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Abstract. The formulation and solution of the inverse problem of damage identification based on wave propagation approach
are presented. Different damage scenarios for a bar are considered. Time history responses, obtained from pulse-echo synthetic
experiments, are used to identify damage position, severity and shape. In order to account for noise corrupted data, different levels
of signal to noise ratio – varying from 30 to 0 dB – are introduced. In the identification process, different optimization methods
are investigated: the deterministic Levenberg-Marquardt; the stochastic Particle Swarm Optimization; and a hybrid technique
combining the aforementioned methods. It is shown that the damage identification procedure built on the wave propagation
approach was successful, even for highly corrupted noisy data. Test case results are presented and a few comments on the
advantages of deterministic and stochastic methods and their combination are also reported. Finally, an experimental validation
of the sequential algebraic algorithm, used for modeling the direct problem, is presented.
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1. Introduction

Damage identification can be addressed from the point of view of wave propagation approach. It is well known
that damage identification approaches built on wave propagation are highly sensitive to changes in local dynamic
impedance [8–10], such as those caused by small defects. Although these approaches are much more uncommon in
the literature than the vibration ones [17,33,43], they have the advantage of being directly defined in the time domain,
yielding fast techniques with good accuracy [39]. Wave propagation has been considered as a useful model for
damage assessment of structural elements, using Lamb waves [30,44]. More recently, Manson and Barthorpe [20]
presented a new approach for damage location using a statistically calculated threshold.

Applications of wave propagation in inverse problems are classically reported in the fields of geophysics [22,32],
medical ultrasonics [18], fatigue testing [7,25], non-destructive testing [37], and, more recently, in the evaluation of
the integrity of drilled piles [26–28]. The wave propagation approach has also been applied to damage assessment in
composite materials [19] and in the identification of delamination [24]. It is also found in the literature some works
dealing with two-dimensional wave propagation, as in [16] and in [41]. Two very comprehensive surveys on this
subject are [1,23].

The main goal of this research is to study the inverse problem of damage identification in a bar within the
framework of wave propagation approach. In this same subject some papers can be found in the literature, where
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the identification problem is solved, for instance, using genetic algorithms [24], global methods [34] and even a
sequential method [38]. However, none of the works found in the literature [1,23] deals with a sequential algebraic
algorithm that yields a very fast and accurate solution for the direct problem and, besides, enables the identification
of a relatively large number of parameters, which provides a technique that is robust to noise corrupted signals. This,
together with the use of a hybrid technique in the identification procedure, which will be shown to be computationally
efficient, is the most important contribution of the present work to the field.

In the present work, the direct problem of one-dimensional wave propagation is first addressed by considering the
Sequential Algebraic Algorithm (SAA) presented in [38]. In the sequel, the inverse problem of damage identification
is addressed, in the time domain, by minimizing the difference between the experimental (or synthetic) echo and
the one predicted by the SAA. Three optimization methods were considered in the identification process. The first
one is the classical deterministic method of Levenberg-Marquardt (LM) [21]. The second one is the stochastic
Particle Swarm Optimization (PSO) method [15,35]. Finally, the third technique (PSO-LM) is a hybrid one, where,
essentially, the PSO method is used to generate an initial guess for the LM one. An experimental validation of the
above methods is also presented.

The main interest in using a hybrid method for this purpose relies on the fact that the results provided by the
LM technique, as will be shown in Section 4, depend strongly on an arbitrary parameter (relaxation factor). For an
unsuitable choice of this parameter the result of the LM method may even diverge. On the other hand, due to its
stochastic nature, the PSO method results usually yield to a relatively large residual error in the identification. The
combination of the two techniques, however, provides the best damage assessment results.

For each damage scenario, a pulse-echo synthetic experiment is performed and the excitation and corresponding
response are considered in the damage identification procedure. In the present work, the excitation is considered as a
longitudinal impact at one end of a bar with length l, which generates progressive (pulse) and regressive (echo) strain
waves propagating along it. Firstly, the excitation pulses considered in this work are of the kind of Dirac’s delta,
δ(t). In the sequel, rectangular pulses of two kinds (short and long pulses) are considered as excitation functions.
As it will be shown, there are no noticeable differences in the identification results, for the three excitation signals.

Since the echo is observed in a restricted time interval ΔT = 2lu/c, where lu is the distance of the strain sensor
to the other end of the bar and c is the longitudinal wave speed, the expected undamaged bar response is null. On the
other hand, in a damaged bar, the inhomogeneity due to the damage generates a non-null echo within the considered
time interval ΔT .

In this work, the damage is assumed to correspond to a function A(x), were A is the cross section area in a
certain (and unknown) spatial domain x ∈ (x1, x2), which generates a non-null echo. Therefore, the identification
is performed minimizing, with respect to the cross-section area, the squared norm between the true echo and the
predicted one.

The paper is organized as follows. In Section 2 a summary of the theoretical wave propagationmodel is presented,
together with a description of the inhomogeneity scenarios addressed. In Section 3 the adopted optimization
procedures are displayed. The results for the damage identification with noiseless data are shown in Section 4, which
includes an analysis of the effects of the relaxation factor Γ on the solution with the LM method. In Section 5 the
results for the damage assessment with noisy data for different damage scenarios are presented and discussed. An
actual experimental setup, aiming at validating the proposed damage identification method, is described in Section 6.
The general conclusions are exhibited in Section 7.

