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Abstract. The free vibration analysis of composite thin and relatively thick plates accounting for uncertainty is addressed in this
work. Classical and refined two-dimensional models derived via Carrera’s Unified Formulation (CUF) are considered. Material
properties and geometrical parameters are supposed to be random. The fundamental frequency related to the first bending
eigenmode is stochastically described in terms of the mean value, the standard deviation, the related confidence intervals and the
cumulative distribution function. The Monte Carlo Method is employed to account for uncertainty. Cross-ply, simply supported,
orthotropic plates are accounted for. Symmetric and anti-symmetric lay-ups are investigated. Displacements based and mixed
two-dimensional theories are adopted. Equivalent single layer and layer wise approaches are considered. A Navier type solution
is assumed. The conducted analyses have shown that for the considered cases, the fundamental natural frequency is not very
sensitive to the uncertainty in the material parameters, while uncertainty in the geometrical parameters should be accounted for.
In the case of thin plates, all the considered models yield statistically matching results. For relatively thick plates, the difference
in the mean value of the natural frequency is due to the different number of degrees of freedom in the model.
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1. Introduction

Over the last decades, the use of composite materials has increased more and more in aeronautic, space, marine
and automotive fields due to the fact that high values of the stiffness-to-weight and the strength-to-weight ratios
can be obtained. On the other side, due to their intrinsic anisotropy, the mechanics of composite materials is more
complicated than the one of conventional materials. Improvements of the theories that were originally developed
for structures made of traditional isotropic materials are required (see, for instance, Carrera [6]). Uncertainty, also,
plays a relevant role due to more numerous sources of scattering than conventionalmaterials: constituent mechanical
properties, fabrication processes and geometrical parameters. An accurate analysis of composite structures calls,
therefore, for the assumption of both higher order models and an effective manner to account for uncertainty. The
free vibration analysis of layered plates accounting for uncertainty is addressed in this work. The importance of
an accurate analysis is testified, for example, by the fact that closely packed or overlapping natural frequencies
are common in aerospace structures. Slightly random variation in the characteristics of the laminates may lead to
pronounced effects on the response of the structure. As an example, in the case of the lid of the satellite Corot, the
fifth and the seventh modes cross the fourth and the six ones due to the change in structure thickness, see Giunta and
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Calvi [12]. Schuëller [39] addressed the need of statistical and probabilistic procedures for a rational treatment of
uncertainty and identified the Monte Carlo Method (MCM) as a key procedure in order to use straightforwardly the
deterministic models. Among the different methods that account for uncertainty (see Schuëller [40,41] and Isukapalli
and Georgopoulos [13]) the MCM is one of the most versatile and powerful. It is often used to validate other
statistical procedures as the First Order Perturbation Technique (FOPT), see Caravani and Thomson [4].

To the best of the authors’ knowledge, Shinozuka [38] was the first to account for uncertainty in structural
dynamics via the MCM. Raj et al. [32] applied it within the finite element method framework to the static analysis of
laminates. Singh et al. [44] analysed the stochastic free vibration of thin and thick composite plates via Reddy’s [33]
refined theory. The shear deformability is modelled via a second order polynomial approximation of the in-plane
displacement components.A Navier type solution was adopted. The mean value and the standard deviation of the first
five natural frequency were determined via FOPT. Uncertainty was considered to affect only the material properties.
FOPT yields valid results only in the case of small dispersion of the stochastic parameters. Yadav and Verma [49,50]
investigated the free vibration of composite circular cylindrical shells in terms of mean value and standard deviation.
Singh et al. [42,43] studied composite cylindrical and spherical panels. The FOPT method was adopted. The effect
of the coefficient of variation of the material properties was investigated. Shaker et al. [37] presented the reliability
analysis of the free vibration of composite plates via the first- and second-order reliability methods and the stochastic
finite element method.

As far as deterministic refined theories are concerned, Kheider and Reddy [17] modelled the transverse shear
deformation via a second order polynomial approximation of the in-plane displacement components. A Levy type
solution and Hamilton’s principle were adopted. Messina [21] developed two higher order theories for the free
vibration analysis of cross-ply and angle-ply laminates under cylindrical bending. The first model is a displacement
based theory in which a suitable orthonormal polynomial base was used in order to satisfy the mechanical boundary
conditions at plate top and bottom. The second one was based on Reissner’s mixed variational theorem (see
Reissner [34]) in order to ensure a priori the continuity of the out-of-plane stresses through the thickness. Aydogdu
and Timarci [2] used a simplified version of the displacement based model by Messina in order to investigate the free
vibration behaviour of cross-ply laminated plates subjected to different sets of boundary conditions. Matsunaga [19]
andKant and Swaminathan [16] formulated kinematic hypotheses that accounted also for the transverse deformability.
Ganapathi and Makhecha [11] introduced a zig-zag function such that the displacement components are C0 class
through the thickness.

In this paper, Carrera’s Unified Formulation (CUF), see Carrera [8], is addressed and adopted in order to derive
classical and highly accurate two-dimensional models. The MCM is adopted in order to account for uncertainties
affecting both composite material properties and plate geometry. In such a manner, an accurate description of
composite plates mechanics is coupled to a very effective stochastic procedure. The fundamental natural frequency
related to the bending eigenmode characterised by half wave along the in-plane directions is statistically determined
in terms of mean value, standard deviation and related intervals of confidence. A confidence level of 0.95 is assumed.
TheCumulativeDistribution Function (CDF) is also determined.ANavier type solution is adopted. Simply supported,
cross-ply laminates are, therefore, investigated. The assumption of a closed form solution tackles the drawback of
the MCM regarding the computational effort.

CUF is adopted since it allows to formulate a wide number of two-dimensional models on the basis of: 1-
the choice of the main unknowns; 2- the order of approximation; 3- the approach to the approximation. Refined
two-dimensional models can be formulated according to the required level of accuracy. Transverse shear and
normal deformability as well as rotatory inertia can be accounted for. C0 requirements (see Carrera [5]) can be
fulfilled for both displacement and out-of-plane stress components. Classical Theories (CTs) based on Cauchy’s [9],
Poisson’s [28], Kirchhoff’s [18], Reissner’s [35] and Mindlin’s [24] can be also obtained via CUF as particular cases.

Some applications of CUF models to the deterministic free vibration analysis can be found in Carrera [8,7].
Numerical results were assessed via comparison toward three-dimensional solutions. CUF and related classical and
refined theories are addressed and assessed in section 2. MCM is discussed briefly in section 3. Numerical results
are presented and discussed in section 4. The last section is dedicated to the conclusions.
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Fig. 1. Plate’s geometry and reference system.

