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Abstract. This paper deals with the dynamic analysis of pre-stressed laminated composite plates. Particular emphasis is devoted
to the case of in-plane mono-axial, biaxial, shear and combined loadings. Both equivalent single layer and layer-wise plate
kinematic description are addressed, according to the hierarchical approach proposed by the Carrera’s unified formulation.
The different kinematic approaches are compared in order to identify the appropriate modeling for laminated composite plates
subjected to combined loadings. The principle of virtual displacement is applied in order to obtain governing equations and
the corresponding problem is solved through the finite element method. When possible, assessments/comparisons with exact
solutions are proposed. Moreover, the effects of different stacking sequences, boundary conditions, geometries and materials on
plate natural frequencies are illustrated.
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1. Introduction

Since their first applications, composite laminated plates have been more and more employed in aeronautic, space
and automotive industry. More in detail, layered composites are widely applied in the so-called thin wall structures
such as external surface of aircrafts, ships and other vehicles. Recently, composites have been also employed for
some relevant parts of the primary structure of military aircrafts. The broad use of composite structures on high-
performance sports equipment should also be mentioned. This extensive use of composites is due to their appreciable
strength/lightness ratio, which is not achievable through classical metallic alloys like steel, aluminium or titanium.

In the past forty years a large amount of literature has been dedicated to the analysis of the behavior of composite
materials. Not many efforts have been devoted to the analysis of one of the most critical problems that can arise
during the life cycle of a composite plate: the vibrational response of a pre-loaded laminate.

First attention to the plates in pre-loaded configuration was given by Hermann and Armenakas [1,2]. In their
works, the authors identified a relationship between the equations of motion of a plate under initial stress and the
general three-dimensional description obtained by considering the displacement field and a variational principle for
elastic bodies. The same topic is also illustrated by Leissa in the 10th chapter of his work [3]. The publications cited
above are the first showing the load-vibration curves for plates. Works by Brunelle and Robertson [4,5], Jones [6]
and Brunelle [7] were developed with reference to the laminated plates and considered the effect of transverse
shear and the rotary inertia, as introduced by Mindlin [8]. Afterwards, Yang and Shieh [9] found some vibrating
solutions for antisymmetric cross-ply thick plate subjected to non uniform loads. Yang and Kuo [10] employed the
Trefftz equation with a consistent variational principle in order to find a set of equations of motion which include
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Fig. 1. Reference system and plate geometry.

the transverse shear and the rotary inertia effects. Another relevant contribution to this research was given by
Matsunaga [11], who provided a wide set of exact solutions. More in detail, he obtained a set of equations for
two-dimensional plate modeling, according to a higher-order approach via Hamilton’s principle. As a consequence,
various truncated theories were also made available. These results are particulary suitable for very thick plates. A
similar research was conduced by Chen and Fung [12], who used Galerkin and Runge-Kutta methods respectively,
in order to reduce the initial set of differential equations into an ordinary one and to obtain non linear frequencies.

A precise analysis of the above works outlines that solutions are available only for the case of simply supported
boundary conditions, while vibrations are evaluated only for one-axial or biaxial compression [11].

The aim of this work is to contribute to reducing this lack of literature. A series of results pertaining to the vibration
analysis of layered plates subject to various combination of pre-loading is proposed, with particular attention to
the effects of pure/combined shear loading. Several boundary conditions, geometries and stacking sequence are
studied. Some guidelines for the design of the considered panels are provided in order to propose a starting point
for a hypothetic trade-off between different materials/laminations. Results are achieved via the refined kinematic
hierarchical model proposed in the Carrera Unified Formulation (CUF) [13]. The Finite Element Method (FEM) is
applied in order to solve the problem.

2. Considered plate theories

A various set of plate theories is considered in this paper and this permits to make corresponding comparisons
by the final numerical assessments. The assumption made for each particular kinematic description are discussed
hereafter.

The Thin Plate Theory (TPT), based on Cauchy, Poisson or Kirchhoff assumptions type discards transverse
shear and through-the-thickness deformations [14–16]. The displacement model related to TPT can be written in
the following form:

uι(x, y, z) = u0ι(x, y) − z
∂u0z(x, y)

∂ι
with ι = x, y

(1)
uz(x, y, z) = u0z(x, y).

