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Abstract. The large-scale rotary machine with multi-supporting, such as rotary kiln and rope laying machine, is the key equipment
in the architectural, chemistry, and agriculture industries. The body, rollers, wheels, and bearings constitute a chain multibody
system. Axis line deflection is a vital parameter to determine mechanics state of rotary machine, thus body axial vibration needs
to be studied for dynamic monitoring and adjusting of rotarymachine. By using the Riccati transfer matrix method, the body
system of rotary machine is divided into many subsystems composed of three elements, namely, rigid disk, elastic shaft,and
linear spring. Multiple wheel-bearing structures are simplified as springs. The transfer matrices of the body system and overall
transfer equation are developed, as well as the response overall motion equation. Taken a rotary kiln as an instance, natural
frequencies, modal shape, and response vibration with certain exciting axis line deflection are obtained by numerical computing.
The body vibration modal curves illustrate the cause of dynamical errors in the common axis line measurement methods. The
displacement response can be used for further measurement dynamical error analysis and compensation. The response overall
motion equation could be applied to predict the body motion under abnormal mechanics condition, and provide theory guidance
for machine failure diagnosis.
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1. Introduction

The larger-scale rotary machines, such as rotary kiln, ropelaying machine, cylinder drier, and cooling machine, are
widely used for material calcination, stranding, drying, and cooling in the architectural, chemistry, and agriculture
industries. Their main bodies of these machines are supported by many groups of wheel- bearing supporting structures,
as shown in Fig. 1. These machines are generally large scale,over-weight, and statically indeterminate. Axis line
deflection is a vital parameter to determine mechanics stateof rotary machine, that is well investigated in Refs. [1–4].
Little axis line deflection can cause large difference load distributed between each wheel. It is reported that when the
axis line deflection is± 10 mm, the body stress increases three times, and the load applied on the supporting wheel
increases one time [2,5]. Body axial vibration are excited when asymmetric geometry occurs caused by abrasion
and thermal expansion, machine runs abnormally, and driveline vibrates. This brings dynamic stress to all parts
and causes severe hazard to the machine. Therefore, body axial vibration of the large-scale rotary machine with
multi-supporting should be paid sufficient attention. In practice, as for a rotary kiln, axial line measurement is every-
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Fig. 1. The sketch of the large-scale rotary machine with multi-supporting.

Fig. 2. Discrete model withN subsystems.

day radical task to maintain the equipment [6–10]. However,dynamical measurement error is found to be important
for efficient and accurate adjustment. Thus, it is necessaryto perform dynamical modeling and analysis of this kind
of rotary machine.

The body, rollers, wheels, and bearings of rotary machine constitute a chain multibody system. A lot of methods
for chain multibody system dynamics have been studied by many researchers [11,12]. The transfer matrix method
(TMM) has been developed for a long time and has been applied widely in structure mechanics and multibody system
dynamics [13]. The advantage of TMM is that the global dynamics equations of the system are not needed and the
matrix order does not increase with the number of elements. Holzer firstly used TMM to solve the problems of
torsion vibration of rods [14]. Prohl applied TMM for rotor system dynamics [15]. Horner proposed Riccati transfer
matrix method (Riccati TMM) to improve numerical stability[16]. Dokanish proposed the finite element–transfer
matrix method to solve plate structure vibration problem [17]. Kumar and Sankar developed discrete time transfer
matrix method(DTTMM) for time variant system dynamics [18]. In recently years, many researchers continuously
developed TMM to a wide variety of engineering problems [19–27].

In this investigation, Riccati transfer matrix method is used to analyze the dynamics of the body system with
multiple wheel-bearing supporting structures. This paperis organized as follows. In Section 2, the body is divided
into many subsystems with the deduced stiffness coefficients of multiple wheel-bearing supporting structures, and
transfer matrices and overall equation are established. InSection 3, the Riccati transform equation is introduced to
improve numerical stability for computing natural frequencies and modal shape of the body system. The response
overall transfer equation is given in Section 4. In Section 5, a rotary kiln as an example is presented with the
numerical results, and then some conclusions are given.

