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�is special issue titled “Fault Identification, Diagnosis, and
Prognostics Based on Complex Signal Analysis” is a truly
interdisciplinary issue. Manuscripts published in this special
issue do represent such diverse fields as mechanical engi-
neering, aviation engineering and technology, electric and
electronic engineering, statistics, and so on. �e geography
of authors spans over three continents, Asia, Europe, and
America. A total of 18 manuscripts were published in this
issue.

�is special issue gathered several studies that focus
on fault detection and diagnosis of mechanical products,
such as bolts, rolling bearings, gears, and hydraulic servo
systems. For example, G. Wu et al. proposed a modified
time reversal method and successfully realized bolt loosening
detection and localization in simulated thermal protection
system panels. Two studies aim to reduce the background
noise inmonitoring signal of rolling bearings, thus improving
the effectiveness of fault diagnosis. R. Yuan et al. reported an
adaptive high-order local projection denoising method and
demonstrated the characteristic frequencies of simulated sig-
nals can be well extracted by the proposedmethod. D. Zhong
et al. proposed a novel fault signal denoising scheme based
on improved sparse regularization via convex optimization
to extract the fault feature of rolling bearing. Experiments
show that the proposed method has a better performance

than traditional methods. In an interesting study, a method
based on the multiscale chirplet path pursuit and the linear
canonical transform is proposed by X. Shuiqing et al. and
applied to diagnose the gear fault in the variable speed
condition for the first time. �is method can diagnose the
gear faults availably. In another study, Y. Ding et al. presented
a fault diagnosis scheme for hydraulic servo system using
compressed random subspace based ReliefF (CRSR)method.
�eproposedCRSRmethod is able to enhance the robustness
of the feature information against interference while selecting
the feature combination with balanced information express-
ing ability. Finally, dealing with sliding mode Fault Tolerant
Control (FTC) problem for nonlinear system, two adaptive
slidingmode FTC schemes for an uncertain nonlinear system
subject to multiplicative and process faults were presented by
A. Ben Brahim et al. By solving a single-step multiobjective
LMI optimization problem, the observer and controller gains
are obtained, offering a solution to stabilize the closed-loop
nonlinear system despite the occurrence of real fault effects.

�is special issue also attracted several studies from
the field of aviation engineering and technology. H. Liu
et al., for example, proposed a fault diagnosis method for
electromechanical actuators (EMAs) based on variational
mode decomposition (VMD) multifractal detrended fluctu-
ation analysis (MFDFA) and probabilistic neural network
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(PNN).�ismethod is demonstrated to achieve effective fault
diagnosis for EMAs under different working conditions. In
another elegant study, a deep learning approach is proposed
by J. Ma et al. to predict the RUL of an aircra� engine based
on a stacked sparse autoencoder and logistic regression. �e
proposed method also has significance for enhancing the
safety of aircra� engines and prognosticating and managing
the health of aircra� engines to reduce the cost of mainte-
nance. In addition, as an interdisciplinary method, Y. Cheng
et al. introduced visual cognition theory into the field of
lithium-ion battery capacity estimation. Inspired by multi-
channel andmanifold sensing characteristics of human visual
system, battery capacity is effectively estimated based on non-
subsampled contourlet transform and Laplacian eigenmap
manifold learning method.

Two studies in this special issue are related to electric
and electronic engineering. D. Song et al. reported a general
fault detection and diagnosis scheme based on observers
and residual error analysis for superheterodyne receivers.
�e proposed method may provide a promising approach
not only to the superheterodyne receiver but also to more
complex signal receiving systems in which the transfer
functions are difficult to obtain. Moreover, P. Orlov et al.
presented a unified description of a new approach for con-
tactless detection, identification, and diagnostics of electrical
connections and described an idea and principles of using
modal probing for these tasks.

Another two studies in this special issue investigated
techniques in statistics. H. Sun reported an investigation
of stretched exponential function in quantifying long-term
memory of extreme events based on artificial data following
Lévy stable distribution. It turns out that the stretched
exponential distribution provides a reliable way to estimate
the scaling behavior of extreme event intervals. In addition,
considering the statistic numerical characteristics are o�en
required in the probability-based damage identification and
safety assessment of functionally graded material (FGM)
structures, Y. Xu et al. presented a stochastic model updating-
based inverse computational method to identify the second-
order statistics (means and variances) of material properties
as well as distribution of constituents for damaged FGM
structures with material uncertainties.

�is special issue also gathers several interdisciplinary
studies from other fields. For example, an effective approach
is introduced by H. Wei et al. to predict the magnitude
of reservoir-triggered earthquake (RTE), based on support
vector machines (SVM) and fuzzy support vector machines
(FSVM) methods. Both the SVM and FSVM models are
found to be effective in the prediction of the magnitude of
RTEwith high accuracy. Z.Wang et al. reviewed conventional
methods for separating the suspended solids from lubricating
oils and presented ultrasonic separation methods for particle
separation, which is environment-friendly and has a high
efficiency. N. F. Alkayem et al. presented a hybrid elitist-
guided search combining a multiobjective particle swarm
optimization, Lévy flights, and the technique for the order
of preference by similarity to ideal solution investigated. �e
proposedmethod shows good performance even under noisy
conditions and in the case of incomplete mode shapes. C. Liu

reported a damage detection method for refractory based on
principle component analysis and Gaussian mixture model.
Two types of damage were utilized to verify the effectiveness
of the proposedmethod. Finally, C. Li proposed an algorithm
which is built to obtain the rigorous solution approaching
upper and lower bound values simultaneously, satisfying the
static boundary and the kinematical boundary based on the
slip line field, while stress discontinuity line and velocity
discontinuity line are key points.

All in all, this special issue aims to aggregate the latest
research efforts contributing to theoretical, methodological,
and technological advances in detecting anomalies, forecast-
ing potential degradation, and classifying faults from com-
plex environments and signals. �ese methods are expected
to address the existing challenges for a real-world PHM
system.
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Rolling bearings are vital components in rotary machinery, and their operating condition affects the entire mechanical systems. As
one of the most important denoising methods for nonlinear systems, local projection (LP) denoising method can be used to reduce
noise effectively. Afterwards, high-order polynomials are utilized to estimate the centroid of the neighborhood to better preserve
complete geometry of attractors; thus, high-order local projection (HLP) can improve noise reduction performance. This paper
proposed an adaptive high-order local projection (AHLP) denoising method in the field of fault diagnosis of rolling bearings to
deal with different kinds of vibration signals of faulty rolling bearings. Optimal orders can be selected corresponding to
vibration signals of outer ring fault (ORF) and inner ring fault (IRF) rolling bearings, because they have different nonlinear
geometric structures. The vibration signal model of faulty rolling bearing is adopted in numerical simulations, and the
characteristic frequencies of simulated signals can be well extracted by the proposed method. Furthermore, two kinds of
experimental data have been processed in application researches, and fault frequencies of ORF and IRF rolling bearings can be
both clearly extracted by the proposed method. The theoretical derivation, numerical simulations, and application research can
indicate that the proposed novel approach is promising in the field of fault diagnosis of rolling bearing.

1. Introduction

Rolling bearings are of vital importance in rotary machinery
systems, and they are prone to failures due to the complex
running conditions [1]. The performance of rolling bearings
can affect the reliability of operation of the entire system
directly. Therefore, it is of great significance to conduct fault
diagnosis of rolling bearing. At present, structural health
monitoring of rolling bearing usually relies on analyzing its
vibration signal [2–4]. During the operation of mechanical
systems, the machine is usually accompanied by strong non-
linear and nonstationary vibrations, and the rolling bearing
failure will further cause the unexpected vibration of other
components, so the measured vibration signals are generally
mixed with or submerged in vibration signal of other parts
and background noise [5, 6]. The denoising of vibration

signal of faulty rolling bearing contributes to extracting the
fault frequency of the faulty rolling bearing, to achieve the
fault identification and diagnosis of rolling bearing, while
the vibration signals collected from mechanical systems usu-
ally have nonlinear and nonstationary characteristics, which
make denoising methods based on linear systems unsuitable
[7, 8]. The rolling bearing vibration signals collected from
operating mechanical systems are usually taken as chaotic
signals [9, 10]. For nonlinear time series, useful information
would be mistakenly filtered out if traditional linear denois-
ing methods are conducted, which will subsequently result
in distortion and deformation of the original signal [11].
There are some methods developed for nonlinear and non-
stationary signal analysis, such as wavelet packet decomposi-
tion (WPD) [12–14], singular value decomposition (SVD)
[15, 16], and ensemble empirical mode decomposition
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(EEMD) [17]. While they rely on characteristic frequency
components of the collected signal to some extent, how-
ever, it is difficult to extract the fault frequencies if the
rolling bearing has incipient fault. On that occasion, the
fault frequencies of rolling bearing would be submerged
in all disturbing frequencies.

The denoising method based on phase space reconstruc-
tion has gradually become one of the most important tools to
research nonlinear and nonstationary signals. A time series
can be reconstructed into high-dimensional phase space
through delay embedding, and the reconstructed phase space
is diffeomorphic to original dynamic system, i.e., they have
the same dynamic characteristics [18–21]. The dynamic
characteristics contained in one-dimensional nonlinear
time series can be revealed and extracted by studying the
motion characteristics and distribution of attractor in
high-dimensional phase space. The advantage of high-
dimensional signal processing has also been verified in
the fields biomedical science and communication engineer-
ing [22, 23]. The noise can be filtered out by adopting dif-
ferent projection ways of high-dimensional phase space.
For instance, smooth orthogonal decomposition (SOD)
[24–26] projects the points in a high-dimensional phase
space into different subspaces to reduce noise, and character-
istic frequencies of the original time series can be extracted.
The main idea of the local projection algorithm was origi-
nally proposed to conduct noise reduction [27, 28]. It pro-
jects the points in the neighborhood onto the attractor,
correcting the raw data by projecting into a few principle
directions, which are preferred by locally smoothed data.
The local projective filter method was improved to correct
the location of points in phase space by determining loca-
tions of neighboring points [29]. The noise is reduced by
requiring locally linear relations among the delay coordinates
and moving delay vectors closer to smooth manifolds. Then,
the local projective filters had been employed in spheres
ranging from biology signal analysis [30] to space signal anal-
ysis [31]; the general framework of local projection was
adopted to analyze signals from particular systems, such as
being applied to remove interferential artifacts from an
electroencephalography (EEG) signal among them. A local
projection stabilized and characteristic decoupled scheme
aiming at the fluid-fluid interaction problems was proposed.
It can reflect the extensive applications of the local projective
method [32]. More recently, the parameters of the local
projection filtering method were optimized and applied to
noisily observed variations in light intensity between the star
and its observer [33]. Subspace was proposed to eliminate
noise subsequently, and the sequences of temporally suc-
cessive points in phase space are projected to the relative
position of neighboring strands [24–26]. Among SOD,
noises in the data are reduced by projecting to the tangent
subspace. The vector directions of the projection can make
sure the variance as maximum as possible, and the motions
obtaining along these vector directions are the smoothest in
terms of time.

The centroid selection of local neighborhoods is of vital
importance in the local projection method to estimate the
neighborhood correctly. The first-order statistics and the

second-order statistics have been widely used in the analysis
of mechanical vibration signals, and these methods are theo-
retically applicable to the analysis of linear and Gaussian sig-
nal [29, 34, 35]. While for nonlinear and nonstationary
signals, higher orders can be utilized to better reflect the sig-
nal characteristics, and high-order polynomials have been
used to estimate the centroid of neighborhood among LP
denoising method in the field of medical signal processing
[36] and thermodynamics [37]. Compared with LP denois-
ing method employing the first- and the second-order sta-
tistics, HLP denoising method employing higher-order
statistics has the advantages in reducing noise and extract-
ing characteristic frequencies, by adapting to phase space
nonlinearity. The extension to HLP denoising method
can reduce noise more effectively than previous LP filter-
ing [34–37]. In this paper, by employing high-order poly-
nomials to calculate the centroid of neighborhood during
the LP procedures, the HLP was firstly adopted to denoise
the vibration signals of faulty rolling bearing to extract its
fault characteristic frequencies.

This paper proposes a novel approach called AHLP
denoising method aiming at fault diagnosis of rolling bear-
ings. In the proposed AHLP denoising method, except
adopting high-order polynomials to calculate the centroid
of neighborhood, optimal orders of dealing with different
kinds of rolling bearing faults can be further estimated to
achieve a better denoising effect. The AHLP denoising
method can better denoise the vibration signal of faulty roll-
ing bearing to extract its fault characteristic frequencies
among all disturbing frequencies, which contributes to the
field of fault diagnosis of rolling bearing. The organization
of this paper is as follows: Section 2 introduces the methodol-
ogies of standard LP, HLP, and AHLP denoising methods
and illustrates the scheme of AHLP denoising method in

Table 1: The algorithm of standard LP denoising method.

(1) Select appropriate embedding dimensionm and delay time τ to
reconstruct noisy time series into m dimensional phase space.

(2) Determine neighborhood Un for one phase point.

(3) Calculate centroid of its neighborhood by fixed neighborhood
numbers.

(4) Calculate covariance matrix C of its phase point neighborhood
and then conduct eigenvalue decomposition to obtain eigenvector aq
corresponding tom −m0 smaller eigenvalues. q = 1, 2,… ,m −m0 .

(5) Subtract the projection of the phase point in noise subspace by

Xn′ =Xn − R−1 ∑
m−m0

q=1
aq aq ⋅ R Xn −Xn ,

where R is a diagonal weight matrix, aiming at inhibiting the
distortion of ending elements of phase points and reserving the
middle stable elements (R11 and Rmm were set as 103; Rii values

were set as 1 in our research). Xn is the centroid of neighborhood;

Xn′ denotes the denoised signal.

(6) Get back to step (2) and repeat subsequent steps until all phase
points are processed.

2 Complexity



fault diagnosis of rolling bearing. Section 3 introduces the
vibration signal model of faulty rolling bearings and presents
numerical simulations including simulated vibration signals
of ORF and IRF rolling bearings. By choosing different orders
to denoise simulated signals and extract characteristic fre-
quencies, the optimal orders are obtained. Section 4 presents
the applications to bearing monitoring with two different
practical experimental signals to validate the proposed
method. The conclusions of the researches and necessary
discussions are given in Section 5.

2. Methodology

2.1. Standard Local Projection Denoising Method. Assuming
that x 1 , x 2 ,… , x N ∈ R is a time series of length N
extracted from a chaotic system, then it can be embedded
in phase space with appropriate embedding dimension and
delay time based on the embedding theorem [18–20]. The
reconstructed phase space has the same diffeomorphism as
the original time series, namely, they have the same dynamic
characteristics. The reconstructed phase space can be
expressed as follows:

Xn = xn− m−1 τ, xn− m−2 τ,… , xn , 1

where Xn denotes the nth phase point in reconstructed phase
space,m is the embedding dimension, and τ is the delay time.
The minimum embedding dimension m needs to meet the

criterion m ≥ 2d + 1, when fractional dimension of system
attractor is d. Under this circumstance, the reconstructed
phase space is diffeomorphic to the original dynamic system,
namely, they have the same dynamic characteristics. In m
dimensional phase space, the attractor that reflects dynamic
behavior of system is usually confined to a low-dimensional
subspace of m0 d <m0 <m . When there is no noise inter-
ference, zero subspace of m −m0 exists. When noise is pres-
ent, it is randomly distributed in phase space, and the
components from subspace ofm −m0 are generated by noise.
For each phase point, eigenvalue decomposition is conducted
to deal with covariance matrix composed by all phase points
within neighborhood. The subspaces corresponding to m0
larger eigenvalues are taken as signal subspace, while other
m −m0 smaller eigenvalues correspond to the noise sub-
space. The LP denoising method is aimed at finding the
abovementioned noise subspace and then subtract the pro-
jection of phase points in this subspace. The algorithm of
the LP method is given in Table 1.

During step (1), embedding dimension m and delay time
τ are critical parameters. The bigger embedding dimensionm
contributes to overembedding to fully extract the characteris-
tics of the time series, but meanwhile, it decreases the compu-
tational efficiency. The smaller time delay τ can make
neighborhood points closer to the attractor. Hence, in this
paper, the mutual information method [38] is adopted to
determine delay time τ, and then the proposed method by
CAO [39] is used to determine embedding dimension m.
As for step (3) of standard LP denoising method, the method

Center of mass

One-dimensional curve
Secant

Local linear approximation

(a)

Tangent

The average of centers of
mass of adjacent neighborhoods

(b)

Figure 1: Consider a cloud of points around a curve. (a) The mean of phase points of neighborhood is estimated as centroid of neighborhood.
(b) The second-order polynomial is used to estimate the centroid of neighborhood.

Table 2: The ai value of different orders in HLP denoising method.

1 Order ai
1 1 1 [1]

1 2 1 2 [2, −1]
1 3 3 1 3 [3, −3, 1]
1 4 6 4 1 4 [4, −6, 4, −1]
1 5 10 10 5 1 5 [5, −10, 10, −5, 1]
1 6 15 20 15 6 1 6 [6, −15, 20, −15, 6, −1
1 7 21 35 35 21 7 1 7 [7, −21, 35, −35, 21, −7, 1]
1 8 28 56 70 56 27 8 1 8 [8, −28, 56, −70, 56, −28, −1]
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was proposed by using mean of phase points of neighbor-
hood as centroid of neighborhood [34, 35].

Xn =
1
Un

〠
k∈Un

Xk 2

This method may generate certain errors because of local
linearization; the centroids of each neighborhood are secants
instead of tangents and all centroids (blue circles) are shifted
inward regarding the curvature, as shown in Figure 1(a).
Afterwards, a method of estimating the centroid by using

the second-order polynomial was developed to further
suppress noise [29].

Xn′ = 2Xn −
1
Un

〠
k∈Un

Xk, 3

where a tangent approximation is obtained by shifting the
centroid of neighborhood outward regarding the curvature.
The illustration is shown in Figure 1(b), where the filled
circle denotes the centroid of phase points of adjacent
neighborhoods, and the square is the modified centroid.
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Figure 2: The scheme of AHLP denoising method in fault diagnosis of rolling bearing.
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Essentially, the method is performed by moving the
centroid outward to make it approximately tangent to
the hyperplane of projection. The above two methods are
referred here as standard LP denoising method.

2.2. High-Order Local Projection Method. The method was
proposed by applying high-order polynomials to estimate
the centroid of the neighborhood more accurately. Signif-
icant achievements have been obtained by high-order
algorithms in medical signal processing [36] and thermo-
dynamics [37], because it can reflect mathematical
characteristics more accurately. In this paper, this method
is referred as the HLP denoising method. The basic prin-
ciple is explained below.

As for any real number δ > 0, define a continuous moving
average operator as Iδ.

Iδ f x = 1
2δ

x+δ

x−δ
f t dt, 4

where f t is a time series, and δ is shift step length.
The effect of the LP denoising method is enhanced by

considering using the linear combination of the first and
the second orders to estimate the centroid of neighborhood,
thus improving the denoising effect. Hence, it can be
inferred that

f n 0 = a1 Iδ f n 0 + a2 Iδ
2 f n 0 , 5

where f n = 0 is applicable to all monomials, when n = 0,
f n x = 1, and when n ≠ 0, f n x = xn, 0 ≤ n ≤ nmax, while
nmax is supposed to be as large as possible. As for any odd
number, both sides of (5) are 0. Setting n = 0 and n = 2
results in a system combined with two linear equations,
which have unique solution a1 = 2 and a2 = −1 In the m
dimensional Euclidean space, the centroid of all phase
points within a ball of radius δ is equivalent of moving aver-
age operator Iδ. In this way, the second-order LP denoising
method was proposed. If (5) is applicable to all monomials,
f n x = xn, 0 ≤ n ≤ 3, which means

p3 x = a1 Iδp3 x + a2 Iδ
2p3 x , 6

where p3 x holds accurately for the third-order Taylor
polynomial of any thrice differentiable function. As for
p3 x in (6), which is analogue of f n 0 in (5), it holds
exactly for multivariate Taylor polynomials of higher order
up to three in each variable.

Then for the HLP denoising method, the linear combina-
tion of Iiδ needs to be identified to represent higher-order

Taylor polynomial more accurately. Through induction and
deduction, it can be obtained that as for each j, n ∈N ,

Iδ
j f n x = 1

δn+j
−
1
2

j n
n + j

× 〠
j

r=0

j

r
−1 r x + 2r − j δ n+j

7

This formula is used to prove that as for k = 1, 2,… , 20,
the system constituted by k linear equations has the unique
solution. The system and the solution are as follows:

f n 0 = 〠
k

i=1
ai I

i
δ f n 0 , n = 0, 2,… , 2 k − 1 , 8

ai = −1 i−1 k

i
, i = 1, 2,… , k 9

Obviously, all coefficients determined by (9) include two
situations of estimating centroid of neighborhood when
order is 1 and 2, namely, i = 1 [34] and i = 2 [29]. The equa-
tion also expands the estimation of centroid of neighborhood
to higher orders i ≥ 3 such as i = 1, 2,… , k The difference
between algorithms of standard LP and HLP denoising
methods lies in the 3rd step of all procedures as shown in
Table 1. The 3rd step of the standard LP denoising method
uses the mean and second-order polynomial to calculate
the centroid of the local neighborhood. As for HLP denoising
method, higher-order polynomials are utilized to estimate
the centroid.

In this paper, the orders up to 8 are analyzed. In mathe-
matics, binomial coefficients refer to a set of positive integers
appear in binomial theorem as coefficients. They are indexed
by two nonnegative integers, namely, k and i, which are the
coefficients of xi term in the polynomial expansion of
binomial power 1 + x k. Under appropriate situations, the

value of the coefficient
k

i
is set by k /i k − i . Arrang-

ing binomial coefficients into rows for i changes from 1 to k.
Thus, during the algorithm, the solutions ai of different
orders can be derived and calculated as given in Table 2.
The left side shows the coefficients of deployed high
polynomials.

2.3. Adaptive High-Order Local Projection Denoising Method.
As mentioned above, as a denoising reduction method, LP
method has been verified to be effective in reducing noises
existing in vibration signals of rolling bearings after theoret-
ical derivation and extensive tests. Estimation of the centroid
of the neighborhood by using high-order polynomials is ben-
eficial to achieve better denoising effect; hence, HLP denois-
ing method is adopted in this paper to deal with vibration
signals of faulty rolling bearings. Owing to the reason that
vibration signals of ORF and IRF rolling bearings have differ-
ent nonlinear geometric structures, denoising effects of dif-
ferent orders differ, so the optimal orders of different kinds

Table 3: The parameters of the vibration signal model of ORF
rolling bearing.

A0 f m f o τi f n CA φA φw B

3 0 100 0.01 2000 1 0 0 800
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of faults are different. By choosing the optimal orders before
conducting denoising process, a novel AHLP denoising is
hereby proposed in this paper, and the scheme of the pro-
posed method is illustrated in Figure 2.

3. Numerical Simulations

3.1. Vibration Signal Model of Faulty Rolling Bearing. The
vibration signal model of faulty rolling bearing used hereinaf-
ter was proposed by Randall et al. [40–42], and it takes rolling
bearing’s construction (geometry), tolerance, amplitude
modulation, ball sliding, surface wear, and other factors into
consideration. This bearing model has been successfully

applied in related researches [42–44]. The main faults of roll-
ing bearing include local pitting on the inner ring, outer ring,
and rolling element, which are caused by shock effects on the
rolling bearing and other parts during the operation of the
entire system. The frequency of the periodic impact reflects
the type of rolling bearing faults. A local pitting often encour-
ages the system to produce vibration of the inherent fre-
quency of the rolling bearing or the system. During the
operation of the rolling bearing, the absolute position of pit-
ting may change periodically versus sensor position. For
instance, when a local pitting occurs on the inner ring, the
absolute position of the local pitting would change with the
rotation speed periodically, and when it occurs on the rolling
element, the absolute position would change with the rota-
tion period of bearing retainer periodically. Since the rotation
period of the absolute position of a local pitting is greater
than the period of shock, the shock is modulated distinc-
tively. Compared to the derivative of resonant frequency,
the shock time is rather short and usually decays rapidly.
Under a steady-state condition, it can be considered that
modulation amplitude does not change during the process
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Figure 3: Time and frequency domain plots of simulated vibration signal of ORF rolling bearing.
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Figure 4: Time and frequency domain plots of simulated noisy signal of ORF rolling bearing.

Table 4: The SNRs of denoised signal with different orders.

Order 1 2 3 4 5 6 7 8

SNR 8.92 9.73 10.21 11.62 8.50 5.61 5.09 4.43
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of shock oscillation, and the oscillation signals caused by each
shock are the same.

Define T as the period of shock and s t as the shock
oscillation caused by a pitting fault. Assume that the ampli-
tude of ith shock is Ai. There are generally strong ambient
noises since the working environment of rolling bearing is
relatively poor. Thus, the model considers the interference
of additive noises n t , which are assumed to be stationary
random noises of zero mean. Hence, the vibration signal
model of faulty rolling bearing m t is expressed as follows:

m t = 〠
M

i=1
Ai ⋅ s t − iT − τi + n t ,

Ai = A0 ⋅ cos 2πf mt + φA + CA,
s t = exp −Bt ⋅ cos 2πf nt + φw ,

10

where A0 is amplitude modulation factor function, f m is
modulation frequency, s t is shock oscillation, τi is tiny slip-
page between rolling element and raceway, f n is system reso-
nant frequency of rolling bearing, φA, φw and CA are arbitrary
normal numbers, and B is the intensity of resonance. The
significant distinction between vibration signals of simu-
lated ORF and IRF rolling bearings is when it comes to
ORF rolling bearing that f m equals to 0Hz, while when
it comes to IRF rolling bearing that f m equals to f r (f r denotes
rotation frequency).

3.2. Numerical Simulation of ORF Rolling Bearing. Based on
the vibration signal model of faulty rolling bearing in Section

3.1, as for the ORF rolling bearing, f m was set as 0Hz in our
research; f o denotes the fault frequency of ORF rolling bear-
ing. The parameters of the simulated vibration signal of ORF
rolling bearing are set as shown in Table 3 in this paper. The
sampling point is N = 4096 and the sampling frequency is
f s = 4096Hz . To verify the effectiveness of HLP denoising
method in real situations, where the collected signal normally
has noise, therefore, Gaussian white noise is added in numer-
ical simulations. The power spectral density of Gaussian
white noise is uniformly distributed, and its amplitudes obey
the Gaussian distribution, making it is suitable for simulation
analysis. Here, Gaussian white noise is added to the original
signal, and the signal noise ratio (SNR) is 1. The time and fre-
quency domain plots of the simulated vibration signal of
ORF rolling bearing are shown in Figure 3. The time and fre-
quency domain plots of the simulated noisy signal of ORF
rolling bearing are shown in Figure 4. The time domain of
the first 0.25 s of the signal is analyzed specifically to show
the effectiveness of the HLP denoising method and clarify
different characteristics between vibration signals of ORF
and IRF rolling bearings.

It can be observed from the time and frequency domain
plots in Figure 3 that the vibration signal of ORF rolling bear-
ing has periodic characteristic. The frequency domain plot
shows fault frequency f o = 100Hz and its harmonic frequen-
cies containing second, third, and fourth harmonic fre-
quency. By conducting HLP denoising method towards
simulated noisy ORF signal with different orders, the
denoised signal with different SNRs can be obtained as
shown in Table 4.

It can be seen from Table 4 that when the original SNR is
1, the SNRs of the denoised signal with different orders
increase along with the order until 4 and then decrease all
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Figure 5: Time and frequency domain plots of denoised signal of ORF rolling bearing.

Table 5: The SNRs of denoised signal with different orders.

Order 1 2 3 4 5 6 7 8

SNR

1 8.92 9.73 10.21 11.62 8.50 5.61 5.09 4.43

2 10.17 12.42 15.65 15.63 12.46 10.30 8.89 7.06

3 11.65 12.45 14.90 16.85 14.70 13.97 10.45 7.90

4 12.76 14.34 18.25 19.79 16.80 13.46 12.38 10.66

5 12.83 13.78 14.67 17.01 14.38 13.78 11.79 11.51

Table 6: The parameters of the vibration signal model of IRF
rolling bearing.

A0 f m f i τi f n CA φA φw B

3 20 100 0.01 2000 1 0 0 800
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the way. The time and frequency domain plots of the
denoised vibration signal of ORF rolling bearing, when the
order of HLP denoising method is 4, are shown in Figure 5.

As shown in Figure 5, the characteristic frequencies f o
and its resonant frequencies can be clearly extracted under
the influence of noise. The characteristic frequency ampli-
tudes are obvious. The result verifies the effectiveness of
HLP denoising method to extract the fault frequencies of
vibration signal of ORF rolling bearing. To obtain the opti-
mal orders for HLP denoising method aiming at vibration
signal of ORF rolling bearing, Gaussian white noise with dif-
ferent SNRs, SNR = 1, 2, 3, 4, 5, respectively, is added to the
original simulated ORF signal. Then, different SNRs of differ-
ent denoised results are obtained, as shown in Table 5.

When the SNR is bigger than 5, which implies there are
not too much additive noises in the signal, the HLP can

achieve proper denoising effect in most cases. Hence, the
above simulations are conducted to find optimal orders aim-
ing at vibration signal of ORF rolling bearing. As shown in
Table 5, the primary optimal order of HLP denoising method
is 4. In one case, the optimal order is 3, and SNR is only a lit-
tle bit higher than the situation when the order is 4. Because
of some uncertain parameters in vibration signal model of
faulty rolling bearing, the slight fluctuation of optimal order
can be accepted. Therefore, it can be concluded that the opti-
mal order for vibration signal of ORF rolling bearing is 4.

3.3. Numerical Simulation of IRF Rolling Bearing. Based on
the vibration signal model of faulty rolling bearing in Section
3.1, as for the IRF rolling bearing, f m and f r were set as 20Hz
in our research; f i denotes the fault frequency of IRF rolling
bearing. The parameters of the simulated vibration signal of
IRF rolling bearing are set as shown in Table 6 in this paper.
The sampling point is N = 2048 and the sampling frequency
is f s = 4096Hz Similar to that in Section 4.1, Gaussian white
noise is added to the original signal, and the SNR is 1. The
time and frequency domain plots of the simulated vibration
signal of IRF rolling bearing are shown in Figure 6. The time
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Figure 6: Time and frequency domain plots of simulated vibration signal of IRF rolling bearing.
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Figure 7: Time and frequency domain plots of simulated noisy signal of IRF rolling bearing.

Table 7: The SNRs of denoised signal with different orders.

Order 1 2 3 4 5 6 7 8

SNR 6.91 7.28 7.73 7.62 7.20 6.72 5.07 4.52
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and frequency domain plots of the simulated IRF noisy signal
are shown in Figure 7. The time domain of the first 0.25 s of
the signal is analyzed specifically to show the effectiveness of
HLP denoising method and clarify different characteristics
between vibration signals of ORF and IRF rolling bearings.

It can be observed from the time and frequency domain
plots in Figure 6 that the vibration signal of IRF rolling bear-
ing has periodic characteristic. The frequency domain plot
shows fault frequency f i = 100Hz and its harmonic frequen-
cies containing the second, third, and fourth harmonic fre-
quency. In addition to characteristic frequencies, there are
sideband frequencies with modulation frequency f m = f r =
20Hz and the resonant frequencies are f i ± f r , 2f i ± f r , 3
f i ± f r ,… and f r = 20Hz in the low-frequency range.
Apply the HLP denoising method towards the noisy IRF
signal with different orders that result in the denoised sig-
nals with different SNRs, as shown in Table 7.

It is clear from Table 7 that, when the original SNR is 1,
the SNRs of the denoised signal with different orders increase
with the order until 3 and then decrease all the way. The time
and frequency domain plots of the denoised ORF noisy sig-
nal, when order of HLP denoising method is 3, are shown
in Figure 8.

As shown in Figure 8, the characteristic frequencies f o
and its resonant frequencies f i ± f r , 2f i ± f r , 3f i ± f r ,…
and f r = 20Hz can be clearly extracted under the influence
of noise. The characteristic frequency amplitudes are obvi-
ous. The result demonstrates the effectiveness of HLP denois-
ing method in extracting fault frequencies of the vibration
signal of IRF rolling bearing. To obtain the optimal orders

for HLP denoising method aiming at vibration signal of
IRF rolling bearing, Gaussian white noise with different
SNRs, SNR = 1, 2, 3, 4, 5, respectively, is added into original
simulated IRF signal. Then, different SNRs of different
denoised results are obtained, as shown in Table 8.

As shown in Table 8, the optimal order of the HLP
denoising method is 3. Different from the situation when
HLP denoising method is applied to ORF signal, the optimal
order is a constant. Therefore, it can be obtained that the
optimal order for HLP denoising method aiming at the vibra-
tion signal of IRF rolling bearing is 3.

4. Applications to Fault Diagnosis of ORF and
IRF Rolling Bearings

Through numerical simulations, the proposed novel AHLP
denoising method is applied to deal with vibration signals
of ORF and IRF rolling bearings successfully, and there are
certain optimal orders for different faults of rolling bearing.
By choosing optimal order of HLP, the best denoising effect
can be obtained. Here, two cases of test data are used to val-
idate the effectiveness of the proposed AHLP denoising
method in this paper.

4.1. Application to Processing of Intelligent Maintenance
System Bearing Data. To verify the effectiveness of the pro-
posed method in application to fault diagnosis of rolling
bearing, the bearing data from Intelligent Maintenance Sys-
tems (IMS) Center of University of Cincinnati [45] is used
to verify the proposed method. Three datasets are included
in the downloaded data packet, and a test to failure experi-
ment was conducted and dataset was collected by NI DAQ
Card 6062E during no. 2 experiment. The 772nd data of
no. 2 dataset was used to verify the effectiveness of the pro-
posed method in this paper. The schematic diagram of the
experimental apparatus and the position of sensors are
shown in Figure 9. Four Rexnord ZA-2115 rolling bearings
were installed on the shaft, and PCB 353B33 accelerometers
were installed vertically on the bearing houses. The rotational
speed was 2000 r/min, facilitated by an AC motor, namely,

5

0

−5

0 0.05 0.1 0.15

Time index (s)
0.2 0.25

(a)

0 200 400 600

Frequency index (Hz)
800 1000

0.1

0.08

0.06

0.04

0.02

0

(b)

Figure 8: Time and frequency domain plots of the denoised signal of IRF rolling bearing.

Table 8: The SNRs of denoised signal with different orders.

Order 1 2 3 4 5 6 7 8

SNR

1 6.91 7.28 7.73 7.62 7.20 6.72 5.07 4.52

2 7.68 8.04 8.54 8.30 6.62 6.61 5.93 5.12

3 8.14 8.25 8.66 8.41 8.12 6.55 6.53 5.89

4 8.73 8.81 9.03 8.70 8.44 7.50 7.17 6.81

5 8.82 9.25 9.32 8.59 8.15 8.06 7.73 7.01
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the rotational frequency f r is 33.33Hz. The sampling fre-
quency is 20 kHz. The specific parameters of fault rolling
bearings are shown in Table 9. The calculating methods for
different rolling bearing fault frequencies are shown in
Table 10. The characteristic frequencies of rolling element
bearing were computed as shown in Table 11.

At the end of the no. 2 experiment, ORF happened on the
rolling bearing. The time and frequency domain plots of the
collected vibration signal of the faulty rolling bearing (772nd
data) are shown in Figure 10.

The optimal order is chosen as 4 among the proposed
AHLP denoising method. To illustrate the effectiveness of
the proposed method, the frequency domain plots of the
original signal and signal processed by WPD are also pre-
sented. The wavelet function db15 with 11 layers is adopted
in the WPD. To observe the fault characteristic frequency
clearly and conduct a comparative analysis to verify the effec-
tiveness of the proposed method, the partial enlarged fre-
quency plots of frequency domain of collected signal and
WPD denoised signal are shown in Figure 11. The frequency
domain plots of signal processed by the LP denoising method
and the proposed AHLP denoising method are presented in
Figure 12.

It can be seen from Figure 11(a) that in the frequency
domain plot of collected signal of ORF rolling bearing, the
rotational frequency f r can be seen along with harmonic fre-
quencies 3f o and 4f o, but the fault characteristic frequency
itself f o cannot be found. It indicates that the rolling bearing

had severe fault then and collected signal was interfered by
background noises to a great extent, and there are many
interfering frequencies. From Figure 11(b) and Figure 12(a),
it can be seen after the processing of WPD and LP denoising
method that all characteristic frequencies can be extracted
but still along with some interfering frequencies. In addition,
the effectiveness of LP denoising method is better thanWPD.
It can be seen from Figure 12(b) that after AHLP denoising
method, the background noise is greatly reduced and elimi-
nated, the characteristic frequencies are obvious, and there
are not many interfering frequencies in the frequency
domain plot. The frequency domain plot shows very clear
the rotational frequency f r , and fault characteristic frequen-
cies f o, 2f o, 3f o, 4f o, namely, fault characteristic frequencies
can be well extracted. The denoising effect of AHLP is bet-
ter than LP and WPD denoising methods, which indicates
that the extension research from LP to AHLP is a success-
ful exploration. Based on the displayed results and com-
parative analysis, it can be concluded that the vibration
signal of ORF rolling bearing with severe fault can be well
denoised by the proposed AHLP denoising method in
practical application.

4.2. The Collected Signal Processing of Drivetrain Diagnostics
Simulator. To further verify the effectiveness of the proposed
method in the application of weak fault diagnosis, the exper-
iment is conducted on Drivetrain Diagnostics Simulator.
Here, ORF and IRF rolling bearings are used during the
experiment, and fault signals are collected to be processed.

Motor
Bearing 1

Acceleration sensor Radial load

2 3 4

Acceleration sensor

Thermo couples

Figure 9: The schematic diagram and a picture of the apparatus [45].

Table 9: Rolling element bearing parameters.

Rolling element bearing parameters of ZA-2115 (diameter/cm)

Ball number n Contact angle α Ball diameter dr Pitch diameter Dw

16 15.17 0.331 2.815

Table 10: Bearing characteristic frequencies.

Fault type Failure frequency

Defect on inner race f i = 0 5n 1 + dr cos α/Dw f r

Defect on outer race f o = 0 5n 1 − dr cos α/Dw f r

Table 11: Characteristic frequencies of Rexnord ZA-2115
rolling bearing.

Fault type Fault frequency (Hz)

Outer ring fault f o = 236 4
Inner ring fault f i = 296 9
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The experimental apparatus is produced by SQI Company,
United States. The experiment is aimed at collecting the sig-
nal of ORF and IRF rolling bearings. The sensor is placed on
the rolling bearing end plate to collect its acceleration signal.

The experimental apparatus is composed of a variable speed
drive, a torque transducer and encoder, a parallel shaft gear-
box which includes two parallel shaft rolling bearing, and a
programmable magnetic brake. The schematic diagram of
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Figure 10: Time and frequency domain plots of collected vibration signal of ORF rolling bearing.
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Figure 11: (a) Frequency domain plot of collected signal. (b) Frequency domain plot of denoised signal by WPD (red circles denote
characteristic frequency, and green circles denote interfering frequency, as same hereinafter).
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Figure 12: (a) Frequency domain plot of denoised signal by LP denoising method. (b) Frequency domain plot of denoised signal by AHLP
denoising method.
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the experimental apparatus and its photo are shown in
Figure 13. The photos of IRF and ORF rolling bearings and
location of sensor are shown in Figure 14.

The experiment was conducted to collect the vibration
signal of weak fault rolling bearing. During the experiment,
the sampling frequency is 8192Hz, and the rotational fre-
quency f r is 25Hz. The fault characteristic frequencies of
experimental FAFNIR deep groove rolling bearing are shown
in Table 12.

The time and frequency domain plots of the collected sig-
nal of fault rolling bearing are shown in Figure 15.

The vibration signal of IRF rolling bearing is used here to
verify the effectiveness of proposed AHLP denoising method;
thus, the optimal order can be chosen as 3 among the pro-
posed AHLP denoising methods. To better analyze the
denoising effect, the frequency range of 0–300Hz is analyzed.
To observe the fault characteristic frequency clearly and con-
duct a comparative analysis to verify the effectiveness of the
proposed method, the partially enlarged frequency plots of
frequency domain of collected signal and WPD denoised

signal are shown in Figure 16. The frequency domain plots
of the vibration signal processed by the LP denoising method
and the proposed AHLP denoising method are presented in
Figure 17.

It can be seen from Figure 16(a) that in the frequency
domain plot of collected signal of IRF rolling bearing, the col-
lected signal was interfered by background noises to a great
extent, and there are many interfering frequencies. The rota-
tional frequency and fault characteristic frequencies cannot
be found, and it indicates there was an incipient fault hap-
pened on rolling bearing. From Figure 16(b), it can be seen
after the processing of WPD that the harmonic frequency 2
f i can be extracted, along with many interfering frequencies.
It is hard to identify among all interfering frequencies. From
Figure 17(a), it can be seen after LP denoising that the inter-
fering frequencies can be reduced or eliminated to a degree,
but fault frequency f i and rotational frequency f r still cannot
be extracted. While the effectiveness of LP denoising method
is better than WPD from the comparative analysis. It can be
seen from Figure 17(b) that after AHLP denoising method,
the characteristic frequencies are obvious, and the back-
ground noise is greatly reduced and eliminated. There are
not many interfering frequencies in the frequency domain
plot except the characteristic frequencies containing the rota-
tional frequency f r and fault characteristic frequencies f i, 2
f i The denoising effect of AHLP is better than LP and
WPD denoising methods, which indicates the extension
research of LP to AHLP is a successful exploration. Based
on the displayed results and comparative analysis, it draws
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× ×
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3. Parallel shaft gearbox
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Figure 13: The schematic diagram and the picture of the experimental apparatus. 1: variable speed drive, 2: torque transducer and encoder,
3: parallel shaft gearbox, 4: test point, and 5: programmable magnetic brake.

(a) (b) (c)

Figure 14: (a) IRF of rolling bearing, (b) ORF of rolling bearings, and (c) location of sensor.

Table 12: Characteristic frequencies of FAFNIR deep groove rolling
bearing.

Fault type Fault frequency (Hz)

Inner ring fault f i = 130 32
Outer ring fault f o = 85 73
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a conclusion that the vibration signal of IRF rolling bearing
with incipient fault can be well denoised by the proposed
AHLP denoising method in practical application. It can fur-
ther demonstrate the effectiveness of the proposed approach
in this paper.

5. Conclusions

In this paper, the research work elaborates the validity and
effectiveness of the proposed novel AHLP denoising
approach in fault diagnosis of rolling bearing, through
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Figure 15: Time and frequency domain plots of collected vibration signal of IRF rolling bearing.
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Figure 16: (a) Frequency domain plot of collected signal. (b) Frequency domain plot of denoised signal by WPD.
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Figure 17: (a) Frequency domain plot of denoised signal by standard LP denoising method. (b) Frequency domain plot of denoised signal by
AHLP denoising method.
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theoretical deviation, numerical simulations, and practical
applications. In the field of fault detection and isolation, it
is of great significance to reduce noise in vibration signal of
faulty rolling bearing, to extract fault characteristic frequen-
cies correctly and effectively. By adopting high-order polyno-
mials to the estimate centroid of neighborhood among LP
denoising method, the proposed HLP method can achieve
better noise reduction effect. By choosing the optimal order
among HLP denoising method aiming at vibration signals
of ORF and IRF rolling bearings, the optimal denoising effect
can be obtained in the proposed AHLP denoising method.
The proposed method has exhibited good performance dur-
ing the numerical simulations and application researches,
containing simulated and practical vibration signal process-
ing of ORF and IRF rolling bearings. In application
researches, the fault characteristic frequencies can be both
well extracted for the rolling bearing with severe fault corre-
sponding to IMS bearing data processing and the rolling
bearing with incipient fault corresponding to our own con-
ducted experiment on Drivetrain Diagnostics Simulator.
The displayed results and comparative analysis indicate that
the proposed method can achieve good denoising results
towards different degrees of faults. To sum up, the research
work in this paper can demonstrate the significance and
superiority of the proposed novel approach in fault diagnosis
of rolling bearing.

Furthermore, this paper mainly deals with vibration sig-
nal of ORF and IRF rolling bearing, while in the field of
rotary machinery, most of the denoising methods cater to
various fault detections, such as gear faults and rotor faults.
In our researches, gear faults have been dealt with and proper
denoising effect can be achieved, so the proposed novel
approach holds potential for wide employment in practical
engineering applications. For the practical application in
real industrial situation, the additional overhead costs con-
cerning hardware, software, installation, and other factors
should be also considered. This aspect of the proposed
approach would be researched in our future work to
explore its suitable application fields.
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Structural damage detection is a well-known engineering inverse problem in which the extracting of damage information from the
dynamic responses of the structure is considered a complex problem. Within that area, the damage tracking in 3D structures is
evaluated as a more complex and difficult task. Swarm intelligence and evolutionary algorithms (EAs) can be well adapted for
solving the problem. For this purpose, a hybrid elitist-guided search combining a multiobjective particle swarm optimization
(MOPSO), Lévy flights (LFs), and the technique for the order of preference by similarity to ideal solution (TOPSIS) is evolved in
this work. Modal characteristics are employed to develop the objective function by considering two subobjectives, namely,
modal strain energy (MSTE) and mode shape (MS) subobjectives. The proposed framework is tested using a well-known
benchmark model. The overall strong performance of the suggested method is maintained even under noisy conditions and in
the case of incomplete mode shapes.

1. Introduction

Structural health monitoring (SHM) and failure diagnosis
have recently witnessed increasing attention because of its
importance for guaranteeing the integrity and service perfec-
tion of a structure. One of the main research foci of SHM is
damage detection in structures under service, in which a pre-
liminary assessment of damage is conducted to ensure the
reliability and persistent performance of the structure. The
evolution of structural damage detection techniques has been
mainly inspired by the invention of accurate sensors and
transducers in addition to improvements in signal processing
techniques, which in combination were applied to nonde-
structive vibrational testing that reveals the dynamic charac-
teristics of a structure. Those dynamic characteristics carry
the changes in real structural parameters that in turn
illustrate the existence and rate of structural damage [1–3].

Structural damage could be defined as variations
between the FE model of a structure and the structure in-
service that brings the concept of FE model updating into
a picture [4]. FE model updating can provide an efficient

way of tracking damage in structures under service. For a
structural damage identification problem, the structural
parameters related to the FE model of a structure are slightly
and gradually regulated and dynamic responses are regis-
tered. Thereafter, distortions between the model’s and mea-
sured dynamic responses are minimized until a relative
consistency is reached. During that process, such local mod-
ifications can indicate damage in the studied structure. The
minimization task can be thought through by utilizing
efficient optimization algorithms [5–7].

In order to integrate the FE model updating into a struc-
tural damage tracking procedure, the basic task is to establish
the dynamic characteristic subobjectives. The developed
subobjectives are milestones in formulating the objective
function that addresses the optimization problem of damage
characterization. Modal analysis can provide an effective
manner for gathering dynamic features. Mode shapes (MSs)
are fundamental characteristics that can give general infor-
mation about the alterations that have occurred in a structure
due to damage. For that reason, MS subobjective can be
developed by using some correlation paradigms such as the
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modal assurance criterion (MAC) [8, 9]. Another modal
property with great damage sensitivity, modal strain energy
(MSTE), has been used by various researchers [10–14]. It
performs efficiently when utilized for tackling damage prob-
lems in complex structures experiencing damage. Further-
more, MSTE is applicable in three-dimensional structures
[14, 15]. Hence, both mode shape-based and MSTE-based
subobjectives are more than sufficient to be employed in
this research.

Computational intelligence has been implemented for
solving complex prediction, diagnosis, and detection
problems in various fields such as mechanical engineering
[16–18], computer science [19, 20], biomedical engineering
[21, 22], and electrical engineering [23]. As major disciplines
of computational intelligence, swarm intelligence and EAs
are powerful stochastic optimization techniques that have
been implemented for solving various engineering problems
in recent years. Single-objective EAs have been widely and
successfully utilized for damage localization in structures.
Research has shown the efficacy of genetic algorithms
(GAs), the most common form of EA [24–27]. Other repre-
sentative research can be found in [28, 29]. Swarm intelli-
gent algorithms have also been implemented for the same
purpose. Ding et al. [30] developed a hybrid swarm for
damage identification using modal properties with pleasing
results. Qian et al. [31] implemented a hybrid PSO simplex
method for delamination detection in laminated beams
using a delamination parameter-based objective function
with robustness and efficient performance. Kang et al. [32]
as well as Gökdağ and Yildiz [33] proposed two different
PSO versions to track damage with successful performance.
Zhu et al. [34] developed a bird mating optimizer (BMO)
in the time-frequency domain for damage detection in 2D
structures. Other techniques have been used efficiently, as
in the work of Seyedpoor et al. [35, 36]. From the above
survey, it is seen that single-objective EAs have performed
well in solving structural damage detection problems. Never-
theless, most applications were 1D or 2D problems.

Multiobjective EAs (MOEAs) have also been imple-
mented by various researchers for damage localization in
structures. Cha and Buyukozturk [14, 15] developed a
MOEA for damage prognostic in three-dimensional struc-
tures. Their research outcomes showed the robustness of
the proposed method even under noisy environments. Liu
et al. [37] used natural frequency and MS subobjectives with
the successful incorporation of the weighted sum method
and a GA to perform a multiobjective optimization for dam-
age identification. Jung et al. [38] utilized the NSGAII for
damage identification in truss structures, concluding that
further enhancements were needed for the proposed method
to be recommended for damage deduction. NSGAII was
also implemented successfully by Shabbir and Omenzetter
[39]. Other representative research into the application of
NSGAII for damage detection can be found in [40, 41].
Farokhzad et al. [42] compared multiobjective GA (MOGA)
and modified multiobjective GA (MMOGA) for damage
localization in Timoshenko beams, with remarkable results
obtained from MMOGA. MOGA was also successfully
employed for damage detection in truss by Jung et al. [43].

Other MOEAs have been implemented for structural damage
identification, as in [44, 45].

A literature survey of the implementation of MOEAs
showed that relevant research has rarely addressed the prob-
lem of structural damage in complex structures. Hence, fur-
ther research is important to explore the effectiveness of
MOEAs and swarm intelligence in structural damage localiza-
tion.Moreover, it is essential to introducemore powerful algo-
rithms that can efficiently and accurately solve the problem of
damage identification in 3D structures. For those reasons, a
novel multiobjective optimization algorithm combines the
multiobjective particle swarm optimization (MOPSO), Lévy
flights (LFs), and the technique for the order of preference
by similarity to ideal solution (TOPSIS) with a FE model
updating framework is proposed for solving the problem of
damage estimation in complex 3D structures. The coherence
of the proposed algorithm can be measured by the combi-
nation between the global and local search of MOPSO
and LFs. Furthermore, the integration of TOPSIS inside
the algorithm to iteratively select a leader solution can provide
an efficient paradigm that improves the overall performance
of the algorithm.

This work illustrates the application of the novel multiob-
jective optimization algorithm called MOLFPSO/TOPSIS
applied on FE model updating for structural damage local-
ization. Two dynamic characteristic-based subobjectives,
namely, MS- and MSTE-based subobjectives, are embodied
in an objective function. The proposed technique is applied
on a 4-story benchmark building model. In order to examine
the performance of the developed technique, two damage
scenarios are studied. Furthermore, the algorithm is tested
under noisy conditions in correspondence to the two damage
scenarios. Also, the incomplete mode shape problem is eval-
uated. At last, a detailed discussion of the performance of the
suggested method is presented.

2. The Objective Function

It has been observed that in structural damage tracking com-
bined with the FE model updating, the most critical key
point is the proper selection of dynamic characteristics that
includes the changes in structural parameters due to the
occurrence of structural damage. On that basis, the subob-
jectives of errors between the dynamic features of the FE
model of the intact structure and those measured from the
damaged structure are developed. By the formulation of
those subobjectives, they can be merged in such a way that
an objective function for the damage detection optimization
problem can be established. In the current research, both
MS- and MSTE-based subobjectives are employed and
engrafted into the objective function to be solved for the
damage localization.

To develop the MS subobjective, a correlation technique
should be employed [8]. One of the most commonly used
correlation techniques is the MAC [46]. The MAC measures
the uniformity between two vectors, one of which being a ref-
erence MS and the other a measured MS. The MAC matrix
can be stated as
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MAC φI , φD =
φ∗
I

T φD
2

φ∗
I

T φI φ∗
D

T φD

, 1

where φ is the MS, I and D represent the undamaged and
the damaged structures, respectively, and T and ∗ are the
transpose and the conjugate. It is defined that full correlation
is observed when MAC is one and no correlation is deduced
when MAC is zero.

The MS subobjective can be expressed as

F1 φI , φD = 〠
M

i=1
1 − diag MACi φI

i , φD
i , 2

where F1 φI , φD is the MS subobjective, i is the MS number,
and M is the total number of MSs diag is the diagonal
element of MAC.

MSTE can serve as a sensitive indicator of structural
damage. In a large-scale complex structure, MSTE can hold
better information about the existence and position of minor
damage than other modal characteristics. One of the most
commonly occurring types of structural damage can be
thought of as a stiffness lessening [47]. In spite of the reality
that stiffness alterations cannot reflect all sorts of structural
damage, it can be adopted in this research to simulate linearly
structural damage. Consequently, by handling the MSs of the
structure and the stiffness matrix K of the model, the MSTEs
corresponding to healthy and damaged structures can be
defined as

MSTEIi φI
i , K =

1
2
φIT
i K φI

i ,

MSTED
i φD

i , K =
1
2
φDT

i K φD
i ,

3

where MTTEI
i and MSTED

i are the MSTEs of the robust and
deteriorated structures for the ith MS, respectively. The
global MSTE subobjective can be written as

F2 φI , φD, K = 〠
M

i=1
1 −

φIT
i Kφ

I
i

φDT

i KφD
i

2

, 4

where F2 is the MSTE subobjective. Based on the above
description, the overall hybrid objective function is built as

Min F1, F2 = Min 〠
M

i=1
1 − diag MACi φI

i , φD
i ,

 〠
M

i=1
1 −

φIT
i Kφ

I
i

φDT

i KφD
i

2

5

Damage causes changes in the mechanical parameters of
a structure [48]. The parametric changes can be directly used
to track damage by performing a FE model updating frame-
work [8, 14]. Commonly, to select the appropriate updating
parameters that can be used as damage indicators, the possi-
ble damage patterns must be defined depending on the struc-
ture under consideration and loading conditions. Some

recommendations can be followed before choosing the
updating parameters. First, greater importance should be
assigned to the positions where structural damage is more
likely to exist. Then, dynamic characteristics that are more
damage-sensitive must be considered. Finally, efforts should
be made to reduce the size of the updating parameter set so
that the overall complexity of the problem can be tackled,
by ignoring structural parameters that do not illustrate possi-
ble existing damage scenarios [49, 50].

One of the most widely used parameterization methods is
to adopt the material and geometrical properties directly
[51]. Material properties can be chosen as damage indexes
for tracking structural damage, because the stiffness and mass
matrices are proportional to material properties. A useful
strategy is to develop a vector of damage indexes for all ele-
ments el asΘ = θ1, θ2,… , θel , where θ ϵ 0, 1 . If we choose
a damage conductor as υ,Θ is utilized to reflect the variations
between the FE model parameter υI and the parameter υU

related to damage simulation. The damage parameter can
be defined as

υUi = υIi 1 − θi , 6

and the changes in model’s elemental matrixes M and K can
be written as

MU
i =MI

i + ΔMi,

KU
i = KI

i + ΔKi,

ΔMi = υUi MI
i ,

ΔKi = υUi KI
i ,

7

where ΔMi and ΔKi are the deviations in model’s matrixes.
To examine the performance of the proposedMOLFPSO/

TOPSIS, the structural damage is presumed to be a reduction
of some elements’ moduli of elasticity (E). It is important to
mention that reductions in E cannot mimic all sorts of struc-
tural damage, but it can be used to simulate damage to check
the performance and robustness of the proposed technique.

3. Structural Damage Localization Framework

To tackle the structural damage estimation problem, it is
essential to organize the optimization problem into two main
divisions: the single-objective EAs and the MOEAs. The key
points to understand the differences between the two divi-
sions can be shown in [52, 53].

Structural damage tracking using MOEAs and FE model
updating is shown in Figure 1. We summarize the framework
as follows: initially, a FE model of the robust structure is
evolved and the damage indicators are selected. Then, the
framework is partitioned into two subprocesses. The former
is the damage simulation process where the damage-
simulated MSTE and MS subobjectives can be deduced.
The second subprocess is to perform the minimization task
applied on the objective function. The detailed overall frame-
work can be well observed in [52].
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4. The MOLFPSO/TOPSIS

By following back to the excellent research conducted by
Cha and Buyukozturk [14, 15], it is observed that one
dynamic characteristic has been used inside the multiob-
jective optimization problem by dividing the MSTE-based
objective function into two subobjectives. In the current
research, an improvement is suggested by adding an extra
subobjective that relies on the MSs. The use of indepen-
dent mode shape subobjective can study the alterations
in the structure independent from the stiffness matrix uti-
lized in MSTE and without losing the benefit of damage
detectability when only MSTE is utilized. This can help

to improve the overall ability of the damage identification
procedure when noisy conditions exist as well as when the
complete MSs cannot be obtained. Moreover, because
MSTE can describe only the linear type of structural dam-
age, adding the mode shape term can enhance the damage
deducibility of other types.

The MOLFPSO/TOPSIS algorithm combines various
paradigms and concepts to perform a strong and reliable
multiobjective optimization framework to solve complex
problems comprising the problem of damage tracking in
structures with FEmodel updating. To provide a comprehen-
sive elucidation of the developed method, some preliminary
concepts and techniques must be explained. Firstly, Lévy
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Figure 1: Damage prognostic paradigm using the MOEAs and FE model updating.
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flights (LFs) can be defined as random permutations that are
capable of mimicking the random movements of creatures
seeking food, reproduction, or other activities [54]. LFs can
be implemented efficiently to expose unknown search space
for optimization purposes. Moreover, LFs can perform both
global and local searches around promising solutions that
can be referred to as the exploration and exploitation of the
global search space. To generate a new solution Xt+1

i by LF,
(8) can be used:

Xt+1
i = Xt

i + s, 8

where s is the step size, proposed by Yang and Deb [55]:

s = a0 xG,j − xG,i ⊕ L ́evy λ ~0 01
u

ν 1/λ XG,j − XG,i ,

9

where a0 is a constant, XG,j and XG,i are two random solu-
tions, and u and ν can be defined as

u =N 0, σ2
u ,

ν =N 0, σ2
ν ,

10

where σu = Γ 1 + λ sin πλ/2 /Γ 1 + λ /2 λ2 λ−1 /2 1/β
with

1 ≤ λ ≤ 2 is an index, Γ is a gamma function, and σν = 1.
TOPSIS is a MCDM technique that was proposed by

Hwang and Yoon [56]. From any decision matrix with m
number of alternatives and n number of attributes, it chooses
two sets of solutions known as the positive (X+) and negative
(X−) ideal solutions. The solution with the best data from all
the alternatives is called the positive ideal solution; similarly,
the negative ideal solution has the worst data from all the
alternatives. TOPSIS calculates the Euclidean distance of all
points (alternatives) from two positive and negative solutions
and compares them. The point that has the least Euclidean

1. Create a population of random solutions Pop and corresponding speeds Vel.
2. Initialize an external archive Ac and define a memory of flight experience for each individual,
i.e. Pbest.

3. Evaluate Pop using the multi-objective functions.
4. Find the non-dominated solutions and store them in Ac.
5. Develop hypercubes of the search space and distribute the individuals within the hypercubes
using the multi-objective function values.

6. Apply TOPSIS on Ac to determine the leader solution or the global best individual Gbest.
7. While stopping criteria are not satisfied do:

a) Generate a new population A by using LFs using a modified version of Eq. (9) as:

s = a0 Gbest − xG,i ⊕ L ́evy λ ~0 01 u/ ν 1/λ Gbest − XG,i
Pi+1 = Pi + s

b) Evaluate all particles in A, compare A with Pop using the non-domination criterion
and update Pop.

c) Generate a new population B by using PSO as:
Vt+1

i =W × Vt
i + r1 × Pbesti − Pi + r2 × Gbest − Pi ,

Pi+1 = Pi + vt+1i ,
where pi is the current particle; vi is the particle’s velocity; w is the inertia factor; r1
and r2 are acceleration coefficients; r1 and r2 imply random numbers ∈ 0, 1 ; t is the
current generation number.

d) Evaluate all particles in B, compare B with Pop using the non-domination criterion
and update Pop.

e) Remove the non-dominated solutions and fill the empty positions with randomly
created solutions as:

Ini = randper Pnew,i ,

Pnew,i = rnd 0, 1 + Pnew Ini ,
where randper is a Gaussian random permutation operator; Pnew,i is the i

th

removed dominated solution; rnd is a random number ∈ 0, 1 .
f) Evaluate all particles in Pop and insert the non-dominated solution into Ac.
g) Update the hybercubes in the current Ac
h) Remove the extra individuals in Ac by eliminating the crowded individuals within the

corresponding hypercubes.
i) Apply TOPSIS on Ac to determine the global best individual Gbest.
j) Update Pbest for all individuals.

8 End.

Algorithm 1
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Figure 2: Damage scenarios: (a) scenario 1 and (b) scenario 2.
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distance from (X+) and the greatest distance from (X−) is
considered the best. The steps of applying TOPSIS are
as follows:

Step 1. The input x matrix contains m × n elements (the
elements of x matrix are the Pareto solutions).

Step 2. To convert the dimensional problem into a nondi-
mensional problem, a normalized decision matrix is per-
formed from the x matrix.

xij =
xij

〠m
i=1x

2
ij

, 11

where i = 1,… ,m and j = 1,… , n, m = 100 and n = 5 .

Step 3. By assuming a set of weights for each attribute wj for
j = 1,… n, we can find the weighted normalized decision
matrix v.

vij =wjxij, 12

where ∑n
j=1wj = 1.

Step 4. Determine the positive and negative ideal solutions.

X+ = v+1 ,… , v+n ,

X− = v−1 ,… , v−n ,
13

where v+j = maxivij j ∈ J , minivij j ∈ J′ and v−j = minivij
j ∈ J , maxivij j ∈ J′ , where J is the set of benefit attributes

and J′ is the set of cost attributes.

Step 5. Calculate the distances d+i and d−i from the positive
ideal and negative ideal solution, respectively.

d+i = 〠
n

j=1
v+j − vij

2
,

d−i = 〠
n

j=1
v−j − vij

2
,

14

Step 6. Determine the relative closeness of alternatives to the
ideal solution.

C+
i =

d−i
d−i + d+i

, 15

where 0 ≤ C+
i ≤ 1 and the best solutions have relative close-

ness C+
i closest to 1.

MOPSO was originally proposed by Coello and Lechuga
[57] and further explained by Coello and Reyes-Sierra [58].
They extended the PSO algorithm into MOPSO by employ-
ing the Pareto ranking scheme as well as initializing an
archive or repository to register the superior performance
of any individual in each generation by means of sets of non-
dominated solutions. The archive is exploited to choose a
global best solution that leads the swarm to reach the Pareto
front. In each generation, the archive should be updated by a
spatially or geographically based process where the search
space is partitioned into a set of hypercubes using multiobjec-
tive function rates.
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0.390.3890.3880.387

1

0

2

3

4

Mode shape subobjective

M
ST

E 
su

bo
bj

ec
tiv

e

×10−3

Figure 6: Optimal front obtained from MOLFPSO/TOPSIS in
damage scenario 1 under noisy conditions.

7Complexity



The proposed MOLFPSO/TOPSIS is designed using the
above-mentioned concepts. The key point in the proposed
method is to use TOPSIS to rank all solutions in the archive
and to sort them to choose the leading best solution in each
generation. That helps to reduce the complexity of the prob-
lem because there is no need for a MCDM at the end of the
structural damage detection process when the leader solu-
tion is chosen in each generation by TOPSIS. Another
advantage is that both LFs and PSO are utilized within the
algorithm in such a way that there is no need for a large
population size and exploration and exploitation are well
performed in each generation, reducing the computational
time and improving the overall efficiency and reliability.
The spatial representation in MOPSO is still employed in
MOLFPSO/TOPSIS for removing crowded solutions among
the archive. The MOLFPSO/TOPSIS algorithm can be
summarized as follows:

Although multiobjective genetic algorithms have
shown a prominent performance when applied by Cha and
Buyukozturk [14] for structural damage tracking and also

when implemented for active control device optimal place-
ment by Cha et al. [59], it is important to develop a stronger
multiobjective optimization approach able to overcome more
complexity in the structure and can not only detect but also
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determine the accurate severity of structural damage. The
MOLFPSO/TOPSIS algorithm can combine the well-known
global optimization feature of PSO when used for FE model
updating [60] with the local search ability of LFs. Such com-
bination can serve better when damage detection accuracy is
required and complex structures are under investigation.
Furthermore, the guided elitist search feature provided by
TOPSIS can help to reduce the computational cost and pro-
vide better convergence towards the optimal Pareto front.
Also, it makes the MCDM determine the best compromise
solution unnecessary.

5. Case Study: 3D Modular Structure

After benchmarking the algorithm and evaluating the perfor-
mance of the proposed MOLFPSO/TOPSIS algorithm, a
three-dimensional model is built similar to the benchmark
model [61, 62] as shown in Figure 2. The model’s dimensions
are 2.5m× 2.5m× 3.6m. The model’s beams and columns
are Euler–Bernoulli beams built of hot rolled grade 300W
steel with 300MPa nominal yield stress. The material proper-
ties of the structure are given in [62]. The model is composed
of 84 elements and 45 nodes with 270 DOFs. To examine the
efficiency of the developed MOLFPSO/TOPSIS technique,
two damage scenarios are taken into account as in Figure 2.
Damage is simulated by reducing 25% of the modulus
of elasticity.

In testing the application of MOLFPSO/TOPSIS to iden-
tify damage in 3D structures, first, the previously mentioned
objective function is utilized and the first 12 MSs are
employed. Then, after several trials, MOLFPSO/TOPSIS is
implemented using 50 particles and W = 0 5. The number
of hypercubes in set to 7 and repository size is 25. In LFs,
the parameters λ and β are set to 1.5 [54, 55]. The weighting
factors in (12) are set to 0.5; that is, both subobjectives will
have similar significance. The framework is executed 20
times, and results are recorded. In damage case 1, the algo-
rithm is proved to be able to locate the damage with very
minor errors, as shown in Figure 3. The optimal front

achieved by the MOLFPSO/TOPSIS is presented in
Figure 4. Also, when the simulated MSs are contaminated
with ±5% white noise, the MOLFPSO/TOPSIS successfully
tracks the damage with very few significant errors, as
observed in Figure 5. The optimal front in damage case 1
with noise is illustrated in Figure 6. It is obvious that the
MOLFPSO/TOPSIS can detect and locate damage in the
studied structure accurately and efficiently, even under noisy
conditions.

In damage case 2, which is the more difficult case, the
proposed technique shows excellent performance in tracking
the structural damage with insignificant errors, as shown in
Figure 7. The optimal front resulting from the MOLFPSO/
TOPSIS is highlighted in Figure 8. Moreover, when ±5%
Gaussian noise contaminates the simulated MSs, the devel-
oped methodology shows good ability to determine damage
with acceptable errors, as shown in Figure 9. For damage case
2 with noise, the optimal front is exhibited in Figure 10. It is
clear from the figures that the MOLFPSO/TOPSIS combined
with FE model updating can serve as a powerful and reliable
framework for identifying and diagnosing damage in the 3D
structures, even within noise-polluted environments.

To fulfill the evaluation of the overall paradigm, all result
outcomes are tabulated in Table 1. All minimum, mean, and
maximum values of both MS-based and MSTE-based subob-
jectives (subobjectives) corresponding to all Pareto solutions
as well as the computational time and number of successful
runs are all given in Table 1. It can be seen that the multiob-
jective values almost match the target zero values of the
dynamic subobjectives in damage cases 1 and 2. Moreover,
even in noisy environments, the increase in multiobjective
values due to noise has not affected the overall performance
and ability to localize structural damage. Over and above
these virtues, the computational time is convenient in all
cases. Only in damage case 2 with noise is the number of suc-
cessful runs lower, due to difficulty in inferring damage when
two damaged beams are connected perpendicularly.

Another important factor to judge the overall perfor-
mance is to evaluate the problem of incomplete MSs. Two

Table 1: Numerical evaluation of the MOLFPSO/TOPSIS with FE model updating.

