If 𝑥1 < 𝑥2 or 𝑥2 < 𝑥1, then 𝑥1 and 𝑥2 are causally
related.

(iii) Nodes 𝑥1 and 𝑥2 are in conflict, denoted by 𝑥1#𝑥2, if
and only if there exist distinct transitions 𝑡1, 𝑡2 ∈ 𝑇

such that ∙𝑡1 ∩ ∙𝑡2 ̸= 0, 𝑡1 ≤ 𝑥1, and 𝑡2 ≤ 𝑥2. A node 𝑥

is in self-conflict if and only if 𝑥#𝑥.
(iv) Nodes 𝑥1 and 𝑥2 are concurrent, denoted as 𝑥1co 𝑥2,

if and only if 𝑥1 and 𝑥2 are neither causally related nor
in conflict.

The unfolding of a Petri net is an occurrence net, usually
infinite but with a simple, acyclic structure.

Definition 13 (occurrence net (based on [7])). An occurrence
net is a net 𝑁


= (𝐵, 𝐸, 𝐹), where

(i) 𝐵 is a set of conditions;
(ii) 𝐸 is a set of events, with 𝐵 ∩ 𝐸 = 0;
(iii) 𝐹 ⊆ 𝐵 × 𝐸 ∪ 𝐵 × 𝐸 such that (1) for all 𝑏 ∈ 𝐵, | ∙ 𝑏| ≤ 1,

(2) 𝐹 is acyclic; that is, 𝐹
+ is a strict partial order, and

(3) for all 𝑥 ∈ 𝐵 ∪ 𝐸 the set of nodes 𝑦 ∈ 𝐵 ∪ 𝐸 for
which 𝑦 < 𝑥 is finite;

(iv) No node is in self-conflict; that is, for all 𝑥 ∈ 𝐵 ∪ 𝐸,
¬(𝑥#𝑥).

We also adopt the notion of Min(𝑁

), as in [7], to denote

the set of minimal elements of 𝑁
 with respect to the strict

partial order 𝐹
+. As for transitions in Petri nets, we only

consider events that have at least one input and at least

one output condition. The minimal elements are therefore
conditions only, and intuitively Min(𝑁


) can be seen as an

initial marking of the net.

Definition 14 (branching process (based on [10])). A branch-
ing process of a Petri net system Σ = (𝑁, 𝑀0), with 𝑁 =

(𝑃, 𝑇, 𝐹), is a pair (𝑁

, ℎ), where

(i) 𝑁


= (𝐵, 𝐸, 𝐹) is an occurrence net;
(ii) ℎ : 𝑁


→ 𝑁 is a homomorphism which, follow-

ing [10], means that

(a) ℎ(𝐵 ∪ 𝐸) → (𝑃 ∪ 𝑇);
(b) ℎ ⊆ (𝐵 × 𝑃) ∪ (𝐸 × 𝑇); that is, conditions are
mapped to places and events to transitions;
(c) for every 𝑡 ∈ 𝑇, ℎ[∙𝑡] is a bijection between
∙𝑡 and ∙ℎ(𝑡), and ℎ[𝑡∙] is a bijection between 𝑡∙

and ℎ(𝑡)∙;
(d) ℎ[Min(𝑁


)] is a bijection between Min(𝑁


)

and {𝑝 ∈ 𝑃|𝑀0(𝑝) > 0};

(iii) for all 𝑒, 𝑒


∈ 𝐸, if ℎ(𝑒) = ℎ(𝑒

) and ∙𝑒 = ∙𝑒

, then
𝑒 = 𝑒
.

Note that the definition allows for infinite branching
processes. In [10] it is shown that, up to isomorphism, every
net systemhas a uniquemaximal branching process. For a net
system Σ, this unique process is referred to as the unfolding
of Σ and it is denoted as UnfΣ. For example, in Figure 5 the
Petri nets in (a) can be unfolded into the occurrence net in
(b). Note that in Figure 5(b) all (condition/event) nodes are
identified by integers and annotated by the corresponding
place or transition identifiers in Figure 5(a).

3.3. Complete Finite Prefix. The unfolding of a Petri net is
infinite when the net is cyclic, as, for example, UnfΣ in
Figure 5(b). In [6], McMillan proposed an algorithm for the
construction of a so-called truncated unfolding, which is
a finite initial part of an unfolding and contains as much
reachability information as the unfolding itself but may be
much larger than necessary. In [7], Ezparza et al. referred to
this truncated unfolding as complete finite prefix (CFP) and
proposed an improved algorithm for computing a minimal
CFP. For example, as illustrated in Figure 5(c) (the dashed
arcs should be ignored for the moment), FinΣ is a minimal
CFP of Σ. Note that in Figure 5(c) the tuple of conditions
positioned next to an event node represents the marking of
the net upon the occurrence of that event.

The main theoretical notions required to understand the
concepts of a CFP are that of configuration and local configu-
ration of events. Firstly, a configuration represents a possible
partially ordered run of the net.

Definition 15 (configuration [7]). A configuration 𝐶 of an
occurrence net 𝑁 = (𝐵, 𝐸, 𝐹) is a set of events, that is, 𝐶 ⊆ 𝐸,
satisfying the following two conditions:

(i) 𝐶 is causally downward closed, that is, (𝑒 ∈ 𝐶 ∧ 𝑒


≤

𝑒) ⇒ 𝑒


∈ 𝐶;
(ii) 𝐶 is conflict free, that is, for all 𝑒, 𝑒


∈ 𝐶 : ¬(𝑒#𝑒


).
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(c) The CFP FinΣ annotated with explicit
links from cut-off events to continuation
events

Figure 5: Illustration of unfolding and complete finite prefix using the Petri net Σ adapted from [7] (the net in (a) without 𝑠0, 𝑠8, 𝐴, and 𝐼 is
the same as the example net in Figure 1 in [7]).

Given a configuration 𝐶 the set of places 𝐶𝑢𝑡𝐶 represents a
reachable marking, which is denoted by 𝑀𝑎𝑟𝑘(𝐶). In other
word, 𝑀𝑎𝑟𝑘(𝐶) is the marking to reach by firing the config-
uration 𝐶. For example, in the unfolding UnfΣ in Figure 5(b)
we have 𝑀𝑎𝑟𝑘({2, 5, 7, 11, 17}) = {𝑠8}.

Definition 16 (cut [7]). Let Σ be a Petri net system, and let
(𝑁

, ℎ) be its unfolding.The set of conditions associated with

a configuration of 𝑁
 is called a cut and is defined as 𝐶𝑢𝑡𝐶 =

(Min(𝑁

) ∪ 𝐶∙) \ ∙𝐶. A cut uniquely defines a reachable

marking in Σ: 𝑀𝑎𝑟𝑘(𝐶) = ℎ(𝐶𝑢𝑡𝐶).

The concepts thus far can be used to introduce the unfold-
ing algorithm. In [7] a branching process (𝑁


, ℎ) of a Petri net

system Σ is specified as a collection of nodes.These nodes are
either conditions or events. A condition is a pair (𝑠, 𝑒)where 𝑒

is the input event of 𝑠, while an event is a pair (𝑡, 𝐵) where 𝑡 is
a transition and 𝐵 is its input conditions. A set of conditions
of a branching process is a coset if its elements are pairwise in
corelation. For example, in Figure 5(b) each of the node sets
{13, 14}, {15, 16}, {45, 46}, {47, 48}, {49, 50}, and {51, 52} is a
coset.

During the process of unfolding the collection of nodes
increases where the function 𝑃𝐸(𝑁


, ℎ) (which denotes the

possible extensions) is applied to determine the nodes to

be added. The possible extensions are given in the form of
event pairs (𝑡, 𝐵), where 𝐵 is a coset of conditions of (𝑁


, ℎ)

and 𝑡 is a transition of Σ such that (1) ℎ(𝐵) = ∙𝑡, and
(2) no event 𝑒 exists for which ℎ(𝑒) = 𝑡 and ∙𝑒 = 𝐵.
In the unfolding algorithm, nodes from the set of possible
extensions 𝑃𝐸(𝑁


, ℎ) are added to the unfolding of the net

till this set is empty (i.e., there are no more extensions).
In the complete finite prefix approach, it is observed that

a finite prefix of an unfolding may contain all reachability-
related information. The key to obtain a CFP is to identify
those events at which we can cease unfolding (e.g., events 12,
41, and 42 in FinΣ in Figure 5(c)) without loss of reachability
information. Such events are referred to as cut-off events,
and they are defined in terms of an adequate order on
configurations.

Definition 17 (adequate order [7]). Let Σ = (𝑃, 𝑇, 𝐹, 𝑀0) be
a Petri net system, and let ≺ be a partial order on the finite
configurations of one of its branching processes, then ≺ is an
adequate order if and only if

(i) ≺ is well founded;
(ii) for all configurations𝐶1 and𝐶2,𝐶1 ⊂ 𝐶2 ⇒ 𝐶1 ≺ 𝐶2;
(iii) the ≺ order is preserved in the context of finite exten-

sions; that is, if 𝐶1 ≺ 𝐶2 and 𝑀𝑎𝑟𝑘(𝐶1) = 𝑀𝑎𝑟𝑘(𝐶2),



10 Journal of Applied Mathematics

then if we extend𝐶1 with𝐸 to𝐶

1, andwe extend𝐶2 to

𝐶

2 by using an extension isomorphic to 𝐸 then 𝐶


1 ≺

𝐶

2.

The last clause of this definition is not fully formalised
here as it requires a certain amount of formalism, and we
hope that the idea is sufficiently clear from an intuitive point
of view. We refer the reader to [7] for a complete formal
definition of this notion. Note that, as pointed out in [7], the
order ≺ is essentially a parameter to the approach.

The concept of local configuration captures the idea of all
preceding events to an event such that these events form a
configuration.

Definition 18 (local configuration [7]). Let 𝑁 = (𝐵, 𝐸, 𝐹) be
an occurrence net, and the local configuration of an event 𝑒 ∈

𝐸, denoted [𝑒], is the set of events 𝑒
, where 𝑒


∈ 𝐸, such that

𝑒


≤ 𝑒.

Definition 19 (cut-off event [7]). Let Σ be a Petri net system,
let 𝑁
 be one of its branching processes, and let ≺ be an

adequate order on the configurations of 𝑁
; then an event 𝑒 is

a cut-off event if and only if 𝑁
 contains a local configuration

[𝑒

] for which 𝑀𝑎𝑟𝑘([𝑒]) = 𝑀𝑎𝑟𝑘([𝑒


]) and [𝑒


] ≺ [𝑒].

Without loss of reachability information, we can cease
unfolding from an event 𝑒, if 𝑒 takes the net to a marking
which can be caused by some earlier other event 𝑒

. So in
Figure 5(c), we remove the part after event 12 from UnfΣ
because it is isomorphic to that after event 11; that is, the con-
tinuation after event 12 is essentially the same as the continua-
tion after event 11. For a proof of this approach we refer to [7].

4. Evaluation

In this section, we demonstrate how the basic predicates
introduced in Section 2 can be derived for Petri nets based
on the process executions extracted from CFPs.

4.1. Annotating Complete Finite Prefix. In this work, the
repository of process models are captured in terms of CFPs.
All predicates between tasks are determined by examining the
possible firing sequences in the CFP of each process model.
To facilitate our algorithms for determining these predicates
(presented in the next subsection), we would like to represent
the continuation from cut-off events slightly more explicit in
a CFP. The idea is that for each of the cut-off events 𝑒 in a
CFP we mark out some earlier other event 𝑒

 that can lead
to the same marking as 𝑒 (i.e., 𝑀𝑎𝑟𝑘([𝑒]) = 𝑀𝑎𝑟𝑘([𝑒


]) and

[𝑒

] ≺ [𝑒]). We referred to 𝑒

 as the continuation event of 𝑒 in
the CFP. We then annotate the CFP with links that connect
from each cut-off event to its continuation event.

Definition 20 (notations of continuation events and cut-off
events). Let Σ = (𝑁, 𝑀0) be a Petri net system, with 𝑁 =

(𝑃, 𝑇, 𝐹), and let 𝜌 = (𝑁

, ℎ), with 𝑁


= (𝐵

, 𝐸

, 𝐹

), be an

unfolding of Σ; then we define the following:
(i) Eq(𝑀, 𝜌) = {𝑒 ∈ E | 𝑀𝑎𝑟𝑘([𝑒]) = 𝑀} for any reach-

able marking 𝑀 of 𝑁. If 𝜌 is clear from the context,

we will simply omit it and write Eq(𝑀) (a similar
convention holds for the remainder of this definition,
and 𝜌 is not introduced explicitly anymore);

(ii) continuation(𝑀) which refers to the continuation
node in 𝜌 for a reachable marking 𝑀. It is defined
as the unique event 𝑒


∈ Eq(𝑀) such that for all

𝑒 ∈ Eq(𝑀), if 𝑒 ̸= 𝑒
 then [𝑒


] ≺ [𝑒];

(iii) cutoff(𝑀) = Eq(𝑀) \ {continuation(𝑀)} which
denotes the set of cut-off events for a reachable
marking 𝑀.

Definition 21 (annotated complete finite prefix). Let Σ =

(𝑁, 𝑀0) be a Petri net system, and Fin𝑎Σ denotes a CFP of
Σ that is annotated with links from cut-off events to their
continuation events, shortly referred to as an annotated CFP:
Fin𝑎Σ = (FinΣ, 𝐿), where

(i) FinΣ = (𝐵, 𝐸, 𝐺) is the CFP of Σ;
(ii) 𝐿 is a set of links defined as 𝐿 ⊆ 𝐸 × 𝐸, and if and only

if (𝑒, 𝑒

) ∈ 𝐿, then there is a reachablemarking𝑀 such

that 𝑒


= continuation(𝑀) and 𝑒 ∈ cutoff(𝑀).

Example 22. Consider Fin𝑎Σ as shown in Figure 5(c). For this
annotated CFP, 𝐿 = {(41, 11), (42, 11), (12, 11)}.

To generate an annotatedCFP,we propose a slight adapta-
tion of the algorithm for computing a CFP for a 𝑛-safe
net system in [7]. This adapted algorithm is presented as
Algorithm 1. Based on Definition 21, the data structure for
the representation of an annotated CFP comprises that of
a CFP in [7] (written Fin𝑎.𝑁) and a set of links (written
Fin𝑎.𝐿). 𝑃𝐸 (Fin𝑎.𝑁) is the set of events that can be added
to a branching process Fin𝑎.𝑁 (i.e., possible extensions of
Fin𝑎.𝑁), as defined in [7]. Application of 𝑚𝑖𝑛𝑖𝑚𝑎𝑙(𝑝𝑒, ≺)

yields an event 𝑒which satisfies the following condition taken
from [7]: 𝑒 ∈ 𝑝𝑒 and [𝑒] is minimal with respect to ≺. The
predicate 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑(𝑒, 𝑐𝑢𝑡 𝑜𝑓𝑓) is an abbreviation
of [𝑒] ∩ 𝑐𝑢𝑡 𝑜𝑓𝑓 = 0, the condition used in [7]. Next,
𝑐𝑢𝑡 𝑜𝑓𝑓 𝑒V𝑒𝑛𝑡(𝑒, Fin𝑎.𝑁, 𝑐) returns the result of whether or
not 𝑒 is a cut-off event of Fin𝑎.𝑁 (as in [7]), and during
its application, the corresponding continuation event for 𝑒 is
returned in the local variable 𝑐, so that it does not need to
be determined again when adding links. Note that we use
𝑋 ∪ := 𝑌 as an abbreviation for 𝑋 := 𝑋 ∪ 𝑌 and 𝑋\ := 𝑌

for 𝑋 := 𝑋 \ 𝑌.

4.2. Determining the Basic Predicates. In Section 2, we
defined a set of 6 basic predicates based on process execution
semantics and to check if such a predicate holds requires in
principle exploration of all process executions. Since different
process executions result from choices in a process model,
we propose to preprocess the annotated CFP of each process
model (Algorithm 2) as follows: first we transform such a
CFP to a set of conflict-free CFPs (specified by function
GetAllExecutions in Algorithms 3) and then convert each
resulting CFP to a directed bipartite graph (or bigraph)
(specified by AnnotatedCFP2Bigraph in Algorithm 5).

In Algorithm 3, GetLeafCondCoSets yields all cosets of
leaf conditions in the input CFP. By traversing backwards
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Input: An 𝑛-safe Petri net system Σ = (𝑃, 𝑇, 𝐹, 𝑀0)

Output: Fin𝑎 (𝑁 : 𝑁𝑒𝑡, 𝐿 : 𝐿𝑖𝑛𝑘𝑠) an annotated CFP of Σ

begin
Fin
𝑎

.𝑁 := {(𝑠, 0) | 𝑀0(𝑠) > 0 ∧ 𝑠 ∈ 𝑃};
Fin
𝑎. 𝐿 := 0;

𝑝𝑒 := 𝑃𝐸(Fin𝑎. 𝑁);
𝑐𝑢𝑡 𝑜𝑓𝑓 := 0;
while 𝑝𝑒 ̸= 0 do

𝑒 := 𝑚𝑖𝑛𝑖𝑚𝑎𝑙(𝑝𝑒, ≺);
If 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑(𝑒, 𝑐𝑢𝑡 𝑜𝑓𝑓) then

Fin
𝑎. 𝑁 ∪ := {(𝑒.𝑡, ∙𝑒)} ∪ {(𝑠, 𝑒) | 𝑠 ∈ 𝑒.𝑡∙};

𝑝𝑒 := 𝑃𝐸(Fin
𝑎. 𝑁);

if 𝑐𝑢𝑡 𝑜𝑓𝑓 𝑒V𝑒𝑛𝑡(𝑒, Fin𝑎. 𝑁, 𝑐) then
𝑐𝑢𝑡 𝑜𝑓𝑓 ∪ := {𝑒};
Fin
𝑎. 𝐿 ∪ := {(𝑒, 𝑐)};

else 𝑝𝑒 \ := {𝑒}

Algorithm 1: Computation of an annotated CFP via an adaption of Algorithm 4.7 in [7].

function 𝑃𝑟𝑒𝑃𝑟𝑜𝑐𝑒𝑠𝑠

Input: An annotated CFP 𝑈 = (𝜌, 𝐿) where 𝜌 = (𝐵, 𝐸, 𝐹) and 𝐿 ⊆ 𝐸 × 𝐸

Output: A set of bigraphs G
begin

G := 0;
U:= GetAllExecutions(𝑈);
for 𝑈 ∈ U do

G∪ :=A𝑛𝑛𝑜𝑡𝑎𝑡𝑒𝑑𝐶𝐹𝑃2𝐵𝑖𝑔𝑟𝑎𝑝ℎ(𝑈)

Algorithm 2: Preprocessing an annotated CFP to a set of directed bigraphs.

the input CFP (without considering the set of links) from
each of these co-sets, ComputeCFPs produces the set of
CFPs as a decomposition of the input CFP. This set of CFPs
are free of conflicts due to the corelation between the leaf
conditions in each co-set. For illustration, Figure 6 depicts
the set of conflict-free CFPs as decomposition of FinΣ in
Figure 5(c) via computation of GetLeafCondCoSets and
ComputeCFPs.

Next, we convert the link annotations of the input CFP
to the link annotations for each of the conflict-free CFPs
(that result from the above decomposition of the input CFP).
If such a CFP does not contain a cut-off event (𝐸𝑐𝑢𝑡𝑜𝑓𝑓 =

0), there is no link annotation, and the CFP will remain
as it is. Otherwise, for a CFP with cut-off events, there are
two cases to consider depending on whether a cut-off event
(𝑒𝑐𝑢𝑡) in the CFP links to a continuation event (𝑒𝑐𝑜𝑛𝑡) within
or outside this CFP. If the CFP contains both events, the
link (𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡) is directly added into the link annotations
of the CFP. Otherwise, if the CFP contains 𝑒𝑐𝑢𝑡 but not
𝑒𝑐𝑜𝑛𝑡, we propose to update the CFP (specified by function
GetUpdatedCFPs in Algorithm 4) and the link annotations
till there exists no link across two different CFPs.

Algorithm 4 specifies how to update a CFP with a cut-
off event linking to a continuation event outside the CFP.The
basic idea is to identify among the set of conflict-free CFPs
(Γ) those (𝜌𝑖) that contain 𝑒𝑐𝑜𝑛𝑡 and to replace the part before

and including 𝑒𝑐𝑜𝑛𝑡 in such a CFP (𝜌𝑖) with the part before and
including 𝑒𝑐𝑢𝑡 in the original CFP (𝜌).This results in the same
number of updated CFPs (𝜌) as that of the CFPs containing
𝑒𝑐𝑜𝑛𝑡. Since 𝑒𝑐𝑜𝑛𝑡 is replaced by 𝑒𝑐𝑢𝑡 in the updated CFPs and
(𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡) is not used any more, the link annotations need
update as well.

Back to Algorithm 3, we retrieve the links (𝐿𝑎𝑑𝑑) that
lead to 𝑒𝑐𝑜𝑛𝑡 except for (𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡) and replace 𝑒𝑐𝑜𝑛𝑡 with 𝑒𝑐𝑢𝑡
in these links. Accordingly, the flag 𝑓𝑢𝑝𝑑𝑎𝑡𝑒 is set to TRUE
signaling the fact that CFP updates have been applied, and
the updated CFPs are added to the set of remaining CFPs
(Γ𝑡𝑚𝑝) for processing of link annotations. For a given CFP
(𝜌), if all the cut-off events in the CFP are processed without
CFP updates (¬𝑓𝑢𝑝𝑑𝑎𝑡𝑒), the set of links (𝐿

) that are computed
from such processing is added as the CFP’s link annotations.
The previous procedure for converting link annotations is
repeated till there are nomore remainingCFPs (Γ𝑡𝑚𝑝 = 0). For
illustration, Figure 7 depicts the set of conflict-free annotated
CFPs as decomposition of Fin𝑎Σ in Figure 5(c) via compu-
tation of Algorithm 3. Note that Figures 7(d)–7(f) show the
three updated CFPs as result of combining the part before
and including cut-off event 12 in the CFP in Figure 6(d)
with the part after continuation event 11 in each of the
CFPs in Figures 6(a)-6(c), respectively, and then replacing
continuation event 11 with event 12 in the corresponding
CFPs.
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function 𝐺𝑒𝑡𝐴𝑙𝑙𝐸𝑥𝑒𝑐𝑢𝑡𝑖𝑜𝑛𝑠

Input: An annotated CFP 𝑈 = (𝜌, 𝐿) where 𝜌 = (𝐵, 𝐸, 𝐹) and 𝐿 ⊆ 𝐸 × 𝐸

Output: A set of annotated CFPs U
begin

U := 0;
Γ := 0;
/∗ compute CFPs from each of the co-sets of leaf conditions ∗/
CS:= GetLeafCondCoSets(𝜌);
for 𝑐𝑠 ∈ 𝐶𝑆 do

Γ ∪ := {ComputeCFP(𝜌, 𝑐𝑠)};
/∗ generate annotated CFPs from the above (conflict-free) CFPs ∗/
Γ𝑡𝑚𝑝:= Γ;
repeat

Select 𝜌


∈ Γ𝑡𝑚𝑝;
𝐿


:= 0;
𝐸𝑐𝑢𝑡𝑜𝑓𝑓:= GetCutoffEvents(𝜌);
𝑓𝑢𝑝𝑑𝑎𝑡𝑒:= FALSE; /∗ the flag changes to TRUE if there are CFP updates ∗/
while 𝐸𝑐𝑢𝑡𝑜𝑓𝑓 ̸= 0 ∧ ¬𝑓𝑢𝑝𝑑𝑎𝑡𝑒 do

Select 𝑒𝑐𝑢𝑡 ∈ 𝐸𝑐𝑢𝑡𝑜𝑓𝑓;
𝑒𝑐𝑜𝑛𝑡:= GetContinuationEvent(𝐿, 𝑒𝑐𝑢𝑡);
if 𝑒𝑐𝑜𝑛𝑡 ∈ 𝜌


⋅ 𝐸 then

𝐿


∪ := {(𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡)};
else

Γ𝑎𝑑𝑑:= GetUpdatedCFPs(𝜌, Γ, 𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡); /∗ see Algorithm 4 ∗/
Γ \ := {𝜌


};

Γ ∪ := Γ𝑎𝑑𝑑;
𝐿𝑎𝑑𝑑:= GetLinks to(𝐿, 𝑒𝑐𝑜𝑛𝑡) \ {(𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡)};
for 𝑒 𝑤ℎ𝑒𝑟𝑒 (𝑒, 𝑒𝑐𝑜𝑛𝑡) ∈ 𝐿

 do
𝐿𝑎𝑑𝑑 ∪ := {(𝑒, 𝑒𝑐𝑢𝑡)}

𝐿 \ := {(𝑒𝑐𝑢𝑡, 𝑒𝑐𝑜𝑛𝑡)};
𝐿 ∪ := 𝐿𝑎𝑑𝑑;
𝑓𝑢𝑝𝑑𝑎𝑡𝑒:= TRUE; /∗ set the flag to TRUE upon CFP updates ∗/
Γ𝑡𝑚𝑝 ∪ := Γ𝑎𝑑𝑑; /∗ add to the remaining CFPs for link annotations ∗/

𝐸𝑐𝑢𝑡𝑜𝑓𝑓\ := {𝑒𝑐𝑢𝑡};
if¬𝑓𝑢𝑝𝑑𝑎𝑡𝑒 then

U∪ := {(𝜌

, 𝐿

)};

Γ𝑡𝑚𝑝\ := {𝜌

}

until Γ𝑡𝑚𝑝 = 0;

Algorithm 3: Transforming an annotated CFP into a set of conflict-free annotated CFPs.

Finally, Algorithm 5 specifies how to convert an anno-
tated CFP into a directed bigraph. The transformation is
straight-forward where the events in the CFP become event
nodes in the bigraph, conditions become condition nodes, the
arcs become the directed edges, and the links are converted
to the edges leading from a cut-off event to each of the
immediate successors (conditions) of the corresponding con-
tinuation event. For illustration, Figure 8 depicts an example
of converting an annotated CFP to a directed bigraph.

During preprocessing, we first generate a CFP from a
Petri net, and then from the CFP we extract one of more
bigraphs. As we only add link information in an annotated
CFP, the complexity of the adapted CFP generation algorithm
(cf. Algorithm 1) is the same as that of the original CFP
algorithm, which is exponential on the number of arcs of the
Petri net [7]. The complexity of generating a bigraph from a
CFP (cf. Algorithm 2) is linear on the size of the CFP, since

the latter is traversed depth-first in reverse order (i.e., starting
from a leaf condition).

Now we define the algorithms for determining the 6
basic predicates. First, we introduce two common functions:
RetrieveBigraphs which returns the set of bigraphs for
a process model (𝑟) from the above preprocessing, and
RetrieveAllEvents which returns the set of event nodes
for (i.e., labeled with) a task (𝑡) in a bigraph (𝐺). Each such
bigraph represents a possible execution of the corresponding
process, and each event node labeled with a task identifier in
the bigraph captures an occurrence of the corresponding task
in that process execution. For a short notation, an event node
labeled with task 𝑡 is hereafter referred to as an 𝑡-event node.

Algorithms 6 and 7 specify how to evaluate the two unary
predicates. Predicates posoccur or alwoccur of task 𝑡 in process
model 𝑟 can be determined by checking the presence of a 𝑡-
event node in any or all bigraphs of 𝑟. Based on the fact that
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function 𝐺𝑒𝑡𝑈𝑝𝑑𝑎𝑡𝑒𝑑𝐶𝐹𝑃𝑠

Input: A CFP 𝜌 = (𝐵, 𝐸, 𝐹), a set of CFPs Γ, a (cut-off) event 𝑒𝑐𝑢𝑡, a (continuation) event 𝑒𝑐𝑜𝑛𝑡
Output: A set of (updated) CFPs Γ



begin
Γ


:= 0;
/∗ get 𝜌 ready by removing the successor conditions of 𝑒𝑐𝑢𝑡(in 𝜌) ∗/
𝐵𝑡𝑚𝑝:= iSuccessors(𝜌, 𝑒𝑐𝑢𝑡);
𝜌 ⋅ 𝐵 \ := 𝐵𝑡𝑚𝑝;
𝜌 ⋅ 𝐹 \ := {𝑒𝑐𝑢𝑡} × 𝐵𝑡𝑚𝑝;
/∗ retrieve and process the CFPs that contain 𝑒𝑐𝑜𝑛𝑡 in Γ ∗/
for 𝜌𝑖 ∈ Γ 𝑤ℎ𝑒𝑟𝑒 𝑒𝑐𝑜𝑛𝑡 ∈ 𝜌𝑖 ⋅ 𝐸 do

/∗ remove from 𝜌 the part before 𝑒𝑐𝑜𝑛𝑡, 𝑒𝑐𝑜𝑛𝑡 itself, and the outgoing edges of 𝑒𝑐𝑜𝑛𝑡 ∗/
𝐻 := GetSubCFP to(𝜌𝑖, 𝑒𝑐𝑜𝑛𝑡);
𝜌𝑖 ⋅ 𝐵 \ := 𝐻 ⋅ 𝐵;
𝜌𝑖 ⋅ 𝐸 \ := 𝐻 ⋅ 𝐸;
𝜌𝑖 ⋅ 𝐹 \ := 𝐻 ⋅ 𝐹 ∪ ({𝑒𝑐𝑜𝑛𝑡} × iSuccessors(𝜌𝑖, 𝑒𝑐𝑜𝑛𝑡));
/∗ connect the above (updated) 𝜌 and 𝜌𝑖 to 𝜌


∗/

𝜌


⋅ 𝐵 := 𝜌 ⋅ 𝐵 ∪ 𝜌𝑖 ⋅ 𝐵;
𝜌


⋅ 𝐸 := 𝜌 ⋅ 𝐸 ∪ 𝜌𝑖 ⋅ 𝐸;
𝜌


⋅ 𝐹 := 𝜌 ⋅ 𝐹 ∪ 𝜌𝑖 ⋅ 𝐹 ∪ ({𝑒𝑐𝑢𝑡} × InitialConditions(𝜌𝑖));
Γ


∪ := {𝜌

}

Algorithm 4: Updating a CFP with a cut-off event that links to a continuation event outside the CFP.

Function 𝐴𝑛𝑛𝑜𝑡𝑎𝑡𝑒𝑑𝐶𝐹𝑃2𝐵𝑖𝑔𝑟𝑎𝑝ℎ

Input: An annotated CFP 𝑈 = (𝜌, 𝐿) where 𝜌 = (𝐵, 𝐸, 𝐹) and 𝐿 ⊆ 𝐸 × 𝐸

Output: A directed bigraph 𝐺 = (𝑉𝑐𝑜𝑛𝑑: condition nodes, 𝑉𝑒V𝑒𝑛𝑡: event nodes, 𝐴: directed edges)
begin

𝑉𝑐𝑜𝑛𝑑 := 𝐵;
𝑉𝑒V𝑒𝑛𝑡 := 𝐸;
𝐴 := 𝐹;
for (𝑒1, 𝑒2) ∈ 𝐿 do

𝐵1 := iSuccessors(𝑒1);
𝐵2 := iSuccessors(𝑒2);
𝑉𝑐𝑜𝑛𝑑\ := 𝐵1;
𝐴 \ := {𝑒1} × 𝐵1;
𝐴 ∪ := {𝑒1} × 𝐵2;

Algorithm 5: Converting an annotated CFP to a directed bigraph.

the set of bigraphs of process model 𝑟 is each free of choices,
the exclusive relation between two tasks 𝑡 and 𝑡

 is determined
by checking in every bigraph of 𝑟 if there are both a 𝑡-event
node and a 𝑡

-event node, as specified in Algorithm 8. In
Algorithm 9, the concur relation between 𝑡 and 𝑡

 in 𝑟 holds if
and only if in each bigraph of 𝑟 either (1) there are no 𝑡- and
𝑡
-event nodes at all, or (2) there are both an 𝑡-event node and
an 𝑡
-event node, and no directed path exists between the two

nodes.
Next, the remaining algorithms are defined for basic

predicates capturing causal relationships between tasks. Eval-
uation of each such predicate is based on the result of evaluat-
ing the corresponding intermediate predicate in individual
process executions. Given a process model 𝑟, predicate
alwpred holds onlywhen its intermediate predicate (i.e., Pred)
holds in all process executions of 𝑟, while predicate pospred
holds as long as its intermediate predicate (i.e., Pred) holds

in one process execution of 𝑟. To capture such semantics, we
apply logical operator∧ (for predicate alwpred) or∨ (for pred-
icate pospred) between the intermediate predicate over the set
of bigraphs (G) of 𝑟 in the algorithms. Algorithm 10 spec-
ifies the evaluation of predicate alwpred, and Algorithm 11
specifies the evaluation of pospred.

Let us move on to the algorithms for evaluation of
intermediate predicates Pred. Consider an execution 𝑖 of
process model 𝑟 and two tasks 𝑡1 and 𝑡2 in 𝑟. Algorithm 12
specifies the evaluation of Pred. In this algorithm, 𝑡𝑓𝑜𝑟𝑚𝑒𝑟
refers to 𝑡1 and 𝑡𝑙𝑎𝑡𝑡𝑒𝑟 to 𝑡2 in the previous discussion, and
function Precedes (which we will shortly describe in more
detail) is used to evaluate causal relationship between two
specific task occurrences.

Finally, we introduce the definition of function Precedes.
In Algorithm 13, function Precedes determines if a given 𝑒-
event node eventually precedes a given 𝑒

-event node in
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Figure 6: The set of conflict-free CFPs as decomposition of FinΣ in Figure 5(c).

bigraph 𝐺 (representing a process execution). Following
a typical graph search algorithm, it traverses bigraph 𝐺

from the 𝑒-event node (via recursively calling itself) until
reaching the 𝑒

-event node (𝑛 = 𝑚), the end of the
graph (iSuccessors (𝐺, 𝑛) = 0 where iSuccessors (𝐺, 𝑛)

denotes the immediate successors of node 𝑛 in graph 𝐺),
or a node that was visited before (𝑛 ∈ 𝑉 where 𝑉 stores
the set of visited nodes). Also, we consider that the Precedes
relationship is irreflexive; that is, a task occurrence cannot
have a Precedes relationship with itself. Hence, when 𝑒 and
𝑒
 refer to the same task occurrence (𝑛 = 𝑚 ∧ 𝑉 = 0), Precedes
returns a negative result.

A basic predicate is evaluated by traversing breadth first
each bigraph of each process model in the repository; thus
this operation is linear on the size 𝑠 of a bigraph. Let 𝑏 be the
total number of bigraphs in the repository, and let 𝑝 be the
number of basic predicates in a compliance rule. Hence, the
complexity of evaluating a single rule (cf. Algorithms 6, 7, 8,
9, 10, 11, and 12) is linear on 𝑝 times 𝑏 timesmax𝑠, where max𝑠
is the size of the largest bigraph in the repository.

It should be noted that for our purposes the adapted CFP
generation algorithm and bigraph extraction algorithm are
applied to computing the basic predicates over a repository
of process models specified as Petri nets. Hence, these
operations are performed when inserting a Petri net in the
repository.This means that the cost of evaluating a rule is not
determined by the complexity of these two algorithms, as the
computation of the basic behavioural relations would already
have taken place (so essentially we trade space for time).

5. Experiments

In this section, we first describe the implementation of
ASBPQL in a software tool, and then we report on the per-
formance of ASBPQL which we measured using this tool.

5.1. Implementation. In order to evaluate the performance of
ASBPQL we implemented a tool, namely, ASBPQL Querier,
that supports compliance checking for business processmod-
els with ASBPQL. A screen shot of ASBPQLQuerier is shown
in Figure 9.The tool is part of the BeehiveZ toolset v3.0. Bee-
hiveZ is an open-source BPM analysis system based on Java
(BeehiveZ can be downloaded from http://code.google.com/
p/beehivez/downloads/list).

The architecture of the ASBPQL Querier and of the
process model repository with which the ASBPQL Querier
interacts inside BeehiveZ is illustrated in Figure 10. The core
of the ASBPQL Querier is the query engine: it takes as input
the compliance rules produced by users via the query editor
and generates as output the results of compliance checking
via the query results display. The query editor uses the
syntax of ASBPQL. Using this syntax, users can easily specify
the semantic relationships in which they are interested. For
example, “A” alwpred “B” and “C” concur “F” mean that the
users want to retrieve all process models where in every
execution task A precedes task B as well as task C occurs
parallel with task F.

Under the hoods, the query engine exploits an internal
parser which converts each query statement into a grammar
tree. This parser is built by JavaCC (http://javacc.java.net/)
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Figure 7: The set of conflict-free annotated CFPs transformed from Fin𝑎Σ in Figure 5(c) according to Algorithm 3.
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function posoccur
Input: A taskID 𝑡, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋁

𝐺∈G

(RetrieveAllEvents(𝐺, 𝑡) ̸= 0)

Algorithm 6: Determining the (unary) basic predicate posoccur.

function alwoccur
Input: A taskID 𝑡, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋀

𝐺∈G

(RetrieveAllEvents(𝐺, 𝑡) ̸= 0)

Algorithm 7: Determining the (unary) basic predicate alwoccur.
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function exclusive
Input: Two taskID 𝑡 and 𝑡

, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋀

𝐺∈G

¬(RetrieveAllEvents(𝐺, 𝑡) ̸= 0 ∧RetrieveAllEvents(𝐺, 𝑡

) ̸= 0)

Algorithm 8: Determining the basic predicate exclusive.

function concur
Input: Two taskID 𝑡 and 𝑡

, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋀

𝐺∈G

((RetrieveAllEvents(𝐺, 𝑡) = 0 ∧ RetrieveAllEvents(𝐺, 𝑡

) = 0) ∨

(RetrieveAllEvents(𝐺, 𝑡) ̸= 0 ∧ RetrieveAllEvents(𝐺, 𝑡

) ̸= 0 ∧

∀𝑒∈RetrieveAllEvents(𝐺,𝑡)∀𝑒∈RetrieveAllEvents(𝐺,𝑡)[NoDirectedPath(𝑒, 𝑒

, 𝐺) ∧ NoDirectedPath(𝑒


, 𝑒, 𝐺)]))

Algorithm 9: Determining the basic predicate concur.

function alwpred
Input: Two taskID 𝑡𝑓𝑜𝑟𝑚𝑒𝑟 and 𝑡𝑙𝑎𝑡𝑡𝑒𝑟, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋀

𝐺∈G

𝑃𝑟𝑒𝑑(𝑡𝑓𝑜𝑟𝑚𝑒𝑟, 𝑡𝑙𝑎𝑡𝑡𝑒𝑟, 𝐺)

Algorithm 10: Determining the basic predicate alwpred.

function pospred
Input: Two taskID 𝑡𝑓𝑜𝑟𝑚𝑒𝑟 and 𝑡𝑙𝑎𝑡𝑡𝑒𝑟, a process model 𝑟

Output: A boolean value
begin

G := RetrieveBigraphs(𝑟);
return ⋁

𝐺∈G

𝑃𝑟𝑒𝑑(𝑡𝑓𝑜𝑟𝑚𝑒𝑟, 𝑡𝑙𝑎𝑡𝑡𝑒𝑟, 𝐺)

Algorithm 11: Determining the basic predicate pospred.

function pred
Input: Two taskID 𝑡𝑓𝑜𝑟𝑚𝑒𝑟 and 𝑡𝑙𝑎𝑡𝑡𝑒𝑟, a bigraph 𝐺

Output: A boolean value
begin

𝑊 := RetrieveAllEvents(𝐺, 𝑡𝑓𝑜𝑟𝑚𝑒𝑟);
𝑋 := RetrieveAllEvents(𝐺, 𝑡𝑙𝑎𝑡𝑡𝑒𝑟);
return ∃𝑒∈𝑊∃𝑒∈𝑋𝑃𝑟𝑒𝑐𝑒𝑑𝑒𝑠(𝐺, 𝑒, 𝑒


, 0)

Algorithm 12: Determining the intermediate predicate Pred.
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Function Precedes
Input: A bigraph 𝐺, a node 𝑚, a event node 𝑛, a set of nodes 𝑉 (the set of visited nodes)
Output: A boolean value
Begin

if 𝑛 = 𝑚 ∧ 𝑉 = 0 then
return FALSE;

else
if 𝑛 = 𝑚 ∧ 𝑉 ̸= 0 then

return TRUE;
else

if 𝑛 ∈ 𝑉 ∨ iSuccessors(𝐺, 𝑛) = 0 then
return FALSE;

else
return ⋁

𝑠∈iSuccessors(𝐺,𝑛)

𝑃𝑟𝑒𝑐𝑒𝑑𝑒𝑠(𝐺, 𝑠, 𝑚, 𝑉 ∪ {𝑛})

Algorithm 13: Determining the Precedes relationship in the bigraph of a conflict-free annotated CFP.

Figure 9: A screenshot of ASBPQL Querier.

which is a widely used open source parser generator and
lexical analyzer generator for Java. Grammar trees are then
used by the evaluator to identify all process models in the
repository that satisfy the requirements of a given query. To
do so, the evaluator needs to get access to the collection of
process models stored in the process model repository in
Petri net format, as well as the directed bigraphs which have
been constructed from the annotated CFPs of each Petri net
by the annotated CFP decomposer using Algorithm 2. The
generation of annotated CFPs is performed by the annotated
CFP generator using Algorithm 1. For an annotated CFP, the
data structure of conditions, events, and directed arcs are
represented by nodes of doubly linked lists which support in
particular fast insertion of nodes and backward traversing.

Moreover, for efficiency reasons, we keep an inverted
index for every node label that appears in the set of annotated
CFPs. We use Apache Lucene to manage these indexes
(http://lucene.apache.org/). Specifically, for each label we
record all processes which contain that label in some nodes.
Based on this index, after a compliance rule is issued the tool
can instantly filter out a set of candidate models containing
the labels used in the compliance rule. The rest of the models

are thus ignored since they are not relevant to the current
rule. This step typically reduces the scope of searching and
increases the tool’s performances. Furthermore, an advantage
of using inverted indexes is that they can be easily updated as
a result of changing a node label in the repository. For more
details on this index, we refer to previous work [18].

5.2. Performance Measurements. We prepared a set of eight
sample rules using various ASBPQL basic predicates and
measured the evaluation of each of these rules over three pro-
cess model collections. The first two collections are real-life
repositories: the SAP R/3 reference model, consisting of 604
EPCmodels, and the IBMBIT library, consisting of 1,128 Petri
nets. The SAP dataset is used by SAP consultants to deploy
the SAP enterprise resource planning system within organi-
zations [19].The IBM BIT library includes five collections (A,
B1, B2, C1, and C2) of process models from various domains,
including insurance and banking [20]. The third dataset
contains 10,000 artificially-generated models. (This dataset is
available at http://code.google.com/p/beehivez/downloads/
list.)

Since the SAP dataset is represented in the EPC notation,
we first transformed these models into Petri nets using ProM
(http://www.processmining.org/). This resulted in 591 Petri
nets for the SAP dataset (13 SAP reference models could not
be mapped into Petri nets through ProM). In the resulting
dataset there are 4,439 transitions out of which 1,494 are
uniquely labeled (33% of the total), while in the IBM dataset
there are 9,083 transitions with 946 uniquely labeled one
(10% of the total). The structural characteristics of the three
datasets used in the experiments are reported in Table 2. In
particular, we can see that the SAP and IBM collections have
models of comparable sizes based on the average number of
their elements (transitions, places, and arcs).

We generated the third dataset using BeehiveZ based on
the reduction rules from [8].The number of nodes per model
follows a normal distribution. Specifically, the number of
transitions per model ranges from 1 to 50 (average 24.85), the
number of places from 1 to 47 (average 16.81), and the number
of arcs from 2 to 162 (average 63.22). The labels of transitions



Journal of Applied Mathematics 19

ASBPQL executor

Users
Query
results

Query
results

Grammar
trees

Parser

Evaluator

Query

Query engine

Queries

editor

display

Process model repository

Inverted index
for task labels

Inverted index

Directed bigraphs

generator

Annotated CFP
decomposer

Annotated CFP
generator

Annotated CFPs

Process models
of Petri nets

Figure 10: BeehiveZ: architecture of ASBPQL Querier and Process Models Repository.

Table 2: Structural characteristics of the three datasets.

Dataset Models Transitions Unique transitions Avg. transitions Avg. places Avg. arcs
SAP 591 4,439 1,494 (33%) 7.5 12.7 19.7
IBM 1,128 9,083 946 (10%) 8.06 10.97 21.47
AG 10,000 248,493 62 (0.026%) 24.85 16.81 63.22
AG: artificially generated dataset.

were randomly chosen from a fixed label set comprising the
characters “A–Z” and “a–z” and the numbers “0–9”, each label
being made by a single character or number. In total, this led
to 248,493 transitions in this dataset, with 62 unique labels
(corresponding to 0.026% of the total number of transitions).
As we mentioned earlier that we deployed inverted labels
for each task label, we chose such a very low set of unique
labels compared to the total number of transitions in order
to increase the number of models that can potentially satisfy
a rule; thus we can get precise measurement result about
the efficiency of executing a compliance rule. All models

used in the experiments are bounded Petri net, which is a
requirement for unfolding according to [21].

We conducted our tests on an Intel Core i7-2600
@3.4GHz and 8GB RAM, running Windows 7 ultimate and
JDK6. The heap memory for the JVM was set to 1 GB. We
executed each compliance rule twelve times and measured
each response time.We then discarded the highest and lowest
response times for each rule and computed the average
response time over the remaining ten values. The test rules
and the response times for the three datasets are reported in
Table 3.
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Table 3: Response times to execute eight sample compliance rules over the three datasets.

Candidate Returned Response
Queries models models time [ms]

SAP IBM AG SAP IBM AG SAP IBM AG
𝑟1 [𝑥1] posoccur 5 2 3674 5 2 3674 2.9 53 85
𝑟2 [𝑥1] alwoccur 4 2 3307 1 1 286 7.6 131 374
𝑟3 [𝑥1] posoccur and [𝑥2] alwoccur 6 1 1646 2 1 143 11.4 193 411
𝑟4 [𝑥1] concur [𝑥2] 1 1 603 1 0 22 17.5 318 1392
𝑟5 [𝑥1] exclusive [𝑥2] 1 2 549 1 0 18 18.6 360 1451
𝑟6 [𝑥1] pospred [𝑥2] 1 1 552 1 1 72 12.8 294 633
𝑟7 [𝑥1] alwpred [𝑥2] 3 1 540 1 1 46 14.7 253 804
𝑟8 [𝑥1] pospred [𝑥2] or [𝑥2] alwpred [𝑥3] 4 1 593 2 0 33 12.5 187 638

In particular, 𝑟1 to 𝑟3 are used to test the unary basic
predicates posoccur and alwoccur, and 𝑟4 and 𝑟5 are for the
concur and exclusive predicates, while 𝑟6 to 𝑟8 are for causal
relation predicates. For readability, in the table we use‘ficti-
tious labels for transitions (e.g., 𝑥1). The real labels from the
three datasets, can be found in the Appendix.

The second and third columns of Table 3 show for each
rule the number of models being filtered by BeehiveZ’s
inverted index (“candidate models”) and the number of
models that actually satisfy the rule (“returned models”).
These numbers are very low for the SAP and IBM datasets
(e.g., 𝑟3 yields sixmodels in the SAPdataset, out of which only
two satisfies the rule), due to the high number of unique labels
within these collections (see Table 2). However, as expected,
these numbers grow significantly in the artificially generated
collection (as an example, 𝑟6 yields 552 models of which 72
satisfy the rule).

The last column of Table 3 shows the response times to
execute the sample queries. These times are in the order of
milliseconds for the SAP and IBMdatasets (average 15ms and
254.7ms) and less than one second for the artificial dataset
(average 850.4ms). This shows that the technique is highly
scalable to very large datasets. Having said that our technique
shifts computation time from compliance checking to model
insertion. In other words, most of the time is employed in
generating the CFPs rather than in executing the compliance
checking. Specifically, the overall time for building the set of
CFPs and the corresponding bigraphs for the three datasets
is 12.6mins (SAP dataset), 28.5mins (IBM), and 8.1 hours
(artificial dataset). However, since we build annotated CFPs
incrementally as we insert each Petri net into the repository,
in practice the time for creating a single CFP is very short:
only 1.28 s on average for a model from the SAP dataset, 1.52 s
for a model from the IBM dataset, and 2.92 s for a model
from the artificial dataset. These times are reasonable since
repository users typically insert or remove single process
models, or small groups thereof, at once, rather than inserting
or removing entire model collections at once.

As expected, the storage size of the CFPs (including
the label indexes) and corresponding bigraphs can be large.
While it is only 26.8MB for the SAP dataset and 18.1MB for
the IBM dataset, this value gets to 3.38GB for the artificial
dataset. However, this space is still acceptable considering

that in organizational settings dedicated servers are typically
employed to host process model repositories, rather than
single desktop machines.

6. Related Work

Based on the importance of query languages for business
process models, in 2004, the Business Process Management
Initiative (BPMI) planned to define a standard process model
query language. While such a standard has never been
published, two major research efforts have been dedicated to
the development of query languages for process models. One
is known as BP-QL [1], a graphical query language based on
an abstract representation of BPEL and supported by a formal
model of graph grammars for processing of queries. BP-QL
can be used to query process specifications written in BPEL
rather than possible executions and ignores the run-time
semantics of certain BPEL constructs such as conditional
execution and parallel execution.

The other effort, namely, BPMN-Q [2, 3], is also a visual
query language which extends a subset of the BPMN mod-
elling notation and supports graph-based query processing.
Similar to BP-QL, BPMN-Q only captures the structural
(i.e., syntactical) relationships between tasks. BPMN-Q uses
a directed path (enhanced by operators like ≪leads to≫

and ≪precedes≫) connecting two activities to capture the
requirement that they occur in order. The processing of
BPMN-Q queries includes several steps. In short, BPMN-Q
query engine searches for the process models that contain
subgraphs that structurally match a query, reduces these
subgraphs (remove elements that are not relevant to the
query), translates the reduced subgraphs into Petri nets, and
then calculates the corresponding reachability graph for each
Petri net. Next, the query is translated into temporal logic
formula which is fed into a model checker together with
the reachability graphs generated from Petri nets. Finally,
the model checker would output the process models that
satisfy the query. Although part of the evaluation of BPMN-
Q queries is based on LTL formulae, one of the most impor-
tant step is subgraph matching which is totally structure
based. For example, for the BPMN-Q query in Figure 2, the
subgraphs obtained from the process model (c) in Figure 1
is shown in Figure 11. If only consider this subgraph, this
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Figure 11:The resulting subgraph of the processmodel in Figure 1(c)
after executing the query in Figure 2.

BPMN-Q query holds, but this is not the case for the
process execution where task “open VIP account” occurs.
Accordingly, as discussed in Section 1, the main problem of
BPMN-Q is that it cannot answer the question whether for
the resulting processes the requirements of a query hold in
every process execution or in just some process executions.
BPMN-Q only returns process models where requirements
hold in some process executions, rather than in every process
execution. A comparison between ASBPQL and BPMN-
Q is shown in Figure 12 where empty cells mean that the
corresponding requirements cannot be captured by BPMN-
Q. In [22], the authors explore the use of an information
retrieval technique to derive similarities of activity names and
develop an ontological expansion of BPMN-Q to tackle the
problem of querying business processes that are developed
with different terminologies. A framework of tool support
for querying process model repositories using BPMN-Q
and its extensions is presented in [23]. In [24], the authors
proposed an indexing mechanism to improve the efficiency
of evaluating BPMN-Q queries.

ASBPQL provides three distinguishing features com-
pared to the previous languages. First, its abstract syntax and
semantics have been purposefully defined to be independent
of a specific process modelling language (such as BPEL or
BPMN). This allows ASBPQL and its query evaluation tech-
nique to be implemented for a variety of process modelling
languages. Second, ASBPQL can express various temporal-
ordering relations (precedence/succession, concurrence, and
exclusivity) between individual tasks, between an individual
task and a set of tasks, and between different sets of tasks (in
some or every process execution). Third, these rich querying
constructs are evaluated over the execution semantics of
process models, rather than their structural relationships. In
fact, structural characteristics alone are not able to capture
all possible order relations among tasks which can occur
during execution, in particular with respect to cycles and task
occurrences (recall the discussions in Section 1).

In earlier work [25], we provided an initial attempt at
defining a query language based on execution semantics of
process models. The language was written in linear temporal
logic (LTL) and only supported precedence/succession rela-
tions among individual tasks (not sets of tasks). Queries in
this language are evaluated based directly on annotated CFPs
(i.e., TPCFPs in [25]), rather than on the directed bigraphs
which are built from decomposing the annotated CFPs (a
directed bigraphs represents an execution of a process). As a
result, this language only returns the process models which

satisfy the requirements just in some process executions,
rather than in every execution. In addition, using LTL for-
mulae as queries is not very user friendly for ordinary users.
In [26], the authors proposed an business query language
(BQL) to capture 4 types of relations (Exist, ParallelWith,
Exclude, and Precede). A query in BQL returns processes of
which some executions satisfy these four types of relations.
Furthermore, BQL suffers from a drawback that the formal
semantics of it has not been defined.

In addition to the development of a specific process
model query language, other techniques are available in
the literature which can be useful for querying process
model repositories. In [27, 28] the authors focus on querying
the content of business process models based on metadata
search. In [29], an XML-based process query language,
IPM-PQM, was designated to express search requirements.
IPM-PQM can express four types of search conditions:
Process-Has-Attribute, Process-Has-Activity, Process-Has-
Subprocess, and Process-Has-Transition. IPM-PQM is a typ-
ical structure-based process querying technology. VisTrails
system [30] allows users to query scientific workflows by
example and to refine workflows by analogies. WISE [31]
is a workflow information search engine which supports
keyword search on workflow hierarchies. In [32] the authors
use graph reduction techniques to find a match to the query
graph in the process graph for querying process variants,
and the approach, however, works on acyclic graphs only.
In [33–36], a group of similarity-based techniques has been
proposed which can be used to support process querying.
In previous work, we designed a technique to query process
model repositories based on an input Petri net [18]. In
[37], the authors introduced an execution-log-based query
language which enables users to find elements and their
relationships in process logs. In [38, 39], an approach that
supports “static” and “dynamic” querying of process has been
presented. As for the static querying, this approach searches
for matching processes which contains specified context
elements, such as business function, roles, and resources.This
is based on keyword matching. As for the dynamic querying,
similar to BPMN-Q, it tries to find process models where
the requirements hold in just some process instances. In
[40], the authors proposed an approach to searching business
process models.This approach induces relationships between
activities from their labels; it provides an approximate process
model search mechanism. Finally, in [41], the notion of
behavioural profile of a process model is defined, which
captures dedicated behavioural relations like exclusiveness or
potential occurrence of activities.These behavioural relations
are derived from the structure of the unfolding of a process
model. However, the main foundation of beavioural profile
is the weak order (two transitions 𝑡1, 𝑡2 are in weak order, if
there exists an process execution inwhich 𝑡1 occurs before 𝑡2).
Thus, for the reasons mentioned above, behavioural profile
only provides an approximation of a processmodel’s behavior
which just holds in some process executions, whereas we
can precisely determine whether a process model satisfies
or not a given query in every process execution. Moreover,
the efficient computation of this approach requires process
models to be sound free-choice Petri nets, whereas our query
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Requirements ASBPQL

A pospred B

A alwpred B

A concur B

A exclusive B

A posoccur

A alwoccur

BPMN-Q

A

A

BSelect all process where in some process
executions task A precedes task B
Select all process where in every process
executions task A precedes task B
Select all process where in every process
execution task A occurs in parallel with task B
Select all process where in every process
execution task A occurs exclusively with task B
Select all process where in some process
executions task A occurs
Select all process where in every process
execution task A occurs

Figure 12: A comparison between ASBPQL and BPMN-Q.

Table 4: Mapping of the task labels used in Table 3 with those in the SAP, IBM and AG datasets.

Queries Labels SAP IBM AG
𝑟1 𝑥1 Customer quotation processing process.s0000009##s000001827.outputCriterion.s00000859 Z
𝑟2 𝑥1 Goods receipt process.s00000275##s00002184.outputCriterion.s00000838 K

𝑟3
𝑥1, Customer quotation processing, process.s00000285##s00002171.outputCriterion.s00000743, R,
𝑥2 Sales order processing process.r00000266##n00002468.outputCriterion.s00000773 S

𝑟4
𝑥1, Subsequent acquisition process.s00000247##s00002258.outputCriterion.s00000772, A,
𝑥2 Processing of asset acquisition process.s00000266##s00002468.outputCriterion.s00000773 H

𝑟5
𝑥1,

Product structure management for
variant products, process.s00000265##s00002061.outputCriterion.s00000774, M,

𝑥2 Product structure management via CAD process.r00000266##s00009387.outputCriterion.s00000721 R

𝑟6
𝑥1, Subsequent acquisition, process.s00000247##s00002258.outputCriterion.s00000772, M,
𝑥2 Processing of asset acquisition process.s00000266##s00002468.outputCriterion.s00000773 N

𝑟7
𝑥1, Customer quotation processing, process.s00000285##s00002171.outputCriterion.s00000743, X,
𝑥2 Sales order processing process.r00000266##n00002468.outputCriterion.s00000773 Y
𝑥1, Settlement account assignment, process.s00000243##s00002261.outputCriterion.s00005267, J,

𝑟8 𝑥2, Periodic settlement, process.r00000106##n00002617.outputCriterion.s00000704, W,
𝑥3 Contact release order process.r00000231##n00006324.outputCriterion.s00001894 t

evaluation technique only requires Petri nets to be bounded,
in order to unfold them.

7. Conclusions

In this paper, we simplify SPS by logic reasoning to
define a concise and expressive retrieval language to specify
semantics-based compliance rules. And we contribute an
efficient technology based on unfolding to explore the seman-
tics of process models. In such a technology, we can extract
every independent execution from business process models
without suffering from well-known state explosion. The
language and its evaluation have been implemented as a
component of the process analysis tool BeehiveZ. We also
conduct experiments over three large datasets to evaluate
the efficiency of our technology. Indeed, the performance
measurements show that the technique can efficiently cope
with very large datasets (the artificial collection counted
10,000 process models).

In the future, we will introduce graphical interface for
querying in order to make BeehiveZ more intuitionistic.

Appendix

In Table 4, we provide the mapping between the fictitious
labels used in Table 3 and the real labels used in the SAP, IBM,
and artificial datasets.
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We propose a verification solution based on characteristic set ofWu’smethod towards SystemVerilog assertion checking over digital
circuit systems.Wedefine a suitable subset of SVAs so that an efficient polynomialmodelingmechanism for both circuit descriptions
and assertions can be applied. We present an algorithm framework based on the algebraic representations using characteristic
set of polynomial system. This symbolic algebraic approach is a useful supplement to the existent verification methods based on
simulation.

1. Introduction

Currently, functional verification becomes an intensive chal-
lenge phase in the state-of-the-art digital systems devel-
opment process. Assertion-based verification (ABV) has
emerged as a promising solution to express and verify design
properties.

SystemVerilog [1–3], the industry’s first unified hard-
ware description and verification language (HDVL), was
developed originally by Accellera and can be viewed as an
extension of the Verilog language with the added benefit of
supporting object orientated constructs and assertions.

SystemVerilog was adopted as IEEE Standard 1800–2005
firstly in 2005, and the latest version is IEEE standard 1800–
2009, the current version. SystemVerilog has been accepted by
a wide variety of companies and has been supported by most
EDA companies in their tools in practice which has totally
changed the way designers specify and verify functional re-
quirements and properties of digital systems.

Many efforts have been devoted to assertion checking
solvers in recent years includingmodel checking [4], theorem
proving [5], and other simulation-based checking methods.
In [6], an efficient approach to model check safety properties

expressed in assertion property is studied. Proving SVA safety
properties using induction-based BMC is studied in [7]. All
these methods can be classified into two categories: formal
and informal aspects.

On the one hand, formal method such as model checking
often suffers from “state explosion” problem and cannot be
applied to large scale cases. Model checking of SVAs is
PSPACE complete even for a “simple subset.” If more elab-
orated features, like intersection of regular expressions or
instantiation of properties, are used, the problem becomes
EXPSPACE complete.

On the other hand, informal methods such as conven-
tional simulation for assertion checking is a well-understood
and most commonly used technique, but only feasible for
very small scale systems and cannot provide exhaustive
checking.

A promising semiformal technique, symbolic simulation,
proposed by Darringer [8] as early as 1979, can provide
exhaustive checking by covering many conditions with a
single simulation sequence.

In our work, to address the challenge, we propose
an alternative implementation mechanism based on Wu’s
characteristic set by combining symbolic computation with



2 Journal of Applied Mathematics

symbolic simulation for assertions checking.This paper aims
to verify whether an expected SVA property holds or not on
the finite traces produced after several cycles running over a
given sequential circuit.

The underlying idea is that, for any combinational circuit
model, we can derive its data flow based on polynomial re-
presentation model. Meanwhile, for any sequential circuit
model and a given running cycle number, we can also derive
its polynomial representation by unrolling this sequential
circuit for several times into a pure combinationalmodel. In a
similar way, we can get polynomial set representation model
of a temporal assertion written in SVA.

By suitable restrictions of SVA and defining a constrained
subset of SVA, we can get the polynomial set representations
of the subset. Based on the polynomial set model, cycle-based
symbolic simulation can be performed to produce symbolic
traces. We then apply Wu’s method symbolic algebra ap-
proach to check the zeros set relation between their poly-
nomial representations and determine whether the expected
assertion holds or not at current running cycle.

The rest of this paper is structured as follows. Preliminary
knowledge with regarding to SystemVerilog used throughout
this paper is introduced in Section 2. Section 3 introduces
polynomial representation modeling for synchronous digital
systems. Section 4 describes the cycle-based model and
sequential unrolling. Section 5 will discuss sequential asser-
tions modeling with polynomials. In Section 6, we will pro-
pose a complete verification algorithm framework based on
Wu’s characteristic set. Section 7will demonstrate an example
using MMP tool based on our method. In the last section, we
make a short summary of our research and discuss the future
work.

2. SystemVerilog Preliminary

In this section, we will give some preliminary knowledge
which may be used in later sections of the paper.

SystemVerilog, as an IEEE approved hardware descrip-
tion language, has combinedmany of the best features of both
VHDL andVerilog and provided superior capabilities for sys-
tem architecture, design, and verification.

Therefore, on the one hand, VHDL users will recognize
many of the SystemVerilog constructs, such as enumerated
types, records, and multidimensional arrays.

On the other hand, Verilog users can reuse existing de-
signs: SystemVerilog is a superset of Verilog so no modifica-
tion of existing Verilog code is required.

SystemVerilog provides special language constructs and
assertions [9, 10], to verify design behavior. An assertion is a
statement that a specific condition, or sequence of conditions,
in a design is true. If the condition or sequence is not true, the
assertion statement will generate an error message.

One important capability of SystemVerilog is the ability
to define assertions outside of the Verilog modules and then
bind them to a specific module or module instance. This
feature allows test engineers to add assertions to existing Ver-
ilog models, without having to change the model in any way.
One of the goals of SystemVerilog assertions is to provide

a common semantic meaning for assertions so that they can
be used to drive various design and verification tools.

In SystemVerilog, there are two types of assertions: imme-
diate assertions and concurrent assertions.

Immediate assertions are primarily intended to be used
with simulation and evaluate using simulation event-based
semantics. While concurrent assertions are based on clock
semantics and use sampled values of variables.

Concurrent assertions can be used in always block or ini-
tial block as a statement, a module as a concurrent block, an
interface block as a concurrent block, a program block as a
concurrent block.

An example of a property using sequence and formal
argument is demonstrated as the following.

property 𝑡𝑒𝑠𝑡 [(𝑟𝑒𝑎𝑑𝑦, 𝑑𝑜𝑛𝑒,𝑚 𝑏𝑢𝑠, 𝑥 𝑏𝑢𝑠)];
𝑖𝑛𝑡 V 𝑑𝑎𝑡𝑎;
(𝑟𝑒𝑎𝑑𝑦, V 𝑑𝑎𝑡𝑎 = 𝑚 𝑏𝑢𝑠) ##[3 : 5]
(𝑑𝑜𝑛𝑒 && 𝑥 𝑏𝑢𝑠 == V 𝑑𝑎𝑡𝑎);

endproperty [: 𝑡𝑒𝑠𝑡]

The property 𝑡𝑒𝑠𝑡 states that if 𝑟𝑒𝑎𝑑𝑦 holds then local
variable V 𝑑𝑎𝑡𝑎 gets assigned the value of𝑚 𝑏𝑢𝑠.Then within
3 to 5 cycles later, 𝑑𝑜𝑛𝑒 is TRUE and 𝑥 𝑏𝑢𝑠 should be equal to
the contents of the saved local variable V 𝑑𝑎𝑡𝑎. The property
fails if 𝑟𝑒𝑎𝑑𝑦 is FALSE or if it follows a successful 𝑟𝑒𝑎𝑑𝑦; the
expression “𝑑𝑜𝑛𝑒 && 𝑥 𝑏𝑢𝑠 == V 𝑑𝑎𝑡𝑎” fails to be TRUE
within the range from 3 to 5 cycles after 𝑟𝑒𝑎𝑑𝑦.

As shown in this example, a concurrent assertion prop-
erty in SystemVerilog will never be evaluated by itself except
it is invoked by a verification statement. Therefore, only
the statement assert property 𝑡𝑒𝑠𝑡(𝑎, 𝑏, 𝑐, 𝑑) can cause the
checker to perform assertion checking.

The verification statement in SVA has three forms: assert,
assume, and cover. In this paper, only assume and assert are
involved: the statement assert to specify the property as a
checker to ensure that the property holds for the design; the
statement assume to specify the property as an assumption
for the environment. The purpose of the assume statement is
to allow properties to be considered as assumptions for for-
mal analysis as well as for dynamic simulation tools.

Basically, SVA has four language layers: Boolean, se-
quence, property, and statement.

(1) Boolean layer. The boolean layer consists of boolean
expressions inwhich each variable referenced is either
a design variable or a local variable of the assertion.

(2) Sequence layer. The sequence layer consists of regular
expressions over the boolean layer.

(3) Property layer. The property layer combines se-
quences to create temporal logic formulas.

(4) Statement layer. The statement layer defines whether
a property is to be evaluated as an obligation, an
assumption, or a coverage goal.

Moreover, SVA provides local variables as one of its
distinguishing features. A local variable is used to capture the
value of an expression at one point within a property and
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hold it for later reference, after which the local variable may
be reassigned. We will provide an efficient way to handle this
feature in later section of this paper.

3. Synchronous Digital System and Its
Polynomial Representation

In this section, we will discuss polynomial set expressions for
elementary units of combinational and sequential circuits.

We mainly focus on the register transfer level (RTL)
description of the circuit systems. Previous work [11, 12] has
shown that any combinational circuit can be uniquely repre-
sented by a minimum order polynomial.

Here, we give an alternative dataflow-based polynomial
set representationmodel for our assertions checking purpose
whose zero set can make such a data-flow model work well.

3.1. Combinational Logic Modeling. In this paper, we only
focus on arithmetic unit for calculating fixed-point opera-
tions. For any arithmetic unit, integer arithmetic operations
(addition, subtraction, multiplication, and division) and
basic logical operations, like “AND”, “OR”, and “NOT”, can be
modeled by the following polynomial forms in Table 1.

We will then discuss another important control structure
in digital system,multiplexer, which can be used to joinmany
small datapaths together to make bigger datapaths.

Basically, multiplexer provides a set of condition bits,
𝑏𝑖 (0 ≤ 𝑖 ≤ 𝐵), a set of target identifiers, (0, . . . , 𝑇 − 1), and a
mapping from condition bit values to target identifiers. This
mapping takes the form of a condition tree:

𝑦 = 𝑀𝑈𝑋(𝑥0, 𝑥1, . . . , 𝑥𝑛, 𝑠), 𝑖 = 𝑠 ⇒ 𝑦 = 𝑥𝑖, (0 ≤

𝑖 ≤ 𝑛)

⇒ 𝑦 − ∑
𝑛−1
𝑖=1 (∏𝑗∈{0,1,...,𝑛−1}{𝑖}((𝑠 − 𝑗)/(𝑖 − 𝑗))) ∗ 𝑥𝑖, with

∏
𝑖=0
𝑛−1(𝑠 − 𝑖) = 0.

Note that for any bit-level variable 𝑥𝑖 (0 ≤ 𝑖 ≤ 𝑛), a
limitation {𝑥𝑖 ∗ 𝑥𝑖 − 𝑥𝑖} should be added for each.

3.2. Sequential Unit Modeling. In sequential circuits, flip-
flops (FF) and latches are fundamental building blocks which
are used as data storage elements. In this paper, wewill reduce
all sequential units to a simple unifiedmodel described below.

The flip-flop can be equivalently modeled as a multi-
plexer. We have the following proposition to state this model.

Proposition 1. For a 𝐷-typed flip-flop model (𝐷 is the next
state of 𝐷 and 𝑦 is the output signal of the flip-flop) with an
enable signal 𝑐, then its equivalent combinational formal is𝑦 =
𝑀𝑈𝑋(𝐷,𝐷


, 𝑠) : 𝑖 = 𝑠 → 𝑦


= 𝑥𝑖, (0 ≤ 𝑖 < 2, 𝑥0 = 𝐷, 𝑥1 =

𝐷

), whose polynomial representation form can be described as

{(𝑦

−𝐷)∗(𝑐−1), (𝑦−𝐷)∗𝑐, (𝑦−𝐷)∗(𝑦−𝐷)} or

{𝑦

− 𝐷 ∗ (𝑐 − 1) − 𝐷


∗ 𝑐}.

Proof. Let𝐷 be the current state and 𝑦 denote the next state
of the flip-flop.When the signal 𝑐 is 0,𝑦 has the same value as
𝐷 so that the FF maintains its present state; when the signal 𝑐

Table 1: Polynomial representation for arithmetic and logical units.

Arithmetic or logical operation Polynomial set representation
𝑦 = 𝑎 + 𝑏 {𝑦 − 𝑎 − 𝑏}

𝑦 = 𝑎 − 𝑏 {𝑦 − 𝑎 + 𝑏}

𝑦 = 𝑎 ∗ 𝑏 {𝑦 − 𝑎 ∗ 𝑏}

𝑦 = 𝑎/𝑏 {𝑦 ∗ 𝑏 − 𝑎}

𝑦 = NOT 𝑥 {1 − 𝑥 − 𝑦}

𝑦 = 𝑥1 AND 𝑥2 {𝑥1 ∗ 𝑥2 − 𝑦}

𝑦 = 𝑥1 OR 𝑥2 {𝑥1 + 𝑥2 − 𝑥1 ∗ 𝑥2 − 𝑦}

is 1, 𝑦 takes a new value from the𝐷 input (where𝐷 denotes
the new value of next state of the FF). Therefore, we have
the 2-value multiway branch model and its polynomial set
representation for FF.

This establishes the proposition.

Proposition 2. Let𝐷 be an FFmodel (𝐷 is the next state of𝐷
and 𝑦 is the output signal of the flip-flop) without enable signal;
then its equivalent combinational formal polynomial algebraic
model can be described as {𝑦 − 𝐷}.

Proof. Straightforward.

Proposition 3. Let 𝐷 be an FF model (𝐷 is the next state of
𝐷 and 𝑦 is the output signal of the flip-flop) with a reset signal;
then its equivalent combinational formal polynomial algebraic
model can be described as {𝑦 − 𝐷 ∗ (1 − 𝑟𝑒𝑠𝑒𝑡)}.

Proof. Straightforward.

4. Cycle-Based Simulation and
Sequential Unrolling

In this section, we will sketch the underlying system model
for symbolic simulation used in our work.

Basically, symbolic simulation takes in variables
(𝑥1, 𝑥2, . . . , 𝑥𝑚), as shown in Figure 1, called free variables,
as input and produces output expressions in terms of the
variables (𝑦1, 𝑦2, . . . , 𝑦𝑛). The free variable can be either
bit-level, integer, or constant 0 and 1. The symbolic simulator
simulates simultaneously the entire set of the points that the
input variables can take on.

Cycle-based symbolical simulation of a circuit for 𝑛 cycles
can be regarded as unrolling the circuit 𝑛 times.The unrolled
circuit is a pure combinational one, and the 𝑖th copy of the
circuit represents the circuit at cycle 𝑖. Thus, the unrolled
circuit contains all the symbolic results for 𝑛 cycles.

The simulation process can be described as follows.
Firstly, cycle-based symbolical simulation is initialized by
setting the state of the circuit to the initial vector. Each of
the primary input signals will be assigned a distinct symbolic
variable or a symbolic constant. Then, at the end of a simu-
lation step, the expressions representing the next-state func-
tions generally undergo a transformation-based optimiza-
tion. Afterwards the newly generated functions are used as
present state for the next state of simulation.
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Figure 1: Symbolic simulation model.

Generally, for a sequential circuit, one time frame of a
sequential circuit is viewed as a combinational circuit in
which each flip-flopwill be converted into two corresponding
signals: a pseudo primary input (PPI) and a pseudo primary
output (PPO). Time-frame expansion is achieved by connect-
ing the PPIs of the current time frame to the corresponding
PPOs of the previous time frame.

5. SVA Expressions with Polynomial Set

In this section, wewill discuss concurrent assertions and their
temporal layer representation models.

As mentioned previously, concurrent assertions express
functional design intent and can be used to express assumed
input behavior, expected output behavior, and forbidden
behavior. That is, assertions define properties that the design
must meet. Many properties can be expressed strictly from
variables available in the design, while properties are often
constructed out of sequential behaviors.

We begin with the introduction of polynomial notions for
various layers modeling.

5.1. Polynomial Notions and Algebraization. For clarity, we
introduce the following symbolic notions for algebraic rep-
resentation used in the rest of this paper.

(1) For any symbolic (circuit, unit, signal, sequence,
property, etc.) 𝑓, its algebraic representation form is
denoted by ⟦𝑓⟧.

(2) If a running cycle 𝑡 is given, its algebraic representa-
tion form can be denoted by ⟦𝑓⟧[𝑡].

(3) Furthermore, if a time range [𝑚 ⋅ ⋅ ⋅ 𝑛] is specified, its
algebraic representation form can then be denoted by
⟦𝑓⟧
[𝑚⋅⋅⋅𝑛]
[𝑡]

.

Note that more detailed description of time range will be
discussed in next subsection.

For a given sequential circuit, to illustrate the sequential
modeling for a given cycle number clearly, we will define the
following indexed polynomial representation model for the
𝑖th cycle by using the above notions.

Definition 4 (indexed polynomial representation). Let 𝑥[𝑟][𝑙]
(0 ≤ 𝑟 ≤ 𝑅, 𝑅 ∈ N) denote the input signals for the 𝑙th clock
cycle, 𝑚[𝑠][𝑙] (0 ≤ 𝑠 ≤ 𝑆, 𝑆 ∈ N) denote the intermediate
signals, and 𝑦[𝑡][𝑙] (0 ≤ 𝑡 ≤ 𝑇, 𝑇 ∈ N) denote the output
signals. We define the time-frame expansion model ⟦𝑀⟧ as

indexed polynomial representation for the sequential cir-
cuit 𝐶 as the following:

⟦𝑀⟧

= {

𝑛

⋃

𝑖=0

⟦C⟧ (. . . , ⟦𝑥[𝑟][𝑖]⟧ , . . . , ⟦𝑚[𝑠][𝑖]⟧ , . . . , ⟦𝑦[𝑡][𝑖]⟧ , . . .)} ,

(1)

where, ⟦C⟧(. . . , ⟦𝑥[𝑟][𝑖]⟧, . . . , ⟦𝑚[𝑠][𝑖]⟧, . . . , ⟦𝑦[𝑡][𝑖]⟧, . . .) de-
notes the 𝑖th time-frame model of the original circuit and 𝑛
denotes the number of clock cycle.

In the following, we will discuss Boolean layer modeling
based on above polynomial notions.

The Boolean layer of SVA forms an underlying basis for
the whole assertion architecture which consists of Boolean
expressions that hold or do not hold at a given cycle.

In SVA, the following are valid Boolean expressions:

𝑎𝑟𝑟𝑎𝑦𝐴 == 𝑎𝑟𝑟𝑎𝑦𝐵

𝑎𝑟𝑟𝑎𝑦𝐴! = 𝑎𝑟𝑟𝑎𝑦𝐵

𝑎𝑟𝑟𝑎𝑦𝐴[𝑖] >= 𝑎𝑟𝑟𝑎𝑦𝐵[𝑗]

𝑎𝑟𝑟𝑎𝑦𝐵[𝑖][𝑗+ : 2] == 𝑎𝑟𝑟𝑎𝑦𝐴[𝑘][𝑚− : 2]

(𝑎𝑟𝑟𝑎𝑦𝐴[𝑖]&(𝑎𝑟𝑟𝑎𝑦𝐵[𝑗])) == 0

For example, assertion (𝑎[15 : 0] == 𝑏[15 : 0]) is also a
valid Boolean expression stating that the 16-bit vectors 𝑎[15 :
0] and 𝑏[15 : 0] are equal.

The state of a signal variable in current cycle 𝑖 will be
viewed as a zero of a set of polynomials. We have the zero set
building rules.

ZS-1 : for any signal 𝑥 which holds at a given time-
frame 𝑖, thus, the state of 𝑥 == 1 (𝑥 is active high at
cycle 𝑖) can be represented by polynomial {𝑥[𝑖] − 1}.
That is, ⟦𝑥[𝑖]⟧ = {𝑥[𝑖] − 1}.

ZS-2 : alternatively, the state of 𝑥 == 0 (𝑥 is active
low at time-frame 𝑖) can be represented by polynomial
{𝑥[𝑖]}. That is, ⟦𝑥[𝑖]⟧ = {𝑥[𝑖]}.

ZS-3 : For any signal 𝑥 and 𝑦, we have: ⟦𝑥[𝑖] ∧ 𝑦[𝑗]⟧ =
{(𝑥[𝑖]−1), (𝑦[𝑗]−1)} and ⟦𝑥[𝑖]∨𝑦[𝑗]⟧ = {(𝑥[𝑖]−1)(𝑦[𝑗]−
1)} hold. Where 𝑖 and 𝑗 are time frames.

5.2. Time Range and Its Unrolled Model. Wewill then discuss
the important feature of SVA, time range, and its signal
constraint unrolled model.

In SVA, for each sequence the earliest time step for the
evaluation and the latest time step should be determined
firstly. The sequence is then unrolled based on above infor-
mation. Finally, the unrolled sequence will be modeled with
polynomial set.

In [7], a time range calculating algorithm is provided.
Here, we will introduce some related definition and special
handling for algebraization purpose. The syntax of “time
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range” can be described as follows:

𝑐𝑦𝑐𝑙𝑒 𝑑𝑒𝑙𝑎𝑦 𝑐𝑜𝑛𝑠𝑡 𝑟𝑎𝑛𝑔𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 ::=

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 : 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

|𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 : $

Note that 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 is computed at compiling
time, must result in an integer value, and can only be 0 or
greater.

In this paper, we only focus on constant time range case.
Thus, its form can be simplified as

(1) 𝑎##[𝑚 : 𝑛] 𝑏 (𝑚, 𝑛 ∈ N and 𝑛 ≥ 𝑚 ≥ 0),
(2) 𝑆1##[𝑚 : 𝑛] 𝑆2 (𝑚, 𝑛 ∈ N and 𝑛 ≥ 𝑚 ≥ 0),

where, 𝑎, 𝑏 are signals and 𝑆1, 𝑆2 are sequences.
Let 𝑆 := “𝑎##[𝑚 : 𝑛]𝑏” (𝑚, 𝑛 ∈ N and 𝑛 ≥ 𝑚 ≥ 0) be a

sequence; we will demonstrate how to equivalently derive its
polynomial representation step by step through this example.

Assume the starting time frame is 𝑡; then: the sequence 𝑆
will start (𝑛 − 𝑚 + 1) sequences of evaluation which are

⇒

{{{{{

{{{{{

{

𝑎##𝑚𝑏
𝑎## (𝑚 + 1) 𝑏

...
𝑎## (𝑛 − 𝑚 + 1) 𝑏,

respectively. (2)

Correspondingly, we can derive their algebraic forms as
follows:

⇒

{{{{{{{{

{{{{{{{{

{

⟦𝑎##𝑚𝑏⟧[𝑡] = ⟦𝑎𝑡 ∧ 𝑏𝑡+1⟧
⟦𝑎##(𝑚 + 1)𝑏⟧[𝑡] = ⟦𝑎𝑡 ∧ 𝑏𝑡+2⟧

...
⟦𝑎##(𝑛 − 𝑚 + 1)𝑏⟧[𝑡]

= ⟦𝑎𝑡 ∧ 𝑏𝑡+𝑛−𝑚+1⟧ ,

respectively.

(3)

Thenwe have the equivalent form of above representation
set as

⇒ ⟦𝑆⟧[𝑡] = ⟦(𝑎𝑡 ∧ 𝑏𝑡+𝑚) ∨ ⋅ ⋅ ⋅ ∨ (𝑎𝑡 ∧ 𝑏𝑡+𝑛)⟧ . (4)

Finally, we can have their polynomial set forms by fol-
lowing the zero set building rules discussed previously:
ZS-1, ZS-2, and ZS-3.

Similarly, we can also derive the equivalent algebraic
representation of ⟦𝑆1##[𝑚 : 𝑛]𝑆2⟧[𝑡] by following the same
steps.

5.3. Sequential Depth Calculation. The time range of a se-
quential is a time interval during which an operation or a
terminal of a sequence has to be considered and is denoted by
a closed bounded set of positive integers:

𝑇 = [𝑙 ⋅ ⋅ ⋅ ℎ] = {𝑥𝑙 ≤ 𝑥 ≤ ℎ} (here, 𝑥, 𝑙, ℎ ∈ N) . (5)

Furthermore, the maximum of two intervals 𝑇1 and 𝑇2 is
defined by𝑚𝑎𝑥(𝑇1, 𝑇2) = [𝑚𝑎𝑥(𝑙1, 𝑙2) ⋅ ⋅ ⋅ 𝑚𝑎𝑥(ℎ1, ℎ2)].

In the samemanner, the sum of two time range, of 𝑇1 and
𝑇2 is defined as 𝑇1 + 𝑇2 = [(𝑙1 + 𝑙2) ⋅ ⋅ ⋅ (ℎ1 + ℎ2)].

Definition 5 (maximum sequential depth). The maximum
sequential depth of a SVA expression 𝐹 or a sequence, written
𝑑𝑒𝑝(𝐹), is defined recursively:

(1) 𝑑𝑒𝑝(𝑎) = [1 ⋅ ⋅ ⋅ 1], if 𝑎 is a signal;
(2) 𝑑𝑒𝑝(¬𝑎) = [1 ⋅ ⋅ ⋅ 1], if 𝑎 is a signal;
(3) 𝑑𝑒𝑝(𝐹1##𝐹2) = 𝑑𝑒𝑝(𝐹1) + 𝑑𝑒𝑝(𝐹2), if 𝐹1, 𝐹2 are

sequences of SVA;
(4) 𝑑𝑒𝑝(𝐹1##[𝑚 : 𝑛]𝐹2) = 𝑑𝑒𝑝(𝐹1) + 𝑑𝑒𝑝(𝐹2) + [𝑚 ⋅ ⋅ ⋅ 𝑛],

if 𝐹1, 𝐹2 are sequences of SVA;
(5) 𝑑𝑒𝑝(𝐹1 and 𝐹2) = 𝑚𝑎𝑥(dep(𝐹1), 𝑑𝑒𝑝(𝐹2)), if 𝐹1, 𝐹2

are sequences of SVA;
(6) 𝑑𝑒𝑝(𝐹1 or 𝐹2) = 𝑚𝑎𝑥(𝑑𝑒𝑝(𝐹1), 𝑑𝑒𝑝(𝐹2)), if 𝐹1, 𝐹2 are

sequences of SVA;
(7) 𝑑𝑒𝑝(𝐹1 intersect 𝐹2) = 𝑑𝑒𝑝(𝐹1) + 𝑑𝑒𝑝(𝐹2) − 1, if 𝐹1,

𝐹2 are sequences of SVA;
(8) 𝑑𝑒𝑝(𝐹[𝑛]) = 𝑛 ∗ 𝑑𝑒𝑝(𝐹), if 𝐹 is a sequence of SVA.

Note that if 𝑑𝑒𝑝(𝐹) = [𝑚 ⋅ ⋅ ⋅ 𝑛], we have 𝑑𝑒𝑝(𝐹) ⋅ 𝑙 = 𝑚 and
𝑑𝑒𝑝(𝐹) ⋅ ℎ = 𝑛.

5.4. Sequence OperatorModeling. Temporal assertions define
not only the values of signals but also the relationship bet-
ween signals over time.The sequences are the building blocks
of temporal assertions and can express a set of linear behavior
lasting one or more cycles. These sequences are usually used
to specify and verify interface and bus protocols.

A sequence is a regular expression over the boolean
expressions that concisely specifies a set of linear sequences.
The Boolean expressions must be true at those specific clock
ticks for the sequence to be true over time.

SystemVerilog provides several sequence composition
operators to combine individual sequences in a variety of
ways that enhance code writing and readability which can
construct sequence expressions from Boolean expressions.

In this paper, throughout operator, [1 : $] operator, and
the first match operator are not supported by our method.

In the following, we will discuss the algebraic representa-
tion of the supported sequence operators.

(1) cycle delay operator. In SystemVerilog, the ## con-
struct is referred to as a cycle delay operator.

“##1” and “##0” are concatenation operators: the former
is the classical regular expression concatenation; the latter is
a variant with one-letter overlapping. The cycle delay in SVA
has two basic forms.

(a) A “##𝑛” followed by a number 𝑛 specifies the 𝑛 cycles
delay from the current clock cycle to the beginning of
the sequence that follows.

(b) A “##[𝑚 ⋅ ⋅ ⋅ 𝑛]” followed by a rang [𝑚 ⋅ ⋅ ⋅ 𝑛] specifies
the [𝑚 ⋅ ⋅ ⋅ 𝑛] cycles delay from the current clock cycle
to the beginning of the sequence that follows.

It is easy to derive the algebraic representation forms
for this operator by following the method discussed in
Section 5.2.



6 Journal of Applied Mathematics

(2) intersect operator. The two operands of intersect
operator are sequences. The requirements for match of the
intersect operation are as follows:

(a) both operands must match,
(b) the lengths of the two matches of the operand

sequences must be the same.

“𝑅1 intersect 𝑅2” denotes that 𝑅1 starts at the same time as
𝑅2.The intersection will match if𝑅1, starting at the same time
as 𝑅2, matches at the same time as 𝑅2 matches.

The sequence length matching intersect operator con-
structs a sequence like the and nonlength matching operator,
except that both sequences must complete in same cycle.

(3) and operator. This operation “𝑅1 and 𝑅2” states that
𝑅1 starts at the same time as 𝑅2 and the sequence expression
matches with the later of 𝑅1 and 𝑅2 matching. This binary
operator is used when both operands are expected to match,
but the end times of the operand sequences can be different.

That is, “𝑅1 and 𝑅2” denotes that both𝑅1 and𝑅2 hold for
the same number cycles. Then, the matches of “𝑅1 and 𝑅2”
must satisfy the following:

(a) the start point of the match of 𝑅1 must not be earlier
than the start point of the match of 𝑅2;

(b) the end point of thematch of𝑅1must not be later than
the end point of the match of 𝑅2.

The sequence nonlength matching and operator con-
structs a sequence in which two sequences both hold at the
current cycle regardless of whether they complete in the same
cycle or in different cycles.

(4) or operator. The sequence or operator constructs a
sequence in which one of two alternative sequences holds at
the current cycle. Thus, the sequence “(𝑎##1 𝑏) or (𝑐##1 𝑑)”
states that either sequence “𝑎, 𝑏” or sequence “𝑐, 𝑑” would
satisfy the assertion.

(5) repetition operator. SystemVerilog allows the user to
specify repetitions when defining sequences of Boolean ex-
pressions. The repetition counts can be specified as either a
range of constants or a single constant expressions.

The syntax of repetition operator can be illustrated as the
following:

𝑛𝑜𝑛 𝑐𝑜𝑛𝑠𝑒𝑐𝑢𝑡𝑖V𝑒 𝑟𝑒𝑝 ::= [= 𝑐𝑜𝑛𝑠𝑡 𝑜𝑟 𝑟𝑎𝑛𝑔𝑒 𝑒𝑥𝑝𝑟].

The number of iterations of a repetition can be specified by
exact count.

From above discussion, we have the following rules for
polynomial set-based representation.

Rule 1. Assume that 𝑅, 𝑅1, and 𝑅2 are valid SVA sequences;
the rules in Table 2 can be used to construct the correspond-
ing polynomial set representations.

5.5. Local Variables Representation. An important feature in
SVA is that variables can be used in assertions which is highly
useful in pipelined designs. These local variables are optional
and local to properties. They can be initialized, assigned or
reassigned a value, operated on, and compared to other ex-
pressions.

Table 2: Polynomial representation for sequence operators.

NO. Sequence Polynomial set representation

1 𝑎##𝑛 𝑏 ({⟦𝑎⟧
[𝑡]
, ⟦𝑏⟧
[𝑡+𝑛]

})

𝑎##[𝑚 ⋅ ⋅ ⋅ 𝑛] 𝑏 ∨
𝑛
𝑖=𝑚 ({⟦𝑎⟧[𝑡], ⟦𝑏⟧[𝑡+𝑖]})

2 𝑅1 intersect 𝑅2 {⟦𝑅1⟧
𝑑𝑒𝑝(𝑅1)

[𝑡]
} ∧ {⟦𝑅2⟧

𝑑𝑒𝑝(𝑅1)

[𝑡]
}

3 𝑅1 and 𝑅2
∨
ℎ1
𝑖=𝑙1
∨
ℎ2
𝑗=𝑙2

({⟦𝑅1⟧
𝑖

[𝑡]
} ∧ {⟦𝑅2⟧

𝑗

[𝑡]
})

Here, 𝑙𝑖 = 𝑑𝑒𝑝(𝑅𝑖) ⋅ 𝑙; ℎ𝑖 = 𝑑𝑒𝑝(𝑅𝑖) ⋅ ℎ
(1 ≤ 𝑖 ≤ 2)

4 𝑅1 or 𝑅2
∨
ℎ1
𝑖=𝑙1
∨
ℎ2
𝑗=𝑙2

({⟦𝑅1⟧
𝑖

[𝑡]
} ∨ {⟦𝑅2⟧

𝑗

[𝑡]
})

Here, 𝑙𝑖 = 𝑑𝑒𝑝(𝑅𝑖) ⋅ 𝑙; ℎ𝑖 = 𝑑𝑒𝑝(𝑅𝑖) ⋅ ℎ
(1 ≤ 𝑖 ≤ 2)

5 𝑅 [= 𝑛] ∨
𝑛
𝑖=0 ({⟦𝑅1⟧

𝑖∗𝑑𝑒𝑝(𝑅)

[𝑡]
})

The dynamic creation of a variable and its assignment are
achieved by using the local variable declaration in a sequence
or property declaration and making an assignment in the se-
quence.

A simple example of property with a local variable is
specified below:

property 𝑑𝑎𝑡𝑎𝑜𝑢𝑡;
𝑙𝑜𝑔𝑖𝑐[31 : 0] 𝑥;
@(posedge 𝑐𝑙𝑘)($rose(𝑙𝑜𝑎𝑑), 𝑥 = 𝑑𝑎𝑡𝑎) |=> ##[0 :
5]

(𝑟𝑒𝑎𝑑𝑦 && 𝑑𝑜𝑢𝑡 && 𝑑𝑎𝑡𝑎 == 𝑥) |=> ##[0 :

3]𝑑𝑜𝑛𝑒 && 𝑞 == 𝑥;
endproperty

Thus, local variables of a sequence (or property) may be
set to a value, which can be computed from a parameter or
other objects (e.g., arguments. constants, or objects visible by
the sequence (or property)).

For the algebraization of SVA properties with local
variables, in our method these local variables will be taken as
common signal variables (symbolic constant) without any
sequential information.

Thus, the polynomial set representation for property
𝑑𝑎𝑡𝑎𝑜𝑢𝑡 will be translated in the following form:

⟦𝑑𝑎𝑡𝑎𝑜𝑢𝑡⟧[𝑡] = {⋅ ⋅ ⋅ (⟦𝑑𝑎𝑡𝑎⟧[𝑡] − 𝑥) , . . . , (⟦𝑞⟧[𝑡] − 𝑥)} .

(6)

5.6. Property Operator Modeling. In SVA, a property that is a
sequence evaluates to true if, and only if, there is a nonempty
match of the sequence. Property expressions are built using
sequences, other sublevel properties, and simple Boolean
expressions via property connectives.

In general, property expressions are built using se-
quences, other sublevel properties, and simple Boolean ex-
pressions.
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These individual elements are combined using property
operators which are listed as follows:

𝑃 ::= 𝑅 (“sequence” form);
|(𝑃) (“parenthesis” form);
| NOT 𝑃 (“negation” form);
| (𝑃1 OR 𝑃2) (“or” form);
| (𝑃1 AND 𝑃2) (“and” form);
| (𝑅 | −> 𝑃) (“implication” form);
| (𝑅 | => 𝑃) (“implication” form);
| disable iff(𝑏) 𝑃 (“reset” form)

Note that disable iff will not be supported in this paper.
Property operators construct properties out of sequence ex-
pressions.

(1) Implication operators. The SystemVerilog implica-
tion operator supports sequence implication and provides
two forms of implication: overlapped using operator | −> and
nonoverlapped using operator | =>, respectively.

The implication operator takes a sequence as its
antecedent and a property as its consequent. For each success-
ful match of the antecedent sequence, the consequence se-
quence is separately evaluated, beginning at the end point of
the matched antecedent sequence. All matches of antecedent
sequence require a match of the consequence sequence.

(2) NOT operator. “NOT 𝑃” states that the evaluation of
the property returns the opposite of the evaluation of the
underlying 𝑃.

(3) AND operator. “𝑃1 AND 𝑃2” states that the property
evaluates to true if, and only if, both 𝑃1 and 𝑃2 evaluate to
true.

(4) OR operator. “𝑃1 OR 𝑃2” states that the property
evaluates to true if, and only if, at least one of 𝑃1 and 𝑃2
evaluates to true.

(5) IF-ELSE operator. This operator has two valid forms
which are listed as follows.

(a) IF (𝑑𝑖𝑠𝑡) 𝑃1. A property of this form evaluates to true
if, and only if, either 𝑑𝑖𝑠𝑡 evaluates to false or 𝑃1
evaluates to true.

(b) IF (𝑑𝑖𝑠𝑡) 𝑃1 ELSE 𝑃2. A property of this form evalu-
ates to true if, and only if, either 𝑑𝑖𝑠𝑡 evaluates to true
and 𝑃1 evaluates to true or 𝑑𝑖𝑠𝑡 evaluates to false and
𝑃2 evaluates to true.

From the previous discussion, we have the checking rules
for property reasoning.

Rule 2. Assume that 𝑃, 𝑃1, and 𝑃2 are valid SVA properties,
𝑆 denotes a SVA sequence, and𝑀 denotes the system model
to be checked; the following transformation rules in Table 3
are used to construct the corresponding verification process,
where 𝐴𝑠𝑠𝐶ℎ𝑘(𝑀𝑜𝑑𝑒𝑙, 𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦) : {ture, false} is a self-
defined justification function which can take either poly-
nomial sets or original models as input arguments and is
used to determine wether a given 𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 holds or not with
respect to a circuitmodel𝑀𝑜𝑑𝑒𝑙. Additionally,¬,∨, and∧ are
standard logical connectives.

Table 3: Polynomial representation for property operators.

Property
operation Polynomial set representation

𝑃1 OR 𝑃2 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃1⟧) ∨ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃2⟧)

𝑃1 AND 𝑃2 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃1⟧) ∧ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃2⟧)

NOT 𝑃 ¬ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃⟧)

IF (𝑑𝑖𝑠𝑡) 𝑃1 ¬ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , 𝑑𝑖𝑠𝑡) ∨ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃1⟧)

IF (𝑑𝑖𝑠𝑡) 𝑃1
ELSE 𝑃2

(𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , 𝑑𝑖𝑠𝑡) ∧ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃1⟧)) ∨

(¬ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , 𝑑𝑖𝑠𝑡) ∧ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃2⟧))

𝑆| −> 𝑃

𝑖𝑓 (¬ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑆⟧)) 𝑟𝑒𝑡𝑢𝑟𝑛 true
𝑒𝑙𝑠𝑒 (𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑆⟧

[𝑡]
) ∧

𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃⟧
𝑑𝑒𝑝(𝑃)

[𝑡+𝑑𝑒𝑝(𝑆)−1]
))

𝑆| => 𝑃

𝑖𝑓 (¬ 𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑆⟧)) 𝑟𝑒𝑡𝑢𝑟𝑛 true
𝑒𝑙𝑠𝑒 (𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑆⟧

[𝑡]
) ∧

𝐴𝑠𝑠𝐶ℎ𝑘 (⟦𝑀⟧ , ⟦𝑃⟧
𝑑𝑒𝑝(𝑃)

[𝑡+𝑑𝑒𝑝(𝑆)]
))

5.7. Constrained Subset of SVAs. SystemVerilog assertions for-
mally define the syntax and grammar of an assertion language
that can define design properties and constraints, including
temporal (i.e., spread over several cycles) characteristics.
The atoms of the SVA concurrent assertions are so called
sequences. A sequence is a regular expression that describes
the behavior of signals over time. A property of SVA is
composed of sequences by property operators.

As described in [13], the total set of SVA can be divided
into 4 subgroups, namely, simple sequence expression
(SSE), interval sequence expression (ISE), complex sequence
expression (CSE), and unbounded sequence expression
(USE). Here, in our method, only a subset of these groups
can be supported.

Formally, we will give the following definition for this
subset.

Definition 6 (constrained subset of SVA). The constrained
subset of SVA supported by algebraic symbolic polynomial
representation is defined recursively as the following:

(1) 𝑅 ::= 𝑏|(V = 𝑒)|(𝑅)|(𝑅##𝑚)|(𝑅##[𝑚 ⋅ ⋅ ⋅ 𝑛]𝑅)|(𝑅 or 𝑅)|
(𝑅1 intersect 𝑅2)|𝑅[= 𝑛]|(𝑅1 and 𝑅2),

(2) 𝑃 ::= 𝑅|(𝑃)| NOT 𝑃 |(𝑃1 AND 𝑃2) | (𝑃1 OR 𝑃2|(𝑅 |

−> 𝑃)| (𝑅 |=> 𝑃)),
where 𝑏 denotes a Boolean expression and all Boolean
operators are supported,𝑅 (𝑅1,𝑅2) denotes a sequence,𝑃 (𝑃1,
𝑃2) denotes a property, V denotes a local variable name, and 𝑒
denotes an expression.

For sequence operators, unspecified upper bound time
range and first-match operator are excluded from the con-
strained subset. Additionally, property operator disable iff
will not be supported also.

In this paper, only a constrained subset of SVA language
defined above can be supported by our method.

Firstly, we translate the properties described by the con-
strained subset of SVA into flat sequences according to the
semantics of each supported operator.
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Secondly, the unrolled flat sequences will be added tem-
poral constraints to form proportional formulas with logical
connectives (∨, ∧, and ¬).

Finally, the resulted proportional formulas will be trans-
lated into equivalent finite polynomial set.

Then, the verification problem is reduced to proving zero
set inclusion relationship which can be resolved by character-
istic set-based algebraic approaches.

6. Characteristic Set Based Verification
Principle and Algorithm

In this section, we will discuss the checking algorithm based
on Wu’s characteristic set. We first recall some fundamental
knowledge in Wu’s method.

6.1. Wu’s Method Preliminary. Wu’s method [14, 15] is an
efficient algorithm for solving multivariate polynomial equa-
tions introduced by Wen-Tsun Wu. It also has succeeded in
mechanical geometry theorem proving. For further details
and elementary introduction, we refer the reader to [16].

Let 𝑃𝑖 = k[𝑥1, . . . , 𝑥𝑖] denote the polynomial ring in
variables 𝑥1, 𝑥2, . . . , 𝑥𝑖 with coefficient k, for every 𝑖 in the
range {1, . . . , 𝑛}, and k is an algebraically closed field.

In what follows, without loss of generality, we assume that
the given variables ordering is fixed as

𝑥1 ≺ 𝑥2 ≺ ⋅ ⋅ ⋅ ≺ 𝑥𝑛. (7)

Assume 𝑝 ∈ k[𝑥1, . . . , 𝑥𝑛] and let 𝑑𝑒𝑔(𝑝, 𝑥𝑖) be the maximum
degree of 𝑝 with respect to 𝑥𝑖.

Definition 7. Let𝑝 ∈ 𝑃𝑖; the greatest variable V ∈ {𝑥1, . . . , 𝑥𝑖} is
called themain variable of 𝑝 such that 𝑑𝑒𝑔(𝑝, V) ̸=0, denoted
by 𝑚V𝑎𝑟(𝑝). The biggest index 𝑖 is called the class, denoted
by 𝑐𝑙𝑎𝑠𝑠(𝑝). If we assume 𝑝 as a univariate polynomial with
𝑚V𝑎𝑟(𝑝) = 𝑥𝑖, we can write𝑝 = 𝑐𝑥

𝑑
𝑖 +𝑟, where 𝑑 = 𝑑𝑒𝑔(𝑝, 𝑥𝑖).

In this case, 𝑐 and 𝑑 are, respectively, the initial and themain
degree and are denoted by 𝑖𝑛𝑖𝑡(𝑝) and𝑚𝑑𝑒𝑔(𝑝).

Definition 8 (pseudo division). For any two polynomials
𝑓, 𝑔 ∈ 𝑃𝑖, with 𝑐𝑙𝑎𝑠𝑠(𝑓) = 𝑗. There exist a nonnegative
number 𝛼 and polynomials 𝑞 and 𝑟, such that 𝑖𝑛𝑖𝑡(𝑓)𝛼𝑔 =

𝑞𝑓 + 𝑟. Where 𝑟 is denoted by 𝑝𝑟𝑒𝑚(𝑔, 𝑓, 𝑥𝑗). We denote the
remainder 𝑟 on pseudo division (pseudo remainder) of 𝑓 by
𝑔 with respect to the variable 𝑦 by 𝑝𝑟𝑒𝑚(𝑓, 𝑔, 𝑦).

Definition 9 (Wu’s characteristic set). Let 𝑃𝑆 and 𝐶𝑆 be two
polynomial system, and 𝐶𝑆 is a triangular set; a triangular set
is called a characteristic set of 𝑃𝑆 if

∀𝑝 ∈ 𝑃𝑆, 𝑝𝑟𝑒𝑚 (𝑝, 𝐶𝑆) = 0. (8)

Theorem 10 (zero decomposition theorem). Let 𝑍𝑒𝑟𝑜(𝑃𝑆)
denote the zero set of 𝑃𝑆 and 𝐶𝑆 be a characteristic set of 𝑃;
then

𝑍𝑒𝑟𝑜 (𝑃𝑆) = 𝑍𝑒𝑟𝑜 (
𝐶𝑆

𝑖𝑛𝑖𝑡 (𝐶𝑆)
) ∪ 𝑍𝑒𝑟𝑜 (𝑃𝑆𝑖) , (9)

where 𝑃𝑆𝑖 = 𝑃𝑆 ∪ init(𝐶𝑆)𝑖.

Now we briefly outline the essential steps about Wu’s
method on geometry theorem proving [17].

(1)Algebraize a geometric theoremby converting it into a
system of algebraic equations. We will translate the theorem’s
hypotheses into a set of hypotheses equations {𝑓1, . . . , 𝑓𝑟},

𝑓1 = 𝑓1 (𝑥1, . . . , 𝑥𝑛) ,

𝑓2 = 𝑓2 (𝑥1, . . . , 𝑥𝑛) ,

...

𝑓𝑟 = 𝑓𝑟 (𝑥1, . . . , 𝑥𝑛) ,

(10)

and the theorem’s conclusion into a polynomial 𝑔(𝑥1, . . . , 𝑥𝑛).
(2) Triangulize the system of hypotheses equations using

pseudo-division. Then we will obtain the hypothesis equa-
tions denoted as

𝑓1 = 𝑓1 (𝑢1, . . . , 𝑢𝑑, 𝑥1) ,

𝑓2 = 𝑓2 (𝑢1, . . . , 𝑢𝑑, 𝑥1, 𝑥2) ,

...

𝑓𝑟 = 𝑓𝑟 (𝑢1, . . . , 𝑢𝑑, 𝑥1, . . . , 𝑥𝑟) .

(11)

(3) Perform successive pseudo division on the trans-
formed hypotheses in triangular form {𝑓1, 𝑓2, . . . , 𝑓𝑟} by the
conclusion equation 𝑔(𝑥1, . . . , 𝑥𝑛), yielding a final remainder
𝑟0:

𝑟0 = 𝑝𝑟𝑒𝑚 (⋅ ⋅ ⋅ 𝑝𝑟𝑒𝑚 (𝑔, 𝑓𝑟, 𝑥𝑝
𝑟

) , . . . , 𝑓1, 𝑥𝑝
1

) . (12)

If this final remainder 𝑟0 ≡ 0, we will say that the conclusion
𝑔 follows from the hypotheses {𝑓1, . . . , 𝑓𝑟}.

As mentioned above, the characteristic set of a polyno-
mial system is a special triangular form. We can use the
characteristic set of hypotheses equations as the triangular
form, denoted by 𝑐ℎ𝑎𝑟𝑠𝑒𝑡(𝑓1, . . . , 𝑓𝑟). Roughly speaking, the
soul of Wu’s method on theorem proving is to check whether
the zero set of the expected consequent equations includes
the zero set of hypotheses equations or not.

Our checkingmethod is based on algebraic geometry that
studies of geometric objects arising as the common zeros of
collections of polynomials. The aim is to find polynomials
whose zeros correspond to pairs of states in which the
appropriate assignments are made.

Let 𝑧𝑒𝑟𝑜(𝑃𝐶) and 𝑧𝑒𝑟𝑜(𝑃𝑆) denote the zero set for
circuit polynomial set 𝑃𝐶 and assertions polynomial set 𝑃𝑆
respectively. Let 𝐶 ⊨ 𝑠 denote that assertion 𝑠 holds under
model 𝐶.

We aim to attempt to determine whether assertion 𝑠 holds
or not. Therefore, we have

(𝑠 ⊨ 𝐶) ⇐⇒ 𝑍𝑒𝑟𝑜 (𝑃𝐶) ⊆ 𝑍𝑒𝑟𝑜 (𝑃𝑆) . (13)

Theorem 11. Suppose that 𝐺 = [A ⇒ C] is a property, A
is the precondition of C, and 𝑀 is a system model. Let 𝑃𝐴
and 𝑃𝑀 be the polynomial set representations for A and 𝑀,
respectively, constructed by previous mentioned rules. 𝑃𝐶 is the
polynomial set representation forC.
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Let 𝐻 = 𝐴 ∪ 𝑀, 𝑃𝐻 = 𝑃𝐴 ∪ 𝑃𝑀 = {ℎ1, ℎ2, . . . , ℎ𝑠} ⊆

𝑘[𝑥1, . . . , 𝑥𝑛], 𝐶𝑆 = 𝑐ℎ𝑎𝑟𝑠𝑒𝑡(𝑃𝐻); 𝑐ℎ𝑎𝑟𝑠𝑒𝑡(𝑃𝐻) denotes the
characteristic set of 𝑃𝐻, and 𝑝𝑟𝑒𝑚(𝑃𝐶, 𝐶𝑆) is the function
which computs the remainder by successive pseudo division;
then we have

𝑝𝑟𝑒𝑚 (𝑃𝐶, 𝐶𝑆) == 0 ⇐⇒ (𝑀 |= 𝐺) . (14)

Proof. Firstly, let 𝑧𝑒𝑟𝑜(𝑃𝐴) and 𝑧𝑒𝑟𝑜(𝑃𝑀) denote the zero sets
for circuit polynomial set A and assertions polynomial set
𝑀, respectively. Since 𝑃𝐻 = 𝑃𝐴 ∪ 𝑃𝑀 = {ℎ1, ℎ2, . . . , ℎ𝑠} ⊆

𝑘[𝑥1, . . . , 𝑥𝑛], let 𝑧𝑒𝑟𝑜(𝑃𝐻) denote the zero sets for 𝑧𝑒𝑟𝑜(𝑃𝐴∪
𝑃𝑀 = {ℎ1, ℎ2, . . . , ℎ𝑠}). Let𝐻 ⊨ 𝐶 denote that the assertion 𝐶
holds under model𝐻.

Our aim is to attempt to determine whether assertion 𝐶
holds or not. Thus, we have

(𝑀 ⊨ 𝐺) ⇐⇒ (𝐻 ⊨ 𝐶) ⇐⇒ 𝑧𝑒𝑟𝑜 (𝑃𝐻) ⊆ 𝑧𝑒𝑟𝑜 (𝑃𝐶) . (15)

As mentioned previously, Wu’s method can be used to
determine the inclusion relationship of zero sets. Thus we
have

𝑝𝑟𝑒𝑚 (𝑃𝐶, 𝑐ℎ𝑎𝑟𝑠𝑒𝑡 (𝑃𝐻)) == 0

⇐⇒ 𝑧𝑒𝑟𝑜 (𝑃𝐻) ⊆ 𝑧𝑒𝑟𝑜 (𝑃𝐶) .
(16)

Let 𝐶𝑆 = 𝑐ℎ𝑎𝑟𝑠𝑒𝑡(𝑃𝐻), which denotes the characteristic
set of 𝑃𝐻; according to (15) and (16), we have

(𝑝𝑟𝑒𝑚 (𝑃𝐶, 𝐶𝑆) == 0) ⇐⇒ (𝑀 |= 𝐺) . (17)

This establishes the theorem.

6.2. Checking Algorithm. From above discussion, we have the
following core decision algorithm.

Algorithm 12 (Assertion Checking: 𝐴𝑠𝑠𝐶ℎ𝑘(M, 𝐺)).
Input: CircuitmodelM, an assertion𝐺 = [A⇒ C];
Output: Boolean: 𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒;
BEGIN
/∗ Step 0: initialize input signals via testbench ∗/

00 𝐼𝑛𝑖𝑡𝑆𝑖𝑔𝑛𝑎𝑙𝑠();
01 M = 0; 𝑃𝑆𝐴 = 0; 𝐻 = 0; 𝑃𝑆𝐶 = 0;

/∗ Step 1: build polynomial set for antecedentA∗/
02 𝑃𝑆A = 𝐵𝑢𝑖𝑙𝑑𝑃𝑆(A);
/∗ Step 2: build polynomial set for consequentC∗/

03 𝑃𝑆C = 𝐵𝑢𝑖𝑙𝑑𝑃𝑆(C);
/∗Step 3: calculate the 𝑃𝑆A ∪M∗/

04 𝐻 = 𝑃𝑆A ∪M;
/∗Step 4: calculate the characteristic set of𝐻∗/

05 𝐶𝑆 := 𝐶ℎ𝑎𝑟𝑠𝑒𝑡(𝐻);
/∗Step 5: check the final remainder by successive

pseudo-division ∗/
06 if(𝑝𝑟𝑒𝑚(𝑃𝑆C, 𝐶𝑆) ̸=0){

07 return false;
}

08 return true; /∗ Assertion does hold ∗/
END

7. Case Study and Experiment

In this section, we will firstly study a simple circuit to show
how the SVA properties are verified by polynomial represen-
tations and characteristic set computation-based approaches.
We then show a scalable experiment with the classic syn-
chronous arbiter circuit to evaluate the performance of our
approach.

7.1. Circuit and Assertion Modeling. As an example, consider
the synchronous circuit in Figure 2,whose polynomial set can
be constructed as follows:

𝑆𝑒𝑡𝑎𝑑𝑑𝑒𝑟 = {

𝑓1 = {𝑚3

− (1 − 𝑚1)} ,

𝑓2 = {𝑚2

− 𝑚3} ,

𝑓3 = {𝑚1

− 𝑚2} ,

𝑓4 = {𝑚4 − (1 − 𝑚1) ∗ 𝑚3} ,

𝑓5 = {𝑚5 − (1 − 𝑚3) ∗ (1 − 𝑚2)} ,

𝑓6 = {𝑚6 − 𝑚1 ∗ 𝑚2}} .

(18)

Throughout this paper, an internal variable name 𝑚[𝑖]
refers to the corresponding signal 𝑚 in the original circuit,
and the subscript denotes the time-frame 𝑖 (or the 𝑖th clock
cycle). For convenient, variable 𝑚 (i.e., 𝑚[𝑖+1]) denotes the
next state of𝑚 (𝑚[𝑖]) by omitting time-frame 𝑖.

To illustrate the problem clearly, we define polynomial set
representation 𝑃𝑀[𝑖] for the 𝑖th time frame as follows:

⟦𝑃𝑀[𝑖]⟧ = {𝑓1[𝑖], 𝑓2[𝑖], 𝑓3[𝑖], 𝑓4[𝑖], 𝑓5[𝑖], 𝑓6[𝑖]} . (19)

Assume 8 cycles are needed to check; therefore, we then
have the model representation: ⟦𝑃𝑀⟧ = ⋃

8
𝑖=0 ⟦𝑃𝑀[𝑖]⟧.

For any boolean variable, wemust add an extra constraint
polynomial: for all 𝑎,V(𝑎) ∈ {0, 1} : {𝑎 ∗ 𝑎 − 𝑎}.

The circuit produces 3-phase nonoverlapping outputs,
which can decode the overlapping outputs V1, V2, and V3 to
nonoverlapping outputs 𝐴, 𝐵, and 𝐶 as shown in Figure 3.

Assume the initial values of the registers 𝐴, 𝐵, and 𝐶 are
all 0, they will be {1, 0, 0}, respectively, after 1 cycle running
and {1, 1, 0} after 2 cycles. This property can be specified by
the following SVA assertions:

property 𝑃𝐴;
(𝑚3 = 0 && 𝑚2 = 0 && 𝑚1 = 0)

| => ##1(𝑚3 == 1 && 𝑚2 == 0 && 𝑚1 == 0)

| => ##1(𝑚3 == 1 && 𝑚2 == 1 && 𝑚1 == 0)

| => ##1(𝑚3 == 1 && 𝑚2 == 1 && 𝑚1 == 1);
endproperty
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property 𝑃𝐵;
𝑚6| => ##2 𝑚5 |=> ##2𝑚4;

endproperty
property 𝑃𝐶;
𝑚5##!𝑚5 | => ##[1 : 3] !𝑚5;

endproperty

Afterward, we will demonstrate the verification process
step by step.

7.2. Assertion Checking Using MMP. We ran this example
by using MMP [18] (Mathematics Mechanization Platform).
MMP is a group of symbolic computation and automated the-
orem proving softwares based on Wu’s Method. Before run-
ning, we manually translated all models into polynomials for
this example.

In this paper, all experiments are conducted on a PC
with an intel 2.40GHz CPU (intel i5M450) and 1024 MB of
memory.

As shown in MMP outputs, the given circuit has been
modeled as polynomial set 𝐶𝑀 (its characteristic set is
denoted by 𝑐𝑠), and the assertion results as (𝑚3[2] − 1). The
checking process is listed below:

[> 𝐶𝑀 := [⋅ ⋅ ⋅ ];
/∗{𝑓1[𝑖], 𝑓2[𝑖], 𝑓3[𝑖], 𝑓4[𝑖], 𝑓5[𝑖], 𝑓6[𝑖]} Circuit

Model ∗/
[> V𝑎𝑟𝑠 := (𝑚1[0], 𝑚2[0], 𝑚3[0], 𝑚4[0], 𝑚5[0], 𝑚6[0],

𝑚1[1], 𝑚2[1], 𝑚3[1], 𝑚4[1], 𝑚5[1], 𝑚6[1],
𝑚1[2], 𝑚2[2], 𝑚3[2], 𝑚4[2], 𝑚5[2], 𝑚6[2], . . .

[> 𝑐𝑠 := 𝑐ℎ𝑎𝑟𝑠𝑒𝑡(𝐶𝑀, V𝑎𝑟𝑠);
[> 𝑐1 := (𝑚3[2] − 1);
[> 𝑟𝑒𝑡 := 𝑝𝑟𝑒𝑚𝑎𝑠(𝑐1, 𝑐𝑠, V𝑎𝑟𝑠) = 0

From the running result, the return value of 𝑟𝑒𝑡 is 0 which
means 𝑐𝑠 can be pseudo divided with no remainder by
(𝑚3[2]−1). Similarly, the expected polynomials (𝑚2[2]−1) and
(𝑚1[2]) both return 0. Thus, from the previously mentioned
verification principles, it is easy to conclude that the assertion
holds under this circuit model after 2 cycles.

The example took about 0.07 seconds and 810KBofmem-
ory when applying Wu’s method in MMP environment. This

0 4 8 12
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�2(𝑚2)
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Figure 3: A 3-stage johnson counter waveform.

case can be a fairly complete illustration of how the checking
algorithm works.

7.3. Experiment with Classic Arbiter Circuit. Thesynchronous
arbiter circuit [19], depicted in Figure 4, is one of the most
popular test cases of model checkers. We also test our
approach with this circuit currently to illustrate the perfor-
mance of our approach. The convert algorithm which can
automatically translate the circuit netlist into polynomial set
has been implemented in C++.

This arbiter circuit is used to grant access on each clock
cycle to a single client among a number of clients contending
for the use of common resources.

Here, we briefly explain how the arbiter works. For more
detailed information regards to the arbiter, please refer to
[19]. The basic part of the arbiter is the colored cell which is
repeated 𝑘 times to form a round robin chain. Each cell has a
request input 𝑟𝑒𝑞𝑖 (1 ≤ 𝑖 ≤ 𝑘, here, 𝑘 denotes the number of
client) and an acknowledge output 𝑎𝑐𝑘𝑖. The grant output of
cell 𝑖 is passed to cell 𝑖 and indicates that no clients of index
less than or equal to 𝑖 are requesting. Hence a cell 𝑖may assert
its acknowledge output 𝑎𝑐𝑘𝑖 if its grant input 𝑔𝑖𝑖 is asserted.
Each cell has a register 𝑇 which stores one when the token
is present. The 𝑇 registers form a circular shift register which
shifts up one place each clock cycle.

Each cell also has a register𝑊 for waiting which is set to
one when the request input is asserted and the token is
present.

The register remains set while the request persists until
the token returns. At this time the cell’s override 𝑜𝑜𝑖 and
acknowledge outputs 𝑎𝑐𝑘𝑖 are asserted.

For clarity, we use the first subscript of a variable name
which denotes the cell number 𝑗 and the second subscript
which denotes the current time-frame 𝑖 in this example.

The corresponding polynomial set for each cell 𝑗 (0 ≤ 𝑗 ≤
𝑘 − 1) and time-frame 𝑖 (1 ≤ 𝑖 ≤ 𝑛) can then be constructed
as follows:

𝑓1 : {𝑤[𝑗][𝑖] + 𝑡[𝑗][𝑖] − 𝑤[𝑗][𝑖] ∗ 𝑡[𝑗][𝑖] − 𝑚1[𝑗][𝑖]}

𝑓2 : {𝑚2[𝑗][𝑖] ∗ 𝑟𝑒𝑞[𝑗][𝑖] − 𝑚2[𝑗][𝑖]}

𝑓3 : {𝑤

[𝑗][𝑖] − 𝑚2[𝑗][𝑖]}
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Figure 4: Chain of synchronous arbiter circuit.

𝑓4 : {𝑡

[𝑗][𝑖] − 𝑡𝑖[𝑗][𝑖]}

𝑓5 : {𝑚3[𝑗][𝑖] − 𝑡[𝑗][𝑖] ∗ 𝑤[𝑗][𝑖]}

𝑓6 : {𝑚3[𝑗][𝑖] + 𝑜𝑖[𝑗][𝑖] − 𝑚3[𝑗][𝑖] ∗ 𝑜𝑖[𝑗][𝑖] − 𝑜𝑜[𝑗][𝑖]}

𝑓7 : {𝑔𝑜[𝑗][𝑖] − (1 − 𝑟𝑒𝑞[𝑗][𝑖]) ∗ 𝑜𝑜[𝑗][𝑖]}

𝑓8 : {𝑔𝑖[𝑗][𝑖] + 𝑚3[𝑗][𝑖] − 𝑔𝑖[𝑗][𝑖] ∗ 𝑚3[𝑗][𝑖] − 𝑚4[𝑗][𝑖]}

𝑓9 : {𝑎𝑐𝑘[𝑗][𝑖] − 𝑚4[𝑗][𝑖] ∗ 𝑟𝑒𝑞[𝑗][𝑖]} .

(20)

Additionally, the chain relation between cells can bemod-
eled as below:

𝑙1 : {𝑔𝑜[𝑗][𝑖] − 𝑔𝑖[𝑗+1] [𝑖]}

𝑙2 : {𝑜𝑖[𝑗][𝑖] − 𝑜𝑜[𝑗+1] [𝑖]}

𝑙3 : {𝑡𝑜[𝑗][𝑖] − 𝑡𝑖[𝑗+1] [𝑖]}

𝑙4 : {𝑡𝑜[𝑘−1] [𝑖] − 𝑡𝑖[0] [𝑖]}

𝑙5 : {𝑜𝑜[0][𝑖] − 𝑔𝑖[𝑜][𝑖]} .

(21)

The desired properties of the arbiter circuits can be de-
scribed as follows:

(1) no two acknowledge outputs are asserted simultane-
ously,

(2) every persistent request is eventually acknowledged,
(3) acknowledgment is not asserted without request.

In the following description, if clear from the context, the
time-frame index will be omitted for convenience. Note that
𝑠, 𝑡 (0 ≤ 𝑠, 𝑡 ≤ 𝑘 − 1) and 𝑎𝑐𝑘[𝑠], 𝑎𝑐𝑘[𝑡] ∈ {0, 1}. Intuitively,
properties expressed in CTL can be listed as follows:
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Figure 5: Polynomials and variables for safety property checking.

(1) ⋀𝑠 ̸=𝑡𝐴𝐺¬(𝑎𝑐𝑘[𝑠] ∧ 𝑎𝑐𝑘[𝑡]),
(2) ⋀𝑠𝐴𝐺𝐴𝐹(𝑟𝑒𝑞[𝑠] ⇒ 𝑎𝑐𝑘[𝑠]),
(3) ⋀𝑠𝐴𝐺(𝑎𝑐𝑘[𝑠] ∧ 𝑟𝑒𝑞[𝑠]).

Note that the arbiter can handle the access of 𝑛 clients to a
common resource. If a client asserts a request, the client will
wait at most 2𝑛 clock cycles before it is served. Therefore, in
our test, it is sufficient to verify the properties that the circuit
is unrolled 2𝑛 time frames.

Evidently, these properties can be equivalently expressed
in SVA codes. In [7], the authors have provided a detailed
assertion description for the case that client number is 3.

In this example, we will follow their idea and explain how
to translate them into algebraic polynomials as below:

⋀

𝑠 ̸=𝑡

𝐴𝐺¬ (𝑎𝑐𝑘[𝑠] ∧ 𝑎𝑐𝑘[𝑡])

⇐⇒

𝑎𝑐𝑘[0] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑠] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑘−1] = 1 or 0

⇐⇒

{𝑎𝑐𝑘[0] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑠] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑘−1] − 1}

or {𝑎𝑐𝑘[0] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑠] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑘−1]} .

(22)

Let C1 = {𝑎𝑐𝑘[0] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑠] + . . . + 𝑎𝑐𝑘[𝑘−1] − 1} and
C2 = {𝑎𝑐𝑘[0] + ⋅ ⋅ ⋅ + 𝑎𝑐𝑘[𝑠] + . . . + 𝑎𝑐𝑘[𝑘−1]}. The polynomial
representation of consequent can then be formulated asC =

C1 ∨C2.
Assume 𝐺 = [A ⇒ C] and let 𝐺1 = [A ⇒ C1] and

𝐺2 = [A⇒ C2]. If 𝐺1 ∨ 𝐺2 holds, then 𝐺 holds.
Similarly, the precondition of this property is that only

one single token is present in this circuit chain. We have the
polynomial representation of antecedent: {𝑡[0]+⋅ ⋅ ⋅+𝑡[𝑠]+⋅ ⋅ ⋅+
𝑡[𝑘−1] − 1} (𝑡[𝑖] ∈ {0, 1}).

More specifically, if the subscript for time frame is
considered, we can defineC[𝑘][𝑛] := ⋀

𝑘−1
𝑗=0 {(∑

𝑛−1
𝑖=0 𝑎𝑐𝑘[𝑗][𝑖]−1)∨

(∑
𝑛−1
𝑖=0 𝑎𝑐𝑘[𝑗][𝑖])} andA[𝑘][𝑛] := ⋀

𝑘−1
𝑗=0 {(∑

𝑛−1
𝑖=0 𝑡[𝑗][𝑖] − 1)}; here, 𝑛

denotes the number of time frames and 𝑘 denotes the number
of cells.