According to this theory, the plate sections remain plane and orthogonal to the plate reference surface Ω in Fig. 1.
u0 denotes the displacements values on Ω.

Transverse shear deformations can be included in the modeling according to Reissner and Mindlin’s kinematic
assumptions [8,17]:

uι(x, y, z) = u0ι(x, y) + z u1ι(x, y) with ι = x, y
(2)

uz(x, y, z) = u0z(x, y).

This theory is also denoted as Shear Deformation Theory (SDT). Transverse shear stresses show a constant
piece-wise distribution.

In both TPT and SDT, Poisson locking phenomena is contrasted by means of the plane-stress conditions [18].
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According to CUF and in order to introduce higher order kinematical description Equivalent Single Layer (ESL)
theories for displacement variables can be formulated by respecting the following expansion:

uι(x, y, z) = zτuτι(x, y) with ι = x, y, z and τ = 0, ..., N. (3)

The summing convention for the repeated indexes is adopted. N is the order of expansion, which is taken as a free
parameter. Higher order terms are introduced in order to refine the results obtained with TPT and SDT models.

Layer-Wise (LW) theories are obtained by using the following expansion for displacements:

uk
ι (x, y, z) = F k

τ (z)uk
τι(x, y) with ι = x, y, z and τ = 0, ..., N, (4)

where the superscript k indicates the kth layer of the plate and F k
τ (z) are the lagrange polynomials of order N ,

with domain coincident to the thickness of the kth layer. As a consequence, by using LW theories, each layer is
considered independently from the others. The continuity of displacements at the interfaces between adjacent layers
can be imposed by assembling correspondent degree of freedoms as follows:

uk+
τi = uk−

τi with ι = x, y, z and τ = 0, ..., N, (5)

where uk+
τ and uk−

τ stand for displacements of the upper-layer and of the lower-layer, respectively. To be underlined
that the transverse normal strain effect is properly described by higher order ESL/LW theories.

Acronyms are used in order to identify LW plate theories of different order. These are denoted by LD1, LD2,
LD3, LD4 in which: L states that a Layer-Wise description is employed and D indicates that the Principle of
Virtual Displacements (PVD) is applied (Section 3); 1–4 denotes the order of the thickness expansion introduced for
displacements (from 1st to 4th order). When acronyms ED1, ED2, ED3, ED4 are used, the Equivalent-Single-Layer
description is addressed.

3. Stability equations by FE

At a fixed time, the Principle of Virtual Displacements can be written as follows [18]:∫
V

δεT σ dV = δLe − δLi, (6)

where V is the plate volume; δ is the variational operator; ε is the strain vector; σ is the stress vector; Le is the work
done by external loads and Li is the work done by inertial forces:

Li =
∫

V

ρ üT u dV, (7)

with ρ and u indicating respectively the volumetric mass density and the displacement vector and the dot denoting
the time differentiation. By introducing standard FE discretization (Section 4.2), constitutive coefficients (Eq. (17))
and nonlinear strain-displacements relations (e.g. the von Kármán ones, in Eq. (23)), the PVD in Eq. (6) can be
applied in order to obtain the governing equations in the nonlinear dynamic undamped case [19–21]:

MQ̈ + KsQ = P , (8)

where:
Q is the vector of nodal primary unknowns;
Q̈ is the vector of nodal accelerations;
M is the structure’s mass matrix;
Ks is the structure’s secant stiffness matrix that depends on Q;
P is the vector of nodal loads.
The static case of Eq. (8) is considered for sake of simplicity (considered nonlinearities do not affect the mass

matrix):

Ks Q = P . (9)
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Equation (9) consists of a nonlinear system of algebraic equations, which solution would lead to various equilibrium
paths of the considered structural problems.