2. Refined plate theories via Carrera’s unified formulation

The term plate stands for a structure without curvature whose two dimensions are dominant with respect to the
third one perpendicular to them. The negligible dimension is the thickness of the structure and it identifies the z
axis. The predominant dimensions, a and b, represent the sides of the plate. They identify the in-plane x and y
directions and the reference plane Ω, see Fig. 1. The coordinates are bounded such that: 0 � x � a, 0 � y � b,
−h/2 � z � h/2. The notation for the displacement field is:

uT = {ux uy uz} (1)

‘T ’ is the transposition operator. Stress σ and strain ε vector components are grouped into in-plane terms σp, εp:

σT
p = {σxx σyy σxy} , εT

p = {εxx εyy εxy} (2)

and out-of-plane terms σn, εn:

σT
n = {σxz σyz σzz} , εT

n = {εxz εyz εzz} (3)

Being the plate made of linear elastic orthotropic materials, generalised Hooke’s law holds:

σp = C̃ppεp + C̃pnεn

σn = C̃npεp + C̃nnεn
(4)

The terms
{
C̃ij : i, j = p, n

}
in Eq. (4) are the material stiffness coefficients. For the sake of brevity, they

are not reported here. They can be found in Carrera [8]. Under the hypothesis of small displacements, linear
strains-displacements relations can be adopted:

εp = Dpu
εn = (DnΩ + Dnz)u

(5)

Dp, DnΩ and Dnz matrices are array differential operators:

Dp =

⎡
⎢⎢⎢⎢⎢⎢⎣

∂

∂x
0 0

0
∂

∂y
0

∂

∂y

∂

∂x
0

⎤
⎥⎥⎥⎥⎥⎥⎦

, DnΩ =

⎡
⎢⎢⎢⎢⎣

0 0
∂

∂x

0 0
∂

∂y

0 0 0

⎤
⎥⎥⎥⎥⎦ , Dnz =

⎡
⎢⎢⎢⎢⎢⎣

∂

∂z
0 0

0
∂

∂z
0

0 0
∂

∂z

⎤
⎥⎥⎥⎥⎥⎦ (6)
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A considerable number of plate models can be formulated and hierarchically classified on the basis of: 1- the
choice of the main unknowns or, equivalently, of the variational statement; 2- the polynomial expansion order along
the thickness direction; 3- the way the approximation is imposed (either above the whole laminate or lamina by
lamina).

2.1. The variational statements

In order to derive the problem governing equations, two variational statements are considered: D’Alembert’s Prin-
ciple (DP) and Reissner’s Mixed Variational Theorem (RMVT). A model will furnish the displacement components
if DP is adopted:∫

Ω

∫
h

(
δεT

pG σpH + δεT
nG σnH

)
dz dΩ =

∫
Ω

∫
h

ρ δuü dz dΩ (7)

Subscript ‘G’ means that the strain components are obtained by means of derivation of the displacements field
(see Eq. (5)). ‘H’ stands for variable computed via material constitutive equations, that is, generalised Hook’s law
in Eq. (4). The material density is represented by ρ. Dots in position of superscript stand for derivation with respect
to time. In the case of plate models based on RMVT:∫

Ω

∫
h

[
δεT

pG σpH + δεT
nG σnM + δσT

nM (εnG − εnH)
]

dz dΩ =
∫

Ω

∫
h

ρ δu ü dz dΩ (8)

both the displacement and the out-of-plane stress components are assumed as main unknowns. Subscript ‘M ’
indicates that the stress components are a priori modelled. These models can describe very accurately the peculiar
behaviour of composite laminates due to the transverse material discontinuity.

2.2. The polynomial expansion order

In the case of two-dimensional models, the generic main unknown component f is approximated in the following
manner:

f (x, y, z; t) = Fτ (z) gτ (x, y)h (t) τ = 0, 1, . . . , N (9)

in which, according to Einstein’s notation, repeated subscript τ stands for summation. Each term Fτ is an axiomati-
cally postulated function of z. In the literature, several functions were proposed to approximate the variation through
the thickness. Touratier [48] assumed sine functions, while hyperbolic sine and cosine functions were adopted by
Soldatos [45]. Within CUF, N -order polynomial functions are considered. The type of the polynomial function
depends on the manner the approximation is imposed: at laminate level or at lamina one. The maximum polynomial
order is considered to be four. Function h (t) is:

h (t) = eiωmnt (10)

in which i =
√−1 and ωmn is the natural frequency of the eigenmode characterised by m and n half waves along the

directions x and y, respectively. Time variable is symbolised by t. Each Function gτ (x, y) represents the variation
of the problem unknown toward the in-plane coordinates. According to Navier’s solution, it is a combination of sine
and cosine functions that depends on the unknown component:

(ux, σxz) = (ũx(z), σ̃xz(z)) cos
(mπ

a
x
)

sin
(nπ

b
y
)

eiωmnt

(uy, σyz) = (ũy(z), σ̃yz(z)) sin
(mπ

a
x
)

cos
(nπ

b
y
)

eiωmnt

(uz, σzz) = (ũz(z), σ̃zz(z)) sin
(mπ

a
x
)

sin
(nπ

b
y
)

eiωmnt

(11)

(ũx, ũy, ũz) and (σ̃xz , σ̃yz, σ̃zz) are the maximal amplitudes of displacement and out-of-plane stress components,
respectively.
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Fig. 2. First- and third-order polynomial approximations for the Equivalent Single Layer approach.

2.3. Laminate and lamina by lamina approximations

In the case of Equivalent Single Layer (ESL) models, an axiomatic approximation of problem main unknowns
is continuously defined across the whole laminate thickness. Transverse material anisotropy is accounted for via
average mechanical properties in terms of stiffness and density. For ESL models, each polynomial term Fτ in Eq. (9)
is an element of the classical polynomial base:

Fτ (z) = zτ τ = 0, 1, . . . , N (12)

The first- and third-order ESL polynomial approximations are shown in Fig. 2. In the case of classical models,
N is equal to one for the in-plane displacement components while the transverse displacement is constant. Higher
order ESL models accounting for transverse shear and normal deformability and rotatory inertia can be formulated
assuming N higher than one. The mechanics of composites may be not accurately described by an ESL approach in
the case of thick plates or high degree of anisotropy. A Layer-Wise (LW) description (that is, layer by layer) should
be rather considered. According to the LW approach, Eq. (9) holds at layer level:

fk (x, y, z; t) = Fτ (ζk (z)) gk
τ (x, y)h (t) τ = 0, 1, . . . , N k = 1, 2, . . . , Nl (13)

being Nl the total number of layers and ζk (z) a k-layer local, dimensionless coordinate along the thickness such
that −1 � ζk � 1. The imposition of compatibility and equilibrium at layer interfaces ensures the integrity of the
plate. Each Fτ (ζk (z)) function is considered to be a linear combination of Legendre’s polynomials:

F0 (ζk) =
P0 (ζk) − P1 (ζk)

2
, F1 (ζk) =

P0 (ζk) + P1 (ζk)
2

,

Fr (ζk) = [Pr (ζk) − Pr−2 (ζk)] r = 2, 3, . . . , N (14)

Each Pτ (ζk) is defined by means of the following recursive formula:

P0 (ζk) = 1, P1 (ζk) = ζk

(n + 1)Pn+1 (ζk) = (2n + 1) ζkPn (ζk) − nPn−1 (ζk) n = 1, 2, . . . , N − 1
(15)

LW models yield C0 class functions with respect to the through-the-thickness coordinate (see Fig. 3). They
are intrinsically capable to describe the through-the-thickness zig-zag variation of displacements and out-of-plane
stresses peculiar of the mechanics of composites. ESL theories are based on C∞ class functions and they are not able
to predict the zig-zag variation. This can be retrieved via the adoption of a zig-zag function. Murakami’s zig-zag
function (see Murakami [25]), is adopted within CUF. An historical review of zig-zag functions can be found in
Carrera [6]. In the case of the Murakami’s function, the postulated kinematic field is:

Fτ (z) = zτ τ = 0, 1, . . . , N

FN+1 (z) = (−1)k ζk
(16)

Third-order zig-zag ESL model is presented in Fig. 4.
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Fig. 3. First- and third-order polynomial approximations for the Layer-Wise approach.

Fig. 4. Third-order polynomial approximation with Murakami’s zig-zag function for the Equivalent Single Layer approach.

Fig. 5. Acronym system.

2.4. The acronym system and the unified notation

A way to address CUF two-dimensional theories is here presented. It is based on the acronym system shown in
Fig. 5. The first letter, either ‘L’ or ‘E’, specifies whether a LW or an ESL approach is assumed. The second letter
indicates the variational statement: ‘D’ for DP or ‘M’ in the case of RMVT. The number represents the polynomial
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approximation order. The third letter, whenever present, is ‘Z’ to indicate that Murakami’s function has been used.
Some examples of CUF theories follow. A generic EDN model is an ESL, displacement based theory with a N order
polynomial approximation:

ux = ux0 + ux1z + ux2z
2 + . . . + uxNzN

uy = uy0 + uy1z + uy2z
2 + . . . + uyNzN

uz = uz0 + uz1z + uz2z
2 + . . . + uzNzN

(17)

In a vectorial form:

u = F0u0 + F1u1 + . . . + FNuN = Fτuτ τ = 0, 1, . . . , N (18)

being Fτ = zτ and uτ = uτ (x, y; t). The kinematic field of a generic EDZN theory is:

ux = ux0 + ux1z + ux2z
2 + . . . + uxNzN + (−1)k ζkuxN+1

uy = uy0 + uy1z + uy2z
2 + . . . + uyNzN + (−1)k ζkuyN+1

uz = uz0 + uz1z + uz2z
2 + . . . + uzNzN + (−1)k ζkuzN+1

(19)

In a compact notation:

u = F0u0 + F1u1 + . . . + FNuN + FN+1uN+1 = Fτuτ τ = 0, 1, . . . , N, N + 1 (20)

For LMN theories, a N -order polynomial approximation is assumed layer by layer for both displacement and
out-of-plane stress components. Its unified vectorial notation follows:

uk = F0uk
0 + F1uk

1 + . . . + FNuk
N = Fτuk

τ

σk = F0σ
k
0 + F1σ

k
1 + . . . + FNσk

N = Fτσk
τ

τ = 0, 1, . . . , N ; k = 1, 2, . . . , Nl (21)

Each term F k
τ is addressed in Eq. (14). The considered theories can be all unified considering that classical

theories such as Classical Lamination Theory and First Order Shear Deformation Theory (FSDT) are particular cases
of ESL higher order models. These latter can be regarded as a particular case of LW models in which the number
of layers is equal to the unit and the through-the-thickness polynomial approximation is carried out via the classical
polynomial base. This unifying idea leads to the assumption of the common notation presented in Eqs (18), (20) and
(21) that allows to derive the governing equations straightforwardly.

2.5. The governing equations

Although in the numerical analysis both DP- and RMVT-based models will be used, for the sake of brevity,
governing equations and related boundary conditions are here derived via DP only. The extension to the RMVT case
is straightforward and it can be found in Carrera [8].

In the case of a LW approach, DP variational statement presented in Eq. (7) becomes:∫
Ωk

∫
hk

δεkT
p σk

p + δεkT
n σk

n dzk dΩk =
∫

Ωk

∫
hh

ρ δuk ük dzk dΩk k = 1, 2, . . . , Nl (22)

By substituting the constitutive relations Eq. (5), the geometric relations Eq. (4) and the postulated, unified
displacement field u = Fτuτ into Eq. (22) and after some algebraic manipulations and application of Gauss-Green’s
theorem, DP statement reads:∫

Ωk

δukT
τ

∫
hk

{
−FτDT

p

[
C̃k

ppFsDp + C̃k
pn (FsDnΩ + Fs,z)

]
+

(−FτDT
nΩ + Fτ,z

)

×
[
C̃k

npFsDp + C̃k
nn (FsDnΩ + Fs,z)

]}
dzkuk

s dΩk +
∫

ΓkδukT
τ

∫
hk

{
Fτ IT

p

[
C̃k

ppFsDp

+C̃k
pn (FsDnΩ + Fs,z)

]
+ Fτ IT

nΩ

[
C̃k

npFsDp + C̃k
nn (FsDnΩ + Fs,z)

]}
dzkuk

s dΩk =∫
Ωk

δukT
τ

∫
hk

ρkFτFsdzkuk
s dΩk k = 1, 2, . . . , Nl

(23)
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Table 1
Assessment of CUF models: first dimensionless deter-
ministic fundamental frequency ω for a0/h0 = 5 and
antisymmetric lamination

EL0/ET0 3 10 20 40

FSDT 2.6413 3.3717 4.0128 4.7316
ED2 2.6405 3.3502 3.9516 4.6028
EDZ2 2.6378 3.3404 3.9322 4.5708
Noor [27] 2.6182 3.2578 3.7622 4.2719
ED4 2.6032 3.2412 3.7465 4.2592
LD2 2.6019 3.2377 3.7396 4.3352
LM2 2.6019 3.2375 3.7389 4.2460
LM4-LD4 2.6017 3.2371 3.7381 4.2444

being:

