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Abstract. Dynamic analysis of foundation plate-beam systems with transverse shear deformation is presented using modified
Vlasov foundation model. Finite element formulation of the problem is derived by using an 8-node (PBQ8) finite element based
on Mindlin plate theory for the plate and a 2-node Hughes element based on Timoshenko beam theory for the beam. Selective
reduced integration technique is used to avoid shear locking problem for the evaluation of the stiffness matrices for both the
elements. The effect of beam thickness, the aspect ratio of the plate and subsoil depth on the response of plate-beam-soil system
is analyzed. Numerical examples show that the displacement, bending moments and shear forces are changed significantly by
adding the beams.

Keywords: Finite element method, thick plate, deep beam, elastic foundation, Vlasov model, shear locking problem, dynamic
analysis

1. Introduction

Plates on elastic foundation are used in construction of mat and raft foundations, highways and airfield pavements
and they are subjected to dynamic loads normal to their plane. So it is important for engineers to know the dynamic
behavior of the plates on elastic foundations before structural designs. Kirchhoff plate and Euler-Bernoulli beam
theories are commonly used for the analysis but the effects of transverse shear deformation are neglected in both the
theories. However the effects of the shear deformation become more important as the structural element gets thicker.
Mindlin plate theory and Timoshenko beam theory include the effects of transverse shear deformation. However
one can face with the shear locking problem when these theories are used for the elements with small thicknesses.
Reduced or selective reduced integration techniques are recommended to avoid this problem. On the other hand
the subsoil is usually represented by spring elements in the soil-structure interaction problems. The springs are
assumed to be discrete in Winkler model and any interaction between the springs is ignored. However there is
not only pressure but also bending moments or rotations at the point of contact between structure and foundation.
Several researchers tried to improve the Winkler Model by considering a second parameter for the interaction of
the springs. But the disadvantage of two parameter model is the necessity to determine the values of subgrade
reaction (or Winkler moduli, k) and shear parameter (or Pasternak moduli, 2t) arbitrarily. So Vlasov and Leont’ev
introduced another parameter (γ) to compute Winkler and Pasternak moduli from the material properties of the soil.
But the authors did not provide any mechanism for the calculation of the third parameter (γ). Vallabhan and Das
developed an iterative method for the calculation of the γ parameter and called their model as Modified Vlasov
Model. In this study Modified Vlasov Model is used for the dynamic analysis of thick plates including deep beams
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Fig. 1. A plate resting on an elastic foundation.

on elastic foundation incorporating shear deformation effects in the structures and the shear interaction effect within
the soil [1].

Many studies concerning dynamic analysis of plates on elastic foundation are performed. Labuschange et al. [2]
analyzed a plate-beam system in which Reissner-Mindlin plate model is combined with the Timoshenko beam
model, and calculated natural frequencies and vibration modes for the system. Sapountzakis and Katsikadelis [3]
presented an optimized model for the analysis of plates reinforced with beams. Shen et al. [4] performed the free
and forced vibration analysis of Reissner-Mindlin plates resting on Pasternak-type elastic foundation. Sapountzakis
and Mokos [5] presented a general solution for the dynamic analysis of plates stiffened by arbitrarily placed parallel
beams of arbitrary doubly symmetric cross section subjected to arbitrary dynamic loading. Gorman [6] obtained
analytical type solutions for the free vibration frequencies and mode shapes of thin corner supported rectangular
plates with symmetrically distributed reinforcing beams. Van Rensburg et al. [7] studied on vibration of plate-
beam system consisting of a Reissner-Mindlin plate and a Timoshenko beam. Yu et al. [8] presented the dynamic
response of Reissner-Mindlin plate resting on an elastic foundation of the Winkler-type and Pasternak-type using
an analytical-numerical method. Wen and Aliabadi [9] used boundary element method for the analysis of Mindlin
plates on elastic foundation subjected to dynamic load.

