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High speed rotary motion of complex joints were quantified with triaxial angular rate sen
sors. Angular rate sensors were mounted to rigid links on either side of a joint to measure 
angular velocities about three orthogonal sensor axes. After collecting the data, the an
gular velocity vector of each sensor was transformed to local link axes and integrated to 
obtain the incremental change in angular position for each time step. Using the angular 
position time histories, a transformation matrix between the reference frame of each link 
was calculated. Incremental Eulerian rotations from the transformation matrix were cal
culated using an axis system defined for the joint. Summation of the incremental Eulerian 
rotations produced the angular position of the joint in terms of the standard axes. This 
procedure is illustrated by applying it to joint motion of the ankle, the spine, and the neck 
of crash dummies during impact tests. The methodology exhibited an accuracy of less than 
5% error, improved flexibility over photographic techniques, and the ability to examine 
3-dimensional motion. 

INTRODUCTION as the human neck, which is composed of eight, mul
tiple degree of freedom joints. 

The selection of sensors for the analysis of joint mo
tion during impact loading depends largely on the type 
of joint to be analyzed. A direct relationship between 
the complexity of the joint and the complexity of the 
instrumentation required to analyze joint motion may 
be established. For example, a simple hinge joint re
quires one rotary potentiometer mounted in line' with 
the axis of the joint. Increased information is required 
for the motion analysis of a more complex joint, such 
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To quantify the motion of a 6 degree of freedom 
joint, the three-dimensional (3-D) orientation of links 
on either side of the joint must be measured. Histor
ically, 3-D motion of a joint has been observed via 
film analysis. Orientation information is determined 
by tracking the Cartesian location of three points on 
each rigid body with two or more views. One advan
tage of this method is that it does not affect the behav
ior of the joint. Film analysis, however, is subject to 
parallax, photo target placement inaccuracies, and op-
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erator errors. Film analysis during impact loading also 
requires high speed cameras and a minimum of two 
synchronous views of the 3-D joint in question. 

Other orientation measurement methods operate on 
either sonic or magnetic field principles. Siegler et aI. 
(1988) determined a 3-D link location by digitizing the 
signal from sonic emitters placed on joint links. They 
reported a maximum positional error of 0.4 mm within 
the working volume of their experiment. This seems 
like an accurate positioning method, but the actual size 
of the working volume and corresponding joint orien
tation accuracy were not stated by the authors. 

Another method, commercially known as the "flock 
of birds" technique (Ascension Technology Corpora
tion, Burlington, VT), capitalizes on the properties of 
a pulsed DC magnetic field to determine the location 
of receivers mounted on the links (An et aI., 1987). 
The advantages of this system are that the magnetic 
field will permeate all nonmetallic objects and that the 
magnetic field measurements may be made by multi
ple receivers simultaneously. This process has a max
imum sampling rate of 144 Hz and can be affected by 
metallic objects in the test area. This system is lim
ited to a workspace with a 3-m radius but can provide 
2-mm translational accuracy and 0.5 0 rotational accu
racy. 

Joint motion may also be measured by an electro
goniometer (Penny and Giles Biometrics Ltd., Gwent, 
UK, model M -110 Twin Axis Goniometer) mounted 
in parallel with the joint. These devices flex with the 
joint while sensing the angle of flexion with a strain
sensing element. The stiffness of the flexible measure
ment element is extremely low to prevent interference 
with joint motion. Current electrogoniometers mea
sure motion about two orthogonal axes while permit
ting some extension between the joint links. A second 
instrument would be required for 3-D studies. Dura
bility and cross-talk sensitivity between the axes have 
been found to be electrogoniometer weaknesses (Hall 
et aI., 1996). 

