
Shock and Vibration 15 (2008) 459–466 459
IOS Press

Application of Lanczos and Schur vectors in
structural dynamics

M. Rades¸
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Abstract. The paper explains the advantages of using Lanczos/Schur vectors when performing dynamic analyses of very large
models: faster computation of low spectrum eigenproperties, reduced computer storage requirements, increased robustness of
test-analysis models, and sensor location by the effective independence method without solving large size eigenproblems.
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1. Introduction

Subspace iteration methods, based on Rayleigh-Ritz approximations, are used in the solution of large eigenvalue
problems arising in the dynamic analysis of structures described by very large sparse or structured matrices [1].
Eigenvalues are the diagonal entries of an upper triangular Schur form of the projected system matrix,and eigenvectors
can be computed as linear combinations of Schur vectors [2]. Eigenvectors can also be expressed as linear
combinations of Lanczos vectors. The projection of the operating matrix onto the subspace of Lanczos vectors
yields a tridiagonal matrix whose eigenvalues are used to approximate some of the eigenvalues of the data matrix.
Excellent approximations to a few eigenvalues can be obtained after a number of iterations significantly smaller
than the system order [3,4]. The paper shows how Schur and Lanczos vectors can be used in model reduction and
correlation applications without solving large scale eigenvalue problems.

2. Structural dynamics eigenproblem

Modal properties such as natural frequencies and mode shape vectors of conservative structural systems are
obtained solving the generalized symmetric eigenproblem

(K− λM) x = 0, (1)

where the stiffness and mass matrices,K andM, aren by n real and symmetric,λ are real eigenvalues andx are
real eigenvectors. The usual approach is to transform Eq. (1) into an ordinary eigenvalue problem

A x = θ x. (2)

This is done considering a shiftσ and writing the problem Eq. (1) in the form(K− σ M) −1 Mx = (λ − σ )−1 x.
Denoting

A = (K − σ M)−1 M, θ = (λ − σ )−1
, (3)
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Fig. 1. Schematic of eigensolution using Schur vectors.

we obtain Eq. (2) where the non-symmetric matrixA is called thegeneralized shift-and-invert transform [1]. The
eigenvalues of the pencil(K,M) that are nearσ become large, so that they will tend to be found first. The matrix
A is never constructed, and an LU factorization is used with a matrix-vector product.

The goal of dense eigenvalue computations is the systematic reduction of matrices to simpler form by similarity
transformations. The common approach used in structural dynamics is the reduction to diagonal form. Denoting

X̃k = (x1, ...,xk) , Θ̃k = diag(θ1, ..., θk) ,

the individual relationsAxk = θkxk can be combined in

A X̃k = X̃kΘ̃k, (4)

where a tilde over letter denotes quantities not obtained by projection on a subspace.
An alternative approach is to use the QR algorithm to perform a Schur decomposition (Fig. 1). In this case, the

working matrix is reduced to upper triangular form by orthogonal similarity transformations. This is computationally
more stable and less expensive than the reduction to diagonal form.

3. Schur vectors

For a selected set ofk (e.g.: largest) eigenvalues ofA, there is a partial Schur decomposition

A Ũk = Ũk T̃k, (5)

whereT̃k is upper triangular.̃Uk is orthogonal and its columns areSchur vectors of A. The diagonal elements of
T̃k are eigenvalues ofA. By appropriate choice of̃Uk they may be made to appear in any specified order. The
Schur matrixT̃k has an eigendecomposition

T̃k S̃k = S̃k Θ̃k, (6)

whereS̃k is the upper triangular matrix of the eigenvectors ofT̃k, andΘ̃k is the diagonal matrix of the eigenvalues
from Eq. (4). It turns out that the eigenvector matrix̃Xk is given by

X̃k = Ũk S̃k, (7)

so that the eigenvectors ofA are linear combinations of the orthogonal Schur vectors corresponding to the selected
eigenvalues

xi =
k∑

j=1

sji uj . (8)
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If the Schur vectors areM -orthonormal, theñUT
k MŨk = Ik. Because matricesK andM are symmetric, the

productMA is symmetric. TheñUT
k MA Ũk = T̃k is a Schur form ofMA, T̃T

k = T̃k, so thatT̃k itself is
symmetric, hence is diagonal. Its elements are eigenvalues ofA and the Schur vectors are eigenvectors ofA.

