
O.c. Zienkiewicz 
Department of Civil Engineering 

University College of Swansea 
Swansea SA2 8PP, U.K. 

Maosong Huang 
Department of Civil Engineering 

Zhejiang University 
Hangzhou 310027, P.R. China 

A New Algorithm for the 
Coupled Soil-Pore 
Fluid Problem 

JieWu 
Department of Civil Engineering 

University College of Swansea 
Swansea SA2 8PP, U.K. 

Shiming Wu 
Department of Civil Engineering 

Zhejiang University 
Hangzhou 310027, P.R. China 

Two new semiexplicit algorithms for the coupled soil-pore fluid problem are devel
oped in this article. The stability of the new algorithms is much better than that o!~he 
previous algorithm. The first new scheme (H*-sc.he.me) bas~d on operato~ sp~lttlng 
before spatial discretization can avoid the restTlctlOn of mixed f?rm.ula~lOn In the 
incompressible (zero permeability) limit. ~he steady-state f.ormuiatzon IS dlscus~ed to 
verify this argument. Several examples Illustrate the article. © 1993 John Wiley & 
Sons, Inc. 

INTRODUCTION 

The solution of problems in which coupling oc
curs between the displacement of the soil skele
ton (characterized by the displacement Ui) and 
the pore fluid motion (characterized by the pres
sure p) is fundamental in the treatment of engi
neering designs in which consolidation or dy
namic (earthquake) actions occurs. The basis of 
the treatment is discussed fully by Zienkiewicz 
and Shiomi [1984] and more recently by 
Zienkiewicz, Chan, Pastor, Paul, and Shiomi 
[1990] who deal with many situations involving 
soil degradation in dynamics. However difficul
ties exist. 

(a) The formulation requires the satisfaction 
of the so-called Babuska-Brezzi (BB) con-
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ditions in the limit of nearly incompressi
ble pore fluid and small permeability. This 
leads to nonuniform interpolation of the Ui 

and p variable as shown by Zienkiewicz et 
al. [1990] that complicates coding and 
results in an inconvenient form of semiex
plicit or explicit algorithms. 

(b) If a semiexplicit or explicit time stepping 
algorithm is used as first suggested by 
Zienkiewicz, Hinton, Leung, and Taylor 
[1980], the time step is controlled by the 
Courant number based on sound velocity 
in the undrained medium and on the per
meability. This results in uneconomically 
small time steps needed for a practical so
lution. Similar limitations exist in the for
mulation where in place of p the relative 
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velocity of porous fluid Wi is used as dis
cussed in Zienkiewicz and Shiomi [1984] 
and more recently implemented by Chan, 
Famiyesin, and Wood [1991]. 

For these reasons we introduce here an alter
native, staggered, formulation that 

(i) permits equal interpolation (continuous in
terpolation) to be used for Ui and P; and 

(ii) in its semiexplicit form is governed by 
time steps involving only the sound speed 
in the drained soil. Such time steps are of 
course at least one order of magnitude 
greater than in the previous algorithm. 
The present work is motivated by some
what similar forms of transient solution in
troduced for the study of fluid mechanics 
with small compressibility by Zienkiewicz 
and Wu [1991]. 

Governing Equations and New Algorithm 

The equations of coupled soil skeleton and pore 
fluid interaction are derived in Zienkiewicz and 
Shiomi [1984] and Zienkiewicz et al. [1990]. 
These can be written as 

ST(a' - mp) + pb - pii = 0 (1) 

where U is the vector of displacement, p is the 
fluid pressure, b is the body force per unit mass, 
p is the total density of the mixture, Pf is the 
density of the fluid, n is the porosity, k = klpfg is 
the dynamic permeability, g is the gravity accel
eration, Kfis the bulk modulus of the fluid and a' 
is the vector form of the effective stress defined 
as 0"' = 0" + mp (with 0" being total stress with 
the coefficient a = 1 [Zienkiewicz and Shiomi, 
1984]). The strain operator S and vector mare 
given for two dimension (x, y) as 

S= 

a 
ax 

o 

o 

a 
ay 

a a 
ay ax 

m T = [1, 1,0]. 

