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In the present paper, concept of a periodic structure is used
to study the characteristics of the natural frequencies of a
complete unstiffened cylindrical shell. A segment of the shell
between two consecutive nodal points is chosen to be a peri-
odic structural element. The present effort is to modify Mead
and Bardell’s approach to study the free vibration character-
istics of unstiffened cylindrical shell. The Love-Timoshenko
formulation for the strain energy is used in conjunction with
Hamilton’s principle to compute the natural propagation con-
stants for two shell geometries and different circumferen-
tial nodal patterns employing Floquet’s principle. The natu-
ral frequencies were obtained using Sengupta’s method and
were compared with those obtained from classical Arnold-
Warburton’s method. The results from the wave propagation
method were found to compare identically with the classical
methods, since both the methods lead to the exact solution of
the same problem. Thus consideration of the shell segment
between two consecutive nodal points as a periodic structure

is validated. The variations of the phase constants at the
lower bounding frequency for the first propagation band for
different nodal patterns have been computed. The method is
highly computationally efficient.

1. Introduction

Circular cylindrical shells are commonly used as
primary structural components in aerospace and naval
structures. The problem of determining the vibration
characteristics of cylindrical shells of finite length has
been of interest to engineers and scientists for more
than a century. Study of vibration characteristics of thin
cylindrical shells, including the effects of stiffeners;
have been done extensively by different authors using
conventional methods [7,8,13–15,19–25]. Leissa [1]
provides an excellent in depth review of the literature,
theory and the models developed to study shell vibra-
tion. Wave propagation methods in periodically stiff-
ened cylindrical shells with constant radii, has been
studied by various authors [3–7,11,17,20,21]. Mead
and Bardell [7,19–21] pioneered in this field, however
comparison of their results with the existing literature
is not reported [7]. Accorsi et al. [3,17,18] has applied
wave propagation in conjunction with the FEM to an-
alyze vibration characteristics of shells. A brief intro-
duction in periodic systems and periodic structures is
given in Appendix A.

1.1. Present research work

In this paper, the wave propagation method is used to
study the vibration of cylindrical shells with a view to
compare the results with well-known data. The intent
of the paper has been to extend the concept of wave
propagation in periodic structures to study free vibra-
tion characteristics in unstiffened structures and vali-
date the results with existing classical shell vibration
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results. The rationale of periodicity had been extended
beyond conventional ideas of geometric and material
periodicity to periodicity in free vibrational modes and
nodal positions. The panel (segment of the shell) be-
tween a pair of consecutive circumferential nodes has
been considered as a periodic element. The whole shell
is analyzed as a one-dimensional periodic system with
four degrees of freedom between each periodic ele-
ment in the circumferential direction. The properties
of each periodic element are related to its neighboring
element via Floquet’s principle involving propagation
constants. The governing equations are set up using the
strain and kinetic energy expressions. Propagationcon-
stants are computed for two different shell geometries
for which results from other methods are available. The
results from the wave propagation method are found
to compare identically with the classical methods since
both the methods lead to the exact solution of the same
problem. Also a variation of the phase constants at
the lower bounding frequency for the first propagation
band for different nodal patterns has been observed.

2. Model of shell vibration

The whole structure will be regarded as an assembly
of periodic elements joined end-to-end around the cir-
cumference of the cylindrical shell. The assumptions
in the model are:

(i) Those wave motions are considered which prop-
agate along and around the cylinder between one
pair of circumferential nodes (Figs 1–2).

(ii) The nodes provide a simple support to the shell.
This implies that the motion of the shell can be
assumed to vary sinusoidally in space between
the two consecutive circumferential nodes. In
the case of an unstiffened shell the periodic el-
ement is defined to be the segment of the shell
between two consecutive nodal positions.