In case of buckling analysis, the interest is focused on calculation of bifurcation points. These points are the
solution of the following stability equations:{

Ks Q = P
KT Q = 0,

(10)

where KT is the structure’s tangent stiffness matrix associated to the equilibrium conditions. The solution of Eq. (10)
leads to the bifurcation points (representative of buckling) if the two following conditions are fulfilled:

1) Two different states of equilibrium are present.
2) The tangent matrix has zero determinant.

Additional details on this topic can be found in work [22].
If the plate remains flat in case of in-plane loading (shear or axial), the relevant transverse displacements are

zero. As a consequence, the equilibrium conditions in the first subsystem in Eq. (10) are fulfilled by definition.
Furthermore, if the in-plane loadings increases in a proportional and uniform manner from the initial conditions (by
means of λ parameter), the tangent matrix can be approximated as follows:

KT = K + Kσ, (11)

where K is the structure’s linear stiffness matrix and Kσ is the initial stress matrix, which can also be thought as
λKσ. Thus, the following eigenvalue problem can be formulated:

(K + λiKσ)ai = 0, (12)

where the eigenvalue λi is the ith buckling factor and ai is the corresponding eigenvector.
In the case of in-plane loaded plate, the undamped linearized dynamic equations are:

MQ̈ + (K + Kσ)Q = 0. (13)

Simple harmonic motion can be considered for the solution:

Q(t) = Q̂ e(jωt+φ), (14)

where Q̂, j, ω, t and φ indicate respectively amplitude, imaginary unit, undamped circular frequency, time and phase
shift.

Substituting Eq. (14) in Eq. (13) leads to the following eigenvalue problem:

(−ω2
i M +K + Kσ)ai = 0, (15)

where ωi is the ith undamped natural circular frequency of the system in presence of in-plane loading.

4. Explicit form of K, Kσ and M for the considered plate theories

4.1. Preliminary

Plates are two-dimensional structures in which a dimension, normally the thickness z, is negligible with respect
to the others. The plate geometry and the laminate reference system are proposed in Fig. 1, where a, b, h are the
geometric dimensions and x, y, z are the cartesian coordinates.

The generic constitutive equation may be expressed through the Hooke’s law:

σ = Hε. (16)

The explicit form of the Hooke’s matrix H for orthotropic materials in the laminate reference system can be written
as:
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H =

⎛⎜⎜⎜⎜⎜⎜⎝
C11 C12 C16 C13 0 0
C12 C22 C26 C23 0 0
C16 C26 C66 C36 0 0
C13 C23 C36 C33 0 0
0 0 0 0 C55 C45

0 0 0 0 C45 C44

⎞⎟⎟⎟⎟⎟⎟⎠ . (17)

Stresses and strains are so grouped in the two respective vectors:

σT =
{

σxx σyy σxy σzz σxz σyz

}
; (18)

εT =
{

εxx εyy γxy εzz γxz γyz

}
. (19)

Strains ε are related to the displacement primary unknowns

uT =
{

ux uy uz

}
, (20)

according to the geometrical relations

ε = Du, (21)

where D denotes the differential operator.
If the linear case is considered:

D =

⎛⎜⎜⎜⎜⎜⎜⎝
∂x 0 0
0 ∂y 0
∂y ∂x 0
0 0 ∂z

∂z 0 ∂x

0 ∂z ∂y

⎞⎟⎟⎟⎟⎟⎟⎠ . (22)

In the case of von Kármán nonlinearities, D is inclusive of corresponding nonlinear contributions:

D =

⎛⎜⎜⎜⎜⎜⎜⎝
∂x 0 ∂2

x/2
0 ∂y ∂2

y/2
∂y ∂x ∂x∂y

0 0 ∂z

∂z 0 ∂x

0 ∂z ∂y

⎞⎟⎟⎟⎟⎟⎟⎠ . (23)

4.2. FEM discretization

In the case of FEM implementation, the kinematic unknowns collected in vector uτ (x, y) can be expressed in
terms of FE nodal values through the shape functions Ni:

uτ (x, y) =
∑

i

Ni(x, y)Qτi i = 1, 2, ..., Nn; (24)

for virtual variations:

δus(x, y) =
∑

j

Nj(x, y) δQsj j = 1, 2, ..., Nn, (25)

where Nn denotes the number of nodes of the considered finite element. The primary unknowns are given by the
expansion of indices τ and i:

u(x, y, z) =
∑

τ

{
F τ

∑
i

Ni Qτi

}
. (26)
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4.3. Matrices K and M

The set of equilibrium equations in Eq. (27) is obtained starting from the variational statement in Eq. (6),
substituting the constitutive and linear geometrical relations described in Section 4.1 and computing the integrals
associated to the corresponding kinematical description and FEM discretization.

