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Abstract. An approximate approach is proposed in this paper for analyzing the two-dimensional friction contact problem so as
to compute the dynamic response of a structure constrained by friction interfaces due to tip-rub. The dynamical equation of
motion for a rotational cantilever blade in a centrifugal force field is established. Flow-induced distributed periodic forces and the
internal material damping in the blade are accounted for in the governing equation of motion. The Galerkin method is employed
to obtain a three-degree-of-freedom oscillator with friction damping due to tip-rub. The combined motion of impact andfriction
due to tip-rub produced a piecewise linear vibration which is actually nonlinear. Thus, a complete vibration cycle is divided into
successive intervals. The system possesses linear vibration characteristic during each of these intervals, which canbe determined
using analytical solution forms. Numerical simulation shows that the parameters such as gap of the tip and the rotational speed of
the blades have significant effects on the dynamical responses of the system. Finally, the nonlinear vibration characteristics of the
blade are investigated in terms of the Poincare graph, and the frequency spectrum of the responses and the amplitude-frequency
curves.
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1. Introduction

In the turbine jet engine industry, one of the main failure problems of the turbine engine blades can be attributed
to high cyclic fatigue caused by large resonance stress. Preventing turbo-machinery blade failures has been an
important issue in the turbine engine. Dry friction damper,a device to reduce vibration amplitude and increase
blade damping, is proved to be a highly effective way to dissipate energy of vibration. The friction damper absorbs
vibration energy through the friction between the adjacentshrouded blades. The interface friction may include slip,
stuck and separations, which lead to very complex contact kinematics. This leads it a difficult task to predict its
dynamic response accurately.

Because of the strong nonlinear nature, approximation methods or numerical integration methods are adopted to
deal with the system in most investigations. The simplest interface model is the Coulomb friction model where
contact points do not move with respect to each other unless the friction force exceeds a critical limit. Den Hartog [1]
was one of the earliest scientists to study the dynamic behavior of structures with Coulomb friction. The exact
solution of steady state motion is obtained through a single-DOF dry fiction oscillator. This method was developed
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to a two-DOF system in [2,3] and multiple-DOF systems in [4,5] later. In these works, authors used harmonic
balance method in combination with a structural modification approach in order to perform simulations [6,7]. These
investigations were based on a kind of dry friction model, which is called “macro-slip” model and is widely used [8].
The friction interfaces are modeled as a rigid body, and include either slip state or stick state. Suppose that the
normal load of all points of the contact interface are equal and small, can be seen as a single point of contact model
with a point to replace the entire contact interface, and allpoints of interface sticking or slipping at the same time.
Iwan [9] proposed the famous bi-linear hysteretic restoring force model. Menq and Griffin [10,11] perfected the
model proposed in [9] and developed a finite element model to demonstrate the limitations of the model in [9]. Ding
Qian et al. [12,13] divided a complete vibration cycle into four successive intervals to determine the steady state
response of the blade. Nan et al. [14] formulated a simple two-DOF system in terms of the Sgn contact model.
Numerical results are given in [14] to analyze effects of parameters on nonlinear dynamic characteristics of the
system.

On the other hand, Menq et al. [15] developed the micro-slip method a few years later. The theory suggests that the
friction interface is an elastic body if the normal load acting on the interface is high; it is capable of modeling partial
slip before all point slip. One-dimensional motion is not valid enough, especially when there is coupling between
motions of the system in more than one direction. Griffin and Menq [16–19] investigated a two-dimensional model
by assuming points of contact move in a circular path and dividing the contact into parallel connection of some small
macro-slip model elements. Yang et al. [20] and Chen and Menq[21] investigated the three-dimensional shroud
contact kinematics of a shrouded blade system. They assumedblade motion has three components: axial, tangential,
and radial components. The connected states have been explained easier by the model, but too much parametric
hypothesis affect the calculation accuracy of steady stateresponse. By analyzing the micro-slip method and the
macro-slip method contrastively, Ciğerŏglu andÖzgüven [22] indicated that the micro-slip model can provide more
accurate results by applying a quasi-linearization technique. They proposed a new model about all blades around of
the disk, which developed the micro-slip method and validated feasibility of the model.

