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Abstract. The dynamic behavior of linear and nonlinear mechanical oscillators with constitutive equations involving fractional
derivatives defined as a fractional power of the operator of conventional time-derivative is considered. Such a definition of the
fractional derivative enables one to analyse approximately vibratory regimes of the oscillator without considering the drift of its
position of equilibrium. The assumption of small fractional derivative terms allows one to use the method of multiple time scales
whereby a comparative analysis of the solutions obtained for different orders of low-level fractional derivatives and nonlinear
elastic terms is possible to be carried out. The interrelationship of the fractional parameter (order of the fractional operator) and
nonlinearity manifests itself in full measure when orders of the small fractional derivative term and of the cubic nonlinearity
entering in the oscillator’s constitutive equation coincide.
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1. Introduction

The study of dynamical behavior of the fractional order systems has started to attract increasing attention in
the last few decades, since it has been found that in interdisciplinary fields many systems can be described by
equations that consist of derivatives of fractional order [1–7]. Considerable recent attention has been focused on
nonlinear vibrations of so called ‘fractional oscillators’. Fractional oscillator is a notion that appears in the literature,
principally in the field of physics [8,9], for an oscillator with the second derivative replaced by a fractional one of
order less than two, in so doing Riemann-Liouville, Gr ünvald-Letnikov, Caputo or Riesz definitions for the general
fractional differintegral have been utilized.

Thus, dynamics of the fractional order Van der Pol oscillator

Dα+1y + y + a(y2 − 1)Dαy = f(t) (1a)

ÿ + y + a(y2 − 1)Dαy = f(t) (1b)

has been studied for Eq. (1a) in [10] using the approximate frequency method, where y is the dependent variable,
a > 0 is a control parameter that reflects the degree of nonlinearity of the system, 0 < α < 1 is the order of the
fractional derivativeDα, and f(t) is the exciting force. Equation (1b) at 0 < α < 2 has been utilized in [11].

The fractional order Duffing-like systems with negative linear stiffness

Dαy − y + ay3 = f(t), (2a)
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D2−αy − y + ay3 = f(t), (2b)

Dα+1y − y + y3 + δDαy = f(t), (2c)

where a and δ are some positive parameters, have been analyzed for 1 < α < 2 using Eq. (2a) in [9], for very small
magnitudes of α using Eq. (2b) in [12], and for 0 < α < 1 using Eq. (2c) in [2].

An extensive literature on other fractional order systems describing different physical phenomena can be found
in [7,12].

But for mechanical and civil engineering applications the introduction of a fractional derivative into inertial terms
of equations of motion is neither attractive nor justified. In engineering practice, fractional derivatives are useful for
describing viscoelastic features of advanced materials or dissipative forces in structural dynamics [1,6]. The exact
solutions for linear fractional oscillators based on different fractional calculus constitutive equations can be found
in [13,14], where the solution is presented via Laplace transform technique.

Fractional derivatives are among other things useful in describing the frequency dependent damping behavior
of nonlinear structural systems as well [15–20]. Since the methods of integral transformations are unusable in
nonlinear problems, so different methods of perturbation technique or numerical methods are overwhelmingly used
for investigating vibrations of such nonlinear structures.

Recently dynamics of the fractionally damped Duffing oscillator has been examined by several authors [17,21–26].
Thus, the Duffing-like oscillator with positive linear stiffness and damping defined by a fractional derivative

mẍ(t) + cDqx(t) + kx(t) + εx(t)3 = f cos(wt), (3)

where x, m, c, k, and ε are respectively the oscillator’s displacement, mass, damping coefficient, linear stiffness,
and small parameter of nonlinear stiffness, has been studied in [17] by energy constrained Lindstedt–Poincar é
perturbation procedure employing a diophantine version of the fractional operator D q powers. The influence of
fractional damping on the frequency amplitude response has been examined.

The case of f = 0 and half-order Riemann-Liouville fractional derivative in Eq. (3) was analysed in [21] applying
variational iteration method allowing one to obtain approximate analytical solution.

The occurrence and the nature of chaotic motions described by Eq. (3) with negative coefficient k have been
studied using different numerical methods in [22], in so doing Caputo type fractional derivative has been utilized.
Galerkin projection method and finite element method were adopted in [25] for solving equation similar to Eq. (3)
but with negative linear stiffness and the dissipative force modeled via the Riemann-Liouville fractional derivative
of the half-order, while the possibilities of using other magnitudes of the fractional parameter were also discussed.

The method of averaging was applied in [26] for investigating the following equations with different type of small
damping including fractional derivative terms and delayed terms

ẍ(t) + εD1/2x(t) + x(t) = δ(t), (4a)

ẍ(t) + x(t)3 = −εD1/2x(t), (4b)

ẍ(t) + x(t)3 = −ε
[
αẋ(t) + βD1/2x(t) + γẋ(t− 1)

]
, (4c)

ẍ(t) + x(t)|x(t)| = −ε
[
αẋ(t) + βD1/2x(t) + γẋ(t− 1)

]
, (4d)

whereD1/2 is the Riemann-Liouville half-order derivative.
The fractional oscillator with nonlinear elasticity incorporated in the form of the third and fifth order polynomial

stiffness terms was studied in [27].
Although for the mechanical engineer or civil engineer, a term fractionally damped structure should mean

application of fractional calculus representations for describing damping forces in governing equations of motion,
some authors use the notion of fractional damping for denoting the dissipative force which is introduced as a
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fractional-power law of the velocity [28–33]. In other words, nonlinear equations with fractional-power nonlinearities
are considered.

For example, the following second order differential equation

ẍ+ ε(ẋ)1/3 + x = 0, ε > 0, (5a)

has been studied in [28] using Krylov-Bogoliubov method.
Dynamics of a single-degree-of-freedom system with nonlinear viscous damping via the fractional-power law of

the velocity

mẍ(t) + c sign[ẋ(t)]|ẋ(t)|α + kx(t) = f(t), (5b)

where sign is a signum function, and α < 1 is damping law exponent, has been examined in [31] by direct numerical
integration of Eq. (5b).

Duffing-like oscillator obtained from Eq. (5b) by adding the Duffing term

mẍ(t) + c sign[ẋ(t)]|ẋ(t)|α + kx(t) + εx(t)3 = f(t), (5c)

was examined in [32] by the analytical Melnikov method and numerical simulations considering a negative linear
term.