With the development of small, light weight sen
sors, it has become possible to mount acceleration and 
angular rate sensors to rigid bodies and to measure the 
corresponding parameters in a local coordinate frame. 
Three-dimensional orientation of a rigid body may be 
measured using a nine accelerometer array or a triaxial 
angular rate sensor (Padgaonkar et aI., 1975; Shipley 
and Baughn, 1993). The advantages of this approach 
are that data are presented in a local coordinate sys
tem, a view of the link is not required during testing, 
there is no cross-axis interference of the signal, and 
the sensors employed are durable. The disadvantages 
of this method are that the sensors and their mounts 
affect the mass and inertial properties of the joint links 

and that data must be postprocessed to obtain angles 
of rotation. This approach is only appropriate for dy
namic joint tests. 

Although each method of joint analysis has merit, 
the most durable and flexible system for impact test
ing was determined to be the method of mounting 
sensors to the joint links. Sonic and magnetic field 
techniques seem promising, but their limited respec
tive functional range and sensitivity to metallic mate
rials prevented them from being viable options. Pho
tographic techniques were eliminated from considera
tion because multiple views of each joint link are not 
always available. This article describes the mathemat
ical basis for the angular rate sensor joint analysis ap
proach and three examples of joints that have been an
alyzed. 

MATERIALS AND METHODS 

The research presented in this article used the mag
netohydrodynamic (MHD) angular rate sensor [Ap
plied Technology Associates (ATA), model ARS-04E 
Dynacube TM, Albuquerque, NM] to measure the 3-D 
angular rate during impact testing. Details of the func
tion, calibration techniques, and previous applications 
of MHD Dynacubes may be found in Shipley and 
Baughn (1993) and Hall et aI. (1996). All impact tests 
were sampled at a frequency of 10kHz for a duration 
of200 ms. Data was filtered to channel class 180 spec
ifications (SAE 1211, 1989). 

JOINT ANALYSIS PROCEDURE 

The first step in joint analysis is to define a local coor
dinate system for links A and B, located on either side 
of the joint (Fig. 1). Next, an Eulerian sequence of ro
tations to describe the joint motion must be selected. 
An Eulerian sequence of rotations involves three se
quentially dependent rotations about coordinate axes. 
The first angle defines the angle between the axis sys
tem of link A and the prime (') frame. The second 
angle defines the angle of rotation between the prime 
frame and the double prime (") frame. The third an
gle defines the rotation from the double prime frame 
to the axis system of link B. Many different Eulerian 
sequence permutations are possible as long as no two 
sequential rotations are about the same axis. For an ar
bitrary joint, the first angle in the sequence is about 
the primary axis of rotation of the joint. In the case 
of the ankle, knee, elbow, wrist, and neck, the y axis 
(positive = left) is selected as the first axis of rotation. 
For side impact testing of the spine, the x axis (posi
tive = anterior) is selected as the first axis of rotation. 
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FIGURE 1 Generic joint system. 

The second and third angles are selected based on 
the range of motion of the joint in those directions as 
well as the actual geometry of the joint. If, for exam
ple, it was desired to quantify the flexion of a series 
of three orthogonal pin joints with this technique, the 
sequence of the Eulerian angles would equal the se
quence of the pin joints. 

The use of Eulerian angles is convenient because 
the results are more intuitive than the values of Eu
ler parameters. Eulerian angles are susceptible to sin
gularity problems, however, when any angle equals 
±1f /2 radians. Thus, the zero position of all angles 
of the joint should be near the center of the range of 
motion of the joint and is defined as neutral. This min
imizes the possibility of a singularity error. After se
lecting a neutral orientation for the joint, a sign con
vention for the flexion angles must be defined. 

The initial orientation of each link, A and B, with 
respect to the laboratory reference frame must be de
termined prior to testing. If the initial orientation of 
the links with respect to the laboratory reference frame 
can be described with one rotation about a horizontal 
axis, a simple inclinometer may be all that is neces
sary. If the initial 3-D orientation ofthe link is arbitrary 
with respect to the reference frame, it will be necessary 
to measure the orientation with a 3-D goniometer. In 
the arbitrary case, the Eulerian angle sequence from 
the laboratory frame to the link may by measured di
rectly with a 3-D goniometer or indirectly by measur
ing the Cartesian coordinates of three points on each 
rigid body. 

