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Abstract. The theory of singuarity functions is introduced to present an analytical approach for the natural properties of a
unidirectional vibrating steel strip with two opposite edges simply supported and other two free, partially submerged in fluid and
under tension. The velocity potential and Bernoulli’s equation are used to describe the fluid pressure acting on the steel strip. The
effect of fluid on vibrations of the strip may be equivalent to added mass of the strip. The math formula of added mass can be
obtained from kinematic boundary conditions of the strip-fluid interfaces. Singularity functions are adopted to solve problems
of the strip with discontinuous characteristics. By applying Laplace transforms, analytical solutions for inherent properties of
the vibrating steel strip in contact with fluid are finally acquired. An example is given to illustrate that the proposed method
matches the numerical solution using the finite element method (FEM) very closely. The results show that fluid has strong effect
on natural frequencies and mode shapes of vibrating steel strips partially dipped into a liquid. The influences such as tension,
the submergence depth, the position of strip in the container and the dimension of the container on the dynamic behavior of the
strip are also investigated. Moreover, the presented method can also be used to study vertical or angled plates with discontinuous
characteristics as well as different types of pressure fields around.
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1. Introduction

Problems of interaction between thin plates and fluid have received extensive attention in recent decades. Many
engineering applications have related interest, such as shipping and marine engineering, aerospace and aeronautical
industries, noise control and vibration isolation. The objective of this article is to provide a new analytical method to
investigate flexural vibration of a rectangular plate partially immersed in fluid. The plate is simply supported on two
opposite edges and free on the other two edges, partially immersed within a tank containing fluid and under tension.
The motivation of this work is to find an analytical approach for real time computation of a vibrating steel strip
partially immersed in liquid zinc during the continuous hot-dip galvanizing process (Fig. 1). Vibrations of the steel
strip need to be studied for vibration suppression of the steel strip near the zinc pot. Wind loads of air knife acting on
the steel strip vertically are distributed uniformly across the width of the strip. The field test results in a continuous
hot-dip galvanizing line had revealed that the wind load induce flexural vibrations in the axial direction of the strip.
So the vibrations of the steel strip can be modeled by vibrations of unidirectional thin plate. In comparison with
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Fig. 1. Schematic diagram of a continuous hot-dip galvanizing line. Fig. 2. The tensioned rectangular plate partially immersed in fluid
with two simple supports.

cantilever plate, analytical solutions and experiments for vibration of the tensioned, partially submerged plate with
simply supported on two opposite edges and free on the other two edges are seldom reported in open literatures. The
presented method can easily be extended to further study on vibrations of a partially immersed plate with different
types of pressure fields around.

A lot of research on problems involving dynamic interaction between an elastic structure and a surrounding fluid
medium has been carried out. The original classic analysis of the problem by Lamb [1] was simple but elegant. He
calculated the change in natural frequency of a thin circular plate fixed at its circumference, in contact with water.
The natural frequency was determined using Rayleigh’s method and based on a calculation of the kinetic energy of
the liquid. Powell and Roberts [2] verified the theoretical results of Lamb’s work by conducting experiments. In the
following years, the classic model presented by Lamb [1] had been developed rapidly [3].

Considerable effort had been made in the study of a vibrational plate in contact with fluid. The most common
objects were focused on cantilever plates [4–10]. The resonance frequencies of cantilever plates in air or partially
immersed in water were investigated experimentally [4], and prediction of natural frequencies as well as modal
patterns of plates in air and under water was considered. The experimental data showed good agreement with the
results of an analytical approach based on the boundary-integral equation method and the method of images [9], but
the research did not try to predict frequency response amplitudes.

Other geometries and boundary conditions for the plate also interested researchers continuously. Vibrations of
the bottom in an arbitrarily shaped cylindrical container filled with fluid were studied [11,12]. The exact solution
of the equations of motion was employed and the Fourier expansion collocation method was adopted to satisfy the
boundary conditions. Investigations in the effect of the boundary conditions and the depth of submergence on the
dynamic responses of rectangular plates immerged in fluid were also conducted [13,14]. The vibration analysis of
a plate partially or totally immersed in liquid [5,6,9] or a floating plate in contact with the free surface of fluid [15,
16] was implemented to study the interaction between the plate and fluid. Hankel transform was used to solve the
mixed boundary problem for clamped, simply supported and free plates [16].