In this experiment, we also tested the circuit with an
artificial error that an “𝐴𝑁𝐷” gate is replaced by an “OR”
gate bymistake, as shown inFigure 4.Wemainly demonstrate
whether or not our method is able to find bugs. The corre-
sponding polynomial set model can be updated by replacing
𝑓7 with {𝑔𝑜[𝑗][𝑖] + 𝑟𝑒𝑞[𝑗][𝑖] ∗ 𝑜𝑜[𝑗][𝑖] − 𝑟𝑒𝑞[𝑗][𝑖] − 𝑜𝑜[𝑗][𝑖]}.

Consequently, in our test with 3 cells, it took only 9.37MB
of memory and 10.5 seconds to find the result 𝑟𝑒𝑡 ̸=0 which
means the circuit did not meet the required property. Then
we concluded that there must be some design errors in the
circuit.

More detailed experimental results concerning polyno-
mials and variables for safety property verification of the
circuit are listed in Figure 5.

7.4. Discussion. So far, several methodologies are developed
to address the verification problem. In this section, we will
discuss these methods by the arbiter example shown in
Figure 4.

(1) In [19], a BDD-based model checking is proposed.
The performance of this method is fairly promising. The size
of the transition relation increases linearly as the number of
cells. But the OBDD representing the set of states grows
exponentially in the number of cells. The performance of
BDD-based symbolic model checking procedure is plotted in
Figure 6. For more detailed information about this test case,
please refer to [19].

(2)Due to advances in SAT-solving techniques [20], SAT-
based bounded model checking (for short, BMC) can often
handle much larger designs than BDDs. In [7], the authors
presented a SAT-based BMC to verify the arbiter circuit.They
found that the size of the instance for the safety property is
proportional to the number of arbiter clients and the liveness
property has quadratic size.

(3) In our method, the worst case complexity of our
symbolic algebraicmethod checking is very high due to inter-
mediate expression swell. As shown in Figure 5, the number
of polynomials to be generated for liveness property checking
has quadratic size of the number of cells 𝑘 as well as the num-
ber of variables. Currently, from the runtime consumed, the
SAT solver still shows better performance than our method.
Fortunately, a great deal of optimization techniques can be
applied to improve the performance.

As an example, we will explain how to apply variable
projection technique to optimize the calculating process.
Assume the given circuit has beenmodeled as polynomial set
𝐶𝑀 and variable order list is 𝑡𝑜𝑟𝑑 (its projection for the zero
set on𝑝𝑜𝑟𝑑 ⊆ 𝑡𝑜𝑟𝑑 is denoted by𝑃𝐶).Wewill firstly calculate
the projection to eliminate the unnecessary elements:

𝑃𝐶 = 𝑝𝑟𝑜𝑗 (𝐶𝑖𝑟𝑐𝑢𝑖𝑡𝑀𝑜𝑑𝑒𝑙, [] , 𝑜𝑟𝑑, 𝑝𝑜𝑟𝑑, "𝑎𝑙𝑔") (23)

and then the zero set: 𝑤𝑠𝑜𝑙V𝑒(𝑃𝐶, 𝑜𝑟𝑑). Correspondingly, the
performance will be improved greatly.

8. Conclusion

In this paper, we presented Wu’s method-based verification
approach for SVA properties checking.
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Figure 6: Performance-synchronous arbiter example.

Our approach is based on polynomial models construc-
tion for both circuit models and SVA assertions.This method
is to eventually translate a simulation-based verification
problem into a pure algebraic zero set determination problem
by a series of proposed steps, which can be performed on
MMP environment. For synchronous sequential circuits, we
adapted a parameterized polynomial set modeling method
based on time-frame expansion. We also defined a con-
strained subset of SVAs which is powerful enough for prac-
tical purpose and proposed a practical algebraizationmethod
for each sequence and property operator of this subset.
This method allows users to deal with more than one state
and many input combinations every cycle due to symbolic
simulation. The advantage comes directly from the fact that
many vectors are simulated at once using symbolic value.

Basically, our approach may provide a useful supplement
to existing methods based on OBDD or SAT and may also
provide important theoretical insights by allowing the appli-
cation of important results in symbolic computation to the
assertion checking problems. We plan to extend the work
presented in several directions.

(1)We plan to optimize the solver based onWu’s method.
Aswe know,Wu’smethod-basedmathematicsmechanization
platform is a powerful computation environment for general
purpose. On the one hand, we will apply variables projection
and other mathematics approaches to improve the effective-
ness of this algorithm. On the other hand, we also plan to
implement our core steps by using the programming lan-
guage in MMP.

(2) In this paper, we only test some classic cases men-
tioned in previous papers to illustrated the feasibility of our
method currently. In the future, we plan to test the bench-
marks from ISCAS’89 and ISCAS’85 and other industrial
examples to provide a comprehensive evaluation of our ap-
proach and compare to the state-of-the-art where circuits
with several thousands of gates and dozens of input signals.

(3) In this paper, we only concentrated our attention
on the basic assertion checking algorithm, but the other

important features such as counterexample generation were
not discussed.We will also work on those issues in the future.

Furthermore, in the field of symbolic computation, there
is a rich collection of solutions to solving polynomials,
methods for inclusion of zero sets, and so forth. We are
interested in applying some of the useful results andmethods
to verification area.
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The classic methods for frequency domain transfer function estimation such as the Empirical Transfer Function Estimate (ETFE)
and cross spectral method do not work well when the noise signal is complex. Combines the time domain and frequency domain
methods the Empirical Frequency-domain Optimal Parameter (EFOP) Estimate was presented. It could improve the precision
of system’s transfer function estimation and identification efficiency. The convergence of the EFOP based on frequency domain
smoothing is investigated in this paper.The transfer function is weighted by a frequency window and the GPE criterion is extended
to the integral form. Convergence rate and consistent properties for the EFOP estimate are given. Finally, some simulation results
are included to illustrate the advantage of the EFOP based smoothing method.

1. Introduction

Parametric and nonparametric estimations in system iden-
tification or signal processing are both of great importance.
Most of these algorithms use input and output data to give
a modeling of the target system. The modeling of linear
system transfer function is a non-parameter method, and it is
one of the most important basic problems in control theory.
From the beginning of modern system identification and sig-
nal processing, many nonparametric methods in frequency
domain have been proposed, such as ETFE [1], power spec-
trum estimation [2], and so on. Frequency domain window
functions [3, 4] are used in power spectrum estimation. In the
past few decades, algorithms for window function selection
are developed, such as adaptive smoothing method in [5]
and least square estimation for frequency function in [6].
Discussion of the relationship between time domainmethods
and frequency domainmethods can be found in [7]. EFOP [8,
9] is an algorithm combines the time domain and frequency
domain. A new criterion named General Prediction Error
(GPE) is proposed and implemented in EFOP.This algorithm
obtains the global optimal transfer function in frequency
domain by minimizing the GPE criterion. The advantage of
this kind of algorithm includes a faster rate of convergence
as well as better identification qualities. The algorithms given

in [8, 9] are parametric in time domain, so they cannot
be directly used in the identification of transfer function in
frequency domain. Since frequency domain methods have
their own advantages such as robustness for outliers in data
[10], it is necessary to develop frequency domain methods.

In this article we analysis the convergence of transfer
function estimation based on EFOP and frequency domain
window function smoothing technic. Firstly, the identifica-
tion of transfer function is derived with GPE criterion in
EFOP; secondly, the spectrum analysis is used to calculated
the predict error and a window function to smoothing the
transfer function in frequency domain. The consistence and
convergence properties of this procedure are analyzed in
this paper. It is proofed that this new smoothing method is
asymptotically unbiased and the rate of convergence is fast.
Simulations in the end show that the method proposed in
this paper gives better results than the ETFE on identification
accuracy under large noises.

For the rest of this article, preliminaries including EFOP
and GPE are introduced in Section 2; the frequency domain
smoothing procedure is derived in Section 3; its rate of
convergence and estimator’s bias properties are analyzed
in Section 4; simulation results are given in Section 5 and
Section 6 is the conclusions.
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The contributions of this article include the following.

(i) Extending the GPE criterion in EFOP to its integral
form.

(ii) Development of EFOP smoothing method for trans-
fer function estimation.

(iii) The rate of convergence for this new method is
proved.

2. Preliminaries

Most input and output signals for system identification
procedures are sampled from application systems in industry
or laboratory. Denote 𝑥(𝑡)

𝑁
1 as a data sequence, where 𝑁

is the total number of samples that is, the length of the
data sequence. The Discrete Fourier Transformation (DFT)
of 𝑥(𝑡)𝑁1 is

𝑋𝑁 (𝑘) = DFT{𝑥 (𝑡)}𝑁1 =
1

√𝑁

𝑁

∑

𝑡=1

𝑥 (𝑡) 𝜔
−𝑡𝑘

,

𝑘 = 1, 2, 3, . . . , 𝑁,

(1)

where 𝜔 = exp(2𝑖𝜋/𝑁). The Inverse Discrete Fourier
Transformation (IDFT) can also be denoted as:

𝑥 (𝑘) = IDFT{𝑋𝑁 (𝑘)}
𝑁

1

=
1

√𝑁

𝑁

∑

𝑡=1

𝑋𝑁 (𝑘) 𝜔
𝑡𝑘
, 𝑡 = 1, 2, 3, . . . , 𝑁.

(2)

Provided that {𝑥(𝑡)}𝑁1 and {𝑧(𝑡)}
𝑁
1−𝑁 are signal sequence with

same length, the convolution of then can be written as

(𝑥 ∗ 𝑧) (𝑡) =
1

√𝑁

𝑁

∑

𝑙=1

𝑥 (𝑡) 𝑧 (𝑙 − 𝑡) , 𝑡 = 1, 2, 3, . . . , 𝑁. (3)

Lemma 1 (Parse Val equation). Provided that 𝑋𝑁(𝑘) =

DFT{𝑥(𝑡)}𝑁1 = 1/√𝑁∑
𝑁
𝑡=1 𝑥(𝑡)𝜔

−𝑡𝑘
, 𝑘 = 1, 2, 3, . . . , 𝑁, that

is, 𝑥(𝑡) and 𝑋(𝑘) are DFT pairs. One can obtain

𝑁

∑

𝑡=1

|𝑥 (𝑡)|
2
=

𝑁

∑

𝑘=1

𝑋𝑁 (𝑘)

2
. (4)

Lemma 2. For periodic signal {𝑧(𝑡)}𝑁1−𝑁, 𝑧(𝑡) = 𝑧(𝑡 + 𝑁), 1 −
𝑁 ≤ 𝑡 ≤ 0, we can obtain:

DFT{(𝑥 ∗ 𝑧) (𝑡)}
𝑁
1 = 𝑋𝑁 (𝑘) 𝑍𝑁 (𝑘) , (5)

where𝑋𝑁(𝑘) = DFT{𝑥(𝑡)}𝑁1 , 𝑍𝑁(𝑘) = DFT{𝑧(𝑡)}𝑁1 .

Lemma 3. Provided that 𝐷 = {(𝑎1, 𝑎2, . . . , 𝑎𝑁) | ∑
𝑁
𝑘=1 𝑎𝑘 =

𝑀, 𝑎𝑘 ≥ 0},𝑀 is a constant, {𝜉𝑘}
𝑁
1 is stochastic i.d.d white noise

and 𝐸𝜉
2
𝑘 = 𝜆𝑘. Let 𝜉 = ∑

𝑁
𝑡=1 𝑎𝑘𝜉𝑘, 𝐸𝜉

2 reaches its minimum
value when the coefficient satisfies 𝑎𝑘 = 𝑀(𝜆𝑘∑

𝑁
𝑘=1(1/𝜆𝑘))

−1.

This lemma can be simply obtained by using Lagrange
method.

Denote 𝑢(𝑡) as an input data sequence, and 𝑦(𝑡) as an
output one. A black box linear model can be expressed as

𝐴 (𝑞) 𝑦 (𝑡) = 𝐵 (𝑞) 𝑢 (𝑡) +
𝐶 (𝑞)

𝐷 (𝑞)
𝑒0 (𝑡) , (6)

where 𝐴(𝑞) = 1 + ∑
𝑛
𝑎

𝑘=1
𝑎𝑘𝑞
−𝑘, 𝐵(𝑞) = ∑

𝑛
𝑏

𝑘=1
𝑏𝑘𝑞
−𝑘, 𝐶(𝑞) =

1 + ∑
𝑛
𝑐

𝑘=1
𝑐𝑘𝑞
−𝑘, and𝐷(𝑞) = 1 + ∑

𝑛
𝑑

𝑘=1
𝑑𝑘𝑞
−𝑘.

Rewrite this equation as
𝑦 (𝑡) = 𝐺 (𝑞, 𝜃) 𝑢 (𝑡) + 𝐻 (𝑞, 𝜃) 𝑒0 (𝑡) , (7)

where 𝐺(𝑞, 𝜃) = 𝐵(𝑞)/𝐴(𝑞),𝐻(𝑞, 𝜃) = 𝐶(𝑞)/𝐴(𝑞)𝐷(𝑞).
Denote 𝑦(𝑡 | 𝜃) as the predictor of output 𝑦(𝑡):

𝑦 (𝑡 | 𝜃) = 𝐻
−1

(𝑞, 𝜃) 𝐺 (𝑞, 𝜃) 𝑢 (𝑡) + (1 − 𝐻
−1

(𝑞, 𝜃)) 𝑦 (𝑡)

(8)

𝜃 is the parameter of the black box model here, and 𝜀(𝑡, 𝜃) =

𝑦(𝑡) − 𝑦(𝑡 | 𝜃) = 𝐻
−1
(𝑞, 𝜃)(𝑦(𝑡) − 𝐺(𝑞, 𝜃)𝑢(𝑡)) is the predict

error, which can also be written as

𝜀 (𝑡, 𝜃) =
𝐴 (𝑞)𝐷 (𝑞)

𝐶 (𝑞)
𝑦 (𝑡) −

𝐵 (𝑞)𝐷 (𝑞)

𝐶 (𝑞)
𝑢 (𝑡) . (9)

The predict error vector can be presented as

𝛽 (𝑁, 𝜃) = (𝜀 (1, 𝜃) , 𝜀 (2, 𝜃) , . . . , 𝜀 (𝑁, 𝜃))
𝑇
. (10)

Define a criterion function

𝐽 =
1

𝑁

𝑁

∑

𝑘=1

𝐿 (𝜀 (𝑡, 𝜃) , 𝜃, 𝑡) . (11)

The estimation of the model under this criterion can be
presented as

𝜃𝑁 = argmin
𝜃

𝐽 (𝛽 (𝑡, 𝜃) ;𝑁; 𝜃) . (12)

First we denote that the transfer function obtained by
ETFE is 𝐺NETFE(𝜔

𝑘
), and the error of this estimation is

calculated as

𝛿𝑁 (𝑘, 𝜃) = 𝐺NETFE (𝜔
𝑘
) − 𝐺𝑁 (𝜔

𝑘
) , 𝑘 = 1, 2, 3, . . . , 𝑁.

(13)

Lemma 4. Provided that the variance of 𝑒0(𝑡) in (7) is 𝜆 and
it is a white noise, thus one obtains

𝐸𝛿𝑁 (𝑘, 𝜃) = 0, 𝑘 = 1, 2, 3, . . . , 𝑁,

𝐸𝛿𝑁 (𝑘, 𝜃) 𝛿𝑁(𝑙, 𝜃)

=

{{

{{

{

𝜆



𝐶𝜔
𝑘

𝐴𝜔𝑘𝐷𝜔𝑘𝑈𝑁 (𝑘)



2

for 𝑘 = 𝑙,

0 for 𝑘 ̸= 𝑙,

(14)

where 𝑈𝑁(𝑘) = DFT{𝑢(𝑡)}𝑁1 .
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Corollary 5. Under the assumption of Lemma 4, one can
obtain the following equation:

argmin
Ω

𝐸



𝑁

∑

𝑡=1

𝑔𝑘𝛿𝑁 (𝑘, 𝜃)



2

= argmin
Ω

𝐸

𝑁

∑

𝑡=1

𝑔
2
𝑘
𝛿𝑁 (𝑘, 𝜃)


2

= (𝑔
∗
1 , 𝑔
∗
2 , . . . 𝑔

∗
𝑁) ,

(15)

where

𝑔
∗
𝑘 =



𝐴 (𝜔
𝑘
)𝐷 (𝜔

𝑘
)𝑈𝑁 (𝑘)

𝐶 (𝜔𝑘)



2

. (16)

This can be derived from Lemma 3. We substitute the
constant𝑀 in Lemma 3 by

𝑀 =

𝑁

∑

𝑙=1



𝐴 (𝜔
𝑙
)𝐷 (𝜔

𝑙
)𝑈𝑁 (𝑙)

𝐶 (𝜔𝑙)



2

(17)

in an off-line procedure, so𝑀 can be taken as a constant.

Theorem 6. Consider

arg min
Ω

𝐸



𝑁

∑

𝑡=1

𝑔𝑘𝛿𝑁 (𝑘, 𝜃)



2

= 𝛽
𝑇
(𝑁, 𝜃)𝑄 (𝑁, 𝜃) 𝛽 (𝑁, 𝜃) ,

(18)

where 𝑄(𝑁, 𝜃) = (1/𝑁)∑
𝑁
𝑠=1 𝜓(𝑠, 𝜃)𝜓

𝑇
(𝑠, 𝜃) which is the

weight matrix, and

𝜓 (𝑠, 𝜃) = (V𝑒 (𝑠 − 1, 𝜃) , V𝑒 (𝑠 − 2, 𝜃) , . . . , V𝑒 (𝑠 − 𝑁, 𝜃))
𝑇
,

𝑠 = 1, 2, 3, . . . , 𝑁,

V𝑒 (𝑡, 𝜃) = {
V (𝑡, 𝜃) , if 1 ≤ 𝑡 ≤ 𝑁

V (𝑡 + 𝑁, 𝜃) , if 1 − 𝑁 ≤ 𝑡 ≤ 0.

(19)

Signal {V(𝑡, 𝜃)}𝑁1 is introduced by

𝐶 (𝑞) V (𝑡, 𝜃) = 𝐴 (𝑞)𝐷 (𝑞) 𝑢 (𝑡) . (20)

The proof can be completed by using Corollary 5 and
Lemma 1 in this section, and it is similar to the proof in [11].

More details of EFOP and GPE can be can be
found in [11]. EFOP gets the estimator by minimizing

𝛽
𝑇
(𝑁, 𝜃)𝑄(𝑁, 𝜃)𝛽(𝑁, 𝜃), which is the GPE criterion [8]

𝜃 = (Φ
𝑇
(𝑁)𝑄 (𝑁)Φ (𝑁))

−1
Φ
𝑇
(𝑁)𝑄 (𝑁)𝑌 (𝑁) , (21)

where 𝑄(𝑁) = (1/𝑁)∑
𝑁
𝑡=1 𝜓(𝑡, 𝜃)𝜓

𝑇
(𝑡, 𝜃) and Φ(𝑁) is

composed of regression vectors

Φ (𝑁) = (𝜙 (1) , 𝜙 (2) , . . . , 𝜙 (𝑁))
𝑇 (22)

and 𝜙(𝑘) = (−𝑦(𝑘−1), −𝑦(𝑘−2), . . . , −𝑦(𝑘−𝑛𝑎), 𝑢(𝑘−1), 𝑢(𝑘−

2), . . . , 𝑢(𝑘 − 𝑛𝑏)).

3. New Method Based on EFOP and Frequency
Domain Smoothing

3.1. Representing Criterion in Frequency Domain. Rewrite
𝑉𝑁(𝜃, 𝑍

𝑁
) in frequency domain as

𝑉𝑁 (𝜃, 𝑍
𝑁
) = arg min𝐸



𝑁

∑

𝑡=1

𝑔𝑘𝛿𝑁 (𝑘, 𝜃)



2

= 𝛽
𝑇
(𝑁, 𝜃)𝑄 (𝑁, 𝜃) 𝛽 (𝑁, 𝜃)

=

𝑁

∑

𝑠=1



𝑈𝑁 (𝑠)

𝐻 (𝜔𝑠)



4
𝛿𝑁 (𝑠, 𝜃)


2

=

𝑁

∑

𝑠=1



𝑈𝑁 (𝑠)

𝐻 (𝜔𝑠)



4

𝐺𝑁 (𝜔

𝑠
) − 𝐺𝑁 (𝜔

𝑠
)


2

=

𝑁

∑

𝑠=1


𝐺NETFE (𝑒

2𝜋𝑖𝑘/𝑁
) − 𝐺𝑁 (𝑒

2𝜋𝑖𝑘/𝑁
, 𝜃)



2

× 𝑄𝑁 (
2𝜋𝑖𝑘

𝑁
, 𝜃) ,

(23)

where 𝑄𝑁(𝜔, 𝜃) = |𝑈𝑁(𝜔)/𝐻(𝑒
𝑖𝜔
, 𝜃)|
4. Since the frequency

domain transfer function is actually a continuous function,
the integrity form can be presented as

𝑉𝑁 (𝜃, 𝑍
𝑁
)

≈
1

2𝜋
∫

𝜋

−𝜋


𝐺NETFE (𝑒

𝑖𝜔
, 𝜃) − 𝐺𝑁 (𝑒

𝑖𝜔
, 𝜃)



2
𝑄𝑁 (𝜔, 𝜃) 𝑑𝜔.

(24)

3.2. Algorithm with Frequency Domain Window. Denote
𝑊𝛾(𝜔) as the window function. Window function can be
seen as a way to perform weighting in frequency domain.
If the width of the window function is relatively large, the
variance of 𝐺𝑁(𝑒

𝑖𝜔
, 𝜃) will be small. But a wider frequency

window will make the bias of 𝐺𝑁(𝑒
𝑖𝜔
, 𝜃) larger. So there is

a tradeoff between the variance and bias of the estimated
transfer function. A scalar 𝛾 is introduced to adjust this
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tradeoff. A smaller 𝛾 represents a wider window function.
Some of the𝑊𝛾(𝜔) s properties are written as follows:

∫

𝜋

−𝜋
𝑊𝛾 (𝜉) 𝑑𝜉 = 1; ∫

𝜋

−𝜋
𝜉𝑊𝛾 (𝜉) 𝑑𝜉 = 0;

∫

𝜋

−𝜋
𝜉
2
𝑊𝛾 (𝜉) 𝑑𝜉 = 𝑀(𝛾) ; ∫

𝜋

−𝜋
𝑊
2
𝛾 (𝜉) 𝑑𝜉 =

1

2𝜋
𝑊(𝛾) .

(25)

Theorem 7. If 𝜃𝑁 = arg min𝜃,𝜂 ∫
𝜋

−𝜋
(|𝐺NETFE(𝑒

𝑖𝜔
, 𝜃) −

𝐺(𝑒
𝑖𝜔
, 𝜃)|
2
|𝑈𝑁(𝜔)|

4
/|𝐻(𝑒

𝑖𝜔
, 𝜂)|
4
)𝑑𝜔, the systems transfer func-

tion can be estimated as

𝐺NEFOP (𝑒
𝑖𝜔
𝑘)

=
∫
𝜋

−𝜋
𝑊𝛾 (𝜔 − 𝜔𝑘)

𝑈𝑁 (𝜔)

4
𝐺NETFE (𝑒

𝑖𝜔
, 𝜃) 𝑑𝜔

∫
𝜋

−𝜋
𝑊𝛾 (𝜔 − 𝜔𝑘)

𝑈𝑁 (𝜔)

4
𝑑𝜔

,

(26)

where 𝑊𝛾(𝜔) is the frequency domain window function and
𝐺NETFE(𝑒

𝑖𝜔
, 𝜃) is the estimated ETFE transfer function.

Proof. Rewrite 𝐺(𝑒𝑖𝜔, 𝜃) as

𝐺(𝑒
𝑖𝜔
, 𝜃) =

𝑁

∑

𝑘=1

(𝑔
𝑅
𝑘 + 𝑖𝑔

𝐼
𝑘)𝑊𝛾 (𝜔 − 𝜔𝑘) ,

𝜃𝑘 = [𝑔
𝑅
1 , 𝑔
𝐼
1, . . . 𝑔

𝑅
𝑛 , 𝑔
𝐼
𝑛]
𝑇

(27)

𝑔
𝑅
𝑘 and 𝑔

𝐼
𝑘 are the real and imaginary parts of 𝜃𝑘, respectively.

𝜕

𝜕𝜃𝑘
∫

𝜋

−𝜋


𝐺NETFE (𝑒

𝑖𝜔
, 𝜃) − 𝐺 (𝑒

𝑖𝜔
, 𝜃)



2𝑈𝑁 (𝜔)

4

𝐻 (𝑒𝑖𝜔, 𝜂)

4

𝑑𝜔

=
𝜕

𝜕𝜃𝑘
∫

𝜋

−𝜋


𝐺NETFE (𝑒

𝑖𝜔
, 𝜃) − ∑

𝑁
𝑘=1 (𝑔

𝑅
𝑘 + 𝑖𝑔

𝐼
𝑘)𝑊𝛾 (𝜔 − 𝜔𝑘)



2𝑈𝑁 (𝜔)

4

𝐻 (𝑒𝑖𝜔, 𝜂)

4

𝑑𝜔

= −2∫

𝜋

−𝜋

(𝐺NETFE (𝑒
𝑖𝜔
, 𝜃) − 𝐺 (𝑒

𝑖𝜔
, 𝜃))𝑊𝛾 (𝜔 − 𝜔𝑘)

𝑈𝑁 (𝜔)

4

𝐻 (𝑒𝑖𝜔, 𝜂)

4

𝑑𝜔 = 0.

(28)

Since𝐺(𝑒𝑖𝜔, 𝜂)𝑊𝛾(𝜔−𝜔𝑘) ≈ 𝐺(𝑒
𝑖𝜔
𝑘 , 𝜂)𝑊𝛾(𝜔−𝜔𝑘), so we have

𝐺NEFOP (𝑒
𝑖𝜔
𝑘)

=
∫
𝜋

−𝜋
𝑊𝛾 (𝜔 − 𝜔𝑘)

𝑈𝑁 (𝜔)

4
𝐺NETFE (𝑒

𝑖𝜔
, 𝜃) 𝑑𝜔

∫
𝜋

−𝜋
𝑊𝛾 (𝜔 − 𝜔𝑘)

𝑈𝑁 (𝜔)

4
𝑑𝜔

.

(29)

The new algorithm is obtained by Theorem 7. Figure 1 is
the explanation of algorithm procedure. In Figure 1, 𝐺𝑁 and
𝐺𝐷 are the numerator and denominator of the final result,
respectively.

Elementary operations such as add and division are not
explicitly shown in the chart.

4. Consistency and Convergence Analysis

The theoretical analysis of consistency and convergence for
the proposed method are investigated in this section. It is
proved that the estimation result is asymptotically unbiased
and will converge to the true system transfer function.

4.1. Consistency and Bias. From the expression of 𝐺(𝑒𝑖𝜔𝑘), we
can obtain:

𝐸𝐺NEFOP (𝑒
𝑖𝜔
0)

=
∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

Φ𝑢 (𝜉)

2

∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

Φ𝑢 (𝜉)

2
𝑑𝜉

×
[𝐺0 (𝑒

𝑖𝜉
) + 𝜌1 (𝑁) /𝑈𝑁 (𝜉)] 𝑑𝜉

∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

Φ𝑢 (𝜉)

2
𝑑𝜉

≈
∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

Φ𝑢 (𝜉)

2
𝐺0 (𝑒
𝑖𝜉
) 𝑑𝜉

∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

Φ𝑢 (𝜉)

2
𝑑𝜉

,

(30)

where 𝜌1(𝑁) is defined as

𝐸𝐺NEFOP (𝑒
𝑖𝜔
) = 𝐺0 (𝑒

𝑖𝜔
) +

𝜌1 (𝑁)

𝑈𝑁 (𝜔)
(31)
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Figure 1: Algorithm procedure.

|𝜌1(𝑁)| ≤ 𝐶1/√𝑁 and 𝐶1 = (2∑
∞
𝑘=1 |𝑘𝑔0(𝑘)|) ⋅ max |𝑢(𝑡)|.

Given the Taylor expansion:

𝐺0 (𝑒
𝑖𝜉
) ≈ 𝐺0 (𝑒

𝑖𝜔
0) + (𝜉 − 𝜔0) 𝐺


0 (𝑒
𝑖𝜔
0)

+
1

2
(𝜉 − 𝜔0)

2
𝐺

0 (𝑒
𝑖𝜔
0) ,

Φ
2
0 (𝜉) ≈ Φ

2
𝑢 (𝜔0) + 2 (𝜉 − 𝜔0)Φ𝑢 (𝜔0)Φ


𝑢 (𝜔0)

+ (𝜉 − 𝜔0)
2
[Φ

𝑢 (𝜔0)Φ


𝑢 (𝜔0)

+Φ𝑢 (𝜔0)Φ

𝑢 (𝜔0)] .

(32)

Note that the window function𝑊𝛾 should satisfy the follow-
ing equations:

∫

𝜋

−𝜋
𝑊𝛾 (𝜉) 𝑑𝜉 = 1; ∫

𝜋

−𝜋
𝜉𝑊𝛾 (𝜉) 𝑑𝜉 = 0;

∫

𝜋

−𝜋
𝜉
2
𝑊𝛾 (𝜉) 𝑑𝜉 = 𝑀(𝛾) ; ∫

𝜋

−𝜋

𝜉

3
𝑊𝛾 (𝜉) 𝑑𝜉 = 𝐶3 (𝛾) ;

(33)

We can obtain the numerator of 𝐸𝐺𝑁(𝑒
𝑖𝜔
0) as:

𝐺0 (𝑒
𝑖𝜔
0)Φ
2
𝑢 (𝜔0)

+ 𝑀(𝛾) [𝐺0 (𝑒
𝑖𝜔
0)Φ

𝑢 (𝜔0)Φ


𝑢 (𝜔0)

+ 𝐺0 (𝑒
𝑖𝜔
0)Φ𝑢 (𝜔0)Φ


𝑢 (𝜔0)

+ 2𝐺

0 (𝑒
𝑖𝜔
0)Φ𝑢 (𝜔0)Φ


𝑢 (𝜔0)

+
1

2
Φ
2
𝑢 (𝜔0) 𝐺


0 (𝑒
𝑖𝜔
0)] .

(34)

And the denominator of 𝐸𝐺𝑁(𝑒
𝑖𝜔
0) as:

Φ
2
𝑢 (𝜔0) + 2𝑀(𝛾) [Φ


𝑢 (𝜔0)Φ


𝑢 (𝜔0) + Φ𝑢 (𝜔0)Φ


𝑢 (𝜔0)] .

(35)

For sake of convenience, we denote 𝐺0(𝑒
𝑖𝜔
0)Φ𝑢(𝜔0)Φ


𝑢(𝜔0) +

(1/2)Φ
2
𝑢(𝜔0)𝐺


0 (𝑒
𝑖𝜔
0) − 𝐺0(𝑒

𝑖𝜔
0)Φ𝑢(𝜔0)Φ


𝑢 (𝜔0) as Ω and

Φ

𝑢(𝜔0)Φ


𝑢(𝜔0) + Φ𝑢(𝜔0)Φ


𝑢 (𝜔0) as Υ. So the equation can be

rewritten as:

𝐸𝐺NEFOP (𝑒
𝑖𝜔
0) =

𝐺0 (𝑒
𝑖𝜔
0)Φ
2
𝑢 (𝜔0) + 𝑀(𝛾)Ω

Φ2𝑢 (𝜔0) + 𝑀(𝛾)Υ
. (36)

From the above equation,we can easily get thatwhen 𝛾 →

∞ and𝑀(𝛾) → 0:

𝐸𝐺NEFOP (𝑒
𝑖𝜔
0) ≈ 𝐺0 (𝑒

𝑖𝜔
0) . (37)

Based on the property of the window function, we can obtain
the following inequality:

𝐸𝐺NEFOP (𝑒
𝑖𝜔
0) − 𝐺0 (𝑒

𝑖𝜔
0)

< 𝑀(𝛾) [2𝐺

0 (𝑒
𝑖𝜔
0)

Φ

𝑢 (𝜔0)

Φ𝑢 (𝜔0)
+
1

2
𝐺

0 (𝑒
𝑖𝜔
0)]

+ 𝑂(𝐶3 (𝛾))
𝛾→∞

+ 𝑂(
1

√𝑁
)

𝑁→∞

.

(38)

When the first-order and second-order derivatives of the
transfer function are bounded, the estimator 𝐺NEFOP(𝑒

𝑖𝜔
0) is

asymptotically unbiased.

4.2. Variance Analysis and Rate of Convergence. From the
results of previous sections, we have:

𝐺NEFOP (𝑒
𝑖𝜔
0) − 𝐸𝐺NEFOP (𝑒

𝑖𝜔
0)

≈
∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

𝑈𝑁 (𝜉)

4
(𝑉𝑁 (𝜉) /𝑈𝑁 (𝜉)) 𝑑𝜉

∫
𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

𝑈𝑁 (𝜉)

4
𝑑𝜉

.

(39)
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The nominator of (39) can be written as

∫

𝜋

−𝜋
𝑊𝛾 (𝜉 − 𝜔0)

𝑈𝑁 (𝜉)

2
𝑈𝑁 (𝜉) 𝑉𝑁 (𝜉) 𝑑𝜉

≈
2𝜋

𝑁

𝑁/2

∑

𝑘=−(𝑁/2)+1

𝑊𝛾 (
2𝜋𝑘

𝑁
− 𝜔0)

×


𝑈𝑁 (

2𝜋𝑘

𝑁
)



2

𝑈𝑁 (
2𝜋𝑘

𝑁
)

× 𝑉𝑁 (
2𝜋𝑘

𝑁
) ≜ 𝐴𝑁,

𝐸𝐴𝑁𝐴𝑁

=
4𝜋
2

𝑁2
∑

𝑘

∑

𝑙

𝑊𝛾 (
2𝜋𝑘

𝑁
− 𝜔0)


𝑈𝑁 (

2𝜋𝑘

𝑁
)



2

×


𝑈𝑁 (−

2𝜋𝑙

𝑁
)



2

𝑈𝑁 (
2𝜋𝑘

𝑁
)

× 𝑈𝑁 (−
2𝜋𝑙

𝑁
)𝐸𝑉𝑁 (

2𝜋𝑘

𝑁
)𝑉𝑁 (−

2𝜋𝑙

𝑁
)

=
4𝜋
2

𝑁2
[𝑊𝛾 (

2𝜋𝑘

𝑁
− 𝜔0)]

2
𝑈𝑁 (

2𝜋𝑘

𝑁
)



4

× [ΦV (
2𝜋𝑘

𝑁
) + 𝜌2 (𝑁)]

≈
4𝜋
2

𝑁2
[𝑊𝛾 (

2𝜋𝑘

𝑁
− 𝜔0)]

2
𝑈𝑁 (

2𝜋𝑘

𝑁
)



4

ΦV (
2𝜋𝑘

𝑁
) ,

(40)

where 𝜌2(𝑁) ≤ 2𝐶/𝑁. Rewrite it in the integral form

𝐸𝐴𝑁𝐴𝑁 ≈
2𝜋

𝑁
∫

𝜋

−𝜋
𝑊
2
𝛾 (𝜉 − 𝜔0)Φ

2
𝑢 (𝜉)ΦV (𝜉) 𝑑𝜉

≈
1

𝑁
𝑊(𝛾)Φ

2
𝑢 (𝜔0)ΦV (𝜔0) .

(41)

And the denominator part can be written approximately as
Φ
2
𝑢(𝜔0). Notice ∫

𝜋

−𝜋
𝑊
2
𝛾 (𝜉)𝑑𝜉 = (1/2𝜋)𝑊(𝛾), so we have the

variance of the estimator

Var [𝐺NEFOP (𝑒
𝑖𝜔
0)]

=
(1/𝑁)𝑊(𝛾)ΦV (𝜔0)

Φ2𝑢 (𝜔0)
+ 𝑜 (

𝑊(𝛾)

𝑁
)

𝛾→∞
𝑁→∞,𝛾/𝑁→0

≈
(1/𝑁)𝑊(𝛾)ΦV (𝜔0)

Φ2𝑢 (𝜔0)
.

(42)
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Figure 2: Results of EFOP smoothing and ETFE smoothing for
system in (43) under 𝜎2𝑒 = 0.5. ErrorEFOP = 10.21; ErrorETFE =

23.35.

5. Simulations

In this section, we use the target system

𝑦 (𝑡) − 0.2𝑦 (𝑡 − 1) + 0.4𝑦 (𝑡 − 2)

= 9𝑢 (𝑡 − 1) + 2𝑢 (𝑡 − 2) + 𝑒 (𝑡)
(43)

{𝑢(𝑡)} is a white Pseudo-Random Binary Sequence (PRBS)
[12] noise with unit variance 𝜎2𝑢 = 1. And 𝑒(𝑡) is a gaussian
white noise with variance 𝜎2𝑒 .

We compared EFOP smoothing with ETFE smoothing
and cross-spectral method. In all simulations, a Hamming
window of length 2 is used for all methods:

𝑤 (𝑛) = 0.54 − 0.46 cos(2𝜋 𝑛

𝑁
) . (44)

And the estimation errors are calculated by the following
equation:

error = (

𝑁

∑

𝑘=1


𝐺 (𝑘) − 𝐺0 (𝑘)



2
)

1/2

, (45)

where 𝐺0 is the sample sequence of true transfer function
with 𝑁 = 128. And 𝐺 is the estimation result with same
length.
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Table 1: Estimation error for 3 methods under different noise variances.

Noise variance 0.1 0.4 0.7 1.0 1.3 1.6 1.9
Estimate error of ETFE smoothing 23.34 25.62 27.14 32.86 38.27 41.31 66.48
Estimate error of cross-spectral method 12.23 13.43 16.83 17.32 21.56 25.87 29.89
Estimate error of EFOP smoothing 9.88 10.68 13.14 13.96 16.67 20.86 24.79
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Figure 3: Results of EFOP smoothing and ETFE smoothing for
system in (43) under 𝜎2𝑒 = 1.5. ErrorEFOP = 29.07; ErrorETFE =

42.80.

In Figures 2 to 5 we compared three methods for
frequency domain transfer function estimation. In each
figure, the top picture shows the amplitudes of the true
and estimated frequency domain transfer function and the
bottom picture shows the phase of them. Figures 2 and 3 are
comparison between EFOP smoothing and ETFE smoothing
under noise variance of 0.5 and 1.5. The estimation error
for EFOP smoothing and ETFE smoothing in Figure 2 are
10.21 and 23.35, respectively. And the estimation error for
EFOP smoothing and ETFE smoothing in Figure 3 are 29.07
and 42.80, respectively. Figures 4 and 5 are comparison
between EFOP smoothing and cross-spectral method under
noise variance of 0.5 and 1.5. The estimation error for EFOP
smoothing and cross-spectral method in Figure 4 are 11.29
and 13.95, respectively. And the estimation error for EFOP
smoothing andCross SpectralMethod in Figure 5 is 17.60 and
20.30, respectively.
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Figure 4: Results of EFOP smoothing and cross-spectral
method for system in (43) under 𝜎

2
𝑒 = 0.5. ErrorEFOP =

11.29; ErrorCrossSpectral = 13.95.

In all simulations, the variance of input signals are 1. And
all results are obtained by smoothing with a same hamming
window of length 2. It can be seen from the results that
EFOPmethod gives better estimation of the transfer function
thanETFE and cross-spectralmethod. Figure 6 is obtained by
numerical simulations. The error values in Figure 6 are also
represented in Table 1. The estimation error increases with
noise signal ratio and EFOP smoothing gets estimations of
transfer function with lowest error values.

6. Conclusion

In this paper, the convergence of transfer function estimation
based on integrity form of the GPE criterion with frequency
domainwindow function is analyzed.This smoothing technic
gives better results on transfer functions of linearmodels than
traditional ETFEmethod, especially for systems disturbed by
large noises. The consistent property and convergence rate of
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Figure 5: Results of EFOP smoothing and cross-spectral method for system in (43) under 𝜎2𝑒 = 1.5 ErrorEFOP = 17.60; ErrorCrossSpectral =
20.30.
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Figure 6: Estimate error of EFOP smoothing, ETFE smoothing, and
cross-spectral method for system in (43) under 𝜎2𝑒 from 0.1 to 1.9.

this method are obtained. Simulations for identification of
frequency domain transfer functions are given to illustrate
the advantage of this technic derived.
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This paper presents a formalized communicating process for dealing with information asymmetry between agents. A proactive
process can improve the efficiency of dealing with asymmetry by allowing agents to take the initiative of communication in a goal-
oriented way. In the process, by reasoning on belief and intention about the world and figuring out the information needed, the
agent proactively requests information from another agent when asymmetry exists between them. Considering that agentsmay take
advantage of information asymmetry by hiding information, the process also includes a model based on game theory to restrict the
hiding behaviour. The work presented here not only introduces a definition of information asymmetry from cognitive perspective
but also proposes a way to deal with it by communication in MAS. In addition, this paper presents some basic ideas on designing
proactive mechanisms in cooperation between agents.

1. Introduction

Information asymmetry exists when a party or parties possess
greater informational awareness relative to other participat-
ing parties, and this information is pertinent to effective
participation in a given situation [1]. In Multiagent System
(MAS), agents represent entities with different interests, so
information asymmetry could bring benefits to some agents
in team work and poor results for some other agents. This
paper presents a formalized communicating process, where
agents can deal with information asymmetry by reasoning
on their knowledge about the world and figure out the
information needed when facing asymmetry.

To deal with issues caused by information asymmetry,
probability and statistical mechanisms are usually employed
[2]. Such mechanisms usually relay on history of interaction
between agents. But in some situations, like at beginning of
the interaction, such historical information is unavailable.
From the cognitive view, if an agent can take proactive action
to figure out what information is lacking in cooperation, the
agent can request that information directly from agents who
possess such information, and it can also take strategies to
restrict information hiding (even cheating) by considering

the context. Then information asymmetry can be solved in
a proactive manner.

Proactive behaviour is considered as one of the key
characteristics in software agents. Proactivity usually refers to
the ability of agent to make conscious decision without being
told to [3, 4], whichmeans that agents will take actions to help
each other according to some common goals without being
instructed.On suchwilling to help assumption, researches for
proactive behaviour usually ignore the issue of information
asymmetry, such as share plan or joint intention [5–10].
However, we can treat “eliminating information asymmetry”
as a common goal in teamwork and the communication
process can then be modelled from the cognitive view.

Researches have also been conducted on proactive
behaviour in human organisations including in the area of
feedback seeking and issue selling [11–23]. These researches
show that proactive communication between people is help-
ful to resolve the information asymmetry. From the view of
information economics [2], researchers also have proposed
several models to analyse the problem of how to get optimum
contract under information asymmetry. In this paper, we
intend to combine the work about proactive behaviour
modelling in MAS, proactive communication, and game
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theory together and then to provide an efficientway of dealing
with information asymmetry between agents in teamwork.

The work described here firstly introduces a formalized
description about the communication process of dealing
with information asymmetry from the cognitive point of
view. Secondly, by combining a game theory based model
with the communication process, information hiding is
restricted according to context. Finally, the work proposed
here provides some basic ideas of designing proactive
communication process between agents. In a scenario of
information asymmetry, the agent that needs information
takes the initiative to identify the information and requests
information from the agent that owns it. Such a proactive
manner can be used to deal with some other problems in
communication, such as trust establishment. During trust
establishment the trustor can proactively collect information
from the trustee, rather than just waiting to observe the
behaviour of the trustee or waiting for information from the
third party.

2. The Proactive Communicating Process for
Dealing with Information Asymmetry

To facilitate the next discussion, a simple scenario of informa-
tion asymmetry is introduced first. During the development
of software, requirements of a customer change over time.
Generally speaking, a customer is usually not familiar with
the technologies, while the developer is not familiar with
business requirements. Thus information asymmetry exists
between the customer and the developer. The developer may
take the advantage of information asymmetry to refuse a new
requirement in order to gain unreasonable benefits.

In this section, the formal description of communication
for dealing with information asymmetry in a proactive
manner is presented. Information asymmetry and related
processes are expressed withmental attitudes of agents.These
mental attitudes are described with modal operators like
Bel, Int. To/Th, Attempt, Inform, and Request, which are
proposed in Joint intention, SharedPlans and the work of
proactive information exchange [3–8, 24–26].

Sometimes information asymmetry exists in some sce-
narios which participants do not even realise. The process
presented here focuses on how to deal with information
asymmetry in a proactive manner. So we assume that com-
municating participants realise that information asymmetry
exists in their cooperation. In the previous scenario, the
customer should consider how to deal with information
asymmetry proactively, in order to add the new requirement
without paying unreasonable cost. Meanwhile the developer
should consider how to deal with request of customer and
take advantage of information asymmetry.

2.1. The Definition Information Asymmetry in the Communi-
cation Process. First different roles that two agents play in
asymmetry are deserved to be discussed. Without special
statement, this paper uses 𝑅 to present the agent that owns
information and 𝑃 to present the agent short of informa-
tion. Here information asymmetry means that for certain

proposition 𝑝, there is an agent 𝑃 that does not believe 𝑝

being true or false, and meanwhile there is another agent 𝑅
that does believe 𝑝 being true or false, or forms such belief
by reasoning on its mental attitudes and knowledge base.
Suppose that prop (𝑃) and prop (𝑅) are the set of propositions
that 𝑃 and 𝑅 own in their mental attitudes and knowledge
base, respectively, and Rules is the set of rules of two agents,
and rules are all written with horn clauses. Then we define
Rules (𝑝) as the set of propositions appeared in the rules
like

𝑝1 ∧ 𝑝2 ∧ ⋅ ⋅ ⋅ 𝑝𝑛−1 ∧ 𝑝𝑛 → 𝑝 or

𝑝1 ∧ 𝑝2 ∧ ⋅ ⋅ ⋅ 𝑝𝑛−1 ∧ 𝑝𝑛 ∧ 𝑝 →⊥.

We assume that in cooperation 𝑃 needs to form the
belief about proposition 𝑝 based on 𝑅’s belief on 𝑝. Here
𝑃 is the agent short of information and 𝑅 is the agent with
information. However,𝑅 needs to get some information from
𝑃 to complete the reasoning process of forming belief about
𝑝. If 𝑅 cannot provide all information𝑃 needs, but needs 𝑃 to
provide some information to help 𝑅 get information needed
by 𝑃, for these parts of information needed by 𝑅, there is role
exchange between𝑃 and𝑅.𝑅 then becomes the agent short of
information and𝑃 becomes the agent with information. Such
a process can be described as in Figure 1.

Now we introduce the presentation of information asym-
metry in the communication process. First, two participants
of communication should be included in the representation
of information asymmetry, as well as the role of each
participant: who needs information and who provides.

Second, information asymmetry relates certain propo-
sitions which form intentions, beliefs, and other mental
attitudes of agents. For instance, in the software scenario, the
proposition in the representation of information asymmetry
should be “the customer intends the developer to implement
a new requirement.”

Third, information asymmetry exists under certain con-
text. For instance, in the scenario, if the developer and the
customer belong to the same company and the developer is
subordinate of the customer, the developer should tell the
customer the feasibility of a new requirement. Then it is
not necessary to deal with information asymmetry in such
situation.

With the previous discussion, information asymmetry
can be presented as the following:

𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑃 𝑅𝑜𝑙𝑒,

𝑅 𝑅𝑜𝑙𝑒, 𝐶𝐴𝑠𝑦𝑚).

In the definition, 𝑃 and 𝑅 are agents involved in infor-
mation asymmetry; 𝑃 Role and 𝑅 Role are the roles that two
agents take in the asymmetry. For the sake of convenience, we
use poor to represent 0, and rich to present 1.

inputVar (inputVar) is the set of input variables of 𝑃 (𝑅).
outputVar (outputVar) is the set of output variables of 𝑃 (𝑅).
𝐶Asym is the context constraints of information asymmetry.
The semantics of AsymInfo operator is illustrated with the
following axiom.
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Figure 1: Role exchange between two agents.

Axiom 1.

𝐵𝑒𝑙(𝑃, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑝𝑜𝑜𝑟,
𝑟𝑖𝑐ℎ, 𝐶𝐴𝑠𝑦𝑚), 𝑡) ⇒ 𝑀𝐵({𝑃, 𝑅}, ∃𝑝


∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃,

𝐵𝑒𝑙(𝑅, 𝑝

, 𝑡), 𝑡)∧𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, 𝑝


, 𝑡), 𝑡), 𝑡)∨𝑀𝐵({𝑃, 𝑅},

∃𝑝


∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡), 𝑡) ∧ 𝐵𝑒𝑙(𝑅,

𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡), 𝑡), 𝑡).

𝐵𝑒𝑙(𝑅, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟
,

𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝐶𝐴𝑠𝑦𝑚), 𝑡) ⇒ 𝑀𝐵({𝑃, 𝑅}, ∃𝑝



∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝

, 𝑡), 𝑡) ∧ 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, 𝑝

,
𝑡), 𝑡), 𝑡)

∨𝑀𝐵({𝑃, 𝑅}, ∃𝑝

∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝


, 𝑡), 𝑡)

∧𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡), 𝑡), 𝑡).

The axiom says that at current time 𝑡, if 𝑃 (or 𝑅) believes
that information asymmetry about proposition 𝑝 exists
between it and 𝑅 (or 𝑃), there must exist some proposition
𝑝
 in Rules(𝑝) (of each agent’s own) that 𝑅 believes being

true but 𝑃 does not believe that 𝑅 believes 𝑝 being true, or
𝑅 believes being false but 𝑃 does not believe that 𝑅 believes
𝑝
 being false. Table 1 lists the references about the Bel and

MB operators. With this axiom, it can be assumed that 𝑅 has
ability to provide𝑃with information relatedwith asymmetry.

In the following section, the formal description of com-
munication process is presented in detail, andmany problems
will be discussed.Thenotations to be used are listed inTable 1.

2.2. The Communication Process from the General View. In
modern control theory, state space equation is a common tool
to model and analyze dynamic characteristics of systems. A
state space equation can be expressed as

𝑋 (𝑡 + 1) = 𝐹 (𝑋 (𝑡) , 𝑈 (𝑡) , 𝑡) state equation,

𝑌 (𝑡) = 𝐺 (𝑋 (𝑡) , 𝑈 (𝑡) , 𝑡) output equation.
(1)

The equation is composed of following components: a
set of state variables to describe behaviours of system and
a set of input variables and a set of output variables. These
variables make up the state equation and the output equation.
Consider that agents communicate with each other to deal

with information asymmetry. Each agent has its own internal
states composed by its mental attitudes. An agent sends
some variables to another agent and requests for answers.
These variables indicate what information𝑃 needs.The target
agent receives the variables and finally gives out answers
with reasoning process.This situation is similar to state space
equation discussed in control theory.

Based on the previous analysis, the process of dealingwith
information asymmetry can be describedwith following state
space equations

for the agent short of information:

𝑋poor (𝑡 + 1) = 𝐹 (𝑋poor (𝑡) , 𝑈poor (𝑡) , 𝑡) ,

𝑌poor (𝑡) = 𝐺 (𝑋poor (𝑡) , 𝑈poor (𝑡) , 𝑡) ;

for the agent with information:

𝑋rich (𝑡 + 1) = 𝐹

(𝑋rich (𝑡) , 𝑌poor (𝑡) , 𝑡) ,

𝑌rich (𝑡) = 𝛼G
(𝑋rich (t) , 𝑌poor (𝑡) , 𝑡) ,

𝑈poor (𝑡 + 1) ⊆ 𝛼𝑌rich (𝑡) .

(2)

Here, poor and rich in subscript of the equation represent
two agents involved in asymmetry, with different roles.𝑋(𝑡) is
a set which includes mental attitudes of an agent, like beliefs
and intentions. 𝑈(𝑡) and 𝑌(𝑡) are sets of input and output
variables, which correspond to inputVar and outputVar in
the operator of AsymInfo. Here𝑋poor(𝑡 + 1) and𝑋rich(𝑡 + 1)

mean that the states of agent are updated for the next round
of communication.𝑈poor(𝑡+1)means that after poor gets the
output variables𝛼𝑌rich(𝑡+1) from rich, input variables of poor
are updated. In the equation, 𝐹, 𝐺, 𝐹, and 𝐺 correspond to
the reasoning process as follows.

𝐹: For the agent 𝑃 that is short of information, 𝐹
represents the establishment of reasoning process for
dealing with information asymmetry and identifying
input variables in 𝑈poor(𝑡).
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Table 1: Summary of notations.

Notation Meaning
prop(𝑃) prop(𝑃) stands for proposition that agent 𝐴 owns in its mental attitudes or knowledge base
Rule The set of rules of agent
Rules(𝑝) {𝑝𝑖|1 ≤ 𝑖 ≤ 𝑛, 𝑝1 ∧ 𝑝2 ∧ ⋅ ⋅ ⋅ ∧ 𝑝𝑖 ∧ ⋅ ⋅ ⋅ ∧ 𝑝𝑛 → 𝑝 ∈ Rule}
Bel(𝐴, 𝑝, 𝑡) Agent 𝐴 believes that proposition 𝑝 holds at time 𝑡 [4, 6, 26, 27]
MB({𝐴, 𝐵}, 𝑝, 𝑡) Both agents 𝐴 and 𝐵 believe that proposition p holds at time 𝑡 [4, 6, 26, 27]
Int.To(𝐴, 𝛼, 𝑡, 𝑡𝛼, 𝐶𝛼) At time 𝑡, agent 𝐴 intends to do 𝛼 at time 𝑡𝛼 in the context 𝐶𝛼 [3, 6]
Int.Th(𝐴, 𝑝, 𝑡, 𝑡


, 𝐶𝑝) Agent 𝐴 at time 𝑡 intends that p holds at 𝑡 under the intentional context 𝐶𝑝 [3, 6]

Pot.Int.To(𝐴, 𝛼, 𝑡, 𝑡𝛼, 𝐶𝛼)

Agent 𝐴 has a potential intention to do 𝛼. Compare with Int.to, potential intention means an
agent is not fully committed, and 𝐴 needs to find out a plan to do 𝛼 before changing potential
intention into intention [3, 6]

Pot.Int.Th(𝐴, 𝑝, 𝑡, 𝑡

, 𝐶𝑝) Agent 𝐴 at time 𝑡 has a potential intention that p holds at 𝑡 under the intentional context 𝐶𝑝 [3, 6]

CBA(𝐴, 𝛼, 𝑅𝛼, 𝑡𝛼, Θ𝛼)
Agent 𝐴 is able to bring about single-agent action 𝛼 at 𝑡𝛼 under constraints Θ𝛼 by following recipe
𝑅𝛼. Here a recipe is composed of action decomposition and constraints [3]

Do(𝐴, 𝛼, 𝑡, 𝐶𝛼) Agent 𝐴 performs action 𝛼 at time under constraints Θ𝛼. [3]

Attempt(𝐴, 𝜀, 𝑃, 𝑄, 𝐶𝑛, 𝑡, 𝑡1)
Agent 𝐴 has only a limited commitment (potential intention) to the ultimate goal P by executing
𝜀, while having a full-fledged intention to achieve 𝑄 [3]

Request(𝐴, 𝐵, 𝜀, 𝛼, 𝑡, 𝑡𝑎, Θ𝛼)
Agent 𝐴’s attempt to make both 𝐴 and 𝐵 believe that 𝐴 intends that 𝐵 commits to performing the
action 𝜀 [3]

Inform(𝐴, 𝐵, 𝜀, 𝑝, 𝑡, 𝑡𝑎)
Agent 𝐴’s attempt to establish a mutual belief with agent 𝐵 about the 𝐴’s goal to let the addressee
know 𝑝 is stand [3]

constr(𝐶) Constraints component of context 𝐶 [3]
post(𝜀) A conjunction of propositions that describe the effects of 𝜀 [3]
CONF Conflictions exist between actions or propositions [3]

𝐺: For the agent 𝑃 that is short of information, 𝐺
represents the process of identifying output variables
in 𝑌poor(𝑡) with input variables and internal state.

𝐹
: For the agent𝑅 that is with information,𝐹 represents
the process of updating 𝑅’s internal states after 𝑅

receives input variables from 𝑃

𝐺
: For the agent𝑅 that is with information,𝐺 represents
the establishment of reasoning process for finding
true values for input variables in 𝑈poor(𝑡)

𝛼: In the process of𝐺, 𝛼 represents the process of hiding
information in the 𝑌rich(𝑡) (such a process can be
included in the process of 𝐺. Here we use a separate
operator in order to emphasize such a process).

Equation (2) shows that in communication process, input
and output variables define what information needs to be
exchanged between two agents and they are closely related
to asymmetry between two agents. Definition 1 gives out the
formal definition of input and output variables of both agents.

Definition 1. For agent 𝑃 that is short of information, input
variable is defined as

𝑓𝑜𝑟 𝑎𝑙𝑙 var ∈ {(𝑝𝑟𝑜𝑝𝑖, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖) | 1 ≤ 𝑖 ≤ 𝑛,

𝑝𝑟𝑜𝑝𝑖 ∈ 𝑝𝑟𝑜𝑝(𝑃), 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒 |𝑓𝑎𝑙𝑠𝑒 |

𝑢𝑛𝑘𝑛𝑜𝑤𝑛},
𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑢𝑛𝑘𝑛𝑜𝑤𝑛, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓

𝐵𝑒𝑙(𝑃, 𝐵𝑡) = 𝑓𝑎𝑙𝑠𝑒 𝑎𝑛𝑑 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝𝑖, 𝑡),
𝑡) = 𝑓𝑎𝑙𝑠𝑒;

for agent 𝑃 that is short of information, output variable is
defined as

𝑓𝑜𝑟 𝑎𝑙𝑙 var ∈ {(𝑝𝑟𝑜𝑝𝑖, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖) | 1 ≤ 𝑖 ≤ 𝑛,

𝑝𝑟𝑜𝑝𝑖 ∈ 𝑝𝑟𝑜𝑝(𝑃), 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒 | 𝑓𝑎𝑙𝑠𝑒 |

𝑢𝑛𝑘𝑛𝑜𝑤𝑛},
𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑡𝑟𝑢𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝𝑖, 𝑡) =

𝑡𝑟𝑢𝑒,
𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑓𝑎𝑙𝑠𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝑃, ¬𝑝𝑟𝑜𝑝𝑖,

𝑡) = 𝑡𝑟𝑢𝑒;

for agent𝑅 that is with information, output variable is defined
as

𝑓𝑜𝑟 𝑎𝑙𝑙 var ∈ {(𝑝𝑟𝑜𝑝𝑖, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖) | 1 ≤ 𝑖 ≤ 𝑛,

𝑝𝑟𝑜𝑝𝑖 ∈ 𝑝𝑟𝑜𝑝(𝑅), 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒 |𝑓𝑎𝑙𝑠𝑒 |

𝑢𝑛𝑘𝑛𝑜𝑤𝑛},

𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑡𝑟𝑢𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝𝑖, 𝑡) =

𝑡𝑟𝑢𝑒,

𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑓𝑎𝑙𝑠𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝𝑖, 𝑡)

= 𝑡𝑟𝑢𝑒,

𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒𝑖 = 𝑢𝑛𝑘𝑛𝑜𝑤𝑛, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝𝑖,

𝑡) = 𝑓𝑎𝑙𝑠𝑒 𝑎𝑛𝑑 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝𝑖, 𝑡) = 𝑓𝑎𝑙𝑠𝑒.
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Then input variables of 𝑃 are related to what information
𝑃wants from𝑅 and are defined with𝑃’s belief about𝑅’s belief
about a proposition prop. Input variable (prop, unknown)
means that 𝑃 does not believe that 𝑅 believes prop is true
and 𝑃 also does not believe 𝑅 believes prop is false. Output
variables of 𝑃 are some beliefs of its own that 𝑃 wants to
tell 𝑅 in communication. These variables may help 𝑅 to get
information that 𝑃 needs and they are helpful to avoid 𝑅 to
request them from 𝑃 again.

As for input variables of 𝑅, they are elements in union
set of input and output variables sending by 𝑃. For output
variables of 𝑅, they are beliefs of 𝑅 which are requested
by 𝑃 as what 𝑃 defined as input variables. Output variable
(prop, true) of 𝑅 means that 𝑅 believes prop is true, and
output variable (prop, false) means that 𝑅 believes prop is
false. Output variable (prop, unknown)means that𝑅 does not
believe prop is true or false.

The whole process is presented by Figure 2. First, agent
short of information (𝑃) finds out that information asymme-
try would bring negative influence on cooperation between
itself and agent with information (𝑅). First 𝑃 identifies some
input variables related to information asymmetry. In the
process of identifying input variables, a process of reasoning
is established (the tree in second part of the Figure 2). The
reasoning process and related mental attitudes of agent cor-
respond to 𝐹 and𝑋poor(𝑡) in (2). At the same time, the output
variables (𝑌poor(𝑡)) with initial value are also identified (with
input variables 𝑈poor(𝑡) included). Then output variables are
sent to 𝑅 to begin a communicating process to deal with
information asymmetry (Rule 2 in Figure 2).

After output variables received, 𝑅 begins to construct its
own state space. The input and the output variables of 𝑅
are constrained by the output and input variables of 𝑃 (as
shown in (2)). Mental attitudes of 𝑅 are updated with input
variables at first. In order to get the true values of variables
in 𝑈poor(𝑡), 𝑅 will start a reasoning process (the tree in third
part of the Figure 3). After true values of variables are gotten,
𝑅 puts these variables into the set of output variables and
hides information as needed. Then output variables of 𝑅 are
sent to 𝑃 (CommuResponse in the Figure 2), and 𝑃 analyzes
whether true values of variables are hidden and updates its
mental attitudes.

The information hiding during communication is con-
strained by the method based on game theory. 𝑅 can have
a set of strategies by defining to hide a set of variable in its
output. After 𝑃 gets inputVar from 𝑅 (output variables of
𝑅), it can have a set of strategies by judging each variable
as hidden or not. 𝑃 can also define payoffs for strategies. If
proper mechanisms for the game are designed, 𝑃 and 𝑅 can
get equilibrium about their game on information hiding.

2.3. The Communication Process for Dealing with Information
Asymmetry in Detail

2.3.1. Start of the Process. To facilitate introduction in follow-
ing section, formal definitions of modal operators Attempt,
Inform, and Request are listed as follows [3]. The semantics
of Inform and Request are given by choosing appropriate

formulas to substitute in the definition of Attempt [3, 28].
Related operators and predications are listed in Table 1. Here
we use “=” to present “defined as.”

Definition 2. 𝐴𝑡𝑡𝑒𝑚𝑝𝑡(𝑃, 𝜀, 𝑈, 𝑉, 𝐶𝑛, 𝑡, 𝑡1) = 𝜙? : 𝜀, 𝑤ℎ𝑒𝑟𝑒

𝜙 = [¬𝐵𝑒𝑙(𝑃, 𝑈, 𝑡) ∧ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝑈, 𝑡, 𝑡1, 𝐶𝑛) ∧

𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝑉, 𝑡, 𝑡1, ¬𝐵𝑒𝑙(𝑃, 𝑈, 𝑡) ∧ 𝐶𝑛) ∧ 𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝜀,

𝑡, 𝑡, 𝜓)], 𝑤ℎ𝑒𝑟𝑒

𝜓 = 𝐵𝑒𝑙(𝑃, 𝑝𝑜𝑠𝑡(𝜀) ⇒ 𝑉, 𝑡) ∧ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝑈, 𝑡, 𝑡1,

𝐶𝑛).

𝐼𝑛𝑓𝑜𝑟𝑚(𝑃, 𝑅, 𝜀, 𝑝, 𝑡, 𝑡𝛼) = (𝑡 < 𝑡𝛼)?; 𝐴𝑡𝑡𝑒𝑚𝑝𝑡(𝑃, 𝜀, 𝑈, 𝑉,
𝐶𝑝, 𝑡, 𝑡𝛼), 𝑤ℎ𝑒𝑟𝑒

𝑈 = 𝑀𝐵({𝑃, 𝑅}, 𝑝, 𝑡𝛼),
𝑉 = ∃𝑡


(𝑡 ≤ 𝑡


< 𝑡𝛼) ∧ 𝑀𝐵({𝑃, 𝑅}, 𝜓, 𝑡


),

𝐶𝑝 = 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, ¬𝐵𝑒𝑙(𝑅, 𝑝, 𝑡), 𝑡), 𝑤ℎ𝑒𝑟𝑒

𝜓 = ∃𝑡𝑏 (𝑡

≤ 𝑡𝑏 < 𝑡𝛼)∧

𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡), 𝑡𝑏), 𝑡, 𝑡𝑏, 𝐶𝑝).

𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑃, 𝑅, 𝜀, 𝛼, 𝑡, 𝑡𝛼, Θ𝛼) = (𝑡 < 𝑡𝛼)?; 𝐴𝑡𝑡𝑒𝑝𝑚𝑡(𝑃, 𝜀,
𝑈, 𝑉, 𝐶𝑝, 𝑡, 𝑡𝛼), 𝑤ℎ𝑒𝑟𝑒

𝑈 = 𝐷𝑜(𝑅, 𝛼, 𝑡𝛼, Θ𝛼),
𝑉 = ∃𝑡


(𝑡 ≤ 𝑡


< 𝑡𝛼) ∧ 𝑀𝐵({𝑃, 𝑅}, 𝜓, 𝑡


),

𝐶𝑝 = 𝐵𝑒𝑙(𝑃, ∃𝑅𝛼𝐶𝐵𝐴(𝑅, 𝛼, 𝑅𝛼, 𝑡𝛼, Θ𝛼), 𝑡) ∧ 𝐼𝑛𝑡.𝑇ℎ(𝑃,

𝐷𝑜(𝑅, 𝛼, 𝑡𝛼, Θ𝛼), 𝑡, 𝑡𝛼, Θ𝛼), 𝑤ℎ𝑒𝑟𝑒

𝜓 = ∃𝑡𝑏 (𝑡

≤ 𝑡𝑏 < 𝑡𝛼)∧

𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝛼, 𝑡𝑏, 𝑡𝛼, 𝐶𝑝 ∧ 𝐻𝑒𝑙𝑝𝑓𝑢𝑙(𝑅)), 𝑡, 𝑡𝑏,

𝐶𝑝).

In the definition of 𝐴𝑡𝑡𝑒𝑚𝑝𝑡(𝑃, 𝜀, 𝑈, 𝑉, 𝐶𝑛, 𝑡, 𝑡1), 𝑈 repre-
sents some ultimate goal that may or may not be achieved by
the attempt and𝑉 represents what it takes to make an honest
effort. The definition of 𝐼𝑛𝑓𝑜𝑟𝑚(𝑃, 𝑅, 𝜀, 𝑝, 𝑡, 𝑡𝛼) says that at
current time 𝑡, 𝑃 wants 𝑅 to believe that 𝑝 is true with event
𝜀 before time 𝑡𝛼.The definition of 𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑃, 𝑅, 𝜀, 𝛼, 𝑡, 𝑡𝛼, Θ𝛼)

says that at the current time 𝑡, 𝑃 wants 𝑅 to execute 𝛼 with
event 𝜀 before time 𝑡𝛼.

With these definitions, the process of dealing with infor-
mation asymmetry will be discussed in detail. The first
question is how to start and who will initiate the process of
communication. According to Axiom 1 in Section 2.1, two
agents believe that information asymmetry about proposition
𝑝 exists between them. If both of them have reached an
agreement on true value of 𝑝, it may be unnecessary to
deal with asymmetry between them. They just need to act
as what they both agree. But when some conflicts about 𝑝
appear as Axiom 1 suggests that inconsistency between both
agents’ belief exists, both agents should consider finding out
the relation between conflicts and information asymmetry.
And the process of dealing asymmetry should be taken into
consideration.

Another question is who will initiate the process. It seems
that both the agent short of information and the agent with
information may be aware of conflicts caused by asymmetry,
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Figure 2: The framework on dealing with information asymmetry in a proactive manner.

and both of them can start the process of dealing. But
the agent who initiates the process should identify input
variables, which constrains the choices of output variables
of another agent and the reasoning process of both agents.
This paper assumes that agent short of information (𝑃)
should initiate the process, as it can find out propositions
whose true values it is not aware of in reasoning process.
These propositions are candidates of input variables. When
information asymmetry on 𝑝 exists between 𝑅 and 𝑃, we
define a rule tomake sure that the agent with information (𝑅)

will inform𝑃 about a contradiction of beliefs or intentions on
proposition 𝑝 between it and 𝑃.

Rule 1.
𝐵𝑒𝑙(𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝), 𝑡) ∧ 𝐵𝑒𝑙(𝑅, ¬

𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡) ∧ 𝐵𝑒𝑙(𝑅, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝,
𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝐶𝑝), 𝑡) ⇒ 𝐼𝑛𝑡. 𝑇𝑜(𝑅, 𝐼𝑛𝑓𝑜𝑟𝑚(𝑅, 𝑃, 𝜀, 𝐵𝑒𝑙

(𝑅, ¬𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡), 𝑡, 𝑡𝑖𝑛𝑓𝑜𝑟𝑚),
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Figure 3: Reasoning tree in state space establishment.

𝑡, 𝑡𝑖𝑛𝑓𝑜𝑟𝑚, 𝐶𝑝)—𝑝𝑎𝑟𝑡 1;

𝐵𝑒𝑙(𝑅, ∃𝑡

< 𝑡𝑝 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝, 𝐶


𝑝), 𝑡, 𝑡

,

𝐶𝑝), 𝑡) ∧ 𝐵𝑒𝑙(𝑅, ∀𝑡

< 𝑡¬𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝, 𝐶


𝑝), 𝑡)∧

𝐵𝑒𝑙(𝑅, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝐶𝑝), 𝑡) ⇒

𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝐼𝑛𝑓𝑜𝑟𝑚(𝑅, 𝑃, 𝜀, 𝐵𝑒𝑙(𝑅, ∀𝑡

< 𝑡𝑝¬𝐼𝑛𝑡.𝑇𝑜

(𝑅, 𝑝, 𝑡

, 𝑡𝑝, 𝐶


𝑝), 𝑡), 𝑡, 𝑡𝑖𝑛𝑓𝑜𝑟𝑚), 𝑡, 𝑡𝑖𝑛𝑓𝑜𝑟𝑚, 𝐶


)—𝑝𝑎𝑟𝑡 2.

Suppose that at time 𝑡 information asymmetry about
proposition 𝑝 exists between 𝑃 and 𝑅. Rule 1 includes two
situations. First, at time 𝑡 if 𝑅 believes that 𝑃 intends that 𝑅
will believe 𝑝 is true at time 𝑡𝑝 (𝑡𝑝 > 𝑡), but at time 𝑡, 𝑅
believes that it won’t believe 𝑝 is true at time 𝑡𝑝, 𝑅 should
intend to inform 𝑃 that 𝑅 will not believe 𝑝 is true at time
𝑡𝑝. Second, if 𝑅 believes 𝑃 intends that 𝑅 will intend to do 𝑝
at some time before 𝑡𝑝 under context 𝐶

𝑝, but 𝑅 believes that
it won’t intends to do 𝑝 under context 𝐶

𝑝 at any time before
𝑡𝑝, 𝑅 should intend to inform 𝑃 such belief. Inform should
be finished before 𝑡Inform. 𝑡Inform is certain time after 𝑡, and it
can be defined by 𝑅 according to the requirement of concrete
scenario.

In Rule 1 we use beliefs about 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅,

𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝) and ∃𝑡


< 𝑡𝑝, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡

, 𝑡𝑝,

𝐶

𝑝), 𝑡, 𝑡


, 𝐶𝑝), because such beliefs can be gotten when 𝑃

informs 𝑅 about its intentions, but it is hard for 𝑃 to get
beliefs like 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡), 𝑡) directly.

As described in part 1 of Figure 2, if 𝑅 uses Rule 1 to
inform 𝑃 about some conflicts, 𝑃 can be aware of conflicts
between 𝑃 and 𝑅. Here assumption 1 is defined to show how
𝑃 forms belief of conflict between it and 𝑅.

Assumption 3. 𝑃 believes that there exist conflicts between
its intention that 𝑅 should perform some action 𝑝 or

intend some proposition 𝑝 to hold and 𝑅’s unwillingness of
performing 𝑝 or intending 𝑝 be hold as

𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝1, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝2, 𝑡) ⇒ 𝐵𝑒𝑙(𝑃,

𝐶𝑂𝑁𝐹(𝑝𝑟𝑜𝑝1, 𝑝𝑟𝑜𝑝2, 𝑡, 𝑡, 𝐶𝑝𝑟𝑜𝑝1, 𝐶𝑝𝑟𝑜𝑝2), 𝑡),

𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝3, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝4, 𝑡) ⇒ 𝐵𝑒𝑙(𝑃,

𝐶𝑂𝑁𝐹(𝑝𝑟𝑜𝑝3, 𝑝𝑟𝑜𝑝4, 𝑡, 𝑡, 𝐶𝑝𝑟𝑜𝑝3, 𝐶𝑝𝑟𝑜𝑝4), 𝑡),

where

𝑝𝑟𝑜𝑝1 = 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝),

𝑝𝑟𝑜𝑝2=(∃𝑡

(𝑡


≤𝑡𝑖𝑛𝑓𝑜𝑟𝑚) ∧ 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃,

𝐵𝑒𝑙(𝑅, ¬𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡), 𝑡

), 𝑡, 𝑡


, 𝐶𝑝)),

𝑝𝑟𝑜𝑝3 = ∃𝑡

< 𝑡𝑝, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝, 𝐶


𝑝),

𝑡, 𝑡

, 𝐶𝑝),

𝑝𝑟𝑜𝑝4 = (∃𝑡

(𝑡


≤ 𝑡𝑖𝑛𝑓𝑜𝑟𝑚) ∧ 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃,

𝐵𝑒𝑙(𝑅, ∀𝑡


< 𝑡𝑝¬𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡

, 𝑡𝑝, 𝐶


𝑝), 𝑡), 𝑡


), 𝑡, 𝑡


,

𝐶𝑝)).

prop1 stands for that 𝑃 intends proposition “𝑅 believes
𝑝 being hold at time 𝑡𝑝” being hold. prop2 stands for that
𝑅 intends proposition “at some time 𝑡” before 𝑡inform, and 𝑃

believes that 𝑅 does not believe that 𝑝 holds at time 𝑡𝑝”. prop3
stands for that 𝑃 intends that “𝑅 intends to do 𝑝 at time 𝑡𝑝”
being hold. prop4 stands for that 𝑅 intends proposition “at
some time 𝑡” before 𝑡inform, and 𝑃 believes that 𝑅 believes
that 𝑅 will not intend to do 𝑝 at any time before 𝑡𝑝” being
hold. Meta-predicate 𝐶𝑂𝑁𝐹(𝛼, 𝛽, 𝑇𝛼, 𝑇𝛽, Θ𝛼, Θ𝛽) represents
situations in which actions or propositions conflict with
each other [6]. Function constr (𝐶𝛼) denotes the constraints
components of the context 𝐶𝛼 [6].

Theorem 4. In Rule 1, if 𝑅’s belief about 𝑃’s intention is
consistent with 𝑃’s intention, successful performance of Inform
in Rule 1 will make 𝑃 believe that conflicts exist between it and
𝑅.



8 Journal of Applied Mathematics

Proof. (1) As 𝑅’s belief about 𝑃’s intention is consistent with
𝑃’s intention, in Rule 1, if

𝐵𝑒𝑙(𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝), 𝑡) or

𝐵𝑒𝑙(𝑅, ∃𝑡

< 𝑡𝑝, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝,

𝐶

𝑝), 𝑡, 𝑡


, 𝐶𝑝), 𝑡) holds at current time 𝑡, 𝑃

also has beliefs as follows:

𝐵𝑒𝑙(𝑃, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝), 𝑡) or
𝐵𝑒𝑙(𝑃, ∃𝑡


< 𝑡𝑝, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝,

𝐶

𝑝), 𝑡, 𝑡


, 𝐶𝑝), 𝑡).

Then at some time 𝑡,

𝑝𝑟𝑜𝑝1 = 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡, 𝑡𝑝, 𝐶𝑝) and

𝑝𝑟𝑜𝑝2 = ∃𝑡

< 𝑡𝑝, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡


, 𝑡𝑝, 𝐶


𝑝),

𝑡, 𝑡

, 𝐶𝑝) hold (time 𝑡 is decided by 𝑃 as necessary).

(2) With Rule 1, 𝑅 forms the intention of Inform. If the
performance of Inform is successful, with Definition 2 there
exists some time 𝑡 that 𝑃 and 𝑅 reach a mutual belief like

𝑝𝑟𝑜𝑝3 = 𝑀𝐵({𝑃, 𝑅}, (∃𝑡

(𝑡


≤ 𝑡


≤ 𝑡𝑖𝑛𝑓𝑜𝑟𝑚)∧

𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝐵𝑒𝑙(𝑅, 𝑝, 𝑡𝑝), 𝑡), 𝑡

), 𝑡, 𝑡

,

𝐶𝑝)), 𝑡

) or

𝑝𝑟𝑜𝑝4 = 𝑀𝐵({𝑃, 𝑅}, (∃𝑡

(𝑡


≤ 𝑡


≤ 𝑡𝑖𝑛𝑓𝑜𝑟𝑚)∧

𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ∀𝑡


< 𝑡𝑝¬𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝑝, 𝑡

, 𝑡𝑝,

𝐶

𝑝), 𝑡), 𝑡


), 𝑡, 𝑡


, 𝐶𝑝)), 𝑡


).

With Assumption 3, 𝑃 gets a conflict between prop1 and
prop3, or prop2 and prop4.

After 𝑃 is aware of conflicts, 𝑃 should consider initiating
a process of dealing with information asymmetry in the
following situations, as we define in Rule 2.

Rule 2.

𝐵𝑒𝑙(𝑃, 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝐵𝑒𝑙), 𝑡𝐼𝑛𝑡, 𝑡𝐵𝑒𝑙,
𝐶𝐼𝑛𝑡 𝑇ℎ)), 𝑡)∧

∃𝑝 ∈ 𝑝𝑟𝑜𝑝(𝑃), 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, 𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑃,

𝑝, 𝑡),
𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝐵𝑒𝑙), 𝑡, 𝑡𝐵𝑒𝑙, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡) ∧

𝐵𝑒𝑙(𝑃, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑞, 𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝐶𝐴𝑠𝑦𝑚), 𝑡)

⇒ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝐶𝑜𝑚𝑚𝑢𝐴𝑐𝑡(𝑃, 𝑅, 𝑞, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡𝑒𝑥𝑒𝑃, 𝑡𝑐𝑜𝑚𝑃, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, 𝐶𝑐𝑜𝑚𝑚), 𝑡, 𝑡𝑒𝑥𝑒𝑃,

𝐶𝑐𝑜𝑚𝑚),
𝑤ℎ𝑒𝑟𝑒 𝑡 < 𝑡𝑒𝑥𝑒𝑃 < 𝑡𝑐𝑜𝑚𝑃 < 𝑡𝑐𝑜𝑚𝑅 < 𝑡𝑟𝑒𝑠 < 𝑡𝐵𝑒𝑙;

𝐵𝑒𝑙(𝑃, 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝐵𝑒𝑙), 𝑡𝐼𝑛𝑡, 𝑡𝐵𝑒𝑙, 𝐶𝐼𝑛𝑡 𝑇ℎ)), 𝑡) ∧

∃𝑝 ∈ 𝑝𝑟𝑜𝑝(𝑃), 𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑝, 𝑡, 𝑡𝑝, 𝐶𝑝) ∧ 𝐵𝑒𝑙(𝑃,

𝐶𝑂𝑁𝐹(𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑝, 𝑡, 𝑡𝑝, 𝐶𝑝), 𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝐵𝑒𝑙),

𝑡, 𝑡𝐵𝑒𝑙, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡) ∧ 𝐵𝑒𝑙(𝑃,
𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑞, 𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟,
𝐶𝐴𝑠𝑦𝑚), 𝑡) ⇒ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝐶𝑜𝑚𝑚𝑢𝐴𝑐𝑡(𝑃, 𝑅, 𝑞,
𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡𝑒𝑥𝑒𝑃, 𝑡𝑐𝑜𝑚𝑃, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠,
𝐶𝑐𝑜𝑚𝑚), 𝑡, 𝑡𝑒𝑥𝑒𝑃, 𝐶𝑐𝑜𝑚𝑚),
𝑤ℎ𝑒𝑟𝑒 𝑡 < 𝑡𝑒𝑥𝑒𝑃 < 𝑡𝑐𝑜𝑚𝑃 < 𝑡𝑐𝑜𝑚𝑅 < 𝑡𝑟𝑒𝑠 < 𝑡𝐵𝑒𝑙;

𝐵𝑒𝑙(𝑃, 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝑞, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝑡𝐼𝑛𝑡 𝑇𝑜 𝐹𝑖𝑛,
𝐶𝐼𝑛𝑡 𝑇𝑜), 𝑡𝐼𝑛𝑡, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝐶𝐼𝑛𝑡 𝑇ℎ), 𝑡) ∧ ∃𝑝 ∈ 𝑝𝑟𝑜𝑝(𝑃)

𝐵𝑒𝑙(𝑃, 𝑝, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, 𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑃, 𝑝, 𝑡),
𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝑞, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝑡𝐼𝑛𝑡 𝑇𝑜 𝐹𝑖𝑛,
𝐶𝐼𝑛𝑡 𝑇𝑜), 𝑡, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡)∧

𝐵𝑒𝑙(𝑃, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑞, 𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝐶𝐴𝑠𝑦𝑚), 𝑡) ⇒ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇𝑜(𝑃,
𝐶𝑜𝑚𝑚𝑢𝐴𝑐𝑡(𝑃, 𝑅, 𝑞, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟,
𝑡𝑒𝑥𝑒𝑃, 𝑡𝑐𝑜𝑚𝑃, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, 𝐶𝑐𝑜𝑚𝑚), 𝑡, 𝑡𝑒𝑥𝑒𝑃, 𝐶𝑐𝑜𝑚𝑚),
𝑤ℎ𝑒𝑟𝑒 𝑡 < 𝑡𝑒𝑥𝑒𝑃 < 𝑡𝑐𝑜𝑚𝑃 < 𝑡𝑐𝑜𝑚𝑅 < 𝑡𝑟𝑒𝑠 < 𝑡𝐼𝑛𝑡 𝑇𝑜;

𝐵𝑒𝑙(𝑃, 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝑞, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝑡𝐼𝑛𝑡 𝑇𝑜 𝐹𝑖𝑛,
𝐶𝐼𝑛𝑡 𝑇𝑜), 𝑡𝐼𝑛𝑡, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝐶𝐼𝑛𝑡 𝑇ℎ)), 𝑡) ∧ ∃𝑝 ∈ 𝑝𝑟𝑜𝑝(𝑃),

𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑝, 𝑡, 𝑡𝑞, 𝐶𝑞) ∧ 𝐵𝑒𝑙(𝑃, 𝐶𝑂𝑁𝐹(𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑝, 𝑡,

𝑡𝑞, 𝐶𝑞),
𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝑞, 𝑡𝐼𝑛𝑡 𝑇𝑜, 𝑡𝐼𝑛𝑡 𝑇𝑜 𝐹𝑖𝑛, 𝐶𝐼𝑛𝑡 𝑇𝑜), 𝑡, 𝑡𝐼𝑛𝑡 𝑇𝑜,
𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡)∧𝐵𝑒𝑙(𝑃, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑞,
𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝐶𝐴𝑠𝑦𝑚), 𝑡) ⇒

𝑃𝑜𝑡.𝐼𝑛𝑡.𝑇𝑜(𝑃, 𝐶𝑜𝑚𝑚𝑢𝐴𝑐𝑡(𝑃, 𝑅, 𝑞, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡𝑒𝑥𝑒𝑃, 𝑡𝑐𝑜𝑚𝑃, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, 𝐶𝑐𝑜𝑚𝑚),
𝑡, 𝑡𝑒𝑥𝑒𝑃, 𝐶𝑐𝑜𝑚𝑚),
𝑤ℎ𝑒𝑟𝑒 𝑡 < 𝑡𝑒𝑥𝑒𝑃 < 𝑡𝑐𝑜𝑚𝑃 < 𝑡𝑐𝑜𝑚𝑅 < 𝑡𝑟𝑒𝑠.

Here, Int.Tx stands for Int.Th or Int.To. Rule 2 says that at
time 𝑡, suppose that 𝑃 believes that at time 𝑡Int, 𝑅 intends that
𝑃 will believe that some proposition 𝑞 is true or 𝑃 will intend
to do 𝑞. At this time 𝑃 also believes that some proposition 𝑝

is true or it will intend to do 𝑝. However, conflicts between
𝑝 and 𝑞, as well as information asymmetry, exist between 𝑃

and 𝑅 in 𝑃’s opinion. Then at time 𝑡, 𝑃 should form potential
intention to execute CommuAct at time 𝑡exe𝑃 under context
𝐶comm. 𝐶comm includes 𝐶Asym and 𝑃’s belief about conflict.

Here we use potential intention because 𝑃 should recon-
cile intention on CommuAct with other intentions that 𝑃 has
already adopted. We define CommuAct as follows.

Definition 5.

𝐶𝑜𝑚𝑚𝑢𝐴𝑐𝑡(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡, 𝑡𝑐𝑜𝑚𝑃, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, 𝐶𝑐𝑜𝑚𝑚)

= ((𝑡 < 𝑡𝑐𝑜𝑚𝑃)?;
𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑆𝑝𝑎𝑐𝑒𝑃(𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡))?;
𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑃, 𝑅, 𝜀, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

,
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𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡, 𝑡𝑐𝑜𝑚𝑅,

Θ𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑤ℎ𝑒𝑟𝑒 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟 ⊆ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

∧

𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟 ⊆ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

∈ Θ𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠.

At time 𝑡, execution of CommuAct means that before
time 𝑡com𝑃, 𝑃 executes action ConstructSpaceP. If Con-
structSpaceP is done successfully, 𝑃 requests 𝑅 to execute
CommuResponse at 𝑡com𝑅 and makes response before time
𝑡res. ConstructSpaceP is responsible for establishing reason-
ing process for dealing with information asymmetry. This
definition will be discussed in detail later.

2.3.2. Dealing Process. In Definition 5, CommuAct is exe-
cuted at time 𝑡 defined as an act like this: before 𝑡com𝑃

agent 𝑃 executes ConstructSpaceP, which constructs state
space according to the proposition 𝑝 and identifies input and
output variables. If ConstructSpaceP is executed successfully,
𝑃 requests 𝑅 to execute CommuResponse at time 𝑡com𝑅,
which should be finished before 𝑡res. inputVar is a set of input
variables of 𝑃, and outputVar is a set of output variables of
𝑃. outputVar will be sent to 𝑅 with action 𝜀. inputVar and
outputVar are input and output variables of 𝑅. 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟 ⊆

𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

∧ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟 ⊆ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

 says that when 𝑃

sends outputVar to 𝑅 with action Request, inputVar should
include outputVar; when 𝑅 sends outputVar to 𝑃with action
CommuResponse, outputVar should include input variables.
Request and CommuResponse can be implemented with
Agent Communication Language.

First input and output variables need further discussion.
As what we have discussed earlier, 𝑅 will hide information
when it uses CommuResponse to send outputVar to 𝑃. Then
𝑅 gets true value of var = (𝑝𝑟𝑜𝑝, 𝑡𝑟𝑢𝑡ℎ V𝑎𝑙𝑢𝑒) ∈ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

,
true or false, and information hiding can be defined as the
following:

𝑡𝑟𝑢𝑡ℎ V𝑎𝑙𝑢𝑒 = 𝑢𝑛𝑘𝑛𝑜𝑤𝑛, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓

𝐵𝑒𝑙(𝐵, 𝑝𝑟𝑜𝑝, 𝑡) = 𝑡𝑟𝑢𝑒,
𝑡𝑟𝑢𝑡ℎ V𝑎𝑙𝑢𝑒 = 𝑢𝑛𝑘𝑛𝑜𝑤𝑛, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓

𝐵𝑒𝑙(𝐵, ¬𝑝𝑟𝑜𝑝, 𝑡) = 𝑡𝑟𝑢𝑒.

Here we do not consider cheating between two agents, and
we define cheating as follows:

𝑡𝑟𝑢𝑡ℎ V𝑎𝑙𝑢𝑒 = 𝑓𝑎𝑙𝑠𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝐵, 𝑝𝑟𝑜𝑝, 𝑡) =

𝑡𝑟𝑢𝑒,
𝑡𝑟𝑢𝑡ℎ V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒, 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝐵𝑒𝑙(𝐵, ¬𝑝𝑟𝑜𝑝,

𝑡) = 𝑡𝑟𝑢𝑒.

So we define an assumption about information hiding as
follows.

Assumption 6.

𝐹𝑜𝑟 𝑎𝑙𝑙 var = (𝑝, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒) ∈ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟,
𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒 ∧ ∀𝑞 ∈ 𝑝𝑟𝑜𝑝(𝑅),
𝐵𝑒𝑙(𝑅, 𝑞, 𝑡) ∧ (𝐵𝑒𝑙(𝑅, ¬

𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑅, 𝑞, 𝑡), 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡),
𝑡, 𝑡, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝)), 𝑡) ∨ 𝐵𝑒𝑙(𝑅, ¬

𝐶𝑂𝑁𝐹(𝐼𝑛𝑡.𝑇𝑥(𝑅, 𝑞, 𝑡, 𝑡𝑞, 𝐶𝑞), 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡), 𝑡, 𝑡,
𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝)), 𝑡)) ⇒ 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡), 𝑡);
𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑓𝑎𝑙𝑠𝑒 ∧ ∀𝑞 ∈ 𝑝𝑟𝑜𝑝(𝑅), 𝐵𝑒𝑙(𝑅, 𝑞, 𝑡)∧

(𝐵𝑒𝑙(𝑅, ¬𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑃, ¬𝑝, 𝑡), 𝐵𝑒𝑙(𝑅, 𝑞, 𝑡𝑞), 𝑡, 𝑡,
𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡) ∨ 𝐵𝑒𝑙(𝑅, ¬

𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑃, ¬𝑝, 𝑡), 𝐼𝑛𝑡. 𝑇𝑥(𝑅, 𝑞, 𝑡, 𝑡𝑞, 𝐶𝑞), 𝑡, 𝑡,
𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡)) ⇒ 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑃, ¬𝑝, 𝑡),

𝑡);

𝑓𝑜𝑟 𝑎𝑙𝑙 var = (𝑝, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒) ∈ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟
,

𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒 ∧ ∀𝑞 ∈ 𝑝𝑟𝑜𝑝(𝑃),
𝐵𝑒𝑙(𝑃, 𝑞, 𝑡) ∧ (𝐵𝑒𝑙(𝑃, ¬𝐶𝑂𝑁𝐹 (𝐵𝑒𝑙(𝑃, 𝑞, 𝑡),
𝐵𝑒𝑙(𝑅, 𝑝, 𝑡), 𝑡, 𝑡, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝)), 𝑡)∨

𝐵𝑒𝑙(𝑃, ¬𝐶𝑂𝑁𝐹 (𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑞, 𝑡, 𝑡𝑞, 𝐶𝑞), 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡), 𝑡, 𝑡,
𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝)), 𝑡)) ⇒ 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡), 𝑡);

𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑓𝑎𝑙𝑠𝑒 ∧ ∀𝑞 ∈ 𝑝𝑟𝑜𝑝(𝑃),
𝐵𝑒𝑙(𝑃, 𝑞, 𝑡) ∧ (𝐵𝑒𝑙(𝑃, ¬𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑅, ¬𝑝, 𝑡),
𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝑞), 𝑡, 𝑡, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡)∨

𝐵𝑒𝑙(𝑃, ¬𝐶𝑂𝑁𝐹(𝐵𝑒𝑙(𝑅, ¬𝑝, 𝑡), 𝐼𝑛𝑡.𝑇𝑥(𝑃, 𝑞, 𝑡, 𝑡𝑞, 𝐶𝑞),
𝑡, 𝑡, 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑝), 𝑐𝑜𝑛𝑠𝑡𝑟(𝐶𝑞)), 𝑡)) ⇒

𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝, 𝑡), 𝑡).

The assumption says that after𝑅 received the set of output
variables, for each variable var in outputVar, if true value of
var is true (or false) and𝑅 believes that no conflict will appear
between 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡) (or𝐵𝑒𝑙(𝑃, ¬𝑝, 𝑡)) and other propositions
that 𝑅 believes being true or intends to (or intends that 𝑝
being true), 𝑅 will believe 𝑃 believes that 𝑝 is true (or false).

According to Definition 1, for each output variable (prop,
true value) in outputVar which is sent by 𝑃 to 𝑅, (prop,
true) stands for 𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝, 𝑡) and (prop, false) stands for
𝐵𝑒𝑙(𝑃, ¬𝑝𝑟𝑜𝑝, 𝑡). For each output variable (prop, true value)
in outputVar which is sent by 𝑅 to 𝑃, (prop, true) stands for
𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡) and (prop, false) stands for 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡).
Take first part of Assumption 6 as example, it says that
after 𝑅 receives output variables from 𝑃, for each output
variable (prop, true)𝑅 believes that its beliefs have no conflict
with 𝐵𝑒𝑙(𝑃, 𝑝𝑟𝑜𝑝, 𝑡), 𝑅 chooses to believe that 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡).
In other words, 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑃, 𝑝, 𝑡), 𝑡) holds. Here 𝐶𝑝 and
𝐶𝑞 stand for context constraints related with 𝑝 and 𝑞,
respectively. As for the situation that 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 of var is
unknown, it gets involved with information hiding, which
will be discussed later.

Then the process of CommuAct will be presented in
detail. According to Rule 2, a process of dealingwith informa-
tion asymmetry is initiated because conflicts occur between
𝑃 and 𝑅. Such conflicts happen because in the process
of deducing 𝑝, beliefs and intentions of both agents have
conflicts. Consider that 𝑅 has more information related to 𝑝.
Before𝑃 gets the information that it needs,𝑃 should establish
reasoning trees about 𝑝 with its own mental attitudes and
rules and find out beliefs and intentions in the tree that 𝑃
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considers inconsistentwith𝑅.These beliefs and intentions are
candidates of input variables. And these reasoning trees are
state spaces of 𝑃 for the process of dealing with information
asymmetry. They also correspond to 𝐹 of poor in (2) (in
Section 2.2). 𝑃 can also choose some beliefs and intentions
from reasoning trees as output variables. In 𝑃’s opinion, these
variables can help 𝑅 to get true values of input variables.

We assume that rules of 𝑃 and 𝑅 are written with horn
clause. That is to say rules follow the schema like 𝑝𝑟𝑜𝑝1 ∧

𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑛 → 𝑝𝑟𝑜𝑝 or 𝑝𝑟𝑜𝑝1 ∧ 𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧

𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝 →⊥. Then the reasoning tree can be
presented with Figure 3. In a reasoning tree, each node is a
proposition of the 𝑃. Suppose that information asymmetry
that is related to proposition prop exists between 𝑃 and 𝑅. In
the rule 𝑝𝑟𝑜𝑝1 ∧ 𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑛 → 𝑝𝑟𝑜𝑝 and
𝑝𝑟𝑜𝑝1 ∧ 𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝 →⊥, prop should be a
belief of 𝑃. For rule 𝑝𝑟𝑜𝑝1 ∧ 𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑛 →

𝑝𝑟𝑜𝑝, prop is the root of the tree, and each 𝑝𝑟𝑜𝑝𝑖 is a child
node of prop. For rule 𝑝𝑟𝑜𝑝1 ∧𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧𝑝𝑟𝑜𝑝 →

⊥, ⊥ is the root of the tree, and each𝑝𝑟𝑜𝑝𝑖 is child node. Every
node 𝑜 in the tree, except the leaf nodes, will have a rule like
𝑝𝑟𝑜𝑝𝑜1 ∧ 𝑝𝑟𝑜𝑝𝑜2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑜𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑜𝑛 → 𝑝𝑟𝑜𝑝𝑜, and each
proposition 𝑝𝑟𝑜𝑝𝑜𝑖 in the left part of the rule will be the child
node of o. prop may have many reasoning trees at one time.

In the reasoning process presented in the previous tree,
for the prop in the information asymmetry, some proposi-
tions in the tree of prop may be inconsistent with beliefs or
intentions of 𝑅. And the inconsistency of these propositions
may hinder 𝑃 and 𝑅 in getting consistent result of prop. So
in 𝑃’s opinion, 𝑅’s beliefs about these propositions are what 𝑃
needs. These propositions are candidates of input variables.

Assume that a conflict of proposition prop 𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝑞)

appears between 𝑃 and 𝑅. 𝑅 intends that 𝑃 will believe 𝑞 at
time 𝑡𝑞, while 𝑃 believes that it won’t believe 𝑞 at 𝑡𝑞. If 𝑃 has
some rules like𝑝𝑟𝑜𝑝1∧𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅∧𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅∧𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝑞) →⊥

or 𝑝𝑟𝑜𝑝1 ∧𝑝𝑟𝑜𝑝2 ⋅ ⋅ ⋅ ∧𝑝𝑟𝑜𝑝𝑖 ⋅ ⋅ ⋅ ∧𝑝𝑟𝑜𝑝𝑛 → 𝐵𝑒𝑙(𝑃, 𝑞, 𝑡𝑞), such
rules can be used to establish the reasoning tree of the process
of dealing with information asymmetry. For each 𝑝𝑟𝑜𝑝𝑖 in
the rules, 𝑃 can also find out rules like 𝑝𝑟𝑜𝑝𝑖1 ∧ 𝑝𝑟𝑜𝑝𝑖2 ⋅ ⋅ ⋅ ∧

𝑝𝑟𝑜𝑝𝑖𝑖 ⋅ ⋅ ⋅∧𝑝𝑟𝑜𝑝𝑖𝑛 → 𝑝𝑟𝑜𝑝𝑖 and add them into the reasoning
tree. Repeating with such a recursion process until no more
rules added, the state space of the process of dealing with
asymmetry is established. However, there may be rules like
𝑝𝑟𝑜𝑝


𝑖1 ∧ 𝑝𝑟𝑜𝑝


𝑖2 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝


𝑖𝑖 ⋅ ⋅ ⋅ ∧ 𝑝𝑟𝑜𝑝𝑖𝑗 →⊥ for 𝑝𝑟𝑜𝑝𝑖𝑖 in the

tree. Although such rules do not appear in the reasoning tree,
propositions in these rules can also be considered as input
variables. 𝑃 can also choose some propositions, or even rules
in the reasoning tree as output variables. Such a process can
be implemented with backward chaining algorithm [29], and
this paper takes ConstructSpaceP as a basic action here.

In the part 2 of Figure 2, if action CommuAct is success-
ful, 𝑅will be aware of the input variables of 𝑃with Request in
CommuAct.

Assumption 7. As propositions in the previous reasoning
tree, propositions 𝑝

∈ 𝑅𝑢𝑙𝑒𝑠(𝑝) that fulfill the following
conditions are taken as input variables and should be put into
inputVar of 𝑃:

𝐵𝑒𝑙(𝑃, 𝑝

∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝


, 𝑡𝑝), 𝑡)

∧¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡𝑝), 𝑡), 𝑡) ⇒

𝐵𝑒𝑙(𝑃, var = (𝑝

, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∈ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡),

𝐵𝑒𝑙(𝑃, 𝑝

∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝


, 𝑡𝑝), 𝑡)

∧𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡𝑝), 𝑡), 𝑡) ⇒

𝐵𝑒𝑙(𝑃, var = (¬𝑝

, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∈ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡).

The assumption says that for proposition 𝑝
 in Rules(𝑝),

𝑃 believes that 𝑃 does not believe 𝑅 believes 𝑝 is true and
𝑃 also does not believe that 𝑅 believes 𝑝 is false, and then 𝑃

believes variable var = (𝑝, unknown) is input variable.
With ConstructSpaceP, 𝑃 will have input and output

variables in inputVar and outputVar, respectively, with the
state space being established.Then𝑃will request𝑅 to execute
act, CommuResponse, and expect for reply for each input
variables.

Axiom 2. 𝑅 gets output variables of 𝑃 when 𝑅 believes that 𝑃
intends 𝑅 to execute CommuResponse:

𝐵𝑒𝑙(𝑅, ∃𝑡1 < 𝑡𝑐𝑜𝑚𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃,
𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒, 𝑡1, 𝑡𝑐𝑜𝑚𝑅, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠),
𝑡, 𝑡1, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠),𝑡) ⇒ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


= 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

𝑤ℎ𝑒𝑟𝑒 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 =
𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


,

𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠).

Axiom 2 says that when 𝑅 believes that 𝑃 intends that
“at certain time 𝑡1 before 𝑡com𝑅, 𝑅 intends to execute Com-
muResponse at time 𝑡1,”𝑅 gets input variables in inputVar and
puts them into inputVar. According to Rule 2, 𝑃 requests 𝑅
to execute CommuResponse and sends input variables with
the request. If 𝑃’s request is received by 𝑅 successfully, 𝑅 is
aware of 𝑃’s intention of expecting 𝑅 to intend to execute
CommuResponse.

Theorem 8. In Rule 2, successful performance of CommuAct
will make 𝑅 get the input variables of 𝑃.

Proof. (1) If the performance of CommuAct in Rule 2 is
successful, as earlier introduced, the state space of dealing
with information asymmetry is set up. With Assumption 7,
𝑃 gets input variables and puts them into inputVar.

(2) As CommuAct is successfully accomplished, Request
in CommuAct is also successful. According to the definition
of Request, if𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑃, 𝑅, 𝜀, 𝛼, 𝑡𝛼, Θ𝛼) is success, there exists
a time 𝑡 such that

𝑀𝐵({𝑃, 𝑅}, 𝜓, 𝑡) holds, where
𝜓 = ∃𝑡𝑏 < 𝑡𝑎, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝛼, 𝑡𝑏, 𝑡𝑎, 𝐶𝑝),
𝑡, 𝑡𝑏, 𝐶𝑝). Then according to the
𝑅𝑒𝑞𝑢𝑒𝑠𝑡(𝑃, 𝑅, 𝜀, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝,
𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, ),

Θ𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑡, 𝑡𝑐𝑜𝑚𝑅, Θ𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠).
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In Definition 5, 𝛼 in the 𝜓 is actually CommuResponse,
and𝑃 and𝑅 can get the followingmutual beliefs at some time
𝑡past:

𝑀𝐵({𝑃, 𝑅}, ∃𝑡1 < 𝑡𝑐𝑜𝑚𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅,
𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒, 𝑡1, 𝑡𝑐𝑜𝑚𝑅, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡𝑝𝑎𝑠𝑡,
𝑡1, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡𝑝𝑎𝑠𝑡),
𝑤ℎ𝑒𝑟𝑒

𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝,
𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠).

With Axiom 2, 𝑅 finally gets input variables in inputVar and
put them into inputVar.

The mutual belief means that after request 𝑃 and 𝑅 both
believe that at some time 𝑡past before 𝑡comR, 𝑃 wants “𝑅
intends to execute CommuResponse at some time 𝑡1” to hold
before 𝑡1. The definition of CommuResponse is shown as
Definition 9.

Definition 9.

𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟
,

𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑡, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠) = 𝑓𝑜𝑟 𝑎𝑙𝑙 var =

(𝑝𝑟𝑜𝑝, 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒) ∈ 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟
,

𝐼𝑛𝑓𝑜𝑟𝑚(𝑅, 𝑃, 𝜀, 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡), 𝑡, 𝑡𝑟𝑒𝑠),
𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓𝐻𝑜𝑙𝑑(Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠, 𝑡)∧𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 = 𝑡𝑟𝑢𝑒,
𝐼𝑛𝑓𝑜𝑟𝑚(𝑅, 𝑃, 𝜀, 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡), 𝑡, 𝑡𝑟𝑒𝑠),
𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓𝐻𝑜𝑙𝑑(Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠, 𝑡) ∧ 𝑡𝑟𝑢𝑒 V𝑎𝑙𝑢𝑒 =

𝑓𝑎𝑙𝑠𝑒.

Executing CommuResponse at time 𝑡means that for each
output variable var in outputVar, 𝑅 informs 𝑃 about its
belief in the proposition in var before time 𝑡res under context
constraint Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠. As for variables with true value being
unknown, after outputVar are sent to 𝑃, they are still with
true value being unknown.

Before 𝑅 executes CommuResponse, there is still some
work which needs to be done, including constructing a
process of reasoning for input variables in inputVar and
finding out true value for each input variable. Similar to 𝑃,
an act also needs to be defined for 𝑅 (Definition 10).

Definition 10.

𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠(𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟
,

𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑡, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢)

= ((𝑡 < 𝑡𝑐𝑜𝑚𝑅)?;
𝐶𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑆𝑝𝑎𝑐𝑒𝑅(𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑡))?;

𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

,
𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠).

Definition 10 says that before 𝑡com𝑅 agent 𝑅 constructs
its state space for the process of dealing with informa-
tion asymmetry with action ConstructSpaceR, then if Con-
structSpaceR is successful, 𝑅 will execute CommuResponse

at time 𝑡com𝑅, which should be finished before 𝑡res. inputVar


and outputVar are sets of input and output variables of 𝑅,
respectively.The action ConstructSpaceR has some similarity
to ConstructSpaceP and will be discussed later.

Rule 3 requires 𝑅 to form a potential intention on Com-
muRes after the request about CommuRes received from 𝑃.

Rule 3.

𝐵𝑒𝑙(𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒,
𝑡, 𝑡𝑐𝑜𝑚𝑅, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡𝑝𝑎𝑠𝑡, 𝑡, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡)∧

𝐵𝑒𝑙(𝑅, 𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟,
𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝐶𝑝), 𝑡) ⇒ 𝑃𝑜𝑡.𝐼𝑛𝑡.𝑡𝑜(𝑅,

𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠(𝑃, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

,
𝑡𝑒𝑥𝑒𝑅, 𝑡𝑐𝑜𝑚𝑅,𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢), 𝑡, 𝑡𝑒𝑥𝑒𝑅, Θ𝑐𝑜𝑚𝑚𝑢),

𝑤ℎ𝑒𝑟𝑒 𝑡𝑝𝑎𝑠𝑡 ≤ 𝑡 < 𝑡𝑒𝑥𝑒𝑅 < 𝑡𝑐𝑜𝑚𝑅 < 𝑡𝑟𝑒𝑠,
𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝,
𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠).

The rule says that at current time 𝑡, 𝑅 believes that some
time earlier (at time 𝑡past), 𝑃 intended that at time 𝑡, 𝑅 would
intend to execute CommuResponse at time 𝑡com𝑅, and 𝑅 also
believes that information asymmetry exists between itself and
𝑃. Then 𝑅 should have a potential intention to execute action
CommuRes at time 𝑡exe𝑅.This time 𝑡exe𝑅 is a certain time after
𝑡. It is defined by 𝑅 according to the concrete scenario.

If the Request for CommuResponse is successful, 𝑅 will
have belief at some time 𝑡 as follows:

𝐵𝑒𝑙(𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒, 𝑡,
𝑡𝑐𝑜𝑚𝑅, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡𝑝𝑎𝑠𝑡, 𝑡, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡),
𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒(𝑅, 𝑃, 𝑝,

𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟

, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


, 𝑡𝑐𝑜𝑚𝑅, 𝑡𝑟𝑒𝑠, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠).

Then if 𝑅 believes information asymmetry about 𝑝 exists
between 𝑃 and 𝑅, 𝑅 should have a potential intention on
CommuRes.

Similar to action ConstructSpaceP of 𝑃, 𝑅 uses action
ConstructSpaceR in Definition 9 to establish the state space
for the process of dealing with information asymmetry.
ConstructSpaceR is mainly responsible for the following
tasks: updates the mental attitudes with input variables in
inputVar, gets true values for each input variables, and puts
these input variables in to outputVar after the true value of
each input variables is got by reasoning. It is also responsible
for deciding strategies of hiding for output variables.

First, input variables in inputVar from 𝑃 contain
beliefs of 𝑃 about the proposition in each variables. Con-
structSpaceR will update mental attitudes of 𝑅 with such
beliefs. With Assumption 6, for each input variable (that is
output variable of 𝑃) with its true value being true (or false),
𝑅 believes that𝑃 believes the proposition in the input variable
being true (or false). In the process that 𝑅 updates its own
mental attitudes with input variables, the problem of belief
revision is involved. Many works have been done on this
problem, and some algorithms have been proposed [30–33].
As belief revision is a complex topic, it will be discussed
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in our future work. ConstructSpaceR is also responsible
for judging whether 𝑃 hides information in CommuAct.
However, since 𝑃 is the agent short of information, it seems
that 𝑃 is short of motivation to hide information in the
process of requiring information from 𝑅. For simplicity, this
paper does not discuss the situation that 𝑃 hides information
in communication with 𝑅.

Second, after belief revision finished, 𝑅 finds out the
true value for each input variable. The process is similar to
ConstructSpaceP; for variables whose true values can not
be gotten directly from beliefs of 𝑅, the reasoning tree for
each variable is established to see whether the true value of
variables can be gotten from 𝑅’s own mental attitudes and
rules. Backward chaining algorithm can also be employed
here. For those variables which can not be gotten by the
reasoning process, their true value are set to be unknown.
Then these input variables are put into outputVar, waiting
for sending back to 𝑃.

In parts 3 and 4 of Figure 2, if action CommuRes is
successful, 𝑃 will get responses of the input variables from 𝑅.

Axiom 3. When 𝑃 believes that 𝑅 intends 𝑃 to believe 𝑅’s
belief about the true value of input variables, 𝑃 puts such
beliefs in inputVar as input variables with true value:

𝐵𝑒𝑙{𝑃, ∃𝑡𝑏 (𝑡𝑏 < 𝑡𝑟𝑒𝑠) ∧ 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡),

𝑡𝑏), 𝑡, 𝑡𝑏, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡} ∧ 𝐵𝑒𝑙(𝑃, (𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∈

𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡) ⇒ 𝐵𝑒𝑙(𝑃, (𝑝, 𝑡𝑟𝑢𝑒) ∈ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡) ∧

𝐵𝑒𝑙(𝑃, (𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∉ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡),
𝐵𝑒𝑙{𝑃, ∃𝑡𝑏 (𝑡𝑏 < 𝑡𝑟𝑒𝑠) ∧ 𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝, 𝑡),

𝑡𝑏), 𝑡, 𝑡𝑏,
Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡}∧𝐵𝑒𝑙(𝑃, (𝑝, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∈ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡) ⇒

𝐵𝑒𝑙(𝑃, (𝑝, 𝑓𝑎𝑙𝑠𝑒) ∈ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡) ∧ 𝐵𝑒𝑙(𝑃, (𝑝,

𝑢𝑛𝑘𝑛𝑜𝑤𝑛) ∉ 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑡).

The first part says that if 𝑃 believes that 𝑅 intends that
“at some time 𝑡𝑏, 𝑃 believes that 𝑅 believes 𝑝” holds, and (𝑝,
unknown) belongs to inputVar, 𝑃 updates (𝑝, unknown) to
(𝑝, true) in inputVar. The second part says that if 𝑃 believes
that𝑅 intends that “at some time 𝑡𝑏, 𝑃 believes that𝑅 believes
𝑝” holds, and (𝑝, unknown) belongs to inputVar, 𝑃 updates
(𝑝, unknown) to (𝑝, true) in inputVar.

Theorem 11. In Rule 3, successful performance of CommuRes
will make 𝑃 get the output variables of 𝑅.

Proof. (1) According to Rule 3, 𝑅 forms intention on Com-
muRes when the proposition

𝐵𝑒𝑙(𝑅, 𝐼𝑛𝑡.𝑇ℎ(𝑃, 𝐼𝑛𝑡.𝑇𝑜(𝑅, 𝐶𝑜𝑚𝑚𝑢𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒, 𝑡, 𝑡𝑐𝑜𝑚𝑅,
Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡𝑝𝑎𝑠𝑡, 𝑡, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡) ∧ 𝐵𝑒𝑙(𝑅,

𝐴𝑠𝑦𝑚𝐼𝑛𝑓𝑜(𝑃, 𝑅, 𝑝, 𝑖𝑛𝑝𝑢𝑡𝑉𝑎𝑟, 𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟,
𝑝𝑜𝑜𝑟, 𝑟𝑖𝑐ℎ, 𝐶𝑝), 𝑡)

holds.ThenwithAxiom2,𝑅 gets input variables of𝑃 and puts
them into inputVar.

With Assumption 6, the input variables in inputVar are
changed to beliefs of 𝑅. And with necessary process of beliefs

revision, 𝑅 updates its mental attitudes. At the same time the
state space of dealing with information asymmetry is set up.

(2) As CommuRes is successfully accomplished, Con-
structSpaceR and CommResponse are successful. As Con-
structSpaceR is successful, 𝑅 gets true values of input vari-
ables in inputVar.

According to Definition 2, if 𝐼𝑛𝑓𝑜𝑟𝑚(𝐴, 𝐵, 𝜀, 𝑝, 𝑡, 𝑡𝛼)

Inform is successful, the following proposition holds:

∃𝑡

(𝑡 ≤ 𝑡


< 𝑡𝛼) ∧ 𝑀𝐵({𝐴, 𝐵}, 𝜓, 𝑡


),

𝑤ℎ𝑒𝑟𝑒 𝜓 = ∃𝑡𝑏 (𝑡

≤ 𝑡𝑏 < 𝑡𝛼)∧

𝐼𝑛𝑡.𝑇ℎ(𝐴, 𝐵𝑒𝑙(𝐵, 𝐵𝑒𝑙(𝐴, 𝑝, 𝑡), 𝑡𝑏), 𝑡, 𝑡𝑏, 𝐶𝑝).

Then if Inform in CommuResponse is successful, 𝑃 and
𝑅 can get the following mutual beliefs at some time 𝑡past:

𝑀𝐵{{𝑃, 𝑅}, ∃𝑡𝑏 (𝑡𝑏 < 𝑡𝑟𝑒𝑠)∧

𝐼𝑛𝑡.𝑇ℎ(𝑅, 𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝, 𝑡), 𝑡𝑏), 𝑡, 𝑡𝑏, Θ𝑐𝑜𝑚𝑚𝑢𝑅𝑒𝑠), 𝑡}.

With Axiom 3, for each input variables in inputVar, 𝑃
updates true values of input variables with input variables in
inputVar.

We leave one step in CommuRes for further discussion.
Before sending inputVar to 𝑃, 𝑅 will consider the hiding
strategies for these variables and a game between 𝑅 and 𝑃

will begin. Before such a step, we should notice that after 𝑃
receives inputVar from 𝑅, the true value of some variables
may be “unknown.” Then 𝑃 can also choose to establish a
reasoning process about these variables with some other rules
rather than used in current process of establishing state space.
It means that 𝑃 establishes a new state space for variables and
𝑃 can also start a communicating process as aforementioned.
Such a situation is much similar with decomposition in
Hierarchical Task Network (HTN) [29]. At first the process
of dealing with information asymmetry can be regarded as
some high level tasks. Then 𝑃 receives input variables from
𝑅 and decides to set up new state space for certain variables
and start a communicating process. This new process can be
regarded as the high level task decomposing to low level task.

2.3.3. Game in the Process of Dealing with Information
Asymmetry in a Proactive Manner. After the second step
of ConstructSpaceR, 𝑅 has output variables in the set
outputVar. As information asymmetry exists between 𝑃 and
𝑅, 𝑅 will consider taking advantage of asymmetry by hiding
true values of output variables. Suppose that elements in
outputVar are as follows:

{(𝑝𝑟𝑜𝑝1, 𝑡𝑟𝑢𝑒), {𝑝𝑟𝑜𝑝2, 𝑓𝑎𝑙𝑠𝑒}, {𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤}}.

According to the strategy of hiding introduced in
Section 2.2, 𝑅 can adopt the following strategies for the
outputVar:

𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦1: {0, 0, 1}, 𝑎𝑛𝑑 𝑎𝑓𝑡𝑒𝑟 ℎ𝑖𝑑𝑑𝑒𝑛,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


= {(𝑝𝑟𝑜𝑝1, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛),

(𝑝𝑟𝑜𝑝2, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛), (𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛)},
𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦2: {0, 1, 1}, 𝑎𝑛𝑑 𝑎𝑓𝑡𝑒𝑟 ℎ𝑖𝑑𝑑𝑒𝑛,
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𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟

= {(𝑝𝑟𝑜𝑝1, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛), (𝑝𝑟𝑜𝑝2, 𝑓𝑎𝑙𝑠𝑒),

(𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛)},
𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦3: {1, 0, 1}, 𝑎𝑛𝑑 𝑎𝑓𝑡𝑒𝑟 ℎ𝑖𝑑𝑑𝑒𝑛,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


= {(𝑝𝑟𝑜𝑝1, 𝑡𝑟𝑢𝑒), (𝑝𝑟𝑜𝑝2, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛

(𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛)},
𝑠𝑡𝑟𝑎𝑡𝑒𝑔𝑦4: {1, 1, 1}, 𝑎𝑛𝑑 𝑎𝑓𝑡𝑒𝑟 ℎ𝑖𝑑𝑑𝑒𝑛,
𝑜𝑢𝑡𝑝𝑢𝑡𝑉𝑎𝑟


= {(𝑝𝑟𝑜𝑝1, 𝑡𝑟𝑢𝑒), (𝑝𝑟𝑜𝑝2, 𝑓𝑎𝑙𝑠𝑒),

(𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛)}.

The decision of 𝑅 on whether to hide information
depends on the result of game on information hiding between
𝑅 and 𝑃. With Assumption 6, after 𝑃 receives outputVar
(that is input variables of 𝑃) from 𝑅, for each variable with
true value being true (or false), 𝑃 believes that 𝑅 believes the
proposition in the input variable being true (or false). And
these variables will be directly used to revise beliefs of 𝑃.
But for the variables with true value to be unknown, 𝑃 will
wonder whether the true values of these variables are hidden,
or𝑅 really has no idea about the true values of these variables.
If 𝑃 considers some true values of variables are hidden, 𝑃will
punish 𝑅 in order to force 𝑅 to eliminate hiding behaviours
and promote cooperation. In such situation, game theory is
employed by both 𝑃 and 𝑅 to make decisions in the game.
Here, 𝑅 first decides how to hide information, and then 𝑃

analyzes what hiding strategy may be adopted by 𝑅, so it is
reasonable for 𝑃 and 𝑅 to use dynamic game model [34] to
support their decision. Besides, according to whether𝑃 and𝑅
are willing to publish payoff in the game, 𝑃 and 𝑅 can choose
to use complete or incomplete information gamemodel [34].
Here we use dynamic game with complete information.

As the previous example, 𝑅’s complete strategy set is
{strategy1, strategy2, strategy3, strategy4}, and correspond-
ingly 𝑃’s strategy set is {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1),

(1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}. If 𝑅 adopts strategy4
and then gets inputVar like {(𝑝𝑟𝑜𝑝1, 𝑡𝑟𝑢𝑒), (𝑝𝑟𝑜𝑝2,

𝑓𝑎𝑙𝑠𝑒), (𝑝𝑟𝑜𝑝3, 𝑢𝑛𝑘𝑛𝑜𝑤𝑛)}, 𝑃 can possibly adopt strategies
like (1, 1, 0) or (1, 1, 1). Generally speaking, the game
between 𝑃 and 𝑅 can be presented with the game tree in
Figure 4.

In Figure 4, the dotted line presents information set with
many nodes [34], which means that 𝑃 knows its turn to make
decision, but it does not knowwhich node in the set it resides;
in other words, it does not know the decision of 𝑅. At the
terminal nodes [34] of the tree, the payoffs for each strategy
are labelled with 𝑃𝑖𝑗 (payoff of 𝑃) and 𝑅𝑖𝑗 (payoffs of 𝑅). Such
payoffs depend on the concrete scenario. And they influence
result of the game.

First, 𝑅 should take the punishment from 𝑃 into con-
sideration, as 𝑃 may find out that 𝑅 hides information in
the process of dealing with asymmetry. Second, 𝑅 should
consider the possibility that 𝑃 will act as what 𝑅 expects
if 𝑅 hides some variables. For instance, in the scenario
of Section 2.1, after 𝑃 requests for the true value of “new
requirement will bring big change onwhat has been finished,”
𝑅 decides to tell 𝑃 that “it is hard to tell whether or not”
(which means unknown) instead of the truth that “we have
already defined some interfaces to guarantee no big change

will be brought about” (which means false). Before such
decision, 𝑅 may consider whether 𝑃 will choose to give up
new requirement or give 𝑅 more time and more money. The
different choice of 𝑃 will bring 𝑅 with different payoff.

As for 𝑃, different strategies will lead 𝑃 to take different
actions. For instance, 𝑃 should consider whether to add new
requirement when it is short of information about whether
new requirement will bring big change on the overall work.
So the payoff for each strategy depends on action 𝑃 will take,
and it also depends on its punishment on 𝑅. Here 𝑃 should
be careful because that mistaken punishment on 𝑅 will cause
𝑅 to punish 𝑃 back.

After the game is over,𝑃 revises its beliefs with input vari-
ables, and a process of dealing with information asymmetry
in a proactive manner is finished. Here we define the term
“the game between𝑃 and𝑅 effectively constrains information
hiding between 𝑃 and 𝑅” as follows. In the game between 𝑃

and 𝑅, 𝑅 finally chooses not to hide information in commu-
nication, and 𝑃 considers that 𝑅 does not hide information
in communication. As different game mechanisms can be
employed when facing different scenarios, in communication
between 𝑃 and 𝑅 the situations like 𝑅 hides information
regardless of punishment or 𝑃 has wrong judgment about
information hidingmay appear. In such situations the process
of dealing with information asymmetry will be influenced
by information hiding. This problem needs to be discussed
in game mechanism design, and we do not take it into
consideration here.

Theorem 12. If 𝑃 gets response of input variables from 𝑅

successfully and the game between 𝑃 and 𝑅 effectively con-
strains information hiding between 𝑃 and 𝑅, 𝑃’s belief about
information asymmetry no longer holds.

Proof. After successful performance of CommuAct and
CommuRes, 𝑃 gets responses for input variables from 𝑅.
According to Assumption 6, 𝑃 believes that 𝑅 is not cheating
for input variables. As the game between 𝑃 and 𝑅 effectively
constrains information hiding between 𝑃 and 𝑅, 𝑃 believes
that 𝑅 does not hide information in communication. Then
each variable in inputVar falls into the following categories.

when var = (prop, true), with the definition of
input/output variables, 𝑃 gets beliefs like

𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡).

when var = (prop, false), with the definition of
input/output variables, 𝑃 gets beliefs like

𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡).

when var = (prop, unknown), with the definition of
input/output variables, 𝑃 gets beliefs like

𝐵𝑒𝑙(𝑃, ¬𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡𝑝) ∧ ¬𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡).

Consider that operator Bel followsKD45 axioms ofmodel
logic, with 𝑃 also getting beliefs as follows:

𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡), 𝑡),
𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡),
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Figure 4: Dynamic game in dealing with information asymmetry.

𝐵𝑒𝑙(𝑃, ¬𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, 𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡) ∧ ¬

𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, ¬𝑝𝑟𝑜𝑝, 𝑡𝑝), 𝑡), 𝑡).

According to Assumption 7, belief

𝐵𝑒𝑙(𝑃, ∃𝑝


∈ 𝑅𝑢𝑙𝑒𝑠(𝑝) ¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, 𝑝

, 𝑡𝑝), 𝑡) ∧

𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, 𝑝

, 𝑡𝑝), 𝑡), 𝑡) ∨ 𝐵𝑒𝑙(𝑃, ∃𝑝


∈ 𝑅𝑢𝑙𝑒𝑠(𝑝)

¬𝐵𝑒𝑙(𝑃, 𝐵𝑒𝑙(𝑅, ¬𝑝

, 𝑡𝑝), 𝑡) ∧ 𝐵𝑒𝑙(𝑅, 𝐵𝑒𝑙(𝑅, ¬𝑝


, 𝑡𝑝),

𝑡), 𝑡).

no longer holds.

Then with Axiom 1, 𝑃’s belief about information asym-
metry no longer holds.With information in inputVar and the
process of belief revision, 𝑃 can complete the reasoning pro-
cess that it sets up for dealing with information asymmetry.

3. Summary

Information asymmetry brings about problems like adverse
selection and negative influence on cooperation between
agents. This paper presents a proactive communication pro-
cess for dealing with information asymmetry in MAS. The
main contributions of this paper are as follows. First, a formal
description of the communication process for dealing with
asymmetry is presented. Previous works pay less attention
to the process of dealing with information asymmetry, such
as how to start the process, or what the communicating
process like. In the work presented here, agent short of
information takes initiative to identify and request for the
needed information, and detailed steps of communication are
also defined.

Second, by combining the communication process with a
game theory based model, the work presented here provides
a more flexible and effective way to deal with asymmetry
between two agents.The game between two agents guarantees
that information hiding can be constrained. On the one hand,
the game between agents allows agents to take advantage of
information asymmetry by hiding information in communi-
cation; on the other hand, it also constrains the decisions of
each agent according to their interests, respectively.

At last, the process proposed here provides some basic
ideas of designing proactive communication process between
agents. In the situation of information asymmetry, the agent
short of information takes initiative to identify the informa-
tion it needs and requests information from the agent with
information. Such a proactive manner can be used to deal

with some other problems in communication, such as in the
situation of trust establishment.

Still several important issues deserve further studies.
First, more concrete semantic should be considered for
information asymmetry. Information asymmetry may be
caused by many factors in organization. These factors should
be taken into consideration. As the study of information
asymmetry has been conducted in information economics,
somemodelswill be helpfulwhen agents construct state space
and identify input and output variables.

