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Subsurface damage could affect the service life of structures. In nuclear engineering, nondestructive evaluation and detection of
the evaluation of the subsurface damage region are of great importance to ensure the safety of nuclear installations. In this paper,
we propose the use of circumferential horizontal shear (SH) waves to detect mechanical properties of subsurface regions of damage
on cylindrical structures. The regions of surface damage are considered to be functionally graded material (FGM) and the cylinder
is considered to be a layered structure. The Bessel functions and the power series technique are employed to solve the governing
equations. By analyzing the SHwaves in the 12Cr-ODS ferritic steel cylinder, which is frequently applied in the nuclear installations,
we discuss the relationship between the phase velocities of SH waves in the cylinder with subsurface layers of damage and the
mechanical properties of the subsurface damaged regions. The results show that the subsurface damage could lead to decrease
of the SH waves’ phase velocity. The gradient parameters, which represent the degree of subsurface damage, can be evaluated by
the variation of the SH waves’ phase velocity. Research results of this study can provide theoretical guidance in nondestructive
evaluation for use in the analysis of the reliability and durability of nuclear installations.

1. Introduction

Inmany engineering fields, such as the nuclear and aerospace
industries, nondestructive evaluation of damage is impor-
tant for enhancing the lifetime and ensuring the reliabil-
ity of devices, and this is especially pertinent for nuclear
equipment. Generally speaking, the corrosive environments,
fatigue under periodic mechanical or thermal loading during
operations, and nuclear radiation exposure might lead to
the material’s subsurface damage [1–6]. Acoustic waves are
typically good tools for detecting the properties of subsurface
damaged regions in structures [7]. The influence of subsur-
face damage on surface waves should also be investigated.

Paehler et al. [8] found that the elastic coefficient in the
subsurface regions of silicon wafers with subsurface damage
is a variable dependent upon depth based on the Rayleigh
waves dispersion relation obtained experimentally. However,

in that experiment, the subsurface region was corroded step
by step. Therefore, despite the use of acoustic waves by
the researchers, that technique is not a truly nondestructive
evaluation. Cao et al. [9] proposed that regions of subsurface
damage should be treated as functionally graded material
(FGM) layers of the material. Then guide waves in the FGM
model could be applied to detect subsurface damage in
structures.

Some researchers have attempted to simplify the problem
by theoretically assuming that FGM material with mul-
tilayered structures has homogeneous but discontinuous
properties. Daros [10] used the boundary element method to
explain SHwave propagation in inhomogeneousmedia. Potel
et al. [11] described SH waves along two isotropic solid plates
with integral formulation.

In other articles, many researchers use the special func-
tions method or transfer matrix method to describe the
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Figure 1: Structure of the cylinder with surface damage (see [23]).

problem of SH wave propagation in the layered structure
[12–15]. Some reports have been published on the analysis
of the propagation properties of Love waves in FGM lay-
ered structures with the Wentzel-Kramers-Brillouin (WKB)
method [16–18]. The analytic solutions with the special
functions method to describe the Love wave, B-G wave,
and horizontal shear waves in FGM structures have been
reported by other researchers. In these reports, the WKB
and special functions methods can only be used at high
frequencies and are only good in certain cases. The power
series technique has been used by Cao et al. [19] to resolve the
difficulty of the variable coefficient differential equation and
fit for general cases. There is a substantial body of research
concerning wave propagation in FGM or layered structures
focusing on half-space or layered films, but studies which
focused on cylindrical structures are less common. Zhu et
al. [20] used the reverberation-ray matrix formulation for
cylindrical coordinates to discuss the ways in which material
inhomogeneity primarily affects wave propagation for high
modes. Legendre polynomial series method was used by Yu
et al. [21] to solve coupled wave equations with variable
coefficients.

Most studies on subsurface damage are focused on flat
structures, but the curvature of the structure also influ-
ences wave propagation [22]. In our study, we consider the
propagation of the circumferential SH wave in cylindrical
structures with surface damage and analyze the surface
damage layer as an FGM layer. In this layer, the material
properties are a function of the cylinder thickness. In the
FGM layer, the power series technique is used to solve the
governing equations as a variable coefficient differential with
cylindrical coordinates. In the rest of the cylinder, the special
functions method is applied. Based on a numerical example,
we discuss the dispersion relation of the circumferential SH
wave and the influence of gradient parameters on SH wave
propagation.

