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Abstract. This paper proposes a statistical confidence interval based nonlinear model parameter refinement approach for the
health monitoring of structural systems subjected to seismic excitations. The developed model refinement approach uses the 95%
confidence interval of the estimated structural parameters to determine their statistical significance in a least-squares regression
setting. When the parameters’ confidence interval covers the zero value, it is statistically sustainable to truncate such parameters.
The remaining parameters will repetitively undergo such parameter sifting process for model refinement until all the parameters’
statistical significance cannot be further improved. This newly developed model refinement approach is implemented for the
series models of multivariable polynomial expansions: the linear, the Taylor series, and the power series model, leading to a
more accurate identification as well as a more controllable design for system vibration control. Because the statistical regression
based model refinement approach is intrinsically used to process a “batch” of data and obtain an ensemble average estimation
such as the structural stiffness, the Kalman filter and one of its extended versions is introduced to the refined power series model
for structural health monitoring.
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1. Introduction

System identification for structural health monitoring and damage detection in civil structures is moving to the
forefront of worldwide research activities. Such monitoring and detection for buildings and bridges is important
for the public safety related to natural disasters such as earthquakes, and is also becoming increasingly important
because of the aging of infrastructure systems. Methodologies that could automate, classify, or determine the
intrinsic properties of structural systems are becoming the target of researchers in the field.

The methods for health monitoring and damage detection develop linear models from data, and are applicable to
a large class of civil structures, but the linear property limits the use [7]. It is required to generate methods to create
mathematical models that are nonlinear, to assist in damage assessment. Many structures simply require nonlinear
models [6,10]. But it is also true that as damage progresses nonlinearities become important even in otherwise
linear structures, with hysteretic effects appearing as cracks propagate in a structure. Although various publications
on nonlinear system identification have appeared in the last decade, important challenges are yet to be confronted.
Possible model uncertainties, sampling errors, and other sources of measurement errors deter successful identification
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Fig. 1. The benchmark problem of a structural system.

schemes [10]. It would be sophisticated to analyze the identification methodology within a probabilistic framework
due to the random nature of environmental loads [7].

A statistical confidence interval based nonlinear model parameter refinement approach has been proposed in this
study and applied to the developed power series model [8] for the health diagnosis of structural systems. The
sudden damage of nonlinear structural systems under earthquake-induced ground excitations is of concern here:
identification of the whole structural area without intermediate stages of measurement. Chain-like type structural
systems (e.g. shear-type buildings as in Fig. 1) subjected to seismic induced ground motions have been evaluated
in the lab. Time histories of structural accelerations and velocities are measured, while corresponding structural
displacements are integrated from measured velocities. In addition, a simulated structure with damage is tested for
structural health monitoring after introducing the extended Kalman filter.

2. Evaluation of stiffness using nonlinear stress analysis technique

A simplified benchmark problem of a structural system (Fig. 1), a three-story 30% scaled steel structure, subjected
to one-directional excitations is considered. Principal signals of the two seismic excitations (∆t = 0.005 sec within
1201 data points), i.e. 1940 El-Centro (California) and 1999 Chi-Chi (TCU084, Taiwan), are used to evaluate
structural responses. The structure contains a slab-beam-column configuration for each floor (degree of freedom).
Estimates of the structural mass can be obtained from the geometry of the structure and from knowledge of the type
of materials. After a simple calculation, the masses of the first, second, and third floor are 530.65 kg, 530.65 kg, and
514.67 kg, respectively.

Evaluation of structural parameters such as the stiffness was first conducted using the Nonlinear Stress Analysis
Technique (NSAT) computer program designed for structural analysis [3]. If a priori knowledge of structural
parameters is available, such information can be directly used as a reference or gauge instead of using NSAT, which
was developed by Professor C. S. Tsai at Feng Chia University in Taiwan. In particular, the NSAT program is able
to analyze structural dynamic properties such as stress-strain variations over time in either linear or nonlinear range.
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Using the NSAT computer program, static analysis was performed to evaluate the stiffness of each floor: a unit
lateral force was given as input at the top floor of the structure, and the relative displacements between each floor could
be automatically calculated. According to the definition of stiffness, the reciprocal of these relative displacements
results in the stiffness estimation of the first, second, and third floor as 1652892.562 N/m, 1524390.244 N/m, and
1582278.481 N/m, respectively.