Ozgan and Daloglu [10] studied the effects of transverse shear strain on plates resting on elastic foundation. They
compared 4 node and 8 node Mindlin plate element with both of full (FI) and selective reduced integration (SRI)
technique in the study and the results showed that 8-node element (SRI) was more reliable than 8 node (FI), 4-node
(FI) and 4-node (SRI) elements for analyzing thin and thick plates on elastic foundation under any type of load cases
and boundary conditions.

In this paper; 8-node (PBQ8) Mindlin plate elements and 2-node Hughes beam element based on Timoshenko
beam theory were adopted since the shear strains are included for the dynamic analysis of thick plates resting on
elastic foundation. For this purpose a computer program was coded in Visual Fortran 6.6. Newmark-β method
was used for time integration. The selective reduced integration technique was used to obtain stiffness matrices to
avoid shear locking problem. A verification study is performed first by comparing the results with those given in the
literature. Later the study is expanded to investigate the effect of the beam thickness, the aspect ratio of the plate
and the subsoil depth on the behavior of the structure soil system.

2. Modified Vlasov model

For a plate on elastic foundation as shown in Fig. 1, the lateral displacements (ū and v̄) in the soil are negligible
compared to the vertical displacement (w̄) in the z direction, and, hence, it is assumed that
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ū (x, y, z) = 0 (1)

v̄ (x, y, z) = 0 (2)

and

w̄ (x, y, z) = w (x, y)φ (z) (3)

where φ(z) defines the variation of the deflection w̄ (x, y, z) in the z direction. This function depicted in Fig. 1, and
since w(x, y) is displacement of the plate-beam system in the z direction, φ(0) is equal to 1, and φ (H) is equal to 0
(zero).

Total potential energy of the plate-soil system can be written as
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where [D] and q are the flexural rigidity of the plate and load on plate respectively. k and 2t in above expression are
the soil parameters and may be defined as
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where Ē is the oedometer modulus and calculated by the equation of Ē = Es(1 − νs)/[(1 + νs)(1 − 2νs)], H is
the subsoil depth, Es is modulus of elasticity of the subsoil, νs is the Poisson ratio of the subsoil and G is the shear
modulus.

The equilibrium equation of the plate on an elastic foundation can be written as follows

D∇4w − 2t∇2w + kw = q (6)

where ∇2 is the Laplace and ∇4 is the biharmonic operators. φ(z) can be expressed as

φ (z) =
sinh

(
γ(1 − z

H )
)

sinh γ
(7)

where γ represents the vertical deformation parameter within the subsoil and is calculated using the equation shown
below.
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As seen from the Eqs (5) and (8) the modulus of subgrade reaction, k, and the second parameter 2t representing the
shear deformation of the soil, are both dependent on the vertical deformation function φ and the depth of the soil
H whereas the value of γ varies with the displacement of the plate and the depth of the subsoil. The parameter γ
can be evaluated after determining w(x, y) which satisfies differential equation below and around of the plate. The
solution technique for γ parameter is an iterative process. More details for the modified Vlasov model can be found
in references [11–13].
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Fig. 2. 8-node Mindlin plate element.

3. Finite element modelling

The general equation of motion for the plate-beam-soil system is given by

[M ] {ẅ} + [K] {w} = {F} (9)

where [K] is the stiffness matrix of the plate-beam-soil system, [M ] is the mass matrix of the plate-beam-soil system,
{F} is the applied load vector, w and ẅ are the displacement and acceleration vector of the plate, respectively. In this
study the Newmark-β method is used for the time integration of Eq. (9) by using the average acceleration method.
Evaluation of the stiffness and mass matrices are given in the following sections for a plate including beams resting
on an elastic foundation.

3.1. Evaluation of the stiffness matrix

An 8-node (PBQ8) rectangular finite element based on Mindlin theory are used to develop the element stiffness
matrices (Fig. 2).

