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RAP (Radar Array Processing) is a very active, open, and
concerned topic in the field of radar. It is of great significance
to promote the progress of radar theory and technology.
Although the RAP has experienced five decades of research,
it still represents a fascinating discipline with great develop-
ment potential.

At present, the rapid development of advanced radar pro-
cessing techniques is closely related to the RAP. The former
includes STAP (Space-Time Adaptive Processing), MIMO
(Multiple-Input Multiple-Output) radar, multichannel SAR
(Synthetic Aperture Radar), adaptive detection, radar ECCM
(Electronic Counter-Countermeasure), and so forth.

PAR (Phased Array Radar), MIMO radar, MIMO-PAR,
and digital array radar are suitable for constituting the
multichannel system due to their inherent antenna structure.
Consequently, we could fully apply a variety of advanced RAP
techniques to these radars.

So far, the RAP has obtained fruitful achievements in
theory and algorithm respects. However, the research and
development on application, system, engineering, implemen-
tation of hardware, and so on are still far from enough.
And those are just what researchers and radar engineers are
particularly concerned about.

The study on RAP should adopt a “systemic” point of
view. In other words, it should not be regarded simply as
a specific theory, algorithm, or technique issue but should

be considered under a uniform radar system framework.
That is, we should incorporate RAP into adaptive detection,
parameter estimation (such as adaptive monopulse), and
data processing (such as adaptive tracking); consequently, the
capabilities of the RAP could be assessed in the whole system.

In this 2016 special issue, we have collected papers cover-
ing the following aspects of RAP research and development:
parasitic array receiver for ISAR imaging of ship targets
using coastal radar, robust adaptive beamforming using
low-complexity steering vector estimation and a covariance
matrix reconstruction algorithm, FPC-root algorithm for 2D-
DOA estimation in sparse array, and design of the microstrip
reflect array antenna by optimizing the reflection phase curve.

We would like to thank all the authors for their pro-
fessional contributions and all the reviewers for their time
and effort. A special thank goes to Dr. U. Nickel for his
constructive guidance.
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We have designed an experiment for low-cost indoor measurements of rank and other properties of direct and scattered signals
with radar interference suppression in mind. The signal rank is important also in many other applications, for example, DOA
(Direction of Arrival) estimation, estimation of the number of and location of transmitters in electronic warfare, and increasing the
capacity in wireless communications. In real radar applications, such measurements can be very expensive, for example, involving
airborne radars with array antennas. We have performed the measurements in an anechoic chamber with several transmitters,
a receiving array antenna, and a moving reflector. Our experiment takes several aspects into account: transmitted signals with
different correlation, decorrelation of the signals during the acquisition interval, covariance matrix estimation, noise eigenvalue
spread, calibration, near-field compensation, scattering in a rough surface, and good control of the influencing factors. With our
measurements we have observed rank, DOA spectrum, and eigenpatterns of direct and scattered signals. The agreement of our
measured properties with theoretic and simulated results in the literature shows that our experiment is realistic and sound. The
detailed description of our experiment could serve as help for conducting other well-controlled experiments.

1. Introduction

In this article we have designed an experiment for low-cost
indoor measurements of rank and other properties of direct
and scattered signals with radar applications in mind. In real
radar applications, suchmeasurements can be very expensive,
for example, involving airborne radars with array antennas.

In this introductory section we first in Section 1.1 define
the signal rank and mention some other signal properties.
Then in Section 1.2 we present radar applications and other
applications where the signal rank is important. Section 1.3
tells what we have done in this article and gives an outline of
the rest of the article.

1.1. Signal Rank and Other Signal Properties. In many appli-
cations of array antennas the covariance matrix R = 𝐸{xx𝐻}
of the received signal vector x is utilized.The vector x usually
contains the signals from the antenna channels and possibly

some temporal dimension. The vector can be called a space
(or space-only) snapshot or space-time snapshot, respectively.

The rank of the covariance matrix for the case with
x containing only external signals and without the white
receiver noise is important in radar applications and in many
other applications (see Section 1.2). It states how many, in
some sense, independent signals impinge on the antenna.We
talk about the signal rank, which is the rank of this covariance
matrix.

As R usually is unknown, it must be estimated in the
algorithms that use it. A common estimate is [1, 2]

R̂ = 1
𝑁𝑅

𝑁𝑅

∑
𝑛=1

x𝑛x𝑛
𝐻, (1)

where x𝑛 are training snapshots and𝑁𝑅 is the number of such
snapshots. These training snapshots must be selected wisely,
depending on the application, and their acquisition will take
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some time, the acquisition interval. The acquisition of the
training data and the estimation of the covariance matrix
influence the rank.

Other signal properties than the rank which we consider
in this article are the DOA (Direction of Arrival) spectrum
and eigenpatterns.TheDOA spectrum shows the distribution
of received power from different DOAs. Eigenpatterns are
formed by using the eigenvectors of R̂ as beamforming
weights when plotting the antenna array factor. See Sec-
tion 3.5 for more details.

1.2. Applications. In interference suppression in radar, the
rank of direct and scattered signals is important. Such inter-
ference can be direct path jamming (signals from a jammer
travelling one-way line-of-sight to the radar), clutter (signals
from the radar transmitter travelling to a surface, where they
are undesirably scattered back to the radar, also called cold
clutter), and hot clutter (signals travelling one-way from a
jammer to the radar, not directly but scattered on a surface).
The received radar signal in a pulse-Doppler radar can be
stored in a radar data cube with dimensions for antenna
channels (space), pulses (slow-time), and range bins (fast-
time). Suppression of interference is commonly performed
with linear filters, which can be one-dimensional, two-
dimensional, or three-dimensional. For suppression of direct
path jamming, space-only snapshots are usually employed,
for cold clutter usually space-slow-time and for hot clutter
usually space-fast-time.

The output of the suppression filter is 𝑦 = w𝐻𝑎 x, where x is
a received snapshot. The filter weights are usually computed
as [3–5]

w𝑎 = 𝜇Rqq
−1w0, (2)

where 𝜇 is a scalar and Rqq is the covariance matrix of
the interference plus (receiver) noise signal vector xq. The
vector w0 contains the weights without adaptation. It is
usually the steering vector towards the target, possibly with
tapering to reduce the sidelobes [5]. The use of filter (2) is
commonly called adaptive beamforming for space-only snap-
shots or STAP (Space-Time Adaptive Processing) for space-
time snapshots (this is also called optimal beamforming and
optimal STAP if Rqq is known and adaptive beamforming
and adaptive STAP ifRqq is estimated).The interference rank
determines the needed DoFs (degrees of freedom = number
of filter coefficients minus one) of the filter and the needed
number of training snapshots (see, e.g., [4]). The DoF should
be at least as many as the rank. There are many proposed
methods, called reduced rank methods, for the suppression,
with the DoFs adapted to the rank; for example, see [4, 6, 7].

Clutter in bistatic radar (the transmitter and receiver
geographically separated) is similar to the case of hot clutter
in normal (monostatic) radar. It has been suggested that also
bistatic clutter should be suppressed by STAP [8]. Many high
resolution DOA, Doppler, and range estimation methods in
radar also need to know the signal rank.

In applications other than radar, the signal rank is also
needed. In Electronic SupportMeasures (ESM), a kind of ele-
ctronic warfare, the objective is to learn as much as pos-
sible about noncooperative radar and radio transmitters.

Among other things, it is desired to estimate the number
and location of the transmitters. This information can be
used as information only or as a help for jamming. Some
methods for estimating the number of emitters and their
location need the signal rank. In wireless communication it is
suggested to use adaptive beamforming and DOA estimation
methods for interuser interference suppression and signal
separation [1]. For estimating multipath channel models in
wireless communication, DOA estimation can be used [9].
For adaptive beamforming and DOA estimation the signal
rank is often needed. In MIMO (Multiple Input Multiple
Output) communications, the signal rank is directly related
to the transmission capacity.

1.3. Description of Work and Outline of Article. This article
describes how we have designed and executed low-cost
indoor measurements of direct and scattered signals. Direct
signals travel one-way in line-of-sight from transmitter
antenna to receiver antenna. Scattered signals do not travel
in line-of-sight but are scattered on a surface on the way. We
have performed the measurements in an anechoic chamber
with an experimental array antenna where the received sig-
nals arrived directly from the transmitter(s) (direct signals) or
were scattered on a moving rough surface reflector (scattered
signals). Our experiment takes several aspects into account:
transmitted signals with different correlation, decorrelation
of the signals during the acquisition interval, covariance
matrix estimation, noise eigenvalue spread, calibration, near-
field compensation, and scattering on a rough surface. An
advantage of indoor measurements in an anechoic chamber
compared to outdoor measurements is the good control of
the influencing factors, which is necessary to draw objective
conclusions.

The main result of this paper is the design of the exper-
iment for characterization of signal properties of direct and
scattered signals. Also our measured signal properties could
be seen as results. They agree with theoretic and simulated
results in the literature. We have not seen such measured
results but they should exist.

In [10], how the space-only rank of direct path signals
was dependent on several factors for our experimental array
antenna was studied. Also, noise properties were studied.
Part of the material in this paper has earlier been published
in [11] but the current article contains more details and a
significantly deeper analysis.

In Section 2 we will discuss the relation between rank and
eigenvalues and also motivate why we can measure space-
time rank with space-only snapshots. Then in Section 3 the
experimental setup is described and Section 4 gives some
measurement results. A discussion is carried out in Section 5
and, finally, conclusions are presented in Section 6.

2. Some Preliminaries

What now follows is a discussion of some topics that are
needed for and which motivate the article.

2.1. Rank and Eigenvalues. The rank of a covariance matrix
is equal to the number of eigenvalues larger than zero.
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Figure 1: Noise eigenspectrum in measurement C1W (one transmitter and reflector; see Table 1). (b) With spatial calibration using a
decoupling matrix and (a) without calibration. dB scale. See Section 3.3 for “SM.” See Section 3.5 for an explanation of the figure.

However, what matters for interference suppression [4] and
number of sources and DOA estimation [1] is the number of
eigenvalues larger than the white noise power. This number
is called the effective rank [4]. Theoretically, for a known
covariance matrix and for white noise as the only signal, all
eigenvalues will be equal and also equal to the noise power.
This level is called the noise floor. Thus, the effective rank
is the number of eigenvalues larger than the noise floor.
These eigenvalues are caused by external signals, like targets,
clutter, jammers, or radio transmitters and are called signal or
interference eigenvalues. The smaller eigenvalues are caused
by the receiver noise and are called noise eigenvalues.

In reality the noise eigenvalues will not be equal.There are
two reasons. First, the estimated eigenvalues will be different,
even if the true covariance matrix has equal eigenvalues,
because of estimation errors [4, 10]. If these incorrectly
estimated noise eigenvalues are used in the optimal filter (2),
the performance will be degraded [4]. Two possible solutions
are to set the noise eigenvalues to their correct value (by
calibration or appropriate estimation [12]) or to use diagonal
loading [4]. When setting the correct noise eigenvalue, the
number of signals/interference eigenvalues must be known.

The second reason for different noise eigenvalues is that
the true eigenvalues really are different due to system nonide-
alities, like unequal noise power in the channels or correlation
between the channels, or due to the used calibration, for
example, with a decoupling matrix (Figure 1 and Section 3.2).
These true unequal noise eigenvalues should not be made
equal since the optimal filter (2) needs the true covariance
matrix, including true unequal noise eigenvalues.

To determine the number of signals/interference eigen-
values (of direct and scattered signals) we compute in this

article a threshold 𝜆𝑇 as the maximum eigenvalue of a
measured and estimated noise-only covariance matrix, nor-
malized with the minimum eigenvalue. The threshold then
includes the effects due to finite number of snapshots and
to nonidealities of the system like unequal and correlated
channel noise. The eigenvalues below the threshold are
caused by the system (noise and nonidealities) and weak
signal/interference eigenvalues. The eigenvalues above the
threshold will then, hopefully, only be caused by the external
signal/interference sources. Eigenvalues above the threshold
will be called large eigenvalues.

2.2. Hot Clutter and Space-Only Data. Hot clutter suppres-
sion is an important use of our results. Therefore we here
explain why our space-only measurements of direct and
scattered signals are relevant for hot clutter.

The theoretic results in [14] about the estimated space-
fast-time hot clutter covariance matrix indicate that the rank
of this matrix can be measured by the space-only covariance
matrix, if the number of scatterers seen by the receiver is less
than the size of the space-only snapshot (which is the case
in our measurements since in all experiments the number of
large eigenvalues, max 10, is less than the size of the snapshot,
12; see Table 2). Fast-time effects, like jammer and system
bandwidth and time-delay to the scatterers, are included in
the theoretic model and affect the space-only rank through
varying decorrelation of the signals from different scatterers.
What determine the rank of space-only or space-fast-time
signals are the scatterers and not the number of used samples
in space or fast-time. Note that the results in [14] are valid
for the estimated covariance matrix (1).This is the covariance
matrix that must be used in the signal processing.This is also
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the one which is used in the analysis of our measurements.
With an estimated covariancematrix the acquisition interval,
during which decorrelation can occur, is inevitable.

In [15] the authors measure channel rank in indoor
wireless communications by the rank of the time-only cova-
riance matrix of the received signal. They say that in nar-
rowband systems the channel rank is equal to the number of
resolvable multipaths for uncorrelated scattering, which with
our terminology is the number of uncorrelated sources. This
confirms that what determine the rank are the scatterers and
not the number of used samples in space or time.

3. Experimental Setup

3.1. The Experimental Array Antenna. The experimental
receiver antenna [10, 16] used in this article was designed
and built by FOI (the Swedish Defence Research Agency).
The high quality antenna has sidelobe levels below −60 dB
[10, 16] and DOA estimation resolution below one-tenth of
the conventional beamwidth [10, 17]. The antenna consists
of a horizontal receiving linear array of 12 antenna elements
with slightly less than half a wavelength separation (45mm),
12 receiver modules, 12 A/D converters (12 bits), and 12
buffer memories. The antenna has an agile frequency band
of 2.8–3.3GHz and an instantaneous bandwidth of 5MHz.
The antenna elements are vertically polarized and have a
horizontal 3 dB beamwidth of about 115∘ and a vertical
beamwidth of about 15∘ [10].The horizontal beamwidth of the
whole array is about 10∘. The receiver modules were manu-
factured by Ericsson Microwave Systems (today Saab Elec-
tronic Defence Systems). From the buffer memories the
signals are transferred to a standard computer, where the IQ-
conversion, DDC (digital downconversion and downsam-
pling with a factor of 4), calibration correction, and spatial
signal processing are performed in nonreal time. See the
hardware block diagrams in [16].

The noise properties of our experimental antenna have
been investigated by Pettersson in [10]. He stated that the
noise sources, without external transmitters, are mainly
internal thermal noise from the receiver modules and exter-
nal thermal noise from the anechoic chamber walls. With
external transmitters, there may be additional noise sources,
like sampling jitter and phase noise of the signal generators.
The true noise power is different in the channels [10] and
it may differ by up to 1.5 dB. The noise also has a small
correlation between the channels. The absolute value of the
nondiagonal elements of the noise covariance matrix can be
up to about one-tenth of the diagonal elements [10]. These
two noise properties will give spread of the estimated noise
eigenvalues; see Section 2.1.

3.2. Calibration. Accurate channel equalization (for fre-
quency response) and spatial channel calibration (for mutual
coupling) are utilized [10, 16]. The spatial calibration can be
performed with three different methods [10]

(i) with a DOA correction table on the steering vectors,
(ii) with a decoupling matrix on the steering vectors,
(iii) with a decoupling matrix on the antenna signals x.

−80 −60 −40 −20 0 20 40 60 80
0

10
20
30
40
50
60
70
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90

100

DOA (degrees)

(d
B)

Figure 2: Capon DOA spectrum without spatial calibration. Oth-
erwise the same measurement (U2SS, two uncorrelated strong
transmitters; see Table 1) and processing as in Figure 10. See
Section 3.5 for an explanation of the figure.

The fourth potential method, using a DOA correction table
on the antenna signals, is not possible because these signals
do not correspond to a single and known DOA. We prefer
using a correction table on the steering vectors (method (i))
whenever possible. We have not found any drawbacks with
storing such a table instead of only a decoupling matrix,
which is contrary to the opinion in [18].

If in STAP the spatial calibration is performed on the
antenna signals x (by method (iii)), then the same calibration
should be done on the antenna signals x𝑛 utilized for the
estimation of the interference covariance matrix (1). The
reason is to keep the STAP filter (2) optimal, for example,
keeping the filter as a matched filter. However, if the spatial
calibration is applied on the signals, the internal noise will
become more correlated, due to the decoupling matrix [10],
and the spread of the noise eigenvalues will be increased
(Figure 1 and Section 2.1).

Without any spatial calibration the interference suppres-
sion performance will be degraded significantly. See Figure 2
for an example with a Capon DOA spectrum (Section 3.5)
and compare with Figure 10 where spatial calibration is
applied (via a DOA correction table on the steering vectors).
See also [18].The Capon spectrum is a form of the STAP filter
(2).

3.3. Reflector and Data Acquisition. The measurements were
performed in an anechoic chamber at FOI. Both the array
antenna and the reflector were horizontally oriented (Fig-
ure 3). The reflector, made of a fine-meshed aluminum
net of size 4.0m × 1.5m, was irregularly dented. It was
designed to simulate a rough surface with a Gaussian height
distribution (with a standard deviation somewhat less than
one wavelength) and a Gaussian height correlation function
(with a correlation distance of some wavelengths). This
surface was chosen to obtain a sufficient number of scattering
points from hills and valleys and sufficient roughness to have
more than a wavelength bistatic range variation due to the
surface roughness. We did not aim to model different terrain
types but to achieve multipaths and obtain decorrelation by
movement.



International Journal of Antennas and Propagation 5

Reflector

Receiver antenna

Ropes

Figure 3: The reflector and the receiver antenna in the anechoic
chamber. Photo from [13].
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Figure 4: Top view of transmitter and receiver antennas and the
reflector in the anechoic chamber. The drawing is not to scale.

The reflector was suspended from the ceiling using thin
ropes at a height which gave grazing angles of about 9∘.
This grazing angle was just outside of the 3 dB elevation
beamwidth (7.5∘) of the experimental antenna.This geometry
was chosen to have an unobstructed view of the antenna for
the direct path signal and to have a sufficient delay corre-
sponding to about onewavelength to obtain a large phase shift
for the scattered signals. See Figures 4 and 5 for placement of
the equipment in the chamber. The suspension allowed the
reflector to swing easily from one side to the other.

When the reflector was swinging back and forth, with
a deviation of one to two wavelengths, several submeasure-
ments (SMs) were conducted with a delay of 15 s between the
SMs. Each SM contained 256 snapshots (after downconver-
sion and downsampling) and took 40 𝜇s to measure. These
snapshots were utilized to estimate a covariance matrix (1).
The used covariance matrix in the analysis (Section 3.5) is
the average of the covariance matrices from the used SMs.
The total time for all SMs was about 3min for 12 SMs (3072
snapshots), 4min for 16 SMs (4096 snapshots), and 6min
for 24 SMs (6144 snapshots). Increasing the number of used
SMs in this study corresponds to increasing the acquisition
interval in [14, 19] (denoted as 𝑇 in [19]). An acquisition
interval is needed to estimate the covariance matrix (1).

Reflector
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Receiver
antennaRo

pe

Rope

Rope

Floor
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Figure 5: Side view of transmitter and receiver antennas and the
reflector in the anechoic chamber. The drawing is not to scale.

By utilizing several SMs and a swinging reflector we could
simulate decorrelation of the direct and scattered signals.The
movement of the reflector gave a random component in the
phase of the signal. By this the different multipath signals
decorrelated with each other and with the direct signal. The
movement of the reflector also enabled us to measure an
“average” reflector instead of a particular one by using the
same reflector at different positions.

The use of the reflector was not meant to replicate the
exact generation of cold or hot clutter or any other signal/
interference. In applications the decorrelation can occur due
tomovement of transmitter and receiver, nonzero bandwidth,
and so forth (see above and Section 5).

3.4. Transmitters. We used one or two transmitter antennas,
which were positioned at about the same height as the
receiver antenna.The transmitter antenna 1 was located at the
broadside of the receiver antenna and antenna 2 was shifted
inDOA (Direction of Arrival) by 15∘, which is 1.5 beamwidths
of the receiver antenna; see Figure 4. Transmitter antenna
1 was a rectangular standard gain horn with a horizontal
3 dB beamwidth of 30∘.The second transmitter antenna was a
conical ridge horn.The receiver antennawas directed towards
transmitter antenna 1, which had DOA 0∘ seen from the
receiver antenna array center.

