
Shock and Vibration 18 (2011) 839–855 839
DOI 10.3233/SAV-2010-0605
IOS Press

Analysis of fly fishing rod casting dynamics
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Abstract. An analysis of fly fishing rod casting dynamics was developed comprising of a nonlinear finite element representation
of the composite fly rod and a lumped parameter model for the fly line. A nonlinear finite element model was used to analyze the
transient response of the fly rod, in which fly rod responses were simulated for a forward casting stroke. The lumped parameter
method was used to discretize the fly line system. Fly line motions were simulated during a cast based on fly rod tip response,
which was used as the initial boundary condition for the fly line. Fly line loop generation, propagation, and line turn-over were
simulated numerically. Flexible rod results were compared to the rigid rod case, in which the fly tip path was prescribed by a
given fly rod butt input. Our numerical results strongly suggest that nonlinear flexibility effects on the fly rod must be included
in order to accurately simulate casting dynamics and associated fly line motion.

1. Introduction

The literature of fishing is the richest among all sports, and its history dates back to 2000 B.C. [1,2]. Even for
the subset of fly fishing, much literature is available. However, a significant fraction of fly fishing literature is
devoted to its history, rod makers, casting techniques, fishing experiences, etc. There is a lack of literature about
the technology of fly rods in terms of technical rod analysis, rod design, and rod performance evaluation. This
motivated Phillips [2] to write “The Technology of Fly Rods," which is an in-depth examination of the design of the
modern fly rod, its history and its role in fly fishing. He reviewed modern composite fly rod design, evaluation, and
casting of the line and fly, in engineering terms. In his discussion of the fly rod design process, Phillips speculated
that fly rod design/manufacture would be achieved using computer-aided approaches in the future. However, this
represents a challenge for the fly rod industry, because current fly rod design and manufacture are often based on
experience derived from a history empirical fabrication and test, and little information is publicly accessible about
these proprietary rod design methodologies. To address this issue, we developed a comprehensive fly rod analysis of
casting dynamics consisting primarily of a nonlinear finite element model to analyze a fly rod based on its geometric
and material properties, and a lumped parameter fishing line model.

The modern high performance fly rod is composed mainly of graphite-epoxy composite materials. Fly rods
have evolved from natural wood materials such as bamboo, metallic materials, to fiber-glass, and graphite-epoxy
composites [2]. Our focus is on those fly rods that are fabricated using graphite-epoxy composite materials. A fly
rod is composed of 2, 3, or 4 sections, and each section is typically a tapered hollow tube with a circular cross
section. Each section can be assembled by incorporating ferrules [2]. In our study, a 3-piece fly rod with sleeve
ferrules was considered.

Spolek [3] developed an early analysis of fly casting dynamics. The fly line was represented by three segments.
These were the upper traveling line, the front loop, and the lower stationary line. This representation captured the
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basic physics of fly casting. For each segment, the geometry of the line was prescribed. The traveling and stationary
line were modeled as straight and parallel to the horizontal direction and the front loop had a semi-circular shape.
The work and energy balance method was used to calculate the time history of the fly line for each segment. Finally,
the attached fly velocity time history during a cast was obtained. Different taper geometry in the fly line affected
the final fly velocity. A refined drag model was given by Lingrad [4] to account for the aerodynamics of a fly line.
Robson [5] relaxed Spolek’s assumption and presented a more detailed model for the fly line during forward casting.
The lumped parameter method was used to discretize the fly line motions. The fly line was modeled as many small
rigid filaments, each having only one rotational degree of freedom, and each filament was connected to its neighbor
by massless hinges. The butt(or handle) rotation angle was prescribed and validated using data extracted from
videos of human casting motions. The fly rod was first assumed to be a rigid body, so that tip position, velocity, and
acceleration were the kinematic boundary conditions for the fly line model. A numerical scheme was developed to
solve for the fly line motion during a cast. Bending of the rod was accounted for by introducing a modified rod tip
path. The significant contribution of this work was that the numerical simulations of fly line motion during forward
casting were performed and compared to actual casting results. The agreement was quite reasonable. The above
research laid the foundation for the analysis of fly casting dynamics via simulation studies.

Recently, Gatti [6] developed a new continuum model of fly line dynamics using cable elements and a numerical
algorithm for simulating fly casting was presented. The results of fly line deformation during casting were presented
in Gatti and Perkins [7]. Gatti [6] also considered the fly rod/line system during the casting. The motion of the fly
rod during casting was modeled as the superposition of a rigid rotation of the whole rod and a linear deformation
about the rod’s current configuration. The fly rod/line coupled and uncoupled models finally yielded similar results.
Experimental casting was conducted to validate the analysis using a ‘yarnrod’ to emulate a fly rod. They concluded
that fly rod tip path was the key to analyzing fly line motion during casting because it provided the boundary
condition.