Ip =

⎡
⎣1 0 0

0 1 0
1 1 0

⎤
⎦ , InΩ =

⎡
⎣0 0 1

0 0 1
0 0 0

⎤
⎦ (24)

Governing equations and boundary conditions are derived from Eq. (23):

Kkτs
d uk

s = Mkτs
d ük

s

uk
τ = uk

τ (x, y, z) ∈ Γg
k

Πkτs
d uk

s = Πkτs
d uk

s (x, y, z) ∈ Γm
k

(25)

uk
τ and Πkτs

d uk
s are the k-layer geometrical and mechanical boundary conditions defined on Γg

k and Γm
k , repsectively

and:

Kkτs
d =

∫
hk

{
−FτDT

p

[
C̃k

ppFsDp + C̃k
pn (FsDnΩ + Fs,z)

]
+

(−FτDT
nΩ + Fτ,z

)
×

[
C̃k

npFsDp + C̃k
nn (FsDnΩ + Fs,z)

]}
dzk

(26)

Πkτs
d =

∫
hk

{
FτIT

p

[
C̃k

ppFsDp + C̃k
pn (FsDnΩ + Fs,z)

]
+ Fτ IT

nΩ

[
C̃k

npFsDp

+C̃k
nn (FsDnΩ + Fs,z)

]}
dzk

(27)

Mkτs
d =

∫
hk

ρkFτFs dzkI (28)

being I the identity matrix. The displacement field presented in Eq. (11) and characterised for a k-layer represents
the solution to the problem in Eq. (25).

2.6. CUF models assessment

CUF models are assessed toward the solution by Noor [27] in which the three-dimensional equilibrium equations
were solved via a higher-order, mixed, finite difference scheme. The deterministic first fundamental frequency is
investigated. It is put into a non-dimensionalised form according to the following formula:

ω = 10 ω11h
2
0

√
ρ

ET0
(29)

A [0/90/0/90] square plate is considered. Stacking sequence starts from plate top. Plies orientation is measured
toward x coordinate. Layers have all the same thickness and they are all made of the same material. Material
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properties are: GLT0 = 0.6ET0, GTT0 = 0.5ET0 and νLT0 = νTT0 = 0.25. Subscript ‘L’ represents a direction
parallel to the fibres, while ‘T’ stands for a direction perpendicular to them. The ratio between EL0 and ET0 is
considered as analysis parameter. It is as low as three and as high as 40. The ratio between the reference side length
and the reference global thickness (a0/h0) is considered to be equal to five. A thick plate is, therefore, investigated.
Results are presented in Table 1. ED4 theory and LW models are similar to the reference solution. Lower order
models and FSDT are accurate for EL0/ET0 equal to three. LD2 and LM2 yield similar results for EL0/ET0 as
high as ten. LW models converge to the same results.

3. The Monte Carlo Method

The Monte Carlo Method (MCM) is a procedure that allows to solve numerically those stochastic and deterministic
problems for which analytical or approximated solution can not be profitably applied. It is especially useful in
studying systems characterised by a large number of degrees of freedom or in which uncertainty plays a relevant
role. Historical notes on MCM can be found in Metropolis [22] and Anderson [1]. A brief description of the
method follows. Its detailed discussion can be found in Metropolis and Ulam [23], Kalos and Whitlock [15] and
Rubinstein [36].

Being X ∈ R
Ninp and Ω∗ ∈ R

Nout the vectors of input and output stochastic parameters, MCM consists of
the generation of Ntot samples of Ω∗ by means of the solution of Ntot deterministic problems (or simulations) for
which the value of the input stochastic parameters has been randomly extracted according to appropriate Probability
Density Functions (PDFs):

Xi =
{
x1, x2, . . . , xNinp

}
i
�→ Ω∗

i =
{
ω∗

1 , ω∗
2 , . . . , ω∗

Nout

}
i

i = 1, 2, . . . , Ntot (30)

being x∗
ji and ω∗

ji the ith realisation of the jth component of X and Ω∗, respectively. Once a population of the
stochastic variable Ω∗ has been determined, the statistical moments (such as mean value and standard deviation) can
be computed:

μΩ∗j =
1

Ntot

Ntot∑
i=i

ω∗
ij (xi)

σΩ∗j =

√√√√ 1
Ntot − 1

Ntot∑
i=i

[
ω∗2

ij (xi) − μ2
Ω∗j

] j = 1, 2, . . . , Nout (31)

MCM is known to be very demanding in terms of computational effort and time. But it is, also, an accurate method
that does not suffer the number of input and output stochastic variables, except that the computational effort is further
increased. The computational time can be tackled adopting parallelised software and hardware architectures. Its
efficiency can be increased, for instance, via variance reduction procedures (see Pradlwarterand and Schuëller [30]
and Proppe et al. [31]). In this work, the computational cost does not represent a relevant problem since a closed form
analytical solution is adopted. Several versions of the method can be identified on the basis of the sampling technique
used for drawing the input stochastic parameters. Latin Hypercube Sampling Technique (LHST) (see McKay et
al. [20]) is adopted here. According to LHST, the range of probable values for each uncertain input parameter Xj is

divided into Ntot ordered segments of equal probability 1/Ntot. The whole sample space is partitioned into N
Ninp

tot

cells having equal probability. Each parameter is sampled once from each segment. LHST, therefore, yields an
accurate description of tails of inputs’ PDF and, consequently, a detailed insight into the extremes of outputs’ PDF.
Uniform and Weibull PDFs are sampled by means of the inversion method while Box-Muller’s method is adopted
to draw numbers according to a Gaussian PDF, see Fishman [10].