Note that sometimes confusion in understanding the notion of fractional damping can be made by incorrect
treatment of the representation of fractional derivative in the form of (d/dt) α [34]. However,(

d

dt

)α
x(t) �=

(
d

dt
x(t)

)α

. (6)

In the present paper, contrary to other articles devoted to fractional oscillators, an engineering approach is
implemented to the analysis of free vibrations of mechanical oscillators, constitutive equations of which involve
fractional derivatives. This approach lies in the fact that it takes no account of the drift of the equilibrium position of
the oscillator, which, as experiments show, can be ignored. Neglect of the equilibrium position drift resides already
in the definition of the fractional derivative, as such, since the fractional derivative in this paper is determined as
a fractional power of the operator of conventional time-derivative d/dt, while this operator, as it has been shown
in [34], is equivalent to the Riemann-Liouville fractional derivative in time t, i.e.,

Dγ+x(t) =
d

dt

∫ t

−∞

x(t − t′)dt′
Γ(1− γ)t′γ , (7)

that is (see formula (5.82) in [34])(
d

dt

)γ
x(t) = Dγ+x(t). (8)

Since the low limit of the integral is equal to −∞, then this fact allows one to use the formula [34]

Dγ+e
iωt = (iω)γeiωt, (9)

which becomes invalid in the case of equality to zero of the low limit. For this case there exists another formula
(Appendix A)

Dγ0+e
iωt = (iω)γeiωt +

sinπγ
π

∫ ∞

0

uγe−utdu
u+ iω

, (10)

where

Dγ0+e
iωt =

d

dt

∫ t

0

eiω(t−t′)dt′

Γ(1− γ)t′γ ,

which goes over in Eq. (9) when t→ +∞.
In all examples considered below we will ignore the drift of the equilibrium position of the fractional oscillator,

and, thus, our goal is to obtain the approximate analytical solutions using Eq. (9) for calculating the fractional
derivative of the exponential function.
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If one uses the exact formula for fractional differentiation of the exponent Eq. (10), then the integral entering in
Eq. (10) determines that part of the solution which describes the drift of the position of oscillator’s equilibrium [1].
However, this integral decays rapidly with time, and in many cases (see Appendix) it can be neglected as compared
with the first term in Eq. (10) [15,16,18]. Reference to Eq. (10) shows that if γ is rather small, while the frequency
ω lies within the range of engineering interest, then the integral in the right-hand side of Eq. (10) can be ignored,
what allows one to use Eq. (9).

Thus, calculations of the magnitude of the fractional parameters carried out on the basis of the experimental
data [35] show that this value for suspension bridges has the order of 0.05–0.1 [16,36]. The magnitude of γ = 0.118
was reported in [37] when studying the experimental response of a deformable single-link mechanism, which was
realized by means of a brass bar fixed onto a vertical shaft. The fractional parameters γ 1 = 0.1991 and γ2 = 0.2499
were identified in [38] while carrying out experimental measurements of a cantilever made of Delrin TM. The
magnitude of γ = 0.28 was obtained in [39] in the beam impact experiment. A series of experiments measuring the
frequency responses of viscoelastic rods of materials like Teflon, PolyAmid, PolyUrethan, PolyVinylChlorid, and
PolyEthylen was reported in [40,41], where it was found that the fractional parameter lies in the range of 0.086–0.11.
During flexible polyurethan foam modeling via a nonlinear fractional oscillator in [27], viscoelastic parameters for
automotive seating applications were identified with the fractional parameter equal to 0.019.

The necessity of studying fractional oscillators is motivated by two reasons: first, engineers often use 1DOF models
as a first approximation or as a benchmark before preceding to more intricate models or multi-degree-of-freedom
structural systems (for example, as the simplest model of a vibration-isolation system [42–49]), and second, the
study of vibrations of more complex structures can be reduced to vibrations of a set of fractional oscillators [50–53].

2. Free damped vibrations of a linear oscillator in a medium with small viscousity

Let us consider free damped vibrations of a mechanical oscillator, the equation of motion of which has the form

ẍ+ ω2
0x = − 2εæ

(
d

dt

)γ
x, (11)

where ω2
0 = E0m

−1, E0 is the elastic modulus,m is the mass of the oscillator, x is its deviation from the position
of equilibrium, t is the time, an overdot denotes the time-derivative, γ (0 < γ � 1) is the fractional parameter, εæ
is the coefficient of viscosity per unit mass, and ε is a small parameter.

The desired function x(t) can be represented in terms of a series [54]

x(t) = εx1(T0, T1, . . .) + ε2x2(T0, T1, . . .) + . . . , (12)

where Tn = εnt.
Then the first, the second and fractional derivatives are defined, respectively, as follows

d

dt
= D0 + εD1 + ε2D2 + . . . , (13a)

d2

dt2
= D2

0 + 2εD0D1 + ε2
(
D2

1 + 2D0D2

)
+ . . . , (13b)

(
d

dt

)γ
=

(
D0 + εD1 + ε2D2 + . . .

)γ
=Dγ+ + εγDγ−1

+ D1 +
1
2
ε2γ

[
(γ − 1)Dγ−2

+ D2
1 + 2Dγ−1

+ D2

]
+ . . . , (13c)

whereDn = ∂/∂Tn, andDγ
+,Dγ−1

+ ,Dγ−2
+ , . . . are the Riemann-Liouville fractional derivatives in time t, i.e.,

Dγ−n+ x =
d

dt

∫ t

−∞

x(t− t′)dt′
Γ(1− γ + n)t′γ−n (n = 0, 1, 2 . . .)
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Substituting relationships (12) and (13) in Eq. (11), equating the coefficients at equal powers of ε, and limiting
ourselves by terms of ε4, we are led to a set of recurrent equations

D2
0x1 + ω2

0x1 = 0, (14a)

D2
0x2 + ω2

0x2 = −2æDγ+x1 − 2D0D1x1, (14b)

D2
0x3 + ω2

0x3 = −2æDγ+x2 − 2D0D1x2 − 2æγDγ−1
+ D1x1 −

(
D2

1 + 2D0D2

)
x1, (14c)

D2
0x4 + ω2

0x4 = −2æDγ+x3 − 2D0D1x3 − 2æγDγ−1
+ D1x2 −

(
D2

1 + 2D0D2

)
x2

−æγ
[
(γ − 1)Dγ−2

+ D2
1 + 2Dγ−1

+ D2

]
x1 − 2(D0D3 +D1D2)x1. (14d)

The general solution of Eq. (14a) has the form

x1 = A1(T1, T2, T3)eiω0T0 + Ā1(T1, T2, T3)e−iω0T0 , (15)

where A1 and Ā1 are yet unknown complex conjugate functions.
Substituting expression Eq. (15) in the right-hand side of Eq. (14b) and considering Eq. (9), we obtain

D2
0x2 + ω2

0x2 = −2iω0

[
(iω0)γ−1æA1 +D1A1

]
eiω0T0 + 2iω0

[
(−iω0)γ−1æĀ1 +D1Ā1

]
e−iω0T0 . (16)