Added or virtual mass was usually employed to characterize the interaction of a plate with a fluid flowing around
or over it [3,7,8,12–14,16]. Friedrich Bessel proposed the concept of added mass in 1828 to describe the motion of a
pendulum in a fluid. Based on Rayleigh–Ritz method [7] or the assumption of a fundamental mode [8], researchers
derived formulation for the evaluation of the modal added masses. They indicated that natural frequencies for any
arbitrary shapes of plate with general boundary conditions can be determined by calculating the added virtual mass
incremental factor provided that the natural frequencies of the fundamental mode had been acquired [14]. These
results were then compared with other literatures and verified the theory experimentally [7,13,16].

The finite element method (FEM) was also introduced to solve the fluid–structure interaction problems for sub-
merged plates [17,18]. The classical Naghdi equations and its approximation using the mixed interpolation of ten-
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sorial component 4 finite element method were considered for the plate or shell and Raviart–Thomas elements were
employed to discretize equations of the fluid [18]. Recently, the effort attempted to solve a more complex situation
such as a viscous [3,10], compressible [18] fluid and flutter. The Lamb’s model [1] was extended and a Newtonian
viscous fluid in contact with a vibrating plate aiming at evaluating the effect of viscosity on the added virtual mass
was considered [3]. A linear form of the nonlinear Navier–Stokes equations was adopted to implement viscosity
coupling the plate vibration to the tangential velocity of the fluid. An analytical stability analysis on the flutter of a
rectangular cantilevered plate in an axial uniform flow was also carried out [19]. The Galerkin method and Fourier
transforms were used to predict the flutter modes, their frequencies and growth rates.

In this paper, the analysis is based on the assumption that the fluid is inviscid and incompressible, and its motion
is irrotational. The velocity potential and Bernoulli’s equation are employed to express the fluid pressure acting
on the structure. Singular function theory is introduced to obtain natural frequencies and mode shapes of vibrating
plates with discontinuous characteristics. In the absence of available experiments in the open literature, a comparison
between analytical solutions and results from the finite element method is given to demonstrate its validity.

2. Theoretical analysis

2.1. Equations of motion for a unidirectional thin plate

Consider the physical model of a rectangular plate partially immersed in fluid stated as in Fig. 2, where a and b
represent the width and length of the rectangular plate, and h is the thickness respectively. x1 denotes the length of
the plate out of the liquid. Axial tension Nx is applied to the plate with two simply supports along loaded sides.

The plate is assumed to be made of linear elastic, homogeneous and isotropic material. Its material properties
are mass density ρp, the Poisson ratio ν, Young’s modulus E and the damping coefficient c. A Cartesian coordinate
system (x, y, z) is chosen, where x is the axial and z is the normal coordinate. The displacements of points of the
middle surface of the plate are denoted by w(x, y, t) in the normal direction. The effects of shear deformation and
rotary inertia are neglected. The analysis is based on the standard theory of thin plates and only considers the case
of flexural vibration of the plate in the x axis direction. So vibration of the plate partially immersed in liquid is
governed by the following differential equation

D
∂4w

∂x4
+ c

∂w

∂t
+ ρph

∂2w

∂t2
−Nx

∂2w

∂x2
= Δp (1)

where D = Eh3/[12
(
1− ν2

)
] is the flexural rigidity of a plate and Δp is the pressure load of the surrounding

liquid on the plate.

