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Abstract. Vibration processes in the compound and open kinematical chain with an external link, as a model of an archery bow
and arrow system, are evaluated. A mechanical and mathematical model of bend oscillations of the system during accelerate
motion of the external link is proposed. Correlation between longitudinal acceleration and natural frequencies is obtained. There
are recommendations regarding determination of virtual forms to study arrow vibrations and buckling. The models and methods
have been adapted for realization into the engineering method using well-known mathematical software packages.
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1. Introduction

The sports which are played with mechanical devices represent a large proportion of both human competitive and
recreational activity. However, the level of our knowledge and understanding of technique in these activities appears
to lag behind those of other popular sporting activities. There are some obvious reasons for this discrepancy; one of
them is an insufficient level of mechanical and mathematical modeling and computer simulation in this field. Sport
archery is a good model for the study of the mechanical processes in the ’Man and Device’ system [14]. Archery is
a sport for people of all ages, and is challenging whether practiced alone or as part of a group, as the competition
is between the archer and their device (bow and arrows). Archery is a mass participation recreational sport. Thus,
up-to-date equipment is both required and desirable [1].

A typical bow is set-up so that anyone can shoot it reasonably well; therefore it will not perform optimally for
each individual archer. However, by making adjustments in the bow set-up, it is possible to significantly improve an
archer’s performance, sometimes dramatically. The process of adjustment of the bow set-up is called tuning. A bow
which has been correctly tuned to the individual user, will aid them to perform a shot at the peak of their ability. A
bow that is fine-tuned for one archer will not, in most cases be the optimum set-up for any other archer [3].

A modern sport bow is suited for shooting vertically within its main plane. Vertical adjustment can be defined, as
providing an optimal combination of bow parameters to obtain a zero angle of attack of an arrow. It is a significant
part of preparation for shooting, which an archer has to manage with a bow. With a zero angle of attack, an arrow has
the lowest aerodynamic drag and therefore the greatest possible speed. Higher velocity results in better conditions
for good sport performance, because any angle of attack causes the arrow to wobble in the vertical plane [15].

The aim of this research is to model and study vibration processes and instability in the bow and arrow system.
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2. Overview on the archery bow modeling

A common scheme of the modern sport bow had been designed in the first quarter of the last century. The main
features of it are a rigid central part named a riser (or a handle) and two flexible limbs mounted on the ends of the
handle. The unstrung limbs have curved horns at the free ends, which are bent backward of the internal part of the
bow [1].

There are two experimental methods (Bare Shaft Method developed by Max Hamilton and Eliason Method) for
tuning a bow in the vertical plane [1]. These methods are based on laborious procedures through a lengthy and
complicated trial and error phase; they entail considerable effort and much time. Furthermore, these methods allow
only the variation of one single parameter – the nocking height of an arrow. Another variable which is believed to
be important and has not been taken into consideration in the frames of the methods, is the initial set-up angles of
the limbs relative to the handle.

Bow and arrow common vibrations were quantified using high-speed video footage [12]. There are primary
theoretical studies on modeling the vibrations of the archery bow and arrow system in the lateral plane [4,9,19], but
as yet no research has been undertaken on modeling the system in the main plane.

Hickman and Klopsteg [3] initiated scientific research in the field of sport archery. They investigated geometrical
parameters of bows using experimental methods to investigate the limbs and string shapes over a static force.
Hickman created the first mechanical and mathematical model of sport bow deformations. Instead of flexible limbs,
he introduced two straight rigid beams jointed to a handle with hinges. Limb stiffness was modeled with a spiral
spring placed around a hinge’s axis. An arrow was modeled as a particle placed on the axis of symmetry of the
system. A third of the string’s mass was jointed to the mass of the arrow; the remaining mass was jointed to
that of the limb tips. Hickman designed Lagrange function of one degree of freedom and an equation of motion.
Marlow [7] improved the model taking into consideration the string’s elasticity. Hence, he got the mathematical
model as Lagrange function of two degrees of freedom and corresponding equations.

The next step towards improving the model was to model the limbs as thin flexible beams, applying a finite-
difference technique discretization to solve the static problem [5,10]. B.M. Kooi [6,11] added to the model equations
describing a contact process of a string and a curved part of limb in outlining area of it. Using the partial differential
equations and a finite-difference technique discretizating both spatial and temporal variables he solved the dynamic
problem.