Often the initial orientation of the triaxial angular 
rate sensor (ARS) with respect to the link coordinate 
frame is orthogonal. In this case, a simple transfor
mation matrix may be calculated that will be constant 

throughout the test. In the case of arbitrary placement 
of the triaxial ARS, an Eulerian sequence from the 
sensor to the laboratory frame must be identified, as 
was done for the joint links. Software has been written 
that calculates the transformation matrices from each 
sensor to its respective link and relates the orientation 
of the two links. The relationship is 

I 'iiink A } I !reference } 
Eink A = [TA] !ieference , 

klink A K reference 

(1) 

where TA is the transformation matrix from the global 
coordinate system to the local coordinate system for 
link A. A similar transformation matrix exists for link 
B. The two links are related by the equation 

{seg B} = [TB] . [TA]-l {seg A}, (2) 

where the inverse of [TA] is simply the transpose be
cause it is orthogonal. 

Once the link and sensor orientations are known, 
the test may be conducted and the data collected. 
A computer program was written to postprocess the 
angular velocity data and provide joint rotation infor
mation. Before processing the angular velocity data, 
the average of the pretest data is substrated from the 
remaining data to remove any offset. Velocity data is 
transformed from each sensor to the respective link 
and integrated using the trapezoidal rule. The inte
grated angular rate data (angles) are used as Eule
rian angles about x(8), y(</», and z(ljI) to calculate 
the transformation matrix of each link at time t with 
respect to the position at the previous time t - /).t. At 
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a sampling frequency of 10,000 Hz, the magnitude of 
the Eulerian angles is small enough to make them in
dependent of sequence (Hall et aI., 1996; Kane et aI., 
1983). 

Initially, the transformation matrix that relates link 
A to the inertial frame is set to the identity matrix, 
while the transformation matrix that relates link B to 
the inertial frame is set to the initial A-B transforma
tion matrix. The A frame to the inertial frame and the 
B frame to the inertial frame transformation matrices 

[Eq. (4)] are determined for every time t during the test 
by multiplying the respective link matrix for t - t::.t 

by the transformation matrix from t - t::.t to t. From 
these transformation matrices the yaw, pitch, and roll 
sequence of angles from the link A frame to the link 
B frame are determined for every time t. Joint angles 
are calculated about the set of orthogonal axes defined 
for each system. The transformation matrix for a se
quence of y - x' - z" rotations relating link A to link 
B is defined as follows [Eq. (3)]: 

l iB} [COS ¢ cos 1/1 + sin ¢ sin e sin 1/1 IB = - cos ¢ sin 1/1 + sin ¢ sin e cos 1/1 
kB sm¢ cose 

cos e sin 1/1 
cos e cos 1/1 

- sine 

- sin ¢ cos 1/1 + cos ¢ sin e sin 1/1 ] I iA I 
sin ¢ sin 1/1 + cos ¢ sin e cos 1/1 x J! . 

cos¢ cose kA 

Because the orientation of the A frame and B frame 
unit vectors are known at each time point from the in
tegration and transformation of the angular rate data, 
the yaw (¢ about y), pitch (e about x'), and roll (1/1 
about z") rotations for the joint in question can be cal
culated with 

e sin- I (- k B . 7 A) 

1/1 . -I (iB. JA) = SIn ---
cose ' 

(4) 

¢ ._I(kB.JA ) = sIn ---, 
cose 

where -Jr /2 < e < Jr /2. The unit vector for the A 
and B coordinate systems are expressed in the iner
tial coordinate system (f, 7, K) so that the dot prod
ucts of the equation can be calculated. This method in
volves solving for three unknowns with nine equations 
without an optimization scheme. An optimization pro
cedure was deemed unnecessary because of the satis
factory correlation in the experimental verification re
sults. 