The distance between the transmitter antenna 1 and the
receiver antennas was 6.0m, which is on the limit to be
considered a far-field distance for one antenna element.
Near-field corrections in the receiver antenna were therefore
applied [10, 16]. The far-field (Fraunhofer) region for the
receiving antenna is beyond 5m [20], and the radiating near-
field (Fresnel) region is between 0.7 and 5m.This means that
the reflector is in the Fresnel region with almost three times
the distance from the reactive near-field. We can therefore
assume that there is no coupling between the antenna and
the reflector and that the reflector will not influence the
receiving antenna properties. By this we conclude that the
antenna setup will not influence the decorrelation properties
investigated in the article.

One or two commercially available signal generators were
used for the transmitters. The transmitted waveforms were
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Figure 6: Generation of uncorrelated, intermediate correlated,
and coherent transmitters. An integral number of periods of the
uncorrelated signals fit exactly in the acquisition interval. The
frequency 𝑓0 was about 3 GHz and Δ𝑓 about 0.4MHz.

pure sinusoids, that is, the carrier signal without modulation.
Measurements were conducted with coherent, intermediate
correlated, and uncorrelated transmitted signals (Figure 6).
The coherent signals originated from the same signal gener-
ator which fed both antennas. The uncorrelated signals were
generated by two signal generators with different frequencies.
The frequencies were selected so that integer numbers of
periods of the sinusoid signal of each transmitter (after
downconversion and downsampling) were received during
the data acquisition interval.The two transmitted signals then
seemed uncorrelated over this interval. This matter is treated
in [10]. We believe that the accuracy of the frequencies of the
transmitters and the internal oscillators of the receivers was
sufficiently good to give sufficiently low correlation between
the signals which should be “uncorrelated.” Completely
uncorrelated signals are not necessary. Even if the signals
are somewhat correlated, the same qualitative behavior is
achieved regarding the eigenanalysis [21]. A similar condition
for space uncorrelation was noted in [19]. The intermediate
correlated signals were generated by two signal generators
with the same frequency. The two signal generators were in
all cases phase-locked with a 10MHz signal.The intermediate
correlated signals should therefore be close to coherent. The
used frequencies for the transmitters were 2999.596875MHz
and 2999.193750MHz. These frequencies fulfill the require-
ments described above.

Table 1 lists important measurement parameters of our
measurements. The two transmitters were selected to be
either nearly equal in strength or very different in strength.
This later case could imitate a situation with a weak target
signal and a strong jammer. The difference in power, 45 dB,
was chosen so that the power of the weak transmitter would
be similar to the power of the reflections from the stronger
transmitter.

3.5. Methods of Reflection Analysis. Our first analysis type
employed to describe the direct and scattered signals is the

Table 1: Parameters of the measurements.

Name Number of
transmitters Correlation

PGa

Tx 1b
[dB]

PGa

Tx 2b
[dB]

SNRc

[dB]

C1S 1 — 0.5 — 41
C2SS 2 Coherent 0.5 −4.2 45
U2SS 2 Uncorrelated 0.5 −4.5 40, 32
I2SS 2 Intermediate High High 42
C1W 1 — −39.5 — 14
C2SW 2 Coherent 0.5 −44.2 43
U2SW 2 Uncorrelated 0.5 −44.5 44, −3
aPG is the effective isotropic radiated power [dBm].
bThe DOA was 0∘ for transmitter 1 (Tx 1) and −15∘ for transmitter 2 (Tx 2).
cThe SNR is for one antenna channel (mean value between the channels) and
one time sample after IQ, DDC, and calibration and is estimated from data
(by the frequency spectrum, not the Capon spectrum). For measurements
C2SS, I2SS, and C2SW the stated SNR is for the sum of the two transmitters.
The reason for this is that the transmitters could not be separated in the SNR
estimation.

Table 2: Summary of eigenspectra resultsa.

Name Figure 1 SM Increase per SMb 12 SMs 24 SMs
C1S Figure 8 1 1 8 8
C2SS Figure 9 1 ≤1 7 8

U2SS Figure 10 2 2 (up to 6 SM),
≤1 (above 6 SM) 10 10

I2SS Figure 11 2 ≤1 9 10
C1W Figure 12 1 0 1 1
C2SW Figure 13 1 ≤1 8 8
U2SW Figure 14 2 1 8 8
aThe table gives the number of large eigenvalues, that is, eigenvalues larger
than the threshold𝜆𝑇. Often the last large eigenvalue came later than the rest.
bApproximate values.

Capon DOA spectrum [22] (also called MVDR, Minimum
Variance Distortionless Ratio),

𝑃capon (𝜃) =
1

a𝐻 (𝜃) R̂−1a (𝜃)
, (3)

where a(𝜃) is the spatial steering vector and R̂ is the estimated
covariance matrix in (1). The steering vector is a model of
how the receiver perceives an impinging signal fromdirection
𝜃. For us a(𝜃) was measured in the anechoic chamber and
tabulated for −80∘ ≤ 𝜃 ≤ 80∘ with a step of 0.5∘. For
angles 𝜃 between the ones in the table the vector a(𝜃) was
interpolated linearly. The calibration correction for antenna
element coupling, amplitude and phase drift, and near-field
were all done on the steering vectors. This is method (i) in
Section 3.2 (DOA correction table on the steering vectors).
See [10, 16] for more information.

The Capon spectrum shows the distribution of received
power from different DOAs unless the signals are coherent.
The Capon spectrum also gives an indication of how well
optimal beamforming and STAP can suppress scattered
signals, since it is computed according to (2), with special
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choices of the covariance matrix and the scalar 𝜇. For the
Capon spectra, 24 SMs were used. As an example of the
influence of the reflector, Figure 7 shows the Capon spectra
for experiments with and without the reflector.

The second analysis type is the eigenspectrum, which is the
eigenvalues of the antenna signal covariance matrix, usually
sorted in decreasing order. We have plotted the eigenvalues
in an uncommon manner. They are not plotted in decreas-
ing order for a single covariancematrix but all eigenvalues for
the same covariancematrix are plotted in the same “column.”
The different columns are used for covariance matrices with
different number of SMs. We have computed the eigenvalues
for an increasing number of used SMs, up to a maximum
of 24. However, in the graphs in this article only up to 16 SMs
are plotted, due to space limitations. See Figure 8(b) for an
example. The eigenspectrum illustrates the signal/interfer-
ence rank. In each presentation we have normalized the
eigenvalues to the smallest one. No spatial calibration was
performed for the eigenspectra results (except as an illus-
tration in Figure 1). For interference suppression this is not
necessary, since when computing the optimal weights in (2),
the calibration can and should be performed on the quiescent
weight vector w0 (method (i) in Section 3.2) instead of the
covariance matrix (via a decoupling matrix on the received
signals used to estimate the covariance matrix, method (iii)).
Done differently, the noise eigenvalue spread would increase
(Figure 1) and the noise eigenvectors would influence the
optimal filter (2) more and perhaps require more DoFs.
In this paper we determine the interference rank by the
threshold described in Section 2.1. In the graphs the threshold
is marked by the symbol “×”; see Figure 8.

We also present eigenpatterns (eigenvector antenna array
factors) [23]. Eigenpatterns are formed by using the eigen-
vectors of the antenna signal covariance matrix as beam-
forming weights when plotting the antenna array factor.
Since the element pattern is not included in the steering
vector, our eigenpatterns will not be antenna patterns. For
the eigenpatterns the spatial calibration was performed using
a decoupling matrix on the training signals (method (iii)
in Section 3.2). See [10, 16] for more information. Since the

reflector is not placed in the extreme near-field and the eigen-
patterns are transformed to the far-field (by near-field com-
pensation on the training signals and by the used far-field
steering vector), there should be no significant differences in
the eigenpatterns compared to the case where the reflector is
in the far-field.

4. Measurement Results

4.1. Capon DOA Spectra and Eigenspectra. The Capon DOA
spectrum and the eigenspectrum for measurement C1S (a
single, strong transmitter; see Table 1) are shown in Figure 8.
A clear peak at DOA 0∘ is seen in Figure 8(a). This is the
direction of the transmitter.The peak contains both the direct
signal and the specular reflection. In the figure the extension
of the reflector is given by dashed vertical lines. As seen
in the figure, most reflections from the reflector are about
60 dB lower than the peak. We see that the whole reflector
is covered by the power from the transmitting antennas. In
Figure 8(b), the number of large eigenvalues, that is, above
the threshold (Section 2.1), starts with one and increases by
one for each new SM, except for the last large eigenvalue, up
to a maximum of eight. This means that we can consider the
signal/interference rank to be about one to eight, depending
on the level of decorrelation, of which the direct signal is one.
Table 2 summarizes all eigenspectra.

Figure 9 presents results from measurement C2SS (two
strong coherent transmitters). Here, the Capon spectrum
peak for DOA 0∘ is considerably lower, 30 dB, than in
Figure 8. The second direct signal peak is also weak and has
some bias in DOA. Most parts of the reflection region are
weaker than in Figure 8. The probable reason for the low
levels is the mutual cancellation of the signals from the two
transmitters due to the coherence between them [21, 24].The
eigenspectrum is similar to Figure 8. This similarity means
that two coherent transmitters are seen as a single transmitter.
The largest eigenvalue in Figure 9 has nearly the same size as
in Figure 8, despite the largest peak being lower in Figure 9
than in Figure 8. This is possible since the eigenvalues do not
correspond directly to the power of the signal sources but the
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Figure 8: Measurement C1S. A single strong transmitter. (a) Capon DOA spectrum. Figure description in Figure 7. (b) Eigenspectrum.
Zoom-in to the right. dB scale. See Section 3.3 for “SM.”

sum of the signal eigenvalues 𝜆𝑙 is equal to the sum of the
signal powers 𝑃𝑙 [21]:

𝐿

∑
𝑙=1

𝑃𝑙 =
𝐿

∑
𝑙=1

𝜆𝑙, (4)

where 𝐿 is the number of signal sources.
The case with two strong uncorrelated transmitters (mea-

surement U2SS) is depicted in Figure 10. Both direct signals
(including specular reflections) are clearly seen. Also the
reflection region is clearly visible. When studying the eigen-
spectrum,we note a difference to the previousmeasurements.
Here it starts with two large eigenvalues for the first SMs
and initially increases by two for each new SM (up to six).
Then it increases slower, probably because some eigenvalues
are below the noise floor, up to ten large eigenvalues on the
remaining SMs.

Figure 11 shows Capon spectrum and eigenspectrum for
the case with two strong and intermediate correlated trans-
mitters (measurement I2SS). The Capon spectrum seems to
be nearly identical with the case of uncorrelated transmitters
(compare Figures 10 and 11). The eigenspectrum starts with
two large eigenvalues and then increases by only one for each
extra SM, except for no change between 3 and 4 SMs. The
maximum number of large eigenvalues is ten as for uncorre-
lated transmitters (U2SS) but the final large eigenvalues
require more SMs and therefore more decorrelation than for
uncorrelated transmitters. The more uncorrelated the trans-
mitters are, the more equal in size the eigenvalues are in the
simulations in [19, 21]. In measurement I2SS the transmitters
were more correlated than in U2SS. The eigenvalues were
probably therefore more unequal and some were too small
to cross the threshold and become “large” ones. Thus, the
signal/interference rank increases as the correlation between
the transmitters decreases.
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Figure 9: Measurement C2SS. Two coherent strong transmitters. (a) Capon DOA spectrum. (b) Eigenspectrum. Zoom-in to the right. dB
scale. See Section 3.3 for “SM.”

In Figure 11, we observed that there are two large eigen-
values for a single SM. By changing the analysis to use only 1
SM in 16 repetitions, we obtained two large eigenvalues in 13
repetitions, we obtained one large eigenvalue in 1 repetition,
and we obtained three large eigenvalues in 2 repetitions. This
shows that with a high probability there will be two large
eigenvalues for 1 SM.

We now turn to the case with a single weak transmitter
(measurement C1W). The Capon spectrum (Figure 12) tells
us that the peak is 40 dB lower than in Figure 8, which is as
expected since the transmitted power was this much lower.
The reflection region is not seen at all. The explanation is
that the scattered signals are weaker than the noise. The
eigenspectrum in Figure 12 contains the same information.
It has only one large eigenvalue for all SMs, because of the
weak transmitter. All but one eigenvalue are below the noise.
See also the discussion about the iceberg effect in Section 5.

The Capon DOA spectrum in Figure 13 for two coher-
ent and different strong transmitters (measurement C2SW)

resembles the one for a single strong transmitter (Figure 8)
very much. Also the eigenspectra (Figure 13(b)) are fairly
similar for few SMs (compare Figures 8(b) and 13(b)). For up
to 6 SMs, the number of large eigenvalues increases by one for
each SM as in Figure 8 but the 7th large eigenvalue does not
show up until SM 11 for C2SW. The probable reason for the
similarity is that the weak transmitter is too weak to disturb
the strong transmitter.

In measurement U2SW (two uncorrelated transmitters
with different strength) theCaponDOA spectrum (Figure 14)
is also rather similar to the one with a single strong transmit-
ter (Figure 8). The direct signal is about 3 dB lower and the
valleys of the reflection region are deeper. Interestingly, the
eigenspectrum (Figure 14) starts with two large eigenvalues,
which indicates two noncoherent transmitters despite the
low power of the weak transmitter, below the noise (SNR ≈
−3 dB). This is also possible because of (4). Then the number
of large eigenvalues increases by one for each additional SM,
which could indicate a single transmitter. It ends with eight
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Figure 10: Measurement U2SS. Two uncorrelated strong transmitters. (a) Capon DOA spectrum. (b) Eigenspectrum. Zoom-in to the right.
dB scale. See Section 3.3 for “SM.”

large eigenvalues as for a single strong transmitter. There
are probably several signal/interference eigenvalues below the
noise.

4.2. Eigenpatterns. Figures 15 and 16 give some examples
of eigenpatterns. More eigenpatterns can be found in [13]
according to Table 3. We notice that each eigenpattern has
one or more large lobes. When the peak of the highest lobe
is within the reflection region (where the reflector can give
scattered signals, denoted with the outermost dashed vertical
lines), we say that the eigenpattern covers the reflection
region. When the peak is outside this region we say that the
eigenpattern covers the region outside.

In our measurements the eigenpatterns corresponding to
the largest eigenvalues usually cover the reflection region.The
remaining eigenpatterns cover the region outside.The one or
two largest eigenvalues have eigenpatterns which are directed
towards the strong direct signals and the other eigenpatterns
usually have nulls in these directions (Figures 15 and 16).

Actually, the eigenpatterns, associated with the eigenvectors,
must be as “different” as possible since they are orthogonal.

There is approximately the same number of covering
eigenpatterns for 1 SM (“without order”) as for 12 SMs; see
Table 3.

Strangely enough, there is about the same number of
eigenpatterns covering the reflection region for 1 SM as
there are large eigenvalues using all (24) SMs, especially
“without order” (compare Tables 2 and 3). Exceptions are
the measurement C1W which has 7 covering eigenpatterns
(Figure 16) despite only 1 large eigenvalue and U2SS and
I2SS, which have somewhat fewer covering eigenpatterns
than eigenvalues. C1W seems to observe all distinct sources
with its eigenpattern but not with its eigenvalues. Remember
some signal eigenvalues are below the noise floor in the
eigenspectra.

For the weak direct signal in the presence of a strong
direct signal, its eigenpattern has a bias in DOA. Also for
the case with two equal strong coherent transmitters there
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Figure 11: Measurement I2SS. Two intermediate correlated strong transmitters. (a) Capon DOA spectrum. (b) Eigenspectrum. Zoom-in to
the right. dB scale. See Section 3.3 for “SM.”

Table 3: Summary of eigenpattern resultsa.

Name 1 SM
w ordb

1 SM
w/o ordc Figure 12 SMs Figure

C1S 8 8 6.8 in [13] 8 6.9 in [13]
C2SS 8 8 Figure 15 7-8 6.33 in [13]
U2SS 5 7 6.24 in [13] 8 6.25 in [13]
I2SS 2 6 6.36 in [13] 8 6.37 in [13]
C1W 7 7 Figure 16 7-8 6.21 in [13]
C2SW 5 7 6.16 in [13] 8 6.17 in [13]
U2SW 8 8 6.28 in [13] 8 6.29 in [13]
aThe table gives the number of eigenpatterns covering the reflection region.
b“w ord” stands for “with order” and means the number of covering
eigenpatterns in an uninterrupted sequence from the first one.
c“w/o ord” means “without order” and means the total number of covering
eigenpatterns.

is a bias, although less than for two signals with unequal
strength.

4.3. Summary of the Measurement Results. We have from
the measurements obtained results on the rank and other
properties of direct and scattered signals. We see that the
signal/interference rank depends on the number of transmit-
ters, the SNR (Signal to Noise Ratio), the correlation between
the transmitters, and the degree of decorrelation of the
transmitter signals that occurs during the data acquisition.

Without decorrelation, the direct and scattered signals
of a transmitter will all be coherent. If the scattered signals
decorrelate with each other and with the direct signal, the
rank is increased. Two coherent transmitters appear as a
single transmitter regarding the signal/interference rank.
Two strong uncorrelated transmitters give rise to the double
number of sources compared to a single transmitter.

With higher SNR,more eigenvalues of the eigenspectrum
tail will appear above the noise level, and the rank will be
higher.

The eigenpatterns show the reflection region and the
DOAs to the direct signals. The eigenpattern can tell us the
number of signal sources when the signals still are coherent.
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Figure 12: Measurement C1W. A single weak transmitter. (a) Capon DOA spectrum. (b) Eigenspectrum. Zoom-in to the right. dB scale. See
Section 3.3 for “SM.”

Alternatively, they can tell us the extent of the reflection
region if the number of signal sources is known.

5. Discussion

5.1. Discussion about the Experimental System. To show the
eigenvalues for an increasing number of used SMs when
the reflector is moving gives the possibility to study the
signal/interference rank for different degrees of decorrela-
tion. In a real case, decorrelation can occur as a result
of platform motion (comparing with [19]), internal clutter
motion, nonzero bandwidth [25], long acquisition interval for
estimating the covariance matrix, carrier frequency changes,
and so forth.

Note thatwe are studying the estimated covariancematrix
(1), not the true covariance matrix. It is the estimated matrix
which must be used in algorithms. The measured signal
snapshots were space-only snapshots. However, the time

dimension enters via the acquisition interval, during which
decorrelation of the signals can occur (see also Sections
2.2 and 3.3). This will increase the rank. The decorrelation
increases if the acquisition interval is prolonged (more SMs)
as in [14].

The Capon spectrum gives a good picture of the imping-
ing power from the direct and scattered signals if the
transmitters are noncoherent.

The measurement result will be influenced by different
transmitter signals. With a different frequency of the pure
sinusoid, there will be different differences in amplitude and
phase between the scatterers on the reflector. If the frequency
is changed much, the number of scatters will change and
thereby the signal rank will change too, with a higher number
and higher rank with a higher frequency. Now the signal
bandwidth is low and the scatterers on the reflector cannot
be resolved in range (= fast-time). A bandwidth in the order
of 100MHz would be needed to resolve in range. If the
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Figure 13: Measurement C2SW. Two coherent transmitters, one strong and one weak. (a) Capon DOA spectrum. (b) Eigenspectrum. Zoom-
in to the right. dB scale. See Section 3.3 for “SM.”

transmitter signals are different from pure sinusoids, the
emulation of uncorrelated transmitted signals probably had
to be performed in a different way.

The measurement quality was considered before, during,
and after conducting the experiments, for example, with a
written experimental design [26] and estimation of uncer-
tainty in the position measurements of the antennas and the
reflector. See [13] for further information on this.

5.2. More Comparison of the Measurements with the Litera-
ture. The literature [19, 21, 27] says that each noncoherent
monochromatic source with a different DOA gives rise to a
large eigenvalue, which is in accordance with our measure-
ments C1S, C2SS, and U2SS.

The more uncorrelated the sources are the more equal
in size the eigenvalues are in the experiments in [19, 21]. In
particular, uncorrelated sources with well separated DOAs
give each an eigenvalue of similar size according to [21].These
statements are in accordance with our measurements I2SS

and U2SS. In [25] a theoretic expression for the size of the
two eigenvalues of two uncorrelated zero bandwidth signals is
derived. In ourmeasurementsU2SS andU2SW the difference
between the two largest eigenvalues for 1 SM was about 6 dB
larger than the prediction of the theory. The discrepancy
could be due to a nonideal measurement system and to a
nonzero bandwidth because of time limited measurements.

