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Transient Response of an 

Impacted Beam and Indirect 
Impact Force Identification 
Using Strain Measurements 

The impulse response functions (force-strain relations) for Euler-Bernoulli and 
Timoshenko beams are considered. The response of a beam to a transverse impact 
force, including reflection at the boundary, is obtained with the convolution approach 
using the impulse response function obtained by a Laplace transform and a numerical 
scheme. Using this relation, the impactforce history is determined in the time domain 
and results are compared with those of Hertz's contact law. In the case of an arbitrary 
impact, the location of the impact force and the time history of the impact force can 
be found. In order to verify the proposed algorithm, measurements were taken using 
an impact hammer and a drop test of a steel ball. These results are compared with 
simulated ones. © 1994 John Wiley & Sons, Inc. 

INTRODUCTION 

Impact is defined as a force of short duration 
acting on a structure; this causes a local response 
in the system. Impacts occur in many solid struc
tures such as machines, link mechanisms, impact 
dampers, rotating blades, and structures that 
have internal gaps in ajoint or an external impact 
source. In order to understand the characteris
tics of the impact and to find the impact force, 
which is generally difficult to measure, it is nec
essary to analyze the response of the impacted 
system at the exact instant of impact. 

The impact beam problem as shown in Fig. 1 
is widely used to examine the impact phenome
non. Frequently, the impact problem of a steel 
ball on a beam of infinite length is examined with 
Euler-Bernoulli beam theory. If a steel ball col
lides with a beam with velocity vo, Euler-Ber
noulli beam theory provides reasonable velocity 
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and displacement solutions but gives an infinite 
strain at the instant of impact. At intuitive expla
nation for this is that the slope of the beam at the 
point of loading must be continuous and at the 
moment of impact a ball engages a finite portion 
of the beam; this is closely connected with the 
infinite wave velocity. On this basis, it is clear 
that a useful estimate of the initial strain can be 
obtained if wave propagation effects in the beam 
are included. Many studies have been done to 
calculate the response of the beam using a nor
mal mode approach (Yamamoto, Sato, and 
Koseki, 1990) or infinite beam theory (Doyle, 
1984a; McGhie, 1990; Stadler and Shreeves, 
1970) using Hertz's contact theory (Willis, 1966), 
which is elastic contact law for a static case. The 
impact force, which is applied suddenly, causes 
plastic deformation at the center of the contact 
zone even for a small load (Cawley and Clayton, 
1987) and generates a stress wave in the im-
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f(x,t) 

Length= 1.Orn Height, h=5.Ornm 

Width, b=25mm Poisson ratio, v =0.3 
Density, p =7800kg/m3 Young's modulus, E =200ClPa 

FIGURE 1 Clamped beam for impact analysis. 

pacted medium. That is to say, it takes a finite 
time for the effects of force to be felt at another 
point of the structure. The time duration of the 
impact process is so short that the resulting re
sponse has local behavior, and the standing wave 
cannot be fully developed in the early period of 
the impact. In this case, the normal mode ap
proach is not appropriate. Some research has 
been done to obtain the response of a beam using 
the wave propagation approach in the frequency 
domain (Doyle and Kamle, 1985, 1987; Leung 
and Dinnington, 1990, 1992; Rizzi and Doyle, 
1992). This approach has the advantage of simu
lating the propagation from one point to another, 
but cannot be used to calculate the response for a 
given force contact model, which is, in general, 
nonlinear. Thus, if we consider the wave propa
gation method in the time domain to analyze the 
impacted beam, we can obtain the initial re
sponse of the beam. The solution of the wave 
propagation method is useful for determining the 
initial response of the beam, and the subsequent 
response can be better obtained from a normal 
mode approach. The wave propagation method 
may have a narrow field of practical application 
but there are cases in which it is of value, such as 
the determination of the initial response of the 
system in this type of problem. 