Applying the known procedure for eliminating secular terms, from Eq. (16) we find

D1A1 + (iω0)γ−1æA1 = 0,

whence it follows that

A1(T1, T2, T3) = a1(T2, T3) exp
[−(iω0)γ−1æT1

]
, (17)

where a1(T2, T3) is yet unknown function.
Substitution of Eq. (17) in the right-hand side of Eq. (16) vanishes it. Then the solution of Eq. (16) takes the form

x2 = A2(T1, T2, T3)eiω0T0 + Ā2(T1, T2, T3)e−iω0T0 , (18)

where A2 and Ā2 are yet unknown complex conjugate functions.
Substituting Eqs (15) and (18) in the right-hand side of Eq. (14c) yields

D2
0x3 + ω2

0x3 = Q1(T1, T2, T3)eiω0T0 + Q̄1(T1, T2, T3)e−iω0T0 , (19a)

Q1(T1, T2, T3) = −2iω0

[
(iω0)γ−1æA2 +D1A2

]
+

[
æ2(iω0)2(γ−1)(2γ − 1)a1 − 2iω0D2a1

]
exp

[−(iω0)γ−1æT1

]
. (19b)

The terms in the right part of Eq. (19a) produce circular terms. In order to eliminate them, it is necessary to vanish
to zero the values in Eq. (19b), i.e.,

D1A2 + (iω0)γ−1æA2 =
[
1
2
æ2(iω0)2γ−3(2γ − 1)a1 −D2a1

]
exp

[−(iω0)γ−1æT1

]
. (20)

The general solution of Eq. (20) has the form

A2 =
{
a2(T2, T3) +

[
1
2
æ2(iω0)2γ−3(2γ − 1)a1 −D2a1

]
T1

}
exp

[−(iω0)γ−1æT1

]
, (21)

where a2(T2, T3) is yet unknown function.
To eliminate circular terms in Eq. (21), it is a need to equate to zero the expression in square brackets. i.e.,
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D2a1 − 1
2
æ2(iω0)2γ−3(2γ − 1)a1 = 0,

whence it follows that

a1 = a11(T3) exp
[
1
2
æ2(iω0)2γ−3(2γ − 1)T2

]
, (22)

where a11(T3) is yet unknown function.
With due account for Eq. (22), expression Eq. (21) takes the form

A2 = a2(T2, T3) exp
[−(iω0)γ−1æT1

]
, (23)

while the solution of Eq. (19a) is

x3 = A3(T1, T2, T3)eiω0T0 + Ā3(T1, T2, T3)e−iω0T0 , (24)

where A3 and Ā3 are yet unknown complex conjugate functions.
Substituting all functions in the right-hand side of Eq. (14d) and eliminating circular terms in the similar fashion

as it has been done above, we can obtain the following:

a2(T2, T3) = a22(T3) exp
[
1
2
æ2(iω0)2γ−3(2γ − 1)T2

]
, (25)

a11(T3) = a111 exp
[
− 1

2
æ3(iω0)3γ−5(1− γ)(1− 3γ)T3

]
, (26)

where a22(T3) is yet unknown function, and a111 is an unknown constant to be determined from the initial conditions.
Considering relationships Eqs (15), (16), (22), (18), (23), (25), and (26) we find from Eq. (12)

x =
{
εa111 exp

[
− 1

2
æ3(iω0)3γ−5(1− γ)(1− 3γ)T3

]
+ ε2a22(T3)

}

× exp (iω0T0) exp
[−(iω0)γ−1æT1

]
exp

[
1
2
æ2(iω0)2γ−3(2γ − 1)T2

]
+ cc, (27)

where the symbol cc denotes the expression to be complex conjugate to the preceding one.
If we carry out the expansion upto the fifth power of ε, then the function a 22(T3) can be obtained in the following

form:

a22(T3) = a222 exp
[
− 1

2
æ3(iω0)3γ−5(1− γ)(1− 3γ)T3

]
, (28)

where a222 is unknown constant to be determined from the initial conditions.
Substituting Eq. (28) in Eq. (27) and putting

εa111 + ε2a222 =
1
2
εa0 exp(iϕ0),

where a0 and ϕ0 are new unknown constants, and substituting Tn with εnt, we find

xlin.os. = εa0 exp
{
−εæt(ω0)γ−1

[
sin

(
1
2
πγ

)
+

1
2
εæ(2γ − 1)(ω0)γ−2 sinπγ

+
1
2
ε2æ2(1− γ)(1 − 3γ)(ω0)2(γ−2) sin

(
3
2
πγ

)]}

× cos
{
ω0t+ ϕ0 + εæt(ω0)γ−1

[
cos

(
1
2
πγ

)
+

1
2
εæ(2γ − 1)(ω0)γ−2 cosπγ

+
1
2
ε2æ2(1− γ)(1 − 3γ)(ω0)2(γ−2) cos

(
3
2
πγ

)]}
. (29a)
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Equation (29a) can be rewritten as

x = εa0e−αt cos(ωt+ ϕ0), (29b)

α = εæ(ω0)γ−1 sin
(
1
2
πγ

)
+

1
2
ε2æ2(2γ − 1)(ω0)2γ−3 sinπγ

+
1
2
ε3æ3(1− γ)(1− 3γ)(ω0)3γ−5 sin

(
3
2
πγ

)
, (29c)

ω = ω0 + εæ(ω0)γ−1 cos
(
1
2
πγ

)
+

1
2
ε2æ2(2γ − 1)(ω0)2γ−3 cosπγ

+
1
2
ε3æ3(1− γ)(1− 3γ)(ω0)3γ−5 cos

(
3
2
πγ

)
. (29d)

Reference to Eqs (29c) and (29d) shows that

α

ω − ω0
≈ tan

(
1
2
πγ

)
, (30)

i.e., the coefficient of dissipation depends approximately linearly on the difference of frequencies.
When γ → 1, Eq. (29a) goes over into the equation describing vibrations of a viscoelastic oscillator with ordinary

Kelvin-Voight constitutive relations, i.e.,

x = εa0e−εæt cos
(
ω0t+ ϕ0 − 1

2
ε2æ2ω−1

0 t

)
,

in so doing

ω − ω0 = −1
2
α2ω−1

0 .

Note that Eq. (4a), which is similar to Eq. (11) if γ = 1/2, was studied by the method of averaging by Wahi and
Chatterjee in [26], where the authors compared in Fig. 2 their calculations for the envelope of the amplitude with
the exact solution via Laplace transform citing the monograph [35] and declared the excellent matching. But the
authors of this paper could not find in the book by Oldham and Spanier [55] even mentioning an equation similar
to Eq. (4a). That is why from the text in page 10 of [26] it is not clear whose solution via Laplace transform was
taken and presented in Fig. 2 in [26] for the comparison purpose, since previously many researchers studied the
fractional derivative Kelvin-Voigt oscillator at γ = 1/2 without the assumption of small fractional damping utilizing
the Laplace transformation technique [56–59] including the authors of the given paper [1,13]. Note that the solution
for the case of small viscosity can be obtained from the exact relationship for the Green function for this oscillator
at small magnitudes of the retardation time.

