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Design of Damping and 
Control Matrices by 
Modification of Eigenvalues 
and Eigenvectors 

Direct methods are presented, in state space, for design of control matrices for 
structures with and without initial viscous damping. given the desired changes in the 
eigenvalues and eigenvectors. The equations with full-state variable feedback are Mi 
+ C:i + Kz = - G:i - Hz. Advantage is taken of the special state-space form of the 
structural plant and eigenvector matrices to develop efficient numerical procedures. 
Essential relationships are derived between the upper and lower portions of the left 
and right eigenvector matrices for systems with simple eigenvalues. We distinguish 
between displacement mode shapes and eigenvectors in state space. A unique method 
is presented by which the [C + G] matrices are designed to achieve specified real 
parts of the eigenvalues, with no change in mode shapes or eigenvectors. In addition, 
two general methods are discussed. suitable for systems with nonproportional damp
ing, where the eigenvalues are specified with or without change in mode shapes. 
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INTRODUCTION 

In practical control of structural vibrations, it is 
usually advantageous to achieve as much passive 
damping as possible. If more dissipation is 
needed in some of the modes, then active control 
is considered. An example of sensitivity of eigen
values to control forces superimposed on viscous 
damping forces for a 10-bar truss was given by 
Neubert (1992, 1993b). Eigenvalue sensitivities 
can be used to design changes in damping and 
control matrices. However, several iterations 
may be required if the changes are large; only 
one step is required for the methods of this 
study. 

Differential equations for the motion of a 
structure with n dynamic degrees of freedom are 
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written as n simultaneous second-order differen
tial equations in system space. They can be con
verted to 2n first order equations in state space 
by introducing n redundant equations. This 
results in redundant modal information and it is 
efficient to partition the state matrices in order to 
carry out only the computations that are needed. 
There are many studies dealing with active con
trol using the state-space form of differential 
equations, but many of them do not use, or take 
advantage of, the special state-space formulation 
for structures. 

Control forces can be designed in system mo
dal space or state modal space. For an un
damped or proportionally damped system, if the 
control forces do not recouple the modal differ
ential equations of motion, the control is called 
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natural control. An example of natural control in 
system modal space is found in Meirovitch 
(1985), where the control forces are chosen so 
the closed-loop natural frequencies are the same 
as those of the open-loop structure, without any 
changes in mode shapes. 

If the purpose of active control is to increase 
the damping ratio in certain modes, then the 
poles must be shifted. Usually, in practical prob
lems and in analysis, it is obvious which modes 
need to be damped and how much damping is 
needed. However optimum timewise modal con
trol forces can be found by way of an objective 
function and solution of the Riccati equation, as 
done in Meirovitch (1990) in state modal space, 
where the equation is given for converting the 
modal forces back to system forces. 

Moore (1976) discussed the possibility of de
signing the entire eigenstructure and presented 
related necessary and sufficient conditions for 
prescribing both eigenvalues and eigenvectors. 
Srinathkumar (1978) determined how many 
spaces in the eigenvector matrix could be as
signed. The ideas were expanded by Andry, Sha
piro, and Chung (1983), for three types of feed
back, namely: full state, output, and constrained 
output. Full state is the easiest, because the en
tire eigenvector can be specified. These publica
tions provide the theoretical basis for the present 
article, except for the fact that they did not take 
into account the unique features ofthe character
istic equations for structural vibrations in state
space form. 

Some ideas with regard to change in eigen
values, in state space, with no change in mode 
shape were presented by Neubert (1993a). Inman 
(1989) gave a related example in system space. 
Starek and Inman (1991) presented a solution in 
state space to the so-called inverse problem, 
where mass, damping, and stiffness matrices are 
constructed based on changing all, or part of, the 
system eigenvalues and eigenvectors, with rigid 
body modes included. To assure that the con
structed system mass, stiffness, and damping 
matrices would be symmetric when solving the 
inverse problem, Starek, Inman, and Kress 
(1992) applied constraints to the chosen eigen
structure and allowed for repeated eigenvalues, 
simple or not. Juang, Lim, and Junkins (1989) 
considered the closed-loop control problem with 
either state or output feedback and used a QR 
decomposition to generate the orthonormal basis 
that spans admissible eigenvector space corre
sponding to each assigned eigenvalue. They 

pointed out that work is needed when the number 
of eigenvalues to be assigned is less than the or
der of the system. 