Min Mean Max

Case 1

MS subobjective 2.18E − 06 1.45E − 05 2.11E − 05
MSTE subobjective 2.975E − 06 6.99E − 06 1.364E − 05
Computational time 2551.97823 seconds

Case 2

MS subobjective 3.08E − 06 0.012812 0.017029

MSTE subobjective 7.33E − 06 2.09E − 05 2.56E − 05
Computational time 4783.06526 seconds

Case 1 with ±5% white noise

MS subobjective 0.387019 0.388337 0.390032

MSTE subobjective 1.74E − 06 0.00066 0.002721

Computational time 4912.28630 seconds

Case 2 with ±5% white noise

MS subobjective 0.388335 0.398434 0.401908

MSTE subobjective 7.33E − 06 2.09E − 05 2.56E − 05
Computational time 7523.17741 seconds
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damage scenarios are considered to study the incomplete
MSs problem. Scenario 3 in which 20% damage is assigned
to element 2 (red beam) and MS information are unknown
at node 12 (green dot) as well as scenario 4 in which 20%
damage is assigned to elements 4 and 16 (red beam) and
MS information are missing at node 13 (green dot), as they
are observed in Figure 11. Considering the use of the first
three mode shapes, the results of damage tracking when com-
plete MSs cannot be defined are shown in Figures 12 and 13.
The results show that the proposed algorithm has proven
good ability in detecting structural damage evenwhen applied
with unavailability of complete MSs. Nevertheless, it has
shown inconsistent performance when executed for several
times and needed almost the double computational time.

Finally, it is clear that the proposed framework has evi-
denced good performance when applied to damage identifi-
cation in 3D structures. Moreover, its accuracy and relative

consistency, together with its the ability to track superior
solutions in a single run, make the suggested MOLFPSO/
TOPSIS with FE model updating paradigm suitable and reli-
able when damage localization in 3D structures is needed.

6. Conclusion

In this research, the problem of damage prognostic in three-
dimensional structures implementing a novel MOEA incor-
porated with FE model updating was investigated. The novel
algorithm called MOLFPSO/TOPSIS was designed to pro-
vide an efficient and reliable structural damage localization
framework. The methodology included the use of TOPSIS
as a MCDM technique to select a leading solution in each
iteration within the multiobjective optimization, that is, the
MOLFPSO. Proper selection of such a leader solution can
highly and positively influence convergence to the Pareto
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front as well as saving postprocessing time when a best-
compromised solution is required. To evaluate the perfor-
mance of the proposed paradigm, a three-dimensional model
was deemed a case study with two simulated damage scenar-
ios. Furthermore, in each scenario, Gaussian noise was added
to contaminate the simulated MSs to examine the reliability
of the developed technique under polluted conditions.
Finally, the incomplete MSs problem has been evaluated with
relatively good performance. The proposed technique
accomplished effective damage diagnosis in 3D structures
with accuracy, reliability, and low computational time, even
when tested under a noisy environment and with the absence
of complete mode shapes.
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Electromechanical actuators (EMAs) are more and more widely used as actuation devices in flight control system of aircrafts and
helicopters. The reliability of EMAs is vital because it will cause serious accidents if the malfunction of EMAs occurs, so it is
significant to detect and diagnose the fault of EMAs timely. However, EMAs often run under variable conditions in realistic
environment, and the vibration signals of EMAs are nonlinear and nonstationary, which make it difficult to effectively achieve
fault diagnosis. This paper proposed a fault diagnosis method of electromechanical actuators based on variational mode
decomposition (VMD) multifractal detrended fluctuation analysis (MFDFA) and probabilistic neural network (PNN). First, the
vibration signals were decomposed by VMD into a number of intrinsic mode functions (IMFs). Second, the multifractal features
hidden in IMFs were extracted by using MFDFA, and the generalized Hurst exponents were selected as the feature vectors. Then,
the principal component analysis (PCA) was introduced to realize dimension reduction of the extracted feature vectors. Finally,
the probabilistic neural network (PNN) was utilized to classify the fault modes. The experimental results show that this method
can effectively achieve the fault diagnosis of EMAs even under diffident working conditions. Simultaneously, the diagnosis
performance of the proposed method in this paper has an advantage over that of EMD-MFDFA method for feature extraction.

1. Introduction

Although most aircrafts and helicopters still adopt hydraulic
actuation systems, electromechanical actuators have increas-
ingly been applied as the key actuators for flight control
systems of advanced aircrafts and helicopters in recent years.
The main reason is that electromechanical actuator (EMA)
has more superiorities in terms of reliability, economy, and
other aspects than traditional hydraulic actuator. However,
aircrafts and helicopters often perform mission under vari-
able complex environments, and it will cause serious conse-
quences when the faults of EMAs appear. Therefore, fault
detection and diagnosis of EMAs in various working condi-
tions play a vital role in the normal operation of aircrafts
and helicopters. More and more researches have been done
about the function of EMAs, but few are about fault. Con-
sequently, it is very meaningful to carry out the research
on fault diagnosis algorithms of EMAs under variable
working conditions.

NASA Ames Research Center’s researchers conducted
failure mode and effect analysis of EMAs through extensive
literature investigation, and the main fault modes of EMAs
were obtained [1]. The researchers built the flyable electro-
mechanical actuator (FLEA) test-bed, so that the normal
data and fault data of EMA can be obtained through a large
number of experiments [2]. A method based on neural
network was proposed to realize the diagnosis for critical
failure modes of EMAs [3]. Narasimhan et al. implemented
the degeneration trend prognostics of EMAs by using the
Gaussian process regression algorithm [4]. A method based
on WPD-STFT time-frequency entropy and PNN was pre-
sented by Jing et al., which achieved the accurate diagnosis
of EMAs [5]. At present, there are relatively few researches
on fault diagnosis methods of EMAs under variable working
conditions at home and abroad.

The vibration signal of rotating machinery contains
abundant information about the running state of the equip-
ment. And extracting the fault feature which represents the
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fault information of the equipment is the most important
step in fault diagnosis. However, vibration signal generally
has the characteristics of nonlinear and nonstationary, and
there are external disturbances such as noise, so that extract-
ing features from vibration signal is the key problem for
researchers. The commonly used methods for processing
vibration signal to extract fault features include short-time
Fourier transform (STFT), wavelet transform (WT), empiri-
cal mode decomposition (EMD), and local mean decomposi-
tion (LMD). STFT can depict signal in both time domain and
frequency domain at the same time and can reflect the time-
varying characteristics of the signal frequency spectrum. But
the window function of STFT is fixed, so it is not suitable to
analyze strong time-varying and nonstationary signal [6].
WT can realize the multiresolution analysis of signal, but its
resolution in the frequency domain is not adjustable at the
same scale, and it needs to preselect the basis function
according to the characteristic of the signal [7]. EMD decom-
poses the signal into a finite number of single-component
signals which are called intrinsic mode functions (IMFs). It
has great potential for analyzing the nonlinear and nonsta-
tionary signal. However, EMD has a series of problems such
as end effects, modal confusion, over-envelope and under-
envelope, negative frequency, and lacking theoretical basis
[8]. LMD is an adaptive time-frequency analysis method
which is proposed on the basis of EMD. It can decompose
the complex signal into several product functions (PFs).
However, LMD also has the problem of end effects, modal
confusion, and large amounts of calculation [9]. In addition,
fault diagnosis methods based on various multidisciplinary
algorithms have been studied in recent years. A rotating
machinery fault diagnosis method combining bispectrum
and image processing algorithm was proposed, and its
validity was proved by experiments of hydraulic pump and
centrifugal pump [10]. A method based on narrowband
demodulation with frequency shift and spectrum edit was
used to achieve the fault diagnosis of gears [11]. Variational
mode decomposition (VMD) is a new signal processing
method which has a different theoretical framework with
EMD [12]. VMD transforms signal decomposition into non-
recursive and variational mode decomposition problem
whichhas theoretical foundation. It shows better noise robust-
ness and can reduce the sampling effect andmodal confusion.

Different from time-frequency analysis, fractal analysis
can be used to reveal the fractal features of the signal, while
fractal features can characterize the different operating states
of a complex system. Therefore, fractal features can be
utilized as fault features for fault diagnosis. Multifractal anal-
ysis can extract fractal features of different local scales, and
researchers have applied classical multifractal theory to fea-
ture extraction of fault diagnosis in recent years. A method
based on wavelet analysis and multifractal spectrum was
applied to extract the fault features of hydropower unit
[13]. And the multifractal spectrum was combined with
PSO-SVM to achieve the fault diagnosis of gearbox [14].
However, the traditional multifractal theory can be easily
disturbed by the trend of signal fluctuation and cannot
reveal the multifractal characteristics hidden in nonstation-
ary signal accurately. Thus, Liu et al. proposed a method

called multifractal detrended fluctuation analysis (MFDFA)
combining multifractal (MF) with detrended fluctuation
analysis (DFA), which can eliminate the influence of signal
fluctuation and can further effectively extract the multifractal
characteristics of nonstationary signal. MFDFA has been
applied to the field of fault diagnosis for complex system. A
method based on MFDFA and local characteristic-scale
decomposition-Teager energy operator was proposed to real-
ize the fault diagnosis of rolling bearing [15]. Tang et al.
applied MFDFA into the fault diagnosis of nonlinear analog
circuit [16].

A fault diagnosis method for EMA based on VMD-
MFDFA and PNN is proposed in this paper. Firstly, the
vibration signal of the accelerometer is collected. After pre-
processing the vibration signal, a series of IMFs are obtained
by using the VMD. Then, the multifractal features of IMFs
are calculated by MFDFA, and the fault feature vectors are
acquired by reducing the dimension with PCA. Finally,
PNN model is trained to classify the fault modes.

2. Feature Extraction Method Based on VMD
and MFDFA

The vibration signal of the EMA has the characteristics of
nonlinear, nonstationary, and strong time-varying. In this
paper, the vibration signal is decomposed by VMD, and the
feature vectors are extracted by MFDFA to characterize the
operating state of the EMA.

2.1. A Description of Variational Mode Decomposition
(VMD). The VMD algorithm can obtain the optimal solution
of the constrained variational problem and determine differ-
ent central frequencies and bandwidths through iteration.
The intrinsic mode functions (IMFs) of different frequencies
are obtained by nonrecursive decomposition [17]. The
implementation of VMD is divided into two parts: the
construction of variational problem and the solution of
variational problem [18].

The first part is the construction of variational problem.
This time-frequency analysis method assumes that the multi-
component signal f consisted of k intrinsic mode functions
uk with limited bandwidth, and the central frequency of each
intrinsic mode function corresponds to ωk.

The analytic signal of each intrinsic mode function
is obtained by Hilbert demodulation as the following
formula:

δ t + j
πt

uk t 1

A central frequency is estimated as e−jωkt for each analytic
signal, and the frequency spectrum of each IMF is modulated
to the fundamental frequency band:

δ t + j
πt

uk t e−jωkt 2

The square norm L2 of the above analytic signal gradient
is calculated, and the bandwidth of each IMF is estimated.
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Then, the constrained variational problem is obtained as the
following formula:

min
uk ωk

〠
k

∂t δ t + j
πt

uk t e−jωkt
2

2

s t  〠
k

uk t = f ,
3

where uk = u1,… , uk represents one of the k intrinsic
mode functions obtained by decomposition and ωk =
ω1,… , ωk represents the central frequency of each intrin-
sic mode function.

The second part is the solution of variational prob-
lem. In order to obtain the optimal solution of the vari-
ational model, Lagrange multiplication operator λ t and
quadratic penalty factor α need to be introduced to
change the constrained variational problem into noncon-
strained variational problem. The transformed Lagrange
expression is

L uk , ωk , λ = α〠
k

∂t δ t + j
πt

uk t e−jωkt
2

2

+ f t −〠
k

uk

2

2

+ λ t −〠
k

uk t

4

The saddle point of formula (4) is obtained through iter-
atively updating un+1k , ωn+1

k , and λn+1 by using the alternate
direction method of multipliers (ADMM).

The update method of un+1k is

un+1k ω =
f ω −〠i≠kui ω + λ ω /2

1 + 2α ω − ωk
2 5

The update method of ωn+1
k is

ωk
n+1 =

∞
0 ω uk ω 2dω
∞
0 uk ω 2dω

6

The update method of λn+1 is

λn+1 ω = λn ω + τ f ω −〠
k

un+1k ω 7

The real part after the Fourier transform of un+1k ω
combining formula (5) and formula (6) is the intrinsic mode
functions uk ω .

The specific steps of VMD can be described as follows
[19]:

(1) Initialize u1k , ω1
k , λ1 , and n.

(2) Set n = n + 1 and begin the circulation.

(3) Update uk and ωk according to formula (5) and
formula (6).

(4) Set K = K + 1, and repeat step (3) until K = k.

(5) Update λ according to formula (7).

(6) Repeat step (3) to step (5), until iteration stop condi-
tion ∑k un+1k − unk

2
2/ unk

2
2 < e is reached.

In the process of decomposition by VMD, the central fre-
quency and bandwidth of each IMF are constantly updated to
realize the adaptive decomposition of signal.

2.2. A Description of Multifractal Detrended Fluctuation
Analysis (MFDFA).Multifractal detrended fluctuation analy-
sis can effectively eliminate the effect of signal fluctuation
trend and can accurately extract the implied multifractal
features of nonlinear signal [20].

The steps of MFDFA can be described as follows [21]:

(1) For time series xk, construct cumulative deviation Y
i of the sequence to the mean:

Y i ≡ 〠
i

k=1
xk − x , i = 1,… ,N ,

x = 1
N
〠
N

k=1
xk

8

(2) The new sequence Y i is divided into nonoverlap-
ping m subsequences with a fixed scale s:

m = int N
s

9

Then, the sequence is divided into m segments by the
same scale from the reverse direction of the sequence, and 2
m subsequences can be obtained.

(3) Fit the polynomial trend of each subsequence by
using the least square method, and calculate the
variance as follows:

F2 s, v ≡
1
s
〠
s

i=1
Y v − 1 s + i − yv i 2, v = 1, 2,… ,m,

F2 s, v ≡
1
s
〠
s

i=1
Y N − v −m s + i − yv i 2,

 v =m + 1,m + 2,… , 2m,
10

where yv i is the fitting polynomial of the v subsequence.

(4) Calculate the mean value of the q-order fluctuation
function:

Fq s ≡
1
2m〠

2m

v=1
F2 s, v q/2

1/q

, 11
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where different values of q represent different degrees
of fluctuation. And when q = 2, MFDFA degenerates
to DFA.

(5) Change the length of the subsequence s and repeat
steps (2) to (4).

(6) Fq s is the function of the length of the subsequence
s and the fractal order q and has the following power-
law relation with the scale s:

Fq s ∼ sH q , 12
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Figure 2: The fault diagnosis procedure of EMA.
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Figure 1: Basic structure of probabilistic neural network.
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where Fq s is the mean value of q-order fluctuation function
and Hq is the generalized Hurst exponent.

If xk is a monofractal time series, Hq is a constant, and if
xk is a multifractal time series, Hq is the function of order q.
The different order corresponds to the different generalized
Hurst exponent.

The generalized Hurst exponent can describe the influ-
ence of the past time series on the present and the later time
series, and the influences are different under different states
of system.

Therefore, the generalized Hurst exponent can be used as
the feature vector to describe the multifractal characteristics
of the system and can characterize the different states of
the system.

3. Fault Classification Based on PNN

The theoretical basis of probabilistic neural network (PNN)
is Bayesian minimum risk criterion. PNN directly considers
the probability characteristics of the sample space and takes
the typical samples of the sample space as the nodes of the
hidden layer. There is no need for training anymore once
PNN is determined, and it is only necessary to append
samples according to actual problems [22]. PNN has the
advantages of short training time and global optimization
and has great performance for classification.

The network structure of PNN is shown in Figure 1,
which consists of the input layer, the pattern layer, the sum-
mation layer, and the output layer [23].

The input layer receives the values from the training
data and transmits feature vectors to the network, and
the number of neurons is equal to the dimension of the
sample vectors.

The pattern layer calculates the matching regulation
between the feature vectors and the different modes of the
training data, and the number of neurons is equal to the

sum of the training samples. The output of each unit of this
layer is

f X,Wi = exp −
X −Wi

T X −Wi

2δ2
, 13

Figure 5: The EMA in the FLEA test-bed.
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whereWi is the weight of the input layer to the pattern layer
and δ is the smoothing factor.

The summation layer adds the probability that each
group of neurons belongs to a pattern and calculates the esti-
mated probability density function of this pattern. A fault
mode has only one summation layer neuron.

The output layer puts the mode with the greatest proba-
bility in the summation layer as the output. The output of a
neuron with maximum probability is 1, and the output of
other neurons is 0. The number of neurons in the output
layer is equal to the number of the modes.

4. Fault Diagnosis Scheme of EMA Based on
VMD-MFDFA and PNN

This paper presents a fault diagnosis method based on VMD-
MFDFA and PNN for EMA, and the procedure of diagnosis
scheme is shown in Figure 2.

(1) Decompose the vibration signals of EMA into a series
of IMFs by utilizing VMD.

(2) Calculate the generalized Hurst exponents of IMFs as
feature vectors by using MFDFA.

(3) Reduce the dimension of the feature vectors to obtain
the final fault features by utilizing PCA.

(4) Classify the fault modes by using PNN.

5. Case Study

In order to verify the effectiveness of the fault diagnosis
method proposed in this paper, we have conducted experi-
ments by using the data from the FLEA test-bed of NASA
database. The FLEA test-bed is shown in Figures 3 and 4,
and the EMA in the test-bed is shown in Figure 5. The fault
diagnosis experiments have been carried out in the following
five states: the normal state, ball screw return channel jam,
screw surface spall, motor failure, and position sensor failure.
The vibration signals were acquired from the FLEA test-bed
with a sampling frequency of 20 kHz for 30 seconds. And
the data of each state has been divided into 29 groups
(20,000 sampling points per group) to analyze conveniently.
Moreover, for the sake of validating the adaptability to vari-
able working conditions of the proposed method, the exper-
iments have been carried out under five different conditions.

5.1. Fault Feature Extraction Based on VMD and MFDFA.
First, the collected raw vibration signals are preprocessed
by normalizing.

Second, the preprocessed signals are decomposed by
VMD. The VMDmethod needs to predetermine the number
of modes k before decomposing signal. However, there will
be modes with the same central frequency when the num-
ber of decomposition mode is more than 3. Therefore, the
preprocessed signals are decomposed into three IMFs by
using VMD in this paper.

Then, the MFDFA is applied to extract the multifractal
features of decomposed IMFs. The generalized Hurst
exponents are selected as fault features with the order
q = −5, 0, 5 . And in order to improve the accuracy of fault
diagnosis, the 9-dimensional generalized Hurst exponents
are reduced to 3-dimensional fault feature vectors by using
PCA.

The clustering result of the final fault feature vectors is
shown in Figure 6, which shows that the feature vectors
acquired by the proposed method in this paper can charac-
terize the state of EMA.

5.1.1. Fault Feature Extraction under Different Conditions. In
practical application, EMA usually runs under variable work-
ing conditions, so it is of great significance to diagnose

Table 1: The description of five working conditions.

Condition
name

Position
profile

Parameters
Load profile
(load is in lbs)

Max. velocity
(m/s)

Comments

Condition 1 Sine sweep 80mm, 0.0625Hz, 0.5Hz Constant at 0 0.08
Parameters represent amplitude
and initial and final frequencies

Condition 2 Trapezoidal 40mm, 22 s (1 + 1-second motion,
10 + 10-second hold)

Constant at −10 0.04

Parameters represent amplitude and
time period of trapezoidal wave

Condition 3 Trapezoidal Constant at 0 0.04

Condition 4 Trapezoidal 40mm, 21 s (0.5 + 0.5-second motion,
10 + 10-second hold)

Constant at 0 0.08

Condition 5 Trapezoidal Constant at 10 0.08
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Figure 7: Clustering result of the fault features under condition 2.
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accurately under different conditions. In order to prove the
adaptability of the method to working conditions, the exper-
iments are conducted under five different conditions as
shown in Table 1.

The vibration signals of EMA are collected under the five
working conditions, and the fault features are extracted by
utilizing VMD-MFDFA-PCA method. Figures 7–10 show
the clustering results of fault feature vectors under four con-
ditions except condition 1.

It can be seen from the figures that the proposed method
can accurately extract the fault features of EMA under differ-
ent conditions and can adapt to the variable working condi-
tions in the practical environment.

5.1.2. Comparison between the Proposed Method with EMD-
MFDFA for Feature Extraction. In order to verify the excel-
lent performance of the feature extraction method proposed

in this paper, the method based on EMD-MFDFA is applied
to extract the fault feature vectors of EMA for comparison.
This method combines the widely used empirical mode
decomposition time-frequency analysis method with the
MFDFA to extract the fault features of EMA.

Firstly, the original vibration signal is preprocessed and
then decomposed by EMD into a series of IMFs with fre-
quencies from high to low. Secondly, the first three IMFs
containing the main fault information are selected. Then,
the 9-dimensional generalized Hurst exponents are extracted
by using MFDFA with the parameter q = −5, 0, 5 . Finally,
the PCA is applied to reduce the dimension of the
9-dimensional features to obtain a 3-dimensional generalized
Hurst exponents as the ultimate fault feature vectors. The
clustering result is shown in Figures 11–15.
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Figure 9: Clustering result of the fault features under condition 4.
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It can be seen that scatter points of fault feature
vectors by using feature extraction method based on
EMD-MFDFA are relatively close, so that it is hard to
clearly classify the fault modes. And it can also be proved
that the method proposed in this paper has better perfor-
mance for fault feature extraction.

5.2. Fault Classification Based on PNN. The PNN classifier
model is trained to identify the fault modes of EMA under
different working conditions. In each working condition,
the 3-dimensional fault feature vectors of each fault mode
are taken as the input of PNN, and the fault category labels
are taken as the output of PNN. The first 15 sets of data of
each fault mode are used as training data, and the training
data is used to train the PNN classifier. Then, the fault labels

of the last 14 sets of testing data are identified by the trained
PNN classifier, and the final fault diagnosis result is obtained.

In the trained PNN classification model, 3 nodes in the
input layer are determined according to the dimension of
the feature vectors, 75 nodes in the pattern layer are deter-
mined according to the number of training samples, and 5
nodes in the summation layer and the output layer are deter-
mined according to the number of categories of the fault
modes. And the smoothing factor of PNN is set to 1.0. The
failure modes of the test samples correspond to the normal
state, ball screw return channel jam, screw surface spall, posi-
tion sensor failure, and motor failure, respectively, when the
output of PNN is 1, 2, 3, 4, and 5.

The test results under five conditions are shown in
Figures 16–20.

It can be seen from the figures that the diagnostic fault
labels of the test samples are in high agreement with the

−1
−0.5

0
0.5

1

−0.5

0

0.5
−1

−0.5

0

0.5

1

1st PC2nd PC

3r
d 

PC

Nominal
Ball screw return channel jam
Screw surface spall

Position sensor failure
Motor failure

Figure 13: Clustering result of the fault features with EMD-MFDFA
under condition 3.

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4
0.6

−0.4
−0.2

0
0.2

0.4
−0.4

−0.2

0

0.2

0.4

0.6

1st PC
2nd PC

3r
d 

PC

Nominal
Balls crew return channel jam
Screw surface spall

Position sensor failure
Motor failure

Figure 14: Clustering result of the fault features with EMD-MFDFA
under condition 4.

−1
−0.5

0
0.5

1

−0.4
−0.2

0
0.2

0.4
−0.4

−0.2

0

0.2

0.4

1st PC
2nd PC

3r
d 

PC

Nominal
Ball screw return channel jam
Screw surface spall

Position sensor failure
Motor failure

Figure 15: Clustering result of the fault features with EMD-MFDFA
under condition 5.

−1
−0.5

0
0.5

1

−0.2
0

0.2
0.4

0.6
−1

−0.5

0

0.5

1

1st PC2nd PC

3r
d 

PC

Nominal
Ball screw return channel jam
Screw surface spall

Position sensor failure
Motor failure

Figure 12: Clustering result of the fault features with EMD-MFDFA
under condition 2.

8 Complexity



actual fault labels. The diagnosis accuracy of condition 1 is
100%, the diagnosis accuracy of condition 2 is 100%, the
diagnosis accuracy of condition 3 is 98.67%, the diagnosis
accuracy of condition 4 is 100%, and the diagnosis accuracy
of condition 5 is 100%. The diagnosis results indicate that
the method proposed in this paper can accurately diagnose
EMA and has great diagnostic performance.

6. Conclusion

EMA is more and more widely applied in the flight control
system of aircrafts and helicopters, and it is of great impor-
tance to diagnose the fault of EMA in time for the safety of

aircrafts and helicopters. Thus, it is very meaningful to
research the fault diagnosis of EMA. A fault diagnosis
method based on VMD-MFDFA-PNN for EMA is presented
in this study. Firstly, VMD is applied to decompose the vibra-
tion signal of EMA into the IMFs which contain the fault
information. Secondly, the generalized Hurst exponents of
IMFs are calculated as the fault features by MFDFA. Then,
the PCA is utilized to reduce the dimension of the general-
ized Hurst exponents. Finally, the PNN model is trained to
classify the fault modes. The results show that the method
proposed in this paper can extract the features sensitive to
the fault of EMA and can conduct accurate fault diagnosis
under different working conditions. The great performance
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Figure 17: Classification result under condition 2.
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Figure 18: Classification result under condition 3.
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Figure 19: Classification result under condition 4.
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Figure 16: Classification result under condition 1.
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of the proposed method is further validated by comparing
with EMD-MFDFA-PCA.

However, the computational complexity of the proposed
algorithm is relatively large. Therefore, in the case of limited
computer resources, the calculation speed will be slightly
slower. Future work will concentrate on two aspects. The first
one is the study on improving the computational efficiency of
the method proposed in this paper for the occasions with
high real-time requirements. The second one is the study
on health assessment and degeneration trend prognostics
of EMA.
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Because they are key components of aircraft, improving the safety, reliability and economy of engines is crucial. To ensure flight
safety and reduce the cost of maintenance during aircraft engine operation, a prognostics and health management system that
focuses on fault diagnosis, health assessment, and life prediction is introduced to solve the problems. Predicting the remaining
useful life (RUL) is the most important information for making decisions about aircraft engine operation and maintenance, and
it relies largely on the selection of performance degradation features. The choice of such features is highly significant, but there
are some weaknesses in the current algorithm for RUL prediction, notably, the inability to obtain tendencies from the data.
Especially with aircraft engines, extracting useful degradation features from multisensor data with complex correlations is a key
technical problem that has hindered the implementation of degradation assessment. To solve these problems, deep learning has
been proposed in recent years to exploit multiple layers of nonlinear information processing for unsupervised self-learning of
features. This paper presents a deep learning approach to predict the RUL of an aircraft engine based on a stacked sparse
autoencoder and logistic regression. The stacked sparse autoencoder is used to automatically extract performance degradation
features from multiple sensors on the aircraft engine and to fuse multiple features through multilayer self-learning. Logistic
regression is used to predict the remaining useful life. However, the hyperparameters of the deep learning, which significantly
impact the feature extraction and prediction performance, are determined based on expert experience in most cases. The grid
search method is introduced in this paper to optimize the hyperparameters of the proposed aircraft engine RUL prediction
model. An application of this method of predicting the RUL of an aircraft engine with a benchmark dataset is employed to
demonstrate the effectiveness of the proposed approach.

1. Introduction

Because they are core components of an aircraft, the failure of
engines is often a major cause of major accidents and casual-
ties [1]. Therefore, the safety and the reliability of engines are
vital to the performance of aircraft. However, it is difficult to
ensure their safety and reliability due to their complicated
structures, and engine failure has arisen inevitably due to
effects of aging, environment, and variable loading as the
working time increases. For this reason, it is essential to
detect underlying degradation, predict how soon an engine
will fail effectively, implement maintenance promptly, and
ultimately prevent catastrophic failure.

In the field of aircraft maintenance, traditional mainte-
nance is either purely reactive (fixing or replacing an aircraft
engine component after it fails) or blindly proactive (assum-
ing a certain level of performance degradation with no input
from the aircraft engine itself and maintaining the aircraft
engine on a routine schedule whether maintenance is actually
needed or not). Both scenarios are quite wasteful and
inefficient, and neither is conducted in real time [2–5]. Given
the scheduling of maintenance tasks based on fault diagnosis,
performance degradation assessment and the predicted
remaining useful life of the aircraft equipment and the need
to prevent faults in advance, prognostics and health manage-
ment (PHM) is gradually replacing these two maintenance
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strategies. Prognostics, as the core of PHM, involves man-
aging performance deterioration processes or faults in the
aircraft engine and forecasts when components/systems
of the engine will breakdown or when the performance
will reach to an unacceptable level.

There are three main classes of RUL prediction methods:
(1) data-driven methods, (2) physics model-based methods,
and (3) methods that combine data-driven and physics
model-based methods [6–9]. The data-driven methods use
past condition monitoring data, the current health status of
the system, and data on the degradation of similar systems.
The methods based on physics models use system-specific
mechanistic knowledge, failure regulation, and condition
monitoring data to predict the RUL of a system or compo-
nent. There are two main challenges in prognostics based
on physics: (1) there is not enough physical knowledge to
construct a physical degradation model and (2) the values
of the physical model’s parameters are difficult to determine
exactly. Therefore, it is important to understand the failure
mechanism of the system correctly, and experienced person-
nel are required for physics-based models [10, 11]. In addi-
tion, the peripheral environment during device operation
(e.g., the temperature and humidity) and the operating
conditions (e.g., the fan speed) may be used as inputs and
constitute additional dimensions to be considered. Therefore,
the requirements of data-driven methods to model the
degradation and predict the RUL are easier to satisfy in
reality. At present, data-driven methods are widely used
in RUL prediction [12, 13].

The performance of many data-driven prognostics
methods is heavily dependent on the choice of the perfor-
mance degradation data to which they are applied [14]. How-
ever, engines have many sensor parameters. The sensitivity of
the data from different sensors varies in terms of showing
engine performance degradation; the data from some sensors
is sensitive and the data from other sensors is not sensitive.
Therefore, it is necessary to select suitable sensor parameters
whose data are more sensitive to the engine’s performance
degradation trend as the training data for the RUL prediction
model. By observing the characteristic variations of the data
from all sensor parameters, quadratic fitting curve is used
to fit the degradation data from different sensors and rank
the engine’s sensor parameters by sensitivity.

Three problems hinder the implementation of perfor-
mance degradation feature extraction in practice. The first
is to select the most sensitive performance degradation
features for identifying performance degradation trends
easily. The second is that the relevant performance degrada-
tion features are often not available and unknown a priori; a
large number of candidate performance degradation features
have been proposed to better represent the performance
degradation state. The last is that most traditional methods
of extracting performance degradation features for prognos-
tics are unsupervised and cannot automatically adjust the
feature extraction modal parameters based on feedback from
the prediction [15–17]. Such feature extraction and choice is
significant but represents a principal shortcoming of popular
prognostics algorithms: the inability to extract and organize
discriminative or trend information from data. Therefore, it

is important to develop an automatic feature extraction
method that is capable of extracting the prominent feature
to achieve better insight into the underlying performance
degradation state.

Deep learning, a new method that has been put forward
in the last few years, can be used to extract multilevel features
from data, which means the method could express data at
different levels of abstraction [18]. Deep learning is an end-
to-end machine learning system. It can automatically process
an original signal, identify discriminative and trend feature in
the input data layer by layer, and then, directly output the
classification/regression result. The whole process of feature
learning and classifier/regression model training is based on
optimizing an overall objective function. In contrast, tradi-
tional machine learning processes are divided into several
discontinuous data preprocessing steps, such as manual
feature extraction and classifier/regression model training,
and each step is based on optimizing a separate objective
function. Due to the advantage of feature self-learning, deep
learning has had great success in applications in artificial
intelligence, including computer vision (CS), natural lan-
guage processing (NLP) [19, 20], object recognition [21],
and image information retrieval [22, 23]. Deep learning is
not only popular in the academic world but also favored in
the industrial world. Companies such as Google, Microsoft,
Apple, IBM, and Baidu [24], whose products are widely used,
are researching deep learning and have made achievements,
such as AlphaGo.

There are many deep learning methods: deep neural
networks (DNNs), convolutional deep neural networks
(CNNs), deep belief networks (DBNs), and so on [25], for
instance, have been proposed. The stacked sparse autoenco-
der (SAE) [26] is one of the most commonly used deep neural
network approaches. SAE consists of multilayer autoencoder
such as sparse autoencoder, denoising autoencoder, and so
on. Sparse autoencoder is on the basis of autoencoder and
introduced sparse constraint condition to aid the expression
code as sparse as possible. Denoising autoencoder can learn
to remove the noise which is added to the initial input data
and extract more robust expression of the input data [27].
For this reason, SAE can effectively capture the important
factor of input data, extract more helpful and robust features
of data, and then realize excellent performance in pattern
recognition and machine learning.

In recent years, various researchers have demonstrated
the success of DNN and SAE models in the application of
machine health monitoring, such as fault classification of
induction motor operated under six different conditions,
vibration based fault diagnosis of rolling bearing and
hydraulic pump, fault detection within tidal turbine’s gen-
erator from vibration data acquired from an accelerometer
sensor placed within the nacelle of the turbine, vibration
based condition monitoring of air compressors, multi class
fault classification of spacecraft using large variety of data
generated during the spacecraft test, anomaly detection
and fault disambiguation in large flight data, drill bit and
steel plate health monitoring using vibration data, fault
recognition of voltage transformer in electric power indus-
try and so on [28–36]. Most of the research of SAE based
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health monitoring mainly focus on anomaly detection and
fault diagnosis at present. However, there are few applica-
tions on RUL prediction, especially for aircraft engine
RUL prediction.

Consequently, a prognostics method based on a stacked
sparse autoencoder is proposed to promote self-learning of
multilayer features and to predict the RUL of an aircraft
engine. The remainder of this paper is organized as follows:
Section 2 presents the entire prediction method procedure
and framework. Section 3 presents and discusses the predic-
tion results. Finally, conclusions are drawn in Section 4.

2. Methodology

This section introduces the relevant algorithms used in this
research. As depicted in Figure 1, the whole procedure for
RUL prediction for an aircraft engine consists of two main
steps: data preprocessing and RUL prediction using the SAE.

2.1. Data Preprocessing. Selection of sensors that are sensitive
to performance degradation and standardization of sensor
data with different dimensions are the primary tasks neces-
sary to obtain a high RUL prediction accuracy. Three steps
are needed to preprocess the data.

2.1.1. Sensor Selection. Different sensors in an aircraft engine
have very different responses to the performance degradation
process. Some sensors show unclear tendencies because of
noise or insensitivity to degradation trends. Choosing
insensitive parameter data may reduce the RUL prediction
accuracy. To improve the performance of the prediction
model, sensors that are more sensitive to the performance
degradation process are chosen as inputs to the RUL predic-
tion model. A method called slope analysis is proposed for
sensitivity measurement. Its three main steps are as follows:

Step 1: curve fitting is performed on the degradation
data for each parameter of each engine. Then,
the parameters of the best-fit curves, called
slopes, are used to analyze the sensitivity of
the degradation data.

Step 2: the average values of all the engine parameters in
the step 1 that belong to the same sensor are
calculated. Then, the different average parameter
values for the different sensors show the individ-
ual sensitivity of the degradation data.

Step 3: the degradation data with larger slopes are
selected for predicting the RUL of the engine.

2.1.2. Data Normalization. The linear function that best
preserves the original performance degradation pattern of
the aircraft engine is chosen to map the data for each selected
sensor to [0, 1].

2.1.3. RUL Normalization. The proposed prediction method
outputs a result in the range from 0 to 1. In the training stage
of the prediction model, the RUL of each cycle of aircraft
engine should also be normalized to [0, 1] using a linear

function. The test outputs of the prediction model need to
be inversely mapped from [0, 1] to the real RUL.

2.2. SAE Model Construction

2.2.1. Deep Architecture. Cortical computations in the brain
have deep architecture and multiple layers of processing.
For example, a visual image is processed in multiple stages
by the brain, first by cortical area “V1,” then by cortical area
“V2,” and so on [37]. Inspired by the information-processing
scheme of the brain, deep neural networks have similar deep
architectures and multiple hidden layers, which can support
complex recognition tasks [6, 37]. As is typical of deep neural
networks, the stacked sparse autoencoder (SAE) consists of
multiple autoencoders. Compared with traditional neural
networks with shallow architectures, it can learn features bet-
ter and extract deeper discriminative representations [38].

However, it is difficult to train deep architectures [39].
This problem has been addressed by Hinton et al. [40–42],
who showed that deep architectures can be trained by relying
on two main procedures: (1) on the basis of a unsupervised
autoencoder, the deep architecture layers are processed by
pretraining, and the output of the top layer’s autoencoder is
used as the input to a logistic regression and (2) fine-tuning
based on backpropagation is used to adjust the model param-
eters to obtain accurate prediction results.

2.2.2. Sparse Autoencoder. An autoencoder, first introduced
by Hinton et al. [40], is a general form of deep learning
method [43] that has been extensively used in unsupervised
feature learning. As shown in Figure 2, an autoencoder has
three layers: an input layer, a hidden layer, and an output
layer. The whole network is trained to realize the reconstruc-
tion from the input layer to the output layer, while the hidden
layer is accepted as the key feature. However, the traditional
autoencoder is not an efficient way to obtain significant rep-
resentativeness due to its intrinsic limitations. The SAE, as an
extension of an autoencoder, can be trained to obtain rela-
tively sparse representatives by introducing a sparse penalty
term into the autoencoder [44]. The sparse features learned
by the SAE have meanings that are more practical in experi-
ments and applications.

Data preprocessing

RUL prediction
using SAE model

Sensor selection

Data normalization

RUL normalization

SAE-based prediction model construction

Prediction model validation

Prediction model optimization and training

Figure 1: The procedure for predicting the RUL of an aircraft
engine.
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The SAE model contains two parts:

(i) An encoder map

The encoder maps an input vector x i ∈ Rd0 (the ith
training example) to the latent representation a i

through deterministic mapping

a i = f1 x i = sigmoid W1x
i + b1 , 1

where sigmoid is the activation function of the
encoder with weight matrix W1 and bias vector b1.

(ii) A decoder map

The decoder maps feature a i back to a reconstruc-
tion of the vector hW,b a i ∈ Rd0 in the output space
[45] through a mapping function

x̂ i = hW,b a i = sigmoid W11a
i + b2 2

The decoder map tries to learn a function
hW,b a i ≈ x i , which means making the output
x̂ i similar to the input x̂ i . Similarly, sigmoid is set
as the activation function of the decoder map with
weight matrix W11 and bias vector b2.

During the learning process, the parameters of the SAE
are adjusted using backpropagation by minimizing the cost
function within the sparsity constraint. The sparsity con-
straint works on the hidden layer to limit its units and makes
it into a sparse vector in which most elements are zero or
close to zero [44]. For the autoencoder’s network structure,
a neuron with a sigmoid activation function is in the active
state if its output is close to 1 and the inactive state if its

output is close to 0. Therefore, the sparsity constraint is
introduced to restrict most of the neurons to inactivity
most of the time.

The activation of hidden unit j is denoted by aj x , and
the average activation of hidden unit j is as follows:

ρj =
1
m〠

m

i=1
a i
j x i 3

Then, we define the sparsity constraint as ρ j = ρ, where
ρ denotes the sparsity criterion and has a value that is
close to zero, that is, most of the neurons in the hidden
layer are inactive.

To reach the goal of sparsity, a penalty term is introduced
to the objective function that penalizes ρj if it deviates sig-
nificantly from ρ. In our study, the KL divergence [45] is
selected as the penalty term;

KL ρ ρj = ρ log ρ

ρj

+ 1 − ρ log 1 − ρ

1 − ρj

4

The training set of m training examples is denoted by
x 1 , y 1 … , x m , y m , and the original cost function

is defined as

J W, b = 1
m
〠
m

i=1
J W, b ; x i ; y i + λ

2 〠
nl−1

l=1
〠
sl

i=1
〠
sl+1

j=1
W l

ji

2

= 1
m
〠
m

i=1

1
2 hW ,b x i − y i

2
+ λ

2 〠
nl−1

l=1
〠
sl

i=1
〠
sl+1

j=1
W l

ji

2

5
The first term in (5) is an average sum-of-squares error

term, and the second term is a regularization term or weight
decay term, which tends to decrease the magnitude of the
weights. Here, W and b are the same as in (1) and (2), and
λ is the weight decay parameter.

By adding the sparse penalty term, the cost function is
modified to

J W, b sparse = J W, b + β〠
s2

j=1
KL ρ ρj , 6

where β represents the weight of the sparsity penalty term.

2.2.3. Denoising Autoencoder. Despite the process described
above, learning features well to improve the performance
and generalization ability of the prediction model continues
to face challenges because of the noise and outliers that com-
monly appear in real-world data. To force the hidden layer to

X1

h1
(1)

h2
(1)

hw ,b
(x)

h3
(1)

h4
(1)

X1

X2

X3

X4

X5

X6

X2

X3

X4

X5

X6

+1

+1

Input layer Hidden layer Output layer

Figure 2: The structure of an autoencoder.

LH(x,z)

zx

f𝜃

y

X̂

Dq

g𝜎

Figure 3: The concept of the denoising autoencoder.
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discover more robust features, the autoencoder can be
trained by reconstructing the input from a corrupted version
of it, which is the idea behind denoising autoencoders [37], as
shown in Figure 3.

These data corruption is implemented by corrupting the
initial input x to create a partially destroyed version x by
means of a stochastic mapping,

x ~ qD x x 7

The standard approach is to apply masking noise to
the original data by setting a random fraction of the ele-
ments of x to zero. Next, the corrupted data x pass
through a basic autoencoder process and is mapped to a
hidden representation,

y = f θ x = sigmoid W x + b 8

From this equation, we reconstruct

z = gθ y 9

In the last stage, the parameters are trained to minimize
the average reconstruction error

LH x, z =H Βx Βz 10

to make z as close as possible to the uncorrupted input x.

2.2.4. Structure of the Stacked Sparse Autoencoder. As a
typical neural network, the stacked autoencoder consists of
multiple layers of sparse or denoising autoencoders (discard-
ing the decoder) and a logistic regression. The outputs of
each layer of the stacked autoencoder are wired to the inputs
of the subsequent layer. The architecture of a two-layer
stacked sparse autoencoder is shown in Figure 4. Each sparse
or denoising autoencoder generates a representation of the
inputs (data from the aircraft engine’s sensors) that is more

abstract and high dimensional than the previous layer’s
because it is obtained by applying an additional nonlinear
transformation. The output of the last layer of the sparse
autoencoder are input to the logistic regression and then,
the results (the predicted RUL) are obtained.

(1) Prediction Using Logistic Regression. The purpose of
logistic regression is to find an optimal model for matching
independent variables and class distinctions of dependent
variables (probabilities of the occurrence of an event). The
logistic function is expressed by

prob event = p x = 1 + e−e x
−1

11

The logistic or logit model is

Logit = g x = log p x 1 − p x −1

= α + β1x1 + β2x2 +⋯ + βkxk,
12

where g x is a linear combination of the independent
variables x1x2,… , xk.

Parameters of models (such as α, β1,… , βk) need to be
determined beforehand, which is the major premise for
determining P x . Because of the existence of dichotomous
dependent variables, it is improper to estimate the values of
the parameters using the least-squares method [46]. There-
fore, compared with the method of minimizing the sum of
the squared errors, the paper uses the maximum likelihood
method to estimate the parameters (such as α, β1,… , βk) of
the logistic regression [47]. Then, the probability of the
occurrence of the event can be obtained using (11) once the
vector x has been determined.

X1

X2

X3

X4

X5

X6

+1

Input layer Hidden layer 1 Hidden layer 2 Logistic regression

+1

+1
h4

(1)

h3
(1)

h2
(1)

h1
(1)

h1
(2)

h2
(2)

h3
(2)

P(y=1|x)

Figure 4: A two-layer stacked sparse autoencoder and logistic regression.
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(2) Fine Tuning. The process of fine-tuning mainly focuses
on adjusting the weights in the SAE network, which leads
to much better prediction performance.

First, feed-forward is used to compute the activations for
all the autoencoder layers.

In the next step, we set δ nl = − ∇anl J •f ′ znl for the
output layer, where ∇J = θ I − P , I is the input label, and
P is the vector of conditional probabilities. Then, for layers

l = nl − 1, nl − 2,… , 3, 2, we set δ l = W l T
δ l+1 •f ′ znl ,

and then, the desired partial derivatives are

∇WlJ W, b ; x ; y = δ l+1 a l
T
,

∇bl J W, b ; x ; y = δ l+1 ,
13

where W, b, and a are as in (1) and (2).
Finally, the batch gradient descent algorithm is used to

minimize the overall cost function.

2.3. Training and Optimization of SAE-Based RUL Prediction

2.3.1. Procedure for Training the SAE-Based RUL Prediction
Model. A two-layer stacked sparse autoencoder and a logistic
regression (LR) model were used as an example to illustrate
the training procedures in the proposed deep learning-
based RUL prediction methodology. The values of the SAE
parameters are predetermined. A grid search is used to find
a set of optimal SAE parameters. The four major steps of
the procedure are as follows:

Step 1: a single-layer denoising autoencoder (DAE), the
first layer of the SAE, is trained to extract robust
performance degradation features using unsuper-
vised learning [37]. The signals of the selected

sensors are input into the DAE, and then, low-
level features are output by the hidden layer of
the DAE.

Step 2: a single-layer sparse autoencoder (AE), the sec-
ond layer of the SAE, is trained for unsupervised
self-learning of features. The low-level features
are input into the AE, and the high-level features
are output by the hidden layer of the AE.

Step 3: high-level features are used as inputs to train the
LR model for RUL prediction. The target output
of the LR model is the normalized RUL of the
aircraft engine.

Step 4: the previously trained SAE and LR model are
combined into an integrated feature learning
and RUL prediction model. Then, the integrated
model is trained using supervised learning for
the final feature learning to obtain the RUL

SAE
model

Step 1: training DAE

Step 2: training AE

Step 3: training LR

Step 4: training the
integrated model

Low-level features

High-level features

Signals of the selected
engine sensors

Testing

Values of
model 

paremeters

RUL prediction result

• Supervised feature learning

• LR model training

• Unsupervised
feature learning

SAE model  LR model

Predetermined values of
SAE model parameters

• Fine-tune modal parameters

Figure 5: Procedure for training the SAE-based RUL prediction model.

Automated
hyperparameter

selection

Model-based

Model-free
Random search

Grid search

Bayesian optimization

Nonprobabilistic

Evolutionary
algorithms

Figure 6: Approaches to automated hyperparameter selection.
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prediction model. The signals of the selected
engine sensors are the inputs of the integrated
model, and the normalized RUL of the engine is
used as the target output during model training.
Training the integrated model using supervised
learning can fine-tune the modal parameters
(the parameters of the DAE, the AE, and the
LR models) based on the values obtained in the
previous training, steps 1 to 3. The features
obtained from the fine-tuned DAE and AE more
clearly present the degradation trend of the
engine performance. Based on these features,
the LR model can provide a more accurate RUL
prediction result.

The process of training the proposed RUL prediction
method is summarized in Figure 5.

2.3.2. Grid Search-Based SAE RUL Prediction Model
Parameter Optimization and Validation. The hyperpara-
meters of the deep learning, which have significant impacts
on the feature extraction performance, are adjusted in most
cases based on expert experience. In view of the difficulty of
adjusting hyperparameters by means of deep learning, a
method of optimizing the hyperparameters is necessary.

There are currently two main types of method of auto-
mated hyperparameter selection for the SAE (which is
shown in Figure 6). One includes model-free methods,
which include the grid and random search methods; the
other includes model-based methods, which mainly include
three subcategories, the Bayesian optimization (e.g., spear-
mint [48]), nonprobabilistic methods (such as RBF surrogate
models [49]), and evolutionary algorithms (e.g., genetic
algorithms [50] and particle swarm optimization [51]).
Model-based methods efficiently explore the solution space

Hidden layer 1
of SAE model

SAE model parameters that need to be optimized

SAE model trainedTraining dataset

Cross validation

Output optimal parameters

SAE model with the optimal parameter

Remaining useful life

Grid search

Test dataset

Training

Test

Min :
Step:
Max:

Hidden layer 2
of SAE model

Min :
Step:
Max:

Learning rate
of SAE model

Min :
Step:
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Multidimensional grid space

Traverse

Prediction accuracy evaluation

Figure 7: Grid search-based SAE RUL prediction model parameter optimization and validation.
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according to the algorithm selected and then, quickly obtain
the accepted parameter value. However, the identified
hyperparameter value may be a local optimum, and the
method has several individual hyperparameters, which
would increase its complexity.

Unlike model-based methods of hyperparameter selec-
tion, model-free hyperparameter selection methods search
for the optimal parameters within the defined space; the
main ones are grid and random searching [52, 53]. In the
paper, the grid search method is chosen to search for the
hyperparameters of the SAE.

There are a few reasons why grid search is chosen as
the hyperparameter optimization algorithm used in the
proposed SAE-based RUL prediction model.

(1) Compared with the manual search method of opti-
mizing the hyperparameters, a grid search is more
likely to identify better model parameters than pure
manual sequential optimization (in the same time).

(2) Compared with model-based hyperparameter selec-
tion methods, a grid search is simple to implement,
and parallel computing is easy to implement.

(3) Compared with the random search method of hyper-
parameter optimization, mesh searches are recom-
mended when few parameters need to be optimized.

Theoretically, when the space defined by the optimized
parameters is large enough and the changes in the optimal
parameters are small enough, the optimization method
called mesh searching could be used to find the global
optimal solution.

There are threemain steps in the grid search-based hyper-
parameter optimization of the SAE RUL prediction model.

Step 1: the hyperparameters to be optimized are defined
in the space, and the space is divided into grids
with a fixed step size. Each point on each grid is
a combination of model parameters.

Step 2: the training set is divided into several subsets of
equal size. Then, the SAE is trained with one
combination of model parameters. Details of the
procedure for training the SAE-based RUL pre-
diction model are in Section 2.3.1 of this paper.

Step 3: step 2 is repeated until the grid search has
been completed. The resulting optimal hyper-
parameters are output.

Figure 7 shows the process of the method. To obtain an
SAE with the optimal parameters, predicted degradation data
for the engines are input into the trained model, and the RUL
of each engine is obtained.

3. Case Study

3.1. Engine Data Description. The challenge datasets used for
the prognostics challenge competition at the 2008 PHM
International Conference consist of multiple multivariate

time series, which were collected via a dynamical simulation
of an engine system. The model simulated various degrada-
tion scenarios in any of the five rotating components of the
simulated engine (fan, LPC, HPC, HPT, and LPT), and the
connections among the engine modules in the simulation
are shown in Figure 8. The engine begins in normal
operation, then, degradation appears in some cycle of the
simulation. The degradation data for each engine are
recorded until the engine fails. The simulation model results
in 218 engine datasets defined as unit 1 through unit 218 with
different failure times measured by the number of operating
cycles for the same engine system.

The complete dataset for each cycle of each engine unit
consists of the unit ID, the operating cycle index, the
operational regime settings, and typical sensor measure-
ments. A total of 21 sensors (shown in Table 1) are installed
in different components of the aircraft engine. A total of 21
sensory signals are obtained under the R1 operation regime
shown in Table 2. In this study, sensor data were collected
from 200 aircraft engines injected with the HPC degradation

Table 1: Description of the sensor signals for the aircraft gas
turbine engine.

Index Symbol Description Unit

1 T2 Total temperature at fan inlet °R

2 T24 Total temperature at LPC outlet °R

3 T30 Total temperature at HPC outlet °R

4 T50 Total temperature at LPT outlet °R

5 P2 Pressure at fan inlet psia

6 P15 Total pressure in bypass-duct psia

7 P30 Total pressure at HPC outlet psia

8 Nf Physical fan speed rpm

9 Nc Physical core speed rpm

10 epr Engine pressure ratio (P50/P2) —

11 Ps30 Static pressure at HPC outlet psia

12 phi Ratio of fuel flow to Ps30 pps/psi

13 NRf Corrected fan speed rpm

14 NRc Corrected core speed rpm

15 BPR Bypass ratio —

16 farB Burner fuel-air ratio —

17 htBleed Bleed enthalpy —

18 Nf_dmd Demanded fan speed rpm

19 PCNFR_dmd Demanded corrected fan speed rpm

20 W31 HPT coolant bleed lbm/s

21 W32 LPT coolant bleed lbm/s
°R: Rankine temperature scale; psia: pounds per square inch absolute;
rpm: revolutions per minute; pps: pulses per square inch; lbm/s: pound
mass per second.

Table 2: Operating regime of the aircraft engine.

Operation regime Altitude Mach number
Throttle resolver
angle (TRA)

R1 20 0.7 0
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fault mode. The dataset considered in this study consists
of three files, which include degradation data for 100
training and 100 testing units and the remaining useful life

of the 100 testing units. Each training unit runs to break-
down, and each testing unit stops running at some time
before it breaks down. Through investigation and research,
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Figure 9: Engine degradation tendencies using the data from different sensors over time.
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it is found that the dataset is highly authoritative and
accurate [54–56].

3.2. Results and Discussion

3.2.1. Data Preprocessing. In the process of engine perfor-
mance degradation, the performance data from the sensors
gradually change over time, and the data indirectly reflect
the degradation tendency of the engine’s performance. How-
ever, the sensitivity of different parameters to degradation
varies over time. Figure 9 shows the degradation tendency
of the 21 performance parameters. According to Figure 9,
data from seven of the sensors (1, 5, 6, 10, 16, 18, and 19)
exhibit no tendency, so the sensitivities of the remaining
parameters to engine performance degradation are analyzed.
The results of the 14 performance parameters for which the
sensitivity analysis is conducted are shown in Table 3. To
reduce the computational complexity, the data from the first
six sensors (4, 7, 8, 11, 12, and 15) in the sensitivity ranking
are selected. By surveying and analyzing relevant information
about the RUL of engines, parameters T24 and T30 are also
chosen as objects of study. Finally, eight performance
parameters (2, 3, 4, 7, 8, 11, 12, and 15) are chosen for
predicting the RUL of the aircraft engine [57–59].

3.2.2. SAE Parameters Optimized Using Grid Searching. The
SAE used in this paper has eight hyperparameters: input
layer, hidden layer 1, hidden layer 2, output layer, learning
rate of SAE, learning rate of NN model, and number of

training cycles. Based on the results, the parameters input
layer, learning rate of NN model, and number of training
cycles are shown in Table 4, which is a good parameter
match. Then, there are three hyperparameters that need to
be optimized using grid searching. The grid search method
of automated hyperparameter selection for SAE is performed
in a defined space with a fixed step size. The proposed
parameters of the SAE obtained using the grid search
method are shown in Table 5.

3.2.3. Results. Through automated selection of the DNN
hyperparameters using a grid search, the experimental results
show that the method is effective, with an accuracy rate of up
to 83.82% and an acceptable rate of up to 86.32% of ranking
first (shown in Table 6). Compared with the accuracy of the
2008 PHM data challenge engine life prediction, the first-
rank prediction accuracy is 84.19% (shown in Table 7), and
the RUL prediction accuracy is quite close. However, there
are six types of working condition and 218 training and test

Table 3: Operation regime of the aircraft engine.

Rank Sensor Sensitivity

1 Ps30 2.63785E-05

2 phi 2.58711E-05

3 P30 2.45237E-05

4 T50 2.43431E-05

5 BPR 2.35888E-05

6 Nf 2.30928E-05

7 NRf 2.25432E-05

8 W32 2.17608E-05

9 W31 2.1399E-05

10 htBleed 2.1267E-05

11 T24 2.1055E-05

12 T30 1.9856E-05

13 Nc 1.1581E-05

14 NRc 5.86587E-06

Table 4: Parameters of the SAE obtained using the grid search
method.

Parameter name Parameter value

Input layer 16

Learning rate of NN model 0.5

Number of training cycles 300

Table 5: Parameters of the SAE model obtained using the method.

Parameter name Min Step Max

Hidden layer 1 of SAE 4 2 16

Hidden layer 2 of SAE 2 2 8

Learning rate of SAE 0.3 0.1 1

Table 6: Life prediction results for the first seven optimal
parameters.

Rank
Accuracy

rate
MAPE

Acceptable
number

Acceptable
rate

1 83.82% 16.18% 82 86.32%

2 83.67% 16.33% 81 85.26%

3 83.67% 16.33% 80 84.21%

4 83.66% 16.34% 80 84.21%

5 83.65% 16.35% 80 84.21%

6 83.62% 16.38% 81 85.26%

7 83.61% 16.39% 81 85.26%

Table 7: Engine life prediction accuracy of the 2008 PHM data
challenge.

Rank Score MAPE Accuracy rate

1 512.12 15.81% 84.19%

2 740.31 18.92% 81.08%

3 873.36 19.19% 80.81%

4 1218.43 20.15% 79.85%

5 1218.76 33.14% 66.86%

6 1232.27 32.90% 67.10%

7 1568.98 36.75% 63.25%

8 1645.77 30.00% 70.00%

9 1816.60 26.47% 73.53%

10 1839.06 27.72% 72.28%
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sets in the FD005T dataset, which were used in the data
challenge. Then, comparing the method proposed in this
paper and the 2008 PHM data challenge provides only a
relative comparison. The accuracy of the RUL predictions
obtained in this paper is acceptable in the field of engine
prediction, and the results are satisfactory. Table 8 shows
the first seven optimal parameter arrays obtained by the grid
search method. Table 6 shows the life prediction results based
on the first seven optimal parameters. Table 7 shows the
seven most accurate engine life predictions in the 2008
PHM data challenge.

4. Conclusions

In this paper, a new data-driven approach to engine prognos-
tics is developed based on deep learning that can capture
effective nonlinear features by themselves and reduce manual
intervention. The SAE, a type of deep learning model, is not
only able to capture the tendency of the system to evolve but
also sufficiently robust to noise. To automatically select the
hyperparameters of the SAE, the grid search algorithm is
used. The method of predicting an aircraft engine’s remain-
ing useful life is applied to the 2008 PHM data challenge
dataset to demonstrate the effectiveness of the proposed
approach. The experimental results, which show a satisfac-
tory prediction accuracy and acceptance rate for all the
samples, show that the method is effective at predicting the
RUL of an aircraft engine. It also has significance for enhanc-
ing the safety of aircraft engines and prognosticating and
managing the health of aircraft engines to reduce the cost
of maintenance.
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An effective approach is introduced to predict the magnitude of reservoir-triggered earthquake (RTE), based on support vector
machines (SVM) and fuzzy support vector machines (FSVM) methods. The main influence factors on RTE, including lithology,
rock mass integrity, fault features, tectonic stress state, and seismic activity background in reservoir area, are categorized into 11
parameters and quantified by using analytical hierarchy process (AHP). Dataset on 100 reservoirs in China, including the 48
well-documented cases of RTE, are collected and used to train and validate the prediction models established with SVM and
FSVM, respectively. Through numerical tests, it is found that both the SVM and FSVM models are effective in the prediction of
the magnitude of RTE with high accuracy, provided that sufficient samples are collected. While the results of FSVM which is
extended from SVM by introducing a fuzzy membership to reduce the influence of noises or outliers are found to be slightly less
accurate than those of SVM in the current analysis of RTE cases. The reason might be attributed to the high discreteness of the
sample data in the current study.

1. Introduction

Reservoir-triggered earthquake (RTE), or reservoir earth-
quake (RE) in brief [1–3], also called as reservoir-induced
earthquake (RIE), was caused by impounding water in reser-
voir created by the construction of dam across rivers. The
first case of RTE was pointed out by Carder, which happened
at Lake Mead in the USA [4]. Over the past decades, about
130 suspected cases of RTE have been reported in the world
including the USA, India, Greece, Egypt, and New Zealand
[3]. Among them, about 100 cases were universally acknowl-
edged as RTE, since they were very hard to be distinguished
from natural earthquakes. China is among the countries most
prone to earthquakes, where about 40 RTE cases have been
reported so far. They have brought significant threats to the
safety of large dams and consequently are great hazards to
the life and property of local residents [5], especially in the
west of Sichuan province and the northwest of Yunnan prov-
ince, where large dams have been built or are under construc-
tion in high density. It is necessary for dam engineers to
know a reasonable prediction for the magnitude of RTE in
order to assess the dam behavior subjected to this type of

seismic load. An effective prediction on the possibility of
RTE and its magnitude in case of occurrence is thus essential
in the design of large dams for the safety of life and property
in related areas.

Like natural earthquakes, the mechanism of RTE is
extremely complicated and remains almost completely
unknown to seismologists. Since the occurrence time of
RTE is very difficult to be predicted, previous studies on
RTE have mainly focused on the prediction of its location
and magnitude. Through extensive studies by seismologists,
it has been widely acknowledged that RTE was closely influ-
enced by combined factors including lithology, mechanical
parameters of deep rock mass, the stress state of rock mass,
and pore water distribution [6] However, due to the difficulty
in the measurement and quantification of those factors, great
challenges have been posed on the analysis of RTE [7, 8].

In spite of this, various analytical approaches have been
proposed on the study of RTE in the past decades, such as
mechanical model method [7], geological analogy method
[7], probabilistic and statistical method [8–10], artificial
neural network method (ANN) [11, 12], and artificial
intelligence technique [13]. Among them, the mechanical
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model method is limited by the fact that the nonlinearity of
rock, parameter variation, and pore water distribution as well
as boundary conditions cannot be taken into full consider-
ation. Therefore, the geological analogy method is proposed
based on analogy with RTE cases, in terms of hydrology,
engineering geology, and infiltration conditions. The possi-
bility of RTE, as well as its magnitude and location in case
of occurrence, is thus able to be analyzed. However, founda-
tional mechanical principles like the force equilibrium condi-
tion cannot be included in this method. The probabilistic and
statistical method [8], proposed based on Bayes’ theorem,
can also be used to evaluate the occurring probability of
RTE. It is based on statistical analysis of previous RTE cases,
and thus the accuracy of the result is strongly dependent
upon sample numbers and prior probability of RTE. The arti-
ficial neural network method has strong ability in nonlinear
mapping and thus shows great advantages in dealing with
complex nonlinear relations in complicated problems,
whereas the uncertainty of network structures and problems
related to overfitting and underfitting have limited its appli-
cation in the analysis of RTE.

The support vector machines (SVM) is a powerful
machine leaning method firstly proposed by Vapnik in
1995 [14]. It is derived from the statistical learning theory
and has strong generalization capability. The best compro-
mise between the complexity of model and learning ability
could be achieved with the employment of structure risk
minimization (SRM) principle, which is developed from
the traditional empirical risk minimization (ERM) method
[14–16]. SVM was applied initially to pattern classification
and later to data regression problems. By introducing a
kernel function, the original application of SVM in the
optimal classification of linear separable data is extended
to nonlinear problems. They could be solved by transferring
to a quadratic programming (QP) problem with constraint
condition [16]. With its excellent performance in dealing
with nonlinear and high-dimensional problems, SVM has
been widely applied in multiple fields, such as image
recognition, classification, time series prediction, inverse
analysis of geotechnical parameters, and hydrological fore-
casting [17–21]. However, conventional SVM is found very
sensitive to noises or outliers. As a result, Lin and Wang
[22] proposed fuzzy support vector machines (FSVM) by
applying a fuzzy membership to each input point to reduce
the effect of noises or outliers. In order to reduce the depen-
dence of membership function on the geometric shape of
sample data, Tang et al. [23] and Du et al. [24] introduced
a new membership function based on the distance between
a sample and its class hyperplane in FSVM. To further reduce
the membership of nonsupport vectors and increase that of
support vectors, Ding and Gu [25] proposed a new algorithm
where a dual membership based on hypersphere was
employed. For multiclass classification problems, Tsang
et al. [26] defined a degree of membership of a sample to dif-
ferent classes by introducing a fuzzy membership to each
training sample, while Abe [27] classified a sample into a
multilabel class whose membership function is the largest.

In this study, we attempt to extend the application of
SVM and FSVM to predict the magnitude of RTE, based on

dataset collected on reservoirs and RTE cases in China.
Habibagahi [12] and Samui and Kim [13] have also used
artificial intelligence techniques to predict the magnitude
of induced earthquakes. In their models, only limited factors
on reservoir parameters such as comprehensive parameter
and maximum reservoir depth are taken into account. While
geological factors, which are of great significance in the
triggering of earthquakes, are not considered. Therefore, an
effort has been made to carry out this research covering mul-
tiple geological factors of reservoir area and reservoir param-
eters for providing a step forward of research on RTE.
Dataset on 100 large and medium-sized reservoirs, covering
the 48 RTE cases, are collected from reputed enterprises
and published literatures. Computational models are estab-
lished based on SVM and FSVM. The analytical hierarchy
process (AHP) [28] is employed to quantify geological fac-
tors based on geological analysis, providing the input data
of the computational models. Three numerical tests are car-
ried out to test the performance of the established models.
Results obtained from the SVM and FSVM models are ana-
lyzed and compared in detail. Discussions are made on the
applicability of SVM and FSVM, which offers an effective
approach in the field of RTE prediction.

2. Mathematical Models and
Numerical Procedure

2.1. The SVM and FSVMModels. The solution of FSVM clas-
sification can also be transferred into a quadratic program-
ming (QP) problem like conventional SVM. By solving the
dual problem of QP, we can easily obtain the solutions of
FSVM. The calculation algorithm was proposed by Vapnik
[15] and Deng and Tian [16], which can be summarized into
the following steps:

(1) Assume a training set T x1, y1 , x2, y2 ,… , xl,
yl ∈ X × Y , where xi ∈ X = Rn, yi ∈ Y = −1, 1 ,
i = 1, 2,… , l. Introduce a fuzzy membership si 0 ≤
si ≤ 1, i = 1, 2,… , l [22], which can be regarded as
the attitude of corresponding training point i toward
one class. If si = 0, it indicates that training point i
does not absolutely belong to one class; on the con-
trary, si = 1 indicates that training point i is
completely within one class. The method of deter-
mining the value of si for training point i will be
described later. For this binary classification (BC)
problem, it can be transformed into QP problems
with constraint condition including the fuzzy mem-
bership. The corresponding dual problem can be
expressed as

min
α

1
2〠

l

i=1
〠
l

j=1
yiyjαiαjK xi, xj − 〠

l

j=1
αj , 1

s t   〠
l

i=1
yiαi = 0,

0 ≤ αi ≤ siC, i = 1, 2,… , l,
2
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where C is the regularization parameter, α is the Lagrange
multiplier, K is a kernel function, and si is the fuzzy mem-
bership. When si = 1, this dual problem is equivalent to
standard SVM.

Among several kernels, polynomial kernels and radial
basis function (RBF) kernels are often used for pattern classi-
fication. While in most cases RBF kernels are found to
perform better [27], it can be expressed as

K x, x′ = exp − x − x′ 2

σ2 , 3

where x is the input vector and σ2 is the parameter of the RBF
kernel function.

By solving the above QP, the optimal solution of this dual
problem could be expressed as α∗ = α∗1 , α∗2 ,… , α∗l

T , in
which the component αi corresponds to sample Ti.

(2) The construction of optimal hyperplane based on
optimal solution α∗ of above QP, the optimal hyper-
plane can be achieved as

w∗ ⋅ x + b∗ = 0, 4

where w∗ =∑l
i=1yiα

∗
i is the weight of sample i, and b∗ can be

calculated by choosing some positive α∗j less than C, based on
the following formula

b∗ = yj − 〠
l

i=1
yiα

∗
i K xi ⋅ xj 5

(3) The determination of the decision function f x for
binary classification, the decision function f x can
be expressed as

f x = sgn 〠
l

i=1
yi ⋅ α

∗
i K xi, x + b∗ 6

The determination of the fuzzy membership si is crucial
to the performance of FSVM. At present, si is mostly deter-
mined based on the membership function, whose value is
determined by the distance between the sample and its class
center [22]. But this method is irrational for dataset with
nonspherical-shape distribution. In the current study, we
shall employ a new membership function proposed by Du
et al. [24] and Ding and Gu [25], where the basic idea is to
introduce the class hyperplane to substitute the cluster
center. The class hyperplane is defined through the cluster
center, and perpendicular to the line across the positive and
negative cluster center, as shown in Figure 1. The fuzzy
membership is then stated as the distance between the
sample and the class hyperplane. In this way, the depen-
dence of membership function on the geometric shape of
sample data is greatly reduced, and thus the generalization
of FSVM is significantly enhanced.

Based on this new method, for nonlinear classification
problems, the distance between the sample i and the class
hyperplane, denoted by di+, di−, respectively, for samples in
positive, negative class, as shown in Figure 1, can be obtained
by using the kernel technique, as follows:

di+ =
1
n+

〠
n+

j=1
K xj, xi −

1
n−

〠
n−

j=1
K xj, xi −

1
n2+

〠
n+

i=1
〠
n+

j=1
K xj, xi

+ 1
n+n−

〠
n+

i=1
〠
n+

j=1
K xj, xi ,

di− =
1
n+

〠
n+

j=1
K xj, xi −

1
n−

〠
n−

j=1
K xj, xi + 1

n2−
〠
n+

i=1
〠
n+

j=1
K xj, xi

−
1

n+n−
〠
n+

i=1
〠
n+

j=1
K xj, xi ,

7

where n+ denotes the number of samples in positive class,
n− denotes the number of samples in negative class, and K
is the kernel function.

