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Abstract. We present a simple and efficient method for the analysis of shear flexible isotropic and orthotropic composite shells.
Classical thin shell constitutive equations used in the explicit finite element code EPSA to model homogenous isotropic shells
using “through-the-thickness-integration” and layered orthotropic composite shells [1–3,5] are modified to account for transverse
shear deformation. This effect is important in the analysis of thick plates and shells as well as composite laminates, where
interlaminar effects matter. Transverse shear stresses are calculated using a linear normal strain distribution, where first the shear
forces are calculated and then the stresses are calculated by means of the generalized section properties, i.e., first and second
moments of area. The formulation is a generalization of the analytical method of analyzing composite beams. It is simple and
computationally inexpensive, and it yields accurate results without employing higher order displacement interpolations. In the
case of isotropic shells, the transverse shear stresses are distributed parabolically, based on the assumption of linear normal strain
distribution through the thickness and on application of the quadratic shape function to transverse shear strains. The transverse
shear stresses are included in the elastic-perfectly plastic yield function of the Huber-Mises-Hencky type.

Keywords: Thick layered plates and shells, thick composite shells, transverse shear deformation

1. Introduction

Our objective is to include the transverse shear strains and stresses in the analysis of isotropic shells using
“through-the-thickness-integration,” as well as of composite laminates, using an explicit code EPSA [1–3,5]. Only
matters directly related to this objective are discussed in detail.

Shells in which the ratio of the thickness to the radius of curvature is equal or less than 1/50 are usually considered
to be thin. In the case of thin shells, transverse shear strains are negligible. This is true for most of the boundary
conditions. Some types of loading conditions, however, cause significant shear forces regardless of the thickness
of the structure. In the analysis of structures with thickness that is large compared to the other two dimensions,
transverse shear stresses become significant and need to be taken into account. In this paper, elasto-plastic analysis of
isotropic shells is carried out by means of a layered method, often referred to as “through-the-thickness-integration”.
The elastic-perfectly plastic material model is used with a Von Mises-type yield function, with accounting for
transverse shear stresses.

Transverse shear strains and stresses are especially important in the analysis of composite laminates. This is
because advanced filamentary composite materials are susceptible to thickness effects, as their effective transverse
shear modulus is substantially smaller than the effective elastic modulus in the fiber direction. Moreover, increasing
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use of composite laminates in various branches of the industry requires analysis of these structures beyond elastic
behavior, up to failure. Composite laminates have various modes of failure: delamination, debonding, fiber cracking
and matrix yielding and cracking.

One of the most common failure modes is delamination, which is driven by the transverse shear stresses. To
accurately model composite plates and shells and address the issues related to failure, it is necessary to include
transverse shear stresses in analyses. We use a description of shear effects based on the Mindlin-Reissner theory
of plates, which has been modified to improve the accuracy of the model. The Mindlin-Reissner theory leads
to a constant distribution of the transverse shear stresses across the laminate thickness. This representation is
inexact, as the transverse shear stress function is actually parabolic through the thickness of the lamina and not
continuous through the laminate. To improve the accuracy of shear stress prediction, the shear correction function is
applied, obtaining a parabolic distribution of shear stresses across the thickness of the laminate without changing the
definitions of the shell kinematics. The correction function satisfies the boundary conditions, enforcing zero shear
stresses on the outer surfaces of the laminas. Although using a second-order strain function through the thickness of
the composite laminate is a significant improvement over a constant one, it still results in an undesired C1 continuity
through the thickness. Substantial stiffness variations of the individual laminas lead to “jumps” of the shear stress
gradients at lamina interfaces. As failure analysis focuses on stresses, we adopt a transformed section method that
assumes a continuous shear strain distribution. This allows prediction of the aforementioned “jumps” in the shear
stress gradients through the thickness of the composite laminate.