2. Problem formulation

2.1. Mathematical model for the direct problem

The one-dimensional longitudinal wave propagation in a non-homogeneous slender bar can be described by the
hyperbolic second-order differential equation

σtt − c2

[
σxx +

(
A′

A
− ρ′

ρ

)
σx + ρ

(
A′

ρA

)′
σ

]
= 0, (1)
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where σ(x, t) is the longitudinal stress field, depending on the position x and time t, A(x) is the bar cross section
area, ρ(x) is the bar density, both depending on the position x, c is the longitudinal wave velocity, the prime stands
for the total derivative, and the subscripts, as usual, represent partial derivatives.

The general D’Alembert solution for Eq. (1) cannot be obtained in a closed form. However, it can be shown [38],
that Eq. (1) can be written in an alternative form, in the characteristic plane (r, s), as the following system of
first-order equations:

Ur +
Ż

4Z
U = 0;

(2)

Vs − Ż

4Z
V = 0,

where Z = ρcA is the generalized acoustical impedance, U(r, s) and V (r, s) are, respectively, the progressive and
regressive stress wave components traveling along the characteristic plane, defined as

r = t + τ ;
(3)

s = t − τ,

and the dot stands as derivative with respect to the independent variable τ , the travel time, defined as

τ(x) =
∫ x

0

dξ

c(ξ)
. (4)

Equation (2) is a compact and uncoupled pair of first order differential equations that describes the longitudinal
wave propagation phenomenon in a more convenient way. To integrate it, boundary conditions in the (r, s) plane
must be provided, corresponding to the physical situation under concern. Let us, for instance, consider the probing
of a medium, x � 0, by a pulse excitation at x = 0. Assuming also the Sommerfeld radiation hypothesis [29], the
boundary conditions can be stated as:

U(s, s) = F (s) = f(t); V (r, 0) = 0, (5)

where f(t) is the incident longitudinal stress being applied at the boundary r = s (x = 0) and the second equation
ensures that there is no disturbance in s � 0 (t � x/c), where c is the wave speed. Note that f(t), being
the longitudinal stress at the physical boundary x = 0, corresponds to U(s, s), a progressive wave component.
Analogously, the echo observed at x = 0, due to the damage, will be the output signal g(t) = V (s, s), a regressive
wave component.

Assuming now the bar under study as a sectionally homogeneous discretized one with equal length Δx = cΔt,
the known discrete incoming pulse is written as

Fj = f
(
2(j − 1)Δt

)
(6)

and the discrete outgoing echo will be

Gj = g(2jΔt), j = 1, 2, . . . , N, (7)

where NΔt is the total time interval under consideration.
It can be shown that Eq. (2), with the boundary conditions given in Eq. (5), have, after the discretization given in

Eqs (6) and (7), the following algebraic solution for the echo [38]

Gj =
j∑

k=1

(
Rk +

k−2∑
p=1

Qp
k

)
Fj−k+1, (8)

where the polynomials Qp
k have the general recursive formula

Qp
k = Rk−p

[
Qp

k−1

Rk−p−1
− Rk−p−1

(
Rk−1 +
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l=1

Ql
k−1

)]
, k = 1, 2, . . . , N, (9)

p = 1, 2, . . . , k − 2.
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Fig. 1. Four different damage scenarios imposed to the slender bar.

In Eq. (9), Ri stands for the reflection coefficient at the i-th layer of the medium, defined as

Ri =
Zi − Zi−1

Zi + Zi−1
, i = 1, 2, . . . , n, (10)

where Zi = ρcAi is the generalized acoustical impedance of the medium [38]. Since ρ and c are assumed as
constant, the reflection coefficient can be written as

Ri =
Ai − Ai−1

Ai + Ai−1
, i = 1, 2, . . . , n. (11)

The mathematical procedure, in the direct wave propagation approach, consists then in the following steps. The
medium, with the nominal cross-section area A0 and the nominal generalized acoustical impedance Z0, is discretized
into n elements. Then, the reflection coefficients are computed by Eq. (11). In the sequel, the polynomials Qp

k are
calculated from Eq. (9). Finally, the output echo is computed from Eq. (8).

It is worth stressing that the mathematical model above provides an original algebraic formula to solve the direct
wave propagation problem. It also permits, in the identification procedure, to identify one parameter per step. As it
will be seen in the damage assessment results, the number of parameters that may be updated in the identification is
significantly larger than what is usual in optimization processes [4,31].

It is worth noting that it is not necessary to consider an infinite or even a semi-infinite medium. The echoes will
be observed in the interval t ∈ (0, 2lu/c), where lu is the distance from the strain gage station to the end of the bar.
This means that the echo originated in the other bar end – whatever is its boundary condition – is irrelevant.

