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Prediction of modal parameters of linear
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Abstract. Many engineering structures, such as cranes, traffic–excited bridges, flexible mechanisms and robotic devices exhibit
characteristics that vary with time and are referred to as time-varying or nonstationary. In particular, linear time-varying (LTV)
systems have been often dealt with on a case-by-case basis. Many concepts and analytic methods of linear time-invariant (LTI)
systems cannot be applied to LTV systems, as for example the conventional definition of modal parameters. In fact, LTV systems
violate one of the assumptions of the conventional modal analysis, which is stationarity.

Subspace-based identification methods, proposed in the 1970s, have been attracting much attention due to their affinity to the
modern control theory, which is based on the state space model. These methods are now successfully applied to many industrial
cases and may be considered reference methods for identifying LTI systems.

In this paper the use of a subspace-based method for identifying LTV systems is discussed and applied to both numerical and
experimental systems. More precisely a modified version of the SSI method, referred to here as ST-SSI (Short Time Stochastic
Subspace Identification) is introduced as well as a method for predicting time-varying stochastic systems using the angle variation
between the subspaces; the latter is able to predict the system parameter in the “near” future.
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1. Introduction

Modelling and identification of LTV systems are usually treated by two approaches: the ARMA (Auto Regressive
Moving Average) methods [1] and the state-space models, which are those preferred by authors to analyse complex
systems. Their popularity is also due to the recent increase of interest in subspace-based identification methods for
state-space model realizations [2,3]. In [4–6] LTV systems are analyzed with a state-space model with time-varying
matrices. Since some time-invariant relations are no more valid, new definitions of the modal parameters can be
formulated [5] and some numerical and experimental verifications were proposed [7,8].

A lot of existing algorithms based on the state-space method are founded on the assumption that multiple
experiments are conducted on the system with parameters undergoing the same variation, but this is not acceptable
for all the LTV systems, so a procedure which uses a set of free or random excitation response data is needed [6].

The idea of prediction of LTV systems is due to Kameyama [9], who tries to predict the future behaviour of a
system looking at the rotation of the subspace generated by the columns of the observability matrix at two different
time instants. The Kameyama’s work is the convergence of three different research backgrounds: the linear algebra,
the control theory and the system identification [10].

The predictive approach can be very useful in analyzing systems on which measurements can not be done more
frequently. The systems for which the prediction can be applied are called slowly-varying systems [5], i.e. systems
whose matrices change slowly with time.

This paper, after a first part regarding the time-variant identification, deals with some mathematical preliminary
aspects on the relations between the subspaces generated by the columns of two different matrices. Then the
predictive method is described and a numerical and an experimental example are presented in order to validate the
algorithms.
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2. Frozen technique

The identification technique adopted is based on Van Overschee’s work but it is applied to time-variant systems.
The main idea is to consider the matrices constant during each time step and, under this assumption, to apply all the
results concerning the time-invariant systems. This procedure is often called frozen technique.

The state-space model, for a LTV system, can be written as{
x(k + 1) = A(k)x(k) +B(k)u(k) + w(k)
y(k) = C(k)x(k) +D(k)u(k) + v(k) (1)

where A,B,C and D are the system matrices, x is the state vector, y is the output vector, w and v are the state noise
and the output noise, respectively.

The whole time period is divided in many windows, in which the system is considered time-invariant. The
windows are chosen superimposed and shifted by the sampling period.

The length of the temporal window is indicated by the parameter L f , which cannot be chosen arbitrarily, but it
must respect the following condition:

Lf � 2i(l+ 1) − 1 (2)

where l is the dimension of the output vector and i is a user defined index, that should be large enough with respect
to the maximum order of the system to be identified [2]. For each window the identified matrices are assigned to the
central point of that window. It is possible to derive the eigenvalues of the identified state matrix Â(t), from which
the natural frequencies fj(t) are obtained.

3. Mathematical concepts

In this section some mathematical aspects are illustrated [9], in order to better understand the predictive method,
which will be presented in the next section.