Second, in the process of establishing state space, the
controllability and observability of the state space should
be taken into consideration. On the one hand, an agent
expects another agent who it is communicating with to act
as expected, and on the other hand, an agent does not
expect to be controlled by other agents. So the choice of
the input and the output variables is critical. Too much
information exposedwill break autonomous of the agent. Too
less information exposedwill make cooperation less effective.

Third, we mainly focus on information asymmetry
between two agents. If three or more agents are involved in
information asymmetry, the organization of these agentsmay
influence the process of dealingwith information asymmetry.
Such situations will be considered in our future work.
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This paper introduces a method for human action recognition based on optical flow motion features extraction. Automatic spatial
and temporal alignments are combined together in order to encourage the temporal consistence on each action by an enhanced
dynamic time warping (DTW) algorithm. At the same time, a fast method based on coarse-to-fine DTW constraint to improve
computational performance without reducing accuracy is induced. The main contributions of this study include (1) a joint spatial-
temporal multiresolution optical flow computation method which can keep encoding more informative motion information than
recent proposed methods, (2) an enhanced DTW method to improve temporal consistence of motion in action recognition, and
(3) coarse-to-fine DTW constraint on motion features pyramids to speed up recognition performance. Using this method, high
recognition accuracy is achieved on different action databases like Weizmann database and KTH database.

1. Introduction

Human action recognition remains a challenge in computer
vision due to different appearances of people, unsteady back-
ground, moving camera, illumination changes, and so on.
Although impressive recognition accuracy has been achieved
recently, computational efficiency of action recognition is
relatively ignored. Especially, while the sample size in action
database increases, numbers of frames-per-action get larger,
and/or resolution gets higher, while the computational com-
plexity will explode in most systems. Therefore, it is desired
to develop a framework tomaximally accelerate action recog-
nition performance without sacrificing recognition accuracy
significantly.

In previous researches, two types of approaches have been
proposed. One is to extract features from video sequence
and compare with preclassified features [1–4]. This category
uses some voting mechanism to obtain better recognition
performance and can adapt more variance by using large
amount of training data. Another approach builds up a class
ofmodels from training set and computes the recognition rate
that testing data related to these models [5–10]. Because these
models have unique features, it may lose some characteristics
of the feature. This approach is computationally efficient but

its accuracy is not as good as the first approach. In practical
application, while recognizing actions, a large set of good
training data is needed to obtain high recognition accuracy.
As the result, we should balance the trade between accuracy
and computational cost.

In this paper, we focus on achieving a higher computa-
tional performance without sacrificing accuracy significantly
and recognizing actions in a real environment. Our approach
is based on the observation of optical flow of human actions
proposed by Efros et al. [2] who used optical flow as motion
features of actions [11]. We extract shape information of
training data for accuracy, and in the final stage, we present an
enhanced dynamic time warping algorithm to calculate the
similarity of two actions. The k-NN voting mechanism and
motion sequence pyramid are combined to achieve a better
computation performance. Finally, spatial enhancement on
k-NN pyramid and a coarse-to-fine DTW constraint are
combined to get a computational efficiency without sacrific-
ing accuracy obviously. The main contributions of this paper
are (1) a joint spatial-temporal multiresolution optical flow
fetching method which can keep more motion information
than [2], (2) an enhanced DTW method to improve tem-
poral consistence of motion in action recognition, and (3)
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coarse-to-fine DTW constraint on motion features pyramids
to speed up recognition performance.

The rest of this paper is organized as follows. The rest of
this section reviews the related works. Section 2 introduces
the framework of our joint spatial-temporal motion feature
extracting and action recognizing algorithm. Sections 3 and
4 describe the approaches in detail, and Section 5 shows
experiment results. Finally, Section 6 concludes the whole
work.

Due to the difficulty of the problem, simplified approach-
es using low-level features are usually applied. A number
of approaches using features which describe motion and/or
shape information to recognize human actionwere proposed.
Gorelick et al. [1] extracted features from human shapes
which are represented as spatial-temporal cubes by solving
Poisson Equation. Cutler and Davis [3] presented period
action recognition. Bradski and Davis [7] developed a fast
and simple action recognition method using a timed motion
history image (tMHI) to represent motions. Efros et al. [2]
developed a generic approach to recognize actions of small
scale figures using features extracted from smoothed optical
flow estimation. Schüldt et al. [12] used SVM classification
schemes on local space-time features for action recognition.

Recently, Ke et al. [13] proposed a novel method to
correlate spatial-temporal shapes to video clips. Thurau and
Hlaváč [14] presented a method for recognition of human
actions based on pose primitives for both video frames
and still images. Fathi and Mori [15] developed a method
constructing mid-level motion features which were built
from low-level optical flow information and used ada-boost
as classifier. Lazebnik et al. [16] gave a simple and compu-
tationally efficient “spatial pyramid” extension to represent
images. Laptev et al. [17] presented a new method of local
space-time features, multichannel nonlinear SVMs, extended
space-time pyramids method, and finally got good result
on KTH dataset. Shechtman and Irani [18] introduced a
behavior-based similaritymeasurementwhichwas also based
on motion features to detect complex behaviors in video
sequences. Rodriguez et al. [19] introduced a template-based
method for recognizing human actions based on aMaximum
Average Correlation Height (MACH) filter. This method
successfully avoided the high computational cost commonly
incurred in template-based approaches. There have been
other interesting topics about action recognition. One is
done by Schindler and Van Gool [20] who discussed how
many frames action recognition requires. Their approach
uses less frames or only one frame of a sequence to obtain
good recognition accuracy. Jhuang et al. [21] presented a
biologically motivated system for the recognition of actions
from video sequences. Their system consists of a hierarchy of
spatial-temporal feature detectors of increasing complexity to
simulate the way human recognizes an action.

2. Framework

The framework for our action recognition algorithm is shown
in Figure 1.

In Step 1, an input video is preprocessed to get cen-
tral aligned space-time volume of each action by human

detection and tracking. In Step 2, optical flow descriptors are
calculated and formed into jointing multiresolution pyramid
features which will be discussed in Section 4.2. In Step 3,
the action to action similarity matrix of features from testing
video motion feature database is computed. Enhanced CFC-
DTW algorithm is applied to calculate the similarity of these
two actions to reduce computation time. Finally, the testing
input video is recognized as one of the actions in training
dataset.

First of all, our method is operated on a figure centric
spatial-temporal volume extracted from an input image
sequence. This figure centric volume can be obtained by
running a tracking or detecting algorithm over the input
sequence. The input of our recognition algorithm should
be stabilized to ensure the center is aligned in space. In
the proposed study, background subtraction to Weizmann
action dataset and object tracking to KTH dataset are used
as preprocessing.

As shown in Figure 2, in order to reduce the influ-
ence of noise, background is subtracted from the original
video sequence, and the frames from result sequence are
sent to optical flow calculation. Generally, it is difficult to
get foreground-background well-separated video. Therefore
background subtraction is not needed on testing data. Only
human tracking algorithm is performed to detect the center
and scale of a person. For benchmarking, we test two
preprocess methods on testing data.

Once the stabilized centric volume has been obtained,
spatial-temporal motion descriptors are used to measure
similarity between different motions.

Firstly, optical flow is employed for each frame𝑓(𝑖, 𝑗, 𝑡) by
Lucas andKanade [22] algorithm.The horizontal and vertical
components of optical flow are split into two vector fields,
𝐹𝑥 and 𝐹𝑦, each of which is half-waved to four nonnegative
channels, 𝐹𝑥+ , 𝐹𝑥− , 𝐹𝑦+ , 𝐹𝑦− . To deal with the inaccuracy of
optical flow computation on coarse and noisy data, Efros et al.
[2] smooth and normalize four channels to 𝐹𝑏𝑥+ , 𝐹𝑏𝑥− , 𝐹𝑏𝑦+ ,
𝐹𝑏𝑦− . Results are shown in Figure 3.

A similarity measure is proposed to compare the
sequences of actionAandB,which is defined based upon four
normalized motion channels, that is, 𝐹𝑏𝑥+ , 𝐹𝑏𝑥− , 𝐹𝑏𝑦+ , 𝐹𝑏𝑦− .
Specially, the 𝑖 frame of sequence A is represented by 𝑎

𝑖
1, 𝑎
𝑖
2,

𝑎
𝑖
3 and 𝑎

𝑖
4 respectively. Therefore frame to frame similarity of

frame 𝑗 of sequence B to frame 𝑖 of sequence A is

𝑆 (𝑖, 𝑗) =

4

∑

𝑐=1

∑

𝑥,𝑦∈𝐼

𝑎
𝑖
𝑐 (𝑥, 𝑦) 𝑏

𝑗
𝑐 (𝑥, 𝑦) . (1)

In order to get smoother results of similarity matrix
calculated by (1), convolution is performed with identity
matrix 𝐼, and 𝑇 denotes how many frames to smooth,
which could improve the accuracy in dynamic time warping.
Consider

𝑆
𝑇
(𝑖, 𝑗) = 𝑆 (𝑖, 𝑗) ⊗ 𝐼 (𝑇) . (2)

In order to get more accuracy with the continuity feature
of action sequence, an enhanced dynamic time warping
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Figure 1: Main process flow.

Figure 2: First row shows original video sequence for testing data (Lena run1 from Weizmann dataset), and second row is background
subtracted video sequence to calculate optical flow for training data.

algorithm is performed to find a matching path of two input
actions in this paper, each point on this path represents a good
matching pair, and all points are continuous in time domain.
Similarity value on this path is summed up for similarity
measurement.

When classifying an action, testing sequence is compared
to preclassified sequence in lower resolution level of the
feature pyramid. The best matching is chosen by action wide
𝑘 nearest neighbor. And then this work is refined in a higher
resolution level of the pyramid to choose the best matching
by 𝑘 nearest neighbor till the highest level of the pyramid has
been compared.

Due to the complexity of action recognition problem,
some actions are periodic while others are not. A single
framework is developed to handle all these kinds of actions.
A similarity measuring method based on DTW [23] and
an enhanced DTW algorithm for action recognition is also
introduced, which will be discussed in Section 3.

Finally, similarity between motion feature of testing
action and preclassified database at the highest resolution
level is calculated and the action with the best similarity score
labeled the testing action.

3. Enhanced DTW for Action Recognition

While getting the similarity matrix of two actions, similarity
matrix is generated from these data and the matrix can rep-
resent how much these two input actions are like each other.

Previous research uses a frame to frame voting mechanism
to get the similarity measure of two actions [2, 20]. For each
frame in action A of testing data, 𝑘 frames with the best
matching score in all frames of training data are selected by
voting. Although this simple selection of the best matching
score in all of the frames should result in a better recognition
rate, noise in some frames will cause a negative matching
in action sequence. And due to the bad space alignment of
action frames, same action gets a low similarity value but
different actions higher. This 𝑘 nearest neighbor algorithm
has lack of a self-corrective mechanism which can keep the
frame match continuity in time domain.

Differing from the frame to frame 𝑘 nearest neighbor
algorithm in [2], action to action similarity measurement
is performed in our approach. This measurement calculates
from frame to frame similarity matrix by summing up simi-
larity values on the DTW path. This similarity measurement
can be adaptive to speed variation of actions. Furthermore it
keeps the continuity of frames in time domain. One frame
can be correctly matched to another even if it does not
have the highest matching score and it just lays on a DTW
path, which will enhance the accuracy in action recognition.
The demonstration of frame to frame similarity and action
to action similarity is shown in Figure 4, and similarity
measurement is defined according to

𝑀DTW = ∑

[𝑖,𝑗]∈path

𝑆
𝑇
(𝑖, 𝑗)

length
. (3)
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𝑌+ 𝑌−

𝑋−𝑋+

(a)

𝑌+ 𝑌−

𝑋−𝑋+

(b)

Figure 3:The optical flowdescriptors of “Lena run1.” (a) Shows optical flow fromoriginal images, and (b) shows optical flow after background
subtraction.

While usingDTW in speech recognition area, constraints
are added to the original algorithm for better recognition
accuracy. Sakoe and Chiba gave their Sakoe-Chiba Band,
and Itakura [24] shows the Itakura Parallelogram, and the
latter is widely used in the speech recognition community.
Since a spoken sentence always has a start position and an
end position, applying these two constraints will get better
alignment result and recognition result. Other approaches
talk about processing of cyclic patterns on text matching or
sequence matching [25]. The DTW algorithm is also widely
used in signal processing area, such as finding waveform
pattern of ECG [25, 26]. Recently, some researches in data
mining use DTW as a sequence matching method and
get inspiring achievement; they show their new bound-
ary constraints and get good experiment result on video
retrieval, image retrieval, handwriting retrieval, and text
mining.

Previous work on DTW shows that better constraints
on DTW get better recognition performance. Unlike general
speech recognition, in action recognition, there are lots of
periodical actions. Therefore, a new constraint should be
found and be performed on the original DTW algorithm to
adapt periodical actions and automatically align the start and
end positions of actions.

While matching two actions, traditional DTW led a
matching path on similaritymatrix as shown in Figure 5(a). It
looks like an actual path segment and two straight lines from
the start point and to the end point. Since these two straight
lines are not needed when calculating similarity value, a new
method shown as Figure 6was developed in the present study
to get an accurate matching path as shown in Figure 5(b).

In our enhanced DTW algorithm, a constraint method
called Coarse-to-Fine Constraint (CFC) is developed. This
constraint can improve recognition speed of the𝑂(𝑛4) action
recognition. Details about this algorithm will be discussed in
the next section.

4. Multiresolution Coarse-to-Fine Matching

Similarity matrix calculation is a computationally expensive
problem since only one element can be obtained in the

action-action similarity matrix with multiplication frame by
frame whose time complexity is 𝑂(𝑛2). Therefore additional
𝑂(𝑛
2
) calculating is needed to complete all of the elements

in the similarity matrix. The matching method requires a
total computations of𝑂(𝑛4)multiply operations. At the same
time, when the training set gets bigger, more similarity
calculations are needed. For example, processing all 93
videos in Weizmann dataset, using this similarity calculation
will cost about 30 minutes in a 2.5GHz Pentium E5200
Dual-Core computer. It is about 20 seconds average per
recognition, which is an unacceptable performance while
implementation. New methods should get better perfor-
mance even if the training dataset have large amount of
samples.

As mentioned in Figure 1, the main idea of this paper is
comparing the similarity of two actions usingmultiresolution
motion feature pyramid. Firstly, similarities were measured
in low resolution level, then in a higher resolution level, till
the highest level. In each of these Coarse-to-Fine comparison
steps except for the highest level, actions that are selected
by comparison only in lower resolution level are used as
input of higher resolution level. That is, when comparing
actions in low resolution level, actions that have the highest
matching score in comparison results are selected by 𝑘nearest
neighbor. These selected actions are used as the input for the
higher resolution level in thismultiresolutionmotion features
pyramid.

At lowest resolution level, all of the actions in pre-
classified were compared to the testing action, but the scales
of these actions were very small. Therefore, the required
computational effort is less than which compares the actions
in their original scale. On the other hand, computation cost
was higher in higher resolution level in the pyramid, but only
a few actions in pre-classified database should be compared.
The overall computational cost is decreased. This method
achieved is more than 10 times faster than calculating the
similarities in original resolution.

For performance purpose, a new DTW constraint is
applied to the multiresolution motion feature pyramid. Each
DTW matching path of similarity matrix is saved as a con-
straint for higher level. When calculating similarity matrix in
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Figure 5: DTW matching path of two actions. (a) Original DTW algorithm result. (b) Autoaligned DTW path shows matching start point
and matching end point.

a higher resolution level, the saved path is convoluted with a
kernel of 5 × 5 as

𝐾 = (𝑘𝑖𝑗)5×5
, 𝑘𝑖𝑗 = 1,

𝑖 = −2, −1, . . . , 2, 𝑗 = −2, −1, . . . , 2.
(4)

The convoluted kernel will be used as a constraint in
DTW algorithm. We name this constrained DTW as CFC-
DTW.

4.1. Introduction of Gaussian Pyramid in Multiscale Images.
In the field of image processing, Gaussian Pyramid [27] is
widely used in image matching, image fusion, segmentation,
and texture synthesis.

When obtaining multiscale images using the Gaussian
Pyramid of each frame, low-pass filtering followed by sub-
sampling for the images in previous levels can generate the
Gaussian Pyramid shown in Figure 7. Each pixel value for
the image at level 𝐿 is computed as a weighted average of
pixels in a 5 × 5 neighborhood at level 𝐿 − 1. Given the initial

image𝑓0(𝑖, 𝑗) which has a size of 𝑀 × 𝑁 pixels, the level-to-
level weighted average process is implemented by [27]

𝑓𝐿 (𝑖, 𝑗) =

2

∑

𝑚=−2

2

∑

𝑛=−2

𝑟 (𝑚, 𝑛) 𝑓𝐿 (2𝑖 + 𝑚, 2𝑗 + 𝑛) , (5)

where 𝑟(𝑚, 𝑛) is a separable 5×5Gaussian low pass filter given
by [23]

𝑟 (𝑚, 𝑛) = 𝑟 (𝑚) 𝑟 (𝑛) ,

𝑟 (0) = 𝑎,

𝑟 (1) = 𝑟 (−1) =
1

4
,

𝑟 (2) = 𝑟 (−2) =
1

4
−
2

𝑎
.

(6)

Parameter 𝑎 is set from 0.3 to 0.6 based on experiment
results. The separation of 𝑟(𝑚, 𝑛) will reduce the computa-
tional complexity in generating multi-scale images.
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DTW[𝑖 − 1][𝑗], DTW[𝑖][𝑗 − 1], and
DTW[𝑖 − 1][𝑗 − 1], assigned to

MINVAL, record the coordinate to
prev𝑋 and prev𝑌 of the minimum

value of DTW.

Calculate DTW[𝑖][𝑗] by
DISTANCE + MINVAL

!((prev𝑋[𝑖, 𝑗] == 𝑛 and 𝑗 == 𝑛)
or (prev𝑌[𝑖, 𝑗] == 𝑚 and 𝑖 == 𝑚))

𝑖++ < 𝑚

𝑗++ < 𝑛

𝑖 = 0

𝑖 == 0 and
𝑗 == 0

temp 𝑖 = 𝑖, temp 𝑗 = 𝑗

𝑗 = prev𝑋 [temp 𝑖,

temp 𝑗]
𝑖 = prev𝑌 [temp 𝑖,

temp 𝑗]

Figure 6: Flowchart of auto-aligned DTW.

4.2. Motion Sequence Pyramid. By extending Gaussian Pyra-
mid, multiresolution coarse-to-fine similarity computing
algorithm is introduced in the current study to reduce
computation complexity.

Each pyramid has 𝐿 level and every level relates to a
scaling of original frame. The lowest level in this motion
sequence pyramid has motion feature images with original
sizewhile the higher level images have smaller scales than that
of originals.

In training, all 𝐿 level pyramids of motion sequence
descriptor in training database are stored as pre-classified
actions database for similarity calculation. Consider

𝑓𝐿 (𝑖, 𝑗, 𝑡) =

2

∑

𝑚=−2

2

∑

𝑛=−2

𝑟 (𝑚, 𝑛) 𝑓𝐿−1 (2𝑖 + 𝑚, 2𝑗 + 𝑛, 𝑡) , (7)

where 𝑓𝐿(𝑖, 𝑗, 𝑡) denotes the image 𝑓(𝑖, 𝑗) on level 𝐿 at frame
𝑡, as Figure 8.

It is obvious that computing similarity between two
motion sequence pyramids at every level is not needed
because 𝐿0 has the most feature information. Performing
equation (3) on level 𝐿0 can get good recognition rate. But the
frame size is so big that the computational cost is very high.

For performance purpose, multilayer classification starts
from the lowest resolution level 𝐿𝑛.This resolution decreased
motion sequence recognition can get acceptable classification
result that actions with big difference are separated apart
like walk and waving hand, run and bend, jogging, and
boxing. This result can be used as the input for a higher
resolution level. After getting the classification result in a
lower resolution level 𝐿 𝑠, select 𝑘 actions with from high
𝑀DTW to low and use this selected actions as the input of a
higher resolution level 𝐿 𝑠−1 classification. This refinement is
repeated until the highest resolution level 𝐿0 is reached. Value
of 𝑠 can be chosen as 𝑠 = 1/(𝐿 + 1)

2; this value can also be
found in a cross-validation.
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· · ·

𝐿 = 2

𝐿 = 1

𝐿 = 0

Figure 7: The Gaussian Pyramid.

Our results show that for the balance of computational
performance and recognition accuracy, two levels of pyramid
can get satisfied result, and the reason will be further
discussed in experimental results section.

4.3. Coarse-to-FineDTW. When searching for the best action
matching in coarse-to-fine motion sequence pyramid, CFC-
DTW is performed to accelerate calculation performance.
First, in CFC-DTW, similarity matrix 𝑆

𝑇
𝐿
𝑛

of two actions
is calculated using (2) on lowest resolution level. When
performing algorithm 1 on 𝑆𝑇𝐿

𝑛

, a 2D array denoting a DTW
path with all elements on path equaling 1 is given as

𝑇𝐿
𝑛

(𝑖, 𝑗) = {
1 𝑆
𝑇
𝐿
𝑛

(𝑖, 𝑗) ∈ path,
0 𝑆
𝑇
𝐿
𝑛

(𝑖, 𝑗) ∉ path.
(8)

Secondly, as shown in Figure 9, convoluting 𝑇𝐿
𝑛

(𝑖, 𝑗)with
kernel 𝐾 leads to a coarse-to-fine constraint for the higher
resolution level 𝐿𝑛−1, and a 5 × 5 convolution kernel of
rectangle has been used in our work. Consider

constraint𝐿
𝑛−1

(𝑖, 𝑗) = 𝑇𝐿
𝑛

(𝑖, 𝑗) ⊗ 𝐾. (9)

Due to constraint𝐿
𝑛−1

(𝑖, 𝑗), the computation complexity of
𝑆
𝑇
𝐿
𝑛−1

decreased. This coarse-to-fine constraint saves compu-
tation time from frames by frames multiplication.

5. Experimental Results

5.1. Dataset. We evaluated our approach on public bench-
mark datasets,Weizmann human action dataset [1], andKTH
action dataset [12].

TheWeizmann dataset contains 93 low-resolution (188 ×
144 pixels, 25 fps) video sequences showing 9 persons per-
forming a set of 10 different actions: bending down, jumping
jack, waving one hand, waving two hands, in place jumping,
jumping, siding, running, and walking. Background subtrac-
tion is used to get shape information and optical flow features
of actions.

Table 1: Experiment on Weizmann dataset.

Method Recognition
rate

Recognition
time

Enhanced DTW Original image size 100% 5.33 s

CFC-DTW

Level 1: 30% size
Level 2: 100% size

𝐾 = 3

97.8% 1.17 s

Level 1: 30% size
Level 2: 100% size

𝐾 = 5

98.9% 1.30 s

Level 1: 20% size
Level 2: 50% size

𝐾 = 10

98.9% 0.55 s

The KTH dataset contains 25 persons acting 6 different
actions: boxing, hand-clapping, jogging, running, walking,
and hand-waving. These actions are recorded under 4 differ-
ent scenarios: outdoors (s1), outdoors with scale-variations
(s2), outdoors with different appearance (s3), and indoors
(s4). Each video sequence can be divided into 3 or 4
subsequence for different direction of jogging, running, and
walking. Human tracking method was used to get centric
volume of these actions as pre-process. Background subtrac-
tion was not applied in this case. Results were compared with
previous works.

Leave-one-out mechanism was used in the experiments.
Each testing action had been compared to other 92 actions
in the dataset. A total recognition rate and an average recog-
nition time of each algorithm were evaluated. All methods
mentioned in this paper were combined to the joint spatial-
temporal feature to perform recognition.

The hardware environment is composed of a Windows
7 PC with 2.5GHz Pentium E5200 Dual-Core CPU and 2G
Bytes system memory.

5.2. Results. Results of multiresolution coarse-to-fine pyra-
mid method on Weizmann dataset are shown in Table 1.
For computation efficiency, a two-level pyramid was built
and different resolution reductions of each level were used.
Recognition rate and average recognition time per action are
shown in Table 1. 𝐾 means numbers of input actions from
lower resolution level to higher resolution level. CFC-DTW
was used in this experiment at the same time.

Experiment result in Table 2 shows that our enhanced
DTWalgorithm can get 100% recognition rate with all frames
calculated. By CFC-DTW acceleration, the recognition is 10
times faster than enhanced DTW and still gets acceptable
recognition rate. In Table 1, 0.55-second period means that
the CFC-DTW algorithm can be used in practical applica-
tions.

On KTH dataset, our approach obtained the best result in
s2 comparing to [20, 21] (see Table 3). Videos in this scenario
were captured from outdoors environments and with camera
zoom-in and zoom-out, because the CFC-DTW kept the
continuity of each frame in action sequence while matching.
If one frame is not matched, it had always been corrected
by nearly frames. The average recognition time was near 3 s
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Figure 8: Motion sequence pyramid 𝑓(𝑖, 𝑗, 𝑡).

(a) DTW path of lower level

⊗𝐾 =

(b) DTW constraint on higher level

Figure 9: Coarse-to-fine DTW.

Table 2: Compared with other approaches on Weizmann dataset.

Method Recognition rate No. of
frames

Gorelick et al.
PAMI’07 [1]

93.5%
96.6%
99.6%

2
3
10

Schindler and Van Gool
CVPR’08 [20]

93.5%
96.6%
99.6%

2
3
10

Jhuang et al.
ICCV’07 [21] 97.8% All

Fathi and Mori
CVPR’08 [15] 100.0% All

Our approach 100.0% All

in our testing platform. This performance can be improved
by multicore technology and GPU computation for real-time
purpose.

6. Conclusion

Wepresent a fast action recognition algorithmwith enhanced
CFC-DTW. Although DTW is a time-consuming method,
the proposed CFC-DTW and motion pyramid significantly
speed up the traditional DTW method. Therefore, real-time

Table 3: Experiment on KTH dataset.

Schindler and Van Gool CVPR’08
[20]

SNIPPET 1/SNIPPET 7

Jhuang et al.
ICCV’07 [21]

Our
approach

s1 90.9%/93.0% 96.0% 94.0%
s2 78.1%/81.1% 86.1% 88.3%
s3 88.5%/92.1% 89.8% 91.4%
s4 92.2%/96.7% 94.8% 93.8%

recognition becomes possible in practice. Because the DTW
can align the continuity of action, even low resolution videos
can get an acceptable recognition rate. Furthermore, the
algorithmdeveloped in this study can be applied to thin client
communication environment, since the coarse-to-fine feature
of CFC-DTWcan fit the requirement of action recognition in
the environment [28–30], and modal data can be transferred
in different level based on requirements.
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Multifunction Vehicle Bus (MVB) is a critical component in the Train Communication Network (TCN), which is widely used in
most of the modern train techniques of the transportation system. How to ensure security of MVB has become an important issue.
Traditional testing could not ensure the system correctness.TheMVB systemmodeling and verification are concerned in this paper.
Petri Net and model checking methods are used to verify the MVB system. A Hierarchy Colored Petri Net (HCPN) approach is
presented to model and simulate the Master Transfer protocol of MVB. Synchronous and asynchronous methods are proposed to
describe the entities and communication environment. Automata model of the Master Transfer protocol is designed. Based on our
model checking platformM3C, theMaster Transfer protocol of theMVB is verified and some system logic critical errors are found.
Experimental results show the efficiency of our methods.

1. Introduction

Multifunction Vehicle Bus (MVB) is a crucial component in
the Train Communication Network (TCN) which is widely
used in most of the modern train control techniques of the
transportation system. How to ensure security of MVB has
become an important issue.

The traditional method to verify MVB usually uses
simulation technique or testing approach. A simulation tool
based on the model of Slave devices and a Master Frames
Generator is presented in [1]. It accomplishes the verification
flow for interchanging message data among MVB devices.
Using an error-tolerance decode algorithm, the transmitted
data of the Bus are sampled in [2], where the compatibility
and dependability of data transmission among devices are
analyzed via protocol analysis application.

Model checking is a method for automatically verifying
finite state systems [3, 4]. The procedure uses an exhaustive
search of the state space of a system model to determine
whether a specification is satisfied or violated. Although
model checking has been applied in many fields, such as
circuit and critical software verification in [5–7], it is hardly
used for verification of the MVB or TCN. Hierarchy Colored
Petri Net (HCPN) is a behavioral modeling language [8].
It can be used for modeling the validation of concurrent

systems. This paper presents a modeling approach for MVB
based on HCPN. Two modeling approaches based on model
checking method for the MVB are given in this paper too.

The remainder of this paper is organized as follows. The
following section gives the details of the MVB and Master
Transfer. Section 3 proposes a modeling method with HCPN
and shows the modeling of the Master Transfer. Section 4
shows two modeling methods based on model checking and
also explains how to model the Master Transfer. Section 5
introduces the tools we use for verification and reports the
experimental results. Section 6 concludes the paper.

2. MVB and Master Transfer

In this section, first we introduce the MVB and then present
a protocol Master Transfer of MVB and its token passing
algorithm.

2.1. MVB. The on-board train communication system has
been widely demanded formodern railways [9, 10].TheMVB
is a component of the TCN which is used in most of the
modern train control systems. The TCN has been defined by
the IEC (International Electrotechnical Commission) [11, 12];
it is the Vehicle Bus specified to connect standard equipment.
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Figure 1: Multifunction Vehicle Bus in a locomotive.

It provides both the interconnection of programmable equip-
ment pieces amongst themselves and the interconnection of
this equipment with its sensors and actors. It can also be
used as a Train Bus in trains which are not separated during
normal operation. An application of theMVB in a locomotive
is shown in Figure 1.

The MVB defines two types of devices: Master and Slave.
Each Vehicle Bus and Train Bus has one Master node and
several Slave ones. The Master sends information, the
Master Frame, to a number of Slave devices. The Slave
receives information from the Bus and sends information,
the Slave Frame, in response to the Master. A Master Frame
and the corresponding Slave Frame form a telegram, which is
shown in Figure 2. All devices decode theMaster Frame.The
addressed source device then replies with its Slave Frame,
which may be received by several other devices.

2.2. Master Transfer. Since a single Master presents a single
point of failure, mastership may be assumed by several Bus
Administrators (BAs), one at a time. To increase availability,
mastership can be shared by two or more BAs, which both
exercise mastership for the duration of a turn. Mastership
is transferred from BusAdmin to BusAdmin within a few
milliseconds in case of failure. To exercise redundancy,
mastership is transferred every few seconds by a token frame.
To this effect, all BAs are organized in a logical ring as shown
in Figure 3. A token passingmechanism ensures that only one
BusAdmin becomes Master.

In the IEC 61375-1 international standard [11], Mastership
Transfer states is depicted in a SDL graph as shown in
Figure 4.

Mastership Transfer describes the protocol which selects
a Master from one of several BAs and ensures Mastership
Transfer at the end of a turn or upon the occurrence of
a failure. A token passing algorithm is defined in the IEC
standard [11] to ensure a round-robin access of all BAs to the
Bus:

(i) after the loss of theMaster, staggering of the time-outs
ensures that only one of the BAs becomes Master;

(ii) a Master exercises mastership for the duration of one
turn;

(iii) After its turn, theMaster looks for the next BusAdmin
and reads its Device Status, which indicates if this
device is a configured BusAdmin;

(iv) a Master may only pass mastership to a configured
and actualized BusAdmin;

(v) if the device is not a configured and actualized
BusAdmin, the Master looks for the next BusAdmin
after the next turn;

(vi) if the device is a configured and actualized BuA, the
Master offersmastership to it by sending aMastership
Transfer Request;

(vii) if the device accepts mastership in its Mastership
Transfer Response, or if no answer comes, the Master
retires to become a standby Master and monitors the
Bus traffic for mastership offer or Bus silence;

(viii) if the other device rejects mastership, the current
Master retains mastership for one more turn, after
which the Master tries the next device in its BAs list;

(ix) a standby BusAdmin becomes Master if it accepts a
Mastership Transfer Request or if it detects no Bus
activity during a time greater than a defined time-out.

LTL (Linear-time Temporal Logic) is a temporal logic, it
is suitable for presentation of some temporal properties. The
definition of LTL is given as follows.

Definition 1 (Linear Temporal Logic). Linear Temporal Logic
(LTL [13]) has the following syntax given in Backus Naur
form:

𝜙 ::= ⊥ |⊤| 𝑝
(¬𝜙)

 (𝜙 ∧ 𝜙)
(𝜙 ∨ 𝜙)

 (𝜙 → 𝜙)

(𝑋𝜙)
 (𝐹𝜙)

(𝐺𝜙)
 (𝜙𝑈𝜙)

(𝜙𝑊𝜙)
 (𝜙𝑅𝜙) ,

(1)

where 𝑝 is any propositional atom from some set of atoms.
𝑋means next state, 𝐹means some future state, and 𝐺means
all future states.The next three,𝑈, 𝑅, and𝑊, are called Until,
Release, and Weak-until, respectively.

According to the requirement specified in the standard,
the Mastership Transfer must satisfy the following properties
(suppose that there are 𝑛 BAs altogether):

(1) there cannot be more than one Master at one time; it
is written in the LTL as shown in

G¬ (BA Master𝑖 ∧ BA Master𝑗) , 𝑖, 𝑗 = 1 ⋅ ⋅ ⋅ 𝑛, 𝑖 ̸= 𝑗, (2)

(2) there cannot be no Master at one time; it is written in
the LTL as shown in

G¬(
𝑛

⋀

𝑖=1

BA Standby𝑖) . (3)

3. HCPN Modeling

3.1. HCPN. The Colored Petri Net (CPN [14]) preserves
useful properties of Petri Nets and it has better structuring
facilities such as types and modules. The CPN can be defined
as follows.

Definition 2 (Colored Petri Net). A Colored Petri Net CPN is
a tuple (𝑃, 𝑇, 𝐹, Σ, 𝐶, 𝐸, 𝐺, 𝐼), where
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(1) 𝑃 is a finite set of places;
(2) 𝑇 is a finite set of transitions, and𝑃∩𝑇 = ⌀, 𝑃∪𝑇 ̸=⌀;
(3) 𝐹 ⊆ (𝑃 × 𝑇) ∪ (𝑇 × 𝑃) is a set of directed arcs;
(4) Σ is a set of color sets defined within the CPN model;

this set contains all possible colors, operations, and
functions used within CPN;

(5) 𝐶 : 𝑃 → Σ is a color function; it maps places into
colors in Σ;

(6) 𝐸 : 𝐹 → Σ is an arc expression function; it maps each
arc 𝑓 ∈ 𝐹 into an expression 𝑒 ∈ Σ;

(7) 𝐺 : 𝑇 → Σ is a guard function; it maps each
transition 𝑡 ∈ 𝑇 into a guard expression 𝑔 ∈ Σ;

(8) 𝐼 is an initialization function.

TheHCPN extends CPN, and it can simplify the structure
of CPN and is easier for modification. The definition of
HCPN is given as follows.

Definition 3 (Hierarchy Colored Petri Net). Hierarchy Col-
ored Petri Net is extended fromCPN,which adds two types of
transitions and places. An HCPN is a tuple (𝑁, 𝐼𝑂, 𝑆), where

(1) 𝑁 is a Colored Petri Net;
(2) 𝐼𝑂 ⊆ 𝑃, where for all 𝑖 ∈ 𝐼𝑂, 𝑖 is attached with a type

of IN or OUT;

Table 1: Color sets.

Color set Declaration Description

FID colset FID = with
MTRQ|MTRP|DSRQ|DSRP|TM Signal types

ADDR colset ADDR = int with 0⋅ ⋅ ⋅ 1 Device address
DATA colset DATA = int with 0⋅ ⋅ ⋅ 2 Frame data

FRAME colset FRAME = product FID ×

ADDR × DATA Frame

TINT colset TINT = int timed Timed int type
TBOOL colset TBOOL = bool timed Timed bool type

(3) 𝑆 ⊆ 𝑇, where for all 𝑠 ∈ 𝑆, 𝑠 is a substation transition,
which is substituted by a page.

The distinction between tokens can strongly express data
transferred in a communication channel. In the following
part, we use HCPN to model all the components shown in
Figure 4.

3.2. Color Sets. In the CPN model, color sets are used to
distinguish tokens.There are six kinds of color sets defined in
our HCPNmodel, whose name, declaration, and description
are demonstrated in Table 1. Color set FID is used to present
signal types, with any value in the finite set MTRQ, MTRP,
DSRQ, TM. And color set FRAME is a compound color set,
that is, an ordered triple, that stands for the frame transferred
in the communication channel.

3.3. Translation Rules. The Mastership Transfer state shown
in Figure 4 is translated into a CPN model according to the
rules as follows:

(1) use a place element to represent a state, such as
STANDBY MASTER and FIND NEXT;

(2) use a place element to represent a process, ignoring
the execution time of the process;

(3) use a transition element to represent a task;
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Figure 4: Mastership Transfer states.

(4) use an arc expression to represent a decision;

(5) input and output signals are divided into three types:
MastershipTransfer telegram,Device Status telegram,
and Time-out signals. These signals are distinguished
by the FID field as shown in Table 2.

3.4. HCPN Model. The HCPN model of the Mastership
Transfer consists of fourmodules (assume there are two BAs),
and the details of them are given as follows.

3.4.1. TopModule. Assume there are two BAs, that is, BusAd-
min1 and BusAdmin2, as shown in Figure 5. They share one
Bus and exercise mastership for the duration of a turn. In
addition, transitions BusAdmin1, BusAdmin2, and Channel
are substitution transitions, which will be substituted by
subpages BusAdmin1, BusAdmin2, and Channel, respectively.
Places in the Top module are described in Table 3.

3.4.2. Channel Module. Data collected from the output
buffers of BAs will be sent to the communication channel.
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Figure 6: Channel module.

Then the channel broadcasts the data to inform each device
on the network, as shown in Figure 6.

3.4.3. BusAdmin1 Module. This module implements the
token passing algorithm mentioned in Section 2. The details
of this module are given in Figure 7.

3.4.4. BusAdmin2 Module. The BusAdmin2 module is simi-
lar to BusAdmin1.

4. Synchronous and Asynchronous Modeling

Model checking is a formalization verification method for
automatically verifying finite state systems. The procedure
uses an exhaustive search of the state space of a systemmodel
to determine whether a specification is satisfied or violated.

Table 2: Input and output signals corresponding with its FID.

Signal FID Signal type
Mastership offer MTRQ Mastership transfer telegram
Mastership response MTRP Mastership transfer telegram
Inquire status DSRQ Device status telegram
Status response DSRP Device status telegram
T standby, T find next,
T interim TM Time-out signals

Table 3: Places and their descriptions in the top module.

Place ID Description
SR1 Address of BusAdmin1, default 0
SR2 Address of BusAdmin2, default 1
InB1 Input buffer of BusAdmin1
InB2 Input buffer of BusAdmin2
OutB1 Output buffer of BusAdmin1
OutB2 Output buffer of BusAdmin2

The process of model checking mainly includes three parts:
modeling, specification, and verification. Modeling is to
establish a model, which must essentially describe the behav-
ior of the system. Requirement specification, which is usually
given in some logical formalism, such as temporal logic, is to
specify the properties that themodelmust satisfy. Verification
is completely automated using model checking tools. Given
a model and a specification, a model checking tool can
determine whether the model satisfies the specification. If
the model does not satisfy the specification, a model checker
will give a counterexample execution of the model which
demonstrates how the specification is violated.

A modeling and verification method for modeling exter-
nal environments and temporal features is proposed in [15]
for PLC (Programmable Logic Controller [16]) system. The
idea is also suitable for MVB, but the method cannot be
applied in MVB due to the differences between the PLC and
MVB. In this section, we first propose a model of the BusAd-
min and the Bus and then present twomodelingmethods, the
synchronous and asynchronous modeling, including how to
translate in the PROMELA codes of the model checker SPIN
[17].

4.1. Bus Administrator, Bus, and Communication Model. A
BusAdmin is a device that could be aMaster device to control
the Slave devices. There are several BAs in the MVB usually,
but only one can be the Master at one time. The definition of
a BusAdmin is given as follows.

Definition 4 (Bus Administrator). A BusAdmin 𝐴 is a tuple
(𝑆, 𝑡, 𝑅, 𝑖, 𝑜), where

(1) 𝑆 is a finite set of states;
(2) 𝑡 is an initial state, 𝑡 ∈ 𝑆;
(3) 𝑅 is a transition relation, 𝑅 ⊆ 𝑆 × 𝑆 such that 𝑅 is left

total, that is, for all 𝑠 ∈ 𝑆, ∃𝑠 ∈ 𝑆 such that (𝑠, 𝑠) ∈ 𝑅;
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Figure 7: BusAdmin1 module.

(4) 𝑖 is an input channel, which is used to receivemessages
from the Bus;

(5) 𝑜 is an output channel, which is used to sendmessages
to the Bus.

Each BusAdmin has a unique time-out T standby,
address, and rank. The behavior of a BusAdmin is mainly
decided by the topological relation of its states and transition
relation as shown in Figure 8. And part of the PROMELA
codes of a BusAdmin is given in Listing 1.

The Bus is the medium through which a BusAdmin can
send and receive frames with the others. The definition of a
Bus is given as follows.

Definition 5 (Bus). A Bus 𝐵 is a tuple (𝑆, 𝑡, 𝑅, 𝐼, 𝑂), where

(1) 𝑆 is a finite set of states;

(2) 𝑡 is an initial state, 𝑡 ∈ 𝑆;

(3) 𝑅 is a transition relation, 𝑅 ⊆ 𝑆 × 𝑆 such that 𝑅 is left-
total, that is, for all 𝑠 ∈ 𝑆, ∃𝑠 ∈ 𝑆 such that (𝑠, 𝑠) ∈ 𝑅;

(4) 𝑖 is a set of input channels, which is used to receive
messages from the BAs;

(5) 𝑜 is a set of output channels, which is used to send
messages to the BAs.

The definition of the Bus is almost the same as the BusAd-
min.Themain difference between them is their behaviors: the
behavior of the Bus is mainly broadcasting the frame sent by
a BusAdmin to all the other BAs, and the frame in the Bus
could be lost or be changed.

The communication model is the model of the MVB we
want to verify. The definition of a communication model is
given as follows.

Definition 6 (communication model). A communication
model 𝐶 is a tuple (𝐴, 𝑏), where

(1) 𝐴 is a set of BAs;

(2) 𝑏 is a Bus, for all 𝑎 ∈ 𝐴, 𝑏 is connected with 𝑎.
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active proctype Bus Administrator 1 ( ) {
. . .

BA 1 STANDBY MASTER: /∗State Standby Master∗/
atomic {

BA 1. curState = STANDBY MASTER;
BA 1. in count > 0; /∗wait until BA 1. in count>0∗/
BA 1. input ? frame; /∗receive a frame∗/
BA 1. in count−−;
if
:: frame.type == LOST->

. . . /∗frame loss∗/
:: (frame. type == MASTERSHIP OFFERED && frame.recv == BA 1. rank) ->

. . . /∗Mastership offered to me∗/
:: (frame. type == STATUS REQUEST && frame.recv == BA 1. rank) ->

. . . /∗request status of me∗/
:: (frame. type == REGULAR) ->

. . . /∗Master Frame∗/
:: else -> . . .
fi;

}

. . .

}

Listing 1: PROMELA codes of a BA.
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END OF
TURN

STANDBY INTERIM

FIND

REGULAR

Figure 8: States and transitions of a BA.

Every BusAdmin is connected to the Bus, they do not
send frames to the others directly, and all the frames are
transmitted through the Bus. If a BusAdmin sends a frame,
the Bus will receive the frame and send it to all the other BAs.
So the number of the input channels of the Bus is the sum of
all the BAs, and it is similar for the output channels.

4.2. Synchronous Modeling. The communication process of
MVB depends on the Bus, by which all the devices exchange
their messages periodically. To model periodical message
transformation, an independent process is used to represent
the Bus; it is defined as a finite state entity with input and
output channels. Every BusAdmin in the communication
model is defined as a state machine, while every state of each
BusAdmin as an atomic step.The transition of BusAdminwill
fire on the moment when the communication is taking place
via the Bus. If there is no information exchange, the state of
the BusAdmin will not detect the changes of itself or other
BAs. Thus the state is a basic unit, within every basic period
of the Bus communication, it experiences one and only one
state.

The message transformation is taken place periodically
with a transition fires of each BusAdmin synchronized.
We cannot separate the communication process from time
elapsing. So the communication phase and the synchronized
states of each BusAdmin are activated alternately. So the basic
period is viewed as a tick tomodel time. Time is split into end-
to-end time zones, and the split lines are the same for different
BAs. In every time zone, all the BAs stay in one and only one
state. When it enters the next time zone, the state can change,
and every BusAdmin can feel other BAs’ changes expressed
by the message transferred via the Bus. The communication
mechanism is shown in Figure 9.

In the synchronous approach all the states of BAs are
represented as automata transfer synchronously; that is, if
a transition of some BusAdmin fires, it needs to wait for
entering the next state until all the transitions of other BAs
take place. So synchronous barriers are set where the transi-
tion lays between two states. The mechanism of synchronous
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active proctype Synchronous Bus ( ) {
atomic {

if
/∗BA 0 as the Regular Master∗/
:: (BA 0. cur == REGULAR MASTER && BA 1. cur != REGULAR MASTER) ->

BA 0. output ? frame; BA 0. input ! frame;
master type = frame. type;
/∗Master Frame from BA 0 to BA 1∗/
if

:: true -> frame. type = LOST;
:: true -> frame. type = master type;

fi;
BA 1. input ! frame;
/∗Slave Frame from BA 1 to BA 0∗/
if

:: frame. recv == 1 -> . . . /∗Answer the Master Frame∗/
:: else -> skip;

fi;
. . . /∗ BA 1 as the Regular Master ∗/
:: (BA 0. cur!=REGULAR MASTER && BA 1. cur!=REGULAR MASTER) ->

frame. type = LOST; /∗No Regular Master∗/
BA 0. input ! frame; BA 1. input ! frame;

:: else -> . . . /∗Receive data from output channel of BAs in Regular Mastership∗/
fi;
. . .

}

Listing 2: PROMELA codes of the synchronous bus.

BA2

BA3

Bus

A period 

BA1

Figure 9: Timing diagram of the synchronous model.

barriers is that the channel of size zero in PROMELA is used,
as shown in Listing 2. Channels are established between BAs
and the Bus, and the communication is immediate without
any buffer. When a BusAdmin is leaving an old state, it
performs as the sender and the Bus performs as the receiver;
conversely before it enters a new state, the Bus performs as the
sender and it performs as the receiver. Two-way information
exchanges between BAs and the Bus take place before and
after the transitions take place synchronously.

As the communication through Bus performs period-
ically, the synchronous transitions are used to model the
time elapse. Time in the synchronous approach is divided
into small pieces, called the time spans, and the time spans
appear one after another. For some BAs, a time appearance is

associated with one and only one state. In the time span, no
information exchange happens, so all the BAs do not know
any state changes of the other BAs. When a time span is
exhausted, the BAs leave the old state and tell all the other
BAs through the Bus what changes the BAs which have left
the old states hasmade.When entering the next time span, all
the BAs get the information through the Bus, and get to know
what they should do by the received messages, so certain
transitions fire leading to proper state to work for certain
purpose. If some time span is trivial, states also transfer along
with its elapsing, but the pack in the channel transmission is
label with Type SKIP, which implies the time does not elapse
at this moment. The role of the Bus is not only to forward
information from one end to another, but also to be potential
to change the content of the information. For instance, the
Bus can simulate the information losing though changing the
information type to LOSE.

4.3. Asynchronous Modeling. The structures of the asyn-
chronous and the synchronous models are alike. The main
difference is that a BusAdmin can send a frame freely without
waiting for the other BAs in the asynchronous model. So the
sequence of the BAs’ actions is not synchronous; it could be
random as shown in Figure 10. And the channels are different
too; each BusAdmin uses two channels whose size is not
ZERO to communicate with the other BAs through the Bus,
and the Bus broadcasts the frames sent by one BusAdmin to
the other BAs with the channels.
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Figure 11: Simulation report for HCPN model.

Every BusAdmin uses two variables, an input count and
an output count, to count the number of elements in
the stack of the input and output channel separately. If a
BusAdmin sends a frame, the variable output count of it will
be increased by one, and if a BusAdmin receives a frame,
the variable input count of it will be decreased by one. If
any BusAdmin sends some frames, the Bus will receive the
frame by checking whether the value of the output count of
the BusAdmin is zero andwill send the received frames to the
other BAs. When the Bus receives a frame from a BusAdmin,
the variable output count of the BusAdmin will be decreased
by one, and when the Bus sends a frame to a BusAdmin, the
variable input count of the BusAdmin will be increased by
one similarly.

The behavior of the Bus is mainly to receive and send
frames; PROMELA codes of the Bus by the asynchronous

method is shown in Listing 3. Firstly, the Bus checks the value
of the variable output count of each BusAdmin to decide
whether to receive frames; if all the values are zero, the Bus
will do nothing but waiting for the next frame or send a
LOST frame to all the BAs to simulate the frame loss. If the
value of the variable output count of a BusAdmin is greater
than zero, then the Bus will receive a frame from its output
channel and send the frame to the other BAs. To simulate the
real environment, any frame transmitted on the Bus could
be changed or lost, so the frame send by the Bus could be
changed or replaced by the LOST frame.When the Bus sends
the frames, it will return to the beginning to receive and send
frames.

5. Verification

In this section, the simulation of HCPN is presented firstly,
then a tool M3C is introduced, at last, the experimental
results of verification of the Master Transfer are given, and
the counter-examples is analyzed.

5.1. Qualitative Analysis of HCPN. We use the CPN Tools
to do qualitative analysis. CPN Tools is a tool for editing,
simulating, and analyzing untimed and timed Hierarchical
Colored Petri Nets. In Section 2, two properties that ought
to be satisfied are specified:

(1) Property 1: there cannot be more than one Master at
one time;

(2) Property 2: there cannot be no Master at one time.

In the HCPN model, these properties are verified by
analyzing simulation reports. A simulation report generated
by CPN Tools is a sequence of transitions. In the simulation
report, if the COLLISION transition appears, Property 1
is violated; if the STANDBY transition of BusAdmin1 is
followed by the STANDBY transition of BusAdmin2, or vice
versa, Property 2 is violated. Different initial markings are
assigned to simulate our HCPNmodel depicted in Section 3.

Violations of both Property 1 and Property 2 are found
when the initial condition is that BusAdmin1 is at its
REGULAR state, BusAdmin2 is at its STANDBY state, and
T standby time-out of BusAdmin2 occurs. Assume that when
Property 2 is dissatisfied, simulation will stop. Simulation
results show that simulation will stop at the 20th step. A
Simulation report with the counterexample is shown in
Figure 11.

5.2. M3C. Module Modeling and Model Checking (M3C) is
a tool we developed, it integrates the modeling and model
checking. The modeling process uses modules, so that users
could use mouse to drag and drop modules, such as state,
to establish a model, like SIMULINK or VISIO. When the
modeling process is done, it will translate the model into the
PROMELA codes which is either of the PROMELA models
mentioned in Section 4. After the user inputs the properties
to be checked, it could invoke SPIN to execute the model
checking and get the results of it, and then it will show the
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active proctype Asynchronous Bus ( ) {
atomic {
if

:: BA 0. out count > 0 -> . . . /∗receive a frame from BA 0∗/
:: else ->skip;

fi;
if

:: !recv0 && !recv1 && !recv2 ->skip;
:: !recv0 && !recv1 && !recv2 -> . . . /∗frame loss∗/
:: else -> skip;

fi;
if

:: recv0 == true; /∗receive a frame from BA 0∗/
if
:: true -> . . ./∗change the frame∗/
:: true -> . . . /∗frame loss∗/
:: true -> skip;
fi;
. . . /∗broadcast the frame∗/

fi;
. . .

}

Listing 3: PROMELA codes of the asynchronous bus.

Figure 12: Model of a BusAdmin constructed in M3C.

performance results and the counter-examples in a visual
way.Themodel of a BusAdmin constructed in M3C is shown
in Figure 12.

5.3. Performance. TheLTL formula (2) and formula (3) given
in Section 2 are translated into PROMELA codes as follows
(assume that there are three BAs and a Bus):

𝑝1: [ ] ! is master collision

𝑝2: [ ] ! (BA 0.curState == STANDBY MASTER &&
BA 1.curState == STANDBY MASTER && BA 2.
curState == STANDBY MASTER),

where the is master collision is a boolean variable that
becomes true when a BusAdmin detects a Master Frame
that is not sent by itself. We configure the model checking
process that it would stop at the first error and using
both the depth-first and width-first search strategies. The
experimental results of both properties by two models are
given in Tables 4 and 5.

As shown in the results, violations of the both LTL
formulae 𝑝1 and 𝑝2 can be found in both models. In the
DFS mode, the asynchronous model’s performance of states,
transitions, time, and the counter-example path length is
better than that of the synchronous model in most cases.
When the number of BAs connected with the Bus gets to five,
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Table 4: Experimental results of property p1.

Model BA DFS BFS
States Transitions Time (sec.) Path length (step) States Transitions Time (sec.) Path length (step)

Sync

2 121 121 0.001 280 1218 1728 0.003 159
3 160 160 0.002 378 14369 24771 0.024 215
4 199 199 0.002 476 192186 373760 0.438 271
5 238 238 0.003 574 2764002 5787788 7.730 327

Async

2 32 47 0.001 132 22983 24373 0.029 72
3 70 121 0.001 179 347201 375343 0.576 85
4 168 379 0.003 231 OOM OOM NaN NaN
5 448 1313 0.004 354 OOM OOM NaN NaN

Table 5: Experimental results of property p2.

Model BA DFS BFS
States Transitions Time (sec.) Path length (step) States Transitions Time (sec.) Path length (step)

Sync

2 133 133 0.002 305 1297 1842 0.003 166
3 180 180 0.002 421 15241 26048 0.026 222
4 227 227 0.002 537 203129 392149 0.462 278
5 274 274 0.003 653 2908091 6068997 8.130 334

Async

2 40 57 0.001 193 60960 65385 0.078 89
3 84 136 0.001 276 1063505 1163843 1.790 102
4 190 401 0.002 364 OOM OOM NaN NaN
5 495 1361 0.005 645 OOM OOM NaN NaN

the performance of the asynchronous model becomes worse
in states, transitions, and time than that of the synchronous
one, but the impact of the state explosion problem is still not
too much significant. While in the BFS mode, the space and
time cost is much bigger than that in the DFS mode, but on
the contrary the path length is the shortest. The synchronous
model performs better than the asynchronous one except for
the path length in this mode.

The asynchronous model uses two variables to count the
number of elements in the channels for each BusAdmin,
while the synchronous model uses the channel whose size
is zero and no need to count its content. So along with the
increase of BAs, the state space of the asynchronous model
grows faster than the synchronous model, and it implies the
cost of space is lower for complex systems in the synchronous
model. But when no BusAdmin sends and receives frames
in a period, the Bus of the synchronous model would send
SKIP frames to all BAs. It onlymeans no BusAdmin takes any
actions in last period and all BAs can enter the next period.
The asynchronous model does not need to keep the period
with all devices, so the counter-example path is shorter, and
it implies it is easier to locate the error in the asynchronous
model.

5.4. Counterexample Analysis. Both model checking based
models can find the same violations. We trailed the coun-
terexamples generated from bothmodels and discovered that
the violations they found are similar. The difference between
them is mainly the path length; the synchronous model did
some useless actions and transmitted some SKIP frames only

to skip to the next period. If we ignore the useless actions and
SKIP frames, the counter-example paths are almost the same.

The counter-example paths show that the violations could
happen in these conditions.

(1) There are more than one Master at one time: ini-
tially, assume there is only one BusAdmin in state
“REGULAR MASTER,” and the other BAs are in
state “STANDBY MASTER”. If a BusAdmin in state
“STANDBY MASTER” receives no Master Frames
during a time-out T standby, maybe because the
frames are lost, then it will go to state “REGULAR
MASTER.” Eventually, there will be two Masters at
one time.

There is no Master at one time: initially, assume there is
only one BusAdmin in state “REGULAR MASTER”, and the
other BAs are in state “STANDBY MASTER”. If a BusAdmin
in state “STANDBY MASTER” receives no Master Frames
during a time-out T standby, maybe because the frames are
lost, then it will go to state “REGULARMASTER”. Now, there
are two BAs in state “REGULAR MASTER”. If they both
receive Master Frames that are not sent by themselves, and
they assume a master collision, then they both return to state
“STANDBYMASTER”. Eventually, there will be no Master at
one time.

As the analysis of the counter-examples shows, although
the probability of the violation is very low, it is critical for the
security of the control system. The Master Transfer protocol
has some solution of the accidents, but it does not prevent the
happening of these accidents.
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6. Conclusions

In this paper, we presented two systematic approaches to
model and verify the MVB. We gave two methods based on
model checking and a method based on HCPN.We use these
methods to model and verify the Master Transfer protocol
of MVB, and they can all work properly. The synchronous
model needs less states and transitions, and it is suitable
for the periodical system; the asynchronous model costs less
verification time and the path of counter-example is shorter;
it is suitable for the periodical system. We also integrated
them into our Modeling and Model Checking tool M3C, so
that they can be easy to use. Experimental results showed the
efficiency and power of our approaches. The impact of the
state explosion problem is not as significant as the general
method periodic model.
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SatisfiabilityModuloTheories (SMT) techniques are widely used nowadays. SMT solvers are typically used as verification backends.
When an SMT solver is invoked, it is quite important to ensure the correctness of its results. To address this problem, we propose a
unified certificate framework based on DPLL(T), including a uniform certificate format, a unified certificate generation procedure,
and a unified certificate checking procedure. The certificate format is shown to be simple, clean, and extensible to different
background theories. The certificate generation procedure is well adapted to most DPLL(T)-based SMT solvers. The soundness
and completeness for DPLL(T) + certificates were established. The certificate checking procedure is straightforward and efficient.
Experimental results show that the overhead for certificates generation is only 10%, which outperforms other methods, and the
certificate checking procedure is quite time saving.

1. Introduction

1.1. Background and Motivation. Satisfiability Modulo The-
ories (SMT) techniques are getting increasingly popular in
many verification applications. An SMT solver takes as input
an arbitrary formula given in a specific fragment of first order
logic with interpreted symbols. It returns a judgment telling
whether the formula is satisfiable. By satisfiable, it means
that there exists at least one interpretation under which the
formula evaluates to true.

SMT solvers are typically used as verification backends.
During a verification process, SMT solver may be invoked
many times. Each time the SMT solver is given a complex
logical formula and is expected to give a correct judg-
ment. However, SMT solvers employ many sophisticated
data structures and tricky algorithms, which make their
implementations prone to error. For instance, there are some
solvers disqualified in SMT-COMP due to their incorrect
judgments [1].We therefore strongly believe that SMT solvers
should be supported with a formal assessment of their
correctness.

Ensuring the correctness of an SMT solver is never easy.
Generally, there are two approaches: to verify the SMT solver
or to certify their judgments. For the former approach, it
proves directly that the solver is correct. So, its judgements
are naturally correct. Though rigor in logic, this method
is not generally practical because verifying an SMT solver
requires great workload. Not only the algorithm but also the
implementation should be verified in a formal way. To the
best of our knowledge, no state-of-the-art SMT solver has
been completely verified. More importantly, this approach is
solver dependent. Even if a solver is completely verified, the
whole verification has to be done again when the solver is
modified.

The rationale of the latter approach is as follows: instead
of proving the correctness of the solver, we prove its judg-
ment. For this purpose, the solver is required to return a
piece of evidence to support its judgment. This evidence is
called certificate in this paper. Then, the correctness for the
judgment is ensured by the certificate. If so, a rigorous and
detailed proof can be constructed by referring to the certifi-
cate. Obviously, checking a certificate is much easier than
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Figure 1: The road map of our approach.

verifying a solver. If the certificates are presented in a proper
format, its checking algorithm could have low complexity. For
instance, linear time is required to check certain certificates
for unsatisfiable SAT problems. The certificate approach is
solver independent. We need not to look into the solvers; the
only requirement for solvers is to generate certificates. If the
certificate format is unified, the certificate checking can be a
uniform procedure. This benefit is vital since we need not to
develop a certificate checker for each SMT solver.

There are some SMT solvers that support certificate
generation, such as CVC3 [2] and Z3 [3]. However, their cer-
tificate formats are quite different. As a result, the generation
and checking procedures are tool specific. Although SMT
solvers differ in the algorithms, we believe that their formats
of certificates could be unified. The basic idea comes from
SAT. In an SAT community, people consider to generate cer-
tificates along with the DPLL framework, and the certificates
(for unsatisfiability instances) are unified as chains of linear
regular resolutions which can lead from the initial clauses to
an empty clause [4, 5]. With this uniform format, the gen-
eration and checking procedures for certificates can also be
unified.

This paper considers the DPLL(T) framework, which is
extended from DPLL and has been widely used in state-of-
the-art SMT solvers. A uniform format of SMT certificate is
defined in this paper.The roadmap of our approach is shown
in Figure 1. Note that the size of certificate can be exponential
or even largerwith respect to the input problem [6]. To reduce
storage space, the certificate format is defined carefully in
a concise way. Upon this format, a unified procedure for
certificates generation is proposed. This procedure can be
easily integrated intoDPLL(T)-based SMT solvers.Moreover,
a certificate checking procedure is also proposed in this paper.
The checking procedure is easy, fast, and memory saving. To
make it extensible, theory lemmas are checked by individual
lemma checkers. Experimental results show that the average
overhead for the certificates generation is about 10%.

1.2. Related Work. Propositional satisfiability problem (SAT)
is a well-known decision problem. It was proven to be NP-
complete by Cook [7] in 1971. All known algorithms for SAT
have exponential complexity. State-of-the-art SAT solvers are
based on DPLL [8] algorithm. The basic idea is to explore
all valuations by depth-first search in a branch and bound
manner. To reduce unnecessary search efforts, an optimi-
zation called clause learning is used, which learns a clause
whenever it recovers from a conflict.This optimization signif-
icantly increases the performance andmakes SAT algorithms

practical. During the clause learning process, each learned
clause is a resolvent of linear regular resolution from existing
clauses [4].

SMT is an extension of SAT. As the name implies, the
input formula may contain theory-specific predicates and
functions. For instance, while only boolean variables are
allowed in SAT, 𝑥 ≥ 𝑦 ∧ 𝑦 ≥ 𝑓(𝑎) + 𝑥 ∨ 𝑥 < 0 is a well-formed
SMT formula. The background theory T of SMT is usually
a composed theory from several individual theories. In this
paper, we focus on quantifier-free SMT problems, for which
the popular algorithm is DPLL(T) [9]. The DPLL(T) algo-
rithm is extended from DPLL. Since the DPLL(T) algorithm
is described as a transition system, solving an SMT problem
is actually seeking a path to the success or fail state while
respecting the guard conditions on transitions. Although
there are other heuristics and optimizations, currently it is
almost standard to develop SMT solvers based on DPLL(T).

Certificates are, informally, a set of evidence that can be
used to construct a rigorous proof for the judgment. For
satisfiable cases, the certificate could be a model. What is
more interesting is the certificates for unsatisfiable cases.
Deduction steps from the input problem to a conflict should
be reproducible by referring to the certificate. In this paper,
when saying certificates, we refer to those for unsatisfiable
cases.

Many of the state-of-the-art SAT solvers can generate
certificates, but their logical formats are very distinct from
each other. For example, the certificate generated by zChaff
[10] and MiniSat [11] are quite different. PicoSAT [12] gen-
erates concise and well-defined certificates. A tool called
TraceCheck can do certificate checking [12]. In PicoSAT’s cer-
tificates, there are initial clauses and resolvents. Resolvents are
obtained from linear regular resolution. If all the clauses form
a directional acyclic graph and the empty clause is derived,
then it implies that the initial clause set is unsatisfiable. As
shown in [4, 5], clause learning in DPLL corresponds to a
linear regular resolution. So, this certificate format is also
adoptable by other DPLL-based solvers.

For general SMT problems, quantifiers may be used. Fur-
thermore, theory-specific inference rules should be consid-
ered when deciding their satisfiability. Various logical frame-
works are developed to provide flexible languages to write
their proof, such reference could be found in [13–16]. If
we focus on quantifier-free problems, the proof format and
proof checking could be simplified. In practice, solvers such
as CVC3 and Z3 can generate certificates, but their formats
are also quite different because they use different proof
rules. Proof rules are a set of inference rules with respect to
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the background theory T. To be better suited for certificate
generation and checking, the certificate format should not
depend heavily on theory-specific proof rules.

The overhead for generating certificates should be as
small as possible. An approach with 30% overhead is pre-
sented in [17], which uses the Edinburgh Logical Framework
with Side Condition (LFSC). In our approach, we focus on
quantifier-free problems so that the overhead is further re-
duced. Certificate generation is related to unsatisfiable core
computation. In [18], a simple and flexible way of computing
small unsatisfiable core in SMT was proposed.They compute
by the propositional abstraction of SMT problem and invoke
an existing unsatisfiable core extractor for SAT. Although
the idea might be similar, unsatisfiable core computation
concerns which clauses lead to unsatisfiability, whereas cer-
tificate generation concerns how. It is convenient to generate
unsatisfiable core from certificates, but not vice versa.

To check certificates, people can either check the certifi-
cate directly, just as in the SAT case, or translate them into
inputs for some theorem provers such as HOL Light [19] or
Isabelle/HOL [20]. There is also research in checking certif-
icates using simple term rewriting [21]. A known fact is that
if certificates are checked by translating them to proof items
for theorem provers, it could take much longer time than
certificate finding [20].

1.3. Contribution. In thispaper, wepresent a certificate frame-
work for quantifier-free formulas. Compared to other works,
our approach has the following advantages.

(i) The certificate format is simple, clean, and extensible
to different underlying theories.

(ii) The certificate generation procedure is well adapted
to most DPLL(T)-based SMT solvers. We also imple-
ment it in our solver.

(iii) On average, the certificate generation induces about
10% overhead which is much less than other ap-
proaches.

(iv) The certificate checking procedure is simplified. It has
better performance.

The rest of this paper is organized as follows. In Section 2,
we recall the original DPLL(T) algorithm. The certificate
format is defined in Section 3. The framework of DPLL(T) +
certificate is described in Section 4, where the formal rules
are defined in Section 4.1, necessary implementation issues
are discussed in Section 4.2, the properties are discussed
in Section 4.3, and a couple of examples are shown in
Section 4.4. Section 5 discusses the certificate checking mat-
ters. Experiments’ results are shown in Section 6. Finally,
Section 7 concludes the paper.

2. The DPLL(T) Algorithm

The DPLL(T) algorithm was proposed in [9]. The input is
a quantifier-free first order formula in conjunctive normal
form (CNF) from the background theory T. DPLL(T) was
given as a transition system. Most features and optimizations
of SMT algorithms can be formalized in that way.

In first order logic, any CNF formula can be viewed as a
set of clauses. Each clause is disjunction of literals, and each
literal is a positive or negative form of an atom. A formula
is satisfiable if there exists an interpretation under which the
formula evaluates to true.

In DPLL(T), formula satisfiability is considered in some
background theory T (all interpreted symbols should be
from T). We use “⊨T” to denote theory entailment in T.
Given sets of formulas Σ and Γ, if any interpretation that
satisfies all formulas in Σ also satisfies all formulas Γ, we write
Σ⊨TΓ. Similarly, “⊨” denotes propositional entailment which
consider each atomic formula syntactically as a propositional
literal.

Each state is a 2-tuple “𝑀 ‖ 𝐹” where 𝑀 is a stack of
the currently asserted literals and 𝐹 the set of clauses to be
satisfied. The transition relations are given by the following
rules.

(i) Decide:

Precondition

(1) 𝑙 or ¬𝑙 occurs in a clause of 𝐹;

(2) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹 → 𝑀 𝑙
d

‖ 𝐹. (1)

(ii) UnitPropagate:

Precondition

(1) 𝑀 ⊨ ¬𝐶;

(2) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹, 𝐶 ∨ 𝑙 → 𝑀 𝑙 ‖ 𝐹, 𝐶 ∨ 𝑙. (2)

(iii) TheoryPropagate:

Precondition

(1) 𝑀⊨T𝑙;

(2) 𝑙 or ¬𝑙 occurs in 𝐹;

(3) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹 → 𝑀 𝑙 ‖ 𝐹. (3)

(iv) T-Backjump:

Precondition

(1) 𝑀 𝑙
d
𝑁 ⊨ ¬𝐶;

(2) there is some clause 𝐶


∨ 𝑙
 such that:

(a) 𝐹, 𝐶⊨T 𝐶


∨ 𝑙
 and 𝑀 ⊨ ¬𝐶

;
(b) 𝑙
 is undefined in 𝑀;

(c) 𝑙
 or ¬𝑙

 occurs in 𝐹 or in 𝑀 𝑙
d
𝑁,

𝑀 𝑙
d
𝑁 ‖ 𝐹, 𝐶 → 𝑀 𝑙


‖ 𝐹, 𝐶. (4)
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(v) T-Learn:

Precondition
(1) each atom of 𝐶 occurs in 𝐹 or in 𝑀;
(2) 𝐹⊨T𝐶,

𝑀 ‖ 𝐹 → 𝑀 ‖ 𝐹, 𝐶. (5)

(vi) T-Forget:

Precondition

𝐹⊨T𝐶,

𝑀 ‖ 𝐹, 𝐶 → 𝑀 ‖ 𝐹. (6)

(vii) Restart:

Precondition

T

𝑀 ‖ 𝐹 → 0 ‖ 𝐹. (7)

(viii) Fail:

Precondition
(1) 𝑀 ⊨ ¬𝐶;
(2) 𝑀 contains no decision literals,

𝑀 ‖ 𝐹, 𝐶 → ⟨Fail⟩ . (8)

In DPLL(T) algorithm, there is an assumption that there
exists a T-solver that can check the consistency of conjunc-
tions of literals given in T. This algorithm will terminate
under weak assumption and is proven sound and complete
[9].

3. The Certificate Format

If a formula is satisfiable, the certificate is simply an inter-
pretation under which the formula evaluates to true. On the
other hand, if it is unsatisfiable, the certificate could be much
more complicated. It should be proven that “all attempts to
find amodel failed.”More precisely, each branch of the search
treemust be tried. Technically speaking, this closed search tree
can be presented as a refutation procedure which contains
sequences of resolution procedures that produce the empty
clause [12]. It is imaginable that if the search tree is quite large
so is the set of refutation clauses.

Remember that in first order logic (FOL), constants are
considered as nullary functions. Then, a term is either a
variable or a function with arguments which are also terms.
For example, 𝑥, 𝑓(𝑥, 𝑦) and 𝜙(𝑠, 𝜓(𝑡)) are valid terms. An
atom (or atomic formula) is a predicate with arguments being
terms. Note that nullary predicates are actually propositional
variables.

Definition 1 (T-atom, T-literal). Given a background theory
T, a T-atom is an atom whose functions and predicates are in
the signature of T. A T-literal is the positive or negative form
of a T-atom.

For example, given T the theory of Equality with Unin-
terpreted Functions, if 𝑝 is a propositional variable, then 𝑝,
𝑥 = 𝑓(𝑦) are T-atoms and 𝑝, ¬𝑝, 𝑥 = 𝑓(𝑦) and 𝑥 ̸= 𝑓(𝑦) are
T-literals.

A proof rule is an inference rule which has several T-
literals as premises and one T-literal as the conclusion. For
proof rules whose conclusion is conjunction of 𝑛 T-literals,
we can split it to 𝑛 proof rules and one for each.) For example,
𝑥 = 𝑦 implies that 𝑓(𝑥) = 𝑓(𝑦) is a proof rule (the
monotonicity of equality).This rule holds for all T-terms 𝑥, 𝑦

and all function 𝑓. Each proof rule can be instantiated to a
theory lemma. For instance, if 𝑠, 𝑡 are two specific T-terms
and 𝑔 is a specific function, then (𝑠 = 𝑡) → (𝑔(𝑠) = 𝑔(𝑡)) is a
theory lemma.

Definition 2 (clause item). A clause item is one of the follow-
ing three forms.

(i) Init 𝑙1 ∨ ⋅ ⋅ ⋅ ∨ 𝑙𝑛: an initial clause 𝑙1 ∨ ⋅ ⋅ ⋅ ∨ 𝑙𝑛, where all
𝑙𝑖 are T-literals.

(ii) Res {𝐶1, . . . , 𝐶𝑛}: a clause obtained from a linear
resolution of𝐶1, . . . , 𝐶𝑛, where all𝐶𝑖 are clauses items.

(iii) Lemma 𝑙1 ∧ ⋅ ⋅ ⋅ ∧ 𝑙𝑛 → 𝑙
: a theory lemma where all

𝑙𝑖 and 𝑙
 are T-literals. The defined clause is ¬𝑙1 ∨ ⋅ ⋅ ⋅ ∨

¬𝑙𝑛 ∨ 𝑙
.

A resolution chain 𝐶1, 𝐶2, . . . , 𝐶𝑛 is called a linear reg-
ular resolution chain if there exists a sequence of clauses
𝐷1, 𝐷2, . . . , 𝐷𝑛−1 such that: (1) 𝐷1 is the resolvent of 𝐶1 and
𝐶2; (2) for 2 ≤ 𝑖 < 𝑛, 𝐷𝑖 is the resolvent of 𝐷𝑖−1 and 𝐶𝑖+1; (3)
all resolutions are applied on different T-atoms.

A clause item gives the syntax form for a clause. For
each clause item 𝐶, if it is well defined; the concrete form
of 𝐶 (given as disjunction of T-literals) can be calculated.
It is called a concrete clause, denoted by ⟦𝐶⟧. We do not
distinguish 𝐶 and ⟦𝐶⟧ when no ambiguity is caused.

Definition 3 (certificate item). A certificate item is either of
the following:

(i) Define ClauseItem,

(ii) Forget ClauseItem.

Definition 4 (certificate). A certificate 𝑃 with respect to an
SMT instance is a sequence of certificate items. The size of 𝑃,
denoted by |𝑃|, is the number of certificate items contained
in 𝑃. 𝑃[𝑖] is the 𝑖th element in 𝑃, for 𝑖 = 1, 2, . . . , |𝑃|.

Definition 5 (context). Given a certificate𝑃 and a number 0 ≤

𝑖 ≤ |𝑃|, the context with respect to 𝑖, denoted by ⌊𝑃⌋, is a set
of clause items such that:

⌊𝑃⌋𝑖 =

{{{

{{{

{

0 if 𝑖 = 0

⌊𝑃⌋𝑖−1 ∪ {𝐶} if 𝑖 > 0 and 𝑃 [𝑖 − 1] is Define𝐶

⌊𝑃⌋𝑖−1 \ {𝐶} if 𝑖 > 0 and 𝑃 [𝑖 − 1] is Forget𝐶.

(9)

Specially, denote ⌊𝑃⌋|𝑃| by ⌊𝑃⌋.
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Table 1: A certificate example.

Clause item ⟦𝐶⟧ Lemma
𝐶1 Define Init ¬𝑙1 ∨ ¬𝑙2 ¬𝑙1 ∨ ¬𝑙2

𝐶2 Define Init 𝑙1 𝑙1

𝐶3 Define Lemma 𝑙1 → 𝑙2 ¬𝑙1 ∨ 𝑙2 The property of “=”
𝐶4 Define Res 𝐶1, 𝐶3, 𝐶2 ◻ The empty clause

Example 6. Assume that 𝑙1 : 𝑥 = 𝑦, 𝑙2 : 𝑓(𝑥) = 𝑓(𝑦) and
𝐶1 : ¬𝑙1 ∨ ¬𝑙2, 𝐶2 : 𝑙1. A certificate for the unsatisfiability of
the clause set {𝐶1, 𝐶2} is presented in Table 1. In this example,
{𝐶1, 𝐶2} is intuitively unsatisfiable. Note that 𝐶2 entails 𝑙1
which implies 𝑙2 in TEUF , while 𝐶1, 𝐶2 ⊨ ¬𝑙2.

Definition 7 (well-formed certificate). A certificate 𝑃 is well
formed if for all 1 ≤ 𝑖 ≤ |𝑃|:

(i) if 𝑃[𝑖] is a Define item then one of the following
conditions hold:
(a) it is of Init type;
(b) it is of Res {𝐶1, . . . , 𝐶𝑛} type where 𝐶𝑘 ∈ ⌊𝑃⌋𝑖−1

for all 1 ≤ 𝑘 ≤ 𝑛, and there should be a linear
regular resolution from {⟦𝐶1⟧, ⟦𝐶2⟧, . . . , ⟦𝐶𝑛⟧}

to 𝑃[𝑖];
(c) it is of Lemma type and the concrete clause is

valid in theory T, that is, ⊨T⟦𝑃[𝑖]⟧;
(ii) otherwise 𝑃[𝑖] is a Forget item and the referred clause

must be defined in ⌊𝑃⌋𝑖−1.

4. Certificate Generation with DPLL(T)

The certificate generation algorithm is described in this sec-
tion. We first describe the abstract rule and implementation
issues, then prove some important properties, and finally give
a couple of examples.

4.1. The CDPLL(T) Algorithm. We describe here a certifi-
cate generation procedure that can be well adapted to the
DPLL(T) algorithm. The extension of DPLL(T) with certifi-
cate generation is called CDPLL(T).

Definition 8 (certificate refinement). The certificate obtained
by appending a certificate item 𝐶 to the end of the certificate
𝑃 is denoted by 𝑃 ⊲ 𝐶.

We use a transition system to model the CDPLL(T)
algorithm. Each state is represented as a 3-tuple “𝑀 ‖ 𝐹 ⊕ 𝑃,”
where𝑀 is the literal stack,𝐹 the clause set to be satisfied, and
𝑃 the current certificate.The transition rules inCDPLL(T) are
follows.

(i) Decide:

Precondition
(1) 𝑙 or ¬𝑙 occurs in a clause of 𝐹;
(2) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹 ⊕ 𝑃 → 𝑀 𝑙
d

‖ 𝐹 ⊕ 𝑃. (10)

(ii) UnitPropagate:

Precondition

(1) 𝑀 ⊨ ¬𝐶;
(2) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹, 𝐶 ∨ 𝑙 ⊕ 𝑃 → 𝑀 𝑙 ‖ 𝐹, 𝐶 ∨ 𝑙 ⊕ 𝑃. (11)

(iii) TheoryPropagate:

Precondition

(1) 𝑀⊨T𝑙;
(2) 𝑙 or ¬𝑙 occurs in 𝐹;
(3) 𝑙 is undefined in 𝑀,

𝑀 ‖ 𝐹 ⊕ 𝑃 → 𝑀 𝑙 ‖ 𝐹 ⊕ 𝑃. (12)

(iv) T-Backjump:

Precondition

(1) 𝑀 𝑙
d
𝑁 ⊨ ¬𝐶;

(2) there exists a clause 𝐶

∨ 𝑙
 such that: (a) 𝐹, 𝐶⊨T𝐶


∨ 𝑙


and 𝑀 ⊨ ¬𝐶
, (b) 𝑙

 is undefined in 𝑀, and (c) 𝑙
 or

¬𝑙
 occurs in 𝐹 or in 𝑀 𝑙

d
𝑁;

(3) 𝑅 = {𝐶1, 𝐶2, . . . , 𝐶𝑛} is a set of clause items such that:
𝐶𝑖 ∈ ⌊𝑃⌋ for all 𝑖, and there exists a linear regular
resolution from {⟦𝐶1⟧, ⟦𝐶2⟧, . . . , ⟦𝐶𝑛⟧} to 𝐶


∨ 𝑙
,

𝑀 𝑙
d
𝑁 ‖ 𝐹, 𝐶 ⊕ 𝑃 → 𝑀 𝑙


‖ 𝐹, 𝐶 ⊕ (𝑃 ⊲ Res (𝑅)) . (13)

(v) T-Learn(I): this rule models the clause learning proce-
dure.

Precondition

(1) Each atom of 𝐶 occurs in 𝐹 or in 𝑀;

(2) 𝐹 ⊨ 𝐶;

(3) 𝑅 = {𝐶1, 𝐶2, . . . , 𝐶𝑛} is a set of clause items such that:
𝐶𝑖 ∈ ⌊𝑃⌋ for all 𝑖, and there exists a linear regular
resolution from {⟦𝐶1⟧, ⟦𝐶2⟧, . . . , ⟦𝐶𝑛⟧} to 𝐶,

𝑀 ‖ 𝐹 ⊕ 𝑃 → 𝑀 ‖ 𝐹, 𝐶 ⊕ (𝑃 ⊲ Res (𝑅)) . (14)

(vi) T-Learn(II): this rule models the learning of theory
lemma.

Precondition

(1) Each atom of 𝐶 occurs in 𝐹 or in 𝑀;

(2) ⊨T𝐶,

𝑀 ‖ 𝐹 ⊕ 𝑃 → 𝑀 ‖ 𝐹, 𝐶 ⊕ (𝑃 ⊲ Lemma (𝐶)) . (15)
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(vii) T-Forget:

Precondition

𝐹⊨T𝐶,

𝑀 ‖ 𝐹, 𝐶 ⊕ 𝑃 → 𝑀 ‖ 𝐹 ⊕ (𝑃 ⊲ Forget (𝐶)) . (16)

(viii) Restart:

Precondition

T

𝑀 ‖ 𝐹 ⊕ 𝑃 → 0 ‖ 𝐹 ⊕ 𝑃. (17)

(ix) Fail:

Precondition

(1) 𝑀 ⊨ ¬𝐶;

(2) 𝑀 contains no decision literals;

(3) 𝑅 = {𝐶1, 𝐶2, . . . , 𝐶𝑛} is a set of clause items such that:
𝐶𝑖 ∈ ⌊𝑃⌋ for all 𝑖, and there exists a linear regular
resolution from {⟦𝐶1⟧, ⟦𝐶2⟧, . . . , ⟦𝐶𝑛⟧} to ◻,

𝑀 ‖ 𝐹, 𝐶 ⊕ 𝑃 → ⟨Fail⟩ ⊕ (𝑃 ⊲ Res (𝑅)) . (18)

The initial state is 𝑀 ‖ 𝐹 ⊕ 𝑃0 where 𝑃0 is the certificate
that defines all initial clauses. When a final state ⟨Fail⟩ ⊕ 𝑃

is reached, 𝑃 is the obtained certificate for the unsatisfiability
judgment.

The major differences between CDPLL(T) and DPLL(T)
are as follows. (1) Certificate generation is added. Notice the
modifications to rules T-Backjump, T-Learn, T-Forget, and
T-Fail. (2) In order to generate well-formed certificates, the
original T-Learn rule is split into 2 cases, one for the learning
of resolvents (corresponds to clause learning) and the other
for the learning of theory lemmas (corresponds to deductions
inT).The first three rules are unchanged except the certificate
part.

4.2. Implementation of CDPLL(T). In a real implementation
of CDPLL(T), additional information need to be collected
to construct the certificate items. In this section, we discuss
these details.

Lemma 9. For any reachable state 𝑀 ‖ 𝐹 ⊕ 𝑃 in CDPLL(T)
and any clause 𝐶 ∈ 𝐹, there exists a clause item 𝐷 ∈ ⌊𝑃⌋ such
that ⟦𝐷⟧ = 𝐶.

Proof. We prove that by induction. Initially, this property
holds because all clauses in 𝐹0 are initial clauses and 𝑃0
consists of all initial clause items (by definition). At each valid
transition step, the clause set 𝐹 and the certificate 𝑃 may be
modified. However, each rule ensures that whenever a clause
𝐶 is added to 𝐹, there is always a clause item 𝐷 such that
⟦𝐷⟧ = 𝐶 added to 𝑃, for example, in the rule T-Learn(I).
Furthermore, whenever a clause item is removed from 𝑃,

the corresponding clause is removed in 𝐹, for example, in the
rule T-Forget. Thus, the property holds on all valid trace of
CDPLL(T).

4.2.1. Record Reasons. For any literal 𝑙 in 𝑀, it is either added
by the Decide rule or forced by a clause or theory lemma.
For the latter case, we need to record a clause item which is
a deduction of the lemma and from which the literal 𝑙 can
be enforced. We call this item the reason for literal 𝑙 being
in 𝑀.

Only rules UnitPropagate, TheoryPropagate, and T-
Backjump can enforce new literal to 𝑀. We discuss in the
following the reasons recorded by these three rules.

(i) UnitPropagate: the reason is a certificate item 𝐷 such
that ⟦𝐷⟧ = 𝐶 ∨ 𝑙 ∈ 𝐹. By Lemma 9, such item always
exists.

(ii) TheoryPropagate: assume that 𝑀 = 𝑙1 ∧ 𝑙2 ∧ ⋅ ⋅ ⋅ ∧ 𝑙𝑚
and𝑀⊨T𝑙; then, the reason is a certificate item𝐷 such
that ⟦𝐷⟧ = ¬𝑙1 ∨ ¬𝑙2 ∨ ¬ ⋅ ⋅ ⋅ ∨ ¬𝑙𝑚 ∨ 𝑙.

(iii) T-Backjump: the reason for 𝑙
 is a certificate item

𝐷 such that ⟦𝐷⟧ = 𝐶


∨ 𝑙
. We will show in the

following that such certificate item always exists when
T-Backjump is applicable.

For convenience, a subscript is used to denote the reason, for
example, 𝑙(𝐷) denotes the literal 𝑙 asserted by the reason ⟦𝐷⟧.

4.2.2. Learn Clauses. In rules T-Backjump and Fail, once
there is a conflict, a backjump clause needs be learned. Fur-
thermore, if there are some branches that have not been
explored, T-Backjump is applied; otherwise, Fail is applied.
Each clause learning procedure introduces some new certifi-
cate items.

We use implication graph to analyze the clause learning
process. Remember that in DPLL all literals are propositional
atoms, the implication graph is simply a direct acyclic graph
(DAG) where each edge corresponds to a deduction step. In
CDPLL(T), the implication graph has two kinds of deduc-
tions: propositional deduction (which is similar to DPLL)
and theory deduction. Each deduction step in the implication
graph is labelled with a reason 𝐶.This graph can be viewed as
a generalized implication graph. Without causing ambiguity,
we still call it an implication graph.

In the implication graph of DPLL, each cut containing the
conflict literals corresponds to a learned clause (by resolving
all the associated clauses of edges in this cut) [4]. No matter
which criteria (e.g., 1-UIP) is used, the rule for clause learn-
ing is applicable. For CDPLL(T), when considering the gen-
eralized implication graphs, the clause learning rule is also
applicable.

There are two situations where T-Backjump can be ap-
plied. Given a state 𝑀 ‖ 𝐹 ⊕ 𝑃, the first situation is that
there exists a clause 𝐶 ∈ 𝐹 which is falsified by 𝑀, that is,
⊭ 𝑀, 𝐶. Then, 𝐶 is called the conflict clause. As in the rule,
some backjump clause 𝐶


∨ 𝑙
 should be learned by analyzing

the conflict. Usually,𝐶∨𝑙
 is a resolvent of a linear resolution.

A certificate item with resolution type will be learned.
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¬𝑙1
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𝑙0𝑝
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𝐶0

𝐶3

Cut1 Cut2

Figure 2: Example of a generalized implication graph.

The other situation is that 𝑀 itself becomes T-inconsist-
ent. Then, a subset {𝑙1, 𝑙2, . . . , 𝑙𝑚} of 𝑀 is unsatisfiable, that is,
⊨T¬𝑙1 ∨ ¬𝑙2 ∨ ⋅ ⋅ ⋅ ∨ ¬𝑙𝑚. This is also a conflict clause. It may
not belong to 𝐹, but it can definitely be learned from 𝐹 along
with some theory lemmas. The fact that 𝑙1, . . . , 𝑙𝑚 leads to
conflict is represented in the generalized implication graph.
Furthermore, the clause 𝐶


∨ 𝑙
 that is required by the rule T-

Backjump can also be learned by generalized conflict clause
analysis.

In both situations, the backjump clauses are learned by
clause learning. The certificate for unsatisfiability is actually
a well-organized collection of these clause items. If Fail is
applicable, no literal in𝑀 is decision variable; then, the learnt
clause is the empty clause which shows 𝐹⊨T◻.

Example 10. A generalized implication graph is shown in
Figure 2, where the literals are as follows: 𝑙0 : 𝑥 = 𝑦, 𝑙1 :

𝑓(𝑥) = 𝑓(𝑦), and 𝑝 is a propositional literal. Clauses are as
follows:

𝐶0 : ¬𝑙0 ∨ ¬𝑙1 := ¬ (𝑥 = 𝑦) ∨ (𝑓 (𝑥) = 𝑓 (𝑦)) ,

𝐶1 : 𝑙0 ∨ 𝑝 := 𝑥 = 𝑦 ∨ 𝑝,

𝐶2 : 𝑙0 ∨ ¬𝑝 := 𝑥 = 𝑦 ∨ ¬𝑝.

(19)

Assume the current assignment 𝑀 = 𝑝, 𝑙0, ¬𝑙1. Then,
there is a conflict between ¬𝑙1 and 𝑙1. In all, there are 3
deductions in the implication graph: 𝑝 → 𝑙0 forced by 𝐶2,
𝑙0 → ¬𝑙1 by 𝐶0 and 𝑙0 → 𝑙1 by the theory lemma 𝐶3.
Among those reasons, solid lines correspond to existing
clauses in𝐹, while dashed lines correspond to theory lemmas.
𝐶3 is actually a theory lemma 𝑙0 → 𝑙1(𝑥 = 𝑦 → 𝑓(𝑥) =

𝑓(𝑦)).
In the clause learning procedure, we start from the

conflict (¬(𝑙1 ∧ ¬𝑙1) = ¬𝑙1 ∨ 𝑙1) and trace back (apply a
sequence of resolutions). If the 1st UIP schema [4] is used,
it is possible to learn ¬𝑝 or ¬𝑙0 (corresponds to cut1 and
cut2, resp.). The resolution steps for learning ¬𝑝 are shown
in Figure 3. Actually, ¬𝑝 is the resolvent of {𝐶3, 𝐶0, 𝐶2} which
are exactly the reasons labeled on the edges from the conflict
to the cut. Among those, 𝐶0, 𝐶2 are normal clauses, and 𝐶3 is
a theory lemma.

Based on the above discussions, the related rules can be
interpreted more precisely as follows.

𝐶3: ¬𝑙0 ∨ 𝑙1
¬𝑙0

𝑙1

𝑙0¬𝑝

𝐶2: ¬𝑝 ∨ 𝑙0
𝐶0: ¬𝑙0 ∨ ¬𝑙1

Figure 3: Resolution steps for learning ¬𝑝.

(i) TheoryPropagate:

𝑀 ‖ 𝐹 ⊕ 𝑃 → 𝑀 𝑙(𝐶) ‖ 𝐹 ⊕ 𝑃. (20)

The precondition requires that 𝑀⊨T𝑙. Let 𝑀
 be a subset of

𝑀 which entails 𝑙 (possibly 𝑀


= 𝑀). Let 𝐶 = ¬𝑀


∨ 𝑙, then
⊨T𝐶. Furthermore, 𝑀, 𝐶⊨T𝑙, which means 𝐶 is a unit clause
under the assignment 𝑀. Thus, 𝐶 is the reason of 𝑙.

(ii) UnitPropagate:

𝑀 ‖ 𝐹, 𝐶 ∨ 𝑙 ⊕ 𝑃 → 𝑀 𝑙(𝐶∨𝑙) ‖ 𝐹, 𝐶 ∨ 𝑙 ⊕ 𝑃. (21)

The precondition requires that 𝑀 ⊨ ¬𝐶; thus, 𝐶 ∨ 𝑙 is a unit
clause under 𝑀. So, the reason of 𝑙 is 𝐶 ∨ 𝑙.

(iii) T-Backjump:

𝑀 𝑙
d
𝑁 ‖ 𝐹, 𝐶 ⊕ 𝑃 → 𝑀 𝑙


(𝐶∨𝑙) ‖ 𝐹, 𝐶 ⊕ (𝑃 ⊲ Res (𝑅)) .

(22)

The precondition requires that there exits some clause 𝐶


∨ 𝑙


such that 𝐹, 𝐶⊨T𝐶


∨ 𝑙
 and 𝑀 ⊨ ¬𝐶

. The clause 𝐶


∨ 𝑙
 is

then used as the reason for 𝑙
. As the clause learning is always

applicable [9], this clause always exists. If the assignment
𝑀 𝑙

d
𝑁 is T-consistent, then there must be some conflict

clause 𝐶 ∈ 𝐹. As explained above, the clause learning will
then be applied, and the learned clause will be 𝐶


∨ 𝑙
. On the

other hand, when 𝑀 𝑙
d
𝑁 is T-inconsistent, clause learning

is also applicable in the generalized implication graph and
generates a candidate 𝐶


∨ 𝑙
. In both cases, 𝐶


∨ 𝑙
 can be

learned by applying linear regular resolutions on a clause
set 𝑅 [4]. Moreover, such 𝑅 is the union of a subset of reasons
in 𝑀 𝑙

d
𝑁 and a group of theory lemmas.

(iv) Fail:

𝑀 ‖ 𝐹, 𝐶 ⊕ 𝑃 → ⟨Fail⟩ ⊕ (𝑃 ⊲ Res (𝑅)) . (23)

The Fail rule is similar to T-Backjump except that the learned
clause is the empty clause.

4.3. Properties of CDPLL(T). The soundness and complete-
ness of CDPLL(T) are proven in this subsection.

Lemma11. Awell-formed certificatemodified byT-Backjump,
T-Learn(I), T-Learn(II), Fail, or T-Forget is still well
formed.

Proof. Each of the 4 rules appends a new item to the cer-
tificate. Assume that the certificate 𝑃 is modified to 𝑃


=

𝑃 ⊲ 𝐼 where 𝐼 is the appended certificate item. The well-
formed property of 𝑃

 is checked by case studying the rules
applied.
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(i) For T-Backjump: a certificate item of resolution type
is appended. According to the precondition, the
certificate items referred by 𝐼 are already defined in
⌊𝑃⌋. So, 𝑃

 is still well formed.

(ii) For T-Learn(I): similar to the previous case. The de-
pendency of appended certificate item is satisfied.

(iii) For T-Learn(II): a theory lemma item 𝐶 is appended.
It is required that ⊨T𝐶. Thus, 𝑃

 is still well formed.

(iv) For Fail: similar to the T-Backjump case.

(v) For T-Forget: the rule requires that the forgotten
clause is in the clause set. By Lemma 9, we know that
there is a certificate item in 𝑃 which defines 𝐶. Thus,
the well formedness is ensured.

With the help of this lemma, it can be proven that
CDPLL(T) procedure always generates well-formed certifi-
cates.

Lemma 12. Given any reachable state 𝑀 ‖ 𝐹 ⊕ 𝑃 in any
CDPLL(T) procedure, 𝑃 is a well-formed certificate.

Proof. First of all, the initial certificate 𝑃0 is well formed
because it only contains initial items. Secondly, the certificate
is only modified in T-Backjump, T-Learn(I), T-Learn(II),
Fail, and T-Forget. By Lemma 11, these rules will preserve
well formedness. So, following any path of CDPLL(T) will
always generate a well-formed certificate. That completes the
proof.

Theorem 13 (soundness). Given a clause set 𝐹0, for any
certificate 𝑃, if 𝑀𝑥 ‖ 𝐹𝑥 ⊕ 𝑃𝑥 is reachable in a CDPLL(T)
procedure, then 𝑀𝑥 ‖ 𝐹𝑥 is also reachable in a DPLL(T)
procedure. Specially, if ⟨Fail⟩ ⊕ 𝑃 is reachable in CDPLL(T),
then ⟨Fail⟩ is also reachable in DPLL(T).

Proof. For each transition step in CDPLL(T):

𝑀 ‖ 𝐹 ⊕ 𝑃→CDPLL(T)𝑀


‖ 𝐹


⊕ 𝑃

, (24)

it holds that

𝑀 ‖ 𝐹→DPLL(T)𝑀


‖ 𝐹

. (25)

So, given a CDPLL(T) trace, a trace in DPLL(T) can be
obtained by removing the certificate part. If 𝑀𝑥 ‖ 𝐹𝑥 ⊕ 𝑃𝑥
is reachable in CDPLL(T) so is 𝑀𝑥 ‖ 𝐹𝑥 in DPLL(T).

Theorem 14 (completeness). Given a clause set 𝐹0, if the state
𝑀𝑥 ‖ 𝐹𝑥 is reachable in a DPLL(T) procedure, then there
must be a certificate 𝑃𝑥 such that 𝑀𝑥 ‖ 𝐹𝑥 ⊕ 𝑃𝑥 is reachable
in a DPLL(T) procedure. Furthermore, if ⟨Fail⟩ is reachable
in a DPLL(T) procedure, then ⟨Fail⟩ ⊕ 𝑃𝑥 is reachable in a
CDPLL(T) and ◻ ∈ ⌊𝑃𝑥⌋.

Proof. For rules Decide, TheoryPropagate, UnitPropagate, T-
Learn(II), T-Forget and Restart, the preconditions are equal
to those in CDPLL(T). So, if there is a transition in DPLL(T)

labelled with one of these rules, there could also be the same
transition in CDPLL(T).

For other rules, T-Backjump, T-Learn(I), and Fail, we
need to prove that: if 𝑀𝑥 ‖ 𝐹𝑥 is reachable, then there is some
certificate 𝑃𝑥 such that 𝑀𝑥 ‖ 𝐹𝑥 ⊕ 𝑃𝑥 is reachable. We prove
that by induction. Initially, this condition holds because the
initial state 𝑀0 ‖ 𝐹0 corresponds to 𝑀0 ‖ 𝐹0 ⊕ 𝑃0. Inductively,
if

𝑀 ‖ 𝐹→DPLL(T)𝑀


‖ 𝐹
 (26)

is a possible transition in DPLL(T), and there is some 𝑃 such
that 𝑀 ‖ 𝐹 ⊕ 𝑃 is reachable in CDPLL(T).

(i) If it is labelled with T-Learn(I), because the learned
clause is from clause learning, and clause learning
corresponds to linear regular resolution. It is always
possible that necessary theory lemmas in the impli-
cation graph are learned at first by Learn(II) and get
to a state 𝑀 ‖ 𝐹 ⊕ 𝑃

, on which the preconditions of
Learn(I) are satisfied. Then, 𝑀


‖ 𝐹


⊕ 𝑃
 is reached.

(ii) If it is labelled with T-Backjump or Fail, the situation
is similar.

Our approach can be well adapted to any DPLL(T)-based
SMT solver. It is sound and complete regardless of the theory
learning scheme used or the order of the decision procedure.
It works well as long as clause learning is based on the
generalized implication graph.

4.4. Examples. A couple of examples are discussed in this
subsection. The first example is given as a CNF formula
on propositional variables. In this case, the SMT problem
reduces to an SAT problem. No theory deduction is involved
in this example; so, we can get a general idea of the structure
of certificates.

Example 1. Consider the following clause set:

𝐶1 = ¬𝑙1 ∨ ¬𝑙2 ∨ ¬𝑙3,

𝐶2 = ¬𝑙1 ∨ ¬𝑙2 ∨ 𝑙3,

𝐶3 = ¬𝑙1 ∨ 𝑙2,

𝐶4 = 𝑙1 ∨ ¬𝑙2,

𝐶5 = 𝑙1 ∨ 𝑙2.

(27)

Let 𝐹0 = {𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5}; assume that 𝑃0 defines
everything in 𝐹0 as initial clause; then, a possible CDPLL(T)
procedure is shown in Table 2, where “∼” means this field is
the same as that in the previous row.

In step 4, 𝐶2 = ¬𝑙1 ∨ ¬𝑙2 ∨ 𝑙3 is falsified. By analysing
the implication graph, a clause is learned from 𝐶1, 𝐶2, 𝐶3.
Among‘the referred clauses,𝐶2 is a falsified clause, and𝐶1, 𝐶3
are in the reasons. In step 7, 𝐶4 is falsified, but there is no
decision variable. By analysing the implication graph, we can
find a resolution from 𝐶4, 𝐶5, 𝐶6 to the empty clause. Among
the referred clauses, 𝐶4 is a falsified clause, and 𝐶5, 𝐶6 are in
the reasons.
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Table 2: The CDPLL(T) procedure for Example 1.

No. 𝑀‖ 𝐹 ⊕P Reason Explanation
1 0‖ 𝐹0 ⊕𝑃0 0 Initial state
2 𝑙

d
1


∼ ⊕ ∼ 0 Decide

3 𝑙
d
1 , 𝑙2


∼ ⊕ ∼ 𝑙2 → 𝐶3 UnitPropagate

4 𝑙
d
1 , 𝑙2, ¬𝑙3


∼ ⊕ ∼

𝑙2 → 𝐶3

¬𝑙3 → 𝐶1

UnitPropagate

now 𝐶2 is falsified

5 ¬𝑙1


𝐹0

𝐶6 = ¬𝑙1

⊕ [
𝑃0 ⊲

Res{𝐶1, 𝐶2, 𝐶3} = 𝐶6

] ¬𝑙1 → 𝐶6
𝐶6 = ¬𝑙1 is learned

T-Backjump

6 ¬𝑙1, ¬𝑙2
 ∼ ⊕ ∼

¬𝑙1 → 𝐶6

¬𝑙2 → 𝐶4

UnitPropagate

7 ⟨Fail⟩‖ ∼ ⊕
[
[
[

[

𝑃0 ⊲

Res{𝐶1, 𝐶2, 𝐶3} = 𝐶6

Res{𝐶4, 𝐶5, 𝐶6} = ◻

]
]
]

]

0 Fail

Example 2. Consider the background theory TEUF and a
clause set 𝐹 containing the following:

(𝐶1) 𝑎 = 𝑏 ∨ 𝑔 (𝑎) ̸= 𝑔 (𝑏) ,

(𝐶2) ℎ (𝑎) ̸= ℎ (𝑐) ∨ 𝑝,

(𝐶3) 𝑔 (𝑎) = 𝑔 (𝑏) ∨ ¬𝑝,

(𝐶4) ℎ (𝑎) = ℎ (𝑐) ∨ 𝑎 = 𝑐,

(𝐶5) 𝑓 (𝑎) ̸= 𝑓 (𝑏) ,

(𝐶6) 𝑏 = 𝑐.

(28)

Its boolean structure is

𝐶1 = 𝑙1 ∨ ¬𝑙5,

𝐶2 = ¬𝑙6 ∨ 𝑝,

𝐶3 = 𝑙5 ∨ ¬𝑝,

𝐶4 = 𝑙6 ∨ 𝑙2,

𝐶5 = ¬𝑙4,

𝐶6 = 𝑙3,

(29)

where

𝑙1: 𝑎 = 𝑏,

𝑙2: 𝑎 = 𝑐,

𝑙3: 𝑏 = 𝑐,

𝑙4: 𝑓 (𝑎) = 𝑓 (𝑏) ,

𝑙5: 𝑔 (𝑎) = 𝑔 (𝑏) ,

𝑙6: ℎ (𝑎) = ℎ (𝑐) .

(30)

A possible CDPLL(T) procedure is shown in Table 3,
where the referred certificates are as follows:

𝑃1 = [
𝑃0 ⊲

Lemma (¬𝑙1 ∨ 𝑙4) = 𝐶7
] ,

𝑃2 = [

[

𝑃0 ⊲

Lemma (¬𝑙1 ∨ 𝑙4) = 𝐶7
Lemma (𝑙2 ∧ 𝑙3 → 𝑙1) = 𝐶8

]

]

,

𝑃3 =
[
[
[

[

𝑃0 ⊲

Lemma (¬𝑙1 ∨ 𝑙4) = 𝐶7
Lemma (𝑙2 ∧ 𝑙3 → 𝑙1) = 𝐶8

Res {𝐶8, 𝐶7, 𝐶4, 𝐶6, 𝐶2, 𝐶3, 𝐶1} = ◻

]
]
]

]

.

(31)

In step 4, 𝑀 becomes T-inconsistent. The generalized
implication graph is shown in Figure 4. A theory lemma𝐶7 =

¬𝑙1 ∨ 𝑙4 is learned (instantiated the monotonicity property of
the equality) firstly, then the backjump rule is applicable. In
steps 11 and 12, 𝑀 becomes T-inconsistent again. A theory
lemma 𝐶8 = 𝑙2 ∧ 𝑙3 → 𝑙1 is then learned (transitivity
of equality), and then clause learning is performed which
learns the empty clause. The implication graph is shown in
Figure 5.

5. The Certificate Checking

Lemma 15. For any initial clause set 𝐹0, given a well-formed
certificate 𝑃 and 0 ≤ 𝑖 ≤ |𝑃|, if 𝑃[𝑖] is a certificate item that
defines a clause, then 𝐹0⊨T⟦𝑃[𝑖]⟧.

Proof. We prove that by induction. The base case is easy to
prove because for any initial item 𝑃[𝑖] that defines a clause,
𝑃[𝑖] ∈ 𝐹0. Therefore, it is trivial that 𝐹0 ⊨ ⟦𝑃[𝑖]⟧. Thus,
𝐹0⊨T⟦𝑃[𝑖]⟧.

(i) For resolution certificate items, assume that 𝑃[𝑖] =

Res{𝐶1, 𝐶2, . . . , 𝐶𝑛}. By definition, all 𝐶𝑖 are all
defined in ⌊𝑃⌋𝑖−1. Then by the inductive hypothesis,
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Table 3: A possible CDPLL(T) procedure.

No. 𝑀‖ 𝐹 ⊕𝑃 Reason Explanation
1 0‖ 𝐹0 ⊕𝑃0 0 Initial state
2 ¬𝑙4

 ∼ ⊕ ∼ ¬𝑙4 → 𝐶5 UnitPropagation

3 ¬𝑙4, 𝑙3
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6
UnitPropagation

4 ¬𝑙4, 𝑙3, 𝑙
d
1


∼ ⊕ ∼ ∼

Decide

𝑀 becomes T-inconsistent
5 ∼‖ 𝐹0 ∪ {𝐶7} ⊕𝑃1 ∼ T-Learn(II), 𝐶7 is learned

6 ¬𝑙4, 𝑙3, ¬𝑙1
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6

¬𝑙1 → 𝐶7

T-Backjump

7 ¬𝑙4, 𝑙3, ¬𝑙1, ¬𝑙5
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6

¬𝑙1 → 𝐶7

¬𝑙5 → 𝐶1

UnitPropagation

8 ¬𝑙4, 𝑙3, ¬𝑙1, ¬𝑙5, ¬𝑝
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6

¬𝑙1 → 𝐶7

¬𝑙5 → 𝐶1

¬𝑝 → 𝐶3

UnitPropagation

9 ¬𝑙4, 𝑙3, ¬𝑙1, ¬𝑙5, ¬𝑝, ¬𝑙6
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6

¬𝑙1 → 𝐶7

¬𝑙5 → 𝐶1

¬𝑝 → 𝐶3

¬𝑙6 → 𝐶2

UnitPropagation

10 ¬𝑙4, 𝑙3, ¬𝑙1, ¬𝑙5, ¬𝑝, ¬𝑙6, 𝑙2
 ∼ ⊕ ∼

¬𝑙4 → 𝐶5

𝑙3 → 𝐶6

¬𝑙1 → 𝐶7

¬𝑙5 → 𝐶1

¬𝑝 → 𝐶3

¬𝑙6 → 𝐶2

𝑙2 → 𝐶4

UnitPropagation

𝑀 becomes T-inconsistent

11 ∼‖ 𝐹0 ∪ {𝐶7, 𝐶8} ⊕𝑃2 ∼ T-Learn(II), 𝐶8 is learned
12 ∼‖ 𝐹0 ∪ {𝐶7, 𝐶8} ⊕𝑃3 ∼ Fail, ◻ derived

we know 𝐹0 ⊨T⟦𝐶𝑖⟧. By the property of resolution, it
is true that 𝐹0 ⊨T⟦𝑃[𝑖]⟧.

(ii) For theory lemma, it is true that ⊨T⟦𝑃[𝑖]⟧. So,
𝐹0⊨T⟦𝑃[𝑖]⟧.

Theorem 16. Given a clause set 𝐹0, if a certificate 𝑃 for 𝐹0 is
well formed and ◻ ∈ ⌊𝑃⌋, then 𝐹0 is unsatisfiable.

Proof. By Lemma 15, we know that 𝐹0⊨T◻ in this case.

By Theorem 16, certificate checking is actually checking
whether the certificate is well formed and contains the
empty clause. Checking the well formedness of a certifi-
cate can directly follow Definition 7. Only one traverse

from the first item to the last one is needed. Moreover,
the following properties make the checking process even
easier.

(i) Only checking for theory lemma is performed in
theory T. Once a theory lemma is proved valid, it can
be treated as a propositional clause.

(ii) For each individual proof rule, we have a dedicated
checker to check if the theory lemma is an instance
of the rule. In this way, the certificate checker is
extensible. Given a new proof rule, we need only to
add the corresponding lemma checker. Notice that
each proof rule defines an atomic deduction step; the
checking effort is much less than solving a constraint
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Table 4: Experiment results.

Case Input CDPLL (T) Certificate Checking
Lit Clause Learnt Time Lemmas Res Forget Mem Time

1 2 3 0 0.01 s 2 2 0 4 0.01 s
2 10 15 1 0.01 s 4 8 3 10 0.00 s
3 17 25 3 0.01 s 8 14 4 17 0.00 s
4 66 95 1069 0.08 s 1024 550 490 66 0.05 s
5 87 125 9537 0.71 s 8192 4146 4043 87 0.18 s
6 1157 2611 5197 1.39 s 22383 3711 2635 1051 0.23 s
7 1582 2173 16735 21.30 s 859886 8529 7438 1148 1.16 s
8 811 1037 5164 5.80 s 248159 4286 3580 555 0.41 s
9 4687 9433 759 1.00 s 1021 751 430 617 0.03 s
10 167 308 60 0.04 s 934 77 48 79 0.02 s
11 447 883 1464 0.53 s 15894 965 995 399 0.09 s
12 3930 6584 3046 2.22 s 8555 2468 1617 1639 0.14 s
13 3362 5154 2310 1.68 s 6204 1916 1251 1467 0.13 s
14 4615 7036 3244 3.71 s 9521 2308 1633 1776 0.13 s
15 2422 3726 828 0.43 s 587 616 509 428 0.03 s
16 5226 8614 9781 7.85 s 6305 3457 1723 2199 0.12 s
17 3073 4821 128729 87.65 s 74289 85711 84269 5899 5.16 s
18 2415 3710 2511 1.29 s 2165 1781 1377 1367 0.27 s
19 4151 6492 32991 21.26 s 26011 21015 20792 4497 1.24 s

⊤

𝐶6

𝐶5

𝑙1

𝑙4

¬𝑙4

𝑎 = 𝑏 → 𝑓(𝑎) = 𝑓(𝑏)

𝑙3

Figure 4: The implication graph in step 4.

in the theory T. For instance, only pattern matching
is needed to check if a theory lemma is an instance of
the monotonicity property of equality.

6. Experiments

Two criteria are adopted to assess our certificate approach:
the overhead for generating certificates, and the cost for
certificate checking. We implemented an SMT solver aCiNO
based on the CDPLL(T) algorithm. It uses the Nelson-Oppen
framework to solve combined theory. Currently, TEUF and

⊤

𝐶6

𝐶5

𝐶7

¬𝑙4

𝑙3

¬𝑙1

𝐶1

¬𝑙5 ¬𝑙6𝐶3
𝐶2

𝐶4

¬𝑃 𝑙2

𝑙1

Figure 5: The implication graph in steps 11 and 12.

TLRA are considered. The experiments are carried out on a
machinewith a E7200 dual core CPU (2.53GHz per core) and
2.0GB RAM.

All test cases are taken from SMT-LIB [22]. Our approach
is tested on 19 unsatisfiable instances from different folders
(in order to test it on different kinds of problem instances).
Experiment results are shown in Table 4.

In Table 4, the first column-group describes the scale of
the input problem. The input is transformed to its equivalent
conjunctive normal form, and the number of literals and
clauses are counted. In the CDPLL(T) procedure, once a
closed branch is encountered, a new clause will be learned.
The number of learned clauses is listed in the second column-
group. This number is equal to that in DPLL(T) since
certificate generation will not affect the search procedure of
the SMT problem. As in the DPLL(T) algorithm, the number
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Table 5: Overhead of our approach.

Test Case With cert (sec.) Without cert (sec.) Overhead (%)
NEQ.NEQ004 size4.smt2 0.63 0.60 4.62
NEQ.NEQ004 size5.smt2 19.87 18.27 8.74
PEQ.PEQ002 size5.smt2 5.29 4.85 9.07
PEQ.PEQ020 size5.smt2 1.29 1.20 7.47
QG-classification.loops6.dead dnd001.smt2 1.34 1.20 11.94
QG-classification.loops6.gensys brn004.smt2 1.06 0.95 11.81
QG-classification.loops6.gensys icl001.smt2 2.59 2.22 16.62
QG-classification.loops6.iso brn005.smt2 0.18 0.14 27.33
QG-classification.loops6.iso icl030.smt2 3.32 3.05 8.68
QG-classification.qg5.dead dnd007.smt2 35.62 34.55 3.09
QG-classification.qg5.gensys brn007.smt2 0.74 0.71 4.52
QG-classification.qg5.gensys icl100.smt2 14.29 13.60 5.07
SEQ.SEQ004 size5.smt2 0.68 0.54 26.93
SEQ.SEQ050 size3.smt2 0.19 0.18 7.03

of clause learning can be quite large (e.g., the 17th case). The
time used in CDPLL(T) is also presented. The third column-
group summarises the generated certificates. It is obvious that
the number of theory lemma items is usually very large. The
column of “Forget” is the number of forget items that forgets
an initial or resolution certificate item. All theory lemmas are
eventually forgotten, these items are not counted here. For
SMT problem, this is not surprising since the major work of
SMT solvers is in reasoning in the background theory. The
resources and time required to check the certificates are listed
in the Checking column-group. All certificates are checked to
be well formed.The “Mem” column is not the size of memory
consumed but the maximal number of clause items that are
stored in the memory during checking. Also, the time for
certificate checking is listed besides.

Regarding the certificate checking, the number of initial
clauses andmemory consumption is compared in Figure 6. It
is rather interesting that although the certificate itself could
be exponentially large with respect to the input problem,
the memory consumption will not grow in the same way.
The reason is that we have explicitly forgotten many items.
In particular, many theory lemma are referred locally. They
are only available in a short period of time, after which
they are forgotten. With the technique of forgetting items,
the certificate checking becomes more efficient. This is also
supported by data from the “Time” column in Table 4.

Towards the overhead of our approach, the experiment
is shown in Table 5. Tested cases are also from SMT-LIB. In
order to suppress the inaccurate measurement of time, we
intentionally selected time consuming cases (e.g., longer than
0.01 sec). The maximal overhead is about 27.33%, and the
average overhead is about 10.5%. It ismuch smaller compared
to other approaches [17, 21].

7. Conclusion

In this paper, a unified certificate framework for quantifier-
free SMT instances was presented. The certificate format is
simple, clean, and extensible to other background theories.
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Figure 6: Comparison between the number of initial clauses and
memory usage.

The certificate generation procedure can be easily integrated
to any DPLL(T)-based SMT solver. Soundness and com-
pleteness of the extension of DPLL(T) with the certificate
generation procedure were established. Experimental results
show that our certificate framework outperforms others in
both certificate generation and certificate checking.
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In control theory of discrete event systems (DESs), one of the challenging topics is the extension of theory of finite-state DESs
to that of infinite-state DESs. In this paper, we discuss verification of opacity and diagnosability for infinite-state DESs modeled
by pushdown automata (called here pushdown systems). First, we discuss opacity of pushdown systems and prove that opacity of
pushdown systems is in general undecidable. In addition, a decidable class is clarified. Next, in diagnosability, we prove that under a
certain assumption, which is different from the assumption in the existing result, diagnosability of pushdown systems is decidable.
Furthermore, a necessary condition and a sufficient condition using finite-state approximations are derived. Finally, as one of the
applications, we consider data integration using XML (Extensible Markup Language). The obtained result is useful for developing
control theory of infinite-state DESs.

1. Introduction

To extend control theory of discrete event systems (DESs)
expressed by finite automata [1] to that of infinite-state DESs
is one of the challenging topics. Infinite automata [2] and
unbounded Petri nets [3, 4] are common models of infinite-
state DESs. In this paper, we focus on a pushdown automaton
(PDA) [5, 6], which is one of the standard classes of infinite
automata. A PDA is a finite automaton having a stack with
infinite length, and a state transition is decided by the input
symbol (event) and the stack symbol in the top of the
stack. The stack can be manipulated by the input symbol in
which the empty symbol is included. Furthermore, a visibly
pushdown automaton (VPA) has been proposed as a special
class of PDAs [7, 8]. Input symbols in a VPA are composed
of three kinds of symbols, that is, push manipulations, pop
manipulations, and internal manipulations (see Section 2.1
for further details). It is easier to analyze a VPA than a PDA.
Some examples are given as applications of PDAs and VPAs.
In the modeling of a software system, a PDA is frequently
used (see, e.g., [9]). Also in analysis of a cyber-physical system
(CPS), which has recently attracted much attention, a PDA is
used [10]. A CPS is a system featuring a combination between
computer systems and physical systems [11]. To model

the complicate behavior of such a CPS, it is important to use a
PDA. In addition, as an application of a PDA, intrusion detec-
tion in the field of computer security has been studied so far
[12]. As an application of a VPA, analysis of XML (Extensible
Markup Language), which is one of the markup languages
and is widely used in several fields [8, 13], has been studied
so far [8, 13]. Thus a PDA and a VPA have many applications,
and, developing theory of DESs using a PDA and a VPA is
important.

For DESs modeled by PDAs and VPAs (called here push-
down systems), supervisory control [9, 14] and diagnosability
verification [15] have been studied so far. Diagnosability
verification is the problem of testing if the state reaches a
given failure state under partial observations. In diagnosabil-
ity verification, it has been proven in [15] that diagnosabil-
ity of pushdown systems is in general undecidable and is
decidable under the assumption that stack manipulations are
completely observed. This assumption is very strong and is
not practical. Furthermore, it is important to approximately
verify diagnosability for pushdown systems without assump-
tions. On the other hand, in recent years, opacity in computer
security has been studied in the framework of DESs [16–22].
Opacity aims to determine if a secret behavior in the system
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is kept opaque to outsiders. In [17], it has been shown that
opacity verification of infinite-state systems is undecidable.
Also in [19], opacity verification of infinite-state systems has
been discussed using approximate models. However, to our
knowledge, opacity verification of pushdown systems has not
been studied so far.

In this paper, we discuss verification of opacity and diag-
nosability for pushdown systems based on basic results in
formal language theory [5, 6]. In opacity verification, it is
proven that opacity of pushdown systems is in general unde-
cidable. Furthermore, we clarify a condition such that opacity
is decidable. In diagnosability verification, first, it is proven
that if a part of observations in the system can be expressed
as a regular language, that is, a language accepted by some
finite automaton, then diagnosability is decidable. Next, a
necessary condition for the pushdown system not to be diag-
nosable is derived based on finite-state overapproximations.
In a similar way, a sufficient condition is also derived based on
finite-state underapproximations. The proposed conditions
enable us to verify diagnosability of awider class of pushdown
systems. Also, the relation among opacity verification, diag-
nosability verification, and the sensor selection problem is
discussed. Finally, as one of the applications, we consider data
integration of XML documents. In the case that documents
in databases are expressed by the XML, one of the important
problems is data integration, which is called here XML data
integration. In particular, we discuss XML data integration
with security considerations and show the effectiveness of the
proposed approach. The conference paper [23] is a prelimi-
nary version of this paper. In this paper, we provide improved
formulations and explanations, discussion on the computa-
tional complexity, and application to XML data integration.

This paper is organized as follows. In Section 2, first, the
outline of pushdown systems is explained. Next, decidable
problems and undecidable problems in PDAs and VPAs are
explained. Finally, we introduce a finite-state overapproxima-
tion of PDAs. In Section 3, opacity verification is discussed. In
Section 4, diagnosability verification is discussed, and some
diagnosability conditions are derived. In Section 5, related
topics are discussed. In Section 6, we consider an application
of the proposed approach to XML data integration. In
Section 7, we conclude this paper.

Notation. For a finite set Σ, let Σ∗ denote a set of all finite
strings, which consist of elements in Σ, including the empty
string 𝜀. Let Σ𝜔 denote a set of all infinite strings. Let |Σ|
denote the number of elements in Σ. The setN is defined as
N := {0, 1, 2, . . .}.

2. Preliminaries

In this section, first, we introduce pushdown automata and
their subclass. Next, undecidable problems in pushdown
automata are explained. Furthermore, we introduce assump-
tions that will enable the undecidable problems to become
decidable. Finally, a finite-state overapproximation used in
diagnosability verification is explained.

2.1. Pushdown Systems. Consider the following pushdown
automaton (PDA):

𝐺 = (𝑄, Σ, Γ, Δ, 𝑞0, 𝑍0, 𝐹) , (1)

where 𝑄 is the finite set of states, Σ ∪ {𝜀} is the finite set of
input symbols (events), Γ are the finite set of stack symbols,
Δ = Δ push ∪ Δ pop ∪ Δ int: transition relations, 𝑞0 ∈ 𝑄 are the
initial state, and 𝑍0 ∈ Γ is the initial stack symbol. 𝐹 ⊆ 𝑄: the
set of final states.

In theory of DESs, the empty string 𝜀 is regarded as an
unobservable event. In the PDA to be studied here, transition
relations are composed of Δ push, Δ pop, and Δ int, which are
called here a “push” manipulation, a “pop” manipulation,
and an “internal” manipulation, respectively. In the push
manipulation, a particular symbol is pushed to the top of the
stack. In the popmanipulation, the top of the stack is popped
off. In the internalmanipulation, the stack is not changed, and
only the state is changed.More precisely, threemanipulations
are given as

Δ push ⊆ (𝑄 × Σ × Γ) × 𝑄,

Δ pop ⊆ (𝑄 × Σ) × (𝑄 × (Γ − {𝑍0})) ,

Δ int ⊆ (𝑄 × Σ) × 𝑄,

(2)

respectively. Functional forms of 𝛿 = (𝑞, 𝜎, 𝛾, 𝑞

) ∈ Δ push,

𝛿 = (𝑞, 𝜎, 𝑞

, 𝛾) ∈ Δ pop, and 𝛿 = (𝑞, 𝜎, 𝑞


) ∈ Δ int are given

as 𝛿 : (𝑞, 𝜎, 𝛾) → 𝑞
, 𝛿 : (𝑞, 𝜎) → (𝑞


, 𝛾), and 𝛿 : (𝑞, 𝜎) →

𝑞
, respectively. If the state and the symbol sequence in the
stack are uniquely determined for given initial state and input
symbol, a given PDA is said to be deterministic.

In addition, if the state reaches some element of a subset
𝑄

⊆ 𝑄 by an execution 𝑢 ∈ Σ

∗, then it is said that an
execution 𝑢 reaches𝑄. Furthermore, we can naturally extend
these definitions to an infinite execution. If the state reaches
some element of 𝑄 by one of the prefixes of an infinite
execution 𝑤 ∈ Σ

𝜔, then it is said that the infinite execution
𝑤 reaches 𝑄.

Let Σ𝑜 ⊆ Σ denote the set of observable events, and the set
Σ𝑢𝑜 := Σ𝑜 is the set of unobservable events. Let 𝐿(𝐺) denote
the set of languages accepted by 𝐺. Then let 𝑃(𝐿(𝐺)) denote
the set of sequences of observable events; that is, the following
two relations hold:

𝑃 (𝜎) = 𝜎 if 𝜎 ∈ Σ𝑜,

𝑃 (𝜎) = 𝜀 if 𝜎 ∈ Σ𝑢𝑜.
(3)

Since 𝑃(𝜎1) = 𝑃(𝜎2) is satisfied for the two unobservable
events 𝜎1, 𝜎2 ∈ Σ𝑢𝑜, two events 𝜎1, 𝜎2 are indistinguishable.

Next, we introduce visibly PDAs [7, 8] as a subclass of
PDAs.

Definition 1. A PDA (1) is said to be a visibly PDA (VPA) if
Σ comprises Σ = Σpush ∪ Σpop ∪ Σint, where Σpush, Σpop, and
Σint are input symbols corresponding toΔ push,Δ pop, andΔ int,
respectively.
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In VPAs, manipulations to the stack can be visualized
from Σ.

We illustrate this with a simple example.

Example 2. Consider the VPA 𝐺 in Figure 1, where

𝑄 = {𝑞0, 𝑞1, 𝑞2} ,

Σ = {𝑎, 𝑏, 𝑐, 𝑑} ,

Γ = {𝑍0, 𝑋, 𝑌} ,

Δ push = {(𝑞0, 𝑎, 𝑋, 𝑞0) , (𝑞0, 𝑎, 𝑌, 𝑞0) , (𝑞0, 𝑎, 𝑋, 𝑞1)} ,

Δ pop = {(𝑞1, 𝑏, 𝑞1, 𝑋) , (𝑞2, 𝑑, 𝑞2, 𝑌)} ,

Δ int = {(𝑞0, 𝑐, 𝑞2)} ,

𝐹 = {𝑞1, 𝑞2} ⊂ 𝑄.