However, other structural properties such as the damping coefficient cannot be evaluated in the same way, because
of the relative velocities not being able to be directly obtained using the static analysis method. It is for this reason
that we propose an alternative – a statistical model parameter refinement approach for the non-destructive evaluation
of structural systems in the multiple regression setting. This newly developed model refinement approach is able
to account for model uncertainties and is applicable to a wide variety of series models for model simplification,
enabling an economic design for structural vibration control.

3. Power series modeling of structures

Since the effectiveness of the structural system identification is highly dependent on the adopted system’s model,
it is imperative to establish a reasonable as well as feasible model that “best” characterizes the system’s behaviors. In
characterizing the system’s characteristics, Juditsky et al. [1] pointed out that the quality of the nonlinear black-box
modeling procedure is always a result of a certain trade-off between the “expressive power” (order) of the model we
try to identify (the larger the number of parameters used to describe the model, the more flexible is the approximation),
and the measurement (stochastic) error (which is proportional to the number of parameters). This compromise leads
to search for an initial flexible series model and then refine it to the degree that cannot be simplified further.

The power series modeling procedure [8] is adopted to represent the behaviors of nonlinear structural systems
(e.g. the shear-type buildings). For convenience, let’s consider a single degree of freedom nonlinear structure whose
equation of motion can be expressed as:

mü(t) + r(u(t), u̇(t), t) = −müg(t) (1)

where m denotes the structural mass, u(t) the structural displacement, u̇(t) the structural velocity, ü(t) the structural
acceleration, and üg(t) the ground-induced acceleration, e.g. the measured accelerations 1940 El-Centro (California)
and 1999 Chi-Chi (TCU084, Taiwan), while t indicates the time and r(t) the restoring force, a function of time. In
order to accurately predict the restoring force at next time step (prediction based on previous identified parameters),
the variation of the restoring force ṙ, i.e. ∆r/∆t, is usually utilized by convention for the modeling of the restoring
force [2,7,12]. The implicit form of the restoring force ṙ(u(t), u̇(t), ü(t), r(t), t) is a function of the four variables:
u(t), u̇(t), ü(t), and r(t) due to structural hystereses, and it can be represented as:

ṙ =
N∑

i=1

(a1iu + a2iu̇ + a3iü + a4ir)
i (2)

where N represents the maximum order of the moment required and it is usually user-specified [13]. Using the
power series representation of the restoring force, it will be possible to recover nonlinear models such as Duffing and
van der Pole oscillators and to mostly recover the Bouc-Wen model, models that are commonly used in engineering
applications [12]. The third order of moment is usually selected in the series model and a higher-order model would
probably show marginal improvement [10]. The third order power series model can be represented as:

N = 3,
ṙ = (a1u + a2u̇ + a3ü + a4r)+(

a5u
2 + a6u̇

2 + a7ü
2 + a8r

2+
a9uu̇ + a10uü + a11ur + a12u̇ü + a13u̇r + a14ür

)
+
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(3)
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Table 1
Multiple regression of the power series model for the first floor of the benchmark structure (Fig. 1) under the El-Centro
ground excitations

