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Abstract. In the finite element method, there are shortcomings using the conventional formulae to calculate the sectional forces,
i.e., the bending moment and the shear force, at any cross-section of Bernoulli-Euler beam under dynamic loads. This paper
presents some new finite-element formulae overcoming the shortcomings of the conventional ones to calculate the sectional
forces at any cross-section of a Bernoulli-Euler beam on continuously viscoelastic foundation subjected to concentrated moving
loads. The proposed formulae can easily degenerate into the formulae for calculating the sectional forces of a simply supported
or a continuous Bernoulli-Euler beam subjected to concentrated moving loads, and into the formulae for calculating the sectional
forces of a Bernoulli-Euler beam on Winkler foundation under static loads. Five numerical examples including static and dynamic
analyses are chosen to illustrate the application of the proposed formulae. Numerical results show: (1) compared with the
conventional formulae, the proposed formulae can improve the calculation accuracy of the sectional forces of beam; (2) one should
use the proposed formulae, not the conventional formulae, to calculate the sectional forces at any cross-section in Bernoulli-Euler
beam.
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1. Introduction

The dynamic analysis of a beam on elastic foundation or a simply supported beam subjected to dynamic loads
is widespread in engineering. Here only some of the relevant literature is mentioned. Many researchers [5,8,9,
11,12,15,16,20,22] applied the analytical methods to investigate the dynamic problem. However, for most of the
engineering problems, one must rely on numerical methods since analytical methods are usually not available. In
the numerical methods, the finite element method (FEM) is powerful because it allows solution to complex problems
in engineering. Some researchers [10,13,14,18,19,23–26] applied FEM to study the foregoing dynamic problem. It
is well known that in the design of a beam on elastic foundation or a simply supported beam subjected to moving
loads, the most important considerations are the vertical deflection and the bending stress, and the latter is given by
using bending moment divided by the section modulus of the beam. References [14,18,23,25,26] did not care for
the bending moment of beam. References [10,13,19,24] reported the bending moment of beam, but they did not
give the formula to calculate the bending moment of beam.
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In the dynamic analysis using FEM, if the following formulae (1)–(4) are used to calculate the sectional forces of
the cross-section at any point in a Bernoulli-Euler beam element on continuously viscoelastic foundation subjected
to concentrated moving loads, then, errors may appear in the numerical results because of shortcomings in using the
formulae (1)–(4) to calculate the sectional forces.

M(ξ, t) = −EI ∂
2y(ξ, t)
∂ξ2

= −EIN′′qe for the right-hand side of cross-section at any point (1)

Q(ξ, t) = EI
∂3y(ξ, t)
∂ξ3

= EIN′′′qe for the right-hand side of cross-section at any point (2)

M(ξ, t) = EI
∂2y(ξ, t)
∂ξ2

= EIN′′qe for the left-hand side of cross-section at any point (3)

Q(ξ, t) = −EI ∂
3y(ξ, t)
∂ξ3

= −EIN′′′qe for the left-hand side of cross-section at any point (4)

whereM(ξ, t) andQ(ξ, t) respectively denote the bending moment and the shear force of cross-section at any point
and timet, and the positive directions ofM(ξ, t) andQ(ξ, t) for the right-hand side of cross-section and for the
left-hand side of cross-section at any point are shown in Fig. 1(a) and (b), respectively;ξ denotes local coordinate
measured from the left node of the beam element;EI denotes the constant bending stiffness of the beam;N denotes
the shape matrix of the beam element;qe denotes the nodal displacement vector of the beam element; the superscript
prime denotes differentiation with respect toξ; andy(ξ) denotes the vertical deflection at any point in the beam
element.y(ξ) can be expressed as

y(ξ) = Nqe (5)

If the cubic Hermitian polynomials [3] are used as the shape functions of a beam element, the shape matrixN of the
beam element can be written as

N =
[
N1 N2 N3 N4

]
(6)

with N1 = 1 − 3(ξ/l)2 + 2(ξ/l)3 N2 = ξ[1 − 2(ξ/l) + (ξ/l)2]

N3 = 3(ξ/l)2 − 2(ξ/l)3 N4 = ξ[(ξ/l)2 − (ξ/l)]

wherel denotes the length of the beam element.
In this paper, the formulae (1)–(4) are referred to as the conventional ones for calculating the sectional forces of a

