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Abstract. This paper presents theoretical and experimental studies of H∞ control of a flexible plate with time delay. A matrix
inequality used for stability analysis is proposed and proved by using the Lyapunov-Krasovskii functional and free-weighting
matrix. An H∞ controller is designed based on the matrix inequality and by using the parameter-adjusting method. Three control
scenarios are discussed in detail by transforming the problem into parameters optimization: (i) controller design when maximum
time delay of the system is known; (ii) allowable time delay when controller is known; (iii) the biggest allowable time delay to
guarantee system stability when controller is unknown. Numerical simulations and experiments are also given to demonstrate the
validity and feasibility of the proposed methods in this paper.
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1. Introduction

In dynamic modeling and active control of structures, errors may occur in the modeling process due to uncertainty
of physical properties and boundary conditions of the structure, and signal noise and external disturbance may also
affect control effectiveness at control implementation. So the controller designed should be of strong robustness
to eliminate the effect of negative factors on control effectiveness. Among modern control systems, robust control
method is robust to the variance of structural intrinsic parameters and external disturbance, and has been getting
more and attention in the active control of structures [1–8].

Time delay inevitably exists in active control systems. Many factors, such as system variables measuring, con-
troller calculating, and actuators building up the required control force, may result in non-synchronizing control
force, which may cause degradation of control efficiency, or even instability of the system [9]. So far time delay
problems are mainly investigated in mathematics and control systems, and most studies are focused on stability or
the maximum allowable time delay to maintain time-delay systems stable. For active control of structures, some
treating methods were proposed to deal with time delay, such as the Taylor series [10], the technique of phase
shift [11], the advance estimation of state variables [12], etc. But these methods are only applicable for systems with
very small time delay, and work awkwardly for systems with large delays. Lately, Cai and Huang [13,14] worked
out a new method for time delay, in which the active controller is designed directly from the time-delay differential
equation and no approximation and estimation are made in the process of control design, and system performance
and stability are easily guaranteed. The proposed method in [13,14] is applicable for both small time delay and
large time delay problems, which is experimentally verified by working on different flexible structures [15,16].
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Fig. 1. Structural model of flexible plate.

Hu et al. [17,18] then modified the method in [14] and proposed a treating method for slowly time-varying delay
systems. There also have been many studies on the time-delay robust control of structures. For example, Du and
Zhang [19], with time delay as an input, worked on an approach to designing an H∞ controller to attenuate the
vibration of seismically-excited buildings. Chen and Tian [20] proposed a new approach for delay-dependent ro-
bust H∞ stability analysis and control synthesis of uncertain systems with time-varying delays. Alberto Cavallo et
al. [21] considered a control law for the active vibration control of mechanical flexible systems, and the proposed
strategy can minimize an H∞ index and attain a favorable stabilizing controller with bandpass frequency shape.
Chung et al. [22] developed a time-delay control algorithm to solve the practical problem that time-delay caused
unsynchronized application of the control forces which may not only degrade the performance of the control system
but also even induce instability to the dynamic system. Yuen and Beck [23] presented a reliability-based output feed-
back control methodology for controlling the dynamic response of systems that are represented by linear state-space
models. It should be mentioned herein that, although many effects have been made on the time-delay techniques,
most work is on the theoretical basis and little on the experiment. For robust controllers taking account of time delay,
to the authors’ knowledge, there has been no experimental study so far.

This paper theoretically and experimentally studies the H∞ control of a flexible plate with time delay. A matrix
inequality for stability analysis is proposed and proved by using the Lyapunov-Krasovskii functional and free-
weighting matrix. An H∞ controller is presented based on the matrix inequality. This paper goes as follows. Section
2 presents the motion equation of the flexible plate; Section 3 provides the matrix inequality and H∞ controller;
Section 4 presents the discusses three scenarios: (i) controller design with known maximum time delay; (ii) allowable
time delay with known controller; (iii) the biggest allowable time delay to maintain system stability with unknown
controller. Section 5 talks about numerical simulations and experiment studies. Finally, Section 6 concludes with a
few remarks.

2. Equation of motion

Transverse vibration of a flexible cantilever plate is considered, as shown in Fig. 1. Assume that q piezoelectric
(PZT) actuators are used for vibration control of the plate. Using the orthogonality of modal function and truncating
the first n modes of the plate, the dynamic equation of the plate may be written as [16,24]

¨̂
Φ(t) + Ĉ

˙̂
Φ(t) + K̂Φ̂(t) = ĤV(t) (1)
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where Φ̂(t) = [φ1, φ2, · · · , φn]
T is the n-dimensional vector of modal coordinate, φj represent the modal co-

ordinate of the j-th mode of plate, T denotes the transpose of a matrix or vector, n is the number of degree of
freedom of the plate; Ĉ = diag(2ζ1ω1, 2ζ2ω2, · · · , 2ζnωn) is the n × n damping matrix of the plate, ζj and ωj

are the damping ratio and natural frequency of the plate, respectively; K̂ = diag(ω2
1 , ω

2
2 , · · · , ω2

n) is the n × n
stiffness matrix of the plate; Ĥ = [Ĥ1, Ĥ2, · · · , Ĥq] is an n × q matrix denoting the positions of actuators,
Ĥi = M̂−1[piezoi1, piezo

i
2, · · · , piezoin]T is an n × 1 vector, M̂ is the n × n modal mass matrix of the plate.