R-square = 0.8676

y (ṙ) Coef. [95% Conf. Interval] x18 (r3) 8.61E-06 −4.53E-07 1.77E-05
x1 (u) 6.90E+05 −6.14E+05 1.99E+06 x19 (u2u̇) 0 0 0
x2 (u̇) 1.71E+06 1.65E+06 1.77E+06 x20 (u2ü) 0 0 0
x3 (ü) −6.32E+03 −1.17E+04 −917.1361 x21 (u2r) −4.71E+06 −7.89E+06 −1.54E+06
x4 (r) 1.2725 −1.6862 4.2311 x22 (u̇2u) 0 0 0
x5 (u2) 0 0 0 x23 (u̇2ü) 0 0 0
x6 (u̇2) 5.18E+06 5.26E+05 9.84E+06 x24 (u̇2r) 2.06E+04 9.14E+03 3.20E+04
x7 (ü2) −7.69E+03 −2.26E+04 7.20E+03 x25 (ü2u) 0 0 0
x8 (r2) −0.0012 −0.0068 0.0043 x26 (ü2u̇) −2.89E+06 −4.64E+06 −1.14E+06
x9 (uu̇) 0 0 0 x27 (ü2r) −11.5366 −99.2053 76.1320
x10 (uü) 0 0 0 x28 (r2u) −0.7761 −7.6149 6.0627
x11 (ur) −3.62E+03 −7.30E+03 64.1619 x29 (r2u̇) 0.0228 −0.4561 0.5017
x12 (u̇ü) 7.75E+04 −2.17E+05 3.72E+05 x30 (r2ü) 0.0066 −0.0345 0.0476
x13 (u̇r) −41.9171 −230.1198 146.2857 x31 (uu̇ü) 0 0 0
x14 (ür) −9.0846 −22.4924 4.3232 x32 (uu̇r) −6.02E+04 −2.72E+05 1.52E+05
x15 (u3) 0 0 0 x33 (uür) −8.73E+03 −1.85E+04 1.08E+03
x16 (u̇3) 0 0 0 x34 (u̇ür) −1.78E+03 −3.29E+03 −276.9786
x17 (ü3) −8.86E+03 −8.65E+04 6.88E+04 cons −234.2783 −1.28E+03 807.5441

Fig. 2. Adopted from Moore and McCabe (2005): A level C confidence interval for a parameter is an interval computed from sample data by
a method that has probability  C of producing an interval containing the true value of the parameter. The area between − z∗ and z ∗ under the
standard nomal curve is C .

Taking only the linear components from Eq. (3) establishes a linear series model:

ṙ = (a1u + a2u̇ + a3ü + a4r) (4)

While removing the nonlinear cross-components forms a Taylor series model:

ṙ = (a1u + a2u̇ + a3ü + a4r)+
(a5u

2 + a6u̇
2 + a7ü

2 + a8r
2)+

(a15u
3 + a16u̇

3 + a17ü
3 + a18r

3)
(5)

4. Model refinement approach and evaluation of stiffness

A general procedure to refine the developed power series model (e.g. up to the third order) is proposed in this
study using the confidence interval test and the Matlab “regress” program. In the multiple regression setting, it is
convenient to test the 95% confidence interval of the estimated structural parameters to determine their statistical
significance. Any level C confidence interval for a parameter is an interval computed from sample data by a method
that has probability C of producing an interval containing the true value of the parameter, as illustrated in Fig. 2 [4].
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Table 2
Multiple regression of the refined power series model in
the first round
R-square = 0.8580

y (ṙ) Coef. [95% Conf. Interval]

x2 (u̇) 1.69E+06 1.64E+06 1.74E+06
x3 (ü) −1.28E+04 −1.48E+04 −1.09E+04
x6 (u̇2) 2.90E+06 −1.26E+06 7.06E+06
x21 (u2r) 2.33E+05 −5.06E+05 9.72E+05
x24 (u̇2r) 2.32E+04 1.39E+04 3.25E+04
x26 (ü2u̇) −1.38E+06 −2.75E+06 −1.06E+04
x34 (u̇ür) −786.1098 −1.54E+03 −27.6879
cons −134.8043 −676.2847 406.6762

Table 3
Multiple regression of the refined power series model in
the second round
R-square = 0.8577

y (ṙ) Coef. [95% Conf. Interval]

x2 (u̇) 1.69E+06 1.64E+06 1.74E+06
x3 (ü) −1.31E+04 −1.48E+04 −1.14E+04
x24 (u̇2r) 2.39E+04 1.47E+04 3.32E+04
x26 (ü2u̇) −1.35E+06 −2.72E+06 1.10E+04
x34 (u̇ür) −772.4205 −1.53E+03 −15.2043
cons 55.6485 −294.7011 405.9982

The 95% confidence interval is selected because of: 1) the convention, 2) the higher confidence interval causing more
stringent selection of the parameters and thus fewer possibility of incorporating the nonlinear parameters, which is
generally not good for systems with more or less nonlinear behaviors.