4. Numerical results and discussion

The effect of uncertainty in material properties and geometrical parameters on the first fundamental frequency
is investigated. Two stacking sequences are considered: a [0/90/0] symmetric lamination and a [0/90/0/90] anti-
symmetric one. Two different orthotropic materials are adopted. Plates are considered to be nominally square.
Deterministic results are firstly presented to better outline, through comparison, the effect of uncertainties.
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Table 2
Deterministic dimensionless fundamental frequency ω∗
in the case of a0/h0 = 100 for both laminations and
materials

[0/90/0] [0/90/0/90]
Mat I Mat II Mat I Mat II

FSDT 18.845 15.191 17.284 14.029
ED2 18.845 15.191 17.282 14.029
EDZ2 18.838 15.169 17.281 14.023
LD2 18.835 15.168 17.273 14.013
LD4 18.835 15.168 17.273 14.013
LM2 18.835 15.168 17.273 14.013
LM4 18.835 15.168 17.273 14.013

Table 3
Deterministic dimensionless fundamental frequency ω∗
in the case of a0/h0 = 10 for both laminations and
materials

[0/90/0] [0/90/0/90]
Mat I Mat II Mat I Mat II

FSDT 15.583 12.581 15.233 12.320
ED2 15.582 12.577 15.055 12.281
EDZ2 15.216 11.661 15.003 11.952
LD2 15.097 11.604 14.498 11.384
LD4 15.069 11.585 14.495 11.382
LM2 15.082 11.591 14.497 11.383
LM4 15.069 11.585 14.495 11.382

4.1. Deterministic natural frequencies

Reference deterministic properties for the first material are the same as those assumed in subsection 2.6 with
EL0 = 40ET0. In the case of the second material: EL0 = 25ET0, GLT0 = 0.5ET0, GTT0 = 0.2ET0 and
νLT0 = νTT0 = 0.25. For the first material, the anisotropy is mainly pertinent to the Young moduli. For the second
one, the difference between the shear moduli is also remarkable. The density is the same for both the materials.
Plate sides length is a0 = b0 = 0.1 m. The side-to-thickness ratio, a0/h0, is considered to be equal to 100 and ten.
Thin and relatively thick plates are, therefore, investigated. In the case of the symmetric laminate, the middle layer
thickness is twice the one of the external layers. For the anti-symmetric plate, all the plies have the same thickness.
The deterministic natural frequency is put into a non-dimensionalised form in the following manner:

ω∗ = ω11
a2
0

h0

√
ρ

ET0
(32)

Deterministic dimensionless fundamental natural frequency ω∗ is presented in Tables 2 and 3. Since the second
material is less stiff than the first one and being the density the same, the frequency for the second material is expected
to be lower than for the first one. As far as a hierarchical classification of CUF models is concerned, the more
accurate the model, the lower the value of the frequency. This is intuitively due to the fact that the more accurate the
theory, the higher the number of degrees of freedom. Increasing the polynomial approximation order, LW models
based on DP and RMVT yield the same results. Being fixed the side-to-thickness ratio and the material type, the
anti-symmetric plate is less stiff than the symmetric one. In the case of thin plates, FSDT and higher order models
yield matching results. For a0/h0 = 10, results via FSDT can differ by about 8% from those obtained by LM4
and LD4 models. For a fixed stacking sequence and side-to-thickness ratio, the difference between results obtained
via FSDT and higher order models is higher in the case of the second material since it presents a higher degree of
anisotropy than the first one.

4.2. Stochastic natural frequencies

As far as a stochastic approach is concerned, several statistical tests are carried out considering different PDFs for
the input stochastic variables. Mean values are coincident to the deterministic reference values.
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Geometrical parameters (plate’s sides length and plies’ thickness) are distributed according to: 1- a uniform PDF
with a percentage variation with respect to the mean value equal to ±5, that is, the coefficient of variation (CV%) is
equal to 2.88 or 2- a Gaussian PDF with CV% equal to five. The first case is addressed as ‘GU’, the second one as
‘GG’. ‘GD’ stands for the case in which geometrical parameters are deterministic.

As far as material properties are concerned, a review of the ways to characterise and quantify uncertainty at
both micro-mechanical and structural level was presented by Sriramula and Chryssanthopoulos [47]. Gaussian,
log-normal and Weibull PDFs are widely used probability laws. As recommended in the Military Handbook MIL-
HDBK-17-1F [29], two-parameters Weibull PDF should be preferred to Gaussian or log-normal models. In some
cases, anyway, materials properties were found to be distributed according to a Gaussian PDF (see, for instance,
Nakayasu and Maekawa [26] and Jeong and Shenoi [14]).

In this work, the elastic properties of each ply (Young’s and shear moduli and Poisson’s ratios) are drawn according
to: 1- a two-parameters Weibull PDF (case EW) or 2- a Gaussian PDF (case EG). In both cases, the CV% is equal
to ten. ‘ED’ stands for deterministic elastic properties. Material density is sampled according to a two-parameters
Weibull PDF (case DW) or a Gaussian PDF (case DG) or it can be deterministic (case DD). Although the Gaussian
PDF is unbounded, the physics of the problem is preserved since, for instance, the probability that a material property
is lower than or equal to zero is 10−24. In the case of geometrical parameters, this probability is even smaller.

It should underline that a limitation of the present study consists in the assumption of uncorrelated stochastic
parameters. Sriramula and Chryssanthopoulos [46], for instance, showed that material strength can be significantly
dependent on the plate thickness. Correlation among input stochastic variables will be investigated in a future study.

The dimensionless stochastic fundamental natural frequency is:

Ω∗ = Ω11
a2
0

h0

√
ρ

ET0
(33)

It is statistically described in terms of mean value (μΩ∗ ), standard deviation (σΩ∗ ), percentage coefficient of variation
(CVΩ∗%) and Cumulative Distribution Function. Confidence intervals of mean value (CIμΩ∗

0.95) and standard deviation
(CIσΩ∗

0.95) are also computed. A confidence level equal to 0.95 is considered. The total number of simulations (Ntot)
is 3 · 104. A mode tracking (see Blelloch [3]) is not required since the eigenmode with m = n = 1 in Eq. (11) is
considered.

The statistic estimators of Ω∗ for thin and relatively thick symmetric laminates made of the first material are
presented in Tables 4 and 5, respectively. The effect of uncertainty is investigated considering: random geometrical
parameters only (test 1: GU, ED, DD), random material elastic properties only (test 2: GD, EW, DD) and all input
parameters to be random (test 3: GU, EW, DW). The stochastic perturbation of the input stochastic parameters is
symmetric with respect to the reference values. Difference between the deterministic natural frequency and its mean
value is due to a non-linear dependency from the input parameters. For the tests 1 and 3, there is a probability of
0.95, at least, that μΩ∗ is higher than ω∗. In the test 2, μΩ∗ is lower than ω∗ with the same probability. Uncertainty in
geometrical parameters is more relevant than randomness in the material properties. In the test 1, CVΩ∗% is higher
than the CV% of the geometrical parameters. As shown in test 2, the fundamental natural frequency is not very
sensitive to the uncertainty in the material elastic properties. As far as CUF models are concerned, all the considered
theories yield statistically matching results. This is, also, shown in Fig. 6 in which the CDF of Ω∗, normalised versus
the mean value, is presented. The CDF has been computed via all the considered CUF models in the case of test 3
for both thin and relatively thick plates. Fig. 6 also shows that a correlation between the thickness of the plate and
Ω∗ is present: the thicker the plate, the smaller the coefficient of variation. In the case of a0/h0 = 10, the difference
in the mean value is due to the difference in the number of degrees of freedom as observed in the deterministic
analyses. Tests 1 to 3 have been carried out also in the case of thin and thick plates made of the second material.
Results are presented in Tables 6 and 7. CDF for all the tests and a0/h0 = 10 is reported in Fig. 7. The same
consideration addressed for the first material are valid. Considering uncertainty affecting one input parameter at
time, the mean value does not depend on the shear moduli in the case of thin plates. In the case of a0/h0 = 10, the
shear deformation becomes important. FSDT yields a mean value sensitive to GLT only, while it depends also on
GTT in the case of higher order models.