2. Discretization of the large-scale rotary machine with multi-supporting

The body, rollers, wheels, and bearings of the large-scale rotary machine can be considered as a chain multibody
system. By using TMM, the body system may be divided into a certain number of subsystems, which can be
represented by various elements including rigid disks, elastic shafts, and linear springs, as shown in Fig. 2. The
head of rotary machine is the coordinate system origin, the straight axis line isx axes, the vertical direction of the
supporting section isy axes, and the horizontal direction isz axes. For any subsystemi, all elements are limited to
a plane motion,y andz plane.
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Fig. 3. The geometry and mechanic model of wheel-bearing supporting structure.

2.1. Stiffness of multiple wheel-bearing supporting structures

Multiple wheel-bearing supporting structures are represented by linear springs in system discrete model, as shown
in Fig. 2. For rotary machine, each supporting structure is composed of a roller set around the body, two wheels
located on the left and the right of roller at300 angle with vertical line, and four shafts and bearings, as shown in
Fig. 3(a). The supporting structures are simplified as springs, as shown in Fig. 3(b). For any subsystemi composed
of a rigid body with linear springs(Shown in Fig. 3(c)),mi represents the weight of the rigid disk,kiay andkiaz

denote the supporting stiffness of the right wheels iny andzaxis,kiby andkibz are the supporting stiffness of the left
wheels iny andz axis, keq is the equivalent stiffness of the journal bearing, ml is the wheel weight. The equivalent
stiffness of supporting structures can be deduced by using their difference motion equation.

For the mechanic model of the supporting structure in Fig. 3(c), the equivalent stiffness of the supporting structure
is anisotropy. By ignoring the coupling terms ofy andz direction, the mass and stiffness can be written in matrix
form

Ml =

[

ml 0
0 ml

]

; Kai =

[

kaz 0
0 kay

]

i

; Kbi =

[

kbz 0
0 kby

]

i

; K =

[

keq 0
0 keq

]

(1)

In the supporting structure, wheel, shaft and journal bearings can be considered as a rigid disk with a elastic
spring, because the journal bearing with overload and low speed can not generate oil film [18,19]. Therefore, the
stiffness keq can be easily written as

keq = klkp/(kl + kp) (2)

where kl is the shaft stiffness, kp is the bearing stiffness.
Supposed the displacement vector of body isD = [y, z]T , the displacement vectors of the left and right wheel are

Dl = [yl, zl]
T andDr = [yr, zr]

T , respectively. The motion of the supporting structure can be expressed as

MlD̈ + KaiDl + KbiDr − Keq(D− D
l
−Dr) = 0 (3)

For natural vibration of the body system, the solution of theabove equation can be assumed as

D = Dest Dl = Dle
st Dr = Dre

st (4)

When neglecting damper effects,S = iβ, β is the natural frequency of the body system,βk (k = 1, 2, . . .) denotes
kth natural frequency. Then, the equivalent stiffness matrices of supporting structure can be expressed as

Ksai = Keq[Keq + Kai + S2Ml]
−1[Kai + S2Ml]

Ksbi = Keq[Keq + Kbi + S2Ml]
−1[Kbi + S2Ml] (5)

whereKsai, Ksbi denote the complex equivalent stiffness matrices of theith left and right wheel-bearing structure,
respectively.

Let Ki denotes the total stiffness of the two sides supporting structures, as yielded as

Ki = Ksai + Ksbi (6)
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Fig. 4. Schematic diagram of the subsystem and elements.

2.2. State vectors, transfer equations and transfer matrices of elements

The state vectors of any element end are defined as

Zi = [z, θy, My, Qz, y,−θz,−Mz, Qy]
T
i (7)

wherey, z are the point coordinates of the body rotary center,θy, θz are corresponding angular displacements,
My,MZ are the corresponding internal torques,Qy,QZ are the corresponding internal forces, subscripti is the
subsystem indices, and superscriptT denotes the matrix transpose.

The transfer equation and the transfer matrixTi between the divided body subsystems can be written as

Zi = TiZi−1 (8)

The transfer equation describes the mutual relationship between the state vectors at two ends of theith subsystem.
For rotary machine, any subsystem is composed of three elements, namely, a rigid disk with a linear spring, and an
elastic shaft. Figure 4 shows a subsystem combined three elements, a rigid disk with a elastic spring, and an elastic
shaft respectively.

According to D’Alembert’s principle, the dynamic equationof a disk with a spring (Seen in Fig. 4(b)) can be
written as















Qy,i+1 = Qy,i − miS
2yi − kyy,iyi

Qz,i+1 = Qz,i − miS
2zi − kzz,izi

My,i+1 = My,i − IiS
2θy,i

Mz,i+1 = Mz,i − IiS
2θz,i

(9)

wherekyy, kzz are the total stiffness of the supporting structure iny andz axis, namely diagonal terms ofKi, Ii is
the moment of inertia.