Ohnishi and Matsuzaki [8] applied a commercial nonlinearfinite element package to analyze the large deformation
of a graphite composite fishing rod due to a tip loading. A nonlinear finite element package, ADINA(Automatic
Dynamic Incremental Nonlinear Analysis), was used [9]. Experiments were conducted to validate the finite element
predictions of both the deflection and strains in the fishing rod due to a tip force. This was the first time that finite
element method was applied to the fishing rod analysis. Hendry and Hubbard [10] studied fly rod casting simulations
using a dynamic finite element model based on commercial ABAQUS package. Measured fly rod tip path data [11]
were used to validate the analysis. However, application of such a highly sophisticated 3D finite element package
as ADINA, to the fishing rod, which is only a simple beam like structure, obfuscates insights that might be gleaned
from a simple 1D analysis. Therefore, a simple and accurate nonlinear finite element method for fly rod analysis is
needed.

Because most modern fly rods are fabricated by the graphite-epoxy composite materials, the geometrically-exact
composite beam models can be used to capture the dynamic behavior of fish rods [12,13]. In addition, the fly rods are
hollow and tapered beam structures. The corresponding thin-walled geometrically-exact composite beam model [14]
and tapered beam model [15] are available as well. A particular case was proposed by Simo and Vu-Quoc [16],
in which an inertial frame was used to study the dynamics of flexible isotropic beam under large overall motions.
In this model, the inertial frame was selected to describe the system kinetic and potential energies of a beam [17,
18]. The kinetic energy is then in a quadratic form and uncoupled. But the potential energy is nonlinear, where the
finite strain theory was used. The finite strain beam theories were studied by Simo and Vu-Quoc [16], Reissner [19],
and Antman [20], For a plane beam case, the strain expressions were given by Reissner [19]. In his model, less
simplification and linearization were involved, and the strain was exactly determined in the deformed configuration.

In this study, we develop an analysis of fly fishing rod casting dynamics. The finite strain beam theory (or
geometrically-exact beam model) [16,19,20] was adopted to determine transient responses of a fly rod. We then
used Robson’s lumped parameter approach [5] to calculate fly line motion during a cast. Finally the fly fishing rod
nonlinear deformation and fly line motion are simulated during a cast.

A 3-piece graphite-epoxy composite experimental fly rod was developed and used in our study. Experiments were
conducted to validate our predictions of the load-deflection curve due to a tip force. Fly rod transient response was
calculated under a forward casting stroke. The fly line was modeled using the lumped parameter method proposed
by Robson [5]. Finally, we simulated fly rod casting dynamics and fly line loop generation, propagation, and line
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Fig. 1. Two-nodes nonlinear finite element based on finite strain beam theory.

turn-over were represented. The results were compared to results of a rigid fly rod case. In both rigid and flexible
rod cases, we used identical fly rod butt motion to those used by Robson [5]. The nonlinear flexibility effects on the
fly fishing rod must be included in order to accurately capture casting dynamics and associate fly line motion. In the
following sections, we will present these in detail.

2. Fly rod nonlinear finite element model

Reissner [19] developed a finite strain beam theory for plane beam problems. Simo and Vu-Quoc [16] further
exploited this approach and applied it to the dynamics of a flexible beam under large motions, which is similar to
the case of fly rod deformation during a cast. All variables were defined with respect to the fixed frame. The key
idea is to express the nonlinear strain of the deformed configuration in terms of unknown displacements, which are
defined with respect to the fixed coordinates. The Newton-Raphson method [21] was used to iteratively solve for
the displacement in the nonlinear finite element model. In the finite strain beam theory, we included the shearing
deformation, which leads to the Timosenko beam theory where rotation angle is the independent variable and does
not equal the slope of transverse displacement. By doing this, we obtain a simple kinematic relationship between
strain and displacements. As discussed in [16,19,22,23], the nonlinear beam axial strain, ε, shear strain, γ, and
bending curvature, κ, can be expressed in terms of axial displacement u(x), transverse displacement, w(x), and
rotation, displacement, θ, as follows for a straight beam:

ε =
(

1 +
du

dx

)
cos θ +

dw

dx
sin θ − 1

γ =
du

dx
cos θ −

(
1 +

du

dx

)
sin θ

κ =
dθ

dx
(1)

