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A reduced basis technique and a computational procedure are presentedfor generat
ing the nonlinear vibrational response, and evaluating the first-order sensitivity coeffi
cients of thin-walled composite frames. The sensitivity coefficients are the derivatives 
of the nonlinear frequency with respect to the material and lamination parameters of 
the frame. A mixed formulation is used with the fundamental unknowns consisting of 
both the generalized displacements and stress resultants in theframe. Theflanges and 
webs of the frames are modeled by using geometrically nonlinear two-dimensional 
shell and plate finite elements. The computational procedure can be conveniently 
divided into three distinct steps. Thefirst step involves the generation of various-order 
perturbation vectors, and their derivatives with respect to the material and lamination 
parameters of the frame, using the Linstedt-Poincare perturbation technique. The 
second step consists of using the perturbation vectors as basis vectors, computing the 
amplitudes of these vectors and the nonlinear frequency of vibration, via a direct 
variational procedure. The third step consists of using the perturbation vectors, and 
their derivatives, as basis vectors and computing the sensitivity coefficients of the 
nonlinear frequency via a second application of the direct variational procedure. 
Numerical results are presented for semicircular thin-walled frames with I and J 
sections, showing the convergence of the nonlinear frequency and the sensitivity 
coefficients obtained by both the reduced-basis and perturbation techniques. © 1994 
John Wiley & Sons, Inc. * 

INTRODUCTION 

Significant advances have been made in the de
velopment of effective analytical and numerical 
techniques for the nonlinear vibration analysis of 
structures. Reviews of some of the techniques 
developed for beam and plate structures are con
tained in survey papers (Bert, 1982; Sathya
moorthy, 1982a and b, 1987; Kapania and Yang, 
1987; Chia, 1988; Kapania and Raciti, 1989) and 
two monographs by Nayfeh and Mook (1979) and 
Chia (1980). However, to our knowledge, none 
of the reported studies considered the nonlinear 
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vibrations of thin-walled composite frames. 
Moreover, except for a recent study (Noor et al., 
1993), no studies have been reported on the sen
sitivity of the nonlinear vibrational response to 
variations in the material and geometric parame
ters of the structure. 

The present study is an attempt to fill this 
void. Specifically, the objective is to summarize 
the results of a recent study on the nonlinear 
vibrational response of thin-walled composite 
frames and the effects of variations in the mate
rial parameters of the individual layers on the 
nonlinear frequencies of vibration. The frames 
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Material properties 

EL = 2.0 X 107 psi 

ET = 1.7 x 106 psi 

GLT = 9.3 X 105 psi 

GTT = 6.51 x 105 psi 

U LT = 0.38 

Flanges 
and skin 

P = 0.058 IbJin3 

Global coordinate 
system 

Local coordinate 
systems 

Nominal layer thickness = 0.005 In. 

Fiber orientation 

NL = 8: [:t4510190]8 - I-beam flanges and web 

NL = 16 : [:t4510190h8 - Skins and J-beam 
flanges and web 

FIGURE 1 Thin-walled composite frames used in the present study. Subscripts Land T 
refer to longitudinal (fiber) and transverse directions for each layer, respectively. NL is the 
total number of layers. 

considered are semicircular, made of thin-walled 
graphite-epoxy material with I and J sections, 
and have a 36-in. radius (see Fig. 1). 

The reduced basis technique was first pre
sented (Noor et aI., 1993) and applied to nonlin
ear vibration analysis of composite plates. The 
present article adapts the reduced basis tech
nique to the nonlinear vibration analysis of thin
walled composite frames and extends it to the 
evaluation of the sensitivity coefficients. 

The sensitivity information, in addition to be
ing an essential component, is needed for using 
nonlinear vibration analysis in automated opti
mum design of composite airframes, and can be 
used to: 

1. generate an approximation for the nonlin
ear frequency of a modified frame (in con
junction with a reanalysis technique); 

2. assess the effects of uncertainties, in the 
material and geometric parameters of the 
frame, on the nonlinear frequency; and 

3. predict the changes in the nonlinear fre-

quency due to changes in the beam parame
ters. 