All the mentioned models were created for a symmetric scheme of a bow. A number of studies have been
concerned with creating an asymmetrical model of a sport bow, to study the problem of internal arrow ballistics [13,
16–20]. The model exists in two versions; i) a relatively simple model, based on the Hickman’s model and the arrow
is modeled as a rigid shaft [3] and ii) a more advanced model which uses the Kooi’s model and the arrow is modeled
as a flexible shaft with particles at the ends [4]. The simpler of the two models shows all the essential properties
regarding the problem of bow tuning in the vertical plane. The more advanced model provides some additional
accuracy. The simple model gives a much clearer understanding of the aim of the study, mechanics and results of
the tuning. Therefore, the simpler model is used in this paper.

The first attempt at the problem of the adjustment of the asymmetric sport bow has been made using a static
model of the bow and arrow system by Gros and Zanevskyy [2]. Although the results of modeling the frame using
the quasi-static approach have some practical value, they should be considered as an approximation. Because a
dynamic character of the bow and arrow common motion, we have to study a dynamic problem. For example, arrow
acceleration is about 600–700 gravity units. There is a dynamic analysis of the traditional asymmetric Japan bow [8]
but this specific bow is very different in comparison the modern sport bow.

Our mechanical model of the bow and arrow system is based on the compound kinematical chain with a free
member (an arrow) that has only one kinematical pair, i.e. with the string. The hinge unites together the arrow and
two branches of the string; this is the determining feature of the compound chain.

Bow and arrow common motion is characterized by an intensive dynamic process, i.e. impulse buckle and bend
vibrations. The lateral part of the spatial motion can be eliminated because it’s a negligible portion of the total
displacement and energy of the system. The inertial and elastic properties of the bow are taken into account with a
simple mechanical oscillator united at the arrow tail [20].
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Fig. 1. Symmetric scheme of the bow and arrow system.

An adequate mathematical model is presented as an ordinary differential equation with non-constant coefficients.
The numerical solution of the problem was created using an iterative process with approximation of natural modes
as a polynomial series [19].

Bow and arrow common motion was studied using a model of a kinematical chain with non-elastic shift-members.
Here, a mathematical model was presented as a system of partial differential equations with non-constant coefficients
with respect to both time and the longitudinal coordinate as well as the initial conditions. The solution of the adequate
Cauchy problem was obtained with Runge-Kutta method.

The mechanical and mathematical model of arrow buckle and longitudinal bend vibration can be reduced to a
system of ordinary differential equations by substituting virtual functions, which are similar to the natural modes and
meet all the boundary conditions (or a part of them). Application of this form of energetic method makes possible
to get a solution with precision that is acceptable for engineering calculations. The objective criterion of successful
‘construction’ of the hypothetical forms is a difference between rated and natural values of frequencies [16,18].

3. Symmetrical scheme

The asymmetry of the system in its main plane is small (3–4%), therefore by taking into account a common
precision that is acceptable for engineering calculations, it is possible to use in modeling hypothetic forms from
the symmetrical scheme of the chain (Appendix). A geometrical linear model of the Euler-Bernoulli beam was
considered to be acceptable because; i) an arrow length is ∼100 time bigger than the diameter of its aluminum alloy
cylinder tube and ii) bend and buckle deformation amplitude was concluded to be in the range of 5 % of the arrow
length using high speed video footage [12].

Geometric and force equations for the neutral position of the chain are (Fig. 1):

h + l cos θ = s cos γ; l sin θ + s sin γ = ξA; cs (s− s0) l sin (θ + γ) = cl (θ + ϕ) , (1)

where cl is a virtual stiffness of a limb located in the hinge at the end of a riser; c s is a stiffness of a string branch;
s0 is a half-length of the string; ϕ is an angle of the virtual limb at the free position (i.e. without a string); ξOη is
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‘fixed’ to the archer hand immovable system of coordinates. The sense of the rest symbols is clear from the scheme
(see Fig. 1).

For a small displacement from the neutral position, related equations regarding the upper (U) and lower (L) parts
of the kinematical chain are:

h + l cos
(
θU/L ± κ

)
= sU/L cosγU/L ± ηA; ±hκ + l sin

(
θU/L ± κ

)
+ sU/L sin γU/L = ξA;

cs

(
sU/L − s0

)
l sin

(
θU/L + γU/L

)
= cl

(
θU/L + ϕ

)
, (2)

where κ is the angular displacement of the riser. We mark in the twin subdivides (U/L) the upper letter concerns the
upper part of the chain and opposite.

