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Existing band gap analysis is mostly focused on the binary structure, while the researches on the quaternary layered periodic
structure are still lacking. In this paper, the unidimensional lumped-mass method in the phonic crystal theory is firstly improved
so that the material viscoelasticity can be taken into consideration. Then, the binary layered periodic structure is converted into a
quaternary one and band gaps appear at low frequency range. Finally, the effects of density, elastic modulus, damping ratio, and
the thickness of single material on the first band gap of the quaternary layered periodic structure are analyzed after the algorithm
is promoted. The research findings show that effects of density, elastic modulus, and thickness of materials on the first band gap
are considerable but those of damping ratio are not so distinct. This research provides theoretical bases for band gap design of the
quaternary layered periodic structure.

1. Introduction

In recent years, the researches on energy band features of
periodic structure constructed artificially based on the pho-
nonic crystal theory have drawn more and more attention.
This is because artificially constructed periodic structure is
characterized by bandpass and bandstop of classical waves.
In the acoustics, the gaps between energy bands are called
phononic band gaps and the corresponding periodic struc-
ture is called phononic crystal. As early as in the 1980s,
Achenbach and Kitahara [1, 2] studied the propagation of
elastic waves in periodic medium with spherical cavity.
Sigalas and Economou [3] first theoretically demonstrated
that band gaps appeared in periodic lattice structure formed
by embedding solid spherical materials into the matrix.
Afterwards, the researchers [4–6] studied the influence of
material properties on phononic band gaps and found that
the main reason why phononic band gaps occurred lied in
periodic variation of material properties like the density and
elastic modulus.

The layered periodic structure, formed by two or more
types of materials that are alternatively arranged, belongs

to unidimensional phononic crystal and has attracted wide
attention of domestic and overseas scholars. Esquivel-Sirvent
and Cocoletzi [7] deduced the reflection coefficient and chro-
matic dispersion relation for the propagation of elastic waves
in layered periodic structure. Hussein et al. [8, 9] studied the
layered periodic structure constructed with two types of
materials and obtained the band gap features in the variation
of material distribution in each period. Meanwhile, they
observed the vibration of the corresponding finite periodic
structure and the results showed that the damping features
could be fully embodiedwhen the number of periods reached
a certain value. Zhao and Wei [10] studied unidimensional
viscoelastic phononic crystal and presented band gaps with
different viscoelastic coefficient and relaxation time, the
result of which indicated that usage of viscoelastic materials
could lead to changes in position and width of band gaps.Wu
et al. [11] used functionally gradedmaterials as the connection
layer in unidimensional layered phononic crystal and dis-
cussed the effects of the introduction of functionally graded
materials on band gaps. Apart frommaterial properties, it was
found that structural parameters also affected the position
and width of band gaps of phononic crystals. Sesion Jr. et al.
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Figure 1: A quaternary layered periodic structure.
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Figure 2: Model for the simplification of a quaternary layered periodic structure into a mass-spring structure.

[12] studied band gaps of piezoelectric Fibonacci superlattice
structure and succeeded in controlling phononic filtering
with this type of semiconductor. Li et al. [13–16] studied the
effects of random disorder on band gaps in layered phononic
crystal structure and found that localization degree went
up apparently and band gap narrowed with the increase
of randomness. Policarpo et al. [17], in the research on
binary rod periodic structure, performed the modal analysis,
harmonic response analysis, and energy band calculation
and compared these three methods. Through adjusting the
proportion of materials in each period, the position of first
band gap changed and appeared at low frequency range.

In unidimensional periodic structure, gaps in the elas-
tic band structure have been predicted using a variety of
computational methods such as plane-wave expansion and
transfer matrix. Jensen [18] calculated periodic mass-spring
structure and confirmed band gaps appeared in both uni-
dimensional and bidimensional periodic mass-spring struc-
tures. Wang et al. [19] introduced the discretization method
of vibration mechanics into band gap computation of solid-
solid phononic crystal and transformed a continuous system
problem into a discrete problem by concentrating mass of
continuous medium on finite nodes and representing rigid-
ity of continuous medium with lines between nodes. This
method is called lumped mass method, and it provides a
convenient setting for the realization and programming.