Many cases also arise in practice in which it is 
necessary to know the dynamic impact force 
where it is not possible to instrument the impac
tor. Chang and Sun (1989) used the impulse re
sponse function obtained from experiments and 
Doyle (1984b, 1987, 1991) used a frequency do
main approach. Some research has been done to 
calculate the impact force from a measured ac
celeration by using rigid body acceleration (Bate
mann and Came 1991, 1992) and by using the 
velocity by integrating the measured signal (Hol
landsworth and Busby, 1989). Impact force is re
garded as a point source in the sense that the 
dimensions of the source are small compared to 

the wavelength of interest. Thus, for both re
sponse and force analysis, the impulse response 
function of the beam is essential. Using the im
pulse response function, the response and impact 
force can be obtained with a convolution and de
convolution approach. 

This article focuses on the transverse impact 
of a beam (Fig. 1) to investigate features of wave 
phenomena and to reconstruct the impact force 
from a measured strain signal using the impulse 
response function. In order to execute both re
sponse and force analysis, the impulse response 
function, which is the relationship between the 
force and strain, is obtained by using the wave 
propagation approach in the time domain. The 
Timoshenko beam equation, which shows more 
physically acceptable results in wave concepts, 
is solved using the Laplace transformation and 
numerical techniques. These results are com
pared with those from an Euler-Bernoulli beam 
model (McGhie, 1990). The impact force is then 
identified in the time domain using these results. 
For the analysis of an arbitrary impact, a numeri
cal algorithm to find the position and the shape of 
the impact is also suggested. Simulation and ex
perimental results are presented. In order to ver
ify the validity ofthe suggested method, the iden
tified impact force is compared with the directly 
measured value. Results show that the inversely 
reconstructed impact force matches measured 
value quite well in terms of peak, time to peak, 
and pulse duration. Impacts on the beam by a 
steel ball are tested and the reconstructed forces 
are compared with the results found using 
Hertz's contact law. Some limitations of Hertz
ian theory are discussed. 

RESPONSE OF AN IMPACTED BEAM 

The impact problem on a clamped beam as 
shown in Fig. 1 is first considered in this study. 
When an impact force generates stress waves in 
the beam, it takes a finite time to feel the effects 
of the loading at another position in the beam. 
The response of an impacted beam at the point 
not on a boundary is independent of the bound
ary conditions at the moment of impact. There
fore, it can be considered that the impacted beam 
behaves similarly to an infinite beam. Thus, the 
impulse response function of an infinite beam can 
be derived by using a Laplace transform to ana
lyze the transverse impact on the beam. 

The equation of motion of an infinite Euler-



Bernoulli beam is 

EI ay4(X, t) + A ay2(x, t) = f(x t) (1) 
ax4 p at2 ' 

where E = Young's modulus, I = moment of 
inertia, p = density, A = beam cross section area 
with the initial condition 

y(x,O) = y(x, 0) = 0 

and the boundary condition 

1· any(x, t) = 0 = 0 1 2 3 1m :l n n, , , 
Ixl-oo uX 

f(x, t) = 8(x)8(t). 

Then, the impulse response function for the 
strain of the beam will be (McGhie, 1990) 

h 1 1. ( x 2 1T') 
he(x, t) = "2 2m~ aVt sm 4at - "4 (2) 

where m = mass per unit length, a = Y(EI/m), 
h = beam height. Equation (2) leads to an infinite 
value at the moment of impact. This result arises 
from the fact that the simple beam theory 
predicts an infinite velocity for waves of small 
wavelength. As a consequence, use of the 
Timoshenko beam will predict finite wave veloci
ties, leading to a more accurate model. The equa
tion of motion for the Timoshenko beam is 

ElcJ.>" + KAG(y' - cJ.» - pI«P = 0 

pAy - KAG(y" - cJ.>') = 0 
(3) 

where cJ.> = deformation angle, K = shear correc
tion factor. The superscript dot and prime mean 
time and space domain derivatives, respectively. 
Then, the impulse response function for the Ti
moshenko beam with semiinfinite length can be 
obtained using the Laplace transform as follows: 

x 
he(x*, t*) = 0 0 < t < C, 

= B [fb f/J4(P) cos(pt*) , Jo pf/Js(p) 

cosh[Bf/J4(p)x*] dp (4) 

