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Abstract. 
The determination of the subcriticality level constitutes an important issue in the assessment of the accelerator-driven system technology. For this purpose, the interpretation of flux measurements requires a lumped-parameter model employed in an inverse fashion. This papers addresses the drawbacks of point kinetics in performing such a task. In particular, the problem of the generation of integral parameters is considered, in connection with the use of a shape function and of a projection weight tailored to the neutron flux detector. Furthermore, the question of the generation of the effective source is analysed, and some proposals to modify the time dependence of such a function to account for the time delay at the flux detector are presented and discussed.


1. Introduction
The assessment of the feasibility of subcritical accelerator-driven systems requires the performance of experiments to verify the kinetic response features and the determination of the integral parameters that characterize the physical multiplying structure. Typical experiments involve the measurements of flux signals during source or reactivity-induced transients, either in pulsed or oscillated modes. Several experimental campaigns have been conducted in the past years [1, 2], and new more ambitious and advanced experiments are programmed in the near future.
An issue that is particularly important is the monitoring of the subcriticality level of the reactor. It is, therefore, required to establish efficient procedures to interpret flux measurements retrieved from detectors localized in various positions of the structure. This constitutes a basic and challenging inverse problem in reactor physics since the early times of nuclear energy and various approaches have been developed [3–5]. The interpretation of local measurements may be carried out only through suitable physico-mathematical models. The inverse procedure can be easily implemented if a lumped-parameter model, such as classic point kinetics, is adopted. However, usually only localized values of the neutron flux are available from the detectors. Hence, the flux interpretation scheme needs unavoidably to account for spectral and spatial effects. It has been shown [6] by numerical simulations that the point model with integral kinetic parameters may be inadequate when local flux signals are used in a point framework to reconstruct the global system reactivity in an inverse fashion, while it may perform rather well for the analysis of the full power evolution, which is, however, seldom available from the direct experimental information. This aspect is also confirmed by real experimental analyses [7].
From the theoretical point of view, to construct integral kinetic parameters a projection involving the neutronic shape over a weighting function is always required. While for critical systems the mathematically consistent and physically meaningful choice for the weighting function is unique, as the reference steady-state system adjoint (neutron importance) [8], for source-driven systems the necessity of a definition of the adjoint source introduces a certain degree of freedom [9]. It has been shown [10] that the effect of the choice of the weighting function may be quite significant. The freedom of the choice may be used to suit the objectives of the analysis. To be more specific, the adjoint source can be assumed as a cross section characterizing the physical properties of the local detector where the flux measurement is taken. The present paper shall discuss the effectiveness of the weighting to simulate in a point-like manner the evolution of local flux signals, therefore envisaging the possibility of devising tailored point models to interpret experimental measurements and establish the limits of the technique.
Another aspect that plays an important role in the interpretation procedure for source transients is the suitable time-shape of the neutron source that is assumed in the lumped-parameter model [11]. It is obvious that a time delay needs to be introduced when analyzing the signal from detectors away from the source region. This aspect is also discussed in the following.
2. The Factorization-Projection Procedure for the Neutronic Equations
A lumped-parameter model is derived from the most general balance equations involving both neutrons and delayed neutron precursors. By indicating with 
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					where only one family of delayed neutron precursors is considered, being the extension to any number of families just trivial. The symbols 
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 denote the leakage, prompt neutron production, and delayed neutron production operators, respectively. They may take appropriate forms consistent with the neutronic model adopted (e.g., discrete ordinate approach, spherical harmonics, diffusion) to treat the transport process. The quantity 
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 indicates the external neutron source. A factorization is now introduced according to the classical procedure [12]:
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					A projection step leads to the required model, introducing integral parameters that are constant in time if the shape function and the system properties are assumed to be constant. The operation involves the multiplication of each equation by a proper weighting function followed by integration over phase space. When treating initially critical systems, the importance function, solution of the adjoint homogeneous equation [13], is used. For subcritical systems, the weighting function can be chosen according to the solution of an adjoint source-driven problem [10]:
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The factorization followed by a projection operation upon a general weighting function 
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 leads to the following system of first-order differential equations in time:
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					The coefficients of such a system constitute the so-called kinetic parameters, which are perfectly defined once the shape and the adjoint functions are defined.
As already pointed out, there is some freedom in the choice of the adjoint source. The selection of the problem-oriented adjoint source as the space- and energy-dependent cross section of the detector through which the local flux is measured may be physically advantageous for experimental interpretations. With this choice, the physical characteristics of the detector are accounted for. This model is denoted as local point kinetics (lpk) in the following. For other applications, in which the interest is more focused on the global behaviour of the system and thus the attention is concentrated on the fission process, the fission productivity 
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 may be used, leading to a global point kinetic model (gpk). Of course, there is always the possibility to choose the critical adjoint as the weighting function, leading to a critical point kinetic equation (cpk).
Another important aspect in the generation of the lumped-parameter model concerns the choice of the shape function to be introduced in the factorization. Obviously, for a reactor departing from a criticality steady-state, the fundamental eigenfunction is naturally used, while for a deeply subcritical source-driven system at equilibrium the source-driven stationary distribution seems to be the most appropriate choice. However, a difficulty arises in the simulation of pulsed experiments, for which no neutrons are usually present in the initial system and no reference steady-state situation is approached during the experiment. Different kinetic models can thus be envisaged, by either using the critical shape, 
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. All combinations of choices for the shape and for the adjoint are possible.
Summarizing the previous discussion, it is worth studying the performance of kinetic models obtained by the adoption of different shapes and weighting functions in the simulation of power transients and local flux signal evolutions, especially when the attention is focused on experimental analyses. Two shapes can be considered, the critical and the source-driven reference distributions. Furthermore, the weighting function can be chosen according to either the critical importance or the source-driven fission importance (the adjoint source is the system fission cross section), both retaining a global information, as well as a detector-tailored importance (the adjoint source is the detector cross section). In the following, some results are presented to highlight the features and the performance of the various possible models, which are quite numerous if one considers all the possible combinations. However, we restrict to presenting a limited number of cases, deemed to give some physical insight that may be useful to better understand the limits of a lumped-parameter model when used for experimental interpretations.
3. Application of Local and Global Point Kinetics to the Interpretation of Pulsed Experiments
In the following, comparisons between exact results for a pulsed source in a system described by one-group diffusion theory, assumed as the reference model, and the corresponding point kinetic model are presented. The system considered is characterized by the following physical parameters: neutron velocity 
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 μs is presented, comparing the reference and point kinetic results, with different choices of the shape and weighting functions.