This paper is organized into six sections. Following the Introduction, Section 2 discusses shell kinematics.
Section 3 presents the constitutive equations. Section 4 discusses yield surface for layered isotropic shells. Section 5
presents numerical examples, demonstrating that the current computational model provides accurate results. Finally,
Section 6 contains the summary and conclusion.

2. Kinematics of the shell

The thick shell formulation is, according to Reddy’s classification [24–27], a single-layer shear deformation one.
It accounts for a constant state of transverse shear strains across the thickness of a composite laminate. It is not a
layerwise formulation, which requires adoption of higher order interpolation functions to approximate variation of
axial displacement through the thickness of the composite laminate. The use of a layerwise formulation to model
composite laminates in EPSA would require major changes in the kinematics of the shell element, which could
negatively affect code reliability.

The displacement-based shear deformation formulations are developed using displacement field of the form:

u(x, y, z, t) = u0 − z
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w(x, y, z, t) = w (x, y, t)

where u, v, w denote the displacement components in the (x, y, z) directions at time t; u0, v0 denote displacement of
the middle surface; φx and φy are the angles of rotation of the transverse normal around x and y axes, respectively;
and h is the thickness of the composite laminate. The above relations can easily be reduced to a classical thin shell
formulation by setting α = 1, β = 0, γ = 0. In this work, a single-layer shear deformation formulation, related to
the Mindlin-Reissner theory of plates, is obtained by setting α = 0, β = 1, γ = 0:

u = u0 + zφx and v = v0 − zφy (2)

with φx, φy given as:

φx = −∂w

∂x
+ γxz and φy =

∂w

∂y
− γyz (3)
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Fig. 1. Transverse shear deformations.

where γxz, γyz are the transverse shear strains in the xz and yz planes, respectively.
Equations (2) and (3) express the following hypothesis: plane sections originally perpendicular to the middle

surface remain plane after the deformation but not perpendicular to the middle surface (Fig. 1). The formulation is
therefore related to the Mindlin-Reissner theory of plates.

The plate or shell considered in this work is assumed to be a laminated surface with thickness h. At any point of
the shell, the membrane strains and curvatures in a rectangular coordinate system (x, y, z) are given by the following
equations:

ex =
∂u0

∂x
(4)
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(5)
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The transverse shear strains are calculated using the following equations:

γxz =
∂w

∂x
+ φx (10)

γyz =
∂w

∂y
− φy (11)

where 2εxz = γxz ; 2εyz = γyz .
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Fig. 2. Principal material directions for an individual layer; 1 is a direction of the fibers.

In Eqs (4)–(11) z is a measure of the distance between the middle surface of the shell and the surface under
consideration; ex, ey are membrane strains; exy is in-plane shear strain; and κx, κy, κxy are curvatures at the mid-
surface in planes parallel to the xz, yz, and xy planes, respectively; u0, v0, w0 are the displacements of the middle
surface along x, y, z axes, respectively; γxz, γyz are transverse shear strains in xz and yz planes; φx, φy are angles of
rotation of the cross-sections that were normal to the mid-surface of the undeformed shell (Fig. 1). The total normal
strains due to both membrane and bending deformation in x, y directions, respectively, can be written as follows:

εx = ex + zκx and εy = ey − zκy (12)

3. Lamina constitutive equations

For a lamina of constant thickness h and made of an orthotropic material (plate possesses a plane of elastic
symmetry parallel to the xy plane), the constitutive equations relating stresses σ to strains ε for a layer can be written
in the principal material directions (1, 2, 3) as:⎧⎪⎪⎪⎪⎨
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(13)

where the transverse normal stresses σ3 are neglected. The principal material directions (1, 2, 3) are shown in
Fig. 2.