The displacements at each node are

w, ϕx, ϕy (10)

where w is the transverse displacement, ϕx, ϕy are the rotations of the normal to the undeformed middle surface. It
is assumed that w, ϕx and ϕy vary quadratically for PBQ8 over the element so that

u = zϕy = z

8∑
i=1

Niϕyi

v = −zϕx = −z

8∑
i=1

Niϕxi (11)

w =
8∑

i=1

Niwi

The displacement functions for PBQ8 elements are given as
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in which N1, N2, N3, N4, N5, N6, N7 and N8 are the shape functions as given in [14,15].
The stiffness matrices of the plate-soil system can be evaluated as

U =
1
2
{we}t ( [kp] + [kw] + [k2t] ) {we} (13)

where [kp], [kw] and [k2t] are stiffness matrix of the plate, vertical deflection element stiffness matrix of the
foundation and shear deformation element stiffness matrix of the foundation, respectively. {we} is the nodal
displacement vector for an element containing 24 components.

The stiffness matrices for the beam elements have to be added to total system matrix in order to consider plate with
beams. The displacement function of Hughes element (Fig. 3) based on Timoshenko beam theory can be expressed
as
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where N1 and N2 are the shape functions of the element, w is the transverse displacement and φ is the rotation at
the ends of the beam element. Calculation of the moment inertia of the beam, I , has to be done carefully when a
plate and a beam element work together, as indicated in Fig. 4. if depth of the beam is tb and depth of the plate is
tp, the distance from the middle surface of the slab to centroidal axis of the beam, r, is

r =
1
2

(tp + tb) (15)

In this study, the selective reduced integration rule on the shear terms is used to obtain the element stiffness matrix
of the plate [kp] to avoid shear locking problem under the thin plate limit. The number of points of integration for
shear energy terms of stiffness matrix is reduced one step for both of the beam and the plate element. The element
stiffness matrices are given in explicit forms by Ozgan [13] for the plate element and by Ozgan and Daloglu [10] for
the vertical deflection and the shear deformation of the foundation.

Boundary conditions need to be applied before solving the system of equations. The effect of the infinite soil
domain outside the plate is applied as equivalent stiffness parameters on the plate boundaries in the modified Vlasov
model. Equivalent forces due to surrounding soil domain on the boundary of the plate are computed as a function of
the displacement on the boundary [10,12].

3.2. Evaluation of the mass matrix

The total kinetic energy of the structure-soil system may be written as

πk =
1
2

∫
Ω

{ẇ}T [μ] {ẇ} dΩ (16)
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Fig. 3. Timoshenko beam element. Fig. 4. A plate with beam.

where [μ] is themass densitymatrix and {ẇ} represents the partial derivative of the vector of generalized displacement
with respect to time variable. The general formula for the consistent mass matrix, [M ], can be written by substituting
w = [N1] {we} into Eq. (16)

[M ] =
∫
Ω

{N1}T [μ] {N1} dΩ (17)

The matrix [μ] for plate in Eq. (17) is a square symmetric matrix of the form

[μ] =

⎡
⎣ρptp + 1

3ρsH 0 0
0 1

12ρpt
3
p 0

0 0 1
12ρpt

3
p

⎤
⎦ (18)

where ρp is the plate density, tp is the plate thickness and ρs is the mass density of the soil. The matrix form of [μ]
for beam element is

[μ] =
[
ρbtb + 1

3ρsH 0
0 1

12ρbt
3
b

]
(19)

The term of ρsH/3 shows the effect of mass density of the subsoil and it is calculated by substituting

φ(z) = 1 − z/H into

H∫
0

ρsφ
2(z), [16].

The mass matrices for the beam elements have to be added to total system matrix in order to consider plate with
beams as mentioned in the calculation of stiffness matrix. The matrices for PBQ8 plate element and 2-node beam
element are presented in Appendixs A and B respectively.