In this article the state-space formulation is 
used, with emphasis placed on computational ef
ficiency and understanding of the choice of 
eigenvectors with full-state feedback. The eigen
vector matrices are partitioned, so that matrices 
of size n x 2n, or even n x n, can be used rather 
than 2n x 2n. The presentation is limited to sim
ple eigenvalues, where the eigenvalue matrix A 
is diagonal. The term eigenvector means the 
2n x 1 eigenvector (right or left) in state space, 
and mode shape designates the portion of the 
eigenvectors associated with displacements, or 
the n x 1 lower half of the matrix of right eigen
vectors. The design ofthe entire system and con
trol matrices is presented as a perturbation on the 
original system matrices. It is shown that this can 
be reduced to a one-step perturbation and is di
rectly related to the solution of the inverse prob
lem presented by Starek and Inman (1991). 

There are several unique features of the 
present study. A section is included in which the 
essential relationships are derived among the up
per and lower portions of the right and left eigen
vectors. There is a great deal of emphasis on the 
choice of mode shapes. One new method, arbi
trarily called Method I, is presented for designing 
the sum C + G matrices for a system initially 
undamped or proportionally damped. The basic 
approach in Methods II and III is not new, but 
some detailed forms are given that are general 
enough to be used for systems with nonpropor
tional viscous damping. Both Methods I and II 
involve changes in eigenvalues with no change in 
mode shape. In Method III, the mode shapes are 
changed. 

DIFFERENTIAL EQUATIONS IN 
STATE-SPACE FORM 

The state variables are displacement and veloc
ity. The differential equations of a structure with 
viscous damping matrix C and full state variable 
feedback are 

Mz + Ci + Kz = -Gi - Hz = fit). (1) 

The bold capital letters represent n x n square 
matrices; bold lowercase letters and underlined 
Greek letters are n x 1 column matrices or vec
tors. Here M, C, and K are mass, damping, and 



stiffness matrices, respectively, and G and Hare 
the control matrices associated with the feedback 
forces fz(t). The M matrix is positive definite and 
K is positive semidefinite. The C, G, and Hare 
real and can be unsymmetric. The state vector is 
!l(t), defined as 

(2) 

and Eq. (1) can be written in state-space form as 

or 

[
-M-IC 

17j(t) -
- I 

= [_~-IG 
(3) 

which is the general equation for full-state vari
able feedback. Here R is the control matrix and 
Ao is the characteristic matrix for the open-loop 
system. 

To relate to the normal modes, the state vec
tor is expanded in terms of the modal coordinates 
q(t) using the right eigenvectors U of the open 
loop system 

!let) = Uq(t). (5) 

The left eigenvectors V are normalized according 
to vru = I after the right eigenvectors U have 
been normalized. This procedure is discussed in 
detail below. The eigenvalues occur in complex 
conjugate pairs for an underdamped system, 
namely 

The eigenvectors are related to the matrix Ao and 
the diagonal matrix of eigenvalues A by Eq. (6) 
that shows the A matrix for a system with two 
degrees of freedom. 

AI 0 0 0 

0 AI 0 0 
vrAoU = A = (6) 

0 0 A2 0 

0 0 0 A2 
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Substituting Eq. (5) into (4) and premultiplying 
by U-I = vr yields 

Iq(t) - Aq(t) = vrRUq(t). (7) 

The right side of Eq. (7) reduces to a vector. If an 
element of any row of the vector is zero, then the 
corresponding mode is not controlled. If the 
equations are to be decoupled, then vrRU must 
be diagonal, which means R must commute with 
Ao. 

CONTROL USING OUTPUT FEEDBACK 

A more general approach is with output feedback 
and the associated equations are 

I](t) - Ao:!1(t) = Bn(t) (8) 

where B, of size 2n x p, is the control matrix and 
net) is the p x 1 vector of timewise control in
puts. It is often economical to have the dimen
sion of net) much less than 2n, to minimize the 
number of controllers needed. The output wet), 
with D the p x 2n output matrix, is 

wet) = D!l(t). (9) 

If net) = wet), Eq. (8) becomes 

(10) 

Equations (10) and (4) have a similar appear
ance, but there may be more freedom in choosing 
the elements of the two matrices B and D than 
the single matrix R. 

