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Abstract. A 5-DOF dynamic model of vehicle shimmy system with clearance in universal joint of steering handling mechanism
is presented. The sub model of cross shaft universal joint with clearance is built based on Hertz’ theory, and two-state model is
applied to describe the contact force. The sub model of the universal joint is combined with the simplified dynamic model of
steering system, and a 5-DOF dynamic model of vehicle shimmy system with consideration of assembling clearance in universal
joint of steering handling mechanism is presented. Based on this model, numerical analysis is carried out to evaluate the influence
of clearance in universal joint on the dynamic behavior of the vehicle shimmy system. The results show that the clearance and
some other parameters, such as vehicle speed, have coupled contribution to the dynamic behavior of the vehicle shimmy system.
The conclusions provide theoretical basis for effective attenuation of vehicle shimmy, especially for those in-service vehicles.
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1. Introduction

Vehicle shimmy can be found widely in vehicles, especially in in-service vehicles due to wear of steering mech-
anism. Usually, slight vehicle shimmy does not lead to severe consequence, and it can be neglected. Severe vehicle
shimmy is usually manifested as continuous shaking of steering wheel and continuous shimmy of the front wheels.
Once it happens, the handling stability and NVH (Noise Vibration and Harshness) performance of the vehicle will
deteriorates, and it will have great negative influence on the traffic safety. At the same time, severe vehicle shimmy
usually leads to increase of dynamic load on the steering mechanism. As a result, wear at kinematic pair of steering
mechanism increases, and the reliability of the mechanism decreases. In addition, severe shimmy of front wheels
lead to increase of rolling resistance of the tires, which results in decreased power performance and fuel economy
performance of the vehicle. As a result, further research on vehicle shimmy and its prevention has been paid much
more attention in recent years with growing requirements on the performance of vehicle.

The early research on vehicle shimmy can be traced back to 1930’s. In 1931, Bradley and Allen noticed the
phenomenon. They found that it is related with the tire lateral characteristic, and explored the researches on vehicle
shimmy [12]. In general, the modes of vehicle shimmy can be grouped into three categories:
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(1) Vehicle shimmy due to mechanics of tire, which refers to vehicle shimmy dominantly due to the side slide
character of pneumatic tire.

(2) Vehicle shimmy due to structural parameters, which refers to vehicle shimmy dominantly due to incompatible
dynamical parameters of the steering mechanism and suspension.

(3) Vehicle shimmy due to clearance, which refers to vehicle shimmy dominantly due to kinematic pair clearance
in steering mechanism.

Usually, all of the three modes may have contributions to final vehicle shimmy simultaneously. While in some
cases, one of them may be dominant. In new vehicles, the first two modes are dominant, while the latter is more
effective in in-service vehicles. Since defects of new vehicles are paid much more attention than those of in-service
vehicles, most of the previous research on vehicle shimmy has been focused on the former two modes.

For example, Demic [1] analyzed the effect of the steering system parameters on the wheel shimmy of heavy
duty truck based on the interaction between the steering system and suspension. Kovacs [2] presented the simulation
of vehicle shimmy for a mid-size truck with focus on a computational analysis tool that measured the power and
corresponding energy dissipation. Stepan [3] proved that the front wheel shimmy would be out of control by Hopf
bifurcation with variation of the parameters of the system, and provided a means to control the unstable wheel
shimming through designing a globally stabilizing controller with feedback linearization. Gordon [4] presented a
perturbation analysis of nonlinear wheel shimmy in aircraft landing gear, which showed that stable or unstable limit
cycles can exist for taxi speeds above or below a critical value with stability of the limit cycles being determined
by the sign of a computed coefficient. Lin [5] presented a nonlinear shimmy model of three-DOF, and proved
that steering shimmy is a vibration phenomenon of stable limit cycle occurring after Hopf bifurcation. Virgile [6]
presented an analytical model for the steering wheel vibration, which was verified with road testing, and the shimmy
was found to be related to the vehicle speed and tire imbalance. Zhou [7] developed incremental harmonic balance
(IHB) formulations for a four-DOF aircraft wheel shimmy system with combined Coulomb and velocity-squared
damping, which was also applicable for steering wheel shimmy system of vehicles. Che [8] provided a mathematical
model for wheel shimmy of off-road vehicles. Based on this model, the structural parameters of the vehicle were
optimized to eliminate the wheel shimmy. With further development of nonlinear dynamics, some other research on
vehicle shimmy system has focused on the nonlinear factors in the system such as the nonlinear lateral characters of
tire [9]. For example, Liu [10] presented a dynamic model of steering system by consideration of nonlinear lateral
force of tire, and discussed the stability of the steering system. Li [11] discussed the bifurcation characters of the
steering wheel with nonlinear dynamic tire model.

