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To predict the vibration environment of a payload carried by a ground or air trans
porter, mathematical models are required from which a transfer function to a pre
scribed input can be calculated. For sensitive payloads these models typically include 
linear shock isolation system stiffness and damping elements relying on the assump
tion that the isolation system has a predetermined characteristic frequency and damp
ing ratio independent of excitation magnitude. In order to achieve a practical spectral 
analysis method, the nonlinear system has to be linearized when the input transporta
tion and handling vibration environment is in the form of an acceleration power 
spectral density. Test data from commercial isolators show that when nonlinear stiff
ness and damping effects exist the level of vibration input causes a variation in 
isolator resonant frequency. This phenomenon, described by the stationary response 
of the Duffing oscillator to narrow-band Gaussian random excitation, requires an 
alternative approach for calculation of power spectral density acceleration response 
at a shock isolated payload under random vibration. This article details the develop
ment of a plausible alternative approach for analyzing the spectral response of a 
nonlinear system subject to random Gaussian excitations. © 1994 John Wiley & 
Sons, Inc. 

INTRODUCTION 

The dynamic behavior of many aerospace vehi
cles carried as shock isolated payloads can be 
predicted using a wide range of analytical and 
numerical methods, such as the finite element 
technique. However, a key element in any ap
proach is the ability to accurately characterize 
the stiffness and damping of the shock isolation 
system. The development of finite element 
models assumes linear behavior, together with 
the appropriate discretized structural damping 
and stiffness representation, for commercially 
available low frequency shock isolators. The two 
most widely used analytical solutions are based 
upon: evaluation of modal frequency response to 
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a given power spectral density input, usually in 
the form of an acceleration versus frequency 
spectrum; and evaluation of peak modal fre
quency response to shock induced environments 
known as the shock response spectrum analysis. 

Experimental data from some commercial iso
lators show that when nonlinear stiffness and 
damping effects exist, the level of vibration input 
causes a variation in isolator resonant frequency. 
These nonlinear characteristics do not lend 
themselves to the classic linear frequency re
sponse analysis techniques. This phenomenon, 
which was first introduced by Duffing in Nayfeh 
and Mook (1979), therefore requires an uncon
ventional approach for the use of power spectral 
density (PSD) acceleration response at a shock 
isolated payload under random vibration. 
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U sing the analytical techniques presented in 
this article it is possible to avoid costly and time
consuming nonlinear finite element analysis. The 
basic analytical approach is divided into two dis
tinct phases. Phase 1 develops the actual nonlin
ear isolator characteristics, and phase 2 develops 
the methodology for calculating the frequency 
and damping of the equivalent linear isolation 
system. Therefore, phase 1 consists of the fol
lowing steps: construct a nonlinear isolator force 
element with the appropriate form of damping 
modeled, that is, hysteretic; use static and dy
namic isolator test data for model correlation; 
and incorporate the validated isolator element 
into a simple model representing rigid payload 
masses connected to ground through a nonlinear 
isolation system. 

Phase 2 includes: transform input acceleration 
PSDs to equivalent acceleration time histories 
for each studied vibration environment; input in
dividual converted acceleration time histories to 
the nonlinear rigid payload model and output 
payload acceleration responses; convert individ
ual payload acceleration time history responses 
back to PSDs to identify isolation system reso
nant frequencies (using input/output transfer 
functions to characterize damping levels) corre
sponding to each ground or air-induced vibration 
level; and run the final detailed random vibration 
response analysis using these derived equivalent 
linear isolator stiffness and damping characteris
tics in the more complex isolator/payload finite
element model. The necessary steps taken for 
simulation of a nonlinear isolator (phase 1) are 
discussed next. 

NONLINEAR ISOLATOR 
CHARACTERISTICS 

Helical wire rope-type isolators are often used to 
mitigate the shock and vibration environments to 
sensitive electronic equipment. This type of iso
lator offers the advantages of being insensitive to 
a wide range of thermal conditions, as well as 
being inherently higher damped than most typical 
elastomeric isolators. This damping is provided 
by flexure hysteresis, that is, the rubbing and 
sliding friction between the strands of the wire 
rope. As discussed in the following paragraphs, 
testing shows it is the isolator's hysteretic load
deflection behavior that leads to its nonlinear vi
bration isolation characteristics. 
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FIGURE 1 Isolator static load-deflection curve. 

Static Test 

Static testing in the vertical compression direc
tion was performed on a standard universal test 
machine. The isolator was cycled three times be
tween zero and maximum load. Figure 1 shows 
the hysteretic load-deflection characteristics of 
this isolator evident in the test data. 