In specific application, Wang et al. [19] achieved the pur-
pose of vibration isolation through researches on band gap
features of gear shaft of periodic phononic crystal structure.
Richards and Pines [20] studied flexural wave propagation
characteristics of periodic suspension spring beam structure
and obtained locally resonance band gaps, whichwere further
proved in experiments and found a wide application in prac-
tical projects, like engine and dynamic vibration absorber.

Despite the fact that researches on phononic crystal have
enjoyed remarkable development, band gap analysis on lay-
ered polynary periodic structure is still limited. In this paper,
the quaternary layered periodic structure is first simplified
into a unidimensional phononic crystal structure according
to the phononic crystal theory, and then the effects of density,
elastic modulus, damping ratio, and thickness proportion of
each type of material on the first band gap are analyzed with
the lumped-mass method.

2. Theoretical Modeling of
Quaternary Layered Periodic Structure

Figure 1 shows that three types of materials are arranged in
an order of ACAD along the direction Ox to constitute the
quaternary layered periodic structure.

A layered structure, if its dimension along the aperiodic
direction (the length and width of layered periodic structure)
is far greater than the wavelength of frequency range that
considered, can be treated as a unidimensional phononic
crystal structure. In consideration of the propagation of
plane waves along the direction Ox and the plane waves are
longitudinal, the vibration of layered periodic structure is
similar to the vibration of periodic mass-spring structure.
Each period is divided into several pieces with the lumped-
mass method. Those pieces are deemed as mass points and
two adjacent mass points are connected with a spring that
has rigidity but no mass. Consequently, a unidimensional
phononic crystal is simplified into a periodic mass spring
structure, as shown in Figure 2.

For viscoelastic materials, there exists damping coef-
ficient 𝑐𝑗 besides rigidity 𝑘𝑗 between mass points in the
lumped-mass model, as shown in Figure 3.
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Figure 3: Mass-spring with damping force.

After a unidimensional phononic crystal structure is sim-
plified into a periodicmass-spring structurewith the lumped-
mass method, it can be found that movement of each mass
point only relates to two mass points on the left and right.
According to Newton’s second law, the dynamic differential
equation for the system can be written as

𝑚𝑗�̈�𝑗 = 𝑘𝑗 (𝑥𝑗+1 − 𝑥𝑗) − 𝑘𝑗−1 (𝑥𝑗 − 𝑥𝑗−1)

+ 𝑐𝑗 (�̇�𝑗+1 − �̇�𝑗) − 𝑐𝑗−1 (�̇�𝑗 − �̇�𝑗−1) , 𝑗 = 1, . . . , 𝑛,

(1)

where 𝑚𝑗 denotes mass of the 𝑗th mass point, 𝑘𝑗−1 and 𝑘𝑗 are
the rigidity of two springs before and after the𝑗th mass point,
respectively, 𝑐𝑗−1 and 𝑐𝑗 are damping coefficient before and
after the 𝑗th mass point, 𝑥𝑗−1, 𝑥𝑗, and 𝑥𝑗+1 are the movement
of the (𝑗 − 1)th, 𝑗th, and (𝑗 + 1)th mass points, �̇�𝑗−1, �̇�𝑗 and
�̇�𝑗+1 are the velocity of the (𝑗 − 1)th, 𝑗th, and (𝑗 + 1)th mass
points, and �̈�𝑗 is the acceleration of the 𝑗th mass point.

The mass of the 𝑗th mass point is

𝑚𝑗 = 𝜌𝑗𝑆𝑑𝑗. (2)

Here, 𝜌𝑗 and 𝑑𝑗 represent the density and the length of the
unit corresponding to the 𝑗thmass point, and 𝑆 refers to cross
section area of the layered structure.

When two adjacent mass points are of the same material,
the rigidity between mass points is shown in Figure 4.