Bernoulli-Euler beam under dynamic loads. The shortcomings using the formulae (1)–(4) to calculate the sectional
forces of a beam element on continuously viscoelastic foundation subjected to concentrated moving loads are as
follows. First, there are shortcomings using the formulae (1)–(4) to calculate the sectional forces at two nodes of
a beam element. The formulae (1) and (2) for calculating the sectional forces at the left node (i.e.,ξ = 0) and
the formulae (3) and (4) for calculating the sectional forces at the right node (i.e.,ξ = l) in a beam element only
consider the sectional forces induced by the nodal displacements of the corresponding beam element, because the
formulae (1) and (2) withξ = 0 and the formulae (3) and (4) withξ = l can be expressed as the sum of the products
of the corresponding element stiffness matrix and the displacements of the corresponding beam element nodes, i.e.,
fe
d = kbqe, in which, f e

d denotes the sectional forces of the beam element induced by the nodal displacements of
the beam element, andkb denotes the element stiffness matrix of the beam element itself. The sectional forces of
the cross-section at the nodes of element induced by the nodal accelerations and the foundation spring and damping
forces acting on the corresponding beam element are not considered. In addition, the fixed-end sectional forces
presented by reference [17] at the two ends of a clamped-clamped (C-C) beam element induced by moving loads
acting on the beam element at timet are also not considered.

Then, there exist shortcomings using the formulae (3) and (4) to calculate the sectional forces at any point A ,
rather than at a node, of a beam element. The formulae (3) and (4) for calculating the sectional forces of the left-hand
side of cross-section at any point A, rather than at a node, of a Bernoulli-Euler beam element and at timet can be
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Fig. 1. Sectional forces diagram for the cross-section at any point in a Bernoulli-Euler beam element in the dynamic analysis.

written as, respectively,

M(ξ, t)|ξ=ξA = −EI
[

6
l2

4
l

− 6
l2

2
l

]
· qe + ξA ·EI

[
12
l3

6
l2

− 12
l3

6
l2

]
· qe

(7)
= −M(ξ, t)|ξ=0 +Q(ξ, t)|ξ=0 · ξA

Q(ξ, t)|ξ=ξA
= −EI

[
12
l3

6
l2

− 12
l3

6
l2

]
· qe = Q(ξ, t)|ξ=0 (8)

The formula (7) only considers the effects of the bending moment and the shear force at the left node of the beam
element, which are induced by the nodal displacements of the corresponding element, on the bending moment of the
left-hand side of cross-section at the point A. In the formula (7), the effects of the fixed-end bending moment and
shear force at the left end of the C-C beam element, induced by moving loads acting on the beam element at time
t, on the bending moment of the left-hand side of cross-section at the point A are not considered while should be
considered. In addition, the effects on the bending moment of the left-hand side of cross-section at the point A are
also not considered of moving loads acting on the beam element between the left node and the point A, of inertia
force in the beam element between the left node and the point A, and of the foundation spring and damping forces
acting on the beam element between the left node and the point A.

Similarly, the formula (8) only considers the effect of the shear force at the left node of the beam element, which
is induced by the nodal displacement of the corresponding element, on the shear force of the left-hand side of
cross-section at the point A. In the formula (8), the effect of the fixed-end shear force at the left end of the C-C beam
element, induced by moving loads acting on the beam element at timet, on the shear force of the left-hand side
of cross-section at the point A is not considered while should be considered. In addition, the effects on the shear
force of the left-hand side of cross-section at the point A are also not considered of moving loads acting on the beam
element between the left node and the point A, of inertia force in the beam element between the left node and the
point A, and of the foundation spring and damping forces acting on the beam element between the left node and the
point A.

This purpose of this paper is to present new finite-element formulae for calculating the sectional forces at any
cross-section of a Bernoulli-Euler beam on continuously viscoelastic foundation subjected to concentrated moving
loads. The new finite-element formulae can overcome the foregoing shortcomings of the conventional formulae and
can improve the accuracy of calculating the sectional forces of beam. Evidently, the proposed formulae can easily
degenerate into the formulae for calculating the sectional forces of a simply supported or a continuous Bernoulli-
Euler beam subjected to concentrated moving loads, and into the formulae for calculating the sectional forces of a
Bernoulli-Euler beam on Winkler foundation under static loads.
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2. Theory and formulation

2.1. Fundamental assumptions

The following assumptions are made when one establishes the formulae for calculating the sectional forces of a
beam on viscoelastic foundation subjected to concentrated moving loads.

(1). Only vertical dynamic loads are considered.
(2). Axial deformations and the damping of the beam are neglected.
(3). The beam is modelled as a uniform Bernoulli-Euler beam.
(4). The viscoelastic foundation is modelled as closely spaced, independent, linear springs and viscous dampers.
(5). The cubic Hermitian polynomials [3] are used as the shape functions of a beam element.

