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In this article, we develop a methodfor estimating the maximum energy of a mechani
cal system subjected to disturbances whose integral absolute value is bounded. The 
conditions for this estimate to be exact are found. The method is demonstrated by 
calculating the maximal displacement in a second-order nonlinear system. © 1993 
John Wiley & Sons, Inc. 

INTRODUCTION 

When designing and developing different engi
neering systems we often encounter the problem 
of determining the maximum response of the sys
tem under disturbances of some specified class. 
One of the first problems solved is the well
known Boulgakov's problem of accumulating 
disturbances in linear systems [Boulgakov, 
1946]. In this problem, the absolute values of the 
external disturbances are supposed to have a 
bounded integral over time. A number of papers 
[Balandin, 1989; Bolotnik, 1976; Sevin, 1957] 
deal with the maximum displacement in systems 
under disturbances, the integral of whose abso
lute value is bounded. In Balandin [1989], a 
broad class of nonlinear second-order systems is 
found in which the maximum displacement is 
reached at a single instantaneous impact. In this 
paper, we consider the problem of estimating the 
maximal energy of mechanical systems sUbjected 
to a disturbance whose absolute value is integra
ble over time. If such a disturbance is sign-defi
nite, it can be physically interpreted as a force is 
with a finite impulse. 

MECHANICAL SYSTEM AND STATEMENT 
OF PROBLEM 

Let us consider a mechanical system consisting 
of N point masses, Pv , connected to a rigid body 
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(called a base) moving without rotation in an in
ertial reference system. Denote by So a reference 
system rigidly connected to the base. Let rp be 
the position vectors of the point masses in the 
system So. Now for this mechanical system let us 
introduce the generalized coordinates qt. Q2, 

. . . , qn describing the motion of the system 
with respect to the base. Because our system is 
scleronomous, position vectors rv of points Pv do 
not depend on time explicitly and can be ex
pressed as functions of qt. q2,· .. ,qn: 

If the mechanical system is holonomic, then its 
motion can be described by Lagrange equations 
[Pars, 1968] 

(1) 

with initial conditions qi(O) = q't, 4i(0) = 4't, 
where L = T - II is a Lagrange function, T and II 
are the kinetic and potential energies, respec
tively, and Qi are the generalized forces. The 
generalized forces may be described as a sum of 
dissipative (Q1), gyroscopic (QT), and inertia 
(Q7') forces: 

Qi = Q1 + Q7 + Q'l'. 
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Note that for dissipative and gyroscopic 
forces the conditions 

n n 

2: Q1iJi :5 0, 2: QfiJi = 0 (2) 
i=1 i=1 

hold. 
The virtual work of inertia forces is given by 

N n 

- 2: mv8rvw(t) = -M8Rcw(t) = 2: Q'{'8qi, 
v=1 i=1 

where mv , 8rv are the mass and virtual displace
ment of the point P v; M = ~~= 1 mv is the total 
mass of the system; He = 11M ~~=I mvrv is the 
position vector of the system mass center; 8Rc is 
the virtual displacement of the mass center; w(t) 
is the acceleration of the base expressed in the 
reference system So; 8qi is the virtual displace
ment of the generalized coordinate qi' Because 
our system is scleronomous, the following equa
tion is valid for inertia forces 

n 

2: Q'{'iJi = -MRcw(t). (3) 
i=1 

Let us now proceed to the problem statement. 
Suppose that the vector function w(t) describing 
an external disturbance acting on the system is 
piecewise continuous and belongs to the class of 
so-called shock disturbances 

e = {W(.): w(t) == 0 

for t < 0, J: Iw(t)1 dt :5 Jo}. 
(4) 

For each function of the above class, a mechani
cal system response will be understood as a max
imal (over time) sum of kinetic and potential en
ergies. This sum is obtained by solving system (1) 
with the specified vector w(t): 

W[w(')] = sup (T + II). 
tElo,CO) 

Additionally, the potential energy as a function 
of generalized coordinates 

(5) 

is assumed nonnegative. 

Let us state the following problem: find the 
estimate from above for the maximum of the total 
energy, that is, determine the number W+ so that 

W[w(·)] :5 W+ Vw(·) E e. (6) 

ANALYSIS OF THE PROBLEM 

As it is known [Pars, 1968], the rate of change of 
the energy E = T + II for a holonomic system is 
given by 

dE n • 

-dt =? Qiqi. 
.=1 

Invoking (2) and (3), we rewrite this equation as 

dE ~ d' • dt = ~ Qi qi - MRcw(t). 