In this paper, the basic dynamical equation of motion for a rotational cantilever flexible blade in a centrifugal
force field is established to simulate the dynamical responses of the blade of an aero-engine rotor. Non-proportional
viscous damping model is used to formulate the effect of frictional constraint at the shroud interfaces. The dynamical
equation of the system is established and the Galerkin method is applied to discretize the partial differential equations
to a 3-DOF system so as to compute the dynamic responses of theaero-engine blade constrained by friction interfaces
due to tip-rub. Then the differential equations of motion with 3-DOF are numerically solved by using the Runge-
Kutta method. Several results related to damped vibration characteristics of the blade with regard to rotational speed
and gap are numerically obtained respectively.

2. Mathematical modeling formulation

2.1. The governing equations of motion

For the sake of convenience, a blade of an aero-engine rotor is simplified as a continuous cantilever in a centrifugal
force field. A rotating blade with tip-rub is considered to bea uniform and initially straight cantilever, constrained
at the free end by springs and friction dampers with a gap∆ as sketched in Fig. 1. With the tip-rub, when the
lateral displacement is larger than the width of the gap on tip of the blade, a normal pressure and a friction force are
imposed.

The equation of motion of the blade can readily be derived by considering the equilibrium of forces and moments
acting on the differential segment of the blade with the length of dx. Summing all forces in transversal direction
leads to the first dynamic equilibrium relationship with respect to transverse displacementsv(x, t)

Q − f
∂v

∂x
−

[

Q +
∂Q

∂x
dx − f

∂v

∂x
−

∂
(

f ∂v
∂x

)

∂x
dx

]

− c
∂v

∂t
dx

(1)

+ [Fa(t) − (N cos γ + Ff sin γ)δ(x − l)] dx = ρAdx
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Fig. 1. Rotating blade with tips of an aero-engine rotor.

whereQ is the shear force acting on the cross-section,ρ is the mass density,A is the cross-section area,l is the
length of the blade,c is the viscous damping coefficient, andΩ is the rotating speed of the rotor. The axial loadf(x)
can be written as

f(x) =
1

2
ρAΩ2(l2 − x2). (2)

The second equilibrium relationship is obtained by summingmoments acting on the differential segment. This leads
to the relationship between shear and moment.

Introducing the basic moment-curvature relationship, we have

Q =
∂M

∂x
=

∂

∂x

(

EI
∂2v

∂x2

)

, (3)

in whichM is the moment acting on the cross-section, andEI is the flexural rigidity.
The aerodynamic forces acting on the blade of an aero-engineis very complex. For simplicity, we assume that

the blade is excited by a distributed periodic aerodynamic load. Then, the governing equation of motion for a single
rotational cantilever flexible blade can be formulated fromEqs (1), (2) and (3) as

EI
∂4v

∂x4
+ ρA

∂2v

∂t2
+ c

∂v

∂t
= −ρAΩ2x

∂v

∂x
+

1

2
ρAΩ2(l2 − x2)

∂2v

∂x2
(4)

+Fa(t) − (N cos γ + Ff sinγ)δ(x − l),

where, the external periodic aerodynamic force is defined asFa = Fa0 sin(3Ωt) andFa0 is the amplitude of the
external load.γ is the contact interface angle as shown in Fig. 2(a),N andFf denote the normal and friction force
at the tip-rub as shown in Fig. 2(b). The collision pressureN and the friction forceFf imposed on the tip of the
blade are respectively described as

N =







k (v(l) − ∆) cos γ, v(l) > ∆,

0, −∆ < v(l) < ∆,

k (v(l) + ∆) cos γ, v(l) < −∆,

(5)
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Fig. 2. The geometrical relations of the displacements (a) and forces (b) on the contact interface.

where∆ is the gap between two adjacent tips of the blades as shown in Fig. 1,k is the elastic shear stiffness between
two adjacent contacting interfaces,v(l) is the transverse displacement at the free end of the blade, and

Ff =







µkN, v̇(l) > 0,

−µsN 6 g(t) 6 µsN, v̇(l) = 0,

−µkN, v̇(l) < 0,

(6)

in which µk is the dynamic friction coefficient,µs is the static friction coefficient anḋv(l) is the relative sliding
velocity between the contacting interfaces.