The strain expressions are the same as those obtained by Antman [20], Simo and Vu-Quoc [16], and Vu-Quoc
and Ebcioglu [22], in which the strains were derived in a vector form. The next step is to apply the finite element
techniques to discretize the beam system. Figure 1 shows a two-node geometrically nonlinear finite element based
on the finite strain beam theory, which has been known as a geometrically nonlinear Timosenko beam element. The
element is not aligned to the X axis for general consideration, which has an initial angle φ0. The nodal degrees of
freedom were defined in the fixed frame except that the rotation angle θ1 and θ2 were calculated with respect to the
initial element orientation. All displacements were linearly interpolated within an element using nodal degrees of
freedom.
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u(x) =N1(x)U1 +N2(x)U2

w(x) =N1(x)W1 +N2(x)W2

θ(x) =N1(x)θ1 +N2(x)θ2 (2)

where the interpolation functions,N1(x) and N2(x) were defined as

N1(x) = 1 − x

L

N2(x) =
x

L

Before we derive the strain and displacement relations, we first demonstrate some geometric relationships as shown
in Fig. 1. Given the node coordinates at node 1 (X1, Y1), and node 2 (X2, Y2), the initial reference angle φ0 is
determined by

cosφ0 =
X2 −X1

L0

sinφ0 =
Y2 − Y1

L0
(3)

where the element original length L0 is given by

L0 =
√

(X2 −X1)2 + (Y2 − Y1)2 (4)

The orientation of the deformed beam segment is described by the angle φ0 + ψ and it can be expressed by:

cos(φ0 + ψ) =
x2 − x1

L

sin(φ0 + ψ) =
y2 − y1
L

(5)

where

x1 =X1 + U1

x2 =X2 + U2

y1 = Y1 +W1

y2 = Y2 +W2

L =
√

(x2 − x1)2 + (y2 − y1)2

Solving the trigonometric relations in Eqs (3) and (5) for ψ, yields

cosψ =
(X2 −X1)(x2 − x1) + (Y2 − Y1)(y2 − y1)

LL0

sinψ =
(X2 −X1)(y2 − y1) − (Y2 − Y1)(x2 − x1)

LL0
(6)

In order to derive the elemental stiffness matrices, we need to obtain the strain and displacement variational
relationship,

δh = Bδq (7)

where δ is the variational operator. Here, h is the strain vector and all strains were given in Eq. 1, and q is the nodal
displacement vector, given by

h =
[
ε γ κ

]T

q =
[
U1 W1 θ1 U2 W2 θ2

]T
(8)



G. Wang and N. Wereley / Analysis of fly fishing rod casting dynamics 843

The B matrix is calculated by taking partial derivatives of strain vector with respect to nodal displacements [16].
The final form is

B =
[

N ′
1 cos ω N ′

1 sin ω N1γ N ′
2 cos ω N ′

2 sin ω N2γ
−N ′

1 sin ω N ′
1 cos ω −N1(1 + ε) −N ′

2 sin ω N ′
2 cos ω −(1 + ε)N2

0 0 N ′
1 0 0 N ′

2

]
(9)

where ω = θ + φ0, ε and γ are evaluated by

ε=
L cosψ cos θ + L sinψ sin θ

L0
− 1

γ =
L sinψ cos θ − L cosψ sin θ

L0
(10)

Here, N ′
1 = dN1/dx, and similarly for N ′

2. The above expressions for ε and γ are the same as shown in Eq. 1, in
which the strains were expressed in terms of displacement functions. Finally, the beam elemental potential energy
based on the finite strain beam theory is

U =
1
2

∫ L0

0

[
EA(x̄)ε2 +GA(x̄)γ2 + EI(x̄)

(
dθ

dx̄

)2
]
dx̄ (11)

where G is the shear modulus. For isotropic materials, it can be expressed in terms of Young’s modulus, E, and
material constant Poisson ratio, ν.

G =
E

2(1 + ν)
(12)

Equation 11 can also be rewritten in a vector form.

U =
1
2

∫ L0

0

PThdx̄ (13)

where the stress resultant vector P is given by

P =

⎡
⎣ EA(x̄)ε
GA(x̄)γ
EI(x̄)θ′

⎤
⎦ = Dh (14)

and the material constant matrix,D, is defined as

D =

⎡
⎣ EA(x̄) 0 0

0 GA(x̄) 0
0 0 EI(x̄)

⎤
⎦ (15)

The internal nodal force vector can be obtained by taking the first variation of the potential energy, Eq. 13, with
respect to the nodal displacements.

δU =
∫ L0

0

PTBdx̄δq (16)

and the nodal internal force vector is

f =
∫ L0

0

BTPTdx̄ (17)

f is a 6 × 1 vector. The tangent stiffness matrix can be defined by taking the first variation of internal force vector,
as shown in Eq. 17.