If the parameters’ confidence interval contains the “null” (zero) value, it is statistically significant to remove the
corresponding components of the parameters while maintaining the parameters whose confidence intervals do not
cover zero. Repeat this process by rerunning the regression and analyzing the confidence interval results of the sifted
parameters to refine the model until all parameters are statistically sustainable, i.e. the 95% confidence interval of
all estimated parameters do not contain the zero value in the end of the model refinement approach.

The benchmark problem of the hysteretic structure (Fig. 1) is considered to prove the effectiveness of the proposed
model refinement approach. In the multiple regression setting, it is assumed that no initial information on the
magnitude of the structural parameters is available and that the type of the model is unknown. Table 1 lists the
multiple regression of the power series model for the first floor of the structure under the El-Centro ground excitations.
The component y denotes the variation of the restoring force over time while the component x j corresponds to the
component of the parameter aj in Eq. (2). The R-square value [4] refers to the fraction (86.76%) of the variation in
the values of y that is explained by the multiple least-squares regression of y on x j (j =1, 2, 3, . . . , 34).

Keeping the components of the estimated parameters whose 95% confidence interval does not contain the zero value
and rerunning the multiple regression will lead to the results in Table 2. Consequently, this statistical sifting process
maintains the contributing parameters to the structural restoring force in the first round, reducing the identification
error. It is feasible to continue such a sifting process for the current refined model until its statistical significance
cannot be improved further. In this way, the identification error will be much reduced. This is because every time the
non-contributing parameters are removed, the truly contributing parameters are granted more statistical significance
as shown by their shorter range of the 95% confidence interval (e.g. the parameter of x2 shown in Tables 1–2),
corresponding to the shorter range of variation in terms of precision on one hand. Along with the simple random
sampling design of the experiment without bias, the parameters are sifted in such a way toward their true values in
terms of accuracy on the other hand.

Continuing the sifting process will result in Tables 3, 4, and 5, respectively, in an orderly fashion. It is clear that
the final refined model in Table 5 contains only three components, which model is substantially simplified from its
original pattern, while still maintaining the high R-square value. In fact, the R-square value in the final refined model
does not decrease much from its initial setting, only in 1% range, sufficing for a good model refinement approach [4].
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Table 4
Multiple regression of the refined power series model in
the third round
R-square = 0.8572

y (ṙ) Coef. [95% Conf. Interval]

x2 (u̇) 1.67E+06 1.63E+06 1.72E+06
x3 (ü) −1.32E+04 −1.49E+04 −1.15E+04
x24 (u̇2r) 2.23E+04 1.32E+04 3.13E+04
x34 (u̇ür) −100.6358 −439.7029 238.4312
cons 46.9317 −303.7153 397.5787

Table 5
Multiple regression of the refined power series model in
the forth round
R-square = 0.8572

y (ṙ) Coef. [95% Conf. Interval]

x2 (u̇) 1.68E+06 1.64E+06 1.72E+06
x3 (ü) −1.32E+04 −1.49E+04 −1.15E+04
x24 (u̇2r) 2.19E+04 1.29E+04 3.09E+04
cons 46.6801 −303.8708 397.2309

Table 6
List of the identified stiffness of the 3-story benchmark structure subjected to El-Centro vibration data using both the NSAT and the proposed
model refinement approach in the multiple regression setting for the models of linear, Taylor, and power series. Using the results of the NSAT as
a gauge, the relative error is given

EI-Centro 1F 2F 3F
NSAT 1652892.562 1524390.244 1582278.481

Multiple Relative Multiple Relative Multiple Relative Average relative
regression error regression error regression error error

Linear 1675778.039 1.38% 1447016.977 5.08% 1495721.423 5.47% 3.98%
Refined linear 1673535.628 1.25% 1452847.669 4.69% 1489493.423 5.86% 3.94%
Taylor series 1677831.638 1.51% 1444270.142 5.26% 1494141.808 5.57% 4.11%
Refined Taylor series 1673535.628 1.25% 1453215.954 4.67% 1498155.916 5.32% 3.74%
Power series 1706818.785 3.26% 1426130.481 6.45% 1533070.090 3.11% 4.27%
Refined power series 1682763.571 1.81% 1436118.001 5.79% 1501463.290 5.11% 4.24%

The simplified model will be beneficial not only to the identification of large space systems where several degrees
of freedom and related parameters are to be evaluated but also to the design of system vibration control.