2.2. Damage scenarios addressed

The structure under consideration is a aluminium bar with 1 meter in length and with a nominal rectangular
cross-section of 30 mm × 10 mm, see Fig. 1. The material has elastic modulus Ea = 7.1 × 1010 Pa, density
ρ = 2.7×103 kg/m3 and longitudinal plane wave speed c = 5128m/s. The strain gage sensor is considered at 10 mm
far from the impact bar end. As it is well known, such slender bar works as a plane waveguide, as demonstrated by
experimental tests in [39] and [27], and the one-dimensional model applies quite well. In Section 6, an experimental
validation of the proposed model is also presented.

Four different kinds of damage, referred to as Case 1 to 4, were imposed to the bar, as depicted in Fig. 1. The
corresponding impulse responses for the four damage cases are presented in Fig. 2. These signals were obtained
with the spatial discretization Δx = 1 mm. For obtaining the impulse response of Case 1, damage parameters a and
d was adopted was 25 mm and 5 mm, respectively.
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Fig. 2. Impulse responses from the pulse-echo tests for the four damage cases.

These are the functions that, when discretized, will provide the set of data for the identification process. The
echoes presented in Fig. 2 were obtained running the algebraic algorithm given by Eqs (7), (9) and (11), for an
impulsive excitation.

It is worth noting that the echoes themselves provide several and important information about the damage. For
instance, the echo depicted in Fig. 2a, begins at 190 μs and ends at about 200 μs. This means that, considering
the plane wave speed c in the present case, the damage must begin at 487.5 mm and end at 512.5 mm, which
corresponds to the damage depicted in Fig. 1a. Of course, the damage shape cannot be identified without solving
the corresponding inverse problem.

3. Identification procedures

For damage identification purposes, the bar is spatially discretized into n sections with equal length, so that the
area profile A(x) is approximated by sectionally constant values Ai, i = 1, 2, . . . n.

Defining the vector

A = {A1, A2, . . . , An}, (12)

the damage identification problem under consideration may be posed as a finite dimensional minimization one as
follows.

min
A

E, (13)

where the functional E is the squared norm of the residue vector r(A), which is defined as

r(A) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

G1(A) − G1

G2(A) − G2

...
GN (A) − GN

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

. (14)

In Eq. (14), N is the number of data considered in the identification process, Gj(A) is the echo predicted by the
model, and Gj is the synthetic echo at the time instant tj . Therefore, from Eq. (14), one has
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E = rT r =
N∑

j=1

[
Gj(A) − Gj

]2
, (15)

where the superscript T denotes transpose.
In this work, aiming at solving the identification problem in (13), the Levenberg-Marquardt method, the Particle

Swarm Optimization method, and a hybrid method, combing the aforementioned ones, are considered.
It is important to emphasize that the previous analysis of the echo provides useful information for the identification

procedure. For instance, taking the echo depicted in Fig. 2a, it was possible to infer about the damage location (from
487.5 to 512.5 mm, as seen in Section 2.2) and, therefore, only the parameters Ai corresponding to this region needs
to be updated in the identification process.

3.1. The Levenberg-Marquardt method

Briefly, the deterministic Levenberg-Marquardt (LM) method [21] consists in constructing an iterative procedure,
which starts with an initial guess A0, and, at the (k + 1)-th iteration, the new estimate is given by

Ak+1 = Ak + ΔAk, k = 0, 1, . . . , (16)

with the variation ΔAk being computed from

ΔAk = −
((

JT
)k

Jk + λkI
)−1

(JT )k Γ rk, (17)

where λ is a damping parameter that is adjusted at each iteration, I is the identity matrix, Γ is a relaxation factor, and
the elements of the Jacobian matrix J are defined as

Jji =
∂Gj

∂Ai
, j = 1, 2, . . . , N, i = 1, 2, . . . , n. (18)

The iterative procedure is continued until the convergence criteria, |Ek| < ε1 or |Ek+1 − Ek| < ε2, are satisfied,
where ε1 and ε2 are arbitrarily small numbers.

3.2. The particle swarm optimization method

The PSO is a population based search algorithm. It was inspired from natural behavior of animals [12–14]. The
population contains a set of individuals, or agents, referred to as particles, where each one represents a possible
solution for a given optimization problem. These particles are, in general, randomly initialized. During the PSO
process, each particle, based on a given evaluation criterion, updates its own position with a certain speed, which is
computed based on both the best experience of the particle itself and that of the entire population. This update process
is repeated for a number of generations. The update process stops either when the objective is achieved or when the
maximum number of generations is reached. PSO based techniques were applied to very distinct applications, as in
telecommunications [6], robotics [2], to extract rules from a fuzzy neural network [11] and in cooperatively learning
based neural network [5].

The PSO algorithm can be described in four steps: 1. initial generation of each particle state (position and
velocity); 2. update of each particle velocity; 3. update of each particle position; and 4. check of stopping criteria.

