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The stationary response of smooth and bilinear hysteretic systems to narrow-band random 
excitations is investigated by using the quasistatic method and digital simulation. It is 
shown that the response is qualitatively different in different ranges of values of the ratio 
of the excitation central frequency to the natural frequency of the system. In the resonant 
zone, the response is essentially non-Gaussian. For bilinear hysteretic systems with strong 
yielding, stochastic jumps may occur for a range of values of the ratio between nonresonant 
and resonant zones. 

INTRODUCTION 

It is well known that many engineering systems exhibit 
hysteresis when subjected to severe dynamic loadings. 
In the last three decades much work has been done 
on the analysis of the dynamic response of hysteretic 
systems. The dynamic loadings in all analyses are 
modeled as either sinusoidal (Caughey, 1960; Iwan, 
1966; Jennings, 1964) or wide-band random excitation 
(Wen, 1989). To the authors' knowledge, no analysis 
has been made of the response of hysteretic systems 
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to narrow-band excitations, which is also of practical 
interest. 

The response of nonlinear systems to narrow-band 
excitations has many interesting features and is a rel
atively underdeveloped area in the theory of nonlin
ear random vibration. An example attracting many in
vestigators over the last three decades is the station
ary response of the Duffing oscillator with a hard
ening spring to a narrow-band excitation. Under cer
tain conditions, jumps may occur in the response. 
This phenomenon of a stochastic jump was first ob-
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served experimentally and was studied theoretically 
by Lyon et al. (1961). Later it was further examined 
by a number of authors (Davies and Liu, 1990; Davies 
and Nandall, 1986; Dimentberg, 1970; Fang and Dow
ell, 1987; Iyengar, 1988; Lennox and Kuak, 1976; 
Roberts, 1991; Zhu et aI., 1993). There also appears 
to have been misinterpretations regarding this phe
nomenon. 

Under certain combinations of the parameters of 
the oscillator and the excitation, the variance of the 
stationary displacement response of the Duffing oscil
lator to a narrow-band excitation obtained from equiv
alent linearization is triple valued. The stability anal
ysis indicates that only two of them are stable and re
alizable. The jump has been interpreted as the switch 
between the two stable branches of the stationary dis
placement variance. However, the variance of the sta
tionary displacement response of the Duffing oscilla
tor to a narrow-band excitation should be unique and 
it can be easily proven by using the Fokker-Planck 
equation. Digital simulation also showed (Zhu et aI., 
1993) that neither of the two stable solutions obtained 
by equivalent linearization gives the true variance of 
the stationary displacement response. They may ap
proximately represent the mean-square values of the 
displacement in a short duration within which no jump 
occurs (Roberts, 1991). It is also shown (Zhu et aI., 
1993) that in the case where stochastic jumps occur, 
the joint probability density of the stationary displace
ment and velocity responses has both a central peak 
and a ring of peaks surrounding the origin with a 
ring of valleys between them. This implies that the 
response contains two types of more probable mo
tions: one is random vibration with smaller ampli
tudes corresponding to a central peak and another has 
larger amplitudes similar to a diffused limit cycle cor
responding to a ring of peaks. The stochastic jump is 
essentially the transition of the response between the 
two more probable motions. 

The purpose of the present article is to study the 
behavior of the stationary response of smooth and bi
linear hysteretic systems subject to narrow-band ex
citations. The probability density of the displacement 
and the joint probability density of the displacement 
and velocity are obtained by using the quasistatic 
method (Stratonovich, 1967) and digital simulation. 
Based on these probability densities, it is shown that 
the response of hysteretic systems to narrow-band ex
citations can be nonresonant and resonant, depend
ing on the values of the ratio of the excitation cen
tral frequency to the natural frequency of the system. 
In the resonant zone, the response is essentially non
Gaussian. For bilinear hysteretic systems with strong 
yielding, stochastic jumps may occur for certain val
ues of the ratio between nonresonant and resonant 
zones. 