Dynamic Test 

Dynamic testing was also performed in the verti
cal direction. The objective of this test was to 
characterize resonant frequency and damping 
values for the isolators supporting a simulated 
I-g static load. Two isolators were bolted to the 
shaker table with the dummy payload mounted 
above and no lateral restraint. A slow (1 octave! 
min) vertical sine sweep acceleration input was 
applied at three amplitudes of 114, 112, and 1 g 
from 5 to 160 Hz. The vertical transmissibility 
across the isolator showed a definite shift in reso
nant frequency dependent on the magnitude of 
vibration input. As shown in Fig. 2, the resonant 
frequency increased from 6.5 to 12.0 Hz as the 
amplitude of acceleration input decreased from 
1.0 to 0.25 g. The corresponding percent critical 
damping ratio estimated from these curves also 
showed a slight decrease as input amplitude 
dropped but still indicated a highly damped sys
tem (damping ratio of 20% at 0.25-g input level). 

Isolator Model Approach 

The model for a two-dimensional axial force ele
ment consisting of a linear spring and dashpot in 
parallel with an elastically connected coulomb 
damper is shown in Fig. 3. This model is used to 
simulate a nonlinear wire rope isolator with 
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FIGURE 2 Isolator nonlinear stiffness characteristics. 

highly hysteretic load-deflection characteristics. 
The coulomb damper element exhibits linear 
spring behavior with viscous damping until the 
specified maximum or minimum force limits are 
exceeded, at which point axial slipping occurs at 
a constant force. Unloading of the coulomb ele
ment occurs linearly from the point of maximum 
slip. The superposition of the approximated cou
lomb damping force and the parallel spring/vis
cous damping force results in the complete hys
teresis function illustrated in Figure 4. 

FIGURE 3 Nonlinear isolator model. 

The wire rope isolator model validation uses 
both static and dynamic test data. Figure 5 dem
onstrates the isolator model validation using the 
static hysteretic characteristics of the isolators. 
Figure 6 presents the comparison of isolator 
model dynamic response to the dynamic test data 
at the prescribed excitation vibration levels. 

Further analysis using the isolator model 
shows that the resonant frequency shift with var
iation in input vibration level is primarily a func
tion of the hysteretic behavior and the influence 
of the isolator stiffness in the transition region 
between static load and unload curves. 

displacement 

FIGURE 4 Composite isolator force. 
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FIGURE 5 Isolator static load-deflection curve (test 
vs. analysis). 

The steps required for calculation of the linear 
equivalent isolator system (phase 2) are de
scribed in the following sections. 

PSD CONVERSIONS 

As demonstrated by actual test data, payloads 
supported on wire rope type isolators will display 
nonlinear response characteristics under normal 
input vibration levels. For aerospace vehicle ap
plications, the input vibration environments are 
typically in the form of acceleration PSDs that 
require a linearity assumption for the entire 
physical system if modal frequency response 
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FIGURE 6 Isolator payload dynamic response vs. 
frequency (test vs. analysis). 

analysis of the input is desired. The first step 
toward establishing an appropriate frequency re
sponse function for a nonlinear system is to esti
mate a sample time domain forcing function from 
the PSD input spectrum. The time domain forc
ing function can then be used as input to a two 
degrees of freedom (DOF) payload model with 
time history acceleration output. To determine 
the resonant frequency and the peak gain factor 
(Q) of the isolator, the acceleration output of the 
two DOF model can be converted back to a PSD 
acceleration spectrum and ratioed to the input 
spectrum. The steps detailing these conversions 
together with a typical application will be pre
sented here. 

PSD Conversion to Time Domain 

Given a PSD function G(f) and a total time his
tory record length T, an estimate of the Fourier 
amplitude IX(!, T)I is given by Bendat and Pier
sol (1986) 

IX(!, T)12 = ~ G(f). (1) 

Assume record length T is related to a starting 
frequency, 1st by 

1 
T=T' 

Jst 

also frequency fi is defined by 

i 
fi = T' i = 1,2, ... ,N, 

(2) 

(3) 

where N represents the number of frequencies in 
the digitized spectrum. 