The displacement along the junction line of adja-
cent periodic elements is completely defined by four
co-ordinates u, v, w and δw/δθ, which are assumed
to vary in x-direction in proportion to cos(nπx/l) and
sin(nπx/l) as appropriate. The four coupling co-
ordinates between adjacent periodic elements are asso-
ciated with coupling force or moment resultants [P ].
These are respectively the longitudinal shear force L,
tangential tensionQ, radial shear forceS and the bend-
ing moment M . The displacement vector at each
node is {q} = {u, v, w, δw/δθ} which is a (1 × 4)
column vector of displacements (Fig. 1). The vector
{P} = {L,Q, S,M} is a (1 × 4) column vector of
force and moment resultants.

Fig. 1. Pictorial representation of the co-ordinate system used.

Fig. 2. Mode shape representation of cylindrical shell.

2.1. Determination of propagation constants

The analysis illustrates Mead and Bardell’s formu-
lation, which has been suitably modified to compute
the propagation constants for two different unstiffened
shell geometry. The formulation had been modified to
remove the effects of the stiffeners and taking into ac-
count the new assumptions {(i) & (ii)} as noted above.
The structure has effectively been reduced to a one-
dimensional periodic system having four coupling co-
ordinates between adjacent elements. Thus, four pairs
of opposite going free harmonic waves can exist at any
frequency. It has already been found that for a stiff-
ened shell, two of these pairs are predominantly flexu-
ral wave, one is a predominantly shear wave and one is
a predominantly longitudinal (in-plane) wave [7].

Each of these waves is associated with a particular
propagation constant µ. When one of the harmonic
waves exists in the structure, the harmonic motion at
one point in one of the periodic element is equal to exp
(µ) times the motion of the corresponding point in the
adjacent element [from Floquet’s principle]. The prop-
agation constantµ can be purely real, purely imaginary
or generally complex [2,16].
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The forces and moments at the corresponding points
in adjacent periodic element are also related in the
same way. In particular, the forces and moments at
the left hand side of the adjacent periodic element are
thus related. The whole set of edge displacements and
force/moment resultants acting on the edges of the el-
ement are related by the state vector equation.

[MΘ, SΘ, QΘ, LΘ, w1,Θ, wΘ, vΘ, uΘ]T = (1)

exp(µ) [−M0,−S0,−Q0,−L0, w10, w0, v0, u0]
T

or,

[FΘ] = exp(µ) [F0] (2)

where [FΘ] and [F0] represent the state vectors, M =
Bending moment (Nm),L = Longitudinal Shear Force
(N), Q = Tangential Shear Force (N), S = Radial
Shear Force (N) and Θ = angle subtended by the pe-
riodic element. The individual elemental relationships
in Eq. (1) are derived from Bloch’s Theorem (Floquet’s
Principle) (see Appendix A).

Now the motion of the shell as a function of circum-
ferential co-ordinate θ, will be found to be governed by
an eighth-order differential equation in u, v or w. For
a given value of n, this means these displacements can
be expressed as sums of eight terms as follows:

u =
8∑

m=1

Amn exp(λmnθ) cos(nπx/l) exp(iωt)

v =
8∑

m=1

Bmn exp(λmnθ) sin(nπx/l) exp(iωt)

(3)

w =
8∑

m=1

Cmn exp(λmnθ) cos(nπx/l) exp(iωt)

The eight λmn’s occurred as four pairs of equal
and opposite values and for a given frequency are
found from the appropriate characteristic equation. The
derivation of the shell equations of motion is based
upon Love-Timoshenko’s equation of motion for the
cylindrical shell. The strain energy equation of a thin
cylindrical shell according to the Love-Timoshenko’s
equation is as follows,

U =
∫ t

0

∫ l
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This kinetic energy expression is given by the stan-
dard expression:

T =
1
2
ρh

∫ t

0

∫ l

0

{(
∂u

∂t

)2

+
(
∂v

∂t

)2

(5)

+
(
∂w

∂t

)2
}
a∂x∂θ

in which rotational inertia terms are not included. Us-
ing Eqs (4) and (5) in conjunction with Hamilton’s Prin-
ciple the equations of motion for the shell are derived.
Hamilton’s Principle is

δ

∫ t2

t1

(T − U)dt = 0 (6)