4. Numerical examples

The dynamic analysis of a uniformly distributed loaded plate on elastic foundation is performed and results are
compared with those of Daloglu et al. [17] first. Then the same example is solved by including beams in both the
directions as shown in Fig. 5. Later a parametric study is carried out for various values of subsoil depth (H), aspect
ratios (ly/lx) and the thickness of beam. Time histories of maximum displacements are given for only some cases
because presentation of all of the time histories of the displacements at different points on the plate would take up
excessive space. The effects of subsoil depth (H), aspect ratios (ly/lx) and the thickness of beam on maximum
displacements, bending moments and shear forces of the plates are presented in graphical and tabular form.
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Table 1
Properties of plate-soil system used in this study

Parameters Quantity

Elasticity modulus of the plate, Ep 27000 MPa
Poisson ratio of the plate, νp 0.20
Thickness of the plate, tp 0.5 m
Elasticity modulus of the soil, Es 20 MPa
Poisson ratio of the soil, νs 0.25
Mass densities of the plate, ρp 2500 kg/m3

Mass densities of the soil, ρs 1700 kg/m3

Distributed load, Q 30 kPa
Shorter edge length of the plate, lx 10 m
Aspect ratio of the plate, ly/lx 1.0, 1.5 and 2.0
Subsoil depth, H 5, 10 and 15 m
Beam sections (bw × tb) without beam, 1.00 m × 1.00 m and 1.0 m × 1.5 m

Fig. 5. Illustration of plate with beams.

The properties of the plate-soil system are as follows (Table 1). The modulus of elasticity of the plate is Ep =
27000 MPa, poisson ratio of the plate is νp = 0.20, thickness of the plate is 0.5 m, the modulus of elasticity of the
subsoil is Es = 20 MPa, poisson ratio of the plate is νs = 0.25. The mass densities of the plate and subsoil are taken
to be ρp = 2500 kg/m3 and ρs = 1700 kg/m3 respectively. The uniformly distributed load on the plate is 30 kPa.
The plate dimensions are 10 m × 10 m. The analysis is performed for three different subsoil depth, H = 5, 10 and
15 m and the aspect ratio (ly/lx) is considered as 1.0, 1.5 and 2.0 keeping lx constant at 10 m for each subsoil depth.
The example is first solved for a plate without beam. Then, the analysis repeated for 1 m and 1.5 m thickness of the
beam while the width of the beam is kept constant at 1 m. The beams are placed on the edges and on centerlines of
the plate in each direction (Fig. 5).

A convergence study for the mesh size and the time increment is performed first for the sake of accuracy. It is
decided that the results are accurate enough when equally spaced 6 elements for 10 m length plate and 12 elements
for 10 m length beam are used with a 0.01 s time increment.

The maximum displacements for ly/lx = 1.0 and 2.0, h = 0.5 m and H = 5 m are compared first with the results
obtained in reference [17] to verify the accuracy of the present formulation and presented in Table 2. t in Table 2
stands for the time in which the center displacement of the plate reaches its absolute maximum value. Daloglu et
al. [17] solved the problem using MZC rectangular element, which is originally developed by Melosh, Zienkiewicz
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Table 2
Comparison of maximum displacement of plate on elastic foundation

Finite Element
Distributed load

10 m × 10 m plate 10 m × 20 m plate
t time (s) wmax (mm) t time (s) wmax (mm)

Ref. [17] 3.080 10.200 2.010 12.800
PBQ8(SRI) 7.590 10.170 5.230 12.840

Table 3
Maximum displacements and bending moments of plates on elastic foundation

H(m) lx/ly Beam Section
Distributed load

time (s) wmax (mm) Mx (kNm) My (kNm)

5

1.0
without beam 7.59 10.170 110.29 110.29
1.0 m × 1.0 m 8.64 7.679 14.36 14.36
1.0 m × 1.5 m 3.36 7.443 5.91 5.91

1.5
without beam 2.44 11.841 113.82 102.67
1.0 m × 1.0 m 3.71 8.744 23.77 16.86
1.0 m × 1.5 m 3.32 8.234 9.78 6.88