2.2. Fluid action on plates

It is well known that the presence of the fluid modifies the natural frequencies and mode shapes of the structure
from those calculated in air. In general, the inherent properties of the plate in contact with the fluid can be deter-
mined by calculating the added virtual mass which represents the kinetic energy due to the fluid. The fluid force is
superimposed upon the structure to form the dynamic equations of a coupled fluid-structure system. The rectangular
plate is in partial contact with liquid on both sides. So in Eq. (1), Δp is equal to the pressure difference between left
and right surfaces of the plate and can be expressed as

Δp = pleft − pright (2)

where pleft and pright denote the fluid pressure acting normal to left and right surfaces of the plate respectively. Here
in the theoretical analysis, the fluid is assumed to be incompressible, irrotational and inviscid under plate vibration.
The liquid behavior is considered to follow the potential flow theory. The velocity potential of the liquid is designated
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by φ(x, y, z, t) at spatial co-ordinate x, y, z and time t. Then, Laplace’s equation (the continuity equation) is given
in the Cartesian coordinate system by

∇2φ =
∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
= 0 (3)

Using Bernoulli’s equation the fluid pressure is determined by

p = −ρf ∂φ
∂t

(4)

where ρf is mass density of fluid. Considering Eq. (4), Eq. (2) becomes

Δp = −ρf
(
∂φ

∂t

∣∣∣∣
z=0

− ∂φ

∂t

∣∣∣∣
z=h

)
(5)

Substituting Eq. (5) into Eq. (1), the equation of motion for the partially submerged plate can the rewritten as

D
∂4w

∂x4
+ c

∂w

∂t
+ ρph

∂2w

∂t2
−Nx

∂2w

∂x2
= −ρf

(
∂φ

∂t

∣∣∣∣
z=0

− ∂φ

∂t

∣∣∣∣
z=h

)
(6)

The Laplace Eq. (3) is a linear homogeneous equation and boundaries described in Fig. 2 are simple geometric
shapes which can be expressed in the form of separated variables. So the following separate variable relation is
assumed for the potential velocity function φ which satisfies Eq. (3) [20]

φ (x, y, z, t) = F (z)S (x, y, t) (7)

where F (z) and S (x, y, t) are two separate functions to be determined.
At the plate-fluid interfaces, kinematic boundary conditions are established under the assumption of a permanent

contact between the plate surface and the peripheral fluid layer. The conditions are described as the agreement
between the out-of-plane velocity component of the fluid on the plate surface and the instantaneous rate of change
of the plate displacement in the transversal direction and can be written as

∂φ

∂z

∣∣∣∣
z=h

=
∂w

∂t
(8)

The substitution of Eq. (7) into Eq. (8) yields

S (x, y, t) =
1

dF (h)/dz
∂w

∂t
(9)

Using Eq. (7), Eq. (9) can be expressed as

φ (x, y, z, t) =
F (z)

dF (h)/dz
∂w

∂t
(10)

The following differential equation of second order may be obtained by introducing Eq. (10) into Eq. (3)

d2F (z)

dz2
− μ2F (z) = 0 (11)

where μ = π
√

(1/a)2 + [1/(b− x1)]2 [20]. The general solution of Eq. (11) can be defined as

F (z) = A1e
µz +A2e

−µz (12)
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where A1 and A2 are two unknown constants. The potential function φ must be verified for given boundary condi-
tions at the fluid-structure interface. An alternative boundary condition should be satisfied as follows

∂φ

∂z

∣∣∣∣
z=h+h2

= 0 (13)

Placing Eqs (10) and (12) into relation Eq. (13) results in the following expression concerning φ as

φ =
eµz + e2µ(h+h2)e−µz

μ
(
eµh − e2µ(h+h2)e−µh

) ∂w
∂t

(14)

Applying Eq. (4), the fluid pressure acting on the right surface of the plate represented in Fig. 2 is determined as

pright = −ρf ∂φ

∂t

∣∣∣∣
z=h

(15)

The substitution of Eq. (14) into Eq. (15) produces

pright = −ρf eµh + eµh+2µh2

μ (eµh − eµh+2µh2)

∂2w

∂t2
(16)

Similarly, the other boundary condition at the liquid-tank interface can be expressed as

∂φ

∂z

∣∣∣∣
z=−h1

= 0 (17)

According to the same way as mentioned above, we can deduce equations as follows

φ =
eµz+2µh1 + e−µz

μ (e2µh1 − 1)