Now, let us take the time segments Ok = [tk, ttl, 
within which we have 

dE 
dt 2:: 0, 

and denote the union of these segments by 

Taking into account the inequality in (2), we can 
prove the inequalities 

n 
"" d • • L.J Qi qi - MRcw(t) 2:: 0, 
i=1 

dE . 
dt :5 IMHew(t)1 

to hold for all t E 0*. Note that the kinetic en
ergy of a point mass M moving at the same speed 
as the system mass center does not exceed the 
kinetic energy of the whole system: 

• 2 N'2 
MRc < T = 2: mvrv 

2 - v=1 2 . 

Besides, because the potential energy is assumed 
nonnegative (5), we have 

• 2 
MRc<E 

2 - , 



and hence 

Therefore, 

dE 
dt:5 Y2ME Iw(t)I· 

By integrating the last inequality over the arbi
trary segment Ok we obtain 

where EI:. = E(tl:.) , Et = E(tt). Adding all the 
inequalities obtained for all segments Ok and tak
ing Eq. (4) into account, we arrive at 

L L fl+ L [\lEI - v'E;;] :5 YMI2 L ~ Iw(t)ldt 
k=1 k=1 I, 

According to the definition of the segments Ok, 
we have 

E1 = sup E(t) = W[w(·)]. 
IE [0 ,"') 

Note thatEI:.+1 :5 Et, and hence, 

L 

VEt - VEf :5 L [\lEI - ~]. 
k=1 

Finally we obtain 

or 

E1 = W[w(')] :5 {\I'E"f + YM12 10F· 

Here, E, is determined by initial conditions for 
Eq. (1) and is just the value ofthe system energy 
at the instant when the disturbance starts to act 

(7) 

DISCUSSION 

The above estimate for maximum energy of a 
system under shock disturbances gives rise to a 
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quite natural question whether there exist me
chanical systems for which this estimate is exact, 
that is, whether there exist systems for which 

W+ = sup W[w(')] 
wOEE> 

(8) 

is valid. Before formulating validity conditions 
for (8), let us estimate a system response to the 
instantaneous impact given by 

wet) = loe8(t), (9) 

where e is a constant unit vector (e2 = 1); 10 is a 
positive number; and 8(t) is the Dirac delta-func
tion for which 

1:", 8(t) dt = 1. 

It is known [Pars, 1968] that the instantaneous 
impact (9) results in an instantaneous change in 
the velocities fv ofthe points Pv by the vectors cv, 
with the following inequality holding 

(10) 

Let us denote by Tc(Jo) the magnitude by which 
the kinetic energy of the system mass center is 
changed under instantaneous impact (9). From 
(10), we obtain 

Now let us state the conditions under which the 
equality (8) holds. Let the initial conditions in (1) 
be such that 

qr = q~ = ... = q~ = 0, 

II(qr, q~, ... ,q~) = 0, 
(11) 

and let the unit vector e be such that the change 
in the mass center kinetic energy due to the in
stantaneous impact (9) is 

(12) 

Then, equality (8) is true. Indeed, for any distur
bance w(') E e, taking (11) into account, we ob
tain E, = 0, and hence 
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On the other hand, when taking the disturbance 

w*(t) = 10 e,,(t), 

where the scalar function vet) is determined by 

{
liT, o:s t :s T 

vet) = , 
0, t> T 

with T being sufficiently small, we get 

M12 
W[w*(·)] = T - /L(T), 

where li~o /L(T) = O. Hence, we have 

lim W[w*(·)] = W+. 
,......0 

And equality (8) holds. 

(13) 

Now, let us discuss an example of a mechani
cal system for which (8) is true. Let us consider a 
one-dimensional chain of N interconnected point 
masses connected to the base by elastic-dissipa
tive links. Such a system can be used for model
ing the dynamics of different real structures, for 
example, a motion of railway carriages following 
a locomotive, or a horizontal displacement of a 
multistory building under seismic displacement 
of its base, etc. The equations of motion can be 
expressed in the form 

m\(.f\ + w) = -!p\(x\) - g\(.x\) + !P2(X2 - Xl) 
+ g2(X2 - Xl) 

m;(x; + w) = -!p;(X; - Xi_I) - g;(x; - Xi-I) 

+ !Pi+\(Xi+\ - x;) + gi+\(Xi+\ - x;) 
(14) 

and initial conditions may be taken as 

X;(O) = 0, x;(O) = 0 i E [1, n]. 