δQsj : Mkτsij Q̈τi + Kkτsij Qτi = 0, (27)

where superscript k is introduced in order to distinguish between quantities related to different layers. The number
of equations obtained coincides with the number of introduced variables. τ and s vary from 0 to N , i and j vary
from 1 to Nn. Matrices Kkτsij and Mkτsij are respectively the stiffness and mass fundamental nucleus and they
consist in 3 × 3 arrays [13]. Matrices K and M can be obtained by expanding the superscript indices of Kkτsij

and Mkτsij and running the standard assembly procedure. The following is the explicit form of fundamental nuclei:

Kkτsij =
∫

Vel

FsNjD
T HkDNiFτ dVel, (28)

Mkτsij =
∫

Vel

FsNj ρkINiFτ dVel, (29)

where Vel is the element volume, I is the 3 × 3 identity matrix and D is the linear differential operator in Eq. (22).
If integrals are calculated via Gaussian numerical integration, the corresponding plate FE could be affected by the
shear locking phenomenon. In order to overcome the shear locking problem, the shear-selective Gaussian integration
can be adopted for shape functions [23]. A more efficient method to avoid the shear locking phenomenon consists in
the Mixed Interpolation of Tensorial Components (MITC) technique. Additional details on this topic can be found
in work [23], together with the explicit form of the MITC stiffness fundamental nucleus. The numerical results
presented in this paper are obtained with the MITC plate FE with four nodes (MITC4).

4.4. Matrix Kσ

As the analysis is restricted to plates, only the third diagonal component of Kkτsij
σ , is different from zero:

Kkτsij
σ (3, 3) = σ0

xx � zτzs
�zk

e
Ni,xNj,x �Ωe + σ0

yy � zτzs
�zk

e
Ni,yNj,y �Ωe +

(30)
+σ0

xy � zτzs
�zk

e
Ni,xNj,y �Ωe .

Subscripts after a comma indicate derivatives, while

...�Ωe =
∫

Ωel

(...) dΩel and � ... �zk
e
=

∫
kth layer

(...)dzkth layer .

Through Eq. (30) the in-plane excitations σ0
xx, σ0

yy , σ0
xy can be directly assigned in the model. They can appear

singularly or in various combinations.
The initial stress matrix Kσ can be obtained from Kσ

kτsij by expanding the superscripts.
The ith buckling load is given by the previously assigned excitationsσ0

xx, σ0
yy , σ0

xy , multiplied by the ith eigenvalue
of Eq. (12).

5. Results and discussion

In order to verify the effectiveness of the proposed hierarchical kinematic plate models, a few assessments
concerning bending, free vibrations and buckling analysis are proposed in the following. The convergence properties
of the most relevant quantities are also described.

The main results consist in several vibration analyses of pre-loaded plates aiming to investigate the influence of
stacking sequence, boundary conditions, geometry and orthotropic ratio of laminae on the plate frequencies/buckling
phenomenon. Different load cases are considered and they are indicated with the following acronyms:
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Table 1
Material properties

ρ[kg/m3] E1/E2 E2 = E3 G12/E2 = G13/E2 G23/E2 ν12 = ν13 ν23

1 1 25 1 0.5 0.2 0.25 0.25
2 1 variable 1 0.5 0.35 0.3 0.49
3 1600 16.7 1 0.5 0.2 0.25 0.25
4 1 30 1 0.5 0.35 0.25 0.25

Table 2

Stacking sequences

stacking seq.

1 [0/90/0]
2 [0/θ/90/θ/0]
3 [θ/ − θ]s

Fig. 2. Acronym used to indicate layered plates.