(4)

In Figure 1, 𝑎/ + 𝑋 and 𝑎/ + 𝑌 express push manipulations,
𝑏/−𝑋 and 𝑑/−𝑌 express popmanipulations, and 𝑐 expresses
an internal manipulation. Since Σ = {𝑎, 𝑏, 𝑐, 𝑑} comprises

Σpush = {𝑎} , Σpop = {𝑏, 𝑑} , Σint = {𝑐} , (5)

we see that this automaton is a VPA. In addition, we have

𝐿 (𝐺) = {𝑎
𝑛
𝑏
𝑛
| 𝑛 ≥ 1} ∪ {𝑎

𝑚
𝑐𝑑
𝑚
| 𝑚 ≥ 0} , (6)

where 𝑎𝑛𝑏𝑛 corresponds to the set of event sequences such
that the state reaches 𝑞1. 𝑎

𝑛
𝑐𝑑
𝑛 corresponds to the set of event

sequences such that the state reaches 𝑞2.

Hereafter, a discrete event system expressed by a PDA and
a VPA is called a DES-PDA and a DES-VPA, respectively. If it
is not necessary to distinguish a DES-PDA and a DES-VPA,
then these discrete event systems are called here pushdown
systems (PDSs).

2.2. Decidable Problems and Undecidable Problems in Push-
down Automata. In this subsection, we explain decidable
problems and undecidable problems in a language 𝐿(𝐺)

accepted by PDA or VPA 𝐺, that is, a context-free language
(CFL). See [5, 6] for further details.

Suppose that the two PDAs 𝐺1 and 𝐺2 are given. Then
𝐿(𝐺1) and 𝐿(𝐺2) are CFLs, and the following result is known.

Lemma 3. The emptiness problem of an intersection of 𝐿(𝐺1)
and 𝐿(𝐺2), that is, the problem of deciding if 𝐿(𝐺1)∩𝐿(𝐺2) = 0
holds, is undecidable.

This lemma follows from the fact that 𝐿(𝐺1)∩𝐿(𝐺2) is not
a CFL in general.The emptiness problem of an intersection of
two CFLs is decidable under a given assumption.

Lemma4. Assume that either 𝐿(𝐺1) or 𝐿(𝐺2) is given as a reg-
ular language; that is, either𝐺1 or𝐺2 is given as a finite autom-
aton. Then the emptiness problem of an intersection of 𝐿(𝐺1)
and 𝐿(𝐺2) is decidable. In addition, this problem can be solved
in PTIME.

𝑎/+𝑋

𝑎/+𝑋

𝑎/+𝑌

𝑞0 𝑞1

𝑏/−𝑋

𝑐

𝑞2

𝑑/−𝑌

Figure 1: Example of VDPDAs 𝐺.

Under the assumption in Lemma 4, 𝐿(𝐺1) ∩ 𝐿(𝐺2) is a
CFL, and the emptiness problem is decidable. This result in
the emptiness problem of an intersection is used in diagnos-
ability verification in Section 4.

Next, the following result on the inclusion problem has
been obtained.

Lemma 5. The inclusion problem of two PDAs, 𝐺1 and 𝐺2,
that is, the problem of deciding if 𝐿(𝐺1) ⊆ 𝐿(𝐺2) holds, is
undecidable.

For VPAs, the following result has been obtained [7].

Lemma6. The inclusion problem of two VPAs𝐺1 and𝐺2, that
is, the problem of deciding if 𝐿(𝐺1) ⊆ 𝐿(𝐺2) holds is decidable.
In addition, this problem can be solved in EXPTIME.

On the other hand, a class of deterministic PDAs such
that the inclusion problem is decidable is called superde-
terministic PDAs [24]. A deterministic VPA is a subclass
of the superdeterministic PDAs. This fact is clear from the
definitions in [7, 24]. As a result, the following result can be
obtained.

Lemma 7. Assume that 𝐺1 and 𝐺2 are given as a PDA and a
deterministic VPA, respectively.Then the problem of deciding if
𝐿(𝐺1) ⊆ 𝐿(𝐺2) is decidable. In addition, this problem can be
solved in 2-EXPTIME.

These results of the inclusion problem are used in opacity
verification in Section 3.

2.3. Finite-State Overapproximation of Pushdown Automata.
In this section, we explain the finite-state overapproximations
of PDAs. Several approximations have been proposed so far
(see, e.g., [25] for further details). In this paper, the following
finite-state overapproximation proposed in [9] is used.
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Definition 8. For a given PDA𝐺 of (1), the finite-state overap-
proximation of 𝐺 is defined by

𝐺𝑜 = (𝑄, Σ.𝑄, Δ 𝑜, 𝑞0, 𝐹) , (7)

where Σ.𝑄 and Δ 𝑜 are defined as follows:

(i) Σ.𝑄 = {𝜎 ⋅ 𝑞 | 𝜎 ∈ Σ, 𝑞 ∈ 𝑄}.

(ii) Δ 𝑜 is given as Δ 𝑜 ⊆ (𝑄 × Σ.𝑄) × 𝑄. 𝛿 = (𝑞, 𝜎 ⋅ 𝑞

, 𝑞

) ∈

Δ 𝑜 holds if and only if one of the following three
conditions holds:

(1) 𝛿 = (𝑞, 𝜎, 𝛾, 𝑞) ∈ Δ push holds for some 𝛾 ∈ Γ;
(2) 𝛿 = (𝑞, 𝜎, 𝑞, 𝛾) ∈ Δ pop holds for some 𝛾 ∈ Γ;
(3) 𝛿 = (𝑞, 𝜎, 𝑞) ∈ Δ int holds.

Let𝐺𝑠 denote the PDAobtained by replacing𝜎 ∈ Σwith𝜎.𝑞 ∈
Σ.𝑄. In the transitions of 𝐺𝑜, the conditions on the stack are
ignored. So 𝐿(𝐺𝑠) ⊆ 𝐿(𝐺𝑜) holds.

A finite-state overapproximation will be used in the topic
on diagnosability (see Section 4.4 for further details).

3. Opacity Verification

This section looks at opacity verification of PDSs. First, the
notion of opacity is defined. Next, after a condition for a PDS
to be opaque is derived, a decidable class of PDSs is clarified.

3.1. Definition of Opacity. First, secret states are defined. Let
𝑄𝑠 ⊂ 𝐹 denote the set of secret states. Then we define the
notion of opacity based on the definition in [20].

Definition 9. For the PDS 𝐺 of (1), suppose that the set of
secret states 𝑄𝑠 and the set of observable events Σ𝑜 are given.
Then the PDS is said to be opaque if for all 𝑡 ∈ 𝐿(𝐺) there
exists 𝑠 ∈ 𝐿(𝐺) − {𝑡} such that if 𝑡 reaches 𝑄𝑠, then 𝑠 does not
reach 𝑄𝑠 and 𝑃(𝑠) = 𝑃(𝑡).

Several definitions of opacity have been proposed so far
(see, e.g., [17, 20–22]). In this paper, the simplest definition in
[20] is used.

3.2. Decidability of Opacity. Let 𝑉1 denote the set of finite
event sequences such that the state reaches 𝑄𝑠. Let 𝑉2 denote
the set of finite event sequences such that the state reaches
𝑄−𝑄𝑠. Then the opacity condition of PDSs can be derived as
follows.

Theorem 10. A PDS is opaque if and only if 𝑃(𝑉1) ⊆ 𝑃(𝑉2)

holds.

Proof. If a PDS is opaque, then 𝑃(𝑉1) is included in 𝑃(𝑉2).
Conversely, if 𝑃(𝑉1) ⊆ 𝑃(𝑉2) holds, then for any V1 ∈ 𝑃(𝑉1),
there exists V2 ∈ 𝑃(𝑉2) such that V1 = V2. So the PDS is
opaque.

FromLemma 5 andTheorem 10, we can obtain the follow-
ing result immediately.

Theorem 11. Opacity of a DES-PDA is in general undecidable.

In addition, from Lemma 5 and Theorem 10, we can
obtain the following result.

Theorem 12. Opacity of a DES-VPA is in general undecidable.

Proof. Even if𝑉1 and𝑉2 are languages accepted byVPAs, then
𝑃(𝑉1) and𝑃(𝑉2) are in general given as languages accepted by
PDAs [15]. Then, from Lemma 5 and Theorem 10, opacity of
a DES-VPA is undecidable.

From Theorems 11 and 12, we see that opacity of a DES-
PDA and a DES-VPA are in general undecidable. On the
other hand, from Lemma 6 and Theorem 10, we see that if
observations of a DES-PDA is expressed by some VPA, then
opacity of a DES-PDAmay be decidable. Then we can obtain
the following result.

Theorem 13. Assume that 𝑃(𝑉1) and 𝑃(𝑉2) are languages
accepted by VPAs, respectively. Then the problem of deciding
if 𝑃(𝑉1) ⊆ 𝑃(𝑉2) holds is decidable; that is, opacity of a PDS is
decidable. In addition, this problem can be solved in EXPTIME.

In addition, from Lemma 7 and Theorem 10, we can
obtain the following result.

Theorem 14. Assume that 𝑃(𝑉1) and 𝑃(𝑉2) are languages
accepted by a PDA and a deterministic VPA, respectively. Then
the problem of deciding if 𝑃(𝑉1) ⊆ 𝑃(𝑉2) holds is decidable;
that is, opacity of a PDS is decidable. In addition, this problem
can be solved in 2-EXPTIME.

From Theorem 14, we see that if 𝑃(𝑉2) is given as a
language accepted by a deterministic VPA, then the decidable
condition is relaxed. Comparing Theorem 13 with Theo-
rem 14, the inclusion problem inTheorem 14 is more difficult
than that in Theorem 13. This is because in Theorem 14,
𝑃(𝑉1) may be given as a language accepted by a PDA. If an
overapproximation of a PDA can be derived as a VPA, then
we can obtain a sufficient condition of a PDS to be opaque. In
future work we plan to consider how to approximate a PDA
by a VPA. On the other hand, in recent years, VPAs have been
applied to several applications (see, e.g., [7–9]). Therefore,
Theorem 13 andTheorem 14 will be useful.

Finally, we show a simple example.

Example 15. Consider the DES-VPA in Figure 1. Assume 𝑑 =
𝑏. Suppose that Σ𝑜 = {𝑎, 𝑏}, Σ𝑢𝑜 = {𝑐}, and 𝑄𝑠 = {𝑞2} are
given. Then we obtain

𝑃 (𝑉1) = 𝑃 (𝑉2) = 𝑎
𝑛
𝑏
𝑛
. (8)

𝑃(𝑉1) and𝑃(𝑉2) are languages accepted byVPAs, respectively,
and 𝑃(𝑉1) = 𝑃(𝑉2) holds. Therefore, this system is opaque.

4. Diagnosability Verification

In this section, first, diagnosability for the PDS (1) is defined
according to the definition in [15, 26, 27]. Next, after the exist-
ing results in [15] are explained, two kinds of diagnosability
conditions are proposed.
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4.1. Definition of Diagnosability. First, failure states are
defined. Let 𝑄𝑓 ⊂ 𝑄 denote the set of failure states. For 𝑄𝑓,
the following two assumptions are made: (i) 𝑄𝑓 ⊂ 𝐹 and
(ii) if the state reaches the set 𝑄𝑓, then the state stays within
𝑄𝑓. Since in this paper we focus on whether some failure has
occurred in the past or not, these assumptions are imposed.
These assumptions also imply that any failure is not restored
automatically. Let 𝐿𝑓 ⊂ 𝐿(𝐺) denote the set of executions
such that the state reaches some element in 𝑄𝑠.

Next, the notion of diagnosability for the PDS (1) is
defined according to [15, 26, 27].

Definition 16. For the PDS (1), suppose that the set of failure
states 𝑄𝑓 and the set of observable events Σ𝑜 are given. Then
the PDS (1) is diagnosable if the following condition holds:

(∃𝑛 ∈ N − {∞}) (∀𝑠 ∈ 𝐿𝑓) (∀𝑡 ∈
𝐿 (𝐺)

𝑠
)

|𝑡| ≥ 𝑛 ⇒ 𝑃
−1
𝑃 (𝑠𝑡) ∩ 𝐿 (𝐺) ⊆ 𝐿𝑓,

(9)

where 𝐿(𝐺)/𝑠 := {𝑡 ∈ Σ
∗
| 𝑠𝑡 ∈ 𝐿(𝐺)}, and 𝑃−1𝑃(𝑠𝑡) is the set

of executions such that an observation is 𝑃(𝑠𝑡).

In this definition, 𝑃−1𝑃(𝑠𝑡) ∩ 𝐿(𝐺) ⊆ 𝐿𝑓 implies that all
executions such that an observation is 𝑃(𝑠𝑡) are included in
𝐿𝑓. So a failure can be detected from a finite observation.
In other words, if there exists an unobservable infinite suffix,
then the system is not diagnosable. Furthermore, deriving 𝑛
in this definition is important, but this topic is not discussed
in this paper. In [15], under some assumptions, a method for
deriving 𝑛 has been already discussed.

Hereafter, a construction method of a diagnoser is not
focused on (see [15] for construction of a diagnoser), and a
method to test diagnosability is considered.

4.2. Existing Results. First, we introduce a necessary and suf-
ficient condition of the PDS (1) not to be diagnosable [15, 28].

Lemma17. For the PDS (1), suppose that the set of failure states
𝑄𝑓 and the set of observable events Σ𝑜 are given. Then the PDS
is not diagnosable if and only if there exist two indistinguishable
infinite executions𝑤1 and𝑤2 such that𝑤1 reaches𝑄𝑓 while𝑤2
does not.

Next, the existing results [15] on diagnosability verifica-
tion are introduced.

Lemma 18. Diagnosability of a DES-PDA is in general unde-
cidable.

Lemma 19. Diagnosability of a DES-VPA is in general unde-
cidable.

These results can be obtained immediately, because the
emptiness problem for an intersection of observations of
infinite executions 𝑤1 and 𝑤2 such that 𝑤1 reaches 𝑄𝑓 while
𝑤2 does not is undecidable from Lemma 3.

In [15], the following result has been derived.

Lemma 20. Assume Σ𝑢𝑜 ⊆ Σint. Then diagnosability of a DES-
VPA is decidable.

In Lemma 20, it is assumed that events corresponding
to push and pop manipulations of the stack are observable.
In [15], the diagnosability verification problem is reduced to
the emptiness problem of Büchi automata under Σ𝑢𝑜 ⊆ Σint.
So the property of pushdown automata is not considered. In
this paper, as another approach, we consider diagnosability
verification under other assumptions. Furthermore, approx-
imate methods for verifying diagnosability of PDSs without
assumptions are proposed.

4.3. Proposed Diagnosability Condition. First, based on
Lemma 4, we propose a diagnosability condition of PDSs.

Let𝑊1 denote the set of finite event sequences such that
the state reaches𝑄−𝑄𝑓. Let𝑊2 denote the set of finite event
sequences such that the state reaches 𝑄𝑓.

Then we obtain the following result.

Theorem 21. Assume that either 𝑃(𝑊1) or 𝑃(𝑊2) is given
as a language accepted by some finite automaton, that is, a
regular language. Then diagnosability of a PDS is decidable.
Furthermore, a PDS is not diagnosable if and only if 𝑃(𝑊1) ∩
𝑃(𝑊2) ̸=0 holds. In addition, this problem can be solved in
PTIME.

Proof. From Lemma 4 and Lemma 17, this theorem is
obtained straightforwardly.

We show a simple example.

Example 22. Consider the DES-VPA in Figure 1 again. Sup-
pose that Σ𝑜 = {𝑎, 𝑏, 𝑐}, Σ𝑢𝑜 = {𝑑}, and 𝑄𝑓 = {𝑞2} are given.
Then we obtain

𝑊1 = 𝑎
𝑛
𝑏
𝑛
, 𝑊2 = 𝑎

𝑚
𝑐𝑑
𝑚
, 𝑛 ≥ 1, 𝑚 ≥ 0,

𝑃 (𝑊1) = 𝑎
𝑛
𝑏
𝑛
, 𝑃 (𝑊2) = 𝑎

𝑚
𝑐, 𝑛 ≥ 1, 𝑚 ≥ 0.

(10)

Since 𝑃(𝑊2) is a regular language, diagnosability of this DES-
VPA is decidable. In fact, we see that 𝑃(𝑊1) ∩ 𝑃(𝑊2) ̸=0

does not hold, and the defect can be detected by observing
the event 𝑐. This example is very simple. However, we note
that diagnosability of this system is undecidable in the case
using the existing result in [15]. This is because this system
does not satisfy the assumption in Lemma 20; that is, the
unobservable event 𝑑 is not an internal manipulation and is
a pop manipulation.

From this example, we can indicate that even if 𝑊1, 𝑊2
are CFLs, then 𝑃(𝑊1), 𝑃(𝑊2) are generally neither CFLs nor
regular languages. In the above example, 𝑊2 is a CFL, but
𝑃(𝑊2) is a regular language. So we may consider to directly
approximate 𝑃(𝑊1), 𝑃(𝑊2) by a regular language. From this
viewpoint, we propose diagnosability conditions using the
finite-state over/under-approximations.

4.4. Proposed Diagnosability Conditions Using Finite-State
Approximations. Now, we show a diagnosability condition
using a finite-state overapproximation in Definition 8.
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Theorem 23. Suppose that either 𝑃(𝑊1) or 𝑃(𝑊2) is approx-
imated by a finite-state overapproximation in Definition 8.
Let 𝑃1 and 𝑃2 denote approximated 𝑃(𝑊1) and 𝑃(𝑊2),
respectively. Then a necessary condition for a PDS to be not
diagnosable is that either 𝑃1 ∩ 𝑃(𝑊2) ̸=0 or 𝑃(𝑊1) ∩ 𝑃2 ̸=0

holds. In addition, this condition can be solved in PTIME.

Proof. From Theorem 21, 𝑃(𝑊1) ⊆ 𝑃1, and 𝑃(𝑊2) ⊆ 𝑃2, we
obtain the theorem immediately.

Theorem 23 provides a necessary condition.
On the other hand, it is also important to obtain a

sufficient condition. Then a finite-state underapproximation
must be considered. A simple method to derive a finite-state
underapproximation is that the length of the stack in a PDS
is limited to a given finite length. See Example 25 below
for further details. So we assume that a finite-state under-
approximation of either 𝑃(𝑊1) or 𝑃(𝑊2) is given.

Then we obtain the following result.

Theorem 24. Suppose that either 𝑃(𝑊1) or 𝑃(𝑊2) is approx-
imated by a finite-state under-approximation. Let 𝑃1 and 𝑃2
denote approximated 𝑃(𝑊1) and 𝑃(𝑊2), respectively. Then a
sufficient condition for a PDS to be not diagnosable is that
either 𝑃1 ∩ 𝑃(𝑊2) ̸=0 or 𝑃(𝑊1) ∩ 𝑃2 ̸=0 holds. In addition,
this condition can be solved in PTIME.

Proof. From Theorem 21, 𝑃1 ⊆ 𝑃(𝑊1), and 𝑃2 ⊆ 𝑃(𝑊2), we
obtain the theorem immediately.

From Theorems 23 and 24, we see that diagnosability of
a PDS can be approximately verified in PTIME. SoTheorems
23 and 24 are simple but can be applied to several systems
such as software systems.

Example 25. Suppose that 𝑃(𝑊1) and 𝑃(𝑊2) are given as

𝑃 (𝑊1) = {𝑎
𝑛
𝑏
𝑛
𝑐
𝑖
| 𝑛 ≥ 1, 𝑖 ≥ 1} ,

𝑃 (𝑊2) = {𝑎
𝑖
𝑏
𝑛
𝑐
𝑛
| 𝑛 ≥ 1, 𝑖 ≥ 1} ,

(11)

respectively. Then 𝑃(𝑊1) ∩ 𝑃(𝑊2) = {𝑎
𝑛
𝑏
𝑛
𝑐
𝑛
| 𝑛 ≥ 1} ̸=0

is obtained, and we see that this system is not diagnosable.
However, 𝑃(𝑊1) ∩ 𝑃(𝑊2) is not a CFL (see [6] for further
details).

Next, we verify diagnosability using Theorem 23. In this
example, we approximate 𝑃(𝑊1) by a regular language. The
PDA 𝐺1 accepting 𝑃(𝑊1) is given by

𝐺1 = (𝑄, Σ, Γ, Δ, 𝑞0, 𝑍0, 𝐹) ,

𝑄 = {𝑞0, 𝑞1, 𝑞2} ,

Σ = {𝑎, 𝑏, 𝑐} ,

Γ = {𝑍0, 𝑋} ,

Δ = Δ push ∪ Δ pop ∪ Δ int,

Δ push = {(𝑞0, 𝑎, 𝑋, 𝑞0) , (𝑞0, 𝑎, 𝑋, 𝑞1)} ,

Δ pop = {(𝑞1, 𝑏, 𝑞1, 𝑋)} ,

Δ int = {(𝑞1, 𝑐, 𝑞2) , (𝑞2, 𝑐, 𝑞2)} ,

𝐹 = {𝑞2} ⊂ 𝑄.

(12)

See also Figure 2. Consider to derive the finite-state overap-
proximation in Definition 8. Then Σ.𝑄 is given as

Σ.𝑄 = {𝑎 ⋅ 𝑞0, 𝑎 ⋅ 𝑞1, 𝑎 ⋅ 𝑞2, 𝑏 ⋅ 𝑞0, 𝑏 ⋅ 𝑞1, 𝑏 ⋅ 𝑞2,

𝑐 ⋅ 𝑞0, 𝑐 ⋅ 𝑞1, 𝑐 ⋅ 𝑞2} .

(13)

Next, we derive Δ 𝑜. From Δ push, we obtain

𝛿1 = (𝑞0, 𝑎 ⋅ 𝑞0, 𝑞0) , 𝛿2 = (𝑞0, 𝑎 ⋅ 𝑞1, 𝑞1) . (14)

From Δ pop, we obtain

𝛿3 = (𝑞1, 𝑏.𝑞1, 𝑞1) . (15)

From Δ int, we obtain

𝛿4 = (𝑞1, 𝑐.𝑞2, 𝑞2) , 𝛿5 = (𝑞2, 𝑐.𝑞2, 𝑞2) . (16)

So Δ 𝑜 = {𝛿1, 𝛿2, 𝛿3, 𝛿4 , 𝛿5} is obtained. Thus we can obtain
the finite-state overapproximation 𝐺1 of the PDA 𝐺1 (see
Figure 3). Using Σ = {𝑎, 𝑏, 𝑐}, the language accepted by 𝐺1
is obtained by

𝐿 (𝐺1) = {𝑎
∗
𝑎𝑏
∗
𝑐𝑐
∗
} . (17)

From the obtained 𝐿(𝐺1), we see that 𝑃(𝑊1) ⊆ 𝐿(𝐺1) holds.
Furthermore, since 𝐿(𝐺1) ∩ 𝑃(𝑊2) ̸=0 holds, the necessary
condition inTheorem 23 is satisfied.

Next, we verify diagnosability using Theorem 24. By
limiting the length of the stack in 𝑃(𝑊1) to 𝑛 = 2, the finite-
state under-approximation 𝑃1 can be obtained as

𝑃1 = {𝑎𝑎𝑏𝑏𝑐𝑐
∗
} ⊆ 𝑃 (𝑊1) . (18)

𝑃1 is accepted by the finite automaton in Figure 4. Since
𝑃1 ∩ 𝑃(𝑊2) ̸=0 holds, the sufficient condition inTheorem 24
is satisfied.

5. Discussions

5.1. Relationship between Opacity and Diagnosability Verifi-
cations. Opacity and diagnosability are closely related con-
cepts. We can interpret that opacity is the converse notion of
diagnosability. However, decidability conditions are different.

In opacity verification, if 𝑃(𝑉1) and 𝑃(𝑉2) are languages
accepted by someVPA, respectively, then opacity is decidable
(see also Theorem 13). That is, opacity can be discussed only
in the framework of VPAs.

On the other hand, in diagnosability verification, if either
𝑃(𝑊1) or𝑃(𝑊2) is a language accepted by somefinite automa-
ton, then diagnosability is decidable (see Section 4.3). Thus
approximations such as finite-state approximations described
in Section 2.3 are required.
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𝑎/+𝑋
𝑞0 𝑞1 𝑞2

𝑐
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Figure 2: PDA 𝐺1.

𝑞0 𝑞1 𝑞2

𝑎 · 𝑞0

𝑎 · 𝑞1

𝑏 · 𝑞1 𝑐 · 𝑞2

𝑐 · 𝑞2

Figure 3: Finite-state overapproximation 𝐺1 of 𝐺1.

𝑎 𝑎 𝑏 𝑏 𝑐

𝑐

Figure 4: Finite automaton accepting 𝑃1.

From these results, the difference between opacity veri-
fication and diagnosability verification is clarified from the
theoretical viewpoint. However, it is known that the compu-
tational complexity of the inclusion problem of VPAs is
EXPTIME-complete and that of finite automata is PSPACE-
complete [7]. Thus, from the computational viewpoint, it
may be desirable to use finite-state approximations in opacity
verification.

5.2. Optimal Sensor Selection. The optimal sensor selection
problem, that is, the problem of minimizing the number of
sensors which observe events, such that the system is diag-
nosable has been discussed in [29, 30]. Further, in opacity, the
sensor selection problem has been discussed in [18]. One of
the trivial solutions to the sensor selection problem in opacity
is that the number of sensors should be zero, but this is not
practical. So it is important to consider the optimal sensor
selection problem such that the system is opaque and diag-
nosable simultaneously under 𝑄𝑠 ̸=𝑄𝑓. Then we can derive
an optimal solution of this problem according to the results
in Sections 4 and 3. This is one of the challenges to be under-
taken in the future, that is, to develop an efficient algorithm.

5.3. Extension to Higher-Order Pushdown Systems. Higher-
order pushdown automata (HPAs) [31, 32] have been pro-
posed as one of the extensions of PDAs. HPAs are defined by
using higher-order stacks, that is, a nested “stack of stacks”
structures. HPAs are closely related to infinite graph theory
and higher-order logic programming. Decidable problems
and undecidable problems in HPAs are basically similar to
those in PDAs. Thus our proposed approach will be applied
to HPAs. In fact, the conditions that diagnosability of discrete

event systems modeled by HPAs is decidable have been
obtained in [15]. Since one of the conditions is Σ𝑢𝑜 ⊆ Σint, the
conditions obtained can be regarded as a natural extension of
Lemma 20.

6. Application to XML Data Integration

In this section, we consider XML data integration as an appli-
cation. The XML (Extensible Markup Language) is a markup
language that defines a set of rules for encoding data and
documents and is widely used in several fields such as data
and documents on the Web and medical databases. In cases
where documents in databases are expressed by the XML,
one of the important problems is data integration, which is
called here XML data integration. In XML data integration,
first, XML documents are extracted frommultiple databases.
Next, the extracted XML documents are integrated as one
XML document. Here, we assume the existence of a database
where the integrated XML document is indistinguishable
from its extracted components. The XML document in such
a database is called here the target XML document. Then we
consider the following problems:

Problem 1. Suppose that an integrated XML document and a
target XML document are given. Then

(i) can the integrated XML document be indistinguish-
able from the target XML document?

(ii) by masking particular data in the integrated XML
document, can the integrated XML document be
indistinguishable from the target XML document?

These problems are important from the viewpoint of security.
In addition, this problem is closely related to opacity verifica-
tion of PDSs in Section 3. This is because in recent years, a
method for expressing XML documents as a VPA has been
studied in, for example, [8, 13].

Hereafter, the relation between VPAs and XML docu-
ments will be explained. Next, by using a simple example, we
explain how to solve the above problems.

6.1. Relation between Pushdown Systems and XML Docu-
ments. First, an example of XML documents expressing
information about books is shown as follows:

<book>
< title>
Introduction to Discrete Event Systems

</title>
<author> C. G. Cassandras </author>
<author> S. Lafortune </author>
< ISBN> 978-0-387-33332-8 </ISBN>

</book>

TheXML scheme in the above example is based on the exam-
ple in [13]. In addition, the above example implies informa-
tion about the book of [1]. <book>, <title>, <author>, and
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Figure 5: VPA 𝑆1 expressing the XML document (information
about books).

<ISBN> are open tags. </book>, </title>, </author>, and
</ISBN> are close tags. Actual data such as “978-0-387-
33332-8” is called a local symbol. Since in this paper we
focus on XML schemas, we omit local symbols. The above
XML document can then be expressed as the VPA 𝑆1 =

(𝑄, Σ, Γ, Δ push ∪ Δ pop ∪ Δ int, 𝑞0, 𝑍0, 𝐹), where

𝑄 = {𝑞0, 𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5, 𝑞6, 𝑞7, 𝑞8} ,

Σ = {book, book, title, title, author, author, isbn, isbn} ,

Γ = {𝑍0, 𝑎, 𝑏, 𝑖, 𝑡} ,

Δ push = {(𝑞0, book, 𝑏, 𝑞1) , (𝑞1, title, 𝑡, 𝑞2) ,

(𝑞3, author, 𝑎, 𝑞4) , (𝑞5, author, 𝑎, 𝑞4) ,

(𝑞5, isbn, 𝑖, 𝑞6)} ,

Δ pop = {(𝑞2, title, 𝑞3, 𝑡) , (𝑞4, author, 𝑞5, 𝑎) ,

(𝑞6, isbn, 𝑞7, 𝑖) , (𝑞7, isbn, 𝑞8, 𝑏)} ,

Δ int = 0,

𝐹 = {𝑞8} ⊂ 𝑄.

(19)

Close tags are expressed by ⋅ . See also Figure 5. Thus a
given XML document can be expressed by a VPA.

6.2. XML Data Integration with Security Considerations.
Next, suppose that a VPA expressing information about
publishers is given as 𝑆2 in Figure 6, where pub, pname,
and addr imply “publisher,” “publisher name,” and “address,”
respectively. Consider how to integrate the VPA 𝑆1 with the
VPA 𝑆2. One of the simple methods is to connect 𝑆1 with 𝑆2
in series. Then we can obtain the VPA 𝑆3 in Figure 7.

Here, suppose that a target XML document is given as
the VPA in Figure 8, where “#” implies a wild-card event or
a wild-card stack symbol. We consider Problem 1 (i). That
is, we must check if 𝐿(𝑆3) ⊆ 𝐿(𝑇) is satisfied. This is the
same as opacity verification. In this example, 𝐿(𝑆3) ⊆ 𝐿(𝑇)

is not satisfied, because by observing “country,” the VPA 𝑆3
is distinguishable from the VPA 𝑇. Therefore, a solution of
Problem 1 (i) is “no.” In other words, the integrated XML
document is not opaque. FromTheorem 13, it is assumed that
this problem is decidable in general cases. We remark that in
this case, Σ = Σ𝑜 holds.

𝑞0 𝑞1 𝑞2 𝑞3 𝑞4

𝑞5𝑞6𝑞7𝑞8

/+𝑝 /+𝑐 /−𝑐

/−𝑛

/−𝑑/−𝑝

/+𝑑

/+𝑑 

/+𝑛

pub

pub

country country pname

pname

addraddr

addr

Figure 6: VPA 𝑆2 expressing information about publishers.

/+𝑏 /−𝑏/+𝑠 /+𝑝 /−𝑝 /−𝑠

𝑆1 𝑆2

· · · · · ·

book bookbp bppubpub

Figure 7: VPA 𝑆3 obtained by integrating 𝑆1 with 𝑆2.
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#/+##/−#

#/−#

book bookbp

bp pub

pub

pname
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Figure 8: VPA 𝑇 expressing a target XML document.

Next, consider Problem 1 (ii). Suppose that the set of
unobservable events Σ𝑢𝑜 is given as Σ𝑢𝑜 = {country}. Then
the VPA 𝑆3 is indistinguishable from the VPA 𝑇. Therefore, a
solution of Problem 1 (i) is “yes.” In other words, we can say
that the integratedXMLdocument becomes opaque bymask-
ing “country.” Also in general cases, this problem is decidable.
On the other hand, it is one part of the future work, that is,
to develop an efficient algorithm for finding masked events.
Since this problem is the converse notion of the optimal sen-
sor selection problem for diagnosability, there is a possibility
that the existing result on sensor selection can be applied.

7. Conclusion and Future Work

In this paper, opacity and diagnosability of discrete event
systems expressed by pushdown automata (called here push-
down systems, PDSs) have been discussed based on formal
language theory. In opacity verification, we have not only
proven that opacity of a PDS is in general undecidable,
but also characterized the condition such that opacity is
decidable. We have also clarified that depending on a
class of observations, the computational complexity is dif-
ferent. In diagnosability verification, we have proposed a
new diagnosability condition, based on the fact that an
intersection of a context-free language and a regular lan-
guage is derived as a context-free language. In addition,
we have derived diagnosability conditions using finite-state
over/under-approximations of observations. Also we have
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clarified that the proposed diagnosability conditions can be
solved in PTIME. In particular, since diagnosability condi-
tions using approximations can be applied to a general class
of PDSs and can be efficiently solved, several applications
will be able to be considered. Finally, as an application, we
have considered XML data integration.The obtained result is
valuable as the basis of verification of PDSs and will be the
first step toward development of control theory for infinite-
state discrete event systems.

In future work, there are many open problems, for exam-
ple, implementation using amodel checker and decentralized
diagnosis [33]. In addition, the result on diagnosability anal-
ysis of unbounded Petri nets has been obtained in [4]. Also,
for recursive tile systems, which are a class of infinite discrete
event systems, the result on opacity and diagnosability has
been obtained in [34]. It is important to clarify the relation
between our result and these results. Finally, in order to show
the effectiveness of our proposed method, it is important to
consider several applications.

Acknowledgment

This work was partially supported by Grant-in-Aid for Young
Scientists (B) 23760387.

References

[1] C. G. Cassandras and S. Lafortune, Introduction to Discrete
Event Systems, Springer, 2nd edition, 2008.

[2] W. Thomas, “A short introduction to infinite automata,” in
Developments in Language Theory, vol. 2295 of Lecture Notes in
Computer Science, pp. 130–144, 2002.

[3] M. P. Cabasino, A. Giua, S. Lafortune, and C. Seatzu, “Diagnos-
ability analysis of unbounded Petri nets,” in Proceedings of the
Joint 48th IEEE Conference on Decision and Control and 28th
Chinese Control Conference, pp. 1267–1272, 2009.

[4] M. P. Cabasino, A. Giua, S. Lafortune, and C. Seatzu, “A new
approach for diagnosability analysis of Petri nets using verifier
nets,” IEEE Transactions on Automatic Control, vol. 57, no. 12,
pp. 3104–3117, 2012.

[5] J.-M. Autebert, J. Berstel, and L. Boasson, “Context-free lan-
guages and pushdown automata,” in Handbook of Formal Lan-
guages, vol. 1, pp. 111–174, Springer, 1997.

[6] J. E. Hopcroft and J. D. Ullman, Introduction to AutomataTheo-
ry, Languages, and Computation, Addison-Wesley, 3rd edition,
1979.

[7] R. Alur and P. Madhusudan, “Visibly pushdown languages,” in
Proceedings of the 36th Annual ACM Symposium on Theory of
Computing, pp. 202–211, ACM, 2004.

[8] V. Kumar, P. Madhusudan, andM. Viswanathan, “Visibly push-
down automata for streaming XML,” in Proceedings of the 16th
International Conference on World Wide Web, pp. 1053–1062,
2007.

[9] K. Hiraishi and P. Kucera, “Applications of DES theory to verifi-
cation of software components,” IEICE Transactions on Funda-
mentals of Electronics, Communications and Computer Sciences,
vol. 92, no. 2, pp. 604–610, 2009.

[10] N. Saeedloei andG.Gupta, “Verifying complex continuous real-
time systemswith coinductive CLP(R),” in Proceedings of the 4th
International Conference on Language andAutomataTheory and

Applications, vol. 6031 of Lecture Notes in Computer Science, pp.
536–548, 2010.

[11] E. Lee, “Cyber physical systems: design challenges,” in Proceed-
ings of the 11th International Symposium on Object Oriented
Real-Time Distributed Computing, pp. 363–369, 2008.

[12] D.Wagner andD.Dean, “Intrusion detection via static analysis,”
in Proceedings of the IEEE Symposium on Security and Privacy,
pp. 156–168, 2001.

[13] A. Thomo and S. Venkatesh, “Rewriting of visibly pushdown
languages for XML data integration,”Theoretical Computer Sci-
ence, vol. 412, no. 39, pp. 5285–5297, 2011.

[14] C. Griffin, “A note on the properties of the supremal control-
lable sublanguage in pushdown systems,” IEEE Transactions on
Automatic Control, vol. 53, no. 3, pp. 826–829, 2008.

[15] C. Morvan and S. Pinchinat, “Diagnosability of pushdown sys-
tems,” in Proceedings of the Haifa Verification Conference 2009,
vol. 6405 of Lecture Notes in Computer Science, pp. 21–33, 2011.

[16] E. Badouel, M. Bednarczyk, A. Borzyszkowski, B. Caillaud, and
P. Darondeau, “Concurrent secrets,” Discrete Event Dynamic
Systems: Theory and Applications, vol. 17, no. 4, pp. 425–446,
2007.

[17] J. W. Bryans, M. Koutny, L. Mazare, and P. Y. A. Ryan, “Opacity
generalised to transition systems,” International Journal of
Information Security, vol. 7, no. 6, pp. 421–435, 2008.

[18] F. Cassez, J. Dubreil, and H. Marchand, “Synthesis of opaque
systems with static and dynamic masks,” Formal Methods in
System Design, vol. 40, no. 1, pp. 88–115, 2012.

[19] J. Dubreil, “Opacity and abstractions,” in Proceedings of the 1st
International Workshop on Abstractions for Petri Nets and Other
Models of Concurrency, 2009.

[20] A. Saboori andC.N.Hadjicostis, “Notions of security and opac-
ity in discrete event systems,” in Proceedings of the 46th IEEE
Conference on Decision and Control, pp. 5056–5061, 2007.

[21] A. Saboori and C. N. Hadjicostis, “Verification of infinite-step
opacity and complexity considerations,” IEEE Transactions on
Automatic Control, vol. 57, no. 5, pp. 1265–1269, 2012.

[22] A. Saboori andC.N.Hadjicostis, “Verification of K-step opacity
and analysis of its complexity,” IEEE Transactions on Automa-
tion Science and Engineering, vol. 8, no. 3, pp. 549–559, 2011.

[23] K. Kobayashi and K. Hiraishi, “On opacity and diagnosability
in discrete event systems modeled by pushdown automata,” in
Proceedings of the 8th IEEE International Conference on Auto-
mation Science and Engineering, pp. 658–663, 2012.

[24] S. A. Greibach and E. P. Friedman, “Superdeterministic PDAs:
a subcase with a decidable inclusion problem,” Journal of the
Association for Computing Machinery, vol. 27, no. 4, pp. 675–
700, 1980.

[25] M. Mohri and M. J. Nederhof, “Regular approximation of
context-free grammars through transformation,” in Robustness
in Language and Speech Technology, J.-C. Junqua and G. van
Noord, Eds., chapter 6, pp. 153–163, 2000.

[26] M. Sampath, R. Sengupta, S. Lafortune, K. Sinnamohideen, and
D. C. Teneketzis, “Diagnosability of discrete-event systems,”
IEEETransactions onAutomatic Control, vol. 40, no. 9, pp. 1555–
1575, 1995.

[27] M. Sampath, R. Sengupta, S. Lafortune, K. Sinnamohideen, and
D. C. Teneketzis, “Failure diagnosis using discrete-event mod-
els,” IEEE Transactions on Control Systems Technology, vol. 40,
no. 2, pp. 105–124, 1996.

[28] T. Jeron, H.Marchand, S. Pinchinat, andM.-O. Cordier, “Super-
vision patterns in discrete event systems diagnosis,” in Proceed-
ings of the 8th Workshop on Discrete Event Systems, 2006.



10 Journal of Applied Mathematics

[29] S. Jiang, R. Kumar, and H. E. Garcia, “Optimal sensor selec-
tion for discrete-event systems with partial observation,” IEEE
Transactions on Automatic Control, vol. 48, no. 3, pp. 369–381,
2003.

[30] T.-S. Yoo and S. Lafortune, “NP-completeness of sensor selec-
tion problems arising in partially observed discrete-event sys-
tems,” IEEE Transactions on Automatic Control, vol. 47, no. 9,
pp. 1495–1499, 2002.
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Errors-in-variables (EIV) model is a kind of model with not only noisy output but also noisy input measurements, which can be
used for systemmodeling in many engineering applications. However, the identification for EIVmodel is much complicated due to
the input noises. This paper focuses on the adaptive identification problem of real-time EIV models. Some derivation errors in an
accuracy research of the popular Frisch scheme used for EIV identification have been pointed out in a recent study. To solve the same
modeling problem, a new algorithm is proposed in this paper. A Moving Average (MA) process is used as a substitute for the joint
impact of the mutually independent input and output noises, and then system parameters and the noise properties are estimated
in the view of the time domain and frequency domain separately. A recursive form of the first step calculation is constructed to
improve the calculation efficiency and online computation ability. Another advantage of the proposed algorithm is its applicableness
to different input processes situations. Numerical simulations are given to demonstrate the efficiency and robustness of the new
algorithm.

1. Introduction

In the field of engineering, modeling is an essential issue. In
most cases, the systems are modeled by stochastic models in
which the input signals are assumed to be measured exactly
and all the disturbed noises are added to the output signals;
that is, only the outputmeasurements are noisy.Thesemodels
are called “errors-in-equation models.” However, there are
always signals beyond our control that also affect the input
of the systems; some of them cannot be included in the
output noises. Therefore, it is also necessary to consider
the modeling problem for those systems with noisy input-
output measurements, especially when we concern the actual
physical laws of the process rather than the prediction of
the future behaviour [1]. This kind of model whose input
and output measurements are both containing noise is called
“errors-in-variables (EIV) model [2].”

The identification of EIV models has received a lot of
attention during the past decades. By far, EIV models have

been used in numerous applications, such as the modeling
problems in econometrics, computer vision, biomedicine,
chemical and image reconstruction, spectrum estimation,
speech analysis, noise cancelation, and digital communica-
tions [3–8].

In EIV models, the noise in input measurements cannot
be equivalent to the output error, which makes the identifi-
cation of EIV models much more difficult. The identifiability
of EIV dynamic models was analyzed in [9, 10]. It is pointed
out that EIV dynamic models cannot be uniquely identified
from the second-order properties [9]. Thus specific prior
knowledge is needed to achieve the identifiability. Once the
identifiability is established, estimation algorithms can be
developed [10]. Owing to the noisy input measurements
in the EIV models, the standard least squares method for
errors-in-equation models cannot yield consistent estimates
anymore. To overcome this problem, a bias-compensated
least squares (BCLSs) principle was proposed in [4]. On
the basis of BCLS principle, various algorithms have been
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developed, such as the Frisch scheme-based algorithms [7],
the KL algorithm [8], ECLS [9], BELS [10], and others in [11–
15].

Although there are such a number of approaches for
identifying different EIV models, the convergence of the
algorithms has always been a difficulty. Only a few literatures
have tried to solve this problem [12, 15, 16]. In [16], the accu-
racy of Frisch scheme for EIV identification was analyzed,
in which the estimates of the system parameters as well as
the noise variance were both proved asymptotically Gaussian
distributed by linearizing three primary equations in this
scheme. This conclusion can be perceived as the theoretical
support of the Frisch scheme-based algorithms. Based on
this work, continued extensions and real applications have
sprung up recently [17–20], which reaffirms the value of this
particular analysis result. However, the analysis in [16] needs
a condition that the estimates of the parameters are close to
their true values, which is not clear how to be guaranteed.
A counterexample that could not converge was present in
[21], and in addition, some derivation errors of [16] were
found and discussed at the same time. Furthermore, another
method was provided to identify the EIV model in [21].
But comparing to the model concerned in [16], due to the
difficulty of the identification problem, the one considered in
[21] was a simpler onewith a stronger condition that the input
and output noise processes had the same variance, which has
been hampering its application in some degree.

The purpose of this paper is to consider how to avoid the
restrict condition in [21]; in other words, we are trying to
solve the samemodeling problem as in [16], that is, to propose
an identification algorithm for the modeling of dynamic EIV
systemswith independent input and output noises to estimate
both the unknown system parameters and the noise signals.
In order to achieve this purpose, we used a two-step method:
in Step 1, the original model is rewritten into another form
to get the system parameters in the time domain; in Step 2,
the noise variances are calculated in the frequency domain.
Moreover, the recursive form of the proposed method will be
presented to improve its operational efficiency and enhance
its online applicability.

The structure of the paper is as follows. In Section 2, the
concerned model is described in detail. The new identifica-
tion algorithm is presented in Section 3. Some simulations
are given in Section 4 to illustrate the identification accuracy,
the convergence rate, and the antinoise performance. Finally,
conclusion remarks are given in Section 5.

2. Problem Formulation

A basic dynamic EIV system is shown in Figure 1.
Unlike the normal errors-in-equation model, as men-

tioned before, the EIV model has noise in both input
measurements and output measurements.The immeasurable
true input and output processes 𝑢0(𝑡) and𝑦0(𝑡) are linked by a
dynamic system, which can be a linear or a nonlinear system
in different applications. So far, most of the related studies
are focused on the linear systems, which is also the focus of

Dynamic
system

𝑢0(𝑡) 𝑦0(𝑡)

𝑢(𝑡) 𝑦(𝑡)

�̃�(𝑡) �̃�(𝑡)

ΣΣ

Figure 1: A basic errors-in-variables system.

research in this paper. The ARX(𝑛𝑎, 𝑛𝑏) model is considered
here as

𝐴 (𝑧) 𝑦0 (𝑡) = 𝐵 (𝑧) 𝑢0 (𝑡) , (1)

where

𝐴 (𝑧) = 1 + 𝑎1𝑧 + ⋅ ⋅ ⋅ + 𝑎𝑛
𝑎

𝑧
𝑛
𝑎 ,

𝐵 (𝑧) = 𝑏1𝑧 + ⋅ ⋅ ⋅ + 𝑏𝑛
𝑏

𝑧
𝑛
𝑏 ,

(2)

are the polynomials in the backward shift operator 𝑧. The
{𝑎1, 𝑎2, . . . , 𝑎𝑛

𝑎

, 𝑏1, 𝑏2, . . . , 𝑏𝑛
𝑏

}are the unknown system param-
eters to be identified, while the measured variables 𝑢(𝑡) and
𝑦(𝑡) are disturbed by the unknown noises �̃�(𝑡) and 𝑦(𝑡). Thus
the input and output measurements are

𝑢 (𝑡) = 𝑢0 (𝑡) + �̃� (𝑡) , 𝑦 (𝑡) = 𝑦0 (𝑡) + 𝑦 (𝑡) . (3)

After introducing the notations

𝜃 = (𝑎1, 𝑎2, . . . , 𝑎𝑛
𝑎

, 𝑏1, 𝑏2, . . . , 𝑏𝑛
𝑏

)
𝑇
,

𝜑 (𝑡)

= (−𝑦 (𝑡 − 1) , . . . , −𝑦 (𝑡 − 𝑛𝑎) , 𝑢 (𝑡 − 1) , . . . , 𝑢 (𝑡 − 𝑛𝑏))
𝑇
,

𝜑 (𝑡)

= (−𝑦 (𝑡 − 1) , . . . , −𝑦 (𝑡 − 𝑛𝑎) , �̃� (𝑡 − 1) , . . . , �̃� (𝑡 − 𝑛𝑏))
𝑇
,

(4)

the EIV system can be described as the following model:

𝑦 (𝑡) = 𝜑 (𝑡)
𝑇
𝜃 + 𝐴 (𝑧) 𝑦 (𝑡) − 𝐵 (𝑧) �̃� (𝑡) . (5)

To ensure the identifiability, we list some assumptions first.

(A1) TheEIV system is asymptotically stable, whichmeans
that there is no zero of 𝐴(𝑧) inside the unit circle.

(A2) The noises �̃�(𝑡) and 𝑦(𝑡) are mutually independent
and also independent of the true input and output
signals 𝑢0(𝑡) and 𝑦0(𝑡).

(A3) �̃�(𝑡) and 𝑦(𝑡) are white noises with zero mean and
independent variances 𝜆𝑢 and 𝜆𝑦.

The problem we need to solve is to estimate the system
parameter vector 𝜃 with the help of the measured regressor
vector 𝜑(𝑡). Furthermore, considering that a noise process
can be described by the mean and variance, to identify the



Journal of Applied Mathematics 3

zero-mean input and output noises is simplified to identify
the variances.Therefore, except for the systemparameters, we
also want to estimate the output and input noise variances 𝜆𝑦
and 𝜆𝑢. In the following section, we will give an algorithm
with two independent steps to fulfill the two aspects of the
estimate requirements.

3. Identification Algorithms

As mentioned before, the identification for EIV system is
much more difficult because the input and output noises
are unknown. For the EIV system described in Section 2,
to overcome the influence of the input noise, we will use
anotherMA process {𝑤(𝑡)} as a substitute for the joint impact
of the mutually independent input and output noises, as
twomutually independent sequences of independent random
variables can be represented as an MA process which has
the same spectra with the two jointly sequences [22]. Then
the system can be modified as an ARMAX model, and what
need to do is changed to estimate the system parameters
of the new model and to determine the variances of the
input/output noises in terms of {𝑤(𝑡)}. Thus a two-step
recursive estimation algorithm can be constructed to identify
the system parameters 𝜃 and the noise variances 𝜆𝑦 and 𝜆𝑢,
respectively.
Step 1. for the time 𝑡, we used the obtained estimation of𝑤(𝑡−
1) to estimate the parameters and get the current estimates
𝜃(𝑡) and 𝑤(𝑡).
Step 2. These results are utilized to calculate the estimates of
the noise variance 𝜆𝑦(𝑡) and 𝜆𝑢(𝑡).

In the following, we will give the algorithm followed by
proof.

Step 1 (estimation for the unkown system parameter 𝜃). For
convenience, denote the last two terms of (5) by V(𝑡), that is,

V (𝑡) = 𝐴 (𝑧) 𝑦 (𝑡) − 𝐵 (𝑧) �̃� (𝑡) , (6)

where �̃�(𝑡) and 𝑦(𝑡) are mutually independent with

𝐸𝑦 (𝑡) = 𝐸�̃� (𝑡) = 0, 𝐸𝑦
2
(𝑡) = 𝜆𝑦,

𝐸𝑦
2
(𝑡) = 𝜆𝑢.

(7)

Introduce an MA(𝑛𝑐) process

𝑤 (𝑡) = 𝑒 (𝑡) + 𝑐1𝑒 (𝑡 − 1) + ⋅ ⋅ ⋅ + 𝑐𝑛
𝑐

𝑒 (𝑡 − 𝑛𝑐) , (8)

where {𝑒(𝑡)} is white noise with

𝐸𝑒 (𝑡) = 0, 𝐸𝑒
2
(𝑡) = 𝜆𝑒,

𝑛𝑐 = max {𝑛𝑎, 𝑛𝑏} .
(9)

It can be shown that we can find a pair of {𝑐𝑖, 0 ≤ 𝑖 ≤ 𝑛𝑐}

and 𝜆𝑒 such that {𝑤(𝑡)} and {V(𝑡)} have the same spectra [22],
which means that {V(𝑡)} can be represented by {𝑤(𝑡)} in (8) as

𝑦 (𝑡) = 𝜑 (𝑡)
𝑇
𝜃 + 𝑤 (𝑡) . (10)

The {𝑐𝑖, 0 ≤ 𝑖 ≤ 𝑛𝑐} and 𝜆𝑒 are intermediate variables.

For the new model (10), denote a new parameter vector 𝜃
and a new regressor vector 𝜑(𝑡) by

𝜃 = (𝜃
𝑇
, 𝑐1, 𝑐2, . . . , 𝑐𝑛

𝑐

)
𝑇
, (11)

𝜑 (𝑡) = (𝜑 (𝑡)
𝑇
, 𝑒 (𝑡 − 1) , . . . , 𝑒 (𝑡 − 𝑛𝑐))

𝑇
, (12)

and then the EIV system (5) can be rewritten as

𝑦 (𝑡) = 𝜑 (𝑡)
𝑇
𝜃 + 𝑒 (𝑡) . (13)

In this step, we will give a recursive algorithm to identify (13).
The covariance matrix of the regressor vector 𝜑(𝑡) and

output variables 𝑦(𝑡) is denoted by

𝑅𝜑 = 𝐸𝜑 (𝑖) 𝜑 (𝑖)
𝑇
,

𝑟𝜑𝑦 = 𝐸𝜑 (𝑖) 𝑦 (𝑖) .

(14)

For convenience, introduce

�̂�𝜑 (𝑡) =

𝑡

∑

𝑖=1

𝜑 (𝑖) 𝜑 (𝑖)
𝑇
, (15)

𝑟𝜑𝑦 (𝑡) =

𝑡

∑

𝑖=1

𝜑 (𝑖) 𝑦 (𝑖) . (16)

Assume that the input {𝑢(𝑡)} is a stationary process; in the
calculation, we can use the algebrameans �̂�𝜑(𝑡)/𝑡 and 𝑟𝜑𝑦(𝑡)/𝑡
instead of the mathematical expectations 𝑅𝜑 and 𝑟𝜑𝑦 in (14),
as by ergodicity, we have

�̂�𝜑 (𝑡)

𝑡

𝑡→∞
→ 𝑅𝜑,

𝑟𝜑𝑦 (𝑡)

𝑡

𝑡→∞
→ 𝑟𝜑𝑦.

(17)

Lemma 1 (Matrix Inversion Formula [23]). For the matrices
𝐴 ∈ 𝑅

𝑛×𝑛, 𝐶 ∈ 𝑅
𝑛×1, and 𝐷 ∈ 𝑅

𝑛×1, the inverse matrix of
𝐵 = 𝐴 + 𝐶𝐷

𝑇 is

(𝐴 + 𝐶𝐷
𝑇
)
−1
= 𝐴
−1
− 𝑎
−1
𝐴
−1
𝐶𝐷
𝑇
𝐴
−1
, (18)

where 𝑎 = 1 + 𝐷𝑇𝐴−1𝐶.

Theorem 2. For system (13), under the assumptions (A1)–
(A3), the parameter vector 𝜃 can be estimated recursively as
follows with a large 𝑃(0) and arbitrary 𝜃(𝑡):

𝜃 (𝑡) = 𝜃 (𝑡 − 1) + 𝑎
−1
(𝑡) 𝑃 (𝑡 − 1) �̂� (𝑡)

× [𝑦 (𝑡) −�̂� (𝑡)
𝑇
𝜃 (𝑡 − 1)] ,

𝑃 (𝑡) = 𝑃 (𝑡 − 1) − 𝑎
−1
(𝑡) 𝑃 (𝑡 − 1) �̂� (𝑡) �̂� (𝑡)

𝑇
𝑃 (𝑡 − 1) ,

𝜀 (𝑡) = 𝑦 (𝑡) − �̂� (𝑡)
𝑇
𝜃 (𝑡) ,

�̂� (𝑡) = (𝜑 (𝑡)
𝑇
, 𝜀 (𝑡 − 1) , . . . , 𝜀 (𝑡 − 𝑛𝑐))

𝑇
,

(19)

where 𝑎(𝑡) = 1 + �̂�(𝑡)
𝑇
𝑃(𝑡 − 1)�̂�(𝑡).
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Proof. Like the least squares methods, we use the covariance
matrix for help. By multiplying with 𝜑(𝑡) to the systemmodel
(13), we have

𝐸𝜑 (𝑡) 𝑦 (𝑡) − 𝐸𝜑 (𝑡) 𝜑 (𝑡)
𝑇
𝜃 = 𝐸𝜑 (𝑡) 𝑒 (𝑡) , (20)

with assumptions (A2) and (A3) which can be rewritten as

𝑅𝜑𝜃 = 𝑟𝜑𝑦. (21)

Replacing 𝑅𝜑 and 𝑟𝜑𝑦 with �̂�𝜑(𝑡)/𝑡 and 𝑟𝜑𝑦(𝑡)/𝑡 in (15) and
(16), respectively, as mentioned before, one has

�̂�𝜑 (𝑡) 𝜃 = 𝑟𝜑𝑦 (𝑡) . (22)

We note that (15) and (16) imply

�̂�𝜑 (𝑡) = �̂�𝜑 (𝑡 − 1) + 𝜑 (𝑡) 𝜑 (𝑡)
𝑇
,

𝑟𝜑𝑦 (𝑡) = 𝑟𝜑𝑦 (𝑡 − 1) + 𝜑 (𝑡) 𝑦 (𝑡) .

(23)

Then on condition that �̂�𝜑(𝑡) is reversible, 𝜃 is estimated as

𝜃 (𝑡) = �̂�
−1
𝜑 (𝑡) 𝑟𝜑𝑦 (𝑡)

= �̂�
−1
𝜑 (𝑡) (𝑟𝜑𝑦 (𝑡 − 1) + 𝜑 (𝑡) 𝑦 (𝑡))

= �̂�
−1
𝜑 (𝑡) [(�̂�𝜑 (𝑡) − 𝜑 (𝑡) 𝜑 (𝑡)

𝑇
) 𝜃 (𝑡 − 1) + 𝜑 (𝑡) 𝑦 (𝑡)]

= 𝜃 (𝑡 − 1) + �̂�
−1
𝜑 (𝑡) 𝜑 (𝑡) (𝑦 (𝑡) − 𝜑 (𝑡)

𝑇
𝜃 (𝑡 − 1)) .

(24)

Using (23), we can calculate the vector 𝜃(𝑡). But we note
that there is an inverse operation of �̂�𝜑(𝑡) at each recursive
step, which is a very time-consuming process. To avoid the
inversing, introduce

𝑃 (𝑡) = �̂�
−1
𝜑 (𝑡) , (25)

and apply the Matrix Inversion Formula in Lemma 1 to (24);
taking 𝐴 = �̂�𝜑(𝑡), 𝐶 = 𝐷

𝑇
= 𝜑(𝑡), we have

𝑃 (𝑡) = 𝑃 (𝑡 − 1) −
𝑃 (𝑡 − 1) 𝜑 (𝑡) 𝜑 (𝑡)

𝑇
𝑃 (𝑡 − 1)

1 + 𝜑 (𝑡)
𝑇
𝑃 (𝑡 − 1) 𝜑 (𝑡)

. (26)

Moreover, by (26) it is clear that

�̂�
−1
𝜑 (𝑡) 𝜑 (𝑡) =

𝑃 (𝑡 − 1) 𝜑 (𝑡)

1 + 𝜑 (𝑡)
𝑇
𝑃 (𝑡 − 1) 𝜑 (𝑡)

. (27)

Taking (27) into (23), we have

𝜃 (𝑡) = 𝜃 (𝑡 − 1) +
𝑃 (𝑡 − 1) 𝜑 (𝑡)

1 + 𝜑 (𝑡)
𝑇
𝑃 (𝑡 − 1) 𝜑 (𝑡)

⋅ (𝑦 (𝑡) − 𝜑 (𝑡)
𝑇
𝜃 (𝑡 − 1)) .

(28)

Noting that {𝑒(𝑡 − 1)} in (12) is unknown, 𝜑(𝑡) cannot
be constructed directly. This problem can be solved in the

similar way as for RPLR (recursive pseudolinear regression)
algorithm [22], that is, to form a substitute for 𝜑(𝑡) as

�̂� (𝑡) = (𝜑 (𝑡)
𝑇
, 𝜀 (𝑡 − 1) , . . . , 𝜀 (𝑡 − 𝑛𝑐))

𝑇
, (29)

where 𝜀(𝑡 − 𝑖) = 𝑦(𝑖) − �̂�(𝑖)
𝑇
𝜃(𝑖), 𝑖 ≥ 1. The proof of the

substitution’s correctness is omitted (see details in [22]).
Then using �̂�(𝑡) defined by (29) to replace the 𝜑(𝑡) in (26)

and (28), we get Theorem 2 easily.

Theorem 2 gives a recursive algorithm to get the estimate
of 𝜃: At time 𝑡 − 1, we store only the finite-dimensional
information {𝜃(𝑡−1), 𝑃(𝑡−1), �̂�(𝑡−1)}. At time 𝑡, it is updated
using (23), (27), and (29), which is done with a given fixed
amount of operations, making it a high operational efficiency
and suitable for online applications. Since 𝜃(𝑡) is obtained,
obviously 𝜃(𝑡) can be easily got by (11).

Next we go to estimate the noise properties, which will
be helpful in real applications such as the cascade system
modeling.

Step 2 (estimation for the noise variances 𝜆𝑦(𝑡) and 𝜆𝑢(𝑡)).
To estimate the noise variances 𝜆𝑦, 𝜆𝑢, we need to find the
relationship between {V(𝑡)} in (6) and {𝑤(𝑡)} in (8).

We know that the spectrumΦ𝑠(𝜔) of a signal {𝑠(𝑡)} is the
Fourier transform of its covariance function 𝑅𝑠(𝜏) as

Φ𝑠 (𝜔) =

∞

∑

𝜏=−∞

𝑅𝑠 (𝜏) 𝑒
−𝑖𝜏𝜔

, (30)

where

𝑅𝑠 (𝜏) = 𝐸𝑠 (𝑡) 𝑠 (𝑡 − 𝜏) = lim
𝑁→∞

1

𝑁

𝑁

∑

𝑡=1

𝑠 (𝑡) 𝑠 (𝑡 − 𝜏) . (31)

Since {𝑤(𝑡)} and {V(𝑡)} have the same spectra, that is,

Φ𝑤 (𝜔) ≡ ΦV (𝜔) , (32)

this means that for all 𝜏 = 0, 1, 2, . . . , 𝑛𝑐,

𝑅V (𝜏) = 𝑅𝑤 (𝜏) . (33)

Thus we can find the relationship between 𝜆𝑦, 𝜆𝑢, and 𝜆𝑒 by
using the covariance functions 𝑅V(𝜏) and 𝑅𝑤(𝜏).

At step 𝑡, an estimate of 𝑅𝑠(𝜏) can be used as

𝑅
𝜏
𝑠 (𝑡) =

1

𝑡

𝑡

∑

𝑘=1

𝑠 (𝑘) 𝑠 (𝑘 − 𝜏) . (34)

We switched to the notation 𝑅𝜏V , 𝑅
𝜏
𝑤 rather than 𝑅V(𝜏), 𝑅𝑤(𝜏)

to account for certain differences due to recursive step 𝑡.
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Introduce

𝜃
𝜏
𝑎 (𝑡) = (𝑎𝜏 (𝑡) , 𝑎𝜏+1 (𝑡) , . . . , 𝑎𝜏+𝑛𝑎

(𝑡))
𝑇
,

𝜃
𝜏
𝑏 (𝑡) = (𝑏𝜏+1 (𝑡) , 𝑏𝜏+2 (𝑡) , . . . , 𝑏𝜏+𝑛𝑏

(𝑡))
𝑇
,

𝜃
𝜏
𝑐 (𝑡) = (𝑐𝜏 (𝑡) , 𝑐𝜏+1 (𝑡) , . . . , 𝑐𝜏+𝑛𝑐 (

𝑡))
𝑇
,

𝜑𝑦 (𝑡) = (−𝑦 (𝑡) , −𝑦 (𝑡 − 1) , . . . , −𝑦 (𝑡 − 𝑛𝑎))
𝑇
,

𝜑�̃� (𝑡) = (�̃� (𝑡 − 1) , . . . , �̃� (𝑡 − 𝑛𝑏))
𝑇
,

𝜑𝑒 (𝑡) = (𝑒 (𝑡) , 𝑒 (𝑡 − 1) , . . . , 𝑒 (𝑡 − 𝑛𝑐))
𝑇
,

(35)

where

𝑎𝑘 (𝑡) =

{{

{{

{

1, 𝑘 = 0,

𝑎𝑘 (𝑡) , 0 < 𝑘 ≤ 𝑛𝑎,

0, 𝑘 > 𝑛𝑎 or 𝑘 < 0,

𝑏𝑘 (𝑡) = {
𝑏𝑘 (𝑡) , 0 < 𝑘 ≤ 𝑛𝑏,

0, 𝑘 > 𝑛𝑏 or 𝑘 ≤ 0,

𝑐𝑘 (𝑡) =

{{

{{

{

1, 𝑘 = 0,

𝑐𝑘 (𝑡) , 0 < 𝑘 ≤ 𝑛𝑐,

0, 𝑘 > 𝑛𝑐 or 𝑘 < 0,

(36)

are the transformation of the parameters in 𝜃(𝑡).
Then according to (A2), (A3), (6), (8), and (34), we have

𝑅
𝜏
𝑤 (𝑡) =

1

𝑡

𝑡

∑

𝑘=1

𝑤 (𝑘)𝑤 (𝑘 − 𝜏)

=
1

𝑡

𝑡

∑

𝑘=1

𝜃
0
𝑐 (𝑡)
𝑇
𝜑𝑒 (𝑘) 𝜃

0
𝑐(𝑡)
𝑇
𝜑𝑒 (𝑘 − 𝜏)

=
1

𝑡

𝑡

∑

𝑘=1

𝜃
0
𝑐 (𝑡)
𝑇
𝜑𝑒 (𝑘) 𝜑𝑒(𝑘)

𝑇
𝜃
𝜏

𝑐 (𝑡)

= 𝜃
0
𝑐 (𝑡)
𝑇
𝜃
𝜏
𝑐 (𝑡) 𝜆𝑒.

(37)

Similarly we have

𝑅
𝜏
V (𝑡) = 𝜃

0
𝑎 (𝑡)
𝑇
𝜃
𝜏
𝑎 (𝑡) 𝜆𝑦 + 𝜃

0
𝑏 (𝑡)
𝑇
𝜃
𝜏
𝑏 (𝑡) 𝜆𝑢.

(38)

Then it is clear that for 𝜏 = 0, 1, 2, . . . , 𝑛𝑐,

𝑅
𝜏
V (𝑡) = 𝑅

𝜏
𝑤 (𝑡) (39)

is a set of linear equations about the unknown 𝜆𝑦 and 𝜆𝑢, in
which {𝜃𝜏𝑎(𝑡), 𝜃

𝜏
𝑏(𝑡), 𝜃

𝜏
𝑐 (𝑡)} is known at time 𝑡, and 𝜆𝑒 can be

estimated by:

𝜆𝑒 (𝑡) = 𝑅
0
𝜀 (𝑡) =

1

𝑡

𝑡

∑

𝑘=1

𝜀
2
(𝑘) (40)

by taking 𝜀(𝑡) in Theorem 2 as the estimate of 𝑒(𝑡).
Then the estimates 𝜆𝑦(𝑡) and 𝜆𝑢(𝑡) for the output/input

noise variances 𝜆𝑦 and 𝜆𝑢 can be calculated by (37)–(40).

Table 1: Estimation results of System 1.

Parameter True value Estimation
𝑎1 −0.20 −0.1975 ± 0.0025

𝑎2 −0.15 −0.1483 ± 6.9910𝑒
−4

𝑏1 0.30 0.2842 ± 2.3776𝑒
−4

𝑏2 −0.27 −0.2574 ± 7.5975𝑒
−4

𝜆𝑦 0.20 0.1922 ± 4.5330𝑒
−4

𝜆𝑢 0.50 0.5125 ± 0.0024

4. Simulation Examples

This section addresses some numerical evaluation of the
identification algorithm presented in this paper. Matlab 7.7
is used to do the simulations. To demonstrate its validness
to various EIV systems, we have chosen different signal
processes as the true input variables {𝑢0(𝑡)} in each case:
in Case A, a zero-mean Gaussian process is used; in Case
B, a sawtooth signal is applied; in Case C, it is an ARMA
process. The noise processes {�̃�(𝑡)} and {𝑦(𝑡)} in these cases
are mutually uncorrelated white noise signals with zero-
mean. The robustness of the algorithm is also tested, which
is shown in Case C.

Case A. First we examine how well the algorithm works
for systems with Gaussian input. Consider an EIV dynamic
system with 𝑛𝑎 = 𝑛𝑏 = 2 and

𝜃 = (𝑎1, 𝑎2, 𝑏1, 𝑏2)
𝑇
= (−0.2, −0.15, 0.3, −0.27)

𝑇
. (41)

It is easy to get the system as follows, which is denoted by
System 1:

System 1: 𝑦0 (𝑡) − 0.2𝑦0 (𝑡 − 1) − 0.15𝑦0 (𝑡 − 2)

= 0.3𝑢0 (𝑡 − 1) − 0.27𝑢0 (𝑡 − 2) .
(42)

Let the input signal {𝑢0(𝑡)} be a zero-mean Gaussian
process whose variance equals 1. Let the noise signals {�̃�(𝑡)}
and {𝑦(𝑡)} be mutually uncorrelated white noise signals with
𝜆𝑦 = 0.2, 𝜆𝑢 = 0.5, which means a strong noise environment
for the system.

The system is simulated for 𝑁 = 8000 steps. Calculation
results are listed in Table 1, where the calculation error is
defined by the standard deviation. Figures 2 and 3 show
the system parameter and the noise variances estimates
separately. Solid lines indicate the true values and dashed
lines denote the corresponding estimates. Noting that the
vertical coordinate scopes are very small in both figures, it
can be seen easily that the estimates are converging fast to the
true parameters.

Case B. Consider another system, System 2, with sawtooth
input:

System 2: 𝑦0 (𝑡) =
𝑧 − 2𝑧

2

(1 − 0.9𝑧) (1 − 0.8𝑧)
𝑢0 (𝑡) , (43)
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Figure 2: Estimation result of 𝜃 in System 1.
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Figure 3: Estimation result of 𝜆𝑦 and 𝜆𝑢 in System 1.

in which 𝑛𝑎 = 𝑛𝑏 = 𝑛𝑐 = 2, and

𝜃 = (𝑎1, 𝑎2, 𝑏1, 𝑏2)
𝑇
= (−1.7, 0.72, 1, −2)

𝑇
. (44)

This is the counterexample which was presented in [21]
to show the unconvergency of the Frisch-based method
analyzed in [16]. We use our proposed algorithm to identify
this system under the same conditions; that is, the input
sawtooth signal’s amplitude equals 1 and its frequency is
10Hz; the noises’ variances are

𝜆𝑦 = 𝜆𝑢 = 0.5. (45)

The simulation results of the system parameters and the
noise variances are all displayed in Figure 4. The true values
and estimates are also denoted by solid lines, and dotted lines
respectively. We can see that the algorithm has an even better
performance for this kind of EIV system. All the estimates
converge to their corresponding true values consummately.
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Figure 4: Estimates of System 2 by the new recursive method.

Case C. The proposed algorithm in this paper is valid not
only for EIV models with iid random input process but also
for those whose input signals are more general such as the
ARMA process. In order to examine it, we have considered
the following system:

System 3: 𝑦0 (𝑡) =
2 (1 − 0.5𝑧) 𝑧

1 + 0.2𝑧 − 0.48𝑧2
𝑢0 (𝑡) , (46)

where

𝜃 = (𝑎1, 𝑎2, 𝑏1, 𝑏2)
𝑇
= (0.2, −0.48, 2, −1)

𝑇
. (47)

In this system, the input process {𝑢0(𝑡)} is an ARMA
process:

(1 − 5𝑧) 𝑢0 (𝑡) = (1 − 0.3𝑧) 𝜉 (𝑡) (48)

with 𝜉(𝑡) being a zero-mean iid Gaussian process whose
variance is

𝜆𝜉 = 1. (49)

The noise signals {�̃�(𝑡)} and {𝑦(𝑡)} are mutually uncorrelated
white noise signals with

𝜆𝑦 = 0.2, 𝜆𝑢 = 0.5. (50)

The estimation results are shown in Figures 5 and 6.
Similarly, the true values are marked by solid lines and the
estimates of parameters are marked by dotted lines. We can
see that for ARMA input process, the estimation can still
converge to the true parameters quickly.

In order to verify the robustness against noise, we fur-
ther did several experiments with different signal-to-noise
ratios (SNRs) in System 3. The noise processes used in the
experiments are shown by the first three columns in Table 2.
Column 1 is the signal variables used to generate the input
signals; columns 2 and 3 are the variables of input noise and
output noise.

The average estimation error of System 3 (including the
system parameter estimation and the noises estimation) is
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Figure 5: Estimation result of 𝜃 in System 3 with ARMA input
process.
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Figure 6: Estimation of 𝜆𝑦 and 𝜆𝑢 in System 3 with ARMA input
process.

listed in column 4. It is clear that the performance of the
proposed algorithm is keeping goodwhen the noises increase
(even when the noises are equal or larger than the input
signals).

5. Conclusions

This paper discussed the identification problem of dynamic
errors-in-variables (EIV) systems. EIV model is very useful
and has a wide engineering application range such as the
modeling of cascade system, and camera calibration. In
comparison with the usual errors-in-equation models, EIV
model has a more troublesome noise problem with the
input measurements being disturbed. Since several severe
errors in the previous analysis of the attractive Frisch scheme
identification approaches have been presented in the recent
studies, we developed an adaptive algorithm to solve the
same modeling problem. For the dynamic EIV model with

Table 2: Comparison of the estimations for different SNRs.

𝜆𝜉 𝜆𝑢 𝜆𝑦 Average error
1 0.05 0.05 0.0025
1 0.2 0.2 0.0039
1 0.2 0.5 0.0040
1 0.5 0.2 0.0049
1 0.5 0.5 0.0052
1 1 1 0.0086
1 1 2 0.0064

mutually independent input and output noises, this two-
step algorithm can not only estimate the system parameter
vector as well as the noise variances with greater accuracy but
also reduce the computational complexity significantly due to
its recursive form. It has been shown by several simulation
results that the presented algorithm demonstrates, as shown
in the numerical simulations, a great accuracy, fast conver-
gence speed, and good antinoise performance. Theoretical
analysis of the proposed algorithm and the identification of
somemore complicatedmodel such as EIV nonlinearmodels
will be considered in future work.
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Attribute reduction is one of the challenging problems facing the effective application of computational intelligence technology
for artificial intelligence. Its task is to eliminate dispensable attributes and search for a feature subset that possesses the same
classification capacity as that of the original attribute set. To accomplish efficient attribute reduction, many heuristic search
algorithms have been developed. Most of them are based on the model that the approximation of all the target concepts associated
with a decision system is dividable into that of a single target concept represented by a pair of definable concepts known as lower and
upper approximations. This paper proposes a novel model called macroscopic approximation, considering all the target concepts
as an indivisible whole to be approximated by rough set boundary region derived from inconsistent tolerance blocks, as well as an
efficient approximation framework called positive macroscopic approximation (PMA), addressing macroscopic approximations
with respect to a series of attribute subsets. Based on PMA, a fast heuristic search algorithm for attribute reduction in incomplete
decision systems is designed and achieves obviously better computational efficiency than other available algorithms, which is also
demonstrated by the experimental results.

1. Introduction

Rough set theory (RST) [1] is a powerful mathematical
tool for dealing with imprecision, uncertainty, and vague-
ness. As an extension of traditional set theory supporting
approximation in decision making, RST provides a well-
established model that the approximation of an indefinable
target concept is represented by a pair of definable concepts
known as lower and upper approximations. In recent years,
more and more attention has been paid to RST, and much
success of its applications has already covered a variety of
fields such as artificial intelligence, machine learning, and
knowledge discovery [2–6].

Attribute reduction is one of the key topics in RST, viewed
as the strongest and most important result to distinguish
RST from other theories [7]. Its task is just to eliminate
reducible or dispensable attributes and search for a feature
subset with the same classification capacity as that of the
original attribute set. Much use has been made of attribute
reduction as a preprocessing stage prior to classification of

decision systems, making analysis algorithms more efficient
and learned classifiers more compact.

In attribute reduction, we encounter four general search
strategies. The most intuitive one is the exhaustive search,
which checks all the possible candidate subsets and retrieves
those that satisfy the given criteria. The exhaustive search
results in high time complexity and has been proved to be an
NP-hard problem [8]. Another alternative way characterized
by the incomplete search applies mapping and pruning tech-
niques to minimization. It is achieved by mapping pertinent
elements to a structuredmodel and pruning useless branches
in the search space [9, 10]. Similar to the exhaustive search,
the incomplete search finds theminimal reduct at the expense
of great computational effort. The third strategy for attribute
reduction conducts a random search using the techniques
such as genetic algorithm [11], ant colony optimization [12],
and particle swarm optimization [13]. The random search
provides a robust solution but is also computationally very
expensive. The fourth and most practical strategy discovers
feature subsets by the heuristic search, where attributes with



2 Journal of Applied Mathematics

high quality are preferred as heuristics according to an
evaluation function [14–18]. The heuristic search has the
ability to seek out an optimal or suboptimal reduct as well as
acceptable computational complexity, playing an important
role in the attribute reduction community.

To accomplish efficient attribute reduction, much work
has been devoted to developing heuristic search algorithms.
From the viewpoint of evaluation functions, they can be
classified into three main categories: positive region-based
reduction [19–25], combination-based reduction [26–30],
and entropy-based reduction [31–33].

The positive region-based reduction takes the change
of rough set positive region caused by the addition of an
attribute as the significance of the attribute. Attributes with
the highest significance are selected as heuristics to guide
the search process. One of the classic instances is the quick
reduct algorithm proposed by Chouchoulas and Shen [19],
which can pick the best path to a reduct from the whole
search space and receive many improved versions [20–22].
By using decomposition and sorting techniques to calculate
positive region, Meng and Shi [23] put forward a fast
positive region-based algorithm for feature selection from
incomplete decision systems. Qian et al. [24, 25] constructed
an efficient accelerator for heuristic search using a series
of positive regions to approximate a given target decision
on the gradually reduced universe. It can be incorporated
into heuristic attribute reduction algorithms and make the
modified versions capable of greatly reducing computational
time.

Unlike the positive region-based reduction, the combi-
nation-based reduction considers positive region as well as
other available information such as rule support and bound-
ary region. An attribute is evaluated by combined measure
generated by positive region and additional information.
With consideration of the overall quality of the potential
set of rules, Zhang and Yao [27] introduced rule support
into the evaluation function and proposed a support-oriented
algorithm called parameterized average support heuristic
(PASH), which selects features causing high average support
of rule over all decision classes. Parthaláin and Shen [28] used
distance metric to qualify the objects in the boundary region
with regard to their proximity to the lower approximation
and presented the distance metric-assisted tolerance rough
set attribute reduction algorithm, which employs a new eval-
uationmeasure created by combining the distancemetric and
the dependency degree.

Different from the above two categories, the entropy-
based reduction gives the evaluation functions from the
information view, such as combination entropy and rough
entropy. Qian and Liang [32] presented the concept of combi-
nation entropy for describing the uncertainty of information
systems and used its condition entropy to select a feature
subset. Sun et al. [33] utilized rough entropy-based uncer-
tainty measures to evaluate the roughness and accuracy of
knowledge and then constructed a heuristic search algorithm
with low computational complexity for attribute reduction in
incomplete decision systems.

These investigations have offered interesting insights into
attribute reduction.Whendealingwith large incomplete data,

however, they still suffer from computational inefficiency.
A more efficient and feasible attribute reduction approach
is really desirable. This paper just intends to provide such a
solution.

One can observe thatmost of heuristic attribute reduction
algorithms are based on the model that the approximation of
all the target concepts from a decision system is dividable into
that of a single target concept represented by lower and upper
approximations. Little work has hitherto taken the approxi-
mation problem into account at the macroscopic level. In this
paper, we propose a novel model called macroscopic approx-
imation, considering all the target concepts of a decision
system as an indivisible whole to be approximated by rough
set boundary region derived from inconsistent blocks, as
well as an efficient approximation framework called positive
macroscopic approximation (PMA), addressing macroscopic
approximations with respect to a series of attribute subsets.
Based on PMA, a fast heuristic attribute reduction algorithm
for incomplete decision systems is designed and achieves
obviously better computational efficiency than other available
algorithms, which is also demonstrated by the experimental
results.

The remainder of this paper is organized as follows. In
Section 2, we review some basic concepts of RST and outline
the quick reduct algorithm. Section 3 investigates macro-
scopic approximation and positive macroscopic approxi-
mation. In Section 4, a fast heuristic attribute reduction
algorithm based on positive macroscopic approximation is
devised and illustrated by a worked example. In Section 5,
some experiments are practiced to validate the time efficiency
of the proposed algorithm. Finally, we give a concise conclu-
sion in Section 6.

2. Preliminaries

In this section, we briefly recall some basic concepts, such
as incomplete decision system, tolerance relation, tolerance
block, tolerance class, positive region, and boundary region,
together with the quick reduct algorithm, needed in the
following sections.

2.1. Basic Concepts. A decision system is an information
system with distinction between decision attributes and
condition attributes. It is generally formulated by a data
table where columns are referred to as attributes and rows
as objects of interest. If there exist objects that contain
missing data, the decision system is incomplete; otherwise,
it is complete.

An incomplete decision system is a tuple 𝑆 = (𝑈, 𝐴),
where𝑈, called the universe of discourse, is a nonempty finite
object set and𝐴 is an attribute set that consists of a condition
attribute subset 𝐶 and a decision attribute subset 𝐷. For any
𝑎 ∈ 𝐴, there is a mapping 𝑓, 𝑓 : 𝑈 → 𝑉𝑎, where 𝑉𝑎 is the
value domain of 𝑎.𝑉𝐶 = {𝑉𝑎 | 𝑎 ∈ 𝐶} ∪ {∗} (where “∗” stands
for missing values) and 𝑉𝐷 = {𝑉𝑑 | 𝑑 ∈ 𝐷} are the value
domains of 𝐶 and𝐷, respectively. For convenience, the tuple
𝑆 = (𝑈, 𝐴) is usually denoted as 𝑆 = (𝑈, 𝐶 ∪ 𝐷).
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Let 𝑆 = (𝑈, 𝐶 ∪𝐷) be an incomplete decision system. For
any subset 𝑃 ⊆ 𝐶, 𝑃 determines a binary relation, denoted by
SIM(𝑃), which is defined as

SIM (𝑃) = {(𝑢, V) ∈ 𝑈 × 𝑈 | ∀𝑎 ∈ 𝑃, 𝑓 (𝑢, 𝑎)

= 𝑓 (V, 𝑎) or 𝑓 (𝑢, 𝑎) = ∗ or 𝑓 (V, 𝑎) = ∗} .

(1)

It is easily known that the binary relation is reflexive,
symmetric, and intransitive, so it is a tolerance relation. Using
𝑃-tolerance relation, the universe can be divided into many
tolerance blocks such that 𝜋𝑃 = {𝑋 | 𝑋 ∈ 𝑈/SIM(𝑃)},
where 𝑋 is a 𝑃-tolerance block and 𝜋𝑃 is the family of all the
𝑃-tolerance blocks on 𝑈, called a 𝑃-approximation space. A
𝑃-tolerance block depicts the collection of objects which are
possibly indiscernible from each other with respect to 𝑃. If
there does not exist another 𝑃-tolerance block 𝑌 such that
𝑋 ⊂ 𝑌, then𝑋 is called a maximal 𝑃-tolerance block [34].

For any object 𝑢 ∈ 𝑈, 𝑃-tolerance relation determines the
tolerance class of 𝑢, denoted by 𝑆𝑃(𝑢), that is, 𝑆𝑃(𝑢) = {V ∈ 𝑈 |

(𝑢, V) ∈ SIM(𝑃)}, describing themaximal set of objects which
are probably indistinguishable to 𝑢with respect to 𝑃. There is
a relationship between the tolerance class and the maximal
tolerance block, shown as follows [34]:

𝑆𝑃 (𝑢) = ⋃

𝑋∈𝜋
𝑚𝑃
(𝑢)

𝑋, (2)

where 𝜋𝑚𝑃(𝑢) is the family of maximal 𝑃-tolerance blocks
containing 𝑢. Then, it is easy to prove that

𝑆𝑃 (𝑢) = ⋃

𝑋∈𝜋
𝑃
(𝑢)

𝑋, (3)

where 𝜋𝑃(𝑢) is the family of 𝑃-tolerance blocks containing 𝑢.
Consider a partition 𝜋𝐷 = {𝐷𝑖 | 𝑖 = 1, 2, . . . , 𝑗} of

𝑈 determined by 𝐷. 𝜋𝐷 is the family of all the decision
classes derived from the decision system. Each decision class
can be viewed as a target concept approximated by a pair
of precise concepts which are known as lower and upper
approximations.The dual approximations of a target concept
𝐷𝑖 are defined, respectively, as

𝑃 (𝐷𝑖) = {𝑢 ∈ 𝑈 | 𝑆𝑃 (𝑢) ⊆ 𝐷𝑖} ,

𝑃 (𝐷𝑖) = {𝑢 ∈ 𝑈 | 𝑆𝑃 (𝑢) ∩ 𝐷𝑖 ̸=0} .

(4)

The low approximation of 𝐷𝑖 is regarded as the maximal 𝑃-
definable set contained in 𝐷𝑖, whereas the upper approxi-
mation of 𝐷𝑖 is considered as the minimal 𝑃-definable set
containing 𝐷𝑖. If 𝑃(𝐷𝑖) = 𝑃(𝐷𝑖), then 𝐷𝑖 is a 𝑃-exact set;
otherwise, it is a 𝑃-rough set.

By the dual approximations, the universe of the deci-
sion system is partitioned into two mutually exclusive

crisp regions: positive region and boundary region, defined,
respectively, as

POS𝑃 (𝜋𝐷) =
𝑗

⋃

𝑖=1

𝑃 (𝐷𝑖) , (5)

BND𝑃 (𝜋𝐷) =
𝑗

⋃

𝑖=1

(𝑃 (𝐷𝑖) − 𝑃 (𝐷𝑖)) . (6)

It can be perceived that the positive region is the collection
of objects which are classified without any ambiguity into
the target concepts using 𝑃-tolerance relation, while the
boundary region is, in a sense, the undeterminable area of
the universe, where none of the objects are classified with
certainty into the target concepts as far as 𝑃 is concerned. It is
apparent that POS𝑃(𝜋𝐷) ∪ BND𝑃(𝜋𝐷) = 𝑈 and POS𝑃(𝜋𝐷) ∩
BND𝑃(𝜋𝐷) = 0. If BND𝑃(𝜋𝐷) = 0 or POS𝑃(𝜋𝐷) = 𝑈, we say
that 𝑆 is consistent; otherwise, it is inconsistent.

2.2. Rough Set Attribute Reduction. In RST environment,
dependency degree of decision attribute set 𝐷 to condition
attribute set𝑃 (𝑃 ⊆ 𝐶) is definable in terms of positive region:

𝛾𝑃 (𝐷) =

POS𝑃 (𝜋𝐷)


|𝑈|
, (7)

where |POS𝑃(𝜋𝐷)| and |𝑈| are the cardinalities of POS𝑃(𝜋𝐷)
and 𝑈, respectively. If 𝛾𝑃(𝐷) = 1, we say that 𝐷 totally
depends on 𝑃. If 𝛾𝑃(𝐷) < 1, we say that 𝐷 partially depends
on 𝑃. If 𝛾𝑃(𝐷) = 0, we say that 𝐷 is completely independent
of 𝑃. RST describes a variation of dependency degree caused
by the addition of attribute 𝑎 to 𝑃 as the significance of 𝑎 such
that

Sig (𝑎, 𝑃,𝐷) = 𝛾𝑃∪{𝑎} (𝐷) − 𝛾𝑃 (𝐷) . (8)

The bigger the significance value is, the more informative
the attribute is. Accordingly, the quick reduct algorithm
[19], regarded as a classical rough set attribute reduction
algorithm, is constructed by iteratively adding the attribute
with the highest significance to an attribute poolwhich begins
with an empty set until the dependency value of the pool
equals that of the set of the whole condition attributes. This
process can be outlined by Algorithm 1.

3. Positive Macroscopic Approximation

It is well known that approximation is one of the core ideas
of RST. A target concept is approximated by the low and
upper approximations. Likewise, a decision system can be
viewed as a super concept to be approximated by the low
and upper super approximations, where the family of all the
target concepts from the decision system is considered as the
super concept, the positive region or the complementary set
of the boundary region of the decision system acts as the
low super approximation, and the universe of the decision
system serves as the upper super approximation. If the low
super approximation equals the upper super approximation,
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Inputs:
𝑈: the universe
𝐶: 𝐶 = {𝑐1, 𝑐2, . . . , 𝑐𝑛}, a condition attribute set
𝐷:𝐷 = {𝑑}, a decision attribute set
Output:
red : a reduct of 𝐶
Begin
Step 1. Let red= 0 and 𝑅 = 𝐶

Step 2. While 𝛾red(𝐷) ̸= 𝛾𝐶(𝐷) and 𝑅 ̸= 0 do
Select an attribute 𝑎 ∈ 𝑅 with Sig(𝑎, red, 𝐷) = max(Sig(𝑎, red, 𝐷)) where 𝑎𝑖 ∈ 𝑅

𝑅 = 𝑅 − {𝑎}

red = red ∪ {𝑎}

Step 3. Output red
End.

Algorithm 1: Quick reduct.

the decision system is consistent or exact; otherwise, it is
inconsistent or rough. From the observation, it is easily
understood that the approximation of a decision system can
be represented by the positive region or the boundary region.

RST offers a feasible way to obtain the approximation
of a decision system by means of that of a single target
concept represented by lower and upper approximations as
stated by (5) and (6). For convenience, this model is called
microcosmic approximation. As opposed to microcosmic
approximation, this section introduces a novel model called
macroscopic approximation, where the approximation of
a decision system is achieved by regarding all the target
concepts as an inseparable entity to be approximated by the
boundary region. Furthermore, we explore positive macro-
scopic approximation (PMA), which considers macroscopic
approximations with respect to a series of attribute sets.

3.1. Macroscopic Approximation. Macrocosmic approxima-
tion is an alternative way to arrive at the approximation
of a decision system by the boundary region. Due to an
integral consideration of all the target concepts associated
with a decision system, the low and upper approximations are
unavailable. Affirmably, an attempt is deserved to pioneer a
new avenue to macroscopic approximation. An inconsistent
tolerance block, introduced in the following context, is
capable of offering such a feasible solution.

Definition 1. Let 𝑆 = (𝑈, 𝐶 ∪𝐷), 𝑃 ⊆ 𝐶, and𝑋 ∈ 𝜋𝑃. Then,𝑋
is said an inconsistent tolerance block (IT-block) if |𝜆(𝑋)| >

1 or a consistent tolerance block (CT-block), where 𝜆(𝑋) =

{𝑓(𝑢, 𝑑) | 𝑢 ∈ 𝑋} and |𝜆(𝑋)| is the cardinality of 𝜆(𝑋).

An IT-block describes a set of 𝑃-definable objects
with diverse class labels, implying that a group of 𝑃-
indistinguishable objects have the divergence of decision
making, whereas a CT-block depicts a collection of 𝑃-
definable objects with the same class label, indicating that
a group of 𝑃-indiscernible objects share the same decision
making. Accordingly, 𝜋𝑃 are classified into two mutually
exclusive crisp subfamilies. One is the consistent family,

denoted by 𝜋
CT
𝑃 , collecting all the CT-blocks from 𝜋𝑃 such

that 𝜋CT
𝑃 = {𝑌 ∈ 𝜋𝑃 | |𝜆(𝑌)| = 1}. The other is the

inconsistent family, denoted by 𝜋
IT
𝑃 , gathering all the IT-

blocks from 𝜋𝑃 such that 𝜋IT
𝑃 = {𝑌 ∈ 𝜋𝑃 | |𝜆(𝑌)| > 1}.

Obviously, 𝜋CT
𝑃 ∪ 𝜋

IT
𝑃 = 𝜋𝑃 and 𝜋

CT
𝑃 ∩ 𝜋

IT
𝑃 = {0}.

It is worth noting the distinction between the boundary
region and the IT-block. The former consists of objects of
which tolerance classes cannot be entirely contained in target
concepts, while the latter is such an entity that overlaps two
or more target concepts. The following lemmas are used to
investigate the relationship between them.

Lemma 2. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷) and 𝑃 ⊆ 𝐶. For any 𝑢 ∈

BND𝑃(𝜋𝐷), there must exist at least one IT-block containing
𝑢.

Proof. This proof is done by contradiction. For any 𝑢 ∈

BND𝑃(𝜋𝐷), suppose that there does not exist any IT-block
containing 𝑢. That is to say, any 𝑋 ∈ 𝜋𝑃(𝑢) is a CT-block,
which implies that there must exist some decision value 𝑑0
(𝑑0 ∈ 𝑉𝐷) such that 𝜆(𝑋) = 𝑑0. 𝑑0 corresponds to a
certain decision class𝐷0 (𝐷0 ∈ 𝜋𝐷) containing all the objects
whose decision values are equal to 𝑑0, and then 𝑋 ⊆ 𝐷0
and ⋃𝑋∈𝜋

𝑃
(𝑢)𝑋 ⊆ 𝐷0. So, 𝑆𝑃(𝑢) = ⋃𝑋∈𝜋

𝑃
(𝑢)𝑋 ⊆ 𝐷0. This

means that 𝑢 ∈ POS𝑃(𝜋𝐷), contradicted with 𝑢 ∈ BND𝑃(𝜋𝐷).
Hence, for any 𝑢 ∈ BND𝑃(𝜋𝐷), there must exist at least one
IT-block containing 𝑢. The lemma holds.

Lemma 3. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷) and 𝑃 ⊆ 𝐶. For any 𝑋 ∈ 𝜋
IT
𝑃 ,

𝑋 ⊆ BND𝑃(𝜋𝐷).

Proof. For any 𝑢 ∈ 𝑋, we have 𝑆𝑃(𝑢) = 𝑆

𝑃(𝑢) ∪ 𝑋, where

𝑆

𝑃(𝑢) = ⋃𝑋∈𝜋

𝑃
(𝑢)𝑋
. Since 𝑋 ∈ 𝜋

IT
𝑃 , there is 𝑋 ̸⊂ 𝐷0 for

any 𝐷0 ∈ 𝜋𝐷 (or if 𝑋 ⊆ 𝐷0, then |𝜆(𝑋)| = |𝜆(𝐷0)| = 1,
and thereby 𝑋 ∈ 𝜋

CT
𝑃 , contradicted with 𝑋 ∈ 𝜋

IT
𝑃 ). Hence,

𝑆𝑃(𝑢) = 𝑆

𝑃(𝑢) ∪ 𝑋 ̸⊂ 𝐷0, which gives 𝑢 ∉ POS𝑃(𝜋𝐷). As

POS𝑃(𝜋𝐷)∪BND𝑃(𝜋𝐷) = 𝑈 and POS𝑃(𝜋𝐷)∩BND𝑃(𝜋𝐷) = 0

in 𝑆, 𝑢 ∉ POS𝑃(𝜋𝐷) implies that 𝑢 ∈ BND𝑃(𝜋𝐷). Therefore,
for any 𝑋 ∈ 𝜋

IT
𝑃 and 𝑢 ∈ 𝑋, there is 𝑢 ∈ BND𝑃(𝜋𝐷). This
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means that 𝑋 ⊆ BND𝑃(𝜋𝐷) for any 𝑋 ∈ 𝜋
IT
𝑃 . The lemma

holds.

Theorem4. Let 𝑆 = (𝑈, 𝐶∪𝐷) and𝑃 ⊆ 𝐶.Then, BND𝑃(𝜋𝐷) =
⋃𝑋∈𝜋IT

𝑃

𝑋.

Proof. For any 𝑢 ∈ BND𝑃(𝜋𝐷), according to Lemma 2, there
must exist at least one tolerance block 𝑋 containing 𝑢 such
that 𝑋 ∈ 𝜋

IT
𝑃 , which yields BND𝑃(𝜋𝐷) ⊆ ⋃𝑋∈𝜋IT

𝑃

𝑋. On
the other hand, for any 𝑋 ∈ 𝜋

IT
𝑃 , by Lemma 3, we have

𝑋 ⊆ BND𝑃(𝜋𝐷), which gives ⋃𝑋∈𝜋IT
𝑃

𝑋 ⊆ BND𝑃(𝜋𝐷). In
summary, BND𝑃(𝜋𝐷) = ⋃𝑋∈𝜋IT

𝑃

𝑋. The theorem holds.

Theorem 4 reveals the relationship that the boundary
region is the union of IT-blocks, which is in essence the
materialization of macroscopic approximation by integrally
approximating all the target concepts using the bound-
ary region derived from IT-blocks. Unlike the microscopic
approximation stated by (6), the macroscopic approximation
is directly constructed on the elementary members of the
approximation space rather than the low and upper approxi-
mations, making the calculation of the approximation of the
decision system more efficient.

3.2. PMA. For a given decision system, we can build a series
of attribute subsets according to the following rule. The first
set has only one attribute selected from the set of the whole
attributes, the union of the first set and another attribute
chosen from the remaining attributes is regarded as the
second set, and so on. The newly generated attribute subsets
form an ascending order of the sequence, called a positive
sequence. If a sequence is organized by a descending order,
it is called a converse sequence. Assume that attribute subsets
𝐴 and 𝐵 are two arbitrary elements of a positive sequence. If
𝐴 contains 𝐵, we say that the tolerance relation determined
by 𝐴 is finer than that determined by 𝐵. Conversely, if 𝐴 is
contained in 𝐵, we say that the tolerance relation determined
by 𝐴 is coarser than that determined by 𝐵. Accordingly, a
positive sequence determines a train of tolerance relations
stretching from coarse to fine.

In this subsection, we explore positive macroscopic
approximation (PMA), which addresses macroscopic
approximations with respect to a positive sequence. To
construct an efficient PMA, the following relevant definitions
and lemmas are needed.

Definition 5. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷), 𝑃 ⊆ 𝐶, 𝑎 ∈ 𝐶 − 𝑃, and
𝑋 ∈ 𝜋𝑃. Then, the family of subblocks determined by 𝑎 on𝑋

is defined as

𝜃𝑎 (𝑋) = {{𝑢 ∈ 𝑋 | 𝑓 (𝑢, 𝑎) = 𝑏 or 𝑓 (𝑢, 𝑎) = ∗} | 𝑏 ∈ 𝑉𝑎} .

(9)

The consistent and inconsistent subfamilies of 𝜃𝑎(𝑋) are
defined as 𝜃

CT
𝑎 (𝑋) = {𝑌 ∈ 𝜃𝑎(𝑋) | |𝜆(𝑌)| = 1} and

𝜃
IT
𝑎 (𝑋) = {𝑌 ∈ 𝜃𝑎(𝑋) | |𝜆(𝑌)| > 1}, respectively. Apparently,
𝜃
CT
𝑎 (𝑋) ∪ 𝜃

IT
𝑎 (𝑋) = 𝜃𝑎(𝑋) and 𝜃

CT
𝑎 (𝑋) ∩ 𝜃

IT
𝑎 (𝑋) = {0}.

Lemma 6. Let 𝑆 = (𝑈, 𝐶∪𝐷), 𝑃 ⊆ 𝐶, 𝑎 ∈ 𝐶−𝑃, and𝑋 a CT-
block.Then, any𝑌 ∈ 𝜃𝑎(𝑋) is a CT-block and 𝜃CT𝑎 (𝑋) = 𝜃𝑎(𝑋),
𝜃
IT
𝑎 (𝑋) = {0}.

Proof. Since𝑋 is aCT-block, |𝜆(𝑋)| = 1. Suppose that𝜆(𝑋) =

𝑑0 (𝑑0 ∈ 𝑉𝑑), then 𝑓(𝑢, 𝑑) = 𝑑0 for any 𝑢 ∈ 𝑋. 𝑌 ∈ 𝜃𝑎(𝑋)

means that 𝑌 ⊆ 𝑋, so we have V ∈ 𝑋 for any V ∈ 𝑌 and
𝑓(V, 𝑑) = 𝑑0. Hence, 𝜆(𝑌) = 𝑑0 and |𝜆(𝑌)| = 1, which yields
that 𝑌 is a CT-block. Moreover, 𝜃CT𝑎 (𝑋) = {𝑌 ∈ 𝜃𝑎(𝑋) |

|𝜆(𝑌)| = 1} = 𝜃𝑎(𝑋) and 𝜃
IT
𝑎 (𝑋) = {𝑌 ∈ 𝜃𝑎(𝑋) | |𝜆(𝑌)| >

1} = {0}. The lemma holds.

This lemma shows that any subblock derived from a
CT-block is also a CT-block. In other words, inconsistent
tolerance subblocks are derivable only from IT-blocks.

Definition 7. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷), 𝑃 ⊆ 𝐶, 𝑎 ∈ 𝐶 − 𝑃, and 𝑊

a family of 𝑃-tolerance blocks. Then, the family of subblocks
determined by 𝑎 on𝑊 is defined as

𝜔𝑎 (𝑊) = {𝜃𝑎 (𝑋) | 𝑋 ∈ 𝑊} . (10)

The consistent and inconsistent subfamilies of 𝜔𝑎(𝑊) are
defined as 𝜔

CT
𝑎 (𝑊) = {𝑌 ∈ 𝜔𝑎(𝑊) | |𝜆(𝑌)| = 1} and

𝜔
IT
𝑎 (𝑊) = {𝑌 ∈ 𝜔𝑎(𝑊) | |𝜆(𝑌)| > 1}, respectively. Clearly,

𝜔
CT
𝑎 (𝑊) ∪ 𝜔

IT
𝑎 (𝑊) = 𝜔𝑎(𝑊) and 𝜔

CT
𝑎 (𝑊) ∩ 𝜔

IT
𝑎 (𝑊) = {0}.

Lemma 8. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷), 𝑃 ⊆ 𝐶, 𝑎 ∈ 𝐶 − 𝑃, and 𝑊 a
family of CT-blocks. Then, any 𝑌 ∈ 𝜔𝑎(𝑊) is a CT-block and
𝜔
𝐶𝑇
𝑎 (𝑊) = 𝜔𝑎(𝑊), 𝜔𝐼𝑇𝑎 (𝑊) = {0}.

Proof. For any𝑋 ∈ 𝑊,𝑋 is a CT-block. By Lemma 6, any𝑍 ∈

𝜃𝑎(𝑋) is also a CT-block, which yields that any 𝑌 ∈ {𝜃𝑎(𝑋) |

𝑋 ∈ 𝑊} = 𝜔𝑎(𝑊) is a CT-block. Since |𝜆(𝑌)| = 1, 𝜔CT
𝑎 (𝑊) =

{𝑌 ∈ 𝜔𝑎(𝑊) | |𝜆(𝑌)| = 1} = 𝜔𝑎(𝑊) and 𝜔
IT
𝑎 (𝑊) = {𝑌 ∈

𝜔𝑎(𝑊) | |𝜆(𝑌)| > 1} = {0}. The lemma holds.

Theorem 9. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷), 𝑃 ⊆ 𝐶, and 𝑎 ∈ 𝐶 − 𝑃. Then,
𝜋
IT
𝑃∪{𝑎} = 𝜔

IT
𝑎 (𝜋

IT
𝑃 ).

Proof. Assume that 𝑃 = {𝑎1, 𝑎2, . . . , 𝑎𝑡}. By (9) and (10),
we have 𝜋𝑃 = 𝜔𝑎

𝑡

(⋅ ⋅ ⋅ (𝜔𝑎
2

(𝜃𝑎
1

(𝑈))) ⋅ ⋅ ⋅ ) and 𝜋𝑃∪{𝑎} =

𝜔𝑎(𝜔𝑎
𝑡

(⋅ ⋅ ⋅ (𝜔𝑎
2

(𝜃𝑎
1

(𝑈))) ⋅ ⋅ ⋅ )). Then, 𝜋𝑃∪{𝑎} = 𝜔𝑎(𝜋𝑃) =

𝜔𝑎(𝜋
IT
𝑃 ) ∪ 𝜔𝑎(𝜋

CT
𝑃 ).

𝜋
IT
𝑃∪{𝑎} = {𝑋 ∈ 𝜋𝑃∪{𝑎} | |𝜆 (𝑋)| > 1}

= {𝑋 ∈ 𝜔𝑎 (𝜋
IT
𝑃 ) ∪ 𝜔𝑎 (𝜋

CT
𝑃 ) | |𝜆 (𝑋)| > 1}

= {𝑋 ∈ 𝜔𝑎 (𝜋
IT
𝑃 ) | |𝜆 (𝑋)| > 1}

∪ {𝑋 ∈ 𝜔𝑎 (𝜋
CT
𝑃 ) | |𝜆 (𝑋)| > 1}

= 𝜔
IT
𝑎 (𝜋

IT
𝑃 ) ∪ 𝜔

IT
𝑎 (𝜋

CT
𝑃 ) .

(11)

By Lemma 8, 𝜔IT
𝑎 (𝜋

CT
𝑃 ) = {0}, and then 𝜋

IT
𝑃∪{𝑎} = 𝜔

IT
𝑎 (𝜋

IT
𝑃 ).

The theorem holds.
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Inputs:
𝑈: the universe
𝑃: 𝑃 = {𝑎1, 𝑎2, . . . , 𝑎𝑡} ⊆ 𝐶, a condition attribute subset
𝐷: 𝐷 = {𝑑}, a decision attribute set
Output:
PMA(𝜌𝑡): a family of boundary regions
Begin
Sept 1. PMA(𝜌𝑡) = ⟨0⟩, 𝑃0 = 0, 𝜋

IT
𝑃0

= {𝑈} // regard the universe as a root IT-block
Step 2. For 𝑖 = 1 to 𝑡 do

𝑃𝑖 = 𝑃𝑖−1 ∪ {𝑎𝑖} // generate an element 𝑃𝑖 of a positive sequence
𝜋
IT
𝑃𝑖

= 𝜔
IT
𝑎𝑖
(𝜋

IT
𝑃𝑖−1

) // derive IT-blocks with respect to 𝑃𝑖 from those with respect to 𝑃𝑖−1

BND𝑃𝑖(𝜋𝐷) = ∪{𝑋 ∈ 𝜋
IT
𝑃𝑖
} // obtain the boundary region by means of IT-blocks

PMA(𝜌𝑡) = PMA(𝜌𝑡) + {BND𝑃𝑖 (𝜋𝐷)} // add the boundary region to the sequence
Step 3. Output PMA(𝜌𝑡)
End.

Algorithm 2: PMA.

Theorem 9 indicates that 𝜋IT
𝑃∪{𝑎} can be deduced by 𝜋

IT
𝑃 ,

which implies that the IT-blocks determined by the finer tol-
erance relation can be achieved by successively decomposing
the IT-blocks determined by the coarser tolerance relation,
regardless of corresponding CT-blocks. By Theorem 9, we
arrive at an efficient PMA, embodied by Definition 10.

Definition 10. Let 𝑆 = (𝑈, 𝐶 ∪ 𝐷), 𝑃 ⊆ 𝐶 with 𝑃 =

{𝑎1, 𝑎2, . . . , 𝑎𝑡}, and 𝜌𝑡 = ⟨𝑃1, 𝑃2, . . . , 𝑃𝑡⟩ a positive sequence,
where 𝑃1 = {𝑎1}, 𝑃2 = {𝑎1, 𝑎2},. . ., and 𝑃𝑡 = {𝑎1, 𝑎2, . . . , 𝑎𝑡}.
Then, PMA with respect to 𝜌𝑡 can be defined as

PMA (𝜌𝑡) = ⟨BND𝑃
𝑡

(𝜋𝐷) | 1 ≤ 𝑖 ≤ 𝑡⟩ , (12)

where BND𝑃
𝑡

(𝜋𝐷) = ⋃𝑋∈𝜋IT
𝑃𝑡

𝑋, 𝜋IT
𝑃
𝑡

= 𝜔
IT
𝑎
𝑡

(𝜋
IT
𝑃
𝑡−1

), and 𝜋
IT
𝑃
1

=

𝜔
IT
𝑎
1

({𝑈}) = 𝜃
IT
𝑎
1

(𝑈).

PMA is in fact a sequence of boundary regions, each of
which denotes the approximation of the decision systemwith
respect to some attribute subset. Since the tolerance relations
determined by the positive sequence are from coarse to fine, it
is easily proved that corresponding boundary regions stretch
from broad to narrow. In other words, PMA is the sequence
of gradually reduced boundary regions. When 𝑃 = 𝐶, PMA
portrays in detail the evolution of boundary region becoming
narrower and narrower until reaching the boundary region
with respect to the set of the whole condition attributes.

PMA provides an efficient approximation framework
where a decision system is consecutively approximated by
the boundary region derived from IT-blocks according to
a positive sequence. This mechanism can be visualized in
Figure 1.

PMA considers the universe 𝑈 as a root IT-block and
evaluates the boundary regions by repeatedly dividing the
IT-blocks into the smaller ones with the positive sequence.
For the attribute set 𝑃1, the attribute 𝑎1 works on the root
IT-block and then outputs the consistent family 𝜋

CT
𝑃
1

and
the inconsistent family 𝜋

IT
𝑃
1

. The former is pruned, while the
latter is used to produce the boundary region BND𝑃

1

(𝜋𝐷)

𝑃1

𝑃2

𝑃𝑡−1

𝑃𝑡

𝜋
CT
𝑃𝑖

𝜋
IT
𝑃𝑖

CT-block

IT-block

BND𝑃𝑖
(𝜋𝐷)

· · · · · ·

...
...

. . .

Figure 1: Mechanism of PMA.

and serves as father IT-blocks for next operation. As for
𝑃2, 𝜋

CT
𝑃
2

and 𝜋
IT
𝑃
2

are generated by employing 𝑎2 to operate
on 𝜋

IT
𝑃
1

, and then BND𝑃
2

(𝜋𝐷) is derived from 𝜋
IT
𝑃
2

. Likewise,
we can obtain 𝜋

CT
𝑃
𝑡

and 𝜋
IT
𝑃
𝑡

calculated by using 𝑎𝑡 to split
𝜋
IT
𝑃
𝑡−1

along with BND𝑃
𝑡

(𝜋𝐷) induced by 𝜋
IT
𝑃
𝑡

. The detailed
steps of this process are shown in Algorithm 2. PMA starts
with an empty sequence; boundary regions with respect to
a positive sequence are added incrementally. This process
continues until all the attributes are traversed. For each loop,
the boundary region is derivable from the corresponding IT-
blocks obtained by operating on their predecessors with a
single attribute.

There are several highlights decorating PMA. First, the
inconsistent family with respect to some attribute subsets
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Table 1: An incomplete decision system.

Car Price Mileage Size Max speed Acceleration
𝑢1 High High Full Low Good
𝑢2 ∗ ∗ Full Low Good
𝑢3 ∗ ∗ Compact Low Poor
𝑢4 Low ∗ Full High Good
𝑢5 ∗ ∗ Full High Excellent
𝑢6 High High Full ∗ Good

inherits from its predecessor rather than starting all over
again, which makes efficient use of the intermediate results.
Second, the cardinality of the boundary region with respect
to a fine tolerance relation is not more than the cardinality
of the boundary region with respect to a coarse tolerance
relation, indicating that PMA works on a gradually reduced
universe. Finally, obtaining a series of boundary regions
needs to traverse the entire condition attribute set just only
once. All the advantages are beneficial for PMA to achieve
better computational efficiency, which can be visible in the
process of attribute reduction addressed in the next section.
The following example is employed to illustrate this idea.

Example 11. Consider an incomplete decision system 𝑆 =

(𝑈, 𝐶 ∪𝐷) showed in Table 1, where𝑈 = {𝑢1, 𝑢2, . . . , 𝑢6}, 𝐶 =

{𝑎1, 𝑎2, 𝑎3, 𝑎4}, and𝐷 = {𝑑}.The attributes 𝑎1, 𝑎2, 𝑎3, 𝑎4, and
𝑑 stand for price, mileage, size, max-speed, and acceleration,
respectively. Note that Table 1 is somewhat different from that
in the literature [23, 34].

Let 𝑃 = {𝑎1, 𝑎2, 𝑎3, 𝑎4}. We can build a positive sequence
𝜌4 such that 𝜌4 = {𝑃1, 𝑃2, 𝑃3, 𝑃4}, where 𝑃1 = {𝑎1}, 𝑃2 =

{𝑎1, 𝑎2}, 𝑃3 = {𝑎1, 𝑎2, 𝑎3}, and 𝑃4 = {𝑎1, 𝑎2, 𝑎3, 𝑎4}. Applying
𝑎1 to the universe, we can get 𝜋IT

𝑃
1

and then BND𝑃
1

(𝜋𝐷):

𝜋
IT
𝑃
1

= {{𝑢1, 𝑢2, 𝑢3, 𝑢5, 𝑢6} , {𝑢2, 𝑢3, 𝑢4, 𝑢5}} ,

BND𝑃
1

(𝜋𝐷) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} .

(13)

For 𝑃2, the attribute 𝑎2 is used to operate on 𝜋
IT
𝑃
1

for 𝜋IT
𝑃
2

. The
corresponding results are generated:

𝜋
IT
𝑃
2

= {{𝑢1, 𝑢2, 𝑢3, 𝑢5, 𝑢6} , {𝑢2, 𝑢3, 𝑢4, 𝑢5}} ,

BND𝑃
2

(𝜋𝐷) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} .

(14)

Similarly, the results with respect to 𝑃3 and 𝑃4 are produced
as follows:

𝜋
IT
𝑃
3

= {{𝑢1, 𝑢2, 𝑢5, 𝑢6} , {𝑢2, 𝑢4, 𝑢5}} ,

BND𝑃
3

(𝜋𝐷) = {𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6} ,

𝜋
IT
𝑃
4

= {{𝑢4, 𝑢5} , {𝑢5, 𝑢6}} ,

BND𝑃
4

(𝜋𝐷) = {𝑢4, 𝑢5, 𝑢6} .

(15)

Therefore, PMA with respect to 𝜌4 is achieved:

PMA (𝜌4) = ⟨BND𝑃
1

(𝜋𝐷) ,BND𝑃
2

(𝜋𝐷) ,

BND𝑃
3

(𝜋𝐷) ,BND𝑃
4

(𝜋𝐷)⟩

= ⟨{𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} , {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} ,

{𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6} , {𝑢4, 𝑢5, 𝑢6}⟩ .

(16)

It is clear that BND𝑃
1

(𝜋𝐷) ⊇ BND𝑃
2

(𝜋𝐷) ⊇ BND𝑃
3

(𝜋𝐷) ⊇

BND𝑃
4

(𝜋𝐷), which confirms the fact that the boundary
region of PMA is gradually reduced in accordance with
the positive sequence and finally catches up to the minimal
boundary region (BND𝐶(𝜋𝐷) = {𝑢4, 𝑢5, 𝑢6}).

4. PMA-Based Attribute Reduction

As mentioned previously, PMA offers a sequence of the
boundary regions in descending order. If each selected
attribute is so informative that it makes the boundary region
narrowed remarkably, the boundary region with respect to
some attribute subsets can keep up with the boundary region
with respect to the set of all the attributes. In other words, a
reduct is the attribute subset with the minimal number that
creates the same approximation of the decision system as the
original attribute set. Following the observation, we design a
heuristic attribute reduction algorithm based on PMA, called
PMA-AR. Before elaborating PMA-AR, we give a redefinition
of the attribute dependency.

In (7), the dependency degree is definable in terms of
positive region. Since positive region and boundary region
are complementary within the universe of a decision system,
the dependency degree can also be defined in terms of
boundary region.

Definition 12. Let 𝑆 = (𝑈, 𝐶∪𝐷),𝑃 ⊆ 𝐶, and 𝑎 ∈ 𝐶−𝑃, and the
dependency degree of decision attribute set 𝐷 to condition
attribute set 𝑃 is defined as

𝛾𝑃 (𝐷) = 1 −

BND𝑃 (𝜋𝐷)


|𝑈|
. (17)

Then, the significance of the attribute 𝑎 is also equivalently
redefined as

Sig (𝑎, 𝑃,𝐷) =

BND𝑃 (𝜋𝐷)
 −

BND𝑃∪{𝑎} (𝜋𝐷)


|𝑈|
. (18)
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Inputs:
𝑈: the universe
𝐶: 𝐶 = {𝑎1, 𝑎2, . . . , 𝑎𝑛}, a condition attribute set
𝐷: 𝐷 = {𝑑}, a decision attribute set
Output:
red: a reduct of 𝐶
Begin
Sept 1. 𝑃 = 0, 𝜋

IT
𝑃 = {𝑈}, BND𝑃(𝜋𝐷) = 𝑈, 𝑅 = 𝐶

Sept 2. Compute BND𝐶(𝜋𝐷) by Algorithm 2
Step 3. While BND𝑃(𝜋𝐷) ̸=BND𝐶(𝜋𝐷) and 𝑅 ̸= 0 do {

𝑎max = null, 𝜋IT
max = 0, BNDmax(𝜋𝐷) = 0, Sig(𝑎max, 𝑃, 𝐷) = −1

For 𝑖 = 1 to |𝑅| do {

𝜋
IT
𝑃∪{𝑟𝑖}

= 𝜔
IT
𝑟𝑖
(𝜋

IT
𝑃 ) // 𝑟𝑖 denotes the No. 𝑖 attribute in 𝑅

BND𝑃∪{𝑟𝑖}(𝜋𝐷) = ∪{𝑋 ∈ 𝜋
IT
𝑃∪{𝑟𝑖}

}

Sig(𝑟𝑖, 𝑃, 𝐷) = (
BND𝑃(𝜋𝐷)

 −

BND𝑃∪{𝑟𝑖}(𝜋𝐷)


) / |𝑈|

If Sig(𝑟𝑖, 𝑃, 𝐷) > Sig(𝑎max, 𝑃, 𝐷) then {

𝑎max = 𝑟𝑖, 𝜋
IT
max = 𝜋

IT
𝑃∪{𝑟𝑖}

, BNDmax(𝜋𝐷) = BND𝑃∪{𝑟𝑖}(𝜋𝐷)
Sig(𝑎max, 𝑃, 𝐷) = Sig(𝑟𝑖, 𝑃, 𝐷)

} //end If
}//end For
𝑃 = 𝑃 ∪ {𝑎max}, 𝜋

IT
𝑃 = 𝜋

IT
max, BND𝑃(𝜋𝐷) = BNDmax(𝜋𝐷), 𝑅 = 𝑅 − {𝑎max}

}//end While
Step 4. Let red = 𝑃

Algorithm 3: PMA-AR.

The significance expresses how the boundary region will be
affected if the attribute 𝑎 is added to the set 𝑃. In general, an
attribute with a maximal significance value is preferentially
selected to guide the search process.

PMA-AR is in essence an extension of the quick reduct
algorithm indicated previously. It marries PMA and the
boundary region-based significance. The former provides an
efficient way to compute the boundary region, and the latter
acts as a router to determine the optimal search path. This
effective combination allows PMA-AR to have the ability
to locate a reduct efficiently. Algorithm 3 gives the detailed
description of PMA-AR.

PMA-AR is constructed onPMAand employs the bound-
ary region-based significance as the evaluation function to
determine the positive sequence. A new attribute subset is
achieved by this way. Each of the unselected attributes is
used to work on the IT-blocks generated by the current
attribute subset, and then corresponding boundary region
is derived from the resulted IT-blocks. By evaluating the
boundary region-based significance, the attribute with the
biggest significance value is selected and added to the current
attribute subset, which creates the expected attribute subset.
This process continues until the boundary regionwith respect
to the newly generated attribute subset equals the boundary
regionwith respect to the set of all the attributes; equivalently,
the dependency degree of the decision attribute set to the
newly generated attribute subset is equal to that of the
decision attribute set to the original attribute set.

PMA-AR produces the shortest positive sequence
together with the fastest evolution of the boundary regions
from maximal to minimal. A hidden reduct is uncovered
which makes use of the minimal attributes to describe the
approximation of the decision system with respect to the set
of all the attributes.

Note that the time complexity of PMA-AR is 𝑂(|𝐶||𝑈| +

∑
red
𝑖=1(|𝐶|−𝑖)⋅|BND𝑃𝑖(𝜋𝐷)|), which is dependent on Step 2with

𝑂(|𝐶||𝑈|) and Step 3with𝑂(∑
red
𝑖=1(|𝐶|−𝑖)⋅|BND𝑃𝑖(𝜋𝐷)|), where

|𝐶| and |𝑈| are the cardinalities of 𝐶 and 𝑈, respectively. In
the worst case where BND𝑃

𝑖

(𝜋𝐷) = 𝑈 and red = 𝐶, it is
theoretically possible that PMA-AR takes time 𝑂(|𝐶|

2
|𝑈|).

In fact, according to Algorithm 3, if BND𝑃
𝑖

(𝜋𝐷) = 𝑈 or
red = 𝐶, PMA-AR costs time 𝑂(|𝐶||𝑈|), which implies that
the practical time consumption is much less than𝑂(|𝐶|

2
|𝑈|).

Compared with the existing attribute reduction algorithms
for incomplete decision systems with time complexities
not less than 𝑂(|𝐶|

2
|𝑈| log |𝑈|) [23, 33], PMA-AR achieves

obviously lower time complexity. The following example is
employed to illustrate the working process of PMA-AR.

Example 13. Consider 𝑆 = (𝑈, 𝐶 ∪ 𝐷) described in Table 1,
where 𝑈 = {𝑢1, 𝑢2, . . . , 𝑢6}, 𝐶 = {𝑎1, 𝑎2, 𝑎3, 𝑎4}, and 𝐷 = {𝑑}.
The attributes 𝑎1, 𝑎2, 𝑎3, 𝑎4, and 𝑑 stand for price, mileage,
size, max-speed, and acceleration, respectively.

Unlike Example 11, the positive sequence associated with
PMA-AR is dynamically generated by iteratively selecting the
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attribute with themaximal significance value. To this end, the
following results are produced:

𝜋
IT
𝑃
0
∪{𝑎1}

= {{𝑢1, 𝑢2, 𝑢3, 𝑢5, 𝑢6} , {𝑢2, 𝑢3, 𝑢4, 𝑢5}} ,

BND𝑃
0
∪{𝑎
1
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎1, 𝑃0, 𝐷) = 0,

𝜋
IT
𝑃
0
∪{𝑎2}

= {{𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6}} ,

BND𝑃
0
∪{𝑎
2
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎2, 𝑃0, 𝐷) = 0,

𝜋
IT
𝑃
0
∪{𝑎3}

= {{𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6}} ,

BND𝑃
0
∪{𝑎
3
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎3, 𝑃0, 𝐷) =
1

6
,

𝜋
IT
𝑃
0
∪{𝑎4}

= {{𝑢1, 𝑢2, 𝑢3, 𝑢6} , {𝑢4, 𝑢5, 𝑢6}} ,

BND𝑃
0
∪{𝑎
4
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎4, 𝑃0, 𝐷) = 0.

(19)

It is evident that the attribute 𝑎3 with the maximal
significance value is available and can be used to create the
attribute subset 𝑃1 = {𝑎3}. Then, 𝜋IT

𝑃
1

= {{𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6}}

and BND𝑃
1

(𝜋𝐷) = {𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6}. Now, 𝜋
IT
𝑃
1

is regarded
as father IT-blocks to breed son IT-blocks by adding one of
the remaining attributes to 𝑃1. From the newly generated
IT-blocks, the boundary region is derivable. By evaluating
the boundary region-based significance, the next expected
attribute can be selected from the set of remaining attributes
{𝑎1, 𝑎2, 𝑎4}.The corresponding results are exhibited as follows:

𝜋
IT
𝑃
1
∪{𝑎1}

= {{𝑢1, 𝑢2, 𝑢5, 𝑢6} , {𝑢2, 𝑢4, 𝑢5}} ,

BND𝑃
1
∪{𝑎
1
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎1, 𝑃1, 𝐷) = 0,

𝜋
IT
𝑃
1
∪{𝑎2}

= {{𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6}} ,

BND𝑃
1
∪{𝑎
2
} (𝜋𝐷) = {𝑢1, 𝑢2, 𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎2, 𝑃1, 𝐷) = 0,

𝜋
IT
𝑃
1
∪{𝑎4}

= {{𝑢4, 𝑢5} , {𝑢5, 𝑢6}} ,

BND𝑃
1
∪{𝑎
4
} (𝜋𝐷) = {𝑢4, 𝑢5, 𝑢6} ,

Sig (𝑎4, 𝑃1, 𝐷) =
1

3
.

(20)

Thus, the attribute 𝑎4 with the maximal significance value
is preferably selected and used to generate another attribute
subset 𝑃2 = {𝑎3, 𝑎4}. Then, 𝜋IT

𝑃
2

= {{𝑢4, 𝑢5}, {𝑢5, 𝑢6}} and

Table 2: Description of datasets.

No. Dataset Objects Attributes Classes
1 Lung cancer 32 56 3
2 Standardized audiology 200 69 24
3 Congressional voting 435 16 2

4 Balance scale weight and
distance 625 4 3

5 Tic-tac-toe end game 958 9 2
6 Car evaluation 1728 6 4
7 Chess end game 3196 36 2
8 Nursery 12960 8 5

BND𝑃
2

(𝜋𝐷) = {𝑢4, 𝑢5, 𝑢6}. Since BND𝑃
2

(𝜋𝐷) is equal to
BND𝐶(𝜋𝐷), 𝑃2 is just a reduct.