Equation (1) is that of total momentum equilib
rium equation and Eq. (2) governs the flow of the 
fluid in the pores. The equations have to be sup
plemented by an incremental constitutive law for 
the soil skeleton linking 0"' and the strain 

e = Su. 

In general for any nonlinear materials we shall 
consider an incremental form with a tangential 
modulus D dependent on 0"' etc. 

dO"' = Dde. 

However, in some of the examples we shall 
assume elastic behavior with D being constant. 
Boundary conditions for the problem are gener
ally specified as follows, 

Ui = Ui on ru 
or ti = crijnj - niP = ii on C 

and 

p = p on rp 
- ap _ 

or k an = -q on rq 

To proceed with the development of the 
present algorithm, we shall first discretize the 
governing equations in time only using the GNpj 
algorithm [Katona and Zienkiewicz, 1985; 
Zienkiewicz et al. 1990]. Thus for u we shall 
use GN22 (essentially the Newmark method), 
writing 

1 
un+ 1 = Un + Lltun + 2 Llt2iin + f3Llt 2Lliin 

= U~+l + f3M 2Lliin (3) 

Un+l = Un + Miin + yMLliin = U~+l + yLltLliin 
(4) 

For the variables p that occur in first order we 
shall use GNl1 as 

Pn+l = Pn + Lltpn + OLltLlPn = P~+l + MtLlpn 
(6) 

In the above u~+ 1, etc., stand for values that are 



predicted from known parameters at time tn and 
~iin' ~Pn are the unknowns. Equation (1) written 
at t = tn+l is 

In the above equation we shall use the explicit 
scheme (f3 = 0). Thus we write 

ST[(JI~+l - m(Pn + ~t~n + ~Pn~~t)] (9) 
+ pbn+1 - P(U~+l + ~un) = 0 

where the "predicted" (J1~+1 is obtained from 
U~+l that takes as 

p + A • + 1 A 2" Un+l = Un L.1tun 2: L.1t Un' (10) 

The unknown ~iin can conveniently be separated 
into two parts: 

(11) 

We now introduce an operator split of the Eq. 
(9), and we write this as two equations 

ST«(JI~+l - mpn) + pbn+1 - P(ii~+l + ~ii:) = 0 
(12) 

-p~ii:* - STm(~tPn + ~Pn()~t) = O. (13) 

Equation (12) contains only one independent un
known, which we shall find useful later . Similarly 
with an implicit time discretization, Eq. (2) is 
written at t = tn+l as 

mTS(ia~+1 + ~ii:'Y~t + ~ii:*'Y~t) 
- VTkV(p~+l + ()~t~Pn) (14) 

By substituting Eq. (13) into Eq. (14), we can 
eliminate the unknown ~ii:* and now have 

mTS[ia~+1 + ~ii:'Y~t 

- .! STm(~tPn + ~Pn()~t)y~t] 
p 

-VTkV(p~+1 + ()~t~Pn) 
(15) 
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At this stage we perform the spatial discretiza
tion and apply the standard Galerkin procedure 
to the Eqs. (12), (15), and (13). We can easily 
obtain the following algebraic equations: 

Q 7:("!"'P + A"'"* A) S..!...P H-P - Un+l L.1Un 'YL.1t - pn+l - Pn+l 

where U = Null, P = Npp, etc., and 

M = 1 NTpN dO n u u 

Q = 1 BTmN dO n p 

H = In (VNpYk(VNp)dO 

H* = 1 (VN)T.! (VN )dO n p p p 

S = In N~ :/ NpdO 

(fi)n+l = In N~pbn+ldO 

(f) = ( NTk apn+l dr 
p n+l Jr p an 

(P2 = ~tPn + ~Pn()~t) 

(fi*)n+l = - Ir N~np2dr 

(16) 

(17) 