In the case of anti-symmetric laminates made of the first material, elastic parameters are considered to be random
according to a Weibull PDF (test 2) and a Gaussian one (test 2a). Tables 8 and 9 present the results for thin and
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Table 4
Ω∗ statistic estimators in the case of the symmetric laminate, first material and
a0/h0 = 100

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 1: GU, ED, DD
FSDT 18.896 (18.885, 18.907) 9.844 (9.766, 9.924) 5.21
ED2 18.896 (18.885, 18.907) 9.810 (9.732, 9.889) 5.19
EDZ2 18.889 (18.878, 18.900) 9.780 (9.703, 9.859) 5.18
LD2 18.886 (18.875, 18.898) 9.811 (9.733, 9.890) 5.19
LD4 18.886 (18.875, 18.897) 9.813 (9.736, 9.893) 5.20
LM2 18.886 (18.875, 18.897) 9.816 (9.738, 9.895) 5.20
LM4 18.886 (18.875, 18.897) 9.833 (9.755, 9.913) 5.21

Test 2: GD, EW, DD
FSDT 18.801 (18.794, 18.807) 5.710 (5.665, 5.756) 3.04
ED2 18.801 (18.794, 18.807) 5.698 (5.653, 5.744) 3.03
EDZ2 18.793 (18.787, 18.800) 5.697 (5.652, 5.743) 3.03
LD2 18.791 (18.784, 18.797) 5.704 (5.659, 5.750) 3.04
LD4 18.790 (18.784, 18.797) 5.715 (5.669, 5.761) 3.04
LM2 18.790 (18.784, 18.797) 5.683 (5.638, 5.729) 3.02
LM4 18.790 (18.784, 18.797) 5.683 (5.638, 5.729) 3.02

Test 3: GU, EW, DW
FSDT 18.879 (18.864, 18.893) 12.79 (12.69, 12.89) 6.78
ED2 18.879 (18.865, 18.894) 12.86 (12.76, 12.97) 6.81
EDZ2 18.871 (18.857, 18.886) 12.79 (12.69, 12.89) 6.78
LD2 18.869 (18.855, 18.884) 12.88 (12.78, 12.98) 6.83
LD4 18.869 (18.854, 18.883) 12.82 (12.71, 12.92) 6.79
LM2 18.869 (18.855, 18.884) 12.87 (12.77, 12.98) 6.82
LM4 18.869 (18.854, 18.883) 12.83 (12.73, 12.93) 6.80

Table 5
Ω∗ statistic estimators in the case of the symmetric laminate, first material and
a0/h0 = 10

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 1: GU, ED, DD
FSDT 15.614 (15.607, 15.621) 6.443 (6.3924, 6.495) 4.13
ED2 15.613 (15.606, 15.620) 6.448 (6.3971, 6.500) 4.13
EDZ2 15.245 (15.238, 15.252) 6.145 (6.0962, 6.195) 4.03
LD2 15.125 (15.119, 15.132) 6.093 (6.0445, 6.142) 4.03
LD4 15.097 (15.090, 15.104) 6.065 (6.0176, 6.114) 4.02
LM2 15.110 (15.103, 15.117) 6.037 (5.9894, 6.086) 4.00
LM4 15.097 (15.090, 15.104) 6.058 (6.0102, 6.107) 4.01

Test 2: GD, EW, DD
FSDT 15.548 (15.544, 15.552) 3.401 (3.374, 3.428) 2.19
ED2 15.542 (15.538, 15.545) 3.411 (3.384, 3.438) 2.19
EDZ2 15.167 (15.163, 15.171) 3.512 (3.484, 3.541) 2.32
LD2 15.048 (15.044, 15.052) 3.433 (3.406, 3.461) 2.28
LD4 15.019 (15.015, 15.023) 3.422 (3.395, 3.450) 2.28
LM2 15.032 (15.029, 15.036) 3.426 (3.399, 3.454) 2.28
LM4 15.019 (15.015, 15.023) 3.440 (3.413, 3.468) 2.29

Test 3: GU, EW, DW
FSDT 15.601 (15.591, 15.611) 8.778 (8.708, 8.848) 5.63
ED2 15.594 (15.584, 15.604) 8.703 (8.634, 8.774) 5.58
EDZ2 15.218 (15.208, 15.228) 8.575 (8.507, 8.644) 5.63
LD2 15.098 (15.089, 15.108) 8.479 (8.411, 8.547) 5.62
LD4 15.069 (15.060, 15.079) 8.443 (8.376, 8.511) 5.60
LM2 15.082 (15.073, 15.092) 8.442 (8.375, 8.510) 5.60
LM4 15.069 (15.060, 15.079) 8.488 (8.421, 8.557) 5.63
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Table 6
Ω∗ statistic estimators in the case of the symmetric laminate, second material and
a0/h0 = 100.

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 1: GU, ED, DD
FSDT 15.232 (15.224, 15.241) 7.831 (7.769, 7.894) 5.14
ED2 15.232 (15.224, 15.241) 7.826 (7.764, 7.889) 5.14
EDZ2 15.211 (15.202, 15.219) 7.794 (7.732, 7.857) 5.12
LD2 15.209 (15.200, 15.218) 7.792 (7.730, 7.855) 5.12
LD4 15.209 (15.200, 15.218) 7.780 (7.719, 7.843) 5.12
LM2 15.209 (15.200, 15.218) 7.795 (7.733, 7.858) 5.12
LM4 15.209 (15.200, 15.218) 7.796 (7.735, 7.859) 5.13

Test 2: GD, EW, DD
FSDT 15.157 (15.152, 15.162) 4.426 (4.391, 4.462) 2.92
ED2 15.157 (15.152, 15.162) 4.419 (4.384, 4.455) 2.91
EDZ2 15.135 (15.130, 15.140) 4.380 (4.345, 4.415) 2.89
LD2 15.134 (15.129, 15.139) 4.399 (4.364, 4.435) 2.91
LD4 15.134 (15.129, 15.139) 4.397 (4.362, 4.432) 2.90
LM2 15.134 (15.129, 15.139) 4.405 (4.370, 4.441) 2.91
LM4 15.133 (15.128, 15.138) 4.389 (4.354, 4.424) 2.90