δf =
∫ L0

0

(BT δPT + δBTPT )dx̄ = (km + kg)δq = kδq (18)

The tangent stiffness matrix, k, is the sum of material stiffness, km, and geometric stiffness matrix, kg . Recalled
Eq. 14 and taking its variation with respect to nodal displacements, the material stiffness matrix is
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km =
∫ L0

0

BTDBT dx̄ (19)

In order to calculate the geometric stiffness matrix, kg, the important step is to calculate the variation of theB matrix
with respect to nodal displacements. As shown in Eq. 9, the size of B matrix is 3× 6 and it is a function of ε, γ, and
θ. Therefore, the B matrix is a function of nodal displacement as well. The variation of B with respect to the nodal
displacements can be calculated as

δBj(k, i) =
∂B(k, i)
∂qj

δqj = Rj(k, i)δqj i, j = 1, 6; k = 1, 3 (20)

where after mathematical manipulation, the geometric stiffness matrix, kg , can be computed as

kg =
∫ L0

0

(EA(x̄)εBu +GA(x̄)γBw) dx̄ (21)

where Bu and Bw are 6 × 6 matrices, and they are assembled using Eq. 20, as below:

Bu =
[

R1(1, :)T R2(1, :)T R3(1, :)T R4(1, :)T R5(1, :)T R6(1, :)T
]

Bw =
[

R1(2, :)T R2(2, :)T R3(2, :)T R4(2, :)T R5(2, :)T R6(2, :)T
]

We have obtained the elemental tangent stiffness, Eqs. 19 and 21, and nodal internal force vector, Eq. 17. In
order to avoid shear locking [16,24,25], one Gaussian point was used to calculate the elemental tangent stiffness
matrices and equivalent internal force vector. The Newton-Raphson method was used to solve for the static nonlinear
responses [21].

In order to account for the dynamics of a fly rod during a cast, we included appropriate inertia terms in our
nonlinear finite element model. Since the above nonlinear finite element model was developed with respect to the
fixed frame, we simply include inertia terms without the linearizations and simplification as used by Gatti [6]. The
kinetic energy of the fly rod is

T =
1
2

∫ L0

0

[
ρA(x̄)

(
∂u
∂t

)2

+ ρA(x̄)
(
∂w
∂t

)2

+ ρI(x̄)
(
∂θ

∂t

)2
]

dx̄ (22)

where the ρ is the density of fly rod material. Using the same interpolation functions for axial displacement, u(x̄),
transverse displacement, w(x̄), and rotation angular displacement, θ(x̄), as shown in Eq. 2, we obtain the elemental
mass matrix, which is a 6 × 6 matrix.

m =
∫ L0

0

ρ

⎡
⎢⎢⎢⎣

A(x̄)N2
1 0 0 A(x̄)N1N2 0 0

0 A(x̄)N2
1 0 0 A(x̄)N1N2 0

0 0 I(x̄)N2
1 0 0 I(x̄)N1N2

A(x̄)N1N2 0 0 A(x̄)N2
2 0 0

0 A(x̄)N1N2 0 0 A(x̄)N2
2 0

0 0 I(x̄)N1N1 0 0 I(x̄)N2
2

⎤
⎥⎥⎥⎦dx̄ (23)

After assembly, the total mass matrix,M , is obtained. The next question is how to solve for the nonlinear dynamic
response. As discussed by Simo and Vu-Quoc [16], the Newmark algorithm [26], which is a well-known predictor-
corrector form, including the Newton-Raphson equilibrium iteration loop, can be used in the dynamic nonlinear
finite element analysis. The convergence of this approach for nonlinear dynamic simulations has been well discussed
by Belytschko and Hughes [27] and Argyris and Mlejnek [28]. The algorithm used in here is shown as follows:
Step 1. Initialize i, i = 0

Step 2. Predictor

U i
t+Δt = Ut

Ü i
t+Δt = − 1

βΔt
U̇t +

(
1 − 1

2β

)
Üt

U̇ i
t+Δt = U̇t + Δt

[
(1 − γ)Üt + γÜ i

t+Δt

]