(~(J~)P is related to ~u~ that is defined as follows, 
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The solution can proceed now as follows: 
Step 1: solve Llu~ using Eq. (16). 
Step 2: solve Llpn using Eq. (17). 
Step 3: solve Llu~* using Eq. (18). 
Step 4: compute Llun = Llu~ + Llu~* and deter

mine iin+J. Pn+J. etc. 
If the algorithm is used in a semiimplicit form 

with e ;::: i (in our examples e = i is taken) then 
an explicit type of computation can be used in 
step 1 and 3 requiring only the inversion of the 
matrix M that can be made trivial by lumping. In 
that case the stability is conditional but is much 
better than that of Zienkiewicz et al. 's scheme 
[1980], especially for small compressibility and 
small permeability. Indeed the critical time step 
is independent on the permeability and com
pressibility. With y = 0.5, the critical time step 
can be written for linear elements as 

where h is the element size and Cd is the speed of 
elastic wave propagation in the drained soil. The 
stability of the new schemes is identical to that 
of the explicit-implicit direct scheme of 
Zienkiewicz et al. [1990]. 

For both semiexplicit and explicit versions we 
shall find by using precisely the same arguments 
as in Zienkiewicz and Wu [1980] that the limita
tions of BB condition are avoided. In the exam
ples given later we shall see this demonstration. 
Appendix A fully discusses the reasons for this 
phenomenon. 

AN ALTERNATIVE STAGGERED SCHEME 
(AFTER SPATIAL DISCRETIZATION) 

A similar operator splitting scheme can also be 
applied after spatial discretization. Here we use 
the spatial approximation in the form 

o = o(t) = Nuii(!) 

p = pet) = Npp(t) 

and by the use of an appropriate Galerkin state
ments for Eqs. (1) and (2), we have the following 
finite element discrete approximation: 

and 

where 

Again we shall use GN22, with f3 = 0, and obtain 

(21) 

and similarly 

Introducing the previous splitting scheme and 
following the same steps, we can easily obtain in 
place of Eqs. (16)-(18) the following 

M(u~+1 + Llu~) 
(23) 

+ (( BT 0" dO)P - QPn = (fs)n+l In n+! 

(S + HeLlt + QTM-IQOyLlt2)Llpn 
= (fp)n+1 - QTM-IQPnyLlt2 (24) 

- QT(ii~+1 + Llu~yL1t) - Sp~+l - Hp~+1 

(25) 

Although Eqs. (23) and (25) are identical to Eqs. 
(16) and (18), Eq. (24) is only similar to Eq. (17). 
Here the matrix QTM-IQ with a wider connec
tion replaces the H* matrix and its solution is not 
trivial in the large problem. For this reason we 
use a preconditioned conjugate gradient (PCG) 
iterative solver with diagonal preconditioner 

For the linear equation AX = b, the general PCG 
iterative procedure has been described in Borja 
[1991]. The flowchart in Table 1 summarizes the 
steps necessary to carry out the solution of a 
linear system arising out of Newton's iteration by 
the peG method. By using this iterative solver, 
we shall also get an economic solution on most 
large computations. 

Even though the stability of this alternative 
scheme (QTM-l Q-scheme) is the same as that of 



Table 1. Flowchart of the Preconditioned Conjugate 
Gradient Algorithm 

1. Initialize k = 0, XO = 0, rO = b, pO = ZO = 
B-1rO 

2. a k = (rk, zk)/(pk, Apk) 
3. Xk+l = Xk + akpk 

4. r k+1 = rk - akApk 

5. If Ilrk+lll/llroll ~ TOL, return; else continue 
6. Zk+l = B-1rk+l 

7. 13k = _(Zk+l, Apk)/(pk, Apk) 

8. pk+l = Zk+l + f3"Pk 

9. k ~ k + 1 and go to Step 2. 

the first scheme (H*-scheme), it must be noted 
that this scheme does not avoid the restriction of 
mixed formulation as shown in Appendix A. We 
shall also demonstrate this in the example 
section. 

EXAMPLES 

The following numerical examples are solved to 
show the performance of the algorithms in vari
ous semiexplicit (f3 = 0, () = 'Y = !) and fully 
implicit (f3 = !, () = 'Y = !). 

p=O 

T 9 
17 I. 