As a result, the reduct of the decision system is {𝑎3, 𝑎4}.

5. Experimental Evaluation

In the following, we carry out several experiments on a
personal computer with Windows XP, 2.53GHZ CPU, and
2.0G memory so as to evaluate PMA-AR in terms of the
number of selected features and running time.

There are many heuristic search algorithms for attribute
reduction in incomplete decision systems [17, 20, 23–25, 28,
33], of which three state-of-the-art algorithms are appro-
priate for comparison with PMA-AR. They are positive
region-based algorithm (PRA) [23], distance metric-assisted
algorithm (DMA) [28], and rough entropy-based algorithm
(REA) [33], qualified as the representatives of positive region
based reduction, combination-based reduction, and entropy-
based reduction, respectively.

Our experiments employ eight publicly accessible
datasets from UCI repository of machine learning databases
[35]. Each of them is a discrete dataset with only one decision
attribute. Since PMA-AR is designed to deal with incomplete
data, five complete datasets, such as balance scale weight
and distance, tic-tac-toe end game, car evaluation, chess
end game, and nursery, are all turned into incomplete
ones by randomly replacing some known attribute values
with missing ones. In addition, an identifier attribute of
standardized audiology is removed. The characteristics of
these datasets are described in Table 2.

The experiments are performed by applying the four
algorithms (PRA, DMA, REA, and PMA-AR) to the eight
datasets shown in Table 2. The resulted number of selected
features and running time expressed in seconds is exhibited
in Tables 3 and 4, respectively.

From Table 3, it can be observed that the number of
features selected by PMA-AR is the same as that by PRA but
not less than those by DMA and REA. On the whole, the
numbers by the four algorithms are relatively approximate.
This indicates that the performances of the four algorithms
are very close, though DMA and REA perform a little better
than PMA-AR and PRA.

On the other hand, Table 4 shows that for each dataset,
DMA needs the most time, PRA and REA get the second and
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Table 3: Number of features selected by four algorithms.

No. Dataset DMA REA PRA PMA-AR
1 Lung cancer 4 4 4 4
2 Standardized audiology 21 21 22 22
3 Congressional voting 8 8 9 9

4 Balance scale weight and
distance 4 4 4 4

5 Tic-tac-toe end game 7 8 8 8
6 Car evaluation 6 6 6 6
7 Chess end game 26 28 29 29
8 Nursery 8 8 8 8

Table 4: Running time of four algorithms.

No. Dataset DMA REA PRA PMA-AR
1 Lung cancer 1.054 0.817 0.849 0.808
2 Standardized audiology 7.132 3.167 3.363 1.564
3 Congressional voting 2.657 1.301 1.365 1.107

4 Balance scale weight
and distance 2.548 1.211 1.306 0.910

5 Tic-tac-toe end game 14.745 6.694 7.703 1.834
6 Car evaluation 46.889 15.660 17.503 2.303
7 Chess end game 384.416 105.985 128.153 8.445
8 Nursery 569.490 139.974 179.430 9.224

third place, respectively, and PMA-AR need the lest. More-
over, the running time of DMA, PRA, and REA increases
muchmore rapidly than that of PMA-AR.The differences can
be illustrated by plotting the ratios of DMA, PRA, and REA
to PMA-AR, respectively, as shown in Figure 2.

From Figure 2, we can find that the curve corresponding
to DMA/PMA-AR increases most rapidly, and the curve
corresponding to PRA/PMA-AR increases slightly rapidly
than that corresponding to REA/PMA-AR.The experimental
result coincides with the theoretical analysis that the time
complexity of DMA is not less than 𝑂(|𝐶|

2
|𝑈|
2
), which is

the highest among all four algorithms; the second one is
PRA, of which the time complexity is 𝑂(|𝐶|

2
|𝑈| log |𝑈|).

Following PRA, REA has the time complexity not more than
𝑂(|𝐶|

2
|𝑈| log |𝑈|), and themost efficient one is PMA-ARwith

the time complexity much less than 𝑂(|𝐶|
2
|𝑈|). It is verified

that PMA-AR achieves the best performance in terms of time
efficiency.

One can also observe that although each curve tends to
increase with size of datasets, it is not strictly monotonic,
namely, the curves fluctuate significantly. This can be seen
from the case that the ratio of DMA to PMA-AR on Dataset
2 is higher than that on Dataset 3. The main reason is
that the attribute number of datasets is different, and more
importantly, the number of selected features is also different.
For example, Dataset 2 has 69 attributes, of which 21 features
are selected, while Dataset 3 has 16 attributes, and 8 features
are selected. Furthermore, the curves also indicate that when
the number of attributes is far less than that of objects, the
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Figure 2: Ratios of DMA, PRA, and REA to PMA-AR.

running time mainly relies on the latter. This supports the
conclusion that PMA-AR ismore suitable for feature selection
from large data than the other three algorithms because it is
proportional to |𝑈|.

6. Conclusions

Attribute reduction in incomplete decision systems has been
a hotspot of rough set-based data analysis. To efficiently
obtain a feature subset, many heuristic attribute reduction
algorithms have been studied. Unfortunately, these algo-
rithms are still computationally costly for large data. This
paper has developed PMA-AR, which has the ability to find
a feature subset as well as obviously better computational
efficiency.

Unlike other algorithms featured bymicrocosmic approx-
imation, PMA-AR adopts a novel model called macrocosmic
approximation, which considers all the target concepts of
a decision system as an indivisible whole to be approx-
imated by rough set boundary region derived from IT-
blocks. Constructed on PMA which serves as an accelerator
for calculation of boundary region, PMA-AR is capable
of efficiently identifying a reduct by using the boundary
region-based significance as the evaluation function. Both
theoretical analysis and experimental results demonstrate
that PMA-AR indeed outperforms other available algorithms
with regard to time efficiency.
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The integral is one of the most important foundations for modeling dynamical systems. The gauge integral is a generalization of
the Riemann integral and the Lebesgue integral and applies to a much wider class of functions. In this paper, we formalize the
operational properties which contain the linearity, monotonicity, integration by parts, the Cauchy-type integrability criterion, and
other important theorems of the gauge integral in higher-order logic 4 (HOL4) and then use them to verify an inverting integrator.
The formalized theorem library has been accepted by the HOL4 authority and will appear in HOL4 Kananaskis-9.

1. Introduction

In the recent years, hardware and software systems are widely
used in safety critical applications like car, highway and
air control systems, medical instruments, and so on. The
cost of a failure in these systems is unacceptably high, thus
making it important to make sure of the correctness of the
functions in design. The traditional verification methods,
which include simulation and testing, are not sufficient
to validate confidence. Formal methods can be helpful in
proving the correctness of systems. Theorem proving is one
method for performing verification on formal specifications
of systemmodels [1]. It allows tomathematically reason about
system properties by representing the behavior of a system in
logic in a general model. In this way, the specification and
implementation are expressed as the general mathematical
model so that all the cases are covered when they are proved
to be equivalent.

The integral is amathematical tool to solvemany practical
problems in geometry, physics, economics, electrical systems,
and so on. In order to formalize dynamic systems, some
theorem provers have already formalized integral theorem

library. The Isabelle/Isar theorem prover has the formal-
ization of the Lebesgue integral [2], and the Isabelle/HOL
has the formalization of the gauge Integral [3]. Cruz-Filipe
reported a constructive theory of real analysis [4], which
includes continuous functions and differential, integral, and
transcendental functions in the COQ theorem prover. The
PVS theorem prover has the Riemann integral formalized
by Butler [5]. Mhamdi et al. [6] formalized the Lebesgue
integration in HOL4 in order to formalize statistical prop-
erties of continuous random variables. Harrison formalized
the gauge integral in HOL light [7]. Although there are the
definition of the gauge integral and the fundamental theorem
of calculus in HOL4 [7], there are no operation property and
other theorems yet.

This paper presents the formalization of the complete
gauge integral theory in HOL4 [8], including linearity,
inequality, integration by parts, and the Cauchy-type integra-
bility criterion, as well as the formal analysis of an integral
circuit based on the formalization. The properties of vectors
and matrices are characterized in accordance with linear
space properties. In this paper, we use HOL4 notations, and
some notations are listed in Table 1.
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Table 1: Some HOL4 notations and their semantics.

Meaning HOL notations Standard notations
Truth 𝑇 𝑇

Falsity 𝐹 ⊥

Negation ∼t ¬t
Disjunction 𝑡1 ∨ 𝑡2 𝑡1 ∨ 𝑡2

Conjunction t1∧t2 𝑡1 ∧ 𝑡2

Implication 𝑡1==> 𝑡2 𝑡1 ⇒ 𝑡2

Equality 𝑡1=𝑡2 𝑡1 = 𝑡2

∀-quantification !𝑥 ⋅ 𝑡 ∀𝑥 ⋅ 𝑡

∃-quantification ?𝑥 ⋅ 𝑡 ∃𝑥 ⋅ 𝑡

Lambda \𝑥 ⋅ 𝑡 𝜆𝑥 ⋅ 𝑡

The rest of the paper is organized as follows. In Section 2,
we give an overview of the gauge integral and present the
formalization of the properties and theorems in HOL4.
In Section 3, the formal analysis of an integral circuit is
presented. Section 4 concludes the paper.The definitions and
theorems in this paper are described as formalizations in
HOL4 and have been verified for correctness using the HOL4
theorem prover.

2. The Gauge Integral in HOL4

There are many ways of formally defining an integral, not
all of which are equivalent. The differences exist mostly to
deal with differing special cases which may not be integrable
under other definitions. The definitions include the Newton
integral, the Riemann integral, the Lebesgue integral, and the
gauge integral, which had been proposed in different senses.
The gauge integral proposed by Kurzweil and Henstock is
a generalization of the Riemann integral and the Lebesgue
integral, and it is suitable for wider situations [8]. The gauge
integral is far simpler than the Lebesgue integral—it is not to
be preceded by explanations of sigma-algebras and measures
[9] but to be based on the special properties of the closed
interval [8]. Harrison made a detailed analysis of advantages
of the gauge integral [7].

For any function𝑓, which may be not a derivative, we say
that it has the gauge integral 𝐼 on the interval [𝑎, 𝑏] if for any
𝜀 > 0, there is a gauge 𝛿 such that for any 𝛿-fine division, the
usual Riemann-type sum approaches 𝐼 are closer than 𝜀:



𝑛

∑

𝑖=0

𝑓 (𝑡𝑖) (𝑥𝑖+1 − 𝑥𝑖) − 𝐼



< 𝜀. (1)

So, the above reasoning shows that a derivative 𝑓
 always has

the gauge integral 𝑓(𝑏) − 𝑓(𝑎) over the interval [𝑎, 𝑏]; that is,
the fundamental theorem of calculus holds.

Definition 1 (the gauge integral). Let 𝑓 : [𝑎, 𝑏] → 𝑅 be some
function, and let 𝑉 be some number. We say that 𝑉 is the
gauge integral of𝑓, written𝑉 = ∫

𝑏

𝑎
𝑓(𝑡)𝑑𝑡, if for each number

𝜀 > 0, there exists a corresponding function 𝛿 : [𝑎, 𝑏] →

(0, +∞)with the following property: whenever 𝑛 is a positive
integer and 𝑡0, 𝑡1, 𝑡2, . . . , 𝑡𝑛 and 𝑠1, 𝑠2, . . . , 𝑠𝑛 are somenumbers

satisfying 𝑎 = 𝑡0 ≤ 𝑠1 ≤ 𝑡1 ≤ 𝑠2 ≤ 𝑡2 ≤ ⋅ ⋅ ⋅ ≤ 𝑡𝑛−1 ≤ 𝑠𝑛 ≤ 𝑡𝑛 =

𝑏 and 𝑡𝑖−𝑡𝑖−1 < 𝛿(𝑠𝑖) for all 𝑖, then |𝑉−∑
𝑛
𝑖=1 𝑓(𝑠𝑖)(𝑡𝑖−𝑡𝑖−1)| < 𝜀.

Definition 1 is formalized in HOL4 as [7]

|− !𝑎 𝑏𝑓 𝑘.
Dint (𝑎, 𝑏) 𝑓 𝑘 <=>
!𝑒. 0 < 𝑒 ==>

?𝑔. gauge (\𝑥.𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏) 𝑔∧

!𝐷𝑝. tdiv (𝑎, 𝑏) (𝐷, 𝑝)∧ fine 𝑔 (𝐷, 𝑝) ==>
abs (rsum (𝐷, 𝑝) 𝑓 − 𝑘) < 𝑒,

where division (𝑎, 𝑏)𝐷 denotes a division𝐷 on interval [𝑎, 𝑏]:

division (𝑎, 𝑏)𝐷 <=>

(𝐷 0 = 𝑎)∧?𝑁.(!𝑛.𝑛 < 𝑁 ==> 𝐷 𝑛 <

𝐷 (SUC 𝑛))∧!𝑛.𝑛 >= 𝑁 ==> (𝐷 𝑛 = 𝑏).

tdiv (𝑎, 𝑏)(𝐷, 𝑝) denotes to get any value between two
contiguous dividing points:

tdiv (𝑎, 𝑏)(𝐷, 𝑝) <=> division (𝑎, 𝑏) 𝐷∧!𝑛.𝐷 𝑛 <=

𝑝 𝑛 ∧ 𝑝 𝑛 <= 𝐷(SUC 𝑛).

The gauge 𝐸 𝑔 indicates that 𝑔 is a measure over a set 𝐸 (an
interval commonly), formally as

|−!𝐸 𝑔. gauge 𝐸 𝑔 <=>!𝑥.𝐸 𝑥 ==> 0 < 𝑔 𝑥,

and fine means as follows:

|−!𝑔 𝐷 𝑝. fine 𝑔 (𝐷, 𝑝) <=>!𝑛.𝑛 < dsize𝐷 ==>

𝐷 (SUC 𝑛) − 𝐷 𝑛 < 𝑔 (𝑝 𝑛).

dsize𝐷 denotes the number of divisions of the interval
divided by the division 𝐷:

dsize 𝐷 = @𝑁.!𝑛.𝑛 < 𝑁 ==> 𝐷 𝑛 <

𝐷(SUC 𝑛))∧!𝑛.𝑛 >= 𝑁 ==> (𝐷 𝑛 = 𝐷 𝑁).

In sum, “Dint (𝑎, 𝑏) 𝑓 𝑘” denotes the integral of 𝑓 on [𝑎, 𝑏]

is 𝑘. Then, we give the definitions of integrable and integral
based on Definition 1.

Definition 2 (integrable). Function𝑓 is integrable on interval
[𝑎, 𝑏] means that there exist a number 𝑖 that satisfy Defini-
tion 1.

Definition 2 is formalized in HOL4 as
integrable = |−!𝑎 𝑏𝑓. integrable (𝑎, 𝑏) 𝑓 <=>?𝑖. Dint

(𝑎, 𝑏) 𝑓 𝑖.

Definition 3 (integral value). A function’s integral value is
formalized as follows:

integral = |−!𝑎 𝑏𝑓. integral (𝑎, 𝑏) 𝑓 = @𝑖. Dint (𝑎, 𝑏)𝑓 𝑖.
The relations between the definitions are described in Theo-
rems 4 and 5.

Theorem 4 (INTEGRABLE DINT). One has
|−!𝑓 𝑎 𝑏. integrable (𝑎, 𝑏) 𝑓 ==>Dint (𝑎, 𝑏) 𝑓 (integral

(𝑎, 𝑏)𝑓).

Theorem 5 (DINT INTEGRAL). Consider
|−!𝑓 𝑎 𝑏 𝑖. 𝑎 <= 𝑏 ∧Dint (𝑎, 𝑏)𝑓 𝑖 ==> (integral (𝑎, 𝑏)𝑓 =

𝑖).
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Then, we formalizes the operational properties of the gauge
integral [8].

2.1. Linearity of the Gauge Integral. In this subsection, the
formalizations of the linear properties are presented after the
respective mathematical expressions.

Theorem 6 (DINT CONST). The integral of a constant func-
tion is computed by:

∫

𝑏

𝑎
𝑐𝑑𝑥 = 𝑐 ∗ (𝑏 − 𝑎) . (2)

The formalization is as follows:

|− !𝑎 𝑏 𝑐. Dint (𝑎, 𝑏) (\𝑥.𝑐) (𝑐 ∗ (𝑏 − 𝑎)) . (3)

Theorem 7 (DINT 0). The integral of zero is zero:

∫

𝑏

𝑎
0𝑑𝑥 = 0. (4)

The formalization is as follows:

|− !𝑎 𝑏. Dint (𝑎, 𝑏) (\𝑥.0) 0. (5)

Theorem 8 (DINT NEG). The integral is negated when the
function is negated:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖 ⇒ ∫

𝑏

𝑎
(−𝑓 (𝑥)) 𝑑𝑥 = −𝑖. (6)

The formalization is as follows:

|− !𝑓 𝑎 𝑏 𝑖. Dint (𝑎, 𝑏) 𝑓 𝑖 ==> Dint (𝑎, 𝑏) (\𝑥. − 𝑓 𝑥) (−𝑖) .

(7)

Theorem 9 (DINT CMUL). The integral of the product of a
function multiplied by a constant equals the product of the
constant and the integral of the function:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖 ⇒ ∫

𝑏

𝑎
𝑐 ∗ 𝑓 (𝑥) 𝑑𝑥 = 𝑐 ∗ 𝑖. (8)

The formalization is as follows:

|− !𝑓 𝑎 𝑏 𝑐 𝑖. Dint (𝑎, 𝑏) 𝑓 𝑖

==> Dint (𝑎, 𝑏) (\𝑥.𝑐 ∗ 𝑓 𝑥) (𝑐 ∗ 𝑖) .

(9)

Theorem 10 (DINT ADD). The integral of the sum of two
functions is the sum of the integrals of the two functions:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖 ∧ ∫

𝑏

𝑎
𝑔 (𝑥) 𝑑𝑥 = 𝑗

⇒ ∫

𝑏

𝑎
(𝑓 (𝑥) + 𝑔 (𝑥)) 𝑑𝑥 = 𝑖 + 𝑗.

(10)

The formalization is as follows:

|− !𝑓 𝑔 𝑎 𝑏 𝑖 𝑗. Dint (𝑎, 𝑏) 𝑓 𝑖 ∧ Dint (𝑎, 𝑏) 𝑔 𝑗

==> Dint (𝑎, 𝑏) (\𝑥. 𝑓 𝑥 + 𝑔 𝑥) (𝑖 + 𝑗) .

(11)

Theorem 11 (DINT SUB). The integral of the difference of two
functions is the difference of the integrals of the two functions:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖 ∧ ∫

𝑏

𝑎
𝑔 (𝑥) 𝑑𝑥 = 𝑗

⇒ ∫

𝑏

𝑎
(𝑓 (𝑥) − 𝑔 (𝑥)) 𝑑𝑥 = 𝑖 − 𝑗.

(12)

The formalization is as follows:
|− !𝑓 𝑔 𝑎 𝑏 𝑖 𝑗. Dint (𝑎, 𝑏) 𝑓 𝑖 ∧ Dint (𝑎, 𝑏) 𝑔 𝑗

==> Dint (𝑎, 𝑏) (\𝑥. 𝑓 𝑥 − 𝑔 𝑥) (𝑖 − 𝑗) .

(13)

Theorem 12 (DINT LINEAR). The integral is linear:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖 ∧ ∫

𝑏

𝑎
𝑔 (𝑥) 𝑑𝑥 = 𝑗

⇒ ∫

𝑏

𝑎
(𝑚 ∗ 𝑓 (𝑥) + 𝑛 ∗ 𝑔 (𝑥)) 𝑑𝑥

= 𝑚 ∗ 𝑖 + 𝑛 ∗ 𝑗.

(14)

The formalization is as follows:
|− !𝑓 𝑔 𝑎 𝑏 𝑖 𝑗. Dint (𝑎, 𝑏) 𝑓 𝑖 ∧ Dint (𝑎, 𝑏) 𝑔 𝑗

==> Dint (𝑎, 𝑏) (\𝑥. 𝑚 ∗ 𝑓 𝑥 + 𝑛 ∗ 𝑔 𝑥) (𝑚 ∗ 𝑖 + 𝑛 ∗ 𝑗) .

(15)

These theorems are proven based on the definition of the
gauge integral.

2.2. Inequalities of the Gauge Integral. The three inequalities
are formalized in this subsection.

Theorem 13 (upper and lower bounds). An integrable func-
tion f over [𝑎, 𝑏] is necessarily bounded on that interval. Thus,
there are real numbers𝑚 and𝑀 so that𝑚 ≤ 𝑓(𝑥) ≤ 𝑀 for all
𝑥 in [𝑎, 𝑏]. Since the lower and upper sums of 𝑓 over [𝑎, 𝑏] are
therefore bounded by, respectively, 𝑚(𝑏 − 𝑎) and 𝑀(𝑏 − 𝑎), it
follows that

𝑚(𝑏 − 𝑎) ≤ ∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 ≤ 𝑀 (𝑏 − 𝑎) . (16)

The formalization is as follows:
INTEGRAL MVT LE:
|−!𝑓 𝑎 𝑏.

𝑎 < 𝑏 ∧ (!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> 𝑓 contl𝑥)∧
(!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> 𝑚 <= 𝑓𝑥 : 𝑓 𝑥 <=

𝑀)==>
𝑚∗(𝑏−𝑎) <= integral (𝑎, 𝑏) 𝑓 ∧ integral (𝑎, 𝑏)𝑓 <=

𝑀 ∗ (𝑏 − 𝑎).

Theorem 14 (inequalities between functions). If 𝑓(𝑥) ≤ 𝑔(𝑥)

for each𝑥 in [𝑎, 𝑏], then each of the upper and lower sums of𝑓 is
bounded above by the upper and lower sums of 𝑔, respectively:

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 ≤ ∫

𝑏

𝑎
𝑔 (𝑥) 𝑑𝑥. (17)
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The formalization is as follows:
INTEGRAL LE:
|−!𝑓 𝑔 𝑎 𝑏 𝑖 𝑗.

𝑎 <= 𝑏 ∧ integrable (𝑎, 𝑏) 𝑓 ∧ integrable (𝑎, 𝑏)𝑔 ∧

(!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> 𝑓 𝑥 <= 𝑔 𝑥)==>
integral (𝑎, 𝑏) 𝑓 <= integral (𝑎, 𝑏) 𝑔.

DINT LE:
|−!𝑓𝑔 𝑎 𝑏 𝑖 𝑗. 𝑎 <= 𝑏 ∧ Dint (𝑎, 𝑏)𝑓 𝑖 ∧Dint(𝑎, 𝑏)𝑔
𝑗 ∧

(!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> 𝑓(𝑥) <= 𝑔(𝑥))
==> 𝑖 <= 𝑗.

Theorem 15 (inequality of absolute value). If 𝑓 is the gauge-
integrable on [𝑎, 𝑏], then the same is true for |𝑓| and



∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥



≤ ∫

𝑏

𝑎

𝑓 (𝑥)
 𝑑𝑥. (18)

The formalization is as follows:
DINT TRIANGLE:
|−!𝑓 𝑎 𝑏 𝑖 𝑗.

𝑎 <= 𝑏 ∧Dint(𝑎, 𝑏)𝑓 𝑖 ∧Dint(𝑎, 𝑏)(\𝑥.
abs(𝑓 𝑥))𝑗 ==>

abs 𝑖 <= 𝑗.
This theorem could be proved byTheorem 14.

2.3. The Integral of the Pointwise Perturbation and the Spike
Functions

Theorem 16 (DINT DELTA). The integral of the delta func-
tion, which equals 1 only at one certain point otherwise keeps
zero, is zero:

𝑓 (𝑥) = {
1 𝑥 = 𝑐

0 else ⇒ ∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 0. (19)

The formalization is as follows:
|−!𝑎 𝑏 𝑐. Dint (𝑎, 𝑏) (\𝑥. if 𝑥 = 𝑐 then 1 else 0) 0.

Theorem 17 (DINT POINT SPIKE). The two functions
which are equal except at a certain point have same integrals:

∀𝑥 ∈ [𝑎, 𝑏] ∧ 𝑥 ̸=𝑐 ⇒ (𝑓 (𝑥) = 𝑔 (𝑥)) ∧ ∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 = 𝑖

⇒ ∫

𝑏

𝑎
𝑔 (𝑥) 𝑑𝑥 = 𝑖.

(20)

The formalization is as follows:
|−!𝑓 𝑔 𝑎 𝑏 𝑐 𝑖.

(!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ∧ 𝑥 <> 𝑐 ==> (𝑓 𝑥 = 𝑔 𝑥)) ∧

Dint(𝑎, 𝑏) 𝑓 𝑖 ==> Dint(𝑎, 𝑏)𝑔 𝑖.
This shows that if one changes a function at one point, then
its integral does not change.

2.4. Other Important Properties

Theorem 18 (integrable on subinterval). For all 𝑐 𝑑. 𝑎 ≤ 𝑐∧

𝑐 ≤ 𝑑 ∧ 𝑑 ≤ 𝑏, if 𝑓 is integrable over [𝑎, 𝑏], then 𝑓 is integrable
over [𝑐, 𝑑].

The formalization is as follows:

INTEGRABLE SUBINTERVAL:
|−!𝑓 𝑎 𝑏 𝑐 𝑑. 𝑎 <= 𝑐 ∧ 𝑐 <= 𝑑 ∧ 𝑑 <= 𝑏 ∧ integrable
(𝑎, 𝑏) 𝑓 ==> integrable (𝑐, 𝑑)𝑓.

In order to prove Theorem 18, the following three lemmas
need to be proved:

INTEGRABLE SPLIT SIDES =

|− ! 𝑓𝑎 𝑏 𝑐.
𝑎 <= 𝑐 ∧ 𝑐 <= 𝑏 ∧ integrable (𝑎, 𝑏)𝑓 ==>

?𝑖. ! 𝑒. 0 < 𝑒 ==>

?𝑔. gauge (\𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏) 𝑔∧

! 𝑑1 𝑝1 𝑑2 𝑝2.
tdiv(𝑎, 𝑐) (𝑑1,𝑝1) ∧ fine 𝑔(𝑑1, 𝑝1) ∧

tdiv(𝑐, 𝑏) (𝑑2,𝑝2) ∧ fine 𝑔(𝑑2, 𝑝2) ==>

abs (rsum(𝑑1, 𝑝1)𝑓+rsum (𝑑2, 𝑝2)𝑓 − 𝑖) <

𝑒

INTEGRABLE SUBINTERVAL LEFT =
|− ! 𝑓𝑎 𝑏 𝑐. 𝑎 <= 𝑐 ∧ 𝑐 <= 𝑏 ∧ integrable

(𝑎, 𝑏) 𝑓 ==> integrable (𝑎, 𝑐) 𝑓

INTEGRABLE SUBINTERVAL RIGHT =
|− !𝑓𝑎 𝑏 𝑐. 𝑎 <= 𝑐∧𝑐 <= 𝑏∧integrable (𝑎, 𝑏) 𝑓 ==>

integrable (𝑐, 𝑏) 𝑓.

The INTEGRABLE SPLIT SIDES is used to
prove INTEGRABLE SUBINTERVAL LEFT and
INTEGRABLE SUBINTERVAL RIGHT, then the theorem
INTEGRABLE SUBINTERVAL can be proved by the
transitivity of real number.

Theorem 19 (additivity of integration on intervals). If 𝑏 is any
element of [𝑎, 𝑐], then

∫

𝑏

𝑎
𝑓 (𝑥) 𝑑𝑥 + ∫

𝑐

𝑏
𝑓 (𝑥) 𝑑𝑥 = ∫

𝑐

𝑎
𝑓 (𝑥) 𝑑𝑥. (21)

The formalization is as follows:

INTEGRAL COMBINE:
|− !𝑓𝑎 𝑏 𝑐.

𝑎 <= 𝑏 ∧ 𝑏 <= 𝑐 ∧ integrable (𝑎, 𝑐) 𝑓 ==>

(integral (𝑎, 𝑐) 𝑓 = integral (𝑎, 𝑏) 𝑓 +

integral (𝑏, 𝑐) 𝑓).

The proof of Theorem 19 is sophisticated. We utilize multiple
lemmas shown in Table 2.
The proof is branched based on 𝑎 <= 𝑏 ∧ 𝑏 <= 𝑐. It is easy in
case of 𝑎 = 𝑏 or 𝑏 = 𝑐. In case 𝑎 < 𝑏 ∧ 𝑏 < 𝑐, 𝑏 is the tie point
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Table 2: The lemmas provingTheorem 19.

Name of lemma Description in HOL4
DIVISION LE SUC ∀𝑑 𝑎 𝑏. division (a, b) d ==> ∀n. d n <= d (SUC n)
DIVISION MONO LE ∀𝑑 𝑎 𝑏. division (a, b) d ==> ∀m n.m <= n ==> d m <= d n
DIVISION MONO LE SUC ∀𝑑 𝑎 𝑏. division (a, b) d ==> ∀n. d n <= d (SUC n)

DIVISION INTERMEDIATE ∀𝑑 𝑎 𝑏 𝑐. division (a, b) d ∧ a <= c ∧ c <= b ==>
∃ n. n <= dsize d ∧ d n <= c ∧ c <= d (SUC n)

DIVISION DSIZE LE ∀ 𝑎 𝑏 𝑑 𝑛. division (a, b) d ∧ (d (SUC n) = d n) ==> dsize d <= n
DIVISION DSIZE GE ∀ 𝑎 𝑏 𝑑 𝑛. division (a, b) d ∧ d n < d (SUC n) ==> SUC n <= dsize d

DIVISION DSIZE EQ ∀ 𝑎 𝑏 𝑑 𝑛. division (a, b) d ∧ d n < d (SUC n) ∧ (d (SUC (SUC n)) = d (SUC n)) ==>
(dsize d = SUC n)

DIVISION DSIZE EQ ALT ∀ 𝑎 𝑏 𝑑 𝑛. division (a, b) d ∧ (d (SUC n) = d n) ∧ (∀i. i < n ==> d i < d (SUC i))
==> (dsize d = n)

of two measure intervals. It needs the lemmas of Table 1 to
prove interval measure and division fine. The proof program
consists of over 400 lines of HOL4 code.The proof procedure
is described as follows.

In case 𝑎 < 𝑏∧𝑏 < 𝑐, the proof goal is extended as follows:

abs (sum (0, dsize 𝑑) (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))

− (𝑖 + 𝑗)) < 𝑒.

(22)

The proof goal transfers by using the fourth lemma:

abs (sum (0, 𝑚 + 𝑛) (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))

− (𝑖 + 𝑗)) < 𝑒.

(23)

This lemma is proven with two cases based on 𝑛 = 0 or 𝑛 ̸=0.
In case of 𝑛 ̸=0, the goal is

abs (sum (0, 𝑚) (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))

+ (𝑓 (𝑝 𝑚) ∗ (𝑑 (SUC 𝑚) − 𝑑 𝑚) + sum (𝑚 + 1,PRE 𝑛)

× (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))) − (𝑖 + 𝑗)) < 𝑒.

(24)

The goal is rewritten by 𝑝 𝑚 = 𝑏:

abs (sum (0, 𝑚) (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))

+ (𝑓 𝑏 ∗ (𝑑 (SUC 𝑚) − 𝑑 𝑚) + sum (𝑚 + 1,PRE 𝑛)

× (\𝑛.𝑓 (𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) − 𝑑 𝑛))) − (𝑖 + 𝑗)) < 𝑒.

(25)

Let 𝑠1 denote sum (0, 𝑚) (\𝑛.𝑓(𝑝 𝑛)∗ (𝑑(SUC 𝑛)−𝑑 𝑛)), and
let 𝑠2 denote sum (𝑚 + 1,PRE 𝑛) (\𝑛.𝑓(𝑝 𝑛) ∗ (𝑑 (SUC 𝑛) −

𝑑 𝑛)); the simplized goal is as follows:

abs (𝑠1 + 𝑓 𝑏 ∗ (𝑏 − 𝑑 𝑚) − 𝑖)

<
𝑒

2
∧ abs (𝑠2 + 𝑓 𝑏 ∗ (𝑑 (SUC 𝑚) − 𝑏) − 𝑗) <

𝑒

2
.

(26)

For abs (𝑠1 + 𝑓 𝑏 ∗ (𝑏 − 𝑑 𝑚) − 𝑖) < 𝑒/2, we prove it based
on 𝑑 𝑚 = 𝑏 and 𝑑 𝑚 ̸=𝑏. Similarly, for abs (𝑠2 + 𝑓 𝑏 ∗

(𝑑(SUC 𝑚) − 𝑏) − 𝑗) < 𝑒/2, we prove it based on the cases
𝑑 (SUC 𝑚) = 𝑏 or 𝑑(SUC𝑚) ̸=𝑏, then the goal is proved.

Theorem20 (the Cauchy-type integrability criterion). Let𝑓 :

[𝑎, 𝑏] → R. Then, 𝑓 is integrable over [𝑎, 𝑏] if and only if for
every 𝜀 > 0, there is a gauge 𝛾 on [𝑎, 𝑏] such that if𝐷1, 𝐷2 ≪ 𝛾,
then |𝑆(𝑓,𝐷1)−𝑆(𝑓,𝐷2)| < 𝜀, where 𝑆(𝑓,𝐷) is a Riemann sum,
and 𝐷1, 𝐷2 are partitions of [𝑎, 𝑏].

The formalization is as follows:
INTEGRABLE CAUCHY:
|− !𝑓𝑎 𝑏.
integrable (𝑎, 𝑏)𝑓 <=>

!𝑒. 0 < 𝑒 ==>

?𝑔. gauge (\𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏) 𝑔∧

!𝑑1 𝑝1 𝑑2 𝑝2.
tdiv(𝑎, 𝑏) (𝑑1, 𝑝1) ∧ fine 𝑔(𝑑1, 𝑝1) ∧

𝑡div(𝑎, 𝑏) (𝑑2, 𝑝2) ∧ fine 𝑔 (𝑑2, 𝑝2) ==>

abs (rsum(𝑑1, 𝑝1)𝑓 − rsum(𝑑2, 𝑝2)𝑓) < 𝑒.
The Cauchy criterion indicates that an integrable function is
always convergent for any division on the interval.

First of all, we should prove that a function for any
gauge over the set is 𝛿-fine; we formalized the lemma as
GAUGE MIN FINITE:

|− !𝑠 𝑔𝑠 𝑚.
(!𝑚. 𝑚 <= 𝑛 ==> gauge 𝑠 (𝑔𝑠 𝑚))==>
?𝑔.
gauge 𝑠 𝑔 ∧

!𝑑𝑝. fine (𝑑, 𝑝) ==> !𝑚. 𝑚 <= 𝑛 ==> fine
(𝑔𝑠 𝑚) (𝑑, 𝑝).

Theorem 21 (limit theorem). Let 𝑓 : [𝑎, 𝑏] → R and assume
that for every 𝜀 > 0, there exists an integrable function 𝑔 :

[𝑎, 𝑏] → R such that |𝑓−𝑔| ≤ 𝜀 on [𝑎, 𝑏].Then,𝑓 is integrable
over [𝑎, 𝑏].
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val SUMMING INTEGRATOR = store thm(“SUMMING INTEGRATOR”,
“!x. 0<=x ==> (integral(0, x) (\t. (m ∗ cos t) + (n ∗ sin t)) =m ∗ sin x + n ∗(cos 0 − cos x))”,
RW TAC std ss[] THEN REWRITE TAC[integral] THEN
SELECT ELIM TAC THEN CONJ TAC THENL
[EXISTS TAC“m ∗ sin x + n ∗ (cos 0 − cos x)” THEN
MATCH MP TAC DINT LINEAR THEN CONJ TAC THENL
[SUBGOAL THEN“sin x = sin x − sin 0”ASSUME TAC THENL

[SIMP TAC std ss[SIN 0] THEN REAL ARITH TAC, ONCE ASM REWRITE TAC[]] THEN
MATCH MP TAC FTC1 THEN RW TAC std ss[] THEN

ASM SIMP TAC arith ss[DIFF SIN], ALL TAC] THEN
SUBGOAL THEN“cos 0 − cos x = −cos x − cos 0”ASSUME TAC THENL
[REWRITE TAC[REAL SUB NEG2], ALL TAC] THEN
ONCE ASM REWRITE TAC[] THEN HO MATCH MP TAC FTC1 THEN
ASM SIMP TAC std ss[DIFF NEG COS],ALL TAC] THEN

RW TAC std ss[] THENMATCH MP TAC DINT UNIQ THEN
MAP EVERY EXISTS TAC[“0:real”,“x:real”,

“(\t. (m ∗ cos t) + (n ∗ sin t)):real->real”] THEN
ASM REWRITE TAC[] THENMATCH MP TAC DINT LINEAR THEN
CONJ TAC THENL
[SUBGOAL THEN “sin x = sin x − sin 0”ASSUME TAC THENL
[SIMP TAC std ss[SIN 0] THEN REAL ARITH TAC,
ONCE ASM REWRITE TAC[] THENMATCH MP TAC FTC1 THEN

RW TAC std ss[] THEN ASM SIMP TAC arith ss[DIFF SIN]], ALL TAC] THEN
SUBGOAL THEN“cos 0 − cos x = −cos x − cos 0”ASSUME TAC THENL
[REWRITE TAC[REAL SUB NEG2], ONCE ASM REWRITE TAC[]] THEN

HO MATCH MP TAC FTC1 THEN ASM SIMP TAC std ss[DIFF NEG COS]);

Algorithm 1: The formalization and proof of SUMMING INTEGRATOR.

The formalization is as follows:

INTEGRABLE LIMIT:
|−!𝑓𝑎 𝑏.
(!𝑒. 0 < 𝑒 ==>

?𝑔. (!𝑥. 𝑎 <= 𝑥∧𝑥 <= 𝑏 ==> abs(𝑓 𝑥−𝑔 𝑥) <=

𝑒) ∧ integrable(𝑎, 𝑏)𝑔) ==>

integrable (𝑎, 𝑏) 𝑓.

In order to make the proof easier, we proved the
RSUM DIFF BOUND at first:

|−!𝑎 𝑏 𝑑𝑝 𝑒𝑓𝑔.
tdiv(𝑎, 𝑏) (𝑑, 𝑝) ∧

(!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> abs(𝑓 𝑥 − 𝑔 𝑥) <=

𝑒) ==>

abs (rsum(𝑑, 𝑝)𝑓 − rsum(𝑑, 𝑝)𝑔) <= 𝑒 ∗ (𝑏 − 𝑎).

Theorem 22 (integrability of continuous functions). If 𝑓 :

[𝑎, 𝑏] → R is continuous, then 𝑓 is integrable over [𝑎, 𝑏].

The formalization is as follows:

INTEGRABLE CONTINUOUS:
|−!𝑓𝑎 𝑏. (!𝑥. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ==> 𝑓 contl 𝑥) ==>
integrable (𝑎, 𝑏) 𝑓.

To prove Theorem 22, we first prove the uniform continuity
theorem.

𝐶

𝑅1

𝑅2

𝑅𝑝

𝑉𝑜

+

−𝑉𝑖1

𝑉𝑖2

Figure 1: The summing inverting circuit.

If 𝑓 : [𝑎, 𝑏] → R is continuous, 𝑓 is uniformly con-
tinuous. And then, the result is given by that the uniformly
continuous functions are integrable. The uniform continuity
theorem is formalized as follows:

CONT UNIFORM:

|−!𝑓𝑎 𝑏.

𝑎 <= 𝑏 ∧ (!𝑥. 𝑎 <= 𝑥∧𝑥 <= 𝑏 ==> 𝑓 contl 𝑥)==>

!𝑒. 0 < 𝑒 ==>

?𝑑. 0 < 𝑑∧

!𝑥𝑦. 𝑎 <= 𝑥 ∧ 𝑥 <= 𝑏 ∧ 𝑎 <= 𝑦 ∧ 𝑦 <=

𝑏 ∧ abs(𝑥 − 𝑦) < 𝑑 ==>

abs (𝑓 𝑥 − 𝑓 𝑦) < 𝑒.
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3. Verifying a Summing Inverting Integrator

In order to illustrate the usefulness of the proposed approach,
we use our formalization to analyze a summing integrator.
Integration circuits are widely used in electronic circuits;
they are often used for waveform transformation, amplifier
offset voltage elimination, integral compensation in feedback
control, and so on. In this section, we use the formalization
above to verify a summing inverting integrator. Figure 1
shows the basic summing inverting integral circuit.

The relation between output and input voltage can be
present as the following formula:

V𝑜 (𝑥) = −
1

𝐶
∫

𝑥

0
[
V𝑖1 (𝑡)

𝑅1
+
V𝑖2 (𝑡)

𝑅2
] 𝑑𝑡. (27)

We assumed the integral constant −1/𝑅1𝐶 = 𝑚, −1/𝑅2𝐶 = 𝑛,
then formula 1 can be simplified as the following formula:

V0 (𝑥) = ∫

𝑥

0
(𝑚 ∗ V𝑖1 (𝑡) + 𝑛 ∗ V𝑖2 (𝑡)) 𝑑𝑡. (28)

When 𝑉𝑖1(𝑡) = cos 𝑡, 𝑉𝑖2(𝑡) = sin 𝑡, we can get

𝑉𝑜 (𝑥) = ∫

𝑥

0
(𝑚 ∗ cos 𝑡 + 𝑛 ∗ sin 𝑡) 𝑑𝑡

= 𝑚 ∗ sin𝑥 + 𝑛 ∗ (cos 0 − cos𝑥) .
(29)

Formula (29) can be formalized in HOL4 as follows:

SUMMING INTEGRATOR:
|−!𝑥. 0 <= 𝑥 ==> (integral(0, 𝑥) (\𝑡.(𝑚 ∗ cos 𝑡) + (𝑛 ∗

sin 𝑡)) = 𝑚 ∗ sin𝑥 + 𝑛 ∗ (cos 0 − cos𝑥)).

The detailed formalization and proof are shown in
Algorithm 1.

In this proof, we employ the linear property of integral
DINT LINEAR to divide the integral of the addition of
two functions into the addition of two integrals of the two
functions; then we prove the two integrals, respectively. For
instantiating the input variable 𝑉𝑖1 and 𝑉𝑖2, the derivative of
negative cosine is proved in advance:

𝑑

𝑑𝑡
(− cos 𝑡)

𝑡=𝑥
= sin𝑥, (30)

val DIFF NEG COS = store thm(“DIFF NEG
COS”),
“!𝑥. ((\𝑡.− cos 𝑡) diffl sin(𝑥)) (𝑥)”,
GEN TAC THEN SUBGOAL THEN“sin𝑥 = − sin𝑥

” ASSUME TAC THENL
[REWRITE TAC[REAL NEGNEG],ALL TAC]
THEN
ONCE ASM REWRITE TAC[] THEN
MATCH MP TAC DIFF NEG THEN REWRITE
TAC[DIFF COS]).

4. Conclusion

In this paper, we presented a higher-order logic formalization
of the gauge integral. The major properties of the gauge
integral, including the linearity, boundedness, monotonicity,
integration by parts, and Cauchy-type integrability criterion,
were formalized and proven in HOL4, and then a formal
proving of an inverting integrator was presented. The pro-
posed integral theorem library has been accepted by HOL4
authority and will appear in HOL4 Kananaskis-9.
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This work presents an efficient solution using computer algebra system to perform linear temporal properties verification for
synchronous digital systems. The method is essentially based on both Groebner bases approaches and symbolic simulation. A
mechanism for constructing canonical polynomial set based symbolic representations for both circuit descriptions and assertions
is studied. We then present a complete checking algorithm framework based on these algebraic representations by using Groebner
bases. The computational experience result in this work shows that the algebraic approach is a quite competitive checking method
and will be a useful supplement to the existent verification methods based on simulation.

1. Introduction

With the complexity of circuits increases, it becomes an
important issue to find efficient ways to express and verify
design properties. Actually, verification is a very difficult
and computationally intensive task. Although great advances
have been made over the past decades, all these verification
methods suffer from this problem in some way.

Currently, assertion based verification (ABV) has
emerged as a promising solution for this problem. In
particularly, an assertion specifying language named
Property Specification Language (PSL) [1–3] has now
become an IEEE standard and accepted by a wide variety of
companies. PSL has totally changed the way how designers
specify and verify functional requirements and properties of
digital systems. Moreover, PSL based ABV has recently been
supported by most EDA companies in their tools for both
formal and runtime verification.

So far, there have been many efforts in assertion checking
solvers including model checking, theorem proving (e.g.,
HOL [4]), and runtime verification. In [5], an efficient

approach to model check safety properties expressed in PSL
property has been studied. While in [6], a temporal tester
was introduced as a compositional basis for the construction
of automata corresponding to temporal formulas in the PSL
logic for PSL assertion run-time checking.

As well known, the conventional simulation for assertion
checking is a well-understood and the most commonly used
technique, but only feasible for very small scale systems
and cannot provide exhaustive checking, while symbolic
simulation proposed by Darringer [7] as early as 1979 can
provide exhaustive checking by covering many conditions
with a single simulation sequence but could not handle large
circuits due to exponential symbolic expressions.

In our work, to address this functional verification chal-
lenge, we propose an alternative implementation mechanism
based on algebra symbolic computation combining with
symbolic simulation for PSL assertion checking.

Earlier work in applications of symbolic manipulation
and algebra computation has gained significant extensions
and improvements. In [8], a technique framework on Groeb-
ner bases was demonstrated that computer algebra geometry



2 Journal of Applied Mathematics

method can be used to perform symbolic model checking by
using an encoding of boolean sets as the common zeros of sets
of polynomials. In [9], a similar technique framework based
Wu’s Method has been further extended to bit level symbolic
model checking. In [10], an improved framework for multi-
valued model checking via Groebner bases approached was
proposed, which is based on a canonical polynomial repre-
sentation of the multivalued logics.

All these existing articles just mainly focus on model
checking via algebraic symbolic computation approaches. In
our research, instead of static analysis or model checking,
we extend this algebraic approach to the area of simulation-
based runtime verification methods over polynomial repre-
sentation models and towards PSL assertions checking.

Our aim is to verify a given temporal property holds or
not on the traces produced after several cycles running over
a given sequential circuit model.

The idea is that, for any pure combinational circuitmodel,
we can derive its data-flow-based polynomial representation
named PM. Meanwhile, for any sequential circuit model
and a given running cycle number 𝑛, we can also derive
its equivalent polynomial representation PM[𝑛] by unrolling
this sequential circuit 𝑛 times and translating it into a pure
combinationalmodel. In a similar way, we can get polynomial
set representation PS for any temporal assertion.

By suitable restrictions of Boolean and SERE temporal
layer of PSL and redefining a hierarchy of PSL assertions,
we can guarantee the availability of above polynomial set
model. Based on these polynomial set models, symbolic
simulation can be performed to produce symbolic traces and
temporal relationship constraints of signal variables as well.
We then apply symbolic algebra approach to check the zeros
set inclusion relationship between their polynomials PM[𝑛]
and PS and determine whether the temporal assertion holds
or not under current running cycle 𝑛.

2. Preliminaries

In this section, we will give some preliminary knowledge
throughout this paper.

2.1. Cycle-Based Symbolic Simulation. We will firstly sketch
the underlying systemmodel for simulation used in ourwork.

The system model we used is a cycle-based symbolic
simulation model that is performed on a cycle-by-cycle basis
for synchronous digital systems.

Here, the term cycle is defined as one iteration of the
evaluation process, during which the state of the design is
recomputed and may change. In other words, a cycle is the
smallest granularity of time.

Intuitively, cycle-based symbolic simulation is a hybrid
approach in the sense that the values that are propagated
through the network can be both symbolic expressions or
constant Boolean values. It assumes that there exists one
unified clock signal in the circuit and all inputs of the systems
remain unchanged while evaluating their values in each
simulation cycle. The results of simulation report only the
final values of the output signals or states in the current
simulation cycle.

By convention, we give the model structure definition for
symbolic simulation as follows.

Definition 1 (simulation model). The symbolic Simulation
Model for synchronous digital system is a tuple Σ =

(𝑋0, 𝑋, 𝑌,𝑀, 𝑆, 𝐹, 𝑛), where

(i) 𝑋0 is a finite set of input assignment including
numeric value and symbolic value, Boolean or inte-
ger;

(ii) 𝑋 is a finite set of primary input variables;

(iii) 𝑌 = {𝑦𝑖 | 1 ≤ 𝑖 ≤ 𝑁𝑌} is a finite set of primary output
variables;

(iv) 𝑀 = {𝑚𝑖 | 1 ≤ 𝑖 ≤ 𝑁𝑀} is a finite set of intermediate
variables;

(v) 𝑛 is the sequential depth of the network or running
cycles;

(vi) 𝐹 = {𝑦1, 𝑦2, . . . , 𝑦𝑚} is a finite output function
regarding input or intermediate variables, and note
that each 𝑦𝑖 = 𝑓𝑖(𝑥1, 𝑥2, . . . , 𝑥𝑛, @) (1 ≤ 𝑖 ≤ 𝑛) is
defined on𝑋⋃𝑀.

Given sequential depth 𝑛 of the network, a synchronous
sequential logic network can be transformed into a pure
combinational function of delayed input variables with delay
less than or equal to 𝑛, that is,

𝑌 = 𝐹 (𝑋,𝑋@1, . . . , 𝑋@𝑛,𝑀,𝑀@1, . . . ,𝑀@𝑛) . (1)

The behavior of a circuit is defined by its excitation
function 𝑌 that serves a role similar to the transition relation
or next-state functions of temporal logic model checkers.

The simulation process can be described as follows.
Firstly, cycle-based symbolic simulation is initialized by

setting the state of the circuit to the initial vector (𝑋0).
Each of the primary input signals will be assigned a distinct
symbolic variable or a symbolic constant. Then, at the end
of a simulation step, the expressions representing the next-
state functions generally undergo a parametric transforma-
tion based optimization. After parameterization, the newly
generated functions are used as present state for the next state
of simulation.

In this paper, simulation based verification is to check
whether the given assertion is satisfied or not after running
a few cycles.

2.2. PSL Preliminary. PSL is a hierarchical language and
its syntax is very declarative and structural. Generally, PSL
contains four layers: Boolean, temporal, verification, and
modeling layers.

(i) Modeling Layer. Modeling layer is needed to define the
verification environment specially for formal verification
tools. This layer is used to model behavior of design inputs
and to model auxiliary parts of the design that are needed for
verification.
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(ii) Verification Layer. Verification layer is more related to the
description of verification tools where notions like assume
and guarantee are present. This layer is used to tell the
verification tool what to do with the properties described by
the temporal layer.

(iii) Temporal Layer. Temporal layer is the essence of PSL
where complex temporal relations between signals can be
expressed. This layer can describe properties that involve
complex temporal relations which are evaluated over a series
of evaluation cycles.

(iv) Boolean Layer. Boolean layer is used to build expressions
for the other layers, specifically the temporal layer. Boolean
expressions are evaluated in a single evaluation cycle.

PSL allows the engineer to define assertions describing
the system’s behavior once and reuse them between different
forms of formal, semiformal, or functional verification. With
PSL, it is possible to perform assertion based runtime verifi-
cations of the design while simulation properties are checked.

According to PSL specification [1, 3, 11], every assertion
written in PSL can be broken down into parts that can be
attributed to one of those four layers.

The Boolean layer comprises all Boolean expressions
including signal names as well as HDL expressions and PSL
expressions (especially all built-in function calls like, e.g.,
𝑝𝑟𝑒V(𝑏) and 𝑟𝑜𝑠𝑒(𝑏) and the logical implication and other
operators).

The Boolean layer forms an underlying basis for the
whole assertion architecture. In this paper, we will limit
our discussion only to a special subset of the Boolean layer
for our purpose. We then further build a restricted simple
subset of SERE layer for temporal property specification and
verification over this constrained Boolean layer.

3. System Polynomial Representation Model

In this section, we will discuss polynomial modeling for
combinational and sequential circuits. Previous work [12]
has shown that any combinational circuit can be uniquely
represented by a minimum order polynomial. Here, we give
an alternative data-flow based polynomial set representation
model for our assertions checking purposewhose zero set can
make such a data-flow model work well.

3.1. Arithmetic and Logic Unit Modeling. In this paper, we
only focus on arithmetic unit for calculating fixed-point oper-
ations. For any arithmetic unit, integer arithmetic operations
(addition, subtraction, multiplication, and division) can be
constructed by the following polynomials:

(1) 𝑦 = 𝑎 + 𝑏 ⇒ (𝑦 − 𝑎 − 𝑏),

(2) 𝑦 = 𝑎 − 𝑏 ⇒ (𝑦 − 𝑎 + 𝑏),

(3) 𝑦 = 𝑎 ∗ 𝑏 ⇒ (𝑦 − 𝑎 ∗ 𝑏),

(4) 𝑦 = 𝑎/𝑏 ⇒ (𝑦 ∗ 𝑏 − 𝑎).

The basic logic operations [13] like “AND,” “OR,” and
“NOT” can be modeled by the following forms:

𝑦 = 𝑁𝑂𝑇 𝑥 ⇒ (1 − 𝑥 − 𝑦) ,

𝑦 = 𝑥1 𝐴𝑁𝐷 𝑥2 ⇒ (𝑥1 ∗ 𝑥2 − 𝑦) ,

𝑦 = 𝑥1 𝑂𝑅 𝑥2 ⇒ (𝑥1 + 𝑥2 − 𝑥1 ∗ 𝑥2 − 𝑦) .

(2)

Furthermore, we can extend the above rule to other logic
operators. For example,

𝑦 = 𝑥1 ⊕ 𝑥2 (or 𝑦 = 𝑥1 XOR 𝑥2)⇒ (𝑦 − (𝑥1 + 𝑥2 −

𝑥1 ∗ 𝑥2) ∗ (1 − 𝑥1 ∗ 𝑥2)).
For all bit level variable 𝑥𝑖 (0 ≤ 𝑖 ≤ 𝑛), a limitation 𝑥𝑖 ∗

𝑥𝑖 − 𝑥𝑖 should be added.

3.2. Branch and Sequential Unit Modeling. Basically, mul-
tiway branch is an important control structure in digital
system. It provides a set of condition bits, 𝑏𝑖 (0 ≤ 𝑖 ≤ 𝐵), a
set of target identifiers, (0, . . . , 𝑇 − 1), and a mapping from
condition bit values to target identifiers. This mapping takes
the form of a condition tree. For any binary signal 𝑥, its value
should be limited to {1, 0} by adding 𝑥 ∗ 𝑥 − 𝑥,

𝑦 = MUX (𝑥0, 𝑥1, . . . , 𝑥𝑛, 𝑠) , 𝑖 = 𝑠 ⇒ 𝑦 = 𝑥𝑖,

(0 ≤ 𝑖 ≤ 𝑛) ⇒ 𝑦 −

𝑛−1

∑

𝑖=1

( ∏

𝑗∈{0,1,...,𝑛−1}{𝑖}

(
(𝑠 − 𝑗)

(𝑖 − 𝑗)
))

∗ 𝑥𝑖, with
𝑛−1

∏

𝑖=0

(𝑠 − 𝑖) = 0.

(3)

Each flip-flop (FF) in the circuit can be modeled as a
multiplexer, as illustrated in Figure 1. We have the following
proposition to state this model.

Proposition 2. For a 𝐷 FF model (𝐷 is the next state), with
an enable signal 𝑐, its equivalent combinational formal is 𝑦 =
MUX(𝐷,𝐷, 𝑠) : 𝑖 = 𝑠 → 𝑦


= 𝑥𝑖(0 ≤ 𝑖 < 2, 𝑥0 = 𝐷, 𝑥1 =

𝐷

), whose polynomial algebraic model can be described as

(𝑦

− 𝐷) ∗ (𝑐 − 1) , (𝑦


− 𝐷

) ∗ 𝑐,

(𝑦

− 𝐷) ∗ (𝑦


− 𝐷

) ,

𝑜𝑟

𝑦

− 𝐷 ∗ (𝑐 − 1) − 𝐷


∗ 𝑐.

(4)

Proof. Let 𝐷 be the current state and let 𝑦 denote the next
state of the flip-flop.When the clock value is 0,𝑦 has the same
value as𝐷 so that the FFmaintains its present state; when the
clock value is 1, 𝑦 takes a new value from the𝐷 input (where
𝐷
 denotes the new value next state of the FF). Therefore, we

have the 2-value multiway branch model and its polynomial
set representation for FF.

Proposition 3. Let 𝐷 be a FF model (𝐷 is the next state),
without enable signal; then its equivalent combinational formal
polynomial algebraic model can be described as (𝑦 − 𝐷).
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Figure 1: Flip-flop model.

3.3. Sequential Unrolling. Generally, for a sequential circuit,
one time frame of a sequential circuit is viewed as a combi-
national circuit in which each flip-flop will be converted into
two corresponding signals: a pseudo primary input (PPI) and
a pseudo primary output (PPO).

Symbolical simulation of a sequential circuit for 𝑛 cycles
can be regarded as unrolling the circuit 𝑛 times.The unrolled
circuit is still a pure combinational circuit, and the ith copy of
the circuit represents the circuit at cycle 𝑖. Thus, the unrolled
circuit contains all the symbolic results from the 𝑛 cycles.

To illustrate the sequential modeling for a given cycle
number clearly, we define an indexed polynomial set represen-
tation for the ith cycle.

For example, PM[𝑖] is defined as follows. PM[𝑖] = {(𝑥1[𝑖]−
𝑚2[𝑖] − 𝑦3[𝑖]), . . .}, where 𝑥1 denotes signal variable name
while 𝑥1[𝑖] denotes variable state in ith simulation cycle.
If the given running cycle is 𝑛, then we have the system
representation: PM = {⋃

𝑛
𝑖=0 PM[𝑖]}.

Let 𝑥𝑖[𝑙] (0 ≤ 𝑖 ≤ 𝑟) denote the input signals for the lth
clock, let 𝑚𝑖[𝑙] (0 ≤ 𝑖 ≤ 𝑠) denote the intermediate signals,
and let 𝑦𝑖[𝑙] (0 ≤ 𝑖 ≤ 𝑡) denote the output signals. We
then have the following time frame expansion model for the
sequential circuit:

FM = {

𝑛

⋃

𝑖=0

FM [𝑖]} , (5)

where FM[𝑖] = C(𝑥1[𝑖], . . . , 𝑚1[𝑖], . . . , 𝑚1[𝑖], . . . , 𝑥1[𝑖+1], . . . ,
𝑚1[𝑖+1], . . . , 𝑦1[𝑖+1], . . .) denotes the ith time frame model.

Time frame expansion is achieved by connecting the
PPIs (e.g., 𝑥1[𝑖+1] from FM[𝑖 + 1]) of the time frame to the
corresponding PPOs (𝑥1[𝑖+1] from FM[𝑖]) of the previous
time frame.

3.4. Sequence Operator Modeling. In this paper, only a so-
called simple subset of PSL will be considered, which sub-
sumes the properties in which time advances monotonically,
from left to right through the property: if an entity (a Boolean
Expression or a SERE) needs to be evaluated at a given time,
all other entities right of it do so far not need to be known.
Many properties not in the simple subset can be rewritten by
the simple subset. The most properties to be verified can be
expressed within the bounds of the simple subset.

For SEREs, only the following features are supported by
our modeling method:

(1) standard Boolean expressions,
(2) fixed length Kleene closure,
(3) SERE concatenation,
(4) SERE fusion,

(5) SERE disjunction,
(6) length-matching SERE conjunction.
By the constrained simple subset of PSL, the user can

specify a safety property using only nonnegated weak oper-
ators. Intuitively, a safety property is used to ensure that
“something bad does not happen” which is important in
formal verification. Because safety properties are easier to
verify, this approach is only able to deal with safety properties.

(1) Next Operator
It indicates that the property will hold if its operand
holds at the next cycle. For example,

assert (𝑟𝑒𝑞− > 𝑛𝑒𝑥𝑡 𝑎𝑐𝑘) (6)

states that if signal 𝑟𝑒𝑞 is asserted then 𝑎𝑐𝑘 will be
asserted at next cycle:
⇒ N𝑖(𝑟𝑒𝑞) and N𝑖+1(𝑎𝑐𝑘).

(2) Semicolons Operator
Semicolons operator, a semicolon(;), is used to join
two SEREs (or twoAL expressions, or aAL expression
and a SERE) in such a way that the right-hand SERE
starts the cycle after the left-hand SERE ends.
For example, 𝐺 = {assert (𝑟𝑒𝑞; 𝑎𝑐𝑘)} states that when
signal 𝑟𝑒𝑞 is asserted then 𝑎𝑐𝑘 will be asserted at next
cycle:
⇒ N𝑖(𝑟𝑒𝑞) and N𝑖+1(𝑎𝑐𝑘)
⇔ N𝑖(𝑟𝑒𝑞 is 𝐻) andN𝑖+1(𝑎𝑐𝑘 is𝐻),
where (0 ≤ 𝑖 ≤ 𝑑𝑒𝑝(𝐺)).

(3) Fusion Operator
The fusion operator, a colon (:), is used to join two
SEREs (or twoAL expressions, or aAL expression and
a SERE) in such a way that there is a single cycle of
overlap between them: the right-hand SERE just starts
the same cycle that the left-hand SERE ends.
For example, 𝐺 = {assert always (𝑟𝑒𝑞 : 𝑎𝑐𝑘; 𝑔𝑛𝑡)}
states that when signal 𝑟𝑒𝑞 is asserted then 𝑎𝑐𝑘 and
𝑔𝑛𝑡 will be asserted at next cycle:
⇒N𝑖(𝑟𝑒𝑞 is 𝐻) andN𝑖(𝑎𝑐𝑘 is𝐻) andN𝑖+1(𝑔𝑛𝑡 is𝐻),
where (0 ≤ 𝑖 ≤ 𝑑𝑒𝑝(𝐺)).

(4) Repeat Operator
Repeat operators allow the user to build more sophis-
ticated SEREs, using variations on the SERE repeti-
tion operators [∗𝑛], [= 𝑛], and so forth. Consecutive
repetition operators provide a shortcut to typing the
same sub-SERE a number of times.
In this paper, we only consider fixed times repeat
operator [= 𝑛].
For example, 𝐺 = {assert (𝑟𝑒𝑞[𝑛]; 𝑎𝑐𝑘)} states that
when signal 𝑟𝑒𝑞 is asserted 𝑛 times then 𝑎𝑐𝑘 will be
asserted at next cycle. We then have
⇒ N1(𝑟𝑒𝑞 is𝐻) and ⋅ ⋅ ⋅ and N𝑛(𝑟𝑒𝑞 is𝐻)
and N𝑛+1(𝑎𝑐𝑘 is𝐻).
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Figure 2: Algebraization steps of SEREs.

4. Translation of SERE

In this section, we will mainly discuss the hierarchical
modeling method of SERE. The temporal layer contains
“Sequential Extended Regular Expressions” (SEREs) which
allow describing the relation between Boolean layer expres-
sions over time.

Firstly, we discuss the general algebraization process of
SERE from a symbolic computation point of view.

4.1. Algebraization Process. The algebraization process of
SERE properties can be demonstrated in Figure 2. The prop-
erties written in SERE will be unrolled and checked against
the design for bounded time steps in our method. Note that
only a constrained subset of SERE can be supported by our
method (unspecified upper bound time range and first-match
operator are excluded).

Firstly, we translate the properties described by the
constrained subset of SERE into flat sequences according to
the semantics of each supported operator.

Secondly, the unrolled flat sequences will be added
temporal constraints to form proportional formulas with
logical connectives (∨, ∧, and ¬).

Finally, the resulted proportional formulas will be trans-
lated into equivalent polynomial set.

In summary, the verification problem is reduced to
proving zero set inclusion relationship which can be resolved
by Groebner bases approaches.

4.2. Boolean LayerModeling. ThePSLBoolean layer forms an
underlying basis for the whole assertion architecture. In this
paper, we limit our discussion only to the Boolean layer and
a special constrained subset of it.

While the Boolean layer consists of Boolean expressions
that hold or do not hold at a given cycle, the temporal layer
provides a way to describe relationships between Boolean
expressions over time.

In this paper, we distinguish between signal logic and
Boolean proposition logic.

Therefore, we have the following two definitions.

Definition 4 (signal logic). In digital circuit systems, signal
logic (SL, for short) is defined as follows:

(i) if a signal 𝑠 is active-high (H, for short), then its signal
value is defined as 1;

(ii) if a signal 𝑠 is active-low (L, for short), then its signal
value is defined as 0;

(iii) if a signal 𝑠 is assigned a symbolic value, then its signal
value is defined as 𝑈.

Definition 5 (symbolic trajectory logic). The definition of
trajectory evaluation logic (TEL) is extended as the following
grammar:

𝑓 ::= 𝑛 is 0 | 𝑛 is 1 | 𝑤 is N | 𝑓1 and 𝑓2 | 𝑃 → 𝑓 | N (𝑓) ,
(7)

where “is” is used to state the value of a Boolean or word-level
node in the circuit. Defined recursively over 𝑉, where 𝑝 is a
Boolean expression over 𝑉; 𝑛 is a node or variable name; 𝑓,
𝑓1, 𝑓2 are TEL formulas; N is the next-time operator.

For example, a symbolic trajectory assertion, assume𝑉 =
{𝑎}, then [(in is 𝑎) ∧ N(true) =⇒N(out is 𝑎)].

Let numeric subscript denote time framenumber for each
variable, then we have in[0] is 𝑎, out[1] is 𝑎.

In this paper, all temporal operators in PSL SEREs
specification will be modeled by next operator N.

We will introduce a notion of symbolic constant to PSL
inspired from GSTE [14].

Definition 6 (symbolic constant). A symbolic constant [14] is
a rigid Boolean or integer variable that forever holds the same
boolean value.The notion of symbolic constant is introduced
in an assertion for two purposes:

(1) to encode an arbitrary Boolean constraints among a
set of circuit nodes in a parametric form;

(2) to encode all possible scalar values for a set of nodes.

Consider 𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛 (𝑟𝑒𝑞 is 𝐻) and (𝑎𝑐𝑘 is 𝐻) as an
example. According to our definitions, 𝑟𝑒𝑞 and 𝑎𝑐𝑘 are
signals belonging to signal logic, while both (𝑟𝑒𝑞 is 𝐻) and
(𝑎𝑐𝑘 is 𝐻) themselves are of assertion logic.

Here, we provide a formal syntax definition for assertion
proposition logic, namely, Assertion Boolean Logic.

If 𝑥1, 𝑥2, 𝑚, and 𝑛 are of SL, then we have 𝑥1 = 𝑥2, 𝑚 =

𝑥1 & 𝑥2, 𝑚 = 𝑥1‖𝑥2, 𝑚 = !𝑥2, and (𝑚 = 𝑥1) ∧ (𝑛 = 𝑥2) are
all of valid AL and can also be verified by using polynomial
model.

Definition 7 (assertion Boolean logic layer syntax). If 𝑎 ∈ SL
and 𝐻 ∈ BC, then 𝑎 = 𝐻 is an atom Boolean formula;
[𝐴𝑡𝑜𝑚 𝐵𝑜𝑜𝑙𝑒𝑎𝑛 𝐹𝑜𝑟𝑚𝑢𝑙𝑎].

Built-in functions: 𝑠𝑡𝑎𝑏𝑙𝑒(), 𝑟𝑜𝑠𝑒(), 𝑓𝑒𝑙𝑙(), 𝑖𝑠𝑢𝑛𝑘𝑛𝑜𝑤𝑛(),
𝑜𝑛𝑒ℎ𝑜𝑡(), and 𝑜𝑛𝑒ℎ𝑜𝑡0() are of atom Boolean formulas.

If 𝑎 is an integer signal logic variable (denoted by 𝑎 ∈ ISL)
and symbolic constant 𝐼 ∈ 𝐼𝐶, then 𝑎 = 𝐼 is also an atom
Boolean formula; [𝐴𝑡𝑜𝑚𝐵𝑜𝑜𝑙𝑒𝑎𝑛 𝐹𝑜𝑟𝑚𝑢𝑙𝑎].

If 𝑎1 and 𝑎2 are atom Boolean formulas, then

(1) 𝑎1 & & 𝑎2 [Standard Logic “AND”],
(2) 𝑎1 ‖ 𝑎2 [Standard Logic “OR”],
(3) !𝑎1 [Standard Logic “NOT”],
(4) 𝑎1− > 𝑎2 [Standard Logic “Implication”] are Boolean

formulas.



6 Journal of Applied Mathematics

Assertion proposition logic (AL) for PSL is defined as
standard Boolean logic. A Boolean expression of AL is an
expression that is evaluated in a single cycle and has the value
𝑡𝑟𝑢𝑒 or 𝑓𝑎𝑙𝑠𝑒. Boolean connectives for AL are interpreted in
the standard.

For example, assertion (𝑎[15 : 0] == 𝑏[15 : 0]), given in
the Verilog flavor of PSL, is a valid Boolean expression which
means 𝑎[15 : 0] and 𝑏[15 : 0] are equal.

The state of a signal variable can be viewed as a zero of a
set of polynomials. We have the following.

(1) For any signal 𝑥 holds at a given time step 𝑖; thus, the
state of 𝑥 == 1 (𝑥 is active-high at cycle 𝑖) can be
represented by polynomial {𝑥[𝑖] − 1}.

(2) Alternatively, the state of 𝑥 == 0 (𝑥 is active-low at
cycle 𝑖 ) can be represented by polynomial {𝑥[𝑖]}.

(3) Symbolically, the state of 𝑥 == 𝐻 (𝑥 is active-high𝐻
at the ith cycle) can be modeled as {𝑥[𝑖] − 𝐻}.

5. Algorithm Framework

In this section, we will describe how an assertion is checked
using Groebner basis approach.

As we all know, in traditional numeric simulation [15],
PSL assertion checking process can be described as follows.
Firstly, the design file with PSL codes is compiled into local
executable binary code via simulation tools (such as, Ques-
taSim or ModelSim). The designer then provides a testbench
file to set input values, running cycles, and other parameters.
Finally, the designer performs simulation by starting “run”
command to produce traces for assertion checking.

Firstly, wewill sketch some of the key notions ofGroebner
bases theory [16, 17] and symbolic computation.

5.1. Groebner Bases Preliminary. We begin by listing some
general facts and establishing notations.

Let 𝑘 be an algebraically closed field, and let 𝑘[𝑥1, . . . , 𝑥𝑛]
be the polynomial ring in variables 𝑥1, 𝑥2, . . . , 𝑥𝑛 with coeffi-
cient in 𝑘, under addition and multiplication of polynomial.

Here, let 𝐼 ⊆ 𝑘[𝑥1, . . . , 𝑥𝑛] be an ideal. As we all know, the
following theorem holds.

Theorem 8 (Hilbert basis theorem). Every ideal 𝐼 ⊂

𝑘[𝑥1, . . . , 𝑥𝑛] has a finite generating set. That is, 𝐼 = ⟨𝑔1,

. . . , 𝑔𝑡⟩ for some 𝑔1, . . . , 𝑔𝑡 ∈ 𝐼.

Then, by the Hilbert basis theorem, there exist finitely
many polynomials 𝑓1, . . . , 𝑓𝑚 such that 𝐼 = ⟨𝑓1, . . . , 𝑓𝑚⟩. A
polynomial 𝑓 ⊆ 𝑘[𝑥1, . . . , 𝑥𝑛] defines a map 𝑓 : 𝑘𝑛 → 𝑘 via
evaluation (𝑎1, . . . , 𝑎𝑛)→ 𝑓(𝑎1, . . . , 𝑎𝑛).

The set 𝑉(𝐼) := 𝑎 ∈ 𝑘𝑛 | ∀𝑓 ∈ 𝐼 : 𝑓(𝑎) = 0 ⊆ 𝑘𝑛 is called
the variety associated with 𝐼.

If 𝑉1 = 𝑉(𝐼1) and 𝑉2 = 𝑉(𝐼2) are the varieties defined
by ideals 𝐼1 and 𝐼2, then we have 𝑉1 ∩ 𝑉2 = 𝑉(⟨𝐼1, 𝐼2⟩) and
𝑉1∪𝑉2 = 𝑉(𝐼1×𝐼2), where 𝐼1×𝐼2 = ⟨𝑓1𝑓2 | 𝑓1 ∈ 𝐼1, 𝑓2 ∈ 𝐼2⟩. If
𝐼1 = ⟨𝑓1, . . . , 𝑓𝑟⟩ and 𝐼2 = ⟨ℎ1, . . . , ℎ𝑠⟩, then 𝐼1×𝐼2 = ⟨𝑓𝑖×𝑔𝑗 |
1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠⟩.

Any set of points in 𝑘𝑛 can be regarded as the variety
of some ideal. Note that there will be more than one ideal

defining a given variety. For example, the ideals ⟨𝑥0⟩ and
⟨𝑥0, 𝑥1𝑥0 − 1⟩ both define the variety 𝑉(𝑥0). In order to
perform verification, we need to be able to determine when
two ideals represent the same set of points. That is to say, we
need a canonical representation for any ideal. Groebner bases
can be used for this purpose.

Definition 9 (Groebner basis). Fix a monomial order. A finite
subset 𝐺 = {𝑔1, . . . , 𝑔𝑡} of an ideal 𝐼 is said to be a Groebner
basis (or standard basis) if ⟨𝐿𝑇(𝑔1), . . . , 𝐿𝑇(𝑔𝑡)⟩ = ⟨𝐿𝑇(𝐼)⟩.

Equivalently, but more informally, a set {𝑔1, . . . , 𝑔𝑡} ⊂ 𝐼
is a Groebner basis of 𝐼 if and only if the leading term of any
element of 𝐼 is divisible by one of the 𝐿𝑇(𝑔𝑖).

In work [18], Buchberger provided an algorithm for con-
structing a Groebner basis for a given ideal. This algorithm
can also be used to determine whether a polynomial belongs
to a given ideal.

A reduced Groebner basis 𝐺 is a Groebner basis where
the leading coefficients of polynomials in 𝐺 are all 1, and no
monomial of an element of𝐺 lies in the ideal generated by the
leading terms of other elements of 𝐺 : ∀𝑔 ∈ 𝐺, no monomial
of 𝑔 is in ⟨𝐿𝑇(𝐺 − {𝑔})⟩.

The important result is that, for a fixed monomial order-
ing, any nonzero ideal has a unique reduced Groebner basis.
The algorithm for finding a Groebner basis can easily be
extended to output its reduced Groebner basis. Thus we will
have a canonical symbolic representation for any ideal.

Theorem 10 (the elimination theorem). Let 𝐼 ⊂ 𝑘[𝑥1, . . . , 𝑥𝑛]
be an ideal and let 𝐺 be a Groebner basis of 𝐼 with respect to
lex order where 𝑥1 ≻ 𝑥2 ≻ ⋅ ⋅ ⋅ ≻ 𝑥𝑛. Then, for every 0 ≤ 𝑙 ≤ 𝑛,
the set

𝐺𝑙 = 𝐺 ∩ 𝑘 [𝑥𝑙+1, . . . , 𝑥𝑛] (8)

is a Groebner basis of the lth elimination ideal 𝐼𝑙.

Theorem 11. Let 𝐺 be a Groebner basis for an ideal 𝐼 ⊂

𝑘[𝑥1, . . . , 𝑥𝑛] and let 𝑓 ∈ 𝑘[𝑥1, . . . , 𝑥𝑛]. Then 𝑓 ∈ 𝐼 if and
only if the remainder on division of 𝑓 by 𝐺 is zero, denoted by,
𝑟𝑒𝑚𝑑(𝑓, 𝐺) = 0.

The property given in Theorem 11 can also be taken as
the definition of a Groebner basis. Then we will get an
efficient algorithm for solving the idealmembership problem.
Assumed that we know a Groebner basis 𝐺 for the ideal in
question, we only need to compute a remainder with respect
to 𝐺 to determine whether 𝑓 ∈ 𝐼.

5.2. Verification Principle Based Theorem Proving. As just
mentioned in previous section, our checking method is
based on algebraic geometry theory. Algebraic geometry is
the study of the geometric objects arising as the common
zeros of collections of polynomials. Our aim is to find
polynomials whose zeros correspond to system states in
which the appropriate assignments are made.

In our method, we regard any set of points in 𝑘𝑛 as the
variety of some ideal. We can use the ideal or any basis for
the ideal as a way of encoding the set of states.The verification
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problem is then transformed into ideal membership problem
that can be solved by computation algorithms.

From Groebner Bases theory [16, 18] every nonzero ideal
𝐼 ⊂ 𝑘[𝑥1, . . . , 𝑥𝑛] has a Groebner basis and the following
proposition evidently holds.

Proposition 12. Let 𝐶 and 𝑆 be polynomial sets of
𝑘[𝑥1, . . . , 𝑥𝑛], and ⟨𝐺𝑆⟩ is a Groebner basis for ⟨𝑆⟩, then
one has ⟨𝐶⟩ ⊆ ⟨𝑆⟩ ⇔ ∀𝑐 ∈ 𝐶 : 𝑟𝑒𝑚𝑑(𝑐, 𝐺𝑆) = 0.

All supported SEREs properties can be classified into two
categories.

(1) Implication-typed: Properties of this type have an
explicit antecedent that can be taken as an initial
precondition. If the precondition is conflict with
the system model, this property will be viewed as
false. Otherwise, further checking process will be
performed.

(2) Sequence-typed: Properties of this type have no
explicit antecedent, and therefore an initial condition
should be provided by the testbench. If the pre-
condition is in conflict with the system model, this
sequence property will also be viewed as false. Oth-
erwise, further checking process will be performed.

Theorem 13. Suppose that 𝐺 (If 𝐺 = [𝐴 ⇒ 𝐶] is an
implication-typed property, then 𝐴 denotes the antecedent;
otherwise, 𝐺 is a sequence-typed property, then 𝐴 is the
precondition) and 𝑀 is a system model. Let 𝑃𝐴 and PM be
the polynomial set representations for 𝐴 and 𝑀, respectively,
constructed by previous mentioned rules. Let𝐻 = 𝑃𝐴 ∪ PM =

{ℎ1, ℎ2, . . . , ℎ𝑠} ⊆ 𝑘[𝑥1, . . . , 𝑥𝑛], 𝐼 = ⟨𝐻⟩ (where ⟨𝐻⟩ denotes
the ideal generated by𝐻), {𝑐1, 𝑐2, . . . , 𝑐𝑟} denotes the polynomial
set representation for 𝐶, 𝐺𝐵𝐻 = 𝑔𝑏𝑎𝑠𝑖𝑠(𝐻, ≺), then one has

((1 ∉ 𝐺𝐵𝐻) and 𝑟𝑒𝑚𝑑 (𝐶, 𝐺𝐵𝐻) == 0)
⇔ ((1 ∉ 𝐺𝐵𝐻) and ⋀

𝑟
𝑖=0(𝑟𝑒𝑚𝑑 (𝑐𝑖, 𝐺𝐵𝐻) == 0))

⇔ (𝑀 |= 𝐺).

Proof. By Hilbert’s Nullstellensatz theory and previously
mentioned notions, it is easy to have the conclusion.

5.3. Checking Algorithm. For a practical assertion checking
process, it needs to build complicated syntax analysis tree
for a given assertion and call the basic checking functions to
perform checking. For simplicity, we only provide the core
decision algorithms and the basic process flow.

Firstly, the original circuit is sliced with respect to the
given assertion𝐺. Polynomial representation for sliced circuit
model, antecedent, and consequent will then be built, respec-
tively. Finally, we calculate the hypothesis set and itsGroebner
bases to determine whether the assertion holds or not.

From the above discussion, we have the process steps and
detailed algorithm description in Algorithm 1.

An important advantage of our algorithm is that it only
requires a comparatively small amount of state variables to
verify a given assertion due to slicing reduction.

Input: Circuit model C, an assertion 𝐺 = [A⇒ C];
Output: Boolean: true or false;
BEGIN

/∗ Step 0: initialize input signals via testbench ∗/
(0) 𝐼𝑛𝑖𝑡𝑆𝑖𝑔𝑛𝑎𝑙𝑠(

→

𝑋0);
(1) S = 0;M = 0; 𝑃𝑆𝐴 = 0;𝐻 = 0; 𝑃𝑆𝐶 = 0;

/∗ Step 1: build polynomial model ∗/
(2) M = 𝐵𝑢𝑖𝑙𝑑𝑃𝑆(S);

/∗ Step 3: build polynomial set for antecedentA∗/
(3) 𝑃𝑆A = 𝐵𝑢𝑖𝑙𝑑𝑃𝑆(A);

/∗ Step 3: build polynomial set for consequentC∗/
(4) 𝑃𝑆C = 𝐵𝑢𝑖𝑙𝑑𝑃𝑆(C);

/∗ Step 4: calculate the 𝑃𝑆A ∪M∗/
(5) 𝐻 = 𝑃𝑆A ∪M;

/∗ Step 5: calculate the Groebner base of ⟨𝐻⟩ ∗/
(6) 𝐺𝐵𝐻 := 𝑔𝑏𝑎𝑠𝑖𝑠(𝐻, ≺);

/∗ Step 6: calculate the Groebner base of ⟨𝐻⟩ ∗/
(7) if(1 ∈ 𝐺𝐵𝐻){
(8) return false; }
(9) if(𝑟𝑒𝑚𝑑(𝑃𝑆C, 𝐺𝐵𝐻) ̸=0){
(10) return false; }
(11) return 𝑡𝑟𝑢𝑒; /∗ Assertion does hold ∗/
END ;

Algorithm 1: Assertion checking: 𝐴𝑠𝑠𝐶ℎ𝑘 (C, 𝐺).

From the above discussion, we have the process steps and
detailed algorithm description in Algorithm 2.

Firstly, the original circuit is transformed into a normal
polynomial representation and the assertion as well. Then,
calculateGroebner bases using the Buchberger algorithm [19]
and their elimination ideals. Finally, examine the relation
between elimination ideals and determine whether the asser-
tion holds or not.

6. A Case Study

In this section, we will study a case to show how PSL SERE
properties are verified by polynomial representation and
algebra computation.

6.1. Circuit and PSL Modeling. As an example, consider
the 3-bit synchronous counter circuit C in Figure 3, whose
polynomial set can be constructed as follows. In this circuit,
there exists a design bug that “AND” gate is replaced by “OR”
gate incorrectly. Now, let us show how to check this error
using our symbolic algebraic method:

𝑃𝑆𝑒𝑡counter

= { (𝑦1 − (𝑚1 + 𝑚4 − 𝑚1 ∗ 𝑚4) ∗ (1 − 𝑚1 ∗ 𝑚4)) ,

(𝑦2 − (𝑚2 + 𝑚3 − 𝑚2 ∗ 𝑚3) ∗ (1 − 𝑚2 ∗ 𝑚3)) ,

(1 − 𝑚3 − 𝑦3) , (1 − 𝑚4 − 𝑚3 ∗ 𝑚2) ,

(𝑚1

− 𝑦1) (𝑚2


− 𝑦2) (𝑚3


− 𝑦3)} ,

(9)
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Input: Circuit model C, a temporal assertion 𝑠, running cycles 𝑐𝑦𝑐𝑙𝑒𝑠;
Output: Boolean: true or false;
BEGIN
(1) 𝑖 = 0;
(2) 𝑠𝑤𝑖𝑡𝑐ℎ(𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟(𝑠)){

(3) case always :{
(4) 𝑤ℎ𝑖𝑙𝑒(𝑖 < 𝑐𝑦𝑐𝑙𝑒𝑠){

(5) 𝑖𝑓(!𝐴𝑠𝑠𝐶ℎ𝑘(𝐶, 𝑠, 𝑖)){;
(6) return false;}
(7) 𝑖+ = 𝑑𝑒𝑝(𝑠)}

(8) } /∗ end while ∗/
(9) case eventually:{
(10) 𝑤ℎ𝑖𝑙𝑒(𝑖 < 𝑐𝑦𝑐𝑙𝑒𝑠){

(11) 𝑖𝑓(𝐴𝑠𝑠𝐶ℎ𝑘(𝐶, 𝑠, 𝑖)){;
(12) return true;}
(13) 𝑖+ = 𝑑𝑒𝑝(𝑠)}

(14) } /∗ end while ∗/
(15) }/∗ end case ∗/
(16) case never :{
(17) 𝑤ℎ𝑖𝑙𝑒(𝑖 < 𝑐𝑦𝑐𝑙𝑒𝑠){

(18) 𝑖𝑓(𝐴𝑠𝑠𝐶ℎ𝑘(𝐶, 𝑠, 𝑖)){;
(19) return false;}
(20) 𝑖+ = 𝑑𝑒𝑝(𝑠)}

(21) } /∗ end while ∗/
(22) }/∗ end case ∗/
(23) deafult :{
(24) 𝑟𝑒𝑡𝑢𝑟𝑛 𝐴𝑠𝑠𝐶ℎ𝑘(𝐶, 𝑠, 𝑖);
(25) }/∗ end switch ∗/
(26) }

END ;

Algorithm 2: Assertion checking: 𝑇𝑒𝑚𝑝𝑜𝑟𝑎𝑙𝐴𝑠𝑠𝐶ℎ𝑘 (C, 𝑠, 𝑐𝑦𝑐𝑙𝑒𝑠).

where 𝑥1 denotes the next state of 𝑥1. For the ith cycle, we
use 𝑥1[𝑖] to denote variable name in current cycle.

To illustrate the problem clearly, we define polynomial set
representation PM[𝑖] for ith cycle as follows:

PM [𝑖]

= {(𝑦1[𝑖]−(𝑚1[𝑖]+𝑚4[𝑖]−𝑚1[𝑖] ∗ 𝑚) ∗ (1 − 𝑚1[𝑖] ∗ 𝑚4[𝑖])) ,

(𝑦2[𝑖]−(𝑚2[𝑖]+𝑚3[𝑖]−𝑚2[𝑖] ∗ 𝑚3) ∗ (1−𝑚2[𝑖] ∗ 𝑚3[𝑖])) ,

(1 − 𝑚3[𝑖] − 𝑦3[𝑖]) , (1 − 𝑚4[𝑖]−𝑚3[𝑖]∗𝑚2[𝑖]) ,

(𝑚1[𝑖+1]−𝑦1[𝑖]) , (𝑚2[𝑖+1]−𝑦2[𝑖]) , (𝑚3[𝑖+1]−𝑦3[𝑖])} .

(10)

Therefore, we have PM = {⋃
7
𝑖=0 PM[𝑖]}.

For any boolean variable 𝑎, we will impose an extra
constraint: 𝑎∗𝑎−𝑎.Thus, we should define the corresponding
constraints set as follows: CNS[𝑖] = {𝑎[𝑖]∗𝑎[𝑖]−𝑎[𝑖]} for all bit-
level variables in the ith cycle.

In the same manner, we have CNS = {⋃7𝑖=0 CNS[𝑖]}.
The sequential properties of this counter circuit can be

specified by the following assertions:

𝐺1 = {assert always (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 =
𝐻) |⇒ (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 = 𝐻)},

NOT

XOR

XOR

OR

AND

𝑚1

𝑚2

𝑚3

𝑚4

𝑦1

𝑦2

𝑦3

𝑉0

𝑉1

𝑉2

Figure 3: Synchronous counter.

𝐺2 = {assert always (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 =
𝐻) |⇒ (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 = 𝐻)},
𝐺3 = {assert always (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 =
𝐻) |⇒ (𝑚1 = 𝐻&𝑚2 = 𝐻&𝑚3 = 𝐻)}, and the rest
may be deduced by analogy.
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Table 1: Polynomial representations for properties to be verified.

No. Precondition Expected consequent
0 𝑚1[0],𝑚2[0],𝑚3[0] N/A
Cycle1 N/A (𝑚1[1], 𝑚2[1], 𝑚3[1] − 1)

Cycle2 N/A (𝑚1[2], 𝑚2[2] − 1,𝑚3[2])

Cycle3 N/A (𝑚1[3], 𝑚2[3] − 1,𝑚3[3] − 1)

Cycle4 N/A (𝑚1[4] − 1,𝑚2[4], 𝑚3[4])

Cycle5 N/A (𝑚1[5] − 1,𝑚2[5], 𝑚3[5] − 1)

Cycle6 N/A (𝑚1[6] − 1,𝑚2[6] − 1,𝑚3[6])

Cycle7 N/A (𝑚1[7] − 1,𝑚2[7] − 1,𝑚3[7] − 1)

Afterward, we will demonstrate the verification process
step by step.

Firstly, we calculate the sequential depth and have

𝑑𝑒𝑝(𝐺1) = 2, 𝑑𝑒𝑝(𝐺2) = 2, and 𝑑𝑒𝑝(𝐺2) = 2.

Secondly, to verify a given property hold or not, we have
to build a system model with 8 cycles at most and check
𝑑𝑒𝑝(𝐺1) = 2 steps.

The circuit model to be verified is below:

SM = PM⋃CNS. (11)

The properties of this counter can be specified as the
following PSL assertions listed in Table 1.

6.2. Assertion Checking Using Maple. We run this example
by using Maple 13 software. Before running, we manually
translated all models into polynomials. The experiment is
performed on a Computer with a 2.40GHz CPU (Intel i5
M450) and 512MB of memory. It took about 0.04 seconds
and 0.81MB of memory to find this error when applying
Groebner method:

[>with(Groebner)
[> CM := ⋅ ⋅ ⋅ /∗ Circuit Model ∗/
[> TDEG := 𝑡𝑑𝑒𝑔(

𝑚1[0], 𝑚2[0], 𝑚3[0], 𝑚4[0], 𝑚1[1], 𝑚2[1],
𝑚3[1], 𝑚4[1], 𝑚1[2], 𝑚2[2], 𝑚3[2], 𝑚4[2],
𝑦1[0], 𝑦1[1], 𝑦1[2], 𝑦2[0], 𝑦2[1], 𝑦2[2],
𝑦3[0], 𝑦3[1], 𝑦3[2])

[> CGB := 𝐵𝑎𝑠𝑖𝑠(G,TDEG)
[> 𝑟𝑒𝑡 := 𝑁𝑜𝑟𝑚𝑎𝑙 𝐹𝑜𝑟𝑚(𝑚3[0] − 1,CGB,TDEG)
[> 𝑟𝑒𝑡 = 0.

As shown in maple outputs, the given circuit has been
modeled as polynomial set CM (its Groebner basis is denoted
by CGB) and assertion representation as (𝑚3[0] − 1). From
the running result, we have return value of 𝑁𝑜𝑟𝑚𝑎𝑙 𝐹𝑜𝑟𝑚
is 0 which means CGB be divided with no remainder by
(𝑚3[0] −1). Thus, from the previously mentioned verification
principles, it is easy to conclude that the SERE assertion 𝐺1
holds under this circuit model after 1 cycle. Other results are
shown in Table 2.

Table 2: Result table.

Cycle no. Polynomial Result
Cycle1 𝑚1[0], 𝑚2[0], 𝑚3[0] − 1 𝑟𝑒𝑡 = 0

Cycle2 𝑚1[1], 𝑚2[1] − 1,𝑚3[1] 𝑟𝑒𝑡 ̸=0,𝑚1[1] fails
Cycle3 𝑚1[2], 𝑚2[2] − 1,𝑚3[2] − 1 Stop

From Table 2, when checking 𝐺2 assertion, the result
𝑟𝑒𝑡 := 𝑁𝑜𝑟𝑚𝑎𝑙 𝐹𝑜𝑟𝑚 (𝑚1[1],CGB,TDEG) = 1 ̸=0 so that we
can conclude the assertion does not hold and theremust exist
some error in the original circuit.This case is a fairly complete
illustration of how our checking algorithm works.

7. Conclusion

In this paper, we presented a new method for constrained
SERE temporal assertions checking by combining symbolic
simulation with symbolic algebraic approaches. We modi-
fied the original PSL specification to adapt our verification
requirements and rebuilt a new constrained class of boolean
and temporal layer.

We first introduce a notion of symbolic constant for data
path verification, which can gain great state coverage for
simulation based verification. This method allows users to
deal with more than one state and many input combinations
at a time. This advantage comes directly from the fact that
many vectors are simulated at once using symbolic value.

We then defined a constrained simple subset of SERE
and proposed an practical algebraization method for each
temporal operator. For sequential circuits verification, we
introduce a parameterized polynomial set modeling method
based on time frame expansion.

Our approach is based on polynomial models construc-
tion for both circuits and assertions. In other words, symbolic
simulation is performed on data-flow model and its unrolled
form in polynomial representation. Our method is to even-
tually translate a simulation based verification problem into a
pure algebraic zero set determination problem by previously
mentioned steps, which can be performed on any general
symbolic algebraic tool. An experimental evaluation using
maple has shown that the method is extremely efficient and
useful.

Furthermore, we can summarize the advantages of our
checking method as follows:

(1) from the real case, we see that SERE properties verifi-
cation can be achieved easier using symbolic algebraic
than traditional method. Complex test bench or test
vector is not essential for this approach;

(2) this advantage comes directly from the fact that many
vectors are simulated at once using symbolic value;

(3) for assertion property verification, an efficient slicing
reduction technique can be applied to gain perfor-
mance improvement.

Basically, our method can be taken as a useful theoretical
insight for verification methodology.

Finally, we plan to explore further tradeoffs and combine
numeric computation with symbolic simulation for boosting
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performance, in particular, and to apply this method to more
industrial case studies.
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Component-based models are widely used for embedded systems. The models consist of components with input and output ports
linked to each other. However, mismatched links or assumptions among components may cause many failures, especially for large
scale models. Binding semantic knowledge into models can enable domain-specific checking and help expose modeling errors in
the early stage. Ontology is known as the formalization of semantic knowledge. In this paper we propose an ontology-driven tool for
static correctness checking of domain-specific errors. two kinds of important static checking, semantic type and domain-restrcted
rules, are fulfilled in a unified framework.We first propose a formal way to precisely describe the checking requirements by ontology
and then separately check them by a lattice-based constraint solver and a description logic reasoner. Compared with other static
checking methods, the ontology-based method we proposed is model-externally configurable and thus flexible and adaptable to
the changes of requirements. The case study demonstrates the effectiveness of our method.

1. Introduction

Embedded systems are usually reactive systems composed of
software, hardware, and networks. Interacting with physical
environment increases the complexity of these systems and
makes the development a difficult task [1]. Component-based
models are widely used to develop embedded systems [2].
The models are composed of hierarchical components with
input and output ports linked to each other. Components are
atomic or composite functional units that execute concur-
rently. Typical developing tools for embedded systems such
as Simulink [3], Ptolemy II [4], and SCADE [5] all support
this design philosophy.

In a component model of embedded systems, compo-
nents communicate with each other via links on ports. The
links among ports must be correct. Mismatched links or
assumptions among components could result in failures,
especially for large scale models. As a result, the designed
models need to be verified as correct, ensuring the satisfiabil-
ity of requirements. Many works applied traditional formal

methods on models to verify the correctness. Chen et al.
[6] presented a translation mechanism from a Metropolis
design to a Promela description. They took the SPIN model
checker to verify the design of embedded systems at multiple
levels of abstraction. Rockwell Collins built a set of tools
[7] translating Simulink models into the input formats of
several formal analysis tools, which enabled the analysis
of Simulink and SCADE Suite models with many model
checkers and theorem provers, including NuSMV, ACL2, and
PVS. However, the mismatched links among components
can usually be found by static checking methods. Besides,
the rules to be verified are closely related to a specific
application domain and may probably change as time goes
on. In this paper, we developed a tool called OntCheck
which is driven by ontology to improve model engineering
techniques. Ontology is a formal, explicit specification of
a shared conceptualization [8]. It can capture the semantic
concepts of specific domains, keep consistency of concepts,
and elicit specifications. Most of the applications of ontology
stay in using it to generate specifications in requirements



2 Journal of Applied Mathematics

×

∫

÷

Divide Integrator

(a) Two components linked through ports

Checker

Main controller
Scheduler

(b) Complex links among components

Figure 1: Two snippet models of linked components.

Constraint
solver

Verification
results

DL
reasoner

CheckingAnnotation

×
+
−

Component-based model

Semantic type

Domain rule

Domain ontology

∫
÷

Figure 2: The overall framework of OntCheck.

engineering [9–11]. We take a further step in using ontology
to drive the static correctness checking of component-based
models. Compared with implementing the static checking
straightforward in code, the advantage that the ontology-
based method can bring is its model external configurability
and thus its flexibility and adaptability to the changes of
requirements.

OntCheck is a static checking tool for component-based
models aiming at the mismatched links among components.
Just like a front end of a compiler which checks whether
a program is correctly written in terms of the syntax and
semantics of programming language, we would like to check
whether a model is correctly designed in terms of semantic
type compatibility and domain rules. To illustrate the key idea,
consider two snippet models shown in Figure 1.

The left part shows two components linked through
ports. We need to ensure that such composition complies
with the designer’s intent. In a physical dimension domain
which contains the concepts acceleration, speed, time, and
position, a Divide component may produce a signal with the
meaning acceleration or speed based on different input data.
An Integrator component may produce the speed signal when
receiving an acceleration signal or produce the position signal
when receiving a speed signal. A mismatched error happens
when Integrator requires speed, butDivide offers acceleration.

This is out of control of typical type systems, where both
ports are declared as the same basic type double. With a
domain-specific semantic type system,we can check this kind
of linking compatibility.

The right part shows the links among three composite
components. According to the architecture constraints of
the domain, Scheduler can only link to MainController. The
connection between Scheduler andChecker is forbidden.That
is to say, only the MainController component can react to
commands from the Scheduler component, and Checker is
only used to ensure that the environment constraints are
satisfied for specific commands. This is a domain-restricted
rule imposed by domain experts. These kinds of rules are
often neglected during model development, since they are
often common-sense by domain experts but stay unknown
by model designers. A model is prone to hazard if it violates
the requested domain rules.

These two types of requirements cover a majority part of
design errors in models. In this paper, we propose OntCheck
as a novel tool that takes ontology to drive the static correct-
ness checking for component-based models. We focus on the
checking of these two semantic errors. Figure 2 illustrates the
overall framework ofOntCheck.The information of semantic
types and domain rules are modeled into a formal ontology,
and annotations are then used to connect model elements
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with their semantic concepts. After that, we check semantic
type compatibility with a lattice-based constraint solver and
use a description logic reasoner to check domain rules. In this
way we can check the inconsistency between the model and
the original design intention.

The rest of our paper is organized as follows. We first
describe the method to build an ontology containing both
semantic types and domain rules in Section 2. We then
introduce the methods of semantic type compatibility and
domain rule checking in Sections 3 and 4, respectively.
Section 5 presents the design of the OntCheck tool. A case
study is also presented to demonstrate the effectiveness of the
approach. In Section 6, we summarize our work and discuss
future works.

2. Description of Semantic Types and Domain
Rules with Ontology

As a formal representation of domain knowledge, ontology
is an abstract description of concepts and their relationships
in the real world. Some ontologies have been brought out
for requirements engineering, such as the ontology system
in [9], the enterprise information ontology in [10], and the
metamodel in [11]. However, they all lack a formal definition
to support ontology-based checking.

OWL is a description logic-based ontology language. Its
core elements are class, individual, object property, and data
property [12]. It contains three species: OWL-DL, OWL Lite,
and OWL Full. Among them, OWL-DL not only supports
maximum expressiveness without losing computational
completeness and decidability of reasoning systems but also
has a rich tool support on construction and consistency
checking. Therefore we take OWL-DL to formally describe
our domain ontology.

Before presenting the formal definition of our ontology,
we need amethodology to guide the construction of ontology
for component-based models. In reality, every concept is
related to a set of attributes. In models, systems are built
hierarchically through atomic or composite components.
Components, especially composite ones, often represent con-
cepts of the system, while signals exchanged among ports
represent specific attributes. This corresponds to the view of
Formal Concept Analysis (FCA) [13]. FCA is a mathematical
modelingmethod based on lattice theory tomodel real world
in a variety of objects and attributes. It starts with a formal
context defined as a triple 𝐾 = (𝐺,𝑀, 𝐼), where 𝐺 is a set
of objects, 𝑀 is a set of attributes, and 𝐼 is a binary relation
between 𝐺 and𝑀.

We take FCA’s methodology to build our ontology. The
domain ontology contains the information of semantic types
and the domain rules. For semantic types, data property of
OWL is used to represent attributes, which denote signals
on ports. As to domain rules, they consist of domain
concepts and relations among them. Concepts can be the
vocabulary for rules. Relations are the detailed constraints.
Class of OWL is used to represent concepts, and object
property is used to represent relations. Moreover, a domain
ontology should be knowledge independent of problem

solutions, so as to be shared and reused in the same domain.
As a result, it needs not to include conceptual instances,
which leaves out individual of OWL at the construction
phase.

Now, we can give a formal definition of our domain
ontology.

Definition 1. A domain ontology is a tuple 𝑂 := (𝑇, ℎ𝑡, 𝐶, ℎ𝑐,

𝑅), where 𝑇 is a set of semantic type and ℎ𝑡 is a partial order
relation on 𝑇 with ℎ𝑡 ⊆ 𝑇 × 𝑇. (𝑡𝑝, 𝑡𝑞) ∈ ℎ𝑡 means 𝑡𝑝 is
the superclass of 𝑡𝑞. 𝐶 is a set whose elements are concepts.
Similar to ℎ𝑡, ℎ𝑐 is a partial order relation defined on 𝐶.
𝑅 is a domain rule set, whose domain and range are all
elements of 𝐶. 𝑇 and ℎ𝑡 form data property of OWL, while
𝐶 and ℎ𝑐 form class in OWL. 𝑅 forms object property of
OWL.

This definition will guide us to construct proper domain
ontology. In the next sections, we will use SHOIN [14], the
description logic behinds OWL-DL, to describe semantic
information for the sake of preciseness and conciseness.

3. The Semantic Type Checking Method

Semantic type checking in OntCheck aims at ensuring the
consistency on the connections among ports as shown on
the left of Figure 1. Each port has a semantic type, and
types at both sides of a link should be compatible. This
technique can expose modeling errors early in the design
phase. It offers similar benefit provided by a typical type
system but is more powerful compared with it. At the same
time, the semantic types in a model are typically rather
domain-specific. The reason is that a different domain has
different data in exchange. Therefore, we need to construct
domain-specific semantic type system within a domain-
specific ontology.

Definition 2. Semantic types are 𝑇 in domain ontology 𝑂,
which is a set of terms describing data exchanged in specific
domain. They have a “is-a” partial order relation defined
on themselves as ℎ𝑡 in 𝑂. A conversion from subclass
to superclass is compatible while it is not for the other
direction.

In a typical type system, type checking needs to man-
ually declare the types of all the variables first and then
check whether two types in one link are compatible or not.
Instead of this “declare-check” style, we would like to use a
lattice-based constraint solver, which is modified from the
property system proposed in [15], to automatically decide
the compatibilities of all ports’ semantic types with few
manual type declarations. Our method consists of a concept
lattice extracted from the domain ontology, a collection of
constraints associated with ports, and an efficient constraint
solving algorithm. It reduces manually efforts and enhances
correctness.

3.1. Concept Lattice. The concept lattice is the repository for
semantic types. It is a complete lattice, that is, a set 𝑃 and
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Figure 3: Two typical concept lattices.

a binary partial order relation. A complete lattice requires
every subset of 𝑃 has a unique least upper bound and
a greatest lower bound. A typical type system can also
be expressed in concept lattice [16], as shown on left of
Figure 3, where each node represents a data type, and
the arrows among them represent an ordering relation.
Type 𝛼 is greater than type 𝛽 if there is a path upwards
from 𝛽 to 𝛼, meaning types 𝛼 and 𝛽 are comparable.
If type 𝛼 is greater than type 𝛽, and type 𝛽 is greater
than type 𝛼, that means type 𝛼 is equal to type 𝛽. We
generate a semantic type system like the dimension domain
concept lattice proposed in [15] as shown on right of
Figure 3.

Since we have expressed semantic type information in
domain ontology’s data property, what we need to do is
mapping it to a concept lattice.

A semantic type, speed, for example, is written in SHOIN
as follows:

𝑠𝑝𝑒𝑒𝑑 ⊑ 𝑡𝑜𝑝𝐷𝑎𝑡𝑎𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦, (1)

where 𝑡𝑜𝑝𝐷𝑎𝑡𝑎𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 is a predefined OWL element, that
is, the superdata property of all data properties. The partial
order relation in lattice is expressed through the symbol ⊑
(SubPropertyOf relation). As a result the nodes in concept
lattice can be mapped from each element of data properties,
and the partial order relation can also be extracted.

In this way we can map concept lattice from OWL data
properties. Besides, we need to make sure that the General
least upper bound and anUnknown greatest lower bound are
added.

3.2. Proposing the Constraint Description Language. The the-
ory foundation of the checking method is the unique least
fixed point solution for a monotonic function defined on a
finite complete lattice [17]. All the functions are expressed in
a set of inequalities.They represent semantic type constraints
for components. Terms in inequalities are ports’ semantic
types. Manually specified ports will become constants while
the others will be variables. Concept lattice is the source of
variable assignments and the limit bound of reasoning. A
unique least fixed point solution is a satisfied assignment
to variables for all inequalities, which can be solved by
algorithm 𝐷 [17] when it is satisfiable. If there is not a
satisfied assignment, it means we have error links that
cause inconsistent inequalities. More details can be found in
[15].

We design a Constraint Description Language (CDL)
for model designers to write constraints of components.
Constraints are converted into inequalities for later checking
procedure. The abstract syntax of CDL is shown in Figure 4.
Wedirectly use port name to denote type of port in order to be
compact.The expression includesEqualExp for equalities and
GreaterExp to define inequalities. EqualExpwill be translated
into two inequalities. GreaterExp has a function term to han-
dle multiconditions in inequality. Considering the features
of multiple conditions, we take ternary conditional operator
“?:,” borrowed from programming languages, to express it.
We also need a Conflict term to ensure the completeness and
accuracy.

To illustrate the constraints, we use the components
shown in Figure 5 with the dimension concept lattice as an
example.
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Constraints = Exp∗
Exp = Port (EqualExp |GreaterExp) SEMICOLON
EqualExp = EQUAL Port
GreaterExp = GREATER (Port |FunctionTerm)
FunctionTerm = LPARENT (FunctionExp COLON )∗

Otherwise RPAREN
FunctionExp = Condition HOOK SemanticType
Condition = ConditionAtom ((AND |OR) ConditionAtom)?
ConditionAtom = Port EQUAL SemanticType |

LPARENT Condition RPAREN
SemanticType = STRING Port = STRING Otherwise = CONFLICT
AND = && OR = ||LPARENT = ( RPARENT = )
EQUAL = == GREATER = > = HOOK =?
SEMICOLON =; COLON =:

Figure 4: The Abstract Syntax of CDL.
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Figure 5: The Subtract and Divide components.

For the Subtract component on the left of Figure 5, all
values have the same semantic type.Therefore, the constraints
are four inequalities:

𝑝𝑙𝑢𝑠 >= 𝑚𝑖𝑛𝑢𝑠,

𝑚𝑖𝑛𝑢𝑠 >= 𝑝𝑙𝑢𝑠,

𝑝𝑙𝑢𝑠 >= 𝑜𝑢𝑡𝑝𝑢𝑡,

𝑜𝑢𝑡𝑝𝑢𝑡 >= 𝑝𝑙𝑢𝑠.

(2)

Using EqualExp (“==”), we can write these constraints as

𝑝𝑙𝑢𝑠 == 𝑚𝑖𝑛𝑢𝑠,

𝑝𝑙𝑢𝑠 == 𝑜𝑢𝑡𝑝𝑢𝑡.
(3)

As to the right component Divide, the type of 𝑜𝑢𝑡𝑝𝑢𝑡

is decided by different combinations of multiply and divide,
based on the physical rules that

𝑠𝑝𝑒𝑒𝑑 ÷ 𝑡𝑖𝑚𝑒 = 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛,

𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 ÷ 𝑡𝑖𝑚𝑒 = 𝑠𝑝𝑒𝑒𝑑,

𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 ÷ 𝑠𝑝𝑒𝑒𝑑 = 𝑡𝑖𝑚𝑒,

𝑠𝑝𝑒𝑒𝑑 ÷ 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 = 𝑡𝑖𝑚𝑒.

(4)

As a result, we have inequality 𝑜𝑢𝑡𝑝𝑢𝑡 ≥ 𝑓(𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦, 𝑑𝑖V𝑖𝑑𝑒),
which reads as the semantic type of port output will be greater

than or equal the value of 𝑓(𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦, 𝑑𝑖V𝑖𝑑𝑒). The function
𝑓 is defined as follows:

𝑓 (𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦, 𝑑𝑖V𝑖𝑑𝑒)

=

{{{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{{{

{

𝑈𝑛𝑘𝑛𝑜𝑤𝑛, 𝑖𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 = 𝑈𝑛𝑘𝑛𝑜𝑤𝑛

𝑜𝑟 𝑑𝑖V𝑖𝑑𝑒 = 𝑈𝑛𝑘𝑛𝑜𝑤𝑛,

𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛, 𝑒𝑙𝑠𝑒 𝑖𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 = 𝑠𝑝𝑒𝑒𝑑

𝑎𝑛𝑑 𝑑𝑖V𝑖𝑑𝑒 = 𝑡𝑖𝑚𝑒,

𝑠𝑝𝑒𝑒𝑑, 𝑒𝑙𝑠𝑒 𝑖𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛

𝑎𝑛𝑑 𝑑𝑖V𝑖𝑑𝑒 = 𝑡𝑖𝑚𝑒,

𝑡𝑖𝑚𝑒, 𝑒𝑙𝑠𝑒 𝑖𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛

𝑎𝑛𝑑 𝑑𝑖V𝑖𝑑𝑒 = 𝑠𝑝𝑒𝑒𝑑,

𝑡𝑖𝑚𝑒, 𝑒𝑙𝑠𝑒 𝑖𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 = 𝑠𝑝𝑒𝑒𝑑

𝑎𝑛𝑑 𝑑𝑖V𝑖𝑑𝑒 = 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛,

𝐸𝑟𝑟𝑜𝑟, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(5)

This is a typical if-else if-else structure that can be
expressed using programming languages’ ternary conditional
operator “?:” which usually has the form

𝑥 = (𝑦 == 0 ? 0 : (𝑧 == 1 ? 1 : −1)) . (6)
Thus, a sample constraint can be written in CDL like this:
𝑜𝑢𝑡𝑝𝑢𝑡

≥(𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦==𝑈𝑛𝑘𝑛𝑜𝑤𝑛‖ 𝑑𝑖V𝑖𝑑𝑒==𝑈𝑛𝑘𝑛𝑜𝑤𝑛 ?𝑈𝑛𝑘𝑛𝑜𝑤𝑛 :

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 == 𝑠𝑝𝑒𝑒𝑑&&𝑑𝑖V𝑖𝑑𝑒 == 𝑡𝑖𝑚𝑒 ? 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 :

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 == 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛&&𝑑𝑖V𝑖𝑑𝑒 == 𝑡𝑖𝑚𝑒 ? 𝑠𝑝𝑒𝑒𝑑 :

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 == 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛&&𝑑𝑖V𝑖𝑑𝑒 == 𝑠𝑝𝑒𝑒𝑑 ? 𝑡𝑖𝑚𝑒 :

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 == 𝑠𝑝𝑒𝑒𝑑&&𝑑𝑖V𝑖𝑑𝑒 == 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ? 𝑡𝑖𝑚𝑒 :

𝐶𝑜𝑛𝑓𝑙𝑖𝑐𝑡) .

(7)
As its similarity to general programming language,

designers can easily describe constraints using CDL, based
on domain knowledge.
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3.3. Checking with the Constraint Solver. The checking is
performed through a constraint solver which works on the
defined constraints to ensure the connection compatibility
of components. We firstly use the partial model shown
in Figure 5 to see how constraints can be used to infer
unspecified port types. In the beginning, all unspecified ports
are in typeUnknown, which makes all inequalities satisfiable:

𝑈𝑛𝑘𝑛𝑜𝑤𝑛 >= 𝑈𝑛𝑘𝑛𝑜𝑤𝑛. (8)

If we manually specify the minus port of the Subtract
component as type speed, then the inequality of 𝑝𝑙𝑢𝑠 >=

𝑚𝑖𝑛𝑢𝑠 will be 𝑈𝑛𝑘𝑛𝑜𝑤𝑛 >= 𝑠𝑝𝑒𝑒𝑑, which is unsatisfiable.
Then the type of plus should become

𝑈𝑛𝑘𝑛𝑜𝑤 ⊔ 𝑠𝑝𝑒𝑒𝑑 = 𝑠𝑝𝑒𝑒𝑑. (9)

We handle all the other unsatisfiable inequalities in the
sameway.Theoutput of the Subtract componentwill be speed.
If wemanually specify the type of the divide port of theDivide
component to be time, we can infer the output of Divide
component to be acceleration.

That is the core idea of type inference. With few manual
declarations, we can infer all ports’ types. To efficiently resolve
all the constraints expressed as inequalities, we use algorithm
𝐷
+ in Algorithm 1 modified from the algorithm 𝐷 in [17].

It is a linear time satisfiability determination algorithm.
If all constraints are satisfiable, it can give out a satisfied
assignment to variables for all inequalities. Otherwise we find
errors in the model. The algorithm requires an error state
set 𝐸 as input. This is the Conflict set that denotes reaching
incompatible states. In line 1, it builds the inequality set 𝐶

from two sources: the constraints on each components and
the constraint 𝑠𝑒𝑛𝑑𝑇𝑦𝑝𝑒 ≤ 𝑟𝑒𝑐𝑒𝑖V𝑒𝑇𝑦𝑝𝑒 on every link to
guarantee lossless information transfer (pointed out in [16]).
Thenext step is to divide inequalities into the const set and the
variable set based on the greater term in inequality (manual
declaration will be const here). In lines 4–6, the algorithm
defines 𝐶𝑙𝑖𝑠𝑡, which is a hash list whose key is a variable
and its corresponding value is inequalities. It initiates all
the unannotated ports variables as Unknown and generates
usList, the set of current unsatisfied inequalities. It then starts
checking iteratively until all inequalities are satisfied. Inside
the iteration, the algorithm first picks the last inequality from
usList, looks for the Least Common Ancestor (LCA [18]) of
the terms in two sides of the inequality, assigns the LCA to
current inequality’s variable, and updates all the inequalities
in Clist indexed by this variable. It is implemented by
removing the satisfiable inequalities from unList and adding
unsatisfiable inequalities to it. The iteration stops until all the
inequalities are satisfied. At last, it checks all inequalities in
𝐶cnst to ensure the inferred assignments satisfying all known
type declarations.

The major difference between the proposed algorithm
𝐷
+ and algorithm 𝐷 is the error state. Algorithm 𝐷 only

judges the happening of an error when the iteration comes
to the lattice’s top—General. However, in practice, some
superdata properties may not be compatible for two or more
subdata properties. Therefore, our method supports user-
defined error states to handle more complicated situations.

4. The Domain Rule Checking Method

The goal of domain rule checking is to express the more
implicit constraints inside a domain, as the example shown
on the right of Figure 1. As the fact that they usually exist
deeply in mind of domain experts as important background
information, they are often neglected bymodel designers and
lead to failures. Therefore, it is important to formally define
domain rules in order to help standardize not only semantic
concepts but also constraints across a development team.
Besides, for being able to define rules in formal, we need to
construct a domain concepts vocabulary.The OWL ontology
contains proper fields for both vocabulary and rules.

Definition 3. Domain rules are built on top of a domain
concepts vocabulary.They are background knowledge widely
existent in different domains, which can be used to maintain
the correctness of model design.

We use class of OWL to represent concepts in domain
as the vocabulary and object property for rules. To check
whether a model is met with domain rules, we annotate
model elements with domain concepts, instantiate them back
into OWL ontology as individuals, and adopt a DL reasoner
to check the consistency. If it becomes corrupt, the model
violates some rules.

4.1. Specifying the Vocabulary. The traditional method to
specify domain vocabulary in software engineering is to take
UML and make a classmodel in the semivisual form with a
classdiagram. Here we choose OWL for two reasons. One
reason is the great overlap of OWL with UML class models.
The other and more important reason is that it has a formal
logic semantics which can be used for formal verification.

Class in OWL defines a group of individuals that belong
together to share properties. Classes can be organized in
hierarchy using the subClassOf relationship. In OWL, there
is a built-in most general class namedThing as the superclass
of all OWLclasses.Class covers terms𝐶 and ℎ𝑐 inDefinition 1.

Let us see an example. In a gate control system, there are
four devices: the gate, the latch, the lift platform, and the pull-
push unit. Using SHOIN we can get the following statements:

𝐺𝑎𝑡𝑒 ⊑ 𝐷𝑒V𝑖𝑐𝑒,

𝐿𝑎𝑡𝑐ℎ ⊑ 𝐷𝑒V𝑖𝑐𝑒,

𝐿𝑖𝑓𝑡𝑃𝑙𝑎𝑡𝑓𝑜𝑟𝑚 ⊑ 𝐷𝑒V𝑖𝑐𝑒,

𝑃𝑢𝑙𝑙𝑃𝑢𝑠ℎ𝑈𝑛𝑖𝑡 ⊑ 𝐷𝑒V𝑖𝑐𝑒.

(10)

4.2. Rule Categories. Wagner in [19] divides domain rules
into four categories: integrity rules, derivation rules, reaction
rules, and production rules. Integrity rules, also known as
integrity constraints, are used to ensure the definition accu-
racy of concepts and relations. Derivation rules, also called
deduction rules, consist of one ormore conditions and one or
more conclusions in general and can express more complex
restrictions. Reaction rules consist of a mandatory triggering
event term, an optional condition, and a triggered action
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Require: Error States 𝐸
Ensure: Constraint satisfiability
(1) 𝐶 ← ports constraints ⊔ linking constraints
(2) 𝐶cnst ← {𝜏 ≤ 𝐴 ∈ 𝐶 | 𝐴 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡}

(3) 𝐶var ← {𝜏 ≤ 𝐴 ∈ 𝐶 | 𝐴 𝑖𝑠 𝑎 V𝑎𝑟𝑖𝑎𝑏𝑙𝑒}

(4) init hash list Clist[𝛽] for distinct variable 𝛽 in 𝐶

(5) init all un-annotated ports variables as 𝑈𝑛𝑘𝑛𝑜𝑤𝑛

(6) 𝑢𝑠𝐿𝑖𝑠𝑡 = {𝜏 ≤ 𝛽 ∈ 𝐶var | 𝜏 ≤ 𝛽 𝑖𝑠 𝑢𝑛𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑}

(7) while 𝑢𝑠𝐿𝑖𝑠𝑡 ̸=0 do
(8) 𝜏 ≤ 𝛽 = 𝑙𝑎𝑠𝑡 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 𝑖𝑛 𝑢𝑠𝐿𝑖𝑠𝑡

(9) 𝛽 ← LCA of 𝜏 and 𝛽

(10) if 𝛽 ∈ 𝐸 then
(11) return False
(12) else
(13) 𝑢𝑝𝑑𝑎𝑡𝑒 𝐶𝑙𝑖𝑠𝑡[𝛽]

(14) end if
(15) end while
(16) if 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑢𝑛𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑖𝑛 𝐶cnst then
(17) False
(18) else
(19) True
(20) end if

Algorithm 1: The algorithm 𝐷
+ of constraint solver.

term or a postcondition, describing the behaviors of model.
Production rules, popular as a widely used technique to
implement “expert system” in the past, consist of a condition
and a produced action, which can be equal to derivation rules
when they implemented the form if-Condition-then-assert-
Conclusion. Since we focus on static analysis of embedded
system model, the rules should emphasize the integrity of
domain concepts. As a result, we consider the integrity rules
in this paper.

Consisting of constraint assertions, integrity rules can be
divided into two categories: link rules and inclusion rules.

4.2.1. Link Rules. Link rules in a model describe the topolog-
ical relations among components. It tells which components
can link to and which are not allowed to link to for each
component. Since OWL is under Open World Assumption
[20] that if some things are not described in OWL, they
can be true facts in reasoning, we need to explicitly define
both the link and notLink object properties with a disjoint
assertion.

A sample link rule is that “a Checker can link to
some GateController, LatchController, LiftPlatformController,
or PullPushController but is not allowed to link to any
Scheduler.” This can be written as follows:

𝑙𝑖𝑛𝑘 ⊑ 𝑡𝑜𝑝𝑂𝑏𝑗𝑒𝑐𝑡𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦,

𝑛𝑜𝑡𝐿𝑖𝑛𝑘 ⊑ 𝑡𝑜𝑝𝑂𝑏𝑗𝑒𝑐𝑡𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦,

𝑙𝑖𝑛𝑘 ⊓ 𝑛𝑜𝑡𝐿𝑖𝑛𝑘 ≡ 0,

𝐶ℎ𝑒𝑐𝑘𝑒𝑟 ⊑ ∃𝑙𝑖𝑛𝑘.𝐺𝑎𝑡𝑒𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟,

𝐶ℎ𝑒𝑐𝑘𝑒𝑟 ⊑ ∃𝑙𝑖𝑛𝑘.𝐿𝑎𝑡𝑐ℎ𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟,

𝐶ℎ𝑒𝑐𝑘𝑒𝑟 ⊑ ∃𝑙𝑖𝑛𝑘.𝐿𝑖𝑓𝑡𝑃𝑙𝑎𝑡𝑓𝑜𝑟𝑚𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟,

𝐶ℎ𝑒𝑐𝑘𝑒𝑟 ⊑ ∃𝑙𝑖𝑛𝑘.𝑃𝑢𝑙𝑙𝑃𝑢𝑠ℎ𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟,

𝐶ℎ𝑒𝑐𝑘𝑒𝑟 ⊑ ∃𝑛𝑜𝑡𝐿𝑖𝑛𝑘.𝑆𝑐ℎ𝑒𝑑𝑢𝑙𝑒𝑟.

(11)

𝑡𝑜𝑝𝑂𝑏𝑗𝑒𝑐𝑡𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 is another predefined element in
OWL that is the superobject property of all object properties.
Besides the descriptions like someValuesFrom (∃), OWL also
supports cardinality restrictions. There are minCardinality,
maxCardinality, and cardinality restrictions.

4.2.2. Inclusion Rules. Inclusion rules in a model describe
the inclusion relations among components. It tells what a
component has inside. Same as link rules, we have disjoint has
and notHas object properties in pair to guide the reasoning of
DL reasoner.We can also use cardinality restrictions to refine
constraints.

A sample inclusion rule that “Device should have a
UpLimit to limit its movement” is written in SHOIN as
follows:

ℎ𝑎𝑠 ⊑ 𝑡𝑜𝑝𝑂𝑏𝑗𝑒𝑐𝑡𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦,

𝑛𝑜𝑡𝐻𝑎𝑠 ⊑ 𝑡𝑜𝑝𝑂𝑏𝑗𝑒𝑐𝑡𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦,

ℎ𝑎𝑠 ⊓ 𝑛𝑜𝑡𝐻𝑎𝑠 ≡ 0,

𝐷𝑒V𝑖𝑐𝑒 ⊑ ∃ℎ𝑎𝑠.𝑈𝑝𝐿𝑖𝑚𝑖𝑡.

(12)
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Figure 6: The ontology of gate control system.

4.3. Checking with the DL Reasoner. With class and object
properties together, we build domain rules in OWL ontology.
To check the consistency of model, we offer a method to
annotate components in model with ontology concepts. We
then use this information to instantiate domain ontology into
a case specific one. At last, the instantiated ontology can be
checked with mature DL reasoners.

The annotation process is a trivial part. For the instantia-
tion, we need to

(1) generate OWL individual from components accord-
ing to their class annotations,

(2) create link and has in individuals based on compo-
nents’ links and hierarchies,

(3) create link/notLink and has/notHas for individuals by
the definition of corresponding class,

(4) set each individual as different using owl : dis-
tinctMembers in order to support cardinality restric-
tions.

We developed the procedure in OntCheck with Jena [21], an
API for ontologymodel, to get an instantiatedOWLontology.
For the checking part, we use Pellet [22]. It is a sound and

complete OWL-DL reasoner that has extensive support for
reasoning with individuals and qualified cardinality restric-
tions, to get the result of consistency checking.

5. Tool Implementation and Case Study

OntCheck is a standalone tool for static correctness checking
on models. We integrate Protégé [23], an OWL ontology
modeling tool, as ontology builder and apply OntCheck
to Ptolemy II [4], a component-based open source mod-
eling design environment oriented to embedded systems.
OntCheck has three main functions. First, it generates a
concept lattice from OWL ontology’s data properties and
supports to define semantic type constraints corresponding
to this lattice on components. Second, it implements the
semantic type constraint solver based on algorithm shown in
Algorithm 1. Third, it supports to annotate components with
domain concepts, produces instantiated ontology using Jena,
and invokes Pellet to check the consistency.

We demonstrate our work through a gate control system.
This is a real system for a palace in Jiangsu Province, China
[24]. The object of this system is to move out a gate from
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Figure 7: The model of gate control system.

the gate repository through sequences of actions under
limitations. The finished OWL ontology built by Protégé is
shown in Figure 6. In this system, signals exchanged between
components are physical for dimension data and runSignal
for command related signals. These are data properties that

will be mapped to concept lattice for semantic type checking
(Figure 6(a)).