The quantities Qij in Eq. (13) form the stiffness matrix and are expressed as follows [30,33]:

Q11 = E11/Δ , Q22 = E22/Δ, Q12 = ν21E11/Δ
(14)

Q44 = G23 , Q55 = G13 , Q66 = G12, Δ = 1 − ν12ν21

where E11, E22 are Young’s moduli of the composite in 11 and 22 directions, respectively; G23, G13, G12 are
shear moduli of the composite in 23, 13, and 12 directions, respectively; and ν12 is a Poisson’s ratio in 12 direction
(directions are defined as in the theory of elasticity, where the first subscript defines the normal to the plane under
consideration and the second subscript defines the direction).

We note that ε23 = (1/2G23)σ4 , ε13 = (1/2G13)σ5 , and ε12 = (1/2G12)σ6; thus, coefficients ‘2’ appear in
Qij matrix.

The general transformation matrix from local to global coordinate system is given by matrix T:⎧⎪⎪⎪⎪⎪⎪⎨
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Fig. 3. Lamina coordinate system.

Fig. 4. Stress resultants on shell element.

where θ is the angle between a positive x direction of a global coordinate system and a direction of the fibers 1
(Fig. 3). An inverse of the transformation matrix, T−1, can easily be found by replacing θ with −θ in T.

Using Eqs (13)–(15) we can easily calculate the stresses in each lamina of the composite laminate. To calculate
the stress resultants and stress couples Mx, My, Mxy, Nx, Ny, Nxy, Nxz, Nyz in the laminate, we use definitions of
normal and shear forces, as well as bending moments commonly used in beam, plate, or shell theory:⎧⎪⎪⎪⎪⎨
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The positive directions of the stress resultants, consistent with their definitions given by Eq. (16), are shown in Fig. 4.
The shear correction factor is often applied in the definition of the transverse shear forces in Eq. (16). This

is because transverse shear strains are defined according to the Mindlin plate theory, where the strain is constant
over the thickness. The stresses are obtained by multiplication of strains by a shear modulus Eq. (13), which leads
to constant distribution of the shear stresses across the thickness of the composite laminate. In isotropic shells,
the shear stresses σxz and σyz are quadratic functions of thickness coordinate z, and in absence of the traction
boundary conditions on the outer surfaces of the shell, they should vanish on the top and bottom surfaces, i.e.,
z = ±h/2 → σxz = σyz = 0. Determination of the shear correction factor is straightforward for isotropic shells
but can be cumbersome for laminated shells with many layers, especially if they are dynamically loaded [19,38].
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Fig. 5. Equivalent cross section of the composite beam.

In the current work we avoid computation of the shear correction factors altogether by using the transformed section
method, which allows for accurate approximation of the distribution of the shear stresses through the thickness,
without employing computationally expensive higher order kinematics of the shell. This approach has been used in
the analytical calculation of composite beams, and it can easily be extended to plates and shells. In the case of the
beam, the cross section built of several materials is transformed into an equivalent cross section of one material on
which the resisting forces and the neutral axis are the same as on the original section. The usual flexure formula is
then applied to the new section [31]. The equivalent cross section is found by multiplying the width of each lamina
by a so-called modular ratio, given by:

n =
Ex

E2
(17)

where Ex is Young’s modulus of a considered lamina in the global x direction and E2 is Young’s modulus of a
lamina in the direction perpendicular to the fiber. We therefore have for the lamina oriented at 0◦, n = E1/E2 � 1
and for the lamina oriented at 90◦, n = 1. The width of each lamina is then multiplied by its respective modular
ratio to form the equivalent cross section, shown in Fig. 5.