The result that the eigenspectrum starts with a single
eigenvalue for (one or two) coherent transmitters for a single
SM (a very short acquisition interval) in our measurements
agrees with the result in [14] showing that the rankwill be one
for the case withoutmotion andwith zero jammer bandwidth
and for the case with motion of radar and/or jammer, zero
bandwidth, and a “vanishing short” acquisition interval. One
of our results is that the number of large eigenvalues will
increase up to a limit when the number of SMs is increased.
This result is in agreement with the result in [14] showing that
each scatterer will appear as an independent source when the
acquisition interval goes to infinity.
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Figure 14: Measurement U2SW. Two uncorrelated transmitters, one strong and one weak. (a) Capon DOA spectrum. (b) Eigenspectrum.
Zoom-in to the right. dB scale. See Section 3.3 for “SM.”

Wenoticed by ourmeasurements that the number of large
eigenvalues depends on the signal power in comparison to the
noise floor (compare measurement C1S in Figure 8 with C1W
in Figure 12 andmeasurement U2SS with U2SW).The higher
the signal power is, the more the eigenvalues of the spectrum
tail will appear above the noise level. It is like an iceberg lifting
above the ocean surface.This phenomenon is therefore called
the iceberg effect. It is described in [4, 27] and there illustrated
by simulations.

We found that the number of eigenpatterns which cover
the reflection region (by the number of eigenpatterns which
have their highest peak within the reflection region) is nearly
independent of the number of used SMs. To estimate the
number of signals using the eigenvalues we need many SMs
but with the eigenpatterns it is enough with a few. Thus, it
seems like the fact that the eigenpatterns are better for the
estimation of the number of signals than the eigenvalues.
Nevertheless, it is well-known that the number of large eigen-
values determines the required DoFs for interference sup-
pression [4]. In [27] it is noticed, probably from simulations,

that the eigenpatterns corresponding to the signal sources
were “essentially unaffected” by a “modest amount” of inter-
ference subspace leakage, which is in agreement with our
results.

We conclude that our measurement results agree in most
cases with theoretic and simulated results presented in the
literature.

6. Conclusions

We have designed an experiment for low-cost indoor mea-
surements of direct and scattered signals with radar appli-
cations in mind. We have good control of the influencing
factors, which is necessary to draw objective conclusions.
The detailed description of our experiment could serve as a
help for conducting other well-controlled experiments. Our
experimental design has some characteristics:

(i) Emulation of coherent, intermediate correlated, and
uncorrelated signal sources (Section 3.4).
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Figure 15: Eigenpatterns for measurement C2SS (two coherent strong transmitters). 1 SM. Dashed vertical lines are the true DOAs of the
transmitter(s) and the nearest left and right corner of the reflector. Figure 6.32 in [13].

(ii) Calibration: when to calibrate and when not and also
how to calibrate in different cases (Sections 3.2 and
3.5).

(iii) Near-field compensation: relation to receiving
antenna properties, decorrelation, and eigenpatterns
(Sections 3.4 and 3.5).

(iv) Noise eigenvalue spread: relation to calibration, hard-
ware quality, and signal rank (Sections 2.1, 3.2, and
3.5).

(v) Emulation of a rough surface by a reflector (Sec-
tion 3.3).

(vi) Decorrelation of the signals by movement of the
reflector (Section 3.3).

(vii) Acquisition interval for the estimation of the covari-
ance matrix and its effects on the rank (Section 3.3).

(viii) Analysis methods: CaponDOA spectrum, eigenspec-
trum, and eigenpatterns (Section 3.5).

Section 4.3 summarizes our measured properties of direct
and scattered signals. The agreement of our measured prop-
erties with theoretic and simulated results presented in the
literature shows that our experimental design is realistic and
sound.
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The detection and identification of ship targets navigating in coastal areas are essential in order to prevent maritime accidents
and to take countermeasures against illegal activities. Usually, coastal radar systems are employed for the detection of vessels,
whereas noncooperative ship targets as well as ships not equipped with AIS transponders can be identified by means of dedicated
active radar imaging system by means of ISAR processing. In this work, we define a parasitic array receiver for ISAR imaging
purposes based on the signal transmitted by an opportunistic coastal radar over its successive scans. In order to obtain the proper
cross-range resolution, the physical aperture provided by the array is combined with the synthetic aperture provided by the target
motion. By properly designing the array of passive devices, the system is able to correctly observe the signal reflected from the
ships over successive scans of the coastal radar. Specifically, the upper bounded interelement spacing provides a correct angular
sampling accordingly to the Nyquist theorem and the lower bounded number of elements of the array ensures the continuity of
the observation during multiple scans. An ad hoc focusing technique has been then proposed to provide the ISAR images of the
ships. Simulated analysis proved the effectiveness of the proposed system to provide top-view images of ship targets suitable for
ATR procedures.

1. Introduction

The monitoring and protection of the coastal area are a pri-
mary task to improve the situation awareness in the maritime
domain and considerably efforts have beenmade over the last
years to improve the levels of safety and security by using
available monitoring and control systems [1]. Ground-based,
airborne, and spaceborne radar sensors play a fundamental
role in the framework of maritime surveillance, due to their
capability to detect, track, and possibly image ship targets
autonomously and continuatively, night and day and even in
hardmeteorological conditions. Aswell as the employment of
active radar systems, over the last years a number of studies
concerning passive radar systems for marine applications
have been conducted, essentially motivated by the well-
known benefits of passive radars. Indeed, since only the
receiver has to be designed and developed, such kind of
systems is extremely of low cost if compared to conventional

active systems. Typically, they have small dimensions and
hence can be deployed in place where heavy conventional
radars cannot be. In addition, since they do not emit any
waves, they provide increased antijamming capabilities as
well as reduced environmental pollution. In the field of mar-
itime surveillance, different opportunity illuminators have
been proved able to increase safeguarding coastlines, such as
geostationary telecommunication satellites [2, 3], digital ter-
restrial television transmitters [4, 5], andWiMAX [6] and cell
phone [7] base stations. On the other hand, since the trans-
mitted waveforms are designed for different purposes, they
are not optimal for radar applications. A different solution
is to exploit the signals emitted by opportunistic radar.

Traditionally, the control of the traffic along the coast is
accomplished by the use of a ground-based radar system hav-
ing its antenna rotating with a speed of 10–30 rpm, azimuth
beamwidth of 0.4–2∘, and a range resolution of few meters.
Moreover, they are often equipped with a second antenna
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able to receive the Automatic Identification System (AIS)
signal transmitted by cooperative vessels, which provides to
the marine traffic coordinator their unique identifiers, as well
as their courses and speeds. However, information as much
as possible has to be gathered about noncooperative targets,
which may be involved in illegal activities such as piracy,
human smuggling, or terrorist actions. Furthermore, small-
sized vessels often do not carry an AIS transponder, and they
could potentially increase the insurgence of accidents. Auto-
matic Target Recognition (ATR) procedures greatly helpmar-
itime safety and security organizations, and often they rely on
radar images. Nevertheless, the antenna angle resolution of a
coastal radar is not sufficient to provide an image suitable for
the recognition of the detected ship. However, by exploiting
the well-known principle of the Inverse Synthetic Aperture
Radar (ISAR) [8, 9], radar images with sufficient resolution
for recognition can be obtained and employed in ATR proce-
dures [10]. In this work, we consider a parasitic radar system
that exploits the friendly emissions of a coastal radar in order
to provide ISAR images of ship targets.

As is well known, ISAR technique exploits the ship
movements with respect to the stationary radar to produce an
image of the ship itself. Usually, the rotational motion of the
ship around its center of gravity induced by the sea waves is
exploited to produce the Doppler gradient needed to achieve
the desired cross-range resolution. However, in the case of
low sea-state this ship rotation can be negligible or not suffi-
cient for the formation of the ISAR image. In such a case, it is
of interest to develop an ISAR mode relying on the trans-
lational motion only. As typical ship velocities are limited
to about twenty knots (about 10m/s), ship reflected signals
have to be integrated over a long integration time to achieve
an ISAR image with reasonable resolution. While the radar
antenna rotates, it illuminates the target for a time interval
given by the time-on-target. Typical values of the scan rates
and azimuth beam widths for a coastal radar entail times-on-
target of tens of milliseconds, certainly too short for imaging
purposes. Nevertheless, the target is again illuminated after a
time interval equal to the time needed to the antenna to com-
plete a scan, and by exploiting the signal reflected by the ship
over successive scans, a processing time long enough for the
ISAR process can be obtained. On the other hand, the usual
values of the scan rates of the coastal radar give rise to sam-
pling frequencies considerably lower than the Doppler band-
width and therefore the coastal radar by itself cannot carry
out a proper sampling of the azimuth signal.

The solution proposed here to achieve a proper sampling
of the signal in the azimuth domain is to use an array of
passive sensors located near the coast receiving the signal
transmitted by the coastal radar over its successive scans (and
otherwise not involved in the imaging activity) and reflected
by the ship.The proper configuration of the array parameters,
that is, number of elements and their reciprocal distance,
is therefore linked to the parameters of the coastal radar as
well as the target motion (a preliminary assessment of the
system has been presented in [11]).Then, by jointly exploiting
the physical aperture provided by the parasitic array and
the synthetic aperture based on the target motion, a proper
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Figure 1: Operative scenario.
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processing of the data provides a well-focused image to be
efficiently employed in ATR procedures.

The remainder of the paper is organized as follows:
Section 2 describes the geometry of the system and the signal
model; the receiver array configuration is derived in Section 3
and the data processing in Section 4; simulated results are
provided in Section 5 and Section 6 concludes the paper.

2. System Geometry and Echo Model

The operative scenario is depicted in Figure 1. A coastal radar
working in X-band (wavelength 𝜆 = 3 cm) monitors the
littoral traffic. An array of passive devices is located near the
coast, collecting the signal transmitted from the coastal radar
and reflected from a moving ship. The ship is modeled as
a rigid body in the far field characterized by 𝐾 dominant
scattering centerswith complex reflectivity constant along the
length of synthetic aperture.The ship is assumedmovingwith
translationmotion and negligible rotations (i.e., low sea-state
conditions).

The geometry of the system is depicted in Figure 2. For the
sake of simplicity in the subsequent derivation, we consider
the elements of the array receiver and the coastal radar
aligned along the 𝑥 direction. Within this reference system,
coastal radar coordinates are given by

𝑥TX = −𝐻
0
,

𝑦TX = −𝑅
0
,

𝑧TX = 𝑍T.

(1)
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Let 𝑁 be the number of elements of the array and Δ the
interelement distance, and the 𝑛th receiving element position
(𝑛 = 1, . . . , 𝑁) is

𝑥RX𝑛 = 𝐹
0
+ (𝑛 − 1) Δ,

𝑦RX𝑛 = −𝑅
0
,

𝑧RX𝑛 = 𝑍R.

(2)

The coastal radar illuminates the target each 𝑇scan sec-
onds, whose value depends on the rotation speed of its
antenna. Let 𝑀 be the number of processed scans and let �⃗�
be the target velocity vector, and the 𝑘th scatterer position at
the𝑚th scan (𝑚 = −𝑀/2, . . . ,𝑀/2 − 1) is given by

𝑥
𝑘
(𝑚) = 𝑥

0

𝑘

+

�⃗�

cos (𝜃h)𝑚𝑇scan,

𝑦
𝑘
(𝑚) = 𝑦

0

𝑘

+

�⃗�

sin (𝜃h)𝑚𝑇scan,

(3)

where 𝜃h is the target heading angle and (𝑥
0

𝑘

, 𝑦
0

𝑘

) are the
scatterer coordinates at the central scan instant.

Without loss of generality, we assume the target reference
point located in (𝑥

0

0

, 𝑦
0

0

) = (0, 0). For such a scatterer, the
signal received from the 𝑛th array element during the 𝑚th
scan is given by

𝑠
0
(𝑚, 𝑛) = 𝐴

0
⋅ exp {−𝑗2𝜋

𝜆
[𝑅TX (𝑚) + 𝑅RX𝑛 (𝑚)]} , (4)

where 𝑅TX(𝑚) and 𝑅RX𝑛(𝑚) are the target to transmitter and
target to 𝑛th receiver distances, respectively, and 𝐴

0
is its

complex amplitude. By expanding the bistatic ranges in (4) in
Taylor series and stopping at second order, we obtain

𝑠
0
(𝑚, 𝑛) ≅ 𝐴

0
⋅ exp {−𝑗2𝜋

𝜆
[(𝜎TX + 𝜎RX𝑛)

+ (𝛼TX + 𝛼RX𝑛) ⋅ 𝑚𝑇scan +
1

2
(𝛽TX + 𝛽RX𝑛)

⋅ (𝑚𝑇scan)
2

]} .

(5)

Let 𝑉
𝑥

= |�⃗�| cos(𝜃h) and 𝑉
𝑦

= |�⃗�| sin(𝜃h) be the target
velocity components along the 𝑥 and 𝑦 directions, respec-
tively, and the polynomial phase coefficients in (5) are as
follows:

𝜎TX = √𝐻2
0

+ 𝑅2
0

+ 𝑍2T,

𝜎RX𝑛 = √(𝐹
0
+ (𝑛 − 1) Δ)

2

+ 𝑅2
0

+ 𝑍2R,

𝛼TX =
𝐻
0
𝑉
𝑥
+ 𝑅
0
𝑉
𝑦

𝜎TX
,

𝛼RX𝑛 =
− (𝐹
0
+ (𝑛 − 1) Δ)𝑉

𝑥
+ 𝑅
0
𝑉
𝑦

𝜎TX
,

𝛽TX =
(𝐻
0
𝑉
𝑦
+ 𝑅
0
𝑉
𝑥
)
2

𝜎3TX
,

𝛽RX𝑛 =
((𝐹
0
+ (𝑛 − 1) Δ)𝑉

𝑦
+ 𝑅
0
𝑉
𝑥
)
2

𝜎3RX𝑛
.

(6)

It is worth to explicitly notice that in practice the altitudes of
both transmitter and receiving array,𝑍T and𝑍R, respectively,
are considerably lower than the target distance. Conse-
quently, the only effect of the difference among the transmit-
ter, receiver, and target heights is a slight difference between
the ground plane and the image (i.e., slant) plane. Therefore,
in the following for the sake of clearness we refer to the
coplanar geometry.

Finally from (5)-(6), it is easy to obtain the expression of
the received signal from the 𝑘th scatterer 𝑠

𝑘
(𝑚, 𝑛) by replacing

𝐻
0
with 𝐻

𝑘
= 𝐻
0
+ 𝑥
0

𝑘

, 𝐹
0
with 𝐹

𝑘
= 𝐹
0
− 𝑥
0

𝑘

, and 𝑅
0
with

𝑅
𝑘
= 𝑅
0
+ 𝑦
0

𝑘

.

3. Design of the Array

In order to design the array, we have to set the number of its
elements and their distances. The configuration has to allow
obtaining an ISAR image of the ship with proper cross-range
resolution.The achievable cross-range resolution 𝜌cr depends
on the overall view angle Δ𝜃 observed during the aperture
time 𝑇a [9]:

𝜌cr =
𝜆

2Δ𝜃
. (7)

For a target at distance 𝑅
0
moving with velocity compo-

nent 𝑉
𝑥
along the 𝑥 direction, Δ𝜃 is given by

Δ𝜃 =
𝑇a
𝑉𝑥



𝑅
0

. (8)

In the framework of coastal surveillance, typical speeds of
the targets of interest are in the order of 1–20 kt and the range
is in the order of tens of kilometers. It is easy to verify that
we need aperture times in the order of ten seconds to reach
resolution values suitable to provide images to be employed in
ATR procedures. Since the radar antenna rotates with speed
of about 10–30 rpm, 𝑇scan is 2–6 s, and hence we need to
observe the target for𝑀 successive scans.Therefore, in order
to obtain a desired value 𝜌cr of cross-range resolution, we
need to form a synthetic aperture over a number of scans
given by

𝑀 =
𝜆𝑅
0

2𝜌cr𝑇scan
𝑉𝑥



. (9)

The Doppler bandwidth provided by the target can be
written as

𝐵d =
4
𝑉𝑥



𝜆
sin(Δ𝜃

2
) ≈

2
𝑉𝑥

 Δ𝜃

𝜆
=

𝑉𝑥


𝜌cr
. (10)
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Its inverse is the sampling period requested by the Nyquist
theorem. Through its rotations, the coastal radar operates a
sampling of the signal with a period equal to 𝑇scan, which is
greater than 𝜌cr/|𝑉𝑥| for practical situations. For example, if
we aim at obtaining a resolution of 2m for a target moving
with tangential velocity 2.5m/s (≈5 kt), 𝑇scan should be 0.8 s
that would require the antenna rotating with a speed of
75 rpm, much greater than the rotation speeds commonly
employed by coastal radars.

Nevertheless, due to their physical distance, the (𝑛 + 1)th
element of the array will receive the samples with a delay with
respect to the 𝑛th element, and this delay is given by

𝜏 =
1

2

Δ
𝑉𝑥



. (11)

In the above equation, the coefficient 1/2 is due to the bistatic
geometry of the system. Indeed, since a bistatic acquisition is
equivalent to amonostatic acquisition located on the bisector
between the transmitter and receiver line-of-sights [12–14], a
virtual array of𝑁 elements having interelement spacing equal
to half of the physical distance is achieved; see Figure 2.

Since the Nyquist theorem requires 𝜏 ≤ 𝐵
−1

d , we have
to impose a maximum distance between the elements of the
array; by carrying out the calculus, from (9), (10), and (11) we
found that Δ has to be at least twice the desired cross-range
resolution:

Δ ≤
𝜆𝑅
0

𝑀𝑇scan
𝑉𝑥



= 2𝜌cr. (12)

Therefore, we can set Δ = 2𝜌cr/𝜇, where 𝜇 ≥ 1.
As previously discussed, in order to increase the azimuth

resolution, the target is observed for𝑀 successive scans.This
imposes the time interval Δ𝑇 covered by the array during the
single-scan to be at least equal to 𝑇scan, thus avoiding gaps
between successive scans. Δ𝑇 is 𝑁 times 𝜏, and therefore,
from (9) and (11)

𝑁𝜏 ≥ 𝑇scan ⇒ 𝑁 ≥ ⌈2𝜇𝑀
𝑇
2

scan
𝑉𝑥


2

𝜆𝑅
0

⌉ , (13)

where ⌈(⋅)⌉ is the ceil operator needed to have an integer
number of elements. From (12) and (13) we get the physical
extension of the array; that is,

𝐿A = 𝑁Δ = 2𝑇scan
𝑉𝑥

 . (14)

Finally, to complete the design of the array the value of 𝜇
has to be set.The condition 𝜇 = 1 represents the less demand-
ing configuration for the array, since it corresponds to having
the minimum number of elements separated as much as
possible. Nevertheless, the interelement distance affects the
nonambiguous azimuth swath 𝑊. Indeed, the angular sam-
pling 𝛿𝜃 is given by Δ/2𝑅

0
, and from (9) and (12) we obtain

𝑊 =
𝜆

2𝛿𝜃
= 𝜇𝑀𝑇scan

𝑉𝑥
 = 𝜇𝐿 s, (15)

𝐿 s = 𝑀𝑇scan|𝑉𝑥| being the length of the synthetic aperture. In
the event that, for a givenΔ value,𝑁 is theminimumnumber

of elements, 𝐿 s = (Δ/2)𝑀𝑁, where the ceil operator in (13)
has been neglected. Let 𝐷 be the maximum size of the ship
along the cross-range dimension; it must be

𝜇 ≥
𝐷

𝐿 s
. (16)

As an example, let us consider a ship moving with |�⃗�| =
5m/s along the positive 𝑥 direction at a distance 𝑅

0
= 10 km.

A coastal radar with a scan rate of 20 rpm (corresponding to
𝑇scan = 3 s) detects and tracks the ship.We aimat obtaining an
ISAR image of such target with 𝜌cr = 2.5m. To the purpose,
we need 𝑀 = 4 scans, (9), and the receiving array has to be
composed by elements at a distance of 5/𝜇meters. By setting
𝜇 = 1 and choosing for 𝑁 the minimum allowed value, we
obtain an array of 6 elements at a distance of 5m. In such
conditions, the array is able to correctly sample the signal over
the whole aperture time, and by the proper processing of the
data (addressed in the following section), the ISAR image can
be obtained. However, the choice 𝜇 = 1 entails an azimuth
swath equal to 60m and target with size larger than such a
value will suffer from aliasing effects. If 𝐷 = 100m, we have
to set𝜇 ≥ 1.67 to have a sufficient large swath. For example, by
setting 𝜇 = 2, we obtain an array of 12 elements with interele-
ment distance 2.5m able to image unambiguously target
of maximum length 120m at 10 km range.