The vocabulary for domain rules is built in OWL
Class (Figure 6(b)). The whole model corresponds to the
class System. A Scheduler sends operation commands to
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Figure 8: The error models of gate control system.

MainController, and theMainController asksFunctionalCom-
ponents to work one by one. A Checker ensures the satisfac-
tion of movement limits, and it is requested by Functional-
Component for moving permission.There areDevices includ-
ing Latch, LiftPlatform, PushPullUnit, and Gate and their
corresponding controllers. Link rules and inclusion rules
adopted in the real world are described using object property
(Figure 6(c)). The shown link rules mean a ConstraintCheck
can link to some controllers but is not permitted to link
to a Scheduler directly (Figure 6(d)). The shown inclusion
rules represent that a System must have exactly 1 Scheduler,
1 Checker, and at least 1 Device and FunctionalComponent
(Figure 6(e)).

Ptolemy II model of this system is shown on the left
of Figure 7. After writing semantic type constraints for
components by our language CDL, we can use the constraint
solver to verify type correctness. The result of checking is
shown on the right of Figure 7.Wemark all inferred semantic
types in different colors (e.g., the output port of Scheduler is
marked as green, and the type command is shown in label).
If there is a corruption in model, the error link is marked.
As shown on the left of Figure 8, the output of Integrator is
a speed signal but is connected to input of Subtract which
desires a position input. Here we add physical into error set
𝐸 since a speed signal cannot be mixedly used as position.
After assigning the LCA of these two signal, we reach the
incompatible state physical. As for domain rule checking, we
annotate components with corresponding domain concepts
first, instantiate ontology using model information, and
invoke Pellet to check the consistency. When Pellet finds

errors, we parse the error report and mark the related
components like the error link shown on the right of Figure 8.

We can see that, using domain ontology, semantic type
constraints and domain rules can be specified to verify the
correctness of model. It leverages domain knowledge. Since
the OWL ontology is standalone, it is flexible to be modified
and reused, comparing to hard-code rule based checking
tools. For model designers, it is easy to correct the model
based on the error reports.

6. Conclusion and Future Works

Domain knowledge plays an important role in the process of
software development. For component-basedmodel develop-
ment, there exist two types of special requirements, seman-
tic type compatibility and the conformance with domain-
restricted rules. In this paper, we first suggest a formal
approach to precisely describe them in ontology and then
use a constraint solver and a DL reasoner to verify the
correctness of model. Through this approach, we formally
describe semantic knowledge and ensure the design of model
complying with domain-specific requirements.

As to the future work, it is worth to extend SWRL [25]
for the description of rules. It is a rule language combining
OWL and RuleML, which is designed to be used for rule
descriptions but at the price of decidability and practical
implementations. It is also meaningful to investigate the
possibility of using local closed-world assumptions to make
reasoning more efficiently for model elements. Another
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future work is to extend semantic type into a part of
vocabulary for domain rules, making a wider view to express
more domain rules for correctness checking.
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evolution of protégé: an environment for knowledge-based sys-
tems development,” International Journal of Human-Computer
Studies, vol. 58, no. 1, pp. 89–123, 2003.

[24] R. Wang, M. Zhou, L. Yin et al., “Modeling and validation
of PLC-controlled systems: a case study,” in Proceedings of the
6th International Symposium on Theoretical Aspects of Software
Engineering (TASE ’12), pp. 161–166, IEEE, 2012.

[25] I. Horrocks, P. Patel-Schneider, H. Boley, S. Tabet, B. Grosof,
andM. Dean, “SWRL: a semantic web rule language combining
OWL and RuleML,” inW3C Member Submission, vol. 21, p. 79,
2004.



Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 218492, 6 pages
http://dx.doi.org/10.1155/2013/218492

Research Article
Formalization of Linear Space Theory in the Higher-Order
Logic Proving System

Jie Zhang,1 Danwen Mao,1 and Yong Guan2

1 College of Information Science and Technology, Beijing University of Chemical Technology, Beijing 100029, China
2 College of Information Engineering, Capital Normal University, Beijing 100048, China

Correspondence should be addressed to Jie Zhang; jzhang@mail.buct.edu.cn

Received 8 March 2013; Accepted 1 April 2013

Academic Editor: Xiaoyu Song

Copyright © 2013 Jie Zhang et al.This is an open access article distributed under the Creative CommonsAttribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Theoremproving is an important approach in formal verification.Higher-order logic is a formof predicate logic that is distinguished
from first-order logic by additional quantifiers and stronger semantics. Higher-order logic is more expressive. This paper presents
the formalization of the linear space theory in HOL4. A set of properties is characterized in HOL4. This result is used to build the
underpinnings for the application of higher-order logic in a wider spectrum of engineering applications.

1. Introduction

Linear space is a core theory of linear algebra. It has a
wide spectrum of applications, such as cryptography, pattern
recognition, and signal processing and communications. In
order to formallymodel and analyze designswith linear space
in a formal logic, it is necessary to achieve the formalization
of linear space. The HOL theorem prover was developed in
1984, and has a wide range of applications in various fields
[1–4]. HOL4 is the latest version of HOL, which provides a
wide collection of theories and libraries. However, there is no
formalization of linear space inHOL4.This paper fills this gap
in the formalization of the linear space in HOL4.

2. Preliminaries in HOL

InHOL4, the theories and libraries are categorized as boolean
logic, temporal logic, natural numbers, real numbers, lists,
and so forth. Each theory consists of types, definitions,
and theorems. Theorems are established based on rigorous
mathematical derivation. A library is usually a collection of
theories, proof tools (such as tactics, tactical and simplifica-
tion sets) and proof procedures [5].

In HOL4, the following steps are involved in the creation
of a new theory.

(1) New Types. The HOL4 system is based on higher-order
logic. Any variable in the higher-order logic has a type [6].
When establishing a theory, one has to define new types of
variables that do not exist in the system.
(2) Formal Definitions. Definition is a process of modeling.
Formal definitions affect the proof of properties and theo-
rems.
(3) Formal Proof of Properties and Theorems. A proof is
related to the choice of appropriate proof structures, inference
rules, and tactics. The final proof result will be saved as a
theorem of type “:thm”.These rigorous steps of mathematical
derivation are checked in HOL.

3. Formalization of Linear Space
Theory in HOL4

3.1. Definitions (Field). Let S be a nonempty subset of the
complex number set. S is a field if

(1) 0 and 1 ∈ 𝑆,
(2) closure property: for 𝑎 ∈ 𝑆 and 𝑏 ∈ 𝑆, 𝑎+𝑏 ∈ 𝑆, 𝑎−𝑏 ∈
𝑆, 𝑎𝑏 ∈ 𝑆 and 𝑏/𝑎 ∈ 𝑆(𝑎 ̸= 0) [7].

The definition of a field is associated with the existing
theories of HOL4. For example, “a nonempty subset of the
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Figure 1: Proof of Property 1.

complex number set” is associated with the Set Theory and
the Complex Theory of HOL4. Therefore, the formalization
of a field inHOL4will be based on these two existing theories
of HOL4.

3.2. Axiomatization of a Field. A field 𝑆 can be characterized
by the following axioms.

Axiom 1 (Complex Number). S is a subset of the complex
number set.

Axiom 2 (Nonempty). S is a nonempty set.

Axiom 3 (Membership). S includes element 0 and element 1,
and all the elements of S meet the closure property of four
operations.

The formalization of Axiom 3 in HOL4 is given as shown
in Box 1.

The definition of a field can be expressed by the formal
description of the above three axioms. The formalization of
Axioms 1 and 2 are “is complex subset” and “nf not empty”.
The formalization of a field in HOL4 is given as shown in
Box 2.

3.3. Definitions (Linear Space). Let V be a nonempty set and
S a field. An addition operation is defined on the elements of
V. For two arbitrary elements x and y of V, there is a unique
element z in V, denoted as 𝑧 = 𝑥 + 𝑦. A scalar multiplication
operation is defined on the numbers of S with the elements
of V. For an arbitrary element k of S and an arbitrary element
x of V, there is a unique element y in V, denoted as 𝑦 = 𝑘𝑥.
If addition and multiplication operations meet the following
eight rules, then V is called a linear space on the field S.

(1) 𝑥 + 𝑦 = 𝑦 + 𝑥
(2) (𝑥 + 𝑦) + 𝑧 = 𝑥 + (𝑦 + 𝑧)

(3) There is an element in V called “zero”, denoted as 𝜃.
For an arbitrary element 𝑥, 𝑥 + 𝜃 = 𝑥

(4) For an arbitrary element 𝑥, there is a element y in 𝑉
so that 𝑥 + 𝑦 = 𝜃

(5) If 1 ∈ 𝑆, then 1𝑥 = 𝑥
(6) If 𝑘 ∈ 𝑆, 𝑙 ∈ 𝑆 and 𝑥 ∈ 𝑉, then 𝑘(𝑙𝑥) = (𝑘𝑙)𝑥
(7) If 𝑘 ∈ 𝑆, 𝑙 ∈ 𝑆 and 𝑥 ∈ 𝑉, then (𝑘 + 𝑙)𝑥 = 𝑘𝑥 + 𝑙𝑥
(8) If 𝑘 ∈ 𝑆, 𝑥 ∈ 𝑉 and 𝑦 ∈ 𝑉, then 𝑘(𝑥 + 𝑦) = 𝑘𝑥 + 𝑘𝑦

[8].

A linear space is composed of a nonempty set𝑉 and a field
𝑆 under addition and multiplication operations with eight
algebraic rules. The Set Theory in HOL4 is used to complete
the formulation of the new theory.

3.4. Axiomatization of Linear Space. A linear space𝑀 can be
characterized by the following axioms.

Axiom 1. M is a nonempty set.

Axiom 2. M is a linear space on a field S.

Axiom 3. Theelements ofMmeet the uniqueness and closure
property of addition.

Axiom4. Theelements ofMmeet the uniqueness and closure
property of multiplication.

Axiom 5. The elements of M meet the associative law of
addition.

Axiom 6. The elements of M meet the commutative law of
addition.

Axiom 7. M contains the special element zero.
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-g “linear space ∧s∧ls ==> !x:a.?!y:a. (y = ls0) ∧ (x LP ls0 = x)”;
> val it =

Proof manager status: 1 proof.
1. Incomplete goalstack:

Initial goal:
linear space s ls ==> !x. ?!y. (y = ls0) ∧ (x LP ls0 = x)

: proofs

Algorithm 1: Initial goal g.

- e (DISCH TAC)
OK..
1 subgoal:
> val it =

!x. ?!y. (y = ls0) ∧ (x LP ls0 = x)

linear space s ls
: proof

Algorithm 2: The subgoal g1.

- e (GEN TAC);
OK..
1 subgoal:
> val it =

?!y. (y = ls0) ∧ (x LP ls0 = x)

linear space s ls
: proof

Algorithm 3: The subgoal g2.

Axiom 8. M contains the defined negative elements.

Axiom 9. The elements of M meet the rule of multiplication
with element 1 in S.

Axiom 10. The elements of M meet the associative law of
multiplication.

Axiom 11. The elements ofM meet the left distributive law of
multiplication.

Axiom 12. The elements ofM meet the right distributive law
of multiplication.

Let LM, LP, and LN be the addition, multiplication, and
negation operators of linear space. The formal description of
the definition of linear space can be converted into the formal
descriptions of the above 12 axioms. For example, consider
Axiom 3; its formal description inHOL4 is as shown in Box 3.

The unique existing quantifier “?!” is used in the above
description to indicate the uniqueness of the results of
addition.

This axiom is named “ls add”. The formal descriptions of
the other 11 axioms are given in a similar manner. The 12
axioms are then connected by “∧” to indicate that they are
required at the same time.

The formal description of the definition of linear space in
HOL4 is described as shown in Box 4.

3.5. New Types. We introduce new types for the field and the
linear space. In HOL4, the existing type “:complex” is used
as the type of the elements of the field, and the polymorphic
type “:a” is used as the type of the elements of the linear space.
Since the field and linear space are both sets, their types are
defined by the use of the existing type of set. The definitions
of the two types are as shown in Box 5.

The type of a number field, “num field”, is defined as
a complex set “:complex -> bool”. The type of the lin-
ear space, “linear space”, is defined as a polymorphic set
“:a -> bool”.

3.6. Properties of Linear Space. Properties of linear space can
be derived in HOL4. For example, the following properties
are formalized in HOL4.

Property 1. The element “zero” in a linear space is unique.

Property 2. For an arbitrary element x in a linear space, the
negative element of x is unique, and denoted as −𝑥.

Property 3. For arbitrary elements𝑥,𝑦 and 𝑧 in a linear space,
if 𝑥 + 𝑦 = 𝑥 + 𝑧, then 𝑦 = 𝑧.

Property 4. For arbitrary elements𝑥, 𝑦 and 𝑧 in a linear space,
if 𝑥 + 𝑦 = 𝑧, then 𝑥 = 𝑧 − 𝑦.

Property 5. For an arbitrary element 𝑘 in a number field, 𝑘𝜃 =
𝜃.

Property 6. For an arbitrary element 𝑥 in a linear space, 0𝑥 =
𝜃.

Property 7. For an arbitrary element 𝑥 in a linear space,
(−1)𝑥 = −𝑥.
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- e (RW TAC arith ss [EXISTS UNIQUE CONV “?!y. (y = ls0) ∧ (x LP ls0 = x)”]);
<<HOL message: inventing new type variable names: a, b>>
OK..
1 subgoal:
> val it =

x LP ls0 = x

linear space s ls
: proof

Algorithm 4: The subgoal g3.

- e (RW TAC arith ss [zero def]);
OK..
Goal proved.
[linear space s ls] |- x LP ls0 = x

Goal proved.
[linear space s ls] |- ?!y. (y = ls0) ∧ (x LP ls0 = x)

Goal proved.
[linear space s ls] |- !x. ?!y. (y = ls0) ∧ (x LP ls0 = x)
> val it =

Initial goal proved.
[]|- linear space s ls ==> !x. ?!y. (y = ls0) ∧ (x LP ls0 = x): proof

Algorithm 5: The proof result.

> val zero unique =
[] |- linear space s ls ==> !x. ?!y. (y = ls0) ∧ (x LP ls0 = x): thm

Algorithm 6: Theorem “zero unique”.

val s = “s: num field”;
val membership = “0c IN s ∧ 1c IN s ∧

!a:complex b:complex. if a IN s ∧ b IN s
then (a + b IN s) ∧ (a − b IN s) ∧ (a∗ b IN s) ∧ (if a <> 0 then b/a IN s else a = 0c)
else F”;

Box 1

val is num field def = Define
num field ∧s = ∧is complex subset ∧ ∧nf not empty ∧ ∧membership.

Box 2

val ls = “ls: a linear space”;
val ls add = “!x:a y:a. x IN ls ∧ y IN ls ==> ?!z:a. (z = x LP y) ∧ z IN ls ”;

Box 3



Journal of Applied Mathematics 5

val is linear space def = Define
linear space ∧s∧ls = num field ∧s ∧ ∧ls not empty ∧ ∧ls add ∧ ∧ls mul ∧ ∧ls plus assoc

∧
∧ls plus sym ∧ ∧ls zero def ∧ ∧ls opp def ∧ ∧ls mult one

Box 4

val = type abbrev (“num field”, “:complex -> bool”);
val = type abbrev (“linear space”, “:a -> bool”);

Box 5

Property 8. For an arbitrary element 𝑘 in a number field and
arbitrary elements 𝑥, 𝑦 in a linear space, if 𝑘𝑥 = 𝑦, 𝑘 ̸= 0, then
𝑥 = (1/𝑘)𝑦 [7, 8].

3.7. Proof of Properties of Linear Space. Wecomplete the proof
of 37 properties related to linear space, and create 37 theorems
in the linear space theory.

Without loss of generality, we show the proof process for
Property 1 (i.e., the element “zero” in a linear space is unique).

Theproperty’s proof uses the goal-oriented proofmethod,
and its process is shown in Figure 1.

The proving process consists of five steps.

Step 1. Give the initial goal of Property 1. By using the element
“zero” predefined during the formalmodeling of linear space,
the initial goal of this property is formally described as:
“linear space ∧s∧ls ==> !x:a.?!y:a. (y = ls0) ∧ (x LP ls0 =
x)”. “ls0” is the symbol of element “zero” in the expression.
Algorithm 1 shows the result of the input of the initial goal in
HOL4.

Step 2. Start from the initial goal, and assume that the
property desired is correct. Then use the tactic DISCH TAC
to simplify the initial goal g, moving the antecedent of the
implicative goal g into the assumptions to get sub-goal g1.The
process of Step 2 is shown in Algorithm 2.

Step 3. Use the tactic GEN TAC to simplify sub-goal g1,
thereby stripping the outermost universal quantifier from the
conclusion of sub-goal g1 to obtain sub-goal g2. Algorithm 3
shows the process of Step 3.

Step 4. For sub-goal g2, use the function EXISTS UNI-
QUE CONV existing in HOL4 to generate a theorem, that
is, “(?!y⋅ (y = ls0) ∧ (x LP ls0 = x)) <=> (?y⋅ (y = ls0) ∧
(x LP ls0 = x)) ∧ !y y. ((y = ls0) ∧ (x LP ls0 = x)) ∧ (y = ls0)
∧ (x LP ls0 = x) ==> (y = y)”.Then apply the tactic RW TAC
to g2 by using the theorem, so as to get the simplified sub-goal
g3. The process of Step 4 is shown in Algorithm 4.

Step 5. Apply the tactic RW TAC to the sub-goal g3 by using
an axiom of the definition of linear space, that is, “zero def:
[linear space s ls] |- !x. x LP ls0 = x”, so as to prove the sub-
goal g3 in a directmanner.TheHOL4 system then returns the

proved sub-goals g2 & g1 one by one, until the initial goal g is
returned. The proof result is given in Algorithm 5.

Finally, this paper generates a theorem named
“zero unique” and saves it in the linear space theory by
using a theorem saving tool “store thm”. The result is shown
in Algorithm 6.

According to the above processes, when carrying out a
formal proof by the goal-oriented proof method, the first
requirement is to accurately describe the initial goal, and then
select appropriate tactics against the specific characteristics
of goals in different stages and, finally, to constantly simplify
the goals by using the proved theorems and tactics so as to
complete the whole formal proof.

4. Conclusion

We have presented the formal modeling of the linear space
and the formal proof of its properties in HOL4. Our results
enriched the existing theories of HOL4, thus laying the
underpinnings for theorem proving based verification with
the linear space theory for a broad range of applications.
Further improvements include the formalization of linear
combinations, linear dependence, linear independence, and
subspace. The formalization of these theories will contribute
to a more powerful formal verification engine in terms of the
linear space theory.
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Functional validation is an important task in complex embedded system. The formal modeling of PLC system for verification is a
rough task. Good verificationmodel should be faithful and concise. At one hand, themodelmust be consistent with the system at the
other hand, themodelmust have suitable scale because of the state explosion problemof verification.This paper proposes a systemic
method for the construction of verification model. PLC system architecture and PLC features are modeled as components. This is
universal for all PLC applications. We give an automatic translation method for software modeling based on operational semantics.
A small example is demonstrated for our approach.

1. Introduction

As embedded control systems are more and more complex,
the safety of systems plays a critical role for high depend-
ability. A tiny error may cause financial losses or even cost
human lives. Formal methods are an effective way to analyze
and assure the reliability of complex systems. Programmable
logic controller (PLC), a typical control system, is popular
in industry. A PLC controls several processes concurrently.
It receives input signals from sensors, processes them, and
produces control signals.

Model checking has proved to be a powerful automatic
verification technique [1]. It has been successfully applied to
hardware design and communication protocol verification.
In recent years, this technique has been used to verify a
certain type of software and achieved some success. Model
checking process has three main steps. First, the system is
modeled as a Kripke structure. Then, certain properties are
expressed by temporal logic formulas. Model checking algo-
rithm checks if the model satisfies the required properties. If
the property is not satisfied, a counterexample is provided.
The critical precondition of verification is modeling.

The International Electrotechnical Commission (IEC)
published IEC61131 standard [2] for programmable con-
troller. Five PLC program languages defined by IEC are

instruction list (IL), ladder diagram (LD), structured test
(ST), function block diagram (FBD), and sequential function
chart (SFC). Most researches about PLC focus on IL pro-
grams. In [3], Canet et al. translate simple IL program into
SMV input languages manually. The model is one cycle of
the PLC execution, and authors do not consider counters and
integer type. Huuck uses abstract interpretation-based static
analysis to find running errors in [4]. However, the model
is static; only general properties can be checked. Loeis et al.
[5] model the control systems cyclic behavior first and then
IL programs; they are integrated as one model. SMV is the
verification tool. In order to find an automatic translation
to formal specification, mealy automaton [6] and XML [7]
are used as medial format between programs and verification
tool input, but, the program should firstly be rewritten as if-
then-else format. Petri net and timed automata are all used
to model PLC programs. A PLC program translation tool
is given in [8]. It translates IL programs to timed automata
which can be checked by 𝑈𝑝𝑝𝑎𝑎𝑙 [9]. The data types are
restricted to Booleans and donot include function block calls.
Heiner and Menzel define a Petri nets semantics of IL in
[10], but verification phase is not included. In [11, 12], signal
interpreted petri net (SIPN) which extended Petri net with
input and output signals is adopted to model PLC system.
Such extension is powerful for modeling, but Petri net tool
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is not strong enough to analyze SIPN; authors still have
to use SMV. The methods presented above only consider
the software itself. The PLC environment and features of
hardware platform are not mentioned.

This paper presents a method of modelling PLC system
for verification. The common parts of PLC hardware plat-
form are modeled as BIP (Behavior, Interaction, Priority)
[13] components. Function call, timer invoking, and PLC
cyclic mode are formalized by BIP synchronization with
connectors. This part is same for different PLC applications.
We define the operational semantics of PLC instructions.The
PLC software is formalized as a transition system according
to operational semantics. An example is demonstrated for
this modelling procedure. The paper is organized as follows.
Section 2 introduces the BIP concepts and related tools. The
modeling of PLC architecture and PLC features is shown in
Section 3. Section 4 defines the operational semantics of PLC
language and the translation-based method of software. In
Section 5, we conclude the paper.

2. The BIP Framework

The BIP (Behavior, Interaction, Priority) component frame-
work is a formalism supporting rigorous design for het-
erogeneous component-based systems [14]. It allows the
description of systems as the composition of atomic compo-
nents characterized by their behavior and their interfaces. It
supports a system construction methodology based on the
use of two families of composition operators: interactions and
priorities. Components are composed by layered application
of two operators.

In BIP, atomic components are finite-state automata
extended with variables and ports. Variables are used to store
local data. Ports are action names and may be associated
with variables. They are used for interaction with other
components. States denote control locations at which the
components await for interaction. A transition is a step,
labeled by a port, from a control location to another. It
has associated a guard and an action that are, respectively,
a Boolean condition and a computation defined on local
variables. In BIP, data and their transformations are writ-
ten in C. Interactions describe synchronization constrains
between ports of the composed components. Interactions are
two types: rendezvous (strong symmetric synchronization)
and broadcast (weak asymmetric synchronization). Priorities
between interactions are used to restrict nondeterminism
inherent to parallel systems. BIP separates behavioral and
architectural aspects in modelling. Architecture is meaning-
fully defined as the combination of interactions and priority.
Moreover, it presents a discussion about the expressivity of
BIP and related component-based frameworks. It shows that
the combination of interactions and priorities confers BIP a
universal form of expressiveness. Numerous translations are
defined from existing models of computation and domain-
specific language into BIP.

The BIP framework is concretely implemented by the
BIP language and an extensible toolbox [15]. The toolbox
provides front-end tools for editing and parsing of BIP

programs, as well as for generating an intermediate model,
followed by code generation (in C++). Intermediate models
can be subject to various model transformations focusing on
construction of optimizedmodels for, respectively, sequential
[16] and distributed execution [17]. It provides also back-end
tools including runtime for analysis (through simulation) and
efficient execution on particular platforms. Validation of BIP
models can be achieved by using static or runtime validation
techniques. The static validation techniques are provided by
the D-Finder tool [18]. The runtime validation technique of
BIP is based on construction and execution of monitored
systems. Monitors are atomic components that observe the
system state and react by moving to error state where the
safety properties are violated, that is, if an interaction has
been executed or an invalid sequence of interactions has been
executed.

3. Formalization of PLC Features

3.1. PLC System Architecture. This section proposes the
modelling framework for complicated software-hardware
mixed system. The execution of software is highly related to
the hardware platform and the environment, so we should
model hardware platform and the environment. Therefore,
PLC system model includes three parts; the software model,
hardware platform model, and environment model. PLC
hardware platform has the same model and is not related
to application software. For the existing PLC software, the
model can be obtained by automatic translation. Then the
system model can do simulation or verification with the help
of BIP tools. This framework is extendible. We can easily add
more components.

PLC system architecture shown in Figure 1 is composed of
three layers. Software includes all application program orga-
nizations. The software is modeled as separate components.
Main programcan call functions or function blocks. Function
block can call nested function block or nested function.
CAL instruction is modelled as a CallCon connectors. The
call port of calling program component sends signals by
broadcastmechanism. It compares the names of all connected
components with the names of called functions and decides
which one is called. PLC can handle interrupts.The interrupt
handler is modelled as a component. Timer is a separate
function and is modeled as a component. When timer starts,
this component is aroused by call port. This layer describes
the software structure explicitly.

The second layer is the abstractionmodel of the hardware
platform. This layer simulates the features of PLC, that is,
cyclic execution mode and interruption handling.

The bottom layer is environment. In order to make
the system closed and available for verification, this layer
includes the model of controlled devices. Sensors collect
data of environments. This information is written to PLC
at the beginning of every execution cycle through startCyc
port. After the computation of PLC programs, commands are
given to actuators through finishCyc port. Interrupt events
of environment such as communication interrupt, alarm
interrupt, and clock interrupt are modelled as components.
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Figure 1: PLC system architecture.

3.2. Formalization of Cyclical Operation Mode. PLC runs in a
cyclical way of three stages. At the first stage, it scans signals
from the sensors and stores them in the input registers.Then,
the instructions in memory are read out and executed. The
results are stored in the output registers at the second stage.
At last, all the data in the output registers will be output to
actuators.

In view of that operation mode, two kinds of models
can be extracted. One model at a higher level of extraction
ignores the operation details, which is easy to analyze and
verify. The other one considers the cyclical operation mode
through a scheduling component, which displays the read-in,
operation, and read-out of data.

The cyclic scheduler component is shown in Figure 2.
It comprises two states. At the beginning, it transmits from
the initial state idle to the exe state, synchronizing with the
environment and PLC main program through startCyc. The
EXE state indicates the execution of PLC. After a delay of
CycleTime which signifies the cycle time, the component
moves back to the idle state through a synchronization port
finCyc. That is all for a PLC cycle. Such an explicit model
shows the details of the implementation in a cycle. And due
to the lower abstraction, we obtain models of a larger scale.

3.3. Formalization of Interrupt Scheduler. Interrupt is a vital
feature of PLC. If an interrupt happens, the running program
switches to handle it and returns to the original program
when finished. PLC admits kinds of interrupts, such as
external I/O interrupt, communication interrupt, and time
base interrupt. They have different priorities, and the com-
munication interrupt has the top priority. According to the
principle of first-come, first-served, a running interrupt is not
allowed to interrupt for most PLCs. Until the running one
finishes, another interrupt of the highest priority is chosen to
execute from interrupt queue. Since the cycle time of PLC is
short as tens of milliseconds, in general, interrupts are judged
periodically and then get executed.

Figure 3 presents the model of interrupt scheduler
model. It answers the request signals from hardware and
environment. An interrupt (𝑖𝑛𝑡𝑒𝑟𝑟𝑢𝑝𝑡𝑖) delivers its name to
the component that dispatches it. The scheduler component

collects all the interrupts in a priority queue and chooses
the high priority one to preempt main program by pre port.
When the component moves to the Rea state, it broadcasts
scheduling of the interrupt handler, which will be executed
by corresponding components in the software model. In that
process, the interrupt scheduler can accept new arrivals of
interrupts and add them into the queue. When finishing that
process, the component transmits to the PRE state through a
port fin. If the queue is empty at that time, it moves back to
the initial state and synchronizes with main program by ret
port. Otherwise, it will continue to handle interrupts.

3.4. Formalization of Function Call. As IEC 61131-3 defines,
program organization units (POU) is composed of program,
function block (FB), and function, which are the minimum
and independent software units in user programs. The PLC
softwares organized by POU have good performance on
modularity. FBmay call functions or other function blocks in
a nested way but not recursive. Different from FB, however,
function cannot do this owing to no static variables and
storage space.

The general pattern of function invoking is presented in
this paragraph. The main program calls functions through
a broadcast port call with parameters of FBid which is the
name of FB component to communicate with the function
arguments which will be valued. As shown in Figure 4, the
called component runs after receiving call signal. When it
comes to the RET instruction at the end, a stop signal will
be sent out through ret port to the program that makes the
call.

3.5. Formalization of Timer. Real time is a significant feature
for embedded system. PLC has strict time constraints as well,
which is implemented by an internal timer. A special signal
tick is introduced to model clock.That definition is similar to
the clock variables in timed automata. Here, tickworks with a
fixed frequency. All the components that concern about time
have such a strong synchronization signal tick.

Three types of timer are included in PLC: TON, TONRs
and TOF. These three timers have equivalent function,
although suitable for different scenarios.Themost commonly
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𝑛𝑢𝑚 ≤
𝑡𝑖𝑐𝑘

𝑛𝑢𝑚 ++

𝑟𝑒𝑠𝑒𝑡

𝑠𝑒𝑡

𝑟𝑒𝑎𝑑𝑄

𝑠𝑒𝑡, 𝑛𝑢𝑚 = 0
𝐼𝑑𝑙𝑒 𝐵𝑢𝑠𝑦

𝑇out

Figure 6: BIP component of TON timer.

used TON will be discussed in this paper. In IEC 61131-3, the
TON and sequence chart are illustrated in Figure 5.The input
port IN is enabled, and the input port for integers PT provides
the preset value for the timer. The output 𝑄 denotes whether
the timer reaches the preset value. Current time is measured
by an output ET. When IN becomes true, the timer gets
started. ET will increase as time elapses. When it increases
to PT, 𝑄 keeps true until IN turns to false.

Mader and Wupper [19] have given the equivalent PLC
function block and the timed automatamodel for TON timer
instruction.They used the signal synchronization and shared
data to implement the timer model. BIP language is more
safe because it does not support shared variables. The input
and output of timer is modeled as ports. Preset value is the
parameter of timer component.

PLC-BIP model of timer is shown in Figure 6. Timer
works together with PLC programs. The enabled input
variable is modeled by assigning port set to 1 and reset port
to 0. Event 𝑟𝑒𝑎𝑑𝑄 happening at any state can read the value
of 𝑄. The component is at Idle state initially; when receiving
set signal, it transmits toBusy state and assigns num to 0. State
Busy indicates that the timer has started.When synchronized
with tick, the value of num increases to 1. If the num is larger
than PT, the component transmits to Timeout state and set𝑄
to 1.

4. Translation-Based Modeling of Software
For the existing system, the main program and functional
block in Figure 1 can be achieved by automatic translation.
The main program and functional block are translated to
automatic components. We define the connectors for func-
tion calls. Software models are composed by these automatic
components and connectors. The system model obtained by
this method has kept the topology structure of software. This
section introduces the IL instructions of PLC, defines the
operational semantics of these instructions, and proposes the
translation method and rules.

4.1. IL Instructions. In order to make this method more
common, we choose IL language defined in IEC 61131-3 as
the source code. IEC 61131-3 defines the modifier, function,
and function block. Compared with other PLC languages, IL
is more concise and assembly-like text language. IL language
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supports bool, integer, and float. The (current result) cr
register stores current computing result. Some instructions
are related to the value of cr.

Timer is implemented by hardware. IEC 61131-3 defines
the timer as a system function call. When starting a timer,
the program uses CAL instruction. Except for timer, other
instructions are all real time independent. Our method
models PLC POU as an atomic component. The calling of
interrupt handler is similar to function call.

(i) Bit logic instructions: AND, OR, XOR, and NOT.
(ii) Set and reset instructions: S, R.
(iii) Data load and transfer instructions: LD, ST.
(iv) Logic control instructions: JMP, CAL, and RET.
(v) Integermath instructions: ADD, SUB,MUL,DIV, and

MOD.
(vi) Comparison instructions: GT, GE, EQ, NE, LE, and

LT.

IL instruction can have one operand or none. The
operands of instructions can be variable, constant, label,
or address. Table 1 shows the meaning of common IL
instructions. There are three kinds of variables: 𝐼 is the input
variable, 𝑄 is the output variable, and𝑀 is the local variable.

4.2. The Semantics of IL Instructions. The PLC programming
organization unit P has three types; program (Prog), func-
tion (Fun), and function block (FB). Program configuration
is the program execution environment including all data of
the program.

Definition 1. The configuration of programming organiza-
tion unit P is 𝐶𝑃 = ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩:

(i) ID is the name of current execution program,
(ii) PC is the program counter,
(iii) 𝑉 is the set of variables, including cr, cr ∈ 𝑉,
(iv) 𝑃IN is the variables of input port of programP. IfP

has the type of Prog, this port is synchronous with the
cyclic component with 𝑠𝑡𝑎𝑟𝑡𝐶𝑦𝑐 port. IfP is FB type,
this port is synchronous with call port,

(v) 𝑃OUT is the variables of the output port of P. If P
has the type of Prog this port is synchronous with the
cyclic component with port finishCyc. IfP is FB type,
this port is synchronous with ret port.

IL program P is a sequence of instructions 𝑙1, 𝑙2, . . . , 𝑙𝑚,
where 𝑚 ∈ N is the number of P. For any instruction 𝑙𝑖,
the operational semantics S⟦𝑙𝑖⟧ is a transition system. The
program configuration is the state, and the execution of an IL
instruction causes a state transition fromone configuration to
another configuration. We define the BIP component model
of program as follows.

Definition 2. Transition system is a triple Δ = ⟨𝐶𝑃, 𝑇, 𝐶
0
𝑃⟩,

where

(i) 𝐶𝑃 is PLC program configuration,
(ii) 𝑇 ⊆ 𝐶𝑃 × 𝐶𝑃 is the set of transition relations,
(iii) 𝐶0𝑃 ∈ 𝐶𝑃 is the initial state.

For the common denotation of all instructions, we add
an IO instruction at the beginning with PC assigning 0. This
instruction is used for synchronization with startCyc port
and call port. It does not have data operation. The initial
configuration is ⟨ID, 0, 𝑉init

, 𝑃
init
IN , 𝑃

init
OUT⟩.

(1) The operational semantics of input instruction
P(0) = IO is defined as follows. If P is Prog type,
the data of port is transmitted. If the type is FB, the
real parameter is passed by ports. “→” denotes the
change of variables.

→

𝐼 means the data vector of port.
→
𝑠𝑡𝑎𝑟𝑡𝐶𝑦𝑐(P) means combining data vector with
input port of program P, if the type of P is Prog.
Therefore,

S �𝑖𝑜� =
PC = 1, 𝑃IN = 𝑃IN [

→

𝐼 →
→
𝑠𝑡𝑎𝑟𝑡𝐶𝑦𝑐 (P)]

⟨ID, 0, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(1)
IfP’s type is FB, then

𝑆 �𝑖𝑜�

=

PC = 1, 𝑃IN = 𝑃IN [
→

𝐼 →
→
𝑐𝑎𝑙𝑙 (P)]

⟨ID, 0, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(2)

(2) IfP(PC) = AND op, the operational semantics is
S �AND�

=
PC = PC + 1, 𝑉 = 𝑉 [cr → cr ∧ op]

⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(3)
This instruction only changes the value of program
counter and cr. Other logical instructions such as
OR, XOR, and NOT have the similar operational
semantics. The type of op is BOOL.

(3) IfP(PC) = 𝑆 op, the operational semantics is
S �𝑆�

=
PC=PC+1, 𝑉=𝑉 [if (cr=1) op→1, else op→0]
⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩→⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩

.

(4)
The value of cr is the execution condition. If cr is 1 the
operand is set to 1; otherwise, operand is set to 0.

(4) If P(PC) = LD op, assign the value of op to register
cr. Therefore,

S �LD�

=
PC = PC + 1, 𝑉 = 𝑉 [cr → op]

⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(5)
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Table 1: The meaning of IL instructions.

Instruction Modifier Type Description
AND N,( Variable, constant Logical AND
OR N,( Variable, constant Logical OR
XOR N,( Variable, constant Logical XOR
NOT None Logical NOT
S Variable Set
R Variable Reset
LD N Variable, constant Assign the value of operand to cr
ST N Variable Assign the value of cr to operand
JMP C,N Label Jump to label instruction
CAL C,N Function name Function call
RET C,N None Function return
ADD ( Variable, constant Add operation
SUB ( Variable, constant Subtraction operation
MUL ( Variable, constant Multiply operation
DIV ( Variable, constant Division operation
MOD ( Variable, constant Mode operation
GT ( Variable, constant Compare the result is BOOL

(5) If P(PC) = ADD op, this math instruction assigns
the value of opwith cr and saves it to cr.The semantics
of other math instructions are similar. Therefore,

S �ADD�

=
PC = PC + 1, 𝑉 = 𝑉 [cr → cr + op]

⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩→⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(6)

(6) If P(PC) = GT op, compare instruction compares
the operandwith cr, theBOOL result is saved in register
cr. Therefore,

S �GT�

=
PC=PC+1, 𝑉=𝑉 [if (cr>op) cr→1, else cr→0]
⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩

.

(7)

(7) If P(PC) = 𝐽𝑀𝑃𝐶 label and cr is 1, then jump
to instructions with the name of label; otherwise,
execute the next instruction. Therefore,

S �𝐽𝑀𝑃𝐶�

=
if (cr = 1)PC = label, else PC = PC + 1

⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩→⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩

(8)

(8) If P(PC) = CAL op, here op is the name of called
POU; operand is passed by the first instruction IO.
Therefore,

S �PC�

=
ID = op, PC = 0

⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩→⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩
.

(9)

(9) If P(PC) = RET, return instruction gives the result
to calling program through connectors and ports. pre
(PC) is the value of calling program. pre (ID) is the
name of calling program. Therefore,

S �RET�

= (PC = 𝑝𝑟𝑒 (PC) + 1, ID = 𝑝𝑟𝑒 (ID) ,

𝑃

OUT = 𝑃OUT [

→
𝑂 →

→
𝑓𝑖𝑛𝐶𝑦𝑐 (P)])

× (⟨ID,PC, 𝑉, 𝑃IN, 𝑃OUT⟩ → ⟨ID

,PC, 𝑉, 𝑃IN, 𝑃


OUT⟩)

−1
.

(10)

4.3. Automatic Translation Rules. The instruction semantics
explains the execution effect of the configuration. We can
extract the translation rule in line with instruction semantics.

Assuming that programP is composed of 𝑛 instructions
then P = {IO, 𝑙1, . . . , 𝑙𝑛}. The initial state of the translation
system is ⟨ID, 0, 𝑉init

, 𝑃
init
IN , 𝑃

init
OUT⟩. The transition for instruc-

tion 𝑙𝑖 is 𝐶
𝑖
𝑝

𝑒𝑥𝑒(𝑙
𝑖
)

→ 𝐶
𝑖+1
𝑃 .

PLC program control instruction will change the struc-
ture of the transition system. We conclude these instructions
into four kinds as shown below. stm stands for one instruction
and code is a segment of instructions.

(1) Basic instructions

𝐶𝑜𝑑𝑒 = (𝑠𝑡𝑚𝑖) , (11)

The statemachine for this kind of instruction is shown
in Figure 7.

(2) Sequence instructions

𝐶𝑜𝑑𝑒 = (
𝑠𝑡𝑚𝑖
𝑠𝑡𝑚𝑖+1

) , (12)
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𝑒𝑥𝑒(𝑠𝑡𝑚𝑖)
𝑒𝑛𝑑𝑖𝑏𝑒𝑔𝑖𝑛𝑖

Figure 7: Basic instruction translation rule.

𝑒𝑥𝑒(𝑠𝑡𝑚𝑖) 𝑒𝑥𝑒(𝑠𝑡𝑚𝑖+1)
𝑏𝑒𝑔𝑖𝑛𝑖 𝑒𝑛𝑑𝑖 𝑒𝑛𝑑𝑖+1

Figure 8: Sequence instruction translation rule.

Sequence instructions are two instructions executed
one by one. Figure 8 combines the finishing state of
𝑠𝑡𝑚𝑖 with the beginning state of 𝑠𝑡𝑚𝑖+1.

(3) Branch instruction

𝐶𝑜𝑑𝑒 = (

𝐽𝑀𝑃 (𝐶) 𝑙𝑎𝑏𝑒𝑙

𝑐𝑜𝑑𝑒1
𝑙𝑎𝑏𝑒𝑙 𝑐𝑜𝑑𝑒2

) . (13)

Jump instruction is used for branching control. 𝐽𝑀𝑃
instruction is for uncondition jump.The programwill
directly jump to 𝑐𝑜𝑑𝑒2. When the value of cr is 1,
JMPC instructionwill jump; otherwise, it executes the
next instruction (see Figure 11). Figure 9models jump
instructions.

(4) Function call instruction

𝐶𝑜𝑑𝑒 = (
𝐶𝐴𝐿 FB name
𝑐𝑜𝑑𝑒1

) , (14)

In BIP model, CAL instruction is synchronous with
called component through call port. When the called
function finished execution, it returns to the main
program with values through ret port.

While translating according to the rules strictly, the state
space is large. The transition for sequence instruction only
changes the value of local variable and dose not commu-
nicate with other components through ports. For example,

transitions 𝐶𝑖𝑝
𝑟(𝑙
𝑖
)

→ 𝐶
𝑖+1
𝑝

𝑟(𝑙
𝑖+1
)

→ 𝐶
𝑖+2
𝑝

𝑟(𝑙
𝑖+2
)

→ 𝐶
𝑖+3
𝑝 are all

internal transitions. BIP is a high-level modelling language
and expressiveness. Transitions in BIP component always
have communication signals. So when the program segments
only have sequence instructions, we can compress these steps

into one step, that is,𝐶𝑖𝑝
𝑟(𝑙
𝑖
);𝑟(𝑙
𝑖+1
);𝑟(𝑙
𝑖+2
)

→𝐶
𝑖+3
𝑝 . One transition has

three assigned operations.
In conclusion, the steps of translation-based modelling

method are as follows.

(1) Translate the program organization units into atomic
components.

(2) Define the type of connectors based on the commu-
nication ports.

(3) Instantiate atomic components and connectors.

𝑏𝑒𝑔𝑖𝑛

𝑒𝑥𝑒(𝐽𝑀𝑃)

== 0

== 1

𝑏𝑒𝑔𝑖𝑛𝑐𝑜𝑑𝑒1 𝑏𝑒𝑔𝑖𝑛𝑐𝑜𝑑𝑒2

𝑏𝑒𝑔𝑖𝑛 𝑏𝑒𝑔𝑖𝑛𝑐𝑜𝑑𝑒1 𝑏𝑒𝑔𝑖𝑛𝑐𝑜𝑑𝑒2

cr

cr

Figure 9: Branch instruction translation rule.

𝑐𝑎𝑙𝑙
𝑤𝑎𝑖𝑡

𝑟𝑒𝑡

𝑏𝑒𝑔𝑖𝑛𝑐𝑜𝑑𝑒

𝑏𝑒𝑔𝑖𝑛

Figure 10: Function call instruction translation rule.

(4) Compose software model, platform model, and envi-
ronment model into a compound component (see
Figure 10).

Here is an example demonstrating the translation-based
modellingmethod. Figure 12 is the IL program for computing
the square root. Figure 2 is the corresponding formal models.
This component has two ports: calling port call and returning
port call. Port call binds the input data 𝑥, and port ret binds
the square root of 𝑥. The segments without jump instruction
and call instruction can be compressed into one transition.
This method reduces the scale of model.

5. Conclusion

Computer-aided verification is an important task in complex
embedded system. The formal modelling of PLC system for
verification is a rough task. At one hand, the model must be
faithful with the system; at the other hand, the model must
have suitable scale because of the state explosion problem of
verification. This paper has proposed a systemic method for
the construction of verification model. PLC system architec-
ture and PLC features have been modelled as components.
This is universal for all PLC applications. The operational
semantics of PLC instructions have been formally defined.
We have given an automatic translation method for software
modelling based on operational semantics. The automatic
translation method ensures that the model is consistent with
the source code. A small example has been demonstrated for
our approach.
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x: INT;

result:INT;

VAR
V:INT;
vsqr:INT;

LD
ST

start:
ADD
ST
MUL
ST
LD
GT
JMPC
LD
EQ
JMPC
LD
SUB
ST
JMP

equal:
ST

end:

VAR INPUT

END VAR

END VAR

END VAR

VAR OUTPUT

V
V

V
V

0

1

1

V

V

vsqr

vsqr

vsqr
x

x
start

equal

result

result
LD

RET

LD

Figure 11: IL program.

Data int  result

Data int  vsqr

𝑐𝑎𝑙𝑙

𝑉 := 0

cr == 1

cr == 1

cr == 0

cr == 0

result = 𝑉 − 1

result = 𝑉

𝑟𝑒𝑡

cr := (𝑥 == vsqr?)

cr := (𝑥 > vsqr?)
𝑐𝑎𝑙𝑙(𝑥)

𝑟𝑒𝑡(result)

Data int 𝑥

Data int V

vsqr:= 𝑉 ∗ (𝑉 + 1)

Figure 12: Program model.
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As being one of the most crucial steps in the design of embedded systems, hardware/software partitioning has received more
concern than ever. The performance of a system design will strongly depend on the efficiency of the partitioning. In this paper, we
construct a communication graph for embedded system and describe the delay-related constraints and the cost-related objective
based on the graph structure.Then, we propose a heuristic based on genetic algorithm and simulated annealing to solve the problem
near optimally.We note that the genetic algorithmhas a strong global search capability, while the simulated annealing algorithmwill
fail in a local optimal solution easily. Hence, we can incorporate simulated annealing algorithm in genetic algorithm.The combined
algorithmwill providemore accurate near-optimal solutionwith faster speed. Experiment results show that the proposed algorithm
produce more accurate partitions than the original genetic algorithm.

1. Introduction

Embedded systems [1–3] are becoming more and more
important because of the wide applications. They consist of
some hardware and software components. This is benefi-
cial, because hardware will lead to faster speed with more
expensive cost, while software will lead to lower speed with
cheaper cost. So, critical components can be implemented in
hardware and noncritical components can be implemented
in software. This kind of hardware/software partitioning can
find a good tradeoff between system performance [4] and
power consumption [5]. How to find an efficient partition has
been one of the key challenges in embedded system design.
Traditionally, partitioning is carried out manually. The target
system is usually given in the form of a task graph, which is
usually assumed to be a directed acyclic graph describing the
dependencies among the components of embedded system.
Recently, many research efforts have been undertaken to
automate this task. Those efforts can be classified by the
feature of the partitioning architecture and algorithm aspects.

On the target architecture aspect of the partitioning
problem, some are assumed to consist of a single software and

a single hardware unit [6–9]; parallelism among components
is another assumed limitation, while others do not impose
these limitations. The target system is usually given in the
form of a task graph, a directed acyclic graph describing the
dependencies between the components of the system.

The family of exact algorithm includes branch and
bound [10–12], integer linear programming [6, 7, 13], and
dynamic programming [14–16].Those algorithms are used for
partitioning problems with small inputs successfully. When
applied to problems with inputs of large size, they tend
to be quite slow. The reason is that most formulations of
the partitioning problem are NP hard [17], and these exact
algorithms have exponential runtime.

Corresponding to the exact algorithms, there are more
flexible and efficient heuristic algorithms. Right now, most
of the researches focus on heuristic algorithms. Traditional
heuristic algorithms are software oriented and hardware ori-
ented. The hardware oriented heuristic algorithms start with
a complete hardware implementation and then iteratively
move component to software until the given constraints
are satisfied [18, 19]. The software oriented algorithms start
with a complete software implementation and iteratively
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move component to hardware until the speedup time con-
straints are met [20, 21]. Many general-purpose heuristic
algorithms are also utilized to solve the system partitioning
problem. Simulated annealing-related algorithms [22–24],
genetic algorithms [8, 9, 25, 26], tabu search, and greedy
algorithms [25, 27, 28] have been extensively used to solve
partitioning problem.

In addition to the general-purpose heuristic algorithms,
some researchers have constructed heuristic algorithms that
leverage problem-specific domain knowledge and can find
high-quality solution rapidly. For example, authors define two
versions of the original partitioning problem and propose
two corresponding algorithms in [29]. In the first algorithm,
the problem is converted to find a minimum cut in the
corresponding auxiliary graph. The second algorithm is to
run the first algorithm with several different parameters and
select the best partition from this set that fulfills the given
limit. Another example is presented in [30]. Authors reduce
the partitioning problem to a variation of knapsack problem
and solve it by searching one-dimension solution space
with three greedy-based algorithms, instead of searching
two-dimension solution space in [29]. This strategy reduces
time complexity without loss of accuracy. Some researchers
address the issue that we cannot accurately determine the cost
and time of system components in the design stage. Some
people think that they are a subjective probability and make
use of this theory in system level partitioning [31–33].

Most of the algorithms work perfectly within their
own codesign environment. In this paper, we construct a
communication graph, in which the implementation cost,
execution time, and communication time are all taken
into account. We construct a mathematical model based
on this communication graph and solve the model by an
enhanced heuristic method. The proposed heuristic method
incorporates simulated annealing into genetic algorithm to
improve the accuracy and speed of original genetic algorithm.
Simulation results show that the new algorithm provides
more accurate and faster partitions than that of original
genetic algorithm.

This paper is organized as follows. Some background on
the genetic algorithm and simulated annealing is introduced
in Section 2. The constructed communication graph and
the proposed mathematical model definition for partitioning
problem are presented in Section 3. Section 4 presents the
method which incorporates simulated annealing in genetic
algorithm, for the partitioning model. Experiment results
about the comparison of the original genetic method and the
combinedmethod are given in Section 5. Finally, we conclude
the paper in Section 6.

2. Background

This section provides some detailed notations and definitions
of genetic algorithm and simulated annealing algorithm.

2.1. Simulated Annealing. Simulated annealing algorithm is a
generic probabilistic metaheuristic for the global optimiza-
tion problem, locating a good approximation to the global
optimum of a given function. It is proposed by Kirkpatrick

et al. [34], based on the analogy between the solid annealing
and the combinatorial optimization problem. In condensed
matter physics, annealing involves materials’ heating and
controlled cooling.

Before the implementation of simulated annealing algo-
rithm, we need to choose an initial temperature. After the
initial state is generated, the two most important operations
Generation and Acceptation can be performed.

Then, the algorithm will reduce the value of the temper-
ature. The iteration process will stop until certain condition
is met; for example, a good approximation to the global
optimumof the given function has been found.The algorithm
is shown in the Algorithm 1.

2.2. Genetic Algorithm. A genetic algorithm is a search
heuristic that mimics the process of natural evolution. The
basic principles of genetic algorithm were laid down by
Holland [35] and have been proved useful in a variety of
search and optimization problems. Genetic algorithms are
based on the survival-of-the-fitness principle, which tries to
retain more genetic information from generation to genera-
tion. A genetic algorithm is composed of a reproductive plan
that provides an organizational framework for representing
the pool of genotypes of a generation. After the successful
genotypes are selected from the last generation, the set of
genetic operators such as crossover, mutation, and inversion
is used in creating the offspring of the next generation.
Whenever some individuals exhibit better than average per-
formance, the genetic information of these individuals will be
reproduced more often.

Before the implementation of genetic algorithm, we need
to generate an initial population and define a fitness function.
Each individual of the initial population is a binary string
which corresponds to a dedicated encoding. The initial
population is usually generated randomly. We will evaluate
each individual with the fitness function. The fitness of each
individual is defined as 𝑓𝑖/𝑓, where 𝑓𝑖 is the evaluation of
individual i and 𝑓 is the average evaluation of all individ-
uals. Then, the most important three operators Selection,
Crossover, and Mutation can be performed on the current
generation.

Then, we can evaluate individuals of the next generation
with the fitness function, deciding whether to stop or go
on performing the three operations. The evolution process
will stop until certain condition is met; for example, the
fitness of individual will not be improved any more. Finally,
the algorithm will return the best individual of the latest
generation as the solution. The algorithm is shown in the
Algorithm 2.

3. Problem Formulation
This section provides the formal definition of the partitioning
problem, including the constructed communication graph
structure, formal notations, and mathematical model.

3.1. Problem Definition. While preserving the dependencies
among the system taskmodules, we build a graph structure to
represent the real-world system. The communication graph
can be constructed through the following steps.
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(1) Initialize the parameters of the annealing algorithm;
(2) Randomly generate an initial state as the 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒;
(3) K := 1;
(4) while (system has been frozen) do
(5) while (system equilibrium at 𝑇𝑘) do
(6) call generation strategy for the 𝑛𝑒𝑥𝑡 𝑠𝑡𝑎𝑡𝑒 𝑗;
(7) Δ𝐸𝑖𝑗 = cost(𝑛𝑒𝑥𝑡 𝑠𝑡𝑎𝑡𝑒 𝑗) − cost(𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒);
(8) 𝑃𝑟 = 𝐴 𝑖𝑗;
(9) if (𝑃𝑟 > 𝑟𝑎𝑛𝑑𝑜𝑚[0, 1)) then
(10) 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒 := 𝑛𝑒𝑥𝑡 𝑠𝑡𝑎𝑡𝑒 𝑗;
(11) end if
(12) end while
(13) 𝑇𝑘+1 := 𝑇𝑘 ⋅ 𝛼;
(14) end while
(15) return 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑠𝑡𝑎𝑡𝑒;

Algorithm 1: Annealing algorithm.
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Figure 2: Constructed graph structure for the system to be parti-
tioned.

(i) Determine the boundary of the system to be parti-
tioned, identify the main task modules in this bound-
ary, and describe the data signal flow through these
task modules. We can accomplish this by referring
to the design document, designer, implementer, and
deployer of the system. A simple example is shown in
Figure 1.

(ii) Construct the communication graph structure for
the presented system. We map a node to each basic
task module. Edges presented in step 1 are regarded

as causal or dependency correlations caused by data
communication. An arc is added between two nodes
if the represented basic task modules are connected.
This can be easily finished based on the model
constructed in the previous step. The constructed
communication graph structure for the systemmodel
is shown in Figure 2.

Based on the communication graph structure, we can for-
malize the problem as follows. The communication graph is
denoted as 𝐺(𝑉, 𝐸), where 𝑉 is the set of nodes {V1, V2 . . . , V𝑛}
and 𝐸 is the set of edges {𝑒𝑖𝑗 | 1 ≤ 𝑖, 𝑗 ≤ 𝑛}. We need to
add cost values and execution time to each node as well as
communication cost to each edge.The following notations are
defined on 𝑉 and 𝐸.

(i) ℎ𝑖 denotes the cost of node i in hardware implemen-
tation, and 𝑠𝑖 denotes the cost of node i in software
implementation.

(ii) 𝑡ℎ𝑖 denotes the execution time of node i in hardware
implementation, and 𝑡𝑠𝑖 denotes the execution time of
node i in software implementation.

(iii) 𝑐𝑖𝑗 denotes the communication time between node i,
j. The value of 𝑐𝑖𝑗 is given in the context that the two
nodes are implemented in different way.

The partitioning problem is to find a bipartition P, where
P = (𝑉ℎ, 𝑉𝑠) such that 𝑉ℎ⋃𝑉𝑠 = 𝑉 and 𝑉ℎ⋂𝑉𝑠 = 0.
The partitioning problem can be represented by a decision
vector x(𝑥1, 𝑥2 . . . , 𝑥𝑛), representing the implementation way
of the n task modules. There are three kinds of optimization
and decision problems defined on the software/hardware
partitioning.

𝑄1: 𝐻0 is the given hardware constraint. Find a HW/SW
partition P such that𝐻𝑋 ≤ 𝐻0 and 𝑇𝑋 is the minimal
execution time.

𝑄2: 𝑇0 is the given execution time constraint. Find a
HW/SW partition P such that 𝑇𝑋 ≤ 𝑇0 and𝐻𝑋 is the
minimal hardware cost.
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(1) Initialize the parameters of the genetic algorithm;
(2) Randomly generate the 𝑜𝑙𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(3) 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 := 1;
(4) while (𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ≤ 𝑚𝑎𝑥 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛) do
(5) clear the 𝑛𝑒𝑤 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(6) compute fitness of individuals in the 𝑜𝑙𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(7) copy the individual with the highest fitness;
(8) while (𝑖𝑛𝑑𝑖V𝑖𝑑𝑢𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 < 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑠𝑖𝑧𝑒) do
(9) Select two parents from the 𝑜𝑙𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(10) Perform the crossover to produce two offsprings;
(11) Mutate each offspring based on𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒;
(12) Place the offspring to 𝑛𝑒𝑤 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(13) end while
(14) Replace the 𝑜𝑙𝑑 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 by the 𝑛𝑒𝑤 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛;
(15) end while
(16) return 𝑛𝑒𝑤 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 with the best fitness;

Algorithm 2: Genetic algorithm.

(1) Encode the parameters for the partitioning problem;
(2) Initialize the first generation 𝑃0;
(3) Calculate the fitness of each individual in 𝑃0;
(4) Copy the individual with the highest fitness to the solution;
(5) while (termination conditions) do
(6) while (number of individuals ≤ generation size) do
(7) Select two individuals (𝑔1, 𝑔2);
(8) Perform crossover on (𝑔1, 𝑔2) → (𝑔


1, 𝑔

2);

(9) if (max{fitness(𝑔1), fitness(𝑔

2)} ≤max{fitness(𝑔1), fitness(𝑔2)}) then

(10) Reject the crossover with 𝑔1 = 𝑔1, 𝑔

2 = 𝑔2;

(11) else
(12) Accept the crossover;
(13) end if
(14) Perform mutation on 𝑔1 to produce 𝑛𝑔1;
(15) if (fitness(𝑛𝑔1) ≤ fitness(𝑔1)) then
(16) Reject the mutation, 𝑛𝑔1 = 𝑔


1;

(17) else
(18) Accept the mutation;
(19) end if
(20) Perform the above steps on 𝑔2 to produce 𝑛𝑔2;
(21) end while
(22) Calculate the fitness of each individual;
(23) if (the highest fitness ≥ fitness(solution)) then
(24) Copy the individual with the highest fitness;
(25) end if
(26) increase the generation number;
(27) end while
(28) return solution: 𝑥[𝑖], 𝑖 ∈ [1, 𝑛];

Algorithm 3: Heuristic algorithm.

𝑄3: 𝐻0 and 𝑇0 are the given hardware constraint and exe-
cution time constraint, respectively. Find a HW/SW
partition P such that𝐻𝑋 ≤ 𝐻0 and 𝑇𝑋 ≤ 𝑇0.

It has been proved that 𝑄1, 𝑄2 are NP hard and 𝑄3 is
NP complete [36]. In this paper, HW/SW partitioning is
performed according to the 𝑄2 type.

3.2. Mathematical Model. As described in Section 1, a parti-
tion is characterized by two metrics: cost and time. The cost
includes hardware cost and software cost. It represents the
resource consumption to achieve the hardware and software
implementation of each task module. The time includes the
execution time of each task module and the communication
time between task modules.
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(1) Encode the parameters and solution for the partitioning problem;
(2) Initialize the first generation 𝑃0, temperature 𝑇0, annealing ratio 𝛼;
(3) Calculate the fitness of each individual in 𝑃0;
(4) Copy the individual with the highest fitness to the solution;
(5) while (termination conditions) do
(6) while (number of individuals ≤ number of the generation size) do
(7) Select two individuals (𝑔1, 𝑔2) from the current generation;
(8) Perform crossover on (𝑔1, 𝑔2) to produce two new individuals (𝑔1, 𝑔


2); /∗ start of annealing-crossover∗/

(9) if (max{fitness(𝑔1), fitness(𝑔

2)} ≤max{fitness(𝑔1), fitness(𝑔2)}) then

(10) Δ𝐶 = max{fitness(𝑔1), fitness(𝑔

2)}−max{fitness(𝑔1), fitness(𝑔2)};

(11) if (min{1, exp(−Δ𝐶/𝑇𝑘)} ≥ random[1, 0)) then
(12) Accept the crossover;
(13) else
(14) Reject the crossover with 𝑔1 = 𝑔1, 𝑔


2 = 𝑔2;

(15) end if
(16) else
(17) Accept the crossover;
(18) end if /∗ end of annealing-crossover ∗/
(19) Perform mutation on 𝑔1 to produce 𝑛𝑔1; /∗ start of annealing-mutation∗/
(20) if (fitness(𝑛𝑔1) ≤ fitness(𝑔1)) then
(21) Δ𝐶 = (fitness(𝑛𝑔1) − fitness(𝑔


1));

(22) if (min{1, exp(−Δ𝐶/𝑇𝑘)} ≥ random[1, 0)) then
(23) Accept the mutation;
(24) else
(25) Reject the mutation, 𝑛𝑔1 = 𝑔


1;

(26) end if
(27) else
(28) Accept the mutation;
(29) end if /∗ end of annealing-mutation∗/
(30) Perform step (19)–(29) on 𝑔2 to produce 𝑛𝑔2;
(31) end while
(32) Calculate the fitness of each individual in current generation;
(33) if (the highest fitness of the current generation ≥ fitness(solution)) then
(34) Copy the individual with the highest fitness to the solution;
(35) end if
(36) Reduce the temperature and increase the generation number;
(37) end while
(38) return solution: 𝑥[𝑖], 𝑖 ∈ [1, 𝑛];

Algorithm 4: Combined heuristic algorithm.

Based on the definition of previous subsection, hardware
cost𝐻(x) of the partition 𝑃(x) and the total time metric 𝑇(x)
can be formalized as follows:

𝐻(x) =
𝑛

∑

𝑖=1

ℎ𝑖 (1 − 𝑥𝑖) ,

𝑇 (x) =
𝑛

∑

𝑖=1

𝑡
𝑠
𝑖𝑥𝑖 + 𝑡

ℎ
𝑖 (1 − 𝑥𝑖) +

𝑛−1

∑

𝑖=1

𝑛

∑

𝑗=𝑖+1

𝑐𝑖𝑗 [(𝑥𝑖 − 𝑥𝑗)
2
] .

(1)

Based on the formalization of the two metrics and the
given constraintM on execution time, the partitioning prob-
lem can be modeled as the following optimization problem:

minimize 𝐻(x) ,

subject to 𝑇 (x) ≤ 𝑀 x ∈ {0, 1}𝑛,
(𝑃1)

which can be simplified as the problem (𝑃2) presented later:

maximize
𝑛

∑

𝑖=1

ℎ𝑖𝑥𝑖,

subject to
𝑛−1

∑

𝑖=1

𝑛

∑

𝑗=𝑖+1

𝑐𝑖𝑗 [(𝑥𝑖 − 𝑥𝑗)
2
]

+

𝑛

∑

𝑖=1

(𝑡
𝑠
𝑖 − 𝑡
ℎ
𝑖 ) 𝑥𝑖 ≤ 𝑀 −

𝑛

∑

𝑖=1

𝑡
ℎ
𝑖 , x ∈ {0, 1}𝑛.

(𝑃2)

4. Algorithm

In this section, we propose two algorithms to solve the par-
titioning problem (𝑃2) based on genetic algorithm and sim-
ulated annealing algorithm. The basic principles of genetic
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algorithm were laid down by Holland [35] and have been
proved useful in a variety of search and optimization prob-
lems. Genetic algorithm simulates the survival-of-the-fitness
principle of nature. The principle provides an organizational
reproductive framework: starting from an initial population,
proceeding through some random selection, crossover, and
mutation operators from generation to generation, and con-
verging to a group of best environment-adapted individuals.
Simulated annealing algorithm is a generic probabilistic
metaheuristic for the global optimization problem, locating
a good approximation to the global optimum of a given
function. It is proposed byKirkpatrick et al. [34], based on the
analogy between the solid annealing and the combinatorial
optimization problem.

4.1. Initial Algorithm. We apply the genetic algorithm to
the uncertain partitioning problem to find the approximate
optimal solution of the problem (𝑃2). The pseudo code in the
Algorithm 3 shows the description of the algorithm.The steps
(1)–(4) are the initialization of parameters and solution of the
partition problem. The step (5) is used to check whether the
termination condition of the propagation is met or not. The
step (6) is used to ensure that the number of individuals of the
next generation is not reduced. The crossover and mutation
operations are performed in the iteration block to produce
individuals of the next generation. The fitness function is
defined on the object function of the problem (𝑃2).We choose
the crossover and mutation strategy from [36].

4.2. Improved Algorithm. We note that the genetic algorithm
has a strong global search capability, while the simulated
annealing algorithmwill fail in a local optimal solution easily.
Hence, we can incorporate simulated annealing algorithm
in genetic algorithm. We hope that the combined algorithm
will provide more accurate near-optimal solution with faster
speed. The pseudo code in the Algorithm 4 shows the
algorithm.

The steps (8)–(18) are the original crossover operation
incorporated to the Metropolis of annealing algorithm. The
key idea is that when the original crossover operation pro-
duces better individuals, the crossover operation is accepted.
Otherwise, we will accept the new individuals as the candi-
dates of next generation in theMetropolis criterion.The steps
(9)–(29) are the original crossover operation incorporated
with the Metropolis of annealing algorithm. The key idea
is the same as annealing crossover. The modified genetic
operators ensure that the next generation is better than the
current generation with the accepted rules based on fitness
and Metropolis criterion. Those accepted rules speed up the
convergence of the solution process without loss of accuracy.
The steps (32)–(36) are the update of solution, generation
number, and temperature.

5. Empirical Results

The proposed two algorithms are heuristics; the model is
constructed from the communication graph. We have to
determine the performance and the quality of the model and
the solution. We have implemented them in C and test the
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Figure 3: Minimum cost comparison of the partition.
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Figure 4: Runtime comparison of the two algorithms.

algorithms on Intel i5 2.27GHZ PC. In order to demonstrate
the effectiveness of the proposed algorithm, we compare
it with original genetic-algorithm-based partitioning [36].
For testing, several random instances with different nodes
and metrics are utilized. The parameters of the partitioning
problem are generated with the following rules.

(i) ℎ𝑖 is randomly generated in [1, 100].
(ii) 𝑡ℎ𝑖 is randomly generated in [1, 100], and 𝑡𝑠𝑖 is ran-

domly generated in [𝑡ℎ𝑖 , 200 + 𝑡
ℎ
𝑖 ].

(iii) 𝑐𝑖𝑗 is randomly generated in [1, 20].
(iv) 𝑀 is a given time constraint and randomly generated

in [∑𝑛1 𝑡
ℎ
𝑖 , ∑
𝑛
1 𝑡
𝑠
𝑖 ].
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Figure 5: Convergence track for number of nodes equals 1000.

The simulation results of the proposed algorithms as well
as the original genetic algorithm are presented in Figures
3 and 4. Each instance is tested for 100 times and the
average values are presented. The first graph demonstrates
the accuracy of the proposed algorithm and the second
graph demonstrates the efficiency of the proposed algorithm.
Furthermore, we collect the convergence track and the run
time of the two algorithms.

The values about the cost value are shown in Figures
3 and 4 for different parameters configurations. For those
random graphs with the small size of nodes, the results of
𝐸𝐺𝐴 and 𝐺𝐴 are almost the same. The two algorithms yield
similar results. For bigger random graphs, 𝐸𝐺𝐴 outperforms
𝐺𝐴. 𝐸𝐺𝐴 can always find smaller values than Algorithm 1.
With the increase of the size, the deviation between the two
algorithms grows bigger. The improved algorithm will keep
better population size, and the local search will be more
universal and accurate.

We also store the convergence track of the two algorithms,
as presented in Figure 5. At the beginning of the iteration
procedure, 𝐺𝐴 drops faster than 𝐸𝐺𝐴. But 𝐸𝐺𝐴 can find
the near optimal solution faster than 𝐺𝐴 in the convergence
process. The iteration number grows with the size of the
nodes, which means more time to go into the stable state. We
also collect the minimum expectation cost value of the two
algorithms. The appearance times of the minimum value of
the two algorithms demonstrate that the𝐸𝐺𝐴performs better
than the 𝐺𝐴, even for a small number of nodes.

As shown in the experiment results, we can find that the
original genetic algorithm needs more time, which means
more iterations to meet the termination conditions. Fur-
thermore, the accuracy of the near-optimal solution got by
the incorporated algorithm is higher. From the experiments,
it is reasonable to draw the conclusion that our proposed
algorithm produces high-quality approximate solution and
generates the solution with faster speed.

6. Conclusion

In this paper, we construct a communication graph for the
partitioning problem, in which the implementation cost,
execution time, and communication time are all taken into
account. Then, we propose a heuristic based on genetic
algorithm and simulated annealing to solve the problem
near optimally, even for quite large systems. The proposed
heuristicmethod incorporates simulated annealing in genetic
algorithm. Those incorporated accepted rules based on fit-
ness andMetropolis criterion speed up the convergence of the
solution process without loss of accuracy. Experiment results
show that the proposed model and algorithm produce more
accurate partitions with faster speed.
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A new neural network based optimization algorithm is proposed.The presentedmodel is a discrete-time, continuous-stateHopfield
neural network and the states of the model are updated synchronously. The proposed algorithm combines the advantages of
traditional PSO, chaos andHopfield neural networks: particles learn from their own experience and the experiences of surrounding
particles, their search behavior is ergodic, and convergence of the swarm is guaranteed.The effectiveness of the proposed approach
is demonstrated using simulations and typical optimization problems.

1. Introduction

Thediscovery of chaos in astronomical, solar, fluid, and other
systems sparked significant research in nonlinear dynamics
exhibiting chaos. Chaos was found to be useful and have great
potential in many disciplines such as mixing liquids with low
power consumption, presenting outages in power systems,
biomedical engineering applications involving signals from
the brain and heart, to name just a few [1]. Chaotic systems
exhibit three important properties. Firstly, a deterministic
system is said to be chaotic whenever its evolution sensitively
depends on the initial conditions. Secondly, there is an
infinite number of unstable periodic orbits embedded in the
underlying chaotic set. Thirdly, the dynamics of the chaotic
attractor is ergodic, which implies that during its temporal
evolution the system ergodically visits small neighborhoods
around every point in each one of the unstable periodic orbits
embedded within the chaotic attractor. Although it appears
to be stochastic, it is generated by a deterministic nonlin-
ear system. Lyapunov exponents characterize quantitatively
stochastic properties of the dynamical systems. When the
dynamical system is chaotic, there exists at least one lyapunov
exponent 𝜆 > 0. It is reported that chaotic behavior also
exists in biological neurons and neural networks [2, 3]. Using
chaos to develop novel optimization techniques gainedmuch

attention during the last decade. For a given energy or cost
function, the chaotic ergodic orbits of a chaotic dynamic
system used for optimizationmay eventually reach the global
optimum or a point close to it with high probability [4, 5].

Since Hopfield and Tank [6] applied their neural network
to the travelling salesman problem, neural networks have
provided a powerful approach to a wide variety of optimiza-
tion problems [7, 8]. However the Hopfield neural network
(HNN) often gets trapped in a local minima. A number
of modifications were made to Hopfield neural networks to
escape from local minima. Some modifications, based on
chaotic neural networks [9] and simulated annealing [10],
were proposed to solve global optimization problems [11].
In [12–14] the guaranteed convergence of Hopfield neural
networks is discussed.

Particle swarm optimization (PSO), developed by Clerc
and Kennedy in 2002 [15], is a stochastic global optimization
method which is based on simulation of social behavior. In a
particle swarmoptimizer, individuals “evolve” by cooperating
with other individuals over several generations. Each particle
adjusts its flying according to its own flying experiences and
the flying experience of its companions. Each individual is
named as a particle which, in fact, represents a potential
solution to a problem. Each particle is treated as a point in
a𝐷-dimensional space. However, the PSO algorithm is likely
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to temporarily get stuck andmay need a long period of time to
escape from a local extremum [16]. It is difficult to guarantee
the convergence of the swarm, especially when random
parameters are used. In order to improve the dynamical
behavior of PSO, one can combine chaoswith PSOalgorithms
to enhance the performance of PSO. In [17–19] chaos were
applied to the PSO to avoid the PSO getting trapped in local
minima.

PSO is motivated by the behavior of organisms such as
fish schooling and bird flocking [20]. During the process,
future particle positions (determined by velocity) can be
regarded as particle intelligence [21]. Using a chaotic intel-
ligent swarm system to replace the original PSO might be
convenient for analysis while maintaining stochastic search
properties. Most importantly, the convergence of a particle
swarm initialized with random weights is not guaranteed.

In this paper we propose a chaotic Hopfield neural
network swarmoptimization (CHNNSO) algorithm.The rest
of the paper is organized as follows. In Section 2, the prelim-
inaries of Hopfield neural networks and PSO are described.
The chaotic Hopfield neural network model is developed in
Section 3. In Section 4, the dynamics of the chaotic Hopfield
neural network is analyzed. Section 5 provides simulation
results and comparisons.The conclusion is given in Section 6.

2. Preliminaries

2.1. Basic Hopfield Neural Network Theory [22]. A Hopfield
net is a recurrent neural network having a synaptic connec-
tion pattern such that there is an underlying Lyapunov energy
function for the activity dynamics. Started in any initial state,
the state of the system evolves to a final state that is a (local)
minimum of the Lyapunov energy function. The Lyapunov
energy function decreases in a monotone fashion under the
dynamics and is bounded below. Because of the existence of
an elementary Lyapunov energy function for the dynamics,
the only possible asymptotic result is a state on an attractor.

There are two popular forms of themodel: binary neurons
with discrete time which is updated one at a time and con-
tinuous time graded neurons. In this paper, the second kind
of model is used. The dynamics of a 𝑛-neuron continuous
Hopfield neural network is described by

𝑑𝑢𝑖

𝑑𝑡
=
−𝑢𝑖

𝜏
+∑

𝑗

𝑇𝑖𝑗𝑥𝑖 (𝑡) + 𝐼𝑖. (1)

Here, 𝑢𝑖 ∈ (−∞,∞) is the input of neuron 𝑖, and the output
of neuron 𝑖 is

𝑥𝑖 (𝑡) = 𝑔𝑖 [𝑢𝑖 (𝑡)] , (2)

where 𝑖 = 1, 2, . . . 𝑛, 𝜏 is a positive constant, 𝐼𝑖 is external
inputs (e.g., sensory input or bias current) to neuron 𝑖 and is
sometimes called the “firing threshold” when replaced with
−𝐼𝑖. 𝑢𝑖 is the mean internal potential of the neuron which
determines the output of neuron 𝑖. 𝑇𝑖𝑗 is the strength of
synaptic input from neuron 𝑖 to neuron 𝑗. 𝑔 is a monotone
function that converts internal potential into firing rate input

of the neuron. 𝑇 is the matrix with elements 𝑇𝑖𝑗. When 𝑇 is
symmetric, the Lyapunov energy function is given by

𝐽 = −
1

2
∑

𝑖𝑗

𝑇𝑖𝑗𝑥𝑖𝑥𝑗 −∑

𝑖

𝐼𝑖𝑥𝑖 +
1

𝜏
∑

𝑖

∫

𝑥
𝑗

0
𝑔
−1
(𝑍) 𝑑𝑍, (3)

where 𝑔−1 is the inverse of the gain function 𝑔. There is
a significant limiting case of this function when 𝑇 has no
diagonal elements and the input-output relation becomes a
step, going from 0 to amaximumfiring rate (for convenience,
scaled to 1). The third term of this Lyapnouv function is then
zero or infinite. With no diagonal elements in 𝑇, the minima
of 𝐽 are all located at corners of the hypercube 0 ≤ 𝑥𝑗 ≤ 1.
In this limit, the states of the continuous variable system are
stable.

Many optimization problems can be readily represented
using Hopfield nets by transforming the problem into vari-
ables such that the desired optimization corresponds to the
minimization of the respective Lyapunov energy function [6].
The dynamics of the HNN converges to a local Lyapunov
energy minimum. If this local minimum is also the global
minimum, the solution of the desired optimization task has
been carried out by the convergence of the network state.

2.2. Basic PSO Theory. Many real optimization problems
can be formulated as the following functional optimization
problem:

min 𝑓 (𝑋𝑖) , 𝑋𝑖 = [𝑥
1
𝑖 , . . . , 𝑥

𝑛
𝑖 ] ,

s.t. 𝑥𝑖 ∈ [𝑎𝑖, 𝑏𝑖] , 𝑖 = 1, 2, . . . , 𝑛.

(4)

Here 𝑓 is the objective function, and𝑋𝑖 is the decision vector
consisting of 𝑛 variables.

Theoriginal particle swarmalgorithmworks by iteratively
searching in a region and is concerned with the best previous
success of each particle, the best previous success of the
particle swarm and the current position and velocity of each
particle [20]. Every candidate solution of 𝑓(𝑋𝑖) is called a
“particle.” The particle searches the domain of the problem
according to

𝑉𝑖 (𝑡 + 1) = 𝜔𝑉𝑖 (𝑡) + 𝑐1𝑅1 (𝑃𝑖 − 𝑋𝑖 (𝑡)) + 𝑐2𝑅2 (𝑃𝑔 − 𝑋𝑖 (𝑡)) ,

(5)

𝑋𝑖 (𝑡 + 1) = 𝑋𝑖 (𝑡) + 𝑉𝑖 (𝑡 + 1) , (6)

where 𝑉𝑖 = [V1𝑖 , V
2
𝑖 , . . . , V

𝑛
𝑖 ] is the velocity of particle 𝑖;

𝑋𝑖 = [𝑥
1
𝑖 , 𝑥
2
𝑖 , . . . , 𝑥

𝑛
𝑖 ] represents the position of particle 𝑖; 𝑃𝑖

represents the best previous position of particle 𝑖 (indicating
the best discoveries or previous experience of particle 𝑖);
𝑃𝑔 represents the best previous position among all particles
(indicating the best discovery or previous experience of the
social swarm);𝜔 is the inertia weight that controls the impact
of the previous velocity of the particle on its current velocity
and is sometimes adaptive [17]; 𝑅1 and 𝑅2 are two random
weights whose components 𝑟𝑗1 and 𝑟

𝑗
2 (𝑗 = 1, 2, . . . , 𝑛) are

chosen uniformly within the interval [0, 1] which might not
guarantee the convergence of the particle trajectory; 𝑐1 and
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Figure 1: Particle structure.

𝑐2 are the positive constant parameters. Generally the value
of each component in 𝑉𝑖 should be clamped to the range
[−Vmax, Vmax] to control excessive roaming of particles outside
the search space.

3. A Chaotic Hopfield Neural Network Model

From the introduction of basic PSO theory, every particle
can be seen as the model of a single fish or a single bird.
The position chosen by the particle can be regarded as a
state of a neural network with a random synaptic connection.
According to (5)-(6), the position components of particle 𝑖
can be thought of as the output of a neural network as shown
in Figure 1.

In Figure 1, Rand1(⋅) and Rand2(⋅) are two independent
and uniformly distributed random variables within the range
[0, 1], which refer to 𝑟𝑗1 and 𝑟

𝑗
2, respectively. 𝑝

𝑗
𝑖 and 𝑝

𝑗
𝑔 are the

components of 𝑃𝑖 and 𝑃𝑔, respectively. 𝑝
𝑗
𝑔 is the previous best

value amongst all particles, and 𝑝𝑗𝑖 , as an externally applied
input, is the 𝑗th element of the best previous position 𝑃𝑖,
and it is coupled with other components of 𝑃𝑖. The particles
migrate toward a new position according to (5)-(6). This
process is repeated until a defined stopping criterion is met
(e.g., maximum number of iterations or a sufficiently good
fitness value).

As pointed out by Clerc and Kennedy [15], the powerful
optimization ability of the PSO comes from the interaction
amongst the particles. The analysis of complex interaction
amongst the particles in the swarm is beyond the scope of
this paper which focuses on the construction of a simple
particle using a neural network perspective and convergence
issues. Artificial neural networks are composed of simple
artificial neurons mimicking biological neurons. The HNN
has the property that as each neuron in a HNN updates, an
energy function is monotonically reduced until the network
stabilizes [23]. One can therefore map an optimization
problem to a HNN such that the cost function of the problem
corresponds to the energy function of the HNN and the
result of the HNN thus suggests a low cost solution to the
optimization problem. The HNN might therefore be a good
choice to model particle behavior.

In order to approach 𝑃𝑔 and 𝑃𝑖, the HNN model should
include at least two neurons. For simplicity, the HNN model

of each particle position component has two neurons whose
outputs are 𝑥𝑗𝑖 (𝑡) and 𝑥

𝑗
𝑖𝑝(𝑡). In order to transform the

problem into variables such that the desired optimization
corresponds to the minimization of the energy function, the
objective function should be determined firstly. As 𝑥𝑗𝑖 (𝑡) and
𝑥
𝑗
𝑖𝑝(𝑡) should approach 𝑝𝑗𝑔 and 𝑝

𝑗
𝑖 , respectively, (𝑥

𝑗
𝑖 (𝑡) − 𝑝

𝑗
𝑔)
2

and (𝑥𝑗𝑖𝑝(𝑡) − 𝑝
𝑗
𝑖 )
2 can be chosen as two parts of the energy

function. The third part of energy function (𝑥𝑗𝑖 (𝑡) − 𝑥
𝑗
𝑖𝑝(𝑡))
2

is added to accompany (𝑥𝑗𝑖𝑝(𝑡) − 𝑝
𝑗
𝑖 )
2 to cause 𝑥𝑗𝑖 (𝑡) to tend

towards 𝑝𝑗𝑖 . Therefore the HNN Lyapunov energy function
for each particle is proposed:

𝐽
𝑗
𝑖 (𝑡) = 𝐴(𝑥

𝑗
𝑖 (𝑡) − 𝑝

𝑗
𝑔)
2
+ 𝐵(𝑥

𝑗
𝑖𝑝 (𝑡) − 𝑝

𝑗
𝑖 )
2

+ 𝐶(𝑥
𝑗
𝑖 (𝑡) − 𝑥

𝑗
𝑖𝑝 (𝑡))

2
,

(7)

where 𝐴, 𝐵, and 𝐶 are positive constants.
Here the neuron input-output function is chosen as a

sigmoid function, given by (9) and (11). Equations (8) and (10)
are the Euler approximation of (1) of the continuousHopfield
neural network [14].The dynamics of component 𝑗 of particle
𝑖 is described by

𝑢
𝑗
𝑖 (𝑡 + 1) = 𝑘𝑢

𝑗
𝑖 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖 (𝑡)

, (8)

𝑥
𝑗
𝑖 (𝑡 + 1) = 𝑔𝑖 (𝑢

𝑗
𝑖 (𝑡 + 1)) =

1

1 − 𝑒𝜉𝑢
𝑗

𝑖
(𝑡+1)

, (9)

𝑢
𝑗
𝑖𝑝 (𝑡 + 1) = 𝑘𝑢

𝑗
𝑖𝑝 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖𝑝 (𝑡)

, (10)

𝑥
𝑗
𝑖𝑝 (𝑡 + 1) = 𝑔𝑖 (𝑢

𝑗
𝑖𝑝 (𝑡 + 1)) =

1

1 − 𝑒
𝜉𝑢
𝑗

𝑖𝑝
(𝑡+1)

. (11)

According to (5)-(6) and Figure 1, the PSO uses random
weights to simulate birds flocking or fish searching for food.
When birds flock or fish search for food, they exhibit chaos
like behavior, yet (8)–(11) do not generate chaos. Aihara et al.
[9] proposed a kind of chaotic neuron,which includes relative
refractoriness in the model to simulate chaos in a biological
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brain. To use this result 𝑧𝑖(𝑘)(𝑥
𝑗
𝑖 (𝑘)−𝐼0) and 𝑧𝑖(𝑘)(𝑥

𝑗
𝑖
𝑝

(𝑘)−𝐼0)

are added to (8) and (10) to cause chaos. Equations (8) and
(10) then become

𝑢
𝑗
𝑖 (𝑡 + 1) = 𝑘𝑢

𝑗
𝑖 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖 (𝑡)

− 𝑧𝑖 (𝑡) (𝑥
𝑗
𝑖 (𝑡) − 𝐼0) , (12)

𝑢
𝑗
𝑖𝑝 (𝑡 + 1) = 𝑘𝑢

𝑗
𝑖𝑝 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖𝑝 (𝑡)

− 𝑧𝑖 (𝑡) (𝑥
𝑗
𝑖
𝑝

(𝑡) − 𝐼0) . (13)

In order to escape from chaos as time evolves, we set

𝑧𝑖 (𝑡 + 1) = (1 − 𝛽) 𝑧𝑖 (𝑡) . (14)

In (8)–(14): 𝜉, 𝛼, and 𝑘 are positive parameters; 𝑧𝑖(𝑡) is self-
feedback connection weight (the refractory strength); 𝛽 is the
damping factor of the time-dependent 𝑧𝑖(𝑡), (0 ≤ 𝛽 ≤ 1); 𝐼0 is
a positive parameter.

All the parameters are fixed except 𝑧(𝑡) which is varied.
The combination of (9), (11)–(14) is called chaotic Hop-

field neural network swarm optimization(CHNNSO) pro-
posed by us. According to (8)–(14), the following procedure
can be used for implementing the proposed CHNNSO
algorithm.

(1) Initialize the swarm, assign a random position in the
problemhyperspace to each particle, and calculate the
fitness function which is given by the optimization
problem whose variables are corresponding to the
elements of particle position coordinates.

(2) Synchronously update the positions of all the particles
using (9), (11)–(14) and change the two states every
iteration.

(3) Evaluate the fitness function for each particle.

(4) For each individual particle, compare the particle’s
fitness value with its previous best fitness value. If the
current value is better than the previous best value,
then set this value as the 𝑝𝑗𝑖 and the current particle’s
position, 𝑥𝑗𝑖 , as 𝑝

𝑗
𝑖 , else if the 𝑝𝑖 is updated, then reset

𝑧 = 𝑧0.

(5) Identify the particle that has the best fitness value.
When iterations are less than a certain value, and if
the particle with the best fitness value is changed then
reset 𝑧 = 𝑧0 to keep the particles chaotic to prevent
premature convergence.

(6) Repeat steps (2)–(5) until a stopping criterion is met
(e.g., maximum number of iterations or a sufficiently
good fitness value).

As can be seen from (9) and (11), the particle posi-
tion component 𝑥𝑗𝑖 is located in the interval [−1, 1]. The

optimization problem variable interval must therefore be
mapped to [−1, 1] and vice versa using

𝑥
𝑗
= −1 +

2 (𝑥𝑗 − 𝑎𝑗)

𝑏𝑗 − 𝑎𝑗
, 𝑗 = 1, 2, . . . , 𝑛,

𝑥𝑗 = 𝑎𝑗 +
1

2
(𝑥
𝑗
+ 1) (𝑏𝑗 − 𝑎𝑗) , 𝑗 = 1, 2, . . . , 𝑛.

(15)

Here, 𝑎𝑗 and 𝑏𝑗 are the lower boundary and the upper bound-
ary of 𝑥𝑗(𝑡), respectively, and only one particle is analyzed for
simplicity.

4. Dynamics of Chaotic Hopfield Network
Swarm Optimization

In this section, the dynamics of the chaotic Hopfield net-
work swarm optimization (CHNNSO) is analyzed. The first
subsection discusses the convergence of the chaotic particle
swarm. The second subsection discusses the dynamics of the
simplest CHNNSO with different parameter values.

4.1. Convergence of the Particle Swarm

Theorem 1 (Wang and Smith [14]). If one has a network
of neurons with arbitrarily increasing I/O functions, there
exists a sufficient stability condition for a synchronous TCNN
(transiently chaotic neural network) equation (12), namely,

𝑘 > 1,
2𝑘

𝛽max
> −𝑇

min. (16)

Here 1/𝛽max = min(1/𝑔𝑖 ) (𝑔

𝑖 denotes the derivative with

respect to time 𝑡 of the neural I/O function for neuron 𝑖, in
this paper is the sigmoid function (9). 𝑇min is the minimum
eigenvalue of the connected weight matrix of the dynamics of
a n-neuron continuous Hopfield neural network).

Theorem 2. A sufficient stability condition for the CHNNSO
model is 𝑘 > 1.

Proof. When 𝑡 → ∞,

𝑧 (𝑡 + 1) = 0. (17)

It then follows that the equilibria of (12) and (13) can be
evaluated by

Δ𝑢
𝑗
𝑖 (𝑡 + 1) = (𝑘 − 1) 𝑢

𝑗
𝑖 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖 (𝑡)

,

Δ𝑢
𝑗
𝑖𝑝 (𝑡 + 1) = (𝑘 − 1) 𝑢

𝑗
𝑖𝑝 (𝑡) + 𝛼

𝜕𝐽
𝑗
𝑖 (𝑡)

𝜕𝑥
𝑗
𝑖𝑝 (𝑡)

.

(18)

According to (7), we get

Δ𝑢
𝑗
𝑖 (𝑡 + 1) = (𝑘 − 1) 𝑢

𝑗
𝑖 (𝑡) + 2𝐴𝛼 (𝑥

𝑗
𝑖 (𝑡) − 𝑝

𝑗
𝑔)

+ 2𝐶𝛼 (𝑥
𝑗
𝑖 (𝑡) − 𝑥

𝑗
𝑖𝑝 (𝑡)) = 0,

(19)
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Δ𝑢
𝑗
𝑖𝑝 (𝑡 + 1) = (𝑘 − 1) 𝑢

𝑗
𝑖𝑝 (𝑡) + 2𝐵𝛼 (𝑥

𝑗
𝑖𝑝 (𝑡) − 𝑝

𝑗
𝑖 )

− 2𝐶𝛼 (𝑥
𝑗
𝑖 (𝑡) − 𝑥

𝑗
𝑖𝑝 (𝑡)) = 0,

(20)

𝑇

min = min(eigenvalue(2𝐴𝛼 + 2𝐶𝛼 −2𝐶𝛼

−2𝐶𝛼 2𝐵𝛼 + 2𝐶𝛼
))

= (𝐴 + 𝐵 + 2𝐶) 𝛼 − 𝛼√(𝐴 − 𝐵)
2
+ 4𝐶2

= 𝛼(𝐴 + 𝐵 + 2𝐶 − √(𝐴 − 𝐵)
2
+ 4𝐶2) .

(21)

In this paper,

𝛽max =
1

min (1/𝑔)
=
𝜉

4
. (22)

It is clear that 𝑇min > 0 and the stability condition
(16) is satisfied when 𝜉 > 0. The above analysis verifies
Theorem 2.

Theorem 3. The particles converge to the sphere with center
point 𝑝𝑗𝑔 and radius 𝑅 = max ‖𝑥𝑗𝑖

𝑒

− 𝑝
𝑗
𝑖 ‖ (𝑥𝑗𝑖

𝑒

is the final
convergence equilibria, if the optimization problem is in two-
dimensional plane, the particles are finally in a circle).

It is easy to show that the particle model given by (7) and
(8)–(14) has only one equilibrium as 𝑡 → ∞, that is, 𝑧(𝑡) =
0. Hence, as 𝑡 → ∞, 𝑋𝑖 belongs to the hypersphere whose
origin is 𝑃𝑔 and the radius is 𝑅. Solving (9), (11), (19), and (20)
simultaneously, we get

(𝑘 − 1) ln (1 − (1/𝑥𝑗𝑖 ) (𝑡))
𝜉

+ 2𝐴𝛼 (𝑥
𝑗
𝑖 (𝑡) − 𝑃

𝑗
𝑔)

+ 2𝐶𝛼 (𝑥
𝑗
𝑖 (𝑡) − 𝑥

𝑗
𝑖𝑝 (𝑡)) = 0,

(23)

(𝑘 − 1) ln (1 − (1/𝑥𝑗𝑖𝑝 (𝑡)))
𝜉

+ 2𝐵𝛼 (𝑥
𝑗
𝑖𝑝 (𝑡) − 𝑃

𝑗
𝑖 )

− 2𝐶𝛼 (𝑥
𝑗
𝑖 (𝑡) − 𝑥

𝑗
𝑖𝑝 (𝑡)) = 0.

(24)

With (23) and (24) satisfied, there must exist the final
convergence equilibria 𝑥𝑗𝑖

𝑒

and 𝑥𝑗𝑖𝑝
𝑒

. So the best place the
particle swarm can find is ‖ 𝑝𝑗𝑔 − 𝑥

𝑗
𝑖
𝑒

(𝑡 + 1) ‖ and radius is
𝑅 = max ‖ 𝑥𝑗𝑖

𝑒

− 𝑝
𝑗
𝑖 ‖.

The above analysis therefore verifies Theorem 3.

4.2.Dynamics of the Simplest ChaoticHopfieldNeuralNetwork
Swarm. In this section, the dynamics of the simplest particle
swarm model is analyzed. Equations (7) and (8)–(13) are the
dynamic model of a single particle with subscript 𝑖 ignored.
According to (7) and Theorem 3, the parameters 𝐴, 𝐵, and
𝐶 control the final convergent radius. According to trial and
error, the parameters 𝐴, 𝐵, and 𝐶 can be chosen in the range
from 0.005 to 0.05. According to (16) and (22), 𝑘 > 1 and

𝜉 > 0. In the simulation, the results are better when 𝑘 is in
the neighborhood of 1.1 and 𝜉 is in the neighborhood of 150.
The parameters 𝛽 and 𝑍(0) control the time of the chaotic
period. If 𝛽 is too big and/or 𝑍(0) is too small, the system
will quickly escape from chaos and performance will be poor.
The parameter 𝐼0 = 0.2 is standard in the literature on chaotic
neural networks. The simulation showed that the model is
not sensitive to the values of parameters 𝜉 and 𝑘, for example,
100 < 𝜉 < 200 and 1 < 𝑘 < 1.5 are feasible.

Then the values of the parameters in (7)–(14) are set to

𝐴 = 0.02, 𝐵 = 𝐶 = 0.01, 𝜉 = 150,

𝛼 = 1, 𝛽 = 0.001, 𝑍 (0) = 0.3,

𝑘 = 1.1, 𝐼0 = 0.2, 𝑝𝑖 = 0.5, 𝑝𝑔 = 0.2.

(25)

Figure 2 shows the time evolution of 𝑥𝑖(𝑡), 𝑧(𝑡) and the
Lyapunov exponent 𝜆 of 𝑥𝑖(𝑡). The Lyapunov exponent 𝜆
characterizes the rate of separation of infinitesimally close
trajectories. A positive Lyapunov exponent is usually taken as
an indication that the system is chaotic [1]. Here, 𝜆 is defined
as

𝜆 = lim
𝑛→+∞

1

𝑚

𝑚−1

∑

𝑡=0

ln


𝑑𝑥𝑖 (𝑡 + 1)

𝑑𝑥𝑖 (𝑡)


. (26)

At about 200 steps, 𝑧(𝑡) decays to a small value and 𝑥𝑖(𝑡)
departs from chaos which corresponds with the change of 𝜆
from positive to negative.

According to Figure 2, the convergence process of a
simple particle position follows the nonlinear bifurcation
making the particle converge to a stable fixed point from a
strange attractor. In the following section, it is shown that
the fixed point is determined by the best previous position 𝑃𝑔
among all particles and the best position 𝑃𝑖 of the individual
particle.

Remark 4. The proposed CHNNSOmodel is a deterministic
Chaos-Hopfield neural network swarm which is different
from existing PSOs with stochastic parameters. Its search
orbits exhibit an evolutionary process of inverse period
bifurcation from chaos to periodic orbits then to sink. As
chaos is ergodic and the particle is always in a chaotic state at
the beginning (e.g., in Figure 2), the particle can escape when
trapped in local extrema.This proposedCHNNSOmodelwill
therefore in general not suffer from being easily trapped in a
the local optimum and will continue to search for a global
optimum.

5. Numerical Simulation

To test the performance of the proposed algorithms, two
famous benchmark optimization problems and an engi-
neering optimization problem with linear and nonlinear
constraints are used. The solutions to the two benchmark
problems can be represented in the plane and therefore the
convergence of the CHNNSO can be clearly observed. The
results of the third optimization problem when compared
with other algorithms are displayed in Table 1. We will
compare the CHNNSO with the original PSO [20].
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Figure 2: Time evolutions of 𝑥𝑖(𝑡), 𝑧(𝑡), and the Lyapunov exponent 𝜆.

Table 1:The parameters of the Hartmann function (when 𝑛 = 3 and
𝑞 = 4).

𝑖 𝑎𝑖1 𝑎𝑖2 𝑎𝑖3 𝑐𝑖 𝑝𝑖1 𝑝𝑖2 𝑝𝑖3

1 3 10 30 1 0.3689 0.1170 0.2673

2 0.1 10 35 1.2 0.4699 0.4387 0.7470

3 3 10 30 3 0.1091 0.8732 0.5547

4 0.1 10 35 3.2 0.03815 0.5473 0.8828

5.1. The Rastrigin Function. To demonstrate the efficiency
of the proposed technique, the famous Rastrigin function is
chosen as a test problem. This function with two variables is
given by

𝑓 (𝑋) = 𝑥
2
1 + 𝑥
2
2 − cos (18𝑥1) − cos (18𝑥2) ,

− 1 < 𝑥𝑖 < 1, 𝑖 = 1, 2.

(27)

The global minimum is −2 and the minimum point is (0,
0). There are about 50 local minima arranged in a lattice
configuration.

The proposed technique is applied with a population size
of 20 and the maximum number of iterations is 20000. The
chaotic particle swarm parameters are chosen as 𝐴 = 0.02,
𝐵 = 𝐶 = 0.01, 𝛽 = 0.001, 𝑧(0) = 0.3, 𝛼 = 1, 𝜉 = 150,
𝑘 = 1.1, and 𝐼0 = 0.2.

The position of every particle is initialized with a random
value.The time evolution of the cost of the Rastrigin function
is shown in Figure 3. The global minimum at −2 is obtained
by the best particle with (𝑥1, 𝑥2) = (0, 0).

From Figure 3, it can be seen that the proposed method
gives good optimization results. Since there are two variables
in the Rastrigin function, it is easy to show the final conver-
gent particle states in the plane.

In Figure 4, the “∗”s are the best experiences of each
particle.The “+”s are the final states of the particles.Theglobal
minimum (0, 0) is also included in the “∗”s and the “+”s.Most
“∗”s and “+”s are overlapped at the global minimum (0, 0).
According toTheorem 3, the particles will finally converge to

0 0.5 1 1.5 2
Step

−1

−1.5

−2

−2.5

𝑓
(𝑥
)

×104

Figure 3: Time evolutions of Rastrigin function.

a circle finally. For this Rastrigin problem, the particles’ final
states converge to the circle as shown in Figure 4, and hence
the global convergence of the particles is guaranteed.

Figure 5 displays the results when the original PSO [20]
was used to optimize the Rastrigin function. In the numerical
simulation, the particle swarm population size is also 20 and
parameters 𝑐1 and 𝑐2 are set to 2 and 𝜔 set to 1. Vmax is set
equal to the dynamic range of each dimension. The “∗”s in
Figure 5 are the final states of all the particles corresponding
to the “+”s in Figure 4. It is easy to see that the final states of
the particles are ruleless even though the global minimum of
−2 is obtained by the best experience of the particle swarm,
that is, (𝑥1, 𝑥2) = (0, 0) as shown in Figure 5.

By comparing the results obtained by the proposed
CHNNSO in Figure 4 with the results of the original PSO in
Figure 5, it can be seen that the final states of the particles of
the proposed CHNNSO are attracted to the best experience
of all the particles and that convergence is superior. The
final states of CHNNSO particles are guaranteed to converge
which is not the case for original PSO implications.
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Figure 4: The final states and the best experiences of the particles
achieved from the proposed CHNNSO for Rastrigin function.
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Figure 5:The final states of the particles achieved fromoriginal PSO
for Rastrigin function.

When their parameters 𝑐1 and 𝑐2 are both set to 1.494
and 𝜔 to a value of 0.729, Vmax is set equal to the dynamic
range on each dimension.The constriction factors 𝑐1, 𝑐2,𝜔 are
applied to improve the convergence of the particle over time
by damping the oscillations once the particle is focused on
the best point in an optimal region.Themain disadvantage of
this method is that the particles may follow wider cycles and
may not converge when the individual best performance is
far from the neighborhoods best performance (two different
regions) [24].

5.2. The Schaffer’s F6 Function. To further investigate the
performance of the CHNNSO,

𝑓 (𝑋) = 0.5 +

√sin (𝑥21 + 𝑥22)
2
− 0.5

1.0 + 0.001(𝑥21 + 𝑥
2
2)
2
, (28)
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Figure 6: The final states and the best experiences of the particles
achieved from the proposed CHNNSO for Schaffer’ F6 function.

the Schaffer’s F6 function [25] is chosen. This function has a
single global optimum at (0, 0) and𝑓min(𝑥, 𝑦) = 0, and a large
number of local optima. The global optimum is difficult to
find because the value at the best local optimum differs with
only about 10−3 from the global minimum. The local optima
crowd around the global optimum.Theproposed technique is
applied with a population size of 30, the iterations are 100000,
and the parameters of CHNNSO are chosen as

𝐴 = 𝐵 = 𝐶 = 0.01, 𝛽 = 0.0003, 𝑧 (0) = 0.3,

𝜉 = 155, 𝑘 = 1.1, 𝐼0 = 0.2.
(29)

The position of each particle is initialized with a random
value. In Figure 6, the “∗”s are the best experiences of each
particle.The global minimum at 2.674 × 10−4 is obtained by
the best particle with (𝑥1, 𝑥2) = (−0.00999, 0.01294) which
is included in the “∗”s. The “+”s are the final states of the
particles. According to Theorem 3 the particles’ final states
converge in a circle as shown in Figure 6 which proves global
convergence. FromFigure 6 it is clearly seen that the particles’
final states are attracted to the neighborhoods of the best
experiences of all the particles and the convergence is good.

Figure 7 shows the final particle states when the original
PSO [20] was used to optimize the Schaffer’s F6 function. In
this numerical simulation of the original PSO, the particle
swarm population size is also 20 and parameters 𝑐1 and 𝑐2 are
both set to 2 and set 𝜔 is set to a value of 1. Vmax is set equal to
the dynamic range of each dimension.The “∗”s in Figure 7 are
the final states of all the particles corresponding to the “+”s in
Figure 6. It is easy to see that the final states of the particles are
ruleless in Figure 7. The global minimum 6.3299 × 10

−4 is
obtained by the best particle with (𝑥1, 𝑥2) = (0.01889 × 10

−3,
−0.4665 × 10

−3
). The best experience from the original PSO

is not as good as the best of the proposed CHNNSO.
Comparing the results obtained from the proposed

CHNNSO in Figure 6 and the original PSO in Figure 7, it
is clearly seen that the particles’ final states of the proposed



8 Journal of Applied Mathematics

0

2.5

2.5 5

−2.5

−2.5
−5

−5

−5

𝑥
2

𝑥1

0

Figure 7:Thefinal states of the particles achieved fromoriginal PSO
for Schaffer’s F6 function.

CHNNSO are finally attracted to the best experience of all
the particles and the convergence is better than that of the
original PSO. The CHNNSO can guarantee the convergence
of the particle swarm, but the final states of the original PSO
are ruleless.

5.3. The Hartmann Function. The Hartmann function when
𝑛 = 3; 𝑞 = 4 is given by

𝑓 (𝑥) = −

𝑞

∑

𝑖=1

𝑐𝑖 exp(−
𝑛

∑

𝑗=1

𝑎𝑖𝑗(𝑥𝑗 − 𝑝𝑖𝑗)
2
) , (30)

with 𝑥𝑗 belonging to

𝑆 = {𝑥 ∈ 𝑅
𝑛
| 0 ≤ 𝑥𝑗 ≤ 1, 1 ≤ 𝑗 ≤ 𝑛} , (31)

Table 1 shows the parameter values for the Hartmann func-
tion when 𝑛 = 3, 𝑞 = 4.

When 𝑛 = 3, 𝑋min = (0.114, 0.556, 0.882), 𝑓(𝑥min) =
−3.86.

The time evolution of the cost of the Hartmann function
is 15000. In Figure 8, only subdimensions are pictured.
In Figure 8, the “+”s are the final states of the particles
and the “∗”s denote the best experiences of all particles.
From Figure 8, it can be easily seen that the final states
of the particles converge to the circle. The center point is
(0.0831, 0.5567, 0.8522) and the radius is 0.1942. The final
particle states confirmTheorem 3, and the final convergency
is guaranteed.

5.4. Design of a Pressure Vessel. The pressure vessel problem
described in [26, 27] is an example which has linear and
nonlinear constraints and has been solved by a variety of
techniques. The objective of the problem is to minimize the
total cost of the material needed for forming and welding
a cylindrical vessel. There are four design variables: 𝑥1 (𝑇𝑠,
thickness of the shell), 𝑥2 (𝑇ℎ, thickness of the head), 𝑥3 (𝑅,
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Figure 8:Thefinal states of the particles achieved fromoriginal PSO
for Hartmann function.

inner radius), and 𝑥4 (𝐿, length of the cylindrical section of
the vessel). 𝑇𝑠 and 𝑇ℎ are integer multiples of 0.0625 inch,
which are the available thickness of rolled steel plates, and 𝑅
and𝐿 are continuous.Theproblemcan be specified as follows:

Minimize 𝑓 (𝑋) = 0.6224𝑥1𝑥3𝑥4 + 1.7781𝑥2𝑥
2
3

+ 3.1661𝑥
2
1𝑥4 + 19.84𝑥

2
1𝑥3,

subject to 𝑔1 (𝑋) = −𝑥1 + 0.0193𝑥3 ≤ 0,

𝑔2 (𝑋) = −𝑥2 + 0.00954𝑥3 ≤ 0,

𝑔3 (𝑋) = −𝜋𝑥
2
3𝑥4 −

4

3
𝜋𝑥3 + 1296000 ≤ 0,

𝑔4 (𝑋) = 𝑥4 − 240 ≤ 0.

(32)

The following range of the variables were used [27]:

0 < 𝑥1 ≤ 99, 0 < 𝑥2 ≤ 99, 10 ≤ 𝑥3 ≤ 200,

10 ≤ 𝑥4 ≤ 200.
(33)

de Freitas Vas and de Graça Pinto Fernandes [26] proposed
an algorithm to deal with the constrained optimization prob-
lems. Here this algorithm [26] is combined with CHNNSO
to search for the global optimum. The proposed technique
is applied with a population size of 20 and the maximum
number of iterations is 20000. Then the values of the
parameters in (7)–(14) are set to

𝐴 = 0.02, 𝐵 = 𝐶 = 0.01, 𝜉 = 150,

𝛼 = 1, 𝛽 = 0.001, 𝑍 (0) = 0.3,

𝑘 = 1.1, 𝐼0 = 0.2,

𝑝𝑖 = 0.5, 𝑝𝑔 = 0.5.

(34)

From Table 2, the best solution obtained by the CHNNSO is
better than the other two solutions previously reported.
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Table 2: Comparison of the results for pressure Vessel design
problem.

Design variables Best solutions found
This paper Hu et al. [27] Coello [28]

𝑥1(𝑇𝑠) 0.8125 0.8125 0.8125

𝑥2(𝑇ℎ) 0.4375 0.4375 0.4375

𝑥3(𝑅) 42.09845 42.09845 40.3239

𝑥4(𝐿) 176.6366 176.6366 200.0

𝑔1(𝑋) 0 0 0.03424

𝑔2(𝑋) −0.03588 −0.03588 −0.052847

𝑔3(𝑋) −1.1814 ∗ 10
−11

−5.8208 ∗ 10
−11

−27.105845

𝑔4(𝑋) −63.3634 −63.3634 −40.0

𝑓(𝑋) 6059.1313 6059.1313 6288.7445

6. Conclusion

This paper proposed a chaotic neural networks swarm
optimization algorithm. It incorporates the particle swarm
searching structure having global optimization capability into
Hopfield neural networks which guarantee convergence. In
addition, by adding chaos generator terms into Hopfield
neural networks, the ergodic searching capability is greatly
improved in the proposed algorithm. The decay factor
introduced in the chaos terms ensures that the searching
evolves to convergence to global optimum after globally
chaotic optimization. The experiment results of three classic
benchmark functions showed that the proposed algorithm
can guarantee the convergence of the particle swarm search-
ing and can escape from local extremum. Therefore, the
proposed algorithm improves the practicality of particle
swarm optimization. As this is a general particle model, some
techniques such as the local best version algorithm proposed
in [29] can be used together with the new model. This will be
explored in future work.
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Object tracking is one of the fundamental problems in computer vision, but existing efficientmethodsmay not be suitable for spatial
object tracking.Therefore, it is necessary to propose a more intelligent mathematical model. In this paper, we present an intelligent
modeling method using an enhanced mean shift method based on a perceptual spatial-space generation model. We use a series of
basic and composite graphic operators to complete signal perceptual transformation. The Monte Carlo contour detection method
could overcome the dimensions problem of existing local filters. We also propose the enhanced mean shift method with estimation
of spatial shape parameters. This method could adaptively adjust tracking areas and eliminate spatial background interference.
Extensive experiments on a variety of spatial video sequences with comparison to several state-of-the-art methods demonstrate
that our method could achieve reliable and accurate spatial object tracking.

1. Introduction

Mathematical formalism is probably the most precise and
logical language in science research. It is typical for re-
searchers in pure natural sciences to attempt to describe
observed phenomena usingmathematical correlations. How-
ever, because of real-world scenarios, it is often very difficult
to construct a perfect and permanent mathematical model
for one specific issue in engineering fields [1]. During the
last years, the effort concentrated in self-optimizing and self-
adaption was leading to a new field between mathematics
and applications, called intelligent modeling [2]. In this
paper, we propose a new intelligent modeling method using
the enhanced mean shift method based on a perceptual
spatial-space generation model for spatial object tracking.
Object tracking has been applied tomany fields, such as video
surveillance [3], robot recognition [4], and traffic control [5].
In spatial on-orbit docking, object tracking could be used to
track spatial aircraft and assist with ground control. Because
the spatial images are mainly generated from low-rate videos
[6] or airborne spectral imagery [7], which are captured
by the aircraft sensors [8, 9], their resolution and spatial-
temporal coverage are not very ideal. In addition, because of

differences in the sensor spectral bands, acquisition position,
and contrast gradient setting, there are shifts in the relative
position and scale zoom inmultisource images with the same
scene. All this will bring influence to spatial object tracking
results.

Recently, multidimensional decomposition and multi-
scale representation methods have been widely applied to
image processing and computer vision. Mumford and Gidas
proposed the stochastic model [10], in which truncation
errors and noise interference could be isolated from the
discrete domain.Witkin andKoenderink proposed the image
scale-space model [11, 12], which cleared noise interference
in fine scales, and analysis errors could decrease in coarse
scales. Burt and Lindeberg proposed the coarse-to-finemodel
[13, 14], which could reduce useless gradients in gradient
entropy calculation. In the object tracking field, the tradi-
tional method is rectangular block region tagging [15, 16]. In
[17], Isard and Blake applied a local filter to object tracking
field. Sun and Liu proposed using a combination of the
local description and global representation in object tracking
[18]. Recently, a graphics model based on a Bayesian neural
network was also applied to continuous object tracking
[19]. However, if we applied these methods to spatial object
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tracking, spatial background clutter and moving object over-
lapping appeared in different scenes. The existing multiscale
deviation will seriously reduce the spatial object tracking
accuracy.

In this paper, we propose a spatial object trackingmethod
using an enhanced mean shift method based on a perceptual
spatial-space generation model. We detect the spatial object
continuity and saliency between different scales in the per-
ceptual spatial-space generation model. The enhanced mean
shift considers the relevance between motion area and static
background. It could achieve more robust object tracking.
Our proposed method is shown in Figure 1. This paper
is organized as follows. Section 2 describes the percep-
tual spatial-space generation model. Section 3 proposes an
enhanced mean shift method. Section 4 shows experimental
results. Section 5 is the conclusion.

2. Perceptual Spatial-Space Generation Model

Spatial images have a high amount of data structure, and their
processing may not obey existing image processing model
assumptions. In this paper, we propose a perceptual spatial-
space generation model. It consists of two parts: a prototype
pyramid, labeled 𝑆[0, 𝑛] = (𝑆0, . . . , 𝑆𝑛), and a set of perceptual
transform rules, labeled 𝑅[0, 𝑛 − 1] = (𝑅0, 𝑅1, . . . , 𝑅𝑛−1). The
set 𝐼[0, 𝑛] is the Gaussian transform pyramid. Our goal is
to set a common variable 𝑝(𝐼[0, 𝑛], 𝑆[0, 𝑛], 𝑅[0, 𝑛 − 1]) and
a maximized posterior probability 𝑝(𝑆[0, 𝑛], 𝑅[0, 𝑛 − 1] |

𝐼[0, 𝑛]) that can be used to calculate the priority prototype
pyramid and the perceptual transform rules.

2.1. Prototype Pyramid Generation. Generation model is a
joint probability function with prototype 𝑆 and image 𝐼, and
Δ𝑅 is a dictionary which includes image primitives, such as
blobs, edges, crosses, and bars. It can be expressed as

𝑝 (𝐼; 𝑆; Δ𝑅) = 𝑝 (𝐼 | 𝑆; Δ𝑅) 𝑝 (𝑆) . (1)

The decomposition probability could be divided into
primitives and texture.

Consider the following:

𝑝 (𝐼 | 𝑆; Δ𝑅)

=

𝑁
𝑅

∏

𝑘=1

exp(− ∑

(𝑢,V)∈𝑅

(
𝐼 (𝑢, V) − 𝑅𝑘(𝑢, V)

2

2𝜎2𝑜

))

⋅

𝑁
𝑅

∏

𝑗=1

𝑝 (𝐼𝑅,𝑗 | 𝐼𝑅; 𝜎𝑗) ,

(2)

where 𝑆 = ⟨𝑉, 𝐸⟩ is the properties graphics, 𝑉 is the col-
lection of primitives in 𝑆, (𝑢, V) denoting the primitives in
the dictionary Δ, and 𝜎 is the variance of the corresponding
primitive features. The priority model 𝑝(𝑆) is an uneven
Gibbs model, which defines the graphical attributes on 𝑆. It
focuses on continuity properties in the perceptual model,
such as smoothness, continuity, and typical functions.

Consider the following:

𝑝 (𝑆)

= exp{𝜀

4

∑

𝑑=0

∑

(𝑢,V)∈𝑅

𝑅𝑑
𝜑 (𝑢, V)

 + (1 − 𝜀) ∑

(𝑢,V)∈𝑅

𝜑 (𝐵𝑢, 𝐵V)} ,

(3)

where𝑅𝑑 is the primitive mark in 𝑆 and its connection degree
is 𝑑. 𝜑(𝐵𝑢, 𝐵V) is potential association for two correlation
functions. Because there is uncertainty in the inner percep-
tion posterior probability, the prototype pyramid may not
appear continuous for each layer calculation. In order to
ensure transition and consistency of single frame diagram,we
define a set of graphical operation factors

𝑅𝑘 = (𝑟𝑘,1, 𝑟𝑘,2, . . . , 𝑟𝑘,𝑚(𝑘)) , 𝑟𝑘,𝑖 ∈ ∑
gram

. (4)

Graphical operation factors could synthesize detected
graphic edges into pairs of characteristic bridges. Each bridge
is related with the properties of probability function. The
conversion from 𝑆𝑘 to 𝑆𝑘+1 is realized by a series of conversion
rules 𝑅𝑘, and rule order could directly determine conversion
efficiency. The generative rule graphic path from 𝑆𝑘 to
𝑆𝑘+1 could be expressed as

𝑝 (𝑅𝑘) = 𝑝 (𝑆𝑘+1 | 𝑆𝑘)

=

𝑚(𝑘)

∏

𝑖=1

[

[

𝑝 (𝑟𝑘,𝑖) +
1

𝑚𝑖
𝑘

𝑚𝑖
𝑘

∑

𝑗=1

(𝑤
𝑖,𝑗

𝑘
−

𝑑𝑗 − 𝑑

𝑖
𝑘


)]

]

,

𝑝 (𝐼 [0, 𝑛] , 𝑆 [0, 𝑛] , 𝑅 [0, 𝑛 − 1])

=

𝑛

∏

𝑘=0

𝑝 (𝐼𝑘 | 𝑆𝑘; Δ 𝑠𝑘) ⋅ 𝑝 (𝑆0) ⋅

𝑛−1

∏

𝑘=0

𝑚(𝑘)

∏

𝑗=1

𝑝 (𝑟𝑘,𝑖) ,

(5)

where 𝑆 is the optimal-calculated prototype. Under the con-
dition that there will be no loss in perceptionmodel accuracy,
we assume that 𝑆𝑠𝑚 begins to decay from 𝑆 through the single
operation factor. 𝐼𝑠𝑚 will gradually reduce the resolution,
and 𝑆𝑠𝑚 will also have a related complexity. The posterior
probability could be expressed as

𝑃 (𝑠𝑚) = log
𝑝 (𝐼𝑠𝑚 | 𝑆𝑠𝑚)

𝑝 (𝐼𝑠𝑚 | 𝑆)
+ 𝜆𝑠𝑚 log

𝑝 (𝑆𝑠𝑚)

𝑝 (𝑆)

= log
𝑝 (𝑆𝑠𝑚 | 𝐼𝑠𝑚)

𝑝 (𝑆 | 𝐼𝑠𝑚)
.

(6)

A layered reduced perception model will not completely
adapt to the complex model 𝑆, so the first logarithmic ratio
is often negative. The parameter 𝜆 is used to balance model
fitness and complexity. If 𝜆 = 1, we could launch simplified
𝑃(𝑠𝑚). 𝜆𝑠𝑚 could be decided in the following range:

0 < log
𝑝 (𝐼𝑠𝑚 | 𝑆𝑠𝑚)

𝑝 (𝐼𝑠𝑚 | 𝑆)
+ 𝜆𝑠𝑚 log

𝑝 (𝑆𝑠𝑚)

𝑝 (𝑆)
< 1. (7)
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The transform between 𝑆𝑘 and 𝑆𝑘+1 is achieved using a
group of greed detection. The accurate scale of graphical
operation factor will make differences based on the subjective
goal. We suppose that the graphical operation factor is
between 𝐼 and 𝐼𝑠𝑚

𝑎1 = − log
𝑝 (𝐼𝑠𝑚 | 𝑆𝑠𝑚)

𝑝 (𝐼𝑠𝑚 | 𝑆)
, 𝑏1 = 𝜆𝑠𝑚 log

𝑝 (𝑆𝑠𝑚)

𝑝 (𝑆)
,

𝑎2 = − log
𝑝 (𝐼 | 𝑆𝑠𝑚)

𝑝 (𝐼 | 𝑆)
, 𝑏2 = 𝜆𝑠𝑚 log

𝑝 (𝑆𝑠𝑚)

𝑝 (𝑆)
.

(8)

Based on formulas (6) and (7), we determined that the
corresponding interval is

𝑁(

𝑟𝑎 − 𝑟

𝑖,𝑗

𝑘


; 0, 𝜎

2
𝑎) < 𝜆𝑠𝑚 < 𝑁(


𝑟𝑏 − 𝑟

𝑖,𝑗

𝑏


; 0, 𝜎

2
𝑏) . (9)

2.2. Perceptual Transform of Prototype Pyramid. In this sec-
tion, our goal is to determine the optimum conversion path
and deduce the hidden graphics prototype. Our method is
scanning the prototype pyramid from top to bottom based
on each primitive learning decision rule. Our method can be
divided into three steps.

Step 1 (prototype pyramid independent calculation). We
apply a pyramid algorithm in the bottom of image 𝐼 and
calculate the Gaussian pyramid 𝑆0. Because each prototype
layer is calculated using a MAP estimation [20], there is a
certain loss in the continuity of the prototype pyramid. The
specific formula is as follows:

(𝑆 [0, 𝑛] , 𝑅 [0, 𝑛 − 1])

= argmax
𝑛

∏

𝑘=0

𝑝 (𝐼𝑘 | 𝑆𝑘; Δ 𝑘) ⋅ 𝑝 (𝑆0)

𝑛

∏

𝑘=1

𝑚(𝑘)

∏

𝑗=1

𝑝 (𝜆𝑘,𝑗) .

(10)

Step 2 (pattern matching from bottom to up). We match the
image prototype attribute from 𝑆𝑘 to 𝑆𝑘+1 using an image
registration algorithm from a previous study [21]. We use
𝑥, 𝑦, 𝑧, and 𝑒 as a judgment function to process each node
𝑖 and obtain the related image characteristics at each time.
Specifically, the matching degree between the 𝑖th node at
the 𝑘th scale and the 𝑗th node at the (𝑘 + 1)th scale can be
expressed as

match (𝑖, 𝑗) =
1

𝑍
exp{−

(𝑥 (𝑖) − 𝑥 (𝑗))
2

2𝜎2𝑥

−
(𝑦 (𝑖) − 𝑦 (𝑗))

2

2𝜎2𝑦

−
(𝑧 (𝑖) − 𝑧 (𝑗))

2

2𝜎2𝑧

−
(𝑒 (𝑖) − 𝑒 (𝑗))

2

2𝜎2𝑒

} ,

(11)

where 𝜎 is the variance of related features. For similarity
matching between 𝑆𝑘 and 𝑆𝑘+1, this formulation allows the
empty variable prototype to appear in 𝑆𝑘. We multiply 𝑆𝑘 by
the related variance 𝜎 and obtain a homologous 𝑆𝑘+1 with

subsidiary value. Pattern matching results will be used as the
initial parameter for the Markov chain matching in the next
step.

Consider the following:

𝑃 (𝑆𝑘, 𝑆𝑘+1) = { (𝑥; 𝑦; 𝑧; 𝑒) ← 𝑆
2
: (𝑘


min < 𝑘 < 𝑘


min)

× ((𝑥; 𝑧) ∈ match [V𝑖 (𝑘) , V𝑖 (𝑘 + 1)])} .

(12)
Step 3 (Markov chain matching). Due to the uncertainty
for the initial perception in the posterior probability model
and the relative complexity for dynamic graphic structure
mining, we use the reversibility of Markov chain matching
to match a perceptual transform. The Markov chain includes
25 pairs of reversible jump. In each path of Markov chain
matching, there is a reversible jump between𝑋1 and𝑋2 [22].
These reversible jumps are related to their corresponding
grammars, and each pair of these rules is based on probability
selection. We use this mechanism to optimize the perception
conversion path, which could lead a cross-scale continuous
perception prediction.

Consider the following:

(𝑆 [0, 𝑛] ,Markov [0, 𝑛 − 1])

= arg /max
𝑛

∏

𝑘=0

𝑝 (𝐼𝑘 | 𝑆𝑘; Δ𝑅) ⋅

𝑛

∏

𝑖

𝑚

∏

𝑗

𝑔 (𝑟𝑖,𝑗) .
(13)

2.3. Object Contour Evolution. Theproblemof suchmatching
strategy is that it does not contain anymatching, which could
split a long contour into short edges. We propose a new
Monte Carlo contour detection method.This method mainly
chooses the right standard in certain scale using spatial-space
domain knowledge. Our proposed method uses the weight
set {𝑥𝑖,𝑡, 𝑤𝑖,𝑡} to estimate the posterior probability density
𝑝(𝑥𝑖,𝑡, 𝑤𝑖,𝑡). According to the resampling theory [23], it
is feasible to calculate the sample specimen 𝑄(𝑥, 𝑤) with
appropriate weights from the normal density distribution𝑋

𝑖
𝑡.

Consider the following:

𝑤
𝑖,𝑛
𝑡 =

𝑝 (𝑧
𝑖
𝑡 | 𝑥

𝑖
𝑡, 𝑧

𝑁(𝑖)
𝑡 , 𝑥

𝑖
0:𝑡−1, 𝑧

𝑖
1:𝑡−1, 𝑍

𝑁(𝑖)
1:𝑡−1)

𝑝 (𝑧𝑖𝑡, 𝑍
𝑁(𝑖)
1:𝑡−1 | 𝑧𝑖1:𝑡−1) ⋅ 𝑄 (𝑥, 𝑤)

. (14)

For the sequence sample, the important probability 𝑄(𝑥,

𝑤) can be chosen using the following mode:
𝑄 (𝑥, 𝑤)

= 𝑞 (𝑥
𝑖
𝑡 | 𝑥

𝑖
0:𝑡−1, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡 ) 𝑞 (𝑥

𝑖
0:𝑡−1 | 𝑥

𝑖
1:𝑡−1, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡−1) .

(15)
The entire probability can be approximated with a simpli-

fied formulation

𝑤
𝑖,𝑛
𝑡 =

𝑝 (𝑥
𝑖
𝑡 | 𝑧

𝑖
𝑡) 𝑝 (𝑥

𝑖,𝑛
𝑡 | 𝑧

𝑖,𝑛
𝑡−1)

𝑞 (𝑥𝑖𝑡 | 𝑥
𝑖
0:𝑡−1, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡 )

× ∏

𝑗∈𝑁(𝑖)

{

𝑁

∑

𝑡=1

𝑝 (𝑧
𝑖
𝑡 | 𝑥

𝑗,𝑛
𝑡 ) 𝑝 (𝑥

𝑗,𝑛
𝑡 | 𝑧

𝑗,𝑛
𝑡 )} .