QUASISTATIC METHOD 

Consider a single degree of freedom hysteretic system 
subject to a narrow-band excitation ~(r). The nondi
mensional equation of motion can be written as 

x"+2t;x'+g(x,x')=~(r), (1) 

where x = y /!:l, r = wot; y is the displacement; !:l is 
the characteristic displacement; Wo is the natural fre
quency of the preyield system; g(x, x') is the nondi
mensional restoring force; and a prime represents the 
derivative with respect to r. For bilinear hysteretic sys
tems (Fig. 1), 

g(x, x') 

{

X, 

= x + (1 - a)(a - 1), 
ax + (1 - a), 

a ~ 1, 
a> 1, -a ~ x ~ 2 - a, 
a> 1, 2 - a ~ x ~ a, 

(2) 

where a is the ratio of postyie1d to preyie1d stiff
ness and a is the nondimensional amplitude of dis
placement. For smooth hysteretic systems (Bouc-Wen 
model, Fig. 2), 

g(x, x') = ax + (1 - a)z, (3) 

z' = -ylx'lzlzln - 1 - ,8x'lzln + Ax', (4) 

I(x,x·) 

x 

FIGURE 1 Restoring force of a bilinear hysteretic system 
as a function of displacement. 

z 

FIGURE 2 Hysteretic component of a smooth hysteretic 
system as a function of displacement. 



where (I-a)z is the nondimensional hysteretic restor
ing force and fJ, y, A, and n are parameters that con
trol the shape of the hysteresis. Equation (4) can be 
integrated to yield a functional relationship between 
z and x (Cai and Lin, 1990). For the special case of 
A = n = 1 and fJ -I- ±y, 

z(x) 

1
_1_[1 _ e-(Y-,B)(x+xo)], 

_ y - fJ 
- 1 

--[1 - e-(Y+.B)(x+xo)] 
y+fJ ' 

-a (x ( -XO, 

(5) 
-xO ( x ( a, 

where Xo is uniquely determined for a given amplitude 
a by solving z( - xo) = O. Equations (2) and (5) hold 
for x' ~ O. The values of g(x, x') and z(x) for x' ( 0 
can be obtained using symmetry properties of these 
functions about x = x' = O. 

Suppose that Hr) is a narrow-band Gaussian sta
tionary random process. It can be expressed as 

~(r) = p cos(vr + 8), (6) 

where p = per) and 8 = 8(r) are the slowly vary
ing amplitude and phase, respectively, of the excitation 
and vwo is the central frequency of the excitation. Lin 
(1976) showed that p and 8 are independent, p has 
Rayleigh distribution, and 8 is uniformly distributed 
over [0, 2x), that is, 

p ( p2) 
P.I' (p) = 2" exp - -2 2 ' 

(j~ (J~ 
p ~ 0, (7) 

1 
p.I'(8) = 2x' 0 ( 8 < 2x. (8) 

Assume that the stationary response of the system 
described by Eq. (1) exists and it is narrow band. It can 
be expressed as 

x = a cos <1>, x' = -va sin <1>, (9) 

where <1> = vr + cp, and a = a(r) and cp = cp(r) are 
the slowly varying amplitude and phase, respectively, 
of the system. A derivation similar to the method of 
averaging (Bogoliubov and Mitropolsky, 1961) leads 
to 

2va' = -2S'av + F(a) - p sin(cp - 8), 

2avcp' = -av2 + H(a) - p cos(cp - 8), 

where 

F(a) 

1 i2lf = - g(a cos <1>, -va sin <1» sin <1> d<1>, 
x 0 

(10) 

(11) 

(12) 
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H(a) 

=~ [2lf g(acos<1>,-vasin<1»cos<1>d<1>. (13) 
x Jo 

For bilinear systems, substituting Eq. (2) into Eq. (12) 
and (13), we obtain 

F(a) 

= {O, 4 a ( 1, 
-lfa(l-a)(a -1), a> 1, 

(14) 

H(a) 