3. Free damped vibrations of a linear oscillator in a medium with finite viscosity

Equation of motion of such an oscillator has the form

ẍ+ ω2
0x+æ

(
d

dt

)γ
x = 0. (31)

The solution of Eq. (31) is sought in the form

x = Cept, (32)

where C is an arbitrary constant, and p is yet undetermined constant.
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Substituting the proposed solution Eq. (32) in Eq. (31) and considering Eq. (9), we are led to the characteristic
equation for determining the magnitude of p

p2 +æpγ + ω2
0 = 0. (33)

For finding the roots of Eq. (33), we shall consider the value æ as an unknown variable which is defined from
Eq. (33) together with its roots.

Representing the roots of Eq. (33) in the form

p = reiψ , (34)

and substituting Eq. (34) in Eq. (33), after separating the real and imaginary parts, we obtain

r2 cos 2ψ +ærγ cos γψ + ω2
0 = 0, (35a)

r2 sin 2ψ +ærγ sin γψ = 0. (35b)

When |ψ| < π
2 and at ψ = ±π, the set of Eq. (35) is rootless, since Eq. (35b) at those magnitudes of ψ is not

vanished to zero anywhere. In other words, all roots locate in the left half-plane, and there are no real negative roots.
For calculating complex conjugate roots of Eqs (35a) and (35b), when 1

2 π < |ψ| < π, let us introduce new
variables, namely: x1 = r2, and x2 = ærγ . Then for each fixed angle ψ at the given γ and ω 2

0 we obtain the
following set of equations in x1 and x2:

x1 cos 2ψ + x2 cos γψ = −ω2
0 , (36a)

x1 sin 2ψ + x2 sin γψ = 0. (36b)

From Eqs (36a) and (36b) we find at each fixed magnitude of |ψ|

x1 = ω2
0

sin γψ
sin(2− γ)ψ , x2 = − ω2

0

sin 2ψ
sin(2− γ)ψ , (37)

and knowing now x1 and x2 we first determine r = x1/2
1 , and then calculate æ = x2r

−γ .
Thus, as it follows from Eq. (37), the characteristic Eq. (33) possesses two complex conjugate roots. To investigate

the asymptotic behavior of the characteristic equation roots when æ → ∞ and æ → 0, we put æ = ω 2
0τ
γ
σ , where τσ

is the retardation time, and rewrite Eq. (33) in the form

p2 [(pτσ)
γ + 1]−1 + ω2

0 = 0. (38)

Considering Eq. (34), let us represent the expression 1 + (pτσ)
γ in the geometrical form, i.e.,

1 + (pτσ)γ = ReiΦ, (39a)

R =
√
1 + 2 (rτσ)

γ cos γψ + (rτσ)
2γ , tanΦ =

(rτσ)
γ sin γψ

1 + (rτσ)
γ cos γψ

. (39b)

With due account for (39a), Eq. (38) takes the form

r2R−1ei(2ψ−Φ) + ω2
0 = 0. (40)

Separating the real and imaginary parts in Eq. (40) yields

r2R−1 cos(2ψ − Φ) + ω2
0 = 0. (41a)

r2R−1 sin(2ψ − Φ) = 0. (41b)
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From Eqs (41a) and (41b) we find

2ψ − Φ = ±π, (42)

r2R−1 = ω2
0 . (43)

Tending in expressions (39b) and (42) the value of τ σ to 0 and ∞, we have

r0 = ω0, ψ0 = ± π

2
, (44)

r∞ = ∞, ψ∞ = ± π

2− γ . (45)

Reference to Eqs (44) and (45) shows that the curves characterizing the behavior of the complex conjugate roots
of Eq. (33) on the complex plane p as the function of the parameter æ have asymptotes leaving the origin of the
coordinates under the angles ψ = ±π/(2− γ) to the real semi-axis.

The behavior of the roots

p1,2 = re±iψ = −α± iω (46a)

of Eq. (33) as function of the parameter æ, which varies from 0 to +∞, is shown in Fig. 1 at ω 2
0 = 1, where the

magnitudes of the value γ are indicated by figures. It is seen that as the valueæ changes from 0 to +∞, the curves for
the æ-dependence of the roots p1,2 (solid curves in Fig. 1) issue out of the points ±i for all magnitudes 0 < γ < 1,
and then grow and tend to +∞ as æ → +∞, in so doing rapidly come close to the corresponding asymptotes (dashed
lines in Fig. 1). As this takes place, they never intersect the real negative semi-axis and locate in the left half-plane
of the complex plane p. When γ → 1, the roots of the characteristic Eq. (33) tend to the roots of the characteristic
equation for the conventional Kelvin-Voight model, i.e., at ω 0 = 1 they are determined by the formula

p1,2 = − 1
2
æ±

√
1
4
æ2 − 1, (46b)

whence it is evident that the roots remain to be complex conjugate with variation of æ from 0 to 2, while for æ � 2
the roots become real negative ones (the domain of aperiodicity).

From the asymptotic behavior of the roots it follows that if ω 	 ω 0, then

α

ω − ω0
≈ α

ω
= tan

(
1
2
π

γ

2− γ
)
. (46c)

A comparison of Eqs (30) and (46c) shows that α and ω−ω 0 are proportional to each other in both cases, although
the coefficients of proportionality differ a little, what is explained by the fact that in the first case viscosity was
assumed to be small, while in the second case it is finite.

Knowing the behavior of the roots of the characteristic Eq. (33), the solution of Eq. (31) is written as

x(t) = C1e
(−α+iω)t + C2e

(−α−iω)t = a0e−αt cos(ωt+ ϕ0), (47a)

where a0 and ϕ0 are the constants to be determined from the initial conditions

x(0) = x0, ẋ(0) = v0. (47b)

Equation (47a) describes free damped vibrations of the oscillator and is not dissimilar in aspect to related formula
for the conventional Kelvin-Voigt model. However, there exists the fundamental difference between them. The
matter is fact that in the domain of aperiodic motion the roots of the characteristic equation for the conventional
Kelvin-Voigt model become real ones. As this takes place, the oscillatory regime is changed by the aperiodic
motion such that x(t) decays monotonically to zero. As for the roots of the characteristic equation for the fractional
derivative Kelvin-Voigt model, then they remain to be complex conjugate at any magnitude of the parameter æ, that
is the principal possibility for transition of such a system into the aperiodic regime is absent [1,13,60]. This fact has
been verified experimentally in [61].