The geometric equations for the neutral Eq. (1) and displaced Eq. (2) positions of the chain are combined together
to form:

θU/L = θ + ∆θU/L; γU/L = γ + ∆γU/L; sU/L = s + ∆sU/L, (3)

where the letter ∆ marks small displacements and deformations. After substituting Eq. (3) into Eq. (2) and trans-
formations using Eq. (1), we get a system of three linear equations (∆θU + ∆θL) , (∆γU + ∆γL) , (∆sU + ∆sL)
homogeneous algebraic equations:

l (∆θU + ∆θL) cos θ + s (∆γU + ∆γL) cos γ + (∆sU + ∆sL) sin γ = 0;

l (∆θU + ∆θL) sin θ − s (∆γU + ∆γL) sin γ + (∆sU + ∆sL) cos γ = 0;

[cs (s− s0) l cos (θ + γ) − cl] (∆θU + ∆θL) + cs (s− s0) l cos (θ + γ) (∆γU + ∆γL)

+csl sin (θ + γ) (∆sU + ∆sL) = 0. (4)

The determinant of the system as for real dimensions of the target sport archery bows [1].
s0
l < 2; s−s0

s0
< 0, 02; 20◦ < θ + γ < 180◦, which are designed in the frame of FITA (International Archery

Federation: www.archery.org) Standard is not equal zero:

cs (s− s0) l2 cos2 (θ + γ) + cls + csl
2s sin2 (θ + γ) ×

[
1 − s0

l

s− s0

s0

cos (θ + γ)
sin2 (θ + γ)

]
> 0.

Because the last unequal, the system of Eq. (4) has only zero solutions:

∆θU + ∆θL = 0; ∆γU + ∆γL = 0; ∆sU + ∆sL = 0.

So, we can reduce the model and study small vibrations of the symmetrical chain using the following equations:

∆θU ≡ −∆θL = τ ; ∆γU ≡ −∆γL; ∆sU ≡ −∆sL; ∆θ′U ≡ −∆θ′L = τ ′. (5)

As a mathematical model of the vibration, we use a system of Lagrange equations of the second order:

d

dt

(
∂T

∂q′i

)
− ∂T

∂qi
+

∂P

∂qi
= 0, (6)

where T and P are consequently the kinetic and potential energy of the system, q i are generalized coordinates; t is
a time; prefix shows a partial derivation in time, i.e. ( ′) ≡ ∂/∂t.

Taking into account (5), expressions of the energy can be written as:

T =
1
2

{
mAη′A2 +

(
IH + 2mlh

2
)
κ′2 + 2Il (τ ′ + κ′)2 + 4mlrlhκ

′ (τ ′ + κ′) [cos θ − (τ + κ) sin θ]
}

;

P = Pl + Ps, (7)

where mA = maA + 1/3ms is the virtual mass of the arrow with a portion of string mass pinned to the nock point
(ms is the mass of a string); IH is the moment of inertia of a riser, a sign and stabilizes relatively the pivot point
(O); ml is the mass of a limb with an additional portion of string mass (1/3ms) pinned to the tip point; Il is the
moment of inertia of a limb relative to its joint to the riser with addition the same part of string mass; r l is the
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distance from the center of mass of the limb to the joint; P l = 1
2cl

[
(θU + ϕ)2 + (θL + ϕ)2 − 2 (θ + ϕ)2

]
= clτ

2

is a difference in potential energy of the limb between neutral and asymmetric positions of the chain; P s =
cs

2

[
(sU − s0)

2 + (sL − s0)
2 − 2 (s− s0)

2
]

= cs∆s2 is the same difference in potential energy of the string;

∆s = − [lτ sin (θ + γ) + (ξAκ + ηA) cos γ].
Setting generated co-ordinates qi ≡ κ, τ, ηA, we get differential equations of vibrations of the chain in its main

plane:

Iκκ
′′ + Iτ τ

′′ + cs∆sξA cos γ = 0; 1
2
mAη′′A + cs∆s cos γ = 0;