As it has been shown by the above equations, for given
transmitter parameters of the coastal radar, the array design
depends on the parameters of the target, specifically on its dis-
tance from the radar system 𝑅

0
and on its tangential velocity

|𝑉
𝑥
|. Obviously, the array has to be designed in order to fulfill

the imaging requirements for the most demanding cases,
represented by the shorter distance and the faster target. Let
|�⃗�| = 10m/s (≈20 kt) be the maximum speed considered for
the ship targets of interest, and suppose the system surveying
a large corridor going from 𝑅min = 4 km till 𝑅max = 20 km
range. Furthermore, we assume a maximum extent of the
ship 𝐷 = 100m. Figure 3 shows the main parameters of the
array for the different distance and tangential velocity couples
for the case of a coastal radar with𝑇scan = 3 s. As we expected,
the maximum number of elements at the lowest interelement
distance is obtained for the target moving at the maximum
speed and at the minimum distance at the same time. In such
a situation, we have to configure an array with 50 elements
with spacing 1.2m.

Let us now consider a target moving at a distance greater
than 𝑅min. Since𝑊 = 𝜆𝑅

0
/Δ, a larger azimuth swath will be

obtained, therefore allowing to correctly image targets with
𝐷 > 100m. On the other hand, for a given target velocity and
number of integrated scans, a worse resolution is obtained,
(7) and (8). However, by increasing the number of integrated
scans, desired resolution values can be reached.

Then, we analyze the case of a target moving with a
velocity lower than themaximum considered value for which
the array has been configured. As it has been previously dis-
cussed, the delay experienced by two adjacent elements of the
array is related to the tangential velocity of the target, (11), and
during a scan, the array covers a time interval equal to 𝑁𝜏.
In the event that Δ𝑇 = 𝑁𝜏 > 𝑇scan, during the (𝑚 + 1)th
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Figure 3: Array parameters as a function of the target parameters
(𝑇scan = 3 s).

scan the last elements of the array are still receiving the target
contributions due to the transmissions carried out at the𝑚th
scan. Therefore, as it has been sketched in Figure 4, in the
time domain an overlapping between signals received by the
array during successive scans will occur. Specifically, let 𝑁eq
be the number of elements such that𝑁eq𝜏 = 𝑇scan, the signals
received by the last (𝑁 − 𝑁eq) elements of the array during
the𝑚th scan overlap in time with the signals received by the
first 𝑁eq elements of the array during the (𝑚 + 1)th scan.
Consequently, in order to achieve a contiguous sampling of
the azimuth signal over 𝑀 > 1 scans, only the first 𝑁eq
elements of the array should be considered. It should be
pointed out that, in general, 𝑁eq is not an integer number,
and a fractioned number of elements of the array should be
selected. Such a problem can be faced by carrying out a proper
interpolation of the data, as it will be detailed in describing the
array data processing.

4. Array Data Processing

In this section, we present the processing of the data received
from the array to achieve the ISAR image of the target.
Section 4.1 deals with the case of amonodimensional azimuth
signal.The objective of the subsection is to illustrate the proof
of concept and highlight the main operations involved in the
azimuth compression. Based on the concepts illustrated in
Section 4.1, the focusing technique for a distributed target is
detailed in Section 4.2.

4.1. Monodimensional Azimuth Signal Proof of Concept. Let
us assume a single scatterer located in (𝑥0

𝑘

, 𝑦
0

𝑘

) at the reference
time, and supposewe aim at focusing it as observed in a single
scan. To the purpose, we need to compensate the phase shift
of the target as it moves through the aperture. Due to the
geometry of the system, we have two contributions. The for-
mer is due to the transmitter-target distance, and it is the same
for all the elements of the receiving array. The latter is due
to the target-receiver distance, and it varies with the element
index. The azimuth compression is therefore obtained by
multiplying the data received by each element of the array for
the complex conjugate of a common reference signal given by

𝑠
ref
TX = exp {−𝑗2𝜋

𝜆
[𝑎
0
+ 𝑎
1
𝑚𝑇scan +

𝑎
2

2
(𝑚𝑇scan)

2

]} (17)

and then, for the 𝑛th element, by multiplying the data for the
complex conjugate of the reference signal given by

𝑠
ref
RX𝑛 = exp{−𝑗

⋅
2𝜋

𝜆
[𝑏
(𝑛)

0

+ 𝑏
(𝑛)

1

𝑚𝑇scan +
𝑏
(𝑛)

2

2
(𝑚𝑇scan)

2

]} .

(18)

The coefficients (𝑎
0
, . . . , 𝑎

2
, 𝑏
(𝑛)

0

, . . . , 𝑏
(𝑛)

2

) are the coefficients
of the Taylor expansion of the bistatic distances for the scat-
terer located in (𝑥0

0

= 0, 𝑦
0

𝑘

), which can be obtained from (6)
by replacing𝑅

0
with𝑅

𝑘
= 𝑅
0
+𝑦
0

𝑘

.Thereby, the compensation
of the linear phase terms will result in a residual Doppler
centroid related to the 𝑘th scatterer position in the azimuth
domain. It should be also pointed out that, as usual in ISAR
processing, we neglect the variation of the Doppler rate with
the cross-range position of the scattererwhile, as stated above,
we take into account its variation along the range direction.
Then, by applying a FFT the scatterer ISAR profile can be
obtained.

Now, we aim at focusing the target observed over a num-
ber of successive scans. As discussed in Section 3, in general
the data received by the array during successive scans overlap
in time, and the selection of the first𝑁eq elements of the array
must be performed. Since such a number being an integer
number cannot be ensured, a proper interpolation of the
data must be performed in order to artificially increase the
time sampling. This task can be easily accomplished by zero
padding. After the data corresponding to the 𝑚th scan have
been compressed by multiplying the array data for the refer-
ence signals (17) and (18), a zero padding is performed in the
frequency domain. Let 𝑞 be the oversampling factor and the
sampling time is 𝜏/𝑞; for 𝑞 values high enough, we can assume
𝑞𝑁eq ≅ ⌈𝑞𝑁eq⌉, and therefore a more precise selection of
the data can be performed, thus ensuring a contiguous time
observation among successive scans. After the time oversam-
pling and selection of the data have been performed, vector
signals sint

𝑚

with dimension [1 × 𝑞𝑁eq] can be obtained by
interleaving the data corresponding to each scan. Two dif-
ferent strategies could be adopted to merge the data received
over the successive scans to provide the increased cross-range
resolution. The former operates in the time domain and it
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Figure 4: Time intervals covered by the array over successive scans.

consists in placing side by side the single-scan data to
obtain the final vector sintTOT = [sint

1

, . . . , sint
𝑀

]; a FFT can be
subsequently applied thus obtaining the multiscan ISAR
profile.

The latter strategy operates in the frequency domain.The
single-scan ISAR profile can be obtained by applying a FFT
to each sint

𝑚

after they have been temporarily aligned. To this
purpose, for each scan a FFT can be applied to the vector
s̃int
𝑚

= [zleft
𝑚

, sint
𝑚

, zright
𝑚

], where zleft
𝑚

and zright
𝑚

are zero vectors
with dimensions [1 × 𝑞𝑁eq(𝑚 − 1)] and [1 × 𝑞𝑁eq(𝑀 − 𝑚)],
respectively.Then, by coherent summation of the single-scan
profiles, the multiscan ISAR profile is obtained.

So far, we considered completely negligible target rota-
tions. This is reasonable in our hypothesis of low sea-state
conditions, and the imaging of rotating ships could be
addressed by conventional ISAR techniques or by using for-
mations of active and passive radar sensors to reach high res-
olution products [13, 14]. Nevertheless, even though they are
limited, rotations may affect the imaging technique here pro-
posed.Therefore, the case in which the target motion is char-
acterized also by rotations is here discussed. In the case of a
jointly translating and rotating target, 𝑘th scatterer coordi-
nates (3) can be rewritten in matrix notation as

[
𝑥
𝑘
(𝑚)

𝑦
𝑘
(𝑚)

] = [
𝑥
0

𝑘

𝑦
0

𝑘

][
cos (𝜔𝑚𝑇scan) sin (𝜔𝑚𝑇scan)
− sin (𝜔𝑚𝑇scan) cos (𝜔𝑚𝑇scan)

]

+ [
𝑉
𝑥
𝑚𝑇scan

𝑉
𝑦
𝑚𝑇scan

] ,

(19)

where 𝜔 is the rotation speed. By carrying out the calculus,
we can write scatterer coordinates as

𝑥
𝑘
(𝑚)

= {𝑥
0

𝑘

[cos (𝜔𝑚𝑇scan) − 1] + 𝑦
0

𝑘

sin (𝜔𝑚𝑇scan)}

+ {𝑥
0

𝑘

+ 𝑉
𝑥
𝑚𝑇scan} = 𝑥

𝑉

𝑘

(𝑚) + 𝑥
𝜔

𝑘

(𝑚) ,

𝑦
𝑘
(𝑚)

= {𝑦
0

𝑘

[cos (𝜔𝑚𝑇scan) − 1] − 𝑥
0

𝑘

sin (𝜔𝑚𝑇scan)}

+ {𝑦
0

𝑘

+ 𝑉
𝑦
𝑚𝑇scan} = 𝑦

𝑉

𝑘

(𝑚) + 𝑦
𝜔

𝑘

(𝑚)

(20)

𝑥
𝑉

𝑘

and 𝑦
𝑉

𝑘

being the target coordinates for the only-
translating target and 𝑥𝜔

𝑘

and 𝑦𝜔
𝑘

the shifts due to the rotation.
As pointed out, the dwell time during a single scan is due

to the ratio between the antenna beamwidth and the scan
rate. For example, an antennawith rotation rate of 20 rpmand
beamwidth 0.6∘ provides a time-on-target of 5ms. In such a
limited interval, target rotation can be neglected and there-
fore the rotations do not affect the imaging processing within
a single scan. Nevertheless, the rotation causes aDoppler shift
experienced by the data received among the successive scans,
deriving from the different orientations of the target. Such a
Doppler shift can be written as

Δ𝑓
𝑘
(𝑚) =

2

𝜆

𝑉
𝑥

𝑅
0

𝛿
cr
𝑘

(𝑚) , (21)

where 𝛿
cr
𝑘

(𝑚) represents the cross-range shift due to the
difference in cross-range positionwith respect to the nominal
position accounting only for the translation; that is, 𝛿cr

𝑘

(𝑚) =

𝑥
𝜔

𝑘

(𝑚). The compensation of this Doppler shift corre-
sponds to performing a coregistration among the single-scan
responses, which can be obtained by multiplying s̃int

𝑚

for a
phase ramp exp{𝑗2𝜋Δ𝑓

𝑘
(𝑚)ñ}, ñ being the vector of time

instants going from −(𝑀/2)𝑇scan to (𝑀/2)𝑇scan with step
(1/𝑞)(Δ/2|𝑉

𝑥
|).

Furthermore, the rotation causes a different range of the
scatterer with respect to the one foreseen by the translational
motion only. Such a difference in range entails phase jumps
among the different scans to be compensated. Therefore, the
single-scan data s̃int

𝑚

have to be further multiplied by a term
given by

Δ𝜉
𝑘
(𝑚) = exp {

𝑗2𝜋

𝜆
𝛿
r
𝑘

(𝑚)} (22)

with 𝛿r
𝑘

(𝑚) = 𝑦
𝜔

𝑘

(𝑚).

4.2. Focusing Technique for Distributed Target. In previous
section, we considered the case of a monodimensional signal
in order to illustrate themain concept to obtain themultiscan
ISAR profile. It has been shown that the crucial steps are
azimuth dechirping, time selection, time alignment, and pos-
sible rotation compensations. Based on these considerations,
the focusing technique for a distributed target is developed
as depicted in Figure 5. It comprises two parts: first, data
received by the array during each scan are processed; then,
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Figure 5: Processing scheme: (a) single-scan processing and (b) multiscan data fusion.

data received during multiple scans are merged to form the
final image.

Accounting also for the fast time dimension, the data
received from the 𝑛th sensor during the 𝑚th scan are orga-
nized in amatrix S

𝑛,𝑚
, with number of rows equal to the num-

ber of fast time samples and number of columns depending
on the number of samples within the time-on-target. Taking
into account the short duration of the time-on-target, we can
neglect the variation among adjacent pulses collected by a
single array element during a scan and therefore, for sake of
simplicity, we assume that the 𝑛th receiver collects a single
sample during the 𝑚th time-on-target for each range bin.
Therefore, S

𝑛,𝑚
is a column vector of dimension [𝐿 × 1], 𝐿

being the number or range bins. The processing of the data
received by the array during the 𝑚th scan consists of the
following steps (see Figure 5(a)):

(1) Range compression: allowing transiting in the slant
range domain.

(2) Range Cell Migration Correction (RCMC): due to
the long integration time, the correction of the range
migration is a needed step. It can be obtained in
the fast frequency domain by multiplying the Fourier
transformed data by a reference signal equal to
exp{𝑗2𝜋𝑓

𝑟
(𝛿𝑅
0

𝑛

(𝑚)/𝑐)}.𝑓
𝑟
is the fast frequency, 𝑐 is the

speed of light, and 𝛿𝑅0
𝑛

(𝑚)/𝑐 is the time delay due to
the variation of the distance between the target refer-
ence point and the central element of the array at the
reference scan 𝑚 = 0 and the distance between the
target reference point and the 𝑛th array element at the
𝑚th scan.

(3) Azimuth dechirping: for the 𝑙th range bin, two refer-
ence signals as in (17) and (18) are generated, where

the coefficients (𝑎
0
, . . . , 𝑎

2
, 𝑏
(𝑛)

0

, . . . , 𝑏
(𝑛)

2

) account for
the specific range bin position; namely, as explained
in Section 4.1, in the Taylor coefficients (6) we have to
replace 𝑅

0
with 𝑅

0
+ 𝑦
𝑙

, 𝑦
𝑙

being the 𝑙th value of the
range axis.

(4) Data interleaving among the array elements: to obtain
a data matrix Sint

𝑚

of dimension [𝐿 × 𝑁].
(5) Oversampling: as explained in the previous sub-

section, by means of Fourier transform and zero
padding, an increased time sampling is obtained, and
after the oversampling Sint

𝑚

has dimension [𝐿 × 𝑞𝑁].
(6) Time selection: to ensure time continuity among the

data collected by the successive scans, the first 𝑞𝑁eq
columns of Sint

𝑚

are selected. After this operation, Sint
𝑚

has dimension [𝐿×𝑞𝑁eq]. It should be pointed out that
if the interest is in focusing the image resulting from
a single scan, time selection can be bypassed, and
through an azimuth FFT the single-scan image can be
obtained.

At this point, 𝑀 matrices Sint
𝑚

are available covering a time
interval equal to 𝑀𝑇scan. The following operations are per-
formed to obtain themultiscan ISAR image (see Figure 5(b)):

(1) Time shift: as explained in Section 4.1, for temporarily
aligning the data received by each scan, the array data
processed for the 𝑚th scan can be organized in the
matrix [Zleft

𝑚

, Sint
𝑚

,Zright
𝑚

], Zleft
𝑚

and Zright
𝑚

being zero
matrixes with dimension [𝐿 × 𝑞𝑁eq(𝑚 − 1)] and [𝐿 ×
𝑞𝑁eq(𝑀 − 𝑚)], respectively.

(2) Single-scan images formation: by applying a FFT
along the azimuth dimension, the ISAR image cor-
responding to the 𝑚th scan is achieved. Thanks to
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the time-shift operation, the images correspond to the
same time interval, and, in the event that rotation
motion can be neglected, a coherent summation
provides the ISAR image with 𝑀 times finer (with
respect to the single-scan images) cross-range resolu-
tion. However, since, in general, ship targets undergo
rotations, their effects have to be compensated as
explained in steps (3) and (4).

(3) Image coregistration: the short duration of the time-
on-target allows considering each single-scan image
as a “snapshot” of the target, and the possible rotation
motion does not affect the imaging processing [15].
However, such a rotation motion causes the target to
change its orientation when imaged at different scans,
and hence the series of single-scan images can be
regarded as snapshots of the same target that has
changed its orientation. Therefore, a rotation of the
𝑚th scan image accordingly to an angle equal to
𝜔𝑚𝑇scan has to be performed. It should be pointed out
that such an image alignment also compensates the
Doppler shift (21) experienced by each scatterer.

(4) Phase alignment: as it is shown by (22), the 𝑘th
scatterer of the scene undergoes a phase jump when
imaged in different scans, and, since 𝛿r

𝑘

(𝑚) = 𝑦
𝜔

𝑘

(𝑚)

is a function of both cross-range and range positions,
(20), a space variant phase compensation has to be
performed. Let 𝑦

𝑙

be the 𝑙th range bin value and let
𝑥
ℎ
be the ℎth cross-range bin value; for the 𝑚th scan

a phase matrix with elements Δ𝜉
𝑙,ℎ
(𝑚) = exp{(𝑗2𝜋/

𝜆)𝛿
r
𝑙,ℎ

(𝑚)}, with 𝛿
r
𝑙,ℎ

(𝑚) = 𝑦
𝑙

[cos(𝜔𝑚𝑇scan) − 1] −

𝑥
ℎ
sin(𝜔𝑚𝑇scan), can be generated. Bymultiplying cell

by cell the𝑚th scan image for such amatrix, the space
variant phase compensation can be accomplished.

(5) Coherent summation: finally, the temporarily aligned,
coregistered, and phase aligned single-scan images
can be coherently added to form the final multiscan
ISAR image.

Finally, it is worth to mention that the described focusing
technique accounts for an a priori known target motion.
Generally, with particular regard to the imaging of noncoop-
erative targets, the motion parameters have to be retrieved
directly by the received data, and generally speaking many
contributions can be found in the literature dealing with the
estimation of the translational and rotational motion of ship
targets. Even though the target motion estimation is beyond
the goal of this paper, which mainly focuses on the definition
of the array parameters and of a suitable processing of the
received data, we want here to outline possible strategies to
address the issue.

Typically, ISAR requires the compensation of the transla-
tional motion between the radar and the target (i.e., motion
compensation): largely employed techniques are based on the
maximization/minimization of proper cost functions with
respect to the unknown translational motion [8], such as
the maximization of the contrast [16] or the minimization of
the entropy [17]. In our case, the same concept can be ade-
quately applied, where the ship translation can be estimated

maximizing the intensity contrast of the set of single-scan
ISAR images. In this regard, it is also worth to notice that
typical ship translations implicate low terms of the received
phase; therefore acceleration and higher order terms could
be reasonably neglected for the single-scan autofocusing and
do not need to be estimated, thus alleviating the computation
burden for this issue.

Regarding the rotational motion, as it has been pointed
out in describing the image coregistration procedure, in the
proposed system the ship rotations only entail an additional
change in the orientation of the ship when imaged in suc-
cessive scans. The estimation of this additional scan-to-scan
rotation can be addressed maximizing proper cost functions
on the final image [18] or looking for that angle providing
the best alignment among the single-scan images (taking also
into account themisalignment due to translation as estimated
from the previous step). A promising alternative could be the
estimation of the slope of the ship centerline [10], which is
a function of the rotation rate as detailed in [19]. Lastly, it is
also worth to underline that the proposed imaging technique
mainly addresses those scenarioswhere the low sea-state con-
ditions entail very limited rotations of the ship, thus making
the formation of ISAR images with proper resolution hard
with conventional techniques. In this work, we accounted
for a possible not negligible yaw motion of the ship, since it
could also account for an initial target maneuver. In contrast,
complicated ship dynamics involving nonnegligible three-
dimensional rotations would not require multiple scans and
therefore can be treated by resorting to conventional ISAR
techniques.

5. Simulated Results

In the simulated analysis, we consider an X-band fully solid
state coastal radar for vessel traffic services, operating with
a scan rate of 20 rpm and transmitting a chirp signal with
a bandwidth of 22MHz [20]. An array of 50 elements with
spacing 1.2m is configured, allowing imaging targets of
maximum length 100m, at amaximum speed of 10m/s and at
ranges longer than 4 km.

In a first case study, we consider a target moving with
velocity |�⃗�| = 10m/s and heading angle 𝜃h = 60

∘ at a
distance𝑅

0
= 8 km, and we consider the target observed over

4 scans. Since |𝑉
𝑥
| = 5m/s, during a scan the array covers a

time interval twice that of the scan interval, and therefore, to
combine the signals received over the successive scans, proper
time selection has to be performed. In particular, since Δ𝑇 =

2𝑇scan, in this case 𝑁eq = (1/2)𝑁. By considering a single
pointlike scatterer located in (30, 0)m at the reference time
and applying the processing described in Section 4.1, the
cross-range profiles shown in Figure 6 are obtained, when
one or more scans have been integrated. As we can observe,
cross-range resolution progressively increases by integrating
the signals received by the array over an increased number
of scans. Specifically, we found 𝜌cr = 8m, 6m, 4m, 2mwhen
𝑀 = 1, 2, 3, 4, respectively, in agreement with the theoretical
expectations. It should be pointed out that if a single scan
is considered, time selection step could be avoided, and
the whole time interval Δ𝑇 covered by the array could be
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Figure 6: ISAR profiles for successive integrated scans.
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Figure 7: ISAR profiles obtained without applying the time selec-
tion.

processed. Since, in this particular scenario,Δ𝑇 is twice𝑇scan,
the case 𝑀 = 1 without time selection provides the same
imaging results as the case 𝑀 = 2 with time selection.
Nevertheless, to further increase the resolution by combining
𝑀 > 2 scans, time selection is essential. As example, Figure 7
shows the results obtained without the time selection step
for the cases 𝑀 = 1 and 𝑀 = 4. In the former case,
we can observe the same profile achieved in Figure 6 for
𝑀 = 2, whereas in the latter, as a consequence of the time
overlapping, we observe the scatterer not correctly focused.