Moore (1976) is given credit for being the first 
to show that state feedback provides freedom to 
choose not only eigenvalues, but eigenvectors. 
He derived necessary and sufficient conditions 
for the existence of a D that yields prescribed 
eigenvalues and eigenvectors for the closed-loop 
system and presented a procedure for computa
tion of D. His theorem follows. 

THEOREM. Let {Aj, i = 1 - 2n} be a self-conju
gate set of distinct complex numbers. There ex
ists a real p x 2n matrix D such that 

[Ao + BD]vj = AjVj i = 1,2, ... ,2n (11) 

if, and only if, for each i, 
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(i) Vi are a linear independent set of vectors tion 
in the space of co'!!plex 2n-vectors. 

(ii) Vi = Vi when Ai = Ai. 

(iii) Vi E span N A;. 

If D exists and B is of rank p, then D is 
unique. The N A; is identified from the definitions 

SA = [AI - Ao, B] and TA = [::J (12) 

where the columns ofTA , partitioned to be com
patible with SA for the product SATA' furnish a 
basis for the nulispace of SA' 

The work of Srinathkumar (1978) is also rela
tive, because he showed that for controllable sys
tems, a maximum of 2n x p eigenvector can be 
arbitrarily specified and that no more than p en
tries in anyone eigenvector can be chosen arbi
trarily. 

In the present study we choose p = 2n, with 
full-state feedback, which means all the eigen
values and eigenvectors may be specified, but 
care must be taken to choose independent eigen
vectors and the relationship between the upper 
and lower portions of the eigenvectors must be 
kept in mind, as outlined in the next sections. 

RELATIONSHIPS BETWEEN UPPER AND 
LOWER EIGENVECTORS IN STATE SPACE 

The complete eigenvector matrices U and V in 
the state-space formulation of structural dy
namics problems are of size 2n x 2n; those for 
the system space, or second-order differential 
equation form, are n X n. Further, the eigenvec
tors in state space occur in complex conjugate 
pairs for underdamped systems. The purpose of 
this section is to outline some of the relationships 
between the upper and lower eigenvectors. The 
right eigenvector matrix for closed-loop system, 
U, is first divided into two n X 2n matrices desig
nated U u and U I , for the upper and lower por
tions of the U matrix, as follows: 

U = [~J. (13) 

The symbols A and A now refer to character
istic and eigenvalue matrices for the closed-loop 
system. The right eigenvectors satisfy the equa-

AU= UA (14a) 

where the closed loop A matrix is 

A = [ -M-I[~ + G] 

== [~CI-:Il 

-M-I[: + H]] 

(14b) 

Note that C1 = M-I[C + G] and KI = M-I[K + 
H] as defined in Eq. (14b). Filling in the subma
trices of the A and U matrices, the following two 
sets of equations result from Eq. (14a). 

and 

(1Sb) 

The second equation, (1Sb), shows how simply 
the upper right vectors are related to the lower 
right vectors and is true even if C 1 and KI are 
unsymmetric. 

The left eigenvector matrix, V, is subdivided 
similarly and substituted into the characteristic 
equation 

ATy = VA or vrA = Avr (16) 

to yield 

-V~CI + vi = AV~ (17a) 

and 

(17b) 

Here the relationship between the upper and 
lower left vectors is not so simple, unless C1 = 0, 
which is a special situation discussed below. 

Equations that relate the left and right eigen
vectors are derived from the orthogonality rela
tionships. The first involves the characteristic 
matrix A and the eigenvalues A. It is 

vrAU = A (18a) 

which yields 



The left eigenvectors are normalized using 

(19a) 

so it must be that 

(19b) 

The unit matrix I in Eqs. (19) is 2n x 2n. It is also 
true that 

(20a) 

giving rise to n x n product matrices as follows, 

and 

u/vJ = 0 and u/vT = I. (20c) 

Because the eigenvectors occur in complex 
conjugate pairs, there is sometimes an advantage 
to subdividing the upper and lower matrices ac
cordingly, with an overbar, as for U up meaning 
the complex conjugate of U up ' 

U = [Uu] = [Uup Uup]. 

U I U /p U /p 

(21) 

The four submatrices are n x n and each can be 
inverted because the eigenvectors are assumed 
here to be independent. The diagonal eigenvalue 
matrix A must be rearranged in a corresponding 
manner. 

= [Ap 0] A _ . 
o Ap (22) 

Some of the above relationships are used in the 
subsequent derivations. 