3.1. Angle between subspaces

Consider two matrices A ∈ �r×p and B ∈ �r×q, where r � p, q, with rank(A) = ad and rank(B) = bd,
respectively. The angle between two subspaces spanned by the column vectors of A and B is defined by a set of
angles

{ϑi, i = 1, 2, . . . ,m} , m = min(ad, bd), 0 � ϑi � π/2 (3)

between the principal vectors ai ∈ spancol{A} and bj ∈ spancol{B}, where i, j = 1, 2, . . . ,m.
The set of principal vectors and principal angles is called angle between subspaces.
The quickest way to calculate the principal vectors of spancol{A} and spancol{B} is to use the singular value

decomposition (SVD), to construct the matrix Q ∈ �r×r.

Q = A(ATA)†ATB(BTB)†BT (4)

where the symbol † indicates the pseudo-inverse matrix. Then the SVD is performed:

Q = USV T (5)

where U ∈ �r×r and V ∈ �r×r are orthonormal matrices, S ∈ �r×r is the matrix containing the singular values
{σ1, . . . , σm} ofQ. The principal vectors of spancol{A} and spancol{B} are given by ui ∈ �r and vi ∈ �r, where
ui and vi are the first m column vectors of U and V , respectively. The ith principal angle is obtained from the ith
singular value with the following expression:

σi = cosϑi ⇒ ϑi = arccosσi, i = 1, 2, . . . ,m (6)

When σi = 1, it means that the angle between ui and vi is zero and therefore there is no rotation.
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3.2. Rotation of the subspace

From now, the case p = q will be considered, for simplicity and because of greater applicative interest.
The column vectors in the p-dimensional subspace are

ui = [ui1ui2 . . . uip]
T ∈ spancol {U} vi = [vi1vi2 . . . vip]

T ∈ spancol {V } (7)

and they are linked by

vi = Rϑiui (8)

To extract the rotation operator Rϑi , it is necessary to define the orthonormal base in the rotation plane.
The first two vectors of this base identify the rotation plane in which u i and vi lie:

ei1 =
ui

||ui|| = ui ei2 =
vi− < vi, ei1 > ei1

||vi− < vi, ei1 > ei1|| (9)

where < f, g > denotes the inner product f T g of f and g; ||f || indicates the Euclidian norm of f .
The other vectors of the orthonormal base of � r are built such that eT

ijeik = δjk , for j, k = 1, 2, . . . , p, where δjk

indicates the Kronecker operator. The vectors u i and vi can be written as

ui =ai1ei1 + ai2ei2 + . . .+ aipeip = ai1ei1 = ei1 vi =bi1ei1 + bi2ei2 + . . .+ bipeip = bi1ei1 + bi2ei2(10)

where aij =< ui, eij > and bij =< vi, eij >, j = 1, 2, . . . , p. It is easy to obtain that bi1 = cosϑi and bi2 = sinϑi.
Writing the variables bij in function of the variables aij and doing some mathematical steps, it is possible to obtain

the relation Eq. (8) where

Rϑi =
[
ei1 ei2 . . . eip

]



cosϑi −sinϑi 0 · · · 0
sinϑi cosϑi 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1







eT
i1

eT
i2

eT
i3

...
eT

ip




(11)

4. The predictive method

The predictive method proposed in this section intends to predict the future modal response of the system under
study, based on the past and the present behavior. This process can only be applied after having used an estimation
method, as discussed in Section 2, because it needs the estimated system matrices. With the dynamic matrix Â(k)
and the output matrix Ĉ(k), the extended observability matrix at the instant k is calculated:

Γ̂α(k)
def=




Ĉ(k)
Ĉ(k)Â(k)
Ĉ(k)Â(k)2
...
Ĉ(k)Â(k)α−1




(12)

The symbol ˆ means that the term is derived from an estimation procedure. Γ̂α(k) ∈ �αl×n, where n is the model
order and α is a parameter that can be chosen freely.