This can be written in the matrix form as:
D11 D12 D13

D21 D22 D23

D31 D32 D33






u
v
w


 =




0
0
0


 (7)

where

D11 = E1

[
2Dxx +

(1 − v)
a2

]
Dθθ − ρDtt,

D12 = E1

[
1 + v

a

]
Dxt, D13 = E1

2v
a
Dx

D22 = E1 [(1 − v)(1 − 4β)Dxx

+
2
a2

(1 + β)Dxx

]
− ρDtt

D23 = E1

[
1
a2
Dθ + 2βa2Dxxx

+4βDxxθθ +
2β
a2

Dθθθθ

]
+ ρDtt

D33 =
[

2
a2

+ 2βa2Dxxxx + 4βDxxθθ

+
2β
a2
Dθθθθ

]
+ ρDtt

D21 = D12, D31 = D13, D23 = D32
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E1 =
E

2(1 − v)
, β =

h2
c

12a2
, Dxθ =

∂2

∂x∂θ

Dx =
∂

∂x
, Dθ =

∂

∂θ
, Dtt =

∂2

∂t2
. . . [7].

The D’s are linear differential operators involving
∂
∂x , ∂

∂θ , ∂
∂t etc., together with geometric mass and elas-

tic properties of the shell. When the edges of the shell at
x = 0 and x = l are simply supported, these equations
are satisfied by,

u =
∞∑

m=1

∞∑
n=1

Amn exp(λmnθ) cos(nπx/l)

exp(iωt)

v =
∞∑

m=1

∞∑
n=1

Bmn exp(λmnθ) sin(nπx/l)

(8)
exp(iωt)

w =
∞∑

m=1

∞∑
n=1

Cmn exp(λmnθ) cos(nπx/l)

exp(iωt)

Substitution of just one of the set of (8 ×∞) terms
in the double series of Eq. (9) transforms the differen-
tial operators into functions of xmn, n and ω. These
functions will be denoted by b11, b12, b′13 . . . b33. So
Eq. (7) becomes,

b11 b12 b13b21 b22 b23
b31 b32 b33






u
v
w


 =




0
0
0


 (9)

where,

b11 = a1 + bλmn, b21 = b12, b31 = b13
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mn,
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Upon expanding the determinant we have,

A
(
λ2

mn

)4
+B

(
λ2

mn

)3
+ C

(
λ2

mn

)2

(10)
+D

(
λ2

mn

)
+ E3 = 0

wherein terms of the characters defined above are:

A = bel1 − bh2
1

B = a1el1 − a1h
2 + bfl1 − bek − 2bgh1 − c2l1

C = a1fl1 + a1ek − 2a1gh1 + bfk + bej

−bg2 − c2k + 2cdh1

D = a1fk + a1ej − a1g
2 + bfj − c2j

+2cdg − d2e

E3 = a1fj − d2f

λ = circumferential wave number (m−1), v = Pois-
son’s ratio,E = Young’s modulus of elasticity (Nm−2),
l = length of shell, a = mean shell radius, h = shell
thickness, t = time variable (sec), and ρ = mate-
rial density (kg/m3). The solution of the bi-quartic
Eq. (12) yields four (in general complex) equal and
opposite values of λmn. The roots for the solu-
tion of vibration problem will usually have the form
λmn = ±a, ±ib, ±(c ± id) where a, b, c and d are
real quantities.

For a finite shell, there will always be at least 2
roots of the form (±ib). For non-trivial solutions for
Amn, Bmn, and Cmn, the determinant of the matrix
of Eq. (9) must vanish. When the determinant is ex-
panded, an eighth-order polynomial equation is found
for λmn involving n and ω2 in the coefficients. When
any one of the eight roots is known, it may be substi-
tuted back into Eq. (9) to find Amn, Bmn, in terms of
Cmn. Thus

Amn/Cmn = (b12b33 − b13b23)/

(b11b33 − b13b12) = φmn (11)