2.0
without beam 5.23 12.840 123.45 88.61
1.0 m × 1.0 m 5.67 9.659 29.39 16.70
1.0 m × 1.5 m 3.70 8.853 13.31 6.67

10

1.0
without beam 7.03 14.002 132.50 132.50
1.0 m × 1.0 m 0.98 10.506 20.25 20.25
1.0 m × 1.5 m 8.27 10.111 8.12 8.12

1.5
without beam 9.79 16.999 140.49 120.97
1.0 m × 1.0 m 9.21 12.605 33.80 25.31
1.0 m × 1.5 m 5.74 11.757 14.29 10.51

2.0
without beam 0.64 18.851 153.23 101.76
1.0 m × 1.0 m 6.94 14.399 43.61 25.19
1.0 m × 1.5 m 2.31 13.083 19.45 11.20

15

1.0
without beam 8.56 15.940 167.20 167.20
1.0 m × 1.0 m 0.95 11.709 22.91 22.91
1.0 m × 1.5 m 4.23 11.228 9.36 9.36

1.5
without beam 9.65 19.426 160.41 129.78
1.0 m × 1.0 m 6.65 14.505 38.35 29.58
1.0 m × 1.5 m 9.58 13.466 16.49 12.70

2.0
without beam 7.12 21.980 167.98 114.50
1.0 m × 1.0 m 5.78 16.897 49.00 29.32
1.0 m × 1.5 m 2.94 15.318 22.58 13.75

Fig. 6. The time histories of the center displacements of the plate.
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Fig. 7. The variation of the maximum displacement and bending moments with aspect ratio. −Δ−, without beam; −♦−, 1.00 × 1.00 beam;
−◦−, 1.00 × 1.50 beam.

and Cheung [15], based on Kirchoff plate theory in which transverse shear strains are omitted. The same example is
solved by PBQ8 finite element using selective reduced integration techniques. As seen from Table 2 the results are
in a good agreement with the reference results.

The results obtained for various values of aspect ratio (ly/lx), thickness of beam and subsoil depth (H) are given
in Table 3. The time histories of the center displacements for ly/lx = 1.0 and 2.0, 1.00 m × 1.00 m beam cross
section and H = 10 m are presented in Fig. 6. The figure indicates that the time histories of the center displacement
of the plate differ from each other depending on the dynamic characteristics of the system.

The variation of the maximum displacement and corresponding bending moments of the plate with various values
of aspect ratio (ly/lx) is plotted in Fig. 7 in order to show the effects of the changes in these parameters better. The
maximum displacement and bending moment increase with the aspect ratio (ly/lx).
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Fig. 8. The variation of the maximum displacement and bending moments with subsoil depth. −Δ−, without beam; −♦−, 1.00 × 1.00 beam;
−◦−, 1.00 × 1.50 beam.

The variation of the maximum displacement and corresponding bending moment of the plate with various values
of subsoil depth (H) is plotted in Fig. 8 in order to show the effects of the changes in these parameters better. The
maximum displacement and bending moment increase with increasing subsoil depth (H) up to an effective depth
of soil stratum. Taking deeper depth of the soil doesn’t affect the result considerably but taking shallow depth may
result with an unrealistic solution if there is not a relatively rigid foundation at a certain depth [18]. This behavior is
understandable in that a plate on elastic foundation with larger subsoil depth becomes more flexible. The increase
in the maximum displacement decreases with increasing subsoil depth (H).

The variation of the maximum displacement, corresponding bending moment and shear forces throughout center-
lines in the x direction is plotted in Fig. 9. As can be seen from the plots, the displacement, bending moments and
shear forces are changed significantly by adding the beams. The displacement, bending moment and shear forces
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Fig. 9. The variation of the maximum displacement, bending moments and shear forces. –, without beam; · · ·, 1.00 × 1.00 beam; —, 1.00 ×
1.50 beam.

decrease as the thickness of the beam increases. This behavior is understandable in that a plate with a beam or with
larger thickness of the beam becomes more rigid.