{
a, a(l, 

= H(1-a)<1>*+ax - ~(1-a)sin2<1>*], a> 1, 

(15) 

where <1>* = cos-I[(a - 2)/a], 0 ( <1>* ::;; x. For 
the Bouc-Wen model, substituting Eq. (5) into Eq. (3) 
then into Eqs. (12) and (13), we have 

F(a) 

2 { 2(fJxo/a - y) = (1- a)-
x y2 - fJ2 

_ 1 [1 _ e(y-,B)(a-xo)] 
(y - fJ)2a 

_ 1 [e -(y+,B)(a+xo) _ 1], (16) 
(y + fJ)2a 

2 
H(a)=aa+(1-a)

x 

{
I <1>" 

X --I [I-e-(y-,B)(acos<l>+xo)]cos<1>d<1> 
y-fJ If 

1 12lf + [I - e -(y+,B)(a cos <I>+xo)] cos <1> d <1>, 
(y + fJ) <1>" 

(17) 

where <1>** = COS-I (-xo/a) and x ( <1>** (2x. 
For a stationary response a' and cp' in Eqs. (10) 

and (11) are assumed to be equal to zero. Solving the 
resultant equations we obtain 

p = J[F(a) - 2S'av]2 + [H(a) - av2 ]2 (18) 

and 
-I F(a) - 2S'av 

8=cp-tan 2' 
H(a) - av 

(19) 

Equations (18) and (19) can be regarded as the mem
ory less nonlinear transformation relating p, 8 to a, cp. 
The stationary joint probability density of a and cp can 
be obtained as follows: 

I a(p, 8) I 
ps(a, cp) = Ps(p, 8) a(a, cp) , (20) 
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FIGURE 3 Probability density of a stationary displacement response of a bilinear hysteretic 
system to narrow-band excitation. a = 0.5, Ii = 0.01, I; = 0.01, v = 0.7, D = 0.05. 

where a(p, ())Ia(a, cp) is the Jacobi determinant. It 
can be easily shown that 

p.I'(a) = P.\·(p)1 :~ I, a ~ 0, (21) 

1 
P.I'(CP) = 2n' 0 ~ cp < 2n. (22) 

The stationary joint probability density of the dis
placement x and velocity x' can' be obtained from 
Eqs. (21) and (22) as follows: 

I 1 a(a, cp) I 
P.I'(x,x) = p.\.(a,cp) a(x, x') I 

(23) 

From Eq. (23) we can further obtain stationary marginal 
probability densities of x and x' and stationary mo
ments of x and x'. 

The conditions under which amplitude a and phase 
cP take "quasistable" values and thus cause a' and cp' in 
Eqs. (10) and (11) to vanish are 

Teor» Trel[a] (24) 

and 
Teor » Trel [ cp ] , (25) 

where Teor is the correlation time of excitation ~(T) 
and TreI[ a] and 't'rel [cp] are the relaxation times of am-

plitude a and phase cp, respectively. If HT) is the out
put of a linear filter to Gaussian white noise w (T) with 
intensity D, that is, 

~" + o~' + v2~ = v.J8W(T), (26) 

then the noise bandwidth of ~('t') is no/2. The corre
lation time Teor is ofthe order 2/no. 

The relaxation time trel [a] of amplitude can be eval
uated from Eq. (10) as 

where ( ) indicates the ensemble average. Because 
dF(a)lda ~ 0 for all values of a, 

1 
't'rel[a] ~ -. 

~ 
(28) 

Similarly, the relaxation time 't'rel [cp] of phase cp can be 
evaluated from Eq. (11) as 

( 2aV) 
Trel[CP] = p 

= (J[F(a)/2Va - 0 2 ~ [H(a)/2va - VI2]2)' 

(29) 

Because F(a) ~ 0 for all values of a, 

1 
Trel[CP] ~ -. 

~ 
(30) 
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FIGURE 4 Stationary probability densities of (a) displacement, (b) displacement and velocity 
(from simulation), and (c) displacement and velocity (from the quasistatic method) of a smooth 
hysteretic system to narrow-band excitation. ex = 0.05, f3 = 0.05, Y = 0.95, 8 = 0.01, ~ = 
0.01, v = 1.0, D = 0.05. 
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FIGURE 5 Probability density of a stationary displacement response of a bilinear hysteretic 
system to narrow-band excitation. ct = 0.05, 8 = 0.01, { = 0.01, v = 1.0, D = 0.05. 