Bmn/Cmn =
(
b213 − b11b33

)
/

(b11b33 − b13b12) = Ψmn
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These terms characterize the particular type of wave
motion, giving the ratio of the longitudinal or cir-
cumferential displacement to the flexural displacement.
This unique relationship amongst Amn, Bmn, and
Cmn had been developed. This means that the each
displacement, force and moment in the two state vec-
tors can be expressed in terms of just one of the sets of
coefficients for Amn, Bmn, and Cmn. The two state
vectors may very well be expressed as:

{FΘ} = [KΘ][Cmn]sincos(nπx/l)e
jωt

(12)
{F0} = [K0][Cmn]sincos(nπx/l)e

jωt

in which sin(nπx/l) is used in conjunction with
M0,Θ, S0,Θ, Q0,Θ, v0,Θ, w0,Θ, w10,Θ and cos(nπx/l)
is used withL0,Θ, u0,Θ. [k0] and [KΘ] complex square
stiffness matrices. Putting Eq. (12) into Eq. (1) yields:

[KΘ][Cmn] = eµ[KΘ][Cmn] (13)

or,

[K0]−1[KΘ][Cmn] = eµ[I][Cmn] (14)

This equation is in canonical form for the determi-
nation of the eigenvalues exp(µ) of the matrix product
[K0]−1[KΘ]. The complex propagation constantsare
then found from these eigenvalues [7,8].

2.2. Resultants on the edges of the periodic element

The stress and moment resultants are the forces and
moments per unit length along the edge corresponding
to the displacement field u, v, and w. They include
contributions from Hamilton’s Principle, which states,

δ

∫ t2

t1

(T − U +W )dt = 0 (15)

Here T andU are the kinetic and potential energy of
all the components of the periodic element andW is the
work done by the force-moment resultants in Joules.
The expression for the potential energy of the cylindri-
cal shell corresponding to the Love-Timoshenko theory
is given in Eq. (4). Substituting the energy expressions
into Eq. (14) leads to the three equations of motions
of the shell and eight boundary conditions for the two
edges, four for each edge. These boundary conditions
relate the local force or moment resultants applied at
any point x-along the edge to the shell properties and
to their displacements and displacement derivatives at
the edges. When one of these equations is used to give
the resultant at θ = 0 or θ = Θ, the sign of shell differs
in two cases. The modified eight boundary conditions
for the edges of the shell segment are expressed by the

following four equations,
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(wθθ − vθ) + v(wxx)
]∣∣∣∣
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(15a)
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a
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L0,Θ = E5

[
(1 − v)

(
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1
a
µθ

)]∣∣∣∣
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(15d)

where

E4 =
Eh2

12(1 − v2)
, E5 =

Eh

2(1 − v2)
,

wθθ =
∂2w

∂θ2
, vθ =

∂v

∂θ
. . . [7]

When u, v, w are given by Eq. (3), the above force
resultants are expressed in terms of Amn, Bmn, and
Cmn. The two sets of 4 force/moment resultants are
denoted by the vector {P0,Θ} where

{P0,Θ}Θ = {M0,Θ, S0,Θ, Q0,Θ, L0,Θ} (16)

Then from Eq. (4) these resultants are linearly related
to the Amn’s, Bmn’s, and Cmn’s through,

{P0,Θ} = [α0,Θ][Amn] + [ζ0,Θ][Bmn]
(17)

+[ξ0,Θ][Cmn]

The matrices α, ζ and ξ consist of algebraic terms
derived from the derivative functions of u, v, and w
respectively in Eqs (15). Now

[Amn] = [φmn][Cmn]
(18)

[Bmn] = [Ψmn][Cmn]

where the φ and Ψ matrices are diagonal, with elements
given by φ’s and Ψ’s of Eq. (11). Therefore,

{P0,Θ} = ([α0,Θ][φmn] + [ζ0,Θ][Ψmn]
(19)

+[ξ0,Θ])[Cmn]

Separately we have,
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[P0] = [K0Θ1 ][Cmn]
(20)

[PΘ] = [KΘΘ1 ][Cmn]

where [K0Θ1 ] and [KΘΘ1 ] are rectangular (4 × 8) ma-
trices and form the top of the halves of [K0] and KΘ

(8 × 8) matrices of Eq. (13)

[K0Θ1 ] = {[D] + [E] + [F ]}
and where

[D] = [α0,Θ1 ][φmn], [E] = [ζ0,Θ1 ][Ψmn],

[F ] = [ξ0,Θ1 ]

8∑
i=1

[Dij ] =
8∑

i=1

[αij ][φin]

j=1 j=1

For the unstiffened shell:

j = 1, . . . , 8.