∂w

∂t

and

pleft = −ρf ∂φ

∂t

∣∣∣∣
z=0

= −ρf e2µh1 + 1

μ (e2µh1 − 1)

∂2w

∂t2
(18)

The introduction of Eq. (16) as well as Eq. (18) into relation Eq. (2), results in the following expression for the
pressure difference between left and right surfaces of the plate

Δp = −ρf
μ

[
e2µh1 + 1

(e2µh1 − 1)
+

e2µh2 + 1

(e2µh2 − 1)

]
∂2w

∂t2
(19)

Another way to describe expression Eq. (19) is written as

Δp = −madd
∂2w

∂t2
(20)

where madd is called area density of added mass. Its expression is

madd =
ρf
μ

[
e2µh1 + 1

(e2µh1 − 1)
+

e2µh2 + 1

(e2µh2 − 1)

]
(21)

Intuitively, the plate vibrates as if its mass is increased by the mass of the virtual layer of vibrating fluid. This
phenomenon is termed the added virtual mass effect.
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2.3. Introduction of singularity functions

Based on the analysis above, effect of fluid on the dynamic characteristic of the plate may be regarded as an
excess introduction of added mass. So the thin plate can be divided into two parts: immersed and non-immersed.
These two parts have the same rigidity but a different mass surface density. In this way, the partially submerged
plate may be treated as a non-immersed plate with discontinuous characteristics. Singularity functions are used to
investigate inherent properties of this plate.

Singularity functions are good tools to solve the problem on discontinuous characteristics. They are generally
considered a family of functions as follows [21]

f(x) = 〈x− xi〉n

with ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
n � 0, 〈x− xi〉n =

{
(x− xi)

n, x � xi

0, x < xi

n < 0, 〈x− xi〉n =

{
∞, x = xi

0, x �= xi

where <> are Macaulay brackets. Singularity functions are introduced to Eqs (1) and (20) simultaneously. The
damping component is negligible on account of little influence on natural properties of the plate and Eq. (1) reduces
to

∂4w

∂x4
− Nx

D

∂2w

∂x2
+
m(x)

D

∂2w

∂t2
= 0 (22)

with ⎧⎪⎪⎨
⎪⎪⎩
m(x) = m1

(
〈x− x0〉0 − 〈x− x1〉0

)
+m2

(
〈x− x1〉0 − 〈x− x2〉0

)
m1 = ρph

m2 = m1 +madd

where m1 and m2 represent mass surface densities of non-immersed and immersed plates, respectively. x0, x1 and
x2 denote coordinates of boundaries for different regions of the plate. As shown in Fig. 2, x0 = 0 and x2 = b are
obvious in this paper. m(x) can also be expressed as a segmented function

m(x) =

{
m1, 0 � x < x1

m2, x1 � x < b
(23)

In order to investigate inherent properties of the system, the general solution of Eq. (22) can be defined as

w =
∞∑
j=1

Xj(x) · (A cosωjt+B sinωjt) (24)

where A and B are two unknown constants to be determined. They are dependent on initial conditions. The substi-
tution of Eq. (24) into Eq. (22) yields

X
(4)
j − Nx

D
X ′′

j − m (x)ω2
j

D
Xj = 0 (25)
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Fig. 3. Effect of plate position in a tank on added mass of a partially submerged plate.

where Xj(x) and ωj are the function of bending mode shape and the corresponding eigenfrequency (rad/s) of the
thin plate, respectively. Considering Eq. (23), Eq. (25) may be rewritten as the following form

⎧⎪⎪⎨
⎪⎪⎩
X

(4)
j − Nx

D
X ′′

j − m1ω
2
j

D
Xj = 0, 0 � x < x1

X
(4)
j − Nx

D
X ′′

j − m2ω
2
j

D
Xj = 0, x1 � x < b

(26)

Applying Laplace transform, the solution for the first equation of expression Eq. (26) is obtained and given by

Xj = Xj(0)ψ1(x) +Xj (0)
′
ψ2(x) +Xj(0)