CONVERSION FROM STATE SPACE TO 
SYSTEM SPACE AND IMPLICATIONS 

Using the upper and lower eigenvector matrices, 
it is possible to return to the quadratic form of the 
characteristic equations in system space. For the 
right eigenvectors, using Eq. (15b), Uu is elimi
nated from Eq. (15a) to give the quadratic form. 
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Postmultiplying (23) by A and using Uu = U/A, a 
quadratic equation in terms of U u is 

Doing the corresponding process for the left 
vectors, use Eq. (17b) to eliminate Vr, and pre
multiply by A, 

(25a) 

Taking the transpose yields 

(25b) 

Comparing Eqs. (24) and (25b), it is seen that 
the V u are involved with the eigenvalue problem 
of the transpose matrices cT and KT. If the C1 

and KI are symmetric, then Vu , U/, and Uu sat
isfy the same quadratic equation. Thus the corre
sponding eigenvectors are equal, or differ at 
most by a scalar multiplier, which can be differ
ent for each mode. 

A possible equation in VI includes the inverses 
CIT and K,T, but it is not necessary to perform 
these operations in the methods presented later. 
The superscript - T indicates the inverse of the 
transpose. 

If the damping is proportional, then substitute 
C,TK,T = K,TC,T into (27) and multiply by KT, 

Multiply by cT and the result is for proportional 
damping 

Thus if the damping is proportional and, in addi
tion, C1 and KI are symmetric, then VI satisfies 
the same equation as V u, Uu , and UI . 

ONE-STEP METHODS FOR DESIGN OF 
VISCOUS DAMPING AND CONTROL IN 
STATE SPACE 

Methods are now presented where the goal is, 
given an initial system with or without viscous 
damping, to determine what the change dA is in 
the matrix A to achieve the desired eigenvalues. 
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The matrix A is in state space and is unsymmet
ric. The right and left eigenvectors V and V and 
the diagonal matrix of distinct eigenvalues, A, 
are known. 

First of all, the A matrix can be recovered 
from the given eigenproperties from the relation
ship 

VAVT = A. (28) 

It should be noted that the Eq. (28) represents a 
similarity transformation, because VT = V-I. 
Now suppose small variations are taken and Eq. 
(28) becomes 

(V + dV)(A + dA)(V + dV)T = A + dA (29a) 

or 

VoAoVb = Ao (29b) 

where A + dA = Ao represents the closed-loop 
matrix that satisfies the design goals. Equations 
(28) and (29) are the basis for the much-studied 
"inverse problem" in vibrations. They provide 
the foundation for the three methods outlined 
here for pole allocation or pole shifting in state 
space. Given the desired changes dA and dV in 
eigenvalues and eigenvectors, respectively, the 
design problem is to find the required change dA 
in the state-space matrix A. 

The simplest problem is this: suppose V and V 
are known for a given closed-loop system and a 
desired dA is specified, how does one find the 
associated dV and dV to solve Eq. (29) for dA. It 
happens there is not a unique set of associated 
eigenvectors and there is a great deal of freedom 
in choosing the eigenvectors. Some of the 
choices are outlined as three separate methods, 
arbitrarily numbered I, II, and III. The procedure 
outlined in Method I is new. Methods II and III 
are included for completeness and are close to 
general approaches outlined by Starek and In
man (1991) and Starek, Inman, and Kress (1992), 
but with some differences, such as the form of 
the state-space equations, the normalization pro
cedures, and the types of examples presented. 

1. Method I. The damping and control matri
ces in the form [C + G] are designed to 
achieve a desired change in eigenvalues 
with no change in eigenvectors or mode 
shapes. The formulation is based on the 
preservation of the trace and determinant 
in a similarity transformation. 

2. Method II. The matrices C I and K\ of the 

closed loop system are designed to achieve 
desired changes in the eigenvalues with no 
change in mode shapes, but with the eigen
vectors "corrected." 

3. Method III. The matrices C\ and K\ of the 
closed-loop system are designed to achieve 
desired changes in the eigenvalues, mode 
shapes, and eigenvectors. 