APPLICATION TO ANKLE JOINT 

The local coordinate system of the leg and foot were 
defined for a standing position, where x was anterior, 
z was superior, and y was left. In the Eulerian angle 
sequence defined for the ankle joint (Fig. 2), flexion 
(¢) occurs about the y axis that is fixed in the leg, x 
version (e) occurs about the x axis that is floating (be
cause it is the second Eulerian angle in the sequence), 
and axial rotation (1/1) occurs about the z axis of the 
foot. As a result of the Eulerian angle sequence, the 
floating x axis is defined so that it moves when flexion 

y 

Xversion Axis 
floating 

z" 

(3) 

x' 

Dorsiflexion Axis 
FIXed to leg 

Axial Rotation Axis 
fixed to foot 

FIGURE 2 Ankle axis system. 

occurs but remains stationary when axial rotation oc
curs. This allows the finite angular rotation of anatom
ical joints to be measured directly and uniquely (Chao, 
1980). 

Triaxial ARS cubes are mounted in an orthogo
nal relationship to the foot and leg of the Hybrid 
III dummy by modifying preexisting fasteners in the 
dummy lower extremity. A sign convention has been 
adopted for ankle motion that assigns eversion, dorsi
flexion, and internal rotation as positive and inversion, 
plantar flexion, and external rotation as negative about 
the x, y, and z axes, respectively. To comply with the 
sign convention, the values for internal or external ro
tation and eversion or inversion are negated for a right 
leg in the software. 

The accuracy of the angular rate sensor procedure 
for the study of ankle joint kinematics was verified us
ing the Advanced Lower Extremities (ALEX) for the 
Hybrid III crash dummy under impact loading condi
tions. The ALEX was chosen to verify the ARS tech-
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FIGURE 3 Angular rate technique verification with the 
ALEX. 

niques because it is equipped with two orthogonal ro
tational potentiometers [Tokyo Cosmos Electric Com
pany (TaCOS), model 12P2Z, Tokyo, Japan] to mea
sure flexion and x version of the ankle directly. 

After mounting ARS cubes on both the foot and leg 
of the ALEX, impact loads were applied to the plan
tar surface of the foot. The results indicated a strong 
correlation between the ARS processed ankle data and 
the flexion and x version potentiometers of the ALEX, 
with root mean square error of ±2% (Fig. 3). These 
results seem reasonable because the sequence of pin 
joints in the ALEXI is z-y'-x", instead of the con
vention adopted in this study. 

APPLICATION TO THE SPINE 

An impact test with a side impact dummy (SID) was 
conducted to examine the feasibility of spine flexion 
analysis and to study whole body rotations. Impact 
loads were applied to the left side of the SID with an 
impact pendulum (Fig. 4). The coordinate system of 
the spine was consistent with the human body coordi
nate system: x is anterior, y is left, and z is up. Triaxial 
ARSs were used to track the rotary motion of the up
per thoracic and lumbar spine in the laboratory frame 
as well as the flexion of the spine between the two sen
sors. 

Two ARSs were mounted orthogonal to the spine 
of the dummy. The mounting plates were oriented in 
the coronal plane, with the x sensor of the angular 
rate sensor cube pointed in the left (conventional posi
tive y) direction of the dummy. The relationship be-
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FIGURE 5 Thoracic angular rate sensor results in the lab
oratory frame. 

45 
40 
35 

Ui 30 .. 
I!! 25 
III 
CD 20 ~ .. 15 
C. c 10 « 

5 
~ 

0 
-5 

0 

.. 0 .. ............. . 