	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
	
	
		
	
	
	
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
	


(a) cpk and critical shape





	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
	


	
		
	
	
		
		
	


(b) cpk and source-driven shape





	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	




	
		
	
	
		
	


	
		
	
	
		
		
	


(c) gpk and critical shape





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	




	
		
	
	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	


(d) gpk and source-driven shape
Figure 1: Power evolution following a source pulse in a subcritical system (
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), simulated with different approaches to point kinetics: cpk and gpk. Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape 
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(a) lpk and critical shape (
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: detector location)





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	




	
		
	
	
		
	


(b) lpk and source-driven shape (
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: detector location)





	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	




	
		
	
	
		
	


(c) lpk and critical shape (
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: detector location)





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	




	
		
	
	
		
	


(d) lpk and source-driven shape (
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: detector location)
Figure 2: Power evolution following a source pulse in a subcritical system (
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), simulated with a lpk approach, considering two different detector locations: first row, detector far from the source (
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L); second row: detector close to the source (
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L). Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape 
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 adopted.







	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	




	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	


	
		
	
	
		
	


(a) cpk and critical shape





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	




	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
		
	


	
		
	
	
		
	


(b) cpk and source-driven shape





	
		
		
		
		
		
		
		
		
		
		
		
		
		
			
			
		
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
	


	
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
	


(c) gpk and critical shape





	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
			
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
	
	
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
			
		
	
	
		
			
		
		
			
		
	


(d) gpk and source-driven shape
Figure 3: Power evolution following a source pulse in a subcritical system (
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), simulated with different approaches to point kinetics: cpk and gpk. Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape 
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 and the weight 
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 adopted.







	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
			
		
	


	
	
	
	
	
	
	
	
	
	
		
	
	
	


	
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
				
				
			
		
	
	
		
			
		
		
			
		
	


(a) lpk and critical shape (
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: detector location)





	
		
		
		
		
		
		
		
		
		
		
		
		
		
			
			
		
	


	
	
	
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
		
			
				
				
			
		
	
	
		
			
		
		
			
		
	


(b) lpk and source-driven shape (
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: detector location)





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	





	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	
	
		
			
			
		
	


	
		
	
	
		
	


(c) lpk and critical shape (
	
		
			

				⋆
			

		
	
: detector location)





	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	
	
	
	
	
	
	
	
	
	
		
	
	
	





	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
		
		
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
			
		
		
			
			
		
	


	
		
	
	
		
	


(d) lpk and source-driven shape (
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: detector location)
Figure 4: Power evolution following a source pulse in a subcritical system (
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), simulated with a lpk approach, considering two different detector locations: first row, detector far from the source (
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L); second row: detector close to the source (
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L). Solid line: reference; dashed line: point kinetics. The inset graphs represent the shape 
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 adopted.