In Table 5, the final estimated parameter value corresponding to component x2, i.e. the structural stiffness, is
1.6828 × 106 with the 95% confidence interval range of 1.6428∗10 6 and 1.7228∗106. Compared to the results
(1652892.562 N/m) from the above NSAT analysis, this linear stiffness parameter is well-identified with its 95%
confidence interval containing the value of the NSAT results. This comparison shows that the statistical results of
the proposed model refinement approach are not deviated from the right path of parameter estimation and in fact
can satisfactorily cover the sampling or modeling error. Using the NSAT results as a comparison gauge, the relative
error of the estimated stiffness between these two methods is reduced from the initial power series model (3.26%)
to the final refined model (1.81%) as shown in Table 6. In fact, the method of the 95% confidence interval based
model refinement approach is unlikely to fail in capturing structural properties: it will fail only in the probability of
5% (1–95%) in one set of samples [4].

For stochastic modeling where no a priori information on the type of the structural model is available, the proposed
model refinement approach is also applied to the series models of the linear (Eq. (4)) and the Taylor series (Eq. (5)).
It turns out that the statistically refined power series model provides the least relative error when compared to the
simulated model using the NSAT. Tables 6 and 7 list the identified stiffness of the 3-story benchmark structure
(Fig. 1) subjected to El-Centro and TCU084 vibration data, respectively, using both the NSAT and the proposed
model refinement approach in the multiple regression setting for the models of the linear, Taylor, and power series.
Using the results of the NSAT as a gauge, the relative error is given. The average relative error for each excitation
case is shown respectively in the last column of Tables 6 and 7. The total average error, as shown in Table 7, indicates
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Table 7
List of the identified stiffness of the 3-story benchmark structure subjected to TCU084 vibration data using both the NSAT and the proposed
model refinement approach in the multiple regression setting for the models of linear, Taylor, and power series. Using the results of the NSAT as a
gauge, the relative error is given. The total average relative error indicates that the refined power series model has the least relative error (4.18%)

TCU084 1F 2F 3F
NSAT 1652892.562 1524390.244 1582278.481

Multiple Relative Multiple Relative Multiple Relative Average relative
regression error regression error regression error error

Linear 1457682.642 11.81% 1473249.961 3.35% 1531034.535 3.24% 6.13%
Refined linear 1455331.312 11.95% 1475252.499 3.22% 1531034.535 3.24% 6.14%
Taylor series 1466565.594 11.27% 1475982.273 3.18% 1525790.162 3.57% 6.01%
Refined Taylor series 1461870.337 11.56% 1475862.919 3.18% 1523403.537 3.72% 6.15%
Power series 1562098.679 5.49% 1467352.541 3.74% 1490372.498 5.81% 5.01%
Refined power series 1554378.400 5.96% 1475252.499 3.22% 1531420.489 3.21% 4.13%

EI-Centro TCU084 Total average relative error

Linear 3.98% 6.13% 5.06%
Refined linear 3.94% 6.14% 5.04%
Taylor series 4.11% 6.01% 5.06%
Refined Taylor series 3.74% 6.15% 4.95%
Power series 4.27% 5.01% 4.64%
Refined power series 4.24% 4.13% 4.18%

that the refined power series model has the least relative error (4.18%) in stiffness estimation when compared to
the NSAT results. Indeed, the 95% confidence interval based approach will fail only in the probability of 0.25%
(5%*5%), resulting from the fact that each test in the cases of El-Centro and TCU084 excitations is independent
with the failure probability of 5% not containing the true parameter value.