′′ψ3(x) +Xj(0)
′′′ψ4(x), (0 � x < x1) (27)

where ψ1(x), ψ2(x), ψ3(x) and ψ4(x) are called influence functions [21]. Each of them is the function of x-
coordinate as well as coefficients of the differential equation. They will have effect on the items of initial values
and are given by expression Eq. (28).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ1(x) =
1

2β

[
(β − α) cosh(

√
α+ βx) + (α+ β) cosh(

√
α− βx)

]
ψ2(x) =

1

2β

[
(β − α)√
α+ β

sinh(
√
α+ βx) +

(α+ β)√
α− β

sinh(
√
α− βx)

]

ψ3(x) =
1

2β

[
cosh(

√
α+ βx) − cosh(

√
α− βx)

]
ψ4(x) =

1

2β

[
1√
α+ β

sinh(
√
α+ βx)− 1√

α− β
sinh(

√
α− βx)

]

α =
Nx

2D

β =

√
N2

x + 4Dm(x)ω2
j

2D

(28)
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Fig. 4. Effect of tank width on added mass of a partially submerged plate.

Expression Eq. (28) can also be used in the solution for the second equation of Eq. (26) due tom(x) being adopted
in stead of m1(x) in the parameter β which is defined in relation Eq. (28). Considering expression Eq. (27), one
obtains Xj and its first three order derivatives at x = x1.⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Xj(x1) = Xj(0)ψ1(x1) +Xj(0)
′ψ2(x1) +Xj(0)

′′ψ3(x1) +Xj(0)
′′′ψ4(x1)

X ′
j(x1) = Xj(0)ψ

′
1(x1) +Xj(0)

′ψ′
2(x1) +Xj(0)

′′ψ′
3(x1) +Xj(0)

′′′ψ′
4(x1)

X ′′
j (x1) = Xj(0)ψ

′′
1 (x1) +Xj(0)

′ψ′′
2 (x1) +Xj(0)

′′ψ′′
3 (x1) +Xj(0)

′′′ψ′′
4 (x1)

X ′′′
j (x1) = Xj(0)ψ

′′′
1 (x1) +Xj(0)

′ψ′′′
2 (x1) +Xj(0)

′′ψ′′′
3 (x1) +Xj(0)

′′′ψ′′′
4 (x1)

(29)

According to the continuity conditions of the plate, mid-surface displacements, rotation angles, bending moments
and shear forces vary continuously at the interface of immersed and non-immersed plates. That is to say, Xj , X ′

j ,
X ′′

j and X ′′′
j change continuously at x = x1. So the solution for the second equation of relation Eq. (26) can be

determined by Xj(x1), X ′
j(x1), X

′′
j (x1), X

′′′
j (x1) as follows

Xj = Xj(x1)ψ1 (x− x1) +Xj(x1)
′ψ2 (x− x1)

+Xj(x1)
′′ψ3 (x− x1) +Xj(x1)

′′′ψ4 (x− x1)
, (x1 � x < b) (30)

Placing relation Eq. (29) into Eq. (30) leads to the expression of Xj as

Xj = Xj(0)Wψ1(x) +Xj (0)
′Wψ2(x)

+Xj(0)
′′Wψ3 (x) +Xj(0)

′′′Wψ4 (x)
, (x1 � x < b) (31)

in which the operatorW is defined by⎡
⎢⎢⎣
Wψ1(x)
Wψ2(x)
Wψ3(x)
Wψ4(x)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
ψ1(x1) ψ′

1 (x1) ψ′′
1 (x1) ψ′′′

1 (x1)
ψ2(x1) ψ′

2 (x1) ψ′′
2 (x1) ψ′′′

2 (x1)
ψ3(x1) ψ′

3 (x1) ψ′′
3 (x1) ψ′′′

3 (x1)
ψ4(x1) ψ′

4 (x1) ψ′′
4 (x1) ψ′′′

4 (x1)

⎤
⎥⎥⎦
⎡
⎢⎢⎣
ψ1 (x− x1)
ψ2 (x− x1)
ψ3 (x− x1)
ψ4 (x− x1)

⎤
⎥⎥⎦
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Fig. 5. Variations of natural bending frequencies with tension.