Let the amplitude IXI and the phase angle a 
define the complex Fourier spectrum X here by 

X(fi, T) = IX!ej<T(J;l, i = 1,2, ... ,N, (4) 

such that 

a(fi) = 2mi, I = 1,2, ... ,N, (5) 

where j is the complex imaginary number (j = 
v'=l). Since the phase angle a is a random vari
able, we require that ri take on uniformly random 
numbers between 0 and 1 (0 < ri < 1) at each 
frequency fi. 
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The time history spectrum x(t) can now be .';0 :----r-.---r--,----,----r---,--r-~_, 

obtained by the definition 

x(t) = f: XC!, T)e 2rrjft df. (6) 

Combining Eqs. (1) and (4) in the discretized 
form of Eq. (6) will yield a nonergodic random 
process that consists of cosine sample functions 
for x(t) such that 

k = 1, . . . ,M, (7) 

where M represents the number of samples in the 
time record. Equation (7) constitutes the opera
tion required to convert a PSD spectrum to its 
equivalent time domain representation. To illus
trate the conversion numerically, consider the 
acceleration PSD environment given in Fig. 7. 
Figure 8 shows the time history equivalent ob
tained through this operation. To assure the 
transformation is accurate, one expects to obtain 
the same PSD spectrum shown in Fig. 7 starting 
from its equivalent time history and proceeding 
in reverse steps. The reverse steps needed to 
verify the accuracy of the resulting PSD spec
trum require finite Fourier transformation that 
will be discussed next. 
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FIGURE 7 Acceleration PSD environment. 
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FIGURE 8 Time history acceleration equivalent to 
PSD input. 

Time Domain Conversion to PSD 

The proposed method here is to derive spectral 
density functions based on a finite Fourier trans
form of the time history data records, which al
lows checking to assure that the previous trans
formation from PSD to time domain is 
acceptable. 

Consider x(t) representing a sample time his
tory. For a finite time interval 0 :::; t :::; T, define 

1 XU; , T) = Real U: x(t)e-2rrjj;t dt}, 
i = 1, 2, ... N. (8) 

The quantity IX(fi, T)I represents the amplitude 
of the finite Fourier transform of x(t). The bar is 
used to differentiate from the Fourier amplitude 
in Eq. (1). 

Equation (8) can be expressed in the form 

M } 112 
+ ~ [x(tk)sin 27TfitkF , 

i = 1, 2, ... N. (9) 

The amplitude of the PSD spectrum G(fi, T) can 
be determined from Eq. 0), 
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1
- 2 -
G(fj, T)I = T IX(ii. T)12, 

i = 1, 2, ... ,N, (10) 

in which IX(fj, T)I is defined by Eq. (9). 
Now the conversion of time record xU) to 

power spectral density form can be obtained us
i~ Eqs. (9) and (10). A direct comparison of 
IG(fj, T)I obtained from X(tk) to the starting PSD, 
IG(fj, T)I, is shown in Fig. 9. This comparison 
shows the ideal Fig. 7 spectrum falls along the 
average of the Fig. 9 calculation. No averaging is 
applied to the calculated acceleration spectra. A 
result closer to Fig. 7 could be obtained by se
lecting a larger time history record T and apply
ing an averaging technique. 

TWO DOF PAYLOAD MODEL 

The purpose of the dynamic simulation of the 
payload and support configuration is to evaluate 
the payload response to the vibration environ
ment when supported on the nonlinear isolation 
system. 

The number of degrees of freedom necessary 
are determined by accounting for the principle 
dynamic mass and interface stiffness properties 
that cause strong coupling of modes. The use of a 
minimum number of DOF in the model is desir-
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FIGURE 9 Calculated vs. ideal acceleration PSD 
spectra. 
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FIGURE 10 Two DOF payload/carriage model. 

able because computational efficiency is reduced 
considerably in the presence of nonlinear ele
ments. For instance it is sufficient to use a two 
DOF model for obtaining an accurate transmissi
bility function for the nonlinear wire rope isolator 
because it only causes a strong coupling with the 
payload through its linear impedance character
istics. The time-dependent transmissibility func
tion can then be converted to frequency spectra 
using the methods discussed in the previous sec
tion to determine the nonlinear shock isolator 
element resonant frequency for a given vibration 
excitation input. 

Description of Model 

A two DOF collinear mathematical model repre
senting the nonlinear isolation system connected 
to the carriage and primary payload masses is 
shown in Fig. 10. Increasing the DOF for internal 
payload structural design details does not yield a 
considerable improvement in the determination 
of the transmissibility characteristics of the isola
tor. Therefore, nodes 2 and 3 shown in Fig. 10 
represent the rigid carriage and payload masses, 
respectively, with only vertical motion allowed 
so that the fundamental vertical resonance mode 
of the isolator is captured. Carriage/paYload in
terface pad stiffness and damping was assumed 
linear. The excitation input x(t) is defined at node 
1 along the line of action. 



Nonlinear Dynamic Response 

An excitation time history, x(t) (Fig. 8), was used 
as input to the two DOF model. As previously 
discussed, x(t) denotes the calculated time his
tory generated from a prescribed PSD environ
ment (Fig. 7). 