The scalar function w = wet) is supposed to de
scribe the acceleration of the base and satisfies 
condition (4); and the functions g;, !P;, describing 
the elastic-dissipative links of the system are 
continuous and meet the condition 

In this case, the power of the dissipative forces is 
equal to 

n-\ 

- L gi+\(x; - Xi+\)(x; - Xi+\) - g\(x\)x\ :s 0, 
;=\ 

and the potential energy is 

with II vanishing (ll = 0) when all X; = O. Thus, 
conditions (2), (5), and (11) are satisfied. If the 
base is subjected to an instantaneous impact so 
that 

wet) = 10 S(t), 

then from the equations of motion (14) we imme
diately obtain the instantaneous increment in the 
velocity x;(O): 

X;(O) = -10 i E [1, n] 

Hence, condition (12) is also valid. 
Thus, the disturbance that maximizes the sum 

of the kinetic and potential energies of the given 
mechanical system is an instantaneous impact of 
intensity 10 [equality (8) being true], and the de
sired value of the maximum response is given by 

W+ = MJ~ (M = ± m;). 
2 ;=\ 

Note here that the value W+ also enables us to 
estimate a maximal displacement in system (14) 
described by 

where IT\ = SUPtE[O,oc) Ix\[t, wC·)]I, 

ITi+\ = sup Ix;[t, w(·)] - Xi+\[t, w(·)]! 
tE[O,"") 

i E [1, n - 1], 

and {x\[t, w(·)], ... , x;[t, wC·)], ... , 
xn[t, w(·)]} is a solution of system (14) corre
sponding to the disturbance wet). 

Indeed, from II :s W+, taking into account the 



second relationship in (15), we arrive at the in
equality 

Ui:5 1st!. i E [1, n], 

where st is the maximum (in absolute value) root 
of the equation 

This means that the desired estimate of the maxi
mal displacement is given by 

Uo[w(·)] :5 max(lstl, Isil, ... , Is!l) = s+. 

It is worth mentioning that the estimate may ap
pear to be significantly overstated in the sense 
that the value 

U+ = sup uo[w(·)], (16) 
wOES 

will be drastically less than S +. However, if (14) 
is a single-mass system, then the value of U + is 
the same as the estimate S +, provided the dissi
pative link is absent. 

APPLICATION OF RESULTS 

Now let us discuss an example of results above 
to estimate exactly the maximum displacement 
of a second-order nonlinear system with damp
ing. 

Let us consider the following system 

x = y, y = -g(x, y) - rp(x) + u(t), 
(17) 

x(O) = y(O) = O. 

For the continuous functions g and rp, it is sup
posed that 

g(x, y) sign(y) ~ 0, 
(18) 

g(x, Y) ~ g(x, Y2) at IY21 > IYd > 0, 
y) Y2 

rp(x) sign(x) ~ 0, rp(x) =1= 0, 
(19) 

Depending upon the situation, by the external 
disturbance u(t), we understand w(t) from the 
class 6, or some instantaneous impact 
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Note that if u(t) = w(t), then, with (18) and (19) 
taken into consideration, the following estimate 
is valid 

W[w(·)] :5 l~/2, (21) 

where W[w(·)] is maximum of the sum of kinetic 
and potential energy 

y2 JX 
E = 2 + 0 rp(x)dx 

calculated for the solution {x[t, w(·)], y[t, w(·)]} 
of system (17). 

Let us state the following problem: find the 
value u+ determined in accordance with (16), 
provided the maximum displacement given by 

uo[w(·)] = sup Ix[t, w(·)]I. 
IE[o,"') 

Let us first consider the motion of system (17) 
under instantaneous impact (20). This motion is 
described as 

x(O) = 0, 

x = y, y = -g(x, y) - rp(x) 

y(O) = 10 
(22) 

[y(O) = -10 , if u(t) = .1-(1)]. 

Note here some features of system (22). Let us 
separate the initial segments of the system trajec
tories corresponding to the disturbances A +(t) 
and A -(I) and lying in the first and third quad
rants of the phase plane {x, y}, respectively. De
note these segments by F+ and F- (Fig. 1). 

The curve F+ is described as follows 

and the curve F- is given by 

y = y';(x). 