All these research mentioned above provided good basis for causation analysis of vehicle shimmy, and made
contributions to successful fault diagnosis and attenuation of vehicle shimmy in some cases. While the clearance in
kinematic pair of steering mechanism has not been paid attention in all these research.

According to previous research of the authors’ group, it has been verified that there are some obvious differences
in the dynamic behavior of the vehicle shimmy system with or without consideration of clearances in steering mech-
anism [12–14]. Cross shaft universal joint is widely used in steering handling mechanism, and assembling clearance
is required to prevent movement interference. Therefore, in this paper, the influence of clearance in universal joint of
steering handling mechanism on the dynamic behavior of vehicle shimmy system is discussed. The universal joint
with clearance between the cross shaft neck and universal joint fork is modeled based on Hertz law, and a 5-DOF
dynamic model of vehicle shimmy system with consideration of clearance in handling mechanism is presented. Nu-
merical analysis of the dynamic response of the vehicle shimmy system with clearance in handling mechanism is
carried out, and influence of the clearance on the dynamic behavior of the vehicle shimmy system is evaluated. This
will provide theoretical basis for improvement of vehicle shimmy control.

2. Dynamic model of universal joint with clearance

The diagram of cross shaft type universal joint is shown in Fig. 1, in which, the angular displacement of driving
joint fork is ϕ1, the angular displacement of driven joint fork is φ, and the angle between the driving and driven joint
forks is β. Usually there is radial clearance between the cross shaft neck and the inner circle of the journal due to
assembling tolerance. To simplify the model, it is assumed that there is radial clearance between the cross shaft neck
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Fig. 1. Schematic of cross shaft universal joint. Fig. 2. Schematic of clearance at the cross shaft neck.

and the bore trepanning of the driving joint fork, as shown in Fig. 2, while it is assumed that there is no clearance in
driven joint fork.

The constraint on the motion of cross shaft can be given as

tanϕs = tanϕr cosβ (1)

In which, ϕs is the angular displacement between the cross shaft and the connection neck of driving joint fork, ϕr

is the angular displacement between the cross shaft and the connection neck of driven joint fork. Since there is no
clearance between the cross shaft neck and the driven joint fork, it can be deduced that φ = ϕr. Therefore

tanϕs = tanφ cos β (2)

As a result, the relationship between ϕ̇s and φ̇ can be given by

ϕ̇s =
cosβ

cos2 φ+ sin2 φ cos2 β
φ̇ (3)

and the relationship between ϕ̈s and φ̈ can be written as

ϕ̈s = cosβφ̈− 2φ̇2
sinφ cosφ sin2 β cosβ(
cos2 φ+ sin2 φ cos2 β

) (4)

The transmission error between the cross shaft and the driving joint fork is given by

Δϕ = ϕ1 − ϕs (5)

The contact force between the cross shaft and the driving joint fork is defined based on the two-state model. The
relative distance between the cross shaft neck and bore trepanning of the driving joint fork can be written as

Δr = ΔϕRs (6)

In which, Rs is the distance from the center of the cross shaft to the end of the shaft. There is needle bearing
between the driving joint fork and the cross shaft neck, and the interaction force between them can be described
with an equivalent massless spring-damped system, which is given by

Fd = Fk + Fc (7)

in which, the elastic force is given by

Fk(Δr) = kfk(Δr) (8)

where, k is the equivalent contact stiffness, which can be written as

k =
πb

2(ga + gb)
(9)

The function fk(Δr) is given by [12–14]
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fk(Δr) =

⎧⎪⎨
⎪⎩
Δr − r Δr > r

0 −r < Δr < r

Δr + r Δr < −r
(10)

where, r is the clearance at the end of the cross shaft, ga =
1−µ2

1

E1
, gb =

1−µ2
2

E2
. μ1, μ2 are Poisson ratio of the

materials of the two contact surfaces, and E1, E2 are their modulus of elasticity.
The equivalent damping force at the contact surface can be written as

Fc(Δr) = cfc(Δr) (11)

where, c is the equivalent damping coefficient, and it is given by [12–14]

fc(Δr) =

{
Δṙ |Δr| > r

0 |Δr| < r
(12)

The equivalent damping coefficient c is given by [13]

c =
2
√
mk lnH√

(2 lnH)2 − π
(13)

where, H is coefficient of restitution.
The equivalent mass m is written as [13]

m =
I1I

′
2

R2
s (I1 + I ′2)

(14)

where, I1 is moment of inertia of driving joint fork about its centerline; I ′2 is the equivalent moment of inertia of the
driven components about the centerline of the driving fork.