As can be seen in Figures 1 and 3, no relevant differences can be observed when adopting a critical or source-driven shape, and the adoption of a global (gpk) or critical (cpk) point kinetic model provides similar results in the reproduction of the power, with an average good quality, although the point models are not able to reproduce the behavior at short times, due to the presence of strong spatial effects in the propagation of the source pulse. On the other hand, the results obtained with the local point kinetics, presented in Figures 2 and 4, show larger discrepancies and are not suitable for the correct description of global quantities, such as the system power. It is thus interesting to compare the quality of the various point kinetic results in describing the response in the detector positions, close to the source as well as further away (0.9 L and 5.3 L). The results concerning the prediction of local fluxes are presented in Figures 5 and 6. To simplify the analysis of the results, the shape is adopted as the source-driven neutron distribution within the system, and the attention is focused on the type of point kinetic model that can be constructed by adopting different choices for the weight. In Figure 7, the graphs of the functions adopted as weights for this analysis are presented.





	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	


(a) cpk, detector at 
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(b) cpk, detector at 
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(c) gpk, detector at 
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(d) gpk, detector at 
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(e) lpk, detector at 
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Figure 5: Evolution of the local flux following a source pulse in a subcritical system (
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) for two detectors, at 
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L (a, c, and e) and at 
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L (b, d, and f), adopting different formulations of the point kinetic model. Solid line: reference; dashed line: point kinetics.







	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	


(a) cpk, detector at 
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(b) cpk, detector at 
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(c) gpk, detector at 
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(d) gpk, detector at 
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(e) lpk, detector at 
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Figure 6: Evolution of the local flux following a source pulse in a subcritical system (
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) for two detectors, at 
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L (a, c, and e) and at 
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L (b, d, and f), adopting different formulations of the point kinetic model. Solid line: reference; dashed line: point kinetics.
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Figure 7: Weights adopted for the generation of the point kinetic models for the prediction of the local fluxes.


One can immediately notice how the quality of the point kinetic results is deteriorating when the source is far from the detector. On passing, it is worth also noticing that lpk model results are characterized by a better performance, especially in the preservation of the areas, thus lpk looks more suitable if the area-ratio method [4] is to be used. In Table 1, the accuracy of the forecast of the areas below the pulse for different models with respect to the exact result is presented, showing how better results can be obtained by the lpk model. On the other hand, if the detector is very close to the source (see the left graphs of Figures 5 and 6), neutrons can reach the detector at the very early stage of the transient and, therefore, the contribution of higher-order harmonics can be relevant.
Table 1: Percentage relative error on the integral of the flux in the detector positions, as obtained by the different point kinetic models with respect to the reference solution. In bold the “best” results are evidenced.
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	Source-driven shape	lpk 	
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	cpk 	
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										21.72
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4. Time Modelization of the Effective Source
In the derivation of the lumped-parameter (point) model through a projection procedure, only an integration over phase space is performed, thus leaving the time behaviour of the source unchanged. Therefore, no propagation effects associated to the finite velocity of neutrons can be accounted for. Of course the signal from localized detectors is affected by the distance of the detector with respect to the source and the effect is of particular relevance when a highly localized source is considered. In these cases, one may study the possibility to introduce in the effective source of the point model a suitable time delay.
Different options are considered to modify the time behaviour of the source in order to account for the time delay from the source to the detector. The delay may be assumed to be equal to the traveling time between the source and the detector or to an average displacement time on a suitable distribution, to be specified. A possible alternative is also the generation of the time behaviour by a convolution of the external source with the system response Green function. This idea is analogous to the practice of using the first-collision distribution for studying the response to a highly localized pulsed source in transport problems.
The procedure to modify the source behaviour to account for the finite time propagation of the neutron signal seems somewhat arbitrary. Its motivation is just to try to capture the physical phenomenon connected to the propagation of the neutrons from the source to the detector, and, as such, it is problem dependent. The introduction into the point model is mathematically unjustified and an attempt to make it more consistent is certainly required, which lies in future developments and extensions of the present work.
The possible options are summarized in the following. For the standard point model, the effective source is assumed to be defined through the projection operation of the reference balance model. Therefore, its time dependency is given by
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				𝑥
			