The maximum distance between positive samples and the
class hyperplane was denoted as D+ = max di+ , and that for
negative samples is denoted as D− =max di− .

Consequently, the membership degree of samples in each
class can be defined as:

si =
1 − di+

D+ + δ
  for xi within positive class ,

1 − di−
D− + δ

  for xi within negative class ,
8

where δ is a very small positive number to avoid the case
si = 0 and to guarantee 0 < si ≤ 1.

It can be seen from (8) that si gets smaller when sample xi
locates farther away from the class hyperplane and vice

Class
hyperplane

Positive
class

Noises or
outliers

Negative
class

Support
vectors

Optimal
hyperplane

d+

d−

Figure 1: Scheme of SVM and FSVM (for 2-dimensional case).
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versa. However, if a sample xi is far away from its class
hyperplane and not within its own class, it will most likely
become a noise or outlier point and can severely affect the
position of optimal hyperplane in standard SVM. While in
FSVM, with the introduction of the fuzzy membership si,
which becomes very small for noises or outliers, the effect
of noises or outliers could then be eliminated on the position
of the optimal hyperplane.

In addition, the position of the optimal hyperplane
obtained with SVM is significantly influenced by the choice
of the kernel function, the regularization parameter, and
the relaxation coefficient, which need to be optimized first
before applying [17, 18, 29].

2.2. Numerical Procedure

2.2.1. Quantitative Analysis on Parameters and Grading for
the Magnitude of RTE. The geological influence factors on
RTE include the composition and structure of rocks at the
base of the reservoir, the distribution, attitude, mechanical
characteristics, growth level, and the present activity of the
fault, as well as the hydrological conditions [30]. Neverthe-
less, those factors are very difficult to quantify, which brings
great difficulty in the quantitative analysis of RTE. In the
current study, the analytical hierarchy process (AHP) [28],
which is an efficient way to deal with unquantifiable param-
eters, is employed to quantify these influence factors. Those
geological factors are represented by natural number after
employing AHP.

2.2.2. Data Normalization. To prevent the models from dom-
ination by input variables with large value for different
dimension, the original value of sample data is normalized
by the following equation.

xij′ =
xij − μxi
σxi

, 9

where xij is the original value of sample, xij ’ is the scaled
value of sample, μxi is the expectation of sample, and σxi is
the standard deviation of sample.

2.2.3. The Establishment of the SVM and FSVMModels. Since
there are multiple classes in the prediction models of RTE,
the SVM and FSVM models involve multiple classifications.
For multiple classifications, SVM and FSVM models could
be established by “one-against-all” and “one-against-one”
ways [16].

Based on previous mathematical models and numerical
procedure, the algorithm of SVM and FSVM is shown in
the flow chart of Figure 2, for which computing codes can
be programmed.

3. The Prediction Models of RTE Magnitude
Based on SVM and FSVM

3.1. Data Construction. Dataset on 100 large and medium-
sized reservoirs in China, covering the 48 well-documented
cases of RTE, are collected from reputed enterprises and pub-
lished literatures for the current study. Based on them, 11

influence factors, including the geological factors and reser-
voir parameters, are taken into account in the analysis of
RTE, as discussed below.

3.1.1. Dam Height and the Capacity of Reservoir. Through
statistical analysis of RTE cases, it has been found by
Jiang et al. [30] that RTE has no obvious relation to
dam height and the capacity of reservoir. This means that
RTE may happen in any reservoir area regardless of its
capacity. For example, the Dengjiaqiao reservoir, located
in Hubei province in central China, has triggered an
earthquake of Ms 2.2, while the capacity of reservoir is
only 400× 103m3 [6].

3.1.2. Lithology at the Reservoir or Epicenter. To study the
influence of lithology at the reservoir area or the epicenter,
we have performed statistical analysis on 48 RTE cases. It
is found that the lithology in the epicenter is widely dis-
tributed, while a sufficient number of samples are essential
to enhance the accuracy of SVM analysis. As a result,
rocks with close lithology features are classified together.
For example, limestone and dolomite are considered
together as carbonatite, schist and slate are classified into
one category, and pyroclastic rock and tuff are classified
as volcanic rock. In this way, more than 10 types of rock
are defined for lithology at the reservoir area or the
epicenter based on those RTE cases. The representative

To begin

To input training samples and
normalization

Calculation of the fuzzy membership
si of each sample

To solve QP problem, and obtain the
optimal solution 𝛼⁎

To obtain the classifier,
based on 𝛼⁎

To determine whether
the classifiers meet the

requirements

To input samples for
prediction

To output the class of
prediction samples

End 

Yes

To select initial parameters in SVM
and FSVM

No, to adjust
parameters

Figure 2: Flow chart of FSVM and SVM algorithm.
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values of lithology are shown in Table 1, and those of rock
integrity are shown in Table 2.

3.1.3. Type and Characteristics of Fault. The condition of
joint and fault has strong influence on the integrity of the
rock mass and thus the magnitude of RTE. It is known that
surface rock stratum with developed joints and broken rocks
has high permeability, for which microearthquake or ultra-
microearthquake might be triggered. In relatively deep
rock stratum, areas with active or tensional faults have
high permeability, and water permeating from reservoir
into the deep rock mass might change the pressure distri-
bution of pore water. In this case, the earthquakes trig-
gered are mostly weak and moderate ones. There are
normally a large number of faults existing in the reservoir
area. Thus, only some main faults are selected as the analyz-
ing subjects considering their scale and influence degree. The
representative values related to the type, the development
degree, the activity level, and the permeability of the fault
are shown in Tables 3–6, respectively.

3.1.4. Tectonic Stress State at the Reservoir Area. It is found
that RTE has no obvious relation to tectonic stress state
at the reservoir area [30]. This means that RTE could take
place not only at areas with active tectonic activity but
also at inactive areas. However, enormous elastic strain
energy can be stored within rock mass in areas with high
local stress. The state of rock mass may become close to
rupture or slip, which could lead to relatively strong earth-
quakes. The representative values of different regional
stress state are listed in Table 7.

3.1.5. The Background of Seismicity at Reservoir Area. Based
on statistical analysis of RTE, it is found that RTE tends to
occur at weak seismic regions, and very few RTE have been
reported in relatively strong seismic regions [30]. This is
owing to the fact that the strain energy could be easily

released via common earthquakes at relatively strong seismic
regions. However, RTE is still likely to happen in those areas,
under the condition of certain geological structures. The
representative value related to the background of seismicity
is shown in Table 8.

3.1.6. Grading for the Magnitude of RTE. It is necessary to
classify the magnitude of RTE in order to obtain sufficient
samples in each class. From the monitoring data on
RTE, it is found that the maximum magnitude of RTE is
6.1, denoted in surface wave magnitude (Ms). Combined
with the research by Wang et al. [10], the magnitude of
RTE is divided into 5 grades, which are strong seismicity
(Ms≥ 6.0), moderate seismicity (4.5≤Ms< 6.0), weak

Table 1: Lithology classification.

Lithology at reservoir area and epicenter Representative value

Carbonatite 1

Sandstone 2

Clay rock 3

Gneiss 4

Schist and slate 5

Quartzite 6

Marble 7

Granite 8

Basalt 9

Oceanic rock 10

Others 11

Table 2: Rock mass integrity.

Rock mass grade I II III IV V

Representative value 1 2 3 4 5

Table 3: Fault type.

Fault type Normal fault Reverse fault Strike-slip fault

Representative
value

1 2 3

Table 4: Fault development degree.

Fault development degree Representative value

Very developed 1

Developed 2

Slightly developed 3

Undeveloped 4

Very undeveloped 5

Table 5: Fault activity.

Fault activity Active Medium Inactive

Representative value 1 2 3

Table 6: Fault permeability.

Fault permeability Well Medium Bad

Representative value 1 2 3

Table 7: Tectonic stress state.

Tectonic stress state Representative value

Compression and twist 1

Transtension 2

Shear 3

Unobvious 4

Table 8: Seismic activity background.

Seismic activity background Representative value

No seismicity 1

Weak seismicity 2

Moderate seismicity 3

Strong seismicity 4
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seismicity (3.0≤Ms< 4.5), microseismicity (0.0<Ms< 3.0),
and no seismicity (Ms=0.0). The 5 grades are denoted
by 5 growing natural numbers, from 1 to 5, respectively.

It should be noted that, since the number of RTE cases is
very limited as 48 ones in China at present, the number of
grades should thus be controlled to obtain sufficient number
of samples in each class, so that the accuracy of the developed
models could be guaranteed.

Some samples (out of the database on 100 reservoirs)
on the quantified data of the geological factors and
reservoir parameters are shown in Table 9, including
earthquake grade classified.

3.2. Numerical Experiments and Results. Since the magnitude
of RTE is classified into 5 grades as mentioned above, the
SVM and FSVM models are involved in a 5-class classifica-
tion problem. Considering the limited number of samples,
the “one-against-one” method, which can reduce the effect
of strongly uneven samples on classifier, is selected to
construct the SVM and FSVM models. Consequently, 10
binary classifiers, that is, 1-2 BC, 1–3 BC, 1–4 BC, 1–5 BC,
2-3 BC, 2–4 BC, 2–5 BC, 3-4 BC, 3–5 BC, and 4-5 BC, need
to be constructed.

To verify and validate the numerical models established
with SVM and FSVM, three numerical tests are carried out.
In each test, 90 reservoirs are randomly selected out of the
total dataset to provide the data for the training set in the
construction of the SVM and FSVM models. Data of the
remaining 10 reservoirs are then used as the prediction set
to test the accuracy of SVM and FSVM models.

The first training set is used to train the established SVM
and FSVMmodels first. Through analysis and comparison of
output results, it is found that the RBF works well as the ker-
nel function. The corresponding values of parameter σ2 in (3)
and regularization parameter C in (2), which could effectively
affect the performance of the SVM and FSVM models, are
determined through a threefold cross validation method [15].

After the optimization of the parameters, the optimal
parameters values of σ2 and C for all BCs, obtained from
the first training set for the SVM and FSVM models, are
shown in Table 10. During the process of the threefold cross
validation, the accuracy of SVM and FSVM models for the
training set and the validation set is shown and compared
in Table 11. The accuracy is defined as the matching percent-
age of the predicted set of labels and the true set of labels in
each BC. Based on the optical parameters, the output of the
SVM model is completely identical with the sample data for
the training set. While for the validation set, the accuracy
remains above 85%, except for 3-4BC with the accuracy of
61.97%. At the same time, the accuracy of FSVM with the
optical parameters remains above 85% for training set and
above 87.59% for the validation set except for 3-4BC with
accuracy of 64.74%. Consequently, under this dataset, the
performance of SVM model is slightly superior to that of
FSVM model.

Based on the optimal parameters above, the SVM and
FSVM models should be trained again by the training set;
results show that no error happens out of the 10 BCs for
training set, while for the FSVM model, only 2 BCs do not

exist error, the maximum error rate reaching 14.29% and
the average error rate amounting to 4.67%.

We then use the trained SVM and FSVM models to pre-
dict the magnitude of RTE of the 10 reservoirs in the predic-
tion set as described above. The results obtained from the
FSVM and SVM models are shown in Table 12.

It can be seen from Table 12 that, except for Ankang
reservoir and Liujiashan reservoir, the prediction results
of the 10 reservoirs are identical for SVM and FSVM
models in the current experiment. Among them, Chongbahu
reservoir, Fengjiashan reservoir, and Bikou reservoir have no
reported cases of RTE (denoted by 5 according to the quan-
tification of RTE magnitude as described before). Both of
the two models provide accurate results of RTE predictions
for those reservoirs. In addition, the two models also provide
accurate predictions on the grade of RTE for some of reser-
voirs with previous RTE cases, including Wujiangdu reser-
voir, Three Gorges reservoir, and Zipingpu reservoir, as
shown in Table 12. While for Ankang reservoir and Liujiaxia
reservoir, where no RTE has been monitored, the prediction
grade is grade 3 (3.0≤Ms< 4.5) by FSVM model for the for-
mer and by SVM model for the latter, higher than the actual
data, which suggests weak seismicity; whereas the prediction
is grade 5 by SVMmodel for the former and by FSVMmodel
for the latter, identical with monitored data. For Danjiang-
kou reservoir, previous RTE with the magnitude of Ms 4.7
has happened. The prediction grade is grade 3, correspond-
ing to RTE with 3.0≤Ms< 4.5. The prediction grade by the
two models is also 3 for Wuxijiang reservoir, where actual
RTE with the magnitude of Ms 2.8 was observed. To sum
up, 7 samples have been predicted accurately by SVM and
FSVM models among the 10 prediction samples in the cur-
rent experiment. The errors for the left 3 samples are within
small range.

In order to test the robustness of the models, another two
training processes are undertaken with data selected in the
same way as mentioned above, called group 2&3. The values
of σ2 and C remain the same as those obtained from the opti-
mization processes with the first training set for the SVM and
FSVM models, respectively.

After applying the second training set on the SVMmodel,
the results of training process show that no BC exists error
out of the total 10 BCs. The accuracy for the training set
reaches to 100%. The trained SVM model is then employed
to predict the magnitude of RTE of the 10 reservoirs in the
prediction set, for which the results are shown in Table 13.
It can be seen that 8 results have been predicted correctly,
with the accuracy rate reaching 80%. The error of the results
is kept in a small range of 1 grade.

While for the FSVM model, in the training process, only
2 BCs do not exist misjudgment among the 10 BCs. The max-
imum and average error rates are 14.29% and 4.74%, respec-
tively. The prediction results with FSVM in the prediction set
are also shown in Table 13, where it can be seen that only two
of the results (on Shenwo reservoir and Dongfeng reservoir)
are different from that of SVM by one grade, on which FSVM
has provided accurate prediction with the accuracy of 80% as
well, in spite of a little bit lower accuracy in the training set
than that with the SVM model.
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Based on the training set in group 3, no error is found for
the 10 BCs in the trained SVM model. While in the FSVM
model, no error is found in 2 BCs. The maximum and aver-
age error rates are 14.29% and 4.97%, respectively, for the left

8 BCs. The results of the trained SVM and FSVM models
applied in the prediction of the magnitude of 10 RTE in the
prediction set are shown in Table 14. It can be seen that the
accuracy is 90% for SVM and 80% for FSVM, with errors
limited within 1~2 grades for the two models.

Through the results obtained with the SVM and FSVM
models in the three tests, it can be seen that both the two
models are proved to be effective in the prediction of the
magnitude of RTE with high accuracy. Through comparison,
it is further found that SVM model is slightly superior to
FSVM in the current study on the prediction of the magni-
tude of RTE with dataset on RTE in China. This is in contra-
diction with the findings in [24]. In theory, FSVM model is
superior to SVM in minimizing the effect of noises or outliers
by introducing the fuzzy membership. However, it cannot be
concluded that the FSVM model is superior to SVM in gen-
eral. If the training samples are of high reliability and high
discreteness, the introduction of the fuzzy membership
might decrease the discreteness of the data and underesti-
mate the effect of samples far away from the optimal hyper-
plane and thus reduce the accuracy of classifier. This might
explain the reason of the findings in the current study in
terms of the comparison between the two models. Therefore,

Table 10: Optimal parameters for respective BCs.

BCs
SVM FSVM

σ2 C σ2 C

1-2 BC 0.0039 2.0 0.0039 2.0

1–3 BC 0.0039 2.0 0.0039 2.0

1–4 BC 0.0039 2.0 0.0039 2.0

1–5 BC 0.0039 2.0 0.0039 2.0

2-3 BC 4.0000 1024 0.3536 128

2–4 BC 1.0000 4.0 1.4142 16.0

2–5 BC 0.5000 2.0 0.7071 2.0

3-4 BC 0.0156 2.0 0.0884 128.0

3–5 BC 0.7071 16.0 0.5000 8.0

4-5 BC 0.5000 16.0 0.5000 4.0

Table 11: Optimal output for respective BCs in cross validation test.

BCs

SVM FSVM
Training

set
Validation

set
Training

set
Validation

set
Accuracy

(%)
Accuracy

(%)
Accuracy

(%)
Accuracy

(%)

1-2 BC 100 100 85 100

1–3 BC 100 100 95.69 100

1–4 BC 100 100 93.64 100

1–5 BC 100 100 97.70 100

2-3 BC 100 88.89 96.39 88.89

2–4 BC 100 85.71 97.62 90.48

2–5 BC 100 97.92 97.92 97.92

3-4 BC 100 61.97 100 64.74

3–5 BC 100 93.79 98.25 87.59

4-5 BC 100 94.74 98.25 94.74

Table 12: Prediction results of RTE with group 1.

Reservoir name
Observed

seismicity grade

Predicted
seismicity grade

SVM FSVM

Chongbahu 5 5 5

Ankang 5 5 3

Fengjiashan 5 5 5

Liujiashan 5 3 5

Bikou 5 5 5

Danjiangkou 2 3 3

Wuxijiang 4 3 3

Wujiangdu 3 3 3

Three Gorges 3 3 3

Zipingpu 3 3 3

Table 13: Prediction results of RTE with group 2.

Reservoir name
Observed

seismicity grade

Predicted
seismicity grade

SVM FSVM

Xinanjiang 5 5 5

Jinshuitan 5 5 5

Gezhouba 5 5 5

Fengshuba 5 5 5

Tuoling 3 3 3

Shenwo 2 2 3

Dongfeng 4 3 4

Ertan 3 3 3

Panjiakou 4 5 5

Lijiaxia 3 3 3

Table 14: Prediction results of RTE with group 3.

Reservoir name
Observed

seismicity grade

Predicted
seismicity grade

SVM FSVM

Gongzui 5 5 5

Jiangkou 5 5 5

Huanglongtan 5 5 5

Shizitan 5 5 5

Qianjin 3 3 4

Huangshi 4 4 4

Kezier 2 2 2

Yunpeng 3 3 3

Xiaowan 3 3 3

Nanshui 4 2 2
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the choice between SVM and FSVM models in the applica-
tion of classifying problems should be made according to
the discreteness of data. For samples with high discreteness,
SVM is likely to be superior to FSVM and vice versa.

4. Conclusions

In this study, we have applied the SVM and FSVM
methods as an effective approach in the prediction of the
magnitude of RTE. Dataset on 100 reservoirs in China,
covering the 48 RTE cases, are collected and used as the
database. The main 11 influence factors of RTE, including
lithology, rock mass integrity, fault characteristic, tectonic
stress state, and seismic activity background, are summarized
and quantified with the analytical hierarchy process (AHP).
Multiple numerical tests are carried out to test the perfor-
mance of the established SVM and FSVM models in the pre-
diction of the magnitude of RTE. The main conclusions
obtained are summarized below.

Both the SVM and FSVM models are found to be
effective in the prediction of the magnitude of RTE with
high accuracy. Moreover, the results obtained by SVM
are of slight higher accuracy than those by FSVM for the
current analysis of RTE cases in concern. This might be
caused by the introduction of the fuzzy membership in
FSVM. It is effective in the minimization of the influence
of the noises or outliers in some problems and yet is not
favorable when dealing with samples with high discrete-
ness. Therefore, the discreteness of samples needs to be
considered when choosing between the SVM and FSVM
models in practical problems. Based on the current study,
the SVM model is found to be slightly superior to FSVM
in the field of RTE prediction.

It should be noted that the magnitude of RTE is analyzed
in terms of its maximum value in the present study. In
general, besides the main shock, there could be multiple fore-
shocks and aftershocks in the process of RTE, whose magni-
tude and epicenter are quite different with those of the main
shock. To predict the magnitude of foreshocks and
aftershocks, the SVM and FSVM could also be employed;
however, the data has to be established based on new data
collected on the features of faults and locations of foreshocks
and aftershocks. Furthermore, the SVM and FSVM models
for the prediction of the magnitude of RTE are constructed
based on the mass data of engineering geology and hydrol-
ogy geology conditions. Thus, in order to obtain predic-
tion results with high accuracy, it is essential to collect
reliable data of sufficient samples on the main factors
related to RTE, including the geological conditions at the
reservoir area and the features of water permeation from
reservoir to deep rock.

In addition, the current work is not on the prediction of
the time history of RTE, which plays an important role in
engineering practices. However, in theory, if we could collect
and monitor sufficient data on the evolution of hydrology
parameters and geological properties of rocks in a certain res-
ervoir area, obtain their trends via means of numerical anal-
ysis, and make the analogy with the time series of RTE cases,
the evolution and prediction of RTE in this area could be

studied intensively. Therefore, the current study also provide
a creative idea for the prediction of the time history of RTE,
while the main challenge lies in the access to reliable evo-
lution trends of the multiple hydrological and geological
factors involved.
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Structural health monitoring and fault state identification of key components, such as rolling bearing, located in the mechanical
main drive system, have a vital significance. The acquired fault signal of rolling bearing always presents the obvious nonlinear
and nonstationary characteristics. Moreover, the concerned features are submerged in strong background noise. To handle this
difficulty, a novel fault signal denoising scheme based on improved sparse regularization via convex optimization is proposed to
extract the fault feature of rolling bearing. In this paper, the generalized minimax-concave (GMC) penalty is firstly researched to
promote the sparsity of signal, which is based on traditional L1-norm and Huber function. It is designed to estimate the sparse
solutions more accurately and maintain the convexity of the cost function. Then, the GMC penalty is extended to 1-D first-
order total variation (TV) as nonseparability and nonconvex regularizer. Thus, a convex optimization problem, which involves a
quadratic data fidelity term and a convex regularization term, is developed in this paper. To accelerate the convergence of the
algorithm, it is solved by forward-backward (FB) iterative algorithm and thus the denoised signal can be obtained. In order to
demonstrate its performance, the proposed method is illustrated for numerical simulation signal and applied in the feature
extraction of the measured rolling bearing vibration signal.

1. Introduction

In the field of prognostics and health management (PHM)
to mechanical equipment, the actual collected vibration
signal contains wealthy information about operating status
[1–3]. It is worthy to note that the faulty characteristic
information can always be reflected from the measured sig-
nal. Rolling bearing is the key component in the main trans-
mission system, and its operating performance is directly
related to the status of the entire plant. When some faults
occur in them, it will inevitably affect the work safety and
production efficiency [4, 5]. Therefore, analyzing the possible
fault characteristics of the rolling bearings has an impor-
tant practical significance [6–8]. Modern signal processing

methods provide the main technical means of rolling bear-
ing fault diagnosis.

Generally, the acquired signal is coupled by useful infor-
mation and the strong noisy component, which has the typ-
ical nonlinear and nonstationary characteristics. Hence, the
main task of mechanical equipment structural health moni-
toring is to effectively remove the noise component and
improve the signal-to-noise ratio [9, 10]. Traditional signal
processing method is based on inner product operator, which
is built on the analyzed signal and basis function. The most
representative ones are short-time Fourier transform (STFT)
[11] and wavelet transform (WT) [12, 13]. Since the size
of the analyzed window is fixed, STFT lacks sufficient ca-
pacity to deal with the complex nonstationary signals. The
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performance of WT depends on the selection of wavelet
basis function and the decomposition level. Then, local
mean decomposition (LMD) algorithm is proposed as an
adaptive time-frequency analysis method [14]. However,
it still has the problem of mode aliasing. Variational
mode decomposition (VMD) [15, 16] is proposed based
on Wiener filtering, one-dimensional Hilbert transform,
and heterodyne demodulation analysis. It is still affected by
the selection of penalty parameter and the number of signal
components. Presently, synchrosqueezing transform (ST)
has attracted much attention due to its properties in time-
frequency reassignment [17, 18]. Nevertheless, its perfor-
mance is unsatisfied since the cross-term interference and
poor scale separation.

Essentially, the signal denoising can be achieved by the
calculation of a sparse approximate solution to the measured
vibration signal. Thus, the novel denoising method based on
convex optimization and sparsity has publicly employed in
signal processing and image enhancement [19, 20]. It has
been successfully applied in the field of mechanical fault diag-
nosis [21], spectral data processing, and baseline correction
[22]. Total variation (TV) is the main content of convex opti-
mization algorithm, which involves a quadratic data fidelity
term and a convex regularization term [23]. It is developed
on sparse signal models. Based on that, the first-order TV
[24] and higher degree TV (HDTV) [25] regularization
has been researched. However, the experimental analysis
demonstrated that it may work when the signal is piecewise
constant and it often produces undesirable staircase artifacts.
Subsequently, wavelet total variation denoising [26] is pro-
posed to improve the denoising performance, while the
estimation of noise variance and penalty function selection
is an inevitable question. Using either (1) L1-norm regulari-
zation and convex optimization or (2) nonconvex regulariza-
tion and nonconvex optimization, the calculation of a sparse
approximate solution to a linear system of equations is
often performed. However, it tends to provide solutions
that deviate the real values. Afterwards, a new penalty is
suggested, which is a multivariate generalization of the
minimax-concave (MC) penalty and is defined as generalized
MC (GMC) penalty [27, 28]. GMC penalty simultaneously
involves the generalized Huber function and the regular
L1-norm regularization. In other words, it is an innovative
nonseparability and nonconvex penalty function, which is
using for achieving the sparse enhancement and signal
smoothing. A nonseparable penalty has more superiority in
meeting the requirement of preserving the convexity of the
objective function [29]. The published result fully indicates
that the GMC penalty is obviously superior to the common
penalty function in noise artifacts removing for time-
frequency analysis [27].

For early and weak fault detection, it has the feature of
latent and dynamic response as the multifactor coupling
and complex transmission path [30]. Since the fault is in its
early state, the energy generated during the operation is
low, and the signal that can be received by the sensor after
attenuation is extremely weak [31]. Therefore, early failure
signal is easily submerged by background noise, and effective
extraction of these characteristics has been a difficult

problem. Inspired by the idea of jointing the nonconvex
penalty and convex optimization algorithm, the traditional
L1-norm regularization term is replaced by GMC penalty in
the TV denoising scheme in this paper so as to effectively
realize fault state identification. In order to verify the ratio-
nality and feasibility of the proposed method, it is used to
analyze the numerical simulation and the actual fault vibra-
tion signal of rolling bearings in the bearing test rig. The
result demonstrated that the proposed method has obvious
advantages over traditional methods such as WT, TV, and
complete ensemble empirical mode decomposition with
adaptive noise (CEEMDAN) [32].

The rest of the paper is organized as follows. In Section 2,
the basic ideas of GMC penalty and the researched convex
optimization denoising algorithm are introduced. The simu-
lation signal analysis is described in Section 3. The fault-
bearing data from bearing test rig is analyzed in Section 4.
Section 5 gives the final conclusions.

2. Theory Descriptions

2.1. Generalized Minimax-Concave (GMC) Penalty. Gener-
ally, the objective function is convex, and the optimization
problem of constraint variable value in a convex set is called
convex optimization problem. The penalty function is a mea-
sure of constraint violation, which makes the constraint zero
when the constraint is satisfied. The one-dimension time
series x ∈ RN can be simply expressed as x = x1, x2,… , xN .
Then, the L1-norm and L2-norm is denoted as x 1 =∑n xn
and x 2 = ∑n xn

2 1/2
respectively.

The Huber function s x can be defined as:

s x =

1
2
x2, ∣x∣ ≤ 1

∣x∣ −
1
2
, ∣x∣ ≥ 1

1

The minimax-concave (MC) penalty ϕ x is defined as:

ϕ x =
∣x∣ −

1
2
x2, ∣x∣ ≤ 1

1
2
, ∣x∣ ≥ 1

2

Figures 1(a) and 1(c) have illustrated the Huber function
and MC penalty. Hence, the relationship between Huber
function and MC penalty can be described as

ϕ x = x − s x 3

Defining the scaled versions of the Huber function
and MC penalty is convenient. For b ≠ 0, the scaled Huber
function sb x is determined by

sb x =

1
2
b2x2, ∣x∣ ≤

1
b2

∣x∣ −
1
2b2

, ∣x∣ ≥
1
b2

4
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Similarly, the scaled MC penalty function ϕb x is
given by

ϕb x = x 1 − sb x 5

Figures 1(b) and 1(d) demonstrate the scaled Huber
function and scaled MC penalty, respectively. Let B ∈ RM×N

and we next define the generalized Huber function SB x as

SB x = inf
υ∈RN

υ 1 +
1
2

B x − υ 2
2 6

Then, we propose a multivariate generalization of theMC
penalty. The basic idea is to generalize (6) using the L1-norm
and the generalized Huber function. Thus, we define the gen-
eralized MC (GMC) penalty function ψB x as follows:

ψB x = x 1 − SB x 7

2.2. The Denoising Algorithm Based on Convex Optimization.
Let y ∈ RM be the original observed signal, A ∈ RM×N and
λ > 0 is the regularization parameter. A commonly used
approach to obtain an optimal sparse approximate solution
is to minimize the following objective function [24]:

Q x =
1
2

y −Ax 2
2 + λ x 1 8

Undoubtfully, this is a typical convex optimization prob-
lem of first-order TV denoising, which is comprised by a
quadratic fidelity term and an L1-norm regularization term.
To achieve the signal denoising and early fault feature extrac-
tion, a sparse regularization denoising algorithm based on
convex optimization is proposed in this paper. Specifically
speaking, the traditional L1-norm regularization item is

replaced by the GMC penalty term and it is extended to the
first-order TV denoising scheme. Thus, we redefine the
objective function F RN → R as follows:

F x =
1
2

y −Ax 2
2 + λψB Dx , 9

where A is an oversampled inverse discrete Fourier trans-
form, ψB:R

N → R is the generalized MC (GMC) penalty
defined by (7), λ is the regularization parameter, and the
symbol of Dx stands for the TV operator. The bidiagonal
matrix D ∈ R n−1 ×n is defined as

D =

−1 1

−1 1

M M

−1 1

10

The penalty ψB is parameterized by a matrix B and the
convexity of F x depends on B being suitably prescribed.
It also should be pointed out that the choice of B will depend
on A. If

BTB ≤
1
λ
ATA, 11

then F x is a convex function. It is easy to satisfy the convex-
ity condition. Given the matrix A ∈ RM×N N ≥M , we may
simply set

B =
γ

λ
A, 12
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Figure 1: Different penalty functions.
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where M is the signal length and N is the transform length.
It should be pointed out that 0 ≤ γ ≤ 1 always meets the
convexity condition. Generally, we use a nominal range of
0 5 ≤ γ ≤ 0 8 so as to obtain better performance. In order
to minimize the cost function by using the approximate
algorithms, we rewrite it as a saddle-point problem:

xopt, vopt = arg min
x∈RN

max
v∈RN

F x, v , 13

where F x, v = 1/2 y −Ax 2
2 + λ Dx 1 − λ v 1 − γ/2 A

Dx − v 2
2 is the saddle function and xopt presents the

denoised signal.
According to abovementioned, it is obvious that the

selection of regularization parameter λ also has a significant
influence in denoising performance. Commonly, we chose
λ = 2 to achieve the convergence of algorithm. Therefore,

the forward-backward (FB) iterative algorithm can be used
to solve the problem F x, v of this kind of saddle point
[33]. The resulting iterative threshold algorithm uses the
soft-threshold function, which is defined as

sof t y ; λ ≔
0 y ≤ λ

y − λ sign y y ≥ λ
14

The flowchart of the presented method in this paper is
plotted in Figure 2.

3. Simulation Signal Analysis

Without loss of generality, the numerical signal analysis is
used to simulate the rolling bearing fault feature identi-
fication. It is composed by frequency modulation signal,
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harmonic signal, and strong background noise components.
The numerical simulation signal can be expressed as follows:

s1 = 0 5 cos 2πf2t + sin 2πf1t ,

s2 = 0 3 sin 2πf3t ,

s3 = 1 5 ⋅ randn 1, 1024 ,

y = s1 + s2 + s3,

15

where s3 is expressed a Gaussian white noise with a variance
of 1.5, the composite signal y is a typical noisy multicompo-
nent signal and the feature frequency is, respectively, set as
f1 = 30 Hz, f2 = 200 Hz, and f3 = 100 Hz.

Figure 3 shows the time and frequency responses of the
synthetic signal y with strong noisy signal components.
Figure 3(b) suggests that only the feature frequency f2 and
f3 can be inspected, and the baseline of frequency spectrum
has generated a drift. Unfortunately, the phenomenon of
frequency modulation, namely, f2 ± f1, is hardly identified
since the interference of noise components. Nevertheless, fre-
quency modulation is an important tool in fault state identi-
fication. Thus, we can make a conclusion that the traditional
frequency spectrum analysis method should be improved.
The immediate idea is that an effective denoising algorithm
is performed before frequency spectrum analysis.

Subsequently, the commonly used method wavelet
denoising and total variation (TV) denoising algorithm
have been employed to analyze the complex simulation
signal. The wavelet denoising is performed by wavelet
packet scheme. Moreover, the wavelet base function is
determined as “db5,” and the decomposition level is selected
as 5. Then, the signal reconstruction is achieved using the
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Table 1: The proposed algorithm in signal denoising.

Noise variance 0.5 0.9 1.3 1.5

RMSE 0.1522 0.1713 0.1854 0.2026
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coefficient of the node (3, 0). Figure 4 has plotted the result
generated by wavelet analysis in time domain and frequency
domain. Judging from Figure 4, we can make a conclusion
that the interesting components have been removed, and
WT denoising method has failed to feature extraction. Tra-
ditional TV denoising algorithm has also been regarded as
comparative analysis method in this paper, and the result
is shown in Figure 5. According to Figure 5, we observe that
most concerned signal components have been deleted, and
its performance is still unsatisfied.

Subsequently, CEEMDAN is employed to simulation
signal analysis, and the result is drawn in Figure 6. Original
signal is decomposed into nine intrinsic mode functions
(IMF). For the parameter setting for CEEMDAN algorithm,
the noise standard deviation is 0.2, and the number of reali-
zations is 200. It can be seen from Figure 6 that only the fea-
ture frequency f1 = 30 Hz can be found in IMF2 and IMF3.
Motivated by the classical first-order total variation (TV)
denoising scheme, a sparse regularization method based on
convex optimization is presented in this paper. In order to
verify the effectiveness of this method, the researched
method based on optimization method has also been applied
to it. The parameters of the proposed method are chosen as
γ = 0 8 and λ = 2. Figure 7 shows the result obtained by the
proposed method. It is obvious that the feature frequency
f2 and f3 can be clearly inspected. Most importantly, the
frequency modulation f2 ± f1 can also been determined.
Comparing Figure 3(b) with Figure 7, it is obvious that
the baseline in frequency domain has been corrected. The
experimental results completely demonstrate that this pro-
posed algorithm outperforms the classical wavelet denoising
and TV method.

The actual noise reduction effect is directly related to the
intensity of noise components. Theoretically, the smaller
noise intensity will lead to the better actual denoising per-
formance. When the intensity of Gaussian noise varies
from 0.5 to 1.5, the root mean square error (RMSE) between
the original noisy signal and the denoised signal is listed in
Table 1. The result illustrated that the proposed method has
advantage against the strong noise, and its robustness has
been proved. The algorithms are run on a computer with
an Intel Core i3-4160 CPU and 8.0GB RAM. The compu-
tational costs of four signal processing methods for the
simulated signal are listed in Table 2. Since the iterated
operation with 200 times, the computational efficiency of
CEEMDAN is low. It demonstrates that the computational
complexity of the proposed method is acceptable.

4. Experimental Analyses

Rolling bearing is an important component of rotating
machinery. Its main function is to support the mechanical
rotary body, reduce the friction coefficient of its motion,

and guarantee its accuracy. Practically, the measured bearing
failure signal is more complicated than the numerical simula-
tion signal. Hence, the proposed method is also used for
experimental signal analysis. The test rig was equipped with
a NICE bearing with the outer race fault shown in Figure 8.
The red circle indicates the location of the outer ring fault.
The following parameters about the rolling bearing are listed
in Table 3. The outer race fault conditions is expressed as
follows: 300 lbs of load, input shaft rate f r = 25 Hz, and
sample rate of f s = 48828 Hz. According to the theoretical
calculation, the characteristic frequency of the outer ring
fault is determined as f o = 80 Hz.

The time domain waveform and frequency spectrum
analysis results of the collected vibration signals are plotted
in Figure 9. From the Figure 9(a) of the time response about
measured bearing fault signal, the impact characteristics
are obvious. However, we cannot detect the characteristic
frequency of the outer ring in Figure 9(b). The frequency
spectrogram analysis result indicates that the components
of measured faulty signal are complicated. As the inter-
ference of the strong noisy components, the fault feature
frequency can hardly been identified. The ideal result is
to remove unnecessary signal components by effective
denoising algorithm, and to retain or amplify the related
signal components.

Then, the common signal processing methods, such as
wavelet analysis and TV denoising, have been applied to
the real inspected signal. For the method of wavelet denois-
ing, we perform the wavelet packet decomposition denoising
scheme. It should be noted that the wavelet base function is
determined as “db5,” and the decomposition level is selected
as 3. The coefficient of the node (2, 0) is used to signal recon-
struction. Figures 10(a) and 10(b) show the results obtained
by wavelet denoising and TV denoising, respectively. There
is no obvious feature frequency corresponding to outer ring

Table 2: Computational costs of four signal processing methods for simulated signal.

Method Wavelet denoising TV denoising CEEMDAN Proposed method

Computational costs 0.52 0.46 52 0.49

Figure 8: A photo of outer race fault.

Table 3: Rolling element bearing parameters.

Roller
diameter/mm

Pitch
diameter/mm

Number of
elements

Contact
angle

0.235 1.245 8 0
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fault in Figure 10(a). Figure 10(b) suggested that the method
of TV denoising has removed most of the useful signals,
which is not suitable for vibration signal processing.

Similarly, CEEMDAN is also used to analyze the experi-
mental data, and the corresponding result is plotted in
Figure 11. Unfortunately, only the characteristic frequency
of the outer ring fault f o and its double frequency 2f o can
be inspected in IMF2, while the unwanted signal components
have not been removed and it interfere with the identification
of fault features. Since CEEMDAN still lacks theoretical sup-
port and exits the problem of mode aliasing, it fails to analyze
the complex nonstationary vibration signal.

Finally, the proposed method based on GMC penalty
function is performed to validate the method and illustrate
its superiority. The concerned parameter of the proposed
algorithm is chosen as γ = 0 5 and λ = 2, respectively. The
computed result is drawn in Figure 12. Obviously, feature

frequency of outer ring fault f o and its multiple frequencies
(2f o, 3f o, 4f o, 5f o, and 6f o) had been both identified in
Figure 12. Meanwhile, the rotational frequency f r can also
be determined. The abovementioned characteristics fully
indicate that the fault occurs in the outer ring, which is
in accordance with the actual situation. Through the compar-
ative analysis between Figures 10 and 12, the results show
that the proposed method has obvious advantages in the fault
state recognition of rolling bearings under the environmental
of strong noise.

Theoretically, traditional signal processing methods such
as fast Fourier transform and wavelet transform are based on
the idea of matching the analyzed signal to the base function.
Its performance largely depends on the signal structure and
the base function selection. CEEMDAN is a typical signal
adaptive decomposition algorithm, while it is restricted by
endpoint effect and mode mixing. Distinguished it, convex
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optimization denoising algorithm such as the proposed
method is a typical iterative optimization process for objec-
tive functions. Using the nonconvex penalty function or cost
function to realize the high efficiency, it is more suitable for
analyzing the complex vibration signals.

5. Conclusions

For rolling bearing fault diagnosis, a novel method based on
the improved sparse regularization via convex optimization
is proposed in this paper. The main findings of this paper
include (1) based on L1-norm and the Huber function, a
novel nonconvex penalty function has been researched,
namely, GMC penalty. It is employed to achieve the sparse
representation of the signal and estimate the sparse solutions
more accurately. (2) The proposed method is firstly put for-
ward by combining the GMC penalty and TV denoising
scheme. It is designed to enhance the performance of noise

reduction for the complex vibration signals. (3) Compared
with the traditional methods such as WT and TV denoising,
the proposed method has better performance, as demon-
strated by both numerical and experimental studies.
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Extreme events, which are usually characterized by generalized extreme value (GEV)models, can exhibit long-termmemory, whose
impact needs to be quantified. It was known that extreme recurrence intervals can better characterize the significant influence of
long-term memory than using the GEV model. Our statistical analyses based on time series datasets following the Lévy stable
distribution confirm that the stretched exponential distribution can describe a wide spectrum of memory behavior transition
from exponentially distributed intervals (without memory) to power-law distributed ones (with strong memory or fractal scaling
property), extending the previous evaluation of the stretched exponential function using Gaussian/exponential distributed
random data. Further deviation and discussion of a historical paradox (i.e., the residual waiting time tends to increase with an
increasing elapsed time under long-term memory) are also provided, based on the theoretical analysis of the Bayesian law and
the stretched exponential distribution.

1. Introduction

Extreme events in complex systems have been widely
explored for decades, such as natural hazards including
extreme climate events [1], megalandslides [2], and earth-
quakes [3, 4] that cause severe challenges in economy,
society, and environment. The clustering phenomena of
extreme events imply the existence of long-term memory
[5, 6]. Those phenomena were widely observed in river water
levels [7], ocean temperature fluctuations [8], large-scale cli-
mate temperature [9], and so on. The generalized extreme
value (GEV) distribution model (or the interval model) is
designed to analyze the maximum within the interval R (see
Figure 1(a), where the artificial random data is generated
using the Lévy stable distribution, which will be further dis-
cussed in Section 2). According to the traditional extreme
value theorem, these extremes will converge to the three

generalized extreme value distributions: Fréchet, Gumbel,
and Weibull [10]. Though the GEV model has achieved
many successful and empirical results [10, 11, 12], it is a sta-
tistical model based on independently and identically distrib-
uted (i.i.d.) data to investigate the probability density
distribution characteristics without the impact of the tempo-
ral memory [13]. Prediction of the tail of the distribution,
which has low probability but high impact, cannot be
obtained accurately using the traditional extreme statistics,
since it is impossible to obtain the effective description from
the spatial probability density distribution or the i.i.d.

Previous studies have confirmed that the recurrence time
analysis (see Figure 1(b)) is a powerful tool to characterize
the temporal scaling properties and derive quantitative risk
estimation of hazardous events [14]. This method can more
efficiently use experimental data and characterize the physi-
cal correlations of time scales. Meanwhile, previous studies
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show that the recurrence of extreme events is not necessary to
follow a pure memoryless Poisson distribution [15, 16].

This study aims at investigating extreme events with
memory using two major steps. First, we will identify the
memory effect embedded in extreme events. The memory
effect can be characterized by the autocorrelation function
[17, 18], given, for example, a normalized time series {xi}
(where i = 1,… ,N):

Cx s = xixi+s ≡
1

N − s
〠
N−s

i=1
xixi+s, 1

with a power law decay Cx s ~s−γ and the correlation expo-
nent γ ∈ 0, 1 . In this study, we use the detrended fluctuation
analysis (DFA) [21] to detect this long-correlated behavior
with Hurst exponent H. For long-term correlated data, the
Hurst exponent equals to [22–25]

H = 1 − γ

2 , 2

where 0 5 <H < 1. The stretched exponential distribution
with the correlation exponent γ proposed in [17–20] is then
adopted to characterize the recurrence time.

Second, we will explore the influence of temporal mem-
ory on the forecast of extreme events based on the artificial
data following the Lévy stable distribution. Under the mem-
ory behavior of previous events, there may be an improved
estimate of the probability of a future event occurrence. To
directly quantify this influence, we refer to Davis et al. [26]:
“The longer it has been since the last earthquake, the longer
the expected time till the next?” Therefore, we will apply
the stretched exponential distribution, which is a widely used
statistical model describing temporal memory features, to
explore the possible “paradox” between the residual waiting
and elapsed times. By extending the numerical analysis in lit-
erature [26–28], Sornette and Knopoff proposed a rigorous
statistical framework for a quantitative conditional probabil-
ity response and found that this framework is very sensitive
to the assumed distribution [29]. Hereby, we will make an
attempt to offer a derivation to this paradox (residual waiting
time increases with the elapsed time under long-term mem-
ory), based on the theoretical analysis of the Bayesian law
and the stretched exponential distribution.

It is also noteworthy that we select the Lévy stable distri-
bution to quantify the heavy-tailed distribution of time series
when analyzing extreme events. Cautions are needed when
generating the time series data with long-term memory,
because the non-Gaussian distribution feature of power-law
processes cannot be well analyzed using traditional statistical
models, such as the Gaussian distribution and lognormal
distribution [17, 18, 30]. Based on extensive successful inves-
tigations of the Lévy stable distribution in real-world applica-
tions [31, 32], here we characterize heavy-tail behavior of
time series using the Lévy stable distribution with a stability
index α (0<α < 2). We apply the Lévy stable distribution
and Hurst exponent in linear fractional stable noise (LFSN)
to simulate heavy-tail and long-term memory processes and
then investigate the property of extremal behavior using the
methods proposed above.

The rest of this work is organized as follows. In Section 2,
we introduce the LFSN model and explain the simulation
parameters used to test the extreme value statistical behavior.
In Section 3, we show the defects of traditional extreme value
statistical models in describing the temporal behavior. The
influence of temporal memory of the recurrence interval is
then described using the stretched exponential distribution.
In addition, based on the Bayesian theory and the stretched
exponential statistics model, the “paradox”mentioned above
is deduced in principle. Conclusions are drawn in Section 4.

2. Methods

2.1. Random Number Generation. The Lévy stable distribu-
tion includes four parameters: stability index α (0 < α ≤ 2),
skewness parameter β (−1 < β < 1), scale parameter γ (γ > 0),
and location parameter δ (δ ∈R). We employ the Lévy stable
distribution to provide insight on the heavy-tail probability
distribution, and this heavy-tail simulated fluctuation pro-
cess is controlled by stability index α< 2 in this study [33].
In the following, we use the random number generation
method of the Lévy distribution proposed by Chambers
et al. for analysis [34]. More details of the algorithm can be
found in [35].

Linear fractional stable motion (LFSM) is a generaliza-
tion of fractional Brownian motion (fBm) [36]. LFSN, which
is an increment process of LFSM, displays both abnormal
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Figure 1: (a) Illustration of maxima seriesMk in the GEV model, where R represents the interval size (here R = 365 days) andMi represents
the maximum value of the ith interval. (b) Definition of the return interval rk in time series xj for the threshold value q. The return interval rk
is the distance between two adjacent events that exceed the threshold q. The black dotted line in (b) represents the next unknown events that
exceed the threshold q at the moment of “NOW”; t is the elapsed time since the last event; and t′ is the residual waiting time to the next
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fluctuations and long-term memory through Hurst exponent
H and stability index α. The LFSM stochastic process is given
as follows [37]:

MH,α t = C−1
H,α

ℜ
t − s H−1/α − −s H−1/αdLα s , 3

where

CH,α =
ℜ

1 − s H−1/α − −s H−1/α
+

α
ds

1/α
, 4

in which 0 <H < 1, 0 < α < 2, and Lα Lα, s ∈R are a stan-
dard symmetric α-stable Lévy random measure onR. Linear
fractional stable noise as the LFSM increment process is
stated as

XH,α t =MH,α k −MH,α k − 1

= −C−1
H,α

ℜ
s H−1/α

+ − s − 1 H−1/α
+ dLα k − s ,

5

where k ∈ Z and XH,α t presents the long-term memory
whenH > 1/α, and it reduces to the fractional Gaussian noise
when α = 2. In our artificial data generation, the stability
index is α = 1 8, the Hurst parameter is H = 0 8 which corre-
sponds to correlation exponent γ = 0 4 (see 2), and the num-
ber of generated data is N = 218.

2.2. Influence of Long-Term Memory and Non-Gaussian
Processes on GEV Statistics. In the classical GEV model, one
assumes that X1, X2,… , Xn are independent and identically
distributed data described by the cumulative distribution
function F x . The maximum value Mn =max X1, X2,… ,
Xn is also an element of the original data. Hence, the distri-
bution PR Mn of the maxima Mn satisfies

PR Mn ≤ x = PR X1 ≤ x,… , Xn ≤ x = Fn x 6

According to the Fisher-Tippett extreme value theo-
rem, if there are constant columns an > 0 and bn , PR
Mn − bn /an ≤ x = Fn anx + bn =H x is a nondegenerate

distribution function. Hence, H x must converge to one of
the three types of extreme value distributions according to
the distribution of the original data, when the number of data
n→∞ [9]. For the original data following a power-law dis-
tribution, H x converges to Fréchet distribution, or type II
distribution, which is defined as

H x = exp − 1 + ξ
x − μ

σ

−1/ξ
, ξ > 0, 7

where μ is the location parameter, σ represents the scale
parameter, and ξ is the shape parameter.

Figure 2 shows a comparison of the probability density
distribution pR Mn for both the correlated (γ = 0 4) and
uncorrelated shuffled data for R = 365 (corresponding to
the annual maxima). The distribution of long-term memory
data (blue color) shifts to the left compared with the uncorre-
lated sequence, and the left tail exhibits an obvious broaden-
ing trend, which is consistent with the one offered in [18]. It

is noteworthy that the skewness of the probability density
distribution of the correlated data following the Lévy stable
distribution focused by this study is apparently larger than
that following the Gaussian and exponential distributions
considered in [18]. This discrepancy is mainly because the
Lévy stable distribution is a middle part-dominated distri-
bution with a heavy tail, compared with the Gaussian and
exponential distributions. It is also clear that the distribution
of long-term memory data (represented by the blue line in
Figure 2) is more divergent compared with the uncorrelated
sequence, especially on the left-hand side. This result indi-
cates the influence of the memory or the role of correlation,
which can make many large value events be clustered in cer-
tain time intervals while the maximum values in other
periods are generally small. Because the large values will
be still identified as annual maxima, the right tail of the
extreme distribution is almost unaffected by the correlations.
The GEV model cannot make a clear response to the tempo-
ral behavior.

When we investigate the extreme value problem, the cal-
culation of the extreme value of the reoccurrence period is a
very important part. For the T-year maximum value, the cor-
responding probability P = 1/T . Therefore, the maximum
value of the return period T is estimated as the quantile M∗

of the probability P = 1 − M∗

−∞pR M dM = 1 −H M∗ , and
we can get

M∗ = μ −
σ

ξ
1 − −log 1 − P −ξ 8

Here, we let T = 100 and then estimate a hundred-year
maximum of two different memory behavior data (analyzed
in Figure 2). Through (8), M∗

γ=0 4 = 28 0728, M∗
uncorr =

28 9301, and we can find M∗
γ=0 4 ≈M∗

uncorr. It is noteworthy
that the obtained reoccurrence value has strong one-
sidedness in practical sense, and the traditional extreme value
model does not describe the factors of time-related behavior.
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Figure 2: Comparison of the probability density distribution pR M
of the maxima for two different data, where R = 365, representing
the annual interval. The blue line represents the long-range
correlation data (γ = 0 4), and the red line is shuffled uncorrelated
data.
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3. Results and Discussion

3.1. Statistics of Extreme Recurrence Times. We analyzed the
return interval rq over threshold values q for the return time
statistics of long-term correlated time series. For uncorre-
lated data, such as “white noise,” the return intervals are also
uncorrelated and follow the exponential distribution accord-
ing to Poisson statistics [12]. When the return interval is
affected by the long-term correlation, Pq r exhibits a signif-
icant slower decay than the Poisson exponential distribution.
This slower decay can be captured by the stretched exponen-
tial distribution [38, 39]:

Pq r ≅
aγ
Rq

exp −bγ
r
Rq

γ

, 9

where the exponent γ is the correlation exponent to charac-
terize the memory of the data, the parameters αγ and bγ are
independent of q, and Rq is the average of the return interval
at the given threshold q. In the study of the universality of (9),
the return interval functions of four different original distri-
bution data (Gaussian, exponential, power-law, and lognor-
mal) were fitted in [14], where the results show that the
stretched exponential agrees well with the Gaussian data
and also good for the other distributions. It is also worth of
note that the stretched exponential distribution of the recur-
rence time can be derived exactly from a deeper process,
namely, the Hawkes process of interevent triggering [40].

Figure 3 shows the distribution of Pq r of the return
intervals r for both the original data (red symbols) and the
shuffled data (rescaled by 10−1, shown by the black symbols).
In both cases, since RqPq r reflects only the variation of the
ratio r/Rq, the application of the recurrence time analysis is
no longer limited to the actual threshold q. Figure 3 also con-
firms that the distribution function is exponential for the
shuffled data.

Compared with the results of the uncorrelated data, the
influence of the exponent γ in (9) makes the return intervals
to exhibit an obvious two-stage differentiation. More intui-
tively speaking, the return intervals for both r/Rq ≪ 1 and r/
Rq ≫ 1 are considerably more frequent for memory records
than for the uncorrelated data. It means that the mean Rq is
a poor description, because the analysis object has no typical
scale or the “characteristic” scale is missing, or broadly
referred to as “scale-free” phenomenon [41]. It also implies
that the distribution changes from the exponential (γ = 1)
to the power-law distribution (γ→ 0) when the index γ
decreases (the degree of correlations increases) [42]. It means
that the stretched exponential distribution is a subslow decay
distribution between the exponential distribution and the
power-law distribution with 0 < γ < 1, in which the power-
law relation is a statistical form of fractal which emphasizes
the similarity of all scales [19, 43]. Therefore, the subslow
decay of the stretched exponential distribution is in fact a
scale-free statistical form or the result of transition from a
nonsimilarity structure to a fully statistical fractal structure.

3.2. The “Paradox” Phenomenon of the Residual Waiting
Time under Long-Term Memory Effect. According to the
discussion in the above section, the “cluster” phenomenon
means that the data has a long memory effect, and the
occurrence of the event is no longer a simple memoryless
Poisson exponential distribution. The stretched exponential
distribution of slow decay embodies the occurrence of
events as a “scale-free” process. This temporal behavior
can be quantified by the prior events, so there will be a cor-
responding predictable effect on the occurrence of the next
event. In general, it reflects the dependence of the last return
interval on the previous interval. The waiting time t′ to the
next event in the time interval also follows the stretched
exponential distribution.

Bunde et al. [17] discussed the existence of memory
effects according to the simulation data and obtained the
“paradox” phenomenon of the residual waiting time that
tq′ t ∣ r0 increases with increasing t and r0. Here, we try to
derive a specific demonstration and quantification to the
abnormal results, based on the fitting parameters for the
stretched exponential distribution shown in Figure 3. In the
following derivation, we adopt the numerical analysis method
introduced by Sornette and Knopoff [29].

First, we assume P(r) to be the return interval distribution,
and the unknown residual waiting time t′ satisfies the prior
hypothesis t′ + t = r. According to the Bayesian conditional
probability theorem, the distribution function of t′ satisfies

P t′ t =
P t′ + t
∞
t P r dr

10

Here, we let the expected waiting time t′ to be a func-
tion of time t and analyze the variation rule of d t′ /dt. From
(10), the expected waiting time is calculated as

0 2 4 6 8 10

10−4

10−2

100

r/Rq

R
qP

q(
r)

Figure 3: Normalized distribution density function RqPq r as
a function of r/Rq. The return interval r for the thresholds q = 2 0
(ΔRq ≈ 159), 2.5 (∗Rq ≈ 363), 3.0 (+Rq ≈ 632) for the simulated
long-term correlated records with γ = 0 4 (red symbols). Black
symbols represent the rescaled distribution (×10−1) for the
corresponding shuffled data with same thresholds.
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t′ =
∞
0 t′P t′ + t dt′

∞
t P r dr

11

To develop some intuition, we first analyze the Poisson
exponential distribution. From (10), we can get

P t′ =
exp −t′/Rq

Rq
12

Corresponding to the exponential distribution without
memory, the estimation of the time t′ does not depend on
the elapsed time t, with d t′ /dt ≡ 0. As for the stretched
exponential, from (9) and (10), we get

P t′ t =
aγ/Rq exp −bγ t′ + t/Rq

γ

∞
t aγ/Rq exp −bγ t/Rq

γ dr
13

We then calculate (13) using the Gauss-Kronrod inte-
gration method. Figure 4 shows the distribution of P t′
at time t = Rq, t = 2Rq, and t = 5Rq based on the fitting
results of Figure 3. It is obvious that P t′ has a progres-
sively broadening tail to the origin as t increases and lies
above P r at t′ > Rq; that is, the probability of large numbers
for the residual waiting time t′ increases as elapsed time t
increases. The answer to the anomalous result is positive,
and this property is evidently connected with the slow decay
in P t′ compared with the Poisson exponential distribution.

When we further investigate the relationship between the
expected time t′ ((1)) and the elapsed time t based on the
fitting results in Figure 3, one can find that the expected wait-
ing time t′ depends on t, compared with the exponential
distribution of the memoryless data. It clearly displays the
effect of different long-term correlations, where the expected
residual time to the next event increases with an increasing t.
At the same time, the degree of the anomalous behavior
increases, and this change is enhanced by decreasing γ. This
result implies that the dependence of the memory effect exists
not only between adjacent return intervals but also in the
unknown interval between the waiting time t′ and the
elapsed time t. This result confirms the finding in the previ-
ous statistical analysis [17].

4. Conclusion

This study investigates the influence of memory effect on
extreme value models, based on the random data generated
by the Lévy stable distribution, which is different from the
previous evaluation using the Gaussian or exponential distri-
bution in [17, 18]. Combining with non-Gaussian and mem-
ory effect, the LFSN is used to simulate the experimental data.
The simulation result shows that the stretched exponential
distribution provides a reliable way to estimate the scaling
behavior of extreme event intervals, generalizing the previous
evaluation of the stretched exponential function to analyze
random data following the Gaussian and exponential distri-
butions. Using the Bayesian conditional statistical principle

in conjunction with the stretched exponential distribution,
we also theoretically validate the “anomalous” behavior
identified by various studies [17, 18] (where the residual
waiting time can increase with an increasing elapsed time
under long-term memory or the so called “anomalous resi-
dence time”), whichmay shed light on the real-world extreme
event prediction.
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In this work, a modified time reversal method is proposed for guided wave detection and localizing loosened bolt in a complicated
multibolt-jointed structure. Different from the traditional time reversal guided wave method, the response signal due to a tone burst
input received at the healthy state is time reversed and recorded as a standard reemitting signal. In the detection process, this
recorded standard signal is used for all damage cases to yield time reversal-focalized reconstruction signals. This largely
improves the sensitivity of the focalized signal to damage state. In this paper, the peak amplitude of the focalized wave packet in
the reconstructed signal is calculated and utilized as tightness index. By bonding PZT transducers at different joint locations
inside the structure, multiple tightness indices, where each tightness index presents the correlation between the current joint
condition to its healthy condition at the joint, can be obtained. To analyze a large number of tightness indices, a principle
component analysis method is introduced, and a neural network-based loosening detection method is proposed. The proposed
method is experimentally validated in a simulated double-layer bolt-jointed thermal protection system panel. Experimental
results illustrate that the proposed method is effective to identify and localized the bolt loosening in complicated multibolt-
jointed structure. The detection and identification of the location of multibolt loosening is realized.

1. Introduction

In aerospace engineering, a thermal protection system (TPS)
is necessary for protecting an aerospace vehicle from harsh
heating due to high reentry temperatures. It plays a critical
role in keeping structural integrity and safety. A typical TPS
design is a multilayer configuration, where a cover panel
made of high-temperature material, such as carbon-carbon
composite, is attached to the main airframe panel of the
aerospace vehicle through mechanically bolted joints. The
extreme thermal, vibration, and shock excitations during
the flight may cause the pretightened bolts to loosen, which
further cause detachment gap in a TPS. Then, hot air can
penetrate through the gap and cause catastrophic results.
Therefore, the detection of loosening in bolted joints plays
an underlying role to ensure a TPS functionality, integrity,
and reusability.

Structural health monitoring (SHM) is referred as
the process of implementing a damage detection and

characterization strategy for structures [1]. In the past
decade, a number of SHM approaches have been developed
to detect bolt loosening in TPS structures. At the early
stage, the SHM methods based on experimental modal
analysis were proposed to realize the objective. For example,
Vandawaker et al. [2] proposed to detect damage in a TPS tile
by comparing mode shapes and frequencies from healthy
and damaged structures. However, since high-frequency
vibration modes are difficult to obtain in practice, the modal
analysis-based methods mainly rely on the low-frequency
vibration modes, which only represent the properties of the
whole structure. Like Todd et al. [3] pointed out an assem-
bled structure which consists of many bolts and one or less
number of loosened bolts cannot cause the whole structural
properties to change significantly. Consequently, the modal
analysis-based methods are relatively insensitive to detect
local bolt loosening for a complicated jointed structure.

To detect local and small structural damage, a number of
local SHM methods have been developed. Among them,
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electromechanical impedance-based and guided wave-based
methods are very popular [4, 5]. Basically, the electrome-
chanical impedance-based method monitors variations in
mechanical impedance due to damage, which is coupled
with electrical impedance of a piezoelectric transducer
(PZT) [6, 7]. A low-cost miniaturized impedance measure-
ment device was developed by Peairs and Inman [8] for
detection of bolt loosening. A system that includes PZTs
and a wireless impedance device for data acquisition and
communication was built by Mascarenas et al. [9] to detect
bolt preload loss. Recently, an electromechanical imped-
ance method for health monitoring of aircraft-bolted joints
was presented by Kuznetsov et al. [10]. While the previous
studies have shown the feasibility of using impedance-based
approaches for detection of bolt loosening, the effective
detection area of a transducer is very small and a large
number of transducers are required for detecting a struc-
ture with thousands of bolts.

Guided wave-based SHM techniques have been inten-
sively developed over the last two decades. They are very
attractive and commonly utilized due to their ability to
inspect a large structure over long distance with a small
number of transducers. In recent years, several guided
wave-based SHM methods have been proposed for bolt
loosening detection. Yang and Chang [11] developed a
guided wave-based method to identify bolt loosening in a
TPS panel. In their study, a piezoelectric- (PZT-) embedded
smart washer was developed to generate and acquire ultra-
sonic wave signals. The features of wave energy dissipation
(WED) and specific damping capacity were extracted. How-
ever, a large number of smart washers are required in
applying the detection method to a TPS with hundreds of
bolts, because each bolt should be installed with a smart
washer. Similar wave energy dissipation-based methods were
studied by Montoya and Maji [12] and Wang et al. [13]. It is
known that the nonlinear contact mechanics on the joint
interface can cause nonlinear transmission of guided waves.
The SHM method based on nonlinear ultrasonic wave
phenomenon was proposed by Doyle et al. [14] to localize
loosened bolts in a satellite panel. In their work, the acoustoe-
lastic behavior due to the joint was used as an indicator of
structural integrity. Furthermore, the feature of contact
acoustic nonlinearity in bolted joints was utilized for preload
monitoring [15–20]. Amerini and Meo [15] studied both
linear and nonlinear ultrasonic methods and proposed
several tightening state indices, including the first-order
acoustic moment, high-harmonic generation, and sideband
modulation indices. Bao et al. [16] established a nonlinear
contact element model to simulate the strip lap joint speci-
men. On this basis, the high-harmonic generation-based
index was studied by Shen et al. [17]. After that, Zhang
et al. [18] proposed to use subharmonic resonance to detect
bolt looseness, and Zhou et al. [19] utilized nonlinear-
modulation method to detect bolt looseness in frame struc-
ture. Zhang et al. [20] carried out a comparative study of
the WED-based method and the vibroacoustic modulation-
based method and found that the sensitivity of WED-based
methods is closely related to the wave energy transmitted
across joints.

In recent years, new guided wave detection methods
based on the time reversal principle in modern acoustics have
been developed and the effectiveness was demonstrated.
Fundamentally, the time reversal concept lies in reconstruc-
tion of an input signal at an excitation point, while a response
signal measured at another point is reemitted to the original
excitation point after being reversed in time domain, taking
into account that there is no damage in the wave path. As a
result, changes between the reconstructed signal and the
input signal can be inferred as presence of damage in the
wave path. Wang et al. [21] carried out an experimental work
to study the applicability of the time reversal concept to
guided waves in plates. Then, Park et al. [22] utilized the time
reversal technique to improve the detect ability of local
defects in composite plate. A detailed theoretical investiga-
tion on the effect of multimodel and reflections on time
reversal progress was given in [23]. It was pointed out that
narrowband input signal can enhance time reversal progress.
In recent years, the technique of time reversal guided
wave SHM has been applied to a variety of structures, such
as metallic plates [24], composite plates [25], and rebar-
reinforced concrete beams [26]. Mustapha and Ye proposed
a very effective and innovative time reversal-based imaging
algorithm to detect debonding in sandwich composite plates
[27] and then extended it to detect multiple debonding in
complex tapered composite sandwich panels [28]. However,
the time reversal guided wave method has not been widely
used for detection of bolt loosening, except the works done
by Tao et al. [29] and Parvasi et al. [30], where only very
simple single bolt lap-jointed structures were considered. In
their work, the aim is to identify the preload loss in single
bolt. The problem of detection of loosening in a multibolt-
jointed structure was not considered.

In this paper, a modified time reversal (MTR) guided
wave method is proposed to detect bolt loosening in TPS
panels. The conventional time reversal process is modified,
and a new implemented process is proposed to localize
loosening bolts in a complicated multibolt-jointed structure.
In the proposed method, a standard remitted signal which
recorded for a nominal healthy structure is used for all
damage cases. The peak amplitude of the refocused wave
packet obtained by the MTR method is normalized and
utilized as the tightness index. By bonding PZT sensors at
different joint locations inside the structure, multiple tight-
ness indices can be obtained, where each tightness index
presents the correlation between the current joint condition
to its healthy condition at the joint. To analyze a large
number of tightness indices, a principle component analysis
method is introduced, and a neural network-based loosening
detection method is proposed. The feasibility and effec-
tiveness of the proposed method to identify and localize
bolt loosening is experimentally investigated in a simulated
TPS structure.

2. Theory Background

2.1. The Conventional Time Reversal Guided Wave Method.
Figure 1 shows the work principle of the conventional time
reversal guided wave method in a simple lap joint. First, a
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tone burst input e t is applied to transducer A, which acts as
an actuator and activates wave propagation in the structure.
A wave response signal u t is captured by the transducer
B. The response signal at the transducer B can be defined as

u t = h t ∗ e t , 1

where h t is the impulse response function (IRF) of the
structure between points A and B; ∗ denotes the convolution.
After that, the recorded response signal is reversed in time
domain before reemitted at transducer B. Thus, the reemitted
signal is

u −t = h −t ∗ e −t 2

After the signal is reversed in time domain, the wave
packets that arrive at transducer B early will be reemitted late,
and the wave packets that arrive at transducer B late will
be reemitted early. Therefore, wave packets in the time-
reversed signal arrive at transducer A at the same time and
overlap to a focalized wave packet. Note that, in practical
applications, the reversed signal is amplified before feeding
it into PZT B. The reconstructed signal received at the
transducer A can be written as

s t = h t ∗ u −t = h t ∗ h −t ∗ e −t

= e −t ∗
+∞

−∞
h τ h τ − t dτ = e −t ∗ R11 t ,

3

where R11 t is a autocorrelation function and also called the
time reversal operator. R11 t gets its maximum value at time
point t = 0 and is equal to the energy of IRF of the structure
between points A and B. It is noted that the energy of IRF
is decided by the wave energy transmits through the joint
interface. Bolt loosening causes the decrease of contact area
and consequently transmitting wave energy and the IRF
energy decreases. Thus, the peak amplitude of reconstructed
signal s t is proportional to the IRF energy, and the peak
amplitude of s t can be extracted as a tightness index (TI)
to detect bolt loosening.

This principle is used by Tao et al. [29] and Parvasi et al.
[30] for detecting preload loss in a single bolted lap joint.
However, the results show that a saturation phenomenon of
the TI happens when the preload reaches to a critical value
[29, 30]. The reason is that the feature of peak amplitude is

related to the IRF and the wave energy transmitted across
joint, which are determined by the contact area. When the
preload is high, the contact area changes very little due to
the change of preload. Thus, in this situation, the IRF nearly
holds constant. This causes the conventional time reversal
guided method which has a low sensitivity at the early stage
of loosening.

2.2. The Modified Time Reversal Guided Wave Method. The
basic idea of the MTR method is to introduce a “standard”
reemitted signal (SRS) for all damage cases, where damage
is referred to bolt loosening in this work. As shown in
Figure 2, the time-reversed reemitted signal (the symbol ③
signal in Figure 1) recorded at the nominal healthy structure
is chosen as the “standard” reemitted signal for all damage
cases. When the SRS is reemitted back to the structure,
damage affects the reconstructed signal in extensive patterns
comparing to the conventional time reversal method. Thus,
additional damage information that can be extracted to
reveal the extent of damage is contained in the reconstructed
signal. The detailed explanation of the proposed modified
method is presented below.