Test 3: GU, EW, DW
FSDT 15.221 (15.210, 15.233) 10.19 (10.11, 10.27) 6.69
ED2 15.221 (15.210, 15.233) 10.26 (10.17, 10.34) 6.74
EDZ2 15.199 (15.187, 15.210) 10.15 (10.07, 10.22) 6.68
LD2 15.196 (15.185, 15.208) 10.10 (10.02, 10.18) 6.64
LD4 15.196 (15.185, 15.208) 10.16 (10.08, 10.24) 6.68
LM2 15.196 (15.185, 15.208) 10.11 (10.03, 10.19) 6.65
LM4 15.196 (15.185, 15.208) 10.17 (10.09, 10.26) 6.70
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Fig. 6. Cumulative Distribution Function for the symmetric laminate, first material, a0/h0 = 100 and a0/h0 = 10, test 3.

relatively thick plates. The tests yield similar statistic results. Ω∗ is not very sensitive to stochastic perturbations in
the material elastic properties. Both Weibull or Gaussian PDFs can be assumed as probabilistic model for the elastic
properties in order to evaluate the second order statistics of Ω∗. The difference in the standard deviations is mainly
due to the difference in the left tail of the CDFs as shown in Fig. 8. For an anti-symmetric laminate made of the
second material, tests have been done considering all the input parameters to be random. In test 4 (GG, EW, DW)
a Weibull PDF is assumed as probabilistic model for material properties, while in test 5 (GG, EG, DG) a Gaussian
PDF is used. Geometrical data are sampled according to a Gaussian PDF. Results are presented in Tables 10 and 11.
Since results are similar, both a Weibull or a Gaussian PDFs can be also assumed for the material density, unless
small fractile values are requieed. The high value of CVΩ∗% is due to the probabilistic model assumed for the
geometrical parameters.
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Table 7
Ω∗ statistic estimators in the case of the symmetric laminate, second material and
a0/h0 = 10

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 1: GU, ED, DD
FSDT 12.606 (12.600, 12.612) 5.135 (5.095, 5.177) 4.07
ED2 12.602 (12.596, 12.608) 5.140 (5.100, 5.182) 4.08
EDZ2 11.684 (11.679, 11.689) 4.389 (4.354, 4.425) 3.76
LD2 11.626 (11.621, 11.631) 4.377 (4.343, 4.413) 3.76
LD4 11.607 (11.602, 11.612) 4.353 (4.318, 4.388) 3.75
LM2 11.614 (11.609, 11.619) 4.369 (4.334, 4.404) 3.76
LM4 11.607 (11.602, 11.612) 4.355 (4.320, 4.390) 3.75

Test 2: GD, EW, DD
FSDT 12.555 (12.552, 12.558) 2.670 (2.648, 2.691) 2.13
ED2 12.545 (12.542, 12.548) 2.685 (2.664, 2.707) 2.14
EDZ2 11.628 (11.625, 11.631) 2.684 (2.662, 2.705) 2.31
LD2 11.571 (11.568, 11.574) 2.645 (2.624, 2.667) 2.29
LD4 11.552 (11.549, 11.555) 2.636 (2.615, 2.657) 2.28
LM2 11.558 (11.555, 11.561) 2.633 (2.612, 2.654) 2.28
LM4 11.552 (11.549, 11.555) 2.641 (2.620, 2.663) 2.29

Test 3: GU, EW, DW
FSDT 12.597 (12.589, 12.605) 7.001 (6.945, 7.057) 5.56
ED2 12.588 (12.580, 12.595) 6.996 (6.940, 7.052) 5.56
EDZ2 11.667 (11.660, 11.674) 6.305 (6.255, 6.356) 5.40
LD2 11.610 (11.603, 11.617) 6.309 (6.259, 6.360) 5.43
LD4 11.590 (11.583, 11.598) 6.284 (6.234, 6.334) 5.42
LM2 11.597 (11.590, 11.604) 6.289 (6.239, 6.339) 5.42
LM4 11.591 (11.584, 11.598) 6.298 (6.248, 6.348) 5.43
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Fig. 7. Cumulative Distribution Function for the symmetric laminate, second material, a0/h0 = 10, tests 1, 2, and 3.

5. Concluding remarks

The statistic determination of the fundamental natural frequency, Ω∗, of the first bending eigenmode has been
carried out through the Monte Carlo Method. Simply supported, symmetric and anti-symmetric cross-ply plates have
been analysed. Thin and relatively thick laminates have been considered: the side-to-thickness parameter, a0/h0,
equals 100 and 10. The effect of the anisotropy due to the difference between the Young’s moduli and between the
shear moduli has been investigated. Both material properties and geometrical parameters have been considered to be
random. Carrera’s Unified Formulation (CUF) has been assumed to formulate classical and refined two-dimensional
plate models. In the case of thin plates, all of the considered models yield similar results for both deterministic
and stochastic approaches. For a0 = h0 = 10, the hierarchy among the model becomes evident. In particular, in
the case of the anti-symmetric stacking sequence and anisotropy affecting both Young’s and shear moduli, classical
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Table 8
Ω∗ statistic estimators in the case of the anti-symmetric laminate, first material and
a0/h0 = 100.

μΩ∗ CI
μΩ∗
0.95 10 × σΩ∗ 10 × CI

σΩ∗
0.95 CVΩ∗%

Test 2: GD, EW, DD
FSDT 17.245 (17.240, 17.249) 4.026 (3.994, 4.059) 2.33
ED2 17.243 (17.238, 17.247) 4.008 (3.976, 4.040) 2.32
EDZ2 17.241 (17.237, 17.246) 4.010 (3.978, 4.042) 2.32
LD2 17.233 (17.228, 17.238) 3.999 (3.967, 4.031) 2.32
LD4 17.233 (17.228, 17.237) 3.996 (3.964, 4.028) 2.32
LM2 17.233 (17.228, 17.237) 4.012 (3.980, 4.045) 2.33
LM4 17.233 (17.228, 17.237) 4.008 (3.976, 4.040) 2.33

Test 2a: GD, EG, DD
FSDT 17.247 (17.243, 17.252) 3.857 (3.826, 3.888) 2.24
ED2 17.244 (17.239, 17.248) 3.850 (3.819, 3.881) 2.23
EDZ2 17.243 (17.239, 17.248) 3.885 (3.854, 3.916) 2.25
LD2 17.235 (17.231, 17.239) 3.853 (3.822, 3.884) 2.23
LD4 17.234 (17.230, 17.238) 3.857 (3.826, 3.888) 2.24
LM2 17.235 (17.230, 17.239) 3.853 (3.823, 3.884) 2.24
LM4 17.233 (17.229, 17.238) 3.880 (3.849, 3.911) 2.25

Table 9
Ω∗ statistic estimators in the case of the anti-symmetric laminate, first material and
a0/h0 = 10.