Having established the equivalent cross section, we can determine the equivalent area, first and second moment
of area, which can be used to calculate the displacements, strains, and stresses. In the case of plates and shells, the
geometric cross-section characteristics of individual laminas are multiplied by the modular factor given by:

Eequ x = E1 cos2 θ + E2 sin2 θ
(18)

Eequ y = E2 cos2 θ + E1 sin2 θ

where Eequ x and Eequ y are the modular factors of considered lamina in global x and y directions, respectively;
E1 and E2 are Young’s moduli of considered lamina in directions 1 (fiber direction) and 2 (direction perpendicular
to the fibers), respectively; and θ is the angle between a positive x direction of a global coordinate system and a
direction of the fibers 1, Fig. 3. The equivalent cross-section area of the considered lamina is therefore:

Axi = hiEequ xi where i = 1, k (19)

where k is the number of laminas and hi is the thickness of the i − th lamina. The equivalent area of the laminate
can be obtained by summation of equivalent areas:

Ax =
k∑

i=1

Axi (20)
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Similarly, the equivalent first and second moment of area are given by:

Qx =
k∑

i=1

hiziEequ xi

(21)

Ix =
k∑

i=1

(
h3

i

12
+ hiz

2
i

)
Eequ xi where i = 1, k

where zi is the distance between the center axes of the lamina and composite laminate.
The transverse shear stresses can now be calculated:

σxz =
QxN ′

xz

Ix
; σyz =

QyN ′
yz

Iy
(22)

where N ′
xz and N ′

yz are transverse shear forces calculated not by means of Eq. (16), but through direct integration
of transverse shear strains:

N ′
xz =

h/2∫
−h/2

Gxz εxz; N ′
yz =

h/2∫
−h/2

Gyz εyz (23)

where Gxz = G13 and Gyz = G23. As mentioned above, application of the shear correction factor results in accurate
computation of transverse shear forces. Substituting these forces into Eq. (22), along with previously obtained
equivalent cross-section characteristics, allows for accurate determination of the non-continuous distribution of the
transverse shear stresses across the thickness of the shell.

The above constitutive equations are universal for both plates and shells. They are implemented into the explicit
finite element code EPSA. The composite shell element used is flat, with constant strains and 4 nodes and 5 degrees
of freedom per node, i.e., linear velocities u̇, v̇, ẇ in x, y, z directions, respectively, and angular velocities φ̇x, φ̇y

around y and x axes, respectively. The curvature of the shell is modeled through finite element discretization. The
positive directions of the degrees of freedom are the same as the positive directions of the stress resultants (Fig. 4).

Details of the kinematics of the element, integration scheme, and anti-hourglassing procedure are given in
references [3,5].

4. Rate-independent yield function for layered isotropic shells

The yield surface discussed here is applied only to isotropic shells, analyzed by means of the layered method.
This section is therefore not relevant for composite laminates.

As discussed in the Introduction, we use the von Mises yield criterion with elastic-perfectly plastic material
representation in the analysis of layered isotropic shells. The structure under consideration is divided into layers
across the thickness, and at every layer the yield condition is checked. This method, often called a layered method,
requires integration of stresses through the thickness. It is therefore more expensive computationally than a stress
resultant-based shell model used for non-layered isotropic shells in EPSA. The through-the-thickness-integration
method is used in EPSA as a subsidiary of a composite shell model, hence the division into layers. It is often used
for verification of the direct shell resultant-based shell model in EPSA [3,5].

We use in this work a von Mises yield criterion with transverse shear stresses accounted for, given by:

F =
1
σ2

0

[
σ2

x + σ2
y − σxσy + 3

(
σ2

xy + σ2
xz + σ2

yz

)]
(24)

Because the elastic perfectly plastic material model is applied, no hardening function is defined. We assume additive
decomposition of strains into elastic and plastic components:

ε = εe + εp (25)

An associated flow rule is applied to determine incremental plastic strain components:
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dεp = λ
∂F

∂S
(26)

where the strains and stresses are represented by 5 × 1 matrices, given by:

ε = {εx, εy, εxy, εxz, εyz}
(27)

S = {σx, σy, σxy, σxz , σyz}
The following elastic law is applied:

S = E (ε − εp) (28)

where E is the elastic shell stiffness matrix defined by Eqs (13)–(15) with angle θ = 0 for every layer.
The consistency condition ensures that the stresses remain on the yield surface:

dF =
(

∂F

∂σx

)T

dσx +
(

∂F

∂σy

)T

dσy +
(

∂F

∂σxy

)T

dσxy +
(

∂F

∂σxz

)T

dσxz +
(

∂F

∂σyz

)T

dσyz = 0 (29)

Or, more concisely:

dF =
(

∂F

∂S

)T

dS = 0 (30)

Substituting Eq. (26) into Eq. (28) and the resulting expression into Eq. (29) and solving forλ, we obtain:

λ =

(
∂F

∂S

)T

E dε
(

∂F

∂S

)T

E ∂F

∂S

(31)

The above equation is used in Eq. (26) to calculate the increments of plastic strain. Perfectly plastic behavior requires
yielding of material (increase of plastic strain) without application of additional stresses. In this case, elasto-plastic
stiffness is very small (not actually zero, to avoid numerical instability).

5. Numerical examples

The reliability of our approach is verified through a series of discriminating examples. The problems are selected
to demonstrate and challenge new features introduced into the finite element code EPSA, i.e., representation of
transverse shear deformation and transverse shear stresses in the analysis of layered isotropic shells and layered
composites.

The importance of shear deformation in the analysis of composite structures is widely known and has been
discussed by many authors. The objective of this section is to verify that the description of the shear effects presented
here is reliable and leads to improvement in the accuracy of analyses of composite structures.

5.1. Laminated composite strip under three-point bending

We consider a simply supported 7-layer symmetric beam with a central line load. This problem is a commonly
used composite benchmark [13]. The stacking sequence and orientation of the fibers is as follows: 0/90/0/90/0/90/0,
where the centre ply is four times as thick as the others. The geometry of the beam with the stacking sequence is
shown in Fig. 6.

The length of the beam is L = 50 mm, the line load P = 10 N/mm is applied at point E, and material properties
are as follows: E1 = 1.0E5 MPa, E2 = 5.0E3 MPa, G12 = 3.0E3 MPa, G13 = G23 = 2.0E3 MPa, and
ν12 = 0.4, ν23 = 0.3.

To verify that the current formulation features reliable representation of the shear effects and is therefore applicable
to the analysis of thick composite shells, we investigate vertical displacement under the load (point E), bending
stresses at the same location, and transverse shear stresses at point D (Fig. 6). All of these values can be calculated
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Fig. 6. Simply supported laminated beam subjected to central line load with material properties [13].

Fig. 7. Equivalent cross section of the composite beam.

analytically using a transformed section method. In this method, a cross section of several materials is transformed
into an equivalent cross section of one material on which the resisting forces and neutral axis are the same as on the
original section. The usual flexure formula is then applied to the new section [31].

The equivalent cross section is obtained by multiplying the width of every lamina by a so-called modular ratio,
given by:

n =
Ex

E2
(32)

where Ex is Young’s modulus of a considered lamina in the global x direction and E2 is Young’s modulus of the
lamina in the direction perpendicular to the fiber. We therefore have for the lamina oriented at 0◦, n = E1/E2 = 20,
and for the lamina oriented at 90◦, n = 1. The width of every lamina is then multiplied by the appropriate modular
ratio to form the equivalent cross section, shown in Fig. 7.



468 P. Woelke et al. / Analysis of shear flexible layered isotropic and composite shells by ‘EPSA’

Fig. 8. Displacement time histories (displacement under load) with reduced .