α1j = 0, α2j = 0, α3j = −E52v
nπ

l
,

α4j = −E5
λmn

a
(1 − v)
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(nπ
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,

ξ4j = 0

Similarly,

[KθΘ1] = {[X ] + [Y ] + [Z]}
where

[X ] = [αΘ,Θ1 ][φmn], [Y ] = [ζΘ,Θ1 ][Ψmn],

[Z] = [ξΘ,Θ1 ]

8∑
i=1

[Xij ] =
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i=1

[α̂ij ][φjn]eλjnθ
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[ξ̂ij ]eλjnθ

j=1 j=1

ξ̂1j = E4
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λ2
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a2
− v

(nπ
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,

ξ̂2j = −E4

[
λ3

mn
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(nπ
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2
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2λ2
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+

2v
a

(nπ
l

)2
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,

ξ̂4j = 0

The lower parts of and are those transformation
matrices which relate [w0, w1,0, v0, u0] = {q0} and
[wΘ, w1,Θ, vΘ, uΘ] = {qΘ} to [Cmn].
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Fig. 3. Propagation constants for the cylindrical shell (Case 1).

Evidently,

[q0] = [K0L][Cmn] (21)

where [K0L] is a (4 × 8) rectangular matrix.

K0L1j = 1, K0L2j = λmn,
(22)

K0L3j = Ψmn, K0L4j = φmn,

[qΘ] = [KΘL][Cmn] (23)

where [KΘL] is a (4 × 8) rectangular matrix.

KΘL1j = eλmnθ, KΘL2j = λmne
λmnθ,

KΘL3j = Ψmneλmnθ, (24)

KΘL4j = φmneλmnθ

where i = 1, . . . 4, j = 1, . . . 8,m = 1, . . . 8.
The complete matrices [K0]and [KΘ] are given by

[K0] =
[
K0Θ

KΘL

]
(25)
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Fig. 4. Values of phase constant for different nodal patterns at the lowest bounding frequency (Case 1).

[KΘ] =
[
KΘΘ1

KΘ1L

]
(26)

[K0] and [KΘ] are 8 × 8 structural property matrices
of the periodic element at θ = 0 and θ = Θ. These are
now used in Eq. (13) to find the eigenvalues, eµ and the
propagation constants µ.

3. Discussion of results

A non-dimensional frequency Ω has been used
in Figs 3–8 to show how the propagation constants
vary with frequency and other parameters: ΩN =
[ρa2ω2(1 − v2)/E]1/2 where ω is the actual radian
frequency (s−1). The other terms have been defined
previously. Two separate computer programs were de-
veloped in F77 to generate the results for the present
wave propagation method and the Arnold-Warburton’s
method.

3.1. The propagation constant curves

The patterns of propagation constant curves obtained
from the unstiffened analysis [4] show a remarkable

similarity in their trend to those obtained by Mead and
Bardell [7] from the axially stiffened shell. At any
frequency four distinctly different values occur. Over
the lower frequency region curve marked 1,2 and 3,4
represents a complex conjugate pair. One curve in the
real and one in the imaginary domain are shown. At
higher frequencies, however, curves 1,3 do not repre-
sent a complex conjugate pair as in the case of the stiff-
ened shell analysis. Each curve (or a pair of curves) has
its negative counterpart meaning that eight propagation
constants exist altogether at any frequency. Two cases
of different shell geometries are studied.