MATHEMATICAL FORMULATION 

Finite Element Model 

The spatial discretization is performed by using 
two-dimensional finite element models based on 
the moderate-rotation, geometrically nonlinear 
Sanders-Budiansky type shell theory with the 
effects of large displacements, transverse shear 
deformation, laminated anisotropic material re
sponse, and rotatory inertia included. A mixed 
formulation is used in which the fundamental un
knowns consist of both the generalized displace
ments and the stress resultants in the frame. 

Bicubic shape functions are used to approxi
mate each of the generalized displacements and 
stress resultants. There are 16 displacement 
nodes and 128 stress-resultant parameters in 
each element. The stress resultants are allowed 
to be discontinuous at interelement boundaries. 
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Variational Equations 

For undamped free vibrations of the discretized 
frame, the variational equations used in evaluat
ing the nonlinear vibrational response and the 
sensitivity coefficients can be written in the fol
lowing form: 

ft2 
S (T - 7T )dt = 0 

I, 
(1) 

and 

fl 2 (aT a7T) 
S I, at.. - at.. dt = 0 (2) 

subject to the condition that at times t = tl and 
t = t2, the first variations of the fundamental un
knowns (generalized nodal displacements and 
stress-resultant parameters) and their sensitivity 
coefficients (derivatives with respect to t..) van
ish. In Eqs. (1) and (2), t.. refers to a typical mate
rial, lamination, or geometric parameter of the 
structure; T and 7T are the kinetic energy and the 
Hellinger-Reissner functional of the discretized 
structure given by: 

(3) 

7T = {HV( -4 [F] {H} + [S] {X} + {G(X)}) (4) 

where {H} is the vector of stress-resultant param
eters; {X} is the vector of nodal displacements; 
[M] is the consistent mass matrix; [F] is the 
global flexibility matrix; [S] is the strain-displace
ment matrix; {G(X)} is the vector of nonlinear 
terms; and superscript T denotes transposition. 

The application of the reduced basis technique 
to the nonlinear vibration and sensitivity analy
ses of the structure can be conveniently divided 
into three distinct steps: generating perturbation 
vectors, and their derivatives with respect to the 
material, lamination and geometric parameters of 
the structure, using the Linstedt-Poincare per
turbation technique; using the perturbation vec
tors as basis (or global approximation) vectors, 
and computing the amplitudes of these vectors 
and the nonlinear vibration frequency via a direct 
variational technique, in conjunction with the 
method of harmonic balance; and using the per
turbation vectors and their derivatives as basis 
vectors and evaluating the sensitivity coefficients 

of the nonlinear frequency via a second applica
tion of the direct variational technique. The pro
cedure is described subsequently. 

Generation of Perturbation Vectors and 
Their Derivatives 

For the purpose of generating basis vectors, a 
new independent variable 7 = wt is introduced, 
where w is the nonlinear circular frequency. The 
following expansion is used for n = w2 , in terms 
of a small parameter e: 

w 2 = nee) = 2: nco e i• 
i~O 

(5) 

Only the even values of i (i = 0, 2, 4, . . .) are 
retained in the expansion. The vectors {H} and 
{X} are also expanded in perturbation series of 
the form: 

{H(t, e)} = 2: {H(7)}(i) ei (6) 
X(t, e) i~1 X (7) . 

Each of the time-dependent vectors, {H(7)}(l) and 
{X(7)}(i) , are expanded in a Fourier series in 7, 

and therefore: 

{H(t e)} (i {H}(i.m) ) . 
X(t: e) = ~ ~o. X cos mwt e t

• (7) 

The equations used in generating the vectors 
{~}(i,m) are obtained by substituting the expan
sions for {H}, {X}, and w2 , Eqs. (5) and (7), into 
Eqs. (3), (4) and 0); converting each term into 
the first power of cosine functions in t; and set
ting the like terms of e and m to O. This leads to a 
recursive set of linear equations in {H}(i,m) and 
{X}(i,m). The explicit form of these equations is 
given in Noor et al. (1993). Note that the linear 
free vibration problem corresponds to i = m = 1. 
For each vibration mode (i.e., a prescribed pair 
of eigenvalue and eigenvector) a set of vectors 
{H}(i,m) and {X}(i,m) can be generated. The multi
pliers of e i , that is, the quantity between paren
theses in Eq. (7), will henceforth be referred to as 
the perturbation vectors. 