Having established the equivalent cross section, we can determine its moment of inertia using Steiner’s theorem
(parallel axis theorem):

Ieq =
m∑

j=1

(
bjh

3

12
+ bjhd2

j

)
j

= 10.9667 mm4 (33)

where m is a number of sub-areas Fig. 7; bj is a width of considered sub-area; h is the total thickness of the composite
laminate; and dj is the distance between the neutral axes of the laminate and lamina. Using the equivalent moment
of inertia, we can calculate the displacement under load due to bending and shear actions. We apply the virtual unit
force at point C, to determine the displacement by means of the virtual work principle.

w = wM + wQ =
∫
L

MM̄

E2Ieq
dx +

∫
L

6 QQ̄

5 G13Aeq
dx =

PL3

48E2Ieq
+

3PL

10G13A
= 1.07 mm (34)

where M, Q are bending moment and shear force functions, respectively; M̄, Q̄ are virtual bending moment and
shear force, respectively; L = 30 mm, (Fig. 6); A is the area of the cross section.

The problem described above is modeled using 20 composite shell elements based on the thin shell and thick
shell formulations. We compare the time histories obtained using the two formulations, as well as a final numerical
solution to the analytical result given by Eq. (34). Figure 8 presents the time history for the vertical displacement at
point E (Fig. 6) calculated without accounting for shear stresses and after transverse shears have been introduced.

In Fig. 8, as expected, the displacement calculated with shear stresses taken into account (w = −1.069 mm)
is slightly larger than that calculated with shear effects not taken into account (w = −1.054 mm). Both values,
however, compare well with the reference solution (w = −1.07 mm). We therefore conclude that shear stresses
do not significantly affect the response of the structure under consideration. The situation changes, however,
if the transverse shear moduli G13 and G23 are significantly smaller than the in-plane shear modulus G12. If
G13 = G23 = 250 MPa, the displacement calculated using Eq. (34) is:

For G13 = G23 = 250 MPa : w = wM + wQ = −1.026− 0.36 = −1.386 mm (35)

The significant increase (nearly 26%) of the displacement is caused by transverse shear action only, while the
deformation caused by bending does not change. In this case, only a formulation that features a reliable representation
of the shear effects is capable of delivering an accurate solution.

Figure 9 presents the time histories of displacement under load calculated, as previously, with EPSA composite
shell elements based on the thin shell formulation, without taking shear stresses into account, and on the thick
shell formulation, taking shear stresses into account. The significant difference between the results obtained by
means of the thin and thick shell formulations is attributed to the influence of shear stresses. The current thick shell
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Table 1
Comparison of analytical and numerical results (AandE are shown in Fig. 6)

Analytical EPSA EPSA thick EPSA thick
solution thin shell quadratic TSM*

Displacement at E [mm] 1.07 1.054 1.069 1.069
Displacement at E [mm], (reduced G13) 1.386 1.054 1.384 1.384
Shear force between A and E [kN] 0.05 0.05 0.05 0.05
Shear stress at D(z = ±0.4mm) [MPa] −4.103 − −2.620 −4.131
Bending moment at E [kNm] 7.5E-4 7.51E-4 7.51E-4 7.51E-4
Bending stress at E [MPa] 683.89 684.96 684.96 684.96

*Note: TSM – Transformed Section Method.

Fig. 9. Displacement time histories (displacement under load).

formulation delivers a value of displacement under load (w = −1.3838 mm) that practically matches the exact
solution obtained by Eq. (35) (w = −1.386 mm). The thin shell formulation correctly predicts only the bending
part of the deformation, while the shear part is neglected entirely Fig. 9.

For further verification, we compare the values of maximum bending stresses and transverse shear stresses
computed using EPSA-III, with the reference solution calculated analytically. The maximum bending stress is given
by:

σx =
nM

Ieq

h

2
= ±nPLh

8Ieq
= ± 683.89 MPa (36)

where n is given by Eq. (32), M is a bending moment at midspan of the beam (under the load), and h is the thickness
of the composite laminate. The transverse shear stress (interlaminar shear) between the jth and the (j + 1)th can
be calculated from equilibrium of stresses. At the top layer (z = ±0.4mm), we have:

σxz = −
0.5∫

0.4

∂σx

∂x
dz = −

0.5∫
0.4

∂

∂x

(
n 0.05xz

Ieq

)
dz = −4.103 MPa (37)

Table 1 compares the analytical and numerical values of displacements and bending stresses, as well as shear forces
and bending moments, and Fig. 10 presents the transverse shear stress distribution.