Fundamentally, when a SRS is reemitted back to the
structure, if the bolt in the wave path is not loosened, which
means the structure can be regarded as the same as the
nominal healthy structure, the MTR is therefore equal to
the TR method. The velocities for every wave packet in the
SRS keep the same and a focalized wave packet can be
obtained by the backward travelling of SRS, due to the in-
phase overlapping of wave packets in the SRS. However, if
the bolt in the wave path is loosened, the wave velocity for
each wave packet may also be changed. According to Zagrai
et al. [31], the main reason of the change of wave velocity is
due to acoustoelastic effect. With the change of bolt preload,
the static stress level changes and the wave speed of the trans-
mitted guided wave signals changes. Therefore, the in-phase
overlapping of wave packets in the SRS cannot be realized
to a focalized wave packet. This indicates that in the MTR
method, not only the transmitted wave energy is related to
the peak amplitude of the reconstructed signal, but also the
impaired focalizing ability of SRS can cause the decrease of
the peak amplitude.

If the IRF of the healthy structure between a actuator and
a sensor is h1 t , therefore, as the same as (1), the “standard”
reemitted signal can be written as

ustand −t = h1 −t ∗ e −t 4

This signal is recorded and used for all damage cases. If
there exists damage in the wave path, it is obvious the IRF
changes. It is assumed that the IRF of the damaged structure
is h2 t , and then the reconstructed signal s2 t due to the
SRS can be obtained, defined as

s2 t = h2 t ∗ ustand −t = h2 t ∗ h1 −t ∗ e −t

= e −t ∗
+∞

−∞
h1 τ h2 τ − t dτ = e −t ∗ R21 t ,

5

where R21 t is a cross-correlation function of h1 t and h2
t and represents the degree of the correlation of h1 t and

Transducer A

Transmitted signal

Reversed signal

�e original input
�e response signal

�e time reversed signal
�e reconstructed input

Transducer B 

Figure 1: Illustration of the time reversal principle in a lap joint.
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h2 t . R21 gets its maximum value at the time instant t = Δt.
Comparing (5) to (3), it can be seen that the MTR method
actually modifies the time reversal operator. In the conven-
tional time reversal method, the autocorrelation function of
the IRF is used, while in the modified time reversal method,
by introducing a reference IRF, the cross-correlation func-
tion is used as the time reversal operator. Meanwhile, it can
be found that in (5), similar to (3), the peak amplitude of
the focalized wave packet is proportional to the maximum
value of R21. Therefore, the principle of the proposed method
is to change the time reversal operator from the autocorrela-
tion function of structural states to the cross-correlation
function of structural states.

It should be noted that in the conventional time reversal
method, for any signal path, both transducers need to work
as actuators and sensors. This often means a large number
of hardware, such as PZT amplifier and wiring are required.
In [25], a simplified time reversal method is proposed, which
can largely reduce the hardware requirement by using only
one transducer A to actuate signals and another transducer
B to act as a sensor for a signal path. The underlying reason
is that the impulse response function (IRF) of the structure
from point A to B is assumed the same as that from point B
to A. In this paper, the same simplified technique is used to
reduce hardware requirement and experimental cost.

2.3. Loosening Localization Method for Multibolt Structures.
It is noted that the above-proposed principle uses a single
bolt loosening detection problem as an example. However,
the proposed method can be easily extended to a multibolt
structure. In this paper, the aim is to detect the loosening
location for a multibolt TPS structure. To this end, each joint
with attached bolts is considered as a possible loosening
location. At each possible loosening location, a PZT sensor
is bonded to act as a wave signal receiver. In addition, a
PZT transducer boned at the central location of bottom panel
is used to generate wave signal to sensors. The detailed sensor
configuration is given in the next section.

In this paper, the peak amplitude of the reconstructed
focalized wave packet is extracted as a TI for detection of bolt

loosening in a multibolt-jointed TPS structure. The TI can be
written as

TIi =
Aij

Ai0
, 6

where Aij is the peak amplitude of reconstructed signal
received by sensor i at the current structure, and Ai0 is the
peak amplitude received by sensor i at the healthy structure.
By installing PZT sensors around every possible loosening
bolts, predictive variables TIis can be defined. Each TIi repre-
sents the correlation coefficient of a structural state of a joint
to its healthy state. For instance, bolt loosening happening at
joint 1 changes the IRF of actuator to sensor 1 significantly;
according to (5) and (6), the corresponding TI1 is therefore
significantly decreased. On the other hand, the loosening at
joint 1 has less effect to the IRF of actuator to sensor 2 which
is far from joint 1. Hence, the TI2 corresponding to sensor 2
shows a smaller change than TI1 when loosening occurs at
joint 1. Depending on this feature, the bolt loosening in the
structure can be detected by using predictive variables TIis.

To implement the proposedMTRmethod, each bolt joint
location needs one sensor to form a signal path. Hence, in
real application, a great number of transducers may be
needed, and a lot of variables need to be processed, corre-
spondingly. However, too many predictive variables cause
the difficulty in the visual description of detection results.
Therefore, it is important to keep the independence of each
predictive variable for the proposed method. In this paper,
dimension reduction of predictive variables TIis before the
establishment of damage index database is performed. The
principal component analysis (PCA) [32] is used for dimen-
sion reduction of TIis. First, TIis should be scandalized to
mean equals to zero and the standard deviation equals to
one. Assuming TIi is a n × 1 vector and n is the number of
data. D is the n ×m matrix composed by TIis, where m is
the number of the predictive variable. Then, the normalized
matrix X can be obtained by

X = V1/2 −1 D − μ , 7

Transducer A

Transducer A

Health

Damaged structure

Reversed signal

Travelling only once

SRS

Transducer B

Transducer B

Transmitted signal

Figure 2: A schematic of the proposed method for bolt loosening detection.
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where index “−1” means calculating inverse, μ is the means
of D, and V1/2 is a m ×m matrix of standard deviation,
defined as

V1/2 =

σ11 0 … 0

0 σ22 … 0

⋮ ⋮ ⋱ ⋮

0 0 … σmm

, 8

where σii is the standard deviation of TIi. Calculating the
covariance matrix Cov X of X, and we can get the
eigenvalues and eigenvectors λ1, e1 , λ2, e2 ,… , λm, em
of Cov X . Then, the number i principal component Yi can
be obtained by

Yi = TI1, TI2,… , TIm ei 9

The number of principal component can be determined
by the data variation ratio that the obtained Yi can explain.
Generally, 90% of data variation should be explained by the
k principal components, that is,

〠
k

i=1
ai ≥ 90%, 10

where ai is the data variation explained by Yi and ai = λi/m.
Finally, the S-Kohonen neural network [33] is used in

this work for clustering analysis of the known data and
classifying of the unknown data. The S-Kohonen neural
network is an extended Kohonen neural network (KNN) that
contains an added output layer. As shown in Figure 3(a), a

typical KNN contains an input layer and a competitive
layer, the node number of input layer equals to the predic-
tive variables, and the competitive layer is a 2D array that
usually contains much more nodes than the target vari-
ables. Furthermore, the S-Kohonen network has an added
output layer after the competitive layer to connect target
variables directly to the clustering result. By performing
the above steps, a loosening detection flow can be built,
as shown in Figure 3(b).

3. Experimental Study

3.1. The Simulated TPS Structure. As shown in Figure 4, a
simulated multibolt-jointed TPS structure is considered for
validating the proposed MTR method. A Q235 steel thin
plate simulating the cover panel is attached to a Q235 steel
thin base plate to simulate the airframe panel via four steel
brackets. M6 bolts are used as fasteners. The dimension of
the base plane is 450mm × 385mm × 3mm and the upper
plane is 335mm × 335mm × 3mm. PZT patches are used
to actuate and receive wave signals. One PZT actuator is
bonded on the center of the base plate, and each bracket is
bonded with one sensor. The PZT sensor location and the
bolt numbers are shown in Figure 4.

Considering the allowable tensile load of M6 bolt and the
yielding strength of Q235 steel, 10N∙m is selected as the
standard bolt torque. For each bracket, totally, 6 bolt loosen-
ing cases are taken into account as shown in Table 1. During
the experiments, each bolt loosening case is repeated four
times to get reliable results. In this work, the bolt loosening
means a totally loose condition. In each bolt loosening
detection experiment, the TPS panel specimen is assembled

Y1 Y2 Y3

Input layer

Competitive
layer

Output layer

Calculate predictive
variables TIis

Perform MTR at the
structure

Cluster known data Classify unknown
data

Identify the
loosening location

Calculate principal
components Yis

S-Kohonen neural
network 

(a)

(b)

Figure 3: The schematic of the proposed method: (a) the topological structure of S-Kohonen network and (b) the flow chart of the loosening
detection process.
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to the normal tightening condition firstly, and then it is
adjusted to a bolt loosening case by loosening corresponding
bolts. A standard assembly sequence is regulated to guar-
antee experimentally repeatability. Each bolt is tightened to
70% standard torque firstly and then tightened to 100% in
sequence to prevent unnecessary internal stress.

3.2. Experimental Setup. Figure 5 gives the experimental
setup. The multifunction data acquisition (DAQ) system NI
USB-6366 is used to generate and receive guided wave
signals. Before the input signal is sent to PZT actuator, a
signal amplifier PINTEK HA-400 is used to amplify the
signal amplitude to 50Vpp (peak to peak). A LabVIEW pro-
gram is coded and runs on the computer to control the DAQ
system. In addition, the structure is placed on a foam support.

A 5-cycle tone burst is used as the original input of MTR
process. The central frequency of the input is chosen as
150 kHz based on the group velocity dispersion plot of
3mm steel plate, as shown in Figure 6. It can be seen that
at 150 kHz, only the first S0 symmetrical mode and antisym-
metrical A0 mode are generated, and the velocity dispersion
of these modes is minimized. Response signals of the tone
burst input at each sensor in the healthy structure are
recorded. After reversed in time domain, they are saved as
SRSs. The generated and recorded signals in the MTR
method for the healthy state are shown in Figure 7. To reduce
the effect of noise, each recorded signal is the average of 32
measurements. Moreover, a high-pass filter is used to cut
off the low-frequency noise; the low-pass cutoff is set to
10 kHz. It can be clearly found that a focalized wave packet
occurs in the reconstructed signal.

4. Results and Discussion

4.1. Validating the Modified Time Reversal Process. By
implementing the proposed time reversal method, the

reconstructed signals recorded at each bracket sensor for
the healthy structure are given in Figure 8(a). It can be seen
for the healthy state that each sensor received a clear

Bolt 1Bolt 2Bolt 3

PZT sensor

Bracket 3

Bracket 4

Bracket 2 PZT actuator

Bracket 1

(a)

PZT 1 

PZT 2 PZT 3 

PZT 4 

PZT actuator

(b)

Figure 4: A schematic of the simulated PTS panel: (a) the simulated PTS panel and its brackets and (b) relative locations of the
PZT transmitters.

Table 1: Bolt loosening conditions for each bracket.

Case number 1 2 3 4 5 6

Loosened bolt Bolt 1 Bolt 2 Bolt 3 Bolts 1 and 2 Bolts 2 and 3 Bolts 1 and 3

Torque wrench
TPS panel specimen

Signal amplifier DAQ system Computer

Figure 5: The experimental platform.
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Figure 6: The group velocity dispersion plot of 3mm Q235
steel plate.
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reconstructed signal with a focalized wave packet. This result
corresponds with the conventional time reversal guided wave
method. However, it can be found that the peak amplitudes
of the focalized wave packet for each sensor are slightly dif-
ferent. This is due to the structural assembly error and the
deviation of bonding condition of PZT patches.

The reconstructed signals in Figure 8(b) were normalized
by the corresponding reconstructed signals for the healthy
structure. Then, the peak amplitudes of the reconstructed
signals for the healthy structure were normalized to 1.
Figure 8(b) shows the comparisons of normalized peak
amplitudes for damaged and healthy structures at different
PZT locations. It is found that a focalized wave packet still
exists in the reconstructed signal for each sensor, but the peak
amplitude of reconstructed wave packet at each sensor
changes obviously. Since the loosening of bolt 2 in bracket
2 has changed the wave propagation behavior of the whole
structure significantly, the peak amplitude of each PZT
patch is affected by different extents. It can be seen in
Figure 8(b) that the peak amplitude decreases the largest
at the PZT patch bonded on bracket 2 compared to the
other three results.

4.2. Predictive Variables TIis. The predictive variables TIis for
each bracket at different bolt loosening cases are calculated
and shown in Figure 9. First, it can be seen that in each bolt
loosening case, each TIi is less than 1, and the loosening
bracket corresponding TIi is smaller than the other TIis.
Therefore, based on TIis, the bolt loosening location can be
identified by directly comparing the values of predictive
variable. Second, the robustness of the MTR method is

examined by three repeating experiments at each bracket. It
can be seen that at each bolt loosening case, the predictive
variable TIi at each bracket appears similar character, and
from three repeating experiments, good repeatability of the
measurement can be observed.

In addition, it can be seen that the mismatched TIis of
the loosening bracket is nearly unchanged at each case,
but the corresponding TIi changes with the change of case
number. On the one hand, comparing the results of case
1/2/3, it can be found that the loosening of bolt 3 has
the most significant influence to the corresponding TIi.
On the other hand, the change of TIi becomes more
distinct with the increase of the number of loosening bolt.
Checking on Figure 4, it can be found that the bolt 1 is
the farthest bolt to the PZT sensor, and bolt 2 is the near-
est one. Since the actuator PZT patch is bonded on the
base plate, the loosening of bolt 1 and bolt 3 has direct
influence to the wave propagation path, comparing to bolt
2 which connects the bracket with the cover plate. Overall,
considering these factors, the reason of why bolt 3 has the
most significant influence to TIi can be explained: (1) the
loosening of bolt 1 and bolt 3 can directly affect the wave
propagation path, and (2) bolt 3 is more closer to the PZT
sensor than bolt 1.

4.3. Clustering Results. The PCA of TIis is performed in this
step. The correlation of TIis is shown in Figure 10, and it
can be seen that predictive variables TI1, TI2, TI3, and TI4
show the same correlation with each other. For instance,
the values of TI1 and TI2 are high when the bolt loosening
happens at bracket 3 and bracket 4, and when it happens at
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Figure 7: Input/output signals of the time reversal process: (a) the tone burst input, (b) response signal due to the tone burst input, (c) the
time-reversed reemitting signal, and (d) the reconstructed signal received at healthy structure.
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Figure 8: Experimental results using the proposed method: (a) normalized reconstructed signals for healthy structure and (b) reconstructed
signals for damaged structure with joint loosening at the bracket 2.
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bracket 1 and bracket 2, TI1 and TI2 get a low value, respec-
tively. The scatter diagram of TI1 and TI2 appears a curvilin-
ear correlation with the loosening at different positions.

Furthermore, it can be found that this relationship is kept
in the correlation of other predictive variables. Since a same
curvilinear correlation is found between any two TIis, it
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Figure 9: The predictive variables TIis at different bolt loosening cases: (a) results of bracket 1, (b) results of bracket 2, (c) results of bracket 3,
and (d) results of bracket 4.
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indicates that the PCA method can be performed properly
to extract principal components.

This study got 96 TIis from 4 repeating experiments
of 6 bolt loosening cases at 4 brackets, respectively. The
72 data from the first 3 times repeating experiments were
used to establish a database, and the last 24 data were
utilized as test. The PCA for the 72 data was performed,
and the covariance matrix Cov X was calculated. Then,
the eigenvalues and eigenvectors of Cov X were calcu-
lated as λ1 = 1 3938, λ2 = 1 2234, λ3 = 0 9615, and λ4 =
0 4213. Based on (10), it can be found that when k = 3,
the principal components can explain 89.47% of the data
variation. A 3D scatter plot of principal components Y1,
Y2, and Y3 is shown in Figure 11; it can be found that
the data at the same loosened bracket is close to each
other and the distance of data from different loosening
brackets is large. This distribution of data guarantees the
accuracy of the clustering analysis and the possibility for
bolt loosening locating.

4.4. Tests of the Loosening Detection Database. Figure 12
shows the distribution of winning nodes at the competitive
layer of the 72 Yis data in one running result of S-Kohonen
neural network. Accordingly, the node number of input layer
is 3, and the node number of competitive layer is 4× 4= 16.
The learning rate is set to [0.01, 0.1], and the learning diam-
eter is set to [0.4, 2]; number of cycles is 1000. In Figure 12,
the symbol represents bolt loosening cases at bracket 1, the
symbol ② represents bolt loosening cases at bracket 2, and
the rest can be done in the same manner. The blank repre-
sents the node not belonging to any cluster. It can be seen
that the winning nodes distribute as blocks; the effect of clus-
tering analysis is good.

Based on (9), the last 24 TIis data can be transferred
to Yis. The classifying results of S-Kohonen network is
shown in Figure 13. The node number of the output layer
is 4, and learning rate between the output layer and the
competitive layer is [0.5, 1]. It can be seen that all of the

Bracket 1
Bracket 2

Bracket 3
Bracket 4

TI1

TI2

TI3

TI4

Figure 10: The correlations of predictive variables TIis; each symbol
represents a bracket number where bolt loosening happens.
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24 data have been classified correctly; the accuracy is
100%. Therefore, it can be concluded that the proposed
MTR method can correctly recognize the bolt loosening
location and the recognizing accuracy is extremely high.

5. Conclusion

The problem of detecting bolt loosening for a complicated
multibolt-jointed structure is investigated. To this end, a
modified time reversal guided wave method is proposed in
this paper. Different with the conventional time reversal
guided wave method, the response signal due to a tone burst
input received at the healthy structure is time reversed and
saves as standard reemitting signal. The peak amplitude of
the focalized wave packet in the reconstructed signal due to
the SRS is extracted as tightness index. By bonding PZT
sensors at different joint locations inside the structure, multi-
ple tightness indices can be obtained, where each tightness
index presents the correlation between the current joint
condition to its healthy condition at the joint. To analyze a
large number of tightness indices, a principle component
analysis method is introduced, and a neural network-based
loosening detection method is proposed.

Experiments at a simulated TPS panel are conducted to
verify the feasibility and effectiveness of the MTR method
for bolt loosening identification. Different bolt loosening
cases are considered, and repeating experiments have been
done. Conclusions can be extracted from the analysis of
experiment results. It is found that the proposed modified
time reversal method can be used to identify and localize
the bolt loosening in a simulated TPS panel. By analyzing
principal componentsYis, the loosened bracket can be found
out. Moreover, the change of TIi becomes more distinct with
the increase of the number of loosening bolt. This work can
be extended to similar bolt loosening detection problems in
variety multibolt-jointed structures.
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This article deals with the sliding mode fault-tolerant control (FTC) problem for a nonlinear system described under Takagi-
Sugeno (T-S) fuzzy representation. In particular, the nonlinear system is corrupted with multiplicative actuator faults, process
faults, and uncertainties. We start by constructing the separated FTC design to ensure robust stability of the closed-loop
nonlinear system. First, we propose to conceive an adaptive observer in order to estimate nonlinear system states, as well as
robust multiplicative fault estimation. The novelty of the proposed approach is that the observer gains are obtained by solving
the multiobjective linear matrix inequality (LMI) optimization problem. Second, an adaptive sliding mode controller is
suggested to offer a solution to stabilize the closed-loop system despite the occurrence of real fault effects. Compared with the
separated FTC, this paper provides an integrated sliding mode FTC in order to achieve an optimal robustness interaction
between observer and controller models. Thus, in a single-step LMI formulation, sufficient conditions are developed with
multiobjective optimization performances to guarantee the stability of the closed-loop system. At last, nonlinear simulation
results are given to illustrate the effectiveness of the proposed FTC to treat multiplicative faults.

1. Introduction

In the last few years, there has been a growing interest in
fault-tolerant control (FTC) design based on a fault estima-
tion (FE) technique (location, occurrence time, and magni-
tude). Active FTC takes a primordial place in modern
control application, system reliability, and supervision of
industrial technology.

The main challenge of active FTC is to conceive a robust
controller such that the closed-loop system is stable with
acceptable performances even with the presence simulta-
neously of faults and uncertainties. In the literature, several
approaches have been proposed to explore this powerful
issue (see for instance [1–6] and the references herein). In
practical applications, most of the systems are complex and
usually having hard nonlinearities, so it is significant to study
FE and FTC for nonlinear systems. Since their excellent abil-
ity to describe a nonlinear system, very interesting
approaches have represented nonlinear systems under the
T-S fuzzy form [7]. Actually, in the presence of system

uncertainties, several attempts have been oriented to the fault
diagnosis and FTC of nonlinear systems (see for instance [8–
13] and the references herein.

Popular FE approaches have been developed in a precise
and effective way for nonlinear systems, where fault is mod-
elled as additive changes appearing in actuators or sensors
[14–18]. The major drawback of the preceding approaches
resides primarily on treating actuator and sensor faults with
additive terms. However, in practical engineering, it is often
the case when some actuator faults and component faults
occur in a multiplicative form. Thus, multiplicative faults
are mixed with the inputs and outputs of the system. In this
way, estimation of the characteristic and magnitude of
unknown multiplicative faults has been a growing interest
in modern control theory in recent years. It is practically
important to decouple their eventual parameter or structure
effects in the system or in the process model subject to ame-
liorate FTC design for a large class of nonlinear systems. Spe-
cial attentions have already been made in the application of
observer design to achieve multiplicative FE for linear and
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nonlinear systems [19, 20]. In [21–24], robust observers have
been used to estimate unknown fault for linear systems. The
developed schemes are based on treating multiplicative faults
with additive terms. Nevertheless, this approach may not be
practical in all situations. For this purpose, it is not an easy
task; real effect multiplicative fault detection, location, and
estimation especially for nonlinear systems have been a sig-
nificant research activity in the past decade. Zhang et al.
[25] considers the problem of fault diagnosis for a class of
nonlinear systems with unstructured modeling uncertainty.
The proposed approach addresses the detection and isolation
of nonlinear fault function that are modeled as measurable
signals. More recently, in [26], a robust adaptive observer
FE approach is discussed in order to extract the real compo-
nent fault effects for Lipschitz nonlinear systems subject to
unknown disturbances.

1.1. Contributions. Regarding the fact that multiplicative
faults have not yet been fully tackled, an FE-based adap-
tive sliding mode FTC scheme for a class of uncertain
nonlinear systems, approximated by the T-S representa-
tion, is of great interest in this paper. Thus, sliding mode
control has been widely studied and employed in indus-
trial applications based on its computational simplicity
and in particular strong robustness against uncertainties
or disturbances. The main contributions of the present
paper are divided as follows:

(1) In the first scheme, we propose a separated sliding
mode FTC for the closed-loop nonlinear system
subject to both multiplicative faults and uncer-
tainties. More precisely, it should be pointing that
we consider multiplicative faults a partial loss of
actuator effectiveness and parameter changes in the
nonlinear system state matrix.

(2) In the second scheme, this paper provides an inte-
grated sliding mode FTC in order to achieve an
optimal robustness interaction between observer
and controller models. Thus, in a single-step LMI
formulation, sufficient conditions are developed
with H∞ optimization performances to guarantee
the stability of the closed-loop system. In particu-
lar, the fault nonlinear function satisfies a Lipschitz
condition. In this study, we use a multiobjective
LMI optimization approach in which the Lipschitz
constant and uncertainty attenuation level are
maximized simultaneously.

The remainder of this paper is organized as follows:
Section 2 gives the description of the nonlinear system. In
Section 3, we describe the proposed T-S adaptive observer
design. Section 4 presents the sliding mode controller struc-
ture. Sections 5 and 6 propose, respectively, the design of
separated and integrated sliding mode FTC schemes to stabi-
lize the closed-loop system. The simulation example is given
in Section 7 based on nonlinear simulation illustrating the
effectiveness of the proposed schemes. Finally, Section 8
presents some concluding remarks.

2. Problem Formulation

Consider an uncertain nonlinear system governed by the fol-
lowing equations:

x t = φ1 x t , u t , ξ x, t , f x, u, t ,

y t = φ2 x t ,
1

where x t ∈ Rn is the state vector, u t ∈ Rm represents the
control inputs, y t ∈ Rp denotes the measurement output
vector, and ξ x, t ∈ Rl stands for the uncertainty vector. In
the present paper, f x, u, t ∈ Rq represents the component
and/or actuator gain fault which is described as

f x, u, t = 〠
q

j=1
θj t hj x, u, t , 2

where θj t is a vector of unknown function reflecting the
magnitude of the time-varying or constant multiplicative
faults. hj x, u, t represents the functional structure of the jt
h multiplicative faults and usually mixes with system states
and/or inputs. Before starting the main results of this paper,
we will make the following assumptions.

Assumption 1. The fault vector θj t is assumed to be
unknown but bounded as θ j t ≤ θmax = ρ, ∀j = 1,… , q

, where θmax ∈ Rq is a known constant vector and ρ is a

known positive constant.

Assumption 2. It is assumed that the nonlinear system states
and inputs are all bounded before and after the occurrence of
a fault, and fault nonlinear function structure hj x, u, t sat-
isfies a Lipschitz condition locally on a set M ⊂ Rn in which

hj x1, u, t − hj x2, u, t ≤ γj x1 − x2 , ∀x1, x2 ∈M,

3

where γj > 0 is called a Lipschitz constant and j = 1,… , q.2.1.
Design Objective. This paper features a robust estimation of
real effect factor θj t , ∀j = 1,… , q, for the uncertain nonlin-
ear system (1) subject both to multiplicative fault f x, u, t
given by (2) and to uncertainties ξ x, t . It was the main
purpose of the paper to solve two problems by (i) estimating
multiplicative fault magnitude using a robust adaptive
observer and (ii) stabilizing the closed-loop nonlinear sys-
tem, after the occurrence of multiplicative fault f x, u, t ,
using a robust adaptive sliding mode controller. To treat
this powerful issue, this article introduces two different
approaches: separated and integrated FE-based adaptive
sliding mode FTC design.

We will make the following definition, notation, and
lemma in obtaining the main results.

Definition. For an arbitrary matrix X ∈ Rn×m, if X+ ∈ Rm×n

verifies X+X = Im, then X+ = XTX
−1
XT is said to be the lef-

t_inverse of X.
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Notation. The notation (∗) corresponds to the symmetry
matrix block, He X signifies X + XT , and stands for
the standard norm symbol.

Lemma 1. For matrices X and Y with appropriate dimen-
sions, the following condition holds:

XTY + YTX ≤ ε−1XTX + εYTY , 4

where ε is the positive scalar.

3. T-S Adaptive Observer Design

Referring to an interpolation mechanism with the convex
sum properties [7], the system (1) can be approximated by
T-S fuzzy representation with multiplicative faults as follows:

x t = 〠
k

i=1
μi ς t Aix t + Biu t +Diξ x, t

+Mi 〠
q

j=1
θj t hj x, u, t ,

y t = 〠
k

i=1
μi ς t Cix t ,

5

where Ai, Bi, Di, Mi, and Ci are real known matrices with
appropriate dimensions. We assume that the pair Ai, Bi is
controllable and the pair Ai, Ci is observable. Let µi ζ t
be the normalized fuzzy membership functions which satisfy
the properties of the sum convex.

〠
k

i=1
µi ζ t = 1, 0 ≤ µi ζ t ≤ 1, ∀i ∈ 1,… , k 6

Through the approximation of the nonlinear system (1)
by augmented T-S fuzzy representation (5), we construct a
multiplicative fault estimation adaptive observer as

x̂ t = 〠
k

i=1
μi ς t Aix̂ t + Biu t + Gl,iey t

+Mi 〠
q

j=1
θ̂j t hj x̂, u, t ,

7

ŷ t = 〠
k

i=1
μi ς t Cix̂ t , 8

θ̂ j t = σjh
T
j x̂, u, t Γey t , j = 1,… , q, 9

where σj are positive scalars, x̂ t is the observer state, ŷ t

represents the observer output, θ̂j t denotes the estimated
fault magnitude, and ey t = y t − ŷ t is the output estima-
tion error. Gl,i are appropriate gain matrices, which can be
obtained using LMIs as discussed later. Γ is a design matrix
representing the learning rate.

From now on, we assume that the state and fault estima-
tion errors are defined, respectively, as e t = x t − x̂ t and
eθj t = θj t − θ̂j t . It remains to deduce that

e t = 〠
k

i=1
μi ς t Ai − Gl,iCi e t +Diξ x, t

+Mi 〠
q

j=1
θ j t hj x, u, t − θ̂j t hj x̂, u, t ,

10

eθ j t = 〠
k

i=1
μi ς t −σjh

T
j x̂, u, t Γiey t 11

The objective is to derive the gains of the robust adaptive
observer ((7), (8), and (9)) in order to estimate multiplicative
fault magnitudes.

4. Sliding Mode Controller Design

4.1. Adaptive Sliding Mode Controller Structure. The pro-
posed sliding mode controller with adaptive law is assigned
to provide a corrective action in order to compensate multi-
plicative fault effects and stabilize the nonlinear system
described by T-S fuzzy representation. Before starting FTC
design, we assume the following:

Assumption 3. rank CiBi = rank Bi , ∀i ∈ 1,… , k . As the
first step, one can define the sliding surface S, when the slid-
ing motion will take place on it, as

S = y t ∈ℝp Sc t = 0 12

Sc t ∈ℝm is a linear switching function, based on the output
feedback information, described as

Sc t = 〠
k

i=1
µi ζ t Nc,iy t , 13

where Nc,i = CiBi
+ − h Ip − CiBiCiBi

+ with an arbitrary
matrix h ∈ℝm×p. As mentioned above that Ai, Bi is control-
lable, a nonlinear control input is given by

u t = ul t + un t , 14

where ul t designs the linear part which is defined as

ul t = 〠
k

i=1
〠
k

j=1
μiμ j ς t −Kjx̂ t − Fa,i f̂ x, u, t , 15

where −Fa,i f̂ x, u, t is designed to compensate multiplicative
fault influence. It is assumed that Kj ∈ℝm×n and Fa,i = B+

i Mi.

As may be seen below, the nonlinear part un t , capable
of inducing the sliding motion on the sliding surface S, is
proposed with adaptive law as
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un t =
−ηc t

Sc t
Sc t

, if Sc t = 0,

0, otherwise,
16

where ηc t = ρ̂c + ϱc, where ϱc > 0 is a small constant and ρ̂c
is used to determinate ηc t such that we will make the fol-
lowing adaptive term as

ρ̂c = ϵc Sc t , ρ̂c 0 ≥ 0, 17

where ϵc is the positive gain.

4.2. Reaching Condition. As mentioned earlier, it must be
proven, using the nonlinear part structure of un t , that the
system will be forced to reach and slide onto the correspond-
ing sliding mode surface S in a finite time. In this way, we
design a Lyapunov function as

Vc t =
1
2
STc t Sc t +

1
2ϵc

ρ~2c , 18

where ρ~c = ρc − ρ̂c is the estimated error of ρc.
The derivative of (18) with respect to time gives

Vc t = 〠
k

i=1
〠
k

j=1
μiμj ζ t Nc,iCiAi − Kj x t

+ ρc − ηc t Sc t − ρc Sc t = 〠
k

i=1
〠
k

j=1
μiμj ζ t

Nc,iCiAi − Kj x t − ϱc − εc Sc t

19

Define the subset system as

Ωc = x x t ≤ κc 20

The reachability condition, which guarantees to force the
system to attain the sliding surface S, is satisfied if the scalar
ϱc is chosen to satisfy ϱc > Nc,iCiAi − K j κc such that

STc t Sc t ≤ −εc Sc t 21

Furthermore, the proposed sliding mode controller with
adaptive law ensures the existence of an ideal sliding motion
in finite time; that is, Sc t = Sc t = 0, ∀t ≥ tc.

5. FE-Based Fault-Tolerant Control Design: A
Separated Approach

For several years, great effort has been devoted to study the
FE-based FTC problem in a precise and effective way. The
focus of previous studies has been on the division of this issue
into separate steps:

Step 1. Conceive an observer to estimate faults and state
variables.

Step 2. Conceive a controller to stabilize the closed-loop
systems.

Figure 1 illustrates the separated FE-based FTC design
for uncertain nonlinear systems subject to process faults
and multiplicative actuator faults.

Now, we propose to design the separated FE-based FTC
problem in order to compute adaptive observer gains Gl,i
and controller gains Kj such that a robust stability of the
closed-loop nonlinear system, described by the T-S form, is
achieved despite the presence of multiplicative faults and
uncertainties.

5.1. LMI Optimization-Based Observer Stability. Theorem 1
establishes the sufficient conditions for the stability of the
observer errors ((10) and (11)) with prescribed ℋ∞ perfor-
mances by using Lyapunov stability and LMI technique.

Theorem 1. The state estimation error is robustly stable
with simultaneously maximized admissible Lipschitz con-
stant γj > 0 and minimized gain ς > 0 for the system uncer-
tainties ξ x, t , if there exist constants, 0 ≤ λ ≤ 1, ε > 0, and
αj > 0, and matrices Pe = PT

e > 0,Wi, such that the following
multiobjective optimization problem has a solution:

min   λ ε + 〠
q

j=1
αj + 1 − λ ς , 22

subject to the following LMI

Ξi + CT
e Ce PeDi PeMi In

∗ −ςIl 0 0

∗ ∗ −εIq 0

∗ ∗ ∗ −〠
q

j=1
αj

< 0, 23

where Ξi = AT
i Pe + PeAi −WiCi − Ci

TWi
T . One can prove

that the observer gain can be obtained from Gl,i = P−1
e Wi.

In addition, the T-S adaptive observer ((7), (8), and (9))
ensures that the estimated x̂ t and θ̂j t converge to the

Uncertain nonlinear
system

Actuator fault Process fault 

y(t)u(t)

Robust adaptive 
observer 

Robust sliding 
mode controller 

x(t)

f(x, u, t)

Step 1 

Step 2 

ˆ

ˆ

Figure 1: FE-based fault-tolerant control: a separated approach.
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nonlinear system state x t and the multiplicative fault
magnitude θ j t .

Proof. One can start by investigating the following Lyapunov
function:

Ve t = eT t Pee t + 〠
q

j=1
σ−1j eTθ j t eθj t > 0, 24

where Pe ∈ℝn×n is the design Lyapunov matrix. The time
derivative of Ve t is handled as

Ve t = eT t Pee t + eT t Pee t

+ 〠
q

j=1
σ−1
j eTθ j t eθ j t + eTθ j t eθ j t

25

Based on state and fault estimation errors ((10) and (11)),
Ve t can be written as

Ve t = 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i e t

+ 〠
q

j=1
2eT t PeMi θj t hj x, u, t − θ̂j t hj x̂, u, t

+ 〠
q

j=1
2σ−1

j eθ j t θ̂ j t + 2eT t PeDiξ x, t ,

26

where Al,i = Ai −Gl,iCi. From this, one can conclude that

Ve t = 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i e t

+ 〠
q

j=1
2eT t PeMi θj t hj x, u, t − θj t hj x̂, u, t

+ 2eT t PeDiξ x, t
27

Referring to Lemma 1 and according to the Lipschitz
condition (3), one can further derive

2eT t PeMi θj t hj x, u, t − θj t hj x̂, u, t

≤
1
ε
eT t PeMiM

T
i Pee t + ε hj x, u, t − hj x̂, u, t

T

θTj t θj t hj x, u, t − hj x̂, u, t

≤
1
ε
eT t PeMiM

T
i Pee t + ε θj t

2

hj x, u, t − hj x̂, u, t
2

≤
1
ε
eT t PeMiM

T
i Pee t + ερ2γ2j e t 2

=
1
ε
eT t PeMiM

T
i Pee t + εγ~2j e t 2

28

where γj = ργj. Now, according to (28), one can derive
Ve t as

Ve t ≤ 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i e t

+
1
ε
eT t PeMiM

T
i Pee t + 〠

q

j=1
eT t εγ2j e t

+ 2eT t PeDiξ x, t

29

To attain the robustness of the proposed multiplicative
fault estimation adaptive observer ((7), (8), and (9)) against
system uncertainties ξ x, t , we investigate the controlled
estimation error r t as

r t = Cee t 30

Consider the following worst-case performance measure:

H ∞ = sup
ξ 2≠0

r t 2
2

ξ x, t 2
2
≤ ς 31

One can now proceed with the presence of the following
variable Je t as

Je t =Ve t + rT t r t − ςξT x, t ξ x, t 32

Obviously, one can write the above expression (32) by

Je t ≤ 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i +
1
ε
PeMiM

T
i Pe

+ 〠
q

j=1
εγ~2j + CT

e Ce e t + 2eT t PeDiξ x, t

− ςξT x, t ξ x, t
33

Let one define the following new variable as

αj =
1
εγ2j

34

From now on, one can get

γ j =
1
εαj

35

The stability of the T-S fuzzy system (5) is achieved for
any fault Lipschitz nonlinear function with Lipschitz con-
stant less than or equal to an unknown maximized constant
γ j, ∀j = 1,… , q. Maximization of γj and minimization of ς
can be accomplished by simultaneous minimization of αj, ε,
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and ς, ∀j = 1,… , q. In this way, one can obtain a multiobjec-
tive optimization design.

As is clear from (34), one has

Je t ≤ 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i +
1
ε
PeMiM

T
i Pe

+ 〠
q

j=1
α−1j + CT

e Ce e t + 2eT t PeDiξ x, t

− ςξT x, t ξ x, t =ΦT t ΔΦ t ,
36

where

Φ t =
e t

ξ x, t
,

Δ = 〠
k

i=1
μi ζ t

Ξij + CT
e Ce PeDi

DT
i Pe −ς

,

 Ξij = AT
l,iPe + PeAl,i +

1
ε
PeMiM

T
i Pe + 〠

q

j=1
α−1j

37

One can conclude that if Δ < 0, it implies that Je t < 0.
According to the Schur complement, the previous

inequality is satisfied if and only if we checked for the pres-
ence of this relation:

〠
k

i=1
μi ζ t Ωij < 0, 38

where Ωij are the same as those in (23).
In this way, the state estimation error is asymptotically

stable with the attenuation level ς as follows:

r t 2
2 ≤ ς ξ x, t 2

2 39

It is obvious that e t = x t − x̂ t → 0. Due to the fault,
nonlinear function hj x, u, t satisfies the Lipschitz condi-
tion; the T-S multiplicative fault estimation adaptive observer
((7), (8), and (9)) ensures that eθ j t → 0. From this, one can

deduce that, according to (9), the estimation of multiplicative
fault magnitude θ j t , for the uncertain nonlinear system (1)
described by T-S fuzzy structure (5), can be achieved.

This completes the proof.

5.2. LMI Optimization-Based Closed-Loop Stability. Once the
sliding mode is obtained, we consider to analyze the stability
of the closed-loop T-S fuzzy system. Let the equivalent con-
trol ueq t , such that Sc t is equal to zero, be

ueq t = 〠
k

i=1
μi ζ t −Nc,iCi Aix t +Diξ x, t +ul t

40

The dynamic of the closed-loop system with the equiva-
lent control law (40) takes the form

x t = 〠
k

i=1
〠
k

j=1
μiμ j ζ t ΘiAi − BiK j x t + Bi,jϕ t ,

41

y t = 〠
k

i=1
μi ζ t Cix t , 42

where Bi,j = BiK j Mi ΘiDi , Θi = In − BiNc,iCi, and ϕ t =

eT t eTf x, u, t ξT x, t
T
, where ef x, u, t = f x, u, t

− f̂ x, u, t .
The objective now is to develop a sufficient condition to

achieve the stability of the closed-loop T-S fuzzy system
((41) and (42)) on the sliding surface S despite the occurrence
of multiplicative faults and the presence of uncertainties.

Theorem 2. The closed-loop T-S fuzzy system ((41) and (42))
is robustly stable with the H∞ attenuation level ςs > 0, if there
exist the matrices Px = PT

x > 0, Qj, and Y = YT , such that

min   ςs 43

satisfying the following LMI constraints:

ΔSepaFTC =

ϒi, j BiQj Mi ΘiDi PxC
T
i

∗ −2Y + ςsIn 0 0 0

∗ ∗ −ςsIq 0 0

∗ ∗ ∗ −ςsIl 0

∗ ∗ ∗ ∗ −Ip

< 0,

44

where ϒi, j = PxA
T
i ΘT

i +ΘiAiPx − BiQj −QT
j B

T
i , Y = ςsPx,

and Kj =QjP
−1
x .

Proof. Consider the following Lyapunov function for the
closed-loop system as

Vx t = xT t Pxx t , 45

where Px ∈ℝn×n is the symmetric positive definite matrix.
The time derivative of Vx t is handled as

Vx t = 〠
k

i−1
〠
k

j=1
μiμj ζ t xT t ΘiAi − BiK j

TPx

+ Px ΘiAi − BiK j x t + 2xT t PxBi,jϕ t

46
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To achieve the robustness with H∞ performance of the
closed-loop T-S fuzzy system ((41) and (42)) to ϕ t , the
following inequality must then hold:

Jx t = Vx t + yT t y t − ςsϕ
T t ϕ t < 0 47

Insertion of (46) in (47) yields

Jx t = 〠
k

i=1
〠
k

j=1
μiμj ζ t xT t ΘiAi − BiK j

TPx

+ Px ΘiAi − BiK j + CT
i Ci x t + 2xT t PxBi,jϕ t

− ςsϕ
T t ϕ t

48

Consequently (in the matrix form), it remains to prove
that Jx t < 0, if

ψi,j PxBi,j

BT
i,jPx −ςsI

< 0, 49

where ψi,j = ΘiAi − BiK j
TPx + Px ΘiAi − BiK j + CT

i Ci.
Using the Schur complement, the relation (49) can be
reformulated as

∏
i,j
=

〠
i,j

PxBiK j PxMi PxΘiDi CT
i

∗ −ςsIn 0 0 0

∗ ∗ −ςsIq 0 0

∗ ∗ ∗ −ςsIl 0

∗ ∗ ∗ ∗ −Ip

< 0, 50

where ∑i,j =ΘT
i A

T
i Px + PxΘiAi − KT

j B
T
i Px − PxBiK j.

Inequality (50) contains several nonlinear terms. One can
design in the next step to formulate this as an LMI problem.
To effect the necessary change of variables, one will define the
following matrix X with the special diagonal structure as
X = diag P−1

x , P−1
x , Iq, Il, Ip . Then, X ×Πi,j × XT < 0 is true,

and it is obvious that

ϒi,j BiQj Mi ΘiDi PxC
T
i

∗ −ςsPxPx 0 0 0

∗ ∗ −ςsIq 0 0

∗ ∗ ∗ −ςsIl 0

∗ ∗ ∗ ∗ −Ip

< 0, 51

where ϒi,j = PxA
T
i ΘT

i +ΘiAiPx − BiQj −QT
i B

T
i , Px = P−1

x , and
Qj = K jP

−1
x . According to Lemma 1, it is evident to check

the presence of the following relation

Px + Px ≤ PxPx + In 52

Obviously, (52) is true for ςc > 0 as

−ςsPxPx ≤ −2ςsPx + ςsIn 53

After some manipulations, one can get

〠
k

i=1
〠
k

j=1
μiμ j ζ t ΔSepaFTC < 0, 54

where ΔSepaFTC has the same structure with (44). Clearly, a
stability proof of the closed-loop T-S fuzzy system ((41)
and (42)) is required with respect to the H∞ performance
level ςs.

This completes the proof.

6. FE-Based Fault-Tolerant Control Design: An
Integrated Approach

Several publications have appeared in recent years docu-
menting FE-based FTC design with a single step in order to
achieve an optimal robustness interaction between observer
and controller models. Figure 2 illustrates the integrated
FE-based FTC design for uncertain nonlinear systems subject
to process fault and multiplicative actuator fault.

In this section, we explore the possibility of the integrated
FE-based FTC design to compute, in a single step, adaptive
observer gains Gl,i and controller gains Kj in the sense that
it ameliorates the robustness of the closed-loop nonlinear
system despite the presence of multiplicative faults and
uncertainties. Combining (10), (11), and (41) gives the fol-
lowing augmented closed-loop system, including fault esti-
mation with fault compensation control, expressed as

x t = 〠
k

i=1
〠
k

j=1
μiμ j ζ t ΘiAi − BiK j x t + Bi,jϕ t ,

55

e t = 〠
k

i=1
μi ζ t Ai −Gl,iCi e t +D1

i ϕ t

+Mi 〠
q

j=1
θ j t hj x, u, t − θ̂ t hj x̂, u, t ,

56

Uncertain nonlinear
system

Actuator fault Process fault 

y(t)u(t)

Robust adaptive 
observer 

Robust sliding 
mode controller 

x(t)

f̂(x, u, t)

Single step ˆ

Figure 2: FE-based fault-tolerant control: an integrated approach.
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eθ j t = 〠
k

i=1
μi ζ t −σjh

T
j x̂, u, t Γiey t , 57

yL t = 〠
k

i=1
μi ζ t CL,ix t + Ce,ie t , 58

where Bi,j = BiK j Mi ΘiDi , D1
i = 0 0 Di , Θi = In

− BiNc,iCi, and ϕ t − e t T eTf x, u, t ξT x, t
T
.

Theorem 3. Under the sliding mode input structure (14), the
closed-loop T-S fuzzy system ((55), (56), (57), and (58)) is
robustly stable with both maximized admissible Lipschitz
constant γe,j > 0 and minimized gain HyLϕ ∞

< ςc, if there
exist constants, 0 ≤ λc ≤ 1, εe > 0, and αe,j > 0, and matrices

Pe = PT
e > 0, Px = PT

x > 0, Wi, Qj, and Y = YT , such that the
multiobjective LMI optimization problem admits a solution as

min   λc εe + 〠
q

j=1
αe,j + 1 − λc ςc ,

subject to Ξij =
Ξ11,ij Ξ12,ij

∗ Ξ22,ij

< 0,

59

where

Ξ11,ij =
Ξ11,ij 0

∗ Ξ22,i
,

 Ξ11,ij =He ΘiAiPx −He BiQj ,

Ξ22,i =He PeAi −He WiCi + CT
e,iCe,i Wi = PeGl,i

Ξ12,ij =
BiQj Mi ΘiDi PxC

T
L,i 0 0

0 0 PeDi 0 PeMi In
,

Ξ22,ij = −diag 2Y − ςcIn, ςcIq, ςcIl, Ip, εeIq, 〠
q

j=1
α−1e,j ,

Y = ςcPx, Px = P−1
x ,Qj = K jP

−1
x

60

The gain matrices of the adaptive sliding mode controller
Kj and observer Gl,i are given by

Kj =QjP
−1
x ,

Gl,i = P−1
e Wi

61

Proof. Stability analysis: In order to assure the stability of the
augmented closed-loop system ((55), (56), (57), and (58)),
one can start by investigating the following Lyapunov
function as

V t =Ve t +Vx t , 62

where Ve t = eT t Pee t +∑q
j=1σ

−1
j eTθ j t eθ j t > 0 and

Vx t = xT t Pxx t > 0, and Px ∈ℝn×n is the symmetric
positive definite matrix.

As first, one can proceed analogously to Theorem 1.
Hence, the time derivative of Ve t is bounded as

Ve t ≤ 〠
k

i=1
μi ζ t eT t AT

l,iPe + PeAl,i +
1
εe
PeMiM

T
i Pe

+ 〠
q

j=1
α−1e,j e t + 2eT t PeD

1
i ϕ t

63

On the other hand, similar to Theorem 2 and by taking
into account the closed-loop T-S fuzzy system (55), the time
derivative of Vx t is expressed as

Vx t = 〠
k

i=1
〠
k

j=1
μiμj ζ t xT t ΘiAi − BiK j

TPx

+ Px ΘiAi − BiK j x t + 2xT t PxBijϕ t

64

Robust performance index: Let

J t =V t + yTL t yL t − ςcϕ
T t ϕ t < 0 65

The inequality (65), after substituting (63) and (64),
becomes

J t ≤ 〠
k

i=1
〠
k

j=1
μiμj ζ t xT t B1

ij

T
Px

+ PxB
1
ij + CT

L,iCL,i x t + eT t AT
l,iPe + PeAl,i

+
1
εe
PeMiM

T
i Pe + 〠

q

j=1
α−1e,j + CT

e,iCe,i e t

+ 2xT t PxBijϕ t + 2eT t PeD
1
i ϕ t − ςcϕ

T t ϕ t

66

where B1
ij =ΘiAi − BiK j. Equivalently, in the matrix form,

one can obtain the following expression as

J t ≤ 〠
k

i=1
〠
k

j=1
μiμj ζ t χT t Γijχ t , 67

where χ t = xT t eT t ϕT t
T . The variable Γij is

defined as

Γij =

Γ11,ij 0 PxBiK j PxMi PxΘiDi

∗ Γ22,i 0 0 PeDi

∗ ∗ −ςcIn 0 0

∗ ∗ ∗ −ςcIq 0

∗ ∗ ∗ ∗ −ςcIl

, 68
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such that

Γ11,ij =He ΘiAi − BiK j
TPx + CT

L,iCL,i,

Γ22,i =He AT
l,iPe +

1
εe
PeMiM

T
i Pe + 〠

q

j=1
α−1e,j + CT

e,iCe,i

69

To effect the necessary change of variables, one will make
the following matrix X with the special diagonal structure as
X = diag P−1

x , In, P−1
x , Iq, Il . After pre- and postmultiplying

by X and its transpose in Γij, then it is obvious that

Γij =

Γ11,ij 0 BiQj Mi ΘiDi

∗ Γ22,i 0 0 PeDi

∗ ∗ −ςcPxPx 0 0

∗ ∗ ∗ −ςcIq 0

∗ ∗ ∗ ∗ −ςcIl

, 70

where

Γ11,ij =He ΘiAiPx −He BiQj + PxC
T
L,iCL,iPx,

Γ22,i =He PeAi +He WiCi +
1
εe
PeMiM

T
i Pe

+ 〠
q

j=1
α−1e,j + CT

e,iCe,i,

Px = P−1
x ,Qj = KjP

−1
x ,Wi = PeGl,i

71

After simple manipulation by using Lemma 1, it is evi-
dent to obtain the relation (59). From this, one can conclude
that the augmented closed-loop T-S fuzzy system ((55), (56),
(57), and (58)) is robustly stable against e t , ef x, u, t , and
ξ x, t with respect to the H∞ performance level ςc.

This completes the proof.

7. Illustrative Example

In the present section, the design of the separated and inte-
grated sliding mode fault-tolerant control based on adaptive
observer information requirement is performed by consider-
ing the nonlinear model of a single-link flexible-joint robot
arm taken from [13]. Firstly, let us consider the nonlinear
model without faults defined by

θm = ωm,

ωm =
k
Jm

θl − θm −
Bν

Jm
ωm +

Kτ

Jm
u t ,

θl = ωl,

ωl =
k
J l

θl − θm −
mgh
J l

sin θl ,

72

where θm and ωm are the position and angular velocity of the
DC motor, respectively, and θl and ωl represent the position
and angular velocity of the link. The values of the parameters
are given in Table 1.

We choose that x1 = θm, x2 = ωm, x3 = θl, and x4 = ωl.
The flexible-joint robot arm system is described in the

nonlinear form as follows:

x t = Ax t + Bu t + Γ x, t +Mf x, u, t +Dξ x, t ,

y t = Cx t ,
73

with

A =

0 1 0 0

−48 6 −1 25 48 6 0

0 0 0 1

19 5 0 −19 5 0

,

B =M =

0

21 62

0

0

,

D =

0

0 25

0

0

,

C =

1 0 0 0

0 1 0 0

0 0 1 0

,

Γ x, u, t =

0

21 62u t

0

3 33sin x3 t

,

74

Table 1: Nonlinear system parameters.

System parameters Values Units

Motor inertia Jm 3.7× 10−3 kgm2

Link inertia J l 9.3× 10−3 kgm2

Pointer mass m 0.21 kg

Link length h 0.15 m

Torsional spring k 0.18 Nm/rad

Viscous friction Bv 4.6× 10−3 M

Amplifier gain Kτ 8× 10−2 Nm/V

9Complexity



where Γ x, u, t encapsulates the nonlinearities present in
the DC motor. The schematic diagram of a single-link
flexible-joint robot arm is shown in Figure 3.

To evaluate the performances of the proposed FE-based
adaptive sliding mode fault-tolerant control, we consider the
presence of two types ofmultiplicative faults affecting the con-
siderednonlinear system,whicharedescribed in the following.

(1) Actuator gain fault (loss of effectiveness): multiplica-
tive fault occurs in the actuator which is defined as a partial
loss of effectiveness. We suppose that fault magnitude θ1 t
has the following structure:

θ1 t =

0, t < 5 sec,

0 8, 5 sec ≤ t < 20 sec,

0, t > 15 sec

75

The fault function h1 x, u, t is expressed as

h1 x, u, t = 0 u t 0 0 T 76

In this case, the first multiplicative fault is modeled as

f1 x, u, t = 0 3θ1 t u t 0 0 T 77

(2) Abnormal friction subject to process fault: an abnor-
mal friction appears in the DCmotor where it leads to param-
eter changes in the nonlinear system state matrix. This
multiplicative process fault has the following special structure:

f2 x, u, t = 0 −5θ2 t ωm t 0 0 T , 78

which corresponds to the structure function handled as

h2 x, u, t = 0 −5ωm t 0 0 T 79

We suppose that the viscous friction constant Bν
increases by 80% at t = 2 5 sec, that is, θ2 t = 0 at t < 2 5
sec and θ2 t = 0 8 at t ≥ 2 5 sec.

The flexible-joint robot arm system can be formu-
lated in the T-S representation (5), where k = 2, with the
system matrices:

A1 =

0 1 0 0

−48 6 −1 25 48 6 0

0 0 0 1

19 5 0 −22 83 0

,

B1 =M1 =

0

21 62

0

0

,

A2 =

0 1 0 0

−48 6 −1 24 48 6 0

0 0 0 1

19 5 0 −18 77 0

,

B2 =M2 =

0

21 62

0

0

D1 =D2 =

0

0 25

0

0

,

C1 = C2 =

1 0 0 0

0 1 0 0

0 0 1 0

80

The parameters μi x t are given by

μ1 x t =
ϑ t + 0 21

1 21
,

μ2 x t =
1 − ϑ t
1 21

,
81

where ϑ t = sin x3 t /x3 t .
Comparative simulations are given using the separated

and integrated multiplicative FE-based FTC design with the
same system parameters and initial conditions.

7.1. Separated Multiplicative FE-Based FTC Design

7.1.1. First Step: Adaptive Observer Design. The design
parameters were chosen as λ = 0 9 and H = I4×4. By solving
Theorem 1 with the MATLAB LMI Toolbox, the adaptive
observer ((7), (8), and (9)) design is achieved as

𝜃L

𝜃M

JM, BM

Actuator

g

k
l

Figure 3: Schematic diagramof a single-linkflexible-joint robot arm.

Table 2: LMI optimization gains.

Integrated FTC
Separated FTC

Observer Controller

Uncertainty
attenuation level

ςc = 0 1588 ς = 0 0612 ςs = 0 7337

Admissible
Lipschitz constant

γ1 = γ2 = 0 7916 γe,1 = γe,2 = 0 3911
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Gl,1 = 104 ×

0 0001 −0 0021 −0 0088

4 0422 0 1157 3 8222

0 0117 −0 0027 0 0001

0 0077 −0 0013 −0 0021

,

Gl,2 = 104 ×

0 0006 0 0023 −0 0050

−2 5615 1 1566 −0 6657

0 0066 0 0005 0 0015

0 0228 0 0003 −0 0170

,

82

where we find that

Pe =

4 1673 0 0 0

0 0 0022 0 0

0 0 3 7929 −2 0669

0 0 −2 0669 4 1673

83

7.1.2. Second Step: Sliding Mode Controller Design. From
Theorem 2, the sliding mode controller gains (14) are
described as

K1 = K2 = 101 5736 11 6305 −34 4968 11 4298 ,
84

such that

Px =

0 2650 −0 9467 0 2119 −0 8697

−0 9467 12 3589 0 0313 0 0634

0 2119 0 0313 0 4505 −0 5907

−0 8697 0 0634 −0 5907 6 2204

85

7.2. Integrated Multiplicative FE-Based FTC Design. By solv-
ing the LMI conditions given in Theorem 3, using the
“mincx” function of the MATLAB LMI toolbox, the matrix
gains of the adaptive observer ((7), (8), and (9)) and the slid-
ing mode controller (14) are computed in a single step as

Gl,1 =

0 5001 0 4705 −4 4445

386 9460 475 4862 24 2993

4 4446 0 0295 0 9559

21 2220 0 0114 −21 4797

,

Gl,2 =

0 5001 0 4705 −4 4445

386 9496 475 4862 24 3004

4 4446 0 0295 0 9559

21 2220 0 0114 −17 4097

,

K1 = K2 = 102 6561 11 4223 −35 6482 12 0718 ,
86

where we find that

Pe = 104 ×

0 9035 0 0 0

0 0 0011 0 0

0 0 1 0631 −0 4119

0 0 −0 4119 1 0631

,

Px =

0 2689 −0 9436 0 2134 −0 8727

−0 9436 26 4751 0 0344 0 0597

0 2134 0 0344 0 4366 −0 5899

−0 8727 0 0597 −0 5899 5 9295
87

Additionally, the LMI optimization gains of the inte-
grated and separated FE-based FTC designs are listed in
Table 2. As can be seen, the uncertainty attenuation level,
which refers to the integrated approach, is much less than
that of the separated approach. This latter loses a certain
robustness degree against uncertainties illustrating the better
multiplicative fault estimation and compensation using the
integrated FE-based FTC approach.

We learned that the fault nonlinear function satisfies the
Lipschitz condition. In this way, the admissible Lipschitz
constant, which refers to the integrated approach, is greater
than the one given by the separated approach, thus illustrat-
ing the superiority of the integrated FE-based FTC approach
to treat a large range of fault nonlinear function.

It is worth pointing that simulation results are given with
online multiplicative fault estimation and compensation for
the closed-loop nonlinear system in the presence of uncer-
tainties as ξ x, t = 0 1 × 3sin 0 3t such that

(i) the sliding mode controller (14) is considered where
Fa,1 = Fa,2 = 1, N1 =N2 = −0 7500 0 0463 −0 7500 ,
and ηc t = ρ̂c + 0 1 such that the adaptive term is
given by ρ̂Sc = 2 × Sc t ,

(ii) the initial conditions are x10 =Π/15, x20 = 0 2,
x30 =Π/12, x40 = 0, θ̂1 t = 0 = θ̂2 t = 0 = 0, and
ρ̂c t = 0 = 0,

(iii) σ1 = σ2 = 10 and Γ1 = Γ2 = 0 75 × 1 1 1 .

From Figure 4, it is quite clear to see that the state estima-
tion errors remain zero in finite time; that is, the T-S adaptive
observer proposed in this paper can robustly estimate non-
linear system states with acceptable performances. Figure 5
illustrates the first multiplicative fault estimation error (par-
tial loss of actuator effectiveness).

The results display that the proposed adaptive observer
((7), (8), and (9)), using the integrated FE-based FTC design,
is capable of estimating multiplicative actuator fault with bet-
ter performances compared to the separated FE-based FTC
design. Note that abrupt changes of fault can generate small
peak in Figure 5 at time 5 sec. Meanwhile, an abnormal
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friction in the DC motor has been introduced, at t = 2 5 sec,
to show the capability of the proposed FE strategy to handle
process faults.

Consider Figure 6, which plots process fault estimation
error generated using the separated FE-based FTC scheme
against this variable using the integrated FE-based FTC
scheme. It should be highlighted that the proposed adaptive
observer design, using a single-step LMI formulation, can
still track the considered process fault with better perfor-
mances compared to the separated FE-based FTC design in
terms of precision and robustness against the uncertainties.

Figures 7–9 outline a comparison between the nonlinear
single-link flexible-joint robot output responses referring to
two different cases: output responses with the separated FE-
based FTC and output responses with the integrated FE-
based FTC.

Based on the figures shown above, the conceived adaptive
sliding mode controller (14) can stabilize with satisfactory

performances the closed-loop nonlinear single-link flexible-
joint robot based on the integrated and separated FE-based
sliding mode FTC. More precisely, as can be seen in zoomed
versions from Figures 7–9, the proposed integrated FE-based
FTC is capable of compensating real multiplicative faults
with better performances compared to the separated FE-
based FTC in terms of precision and robustness against
uncertainties.

8. Conclusion

This paper has proposed two adaptive sliding mode FTC
schemes for an uncertain nonlinear system subject to multi-
plicative and process faults. In the first scheme, the separated
FE-based FTC is constructed to compensate real fault effects
based on output feedback information and to ensure robust
stability of the closed-loop system. In the second scheme,
the integrated FE-based sliding mode FTC is conceived in
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order to achieve an optimal robustness interaction between
observer and controller models. The novelty of the proposed
approach is that the observer and controller gains are
obtained by solving a single-step multiobjective LMI optimi-
zation problem in order to offer a solution to stabilize the
closed-loop nonlinear system despite the occurrence of real
fault effects. As shown in the comparative simulations of
the flexible-joint robot arm system described by the T-S fuzzy
model, the proposed integrated FE-based FTC improves the
best robustness interactions between multiplicative fault esti-
mation and sliding mode control. Summing up the results,
we can conclude that the research into the integrated FE-
based sliding mode FTC for an uncertain nonlinear system
has been very successful.
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According to characteristics of soils in failure, a sliding mechanism of slopes in limit state is divided into five parts, for building a
slip line field satisfying all possible boundary conditions. An algorithm is built to obtain the rigorous solution approaching upper
and lower bound values simultaneously, which satisfies the static boundary and the kinematical boundary based on the slip line
field, while stress discontinuity line and velocity discontinuity line are key points. This algorithm is copared with the Spencer
method to prove its feasibility with a special example. The variation of rigorous solution, including an ultimate load and a
sliding belt the rigid body sliding along rather than a single slip surface for friction-type soils, is achieved considering
hydrostatic pressure with soil parameters changing.

1. Introduction

The stability of slopes has been regarded as a classic and dif-
ficult problem for engineers because of less boundary con-
straints, compared with the earth pressure of retaining wall
and the bearing capacity of foundation. Over the past few
years, many investigators have evaluated slope stability,
thereby developing many methods for meeting engineering
requirements, such as the limit equilibrium method (LEM)
[1, 2], the finite element method (FEM) [3, 4], and the limit
analysis method (LAM) [5–7]. The LEM captures the static
equilibrium of rigid blocks on a particular slip surface, while
not considering the plastic deformation of soils. The equilib-
rium equation accounts for the whole slice but not guaran-
tees each point in soils. The strength reduction method
(SRM) [8–10] is the main finite element slope stability
method currently employed, by which stress field and dis-
placement of soils in slopes can be calculated with an
elastic-plastic constitutive model to get the safety factor.
Although the displacement mutation, the numerical calcula-
tion of nonconvergence, and other criteria can determine the

slope instability, the slope displacement calculated by the
SRM is not the actual displacement of soils and the safety fac-
tor required is an approximation. For the slope stability, it is
sometimes not necessary to get the variation of stress field
and strain field, only to get the ultimate load. Based on the
extremum principal [11], the lower bound (LB) [12, 13] solu-
tion can be got by static analysis for limit equilibrium prob-
lems and the upper bound (UB) [14–17] solution can be
got by dynamic analysis. If the lower bound solution satisfies
all the kinematic conditions or the upper bound solution sat-
isfies all the static conditions, the solution will be the rigorous
one. Compared with obtaining the safety factor, the solution
calculated by the upper and lower bound theorems is closer
to the real condition because the ultimate load approaches
the upper bound solution and the lower bound solution at
the same time, satisfying all possible boundary conditions.

When a slope is on the verge of collapse, for c − φ type, a
sliding belt is emerged within the slope due to the friction
between soils. And the sliding belt is not a single slip surface,
but a thin shear zone. This paper builds the slip line field sat-
isfying the static boundary condition and the velocity
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boundary condition according to the characteristics of the
stress discontinuity line and the velocity discontinuity line
and compiles an algorithm to gain the distribution of the slid-
ing belt and the ultimate capacity of the slope considering the
hydrostatic pressure. It also indicates the variation of the ulti-
mate bearing capacity and the sliding belt with different
parameters. The application of this algorithm is proved by
comparing with the Spencer’s method.

2. Slip Line Field

To analyze the slope stability based on the LAM, the slip line
field is constructed according to the stress boundary condi-
tions; one of which is a noncharacteristic line stress boundary
with normal stress and shear normal stress, and the other one
is the interface of a rigid region and a plastic region or a stress
discontinuity surface [18]. Under the limit state, only the
noncharacteristic line boundary can be used to construct
the slip line field, while the other is unknown. Basic coordi-
nate and noncharacteristic line stress boundary is shown in
Figure 1. θ is the angle between the direction of the maximum
principal stress σ1, and the y-axis and Γ is the noncharacter-
istic line stress boundary. φ1 −π < φ1 ≤ π is the angle
between the tangential direction t of the boundary Γ and
the y-axis, so the angle between t and σ1 is θ − φ1. According
to σn and τn, two Mohr’s circles tangent to the Coulomb fail-
ure line can be drawn (Figure 2). When soils are in the
extreme state, σt , σn, and τn on the boundary Γ are expressed,
respectively, as follows:

σt = p ± R cos 2 θ − φ1 , 1 1

σn = p ∓ R cos 2 θ − φ1 , 1 2

τn = R sin 2 θ − φ1 , 1 3

R = p + σc sin φ, 1 4

where σn, τn, and σt are normal stress, shear stress, and tan-
gent normal stress on the boundary Γ, respectively. p is aver-
age stress; R is radius of Mohr’s circle; c is soil cohesion; and φ
is internal friction angle. σc is cohesive internal stress, which
is given by: σc = c cot φ.

Because M is a point on the Mohr’s circle, R can be
rewritten as follows:

R = σn − p 2 + τ2n 2

According to (1.4) and (2):

p2 cos2φ − 2 σn + c sin φ cos φ p + σ2n + τ2n − c2 cos2φ = 0
3 1

Solving the unary quadratic equation of p:

p1,2 = sec2φ σn + c sin φ cos φ

± σn sin φ − c cos φ 2 − τ2n cos2φ
3 2

When σt > σn, according to (1.3):

θ+ = φ1 +
1
2 arcsin τn

R
= φ1 +

1
2 arcsin τn

p1 + σc sin φ
4

When σt < σn, (1.3) should be rewritten as follows:

τn = R sin π − 2 θ − φ1 = R sin 2 π

2 − θ − φ1 ,

θ− = φ1 −
1
2 arcsin τn

R
+ π

2
= φ1 −

1
2 arcsin τn

p2 + σc sin φ
+ π

2 ,

5

where θ+ and θ− are the maximum principal direction angles.
According to the above analysis, the analytic expressions

of noncharacteristic line stress boundary conditions can be
uniformly written as follows:
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Figure 1: Basic coordinate system and noncharacteristic line stress
boundary.
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p1,2 = sec2φ σn + c sin φ cos φ

± σn sin φ + c cos φ 2 − τ2n cos2φ ,

θ+,− = φ1 ±
1
2 arcsin τn

p1,2 + σc sin φ
∓
π

4 + π

4 ,

σt1,2 = σn ± 2 p1,2 + σc
2 sin2φ − τ2n

6
With θ on the noncharacteristic line stress boundary, (6)

can be used to draw the stress line field near the stress
boundary:

α = θ − μ along line α ,
β = θ + μ along line β ,

7

where α and β are the angles between stress characteristic
lines through the point M and the y-axis; μ is the angle
between the stress characteristic line and the direction of
major principal stress and given as follows:

μ = π

4 −
φ

2 8

In this case, stress boundary conditions are achieved. In
order to facilitate the following calculations, new variables
σe and θ are used instead of σx, σy, and τxy (Figure 3). σe is
the effective stress, and θ is the direction angle of the maxi-
mum principal stress, written as the (9). In addition, σe and
θ of each point in slip line field can be calculated by solving
the basic boundary value problems. In the theory of hyper-
bolic partial differential equations, there are three basic
boundary value problems [19, 20], of which Cauchy problem
is the key issue the others can be solved by. Here, only the
Cauchy problem is introduced and the rest of the problems
(Riemann problem and mixed boundary value problem)
can be referred to the literature [19]. Taking into account of
the hydrostatic pressure, the soils above the ground water
take unit natural weight γ and the soils below ground water
take unit floating weight γ′.

σe =
1
2 σx + σy + σc,

σx

σy
= σe 1 ± sin φ cos 2θ − σc,

τxy = σe sin φ sin 2θ

9

As shown in Figure 4(a), OA is a smooth and continuous
stress boundary line, a nonslip line, in which the coordinates
x, y of each point, effective stress σe, and the direction angle
θ are known. By solving the Cauchy problem, the distribution
of slip line field in the triangularOAB surrounded by the lines
α and β through the points of O and A, respectively, could
be obtained.