3.1.1. Case 1
For the shell geometry chosen by Mead and

Bardell [7] the shell properties are as follows: Length of
the shell, l = 0.135 m, radius of the shell, a = 0.381 m,
thickness of the shell, h = 0.000559 m, number of
halfwaves in axial direction along the shell length,
n = 1, damping factor = 0.0. Figure 3 is repre-
sentative of the several mode shapes studied. In this
case the curves 3, 4 are complex conjugate pairs up to
ΩN � 0.251 (Fig. 3). Both the curves are completely
attenuating for ΩN > 0.251. In the case of curve 4, it
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Fig. 5. Propagation constants for the cylindrical shell (Case 2).

is increasing in attenuation while decreasing steadily in
the case of curve 3. Both the curves 3 and 4 are primar-
ily associated with the attenuating wave motion from
ΩN > 0.251 in which the shell displacements are pre-
dominantly radially flexural. Curves 1,2 are complex
conjugate pairs up to ΩN = 0.251 and after that both
of them become propagating waves from Ω = 0.251 to
ΩN = 0.955. Curve 1 becomes an attenuating wave
from Ω > 0.955 onwards while curve 2 continues to

propagate at higher frequencies. From ΩN = 0.251
to ΩN = 0.955 the curve represents a complete propa-
gation band. Curves 1,2 are predominantly associated
with longitudinal and tangential wave motions. For
lower circumferential modes it is being observed that
curve 1, 2 constantly varies its phase constant values
from 0 and π from ΩN = 0.251 to ΩN = 0.955. From
ΩN � 0.955, however, only curve 2 is purely a prop-
agating wave. Hence, here the first propagation band
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Fig. 6. Values of phase constant for different nodal patterns at the lowest bounding frequency (Case 2).

between ΩN = 0.251 to ΩN = 0.955 is not distinct.
For higher mode shapes (m � 6), however, the propa-
gation band is highly distinct. However, unlike Mead
and Bardell’s [7] observation for the stiffened shell with
axial stiffeners, here, it is observed that even for higher
modal patterns, i.e., even when the size of the periodic
element decreases, the lower and the upper bounding
frequencies are fixed at ΩN = 0.251 and ΩN = 0.955
respectively. It is also observed that the phase con-
stant for the lower frequency (ΩN = 0.251) of the
propagation band varies between 0 and π for different
mode shapes while it is zero for the upper bounding
frequencies (ΩN = 0.955). The phase constants at the
lower bounding frequencies for the first propagation
band at ΩN = 0.251 are plotted against nodal patterns
(Fig. 4). The curve touches π between NN = 14 and
NN = 15. After this the curve seems to follow a
definite pattern. The product of the phase constant µ i

at lower bounding frequency (ΩN = 0.251) and the
corresponding nodal pattern NN is constant (here it is
equal to 44.26) for each mode shape (NN � 15).

3.1.2. Case 2
The program for the unstiffened shell is then applied

to another shell geometry [24]. For the shell geometry
chosen by Parthan and Johns [24] the shell properties
are as follows: Length of the shell, l = 0.60325 m,
radius of the shell, a = 0.24257 m, thickness of the
shell, h = 0.0007112 m, number of halfwaves in axial
direction along the shell length, n = 1, damping factor
= 0.0. Figure 5 is representative of the several mode
shapes studied. The observations (Fig. 5) are similar to
the Case 1. The lower and the upper bounding frequen-
cies for the first propagation band are at ΩN = 0.049
and at ΩN = 0.75. The curves follow a similar pattern
as in Case 1. The curve drawn for the phase constants
at the lower bounding frequency (ΩN = 0.049) against
the nodal patterns N touches between NN = 3 and
NN = 4. After this the curves seem to follow a defi-
nite pattern (Fig. 6). The product of the phase constant
at lower bounding frequency (ΩN = 0.049) and the
corresponding nodal pattern NN is constant (here it is
equal to 9.525) for each mode shape (NN � 4).
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Fig. 7. Comparison of natural frequencies obtained by present analysis with those obtained from Warburton’s method (Case 1).

Fig. 8. Comparison of natural frequencies obtained by present analysis with those obtained from Warburton’s method (Case 2).