The interlaminar shear stress at z = ± 0.4 mm, determined using the current model, is σxz = −4.134 MPa
(Fig. 10), which compares well with the analytical solution obtained by Eq. (37) (σxz = −4.103 MPa). The
distribution of the transverse shear stresses, as calculated by the transformed section method, also agrees closely
with the reference solution. Table 1 and Fig. 10 compare the formulations. We note that, although application of
the second-order shape function significantly improves model accuracy over the constant distribution, it nonetheless
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Table 2
Material properties and dimensions of the pinched cylinder

Dimensions [mm] L = 100.0, r1 = 27.0, r2 = 25.0, r3 = 23.0

Loading Internal pressure: p = 100 MPa
Material Properties Layer 1 (Inner) Isotropic: E = 2.1E5 MPa, ν = 0.3

Layer 2 (Outer) Orthotropic: E1 = 1.3E5 MPa, E2 = 5.0E3 MPa,
ν12 = 0.3, G12 = 1.0E4 MPa, G13 = 500 MPa
NOTE: Direction 1 is a hoop direction; 2 is a z direction

Fig. 10. Distribution of transverse shear stress σxz [MPa] across the thickness of the composite laminate (Axis of symmetry z = 0.0).

leads to inaccuracies in shear stresses. This negatively affects the failure prediction capability of the model. The
transformed section method allows for reliable shear stress distribution calculations, and it is simple and efficient.
In all of the approaches considered, the integration of stresses through the thickness yields accurate result for shear
forces.

The displacements calculated by means of the thin shell formulation are accurate only when shear effects are
negligible. When the transverse shear modulus is significantly smaller than the in-plane shear modulus, the thin shell
formulation does not produce accurate results. The displacements calculated by means of the thick shell formulation
almost exactly match the reference solutions, verifying that the current thick shell formulation features reliable
representation of shear effects and can be used successfully to model the behavior of thick composite plates, shells,
and beams.

5.2. Composite cylinder under internal pressure

In the previous example, we verified that the current thick shell formulation correctly represents the increased
shear flexibility caused by the differences between in-plane and out-of-plane shear moduli. Taking into account
shear stresses in the analysis of thin shells may lead, however, to numerical deficiency commonly referred to as shear
locking. A reliable shell model correctly predicts shear modes of deformation in the case of both thin and thick
shells, without suffering from shear locking. To verify that this numerical deficiency is avoided here, we consider
a long cylinder composed of two layers. The internal layer is an isotropic material and the external layer is an
orthotropic material. The cylinder is subjected to internal pressure Fig. 11. Properties of the cylinder are given in
Table 2.

Full symmetry is assumed and only an octant of the cylinder is considered. The mesh of 160 EPSA-III shell
elements, used to model an octant of the cylinder, is shown in Fig. 12. We investigate radial displacement of the
cylinder Fig. 11, calculated by means of the thin and thick shell formulations. The outer shell layer is orthotropic,
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Fig. 11. Composite cylinder under internal pressure.

Fig. 12. Finite element mesh of an octant of the cylinder.

Fig. 13. Time history plots for radial displacements.

the inner layer is isotropic, and the cylinder is relatively thin. The loads are resisted mainly by the membrane action
of the shell, and shear effects are negligible. Despite the fact that the in-plane shear modulus (G12) of layer 2 is
much larger than the out-of-plane shear modulus (G13), the difference between displacements obtained from the two
formulations should not be significant. The time histories of displacement under load determined using the thin and
thick shell formulations are shown in Fig. 13.

We see in Fig. 13 that the radial displacements calculated using the thin and thick shell formulations practically
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Fig. 14. Cylindrical shell subjected to a ring of pressure.