Therefore, transfer matrix for this element can be written as

Zi+1 = DiZi (10)

Di =

























1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −IiS

2 1 0 0 0 0 0
−miS

2 − kzz 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 −IiS

2 1 0
0 0 0 0 −miS

2 − kyy 0 0 1

























(11)
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As rotary machine generally operates at low speed, the gyroscopic effects are not included in the above equation.
For the elastic shaft without mass (Seen in Fig. 4(c)), transfer matrixBi is written as

Bi =

























1 − l l l2
/

2EJ l3
/

6EJ 0 0 0 0
0 1 l/EJ l2

/

2EJ 0 0 0 0
0 0 1 l 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 l l2

/

2EJ l3
/

6EJ
0 0 0 0 0 1 l/EJ l2

/

2EJ
0 0 0 0 0 0 1 l
0 0 0 0 0 0 0 1

























(12)

wherel is the corresponding length of elastic shaft,E is the elastic modulus,J is second moment of area.
Therefore, for any subsystemi composed of a disk with a spring, and a elastic shaft (Seen in Fig. 4(a)), transfer

matrix can be obtained according to the mechanics relationship of material

Ti = BiDi =

(

t11 t12

t21 t22

)

i

(13)

t12i = t21i = 0

t11i =









1 − l3

6EJ

(

mS2 + Kzz

)

l + l2

2EJ
IS2 l2

2EJ
l3

6EJ

− l2

2EJ

(

mS2 + Kzz

)

1 + l
EJ

IS2 l
EJ

l2

2EJ

−l
(

mS2 + Kzz

)

IS2 1 l
−

(

mS2 + Kzz

)

0 0 1









i

t22i =









1 − l3

6EJ

(

mS2 + Kyy

)

l + l2

2EJ
IS2 l2

2EJ
l3

6EJ

− l2

2EJ

(

mS2 + Kyy

)

1 + l
EJ

IS2 l
EJ

l2

2EJ

−l
(

mS2 + Kyy

)

IS2 1 l
−

(

mS2 + Kyy

)

0 0 1









i

3. Riccati transfer equation of the large-scale rotary machine with multi-supporting

The overall transfer equation of the body system can be obtained by multiplying the transfer matrices of the
subsystems

ZN = TallZ0 (14)

Tall = TNTN−1 . . .Ti . . .T2T1

whereTall is the overall transfer matrix of the body system,Z0,ZN are the state vectors of boundaries of the body,
subscripti denotes the subsystem indices.

Substituting boundaries state vectors into Eq. (14), the natural frequency equation can be obtained. Then solving
the natural frequency equation, the natural frequencies can be gained. Using the transfer equations of subsystem
Eq. (8) for each natural frequencies, the state vector of anyend of subsystem can be obtained easily. However, with
the increase of the numberN of the subsystems, rounding errors are magnified by multiplying transfer matrices,
even make the computation results invalid. The Riccati transfer matrix method is an important way to improve the
numerical stability [16,19,22].

When using Riccati transfer matrix method, the state vectors are divided into two parts

Zi = [f , e]Ti = [My, Qz,−Mz, Qy, y,−θz, z, θy]
T
i (15)

wherefi includes the state variables that are zero on the boundary ofthe body systems,eiincludes the other unknown
variables.
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Therefore, Eq. (8) can be yielded as
[

f

e

]

i+1

=

[

u11 u12

u21 u22

]

i

[

f

e

]

i

(16)

u11i =









1 l 0 0
0 1 0 0
0 0 1 l
0 0 0 1









i

u12i =









−l(mS2 + Kzz) IS2 0 0
−

(

mS2 + Kzz

)

0 0 0
0 0 −l(mS2 + Kyy) IS2

0 0 −
(

mS2 + Kyy

)

0









i

u21i =











l2

2EJ
l3

6EJ
0 0

l
EJ

l2

2EJ
0 0

0 0 l2

2EJ
l3

6EJ

0 0 l
EJ

l2

2EJ











u22i =











1 − l3

6EJ

(

mS2 + Kyy

)

l + l2

2EJ
IS2 0 0

− l2

2EJ

(

mS2 + Kyy

)