The relation between normal stress and the displacement
along the direction 𝑥 is

𝐹
𝑥
𝑗

𝑆

= (𝜆𝐴 + 2𝜇𝐴)

Δ𝑥𝑗

𝑑𝑗/2 + 𝑑𝑗+1/2

, (3)

where 𝜆𝐴 and 𝜇𝐴 refer to Lamé constants of material A, Δ𝑥𝑗

is displacement of the 𝑗th mass point along the direction 𝑥,
𝑑𝑗/2 + 𝑑𝑗+1/2 is original length of spring, and 𝑆 refers to cross
section area of the layered structure.

Lamé constants can be calculated by

𝜆𝐴 =

𝐸𝐴𝜎𝐴

(1 + 𝜎𝐴) (1 − 2𝜎𝐴)
,

𝜇𝐴 =

𝐸𝐴

2 (1 + 𝜎𝐴)
.

(4)

𝐸𝐴 is the elastic modulus of material A and 𝜎𝐴 is Poisson’s
ratio of material A.

Hence, the rigidity is

𝑘𝑗 =

2 (𝜆𝐴 + 2𝜇𝐴) 𝑆

𝑑𝑗 + 𝑑𝑗+1

. (5)
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Figure 4: The simplified model for rigidity among mass points of
the same material.
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Figure 5: The simplified model for rigidity among mass points of
different materials.

When two adjacent mass points are of different materials,
the rigidity between mass points is deemed as series connec-
tion of springs of different rigidities, as shown in Figure 5.

The relation between normal stress and the displacement
along the direction 𝑥 is

𝐹
𝑥
𝑗

𝑆

= (𝜆𝐴 + 2𝜇𝐴)

Δ𝑥
𝐴
𝑗

𝑑𝑗/2

, 𝑘
𝐴
𝑗 = (𝜆𝐴 + 2𝜇𝐴)

𝑆

𝑑𝑗/2

,

𝐹
𝑥
𝑗

𝑆

= (𝜆𝐵 + 2𝜇𝐵)

Δ𝑥
𝐵
𝑗

𝑑𝑗+1/2

, 𝑘
𝐵
𝑗 = (𝜆𝐵 + 2𝜇𝐵)

𝑆

𝑑𝑗+1/2

.

(6)

Therefore, the rigidity between two types of materials is

𝑘𝑗 =

𝑘
𝐴
𝑗 𝑘
𝐵
𝑗

𝑘
𝐴
𝑗 + 𝑘
𝐵
𝑗

=

2 (𝜆𝐴 + 2𝜇𝐴) (𝜆𝐵 + 2𝜇𝐵) 𝑆

(𝜆𝐴 + 2𝜇𝐴) 𝑑𝑗+1 + (𝜆𝐵 + 2𝜇𝐵) 𝑑𝑗

.

(7)

Since damping coefficient 𝑐𝑗 is related with damping ratio
𝜁𝑗,

𝑐𝑗 = 2 ⋅ 𝜁𝑗√𝑚𝑗𝑘𝑗. (8)

Here, it must be pointed out that the calculation of damp-
ing coefficient 𝑐𝑗 into two casesis similar to the calculation of
rigidity 𝑘𝑗.The damping between twomass points of the same
material can be calculated directly according to (8). For the
damping between two mass points of different materials, (8)
is approximately applicable since it only exists at the junction
of materials after the discretization of each cell.
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Table 1: Material parameters.

Material code Material name Density 𝜌 (kg⋅m−3) Elastic modulus 𝐸 (Pa) Poisson’s ratio 𝜎 Thickness 𝑑 (m) Damping ratio 𝜁

A Silicone Rubber 1300 1.175𝑒5 0.4688 0.00125 0.1
C Steel 7780 2.106𝑒11 0.3 0.00125 0
D Tungsten 19100 3.54𝑒11 0.3505 0.00125 0

According to BlochTheorem, the solution ofmotion equ-
ation of mass point can be assumed as simple harmonic
vibration with amplitude 𝐴


𝑗 and angular frequency 𝜔 under

periodic boundary conditions.
Consider

𝑥𝑗 = 𝐴

𝑗𝑒
𝑖(𝑞∑
𝑗

𝑗=1
𝑑𝑗−𝜔𝑡+𝜑(𝑗))