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 2: GD, EW, DD
FSDT 15.197 (15.194, 15.201) 2.932 (2.909, 2.956) 1.93
ED2 15.016 (15.013, 15.019) 2.865 (2.843, 2.889) 1.91
EDZ2 14.960 (14.957, 14.963) 2.846 (2.823, 2.869) 1.90
LD2 14.450 (14.447, 14.453) 2.642 (2.621, 2.663) 1.82
LD4 14.446 (14.443, 14.449) 2.634 (2.613, 2.655) 1.82
LM2 14.448 (14.445, 14.451) 2.641 (2.620, 2.662) 1.83
LM4 14.446 (14.443, 14.449) 2.650 (2.629, 2.671) 1.83

Test 2a: GD, EG, DD
FSDT 15.198 (15.195, 15.202) 2.798 (2.776, 2.820) 1.84
ED2 15.017 (15.014, 15.020) 2.748 (2.727, 2.771) 1.83
EDZ2 14.962 (14.959, 14.965) 2.723 (2.702, 2.745) 1.82
LD2 14.452 (14.449, 14.455) 2.509 (2.489, 2.529) 1.74
LD4 14.449 (14.446, 14.452) 2.508 (2.489, 2.529) 1.74
LM2 14.450 (14.447, 14.452) 2.494 (2.474, 2.514) 1.73
LM4 14.448 (14.445, 14.451) 2.516 (2.496, 2.536) 1.74
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Fig. 8. Cumulative Distribution Function for the anti-symmetric laminate, first material, a0/h0 = 100 and a0/h0 = 10, tests 2 and 2a.
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Table 10
Ω∗ statistic estimators in the case of the anti-symmetric laminate, second material
and a0/h0 = 100

μΩ∗ CIμΩ∗
0.95 σΩ∗ CIσΩ∗

0.95 CVΩ∗%

Test 4: GG, EW, DW
FSDT 14.145 (14.132, 14.159) 1.190 (1.180, 1.199) 8.41
ED2 14.144 (14.131, 14.158) 1.187 (1.178, 1.197) 8.39
EDZ2 14.145 (14.131, 14.158) 1.183 (1.173, 1.192) 8.36
LD2 14.129 (14.116, 14.142) 1.191 (1.182, 1.201) 8.43
LD4 14.126 (14.113, 14.140) 1.183 (1.174, 1.193) 8.38
LM2 14.133 (14.119, 14.146) 1.195 (1.186, 1.205) 8.46
LM4 14.123 (14.110, 14.137) 1.183 (1.173, 1.192) 8.37

Test 5: GG, EG, DG
FSDT 14.142 (14.129, 14.156) 1.185 (1.175, 1.194) 8.38
ED2 14.148 (14.134, 14.161) 1.184 (1.175, 1.193) 8.37
EDZ2 14.139 (14.125, 14.152) 1.184 (1.175, 1.194) 8.37
LD2 14.126 (14.113, 14.139) 1.179 (1.170, 1.189) 8.35
LD4 14.119 (14.106, 14.133) 1.178 (1.169, 1.188) 8.34
LM2 14.125 (14.111, 14.138) 1.181 (1.172, 1.191) 8.36
LM4 14.130 (14.116, 14.143) 1.183 (1.174, 1.193) 8.37

Table 11
Ω∗ statistic estimators in the case of the anti-symmetric laminate, first material and
a0/h0 = 10

μΩ∗ CIμΩ∗
0.95 10 × σΩ∗ 10 × CIσΩ∗

0.95 CVΩ∗%

Test 4: GG, EW, DW
FSDT 12.388 (12.377, 12.398) 9.166 (9.094, 9.240) 7.40
ED2 12.348 (12.338, 12.358) 9.107 (9.035, 9.180) 7.37
EDZ2 12.014 (12.004, 12.023) 8.679 (8.610, 8.749) 7.22
LD2 11.432 (11.423, 11.441) 7.986 (7.923, 8.051) 6.99
LD4 11.426 (11.417, 11.435) 7.951 (7.888, 8.015) 6.99
LM2 11.433 (11.424, 11.442) 7.932 (7.869, 7.996) 6.94
LM4 11.429 (11.420, 11.438) 7.943 (7.880, 8.007) 6.95

Test 5: GG, EG, DG
FSDT 12.391 (12.380, 12.401) 9.141 (9.069, 9.215) 7.38
ED2 12.351 (12.341, 12.362) 9.100 (9.027, 9.173) 7.37
EDZ2 12.015 (12.005, 12.024) 8.582 (8.513, 8.651) 7.14
LD2 11.436 (11.427, 11.445) 7.886 (7.824, 7.950) 6.90
LD4 11.430 (11.421, 11.439) 7.939 (7.876, 8.003) 6.95
LM2 11.438 (11.429, 11.447) 7.947 (7.884, 8.011) 6.95
LM4 11.430 (11.421, 11.439) 7.923 (7.860, 7.987) 6.93

first-order shear deformation theory overestimates the first fundamental natural frequency deterministic and mean
values by about 8%. This difference is due to the difference in the number of degrees of freedom. As far as
uncertainty is concerned, for the considered cases, Ω∗ is not very sensitive to uncertainty in the material parameters.
The percentage coefficient of variation of Ω∗ is, at best, equal to three for a percentage coefficient of variation
(CV%) in the material elastic properties equal to 10. Material properties modelled via a Gaussian or a Weibull PDF
yields similar stochastic results, unless small fractile values are desired. A CV% equal to 2.88 in the geometrical
parameters yield a percentage coefficient of variation of Ω∗ equal to about five. A correlation between the thickness
of the plate and Ω∗ is present: the thicker the plate, the smaller the coefficient of variation.
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357–570.
[29] G.S. Fishman, Polymer matrix composites: Guidelines for characterization of structural materials, Composite materials handbook,

MIL-HDBK-17-1F, Department of Defence, Washington, USA, 2002.
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[40] G.I. Schuëller, Computational stochastic mechanics – recent advances, Computers and Structures 79 (2001), 2225–2234.
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