METHOD I: DESIGN OF THE SUM OF THE 
MATRICES, [C + G] 

In this method, the control matrices are initially 
zero, so G = H = O. The initial damping matrix C 
may be zero or may represent proportional 
damping. The system matrices are symmetric. 
The desired change dAr in the real part of the 
eigenvalue matrix is given. This is a common sit
uation in practical structures where the goal is to 
provide a certain level of dissipation in each 
mode with no change in the stiffness matrix. The 
2n x 2n matrix dA consists of the four n x II 

submatrices as shown here 

dA = [dAuu dAu,] = [dCI 

dAu' dA" 0 

dKI] o . (30) 

Taking dV = 0 and dV = 0, there results from 
Eq. (29) 

Acceptable choices for the eigenvectors 
should produce null matrices for V,dArVJ and 
V,dArVi. However, it happens that dA" = 

V,dArvi =1= 0, if the initial eigenvectors are used. 
It is easily shown that, if C I = 0, the submatrices 
dAuu and dA" are equal or 

From Eqs. (ISb) and (I7a), the relationships are 
Vu = V,A for the right vectors and for the left 
vectors the equation is - vJ C\ + vi = A vJ, so it 
is only true that vi = A vJ when C\ = O. In some 
numerical computations, it may happen that 
vi = AVJ because vJC\ is small compared to 
vi. 

To produce an acceptable Ao matrix, one 
could shift the dAII matrix and add it to dAuu. The 
justification is that the trace of A + dA would not 
be altered due to this shift. Thus, in Method I, 
the desired change in C\ is taken as 



with 

(34) 

The procedure assures, under a similarity trans
formation, that the traces and determinants are 
equal, that is 

Tr(AG) = Tr(AG) and 

IAGI = IAGI = IKII = wTw~· . w~. 

Recall that the eigenvalues pairs are of the form 

The products UudAy vi and UldAy VJ are 
equal to the null matrix because of the ortho
gonality relationships in Eqs. (20) and the fact 
that the elements on the diagonal of dAy are real 
pairs. 

The above becomes clearer by the following 
example. 
EXAMPLE 1: Approach for design of the [C + G] 
matrix using Method I. For this example, the 
damping matrix C = 0 and the M and K matrices 
are 

M = [2 0] K = [300 - 50] . 
o 2 -50 400 

The characteristic matrix A, the eigenvalues A, 
and the right and left eigenvector matrices are 

A= 

A= 

o 0 -150 25 

o 0 

1 0 

o 

il1.8171 

25 -200 

o 0 

o o 

o 
o -il1.8171 

o 
o 

o 
o 

o 0 

o 0 

i14.5036 0 

o -iI4.5036 
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U= 

n.7199 -n.7199 -i3.9247 i3.9247 

i3.1977 -i3.1977 i9.4750 -;9.4750 

0.6533 0.6533 -0.2706 -0.2706 

0.2706 0.2706 0.6533 0.6533 

V= 

-iO.0553 ;0.0553 iO.0187 -;0.0187 

-iO.0229 ;0.0229 -;0.0450 iO.0450 

0.6533 0.6533 -0.2706 -0.2706 

0.2706 0.2706 0.6533 0.6533 

In this special situation, it occurs that VI = UI, in 
part because of the special choice of M. 

The goal now is to determine the A + dA 
matrix that will produce the specified changes 
dAr in the eigenvalues. A feature of this method 
is that the imaginary part, dA;, does not need to 
be specified. 

dAr = 

-0.3 0 

o -0.3 

o 
o 

o 
o 

o 
o 

-0.5 

o 

o 
o 
o 

-0.5 

Using Eq. (31), assuming temporarily that the 
changes in eigenvectors may be neglected, 

UdArVT = dA = 

-0.3293 0.0707 

0.0707 -0.4707 

o 
o 

o 
o 

o 
o 

-0.3293 

o 
o 
0.0707 

0.0707 -0.4707 

As predicted, the A + dA does not yield a 
correct set of equations because the lower right 
corner of dA should be zero. However, the trace 
of A + dA will be unchanged if the lower right 
corner is added to the upper left corner and the 
lower right corner is made zero. This produces a 
modified dA matrix designated dAG and 
the desired characteristic matrix is AG = A + 
dAG • 
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-0.6586 0.1414 0 0 

0.1414 -0.9414 0 0 
dAa = 

0 0 0 0 

0 0 0 0 

-0.6586 0.1414 -150 25 

0.1414 -0.9414 25 -200 
Aa = 

0 0 0 

0 0 0 

As a check, to show that the goals have been 
met, the eigenvalues of Aa are calculated to be 

-0.3 + il1.8133 0 

o -0.3 - il1.8133 

o 
o 

o 
o 

o 
o 

o 
o 

-0.5 + i14.4950 0 

o -0.5 - i14.4950 

The real parts of the eigenvalues are those de
sired. The two natural frequencies are un
changed, that is, WI = 11.8171 and W2 = 14.5036 
are the same as those of the undamped, unper
turbed matrix A, showing that the determinant of 
A has been preserved. The right eigenvectors of 
Aa are calculated and designated UN. 