Putting the Eq. (4) in dimensionless forms, we obtain the governing equation of motion

v̄(4) + β2¨̄v + ζβ ˙̄v = −β2v̄(1)x̄ +
1

2
β2(1 − x̄2)v̄′′ + η [Fa0 sin (3τ) − (N cos γ + Ff sin γ)δ(x̄ − 1)] , (7)

where
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v

l
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x

l
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√
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,
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Ω
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l3

EI
.

Accordingly, the normal force in Eq. (5) can be written as thefollowing form

N =







kl
[

v̄(1) − ∆̄
]

cos γ, v̄(x̄) > ∆̄
0, −∆̄ < v̄(x̄) < ∆̄

kl
[

v̄(1) + ∆̄
]

cos γ, v̄(x̄) < −∆̄
, ∆̄ =

∆

l
. (8)

The accompanying boundary conditions are those of a fixed-free beam

v̄(0, τ) = v̄′(0, τ) = v̄′′ (1, τ) = v̄′′′(1, τ) = 0. (9)

2.2. Galerkin discretization

Applying the Galerkin method and introducing the firstm terms of bending modes, the dimensionless transverse
displacement variable is expanded as

v̄(x̄, τ) =

m
∑

i=1

φi(x̄)qi(τ). (10)

For approximate solution, we take the orthonormal sets of eigen-functions for a cantilever as the modal functions
for the rotating blade, i.e.,

φi(x̄) = coshλix̄ − cosλix̄ −
coshλi + cosλi

sinhλi + sin λi

(sinh λix̄ − sinλix̄). (11)

Substituting Eq. (10) into Eq. (7) and orthogonalizing the latter with respect to the setϕj(x̄), we obtain
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]

,

(j = 1, 2, · · · , m).

Then the governing differential equation of motion can be formulated as

Mq̈ + Cq̇ + Kq = F, (13)

whereq = {q1, . . . , qm}
T is the displacement vector with independent variables. Forthe sake of simplifying, we

takem = 3. Then
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The external loads on the right hand side of the equations areas follows
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v̄(1) =

3
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φi(1)qi(τ).

3. Numerical results and discussion

To demonstrate the efficiency and convergence of the proposed method to solve the forced vibration problem,
several results related to damped vibration characteristics of the blade with regard to the rotational speedΩ, the tip
gap∆ and elastic coefficientk are numerically obtained respectively. The initial tip gapis chosen to be∆ = 0.02 mm
and the initial elastic coefficient between tips isk = 1.0 × 104 N/mm. The frequency of the external periodic
aerodynamic force is assumed to be 3 times the rotational frequency (see Eq. (7)). A set of typical parameters are
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Table 1
Material constants and geometrical parameters for the system

Sign Description Value Unit

EI flexural rigidity 343 N· m
A cross-section area 4.2× 10−4 m2

ρ mass density 7800 Kg/m3

l length of the blade 150 mm
c viscous damping coefficient 29.8 N· s/m
b width of the blade 60 mm
h thickness of the blade 7 mm
k elastic coefficient between tips 1∼4 × 104 N/mm
µ rub coefficient 0.33
∆ gap between the blade tips 0.02∼0.2 mm
γ contact angle between tips π/6
n rotational speed of the blade 1000∼ 10000 rpm

Fig. 3. Amplitude frequency characteristics of the flexuralvibration of the blade.

chosen and listed in Table 1. The first three natural frequencies of the blade can be easily obtained as 245.5 Hz,
1594.8 Hz and 4465.9 Hz.