The coefficient of PZT actuator, piezoi
j , is given by [16,24]

piezoij = −
{
Ci

0

d31i
hai

[∫ ya2i

ya1i

Wjx(xa2i, y)dy −
∫ ya2i

ya1i

Wjx(xa1i, y)dy
]

(2)
+ Ci

0

d31i
hai

[∫ xa2i

xa1i

Wjy(x, ya2i)dx−
∫ xa2i

xa1i

Wjy(x, ya1i)dx
]}

where Wj(x, y) represent the modal function of the j-th mode of plate, Wjx = ∂Wj/∂x and Wjy = ∂Wj/∂y;
d31i and hai are the bending strain constant and thickness of the i-th PZT actuator, respectively; (xa1i, ya1i) and
(xa2i, ya2i) are the down-left and top-right coordinates of the i-th PZT actuator in the o-xy system, respectively, as
shown in Fig. 1. The parameter Ci

0 in Eq. (3) is the mechanical-electrical coupling coefficient between the i-th PZT
actuator and the plate, the expression of Ci

0 can be found in [16,24].
In the state space representation, Eq. (2) becomes

ẋ(t) = Ax(t) +B2V(t) (3)

where x(t) =

[
Φ̂(t)
˙̂
Φ(t)

]
, A =

[
0 I

−K̂ −Ĉ

]
and B2 =

[
0

Ĥ

]
.

3. Matrix inequality and H∞ controller

Considering time delay τ and external disturbance w(t) in control input, and the controllable output z(t) of the
system, the control problem of the plate can be written as

{
ẋ(t) = Ax(t) +B1w(t) +B2V(t − τ)
z(t) = C1x(t) +D12V(t − τ) +D11w(t)

(4)

where B1 = B2 and 0 � τ � τ̄ , τ̄ is the upper bound of time delay; C1, D12 and D11 are the coefficient matrices
of appropriate dimensions.

The following memoryless controller is used for the system

V(t) = Kx(t) (5)

where K is the control feedback gain matrix. Substituting Eq. (5) into Eq. (4), we have

{
ẋ(t) = Ax(t) +B1w(t) +BKx(t− τ)
z(t) = C1x(t) +DKx(t− τ) +D11w(t)

(6)

where BK = B2K and DK = D12K.

3.1. Matrix inequality

Here a matrix inequality is proposed for stability analysis and controller design. The following two lemmas will
be used in the derivation and proof of the matrix inequality.
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Lemma 1. [25] Schur Complements: For a symmetric matrix S = ST =

[
S11 S12

ST
12 S22

]
, where S11 = ST

11 and

S22 = ST
22, the following three conditions are equivalent⎧⎨

⎩
(i) S < 0
(ii) S11 < 0 and S22 − ST

12S
−1
11 S12 < 0

(iii) S22 < 0 and S11 − S12S
−1
22 S

T
12 < 0

(7)

Lemma 2. [26] There exists a symmetric matrix X̃ such that[
P1 + X̃ Q1

∗ R1

]
< 0,

[
P2 − X̃ Q2

∗ R2

]
< 0 (8)

if and only if⎡
⎣P1 +P2 Q1 Q2

∗ R1 0
∗ ∗ R2

⎤
⎦ < 0 (9)

By using the above two lemmas and the free-weighting matrix given in [3,5], the following theorem presents the
delay-dependent sufficient condition for the existence of theH∞ controller.

Theorem 1. Given τ̄ , if there exist real matrices P > 0, R > 0, Q > 0, and the two free-weighting matrices N1

and N2, satisfying the matrix inequality

Ξ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ξ11 Ξ12 PB1 τ̄AT τ̄N1 CT
1

∗ Ξ22 0 τ̄BT
K τ̄N2 DT

K

∗ ∗ −γ2I τ̄BT
1 0 DT

11

∗ ∗ ∗ −τ̄R−1 0 0
∗ ∗ ∗ ∗ −τ̄R 0
∗ ∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (10)

where

Ξ11 = PA+ATP+Q+N1 +NT
1 , Ξ12 = PBK −N1 +NT

2 , Ξ22 = −Q−N2 −NT
2

the closed-loop system Eq. (6) is asymptotically stable with H∞ performance index γ for any time delay τ satisfying
0 � τ � τ̄ .

Proof. By using the Leibniz-Newton formula, we have

x(t− τ) = x(t) −
∫ t

t−τ

ẋ(s)ds (11)

For any N1 and N2 of appropriate dimensions, by using Eq. (11), we have

2[xT(t)N1 + xT(t− τ)N2]× [x(t)− x(t− τ)−
∫ t

t−τ

ẋ(s)ds] = 0 (12)

Let η1(t) = [xT(t) xT(t − τ)]T, for a symmetric matrix X =

[
X11 X12

∗ X22

]
� 0 of appropriate dimension,

since τ̄ � τ , we have

τ̄ηT
1 (t)Xη1(t)−

∫ t

t−τ

ηT
1 (t)Xη1(t)ds = (τ̄ − τ)ηT

1 (t)Xη1(t) � 0 (13)
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The Lyapunov-Krasovskii functional is chosen as [3,5]

V = xT(t)Px(t) +

∫ t

t−τ

xT(s)Qx(s)ds+
∫ 0

−τ̄

∫ t

t+θ

ẋT(s)Rẋ(s)dsdθ � 0 (14)

where P = PT > 0, Q = QT > 0 and R = RT > 0 are all positive definite matrices.
The derivative of Eq. (14) along the trajectory of Eq. (6) is given by