From the comparison of Eq. (47) with the solution Eq. (29) it can be noted that in the latter the ratio of the damping
coefficient to the difference in frequencies remains constant for any value of the parameter æ, while in this problem
this ratio could be considered as constant beginning from a certain magnitude of the parameter æ, moreover the
magnitude of æ takes on its own value for each fixed γ.
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Fig. 1. The behavior of the complex conjugate roots for the Kelvin-Voight fractional oscillator.

4. Free damped vibrations of a linear oscillator with fractional derivative in the inertial force description in
a medium with fractional viscosity

As it has been already mentioned in Introduction, the application of ’fractional force of inertia’ in equations of
motion of mechanical systems is unjustified from the point of view of engineering practice. Let us demonstrate the
validity of our statement analysing the simplest oscillators as example.

For this purpose, let us change the second time-derivative in Eq. (31) by the derivative of noninteger order. The
equations of motion of such oscillators could be written in the form(

d

dt

)1+β

x+ ω1+β
0 x+æ1

(
d

dt

)γ
x = 0, (48a)

or
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(
d

dt

)2−β
x+ ω2−β

0 x+æ2

(
d

dt

)γ

x = 0, (48b)

where æ1 = ω1+β
0 τγσ , æ2 = ω2−β

0 τγσ , and 0 < β, γ < 1.
Implementing the substitution (32) in Eqs (48a) and (48b), we are led, respectively, to the following characteristic

equations:

p1+β +æ1p
γ + ω1+β

0 = 0, (49a)

p2−β +æ2p
γ + ω2−β

0 = 0. (49b)

At first glance it is expected that the solutions of Eqs (48a) and (48b) should be the same as the fractional parameter
β varies from 0 to 1 in the both models. But it is not the case, since the roots of the corresponding characteristic
Eqs (49a) and (49b) at the same magnitudes of β and γ behave in a different way, what will be demonstrated below.

4.1. Analysis of the oscillator with the constitutive Eq. (48a)

Representing the roots of Eq. (49a) in the form of Eq. (34), from Eq. (49a) we find

r1+β cos(1 + β)ψ +æ1r
γ cos γψ + ω1+β

0 = 0, (50a)

r1+β sin(1 + β)ψ +æ1r
γ sin γψ = 0. (50b)

At |ψ| ≤ 1
2 π, the set of Eq. (50) has no roots, since Eq. (50b) does not vanish to zero at these magnitudes of ψ,

i.e., all roots locate in the left half-plane of the complex plane p. To show the absence of real roots for Eq. (49a), let
us put in it p = −y, y > 0 and divide the real and imaginary parts. As a result we obtain

−y1+β cosπβ +æ1y
γ cosπγ + ω1+β

0 = 0,

−y1+β sinπβ +æ1y
γ sinπγ = 0,

whence it follows

yβ = − ω1+β
0 sinπβ

æ1 sin(β − γ)π . (51)

If we suppose that β > γ, then relationship (51) is contradictory. As it will be shown below, the assumption
β > γ is not unreasonable.

To calculate the complex conjugate roots of the set of Eq. (50) at 1
2 π < |ψ| < π, let us introduce new variables,

namely: x1 = r1+β , and x2 = æ1r
γ . Then for each fixed angle ψ at the given γ, β, and ω 0 we obtain the following

set of equations in x1 and x2:

x1 cos(1 + β)ψ + x2 cos γψ = −ω1+β
0 , (52a)

x1 sin(1 + β)ψ + x2 sin γψ = 0. (52b)

From Eq. (52) for each fixed magnitude of |ψ| we find

x1 = ω1+β
0

sin γψ
sin(1 + β − γ)ψ , x2 = − ω1+β

0

sin(1 + β)ψ
sin(1 + β − γ)ψ , (53)

and now knowing x1 and x2 we first determine r = x
1

1+β

1 , and then æ1 = x2r
−γ .
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Thus, as it follows from Eq. (53), the characteristic Eq. (49a) possesses two complex conjugate roots. To analyse
their asymptotic behavior at æ1 → ∞ (τσ → ∞) and æ1 → 0 (τσ → 0), we rewrite Eq. (49a) as

p1+β [(pτσ)γ + 1]−1 + ω1+β
0 = 0. (54)

Considering Eqs (34) and (39), Eq. (54) can be rewritten in the form

r1+βR−1ei[(1+β)ψ−Φ] + ω1+β
0 = 0. (55)

Separating in Eq. (55) the real and imaginary parts yields

r1+βR−1 cos[(1 + β)ψ − Φ] + ω1+β
0 = 0, (56a)

r1+βR−1 sin[(1 + β)ψ − Φ] = 0, (56b)

whence it follows that

(1 + β)ψ − Φ = ±π, (57a)

r1+βR−1 = ω1+β
0 . (57b)

Tending the value τσ to 0 and ∞ in Eqs (39b) and (57), we have

r0 = ω0, ψ0 = ± π

1 + β
(τσ → 0), (58a)

r
1+β−γ

1+β∞ ≈ ω0(τσ)
γ

1+β → ∞, ψ∞ = ± π

1 + β − γ (τσ → ∞). (58b)

The limiting angles ψ0 and ψ∞ in Eq. (58) should locate within the limits from 1
2 π to π. For the angle ψ∞, this

is possible only in the case if β � γ.
Reference to Eq. (58b) shows that the curves, which characterize the behavior of the complex conjugate roots of

Eq. (49a) in the complex plane as the function of the parameter æ 1, possess the asymptotes issuing out from the
origin of the coordinates under the angles ψ∞ = ±π/(1 + β − γ) to the real axis.

4.2. Analysis of the oscillator with the constitutive Eq. (48b)

It can be shown in a similar way that the characteristic Eq. (49b) lacks real negative roots at 0 < β+ γ ≤ 1, since
for p = −y, y > 0 we are led to the contradictory equality

yβ = − ω2−β
0 sinπβ

æ2 sin(β + γ)π
.

Equation (49b) possesses two complex conjugate roots locating in the left half-plane of the complex plane p,
which take on the following limiting magnitudes:

r0 = ω0, ψ0 = ± π

2− β (τσ → 0), (59a)

r
2−β−γ

2−β∞ ≈ ω0(τσ)
γ

2−β → ∞, ψ∞ = ± π

2− β − γ (τσ → ∞). (59b)

If the angle ψ∞ lies within the domain of π
2 ≤ ψ∞ ≤ π, then from Eq. (59b) it follows that β + γ ≤ 1. Such a

constraint restricts significantly the domain of applicability of the model (48b), as compared with the model (48a),
if, of course, one takes no account for physical meaning of “fractional force of inertia” in the both models.