The mode shapes are unchanged, as indicated 
by the lower half of the dU listed next, but the 
upper portion of the right eigenvectors has 
changed. 

dU = UN - U = 

-0.1960 - iO.0025 -0.1960 + iO.0025 

-0.0812 - iO.0010 -0.0812 + iO.00l0 

o 
o 

0.1353 + iO.0023 

o 
o 

0.1353 - iO.0023 

-0.3299 - iO.0056 -0.3299 + iO.0056 

o 
o 

o 
o 

EXAMPLE 2: Design of [C + G] matrix Method I, 
with initial proportional damping. For this ex
ample, the initial viscous damping is propor
tional. The M, K, and C matrices are 

M = [~ ~] K = [~~~ ~~~] 
C = [ 3.1 

-0.5 
-0.5] . 

4.1 

The open loop eigenvalues are 

11. 1,2 = -0.7232 ± il1.7950 

11.3,4 = -1.0768 ± i14.4636 

WI = 11.8172 and W2 = 14.5036 

and the desired changes to the real parts of the 
eigenvalues are 

Re(dAI.2) = -0.3 and Re(dA3,4) = -0,5. 

The right and left eigenvector matrices are 

U= 

-0.4725 + n.7054 

-0.1957 + i3.3191 (conjugate) 

0.6533 

0.2706 

0.2914 - i3.9138 

-0.7034 + i9.4488 (conjugate) 

-0.2706 

0.6533 

0.0000 - iO.0554 

0.0000 - iO.0229 (conjugate) 
V= 

0.6533 - iO.0401 

0.2706 - ;0.0166 

0.0000 + iO.0187 

0.0000 - ;0.0452 (conjugate) 

-0.2706 + iO.0201 

0.6533 - ;0.0486 

The dA is the same as in Example 1, obtained 
from dA = UdArVT. The Aa = A + dAa. The 
resulting eigenvalues are 11. 1,2 = -1.0232 ± 
il1.7728 and 11.3,4 = -1.5768 - i14.4177, with 



WI = 11.8172 and W2 = 14.5036. Note that 
VI = - VuA here, with proportional damping. 

METHOD II: DESIGN OF THE ENTIRE dA 
FOR INITIAllY DAMPED OR UNDAMPED 
SYSTEMS 

Recall that in general Vu = VIA, so taking varia
tions, 

Vu + dVu = (VI + dUI )(A + dA) (35) 

Equation (36) gives the basic relationship for 
the change or "correction" of the upper right 
eigenvectors and shows that even if the mode 
shapes do not change and dVI = 0, the change in 
the upper portion of the right vector is dVu = 
VidA ~ 0 if the eigenvalues change. So, even if 
the mode shapes do not change, the eigenvectors 
in state space will change if the eigenvalues 
change, because the upper n x 2n portion of the 
V matrix changes. Further, under the usual nor
malization, the fact that the lower right vectors 
do not change may go unrecognized unless a spe
cial normalization procedure is used. It is there
fore very convenient, in numerical procedures, 
to normalize the lower eigenvectors separately 
during this design process. Later, if desired, the 
entire right eigenvector may be renormalized 
(Neubert, 1988). In this section, the lower right 
eigenvectors are normalized using the n x n 
mass matrix M by, for the rth vector, 

lXn nXn nxl Ix 

u~ M Uri I = 1. (37) 

The eigenvector matrices are square, and are as
sumed to be invertible because the vectors are 
independent; however, their upper and lower 
portions are rectangular, of size n x 2n, and are 
not invertible. 

If the mode shapes do not change, then the 
following process may be used. Note that Starek 
and Inman (1991) give general equations from 
which this special case could be deduced. Let 
AG = A + dA and AG = A + dA. Then, if the 
lower right vectors do not change, 

_ [VI[A + dAl] 
VG -

VI 
and Vb = Vo I (38) 
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and the corresponding state matrix for the closed 
loop system is 

VGAGVb = AG (39) 

where dA is the desired shift in the eigenvalues 
and dA represents the required change in A. Be
cause only M-ICG and M-IKG are needed, it is 
more efficient to use 

-M-ICG = VGuAGVbu 

-M-IKG = VGuAGVbl. 