Because the statistical regression based analysis conducted in this study is to process a “batch” of data and obtain
an ensemble average estimation such as the estimated stiffness, it is difficult to observe the parameter variation of
structure caused by damage. In order to overcome this difficulty, the Kalman filter and one of its extended versions
is introduced to the refined power series model for structural health monitoring.

5. Extended Kalman filter for structural health monitoring

The Kalman filter can be considered equivalent to the multiple least-squares regression algorithm, provided that
the covariance of the state estimation error in the Kalman filter is equal to the adaptation gain matrix in the multiple
regression, along with other entailed adjustments [7].

In order to observe the parameter variation of structure caused by damage, the Kalman filter is introduced for
parameter estimation [2,11]:

yk = Φkθk + ek (6)

θk+1 = Γkθk (7)

where yk, at a generic time step k, is the measurement vector, of order q, while Φ k, of dimension q × n, is the
observation matrix. The vector θk, of order n, is a vector containing the unknown system’s parameters that have
to be identified, and ek is the observation error term. The matrix Γk, of dimension n × n, is the system’s “transfer
matrix” that allows us to project the parameter vector at time step k to time step k + 1.

A recursive multiple least-squares expression (or Kalman filter) for the estimated parameter vector θ̂k+1 can be
written as [9]:

θ̂k+1 = θ̂k + Wk+1[ȳk+1 − Φk+1θ̂k] (8)

Wk+1 = Ḡ−1
k+1Φ

T
k+1

(
Φk+1Ḡ−1

k+1Φ
T
k+1 + Iq

)−1
(9)

Ḡ−1
k+1 = [In − WkΦk]Ḡ−1

k (10)
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Fig. 3. The iteration history of the estimated structural stiffness (only the first floor shown) for the benchmark structure (Fig. 1) subjected to
the El-Centro excitation using the Kalman filter to the original and the refined power series model, and the Kalman filter with the 0.98 constant
forgetting factor to the refined power series model.

with In being the identity matrix of order n, and ȳk+1 indicates the measured input/output at the (k+1)-th time step.
The matrices Wk+1 and Ḡ−1

k+1 are identified as the weighting matrix and the “adaptation gain matrix,” respectively,
that are updated over time, while Iq is the identity matrix of order q.

The value of the adaptation gain matrix Ḡ−1
k+1 directly influences the estimation of the system’s parameters. Since

we assume no a priori information on the system’s parameters, the initial values of θ̂0 are assumed approximately
zero, and large initial values of the adaptation gain matrix (Ḡ−1

1 = 109In) will be required for fast convergence.
However, as time progresses and more data become available, the values of the adaptation gains decrease and this
could cause little adaptation in some directions without guaranteeing good tracking of the parameters [2]. To avoid
this deficiency, the purely Kalman filter algorithm has been modified by including a forgetting factor and thus forms
the extended Kalman filter.

To prevent the estimator from reaching small adaptation gains and eventually being turned off, it is convenient
to place weaker weighting on data from previous time steps. This can be accomplished by introducing a weighting
factor λk (forgetting factor) which leads to a more general expression of the data correlation matrix G k+1 [8] as:

Gk+1 = λkGk + ΦT
k+1Φk+1, 0 < λk � 1 (11)

The modified Ḡ−1
k+1 will then become:

Ḡ−1
k+1 =

(
1
λk

)
G−1

k 0 < λk � 1 (12)

which will lead to a new estimation of θ̂ k+1. Because of the introduction of the forgetting factor, the values of the
adaptation gain matrix Ḡ−1

k+1 will be amplified, inducing a further minimization of the quadratic error functional [5].
In numerical implementations, the forgetting factor λ k is set to be equal to a constant value (λ k = λ; constant

forgetting factor, or C.F.F. in short). Such an assumption is particularly suited for identifying the parameters of slowly
time-varying systems [5]. The range of “optimal” values of the constant forgetting factor is between 0.95–0.99,
depending on the number of the system’s parameters. In this study, a 0.98 constant forgetting factor is selected just
as other researchers did for the on-line parametric identification [2].