Reference to Eq. (59b) shows that the curves, which characterize the behavior of the complex conjugate roots of
Eq. (49b) in the complex plane as the function of the parameter æ 2, possess the asymptotes issuing out from the
origin of the coordinates under the angles ψ∞ = ±π/(2− β − γ) to the real axis.
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(a)

Fig. 2. The behavior of the complex conjugate roots for the fractional oscillator: (a) model (48a) and (b) model (48b).

4.3. Comparative analysis of the characteristic equation roots behavior in the complex plane p

The behavior of the roots of Eqs (49a) and (49b) as function of the parameteræ 1 for Eq. (49a) and æ2 for Eq. (49b)
during their variation from 0 to +∞ for ω0 = 1 is shown in the complex plane p in Fig. 2a and 2b, respectively.
The magnitudes of the fractional parameter γ are indicated by figures near the corresponding curves. The curves are
presented only for one complex conjugate root, in so doing the curves in the upper left quarter of the complex plane
correspond to the cases β = 0.9 (Fig. 2a) and β = 0.4 (Fig. 2b), while those in the lower quarter of the complex
plane are constructed at β = 0.5 (Fig. 2a) and β = 0.6 (Fig. 2b).

From Fig. 2a and 2b it is evident that as æ1 or æ2 varies from 0 to +∞, the curves of the æ1-dependence of

p1,2 (solid curves in Fig. 2) issue out from the points p0
1,2 = ω0 exp

(
±i π

1+β

)
, when æ1 = 0, at all magnitudes

of 0 < β, γ < 1 (β � γ) in Fig. 2a and the curves of the æ2-dependence of p1,2 issue out from the points
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(b)

Fig. 2, continued.

p01,2 = ω0 exp
(
±i π

2−β
)

, when æ2 = 0, at all magnitudes of 0 < β, γ < 1 (β + γ ≤ 1) in Fig. 2b. Further all

curves tend to +∞ when æ1 or æ2 → +∞, in so doing approaching the corresponding asymptotes (dashed lines in
Fig. 2). As this takes place, the curves do not intersect the real negative semi-axis anywhere, i.e., the possibility for
the oscillator to go into an aperiodic regime is absent, and locate in the left half-plane of the complex plane p.

The roots of Eq. (49a), when β → 1, and those of Eq. (49b), when β → 0, go over in the roots of Eq. (33)
presented in Fig. 1.

At first glance it seems likely that the behavior of the roots in Fig. 2a and 2b for the oscillators with fractional
derivatives in the inertial force description differes little from that in Fig. 1 for the oscillator with conventional inertial
force, with the exception of the initial points p0

1,2 for the constructed curves: in the given problems, these points
are complex ones, what corresponds to the damping oscillation regime, while in the previous problem these points
belong to the imaginary axis, what is in compliance with undamped oscillation regime. But the initial points of the
curves are obtained at τσ = 0, i.e., at these points the retardation (creep) time is equal to zero, and hence oscillatory
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process should occur without energy dissipation. In other words, in the problem under consideration in this Section,
the physical meaning of the parameters involving in the equation of motion of the oscillator is wrenched, resulting
in erroneous conclusions concerning its behavior.

Of course, such a contradiction in the behavior of the models (48a) and (48b) may be treated as the existence
of the ‘intrinsic damping characteristic of the fractional oscillator’, which is governed by the fractional parameter
β (at τσ = 0 the given models goes over into the elastic model only at β = 1 and β = 0, respectively, see Fig.
1). Such an interpretation of the fractional force of inertia has been proposed in [8,62,63], and even has found
some followers [64]. However, this has little force for the engineer, since it remains a mystery how to determine
experimentally the magnitude of the parameter β in this case, i.e., how to calibrate ‘fractional’ inertia.

5. Vibrations of a nonlinear oscillator in a medium with small viscosity

5.1. Viscosity of the order of ε

Let us consider free damped vibrations of a nonlinear oscillator, the equation of motion of which has the form

ẍ+ ω2
0x+ kx

3 + 2εæ
(
d

dt

)γ
x = 0, (60)

where k is an elastic coefficient of nonlinear stiffness per unit mass.
To construct the solution of Eq. (60), we shall use the method of multiple time scales [54]. Considering Eqs (12)

and (13), and limiting ourselves to the terms of the order of ε 4, as a result we are led to the set of recurrent equations,
first two of which coincide with Eq. (14a) and (14b), while the other two have the form:

D2
0x3 + ω2

0x3 = −2æDγ+x2 − 2D0D1x2 − 2æγDγ−1
+ D1x1 −

(
D2

1 + 2D0D2

)
x1 − kx3

1, (61a)

D2
0x4 + ω2

0x4 = −2æDγ+x3 − 2D0D1x3 − 2æγDγ−1
+ D1x2 −

(
D2

1 + 2D0D2

)
x2

−æγ
[
(γ − 1)Dγ−2

+ D2
1 + 2Dγ−1

+ D2

]
x1 − 2(D0D3 +D1D2)x1 − 3kx2

1x2. (61b)

Equations (61a) and (61b) differ from Eqs (14c) and (14d), respectively, by their last terms describing cubic
nonlinearity of the oscillator.

Carrying out the procedure described in detail in Section 2, one can find

x1(T0, T1, T2, T3) = a111 exp (iω0T0) exp
[−(iω0)γ−1æT1

]
exp

[
1
2
æ2(iω0)2γ−3(2γ − 1)T2

]

× exp
[
− 1

2
æ3(iω0)3γ−5(1 − γ)(1− 3γ)T3

]
+ cc, (62a)

x2(T0, T1, T2, T3) = a222 exp (iω0T0) exp
[−(iω0)γ−1æT1

]
exp

[
1
2
æ2(iω0)2γ−3(2γ − 1)T2

]

× exp
[
− 1

2
æ3(iω0)3γ−5(1 − γ)(1− 3γ)T3

]

−i a3111
3k

4 sin
(
πγ
2

)
(ω0)γ−2

× exp (iω0T0) exp
[
−(ω0)γ−1æ

(
3 sin

(πγ
2

)
− i cos

(πγ
2

))
T1

]

× exp
[
1
2
æ2(ω0)2γ−3(2γ − 1) (3 sinπγ − i cosπγ)T2

]
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× exp
[
− 1

2
æ3(ω0)3γ−5(1− γ)(1− 3γ)

(
3 sin

(
3πγ
2

)
− i cos

(
3πγ
2

))
T3

]
+cc. (62b)

Thus, the solution for the nonlinear oscillator (60) can be written as

x = xlin.os. + ε2 a3111
3k

4 sin
(
πγ
2

)
(ω0)γ−2

exp
{
−3εæt(ω0)γ−1

[
sin

(
1
2
πγ

)

+
1
2
εæ(2γ − 1)(ω0)γ−2 sinπγ +

1
2
ε2æ2(1− γ)(1− 3γ)(ω0)2(γ−2) sin

(
3
2
πγ

)]}

× sin
{
ω0t+ εæt(ω0)γ−1

[
cos

(
1
2
πγ

)
+

1
2
εæ(2γ − 1)(ω0)γ−2 cosπγ

+
1
2
ε2æ2(1− γ)(1− 3γ)(ω0)2(γ−2) cos

(
3
2
πγ

)]}
(63)

where a111 and a222 are real constants determined by the initial conditions, and x lin.os. is the linear part of the
solution coinciding with that for a linear elastic oscillator (29a) vibrating in a viscoelastic medium with the same
type of viscosity.