Such as x, y, σe, and θ on the point 22 can be obtained by
the points of 21 and 32, along line α:

σe22 − σe21 − σe22 + σe21 + 2σc tan φ θ22 − θ21

= −γ∗ sin θ22 + θ21 /2 + μ y22 − y21
cos φ cos θ22 + θ21 /2 − μ y22 − y21

= x22 − x21 cot θ22 + θ21
2 − μ

,

10 1

along line β:

σe22 − σe32 − σe22 + σe32 + 2σc tan φ θ22 − θ32

= −γ∗ sin θ22 + θ32 /2 + μ y22 − y32
cos φ cos θ22 + θ32 /2 + μ y22 − y32

= x22 − x32 cot θ22 + θ32
2 + μ

,

10 2

when soils are above ground water, γ∗ = γ. When soils are
below ground water, γ∗ = γ′.

If the ground water table is between two points, it should
be simplified to calculate (Figure 4(b)). Setting an allowable
value Δh, if Δh1 ≤ Δh, the γ∗ of the points 21 and 22 all take
γ′. If Δh2 ≤ Δh, the γ∗ of the points 21 and 22 all take γ. If the
Δh1 > Δh and Δh2 > Δh, γ∗ of the points 21 and 22 take γ and
γ′, respectively. In fact, the ground water table is not a
straight line. The smaller the grid in the slip line field is, the
more similar to a straight line the water line is.

The above two sets of nonlinear equations ((10.1) and
(10.2)) need to be solved by an iterative method. It can be
assumed that the initial values of point 22 is

c
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Figure 3: Effective stress of Mohr’s circle.
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2 ,
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2 ,

or θ22 =
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2 ,

σe22 =
σe21 + σe32

2
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Substituting x22 and y22 in (11) into (10.2), the approxi-
mations of θ22 and σe22 can be obtained. Similarly, substitut-
ing θ22 and σe22 in (11) into (10.1), the approximations of x22
and y22 can be obtained. Then, substituting the first approx-
imations of θ22 and σe22 into (10.1), the second approxima-
tions of x22 and y22 can be gained, so repeatedly until the
accuracy of the calculation to meet the precision. And x, y,
σe, and θ of each point can be achieved in the entire OAB.
Finally, according to the (9), σx, σy, and τxy in the slip line
field could be gained.

3. Stress Discontinuity Line and Velocity
Discontinuity Line

When soils reach the limit state, the stress discontinuity field
and the velocity discontinuity field will be generated under
complex boundaries [21]. With different boundary condi-
tions, the stress discontinuity line and the velocity disconti-
nuity line will also change. Therefore, the distribution and
the characteristic of the two discontinuity lines are significant
for the slope stability.

3.1. Characteristics of Stress Discontinuity Line

3.1.1. Stress Equation. The stress discontinuity line is actually
a thin transition zone, where the stress changes rapidly. It
divides the element of the discontinuity line crossing through
two plastic regions① and②, while only the tangential stress
can be interrupted and the normal stress and the shear stress
stay the same on both sides (Figure 4). In the plastic regions
① and ②, stresses on the discontinuity line should obey the
Mohr-Coulomb yield criterion.

σt1 ≠ σt2, σn1 = σn2, τn1 = τn2, 12

ω = θ+ + δ+ = θ− + δ− 13

where θ+ and θ− are the maximum principal direction angles
of the plastic regions ① and ②; w is the tangential direction
angle of the discontinuity line; and δ+ and δ− are the angles
between the maximum principal stress direction and tan-
gential direction of stress discontinuity line and are given
as follows (Figure 5):

δ+ = arctan −1 ± 1 + cos2φ
tan2 θ+ − θ−

tan θ+ − θ−

1 + sin φ
,

δ− = arctan 1 ± 1 + cos2φ
tan2 θ+ − θ−

tan θ+ − θ−

1 + sin φ

14

The relationship of equivalent stresses on both sides of
the discontinuity line is

σ+
e = ησ−

e , 15

where σ+
e and σ−

e are equivalent stresses on both sides of the
discontinuity line; η is given as follows:

η = 1 + cos2φ
tan2 θ+ − θ−

+ sin φ

2
sin2 θ+ − θ−

cos2φ 16

3.1.2. Geometric Condition. As shown in Figure 6, the angle
∠BAD of the principal stress element is 2γ. The angle
between the stress discontinuity line ls and the principal
stress plane in the zone ① is ζ, and the angle in the zone ②
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Figure 4: Cauchy boundary problem considering the impact of the
ground water table.
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is υ. From the geometric relationship shown in Figure 6, it
can be obtained:

2γ = ζ + υ, 17

θ+ = π

2 − ζ + ω, 18 1

θ− = υ + ω 18 2

According to the geometric relationship shown in
Figure 2, (12) can be rewritten as follows:

σe1 1 − sin φ cos 2 θ+ −w = σe2 1 − sin φ cos 2 θ− −w ,
σe1 sin 2 θ+ −w = σe2 sin 2 θ− −w

19

The relationship of θ on both sides of a stress discontinu-
ity line can be obtained eliminating σe1 and σe2 from (19).

cos 2ω − θ+ − θ− + sin φ cos θ− − θ+ = 0 20

Substituting (18.1) and (18.2) into (20):

sin ζ − υ − sin φ sin ζ + υ = 0 21

The position of the stress discontinuity line can be deter-
mined according to (15) and (21) in the slip line field.

3.1.3. Kinematic Equation. Because the stress discontinuity
line is emerged by the rigid region reducing to the limit state,
the tangential velocity on the discontinuity line remains
unchanged [21]:

dvx cos w + dvy sin w = 0, 22 1

where vx and vy are velocity components in the x and
y directions.

Assuming that vα and vβ are the velocity components in
the direction of the characteristic line, a rigid kinematic equa-
tion of the stress discontinuity line will be obtained:

vx = vα sin θ + μ − vβ sin θ − μ sec φ,

vy = −vα sin θ + μ + vβ sin θ − μ sec φ
22 2

Substituting (22.2) into (22.1):

sin θ + μ − ω dvα − sin θ − μ − ω dvβ

= −vα cos θ + μ − ω + vβ cos θ − μ − ω dθ
23

3.2. Characteristics of Velocity Discontinuity Line. Obeying
the associated flow rule, the velocity discontinuity line is a
slip line or an envelope of slip line. The boundary between
a rigid region and a plastic region is a velocity discontinuity
line. So the velocity discontinuity line is the slip line at both
ends of the stress discontinuity line, dividing the slope into
rigid zone and plastic zone. For the Mohr-Coulomb material,
the angle between the velocity direction and the slip line is
φ [22, 23].

4. Algorithm

For slope stability problems, the equilibrium equation and
the plastic flow equation should be settled simultaneously
to obtain the rigorous solution, which is difficult to achieve
in mathematics and only depends on numerical methods. If
a statically admissible stress field σ0

ij has been got, the strain
rate field ε∗ij and the kinematically admissible velocity field
vi will be obtained by the stress field based on the associated
flow rule. If the strain rate field and the velocity field are
nothing less than the kinematical field, in this case, the plastic
region corresponding to such a statically admissible stress
field and a kinematically admissible velocity field must be
the sliding belt in the extreme state and the external load
must be the ultimate bearing capacity. Based on the upper
and lower bound theorems, the numerical algorithm is estab-
lished to get the distribution of the sliding belt and the ulti-
mate bearing capacity considering the hydrostatic pressure.

When a slope is on the verge of collapse (shear failure),
not all the points in sliding mass reach to the yield state,
but the mixture of the plastic region and the rigid region is
emerged. As shown in Figure 7, the entire slope is divided
into five areas. The stress discontinuity line divides the slope
foot into the strong plastic region and the weak plastic region,
passive, and active, respectively. The boundary between two
regions is the velocity discontinuity line, which is the slip line
at both ends of the stress discontinuity line. So the stress dis-
continuity line and the velocity discontinuity line determine
the distribution of the plastic region and the rigid region.
The stress and deformation in each region are different as
well as kinematic features. Only to meet all the possible kine-
matically admissible conditions, the solution will be exact.

The calculation process (shown in Figure 8) is consisted
of two parts: a statically admissible field and a kinematically
admissible field. The specific calculation process is as follows.
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Figure 6: Stress elements on both sides of stress discontinuity line.
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4.1. Static Calculation

(1) The maximum principal stress on the noncharacter-
istic line stress boundary OA is 0, and its direction
angle is θ1, which is perpendicular to the slope sur-
face. From the boundaryOA, the slip line of the active
region I is calculated in a very dense grid by solving
the Cauchy problem.

(2) To get the stress discontinuity line In the active region,
the specific approach is to firstly select the point F in

the grid. The stress discontinuity line is drawn by
(15) and (21). A group of the maixmum principal
stress direction angles of the stress discontinuity line
in the active region is assumed as θ+. Then, the direc-
tion angle θ−, the tangential direction angle of the dis-
continuity line w, and the coordinate of each point in
the line AF in the passive region can be obtained by
the (13) and (15). And the slip line field of the region
II can be obtained by solving the Cauchy problem.

(3) According to the direction angle of the maximum
principal stress θ artificially assumed and the coor-
dinate of each point in the line FE, the effective
stress σe is obtained. From the lines FB and FE,
the slip line field of region III can be got by solving
the Riemann problem. On the basis of maximum
principal stress direction angle θ2 = 90°, the slip line
field of region V can be got by solving the mixed
boundary value problem.

(4) The numerical integration is carried out along the
slip lines HF and FE to get the forces in the x
and y directions and the moments of each force to
the point O. Then the vertical stress on the boundary
ED is calculated.

(5) At this point, the static calculation is over. Then,
check whether the force and the moment of the rigid
block satisfy the equilibrium condition and whether
the points within the rigid block satisfy the yield

I: active plastic regiont

Ground water table
y

x
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III
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II
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H F
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B

V DEO

II: passive plastic region
III: transition plastic region
V: top plastic region

IV: rigid region
AF: stress discontinuity line
HF: velocity discontinuity line
ABCD: velocity discontinuity line

Figure 7: Calculation model.
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condition. If not satisfied, the positon of point F is
modified to recalculate. The whole calculation pro-
cess is shown in Figure 9.

4.2. Velocity Field Analysis. According to the associated flow
rule, the dynamic analysis is carried out on the basis of the
slip line field got by the static calculation.

(1) The absolute velocity of point D on slope top is
assumed as 1m/s. The velocity component vα and
vβ in the slip line ABCD is obtained according to
the velocity characteristic equation.

vα = vx cos θ − μ + vy sin θ − μ ,
vβ = vx cos θ + μ + vy sin θ + μ

24

(2) The velocity field of region II can be obtained by solv-
ing the mixed boundary value problem for the condi-
tion that the tangential velocity on the discontinuity
line remains unchanged (23). From the slip lines BC
D and BF, the velocity field in regions III and V

and the velocity of each point in the line FE can be
got by solving the Riemann problem. Then, the veloc-
ity v−α and v−β of each point in the line AF in the pas-
sive region II is translated into the velocity v+α and v+β
in the active region I. Finally, the velocity field in the
region I and the velocity in line FH are obtained by
solving the Cauchy problem from the line AF.

(3) At this point, the velocity analysis is over. Then,
check whether the velocity in the lines HF and FE
satisfy the kinematically rigid condition of the sliding
block IV. If not satisfied, the input values of θ on the
slip line FE and the position of the point F are mod-
ified to recalculate all.

5. Example Verification

Geometric parameters and material properties are shown in
Figure 10. The Fortran 95 compiler is utilized to compute
the calculation program for the rigorous solution satisfying
the static equilibrium and the kinematical requirement.

10 m

45°

�휑 = 20°

�훾 = 20 kN/m3

h = 0.5 m

Ground water table

G
c = 15 kPa,

Figure 10: Parameters of a calculation model.
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When a slope reaches the limit state, the ultimate bearing
capacity is composed of two parts (Figure 11). While the load
on the rigid region reaches 77.54 kPa, the other on the plastic
region changes from 102.05 kPa to 112.45 kPa, considering
the hydrostatic pressure. The rigid body rotates around point
E, slipping along the sliding belt. The velocity of each point in
the velocity discontinuity line ABCD increases gradually
from top to foot (Figure 12). The angle between a velocity
discontinuity line and a slip line is φ. The position of points
E and D calculated determines the general distribution of
the sliding belt. In order to facilitate the appearance, the fig-
ures (Figures 11 and 12) show only part of the slip lines and
the actual existence is hundreds of groups.

The limit state can be seen as a status with safety factor Fs
equal to 1.0, and the external load at this time is the ultimate
bearing capacity. When considering the hydrostatic pressure,
the soils below ground water take floating weight resulting in
the slide force falling and the slide resistance remains
unchanged. From the Table 1, the ultimate load has become

lager compared with the load without considering the ground
water. As the depth increases causing the slide force to rise,
the ultimate loads in both regions decrease, of which the
one on the rigid region is influenced greater than the other
by the ground water. While changing the depth, the distribu-
tion of sliding belt hardly alters. As the water level rises, the
width of the sliding belt increases just a little.

From Table 2, when weight of soils increases gradually,
the ultimate load on the rigid region decreases corresponding
to the other on plastic region increasing. The distribution of
sliding belt undergoes great changes due to the reducing
width of ED. For γ = 0 kN/m3, the rigid region in the slope
disappears under the limit state and the whole slip field
becomes plastic. Changes of cohesive only bring about the
increase of ultimate loads on both regions, and the sliding
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Figure 12: Velocity field of the slope under the limit state.

Table 1: Variation of the ultimate loads and the distribution of the
sliding belt with the depth h.

Ground water
depth h (m)

Ultimate load (kPa)
OE (m) ED (m)Rigid

region
Plastic region
(average)

0 77.80 107.69 2.32 0.87

0.5 77.54 107.25 2.32 0.87

1.0 76.69 106.74 2.31 0.87

1.5 73.34 105.39 2.31 0.86

2.0 70.78 104.38 2.30 0.86

2.5 64.09 101.67 2.29 0.86

3.0 59.83 99.93 2.28 0.85

4.0 43.89 93.51 2.27 0.85

No ground water 33.85 86.98 2.25 0.85

Table 2: Variation of the ultimate loads and the distribution of the
sliding belt with different soil parameters.

c (kPa), φ (°), γ
(kN/m3), h (m)

Ultimate load (kPa)
OE (m) ED (m)

Rigid region Plastic region

c = 15
φ = 20
h = 0 5

γ = 10 83.23 84.86 2.25 1.14

γ = 15 79.99 93.97 2.29 0.99

γ = 20 77.54 107.25 2.32 0.87

γ = 25 71.91 125.62 2.34 0.77

γ = 20
φ = 20
h = 0 5

c = 10 53.52 78.61 2.33 0.85

c = 15 77.54 107.25 2.32 0.87

c = 20 110.57 191.98 2.31 0.89

c = 25 198.88 331.25 2.30 0.92

γ = 20
c = 15
h = 0 5

φ = 15 54.22 75.89 2.39 0.79

φ = 20 77.54 107.25 2.32 0.87

φ = 25 108.52 198.55 2.28 1.03

φ = 30 163.35 387.97 2.26 1.12
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belt has a little change. Internal friction angle has a great
impact on the load on the plastic region and the sliding belt.
With friction angle rising, the load on plastic region increases
sharply and the width of sling belt fills out gradually. When
the angle φ reduces to 0 resulting the plastic region disap-
peared, the sliding belt transforms into a signal slip surface
and the bearing capacity of a slope depends on the cohesive.
At this time, the ultimate load calculated by the algorithm is
considered as the external load on the slope top and this sta-
tus can be calcualted by the Spencer method to get the slip
surface and the safety factor. As shown in Figure 13, the crit-
ical slip surface obtained by this paper’s method is basically
consistent with the Spencer method. The safety factor Fs cal-
culated by the Spencer method is 0.99, when the ultimate
load is 65.53 kPa. Generally speaking, the comparison proves
the feasibility of the algorithm proposed by this paper.

With the hydrostatic pressure, the difference between the
two loads on both regions becomes smaller compared with
the state of no ground water. The vairable amplitude of the
ultimate loads and the sliding belt with the different parame-
ters is also diminished.

6. Discussion

During the process of searching the rigorous solution of
slopes stability, it is necessary to find a slip line field sat-
isfying all possible static and kinematic conditions.
Although the calculation is so difficult that the iterative
computation takes thousands of times, the author used the
Fortran 95 compiler to compile the calculation program,
which only takes less than one minute to obtain the rigorous
solution and greatly simplified the calculation. Since the grid
does not meet the requirements of infinite subdivision, it is
not each point on the boundary but the intersection of the
grid and the boundary that satisfies the stress boundary con-
dition and the velocity boundary condition.

With the calculation model, the program is compiled
based on the algorithm developed to obtain the ultimate
bearing capacity and the distribution of the sliding belt. The
influence of the ground water table on the ultimate bearing
capacity and the sliding belt of a slope is discussed by an
example. The results show that the ultimate load increases
considering the hydrostatic pressure, while decreasing with
the descending water level. However, the sliding belt remains
constant. The soil weight and the internal friction angle have
a tremendous impact on the belt, especially for the later. The
ultimate load is influenced by the three parameters, of which
the friction angle mainly controlled the load on the plastic
region. When the internal friction angle reduces to zero, the
sliding belt will translate into a traditional slip surface. Con-
sidering the ultimate load in this status as the external load
on the slope top, the critical slip surface obtained by the
Spencer method is basically consistent with the one got by
this paper and the safety factor obtained by the Spencer
method is 0.99 very close to 1.0. So the feasibility of this algo-
rithm is verified by the specific example. Due to the hydro-
static pressure, the difference of loads on the two regions
and the variation of sliding belt become smaller compared
with not considering the ground water.

On the basis of this study, the next research focus is to
add the seepage field into the slip field, which are not
completely coincide. The authors hope that others can be
motivated to consider adding the penetration force into the
equilibrium equation of slip line to gain the numerical solu-
tion and the influence of seepage on the sliding belt and the
ultimate load.

7. Conclusion

Based on the upper and lower bound theorems, the rigor-
ous solution satisfying all static boundaries and kinematic
boundaries is obtained, which approaches lower and upper
bound solutions at the same time and is considered as the
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actual solution. An algorithm for calculating the ultimate
bearing capacity and the distribution of sliding belt has been
developed, and the computer program has been accom-
plished. The application of this algorithm is verified by a
specific example (Figure 13).

Considering the hydrostatic pressure, the variation of the
ultimate load and the sliding belt under different parameters
has been gained. The ultimate load decreases with the rising
water level and become the minimum with no ground water.
The sliding belt is controlled by the internal friction angle
and the soil weight, while cohesive has a obvious impact on
the ultimate loads. The difference of ultimate loads on the
two regions and the variation of sliding belt become smaller
because of the soils taking the floating weight.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This study was financially supported by the National Natural
Science Foundation of China (Grant no. 51579119).

References

[1] X.-L. Chen, C.-G. Liu, Z.-F. Chang, and Q. Zhou, “The rela-
tionship between the slope angle and the landslide size derived
from limit equilibrium simulations,” Geomorphology, vol. 253,
pp. 547–550, 2016.

[2] D. Dong-ping, L. Liang,W. Jian-feng, and Z. Lian-heng, “Limit
equilibrium method for rock slope stability analysis by using
the Generalized Hoek–Brown criterion,” International Journal
of Rock Mechanics and Mining Sciences, vol. 89, pp. 176–184,
2016.

[3] H. Zheng, D. F. Liu, and C. G. Li, “Slope stability analysis based
on elasto-plastic finite element method,” International Journal
for Numerical Methods in Engineering, vol. 64, no. 14,
pp. 1871–1888, 2005.

[4] S.-H. Jiang, D.-Q. Li, L.-M. Zhang, and C.-B. Zhou, “Slope reli-
ability analysis considering spatially variable shear strength
parameters using a non-intrusive stochastic finite element
method,” Engineering Geology, vol. 168, pp. 120–128, 2014.

[5] D.-Q. Li, T. Xiao, Z.-J. Cao, K.-K. Phoon, and C.-B. Zhou,
“Efficient and consistent reliability analysis of soil slope stabil-
ity using both limit equilibrium analysis and finite element
analysis,” Applied Mathematical Modelling, vol. 40, no. 9-10,
pp. 5216–5229, 2016.

[6] W. F. Chen and X. L. Liu, Limit Analysis in Soil Mechanics,
Elsevier, Amsterdam, Netherlands, 1990.

[7] F.-T. Liu, Y.-H. Fan, and J.-H. Yin, “The use of QP-free
algorithm in the limit analysis of slope stability,” Journal of
Computational and Applied Mathematics, vol. 235, no. 13,
pp. 3889–3897, 2011.

[8] W. Fu and Y. Liao, “Non-linear shear strength reduction tech-
nique in slope stability calculation,” Computers and Geotech-
nics, vol. 37, no. 3, pp. 288–298, 2010.

[9] Y. Tu, X. Liu, Z. Zhong, and Y. Li, “New criteria for defining
slope failure using the strength reduction method,” Engineer-
ing Geology, vol. 212, pp. 63–71, 2016.

[10] Q. Xu, H. Yin, X. Cao, and Z. Li, “A temperature-driven
strength reduction method for slope stability analysis,”
Mechanics Research Communications, vol. 36, no. 2, pp. 224–
231, 2009.

[11] D. C. Drucker and W. Prager, “Soil mechanics and plastic
analysis or limit design,” Quarterly of Applied Mathematics,
vol. 10, no. 2, pp. 157–165, 1952.

[12] D. Li and Y. Cheng, “Lower bound limit analysis using nonlin-
ear failure criteria,” Procedia Earth and Planetary Science,
vol. 5, pp. 170–174, 2012.

[13] J. Zhou, Q. Chen, and J. Wang, “Rigid block based lower
bound limit analysis method for stability analysis of fractured
rock mass considering rock bridge effects,” Computers and
Geotechnics, vol. 86, pp. 173–180, 2017.

[14] S. W. So and W. A. Strauss, “Upper bound on the slope of
steady water waves with small adverse vorticity,” Journal of
Differential Equations, vol. 264, no. 6, pp. 4136–4151, 2018.

[15] N. Deusdado, A. N. Antão, M. V. d. Silva, and N. Guerra,
“Application of the upper and lower-bound theorems to
three-dimensional stability of slopes,” Procedia Engineering,
vol. 143, pp. 674–681, 2016.

[16] I. B. Donald and Z. Chen, “Slope stability analysis by the upper
bound approach: fundamentals and methods,” Canadian Geo-
technical Journal, vol. 34, no. 6, pp. 853–862, 1997.

[17] K. Krabbenhoft, A. V. Lyamin, M. Hjiaj, and S. W. Sloan, “A
new discontinuous upper bound limit analysis formulation,”
International Journal for Numerical Methods in Engineering,
vol. 63, no. 7, pp. 1069–1088, 2005.

[18] M.-c. Yang and Y.-r. Zhen, “The analysis expression of non-
characteristic line stress boundary condition in the slip line
field theory for geotechnical materials,” Rock and Soil Mechan-
ics, vol. 22, no. 4, pp. 395–398, 2011.

[19] N. Louat, “Solution of boundary value problems in plane
strain,” Nature, vol. 196, no. 4859, pp. 1081-1082, 1962.

[20] S. Momani, S. Abuasad, and Z. Odibat, “Variational iteration
method for solving nonlinear boundary value problems,”
Applied Mathematics and Computation, vol. 183, no. 2,
pp. 1351–1358, 2006.

[21] R. T. Shield, “Stress and velocity fields in soil mechanics,” Jour-
nal of Mathematics and Physics, vol. 33, no. 1–4, pp. 144–156,
1954.

[22] O. C. Zienkiewicz, C. Humpheson, and R. W. Lewis, “Associ-
ated and non-associated visco-plasticity and plasticity in soil
mechanics,” Geotechnique, vol. 25, no. 4, pp. 671–689, 1975.

[23] H. Liu, “Unified sand modeling using associated or non-
associated flow rule,” Mechanics Research Communications,
vol. 50, pp. 63–70, 2013.

10 Complexity



Review Article
Research Progress on Monitoring and Separating Suspension
Particles for Lubricating Oil

Ziping Wang , Xian Xue, He Yin, Zhengxuan Jiang, and Yefei Li

Faculty of Civil Engineering andMechanics, National Center for International Research on Structural HealthManagement of Critical
Components, Jiangsu University, Zhenjiang, Jiangsu Province 212013, China

Correspondence should be addressed to Ziping Wang; wzpxx2004@126.com

Received 8 January 2018; Revised 12 April 2018; Accepted 8 May 2018; Published 5 June 2018

Academic Editor: Gangbing Song

Copyright © 2018 Ziping Wang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Lubricant failure or irrational lubrication is the root cause of industrial equipment failure. By monitoring the distribution of the
suspended particles in lubricants, it is possible to discover hidden lubrication problems. After taking the lubricating oil samples
of industrial equipment, the oil monitoring technology is used to analyze the particle size distribution and the type and content
of the abrasive particles by electrical, magnetic, and optical monitoring techniques. It is necessary to separate the suspended
particles in oils with impurities by some method to eliminate potential safety hazards and ensure the reuse efficiency of the
lubricant. In this paper, the principles, advantages, and disadvantages of several important oil monitoring methods are
described, and new developments in various methods are analyzed. Several typical methods for separation of the suspended
particles in purified oils were introduced. The advantages and disadvantages of each process were summarized. The
development direction of lubricant monitoring technology was pointed out, and guidance was provided for the separation and
online monitoring of the suspended particles in lubricants. Finally, compared with similar review papers, this paper specifically
figured out that ultrasonic separation method has the advantages of real time, high efficiency, and no pollution and has
important application value for micron-scale particle separation of large precision machines.

1. Introduction

Lubricants are mainly used in machinery and vehicles to
reduce the friction between their parts. It reduces noise and
plays a role in cooling. In some heavy industries and
manufacturing industries, the economic losses caused by
maintenance and downtime are as high as 50% of the operat-
ing costs [1]. The survey data from Shell of the United States
showed that [2] about 35% of diesel engine operation failures
and 38.5% of gear failures are due to wear, and almost 40% of
rolling bearing failures are due to improper lubrication. The
degree of wear and tear of the mechanical components can
be inferred by the detection and study of the particle size
and composition of the particles in the lubricant to control
the wear rate, extend the service life of the equipment, and
avoid catastrophic accidents. Lubricant quality testing and
dynamic analysis have become one of the important means
for the diagnosis and health assessment of mechanical equip-
ment. People are constantly striving to find more accurate

methods, especially for various power mechanical systems
that need long-term nonstop operation. The traditional
method of lubricating oil testing is laboratory analysis after
sampling. Laboratory analysis can provide comprehensive
information on the wear of equipment components. The test
results have a certain degree of accuracy. However, with too
high technology, strict environment, and long testing time,
it is susceptible to uncertainties, even for an experienced
engineering analyst. The test results are still relatively dis-
crete. And this offline laboratory test cannot provide real-
time information on the health of the machine equipment.
The lag in laboratory testing information has increased the
risk of accidents in operating equipment. Research shows
that [3], whether it is the production of equipment parts of
wear particles or other pollution-generated particles, with
the size of the particles in the 20–30μm maximum impact
on the device, less than 1μm particles have little effect
on the wear and tear, and particles larger than 100μm
can be collected and removed by magnetic plug inspection.
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Therefore, solid particles with a particle size of 1–60μm sus-
pended in lubricating oil become the focus of monitoring.

Some online lubricating oil monitoring devices have been
developed abroad, and real-time diagnosis of mechanical
equipment becomes possible. Hager [4], Flanagan et al. [5],
Wu et al. [6], and Martin et al. [7] used acoustic emission
detection techniques to judge the quality of lubricants by
reflecting the amplitude changes of sound waves, but this
method is susceptible to mechanical background noise and
lube oil temperature changes. Khandaker et al. [8], Keller
and Saba [9], and Flanagan et al. [10] used a capacitive sensor
to detect changes in the dielectric constant of lubricating oils,
and the test results were often affected by changes in oil prop-
erties and oil ambient temperatures. It becomes very compli-
cated, and the measurement of the dielectric constant cannot
determine the size and concentration of the particles. Flynn
and Whittington [11] further improved the resistive capaci-
tive sensing method, which can not only detect iron particles
but also nonferrous metal particles; however, only particles
with a particle diameter greater than 100μm can be detected,
and particles smaller than 100μm cannot be detected. In
1995, Liu et al. [12] confirmed that scatter counting optical
methods can detect particles in lubricating oil, but the accu-
racy of the measurement is affected by the optical properties
of the particles. Reintles et al. [13] studied the relationship
between lubricating oil and particulate vibration and judged
the wear status of the device by comparing with the vibration
spectrum. The judgment result depends on the vibration
spectrum of the previous study. Peng et al. [14] used the
real-time measurement of lubricant wear debris for quantita-
tive assessment of wear, developed an online particle counter
to quantitatively assess equipment wear, and considered the
total amount of debris as the quality loss of the test sample
during the assessment process, but ignoring the contami-
nants and combustion products in the lubricant exaggerated
the degree of wear. Iwai et al. [15] used a series of expansion
and expansion methods to separate out 9.9μm particles, but
focused only on fluids with flow rates which are slower than
200mL/min. Yilmaz and Morton [16] used oil fragment
magnetic field sensors with seven channels arranged in paral-
lel to monitor metal fragments in lubricants and successfully
separated particles with particle sizes of 75μm–105μm and
125μm–150μm in different flow rates. The output detection
is 7 times larger than the single channel, and the particle size
is monitored. Du and Zhe [17] proposed a new asymmetric
sharpening edge method to monitor high-flux particle con-
centration. This method has low sensitivity to oil flow and
can separate particles of 9.94μm. The method needs to
arrange a series of sharp corners, and the monitoring struc-
ture is more complicated. Fan et al. [18] used frequency divi-
sion multiplexing techniques to use multiple channel
impedance-pulsed sensor shunts, but each frequency must
correspond to a single channel. In recent years, the ultra-
sonic standing wave particle separation techniques [19–24]
appeared. With the use of ultrasound standing wave field to
move the transverse acoustic radiation generated by the
suspended particles in fluids, to move the micron-sized
suspended particles in continuous fluids, to achieve particle
continuous separation mode using the Coulter counting

method, to separate metal particles, and to meet the real-
time and nondisruptive requirements of online monitoring,
Zhe et al. [25–27] have preliminary applied ultrasonic separa-
tion technology to the suspended particles in lubricating oil
separation and online monitoring. Ren et al. [28] used a
curved interdigital transducer to produce a stronger and more
concentrated surface acoustic wave, reducing the energy loss
of the surface acoustic wave during propagation. At the same
time, this technique has achieved experimental success in the
separation of polystyrene particles/polyamide (about 5μm)
[29] and cells in the blood (10–100μm) [30] in liquids, but
the effect of viscous on acoustic radiation is not considered,
and only two particle sizes need to be separated. Our research
team has also begun to study the role of aerosol particles in the
microfluidic channel between the acoustic radiation force and
the particles [31–34]. Zhu et al. [35] studied a single attribute
sensor such as a wear sensor and a monitoring sensor [36] for
online lubricating oil condition monitoring.

A variety of special function oil sensors provided the
conditions for comprehensive monitoring. The above
works present new ideas and methods for the researches
on monitoring and separating lubrication oil theory. The
aim of the paper is to analyze the progress of traditional
and advanced monitoring and separating methods at present.
Combined with the research results of this research group,
the research focus and direction of the oil separation work
are proposed which provide a guidance for corresponding
research workers.

2. Main Monitoring Methods for the Suspended
Particles in Lubricants

At present, the most widely used and effective oil monitoring
technologies are lubricant’s physical and chemical index
analysis [37, 38] and wear particle analysis [39]. The physical
and chemical index analysis of lubricants is to monitor the
lubrication status of the equipment by monitoring the degree
of changes in the physicochemical properties of the oil due to
the loss of additives and the decay of the base oil. According
to the different oil indicators, this method mainly includes
atomic spectroscopy and infrared spectroscopy methods.
The wear particle analysis method monitors the service life
of lubricating oil and diagnosis equipment failure by chang-
ing the parameters such as the appearance, size, quantity,
and color of wear particles carried in the lubricating oil,
thereby determining the degree of contamination of the
lubricating oil. Finally, the purpose of monitoring the equip-
ment friction and fault diagnosis is achieved. Based on the
different physical parameters of the monitored particles, this
method mainly includes particle counting method, ferrogra-
phy method, and magnetic plug and magnetic detection
methods. The common lubricating oil monitoring methods
and their advantages and disadvantages are shown in Table 1.

From the literature analysis, the online monitoring of
lubricants and the real-time diagnostics of equipment health
are gradually changing from qualitative to quantitative, the
indirect analysis of the quality of lubricants to the accurate
measurement of debris particles, and static detection to
dynamic monitoring of large flows. From the perspective of
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the development of the method, the appearance of the new
methodmainly follows two different paths. One is to improve
the existing methods, and the other is to propose new con-
cepts or principles. The key issue in the development of
online monitoring technology for lubricating oils is the accu-
rate determination of the suspended particles in lubricating
oil, which facilitates the capture of real-time information on
the operation of machinery. The measurement accuracy
depends on the collection and analysis of particles. The
manipulation of these suspended particles can be based on
other relatively mature technologies, combined with the
characteristics of lubricating oil and the suspended particles,
and theoretically researched and experimentally verified,
forming a new online monitoring theory and method.

3. Separation Method for Lubricating Oil

In the aerospace and mechanical fields, foreign particles in
the engine oil can cause engine wear and reduce the life of
the engine and even cause major accidents. This problem
requires more efficient removal or detection of foreign
particles in the oil. According to the different purification
methods, the traditional method of purifying oil is mainly
divided into physical methods, chemical methods, and con-
junction methods [46]. The physical methods mainly include
sedimentation [47], filtration [48], distillation [49], and cen-
trifugation [50]. The chemical method is mainly sulfuric
acid-bearing clay refining technology [51]. The conjunction

methods mainly refer to combing the advantages of inte-
grated physical methods and chemical methods, which can
reduce pollution and increase efficiency [52].

3.1. Sulfuric Acid-Bearing Clay Refining and Separation. Sul-
furic acid-bearing clay refining technology [53–55] regener-
ates waste oils with deeper deterioration, which can remove
oxygenates, sulfur compounds, and nitrogen compounds in
waste oils, and gums, asphaltenes, and asphalt are produced
during use. The oil quality after regeneration is improved,
reaching the standard of the base oil, but this technology pro-
duces a large amount of SO2, acid slag, acid water, and white
clay slag during the regeneration of waste lubricating oil and
brings about serious environmental pollution. In response to
solve these problems, the IFP process [56] is used by means
of adding propane to purify oil before the acidification of sul-
furic acid, thus reducing the amount of sulfuric acid and clay
and decreasing the production cost and environmental
pressure. The white clay high-temperature refining process
has disadvantages such as large amount of white clay, low
oil recovery rate, severe equipment corrosion, and harsh
operating conditions. In view of the problem of waste clay
soil pollution, hydrogenation supplement refining technol-
ogy came into being, replacing the original sulfuric acid-
bearing clay refining process and has become the current
mainstream process for the regeneration of waste lubricants.
The use of hydrogenation supplement refining technology
has advantages such as high oil recovery rate and good

Table 1: Main monitoring methods for the suspended particles in lubricants.

Project Monitoring principle Advantages Disadvantages

Particle counting
method [40]

When the light path illuminates the
sample, the light path is blocked, and the
photoelectric receiver receives the change
of the photoelectric intensity, which is

converted into a voltage pulse signal. The
number of particles of different sizes is

recorded through different voltage valves.

The particle counter is simple
to operate and has a fast

counting speed. It is suitable
for on-site monitoring.

Particles smaller than 100 μm
in diameter cannot be

monitored, and the particles
cannot be qualitatively analyzed.

Atomic
spectroscopy [41]

The content of this element is calculated
by detecting the number of photons
consistent with the characteristic

frequency.

Easy to operate and no
need for on-site treatment of

lubricants.

Cannot detect the suspended
particles larger than 10 μm.

Infrared
spectroscopy
method [42]

Based on the characteristic absorption
peaks, numbers, and relative intensities of

different substances, the presence of
particles in the oil sample was deduced

and its molecular structure was
determined.

It can analyze oil degradation
and pollution status quickly

and efficiently.

Insensitive to metal particles,
unable to analyze wear particle
size and morphology, and no

qualitative analysis.

Ferrography
method [43]

A high-gradient magnetic field device
was designed to separate the metal from
the oil sample and to deposit it on a
transparent substrate in order of size

and then qualitatively and quantitatively
analyze the abrasive particles.

Abrasive particle detection range
size is from 1 to 1000 μm. It can
perform the quantitative and
qualitative analysis of abrasive
particles at the same time.

The analysis is slow, and
the analysis results strongly
depend on the experience of

the engineer.

Magnetic plug
and magnetic
detection
methods [44, 45]

The metal’s magnetic principle is used to
analyze the morphology, number, and size
of the captured metal abrasive particles.

Can detect larger abrasive
particles (100–1000 μm).

Cannot detect aerosols
below 100 μm.
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product quality in waste lubricant regeneration, but this tech-
nology requires harsh operating conditions, huge equipment
investment, and a suitable source of hydrogen; thus, its appli-
cation is limited. Currently, the waste lubricant regeneration
technologies mainly used is modified sulfuric acid clay tech-
nology [57], such as recycling acid slag and changing the feed
rate of sulfuric acid. Meanwhile, the refining of lubricating
oils from waste lubricating oil was examined, utilizing a
novel blend of solvent extraction and activated alumina
adsorbent [58], which has confirmed that solvent mixture
can give good efficiency with the highest percent.

3.2. Vacuum Distillation. Decompression distillation method
[59–62] removes water by decompression distillation firstly
and obtains a certain amount of lube oil fraction through a
metal element-containing additive whose boiling point is
generally higher than that of a lube oil fraction, such as light
oil and pitch, but its flash point, viscosity, and acid value are
still noncompliant. Therefore, a second step is required for
refining. NMP or furfural is used to remove undesirable com-
ponents such as colloids and acidic oxides; thereby, better-
quality base oil is extracted. However, this method requires
high degree of operating vacuum and high temperature in
the rectification process, and the oil is prone to cracking,
resulting in equipment corrosion caused by refined additives.
Though many variables have been studied in this research,
such other variables as mixing, pressure, settling time, and
temperature will affect the purification results. Further
research is required to take this process to the compensation.

3.3. Centrifugation Separating Method. Centrifugation is a
method of extracting the pure oil by separating the sus-
pended particles in the lubricant by a centrifugal separator
[63–65]. It uses a liquid separation aid having a density
higher than the density of the oil to attract and combine the
suspended particles. As shown in Figure 1, the contaminated
oil is supplied to a rotary centrifuge separation chamber. The
central outlet of the purified oil separation chamber is
discharged, and the liquid separation aid and the separated
particles are discharged through the outlet of the outer sepa-
ration chamber located radially at the middle outlet. Figure 1
shows a mathematical model of a tube centrifuge. “r” is the
radius of the area that determines the settling velocity. “r1”
and “r2” are the radius of the liquid layer surface in the cylin-
der and the cylinder’s inner wall, respectively. The liquid
phase can be continuously introduced into the inlet of the
bottom. The rotation of the cylinder causes the liquid phases
to rotate at the same angular velocity, and the fluid is uniform
in the axial direction and the outer layer is formed. A layer
next to the cylinder and the inner layer is a “liquid phase sur-
face” that is not in contact with air. Under the action of the
acceleration of the centrifuge, the movement of the input
material is constrained, and the particles suspended in the
continuous liquid phase are dispersed under the strong
shearing force and lose the focused state. However, its main
weakness that lies in the separation effect has a close relation
with the radius of the centrifuge rotor and the composition
of the solvent and the particles; thus, it is mainly suitable
for offline separation.

3.4. Membrane Separation.Membrane separation technology
[66–68] uses selective permeation membrane as the separa-
tion medium. Under the action of the driving force on both
sides of the membrane, the components on the raw material
side can selectively permeate the membrane to achieve the
concentration, separation, and purification of lubricating
oil. Its specific processing technology is shown in Figure 2.
Membrane separation technology [69] is widely used in
advanced water quality and water reuse. Owing to the large
lubricating viscosity of impurities, the amount of particle
passing through the membrane is very small. In the applica-
tion process, ultrafiltration is usually used to remove the
water-soluble salts produced from the consumption of the
same additives, colloidal particles, asphaltenes, and carbon
black in waste lubricating oils. In recent years, polymer
organic membranes developed by Miyagi et al. [70] can
reduce 14% of polar substances and 32% of oxides in waste
lubricating oils, effectively improving the quality of oil prod-
ucts. Bart Van der Bruggen [71] used drone membrane tech-
nology to remove the content of metal particles, cleaner than
the US national base oil standards. In addition, increasing the
temperature and adding organic solvents, supercritical fluid
technology, and so on are often used in reducing the viscosity
of the lubricating oil, thereby increase the amount of mem-
brane filtration of waste lubricants. Although the membrane
treatment technology has the advantages of less pollution,
simple operation, and low energy consumption, blockage
and inefficient separation are usually caused by large viscos-
ity of waste lubricants and low filtration amount.

Traditional separation method can only remove the
impurity particles in oil to a certain degree. However, for
large-scale precision machines (such as vehicle engines and
fighter jets), the impurity particles in the engine oil are
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Figure 1: Schematic diagram of tube centrifuge [64].
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required to be within several micrometers; thus, traditional
separation methods are difficult to purify lubricating oil in
a real sense. Ultrasonic separation or aggregation techniques
have quite possibility to obtain higher selective, accurate, and
reliable analytical results. Therefore, it is of great significance
for oil sample to employ pretreatment techniques such as
separation or aggregation.

3.5. Ultrasonic Separation Technology. Compared with the
traditional purifying method, the ultrasonic separation tech-
nology has broad application prospects in this field for its
advantages of continuous, high efficiency, low contact, and
low pollution. However, the ultrasonic separation technology
cannot be applied without the microfluidic chip and the the-
ory of acoustic radiation force; thus, it is necessary to develop
a transducer that can generate an ultrasonic field. In order to
prepare a transducer capable of generating a qualified surface
acoustic wave standing wave field and separating micron-
sized particles in the oil, our team conducted related research
and experiments [31–34].

The theory that particles can be moved by the acoustic
radiation force in the ultrasonic field was firstly proposed
by King [72] who calculated the acoustic radiation forces
and related conditions of rigid spheres in fluids. This theory

was later promoted by Yosioka and Kawasima [73] for elas-
tic spheres. At present, ultrasonic separation technology has
been widely used in biomedical [74–76] and chemical
industry fields [77–79], and with the increasing influence
of biomedical and microchemical technologies [80] on
human society, this technology will appear huge potential
application value.

Figure 3 shows a schematic diagram of a device for sepa-
rating particles using acoustic surface standing waves and a
working mechanism in our research group [31–34]. Two
identical interdigital (IDT) electrodes are mounted on a
piezoelectric substrate. The width of the microfluidic chan-
nel is equal to half of a wavelength. The microfluidic chan-
nel is installed between two IDTs so that only one node of
surface acoustic wave (SAW) field is formed inside the
microfluidic channel. The oil containing the foreign parti-
cles is then fed into the pipe from one end using a pressure
transmitter or a peristaltic pump. The particles are evenly
distributed in the channel when the SAW is not excited.
When the same RF signal is applied to a pair of IDTs,
two columns of the SAWs with the same amplitude and
frequency but opposite propagation directions are generated.
In the microchannel region, when two wave arrays are super-
imposed, a single-node acoustic surface standing wave field is
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Membrane filtration Add additives
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Figure 2: Membrane separation process.
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Figure 3: Schematic diagram of ultrasonic separation method.
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generated. The particles in the standing wave field will be
concentrated by the ultrasonic radiation force to the node,
to separate the impurities. The experimental setup that is
shown in Figures 4(a)–4(c) demonstrates particle concen-
tration effects of particles observed before and after the
application of voltage using ultra-well-depth microscopes,
respectively, providing technical platform for online mon-
itoring of lubricating oil.

Compared with the traditional method, the method of
separating the foreign particles by the acoustic radiation
force received by the particles in the ultrasonic standing wave
field has its unique advantages such as the suspended parti-
cles in the fluid which can be separated easily, continuously,
and efficiently and has the characteristics of no contact
and low pollution. In addition, the engine oil due to a high
degree of cleanliness has a protective function for the oper-
ation of large-scale equipment (automobiles, airplanes, etc.)
engines; thus, it must be replaced on schedule. Ultrasonic
separation technology can not only test the quality of lubri-
cant oil, timely check the content of impurity particles in
the lubricant, but also can replace the replaced lubricant
for secondary cleaning and reuse, and the cleaned lubricant
can fully meet the use of skill requirements. This will not
only reduce the wear and tear on the mechanical equip-
ment of the impurity particles, extend the working time
of the equipment, but also reduce waste, protect the envi-
ronment, reduce pollution, and greatly improve social and
economic benefits.

4. Outlook and Challenges

In recent years, with the development of microfabrication
processes and the development of a variety of separating
methods for the suspended particles, particle separation tech-
nology has achieved breakthroughs in terms of separation
accuracy and application range. Ultrasonic standing wave
separation methods perform in both biological and industrial
fields. Great potentials for application prospects of the key
techniques for monitoring and separating suspension parti-
cles for lubricating oil are as follows.

(i) Traditional physical and chemical separating
methods for oil are generally cost-effective and
environment-friendly due to their destroying origi-
nal oil quality and affection online operation, which
can be used as supplement and comparison method
to separate smaller wear debris.

(ii) The wideband IDT has the advantages of small
power loss, more accurate positioning, and stronger
propagation capability and can be used to generate
a variety of frequency-adjustable standing waves.
Therefore, designing and fabricating an IDT inte-
grated with the substrate can improve the separation
efficiency of particles with different particle sizes in
the microfluidic channel and provide guarantees
for the separation of smaller particles.

(iii) Due to the large perturbation of tiny particles in
viscous fluids, the forces experienced by particles
in different flow regimes vary greatly. The forces
andmotionmodels of particles in viscous fluids need
to be refined, so as to accurately and comprehen-
sively analyze the particles. The force and motion
state in the microfluidic channel are of great signifi-
cance for achieving the aggregation and separation
of microparticles.

(iv) Develop a highly integrated, low-energy, and low-
cost aerosol particle control device to establish a
mechanism that can be used on a large scale in
industrial production, which will greatly increase
the service life of the engine and will have important
implications for environmental protection.

5. Conclusion

The conventional methods for separating the suspended
solids from lubricating oils are reviewed in this paper. How-
ever, due to the shortcomings of these conventional methods,
it is more popular at home and in abroad to use ultrasonic
separation methods for particle separation. Based on the
abovementioned several common methods for separation of
particles, the future methods for separation of particles are
prospected. And especially the efficiency improvement and
the achievement on separation of smaller particles are pros-
pected, which will provide a monitoring basis for online
monitoring of lubricants. With its environment-friendly
characteristics, it will be widely used in a large-scale produc-
tion of impurities in engine oil.
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This paper presents a unified description of a new approach for contactless detection, identification, and diagnostics of electrical
connections and describes an idea and principles of using modal probing for these tasks. Simulation and experimental results on
pulsed signal propagation through flat cables demonstrate the modal decomposition of a pulsed signal, which varies depending
on the state of the probed wire. It is shown that the presented tasks can be solved by modal probing. The article also considers the
analysis of modal distortions in frequency domain and gives the formula for its practical use. This formula can be useful when the
pulse duration time is longer than the minimum of mode delay difference. In conclusion, we present further development ideas of
the modal probing.

1. Introduction

To provide error-free and stable performance of electronic
and electrical systems it is important to control their func-
tioning. In this case, detection, identification, and diagnostics
of electrical connections become urgent [1], especially for
such areas as aeronautics and aerospace [2]. One of the ubiq-
uitous techniques is reflectometry. The development of this
technique increases its functionality and applications [3–5].
Unfortunately, the reflectometry response itself is not always
self-sufficient to identify and locate the defects in the electri-
cal connections and it is a reasonwhy a solution of the inverse
problem may also enhance the applicability of reflectometry
[6, 7]. However, wiring network development strengthens the
requirements for probing devices, which necessitates creation
of the devices based on other principles.The impedance spec-
troscopy can be applicable for wire fault diagnostics [8, 9].
Particularly, the development of contactless methods is im-
portant [10].

A new device has already been suggested for contact-
less (hereinafter, the term “contactless” means no need for
galvanic connection with the device under test) detection,
identification, and diagnostics based on the idea of employing
modal distortions of pulsed signal waveform [11]. However,

the practical implementation of the device requires careful
investigation of the modal phenomena in multiwire struc-
tures. A number of theoretical studies have been carried out
using the software for quasistatic and electromagnetic sim-
ulation showing the ability to apply modal phenomena for
detecting, identifying, and diagnosing multiwire structures
and to create devices based on these phenomena [12]. More-
over, there have been some experiments carried out to con-
firm that one pulse can be decomposed into several pulses
with lower amplitudes because of different modal delays in
the structure [13], with approaches to apply modal phenom-
ena for protecting critical equipment against the effects of
UWB-pulses propagation being described [14]. Experimental
results on flat cable have demonstrated the possibility of con-
tactless wire diagnostics using modal probing even without
galvanic connection to thewire [15].Theobtained results have
demonstrated the possibility of developing new devices for-
detecting, identifying, and diagnosing electrical connections.
However, the implementation of the possibility requires
analyzing the signal not only in time but also in frequency
domains. The first steps of modal distortion analysis in
frequency domain for contactless diagnostic of electrical con-
nections have already been described [16]. Unfortunately,
generalized presentation of the obtained and some new
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results on modal probing is still absent. Meantime, it can be
useful to reveal the promising ways of future work.

In this paper, a generalized description of possible appli-
cations of modal phenomena for contactless detection, iden-
tification, and diagnostics of electrical connections is given
for the first time.

This paper is organized as follows: Section 2 presents the
theoretical background ofmodal probing. Section 3 describes
the simulation approaches used in this paper. Section 4 de-
scribes the use ofmodal probing for detecting and identifying
electrical connections. The diagnostics opportunities are
presented in Section 5, and the analysis ofmodal distortion in
frequency domain is presented in Section 6.The paper is con-
cluded in Section 7.

2. Modal Probing Background

It is known that during the propagation of the pulse signal
along the 𝑁-conductor transmission line (conductor 𝑁 + 1
is the reference one) in nonhomogeneous dielectric filling,
the pulse signal may be subjected to modal distortions up
to decomposition into 𝑁 pulses of smaller amplitude due to
different modal delays. Complete decomposition of the pulse
signal in the line of length 𝑙 will occur if the total duration 𝑡Σ
of exciting pulse is less than the minimum modulus among
the differences of modal delays, that is, under condition [17]

𝑡Σ < 𝑙min 𝜏𝑖 − 𝜏𝑘
 , 𝑖, 𝑘 = 1, . . . , 𝑁, 𝑖 ̸= 𝑘, (1)

where 𝜏𝑖(𝑘) is per-unit-length delay for 𝑖(𝑘)-th mode of
structure. Indeed, according to modal theory [18], a pulse
excitation of the𝑁-conductor transmission line is considered
as combination of the pulse modes, propagating in the line
with own per-unit-length delays (as well as other charac-
teristics). Each of the delays multiplied by 𝑙 will give the
corresponding time when the pulse arrives at the line end. In
case of small values of the time, the neighboring pulses can
overlap. However, if the minimal of the values is more than
the total duration of the exciting pulse then the overlapping
of the mode pulses will be diminished until the pulses are
completely decomposed at the line end. This phenomenon
can be used for detecting, identifying, and diagnosing electri-
cal connections. In this paper, generalization of these oppor-
tunities is called modal probing. If probed conductors have
different electrical and magnetic couplings with the prob-
ing line, the information about probed conductors can be
obtained from thewaveformofmodal distortions in the prob-
ing line.

A block diagram of the device that implements the prin-
ciples ofmodal probing is shown in Figure 1.The device oper-
ates as follows: the probing pulse from the generator propa-
gates along a probing line.This pulse undergoesmodal distor-
tions caused by the presence of probed conductors. A trans-
mitted signal from the probing line output and a reflected
signal from the probing line input go to the receiver inputs
and then to the processing unit. All units of the device func-
tion according to control unit signals. Information about the
probed structure is extracted from the waveforms at the near
and far ends of the probing line.

Control unit Generator
of probing pulses 

Processing unit Receiver M
od
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ro
be
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Figure 1: Block diagram of the modal probing device.

3. Simulation Approach

In this paper, the simulation of pulse propagation is carried
out by electromagnetic and quasistatic approaches. The first
is used for validation made on the basis of finite integration
technique. The second is used as a main approach based on
fast and accurate models implemented in the available TAL-
GAT software [19].The simulation is described below inmore
detail. The TALGAT software is based on the method of
moments and allows us to make 2D quasistatic analysis. The
algorithm implemented in the software allows calculating all
elements of a moment matrix by using fully analytical for-
mulae only, avoiding the time-consuming and approximate
numerical integration. It can be useful for effective calcula-
tion of a capacitive matrix of 2D structures of various com-
plexity. (Complete details of the algorithm are commonly
available [20] and omitted here because of awkwardness.)We
simulate a short pulse propagation along a multiconductor
transmission line as a base of the structures under consider-
ation. It is assumed in the analysis that a transmission line is
uniform along its length with an arbitrary cross section. The
cross section, in general, with𝑁 signal conductors and a ref-
erence, is represented by the following𝑁×𝑁matrices of line
per-unit-length parameters: inductance (L), coefficients of
electrostatic induction (C), resistance (R), and conductance
(G). In paper [21] the approach based on a modified nodal
admittance matrix has been presented to formulate network
equations including multiconductor transmission lines, ter-
minal, and interconnecting networks. We use the algorithm
based on this approach andpermitting to calculate the voltage
not only at any node of the network but also at any point along
any conductor of multiconductor transmission lines. (The
algorithm details and various applications are not described
here for the sake of brevity but can be found in [22–24].) It is
the approach that is used in our research, and voltages in the
time domain are obtained by applying the inverse fast Fourier
transform.

4. Detection and Identification

By detection we mean the ability to detect passive (probed)
conductors, while by identification we mean the ability to
determine the amount of probed conductors and boundary
conditions. The possibility of detecting and identifying elec-
trical connections by modal probing is illustrated by qua-
sistatic modeling of the trapezoidal pulse signal distortions in
the microstrip structures with the length of 1.5m (Figure 2).
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Figure 2: Voltage waveforms at the input and output of the microstrip line active conductor when (a)𝑁 = 2 and (b)𝑁 = 3.

Table 1: The matrices of the lines.

𝑁
Matrices

L, nH/m C, pF/m

2
285 27

27 285

91 −3.8

−3.8 91

3

284 27 7.2

27 284 27

7.2 27 284

91 −3.8 −0.05

−3.8 91 −0.3

−0.05 −0.3 91

As the excitation source we chose a trapezoidal signal with
EMF 2V and the duration of rise, fall, and flat top of 0.1 ns.
The boundary conditions at the ends of lines were chosen
from the pseudomatching condition for active line and open
circuit for others.Thematrices of per-unit-length parameters
are shown in Table 1. More detailed simulation setup and
parameters of the structures are given in [17].

For𝑁 = 2 at the far end of the (active conductor) probing
line (𝑉3) there are two pulses instead of one (Figure 2(a)).
The second pulse was caused by the presence of the probed
passive conductor (and, as a consequence, by the excitation of
even and odd modes), by its electric and magnetic couplings
with the probing line and by the fact that the total duration
of the input pulse is less than the total difference between
mode delays. The difference of mode delays is caused by the
inhomogeneous dielectric filling of the structure. For𝑁 = 3
at the far end of the probing line (𝑉4) there are three pulses
instead of one (Figure 2(b)). The appearance of three pulses
is caused by the presence of two passive conductors, so three
modes are excited in the structure and the delay difference
between them is more than the pulse duration.

To confirm the possibility of using modal phenomena
to detect electrical connections, we have carried out an
experiment with the experimental PCB structure. The cross
section and the photography of the experimental PCB are
shown at Figure 3 and its parameters are presented in Table 2.
The value of the resistance at the ends of lines with the
length of 0.33m during the experiment is 50Ω (𝑅1–𝑅4 on
the schematic diagram in Figure 2(a)).

The experimental setup was based on a stroboscopic
oscilloscope S9–11 (50Ω internal impedance, 17.8 GHz band-
width) comprising a signal analyzer, an indicator, a generator,

a stroboscope, and a pulse shaper (Figure 4). A 20 dB atten-
uator was connected to the stroboscope input to protect it.
The cable was connected to the pulse shaper and the attenu-
ator via SMA connectors.

Each experiment was conducted in the following order.
First, the UWB pulse from the pulse shaper propagated to an
input connector, then directly (without the device under test)
to the output connector, and, finally, to the attenuator and the
stroboscope input to measure the signal waveform. After-
wards, the PCB or cable under test (DUT) was connected be-
tween the input and output connectors and the resulting sig-
nal waveform was measured.This experimental setup applies
to all measurements with S9–11.

A voltage pulse was applied between the active trace and
the reference planes of the experimental PCB. The signal
parameters at the pulse shaper output under 50Ω load are
listed in Table 3. The photography of the oscilloscope S9–11
with the measured input and output voltage waveforms is
shown in Figure 5(a). (The input pulse was measured with a
20 dB attenuator, while other pulses were measured without
it.) The comparative analysis of measured and simulated
(by electromagnetic approach based on FIT method) voltage
waveforms (Figure 5(b)) shows good coincidence.

Thus, these results show that according to the number of
pulses at the far end of the active conductor we can determine
the presence and the amount of passive conductors, that is,
to solve the problem of detecting and identifying electrical
connections.

Let us consider the possibility of modal probing for flat
cables (Figure 6).The parameters of typical flat cables are pre-
sented in Tables 4–6. The data show that cables with air gaps
have the difference of mode per-unit-length delays of more
than 0.3 ns/m and cables without air gaps 0.5 ns/m.Therefore,
modal probing is applicable for such cables.

To confirm the possibility of using modal phenomena to
detect electrical connections, we carried out an experiment
using S9–11 oscilloscope. The parameters of pulsed signals
were measured at the near and far ends of the probing pair of
the PUGNP 3 × 1.5 cable wires (Figure 6(a)), where A repre-
sents the active wire, R the reference wire, and P the passive
wire. Thus, we considered the possibility of passive wire
probing (without contactwith it), based on the signal between
the active and reference wires of the probing pair.

A voltage pulse was applied between the active and
reference wires (a schematic diagram of the structure under
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Figure 3: The cross section of the experimental PCB (a); photography of the experimental PCB with the scalar network analyzer P2M-40
connected to it (b).

Table 2: Parameters of the experimental structure.

Parameters Matrices
𝑤, 𝜇m 𝑡, 𝜇m ℎ2, 𝜇m ℎ1, 𝜇m 𝜀𝑟1 𝜀𝑟2 Δ𝜏, ns/m L, nH/m C, pF/m Z,Ω

185 35 130 600 4.25 10.2 2.2
524.7 310.9

310.9 524.7

243.4 −179.5

−179.5 243.4

68 46

46 68

Pulse shaper DUT Attenuator
20 dB

Signal
analyzerGenerator Stroboscope

Indicator

Figure 4: Schematic diagram of the experimental setup.

Table 3: Signal parameters at the pulse shaper output.

Signal type Triangular pulse
Amplitude 320mV
Rise time (0.1–0.9) 340 ps
Fall time (0.1–0.9) 340 ps
Duration (0.5) 240 ps

study is similar to that shown in Figure 2(a), but the length of
the line (𝑙) is 15m) through the pulse shaper (with the output
resistance 𝑅1 = 50Ω and the maximum signal amplitude of
10V).The input resistance of the oscilloscope was 𝑅3 = 50Ω,
while𝑅2 and𝑅4were changed: open circuit, short circuit, and
100Ω.The signal parameters at the pulse shaper output under
50Ω load are listed in Table 7, and the waveform is shown
in Figure 7(a). (The input pulse was measured with a 20 dB
attenuator, while other pulses were measured without it.)

The waveforms at the far end of the probing line are
shown in Figure 7. Pulse amplitudes for different boundary
conditions at the ends of the probed wire are presented in
Table 8. In all these cases, there are two pulses instead of one
at the far end of the probing line.The second pulse was caused
by the presence of the probed passive conductor (and, as

a consequence, by the excitation of even and odd modes), by
its electric and magnetic couplings with the probing line, and
by the fact that the total duration of the input pulse (≈0.6 ns) is
less than the total difference between mode delays (0.32 ns/m
× 15m = 4.8 ns), as follows from Table 6. The oscilloscope
pattern with the waveforms at the far end of the probing line
(Figure 7(b)) with open circuit at the passive wire shows the
ability to detect the conductor without any contact with it. To
determine the boundary conditions at the ends of the passive
conductor, the pulse shape should vary depending on the
boundary conditions. There are two pulses at far end of the
line in all oscilloscope patterns but their amplitudes depend
on boundary conditions (Table 8).

Theoretical background of this dependence is based on
modal theory and consists in the following. The resulting
voltages and currents in the transmission lines under con-
sideration are represented as superposition of voltages or
currents of two decoupled transmission lines, having intrinsic
characteristic impedance and per-unit-length delays, defined
by even and odd modes. First, the exciting signal is repre-
sented as superposition of even and odd modes excitations.
Then, each of the lines is excited by the intrinsic excitation.
The resulting output voltage depends on transmission coef-
ficients at the beginning and the end of a line. These coeffi-
cients are defined by boundary conditions and characteristic
impedance of the modes. In case of pulse excitation, the re-
sulting output voltage consists of two (even and odd modes)
pulses of different amplitudes. In general, the values of
the amplitudes are different, because they are defined by
different transmission coefficients of the modes. The change
of boundary conditions changes the resulting output voltages
of even and odd pulses. Analytical expressions for transmis-
sion coefficients and pulse amplitudes can be easily derived
similarly to [25]. However, this approach does not take into
account the losses and dispersion, which may significantly
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Figure 5: Photography of the oscilloscope S9–11 with measured input and output voltage waveforms (a); comparison of measured and
simulated voltage waveforms (b) for the experimental PCB.
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Figure 6: Cross section of cables with (a) and without (b) air gaps.

affect the amplitudes of the pulses. Therefore, numerical full-
wave or above-mentioned quasistatic analysis is more rele-
vant.

To verify the results of the experiment, we accomplished
the quasistatic simulation. The results of the simulation
are shown in Figure 8. For clarity, the comparison of the
experiment and simulation results for open circuit case is
shown in Figure 9. Aswe can see, the qualitative ratio between
pulse amplitudes in the experiment and the simulation is
similar, but the values of the amplitudes and the fall time are
greater in the experiment. These differences are due to the
difference of the actual and simulation parameters (of input
signal, dielectrics, conductors, and boundary conditions), as
well as measurement and simulation errors. The noncausal
waveformof the simulation result is explained by ignoring the
frequency dependence of 𝜀𝑟 and tgΔ during the simulation
process. This effect is considered in detail in [26]. However,
more detailed simulation and explanations of these results are
out of the scope of this paper.

Thus, the results of the experiments and the simulations
for cable of PUGNP 3 × 1.5 type confirm the possibility of
detecting and identifying boundary conditions at the ends of
a conductor by modal probing without electrical connection
to the conductor. It is worth noting that none of the existing
and utilized ways (pulse reflectometry, device-based induc-
tion methods) has such possibility.

5. Diagnostics

By diagnostics we mean the ability to determine passive
(probed) conductor breaks. To diagnose a passive conductor
with modal probing, the form of a modal distortion of the
pulse signal should vary depending on the condition of the
passive conductor. It is illustrated by the simulation of the
pulse propagation along the flat cable of PUGNP 3 × 4 type
(Figure 6(b)). We simulated two cases, with and without a
break in a passive wire.The case with the break in the passive
wire was simulated by using two sections of the cable (Fig-
ure 10), with 𝑅3 = 𝑅4 = 5GΩ. The total length of the struc-
ture was equal to 2m, and the point of the passive wire break
wasmoved over the distances of 0.5, 1, and 1.5m from the near
end of the passive wire. (The probing pulse parameters are
EMF amplitude 2V; each of rise, fall, and flat top time values
is 100 ps). The simulation results are shown in Figure 11.

Simulation results show that, in the case without a break
of a passive wire (Figure 11(a)), two pulses instead of one
come to the far end of the probing line, and the reason why
they occur was described above. With the passive wire break,
the number of pulses at the end of the probing line increases
(Figures 11(b)–11(d)). When the break point is located at the
distance of 0.5m from the near end of the structure, the
number of pulses at the far end of the probing line doubles.
This is due to the fact that at the passive wire break point the
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Table 4: Geometrical (mm) and material parameters of cables with air gaps.

Cable type
Parameters

Wire radii (𝑟1) Wire isolation radii (𝑟2) Cable isolation radii (𝑟3) Cable size (𝑎 × 𝑏) Material
Conductor Dielectric

VVG 3 × 1.5 0.690 1.200 2.055 8.89 × 4.11 Cu PVC
VVG 3 × 2.5 0.892 1.350 2.160 10.02 × 4.32 Cu PVC
VVG 3 × 4 1.128 1.825 2.875 12.97 × 5.75 Al PVC
PUGNP 3 × 1.5 0.690 1.175 1.950 8.40 × 3.90 Cu PVC

Table 5: Geometrical (mm) and material parameters of cables without air gaps.

Cable type
Parameters

Wire radii (𝑟1) Wire isolation radii (𝑟2) Cable isolation radii (𝑟3) Cable size (𝑎 × 𝑏) Material
Conductor Dielectric

PUGNP 3 × 2.5 0.892 1.375 2.000 9.60 × 4.00 Cu PVC
PUGNP 3 × 4 1.128 1.600 2.275 11.50 × 4.55 Cu PVC

Table 6: L, C, and Zmatrixes, mode per-unit-length delays, and their difference for the cables under consideration.

Cable type Matrixes Per-unit-length delays, ns/m
L, nH/m C, pF/m Z,Ω 𝜏𝑒 𝜏𝑜 Δ𝜏

VVG 3 × 1.5
458.53 111.59

111.59 458.53

55.56 −10.09

−10.09 55.56

94.40 60.16

60.16 94.40
5.090 4.777 0.313

VVG 3 × 2.5
387.65 83.41

83.41 387.65

62.22 −9.63

−9.63 62.22

81.21 48.59

48.59 81.21
4.977 4.676 0.302

VVG 3 × 4
422.48 96.73

96.73 422.48

58.64 −9.56

−9.56 58.64

87.62 53.86

53.86 87.62
5.048 4.713 0.335

PUGNP 3 × 1.5
448.25 106.95

106.95 448.25

56.05 −9.88

−9.88 56.05

92.74 58.51

58.51 92.74
5.063 4.743 0.320

PUGNP 3 × 2.5
397.04 86.94

86.94 397.04

73.81 −8.90

−8.90 73.81

74.88 43.08

43.08 74.88
5.602 5.063 0.539

PUGNP 3 × 4
351.63 70.29

70.29 351.63

82.82 −8.65

−8.65 82.82

66.19 36.14

36.14 66.19
5.594 5.073 0.521

2 ns

50 mV

(a)

20 ns

50 mV

(b)

50 mV

20 ns

(c)

50 mV

20 ns

(d)

Figure 7: Oscillograms of input signal (a) and signal at the far end of the probing line (𝑉4) with open circuit (b), short circuit (c), and 100Ω
(d) at both ends of the probed conductor.
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Figure 8: Simulated waveforms of input signal (a) and signal at the far end of the probing line (𝑉4) with open circuit (b), short circuit (c),
and 100Ω (d) at both ends of the probed conductor.

Table 7: Signal parameters at the pulse shaper output.

Signal type Triangular pulse
Amplitude 225mV
Rise time (0.1–0.9) 280 ps
Fall time (0.1–0.9) 280 ps
Duration (0.5) 200 ps
Horizontal scale division 2 ns/div
Vertical scale division 50mV/div
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Figure 9: Comparison of simulated and experimental results of
waveforms at the far end of the probing line (𝑉4) with open circuit
at both ends of the probed conductor.

pulse is decomposed into two pulses because the difference of
modal delays in line 1 ismore than the probing pulse duration.
When the break point is located at the distance of 1m from the
near end of the structure, there are three pulses at the far end
of the probing line; the pulses are overlapped, so the middle
pulse amplitude is rising. Thus, the information obtained
from the waveform at the far end of the probing line allows
us to determine a break of the passive wire. Reflections at the
near end of the probing line are also informative because they
allow us to locate the break.

Moreover, we obtained the experimental results con-
firming the diagnostics with the use of modal probing. To
research the possibilities of the passivewire break diagnostics,
we performed the experiment on two structures shown in

R1

R2

R4

R5

R6

R3

E
V1

V2

V3

V4 V5

V6

V7line 1 line 2

Figure 10: Schematic diagram of the structure under study with the
break in the passive wire.