(40) 

(41) 

An important point is that the essential form of 
the A matrix is maintained, which requires that 

1= VGIAGVbu 

0= VG/AGVbl. 

(42) 

(43) 

Equations (42) and (43) are easily proved by mul
tiplying (17a) and (17b) by VI and taking advan
tage of Eqs. (20b) and (20c). 
EXAMPLE 3: Same problem as Example 1, but 
using Method II. In this example, the problem of 
Example 1 is done by Method II. The goal is to 
achieve the desired real parts of the eigenvalues 
without changing the modal natural frequencies. 
The complete dA matrix must be specified. For 
this example, the damping matrix C = 0 and the 
M and K matrices are 

M _ [2 0] K _ [300 - 50] . 
o 2 -50 400 

The closed loop eigenvalues are AI.2 = ±il1.8171 
and A3,4 = ±il4.5036 and form the diagonal of the 
matrix A. The desired eigenvalues are Al,2 = 
-0.3 ± il1.8133 and A3,4 = -0.5 ± iI4.4950. The 
dA matrix is 

dA = 

-0.3 - iO.0038 0 

o -0.3 + iO.0038 

o 
o 

o 
o 

o 
o 

o 
o 

-0.5 - iO.0086 0 

o -0.5 + iO.0086 
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The right vectors are calculated from Eq. (38) 
using the open loop U /. Then 

-0.6586 0.1414 0 0 

0.1414 -0.9414 0 0 

o 
o 

o 
o 

o 0 

o 0 

This is the same dAo matrix determined by 
Method I. 
EXAMPLE 4: Design of damping and control ma
trices using Method II. For this example, the 

A= 

A= 

-8 4 

2 -1.5 

o 
o 

-300 100 

50 -200 

o 
o 

o 
o 

-0.2656 + i12.8083 0 

o -0.2656 - il2.8083 

o 
o 

o 
o 

mass matrix M, C, and K matrices are as follows. 
The damping is nonproportional. 

M = [~ ~] C = [_: -;] 

K = [ 300 - 100] . 
-100 400 

The characteristic matrix A, the eigenvalues A 
and the right and left eigenvector matrices of A 
are 

o 
o 

o 
o 

-4.4844 + i17.7483 0 

o -4.4844 - i17.7483 

-0.5288 - i5.5239 -4.6636 + i16.0712 

U= 
0.3861 - i8.1868 (conjugate) 

-0.4302 + iO.0502 

-0.6395 - iO.0169 

0.0020 + iO.0168 

-0.0012 + iO.0501 (conjugate) 
V= 

-0.1978 + iO.0557 

-0.6511 - iO.0212 

The desired eigenvalue matrix is 

(-3.0 + il2.8083) 0 

0.4283 - i5.4188 (conjugate) 

0.9136 + iO.0319 

-0.2927 + iO.0498 

0.0010 - iO.0257 

0.0028 + iO.0165 (conjugate) 

0.4535 - iO.l059 

-0.3042 + iO.l024 

0 

0 (- 3.0 - il2.8083) 0 
Ao = 

0 0 (-5.5 + iI7.7483) 

0 

0 

0 

0 0 0 (-5.5 - iI7.7483) 

The corrected U matrix, used in the computation of Ao is 
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0.6477 - i5.6612 -5.5914 + il6.0387 

2.1349 - i8.1406 (conjugate) 
U G = 

-0.4302 + iO.0502 

0.7255 - i5.4694 (conjugate) 

0.9136 + iO.0319 

-0.6395 - iO.0169 -0.2927 + iO.0498 

and 

-10.63 2.15 -313.60 97.05 

1.05 -6.37 47.60 -205.25 
AG = UGAGVb = 

1 0 o 0 

o 1 o 

The resulting matrices are 

[ 
10.63 -2.15] 

-MC I = C + d[C + G] = 
-2.10 12.74 

[
313.60 -97.05] 