When γ → 1, Eq. (63) goes over into the equation describing vibrations of a nonlinear viscoelastic oscillator with
conventional Kelvin-Voight constitutive relations, i.e.,

x = 2ε(a111 + εa222)e−εæt cos
(
ω0t− 1

2
ε2æ2ω−1

0 t

)

+
3
4
ε2a3111ω0e

−3εæt sin
(
ω0t− 1

2
ε2æ2ω−1

0 t

)
.

5.2. Viscosity of the order of ε2

Now let us consider vibrations of a nonlinear oscillator, the equation of motion of which has the form

ẍ+ ω2
0x+ kx

3 + ε2æ
(
d

dt

)γ
x = 0. (64)

Note that the equation similar to Eq. (64) but involving quadratic nonlinearity has been studied in [65].
To construct the solution of Eq. (64), we shall use the method of multiple time scales [54]. Considering Eqs (12)

and (13), and limiting ourselves to the terms of the order of ε 3, as a result we are led to the following set of recurrent
equations:

D2
0x1 + ω2

0x1 = 0, (65a)

D2
0x2 + ω2

0x2 = −2D0D1x1, (65b)

D2
0x3 + ω2

0x3 = −2D0D1x2 −
(
D2

1 + 2D0D2

)
x1 − kx3

1 − æDγ+x1. (65c)

The general solution of Eq. (65a) is determined by relationship (15). Substituting Eq. (15) into the right-hand side
of Eq. (65b), we find

D2
0x2 + ω2

0x2 = −2iω0D1A1 exp (iω0T0) + cc. (66)

To eliminate circular terms in Eq. (66), it is necessary to vanish to zero the coefficient standing at exp (iω 0T0),
i.e.,
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D1A1(T1, T2) = 0, (67)

whence it follows that A1 is T1-independent.
Then the general solution of Eq. (66) has the form

x2 = A2(T1, T2) exp (iω0T0) + Ā2(T1, T2) exp (−iω0T0) . (68)

Substituting Eqs (15) and (68) in the right-hand side of Eq. (65c) yields

D2
0x3 + ω2

0x3 = −2iω0D1A2 exp (iω0T0)− kA3
1 exp (3iω0T0)

− [
2iω0D2A1 +æ(iω0)γA1 + 3kA2

1Ā1

]
exp (iω0T0) + cc. (69)

To eliminate circular terms from Eq. (69), the coefficients at exp (iω 0T0) should be equated to zero, i.e.,

D1A2(T1, T2) = 0, (70a)

2iω0D2A1 +æ(iω0)γA1 + 3kA2
1Ā1 = 0. (70b)

From Eq. (70a) it follows that A2 is T1-independent.
Let us multiply Eq. (70b) by A1 and write its complex conjugate equation. Then both equations obtained we first

add to each other, and subtract one from another. As a result we find

i
(
Ā1D2A1 −A1D2Ā1

)
+ 2æωγ−1

0 A1Ā1 cos
1
2
πγ + 3kω−1

0 A2
1Ā

2
1 = 0, (71a)

i
(
Ā1D2A1 +A1D2Ā1

)
+ 2æiωγ−1

0 A1Ā1 sin
1
2
πγ = 0. (71b)

Representing the functionA1(T2) in the polar form

A1 = a exp(iϕ),

from Eqs (71a) and (71b) we obtain

ϕ̇− 1
2
δ − 3k

2ω0
a2 = 0, (72a)

(
a2

).
+ sa2 = 0 (72b)

where an overdot denotes the T2-derivative, δ = æωγ−1
0 cos 1

2πγ, and s = æωγ−1
0 sin 1

2πγ.
Integrating Eqs (72a) and (72b) yields

a2 = a20e
−sT2 , (73a)

ϕ =
1
2
δT2 − 3k

2ω0s
a20e

−sT2 + ϕ0, (73b)

where a0 and ϕ0 are the initial magnitudes of a and ϕ, respectively.
Eliminating the time T2 from Eqs (72a) and (72b), we find

ϕ = −δ
s

ln
a

a0
− 3k

2ω0s
(a2 − a20) + ϕ0, (74a)

or

G(ln a, ϕ) =
1
2
ϕs+

1
2
δ ln a+

3k
4ω0

exp(2 lna) = G0(ln a0, ϕ0). (74b)
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Relationship (74b) can be interpreted as the stream-function for the phase fluid moving in the plane with the
coordinates ln a, ϕ. Really, considering Eqs (72a) and (72b), it is followed from Eq. (74b) that the components of
the vector of the phase fluid motion V {v ln a = (ln a)., vϕ = ϕ̇} are determined by the following formulas:

( ln a). = − ∂G

∂ϕ
, ϕ̇ =

∂G

∂(ln a)
. (75)

Since

dG =
∂G

∂ϕ
dϕ+

∂G

∂(ln a)
d(ln a) = 0,

then with due account for Eq. (75)

−vln adϕ+ vϕd(ln a) = 0,

or

dϕ

vϕ
=
d(ln a)
vln a

, (76)

that is Eq. (76) is the equation of the stream-line.
The stream-lines of the phase fluid are constructed in Fig. 3a in the plane ln a

a0
, ϕ according to Eq. (74), when

ω0 = 1, æ = 1, and γ = 0.5, for the following magnitudes of the dimensionless initial amplitude a ∗
0
2 = 3

2 ka
2
0:

0.5, 1.0, 1.25, and 1.5 for the initial phase ϕ0 = 1. These lines originate from the ϕ-axis and locate in the domain
of negative magnitudes of ln a

a0
, since a � a0. When a → 0, these curves tend to +∞, since the phase shift ϕ

increases beyond all bounds with time. As this takes place, the set of these stream-lines tend to the set of straight
lines, equations of which have the form

ϕ = − cot
(
1
2
πγ

)
ln
a

a0
+

a∗0
2

sin
(

1
2 πγ

) + ϕ0.