V̇ = xT(t)[ATP+PA]x(t) + 2xT(t− τ)PBK ẋ(t) + xT(t)PB1w(t) +wT(t)BT
1 Px(t)

(15)
+xT(t)Qx(t)− xT(t− τ)Qx(t− τ) + τ̄Γ−

∫ t

t−τ̄

ẋT(s)Rẋ(s)ds

where

Γ = ηT
2 (t)(Γ

T
1 RΓ1)η2(t), Γ1 = [A BK B1 ]

with

η2(t) = [ηT
1 (t) wT(t) ]T = [xT(t) xT(t− τ) wT(t) ]T

Using Eqs (12) and (13), we have

V̇ � V̇ +

{
2[xT(t)N1 + xT(t− τ)N2]× [x(t)− x(t − τ)−

∫ t

t−τ

ẋ(s)ds]
}

(16)
+

[
τ̄ηT

1 (t)Xη1(t)−
∫ t

t−τ

ηT
1 (t)Xη1(t)ds

]
− [

γ2wT(t)w(t) − γ2wT(t)w(t)
]

Substituting Eq. (15) into the right-hand side of Eq. (16) and considering
∫ t

t−τ̄

ẋT(s)Rẋ(s)ds�
∫ t

t−τ

ẋT(s)Rẋ(s)ds,

Eq. (16) can be simplified as

V̇ � ηT
2 (t)(Σ + τ̄ΓT

1 RΓ1)η2(t)−
∫ t

t−τ

ηT
3 (t, s)Ψη3(t, s)ds+ γ2wT(t)w(t) (17)

where

η3(t) = [xT(t) xT(t− τ) ẋT(s) ]T, Ψ =

⎡
⎣X11 X12 N1

∗ X22 N2

∗ ∗ R

⎤
⎦

Σ =

⎡
⎣Ξ11 + τ̄X11 PBK −N1 +NT

2 + τ̄X12 PB1

∗ −Q− (N2 +NT
2 ) + τ̄X22 0

∗ ∗ −γ2I

⎤
⎦

Below we will prove Theorem 1 from two aspects. First, we will prove that the close-loop system Eq. (6) is
asymptotically stable for 0 � τ � τ̄ if Eq. (10) is satisfied.

Assume w(t) = 0 for t > 0, Eq. (17) becomes

V̇ � ηT
1 (t)(Σ̂ + τ̄ Γ̂T

1 RΓ̂1)η1(t)−
∫ t

t−τ

ηT
3 (t, s)Ψη3(t, s)ds (18)

where

Σ̂ =

[
Ξ11 + τ̄X11 PBK −N1 +NT

2 + τ̄X12

∗ −Q− (N2 +NT
2 ) + τ̄X22

]
=

¯̂
Σ+ τ̄X, Γ̂1 = [A BK ]
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with

¯̂
Σ =

[
Ξ11 PBK −N1 +NT

2

∗ −Q− (N2 +NT
2 )

]

From Eq. (18), we can see that if

Σ̂+ τ̄ Γ̂T
1 RΓ̂1 < 0 and Ψ > 0 (19)

is satisfied, V̇ < 0, so the closed-loop system Eq. (6) is asymptotically stable. Next we prove that the two expressions
given in Eq. (19) are satisfied if Eq. (10) holds. Consider the first expression Σ̂+ τ̄ Γ̂T

1 RΓ̂1 < 0 in Eq. (19). Since
Σ̂+ τ̄ Γ̂T

1 RΓ̂1 < 0 and −τ̄R−1 < 0, from the conditions (i) and (iii) of Lemma 1, we can obtain[
¯̂
Σ+ τ̄X τ̄ Γ̂T

1

∗ −τ̄R−1

]
< 0 (20)

Then consider the second expressionΨ > 0 in Eq. (19). Let Γ̂2 = [NT
1 NT

2 ], the expression of Ψ under Eq. (17)

can be changed to be Ψ =

[
X Γ̂T

2

∗ R

]
, by multiplying (−τ̄), we have

[
−τ̄X −τ̄ Γ̂T

2

∗ −τ̄R

]
< 0 (21)

Applying the conditions (i) and (iii) of Lemma 1, from Eq. (21) we can obtain

−τ̄X− (−τ̄ )Γ̂T
2 ×

(
− 1

τ̄

)
R−1 × (−τ̄ )Γ̂T

2 = −τ̄X− τ̄ Γ̂T
2 ×

(
− 1

τ̄

)
R−1 × τ̄ Γ̂T

2 < 0 (22)

By using Lemma 1, from Eq. (22) and −τ̄R < 0 we can obtain[
−τ̄X τ̄ Γ̂T

2

∗ −τ̄R

]
< 0 (23)

Applying Lemma 2 for Eqs (20) and (23) leads to⎡
⎢⎣
¯̂
Σ τ̄ Γ̂T

1 τ̄ Γ̂T
2

∗ −τ̄R−1 0
∗ ∗ −τ̄R

⎤
⎥⎦ < 0 (24)

So Eq. (19) is satisfied if Eq. (24) holds.
Substituting the expressions of ¯̂

Σ, Γ̂1 and Γ̂2 into Eq. (24) yields⎡
⎢⎢⎢⎣
ATP+PA+Q+N1 +NT

1 PBK −N1 +NT
2 τ̄AT τ̄N1

∗ −Q−N2 −NT
2 τ̄BT

K τ̄N2

∗ ∗ −τ̄R−1 0
∗ ∗ ∗ −τ̄R

⎤
⎥⎥⎥⎦ < 0 (25)