Consider a swarm with m particles. The positions xi,k and velocities vi,k of the initial swarm of particles will be
initialized randomly within a specific domain. The initial positions are defined as

xi,0 = xmin + r(xmax − xmin), (19)

where r is a random number in the interval [0, 1]. Considering the upper and lower bounds, the initial velocity of
each particle is given as

vi,0 =
xmin + r(xmax − xmin)

δt
, (20)

where δt is the time discretization.
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The velocity of each particle is updated according to

vi,k+1 = c1 vi,k + c2r1(pi,k − xi,k) + c3r2(gk − xi,k), (21)

where k stands for the discretized time.
In Eq. (21), the term c1 is called the inertia weight and controls the impact of the previous velocity on the current

one. The parameters c2 and c3 are positive constants, called cognitive and social parameters, respectively. The fine
tuning of these parameters will help to achieve faster convergence of the PSO algorithm. The parameters r1 and
r2 are two random numbers having values in the interval [0,1]. Their role is to keep the population diversity. The
parameter pi,k is defined as the best location found by particle i up to time k. Finally, the parameter gk is defined as
the best global position found among all particles in the swarm up to time k.

Finally, the position is updated as

xi,k+1 = xi,k + vi,k+1δt. (22)

Here, δt = 1 and a new time instant corresponds simply to a new iteration of the algorithm.
The fitness for the locations pi,k and gk is defined as fi,best and fg,best, respectively. The objective is then to

minimize the difference between fi,best and fg,best such that no further improvement is introduced. It normally
takes from few hundred to few thousand iterations until convergence is achieved. In the present problem, the values
for the positions of the particles (xi,k) are the cross-section areas (Ai) at the iteration k.

3.3. The hybrid approach

Trying to keep the best features of the Levenberg-Marquardt and the Particle Swarm Optimization methods, a
hybrid approach combining both methods is considered in the present work. Recently, hybrid approaches, coupling
stochastic methods and the LM one have been successfully used for the solution of inverse problems of parameter
estimation [36] as SA-LM (Simulated Annealing and Levenberg-Marquardt) and GA-LM (Genetic Algorithms and
Levenberg-Marquardt). Other hybrid strategies combining stochastic and deterministic methods are reported in the
literature [42].

Essentially, the adopted procedure is to generate an initial guess for the Levenberg-Marquardt method using the
output of the Particle Swarm Optimization one. A well known handicap of the LM method, specially when dealing
with noisy data, is the possibility of converging to local minima, stopping before arriving at the desired global
minimum. Besides, the convergence of the LM method is greatly dependent on the initial guess for the parameters
to be identified. With the PSO method used to provide the initial guess, a better accuracy may be obtained, the actual
global minimum is likely to be achieved, and the number of iterations necessary to obtain the minimum is reduced,
as it will be seen next.

4. Identification errors with noiseless data

4.1. Identification with the Levenberg-Marquardt method

The Levenberg-Marquardt method (LM) was used for the identification of the damage scenarios shown in Fig. 1.
In all cases, it was firstly considered noiseless data. The LM method did not converge for some of the test cases,
even in the absence of noise, and for those that a reasonable solution was achieved, the parameter Γ in Eq. (17) had
to be adjusted. This fine tuning is very time consuming and problem dependent.

In order to illustrate the influence of the relaxation factor Γ in the results provided by the LM method, Fig. 3
depicts the damage estimates obtained for Case 1 (see Fig. 1), with a = 25 mm and d = 7.5 mm. For convenience,
the cross-section area is normalized with respect to the nominal cross-section area of the bar. A total of 31 unknown
parameters were estimated, in the present case, with the values Ai = 1.0 as initial guess. It can be observed that for
Γ = 10000 a physical meaningless solution is obtained. For Γ = 1 the solution is very close to the initial guess,
even after 100 iterations of the algorithm. When Γ = 1000 is used, the solution is improved, but a deviation from
the exact solution is still observed even after 100 iterations. When Γ = 5000 the exact solution is recovered with 50
iterations.
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Fig. 3. Effect of the relaxation factor Γ on the solution with the LM method.

In order to avoid the difficulties observed with the LM method, it was implemented a hybrid approach in which
the PSO method is used to generate an initial guess for LM. In such approach a fixed value of Γ = 10000 was used
for all test cases.

All results shown from now on were obtained using the stochastic method PSO and the hybrid approach PSO-LM.
The adopted value for the constants (c1, c2, c3), in all cases, is equal to 0.2, ε = 10−10, and the number of particles
is 103, as suggested in [3].

4.2. Identification using the impulse response

The general procedure for obtaining the inverse problem solution is briefly described as follows. An impulsive
wave, f(t) = δ(t), is given as the input for the direct wave propagation problem, i.e., as a progressive plane wave
propagating along the bar, for each one of the studied damages, as described in [40]. Then, the corresponding
synthesized echoes are assumed as the experimental impulse responses. In the sequel, the optimization methods
(PSO and PSO-LM) are applied, with the aim at updating the cross section area profile of the model in order to fit
its predicted echo to the experimental one, for each damage scenario.

Firstly, the PSO method was applied to the problem. This method showed a good convergence but the optimal
minimum was not reached in all situations. Then, the hybrid PSO-LM method was considered, improving the final
solution.

The relative errors obtained in the identification of the cross section area profile for Cases 1, 3 and 4 (see Fig. 1),
considering both optimization methods, are plotted in Fig. 4. It is worth noting that, actually, only the PSO method
presented some identification errors, no more than 0.6%, in the absence of noise.