The increase in the level of the initial amplitude a∗0 leads to the fact that the ordinates of the stream-lines increase
at each fixed magnitude of ln a

a0
. The phase fluid points move along the stream-lines with the velocity V {v ln a, vϕ}

in the direction indicated by arrows.
Figure 3b presents the stream-lines for the fixed magnitudes of the initial values a ∗

0 = 1 and ϕ0 = 1 for the
different values of the fractional parameter γ, which magnitudes are indicated by figures near the corresponding
curves. Reference to Fig. 3b shows that the ordinates of the stream-lines increase with the decrease in the fractional
parameter for each fixed magnitude of ln a

a0
.

The solution for nonlinear free damped vibrations has the form

x = εa0 exp
(
−1
2
ε2tæωγ−1

0 sin
1
2
πγ

)

× cos

[
ω0t+ ϕ0 +

1
2
ε2tæωγ−1

0 cos
1
2
πγ − 3

2
ka20

(
æωγ0 sin

1
2
πγ

)−1

× exp
(
− ε2tæωγ−1

0 sin
1
2
πγ

)]
. (77)

Reference to Eq. (77) shows that the ratio of the dissipation coefficient α = 1
2ε

2æωγ−1
0 sin 1

2πγ to the linear part
of the difference in the frequencies ω − ω0 = 1

2 ε
2æωγ−1

0 cos 1
2πγ is defined by Eq. (30). However, the nonlinear

part of ω − ω0 is dependent on the squared amplitude.
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(a)

(b)

Fig. 3. The stream-lines of the nonlinear fractional oscillator (64) in the phase plane.

6. Conclusion

An engineering analytical approach is proposed for the approximate analysis of dynamic behavior of linear and
nonlinear fractional oscillators. For this purpose, in this paper the fractional derivative is determined as a fractional
power of the operator of conventional time-derivative, what allows one to take no account for the drift of the
equilibrium position of the oscillator.

The comparison of the obtained results is carried out for free damped vibrations of the oscillators with the operator
(d/dt)γ in damping description for the cases of small and finite viscosity, as well as for the oscillator with the
fractional operator in inertial force description. It has been shown that in first two cases it is observed an approximate
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proportionality in the behavior of the damping coefficients and the frequencies of vibration as functions of the
relaxation (retardation) time. As for the oscillator possessing ‘fractional inertia’, then it has been demonstrated that
the formal replacement of the second time-derivative of the displacement by a fractional one of order less than two
in the equation of motion of the mechanical oscillator is unjustified from the point of view of engineering practice.

It has been shown that, depending on the order of low-level of the fractional derivative, the solutions obtained for
free damped vibrations of the nonlinear mechanical oscillator by the method of multiple time scales differ from each
other by the character of nonlinearity: the interrelationship of the fractional parameter and nonlinearity manifests
itself in full measure when orders of the smallness of the fractional derivative and of the cubic nonlinearity entering
in the oscillator’s constitutive equation coincide. In the other case, a correlation between them is weak.

The influence of the initial conditions and the fractional parameter on the behavior of the stream-lines of the
phase fluid has been analysed. It has been shown that the steady-state motion of the phase fluid corresponds to the
steady-state vibrations of the nonlinear oscillator.

The engineering approach implemented in this paper to the analysis of free vibrations of mechanical oscilla-
tors, constitutive equations of which involve fractional derivatives, can be easily extended for investigating forced
vibrations of such oscillators.

Acknowledgements

The research described in this publication has been made possible in part by the joint Grant from the Russian Foun-
dation for Basic Research No.07-01-92002-HHC-aand the National Science Council of Taiwan No.96WFA2500005.

This paper has been completed during the authors’ stay at Rice University, TX as Visiting Professors. The second
author wishes to thank the Fulbright Foundation for the opportunity to do research at Rice University through the
Fulbright Fellowship.

Appendix A

Formula (10) can be obtained from the Mellin-Fourier formula for the functionD γ
0+e

iωt. Really,

Dγ0+e
iωt =

1
2πi

∫ c+i∞

c−i∞

pγept dp

p− iω . (A1)

To calculate the integral in the right-hand side of Eq. (A1) we use the contour of integration L shown in Fig. 4.
Applying the theorem of the theory of residues for the integral over the contour L, we have

1
2πi

∫
L

pγept dp

p− iω = (iω)γeiωt. (A2)

Writing the contour integral in terms of the sum of integrals along the vertical segment of the straight line, along
the arcs of the circumferences with radiiCR andCρ, and along the branches of the cut of the negative real semi-axis,
then tendingR to ∞ and ρ to 0, and considering Jordan lemma, we arrive at the relationship (10).

Changing in Eq. (10) iω by −iω yields

Dγ0+e
−iωt = (−iω)γe−iωt + sinπγ

π

∫ ∞

0

uγe−utdu
u− iω . (A3)

Adding Eqs (10) and (A3), we obtain

Dγ0+(cosωt) = ω
γ cos

(
ωt+

π

2
γ
)
+

sinπγ
π

∫ ∞

0

u1+γe−utdu
u2 + ω2

, (A4)

while subtracting Eq. (A3) from Eq. (10) we have
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Fig. 4. The contour of integration.

Dγ0+(sinωt) = ω
γ sin

(
ωt+

π

2
γ
)
− sinπγ

π
ω

∫ ∞

0

uγe−utdu
u2 + ω2

. (A5)

When γ = 1, these formulas go over into the corresponding formulas of conventional differentiation.
The derived Eqs (10) and (A3)–(A5) are more preferred in engineering applications than those presented in

Table 9.1 of [34] or in tables for semiderivatives in Chapter 7 [55], since allow one to estimate the accuracy of
approximate solutions like those constructed in the given paper.

Reference to Eqs (10) and (A3)–(A5) shows that it is possible to ignore the improper integrals in the following
cases: 1) if γ differs a little from unit, 2) when the magnitude of the fractional parameter γ is rather small, 3) for
rather large frequencies ω. The second terms in Eqs (10) and (A3)–(A5) could be also neglected from some instants
of time after the beginning of vibratory motion.

It should be emphasized that in some engineering problems a combination of the conditions mentioned above can
occur at a time, what allows one to use Eq. (9).

Taking no account of the improper integrals is tantamount to replacing the derivative D γ
0+ with the derivative

Dγ+ in Eqs (10) and (A3)–(A5). Such a substitution has been used in the given paper for the analysis of linear and
nonlinear fractional oscillators.

Note that the similar formulas were first derived by Caputo [66] using the Caputo fractional derivative represen-
tation. The estimates of improper integrals useful for engineering applications were suggested in [66] as well.
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