G. Wang and N. Wereley / Analysis of fly fishing rod casting dynamics 845

Step 3. Increment i, i = i+ 1

Step 4. Calculate effective stiffness,Ki
eff , and residual force vector, Y i

Ki
eff =

1
βΔt2

M i−1 +
γ

βΔt
Di−1 +Ki−1

m +Ki−1
g

Y i = Ri
ext −M i−1Ü i−1

t+Δt −Di−1U̇ i−1
t+Δt − F i−1

t+Δt

Step 5. Solve for displacement increment, ΔU i =
(
Ki

eff

)−1

Y i

Step 6. Corrector

U i
t+Δt = U i−1

t+Δt + ΔU i

U̇ i
t+Δt = U̇ i−1

t+Δt +
γ

βΔt
ΔU i

Ü i
t+Δt = Ü i−1

t+Δt +
1

βΔt2
ΔU i

Step 7. If ‖ Y i ‖> 1.0 × 10−5, repeat iteration, go to step 4, else t = t+ Δt and go to Step 1.
The parameter values of β = 0.25, and γ = 0.5 were used in our calculation, and theDmatrix the is damping matrix
for the fly rod system. We assume that D is the Rayleigh damping matrix and it is expressed by

D = ηM (24)

Where η is a constant. In order to obtain the convergent and accurate solution, the time step size should be as small,
say Δt � 1.0 × 10−3.

3. Fly rod casting dynamics

As discussed by Gatti [6], the coupled and uncoupled fly rod/line system produced similar results. Fly rod tip
path becomes very important because it serves as the boundary condition that dictates fly line motions during a cast.
We have developed a nonlinear finite element model to account for the transient response of a fly rod during a cast.
The next step is to develop a fly line model.

3.1. Fly line model

Figure 2 showed a schematic representation of fly rod and line motion during an overhead cast [5]. The sequence
runs from (a) to (f). First, the angler raises the rod to lift the line and to throw it behind. The line will load the rod
until it is finally parallel to the ground, as shown in Fig. 2 (d). The next stage is forward casting. The angler applies
a torque to rotate the rod and the line moves forward lead by the fly rod tip. The angler abruptly stops the rod. The
line attached to the tip will stop as well. In this case, a loop will be formed, having three distinct segments in the line.
These are the upper traveling line, the front loop, and the lower stationary line. Spolek [3] used the work and energy
balance method to calculate fly velocity at end of the line by specifying the line shapes for different segments. The
traveling and stationary line segments were modeled as straight and parallel to the horizontal direction, and the front
loop had a semi-circular shape. However, we want to know more details of line motion during a cast, especially
presentation of the fly onto the water. Robson [5] presented a lumped parameter model to capture the fly line motion
and validated his results using casting data. We also adopted the lumped parameter approach in this study. Gatti [6,
7] also applied the continuum cable model for fly line analysis. In all of these analyses [3,5–7] including our own,
the casting simulation starts at stage (d) in Fig. 2, in which the line is parallel to the ground and with zero velocity
for both fly rod and line. The fly line motions were confined to a vertical plane only.

Figure 3 shows the fly line lumped parameter model. The fly line was represented by a series of rigid cylinders,
where adjacent elements were connected by a massless hinge. Gravity and air resistance forces were applied to these
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(a) (b)

(c) (d)

(e)
(f)

Fig. 2. A typical forward casting sequence.

Fig. 3. A lumped parameter fly line model.

line filaments during a cast. For each line element, there is only one degree of freedom: the rotational angle with
respect to the ground [5]. We modified Robson’s model slightly, by using the rotational angle measured at the center
of each line element instead of the rotational angle at the leading tip of the cylinder,. For the ith filament of the line
system, as shown in Fig. 3, the position is

xi = xt +
i∑

j=1

Li

(
1 − 1

2
δij

)
cosφi

yi = yt +
i∑

j=1

Li

(
1 − 1

2
δij

)
sinφi (25)

where δij is the Kronecker delta function. xt and yt are fly rod tip position in the x and y directions, as shown in
Fig. 3, Li is the ith line element, φi is the ith element rotation angle measured with respect to horizontal direction.
Velocity and acceleration of each fly line element can be calculated by differentiating position with respect to time.

The kinetic energy of the fly line system is:

T =
1
2

n∑
i=1

mi

(
ẋi

2 + ẏi
2
)

(26)
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and its potential energy is

V =
n∑

i=1

migyi (27)

Here, n is the total number of line elements,mi is the mass of each element, and g is gravitational acceleration. We
utilized Rayleigh’s dissipation function [29], Ψ, to include the effects of air resistance on fly line elements,

Ψ =
1
3

n∑
i=1

(
CDρariLi(vi

n)3 + CsρaπriLi(vi
s)

3
)

(28)

where ρa is the air density, ri is the radius of ith line element, vi
D and vi

s are the velocity components along normal
and tangent direction of ith line element, respectively, as shown in Fig. 3. They can be expressed by ẋi, ẏi, and φi.

vi
D = −ẋi sinφi + ẏi cosφi

vi
S = ẋi cosφi + ẏi sinφi

and CD and CS are drag coefficients, which were discussed by Robson [5]. CS was assumed to be constant: CS =
0.005. Additional details of CS can be found in [3]. The pressure drag coefficient,CD, depends on line velocity and
is a function of Reynolds number,Re, [5], as below:

CD = 7.16 Re < 1

CD = 7.16R−0.42 1 < Re < 34

CD = 3.02R−0.165 34 < Re < 1580

CD = 0.9 Re > 1580

where for each line element, Re is determined by

Re = 1.364 × 105ri

√
ẋi

2 + ẏi
2 (29)

Lagrange’s Equations in this case become [29],

d

dt

(
∂(T − V )
∂φ̇k

)
− ∂(T − V )

∂φk
+
∂Ψ
∂φ̇k

= 0 k = 1, 2, . . ., n (30)

resulting in n differential equations in terms of the n unknown rotation angles,

a11φ̈1 + a12φ̈2 + · · · + a1nφ̈n = Q1

...
...

...
ai1φ̈1 + ai2φ̈2 + · · · + ainφ̈n = Qi

...
...

...
an1φ̈1 + an2φ̈2 + · · · + annφ̈n = Qn

The coefficient, aij , is

aij =
{ ∑n

k=i mkl
2
k

(
1 − 3

4

)
δik i = j

AijLiLj cos (φi − φj) i �= j

and the coefficient Aij is defined as

Aij =
{ ∑n

k=j mk − 1
2mj j > i∑n

k=i mk − 1
2mi j � i

The right hand term, Qi, is
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Fig. 4. A cantilever beam under tip point force.

Qi = −
n∑

k=i

mk

(
1 − 1

2
δik

)
Li (g cosφi − sinφiẍt + cosφiÿt)

+
n∑

k=1�=i

AikLiLk(φ̇k)2 sin(φk − φi)

−
n∑

k=i

Ck
DρarkLkv

k
n ‖ vk

n ‖
(

1 − 1
2
δik

)
Li cos(φk − φi)

−
n∑

k=i

CSρaπrkLkv
k
s ‖ vk

s ‖
(

1 − 1
2
δik

)
Li sin(φi − φk)

The governing equations of the fly line model are second order differential equations, as shown below in a vector
form

[a]φ̈ = [Q] (31)

Rewriting as a first order differential form:{
Ẏ

}
=

[
In×n 0n×n

0n×n [a]−1

]{
φ̇
Q

}
(32)

The above equation is a state space model, and Y is a state vector containing the rotational displacements and
velocity. It is

{Y } =
{
φ

φ̇

}
(33)

For a giving time step Δt and fly rod tip information, Eq. 32 can be easily solved by using a numerical integration
scheme, such as a Runge-Kutta 4th order method [30].

4. Results

4.1. Static nonlinear deflection

In order to validate our nonlinear finite element model, we considered a tapered cantilevered beam, as shown
in Fig. 4. Fertis [31] presented the exact solutions for tapered beam under tip point force by integrating the beam
nonlinear differential equations. The beam was 25.4 meters (1000 in.) long, and bending stiffness,EI , was assumed
to be EI = 516.21 N −m2 (180 × 103 kip− in2). The variations of beam moment of inertia and cross section
areas were defined as

EI(x) = EI0

(
r +

1 − r

L
x

)3

A(x) = A0

(
r +

1 − r

L
x

)
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Table 1
Tip vertical displacement results for a tapered can-
tilevered beam under tip point force

Taper Parameter Exact NFEM Error
r W [m] W [m] [%]

1.0 18.594 18.586 −0.04
1.2 16.302 16.303 0.00
1.4 13.990 13.995 0.03
1.5 12.881 12.885 0.04
1.6 11.822 11.827 0.05
1.8 9.900 9.905 0.05
2.0 8.264 8.270 0.08
2.2 6.910 6.916 0.09
2.5 5.331 5.337 0.10
3.0 3.580 3.585 0.13

Table 2
Tip horizontal displacement results for a tapered
cantilevered beam under tip point force

Taper Parameter Exact NFEM Error
r U [m] [m] [%]

1.0 10.540 10.518 −0.22
1.2 7.728 7.714 −0.18
1.4 5.510 5.500 −0.17
1.5 4.618 4.610 −0.18
1.6 3.859 3.852 −0.18
1.8 2.684 2.678 −0.22
2.0 1.869 1.864 −0.24
2.2 1.312 1.309 −0.30
2.5 0.791 0.788 −0.41
3.0 0.368 0.365 −0.71

Table 3
Tip angular displacement results for a tapered can-
tilevered beam under tip point force

Taper Parameter Exact NFEM Error
r θ [deg.] θ [deg.] [%]