2. Statement of the Problem

As shown in Figure 1, the surface damage layer is an FGM
layer with thickness ℎ, while 𝑅 is the thickness of substrate
layer. This is based upon the assumption that SH surface
waves propagate along the circumferential direction, and the
surface stress is free. Considering that the thickness of the
substrate is greater than that of the FGM layer, it is assumed
that the substrate is a half-space. According to generalized
Hooke’s law, the constitutive equations can be expressed as
follows:

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙, (1)

where 𝜎𝑖𝑗 and 𝜀𝑘𝑙 are the stress and strain tensors and 𝑐𝑖𝑗𝑘𝑙 is
the elastic coefficient. In the FGM layer, 𝑐𝑖𝑗𝑘𝑙 are a function of
layer thickness, and in the substrate 𝑐𝑖𝑗𝑘𝑙 are constants.

The motion equation is then given as follows:

𝜎𝑖𝑗,𝑗 = 𝜌�̈�𝑖, (2)

where 𝜌 is the material density, the subscript 𝑖 denotes
the 𝑖th direction in the corresponding coordinates, 𝑢𝑖 is
the displacement of 𝑖th direction, the dot (⋅) denotes the
differential of time, and 𝑗 preceded by a comma means that
there is space differentiation of the relevant coordinate 𝑥𝑗. In
this paper, we choose the cylindrical coordinates, so 𝑖 or 𝑗 can
be denoted by 𝑟, 𝜃, and 𝑧.

The displacement and the strain tensors are expressed as
follows:

𝜀𝑖𝑗 = 1
2 (𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) . (3)

For the SH surface waves propagating along the circumferen-
tial direction, let the displacement component be described
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as 𝑢𝑟 = 𝑢, 𝑢𝜃 = V, and 𝑢𝑧 = 𝑤, and 𝑢, V, and 𝑤 can be
expressed as

𝑢 = V = 0,
𝑤 = 𝑤 (𝑟, 𝜃, 𝑡) . (4)

Equation (1) can be simplified as

𝜏𝑟𝑧 = 𝑐44𝜀𝑟𝑧,
𝜏𝜃𝑧 = 𝑐44𝜀𝜃𝑧. (5)

Using (2), (3), (4), and (5), we can induce the governing
equation of displacement for corresponding material layers.

In the substrate layer, 𝑤(1) is defined as the mechanical
displacement component. The governing equation for SH
waves in the substrate layer 𝑟 ∈ (0, 𝑅] can be obtained:

𝑐440 𝜕
2𝑤(1)
𝜕𝑟2 + 𝑐440 1𝑟

𝜕𝑤(1)
𝜕𝑟 + 1

𝑟2
𝜕2𝑤(1)
𝜕𝜃2 = 𝜌𝜕2𝑤(1)𝜕𝑡2 , (6)

where 𝑐440 is the constant material elastic coefficient and 𝜌 is
the material density of the substrate layer.

In the FGM layer, we can define the mechanical displace-
ment component as 𝑤(2). Therefore, the governing equation
for SH waves in the FGM layer can be described as 𝑟 ∈[𝑅, 𝑅 + ℎ]. Consider

𝑐44 (𝑟) 𝜕
2𝑤(2)
𝜕𝑟2 + 𝑐44 (𝑟) 𝜕𝑤

(2)

𝜕𝑟 + 𝑐44 (𝑟) 1𝑟
𝜕𝑤(2)
𝜕𝑟

+ 1
𝑟2

𝜕2𝑤(2)
𝜕𝜃2 = 𝜌 (𝑟) 𝜕2𝑤(2)𝜕𝑡2 .

(7)

Because the material parameters are functions of layer thick-
ness in the FGM layer, 𝑐44(𝑟) is used to denote the function
of elastic coefficients, 𝜌(𝑟) is the function of material density,
and 𝑐44(𝑟) is the differentiation with coordinate 𝑟.

Additionally, for the problem of SH waves propagating
in the cylindrical structure with subsurface damage, the
following boundary conditions and continuity conditions
should be satisfied:

(1) Traction-free boundary conditions at 𝑟 = 𝑅 + ℎ:
𝜏(2)𝑟𝑧 (𝑅 + ℎ, 𝜃) = 0. (8)

(2) The continuity conditions at 𝑟 = 𝑅:
𝑤(1) (𝑅, 𝜃, 𝑡) = 𝑤(2) (𝑅, 𝜃, 𝑡) ,
𝜏(1)𝑟𝑧 (𝑅, 𝜃, 𝑡) = 𝜏(2)𝑟𝑧 (𝑅, 𝜃, 𝑡) .