Table 3
uz(a

2
, b
2
, 0) for a SSSS plate. PLATE-11, a = 3b, q0 = 10[MPa]. P=[24]; DOC=[25]; PM1 =

Presented Model with Mesh 5 × 15; PM2 = Presented Model with Mesh 8 × 24

a/h = 4 a/h = 50

P 2.82 0.520
LD1 DOC 2.72 0.510

PM1 2.64 0.479
PM2 2.75 0.515

LD2 DOC 2.80 0.520
PM1 2.71 0.481
PM2 2.82 0.516

LD4 DOC 2.82 0.520
PM1 2.73 0.481
PM2 2.85 0.516

UAC (Uniaxial Compression);
BAC (Biaxial Compression);
PS (Pure Shear);
UAS (Uniaxial compression and Shear);
BAS (Biaxial compression and Shear).
Boundarya conditions are denotedwith a series of four letters indicating the constraint applied to the corresponding

edge of the plate: S, C and F stand for simply supported, clamped and free edge, respectively. Boundary conditions
are listed starting from the side on y = 0 and continuing in anticlockwise sense.

The mechanical characteristics of layered plates are functions of the material used to build each layer and the
stacking sequence choice. Only plates composed by laminae of the same material are considered in the following.
Each plate is identified by two numbers indicating the material properties of the laminae and the stacking sequence,
as illustrated in Fig. 2 and Tables 1, 2. For example, PLATE-23 indicates that the plate is made of laminae of material
2, with stacking sequence 3.

In the following sections, the results are obtained by using regular meshes. This is due to the fact that the FEM
code used for computations is academic and without the capability of importing meshes obtained with external
pre-processing tools. In the convergence study of Section 5.1, the accuracy of the regular meshes used is assessed
for all case-studies considered.

5.1. Convergence studies

FE models obtained according to the CUF hierarchical approach, are here assessed through bending, free vibration
and buckling analysis. The numerical evaluations are compared to results available in literature.

The top surface of a fully simply supported plate with dimensions b = 3a is loaded by the following vertical
pressure:
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Table 4
Ω for a SSSS plate. PLATE-21, Mesh 15 × 15, a = b. NB=[27]; M=[11]; V=[28];
GD=[29];O=[30]; N=[31]; PR=[32]

E1/E2=3 E1/E2=10 E1/E2=15 E1/E2=20 E1/E2=30 E1/E2=40

NB 0.2516 0.3109 0.3344 – 0.3739 0.3892
M 0.2513 0.3070 0.3278 – 0.3616 0.3745
V 0.2509 0.3204 – 0.3697 0.3978 0.4166

GD 0.264 0.339 – 0.393 0.425 0.447
O 0.2695 0.3392 – 0.3898 0.4194 0.4395
N 0.2647 0.3284 – 0.3824 0.4109 0.4301

PR 0.2629 0.3309 – 0.3811 0.4109 0.4315
TPT 0.2886 0.4111 0.4451 0.4451 0.4451 0.4451
SDT 0.2584 0.3230 0.3482 0.3535 0.3657 0.4049
ED2 0.2580 0.3227 0.3479 0.3532 0.3654 0.4047
ED3 0.2531 0.3091 0.3301 0.3217 0.3447 0.3777
ED4 0.2531 0.3090 0.3300 0.3216 0.3446 0.3775
LD1 0.2430 0.2880 0.3047 0.3166 0.3334 0.3455
LD2 0.2399 0.2841 0.3005 0.3122 0.3290 0.3411

Table 5
Ω · 103. a/h = 30, a = b, Mesh 10 × 10

SDT LD2
PLATE-41 PLATE-42 PLATE-43 PLATE-41 PLATE-42 PLATE-43

(θ = 60◦) (θ = 45◦) (θ = 60◦) (θ = 45◦)

SSSS 18.05 18.88 21.68 17.90 18.71 21.26
CCCC 36.69 36.88 33.50 35.62 35.99 32.71
CSCS 35.39 33.98 28.10 34.28 33.18 27.44
CFCF 34.77 32.15 17.84 33.66 31.42 17.55

q(x, y) = q0 sin(mx) sin(ny) (31)

where q0 is the maximum pressure value at coordinates (a
2 , b

2 , h
2 ). Displacement uz is proposed in the dimensionless

uz form according to:

uz =
100 E2

q0 (a
h )4 h

uz. (32)

In Table 3, the value of uz(a
2 , b

2 , 0), computed with two different meshes and with different plate theories is
compared with the exact 3D solution provided by Pagano [24] and the linearized solution obtained by D’Ottavio and
Carrera [25]. The results match both reference solutions. Additional details on this topic can be found in work [26].