The hypothesis of absence of rotation motion is then
removed considering the target undergoing a rotationmotion
with an angular velocity 𝜔 = 0.5

∘

/s. We assume the target
observed for𝑀 = 3 scans and we consider an isolated point
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Figure 8: ISAR profiles for nonnegligible rotation motion.

scatterer with coordinates (30, 10)m at the reference time.
The ISAR profiles obtained if the effects of the rotational
motion have been or have not been taken into account in
processing the data are shown in Figure 8. Specifically, red
and black plots are the results obtained by focusing the data
received when no compensation for the rotation motion has
been applied. As we can observe, the rotation has not affected
the single-scan imaging result, red plot, whereas a degrada-
tion of the quality of the profile (such as wrong position of the
peak, higher sidelobes level, and loss in resolution) is expe-
rienced for the multiscan case, black plot. By performing a
correct image alignment and phase junction steps, successive
scan images can be properly combined, and a correct imaging
result is obtained, green plot.

Finally, we consider a ship target composed by many
pointlike scatterers with different levels of superstructure
located at a distance 𝑅

0
= 10 km and moving with velocity

|�⃗�| = 7m/s and heading angle 𝜃h = −45
∘. By following the

focusing technique described in Figure 5,𝑀 single-scan ISAR
images of the ships are obtained and then combined to obtain
a final multiscan image providing enhanced cross-range res-
olution. Figure 9 shows the images resulting from the integra-
tion of𝑀 = 1, 3, 5 scans. As we can observe, while the range
resolution is limited to be about 6.8mby the bandwidth of the
chirp signal transmitted by the coastal radar, the cross-range
resolution of the image increases consideringmore scans.The
single-scan image is shown in Figure 9(a) and we can observe
that the poor azimuth resolution (about 10m) does not allow
a proper identification of the main features of the target, such
as its size. By considering 𝑀 = 3, Figure 9(b), and 𝑀 = 5

scans, Figure 9(c), we move from 10m to 3.3m and to 2m,
respectively. As the azimuth resolution increases, scattering
centers not resolvable with the data received during a single
scan can be resolved, thus providing enhanced capability
to recognize the size of the ship and its main features. For
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Figure 9: Single/multiscan ISAR images of the ship target.

example, black bottomboxes of Figure 9 highlight the patches
of the images corresponding to the bow scatterer, whose
position becomes progressively easier to be identified.

6. Conclusions

The paper puts forward a novel ISAR imaging system for
coastal surveillance based on a parasitic array receiver and
an opportunistic coastal radar. The signal transmitted by a
ground-based radar with its antenna rotating for vessel traffic
services purposes is exploited as signal of opportunity by
an array of passive (receiving only) devices properly located
near the coast. The physical aperture provided by such an
array, jointly to the synthetic aperture provided by the target
motion during successive scans of the radar, allows reaching
a Doppler gradient suitable for the image resolution process.
Relationships between the parameters of the array and the
transmitter parameters have been derived to deal with ship
targets of interest. Then, a focusing technique has been pro-
posed able to focus the data collected over one or more scans,
even in the case of not negligible rotation motion.

The simulated performance analysis proved the effec-
tiveness of the technique to provide ISAR images of ship

targets with suitable resolutions. By exploitingmultiple scans,
azimuth resolution can be increased, thus achieving cross-
range resolutions comparable or even better than the range
resolutions, limited by the bandwidth of the transmitted
signal. Furthermore, it should be pointed out that because of
the exploitation of the translation motion, achievable ISAR
images are top views of the ship. Such images can be properly
exploited in ATR procedure, thus helping in increasing the
efficiency of the vessel traffic monitoring and the coastal
surveillance.
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A novel low-complexity robust adaptive beamforming (RAB) technique is proposed in order to overcome the major drawbacks
from which the recent reported RAB algorithms suffer, mainly the high computational cost and the requirement for optimization
programs.The proposed algorithm estimates the array steering vector (ASV) using a closed-form formula obtained by a subspace-
basedmethod and reconstructs the interference-plus-noise (IPN) covariancematrix by utilizing a sampling progress and employing
the covariance matrix taper (CMT) technique. Moreover, the proposed beamformer only requires knowledge of the antenna array
geometry and prior information of the probable angular sector in which the actual ASV lies. Simulation results demonstrate the
effectiveness and robustness of the proposed algorithm and prove that this algorithm can achieve superior performance over the
existing RAB methods.

1. Introduction

Aiming at receiving a signal from a certain direction and sup-
pressing interferences and noise, adaptive beamforming has
found widespread application in many fields ranging from
radar, sonar, wireless communication, and radio astronomy
to medical imaging, speech processing, and so forth [1–4].
Beamformers can be regarded as spatial filters, which have
proper performance under ideal circumstances.The standard
Capon beamformer (SCB) is an optimal spatial filter that
maximizes the array output signal-to-interference-plus-noise
ratio (SINR) [5]. However, it is sensitive to array steering
vector (ASV) uncertainty and direction of arrival (DOA)
estimation error for the desired signal (DS).The performance
also degrades due to the presence of the DS component in
the training data and small sample size. In order to improve
the robustness of SCB, various robust adaptive beamforming
(RAB) techniques have been proposed in the past decades [6].

The existing RAB techniques mainly consist of diag-
onal loading (DL) technique [7], eigenspace-based (ESB)
technique [8], uncertainty set-based technique [9, 10], and
the reconstruction-based technique [11]. They have effective

performance in the presence of different mismatches in
typical situations. However, there exist some drawbacks that
limit their application range, which include the difficulty to
choose the optimalDL factor, the high probability of subspace
swap for ESBbeamformers at low signal-to-noise ratio (SNR),
the cost of reducing output SINR due to the expansion of the
uncertainty set when the SV mismatch is large, the ad hoc
nature, and the high computational cost.

Recently, a new approach to the design of RAB based on
the interference-plus-noise (IPN) covariance matrix recon-
struction has been introduced in [11]. This method utilizes
the Capon spectrum to integrate over an angular sector
separated from the direction of DS. The reconstruction-
based beamformer is effective at removing the DS from
the sample covariance matrix but suffers from its high
computational complexity. The main computational cost
is due to the large number of samples involved in both
spectrum estimation and summation. On the other hand,
the recent beamformers in [12, 13] enhance the robustness
against ASV errors. However, the utilization of complicated
optimization software restricts their applications in prac-
tical situations. To improve the reconstruction-based RAB
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technique, a Low-Complexity Shrinkage-Based Mismatch
Estimation (LOSCME) algorithm is presented in [14]. But it
can perform effectively only when the interfering sources are
weak.

To reduce the computational complexity of the RAB
method in [11] and eliminate its dependence on the opti-
mization software, in this paper, a novel reconstruction-based
RAB algorithm is proposed. This algorithm is characterized
by lower complexity and a closed-form formula estimation of
the actual ASV.Moreover, it requires very little prior informa-
tion and has a superior performance to previously reported
RAB algorithms. The only prior information required is the
knowledge of the antenna array geometry and the coarse
angular sector in which the actual ASV lies. Three steps are
needed to achieve this algorithm. Firstly, a subspace-based
method is introduced to obtain a closed-form formula for
ASV estimation, avoiding using the optimization software.
Then, the IPN covariance matrix is reconstructed based
on a spatial power spectrum sampling (SPSS) method [15],
which is realized by a proposed sample equation. Finally, the
covariance matrix taper (CMT) technique [16] is utilized to
adopt the relatively small size of array systems in practice.
Simulation results will be provided to prove the effectiveness
and robustness of the proposed beamformer.

The rest of this paper is organized as follows. The data
model of array output and some necessary backgrounds
about adaptive beamformer are described in Section 2. In
Section 3, a novel RAB algorithm is proposed by employing
ASV estimation and IPN covariance matrix reconstruction.
Simulation results are presented in Section 4. Finally, conclu-
sion is drawn in Section 5.

2. Signal Model

Consider a uniform linear array (ULA) of𝑀 omnidirectional
antenna elements impinged by 𝑃 narrowband uncorrelated
far-field signals. The 𝑀 × 1 vector representing the received
signal at the 𝑘th snapshot can be modeled as

x (𝑘) = s (𝑘) + i (𝑘) + n (𝑘) , (1)

where s(𝑘), i(𝑘), and n(𝑘) denote the statistically independent
𝑀×1 vectors of the DS, interference, and noise, respectively.
The beamformer output is given by y(𝑘) = w𝐻x(𝑘), where
w = [𝑤

1
, 𝑤
2
, . . . , 𝑤

𝑀
]
𝑇 is the complex beamformer weighting

vector, and (⋅)
𝐻 and (⋅)

𝑇 denote the Hermitian transpose
and transpose, respectively. The beamformer output SINR is
defined as

SINR =

𝜎
2

𝑠


w𝐻a (𝜃

𝑠
)


2

w𝐻Ri+nw
, (2)

where 𝜃
𝑠
is the assumed DOA of the DS and a(𝜃

𝑠
)

is the ASV, which has the general form a(𝜃
𝑠
) =

[1 𝑒
𝑗𝜋 sin 𝜃

𝑠 ⋅ ⋅ ⋅ 𝑒
𝑗𝜋(𝑀−1) sin 𝜃

𝑠]
𝑇

. Meanwhile, 𝜎
2

𝑠
is the

power of the DS, and Ri+n = 𝐸{(i(𝑘) + n(𝑘))(i(𝑘) + n(𝑘))𝐻} is
the IPN covariance matrix.

By maximizing the output SINR of the beamformer, the
optimal weight vector can be obtained by

minw w𝐻Ri+nw

subject to w𝐻a (𝜃
𝑠
) = 1.

(3)

The solution is known as the Capon beamformer [13]:

w =
R−1i+na (𝜃𝑠)

a𝐻 (𝜃
𝑠
)R−1i+na (𝜃𝑠)

. (4)

In practice, theoretical covariance matrix Ri+n is usually
unavailable and sample covariance matrix (5) is used as an
approximation:

R̂
𝑥
=

1

𝐾

𝐾

∑

𝑘=1

x (𝑘) x (𝑘) , (5)

where𝐾 is the number of data snapshots.

3. Proposed Approach

Theperformance of standard beamformers degrades dramat-
icallywhen theASVerrors exist and theDSwith a high SNR is
present in the training snapshots. To remove the DS from the
sample covariancematrix, recently, an IPN covariancematrix
reconstruction method was proposed [11].

In [11], the IPN covariance matrix can be reconstructed
by using the spatial spectrum of the array as

Ri+n = ∫
𝜃∈Θ

𝜎
2
(𝜃) a (𝜃) a𝐻 (𝜃) 𝑑𝜃, (6)

where 𝜎2(𝜃) is the Capon spectrum 𝜎
2
(𝜃) = 1/a𝐻(𝜃)R̂−1

𝑥
a(𝜃),

Θ is the complement sector ofΘ andΘ stands for the assumed
direction range of theDS; that is,Θ∩Θ = ⌀, andΘ∪Θ covers
whole spatial domain.

Thismethod hasmainly two aspects of drawbacks. Firstly,
concerning the mismatch between the actual ASV and the
nominal ASV, the IPNmatrixmay not be reconstructed accu-
rately. Secondly, its high computational complexity restricts
its practical performance [12]. In the following part, more
precise estimation of the actual ASV can be achieved and
the computational cost of IPN matrix reconstruction can be
reduced.

3.1. Desired Signal Array Steering Vector Estimation. Similar
to the reconstruction of IPN covariance matrix as (6), a new
matrix Casv can be constructed by

Casv = ∫
Θ

𝑐 (𝜃) a (𝜃) a𝐻 (𝜃) 𝑑𝜃, (7)

where 𝑐(𝜃) denotes a probability density function, but the
choice of 𝑐(𝜃) is more flexible, which means that 𝑐(𝜃) can be
chosen to be independent of 𝜃, for example, 𝑐(𝜃) = 1, ∀𝜃 ∈
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Θ, or adjust values depending on the prior information.Then,
Casv can be eigendecomposed as

Casv =
𝑀

∑

𝑖=1

𝜎
𝑖
V
𝑖
V𝐻
𝑖
= VΣV𝐻, (8)

where {𝜎
𝑖
, 𝑖 = 1, . . . ,𝑀} are the eigenvalues of Casv

in descending order, Σ = diag{𝜎
1
, . . . , 𝜎

𝑀
} are diagonal

matrices, {k
𝑖
, 𝑖 = 1, . . . ,𝑀} are the eigenvectors associated

with 𝜎
𝑖
, andV = [k

1
, . . . , k

𝑀
]. Following the approach in [17],

let 𝑆 be the smallest integer such that ∑𝑆
𝑖=1

|𝜎
𝑖
|
2
/∑
𝑀

𝑖=1
|𝜎
𝑖
|
2
>

𝜉, where 0 < 𝜉 < 1 is a predetermined threshold. Then,
the eigenvectors associated with 𝑆 largest eigenvalues of Casv
can be chosen to form the column orthogonal matrix V

𝑆
=

[k
1
, . . . , k

𝑆
]. As derivation in [18], the actual ASV a(𝜃

𝑠
) lies in

the subspace spanned by the columns of V
𝑆
.

Similar to (8), in order to obtain the eigenvector, the
sample covariance matrix R̂

𝑥
can be decomposed as

R̂
𝑥
=

𝑀

∑

𝑗=1

𝜆
𝑗
e
𝑗
e𝐻
𝑗
= E
𝑠
Λ
𝑠
E𝐻
𝑠
+ E
𝑛
Λ
𝑛
E𝐻
𝑛
, (9)

where {𝜆
𝑗
, 𝑗 = 1, . . . ,𝑀} are the eigenvalues of R̂

𝑥

in descending order, Λ
𝑠

= diag{𝜆
1
, . . . , 𝜆

𝑃
} and Λ

𝑛
=

diag{𝜆
𝑃+1

, . . . , 𝜆
𝑀
} are diagonal matrices, {e

𝑗
, 𝑗 = 1, . . . ,

𝑀} are the eigenvectors associated with 𝜆
𝑗
, and E

𝑠
=

[e
1
, e
2
, . . . , e

𝑃
] and E

𝑛
= [e
𝑃+1

, . . . , e
𝑀
] denote the signal-

plus-interference (SPI) subspace and noise subspace, respec-
tively. It is well known that the actual ASV ofDS a(𝜃

𝑠
) belongs

to the subspace spanned by the columns of E
𝑠
[19].

As mentioned above, two constraints can be imposed on
a:

𝐶
1
= {a : a = V

𝑆
𝛼
𝑉
} ,

𝐶
2
= {a : a = E

𝑠
𝛼
𝐸
} ,

(10)

where 𝛼
𝑉
and 𝛼

𝐸
are the coefficient vectors. Then, the actual

ASV should be a vector lying within the intersection of 𝐶
0
=

𝐶
1
∩ 𝐶
2
. This intersection can be obtained by employing the

theorem of sequential vector space projections [19], and the
ASV of DS is proved to be estimated by

aes = √𝑀𝑃{P
𝐶
1

P
𝐶
2

} , (11)

where P
𝐶
1

= V
𝑆
V𝐻
𝑆
, P
𝐶
2

= E
𝑠
E𝐻
𝑠
, and 𝑃{⋅} denotes the

eigenvector associated with the maximal eigenvalue of a
matrix. This estimation method can be more efficient when
the look direction error is large, and the method avoids
the need of optimization software by using a closed-form
formula.

3.2. Spatial Power Spectrum Sampling Based IPN Covari-
ance Matrix Reconstruction. The main computational cost
of the method in [11] is the integration approximation by
summation, where 𝑆 (the number of sampled values) times
spectrum estimation and vector multiplication operations
have to be performed. To reduce the cost, the complex
spectrum estimation process should be eliminated.

Consider the inner product of two steering vector which
is written as

𝑓 (𝜃; 𝜃
0
) =

1

𝑀
a𝐻 (𝜃
0
) a (𝜃) , (12)

where 𝜃
0
is a specified reference direction and 𝜃, 𝜃

0
∈

[−𝜋/2, 𝜋/2]. Substituting a(𝜃) into (12) gives

𝑓 (𝜃; 𝜃
0
) =

1

𝑀

𝑀−1

∑

𝑘=0

𝑒
𝑗𝑘𝜋[sin(𝜃)−sin(𝜃

0
)]
. (13)

Let 𝑥 = 𝑀/2[sin(𝜃) − sin(𝜃
0
)] ∈ [(−1 − sin(𝜃

0
))𝑀/2, (1 −

sin(𝜃
0
))𝑀/2); (13) can be written as

𝑓 (𝑥) =
1

𝑀

𝑀−1

∑

𝑘=0

𝑒
𝑗(2𝜋/𝑀)𝑘𝑥

=
1

𝑀
⋅

sin (𝜋𝑥)
sin ((𝜋/𝑀) 𝑥)

𝑒
𝑗((𝑀−1)/𝑀)𝜋𝑥

.

(14)

From the derivation above, 𝑓(𝑥) can be regarded as an
inverse discrete Fourier transform (IDFT) of an 𝑀-point
rectangular function in the frequency domain. When 𝑀 is
large enough, 𝑓(𝑥) can be approximated as a sinc function;
that is, 𝑓(𝑥) = sinc(𝜋𝑥) = sin(𝜋𝑥)/𝜋𝑥; 𝑓(𝜃; 𝜃

0
) will

approximate a Kronecker delta function; that is,

𝑓 (𝜃; 𝜃
0
) ≈ 𝛿
𝜃,𝜃
0

=

{

{

{

1, 𝜃 = 𝜃
0

0, else.
(15)

The function 𝑓(𝜃; 𝜃
0
) is called the selecting property of the

steering vector in [15].
Denote the zeros of 𝑓(𝜃; 𝜃

0
) by 𝜃

𝑘
, and consider (14);

𝑓(𝑥) = 0 is obtained when 𝑥 ∈ 𝑍 = {𝑧 | 𝑧 ∈ [(−1 −

sin(𝜃
0
))𝑀/2, (1−sin(𝜃

0
))𝑀/2), 𝑧 ∈ Z, z ̸= 0}; then there are

𝑀−1 such values in the set𝑍denoted by𝑥
𝑘
, 𝑘 = 1, 2, . . . ,𝑀−

1. Then 𝜃
𝑘
can be easily obtained by 𝜃

𝑘
= arcsin(2𝑥

𝑘
/𝑀 +

sin(𝜃
0
)).

Define a matrix using {𝜃
𝑘
}
𝑀−1

𝑘=0
:

D =
1

𝑀
∑

𝜃
𝑘
∈Ω

a (𝜃
𝑘
) a𝐻 (𝜃

𝑘
) , (16)

whereΩ is a specified angular sector. Consider that R can be
formed by integrating the spatial spectrum 𝜎

2
(𝜃) though the

whole region as

R = ∫
𝜃∈[−𝜋/2,𝜋/2)

𝜎
2
(𝜃) a (𝜃) a𝐻 (𝜃) 𝑑𝜃. (17)
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Then, letΩ = Θ; (18) can be obtained as

D ⋅ R ⋅D =
1

𝑀
∑

𝜃
𝑘
∈Θ

a (𝜃
𝑘
) a𝐻 (𝜃

𝑘
)

⋅ (∫
𝜃∈[−𝜋/2,𝜋/2)

𝜎
2
(𝜃) a (𝜃) a𝐻 (𝜃) 𝑑𝜃) ⋅

1

𝑀

⋅ ∑

𝜃
𝑖
∈Θ

a (𝜃
𝑖
) a𝐻 (𝜃

𝑖
) = ∑

𝜃
𝑘
∈Θ

∑

𝜃
𝑖
∈Θ

a (𝜃
𝑖
)

⋅ {∫
𝜃∈[−𝜋/2,𝜋/2)

𝜎
2
(𝜃) [

1

𝑀
a𝐻 (𝜃
𝑖
) a (𝜃)] ⋅ [ 1

𝑀

⋅ a𝐻 (𝜃) a (𝜃𝑘)] 𝑑𝜃} ⋅ a
𝐻
(𝜃
𝑘
) = ∑

𝜃
𝑘
∈Θ

∑

𝜃
𝑖
∈Θ

a (𝜃
𝑖
)

⋅ {∫
𝜃∈[−𝜋/2,𝜋/2)

𝜎
2
(𝜃) 𝑓 (𝜃; 𝜃𝑖) 𝑓 (𝜃𝑘; 𝜃) 𝑑𝜃} a𝐻 (𝜃

𝑘
) .