Figures 2(a) and 10. The electrical parameters of the consid-
ered cable (PUGNP 3 × 1.5) are presented in Table 6. The ex-
perimental conditions are thoroughly described in Section 4.

The oscillograms of the source signal and the signal at the
far end of the probing line for the structure without a passive
wire break (Figure 2(a)), when 𝑅2 = 𝑅4 = 100Ω, are shown
in Figure 12. The measured time delay of the fastest mode
(considering the maximum permissible error of 7.5% with
horizontal scale division 20 ns/div for S9–11 oscilloscope) is
72 ± 5.4 ns, which corresponds to the per-unit-length delay
𝜏𝑜 (Table 6) multiplied by the structure length (4.74 ns/m ×
15m = 71.1 ns). The appearance of the second pulse is due
to the presence of a passive (probed) wire, as well as to the
fact that the total duration of the initial pulse (≈0.6 ns) is less
than the full difference of the mode delay (0.32 ns/m × 15m
= 4.8 ns), as follows from Table 6. Waveforms at the far end
of the probing line under various boundary conditions at the
ends of the passive wire are omitted here but were considered
in more detail in [12].

The waveform at the far end of the probing line for the
case with the passive wire break is shown in Figure 13(a). As
can be seen, when passive wire is broken, four pulses come to
the far end of the probing line instead of two pulses, as in the
case without the break.The partial overlap of the pulses is due
to dispersion. The reflected signal caused by the presence of
the break in the passive conductor is observed too (it is circled
in a white frame). The delay difference between transmitted
and reflected signals is approximately 48 ± 3.6 ns (horizontal
scale division 20 ns/div.) and corresponds to the per-unit-
length delay 𝜏𝑜 (from Table 6) multiplied by twice the length
of the line 1 (4.74 ns/m × 2 × 5m = 47.4 ns). Thus, the
change in the number of pulses at the far end of the probing
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Table 8: Pulse amplitudes for different boundary conditions at the ends of the probed wire for experiment and simulation.

Boundary conditions Pulse 1, mV Pulse 2, mV
Experiment Simulation Experiment Simulation

Open circuit 112 85 133 121
Short circuit 160 131 93 82
100Ω 148 107 124 101
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Figure 11: Simulated waveforms at the near (—) and far (—) ends of the probing line without the break of the passive wire (a) and with its
break at distances of 0.5 (b), 1 (c), and 1.5 (d) m from the beginning.

mark 1 mark 2 

20 ns 
50 mV 

Figure 12: Oscillograph pattern of a source signal (with 20 dB
attenuator) and a signal at the far end of the probing line (𝑉4) for
the structure (without attenuator) from Figure 2(a) when𝑅2 = 𝑅4 =
100Ω.

line experimentally confirms the possibility of contactless
diagnostics of wire structures by modal probing, while the
reflected signal may help to locate the wire break.

The case when there is no galvanic connection between
the probing line and passive wire (i.e., open circuit condition
holds at both ends of the passive wire) is of practical interest.
The waveform at the far end of the probing line for this case

is shown in Figure 13(b). As in the case of 100Ω, four pulses
are observed at the far end of the probing line. Thus, the
presented waveforms indicate the possibility of wire break
diagnostics by modal probing in the case when there is no
galvanic connection either. It is noteworthy that the change in
the boundary conditions at the ends of the passive wire leads
to a change in the amplitude of pulses. The simulation results
for this case (𝑅2 = 𝑅4 = ∞) are shown in Figure 14. These
results are consistent with the experiment and more clearly
demonstrate that there are 4 pulses at the far end. Time delay
between transmitted and reflected signals (116 ns − 69 ns =
47 ns) is also consistent with the experiment (47.4 ns).

6. Analysis of the Modal Distortions in
the Frequency Domain

Modal decomposition will occur only under the condition
(1). However, when decomposed pulses are considerably
overlapping, it becomes difficult to detect the decomposition
fact when analyzing modal distortions in the time domain
only. One of the approaches to solve this problem is the
additional analysis in the frequency domain [16].

Frequency of the first minimum in a spectrum of a signal
at the far end of an active conductor of a matched multicon-
ductor transmission line is obtained with the following ex-
pression:
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Figure 13: Waveform at the far end of the probing line (𝑉4) of the structure with a passive wire break when 𝑅2 = 𝑅4 = 100Ω (a) and
𝑅2 = 𝑅4 = ∞ (b).
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Figure 14: Simulated waveform at the far end of the probing line
(𝑉4) of the structure with a passive wire break when 𝑅2 = 𝑅4 = ∞.

𝑓0 ≈
1

2𝑙 (max (𝜏𝑖) −min (𝜏𝑖))
, 𝑖 = 1, 2, . . . , 𝑁, (2)

where 𝑙 is length of a structure, 𝜏𝑖 is a per-unit-length delay
for 𝑖-th mode of a structure, and 𝑁 is the number of wires
(excluding a reference one). For𝑁 = 2 (2) takes the form

𝑓0 =
1

2𝑙 𝜏𝑒 − 𝜏𝑜

, (3)

where 𝜏𝑒 and 𝜏𝑜 are per-unit-length delays for even and odd
modes. Then from (3) we obtain

𝑙 =
1

2𝑓0
𝜏𝑒 − 𝜏𝑜

. (4)

Now, using (4), we can determine the distance to the wire
break point. It can be confirmed by the experimental results
in a timedomain described in detail above.Thewaveformand
the spectrumof the signal at the far end of the probing line for
the structure (of total length 15m) without the passive wire
break are shown in Figure 15, and with the break (at 5m from
the near end) in Figure 16. From Figure 15(a) it is possible
to find the difference between the mode delays through the
delay difference between the two pulse peaks (20 ns/div. ×
0.26 div. = 5.2 ns). Then the per-unit-length delay difference
would be 0.35 ns/m.

Let us refer to the data in the frequency domain. Taking
the first frequency of theminimumvalue (83MHz)measured
by markers (Figure 15(b)) in the spectrum, we obtain (4)

𝑙 =
1

2 ⋅ 83MHz ⋅ 0.35 ns/m
= 17.2m. (5)

The difference between the calculated (17.2m) and real (15m)
length values is ±7%. Similarly, for the structure with a break
(Figure 16(b)) we obtain (4)

𝑙 =
1

2 ⋅ 126.9MHz ⋅ 0.35 ns/m
= 11.25m. (6)

The difference between the calculated (11.25m) and real
(10m) length values is ±6%. For structures with a wire break,
(4) gives the longest segment length. The difference between
the real and calculated values is caused by a measurement
error.

Consistency of experimental and simulated results is
observed not only in time but also in the frequency domain.
The simulation results of signal spectrum at the far end for the
cases with and without a wire break are shown in Figure 17.
There is a slight difference between the first resonance fre-
quencies in comparison with the experiment (Figures 15 and
16). The values of these frequencies and their differences in
the percentage terms are given in Table 9.The reasons of these
differences are similar to the ones described in Section 4.

A similar experiment was conducted for the experimental
PCB. However, the measurements were carried out with the
scalar network analyzer R2M-40 (50Ω internal impedance,
40GHz band-width). The experimental setup is shown in
Figure 18. We measured 𝑆-parameters. The measured and
simulated frequency dependencies of |𝑆21| are shown in
Figure 19. Taking the first frequency of the |𝑆12| minimum
(545MHz) measured by R2M-40 (Figure 19), we obtain (4)

𝑙 =
1

2 ⋅ 545MHz ⋅ 2.2 ns/m
= 0.41m. (7)

The difference between the calculated (0.41m) and real
(0.33m) length values is ±11%.
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(a) (b)

Figure 15: The waveform (a) and the spectrum (b) of the signal at the far end of a structure without a wire break.

(a) (b)

Figure 16: The waveform (a) and the spectrum (b) of the signal at the far end of a structure with a wire break.
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Figure 17: Simulated spectrum of the signal at the far end of a structure without (a) and with (b) wire break.



Complexity 11

Table 9: Calculated and measured values of the first resonance frequency spectrum of the signal.

Case First resonance frequency, MHz
(𝑓S − 𝑓E) / (𝑓S + 𝑓E) ⋅ 100%Simulation Experiment

Without a break 96.7 83 ±7.6%
With a break 135 127 ±3.05%

DUT 

R2M-40 SWR detector Detector head 

Laptop 

Figure 18: Schematic diagram of the experimental setup.
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Figure 19: The measured and simulated frequency dependencies of
|𝑆21| for the experimental PCB.

Thus, the experimental and simulated results have allowed
us to test the formula that relates the length of the longest
segment of a structurewith the difference ofmodal delays and
the frequency of the first minimum in the spectrum of the
signal at the far end of the structure. It can be used to diagnose
electrical connections.Therefore, the results indicate the pos-
sibility of applying frequency analysis in modal probing.

7. Conclusion

In this paper, we described the principles of employingmodal
phenomena to detect, identify, and diagnose electrical con-
nections.The proposed approach is based on a complex anal-
ysis of signal modal distortion and has two principal advan-
tages: firstly, the galvanic connection to the probed line is not
necessary and, secondly, the informativeness is inherent in
other methods requiring the connection to the probed line
(e.g., pulse reflectometry).

The results of the simulations and the experiments have
confirmed the possibility of using modal probing. The first
steps in the research of modal distortions in the frequency
domain have yielded a formula that permits us to find the

length of the longest segment in the structure and the exis-
tence of a wire break in the structure, evenwhen condition (1)
is not fulfilled and there is no completemodal decomposition.
However, it is required to pursuemore in-depth research into
applying modal phenomena for detecting, identifying, and
diagnosing electrical connections by modal probing.

It should be noted that this paper does not fully describe
themodal probing possibilities. Particularly, further develop-
ment of the method requires a detailed research into modal
distortion for structures with𝑁 > 2. Moreover, research into
the effect of lumped elements along passive conductors on
modal distortion is also high-potential. Simulation, design,
and implementation of models and prototypes for various
options of devices based on the modal probing are necessary
to take its benefits.
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A superheterodyne receiver is a type of device universally used in a variety of electronics and information systems. Fault detection
and diagnosis for superheterodyne receivers are therefore of critical importance, especially in noise environments. A general
purpose fault detection and diagnosis scheme based on observers and residual error analysis was proposed in this study. In the
scheme, two generalized regression neural networks (GRNNs) are utilized for fault detection, with one as an observer and the
other as an adaptive threshold generator; faults are detected by comparing the residual error and the threshold. Then, time and
frequency domain features are extracted from the residual error for diagnosis. A probabilistic neural network (PNN) acts as a
classifier to realize the fault diagnosis. Finally, to mimic electromagnetic environments with noise interference, simulation model
under different fault conditions with noise interferences is established to test the effectiveness and robustness of the proposed fault
detection and diagnosis scheme. Results of the simulation experiments proved that the presented method is effective and robust in
simulated electromagnetic environments.

1. Introduction

With the advent of the era of big data, data transmission is
playing an increasingly important role. As a significant form
of data in the wireless transmission of electronic information
system, analog signal is irreplaceable in many specific cir-
cumstances because of its high accuracy of rate and simplicity
of signal processing.

In information system, the superheterodyne receiver is
a typical kind of analog signal receiving apparatus widely
used in radars and all kinds of signal receivers. The super-
heterodyne receiver has the capability of converting high-
frequency signals. Given its high sensitivity, frequency stabil-
ity, and simpler structure, the superheterodyne receiver has
essentially replaced all previous receiver designs and become
a standard configuration for virtually all modern radio
receivers, taking the use of frequency measuring receivers
in electronic intelligence reconnaissance as an example [1].
Particularly in themilitary field, the superheterodyne receiver
plays rather a more important role.

Serious receiver performance degradation is probably
caused by faults of components in receivers. Due to the
significance of superheterodyne receivers, the performance of
whole information system and the quality of communication
will be critically affected once superheterodyne receivers
failed. Hence effective fault detection and diagnosis methods
for superheterodyne receivers are vital for the enhancement
of performance and the mission success rate. Accurate fault
detection techniques can help to improve the availability
of different superheterodyne receivers and fault detection
is essential for initiating maintenance action to prevent
total failure of the system. Meanwhile, efficient diagnosis is
instrumental to disassembly and replacement malfunction
component, and then the efficiency of equipment mainte-
nance is improved. Finally, through synthetically consider-
ation information on detection and diagnosis, utilization of
superheterodyne receivers and the support of spare parts are
rationally planned to guarantee satisfactory performance of
information system.
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Figure 1: The block diagram of a superheterodyne receiver.

The implementation of fault detection and diagnosis in
electromagnetic environment for superheterodyne receivers
is a practical problem confronting electronic information
equipment. However, there is little research known so far on
fault detection and diagnosis for superheterodyne receivers
under noise circumstance. Some relevant studies are as
follows. In Binu and Kariyappa’s survey, the approach of
diagnosis of analog circuits was given and the machine
learning-based approaches using artificial neural network as
implementation were proposed [2]. Khanafseh and Pervan
developed a general methodology to mitigate single receiver
failures for architectures of carrier phase navigation [3]. Chen
et al. proposed a fault diagnosis model for a radar receiver,
built by applyingmultisignal flow graphs [4]. Mohsen and El-
Yazeed invented a diagnosis approach of analog circuits based
on dictionary and the excellent effectiveness of proposed
algorithmwas demonstrated by soft fault simulation [5]. Nho
et al. designed an algorithm and an operation boundary for
fault detection of an onboard GNSS receiver [6].

However, most of these studies are just suitable for a
single kind of receiver or some particular receiver types and
therefore not applicable to receivers on a broader sense. To
overcome this disadvantage, this study discusses a novel fault
detection and diagnosis method which can be applied for
most commonly used superheterodyne receiver types.

The method was inspired by fault detection schemes for
control systems. In their work [7], Jayakumar and Das pro-
posed a technique of fault detection for a flight control system
based on Luenberger observer. Keliris et al. developed a non-
linear observer-based approach for distributed fault detection
of a class of interconnected input-output nonlinear systems
[8]. Pröll et al. presented a fault isolation method combining
structural diagnostic ability analysis with observer-based
residual generation [9]. These studies indicate that observer-
based methods tend to have excellent performance in the
fault detection problem for complex systems. Therefore, in
this study, an observer-based fault detection and diagnosis
method using adaptive thresholds were adopted in the infor-
mation system with superheterodyne receivers to explore the
application of the technique in a new field.

Observer is established to obtain the estimated output,
and then the difference between the actual and estimated
output is taken as the residual error, which carries a great
deal of information of system. Fault detection is carried out
by comparing the residual error with the adaptive threshold.
A type of neural network is effective to meet the nonlinear
requirements of observer and adaptive threshold generator.

Considering the nonlinear fitting capability of generalized
regression neural network (GRNN), it is employed in this
paper.Moreover,GRNNrequires shorter training time to find
optimal solution than BPNN [10].

From the point of view of pattern recognition, the process
of fault diagnosis of a superheterodyne receiver is pattern
classification for its operating status. Feature extraction of the
residual error is the key point of fault diagnosis which deter-
mines whether the fault diagnosis is successful. To further
process the residual error signal, time domain and frequency
domain analysis are applied to extract fault features and
then a classifier diagnoses the fault. A proper classifier also
has a better effect on the result of fault diagnosis. Since
the probabilistic neural network (PNN) is a widely used
algorithm for classification applicable to nonlinear problems
andhigh dimension applicationswith short training time [11],
the diagnosis is realized using PNN.

To solve the aforementioned problems, a method that
combines observer, adaptive threshold generator, and classi-
fier based on PNN is proposed in order to realize the accurate
fault detection and effective diagnosis, which is beneficial to
improve the operation performance of the information sys-
tem with superheterodyne receivers. Moreover, the method
proposed in this study is featured with stronger engineering
applicability and generality. It is more practical in com-
munication fields compared with previous approaches since
the only monitoring data required by the observer are the
system input/output, while, on the other hand, the GRNN,
employed as the fault observer, is able to describe virtually all
kinds of nonlinear systems. In general, the method is robust
to various noises under electromagnetic environments with
noise interference, due to its adaptive nature.

The structure of this paper is organized as follows. The
simulation model of a typical superheterodyne receiver is
given in Section 2. In Section 3, the fault detection and
diagnosis scheme is elaborated. In Section 4, the validity of
the proposed method is proved using simulation data seeded
with faults and the results of the experiments were given
subsequently, and Section 5 concludes the paper with some
perspectives.

2. Modeling of a Typical
Superheterodyne Receiver

Figure 1 is the block diagram of a typical superheterodyne
receiver consisting of local oscillator, mixer, bandpass filter,
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Figure 2: The adaptive fault detection and diagnosis for the superheterodyne receiver.

amplifier, demodulator, and additive white Gaussian noise
(AWGN) channel.

In signal source system, the module is packaged into a
subsystem, including original signal, carrier, and attenuator,
to simulate the reception signal. The antenna collects the
radio signal. Then the radio signal is processed as follows.
First, the received signal is fed into a mixer where it is mixed
with a sine wave known as the local oscillation signal. A local
oscillator provides the mixing frequency that is variable for
tuning the receiver to different stations. The frequency mixer
does the actual heterodyning, which changes the incoming
radio frequency signal. Second, the signal obtained bymixing
is processed by intermediate frequency (IF) band-pass filter
and amplifier successively. The IF band-pass filter provides
the narrowband filter and amplifier provides most of the gain
for the radio signal. Then the other IF filter processes the
signal again to further eliminate the band noise. Third, the
envelope detector demodulates signals from the filter and
provides an output which is the envelope of the original
signal. Last, the extracted signal is sent into a low-pass filter.
Signal from filter is the system output after being amplified by
audio amplifier.

Based on the composition and the principle of the super-
heterodyne receiver, the simulation model is established in
Matlab/Simulink simulation environment. The details of the
simulation model are as follows:

(a) In the signal source, the carrier frequency is 1000 kHz.
The parameter of attenuator module is 0.1. The mod-
ule simulates attenuation caused by the transmission
distance from the transmitter to the receiver.

(b) In AWGN channel, the means of random white noise
is 0, and the variance of random white noise is 0.001.
The noise is used to simulate the interference of
electromagnetic environment.

(c) The local oscillation signal is from the voltage-
controlled oscillator controlled by the input voltage.

Table 1: Parameter of IF filter.

Parameter Unit Value
Filter order Null 1
Center frequency Hz 465k
Bandwidth Hz 12k

Set up a slider gain module, and then the frequency
of the local oscillator is controllable. The quiescent
frequency of voltage-controlled oscillator is 465 kHz.
The input sensitivity of voltage-controlled oscillator is
1000Hz/V.

(d) Parameters of IF filters are shown in Table 1. The
parameter of the IF amplifier is 20. The upper and
lower limits of envelope detector are set to inf and 0.
The parameter of the audio amplifier is 2. The band-
width of the low pass filter is 6 kHz.

3. Fault Detection and Diagnosis for
Superheterodyne Receivers

Figure 2 shows the schematic diagram of the adaptive fault
detection and diagnosis.

As is shown in the figure, in the phase of fault detection,
an observer based on GRNN is fed with the system input and
the system output. After training, the observer outputs an
estimated value as a reference.Then residual error is obtained
by comparing it with the actual output. Meanwhile, the other
GRNN generates threshold that changes accordingly. The
detection is finally realized by comparing the residual error
and the adaptive threshold.

After fault detection, fault diagnosis is conducted based
on the residual error generated by the fault observer. Three
time domain parameters and three frequency domain param-
eters are extracted from the residual error signal. Finally,
PNN is employed as the classifier to realize fault diagnosis.
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3.1. GRNN Observer Based Adaptive Fault Detection

3.1.1. Generalized RegressionNeural Network and Its Structure.
Note that the fault detection is conducted in real-time elec-
tromagnetic environment where noise and interference will
impact superheterodyne receivers’ performance. GRNN is
developed as an alternative to traditional neural network. As
a feed-forward neural network based on nonlinear regression
theory, GRNN has a simple and straightforward training
algorithm which is significantly different from BPNN [12].
As shown in Figure 3, GRNN neural network includes four
layers: an input layer, a pattern layer, a summation layer, and
an output layer [13].

Assume that the network input is 𝑋 = [𝑥1, 𝑥2, . . . , 𝑥𝑛]𝑇,
and the corresponding network output is 𝑌 = [𝑦1, 𝑦2,. . . , 𝑦𝑘]𝑇. Each layer is presented in detail as follows.

(1) Input Layer. The number of neurons in the input layer
is equal to the dimension of input feature vector. Each
neuron is a simple distribution unit. The input of networks
is transferred to the pattern layer directly.

(2) Pattern Layer. The number of neurons in the pattern layer
is the total number of training samples 𝑛. Each neuron is
related to different sample.Theneural transfer function in the
pattern layer is

𝑃𝑖 = exp[−(𝑋 − 𝑋𝑖)𝑇 (𝑋 − 𝑋𝑖)2𝜎2 ] 𝑖 = 1, 2, . . . , 𝑛. (1)

In (1), 𝑋 is the system input. 𝑋𝑖 is the learning sample
corresponding to the 𝑖th neuron. Therefore, the output of
neuron 𝑖 is the squared Euclidean distance between the input
and the corresponding training sample.

(3) Summation Layer. There are two summation types in the
summation layer.

The function of the first type is

𝑛∑
𝑖=1

exp[−(𝑋 − 𝑋𝑖)𝑇 (𝑋 − 𝑋𝑖)2𝜎2 ] . (2)

This function sums out the output of all pattern layer
neurons. The transfer function is

𝑆𝐷 = 𝑛∑
𝑖=1

𝑃𝑖. (3)

The function of the second type is

𝑛∑
𝑖=1

𝑌𝑖 [−(𝑋 − 𝑋𝑖)𝑇 (𝑋 − 𝑋𝑖)2𝜎2 ] . (4)

Outputs of all pattern layer neurons were weighted and
summed. 𝑦𝑖𝑗 is the 𝑗th element of the 𝑖th output of training
sample 𝑌𝑖. The transfer function is

𝑆𝑁𝑗 = 𝑛∑
𝑖=1

𝑦𝑖𝑗𝑃𝑖 𝑗 = 1, 2, . . . , 𝑘. (5)

(4) Output Layer. The number of neurons in the output
layer is equal to the dimension of output feature vector from
training sample, which is 𝑘. The output of summation layer
is divided in each neuron. The output of neuron 𝑗 is the 𝑗th
element of the network output:

𝑦𝑗 = 𝑆𝑁𝑗𝑆𝐷 𝑗 = 1, 2, . . . , 𝑘. (6)

3.1.2. Design of the Fault Observer and Adaptive Threshold
Generator. Design of a fault observer and an adaptive thresh-
old generator using the method described in [14] is shown in
Figure 4. Two GRNNs are utilized in this method. The first
GRNN acted as an observer, which outputs the estimated
system output. Then define the residual error by obtaining
the deviation value between the estimated output and actual
output.The other trained neural network is used as the adap-
tive threshold generator. The output datasets are composed
of adaptive threshold values. Result of comparison between
residual error and adaptive threshold can be applied to judge
whether the system has fault or not.

In the training process, the system input and output are
sent to the GRNN to obtain the observer. The residual error
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Figure 4: Fault detection based on GRNN observer.

is close to 0when systemworks normally, while residual error
increased when system is abnormal.

Aim to construct the relationship between the system
input, output, and threshold. The training input datasets of
the second neural network consist of the system input and
output, and the training output data are the expected adaptive
threshold calculated using (7).

threshold = 𝜀0 (𝑘) + 𝛽. (7)

In (7), 𝜀0(𝑘) is the baseline residual error, which is
acquired from observer under normal circumstances, and 𝛽
is the correction coefficient.

The observer and adaptive threshold generator can be
employed to realize the fault detection after training. The
residual error is below the threshold in normal status. While
the system is in faulty status, the residual error exceeds the
threshold.

3.2. Residual Error Analysis Based Fault Diagnosis. Residual
error is the difference between the actual output and the
estimated output; therefore the residual error carries large
amount of fault information. Fault diagnosis is developed
based on residual error.

3.2.1. Feature Extraction in Time and Frequency Domain.
Feature extraction is a key issue in fault diagnosis. Properly
extracted features can improve both diagnosis speed and
accuracy.

The time domain analysis can characterize the energy
and stability of signal over time. The frequency analysis
can decompose the signal in detail. Considering the sim-
plicity of time domain analysis and the adaptive ability
of frequencydomain analysis, in this study, the feature of
residual error is extracted by combining the time domain and

frequency domain.Thereby the performance of systemwill be
characterized as more comprehensive.

Three time domain parameters of signal, including peak
value, root mean square, and average absolute value, are
extracted. Suppose that a set of discrete data signal obtained
by sampling is 𝑥1, 𝑥2, . . . , 𝑥𝑛; equations of these parameters
are as follows.

Peak value is

𝛼 = 𝑋max = max {𝑥𝑖} . (8)

Root mean square is

𝛽 = 𝑋rms = √ 1𝑁
𝑁∑
𝑖=1

𝑥2𝑖 . (9)

Average absolute value is

𝛾 = 𝑋 = 1𝑁
𝑁∑
𝑖=1

𝑥𝑖 . (10)

Wavelet transformation (WT) and singular value decom-
position (SVD) are general methods to extract the frequency
domain feature. WT is an effective way to deal with signal.
It can project a signal from time domain space to several
frequency ranges, and the features of the dataset are implied
in these frequency ranges. Signals are decomposed into a
featurematrix and different frequency ranges can be obtained
by using theWT. And the features usually appear in different
frequency ranges [15]. SVD can be used to extract the
prominent feature from all the frequency ranges. It can
decompose a matrix into simple and meaningful pieces,
which may contribute to the subsequent analysis. Matrix A
decomposed by SVD can be expressed as follows:

𝐴 = 𝑈𝑆𝑉𝑇, (11)

where 𝑈 represents the left singular vector, 𝑉 denotes the
right singular vector, and 𝑆 indicates diagonal matrix whose
elements in the main diagonal are singular values.

The samples belonging to the same category will have the
similar singular values and samples with different categories
decomposed by SVD will obtain diverse singular values [16].
Hence, the singular values can be utilized to represent a
signal.

After the analysis in time and frequency domain, the
eigenvector of superheterodyne receivers is composed of time
domain and frequency domain features.

3.2.2. PNN Based Fault Diagnosis. In this study, PNN is
employed as classifier for fault diagnosis. As a radial basis
function neural network, a PNNneural network is a powerful
algorithm for classification with its theory based on Bayes
minimum risk criteria (Bayesian decision theory) [17]. Due
to its concise training and strong classification ability, the
PNN has widely applications for fault diagnosis in practical
applications [18]. Compared with BP neural network, the
advantage of a PNN is that the topology, connection weights,
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Table 2: Injected fault modes in simulation model.

Number Fault Details
1 Amplifier fault Amplifier gain reduction fault
2 Oscillator fault Local oscillator bias fault
3 Filter fault Filter bandpass reduction fault

and thresholds can be set immediately when training samples
are attainable [19].

The general structure of a PNN model is shown in
Figure 5.Themodel contains 4 layers: input layer, the pattern
layer, the summation layer, and the output layer [20].

The input layer introduced the eigenvector into network.
Pattern layer calculates the distance between the unknown
input and the training sample. Then distance transformed by
activation function, which is Gaussian function, is the output
of pattern layer.Thenumber of neurons in summation layer is
equal to the number of failure modes. Each neuron sums the
probability of one kind of fault. According to the estimated
probability, the output layer chooses a neuron in summation
layer with the highest probability as the output of the neuro
network.

In the process of diagnosis, the training data is used
to train the PNN; the weights of neuro network and other
parameters are created in the learning stage. In the recalling
stage, the PNN is utilized as a classifier to identify the system
status.

4. Case Study

4.1. Simulation Parameters and Fault Injection. A sine signal
is used as the input signal is in the simulation.The amplitude
is 1 and the system input frequency is 100Hz.

According to the statistics of historical maintenance
data, main fault types of a superheterodyne receiver include
amplifier fault, oscillator fault, and filter fault, which are fed
into the simulation model to test the effectiveness of the
proposed approach.

The fault modes listed in Table 2 were introduced into the
simulation model by changing several specific parameters of
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the fault components. The details of fault injection are listed
in Table 3.

The simulation duration is 0.01 s, and the sampling rate is
600K/s. Data of normal status and three kinds of fault status
were collected. In each case there are 6000 data points of
system input and 6000 data points of system output.

4.2. Fault Detection and Results Analysis. For fault detection,
normal data of system input and output are used to train
the observer based on the first GRNN. The system input and
the system output of the previous step are taken as the input
sample of training data. The output sample of training data
is the actual system output. The function spread of the first
GRNN neural network is set to 0.01.

Normal data are used to train the second GRNN to
generate the adaptive threshold as well. The system input and
the estimated system output are taken as the input sample
of training data. The output sample of training data is the
expected adaptive threshold which is the summation of the
baseline residual and 𝛽. Through multiple tests combined
experience, the value of 𝛽 is set to 0.1. The function spread
of the second GRNN neural network is set to 0.01.

The structure and parameters of the GRNN neural net-
works are determined after training.

Four tests were carried out to validate the effectiveness of
the fault detection scheme. The results are shown in Figures
6–9. In each figure, the blue curve shows the residual error,
and the red curve is the adaptive threshold.



Complexity 7

Table 3: Fault injection details.

Test number Fault mode Fault component Changed parameter for fault injection (unit) Parameter (normal) Parameter (fault)
1 Normal - - - -
2 Amplifier fault Electronic amplifier Gain 20 17
3 Oscillator fault Local oscillator Quiescent frequency (kHz) 465 480
4 Filter fault Intermediate frequency filter Bandwidth (kHz) 12 1
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Figure 8: Detection result for oscillator fault.
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In test 1, the superheterodyne receiver works normally.
The result of detection is shown in Figure 6. The residual
error was close to zero and below the threshold; therefore
the results indicate that the system is under normal circum-
stances.

In test 2, an electronic amplifier fault was injected to the
system. The result of detection is shown in Figure 7. The
residual error became greater and exceeded the threshold;
therefore, the results indicate that fault occurred in the
system.

In test 3, an oscillator fault was injected to the system.The
result of detection is shown in Figure 8. The residual error is
beyond the threshold; therefore, the results indicate that fault
occurred in the system.

In test 4, a filter fault was injected to the system.The result
of detection is shown in Figure 9.The residual error increased
significantly and exceeded the threshold; therefore, the results
indicate that fault occurred in the system.

Table 4: Training eigenvectors for fault diagnosis.

Pattern Sample size Label data
Normal 210 eigenvectors 1
Filter fault 210 eigenvectors 2
Amplifier fault 210 eigenvectors 3
Oscillator fault 210 eigenvectors 4
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Figure 10: Result of Classification based on PNN.

As indicated by the simulation results, the residual error
exceeded the threshold when the system worked abnormally
under the interference of environment noise factors.

4.3. Fault Diagnosis and Results Analysis. For fault diagnosis,
the time domain features, including the average absolute
value, the root mean square, the peak value, and three fre-
quency domain features processed byWT-SVD, are obtained
from residual error. Data were preprocessed and one eigen-
vector including 6 features was extracted from each of 600
samples of residual error signals. 270 eigenvectors were
extracted from each residual error signal and totally 1080
eigenvectors were obtained.

To train the PNN, 840 eigenvectors of each fault mode
were selected to form the training data, and their labels were
set as shown in Table 4. The function spread of PNN was set
to 0.075.

After the training of PNN, the other 240 eigenvectors
were employed as the test data to verify the effectiveness of
the proposed method. Figure 10 shows the results of fault
diagnosis. In Figure 10, the red points are the actual labels of
the test data, while the blue points are the predicted labels by
PNN.

Number 1 to number 60 are the normal data. Number 61
to number 120 are the filter fault data. Number 121 to number
180 are the amplifier fault data. Number 181 to number 240 are
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the oscillator fault data. In the test of normal data, the PNN
classification result of 4 test samples did not match the actual
label. In the test of amplifier fault data, the PNN classification
result of all test samples matched the actual label. In the test
of oscillator fault data, the PNN classification result of 2 test
samples did notmatch the actual label. In the test of filter fault
data, the PNN classification result of all test samples matched
the actual label.

In total, there are 6 test samples of themisjudgment of the
fault diagnosis out of 240 test samples, and the corresponding
diagnosis accuracy was 97.5%.

5. Conclusion

In this paper, a general purpose fault detection and diag-
nosis method was proposed for information systems with
superheterodyne receivers. By establishing the observer and
adaptive threshold generator based on GRNNs, the faults
of superheterodyne receiver are detected by the variation
of residual error. The residual error is then used to extract
fault features and PNN is employed as the fault classifier to
diagnose the fault type. The proposed method was verified
by simulation experiments considering noise interferences.
The result indicates that the proposed method can effectively
detect superheterodyne receiver faults and diagnose fault
modes accurately. Meanwhile, the adaptive threshold has
strong adaptive ability for noise interferences.

The advantage of the proposed approach lies in that it
is applicable not only to the superheterodyne receiver but
also to more complex signal receiving systems of similar
designs in which the transfer functions are difficult to obtain.
It also outweighs other previous methods due to its strong
robustness to environmental noises and interferences and
enables a higher mission success rate.

However, future work needs to be done to make the
proposed method more practical. First, the data from a lab
testing of actual superheterodyne receiving system will be
applied instead of simulation model to further verify the
effectiveness of the proposed method. Second, the classifier
needs to be developed to realize the diagnosis in the situation
with multiple failures.
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model,” AEÜ - International Journal of Electronics and Commu-
nications, vol. 58, no. 3, pp. 212–217, 2004.

[6] H. Nho, J. Ahn, S. Sung, H. Jun, C. Yeom, and Y. Lee, “Research
on Algorithm and Operation Boundary for Fault Detection
of Onboard GNSS Receiver,” Journal of the Korean Society for
Aeronautical & Space Sciences, vol. 40, no. 2, pp. 171–177, 2012.

[7] M. Jayakumar and B. B. Das, “Fault detection, isolation and
reconfiguration in presence of incipient sensor faults in an
electromechanical flight control actuation system,” in Proceed-
ings of the 2006 IEEE International Conference on Industrial
Technology, ICIT, pp. 92–97, India, December 2006.

[8] C. Keliris, M. M. Polycarpou, and T. Parisini, “A robust nonlin-
ear observer-based approach for distributed fault detection of
input-output interconnected systems,” Automatica, vol. 53, pp.
408–415, 2015.
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Considering that the statistic numerical characteristics are often required in the probability-based damage identification and
safety assessment of functionally graded material (FGM) structures, an stochastic model updating-based inverse computational
method to identify the second-order statistics (means and variances) of material properties as well as distribution of constituents
for damaged FGM structures with material uncertainties is presented by using measurable modal parameters of structures. The
region truncation-based optimization method is employed to simplify the computational process in stochastic model updating.
In order to implement the forward propagation of uncertainties required in the stochastic model updating and avoid large error
resulting in the nonconvergence of the iteration process, an algorithm is proposed to compute the covariance between the modal
parameters and the identified parameters for damaged FGM structures. The proposed method is illustrated by a numerically
simulated damaged FGM beamwith continuous spatial variation of material properties and verified by comparing with theMonte-
Carlo simulation (MCS) method. The influences of the levels and sources of measured data uncertainties as well as the boundary
conditions on the identification results are investigated. The numerical simulation results show the efficiency and effectiveness of
the presentedmethod for the identification ofmaterial parameter variability by using themeasurablemodal parameters of damaged
FGM structures.

1. Introduction

Functionally graded materials (FGMs) have found wide
application in modern industries including aerospace engi-
neering, military application, and mechanical engineering,
due to resistant high temperature gradient and strong
mechanical performance [1], and a great deal of research
has already been done into both deterministic [2–6] and
stochastic [7–12] mechanical behavior of FGM structures.
However, damage such as crack and fracture often occurs
in FGM structures as most of FGM structures work in
harsh environment such as high temperature gradient and
corrosion. Damage problems in FGM structures have been
widely investigated in literatures [13–19].

As is well-known, accurate and reliable mechanical
behavior analysis of FGM structures with initial damage is
vital for the early condition assessment anddamage prognosis
in order to guarantee the safe performance and prevent
the possible disastrous failure of FGM structures [20, 21].

What is more, the reliable analysis of overall mechanical
behavior of any FGM structure, undamaged or damaged,
relies on a precise knowledge of the material properties
and, especially, the distribution of constituents. Traditionally,
mechanical properties and volume fraction distribution of
heterogeneous materials can be determined by starting from
indentation tests [22, 23]. Owing to the inhomogeneous
nature of FGMs, however, experimental characterization
of materials constants and volume distribution is cumber-
some and time-consuming since a large number of prop-
erty parameters need to be determined, and nondestructive
techniques have been developed to evaluate the material
property parameters and the volume fraction index for FGMs
by utilizing complex relationships between the structural
behavior and the material properties. Liu et al. [24] suggested
a progressive neural network process for characterizing the
material properties of functionally graded material (FGM)
plate by using elastic wave. Han and Liu [25] presented an
inverse method for determining the material properties and
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distribution in the thickness direction of FGM plates by
using uniform crossover microgenetic algorithm. Rahmani
et al. [26] presented a regularized finite element model
updating for identification of elastic constitutive parameters
identification of 2D composites from full-field measured
displacement data, in which mechanical constraints are used
as regularization factors in the optimization algorithm. Sun
et al. [27] developed a strategy to identify the temperature-
dependent properties of a thermoelastic structure in thermal
environment taking into time-varying material properties
and thermal stresses account. Mishra and Chakraborty [28,
29] dealt with a modal analysis based inverse identification
of material properties of fiber reinforced plastics composite
plates with rotational flexibility at boundaries and panels
having elastically restrained boundary from the experimental
modal testing using finite element model updating.

All of the above studies focus on the identification of
deterministic quantities of material constants or volume
distribution of composite materials and structures. In reality,
however, both constituent material properties and volume
distribution in FGMs present inherent fluctuation due to the
typicality and technical variety in the manufacturing and
fabrication of FGMs and environmental temperature [30, 31].
From this point of view, therefore, the inherent uncertainties
need to be incorporated in parameter identification, which is
an important issue inmechanical behavior analysis and safety
evaluation of FGM structures, especially in the early stage of
damage.

In the present work, considering that the statistic
numerical characteristics, for example, second-order statis-
tics (means and variances) of material properties, are often
required in evaluating the mechanical behavior and safety
of FGM structures, an inverse computational procedure is
presented to identify the second-order statistics (means and
variances) of material properties and volume fraction index
of FGM structures with initial damage by using stochastic
finite element model updating [32], which is implemented
by minimizing the differences between the analytical and
actual structural modal parameters [33] easily obtained by
measuring the structural response signal. It is worth noting
that, as an inverse problem, both the efficient optimization
method with good convergence and the forward uncertainty
propagation with relatively small errors are two key issues
for the statistical identification of FGM parameters based
on stochastic model updating. Instead of utilizing the trust
region method with expensive computation, the region
truncation-based optimization method has been proposed
to simplify the computational process without harming the
convergence of the iteration process in this work. On the
other hand, the forward uncertainty propagation needs to
be carried out in every iteration step, in which not only the
means and variances of the dynamic characteristics [7–12]
but also the covariance between the dynamic characteristics
and the identification parameters needs to be computed, and
the computation of first-order derivatives is involved. Finite
difference approximation is traditionally used for obtaining
the involved derivatives for structures with a large number
of degrees, and, however, it is obviously not suitable to
be utilized in computing the derivatives with respect to

volume fraction index for FGM structures due to large errors
which will accumulate in every iteration step and lead to the
nonconvergences of the results, since the effective material
properties of FGMs are assumed as power functions of
volume fraction index. On account of the fact mentioned
above, an algorithm is developed for computing the first
derivative of dynamic characteristics with respect to random
variables, which is employed to compute the covariance
between the dynamic characteristics and the identification
parameters. In addition, in consideration of the difficult of
random experiment test for the damaged FGM structure with
enough samples required for the random analysis, the actual
modal data will be obtained by numerical simulationmethod
in this study.

2. Volume Distribution of Material
Constituents in FGM Beam

An FGM rectangular beam composed of ceramics (top
surface/left surface) andmetal (bottom surface/right surface)
having the length 𝑙, width 𝑏, and thickness ℎ is considered
in this wok. The effective material properties of the beam
are assumed to vary continuously through its thickness
direction or along its axial direction complying with power
law distribution [11] and can be, respectively, expressed as

𝑃 (𝑧) = [(𝑃c − 𝑃m) (𝑧ℎ + 12)
𝑛 + 𝑃m] ,
−ℎ2 ≤ 𝑧 ≤ ℎ2 , 0 ≤ 𝑛 < ∞,

𝑃 (𝑥) = [(𝑃c − 𝑃m) (1 − 𝑥𝑙 )
𝑛 + 𝑃m] ,

0 ≤ 𝑥 ≤ 𝑙, 0 ≤ 𝑛 < ∞,

(1)

where 𝑧, 𝑥 are the coordinates along the thickness (ℎ) and
length (𝑙) of the FGMbeam as shown in Figure 1.𝑃(∙) denotes
the effective material properties such as Young’s modulus,
Poisson’s ratio, and thermal expansion efficient along 𝑧
coordinate for the FGM beam through its thickness direction
or𝑥 coordinate for the FGMbeamalong its axial direction.𝑃c,𝑃m denote the corresponding material properties of ceramics
and metal, respectively. 𝑛 denotes the volume fraction index.

Each material property of ceramics and metal can be
expressed as a function of temperature [30]:

𝑃 = 𝑃0 (𝑃−1𝑇−1 + 1 + 𝑃1𝑇 + 𝑃2𝑇2 + 𝑃3𝑇3) , (2)

where 𝑃0, 𝑃−1, 𝑃1, 𝑃2, 𝑃3 are the coefficients of temperature𝑇 and change with the constituent materials as well as the
temperature.

3. Stochastic Model Updating

3.1. Updating theMeans andVariances ofMaterial Parameters.
The model updating can often be posed as a minimiza-
tion problem of the objective function which is a sum
of square difference between the analytic and actual data,
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Figure 1: Configuration of an FGM beam.

typically dynamic characteristics (modal frequencies and
mode shapes):

min
𝜃

𝑓 (𝜃) = za𝑘 (𝜃) − zm
2 , 𝜃 ≤ 𝜃 ≤ 𝜃, (3)

where the updating parameter vector 𝜃 is composed of
material properties and volume fraction index of FGMs to
be identified, that is, 𝜃 = [Pc

T Pm
T 𝑛]T. The vector za𝑘 is

the analytic modal parameters (modal frequencies and mode
shapes), that is, za𝑘 = [fa𝑘T {𝜑a𝑘T}]T, which is a nonlinear
function of the updating parameters vector 𝜃.The vector zm =[fmT {𝜑mT}]T is the actual modal parameters. The vectors
𝜃, 𝜃 denote the upper and lower bounds on the updating
parameters.

In the stochastic model updating, the parameters can be
updated by the following iterative expression [32]:

za𝑘 = za𝑘 + z̃a𝑘,
zm = zm + z̃m,
𝜃𝑘 = 𝜃𝑘 + �̃�𝑘,

(4)

𝜃𝑘+1 = 𝜃𝑘 + T𝑘 (za𝑘 − zm) ,
T𝑘 = [ST𝑘W𝜀S𝑘 +W𝜗]−1 ST𝑘 , S𝑘 = [𝜕za𝑘 (𝜃)𝜕𝜃 ]

𝜃=𝜃𝑘

, (5)

Cov (�̃�𝑘+1, �̃�𝑘+1) = Cov (�̃�𝑘, �̃�𝑘) + Cov (�̃�𝑘, z̃a𝑘)TT
𝑘

+ T𝑘Cov (z̃m, z̃m)TT
𝑘

− T𝑘Cov (z̃a𝑘, �̃�𝑘)
+ T𝑘Cov (z̃a𝑘, z̃a𝑘)TT

𝑘 ,
(6)

where subscript 𝑘 denotes the 𝑘th iteration step. The vectors
𝜃𝑘, za𝑘, zm are the means of the updating parameters, the
analytical modal parameters, and the actual modal parame-
ters. The vectors �̃�𝑘, z̃a𝑘, z̃m are the corresponding zero-mean
random parts with the same variances of 𝜎2

𝜃𝑘
, 𝜎2za𝑘 , 𝜎2zm . W𝜀,

W𝜗 is a diagonal weighting matrix to allow for regularization
of ill-posed sensitivity equations. T𝑘 is a transformation
matrix and S𝑘 is the sensitivity matrix of modal parameters
with respect to updating parameters. In (6), the actual
modal data and updating parameters are assumed to be
uncorrelated; that is, Cov(z̃m, �̃�𝑘) = 0, Cov(z̃m, z̃a𝑘) = 0,
and the covariancematrix Cov(z̃a𝑘, �̃�𝑘) between the analytical
modal parameters and the updating parameters as well as
the covariance matrix Cov(z̃a𝑘, z̃a𝑘) of the analytic modal
parameters can be evaluated by forward propagation of
uncertainty.

3.2. Optimization Algorithm by Region Truncation. Region
truncation-based method is employed in the optimization
process of model updating, since the widely used trust region
method is less straightforward and more expensive in com-
putational though it is powerful and reliable in convergence
[34]. In region truncation-based optimization algorithm, the
constrained minimization problem (3) with the constraints
is converted to the unconstrained problem and the updating
parameters are limited within a controlled region in each
iteration step. Thus, (5) can be replaced with the following
iterative process:

𝜃𝑘+1 =
{{{{{{{{{

𝜃𝑘 + 𝜏𝑘, Δ𝜃𝑘 ≥ 𝜏𝑘,
𝜃𝑘 + ((ST (𝜃𝑘)W𝜀S (𝜃𝑘))−1 +W𝜗) ST (𝜃𝑘) (za𝑘 − zm) 𝜏𝑘 ≤ Δ𝜃𝑘 ≤ 𝜏𝑘,
𝜃𝑘 + 𝜏𝑘, Δ𝜃𝑘 ≤ 𝜏𝑘,

Δ𝜃𝑘+1 = 𝜃𝑘 − 𝜃𝑘−1,
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𝜏𝑘 = 𝛽𝜅𝑘,
𝜏𝑘 = −𝛽𝜅𝑘,
𝛽 ∈ (0, 1) ,
𝜅𝑘 = min {𝜃 − 𝜃𝑘 , 𝜃 − 𝜃𝑘} ,

(7)

where 𝜏𝑘, 𝜏𝑘 are boundary vectors of the truncated region. 𝜅𝑘
is the distance vector of the current iterative point from the
nearest constraints, and the size of truncation region depends
on the parameter 𝛽. It is suggested that 𝛽 should be set small
for a large sensitivity of modal parameters to the updating
parameters and large for a small sensitivity.

4. Finite Element Model for Damaged
FGM Structures

4.1. Random Effective Material Properties. Recalling (1), the
uncertainty in the effective material properties of an FGM
comes from the uncertainty in both material parameters
and volume fraction of constituents. Taking into account
the low variability in both the physical properties (such as
the Young modulus and mass density of each constituent
material) and volume fraction index, and neglecting high-
order terms, the effective material properties for the FGM
beam can be expanded by Taylor’s series:

𝑃 (⋅) = 𝑃 (⋅) + �̃� (⋅) , �̃� (⋅) = 𝑙∑
𝑖=1

𝜕𝑃 (⋅)𝜕𝜃𝑖 𝜃𝑖, (8)

where 𝑃(⋅) is the mean value of each effective material
property, and �̃�(⋅) is the corresponding zero-mean random
part with the variance of 𝜎2𝑃(⋅). 𝜃𝑖 is the 𝑖th element of the
updating parameter vector 𝜃, and 𝜃𝑖 is the corresponding
zero-mean random part.

4.2. Finite Element Model of Undamaged FGM Beam. Ac-
cording to the third-order shear deformation theory, the
displacement field of the FGM beam can be expressed as
follows [11, 12]:

𝑢 (𝑥, 𝑧, 𝑡)
= 𝑢0 (𝑥, 𝑡)
+ 𝑧 [𝜙𝑥 (𝑥, 𝑡) − 43 (𝑧ℎ)

2 (𝜙𝑥 (𝑥, 𝑡) + 𝜕𝑤0 (𝑥, 𝑡)𝜕𝑥 )] ,
𝑤 (𝑥, 𝑡) = 𝑤0 (𝑥, 𝑡) ,

(9)

where 𝑢, V are the axial and transverse displacements at any
point of the FGM beam in the 𝑥, 𝑧 directions, respectively.𝑢0, 𝑤0 are those on the mid-plane. 𝜙𝑥 is the cross-sectional
rotation about 𝑥-axis.

By assuming the small deformation, the following strain
field can be obtained:

𝜀𝑥 (𝑥, 𝑧, 𝑡) = 𝜕𝑢0𝜕𝑥
+ 𝑧 [𝜕𝜙𝑥𝜕𝑥 − 43 (𝑧ℎ)

2 (𝜕𝜙𝑥𝜕𝑥 + 𝜕2𝑤0𝜕𝑥2 )] ,
𝛾𝑥𝑧 (𝑥, 𝑧, 𝑡) = 𝜙𝑥 + 𝜕𝑤0𝜕𝑥 − 4 (𝑧ℎ)

2 (𝜙𝑥 + 𝜕𝑤0𝜕𝑥 ) ,
(10)

where 𝜀𝑥 and 𝛾𝑥𝑧 are the normal and shear strains.
The constitutive relation in thermal environment can be

expressed as

{𝜎𝑥 (𝑥, 𝑧, 𝑡)𝜏𝑥𝑧 (𝑥, 𝑧, 𝑡)}
= [𝑄11 0

0 𝑄55]({
𝜀𝑥𝛾𝑥𝑧} − {10}𝛼 (𝑥, 𝑧, 𝑇) Δ𝑇 (𝑥, 𝑧)) ,

(11)

where 𝜎𝑥 and 𝜏𝑥𝑧 are the normal and shear stresses. 𝑄11 and𝑄55 are the elastic coefficients, that is, 𝑄11 = 𝐸(𝑥, 𝑧, 𝑇)/(1 −
]2), 𝑄55 = 𝐸(𝑥, 𝑧, 𝑇)/2(1 + ]). 𝐸(𝑥, 𝑧, 𝑇) = 𝐸(𝑥, 𝑧, 𝑇) +𝐸(𝑥, 𝑧, 𝑇) are the effective Young’s elastic modulus, which is
the function of 𝑧 for the FGM beam through its thickness
direction, and the function of 𝑥 for the FGM beam along its
axial direction. 𝐸(𝑥, 𝑧, 𝑇) is the mean and 𝐸(𝑥, 𝑧, 𝑇) is the
corresponding zero-mean random part. Poisson’s ratio ] is
assumed to be constant. 𝛼(𝑥, 𝑧, 𝑇) is the thermal expansion
efficient. Δ𝑇(𝑥, 𝑧) is the temperature change distribution for
the FGM beam.

The two-node shear deformable beam element with
four degrees of freedom in each node is employed in the
development of the finite element model. The displacement
vector at the mid-plane of a beam element can be expressed
as

{𝑢0 𝑤0 𝜕𝑤0𝜕𝑥 𝜙𝑥}T = [N] {q𝑒} ,
{q}𝑒 = {𝑢𝑒10 , 𝑤𝑒10 , 𝜕𝑤𝑒10𝜕𝑥 , 𝜙𝑒1𝑥 , 𝑢𝑒20 , 𝑤𝑒20 , 𝜕𝑤𝑒20𝜕𝑥 , 𝜙𝑒2𝑥 }

T ,
(12)

where [N] is the shape function matrix and {q𝑒} is the nodal
displacement vector of beam element.
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The strain and kinetic energies of the beam element are

𝑈 =∭
𝑉𝑒

12 (𝜀𝑥𝑄11𝜀𝑥 + 𝛾𝑥𝑧𝑄55𝛾𝑥𝑧
− 𝜀𝑥𝑄11𝛼Δ𝑇) 𝑑𝑥 𝑑𝑦 𝑑𝑧,

𝑇 =∭
𝑉𝑒

12𝜌 (𝑥, 𝑧, 𝑇) (�̇�2 + �̇�2) 𝑑𝑥 𝑑𝑦 𝑑𝑧,
(13)

where 𝑉𝑒 is the volume of a beam element. 𝜌(𝑥, 𝑧, 𝑇) =𝜌(𝑥, 𝑧, 𝑇) + 𝜌(𝑥, 𝑧, 𝑇) are the effective Young’s modulus,
which is the function of 𝑧 for the FGM beam through its
thickness, and the function of 𝑥 for the FGM beam along
its axial direction. 𝜌(𝑥, 𝑧, 𝑇) is the mean and 𝜌(𝑥, 𝑧, 𝑇) is the
corresponding zero-mean random part.

The following stochastic finite element equation of vibra-
tion for the beam element in thermal environment can be
obtained by using Hamilton’s principle:

[M𝑒] {q̈𝑒} + [K𝑒] {q𝑒} = {F𝑒} , (14)

where [K𝑒] = [K𝑒] + [K̃𝑒] is the element stiffness matrix,[M𝑒] = [M𝑒] + [M̃𝑒] is the element mass matrix, and [F𝑒] =[F𝑒] + [F̃𝑒] is the thermal force. Each matrix is composed of
the mean matrix and the zero-mean random part.

Recalling (8), the means [K𝑒], [M𝑒], [F𝑒] and the zero-
mean random parts [K̃𝑒], [M̃𝑒], [F̃𝑒] can be computed,
respectively, by

[K𝑒] = ∬𝐸 (𝑥, 𝑧, 𝑇) [K̂𝑒] 𝑑𝑥 𝑑𝑧,
[M𝑒] = ∬𝜌 (𝑥, 𝑧, 𝑇) [M̂𝑒] 𝑑𝑥 𝑑𝑧,
{F𝑒} = ∬𝐸 (𝑥, 𝑧, 𝑇) {F̂𝑒} 𝑑𝑥 𝑑𝑧,

(15)

[K̃𝑒] = ∬( 𝑙∑
𝑖=1

𝜕𝐸 (𝑥, 𝑧, 𝑇)𝜕𝜃𝑖 𝜃𝑖)[K̂𝑒] 𝑑𝑥 𝑑𝑧,
[M̃𝑒] = ∬( 𝑙∑

𝑘=1

𝜕𝜌 (𝑥, 𝑧)
𝜕𝜃𝑖 𝜃𝑖)[M̂𝑒] 𝑑𝑥 𝑑𝑧,

{F̃𝑒} = ∬( 𝑙∑
𝑘=1

𝜕𝐸 (𝑥, 𝑧)𝜕𝜃𝑖 𝜃𝑖){F̂𝑒} 𝑑𝑥 𝑑𝑧,
(16)

where the matrices [K̂𝑒], [M̂𝑒], {F̂𝑒} can be computed by

[Κ̂𝑒] = 𝑏1 − ]2
([B𝜀]T [B𝜀] + [B𝛾]T [B𝛾]) ,

[M̂𝑒] = 𝑏 [D]𝑇 [D] ,
{F̂𝑒} = 𝑏1 − ]2

[B𝜀]T 𝛼 (𝑥, 𝑧, 𝑇) Δ𝑇 (𝑥, 𝑧) ,
[B𝜀] = [1 0 −𝑐1𝑧3 𝑧 (1 − 𝑐1𝑧2)] 𝜕 [N]𝜕𝑥 ,

[B𝛾] = [0 0 1 − 3𝑐1𝑧2 1 − 3𝑐1𝑧2] [N] ,
[D] = [1 0 −𝑐1𝑧3 𝑧 (1 − 𝑐1𝑧2)0 1 0 0 ] [N] ,

(17)

where [B𝜀], [B𝛾], and [D] are the matrices mainly related to
the shape function matrix [N] and 𝑐1 = 4/3ℎ2.
4.3. Finite Element Model of Damaged FGM Beam. For the
damaged FGM beam, a local damage often leads to the
reduction in the local stiffness parameter. In this section,
damage is introduced by reducing effectiveness elasticmoduli
of the corresponding elements [16]. Introducing a damage
factor 𝜆𝑒 indicating the damage severity for the 𝑒th damaged
element, effective Young’s modulus of the 𝑒th damaged
element can be expressed as

𝐸𝑑 (𝑥, 𝑧, 𝑇) = 𝐸 (𝑥, 𝑧, 𝑇) (1 − 𝜆𝑒) , (18)

where 𝐸(𝑥, 𝑧, 𝑇) is the effective Young’s elastic modulus for
the undamagedFGMbeamand𝐸𝑑(𝑥, 𝑧, 𝑇) is for the damaged
FGM beam.

Recalling (15), the stiffness matrix of the damaged ele-
ment can be expressed as

[K𝑒 d] = [K𝑒] (1 − 𝜆𝑒) , (19)

where𝜆𝑒 is the damage factor of the 𝑒th damaged element and[K𝑒 d] is the stiffness element for the 𝑒th damaged element.
With (18) and (19), the element matrices in (14) can

be assembled to obtain the global stochastic finite element
equation of vibration for the damaged FGM beam.

[M] {q̈} + [K] {q} = {F} ,
[K] = [K] + [K̃] ,
[M] = [M] + [M̃] ,
{F} = {F} + {F̃} ,
[K]
= 𝑛u∑
𝑒

[T𝑒]T [K𝑒] [T𝑒]
+ 𝑛d∑
𝑒

(1 − 𝜆𝑒) [T𝑒]T [K𝑒] [T𝑒] ,
[M] = 𝑛u+𝑛d∑

𝑒

[T𝑒]T [M𝑒] [T𝑒] ,
{F} = 𝑛u∑

𝑒

[T𝑒]T {F𝑒} + 𝑛d∑
𝑒

(1 − 𝜆𝑒) [T𝑒]T {F𝑒} ,
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[K̃]
= 𝑛u∑
𝑒

[T𝑒]T [K̃𝑒] [T𝑒]
+ 𝑛d∑
𝑒

(1 − 𝜆𝑒) [T𝑒]T [K̃𝑒] [T𝑒] ,
[M̃] = 𝑛𝑒∑

𝑒

[T𝑒]T [M̃𝑒] [T𝑒] ,
{F̃} = 𝑛u∑

𝑒

[T𝑒]T {F̃𝑒} + 𝑛d∑
𝑒

(1 − 𝜆𝑒) [T𝑒]T {F̃𝑒} ,
(20)

where [K] is the global random stiffnessmatrix and [M] is the
global random mass matrix. {F} is the global thermal force
and [T𝑒] is a transformation matrix that transforms the local
coordinate of the 𝑒th element to the global coordinate. 𝑛u is
the number of undamaged elements and 𝑛d is the number of
damaged elements.

5. Forward Uncertainty Propagation

The 𝑗th modal frequency 𝑓𝑗 and mode shape {𝜑}𝑗 are
governed by the following:

([K] − (2𝜋𝑓𝑗)2 [M]) {𝜑}𝑗 = 0, 𝑗 = 1, 2, . . . , 𝑁. (21)

The 𝑗th modal frequency and mode shape can also be
represented as the sum of its mean and a zero-mean random
part:

𝑓𝑗 = 𝑓𝑗 + 𝑓𝑗,
{𝜑}𝑗 = {𝜑}𝑗 + {�̃�}𝑗 (22)

and further the random part of the 𝑗th normalized mode
shape can be written as

{�̃�}𝑗 = 𝑁∑
𝑟=1

𝜀𝑟𝑗 {𝜑}𝑟 , (23)

where 𝜀𝑟𝑗, 𝑟 = 1, 2, . . . , 𝑁 are the small coefficients to be
determined. Substituting (22) into (21), we have

([K] − (2𝜋𝑓𝑗)2 [M]) {𝜑}𝑗 = 0, (24)

[K] 𝑁∑
𝑟=1

𝜀𝑟𝑗 {𝜑}𝑟 + [K̃] {𝜑}𝑗
= (2𝜋𝑓𝑗)2 [M] 𝑁∑

𝑟=1

𝜀𝑟𝑗 {𝜑}𝑟 + (2𝜋𝑓𝑗)2 [M̃] {𝜑}𝑗
+ 8𝜋2𝑓𝑗𝑓𝑗 [M] {𝜑}𝑗 .

(25)

Using the orthogonality of mode shapes, the random part
of the𝑗th modal frequency and the coefficients 𝜀𝑖𝑗 (𝑖 ̸= 𝑗)

can be obtained by premultiplying (25) by {𝜑}T𝑗 and {𝜑}T𝑖 ,
respectively,

𝑓𝑗 = 18𝜋2𝑓𝑗 {𝜑}
T
𝑗 ([K̃] − (2𝜋𝑓𝑗)2 [M̃]) {𝜑}𝑗 ,

𝜀𝑖𝑗
= 1
4𝜋2 (𝑓2𝑗 − 𝑓2𝑖 ) {𝜑}

T
𝑗 ([K̃] − (2𝜋𝑓𝑗)2 [M̃]) {𝜑}𝑗 .

(26)

Recalling the orthogonality condition {𝜑}T𝑗 [M]{𝜑}𝑗 = 1
and using (20) and (22), the coefficient 𝜀𝑗𝑗 can be obtained by

𝜀𝑗𝑗 = −12 {𝜑}T𝑗 [M̃] {𝜑}𝑗 . (27)

Neglecting the high-order terms, the random parts of
modal parameters in (22) can be obtained by the Taylor’s
expansion:

𝑓𝑗 = 𝑙∑
𝑖=1

𝜕𝑓𝑗𝜕𝜃𝑖 𝜃𝑖,

{�̃�}𝑗 = 𝑙∑
𝑘=1

𝜕 {𝜑}T𝑗𝜕𝜃𝑖 𝜃𝑖.
(28)

Using (20), (26)–(28), we have the following equation
for the solution of the unknown 𝜕𝑓𝑗/𝜕𝜃𝑖 and 𝜕{𝜑}T𝑗 /𝜕𝜃𝑖 by
equating the coefficients of each 𝜃𝑖:
𝑙∑
𝑖=1

𝜕𝑓𝑗𝜕𝜃𝑖 𝜃𝑖 =
18𝜋2𝑓𝑗 {𝜑}

T
𝑗 ([K̃] − (2𝜋𝑓𝑗)2 [M̃]) {𝜑}𝑗 ,

𝑙∑
𝑖=1

𝜕 {𝜑}T𝑗𝜕𝜃𝑖 𝜃𝑖 = −12 {𝜑}T𝑗 [K̃] {𝜑}𝑗 {𝜑}𝑗

+ 𝑁∑
𝑖=1
𝑖 ̸=𝑗

{{{{{
1

4𝜋2 (𝑓2𝑗 − 𝑓2𝑖 ) {𝜑}
T
𝑗

⋅ ([K̃] − (2𝜋𝑓𝑗)2 [M̃]) {𝜑}𝑗 {𝜑}𝑖}}}}}
,

[K̃] = 𝑛u∑
𝑒

[T𝑒]T∬( 𝑙∑
𝑖=1

𝜕𝐸 (𝑥, 𝑧, 𝑇)𝜕𝜃𝑖 𝜃𝑖)[K̂𝑒] 𝑑𝑥 𝑑𝑧
⋅ [T𝑒] + 𝑛d∑

𝑒

[T𝑒]T∬(1 − 𝜆𝑒)( 𝑙∑
𝑖=1

𝜕𝐸 (𝑥, 𝑧, 𝑇)𝜕𝜃𝑖 𝜃𝑖)
⋅ [K̂𝑒] 𝑑𝑥 𝑑𝑧 [T𝑒] ,

[M̃] = 𝑛u+𝑛d∑
𝑒=1

[T𝑒]T∬( 𝑙∑
𝑘=1

𝜕𝜌 (𝑥, 𝑧)
𝜕𝜃𝑖 𝜃𝑖)[M̂𝑒] 𝑑𝑥 𝑑𝑧

⋅ [T𝑒] .

(29)
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Table 1: The following SuS304/Si3N4 type of FGM properties are used for computation [30].

Material Properties 𝑃0 𝑃−1 𝑃1 𝑃2 𝑃3
Ceramics
(Si3N4)

𝐸 (Pa) 348.43𝑒 + 9 0 −3.070𝑒 − 4 2.160𝑒 − 7 −8.964𝑒 − 11𝛼 (1/K) 5.8723𝑒 − 6 0 9.095𝑒 − 4 0 0𝜌 (kg/m3) 2370 0 0 0 0
Metal
(SUS304)

𝐸 (Pa) 201.04𝑒 + 9 0 3.079𝑒 − 4 −6.534𝑒 − 7 0𝛼 (1/K) 12.330𝑒 − 6 0 8.086𝑒 − 4 0 0𝜌 (kg/m3) 8166 0 0 0 0
Further, the variances of the 𝑗th modal frequency and

normalizedmode shape as well as the covariance between the
modal parameters and the random material parameters can
be obtained:

Var (𝑓𝑗) = 𝑙∑
𝑘=1

𝑙∑
𝑞=1

𝜕𝑓𝑗𝜕𝜃𝑘
𝜕𝑓𝑗𝜕𝜃𝑞 𝜌𝑘𝑞𝜎𝜃𝑘𝜎𝜃𝑞 ,

Var ({𝜑}𝑗) = 𝑙∑
𝑘=1

𝑙∑
𝑞=1

diag(𝜕 {𝜑}𝑗𝜕𝜃𝑘
𝜕 {𝜑}T𝑗𝜕𝜃𝑞 )𝜌𝑘𝑞𝜎𝜃𝑘𝜎𝜃𝑞 ,

Cov (𝑓𝑗, 𝜃𝑖) = 𝑙∑
𝑘=1

𝜕𝑓𝑗𝜕𝜃𝑘 𝜌𝑘𝑖𝜎𝜃𝑘𝜎𝜃𝑖 ,
Cov ({𝜑}𝑗 , 𝜃𝑖) = 𝑙∑

𝑘=1

𝜕 {𝜑}𝑗𝜕𝜃𝑘 𝜌𝑘𝑖𝜎𝜃𝑘𝜎𝜃𝑖 ,

(30)

where 𝜎𝜃𝑘 , 𝜎𝜃𝑞 , 𝜎𝜃𝑖 are the standard deviations of the random
material parameters, that is, constituent material properties
and volume fraction index, and 𝜌𝑘𝑞 is the correlation coeffi-
cient of random parameters 𝜃𝑘, 𝜃𝑞.
6. Numerical Simulation

In order to demonstrate the stochastic model updating-
based parameter identification approach outlined in the
previous sections for damaged FGM structures with random
material properties in thermal environment, a damaged FGM
beam is considered for the numerical simulation. The results
obtained from the presented identification approach have
been validated by comparing with the given values.The FGM
is composed of ceramics (Si3N4) and metal (SUS304) with
the mean values of material properties given in Table 1. In
the FGM, material properties are assumed to vary, either
through its thickness direction or along its axial direction,
according to power law distribution. Therefore, the bottom
surface is pure metal and the top surface is pure ceramics
for the FGM beam through its thickness direction, while the
right side is pure metal and the left side is pure ceramics for
the FGM beam along its axial direction. The FGM beam has
the geometric parameters of 20m in length, 1m in thickness,
and 0.8m in width. In this section, Young’s elastic moduli of
two materials and volume fraction index are chosen as the
parameters to be identified, since the formermay significantly
change with the environmental temperature and the latter is
hard to be determined by traditional experiments.

In the finite element, the FGM beam was discretized
into eight two-node shear deformable beam elements with
four degrees of freedom in each node. It is assumed that
the damage is located at the 8th element with a reduction
in the effective Young’s elastic modulus by 10%, that is,𝜆8 = 0.1. Analytically, modal analysis is first carried out
to obtain the initial analytical modal parameters by using
finite element model of the damaged FGM beam with initial
material properties and distribution. Modal analysis is then
again carried out on the damaged FGM beam with given
material properties and distribution to obtain the actual
modal parameters due to the difficulty of random experiment
with large samples.

The actual modal data is generated in a simulated way
assuming that the uncertainty of modal data is caused by
5% COV (coefficient of variation, the ratio of the square
root of the variance to the mean) in elastic moduli of two
constituents as well as volume fraction index and 0.1% COV
in measurement noise. Figure 2 shows the scatter of the
actual modal frequencies set compared to the initial modal
frequencies in the temperature of 300K for the damaged
FGMbeam through the thickness direction (𝑛 = 2) compared
to the undamaged case and Figure 3 shows those for the FGM
beam along the axial direction (𝑛 = 2), in which the clamped-
free (CF) boundary condition is firstly considered.

The stochastic finite element model updating is con-
ducted using the region truncation-based optimization algo-
rithm, and, as a result, the means and variances of elastic
moduli of two materials and volume fraction index are
identified by the stochastic model updating-based method
(SMUM).

The statistical identification of material parameters for
a damaged FGM structure can be implemented by the
following steps.

Step 1. Develop the finite element model of the damaged
FGM structure and determine the parameters 𝜃 to be
identified, which are chosen as the updating parameters of
stochastic model updating.

Step 2. Compute the mean vector zm and covariance matrix
Cov(z̃m, z̃m) of the actual modal data.