Fig. 4. Relative errors in the cross section area identification for Cases 1, 3 and 4.
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Fig. 5. Relative errors in the cross section area identification for Case 2, first and second parts.

Fig. 6. Rectangular pulse excitations.

The damage scenario of Case 2, Fig. 1b, is comprised of two damaged regions apart from each other. In this case
the first part of the echo is due, only, to the first damage, with no influence of the second one, since the incident
wave reaches the first damage without passing by any other inhomogeneity within the bar. On the other hand, the
second part of Fig. 2b is due to the second damage with the influence of the first one. Therefore, the following
damage identification procedure was adopted: The cross section area of the first damaged region was identified from
its corresponding part of the echo; then, the second damaged region was estimated using the previously identified
first part.

For Case 2, see Fig. 5, the error is presented in two parts, corresponding to the two separated damages in the bar.
With the PSO method alone, the results were also quite satisfactory, showing an error lower than 0.3% in the worst
case.

Considering Figs 4 and 5, one may clearly see that the PSO-LM method yielded the more accurate inverse problem
solution, in the absence of noise.

4.3. Identification using rectangular pulse excitation

The test cases were also performed considering rectangular pulses. Due to its inherent complexity, the damage
scenario depicted in Fig. 1c (Case 3) was chosen to evaluate the performance of the identification methods. Two
types of rectangular pulses were used. The one shown in Fig. 6a corresponds to an excitation whose support is of
the order of the damage length, while the second one, shown in Fig. 6b, has a support that is larger than the damage
length. Indeed, the short rectangular pulse is 5 μs long, while the long rectangular pulse is 15 μs long. Since the
wave speed is around 5 × 103 m/s, the short pulse has a length of 25 mm, around the same length of the damage in
Case 3, see Fig. 1c, while the long rectangular pulse has a length of 75 mm, around three times the damage length.

Figure 7a shows the damage identification results for Case 3 with the short rectangular pulse and noiseless data.
The corresponding relative errors in the identification are presented in Fig. 7b. As one can see from Fig. 7, both
methods succeeded in the identification; however the PSO-LM method yielded the exact damage profile, while the
PSO method alone, being a stochastic technique, showed a slight random dispersion around the exact profile.

In Fig. 8 the identification results considering the long rectangular pulse excitation are shown. From the results
shown in Figs 7 and 8, it is not possible to observe any significant influence of the pulse excitation support on the
quality of the identification results, when noiseless data are used.
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Fig. 7. Identification with noiseless data for Case 3 and the short rectangular pulse excitation.

Fig. 8. Identification with noiseless data for Case 3 and the long rectangular pulse excitation.

5. Identification with noisy data

We will now discuss the identification results with the disturbance of additive noise in both pulse and echo signals.

5.1. Identification using the impulse response

In the identification of actual damages with pulse-echo tests, there is always some level of additive noise in the
experimental data. In order to verify the influence of distinct levels of signal to noise ratio, SNR, four different levels
of zero mean random noise were added to the output signal, corresponding to SNR = 30, 20, 10 and 0 dB. Note
that, in this last and worst case, the noise average power is equivalent to the signal average power, a condition which
is seldom found in a well controlled experimental setup.

Figure 9 shows the impulse responses for the damaged structure for Case 1, see Fig. 1a, with a = 25 mm and
d = 5 mm, corrupted with random noise, corresponding to SNR’s of 30, 20, 10, and 0 dB.

Figure 10 presents the identification results provided by the PSO and PSO-LM methods, along with the actual
damage profile. As can be observed, there is no noticeable difference among the three curves – exact profile and
identified ones – for SNR of 30 and 20 dB. However, for greater noise levels (SNR of 10 and 0 dB), slight errors
are observed in the results provided by the two identification methods. Since this behavior remains the same for all
other tested damage scenarios, in the figures that follow, only the greater noise levels (SNR of 10 and 0 dB) will be
depicted.

Figure 11 shows the effect of the damage parameters a and d on the identification of the triangular profile of
Case 1, in the presence of the higher noise level in the synthetic data, SNR = 0 dB. Four different damage intensities
were obtained through the variation of these parameters. In Figs 11a and 11b, the damage depth d, which represents
the damage severity, is changed. On the other hand, in Figs 11c and 11d, a modification in the damage length a is
analysed. Comparing Figs 10d and Fig. 11, both with SNR = 0 dB, it is worth noting that changes in the damage
parameters a and d do not alter the capability of the method in identifying the damage profile. However, in the least
severe case, shown in Fig. 11a, the relative identification error is slightly greater, as expected.

Figure 12 depicts the identification of the cross section area profile of the first damaged region (Part 1) of Case 2.
The identification result for the second damaged region (Part 2) is depicted in Fig. 13.
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Fig. 9. Impulse responses for Case 1, with a = 25 mm and d = 5 mm, with different levels of SNR.

Fig. 10. Damage identification with four levels of SNR, Case 1, a = 25 mm and d = 5 mm.

The profile identification for Case 3, with two levels of SNR (10 and 0 dB) is depicted in Fig. 14. From the results
provided by the two methods, it is worth noting that the damage profile is clearly identified.