(16)
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We use only one part of the whole sample; 𝑝(𝑥𝑖,𝑛𝑡 | 𝑧
𝑖,𝑛
𝑡−1)

simulates the interaction value between the two adjacent
areas 𝑥

𝑖,𝑛
𝑡 and 𝑥

𝑗,𝑙
𝑡 . The local probability 𝑝(𝑧

𝑗
𝑡 | 𝑥

𝑗,𝑙
𝑡 ) is the

weight of the interactive area. In this paper, we use a sequence
of Monte Carlo simulations to estimate the interactive part
𝑝(𝑥

𝑗
𝑡 | 𝑥

𝑖
𝑡) with its related estimation weight. The density

importance function can be defined as follows:

𝑞 (𝑥
𝑖
0:𝑡 | 𝑥

𝑖
𝑡, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡 ,Z𝑅(𝐼)1:𝑡 )

= 𝑞 (𝑥
𝑖
𝑡 | 𝑥

𝑖
0:𝑡−1, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡 ,Z𝑅(𝐼)1:𝑡 )

× 𝑞 (𝑥
𝑖
0:𝑡−1 | 𝑥

𝑖
1:𝑡, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡−1,Z

𝑅(𝐼)
1:𝑡−1) .

(17)

Based on the resampling theory, the sampling weight can
be updated as follows:

𝑤
𝑖,𝑛
𝑡 = 𝑤

𝑖,𝑛
𝑡−1

𝑝 (𝑥
𝑖
𝑡 | 𝑧

𝑖
𝑡) 𝑝 (𝑥

𝑖,𝑛
𝑡 | 𝑧

𝑖,𝑛
𝑡−1)

𝑞 (𝑥𝑖𝑡 | 𝑥
𝑖
0:𝑡−1, 𝑧

𝑖
1:𝑡, 𝑍

𝑁(𝑖)
1:𝑡 , 𝑍

𝑅(𝐼)
1:𝑡 )

× ∏

𝑗∈𝑁(𝑖)

{

𝑁

∑

𝑡=1

𝑝 (𝑧
𝑖
𝑡 | 𝑥

𝑗,𝑛
𝑡 ) 𝑝 (𝑥

𝑗,𝑛
𝑡 | 𝑧

𝑗,𝑛
𝑡 )}

× ∏

𝑗∈𝑁(𝑖)

{

{

{

𝑁𝐿

∑

𝐿=1

𝑝 (𝑧
𝐿
𝑡 | 𝑥

𝑘,𝐿
𝑡 ) 𝑝 (𝑥

𝑘,𝐿
𝑡 | 𝑧

𝐿,𝑛
𝑡 )

}

}

}

,

(18)

where𝑁 is the sample retrieval in the 𝑖th part, 𝐿 is the sample
length of the 𝑗th part, and 𝑧

𝐿
𝑡 is the sample set of the 𝑗th

part. As we use the Markov property, the density function
𝑝(𝑧

𝑘
𝑡 | 𝑥

𝑘,𝐿
𝑡 ) could do further approximation relied on the unit

product of local observation similarity unit𝐾.
Consider the following:

𝑝 (𝑧
𝑘
𝑡 | 𝑥

𝑘,𝐿
𝑡 ) = 𝑝 (𝑧

𝑁(𝑘)
𝑡 , 𝑧

𝑅(𝐿)
𝑡 | 𝑥

𝑘
𝑡 , 𝑥

𝐿
0:𝑡−1)

=
𝑝 (𝑧

𝑘
𝑡 | 𝑥

𝑘
𝑡 ) ⋅ 𝑝 (𝑥

𝑘
𝑡 , 𝑍

𝑁(𝑘)
𝑡 , 𝑍

𝑅(𝐿)
𝑡 | 𝑥

𝑘
0:𝑡−1)

𝑝 (𝑧𝑘𝑡 , 𝑍
𝑁(𝑘)
𝑡 | 𝑍𝑘

1:𝑡−1, 𝑍
𝑁(𝑡)
1:𝑡−1, 𝑍

𝑅(𝐿)
1:𝑡−1)

.

(19)

In our proposed framework, all parts of the detected
object will be tracked at the same time. There is no need to
calculate all unit probabilities 𝑝(𝑧𝑘𝑡 | 𝑥

𝑘,𝐿
𝑡 ), so we can use the

local possibility and directly estimate the weight of all units.

2.4. Markov Random Field Representation. We propose
Markov random field representation for perception genera-
tion model. We define the pixel perception set 𝑋, in which
any two arbitrary pixels are adjacent. The adjacent relation is
an interactive relationship; in the an adjacent pixels system
𝐸 = {𝛿(𝑥, 𝑦): (𝑥, 𝑦) ∈ 𝐼}, if (𝑥, 𝑦) is adjacent point of (𝑤, V),
then (𝑤, V) is also adjacent with (𝑥, 𝑦), and 𝑝(𝐼) is theMarkov
random field with respect to the perception set𝑋

𝑝(𝐼𝑥,𝑦 | 𝑋 (𝑥, 𝑦)) = 𝑝 (𝐼𝑥,𝑦 | 𝐼 (𝛿 \ 𝑋 (𝑥, 𝑦))) . (20)

We can define 𝐼(𝛿) as the pixels set that contains all pixels
of 𝑋. The Markov property mentioned in formula (20) relies
on the density distribution of the adjacent pixels. According
to S. Geman and D. Geman [24], the Markov random field-
related pixels in system 𝑋 can be rewritten as the following
Gibbs distribution:

𝑝 (𝐼) =
1

2𝑍
Σ𝐶


1/2

exp{−∑

𝑋

𝐺𝑥 (𝐼 (𝐸)) ⋅

−1

∑

𝐶

(𝐸
𝑖
𝑥 − 𝐸

𝑖
𝑦)} ,

(21)

where 𝐺𝑥(𝐼(𝐸)) is the potential variable function defined in
𝐼(𝛿). 𝑍 is a conventional constant, which can maintain the
𝑝(𝐼) sum up to 1. For spatial object tracking, the perception
latent variables that appear in pairs are difficult to describe
accurately. If 𝑋 has an amount of pixels, then 𝐺𝑥 will be
a multidimensional function. Here, we use the topological
model to solve the above problems. Assuming that the spatial
perceptual rules set is 𝜑(𝐼), then 𝜑𝑥,𝑦(𝐼) could extract the
local characteristics near pixels (𝑥, 𝑦). A specific example is
𝜑𝑥,𝑦(𝐼) = ⟨𝐼, 𝛽𝑥,𝑦,𝑠⟩, 𝑠 = (𝐼, 𝜃). We transform the image 𝐼with
the Gibbs distribution

𝐺𝐷 (𝐼 | 𝛽) =
1

𝑍
exp {𝐺𝐷 (𝑝 (𝐼

(𝑘)
)) − 𝐺𝐷


(𝑝 (𝑋))}

=
1

𝑍
exp {

𝑆

∑

𝑠=1

∑
𝑥,𝑦

𝛽𝑥,𝑦,𝑠 (𝑋𝑥,𝑦,𝑠 (𝐼))

−∑
𝑥,𝑦

𝑝 (𝐼)

𝑝𝑥,𝑦,𝑠 ⋅ (𝐼 − 𝑝 (𝐼))
} ,

(22)

where𝛽𝑥,𝑦,𝑠 is the low-dimensional image characteristic func-
tion set,𝑍 is the conventional constant that depends on𝛽, and
𝑋𝑥,𝑦,𝑠 = (𝐼, 𝛽𝑥,𝑦,𝑠). Assuming that the normal distribution is
𝑝(𝐼), 𝑝𝑥,𝑦,𝑠 is the normal distribution of 𝛽𝑥,𝑦,𝑠 under 𝐼 −𝑝(𝐼).
𝛽 could guarantee 𝑓

∗
(𝐼) = 𝑓(𝐼 | 𝛽). For each (𝑥, 𝑦, 𝑠), the

marginal distribution of𝜑(𝑥, 𝑦, 𝑠) is𝑝(𝑥, 𝑦, 𝑠).With any given
𝑓 = 𝑓(𝐼 | 𝛽), 𝐷(𝑝 |𝑓

∗
) ≤ 𝐷(𝑝 | 𝑓), the specific calculation

of the axiom is as follows:

𝐷(𝑝 | 𝑓) − 𝐷 (𝑝 | 𝑓
∗
)

= log
𝑍 (𝛽)

𝑍 (𝛽∗)
{

𝑆

∑

𝑠=1

∑
𝑥,𝑦

𝛽
∗
𝑥,𝑦,𝑠 (𝑋𝑥,𝑦,𝑘 (𝐼)) − 𝛽𝑥,𝑦,𝑠 (𝑋𝑥,𝑦,𝑘 (𝐼))}

= 𝐷 (𝑓
∗
|| 𝑓) ≥ 0.

(23)

In the formulation of 𝑓(𝐼 | 𝛽), 𝑓
∗ can be seen as the

best approximation of probability 𝑝, and it also can be
marked as the “maximum likelihood.” From the minimized
𝐷(𝑝 || 𝑓(𝐼 | 𝛽)) to the maximized 𝐸[log𝑓(𝐼 | 𝛽)], the mar-
ginal probability 𝜑(𝑥, 𝑦, 𝑠) can be 𝑝𝑥,𝑦,𝑠( ) for any (𝑥, 𝑦, 𝑠)

under 𝑝(𝐼). So𝐻(𝑓
∗
) − 𝐻(𝑓) = 𝐷(𝑝 || 𝑓

∗
).
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Consider the following:

𝐻(𝑓
∗
) − 𝐻 (𝑓) = 𝐸𝑞 [log 𝑞 (𝐼)] − 𝐸𝑓∗ [log𝑓

∗
(𝐼)]

= 𝐸𝑞 [log 𝑞 (𝐼)] − 𝐸𝑞 [log𝑓
∗
(𝐼)]

= 𝐷 (𝑞 || 𝑓
∗
) .

(24)

In order to model the observed image, we assume that
𝛽𝑥,𝑦,𝑠( ) = 𝛽𝑠( ), 𝛽 does not depend on (𝑥, 𝑦). We can continue
to parameterize the 𝛽𝑠 or normalize 𝛽 in a low-dimensional
scale. If we normalize 𝛽𝑠 in 𝑆 = 1, . . . , 𝐿 and make
𝛽𝑠(𝜑𝑥,𝑦,𝑠(𝐼)) = 𝛽𝑠𝑙, we could rewrite the Gibbs distribution
as follows:

𝐺𝐷 (𝐼 | 𝛽) =
1

𝑍
exp{

𝑆

∑

𝑠=1

∑
𝑥,𝑦

∑

𝑙

𝛽𝑥,𝑦,𝑠 (𝑋𝑥,𝑦,𝑠 (𝐼))

−∑
𝑥,𝑦

∑

𝑙

𝑝 (𝐼)

𝑝 (𝑥, 𝑦, 𝑠) ⋅ (𝐼 − 𝑝 (𝐼))
}

=
1

𝑍
exp{∑

𝑠

∑

𝑙

𝛽𝑠𝑙𝐻𝑘𝑙 (𝐼) − ∑
𝑥,𝑦

∑

𝑙

𝑝

(𝐼) ⋅ 𝐻𝑘 (𝐼)}

=
1

𝑍
exp{∑

𝑠

⟨𝛽𝑘, 𝐻𝑘 (𝐼)⟩} ,

(25)

where 𝐻𝑘(𝐼) = 𝑝𝑥,𝑦𝜑𝑥,𝑦,𝑠(𝐼) represents the quantity of the
effective points 𝜑𝑥,𝑦,𝑠(𝐼) which falls into the interval 𝑆 and
𝐻𝑘 = (𝐻𝑘, 𝐿) is the marginal matrix related to {𝜑𝑥,𝑦,𝑠, 𝑆}. If
we want to find the maximum estimate coefficient 𝛽, we need
to calculate the spatial-scale statistical coefficient𝐻𝑘(𝐼)

𝐸𝛽 [𝐻𝑘 (𝐼)] = {
1

𝑛

𝑛

∑

𝑘=1

𝐻(𝑝 (𝐼
(𝑘)

)) − 𝐻𝑘 (𝐼observed)} .

(26)

In other words, we need to match the spatial data and
the related model. The most suitable model is determined by
𝐻𝑘(𝐼observed), and 𝐸𝛽[𝐻𝑘(𝐼)] is an average parameter; value 𝛽
is a natural parameter. In the perceptual model, there will be
a global balance variable. We can make a minor adjustment

𝑝 (𝐼0 | 𝐼𝜌0) =
1

𝑍
exp{∑

𝑘

∑

𝑥,𝑦∈𝑝
0

𝛽𝑘 (Φ𝑥,𝑦,𝑠)}

+ ∑

𝑘

𝐸𝑤 [log
𝑝 (𝑤 | 𝐼𝑠)

𝑝 (𝑤 | 𝐹)
] ,

(27)

where 𝐼𝜌0 is the approximation value of global observation
estimated from observed spatial images. The local equilib-
rium parameter defined in any pixel will obey the specific
distribution
𝑝 (𝐼)

=
1

𝑍
exp{

𝐾

∑

𝑘=1

(𝐶𝑚,𝑘𝐵𝑘 + 𝜀𝑚 − 𝜂𝑗𝐹𝑗 (𝐼) 𝐵𝑘) + 𝜆

𝐾

∑

𝑘=1

𝑆 (𝐶𝑚,𝑘)} ,

(28)

where 𝜂𝑗 is local approximation for pixel 𝑝0. It is the only
distribution that has similar effects with perceptual model.

3. Enhanced Mean Shift Method

3.1. Mean Shift. In this section, we propose an enhanced
mean shift method. Our method uses the mathematical
recursion method [25]. The spatial tracking object will be
represented by a spatial histogram consisting of a weighted
evaluation, in which the probability estimation function
𝑝(𝑦) and 𝑞(𝑥0) are used to represent the potential motion
probability in images 𝐼(𝑦) and 𝐼(𝑥0). The histogram variables
can be expressed as follows:

𝑝 (𝑦) =
𝑐

|Σ|
2
∑

𝑖

𝑘 (𝑦𝑖 ∑𝑦
𝑇
𝑖 ) 𝛿 [𝑏𝑢 (𝐼 (𝑦𝑖)) − 𝑢]

+
𝑐

2|Σ|
1/2

∑𝑤𝑗,𝑘 (𝑦
𝑇
𝑗

−1

∑𝑦𝑗) ,

𝑞 (𝑥0) =
𝑐

|Σ|
2
∑

𝑗

𝑘 (𝑥𝑗 ∑𝑥
𝑇
𝑗 ) 𝛿 [𝑏𝑢 (𝐼 (𝑥𝑗)) − 𝑢]

+
𝑐

2|Σ|
1/2

∑𝑤𝑗,𝑘 (𝑦
𝑇
𝑗

−1

∑𝑦𝑗) ,

(29)

where 𝑦𝑖 = (𝑦𝑇𝑖 − 𝑦), 𝑥𝑗 = (𝑥𝑇𝑗 − 𝑥), and Σ are the
representatives of weight function, 𝑏𝑢(𝐼(𝑦𝑖)) and 𝑏𝑢(𝐼(𝑦𝑗))

are motion estimations for positions 𝑦𝑖 and 𝑦𝑗, 𝑤𝑗 is the
box parameter, 𝐶 is normalized constant, 𝑢 = 1, . . . , 𝑚, 𝑚
contains all the binary pixels, and 𝑦 and 𝑥 are the center of
related kernel function. The Bhattacharyya coefficient 𝜌 will
be used to detect similarity between tracking object area and
the potential background.

Consider the following:

𝜌 (𝑝, 𝑞)

=

∑𝑢 √𝑝𝑦 (𝑥, 𝑦, Σ) 𝑞𝑥

𝐿𝑥 (𝑖)
 ×


𝐿𝑦 (𝑗)



min(


𝐿𝑦 (𝑗)


𝐿𝑥 (𝑖)



,

𝐿𝑥 (𝑖)



𝐿𝑦 (𝑗)



) .

(30)
We apply the first-order Taylor sequence extension, in

which (𝑥, 𝑦) are the coordinates of the center position in the
previous frame, and then we obtain the following extended
formulas:

𝜌 = ∑
𝑢

1

2
√𝑝𝑦𝑞𝑥 (𝑥, 𝑦, Σ) +

𝑐

2|Σ|
2
∑

𝑗

𝜔𝑗𝑘 (𝑦
𝑇
𝑗 ∑𝑥

𝑇
𝑖 ) ,

𝜔𝑗 = ∑
𝑢

√
𝑝𝑦

𝑞𝑥
𝛿 [𝑏𝑢 (𝐼 (𝑦𝑗)) − 𝑢].

(31)

The center of kernel function can be determined by the
estimate of 𝜌(𝑥, 𝑦)

𝛿 = 𝛼1

𝑛

∑

𝑖=1

𝜌 (𝑥
𝑖
𝑝, 𝑥

𝑖
) + 𝛼2

𝑛

∑

𝑖=2


𝜌 (𝑥

𝑖
𝑝, 𝑥

𝑙
𝑝) − 𝜌 (𝑥

𝑖
, 𝑥

𝑙
)

.

(32)
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Figure 1: Enhanced mean shift method based on a perceptual spatial-space generation model.

In order to estimate the kernel function, the normalized
bandwidth will be applied to a similarity judgment. The nor-
malized bandwidth can be obtained by estimating |Σ|𝜌(𝑥, 𝑦)

∑𝜌 (𝑥, 𝑦) =
2

1 − 𝑟

∑
𝑛
𝑗=1 𝜔𝑗𝑥𝑗 (𝑦

𝑇
𝑗 ∑

−1
𝑥
𝑇
𝑖 ) 𝑔

∑
𝑛
𝑗=1 𝜔𝑗𝑘 (𝑦𝑇𝑗 ∑

−1
𝑥𝑇𝑖 )

+
1

𝑁pre

𝑁pre

∑

𝑖=1

max
𝑗

⟨𝐷
𝑖
pre, 𝐷

𝑗
cur⟩ ,

(33)

where𝑦𝑇𝑗 = (𝑦𝑗−𝑦) could accurately determine𝜌(𝑥, 𝑦). Equa-
tions (32) and (33)will be calculated in an alternative iteration
until the estimated parameters can cover all the variables.

3.2. Estimation of Spatial Shape Parameters. We also use
the iterated function to determine boundary parameter 𝑉(2)

𝑇 ,
which contains five fully adjustable affine box parameters.
These parameters are the width, height, length, orientation,
and center location. The orientation 𝜃 will be defined as the
angle between the horizontal and width matrix.The box with
width 𝑤 and height ℎ is the ellipse area between the long and
short coordinate system.The relationship between 𝜃, ℎ,𝑤 and
the bandwidth matrix Σ can be expressed as follows:

Σ = 𝑅
𝑇
(𝜃)

[
[
[

[

(
ℎ

2
)

2

0

0 (
𝜔

2
)

2

]
]
]

]

𝑅 (𝜃) ,

where 𝑅 = [
cos 𝜃 − sin 𝜃

sin 𝜃 cos 𝜃 ] .

(34)

These parameters can be calculated using the octave de-
composition method [26]; the specific formula is as follows:

𝑃 (𝑓
pre
𝑡 | 𝑓

cur
𝑡 )

= {
𝑁 (𝑓

pre
𝑡 : 𝑓

cur
𝑡 , diag [𝜎2

𝑤, 𝜎
2
ℎ , 𝜎

2
𝑙 , 𝜎

2
𝑜 , 𝜎

2
𝑐 ]) , if 𝑓cur

𝑡 is not null,

𝑃V1, if 𝑓cur
𝑡 is null,

(35)

where 𝑓
pre
𝑡 and 𝑓

cur
𝑡 are the octave decomposition compo-

nents of the previous frame and the current frame.

3.3. Spatial Object Tracking Using Enhanced Mean Shift. In
order to limit the possibility that background pixels appear
in the tracking object, we use a relatively small elliptical area,
in which the contract domain is determined by the factor 𝐾;
in our experiments,𝐾 = 0.7.The elliptical area can be defined
as follows:

𝐸𝐴 = √1 −

𝑀

∑

𝑖=1

∑
𝑢

𝑝
𝑖,(𝑗)
𝑢 (𝑦, Σ) 𝑞

𝑖,(𝑗)
𝑢

+
1

2

𝑀

∑

𝑖=1

𝐶𝑀

Σ𝑖

1/2

𝑁

∑

𝑗=1

𝑤
V
𝑗𝑘(𝑦

𝑇
𝑗

−1

∑
V

𝑦𝑗) .

(36)

In our proposed method, we should determine whether
the previous frame motion area (Object 𝐴) will be used to
guide the next frameobject (Object𝐵) tracking. If the number
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Figure 2: Contour evolution on spatial video sequences. (a) Original video frame and (b)–(d) contour evolution from a coarse to fine scale.

of continuous characteristic pixels and the Bhattacharyya
coefficient for 𝐴 are both higher, the initial rectangular
tracking area for 𝐵 will refer to 𝐴’s settings, and the tracking
area will be determined by the previous frame mean shift.

Consider the following:

𝑉
(2)
𝑡

=

{{{

{{{

{

𝑉
(1)
𝑡 , if dist𝑡 =

4

∑
𝑘=1

𝑥𝑡,𝑘 − 𝑥𝑡−1,𝑘

2
< 𝑇

(2)
1 ,

𝑉
(2)
𝑡−1, if dist𝑡 =

4

∑
𝑘=1

𝑥𝑡+1,𝑘 − 𝑥𝑡,𝑘

2
< 𝑇

(2)
2 ,

(37)

where 𝑇
(2)
1 and 𝑇

(2)
2 determine the threshold value. In order

to solve drift and error propagation, we use enhanced mean
shift for frame resampling. The object tracking resampling
operation can be summarized as follows:

𝜌 ≈

𝑀

∑

𝑖=1

∑
𝑢

1

2
√𝑝𝑖
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(2)
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∈𝑅
𝑡

𝑅
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𝑡−1

2
Σ𝑖


1/2

√𝑤𝑖
𝑡𝑉

(obj)
𝑡−1 (𝑦𝑇𝑗

−1

∑

𝑖

𝑦𝑗),

where 𝑅𝑡 ← 𝑅
(obj)
𝑡−1 , 𝑉𝑡 ← 𝑉

(obj)
𝑡−1 , 𝜌𝑡 ← 0,

(38)

where 𝑥
(2)
𝑡,𝐼 and 𝑥

(2)
𝑡−1,𝐼 are the four-dimensional motion areas

in frames 𝑡 and 𝑡−1 and𝑇
(2)
3 and𝑇

(2)
4 are the threshold values

determined by the graphic distance and the similarity shape.

4. Experimental Result

We conducted experiments on four different spatial video
sequences, in which tracking objects are spatial satellites and
aircrafts. We uniformed the sequence image size for the same
spatial resolution; each frame is 320 × 256. The superiority
of our proposed algorithm will be validated by an intuitive
performance and objective evaluation.

4.1. Contour Evolution in Prototype Pyramid. Contour evo-
lution experimental results are shown in Figure 2. Each
prototype pyramid layer is calculated independently. The
performances have shown that the contour evolution has a
better continuity in the layer-by-layer prototype pyramid, and
the approximate effects are derived from a perceptual spatial-
space generation model and are closer to the human visual
perception system.

4.2. Markov Random Field Representation. The Markov ran-
dom field representation is shown in Figure 3.The significant
representative region derivate from the perceptual spatial-
space generation model contains significant feature infor-
mation, which is closely related to the different color and
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(a) (b) (c)

Figure 3: Markov random field representation in the perceptual spatial-space generation model. (a) Original frame and (b)–(c) initial and
global smoothing representation.

texture distribution in the spatial area. The experimental
results show that the region representation effect, which has
been smoothed, could highlight the sensitivity of the motion
area more than the initial representation.

4.3. Enhanced Mean Shift Object Tracking. We conducted
experiments on the ten video sequences, in which the track-
ing objects include spatial satellite and aircraft, highway and
park surveillance, and the human body. The enhanced mean
shift conducted an iterative calculation 20 times on each
video sequence. The normalized matrix bandwidth parame-
ters are determined by a different experimental sample. In our
experiments, it is 0.63 for video sequences 1, 2, and 3, 0.42 for
video sequences 4 and 6, 0.56 for video sequences 5 and 8,
0.21 for video sequence 7, and 0.60 for video sequence 9 and
10.

4.3.1. Satellite-1, 2, and 3. Tracker-1: the particle filter will
have a negative impact on the horizontal direction, and the

motion estimation will appear noncontinuous. Tracker-2: the
distance metric learning will affect motion area determi-
nation, and the rectangular window tracking will produce
some deviation. Our proposed algorithm can better track the
spatial objects, and satellites and aircraft can be completely
contained in the rectangular window with a similar color
distribution and background quiver. The edge deviation
variance can be controlled well using spatial object detection,
with no offset and blurring.

4.3.2. Automobile-1 and 2. In a nighttime environment, as
the weak light and brightness, Tracker-1 and Tracker-2 obtain
a vague tracking result, and the confusion area between
background and the tracking object becomes larger. In the
Automobile-2 sequence in particular, as the illumination
from other automotive foreground lamps, Track-1 produces
particularly serious deviation. Our proposed enhancedmean
shift method could distinguish the tracking object from
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Figure 4: Experimental results from the tracking, marked by the bounding box. The red (solid line) box is from our proposed method, the
blue (dashed line) box is Tracker-1 from the particle filters in [27], and the green (dashed line) box is Tracker-2 from the online distancemetric
learning in [28].The rows 1–10 contain images from the videos “Satellite-1,” “Satellite-2,” “Satellite-3,” “Automobile-1,” “Running,” “Automobile-
2,” “Highway,” “Walking,” “Automobile-3” and “Walking-2,” respectively.
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Figure 5: Euclidian distances between the tracked and artificially marked areas. Red curve: our proposed method; blue curve: Tracker-1 in
[27]; green curve: Tracker-2 in [28].
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Figure 6: Bhattacharyya distances between the tracking method and the artificial markers. Red curve: our proposed method; blue curve:
Tracker-1 in [27]; green curve: Tracker-2 in [28].

background confusion, and the tracking results do not appear
to obviously deviate.

4.3.3. Highway. Tracker-1: this method will lose the tracking
center in some frames.There are some cross-rectangular win-
dows between the far and close vision sequences. Shape
errors exist in the rectangle window estimations. Tracker-
2: the tracking results also have a tracking deviation in the

far vision. Our proposed method can maintain consistency
between different visions and does not appear to have huge
deviations.

4.3.4. Running, Walking. There are no obvious differences
between the different methods. Except for some slow motion
(walking body), Tracker-2 shows some partial deviations.
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Table 1: Results of the averaged Euclidian distance over all frames
in each video.

Video Tracker-1 Tracker-2 Proposed
Satellite-1 38.41 39.60 17.82
Satellite-2 60.97 60.44 23.45
Satellite-3 65.41 56.37 23.32
Automobile-1 27.64 28.22 14.23
Running 24.53 25.76 16.44
Automobile-2 52.67 59.21 32.87
Highway 22.16 21.06 10.54
Walking 25.29 23.19 12.73
Automobile-3 36.53 36.47 25.71
Walking-2 33.46 33.43 23.42

4.3.5. Automobile-3, Walking-2. These cases are used to
further test the robustness of our proposed method in the
scene containing two or more moving objects. We could
observe that Tracker-2 results in less accurate boxes probably
due to its poor estimate of different moving object center
position in the same scene. The performance of Tracker-1 is
somewhat better; however, it also produces partial deviations.
Our proposed method is more robust when dealing with
scenarios of two or more moving objects.

4.4. Objective Evaluation. We use three objective evaluations
for evaluating the object tracking performance (Figure 4).

4.4.1. Euclidian Distance. The Euclidian distance is the dis-
tance between rectangular windows obtained by tracking
methods and the artificially marked. The specific calculation
is as follows:

𝐷 =
1

4

4

∑

𝑖=1

√(𝑥𝐴,𝑖 − 𝑥𝐺𝑇,𝑖)
2
+ (𝑦𝐴,𝑖 − 𝑦𝐺𝑇,𝑖)

2
, (39)

where (𝑥𝐴,𝑖, 𝑦𝐴,𝑖), (𝑥𝐺𝑇,𝑖, 𝑦𝐺𝑇,𝑖), and 𝑖 = 1, 2, 3, 4 are corner
coordinates of the rectangular window calculated by tracking
methods and artificially marked. Figure 5 shows the Euclid-
ian distance between the tracked and artificiallymarked areas
for our proposed method and the two other trackers on the
videos.

The averaged Euclidian distance calculated on all videos
is shown in Table 1. Compared to the distance values from
Tracker-1 and Tracker-2, our proposed method clearly shows
smaller and bounded Euclidian distances for the tested
videos.

4.4.2. Mean Square Errors (MSEs). We have

MSE =
1

𝑁

𝑁

∑

𝑖=1

√(𝑥𝐴𝑖 − 𝑥𝐺𝑇𝑖 )
2
+ (𝑦𝐴𝑖 − 𝑦𝐺𝑇𝑖 )

2
, (40)

where (𝑥
𝐴
𝑖 , 𝑦

𝐴
𝑖 ), (𝑥

𝐺𝑇
𝑖 , 𝑦

𝐺𝑇
𝑖 ) is the center of the tracking area

obtained by methods and artificially marked, respectively. 𝑁
is the total number of video sequence frames.The experimen-
tal results are shown in Table 2 and, it can be seen that our

Table 2: Results of averaged MSE errors for the tracked box from
our proposed method, Tracker-1, and Tracker-2.

Video Tracker-1 Tracker-2 Proposed
Satellite-1 2.7865 6.2853 1.5866
Satellite-2 5.2368 13.4572 3.2914
Satellite-3 15.7326 12.3574 5.1233
Automobile-1 6.2357 7.8211 2.5671
Running 8.4596 7.7324 1.9635
Automobile-2 14.3687 18.5964 4.2158
Highway 4.2365 3.2151 1.1623
Walking 7.5642 9.2534 3.1486
Automobile-3 9.7749 10.1037 4.3357
Walking-2 8.9681 9.6614 4.0654

proposed method has the minimum MSE, which means it
has the lowest tracking deviation. Our method has obvious
advantages compared to other methods.

4.4.3. Bhattacharyya Distance. TheBhattacharyya distance is
used to judge the deviation degree between the tracking area
and the actual motion area. The specific calculation method
is as follows: mean𝐴 and mean𝐺𝑇 are the mean vectors with
respect to the tracking area and are calculated by our method
and artificially marked. The variables cov𝐴 and cov𝐺𝑇 are
covariance matrices with respect to the tracking area and are
calculated by our method and artificially marked.

Consider the following:

BD =
1

8
(mean𝐴 −mean𝐺𝑇)

𝑇
[
cov𝐴 − cov𝐺𝑇

2
]

−1

× (mean𝐴 −mean𝐺𝑇) +
1

2
ln

(cov𝐴 + cov𝐺𝑇) /2


cov𝐴

1/2cov𝐺𝑇


1/2

.

(41)

The Bhattacharyya distance between the tracked object
area and the artificial marked region is shown in Figure 6.
Among nine case studies, our proposed method has shown a
marked improvement on the tracking accuracy as compared
with the two existing trackers (Tracker-1 and Tracker-2).
It is mainly due to our combination of perceptual spatial-
space generation model and the enhanced mean shift. The
averaged Bhattacharyya distance on different video is shown
in Table 3. Our proposed method has the smallest average
tracking deviation between different methods.

5. Conclusions

In this paper, we propose a new intelligent modeling method
using the enhanced mean shift method based on a per-
ceptual spatial-space model for spatial object tracking. The
perceptual spatial-space model can obtain a continuous
spatial object contour and highlight tracking object saliency.
Enhanced mean shift method uses enhanced version mean
shift, which focuses on the estimation of spatial shape param-
eters. The method could effectively cope with severe spatial
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Table 3: Averaged Bhattacharyya distances for our proposed
method, Tracker-1, and Tracker-2.

Video Tracker-1 Tracker-2 Proposed
Satellite-1 1.2965 1.2891 0.5669
Satellite-2 1.1051 1.1902 0.4978
Satellite-3 1.2239 1.2536 0.5564
Automobile-1 0.8567 0.8944 0.4523
Running 0.9812 0.8845 0.4808
Automobile-2 1.8749 1.9861 0.7126
Highway 0.7746 0.7983 0.4533
Walking 1.7622 1.7906 0.6854
Automobile-3 1.7170 1.7699 1.0247
Walking-2 1.6012 1.6204 0.8040

interferences. The comparison between our method and
other state-of-the-art methods demonstrates that our pro-
posed method has a higher tracking accuracy and precision.
In future research, we can incorporate more spatial object
information, such as spatial textures and aircraft shapes, into
our intelligent model to generate a more robust spatial object
tracking method.
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Mobile ad hoc networks (MANETs) are gaining popularity in recent years due to their flexibility, the proliferation of smart
computing devices, and developments in wireless communications. Due to the mobile nature of the network, creating reliable
clusters that can sustain for long period of time is a challenging problem. In this paper, we use probabilistic analysis to guide our
clustering algorithm towards more reliable clusters. We also use scatter search to perform clustering while considering various
performance metrics. Experiment results show that our clustering approach produces more reliable clusters than prior approaches.

1. Introduction

In recent years, wireless technologies have gained a lot of
popularity. The worldwide proliferation of wireless devices,
such as laptop computers and smart phones, has underscored
the importance of mobilecomputing in our daily lives. Some
applications of mobile computing do not depend on a
preexisting infrastructure, such as routers in wired networks
or access points in wireless networks; their communication
can utilize a mobile ad hoc network (MANET). A MANET
is a self-configuring, infrastructureless, wireless network of
mobile devices. Many standardized technologies support
MANET, such as Bluetooth [1], IEEE 802.11 (WiFi) [2], IEEE
802.15.3 (Wireless PAN) [3], and Ultra-Wideband (UWB).
A mobile ad hoc network enables us to setup a temporary
mobile network for instant communication without any fixed
infrastructure. It has great application potential in a variety
of areas such as emergency rescue, disaster relief, mobile
conferencing, law enforcement, battle field communications.
It has been shown that a hierarchical network architecture
will outperform a flat structure for large MANET regardless
of routing schemes [4–6]. A typical implementation of a
hierarchical architecture is through a clustered structure.
Choosing clusterheads optimally is an NP-hard problem [7].

1.1. Reliability Characterization. Reliability for mobile ad
hoc networks can be divided into three categories: mobile

coverage reliability, clusterhead reliability, and communica-
tion reliability.

(i) Mobile Coverage Reliability. Mobile nodes in the cluster
can move out of the transmission range of the clusterhead.
If a mobile node cannot find any other clusterhead within
its transmission range, it will trigger a reclustering of the
entire mobile ad hoc network. Reclustering is costly because
it completely destroys the previous cluster architecture and
triggers a lot of message exchanges in order to build new
clusters. Frequent reclustering can severely affect the network
performance, bandwidth allocation, and scheduling proto-
cols. Hence, there is a practical need to minimize the number
of reclustering for MANETs.

(ii) Clusterhead Reliability. Mobile nodes are powered by
batteries. If they run out of energy, they will not be able
to participate in the mobile ad hoc network. In particular,
clusterheads tend to consume a lot more energy than clus-
termembers. If a clusterhead runs out of battery, it will also
trigger a reclustering of the entire mobile ad hoc network.
Hence, it is important to reduce the power consumption of
clusterheads and keep their energy high enough to last for
longer time.

(iii) Communication Reliability. Communication links
between some network nodes can also be unreliable. During
network communication, packets/messages can get lost
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when routing through these unreliable links. This problem
also happens in classic communication networks, and there
is a lot of related research [8].
In this paper, we focus on the first two categories (mobile
coverage reliability and clusterhead reliability) because they
pertain specifically to the mobile ad hoc nature of the
network.

1.2. Reliability-Based Clustering. Prudent clustering for
mobile ad hoc networks can address the concern for mobile
coverage reliability and clusterhead reliability.

(i) If we can choose the clusterheads such that every
mobile node can always find a clusterhead within its
transmission range along itsmobile path, there will be
no reclustering due to mobile coverage.

(ii) Thepower used to support awireless link is essentially
proportional to the distance between mobile nodes
[9]. Since clusterheads are responsible for a lot of the
network communication infrastructure, the power
usage of clusterheads is proportional to the distance
between clusterheads and their clustermembers. If
we can form clusters where clusterheads and cluster-
members have close geographical proximity, we can
reduce the power consumption of clusterheads.

(iii) When electing mobile nodes for clusterheads, we can
examine the energy (or battery storage) level for every
node and elect nodes withmore energy level.This will
improve clusterhead reliability.

1.3. Prior Work. In [10, 11], the authors present a weighted
clustering heuristic that combines various metrics for clus-
tering, such as the number of nodes connected to a clus-
terhead, transmission power, mobility, and battery power of
the nodes. This approach has been improved with genetic
algorithm [12] and simulated annealing [13]. The weighted
clustering algorithm was relatively simplistic and may not
be able to capture complex scenarios such as group mobility
[14]. Hence, a modified approach considering stability with
multiobjective evolutionary algorithm was presented in [15].
Another stability-based clustering approach was presented in
[16] but it did not consider other factors such as transmission
power and battery life. Further investigation on battery
power and clustering can be found in [17]. Reliability aware
routing was investigated in [18]. Surveys of various clustering
schemes can be found in [19–21].

Prior works on stable clustering focus on maintaining a
stable link between the clusterhead and its members. They
measure the velocity of the clusterhead [10, 11], and also the
relative distance between the clusterhead and its members
[15], forming a stable neighborhood in various ways [15, 16]
such that the nodes being picked as clusterheads will have a
stable set of clustermembers.

1.4. Our Contribution. There is a better way to improve
the mobile coverage reliability of clusters. When a mobile
node moves out of the transmission range of its original
clusterhead, it will look for other clusterheads nearby within

A B
X

Figure 1: Mobile node X moving from cluster A to cluster B.

Head Head

A B

X

Y

Figure 2: Nodes and clusterheads moving in different directions.

the transmission range andwith sufficient capacity to support
additional clustermembers. If found, the node will join
that cluster, thus avoiding reelection of the clusterheads.
Reclustering is only needed if current set of clusterheads
cannot cover all mobile nodes [10, 11]. An example is shown
in Figure 1, when node X moves out of the range of cluster
A and joins cluster B, there is no reclustering. In this paper,
we exploit this opportunity to improve the chances of mobile
nodes finding alternative clusters when they moves out of the
range of their original clusterhead. Experiment results show
that our method reduces the number of reclusterings.

Prior clustering algorithms only pick certain nodes as
clusterheads, while the rest of the nodes are left to freely
join any (neighboring) clusterheads as clustermembers by
themselves. However, consider the scenario in Figure 2.
Nodes A and B are clusterheads. Nodes X and Y can choose
to join either cluster A or cluster B. If node X joins cluster A,
they will end up moving in opposite directions and node X
will need to choose a new clusterhead. Even if there is another
clusterhead (such as B) nearby, it may not have the extra
capacity to handle node X. However, if node X joins cluster
B in the original clustering, they will both move in the same
direction and node X can stay with the same cluster longer.
Thus the MANET clustering would be more stable. Similarly,
node Y should better join cluster A instead of cluster B
because they will be more stable due to their movements.

In this paper, we propose a new clustering scheme. While
deciding the clusterheads, we also decide the clustermembers
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of each cluster. The cluster membership will be broad-
casted/communicated as an advice to each node. We use
scatter search to optimize the clustering solution. Experiment
results show that our clustering approach produces more
reliable clusters over a diverse set of random scenarios.

2. Preliminaries

In this section, we introduce basic concepts and terminolo-
gies. Given a mobile ad hoc network, we use𝑀 to denote the
set of mobile nodes in the network. Given a node V ∈ 𝑀, we
use𝑁(V) to represent the set of nodes in the neighborhood of
node V:

𝑁(V) = {V

| V

∈ 𝑀 ∧ dist (V, V) < 𝑟} , (1)

where 𝑟 is the transmission range of node V and dist(V, V)
is the distance between nodes V and V. The mobile ad
hoc network is organized by clusters. Each cluster has a
clusterhead, and the rest of its nodes are clustermembers. We
use𝐻 to denote the set of clusterheads in the mobile ad hoc
network. The degree of a clusterhead V, 𝑑V, is the number of
members in its cluster. The capacity (threshold) 𝛿V represents
the number of neighbors that node V can optimally handle
as a clusterhead. The degree difference Δ V = |𝑑V − 𝛿V| is the
absolute difference between the degree and the capacity of
node V.

According to [9], the power used to support a wireless
link is essentially proportional to the distance in MANETs.
Hence, the power consumption of a clusterhead node V is
proportional to the sum of the distances between this node
V and its clustermember nodes. Hence we have

distV = ∑

V∈𝐶(V)

dist (V, V) . (2)

Suppose each node V can calculate its residual battery
energy 𝐸V, then the remaining battery lifetime lifeV is

lifeV =
𝐸V

DistV
. (3)

Given a minimization problem with𝑚 objectives, we use
𝑥 ≺ 𝑦 to denote that solution 𝑥 dominates solution 𝑦:

𝑥 ≺ 𝑦 = 𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑦) ∧ ∃𝑗 : 𝑓𝑗 (𝑥) < 𝑓𝑗 (𝑦) , (4)

where 𝑓𝑖 is the objective function of 𝑖th objective.
The clustering algorithm is invoked at the beginning to

determine clusterheads and their members. This clustering
organization will sustain as long as the clusterheads and
their member are within each other’s transmission range. If a
clustermember moves out of the transmission range from its
original clusterhead, it will find another clusterhead nearby
within the transmission range and with sufficient capacity
to handle this node. If found, this node will join the nearby
clusterhead. Otherwise, the reclustering will be needed.

3. Our Clustering Approach

The MANET clustering problem is to partition 𝑀 into a set
of clusters, 𝐶 = {𝑐1, 𝑐2, . . . , 𝑐𝑁}, such that

𝑐1 ∪ 𝑐2 ∪ ⋅ ⋅ ⋅ ∪ 𝑐𝑁 = 𝑀. (5)

For each cluster 𝑐 ∈ 𝐶, the head node (clusterhead) is denoted
by ℎ(𝑐). The relative distance between each node and its
clusterhead must lie within a transmission range 𝑟, that is,

∀𝑐 ∈ 𝐶, ∀𝑛 ∈ 𝑐, dist (𝑛, ℎ (𝑐)) < 𝑟. (6)

Prior clustering algorithms only focus on deciding clus-
terheads, while the rest of the nodes are left to freely
join any (neighboring) clusterheads as clustermembers by
themselves.Wepropose a slightmodification to the clustering
scheme. While deciding the clusterheads, we also decide the
clustermembers of each cluster. The cluster membership will
be broadcasted/communicated as an advice to every node.

One of the reliability objectives is to avoid reclustering.
There are two factors that prevent the clustering algorithm
from being reinvoked:

(1) creating stable clusters in which clusterheads and
their clustermembers are always within transmission
range.

(2) strategically pick clusterheads so that even if a clus-
termember moves out of the transmission range from
its original clusterhead, it can become the member of
another clusterhead nearby.

Prior clustering schemes focus only on the first idea. In this
paper, we take advantage of both ideas.

To create stable clusters, we consider the average relative
distance as well as the current relative distance between two
nodes when deciding whether they should be put into the
same cluster.

We define the average neighborhood 𝑁(V) of a node V to
be the set of nodes with average relative distance within the
transmission range 𝑟:

𝑁(V) = {V

| V

∈ 𝑀 ∧ dist (V, V) < 𝑟} , (7)

where dist(V, V) is the average relative distance between
nodes V and V. If any node V becomes a clusterhead, we
only pick its clustermembers from the intersection of its
neighborhood and its average neighborhood 𝑅(V) = 𝑁(V) ∩

𝑁(V).
To improve the chances of a node finding another cluster

when moving out of range from its original clusterhead, we
perform a probabilistic analysis for the clustering solutions.

Given a node V which is a clustermember, we can find all
the clusterheads ℎ(V) within its average neighborhood:

ℎ (V) = {V

| V

∈ 𝐻 ∧ V


∈ 𝑁 (V)} . (8)

The probability of node V finding another clusterhead V is
dominated by the values of 𝑟, dist(V, V), and 𝜎V,V , where 𝜎V,V
is the standard deviation of the relative distance between
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V and V. The probability is higher if the difference (slack)
between the transmission range and their relative distance, 𝑟−
dist(V, V), is larger. The probability is smaller if the standard
deviation of the relative distance is larger. Hence, we can
model the chances of node V finding another clusterheadwith
the probability measure 𝑃(V):

𝑃 (V) = ∑

V∈ℎ(V)

𝐾
V

V

𝑟 − dist (V, V)
𝜎V,V

, (9)

where 𝐾
V

V is a constant. The mobile coverage reliability
is determined by the minimum probability measure of all
clustermembers in the network:

𝑃min = min {𝑃 (V) | V ∈ 𝑀 \ 𝐻} . (10)

Given a mobile ad hoc network with a set of mobile node
𝑀, we want to partition the nodes into clusters based on the
following objectives:

(1) to maximize the minimum probability measure �̃�min

(2) to minimize the total power consumption of all
clusterheads, dist,

dist = ∑

𝑐∈𝐶

Distℎ(𝑐), (11)

(3) tomaximize theminimum lifetime of all clusterheads,
Life

Life = Min {Lifeℎ(c) | 𝑐 ∈ 𝐶} , (12)

(4) to minimize the total degree-difference of all cluster-
heads, Δ

Δ = ∑

𝑐∈𝐶

Δ ℎ(𝑐). (13)

Objective (1) is related to mobile coverage reliability. Objec-
tives (2) and (3) are related to clusterhead reliability.

4. Scatter Search

The main idea of scatter search is to operate on a set of
solutions, called the reference set, which strives to main-
tain both diversity and optimality. Scatter search combine
solutions from the reference set to create new ones. Unlike
a “population” in genetic algorithms, the size of the ref-
erence set in scatter search tends to be small. In genetic
algorithms, we can randomly choose two solutions and apply
a “crossover” or other combination operator to generate one
ormore offspring. A typical population in a genetic algorithm
has 100 solutions, which are randomly sampled to generate
combinations. In contrast, scatter search chooses two ormore
solutions from the reference set in a systematic way to create
new solutions.Hence, the size of the reference set is kept small
to allow all possible combination pairs.

The original idea of scatter search was introduced by
Glover for integer programming [22] in 1977. It was later com-
bined with Tabu search [23]. Glover presented a generalized
template for scatter search [24] in 1998. More details can be
found in [25–27].

(1) for 𝑖 = 0 to𝑀𝑎𝑥𝐼𝑡𝑒𝑟 do
(2) pool of solutions 𝑃 := Diversification()
(3) for 𝑝 ∈ 𝑃 do
(4) 𝑝:= {𝑝} ∪ Improvement(𝑝)
(5) 𝑅𝑒𝑓𝑆𝑒𝑡 := Reference Set Update(𝑝)
(6) end for
(7) repeat
(8) pool of subsets 𝑆 := Subset Generation(𝑅𝑒𝑓𝑆𝑒𝑡)
(9) for (𝑠1, 𝑠2) ∈ 𝑆 do
(10) 𝑠


:= Solution Combination(𝑠1, 𝑠2)

(11) 𝑠 := {𝑠

} ∪ Improvement(𝑠)

(12) 𝑅𝑒𝑓𝑆𝑒𝑡 := Reference Set Update(𝑠)
(13) end for
(14) until 𝑅𝑒𝑓𝑆𝑒𝑡 remains the same
(15) end for

Algorithm 1: Scatter search.

4.1. Basic Framework. Scatter search is built using the follow-
ing basic operations.

(i) Diversification: it generates a collection of diversified
trial solutions.

(ii) Improvement: it enhances a trial solutionwith poten-
tially better quality or diversity.

(iii) Reference Set Update: it maintains the reference
set using the trial solution. The set membership is
determined by solution quality or diversity.

(iv) Subset Generation: it systematically selects subsets
from the reference set to combine them into new
solutions.

(v) Solution Combination: it transforms a given subset
of solutions from Subset Generation into new solu-
tions.

The high-level view of our scatter search implementation is
shown in Algorithm 1.

4.2. Diversification. In diversification, we randomlygenerate
a pool of trial solutions. To generate each solution, we start
with a set of unassigned nodes 𝑈 = 𝑀. We randomly
pick a node V ∈ 𝑈, where the probability of picking each
node V is biased by |𝑅(V)|. This will ensure nodes with
larger neighborhood and average neighborhood to be picked
earlier. For each picked node V, we first assign it to be a new
clusterhead, and then randomly shuffle its neighbor nodes
in 𝑅(V). For all the unassigned nodes in 𝑅(V), we will assign
them one by one to be the clustermember of V, until the
cluster V reaches its capacity limit 𝛿V. We repeat this process
to pick other nodes and other clusters, until all nodes have
been assigned. This will ensure that all the clustermembers
are within the transmission range of their clusterhead.

As we generate more and more trial solutions in the
diversification pool, we adjust the bias of each node V with
increasing offset to diminish the effect of |𝑅(V)|, such that
nodes with smaller neighborhoods will have a fairer chance
of getting picked.
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4.3. Improvement. To improve the quality or diversity of the
trial solution, we introduce three tactics: (1) randomly reelect
the head of each cluster, (2) heuristically reelect the head
of each cluster, and (3) perturb the clustermembers of the
solution. Each of these tactics will produce a new solution,
and we pass all of them together with the original trial
solution to update the reference set.

4.3.1. Random Clusterhead Reelection. For each cluster, we
randomly pick a node. If the node can reach all clustermem-
ber nodes within the transmission range, it will become the
head of its cluster.

4.3.2. Heuristic Clusterhead Reelection. Given a cluster of
nodes, we first identify the potential candidates for cluster-
head. These candidates must be able to reach all cluster-
member nodes within their transmission ranges. For each
candidate, we computer the maximum of the average relative
distance between the candidate and any clustermember node.
The candidate with the lowest maximum will be picked as
clusterhead.

4.3.3. Perturb Solution. To perturb a solution, we identify
nodes with multiple clusterheads within their transmission
ranges, and the average relative distances from these nodes to
thosemultiple clusterheads are also within their transmission
ranges. Hence, these nodes have alternative clusters to join.
We randomly pick some of these nodes to move to their
respective alternative clusters.

4.4. Reference Set Update. The purpose of reference set is
to retain a few elite solutions with the best quality or
diversity. Since we have multiple optimization objectives, we
use nondominated sorting to pick solutions with the best
quality. We split our reference set into two subsets, a high
quality subset and a high diversity subset, which is similar to
the ideas in [28–30] where the reference set is also split into
two subsets.

Tomeasure diversity, we introduce a concept of clustering
difference. Suppose we are given two clustering solutions 𝐶𝐴

and 𝐶𝐵; we compute the difference score using the following
scheme.

(1) For every clusterhead in 𝐶
𝐴, if the node is not a clus-

terhead in 𝐶
𝐵, increment the score by the cardinality

of the cluster in 𝐶
𝐴.

(2) For every clusterhead in 𝐶
𝐵, if the node is not a clus-

terhead in 𝐶
𝐴, increment the score by the cardinality

of the cluster in 𝐶
𝐵.

(3) For every node that is a clusterhead in both 𝐶
𝐴 and

𝐶
𝐵, increment the score by the absolute difference in

the cardinality of the cluster in 𝐶
𝐴 and 𝐶𝐵.

4.5. Subset Generation and Solution Combination. In Subset
Generation, we systematically generate all pairwise combina-
tions from the reference set. For each pair of solutions, we
combine them to create new solutions.

Table 1: Random experiments.

Alg Calls Δ Power Lifetime
WCA 120.0 35.0 1276.72 2628621.20
SA 239.0 38.1 2252.21 924750.45

Scenario 1 GA 190.0 35.0 1276.09 3114806.84
MOEA 25.0 35.2 1435.13 2104599.68
Ours 22.2 30.1 1318.61 2783563.66
WCA 970.0 25.0 3207.82 1018304.98
SA 970.9 32.0 3409.93 730274.92

Scenario 2 GA 975.0 37.0 3596.76 612649.47
MOEA 375.2 28.6 2776.77 1498541.71
Ours 363.0 32.2 2673.35 1460839.50
WCA 999.0 24.0 3565.14 896697.38
SA 995.2 34.5 3783.96 594590.42

Scenario 3 GA 996.0 33.0 3562.35 751293.98
MOEA 120.6 57.5 2658.63 1981888.65
Ours 115.2 65.8 2503.66 2250301.86
WCA 282.0 24.0 3546.54 770192.05
SA 401.7 31.1 3641.09 658183.64

Scenario 4 GA 453.6 27.0 3877.86 599849.35
MOEA 100.9 28.4 3279.22 1057580.01
Ours 77.0 38.2 2855.70 1460495.10
WCA 385.0 29.0 3635.96 780614.45
SA 520.5 39.8 3684.19 528506.76

Scenario 5 GA 539.3 38.0 3842.48 382091.35
MOEA 106.5 33.0 3095.48 934557.61
Ours 64.7 43.8 2303.02 2024360.09
WCA 244.0 29.0 1872.88 1760353.32
SA 471.8 32.6 2366.21 1217731.34

Scenario 6 GA 477.0 32.0 2240.39 850329.92
MOEA 57.2 26.5 2380.38 1252280.17
Ours 23.6 33.7 1674.88 2850557.03
WCA 565.0 30.0 2787.32 806865.69
SA 731.7 31.4 3426.67 636318.24

Scenario 7 GA 770.0 36.0 3338.92 480890.51
MOEA 99.8 29.6 2707.97 1183808.40
Ours 64.6 33.0 2244.37 1808681.33
WCA 955.0 14.0 3759.78 1175884.00
SA 964.6 32.1 3960.76 554502.83

Scenario 8 GA 973.0 37.0 3929.95 616480.55
MOEA 82.9 81.0 2286.75 2169811.24
Ours 71.1 85.4 2197.82 2752915.84
WCA 110.0 25.0 1276.72 2628623.69
SA 228.2 28.5 1947.18 1376451.71

Scenario 9 GA 176.0 25.0 1276.09 3114827.01
MOEA 13.7 28.2 1372.77 2711002.96
Ours 14.4 33.1 1322.53 3127514.25
WCA 974.0 30.0 4412.99 530579.23
SA 985.4 38.0 4472.37 469315.73

Scenario 10 GA 988.0 30.0 4706.47 499732.87
MOEA 283.3 30.6 4049.11 1225402.29
Ours 243.4 41.8 3375.71 1639581.17
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Table 1: Continued.

Alg Calls Δ Power Lifetime
WCA 511.0 30.0 3831.71 517272.03
SA 663.9 38.3 4882.75 304942.92

Scenario 11 GA 699.0 37.0 4783.21 352880.24
MOEA 141.9 27.2 3366.05 818898.17
Ours 51.6 22.7 2457.29 1782671.16
WCA 870.0 25.0 5400.82 610737.06
SA 915.3 37.2 5193.26 303617.98

Scenario 12 GA 928.0 40.0 5048.88 358995.29
MOEA 155.7 37.4 4085.91 1413935.07
Ours 130.8 43.8 3743.62 1269461.80

Given a solution pair 𝐶𝐴 and 𝐶
𝐵, we use |𝐶𝐴| and |𝐶

𝐵
|

to denote the number of clusters in each solution. We first
randomly assign clusterheads from 𝐶

𝐴 and 𝐶
𝐵 to become

clusterheads in the combined solution. For each clusterhead
𝑐𝑎 ∈ 𝐶

𝐴, its probability of being assigned as a clusterhead is

𝑐𝑎


|𝑀|
+


𝐶
𝐵

𝐶
𝐴 +

𝐶
𝐵

. (14)

Similarly, the probability for each clusterhead 𝑐𝑏 ∈ 𝐶
𝐵 is

𝑐𝑏


|𝑀|
+


𝐶
𝐴

𝐶
𝐴 +

𝐶
𝐵

. (15)

We then assign all nodes that are clusterheads in both𝐶𝐴 and
𝐶
𝐵 to become clusterheads in the combined solution. After

picking all the above clusterheads, we try to assign the rest
of nodes to be clustermembers, if a node 𝑥 has a clusterhead
in 𝐶𝐴 that is also a clusterhead in the combined solution and
its clusterhead in 𝐶

𝐵 is not assigned, we will assign 𝑥 to the
cluster headed by its original clusterhead in 𝐶

𝐴. Similarly
for clusterhead in 𝐶

𝐵. If a node 𝑥 has both its clusterheads
in 𝐶
𝐴 and 𝐶

𝐵 assigned as clusterheads in the combined
solution, we randomly assign 𝑥 to one of these clusters in
the combined solution, biased by the current and average
relative distances between 𝑥 and each clusterhead. Finally, for
all remaining nodes that are unassigned (because they are out
of range from the above clusterheads), we use the weighted
random assignment scheme from the diversification method
described in Section 4.2.

5. Experiments

We simulate a mobile ad hoc network with 𝑁 nodes to
evaluate the performance of various clustering algorithms.
The simulation is carried out in a 500 km× 500 km square-
shaped region. We create 12 random scenarios shown in
Table 1. In each scenario, the mobile nodes randomly form
several groups. Some of the groups may have many nodes,
and some groups may have only 1 or 2 nodes. All nodes
are moving randomly throughout every scenario. Nodes
within each group have their average velocity following the
Reference Velocity Group Mobility Model [14, 31], whereas
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Figure 3: Number of reclusterings.
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Figure 4: Degree difference.

the velocity of each node can still randomly deviate from the
average velocity of the group. For each randomly generated
scenario, we cluster the MANET using WCA [10, 11], SA
[13], GA [12], MOEA [15], and our proposed algorithm,
respectively. Each clustering algorithm is applied 10 times
using different random seeds, which explore various random
behavior of these algorithms such that experiment results
can be easily reproducible. We take the average numeric
result from each algorithm (over 10 different random seeds)
and record them for each of the 12 random scenarios. The
“calls” column shows the number of reclusterings. The Δ,
“power,” and “lifetime” show the degree difference, power
usage, and minimum (remaining) lifetime of the MANET
after simulating the scenario for 1000 time units.

To better analyze the experiment results, we have plotted
the number of reclusterings in Figure 3, the degree difference
in Figure 4, the power usage in Figure 5, and the remaining
lifetime in Figure 6.
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Figure 5: Power usage.
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Figure 6: Remaining lifetime.

From experiment results, we can see that our clustering
approach has the smallest number of reclusterings (mobile
coverage reliability) except scenario 9. The degree difference
is higher using our clustering approach in some scenarios,
which is a tradeoff for reliable clusters. However, notice that
our degree difference is the best among all approaches for
scenarios 1 and 11. We have the smallest power usage in 10 out
of 12 random scenarios. We also have the longest remaining
lifetime in 9 out of 12 random scenarios. Both power usage
and lifetime are related to clusterhead reliability.

6. Conclusion

We have explored reliability metrics in node clustering for
mobile ad hoc networks. We harnessed probabilistic analysis
to control our clustering process to achieve more reliable
clusters. We used scatter search to perform clustering while

considering robustness and performance metrics. Experi-
ment results showed that our clustering results produce more
reliable clusters than prior approaches.

References

[1] “Bluetooth official website,” 2011, http://www.bluetooth.com.
[2] IEEE 802. 11, “Wireless LAN Medium Access Control (MAC)

and Physical Layer (PHY) Specifications,” IEEE Computer
Society, June 2007.

[3] “IEEE 802. 15 Working Group for WPAN,” 2011, http://www
.ieee802.org/15/.

[4] P. Gupta and P. R. Kumar, “The capacity of wireless networks,”
IEEETransactions on InformationTheory, vol. 46, no. 2, pp. 388–
404, 2000.

[5] X. Hong, K. Xu, and M. Gerla, “Scalable routing protocols for
mobile ad hoc networks,” IEEE Network, vol. 16, no. 4, pp. 11–21,
2002.

[6] K. Xu, X. Hong, andM. Gerla, “An ad hoc network with mobile
backbones,” in Proceedings of the IEEE International Conference
on Communications (ICC), vol. 5, pp. 3138–3143, 2002.

[7] S. Basagni, I. Chlamtac, andA. Farago, “A generalized clustering
algorithm for peer-to-peer networks,” in Proceedings of the
Workshop on Algorithmic Aspects of Communication, July 1997.

[8] 8th InternationalWorkshop on the Design of Reliable Commu-
nication Networks, October 2011.

[9] M. Gerla and J. T. C. Tsai, “Multicluster, mobile, multimedia
radio network,” Wireless Networks, vol. 1, no. 3, pp. 255–265,
1995.

[10] M. Chatterjee, S. K. Das, and D. Turgut, “An on-demand
weighted clustering algorithm (WCA) for ad hoc networks,” in
Proceedings of the IEEE Global Telecommunications Conference
(GLOBECOM ’00), vol. 3, pp. 1697–1701, San Francisco, Calif,
USA, 2000.

[11] M. Chatterjee, S. K. Das, and D. Turgut, “WCA: a weighted
clustering algorithm for mobile ad hoc networks,” Cluster
Computing, vol. 5, no. 2, pp. 193–204, 2001.

[12] D. Turgut, S. K. Das, R. Elmasri, and B. Turgut, “Optimiz-
ing clustering algorithm in mobile ad hoc networks using
genetic algorithmic approach,” in Proceedings of the IEEEGlobal
Telecommunications Conference (GLOBECOM ’02), vol. 1, pp.
62–66, November 2002.

[13] D. Turgut, B. Turgut, R. Elmasri, and T. V. Le, “Optimizing
clustering algorithm inmobile ad hoc networks using simulated
annealing,” in Proceedings of the IEEE Wireless Communica-
tions and Networking (WCNC ’03), vol. 3, pp. 1492–1497, New
Orleans, La, USA, March 2003.

[14] B. C. Li, “On increasing service accessibility and efficiency in
wireless ad-hoc networks with group mobility,” Wireless Per-
sonal Communications, vol. 21, no. 1, pp. 105–123, 2002.

[15] H.Cheng, J. Cao, X.Wang, and S.K.Das, “Stability-basedmulti-
objective clustering in mobile ad hoc networks,” in Proceedings
of the 3rd International Conference on Quality of Service in
Heterogeneous Wired/Wireless Networks (QShine ’06), p. 27,
2006.

[16] C. Konstantopoulos, D. Gavalas, and G. Pantziou, “Clustering
in mobile ad hoc networks through neighborhood stability-
based mobility prediction,” Computer Networks, vol. 52, no. 9,
pp. 1797–1824, 2008.

[17] M. K. Watfa, O. Mirza, and J. Kawtharani, “BARC: a battery
aware reliable clustering algorithm for sensor networks,” Journal



8 Journal of Applied Mathematics

of Network and Computer Applications, vol. 32, no. 6, pp. 1183–
1193, 2009.

[18] J.Wang, Y. Liu, and Y. Jiao, “Building a trusted route in amobile
ad hoc network considering communication reliability and path
length,” Journal of Network and Computer Applications, vol. 34,
no. 4, pp. 1138–1149, 2011.

[19] J. Y. Yu and P. H. J. Chong, “A survey of clustering schemes for
mobile ad hoc networks,” IEEE Communications Surveys and
Tutorials, vol. 7, no. 1, pp. 32–48, 2005.

[20] S. Chinara and S. K. Rath, “A survey on one-hop clustering
algorithms in mobile ad hoc networks,” Journal of Network and
Systems Management, vol. 17, no. 1-2, pp. 183–207, 2009.

[21] K. A. Darabkh, S. S. Ismail, M. Al-Shurman, I. F. Jafar, E.
Alkhader, and M. F. Al-Mistarihi, “Performance evaluation of
selective and adaptive heads clustering algorithms over wireless
sensor networks,” Journal of Network and Computer Applica-
tions, vol. 35, no. 6, pp. 2068–2080, 2012.

[22] F. Glover, “Heuristics for integer programming using surrogate
constraints,” Decision Sciences, vol. 8, no. 1, pp. 156–166, 1977.

[23] F. Glover, “Tabu search for nonlinear and parametric opti-
mization (with links to genetic algorithms),” Discrete Applied
Mathematics, vol. 49, no. 1–3, pp. 231–255, 1994.

[24] F. Glover, “A template for scatter search and path relinking,”
in Artificial Evolution, J. K. Hao, E. Lutton, E. Ronald, M.
Schoenauer, and D. Snyers, Eds., vol. 1363 of Lecture Notes in
Computer Science, pp. 1–51, Springer, Berlin, Germany, 1998.

[25] F. Glover, M. Laguna, and R. Marti, “Fundamentals of scatter
search and path relinking,” Control and Cybernetics, vol. 29, no.
3, pp. 653–684, 2000.

[26] F. Glover, M. Laguna, and R. Marti, “Scatter search and path
relinking: advances and applications,” in Handbook of Meta-
heuristics, F. Glover and G. Kochenberger, Eds., vol. 57 of
International Series in Operations Research and Management
Science, pp. 1–35, Springer, New York, NY, USA, 2003.

[27] R. Marti, M. Laguna, and F. Glover, “Principles of scatter
search,” European Journal of Operational Research, vol. 169, no.
2, pp. 359–372, 2006.

[28] W. N. N. Hung and X. Song, “BDD variable ordering by scatter
search,” in Proceedings of the IEEE International Conference on
Computer Design (ICCD’ 01), pp. 368–373, Austin, Tex, USA,
September 2001.

[29] W. N. N. Hung, X. Song, E. M. Aboulhamid, andM. A. Driscoll,
“BDD minimization by scatter search,” IEEE Transactions on
Computer-Aided Design of Integrated Circuits and Systems, vol.
21, no. 8, pp. 974–979, 2002.

[30] W. N. N. Hung and X. Song, “On optimal cell assignments in
PCS networks,” in Proceedings of the IEEE International Perfor-
mance, Computing, and Communications Conference (IPCCC),
pp. 225–232, Phoenix, Ariz, USA, April 2002.

[31] K. H.Wang and B. Li, “Groupmobility and partition prediction
in wireless ad-hoc networks,” in Proceedings of the IEEE Inter-
national Conference on Communications (ICC ’02), vol. 2, pp.
1017–1021, 2002.



Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 216186, 9 pages
http://dx.doi.org/10.1155/2013/216186

Research Article
A Novel Two-Terminal Reliability Analysis for MANET

Xibin Zhao,1 Zhiyang You,1,2 and Hai Wan1

1 Key Laboratory for Information System Security of Ministry of Education, School of Software, Tsinghua University,
Beijing 100084, China

2Department of Computer Science and Technology, Tsinghua University, Beijing 100084, China

Correspondence should be addressed to Xibin Zhao; zxb@mail.tsinghua.edu.cn

Received 27 February 2013; Accepted 15 March 2013

Academic Editor: Xiaoyu Song

Copyright © 2013 Xibin Zhao et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Mobile ad hoc network (MANET) is a dynamic wireless communication network. Because of the dynamic and infrastructureless
characteristics, MANET is vulnerable in reliability. This paper presents a novel reliability analysis for MANET. The node mobility
effect and the node reliability based on a real MANET platform are modeled and analyzed. An effective Monte Carlo method for
reliability analysis is proposed. A detailed evaluation is performed in terms of the experiment results.

1. Introduction

With the rapid proliferation of wireless lightweight devices,
such as laptops, PDAs, and wireless telephones, the potential
and importance of mobile computing have become promi-
nent. Some applications of mobile networks will no longer
depend on a fixed infrastructure. Mobile ad hoc network
(MANET), which is composed of a set of mobile wireless
devices, is particularly suitable in building temporarywireless
applications in the environment without infrastructure, such
as emergency rescue. MANET has become one of the most
important research areas in wireless networks [1].

There are some remarkable characteristics of MANET,
such as infrastructure-less environment, multihop routing,
dynamic topology, and constrained resource [1]. Without
infrastructure, communication in MANET among these
devices relies on the intermediate devices by multihop
routing. Every device can move freely in MANET, so the
topology of network is dynamic. Because of these character-
istics, MANET is weak in the continuity of communication
compared to traditional network. The infrastructure-less
environment means that communication in MANET cannot
rely on any fixed infrastructure which is natural in traditional
wireless network. Every communication depends on the
packets forwarding of intermediate devices bymultihop rout-
ing, but resource-constrained devices are not always reliable,

sometimes the device even being selfish [2]. Besides, the
mobility of the device makes the duration of communication
not long.

The continuity of communication means the reliability of
network, since the general definition of reliability is the ability
of continuing to perform a specified operation despite the
effects of malfunctioning and damage [3]. Reliability is very
important for network, especially for MANET [4]. How to
ensure the reliability of MANET attracts extensive attention
[5, 6]. But the first step to ensure reliability of MANET is
the ability to analyse reliability. The reliability analysis always
refer to the terminal reliability, which means the ability that
partial or all the devices remain connected, on the assump-
tion that there is failure of link and node (the wireless device
is always termed as node in MANET). Terminal reliability
analysis is a quantitative analysis by mathematical modeling
[7]. And the terminal reliability analysis is necessary for
network, especially forMANET. Based on terminal reliability
analysis, we can find the key factor of reliability in network,
and then this information can be used to guide the protocol
design.What ismore, the result of terminal reliability analysis
can also be the guideline to deploy MANET, especially for
MANET with large scale.

There are many researches proposed for terminal reliabil-
ity analysis in traditional network andMANET.The terminal
reliability is always composed of node reliability and link
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reliability [7]. In traditional network, the node and the link
are supposed to be available only for a given percentage
of time [7]. Based on the assumption, terminal reliability
can be computed. And the complexity of terminal reliability
computing is proved to be exponential [8]. So in traditional
network, the main researches of terminal reliability are
focused on how to reduce the computing complexity [8, 9].
But the terminal reliability computations in MANET should
consider the failures of nodes and links in addition to the
dynamic of network connectivity caused by nodes’ mobility
[10]. So the traditional method cannot be used in MANET.
The terminal reliability analysis in MANET is proposed [4].
Based on the nodes’ mobility model in MANET, researchers
consider that the dynamic topology is composed of many
configurations, and each configuration has its existence
probability. The integral terminal reliability of the MANET
depends on the terminal reliability and existence probability
of each configuration.

Most of the above researches suppose that the node and
the link are prone to be failure and the failure of node and link
is assumptive. It is not appropriate in MANET environment.
In traditional network, the causes of failure of node and link
are complicated and even uncertain. It is hard to find which
is the most important. So in order to compute the node
and link reliability simply, the failure of node and link is
assumptive. But in MANET, the main reason of the node and
link failure is obvious. Recent research considers the mobility
to be the most important fact of link failure [4, 10], and the
terminal reliability is computed based on the mobility model.
But in typical article [4], the reliability of all nodes is set to
the same value, regardless of the situation of the network
such as node density. And in [4] the terminal reliability
increases with the node density. In fact, the limited capacity
of wireless network is proved, and the throughput of the
wireless network furnished to each user diminishes to zero
as the number of users increases [11]. The throughput will
influence the transmission capacity of the wireless network,
and it is obvious that it will affect the terminal reliability of
MANET. Besides, the congestion of wireless network also
needs to be taken into account in MANET. The congestion,
which means that an excessive amount of packets arriving at
a network bottleneck leads to many packet drops, is universal
in traditional network, but it is more serious in MANET
due to the node mobility and a shared wireless multihop
channel [12]. Actually, the congestion is one of the reasons
that the capacity is limited in MANET, and the congestion
will affect the terminal reliability in MANET similarly. So
it is unrealistic to set all nodes with the same reliability in
MANET.

In order to compute the terminal reliability in a more
realistic way, this paper proposes the node reliability model
on the basis of the analysis of the wireless device and
experimental result in a realMANET platform. Andwith this
model and related work, we provided a novel two-terminal
reliability analysis for MANET. The remainder of this paper
is organized as follows. Section 2 introduces related work.
Section 3 proposes the two-terminal reliability analysis for
MANET. Section 4 is the calculation of the two-terminal
reliability. Section 5 gives the conclusion.

2. Related Works

The research of reliability is prevalent in traditional network.
Most studies related to terminal reliability consider that
each node in the network is a terminal. And the reliability
analysis is always referring to the two-terminal, k-terminal,
and all-terminal. Two-terminal is the basis of these terminal
reliabilities, and two-terminal can be expanded to k-terminal
and all-terminal [4, 13, 14]. Traditional definition of two-
terminal reliability is the probability that there exists at least
one path between two nodes [7]. Recent research considers
that two-terminal reliability is the probability of a message to
successfully reach the destination node from the source node
[4]. In fact, these two definitions are the same; two nodes refer
to the source node and destination node, and delivering a
message needs at least one path.

The two-terminal reliability research is followed by the
development of the network.

In traditional network, the researchers focus on how to
compute the two-terminal reliability based on the node and
link reliability and how to reduce the computational com-
plexity of the two-terminal reliability. Fratta and Montanari
proposed a method to compute the two-terminal reliability
which is based on the Boolean algebra [7]. They considered
that every link in the network is independent and is available
on the average only for a given percentage of time. They also
assumed that all nodes are completely reliable. Subsequently,
based on the case analysis, the above researchers developed
a recursive algorithm to compute the reliability by removing
the assumption of completely reliable node [8]. Hansler also
considers that the complete reliable node is unrealistic and
provided a fast recursive algorithm to calculate the two-
terminal reliability with unreliable link and unreliable node
[9]. Similarly, Torrieri focused on the unreliable node in large
network and presented a method which can be embedded in
the Dotson algorithm to compute the two-terminal reliability
[15]. And Netes and Filin also took the node reliability into
account and provided an improved calculation based on the
traditional method [16]. Kuo et al. proposed a time efficient
calculation which is based on edge expansion diagrams
[17]. Marseguerra et al. introduced the uncertainty into the
calculation of reliability and this calculation is based on the
genetic algorithms and Monte Carlo simulation [18].

As in wireless network, the researches are less than in
traditional network. AbElFotoh and Colbourn proposed a
calculation of two-terminal reliability for radio-broadcast
networks [19]. They only considered that the node can fail,
but proved that the failure of link can be expended to this
calculation. Chen and Lyu provided reliability analysis which
is based on the Markov model in wireless CORBA [20].

Recently, as the MANET is considered to be more useful
in real environment and it is weak in reliability, the reliability
analysis ofMANET becomes one of the hotspots in reliability
research. Kharbash and Wang indicated that reliability com-
putations in MANET should consider the failure of nodes
and links in addition to the dynamic of network connectivity
caused by nodes’ mobility [10]. Then the calculation of two-
terminal reliability is presented. But they do not model
the mobility into reliability analysis, but only considered
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Table 1: Definition of symbols.

𝑁 Set of nodes
𝑛 |𝑁|, number of𝑁
𝑖 Index of node 𝑖, 𝑖 = 1, . . . , 𝑛
𝑟𝑖 Reliability of node 𝑖
𝐺(𝑁) Network 𝐺(𝑁)
𝐶 Set of possible configurations of network 𝐺(𝑁)
𝑙𝑖𝑗 Virtual link between nodes 𝑖 and 𝑗
𝐿 Link configuration matrix
𝜂𝑙 Number of linked node pairs
𝜂𝑢 Number of unlinked node pairs
𝛼𝑘 One of the configurations in 𝐺(𝑁), 𝑘 = 1, . . . , |𝐶|
𝑃(𝛼𝑘 = 1) The existence probability of 𝛼𝑘
𝜆 Constant probability of link existence
𝑔 Average neighbor nodes
𝑔𝑖 Neighbor nodes of node 𝑖
2TR𝛼

𝑘

Two-terminal reliability of configuration 𝛼𝑘
2TR Two-terminal reliability of MANET

influence of mobility by network simulation tool. Cook and
Ramirez-Marquez included the mobility model of MANET
into reliability analysis [4]; these researchers consider that
the dynamic topology is composed of many configurations,
and each configuration has its existence probability. The
integral two-terminal reliability of the MANET depends on
the terminal reliability and existence probability of each
configuration. Furthermore, these researchers extended the
calculation to capacitated MANET [13] and cluster-based
MANET [14]. But, as said before, it is unrealistic to set all
nodes with the same probability to fail in MANET.

3. Reliability Analysis for MANET

3.1. Definition. In this paper, we utilize the current definitions
of two-terminal reliability: two-terminal reliability is the
probability of a message successfully reaching the destination
node from the source node.

Every symbol used in this paper is defined in Table 1.

3.2. Assumptions. In order to focus on the key factors and
simplify the analysis, we list the assumptions as follows.

(1) The source node and destination node which we refer
to are known and constant.

(2) Every node is of the same type and with the same
situation.

(3) Every node has the same wireless transmission range
and every node pair within the wireless transmission
range is considered to be connected.

(4) Every node keeps the same data transmission with
each of its neighbors.

(5) Themobility of node is the randomwaypointmobility
model.

(6) The capacity of every link is binary, which means the
link either exists or does not exist.

3.3. Reliability Analysis. The MANET is abstracted into
𝐺(𝑁), with the set of nodes𝑁. The number of nodes is 𝑛, and
each node has an index. Each node has its reliability which is
represented by 𝑟𝑖, 𝑖 = 1, . . . , 𝑛. 𝑙𝑖𝑗 is the virtual binary link
between node 𝑖 and node 𝑗. 0 represents the link between
nodes 𝑖 and 𝑗 exists; otherwise 1 represents this link does not
exist. And 𝐿 is the matrix of 𝑙𝑖𝑗.

Here, the problem of the two-terminal reliability analysis
is how to model the link and node reliability correctly and
how to conduct the two-terminal reliability computation
based on the link and node reliability.

3.3.1. Link Reliability. Themain purpose of the paper focuses
on the node reliability in the resource-constrained and
dynamic MANET environment. So we utilize the reasonable
link reliability analysis from [4], which first included the
mobility into the reliability analysis. Then we introduce this
link reliability analysis briefly.

Themobility ofMANET is the randomwaypointmobility
model, which is a general mobility model for MANET [21].
The authors of [4] considered that once 𝑛 is fixed, the states
of the network can be enumerated. And they call these states
configurations which are represented by 𝛼𝑘, 𝑘 = 1, . . . , |𝐶|,
where the𝐶 is defined as the set of all possible configurations.
With the random waypoint mobility model, let 𝑔 be the
average number of neighbors per node. And the probability
of link existence is 𝜆 = 𝑔/(𝑛 − 1). Then the existence
probability of each configuration is given by the formula
𝑃(𝛼𝑘 = 1) = 𝜆

𝜂
𝑙(1 − 𝜆)

𝜂
𝑢 , where the 𝜂𝑙 and 𝜂𝑢 are numbers

of linked and unlinked node pairs respectively. And the two-
terminal reliability of configuration 𝛼𝑘 can be formalized as
2TR𝛼

𝑘

= 𝑃(𝛼𝑘 = 1)∏path𝑟𝑖, where 𝑟𝑖 is the reliability of node
𝑖 and path is the shortest route between the source and
destination nodes in the configuration.

The link reliability can be computed from above formula
for each configuration, and then we start modeling the
reliability of node.

3.3.2. Node Reliability. Traditional reliability researches
assumed that all the nodes are completely reliable or failure
at the same probability. It is reasonable in the traditional
network, because the causes of node failure are complex,
such as power off, equipment failure, and malicious attack.
Even these factors are uncertain sometimes. So it is hard
to distinguish the influence of these factors. Aiming at
simplifying the modeling, the node reliability is assumptive.
But these assumptions are no longer suitable for MANET
environment. According to the mobility model, the node can
move freely in the area. Sometimes, as the node acts as both
receiver and router, some nodes may forward more packets
than others, because of their positions.

In a network, data transmission between nodes is
inevitable. But when every neighbor node keeps communi-
cation with the nodes with the more neighbors at the same
time, there will be excessive amount of packets arriving at
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these nodes. Once the data reception ability of the nodes
cannot afford the number and rate of packets, congestion
will occur and the packet loss rate of the nodes will increase.
Then it will result in the unreliability of node. Obviously, the
congestion is related to the density of the node in some area,
and it will influence the terminal reliability by reducing the
node reliability. According to the result of [4], when 𝜆 and 𝑟𝑖
are fixed, the value of terminal reliability will increase with
the node number in the network. Since the 𝜆 is 𝑔/(𝑛 − 1),
the average neighbor nodes 𝑔, which have the same mean
with the density of the node, will also increase with the node
number. Therefore, it is unrealistic to assign the same value
to reliability to all nodes in MANET.

According to the above analysis, we consider the number
of neighbor nodes of each node is the most important factor
which influences the node reliability in MANET. For each
node, more neighbor nodes, which result in the unreliability
of node, mean more link connections between the nodes and
their neighbors. So in this paper, when modeling the node
reliability, wewill focus on deducing the relationship between
the number of link connections and the node reliability. But
so far there are not any researches concentrating on this
relationship, then the theoretical calculation model of node
reliability related to the number of link connections is vacant
in MANET. References [11, 12] considered that the through-
put of each user diminishes to zero or the congestion will
occur when the number of the nodes increases. But they did
not study the relationship between them. It is important for
node reliability modeling in this paper, which the traditional
researches did not refer to. In fact, based on our experimental
experience, the node reliability will not be greatly influenced,
when the number of nodes is small. Because every wireless
device has its capacity, if the processed data do not exceed the
capacity, there will not be too much effect. The effect will be
very tiny. But when there are enough nodes communicating
at the same area, the node reliability will decrease to zero
quickly, because of the congestion. However, it still lacks
quantitative analysis. Therefore, we propose some general
experiments in a real MANET platform and hope that the
above qualitative analysis will be proved and the relationship
will be modeled on the basis of experimental results.

The experiments are carried out on iNet, which is a real
experimental and applied platform forMANET. iNet is devel-
oped by key laboratory for information system security of
Ministry of Education of China, and this project is funded by
the National 863 Plan (Project no. 2007AA040701-1), China,
and The State Key Development Program for Basic Research
of China (Grant no. 2010CB328000). Based on iNet, we aim to
study the urgent security problem ofMANET and to advance
the application of MANET in campus. The implementation
of iNet is mainly based on the NDIS (Network Driver Inter-
face Specification) which is provided by Microsoft, and the
wireless standard is WiFi. The operation system which iNet
supported includes Windows XP, Windows 2003, Windows
Mobile 5.0, and Windows Mobile 6.0. So the node in iNet
can be many types of wireless devices which have Windows
operation systemandWiFi, such as desktop, notebooks, PDA,
and smartphone. According to assumption 2, we all use the
same type of wireless device in the experiments.

· · ·

Figure 1: Experimental schematic of node reliability.

The wireless device used in this experiment is Dopod
CHT9000, which is a powerful smartphone with 400MHz
CPU, 64MB RAM, and 128MB ROM, supporting 802.11 b/g,
running Windows Mobile 6.0. As said before, the purpose of
the experiment is concluding the relationship between the
number of link connections and the node reliability, so a
general experimental schematic is designed as in Figure 1.

Figure 1 shows that every neighbor node communicates
with the destination node which is set in the center of the fig-
ure and every neighbor nodewithin thewireless transmission
range of the destination nodes. The experiment is evaluating
the node reliability of the destination node, when the number
of the communicated neighbor node increases.

Then the steps of the experiment are given in detail as
follows.

Step 1. Initialize the location of the destination node and the
neighbor nodes.

This step is trying to confirm that the distance between
destination node and neighbor node is less than the wireless
transmission range, and the route between the destination
node and neighbor node is only one hop. In MANET, within
the wireless transmission range does not mean that you
can communicate with the destination directly, because of
routing protocol which is on the purpose of the efficiency.
In order to ignore the influence of the multihop routing,
we modify the routing module of iNet and ensure the
communication is within one hop.

Step 2. Deploy the communication process in the neighbor
nodes, and launch the experiment by sending the data packets
from neighbor nodes to the destination node at a fixed
sending rate for a period of time.

In this step, we use the test module of the iNet. The main
function of the test module is to launch the communication
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between nodes and record the key data of the communica-
tion. Many parameters can be set in the test module, such as
the IP of the destination node, the size of packet, the packet
sending rate, the time of packet sending, and the TTL of the
packet. In this experiment, aiming to simplify the modeling,
we assume that every node keeps the same data transmission
with each of its neighbors. So the packet send rate is fixed to
two packets per second, the packet size is set to 512 bytes, and
the packet sending keeps on for 20 minutes.

Step 3. Analyze the record of data packets at the destination
node and neighbor nodes, and compute the packet loss rate
at the destination node.

As mentioned in Step 2, the test module can record the
key data of the communication, such as the number of
sending packets, the number of receiving packets, and the
ID of every packet. With this record, we can get some key
factors of the network, such as packet loss rate, packet delay,
and throughput. As mentioned before, the experiment aims
to evaluate the node reliability, since the definite two-terminal
reliability is the probability of a message to successfully reach
the destination node from the source node, so the same to the
node reliability means the probability to be active. In the view
of the terminal reliability in MANET, an active node means
it can receive and forward the packets, and the loss packets
presume that the node is not active at that time; therefore
we consider that the packet loss rate is related to the node
reliability in this paper, and the node reliability equals to 1
less packet loss rate. In the experiment, the average packet
loss rate is computed by the packets record for the fixed
time.

Step 4. Add a node to the experimental environment, and
redo Steps 1, 2, and 3.

This step changes the experimental condition by increas-
ing the number of the neighbor nodes, and the next step is
the same as Steps 1, 2, and 3.

Then the result of the experiment is shown in Figure 2.
From Figure 2(a), we find that packet loss rate of the

destination is not affected until where are seven neighbor
nodes, andwhen the number of neighbor nodes reaches eight,
the packet loss rate increases to 100% quickly.This also proves
the above qualitative analysis.

Based on the results of the packet loss rate, we can get the
result of the node reliability, which is shown in Figure 2(b).

As in Figure 2(b), we consider that the variety of the
node reliability is similar to the style of hyperbolic tangent
function, so we use an amended hyperbolic tangent function
to fit the result of the node reliability. The fitting function
is assumed as 𝑓(𝑥) = (1 − tanh 𝑎(𝑥 − 𝑏)) × 𝑐, where 𝑓(𝑥)
is denoted as the node reliability, 𝑥 is the number of the
neighbor nodes, and 𝑎, 𝑏, and 𝑐 are the coefficients. The
curve fitting of node reliability is shown in Figure 3.

The result of the curve fitting is shown in Algorithm 1.
From Algorithm 1, we prove that the assumption of the

fitting function is correct.
Since the experiment is carried out in a real MANET

platform and the experimental scheme is general, we consider

Table 2: Enumeration result of 2TR.

𝜆 = 0.5, 𝛼 = 1.0, 𝛽 = 10.0, 𝛾 = 0.5

Nodes Links Configuration 2TR Run time (s)
3 3 8 0.625 0.032
4 6 64 0.75 0.5
5 10 1024 0.8535 8.219
6 15 32768 0.9236 494.282
7 21 2097152 0.963 45635.8

that the node reliability is according to the form which we
assumed above. Besides, the variety of node reliability is
related to the coefficients of the assumption, because of the
differentwireless device, different packet size, different packet
sending rate, and so on. As the above qualitative analysis,
different wireless device means different capacity, which
decides the beginning point of the decrease. The different
packet size and packet sending rate influence the congestion,
which results in both the beginning point of the decreasing
and the rate of the decreasing. So themodel of node reliability
is formalized as 𝑟𝑖 = (1 − tanh𝛼(𝑔𝑖 − 𝛽)) × 𝛾, where 𝑟𝑖 is the
node reliability of the node 𝑖, 𝑔𝑖 is the number of the neighbor
nodes, and 𝛼, 𝛽, and 𝛾 are the coefficients which are related
to the type of wireless device, packet size, and packet sending
rate.

3.3.3. Reliability Calculation. Based on the link reliability
and node reliability from the above analysis, two-terminal
reliability of MANET can be conducted as follows:

2TR =
|𝐶|

∑

𝑘=1

2TR𝛼
𝑘

=

|𝐶|

∑

𝑘=1

𝑃 (𝛼𝑘 = 1)∏

path
𝑟𝑖

=

|𝐶|

∑

𝑘=1

𝑃 (𝛼𝑘 = 1)∏

path
(1 − tanh𝛼 (𝑔𝑖 − 𝛽)) × 𝛾.

(1)

This function shows that the topology of dynamic
MANET can be divided into |𝐶| configurations, and each
configuration has its existence probability 𝑃(𝛼𝑘 = 1). In each
configuration we search for the shortest path from source
node to the destination node, and then node reliability of this
path is represented by the multiplying of reliability of each
node in the path. Of course, if there is no path from the source
to the destination node, the reliability of this configuration is
zero.

Then we compute the 2TR by the above function. It is
obvious that the most direct method is enumeration. The
result is shown in Table 2. The parameters are set as the
first line of Table 2. Parameters are chosen randomly. From
Table 2, we can find that 2TR increases with the number of
the nodes, because the node reliability will not be influenced
when the number of neighbor nodes is small.

The computation of 2TRmust be suitable for theMANET
with large scale. Through theoretical modeling to analyze the
reliability of MANET with only a few nodes is meaningless.
Since |𝐶| is 2𝑛(𝑛−1)/2, the enumeration method iterates at least
|𝐶| times, which increases with the 𝑛 exponentially. As in
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Figure 2: Packet loss rate (a) and node reliability (b) of the experiment.

Coefficients (with 95% confidence bounds):
𝑎 = 0.896

𝑏 = 9.953

𝑐 = 0.4936

Goodness of fit:
SSE: 0.004319
𝑅-square: 0.999
Adjusted 𝑅-square: 0.9989
RMSE: 0.01594

Algorithm 1
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Figure 3: Curve fitting of the node reliability.

Table 2, it is obvious that the run time increases quickly
with the configuration of the network: more than 12 hours
is needed for the computation of 2TR when the number of
the nodes is 7. So in order to analyze 2TR with large scale, it
is necessary to introduce an efficient calculation method to
compute the 2TR.

4. The Calculation and Analysis of 2TR

4.1. Calculation of 2TR. Since the computational complexity
exponential increases with the number of the nodes, an
efficient approximation algorithm is needed. Monte Carlo
method is considered to be a useful simulation tool for
the approximate computation of the network reliability,
especially for the complex network with large scale [22]. And
many recent reliability analysis researches utilize this method
[4, 13, 14, 18]. Our calculation is an improvement of [4].

We consider that the Monte Carlo calculation of 2TR is
composed of many simulation samples. And each simulation
sample can be divided into two procedures: the initialization
procedure and the routing procedure.

The initialization procedure is to generate the random
link configurationmatrix, which is according to the probabil-
ity of link existence and the node reliability.The initialization
procedure mainly simulates the nodemobility and the failure
of the node.The initialization procedure includes three steps.

Step 1 (link simulation). Simulate the capacity of every link,
which either exists or does not exist, based on the probability
of link existence. Generate a random number between 0 and
1, and compare with the probability of link existence, if the
random number is not bigger than the probability of link
existence; the link exists, otherwise, the link does not exist.
Then the initial link configuration matrix is generated.
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Table 3: The comparison of enumeration result and simulation
result.

𝜆 = 0.5, 𝛼 = 1.0, 𝛽 = 10.0, 𝛾 = 0.5, |𝑆| = 1000000

Nodes Enumeration Monte Carlo Relative error (%)
3 0.625 0.6243 0.112
4 0.75 0.7503 0.04
5 0.8535 0.8534 0.012
6 0.9236 0.9233 0.032
7 0.963 0.9633 0.031

Step 2 (node simulation). Simulate the failure of every node,
based on the initial link configuration matrix which is
generated in Step 1. Compute the node reliability of every
node on the basis of the number of the neighbor nodes which
can be goten from the initial link configuration. Generate a
randomnumber between 0 and 1, and compare with the node
reliability; if the random number is not bigger than the node
reliability, the node is active, otherwise, the node is failure.

Step 3 (link resimulation). Resimulate the link configuration
matrix, based on the result of Step 2. If the node is failure, the
link must not exist.

After each run, the random link configuration matrix
is generated. Then the routing procedure is launched. The
purpose of this procedure is to check the existence of path in
the link configurationmatrix which is generated at random in
the initialization procedure. If there is a path form the source
node to the destination node, the value of this sample 𝑠𝑖 is
set to 1, otherwise the 𝑠𝑖 is set to 0, where 𝑖 represents the
index of samples. Then, the Monte Carlo method of 2TR can
be computed by the following function:

2TRMC =
∑
|𝑆|
𝑖=1 𝑠𝑖

|𝑆|
. (2)

S is the set of samples, and the |𝑆| represents the number
of the samples. If the |𝑆| is large enough, the 2TRMC can
be approximated equal to 2TR. The simulation result, which
is compared with the enumeration result, is listed in Table 3.
The parameters are set as the first line of Table 2.

From Table 3, we can see that simulation result is approx-
imated to the enumeration result with the number of simula-
tion samples equal to 1000000, andmost of the relative errors
between enumeration method and Monte Carlo method are
below 0.1%.

Furthermore, in order to observe the influence of the
node reliability, the simulation result, which uses the Monte
Carlo method to compute the 2TR with more node number,
is shown in Figure 4. Figure 4(a) is the variety of the 2TR
when the node number rises from 3 to 50. Figure 4(b)
is the computation time for each computation of 2TR in
Figure 4(a). The parameters are set the same with the first
line of Table 3. From Figure 4(a), we can find that 2TR is
increasing with the node number at first, and at the point
when the node number is equal to 10, the 2TR starts to
reduce until 0. This is consistent with our above analysis.
When the node number is small, the node reliability is not

influenced, and more nodes joining the network bring more
active links, then the probability of the path from the source
node to the destination node increases with node number.
However, when the node number keeps on rising, as the
probability of link existence is fixed, there are more average
neighbor nodes, which may result in the failure of the node,
and more average neighbor nodes more failure nodes, then
the 2TR will be reducing. Besides, Figure 4(b) also shows
that the computation time of 2TR is not raising so much
as the enumeration method, and the relationship between
computation time and the number of nodes is almost linear
function.

4.2. Analysis of 2TR. After modeling the 2TR and computing
the result, it is still necessary to analyze the sensibility of
parameters in 2TR and find the key factor which influences
the terminal reliability. Then the analysis result can be used
to guide the design of the protocol and the deployment of
MANET, which is themain purpose of the terminal reliability
modeling for MANET.

Firstly, we study the effect of probability of link existence
by further experiment. The parameters of the node reliability
are fixed and 𝛼 = 1.0, 𝛽 = 10.0, and 𝛾 = 0.5. Then the
probability of link existence changes from 0.1 to 1 and every
time plus 0.1. At each value of the probability of link existence,
we compute the 2TR with the node number varying from 3
to 40. The result is shown in Figure 5.

The “𝑋” and “𝑌” represent the number of nodes and the
probability of link existence. From Figure 6, we can find that
there is a wave crest for each value of the probability of link
existence. When the node number and the probability of link
existence is small, the 2TR is small too, but both the node
number and the probability of link existence are too many,
and the 2TR is also small, even to zero. So when we deploy
the MANET or designing protocol in this environment, it
is necessary to compute the wave crest and make a balance
between the node number and the probability. As a similar
cluster-based method introduced in [23], dividing MANET
into small groups may be helpful for this environment.
Besides, we also find that failure of nodes has more effect on
the 2TR, especially when the node number is large. What is
more, the probability of link existence influences the reducing
rate of the 2TR. As in Figure 6, bigger probability of link
existence makes the 2TR reduce more quickly with the node
number. It also means that there is smaller redundancy when
the probability of link existence is high, and we must make
the balance more carefully.

Since the node reliability is more important, so it is
necessary to analyze the influence of parameters in the node
reliability. Here we only consider 𝛼 and 𝛽, which have more
effect on the node reliability.

Figure 6 shows the difference of the 2TR, when 𝛼 is
changing from 1 to 5. 𝛽, 𝛾, and 𝜆 are set to 10, 0.5, and 0.5.
The “𝑋” and “𝑌” represent the value of 𝛼 and the number of
the nodes.

From Figure 6, we can find that 2TR is not sensitive with
parameter 𝛼, when the 𝛼 changes from 1 to 5, and the 2TR
almost has not variety with the increasing node number. In
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Figure 4: Simulation result of 2TR.
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Figure 5: Sensibility of probability of link existence.
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Figure 6: Sensibility of parameter 𝛼.

fact, the 𝛼 affects the reducing rate of the node reliability, and
the variety of the node reliability is tiny with the changing of
𝛼.

Then Figure 7 shows the difference of the 2TR, when 𝛽 is
changing from 4 to 14. 𝛼, 𝛾, and 𝜆 are set to 1, 0.5, and 0.5.The
“𝑋” and “𝑌” represent the value of 𝛽 and the number of the
nodes.

0 5 10 15 20 25 30 35 40 4 5 6 7 8 9 10 11 12 13 140
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

𝑌𝑋

2T
R

Figure 7: Sensibility of parameter 𝛽.

From Figure 7, we can find that 2TR is more sensitive to
parameter 𝛼 than 𝛽. In the function of the node reliability,
the 𝛽 mainly influences the point when the node reliability
starts to reduce; in other word, 𝛽 has the same meaning with
the capacity of the node. So when deploying a MANET, it is
important to notice and measure the capacity of the node.

5. Conclusion

Most traditional terminal reliability analysis are based on
theoretical analysis, but ignore the real influence of node
reliability of MANET. The paper proposes a node reliability
model for the MANET. Based on the node reliability model
and traditional research, a new two-terminal reliability anal-
ysis for MANET is presented. Because of the complexity of
the calculation, the paper also provides an efficient algorithm
to compute the reliability for MANET, and the experiment
results prove the correctness and efficiency of the algorithm.
Furthermore, analysis of the experiment result shows that
the node mobility of MANET causes more impact on the
terminal reliability than the link reliability in the MANET
and it is necessary to make a balance when deploying or
designing protocol in MANET. Besides, the capacity of the
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node which influences the node reliability is also important
for the deployment.
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Owing to the exponential nature of the memory and run-time complexity, many methods can only synthesize 3-bit reversible
circuits and cannot synthesize 4-bit reversible circuits well. We mainly absorb the ideas of our 3-bit synthesis algorithms based
on hash table and present the efficient algorithms which can construct almost all optimal 4-bit reversible logic circuits with many
types of gates and at mini-length cost based on constructing the shortest coding and the specific topological compression; thus, the
lossless compression ratio of the space of n-bit circuits reaches near 2×𝑛!.This paper presents the first work to create all 3120218828
optimal 4-bit reversible circuits with up to 8 gates for the CNT (Controlled-NOT gate, NOT gate, and Toffoli gate) library, and it
can quickly achieve 16 steps through specific cascading created circuits.

1. Introduction

Quantum computer is equivalent to quantum Turing
machine, and quantum Turing machine is equivalent to a
quantum logic circuit. Therefore, the quantum computer can
be constructed by cascading and combining the quantum
logical gates. Nowadays, many kinds of reversible quantum
gates have been proposed, for example, CNOTgate [1], Toffoli
gate, and Fredkin gate [2]. How to automatically construct
the quantum circuit at small cost using given quantum gates?
Several approaches for reversible logic circuit synthesis
have been presented. Song et al. [3] presented algebraic
characteristics of reversible gates. Iwama et al. [4] introduced
transformation rules for CNOT-based circuits. Miller et al.
[5] gave a synthesis method based on truth table and used
template technology to simplify the circuit. Mishchenko
and Perkowski [6] proposed a Reed Muller-based algorithm
for optimizing quantum circuit. Gupta et al. [7] also gave
a heuristic algorithm based on Reed Muller; Li et al. [8]
proposed a general template algorithm. Shende et al.
[9, 10] reduced the synthesis for reversible logic circuit

to permutation and gave an effective recursive algorithm.
Then, Yang et al. [11] reduced the synthesis for reversible
logic circuit to group theory and presented a novel algorithm
based on group-theory algebraic software GAP, while its
performance was better than most others. Until today,
we have not found a general and effective algorithm for
multivariable quantum circuit synthesis. Owing to the
exponential nature of the memory and run-time complexity,
many existing methods can only synthesize 3-bit reversible
circuits, and they perform only four steps for the CNP library
in 4-bit circuit synthesis with mini-length for memory
overflow [11–13], however, [14–16] are able to achieve 12
steps by using an enhanced bidirectional synthesis approach.
We mainly absorb the ideas of our efficient 3-bit synthesis
algorithms based on hash table and present the novel and
efficient algorithms which can construct almost all optimal
4-bit reversible logic circuits [17]. Using lossless compression
and cascading created circuits, our algorithms can get all
the mini-length circuits whose lengths range from 0 to 8
with numbers 1, 28, 576, 9886, 147841, 1986374, 24375385,
274500662, and 2819198076, respectively; it can synthesize
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Figure 1: Quantum reversible logic circuit.

Table 1: True table.

Input Output
⟨𝑥2, 𝑥1, 𝑥0⟩2 𝑥2 𝑥1 𝑥0 ⟨𝑦2, 𝑦1, 𝑦0⟩2 𝑦2 𝑦1 𝑦0

0 0 0 0 2 0 1 0
1 0 0 1 6 1 1 0
2 0 1 0 0 0 0 0
3 0 1 1 1 0 0 1
4 1 0 0 7 1 1 1
5 1 0 1 3 0 1 1
6 1 1 0 5 1 0 1
7 1 1 1 4 1 0 0

all the optimal 16-gate mini-length circuits for the CNT
library.

2. Background

Definition 1. Let𝑀 be a finite set; then, a permutation of𝑀 is
a bijection 𝜎 : 𝑀 → 𝑀. If |𝑀| = 𝑚, 𝜎 is an 𝑚 permutation.
Normally, the permutation of group theory begins from one,
but our program in c++ can work well if the permutation
contains zero. Let 𝑀 = {0, 1, . . . , 𝑚 − 1}, and a permutation
𝜎 = (

0 1 ⋅⋅⋅ 𝑚−1
𝑝
0
𝑝
1
⋅⋅⋅ 𝑝
𝑚−1

) = (𝑝0, 𝑝1, . . . , 𝑝𝑚−1). It can be denoted
as the cyclic form; for example, 𝜏 = (𝑎1𝑎2 ⋅ ⋅ ⋅ 𝑎𝑖), 𝑖 ⩽ 𝑚;
that is, 𝑎1 → 𝑎2 ⋅ ⋅ ⋅ → 𝑎𝑖 → 𝑎1, 𝜎

−1
= (
𝑝
0
𝑝
1
⋅⋅⋅ 𝑝
𝑚−1

0 1 ⋅⋅⋅ 𝑚−1 ), and
𝜋𝑒 = ( 0 1 ⋅⋅⋅ 𝑚−10 1 ⋅⋅⋅ 𝑚−1 ) is the identity permutation of 𝑀, such that
𝜋𝑒 ∘ 𝜎 = 𝜎 ∘ 𝜋𝑒 = 𝜎 for any permutation 𝜎 of𝑀.

The reversible function can be described by per-
mutation or truth table. The 3-bit reversible logic
circuit in Figure 1 can be described by the permutation
𝜎 = ( 0 1 2 3 4 5 6 72 6 0 1 7 3 5 4 ) = (2, 6, 0, 1, 7, 3, 5, 4) = (0 2)(1 6 5 3)

(4 7) or the truth table in Table 1, where the input or
output is ⟨𝑥𝑛−1, . . . , 𝑥1, 𝑥0⟩2 = ∑

𝑛−1
𝑖=0 (𝑥𝑖 ⋅ 2

𝑖
) and ⟨𝑦𝑛−1, . . . ,

𝑦1, 𝑦0⟩2 = ∑
𝑛−1
𝑖=0 (𝑦𝑖 ⋅ 2

𝑖
), respectively. Let the permutations of

NOT gate, Toffoli gate, and CNOT gate be 𝜎1, 𝜎2, 𝜎3; then,
𝜎 = 𝜎1 ∘ 𝜎2 ∘ 𝜎3 = 𝜎1𝜎2𝜎3.

In order not to repeat explanation, the following defini-
tions are given.

(1) Let𝐶 be any 𝑛-bit reversible logic circuit with length 𝑙;
it is a cascade of quantum gates 𝑔1, 𝑔2, . . . , 𝑔𝑙, denoted
by 𝐶 = 𝑔1𝑔2 ⋅ ⋅ ⋅ 𝑔𝑙.

(2) Let 𝑆𝐹 = {1, 2, . . . , 𝑛!}, 𝑆𝑀 = {1, 2, . . . , 𝑚}, and 𝑆𝐵 =

{0, 1}.

(3) For permutation𝜎 = (0, 1, . . . , 𝑛−1), there are 𝑛! kinds
of permutations, which are denoted by 𝜎1, 𝜎1, . . . , 𝜎𝑛!,
respectively.

(4) Let 𝜋(𝑔) be the permutation of quantum gate 𝑔; then,
the permutation of circuit𝐶 is𝜋(𝐶) ≡ 𝜋(𝑔1𝑔2 ⋅ ⋅ ⋅ 𝑔𝑙) =

𝜋(𝑔1)𝜋(𝑔2) ⋅ ⋅ ⋅ 𝜋(𝑔𝑙).
(5) Let cost(𝐶) be the cost of quantum circuit 𝐶 and

cost(𝑔) be the cost of quantum gate 𝑔.
(6) All the circuits in the paper are the reversible logic

circuits.

Because permutation is often used in our algorithms,
the effective expression of permutation is very important
to improve the algorithms. Thus, we present the shortest
coding scheme with saving plenty of space, which maps a
permutation to an integer with the fewest bytes.

Definition 2. Let 𝑂
𝑖
𝑝 be ordinal number of 𝑝𝑖 in sequence

𝑝0, 𝑝1, . . . , 𝑝𝑖, . . . , 𝑝2𝑛−1; then, it is the number of members
which are both smaller than and before 𝑝𝑖; that is,

𝑂
𝑖
𝑝 =

𝑖−1

∑

𝑗=0

sgn (𝑝𝑖 − 𝑝𝑗) , sgn (𝑥) = {
1, (𝑥 > 0) ,

0, else. (1)

Ordinal numbers of all members in the sequence
𝑝0, 𝑝1, . . . , 𝑝𝑖, . . . , 𝑝2𝑛−1 construct ordinal number sequence:
(𝑂
0
𝑝, 𝑂
1
𝑝, . . . , 𝑂

2𝑛−1
𝑝 ), and obviously 𝑂

0
𝑝 ≡ 0 and 𝑂

2𝑛−1
𝑝 ≡

𝑃2𝑛−1. For example, the ordinal number sequence of 𝜎 =

(2, 6, 0, 1, 7, 3, 5, 4) is (0, 1, 0, 1, 4, 3, 4, 4).

Lemma 3. The ordinal number of 𝑝𝑖 in Definition 2 can also
be defined as

𝑂
𝑖
𝑝 = 𝑝𝑖 −

2𝑛−1

∑

𝑗=𝑖+1

sgn (𝑝𝑖 − 𝑝𝑗) . (2)

Proof. From (1),𝑂𝑖𝑝 is the number ofmembers which are both
smaller than and before 𝑝𝑖, and ∑

2𝑛−1
𝑗=𝑖+1 sgn(𝑝𝑖 − 𝑝𝑗) is the

number of members which are both smaller than and after
𝑝𝑖; so, the sum of them is the number of members which are
smaller than 𝑝𝑖 in the sequence 𝑂

𝑖
𝑝 + ∑

2𝑛−1
𝑗=𝑖+1 sgn(𝑝𝑖 − 𝑝𝑗) =

|{0, 1, . . . , 𝑝𝑖 − 1}| = 𝑝𝑖.

Theorem 4. One can get the ordinal number sequence in
Definition 2 by 22𝑛−2 − 2

𝑛−1 comparison times merely.

Proof. Thecomparison times using (1) and Lemma 3 are 𝑖 and
2
𝑛
− 1 − 𝑖 for computing 𝑂

𝑖
𝑝, respectively, and comparison

times are all ∑2
𝑛−1
𝑖=1 𝑖 = ∑

2𝑛−1
𝑖=1 (2

𝑛
− 1 − 𝑖) = 2

2𝑛−1
− 2
𝑛−1 for

computing ordinal number sequence.These two formulas can
be chosen depending on condition to reduce the comparisons
times. We use (1) if 𝑖 < 2

𝑛
− 1 − 𝑖; that is, 𝑖 ≤ 2

𝑛−1
− 1,

and use Lemma 3 if 𝑖 > 2
𝑛
− 1 − 𝑖; that is, 𝑖 ≥ 2

𝑛−1. So, our
method is that using (1) when 𝑝𝑖 is in the first half part of the
sequence, and otherwise using Lemma 3, their comparison
times are∑2

𝑛−1−1
𝑖=1 𝑖 and∑

2𝑛−1
𝑖=2𝑛−1(2

𝑛
−1− 𝑖), respectively. Finally,

the whole comparison times are∑2
𝑛−1−1
𝑖=1 𝑖+∑

2𝑛−1
𝑖=2𝑛−1(2

𝑛
−1−𝑖) =

2
2𝑛−2

− 2
𝑛−1; it is lesser than the half of 22𝑛−1 − 2

𝑛−1.
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Definition 5. The shortest coding of the permutation (𝑝0,

𝑝1, . . . , 𝑝2𝑛−1) is Code(𝑝0, 𝑝1, . . . , 𝑝2𝑛−1) = ∑
2𝑛−1
𝑖=1 (𝑂

𝑖
𝑝 ⋅ 𝑖!).

Lemma 6. If the ordinal number sequences of two permuta-
tions are the same, then the two permutations must be also the
same.

Proof. Suppose that we get any two permutations of the set
𝑆 = {0, 1, . . . , 2

𝑛
− 1}, 𝑃 = (𝑝0, 𝑝1, . . . , 𝑝2𝑛−1), and 𝑄 =

(𝑞0, 𝑞1, . . . , 𝑞2𝑛−1); if their ordinal number sequences are all
𝐵 = (𝑏0, 𝑏1, . . . , 𝑏2𝑛−1), then we will prove that 𝑃 = 𝑄; namely,
for all 𝑖 ∈ {0, 1, . . . , 2

𝑛
− 1}, 𝑝2𝑛−1−𝑖 = 𝑞2𝑛−1−𝑖.

Proof by Mathematical Induction

Basis. Clearly, 𝑂2
𝑛−1
𝑝 = 𝑏2𝑛−1, 𝑂

2𝑛−1
𝑞 = 𝑏2𝑛−1; then, 𝑃 has 𝑏2𝑛−1

elements which are lesser than 𝑝2𝑛−1; that is, 𝑝2𝑛−1 is (𝑏2𝑛−1 +
1)th small element in 𝑆. Similarly, 𝑞2𝑛−1 is (𝑏2𝑛−1 + 1)th small
element in 𝑆, and so 𝑝2𝑛−1 = 𝑞2𝑛−1 = 𝑏2𝑛−1; that is, 𝑝2𝑛−1−𝑖 =
𝑞2𝑛−1−𝑖 for 𝑖 = 0.

Inductive Assumption. Let 𝑝2𝑛−1−𝑖 = 𝑞2𝑛−1−𝑖 for 𝑖 = 0, 1, . . . , 𝑗.

Inductive Step. When 𝑖 = 𝑗 + 1, 𝑂2
𝑛−2−𝑗
𝑝 = 𝑏2𝑛−2−𝑗, and 𝑃

has 𝑏2𝑛−2−𝑗 elements which are both lesser than and before
𝑝2𝑛−2−𝑗; that is, 𝑝2𝑛−2−𝑗 is (𝑏2𝑛−2−𝑗 + 1)th small element in
{𝑝0, 𝑝1, . . . , 𝑝2𝑛−2−𝑗}, and let 𝑇𝑝 = {𝑝2𝑛−1−𝑗, 𝑝2𝑛−𝑗, . . . , 𝑝2𝑛−1},
𝑇𝑞 = {𝑞2𝑛−1−𝑗, 𝑞2𝑛−𝑗, . . . , 𝑞2𝑛−1}; then {𝑝0, 𝑝1, . . . , 𝑝2𝑛−2−𝑗} =

𝑆 − 𝑇𝑝; that is, 𝑝2𝑛−2−𝑗 is (𝑏2𝑛−1−𝑗 + 1)th small element in
𝑆 − 𝑇𝑝. Similarly, 𝑞2𝑛−2−𝑗 is (𝑏2𝑛−1−𝑗 + 1)th small element in
𝑆 − 𝑇𝑞. Now, using the inductive assumption, we get 𝑇𝑝 = 𝑇𝑞;
that is, 𝑆 − 𝑇𝑝 = 𝑆 − 𝑇𝑞, and so 𝑝2𝑛−2−𝑗 = 𝑞2𝑛−2−𝑗; thus,
𝑝2𝑛−1−𝑖 = 𝑞2𝑛−1−𝑖 for 𝑖 = 𝑗 + 1.

Lemma 7. The coding function Code maps each ordinal
number sequence to a distinct coding.

Proof. Let 𝑐 = Code(𝑝0, 𝑝1, . . . , 𝑝2𝑛−1) = ∑
2𝑛−1
𝑖=1 𝑂

𝑖
𝑝 ⋅ 𝑖!; that

is, the function Code maps ordinal number sequence 𝐵 =

(𝑂
0
𝑝, 𝑂
1
𝑝, . . . , 𝑂

2𝑛−1
𝑝 ) to coding 𝑐, and so the remainder is 𝑂1𝑝

when 𝑐 is divided by 2, the quotient is∑2
𝑛−1
𝑖=2 (𝑂

𝑖
𝑝 ⋅ 𝑖!/2), and the

remainder is𝑂2𝑝 when this quotient is divided by 3. Follow the
same steps; the recursive formula is 𝑛1 = 𝑐, 𝑛𝑖+1 = ⌊𝑛𝑖/(𝑖+1)⌋,
𝑂
𝑖
𝑝 = 𝑛𝑖 − (𝑖 + 1)𝑛𝑖+1, 𝑖 ∈ {1, 2, . . . , 2

𝑛
− 1}. Clearly, the

coding function Code maps each ordinal number sequence
to a distinct coding, and vice versa; so, it is a one-to-one
correspondence between each coding and ordinal number
sequence.

Theorem 8. The function Code is the shortest coding function.

Proof. 2𝑛 different elements in {0, 1, . . . , 2
𝑛
−1} totally have 2𝑛!

permutations. According to Lemma 6, two different ordinal
number sequences corresponding to two permutations must
be different, and according to Lemma 7, coding function
Code maps each ordinal number sequence to a distinct
coding. So, the codings of all permutations are different.

𝑥1

𝑥2

𝑥0

𝑦1

𝑦2

𝑦0

𝑥1

𝑥2

𝑥0

𝑦1

𝑦2

𝑦0

𝑥1

𝑥2

𝑥0

𝑦1

𝑦2

𝑦0

𝐺

𝑃𝜎(𝑔1) 𝑃𝜎(𝑔2)
𝑔1 𝑔2

𝑃𝜎(𝐺) Simplification

1
2

Figure 2: The line permutation of quantum circuit.
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𝐺
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𝑥0

𝑦1

𝑦2
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𝑅1(𝐺)

Figure 3: The direction transform of quantum circuit.

By Definition 5, max(𝑂𝑖𝑝) = 𝑖, min(𝑂𝑖𝑝) = 0, min(𝐻(𝑝0,

𝑝1, . . . , 𝑝2𝑛−2, 𝑝2𝑛−1)) = min(∑2
𝑛−1
𝑖=1 (𝑂

𝑖
𝑝 ⋅ 𝑖!)) = ∑

2𝑛−1
𝑖=1 (min(𝑂𝑖𝑝)⋅

𝑖!) = ∑
2𝑛−1
𝑖=1 (0 ⋅ 𝑖!) = 0, max(𝐻(𝑝0, 𝑝1, . . . , 𝑝2𝑛−2, 𝑝2𝑛−1)) =

max(∑2
𝑛−1
𝑖=1 (O𝑖𝑝 ⋅𝑖!)) = ∑

2𝑛−1
𝑖=1 (max(𝑂𝑖𝑝)⋅𝑖!) = ∑

2𝑛−1
𝑖=1 (𝑖⋅𝑖!) = 2

𝑛
!−

1. So, the number of all codings is 𝐿 = MAX𝐻−MIN𝐻+1 =

2
𝑛
! − 1 − 0 + 1 = 2

𝑛
! (𝑛 > 0). There are 2𝑛 different elements

in {0, 1, . . . , 2
𝑛
−1} corresponding to 2

𝑛
! different coding, and

thus theminimumnumber of all the codings is 2𝑛!.Therefore,
the function Code is the shortest coding function.

The subject of topology is concerned with those fea-
tures of geometry which remain unchanged after twisting,
stretching, or other deformations of a geometrical space; any
continuous change which can be continuously undone is
allowed, but cannot be broken.

Definition 9. Line permutation is the operation which per-
mutes quantum lines in quantum circuit without break.
Obviously, it is a specific topological transformation. Let
𝑃𝜎(𝑔) be quantum gate 𝑔 being operated by line permutation
𝜎. The circuit 𝐺 = 𝑔1𝑔2, operated by line permutation 𝜎, is
𝑃𝜎(𝐺) = 𝑃𝜎(𝑔1𝑔2) = 𝑃𝜎(𝑔1)𝑃𝜎(𝑔2).

For example, in Figure 2, quantum circuit 𝐺 is operated
by line permutation 𝜎, where 𝜎 = ( 0 1 22 0 1 ) = (0 2)(0 1).

The circuit after applying topological transformation can
be simplified, because the gate’s function cannot be changed
when the order of its same kind of points is changed.

Consider 𝑃𝜎(𝐶) = 𝑃𝜎(𝑔1𝑔2 ⋅ ⋅ ⋅ 𝑔𝑙) = 𝑃𝜎(𝑔1)𝑃𝜎(𝑔2) ⋅ ⋅ ⋅

𝑃𝜎(𝑔𝑙). If there are 𝑚 basal gates in quantum gate library 𝐿,
𝑔1, 𝑔2, . . ., and 𝑔𝑚, then 𝐿 = ⋃𝑗∈𝑆𝐹,𝑖∈𝑆𝑀𝑃𝜎𝑗(𝑔𝑖)

, and the set of
all permutations of the gates in 𝐿 is 𝜎 = ⋃𝑗∈𝑆𝐹,𝑖∈𝑆𝑀𝑃𝜎𝑗

(𝜋(𝑔𝑖)).
The set of all circuits of 𝑆 operated by line permutation 𝜎

is denoted by 𝑃𝜎(𝑆) = {𝑃𝜎(𝐺) | 𝐺 ∈ 𝑆}.

Definition 10. Direction transform (Figure 3) has two kinds
of operations, obverse direction transform and reverse direc-
tion transform. It is also a specific topological transformation;
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the obverse direction transform 𝑏 of gate 𝑔 is denoted by
𝑅𝑏(𝑔). Thus, 𝑅0(𝑔) = 𝑔, 𝑅1(𝑔) = 𝑔

−1. Gate 𝑔 is symmetric, if
𝑔 = 𝑔

−1, and otherwise it is asymmetric. Let circuit𝐺 = 𝑔1𝑔2,
and the two gates are symmetric; then, 𝑅1(𝐺) = 𝑅1(𝑔1𝑔2) =

𝑔
−1
2 𝑔
−1
1 = 𝑔2𝑔1.

Consider 𝑅1(𝐶) = 𝑅1(𝑔1𝑔2 ⋅ ⋅ ⋅ 𝑔𝑙) = (𝑔1𝑔2 ⋅ ⋅ ⋅ 𝑔𝑙)
−1

=

𝑔
−1
𝑙 𝑔
−1
𝑙−1 ⋅ ⋅ ⋅ 𝑔

−1
2 𝑔
−1
1 . 𝑅1(𝐶) = 𝑔𝑙𝑔𝑙−1 ⋅ ⋅ ⋅ 𝑔2𝑔1, if all the gates

in 𝐶 are symmetric. Direction transform can be used in our
synthesis algorithms only if all quantum gates are symmetric
or their inverse gates are all in the quantum gate library.

The set of all circuits of 𝑆 operated by direction transform
𝑏 is denoted by 𝑅𝑏(𝑆) = {𝑅𝑏(𝐺) | 𝐺 ∈ 𝑆}.

From Definitions 9 and 10, the following properties can
be gotten.

Property 1. 𝑃𝜎(𝑃𝜏(𝐶)) = 𝑃𝜎∘𝜏(𝐶) and 𝑃𝜎(𝑃𝜎−1(𝐶)) =

𝑃𝜎−1(𝑃𝜎(𝐶)) = 𝐶, but 𝑃𝜎(𝑃𝜏(𝐶)) ̸=𝑃𝜏(𝑃𝜎(𝐶)), where 𝑃𝜎(𝑃𝜏(𝐶))

denotes the circuit 𝐶 being operated by line permutation 𝜏

and line permutation 𝜎; so, 𝑃𝜎(𝑃𝜏(𝐶)) = 𝑃𝜏∘𝜎(𝐶). 𝜎 ∘ 𝜎
−1

=

𝜎
−1

∘ 𝜎 = 𝜋𝑒, and thus 𝑃𝜎−1(𝑃𝜎(𝐶)) = 𝑃𝜎(𝑃𝜎−1(𝐶)) = 𝑃𝜋
𝑒

(𝐶) =

𝐶. Normally, 𝜏 ∘ 𝜎 ̸=𝜎 ∘ 𝜏; hence, 𝑃𝜎(𝑃𝜏(𝐶)) ̸=𝑃𝜏(𝑃𝜎(𝐶)).

Property 2. 𝑅𝑏1(𝑅𝑏2(𝐶)) = 𝑅𝑏2(𝑅𝑏1(𝐶)) = 𝑅𝑏1⊕𝑏2(𝐶), where
𝑅𝑏1(𝑅𝑏2(𝐶)) denotes the circuit𝐶 being operated by direction
transform 𝑏1 and direction transform 𝑏2. The circuit is not
changed, if 𝑏1 = 𝑏2, and otherwise, it is operated by reverse
direction transform; thus, 𝑅𝑏1(𝑅𝑏2(𝐶)) = 𝑅𝑏1⊕𝑏2(𝐶). In the
same way, 𝑅𝑏2(𝑅𝑏1(𝐶)) = 𝑅𝑏1⊕𝑏2(𝐶).

Property 3. 𝑅𝑏(𝑃𝜎(𝐶)) = 𝑃𝜎(𝑅𝑏(𝐶)), where𝑅𝑏(𝑃𝜎(𝐶))denotes
the circuit 𝐶 being operated by line permutation 𝜎 and
direction transform 𝑏, and 𝑃𝜎(𝑅𝑏(𝐶)) denotes that the circuit
𝐶 is operated by direction transform 𝑏 and line permutation
𝜎. Line permutation is vertical transform, and direction
transform is horizontal transform; so, the order of the two
operations does not affect their compound function, and thus
𝑅𝑏(𝑃𝜎(𝐶)) = 𝑃𝜎(𝑅𝑏(𝐶)).

We show by Properties 1, 2, and 3 that the order of the
previous topological transformations except the line permu-
tations in quantum circuits can not affect their compound
functions.

Lemma 11. For all 𝑘 ∈ 𝑆𝐹, for all 𝑏 ∈ 𝑆𝐵, 𝑐𝑜𝑠𝑡(𝐶) =

𝑐𝑜𝑠𝑡(𝑅𝑏(𝑃𝜎
𝑘

(𝐶))).

Proof. Consider any quantum gate 𝑔, operated by any line
permutation 𝜎𝑘, whose type is not changed so, cost(𝑃𝜎

𝑘

(𝑔)) =

cost(𝑔). When any quantum circuit 𝐶 is operated by any
direction transform, its directionmay be changed, but its cost
can not be changed; thus, for all 𝑏 ∈ 𝑆𝐵, cost(𝑅𝑏(𝐶)) =

cost(𝐶), and then cost(𝑅𝑏(𝑃𝜎(𝐶))) = cost(𝑃𝜎(𝐶)) =

∑
𝑙
𝑖=1 cost(𝑃𝜎(𝑔𝑖)) = ∑

𝑙
𝑖=1 cost(𝑔𝑖) = cost(𝐶), where cost(𝐶)

of optimal 𝐶 should be minimal with the cost function. If for
all 𝑖 ∈ {1, 2, . . . , 𝑙}, cost(𝑔𝑖) = 1, then cost(𝐶) = 𝑙; that is,
the length of 𝐶 is minimal, and thus minimum cost standard
degenerates to mini-length standard.

Lemma 12. Any optimal circuit after any specific topological
transformation must be optimal.

Proof. Let the circuit 𝐶 be optimal, and circuit 𝐷 =

𝑅𝑏(𝑃𝜎(𝐶)). Assume that circuit 𝐷 is not optimal, and so
there is an optimal circuit 𝐸 with 𝜋(𝐸) = 𝜋(𝐷) and
cost(𝐸) < cost(𝐷); thus, 𝜋(𝑅𝑏(𝑃𝜎−1(𝐸))) = 𝜋(𝑅𝑏(𝑃𝜎−1(𝐷))) =

𝜋(𝑅𝑏(𝑃𝜎−1(𝑅𝑏(𝑃𝜎(𝐶))))) = 𝜋(𝐶). Let circuit 𝐹 = 𝑅𝑏(𝑃𝜎−1(𝐸));
by the Lemma 11, there is𝜋(𝐹) = 𝜋(𝐶), and cost(𝐹) = cost(𝐸),
cost(𝐷) = cost(𝐶). Thus, cost(𝐹) < cost(𝐶); that is, the
functions of circuit𝐹 and circuit𝐶 are the same, but𝐹 ismore
optimal than 𝐶 in contradiction to 𝐶 being optimal.