2.2. Equation of motion for a beam on continuously viscoelastic foundation subjected to concentrated moving loads

Consider a uniform elastic Bernoulli-Euler beam with constant bending stiffnessEI resting on continuously
viscoelastic foundation with stiffness coefficientkw and damping coefficientcw subjected to a number of concentrated
moving loads, as shown in Fig. 2. The beam is divided into a number of finite elements with equal length ofl. The
solid circles (•) denote the nodes for the beam elements. Since the axial deformations of the beam are neglected, per
node of a beam element has two degrees of freedom, i.e., a vertical translation and a rotation about an axis normal
to the plane of the paper. According to the energy principle, the equation of motion for the beam on continuously
viscoelastic foundation subjected to a number of concentrated moving loads at timet can be written as

Mq̈ + Cq̇ + Kq =
n̄∑

i=1

NT
i Pi (9)

whereM, C, andK with n× n order are the overall mass, damping and stiffness matrices, respectively;q̈, q̇, and
q with n × 1 order are the acceleration, velocity and displacement vectors, respectively; the superscriptT denotes
transpose;NT

i is the transpose of the shape functions for the beam element which are evaluated at the position of
the i-th concentrated moving loadP i at timet; Pi is the magnitude of thei-th concentrated moving load;n is the
total number of the degrees of freedom of the beam; andn̄ is the total number of concentrated moving loads.

In Eq. (9), the overall mass matrixM can be obtained by assembling the element consistent mass matrixm. Since
the damping of beam itself is neglected, the overall damping matrixC only includes the effect of the viscous damping
of foundation.C can be obtained by assembling the foundation element damping matrixc w induced by viscous
damping foundation supporting the beam element. The overall stiffness matrixK can be obtained by assembling
the element stiffness matrixkb of the beam element itself and the foundation element stiffness matrixkw due to the
elastic foundation supporting the beam element. The expressions of element matricesm, c w, kb andkw are listed
in the Appendix.

In addition,Ni with 1 × n order in Eq. (9) can be written as

Ni = [0 · · · 0 N1 N2 N3 N4 0 · · · 0]ξ=ξi (10)

whereξi denotes the distance between the acting point of thei-th concentrated moving loadP i and the left node
of the beam element on which the loadP i is acting at timet, as shown in Fig. 2. It should be noted thatN i is a
row matrix with zero entries except for those terms corresponding to two nodes of the element on which thei−th
concentrated moving loadPi is acting. Ni is time dependent as the loadPi moves from one position to another
within one element. As the loadPi moves to the next element,Ni will shift in position corresponding to the degrees
of freedom of the element where the loadP i is positioned.
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Fig. 2. Mathematical model for a uniform elastic Bernoulli-Euler beam on continuously viscoelastic foundation subjected to a number of
concentrated moving loads.

l

ξ

r

r

left node right node

e e

e
e
l

Fig. 3. Shear forcesQe
l

andQe
r, and bending momentsMe

l
andMe

r at the cross-section of the two nodes of a typical beam element.

2.3. Formulae for calculating the sectional forces of a beam

By introducing the boundary conditions of the beam, Eq. (9) can be solved by the Wilson-θ method or similar
methods [1], to obtain the generalized displacements, velocities and accelerations per node of the Bernoulli-Euler
beam at timet. Then, the sectional forces at any cross-section of the beam at timet can be obtained by using the
following procedure.

First, let us consider how to calculate the sectional forces at the cross-section of the two nodes of a beam element.
The sectional forces at the cross-section of the two nodes of a typical beam element at timet, as shown in Fig. 3,
can be expressed as

fe = mq̈e + kbqe + cwq̇e + kwqe +
h∑

i=1

f0
i (11)

wheref e is the sectional forces vector at the two nodes of a beam element,f e = [Qe
l M e

l Qe
r M e

r ]T , Qe
l and

M e
l are the shear force and bending moment at the left node of the beam element, respectively;Q e

r andM e
r are

the shear force and bending moment at the right node of the beam element, respectively; the positive directions of
Qe

l , M e
l , Qe

r, andM e
r are shown in Fig. 3;̈qe, q̇e, andqe with 4 × 1 order are the nodal acceleration, velocity

and displacement vectors of the beam element, respectively, obtained by solving Eq. (9);h is the total number of
concentrated moving loads acting on the beam element at timet; andf 0

i is the fixed-end force vector [17] at the two
ends of the C-C beam element induced by thei-th concentrated moving loadP i acting on the beam element at time
t. It should be noted thatf 0

i and the equivalent nodal force vector induced by thei-th concentrated moving loadP i

acting on the C-C beam element at timet are equal in magnitude but opposite in direction. Thus, the expression of
f0
i can be written as

f0
i = −[N1 N2 N3 N4]Tξ=ξi

· Pi (12)

f0
i will become zero vector if thei-th concentrated moving loadP i acts outside the beam element.