For large order systems, it is better to solve the generalized Hermitian eigenproblem Eq. (1) without transformation
to a standard eigenproblem. For stability reasons, it is more appropriate to work with orthogonal transformations
and to compute Schur vectors for the pencilA− λB rather than eigenvectors.

A partial generalized Schur form of dimensionk for the matrix pair (K, M) is the decomposition

K Z̃k = Q̃k T̃K
k , M Z̃k = Q̃k T̃M

k , (9)

whereZ̃k andQ̃k are orthonormaln by k matrices, and̃TK
k andT̃M

k are upper triangulark by k matrices. The
columns ofZ̃k (andQ̃k) are referred to asgeneralized Schur vectors. In our applications they have been computed
using the JDQR algorithm [2], a subspace iteration variant of the QR algorithm. Eigenvalues are computed from the
ratio of the diagonals of the triangular forms.

4. Subspace iteration methods

The eigenproblem of large order structural models is solved using theRayleigh-Ritz method. This method is
used for extracting an approximate low-dimensional eigenspace from a larger subspace. It is possible to construct
k approximate eigenvectors ofA, Xk = (x1, x2, ..., xk), as linear combinations of some trial vectorsVm =
( v1, v2, ..., vm):

Xk = Vm Yk, xi =
m∑

j=1

yji vj , (10)

whereYk = (y1, y2, ..., yk) andk << n. In the reference [3],m = 2k.
Any pair (xi, θi), that satisfies theM -orthogonality condition for residuals

VT
mM (A xi − θ i xi) = 0 (11)

is called aRitz pair. Fork eigenpairs, Eq. (11) can be written

VT
mM ( A Xk − Xk Θk ) = 0 , (12)

whereΘk = diag ( θ1, θ2, ..., θk ). Substituting Eq. (10) into Eq. (12), one obtains the reduced eigensystem

Hm Yk − Yk Θk = 0, (13)

where

Hm = VT
m MA Vm (14)

has the form of a Rayleigh quotient matrix, andVT
m MVm = Im.

The columns ofXk are called theRitz vectors, and the elements ofΘk are theRitz values. The columns ofYk

are referred to asprimitive Ritz vectors. The Rayleigh-Ritz approximation Eq. (10) allows constructing eigenpairs
(xi, θi) of the large matrixA, from the eigenpairs(y i, θi) of the small matrixHm. Figure 2 shows the relationships
between the quantities involved in computation.

5. Lanczos vectors

Krylov subspace methods encompass three main steps: a) matrix preparation, b) subspace generation, and c)
eigenvalue approximation. Ifm << n, the eigensystem ofHm can be computed by conventional (dense) means.
An appropriate form ofHm for the QR iteration is the Hessenberg form. This can be obtained using the Arnoldi
factorization [1], i.e. selecting the columns ofVm as orthonormal Arnoldi vectors.
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Fig. 2. Schematic of theM -Arnoldi process.

Arnoldi vectors are orthogonal Krylov vectors, generated by repeated multiplication of a starting vector with
the working matrix and reorthogonalization [2]. The subspace is generated by adding one vector at a time and
orthogonalizing. Vectors already converged are locked, fake vectors are purged from the basis, the others are used
for further computation in implicit restart.

In our computations we used a modified version of theeigs.m function from the MATLAB5 implementa-
tion [3] of the Implicitly Restarted Arnoldi iteration method [4]. The IRA algorithm is used with repeated, care-
fully chosen restarts, to keep small the storage space. Quantities to be decided are the convergence tolerance
‖AXk − Xk Θk ‖1/‖A ‖1, the starting vector, the number of desired eigenpairs, the dimension of the Arnoldi basis
necessary to ensure the prescribed accuracy, the stagnation tolerance and the maximum number of Arnoldi iterations.
Some details are given in [5]. UsingM -orthogonal Arnoldi vectors, the matrix Eq. (16) is symmetric (tridiagonal)
and the Arnoldi process reduces to the more simple Lanczos process for the symmetric problem.

The result of theM -Arnoldi decomposition is a set of Lanczos vectors collected inVm and the low-order
projected matrixHm = VT

mMA Vm, which is symmetric and tridiagonal. One way further is to directly use the
eigendecomposition ofHm. Its eigenvalues are used to approximate some of the eigenvalues of the data matrix.
The eigenvectors of the operating matrix are expressed as linear combinations of the Lanczos vectors, with the
multiplying factors as elements of the eigenvectors ofHm (Fig. 2). The power of the method consists in the fact
that excellent approximations to a few eigenvalues can be obtained after a number of iterations significantly smaller
than the order of the working matrix.