The nonlinear time domain model response in 
the form of transmissibility, that is, (node 2 re
sponse)/(node 1 input), was obtained and trans
formed to the frequency domain. Figure 11 
shows the isolator transmissibility for frequen
cies up to 50 Hz. The numerical values used to 
calculate the transmissibility via frequency spec
tra formulation are as follows: T = 20, ilt = 0.01 
s, ili = 0.05 Hz, for 2000 time samples. 

There are two distinct resonant frequencies 
appearing in the transmissibility plot (Fig. 11). 
The first peak occurring at 11.2 Hz represents the 
nonlinear isolator fundamental damped fre
quency. The second peak occurring at about 25 
Hz corresponds to the carriage/payload interface 
pad damped frequency. 

The accuracy of data represented in Fig. 11 is 
limited to low frequency because of processing 
time but is adequate to estimate the nonlinear 
carriage isolation system characteristics. A con
siderably improved transmissibility function can 
be obtained by: tapering the time history func
tion, x(t) at both ends to reduce leakage effects; 
and processing multiple records and applying en
semble offrequency smoothing (Bendat and Pier
sol, 1986). 
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FIGURE 11 Calculated isolator transmissibility 
function. 
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Table 1. Equivalent Linear Isolator Definition for 
T &H Vibration Environments 

Shock 
Isolation Critical 

Vibration Frequency Damping 
Environment (Hz) (%) 

Ground transport 
Primary road at 20 mph 11.9 11.1 
Secondary road at 11.1 11.1 

15 mph 
Air transport 

Runway taxi 11.3 12.5 
Runway takeoff and 9.5 12.5 

landing 
Takeoff climb and land- 10.9 11.1 

ing approach 
Cruise with turbulence 10.9 11.1 

DEVELOPMENT OF EQUIVALENT LINEAR 
ISOLATION SYSTEM 

Based on the results of the two DOF nonlinear 
dynamic analysis, equivalent linear isolator stiff
ness and damping characteristics (natural fre
quency, in, and percent critical damping ratio, g) 
can be determined corresponding to any given 
input vibration PSD level. For the case of dem
onstrated environment x(t), the calculated isola
tion parameters were in = 11.28 Hz and g = 
0.125. 

Depending on the level of vibration input, dif
ferent resonant frequency and damping levels 
would be expected. To illustrate this point, dif
ferent input T &H environments were applied to 
the 2 DOF model with the results shown in Table 
1. Note that a resonant frequency range of ap
proximately 9.5-11.9 Hz and a damping range of 
11.1-12.5% describe the variation in dynamic 
characteristics for this isolator subjected to the 
studied environments. 

Description of Finite Element Model 

The final step in the analysis cycle was to include 
the equivalent linear isolator characteristics in a 
much more detailed finite element representation 
of the carriage/payload and run the frequency 
response analysis of the prescribed T &H vibra
tion environments. The carriage/payload se
lected for this study was a complex 3-D 
NASTRAN model containing approximately 
2700 grid points and 4000 structural elements of 
various types (beams, bars, rods, plates, and 
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springs). The acceleration PSD response for each 
environment at the critical payload internal com
ponents was compared to the allowables to as
sess the final random vibration response. This 
approach avoided a costly and time-consuming 
nonlinear finite-element analysis. 

CONCLUSIONS 

A practical approximate approach was devel
oped for the analysis of output PSD of a general 
nonlinear system. The mathematical models and 
the PSD conversion methods developed in this 
study are demonstrated to be successful in the 
dynamic analysis of a nonlinear shock isolation 
system. It can be concluded from the study of the 
numerical results presented here that the two 
DOF payload/carriage model with the nonlinear 
isolator element is adequate for a simple but ac
curate dynamic analysis of an aerospace shock 
isolation system. The accuracy of the nonlinear 
isolator element has been demonstrated by com
paring predicted responses to test data. The va
lidity of the proposed method for analyzing non
linear systems can be further supported by 
performing Monte Carlo simulations. For the 
highly nonlinear systems where the Gaussian as
sumption is unjustified, an improved input/out
put spectral relation is required for predicting the 
spectral response. 

The advantage of first using the simplified 
models and PSD conversion suggested here prior 
to the more complex finite-element model ap
proach is that the payload model developed here 
may include several nonlinear elements that can
not be easily considered in the finite element 
model. Therefore, following the general tech
nique presented here, the detailed finite-element 
payload model can be employed with its nonlin
ear elements replaced by their linear equivalents 
for the final modal frequency and shock spec
trum response analyses. 
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