			

				0
			

		
	
 from the source by delaying the signal of the transit time for the neutrons between the source and the detector, that is, 
	
		
			
				𝜏
				=
				𝑥
			

			

				0
			

			
				/
				v
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 is the unitary Heaviside step function.
A further option involves the introduction of a delay time 
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 given by the average displacement time according to a given distribution, as
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					(modification 2). Alternatively, the source can be constructed as a convolution of the physical source on the proper Green function of the problem (modification 3). This option amounts to the following choice:
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					Definition (8) provides a better physical description of the migration process of the particles. In Figure 8, time behaviors of the source adopted for the calculations are compared, considering the position of the two detectors as in the previous evaluations. Both the system characteristics and the duration of the source pulse are the same as in all other calculations. The average displacement time is obtained using as a weighting distribution the Green function itself, after a proper renormalization in order to obtain a probability density function. The relevant modification in the time behavior of the source when a convolution with the Green function is adopted is evident. Figure 9 illustrates the reproduction of the response to a pulse with the above source assumptions for the two detectors (locations at 5.3 L and 0.9 L from the source). Good results can be obtained using the third modification for a signal far from the source and also a good simulation of the decaying portion of the curve is reached, which is needed for the application of several interpretation procedures. On the other hand, a little improvement can be obtained when the detector is very close to the source. In this case, it is important also to recall that the presence of high transport effects dominated by the uncollided fraction of the source neutrons makes the lumped-parameter and the whole source-delay formalism inapplicable.
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Figure 8: Time behavior of the sources according to the modifications proposed. Solid: original case; dash-dotted: modification 1; dashed: modification 2; circles: modification 3.
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Figure 9: Local flux response to a source pulse obtained with point kinetics in association with a modified treatment of the source time behavior. Solid: reference; dash-dotted: modification 1; dashed: modification 2; circles: modification 3.


5. Use of Local Point Kinetics for Transient Simulation
The potentialities of improvement adopting a point kinetic model with a problem-tailored weighting are now tested for the simulation of transients in a subcritical system. Results are compared with those produced using a standard global weighting, that is, assuming as adjoint source the fission productivity 
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				Σ
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(gpk). Spectral effects can also be important; hence results of a three-group calculation are now presented. The evolution is induced in a fast reflected one-dimensional slab structure (see Figure 10), with material characteristics as for the system studied in [7], by a local perturbation of the absorption cross section in each one of the corresponding energy group inside the core to investigate also spectral effects. The location of the perturbed region is specified in Figure 10(a).





	
		
	
	
		
	
	
		
	
	
		
	
	
	
		
	
	
	
		
	
	
	
		
	
	
	
		
	
	
	
		
	
	
	
		
	
	
	
		
		
			
	
	
		
		
		
		
		
		
	
	
		
		
		
		
	
	
		
		
		
		
	
	
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
	
	
		
	
	
		
		
		
		
	
	
		
		
	
	
		
		
		
		
	
	
		
		
		
		
	
	
		
		
		
		
		
	
	
		
		
		
		
		
	
	
		
		
		
	
	
		
		
		
		
		
	
	
		
		
		
		
	
	
		
		
		
		
	
	
		
		
		
		
	
	
		
	


(a) domain subdivision





	
		
	
	
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
	
	
		
			
		
		
			
			
			
			
			
		
	
	
		
	
	
		
			
		
	
	
		
	
	
		
			
		
	
	
		
	
	
		
			
		
	
	
		
	
	
		
			
		
	


(b) detector localization
Figure 10: System domain adopted for the three-group calculations. The localization of the region where the cross section perturbations are introduced is highlighted (a), as well as the position of the four detectors (b).


The features of the different point kinetic models can be clearly seen by observing Tables 2 and 3, where the differences between power level and local fluxes obtained with the use of gpk and lpk at two different time instants (
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ms) during the transients are reported. All results are obtained by comparison with a reference produced by a full space-time solution. The system starts from an initial multiplication constant 
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), where the index 
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 indicates in which energy group the cross section perturbation is introduced. The reactivity insertions associated to each transient are 811 pcm, 1263 pcm, and 552 pcm, respectively. The detector 
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cm), see Figure 10(b).
Table 2: Performance of gpk and lpk for the prediction of the system power during a transient induced by localized perturbations. Values of 
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 are computed as relative percentage errors with respect to the corresponding reference values at two different time instants along the transient (
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Table 3: Performance of gpk and lpk for the prediction of the flux in detectors located at 
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 (see positions in Figure 10(b)) during a transient induced by localized perturbations. Values of 
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										−3.68
										