Equation (25) can be rewritten as⎡
⎢⎢⎢⎣
Ξ11 Ξ12 τ̄AT τ̄N1

∗ Ξ22 τ̄BT
K τ̄N2

∗ ∗ −τ̄R−1 0
∗ ∗ ∗ −τ̄R

⎤
⎥⎥⎥⎦ < 0 (26)
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Comparing Eq. (10) with Eq. (26), it is easy to see that Eq. (10) becomes Eq. (26) if the third and sixth columns,
and the third and sixth rows in Eq. (10) are deleted. From Ref. [27], we know that, when Eq. (10) holds, Eq. (26)
will holds too, so the close-loop system Eq. (6) is asymptotic stable when the delay τ is within 0 � τ � τ̄ .

Then we will prove that under zero initial conditions, ‖z(t)‖2 < γ‖w(t)‖2 holds for any nonzero w(t) ∈
L2[0,+∞).

Adding zT(t)z(t) − γ2wT(t)w(t) to both side of Eq. (17) and rearranging the expression, we have

V̇ + zT(t)z(t) − γ2wT(t)w(t) � ηT
2 (t)(Σ + τ̄ΓT

1 RΓ1 + ΓT
3 Γ3)η2(t)−

∫ t

t−τ

ηT
3 (t, s)Ψη3(t, s)ds (27)

where Γ2 = [C1 DK D11 ].
From Eq. (27), we know that if

Σ+ τ̄ΓT
1 RΓ1 + ΓT

2 Γ2 < 0 and Ψ > 0 (28)

are satisfied, then

V̇ + zT(t)z(t) − γ2wT(t)w(t) < 0 (29)

For this, we need to prove Eq. (28) being satisfied when Eq. (10) holds. This prove process is similar to that for
Eq. (19). That is, applying Lemma 2 for (−τ̄)Ψ < 0 and Σ+ τ̄ΓT

1 RΓ1 + ΓT
2 Γ2 < 0, we can obtain

⎡
⎢⎢⎣
Σ̄ τ̄ΓT

1 τ̄ΓT
3 ΓT

2

∗ −τ̄R−1 0 0
∗ ∗ −τ̄R 0
∗ ∗ ∗ −I

⎤
⎥⎥⎦ < 0 (30)

where

Σ̄ =

⎡
⎣Ξ11 Ξ12 PB1

∗ Ξ22 0
∗ ∗ −γ2I

⎤
⎦ , Γ3 = [NT

1 NT
1 0 ]

It is easy to see that Eq. (10) is the same matrix inequality as Eq. (30). Therefore, Eq. (30) is satisfied if Eq. (10)
holds, thus Eq. (29) can be obtained.

Integrating Eq. (29) from 0 to ∞ yields

∫ ∞

0

[zT(t)z(t) − γ2wT(t)w(t)]dt < V (0)− V (∞) (31)

Since V (t,xt)|t=0 = 0 and V (t,xt)|t=∞ = 0, so

∫ ∞

0

[zT(t)z(t) − γ2wT(t)w(t)]dt < 0 (32)

i.e.,

‖z(t)‖2 < γ‖w(t)‖2 (33)

Therefore, Eq. (10) implies that for any nonzero w(t) ∈ L2[0,+∞), there holds ‖z(t)2‖ < γ‖w(t)‖2 under zero
initial conditions with H∞ performance index γ. This completes the proof.
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3.2. H∞ controller

The inequality Eq. (10) is a nonlinear matrix inequality, which cannot be solved directly using the LMI Toolbox in
MATLAB. In this section, the parameter adjustment method given in [3,5] is used to handle Eq. (10) by introducing
two adjustable parameters λ and ρ. When λ and ρ are given and τ̄ is known, Eq. (10) will becomes a linear matrix
inequality (LMI), so the LMI Toolbox can be used to obtain H∞ controller.

Define

W =

[
P 0
NT

1 NT
2

]
, Ā =

[
A BK

I −I

]
(34)

The following two matrices composed of the elements of the matrix inequality Eq. (10) can be written as[
Ξ11 Ξ12

∗ Ξ22

]
= WTĀ+ ĀTW +

[
Q 0
0 −Q

]
(35)

[
PB1 τ̄N1

0 τ̄N2

]
= WT

[
B1 0
0 τ̄I

]
(36)

If N2 is invertible, W is nonsingular. Let

W−1 =

[
P−1 0
M1 M2

]
, χ = diag{W−1, I, I,R−1, I, I} (37)

And using contraction transformation for the matrix Ξ given in Eq. (10), left multiplyingχT and right multiplying
χ, Eq. (10) becomes⎡

⎢⎢⎢⎢⎢⎢⎢⎣

θ11 θ12 B1 θ13 0 P−1CT
1

∗ θ22 0 τ̄MT
2 B

T
K τ̄R−1 P−1DT

K

∗ ∗ −γ2I τ̄BT
1 0 DT

11

∗ ∗ ∗ −τ̄R−1 0 0
∗ ∗ ∗ ∗ −τ̄R−1 0
∗ ∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (38)

where

θ11 = P−1AT +AP−1 +BKM1 +MT
1 B

T
K −MT

1 QM1 +P−1QP−1

θ12 = P−1 −MT
1 +BKM2 −MT

1 QM2

θ22 = −MT
2 QM2 −MT

2 −M2

θ13 = τ̄ (P−1AT +MT
1 B

T
K)

Let M1 = λQ−1, M2 = ρQ−1, P = P−1, R = R−1, Q = Q−1 and Y = KQ−1 where λ and ρ are both real
number, ρ �= 0, i.e., λ, ρ ∈ R, ρ ∈ R, ρ �= 0. Applying Lemma 1, we have the following theorem.