Ilτ
′′ + clτ + csl∆s sin (θ + γ) + Iτκ

′′ = 0, (8)

where Iκ = 1
2IH + mlh

2 + Il + 2mlhrl cos θ; Iτ = Il + mhrl cos θ.
Geometrical parameters in the neutral position of the chain (ξA, θ, γ) are solutions of the Eq. (1).
We get natural frequencies ω and natural modes of vibration by substituting solutions in the form: q i = αi cosωt

into the Eq. (8), where αi are amplitudes of vibration. The main determinant of the obtained system of linear (relative
the amplitudes) equations should be equal to zero:∣∣∣∣∣∣

bκκ bκτ bκη

∗ bττ bτη

∗ ∗ bηη

∣∣∣∣∣∣ = 0, (9)

where

bκκ = cs (ξA cos γ)2 − ω2Iκ; bκη = csξA cos2 γ;

bκτ = csl sin (θ + γ) ξA cos γ − ω2Iτ ;

bττ = cs [l sin (θ + γ)]2 + cl − ω2Il; bηη = cs cos2 γ − 1
2
mAω2.

We can make a previous analysis of the chain vibration by assuming the arrow to be a rigid shaft. This assumption
is based on the arrow’s elastic deformations being significantly small in comparison with the virtual displacement
which the limbs transferred to the arrow tail A (see Fig. 1) [15]. We also pin inertial properties of the arrow to the
tail point A.

We get virtual mass of the arrow from the system of equations – equal linear momentum and zero angular
momentum relatively the pinned point A:

la∫
0

µ(z)η′a(z)dz = maAη′A;

la∫
0

µ(z)η′a(z)zdz = 0, (10)

where µ(z) is the distributed mass of the arrow; la is its length; ηa(z) = ηA + ψz is the displacement of the arrow
axis as a rigid shift. Substituting the last form into Eq. (10), we get the following expression for the virtual mass:

maA = mar2
a

r2
A

+r2
a
, where rA =

la∫
0

µ(z)zdz

ma
is a distance between the tail and the center of mass of the arrow; ma is the

total mass of the arrow; ra =

√√√√ la∫
0

µ(z)(z−rA)2dz

ma
is the radius of inertia of the arrow.

Lets examine a modern sport bow and an arrow of mean size (www.hoytusa.com; www.eastonarchery.com):
Iκ = 0.671 kgm2; ml = 0.0953 kg; h = 0.4343 m; Il = 0.006344 kgm2; rl = 0.2165 m; l = 0.48 m;
cl = 120.78 Nm; cs = 14000 N/m; s0 = 0.85 m; ξA = la = 0.7 m; θ = 0.7608 rad; γ = 0.4410 rad;
ma = 0.0091 kg. Substituting these parameters into Eq. (9), we get values of the natural circular frequencies
ω1 = 132, 293 s−1 and ω2 = 1730 s−1. If we disregard the elasticity of the string (cs = ∞), the chain has only one
natural frequency ω = 132, 358 c−1 that differs of the exact solution for the first natural frequency by approximately
0.05%.

The problem was solved using the MathCAD package. Standard function were applied to calculate the value of
the determinant from Eq. (9) changing consequently squad values of frequencies. If the value of the determinant
changed its sign, the natural frequency had been met. Using the interpolation, we calculated its value.
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Fig. 2. Virtual scheme of the system: g – gravity direction.

4. A virtual model of the system

Bow and arrow common motion is accompanied by strong vibrations and the impulse buckle of the arrow [12].
An engineering method for calculation of the process could be based on the model of longitudinal bend and buckle
of a free shift based on the Euler-Bernoulli model with a simple mechanical oscillator connected to its back end [19].

String stiffness is significantly larger than virtual limb stiffness; therefore it is reasonable to assume a linear
mechanical scheme of the model (Fig. 2). It is possible to study vibrations of a shift dividing them into natural
modes. The main quota of the whole displacement belongs to the first or second natural modes. These modes have
one, two or three nodes. Natural modes could be written using Krylov functions, although accuracy of engineering
calculations allows the use of hypothetical functions [17]. It’s considered reasonable to design hypothetical function
as a sum of linear function and harmonics in the form of sinusoid and a half of sinusoid:

ηa3 = ηA + ψz + f2 sin
πz

la
+ f3 sin

2πz
la

, (11)

where ψ is the attitude angle of the arrow; f2, f3 are amplitudes of deformation of the arrow shaft.
Potential and kinetic energy of the system are:

P =
1
2
cB (ηB − ηA)2 +

1
2

l2∫
0

ε (za)
(
∂2ηa

∂z2
a

)2

dza+
1
2
ξ′′A

la∫
0

µ (za)


 za∫

0

(
∂ηa

∂za

)2

dχ +
(
∂ηa

∂za

)2

za=la


 dza;

T =
1
2
mBη′B2 +

1
2

la∫
0

µa (za) η′a2dza,

where cB is the virtual stiffness of two limbs; mB is the virtual mass of the bow; ε(za) is the distributed stiffness of
the arrow shaft. Substituting expression of the hypothetic form Eq. (11) into the last two expressions of energy, the
following expression is obtained for the cylindrical arrow:

P =
1
2
cB (ηB − ηA)2 +

π4ε

4l3a
f2
2 +

4π4ε

l3a
f2
3

+
1
2
ξ′′A

[
msh

(
la
2
ψ2 +

4
π
ψf2 +

π2

4la
f2
2 +

π2

la
f2
3 +

16
3la

f2f3

)
+ mP

(
laψ

2 +
π2

2la
f2
2 +

2π2

la
f2
3

)]
;

T =
1
2


msh

(
η′2A + l2a

3 ψ′2 + f ′2
2

2 + f ′2
3

2 −
la
π ψ′f ′

3 + laη
′
Aψ′ + 4

πη
′
Af ′

2 + 2
π laψ

′f ′
2

)

+mAη′2A + mP (η′A + laψ
′)2 + mBη′2B


 , (12)

where msh is the mass of the arrow shaft, excluding the mass of the tip and tail.
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Setting generated coordinates qi ≡ ηA, ηB , ψ, f2, f3 and substituting expressions of energy into the Lagrange
Eq. (6), the following differential equations of the vibrations of the system are obtained:

(msh + mA + mP ) η′′A +
(msh

2
+ mP

)
laψ

′′ +
2
π
mshf

′′
2 − cB (ηB − ηA) = 0;

mBη′′B + cB (ηB − ηA) = 0;

(msh

3
+ mP

)
laψ

′′ +
(msh

2
+ mP

)
η′′A +

msh

π
f ′′
2 − msh

2π
f ′′
3 +

[(msh

2
+ mP

)
laψ +

2
π
mshf2

]
ξ′′A
la

= 0;

msh

2
f ′′
2 +

2
π
mshη

′′
A +

msh

π
laψ

′′ +
π4ε

2l3a
f2 +

[
π2

2

(msh

2
+ mP

)
f2 +

2
π
mshlaψ +

8
3
mshf3

]
ξ′′A
la

= 0;

msh

2
f ′′
3 − msh

2π
laψ

′′ +
8π4ε

l3a
f3 +

[
π2mshf3 +

8
3
mshf2 + 2π2mP f3

]
ξ′′A
la

= 0. (13)

Like Eq. (9) the main determinant of the obtained system Eq. (13) of linear relatively the amplitudes equations
should be equal zero:∣∣∣∣∣∣∣∣∣∣

b00 b01 b02 b03 b04
∗ b11 b12 b13 b14
∗ ∗ b22 b23 b24
∗ ∗ ∗ b33 b34
∗ ∗ ∗ ∗ b44

∣∣∣∣∣∣∣∣∣∣
= 0, (14)

where

b00 = ν − (1 + ςA + ςB)Ω2; b01 = −ν; b02 = −
(

1
2

+ ςP

)
Ω2;

b03 = − 2
π

Ω2; b04 = b12 = b13 = b14 = 0; b11 = ν − ςBΩ2;

b22 = −
(

1
3

+ ςP

)
Ω2 −

(
1
2

+ ςP

)
Φ; b23 = −Ω2 + 2Φ

π
; b24 =

Ω2

2π
;

b33 =
1
2

{
π2

[
4π2 −

(
1
2

+ ςP

)
Φ
]
− Ω2

}
; b34 = −8

3
Φ; b44 = 2π2

[
4π2 −

(
1
2

+ ςP

)
Φ
]
− Ω2

2

ςA =
mA

msh
; ςP =

mP

msh
; ςB =

mB

msh
; Ω2 = ω2mshl

3
a

ε
; Φ =

−ξ′′Amshl
2
a

ε
; υ =

cBl3a
ε

are non-dimensional values.
To determine an optimal (as to simplicity and acceptable for engineering accuracy) shape of vibration form of the

arrow let’s consider reductions of the hypothetic form Eq. (11). One of them describe free motion of the arrow as a
rigid shift:

ηa1 = ηA + ψz, (15)

and another – as an elastic shift with two nodes:

ηa2 = ηA + ψz + f2 sin
πz

la
. (16)

The arrow shows instability when non-dimensional values of the longitudinal acceleration are Φ 1 = 14.79 and Φ2 =
56.47 (the exact solution [19]). An approximate solution based on the hypothetical form Eq. (16) is Φ 1 = 15.42
(error 4.3%), and on the hypothetical form Eq. (11) is Φ 1 = 14.56 (1.6%) and Φ2 = 65.68 (16.3%). The hypothetical
form Eq. (15) doesn’t cover instability with the longitudinal acceleration Φ 1 and Φ2, and the form Eq. (16) describes
instability only with one value of the longitudinal acceleration (Φ 1).
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Table 1
Values of natural frequencies for different models of the bow
and arrow oscillation forms (an error relatively the exact so-
lution [19])

Form Φ – non-dimension acceleration parameter
model 0 10 20

[19] 0 5.29j 12.41j
(15) 0 4.90j (−7.4%) 7.55j (39%)
(16) 0 5.24j (−0.5%) 11.46 (−7.5%)
(11) 0 5.30j (0.2%) 12.65 (2.0%)
[19] 6.63 5.43 5.83j
(15) 7.01 (5.7%) 5.90 (9.8%) –
(16) 6.65 (0.3%) 5.52 (1.76%) 5.30j (−9.1%)
(11) 6.64 (0.2%) 5.44 (0.2%) 5.69j (−2.4%)
[19] 15.66 8.63 5.46
(15) – – 5.42 (−0.7%)
(16) 15.70 (0.3%) 8.81 (2.1%) 5.47 (0.2%)
(11) 15.69 (0.2%) 8.55 (0.9%) 5.46 (0.0%)
[19] 45.96 41.16 35.80
(11) 46.01 (0.1%) 41.25 (0.2%) 36.17 (1.0%)

Fig. 3. Natural frequencies vs. longitudinal acceleration of the arrow: j = (−1)1/ 2 – imaginary unity.

According to the data in Table 1 and graphs (Fig. 3), all three hypothetic forms are accompanied with the exact
(atrophied) solution (Φ0 = 0).

Like the previous problem (symmetrical scheme), the solution was obtained using the MathCAD package. So,
the method to study vibration processes in the bow and arrow system is realized with standard programs from
well-known computer packet.

The graphs show decreasing of natural frequencies values as longitudinal acceleration increases (see Fig. 3). One
of the natural modes (while acceleration) presents instability of the arrow, i.e. monotone increase of its angle with
the longitudinal axis. As a non-dimensional value of the acceleration equal Φ = 15, the instability appeared ‘thanks’
the first natural mode that has one node, and as Φ = 65 – the second mode with two nodes.

In the range of small and average accelerations (Φ < 10), the error of solutions for the natural frequencies as we
use hypothetic forms with two (16) or three (11) nodes is appreciate for engineering calculations (∼2%). In the
range of high accelerations (Φ > 20), the same accuracy is possible as we use the hypothetic form with three nodes
(see Table 1). As we use the form with one node (15), the error becomes greater than 5%, that is appreciated only
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for a previous analysis of vibrations when we can ignore the arrow deformation.

5. Experimental verification

The results of high-speed video footage [12] show the duration of bow and arrow common motion ranges 18 ÷
19 ms. During this time, the arrow makes one full circle of vibration with two-node bending form. We can apply data
results of our modeling (see Section 4 and Fig. 3) because they are obtained for the most popular modern sport bow
designed in the frames of the FITA Standard. There is well-known correlation between bow and arrow parameters
(www.archery.org). The arrow, used in the video footage, had a length l a = 712 mm; the mass of the shaft was
msh = 14.3 g; the distributed bending stiffness was ε = 4.76 Nm2. Non-dimensional longitudinal acceleration
is Φ = 5.28 that provides us with a second (from the top of the Fig. 3) curve line to a non-dimensional natural
frequency Ω = 11.2 regards to the two-node form. A period of bow and arrow vibration according to this form,

which is in good agreement with the video footage, is (see notes to Eq. (14)): T = 2πla
Ω

√
mshla

ε ≈ 0.0184 (s).