Finally, Fig. 15 presents the identification results for Case 4. Note that, since planewave propagation is considered,
the actual circular shape of the damage (see Fig. 1d) and its position in the vertical axis are not recognizable, but
only the corresponding cross section area variation of the bar can be assessed.

Table 1 illustrates the main figures related to the damage identification for Cases 1 to 4 with the hybrid PSO-LM
method: Number of synthetic experimental data used in the identification; number of estimated parameters; number
of iteractions for four SNR levels; and the residue of the estimation process, Eq. (15). It shows that very good results
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Table 1
Main figures for the hybrid PSO-LM method

Case 1 Case 2 (Part 1) Case 2 (Part 2) Case 3 Case 4

Synthetic data 31 31 19 33 13
Estimated parameters 29 29 17 31 11
Iterations (0 dB) 34 32 21 39 14
Iterations (10 dB) 33 31 21 38 14
Iterations (20 dB) 33 34 22 39 13
Iterations (30 dB) 31 34 21 35 14
Error (0 dB) 1.669E−14 1.805E−14 3.703E−15 2.088E−14 8.833E−16

Error (10 dB) 1.833E−14 1.671E−14 3.370E−15 1.957E−14 8.570E−16

Error (20 dB) 1.710E−14 1.706E−14 3.400E−15 2.043E−14 8.383E−16

Error (30 dB) 1.711E−14 1.717E−14 3.486E−15 2.019E−14 8.187E−16

Fig. 11. Damage identification for different values of a and d, Case 1, SNR = 0 dB.

Fig. 12. Damage identification with two levels of SNR, Case 2 (Part 1).

were obtained with the hybrid PSO-LM method with regard to the number of iterations and the achieved minimum
value of the cost function.

Tables 2 and 3 presents a comparison of the computational burden of the PSO and PSO-LM methods for the four
test cases and different signal to noise ratios. As can be seen, the computational effort of the PSO method alone is
much greater than that of the PSO-LM method. For instance, in Case 4 with SNR of 20 dB, computational time
with the PSO method was about 1 hour and with the PSO-LM method it was around 10 seconds. The reason for
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Table 2
Computational effort for the PSO method

Case 1 Case 2 Case 2 Case 3 Case 4
(Part 1) (Part 2)

Computational time (0 dB) 3h47m24s 3h45m00s 3h52m42s 8h20m24s 3m13s
Executions – SAA (0 dB) 6,824,000 3,541,000 128,000 5,000,000 66,000
Computational time (10 dB) 3h23m24s 3h46m48s 9h34m12s 1h53m24s 58m23s
Executions – SAA (10 dB) 5,278,000 3,516,000 483,000 1,049,000 901,000
Computational time (20 dB) 2h11m24s 3h28m48s 4h48m00s 6h20m22s 1h0036s
Executions – SAA (20 dB) 2,702,000 1,796,000 191,000 4,491,000 901,000
Computational time (30 dB) 2h09m36s 4h10m45s 4h03m00s 3h43m48s 56m56s
Executions – SAA (30 dB) 2,689,000 3,565,000 183,000 3,495,000 897,000

Fig. 13. Damage identification with two levels of SNR, Case 2 (Part 2).

Fig. 14. Damage identification with two levels of SNR, Case 3.

Fig. 15. Damage identification with two levels of SNR, Case 4.

this strong discrepancy comes from the stochastic nature of the PSO, which demands a relatively great number of
iterations to reach a small residue value. On the other hand, in the hybrid PSO-LM approach, the PSO algorithm runs
only up to a specified number of iterations in order to provide the initial guess for the deterministic LM algorithm,
which runs relatively fast.
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Table 3
Computational effort for the PSO-LM method

Case 1 Case 2 Case 2 Case 3 Case 4
(Part 1) (Part 2)

Computational time (0 dB) 3m46s 2m48s 15m15s 5m4s 9.72s
Executions – SAA (0 dB) 57,223 53,857 12,160 74,998 3,403
Computational time (10 dB) 3m10s 2m40s 15m01s 3m53s 10.24s
Executions – SAA (10 dB) 55,540 52,174 12,160 73,075 3,403
Computational time (20 dB) 2m55s 2m57s 15m50s 4m7s 9.94s
Executions – SAA (20 dB) 55,540 57,223 12,739 74,998 3,160
Computational time (30 dB) 2m39s 3m11s 16m15s 3m43s 10.58s
Executions – SAA (30 dB) 52,174 57,223 12,160 67,306 3,403

Fig. 16. Relative error in the identification for a low (0 dB) and moderate (20 dB) levels of SNR, Case 1, a = 25 mm and d = 5.0 mm.

Fig. 17. Relative error in the identification for a low (0 dB) and moderate (20 dB) levels of SNR, Case 2 (Part 1).

Fig. 18. Relative error in the identification for a low (0 dB) and moderate (20 dB) levels of SNR, Case 2 (Part 2).