1.0 71.97 72.11 0.20
1.2 63.67 63.82 0.24
1.4 55.37 55.54 0.31
1.5 51.42 51.59 0.32
1.6 47.65 47.82 0.35
1.8 40.65 40.95 0.73
2.0 34.89 35.05 0.44
2.2 29.93 30.08 0.50
2.5 24.01 24.15 0.60
3.0 17.17 17.31 0.83

where r is taper parameter, and cross section areas is assumed as A0 = 32.258 cm2 (5in2), where Poisson’s ratio is
ν = 0. For a fixed tip loading, P = 4448.22N (1 kip), we calculated tip deflection under different taper rates, or a
taper parameter r varying from 1.0 to 3.0. Our predictions of tip displacements were compared to those obtained by
Fertis [31], as shown in Table 4.1 to 3. These results are transverse, horizontally, and rotational displacements at tip.
The maximum error of our tip deflection predictions is less than 1%. Therefore, the nonlinear finite element model
was validated analytically and the results compared well with the exact solutions by Fertis [31]. Further comparison
was conducted to compare the deformed configuration of a uniform cantilever beam subjected to a transverse end
load as studied by Pai [32] (example 5.3 on page 349), where a nonlinear beam theory was used to obtain the
solution. Good correlation was achieved as shown in Fig. 5. An experimental fly rod was made as shown in Fig. 6
in order to validate our nonlinear finite element experimentally. It was a three-piece fly rod. Table 4 shows the
dimensions of each piece, along with its respective Young’s modulus Eb, Em and Et. The Young’s modulus were
determined experimentally via a bending strain test. The Poisson’s ratio was assumed to be ν = 0 and density was
ρ = 1600 kg/m3. A tip load was applied to our experimental fly rod and tip deflection was measured. Figure 7 shows
the tip load-deflection curve. Both linear and nonlinear finite element analyses were compared to experimental data.
Because a fly rod is very slender, long, and flexible beam, geometric nonlinear effects exist. Linear analysis diverges
from experimental data when applied tip mass exceed 50 gram. Our nonlinear finite element results matched well
with the experimental data for the entire range of applied tip mass tested up to 150 g.

4.2. Fly rod casting simulations

As discussed by Robson [5],a reasonable approximation to a normal forward cast appears to be a linearly increasing
acceleration followed by a rapid exponential decay of the angular velocity after the attempted stop. Thus, a cast can
be described using following parameters: initial butt angle, θ1, corresponding to t = 0, attempted stop angle, θ2,
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Fig. 6. Experimental 3 piece assembled fly rod.

corresponding to t = t2, rate of increase of angular acceleration, α, between these two angles, and stopping time
constant, Tw. He presented the empirical formulations to describe the butt end motion of a fly rod and the results
were validated using a film record of some actual casts. We adopted his approach in our casting simulations. The
expressions used for butt end angle, θ, during a cast were

θ =

{
θ1 + αt3

6 t � t2

θ2 + αt22
2 Tw

(
1 − e

(t2−t)
Tw

)
t > t2

(34)

Then the angular velocity and acceleration can be obtained

θ̇ =

{
αt2

2 t � t2
αt22
2 e

(t2−t)
Tw t > t2

θ̈ =

{
αt t � t2

−Tw
αt22
2 e

(t2−t)
Tw t > t2

where we assumed that

t2 =
[
6(θ2 − θ1)

α

] 1
3

(35)
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Table 4
Fly rod dimensions and material properties(O., outer, I., inner; D., diameter)

Section Length Bottom Top Ferrule Young’s Modulus
ID OD ID OD OD

[mm] [mm] [mm] [mm] [mm] [mm] [Gpa]

Butt 939.80 10.97 9.14 7.29 5.49 – 97.6
Middle 938.23 9.20 7.72 4.25 3.01 8.28 112.4

Tip 936.63 61.0 4.72 1.68 0.76 5.13 147
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Fig. 7. Fly rod tip load and vertical deflection curve.

The input parameters of the rod butt motion during a cast are θ1 = 75◦, θ2 = 130◦, Tw = 0.03s, and
α = 100, 000◦/s3.