3.2. Natural frequencies of the closed shell

The circumferential length of the periodic element
for the Case 1 is θ = 2π(0.381)/17 = 0.140 m. In the
Case 2, θ = 2(0.24257)/11 = 0.139 m. Now 2π/θ
is equal to 44.6 and 45.2 for both the cases respec-
tively. It should be noted here that we have considered
comparative cases of Arnold-Warburton’s method [1,
13,22] where the number of bays considered is 44. The
condition taken in the Arnold-Warburton’s method is
that of ‘No Stiffening’ to simulate the unstiffened con-
dition. Arnold and Warburton [22] solved the complete
boundary-value problem of free vibration of a finite

cylindrical shell using strain energy calculations. The
mode shapes for the above two cases considered are 17
and 11 respectively where Sengupta’s method [12] is
applied to compute the natural frequencies.

The natural frequencies of the unstiffened closed
shell had been obtained using Sengupta’s method [12].
A continuous cylindrical shell has an infinite number
of natural frequencies. If, at a particular frequency, a
propagating wave travels once around the whole shell
and so undergoes a total phase change of 2jπ (j an
integer), then that frequency is the natural frequency
of free vibration of the closed shell. The natural mode
is the superposition of two but equal opposite-going
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waves. If the propagation constant is µi (phase change
per periodic distance) and there are N equal segments
of the shell, then the condition for a natural mode to ex-
ist is Nµi = 2jπ (j = 0, 1, 2 . . .N) i.e., µi = 2jπ/N ,
for all the positive integers for which −π � µi � 0.
Sengupta’s method had been applied to determine the
natural frequencies at which µi have the above val-
ues. In both the cases excellent agreement has been ob-
tained in this case with the Arnold-Warburton’s method
(Figs 7–8). The values obtained by the wave propaga-
tion method are within less than± 1% of the values ob-
tained from Arnold-Warburton’s method. The lowest
bounding frequency is observed at N=18 in both meth-
ods for Case 1 (Fig. 7). The lowest point for ΩN against
nodal patterns N for Case 2 using both the methods
(Fig. 8) is observed at N = 6. Further investigation
is required to determine which of the curves represent
flexural and shear waves.

4. Conclusions

The excellent comparisons in the natural frequen-
cies obtained by modified Mead and Bardell’s method
and Arnold-Warburton’s method hereby prove the suit-
ability of applying the wave propagation method to
the study of free vibration of shell-type structures. It
also proves that consideration (assumption (ii)) of the
shell segment in between two consecutive circumfer-
ential nodes as a periodic structure is valid. The re-
sults from the wave propagation method are found to
compare identically with the classical methods because
both the methods lead to the exact solution of the same
problem. Also a variation of the phase constants at
the lower bounding frequency for the first propagation
band for different nodal patterns has been observed.
This method has enormous utility in analysis of peri-
odic structures, in particular the wave propagation in
shell structures and for the study of vibration charac-
teristics. Hereby we can conclude that by consider-
ing a curved panel as a periodic shell element we can
effectively analyze the complete shell structure. The
significance of this elegant method lies in its simple
final matrix forms that are easy to formulate and pro-
gram. The method is highly computationally efficient.
An attempt is presently underway to compare the re-
sults of the Mead and Bardell’s approach for stiffened
shells to Arnold-Warbuton’s method. This study can
be extended to study the shell flutter problem using the
wave propagation approach [4]. Further investigations
are currently underway to validate Mead and Bardell’s
results for stiffened shell with the classical method and
extend it to study flutter.
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Appendix A: Periodic system and Bloch (Floquet’s)
Theorem

A periodic system consists of a number of identical
elements, joined together in an identical manner (end-
to-end or side-to-side) to form the complete system.
The periodicity may depend on geometrical and mate-
rial similarity [10]. The electronic motion in a constant
and a periodic potential is analogous to the propagation
of elastic waves in a continuum and in a periodic struc-
ture. For elastic waves in a continuous medium, the
frequency is inversely proportional to the wavelength
i.e., there exists a linear relationship between frequency
and wave number or wave vector. This implies that the
velocity of propagation is independent of wavelength.
Furthermore theoretically, there exists no upper limit
for the frequency of the vibrational modes in a continu-
ous medium. However, when one considers the modes
of vibration in a lattice of discrete mass points, which
form a periodic structure, two characteristic features
appear: (a) There exists allowed frequency (propaga-
tion) bands separated by forbidden regions (attenua-
tion). (b) The frequency is no longer proportional to
the wave number but a periodic function of the latter.