Figure 3 illustrates the iteration history of the estimated structural stiffness (only the first floor shown for the
structure in Fig. 1), corresponding to the statistical results in Table 6, using the Kalman filter to the original (dashed-
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Fig. 4. The corresponding phase-plane plots of the restoring force vs the displacement between the measured and predicted (prediction based on
previous identified parameters) results for the case of the benchmark structure (Fig. 1) subjected to the El-Centro excitation.

line) and the refined power series model (solid line), and the Kalman filter with the 0.98 constant forgetting factor [2]
to the refined power series model (dashed-dot line). It is obvious that the estimated stiffness starts to converge to
its right value after 400 iterations for the three cases. In addition, the structural stiffness converges faster in the
refined power series model than in the original power series model, proving the effectiveness of the proposed model
refinement approach. The introduction of the constant forgetting factor to the refined model also demonstrates the
fast and stable parameter estimation. Figure 4 shows the corresponding phase-plane plots of the restoring force vs the
displacement between the measured and predicted (prediction based on previous identified parameters [9]) results
for the case of the benchmark structure (Fig. 1) subjected to the El-Centro excitation, concurring a good tracking
result of the restoring force variation over time.

6. Identification of time-varying parameters

In order to prove the effectiveness of the proposed model refinement approach, particularly to see whether it
is possible to distinguish the relative errors, showed in Tables 6 and 7, from the structural variation caused by
damages, a structure with damage subjected to a random white noise excitation [7] is simulated. The simulated
SDOF nonlinear structure considered here is based on the Bouc-Wen model used in the work of Smyth et al. [2]:
ṙ = 5u̇ − 0.1 |u̇| |r| r − u̇r2 with m = 1 in Eq. (1). Notice that the component −0.1 |u̇| |r| r in the simulated
model in not included in the original power series model in Eq. (3) for the black-box modeling of structures, and
this could cause identification error. The structural damage is simulated by slowly reducing the linear stiffness from
5 N/m to 4 N/m during the time interval 10 and 15 s (sampling ∆t = 0.01 s).

It is feasible to identify the simulated structural stiffness applying the repetitive model refinement approach to the
original power series model in Eq. (3). After one round sifting process, Table 8 gives the results: the component
−u̇r2 is accurately estimated as −0.93 u̇r2 while the stiffness is estimated as 4.7 N/m with very good R2 value
being equal to 0.98. Although the estimated stiffness is deviated from its true value 4 N/m, such estimated error
is due to 1) the black-box modeling, and 2) the statistical ensemble average estimation in the regression analysis.
This estimation error can be reduced after introducing the extended Kalman filter to obtain a final estimated value
3.6 N/m at time 40 s. It is worth of noting that the statistical R-square value in the final refined model decreases little
from the initial setting: from 0.9841 to 0.9840, and the original power series model is simplified a great deal from
the parameter number 34 to 23.
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Table 8
Multiple regression of the refined power series model in the final round (first round) for the simulated structure
with damage

R-square = 0.9840

y (ṙ) Coef. [95% Conf. Interval] y (ṙ) Coef. [95% Conf. Interval]

x2 (u̇) 4.7415 4.6980 4.7850 x19 (u2u̇) 0.5182 0.3845 0.6519
x4 (r) 0.0953 0.0654 0.1252 x20 (u2ü) 0.0686 0.0387 0.0985
x5 (u2) −0.9892 −1.1789 −0.7996 x21 (u2r) 0.9498 0.7622 1.1374
x6 (u̇2) 0.0569 0.0241 0.0897 x22 (u̇2u) −0.1285 −0.1967 −0.0604
x8 (r2) −0.1263 −0.1505 −0.1020 x23 (u̇2ü) 0.0183 0.0023 0.0344
x9 (uu̇) 0.5403 0.4274 0.6531 x24 (u̇2r) 0.0543 0.0162 0.0924
x10 (uü) 0.0737 0.0394 0.1079 x26 (ü2u̇) −0.0313 −0.0399 −0.0228
x11 (ur) 0.8436 0.7090 0.9783 x28 (r2u) −0.3411 −0.4110 −0.2711
x12 (u̇ü) −0.0724 −0.0929 −0.0518 x29 (r2u̇) −0.9295 −0.9566 −0.9025
x13 (u̇r) −0.4542 −0.4999 −0.4086 x31 (uu̇ü) −0.0913 −0.1331 −0.0494
x15 (u3) −0.7914 −0.9570 −0.6258 x32 (uu̇r) −0.7522 −0.8646 −0.6397
x16 (u̇3) −0.3909 −0.4196 −0.3622 cons 0.0112 −0.0174 0.0398