Step 3. Initialize the means and variances of the updating
parameters 𝜃.

Step 4. Obtain the mean vector za𝑘 of the analytical modal
data after carrying out the modal analysis, and determine the
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Figure 3: First three actual modal frequencies set (3000 samples)
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covariance matrices Cov(z̃a𝑘, �̃�𝑘) and Cov(z̃a𝑘, z̃a𝑘) using the
forward uncertainty propagation (30).

Step 5. Update the mean values 𝜃𝑘+1 and variances Cov(�̃�𝑘+1,
�̃�𝑘+1) of the updating parameters using (7) and (6), respec-
tively.

Step 6. Go to Step 4 until ‖za𝑘(𝜃) − zm‖2 is small enough
and the second-order statistics (means and variances) of the
identified parameters can be obtained.

The convergences of the mean values and variances of
elastic moduli (𝐸c-elastic modulus of ceramics and 𝐸m-
elastic modulus of metal of metal) and volume fraction index
(𝑛) for the damaged FGM beam with material properties
varying through its thickness in the temperature of 300K
and 600K are shown in Figure 4. The results show that, for
different temperatures, the means and variances of elastic
moduli of two constituents and volume fraction index can
fast converge by the proposed method. It is also seen that

the means of elastic moduli of two materials converge to
different values for different temperatures since the elastic
modulus of each material changes with the environmental
temperature.The situation does not occur to volume fraction
index, since volume fraction index is not affected by the
temperature environment and depends on themanufacturing
and fabrication process. The temperature has no obvious
effect on the identification results of parameter variances.

For the comparison of convergence between the trust
region method and the proposed method, Figure 5 gives the
iteration process of mean values and variances of 𝐸c, 𝐸m,
and 𝑛 for the damaged FGM beam with material properties
varying through its thickness direction in the temperature
of 600K by two methods. It is seen that mean values and
variances of𝐸c,𝐸m, and 𝑛 can converge faster by the proposed
method than those by the trust region method. In fact,
the CPU run time for the proposed method is about 6.356
seconds, and the CPU run time for the trust region method
is about 13.251 seconds.

Compared to theMonte-Carlo simulation (MCS)method
with 3000 samples, the mean values and COVs (coefficient of
variation, the ratio of the square root of the variance to the
mean) of elastic moduli of twomaterials and volume fraction
index for both the damaged FGM beam through its thickness
direction and the FGM beam along its axial direction with
different volume fraction indices are shown in Tables 2 and 3,
respectively.

It is seen from Tables 2 and 3 that, for the mean values or
the COVs, the identification results by the stochastic model
updating-based method (SMUM) proposed in this work
agree favorably with those from the MCS. It is also observed
that, compared to the given values, the means of parameters
can be identified with good accuracy in the case of different
volume fraction indices, while the identification results of the
COVs are obviously affected by the volume fraction index
and present relatively large errors, especially in the case of
relatively small volume fraction indices or relatively large
volume fraction indices; that is, one of constituents plays an
dominant role in the FGM. In fact, the identified COV of𝐸c will be far away from the given value when the volume
fraction index is large enough (e.g., 𝑛 = 10) so that the FGM
is rich in metal and few ceramics are in it. In contrast, the
identified COV of 𝐸m will be far away from the given value
when the volume fraction index is small enough (e.g., 𝑛 = 0.5)
so that the FGM is rich in ceramics and few metal is in it.
However, the situation does not happen to the FGM beam
along its axial direction for these two cases (i.e., 𝑛 = 0.5 and𝑛 = 10) and the volume fraction has no significant influence
on the identification results of COVs. This can be explained
that the material properties vary along the axial direction
from the value of 𝐸m to the value of 𝐸c much more gradually
than those along the thickness since the length (8m) of beam
is much larger than its thickness (1m).

Figure 6 gives the convergences of the mean values and
variances of 𝐸c, 𝐸m, and 𝑛 for the FGM beam with material
properties varying through its thickness direction in different
cases of boundary conditions (𝑇 = 600K). Four boundary
conditions of clamped-free (CF), clamped-clamped (CC),
clamped-simply (CS), and simply-simply (SS) are considered.
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Figure 4: Iterative process of means and variances of material elastic moduli and volume fraction index.

It is observed that the means and variances of elastic moduli
of two constituents and volume fraction index can converge
by the proposed method no matter what kind of boundary
conditions, which means that the boundary condition has
no influence on the convergence of iterative process. It is
also seen that the boundary condition has more influences
on the identification result of the variance than that of the
mean, and this means that the identification of the dispersion
(i.e., variance or COV) is more susceptible to the external
disturbance compared to the identification of the mean.

In order to further investigate the influence of the
boundary conditions on the means and COVs of identified
parameters, the means and COVs of material elastic moduli
and volume fraction index of the FGM beam through its
thickness direction or along its axial direction (𝑛 = 2) for
different cases of boundary conditions are shown in Table 4.
From Table 4, under the same case of parameter randomness
andmeasurement noise, boundary conditions have no signif-
icant effects on the identified results of means and COVs of
parameters with the exception of small fluctuation in values.

In order to investigate the influence of the uncertainty
source of actual modal data on the means and COVs of
identified parameters, the means and COVs of material
elastic moduli and volume fraction index of the FGM beam
through its thickness direction or along its axial direction
(𝑛 = 2) for different cases of uncertainty are shown in
Tables 5 and 6. These cases include that the uncertainty
of actual modal data is caused by the structural material

(i.e., material elastic moduli and volume fraction index)
randomness (SR) only, the measurement noise (MN) only,
and the combination of two sources (both SR and MN).
With structural material randomness (SR) and measurement
noise (MN), four combinations of levels of uncertainty are
considered. These combinations are (1) Level 1: 1% COV for
SR (elastic moduli and volume fraction) and 0.1% forMN; (2)
Level 2: 1% for SR and 0.5% forMN; (3) Level 3: 5% for SR and
0.1% for MN; (4) Level 4: 5% for SR and 0.5% for MN.

The results from Tables 5 and 6 show that the uncertainty
does not bring too much changes in the means of identified
parameters no matter what sources the uncertainty of actual
modal data comes from, and, unlikely, the uncertainty con-
tributes to the COV results, whose errors increase with the
uncertainty level. Taking the FGMbeam through its thickness
direction with the environmental temperature of 300K as
an example, the COVs of identified parameters range from
2.1465% to 11.5036% for metal constituent elastic modulus,
3.0398% to 15.3656% for ceramics constituent modulus, and
4.5745% to 22.8086% for constituent volume fraction index
when the level of uncertainty varies from Level 1 (1% SR, 0.1%
MN) to Level 4 (5% SR, 0.5%MN).The same situation occurs
to the FGM beam along its axial direction. It is worth noting
that the accuracy of identified COVs is much more sensitive
to themeasurement noise, for example, ranging from6.1553%
to 15.3656% for 𝐸c, 6.2834% to 11.5036% for 𝐸m, and 9.9623%
to 22.8086% for 𝑛 when the level of MN varies from 0.1%
(Level 3) to 0.5% (Level 4) with the same SR of 5%. It is
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Figure 5: Iterative process of means and variances of 𝐸c, 𝐸m, and 𝑛 for two methods (𝑇 = 600K).

also observed that the influence of the measurement noise
with a large value on the identified results is much more
larger than that of structural material randomness although
the identified COVs for each parameter obtained in the case
of the combination of two uncertainty sources are higher
than those obtained in the case of SR only or MN only; for
example, the COVs is 15.3656% for 𝐸c of the FGM through
its thickness direction (𝑇 = 300K) in the case of 5% SR
and 0.5% MN compared to 5.5865% in the case of 5% SR
only and 14.2591% in the case of 0.5%MN only, which means
that the identified results of COVs when both SR and MN
are included are not the simple linear superposition of the
results with respect to SR only or MN only concerned, and,
in fact, the measurement noise has a pronounced effect on
the accuracy of the identified results. It is also seen that, for
the parameters with the smaller dispersion, the higher level of
measurement noise can lead to the results with much larger
errors, for example, 3.0398% COVs for 𝐸c in the case of 1%
SR and 0.1% MN (level 1) compared to 6.1553% in the case
of 5% SR and 0.1% MN (Level 3), which means an error
of 203.98% for Level 1 compared to an error of 23.11% for
Level 3. In fact, in the case of a relatively small level of SR
combined with a relatively large level of MN, the identified

results of COVs could be totally annihilated by measurement
noise.

The same situation occurs to the case of FGM beam along
the axial direction. Compared to the given value, Figures 7,
8, and 9 show the mean values and COVs of 𝐸c, 𝐸m, and 𝑛
for the FGM beam along its axial direction under different
cases and levels of uncertainty. For each identified parameter,
the result shows that the mean can be identified with good
accuracy in the presence of uncertainty, while the identified
result of COV is susceptible to the measurement noise. In
fact, the increase of measurement noise may result in a large
error in the identified result of COV compared to the given
value.

Compared to the given probability density functions
(PDFs), Figures 10(a), 11(a), and 12(a) show the identified
PDFs of 𝐸c, 𝐸m, and 𝑛 for the FGM beam (CF) through its
thickness direction or along its axial direction with volume
fraction index of 𝑛 = 2 in the thermal environment of 300K
and 600K for the uncertainty level of 5% SR and 0.1%MN, in
which A3 andA6 denote the given PDFs for 300K and 600K,
respectively, PT3 and PT6 denote the identified PDFs for
300K and 600K, respectively, when the FGM beam through
its thickness direction is considered, and PA3 and PA6 denote
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Figure 6: Iterative process of means and variances of 𝐸c, 𝐸m, and 𝑛 for different boundary conditions (𝑇 = 600 k).
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Figure 7: Means and COVs of elastic moduli of ceramics (𝐸c) for FGM along axial direction with different uncertainties.
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Figure 8: Means and COVs of elastic moduli of metal (𝐸m) for FGM along axial direction with different uncertainties.
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Figure 9: Means and COVs of volume fraction index (𝑛) for FGM along axial direction with different uncertainties.

the identified PDFs for 300K and 600K, respectively, when
the FGM beam along its axial direction is considered. It can
be seen that the identified results for the FGM beam along
its axial direction are more close to the given PDFs than
those for the FGM beam through its thickness direction.
Compared to the given PDFs, Figures 10(b), 11(b), and 12(b)

show the identified PDFs of the FGM beam through its
thickness direction in the thermal environment of 300 k
with different cases of uncertainty, in which A3 denotes the
given PDF, P5SR denotes the identified PDF with 5% SR (5%
COVs in material elastic moduli and volume fraction index),
P01MN and P05MN denote the identified PDFs for 0.1%
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Figure 10: Identified PDFs of ceramics material elastic modulus for different cases.
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Figure 11: Identified PDFs of metal material elastic modulus for different cases.

MN (measurement noise) and 0.5% MN, respectively, and
P5SR01MN denotes 5% SR and 0.1% MN, and P5SR05MN
denotes 5% SR and 0.5% MN. It is obviously seen that the
PDFs are far away from the given PDFs when MN reaches
0.5% no matter whether 5% SR is included, which also shows
that the identified results of COVs are completely submerged
in the measurement noise. The same situation occurs to the
PDF results of all identified parameters.

7. Conclusions

Identification of the statistic numerical characteristics for
constituent material properties and distribution is an impor-
tant issue in mechanical behavior analysis and safety assess-
ment of FGM structures, especially in the early stage of
damage. The statistic numerical characteristics are identified
for material elastic moduli and constituent volume fraction
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Figure 12: Identified PDFs of volume fraction index for different cases.

index of a random FGM beam with initial damage by using a
stochastic finite element model updating-based inverse tech-
nique in this paper. A region truncation-based optimization
algorithm is utilized for simplifying the optimization process
and improving computational efficiency without impairing
the convergence of iterative process, and a new algorithm
is developed for computing the covariance between the
modal parameters and the identification parameters for dam-
aged FGM structures. The influence of structural material
randomness and measurement noise on the accuracy of
identification results has been investigated.

The following conclusions can be drawn from this study:

(1) Compared to the given values and the results from
MCS method, the presented inverse technique based
on stochastic finite element model updating can be
utilized as an alternative to identify the statistics of
the material properties and volume fraction index
for random damaged FGM structures, provided that
the modal parameters of the corresponding FGM
structures are be obtained from experimental test.

(2) Compared to the trust region method, the faster
convergence of the iterative process can be guaranteed
by the region truncation-based optimization. The
elasticmoduli of constituentmaterials converge to the
different values in the case of different temperatures,
while volume fraction indices not affected by the
environment converge to the same value in the case
of different temperatures.

(3) The volume distribution has more obvious influence
on the accuracy of the dispersion (COVs) of identified
parameters for the FGM with material properties
varying quickly (through the thickness direction)

compared to that for the FGM with material proper-
ties varying slowly (along the axial direction).

(4) The boundary conditions have no significant influ-
ence on the convergence of iterative process as well as
the identified results of means and COVs of material
elastic moduli and volume fraction index.

(5) The measurement noise plays a dominant role in
the accuracy of COV identification results while
the uncertainty does not bring too much change in
the means of identified parameters no matter what
sources the uncertainty comes from. The dispersion
of material properties and volume fraction can be
identified with relatively good accuracy in the pres-
ence of small measurement noise, while the COV
identification results could be totally annihilated by
a relatively large measurement noise.
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The vibration signals analysis is a very effective and reliable method for detecting the gear failures. Because the vibration signals
acquired from the gear in the variable speed condition often containmore useful fault information, the analysis of the gear vibration
signals during the variable speed condition has been a hot research topic. In this paper, a method based on the multiscale chirplet
path pursuit (MSCPP) and the linear canonical transform (LCT) has been applied to diagnose the gear fault in the variable speed
condition for the first time. First, by using the MSCPP method to estimate the instantaneous meshing frequency, the suitable
signal segment approximation to the acceleration or deceleration process can be selected. Then, because the LCT is a novel and
efficient nonstationary signals analysis tool, the optimal LCT spectrum of the selected signal has been attainted to diagnose the
gear faults based on the properties of the LCT. In addition, the simulations and the experimental evaluation are provided to verify
the effectiveness of the proposed method.

1. Introduction

The gear is an important device and has a wide range of
applications in industry. However, owing to abrasion and
other reasons, the gears may have many kinds of faults,
such as pitting, chipping, and the serious crack [1–5]. When
the gear causes a local fault, the amplitude and phase of
the vibration signal of the gear are modulated [2, 3, 6, 7].
So the vibration signals obtained from the gear can reflect
the gear’s state very well. The vibration signals analysis also
has been the extremely effective and reliable method for
detecting the gear failures [8–11]. Meanwhile, on the one
hand, the gear vibration signals obtained from the variable
speed condition, that is, the acceleration or deceleration
processes, often can contain more fault information com-
pared to the stationary processes, which can detect the gear
faults earlier. On the other hand, the gear vibration signals
obtained from the acceleration or deceleration processes are
nonstationary signals, which have low signal-to-noise ratio
(SNR) in practice [11–14], which make it difficult to obtain

the gear vibration signals’ fault features. Hence, the diagnosis
of gear faults by analyzing the gear vibration signals obtained
from the variable speed condition has been a hot research
topic recently.

A number of failure diagnosis methods have been used
to diagnose the gear faults in variable speed condition, for
example, the traditional time frequency analysis methods,
self-adaptive signal processing methods, and data driven
methods [4–12, 15–25].The traditional time frequency analy-
sismethods, such as the short time Fourier transform [14], the
Wigner-Ville distribution [10, 12], and the wavelet transform
[2], will result in spectral aliasing, cross term interference,
and low resolution because the vibration signals obtained
from the fault gears in practice are nonstationary with low
SNR [4]. The self-adaptive signal processing methods, for
example, the empirical mode decomposition [5] and the local
mean decomposition [17], will lead to over envelope, end
effects, and distorted components, respectively. In addition,
the data driven methods, such as the Elman neural network
[24] and support vector machine [22], require a lot of data
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for training and classification. To solve these problems, some
other data driven methods have been introduced, such as the
self-organizing maps (SOM) method [26–28]. In [26], the
self-organizing feature map neural network has been used to
diagnose the faults of the wind turbine’s converter. In [27],
the SOM and minimum quantization error (MQE) method
have been selected to achieve degradation assessment and
fault localization. In [28], an intelligent approach based on
the SOMmethod has been presented to machine component
health prognostics. Although the SOMmethod does not need
a lot of data, it still needs some a priori knowledge.Therefore,
the diagnosis of gear faults in acceleration and deceleration
processes remains an open research field and new signal
analysis tools for nonstationary vibration signals are needed.

The linear canonical transform (LCT) is a generalization
of the Fourier transform (FT) and the fractional Fourier
transform (FRFT), which has four-parameter family of linear
integral transform [29, 30]. It performs an affine mapping of
the time frequency distribution of the signal because it has
additional degrees of freedom [31, 32]. So, the LCT is more
flexible and suitable for processing nonstationary signals,
particularly in the linear frequency modulated (LFM) signals
[33–37]. Simultaneously, the gear vibration signals obtained
from the variable speed condition can be approximated to
the multicomponent LFM signals within a short period of
time. From the above analysis, because the vibration signals
attained from the variable speed condition are nonstationary
and the LCT has advantages in nonstationary signals process-
ing, it is therefore worthwhile to explore the diagnosis of gear
faults by using the LCT.

However, in variable speed condition, the gear vibration
signals contain many different components, which are not
approximated to the LFM signals. The vibration signals
acquired from the acceleration or deceleration processes of
the gears are often a short period of the gear vibration signals
in variable speed condition. In order to apply the LCTmethod
to diagnosis of the gear faults in variable speed condition,
the vibration signals acquired from the acceleration or decel-
eration processes should be selected at first. In practice, it
is difficult to only obtain the gear vibration signals during
acceleration or deceleration processes directly. Nevertheless,
the shaft rotational frequency (SRF) is time varying in the
acceleration or deceleration processes, which can be seen
as an indicator to select the acceleration or deceleration
processes [1]. Hence, we can obtain the acceleration or
deceleration time by estimating the instantaneous frequency
(IF) of the gear vibration signals in variable speed condition.
In addition, the optimal LCT parameters of the LFM signals
are also determined by gradient of the IF [30]. For these
reasons, we need to estimate the IF of the gear vibration
signals in variable speed condition at first.

In this paper, the multiscale chirplet path pursuit
(MSCPP) has been used in the estimation of the IF of the
gear vibration signals, which is a widely used and efficient
method for IF estimation [38]. The MSCPP method divides
the time length of the analysis signal into a series of dynamic
time support areas in binary form, finding atom with the
largest correlation in each dynamic support region from
the defined chirplet atom library, and the selected chirplet

�e vibration signal

Instantaneous frequency
estimation

Selected signal segment

Determining LCT parameters

LCT spectrum analysis

By the properties of
the LCT

Based on frequency
estimation

By using MSCPP
method

Figure 1: The block diagram of the proposed method.

atoms are connected one by one by using the principle of
the best connection [38, 39]. Thus, it can adaptively find the
instantaneous frequency trend line with the largest correla-
tion in the signal [39]. Compared with other instantaneous
frequency methods, the MSCPP method can choose shorter
chirplet atoms flexibly and can effectively suppress noise
interference. In addition, the MSCPP method does not have
any a priori knowledge. So the instantaneous frequency
of the vibration signals obtained from the variable speed
condition can be estimated by the MSCPP method. Based on
this, the vibration signals obtained from the acceleration or
deceleration processes in a short period of time can be picked
out.

In this paper, the MSCPP method and the LCT have
been applied to analyze the vibration signals to diagnose
the gear faults in variable speed condition for the first time.
First, by using the MSCPP, the IF of the vibration signals
obtained from the variable speed condition can be estimated.
Then, based on the IF of the vibration signals, we can
choose the suitable signal segment, which can be seen as the
acceleration or deceleration processes. In addition, according
to the gradient of the instantaneous frequency of the selected
signal segment, the optimal LCT parameters can be obtained
based on the properties of the LCT [30]. Finally, the optimal
LCT spectrum of the selected signal is presented, which can
be used to diagnose the gear fault. The block diagram of the
proposed method is presented in Figure 1 vividly.

The remaining parts of this article are organized as
follows. In Section 2, the preliminaries of the MSCPP and
the LCT are introduced. In Section 3, the application of
the MSCPP and the LCT to the simulated vibration signal
is presented, which shows that the proposed method is
effective. The experimental evaluations have been provided
in Section 4. Section 5 concludes this paper.
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2. Preliminaries

2.1.TheMultiscale Chirplet Path PursuitMethod. TheMSCPP
method was first introduced in [38]; in this method, if
the IF of chirplet atoms is linear, they can be used to
adaptively piecewise approximate the nonstationary signals.
For example, the nonstationary signal in the following is
considered.

𝑦 (𝑡) = 𝐴 cos [𝑤 (𝑡) + 𝜑] + 𝑛 (𝑡) , (1)

where𝐴, 𝜑, 𝑛(𝑡), and𝑤(𝑡) represent the amplitude, the initial
phase, the noise, and the successive and derivable instanta-
neous phase of the signal, respectively. In this algorithm, the
chirplet atoms are obtained from the chirplet dictionary that
can be written as a set of functions as follows [38].

𝑓𝑚,𝑛,𝐼 (𝑡) = |𝐼|−1/2 𝑒𝑖(𝑚𝑡2/2+𝑛𝑡)𝐿𝐼 (𝑡) , (2)

where𝑚 is the slope coefficient and 𝑛 is the offset coefficient.
According to (2), we can easily have that the IF of a chirplet
is linear and equal to𝑚𝑡+𝑛. Based on the sampling theorem,
we know that𝑚𝑡+𝑛 should be less than a half of the sampling
rate 𝑓𝑠. 𝐼 is the dyadic time span, which has the binary scale
division and can be defined as 𝐼 = {𝐼𝑗,𝑘 | 𝑗 = 0, 1, . . . , log2𝑁−
1, 𝑘 = 0, 1, . . . , 2𝑗−1}. In this equation, 𝐼𝑗,𝑘 = [𝑘2−𝑗𝑇, (𝑘 +
1)2−𝑗𝑇]. 𝑇 and𝑁 are the total sampling time and the number
of samples, respectively. 𝑗 is the scale coefficients and 𝑗 =0, 1, . . . , log2𝑁 − 1, 𝑘 = 0, 1, . . . , 2𝑗−1. 𝐿𝐼(𝑡) is a rectangular
window function, which is 1 when 𝑡 ∈ 𝐼 and 0 when 𝑡 ∉ 𝐼.|𝐼|−1/2 is the normalization factor that makes ‖𝑓𝑚,𝑛,𝐼(𝑡)‖2 = 1.

In each time interval, by computing the maximum pro-
jection coefficient 𝐶𝐼𝑗,𝑘 , where 𝐶𝐼𝑗,𝑘 equals 𝐶𝐼𝑗,𝑘 = max⟨𝑥,𝑓𝑚,𝑛,𝐼𝑗,𝑘(𝑡)⟩ (⟨⋅⟩ stands for the interior product) and includes
the amplitude and initial phase information of the signal
component in the time interval 𝐼𝑗,𝑘, the chirplet atom which
has the highest correlation to signal𝑦(𝑡) can be obtained from
the chirplet dictionary. Suppose 𝑆𝐼𝑗,𝑘 is the signal component
expressed by 𝐶𝐼𝑗,𝑘 in the time interval 𝐼𝑗,𝑘, then 𝑆𝐼𝑗,𝑘 can be
written in the following [38]:

𝑆𝐼𝑗,𝑘 (𝑡) = 𝐶𝐼𝑗,𝑘  𝑒−𝑖(𝑚𝑡
2+𝑛𝑡)+∠𝐶𝐼𝑗,𝑘 𝐼𝑗,𝑘. (3)

2.2. The Linear Canonical Transform. The LCT of a signal𝑓(𝑡) with parameter 𝐴 = (𝑎, 𝑏, 𝑐, 𝑑), represented as 𝐿𝐴𝑓(𝑢), is
defined by [29]

𝐿𝐴𝑓 (𝑢) =
{{{{{{{
∫∞
−∞

𝑓 (𝑡)𝐾𝐴 (𝑢, 𝑡) 𝑑𝑡 𝑏 ̸= 0
√𝑑𝑒𝑗(𝑐𝑑𝑢2/2)𝑓 (𝑑𝑢) 𝑏 = 0,

(4)

where 𝑎, 𝑏, 𝑐, 𝑑 are real numbers satisfying 𝑎𝑑 − 𝑏𝑐 = 1. In
addition, the kernel 𝐾𝐴(𝑢, 𝑡) is given by

𝐾𝐴 (𝑢, 𝑡) = 𝐶𝐴𝑒𝑗((𝑎/2𝑏)𝑡2−𝑢𝑡/𝑏+(𝑑/2𝑏)𝑢2) (5)

and𝐶𝐴 = √1/𝑗2𝜋𝑏. According to (4), it can easily be obtained
that the LCT has three degrees of freedom and when the

LCT parameters are certain, the kernel 𝐾𝐴(𝑢, 𝑡) of the LCT
is a LFM signal; thus the LCT of a LFM signal with suitable
parameters can be a dirac function [31]. Therefore, the LCT
is more flexible and suitable for processing nonstationary
signals, especially for the LFM signals.

3. The Proposed Method of the
Simulated Vibration Signal

When the gear causes a partial failure, the amplitude and
phase of the vibration signal of the gear are modulated,
which are periodic with the gear’s rotation frequency [1]. The
vibration signal 𝑥(𝑡) attained from a pair of meshing gears
with tooth fault could be represented as [1]

𝑥 (𝑡) = 𝑀∑
𝑚=0

𝑋𝑚 (1 + 𝑎𝑚 (𝑡)) cos (2𝜋𝑚𝑘𝑓𝑠𝑡 + 𝜙𝑚)

= 𝑀∑
𝑚=0

𝑋𝑚 [1 + 𝑁∑
𝑛=0

𝐴𝑚𝑛 cos (2𝜋𝑛𝑓𝑠𝑡 + 𝜎𝑚𝑛)]
× cos (2𝜋𝑚𝑘𝑓𝑠𝑡 + 𝜙𝑚) ,

(6)

where 𝑎𝑚(𝑡) is the amplitude modulating function and 𝑀
represents the amount of tooth meshing harmonics. 𝑋𝑚
and 𝜙𝑚 indicate the 𝑚th meshing harmonic’s amplitude and
phase, separately [1]. 𝑘𝑓𝑠 is themeshing frequency, 𝑘 expresses
the gear teeth’s amount, and 𝑓𝑠 stands for the SRF [1]. 𝑁
represents sidebands’ amount around the tooth meshing
harmonics.𝐴𝑚𝑛 and 𝜎𝑚𝑛 are the amplitudes and phases at the𝑛th sidebands of the amplitudemodulated signals around the𝑚th meshing harmonic, separately [2, 4].

The SRF 𝑓𝑠 in (6) is time varying and the vibration
signal can be approximated to the LFM signal when the
instantaneous rotational speed is ascending and descending
straight in the acceleration and deceleration, respectively. To
verify the proposed algorithm is effective for the vibration
signals; next, a signal is considered to simulate the vibration
signal obtained from the acceleration process as follows based
on (6):

𝑥 (𝑡) = [1 + cos (2𝜋𝑓𝑚𝑡)] cos (2𝜋 ⋅ 10 ⋅ 𝑓𝑚𝑡) + 𝜑 (𝑡) , (7)

where𝑓𝑚 stands for the SRF in the simulated vibration signal,
which is chosen as 𝑓𝑚 = 2𝑡 + 30 when 0 ≤ 𝑡 < 1.5 and
equal to 33 when 1.5 ≤ 𝑡 ≤ 2. The sampling frequency
is 2000Hz and the number of the sample points is set as
4096. The time interval is set as 0 s to 2 s. Moreover, because
the vibration signals attained from the gear in variable speed
condition are usually with low SNR, 𝜑(𝑡) is selected as the
Gaussian white noise with the SNR is −4 dB. Based on the
above, Figure 2 depicts the signal shown in (7) without the
noise being depicted in it. The simulated vibration signal
based on (7) is presented in Figure 3. Figure 4 shows the
FT spectrum of the simulated vibration signal. According
to Figure 3, because the signal contains noise, any useful
information can not be obtained directly. Analogously, since
the simulated vibration signal is nonstationary and has noise,
this leads to the FT spectrum in Figure 4 that has spectral
aliasing and blurring.
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Figure 2: The simulated gear vibration signal without noise.
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Figure 3: The simulated gear vibration signal with noise.
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Figure 4: The FT of the simulated gear vibration signal with noise.

Now, to obtain the fault features from the simulated gear
vibration signal and diagnose the gear faults, the MSCPP and
the LCT are applied. According to the above analysis, we
first use the MSCPP method to estimate the instantaneous
frequency of the simulated gear vibration signal. Because
the sampling frequency is 2000Hz, we let the search range
and the search step lengths of the frequency slope be −100
to 100Hz/s and 1Hz/s, respectively. The search range and
the search step lengths of offset coefficients are 0 to 100Hz
and 1Hz, separately. The points of any dyadic time span
is 32. Therefore, we can obtain that 𝑗max = log2(𝑁/32),
which is equal to 7. Based on these, by applying the MSCPP
algorithm, the IF of the simulated gear vibration signal is
obtained in Figure 5. In Figure 5, the blue line and the red line
represent the actual and estimated instantaneous frequency
of the simulated gear vibration signal, respectively. The red
line is coincided with the blue line very well in Figure 5,
which shows that the MSCPP algorithm can be used to
estimate IF of the simulated gear vibration signal efficiently.
Based on Figure 6, we can know that the time interval
from 1 s to 1.5 s can be selected to approach the acceleration
process of the gear in a short period of time. Next, based
on the gradient of the signal segment from 1 s to 1.5 s and
the properties of the LCT [30], the optimal LCT spectrum
with parameters (0.93, 0.42, 0.34, 1.89) of the selected signal
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Figure 5: Estimated instantaneous frequency of the simulated gear
vibration signal.
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Figure 6:The LCT of the simulated gear vibration signal with noise.

segment is obtained in Figure 6. It is shown that Figure 6
has three peaks, which are (595, 1066), (661, 1915), and(727, 869.6), respectively.The highest peak is (661, 1915).The
LCT frequency distances of each of the two adjacent peaks are
66Hz. It is shown that the frequency of (661, 1915) is almost
ten times of the SRF associated with the LCT.Thismeans that
the peaks (595, 1066), (661, 1915), and (727, 869.6) are 9, 10,
and 11 times of the SRF associated with the LCT, separately.
From the results, we can know that it is very consistent with
the analysis of (7).

Moreover, since the results obtained in Figure 6 show that
the range of any two adjacent peaks are equal, hence the signal
presented in Figure 3 could be considered as the fault gear
vibration signal based on the description in [1, 4]. Thus, the
proposed method is an effective method to diagnose the gear
fault according to this simulation.
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Figure 7: Platform of experiment.
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Figure 8: The vibration signal obtained from the normal gear.
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Figure 9: The FT of the vibration signal obtained from the normal
gear.

4. Experimental Evaluation

In Section 3, the validity of the MSCPP and the LCT in gear
faults diagnosis has been verified by the signal presented in
(7). In order to further verify the correctness of the proposed
algorithm, in this part, the gear faults of experiment setup
presented in Figure 7 have been used. In this gear experiment
equipment, the output gear has 75 teeth and the input pinion
gear has 55 teeth. The sample frequency and the sample time
of the signals obtained from this experiment equipment are
4000Hz and 2 s, respectively.

Firstly, the vibration signal attained from a normal gear
in variable speed condition is presented in Figure 8. The
signal presented in Figure 8 is nonstationary since the gear
signals with low SNR are obtained from variable speed
condition. On this account, Figure 9 depicts the FT of the
signal shown in Figure 8 which has spectrum aliasing, and
it cannot be used to diagnose the gear fault. Next, by applying
the method we presented in this paper, we used the MSCPP
method to estimate the instantaneous frequency of the gear
vibration signal at first. In the MSCPP method, the seeking
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Figure 10: Estimated instantaneous frequency of the signal pre-
sented in Figure 13.
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Figure 11: The LCT of the selected signal segment.

scope of frequency offset coefficients and slope coefficient are
[0, 2000Hz] and [−100, 100Hz/s], respectively. The search
resolutions of these are chosen as 1Hz/s and 1Hz, separately.
The samples are 4096. Based on these, we can obtain the
maximum scales of 7.Thus, the IF of the gear vibration signal
is obtained in Figure 10. FromFigure 10, it is easy to know that
the time interval from 1 s to 1.4 s can be selected to approach
the acceleration process of the gear in a short period of time.
Subsequently, by utilizing the advantages of the LCT and
the properties of the selected signal segment, the optimal
LCT spectrum with parameters (−0.17, 1.53, −0.98, 2.93) of
the selected signal segment is shown in Figure 11. We can
easily know that Figure 11 has only one peak. That is to say,
the signal presented in Figure 8 has not amplitudemodulated.
Hence, the gear can be seen as a normal gear.

Then, Figure 12 shows a gear vibration signal, which
is attained from the gear which has a broken tooth in
variable speed condition. The FT of the signal presented
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Figure 12: The vibration signal obtained from the fault gear.
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Figure 13: The FT of the vibration signal obtained from the fault
gear.
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Figure 14: Estimated instantaneous frequency of the signal pre-
sented in Figure 17.

in Figure 12 is presented in Figure 13, which shows that it
also has spectrum aliasing and cannot be used to diagnose
the gear fault. Now, by applying the proposed method,
the search range of frequency offset coefficients and slope
coefficient are also set as [0, 2000Hz] and [−100, 100Hz/s].
The search resolutions of these are also chosen as 1Hz/s
and 1Hz, separately. The samples are 4096. Based on these,
the estimated instantaneous frequency of the gear vibration
signal can been obtained in Figure 14 based on the MSCPP
method. From Figure 14, the time interval from 1 s to 1.5 s
can be selected to approach the acceleration process of the
gear in a short period of time. Subsequently, according to the
above analysis, the optimal LCT spectrum with parameters(−0.51, 0.87, −1.47, 0.56) of the selected gear vibration signal
segment can be obtained in Figure 15. We can know that
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Figure 15: The LCT of the selected signal segment from the fault
gear.
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Figure 16: Another vibration signal obtained from the fault gear.

Figure 15 has three peaks, that is, (613, 2403), (636, 3512),
and (659, 2524). Since (636, 3512) is the highest and there
are 55 teeth in the pinion gear, thus the input SRF associated
with the LCT can be expressed as 636Hz/55 = 11.56Hz [4],
which is equal to half of the frequency distance.That is to say,
the meshing frequency is twofold of the SRF. Based on the
above analysis, the gear should be considered to have fault
happened.

In addition, in order to further verify the correctness
of the proposed algorithm, Figure 16 presents another gear
vibration signal, which is attained from the fault gear in
different variable speed condition. The FT of the signal
presented in Figure 16 is presented in Figure 17, which also
shows that it cannot be used to diagnose the gear fault. Now,
by applying the proposed method, similar to the above cases,
the largest scale is also 7. Then, the estimated IF of the gear
vibration signal has been obtained in Figure 18 based on the
MSCPP method. From Figure 18, the time interval from 1 s
to 1.4 s can be selected to approach the deceleration process
of the gear in a short period of time. Then, the optimal
LCT spectrum with parameters (1.53, 0.57, 0.42, 0.81) of the
selected gear vibration signal segment can be obtained in
Figure 19. It is shown that Figure 15 also has three peaks(591, 2484), (613, 3543), and (635, 2103). Since (613, 3543) is
the highest and there are 55 teeth in the pinion gear, thus
the input SRF associated with the LCT can be expressed as
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Figure 17: The FT of the vibration signal presented in Figure 16.
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Figure 18: Estimated instantaneous frequency of the signal pre-
sented in Figure 16.

613Hz/55 = 11.14Hz. That is to say, the meshing frequency is
twofold of the SRF in the LCT domain. Thus, it can be said
that the gear also have fault that occurred.

Based on the normal case and two fault cases, it is shown
that the method proposed in this can diagnose the gear faults
in variable speed condition. However, the MSCPP and LCT
method only can show that the gear faults happened, and our
research directions will be the diagnosis of the types and the
severity of the gear faults.

5. Conclusion

In this paper, a method based on the MSCPP and the LCT
has been applied to diagnose the gear faults in the variable
speed condition for the first time. Firstly, the preliminaries
of the MSCPP and the LCT have been presented. Then, the
proposedmethod of the simulated gear vibration signals have
been showed. At last, in order to further verify the correctness
of the proposed algorithm, the diagnosis of actual gear
vibration signals also has been presented. It is indicated that
the proposedmethod candiagnose the gear faults availably. In
the future, the diagnosis of early gear faults, intermittent gear
faults, andmultiple gear faults also will be our future research
directions.
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Figure 16.
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Playing an important role in electromechanical systems, hydraulic servo system is crucial to mechanical systems like engineering
machinery, metallurgical machinery, ships, and other equipment. Fault diagnosis based on monitoring and sensory signals
plays an important role in avoiding catastrophic accidents and enormous economic losses. This study presents a fault diagnosis
scheme for hydraulic servo system using compressed random subspace based ReliefF (CRSR) method. From the point of view
of feature selection, the scheme utilizes CRSR method to determine the most stable feature combination that contains the most
adequate information simultaneously. Based on the feature selection structure of ReliefF, CRSR employs feature integration rules
in the compressed domain. Meanwhile, CRSR substitutes information entropy and fuzzy membership for traditional distance
measurement index. The proposed CRSR method is able to enhance the robustness of the feature information against interference
while selecting the feature combination with balanced information expressing ability. To demonstrate the effectiveness of the
proposed CRSR method, a hydraulic servo system joint simulation model is constructed by HyPneu and Simulink, and three fault
modes are injected to generate the validation data.

1. Introduction

Hydraulic servo system plays a crucial role in electrome-
chanical systems, like engineering machinery, metallurgical
machinery, ships, and other equipment. Failures of hydraulic
servo system caused by severe and complex conditions may
lead to catastrophic accidents and enormous economic losses.
Fault diagnosis based on monitoring and sensory signals
is able to classify the current state of complex systems,
which plays a key role in performance evaluation [1]. Feature
set extracted from signals is an important index to reflect
the fault mechanism and performance evolution laws. The
quality of feature set plays a key role in improving the
generalization ability of fault identification [2]. The common
feature extraction methods are time-frequency index extrac-
tion, wavelet analysis, Hilbert transform, Duffing oscillator,
and so on. Despite their respective applicable conditions
and limitations, those methods are able to mine the health
characteristics of the system frommultiaspect [3, 4]. Same as

machine learning, features extracted from images, speeches,
and other signals often have certain correlations and hidden
mutual influences. Information expressed by a single feature
is usually inadequate, which can be greatly improved when
the single feature is aggregated with others [5]. Similarly,
due to the nonlinearity, instability, and nonconformity of
complex electromechanical systems, the expression of the
information on individual feature is often one-sided. Thus, a
new challenge is how to utilize those features more effectively
and efficiently, in other words, how to obtain the feature set
that expresses the information sufficiently by eliminating the
redundant and negatively correlated features [6–9].

To tackle the challenge mentioned above, on the premise
of existing feature extraction techniques, feature process-
ing techniques including feature selection and dimension
reduction have gradually become an important research
focus. Both feature selection and dimension reduction can
reduce the scale of feature set by obtaining a set of principal
variables. Such techniques often use a variety of feature
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extraction methods to integrate the features into a compre-
hensive representation of the signal [10]. For the purpose
of enhancing the expressing ability of core information on
multiclass feature sets, spatial transformation or importance
measurementmethods are used [11]. Suchmethods are able to
reduce redundancy existing in features and improve learning
efficiency while retaining the performance advantages. The
data transformation may be linear, such as principal compo-
nent analysis (PCA). But many nonlinear dimension reduc-
tion techniques also exist. The common feature processing
techniques include linear dimensionality reduction methods
(FDA, LPP, etc.), kernel function based dimension reduction
methods (KPCA, KFDA, etc.), manifold based dimension
reduction methods (Isomap, LLE, MDS, etc.), filter method
based feature selection methods (Relief, Focus, information
gain, CBFS, etc.), wrapper method based feature selection
methods (genetic algorithm, distribution estimation, differ-
ential algorithm, etc.), and embedded method based feature
selection methods (SVN-RFE, RF, etc.) [12–14].

For the nonlinear signals of complex electromechanical
systems, although the dimension reduction methods can
reduce the scale of input features for fault diagnosis, they
change the basic attributes of the feature set. Such situation
makes it difficult to give a clear understanding of the obtained
feature subset. Meanwhile, existing feature selectionmethods
sort the importance degree of the features according to
the independent feature evaluation result. They ignore the
interaction among features, which would lead to information
loss in processing the data of electromechanical systems
[15]. Aiming at the shortcomings of feature selection and
dimension reduction techniques, such as low expandabil-
ity, unclear evaluation indexes, and strong tendency, this
study proposes compressed random space based ReliefF
(CRSR) method. Based on ReliefF method, CRSR introduces
ensemble strategy on feature level based on compressed
random space. Furthermore, CRSR optimizes the objective
function using information entropy and fuzzy theory. The
main contributions are as follows:

(i) This study analyzes the feasibility of the ReliefF based
feature selection architecture for the fault diagnosis
of complex electromechanical system.Meanwhile, the
basicmechanismofmeasuring the contribution of the
features based on ReliefF is also demonstrated.

(ii) By converting the assessment process of ReliefF,
which takes the entire feature set as object, into
the construction and ensemble process of feature
subspace, CRSR can improve the global optimization
ability of ReliefF.

(iii) Considering ReliefF based feature selection as a prob-
lem of maximizing the distance, CRSR replaces the
traditional spatial distance with fuzzy membership
degree, which is able to obtain a robust and steady
objective function.

This paper is structured as follows: In Section 2, Reli-
efF method based feature selection structure is introduced.
Then feature integration method based on compressed ran-
dom subspace is described. Objective function optimization

method based on information entropy and fuzzy theory is
also introduced. Section 3 presents the overall diagnosis pro-
cedure for hydraulic servo systems, the details of construc-
tion and fault injection of the hydraulic servo system, and
analysis and comparison on feature selection results using
the proposed CRSRmethod which are discusses numerically.
Section 4 concludes the paper.

2. Related Theories

2.1. ReliefFMethod Based Feature Selection Structure. ReliefF
is the extension of Relief method by estimating probabilities
more reliably, which is able to handle incomplete and multi-
class data sets while the complexity remains the same [16–19].
By calculating the distances between the sample distributions,
ReliefF can obtain the correlation weight coefficients of the
features which is similar to Relief.

For a specific feature from the feature set, if its difference
in same class is much smaller than that in different class, it is
considered that this feature contributes to class discrimina-
tion [20]. Given a sample set 𝑆 = {𝑠1, . . . , 𝑠𝑖, . . . , 𝑠𝑛} (𝑖 ∈ [1, 𝑛])
with 𝑛 instances, each sample, 𝑠𝑖 = {𝑠𝑖1, . . . , 𝑠𝑖𝑡, . . . , 𝑠𝑖𝑚} (𝑡 ∈[1,𝑚]), hasm-dimensional features. Meanwhile, the samples
in 𝑆 only belong to two classes which are tagged as 𝑐𝑖 ∈(𝐶1, 𝐶2). The difference between each two samples (𝑠𝑖 and 𝑠𝑗)
on feature 𝑡 is defined as

diff (𝑡, 𝑠𝑖, 𝑠𝑗) = {{{
1, 𝑠𝑖𝑡 ̸= 𝑠𝑗𝑡
0, 𝑠𝑖𝑡 = 𝑠𝑗𝑡, (1)

where the attribute of feature 𝑡 is discrete value. If the attribute
of feature 𝑡 is continuous value,

diff (𝑡, 𝑠𝑖, 𝑠𝑗) = 
𝑠𝑖𝑡 − 𝑠𝑗𝑡

max𝑡 −min𝑡

 . (2)

Features extracted from condition monitoring data of
electromechanical systemmostly are continuous data. Mean-
while max𝑡 and min𝑡 represent the maximum value and
minimum value of the entire sample, respectively.The closest
same-class instance of sample 𝑠𝑖 is called “near-hit (NH),” and
the closest different-class instance of sample 𝑠𝑖 is called “near-
miss (NM).” Meanwhile, the weight of feature 𝑡 is denoted as𝜔𝑡, and 𝜔𝑡 is updated by

𝜔𝑡 = 𝜔𝑡-old − diff (𝑡, 𝑠𝑖,NH) + diff (𝑡, 𝑠𝑖,NM) , (3)

where the initial value of 𝜔𝑡 is 0, and 𝜔𝑡-old is the last value of𝜔𝑡.
For reducing the randomness in feature evaluation, the

whole process needs to repeat 𝑟 times to obtain the average
value being the final weight. Although Relief method is very
efficient in estimating the quality of attributes, it cannot deal
with incomplete data and is limited to two-class problem.
Thus ReliefF method is utilized in the paper to deal with
the multiclass classification and regression problems for
continuous data.

For a multiclass classification problem, assuming that the
samples in 𝑆 belong to multiple classes and the tags for 𝑆 are
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𝑐𝑖 ∈ (𝐶1, . . . , 𝐶𝑙), ReliefF updates 𝜔𝑡 on sample 𝑠𝑖 by taking 𝑘
near hits (NHS) and 𝑘 near misses (NMS) into consideration,

which is different from Relief. Similarly, the weight of feature𝑡, which is 𝜔𝑡, can be updated through

𝜔𝑡 = 𝜔𝑡-old − ∑
𝑘
𝑗=1 diff (𝑡, 𝑠𝑖,NHS𝑗)(𝑟 ∗ 𝑘) + ∑𝑐∉class(𝑠𝑖) [(𝑝 (𝑐𝑖) / (1 − 𝑝 (class (𝑠𝑖))))∑𝑘𝑗=1 diff (𝑡, 𝑠𝑖,NMS𝑗)](𝑟 ∗ 𝑘) , (4)

where 𝑝(𝑐𝑖)/(1−𝑝(class(𝑠𝑖))) represents the ratio of the entire
samples in class 𝑐𝑖 to all the heterogeneous samples in 𝑠𝑖.
Furthermore, ReliefF method equalizes the differentiation of
NHs and calculates the average differences between 𝑠𝑖 and
other classes on feature 𝑡 to evaluate the classification ability
of the samples nearby.

2.2. Feature IntegrationMethod Based onCompressed Random
Subspace. The purpose of CRSR method is finding the bal-
ance between the differences and the correlations of features.
Specifically, in the premise of fully mining the correlations
of features using ReliefF method, CRSR method is applied to
make each feature subset keep a certain degree of difference.
Based on random subspace and feature sorting strategy,
the feature sets with higher contribution can be obtained
in various feature combinations [21, 22]. RS1 and RS2 are
denoted as two random subspaces, so the difference, denoted
as𝐷 RS(RS1,RS2), can be calculated as

𝐷 RS (RS1,RS2) = RS1 ∪ RS2
 − RS1 ∩ RS2

 , (5)

where symbol |⋅|denotes the dimension of randomsubspaces.
The right side of (5) obtains the noncoincident features

of RS1 and RS2. 𝐷 RS(RS1,RS2) is plus one when there is an
unrepeated feature 𝑓𝐷. The average difference between two
random subspaces on all the features is defined as

𝐸 (𝐷 RS) = 𝑄∑
𝑞=1

[𝑃 (𝑓𝐷 ∈ RS1) 𝑃 (𝑓 ∉ RS2)
+ 𝑃 (𝑓𝐷 ∉ RS1) 𝑃 (𝑓 ∈ RS2)] ,

(6)

where𝑄 is the dimension after feature ordering compression.
It can be simplified as 𝑄 = 𝑚 − 𝑚1. Concretely, according to
sorting strategy, RS12, the probability of the first 𝑚0 strongly
related features being selected is 2𝑚0/𝑄, and the relatively
poorly related𝑚0 features being selected are𝑚1/(𝑄−𝑚0).The
average difference of feature evaluation based on compressed
random subspace method, which is 𝐸(𝐷 RS), can be denoted
as follows:

𝐸 (𝐷 RS) = 2 ((12𝑄) 𝑚0(1/2) 𝑄 (1 − 𝑚0(1/2)𝑄)
+ (𝑄 − 𝑚0) 𝑚1𝑄 − 𝑚0 (1 −

𝑚1𝑄 − 𝑚0))
= 2(𝑚0 (𝑄 − 2𝑚0)𝑄 + 𝑚1 (𝑄 − 𝑚1 − 𝑚0)𝑄 − 𝑚0 ) .

(7)

Equation (7) shows that the ranking result can balance the
difference of ReliefF to determine the dominant features that

are crucial for classification, which would improve the feature
selection efficiency.

Based on compressed random subspace method, this
study proposes redundancy analysismethod from statistics to
reduce the redundancy of feature.The features are checked in
pairs using redundancy analysis method [23, 24]. Firstly, two
sets of feature vectors, 𝐹1 and 𝐹2, are selected randomly from
the feature set obtained by ReliefF. Then, the selected feature
vectors are regarded as independent variable and dependent
variable separately.The covariancematrixes, denoted as𝑈and𝑉, can be calculated, respectively, as

𝑈 = 𝐸 {(𝐹1 − 𝐸 [𝐹1]) (𝐹1 − 𝐸 [𝐹1])𝑇} ,
𝑉 = 𝐸 {(𝐹2 − 𝐸 [𝐹2]) (𝐹2 − 𝐸 [𝐹2])𝑇} , (8)

where 𝐸[𝑋] represents mathematical expectation of vector𝑋. Then, the correlation coefficient of 𝐹1 and 𝐹2, denoted as𝜌(𝑈,𝑉), can be formulated as

𝜌 (𝑈, 𝑉) = Cov (𝑈, 𝑉)√Var (𝑈)√Var (𝑉) , (9)

where Cov(𝑈, 𝑉) denotes the covariance of 𝑈 and 𝑉. If the
correlation coefficient is greater than a presetting threshold,
only the one with larger weight from 𝐹1 and 𝐹2 will be added
to the final selected feature set. It is noticed that redundancy
analysis based on matrix transformation focuses on the
correlation between features instead of the similarity of data.
Thus, CRSR can reduce the influence of numerical confusion
existing in feature selection. Furthermore, compared with
traditional methods based on data similarity, CRSR is able to
obtain higher confidence level.

2.3. Objective Function Optimization Method Based on Infor-
mation Entropy and Fuzzy Theory. From the aspect of maxi-
mizing the distance, Relief method can be seen as a distance
optimization algorithm using feature weighting method [25].
Under this condition, the optimization objective function,
denoted as max𝜔 𝐽, can be described as [26]

max
𝜔

𝐽 = 𝑛∑
𝑖=1

𝜌𝑖 (𝜔) , (10)
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where 𝜌𝑖(𝜔) denotes the distance of the 𝑖th sample. Based on
(4), 𝜌𝑖(𝜔) can be converted as

𝜌𝑖 (𝜔) = 𝑚∑
𝑡=1

𝜔𝑡
⋅ ( ∑
𝑐∉class(𝑠𝑖)

𝑝 (𝑐𝑖)1 − 𝑝 (class (𝑠𝑖))
𝑘∑
𝑗=1

diff (𝑡, 𝑠𝑖,NMS𝑗)

− 𝑘∑
𝑗=1

diff (𝑡, 𝑠𝑖,NHS𝑗)) .
(11)

For complex electromechanical system signals, two prob-
lems occur when using (10) as the optimization objective
function of CRSR. One problem is that the objective function
concentrates the weight on one or some of the features, which
leads to the result that assessment value of the remaining
features tends to 0. Meanwhile, (10) regards the samples with
stochastic volatility and noise similar to the normal sample.
Another problem is the lack of consideration on the influence
from the quality of samples on the feature selection process.

Aiming at the first problem, the information entropy
theory is proposed based on compressed random sub-
space method, which combines the maximization of entropy
together with maximization of distance to reduce the over
tendency problem of the existing ReliefF method. After
adding a sample estimation factor 𝜅𝑖, the optimization objec-
tive function is denoted as

max
𝜔,𝜅

𝐽 = 𝑛∑
𝑖=1

𝜅𝑖𝜌𝑖 (𝜔) . (12)

Supposing that 𝜅𝑖 and 𝜔𝑖 follow probability distribution,
Shannon entropy is used to adjust the sample distribution, as
shown below:

𝐽𝑒 (𝜅𝑖) = − 𝑛∑
𝑖=1

𝜅𝑖 ln 𝜅𝑖,
𝐽𝑒 (𝜔𝑖) = − 𝑚∑

𝑖=1

𝜔𝑖 ln𝜔𝑖.
(13)

Aiming at the second problem, the fuzzy membership
degree is chosen to replace the traditional nearest neighbor
distance. The fuzzy membership degree has the advantage
of being insensitive to sample fluctuations and noise and
the ability of updating adaptively while changing the feature
weights [27]. In a sample space of same class, the fuzzy
membership degree of the feature 𝑠𝑖t, denoted as ]𝑖𝑗, can be
calculated as [28, 29]

]𝑖𝑗 = (𝑄],𝑖𝑗)1/(1−𝑚)
∑|NHS|
𝑖=1 ((𝑄],𝑖𝑗)1/(1−𝑚)) , (14)

where |NHS| is the sample set of same class, and 𝑄],𝑖𝑗 is the
fuzzy difference between feature 𝑠𝑖t and feature 𝑠𝑗t, as shown
below:

𝑄]𝑖 = 𝑀∑
𝑗=1

𝜔𝑗diff (𝑡, 𝑠𝑖, 𝑠𝑗) , 𝑠𝑗 ∈ NHS. (15)

Then the same fuzzy distance, denoted as 𝑚 diff(𝑡, 𝑠𝑖,𝑁𝐻𝑆), is calculated as

𝑚 diff (𝑡, 𝑠𝑖,NHS) = ∑
𝑠𝑗∈NHS

]𝑖𝑗diff (𝑡, 𝑠𝑖, 𝑠𝑗) . (16)

Similarly, the fuzzy difference and the fuzzy membership
degree of the heterogeneous sample sets of 𝑠𝑖, which are
denoted as𝑄𝜇𝑖 and 𝜇𝑖𝑗 separately, can be calculated as follows:

𝑄𝜇𝑖 = 𝑀∑
𝑗=1

𝜔𝑗diff (𝑡, 𝑠𝑖, 𝑠𝑗) , 𝑠𝑗 ∈ NMS,

𝜇𝑖𝑗 = (𝑄𝜇,𝑖𝑗)1/(1−𝑚)
∑|NMS|
𝑖=1 ((𝑄𝜇,𝑖𝑗)1/(1−𝑚)) .

(17)

Therefore, the heterogeneous fuzzy distance, denoted as𝑚 diff(𝑡, 𝑠𝑖,NMS), is calculated as

𝑚 diff (𝑡, 𝑠𝑖,NMS) = ∑
𝑠𝑗∈NMS

𝜇𝑖𝑗diff (𝑡, 𝑠𝑖, 𝑠𝑗) . (18)

Based on the fuzzy distances obtained by (16) and (18),
updated (11) can be formulated as follows:

𝜌𝑓,𝑖 (𝜔) = 𝑚∑
𝑡=1

𝜔𝑡
⋅ ( ∑
𝑐∉class(𝑠𝑖)

𝑝 (𝑐𝑖)1 − 𝑝 (class (𝑠𝑖))
𝑘∑
𝑗=1

𝑚 diff (𝑡, 𝑠𝑖,NMS𝑗)

− 𝑘∑
𝑗=1

𝑚 diff (𝑡, 𝑠𝑖,NHS𝑗)) .
(19)

Based on the formulas above, the objective function,
which is max𝜔,𝜅 𝐽, can be denoted as

max
𝜔,𝜅

𝐽 = 𝑛∑
𝑖=1

𝜅𝑖𝜌𝑓,𝑖 (𝜔) + 𝜆𝜅𝐽𝑒 (𝜅𝑖) + 𝜆𝜔𝐽𝑒 (𝜔𝑖) , (20)

where the first item on the right side is themaximumdistance
of ReliefF, which is meant to determine the feature set that
contributesmost to classification.Meanwhile, from the aspect
of entropy maximization, the second and the third items
denote the sample evaluation operator and Shannon entropy
of feature weight, respectively, which are used to avoid the
over tendency problem of objective function. 𝜆𝜅 and 𝜆𝜔 are
the balance coefficients for adjusting the differences between
features. When the maximum point of objective function is
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achieved, the constraint condition of the sample evaluation
operator is defined below [30]:

𝜅𝑖 = exp (∑𝑚𝑗=1 𝜔𝑗𝑑𝑖,𝑗/𝜆𝜅)∑𝑛𝑖=1 exp (∑𝑚𝑗=1 𝜔𝑗𝑑𝑖,𝑗/𝜆𝜅) , (21)

where 𝑑𝑖,𝑗 denotes the partial derivative of 𝜌𝑓,𝑖(𝜔).
In the process of feature selection for mechanical system,

the information entropy and fuzzy theory based optimization
objective function ensures that the evaluation process of
each subspace using ReliefF is adaptive and robust. Such
advantage provides a new thought for feature processing
of complex monitoring signal, in other words, under the
premise of maintaining the high calculating efficiency of
ReliefF method, reducing the bias and redundancy caused by
methodological defects and external disturbances [31].

3. Method for Hydraulic Servo System Fault
Diagnosis Based on CRSR

The CRSR based fault diagnosis method for hydraulic
servo system consists of following successive steps: first, the
average, standard deviation, skewness, and wavelet singular
entropy features are extracted to form a feature matrix as
the input of ReliefF model. Second, the initial contribution
of the features sampled randomly is measured by calculating
the inner-class distance and between-class distance, and the
features of high contribution and features of low contribution
are determined for fault classification. The 𝑖th iteration
operation is based on the result of the previous iteration, and
the iteration stops as long as 𝑖 reaches the preset threshold.
Third, based on the sorting result of the second step, the com-
pressed evaluation of the features is realized using supervised
sampling method in current iteration. Finally, keeping the
iteration running until certain terms is satisfied to acquire
the difference value as the criterion of feature selection. The
detailed process of feature selection method using CRSR for
hydraulic servo pump is shown in Figure 1.

Compared with the traditional feature processing meth-
ods [32–35], the CRSR method is designed to meet the
robustness and accuracy requirements of fault diagnosis with
smaller feature set and lower resource consumption. This
study demonstrates the advantages of the proposed method
by extracting a variety of categories of features from the
simulation data of hydraulic servo system and optimizes the
feature set extracted by CRSR method to verify the feasibility
in feature selection technique.

3.1. Description of the Simulation Environment of Hydraulic
Servo System. The data used in this case is generated in HyP-
neu and Simulink joint simulation environment. The joint
simulation process of hydraulic servo system can be divided
intomechanical part and control part considering the charac-
teristics of the hydraulic components [36–38]. The mechani-
cal hydraulic physical part, including hydraulic pumps, servo
valves, and actuators, is modeled using component library in
HyPneu.The failure is realized by adding themodules of fault
injection for the relevant components. The dynamic control

part, including feedback sensors and electronic amplifiers, is
established using the relevantmodel in Simulink.Meanwhile,
the control of the hydraulic servo system and the simulation
of fault injection can be realized by transmitting the signal
data through relevant interface files. Thus, the model archi-
tectures of hydraulic servo system constructed using HyPneu
and Simulink are shown in Figures 2 and 3, respectively.

As shown in Figure 3, the Simulink model includes
input signals, comparison elements, control elements, ampli-
fying elements, and HyPneu module. The gain parameter
of the electronic amplifying element is 80, and the control
parameter of PID is set as proportional parameter of 1500,
integral parameter of 0, and differential parameter of 5.
To simulate the actual operating environment of hydraulic
system, random noises in the range of −0.01 to 0.01 are added
on the output of the HyPneu module.

The process of joint simulation based on HyPneu and
Simulink is as follows. First, the actuator receives the feedback
signal converted by servo valve and right after that drives
the load to do reciprocated motion. Then, the real-time
displacement information of the load is collected by the
sensor and transferred to the control circuit. Finally, the input
signal and the amplified displacement signal are compared
and inputted into the servo valve to build the negative
feedback control logic of closed loop. The joint simulation
model has a good ability tomatch the hydraulic system and to
realize the fault injection of the hydraulic system effectively.

3.2. Fault Injection for Hydraulic Servo System and Multi-
dimensional Feature Extraction. This study simulates four
kinds of state of the hydraulic system including normal state,
electronic amplifier fault, sensor constant deviation fault,
and hydraulic pump wear fault. The detailed fault injection
scheme is shown in Table 1.

The input of all fault modes is sinusoidal signal with
amplitude being 1 and frequency being 4𝜋 rad/s. As the
expression of the input signal is 𝑦 = sin(4𝜋𝑡), the sampling
frequency is 100Hz and the sampling time is 70 s. The input-
output relationships of the hydraulic servo system under cir-
cumstances of normal state and three fault states are collected,
and every signal of the corresponding state contains 7000
points. The original output signals are shown in Figure 4.

As mentioned above, the input of the proposed CRSR
method is a feature matrix, and each column of the matrix
represents a feature vector extracted from the original signal.
As the prerequisite of feature selection, multidimensional
features should be extracted for all of the signals. It should be
noted that the cycle of hydraulic servo system signal collected
for the feature selection should be an integer multiple of the
input waveform cycle. The cycle of the input signal is 0.5
seconds and one input-output cycle contains 50 points, which
means the object points of the feature extraction should be a
geometric multiple of 50. In addition, in consideration of the
fact that pumpwear fault is a gradual degradation process and
the degree of fault in the early phase may be weak, this study
takes the last 4000 points of the original signal to extract the
feature matrix. Moreover, a sampling window of 500-point
length is used (with 5-point interval) to obtain 700 feature
vectors.
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Figure 1: Process of CRSR based feature selection method for hydraulic servo pump.

Table 1: Fault injection scheme.

Fault mode Fault phenomenon Fault injection mode
Normal state - -
Electronic amplifier fault Magnification notably increases Multiplying the gain by 0.25
Sensor fault Constant gain Setting the feedback of the sensor to 0.5

Hydraulic wear fault Output flow decreases Setting flow-pressure coefficient of the
variable orifice valve to 0.03
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Figure 4: Original output signals of the hydraulic servo system.

Furthermore, this study adds 15 dB Gaussian white noise
to all the original signals to validate the performance of CRSR
method. The details of the extracted features are shown in
Table 2.

As can be seen from Table 2, the quantitative range of
different fault features fluctuates much, which could lead to
the bias problem in the feature selection process of ReliefF.
Therefore, this study normalizes the features to the range
of zero to one. The visualization of the feature vectors of
different states is shown in Figure 5.

As is shown in Figure 5, data confusion exists in the fea-
tures of different faultmodes, whichmakes it difficult to select
satisfied feature subsets through artificial observation. Thus,
CRSR method is designed to select the feature combination
with higher contribution to the fault diagnosis adaptively.

3.3. Analysis and Comparison on Feature Selection Result.
The input of CRSR feature selection model is a 9 × 700
matrix acquired by regularizing the 9 sets of the obtained
feature vectors. One of the advantages of CRSR is the ability

to calculate the distances of either same class or different
classes adaptively and iteratively. Based on the ReliefF feature
selection method, the corresponding distribution vectors of
feature weight can be obtained.

During the iteration process of ReliefF, feature selec-
tion constraint is established using compressed stochastic
subspace method, which optimizes the performance and
efficiency of CRSR. The parameters are as follows: number
of iterations: 30; feature base of the subspace: 6. And the
threshold condition of feature selection is that the difference
between a feature being selected as “one with high contri-
bution” and “one with low contribution” is greater than 10.
With 𝐹1–𝐹9 representing the feature parameters in Figure 5,
the statistical result of the features being selected as “one with
high contribution” and “one with lo contribution” is shown in
Table 3.

It can be seen from Table 3 that the feature combination
selected by CRSR method contains average (𝐹1), standard
deviation (𝐹2), mean square root (𝐹3), crest factor (𝐹5), and
the maximum amplitude of FFT (𝐹6). Although wavelet
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Figure 5: Feature vectors of the hydraulic servo system in different states.

Table 2: Extracted features of the output signals of hydraulic servo system.

Feature
Feature magnitude

Normal Amplifier fault Sensor fault Hydraulic pump wear
fault

Average −0.0446∼−0.0411 0.0004∼0.0036 −0.0734∼−0.0698 −0.0100∼−0.0063
Standard deviation 0.2715∼0.2728 0.2745∼0.2756 0.2715∼0.2727 0.3068∼0.3080
Mean square root 0.2746∼0.2760 0.2742∼0.2754 0.2806∼0.2819 0.3067∼0.3079
Skewness 0.0080∼0.0148 0.0028∼0.0099 0.0082∼0.0149 0.0085∼0.0174
Crest factor 1.4603∼1.4608 1.4620∼1.4685 1.4599∼1.4675 1.8089∼1.8189
Maximum amplitude of FFT 95.8092∼96.288 96.8611∼97.2778 95.8319∼96.2598 107.5320∼107.94
Total energy of wavelet 99.4925∼99.746 99.4695∼99.7350 99.5243∼99.7664 98.5909∼99.0743
Wavelet singular entropy 0.7682∼0.8193 0.7701∼0.8113 0.7857∼0.8401 0.8579∼0.9178
Maximum coefficient of wavelet 0.0012∼0.0035 0.0005∼0.0669 0.0004∼0.0034 0.0005∼0.0543

Table 3: Statistical results based on compressed stochastic subspace.

Feature 𝐹1 𝐹2 𝐹3 𝐹4 𝐹5 𝐹6 𝐹7 𝐹8 𝐹9
High contribution 28 26 22 0 12 26 3 14 1
Low contribution 0 0 0 17 1 0 2 6 21
Difference 28 26 22 −17 11 26 1 8 −20
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Table 4: Times of feature selections based on compressed random subspace.

Dependence analysis 𝐹1 𝐹2 𝐹3 𝐹5 𝐹6𝐹1 1 0.42 0.69 0.17 0.16𝐹2 - 1 0.56 0.09 0.44𝐹3 - - 1 0.31 0.61𝐹5 - - - 1 0.82𝐹6 - - - - 1

Table 5: Fault diagnosis results with different combinations of features.

Feature combination Fault diagnosis accuracy of the 10-fold cross validation method (%)𝐹1 + 𝐹2 + 𝐹3 + 𝐹6 94.62 95.17 94.29 94.40 93.81 94.11 93.54 95.12 95.01 93.98𝐹1 + 𝐹2 + 𝐹3 + 𝐹5 + 𝐹6 94.48 93.61 93.01 93.77 94.15 95.25 93.99 94.58 94.62 93.71𝐹1 + 𝐹2 + 𝐹3 + 𝐹5 + 𝐹6 + 𝐹7 + 𝐹8 92.04 93.62 93.11 93.25 91.37 94.54 93.27 92.32 93.29 93.41𝐹1 + 𝐹3 + 𝐹4 + 𝐹5 93.02 93.57 92.15 92.89 92.46 94.19 93.32 93.55 92.53 92.77
KPCA1∼KPCA4 93.08 93.78 93.07 93.57 92.17 93.04 92.80 92.42 93.48 93.36
LLE1∼LLE4 94.10 93.59 94.51 94.22 93.98 94.10 93.99 93.44 93.98 94.78
F1∼F9 92.67 91.80 93.54 92.47 92.11 93.64 92.97 93.62 94.01 93.00
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Figure 6: Statistical results based on compressed stochastic sub-
space.

singular entropy (𝐹8) was selected as “onewith high contribu-
tion” for 14 times during the iteration, it was selected as “one
with low contribution” for 6 times. Such result reveals that
wavelet singular entropy is able to contribute to classification
sometimes, but the ensemble performance is not stable. Even
in some feature subspace matrixes, it exerts a negative impact
on the classification. The final statistical result of feature
weights assessed by CRSR is shown in Figure 6.

As is shown in Figure 6, if the weight basis for ReliefF
is set to 0.75, the feature combination selected by CRSR
method will append features 𝐹7 (total energy of wavelet)
and 𝐹8 (wavelet singular entropy). However, according to
the statistical results from the CRSR model, the contribution
of these two features in the integration process is unstable.
In particular, as for the total energy of wavelet, the reason
why its average weight coefficient is high is that the weight
coefficient reaches 0.92 and 0.88 in the 8th and 22nd
iterations, respectively, while in the remaining subspaces

its contributions are lower than the average slightly. Such
situation reveals that the total energy of wavelet could not
meet the requirement of stability in feature selection. The
result shows that the CRSR method is more reasonable
than the traditional ReliefF, which reflects the advantages of
ensemble learning in generalization.

Based on the feature selection result using CRSR, redun-
dancy analysis for the feature sequence is carried out in this
study.The threshold of correlation coefficient is set to 0.8, and
the correlation matrix of feature is shown in Table 4.