Free vibration analyses are assessed in Table 4,where results available in literature are comparedwith the numerical
evaluations performed with the proposed plate models. Different anisotropy ratios E1/E2 are addressed in order to
cover a wide set of configurations. The considered frequency Ω is dimensionless according to:

Ω = ω h

√
ρ

E2
. (33)

It should be noted that the frequency results are quite sensitive to the adopted kinematical description and this is
confirmed for different orthotropic ratios of laminae. Moreover, apart from exact 3D solutions, reference solutions
are also obtained by making some kinematic assumptions and this implies that higher order models could provide
more realistic values even if they disagree with reference solutions. The results obtained by setting four different sets
of boundary conditions and three material/stacking sequence combinations are compared in Table 5. It is concluded
that the maximum value of Ω is achieved with different values of θ, depending on the boundary conditions. It is
understood that finding a general rule for maximizing natural frequencies of layered composite plates is not a trivial
task and this justifies the consistent amount of numerical simulations required in optimized composite design.
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Table 6
Ncr

X for a SSSS plate. PLATE-21, Mesh 15 × 15, a = b. PM=Presented Model; DOC=[25]

a/h = 10 a/h = 100
PM DOC PM DOC

TPT 20.0346 19.7124 20.0347 19.7124
SDT 15.7988 15.3513 19.9801 19.6551
ED1 15.7988 16.1310 19.9801 19.9475
ED2 15.7939 – 19.9761 –
ED3 15.0918 – 19.9636 –
ED4 15.0912 15.3440 19.9636 19.6551
LD1 15.3908 15.5145 20.0004 19.7017
LD2 15.0868 – 19.9635 –
LD3 15.0771 – 19.9634 –
LD4 15.0771 15.3127 19.9634 19.6547

Table 7
Ncr

X for a SSSS plate. PLATE-21, Mesh 15 × 15, a = b, a/h = 10. PM = Presented Model; DOC=[25]

E1/E2 = 3 E1/E2 = 10 E1/E2 = 20 E1/E2 = 30 E1/E2 = 40
PM DOC PM DOC PM DOC PM DOC PM DOC

TPT 5.8439 5.7538 11.6770 11.4918 20.0346 19.7124 28.3950 27.9357 36.7561 36.1597
SDT 5.5333 5.3991 10.2493 9.9653 15.7988 15.3513 20.3065 19.7566 24.0515 24.4529
ED1 5.5333 – 10.2493 – 15.7988 – 20.3065 – 24.0515 –
ED2 5.5239 5.3556 10.2449 9.9945 15.7939 15.6458 20.3012 20.4027 24.0460 24.4816
ED3 5.4745 5.3060 9.9803 9.7720 15.0918 15.0551 19.1100 19.3785 22.3695 23.0021
ED4 5.4744 – 9.9800 – 15.0912 – 19.1090 – 22.3681 –
LD1 5.5294 – 10.1116 – 15.3908 – 19.5944 – 23.0346 –
LD2 5.4736 5.3066 9.9783 9.7710 15.0868 15.0523 19.1013 19.3584 22.3567 22.9690
LD3 5.4729 – 9.9751 – 15.0771 – 19.0823 – 22.3262 –
LD4 5.4729 – 9.9751 – 15.0771 – 19.0823 – 22.3262 –

Table 8
UAC Ncr

x [N/m] for a SSSS plate. a/h = 30, a = b, LD1

E1/E2 = 5 E1/E2 = 50
PLATE-21 PLATE-22 PLATE-23 PLATE-21 PLATE-22 PLATE-23

(θ = 60◦) (θ = 45◦) (θ = 60◦) (θ = 45◦)