Theorem 2. Given , τ > 0, λ ∈ R, 0 �= ρ ∈ R, if there exist real matrices, P > 0, R > 0, Q > 0 and Y
satisfying the matrix inequality⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ω11 ω12 B1 ω13 0 P̄C
T
1 P̄

∗ ω22 0 τ̄ ρYTBT
2 τ̄R̄ ρYTDT

12 0

∗ ∗ −γ2I τ̄BT
1 0 DT

11 0

∗ ∗ ∗ −τ̄R̄ 0 0 0
∗ ∗ ∗ ∗ −τ̄R̄ 0 0
∗ ∗ ∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ ∗ ∗ −Q̄

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(39)
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where

ω11 = P̄A
T
+AP̄+ λB2Y + λYTBT

2 − λ2Q̄

ω12 = P̄− λQ̄+ ρB2Y − λρQ̄

ω22 = −ρ2Q̄− 2ρQ̄

ω13 = τ̄ (P̄A
T
+ λYTBT

2 )

the closed-loop system Eq. (6) is asymptotically stable with H∞ performance index γ for any time delay τ satisfying
0 � τ � τ̄ , and the H∞ control feedback gain is K = YQ̄

−1.

4. Three control design problems

4.1. Controller design with known maximum time delay

If τ̄ , λ and ρ are all known, Eq. (39) becomes a linear matrix inequality, K can be obtained by solving this
inequality using the MATLAB LMI Toolbox. This controller can guarantee the closed-loop system Eq. (6) being
asymptotically stable as long as the real time delay in the system is within 0 � τ � τ̄ whether this delay is time-
varying or not. Herein we consider the following question: when τ̄ is known, how to select λ and ρ may let K
achieves better control effectiveness. In this paper, the genetic algorithm is used to optimize λ and ρ by minimizing
the index γ in the LMI Eq. (39). The detailed process is described as follows.

The genetic algorithm is a probabilistic search procedure based on the mechanism of natural selection and natural
genetics. It has been successfully applied to different controller synthesis problems for its high potential in global
optimization [19]. In this section, the objective function is described as

min
λ,ρ

γ subject to LMI Eq. (39) (40)

When τ̄ is known, the genetic algorithm randomly generates initial λ and ρ which changes thereafter within the
evolution procedure according to objective Eq. (40). The detailed technique can be described in the following steps:

Step 1: use the binary string to encode λ and ρ;
Step 2: randomly generate an initial population of Np chromosomes, Np = 200 is taken in this paper;
Step 3: substituting λ and ρ into Eq. (39) to solve the objective function γ. Decode the initial population produced

in Step 2 into real values for λj and ρj , j = 1, 2 · · ·Np. For every λj and ρj , solving the LMI Eq. (39) to
obtain the objective function γ, and then associate every λj and ρj with a suitable fitness value according
to rank-based fitness assignment approach, and then go to Step 4;

Step 4: use tournament selection approach to choose the offspring;
Step 5: perform uniform crossover with probability pc to produce new offspring, pc = 0.8 is taken in this paper;
Step 6: do bit mutation in the population of chromosomes with a small mutation probability pm, in this paper

pm = 0.02 is taken;
Step 7: retain the best chromosomes in the population with elitist reinsertion method;
Step 8: the evolution process will repeat for Ng generations or being ended when the search process converges

with a given accuracy. Or else go to Step 3. In this paper, Ng = 500 is taken.

Finally, the best chromosome is decoded into real λ and ρ, substituting λ, ρ and τ̄ into Eq. (39) to obtain the
optimal K.
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4.2. Maximum time delay with a known controller

For a control system, the task of control design is to obtain the feedback gain K. The gain K is different when
different control design methods are used. We hope that the controller designed should have strong robustness to the
variation of structural intrinsic parameters and external disturbance. As mentioned in the “INTRODUCTION”, time
delay exists inevitably in active control systems. Therefore, it is worth considering the following question: in what
range of time delay the controller K designed in the case of no time delay is applicable? We certainly expect that
this range to be as large as possible. In this section, the genetic algorithm will be used to find the maximum time
delay for the case when K is known.

From Theorems 1 and 2, we know that the stability condition Eq. (10) is equivalent to the matrix inequalities
Eq. (39). So for a given K, the time-delay control system Eq. (6) is asymptotically stable if Eq. (39) is satisfied. This
paper will determine the maximum time delay by using the following method. Assume that the feedback gain K has
been obtained using a certain control design method. Equation (39) is still nonlinear after the substitution of K into
Eq. (39). Substituting a small delay τ into Eq. (39) and then using the feasp function of LMI Toolbox to verify if
Eq. (39) is satisfied. If Eq. (39) holds, increasing τ , and then repeat the above process until Eq. (39) does not hold.
In this way, the maximum time delay can be determined.