The effect of the beam on the maximum displacement and on bending moments is considerable. And it can be
said that the beams have stronger influence on the behavior of the plate than the aspect ratio.

5. Conclusions

In this study, 8-node (PBQ8) Mindlin plate element and Hughes element based on Timoshenko beam theory are
adopted for the dynamic analysis of thick plates including beams on elastic foundations subjected to uniformly
distributed loads. The effects of the thickness of the beam, the aspect ratio of the plate (ly/lx) and the subsoil depth
(H) on the maximum displacement, bending moments and shear forces of thick plates on elastic foundations are
investigated. The following conclusions drawn from the results obtained.

– The maximum displacements and bending moments increase with increasing subsoil depth (H) up to a certain
depth of the subsoil. Then, subsoil depth doesn’t affect the results much.

– The maximum displacement and bending moment increase with increasing aspect ratio (ly/lx).
– The maximum displacements, bending moments and shear forces decreases with increasing the thickness of the

beam.
– The variation of displacement, bending moments and shear forces are changed significantly by adding the

beams.
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– The effect of the subsoil depth on the behavior of the plate is generally larger than that of other parameters up
to a certain depth of the subsoil while the effect of the beam on plate behavior is always significant.

Appendix A

The element mass matrix for 8-node Mindlin plate element (PBQ8) is given into sub matrices of 6 × 6 as follows

[Mp] = ab

⎡
⎢⎣

M1 M2 M3 M4

M2 M1 M4 M3

M3 M4 M5 M6

M4 M3 M6 M5

⎤
⎥⎦

where a and b are half-length of PBQ8 element in the x and y direction respectively and sub matrices,

M1 =
2
15

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

m1 0 0 m1
3 0 0

0 m2 0 0 m2
3 0

0 0 m3 0 0 m3
3

0 0 0 m1 0 0
0 0 0 0 m2 0
0 0 0 0 0 m3

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

M2 =
1
15

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1 0 0 2m1
3 0 0

0 m2 0 0 2m2
3 0

0 0 m3 0 0 2m3
3

2m1
3 0 0 m1 0 0

0 2m2
3 0 0 m2 0

0 0 2m3
3 0 0 m3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M3 = − 2
15

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1 0 0 4m1
3 0 0

0 m2 0 0 4m2
3 0

0 0 m3 0 0 4m3
3

m1 0 0 m1 0 0
0 m2 0 0 m2 0
0 0 m3 0 0 m3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

M4 = − 2
15

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4m1
3 0 0 m1 0 0

0 4m2
3 0 0 m2 0

0 0 4m3
3 0 0 m3

4m1
3 0 0 4m1

3 0 0

0 4m2
3 0 0 4m2

3 0

0 0 4m3
3 0 0 4m3

3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M5 =
4
9

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

8m1
5 0 0 m1 0 0

0 8m2
5 0 0 m2 0

0 0 8m3
5 0 0 m3

0 0 0 8m1
5 0 0

0 0 0 0 8m2
5 0

0 0 0 0 0 8m3
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M6 =
4
9

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4m1
5 0 0 m1 0 0

0 4m2
5 0 0 m2 0

0 0 4m3
5 0 0 m3

m1 0 0 4m1
5 0 0

0 m2 0 0 4m2
5 0

0 0 m3 0 0 4m3
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where m1 = ρptp + 1
3ρsH and m2 = m3 = 1

12ρpt
3
p .

Appendix B

The element mass matrix for 2-node Hughes element is given as follows
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[Mb] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

m2l

3
m2

2
m2l

6
−m2

2
m2

2
m1 + m2

l

m2

2
−m1 + m2

l
m2l

6
m2

2
m2l

3
−m2

2
−m2

2
−m1 + m2

l
−m2

2
m1 + m2

l

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

where l is length of Hughes element, m1 = ρbtb + 1
3ρsH and m2 = 1

12ρbt
3
b
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