The first and second terms on the right-hand side in Eq. (11) denote the vectors of the sectional forces at the two
nodes of the beam element induced by, respectively, the nodal accelerations and the nodal displacements of the beam
element. The third and fourth terms on the right-hand side denote the vectors of the sectional forces at the two nodes
of the beam element induced by, respectively, the continuously damping force and the spring force under the beam
element. The fifth term on the right-hand side denotes the sum of the fixed-end force vectors at the two ends of the
C-C beam element induced byh concentrated moving loads acting on the beam element at timet.

Then, let us consider how to calculate the sectional forces at a point, rather than at a node, within a beam element.
The sectional forces can be obtained by using the equilibrium condition of forces acting in the vertical direction and
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Fig. 4. Free-body diagram of portion of a typical beam element on viscoelastic foundation, in whichfI(ξ) = m̄Nq̈e, fS(ξ) = kwNqe, and
fD(ξ) = cwNq̇e.

the equilibrium condition of bending moments. For example, it is assumed that point A locates at a position in the
beam between two adjacent nodes, as shown in Fig. 4, and there areh̄ concentrated moving loads between the left
node of the beam element and the point A at timet. The shear forceQA and bending momentMA at the point A
can be given by the following expression

QA =

ξA∫
0

(m̄Nq̈e + cwNq̇e + kwNqe)dξ −Qe
l −

h̄∑
i=1

Pi (13a)

MA = Qe
l ξA +

h̄∑
i=1

Pi(ξA − ξi) −M e
l −

ξA∫
0

(ξA − ξ)(m̄Nq̈e + cwNq̇e + kwNqe)dξ (14a)

whereN = [N1 N2 N3 N4], andξA denotes the distance between the left node of the beam element and the point
A. The positive directions of the shear forceQA and bending momentMA at the point A are shown in Figure 4. It
should be noted thatQe

l andM e
l in the formulae (13a) and (14a) have been obtained by solving the formula (11).

If m̄, cw, andkw are constant, the formulae (13a) and (14a) can be written as, respectively,

QA = m̄N̄ξ=ξA q̈e + cwN̄ξ=ξA q̇e + kwN̄ξ=ξAqe −Qe
l −

h̄∑
i=1

Pi (13b)

MA = Qe
l ξA +

h̄∑
i=1

Pi(ξA − ξi) −M e
l − m̄(ξAN̄ξ=ξA − Ñξ=ξA)q̈e

(14b)
−cw(ξAN̄ξ=ξA − Ñξ=ξA)q̇e − kw(ξAN̄ξ=ξA − Ñξ=ξA)qe

with N̄ = [N̄1 N̄2 N̄3 N̄4]

N̄1 = ξ − ξ3

l2
+

1
2
· ξ

4

l3
N̄2 =

1
2
· ξ2 − 2

3
· ξ

3

l
+

1
4
· ξ

4

l2

N̄3 =
ξ3

l2
− 1

2
· ξ

4

l3
N̄4 =

1
4
· ξ

4

l2
− 1

3
· ξ

3

l

andÑ = [Ñ1 Ñ2 Ñ3 Ñ4 ]

Ñ1 =
1
2
· ξ2 − 3

4
· ξ

4

l2
+

2
5
· ξ

5

l3
Ñ2 =

1
3
· ξ3 − 1

2
· ξ

4

l
+

1
5
· ξ

5

l2

Ñ3 =
3
4
· ξ

4

l2
− 2

5
· ξ

5

l3
Ñ4 =

1
5
· ξ

5

l2
− 1

4
· ξ

4

l

It should be pointed out that the formula (11) only calculates the sectional forces at two nodes of a beam element and
the formulaes (13) and (14) can calculate the sectional forces at any point in a beam element except two nodes. By
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Fig. 5. A simply supported beam under uniformly distributed static load.

using the formulae (11), (13) and (14), one can obtain the sectional forces at any cross-section of a Bernoulli-Euler
beam on continuously viscoelastic foundation subjected to a number of concentrated moving loads at timet.