+ J: P~;p) {f/J3(P) sin[Bf/J3(p)x*] 

sinh[pt* - Bf/J2(P)X*] 
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where 

+ f/J2(P) COS[Bf/J3(P)X*] cosh[pt* 

- Bf/J2(P)X*]} dPJ ~, < t < ~2 

= B fb f/J4(P) cos(pt*) 
, Jo pf/Js(p) 

x 
cosh[Bf/J4(p)x*] dp t > C2 

t* = Y(EA)/(pI) t, x* = Y(A/I) x, 

c, = VEiP, C2 = YKG/p. 

This solution shows that waves caused by impact 
propagate through the beam according to propa
gation velocities C" C2 • Functions in the inte
grands and variables in the above equation are 
summarized in Appendix A. The impulse re
sponse function for deflection hy(x*, t*) can be 
obtained similarly as the result of Eq. (4). This 
result shows that the impulse response function 
for the Timoshenko beam has a finite value at the 
moment of impact, unlike the Euler-Bernoulli 
beam, and may be expected to lead to more real
istic results. 

In the analysis of an infinite beam, however, 
reflection at the boundary cannot be considered. 
Also, the solution for the Timoshenko beam is 
composed of an integral equation. This solution 
leads to good results for the specified point, but is 
troublesome elsewhere in the spatial domain. In 
order to make up for these disadvantages, we 
consider a numerical scheme in the time domain 
and use two results in combination as follows. 
First, define four variables, moment, shear force, 
angular velocity, and velocity for the equation of 
a Timoshenko beam: 

acJ.> (ay ) M = EI - Q = KAG - - cJ.> , 
ax' ax 

acJ.> 
v</> = dr' 

ay 
Vy = at' (5) 

Then, the Timoshenko beam equation, Eq. (3), 
which is the 4th order partial differential equa
tion of the deflection y, can be converted by us
ing these four variables: 

aM _ I ~ + Q = 0 (6) 
ax p at 
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The subscript be, it mean spatial and time domain 
IT mesh, respectively. Properties at points L' and 

R' can be obtained by linear interpolation with 
IT-I those of points L" L 2, Rio R 2, U" and U2 in Fig. 

2. Then the above difference equations can be 
1T-2 expressed in the matrix form 

IX-I IX IX+I 

FIGURE 2 Formation of properties {s} at point P. 

aM _ EI aVe/> = 0 
at ax (7) 

A avy _ aQ = 0 
p at ax (8) 

aQ (av) - - KAG - - ve/> = o. 
at ax (9) 

Considering a characteristic path (Ames, 1977; 
Courant and Friedrichs, 1948) to change the di
rection of differentiation from the space and time 
coordinates to one parameter (Appendix B), and 
discretizing in the time and spatial domains (Fig. 
2), we obtain the finite difference equations: 

Qix,it + Qix-I,it-I C !1t 
2 I 

(10) 

C,; (Mix,it - Mix-I,it-I) + pICI(vq,ix,it - Vq,ix-t,iH) 

= + Qix,it + Qix-I,it-I C I!1t (11) 
2 

ct; (Qix,it - Qd - pAC2(vYix,il - vyJ 

vPixit + v</>!., KAG(!1t + !1t) (12) 
2 

Ci; (Qix,it - QR') + pAC2(vYix,it - vyR.) 

= - vPixit ; vPR' KAG(!1t + !1t). (13) 

Table 1. Properties at Boundary 

B.C. 

Simple condition 

Free condition 

Fixed condition 

Properties 

MomentM = 0 
velocity Vy = 0 

MomentM = 0 
shear force Q = 0 

Velocity Vy = 0 
ang. velocity vq, = 0 

[W]{S}ix,it = [RD1]{s}ix-I,it-1 + [RD2]{sL-I,it-2 
+ [LD1]{sL+I,it-1 
+ [LD2]{s}ix+I,it-2 
+ [UD1]{s}ix,it-1 + [UD2]{s}ix,it-2 

(14) 

where {s} = [M ve/> Q vyV. The component of 
matrices in Eq. (14) are summarized in Appendix 
C. Using this relation, properties {s} at ix and it in 
the impacted beam can be obtained. Propagating 
through the beam as waves, these properties 
reach the boundary and it reflects corresponding 
to the nature of the boundary conditions. 