It can be seen from Table 4 that the correlation coef-
ficient of peak factor (𝐹5) and the maximum amplitude of
FFT transform (𝐹6) are greater than the preset threshold,
which indicates that redundancy exists in the fault diagnosis
information provided by them.Therefore, only themaximum
amplitude of FFT transform (𝐹6) is retained. In summary, the
features selected byCRSR are average (𝐹1), standard deviation
(𝐹2), mean square root (𝐹3), and the maximum amplitude of
FFT (𝐹6).

The purpose of introducing CRSR method is improving
the performance of fault diagnosis. In other words, for a
classifier, the diagnostic performance using selected feature
set should not be less than that using the original feature
set. The comparative models used in this study contain the
classical ReliefF algorithm, the Mean Impact Value (MIV)
algorithm, the Locally Linear Embedding (LLE) algorithm,
and Kernel Principal Component Analysis (KPCA). In this
study, the feature sets selected by different feature selection
methods are used as inputs for the classifier based on Radial
Basis Function (RBF) neural network. The ratio of training
samples to test samples is 50%. The fault diagnosis accuracy
of the hydraulic servo system is obtained by using the 10-fold
cross validation method as shown in Table 5.

In Table 5, the first row (𝐴1) represents the final feature
set selected by CRSR; the second row (𝐴2) represents the
feature set selected by CRSR before the redundancy analysis;
the third row (𝐴3) represents the feature set selected by
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Figure 7: Fault diagnosis of hydraulic system under different combinations of features.
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Source SS df MS Chi-sq Prob > Chi-sq
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Error 13624.9 63 216.27
Total 28573 69

Figure 8: Nonparametric Kruskal-Wallis significance test results.

the classical ReliefF method; the fourth line (𝐴4) represents
the feature set selected by MIV; the fifth row (𝐴5) and the
sixth row (𝐴6) are the high-dimensional feature sequences
obtained by dimension reduction using KPCA and LLE,
respectively, where the dimension reduction target is set to
be same as the feature numbers determined by CRSR. The
last row (𝐴7) is the collection of original features. Taking the
feature combinations mentioned above as input, the average
and variance of fault diagnosis accuracy of hydraulic servo
system calculated are shown in Figure 7, respectively.

According to the RBF network fault diagnostic results
from Table 5 and Figure 7, the following can be obtained.(1) Compared with using the original feature set directly,
the feature selection methods are able to improve the preci-
sion of fault diagnosis based on RBF classifier, as the averages
of the 10-fold cross validation from 𝐴1 to 𝐴7 are 94.405%,
94.217%, 93.022%, 93.045%, 93.077%, 94.069%, and 92.983%,
respectively. The result indicates that the feature selection
process plays a positive role in the classification task using
high-dimensional data.(2) Compared with the original ReliefF method, the
introduction of compressed random subspace method elimi-
nates those features with unstable contribution in the process
of subspace integration and improves the performance and
efficiency of feature selection. Eventually, higher fault diag-
nosis accuracy can be achieved with fewer input features.(3) The variances calculated for 𝐴1 (with redundancy
analysis) and 𝐴2 (without redundancy analysis) are 0.29 and
0.37, respectively. It can be seen that although the average
diagnostic accuracy of them is close, the redundancy analysis

can optimize the information repetition among the features
and reduce the computational resource consumption.(4) Compared with the MIV-based feature selection
method, CRSR has a great advantage in the diagnosis per-
formance, which indicates that it has higher confidence in
feature selection. Compared with KPCA and LLE, although
the latter two (especially the LLE reduction algorithm)
achieve high diagnostic accuracy as well, the variance of
the 10-fold cross validation results for KPCA and LLE is
higher than that of CRSR (0.29 and 0.31, resp.), which
indicates that a certain degree of volatility exists in the results
obtained by dimension reduction algorithms. In addition,
due to the lack of clear interpretability and the existence of
ambiguity in optimal target parameter setting, it is difficult to
determine the best reduction method among the dimension
reduction algorithms. Thus adaptive distance metrics based
CRSR method has better applicability.

To further illustrate the rationality of CRSR method, the
diagnostic results were tested by rank-based nonparametric
Kruskal-Wallis test, which is based on fault diagnosis accu-
racy as a basic indicator in Table 5. The Kruskal-Wallis test
was used to determine whether the different features sets
have significant influence on the diagnostic performance.
The significance threshold is set to 0.05, and the test results
returned by Kruskal-Wallis function are shown in Figure 8.
The 𝑝 value returned by Kruskal-Wallis function is 0.00002
which is far less than 0.05. It indicates that the different
combinations of features make significant impact on the fault
diagnosis performance for hydraulic servo system.
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Figure 9: Fault feature vector clustering results under different noise conditions.

Moreover, another improvement of CRSR is that the
target optimization function is constructed based on the
information entropy and the fuzzy theory. Compared with
the distance measurement method used in the classical
ReliefF model, the robustness of the feature selection process
is improved in a complex environment. To illustrate the
improvement of CRSR mentioned above, this study analyzes
the original output signal and the output signal with 15 dB
noise. Meanwhile, PCA is used to project two sets of the
selected feature sequences into three-dimensional space.
Furthermore, the K-means method is used to cluster the
feature sets of different fault modes. The results are shown in
Figure 9.

It can be seen from Figure 9 that the feature qualities
selected by CRSR and ReliefF are higher before the noise
is added, and the feature sets corresponding to each failure
mode can be clearly distinguished by K-means method.
After adding 15 dB of noise, due to the influence of external
disturbances, the data points of the amplifier gain fault and
the sensor constant deviation fault are obviously confused
in the clustering result of ReliefF, which indicates that the
feature differentiation declines. However, in the result of
CRSR method, spatial distribution boundaries between the
four fault modes are still identifiable, which proves that the
proposed objective function optimization method has good
robustness against noise. Thus, CRSR method is a promising
technique for feature selection and subsequent fault diagnosis
of hydraulic servo systems.

4. Conclusion

This study presents a fault diagnosis scheme for hydraulic
servo system using compressed random subspace based
ReliefF (CRSR) method. Based on the feature selection
structure of ReliefF, the proposed CRSR method employs
feature integration rules in the compressed domain and
substitutes information entropy and fuzzy membership for
traditional distance measure index. The advantage of the
proposedmethod lies in the ability of determining the feature
set with the better generalization performance and the less
resource consumption.As a data-drivenmethod, CRSR could
be practical and flexible in engineering.

To demonstrate the effectiveness of the proposed CRSR
method, validation data of three fault modes is generated
through a hydraulic servo system joint simulation model.
Comparing with existing feature reduction and feature selec-
tion methods, the result indicates that the feature selection
process plays a positive role in the classification task using
high-dimensional data, and CRSR based fault diagnosis
method has higher average accuracy and smaller variance.
Meanwhile, the compressed random subspace method can
eliminate those features with unstable contribution in the
process of subspace integration and improve the performance
and efficiency of feature selection. Besides, due to the robust-
ness and stability of the information entropy and fuzzy theory
based objective function optimization, the result shows that
CRSR method is more suitable for fault diagnosis problem
under noisy conditions.
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Acoustic emission (AE) technique is a common approach to identify the damage of the refractories; however, there is a complex
problem since there are asmany as fifteen involved parameters, which calls for effective data processing and classification algorithms
to reduce the level of complexity. In this paper, experiments involving three-point bending tests of refractories were conducted and
AE signals were collected. A new data processing method of merging the similar parameters in the description of the damage
and reducing the dimension was developed. By means of the principle component analysis (PCA) for dimension reduction, the
fifteen related parameters can be reduced to two parameters. The parameters were the linear combinations of the fifteen original
parameters and taken as the indexes for damage classification. Based on the proposed approach, the Gaussian mixture model was
integrated with the Bayesian information criterion to group the AE signals into two damage categories, which accounted for 99%
of all damage. Electronic microscope scanning of the refractories verified the two types of damage.

1. Introduction

Structural health monitoring (SHM) has made significant
advances in the past decades [1–8]. Monitoring of refrac-
tories, which are widely used in furnace, iron, and steel
industries due to their ability to gain strength rapidly and to
withstand aggressive environments and high temperature [9],
receives increasing attention [10–13]. Temperature variations
can lead to either interfacial separation between aggregates
and matrix or microcracks, both depending on the range of
coefficient of thermal expansion (CTE) mismatch between
phases. Such effects modify all the thermomechanical prop-
erties of the material, especially Young’s modulus (E) [10,
11, 14]. The AE technique has been developed over the last
two decades as a nondestructive evaluation technique and

as a useful tool for material research [15–17]. It is an effi-
cient method to monitor, in real time, damage growth in
both structural components and laboratory specimens. This
technique was often used to detect Young’s modulus because
it was correlated to AE activity variations considering the
specific types of damage induced by CTE mismatch [12, 13].
The acoustic emission technique and the ultrasonic pulse
echography technique, both carried out at high temperature,
were applied as nondestructive characterization methods to
monitor the damage extensionwithin thematerials submitted
to thermal stress and to follow the evolution of the associated
elastic properties [18, 19]. With this as a basis, the study could
provide an important reference for thermal stress analysis
under the AE data processing method. However, the AE
signals generated by the complex structure of the refractory
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are extremely complex even at normal temperature, which
makes it difficult for the damage classification [20]. For this
purpose, the AE signal parameters of the delay distribution,
rise time, energy, and peak amplitude were selected to distin-
guish the effective features for different failure mechanism so
that the two failuremodes of fiber breakage and delamination
can be distinguished [21, 22]. The related parameters can
be modeled by a generative model, in particular a Gaussian
mixture model (GMM) in the field of dimension processing
[23, 24].The global feature descriptor was formed by stacking
the parameters of the adapted GMM (i.e., means, covariance,
and weight) in a so-called supervector [25, 26]. Also, some
scientists paid more attention to the parameter of the signal
energymoment compared to the peak amplitude distribution
in the study of the glass fiber composite materials and chose
it to distinguish the fiber breakage and debonding crack.
Moreover, the amplitude, ring count, and felicity ratio were
foundmore suitable in the damage study of the B-Al compos-
ite [27]. However,much effort was put on the characterization
of the overall parameters rather than on the data analysis of
the damage mechanism.

Optionally, the dimensionality of the feature vectors can
be reduced by a principal component analysis (PCA) [28].
The PCAwas used to generate a new set of noncorrelated fea-
tures to remove interference and to avoid using low variance
variables (that was almost single-valued variables).Moreover,
these new features were selected according to their discrim-
inative capability. Subsequently, feature space modeling and
classification were addressed by means of probabilistic self-
organizing maps (SOM), a fuzzy version of classical SOM
that allowedmeasuring the activation probability of each unit
[29, 30]. Nevertheless, detecting not only an event but also the
type was not a straightforward task, and previous approaches
had not been able to obtain high per attack detection accuracy
values. Scientists showed that the resulting GMM supervec-
tor encoding yielded an excellent representation for fuzzy
parameters [31, 32]. This method was an outstanding tech-
nique for handling the description of multimodal data, mak-
ing it robust with high computational efficiency [26]. Addi-
tionally, scientists employed support vector machines (SVM)
to build individual classifiers per sample cluster [33, 34].
Such a SVM was a linear classifier trained by only one single
positive sample andmultiple negative samples; it was denoted
as Exemplar-SVM. Therefore, secondly, using the features
extracted by AE, the negative log likelihood was obtained by
using the Bayesian GMM which was an outstanding tech-
nique for the multimodal distribution of the data with high
computational efficiency [35, 36]. Among others, the PCA
have been used successfully for object classification and scene
classification.The PCAmethod is a statistical linear transfor-
mation selection from multiple variables to minor ones [28].
Meanwhile, the GMM is a Gauss probability density model,
which can be used to accurately quantify matters and classify
them into several models based on the Gauss probability
density function [23].

Taking advantages of the PCA and GMM methods in
the processing of the multidimensional models, especially
the reduction of the AE parameters and pattern recognitions,
this paper intends to reduce the correlation dimension of the

15 parameters of the AE signals emitted from the damage
process of thematerials and to obtain the two new parameters
which could be used to describe the overall damage property
without linear dependence. Afterwards, the GMM was used
to classify the damage into two major categories. Finally,
the results were verified experimentally by using scanning
electron microscopy image based classification.

2. Analysis to Construct the
New Characterization

The PCA method shows obvious advantages in the multipa-
rameter dimension reduction problems and the construction
process is clear to operate. The observation matrix of the
sample is discussed by Shang et al. [37],

𝑋 =
[[[[[[[[[[[
[

𝑥 𝑥 ∙ ∙ ∙ 𝑥𝑝𝑥 𝑥 ∙ ∙ ∙ 𝑥𝑝∙ ∙ ∙
∙ ∙ ∙
∙ ∙ ∙
𝑥𝑛 𝑥𝑛 ∙ ∙ ∙ 𝑥𝑛𝑝

]]]]]]]]]]]
]

, (1)

where the rows of the sample matrix 𝑋 represent the AE
parameters and the columns correspond to different signals.
The covariance matrix of the sample is

𝑠 = 1𝑛 − 1
𝑛∑
𝑖=1

(𝑥𝑖 − 𝑥) (𝑥𝑖 − 𝑥) , (2)

which is the estimation of 𝑥. Through the calculation of 𝑆,
the characteristic quantity of the original observation matrix
can be easily reconstructed so as to facilitate the sort of the
features.

Step 1. The covariance matrix of the sample is constructed by𝑆 as follows:
𝑆

=
[[[[[[[
[

cov (𝑋1, 𝑋1) cov (𝑋1, 𝑋2) ⋅ ⋅ ⋅ cov (𝑋1, 𝑋𝑝)
cov (𝑋2, 𝑋1) cov (𝑋2, 𝑋2) ⋅ ⋅ ⋅ cov (𝑋2, 𝑋𝑝)... ... ...
cov (𝑋𝑝, 𝑋1) cov (𝑋𝑝, 𝑋2) ⋅ ⋅ ⋅ cov (𝑋𝑝, 𝑋𝑝)

]]]]]]]
]
, (3)

where the matrix is a 𝑃 × 𝑃 and positive definite matrix, and
there are characteristic values of 𝑃 which are not equal to
each other and greater than zero. Each characteristic value
corresponds to a unit feature vector.

Step 2. Compute the 𝑃 features and its characteristic vec-
tor. Set 𝜆1, 𝜆2, . . . , 𝜆𝑝 to be eigenvalues of 𝑆. Meanwhile,𝑇 = 𝑡1, 𝑡2, . . . , 𝑡𝑝 are the corresponding unit feature vectors.
Arranging eigenvalues in a descending order gives

𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑝 ≥ 0. (4)
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Step 3. Define the contribution rate of the characteristic value

𝜆𝑖∑𝑝𝑖=1 𝜆𝑖 (𝑖 = 1, 2, . . . , 𝑝) (5)

and the accumulated contribution rate

∑𝑚𝑖=1 𝜆𝑖∑𝑝𝑖=1 𝜆𝑖 . (6)

Step 4. Based on the principle of the accumulated contribu-
tion ∑𝑚𝑖=1 𝜆𝑖/∑𝑝𝑖=1 𝜆𝑖 ≥ 85%, the former 𝑚 (𝑚 ≤ 𝑃) principal
components are picked, which means the former𝑚mutually
orthogonal eigenvector matrices are retained.

𝐴 = (𝑡1, 𝑡2, . . . , 𝑡𝑚) . (7)

Step 5. Conduct linear correlation transformation between
the new feature vector matrix and the original one. In this
way, the original 𝑃 dimension index will be reduced to 𝑚,
which contains the ultimate information with mutual linear
independence.

3. Classification with GMM

The GMM probability density function is set as follows:

𝑝 (𝑥) = 𝑀∑
𝑘=1

𝜔𝑘𝑝𝑘 (𝑥) = 𝑀∑
𝑘=1

𝜔𝑘𝑁(𝑥 | 𝜇𝑘,∑
𝑘

) , (8)

where 𝑀 is the mixed number of the model; 𝜔𝑘 is the
weighting coefficient of the model, and ∑𝜔𝑘 = 1; 𝑁(𝑥 |𝜇𝑘, ∑𝑘) is the 𝑘th single Gauss probability density function,
which is depicted as

𝑁 = (𝑥 | 𝜇,∑) = 𝑒−(1/2)(𝑥−𝜇)𝑇∑
−1(𝑥−𝜇)

(2𝜋)𝑛/2 ∑ 1/2 . (9)

The proper parameters were evaluated as

𝜃 = [𝜔1, 𝜔2, 𝜔3, . . . , 𝜔𝑀, 𝜇1, 𝜇2, 𝜇3, . . . , 𝜇𝑀,∑
1

,∑
2

,∑
3

, . . . ,

∑
𝑀

]
(10)

which makes the max maximum likelihood estimator of the
probability density function,

𝐽 (𝜃) = ln[ 𝑀∏
𝑖=1

𝑝 (𝑥)𝑖] = 𝑀∑
𝑖=1

ln𝑝 (𝑥𝑖)

= 𝑀∑
𝑘=1

ln [𝜔𝑘𝑁(𝑥 | 𝜇𝑘, 𝜎2𝑘)] .
(11)

In order to obtain the maximum likelihood estimate, the
GMM will be evaluated by the maximum expected value
algorithm.The iteration steps are as follows.

Step 1. Initiate the parameters:
(1) Set the mean values to be random values.
(2) Set the covariance matrix∑∑∑ ⋅ ⋅ ⋅ ∑𝑀 to be the unit

matrix.
(3) Set theweighting coefficient𝜔1, 𝜔2, 𝜔3, . . . , 𝜔𝑀 of each

model to be the prior probability of each model:

𝜔𝑖 = 1𝑀, (12)

where𝑀 was the number of GMM.

Step 2. Compute the prior probability of each item in the
model:

Pr (𝑖 | 𝑥𝑡, 𝜃𝑘) = 𝜔𝑘𝑁(𝑥𝑡 | 𝜇𝑘𝑖 , ∑𝑘𝑖 )
∑𝑀𝑘=1 𝜔𝑘𝑁(𝑥𝑡 | 𝜇𝑘𝑖 , ∑𝑘𝑖 ) . (13)

Step 3. Update the parameters by the prior probability:

𝜔𝑘+1𝑖 = 1𝑇
𝑇∑
𝑡=1

Pr (𝑖 | 𝑥𝑡, 𝜃𝑘) .

𝜇𝑘+1𝑖 = ∑𝑇𝑡=1 Pr (𝑖 | 𝑥𝑡, 𝜃𝑘) 𝑥𝑡∑𝑇𝑡=1 Pr (𝑖 | 𝑥𝑡, 𝜃𝑘)
𝑘+1∑
𝑖

= (∑
𝑇
𝑡=1 Pr (𝑖 | 𝑥𝑡, 𝜃𝑘) (𝑥𝑡 − 𝜇𝑘+1𝑖 ) (𝑥𝑡 − 𝜇𝑘+1𝑖 )𝑇)

∑𝑇𝑡=1 Pr (𝑖 | 𝑥𝑡, 𝜃𝑘)

(14)

Step 4. Repeat Steps 2 and 3 until the convergence:
𝜃𝑡+1 − 𝜃𝑡 < 𝜀, (15)

where 𝜃𝑡+1 and 𝜃𝑡 are the parameters estimation of the
previous and current step and 𝜀 is the set threshold, which
is usually set to 10−5.

4. Experimentation and Verification

4.1. Specimens and Experiment Setup. The industrial refrac-
tory tested in the study is composed of magnesia aggregates,
carbon binder (phenolic resin and/or pitch), and other
components. Figure 1 shows the microstructure of such a
refractory without damage. The magnesia aggregates are
formed by sintering of crystallites with weak interfaces. The
size of magnesia grains varies from less than one half mil-
limeters to five millimeters.The other grains impurities, such
as SiO2 and Al2O3, with less than 5mm sizes, are founded
scattered in the matrix, the carbon binder.

The components were mixed and shaped into bricks
at low temperature (20∼50∘C) and under high pressure
(150MPa around) [12]. Then the bricks undergo heat treat-
ment (100∼200∘C) to start the polymerization of resin and
to eliminate residual water and phenols [12]. Under these
sintering conditions, we directly obtain three specimens with
a rectangular cross-section of 140mm × 25mm × 25mm.
Table 1 provides the composition of the materials after the
heat treatment.
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Table 1: The composition of magnesia carbon refractory.

Chemical composition, % (weight) Phase composition, % (volume)
MgO C SiO2 Al3O3 Aggregate phase Continuous phase
82.95 13.07 0.72 0.61 65 35

Figure 1: Typical microstructure of magnesia carbon refractory.

According to ASTM C1161-13 [38], the shape of the sam-
ples for 3-point bending should be rectangular and the size of
the samples should be 3 by 4 by 45 to 50mm minimum with
40mm outer span 3-point bending.Therefore, the specimens
were prepared to be 140mm × 25mm × 25mm. The 3-point
bending tests were performed using a HMOR/STRAIN load-
ing machine. The crosshead speed of the machine was fixed
at 0.05mm/min. The tests were executed on three specimens
of each configuration in order to ensure the accuracy of the
results (Figure 2).

AE is defined as phenomena whereby transient elastic
waves are generated by the rapid release of energy from
localized sources within a material (or structure). The AE,
which represents the generation of transient ultrasonic waves
due to damage development within the material under load,
is an efficient technique for structural health monitoring, as
discussed elsewhere [39–41]. When a material is subjected
to solicitations (such as mechanical and thermal), acoustic
emission can be generated by a variety of sources, including
crack nucleation and propagation, multiple dislocation slip,
twinning, grain boundary sliding, phase transformations in
alloys, debonding of grain in composite materials, or fracture
of inclusions in alloys. This technique has been used at either
the laboratory level or industrial scale. Usually, this technique
is applied at room temperature as a nondestructive character-
ization technique in order to follow in real time the evolution
of the damage of a material subjected to mechanical loading.
Here, the upper surface of the sample should be slightly
polished to remove the burr in order to locate the AE sensor.
Then the coupling agent was coated on the polished zone and
theAE sensorwas fixed on the coupling agent surfacewith the
adhesive tape.The stress wave was passed from the surface of
the sample to the AE sensor through the coupling agent. The
application of AE technique aims to characterize the material
microdamage at a very local scale.

The device of acquisition (Figure 3) is composed of a wide
band (175 kHz∼1MHz) sensor (PAC MICROPHONE𝜇80), a

Dimension of the specimen:
140 × 25 × 25 mm

(a)

AE acquisition system 

100

Dimension of the specimen:
140 × 25 × 25 mm

(b)

Figure 2: Experimental setup for three-point bend test at room
temperature. (a) The physical diagram and (b) the schematic one.
The AE sensor is fixed on the specimen through the adhesive tape.
The pressure actuating pressure head is imposed on the middle of
the specimen.

AE sensor Sample

H
its

To AE 
acquisition 

set 

Load

Preamplifier

25 mm
140mm

Figure 3: Experimental setup used for acoustic emission measure-
ments [12].

preamplifier (EPA 1220A), and an acquisition card associated
with a computer (AEDSP-32/16 MISTRAS digital system
from Physical Acoustics Corporation). The AE sensor is a
major element of the chain of acquisition because it collects
the whole of the signals induced by the elastic waves created
within the material whose amplitudes are higher than a fixed
threshold in order to amplify and to record them.This system
records the waveform and the main feature parameters well
known in AE study such as count, hit, rise time, duration of
hit, count to peak, and amplitude (in dB). Figure 4 presents
different AE features extracted from the signal waveform.

4.2. PCA Parameter Reduction. The AE damage signals of
the Mg-O refractory during the three-point bend test were
collected and 15 parameters were directly obtained: rise time
(𝑋1), count (𝑋2), energy (𝑋3), duration (𝑋4), amplitude (𝑋5),
mean frequency (𝑋6), RMS (𝑋7), ASL (𝑋8), peak frequency
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Rise time in s

Count

Threshold in dB
(Ref 1V)

Duration of hit in s

Amplitude (A) in
dB

Figure 4: Typical AE features extracted from the recorded signal
(hit) [12].

(𝑋9), inverse calculation frequency (𝑋10), original frequency
(𝑋11), signal strength (𝑋12), absolute energy (𝑋13), centroid
frequency (𝑋14), and peak frequency (𝑋15). The number
of the sample signals was 11168 and the observation matrix
was 11168 × 15. In order to eliminate the disturbance of
dimensionless parameter, the observation sample matrix was
normalized before the principal component analysis and the
data values were normalized to (0, 1).The covariancematrix’s
eigenvalues are shown in Table 2. The cumulative contribu-
tion rate of each principal component was shown in Table 3.
It can be seen from the table that the cumulative contribution
rate of the first two principal components is 90%, which is far
greater than 85%,meaning the first two principal components
are sufficient enough to replace the overall clustering index.
Therefore, the new principal components are produced and
the number of the parameters is reduced from 15 to 2.

4.3. Classification of the Damage Signals. For the application
of GMMclassification of the damage signals of the refractory,
the increase in the number of the model can improve the
accuracy of the model, however with increased complexity
of the model, as discussed by Jiang et al. [24]. The Bayesian
information criterion (BIC) has the ability to maintain the
balance between the accuracy and complexity of the model;
therefore, it is adopted to classify the damage.

BIC = −2 ln 𝐿 + 𝑘 ln𝑇, (16)

where 𝐿 is the maximum of the likelihood function of the
estimated model, 𝑇 is the number of observations, and 𝑘 is
the number of the free parameters to be estimated in each
GMM.

When the number of the model is increased from𝑀 to𝑀+ 1, the changing rate of the BIC is

𝜉𝑀+1 = BIC𝑀 − BIC𝑀+1
BIC𝑀

× 100%. (17)

The changing rate of the BIC reflects the sensitivity of the
BIC values to the number of the models. When the number
of the models is increased from𝑀 to𝑀+ 1, the change rate
of the BIC is large, which means that the number𝑀 is insuf-
ficient in the description of the original data set accuracy and
should be increased to𝑀+1.When the change rate of the BIC

Table 2: Eigenvalues of covariance matrix.

Parameter Value𝜆1 9.13𝜆2 6.68𝜆3 0.71𝜆4 0.36𝜆5 0.31𝜆6 0.16𝜆7 0.06𝜆8 0.031𝜆9 5.2 × 10−3𝜆10 3.3 × 10−3𝜆11 7.5 × 10−4𝜆12 1.6 × 10−4𝜆13 8.2 × 10−5𝜆14 4.0 × 10−6𝜆15 1.5 × 10−6

Table 3: Accumulated contribution rate of each component.

Principle component index Cumulative contribution%
1 52.3135
2 90.6189
3 94.6705
4 96.7067
5 98.5072
6 99.432
7 99.7786
8 99.9456
9 99.9756
10 99.9943
11 99.9986
12 99.9995
13 100
14 100
15 100

is small,𝑀 and𝑀+1 have little difference in the description
of the original data and𝑀 is enough for the description.

The changing rate of the BIC is shown in Figure 5. It can
be seen from the graph that when the number of the model
is increased from 1 to 2, the change of the BIC is significant,
reaching 7%. With the increase of the number of the models,
the changing rate of the BIC gradually decreases (<3%).
Therefore, the model number of 2 is chosen to describe the
observed data set.

The GMM operation results are shown in Figure 6. It can
be seen from the plot that the damage signal is divided into
two categories of 𝜔1 and 𝜔2, whose weights are 0.63 and 0.37,
respectively.

4.4. Verification. The Philips scanning electron microscopy
(SEM, PSEM 500) and energy spectrometer (AMETEK) were
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Figure 5: BIC change rate of each model number.
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Figure 6: Computation results of the GMM algorithm (𝜔1 = 0.63,𝜔2 = 0.37).

used for scanning analysis of the damage sample. The micro-
scopic scanning results reveal that the damage forms were
mainly the matrix and the interphase damage, as shown in
Figures 7 and 8, and the matrix damage accounted for the
larger proportion.The energy spectra results of the two kinds
of microdamage are shown in Figures 9 and 10, respectively.
It can be seen from Figure 9 that the main component of the
matrix damage area is Cwith themass fraction of 97% and the
crack can be regarded as thematrix crack. FromFigure 10, the
composition of the observation area near the interface was C
with the mass fraction of 65% and O and Mg with the mass
fraction of 15% and 18%, respectively, which indicates that
the matrix and the particle phase existed in the area and the
crack is the interfacial crack. The SEM results show that the
main damage form of theMgO-C refractory is thematrix and
the interface damage and thematrix phase damage accounted
for the larger proportion. Therefore, the classification results
using the method of the PCA and GMM are verified.

5. Conclusions

In this paper, a new AE data processing method of merging
the similar parameters in the description of damage to reduce
the dimension was developed. In the proposed method,
the AE damage signals of the Mg-O refractory during the
three-point bend test were collected and 15 parameters were
directly obtained: rise time (𝑋1), count (𝑋2), energy (𝑋3),
duration (𝑋4), amplitude (𝑋5), mean frequency (𝑋6), RMS
(𝑋7), ASL (𝑋8), peak frequency (𝑋9), inverse calculation

Figure 7: The matrix damage crack.

Figure 8: The interface damage crack.

frequency (𝑋10), original frequency (𝑋11), signal strength
(𝑋12), absolute energy (𝑋13), centroid frequency (𝑋14), and
peak frequency (𝑋15). The observation sample matrix was
firstly normalized before the principal component analysis
and the data values were normalized to (0, 1).The cumulative
contribution rate of each principal component was calculated
to successfully select the first two principal components of
90% contribution. Therefore, the new principal components
were produced and the number of the parameters was
reduced from 15 to 2.

Then the Gaussian mixture model was used to classify
the damage of the refractory according to the 2 damage
indexes, which could be utilized to describe the overall
damage property without linear dependence. Afterwards,
the damage was classified into two major categories of 𝜔1
and 𝜔2 with the damage weight of 63% and 37%, respectively.
In order to verify the proposed method, the Philips scanning
electron microscopy and energy spectrometer were used for
scanning analysis of the sample.The scanning results showed
that the damage form was indeed observed as 2 damage
forms of mainly the matrix and the interphase damage. The
main component of the matrix damage area was C with the
mass fraction of 97%. In the interface damage crack area,
C was with the mass fraction of 65%, and O and Mg were
with the mass fraction of 15% and 18%, respectively, which
indicated that the matrix and the particle phase existed in the
area and the crack was the interfacial crack. At last, the SEM
results showed that the main damage form of the MgO-C
refractory was the matrix and the interface damage and the
matrix phase damage accounted for the larger proportion.
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Figure 9: EDS analysis of the matrix damage crack.

Mg

C

LSecs: 23
637

510

382

255

127

0

O

Energy (keV)
11.0010.009.008.007.006.005.004.003.002.001.000.00

Element Wt% At%
CK 65.78 75.96
OK 15.26 13.23
MgK 18.96 10.82
Matrix Correction ZAF

Figure 10: EDS analysis of the matrix damage crack.

Therefore, the classification results using the method of the
PCA and GMM were verified.
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This study introduces visual cognition into Lithium-ion battery capacity estimation. The proposed method consists of four steps.
First, the acquired charging current or discharge voltage data in each cycle are arranged to form a two-dimensional image. Second,
the generated image is decomposed into multiple spatial-frequency channels with a set of orientation subbands by using non-
subsampled contourlet transform (NSCT). NSCT imitates the multichannel characteristic of the human visual system (HVS) that
provides multiresolution, localization, directionality, and shift invariance. Third, several time-domain indicators of the NSCT
coefficients are extracted to form an initial high-dimensional feature vector. Similarly, inspired by the HVS manifold sensing
characteristic, the Laplacian eigenmap manifold learning method, which is considered to reveal the evolutionary law of battery
performance degradation within a low-dimensional intrinsic manifold, is used to further obtain a low-dimensional feature vector.
Finally, battery capacity degradation is estimated using the geodesic distance on themanifold between the initial and themost recent
features. Verification experiments were conducted using data obtained under different operating and aging conditions. Results
suggest that the proposed visual cognition approach provides a highly accurate means of estimating battery capacity and thus offers
a promising method derived from the emerging field of cognitive computing.

1. Introduction

Lithium-ion (Li-ion) batteries, featuring high energy density
and light in weight, are becomingmore andmore popular for
various applications, especially in the field of aerospace and
electric vehicles [1–3]. Thus, the majority of existing studies
focus onways to improve the performance of Li-ion batteries.
Battery capacity, which is regarded as an important indicator
of the battery performance, is highly affected by various inter-
nal and external mechanisms such as ambient temperature,
aging, and usage patterns; these factors cause battery perfor-
mance to gradually fade over time. Therefore, available bat-
tery capacity needs to be accurately estimated for reliability
purposes and for the proper management of battery use [4].

Recent studies have reported a variety of approaches
to estimating the capacity of Li-ion batteries. Most of the
existing approaches are model-based methods, including
electrochemical [5], equivalent circuit-based [6], and analyt-
ical [7, 8] models.These models are mostly based on complex
physical and chemical processes that take into account the

dynamic behavior of batteries [9–11], and the estimation
performance is highly dependent on the accuracy of the
models. In particular, these types of models are usually
difficult to establish given the restrictions on acquisition of
knowledge of the electrochemical parameters, aging mech-
anisms, and properties of batteries [12]. Moreover, these
models are individually dependent on the specific type of
battery in terms of production processes, electrolytes, and
anode and cathodematerials. State-of-charge– (SOC–) open-
circuit-voltage– (OCV–) basedmethods for in-cycle capacity
estimation arewidely applied inmany real-world applications
[13, 14]. However, the SOC–OCV–based methods rely on
accurate SOC andOCV values, which are usually highly time
consuming to obtain [10, 15]. Regardless of which modelling
methods are used to model the battery state, the laboratory
determined battery charging and discharging characteristics
under different operating conditions are a source of knowl-
edge about battery behavior. In some applications, these
original data stored as discrete values are employed to create
a lookup table database on the charge status of the master
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battery. However, using this kind ofmethod for Li-ion battery
capacity estimation, amounts of experiments need to be per-
formed under various operating conditions for a whole life-
time to obtain battery capacities in different life states under
different operating conditions. Otherwise, database-based
method will have a low accuracy with a rough database. Tao
et al. [16] proposed a capacity estimation method for Li-ion
battery based on similarity recognition of online data curves,
which can be considered as an intelligent method based on
database. Even though this method achieves a high accuracy,
it takes a lot of time looking for the most similar data curve
contained in the database, which restricts its real application.

A new geometric-based method was proposed in [17];
this method differs from those aforementioned and appears
to be an extension of the traditional constant current-
constant voltage method [18]. It estimates battery capacity by
combining differential geometry and four geometric features
that are sensitive to capacity fade.The four geometric features
are extracted from the charging current (CC) and discharging
voltage (DV) curves, including the time duration of the
constant voltage (CV) curve, maximum radius of curvature
of the CV stage, area under the CV curve, and slope of the
voltage curve in the early stage of the discharge process.
Experimental results provided in their paper demonstrate the
effectiveness of the geometric-based method.

The nature of the geometric-based method aims to intro-
duce differential geometry theory and traditional geometric
features into battery capacity estimation. Inspired by thework
in [17], we attempt to introduce other leading-edge interdis-
ciplinary methods to battery capacity estimation, avoiding
complicated analyses of physical–chemical processes and
achieving an accurate cognition of degradation processes,
thereby further enhancing the effectiveness and accuracy of
battery capacity estimation.

Cognitive science is an interdisciplinary study that con-
sists of multiple research disciplines, including psychology,
artificial intelligence, philosophy, neuroscience, linguistics,
and anthropology. It includes research on intelligence and
behavior, especially focusing on how information is repre-
sented, processed, and transformed within nervous systems
and machines [19]. Cognitive science is a large field and
covers a wide array of topics relating to cognition such as
language processing, artificial intelligence, and visual and
auditory cognition. Among these topics, visual cognition has
become the focus of many studies in cognitive science and
is becoming a significant topic of interest in the twenty-first
century [20]. In recent years, countries around the world
have invested heavily to support research in visual cognition.
In the US, the Defense Advanced Research Projects Agency
launched a special research program in 2007 named “Cog-
nitive Computing,” under which visual cognition is a key
research target. In Japan, experts in the field of computer
vision have been brought into the “Brain Plan” over the
past decade to promote the interdisciplinary studies of brain
cognitive science and visual cognition. The National Natural
Science Foundation Committee of China initiated a major
research project in 2008 called “Cognitive Computing Based
on Visual and Auditory Information”; its purpose is to
establish a new computational method based on human

visual and auditory cognitive mechanisms, thereby providing
new ideas for image understanding and voice processing.
Today, computing methods based on visual cognition have
received extensive attention and are widely used in face
recognition [21], image fusion [22], texture classification [23],
and so forth. However, in the field of Li-ion battery capacity
estimation, methods based on visual cognition have rarely
been reported.Motivated by this, we attempt to transformCC
values and DV values into a two-dimensional image and thus
to further advance battery capacity estimation using a visual
cognition method.

Essentially, visual cognition is a kind of bionic science;
that is, it deals with the recognition of objects based on the
characteristics of the human visual system (HVS). One of
the well-known characteristics of the HVS is the multichan-
nel characteristic (MCC), meaning that there are multiple
spatial-frequency channels in the processing of pictorial
information in the HVS, each of which further involves dif-
ferent number of orientation components depending upon a
predetermined setting of series [24]. In this study, the authors
employ MCC to extract degradation feature information
from CC and DV data, which is the core of this study and
also the difference distinguishing our method from other
existing methods, including that in [17]. Another noted HVS
characteristic is themanifold sensing characteristic (MSC). In
2000, articles published in Science pointed out that (1) visual
information is stored as a manifold of stable neural-activity
patterns in the brain, and (2) manifold learning methods
can identify meaningful low-dimensional structures in high-
dimensional data [25–27]. Therefore, this study utilizes the
manifold learning to construct a low-dimensional intrinsic
manifold, which can not only reveal the capacity degradation
law that is contained in the extracted features but also reduce
the computation required. Therefore, this study attempts
to introduce visual cognition into Li-ion battery capacity
estimation in order to establish a systematic method for
capacity estimation based on MCC and MSC.

This paper is organized as follows: Section 2 describes the
two HVS properties of interest, namely, MCC and MSC, as
well as the corresponding computing methods derived from
them, primarily NSCT and the Laplacian eigenmap (LE).
Geodesic distance is also introduced, which is used in the
estimation of battery capacity. Section 3 presents the entire
method for battery capacity estimation based on visual cog-
nition, including descriptions of the experimental data, image
transformation, feature extraction, and capacity calculation.
Typical data fromNASAbattery data sets are utilized to verify
the proposed method; the results are reported in Section 4.
Finally, Section 5 concludes the paper.

2. Related Theories

2.1. MCC of the HVS and NSCT

2.1.1. MCC and Contourlet Transform. The HVS is a crucial
tool by which human beings understand and comprehend
the natural world. It has been verified that the HVS possesses
the ability to capture the essential information of a natural
scene using a minimal number of active visual cells [28].



Complexity 3

The receptive fields in the visual cortex are accordingly
characterized as being localized, oriented, and bandpass [29].
Therefore, it is suggested that, for an image representation
to be efficient, it should have the properties of being local,
directional, and of multiresolution.

The contourlet transform (CT) proposed by Do and Vet-
terli [28]matches theMCC of theHVSwell. It is composed of
a Laplacian pyramid (LP) and a directional filter bank (DFB),
where the LP is employed to capture the point discontinuities
and the DFB is utilized to link point discontinuities to linear
structures. The CT gives a flexible multiresolution, local, and
directional image expansion using contour segments; thus,
it can represent edges and other singularities along curves
very efficiently. Unfortunately, however, the CT lacks shift
invariance because of the downsampling and upsampling in
both the LP and the DFB. In particular, downsampling of a
filtered imagemay result in low-pass and high-pass frequency
aliasing. These shortcomings limit the use of CT in many
applications [22, 30].

2.1.2. NSCT Theory. To eliminate the frequency aliasing of
CT and enhance its directional selectivity and shift invari-
ance, da Cunha et al. [31] proposed a shift-invariant version
based on non-subsampled pyramid filter banks (NSPFBs)
and non-subsampled directional filter banks (NSDFBs), as
shown in Figure 1(a) [31, 32].

The non-subsampled contourlet transform (NSCT), as
a representative method related to the MCC, can be used
to decompose an image (e.g., as transformed from a charge
current or discharge voltage curve) into multiple spatial-
frequency channels (a set of narrow-band frequencies), each
of which further involves different number of orientation
components depending upon a predetermined setting for
each channel.

In NSCT, the multiscale property is obtained from a
shift-invariant filtering structure that achieves a subband
decomposition similar to that of the LP. The process can
be implemented using two-channel non-subsampled two-
dimensional (2D) filter banks. Figure 1(b) illustrates the non-
subsampled pyramid decomposition with 𝐽 = 3 stages. Such
an expansion is conceptually similar to the one-dimensional
(1D) non-subsampled wavelet transform computed with the
à trous algorithm.The filters for the next stage are obtained by
upsampling the filters of the previous stage with the sampling
matrix:

𝐷 = 2𝐼 = [2 00 2] (1)

which gives the multiscale property without the need for
additional filter design. On the jth decomposition, the ideal
frequency support of the low-pass filter is [−(𝜋/2𝑗), (𝜋/2𝑗)]2.
Correspondingly, the ideal support of the high-pass filter is
the complement of the low-pass filter, namely, the region

[−(𝜋/2𝑗−1), (𝜋/2𝑗−1)]2 \ [−(𝜋/2𝑗), (𝜋/2𝑗)]2. The equivalent
filters of a J-level cascading NSPFB are given by

𝐻eq
𝑛 (𝑧) = {{{

𝐻1 (𝑧2𝑛−1𝐼)Π𝑛−2𝑗=0𝐻0 (𝑧2𝑗𝐼) , 1 ≤ 𝑛 ≤ 𝐽
Π𝑛−2𝑗=0𝐻0 (𝑧2𝑗𝐼) , 𝑛 = 𝐽 + 1, (2)

where 𝐻0(𝑧) and 𝐻1(𝑧) represent the low-pass filter and the
corresponding high-pass filter, respectively, at the first stage
[32].

The DFB is constructed by combining critically sampled
two-channel fan filter banks and resampling operations. This
results in a tree-structured filter bank that splits the 2D
frequency plane into directional wedges. By switching off the
downsamplers/upsamplers in each two-channel filter bank in
theDFB tree structure and upsampling the filters accordingly,
the NSDFB is obtained. In this manner, a tree composed of
two-channel NSDFBs can be obtained. Figure 1(c) illustrates
a four-channel decomposition [32].The upsampled fan filters𝑈𝑗(𝑧𝑄) (𝑗 = 0, 1) have checkerboard frequency support,
where 𝑄 is the quincunx matrix:

𝑄 = [1 −11 1 ] . (3)

The four-channel directional decomposition can be obtained
when filters 𝑈𝑗(𝑧𝑄) are combined with the fan filters𝑈𝑖(𝑧) (𝑖 = 0, 1). The equivalent filter in each channel𝑈𝑘(𝑧) (𝑘 = 0, 1, 2, 3) can be given as follows:

𝑈𝑘 (𝑧) = 𝑈𝑖 (𝑧) 𝑈𝑗 (𝑧𝑄) . (4)

After 𝐽-level NSCT decomposition, one low-pass sub-
band image and ∑𝐽𝑗=1 2𝑙𝑗 bandpass directional subband
images can be obtained, all of which have the same size as the
input image. Here, 𝑙𝑗 is the directional decomposition level at
the jth scale.

As described above, the core ofNSCT is the filter design in
the two-channel NSPFB and NSDFB. NSCT not only retains
the characteristics of CT but also has the important property
of shift invariance. Thus, this study employs NSCT to extract
features from the CC and DV values of a Li-ion battery.

2.2. MSC of the HVS and LE

2.2.1. MSC and Manifold Learning. As we look at an object
with conditions such as scale and illumination changing, the
signals carried from the eyes to the brain by the millions of
axons in the optic nerve are constantly in flux. Nevertheless,
we are able to recognize that these changing signals are
produced by the same object. This phenomenon was studied
by Seung and Lee, who proposed a hypothesis that a visual
memory is stored as a manifold of stable states or a continu-
ous attractor [25]. Images of the same object with changes in
scale, illumination, and other variable factors lie on a low-
dimensional manifold, whereas images of different objects
form different manifolds. From the perspective of cognitive
psychology, the cognitive process of object identification
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Figure 1: Schematic diagram of non-subsampled contourlet transform (a), three-stage non-subsampled pyramid decomposition (b), and
four-channel NSDFB constructed with two-channel fan filter bank (c).
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is the recognition of different low-dimensional manifolds
embedded in the high-dimensional visual information. That
is, the HVS has the ability to sense the manifold hidden
in the brain. This characteristic of the HVS is called MSC.
Similar to the MSC of the HVS, manifold learning can
find meaningful low-dimensional structures hidden within
high-dimensional observations; this is attracting increasing
attention from scholars.

Manifold learning, also known as nonlinear dimensional-
ity reduction, is a widely accepted method that embeds high-
dimensional samples into low-dimensional feature space by
preserving some local or global geometric structures [33].
Many manifold learning approaches have been proposed,
such as isometric mapping [26], locally linear embedding
[27], Laplacian eigenmaps [34], and Hessian eigenmaps [35].
Among these approaches, the Laplacian eigenmap (LE) is a
kind of spectral graphmethod; this has received considerable
attention from the machine learning community. In this
study, the LE is employed to establish a low-dimensional
intrinsic manifold and carry out the dimensionality reduc-
tion.

2.2.2. Theory of LE. LE is a typical graph-based dimensional-
ity reduction technique.The basic mathematical notion of LE
can be summarized as follows.

Assume that a d-dimensional manifold 𝑀𝑑 (nominated
as output space) embedded in anm-dimensional space 𝛼𝑁 ∈𝑅𝑚 (nominated as input space, 𝑑 < 𝑚) can be described by a
function:

𝑓 : 𝐶 ⊂ 𝑀𝑑 → 𝑅𝑚, (5)

where 𝐶 is a compact subset of𝑀𝑑 with open interior. A set
of data points 𝛼1, . . . , 𝛼𝑁, where 𝛼𝑖 ∈ 𝑅𝑚, are sampled with
noise from the intrinsic manifold𝑀𝑑; the relationship can be
represented as follows:

𝛼𝑖 = 𝑓 (𝛽𝑖) + 𝜉𝑖, 𝑖 = 1, . . . , 𝑁, (6)

where 𝜉𝑖 denotes noise. LE can be recognized as follows:
the original data set 𝛼𝑖’s in the higher dimensional manifold𝑅𝑚 are mapped (nonlinearly) to the data point 𝛽𝑖’s in the
estimation of the unknown lower dimensional manifold𝑀𝑑,
with 𝑑 < 𝑚 [36].

Given a set of 𝑁 multivariate observations, for arbitrary
point 𝐴 ∈ 𝑀𝑑 with 𝑘 nearest neighborhoods, a weighted
adjacency graph 𝐺 = (𝑉, 𝐸) can be constructed consisting of𝑁 nodes and a set of edges connecting neighboring points.
We consider the problem of mapping the weighted graph 𝐺
to a line such that the connected points stay as close together
as possible. Let y = (𝑦1, 𝑦2, . . . , 𝑦𝑁)𝑇 x = (𝑥1, 𝑥2, . . . , 𝑥𝑁)𝑇,
where 𝑥𝑖, 𝑦𝑖 ∈ 𝑅 is a coordinate value of the 𝑖th point in 𝑅𝑚
and𝑀𝑑. A reasonable map is to choose 𝑦𝑖’s ∈ 𝑅 to minimize∑(𝑦𝑖−𝑦𝑗)2𝑊𝑖𝑗 under the appropriate constraints. To avoid the
heavy penalties that can occur if the neighboring points 𝑥𝑖
and 𝑥𝑗 are mapped far apart, the minimization is an attempt

to ensure that if points 𝑥𝑖 and 𝑥𝑗 are close, then 𝑦𝑖 and 𝑦𝑗 will
be close as well. As a result, for any y, we have

1
2∑
𝑖,𝑗

(𝑦𝑖 − 𝑦𝑗)2𝑊𝑖𝑗 = y𝑇𝐿y, (7)

where 𝐿 = 𝐷 − 𝑊 is the Laplacian matrix, which is positive
semidefinite. Notably, 𝑊𝑖𝑗 is symmetric, and 𝐷𝑖𝑖 = ∑𝑗𝑊𝑖𝑗.
Thus, ∑𝑖,𝑗(𝑦𝑖 − 𝑦𝑗)2𝑊𝑖𝑗 can be written as

∑
𝑖,𝑗

(𝑦2𝑖 + 𝑦2𝑗 − 2𝑦𝑖𝑦𝑗)𝑊𝑖𝑗
= ∑𝑦2𝑖 𝐷𝑖𝑖 +∑𝑦2𝑗𝐷𝑗𝑗 − 2∑𝑦𝑖𝑦𝑗𝑊𝑖𝑗 = 2y𝑇𝐿y.

(8)

Therefore, the minimization problem reduces to finding
argminy𝑇𝐷y=1y𝑇𝐿y.

The constraint y𝑇𝐷y = 1 removes an arbitrary scaling
factor in the embedding.Matrix𝐷provides a naturalmeasure
on the graph vertex. The larger 𝐷𝑖𝑖 is, the more important
the vertex will be. In (7), 𝐿 is shown as a positive semidef-
inite matrix, and the vector y that minimizes the objective
function is given by the minimum eigenvalue solution to the
generalized eigenvalue problem 𝐿y = 𝜆𝐷y with an additional
constraint of orthogonality argmin y𝑇𝐷y=1,y𝑇𝐷1=0 y

𝑇𝐿y.
More generally, the embedding is given by the 𝑁 × 𝑑

matrix 𝑌 = [y1, y2, . . . , y𝑑], where the ith row, denoted by
𝑌𝑇𝑖 , provides the embedding coordinates of the ith vertex.
Similarly, we need to minimize

∑
𝑖,𝑗

𝑌𝑖 − 𝑌𝑗2𝑊𝑖𝑗 = tr (𝑌𝑇𝐿𝑌) . (9)

This condition reduces to finding [37]

𝑌opt = argmin
𝑌𝑇𝐷𝑌=1

tr (𝑌𝑇𝐿𝑌) . (10)

2.2.3. Time Window for Mapping Updating. The fixed set
of data from high-dimensional space is mapped to low-
dimensional space by LE through the mapping 𝑔 = 𝑓−1.
Therefore, one can receive a corresponding low-dimensional
point through the mapping when given an arbitrary point
in the high-dimensional space. Considering in practice, new
data are often collected and new features can be obtained in
the 𝑅𝑚 space, we need to update the mapping provided by LE
to adjust to the new incoming data. Thus, a general method,
the so-called “time window,” is proposed, which can be set as
one incoming point or any other number of incoming points
with regard to a real-world application. When the number of
new incoming points reaches the fixed “time window,” a new
updated mapping is derived.

2.3. Geodesic Distance. Inmathematics, particularly differen-
tial geometry, a geodesic is a generalization of the notion of
a “straight line” to curved spaces [38]. If this connection is
the Levi-Civita connection induced by a Riemannian metric,
then the geodesics are (locally) the shortest path between
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Table 1: Typical data under different operating conditions.

Label number AT (∘C) CC (A) DC (A) EOD (V) IC (Ah) EOLC (%)
#5 24 1.5 2 2.7 1.8565 30
#7 24 1.5 2 2.2 1.8911 30
#29 43 1.5 4 2.0 1.8447 12.61
#54 4 1.5 2 2.2 1.1665 30
Note. AT, CC, DC, EOD, IC, and EOLC denote ambient temperature, charge current, discharge current, end-of-discharge, initial capacity, and end-of-life
criteria (ratio of faded capacity to initial capacity), respectively.

Euclidean distance
(a)

Geodesic distance
(b)

Figure 2: Comparison between Euclidean distance and geodesic
distance.

points in the space.Thus, the geodesic distance is expected to
unfold highly folded, twisted, or curved nonlinear manifolds
[39].

Figure 2(a) shows the shortest path measured by
Euclidean distance. According to this metric, two points on
opposite sides of the horseshoe appear to be deceptively close.
Figure 2(b) shows the shortest path measured by geodesic
distance. In this case, the two points on opposite sides of
the horseshoe are not neighbors according to the geodesic
distance [39].

In this study, the geodesic distance is adopted as the
geometrical metric of battery capacity on the manifold
constructed by LE.

3. Method for Estimation of Li-Ion Battery
Capacity Based on Visual Cognition

3.1. Description of the NASA Li-Ion Battery Experimental
Data. The data used in this study were obtained from a
custom-built battery setup at the NASA Ames Prognos-
tics Center of Excellence. The experiments were conducted
through three different operational profiles (charge, dis-
charge, and impedance) at ambient temperature (AT) con-
ditions. Charging is performed in a constant charge current
mode at 1.5 A until the battery voltage reaches 4.2 V and
continues in a constant voltage mode until the charge current
drops to 20mA. The discharge runs are stopped at different
end-of-discharges (EODs). The experiments are conducted
until the capacity decreases to specified end-of-life criteria
(EOLC).

To validate the efficiency of the proposed approach, the
typical data were selected (#5, #7, #29, and #54, which were
also used in [16, 17]) and described in Table 1. From Table 1,

it can be seen that these data have the same charge current
of 1.5 A but generally exhibit different ATs (24∘C, 43∘C, or
4∘C), discharge currents (DCs; 2 A or 4A), EODs (from 2.0V
to 2.7 V), initial capacities (ICs; from 1.1665Ah to 1.8911 Ah),
and EOLCs (30% or 12.61%).

3.2. Image Transformation of CC or DV Values for
Visual Cognition

3.2.1. Image Transformation Method. The real state of an
arbitrary battery can be identified by charging or discharging
it. Consequently, the CC and DV curves obtained from
the charging and discharging processes can directly reflect
the real state of the battery. To discover the performance
degradation law contained in these curves, the CC and
DV curves for each cycle are transformed into an image
for the following visual cognition. First, the CC and DV
values over a lifetime of full cycles are uniformly normalized
according to the linear normalization equation: 𝑦 = (𝑥 −
MinValue)/(MaxValue − MinValue), where 𝑥 is the original
CC orDV value,𝑦 is the normalized value, andMinValue and
MaxValue are the minimum and maximum CC/DV values
over the lifetime of full cycles, respectively. The normalized
data points are then arranged into an 𝑀 × 𝑁 matrix, as
shown in Figure 3. If we consider the normalized amplitude
of each sample as a pixel value of an image, then the𝑀 × 𝑁
matrix becomes an 𝑀 × 𝑁 image. The following principles
are used to ensure the quality of the transformed images:(1) the transformed images should retain the most useful
information of each charge/discharge cycle; (2) the CC and
DV data that differ significantly from those of other cycles
should be eliminated; (3) the images built based on the CC
and DV data of each cycle should have the same size. To
adhere to these principles, the CC and DV data of each
charge/discharge cycle need to be selected and processed.

3.2.2. Data Selection and Processing. To some extent, the
quality of the image transformation directly affects the
visual cognition results. Therefore, appropriate selection and
processing of the CC and DV data are essential to ensure
high-quality transformed images.

Our experiments collect two kinds of CC/DV data con-
taining the most useful information: (1) CC data under
the constant voltage charging stage; (2) DV data during
the discharging process. The following data are discarded:
(A) abnormal data, (B) CC data under the constant current
charging stage, (C) sensitive voltage data from the early stages
of discharge, and (D) voltage recovery data; these are shown
in Figure 4.
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The difference in sampling rate (or sampling start time)
results in a different number of CC or DV data from each
cycle. This causes a problem on forming images of the same
size. We adopt an interpolation method to ensure the same
number of data points for each cycle. If an image is too
large, the computational load becomes excessive, whereas if
an image is too small, it cannot reflect the characteristics
of the specific charge/discharge cycle. To balance these
considerations, we select 𝑀 = 𝑁 = 64. Thus, each cycle
needs a total of 4096 data points to construct the image. If
we obtain 𝑖 (𝑖 < 4096) data points from a charge/discharge
cycle, then the other 4096 − 𝑖 data points are acquired by the
“spline” interpolation algorithm. Figure 4 shows an example
of the processed CC/DV data curves from battery #5.

3.3. Feature Extraction Based on NSCT and LE

3.3.1. NSCT-BasedMultichannel Feature Extraction. This sec-
tion describes a degradation feature extractionmethod based
on NSCT, which is the core of this study. By utilizing
NSCT, the transformed images from the CC/DV values are
decomposed into multiple spatial-frequency channels with a
set of orientation subbands. The subbands can be expressed
as follows:
{𝐶𝑖0 , 𝐶𝑖,𝑗} ,
𝑖, 𝑖0 = 1, . . . , 𝑛; 𝑖 ≤ 𝑖0; 𝑗 = 2, 4, 8, . . . , 𝑚; 𝑛 ∈ 𝑁, 𝑚 ∈ 2𝑁,

(11)

where i is the decomposition scale, j is the decomposition
direction, 𝐶𝑖0 represents the low-frequency coefficient, and𝐶𝑖,𝑗 represents the high-frequency coefficient of the jth
directional subband at the ith scale. In this study, 𝑖0 = 2
and 𝑗 = {2, 4}. That is, the decomposition scale is 2 and the
decomposition directions at each scale are 2 and 4.

The coefficients of the low-frequency subbands reflect the
outline information of the image, whereas the coefficients of
the high-frequency subbands reflect the detailed information.
Therefore, three time-domain indicators are extracted as
feature values; these are the mean value (𝜇) and the variance
value (𝜎) of the low-frequency subband coefficients as well
as the energy value (𝐸) of the high-frequency subband coef-
ficients. The equations for calculating these three indicators
are given as follows:

𝜇 = 1
𝑀 ×𝑁

𝑀∑
𝑥=1

𝑁∑
𝑦=1

𝑃 (𝑥, 𝑦) ,

𝜎 = 1
𝑀 ×𝑁

𝑀∑
𝑥=1

𝑁∑
𝑦=1

[𝑃 (𝑥, 𝑦) − 𝜇]2 ,

𝐸 = 1
𝑀 ×𝑁

𝑀∑
𝑥=1

𝑁∑
𝑦=1

[𝑃 (𝑥, 𝑦)]2 ,

(12)

where 𝑃(𝑥, 𝑦) represents each element of the coefficients and𝑀 ×𝑁 represents the size of the coefficient matrix. Thus, an
eight-dimensional feature vector of each image transformed
from a single charge/discharge cycle can be obtained as

𝑓 = [𝜇, 𝜎, 𝐸1,1, 𝐸1,2, 𝐸2,1, 𝐸2,2, 𝐸2,3, 𝐸2,4] . (13)

3.3.2. LE-Based Intrinsic Manifold Establishment. An intrin-
sic manifold is established using the aforementioned LE
method. The degradation law governing the battery per-
formance is revealed by data lying on this intrinsic man-
ifold in the 𝑀𝑑 space, which is embedded in the high-
dimensional 𝑅𝑚 space. The 𝑅𝑚 space is constructed by the
eight-dimensional feature vectors extracted by NSCT from
the images transformed from the CC/DV data. The mapping
𝑔 = 𝑓−1 from 𝑅𝑚 to 𝑀𝑑 gives a 2D feature matrix in the
𝑀𝑑 space, where Li-ion battery capacity degradation can be
well described. The mapping 𝑔 = 𝑓−1 is established by an
analogous set of raw experimental data of full-cycle of lifetime
(ASL) for each of the four typical datasets. Given an arbitrary
point in 𝑅𝑚, the corresponding data point representing the
Li-ion battery capacity in 𝑀𝑑 can be obtained through the
mapping 𝑔 = 𝑓−1.
3.4. Capacity Estimation Based on Geodesic Distance. In this
study, the geodesic distance along the intrinsic manifold
between the initial point and the most recent point in the
degradation process is calculated to carry out the estimation
of battery capacity. Denote𝐶𝐴0 as the initial capacity, which is
typically not the rated capacity, and𝐶EOL as the capacity of the
final charge/discharge cycle of the ASL experimental data.We
denote the geodesic distance between the initial point and the
points on the intrinsic manifold𝑀𝑑 as geo𝑠, and the geodesic
distance between the initial point and the last point on the
intrinsic manifold of the ASL as geoEOL. The capacity of each
point in 𝑅𝑚 space can then be estimated as

𝐶𝐴 = 𝐶𝐴0 − geo𝑠
geoEOL

(𝐶𝐴0 − 𝐶EOL) . (14)

4. Results and Discussion

We use battery #5 to demonstrate the effectiveness of the
proposed approach. Figure 4 shows the original CC data
curves during the charging process (Figure 4(a)) and the DV
data curves during the discharging process (Figure 4(c)).

The corresponding processed curves derived from the
stable stage of battery #5 are shown in Figures 4(b) and 4(d).
Using the transformation scheme depicted in Figure 3, the
normalized data for each cycle of the charging/discharging
processes are transformed into an image. Figure 5 shows
examples of the transformed images from a single cycle of the
charging and discharging processes.

After the image transformation, the NSCT method is
employed to extract features from the transformed images,
thereby forming an eight-dimensional feature vector con-
structed by calculating the mean and variance of the low-
frequency subband coefficients and the energy of the high-
frequency subband coefficients. Through the mapping 𝑔 =
𝑓−1 from 𝑅𝑚 to 𝑀𝑑 established by LE, we construct the
intrinsic manifold in the 2D space 𝑀𝑑. This describes the
degradation law of battery capacity. Figure 6 shows the
intrinsic manifold of battery #5 embedded in the eight-
dimensional𝑅𝑚 space constructed by features extracted from
the DV data.
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Figure 5: Image transformation based on CC/DV data from a single charging/discharging cycle.

In this study, the capacity is estimated using either CC
or DV data based on the geodesic distance on the intrinsic
manifold, as calculated by (14). The estimated results for all
the demonstration data (batteries #5, #7, #29, and #54) under
the different operating conditions closely track the measured
capacity, as illustrated in Figure 7.

A comparison between the estimation results in this study
and those of the study in [16, 17] is given in Table 2 in terms of
the absolute error (AE), relative error (RE), and elapsed times
(ETs). AE and RE are calculated as follows:

AE = mean [abs (Estimated capacity
− Estimated capacity)] ,

RE

= abs (Estimated capacity − Estimated capacity)
Estimated capacity

.
(15)

Compared with [16], Table 2 shows that the proposed
method based on visual cognition has approximate estima-
tion accuracy with the similarity recognition method based
on database. Using CC data for capacity estimation, the AEs
and REs of batteries #7 and #29 based on the proposed
method are smaller than those reported in [16], while the
AEs and REs of batteries #5 and #54 are larger than those
in [16]. Using DV data for capacity estimation, the AEs and
REs of batteries #29 and #54 based on the proposed method
are smaller than those in [16], while the AEs and REs of
batteries #5 and #7 are larger than those in [16]. Even though
the average AEs and REs of the proposed method are slightly
larger than those in [16], however, the average ETs of the
proposed method are only 11.1975 s based on CC data and
11.095 s based on DV data, more than 20 times smaller than
those in [16], which makes the proposed visual cognition
method more practical for real-time capacity estimation.
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Table 2: Estimation accuracy of available capacity based on the proposed method.

Data Items #5 #7 #29 #54 Maximum Average

CC
AEs (%) 2.30 2.51 0.90 3.18 3.18 2.222
REs (%) 1.51 1.56 0.53 3.38 3.38 1.745
ETs (s) 16.16 15.86 3.59 9.18 16.16 11.1975

CC
[16]

AEs (%) 2.19 3.70 5.04 2.66 3.70 3.3975
REs (%) 1.42 2.23 2.90 2.71 2.90 2.315
ETs (s) 401 291 11 189 401 223

DV
AEs (%) 2.85 2.77 1.30 2.28 2.85 2.300
REs (%) 1.76 1.69 0.75 2.43 2.43 1.658
ETs (s) 15.70 15.41 3.82 9.45 15.70 11.095

DV
[16]

AEs (%) 1.21 1.94 1.49 2.37 2.37 1.7525
REs (%) 0.77 1.15 0.87 2.48 2.48 1.3175
ETs (s) 460 387 10 53 460 227.5

CC + DV
[17]

AEs (%) 4.48 2.42 1.85 3.71 4.48 3.115
REs (%) 2.93 1.49 1.06 3.84 3.84 2.330
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Figure 6:The intrinsicmanifold of battery #5 that reveals the battery
performance degradation.

Compared with [17], it can be seen from Table 2 that
the proposed capacity estimation method based on visual
cognition generally exhibits better performance than the
geometric-based method [17]. The AEs and REs for batteries
#5, #29, and #54 are smaller than those reported in [17], with
the AE and RE of battery #7 being slightly higher. Notably,
the excess part of the AE and RE of battery #7 is relatively
small, because the estimation accuracy of battery #7 in [17] is
already very high. Using visual cognition based on CC data,
themaximumand average of theAEs are reduced by 1.3% and
0.8925%, respectively; those of the REs are reduced by 0.46%
and 0.585%, respectively. Similarly, using visual cognition
based on DV data, the maximum and average of the AEs
are reduced by 1.63% and 0.815%, and those of the REs are
reduced by 1.41% and 0.6725%.

The estimation results presented in Figure 7 and Table 2
demonstrate that the proposed visual cognition-based capac-
ity estimation method is highly effective with either CC or

DV data in a very short time. That is, one can choose either
CC or DV curves with which to estimate the battery capacity
in real time with high accuracy.

5. Conclusions

This study proposes a novel method for estimating the
capacity of Li-ion batteries based on visual cognition. The
proposed approach transforms the collected CC or DV data
from each charge/discharge cycle into an image. NSCT is
then employed to extract features from the transformed
image. After that, taking inspiration from the HVS manifold
sensing characteristic, we utilize the LE method to establish
the intrinsic manifold embedded in the high-dimensional
NSCT coefficients, fromwhich the degradation law of battery
performance can be revealed. The geodesic distance on the
intrinsic manifold is adopted to estimate the battery capacity.

The proposed visual cognition-based capacity estimation
method can use either CC or DV data. Verification experi-
ments were conducted using data collected from the NASA
battery data sets. The results demonstrate that the proposed
method can be used to perform the capacity estimation using
either CC or DV data with high accuracy under different
operating and aging conditions. In addition, the proposed
method avoids the need to study complex electrochemical
mechanisms, establish models, or conduct lengthy testing,
which makes it a promising practical method for battery
capacity estimation. However, further research should be
conducted to ascertain the following:

(1) the optimal number of CC/DV data for image trans-
formation;

(2) the choice of decomposition scale and decomposition
direction in the NSCT method;

(3) the intrinsic dimensionality of the manifold con-
structed by LE.



Complexity 11

Battery #5-CC

Measured capacity

Estimated capacity

Ca
pa

ci
ty

 (A
h)

20 40 60 80 100 120 140 160 1800
Cycle

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

(a)

Battery #5-DV

Estimated capacity

Measured capacityCa
pa

ci
ty

 (A
h)

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

20 40 60 80 100 120 140 160 1800
Cycle

(b)

Battery #7-CC

Measured capacity

Estimated capacityCa
pa

ci
ty

 (A
h)

20 40 60 80 100 120 140 160 1800
Cycle

1.4

1.5

1.6

1.7

1.8

1.9

(c)

Battery #7-DV

Measured capacity

Estimated capacity
Ca

pa
ci

ty
 (A

h)

20 40 60 80 100 120 140 160 1800
Cycle

1.4

1.5

1.6

1.7

1.8

1.9

(d)
Battery #29-CC

Estimated capacity

Measured capacity

Ca
pa

ci
ty

 (A
h)

5 10 15 20 25 30 35 400
Cycle

1.6

1.65

1.7

1.75

1.8

1.85

(e)

Battery #29-DV

Measured capacity

Estimated capacity

Ca
pa

ci
ty

 (A
h)

5 10 15 20 25 30 35 400
Cycle

1.6

1.65

1.7

1.75

1.8

1.85

(f)

Ca
pa

ci
ty

 (A
h)

Battery #54-CC

Measured capacity

Estimated capacity

20 40 60 80 1000
Cycle

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

(g)

Ca
pa

ci
ty

 (A
h)

Battery #54-DV

Estimated capacity

Measured capacity

20 40 60 80 1000
Cycle

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

(h)

Figure 7: Capacity estimation results of typical data under various conditions based on CC/DV values.
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Glossary

AE: Absolute error
ASL: An analogous set of full-cycle of lifetime
AT: Ambient temperature
CC: Charging current
CT: Contourlet transform
CV: Constant voltage
DC: Discharge current
DFB: Directional filter bank
DV: Discharging voltage
EOD: End of discharge
EOLC: End-of-life criterion
HVS: Human visual system
IC: Initial capacity
LE: Laplacian eigenmap
LP: Laplacian pyramid
MCC: Multichannel characteristic
MSC: Manifold sensing characteristic
NSCT: Non-subsampled contourlet transform
NSDFB: Non-subsampled directional filter bank
NSFB: Non-subsampled filter bank
NSPFB: Non-subsampled pyramid filter bank
RE: Relative error.
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