Furthermore, for the “static” problem, one hasq̈e = q̇e = 0, and the formulae (11), (13) and (14) reduce to,
respectively,

fe = (kb + kw)qe +
h∑

i=1

f0
i (15)

QA =

ξA∫
0

kwNqedξ −Qe
l −

h̄∑
i=1

Pi (16a)

MA = Qe
l ξA +

h̄∑
i=1

Pi(ξA − ξi) −M e
l −

ξA∫
0

(ξA − ξ)kwNqedξ (17a)

If kw is constant, the formulae (16a) and (17a) can be written as, respectively,

QA = kwN̄ξ=ξAqe −Qe
l −

h̄∑
i=1

Pi (16b)

MA = Qe
l ξA +

h̄∑
i=1

Pi(ξA − ξi) −M e
l − kw(ξAN̄ξ=ξA − Ñξ=ξA)qe (17b)

In addition, ifkw = 0 andcw = 0 are used in the formulae (11), (13) and (14), then the revised formulae of (11),
(13) and (14) can be used to calculate the sectional forces at any cross-section of a simply supported or a continuous
Bernoulli-Euler beam subjected to a number of concentrated moving loads.

3. Numerical examples

Five numerical examples including static and dynamic analyses are chosen to illustrate the application of the
proposed formulae. In the finite element analysis, the equation of motion for the following dynamic analyses will
be solved by means of the Wilson-θ method withθ = 1.4.

3.1. Example 1. A simply supported beam under uniformly distributed static load

Figure 5 shows a simply supported beam under uniformly distributed static loadp = 9.8 × 104 N/m. The
parameters of the beam taken from reference [4] are: lengthL = 0.2 m and cross-section area= 2.0× 10−4 m2

(0.02 m deep× 0.01 m wide) andE = 9.8× 1010 N/m2.
For the case of a simply supported beam under uniformly distributed static load, the formula (11) for calculating

the sectional forces at the two nodes of a beam element can be revised as

fe = kbqe + f0 (18)



154 P. Lou / Finite-element formulae for calculating the sectional forces

Fig. 6. Bending moment diagrams in a simply supported beam under uniformly distributed load.

wheref 0 denotes the fixed-end force vector at the two ends of the C-C beam element induced by uniformly distributed
static load, which can be written as

f0 = −[pL/2 pL2/12 pL/2 −pL2/12]T (19)

The formulaes (13) and (14) for calculating the sectional forces at a point A, rather than at a node, in a beam element
can be revised as

QA = −Qe
l − p · ξA (20)

MA = Qe
l ξA +

ξA∫
0

(ξA − ξ)pdξ −M e
l = Qe

l ξA +
1
2
p · ξ2

A −M e
l (21)

Bending moment diagrams and shear force diagrams of the simply supported beam have been plotted in Figs 6
and 7, respectively, including closed form solutions and finite element solutions given by the proposed formulae
with 1 element and by the conventional formulae [4] with 2 elements of equal length. It can be seen from Figs 6
and 7 that the finite element solutions given by the proposed formulae with 1 element are the same as the closed
form solutions; however, the same agreement cannot be found between the finite element solutions given by the
conventional formulae with 2 elements and the closed form solutions. The reasons are as follows.

The conventional formulae used in reference [4] is

fe = kbqe (22)

Compared with the proposed formula (18), the conventional formula (22) neglectsf 0 to calculate the sectional forces
at two nodes of a beam element. In addition, compared with the proposed formulaes (20) and (21), the conventional
formula (22) does not consider (i) the sectional forces at point A contributed by the fixed-end force at the left end of
the C-C beam element induced by the uniformly distributed load acting on the beam element, and (ii) the sectional
forces at point A induced by the uniformly distributed load acting on the beam element between the left node and
the point A, when the conventional formula (22) is used to calculate the sectional forces at the point A in a beam
element.

3.2. Example 2. A beam with free ends on Winkler foundation under a concentrated static load

Consider a uniform Bernoulli-Euler beam with free ends resting on Winkler foundation under a concentrated static
loadP = 10,000 N acting on the beam midpoint, as shown in Fig. 8. The parameters in this study are given:E
(beam elastic modulus)= 9,100× 106 N/m2, I (moment of inertia of beam)= 7.326× 10−5 m4,L (beam length)=
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Fig. 7. Shear force diagrams in a simply supported beam under uniformly distributed load.
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Fig. 8. A uniform Bernoulli-Euler beam with free end resting on Winkler foundation under a concentrated static load.