The dynamic model of cross shaft type universal joint can be established with lumped mass method based on the
following assumptions.

(1) The stiffness of the bearings in the universal joint is high and thus the transverse oscillation can be neglected
compared with the torsional oscillation of joint fork.

(2) Friction and viscous damping are neglected.
(3) The mass and moment of inertia of cross type shaft is much smaller than that of the joint forks, which can be

neglected in the modeling.
As a result, the equation of motion of the driving joint fork can be written as

I1ϕ̈1 + Ts = T1 (15)

In which, T1 is the driving moment applied on the driving joint fork; Ts is the resistance moment, which is given by

Ts = Rscfc(Δr) +Rskfk(Δr) (16)

In this research, we consider the driven joint fork to be free. Therefore, the rotational motion of the driven com-
ponents is governed by

I2φ̈ = T2 (17)

In which, I2 is moment of inertia of driven components about its centerline, and the relationship between Ts and T2
is

Tsϕ̇s = T2φ̇ (18)

Therefore, there is

T2 =
cosβ

cos2 φ+ sin2 φ cos2 β
Ts (19)
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Fig. 3. Dynamic model of the vehicle shimmy system with clearance in universal joint.

3. Dynamic model of vehicle shimmy system with clearance in handling mechanism

The dynamic model of vehicle shimmy system with clearance in steering handling mechanism is shown in Fig. 3.
In which, (a) is the structure of vehicle steering system, and (b) is the vehicle suspension. Where,M1 is the moment
applied on the left steering knuckle by handling mechanism; M2 (M2 = F1Rα) is the side moment of left front
wheel applied on the king pin; M3 (M3 = F1n) is the aligning torque applied on left front wheel; A is the distance
between the front springs; M4 is the side moment of left front wheel; M5 is the side moment of right front wheel.

The dynamic model is a 5 DOF system: shimmy angle of left front wheel θ1, swing angle of front axle ϕ, rolling
angle of sprung mass ψ, lateral displacement Y , and angular displacement of driven components of the universal
joint φ. The equations of motion are established with Lagrange equations based on the following assumptions.

(1) The steering wheel is free.
(2) There is no coupling effect between the vibration of rear wheel and that of front axle, which implies that it

will make no influence on the shimmy of front wheels.
(3) The influence of caster angle α is considered, while other alignment parameters are neglected.
(4) The steering trapezium is in the horizontal plane, and the linkages of the steering mechanism are rigid links

without elastic deformation.
(5) The moment of inertia of the steering tie rod, steering rocking arm and steering drag link are equalized to the

moment of inertia of front wheels.
The kinetic energy of the system can be written as

T =
1

2
It

(
θ̇21 + θ̇22

)
+

1

2
If ϕ̇

2 +
1

2
Iuψ̇

2 +
1

2
mwẎ

2 +
1

2
I1ϕ̇

2
1 +

1

2
I2ϕ̇

2
2 (20)

where, It is equivalent moment of inertia of the front wheel about its king pin; If is the moment of inertia of the front
axle about its swing center; Iu is the moment of inertia of the sprung mass about its inclination center; mw is the
mass of the vehicle; θ2 is the shimmy angle of right front wheel. The relationship between θ1 and θ2 is determined
by the geometric parameters of the steering trapezium.

The potential energy of the system is written as

U =
1

2
Ktv

(
Lθ1α+ ϕ

B

2

)2

+
1

2
Ktv

(
Lθ2α+ ϕ

B

2

)2

+4

(
1

2
KsY

2

)
+
1

2
Kvθ

2
1+2

{
1

2
Kx

[
(ϕ− ψ)

A

2

]2}

(21)

where,Ktv is the vertical stiffness of the tire, L is the distance from the interaction point of extension line of the kin
pin and the ground to the symmetry plane; B is the tread of front wheels; Ks is the lateral stiffness of the tire; Kv is
the equivalent stiffness of the steering linkage about kin pin; Kx is the stiffness of the suspension.
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The dissipation energy of the system is given by

D =
1

2
Ct

(
θ̇1 + ϕ̇α

)2

+
1

2
Ct

(
θ̇2 + ϕ̇α

)2

+
1

2
Cv θ̇

2
1 + 2

{
1

2
Cx

[(
ϕ̇− ψ̇

) A
2

]2}
(22)

In which, Ct is the equivalent damping coefficient of the front wheel about kin pin; Cv is the equivalent damping
coefficient of the steering box about kin pin; Cx is the damping coefficient of the suspension.