5.1.1. Relative errors
In Figs 16 to 20, the relative errors in the damage identification for Cases 1 to 4, using both the PSO and PSO-LM

methods are shown. The errors were computed for moderate and high noise levels, SNR of 20 and 0 dB, respectively.
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Fig. 19. Relative error in the identification for a low (0 dB) and moderate (20 dB) levels of SNR, Case 3.

Fig. 20. Relative error in the identification for a low (0 dB) and moderate (20 dB) levels of SNR, Case 4.

Fig. 21. Short rectangular incident pulse and corresponding echo, SNR = 10 dB.

As can be observed from Figs 16 to 20, with SNR of 20 dB the relative errors, for both methods, are lower than
1% for all considered cases. As expected, the relative errors increase with SNR of 0 dB, showing to be lower than
5% for all considered cases. It is worth noting that, in Cases 1 and 2, for the SNR of 0 dB, the relative error presented
by both methods are quite the same. However, as it was discussed in Subsection 5.1, the computational effort of the
PSO-LM method is considerably lower.

5.2. Identification with rectangular pulse excitation

In this section the effect of additive noise in both the rectangular pulse excitation and the echo is considered in the
inverse problem procedure. The damage scenario shown in Fig. 1c (Case 3) is taken into account for the test cases.
A SNR of 10 dB – a high level of noise in a measurement setup – is adopted.

In Figs 21 and 22 the rectangular excitations, short and long, respectively, and its respective echoes, both added
with random noise with SNR of 10 dB are shown.

In Figs 23 and 24 the identification results obtained with the PSO and PSO-LM methods, considering the two
noisy rectangular excitations are shown. From these figures, it can be observed that, for both rectangular pulses,
the damage was satisfactorily identified, with the relative error remaining below 4%. However, a slightly better
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Fig. 22. Long rectangular incident pulse and corresponding echo, SNR = 10 dB.

Fig. 23. Identification with SNR = 10 dB for Case 3 and short rectangular pulse.

Fig. 24. Identification with SNR = 10 dB for Case 3 and long rectangular pulse.

identification was achieved with the short rectangular pulse. This result is expected since, as it is well known,
the Dirac’s delta, which provides the impulse response of the damaged bar, extract all required information for the
subsequent procedure. On the other hand, short rectangular pulses are closer to the delta, that means, provide higher
frequency contents than longer rectangular pulses.

5.3. Effect of modeling errors

To verify the influence of an uncertainty in the physical parameters of the structure, an error was inserted in its
elastic modulus, which yielded an error in the estimative of the longitudinal wave speed c. In the example shown in
this section an error of ±10% in c was considered in the damage identification of Case 1. The synthetic data were
obtained with the SAA method, using the true value of the parameter and considering a SNR of 20 dB, Fig. 9b. The
inverse problem, on the other hand, was solved considering the error in the parameter c.

Figure 25 depicts the identification results obtained for c = 0.9 c0, c = c0 and c = 1.1 c0, where c0 is the actual
wave speed. The curve in the center depicts the actual damage and the PSO-LM identification with a SNR of 20
dB, with c = c0. The left and right curves represent the identification results obtained with the error of ±10% in c.
As expected, an error in the wave speed results in a shift in the identified damage position and also in a change on
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Fig. 25. Effect of modeling errors in the damage identification.

Fig. 26. Experimental pulse-echo setup. Dimensions are in millimeters.

Fig. 27. Machined damage profile. The maximum diameter is the nominal diameter of the bar, 12.7 mm, and the minimum diameter is 6.6 mm.

its length. An error of +10% in c shifts the damage center to the left position (the echo was supposed to reach the
damage earlier), while an error of −10% in c shifts the damage center to the right position (the echo was supposed
to reach the damage later), as shown. Furthermore, it is worth noting that the identified damage in the right is 20%
longer than the one in the left. However, as it can be observed, the damage severity (the depth) remains unchanged.

6. Experimental validation

In this section, an experimental validation of the sequential algebraic algorithm (SAA), presented in Section 2.1,
and, consequently, of the identification procedure is presented. A pulse-echo test in a long circular bar with a limited
damaged region is reported. The damage was introduced via the cross-section variation of the bar, as discussed in
the numerical examples.

The experimental apparatus consists of an improved Hopkinson bar, depicted in Fig. 26. A 1/2 inch diameter
stainless steel continuous bar with 6240 mm in length is considered for the experimental test. The strain-gage
sensor is placed 1020 mm from the free left end, and a damaged region with 320 mm in length was machined on
it, beginning at 2220 mm from the free end, as shown in Fig. 26. The machined profile is depicted in Fig. 27. The
profile A(x) is a piecewise constant one, each step with 10 mm in length. At the right end, there is a damper that
provides the absorption of the impact energy.

The mechanical impact is produced by the collision of a smaller 1220 mm bar (the projectile), with the same
diameter, at the left end of the bar under test. This impact produces a rectangular-shaped incident progressive wave
that travels along the test bar, with a constant speed c = 5104 m/s, crossing the strain gage (the sensor) station and
reaching the damaged region. The acoustic impedance variation due to the cross-section area profile generates a
regressive wave that crosses again the strain-gage station. Both the input wave (pulse) and the output wave (echo)
signals are measured by the sensor station, as shown in Fig. 28.
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Fig. 28. Signal of pulse and echo measured at the strain gage station.