18.05 m, andkw (stiffness coefficient of Winkler foundation)= 4.0× 106 N/m2. These parameters of this example
are taken from reference [7].

Table 1 reports the ratios of the numerical solutions to the exact solutions of the sectional forces at the point A ,
with the numerical solutions given, respectively, by the proposed formulaes (16b) and (17b), and by the conventional
formula (22) adopted in reference [7] using the cubic Hermitian polynomials as the shape functions of a beam
element. The distance between the point A and the beam midpoint is 0.5415 m, as shown in Fig. 8. The exact
solutions can be obtained using the formulae presented in reference [21]. It should be noted that exact solutions are
not dependent on the number of elements. It can be seen from Table 1 that the bending moment and the shear force
given by the proposed formulaes (16b) and (17b) are nearly exact if 20 elements are used for the beam lengthL. The
error of the shear force is 3 per cent and the error of the bending moment is less than 8 per cent if only 10 elements
are used. However, the same agreement cannot be found for the results given by the conventional formula (22)
adopted in reference [7]. This is due to the shortcomings of the conventional formulae.

3.3. Example 3. A simply supported beam subjected to a concentrated moving load

Consider a uniform simply supported Bernoulli-Euler beam with a spanL of 20 m subjected to a concentrated
moving loadP = 215.6 kN with constant speedv = 60 m/s from the left end to the right end of the beam. The beam
parameters are:E = 2.9430× 1010 N/m2, I = 3.81 m4, andm̄ = 34,088 kg/m.

In the finite element analysis, the beam is modelled as 2, 6 and 10 elements with equal length, respectively, and
time interval 0.005 s is adopted. The bending moments at the midpoint cross-section of beam given by the revised
proposed formula (11), i.e., after deleting the third and fourth terms of right hand side in formula (11), with 2, 6 and
10 elements have been plotted in Fig. 9, along with the analytical solution given by the following Eq. (23) taken
from Timoshenko et al. [22] withi = 1–2000.

M(x, t) = −EI ∂
2y(x, t)
∂x2

(23)
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Table 1
Ratios of the numerical solutions to the exact solutions of the sectional forces at the point A
in Example 2 with the numerical solutions given, respectively, by the proposed formulae and
by the conventional formulae in reference [7]

Grade of mesh (elements of equal length) Bending moment Shear force
Present Ref. [7] Present Ref. [7]

10 elements 0.9243 1.8109 1.0300 0.5683
20 elements 0.9920 1.3908 0.9983 1.2046
40 elements 0.9996 0.9951 1.0000 0.7720
80 elements 1.0000 1.0240 1.0000 0.9603
160 elements 1.0000 0.9994 1.0000 1.0644

Fig. 9. Time histories for bending moment at the midpoint cross-section of beam with analytical solution, and the solutions given by the proposed
formula with 2, 6 and 10 elements.

with

y(x, t) =
2PL3

m̄π2

∞∑
i=1

sin(iπx/L) sin(iπvt/L)
i2(i2π2a2 − v2L2)

−2PL4v

m̄π3a

∞∑
i=1

sin(iπx/L) sin(i2π2at/L2)
i3(i2π2a2 − v2L2)

(24)
a2 =

EI

m̄

From Fig. 9, good agreement has been achieved between the present solution with 2, 6 and 10 elements, respectively,
and the analytical solution.

The bending moments at the midpoint cross-section of beam given by the revised proposed formula (11) and
the conventional formula (1) with 2, 6 and 10 elements have been plotted in Figs 10–12, respectively. It can be
seen that the difference between the solution given by the revised proposed formula (11) and that given by the
conventional formula (1) increases with the increase of length of element. The reason why there is the difference
between the solution given by the revised proposed formula (11) and that given by the conventional formula (1) is
that the fixed-end bending moment at the left end of the (N /2+1)-th C-C beam element induced by the load acting
on the (N /2+1)-th beam element is not considered in the conventional formula, in whichN denotes the total number
of beam elements.

3.4. Example 4. A simply supported beam resting on Winkler foundation subjected to a stationary pulsating
concentrated load

Let us consider a simply supported uniform Bernoulli-Euler beam resting on Winkler foundation subjected to a
stationary pulsating concentrated load ofP (t) = P̄ sinωet acting at a distancex1 from the left end point of the
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Fig. 10. Time histories for bending moment at the midpoint cross-section of beam with the solutions given by the proposed formula and by the
conventional formula with 2 elements.