The general force corresponding to the shimmy of left front wheel is given by

Q1 = −mtαϕ̈
B

2
L− Ixϕ̈α+ Iiϕ̇

V

R
+ F1 (Rα+ n) +M1 (23)

In which, mt is the mass of the tire, Ix is moment of inertia of the front wheel about its vertical centerline through
the mass center; Ii is moment of inertia of the front wheel about its rotational shaft; V is the vehicle speed; R is the
radius of the wheel; F1 is the side force of left front wheel; n is the tire drag; M1 is the moment applied on the left
steering knuckle by handling mechanism, and which can be written as

M1 = Tsiw1 = (Rscfc(Δr) +Rskfk(Δr)) iw1 (24)

In which, iw1 is the equivalent transmission ratio of torque from driving joint fork of the universal joint to left
steering wheel.

The general force corresponding to the swing angle of front axle is given by

Q2 = −mt

(
θ̈1 + θ̈2

) B
2
Lα− Ix

(
θ̈1 + θ̈2

)
α− Ii

(
θ̇1 + θ̇2

) V
R

− (F1 + F2)R (25)

In which, F2 is the side force of right front wheel.
The general force corresponding to the rolling angle of sprung mass is given by

Q3 = 0 (26)

The general force corresponding to the lateral displacement of vehicle is given by

Q4 = 2 (F1 + F2) (27)

The general force corresponding to the angular displacement of driven components of universal joint is given by

Q5 = T2 (28)

Based on the discussion presented above, the equations of motion of the system can be derived as the follows.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Itθ̈1 + (Ct + Cv) θ̇1 +
(
KtvL

2α2 +Kv

)
θ1 +

(
mtLα

B

2
+ Ixα

)
ϕ̈+

(
Ctα− Ii

V

R

)
ϕ̇

+KtvLα
B

2
φ− F1 (Rα+ n)−M1 = 0

If ϕ̈+

(
2Ctα

2 + Cx
A2

2

)
ϕ̇+

(
Ktv

B2

2
+Kx

A2

2

)
ϕ+

(
mtLα

B

2
+ Ixα

)(
θ̈1 + θ̈2

)
+

(
Ii
V

R
+ Ctα

)(
θ̇1 + θ̇2

)
+KtvLα

B

2
(θ1 + θ2)− Cx

A2

2
ψ̇ −Kx

A2

2
ψ + (F1 + F2)R = 0

Iuψ̈ + Cx
A2

2
ψ̇ +Kx

A2

2
ψ − Cx

A2

2
ϕ̇−Kx

A2

2
ϕ = 0

mwŸ + 4KsY − 2 (F1 + F2) = 0

I2φ̈ = T2

(29)

In which, the first equation is motion of left front wheel around the king pin, the second one is for the front axle
rolling motion, the third one is heeling motion of the mechanism above the suspension, the fourth one is for full
vehicle lateral motion and the last one is for cross shaft rotation of steering universal joint.

Based on the equations of motion presented above, the dynamic analysis diagram of vehicle shimmy system with
clearance in steering handling mechanism is shown in Fig. 4.
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Table 1
Values of parameters for numerical analysis

Para- meter Value/unit Para- meter Value/unit
It 180/kg.m2 mw 1500/kg
Ix 0.365/kg.m2 mt 16/kg
If 6.5/kg·m2 Ktv 4e5/kN·m−1

Iu 1.05e3/kg·m2 Kv 1.5e4/kN·m·rad−1

Ii 4.86/kg·m2 Kx 1.9e4/kN·m−1

Is 1.415/kg·m2 L 0.075/m
Ct 100/N·m·s·rad−1 l 1.3426/m
Cv 40/N·m·s·rad−1 R 0.4/m
Cx 897/N·s·m−1 A 1.279/m
n 0.00289/m B 1.608/m
iw1 12 V 40/km·h−1

Fig. 4. Dynamic analysis diagram of the vehicle shimmy system with
clearance in universal joint.

Fig. 5. Dynamic response of the shimmy system without clearance.

Fig. 6. Time history of the system response (r = 6 µm).