Now using the assumed properties of the func
tions g, rp it is easy to show that a) unique roots 
of the equations 

y;(x) = 0 and y';(x) = 0 

denoted by A + > 0, A - < 0 assume finite values; 
and b) 
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y 

FIGURE 1 

On the phase plane, let us determine a set of 
points /L* containing the point {O,O} and bounded 
by the curves F+ and F- within the first and the 
third quadrants, and by rectangles with sides 
{IA -I, fo} and {A +, f o}, within the second and the 
fourth (Fig. 1). Let us show that a phase trajec
tory of system (17), corresponding to an arbitrary 
disturbance w(t) of the class e, will not leave the 
set /L*. 

Now, let us have a look at the phase plane {x, 
y} of system (17). According to (17) and with (18) 
and (19), the phase trajectory [that corresponds 
to an arbitrary disturbance wet)] in the first quad
rant connects a point on the y-axis (or x-axis) to a 
point on the x-axis. Now, let us separate the 
phase trajectory segments fully lying within the 
first quadrant and denote them by Fi • The seg
ments are numbered according to the time they 
pass the first quadrant. Let ti and tt be the in
stants at which motion starts and ends along the 
segment Fi ; and let x = x[t, w(·)], Y = y[t, w(·)] 
for t E [ti, ttl be a parametric equation for the 
segment Fi • We denote xi = x[ti, w(·)], xi = 

x[tt, w(·)], Yi = y[tj, w(·)], yt = y[tt, w(·)]. 
According to the definition of segments F i , we 
have yt = O. Because y = y[t, w(·)] > 0 for t E 
(ti, tt), y may be expressed through x: y = Yi(X) 
at x E [xi, xi]. Among all F i , we then choose 
those starting at the points lying on the y-axis. 
Denote a subset of all such Fi through f 0' that is, 

Fi E fo, if Yi 2:: 0, xi = O. Note that fo is non
empty if the set of all Fi is non-empty, because 
under zero initial conditions in system (17) Fi 
[with allowance for (18), (19)] necessarily be
longs to f o' Consider two segments, Fj and Fb so 
that these segments belong to f 0, where Fi whose 
indices range from j + 1 through k - 1 do not 
belong to r o. Now let us make some auxiliary 
constructions. We consider the following two 
possible variants for mutual position of segments 
Fj+1 and Fj : 1) Fj+1 and Fj have at least one com
mon point; 2) Fj + I and Fj have no common 
points. 

Let us consider the first variant, and denote by 
{xJ+J. YJ+I} the first (after the moment ti+J com
mon point. Let us construct a curve composed 
from a piece of the segment Fj (from the start up 
to the intersection point) and a piece of the seg
ment Fj + I (from the intersection point up to the 
end) (Fig. 2). This curve, denoted through H}, 
may be written as 

. {Yj(X), 
Y = yj(x) = 

Yj+1 (x), 

x E [0, xj.q] 
(23) 

Denote by gJ+1 and 'J+I the instants when the 
phase trajectory segments Fj + 1 and Fj pass 
through the point {xJ+ I, YJ+ I}: 

gJ+\ E [tj-, tll. 'J+I E [t-j+J. tj+I1, 

x[gJ+J. w(·)] = x[,J+J. w(·)] = X}+I' 

y[gJ+\, w(·)] = Y['J-H, w(·)] = Y}+I' 

Now let the second variant take place, that is, 
Fj + 1 and Fj do not intersect. Then, according to 
(17) and with (18) and (19), the segments Fj + 1 lie 
between Fj and the x-axis: 

y 

--_ .... 

FIGURE 2 



In this case, the curve H] is assumed to coincide 
with F/ 

(24) 

Suppose that the curve Hi, where r = I - j and 
I < k - 1, has been built, and now we will show 
how to construct the curve Htl. As before we 
have two variants of mutual positions of Hi and 
FI+ I: 1) Hi and FI+J intersect: 2) Hi and F I+I have 
no common points. If the first variant takes 
place, then denote by {Xl-H, y7+1} the first (after 
tUI) intersection point of Hi and FI+ I . Here the 
superscript index n denotes the number of the 
segment Fn that belongs to the curve Hi, and is 
intersected by the segment F l+ I ; in this case n E 
[j, I]. If an intersection point falls into the 
"joint" of the segments F m and Fn, then the 
smaller of the numbers m and n is taken as a 
superscript. Let us construct the curve Htl 
composed of the piece of the curve Hi (from the 
start up to the intersection point) and the piece of 
segment Fl+ I (from the intersection point up to 
the end). The curve Htl is given by 

{ 
yi(x) , 

y = ytl(x) = 
YI+I(X), 

x E [0, x7+1] 

X E [X7+h x~I1 
(25) 