5 × 5 85.2 8.9 10.6 469.1 51.3 37.6
10 × 10 81.2 8.4 10.0 448.5 48.7 35.3
15 × 15 80.6 8.3 9.9 444.9 48.2 34.8
20 × 20 80.3 – 9.8 443.6 – 34.7

5.2. Assessments on buckling results

A comparison of buckling results with the evaluations available in work [25] is proposed in Tables 6, 7. A wide
set of plate theories are addressed. Nx, Ny, Nxy are the in-plane loads expressed in terms of force per unit of length.
Corresponding buckling loads are indicated as “critical” loads by using the superscript cr: N cr

x , N cr
y , N cr

xy. The
results are expressed in terms of dimensionless buckling loads N cr

X , N cr
Y , N cr

XY , with

N cr
X = N cr

x

b2

E2 h3
; N cr

Y = N cr
y

a2

E2 h3
; N cr

XY = N cr
xy

a b

E2 h3
. (34)

A good match with the reference solutions is confirmed both for thickness ratios in Table 6 and orthotropic ratios in
Table 7. The reason for some minor discrepancies is due to the fact that the reference results are analytical, while
the computations done in this work are by FEM.

Three different laminates are analyzed on the basis of different meshes in Tables 8, 9, respectively with UAC and
PS load case. High and low E1/E2 ratios are addressed in both cases. In all these case studies, buckling results
converge from top values, confirming that a coarse mesh leads to a stiffer mathematical model.
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Table 9
PS Ncr

xy [N/m] for a SSSS plate. a/h=30, a = b, LD1

E1/E2 = 5 E1/E2 = 50
PLATE-21 PLATE-22 PLATE-23 PLATE-21 PLATE-22 PLATE-23

(θ = 60◦) (θ = 45◦) (θ = 60◦) (θ = 45◦)

5 × 5 26.3 30.1 44.6 115.2 155.3 101.8
10 × 10 19.6 22.9 34.8 76.7 120.8 75.9
15 × 15 18.7 21.9 33.3 71.7 115.6 72.0
20 × 20 18.3 – 32.8 70.1 – 70.7

Table 10
PS Ncr

xy · 10−5 [N/m] for a SSSS plate. PLATE-13, a/h = 30, a = b, LD2

Ncr
x Ncr

xy

TPT SDT LD2 TPT SDT LD2

5 × 5 3.954 3.712 3.550 21.610 15.905 14.175
10 × 10 3.645 3.432 3.274 16.969 12.625 10.955
15 × 15 3.580 3.373 3.212 16.278 12.128 –
20 × 20 3.554 3.349 – 16.046 11.960 –

Fig. 3. UAC on a SSSS plate. PLATE-31, Q4, 10 × 10, a = b.

Fig. 4. PS on a SSSS plate. PLATE-31, Q4, 10 × 10, a=b.
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Fig. 5. PLATE-31 with E1/E2 = open, Q4, 10 × 10, a/h = 30, a=b, SSSS.

Fig. 6. Nxy PLATE-33, Q4, 10 × 10, a
h

= 30, a=b, SSSS.

The convergence of N cr
X , N cr

XY with a/h ratio is illustrated in Figs 3, 4, respectively. Both figures highlight that
differences between different plate theories disappear as the plate becomes thin. As a consequence, for thick and
extremely thick plates, plate theories with advanced kinematical description are recommended.

An investigation on the anisotropy ratio is illustrated in Fig. 5. In this case, differences between different plate
models appear only for high orthotropic ratios E1/E2.

Figure 6 shows that when anisotropic laminated plates are studied, the lamina with variable angle θ deeply
influence the behavior of the whole plate in the case of in-plane shear loading. It is also of note that the gap between
different models varies almost uniformly with the variable lamination angle θ. Moreover it is possible to identify
the fiber orientation by maximizing the error between different plate models.