For three kinds of boundary conditions, which 
are normally modeled, corresponding properties 
are determined as expressed in Table 1. Two ad
ditional properties at the boundary can be ob
tained using Eq. (15), which are affected by right
ward moving waves as shown in Fig. 3: 

[W]{S}ix,it = [RD1]{sL-I,it-1 + [RD2]{s}ix-I,it-2 

+ [UD1]{s}ix,it-1 + [UD2]{s}ix,it-2. 

(15) 

Because all properties at the boundary are 
known, reflection at the boundary can be realized 
using a numerical scheme. This effect is shown in 
Fig. 4, in which standing waves in the beam are 
developed as a consequence of reflected waves 
from the fixed boundary located at the position of 
0.1L. In order to obtain the impulse response 
function for any point, the Laplace transformed 
results, that is, responses for the external force 
/)(t), are used as the input conditions in the nu-

IT 

IT-I 

1T-2 

IX-I IX IX+I B.C. 

FIGURE 3 Formation of properties {s} at boundary. 
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100 P.-sec 
..... ; 

...... 
80 p.-sec ...... . 

........ 

---- Wave reflected with boundary 
------- Wave without boundary 

FIGURE 4 Reflection of the strain wave at fixed boundary. 

merical scheme. Then, the impulse response 
function for an arbitrary point can be deter
mined. The above scheme is applicable to an ar
bitrary boundary condition, that is, a time vary
ing boundary. 

RECONSTRUCTION OF IMPACT FORCE 

Previously, the impulse response function has 
been developed by using the Laplace transform 
and a numerical scheme. Using these relations, 
the response at point Xo of the beam for an impact 
force applied at Xi can be obtained using the con
volution operator (*) 

Y(Xo, t) = hy(xo - Xi, t) * f(Xi' t) 

e(xo, t) = hs(xo - Xi, t) * f(Xi, t). 
(16) 

If the point of input and measurement are 
known, then Eq. (16) can be written as 

Ym(t) = hy(t) * f(t) 

em(t) = hs(t) * f(t). 

n 

J(O) L hAi)2 + 2wo 
i=O 

(17) 

n-l 

The subscript m means the measured value. The 
deflection of a beam is negligibly small during the 
time of impact. Thus the measured strain signal 
will be used to find the unknown force f(t) by 
deconvolution. In the case of the steady-state 
response, the ill-conditioning problems are fre
quently encountered in a deconvolution ap
proach (Hillary and Ewins, 1984). But these are 
not critical problems in this impact case, in which 
the normal mode is not fully developed. It is 
known that results in the time domain approach 
are insensitive to data length and the position of 
the recording window (Chang and Sun, 1989). 
The reconstruction of the impact force is pro
cessed in the time domain. Define mean square 
error as 

N 

error = L ([em(i) - e(i)F + WJ(i)2} (18) 
i=O 

where Wi are weighting factors for strain and 
force. Then, J(i) for minimizing error can be ob
tained as follows: 

-I 

rh.sm(O) 

J(1) rh.h.(1) L hs(i)2 + 2wJ rh,sJl) 
i=O (19) 

J(n) rh,hJn) hs(0)2 + 2wn rh.sJn) 
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[(x·,t) 

! 

E .. (X~,t) 

FIGURE 5 Arbitrary impact and measurement 
point. 

where 

n 

rh •• JO = 2: em(j)he(n - j). 
j~i 

If we consider the arbitrary impact case, then we 
can find the position and time history of the im
pact force by measuring strain at two points xo, 
Xn (Fig. 5). Measurement set s,n(XO, t) using the 
measured strain em(xo, t) at point Xo and the re
cording window is prepared. Then the impact 
point i* is assumed successively from Xo to Xn. 