Denote also by g7+1, '7+1 the instants when the 
curve segments Hi and Fl+l pass through point 
{X7-tI, y7-tI}; g7+1 E [t;, t:], a+1 E [tuI, t~I]. If 
the second variant takes place, that is, Hi and 
FI+I do not intersect, then the segment Fl+l lies 
below the curve Hi. In this case Ht 1 is assumed 
to coincide with Hi: 

(26) 

Expression (25) combined with (23), (24), and 
(26), constitutes a recursive formula to determine 
the curve Hf for p E [1, k - 1]. To all curves Hj 
let us add the curves Fj from the set r 0 denoting 
them by HJ: yJ(x) = Yj(x). The set of curves thus 
obtained is denoted by Go. For each Hf EGo, 
we also determine a set of points within the 
phase plane; this set contains the point {O,O} and 
is bounded by the coordinate axes and the curve 
Hf. Denote this set by oj (Fig. 3). According to 
the definition of the set Go, for every segment of 
the phase trajectory Fi there can be found a curve 
Hj such that Fi does not leave the set of. 
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y 

o 

FIGURE 3 

Thus, to prove that the system phase trajec
tory (17) lies within the first quadrant of the 
phase plane and does not leave the set fL *, it is 
sufficient to prove that the curves Hj E Go do 
not intersect F+ and do not leave the set fL *. Let 
us examine the curve Hf. For simplicity, assume 
that this curve consists of only two pieces of the 
segments Fj and Fn. Let the coordinates of the 
intersection point of Fj and Fn be {x{, y{}; and the 
instants when the segments Fj and Fn pass 
through this point be denoted by g{, ,{ (g{ < ,{), 
respectively. Consider an external disturbance in 
the form 

{
W(t) , 

w*(t) = 
wet - g{ + ,-t.), 

t E [0, en) 

t ? g{ 

Note that if w(t) belongs to the class e, the func
tion w*(t) will also belong to it. Moreover, the 
phase trajectory {x[t, w(·)], y[t, w(·)]} corre
sponding to the disturbance wet), differs from the 
phase trajectory {x[t, w*(·)], y[t, w*(·)]} [corre
sponding to the disturbance w*(t)] only within 
the interval (g{, ,{). Within the time interval [tT, t: + g{ - ,{], the phase trajectory {x[t, w*(·)], 
y[t, w*(·)]} will coincide with the curve Hf. Be
cause y[t, w*(·)] > 0 in the interval (tj-, t: + gjn 
- '{), y and t can be expressed as a function of x: 

y = yj(x), t = tf(x) at x E [Xj-, x;]. 

We can also find the function wf(x) = w*[tf(x)] 
for x E [Xj-, x:]. The function yf(x) for x E [Xj-, 
x:] satisfies the differential equation 

dy -g(x, y) - cp(x) + wf(x) 
- = y(xT) = yT 
dx y 

(27) 
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derived from system (17) by dividing the second 
equation by the first one. Let us write Eq. (27) in 
the integral form: 

_ (x (x w)'(x) 
y.f(x) = Yj - J - R[x, yj(x)]dx + J ~ ~ dx, 

Xj Xl Yj X (28) 

where 

R[ T?()] = g[x, y.f (x)] + cp(x) 
x, YJ x P( ) Yj x 

Note that according to the definition of the curve 
H.f, we obtain x T = 0 and 

Jx wj(x) dx = It'i(X) w*(t) dt :5 J~ Iw(t)1 dt. 
D yj(x) tj Ij 

(29) 

The function Y = y;(x) describing the curve F+ 
satisfies the differential equation 

dy = -g(x, y) - cp(x) (0) = J 
dx y ,y 0 

for x E [0, A +]. We can write this equation in the 
integral form: 

+ (x + 
Yo (x) = J o - Jo R[x, Yo (x)] dx. 

Subtracting expression (28) from both sides of 
this equation we obtain: 

+ ) _ P ) _ _:- _ (x w.f (x) d 
Yo(x Yj(x - Jo YJ JI P() X o Yj x 

- J: '11[x, y.f(x)] dx, 
(30) 

where '11[x, y.f(x)] = R[x, y;(x)] - R[x, y.f(x)]. 
Let us show that the curve H.f does not intersect 
the curve F+ and hence does not leave the set 
f.L *. This is proved by contradiction. Suppose 
that the curve H.f intersects the curve F+ at some 
point. In other words, there exists x* such that 

y;(x*)=y.f(x*), y;(x»y.f(x) at xE[O,x*). 