S 
15 " 

7 
Il 11 

8 6 
~ " 12 

5 
10 

/" 

l 

]"",H" I 
IKN/m' ~ 

0.10 time 

fixed in horizontal direction 

impermeable boundary 

E = 3x1Q7 N/m2 

/I = 0.2 

P. = 2.0xlrJ3kg/m3 

PI = 1.0x103kg/m3 

Kf =00 

n =0.3 

impermeable and fixed boundary 

FIGURE 1 Saturated soil column problem. 
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[J [J 
biquadratic for u and bilinear for p 

(a) satisfies B.B. condition 

n • • 
[J 

bilinear for u and bilinear for p 

(b) violates B.B. condition but OK with new scheme(H*-scheme) 

FIGURE 2 Elements used for coupled analysis. 

Soil Column: Undrained Condition (k = 0) 

Figure 1 shows the soil column subjected to a 
surface step loading of 1 KNlm2 applied in time 
0.1 seconds. The boundary conditions and the 
material properties are shown in the figure itself. 
Incompressible pore fluid is first considered and 
we consider various permeabilities of soil. Figure· 
2 shows two forms of the elements used in this 
paper. 

A restriction of mixed formulation exists in 
the direct implicit scheme to be solved in such a 
limiting case. This is identical to that used in the 
solution of problems of incompressible elasticity 
or fluid mechanics. Such a study places limita
tions on the approximating function Nu and Np • 

In Cases 1, 2, 3, and 4, time step at = 0.02 sec
onds is used. 

Case 1: The calculation is first carried out us
ing the fully implicit scheme of Zienkiewicz et al. 
[1990] with equal interpolation, that is, bilinear 
for u and bilinear for p. The computational pore
pressure values when the steady state is reached 
are shown in Fig. 3. Obviously, this element form 
cannot be acceptable at incompressible
undrained limits. 

Case 2: Now we use a fully implicit scheme 
with nonuniform interpolation, that is, bi
quadratic for u and bilinear for p, that satisfies 
the BB condition. The computational results 
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FIGURE 3 Solutions for implicit direct scheme with 
equal interpolation (undrained, incompressible). 

shown in Fig. 4 are reasonable and can be used as 
a basis of comparison. 

Case 3: Figure 5 shows numerical results by 
using a new semiemplicit H*-scheme with equal 
interpolation (bilinear for u and bilinear for p). It 
is noted that the results are close to those of case 
2. As predicted this scheme can avoid restriction 
of the mixed formulation. 

Case 4: We also use a new semiexplicit 
QTM-l Q-scheme with equal interpolation (bi
linear for u and bilinear for p) to compute the 
same example. The results are shown in Fig. 6. 

But the result is identical to that in case 1. This 
scheme of course cannot avoid restriction of the 
mixed formulation. 

We find that at = 0.022 seconds leads to insta
bility and the theoretical value of the critical time 
step Llterit = 0.0214 seconds by using new semiex
plicit schemes with equal interpolation (bilinear 
for u and bilinear for p). The numerical results 
show the same limitation of the time step in 
two new semiexplicit schemes (H*-scheme and 
QTM-l Q-scheme). 

Case 5: Further analysis is carried out by the 
QTM-l Q-scheme with nonuniform interpola
tion, that is, biquadratic for u and bilinear for p. 
Time step at = 0.003 seconds is used in this case. 
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FIGURE 4 Solutions for implicit direct scheme with 
nonuniform interpolation (undrained, incompressible). 
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FIGURE 5 Solutions for semiexplicit H*-scheme 
with equal interpolation (undrained, incompressible). 

The result shown in Fig. 7 is very close to that in 
case 2. 

Soil Column: k = 1.0 x 10-4 m/s 

It is observed that the response of pore pressure 
in the direct implicit scheme with equal interpo
lation oscillates significantly and overestimates 
the initial pore pressure significantly (Fig. 8). The 
results can be improved when mixed elements 
are introduced (Fig. 9) or the -semiexplicit H*
scheme is adopted (Fig. 10). But we still find that 
the semiexplicit QTM-I Q-scheme does not per
form well (Fig. 11). Time step !1t = 0.02 seconds 
is used for all schemes. 
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Soil Column: k = 1.0 x 10-2 m/s 

For large permeability, it seems that every 
scheme is successful. The results show that the 
numerical results of two new schemes are very 
close to those of the direct scheme (Fig. 12), H*
scheme (Fig. 13) and QTM-I Q-scheme (Fig. 14). 
Time step at = 0.02 seconds is used for all 
schemes . 