The above process for determining the maximum time delay also involves the choosing of λ and ρ. Here we also
use the genetic algorithm to optimize λ and ρ. Different from that in Section 4.1, the objective function used herein
is the maximum time delay τ̄ .

The objective function is described as

max
λ,ρ

τ̄ subject to LMI Eq. (39) (41)

The optimization is similar to that in Section 4.1 and omitted herein. The maximum time delay for a known K can
be determined using Eq. (41). However, this method can not guarantee that γ attains minimum. In other words, K
can only guarantee that the closed-loop system Eq. (6) is asymptotically stable for the delay τ satisfying 0 � τ � τ̄ ,
but can not guarantee that the control effectiveness is the best. Here we design the best K using the following treating
process: (i) a feedback gain K is first designed using the classical LQR method; (ii) substituting K into Eq. (39) to
get a maximum time delay τ̄ ; and (iii) under this τ̄ , the best K′ can be obtained using the method in Section 4.1.
Experimental results in Section 5 will show that K′ can achieve better control efficiency than K.

4.3. The biggest time delay for system stability with unknown controller

In Section 4.2, the maximum time delay τ̄ corresponding to a known K is discussed. If K is unknown, how much
will the maximum time delay be? For this case, how to obtain the feedback gain K? These questions are discussed
below.

From the above we know that system stability can be verified using the matrix inequality Eq. (39). The system
is asymptotically stable if Eq. (39) is satisfied. Here we directly use the optimization problem given by Eq. (39) to
determine the maximum time delay, where the objective function is τ̄ , constraint condition is the matrix inequality
Eq. (39), and the optimezation variables are λ and ρ. The genetic algorithm is the same as that in Section 4.2.
After the maximum time delay τ̄ is obtained, the corresponding feedback gain K can be solved using the method in
Section 4.1. Since the feedback gain is not specified in advance in the solution of τ̄ , this τ̄ is the biggest one of all
the maximum time delays.

5. Simulation and experiment

To demonstrate the feasibility and effectiveness of the proposed method, numerical simulation and experiment
are carried out in this section. An epoxy resin plate is adopted as structural model. The length, width and thickness
of the plate are 800 mm, 400 mm and 2 mm, respectively, as shown in Fig. 2. Material properties of the plate are as
follows: Young’s elastic modulus is 16.0 GPa, Poisson’s ratio is 0.33 and density is 1840 kg/m3. In the experiment,
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Fig. 2. Photo of experiment plate. Fig. 3. Sketch map of ra.

Two PZT patches are used as sensors for measuring the vibration signal of the plate. The other two are used as
actuators to control the plate vibration. These two PZT actuators have the same size, given by of 60 mm × 15 mm
× 0.5 mm. The size of the two PZT sensors are both to be 20 mm × 5 mm × 0.5 mm. The optimal positions of
PZT actuators and sensors are determined using the particle swarm optimizer (PSO) (for details, see Ref. [16]).
The coordinate of the middle point of the first PZT actuator (denoted by Actuator I) in the o-xy system is (0.06 m,
0.04 m), as shown in Figs 1 and 2. The second PZT actuator (denoted by Actuator II) is at (0.56 m, 0.2595 m).
The two PZT sensors are denoted by Sensor I and Sensor II, respectively, and their optimal positions on the plate
are (0.06 m, 0.04 m) and (0.56 m, 0.1405 m), respectively. The material parameters of PZT material are as follows:
Young’s elastic modulus is 63.0 GPa, Poisson’s ratio is 0.35, PZT strain constants are d31 = 1.75 × 10−10 m/V,
PZT stress constant is e31 = 6.98 N/(V · m). The first two natural frequencies of plate determined by theoretical
model are 1.5283 and 6.5843, respectively; the first two natural frequencies determined by experiment are 1.5314
and 6.6291, respectively. In the simulation and experiment, the data sampling period is chosen to be 0.001 s.

With the initial velocity of zero, apply an external force on the bottom-right point of the plate to produce a static
displacement of 0.01 m. When releasing the external force, the plate starts a free vibration. The PZT actuators are
used to control the plate vibration. Since the free vibration of the plate is mainly dominated by its low-order modes,
the following two control cases are considered: (i) only Actuator 1 is used for controlling the plate vibration and
Sensor 1 is used as sensor; (ii) Actuators I and II are used for the plate, and Sensors 1 and 2 are used as sensors.

The voltage signal of PZT sensor can be written as [24]

Vsk = Kevke31ra ×
[∫ ys2k

ys1k

∫ xs2k

xs1k

∂w2(x, y, t)

∂x2
dxdy +

∫ xs2k

xs1k

∫ ys2k

ys1k

∂w2(x, y, t)

∂y2
dydx

]
(42)

where Kevk is the charge amplifier constant, given by Kev1 = 0.33 × 108 V/C and Kev2 = 1.67 × 109 V/C in
this paper; ra is the distance between the middle plane of plate and that of the j-th sensor, as shown in Fig. 3, i.e,
ra = hp + 0.5ha, where hp is the half thickness of the plate; (xs1k, ys1k) and (xs2k, ys2k) are the down-left and
top-right coordinates of the PZT sensors in the o-xy system, k = 1–2, as shown in Fig. 1.