Another general approach (Fig. 3) is to first compute a partial Schur form ofH m, then to use its eigendecomposition
to obtain approximate eigenvalues ofA [6]. The matrix of primitive Ritz vectorsY k can be obtained premultiplying
the eigenmatrix ofRk by the matrix of Schur vectors ofHm. Approximate eigenvectors ofA are then obtained as
before using the Lanczos vectors. Alternatively, approximate Schur vectors ofA are first obtained multiplying the
matrix of Lanczos vectors by the matrix of Schur vectors ofHm. Then, Ritz vectors ofA are obtained multiplying
Uk by the eigenmatrix ofRk. For theM -Arnoldi process the eigendecomposition ofRk is not necessary. It is
mentioned here because it is implemented in existing codes.

In the following, Eqs (7), (8) and (10) will be exploited. They show that the Ritz vectors of the working matrix are
linear combinations of either the Lanczos vectors or the Schur vectors. Use of these orthogonal vectors instead of
the eigenvectors is justified by the fact that they are obtainedbefore eigenvectors and with less computational effort.
Their use in sensor location and test-analysis correlation provides comparable accuracy and increased robustness,
providing a more suitable subspace for model reduction than the eigenvector subspace.
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Fig. 3. Schematic ofM -Arnoldi algorithms.

6. Selection of active DOFs

An important step in the pretest planning phase of modal testing is DOFs the placement of sensors. The Effective
Independence (EfI) method [7] helps ranking a set of candidate active DOFs according to their contribution to the
linear independence of the target modes selected in the Finite Element Model (FEM).

Let Xr be the reduced matrix of target modes truncated to thes candidate active DOF locations. Equation (7)
becomes

Xr = Us Sr, (15)

where the columns ofUs are Schur vectors andSr is upper triangular.
The orthogonal projector onto the column space ofX r is

P = XrX+
r = Xr

(
XT

r Xr

)−1
XT

r , (16)

where+ denotes the Moore-Penrose pseudoinverse.
It can be shown that it is equal to the projector onto the subspace of Schur vectors

P = Us U+
s = Us

(
UT

s Us

)−1
UT

s . (17)

The diagonal element

pjj = diagj

(
Us U+

s

)
(18)

is theEffective Independence value corresponding to thej-th sensor. It represents the fractional contribution of the
j-th DOF to the rank ofP, and hence to the independence of the Schur vectors. The known strategy [7] is to sort the
elementspjj serially, based on magnitude. At each step, the smallest elementp jj is eliminated from the candidate
set. The corresponding row is discarded from the matrixU s, recomputing the matrixP with the deflated matrixUs

until the desired number of sensors is attained.
Based on Eq. (10), Lanczos vectors can be used in Eq. (17) instead of Schur vectors to locate the active DOFs,

using the projector

P = Vs V+
s = Vs

(
VT

s Vs

)−1
VT

s . (19)
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7. Schur TAM and Lanczos TAM

Correlation between test and analysis mode shapes is carried out using a reduced representation of the FEM,
called atest-analysis model (TAM). The TAM is defined by the mass and stiffness matrices reduced to the test DOFs.
Consider the truncated modal expansion for the FEM physical displacements

x = Xk q, (20)

whereq is a vector ofk modal coordinates. Using Eq. (7), Eq. (20) becomes

x = Uk p, (21)

wherep = Sk q is a new set of generalized coordinates, and the columns ofUk are the Schur vectors ofA.
Equation (21) is partitioned according to the active,a, and the omitted,o, DOFs

x =
{

xa

xo

}
=

{
Ua

Uo

}
p. (22)

The reduction to active DOFs is defined by

x = TS xa (23)

in which the projection matrix of theSchur TAM is

TS =
[

Ia

Uo U+
a

]
. (24)

The reduced mass and stiffness matrices are given by

Mred = TT
SM TS , Kred = TT

SK TS . (25)

so that the reduced generalized eigenproblem becomes
(
Kred− λMred

)
xa = 0. (26)

The Schur TAM provides almost exact frequencies and mode shapes for the target modes. The TAM eigenvectors
can be expanded to the size of the full FEM and compared with the FEM eigenvectors using the MAC matrix [8].