Fig. 29. Echo predicted by the SAA model for the experimental damage.

It is worth noting that the distances shown in Fig. 26 were designed in such a way that the incident pulse completely
crosses the pickup station before the arrival of the reflected wavefront and, also, the main part of the echo is acquired
before the arrival of the reflected wave due to the boundary condition by the right end of the bar. The damage was
machined in the cylindrical bar itself in order to prevent the non-controlled surface contact between, for instance,
two bar sections, which provides unknown actual acoustic impedance.

In Fig. 28 it is shown a typical result of the normalized strain signal at the gage station. A compressive (taken as
positive) rectangular-shaped incident pulse with a 478μs support, corresponding to the collision duration, is followed
by a tractive (negative) reflected wave, generated by the damage depicted in Fig. 27. The actual total support of the
echo is long, since there is a reverberation phenomenon inside the damaged region, but the portion of it necessary to
identify the damage is the one shown in Fig. 28.

The synthetic echo, using the SAA model, for the experimental damage is presented in Fig. 29. Themain difference
between the synthetic and experimental echoes is that this last one presents some additive noise, characteristic of
the experimental setup. But the general shape of the whole echo is the same, as it can be seen by comparing Figs 28
and 29.

In Fig. 30 the identified profile is compared with the actual one, showing not only that the SAA model applies
pretty well but also that the hybrid identification technique presented here provides reliable results.

7. Conclusions

The inverse problem of damage assessment in a bar using a longitudinal plane wave propagation approach was
presented. The damage state of the structure was assessed through the identification of its cross section area profile
by using two optimization methods: The stochastic PSO method and a hybrid PSO-LM technique. The LM method
alone requires an ad hoc value for the relaxation parameter Γ, as shown in Fig. 3, therefore it was not considered for
identification purposes.
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Fig. 30. Comparison between the actual and identified cross-section area profiles.

In order to verify the suitability of the adopted techniques, distinct damage shapes and positions were considered,
as well as different damage intensities. Furthermore, four different levels of SNR were provided in order to examine
the actual capability of the methods to deal with noise corrupted data. In addition, a Dirac’s delta impulse and two
finite rectangular pulse excitations were considered.

To validate both the SAA direct method and the optimization techniques, a straightforward pulse-echo experiment
was performed, for one damage profile. The experimental result showed that the synthetic echo reproduces pretty
well the experimental one. Furthermore, the experimental damage profile showed to be satisfactorily recovered by
the identification procedure.

One of the main advantages of the acoustic wave propagation approach is that it allows to identify, prior to the
damage identification procedure itself, the damage location. In other words, analyzing directly the echoes, it is
possible to infer about the damage location. For instance, inspecting the echoes plotted in Fig. 2, it is easy to find
both the position and extension of the damage. Only its shape needs the optimization procedure.

The first conclusion is that both methods lead to excellent identification results in the absence of additive noise,
as shown in Figs 4, 5, 7 and 8. Naturally, due to its stochastic nature, the PSO method presented a residual error in
the identification results, while the PSO-LM method did not.

For the damage assessment based on the impulse response, the tests run with SNR of 30 and 20 dB, i.e., with
low and moderate noise levels, the performance was quite the same as that with noiseless data, for all considered
damage cases, as can be seen in Figs 10a and 10b. For the tests run with SNR of 10 and 0 dB, i.e., with high and
very high noise levels, the performance showed to be still good, with the PSO-LM method presenting slightly better
identification results, for all tested damages. However, as shown in Tables 2 and 3, the adopted hybrid PSO-LM
method presents a higher computational efficiency.

When considering rectangular pulse excitations and SNR of 10 dB, the damage profile was recovered as well, as
shown in Figs 23 and 24. The identification results were similar to that one based on the impulse response, as seen
in Fig. 14a. One of the important conclusions is that the general formula for the echo, Eqs (5), (6), and (7) yield an
identification procedure that is robust with respect to the input signal.

Observing the identification relative errors, as shown in Figs 16 to 20, one can conclude that, for a moderate SNR
of 20 dB, the maximum error for all methods and all damage cases is not greater than 0.8%. As expected, the average
error of the PSO method is greater than that of the PSO-LM. For the worst noise situation, i.e., SNR of 0 dB, the
maximum error found in all cases was lower than 6%. Observing Figs 23 and 24, one can see that for SNR = 10 dB
and rectangular pulse excitations, the relative errors stayed below 4%, which are still satisfactory results.

It is worth noting that the damage identification procedure built on the SAA is robust with respect to noise
corrupted signals, yielding to satisfactory results even in the presence of noise. The experimental results presented
in Section 6 shows that the assumptions of the adopted models for the direct and inverse problems are realistic and
in agreement to the actual dynamic behavior.

Finally, it should be mentioned that due to the SAA model shortly summarized in Subsection 2.1, the PSO method
can be easily applied since only one parameter may be identified at once instead of all parameters together as should
be done, for instance, when leading directly with the non-homogeneous hyperbolic wave equation. And, of course,
this facilitates, as a natural consequence, the application of the hybrid PSO-LM technique.
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