The derivatives of w2 , {H}, and {X} with re
spect to the material, lamination, and geometric 
parameters of the frame are given by: 
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and 

a {H(t, e)} (i a {H}(i,ml ) . 
aA X(t, e) = ~ ];0 aA X cos mwt e'. 

(9) 

The equations used in generating {aHlaA}(i·m) , 
{aXlaA}(i,m) are obtained by either: differentiating 
the governing recursive equations in {H}(i,m) , 
{X}(i,m) with respect to A; or following the same 
steps used in generating the governing equations 
for {H}(i,m), {X}(i,m) , but using the functionals in 
Eq. (2), instead of the functionals in Eq. (1). 

In the present study, computerized symbolic 
manipulation was used in generating the pertur
bation vectors and their derivatives with respect 
to A. The nonzero terms are associated with ei
ther (i, m) even, or (i, m) odd, and are listed in 
Table 1. All the nonzero coefficients correspond 
to even values of i + m. 

Computation of Amplitudes of Basis 
Vectors and Nonlinear Frequency 

The perturbation vectors in Eq. (7) are now cho
sen as basis vectors, and the response vectors 
are expressed as linear combinations of these 
vectors as follows: 

{H} r ( i {H}(i,ml ) 
X = ~ ];0 X cos mwt o/i (10) 

where o/i are unknown parameters representing 
the amplitudes of the basis vectors; and r is the 
total number of basis vectors used. Equation (10) 
is substituted into Eqs. (1), (3), and (4). A direct 
variational technique is used in conjunction with 

Table 1. Pairs of (i, m) for Which Perturbation 
Vectors Are Nonzero 

Urn 0 2 3 4 5 6 

1 1, 1 
2 2,0 2,2 
3 3, 1 3,3 
4 4,0 4, 2 4,4 
5 5, 1 5,3 5, 5 
6 6,0 6, 2 6,4 6, 6 

the method of harmonic balance to approximate 
Eq. (1) by a system of nonlinear algebraic equa
tions in o/i (i = 1 to r) and w 2• The additional 
equation needed to solve the system is obtained 
by prescribing either one of the displacement 
components (linear combination of o/i) or one of 
the parameters of o/i. The additional equation will 
henceforth be referred to as the constraint condi
tion. The form of the nonlinear algebraic equa
tions in o/i and w 2 is given in Appendix A. 

Evaluation of Sensitivity Coefficients of 
Nonlinear Vibrational Response 

The perturbation vectors and their derivatives 
with respect to A are used in approximating the 
derivatives of the response vectors as follows: 

a {H} r (i a {H}(i,ml ) 
aA X = ~ ];0 aA X cos mwt o/i 

where tjii are unknown parameters. Equation (11) 
is used in conjunction with a direct variational 
technique and the method of harmonic balance to 
approximate Eq. (2) by a system of linear alge
braic equations in tjii (i = 1 to r) and aw 2/aA. The 
additional equation is obtained by differentiating 
the constraint condition, used in evaluating w 2 , 

with respect to A. The form of the linear algebraic 
equations in ao//aA and aw 2/aA is given in Ap
pendix B. 