1 + l
EJ

IS2 0 0

0 02 1 − l3

6EJ

(

mS2 + Kzz

)

l + l2

2EJ
IS2

0 0 − l2

2EJ

(

mS2 + Kzz

)

1 + l
EJ

IS2











i

Introducing the Riccati transform

fi = Riei (17)

Substituting it into Eq. (16), we obtain

ei = [u21R + u22]
−1
i ei+1 (18)

fi+1 = [u11R + u12]i[u21R + u22]
−1
i ei+1 (19)

By comparing Eqs (19) with (17), the transfer formula can be found as

Ri+1 = [u11R + u12]i[u21R + u22]
−1
i (20)

According to the boundary conditions, matricesf ,e, andRon boundaries can be determined as

f0 = 0, e0 6= 0, R0 = 0, fN = 0, eN 6= 0 (21)

By using Eq. (20) repeatedly, the matrixRi at any subsystemican be obtained. At the last subsystemNof the
boundary can be substituted into Eq. (17), and we can get

fN = RNeN (22)

According to the boundary conditions, we get the natural frequency equation

|R|N =

∣

∣

∣

∣

R11 R12

R21 R22

∣

∣

∣

∣

N

= 0 (23)

By solving Eq. (23), the natural frequencies can be obtained. The dichotomy method is adopted to search the
natural frequenciesβk(k = 1, 2 . . . n)which is approximately satisfied Eq. (23). For each natural frequencyβk,
using the overall transfer equation of the body system and the transfer equations of elements, the state vector of any
point as well as modal shape of the body system can be obtainedeasily.
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4. Response vibration analysis of the large-scale rotary machine with multi-supporting

In practice, the body vibration of rotary machine is excitedby interior factors causing axis line deflection and
exterior forces. The interior factors, common asymmetric geometry of major parts caused by manufacture, abrasion,
and expansion difference, will result in dynamical change of rotary centre, thus the corresponding element state
vector is changed [8,10,28]. The exterior forces are introduced from driveline vibration, material variety, abnormal
operation, and machine start/stop, etc. [29,30]. The aboveexcitation will introduce either displacement vectors
(∆y, ∆z) or force vectors(∆Qy, ∆Qz) to corresponding element state. The body response can also be analyzed
by using Riccati-TMM. The state vector of the other end of theexcited element is rewritten as

[

f

e

]

i+1

=

[

u11 u12

u21 u22

]

i

[

f

e

]

i

+

[

f̄

ē

]

i

(24)

wherēfi andēi is the exciting corresponding vectors.
The Riccati transform is yielded as

fi = Riei + pi (25)

Substituting it into Eq. (24)

Ri+1 = [u11R + u12]i[u21R + u22]
−1
i (26)

pi+1 = [u11p + f̄ ]i − Ri+1[u21p + ē]i (27)

ei = [u21R + u22]
−1
i ei+1 − [u21R + u22]

−1
i [u21p + f̄ ]i (28)

By using Eqs (26) and (27) repeatedly, the matrixpi at any subsystemican be obtained. Considering the last
element endNof the boundary,RN andpN are substituted into Eq. (25), then we can get the overall motion equation

fN = RNeN + pN = 0 (29)

Equation (29) indicates the relationship between the statevariables at the boundaries of the body system. In general,
the unknowneN can be obtained by solving the above equation by replacingβ with the rotary speed of the body.
According to the transfer matrix Eq. (16), the response values of state vectors can be obtained.

5. Practical application

5.1. Dynamics model of rotary kiln

We computed the natural frequencies of the body system of rotary kiln, as well as the response with axis line
deflection of the supporting structure. The rotary kiln is shown in Fig. 5(a). The body length and radius are 100m
and 4m respectively, the total weight is 950×104 N. The kiln has 5 supporting structures, located 6.3 m, 24.3 m,
44.1 m, 67.5 m, and 89.1 m, from kiln head, respectively. The kiln is divided into various elements according to
body structure, as shown in Fig. 5(b). Any subsystem is composed of rigid disks, elastic shafts, and linear springs.
The dynamics model of the body system is a chain multibody system composed of 12 subsystems, namely, 12 rigid
body elements, 12 elastic shaft elements, and 5 linear spring elements. Supposed 5 mm axis line deflection on the
third supporting structure Y direction is applied for response analysis of the body system, as shown in Fig. 5(b).