Lemma 13. By Definition 9, for all 𝑘 ∈ 𝑆𝐹, 𝑃𝜎
𝑘

(𝐿) = 𝐿.

Proof. By permutation group theory, for all 𝑖, 𝑗 ∈ 𝑆𝐹,
𝜎𝑖𝜎𝑗 ∈ {𝜎1, 𝜎2, . . . , 𝜎𝑛!}, and 𝑖 ̸=𝑗 → 𝜎𝑖 ̸=𝜎𝑗, and thus
for all 𝑘 ∈ 𝑆𝐹, 𝜎𝑖𝜎𝑘 ̸=𝜎𝑗𝜎𝑘, |{𝜎1𝜎𝑘, 𝜎2𝜎𝑘, . . . , 𝜎𝑛!𝜎𝑘}| = 𝑛!,
{𝜎1𝜎𝑘, 𝜎2𝜎𝑘, . . . , 𝜎𝑛!𝜎𝑘} = {𝜎1, 𝜎2, . . . , 𝜎𝑛!}. Similarly, we have

∀𝑘 ∈ 𝑆𝐹, {𝜎𝑘𝜎1, 𝜎𝑘𝜎2, . . . , 𝜎𝑘𝜎𝑛!} = {𝜎1, 𝜎2, . . . , 𝜎𝑛!} .

(3)

For all 𝑘 ∈ 𝑆𝐹, 𝐿new = 𝑃𝜎
𝑘

(𝐿) = 𝑃𝜎
𝑘

(⋃𝑗∈𝑆𝐹,𝑖∈𝑆𝑀𝑃𝜎𝑗
(𝑔𝑖)) =

⋃𝑗∈𝑆𝐹,𝑖∈𝑆𝑀𝑃𝜎𝑗𝜎𝑘
(𝑔𝑖)
(3)
= ⋃𝑖∈𝑆𝑀(⋃𝑗∈𝑆𝐹𝑃𝜎𝑗

(𝑔𝑖)) = ⋃𝑗∈𝑆𝐹,𝑖∈𝑆𝑀𝑃𝜎𝑗
(𝑔𝑖) = 𝐿.

Definition 14. Let 𝐺 be a circuit, Min(𝜋(𝐺)) =

min{𝑅𝑏(𝑃𝜎
𝑗

(𝜋(𝐺))) | 𝑗 ∈ 𝑆𝐹, 𝑏 ∈ 𝑆𝐵}, and thus ∃𝑘 ∈ 𝑆𝐹,
∃𝑐 ∈ 𝑆𝐵, 𝑅𝑐(𝑃𝜎

𝑘

(𝜏)) = Min(𝜋(𝐺)). Let Min(𝐺) = 𝑅𝑐(𝑃𝜎
𝑘

(𝐺));
Min(𝐺) is the minimal permutation circuit of 𝐺. All circuits
gotten by all the specific topological transformations of
𝐺 compose the set 𝑆 = ⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏(𝑃𝜎𝑗

(𝐺)). The func-
tion GetMin(𝜏, 𝜎, 𝑏) returns the minimal permutation
𝜋, line permutation 𝜎 and direction transform 𝑏, where
𝜋 = 𝑅𝑏(𝑃𝜎(𝜏)) = Min(𝜏).

Theorem 15. From Definition 14,Min(𝐺) is a circuit of 𝑆, and
𝑆 can be gotten only byMin(𝐺); that is, the lossless compression
ratio of the space is near 2 × 𝑛!.

Proof. Obviously, all the minimal permutation circuits
of 𝑆 must be Min(𝐺), 𝑆 = ⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏(𝑃𝜎𝑗

(𝐺)),
Min(𝐺) = 𝑅𝑐(𝑃𝜎

𝑘

(𝐺)). Let 𝑆
 be the set of all circuits

gotten by all the specific topological transformations
of Min(𝐺); thus, 𝑆


= ⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏(𝑃𝜎𝑗

(Min(𝐺))) =

⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏(𝑃𝜎𝑗
(𝑅𝑐(𝑃𝜎

𝑘

(𝐺))))
Property 3

= ⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏⊕𝑐

(𝑃𝜎
𝑘
𝜎
𝑗

(𝐺))
(3)
= ⋃𝑗∈𝑆𝐹,𝑏∈𝑆𝐵𝑅𝑏(𝑃𝜎𝑗

(𝐺)) = 𝑆, where |𝑆𝐹| = 𝑛!,
|𝑆𝐵| = 2; that is, |𝑆𝐹| × |𝑆𝐵| = 2 × 𝑛!, and few specific
topological transformation circuits may be the same. Thus
|𝑆| ≤ 2 × 𝑛! and |𝑆| ≈ 2 × 𝑛!. Then, the lossless compression
ratio of the set 𝑆 is near 2 × 𝑛!.

Let 𝐿𝑛,𝐺 be an 𝑛-bit quantum gate library with gates 𝐺,
and 𝑇(𝐿𝑛,𝐺) a set of all 𝑛-bit reversible circuits synthesized
by any gates in 𝐿𝑛,𝐺. For example, 2 × 𝑛!|𝑛=4 = 48. The
average compression ratio of 𝑇(𝐿4,CNT), whose circuits are
synthesized 8 layers at minimal cost, is 47.95.
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Table 2: All the specific topological transformations of 3-bit logic circuit.

Line permutation Obverse direction Coding Reverse direction Coding

(
0 1 2

0 1 2
) = 𝜋𝑒

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0

A

23759

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 28679

(
0 1 2

1 0 2
) = (0 1)

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 25199

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 34439

(
0 1 2

0 2 1
) = (1 2)

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 11951

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 16985

(
0 1 2

1 2 0
) = (0 1) (0 2)

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0

1
2

B

8949

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0

1
2

18903

(
0 1 2

2 0 1
) = (0 2) (0 1)

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦

1

2

2

𝑦
0 14975

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

2

1

𝑦
0 32969

(
0 1 2

2 1 0
) = (0 2)

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 9333

𝑥
1

𝑥
2

𝑥
0

𝑦
1

𝑦
2

𝑦
0 29241

Given two quantum logic circuits, 𝐷 and 𝐺, ∃ℎ, 𝑗 ∈ 𝑆𝐹,
∃𝑏, 𝑐 ∈ 𝑆𝐵, 𝑅𝑏(𝑃𝜎

ℎ

(𝐺)) = 𝑅𝑐(𝑃𝜎
𝑗

(𝐷)) → 𝐺,𝐷 ∈ 𝑆 →

Min(𝐷) = Min(𝐺).
Taking all specific topological transformations of a 3-bit

circuit as an example, there are 2 × 𝑛!|𝑛=3 = 12 kinds of
transformations. In Table 2, the bidirectional arrow expresses
exchanging the two quantum lines, and the minimal permu-
tation circuit of all circuits is circuit 𝐵 by computing coding.

The way of computing the shortest coding of circuit 𝐴 in
Table 2 is given.

(1) By Definition 1, the permutation of circuit 𝐴 is 𝜎 =

(0, 1, 2, 3, 6, 7, 5, 4).

(2) By Definition 2, the ordinal number sequence of 𝜎 is
(0, 1, 2, 3, 4, 5, 4, 4).

(3) By Definition 5, the shortest coding is 23759.

Definition 16. Given two circuit sets 𝑆 and 𝑄, the set of all
circuits of 𝑆 cascaded by all circuits of𝑄 is denoted by 𝑆×𝑄 =

{𝐺1𝐺2 | 𝐺1 ∈ 𝑆 ∧ 𝐺2 ∈ 𝑄}.

Lemma 17. Given two circuit sets 𝑆 and𝑄,𝑃𝜎(𝑆×𝑄) = 𝑃𝜎(𝑆)×

𝑝𝜎(𝑄).

Proof. By Definition 16, 𝑆 × 𝑄 = {𝐺1𝐺2 | 𝐺1 ∈ 𝑆 ∧ 𝐺2 ∈ 𝑄},
thus𝑃𝜎(𝑆×𝑄) = 𝑃𝜎({𝐺1𝐺2 | 𝐺1 ∈ 𝑆∧𝐺2 ∈ 𝑄}) = {𝑃𝜎(𝐺1𝐺2) |

𝐺1 ∈ 𝑆 ∧ 𝐺2 ∈ 𝑄} = {𝑃𝜎(𝐺1)𝑃𝜎(𝐺2) | 𝑃𝜎(𝐺1) ∈ 𝑃𝜎(𝑆) ∧

𝑃𝜎(𝐺2) ∈ 𝑃𝜎(𝑄)} = 𝑃𝜎(𝑆) × 𝑃𝜎(𝑄).

Theorem 18. Given the set 𝑆𝑙 of all optimal circuits with length
𝑙,Min(𝑆𝑙+1) = Min((⋃𝑏∈𝑆𝐵𝑅𝑏(Min(𝑆𝑙))) × 𝐿) = Min(𝑆𝑙 × 𝐿).

For saving memory, we only store minimal permutation
circuits Min(𝑆𝑙). The common computing method is that,
firstly, 𝑆𝑙 can be gotten by decompressing Min(𝑆𝑙), secondly,
𝑆𝑙+1 can be gotten by 𝑆𝑙×𝐿, and lastly,Min (𝑆𝑙+1) can be gotten
by compressing 𝑆𝑙 ×𝐿. Its number of decompressing circuit is
2 × 𝑛! × |Min(𝑆𝑙)|, but ours is zero based onTheorem 15. The
number of cascading circuit and the number of compressing
circuit in the common method all are 𝑛! times than ours; so,
our method is better.

3. New Synthesis Algorithm

A quantum logic gate realizes certain permutation in essence;
quantum circuit is the cascade of some quantum gates, and
so the basic function of quantum circuit can be represented
the multiplication of permutations. The basic idea of the
hash-based 3-bit synthesis algorithm which we previously
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Hash table

Key:

𝑆[𝑖]

· · ·· · ·

· · ·

· · ·· · ·· · ·· · ·

· · · · · · · · · · · ·

Red black tree

0 1 2 3 65535

29 bit 16 bit

Figure 4: The data structure of the minimal permutation circuit
with length 𝑖.

advanced is constructing an optimal circuit using WFS,
making a one-to-one correspondence between the elements
in the hash table and different circuits. Thus, we need only
one step to check whether the circuit of the same function
has already been found to decide whether it is optimal. But it
is unfeasible if we use this algorithm directly in 4-bit circuit
synthesis, since the length of the hash table is at least 𝑛2!; so, it
is extremely memory consuming. Otherwise, if we use DFS,
it will be meaningless that the algorithm runs too slowly or
can not realize optimal. To sum up, we adopt the BFS, with
higher speed andmore synthesis capability, and some lossless
data compression methods to reduce memory consumption.

(1) Represent the permutation using the shortest encod-
ing.Only ⌈log2

𝑛!
2 |𝑛=4⌉ = 45 bits is required to represent

4-bit circuit permutations using the permutation
encoding method in Definition 5, rather than 64 bits
as usual.

(2) Compress the optimal circuits without loss. Using
line permutation alone, nearly 𝑛!|𝑛=4 = 24 times
compression can be reached, while using both line
permutation and direction transformation, nearly 𝑛!×
2|𝑛=4 = 48 times compression can be reached, which
is the backbone of this paper.

(3) Use hash table with length 2
16 in the top of the data

structure, with each element pointing to a different
RB tree in Figure 4 and each node in the tree reduces 2
bytes. Hash table and RB tree always remain effective,
and RB tree can also allocate the memory dynami-
cally.Therefore the data structure can not only permit
a faster access speed, but also save memory space.

How to determine the length of hash table? Let the
permutation of 𝑛-bit circuit be 𝜋, whose shortest coding is
Code(Min(𝜋)), {0, 1}⌈log

𝑛!

2
⌉ in binary. Use the rear 𝑘 × 8 bits as

the hash address, the rest ⌈log𝑛!2 ⌉−𝑘×8 bits as the value of the
nodes in the RB tree. Suppose that the length of the elements
in hash table is 𝑗 bytes; so, hash table uses 𝑗 × 2

8𝑘 bytes while
the RB tree saves 𝑘 × |𝑆[𝑖]| bytes, and the maximum space
this structure saves is max𝑓𝑚(𝑘, 𝑗, 𝑖) = 𝑘 × |𝑆[𝑖]| − 𝑗 × 2

8𝑘.
Take the 4-bit circuit based on CNT quantum gate library as
an example; each element in hash table is a pointer pointing
to the different tree, taking 4 bytes. The number of minimum
permutation circuits with length 8 is 58777916, when 𝑘 = 2,

and themaximumof the function is𝑓𝑚(2, 4, 8) = 117293688;
so, the optimal length of hash table is 28𝑘|𝑘=2 = 65536.

In this paper, we use BFS to get all the first 𝑁 layers
of optimal circuits. If the gate library is determined, then
the optimal circuits are determined. In order to save time,
we store all minimum permutation circuits in the first 𝑁

layers in a file. If CNT gate library is used, then 𝑁 = 8,
and we get a 700MB file. As there are considerable gates in
the 4-bit circuit quantum gate library, thus lots of optimal
circuits are generated at each length. When a circuit reaches
a certain length, the memory will overflow, and so 𝑁 has
practical upper lower limit related to memory. After the
lossless compression mentioned earlier, only the minimum
permutation circuits are stored, saving 47.95 times less of
circuits. The length of the overall synthesis circuits reaches 8
instead of 6, 117.7 times larger; the synthesizable length grows
form 12 to 16 [14].

3.1. Minimal Length Algorithm. The node type of our RB tree
is defined as follows:

struct rbtnode {

gate; // the gate is in the end of the circuit 𝐺
cpm; // the permutation of the circuit Min(𝐺)
binv; // the current circuit is inverted or not
lnpm; //Min(𝜋(𝐺))≡GetMin(𝜋(𝐺); binv; lnpm)
pcpm; // the permutation of the previous circuit
pbinv; // the previous circuit is inverted or not

}

To enhance readability, two ways are used to simplify the
algorithms.

(1) All permutations are not transformed into the rele-
vant shortest codings.

(2) The hash table in the top of Figure 4 is omitted, and
all the minimum permutation circuits in each layer
are only saved in a RB tree; for example, 𝑆[𝑖] is the
RB tree which has saved all minimum permutation
circuits with length 𝑖.

3.2. Algorithm for the Minimal Permutation Quantum
Reversible Logic Circuits Representation in QML. For more
details, see Algorithm 2.

3.3. General Algorithm for the Quantum Reversible Logic Cir-
cuits Representation in QML (Algorithm 1). For more details,
see Algorithm 3.

4. Experimental Results

Our experiments were conducted using many benchmark
functions for 4-bit reversible logic circuits synthesis, and
[14, 15] dealt with the synthesis of 4-qubit circuit for the high
complexity of the algorithm. Based on CNP quantum gate
library, using the mini-length as criteria, [14] added 4 layers
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Input: Quantum Gate Library 𝐿

Output:max 𝑙, 𝑁[0 . . .max 𝑙], 𝑆[0 . . .max 𝑙]
1: 𝑆[0] = {cmp : 𝜋𝑒}, 𝑗 = 0,𝑁[0] = 1

2:while𝑁[𝑗] ̸=0 do
3: 𝑗 = 𝑗 + 1, 𝑆[𝑗] = Ø
4: for each node Node x in 𝑆[𝑗 − 1] do
5: 𝑐 = Node𝑥.cpm
6: for V = 0 to 1 do
7: if V = 1 then
8: 𝑐 = 𝑐

−1

9: end if
10: for each gate 𝑔 in 𝐿 do
11: 𝑝 = 𝑐 ∘ 𝜋(𝑔), 𝜋 = GetMin (𝑝, 𝜎, 𝑏)

12: if𝜋 ∉ ⋃
𝑗

𝑖=0 𝑆[𝑖] then
13: 𝑆[𝑗] = 𝑆[𝑗] ∪ {(gate : 𝑔, cpm : 𝜋, lnpm :

𝜎, binv : 𝑏, pcpm : 𝑝,
pbinv : V)}

14: ifmemory overflow error then
15: free 𝑆[𝑗], 𝑗 = 𝑗 − 1, go to 23
16: end if
17: end if
18: end for
19: end for
20: end for

21: 𝑁[𝑗] = ∑
𝐺∈𝑆[𝑗]



⋃
𝑖∈𝑆𝐹,𝑏∈𝑆𝐵

𝑅𝑏(𝑃𝜎𝑖
(𝐺))


22: endwhile
23: max 𝑙 = 𝑗

Algorithm 1: Quantum Minimum Length (QML).

in the basis of [11] through bidirection synthesis, and another
4 layers by combining DFS, thus realized a 12 layers synthesis
of arbitrary circuits. Yet [14] can only synthesize the first 4
layers of the optimal circuit at a time, while in our previous
study, for example, the hash-based 3-bit synthesis algorithm,
the average speed of the mini-length and minimum cost are
49.15 and 365.13 times of [11], respectively. In this paper, we
used CNT quantum gate library and mini-length criteria,
creating all optimal circuits with up to 8 gates. By bidirection
cascading the generated circuits, we can quickly synthesize
the optimal quantum circuits within the length of 16, without
consuming more memory. Our bidirection cascading is quite
different with the bidirection synthesis used in [14]; they
calculated the head and tail of the circuit, respectively, then
moved forward to the middle. In order to avoid repeated
computation, we first synthesize the former parts of the
circuit, then perform specific topology transformations on
them and reuse them in the latter part.

To evaluate the ability of the algorithmwhile synthesizing
complicated circuits, we have run our program on a great
number of circuits, and none of them has been found not
to be synthesized. Then, we only give two examples. (1) We
cascaded the two optimal circuits 4 49 and Hwb4 to get
one circuit in Figure 5A. By using the generated all minimal
permutation circuits with up to 8 gates, it took only 35 s to
generate circuit B. It is easy to prove that the permutation of

Input:Quantum Gate Library 𝐿, minimal permutation 𝑝,
circuit length 𝑙

Output:Circuit of minimal permutation 𝑝 with mini-length
1: compute 𝑆[0 . . .max 𝑙] as in QML(𝐿) for the first time;
2: 𝑖 = 𝑙,mynode [𝑖] = 𝑠 [𝑖].find(𝑝)
3: pcpm𝑥 = mynode [𝑖].pcpm
4: while 𝑖 > 1 do
5: 𝑖 = 𝑖 − 1

6: mynode [𝑖] = 𝑆 [𝑖].find(pcpm𝑥)

7: pcpm 𝑥 = mynode [𝑖].pcpm
8: endwhile
9: 𝜎 = mynode [1].lnpm, 𝑏 = mynode [1].binv
10: 𝐺1 = 𝑃𝜎𝑅𝑏(mynode [1].gate)
11: for 𝑖 = 2 to 𝑙 do
12: 𝜎 = mynode [𝑖].lnpm, 𝑏 = mynode [𝑖].binv
13: 𝑐 = mynode [𝑖].pbinv, 𝑔 = mynode [𝑖].gate
14: 𝐺𝑖 = 𝑅𝑏 (𝑃𝜎 (𝑅𝑐 (𝐺𝑖−1) 𝑔))

15: end for
16: return𝐺𝑙

Algorithm 2: Minimal Quantum Representation (MQR).

Input:Quantum Gate Library 𝐿, permutation 𝑝

Output:Circuit of permutation 𝑝 with mini-length
1: if∃𝑙 ∈ {0, 1, 2, . . . ,max 𝑙},GetMin(𝑝, 𝜎, 𝑏) ∈ 𝑆[𝑙] then
2: 𝐺 = MQR(GetMin(𝑝, 𝜎, 𝑏), 𝑙)
3: return𝑅𝑏(𝑃𝜎−1 (𝐺))

4: else if ∃𝑖 ∈ 𝑆𝐹, ∃𝑏 ∈ 𝑆𝐵, ∃𝑙 ∈ {1, 2, . . . ,max 𝑙},
∃Node𝑥 ∈ 𝑆[𝑙],
GetMin(𝑅𝑏 (𝑃𝜎𝑖 (𝑝)) ∘ (Node𝑥.cpm)

−1
, 𝜏, 𝑐)

∈ 𝑆[max 𝑙] then
5: 𝐺2 = MQR(Node𝑥.cpm, 𝑙)

6: 𝜌 = GetMin (𝑅𝑏 (𝑃𝜎𝑖 (
𝑃)) ∘ (Node𝑥.cpm)

−1
, 𝜏, 𝑐)

7: 𝐺1 = MQR (𝜌,max 𝑙)
8: return𝑅𝑏 (𝑃𝜎−1

𝑖

(𝑅𝑐 (𝑃𝜏−1 (𝐺1)) 𝐺2))

9: else
10: returnNULL
11: end if

Algorithm 3: Quantum Minimum Representation (QMR).

both A and B are (15,2,3,12,5,9,1,11,0,10,14,6,4,8,7,13). (2) Syn-
thesized Alhagi01 (2,12,8,13,0,9,6,15,10,11,14,4,5,3,1,7) circuit is
given in Figure 6.

5. Conclusions

Based on the idea that the synthesis of reversible logic
circuit is a permutation problem in essence, we present the
novel and efficient quantum circuit synthesis algorithms.
Among them, we elaborately construct a shortest encoding
method of the permutation and compress the memory space
of the 𝑛-bit optimal circuits to 2 × 𝑛! times less using
certain topology transformation of quantum circuits. By
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Figure 5: The 4-bit reversible logic circuits synthesis.
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Figure 6: Alhagi01 circuit synthesis.

bidirectional cascading of the generated optimal circuits,
using several quantum gates and the mini-length cost metric,
our algorithms can efficiently generate most optimal 4-bit
reversible logic circuits.

Acknowledgments

This research was supported by the National Natural Science
Foundation of China (nos. 61070240, 61170321, 61272175,
and 61103235), the Natural Science Foundation of College
of Jiangsu Province (no. 10KJB520021), and Specialized
Research Fund for the Doctoral Program of Higher Educa-
tion (no. 20110092110024).

References

[1] R. P. Feynman, “Quantummechanical computers,” Foundations
of Physics, vol. 16, no. 6, pp. 507–531, 1986.

[2] E. Fredkin and T. Toffoli, “Conservative logic,” International
Journal of Theoretical Physics, vol. 21, no. 3-4, pp. 219–253, 1982.

[3] X. Song, G. Yang, M. Perkowski, and Y. Wang, “Algebraic
characterization of reversible logic gates,”Theory of Computing
Systems, vol. 39, no. 2, pp. 311–319, 2006.

[4] K. Iwama, Y. Kambayashi, and S. Yamashita, “Transformation
rules for designing CNOT-based quantum circuits,” in Proceed-
ings of the 39th Annual Design Automation Conference (DAC
’02), pp. 419–424, New Orleans, La, USA, June 2002.

[5] D. M. Miller, D. Maslov, and G. W. Dueck, “A transformation
based algorithm for reversible logic synthesis,” in Proceedings of
the 40th Design Automation Conference, pp. 318–323, San Jose,
Calif, USA, June 2003.

[6] A.Mishchenko andM. Perkowski, “Logic synthesis of reversible
wave cascades,” in Proceedings of 11th IEEE International Work-
shop on Logic Synthesis, pp. 197–202, New Orleans, La, USA,
2002.

[7] P. Gupta, A. Agrawal, and N. K. Jha, “An algorithm for synthesis
of reversible logic circuits,” IEEE Transactions on Computer-
Aided Design of Integrated Circuits and Systems, vol. 25, no. 11,
pp. 2317–2330, 2006.

[8] W. Li, H. Chen, and Z. Li, “Application of semi-template in
reversible logic circuit,” in Proceedings of the 11th International
Conference on Computer Supported Cooperative Work in Design
(CSCWD ’07), pp. 332–336, Melbourne, Australia, April 2007.

[9] V. V. Shende, A. K. Prasad, I. L. Markov, and J. P. Hayes,
“Reversible logic circuit synthesis,” in IEEE/ACM International
Conference on Computer Aided Design (ICCAD ’02), pp. 353–
360, San Jose, Calif, USA, November 2002.

[10] V. V. Shende, A. K. Prasad, I. L. Markov, and J. P. Hayes,
“Synthesis of reversible logic circuits,” IEEE Transactions on
Computer-Aided Design of Integrated Circuits and Systems, vol.
22, no. 6, pp. 710–722, 2003.

[11] G. Yang, X. Song, W. N. N. Hung, M. A. Perkowski, and C.-
J. Seo, “Synthesis of reversible circuits with minimal costs,”
Calcolo, vol. 45, no. 3, pp. 193–206, 2008.

[12] G. Yang, X. Song, and M. Perkowski, “Fast synthesis of exact
minimal reversible circuits using group theory,” in Proceedings
of the Asia and South Pacific Design Automation Conference
(ASP-DAC ’05), vol. 2, pp. 18–21, Shanghai, China, 2005.

[13] W. N. N. Hung, X. Song, G. Yang, J. Yang, and M. Perkowski,
“Optimal synthesis of multiple output Boolean functions using
a set of quantum gates by symbolic reachability analysis,” IEEE
Transactions on Computer-Aided Design of Integrated Circuits
and Systems, vol. 25, no. 9, pp. 1652–1663, 2006.

[14] G. Yang, X. Song, W. N. N. Hung, and M. A. Perkowski, “Bi-
direction synthesis for reversible circuits,” in Proceedings of
the IEEE Computer Society Annual Symposium on VLSI: New
Frontiers in VLSI Design (ISVLSI’05), pp. 14–19, Tampa, Fla,
USA, May 2005.

[15] G. Yang, X. Song, W. N. N. Hung, and M. A. Perkowski,
“Bi-directionalsynthesis of 4-bit reversible circuits,” Computer
Journal, vol. 51, no. 2, pp. 207–215, 2008.

[16] G. Yang, F. Xie, W. N. N. Hung, X. Song, and M. A. Perkowski,
“Realization and synthesis of reversible functions,” Theoretical
Computer Science, vol. 412, no. 17, pp. 1606–1613, 2011.

[17] Z. Li, H. Chen, B. Xu, and W. Liu, “Fast algorithm for 4-
qubit reversible logic circuits synthesis,” in Proceedings of
the IEEE Congress on Evolutionary Computation (IEEE World
Congress on Computational Intelligence) (CEC ’08), pp. 2202–
2207, Hongkong, China, 2008.



Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2013, Article ID 350123, 8 pages
http://dx.doi.org/10.1155/2013/350123

Research Article
An Algorithm for Discretization of Real Value Attributes
Based on Interval Similarity

Li Zou,1,2 Deqin Yan,1 Hamid Reza Karimi,3 and Peng Shi4,5

1 School of Computer and Information Technology, Liaoning Normal University, Dalian 116029, China
2 State Key Laboratory for Novel Software Technology, Nanjing University, Nanjing 210093, China
3Department of Engineering, Faculty of Engineering and Science, University of Agder, 4898 Grimstad, Norway
4College of Engineering and Science, Victoria University, Melbourne, VIC 8001, Australia
5 School of Electrical and Electronic Engineering, The University of Adelaide, Adelaide, SA 5005, Australia

Correspondence should be addressed to Hamid Reza Karimi; hamid.r.karimi@uia.no

Received 3 November 2012; Accepted 25 February 2013

Academic Editor: Xiaojing Yang

Copyright © 2013 Li Zou et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Discretization algorithm for real value attributes is of very important uses in many areas such as intelligence and machine
learning. The algorithms related to Chi2 algorithm (includes modified Chi2 algorithm and extended Chi2 algorithm) are famous
discretization algorithm exploiting the technique of probability and statistics. In this paper the algorithms are analyzed, and their
drawback is pointed. Based on the analysis a new modified algorithm based on interval similarity is proposed. The new algorithm
defines an interval similarity function which is regarded as a new merging standard in the process of discretization. At the same
time, two important parameters (condition parameter𝛼 and tinymove parameter 𝑐) in the process of discretization and discrepancy
extent of a number of adjacent two intervals are given in the form of function.The related theory analysis and the experiment results
show that the presented algorithm is effective.

1. Introduction

The intelligent information processing is researching hot spot
in today’s information science theory and application. In
machine learning and data mining, many algorithms have
already been developed according to processing discrete data.
Discretization of real value attributes is an important method
of compression data and simplification analysis and also is
an indeterminable in pattern recognition, machine learning,
and rough set analysis domain. The key of discretization lies
with dividing the cut point. At present, there are five different
axes by which the proposed discretization algorithms can
be classified [1–4]: supervised versus unsupervised, static
versus dynamic, global versus local, top-down (splitting)
versus bottom-up (merging), and direct versus incremen-
tal. Continuous attributes need to be discretized in many
algorithms such as rule extraction and tag sort, especially
rough set theory in research of data mining. In view of an
algorithm for discretization of real value attributes based

on rough set, people have conducted extensive research and
proposed a lot of new discretization method [5], one kind
of thought of which is that the decision table compatibility
is not changed during discretion. Rough set and Boolean
logical method proposed by Nguyen and Skowron are quite
influential [6]. Moreover, there are two quite influential
discretization methods which are the algorithms of the
correlation based on information entropy and the algorithms
of the correlation of Chi2 algorithm based on statistical
method for supervised discretization. Reference [7] is an
algorithm for discretization of real value attributes based on
decision table and information entropy, which belongs to
a heuristic and local algorithm that seeks the best results.
Reference [8] proposed a discretization algorithm for real
value attributes based on information theory, which regards
class-attribute interdependence as an important discretiza-
tion criterion and selects the candidate cut point which can
lead to the better correlation between the class labels and
the discrete intervals. But this algorithm has the following
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disadvantages. It uses a user-specified number of intervals
when initializing the discretization intervals.The significance
test used in the algorithm requires training for selection
of a confidence interval. It initializes the discretization
intervals using a maximum entropy discretization method.
Such initialization may be the worst starting point in terms
of the CAIR criterion. And it is very easy to cause the
lower degree of discretization which is not immoderate.
Huang has solved the above problem, but at the expense
of very high-computational cost [9]. Kurgan and Cios have
improved in the discretization criterion and attempted to
cause class-attribute interdependence maximization [10]. But
this criterion merely considered dependence between the
most classes in the interval and the attribute, which will
cause the excessive discretization and the result is not to
be precise. References [3, 4, 11, 12] are the algorithms of
the correlation of Chi2 algorithm based on the statistics.
The ChiMerge algorithm introduced by Kerber in 1992 is
a supervised global discretization method [11]. The method
uses 𝜒2 test to determine whether the current point is merged
or not. Bondu et al. [13] proposed a Chi2 algorithm in 1997
based on the ChiMerge algorithm. In this algorithm, the
authors increase the value of the 𝜒2𝛼 threshold dynamically
and decide the intervals’merging order according to the value
of 𝐷, where 𝐷 = 𝜒

2
𝛼 − 𝜒

2 and 𝜒
2
𝛼 is a fractile decided by

the significance level 𝛼. Tay and Shen further improved the
Chi2 algorithm and proposed themodifiedChi2 algorithm in
[4]. The authors showed that it is unreasonable to decide the
degree of freedom by the number of decision classes on the
whole system in the Chi2 algorithm. Conversely, the degree
of freedom should be determined by the number of decision
classes of each two adjacent intervals. In [3], the authors
pointed out that the method of calculating the freedom
degrees in the modified Chi2 algorithm is not accurate and
proposed the extended Chi2 algorithm, which replaced 𝐷

with𝐷/√2V.
Approximate reasoning is an important research content

of artificial intelligence domain [14–17]. It needs measuring
similarity between the different pattern and the object.
Similarity measure is a function that is used in comparing
similarity among information, data, shape, and picture etc.
[18]. In some domain such as picture matching, information
retrieval, computer vision, image fusion, remote sensing, and
weather forecast, similarity measure has the extremely vital
significance [13, 19–22]. The traditional similarity measure
method often directly adopts the research results in statistics,
such as the cosine distance, the overlap distance, the Euclid
distance, and Manhattan distance.

Using 𝜒
2 statistic and significance level codetermines

whether that cut point can be merged is the main role of
algorithms related to Chi2 algorithm. In this paper, we point
out that using the importance of nodes determined by the
distance, divided by √2V, for extended Chi2 algorithm of
reference [3] lacks theory basis and is not accurate. It is
unreasonable tomerge first adjacent two intervals which have
the maximal difference value. At the same time, based on
the study of applied meaning of 𝜒2 statistic, the drawback
of the algorithm is analyzed. To solve these problems, a new

modified algorithm based on interval similarity is proposed.
The new algorithm defines an interval similarity function
which is regarded as a new merging standard in the process
of discretization. At the same time, two important parameters
(condition parameter 𝛼 and tiny move parameter 𝑐) in
the process of discretization and discrepancy extent of a
number of adjacent two intervals are given in the form of
function. Besides, two important stipulations are given in the
algorithm. The related theory analysis and the experiment
results show that the presented algorithm is effective.

2. Correlative Conception of Chi2 Algorithm

At first, a few of conceptions about discretization are intro-
duced as follows.

(1) Interval and cut point. A single value of continuous
attributes is a cut point; two cut points produce an
interval. Adjacent two intervals have a cut point. Dis-
cretization algorithm of real value attributes actually
is in the process of removing cut point and merging
adjacent intervals based on definite rules.

(2) 𝜒
2 and 𝜒2𝛼. 𝜒

2 is a statistic in probability.

The formula for computing the 𝜒2 value is

𝜒
2
=

2

∑

𝑖=1

𝑘

∑

𝑗=1

(𝐴 𝑖𝑗 − 𝐸𝑖𝑗)
2

𝐸𝑖𝑗
, (1)

where

𝑘: number of system classes;
𝐴 𝑖𝑗: number of patterns in the 𝑖th interval, 𝑗th class;

𝐶𝑗 = ∑
2
𝑖=1 𝐴 𝑖𝑗: number of patterns in 𝑗th class;

𝑅𝑖 = ∑
𝑘
𝑗=1 𝐴 𝑖𝑗: number of patterns in 𝑖th interval;

𝑁 = ∑
2
𝑖=1 𝑅𝑖: total number of patterns;

𝐸𝑖𝑗 = 𝑅𝑖 × 𝐶𝑗/𝑁: expected frequency of 𝐴 𝑖𝑗.

𝜒
2
𝛼 is threshold determined significance level 𝛼. In statis-

tics, the asymptotic distribution of 𝜒2 statistic with 𝑘 degrees
of freedom is 𝜒2 distribution with 𝑘 − 1 degrees of freedom,
namely, 𝜒2(𝑘−1) distribution. 𝜒

2
𝛼 is determined by selecting a

desired significance level 𝛼.

(3) Inconsistency rate. When condition attribute values
of objects are the same and decision attribute value
is not the same, the classified information of the
decision table has definite inconsistency rate (error
rate), where

Inconsistency rate: Incon rate = 1 − 𝛾𝐶 (2)

𝛾𝐶 is approximate precision. Rectified Chi2 algorithm pro-
posed in this paper controls merger extent and information
loss in the discretization process with Incon rate.

Extended Chi2 algorithm is as shown in Algorithm 1 [1].
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Step1: Initialization. Set significance level 𝛼 = 0.5. Calculate inconsistency rate of information
systems: Incon rate.

Step2: Sort data in ascending order for each attribute and calculate 𝜒2 value of
each adjacent two intervals according to (1), then using a table to obtain
the corresponding 𝜒2 threshold. Calculate difference𝐷 = (𝜒

2
𝛼 − 𝜒
2
) /√2V.

Step3: Merge.
While (mergeable cut point)
{Search cut point that has the maximal difference𝐷, then merging it;

If Incon rate change
{Withdraw merging;

goto Step4;}
else goto Step2;

}

Step4: If 𝛼 can not be decreased
Exit procedure;

Else {𝛼0 = 𝛼;
Decreasing the significance level by one level;
goto Step2; }

Step5: Do until no attribute can be merged
{For each mergeable attribute 𝑖

{Calculate difference𝐷;
𝛼 = 𝛼0;
sign flag=0;
While (flag= =0)
{While (mergeable cut point)
{Search cut point that has the maximal difference𝐷, then merging it;
If Incon rate change
{Withdraw merging;
flag=1;
break;}

Else update difference𝐷;
}

If 𝛼 can not be decreased
Break;

Else {Decreasing the significance level by one level;
Update difference𝐷;}

}

}

}

Algorithm 1

3. Interval Similarity Function

3.1. Insufficiency of Chi2 Correlation Algorithm. (1) In for-
mula (1), 𝐶𝑗/𝑁 is the proportion of a number of patterns
in 𝑗th class accounting for a total number of patterns, and
𝐸𝑖𝑗 = 𝑅𝑖 × 𝐶𝑗/𝑁 is a number of patterns in the 𝑖th interval.
Therefore, statistical 𝜒2 indicates the equality degree of the
𝑗th class distribution of adjacent two intervals. The smaller
the 𝜒2 value is, the more the similar is class distribution, and
the more unimportant the cut point is. It should be merged.

For the newest extended Chi2 algorithm, it is very possi-
ble to have such two groups of adjacent intervals: the number
of classes of one is more than another, then, the difference
of class distribution of adjacent two intervals which have the
greater number of classes is bigger and the corresponding
𝜒
2 value is greater. Yet, the difference of class distribution of

adjacent two intervals which have the less number of classes is

smaller and the corresponding 𝜒2 value is smaller. Moreover,
degree of freedom of adjacent two intervals with the greater
number of classes is bigger. Then, quantile 𝜒2𝛼(V1) is possibly
much more than 𝜒

2
𝛼(V2) (see Figure 1). Therefore, even if

𝜒
2
1 > 𝜒

2
2 , V1 > V2, we still have such situation: 𝐷1/√2V1 >

𝐷2/√2V2. But in fact, adjacent two intervals with the bigger
difference of class distribution and the greater number of
classes should not be first merged. This merging standard in
the computation is not precise. So it is unreasonable to merge
first the adjacent two intervals with the maximal difference.

(2) In algorithms of the series of Chi2 algorithm, expan-
sion to 𝜒2 is as follows:

𝜒
2
=

2

∑

𝑖=1

𝑘

∑

𝑗=1

(𝐴 𝑖𝑗 − 𝐸𝑖𝑗)
2

𝐸𝑖𝑗
=

2

∑

𝑖=1

𝑘

∑

𝑗=1

𝑁 ⋅ (𝐴 𝑖𝑗 − 𝑅𝑖 ⋅ 𝐶𝑗/𝑁)
2

𝑅𝑖 ⋅ 𝐶𝑗
.

(3)
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Figure 1: Comparison of 𝜒2 distribution with different degrees of
freedom.

In formula (3), under certain situations 𝜒2 is not very
accurate: there are adjacent two intervals of class distribu-
tion adjoin. When the number of some class 𝐶𝑗 increases
(two intervals both have this class, 𝑁 and 𝑅𝑖 are invari-
able, 𝐴 𝑖𝑗 value of one of two intervals is invariable); the
numerator and the denominator of expansion to 𝜒2 formula
are increasing at the same time. Regarding (𝐴 𝑖𝑗 − 𝑅𝑖 ⋅

𝐶𝑗/𝑁)
2, its value may be increased first and then turn to

be decreased. In other words, when 𝑅𝑖 ⋅ 𝐶𝑗/𝑁 is quite
bigger than 𝐴 𝑖𝑗, 𝜒

2 value will increase (degree of freedom
not to change) and probability of interval merging will be
reduced. In fact, when the number of some class𝐶𝑗 increases,
this class has stronger independence with intervals, and
it has leader’s class status. Therefore, compared with not
increased, this time should have the same opportunity of
competition and even should merge first these two inter-
vals.

(3)The situation when 𝜒2 value is 0 is as follows.
There exists the case that class distribution of adjacent two

intervals is completely uniform, namely, 𝐴 𝑖𝑗 = 𝐸𝑖𝑗 ⇒ 𝜒
2
𝑖𝑗 =

0. Thus, 𝐷 is very big relatively and the two intervals are
possibly first merged. But in fact, it is possibly unreasonable
that they are firstmerged. For example (see Table 1), 𝑎, 𝑏, and c
are condition attributes and 𝑑 is decision attribute. Observing
attribute 𝑎: the same value is in the identical interval. The
number of samples of two intervals is the same. Classification
in 𝐴 is completely uniform, Namely, 𝐴 𝑖𝑗 = 𝐸𝑖𝑗 ⇒ 𝜒

2
𝑖𝑗 = 0;

𝐷
 is quite big relatively. Even if degree of freedom in 𝐴 is

bigger than𝐵, but because the difference of degree of freedom
between𝐴 and𝐵 is very small, it is possible that the difference
𝐷
 of 𝐴 is bigger than the difference 𝐷

 of 𝐵. From the
computation with Table 1, we get 𝜒2 = 0 and V = 2 in 𝐴, then
𝛼 = 0.9. We can see 𝜒2𝛼 = 4.61 and get 𝐷 ≈ 2.3. Regarding
𝐵 in Table 1, 𝜒2 = 0.45 and V = 1, then 𝛼 = 0.9. We can see
𝜒
2
𝛼 = 2.71 and get 𝐷 ≈ 1.6. Thus, two intervals of attribute

𝑎 in 𝐴 will be first merged, and then the sample 3, 4 and the
sample 1, 5 in 𝐴 could have the conflict, but it is not the case
in 𝐵. So, when 𝜒

2 value is equal to 0, using difference 𝐷 as
the standard of interval merging is inaccurate.

Table 1: Decision table.

𝐴 𝐵

𝑈 𝑎 𝑏 𝑐 𝑑 𝑈 𝑎 𝑏 𝑐 𝑑

1 0 0 2 1 1 0 0 2 1
2 0 — — 2 2 0 — — 1
3 0 1 1 3 3 0 1 1 1
4 1 1 1 1 4 1 1 1 1
5 1 0 2 2 5 1 0 2 1
6 1 — — 3 6 1 — — 2

3.2. Interval Similarity Function

Definition 1. Let 𝐵 be a database, or an information table, and
let 𝑡𝑖, 𝑡𝑗 ∈ 𝐵 be two arrays then their similar degree SIM(𝑡𝑖, 𝑡𝑗)

is defined as a mapping to the interval [0, 1].
A good similarity measure should have the following

characteristic:

for all 𝑡𝑖 ∈ 𝐵, SIM(𝑡𝑖, 𝑡𝑖) = 1;
for all 𝑡𝑖, 𝑡𝑗 ∈ 𝐵, if 𝑡𝑖 and 𝑡𝑗 are completely different,
then SIM(𝑡𝑖, 𝑡𝑗) = 0;
for all 𝑡𝑖, 𝑡𝑗, 𝑡𝑘 ∈ 𝐵, compared with 𝑡𝑗, if 𝑡𝑘 closes to 𝑡𝑖,
then SIM(𝑡𝑖, 𝑡𝑗) < SIM(𝑡𝑖, 𝑡𝑘).

The traditional similarity measure method often directly
adopts the research results in statistics, such as the cosine
distance, the overlap distance, the Euclid distance, and
Manhattan distance. Based on the analysis to the drawback of
the correlation of Chi2 algorithm, we propose the similarity
function as follows.

Definition 2. Given two intervals (objects), let 𝑎𝑖 be a class
label according to the 𝑖th value in the first interval, and let
𝑏𝑗 be a class label according to the 𝑗th value in the second
interval. Then, the difference between 𝑎𝑖 and 𝑏𝑗 is

𝑑𝑖𝑗 = {
0 if 𝑎𝑖 = 𝑏𝑗,

1 if 𝑎𝑖 ̸= 𝑏𝑗,
(4)

where 𝑖 = 1, 2, . . . , 𝑠, 𝑗 = 1, 2, . . . , 𝑡.

Definition 3. Similarity function of adjacent two intervals
𝑡𝑘, 𝑡𝑘+1 is defined as

SIM (𝑡𝑘, 𝑡𝑘+1) =

{{

{{

{

1 if 𝐶 = 1,

1 −
2

𝜋
arctan(

∑
𝑠
𝑖=1∑
𝑡
𝑗=1 𝑑𝑖𝑗

(𝑠 + 𝑡)
𝛼 ) if 𝐶 > 1.

(5)

In the formula (5), 𝛼 is a condition parameter:

𝛼 =

{{{{

{{{{

{

1 if (|𝑠 − 𝑡| < (√
∑
𝐴
𝑖=1 𝑉𝑖

𝐴
± 𝑐)) ,

1

2
other,

(6)



Journal of Applied Mathematics 5

where 𝐶 is the number of classes of two adjacent intervals,
𝐴 is the number of condition attribute, “| |” denotes absolute
value, 𝑉𝑖 is the number of cut points of attribute 𝑖 before
discretizing, 1 ≤ 𝑖 ≤ 𝐴, 𝑐 is tiny move parameter (𝑐 =

1, 2, 3), 1 ≤ 𝑘 ≤ 𝑉𝑖, and 𝛼 ∈ {1, 1/2}.

Considering any adjacent two intervals 𝑡𝑘 and 𝑡𝑘+1,
∑
𝑠
𝑖=1∑
𝑡
𝑗=1 𝑑𝑖𝑗 can express the difference degree between adja-

cent two intervals. But, because the number of each group
of adjacent intervals is different, it is unreasonable to merely
take ∑𝑠𝑖=1∑

𝑡
𝑗=1 𝑑𝑖𝑗 as a difference measure standard. In order

to obtain a uniform standard of difference measure and
a fair compete opportunity among each group of adjacent
intervals, it is reasonable to take ∑

𝑠
𝑖=1∑
𝑡
𝑗=1 𝑑𝑖𝑗/(𝑠 + 𝑡)

𝛼 as
a difference measure standard. In formula (5), when the
number of adjacent two intervals has only one (𝐶 = 1),
similar degree between them is the biggest obviously. In order
to enable similar degree among various intervals to compare
in the uniform situation, we can take arc tangent function
to normalized processing, making similar value mapped in
[0, 1]. The formula√∑𝐴𝑖=1 𝑉𝑖/𝐴 expresses the average norma-
tive value of cut points before discretizing. And we take it as
benchmark of distance of the number between two intervals,
carrying on tiny move in the 𝑐 scope.

Reason of parameter 𝛼 selected: when the distance of
the number between adjacent two intervals reaches a certain
extent, ∑𝑠𝑖=1∑

𝑡
𝑗=1 𝑑𝑖𝑗 will be small relatively, but 𝑠 + 𝑡 will

quite possibly be big. Thus, ∑𝑠𝑖=1∑
𝑡
𝑗=1 𝑑𝑖𝑗/(𝑠 + 𝑡) will be

relatively very small and not be easily merged. In fact,
considering the relations of containing and being contained
between two adjacent intervals, they still have the greater
merged opportunity and it is unfair. Therefore, parameter 𝛼
as condition parameter can play a fair role: when the distance
of the number between adjacent two intervals reaches the
certain extent, we select ∑𝑠𝑖=1∑

𝑡
𝑗=1 𝑑𝑖𝑗/√𝑠 + 𝑡 as standard. In

addition, by considering that the size of intervals has relation
with the number of initial attribute value (the number cut
point), we can take √∑

𝐴
𝑖=1 𝑉𝑖/𝐴 ± 𝑐 as the distance of the

number of adjacent two intervals, carrying on the tiny move
in the 𝑐 scope on benchmark of√∑𝐴𝑖=1 𝑉𝑖/𝐴. In brief, interval
similarity definition not only can inherit the logical aspects of
𝜒
2 statistic but also can resolve the problems about algorithms

of the correlation of Chi2 algorithm, realizing equality.

4. Discretization Algorithm for Real Value
Attributes Based on Interval Similarity

In this section we propose a new discretization algorithm
for real value attributes based on interval similarity (the
algorithm is called SIM for short).The new algorithm defines
an interval similarity function which is regarded as a new
merging standard in the process of discretization. In the
algorithm we adopt two operations.

(1) With formula (5) there are many maximal similar
values calculated among groups of adjacent intervals;

Table 2: Data Information.

Datasets Continuous
attributes

Discrete
attributes

Number of
Classes Examples

Iris 4 0 3 150
Glass 9 0 7 214
Breast 9 0 2 683
Wine 13 0 3 178
Auto 5 2 3 392
Bupa 6 0 2 345
Machine 7 0 8 209
Pima 8 0 2 768
Ionosphere 34 0 2 351

we will merge the adjacent two intervals with the
smallest number of classes.

(2) When there are many maximal similar values cal-
culated and the number of classes among groups
of adjacent intervals is the same, we will merge the
adjacent two intervals with the smallest number of
samples of adjacent intervals (namely, 𝑠 + 𝑡 is the
smallest).

The two operations can reduce the influence of merge
degree to other intervals or attributes, and the inconsistency
rate of system cannot increase beforehand. The algorithm
SIM is as shown in Algorithm 2.

5. The Experimental Results and Analysis

We adopt the datasets of UCI machine learning database (see
Table 2). The UCI machine learning datasets are commonly
used in data mining experiment.

Nine datasets were discrete respectively by the algorithm
proposed in this paper (SIM) and the EXT algorithm, the
Boolean algorithm. We ran C4.5 on the discreted data.
Choosing randomly, 80 percent of examples are training sets;
the rest are testing sets. The average predictive accuracy, the
average numbers of nodes of decision tree, and the average
numbers of rules extracted are computed and compared by
different algorithms (see Table 3). Meanwhile, discreted data
is classified by multiclass classification method [23–26] of
SVM. 80 percent of examples are randomly chosen as training
sets; the rest are testing sets. Model type is C-SVC. Kernel
function type is RBF function. Search range of penalty C is
[1, 100]. Kernel function parameter 𝛾 is 0.5. The predictive
accuracy (acc) and the number of support vector (svs) are
computed and compared for the above three algorithms (see
Table 4).

From Table 3, we can see that compared with extended
Chi2 algorithm and Boolean discretization algorithm, the
average predictive accuracy of decision tree of SIM algorithm
for discretization of real value attributes based on interval
similarity has been rising except Bupa and Pima datasets for
9 datasets. In particular promotion scope of Glass, Wine, and
Machine datasets is very big. The average numbers of nodes
of decision tree and the average numbers of rules extracted
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Step1: Compute inconsistency rate of information system;
Step2: Sort data in ascending order for each attribute and calculate the similar

value SIM of each adjacent intervals according to (5) and (6);
Step3: Merge
While (merge-able cut point)
{

Search cut point that has the maximal similar value, then merging it;
If (many maximum values)
{

Merge adjacent two intervals with the smallest number of classes;
If (Incon rate increases)
{

Withdraw merging;
Exit procedure;

}

Else {break; goto Step2;}
}

If (some several maximum values and the same class number of classes
among groups of adjacent intervals)

{

Merge the adjacent two intervals with the smallest number of samples
of adjacent intervals;
If (Incon rate increases)
{

withdraw merging;
exit procedure;
}

Else {break; goto step2;}
}

}

Algorithm 2

Table 3: Comparison of C4.5 performance on 9 UCI real datasets.

Datasets Predictive accuracy (%) Number of nodes Number of rules
EXT SIM Boolean EXT SIM Boolean EXT SIM Boolean

Iris 91.67 93.67 90.0 20.85 20 20.43 14.35 13.7 13.03
Glass 51.16 55.12 49.74 121.5 125.6 127.8 79.55 112.4 105.6
Breast 92.55 94.12 92.0 89.1 79.1 88.3 57.5 45.1 58.2
Wine 80.28 91.53 88.9 62.8 28.65 48.35 36 21.4 28.56
Auto 77.15 78.73 72.2 139.65 122.9 148.6 99.35 91 104.5
Bupa 45.29 38.41 38.24 236.4 248.7 249.3 183.55 201.9 196.9
Machine 77.38 83.69 66.7 64.15 62 72.35 42.45 42.9 48.36
Pima 61.82 59.25 63.6 448.4 485.9 445.3 342.1 427.6 356.8
Ionosphere 83.94 88.48 85.9 90.25 74.3 82.23 1 1 1

of algorithm for discretization of real value attributes based
on interval similarity have been decreased for most of
the data. These results show the superiority of algorithm
for discretization of real value attributes based on interval
similarity.

From Table 4, we can see that under 1-V-1 classi-
fication method the predictive accuracy with SIM algo-
rithm is higher than that of extended Chi2 algorithm and
Boolean discretization algorithm except for Breast and Pima
datasets.

Figures 2 and 3 visually describe predictive accuracy of
decision tree and SVM with different discretization algo-
rithms.

From the experiments we can see that the algorithm
for discretization of real value attributes based on interval
similarity proposed in this paper can obtain very good
discretization effect.

We give a further analysis about the algorithms.
(1) In regard to data set with the greater number of

classes, it is very possible that the difference of the number
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Figure 2: Comparison of C4.5 performance on 9 UCI real datasets.
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Figure 3: Comparison of SVM (1-V-1) performance on 9 UCI real
datasets.

of classes of each group of adjacent intervals is very big.
Thus, if extended Chi2 discretization algorithm was used,
it is not accurate and unreasonable to merge first adjacent
two intervals which have the maximal difference value.
The method proposed in this paper has avoided the above
situation. This is also the main reason that recognition effect
of Glass and Machine datasets is effective.

(2) In regard to data set with the greater number of real
value attribute, although the difference of the number of
classes of each group of adjacent intervals is small, it may
appear very unreasonable many situations in extended Chi2
algorithm in the discretization process: merged standard is
not precise in computation, 𝜒2 = 0 and so on. Regarding
such situation, the method proposed in this paper has
superiority very well (e.g. Ionosphere and Wine datasets).

Table 4: Comparison of SVM (1-V-1) performance on 9 UCI real
datasets.

Datasets EXT SIM Boolean
acc (%) svs acc (%) svs Acc (%) svs

Iris 93.3 36 93.3 26 90.0 27
Glass 67.4 120 67.4 149 67.1 146
Breast 98.5 50 97.8 129 95.6 79
Wine 97.2 37 100.0 72 97.2 103
Auto 69.6 148 84.8 138 67.1 173
Bupa 68.1 180 72.5 167 62.3 197
Machine 69.0 101 73.8 70 64.3 130
Pima 74.7 339 70.8 357 74.0 370
Ionosphere 97.2 178 98.6 221 93.0 272

Under the comparison for two methods, the difference of
recognition and forecast effect of Auto and Iris datasets (each
of them has three classes) is small. But the method proposed
in this paper is good.

(3) In regard to Auto and Iris datasets (each of them has
two classes) class distribution difference of each adjacent two
intervals is not big. It is improbable to appear unreasonable
factors. This time, merged standard of extended Chi2 algo-
rithm is possibly more accurate in computation. However, as
the data of Breast is with less attribute and more samples,
the intervals are massive in process of discretizing and
inconsistency rate will increase easily. At this time, extended
Chi2 algorithm produces the lower discretization effect; SIM
algorithm proposed in this paper gets better discretization
results by means of two important parameters’ choice.

However, from the experiments we can see that SIM
algorithm does not outperform extended Chi2 algorithm
and Boolean discretization algorithm for all datasets. The
characteristic of the data set on which SIM algorithm does
not perform well is that it has lesser classes. That is the data
set has not enough information of class.

6. Conclusions and Next Step of Work

Study of discretization algorithm of real value attributes
operates an important effect for many aspects of computer
application. Series of algorithms correlative toChi2 algorithm
based on probability statistics theory offer a new way of
thinking to discretization of real value attributes. Based on
the study for these algorithms a new algorithm using interval
similarity technique is proposed. The new algorithm defines
an interval similarity function which is regarded as a new
merging standard in the process of discretization. At the
same time, two important parameters (condition parameter
𝛼 and tiny move parameter 𝑐) which embody equilibrium
in the process of discretization and discrepancy of adjacent
two intervals are given in the function. The new algorithm
gives fair standard and can discrete the real value attributes
exactly and reasonably, and not only can it inherit the logical
aspects of 𝜒2 statistic, but also it can avoid the problems with
the correlation of Chi2 algorithm. The theory analysis and
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the experiment results show that the presented algorithm is
effective.
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A stage suspended boom system is an automatic steeve system orchestrated by the PLC (programmable logic controller). Security
and fault-recovering are two important properties. In this paper, we analyze and verify the boom system formally. We adopt the
hybrid automaton to model the boom system. The forward reachability is used to verify the properties with the reachable states.
We also present a case study to illustrate the feasibility of the proposed verification.

1. Introduction

The special effects in live performance make the audience
astonishing through colorful background and a stage sus-
pended boom system. Generally, the background indicates
a stable scene, but the suspended boom system shows a
dynamic stunt. The special effects for live performance are
always implemented by suspending objects and/or human in
midair from the boom system, such as “little girl flying a kite”
in the Olympic Games in Beijing 2008.

The contemporary boom systems contain a fixed physical
mechanismand a programmable controller, such as the steeve
system and PLC.The PLC samples the position of each steeve
and restricts their movement periodically. Since human life
is at stake, security is the top priority. The boom system
is also mission critical due to its live performance nature-
stunt. Generally, the stunt is against the security deeply; the
audience wants exciting stunts, but actors need safe shows,
which makes “Stunt Injuries and Fatalities Increasing” stated
by McCann [1].

We focus on the formal aspect of analyzing and verifying
stage suspended boom systems. The boom system exhibits a
hybrid behavior; for example, the continuous behavior in a
time period interacts with the discrete events. Therefore, it is
natural to adopt hybrid automaton to model and verify this
type of system.

Hybrid automaton is a formalmodel for precisely describ-
ing hybrid system in which computational processes interact
with physical processes. Similar to other types of automaton,
the hybrid contains states and transitions, but it also labels
and groups relevant dense states as activities to express
continuous behaviors, which are described by state functions.
Then the behavior of the hybrid system is composed of dis-
creteness of state transitions and continuity of state evolution.

The hybrid automaton was introduced in [2, 3] with
analysis for some linear and nonlinear examples, and in [4],
the authors focused on its verification aspect.There are many
works on verification and analysis of hybrid automata now
[4–7] studied themodel checking of hybrid automata; [2, 3, 8]
performed reachability analysis; [9, 10] studied probabilistic
hybrid automata; [11] studied the hybrid automata with a
domain-theoretic semantics. Moreover, there are many prior
works on the case study of hybrid systems with automata. In
[12], the safety properties of the automobile control system
are studied. In [9], the hybrid automaton was used to analyze
the circuit system. In [10], the authors focused on the sensor-
driven hybrid automaton and gave a concrete example of
goal network. In [2], an automated manufacturing system is
studied. But to the best of our knowledge, no article studies
the boom system formally in terms of hybrid automata.

In Section 2, we show the behaviors of the boom system
in a formal way. In Section 3, we analyze a concrete case study
for feasibility. We conclude in Section 4.
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2. Modeling Stage Suspended Boom System

A stage suspended boom system is the system used to achieve
a stunt. The contemporary boom system is composed of
automatic electromechanical controllers and physical mech-
anisms, including PLCs, steeves, curtains, and electrical
motors. We study this type of system in terms of interactions
of steeves and PLCs.

2.1. Movement. A boom system performs a stunt by con-
trollable steeves. The steeves are directly driven by electrical
motors.We analyze themovement of the system by themove-
ment of steeves. For example, we establish a 4-dimensional
mathematical model describing the locus of each steeve, the
first 3 dimensions express where the steeve is, and the last one
specifies when it arrives there. Let 𝑥, 𝑦, and 𝑧 be the first three
dimensions and 𝑡 the last one.

The whole movement of steeves is seen as a scene of a
boom system. The controllable movement of each steeve is
always adjusted and restricted manually or automatically by
PLCs. In contemporary boom systems,manual control is only
adopted to start a scene or stop it in an emergency. Once the
automatic control is triggered, the PLCs manage the move-
ment of steeves continuously unless an emergency occurs.

A stunt in a stage provides audience the astonishing
effects; at the same time it also provides high risks for an
actor/actress. Generally, the inertia and rotation are two
main risks while steeves moving. In order to prevent these
phenomena, the steeves in a real boom system move slowly
and smoothly to reduce inertia;meanwhile, several steel wires
connect a steeve and its driver for a consistent movement.

For each steeve, it is a mechanical device that behaves
under the laws of physics, dealing with quantities of dis-
placement, velocity, and acceleration. The steeve reports its
current condition through sensors, adjusts its movement by
the reference of actuators, and thus shows a controllable
(piecewise) continuous time-variant property. We analyze its
behavior by those physics laws.

We express the movement of a boom system with
the velocity of steeves. To keep the movement slowly and
smoothly, the acceleration is really low and close to 0; then in
most cases, the velocity is a constant. In addition, the motors
in the stage suspended system are commonly constant speed
electric ones or the variable-frequency direct-current ones,
which makes the control easy and effective. So this type of
control belongs to linear ones.

Let us show the movement of a steeve. Each steeve of
a stage is driven by the electro-motors. Each motor drives
a steeve to move forward or backward, left or right, or up
or down in terms of a control signal. So the movement of
a steeve is a combination of drives of motors. We use the
vector and matrix to express the following analysis formally.
Let us consider 𝑥𝑦𝑧-coordinates of a 3-dimension stage; ⃗𝑢𝑖 be
a velocity of the steeve indexed by 𝑖, 𝑎𝑖 a control,𝑓𝑥(𝑥𝑖),𝑓𝑦(𝑦𝑖),
and 𝑓𝑧(𝑧𝑖) time differential, for example, velocities; 𝑎𝑥

𝑖

, 𝑎𝑦
𝑖

,
and 𝑎𝑧

𝑖

controls; then

𝑎𝑖 = (

𝑎𝑥
𝑖

0 0

0 𝑎𝑦
𝑖

0

0 0 𝑎𝑧
𝑖

) (1)

and ⃗𝑢𝑖 = (𝑓𝑥(𝑥𝑖), 𝑓𝑦(𝑦𝑖), 𝑓𝑧(𝑧𝑖)) × 𝑎𝑖. So the movement of
the whole boom system, ⃗𝑢, is ⃗𝑢 = ( ⃗𝑢1, ⃗𝑢2, . . . , ⃗𝑢𝑛). Let 𝑎 be
a control matrix, for example,

𝑎 = (

𝑎1 0 ⋅ ⋅ ⋅ 0

0 𝑎2 ⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅

0 0 ⋅ ⋅ ⋅ 𝑎𝑛

). (2)

The movement of boom system could be reexpressed as the
following:

⃗𝑢 = (𝑓𝑥 (𝑥1) , 𝑓𝑦 (𝑦1) , 𝑓𝑧 (𝑧1) , 𝑓𝑥 (𝑥2) , 𝑓𝑦 (𝑦2) , 𝑓𝑧 (𝑧2) ,

. . . , 𝑓𝑥 (𝑥𝑛) , 𝑓𝑦 (𝑦𝑛) , 𝑓𝑧 (𝑧𝑛)) × 𝑎.

(3)

Equation (3) shows that the movement of a boom system
is depending on the velocity of each motor, for example,
velocities in every direction and a control matrix.

We call the movement of boom system under a concrete
control matrix an activity, whose number is finite because of
the finite number of signals.

2.2. Scene. The steeves and the PLCs communicate and
cooperate to implement a live performance, for example, a
scene.

A scene shows the configuration of activities of a boom
system in terms of controls from PLCs. Each control is a
matrix of concrete control signals, for example, a concrete
control value for its movement in a special direction. Let
val𝑖 be the valuation of a control matrix to a control value
matrix. A scene formally defines a sequence of valuations,
val1(𝑎), val2(𝑎), . . . , val𝑘(𝑎), . . ., that val𝑖(𝑎) ̸= val𝑖+1(𝑎). We
call (val𝑖(𝑎), val𝑖+1(𝑎)) scene related controls.

PLCs implement a scene by configuring activities, which
construct a hybrid system essentially. For example, the
continuous behavior is determined by the steeves, while
the discrete one by relation among their movement. The
implementation of the scene is complex owing to the nonde-
terministics of the movement. Steeves driven by motors may
not always move functionally, so the PLC owns a mechanism
of exceptions.

There are two types of nondeterministics: timeout and
inconsistency. The timeout indicates that the movement has
to finish in a max time duration or the system suspends. The
inconsistency involves two phenomena: the inconsistency of
the steeve movement in different directions (the motors of
a steeve do not cooperate well) or the inconsistency among
the moving steeves (the steeves do not cooperate well). All of
them have to be treated safely. Let us adjust our scene analysis
in terms of these nondeterministics.

Let next be a function of getting a next control value
matrix with current value. Then for a current control value
matrix val𝑖(𝑎), the next may involve three types of matrix:
one for the scene requirement, one for the timeout fault, and
one(s) for the inconsistent movement.
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The inconsistency involves source control value matrices,
destination matrix, and inconsistent matrix. Let

val𝑖 (𝑎) = (

𝑣𝑖
1

0 ⋅ ⋅ ⋅ 0

0 𝑣𝑖
2

⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅

0 0 ⋅ ⋅ ⋅ 𝑣𝑖
𝑛

),

val𝑗 (𝑎) = (

𝑣𝑗
1

0 ⋅ ⋅ ⋅ 0

0 𝑣𝑗
2

⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅

0 0 ⋅ ⋅ ⋅ 𝑣𝑗
𝑛

),

val𝑘 (𝑎) = (

𝑣𝑘
1

0 ⋅ ⋅ ⋅ 0

0 𝑣𝑘
2

⋅ ⋅ ⋅ 0

⋅ ⋅ ⋅

0 0 ⋅ ⋅ ⋅ 𝑣𝑘
𝑛

)

(4)

be different controls; for example, not all control signals of
motors are the same, ∃𝑙 ∈ {1, . . . , 𝑛} that 𝑣𝑖

𝑙

̸= 𝑣𝑗
𝑙

̸= 𝑣𝑘
𝑙

. We say
(val𝑖(𝑎), val𝑘(𝑎), val𝑗(𝑎)) is processably inconsistent whenever
𝑣𝑖
𝑙

= 𝑣𝑗
𝑙

.Then if processable inconsistence holds, 𝑣𝑘
𝑙

= 𝑣𝑖
𝑙

and
then direction of the movement does not change.

Now we can show next control valuation matrix by the
scene relation and the processable inconsistency relation. Let
next(val(𝑎)) = val(𝑎) with the following.

(i) (val(𝑎), val(𝑎)) is scene related;

(ii) there exists a valuation matrix, val𝑖(𝑎), that (val(𝑎),
val(𝑎), val𝑖(𝑎)) is processably inconsistent, and
(val(𝑎), val𝑖(𝑎)) is scene related;

(iii) there exist two activities, val𝑖(𝑎) and val𝑗(𝑎) (𝑖 ̸= 𝑗),
that (val𝑖(𝑎), val𝑗(𝑎)) is scene related and (val(𝑎),
val(𝑎), val𝑗(𝑎)) and (val𝑖(𝑎), val(𝑎), val𝑗(𝑎)) are pro-
cessably inconsistent; or

(iv) val(𝑎) is a suspend control; for example, all control
values are 0.

2.3. Hybrid Automaton Model. There are several types of
definitions for hybrid automata [2–4], all of which construct
a position (control model) graph with the events of jump
transitions. A hybrid automaton is a sextuple of positions,
real-valued variables, event labels, transitions, activities, and
invariants. We study the formal model by (forward) reacha-
bility analysis; for example, let 𝑡, 𝑙, and 𝑥 be a time elapsing,
location and variable, and the activity is denoted by 𝜓𝑙[𝑣].
We can verify a hybrid system by the forward analysis of
reachability analysis.We compute “time can progress” of max
time duration that elapsed in the position 𝑙 by 𝑡𝑐𝑝𝑙[𝑣](𝑡), if for
all 𝑡1 ∈ [0, 𝑡] that𝜓𝑙[𝑣](𝑡1) ∈ Int(𝑙).Thenwe compute forward
time closure of the valuation set of 𝑙-position and a special
valuation set by 𝑣0 ∈ ⟨𝑃⟩

↗
ℓ , which means ∃𝑣 ∈ 𝑉, 𝑡 ∈ 𝑅

≥0

if and only if 𝑣 ∈ 𝑃 ∧ 𝑐𝑝ℓ[𝑣](𝑡) ∧ 𝑣0 = 𝜓ℓ[𝑣](𝑡). And then
we compute postcondition of a set of valuations generated
through transitions by 𝑣1 ∈ post𝑒[𝑃], which means ∃𝑣 ∈ 𝑉 if

and only if 𝑣 ∈ 𝑃 ∧ (𝑣, 𝑣1) ∈ 𝜇. So finally we compute the set
of reachable states by the fixpoint of the following equation:

𝑋ℓ = ⟨𝐼ℓ ⋃

𝑒=(ℓ
0
,ℓ)∈𝐸𝑑𝑔

post𝑒[𝑋ℓ
0

]⟩

↗

ℓ

(5)

with 𝐼 = ⋃ℓ∈Loc(ℓ, 𝐼ℓ) being a set of initial states.
The (piecewise) continuous movement (see Section 2.1)

builds the part of (piecewise) continuous behavior of a boom
system. In contrast, periodically and discretely, the PLC
implements a scene of live performance, by monitoring the
continuous behavior (by sensors), generating decisions (by
logic reasoning and data processing programs), and then
writes the compatible controls into the actuators, instanta-
neously. The control may change the system movement by
adding the boom system discrete behaviors (see Section 2.2).
In short, the interacted (piecewise) continuity and discrete-
ness of this system present a hybrid behavior, indeed.

It is very convenient to translate the analysis in previous
subsections into a hybrid automaton.The variables include all
movement variables, signal variables, and other special ones;
the locations, aswell as activities contained in the location, are
corresponding to the activities of system movement directly;
the edges between the activities are described by the next
function; the invariant of each location involves themax time
allowed for every activity, which is concluded from scene.We
will show the hybrid automaton in the following case study.

3. A Case Study

For this specific boom system, each steeve is driven by
two constant speed electric motors located in vertical and
horizontal directions. A moving steeve could be stopped at
any position if a stop button is pushed for some security
reasons; moreover, after the operator pushes the start button,
each steeve moves automatically under the control of the
PLCs. The PLCs are used as intelligent controllers. The
electric motor rotates in a constant speed to keep the steeve
moving placidly. The transducers fixed on motors will send
256 pulses per motor rotation cycle, and the steeve will move
16cm.ThePLCsmemorize and calculate the number of pulses
to control the electric motor. Moreover, the direction of
motor rotation can be adjusted to move down (or left) or to
up (or right) by the PLC signals.

We study an interesting scene, for example, a stunt that
a actor/actress riding a bicycle to climb “hill”, the bicycle is
hung on a steeve in a 𝑥𝑦 coordination. Initially, the bicycle
locates at the (0, 0) position, then the bicycle, as well as the
actor, begins to climbing a hill, for example, moves slowly to
position (𝐿,𝐻), and then (0, 2×𝐻) of the top of the hill.Then
the bicyclemoves fromone peak to another horizontally. And
then moves down the hill and arrives at foot (𝐿, 0). Finally,
moves to the initial position (0, 0) and begins to another cycle.

We consider the following problems.
(i) Does the state suspended boom system perform

safely?
(ii) Does the state suspended boom system perform

correctly?



4 Journal of Applied Mathematics

3.1. Hybrid Automata. We have two button-related variables:
start and stop for start and stop stunt manually. The scene of
this case study involves one steeve and one PLC and plays a
2D movement. So we get two movement related variables: 𝑥
and 𝑦 for 𝑥-axis and 𝑦-axis. The PLC samples the movement
indirectly; it records and calculates the pulse number of each
angular transducer of motors. Then two special variables
are necessary, let 𝑥𝑐 be pulse counter for 𝑥-axis moving,
and 𝑦𝑐 for the other. Moreover, we use another variable for
local timer, for example, let 𝑑 record the elapsed time of a
position (or control model). Then the variable set is Var =

{start, stop, 𝑥, 𝑦, 𝑥𝑐, 𝑦𝑐, 𝑑}, and controlled variable set Con =

{𝑥, 𝑦, 𝑥𝑐, 𝑦𝑐, 𝑑}.
Let 𝑣𝑥 and 𝑣𝑦 be constants for velocities of the steeve

in 𝑥 and 𝑦 directions separately. Only one steeve be used
in this scene; the movement is expressed by velocities and
rates of pulse; so by the way introduced in Section 2, we get
𝑎 = (

𝑎
𝑥
0
0 𝑎
𝑦

) and ⃗𝑢 = (𝑣𝑥, 𝑣𝑦) × 𝑎.
According to the specification, the control 𝑎𝑥 (𝑎𝑦)makes a

steeve moving left or right (up or down); so we set its value as
{−1, 0, 1} for moving left, stopping moving, and right (similar
to 𝑎𝑦). Then we get the nine activities in Table 1 with (3).

The scene defines a sequence of controls: valur(𝑎), valul(𝑎),
valr(𝑎), valdl(𝑎), valdr(𝑎), and vall(𝑎). We extend this control
sequence by consistency and timeout analysis; let us take a
scene relation (valur(𝑎), valul(𝑎)) as an example,

next (valur (𝑎)) = next((1 0

0 1
))

= {(
0 0

0 0
) , (

0 0

0 1
) , (

1 0

0 0
)} .

(6)

So when the steeve is moving up-right, it may suspend for
timeout, or its horizontal/vertical movement finishes but the
vertical/horizontal not (see the shadow in Figure 1). In this
figure, the 𝑥-position movement finishes in 𝑡1 time point; the
𝑦-direction displacement of any (red) line in the shadow is
necessary for the consistency. After calculating all the next
control valuation matrixes, we get the connected graph in
Figure 2 without formulas.

PLC cannot add more movement of boom system but
only can organize some activities to form a scene; so as we
talked in Section 2.3, we can build the hybrid automaton
according to the patterns of movement, for example,

Loc = {ur, ul, dl, dr, up, down, right, left, susp} . (7)

Wewrite ur as up-right for short; others are similar.The𝐴𝑐𝑡 of
a location is the same as the corresponding activity previously.

The PLC reads transducer sensors to adjust movement of
a steeve to implement the stunt, the rate of pulse of a sensor
is the same as the velocity of a steeve, and it is convenient to
show the invariant and edges by pulse counter 𝑥𝑐 and 𝑦𝑐. Let
us define hypothesis tomake the following expression simple.
Let𝑁𝐿 and𝑁𝐻 be two pulse constants with𝑁𝐿 = (256/16) ×

𝐿 = 16×𝐿 and𝑁𝐻 = 16×𝐻; let int returns the integer portion
of a number and mod be a function of getting the remainder

Table 1: The activities.

𝑎 𝑢

Up-right valur(𝑎) = (
1 0

0 1
) 𝑢ur = (𝑣𝑥, 𝑣𝑦)

Up-left valul(𝑎) = (
−1 0

0 1
) 𝑢ur = (−𝑣𝑥, 𝑣𝑦)

Down-left valur(𝑎) = (
−1 0

0 −1
) 𝑢dl = (−𝑣𝑥, −𝑣𝑦)

Down-right valur(𝑎) = (
1 0

0 −1
) 𝑢dr = (𝑣𝑥, −𝑣𝑦)

Up valur(𝑎) = (
0 0

0 1
) 𝑢u = (0, 𝑣𝑦)

Down valur(𝑎) = (
0 0

0 −1
) 𝑢d = (0, −𝑣𝑦)

Right valur(𝑎) = (
1 0

0 0
) 𝑢r = (𝑣𝑥, 0)

Left valur(𝑎) = (
−1 0

0 0
) 𝑢l = (−𝑣𝑥, 0)

Suspend valur(𝑎) = (
0 0

0 0
) 𝑢sp = (0, 0)

produced by being divided into two integers. We define the
following assertions:

stop := start = 0 ∧ stop = 1,

auto := start = 1 ∧ stop = 0,

ℎmv := mod (int (𝑥𝑐) ,𝑁𝐿) ≤ 𝑁𝐿,

𝑣mv := mod (int (𝑦𝑐) ,𝑁𝐻) ≤ 𝑁𝐻,

ℎslp := mod (int (𝑥𝑐) ,𝑁𝐿) = 0,

𝑣slp := mod (int (𝑦𝑐) ,𝑁𝐻) = 0,

𝐷 := 𝑑 ≤ 𝑇max,

(8)

where stop and auto are two assertions for the steeve sus-
pending and moving automatically, ℎmv and 𝑣mv for moving
horizontally and vertically, ℎslp and 𝑣slp for sleeping on
horizontal or vertical directions, and the last one 𝐷 for the
max time duration of a movement. Then the 𝐼𝑛𝑣 of each
location will be

𝐼𝑛𝑣 (ur) := 𝐼𝑛𝑣 (ul) := 𝐼𝑛𝑣 (dl)

:= 𝐼𝑛𝑣 (dr) := ℎmv ∧ 𝑣mv ∧ 𝐷 ∧ auto,

𝐼𝑛𝑣 (up) := 𝐼𝑛𝑣 (down) := ℎslp ∧ 𝑣mv ∧ 𝐷 ∧ auto,

𝐼𝑛𝑣 (right) := 𝐼𝑛𝑣 (left) := ℎmv ∧ 𝑣slp ∧ 𝐷 ∧ auto,

𝐼𝑛𝑣 (susp) := stop.

(9)

We get Edg from the next function, which defines the
transition among control valuation matrixes. According to
the definition of next(valur)), we know the next location of
up-right ur will be up, susp, and right as seen in Table 1. Let
us show an example of the transition from ur to up. In each
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𝑡𝑜 𝑡1 𝑡2 𝑡3 𝑡4 𝑡5 𝑡6
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𝐻

𝐿

𝑋-displacement

𝑌-displacement
2 × 𝐻

𝑡0


𝑡0


Figure 1: The fault self-recovered movement.

Ur Up Ul

Left

Dr Down Dl

Susp Right

mod(int(𝑦𝑐), 𝑁𝐻) = 0

mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) =
mod(int(𝑥𝑐), 𝑁𝐿) = 0

1∧

mod(int(𝑦𝑐), 𝑁𝐻) = 0
mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 1∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

stop: =
start: = 0

𝑑 ≥ 𝑇max
1∧

∧

mod(int(𝑥𝑐), 𝑁𝐿) = 0
mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 2∧

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 2∧

start = 1
𝑥 = 𝑥𝑐 = 𝑦 = 𝑦𝑐 = 𝑑 = stop = 0∧

mod(int(𝑦𝑐), 𝑁𝐻) = 0
mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 0∧

mod(int(𝑥𝑐), 𝑁𝐿) = 0
mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 5∧ mod(int(𝑦𝑐), 𝑁𝐻) = 0

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 3∧

mod(int(𝑥𝑐), 𝑁𝐿) = 0
mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 4∧

mod(int(𝑥𝑐), 𝑁𝐿) = 0
mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 4∧

mod(int(𝑥𝑐)
÷ 𝑁

𝐿
, 6
) =

2∧

mod(int(𝑥𝑐)
, 𝑁𝐿

) =

=
0

0∧
𝑑:

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 3∧
mod(int(𝑦𝑐), 𝑁𝐻) = = 00∧𝑑:

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 0∧
mod(int(𝑦𝑐), 𝑁𝐻) = = 00∧𝑑:

mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 0∧
mod(int(𝑥𝑐), 𝑁𝐿) = = 00∧𝑑:

mod(int(𝑥𝑐) ÷
𝑁𝐿
, 6)

= 5
∧

mod(int(𝑥𝑐),
𝑁𝐿
) =

= 0

0∧
𝑑:

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 1∧
mod(int(𝑦𝑐), 𝑁𝐻) = = 00∧𝑑:

mod(int(𝑦𝑐) ÷ 𝑁𝐻, 4) = 2∧
mod(int(𝑦𝑐), 𝑁𝐻) = = 00∧𝑑:

mod(int(𝑥𝑐) ÷ 𝑁𝐿, 6) = 1∧
mod(int(𝑥𝑐), 𝑁𝐿) = = 00∧𝑑:

mod(int(𝑥𝑐) ÷ 𝑁𝐻, 6) = 3∧
mod(int(𝑥𝑐), 𝑁𝐿) = = 00∧𝑑:

Figure 2: The hybrid automaton of riding a bicycle.

cycle, themoving distance on 𝑥-axis is 6×𝐿 that the direction
of the displacement changes once increasing 𝐿 and so is the
movement along the 𝑦-axis. The ur to up transition happens
to recover the moving error when the up-right movement
of scene performs; for example, if the movement on 𝑥-axis
finishes before the one on 𝑦-axis, the bicycle moves up-right,

then up, and finally up-left; then the condition of the jump
shows the finish of the first 𝑥-axis movement, for example,
the 6𝑘 × 𝐿 + 𝐿 distance. So we get the following formulae:

𝜇 := mod (int (𝑥𝑐) ÷ 𝑁𝐿, 6) = 1 ∧mode (int (𝑥𝑐) ,𝑁𝐿) = 0.

(10)
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Then the transition expression is 𝑒 = (ur, 𝛼, 𝜇, up) in which 𝛼

is an event label.
Step by step, we construct a hybrid automaton in Figure 2

(each position is indexed by an integer number for utility).

3.2. Reachability Analysis. We can prove some interesting
properties by reachability analysis of the hybrid automaton
in Figure 2. Let us use the forward analysis method in
Section 2.3 to compute reachable state set from initial states.

The initial states illustrate that the steeve starts moving
up-right from the coordination (0, 0); meanwhile, the elapsed
time begins to be recorded. Let 𝑝𝑐 be an integer over indexes
of positions; we express the initial states as a formula 𝜓𝐼:

𝜓𝐼 := 𝑝𝑐 = 1 ∧ 𝑥 = 𝑦 = 𝑥𝑐 = 𝑦𝑐 = 𝑑 = 0 ∧ start

= 1 ∧ stop = 0.
(11)

According to (5), the reachable states are characterized by
the least fixpoint of the following nine equations:

𝜓1 = ⟨𝜓𝐼
1

∨ post(8,1)[𝜓8]⟩
↗

1
,

𝜓2 = ⟨𝜓𝐼
2

∨ post(1,2)[𝜓1] ∨ post(3,2)[𝜓3]⟩
↗

2
,

𝜓3 = ⟨𝜓𝐼
3

∨ post(2,3)[𝜓2] ∨ post(4,3)[𝜓4]⟩
↗

3
,

𝜓4 = ⟨𝜓𝐼
4

∨ post(1,4) [𝜓1] ∨ post(2,4) [𝜓2]

∨ post(7,4) [𝜓7] ∨ post(8,4) [𝜓8]⟩
↗

4
,

𝜓5 = ⟨𝜓𝐼
5

∨ post(4,5)[𝜓4]⟩
↗

5
,

𝜓6 = ⟨𝜓𝐼
6

∨ post(5,6)[𝜓5] ∨ post(7,6)[𝜓7]⟩
↗

6
,

𝜓7 = ⟨𝜓𝐼
7

∨ post(6,7)[𝜓6] ∨ post(8,7)[𝜓8]⟩
↗

7
,

𝜓8 = ⟨𝜓𝐼
8

∨ post(3,8) [𝜓3] ∨ post(4,8) [𝜓4]

∨ post(5,8) [𝜓5] ∨ post(6,8) [𝜓6]⟩
↗

8
,

𝜓9 = ⟨𝜓𝐼
9

∨ post(1,9) [𝜓1] ∨ post(2,9) [𝜓2]

∨ post(3,9) [𝜓3] ∨ post(4,9) [𝜓4]

∨ post(5,9) [𝜓5] ∨ post(6,9) [𝜓6] ∨ post(7,9) [𝜓7]

∨ post(8,9) [𝜓8]⟩
↗

9
.

(12)

By the initial states, 𝜓𝐼
1

= 𝜓𝐼 and 𝜓𝐼
2

= ⋅ ⋅ ⋅ = 𝜓𝐼
9

= false,
we can calculate the fixpoint of (12) iteratively, for example,
let 𝑖 = 1, 2, . . . be the times iterated; we calculate the first
equation by 𝜓1,𝑖 = ⟨𝜓1,𝑖−1 ∨ post(8,1)[𝜓8,𝑖−1]⟩

↗

1
; then we get

𝜓1 = (0 ≤ 𝑥 ≤ 𝐿 ∧ 0 ≤ 𝑦 ≤ 𝐻 ∧ 6 × 𝐶1 ≤ 𝑥𝑐 ≤ 6 × 𝐶1

+𝑁𝐿 ∧ 4 × 𝐶2 ≤ 𝑦𝑐 ≤ 4 × 𝐶2 + 𝑁𝐻 ∧ 𝐷 ∧ auto)
(13)

with 𝑘 = 1, 2, 3, . . . being the number of cycles of movement,
𝐶1 = (𝑘 − 1) × 𝑁𝐿, 𝐶2 = (𝑘 − 1) × 𝑁𝐻, and so are the others.

The safety properties can be studied in terms of the
reachable states. We list properties as the lemmas bellow.

Lemma 1. After a scene begins to perform, the movement of
the boom system will be in a safe area, for example, a rectangle
of (0, 0), (0, 𝐿), (𝐿, 2 × 𝐻), and (0, 2 × 𝐻):

𝑡 ≥ 0 ⇒ 0 ≤ 𝑥 ≤ 𝐿 ∧ 0 ≤ 𝑦 ≤ 2 × 𝐻. (14)

Lemma 2. In each activity, if duration of the activity is longer
than 𝑇max, the movement will stop, for example.

𝑡 > 𝑇max ⇒ 𝜓9. (15)

These two security properties are direct from the reach-
able states.

Lemma 3. The behavior of the system conforms to the specifi-
cation of the scene.

Proof. This lemma requires that the movement of steeves
follows the scene specification; for example, implementation
of the bicycle climbing the hill-zigzag traces appears once
duration resetting transition (𝑑 := 0) is triggered. For
example, if the steeve arrives at the position (𝐿,𝐻) (the PLC
controller only knows this from 𝑥𝑐 = 6 × 𝑘 ×𝑁𝐿 +𝑁𝐿 ∧ 𝑦𝑐 =

4 × 𝑘 × 𝑁𝐻 + 𝑁𝐻 with 𝑘 being the number of cycles of
movement), a zigzag appears, for example,

𝑥𝑐 = 6𝑘 × 𝑁𝐿 + 𝑁𝐿 ∧ 𝑦𝑐 = 4𝑘 × 𝑁𝐻 + 𝑁𝐻

⇒ (((6𝑘 × 𝑁𝐿 ≤ 𝑥𝑐 < 6𝑘 × 𝑁𝐿 + 𝑁𝐿)

∧ (4𝑘 × 𝑁𝐻 < 𝑦𝑐 < 4𝑘 × 𝑁𝐻 + 𝑁𝐻)

∧ (0 ≤ 𝑥 < 𝐿 ∧ 0 ≤ 𝑦 < 𝐻)) ∨ (𝑥 = 𝐿 ∧ 𝑦 = 𝐻))

∨ ((6𝑘 × 𝑁𝐿 + 𝑁𝐿 ≤ 𝑥𝑐 < 6𝑘 × 𝑁𝐿 + 2 × 𝑁𝐿)

∧ (4𝑘 × 𝑁𝐻 + 𝑁𝐻𝑦𝑐 < 4𝑘 × 𝑁𝐻 + 2 × 𝑁𝐻)

∧ (0 ≤ 𝑥 < 𝐿 ∧ 𝐻 < 𝑦 ≤ 2 × 𝐻)) .

(16)

The formula 𝑥𝑐 = 6 × 𝑘 × 𝑁𝐿 + 𝑁𝐿 ∧ 𝑦𝑐 = 4 × 𝑘 × 𝑁𝐻 + 𝑁𝐻
implies that 𝜓1, 𝜓2, 𝜓3, 𝜓4, and 𝜓9 hold. Then we can check
that the set of states characterized by the formulas after⇒ is a
subset of states defined by (𝜓1∨𝜓2∨𝜓3∨𝜓4∨𝜓9).The formal
specifications and proofs of other zigzag trace, are similar. So
we know that the hybrid system of the boom system holds the
specification of the scene, and then lemma 3 is proved.

Lemma 4. The boom system recovers its fault movement by
itself.

Proof. Let us take the zigzag trace for example, if the time
duration of the up-right movement is less than 𝑇max and the
𝑥-direction movement finishes but 𝑦-direction movement
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not, then 𝑥-direction movement stops and waits for the 𝑦-
direction movement, for example,

(𝑡 ≤ 𝑇max ∧ 𝑥𝑐 = 6 × 𝑘 × 𝑁𝐿 + 𝑁𝐿 ∧ 𝑦𝑐 < 4 × 𝑘 × 𝑁𝐻

+𝑁𝐻 ∧ start = 1 ∧ stop = 0) ⇒ 𝜓2.

(17)

The proof can be directly reasoned from the formulas
of reachable states. Similarly, we can verify other fault-
recovering requirements by their characterization of the
reachable states.

4. Conclusion

In this paper, we adopted hybrid automaton as the model
of the boom system, and then used the forward method to
analyze its reachability problem. Some important properties
were verified in terms of the reachable states. An interesting
case study of scene of bicycle climbing hill was shown to prove
the feasibility of our study.

In future, we will adopt tools of hybrid automata to make
the analysis and verification (possibly) automatically. After
many case studies, we regard there could be a framework of
modeling and verifying this type of system; so we will study
more cases to find their characteristics, and then propose
a practice framework (which may not only be solvable by
hybrid automata).
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Model checking and conformance testing play an important role in software system design and implementation. From the view
of integrating model checking and conformance testing into a tightly coupled validation approach, this paper presents a novel
approach to detect latent errors in software implementation. The latent errors can be classified into two kinds, one is called
as Unnecessary Implementation Trace, and the other is called as Neglected Implementation Trace. The method complements
the incompleteness of security properties for software model checking. More accurate models are characterized to leverage the
effectiveness of the model-based software verification and testing combined method.

1. Introduction

In software engineering practices, model-based software
development and analysis methods receive extensive atten-
tion [1]. Software model checking [2] and model-based
conformance testing [3] are two well-established approaches
validating the accuracy of software executions. Model check-
ing aims at verifying whether the software specification
model satisfies a set of key properties that represent the
software functional requirements, while conformance testing
aims at checking if the actual black-box implementation
behaves as what the specification model describes according
to some kind of conformance relation. More specifically,
software model checking validates the specification model
with the key properties during the design phase, while
conformance testing checks the nonconformance relation
between the system programs and the specification model
during the implementation phase.Thus, model checking and
conformance testing could perform sequentially and work
as an integrated validation process to assure the functional
correctness of a software system.

However, only applying model checking followed by
conformance testing is not fully satisfactory. The essential
reason is that model checking focuses on an accurate system

formal model, not considering the system implementation,
while conformance testing focuses on checking whether the
system implementation behaves as the model specified, not
considering whether the key properties are totally tested [4].
Specifically, in the ideal scenario, all the software behaviors
in the system implementation should satisfy the key prop-
erties, that is, all key properties are tested and all system
behaviors are verified, as shown in the midpart of Figure 1.
Unfortunately, in the software engineering practices, there
always exist some key properties verified by model checking
in the design phase, but they might not be tested at all in
the implementation phase. This kind of scenario is called as
“Under Tested,” as shown in the left part of Figure 1. From
the other side, some system error behaviors may still exist
in the software implementations after conformance testing,
and they also might not be checked out by model checking
in the design phase. This kind of scenario is called as “Under
Verified,” as shown in the right part of Figure 1.Therefore, the
“Under Tested” and “Under Verified” scenarios are twomajor
drawbacks of the traditional software validation methods,
where the model checking and the conformance testing
exercise sequentially and individually.

In order to integrate model checking and conformance
testing into a tightly coupled validation approach, two kinds
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Figure 1: Three kinds of effects for the traditional software valida-
tion method.

of studies have been done. First, most studies in the literature
focus onfixing the “UnderTested” problem [4, 5]. Specifically,
the key properties are considered in the conformance test case
generation method, so executing such set of test cases could
guarantee that all key properties are tested. For example, key
properties could be formulized as the test purpose models
and the test generation process utilizes model checking as
a major generation technology. Consequently, all generated
test cases will definitely cover the key properties. These
studies could improve the “Under Tested” scenario, and the
major contribution is to make the conformance testing more
complete and more accurate, that is, the software verification
well complements the software testing.However, we also need
certain studies to improve the “Under Verified” scenario,
that is, the software testing should complement the software
verification as well. But in the literature, this kind of studies
is really few. Black-box checking [6] and adaptive model
checking [7] are two special cases.They aim to constructmore
specific system models from a partial or an empty model
through testing and learning. The difficulties in this kind of
studies result from the fact that the implementation errors
are always detected unexpectedly through the conformance
testing process, that is, we cannot guarantee detecting such
errors definitely. Therefore, we herein propose a more proac-
tive method to detect such latent errors which have been
programmed in the system implementations and improve the
“Under Verified” scenario consequently.

To demonstrate the motivation of our work more clearly,
we make further analysis first. Without loss of generality,
we adopt an instance model checking method based on the
Input-Output LabeledTransition System (IOLTS)models [4],
and an instance conformance testing approach based on the
IOLTS models and the Input-Output Conformance (IOCO)
relation [8]. Implementing an automatic vending machine
(AVM) system is taken as an example. It is supposed that
a specific software implementation of the vending machine
has been developed. The machine releases the tea or milk
when a coin is inserted. But in this implementation, there
exists a fatal error, that is, this machine could also release
the tea or milk as an incorrect coin is inserted. Furthermore,
it is supposed that the formal model of this AVM system
has no corresponding parts to deal with such exception
behavior. Therefore, as discussed previously, if we do not
consider a specific property towards this exception error in
the model checking phase unintentionally, the verification
will pass without counterexamples. Then, some test cases are
generated from this verified model, and no test case aims to
detect such exception behavior, because no corresponding

specification exists in the verified model. So, according to the
IOCO relation, the conformance testing will also determine
the conformance relation between the implementation and
themodel. Herein, a serious problem is emerged.Though this
exception behavior does exist in the system implementation,
both model checking and conformance testing do not detect
this fatal error. However, the error should be repaired.
Based on this analysis, a novel Latent Implementation Error
Detection (LIED) method for the software validation will
be proposed in this paper to proactively detect such latent
errors in the implementations. The LIED method explores
model checking towards the actual software implementation
to check such latent errors and utilize the counterexamples
to improve the system models. The LIED method not only
complements the incompleteness of the key security proper-
ties for the softwaremodel checking, but also constructsmore
accurate models to promote the effectiveness of the model-
based software verification and testing sequentially combined
method. On the one hand, the original model checking could
be performed more completely, because the key properties
and the system models are both well improved. On the other
hand, the conformance testing could be performed more
precisely, because the improvement of the system models
results in better test cases, which are generated with higher
accuracy and stronger capability of detecting implementation
errors. So, the “Under Verified” scenario is well improved
consequently.

The paper is organized as follows. Firstly, certain prelim-
inaries and related work are discussed in Section 2. Then,
two kinds of specific latent implementation errors are defined
formally in Section 3. Finally, the LIED method is given in
detail in Section 4. The method includes three major parts:
enumerating the possible key properties, model checking
towards the system implementation, and revising the system
model using the counterexamples. To elaborate the feasibility
and effectiveness of the LIED method, we put it into practice
with a simplified AVM system as a representative.

2. Preliminaries and Related Work

In this section, we first introduce the formal definition of the
IOLTS model and the basic ideas about the IOCO relation-
based conformance testing method. Then, we discuss several
related and important studies on how to integrate model
checking and conformance testing technologies in recent
literature.

An IOLTS model is actually an LTS model with explicitly
specified input and output actions [8]. It is widely used not
only as a kind of formal modeling approach to model the
reactive software systems directly, but also as the operational
semanticmodel for several process languages, such as LOTOS
(Language of Temporal Ordering Specification).

Definition 1. An IOLTS model is a four-tuple IOLTS =
(𝑄, 𝐿, 𝑇, 𝑞0), where

(1) 𝑄 is a countable, nonempty set of states;
(2) 𝐿 = LI ∪ LU ∪ LE : LI is a countable sets of input

action labels, LU is a countable sets of output action



Journal of Applied Mathematics 3

labels, LE is a countable sets of inner action labels, and
they are disjoint;

(3) 𝑇 ⊆ 𝑄 × 𝐿 × 𝑄, is the action transition relation;
(4) 𝑞0 is the initial state.

Definition 2. For an IOLTS model𝑀,

(1) 𝑞
𝜎
⇒ =def∃𝑞


: 𝑞
𝜎
⇒ 𝑞
, where 𝜎 ∈ 𝐿

∗, that is, ∃𝑞
𝑡
0

→

𝑞1

𝑡
1

→ ⋅ ⋅ ⋅
𝑡
𝑛

→ 𝑞

: 𝑡𝑖 ∈ 𝐿(0 ≤ 𝑖 ≤ 𝑛);

(2) Traces (𝑀) =def {𝜎 ∈ 𝐿
∗
| 𝑞0

𝜎
⇒}.

An IOLTSmodel for the specification of the AVM software is
presented in Figure 2(a). In this specification, when a coin
is inserted, which is modeled as an input action “?𝑐,” the
machine will release a bottle of tea or milk, which is modeled
as two output actions “!𝑡” and “!𝑚.” We also present two
IOLTS models for the AVM system implementations. The
model 𝑖1 in Figure 2(b) specifies an implementation with part
functions of the AVM system, that is, when a coin is inserted,
only a bottle of tea is released. The model 𝑖2 in Figure 2(c)
specifies an implementation with additional functions of the
AVMsystem, that is, thismachinemay release a bottle ofmilk
after an incorrect input action “?𝑘,” that is, no coin is inserted
actually.

The IOCO relation-based testing approach has well-
defined theoretical foundation [9] and high feasibility with
automatic testing tools, such as Torx [10] and TGV [11]. The
major framework of this testing approach has four related
components. First, IOLTS is used to model the specification
of a software system, and then IOLTS which is input enabled
is further defined as IOTS (Input Output Transition System)
to specify the behavior model of the system implementation.
IOTSmodels characterize significant external observations in
conformance testing, for example, quiescent states are crucial
for distinguishing valid no-output actions from deadlocks. It
just represents the state that an implementation is waiting for
an input data. Second, the IOCOrelation is defined as follows.

Definition 3. 𝑖 IOCO 𝑠⇔def for all 𝜎 ∈ traces(𝑠): out(𝑖 after 𝜎)
⊆ out(𝑠 after 𝜎), where 𝑖 is an implementation of the system
specification 𝑠.

Its intuitive idea is to compare output, that produced
after executing trace 𝜎 in 𝑖 and 𝑠, respectively, where 𝜎 is
generated just from 𝑠. Two major aspects are emphasized in
the definition: what actions should be observed, and what
it means for an implementation to conform to its specifi-
cation. Taking the AVM system in Figure 2 as an example,
according to the IOCO relation definition, it is determined
that 𝑖1 IOCO 𝑠 and 𝑖2 IOCO 𝑠, that is, the implementations
with part functions or additional functions are successfully
determined to conform to the specification model. IOCO
relation is a guidance of test case generation. Third, test
cases are generated automatically and recursively based on
specification models. Generally, the first transition of a test
case is derived from the initial state of the specificationmodel,
after which the remaining part of the test case is recursively
derived from all reachable states. Traces are recorded from

the initial state to reachable states including quiescent states.
If an output action, whether a real output or quiescence,
is not allowed in the specification model, the test case will
terminate with fail, otherwise, continue the further trace
explosion or just terminate with pass at last. The detailed
test generation algorithm is presented in [8]. Finally, the
test execution is an asynchronous communication, directed
by a test case, between the system implementation and its
external environment, that is, a tester. The tester provides
the implementation with input data and then observes its
responses, a real output or just quiescence. If the fail state is
reachedwhere the real observations have not been prescribed
in the test case model, the nonconformance between this
implementation and its specification is definitely determined.
Test cases are sound if they are able to make this kind of
nonconformance decision.

As for related studies about integrating model checking
and conformance testing technologies in the literature, most
of them focus on fixing the “Under Tested” problem, which
is mentioned in the above section. That is, key proper-
ties are involved in the test case generation methods, so
executing such set of test cases could guarantee that all
key properties are tested. The VERTECS research team at
INRIA [4, 12–14] specifies certain key properties, such as
possibility properties (“something good may happen”) and
safety properties (“something bad ever happens”), using the
IOLTS-based formal models, and integrates these property
models directly into the IOCO test case generation algorithm.
Besides, other studies [5, 15–18] first formulize the key prop-
erties as the test purpose models and then perform model
checking to generate the test cases. Finally, the produced
counterexamples, actually representing the system execution
traces satisfying the key properties, could be acted as the
conformance test cases. Consequently, all generated test cases
will definitely cover the key properties. The related studies
mentioned previously could improve the “Under Tested”
scenario and make the conformance testing more complete
and more accurate. However, black-box checking [6] and
adaptive model checking [7] are two special cases which aim
to construct more specific system models through testing
and learning, where initially the system implementation is
available but no specific model or just only a partial model
is provided. The model refinement process, which consists
of the model checking and test execution, is performed
iteratively to produce more accurate semimodels which
conform to the system implementations, until the model
satisfies the required key properties and conforms to the
system implementation. In this paper, we propose an LIED
method to proactively detect certain latent errors in the
implementations and improve the “Under Verified” scenario
consequently. The LIED method not only complements the
incompleteness of key security properties for the software
model checking, but also constructs more accurate models
to promote the effectiveness of the model-based software
verification and testing sequentially combined method.

Based on the discussion in Section 1 and previous related
work analysis, we should note that integrating the software
verification and conformance testing needs definitely itera-
tive refinements, as shown in Figure 3. Traditional software
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Figure 2: The specification and implementation IOLTS models for the AVM software.
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Figure 3:The iterative refinements in the integrated verification and
testing method.

verification and conformance testing execute sequentially
and separately, and they often have obvious boundaries
towards the abstract models or the implementation. Espe-
cially, the model-based test case generation process will
use abstract models. However, in the integrated software
verification and testing methodology, these two methods
are performed iteratively and complementarily. First, the
model checking and testing process have no strict bound-
aries, and several semimodels and semiimplementationsmay
exist before the final system model and implementation
are developed. For example, conformance testing can be
performed ahead on some semiimplementations to guide the
refinement of semimodels. After iterative refinements, the
final system model and system implementation are destined
to be more accurate and less error-prone. Second, some
specific model checking technologies could be used in the
testing phase complementarily and vice versa. For example,
CTL model checking algorithm is used to generate test cases
[5].

In this paper, the LIED method is regarded as an
integrated software validation method. It is essentially well

compatible with the traditional model checking and con-
formance testing procedures. That is, the LIED method is
developed as a complementary method for detecting latent
implementation errors, not for replacing the traditional
model checking and conformance testing. So, the LIED
tends to be an accelerant, because its central merit is to
construct more accurate system formal models, which are
quite helpful to promote the effectiveness of model checking
and themodel-based conformance testing.We could perform
model checking, the conformance testing, and the LIED
process iteratively and complementarily. Consequently, these
validation methods work collaboratively to make software
design and implementationmore effective andmore efficient.

3. Two Kinds of Latent Implementation Errors

As discussing the motivation of this paper in Section 1, we
demonstrate that though both model checking and confor-
mance testing have been performed successfully, some kinds
of programmed errors still exist in the software implemen-
tations. That is, these two software validation methods are
ineffective against detecting such latent errors. Therefore, we
propose an LIED method to proactively detect such latent
errors herein.

Before presenting the detailed LIED method, we start
with formally defining the specific kinds of latent implemen-
tation errors that we want to detect and repair in this paper.
The concept of Trace in the IOLTS modeling (refer to Defini-
tion 2) is used to specify such implementation errors, that is,
any specific error will definitely correspond to an execution
trace in the IOLTS model for the system implementation.
So, we could suppose with certain rationality that as long as
the system implementation is programmed with some latent
errors, there definitely exists an execution trace, in the IOLTS
model of the system implementations, describing how such
error behaviors execute step by step. Herein, we focus on two
specific kinds of latent implementation errors: unnecessary
implementation error and neglected implementation error.

Definition 4 (unnecessary implementation trace (UIT)).
For an IOLTS MS (software specification model) and
an IOLTS MI (software implementation model), where
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𝑄(MS) ∩𝑄(MI) = Φ, LI(MS) = LI(MI), and LU(MS) =
LU(MI), and key property set 𝑃 (temporal logic formulae):

UIT (MI) =def {𝜎 ∈ obvTraces(𝑀𝐼) − obvTraces(𝑀𝑆) |
∃𝑝 ∈ 𝑃 : ¬(𝜎 → 𝑝)}, where obvTraces (𝑀)=def {𝜎 ∈ (𝐿𝐼 ∪

𝐿𝑈)
∗
| 𝜎 = 𝜎


|𝐿
𝐼
∪𝐿
𝑈

, 𝜎

∈ Traces(𝑀)}.

The obvTraces operator restricts the original traces 𝜎
for an IOLTS model to only input and output action labels
(𝐿𝐼∪𝐿𝑈)

∗, that is, the inner action labels are omitted and just
externally observed actions are considered. So, the intuitive
idea of the Unnecessary Implementation Trace consists of
two parts. On the one hand, such traces could be observed
from the system implementation, but not described in the
system specification models, that is, 𝜎 ∈ obvTraces(𝑀𝐼) −
obvTraces(𝑀𝑆). On the other hand, such traces do not satisfy
the key properties which the system functional requirements
desire, that is, ∃𝑝 ∈ 𝑃 : ¬(𝜎 → 𝑝). In a word, every UIT trace
models a detailed unnecessary implementation error that is
programmed in the system implementation, and the system
specification model has no corresponding parts to deal with
such exception behaviors.

Clearly, in this case, if we do not consider a specific
key property against this unnecessary implementation error
in the model checking phase, the verification does pass.
After then, the IOCO conformance testing will also pass,
because none of test cases, which are generated from verified
system model, are capable of detecting such implementation
error. Consequently, though an unnecessary implementation
error does exist in the system implementation, both model
checking and conformance testing do not detect this fatal
error, and this kind of errors indeed should be repaired.

Definition 5 (neglected implementation trace (NIT)). For an
IOLTS MS (software specification model) and an IOLTS MI
(software implementation model), where 𝑄(MS) ∩𝑄(MI)
= Φ, LI(MS) = LI(MI), and LU(MS) = LU(MI), and key
property set 𝑃 (temporal logic formulae):

NIT (MI) =def {𝜎 ∈ obvTraces(𝑀𝐼) ∩ obvTraces(𝑀𝑆) |

∃𝑝 ∈ 𝑃 : ¬(𝜎 → 𝑝)}. Each Neglected Implementation Trace
represents a specific neglected implementation error, but this
kind of traces is a really special case. First, they appear in the
specification models, as well as the implementation models,
that is, 𝜎 ∈ obvTraces(𝑀𝐼)∩obvTraces(𝑀𝑆). Besides, they do
not satisfy the key properties which the software functional
requirements desire, that is, ∃𝑝 ∈ 𝑃 : ¬(𝜎 → 𝑝). Thus, under
normal circumstances, the model checking phase can detect
such exceptional behaviors. However, under special circum-
stances, the Neglected Implementation Trace may be omitted
by the abstraction in the model checking procedure. In this
case, the verification will be passed unexpectedly. Then, we
take the conformance testing into account. Because such
neglected implementation traces behave the same in bothMS
andMI, the IOCO conformance relation between the specifi-
cation model and the implementations are still determined
unexpectedly. That is, we consider the exception behaviors
during the IOCO conformance testing as legal behaviors,
because they have been specified in the MS in the same way.
Consequently, though the neglected implementation error

does exist in the system implementation and specification,
both model checking and conformance testing do not detect
this fatal error, and this kind of errors indeed should be
repaired too.

To sum up, we aim to detect and repair two kinds
of latent implementation errors, that is, the unnecessary
implementation errors and the neglected implementation
errors, whichmay not be detected using the traditionalmodel
checking and IOCO conformance testing combined method.
They have the same fatal effects, but they result from different
causes. Therefore, in the LIED method, we utilize the unified
method to detect these two kinds of latent implementation
errors, but fix them using respective methods.

4. The LIED Method

As we discussed in Section 1, the unnecessary implemen-
tation error and the neglected implementation error always
occur nondeterministicly through the conformance testing
process, that is, we cannot guarantee detecting such errors
definitely. Therefore, the LIED method is designed to proac-
tively detect such latent errors which have been programmed
in the system implementations. In this section, we first
present the central idea and the framework of our LIED
method. Then two core parts of this method are discussed in
detail, respectively, that is, constructing the analogy set for the
key properties and improving the system formal models and
system implementations with the counterexamples. Finally,
the AVM system is analyzed using the LIED method as a
representative to elaborate the feasibility and effectiveness of
the LIED method.

4.1. The Overarching Methodology. The central goal of our
LIED method is to find out some unnecessary implemen-
tation errors or neglected implementation errors, where
no evident clues are provided by the system models. So,
designing the LIEDmethod has two necessary preconditions.
First, we need to check the system implementation. Second,
we need to check as many key properties as possible against
the system implementations. Consequently, we adopt model
checking as the basic technology and apply it directly into
the system implementations. That is, the central idea of
our LIED method is to explore model checking towards
the actual software implementation to check whether some
kinds of latent implementation errors exist and then utilize
the counterexamples, which illustrate the exception behavior
executions, as guidance to improve the system models and
implementations.

The framework of the LIEDmethod is shown in Figure 4.
It is composed of three related parts.

(a) Constructing the Analogy Set for Key Properties. The
traditional model checking is performed against the original
set of key properties. Such key properties are usually extracted
from the functional requirement specifications for a specific
software system, and they describe the necessary functional
system behaviors. However, in order to detect more latent
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Figure 4: The framework of the LIED method.

implementation errors, we need to do some analogy enu-
meration based on the original set of key properties. For
example, an original key property could be specified as “if
condition is true then do actions.” The analogy enumeration
for this property could construct two more properties, that
is, “if condition is false then do actions” and “if condition
is true then not do actions.” In this way, after such analogy
enumeration procedure, the analogy set of key properties are
generated for checking more possible exception behaviors
for the system implementations. The details of the analogy
enumeration procedure are discussed in Section 4.2.

(b) Detecting the Latent Implementation Errors. Based on
the analogy set of key properties, we apply model checking
into the system implementations directly, and the Copper
model checker [19] is adopted in this paper. In this way, we
could proactively detect certain latent implementation errors
against the analogy set of key properties, and such latent
errors are actually not detected in the traditional software
verification process. If a counterexample is produced, wemay
detect a latent implementation error, and this counterexample
could be used as an intuitive guidance for improving the
system models and the system implementations.

(c) Revising the Models or Implementations with Counterex-
amples. In this paper, we propose a counterexample-guided
refinement method for the software validation process.
Specifically, we perform synchronous simulation between
a specific counterexample and the system model. If the
simulation produces an empty set of synchronous traces, it
means that the exception behaviors which are represented by
this counterexample are not considered in system model; an
unnecessary implementation error, that is, UIE, is actually
detected. In this case, the system model should be improved
with additional parts about dealing with the exception
behaviors, and the system implementation should be fixed
too. Otherwise, if the simulation produces a nonempty set
of synchronous traces, it means that though the system
model has corresponding parts to deal with such exception
behaviors, a neglected implementation error, that is, NIE,
is still detected from the system implementation. In this
case, the system model should be modified according to

the counterexample scenario, and the system implementation
should be fixed too.Thedetails of the synchronous simulation
procedure and the corresponding refinements are discussed
in Section 4.3.

The LIED method is developed for detecting latent
implementation errors, and it is well compatible with tradi-
tional model checking and conformance testing procedures.
The major advantages of our LIED method lie in two
aspects. First, it complements the incompleteness of the key
properties for the software validation. More importantly,
it benefits constructing a more accurate system formal
model to promote the effectiveness of the model-based soft-
ware verification and testing sequentially combined method.
Specifically, the original model checking could be performed
more completely, because the key properties and the system
models are both improved, and the conformance testing
could be performedmore precisely, because the improvement
of the system models results in better test cases, which are
generated with higher accuracy and stronger error-detecting
capability. Consequently, the LIED method improves the
“Under Verified” scenario as expected.

4.2. Constructing the Analogy Set for Key Properties. In order
to detect more latent implementation errors proactively and
focus on more necessary functional behaviors for a software
system, we perform analogy enumeration based on the
original set of key properties, which are constructed in the
traditional model checking phase. According to the survey of
patterns in property specifications [20–22], most properties
(more than 90%) could be formulized within five kinds
of property patterns, where each of them could be either
specified as a Linear Temporal Logic (LTL) formula or a
Computation Tree Logic (CTL) formula. As shown in Table 1,
we present the original specifications (OS) and its analogy set
(AS) for each kind of property patterns, respectively.

As we want to detect more latent implementation errors
proactively, the above analogy set for properties is used
from two aspects in the LIED method. On one hand, if
one specific property is verified in original model checking
process, the properties of its analogy set should be paid more
attention and correspondingly checked against the system
implementations. On the other hand, taking the cause-effect
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Table 1: The analogy set specifications for five property patterns.

Pattern name Property specification Analogy set specification Explanations

Absence LTL: 𝐺(¬𝑝)
CTL: 𝐴𝐺(¬𝑝)

LTL: 𝐹(𝑝)
CTL: 𝐸𝐹(𝑝)

OS: action 𝑝 never occurs
AS: action 𝑝 occurs definitely

Existence LTL: 𝐹(𝑝)
CTL: 𝐴𝐹(𝑝)

LTL: 𝐺(¬𝑝)
CTL: 𝐴𝐺(¬𝑝)

OS: action 𝑝 occurs definitely
AS: action 𝑝 never occurs

Universality LTL: 𝐺(𝑝)
CTL: 𝐴𝐺(𝑝)

LTL: 𝐹(¬𝑝)
CTL: 𝐸𝐹(¬𝑝)

OS: action 𝑝 occurs all through
AS: action 𝑝 does not occur definitely

Precedence LTL: 𝐹(𝑞) → (¬𝑞 ∪ 𝑝)

CTL: ¬𝐸(¬𝑝 ∪ (𝑞 ∧ (¬𝑝)))

LTL: 𝐹(𝑞) → (¬𝑞 ∪ ¬𝑝)

𝐺(𝑝 → 𝐺(¬𝑞))

CTL: ¬𝐸(𝑝 ∪ (𝑞 ∧ 𝑝))
𝐴𝐺(𝑝 → 𝐴𝐺(¬𝑞))

OS: the occurrence of action 𝑞 is enabled by the
occurrence of action 𝑝
AS: action 𝑞 occurs without the preoccurrence of action
𝑝 or action 𝑝 occurs without the postoccurrence of
action 𝑞

Response LTL: 𝐺(𝑝 → 𝐹(𝑞))

CTL: 𝐴𝐺(𝑝 → 𝐴𝐹(𝑞))

LTL: 𝐺(𝑝 → 𝐺(¬𝑞))

𝐹(𝑞) → (¬𝑞 ∪ ¬𝑝)

CTL: 𝐴𝐺(𝑝 → 𝐴𝐺(¬𝑞))

¬𝐸(𝑝 ∪ (𝑞 ∧ 𝑝))

OS: the occurrence of action 𝑝must be followed by the
occurrence of action 𝑞
AS: action 𝑝 occurs without the postoccurrence of
action 𝑞 or action 𝑞 occurs without the preoccurrence
of action 𝑝

relation into account, the absence, existence, and universality
properties could be classified as a group, while the precedence
and response properties as another group. So, if one specific
property is verified in the original model checking process,
the other kind of properties and its analogy set properties
should be also considered to have a check against the system
implementations. In this way, we complement the incom-
pleteness of key security properties for the software model
checking, andmore importantly, we havemore opportunities
to find out the unnecessary implementation errors or the
neglected implementation errors.

4.3. Refining the Models with Counterexamples. According
to the framework of our LIED method in Figure 4, the
analogy set of the original key properties for a specific
software system is generated as a new set of properties, and
then we apply the model checking, against this new set of
properties, onto the system implementations directly. If all of
the properties are verified successfully, we could determine
that the system implementation works correctly with respect
to the system specification, and then we could perform
traditional conformance testing as usual. However, the LIED
method is actually more willing to get a counterexample,
which may reveal an existing latent implementation error. As
autoproduced counterexamples could intuitively present the
scenarios about how the latent errors occur, they are quite
helpful for revising the system models and fixing the system
implementations.

First, we present the formal definition of the counterex-
ample from the LTS point of view, and it could be concretized
with corresponding syntax towards different model checkers.

Definition 6 (unified counterexample (UCE)). A Unified
Counterexample is a kind of Trace of an IOLTS model𝑀:

UCE (𝑀) =def {𝜎 ∈ Traces (𝑀) | |𝜎| < 𝑛, 𝑛 ∈ 𝑁} . (1)

Intuitively speaking, a counterexample is a specific exe-
cution of a software system, that is, a trace of detailed
behaviors. The model𝑀 in the above definition refers to the
system specification in program level; for example, in the
Copper model checker, it is the program specification file
(∗.pp). According to the preceding Definition 2, a specific
counterexample may be a sequence of input actions, output
actions and internal actions, where internal actions reflect the
value variation of corresponding program variables without
external behaviors.

Based on the counterexample and the software model,
a Counterexample-Guided Synchronous Simulation (CGSS)
algorithm is proposed as Algorithm 1 to check whether the
system model has the same behavior trace as the counterex-
ample from the input/output point of view. If the simulation
produces an empty set of synchronous traces, it means
that the exception behaviors which are represented by this
counterexample are not totally considered in the system
model, so a UIE is actually detected. Otherwise, a nonempty
set of synchronous traces reveals that the system model
does have corresponding parts to deal with such exception
behaviors, and an NIE is detected consequently.

If the unnecessary implementation errors are detected,
the system model should be improved by adding additional
parts to deal with the UIE errors that demonstrated by the
counterexamples, and, the system implementations should
be fixed by taking out extra program codes. Similarly, if the
neglected implementation errors are detected, the system
model should be modified against corresponding parts to
handle the NIE errors that demonstrated by the counterex-
amples, and, the system implementation should be fixed by
revising the inaccurate program codes.

4.4. Case Study: An AVM System. To elaborate the feasibility
and effectiveness of our LIED method, an AVM software
system is analyzed using this method as a representative
in this section. The Copper model checker is adopted. The
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GivenMS for a system model and ct for a counterexample trace, where:
(1) ∃𝜎𝑆 ∈ Traces (MS), that is, ∃𝑞0

𝑡0
→ 𝑞1

𝑡1
→ ⋅ ⋅ ⋅

𝑡𝑛
→ 𝑞𝑛 : 𝑞𝑖 ∈ 𝑄 (MS) and 𝑡𝑖 ∈ 𝐿 (MS), (0 ≤ 𝑖 ≤ 𝑛);

(2) ct could be specified as: ∃𝑐0
𝑎0
→ 𝑐1

𝑎1
→ ⋅ ⋅ ⋅

𝑎𝑚
→ 𝑐𝑚 : 𝑐𝑗 ∈ 𝑄 (ct) and 𝑎𝑗 ∈ 𝐿 (ct), (0 ≤ 𝑗 ≤ 𝑚);

(3) 𝑄 (MS) ∩ 𝑄 (ct) = Φ and 𝐿 (MS) ⊇ 𝐿 (ct) and 𝑞0 = 𝑐0;
Procedure CGSS {

/∗ omit all internal actions in the counterexample trace ∗/
ct new = Trim (ct), where 𝐿 (ct new) ⊆ LI (ct) ∪ LU (ct)
/∗ based on ct new trace to perform synchronous simulation with MS model ∗/
for each pair 𝑎𝑗 ∈ 𝐿 (ct new) starting from 𝑎0 and 𝑡𝑖 ∈ 𝐿 (MS) starting from 𝑡0{

/∗ the external trace of counterexample acts the same as the trace in MS, exit to report non-empty set ∗/
if 𝑎𝑗 is the last action of ct new and 𝑎𝑗 = 𝑡𝑖 then return non-empty set; exit;
/∗ omit considering internal actions and go for the next iteration ∗/
if 𝑡𝑖 ∈ LE (MS) then 𝑡𝑖 = 𝑡𝑖+1; continue;
/∗ the same external action leads to one synchronous simulation step, and go for the next iteration ∗/
if 𝑎𝑗 = 𝑡𝑖 then 𝑎𝑗 = 𝑎𝑗+1, 𝑡𝑖 = 𝑡𝑖+1; continue;
/∗ the different external action leads to failure simulation, and exit to report empty set ∗/
if 𝑎𝑗 ̸=𝑡𝑖 then return empty set; exit;

} // end of for each pair
} // end of procedure

Algorithm 1: Counterexample-Guided Synchronous Simulation (CGSS).

IOLTSmodel for this AVMsystem is presented in Figure 2(a).
Besides, we implement a program for such AVM system,
which may release milk without inserting coin, just like the
scenario in Figure 2(c).The core segment of this program is if
(strcmp(input,“coin”)==0) output coffee (); else output milk
();. Obviously, when something else (not a coin) is inserted, a
bottle of milk is then released, and no error message is posted
as expected.

Step 1 (enumerating the key properties). In traditional model
checking phase, we consider a requirement that if a coin
is inserted, the milk or coffee is released. We formulate
this requirement into an LTL property with precedence
format. Besides, its analogy set is generated, which checks the
scenario that the milk or coffee is released without inserting
a coin. Original property is formulated as 𝐹(𝑞) → (¬𝑞 ∪ 𝑝).
Analogy property is formulated as:𝐹(𝑞) → (¬𝑞∪¬𝑝), where
𝑞 stands for releasing action (output: !𝑡 or !𝑚) and𝑝 stands for
inserting action (input: ?𝑐).

Copper supports temporal logic claims expressed in
State/Event Linear Temporal Logic (SE-LTL). The syntax of
SE-LTL is similar to that of LTL, except that the atomic
formulas are either actions or expressions involving program
variables. Therefore, the analogy property could be formu-
lated as follows:
ltl ExamProp {#F (output

⇒((!output) #U(! [input==coin]))) ;} ,
(2)

where output represents the output action output coffee() or
output milk() in the AVM programs.

Step 2 (model checking the program). The program for the
AVM system is processed into the AVM.pp file and the above

property is specified into the AVM.spec file. Then, the model
checking towards the program is executed using the following
command.

copper - -default - -specification ExamProp AVM.pp
AVM.spec - -ltl

The result of this LTL model checking is “conformance
relation does not exist !! specification ExamProp is invalid. . ..”
Besides, a counterexample is produced correspondingly. As
follows, a detailed UCE trace 𝜎

 is generated from the
program variables assignment parts and the action parts in
that counterexample.

𝜎

= (𝑃0:epsilon[input = null], 𝑃0:epsilon[input =

"Key"], strcmp, 𝑃0:epsilon [branch(0)], output milk].
In this trace, 𝑃0:epsilon stands for internal actions that

present value assignments of variables or decision of branch
statements. This trace reveals that when the input is assigned
with value key, not the expected value coin, the output action
output milk still occurred. The ExamProp property cannot
hold against the AVM program.

Step 3 (revamping the model and program with the coun-
terexample). We put above UCE trace 𝜎 and the system
model shown in Figure 2(a) as inputs into the CGSS
algorithm. After the counterexample-guided synchronous
simulation procedure, it produces an empty set. So, a UIE
is actually detected. That is, a bottle of milk will be released
when incorrect input is inserted, and the model has a
lack of specification to deal with such error. Therefore, we
improve the system model-by adding additional parts to
deal with this UIE error, as shown in Figure 5. If certain
incorrect input (not a coin) is inserted, the AVM system will
output error messages and terminate its execution in stop
state. Furthermore, we also fix the core segment of system
program into “if (strcmp(input, “coin”)==0) output coffee();
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Figure 5: The improved IOLTS models for the AVM software.

else output error();”, so that the UIE error mentioned above
will not occur.

Through the above exemplified execution of our LIED
method towards the AVM system, its feasibility and effective-
ness are demonstrated.That is, certain latent implementation
errors are detected, andmore importantly, the systemmodels
and implementations are well improved.

5. Conclusion

To validate the functional accuracy for a software system only
applying model checking followed by conformance testing
may not detect some latent implementation errors, that is,
the unnecessary implementation errors and the neglected
implementation errors. In this paper, the LIED method
is proposed to detect such latent implementation errors
proactively. Based on the analogy set of key properties,
the LIED method applies model checking directly into the
actual software implementation to check whether some latent
implementation errors exist and utilize the counterexamples,
which illustrate the exception behavior executions as intuitive
guidance to improve the system models and system imple-
mentations respectively.

The LIED method is essentially well compatible with
the traditional model checking and model-based confor-
mance testing procedures. It could be applied as an effective
complementary method for detecting latent implementa-
tion errors, but not for replacing the traditional model
checking and conformance testing. The major advantages
of our LIED method could be concluded from two aspects.
First, it efficaciously complements the incompleteness of the
key security properties for the software validation process.
Second, it helps to construct more accurate system formal
models to promote the effectiveness of model checking and
model-based conformance testing, that is, the original model
checking could be performed more completely because the
key properties and the system models are both improved,
and conformance testing could be performed more precisely
because the improvement of the system models result in
generating test cases with higher accuracy and stronger capa-
bility of detecting the implementation errors. In a word, the
LIED method tends to be a well accelerant for better model
checking and conformance testing iterative executions, where

the “Under Verified” scenario is improved as expected,
and consequently, these software validation methods work
collaboratively to make software design and implementation
more effective and more efficient. In the future, the LIED
method will try to work in more complex and practical
systems [23–25].
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