(9)

The superscripts “(1) and (2)” in the above-men-
tioned boundary conditions and continuity condi-
tions denote the mechanical quantities in the sub-
strate layer and the FGM layer, respectively.

3. Solution to the Problem

For the mentioned SH waves in the substrate layer of the
cylinder, the solution to the governing equations can be
assumed in the following form:

𝑤(1) (𝑟, 𝜃, 𝑡) = 𝑊(1) (𝑟) exp [𝑖 (𝑘ℎ𝜃 + 𝑘𝑅𝜃 − 𝜔𝑡)] , (10)

where 𝑖 = √−1, 𝜔 = 𝑘𝑐 is the circular frequency, and
𝑘, 𝑐, and 𝑊(1)(𝑟) are the wave number, the phase velocity,
and the unknown amplitudes function of the displacement,
respectively.

Substituting (10) into (6), we obtain Bessel’s equation of
order 𝑙 as follows:

d2𝑊(1)
d𝑟2 + 1

𝑟
d𝑊(1)
d𝑟 + (𝑢 − 𝑙2

𝑟2)𝑊(1) = 0, (11)

where 𝑢 = 𝜌(1)𝜔2/𝑐440 and 𝑙 = 𝑘𝑅 + 𝑘ℎ. By using the
special functions method, the solution of the equation can be
expressed as follows:

𝑊(1) = 𝐶1𝐽𝑙 (𝑢𝑟) + 𝐶2𝑌𝑙 (𝑢𝑟) , (12)

where 𝐶1 and 𝐶2 are the undetermined constants and 𝐽𝑙(𝑥)
and 𝑌𝑙(𝑥) are first-class and second-class Bessel’s functions
with order 𝑙. When 𝑟 → 0, 𝑊(1)(𝑟) must have a finite value,
so 𝐶2 = 0 can be deduced. Therefore, (12) can be simplified
as

𝑊(1) = 𝐶1𝐽𝑙 (𝑢𝑟) . (13)

Similarly, we can arrive at the solution of the governing
equations in the FGM layer with the following formula:

𝑤(2) (𝑟, 𝜃, 𝑡) = 𝑊(2) (𝑟) exp [𝑖 (𝑘𝑅𝜃 + 𝑘ℎ𝜃 − 𝜔𝑡)] , (14)

where 𝑊(2)(𝑟) is the unknown amplitudes function of the
displacement. Substituting (14) into (7), we obtain

𝑐44 (𝑟) d
2𝑊
d𝑟2 + 𝑐44 (𝑟) d𝑊d𝑟 + 1

𝑟 𝑐44 (𝑟)
d𝑊
d𝑟

− 𝑙2
𝑟2 𝑐44 (𝑟)𝑊 + 𝜌𝜔2𝑊 = 0.

(15)

By letting �̂� = (𝑟 − 𝑅)/ℎ, (15) can be rewritten as an ordinary
differential equation with respect to �̂�:

(�̂� + 𝑅
ℎ )2 𝑐44 (�̂�) d

2𝑊
d�̂�2 + (�̂� + 𝑅

ℎ )2 d𝑐44 (�̂�)
d�̂�

+ (�̂� + 𝑅
ℎ ) 𝑐44 (�̂�) d𝑊d�̂� − 𝑙2𝑐44 (�̂�2)𝑊

+ (ℎ�̂� + 𝑅)2 𝜌 (�̂�2) 𝜔2𝑊 = 0.
(16)

To solve this ordinary differential equation with the
variable coefficient, we assume that the material parameters
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functions can be expanded as the power series with respect to�̂�𝑛 by using the power series technique as follows:

𝑐44 (�̂�) =
∞∑
𝑛=0

𝑚1𝑛�̂�𝑛,

𝜌 (�̂�) = ∞∑
𝑛=0

𝑚2𝑛�̂�𝑛.
(17)

Hence, with the material parameters subjected to the power
series technique, the amplitude function should have the
same form as

𝑊(2) (�̂�) = ∞∑
𝑛=0

𝑎𝑛�̂�𝑛, (18)

where 𝑚𝑘𝑛 = (1/𝑛!)(d𝑛𝑓𝑘/d𝑟𝑛), 𝑘 = 1, 2, and 𝑎𝑛 are the
coefficients of the power series. 𝑓𝑘 is the function which
describes the variation of material parameters with layer
thickness, and 𝑚𝑘𝑛 can be determined by the relationships
between the function and its Taylor expansion. Substituting
(17) and (18) into (16), we get the following equation:

(�̂� + 𝑅
ℎ )2 (∞∑

𝑛=0

𝑚1𝑛�̂�𝑛)(∞∑
𝑛=0

𝑛 (𝑛 − 1) 𝑎𝑛�̂�𝑛−2)

+ (�̂� + 𝑅
ℎ )2 (∞∑

𝑛=0

𝑛𝑚1𝑛�̂�𝑛−1)(∞∑
𝑛=0

𝑛𝑎𝑛�̂�𝑛−1)

+ (�̂� + 𝑅
ℎ )(∞∑
𝑛=0

𝑚1𝑛�̂�𝑛)(∞∑
𝑛=0

𝑛𝑎𝑛�̂�𝑛−1)

− 𝑙2 (∞∑
𝑛=0

𝑚1𝑛�̂�𝑛)(∞∑
𝑛=0

𝑎𝑛�̂�𝑛)

+ (ℎ�̂� + 𝑅)2 𝜔2 (∞∑
𝑛=0

𝑚2𝑛�̂�𝑛)(∞∑
𝑛=0

𝑎𝑛�̂�𝑛) = 0;

(19)

the coefficients of �̂�𝑛 on the two sides of (19) must equal each
other. Therefore, the relation of 𝑎𝑛 can be obtained:

𝑛∑
𝑗=0

[𝑛 (𝑛 − 𝑗) − 𝑙2]𝑚1𝑗𝑎𝑛−𝑗 + (𝑅
ℎ )

⋅ 𝑛∑
𝑗=0

[(𝑛 − 𝑗 + 1) (2𝑛 + 1)]𝑚1𝑗𝑎𝑛−𝑗+1 + (𝑅
ℎ )2

⋅ 𝑛∑
𝑗=0

[(𝑛 − 𝑗 + 2) (𝑛 + 1)]𝑚1𝑗𝑎𝑛−𝑗+2

+ 𝑛∑
𝑗=0

(ℎ2𝜔2𝑚2𝑗𝑎𝑛−𝑗−2 + 2ℎ𝑅𝜔2𝑚2𝑗𝑎𝑛−𝑗−1
+ 𝑅2𝜔2𝑚2𝑗𝑎𝑛−𝑗) = 0.

(20)

Let 𝑎−2 = 𝑎−1 = 0; when 𝑛 ≥ 2, (15) is a recurrence equation
of 𝑎𝑛 and can be solved through a specific value of 𝑎0, 𝑎1.Then
the amplitudes function is redescribed as

𝑊(2) (�̂�) = 3∑
𝑗=2

𝐶𝑗 (
∞∑
𝑛=0

𝑎𝑛𝑗�̂�𝑛) , (21)

where (𝑎0𝑗, 𝑎1𝑗) = 𝐼 and 𝐼 is a 2 × 2 unit matrix. Then,
substituting (13) and (21) into the boundary and continuity
conditions, the linear equation with 𝐶𝑖, 𝑖 = 1, 2, 3, can be
obtained, and this equation must have a nontrivial solution.
From the sufficient and necessary condition of homogeneous
linear equation, we know that the determinant of the coeffi-
cient matrix is equal to zero, which expresses the dispersion
relation for SH waves.

𝑇𝑖𝑗 = 0, (22)

where 𝑇𝑖𝑗, 𝑖, 𝑗 = 1, 2, 3, can be written as follows:

𝑇11 = 0,
𝑇1𝑗 = 1

ℎ𝑐44 (𝑅 + ℎ) (∞∑
𝑛=0

𝑛𝑎𝑛𝑗) , 𝑗 = 2, 3,
𝑇21 = 𝐽𝑙 (𝑢𝑅) ,
𝑇22 = −𝑎02,
𝑇23 = −𝑎03,
𝑇31 = 𝑐(1)44 𝐽𝑙 (𝑢𝑅) ,
𝑇3𝑗 = −𝑐44 (𝑅) 𝑎1𝑗, 𝑗 = 2, 3.