(18)

As discussed above, when 𝑀 is large enough, D ⋅ R ⋅ D is a
Hermitian matrix and can be approximated as

D ⋅ R ⋅D

≈ ∑

𝜃
𝑘
∈Θ

∑

𝜃
𝑖
∈Θ

a (𝜃
𝑖
) {∫
𝜃∈[−𝜋/2,𝜋/2)

𝛿
𝜃,𝜃
𝑖

𝛿
𝜃
𝑘
,𝜃
𝑑𝜃} a𝐻 (𝜃

𝑘
)

= ∑

𝜃
𝑘
∈Θ

𝜎
2
(𝜃
𝑘
) a (𝜃
𝑘
) a𝐻 (𝜃

𝑘
) .

(19)

In this way, the IPN covariance matrix is estimated by
the sample matrix D without calculating the spatial power
spectrum. In practice, R can be replaced by R̂

𝑥
, which yields

R̂i+n ≈ D ⋅ R̂
𝑥
⋅D.

However, when𝑀 ≪ ∞, there will be a large estimation
error, because the sampling spacing is not dense enough. For
the purpose of improving the performance, the covariance
matrix tapering technique introduced in [16] is employed.
The tapered matrix is given by R

𝑇
= R ∘T, where “∘” denotes

the Hadamard product and T is the taper matrix. Here, the
Mailloux-Zatman (MZ) taper is used, which is defined as

TMZ = [𝑎
𝑚𝑛
]
𝑀×𝑀

= [sinc((𝑚 − 𝑛) Δ

𝜋
)] , Δ > 0, (20)

where Δ corresponds to the width of the dithering area.
Hence,TMZ should be adopted to taper the sample covariance
matrix R̂

𝑥
and estimated IPN covariancematrix, respectively;

that is, the reconstruction of IPN covariance matrix can be
obtain by

R̃i+n = (D ⋅ (R̂
𝑥
∘ TMZ) ⋅D) ∘ TMZ. (21)

3.3. The Proposed Beamforming Algorithm. Based on the
discussions above, the proposed beamforming algorithm can
be summarized by the following steps.

Step 1. Construct the two subspaces V
𝑆
and E

𝑠
by eigende-

composing Casv and R̂
𝑥
, respectively. Then estimate the ASV

of DS aes using (11).

Step 2. Specify theMZ taperTMZ using (20), and constructD
by (16). Hence, the reconstruction of IPN covariance matrix
can be obtained by using (21).

Step 3. Substituting the reconstructed IPN covariancematrix
R̃i+n and estimated ASV of DS aes into the Capon beam-
former, the weight vector of the proposed approach is
computed as

w =
R̃−1i+naes (𝜃𝑠)

a𝐻es (𝜃𝑠) R̃
−1

i+naes (𝜃𝑠)
. (22)

In the proposed algorithm, the main computational
complexity lies in the eigendecomposition operation and the
matrix inversion operation, both of which have complexity
of 𝑂(𝑀3). That means the overall computational complexity
is 𝑂(𝑀3). Considering that the number of sampling points
required in (7) and (16) is reasonably much less than that
required in the beamformer in [11], the proposed beamformer
has a lower cost than that of [11]. Additionally, compared to
the existing RAB methods in [12, 13], which have complexity
equal or higher than 𝑂(𝑀

3.5
), the proposed algorithm also

avoids the need of optimization software and, thus, is easier
to apply in practice.

4. Simulations

In the simulations, without loss of generality, a ULA with
𝑀 = 30 omnidirectional sensors is considered. It is assumed
that there is oneDS from the presumed direction 𝜃

𝑠
= 5
∘. Two

uncorrelated interferences with random waveforms arrive
from DOA angles of −53∘ and 32

∘, respectively. The noise
is modeled as zero-mean and unity variance spatially and
temporally white Gaussian noise. The interference-to-noise
ratio (INR) at each sensor is set to be fixed at 30 dB. For each
scenario, 500 Monte Carlo trials are performed.

The proposed beamformer is compared to the diagonal
loading sample matrix inversion (LSMI) beamformer [20],
the ESB beamformer [8], the worst-case-based beamformer
[9], the sequential quadratic programming (SQP) based
beamformer [18], the reconstruction-based beamformer [11],
and the beamformer in [13]. The diagonal loading factor of
the LSMI beamformer is chosen as twice the noise power.
The dimension of the signal-plus-interference subspace is
assumed to be always estimated correctly for the eigenspace-
based beamformer. The value 𝜀 = 0.3𝑀 is selected for the
worst-case-based beamformer as it has been recommended
in [9], while the value 𝛿 = 0.1 and 20 dominant eigenvectors
of the matrix C are used in the SQP based beamformer.
For the proposed beamformer, the reconstruction-based
beamformer, and the beamformer in [13], the angular sector
of the DS is presumed to be Θ = [𝜃

𝑝
− 5
∘
, 𝜃
𝑝
+ 5
∘
]. In this

paper, 𝜉 = 0.95, 𝜃
0
= 0
∘, and Δ = 2 arcsin(2/𝑀) are chosen in

(11), (12), and (20), respectively.

Example 1 (mismatch due to signal direction error). The look
direction mismatch of the DS is assumed to be random and
uniformly distributed in [−4

∘
, 4
∘
] for each simulation run,



International Journal of Antennas and Propagation 5

Proposed beamformer
LSMI beamformer

Worst-case beamformer
ESB beamformer

60 800 20 40−20−80 −60 −40

DOA (∘)

−50

−40

−30

−20

−10

0

10

Be
am

 p
at

te
rn

 (d
B)

Figure 1: Comparison of the normalized beampatterns in Example 1
with SNR = 0 dB and 𝐾 = 60.

which means the mismatch changes from run to run but
keeps fixed from snapshot to snapshot.The array normalized
beam patterns for the beamformers in a single simulation run
where SNR = 0 dB and𝐾 = 60 are displayed in Figure 1. It can
be seen that, in the presence of pointing error, the proposed
beamformer and ESB beamformer are able to point the main
lobe to the actual direction, while the LSMI beamformer
and worst-case-based beamformer cannot. Furthermore, the
proposed beamformer has lower side lobes and deeper nulls
at the directions of interferences, which make the proposed
beamformer suppress the noise and interferences effectively.

Considering the influence of random look direction error
on array output SINR, the performance curves versus the
input SNR and the number of snapshots are drawn in Figures
2(a) and 2(b), respectively. The number of snapshots is fixed
to be 𝐾 = 60 and the INR is kept at 30 dB in Figure 2(a),
while a fixed SNR for the DS at 10 dB and a fixed INR at
30 dB are considered in Figure 2(b). From the results shown
in Figure 2, it can be found that the output SINR of the
proposed algorithm is closer to the optimal SINR in a large
range of SNR from −10 to 50 dB and for all values of number
of snapshots from 10 to 100, which illustrates its high dynamic
range. That means the proposed algorithm outperforms the
other tested beamformers in the scenario where only signal
direction error exists.

The SINR performance versus the pointing error is also
investigated, and the results are shown in Figure 3 with fixed
SNR and INR at 10 dB and 30 dB, respectively. It can be see
that the proposed beamformer effectively deals with a wide
range of pointing errors and achieves the best performance
among the tested beamformers even when the pointing error
is as large as ±4∘.

Table 1: Deviations from the optimal SINR for training data size of
𝐾 = 60 and INR = 30 dB.

Beamformers Deviations (dB)
at SNR = 0 dB

Deviations (dB)
at SNR = 30 dB

Proposed 1.330 1.347
LSMI 12.277 57.511
Worst-case-based 3.139 21.768
ESB 2.949 45.948
SQP 3.755 43.308
Reconstruction-based 1.081 1.083
Beamformer in [13] 3.122 39.040

Example 2 (mismatch due toASV randomerror). In this sim-
ulation example, the ASV of DS is assumed to be randomly
distributed in an uncertainty set, which can be modeled as

a (𝜃
𝑠
) = a (𝜃

𝑠
) + e, (23)

where a(𝜃
𝑠
) represents the nominal SV corresponding to the

direction 𝜃
𝑠
and e is the random error vector, which is drawn

in each simulation run independently from an uncertainty set
as follows [12]:

e = 𝜀

√𝑀

[𝑒
𝑗𝜙
0 , 𝑒
𝑗𝜙
1 , . . . , 𝑒

𝑗𝜙
𝑀−1] , (24)

where 𝜀 and 𝜙
𝑚
are uniformly distributed in the intervals

[0, √3] and [0, 2𝜋], respectively. Figures 4(a) and 4(b) cor-
respond to the performance of the investigated methods
versus the input SNR and the number of snapshots. It can
be seen from the figures that the proposed beamformer and
the reconstruction-based beamformer outperform the other
tested beamformers. Table 1 shows the deviations from the
optimal SINR for the beamformers at SNR = 0 dB and SNR =

30 dB, respectively.The performance improvement is a direct
result of the ASV estimation and DS elimination, especially
at high SNR values.

Furthermore, the proposed algorithm performs almost as
well as the reconstruction-based beamformer for the output
SINRbut enjoys a faster convergence rate because of the lower
computational cost without complex integral computation.
Since the ASV mismatch is comprehensive and arbitrary-
type, the proposed beamformer is proved to be effective
against the random error of ASV.

Example 3 (mismatch due to incoherent local scattering). In
this example, it is assumed that the desired signal has a time-
varying ASV which can be modeled as [11]

a (𝜃
𝑠
; 𝑘) = 𝑢

0 (𝑘) a (𝜃𝑠) +
4

∑

𝑝=1

𝑢


𝑝
(𝑘) a (𝜃

𝑝
) , (25)

where a(𝜃
𝑝
), without loss of generality, 𝑝 = 1, 2, 3, 4, denotes

the incoherently scattered signal paths. Assume that the
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Figure 2: Performance of the beamformers for the case of mismatch due to signal direction error. (a) Output SINR versus SNR for training
data size of𝐾 = 60 and INR = 30 dB. (b) Output SINR versus number of snapshots for fixed SNR = 10 dB and INR = 30 dB.
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Figure 3: Output SINR versus pointing error for training data size
of 𝐾 = 60 and SNR = 10 dB and INR = 30 dB.

directions 𝜃
𝑝
are randomly distributed in a Gaussian distri-

bution with mean 𝜃
𝑠
and standard deviation 2

∘; 𝑢
0
(𝑘) and

𝑢


𝑝
(𝑘) are independently and identically distributed complex

Gaussian randomvariables drawn from𝑁(0, 1)which change
from snapshot to snapshot.

In this scenario, the signal covariance matrix Rs is no
longer a rank-one matrix; thus the output SINR should be
rewritten in a more general form [9]:

SINRopt =
w𝐻Rsw
w𝐻Ri+nw

, (26)

which is maximized by [9]

wopt = 𝑃 {R−1i+nRs} , (27)

where 𝑃{⋅} denotes the same operation as in (11). Figures 5(a)
and 5(b) show the performance curves versus the input SNR
and the number of snapshots. It can be seen from the figures
that the proposed beamformer presents an effective perfor-
mance when handling incoherent local scattering. Similar to
Example 2, in detail, there is about 0.8 dB performance loss
for the proposed algorithm comparing to the reconstruction-
based beamformer. The main reason is that the DS may leak
into the complement sector Θ due to the incoherent local
scattering, which affects the accuracy of the ASV estimation.

Example 4 (impacts of some factors on performance). The
main purpose of this example is to study the impacts of some
factors on performance. 𝜉 and Δ are two main factors in the
proposed algorithm. The former affects the accuracy of the
construction of subspace in which the actual ASV a(𝜃

𝑠
) lies,

and the latter decides the choice of taper matrix which plays
a key role in the reconstruction of IPN covariance matrix.

For the purpose of studying the impacts of the two factors,
the model of the mismatch is set to be the same as the first
example. The number of snapshots is fixed to be 𝐾 = 50;
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Figure 4: Performance of the beamformers for the case of ASV random error. (a) Output SINR versus SNR for training data size of 𝐾 = 60

and INR = 30 dB. (b) Output SINR versus number of snapshots for fixed SNR = 10 dB and INR = 30 dB.
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Figure 5: Performance of the beamformers for the case of incoherent local scattering. (a) Output SINR versus SNR for training data size of
𝐾 = 60 and INR = 30 dB. (b) Output SINR versus number of snapshots for fixed SNR = 10 dB and INR = 30 dB.

the INR and SNR are kept at 20 dB and 10 dB, respectively.
The performances of the proposed algorithm versus 𝜉 and
Δ are displayed in Figures 6(a) and 6(b), respectively. From
Figure 6(a), it can be seen that the output SINR increases as
𝜉 gets larger, but the growth range is quite small. Considering

that the computational cost will not significantly increase as
𝜉 gets larger, setting 𝜉 = 0.95 in the proposed algorithm is
appropriate. Similarly, the result of the test of Δ is shown in
Figure 6(b), in which the choice of Δ = 2 arcsin(2/𝑀) can be
found near the peak of the performance curve. To ensure a
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Figure 6: Performance of the beamformers for the case of mismatch due to signal direction error. (a) Output SINR versus 𝜉. (b) Output SINR
versus Δ for training data size of𝐾 = 50 and INR = 20 dB and SNR = 10 dB.

satisfying output performance, Δ can be decided by a test for
a typical array before the algorithm operates. The procedure
is offline and will not dramatically increase the system cost.

5. Conclusion

In this paper, a novel low-complexity RAB method is pro-
posed which is easier to realize in practical situations and
more robust to the look direction mismatch than other
existing algorithms. The ASV is estimated by a closed-
form formula so as to avoid utilizing the optimization
software, and the IPN covariancematrix is reconstructed by a
sampling progress. The proposed beamformer only requires
prior knowledge of the antenna geometry and the angular
sector in which the ASV is located. Simulation results have
demonstrated that the proposed beamformer can achieve
superior performance over the existing state of the art RAB
methods. To simplify the illustration, the influence of the
element pattern, the polarization, and the mutual coupling is
not considered in this paper. However, these elements will be
investigated in the future study.
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To improve the performance of two-dimensional direction-of-arrival (2D DOA) estimation in sparse array, this paper presents a
Fixed Point Continuation Polynomial Roots (FPC-ROOT) algorithm. Firstly, a signal model for DOA estimation is established
based on matrix completion and it can be proved that the proposed model meets Null Space Property (NSP). Secondly, left and
right singular vectors of received signals matrix are achieved using the matrix completion algorithm. Finally, 2D DOA estimation
can be acquired through solving the polynomial roots. The proposed algorithm can achieve high accuracy of 2D DOA estimation
in sparse array, without solving autocorrelation matrix of received signals and scanning of two-dimensional spectral peak. Besides,
it decreases the number of antennas and lowers computational complexity and meanwhile avoids the angle ambiguity problem.
Computer simulations demonstrate that the proposed FPC-ROOT algorithm can obtain the 2DDOA estimation precisely in sparse
array.

1. Introduction

Two-dimensional direction-of-arrival (2D DOA) [1–4] esti-
mation plays an important role in array signal processing,
and it usually utilizes L-shaped arrays, planar arrays, vector
sensors, and so forth, to estimate the two-dimensional target
angle. Compared with 2D DOA estimation of other arrays
[5, 6], 2D DOA estimation of planar array is asymptotically
unbiased where the target position can be determined pre-
cisely without the problem of angle ambiguity. Moreover, the
phased-array radar in the planar array can utilize waveform
diversity which makes it suitable for multiple targets and
complex environments with enhanced performance of target
recognition and target tracking. However, the planar array
requires a large amount of array elements which results in
tremendous demands of hardware equipment and increases
the complexity and cost of design. Comparatively, the sparse
array needs only a quite smaller number of elements, so it is a
feasible remedy for the abovementioned problems, whereas,
in this case, the problem of substantially rising average side
lobes occurs, which accounts for its uncommon applications
so far. Paper [5] lowers computational complexity of DOA
estimation by introducing a preprocessing transformation

matrix but has poor performance in sparse array. Paper [7]
achieves high-resolution DOA estimation in sparse array;
however, it only works in uniform linear array (ULA).

Matrix completion [8–10] is an extension of compressive
sensing (CS) [11, 12] and has been widely applied to image
processing, remote sensing, and many other engineering
fields [13, 14]. On the basis of low-rank matrix, matrix
completion can recover the full matrix from an incomplete
set of matrix entries with high probability by solving nuclear-
norm optimization. Paper [15] proposed a fixed point and
Bregman iterative methods for matrix rank minimization,
which is a very fast, robust, and powerful algorithm. Paper
[16] introduces a particularly simple yet highly efficient
alternating projection algorithm and this algorithm is able to
recover matrix from the minimum number of measurements
necessary. Paper [17] provides a necessary and sufficient con-
dition that quantifies when this heuristic successfully finds
the minimum rank solution of a linear constraint set. The
sparse received signal can be recovered to the full received
signal by matrix completion, so that matrix completion has
been applied to DOA estimation [14, 18].

This study proposes a Fixed Point Continuation Polyno-
mial Roots (FPC-ROOT) algorithm.The proposed algorithm
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Figure 1: The uniform rectangular array.

establishes a signal model of matrix completion for 2D DOA
estimation based on low-rank property of target in two-
dimensional space domain, which turns out to meet the
Null Space Property (NSP) and ensure the feasibility of
2D DOA estimation via matrix completion. By contrast to
conventional algorithms, the proposed algorithm obtains left
and right singular vectors of received signal matrix directly
from the output of matrix completion algorithm instead of
eigendecomposing autocorrelation matrix of received signal,
for the benefit of lower dimensions. Besides, the proposed
algorithm can avoid scanning of the 2D spectral peak by
solving the polynomial roots, which reduces the computa-
tional complexity. In addition, it can estimate target angle
accurately with less number of array units by adoptingmatrix
completion.

2. Signal Model in Sparse Array

2.1.The SignalModel of 2DDOAEstimation. Suppose that the
uniform rectangular array (URA) [3] is depicted in Figure 1.
𝑀
𝑥
and𝑀

𝑦
are the number of elements in 𝑥-direction and 𝑦-

direction, respectively. The corresponding element spacing is
𝑑
𝑥
and 𝑑

𝑦
.

Assume that there are multiple targets in the space. The
number of snapshots is 𝑊 and the number of targets is 𝑘,
where the waveform of the 𝑖th (𝑖 = 1, 2, . . . , 𝑘) target is 𝑠

𝑖
(𝑡)

and 𝑡 = 1, 2, . . . ,𝑊.The target angles are (𝜙
𝑖
, 𝜃
𝑖
), where 𝜙

𝑖
and

𝜃
𝑖
express the elevation and azimuth angles of the 𝑖th target,

respectively. Suppose the uncorrelated narrow-band signals
are received in far field [19]; thus, the received signal of𝑀

𝑥

elements in 𝑥-direction can be written as

𝐿
𝑥
(𝑡) = 𝐴

𝑥
𝑆 (𝑡) + 𝑁

𝑥
(𝑡) , (1)

where 𝑆(𝑡) = diag(𝑠
𝑖
(𝑡)) is a diagonal matrix of 𝑘 × 𝑘

dimensions, the first 𝑘 elements of 𝑠
𝑖
(𝑡) are nonzero which

correspond to 𝑘 targets, and 𝑁
𝑥
(𝑡) is the noise vector of the

array. 𝐴
𝑥
is a𝑀

𝑥
× 𝑘 dimensional steering vector, which can

be given by

𝐴
𝑥
= [𝑎
𝑥
(𝜙
1
, 𝜃
1
) , 𝑎
𝑥
(𝜙
2
, 𝜃
2
) , . . . , 𝑎

𝑥
(𝜙
𝑘
, 𝜃
𝑘
)] . (2)

Assume the wavelength of received signal is 𝜆; then, 𝑎
𝑥
(𝜙
𝑖
, 𝜃
𝑖
)

is

[𝑎
𝑥
(𝜙
𝑖
, 𝜃
𝑖
)]
𝑚
𝑥

= 𝑒
𝑗(2𝜋/𝜆)𝑑

𝑥
sin(𝜃
𝑖
) cos(𝜙

𝑖
)(𝑚
𝑥
−1)

,

𝑚
𝑥
= 1, 2, . . . ,𝑀

𝑥
.