NUMERICAL RESULTS 

To assess the effectiveness of the proposed re
duced basis technique, a number of nonlinear 
vibration problems of thin-walled composite 
frames have been solved by this technique. For 
each problem, the convergence of the sensitivity 
coefficients obtained by the proposed technique 
were compared with those obtained by the per
turbation technique. Herein, results are pre
sented for semicircular frames with an I-section 
and a J-section. The dimensions of the frame and 
the cross sections are given in Fig. 1. The frame 
sections were made from graphite-epoxy unidi
rectional tape laid in a manner that resulted in 
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uniform stiffness properties in the circumferen
tial direction (i.e., the stiffness coefficients are 
independent of 0). The material properties for the 
individual layers are given in Fig. 1. The laminate 
stacking sequence was [±4510190]s for the I-sec
tion and [±4510190hs for the J-section. Bonded to 
the outside flange of each frame was a 16-ply 
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[±45/0/90hs, quasiisotropic skin made of the 
same material. The frame sections were con
structed so that the skin would extend 0.5 in. 
beyond each side of the top flange of the frame. 
The same frames were studied in Noor et al. 
(1991), in which the predictions of linear vibra
tion analysis were compared with experiments. 

1.06 

1.04 Mode 1 
2 WNL _e-

W2 
L 

1.02 

1.00 

1.000 

.995 

Mode 3 

.990 

.9850 30 40 

1.000 

.995 

.990 Mode 5 

.985 

.9800 

FIGURE 2 Convergence of nonlinear frequencies obtained by reduced basis and pertur
bation techniques. Thin-walled composite frame with I cross section (see Fig. 1). 
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FIGURE 3 Convergence of total complementary strain energy obtained by reduced basis 
and perturbation techniques. Thin-walled composite frame with I cross section (see Fig. 1). 

The frames were discretized by using mixed 
finite element models with bicubic interpolation 
functions for each of the generalized displace
ments and stress resultants. The characteristics 
of the finite element model are given in Noor and 
Andersen (1982). An 18 x 8 finite element grid 
was used for modeling the whole I-section frame. 

In this grid, two elements were used to model 
each of the web, top flange, and bottom flange 
sections. The part of the skin adjacent to the top 
flange section was treated as part of the flange. 
One element was needed to model each of the 
two parts of the skin section that extended be
yond the top flange (see Noor et aI., 1991). The 
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FIGURE 4 Variation of energy components in different vibration modes, obtained by 
reduced basis technique, with amplitude. Thin-walled composite frame with I cross section 
(see Fig. 1). Subscripts tf, w, and bf refer to top flange, web, and bottom flange, respec
tively. 

middle surfaces of the bottom flange and the web 
were taken to be their reference surfaces. The 
middle surface of the combined top flange and 
skin was taken to be the reference surface. 

An 18 x 7 grid was used for modeling the 

whole J-section frame. The distribution of the 
elements was similar to that for the I-section 
frame. Only one element was used to model the 
bottom flange section. 

The perturbation parameter e was selected to 
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FIGURE 5 Mode shapes associated with lowest five nonlinear frequencies. Thin-walled 
composite frame with I cross section (see Fig. 1). 

be the coefficient of the linear vibration mode [tPl 
in Eq. (10)], and the Linstedt-Poincare method 
was used to generate perturbation vectors and 
their derivatives, up to order 10 of e [n = 10, 
where n is the highest-order term in the perturba
tion series of n, {H}, and {X} in Eqs. (5), (6), (8), 
and (9)]. 

The perturbation vectors were used as coordi
nate vectors, and a direct variational technique 
was applied to determine the nonlinear fre
quency and the amplitudes of the coordinate vec
tors [tPl in Eq. (10)]. The perturbation vectors 
and their derivatives, Eq. (11), were then used in 
conjunction with a direct variational technique to 
determine the parameters ;jJi and the sensitivity 
coefficients aw 2/ at... [Eqs. (11) and (B.1), Appen
dix B] corresponding to different values of e. The 
sensitivity coefficients were validated by com
paring them with the finite difference results. 
Very close agreement was observed between 
both. Typical results are shown in Figs. 2-6 for 

the I-section frame, and in Figs. 7-11 for the J
section frame. 