The expected impact force J(i*, t) can be ob
tained by using Eq. (19). It is possible to generate 
the expected strain em(xn , t) at Xn using the prede
termined force j(i*, t). Compare the expected 
result with the measured result by introducing a 
normalized error as follows: 

error = (20) 

where 

By plotting the above error, the impact position 
and shape of the impact force can be found. 
These procedures are summarized in the flow 
chart as shown in Fig. 6. 

EXPERIMENTS AND NUMERICAL RESULTS 

In order to test the validity of the response and 
force analysis, experiments and simulation were 
performed on a clamped-clamped beam as 
shown in Fig. 1. Strain gauges were attached to 
the bottom side of the beam for measuring the 

j = j + 1 

time window setting 

e .. (xo,t) = W,E .. (Xo,t) 

E .. (x. ,t) = W,E .. (X~,t) 

£ .. (xo,t),h,(.x·,t) => j(x·,t) 

Deconvolution 

i<X:, t),h. (x. -x,t) => £ .. (x.,t) 

Convolution 

M.S. E. 

em (x,. ,t),e .. (x: ,t) 

1UJ 

FIGURE 6 Flow chart of the simulation for an arbi
trary impact. 

bending strains. The experimental apparatus 
(Fig. 7) included a dynamic strain amplifier, 
which performs up to 200 kHz, an impact ham
mer and a force transducer, and a digital oscillo
scope. 

In order to observe the characteristics of an 

strain gauge 

PC 

FIGURE 7 Measurement set-up. 
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FIGURE 8(a) Deflection of impact point. 
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- Proposed method . 
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FIGURE 8(b) Strain history of impact point. 

0t===~=====c====~==~ 
-0.4L -0.2L o 0.2L 0.4L 

Space (x-coord.) 

----------------,----------------
o 
-0.4L -0.2L o 

Space(x-coord.) 

0.2L 0.4L 

FIGURE 9 Beam response for the simulation input 
in the time and space domain: (a) deflection shape; (b) 
strain shape. 
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impact response, select the standard input as a 
squared half sine function with a magnitude of 1 
kN, whose time duration (50 p,s) is the same as 
that of a drop test of a steel ball. It has frequency 
component up to 100 kHz. The response of an 
impacted beam is solved with the mode superpo
sition method, which is generally used in dy
namics including impact problems, and its results 
are compared with those obtained by using the 
proposed algorithm. The responses at the center 
of beam are plotted in Fig. 8 for a given input. It 
is difficult to obtain the normal modes for the 
Timoshenko beam equation up to very high fre
quency. Thus, we use the results of the Euler
Bernoulli beam equation as many former re
searchers do. It can be seen from this figure that 
the normal mode solution with 100 modes (up to 
116 kHz) summation for strain is not close to the 
numerical result. On the other hand, there is 
good correspondence for the deflection. Because 
the displacement of the beam converges better 
than the strain in the normal mode approach, if 
an accurate force contact model applicable in the 
wide frequency range is available, then the 
results of the analysis become more accurate. 
But we cannot reconstruct an impact force that 
will be used to obtain the force contact model 
because the displacement is a small quantity and 
difficult to measure during impact. The overall 
response of the beam for a given input is shown 
in Fig. 9. During impact, the strain in the vicinity 
of the impact site appears as sharp peaks and 
propagates through the beam. This result shows 
that the response of an impacted point that is not 
near the boundary is not affected by reflection 
from the boundary. 

In order to validate the impulse response func
tion determined previously, the input force and 
output strain are measured using an impact ham
mer and a strain gauge. It is shown in Fig. 10 that 

-4 
2Xl0 ,---------------, 

-- Measurement 

----- Simulation 

o 
o 50 100 150 200 

jJ.-sec 

FIGURE 10 Measured and simulated strain history 
at impact point. 
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" 
~ 
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"-.. 

100 

J1.-sec 

Measurement 
Simulation 

----.......... -----
150 200 

FIGURE 11 Measured and simulated force history 
at impact point. 

results of the convolution with measured input 
forces matches well with the measured strain at 
the impact point. The recovered impact force by 
using a measured strain is also in good agreement 
with the measured one as shown in Fig. 11. Thus, 
it can be maintained from the above results that 
the response and force analyses are accurate. 