Taking Eqs (27) and (31) into account synthetically, the general solution of Eq. (25) can be written as

Xj = Xj(0)
[(

〈x− 0〉0 − 〈x− x1〉0
)
ψ1(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ1 (x)

]
+X ′

j(0)
[(

〈x− 0〉0 − 〈x− x1〉0
)
ψ2(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ2 (x)

]
+X ′′

j (0)
[(

〈x− 0〉0 − 〈x− x1〉0
)
ψ3(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ3(x)

]
+X ′′′

j (0)
[(

〈x− 0〉0 − 〈x− x1〉0
)
ψ4(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ4(x)

]
(32)

Boundary conditions of simple supported at x = 0 are given by

Xj(0) = X ′′
j (0) = 0 (33)

Considering relation Eq. (33), expression Eq. (32) reduces to

Xj = X ′
j(0)

[(
〈x− 0〉0 − 〈x− x1〉0

)
ψ2(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ2(x)

]
+X ′′′

j (0)
[(

〈x− 0〉0 − 〈x− x1〉0
)
ψ4(x) +

(
〈x− x1〉0 − 〈x− b〉0

)
Wψ4(x)

] (34)

Similarly, boundary conditions of simple supported at x = b can be written as

Xj (b) = X ′′
j (b) = 0 (35)

The introduction of relation Eq. (35) into expression Eq. (34) results in the following equations set{
X ′

j(0) [Wψ2 (b)] +X ′′′
j (0) [Wψ4 (b)] = 0

X ′
j(0) [Wψ2 (b)]

′′
+X ′′′

j (0) [Wψ4 (b)]
′′
= 0

(36)

An eigenvalue equation can be obtained from relation Eq. (36) as follows∣∣∣∣∣
[Wψ2 (b)] [Wψ4 (b)]

[Wψ2 (b)]
′′

[Wψ4 (b)]
′′

∣∣∣∣∣ = 0 (37)

Natural frequencies of bending vibration for a partially submerged plate are calculated by solving Eq. (37) nu-
merically. The corresponding mode shapes of the plate can be further achieved with Eqs (36) and (34). In this paper,
formula derivations are accomplished by using Mathematica software [22].
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Fig. 6. Comparisons of the first five vibration modes between using SFM and FEM. (a) The first vibration mode; (b) the second vibration mode;
(c) the third vibration mode; (d) the fourth vibration mode; (e) the fifth vibration mode.
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Table 1
Comparisons of the first five natural frequencies between us-
ing SFM and FEM

Mode number SFM (Hz) FEM (Hz) Error (%)
1 1.5252 1.5202 0.33
2 4.6418 4.6216 0.44
3 6.1718 6.1334 0.63
4 10.6008 10.547 0.51
5 12.8643 12.808 0.44

Fig. 7. Comparisons of the first five natural frequencies for plates with var-
ious submerged depths by using the presented analytical method.

3. Results and discussions

In this paper, inherent properties of the partially immersed plate obtained by using the proposed theory are com-
pared with results of FEM to show the reliability of the presented formulation. Finally, natural frequencies and
vibration modes of the system can be easily acquired by solving the eigenvalue problem with a numerical iteration
method. Dimensions and properties of the plate and fluid in the following example are: a = 0.8 m, b = 2 m,
h = 0.001 m, ν = 0.3, E = 2.03× 1011 Pa, ρp = 7850 kg/m3, ρf = 1000 kg/m3. Figure 3 shows the relationship
between added mass and the position of plate located in a reservoir, when the depth ratio of the partially submerged
plate is 1/4 (i.e. (b− x1)/b = 0.25). During the investigation, a relevant dimensionless parameter Rl is define as

Rl = (h1 + h2)/(b− x1)

whereRl denotes the ratio of reservoir width to the submerged depth of the plate. As shown in Fig. 3, the added mass
has a minimum value when the partially submerged plate is located in the very middle of the tank (i.e. h1/h2 = 1).
The value of added mass will augment rapidly with the increasing of deviation of the plate from the middle position
of the tank and approach infinity when the plate is close to the boundary of the tank. From Fig. 3 we can also see
that the bigger Rl is, the flatter the curve tends to be, that is, the sensitivity of added mass to plate position weakens
gradually.