Soil Foundation: Undrained Condition 

In order to further verify the improvement of the 
new scheme, we compute a soil foundation with 
a surface step loading of 1 KNlm2 applied in time 
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FIGURE 6 Solutions for semiexplicit QTM-I Q
scheme with equal interpolation (undrained, incom
pressible). 
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FIGURE 7 Solutions for semiexplicit QTM-I Q
scheme with nonuniform interpolation (undrained, in
compressible). 
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0.1 seconds (Fig. 15). The boundary conditions 
are shown in the figure. The material properties 
are identical to those in example 1. We only con
sider an incompressible-undrained limit case. 
The results shown in Figs. 16, 17, 18, and 19 will 
lead to the same conclusions as those of example 
1. Time step At = 0.02 seconds is used in this ex
ample. 

CONCLUSION 

In this paper we have presented two new, stag
gered, semiexplicit algorithms for the coupled 
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FIGURE 10 Solutions for semiexplicit H*-scheme 
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FIGURE 11 Solutions for semiexplicit QTM-l Q
scheme with equal interpolation (k = 1.0 x 10-4 mis, 
incompressible) . 

soil-pore fluid problem. The restriction of mixed 
formulation can be avoided by the first new 
scheme (H*-scheme) based on operator splitting 
before spatial discretization. The results show 
that obvious improvement is obtained in the in
compressible-undrained limit case. The steady
state solution can be obtained by a time step iter
ative solver. Though the second new scheme 
(QTM-l Q-scheme) cannot avoid restriction of 
mixed formulation, it must be noted that the sta
bility of both schemes has considerably im
proved the limits of Zienkiewicz et al. [1980]. 
Analysis for more complex elastoplastic dynamic 
computation will be reported elsewhere. How-
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FIGURE 12 Solutions for implicit direct scheme 
with equal interpolation (k = 1.0 x 10-2 mis, incom
pressible). 
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~ 0.8 ~ ., ........ _ node:" --
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0.2r-'-;-:~;;;;;;;;;;;;:::::::::---=-== 
0.1--t---------- _.- -.-------. 
O.O-r----'I-----r-I---.I-----r-,---., 

o 1 2 3 4 5 
(second) 

Time 
FIGURE 13 Solutions for semiexplicit H*-scheme 
with equal interpolation (k = 1.0 x 10-2 mis, incom
pressible). 
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FIGURE 14 Solutions for semiexplicit QTM-I Q
scheme with equal interpolation (k = 1.0 x 10-2 mis, 
incompressible). 
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FIGURE 15 Saturated soil foundation problem. 
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(KN/m') 

1.4-.----.-------------

124-----4---------------~ 
./ node: 51 

; 1.0+-r,------...;;.------~ 
en m 0.8-+l-----t----~------~ 
a 
~ 0.6 
0.. 0.4-+1------------

0.2- "--------------
....... node: 1 

0.0-4----r-1 -..;;..-r-1 ---r--1 ----,1 

0.0 0.5 to 1.5 2.0 
(second) 

Time 
FIGURE 16 Solutions for implicit direct scheme 
with equal interpolation (undrained, incompressible). 

ever, considerable computational cost reduction 
is obtained in such a large computation involving 
earthquake response analysis of large earth dams 
previously calculated by the implicit direct 
method of Zienkiewicz and Xie [1991]. 

APPENDIX A: STEADY-STATE 
FORMULATIONS 

H*-Scheme 

Here we consider the incompressible-undrained 
limit case. On the boundary r l for which i is the 

(KN/m') 

0.6-.--------,--------- ------
node: 1 

0.5 4--rt+....-:-~~~-.rf.-j~'--;;.-r-
Q) 

~ 0.4 -l--if!!J~~~~:W~IAJJLro~V~o£'I.-~\J 
en 
Q) node: 51 a 0.3+J---t-------

~ 
~ 0.2-+1---+------
0.. 