										−1.07
										
										−0.76
										
										−1.28
										
	

	
	
		
			

				𝜑
			

			

				3
			

			
				(
				𝑥
			

			

				1
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				3
			

			
				(
				𝑥
			

			

				1
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.26
										
										1.41
										
										1.47
										
										1.83
										
										1.22
										
										1.31
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−3.14
										
										−4.55
										
										−5.39
										
										−7.89
										
										−5.97
										
										−7.15
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.39
										
										−2.34
										
										−3.57
										
										−2.17
										
										−2.40
										
										−0.83
										
	

	
	
		
			

				𝜑
			

			

				1
			

			
				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				1
			

			
				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.28
										
										1.42
										
										1.44
										
										1.78
										
										1.16
										
										1.24
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−4.53
										
										−5.16
										
										−3.72
										
										−4.97
										
										−1.18
										
										−1.86
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.37
										
										−2.22
										
										−2.44
										
										−3.67
										
										−0.57
										
										−1.30
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				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				2
			

			
				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.26
										
										1.40
										
										1.47
										
										1.81
										
										1.16
										
										1.24
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−3.16
										
										−3.85
										
										−5.25
										
										−6.56
										
										−0.98
										
										−1.69
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.01
										
										−2.44
										
										−2.89
										
										−2.90
										
										−0.53
										
										−1.30
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				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				3
			

			
				(
				𝑥
			

			

				2
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.25
										
										1.40
										
										1.44
										
										1.80
										
										1.18
										
										1.27
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−2.19
										
										−3.59
										
										−3.68
										
										−6.17
										
										−2.63
										
										−3.81
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.06
										
										−2.48
										
										−3.07
										
										−3.11
										
										−1.32
										
										−1.21
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				1
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				1
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.22
										
										1.34
										
										1.37
										
										1.65
										
										1.13
										
										1.20
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										0.01
										
										0.46
										
										1.75
										
										2.41
										
										1.38
										
										1.48
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−0.55
										
										−2.88
										
										−0.33
										
										−6.13
										
										0.47
										
										−1.34
										
	

	
	
		
			

				𝜑
			

			

				2
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				2
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.25
										
										1.38
										
										1.43
										
										1.76
										
										1.15
										
										1.23
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−1.76
										
										−2.31
										
										−2.71
										
										−3.80
										
										−0.087
										
										−0.69
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−1.51
										
										−2.63
										
										−2.13
										
										−4.18
										
										−0.21
										
										−1.32
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				3
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				3
			

			
				(
				𝑥
			

			

				3
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.24
										
										1.38
										
										1.41
										
										1.76
										
										1.16
										
										1.24
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−0.96
										
										−2.50
										
										−1.49
										
										−4.26
										
										−0.60
										
										−1.89
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−1.71
										
										−2.62
										
										−2.53
										
										−4.01
										
										−0.68
										
										−1.31
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				1
			

			
				(
				𝑥
			

			

				4
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				1
			

			
				(
				𝑥
			

			

				4
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.33
										
										1.48
										
										1.48
										
										1.83
										
										1.18
										
										1.26
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−8.17
										
										−9.03
										
										−6.01
										
										−7.67
										
										−2.43
										
										−3.30
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−3.61
										
										−1.30
										
										−3.28
										
										−2.28
										
										−1.06
										
										−1.23
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				(
				𝑥
			

			

				4
			

			
				,
				𝑡
				)
			

			
				
			
			

				𝜑
			

			

				2
			

			
				(
				𝑥
			

			

				4
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.29
										
										1.43
										
										1.51
										
										1.86
										
										1.17
										
										1.25
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−5.06
										
										−5.87
										
										−7.87
										
										−9.37
										
										−1.88
										
										−2.69
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.66
										
										−2.10
										
										−3.66
										
										−1.22
										
										−0.86
										
										−1.26
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				𝑡
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				𝜑
			

			

				3
			

			
				(
				𝑥
			

			

				4
			

			
				,
				𝑡
				=
				0
				)
			

		
	
	 exact	
										1.27
										
										1.42
										
										1.48
										
										1.86
										
										1.18
										
										1.27
									
	
	
		
			