6. Conclusion

1. Bow and arrow common motion is characterized by intensive dynamic processes, i.e. impulse buckle instability
and bend vibrations.

2. An engineering method of calculation of the vibration processes in the system is based on the model of dynamic
longitudinal bend and buckle of Euler-Bernoulli shift, with a simple mechanical oscillator connected to its
back end.

3. The shape of the hypothetic vibration mode could be constructed with a linear function and harmonics in
the form of a sinusoid and a one-half of sinusoid that gives a solution with increased accuracy, as for the
engineering calculations (∼2% error).

4. The model of bow and arrow vibrations is approbated using the standard programs of the common software
package MathCAD, this enables the method to be used in the engineering practice and in the sport of archery.
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Appendix. Reduction to the symmetrical scheme

A modern archery sport bow consists of two equal limbs, but the bow and arrow system cannot be a symmetrical
relatively the arrow axis in the vertical plane. The hand holding the bow and the arrow cannot settle dawn
simultaneously on the same axis of symmetry. Because this very clear reason, the arrow is situated a little above of
the hand holding the bow in the middle of the handle. Hence, the bow and arrow system is asymmetric in the vertical
plane.

Taking into account a common precision that is acceptable for engineering calculations, lets show why we use
an equal symmetrical scheme. Because string elasticity is too small and does not matter in the problem of bow
and arrow vibration (see Section 3), we can ignore string strength. A distance between the noke points of the two
schemes (symmetrical and asymmetrical) in the relevant neutral position is (see Fig. 1):

ηA0 = ±h± l cos θasym
U/L ∓ (s0 ∓ ∆s0) cos γasym

U/L , (A1)

where ∆s0 is a half of the difference in the length of the lower and upper branches of the string. The rest
nomenclatures have been introduced in the main part of the paper.

Relevant distance from the handle to the noke point is:
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ξA = l sin θasym

U/L + (s0 ∓ ∆s0) sinasym

U/L . (A2)

Like it is in the section, let’s connect together geometric equations for the neutral (1) and displaced (A1), (A2)
positions of the chain:

θasym
U/L = θ + ∆θasym

U/L ; γasym
U/L = γ + ∆γasym

U/L . (A3)

Since the asymmetry is small
(

∆s0
s0

∼ 10−1,5
)

, we can assume sinχ ≈ χ; cosχ ≈ 1, where χ is a common

definition of the small angles ∆θasym
U/L ,∆γasym

U/L . We shall ignore products of small parameters as quantities of
a second power of small value. Using the last assumption after substitution (A3) to (A1) and (A2) and some
mathematical transformations, we get a linear (regarding the sums in brackets) system of algebraic equations:

l(∆θasym
L + ∆θasym

U ) cos θ + s0(∆γasym
L + ∆γasym

U ) cos γ = 0;

l(∆θasym
L + ∆θasym

U ) sin θ − s0(∆γasym
L + ∆γasym

U ) sin γ = 0,

that has only zero solutions, because its main determinant (cos θ sin γ + sin θ cos γ) for the real sport bow parameters
(0 < θ + γ < π) has non-zero value: cos θ sin γ + sin θ cos γ ≡ sin(θ + γ) �= 0. Therefore we can write:

∆θasym
L = −∆θasym

U = ∆θasym;

∆γasym
L = −∆γasym

U = ∆γasym. (A4)

Using (A1), (A2), and (A4), we write expressions of velocities for the asymmetrical scheme:

η′A = −
√

ξ2
A + η2

A0κ
′ ∓ l

(
θ′ ∓ ∆θ′asym

)×[
sin θ ∓ ∆θasym cos θ − (cos θ ± ∆θasym sin θ) (sinγ ∓ ∆γasym cos γ)

cos γ ± ∆γasym sin γ

]
.

Because small quantities
(
∆θasym << θ; ∆θ′asym << θ′; ∆γasym << γ; ηA0 << ξA

)
, the expression are re-

duced to the form equal to the expression for the symmetrical scheme:

η′A = ∓lθ′ (sin θ − cos θtgγ) − ξAκ′.
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