Equations (18) and (19) represent necessary but not 
sufficient conditions for the existence of stable values 
of a and rp. The stability ofthese values must be veri
fied. Let oa and orp be some small deviations of a and 
rp from their stationary values. The linearized equa
tions for oa and orp can be obtained from Eqs. (10) 
and (11), giving 

where 

oa' = alloa + a12orp, 

orp' = a210a + a22orp, 

1 dF(a) 
all = -s + 2v ~' 

al2 = -~ cos(rp - 8) = ..!..-(av2 - H(a)), 
2v 2v 

(31) 

1 d 1 
a21 = 2v da (H(a)ja) + 2va2 cos(rp - 8) (32) 

1 dH(a) v 

2va da 2a' 
p . F(a) 

a22 = -sm(rp -8) = -s + --. 
2va 2va 

The necessary and sufficient conditions for stability of 
a and rp are 

That is, 

1 (dF(a) F(a)) - --+-- -2s<0 
2v da a 

(33) 

and 
1 d(p2) 
--->0 
4v2 d(a2) . 

(34) 

Because F(a) :::;; 0 and dF(a)jda :::;; 0 for all a, con
dition (33) is always fulfilled. Condition (34) implies 
that a increases as p increases. This is the case for hys
teretic systems. Therefore, solutions (18) and (19) are 
always stable. 

DIGITAL SIMULATION 

In digital simulation, the sample functions of excita
tion Hr) is generated by using Eq. (26). When 0 is 
small, Hr) is a narrow-band Gaussian process with 
central frequency v, bandwidth rroj2, and variance 
a{ = Dj2. 

For smooth hysteretic systems, the sample func
tions of the responses x and x' are computed from 
Eqs. (1), (3), and (4) by using the Runge-Kutta 
method of the fourth order. For bilinear hysteretic sys
tems, instead of Eq. (2), we use Eq. (3) for the restor
ing force g(x, x'), where z satisfies the following dif
ferential equation (Suzuki and Minai, 1987): 

z' =x'[l-u(x')u(z-l)-u(-x')u(-z-l)], (35) 

where u ( ) is a unit step function. Then the responses 
x and x' are computed from Eqs. (1), (3), and (35). 
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FIGURE 6 Stationary response of a bilinear hysteretic system to narrow-band excitation. IX = 
0.05, 1>. = 0.01, l; = 0.01, v = 0.87, D = 0.05. (a) Probability density of displacement, 
(b) probability density of displacement and velocity, and (c) sample function of displacement. 
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FIGURE 7 Stationary response of Duffing oscillator to narrow-band excitation. x" + 2{ x' + x + 
yx3 = Hr), { = 0.05, y = 0.3, 0 = 0.002, v = 1.15, D = 0.02. (a) Probability density 
of displacement, (b) probability density of displacement and velocity, and (c) sample function of 
displacement (from simulation). 

RESULTS AND DISCUSSION 

The behavior of the stationary response of a hysteretic 
system to narrow-band random excitations depends 
mainly on v, the ratio of the central frequency of the 
excitation to the natural frequency of the preyielded 
hysteretic system. Similar to the case of sinusoidal ex
citations, the value of v can be divided into nonreso
nant and resonant zones. The range of v values for the 

resonant zone depends upon the intensity of the exci
tation, Of., and the model of the system. 

In the nonresonant zone the response of both bi

linear and smooth hysteretic systems is relatively sim

ple and similar to that due to wide-band random ex
citations (Cai and Lin, 1990; Zhu and Lei, 1987). The 
probability densities of the displacement, velocity, and 
amplitude are all unimodal (see Fig. 3). However, the 

displacement and velocity are usually non-Gaussian. 
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FIGURE 8 Stationary probability density of displacement and velocity of a bilinear hysteretic 
system to narrow-band excitation (from the quasi static method). ex = 0.05, [, = 0.01, I; = 
om, v = 0.89, D = 0.05. 