Using Eq. (10) instead of Eq. (7) in Eq. (20), Eq. (22) becomes

x =
{

xa

xo

}
=

{
Va

Vo

}
p, (27)

wherep = Yk q. The reduction to active DOFs is defined by

x = TL xa (28)

in which the projection matrix of theLanczos TAM is

TL =
[

Ia

Vo V+
a

]
(29)

and

Mred = TT
LM TL, Kred = TT

LK TL. (30)

The Lanczos TAM is less accurate than the Modal TAM [8] but more robust. Its performance depends on the
selection of the starting vector and the size of the Lanczos basis.

Both Schur and Lanczos TAMs can be constructed without solving the full eigenvalue problem.



M. Radeş / Application of Lanczos and Schur vectors in structural dynamics 465

Table 1
Eigenfrequencies from the full FEM and the Lanczos TAM

Nr Full FEM Lanczos TAM
Eigenfrequency, Hz Eigenfrequency, Hz Relative discrepancy, %

1 45.150 45.150 0
2 79.047 79.047 0
3 227.183 227.183 0
4 249.673 249.673 0
5 363.558 363.558 0
6 437.875 438.084 0.05
7 446.071 446.138 0.02
8 469.421 494.252 5.29

Fig. 4. Selection of eight active DOFs using: a) Schur vectors, b) Lanczos vectors.

8. Numerical simulation

An application is presented for the planar frame structure shown in Fig. 4, used in the third GARTEUR up-
dating exercise, with the following data:ρ =2800 kg/m3, E =0.75·1011 Pa,I =0.0756 m4, Avert =0.006 m2,
Ahoriz =0.004 m2, Adiag =0.003 m2 [5]. The structure is constrained to vibrate only in its own plane.

It is modelled with 78 Bernoulli-Euler beam elements, with consistent mass matrices. The model consists of 72
free nodes resulting in 144 translational and 72 rotational DOFs. The horizontal beams, of 5 m length, and the
diagonal beams are modelled with 7 elements each. The vertical beams, of 3 m length, are modelled with 5 elements
each.

The first eight natural frequencies of the system from Fig. 4 are given in Table 1. The FEM values, computed
for the full eigenvalue problem(n = 216 ) have been determined using the JDQR algorithm and its MATLAB
implementationjdqr.m [2].

The Schur TAM has been constructed using 6 target modes and 8 active DOFs, shown in Fig. 4a, selected by the
EfI technique using only translational DOFs and based on the orthogonal projector onto the column space of Schur
vectors Eq. (17).

The first eight natural frequencies calculated using the Schur TAM are exactly the same as those computed using
the full FEM. The expanded Schur vectors are also similar to the modal vectors. Figure 5 illustrates the first six
eigenmodes. For the first five modes, the diagonal entries of the MAC matrix have unit values, and for the other
three eigenvectors they are larger than 0.997.

A Lanczos TAM has been constructed using the active DOFs shown in Fig. 4b, selected by the EfI technique
and based on the orthogonal projector onto the column space of Lanczos vectors Eq. (17). The natural frequencies
computed using the Lanczos TAM and their relative discrepancy with respect to the FEM values are given in Table 1.

The robustness of TAMs is assessed with a global figure of merit, based on the Normalized Cross-Orthogonality
(NCO) matrix [5,8], computed based on the consistent mass matrix. The NCOrms error is calculated as
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Fig. 5. Eigenmodes of the system from Fig. 4.

rms1 = rms(NCO− diag(NCO)) . (31)

It is a measure of the lack of orthogonality between two sets of vectors. We obtainedrms1 = 0.136 for the Schur
TAM andrms1 = 0.084 for the Lanczos TAM. The low value indicates the good performance of the Lanczos TAM.
The Schur TAM preserves the exact reduction features of the Modal TAM but has intrinsic reduced robustness, being
based on a limited number of Schur vectors which resemble the target eigenmodes.

9. Concluding remarks

This paper presented the use of Schur and Lanczos vectors in the solution of large eigenvalue problems which
arise in the dynamic analysis of large or geometrically complicated structural models [9]. Selection of active degrees
of freedom (sensor location) is done using Lanczos vectors, instead of eigenvectors, in the Effective Independence
method. New test-analysis models are constructed using a five step procedure: a) operating matrix preparation; b)
Lanczos subspace generation; c) Rayleigh-Ritz eigenvalue approximation; d) selection of sensor locations using the
projector onto the subspace of Lanczos vectors , and e) construction of the TAM. For moderate eigenvalue problems,
the Schur decomposition of the shift-and-inverse transform matrix is used for sensor location and TAM construction
without solving the eigenproblem.
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