(3)

Similarly, the received signal of𝑀
𝑦
elements in 𝑦-direction

can be represented as

𝐿
𝑦
(𝑡) = 𝐴

𝑦
𝑆 (𝑡) + 𝑁

𝑦
(𝑡) , (4)

where 𝑁
𝑦
(𝑡) is the noise vector of the array. 𝐴

𝑦
is 𝑀
𝑦
× 𝑘

dimensional steering vector, which can be denoted as

𝐴
𝑦
= [𝑎
𝑦
(𝜙
1
, 𝜃
1
) , 𝑎
𝑦
(𝜙
2
, 𝜃
2
) , . . . , 𝑎

𝑦
(𝜙
𝑘
, 𝜃
𝑘
)] , (5)

where 𝑎
𝑦
(𝜙
𝑖
, 𝜃
𝑖
) is defined as

[𝑎
𝑦
(𝜙
𝑖
, 𝜃
𝑖
)]
𝑚
𝑦

= 𝑒
𝑗(2𝜋/𝜆)𝑑

𝑦
sin(𝜃
𝑖
) sin(𝜙

𝑖
)(𝑚
𝑦
−1)

,

𝑚
𝑦
= 1, 2, . . . ,𝑀

𝑦
.

(6)

In conclusion, the received signal model of full array is
demonstrated as

𝑋 (𝑡) = 𝐴
𝑥
𝑆 (𝑡) 𝐴

𝑇

𝑦
+ 𝑁
𝑅
(𝑡) , 𝑡 = 1, . . . , 𝑁. (7)

When the power of noise matrix 𝑁
𝑅
(𝑡) is much smaller

than the signal power, we can get that rank(𝑋(𝑡)) ≤

rank(𝑆(𝑡)) = 𝑘; in other words, matrix 𝑋(𝑡) is low-rank
[10]. And matrix in (7) is consistent with strong incoherence
property [15], so it can be recovered precisely with high
probability via matrix completion.

2.2. Matrix Completion. With regard to the sparsity of sig-
nals, CS can sample signals at far lower sampling frequency
thanNyquist sampling frequency andmeanwhile reconstruct
original signals precisely. In CS, the target to be recovered is
a vector; however, on some practical occasions, it normally
refers to a matrix and is sensitive to data missing, data
corruption, and so on.

Matrix completion is an extension of CS. CS exploits the
sparsity of signals; nevertheless, matrix completion utilizes
the sparsity of matrix singular values, namely, the low-rank
property, and reconstructs full matrix by solving nuclear-
norm optimization.

Suppose𝑀 ∈ 𝑅
𝑛×𝑛 is an original low-rank matrix, where

rank(𝑀) = 𝑟, 𝑟 ≪ 𝑛. Matrix completion refers to recovering
the whole elements of matrix𝑀 from its partial elements. Let
the available entries of matrix be {𝑀

𝑖𝑗
, (𝑖, 𝑗) ∈ Ω}, where Ω

is a random sampled subset of the whole elements; then, the
matrix completion can be denoted as [10]

min ‖𝑋‖
∗
,

s.t. 𝑋
𝑖𝑗
= 𝑀
𝑖𝑗
, (𝑖, 𝑗) ∈ Ω,

(8)

where matrix 𝑋 is the estimated value of matrix 𝑀; ‖𝑋‖
∗

represents the nuclear norm of the matrix𝑋.
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2.3. The Sparse Array Model. We sample elements fromURA
at random. Let the number of sampled elements be 𝑚 with
the corresponding element positions unchanged and the
unsampled units removed; thus, a new sparse array is set
up. To recover matrix precisely via matrix completion, the
required number of samples is𝑚 ≥ 𝑟(𝑛

1
+ 𝑛
2
− 𝑟) [10], while

𝑛
1
, 𝑛
2
are the numbers of rows and columns of thematrix, and

𝑟 is the rank of thematrix. Suppose the received signal matrix
in sparse array is𝑋

𝑠
(𝑡); then,𝑋

𝑠
(𝑡) is related to𝑋(𝑡) by

𝑋
𝑠
(𝑡)
𝑖𝑗
= 𝑋 (𝑡)

𝑖𝑗
, (𝑖, 𝑗) ∈ Ω,

𝑋
𝑠
(𝑡)
𝑖𝑗
= 0, (𝑖, 𝑗) ∉ Ω,

(9)

whereΩ is the set of element positions in sparse array.

3. The Proposed Algorithm

3.1.The SignalModel for 2D-DOAEstimation Based onMatrix
Completion. According to (7), the received signalmatrix𝑋(𝑡)
in URA is low-rank. Regard𝑋

𝑅
(𝑡) as the recovered matrix by

matrix completion, so it can be deduced that

min 𝑋𝑅 (𝑡)
∗

s.t. 𝑋
𝑅
(𝑡)
𝑖𝑗
= 𝑋
𝑠
(𝑡)
𝑖𝑗
, (𝑖, 𝑗) ∈ Ω.

(10)

If a signalmodelmeetsNSP, the rankminimization of this
model is equivalent to its nuclear-normminimization [13]. So
we introduce the projection 𝑃

Ω
as follows:

𝑃
Ω
(𝑀) =

{

{

{

𝑀
𝑖𝑗
, (𝑖, 𝑗) ∈ Ω

0, (𝑖, 𝑗) ∉ Ω.

(11)

From (11), we can see that (10) can be expressed as

min 𝑋𝑅 (𝑡)
∗
,

s.t. 𝑃
Ω
(𝑋
𝑅
(𝑡)) = 𝑃

Ω
(𝑋
𝑠
(𝑡)) ,

(12)

where 𝑋
𝑅
(𝑡) is the estimated matrix. The null space of

projection 𝑃
Ω
is

Null (𝑃
Ω
) = {𝑀 ∈ 𝑅

𝑛
1
×𝑛
2 : 𝑃
Ω
(𝑀) = 0} . (13)

According to NSP, we are unable to recover a matrix if it
belongs to the null space of projection 𝑃

Ω
. From (4), we can

get that

[𝑎
𝑥
(𝜙
𝑖
, 𝜃
𝑖
)]
𝑚
𝑥

= 𝑒
𝑗(2𝜋/𝜆)𝑑

𝑥
sin(𝜃
𝑖
) cos(𝜙

𝑖
)(𝑚
𝑥
−1)

̸= 0,

𝑚
𝑥
= 1, 2, . . . ,𝑀

𝑥
.

(14)

In (7), the arbitrary elements of𝐴
𝑥
and 𝐴

𝑦
are both nonzero

and the first 𝑘 elements in 𝑠
𝑖
(𝑡) are nonzero, so the diagonal

elements of 𝑘 × 𝑘 dimensional diagonal matrix are nonzero.
Arbitrary elements of 𝑋(𝑡) are nonzero based on matrix
multiplication property. Therefore, it can be concluded that
whichever sampling operator is selected, there is always
𝑃
Ω
(𝑋(𝑡)) ̸= 0; in other words, 𝑃

Ω
(𝑋(𝑡)) ∉ Null(𝑃

Ω
), which

meets the Null Space Property.

3.2. The FPC-ROOT Algorithm. Suppose svd(𝑋
𝑅
(𝑡)) = 𝑈Σ𝑉

and matrices 𝑈 and 𝑉 are the left and right singular value
matrix of 𝑋

𝑅
(𝑡). FPC-ROOT algorithm can obtain 𝑈 and 𝑉

directly bymatrix completion based on the low-rankproperty
of 𝑋(𝑡) and realizes 2D DOA estimation by computing the
polynomial roots.

Firstly, to solve problem (12), we achieve the left and
right singular value matrices 𝑈 and 𝑉 of estimated value
𝑋
𝑅
(𝑡) in full array by FPC algorithm. And then, we solve the

autocorrelation matrix of received signal𝑋(𝑡) in full array, so
the eigendecomposition of the autocorrelation matrix is

𝑅
𝑋
= 𝑋 (𝑡)𝑋 (𝑡)

𝐻

= 𝐴
𝑥
𝑆 (𝑡) 𝐴

𝑇

𝑦
𝐴
∗

𝑦
𝑆 (𝑡)
∗

𝐴
𝐻

𝑥
+ 𝑁
𝑚1

= 𝐴
𝑥
𝑅
𝑚1
𝐴
𝐻

𝑥
+ 𝑁
𝑚1
= 𝑈
𝑆
Σ
𝑆
𝑈
𝐻

𝑆
+ 𝑈
𝑁
Σ
𝑁
𝑈
𝐻

𝑁
,

(15)

where 𝑡 = 1, . . . ,𝑊, 𝑋(𝑡)𝐻 is the conjugate transpose matrix
of 𝑋(𝑡), 𝑈

𝑆
is the signal subspace, 𝑈

𝑁
is the noise subspace,

and 𝑅
𝑚1

is

𝑅
𝑚1
= 𝑆 (𝑡) 𝐴

𝑇

𝑦
𝐴
∗

𝑦
𝑆 (𝑡)
∗

. (16)

And𝑁
𝑚1

in (15) can be expressed as

𝑁
𝑚1
= 𝐴
𝑥
𝑆 (𝑡) 𝐴

𝑇

𝑦
𝑁
𝑅
(𝑡)
𝐻

+ 𝑁
𝑅
(𝑡) 𝐴
∗

𝑦
𝑆 (𝑡)
∗

𝐴
𝐻

𝑥

+ 𝑁
𝑅
(𝑡)𝑁
𝑅
(𝑡)
𝐻

.

(17)

It is obvious that the spanned subspaces of 𝐴
𝑥
and 𝑈

𝑆
are

identical.We solve the conjugate transpose of autocorrelation
matrix 𝑅

𝑋
and then it can be concluded that

𝑅
𝐻

𝑋
= 𝑋 (𝑡)

𝐻

𝑋 (𝑡) = 𝐴
∗

𝑦
𝑆 (𝑡)
∗

𝐴
𝐻

𝑥
𝐴
𝑥
𝑆 (𝑡) 𝐴

𝑇

𝑦
+ 𝑁
𝑚2

= 𝐴
∗

𝑦
𝑅
𝑚2
𝐴
𝑇

𝑦
+ 𝑁
𝑚2
= 𝑉
𝑆
Σ
𝑆
𝑉
𝐻

𝑆
+ 𝑉
𝑁
Σ
𝑁
𝑉
𝐻

𝑁
,

(18)

where 𝑡 = 1, . . . , 𝑁, and similarly 𝑅
𝑚2

is

𝑅
𝑚2
= 𝑆 (𝑡)

∗

𝐴
𝐻

𝑥
𝐴
𝑥
𝑆 (𝑡) (19)

𝑁
𝑚2

can be expressed as

𝑁
𝑚2
= 𝐴
∗

𝑦
𝑆 (𝑡)
∗

𝐴
𝐻

𝑥
𝑁
𝑅
(𝑡) + 𝑁

𝑅
(𝑡)
𝐻

𝐴
𝑥
𝑆 (𝑡) 𝐴

𝑇

𝑦

+ 𝑁
𝑅
(𝑡)
𝐻

𝑁
𝑅
(𝑡) .

(20)

So the space spanned by 𝐴∗
𝑦
is the same as the space spanned

by 𝑉
𝑆
.

Based on singular value decomposition, it is easy to know
that left and right singular value matrices𝑈 and𝑉 are related
to the eigendecomposition of autocorrelation matrix 𝑅

𝑋
by

𝑈 = 𝑈
𝑆
+ 𝑈
𝑁
,

𝑉 = 𝑉
𝑆
+ 𝑉
𝑁
.

(21)

So the left and right singular vectors of received signal
matrix can be obtained directly from the output of matrix
completion algorithm instead of eigendecomposing autocor-
relationmatrix of received signal and the computational com-
plexity of the proposed algorithm obtained a corresponding
reduction.
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Consider a polynomial as

𝑓 (𝑧) = 𝑢
𝐻

𝑙
𝑝 (𝑧) (𝑙 = 𝑘 + 1, 𝑘 + 2, . . . , 𝑁) , (22)

where 𝑢
𝑙
is the 𝑙th eigenvector of matrix 𝑅

𝑋
and 𝑝(𝑧) =

[1, 𝑧, . . . , 𝑧
𝑁−1

]
𝑇. It can be deduced that the corresponding

ROOT-MUSIC polynomial is

𝑓
𝑥
(𝑧) = 𝑧

𝑁−1

𝑝
𝑇

(𝑧
−1

)𝑈
𝑁
𝑈
𝐻

𝑁
𝑝 (𝑧) . (23)

By solving the polynomial roots, the proposed algorithm
can avoid scanning of the 2D spectral peak. Taking use of the
orthogonality of signal subspace, the above equation can be
converted to

𝑃
𝑥
(𝑧) = 𝑧

𝑁−1

𝑝
𝑇

(𝑧
−1

) (𝐼 − 𝑈
𝑆
𝑈
𝐻

𝑆
) 𝑝 (𝑧) . (24)

The dimensionality of 𝑈
𝑆
is smaller than 𝑈

𝑁
; hence, the

proposed algorithm effectively reduced the computational
complexity by reducing the dimension of the subspace
matrix. Then, the vector corresponding to the roots of
polynomial is

𝑧
𝑥
= [exp(

𝑗2𝜋𝑑
𝑥
cos𝜙
1
sin 𝜃
1

𝜆
) , . . . ,

exp(
𝑗2𝜋𝑑
𝑥
cos𝜙
𝑘
sin 𝜃
𝑘

𝜆
)] .

(25)

Thus,

𝑟
𝑥
= [cos𝜙

1
sin 𝜃
1
, . . . , cos𝜙

𝑘
sin 𝜃
𝑘
] . (26)

Similarly, it can be obtained that

𝑟
𝑦
= [sin𝜙

1
sin 𝜃
1
, . . . , sin𝜙

𝑘
sin 𝜃
𝑘
] . (27)

Hence, the estimated angles of targets are

[𝜃
1
, 𝜃
2
, . . . , 𝜃

𝑘
] = arcsin√𝑟2

𝑥
+ 𝑟2
𝑦

[𝜙
1
, 𝜙
2
, . . . , 𝜙

𝑘
] = arctan(

𝑟
𝑥

𝑟
𝑦

) .

(28)

In summary, the proposed FPC-ROOT algorithm in this
paper can be programmed as follows.

Fixed Point Continuation Polynomial
Roots (FPC-ROOT) Algorithm

Initialize. Given 𝑋
𝑠
(𝑡), the projection 𝑃

Ω
is corre-

sponding to element positions in the sparse array:

(1) Solve (12) to get left and right singular value
matrices 𝑈

𝑆
and 𝑉

𝑆
.

(2) Construct the polynomial roots (24).
(3) Solve (24) to get

𝑟
𝑥
= [cos𝜙

1
sin 𝜃
1
, . . . , cos𝜙

𝑘
sin 𝜃
𝑘
] ,

𝑟
𝑦
= [sin𝜙

1
sin 𝜃
1
, . . . , sin𝜙

𝑘
sin 𝜃
𝑘
] .

(29)

(4) Determine the targets angles

[𝜃
1
, 𝜃
2
, . . . , 𝜃

𝑘
] = arcsin√𝑟2

𝑥
+ 𝑟2
𝑦
,

[𝜙
1
, 𝜙
2
, . . . , 𝜙

𝑘
] = arctan(

𝑟
𝑥

𝑟
𝑦

) .

(30)

End.

3.3. Dimensionality Reduction. In normal 2D-DOA estima-
tion, DOA estimation is achieved through autocorrelation
matrix of a vector which is transformed from the signal
matrix. Suppose the signal matrix is 𝑀

𝑥
× 𝑀
𝑦
, so the

dimension of the transformed vector is𝑀
𝑥
𝑀
𝑦
× 1; then, the

dimension of the autocorrelation matrix is𝑀
𝑥
𝑀
𝑦
× 𝑀
𝑥
𝑀
𝑦
.

In the proposed method, we obtain left and right singular
vector directly from the signal matrix, avoiding solving the
autocorrelationmatrix, greatly reducing the dimension of the
target matrix.

4. Simulations

In this section, several simulations for 2D DOA estimation
are conducted to demonstrate the feasibility and effectiveness
of the proposed algorithm in sparse array. In these experi-
ments, we sample 1200 elements from full array at random to
formulate a sparse array. The full array is an URA of 64 × 64
elements, where the total number of elements is 𝑚 = 4096
and the corresponding element spacing in 𝑥-direction and 𝑦-
direction is 𝑑

𝑥
= 𝑑
𝑦
= 𝜆/2.

In the first examples, 2D DOA estimation of sparse array
is shown. Let three targets be in the space domain, whose
elevation and azimuth angles of 2D-DOA are (10∘, 15∘),
(20
∘

, 25
∘

), and (30∘, 35∘), respectively, and input signal-to-
noise ratio (SNR) is 20 dB. Let the number of snapshots be
50. Suppose the received signals are narrow-band in far field
and the signal sources are uncorrelated; then, 100 experiment
results of 2D-DOA estimation by FPC-ROOT algorithm are
depicted in Figure 2. The proposed algorithm samples 1200
elements to construct a sparse array; in other words, 70%
units are removed from full array. From Figure 2, it can be
seen that the targets’ angles can be achieved precisely by the
proposed algorithm in sparse array.

In the second experiment, recovery errors by matrix
completion in sparse array with different SNR are examined.
We recover a full matrix from a sparse matrix using FPC
algorithm. Suppose the full matrix is 𝑀 and the recovered
matrix is 𝑋; then, the measurement criterion of recovery
errors by matrix completion is ‖𝑀 − 𝑋‖

2
/‖𝑀‖
2
. Figure 3

illustrates the variation of recovery errors by matrix comple-
tion with different SNR when the numbers of sparse array
elements are 900, 1200, and 1500, respectively. It can be
deduced easily from this experiment that recovery errors by
FPC algorithm are inversely proportional to SNR. The larger
the SNR is, the more similar the matrix 𝑀 is to low-rank
matrix. Simultaneously, the more elements the sparse array
has, the closer the recovered signals are to the full array and
the smaller the corresponding recovery errors are.
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Figure 3: Recovery errors by matrix completion with different
elements and SNR.

In the third experiment, root mean square error (RMSE)
of 2D DOA estimation based on matrix completion is dis-
cussed. When 500 Monte Carlo simulations are performed,
Figure 4 exhibits RMSE with different SNR via various
algorithms. When the SNR is high, the recovery of matrix
completion has a high precision, so the RMSE of DOA
estimation is decreased. And it is evident that the proposed
algorithmhas higher accuracy for both elevation and azimuth
angles estimation than 2D-MUSIC algorithms.

In the last experiment, RMSE by FPC-ROOT algorithm
with different SNR and elements is demonstrated. Let the
number of snapshots be 50 and let 500 Monte Carlo experi-
ments be implemented. Figure 5 shows RMSE by FPC-ROOT
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Figure 4: RMSE of 2D DOA estimation based on matrix comple-
tion.
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Figure 5: RMSE versus SNR with different elements by FPC-ROOT
algorithm.

algorithmwhen SNR and the number of elements vary. As the
recovery errors by FPC algorithm are inversely proportional
to SNR, the RMSE of DOA estimation is decreased at high
SNR. From this simulation, it can be concluded that the esti-
mation accuracy by FPC-ROOT algorithm is proportional to
the number of elements.
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5. Conclusion

In this paper, a FPC-ROOT algorithm is proposed based on
matrix completion, which can achieve high accuracy of 2D
DOA estimation with reduced antenna units. The proposed
algorithm obtains left and right singular vectors of received
signal by the output of matrix completion algorithm directly
instead of eigendecomposing the autocorrelation matrix of
received signal, for the benefit of lower dimensions. Besides,
by computing polynomial roots, the proposed algorithm can
avoid the scanning of two-dimensional spectral peak, which
cuts down the computational complexity.
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The microstrip reflectarray antenna is an attractive directional antenna combining advantages of both the reflector and the
microstrip array antenna. For the design of this kind of antenna, the conventional method, which is based on the reflection phase
curve, may not be effective because of the approximations made in the design procedure. The common optimization method that
employs an optimization algorithm in conjunction with the full-wave simulation to optimize the antennas’ structural parameters
is able to achieve better performances in comparison with the conventional method; but it is impractical for large-scale microstrip
reflectarray antennas due to too many structural parameters from variable reflection elements. To tackle the design problem of the
microstrip reflectarray antenna, a new method is proposed for the first time. It optimizes the reflection phase curve rather than
the structural parameters and then utilizes the optimized reflection phase curve to design the antenna. A microstrip reflectarray
antennaworking at 5.8 GHz andwith a fixed size of 300mm× 300mm is designed for high gain as a sample design.The results show
that the proposed method has greatly improved the antenna’s gain over 2.2 dB (from 19.7 dBi to 21.9 dBi) in comparison with the
conventional design method, and it only needs to optimize 6 structural parameters, in contrast to 22 for the common optimization
method.

1. Introduction

The microstrip reflectarray antenna proposed by Malagisi
[1] has raised significant interest in the high-gain antenna
field, due to its salient features combining some of the best
features of reflector and array antennas [2]. It provides an
attractive alternative to conventional directive antennas and
has been widely applied in many fields recently, for example,
direct broadcast satellite (DBS), space telemetry, and radar
applications [3–5].