Taking into account the second inequality (18), 
. we arrive at 

'11[x, y.f(x)] < 0 at x E [0, x*). (31) 

Now consider the difference 

- lX w.f(x) KT?(x) = J - y. - --dx 
J 0 J 0 yT?(x) 

J 

and use estimate (21) for the maximal energy of 
system (17). Let 

If we consider disturbances w' (I) of the form 

{
W(t), t E [0, tT), 

w'(t) = 
0, t;:::: tT 

then according to estimate (21) we have 

W[w'(-)] :5 1~/2 

and, given the expression for the energy E, we 
get 

Thus, taking (29), into account, we have 

KT?(x) ;:::: J - 1 - (x· w.f(x) dx 
J 0 0 Jo yT?(x) 

J 

;:::: Jo - 10 - t Iw(t)ldt ;:::: O. 
J 

From relationship (30), with (31), we immedi
ately reach the contradiction 

y;(x*) - y.f(x*) > O. 

Hence, the curve H.f does not intersect F+ and 
does not leave the set f.L *. A similar proof may be 
applied to any curve H.f from the set Go. So we 
have shown that the system phase trajectory (17) 
lying within the first quadrant of the phase plane 
does not leave the set f.L *. This means that for all 
xi, the inequality xi < A + is valid. Then, accord
ing to (17), (18), and (19), for any trajectory seg
ment within the fourth quadrant, the inequality 
x[t, w(·)] < A + holds. In addition, because of esti
mate (21) in the fourth quadrant, the inequality 
Iy[t, w(')]1 :5 Jo holds. Hence, the phase trajec
tory lying within the fourth quadrant does not 
leave the set f.L * . 

The behavior of the phase trajectory within the 
third and second quadrants is analyzed, with al-



lowance made for the properties of the functions 
g and cp [see (18), (19)], in a similar way, if in Eqs. 
(17) the change of variables x I = -x, Y I = -y is 
made. 

Thus, the phase trajectory corresponding to 
any disturbance w(t) of the class 0, does not 
leave the set /L *. This means that for the maximal 
displacement in (17) the estimate 

(T o[w(·)] ::5 max {A +, lA-I} Vw(·) E 0 

holds. To prove the equality 

it is sufficient to consider the disturbances 

wHt) = +Jov(t), w!(t) + -Jov(t), 

where v(t) is the function of the kind (13). As T 

tends to zero, we obtain 

max{lim (To[wtO], 
,,-0 

"-0 

Hence, the instantaneous impact of intensity Jo 

or -Jo results in the maximum value (T+ of the 
maximal displacement (To[w(·)] in (17). This 
result generalizes the results obtained by Balan
din [1989]. 

EXAMPLE 

As an example let us consider a nonlinear oscilla
tor described by the equation 

x = -qx + klxlx + w(t), x(O) = x(O) = O. 

We assume that q = 0.528 and k = 0.441. Having 
solved this differential equation numerically, we 
can compare the above estimate (T+ with the val
ues of the maximal displacement (To[w(·)] under 
various disturbances w(t). Let us consider shock 
disturbances of two kinds 

{
liT, 0::5 t ::5 T 

Wj(t) = , 
0, t> T 

{
6t(T - t)/T3, 0::5 t ::5 T 

W2(t) = 
0, t> T 
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Table 1. Maximal Displacement Values 

T 0.20 
0.998 
0.999 

0.50 
0.997 
0.999 

for which the equality 

1.00 
0.996 
0.998 

1.50 
0.990 
0.995 

1.80 
0.985 
0.992 

holds. If we let 0 0 be the class of disturbances 
consisting of Wj(t) and W2(t), then for this class 
the greatest value of the maximal displacement 
(T+ will be equal to 1.000. Table 1 contains maxi
mal displacement values for the oscillator influ
enced by the disturbances from the class 0 0 • The 
displacements depend on the duration of the dis
turbance. The values of (Tj and (T2 differ from (T + 
at most by 1.5%. Hence, the magnitude (T+ can 
be considered a sufficiently good estimate for the 
maximal displacement of the given system under 
forces belonging to the class 0 0 • 

SUMMARY 

In this paper, an estimate for the maximal energy 
is obtained for mechanical systems under distur
bances the integral of whose absolute value is 
below a given value Jo • The conditions for this 
estimate to be exact are formulated. An example 
is given that shows how the results obtained can 
be used for determining the maximal displace
ment in a second-order nonlinear system. These 
results may also be used for estimating a guaran
teed quality of various mechanical systems, in 
particular shock isolation systems. 
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