The responses of the rotating blade-tip system with the variation of the rotational speed from 1000 rpm to 10000
rpm are worked out to illustrate the effects of friction damping on the dynamic behavior of system. Figure 3 presents
the amplitude frequency characteristics of the system whenthe tip gap∆ is fixed to 0.02 mm. It can be observed
from Fig. 3 that the displacement of the flexural vibration isgetting larger with the increase of the rotational speed
under a certain tip gap∆. When the rotational speed is less than 2410 rpm, it can be observed that the displacement
of the blade end is smaller than the initial gap∆ = 0.02 mm. That is to say the vibration amplitude of the blade
end is not large enough to collide with the tip. When the rotational speed is greater than 2410 rpm, the displacement
of the blade end is larger than the minimal tip gap, which indicates that the collision between the blade end and the
tip will set to work to decrease the vibration. Figure 4 showsthe response of the blade with∆ = 0.1 mm at the
rotating speedn = 2000 rpm andn = 9000 rpm respectively by the time history, phase diagram, Poincaŕe map
and spectrum analysis. The motions of the system with and without collision are steady periodic and quasi-periodic
motion, respectively.

Figure 5 presents the relationship between the amplitude ofdynamical responses at the free end versus the tip gap
and the rotational speed of the blade. The tip gap varies from0.02 mm to 0.2 mm and the rotational speed varies
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Fig. 4. Responses of the system at rotating speed 2000 rpm and13000 rpm.
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Fig. 5. Relationship of the amplitude of the flexural vibration with rotational speed and gap.

Fig. 6. Relationship of the amplitude of the flexural vibration with, rotational speed and stiffness.

from 1000 rpm to 10000 rpm. It can be observed from Fig. 5 that for a given tip gap, there exist a corresponding
rotational speed from which the collision between the bladeand the tip will happen. If the rotational speed increases
further, the variation of the tip gap has a great effect on theresponse amplitude of the blade end. In this case, the
smaller the tip gap is and the better vibration reduction effects will be obtained. Moreover the amplitude of the
blade vibration is invariable when the tip gap∆ is greater than 0.1 mm at a certain speed because of non-collision.
Therefore in order to greatly suppress the vibration of the aero-engine rotor-blade, the tip gap∆ should be made as
small as possible.

Figure 6 presents the relationship of the response amplitude versus the elastic coefficient between the stiffness of
the tipk and the rotational speed of the blade. The elastic coefficient k varies from 1× 107 N/m to 4× 107 N/m and
the rotational speed varies from 1000 rpm to 10000 rpm. As shown in Fig. 6 when the rotational speed is greater



D. Cao et al. / Nonlinear vibration characteristics of a flexible blade with friction damping due to tip-rub 113

than 2410 rpm, the variation of the elastic coefficientk has a little effect on the response amplitude of the blade
end. When the elastic coefficientk is increscent from 1× 107 N/m to 4× 107 N/m the amplitude of the blade end
is somewhat reduced. In other words, the increase of the elastic coefficientk will be appropriate to get the better
vibration reduction effects.

4. Conclusions

The damped vibration of blades with tips has been formulateddue to combined motions of impact and friction
between blades and tips, and the dry friction model has been used to simulate the effect of frictional constraint at the
shroud interfaces. Some available results related to damped vibration characteristics of the blade with regard to the
rotational speed, the tip gap∆, and elastic coefficientk are numerically obtained respectively. The main conclusions
obtained in this work are as follows:

(1) The response amplitude of the flexural vibration of the blade is getting larger with the increasing of the
rotational speed. When the rotational speed is less than 2410 rpm and the displacement of the blade end is not
large enough to collide with the tip, i.e.,v(l) < ∆ (= 0.02 mm), the variation of the tip gap∆ has no effect
on the amplitude of the blade end.

(2) When the rotational speed is greater than 2410 rpm, the amplitude of the blade end is greater than the initial
gap∆ = 0.02 mm. In this case, the blade end will collide with the tip and the collision will decrease the
vibration of the blade-tip system.

(3) The tip gap has a great effect on the response amplitude ofthe blade end. In order to suppress the vibration
of the rotating blade-tip system, the tip gap should be made as small as possible. The elastic coefficientk has
little effect on the amplitude of the blade end.

The calculation method, the basic analysis approach and theimportant conclusions provided in this paper may be
available for reference in the designing, development and modification of aero-engine turbo.
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