In the resonant zone the stationary displacement 
and velocity responses of both smooth and bilinear 
hysteretic systems are essentially non-Gaussian. The 
probability densities of the displacement and veloc
ity are bimodal while the joint probability density of 
the displacement and velocity has a ring· of peaks (see 
Figs. 4, 5). This implies that the stationary response 
behaves like a diffused limit cycle. 

An interesting observation is that, for a range of 
v values between nonresonant and resonant zones, 
the joint probability density of the displacement and 
the velocity of bilinear hysteretic systems with strong 
yielding (small a) has both a central peak and a ring 
of peaks with a ring of valleys between them [see 
Fig. 6(b)]. It is basically similar to that of the Duff
ing oscillator subject to a narrow-band excitation when 
stochastic jumps may occur [see Fig. 7(b)]. In this 
case, the response contains two types of more probable 
motions: one is a random vibration with smaller am
plitudes similar to nonresonant vibration and another 
has larger amplitudes similar to resonant vibration. 

This implies that jumps may occur between the two 
types of more probable motions and this phenomenon 
of stochastic jump has been observed in the sample 
functions of the displacement generated from digital 
simulation [see Fig. 6(c)]. It is noted that the jump oc
curs simultaneously in displacement and velocity and 
that even in this case the stationary variances of the 
displacement and velocity are unique. 

Although the stochastic jumps in the responses of 
the Duffing oscillator and bilinear hysteretic systems 

to narrow-band excitations are essentially the same 
(see Figs. 6, 7), it is noted that the mechanisms lead
ing to the jumps in these two systems are different. It 
is well known that jumps may occur in the response of 
the Duffing oscillator to sinusoidal excitation. When 
the quasistatic method is applied to the Duffing oscil
lator, for each value of p there are three values of a 
among which two are stable and the other is unstable. 
The two peaks in the probability density of the am
plitude of the Duffing oscillator subject to a narrow
band excitation correspond to these two stable solu
tions of a.For a bilinear hysteretic system under sinu
SOIdal excitation, Caughey (1960) showed rigorously 
that no jump can occur. The solution of a in Eq. (18) 
is simple valued. However, for certain combinations 
of the parameters, the function ap / aa can be suc!} that 
ps(a) in Eq. (21) is bimodal. 

A comparison of the results obtained from the qua
sistatic method and digital simulation shows that the 
quasistatic method predicts the response of a smooth 
hysteretic system toa narrow-band excitation quite 
well. For example, for the case depicted in Fig. 4, the 
relative errors in the variances of the displacement and 
velocity are less than 1 %. For bilinear hysteretic sys
tems, the quasistatic method can predict the qualitative 
behavior of the response but with less accuracy. For the 
cases depicted in Figs. 3,5, and 6, the relative errors in 
displacements are 21,6 and 13%, respectively. It is in
teresting to note that the results obtained from digital 
simulation for v = 0.87 (Fig. 6) well match the corre
sponding results obtained from the quasistatic method 
for v = 0.89 (Fig. 8). 
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CONCLUSIONS 

The present study examines the stationary response 
of smooth and bilinear hysteretic systems to narrow
band excitations in some detail. The response is qual
itatively different in the nonresonant zone and in the 
resonant zone. In the nonresonant zone, the proba
bility densities of the displacement and velocity are 
unimodal although the response is generally non
Gaussian. In the resonant zone, the response is essen
tially non-Gaussian and behaves like a diffused limit 
cycle. 

For a range of v values between nonresonant and 
resonant zones, the response of bilinear hysteretic sys
tems with strong yielding contains two types of more 
probable motions, nonresonant and resonant vibra
tions, and stochastic jumps may occur between the two 
motions. 

The quasistatic method provides a quite good pre
diction of the response of smooth hysteretic systems 
to narrow-band excitations but provides a less accurate 
prediction for that of bilinear hysteretic systems. 
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