				Δ
			

		
	
gpk [%]	
										−3.74
										
										−5.43
										
										−5.98
										
										−8.94
										
										−2.85
										
										−4.27
									
	
	
		
			

				Δ
			

		
	
lpk [%]	
										−2.72
										
										−2.19
										
										−3.95
										
										−1.52
										
										−1.49
										
										−1.17
									
	



Point kinetic models based on a global weighting always underestimate the power signal, as shown in Table 2. The performances of point models with a detector-based adjoint source, when adopted for the power prediction, provide results with different ranges of error, thus not evidencing a clear pattern. It is thus of interest to compare the performance of such models in the reproduction of the local flux signals, summarized in Table 3. It can be observed how lpk is usually providing a smaller error with respect to gpk when the adjoint source is located in the position where the flux is observed, since it can capture the physical information most effectively.
It is also of interest to see how the performance can be affected by a less proper choice of the detector. In Table 4, the attention is focused on the flux in the detector 1 (within the perturbed region) and is simulated with different lpk models, placing the adjoint source in the perturbed region and in the correct energy range (first group), and then moving it to different spatial and spectral locations. The degradation of the quality of the results when the adjoint source moves further from the position of observation is quite evident.
Table 4: Percentage relative error on the flux at position 
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 and time 
	
		
			
				𝑡
				=
				1
				0
			

		
	
ms during transient T1 with different localizations of the adjoint source for the definition of the lpk model adopted. In bold, the result obtained when the adjoint source is located where the detector is (spatially and energetically).
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				𝟎
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										4.54
									
	
	
		
			

				𝑑
			

			
				1
				2
			

		
	
	
										−7.00
										
										−2.25
										
										−1.72
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				3
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										−2.87
										
										−2.34
										
	

	
	
		
			

				𝑑
			

			
				2
				1
			

		
	
	
										−6.89
										
										−2.12
										
										−1.59
									
	
	
		
			

				𝑑
			

			
				2
				2
			

		
	
	
										−8.37
										
										−3.68
										
										−3.16
									
	
	
		
			

				𝑑
			

			
				2
				3
			

		
	
	
										−8.65
										
										−3.98
										
										−3.46
									
	



At last, an evaluation of the reactivity term from lpk and gpk, compared to the subcriticality level in the system, is performed. The same configuration in three-group diffusion as in the previous calculations is considered, imposing different levels of subcriticality in order to test the performances for configurations close and far from criticality. In Table 5, the errors on 
	
		
			

				𝜌
			

			

				0
			

		
	
 in pcm (
	
		
			
				1
				0
			

			
				−
				5
			

		
	
) are reported. As expected, systems closer to criticality are associated to smaller discrepancies, and the adoption of a global weighting for the prediction of the subcriticality level appears to be more effective. The performances of local detectors again show different trends. However, it can be noticed that, when the energy localization of the detector corresponds to the thermal group, a better quality in the results can be achieved. This is due to the larger amount of information associated to neutrons that, after being emitted by fission or by the external source at high energy, are slowed down within the system and have a “better knowledge” of the subcritical configuration. A similar reasoning explains why the results produced by the detector closer to the source (detector 3) are of lower quality: this position detects primarily neutrons directly from the source, with little information of the subcritical assembly.
Table 5: Error in pcm on the subcriticality level as obtained by the different point kinetic models adopted in the one-dimensional domain sketched in Figure 10. The direct shape is assumed to be the subcritical source-driven distribution.
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										6.1
										
										4.9
									
	



6. Concluding Remarks
Point models that satisfactorily represent the kinetic behavior of the local flux evolution in a subcritical system can be developed using different neutron shapes and, as weighting function for the projection, the adjoint solution of a source-driven problem where the local detector is used as a source. A better physical representation of the source can be attained by introducing suitable delay functions in the effective source term.
The limits and shortcomings of possible kinetic models are discussed, illustrating results for some simple but physically representative configurations, in the effort to evidence specific sources of errors and the space for improvements. It is shown that the choice of a local detector-tailored weighting is the most appropriate for experimental flux measurement interpretation.
Another important issue that is discussed concerns the proper treatment of the source term in the kinetic model, with special regards to its time behaviour. It is shown that the introduction of a suitable delay is necessary to adequately reproduce the system response.
In conclusion, the point model performs satisfactorily if local kinetic parameters are generated and if the source is properly delayed to account for propagation times inside the finite medium. In future works, the analysis of the point model presented in this work will be extended to more effective approaches, such as multipoint, with the objective to yield more accurate computational tools for kinetic experiment evaluations.
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