I-Section Frame 

The accuracy and convergence of the nonlinear 
vibration frequencies and total complementary 
strain energies U, associated with the first five 
modes, obtained by the reduced basis and pertur
bation techniques, are shown in Figs. 2 and 3. 
The rapid convergence of the solutions obtained 
by the reduced basis technique is demonstrated 
for amplitudes up to 80 times the flange thickness 
for the first mode (and up to 40 times the flange 
thickness for the other four modes). The pertur
bation solutions diverge for v/h > 10 for the first 
mode, and for v/h > 25 for the fourth mode. Note 
that a stiffening effect is observed for modes 1, 2, 
and 4, and a softening effect for modes 3 and 5. 
As expected, the total complementary strain en
ergy increases for higher modes. 
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FIGURE 6 Variation ofthe sensitivity coefficients, obtained by reduced basis technique 
with amplitude. Thin-walled composite frame with I cross section (see Fig. 1). 

The total complementary strain energy associ
ated with each mode is decomposed into three 
components Utf , Uw, and Ubf; these components 
represent the contributions of the top flange (in
cluding the skin), web, and bottom flange. In Fig. 
4, the variation of the ratios Utf/U, Uw/U, and 

Ubf/ U is shown for each of the modes, with the 
amplitude. For the first, second, and fourth 
modes, the contribution of the top flange to the 
total complementary energy is dominant, and for 
third and fifth modes, the contribution of the bot
tom flange is dominant. The mode shapes associ-
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FIGURE 7 Convergence of nonlinear frequencies obtained by reduced basis and pertur
bation techniques. Thin-walled composite frame with J cross section (see Fig. 1). 

ated with the lowest five nonlinear frequencies 
are shown in Fig. 5. 

Variations of the normalized sensitivity coeffi
cients of the vibration frequencies with the am
plitude are shown in Fig. 6, Each sensitivity co
efficient is normalized by mUltiplying by A and 

dividing by the square of the linear frequency 
ill i, where A refers to each of the material param
eters EL , ET , GLT , and VLT. As can be seen from 
Fig. 6, the nonlinear frequencies are very sensi
tive to variations in EL , somewhat sensitive to 
variations in GLT and ET , and insensitive to vari-
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FIGURE 8 Convergence of total complementary strain energy obtained by reduced basis 
and perturbation techniques. Thin-walled composite frame with J cross section (see Fig. 1). 

ations in VLT. For modes 1, 2, and 4, the sensitiv
ity with respect to EL increases with the increase 
in amplitude. 

J-Section Frame 

The accuracy and convergence of the nonlinear 
vibration frequency and the total complementary 

strain energies U, associated with the first five 
modes, obtained by the reduced basis and pertur
bation techniques, are shown in Figs. 7 and 8. 
Except for modes 3 and 5, the convergence of the 
perturbation solutions is as good as that of the 
reduced basis technique for the range of ampli
tudes considered (up to 40 times the thickness for 
the first mode and up to 20 times the thickness 
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FIGURE 9 Variation of energy components in different vibration modes, obtained by 
reduced basis technique, with amplitude. Thin-walled composite frame with J cross section 
(see Fig. 1). Subscripts tf, w, and bfrefer to to flange, web, and bottom flange, respectively. 

for the other four modes). As can be seen from 
Fig. 7, a stiffening effect is exhibited in modes 1, 
3, and 5, and a softening effect in modes 2 and 4. 

The variations of the ratios Utf/U, Uw/U, and 
Ubf/ U, with the amplitude, is shown in Fig. 9 for 
each of the five modes. The contribution of the 

top flange to the total complementary strain en
ergy is dominant for modes 1, 3, and 5. In con
trast, for modes 2 and 4 the contribution of the 
top flange to the total complementary strain en
ergy is less than that of the bottom flange and 
web. The mode shapes associated with the low-
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est five nonlinear frequencies are shown in Fig. 
10. Variations of the normalized sensitivity coef
ficients of the vibration frequency with the ampli
tudes are shown in Fig. 11. As for the I cross 
section, the nonlinear frequency is very sensitive 
to variations in EL , somewhat sensitive to varia
tions in (hT and ET , and insensitive to variations 
in VLT. For modes 1,3, and 5 the sensitivity coeffi
cient with respect to EL increases with the in
crease in amplitUde. 