5.3. Vibration of pre-loaded plates

Several case studies are proposed in this section by considering different laminations, loading configurations,
boundary conditions and geometries. More in detail, loads are expressed through coefficients, defined as follows:
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Fig. 7. Plate free frequencies with varying shear load, PS, SSSS, a/h = 30, a = b, LD2.

Fig. 8. M=[11], PM=Presented Model. UAC (left) and BAC (right) for a SSSS plate. PLATE-41, Mesh 10 × 10, a/h = 5.

α =
(Nxy)

(Nxy)cr
; β =

Nx

N cr
x

; γ =
Ny

N cr
y

.

Before describing the results, it is important to specify that natural frequencies of a generic plate vary when the
plate is loaded. For example, in the case of axial compression, natural frequencies gradually decrease as the load
increases. In the case of loading, buckling occurs as the first natural frequency becomes null.

Figure 7 shows the first free frequency of a plate with three different stacking sequences and in presence of a
varying shear load. The following remarks can be made.

1. [45/ − 45]s lamination implies the highest buckling load;
2. Both [45/ − 45]s and [0/60/90/60/0] plates present a small increase of the first frequency value before

decreasing;
3. The curve obtained with the [0/90/0] lamination seems to have a critical point when the shear load is null.

Figures 8, 9 show a comparison between results obtained with presented models and solutions achieved by
Matsunaga [11] in the case of thick and thin plates, respectively. Matsunaga’s modeling respects a higher order
approach which was applied in work [11] in order to compute natural frequencies of plates in the case of UAC
and BAC loading. In Fig. 8 one can observe a very good mach between the proposed modeling and Matsunaga’s
description. Only a small difference in frequencies arises when the load is close to the buckling value. In Fig. 9 very
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Fig. 9. M=[11], PM=Presented Model. UAC (left) and BAC (right) for a SSSS plate. PLATE-41, Mesh 10 × 10, a/h = 50.

Fig. 10. PLATE-11, LD1, a/h=30, a=b, SSSS.

Fig. 11. PLATE-13 (θ = 45◦), LD1, a/h=30, a=b, SSSS.
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Fig. 12. PLATE-41, LD1, a/h=30, a=b, SSSS.

Fig. 13. PLATE-43 (θ =45◦), LD1, a/h=30, a=b, SSSS.

thin plates are addressed. Unless trends are quite similar, a difference in frequencies can be identified at a distance
from the buckling condition.

The effect of several combinations of loads is illustrated in Figs 10, 11. The following qualitative differences
between these two figures appear of interest. In the [45/ − 45]s plate (Fig. 11), the presence of a certain amount of
shear load (α = 0.25 or α = 0.50) makes the buckling load higher than the value pertaining to the case of UAC
(β = 1). In other words, high plate frequency values can be retained in the case of axial loading, by introducing an
opportune amount of shear load. On the contrairy, in the case of [0/90/0] (Fig. 10), the presence of shear loading
always induces a reduction of the buckling load and frequencies.

Figures 12, 13 represent two cases in which one edge of the panel is subject to compression while the other one
experiences a tensile stress. The comparison of the two figures shows one more time that the stacking sequence
has a deep influence on results. The latter two figures also describe the beneficial effect of transverse tensile stress
(α < 0) when the buckling is caused by axial compression (β > 0).
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6. Conclusions

An investigation of natural frequencies and buckling of layered plates subjected to combined in-plane loadings
is proposed in this work with the aim of furnishing a few guidelines for the modeling and design of pre-stressed
laminated panels. Different load conditions, stacking sequences, material properties and boundary conditions are
considered. FEM solutions are obtained in the framework of CUF modeling by referring to a wide set of plate
theories for the purpose of comparison. Results are compared with closed-form/numerical evaluations available in
the literature. The following points appear of particular interest. For an appropriate choice of stacking sequence, the
presence of shear load can increase the plate frequencies and this could help to meet possible dynamic requirements.
With regard to numerical investigations, higher order LW modeling is recommendedwhen accurate dynamic analyses
of anisotropic plates are required, especially in the case of thick plates, laminae with high orthotropic ratio or
combined loads. Future developments could extend the current study to shell layered structures, possibly including
coupled multifield effects.
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