Fig. 5. The iteration history of the estimated structural stiffness for the simulated structure with damage under the white noise excitation, using
the Kalman filter to the original and the refined power series model, and the Kalman filter with the 0.98 constant forgetting factor to the refined
power series model.

Satisfactory results are obtained as shown in Figs 5–6. Figure 5 illustrates the iteration history of the estimated
structural stiffness for the simulated structure with damage under the white noise excitation, using the Kalman filter
to the original (dashed line) and the refined power series model (solid line), and the Kalman filter with the 0.98
constant forgetting factor [2] to the refined power series model (dashed-dot line). Again, the structural stiffness
converges faster in the refined power series model than in the original power series model, proving the effectiveness
of the proposed model refinement approach. The introduction of the constant forgetting factor to the Kalman filter
using the refined model shows its better capacity of capturing parameter variation than the purely Kalman filter.
Also, the obtained results using the refined model indicate that it is possible to distinguish the relative errors, showed
in Tables 6 and 7, from the structural variation caused by damages. Figure 6 shows the corresponding phase-plane
plots of the restoring force vs the displacement between the measured and predicted (prediction based on previous
identified parameters [9]) results, concurring a good tracking result of the restoring force variation over time.
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Fig. 6. The corresponding phase-plane plots of the restoring force vs the displacement between the measured and predicted (prediction based on
previous identified parameters) results for the case of white noise excitation to the simulated structure with damage.

7. Conclusions

An effective 95% confidence interval based model parameter refinement approach has been proposed in this study
for the health monitoring of nonlinear structural systems. Its effectiveness has been shown in evaluating structural
stiffness. Using the result of the Nonlinear Stress Analysis Technique (NSAT) as a gauge, the relative estimation
error has been reduced from the initially developed power series model to the statistically refined model in the
multiple regression setting. The initial power series model, along with the linear series and the Taylor series model,
is established in such a way that the variation of the restoring force over time can be explained by the multivariable
polynomial expansion of acceleration, velocity, displacement, and the restoring force itself under the condition that
no a priori information on the type of the structure is available. Inevitable excessive parameters in the power series
model have been repetitively removed in each round of multiple regression for successful identifications until all the
sifted parameters sustain their statistical significance.

It turns out that the estimation error of the structural stiffness for the statistically refined model can be reduced
to about four-percentage relative error, when compared to the results using the NSAT. The structural parameters
such as stiffness are not only correctly estimated but their confidence intervals contain the true values of parameters,
accounting for possible model uncertainties, sampling errors, and other source of measurement errors.

Because the statistical regression based analysis is used to process a “batch” of data and obtain an ensemble
average estimation such as the estimated stiffness, the Kalman filter with the 0.98 constant forgetting factor is thereby
introduced to the refined power series model for structural health monitoring. Satisfactory results are obtained for
the simulated structure with damage as shown in the time-history presentations of the evaluated stiffness, which
include test cases using the original model, the refined model, and the introduction of a constant forgetting factor
to the refined model. The introduction of the constant forgetting factor to the Kalman filter using the refined model
shows its better capacity of capturing parameter variation than the purely Kalman filter. Based on the parameter
estimation results, it is possible to distinguish the relative estimation errors, introduced between the NSAT and the
refined power series model, from the structural variation caused by damages.

Satisfactory results are obtained both for the experimented structure in the lab and the numerical simulated
structure. The overall identification methodology from the initial model to the model refinement and to the extended
Kalman filter will provide reliable indices that are indicative of current conditions of structures for safety assessment.
The identified results also can be used in future inspection guidelines for damaged structures or aging infrastructure,
which helps prioritize our resources for structural repair or replacement.
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