CONCLUSIONS 

A reduced basis technique and a computational 
procedure are presented for generating the non
linear vibrational response, and evaluating the 
first-order sensitivity coefficients of thin-walled 
composite frames (derivatives of the nonlinear 
frequency with respect to material and geometric 
parameters of the plate). The analytical formula
tion is based on the moderate rotation, geometri
cally nonlinear Sanders-Budiansky type shell 

theory with the effects of transverse shear defor
mation, laminated anisotropic material response, 
rotatory inertia, and large displacements in
cluded. The frames are discretized by using 
mixed finite element models with the fundamen
tal unknowns consisting of both generalized 
nodal displacements and stress resultant parame
ters of the frame. 

The computational procedure can be conve
niently divided into three distinct steps. The first 
step involves the generation of various-order 
perturbation vectors and their derivatives with 
respect to the material and lamination parame
ters of the frame, using the Lindstedt-Poincare 
perturbation technique. The second step consists 
of using the perturbation vectors as basis vec
tors, computing the amplitudes of these vectors 
and the nonlinear frequency of vibration via a 
direct variational approach. The third step con
sists of using the perturbation vectors, and their 
derivatives, as basis vectors and computing the 
sensitivity coefficients of the nonlinear fre-
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FIGURE 11 Variation of the sensitivity coefficients, obtained by reduced basis technique 
with amplitude. Thin-walled composite frame with J cross section (see Fig. 1). 

quency via a second application of the direct var
iational procedure. The effectiveness of the re
duced basis technique is demonstrated by means 
of numerical examples of semicircular thin
walled frames with I and J sections. 

On the basis of the present study, the follow
ing two observations can be made. 

1. The reduced basis technique can be 
thought of as either a generalized perturba
tion technique in which the response vec
tors contain free parameters rather than 
fixed coefficients and the perturbation pa
rameter need not be small; or an extension 
of the direct variational technique with the 
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coordinate vectors generated by using a 
perturbation technique rather than chosen 
a priori. 

2. The successive application of the perturba
tion technique and the direct variational 
procedure, which forms the basis of the 
foregoing reduced basis technique, results 
in enhancing the effectiveness of the direct 
variational technique by removing (or re
ducing) the arbitrariness in the selection of 
the coordinate vectors, and extending the 
range of applicability of the regular pertur
bation technique by removing the restric
tion of a small perturbation parameter. 
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APPENDIX A: FORM OF NONLINEAR 
EQUATIONS IN tis; AND w 

The nonlinear algebraic equations in the ampli
tudes of the coordinate functions t/Ji, and the fre
quency w, can be written in the following com
pact form: 

Kijl/lj + Fijkl/ljl/lk + Gijkst/Jjl/lkt/Js - w 2Mijl/lj = 0 

(A. 1) 

where the range of i, j, k, and s is l-r, and a 
repeated index in the same term denotes summa
tion over its full range. The arrays Kij, Fijb Gijks> 
and Mij are obtained by using Eqs. (10), (3), (4), 
and (1), applying the method of harmonic bal
ance, and performing the temporal integration. 

APPENDIX B: FORM OF LINEAR 
EQUATIONS IN \iii and ow 2/oX 

The linear algebraic equations in the amplitudes 
of the coordinate functions ;j;i, used in approxi
mating the derivatives of the displacement pa
rameters, and the sensitivity coefficients aw 2/a'A, 
can be written in the following compact form: 

[(Kij + 2Fijkt/Jk + 3Gijksl/lkl/ls) 
_ aw 2 

- w 2Mij]t/Jj - Mijl/lj all. 

= _[(aKij + aFijk .1. + aGijks .1 •• ,.) 
all. all. 'l'k all. 'l'k'l's 

_ 2 aMij] .1 •. 
w all. 'l'J' 

(B.1) 

Note that the I/I's appearing on the left-hand side 
ofEq. (B. 1) are obtained from Eq. (A. 1). The K, 
F, G, and M arrays appearing on the left-hand 
side of Eq. (B.1) are in terms of {H}(i,m) and 
{XFi,m). The corresponding arrays on the right
hand side are in terms of the corresponding 
(ala'll.) {H}(i,m) and (a/all.) [X}(i,m). 
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