(23)

4. Numerical Examples

Next, the numerical examples are given to study the prop-
agation behavior of SH waves in cylindrical structures and
to graphically show the dispersion relation. Suppose that the
cylinder with surface damage is a composite of an FGM layer
and a homogeneous substrate with the same material. This is
a simplified model of the nuclear detector equipment used
in nuclear engineering. In the substrate layer, the material
parameters 𝑐440 and 𝜌 are constant, and in the FGM layer
these parameters become functions with the layer thickness.
Therefore, in order to describe the surface damage, we
describe the two types of the gradient functions as follows:

Type A:

𝑓 (�̂�) = exp (−𝑝�̂�) , (24)

Type B:

𝑓 (�̂�) = 1 − 𝑝�̂�, (25)

where 𝑝 is the gradient parameter. Then the parameter
functions with thickness can be denoted as

𝑐44 (�̂�) = 𝑐440𝑓 (�̂�) . (26)
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Figure 2: Comparing the dispersion relation of the SH waves with
the different gradient parameter 𝑝 for Type A.

Within the equipment of nuclear applications, 12Cr-
ODS has great applicability because of its good mechanical
properties under irradiation and high temperatures [1]. In
this paper, 12Cr-ODS ferritic steel is selected as the cylinder’s
material and its material parameters are given as 𝑐440 =80GPa and 𝜌 = 7.85 × 103 kg/m3. The thickness of the
FGM layer and substrate is ℎ = 0.003m, and the radius of
the cylinder is 𝑅 = 1m. Generally, subsurface damage has
great influence on the material’s mechanic parameters, so we
assume that 𝑐44(�̂�) is a function with the layer thickness and
the density𝜌 is constant in the FGM layer.Next the dispersion
relation of the SH waves in the cylindrical structure with
surface damage is discussed.

Figure 2 shows the dispersion curves of the SH wave that
propagates in the cylinder with different gradient parameter𝑝; 𝑝 = 0 indicates that the material is homogeneous
without surface damage and describes the different modes
of the wave propagation when the mechanical parameters
function as Type A in the surface damage layer. Obviously,
with the increase in the gradient parameter 𝑝, the phase
velocity of the wave is decreased. Figure 3 shows how the
mechanical parameters function as Type B influencing the
surface damage. The change tendency of the phase velocity
is similar to that seen in Figure 2. For both of these types
of surface damage, the gradient parameter influences the
dispersion relation of the SHwave to a greater extent inmode
2. For every gradient parameter, with the increase of wave
number 𝑘, the phase velocity is decreased.

We also have investigated the influence of the gradient
parameter on the phase velocity. For given 𝑘ℎ, such as 𝑘ℎ =2𝜋, the relationship between the gradient parameter𝑝 and the
absolute value of the increment of phase velocity |Δ𝑐|has been
discussed, where |Δ𝑐| = 𝑐−𝑐, 𝑐 is the phase velocity in cylinder
without subsurface damage, and 𝑐 is the phase velocity in
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Figure 3: Comparing the dispersion relation of the SH waves with
the different gradient parameter 𝑝 for Type B.
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Figure 4: The influence of gradient parameter on the increment of
phase velocity with subsurface damage Type A.

different gradient parameter. As shown in Figures 4 and 5,
with the increase of gradient parameter𝑝, |Δ𝑐| is increased for
both subsurface damage Type A and subsurface damage Type
B. It means that the larger gradient parameter could cause the
significant change tendency of phase velocity of SH wave. In
Type A, the changing in the phase velocity is more stable and
notable in mode 1 than in mode 2. In Type B, although the
changing tendency of the phase velocity holds steady inmode
1, the increasing of |Δ𝑐| is more obvious in mode 2. These
results indicate that it is possible to detect subsurface damage
on cylindrical structure through the change of the phase
velocity in specific circumstances.Therefore, these properties
of SH waves can be applied for nondestructive evaluation of
subsurface damage on nuclear installations.
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Figure 5: The influence of gradient parameter on the increment of
phase velocity with subsurface damage Type B.

5. Conclusions

Using the series technique, the circumferential SH waves in
cylinders with surface damage were analyzed. The results
showed that the gradient parameters affect the propagation
of the waves, and the rate of change of the phase velocity is
more stable in mode 1 than in mode 2. With the change in
the subsurface damage type, the propagation of SH waves is
significantly different. We found that it is possible to check
the equipment for surface damage using the change value of
the phase velocity of SH waves, and this provides us with a
method for identifying the type of damage we encountered.
These results could also be used as theoretical guidance in the
nondestructive evaluation of the reliability and durability of
nuclear installations.
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