Drop tests were implemented by striking the 
beam at the center with a steel ball with a diame
ter of 18.9 mm dropping from the heights of 0.25 
m. The same experiments were repeated by vary
ing the dropping height to 0.5 and 1.0 m. Instead 
of measuring the impact force, which is difficult 
to accomplish, the time duration of the impact 
was measured by using an electrical loop with a 
ball and beam and then compared with that of the 
recovered force as an indirect measure. The re
covered forces are compared with the result us
ing Hertz's contact theory (Fig. 12). As the drop 
height is increased, the impact force increases, 
and the recovered force varies more, which is 
different from the results using Hertz's contact 
theory. It may be due to the fact that Hertzian 
elastic contact theory is not applicable because 
local plastic deformation occurs at the center of 

" e 
o r-. 

/;H ....... ' .. I 
~ ,/ 

/ J' /,' 

/ J/~<'/'/ 
,/I.?/ 

( t' I 
/oll I 

/.1 ./ 
I.J' " if ,./ -- Drop height:0.25m 

"-;''''1? ,/ -.-- Drop height:O.5m. 
,.::// / .. -. Drop height:1.0m 

- / .. " 
60 80 100 

Indentation(J1. -meter) 

FIGURE 13 Indentation and force relations. 80 , 81: 

Permanent deformation 

the contact zone. To investigate this phenome
non, these results are plotted in a different way, 
that is, the forces are plotted with the variation of 
indentation, which is the difference of the dis
placements between a steel ball and the beam, 
for the loading and unloading (Fig. 13). The ex
perimental result shows that as the drop height is 
increased, the amount of permanent deformation 
after unloading is significantly increased and the 
slope of this curve varies more from that of the 
Hertzian results. From this result, Hertz's con
tact theory needs to be modified according to the 
impact condition. 

In order to verify the algorithm for finding the 
position and time history of an arbitrary impact 
case, a steel ball with diameter of 18.9 mm is 
dropped at x = 3 cm and strains are measured at 

-- drop height=1.0m 
_._.- drop height=O.5m 
......... drop height=O.25m 

6000 r---------, 6000..----------, 

20 40 60 

Time(J1. -sec) Time(J1. -sec) 

FIGURE 12 Reconstructed impact force in drop test (ball dia. = 18.9 mm). (a) Hertz's 
contact law; (b) proposed method. 
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FIGURE 14 Test result of steel ball drop. (a) Config
uration of drop test; (b) strain at Xo = 0 cm; (c) strain at 
Xn = 10 cm. 

3X10-4,----------------, 
-- Measurement 

----- Simulation 
';;) 0 r--=&----+---------_--~-""'-=-1 
:g 
'" .. ... 
fIl 

-7X10-4'--------'-----L----'------' 
o 50 100 

/L -sec 
150 200 

5,---------------, 

2 3 4 5 6 7 8 9 10 
x(cm) 

FIGURE 15 Simulated result of steel ball drop. (a) 
Strain history at xn = 10 cm; (b) error plot. 
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x = 0 and 10 cm as shown in Fig. 14. Figure 15 
shows that the resulting error has minimum value 
at x = 3 cm, where impact actually occurs. Be
cause the impact force cannot be measured in 
this case, the convolution result from the recov
ered force and the impulse response function be
tween the predicted impact point and the mea
sured point, x = 10 cm, is compared with the 
measured signal at x = 10 cm (Fig. 15). From 
these results it is concluded that the suggested 
algorithm matches well with the measurements. 