Influences of tank width upon added mass of a quarter-immersed plate are analyzed further and plotted in Fig. 4.
The following dimensionless parameterEadd is introduced to help develop the research.

Eadd =
[(
madd|Rl=Ri

l
− madd|Rl=Ri+1

l

)
/ madd|Rl=Ri+1

l

]
× 100% (i = 1, 2, . . .)

where Eadd represents error of added mass with different Rl.
As observed in Fig. 4, the relative error of added mass between at Rl = 1.4 and at Rl = 1.3 is less than 1% in

the case of the plate keeping off tank walls (i.e. 1/5 � h1/h2 � 5). So we can deduce the conclusion that increase
of tank width has little effect on the value of added mass when the ratio of tank width to the submerged depth of the
plate is greater than 1.3.

Figure 5 shows the variations of the three lowest natural bending frequencies with tension for a quarter-immersed
plate. The relation between the natural frequency f (Hz) appeared in Fig. 5 and the eigenfrequencyωj is f = ωj/2π.
The analysis is carried out at x1 = 1.5 m and h1 = h2 = 0.5 m. Other dimensions and properties of the system
are the same as stated above. It is noted that natural frequencies of the partially submerged plate have a strong
dependence on tension and appear to be increased remarkably with increasing tension.
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Fig. 8. Differences of the first five vibration modes for plates with various submerged depths by using the presented analytical method. (a) The
first vibration mode; (b) the second vibration mode; (c) the third vibration mode; (d) the fourth vibration mode; (e) the fifth vibration mode.



J. Li et al. / Analytical study on inherent properties of a unidirectional vibrating steel strip partially immersed in fluid 805

To verify the reliability of the presented approach, inherent properties of the partially immersed plate gotten
by singularity function method (SFM) compare with results calculated by FEM. Free vibration frequencies and
principal mode shapes of the simple supported plate with discontinuous characteristics are obtained by use of
ABAQUS [23], a standard finite-element software. The plate is discretized by four-noded, doubly curved thin shell
elements, including influences of reduced integration, hourglass control and finite membrane strains. The LANC-
ZOS [23] method is employed to study inherent properties of the plate, taking account of tension. SFM and ABAQUS
are provided to investigate the first five natural frequencies and mode shapes of a quarter-immersed plate simulta-
neously. Comparisons of the results obtained with these two methods are listed in Table 1 and shown in Fig. 6,
respectively. Furthermore, displacement contour plots for various flexural vibration modes of the plate are also
given in Fig. 6. Dimensions and properties of the system used in the numerical examples are the same as those
mentioned above besides the tension Nx = 2000 N/m. As can be seen in Table 1 and Fig. 6, a good agreement
between the results of SFM and the values with ABAQUS confirms the validity of the proposed theory.

Using the proposed analytical method developed above, comparisons of natural frequencies and modes between
non-immersed, a quarter-immersed, half-immersed, three quarters-immersed and total-immersed plates are made in
Figs 7 and 8. According to the results depicted in these figures, we can conclude that fluid has a great influence on
inherent properties of a vibrating plate. It is also noted that natural frequencies exhibit a significant decrease with
the increasing of submerged depth of the plate. In addition, vibration modes of the partially immersed plate are
remarkably different from those of the non-immersed plate. Nevertheless, as can be seen in Fig. 8, the mode shape
of non-immersed plate is almost the same as that of total-immersed plate. To provide a set of benchmark values for
solving such problems, natural frequencies of a partially immersed plate with different parameters a, b, h1, h2, and
x1 are studied and checked with FEM results (see appendix).