Figure 8 plotted the time history of the butt end during a cast. For a rigid fly rod, the fly rod tip position, velocity,
and acceleration, at any time t can be calculated using above equations. Then, fly line motions can be specified at
any time t using Eq. 31. For a flexible fly rod, we need to determine the fly rod profile during a cast. In this case, the
transient response of a fly rod can be calculated based on the specified butt end motions. When the fly rod butt end
reaches the stopping angle, θ2, we introduce the critical damping to fly rod system in order to simulate the braking
mechanism of hand motion by angler, otherwise the fly rod will undergo finite rotation in our numerical simulations.
Our goal is to compare to the case of rigid rod. In a real casting case, the fly rod will undergo small oscillation due
to the under-damped characteristics of fly rod. Figure 9 shows the deformed shapes of our experimental fly rod,
where the time step was set to be 0.0001 s. Two casting simulations are discussed. One is for a rigid rod case and
the second is for a flexible rod case. Each uses the same butt end motions and the rigid rod has same length as the
flexible rod which is 2.69 m. The fly line was an end tapered line with circular cross sectional area. The density
of the line was ρl = 1158 kg/m3. It had a constant radius for a length of 8 meter, and 2 meter tapered line. Total
30 line elements were used and average radius was accounted for tapered line section. The time step was set to be
0.001 s in the fly line simulations. The geometric details of the fly line are shown in Fig. 10.

Figures 11 and 12 show the results of a fly casting simulation with a rigid rod. As shown in Fig. 11, the simulation
generated a loop as shown in [5]. The velocity time history of the first and last fly line elements are plotted in Fig. 12.
The first line element reached its maximum velocity right after the rod attempted to stop at θ2, while the velocity of
the last line element kept increasing and reached its maximum around t = 0.40 s.

Figures 13 and 14 show the results of fly casting simulated using a flexible rod. The fly rod tip path, velocity, and
acceleration information were used as the boundary conditions in order to simulate the fly line motions. As shown
in Fig. 13, similar to the rigid rod case, a loop was generated and then propagated. However, the loop height was
smaller than that for the rigid rod case, which suggest that less energy was dissipated during casting, because the drag
loss results mostly from the loop [3]. In the flexible rod case, the first line element velocity profiles were similar to
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Fig. 9. Deformed shapes of a fly rod under butt end rotation.

those of the rigid rod case. However, the last line element velocity continued to increase until it reached its maximum
around t = 0.7 s, as shown in Fig. 14, which implied that this element undergoes acceleration throughout the cast
and a much longer time interval than for the rigid rod case (t = 0.4 s). The fly line last element velocity distribution
in horizontal and vertical direction were different in the rigid case. The vertical velocity component, Vy , was almost
zero before it reached the maximum speed, which is ideal case for a successful cast. A successful cast maintains the
rod tip path in a straight line [2], so that the horizontal velocity dominates over vertical velocity component the line
is propelled forward and straight. Based on our simulation results, we must include the flexibility of the fly rod in
order to obtain the most accurate results, because the rod tip motion plays a significant role in determining the fly
line motion.
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Fig. 10. Geometries of fly line.
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Fig. 11. Fly rod/line time history during a cast, where t = [0,0.1,0.15,0.18,0.2,0.25,0.35,0.5] s, and rigid rod butt at origin, [Rigid Rod Case].

0 0.2 0.4 0.6 0.8 1

0

100

V
x [m

/s
]

0 0.2 0.4 0.6 0.8 1

0

100

V
y [m

/s
]

0 0.2 0.4 0.6 0.8 1
0

100

200

V
 [m

/s
]

Time [s]

Last Line Element
First Line Element

Fig. 12. Fly line first/last element velocity time history during a cast [Rigid Rod Case].

5. Conclusions

In this study, we developed an analysis of fly fishing rod casting dynamics. The nonlinear finite element model
was used to analyze fly rod. The fly casting simulations were also investigated using Robson’s fly line model, in
which both rigid and flexible rods were considered. Thus, we have developed an engineering analysis to evaluate fly
rod mechanics and fly rod/line casting dynamics.

Our predictions of fly rod static load-deflection curves were validated using both analytical results in literature
and experiment data. In Tables 4.1 through 3, we compared our nonlinear finite element predictions to analytical
results [31], where three tip vertical, horizontal and rotational displacementswere calculated due to a tip force loading
and different taper rates were assumed. Our maximum prediction error among these three displacements is less than
1% compared to analytical results for all cases of different tapered beam configurations. Also our predictions of
the tip load-deflection curves for a graphite-epoxy composite fly fishing rod agreed well with experimental data, as
shown in Fig. 7. We applied our nonlinear finite element model to transient response analysis of our experimental fly
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Fig. 14. Fly line first/last element velocity time history during a cast [Flexible Rod Case].

fishing rod under a forward casting stroke. The deformed shape of the fly rod was plotted in Fig. 9 during the cast.
Our fly casting simulations were studied for both rigid and flexible fly rods. Introduction of rod flexibility greatly
modified fly line behavior, so flexibility must be modeled in simulation of casting dynamics. Also, the flexible fly
rod results resembled actual casting, which implies that fly rod flexibility properties must be included in order to
simulate the actual casting scenario.
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