A microstrip reflectarray antenna usually consists of a
feed source and a reflector. The feed source is an antenna
placed at a certain distance from the reflector, and the
reflector is an array of microstrip patches and/or slots etched
on a grounded dielectric substrate. Microwave energy is
emitted from the feed source and scattered by the reflector.
Elements in the reflector are designed to generate proper
phase compensations associated with the path lengths from
the feed source so that a planar phase surface is formed in

front of the aperture of the antenna, and in this way the
directional radiation propertywith high gain can be achieved.

The conventional design method for the microstrip
reflectarray antenna contains the following major steps:
analyzing the phase characteristics of the reflection ele-
ments using numerical simulations to obtain a reflection
phase curve, which describes the one-to-one correspondence
between the phase compensation and a structural parameter
that controls the elements’ reflection phase; calculating the
required phase compensation for each reflection element
according to the distance and the relative location between
the reflection element and the feeding source; and finally
determining the structural parameters of the reflection ele-
ments based on the reflection phase curve and the required
phase compensation [2, 6–8].

This conventional design method is simple and has been
adopted for most microstrip reflectarray antennas. However,
its design may not be an optimum one because of the
approximations made in the design procedure as described
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as follows. The reflection phase curve is obtained under
the assumption of a normal incidence [9], but actually the
incident angle may vary and the reflection phase curves are
different with different incident angles [10]. The feed source
and the reflection elements are considered as sizeless points in
the calculation of the path length for determining the phase
compensation [2]. The coupling effect between the reflection
elements is ignored in the design procedure but it actually
may not be negligible when the distance between patch edges
is small (e.g., less than a quarter wavelength) [2, 11]. The field
diffracted by the reflector’s edges, the shielding effect of the
feed source, and the support frame are not taken into account
in the design procedure [2, 12]. Those approximations may
bring forth errors in the design and subsequently deteriorate
the performances of the antennas designed.

A widely used method for antenna design employs an
optimization algorithm such as the genetic algorithm (GA)
in conjunction with the full-wave simulation to optimize
the antenna’s structural parameters [13–16]. The optimiza-
tion algorithm enables design of antennas with optimum
performance, and the full-wave simulation allows taking
all the involved effects into account without the above-
mentioned approximations. This method was employed in
the authors’ previous work [17] to design a microstrip reflec-
tarray antenna consisting of 7 × 7 reflection elements, and
encouraging results were achieved; for example, the antenna’s
gain has been considerably improved over 1.4 dBi (from
18.1 dBi to 19.5 dBi) in comparison with the conventional
design method.

However, the aforementioned common optimization
method is impractical for a large-scale microstrip reflectarray
because its large number of structural parameters deriving
from its variable reflection elements would result in toomany
unknown parameters needed in the optimization. Taking
the microstrip reflectarray studied in [17] as an example,
the number of the unknown structural parameters is 10 for
the antenna containing 7 × 7 reflection elements, but it will
become 27 if the quantity of the reflection elements rises
to 13 × 13. In practical applications, microstrip reflectarray
antennas are usually ofmuchmore reflection elements, which
would result in not only a huge computation burden but also
a difficulty of achieving good results using an optimization
algorithm.That is why very little work published in literature
has employed the optimizationmethod to design amicrostrip
reflectarray antenna.

To solve the design problem of microstrip reflectarray
antennas, this paper proposes a novelmethod,which employs
an optimization algorithm in conjunction with the full-wave
simulation to optimize the reflection phase curve rather than
the structural parameters and then uses the optimized reflec-
tion phase curve to design a microstrip reflectarray antenna.
This method is able to make full use of the advantages of the
optimization algorithm and the full-wave simulation so as to
achieve better design in comparison with the conventional
method. Meanwhile, it can reduce the number of unknown
parameters needed in the optimization to a low level and
thus possesses the capacity of effectively designing large-scale
microstrip reflectarray antennas.

The other sections of this paper are organized as the fol-
lows. Section 2 introduces the configuration of themicrostrip
reflectarray antenna to be designed in this work. The con-
ventional design method is described and its design results
are given in Section 3. The principle and procedure of the
proposed design method are presented in Section 4. Finally,
in Section 5, conclusions are drawn.

2. Antenna Configuration

To validate the proposed design method, it is employed to
design a sample 300mm × 300mm microstrip reflectarray
antenna operating at 5.8 GHz with high gain and end-fire
property (i.e., the main beam of the antenna is set to be
perpendicular to the reflector). As illustrated in Figure 1(a),
the feed source of the antenna is a rectangular patch
antenna, whose configuration and parameters are shown in
Figure 1(b). It is propped by three metal sticks and placed
at a distance of ℎ

1
from the reflector. The reflector consists

of a metal ground fabricated by an aluminum board with
thickness of 4.0mm and a printed circuit board (PCB) with
relative dielectric constant 𝜀

𝑟
= 2.65 and thickness ℎ

2
=

1mm.The PCB and the metal ground are separated by an air
layer with thickness ℎ

3
.

As illustrated in Figure 1(c), various reflection elements
are etched on the PCB. Because of the geometrical symmetry
and the antenna’s end-fire property, the reflection elements
whose distances to the center of the reflector are equal should
be of the same reflection phase and thus the same structural
parameters. Hence, the reflection elements can be indexed
from 1 to 𝑛 according to their distance to the center where
𝑛 is the quantity of groups of the elements with different
dimensions, as illustrated in Figure 1(c).

As shown in Figure 1(d), each element contains a square
patch with a side length 𝐿

1
as well as a square ring with an

outer side length𝐿
2
and thickness𝑊, and it occupies a square

area 𝐿∗𝐿. To simplify the structure of the reflection element,
in this work, 𝐿

1
and 𝑊 are taken as 𝐿

1
(𝑖) = 𝑘

1
∗ 𝐿
2
(𝑖)

and 𝑊(𝑖) = 𝑘
2
∗ 𝐿
2
(𝑖), where 𝑘

1
and 𝑘

2
are two constant

coefficients and 𝑖 is the index number of the element.Thus, for
a reflection element, among its structural parameters 𝐿

1
, 𝐿
2
,

and𝑊, only one of them is independent from the others. In
this work, 𝐿

2
is selected to represent the element dimension.

3. Design Using the Conventional
Design Method

To provide a benchmark for comparison with and an initial
design for the proposed method, the conventional design
method is employed to design the microstrip reflectarray
antenna introduced in the last section.

The side length 𝐿 of the square area occupied by a
reflection element, which is also the distance between the
adjacent element centers, is set to be 0.6𝜆, where 𝜆 is the
free-spacewavelength at theworking frequency 5.8GHz.This
setting can help to avoid the appearance of grating lobes to a
certain extent [2]. For a reflectarray antenna, the distance ℎ

1

is required to be large enough so that the incident wave to
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Figure 1:The configuration of the microstrip reflectarray antenna: (a) side view of the reflectarray antenna; (b) top view of the patch antenna;
(c) top view of the reflector; (d) configuration of a reflection element.

the reflection elements can be approximated as a plane wave
[10, 18], but ℎ

1
cannot be too large in order to ensure that the

reflector covers at least the main lobe of the feed source. As a
compromise, ℎ

1
is set to be 100mm in this work.

The reflection phase curve plays a key role in the
conventional method for designing a microstrip reflectar-
ray antenna. To compensate various phases, the reflection
phase curve should cover a phase range of 360 degrees,

and meanwhile the curve should be monotonically smooth
in order to reduce the fabrication sensitivity [2]. After a
serial of parameter sweeps using the full-wave simulation
and employing the method presented in [9] for analyzing
the reflection characteristics of the reflection elements, a
monotonically smooth reflection phase curve is derived and
presented in Figure 2 for 𝑘

1
= 0.5, 𝑘

2
= 0.15, and

ℎ
3
= 12mm. In this work, the full-wave simulation is



4 International Journal of Antennas and Propagation

5 10 15 20 25 300
L2 (mm)

−500

−400

−300

−200

−100

0

Re
fle

ct
io

n 
ph

as
e (

∘
)

Figure 2: The reflection phase versus the square ring outer length
𝐿
2
.

conducted by employing the popular commercial software
CST MICROWAVE STUDIO (MWS) based on the finite
integration technique (FIT).

Then, the required phase compensation for each reflec-
tion element is calculated using the equation [13]

𝜙
𝑖
= 𝑘 (𝑅

𝑖
−
→ri ⋅
→r0) , (1)

where 𝑘 is the propagation constant in vacuum,which is equal
to 2𝜋/𝜆; 𝑅

𝑖
is the distance from the phase center of the feed

source to 𝑖th element; →ri is the vector from the center of the
reflectarray to the element; and →r0 is the unit vector in the
main beam direction.

In this work, the main beam of the antenna is set to be
perpendicular to the reflector so that the angle between →ri
and→r0 is 90 degrees making the dot product →ri ⋅

→r0 zero.Then,
(1) is simplified to

𝜙
𝑖
= 𝑘𝑅
𝑖
. (2)

Because the size of the reflector is fixed to be 300mm ×
300mm and the element spacing 𝐿 is 0.6𝜆 ≈ 31mm, the
reflector can only contain a maximum of 9 × 9 reflection
elements. The reflection elements have 15 different sizes.
According to (2), the required reflection phase for those
elements are (in degree) −24, −351.3, −319.9, −260.8, −232.8,
−153.9, −129, −104.8, −35.5, −289.3, −330.5, −309.7, −249.4,
−155.2, and −33.8, respectively. By referring to the reflection
phase curve in Figure 2, the square ring outer length 𝐿

2
(𝑖) can

be determined as follows (in mm): 𝐿
2
(1) = 23.22, 𝐿

2
(2) =

22.17, 𝐿
2
(3) = 21.24, 𝐿

2
(4) = 19.35, 𝐿

2
(5) = 18.3, 𝐿

2
(6) =

14.82, 𝐿
2
(7) = 13.68, 𝐿

2
(8) = 12.48, 𝐿

2
(9) = 23.61, 𝐿

2
(10) =

20.28, 𝐿
2
(11) = 21.54, 𝐿

2
(12) = 20.91, 𝐿

2
(13) = 18.93,

𝐿
2
(14) = 14.88, and 𝐿

2
(15) = 23.55.

For this microstrip reflectarray designed using the con-
ventional method, its characteristics are simulated by CST
and shown in Figures 3 and 4. One observes from Figure 3

Simulated
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Figure 3: Simulated |𝑆
11
| for the microstrip reflectarray designed by

the conventional method.

that the simulated |𝑆
11
| is −18.4 dB at the working frequency

of 5.8 GHz and |𝑆
11
| < −10 dB impedance bandwidth is about

2.2% (from5.75GHz to 5.88GHz) andFigure 4 illustrates that
the antenna has good end-fire property at 5.8 GHz, its gain is
19.7 dBi, and side-lobes are about 12.3 dB below themain lobe.

It is worth noting from the simulation results that the
three metal sticks have very strong effect on the antenna’s
radiation properties. But the conventional design method
cannot take into consideration the shielding effect of the
metal sticks and just simply ignored it. According to the CST
simulation, the gain of this antenna should go up to 21.5 dBi,
1.8 dB over the gain of 19.7 dB, if the three metal sticks are
taken away. This is a good example demonstrating the defect
of the conventional design method.

4. The Proposed Design Method by Optimizing
the Reflection Phase Curve

4.1. Principle of the Proposed Design Method. As discussed
above, for the microstrip reflectarray antenna, the conven-
tional designmethodmay not be effective due to the approxi-
mationsmade in the design procedure. But the commonopti-
mization method, which employs an optimization algorithm
in conjunction with the full-wave simulation to optimize
antennas’ structural parameters, is impractical for large-
scale microstrip reflectarray antennas because of too many
unknown parameters from various elements in the reflector.
In this section, a new design method, which is effective and
with acceptable computation burden, is proposed for the first
time for the microstrip reflectarray antenna.

The reflection phase curve plays a key role in the
microstrip reflectarray antenna design. Using a reflection
phase curve, the structural parameters of the reflection
elements can be determined according to the required
phase compensation of those elements. Hence, one would
expect that optimizing a reflection phase curve may result
in the same effect on the antenna designed as optimizing
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Figure 4: Simulated radiation patterns on the𝑋𝑍 plane and 𝑌𝑍 plane: (a)𝑋𝑍 plane; (b) 𝑌𝑍 plane.

the structural parameters. Moreover, the reflection phase
curve is a continuous curve. Its continuity allows using only
a few parameters to describe it, and thus the unknown
parameters needed in the optimization can be controlled to
a very low level even for a large-scale microstrip reflectarray
antenna.

To validate the proposed design method, the microstrip
reflectarray antenna introduced in Section II is designed
as an example. In the design procedure, an optimization
algorithm, that is, the genetic algorithm (GA), in conjunction
with the full-wave simulation is employed for optimizing
the reflection phase curve; and then the optimized curve is
used to design the microstrip reflectarray antenna for high
performances.

4.2. Design Procedure. The GA is a powerful and efficient
optimization technique, which makes use of a natural evolu-
tion process: the improvement of a population of parameters
along with successive generations by applying the genetic
operators, for example, mutation, selection, and crossover.
The GA is adopted in this paper to optimize the reflection
phase curve of the microwave reflectarray antenna.

A reflection phase curve is typically “S” shaped. In this
work we use the DoseResp Function defined in the following
to fit the reflection phase curve:

𝑓 (𝑥) = 𝐴
1
+

𝐴
2
− 𝐴
1

1 + 10
(Mid−𝑥)∗𝑝 , (3)

where 𝑓 is the phase compensation value, 𝑥 represents the
structural parameters that control the elements’ reflection
phase, and 𝐴

1
, 𝐴
2
, Mid, and 𝑝 are 4 unknown parameters.

By using a curve fitting tool available in Matlab, the
reflection phase curve shown in Figure 2 can be expressed

by the DoseResp Function given in (3) for 𝐴
1
= −536.34,

𝐴
2
= −19.61, Mid = 19.63, and 𝑝 = −0.101.
Besides 𝐴

1
, 𝐴
2
, Mid, and 𝑝, the parameters 𝐿 and ℎ

1

are also taken into the optimization for better results. Then,
there are 6 unknown parameters that need to be optimized.
For those unknown parameters, the determination of their
possible value range is very important to theGAoptimization
because it has a big impact on the optimization efficiency and
results. These parameters’ initial values can be obtained from
the design using the conventional method; and then after
giving a considerable margin for the GA-based optimization,
the parameters 𝐿, ℎ

1
, 𝐴
1
, 𝐴
2
, Mid, and 𝑝 are confined to be

0.35𝜆∼0.85𝜆, 70mm∼130mm, −650∼−400, −100∼100, 0.02
∼30, −0.3∼−0.001, respectively.

The goal of the GA optimization is to achieve a high
gain and good impedance match at the working frequency
of 5.8 GHz. Hence, the fitness function, which represents the
desired performance requirements and guides the direction
of the GA optimization, is defined as

Fitness = 𝐶
1
×MaxGain + 𝐶

2
×Max 𝑆11, (4)

where Fitness represents the value of the fitness function;
MaxGain refers to the radiation gain at theworking frequency
of 5.8GHz; and Max𝑆11 denotes the maximum |𝑆

11
| over

a preset frequency band ranging from 5.7 to 5.9GHz. The
values of the gain and |𝑆

11
| are in dB. 𝐶

1
and 𝐶

2
are weight

coefficients, whose values should emphasize the relative
importance of each term in the design requirements, but no
specific rule exists for determining their values. In this work
they are selected by experience and are set to be 0.03 and
−0.02, respectively.

A GA-based optimization is executed. In the optimiza-
tion, the GA employs tournament selection with elitism,
single-point crossover with probability 𝑃

𝑐
= 0.5, and jump



6 International Journal of Antennas and Propagation

Origin curve
Optimized curve

5 10 15 20 25 300
L2 (mm)

−500

−400

−300

−200

−100

0

Re
fle

ct
io

n 
ph

as
e (

∘
)

Figure 5: A comparison of the origin and the optimized reflection
phase curve.

mutationwith probability𝑃
𝑚
= 0.2, and it uses 50 generations

and 100 individuals in a population.
In the design procedure, the performance of the antenna

is simulated by full-wave simulations employing CST MWS.
To reduce the heavy computational burden, the design proce-
dure is parallelized in amaster-slave model and implemented
on a Beowulf cluster system [13]. The Beowulf cluster system
consists of 32 processors interconnected by a fast 1000Mb/s
Ethernet. One processor, named themaster processor, carries
out the GA optimization while all the others, called slave
processors, execute the full-wave simulations.

4.3. Results and Analysis. The parameters determined by the
GA-based optimization are as follows: 𝐿 = 0.409𝜆, ℎ

1
=

95.75mm, 𝐴
1
= −521.34, 𝐴

2
= −48, Mid = 13.05, and

𝑝 = −0.08.
Because the optimized element spacing𝐿 is 0.409𝜆, which

is less than that in the conventional design described above,
the reflector with fixed size of 300 × 300mm2 is able to
contain 11 × 11 reflection elements. It can be seen that there
are 20 reflection elements with different dimensions in the
reflector of this antenna. Noticing that each different element
has one unknown parameter, and adding the parameters co
and ℎ

1
, there would be 22 unknown parameters in need for

optimization if we utilize the common optimization method.
Obviously, it is very difficult for an optimization algorithm,
even for a powerful algorithm such as theGA, to achieve good
results with so many parameters that need to be optimized.

In Figure 5, the optimized reflection phase curve is
compared with the origin one. Based on the optimized
reflection phase curve, the structural parameters of the
reflection elements are determined; and then a prototype
antenna is fabricated and depicted in Figure 6. To illustrate
the dimension of the antenna, a ruler is placed in front of it
in the figure.

Figure 6: Prototype of the antenna.
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Figure 7: Measured and simulated |𝑆
11
|.

The reflection coefficient of the prototype antenna is
measured with an Agilent E8362B vector network analyzer.
In Figure 7, the measured and simulated |𝑆

11
| curves are

compared with each other and a good agreement is observed.
Also, the figure illustrates that |𝑆

11
| < −10 dB impedance

bandwidth is about 2% (from 5.77GHz to 5.88GHz), which
is very close to that achieved by the conventional design
method.

The radiation patterns of the proposed antenna are
measured in an anechoic chamber, and the measurement
results are compared with the simulated radiation patterns in
the 𝑋𝑍 plane and 𝑌𝑍 plane at 5.8GHz. The comparison is
shown in Figure 8, where one observes that they also agree
very well and this antenna possesses good end-fire property.
Themeasured side-lobes are about 18 dB below themain lobe,
and themeasured cross-polarization levels are less than 20 dB
in both𝑋𝑍 and 𝑌𝑍 planes.

Figure 9 compares measured gains against frequencies of
two antennas; one of them is designed by the conventional
method and the other is designed by the proposed opti-
mizationmethod.The comparison shows that, in comparison
with the conventional method, the proposed optimization
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Figure 8: Measured and simulated radiation patterns on the𝑋𝑍 plane and 𝑌𝑍 plane: (a)𝑋𝑍 plane; (b) 𝑌𝑍 plane.
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Figure 9: Gain comparison with frequency varying from 5.6 to
6.0GHz.

method has considerably improved the gain of themicrostrip
reflectarray antenna over the frequency band from 5.6GHz
to 6.0GHz; at the working frequency of 5.8 GHz, it achieves a
gain of 21.9 dB, which is 2.2 dB over that of the conventional
design (19.7 dBi) and evenmore than that of the conventional
design without three metal sticks (21.5 dBi). This demon-
strates that the proposed optimization method is able to
remedy or offset the adverse effects caused by some factors
such as the support frame’s shield.

5. Conclusions

Currently, the design of the microstrip reflectarray is under
an embarrassing condition. The conventional design, which
is adopted for most microstrip reflectarray antennas, may
not be effective due to many approximations made in its
design procedure, while the common optimization method
that optimizes antennas’ structural parameters is impractical
for large-scale antenna because of too many parameters in
need for optimization. A novel design method is proposed in
this paper. It employs an optimization algorithm such as the
GA in conjunction with the full-wave simulation to optimize
the reflection phase curve and utilizes the optimized curve to
design a microstrip reflectarray antenna.

As an example, the design of a microstrip reflectarray
antenna with fixed size of 300 × 300mm2 for high gain is
presented.The results demonstrate that the proposedmethod
is feasible and effective. Being able to avoid the approxima-
tions made in the conventional design, it can greatly improve
the antenna’s gain over 2.2 dB (from 19.7 dBi to 21.9 dBi). By
controlling the number of the unknown parameters in need
for optimization to a low level, the proposed method only
need to optimize 6 parameters, but the common optimization
method has to optimize 22 parameters. Hence, the proposed
method has the ability of designing large-scale antennas.
Thesemerits will make the proposedmethod to be a powerful
tool for the design of microstrip reflectarray antennas.
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