Fig. 15. Radial displacements for a cylinder subjected to a ring of pressure (t = 0.5 mm).

coincide. Because, as discussed above, shear effects are negligible, this result proves the reliability of the thick shell
formulation.

5.3. Cylindrical shell subjected to a ring of pressure

As discussed in the Introduction, the main objective of this work is to account for the influence of transverse
shear strains and stresses on the behavior of composite laminates and elasto-plastic isotropic shells in analyses
using a layered method (through-the-thickness integration). In Sections 6.1 and 6.2, the composite problems were
investigated, verifying the reliability of the current thick shell formulation for composite structures. In this section,
we verify the dependability of the representation of the transverse shear stresses in the layered isotropic shells model
in EPSA.

We consider a cylindrical shell under the ring of pressure. The geometry and material parameters are shown in
Fig. 14. Due to symmetry, we need consider only an octant of a shell, which is modeled using finite element mesh,
as shown in Fig. 12.

We analyze the problem using EPSA layered shell elements, based on the thin shell formulation, and compare
the results with those obtained using the same shell elements modified to account for transverse shear deformation.
First, we consider a cylinder with thickness t = 0.5 mm. Shells in which the ratio of the radius of the curvature and
thickness is higher than 50 usually are considered thin. In this case, the results delivered by EPSA thin-layered shell
element, previously shown to be reliable, will be sufficiently accurate. Solving the problem using the thick layered
shell formulation presented here should therefore produce similar results. We compare the radial displacements at
midspan of the cylinder, determined by thin and thick shell formulations. The time history plots are shown in Fig. 15.
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Fig. 16. Radial displacement for a cylinder subjected to a ring of pressure (t = 5 mm).

Fig. 17. Bending moment at midspan of the cylinder subjected to a ring of pressure (t = 5 mm).

Figure 15 shows that, as expected, the results produced by the thin and thick shell formulations are practically
identical. Shear effects are negligible in this problem, as correctly recognized by the thick layered shell model.

We increase the thickness of the cylinder to t = 5 mm and the pressure to P = 1.0 kN/mm and again compare
the radial displacements obtained from the two formulations. The displacement time history plots are shown in
Fig. 16.

Displacement calculated using the current, thick shell formulation is 17% larger than that obtained without
accounting for shear stresses. At the same time, the bending moments and axial forces determined by the thick
and thin shell formulations are approximately the same Fig. 17. This significant discrepancy between displacement
values is attributed to increased influence of the transverse shear effects, which are correctly represented in the
current model.

6. Conclusion

Accounting for out-of-plane shear strains and stresses is necessary to accurately model the elasto-plastic behavior
of thick plates and shells. In the case of composite laminates, the influence of transverse shear stresses is even
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more important. This is due to the orthotropic nature of these structures and the often significant difference between
in-plane and out-of-plane shear moduli. Because this leads to increased shear flexibility of the composites, neglecting
shear effects may result in an unsafe design. Moreover, transverse shear stresses cause delamination in composites,
one of the most important failure modes. A thick shell formulation makes it possible to account for transverse shear
stresses in failure criteria. With the use of appropriate experimental data, this can result in greatly improved failure
predictions for composite laminates.

EPSA is an explicit code that features a constant strain, quadrilateral shell element. The equations of motion are
solved locally, without assembling the stiffness matrix of the structure [1–3,5]. Neither shear nor membrane locking
is experienced, as shown in Section 7. The anti-hourglass procedure is given in reference [11].

The numerical examples in Section 7 were selected to challenge the most important features of this work, i.e.,
representation of transverse shear effects in elasto-plastic investigations of isotropic shells and composite laminates.
In all of the analyzed cases, the results are accurate, verifying that the model is well grounded. EPSA layered
shell and composite finite elements are therefore capable of delivering accurate approximations of the structural
behavior of thin and thick plates, shells, and composite laminates for considered types of problems represented by
the examples discussed in this paper.
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