By considering three temporal instants k1, k2 and k3, respectively in the past, in the present and in the future, the
proposal of this method is to predict the extended observability matrix at the instant k 3, once it has been estimated
at the instants k1 and k2. This step can be done since the change of subspace occurs because of the rotation of the

column vectors γ̂i(k) (i = 1, 2, . . . , n) of Γ̂α(k). The angle between the subspaces spanned by spancol

{
Γ̂α(k1)

}

and spancol

{
Γ̂α(k2)

}
is the result of the rotation of each column vector γ̂ i(k) in the time interval k2 − k1, in the
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αl-dimensional vector space. From (4) and (5), the principal vectors of span col

{
Γ̂α(k1)

}
and spancol

{
Γ̂α(k2)

}
can be written as

Γ̂α(k1)
(
Γ̂α(k1)T Γ̂α(k1)

)†
Γ̂α(k1)T Γ̂α(k2)

(
Γ̂α(k2)T Γ̂α(k2)

)†
Γ̂α(k2)T = U(k1)S(k2|k1)V T (k2) (13)

where

U(k1) = [γ̂1(k1)γ̂2(k1) . . . γ̂n(k1) . . . γ̂αl(k1)] V (k1) = [γ̂1(k2)γ̂2(k2) . . . γ̂n(k2) . . . γ̂αl(k2)] (14)

while S(k2|k1) is the diagonal matrix containing the singular values σ̂ i(k2|k1) = cos ϑ̂i(k2|k1).
Let indicate with γ̃i(k3|k2) the predictive estimation of γ̂i(k3) based on the data till to the present time k2. Under

the hypothesis that the principal vectors rotate always in the same plane, the following relationship holds:

γ̃i(k3|k2) = Rϑ̂i(k3|k2)
γ̂i(k2) (15)

Let define the angular velocity of the angle ϑ̂i(k2|k1) as

∆ϑ̂i(k2|k1) =
ϑ̂i(k2|k1)
k2 − k1

(16)

and suppose it constant during all the evolution of the system. In such a way the rotation angle ϑ̂i(k3|k2) can be
predicted with the following formula:

ϑ̃i(k3|k2) = ∆ϑ̂i(k2|k1)(k3 − k2) (17)

Consequently the prediction spancol

{
Γ̃α(k3)

}
is given by the principal vectors γ̃i(k3|k2) in the following manner:

spancol

{
Γ̃α(k3)

}
= spancol {[γ̃1(k3|k2)γ̃2(k3|k2) . . . γ̃n(k3|k2)]} (18)

Γ̃α(k3) and Λ̃α(k3) = [γ̃1(k3|k2)γ̃2(k3|k2) . . . γ̃n(k3|k2)] are not the same matrix but they span the same vector
space and so they lead to similar matrices.

To extract the modal parameters, it is necessary to obtain the dynamic matrix from Λ̃α(k3). Let denote with
χ̃1(k3) the matrix composed by the first α − 1 blocks of Λ̃α(k3) and with χ̃2(k3) the matrix composed by the last
α− 1 blocks of Λ̃α(k3), then

χ̃2(k3) = χ̃1(k3)Ã(k3) (19)

and finally

Ã(k3) = (χ̃1(k3))
† χ̃2(k3) (20)

In the examples considered, the predictive method will be used to predict the system at many instants, defining the
instants k2 and k3 at each step in the following manner:

k2 = k1 + d k3 = k2 + pr (21)

The parameters d and pr are called building factor and prediction factor, respectively. The latter must be chosen by
respecting the following condition:

pr >
Lf

2
(22)

The relation Eq. (22) is imposed in order to avoid “false prediction”, i.e. when the instant k 3 is included in the
window centered in k2.

The goodness of the prediction results is linked to two factors: the time-variability of the system (already cited in
the introduction) and the choice of d and pr. In fact if d >> pr the results will be very good, if d << pr they will
be unacceptable.
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Fig. 1. The mechanical system considered.

5. Numerical example: model of a scaled truck

Consider the mechanical system depicted in Fig. 1, consisting of three masses, three springs and two dampers [1].
The system is a model of a reduced scale truck: m1 is the mass of the wheel, m2 is the body mass and m3 is the
cabin mass.