-MKI = K + d[K + H] = . 
-95.20 410.50 

METHOD III: DESIGN OF C1 AND Kl TO 
ACHIEVE DESIRED CHANGES IN 
EIGENVALUES AND MODE SHAPES 

In general, the mode shapes and eigenvalues may 
be chosen, with the restrictions as outlined 
above. In full-state feedback, all the entries in UI 

A= 

A= 

-5 4 -400 200 

2 -3 

1 0 

o 1 

100 -700 

o 
o 

o 
o 

-1.4004 + il8.6658 0 

0 -1.4004 - il8.6658 

0 0 

0 0 

o 

may be chosen and we restrict upper Uu so that 
Uu = U/A. The operation is represented by Eqs. 
(38)-(41). 
EXAMPLE 5: Design of damping and control ma
trices using Method III. For this example, the 
mass matrix M, C, and K matrices are 

M = [~ ~] 
[ 

400 
K-

-200 

C = [ 5 -4] 
-4 6 

-200] . 
1400 

The characteristic matrix A, the eigenvalues A 
and the right and left eigenvector matrices of A 
are 

0 0 

0 0 

-2.5996 + i27.1165 0 

0 -2.5996 - i27.1165 

-0.419 + il7.523 -0.419 - il7.523 5.798 - i10.077 5.798 + ilO.077 

-1.937 + i4.851 -1.937 - i4.851 -0.332 + i18.177 -0.332 - i18.177 
U= 

0.935 - iO.048 

0.266 + iO.084 

0.935 + iO.048 -0.389 - iO.177 -0.389 + iO.177 

0.266 - iO.084 0.665 - iO.052 0.665 + iO.052 
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The goal is to design the mode shapes so the 
normalized modal amplitudes are 

[
0.8165 0.8165 -0.5774 -0.5774] 

UDt = 
0.4082 0.4082 0.5774 0.5774 

in order to make the amplitudes in the ratio of 2/ 1 
for the first two modes and -111 for the last two. 

Aa=A+dA= 

-6.0 + i18.6658 0 

o -6.0 - i18.6658i 

o 0 

o 0 

o 0 

o 0 

-8.0 + i27.1165 0 

o -8.0 - i27.1165 

The complete, designed, UD matrix is then 

-4.899 + i15.241 -4.899 - i15.241 

-2.450 + i7.621 -2.450 - i7.620 
UD = 

0.8165 0.8165 

0.4082 0.4082 

4.619 - i15.656 4.619 + i15.656 

-4.619 + i15.656 -4.619 - i15.656 

-0.5774 -0.5774 

0.5774 0.5774 

and 

Aa = UaAaVb = 

-13.33 2.67 -522.71 276.60 

1.33 -14.67 138.30 -661.01 

1 0 0 0 

0 1 0 0 

The resulting matrices are 

[ 
13.33 

MC I = C + d[C + G] = 
-2.67 

-2.67] 

14.67 

[ 
522.71 

MKI = K + d[K + H] = 
-276.60 

-276.60] 

1322.02 

SUMMARY AND CONCLUSIONS 

Methods were presented for pole allocation or 
pole-shifting for structures with and without ini
tial damping. Method I is convenient for chang
ing the real parts of the eigenvalues without cal
culating the imaginary part beforehand. Methods 
II and III are powerful, general approaches, 
based on use of the mode shapes of the initial 
damped or undamped system or eigenvectors 
where the mode shapes are chosen. Knowledge 
of the desired change dA in the eigenvalue matrix 
is sufficient information to correct, or update, the 
upper portion of the right eigenvector matrix. In 
general, the resulting damping and control matri
ces may be unsymmetrical. 

The methods are suitable for large systems, 
even though the examples are for systems with 
two degrees-of-freedom. Simple matrix multipli
cations are involved, but the updated U matrix 
must be inverted to find the corrected V matrix of 
left eigenvectors. 

Physical realization of the required C1 and KI 
matrices has not been addressed specifically, but 
having the C, G, and H matrices to design gives a 
great deal of latitude. Devices that furnish vis
cous damping are usually connected between 
two points on a structure and can produce some 
of the negative off-diagonal elements in the [C + 
G] matrix. A disadvantage of the full-state con
trol is that many sensors and controllers are re
quired. 

The results presented are part of a study sponsored by 
The Flight Dynamics Laboratory, Wright Research 
and Development Center, Aeronautical Systems Divi
sion (AFSC), United States Air Force, Wright-Patter
son AFB, OH, 45433-6553. 
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