Fig. 11. Time histories for bending moment at the midpoint cross-section of beam with the solutions given by the proposed formula and by the
conventional formula with 6 elements.

beam. The expressions of the exact vertical displacementy(x, t) and bending momentM(x, t) of the beam taken
from Timoshenko et al. [22] are as follows

y(x, t) =
2P̄L3

m̄

∞∑
i=1

sin(iπx/L) sin(iπx1/L)
[

sinωet

π4a2(i4 + µ4) − ω2
eL

4
− ωe sinωit

L4ωi(ω2
i − ω2

e)

]
(25)

M(x, t) = −EI ∂
2y(x, t)
∂x2

(26)

with

ωi = a
(π
L

)2 √
i4 + µ4 i = 1, 2, . . .

a2 =
EI

m̄
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Fig. 12. Time histories for bending moment at the midpoint cross-section of beam with the solutions given by the proposed formula and by the
conventional formula with 10 elements.

Fig. 13. Time histories for bending moment at the midpoint cross-section of beam in Example 4.

µ4 =
(
L

π

)4
kw

EI

The parameters in this study are:E = 20.6× 1010 N/m2, I = 2.037× 10−5 m4, m̄ = 50 kg/m,L = 100 m,x1 =
50.5 m,kw = 3.73× 107 N/m2, P̄ = 98,000 N, andωe =3 rad/s.

The time histories for the bending moment at the midpoint cross-section of beam are shown in Fig. 13, where the
solid, the dotted and the dashed lines denote the time histories with the analytical solution given by Eq. (26) with
i = 1–2000, with the finite element solutions (with equal element length 1.0 m and time interval 0.01 s) given by the
revised proposed formula (11), i.e., after deleting the third term of right hand side in formula (11), and given by the
conventional formula (1), respectively. It is evident that the time histories with the finite element solution given by
the revised proposed formula (11) are very close to those with the analytical solution given by Eq. (26). However,
the difference between the time histories with the finite element solution given by the conventional formula (1) and
those with the analytical solution given by Eq. (26) is high. This is due to the shortcomings mentioned in Section 1
of Introduction.
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Table 2
Present solutions (with 100 elements of equal length) and analytical solutions of maximum bending moments
at the midpoint cross-section of beam, and the ratios of the solution given by the proposed formula to the
corresponding analytical solution subjected to a moving load with various speeds

Speed (m/s) 10 30 50 70 90 110

Present solution (N-m) 19859 19878 19915 19965 20036 20129
Analytical solution (N-m) 20068 20084 20116 20164 20229 20311
Ratio of present solution to analytical one 0.9896 0.9897 0.9900 0.9901 0.9905 0.9910

3.5. Example 5. A simply supported beam resting on viscoelastic foundation subjected to a concentrated moving
load

A simply supported uniform Bernoulli-Euler beam resting on continuously viscoelastic foundation subjected to a
concentrated moving loadP = 98,000 N with constant speed from the left end to the right end of the beam is studied
in this example. The damping coefficient of foundation,cw, is defined by a non-dimensional parameter [6] (the ratio
between actual damping and critical damping) given byβ = cw

2m̄

√
m̄/kw. β = 0.1 is adopted in this example. Other

parameters for the beam and the foundation are the same as those in Example 4. Initially, the beam is at rest, and the
moving load is at the left end of the beam. In the present analysis, 1000 equal time steps for the case of every speed
of the moving load are adopted.

The maximum bending moments at the midpoint cross-section of beam given by the proposed formula (11) using
100 elements with equal length under the moving load with various speeds have been reported in Table 2, along with
the analytical solutions given by the following Eq. (27) taken from Frýba [9]

M(α) =
1

(1 − α2)1/2[1 + 1
2α

2β2/(1 − α2)2]
· P
4λ

Case withα < 1 andβ << 1 (27)

with

α =
v

2λ

√
m̄/EI

λ = (kw/4EI)1/4

It is observed from Table 2 that the present solution agrees well with the corresponding analytical one, and the
difference between the present solution and the analytical one is about 1 per cent.