Considering that the transverse displacement w(x, y, t) can be expressed as a time-dependent weighted sum of
assumed spatial mode shape functions, given by

w(x, y, t) =
∞∑
j=1

Wj(x, y)φj(t) (43)

where Wj and φj represent the modal function and modal coordinate of the j-th mode of plate, respectively.
Using Eq. (43), Eq. (42) becomes

Vsk = bk

⎛
⎝ ∞∑

j=1

〈∫ ys2k

ys1k

[Wjx(xs2k, y)−Wjx(xs1k, y)]dy



238 T. Zhao et al. / Experimental study of H∞ control of flexible plate with time delay

Fig. 4. Flow chart of experiment system.

Fig. 5. Response of the plate and applied voltage of Actuator I when K = [1.4542, 35.0246] is used for the plate with time delay τ = 0.06s
(one actuator case): (a) experimental result and (b) simulation result.

(44)
+

∫ xs2k

xs1k

[Wjy(x, ys2k)−Wjy(x, ys1k)]dx
〉
φj(t)

)

where bk = Kevke31ra.
The experiment system is structured based on the DSP TMS320F2812. The flow chart of experiment system is

shown in Fig. 4 and the detailed signal flow and process are as follows:

(1) Feedback signal loop: the charge signal produced by the PZT sensors is amplified by the charge amplifier and
then enters the ADC module in DSP.

(2) Control signal loop: the voltage signal goes through the two channels of DAC module into the PZT power
amplifier where it gets amplified and then it goes into the PZT actuators.

(3) The DSP communicates with the peripheral computer via the SCI module which transfers experimental data
to the computer to save and to render diagrams.
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Fig. 6. Response of the plate and applied voltage of Actuator I when K = [1.4542, 35.0246] is used for the plate with time delay (one actuator
case): (a) experimental result (τ = 0.08 s), (b) simulation result (τ = 0.09 s).

5.1. Maximum time delay with known controller

Here we consider the determining the maximum time delay of the system when the controller is known. The
controller is designed using the classical LQR method. When the feedback gain is obtained, the corresponding
maximum stable delay can be determined using the proposed method given in Section 4.2. In Ref. [19], Du and
Zhang ever studied H∞ controller for buildings with time delay in control by linear matrix inequality, and the
maximum time delay was investigated using the genetic algorithm. The optimization problem adopted in [19] is the
same as Eq. (41), but the linear matrix inequality used in [19] is different from Eq. (41). In this paper, the result
using the method given in [19] will be compared with that using the proposed method in Section 4.2.

Firstly, consider the case that Actuator I and Sensor I are used for the plate. When using the LQR method, the gain
matrices are chosen as Q̂ = diag(100, 1) and R̂ = 0.0004, so the control feedback gain matrix can be determined
to be K = [1.4542, 35.0246]. Using the method in Section 4.2, the maximum time delay corresponding to this gain
matrix can be determined to be τ̄ = 0.0852s, i.e., K = [1.4542, 35.0246] is available for vibration control of the
plate when the real delay in the system is within 0 � τ � 0.0852 s. Using the method given in Ref. [19], it is
τ̄ = 0.0577 s, and namely the stability range of time delay is 0 � τ � 0.0577 s. Assuming the real time delay in the
control system is τ = 0.06 s, Fig. 5 shows the simulation and experimental results of the responses of the bottom-
right point of the plate and the applied voltages of Actuator I when K = [1.4542, 35.0246] is applied onto the plate.
From Fig. 5 we can observe that the plate vibration can be suppressed effectively, and the experimental results agree
better with the simulation ones. Although the real delay τ = 0.06 s is larger than τ̄ = 0.0577 s, the control system is
still stable. This indicates that the given method in [19] is somewhat conservative. Figure 6 shows the results when
the real delays τ = 0.08 s (for the experiment) and τ = 0.09 s (for the simulation) exist in the system, respectively.
It is observed from Fig. 6 that the control effectiveness becomes worse when the delayed time is close to or beyond
the maximum time delay, since the results with control are larger than those without control. From Figs 5 and 6,
we can observe that the maximum time delay determined using the proposed method in this paper is closer to the
real one. Although the disabled delays in the experiment are 0.08 s and 0.09 s in numerical simulation, they are not
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Fig. 7. Response of the plate and applied voltages of the two actuators when K =

[−0.0906 22.2168 −25.7007 −29.2862
0.2295 11.9850 −5.4872 −15.0261

]
is used for

the plate with time delays τ1 = τ2 = 0.025s (two actuators case): (a) experimental result, (b) simulation result.

very different. The difference is probably caused by the modeling error and mechanical-electrical disturbance in the
experiment.

Then consider that the two actuators and two sensors are all used for the plate. When using the LQR, the gain
matrices are chosen as Q̂ = diag(100, 100, 1, 1) and R̂ = 10−4 × diag(6, 3), the control feedback gain is

K =

[−0.0906 22.2168 −25.7007 −29.2862
0.2295 11.9850 −5.4872 −15.0261

]

Corresponding to this controller, the maximum time delay is τ̄ = 0.0369 s when using the determining method in
this paper, and τ̄ = 0.0203 s when using the method in Ref. [19]. Figure 7 shows the responses of the bottom-right
point of the plate and the applied voltages of PZT actuators when (τ1 = 0.025 s, τ2 = 0.025 s) exist in the control
system, where τ1 is the delay in Actuator I and τ2 in Actuator II. From Fig. 7 we can observe that the plate vibration
can be suppressed effectively and the experimental results agree better with the simulation ones. Figure 8 shows the
results when the real delays are (τ1 = 0.035 s, τ2 = 0.035 s) (for the experiment) and (τ1 = 0.04 s, τ2 = 0.04 s)
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Fig. 8. Response of the plate and applied voltages of the two actuators when K =

[−0.0906 22.2168 −25.7007 −29.2862
0.2295 11.9850 −5.4872 −15.0261

]
is used for

the plate with time delays (two actuators case). (a) experimental result (τ1 = τ2 = 0.035s); (b) simulation result (τ1 = τ2 = 0.04s).