In a constant potential (free electron theory), the en-
ergy of the electron as function of the wave vector k, is
given by E = h2k2

2m , where k = 2π/λ = p/h. Here λ
is defined as the wavelength associated with the elec-
tron and p is the momentum of the electron. Potential
energy is assumed to be zero. Considering the motion
of an electron in a periodic potential, one can infer
that: (a) there exist allowed energy bands (propagation)
separated by forbidden regions (attenuation), and (b)
the functions E(k) are periodic in k. One can derive
the Schrodinger equation for an electron moving in a
one-dimensional periodic potential and by letting the

potential energy satisfy the equation, as:

d2Ψ/dx2 + (2m/h2)[E − V (x)]Ψ = 0 (A1)

HereE is the kinetic energy of the electron andV (x)
is the periodic potential energy i.e, V (x) = V (x + a)
where a is the period. Bloch Theorem states that there
exist solutions for Eq. (1) of the form

Ψ = e±ikxuk(x) where
(A2)

uk(x) = uk(x+ a)

The solutions are plane waves modulated by the func-
tion uk(x) which has the same periodicity as the lat-
tice. In the theory of differential equations, Bloch The-
orem is known as Floquet’s Theorem. Functions of the
type of Eq. (2) are known as Bloch’s functions. Details
of the derivations and discussions of Bloch’s functions
and Schrodinger’s equation for the energy spectrum of
an electron in a periodic potential consisting of allowed
and forbidden energy or pass and stop bands can be
found in Refs [2,16].

Energy carrying flexural waves in periodic beam-
type structures have received considerable attention
from researchers in the past. If the infinite periodic
beam is undamped, free harmonic wave motion with-
out decaying is possible in the absence of forcing from
an external pressure field (i.e., no external forces acting
on an element apart from those coming from the two
adjacent elements). It had been long known that waves
can only propagate freely in certain distinct frequency
bands [8]. At frequencies outside these propagation
bands, a wave, once started, will decay as it spreads
outwards. In fact, there exist alternate bands of free
propagation and decay. The upper and lower limits of
these frequency bands are particularly significant. Infi-
nite periodic beams and plates possess the further prop-
erty that the bounding frequencies are identical with the
natural frequencies of a single element, with its ends
either simply supported or fully fixed. The propagation
constants have been defined as the characteristics of
wave motion and are measures of the rate of decay and
change of phase of the wave motion over the distance
between adjacent elements.

The free wave motion is not of a simple spatially si-
nusoidal form, as the supports cause reflections. Nev-
ertheless, free waves of distinctive type can be recog-
nized, and wave velocities identified for given frequen-
cies. A beam on rigid supports has a single propagation
constant for each frequency, and a unique wave group
with sinusoidal wave components of different wave-
lengths, phase velocity, and direction. Wave motions in
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periodic plates are, in general, much more complicated
than in beams. Waves over flat surfaces can spread
out in a manner analogous to circular waves, or in a
simple form analogous to plane waves. Waves of the
first type could be generated by a single point source
(say, an oscillating force) acting on one of the periodic
elements and propagating energy out into all directions.
The wave intensity may be greater in some directions
than in others, depending on the geometry and struc-
tural characteristics. Waves of the second type, which

are analogous to plane waves, have been described by
Mead [9]. They could be generated by a certain distri-
bution of force along a straight line at any angle across
the periodic structure. All the periodic elements then
vibrate in identical complex harmonic modes, but a
phase difference exists between the motions of corre-
sponding points in adjacent elements, which are the
same for any pair of elements. A detailed study of
dynamics of periodic and near-periodic structures had
been done in Ref [10].
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