The maximum bending moments at the midpoint cross-section of beam given by the proposed formula (11) with
40, 60, 80, 100, 120, 140, and 160 elements and constant speedv = 50 m/s have been reported in Table 3, along
with those given by the conventional formula (1) at the corresponding time when the maximum bending moment
is achieved by the proposed formula (11), i.e., when the moving load is acting on the beam midpoint. In addition,
the two results have been plotted in Fig. 14. From Table 3 and Fig. 14, one can obtain that the difference between
the solution given from the proposed formula (11) and the analytical solution given by Eq. (27) is low, for example,
the difference between the two results is 4.8 per cent even though 40 elements (i.e., element length of 2.5 m) have
been used for the beam; however, the difference between the solution given by the conventional formula (1) and the
analytical solution given by Eq. (27) is high, for example, the differences between the two results are 68.1 and 9.8
per cent, respectively, when 40 and 160 elements have been used for the beam. This is due to the shortcomings of
the conventional formula mentioned Section 1 of Introduction.

It should be pointed out that Eq. (27) is based on the following assumption [9], i.e., an infinite beam on a Winkler
foundation is subjected to a constant loadP moving from infinity to infinity at constant speedv. The differential
equation of the vertical vibration of the beam given by reference [9] is written as

d4y(s)
ds4

+ 4α2 d
2y(s)
ds2

− 8αβ1
dy(s)
ds

+ 4y(s) = 8δ̄(s) (28)

with
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Table 3
Maximum bending moments at the midpoint cross-section of beam given by the proposed formula and those given by the conventional formula
with various element numbers subjected to a moving load with constant speedv = 50 m/s

Grade of mesh (elements
of equal length)

40 elements 60 elements 80 elements 100 elements 120 elements 140 elements 160 elements

Solution given by the
proposed formula (N-m)

21079 19991 19895 19915 19912 19947 19933

Solution given by the
conventional formula
(N-m)

6416 11020 13998 15804 16904 17663 18142

Analytical solution is 20116 N-m.

Fig. 14. Maximum bending moments at the midpoint cross-section of beam given by the proposed formula and those given by the conventional
formula with various element numbers subjected to a moving load with constant speedv = 50 m/s.

s = λ(x − vt)

β1 = ωb

√
m̄/kw

δ̄(s) = δ(x)/λ

whereωb denotes circular frequency of damping of the beam,v is moving speed of the load, andδ(x) is Dirac delta
function.

The reasons why Eq. (27) can be used as the analytical solution of this example are as follows. On the one hand, if
β1 in Eq. (28) is replaced byβ = cw

2m̄

√
m̄/kw, then the modified Eq. (28) is the differential equation of the vertical

vibration of an infinite beam on a continuously viscoelastic foundation subjected to a constant loadP moving from
infinity to infinity at constant speedv. On the other hand, the displacements and sectional forces of the beam on
elastic foundation decline to zero very fast as the distance from point load increases [21]. Therefore, one may choose
a beam with finite length to take the place of an infinite beam.

4. Concluding remarks

This paper has presented new finite-element formulae overcoming the shortcomings of the conventional formulae to
calculate the sectional forces at any cross-section of a Bernoulli-Euler beam on continuously viscoelastic foundation
subjected to concentrated moving loads. The proposed formulae can easily degenerate into the formulae for
calculating the sectional forces of a simply supported or a continuous Bernoulli-Euler beam subjected to concentrated
moving loads, and into the formulae for calculating the sectional forces of a Bernoulli-Euler beam on Winkler
foundation under static loads. Five numerical examples including static and dynamic analyses are chosen to illustrate
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the application of the proposed formulae. Numerical results show: (i) compared with the conventional formulae,
the proposed formulae can improve the calculation accuracy of the sectional forces of beam; (ii) to calculate the
sectional forces at the cross-section of the two nodes of a beam element, one should use the proposed formula (11),
not the conventional formulae (1), (2) or (3), (4); (iii) to calculate the sectional forces at point within a beam element
rather than at a node, one should use the proposed formulae (13), (14), not the conventional formulae (1), (2) or (3),
(4).
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Appendix

The expression of the element consistent mass matrixm with 4 × 4 order [2] used in the Eq. (11) is

m =
m̄l

420




156 22l 54 −13l
4l2 13l −3l2

156 −22l
symm. 4l2


 (A1)

wherem̄ is the mass per unit length of beam.
The expression of the element stiffness matrixkb with 4 × 4 order [2] used in the Eq. (11) is

kb = EI




12/l3 6/l2 −12/l3 6/l2

4/l −6/l2 2/l
12/l3 −6/l2

symm. 4/l


 (A2)

The expressions of the foundation element stiffness matrixkw and damping matrixcw used in the Eq. (11) are
similar in form to the element consistent mass matrixm of Eq. (A-1). kw can be obtained by simply replacinḡm
by kw in the element consistent mass matrixm. Similarly,cw can also be obtained by simply replacingm̄ by cw in
the element consistent mass matrixm.
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