0.1~1-----+---------- --

0.0-1----;-----,....----;-----, 

0.0 0.5 1.0 1.5 2.0 
(second) 

Time 
FIGURE 17 Solutions for implicit direct scheme 
with nonuniform interpolation (undrained, incompres
sible). 

(KN/m') 

0.6 

I ! I I . Jnode: 1 i 
0.5 

Q) 

~0.4 

I """"--~, ... -.,.--- .. ------- -------1 :. I I 
en 
Q) a 0.3 
~ 
~ 0.2 
0.. 

0.1 

0.0 

:/1",,- " 
I 

0.0 

! '\ 

i 

! 

I 

i 
I 

0.5 

, 
I 

node: 5 

, 
, 
i 

I 
I 
I 
; 

I 

1.0 
(second) 

Time 

! I 

J 

I 
I 
i 
I 
I I 

1.5 2.0 

FIGURE 18 Solutions for semiexplicit H*-scheme 
with equal interpolation (undrained, incompressible). 

prescribed traction, we take fi = O. Simple linear 
elastic behavior is considered. 

From Eqs. (16), (17), and (18), we have 

M(u~+1 + au!) + Kii~+1 - QPn = (fs)n+1 (A.l) 

(H*Oyat2)apn = (fp)n+1 :- H*Pny~t2 (A 2) 
- QT(ii~+1 + aii!yat) . 

(A.3) 

(KN/m') 

1.4...,-----------,--------------, 

t2~---------~--~ 
J-node: 51 

; to --1--,...-------.;.""'"---------< 
en m 0.8-+1--------+----+-----< 
a 
~ 0.6- '---
~ 0.. 0.4-+t---------i------------

0.2-fL---------~, -----------; 
.A- node: t 

0.0-4-----r--1---:~1---r--1----11 

0.0 0.5 to 1.5 2.0 
(second) 

Time 
FIGURE 19 Solutions for semiexplicit QTM-l Q
scheme with equal interpolation (undrained, incom
pressible). 



where 

_ r T r r 
(fs)n+1 - Ja Nupbn+ldfl + Jr Nutn+ldf 

K = fa BTDBdfl. 

Substituting Eq. (A.1) into (A.2), we can elimi
nate the unknown au: and now have 

(H*Oyat2)apn = (fp)n+1 - H*Pnyat2 - QTii~+1 
- QTM-I[(fs)n+1 - MU~+I - Kii~+1 + Qjin]yat. 

(A.4) 

From Eqs. (A.1) and (A.3), we easily have 

M(u~+1 + aUn) + Kii~+1 
- Q(ji~+1 + apnoat) ':" (fs)n+l. (A.S) 

Steady state is reached when aUn and apn are 
zero and then we have immediately 

MU~+1 + Kii~+1 - Qji~+l = (fs)n+1 (A.6) 

and 

QTii~+1 + QTM-I[(fs)n+1 - MU~+1 - Kii~+l 
+ Qjin]yat + H*Pnyat2 = (fp)n+l (A.7) 

Substituting Eq. (A.6) into (A.7), we have 

QTii~+1 + (H* - QTM-IQ)Pnyat2 = (fp)n+l 
(A.S) 

or 

QTton + atUn) + (H* - Q1M-1Q)Pnyat2 

= (fp)n+l. (A.9) 

By integrating Eq. (A.9) in time, we have 

QT(iin + amn) + (H* - QTM-IQ)jinyat2 = (f;)n+l 
(A. to) 

where (f;)n+ I is the time integrated form (fp)n+ 1. 
Finally, when the steady state is reached, 

from Eqs. (A.6) and (A. to) we have 

Kii - Qji = fs (A.t1) 

and 

Coupled Soil-Pore Fluid Problem 13 

or 

From Eq. (A. 13), we can observe that this 
scheme can avoid the restriction of mixed formu
lation. 

QTM-l Q-Scheme 

Similarly, for QTM-l Q-scheme we only replace 
the matrix H* with QTM-IQ. Following the same 
procedures, we can easily obtain the steady-state 
equation: 

(A.t4) 

Obviously, this scheme does not avoid the re
striction of mixed formulation. 
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