4. Conclusions

The main objective of the investigation described in this paper is to put forward a new analytical method for the
inherent properties of a tensioned, unidirectional vibrating plate partially submerged in liquid. The results show that
the calculations based on the proposed approach are in very good agreement with the data of FEM. It can also be
concluded from the results that fluid has a significant influence on natural frequencies as well as mode shapes of a
vibrating plate. This type of influence may be treated as added mass of the plate. The magnitude of added mass is
associated with plate position in a tank, the submerged depth of the plate and tank width. The added mass reaches
the minimum in the case of the plate being located in the very middle of the reservoir. As the ratio of tank width to
the submerged depth of the plate is greater than 1.3, increase of tank width can be ignored in the calculation of added
mass under the condition of the plate keeping off tank walls. Singularity functions are employed to unify segmental
dynamics equations of the partially submerged plate. The unified dynamics equation is solved analytically by using
Laplace transform. Furthermore, it is worthy to note that the proposed approach in this paper can be applied to the
analytical study of vertical or angled plates subjected to other boundary conditions. The provided method can further
be used to investigate non-uniform plate in complicated environment, such as the tensioned plate with discontinuous
materials and rigidity as well as with different types of pressure fields around.

The unidirectional vibrating thin plate studied in this paper is essentially the same as an Euler-Bernoulli beam.
The influences of shear deformation and rotary inertia are neglected. In general, the effects of transverse shear
deformations must be considered in the case of the ratio of thickness to the minimum span of the plate being larger
than 1/6. Correspondingly, the analysis should be based on the theory of Timoshenko beam for a unidirectional
vibrating plate or on the theory of middle-thick plate for flexural and torsional vibrations of an elastic plate (e.g. the
theories of Hencky, Reissner, Kromm, Panc and Donnell, etc.).
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Appendix

The first three natural frequencies of the plate with different parameters a, b, h1, h2 and x1 are listed in the table
below and checked with FEM results.

Dimensions

Mode No. 1 2 3
SFM FEM Error SFM FEM Error SFM FEM Error
(Hz) (Hz) (%) (Hz) (Hz) (%) (Hz) (Hz) (%)

b = 2.0 m a = 1.0 m 1.488 1.483 0.34 4.576 4.553 0.50 6.098 6.035 1.03
x1 = 1.5 m a = 2.0 m 1.433 1.416 1.19 4.468 4.425 0.96 5.998 5.917 1.35
h1 = 0.5 m a = 3.0 m 1.422 1.390 2.25 4.445 4.334 2.50 5.979 5.812 2.79
h2 = 0.5 m

a = 0.8 m b = 2.5 m 0.675 0.674 0.15 1.842 1.836 0.33 3.372 3.352 0.59
x1 = 1.5 m b = 3.0 m 0.447 0.447 0 1.121 1.117 0.36 2.924 2.90 0.82
h1 = 0.5 m b = 3.5 m 0.342 0.342 0 0.815 0.813 0.25 1.366 1.361 0.37
h2 = 0.5 m

a = 0.8 m x1 = 0 0.509 0.508 0.20 1.051 1.047 0.38 1.659 1.649 0.60
b = 2.0 m x1 = 0.5 m 0.545 0.544 0.18 1.208 1.203 0.41 2.022 2.008 0.69

h1 = 0.5 m x1 = 1.0 m 0.722 0.721 0.14 1.881 1.873 0.43 3.438 3.415 0.67
h2 = 0.5 m x1 = 1.5 m 1.525 1.520 0.33 4.642 4.622 0.43 6.172 6.133 0.63

x1 = 2.0 m 4.037 4.032 0.12 8.346 8.313 0.40 13.17 13.09 0.61

a = 0.8 m h1 = 0.1 m 1.355 1.350 0.37 4.298 4.275 0.54 5.874 5.839 0.60
b = 2.0 m h1 = 0.4 m 1.524 1.519 0.33 4.639 4.619 0.43 6.169 6.131 0.62

x1 = 1.5 m h1 = 0.7 m 1.526 1.521 0.33 4.643 4.622 0.45 6.173 6.134 0.63
h2 = 0.5 m
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