The non-stationarity is due to the springs k2 and k3, whose time-varying law is defined by

ki(t) = ki0 + ki1 sin
(

2πt
pi1

)
+ ki2 sin

(
2πt
pi2

)
, i = 2, 3 (23)

where pi1 and pi2 are the characteristic periods of the temporal variation.
The mass matrix, the damping matrix and the stiffness matrix are expressed as follows:

M =


m1 0 0

0 m2 0
0 0 m3


 , Cvis =


c2 −c2 0
−c2 c2 + c3 −c3
0 −c3 c3


 , K =


k1 + k2(t) −k2(t) 0
−k2(t) k2(t) + k3(t) −k3(t)
0 −k3(t) k3(t)




The system is randomly excited by a normal distribution with zero mean and unitary variance. The output vectors
in Eq. (1) are corrupted by 1% (of original signal RMS) white noise. For the simulations, the following numerical
values have been adopted [1]:

m1 = 0.5 kg, m2 = 1.5 kg, m3 = 1 kg
c2 = 0.5 Ns/m, c3 = 0.3 Ns/m
k1 = 300 N/m, k20 = 100 N/m, k21 = 60 N/m, k22 = 20 N/m, k30 = 120 N/m, k31 = 72 N/m, k32 = 24 N/m
p21 = 170 s, p22 = 85 s, p31 = 141.67 s, p32 = 94.44 s
In Fig. 2 the presented methods are applied to the numerical system in order to examine the second natural

frequency, which is the most varying frequency.
In Fig. 2.A it can be noted that the curve obtained by the estimation is very close to the theoretical one and this

confirms that the extension of the LTI methods to the LTV systems is very satisfying. In Fig. 2.B the estimated curve
is compared with the predictive one, with d = 5 s, pr = 5 s. Although there are some little differences in the higher
part of the frequency, the trend of the prediction reproduces quite well the estimated one.

6. Experimental example: A model of railway bridge

A scaled model of a railway bridge, located in the laboratory of the Department of Mechanics of the Politecnico
di Torino, is shown in Fig. 3. It is composed by a metallic plate and a pair of rails, in order to allow the passage of a
carriage, which can contain some weights.



488 S. Marchesiello et al. / Prediction of modal parameters of linear time-varying systems

A B

Fig. 2. Second natural frequency. A: Comparison theoretical-estimated. B: Comparison estimated-predicted.

Fig. 3. The model of railway bridge.

A shaker was used to generate the input signal, while an electric motor generated the motion of the carriage over
the plate at constant speed. Ten sensors were placed along the plate in order to register the accelerations of the
structure.

Two types of experiments were conducted, varying the weights over the train: in the first case a massm 1 = 4.4 kg
was chosen, while in the second case a mass m2 = 1.2 kg was selected.

The results of the estimation method for both the situations are depicted in Fig. 4.
Figure 4 shows that the variation of the first natural frequency for the case with mass m 1 is obviously larger than

respect to the case with mass m2. In the following only the first case will be considered.
In Fig. 5 a comparison between the results of the estimation method and the predictive method is done on the first

two natural frequencies of the bridge.
Both Fig. 5.A and 5.B show that the prediction is able to follow and reproduce every variation in the natural

frequencies. However, different values of d and p r should be selected with particular care, depending on the natural
frequency to be analyzed.
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A B

Fig. 4. Estimation of the first natural frequency. A: mass m1. B: mass m2.

A B

Fig. 5. Comparison between estimation and prediction. A: first frequency. B: second frequency.

7. Conclusions

An estimation method and a predictive method for the modal parameters have been presented. The first is a direct
extension of the subspace methods for LTI systems and it obtains good results in identifying both a numerical and
an experimental LTV system. The predictive method has been investigated through its mathematical aspects and
through the possible applications. The main idea is that in LTV systems there is a change of the subspace generated
by the columns of the observability matrix at two successive instants, and this fact can be used to predict the subspace
at a future instant.

It has been demonstrated that the method is able to reproduce the trend of the real or estimated frequencies, and
so it can be considered reliable in predicting the behaviour of a LTV system in the near future.
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