(for the simulation), respectively. From Fig. 8 we can observe that the control effectiveness becomes worse when
the delayed time is close to or exceed the maximum time delay. The maximum delay determined using the proposed
method in this paper is more accurate.

5.2. Controller design with known maximum time delay

Here we verify the proposed method in Section 4.1. The control feedback gain K is first designed using the
LQR, and then the best control feedback gain K′ is determined through optimizing λ and ρ by minimizing γ.
For simplification of expression, Actuator I and Sensor I are only considered to be used for the plate. The control
feedback gain K is shown in Section 5.1, given by K = [1.4542, 35.0246], and the corresponding maximum stable
delay is τ̄ = 0.0852 s. By using the method in Section 4.1, the best controller can be determined to be K′ =
[−49.2654, 62.1756]. Using K and K′ for the plate, Fig. 9 shows the experimental results when the real delay
τ = 0.06 s exists in the control system. It is observed from Fig. 9 that the control effectiveness using K′ is better
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Fig. 9. Response of the plate and applied voltage of Actuator I when K = [1.4542, 35.0246] and K ′ = [−49.2654, 62.1756] are used for the
plate with time delay τ = 0.06s, respectively (one actuator case). (a) experimental result (K ′ = [−49.2654, 62.1756]); (b) experimental result
(K = [1.4542, 35.0246]).

Fig. 10. Response of the plate and applied voltage of Actuator I when K = [1.4542, 35.0246] and K ′ = [−49.2654, 62.1756] are used for the
plate with time delay τ = 0.09s, respectively (one actuator case). (a) experimental result (K ′ = [−49.2654, 62.1756]); (b) experimental result
(K = [1.4542, 35.0246]).
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Fig. 11. Response of the plate and applied voltage of Actuator I when K̄ = [−452.2514, 46.1893] is used for the plate with time delay
τ = 0.13s (one actuator case). (a) experimental result; (b) simulation result.

Fig. 12. Response of the plate and applied voltage of Actuator I when K̄ = [−452.2514, 46.1893] is used for the plate with time delay
τ = 0.17 s (one actuator case). (a) experimental result; (b) simulation result.
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Fig. 13. Response of the plate and applied voltages of the two actuators when K̄ =

[
2.3975 −0.3192 24.1597 15.0636
2.3560 0.5548 18.8113 28.1712

]
is used for the

plate with time delays (τ1 = 0.04s, τ2 = 0.06s) (two actuators case). (a) experimental result; (b) simulation result.

than that using K. Figure 10 shows the results when the real delay is τ = 0.09 s that is larger than τ̄ = 0.0852 s. We
can observe from Fig. 10 that the control effectiveness becomes worse using both K′ and K since the results with
control are larger than those with no control. The above results demonstrate the validity of the proposed method in
Section 4.1.

5.3. The biggest time delay and H∞ controller

Here we check the validity of the proposed method in Section 4.3. For this case, the controller is unknown
in advance. The biggest time delay for stability is solved at first using the optimization algorithm and then H∞
controller is determined using the method in Section 4.1. Firstly, Actuator I and Sensor I are used for the plate. Using
the objective function Eq. (41), the adjusting parameters are λ = 0.51 and ρ = 5.72, so the biggest delay and the
corresponding feedback gain can be determined to be τ̄ = 0.1672 s and K̄ = [−452.2514, 46.1893], respectively.
Figure 11 shows the responses of the bottom-right point of the plate and the applied voltages of Actuator I. It can be
seen that when the real delay τ = 0.13 s exists in the control system, the plate vibration can be suppressed effectively.
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Fig. 14. Response of the plate and applied voltages of the two actuators when K̄ =

[
2.3975 −0.3192 24.1597 15.0636
2.3560 0.5548 18.8113 28.1712

]
is used for the

plate with time delays (two actuator case). (a) experimental result (τ1 = τ2 = 0.07s); (b) simulation result (τ1 = τ2 = 0.08s).

Figure 12 shows that, when the real delay τ = 0.17 s is larger than τ̄ = 0.1672 s, the control effectiveness becomes
worse.

Then the two actuators and sensors are all used for the plate. The adjusting parameters are λ = 0.17 and ρ = 1.68,
the biggest delay is τ̄ = 0.0753 s and the corresponding feedback gain is

K̄ =

[
2.3975 −0.3192 24.1597 15.0636
2.3560 0.5548 18.8113 28.1712

]

Figure 13 shows the results when the real delays are (τ1 = 0.04 s, τ2 = 0.06 s), the plate vibration is suppressed
effectively. Figure 14 shows the results when the real time delays are close to or beyond 0.0753 s, the control
effectiveness becomes worse.

6. Conclusions

In this paper, time-delay H∞ control is numerically and experimentally studied using a flexible plate as research
object. A matrix inequality is proposed for stability analysis of the system and a H∞ controller is designed based on
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this matrix inequality. Simulation and experimental results indicate that the proposed controller is applicable for con-
trolling the plate vibration. The maximum time delay determined using the proposed method is more approximate
to the real value.
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