CONCLUSION 

A method was presented for the transient re
sponse analysis of an impacted beam by using the 
impUlse response function obtained using a La
place transform and a numerical scheme consid
ering reflection at the boundary. For this analy
sis, a beam was modeled as a Timoshenko beam, 
which seems to lead to more physically accept
able results. Using this relation, both the re
sponse and force analyses can be executed. 
From these results, it is concluded that there is 
good agreement between experimental and simu
lation results. From the drop test of a steel ball, 
the force was compared with Hertz's contact 
theory and some limitations of Hertz's contact 
law were discussed. For the analysis of an arbi
trary impact, the proposed algorithm for finding 
the position and time history of the impact force 
was also carried out and from the results, it is 
maintained that the algorithm is sound. 
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APPENDIX A: INTEGRAND IN IMPULSE 
RESPONSE FUNCTION OF TIMOSHENKO 
BEAM 

Functions in the integrands and variables in Eq. (4) are 
as follows 

2 

¢4(P) = ~ (~) ¢j(p)p - pZ 

¢j(p) = VaZ + pZ 

{E (KG C 1 
CI = vr;, Cz = -Vp' X = Cz 

rc; 
b = -V C1 

(A. I) 

~CI + Cz B =!!. aB 
B = 2Cz ' I 2 1TX' 

h = beam height 

APPENDIX B: COORDINATE 
TRANSFORMA TION 

A linear combination a [aM(x, t)/ax] + b[aM(x, t)/at] of 
the two derivatives of a function M(x, t) is defined by 
derivative of M in a direction given by dx: dt = a: b. If 
X(u), t(u) represents a curve with (ax/au) : (ax/au) = 

a: b, then a[aM(x, t)/ax] + b[aM(x, t)/at] is a deriva
tive of M along this curve. We express Eqs. (6) and (7) 
using linear operators L I , L z and consider another lin
ear combination (B. I) so that the derivatives in L com
bine with derivatives in the same direction. 

L = ''ILl + AzLz 

aM aM aw 
= Al ax + Az ----at - AzEI ax (B.1) 

If the direction is given by x(u), t(u) as above, then the 
condition is 



Mter multiplication ofEq. (B. 1) by Xu and tu [xu = (ax/ 
au), tu = (at/au)] and using the results of Eqs. (B.1), 
(B.2) can be expressed in matrix form: 

tu Xu 

pIxu -EItu 

(~:) ~ m. ~.3) aM _EI aw 
au + Qxu au 

aw aM 
-pI- + Qt ut u au 

If Al> A2 in Eq. (B.3) have a nontrivial solution, the 
condition, which is a characteristic relation, is 

(BA) 

As a result, a linear operator in (B. 1) can be expressed 
in Eqs. (9) and (10). Similarly, for Eqs. (8) and (9), the 
condition is 

-pIC] 
C]il.t 

0 --2-

0 0 0 0 
[RDll= 

0 K~G (2 - (3)~2il.t ~2 -pAC2~2 

0 0 0 0 

0 0 0 

0 
[RD2] = 

0 0 

0 
KAG 

--2- (2 - ~)~(1 - ~)il.t ~(1 - (3) 

0 0 0 

0 0 0 0 

pIC] 
C]il.t 

0 -2-

[LDl] = 0 0 0 0 

0 K~G (2 - (3)~2il.t ~2 pAC2~2 

0 0 0 0 

0 0 0 0 

[LD2] = 0 0 0 0 

0 
KAG 

--2- (2 - (3)il.t 1 pAC2 
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Xu = ± ..Ji[!-pG = ±C2 
tu 

and the results are Eqs. (12) and (13). 

APPENDIX C: COMPONENTS OF 
MATRICES 

Matrices in Eq. (14) are as follows: 

-pIC] 
C]M 
-2-

pIC] 
CJ':~t 

--2-

[W] = 
K~G (2 - (3)il.t 0 

0 K~G (2 - (3)il.t 

0 

0 

-pAC2~(1 - (3) 

0 

(B.5) 

o 

o 

-pAC2 

pAC2 
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[UDl] = [RD2] + [LD2] 

o 
o 

o 
o 

o 
o 

o 
o 

[UD2] = 0 - K~G (2 - m(1 - (32)t::.t (1 - (32) -pAC2(1 - (32) 

o - K~G (2 - (3)(1 - (32)t::.t (1 - (32) pAC2(1 - (32) 

2C2 
{3=c C O<{3<1. 

1 + 2 
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