50 100 150 

Elapsed Time from Impact (msec) 

--ARSX -ARSY 

---ARSZ o FilmY 

200 

FIGURE 6 Lumbar angular rate sensor results in the lab
oratory frame. 

tween the sensors and the spinal segments was de
scribed by 
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FIGURE 7 Spinal motion after pendulum impact. 
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The initial orientation of both the upper and lower 
spinal segments was determined with a 3-D goniome
ter, a device that measures a set of three Euler an
gles from the fixed laboratory frame to the local sensor 
frame. Postimpact angular velocities of the upper and 
lower torso of the dummy were recorded by the ARSs 
at a rate of 10,000 samples per second. 

The body rotation data from the ARSs compared 
well with high speed films of the x)' plane. Film analy
sis was limited to 2 dimensions, while the angular rate 
sensors provided 3-D analysis capabilities (Figs. 5, 6). 

With 3-D rotational information at two points on 
the spine, the response of the spine was examined. The 
main motion of the spine of the SID can be observed 
by defining an Eulerian angle sequence for the spine 
and using the transformation matrix from the lumbar 
sensor to the thoracic sensor. The angle sequence ap
plied was a tilt about the x axis, followed by rota
tion about the Zl axis, then flexion about the y" axis 
(Fig. 7). 

NECK FLEXION 

Angular rate data were collected during airbag deploy
ments to the chest of a fifth percentile female Hybrid 
III dummy. The axis system for the head, as shown 
in Fig. 1, is defined with the x axis in the anterior di
rection, the y axis in the left direction, and the z axis 
in the superior direction. Neutral neck orientation was 
consistent with the standing position. Segment A was 
defined as the upper thoracic spine, while segment B 
was defined as the head. Neck motion occurred in se
quence about the y, Xl, and z" axes from the spine to 
the neck, with polarities assigned in accordance with 
Fig.8. 

One ARS cube was mounted on the posterior head 
plate. A second ARS cube mount was attached to the 

z 

1 
z 
t 

x 

FIGURE 8 Head coordinate system. 

Angular 
Rate 

upper spine of the dummy with preexisting fasteners. 
Both sensors were mounted orthogonally with respect 
to their segment coordinate systems so that a simple 
transformation matrix could be calculated for trans
forming sensor data into data in the local segment co
ordinate system. The transformation matrix for both 
the head and spine was 

14eg 1 [0 ~eg = ~ 
kseg 1 

1 0] lisen 1 o 1 ~en. 
o 0 ksen 

(6) 

During pretest preparation, the rotation of the head 
and spine about the laboratory x and z axes was min
imized (equal to zero during postprocessing). Initial 
orientation of the head and thoracic sensors about the 
y axis was measured with an inclinometer. During the 
test, angular rate data were sampled at a frequency 
of 10 kHz and postprocessed with a specially written 
neck flexion computer code. The neck motion results 
for one of the air bag tests are shown in Fig. 9. 

DISCUSSION AND CONCLUSIONS 

For multilinked joints, an Eulerian sequence of rota
tions does not completely describe the status of the en
tire segment being analyzed. In neck impact tests, for 
example, the flexion angles indicated the relative ori
entation of the head to the upper thorax of the dummy. 
In a case of forward translation of the head, the neck 
joints flexed near the thorax and extended near the 
head, but the overall relationship between the head and 
thorax was reported as zero flexion. In other words, 
the Eulerian angle sequence describes the relationship 
between two link reference frames but does not nec
essarily describe the orientation of each joint in the 
multilinked application. 

There are several advantages to using the ARS over 
film for impact research: 

1. the ARS measures data in real time, 
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FIGURE 9 Neck motion after airbag deployment. 

2. postprocessing is automated, and 
3. 3-D information is obtained. 
Accuracy was verified by demonstrating that the 

ARS results agreed to within 2% of ankle potentiome
ter data from an anthropomorphic crash dummy. Tests 
on the spine and neck demonstrated that ARS was 
more accurate than photographic methods because the 
sensor was fastened to the rigid body while photo
graphic analysis necessitated an unobstructed view of 
the test. 
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