4. Numerical analysis

Based on the model presented above, numerical analysis is carried out to evaluate the influence of clearance
on dynamic behavior of the vehicle shimmy system. In which, dynamic response of the system under an initial
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Fig. 7. Phase portrait of the system response (r = 6 µm).

Fig. 8. Time history of the system response (r = 0.06 mm).

displacement excitation on the left front wheel is evaluated with shimmy angle of left front wheel θ1, swing angle
of front axle ϕ, rolling angle of sprung mass ψ, and angular displacement of driven components of the universal
joint φ. The initial angular displacement applied to left front wheel is 0.005 rad, and the numerical values of system
parameters used for the numerical analysis are listed in Table 1.

The dynamic response of the system without clearance is shown in Fig. 5. In which, (a) is the time history of the
system response and (b) the phase portrait. It can be seen that left front wheel and front axle step into stable limit
cycle motion after a short time, i.e., system without clearance steps into stable limit cycle in a short time.

The time history of the system response with extremely small clearance r = 6 μm is shown in Fig. 6, and its phase
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Fig. 9. Phase portrait of the system response (r = 0.06 mm).

Fig. 10. Time history of the system response (r = 0.6 mm).

portrait is shown in Fig. 7. It can be seen that left front wheel, front axle, and driven components of universal joint
step into stable limit cycle motion after a short time, while it takes a longer time for sprung mass step into stable
motion. The duration of transient state mainly depends on the parameters of the suspension, but the final motion of
the sprung mass is a limit cycle.

The time history of the system response with small clearance r = 0.06 mm is shown in Fig. 8, and the phase
portrait of the system response is shown in Fig. 9. Compared with the dynamic response of the system with extremely
small clearance r = 6 μm, it can be seen that there is no significant difference in the displacement amplitude of the
system, and neither in the transient duration. But the dynamic behavior of the system in stable motion begins to
change. The dynamic response of the system is seen to be a multi period motion instead of single period limit cycle.
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Fig. 11. Phase portrait of the system response (r = 0.6 mm).

Fig. 12. Transmission character of the universal joint with
clearance (r = 0.6 mm).

Fig. 13. Bifurcation diagram of the shimmy angle of left front wheel with varia-
tion of vehicle speed.

If the clearance increases further to r = 0.6 mm, the time history of the system response is shown in Fig. 10,
and its phase portrait is shown in Fig. 11. It can be seen that the response of the shimmy system becomes instable
and the displacement amplitude of the system response increases considerably. The phase trajectory of the system
becomes disordered, which implies it steps into chaos. The transmission characteristic of the universal joint for this
example is calculated as well, and the results are shown in Fig. 12. In which, (a) is phase portrait of the system, (b)
is its Poincaré map. Since other parameters of the system are fixed, it can be deduced that the change in the dynamic
behavior of the vehicle shimmy system is originated from the variation of transmission characteristic of the universal
joint.

But it should be noted that the dynamic behavior of the shimmy system does not solely depend on the clearance
of the universal joint. For the system with fixed clearance r = 0.06 mm, the bifurcation diagram of the shimmy
angle of left front wheel with variation of vehicle speed is shown in Fig. 13. It can be seen that the left front wheel is
shown in periodic motion when the vehicle speed is below 43 km/h, but bifurcation occurs once the speed is higher
than 43 km/h, and it begins to step into chaos.

In essence, it is verified that the clearance of the universal joint has great impact on the dynamic response of the
shimmy system in addition to other system parameters, and the research on the coupling influence of the clearance
and other parameters on the dynamic behavior of the shimmy system will be carried out in future.

5. Conclusions

A 5-DOF dynamic model of vehicle shimmy system with clearance in universal joint of steering handling mech-
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anism is presented. Based on this model, the influence of clearance on the dynamic behavior of the system is
evaluated, and the following conclusions are derived.

(1) Compared with the vehicle shimmy system without clearance, the dynamic response of the vehicle shimmy
system with clearance in universal joint is quite different. Therefore, it is necessary to take the clearance in the
universal joint into consideration for modeling of the vehicle shimmy system, especially for those in-service
vehicles with great clearance due to wear.

(2) Based on the presented numerical examples, it is found that the dynamic response of shimmy system with
clearance experiences the variation from limit cycle, multi period motion, to chaos with increase of the clear-
ance. The variation is dominantly originated from the variation of the transmission characteristic of the uni-
versal joint with clearance.

(3) The clearance in universal joint and the vehicle speed have coupling effects on the dynamic behavior of the
vehicle shimmy system. The coupling effects of the parameters on the dynamic behavior of the system will
be discussed in future research.
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