According to the material and geometry properties of the rotary kiln, the values for the computational parameters
of transfer matrix equations are as follows.

l1 = 5.3 m,l3 = 16 m,l5 = 17.8 m,l7 = 3.5 m,l8 = 17.9 m,l10 = 19.6 m,l12 = 9.9 m,l2 = l4 = l6 = l9 = l11 =
2 m; m1 = 580.5 KN, m2 = 343 KN, m3 = 1902.5 KN,m4 = 440 KN, m5 = 1661.5 KN,m6 = m9 =
370 KN, m7 = 600 KN, m8 = 1432 KN, m10 = 1581.5 KN,m11 = 260 KN, m12 = 247.5 KN; Ii = 4*mi;
EJ1 = EJ3 = EJ5 = EJ8 = EJ10 = EJ12 = 125 GN. m .m,EJ2 = EJ4 = EJ6 = EJ7 = EJ9 = EJ11 =
250 GN. m .m;

Anisotropy stiffness of the supporting structures iny andz direction are given as follows.
y direction: kyy1 = 6.5 ×104 N/mm, kyy3 = 36 ×104 N/mm, kyy5 = 39.08 ×104 N/mm, kyy8 =

22.46×104 N/mm,kyy10 = 3.78×104 N/mm
z direction: kzz1 = 3.76 ×104 N/mm, kzz3 = 20.78×104 N/mm, kzz5 = 20.56×104 N/mm, kzz8 =

12.96×104 N/mm,kzz10 = 2.18×104 N/mm
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Table 1
First five order natural frequenciesβk of kiln (r/min)

Modal β1 β2 β3 β4 β5

TMM 28.5 51.5 60.7 145.4 148.5
Riccati TMM 28.5 51.4 59.8 145.2 147.5

Fig. 5. The sketch of rotary kiln and dynamics model of the body system.

Fig. 6. First three modal curve of the body system.

5.2. Natural frequencies of rotary kiln

The results of the natural frequenciesβk(k = 1, 2, 3, . . .) of the body system are shown in Table 1. The first three
modal curves are shown in Fig. 6. It can be seen clearly from Table 1 that the results of natural frequencies get
by Riccati-TMM and by TMM have good agreements, which mutually validating the dynamics model, numerical
accuracy in this paper.

As rotary speed of rotary kiln is about 3 r/min, it is known form Table 1 that the kiln do not need to pass resonance
frequency, so there is no resonance when start/stop the machine. The first three orders modal curves are shown in
Fig. 6. The practical track is ellipse with long axisyi and short axiszi.

5.3. Dynamic response of kiln body system

The dynamics response of the body system with 5 mm axis line deflection on the third supporting structure Y
direction is simulated with Riccati TMM. In order to know theaxis line vibration condition, it is important to know
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Fig. 7. Displacement response of the body system.

the displacement response, as shown in Fig. 7.
Some conclusions are drawn as follows:

(1) The first three orders modal curves are polygonal lines. With the increase of the natural frequencies, each
polygonal line become steeper, and body vibration become stronger.

(2) Vibration values in supporting structure position are opposite to the others positions, and vibration nodes are
not in supporting positions. Therefore, dynamical errors of the common axis line measurement system are
produced as their measurements generally conduct in the supporting positions. Modal analysis results provide
important theory to develop accuracy axis line measurementsystem with dynamical error compensation.

(3) Vibration amplitudes in the middle of elastic bodies limited between two supporting structures are too large
to ignore. Fatigue damage should include these dynamic stresses in structure strength analysis and design.
Furthermore, body vibration will bring exciting forces to other parts, which may accelerate uneven fatigue
damage.

6. Conclusions

The dynamics of the large-scale rotary machine with multiple wheel-bearing structures is investigated in this
paper. Based on the Riccati transfer matrix method, the transfer matrices and overall transfer equation are developed
to calculate natural frequencies, and response overall motion equation is established for response analysis. Multiple
wheel-bearing structures are simplified as linear springs,and their anisotropy equivalent stiffness are deduced. Taken
a rotary kiln as an instance, natural frequencies, modal curves, and response vibration are obtained by solving
Eqs (23) and (29). The body vibration modal curves illustrate the cause of dynamical errors in common axis line
measurement methods. The displacement response can be usedfor further measurement dynamical error analysis and
compensation. The response overall motion equation could be applied to predict the body motion under abnormal
mechanics condition, and provide theory guidance for machine failure diagnosis.
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