= 𝐴𝑗𝑒
𝑖(𝑞∑
𝑗

𝑗=1
𝑑𝑗−𝜔𝑡)

, (9)

where 𝑞 ∑
𝑗

𝑗=1 𝑑𝑗 denotes phase factor of the 𝑗th mass point. 𝑞
stands for lattice wave vector and it is in the first Brillouin
zone. 𝜑(𝑗) indicates the phase difference caused by the
damping and it is a constant value when the damping is
certain. Therefore, 𝜑(𝑗) is incorporated in the amplitude 𝐴


𝑗

and the amplitude of mass point becomes 𝐴𝑗.
When (9) is substituted into dynamic differential equa-

tion system (1), a simple linear equation can be obtained after
simplification.

Consider

− 𝜔
2
𝑚𝑗𝐴𝑗 − 𝑖𝜔

× [−𝑐𝑗𝑒
𝑖𝑞𝑑𝑗+1

𝐴𝑗+1 + (𝑐𝑗 + 𝑐𝑗−1) 𝐴𝑗 − 𝑐𝑗−1𝑒
−𝑖𝑞𝑑𝑗−1

𝐴𝑗−1]

+ [−𝑘𝑗𝑒
𝑖𝑞𝑑𝑗+1

𝐴𝑗+1 + (𝑘𝑗 + 𝑘𝑗−1) 𝐴𝑗 − 𝑘𝑗−1𝑒
−𝑖𝑞𝑑𝑗−1

𝐴𝑗−1] = 0.

(10)

In (10), when 𝑗 = 0 or 𝑛, periodic boundary conditions
should be added since parameters in the periods before
and after are employed. For the periodic structure, the first
element of 𝑗th cell is the same as the first element of the 𝑗+1th
cell, and the last element of 𝑗th cell is the same as the last
element of the 𝑗 − 1th cell. The periodic boundary conditions
can be applied as follows:

𝑘0 = 𝑘𝑛, 𝑘1 = 𝑘𝑛+1,

𝑚0 = 𝑚𝑛, 𝑚1 = 𝑚𝑛+1,

𝑐0 = 𝑐𝑛, 𝑐1 = 𝑐𝑛+1,

𝑑0 = 𝑑𝑛, 𝑑1 = 𝑑𝑛+1,

𝐴0 = 𝐴𝑛, 𝐴1 = 𝐴𝑛+1.

(11)

When periodic boundary conditions (11) are substituted
into linear equation (10), the linear equation system can be
presented in the form of a matrix.

Consider

(−𝜔
2M − 𝑖𝜔C (𝑞) + K (𝑞))A = 0. (12)

Since there are both 𝑖𝜔 and 𝜔
2 in the linear equation

system (12), it is not a standard eigenvalue equation. For this
reason, further mathematical treatment is necessary before
energy band structure is obtained.

If 𝜆 = 𝑖𝜔,

𝜆
2

= −𝜔
2
, (13)

B = 𝑖𝜔A = 𝜆A. (14)

When (13) and (14) are substituted into matrix equation
(12),

− 𝜔
2MA − 𝑖𝜔C (𝑞)A + K (𝑞)A

= 𝜆MB − C (𝑞)B + K (𝑞)A = 0.

(15)

Equation (15) can be simplified into

M−1C (𝑞)B − M−1K (𝑞)A = 𝜆B. (16)

When (14) and (16) are put together,

[

0 I

−M−1K M−1C
] [

A

B
] = 𝜆 [

A

B
] . (17)

Through the solution of eigenvalue 𝜆 of matrix
[

0 I
−M−1K M−1C ], corresponding angular frequency 𝜔(𝑞) is

obtained. Energy band diagram of elastic wave in a uni-
dimensional phononic crystal structure can be drawn since
wave vector 𝑞 and corresponding eigenvalue 𝜔(𝑞) are det-
ermined.

3. Results and Analysis

In this paper, it is supposed that materials A, C, and D are
arranged in an increasing order of the density and elastic
modulus in each period of ABCD structure. However, the
materials are alternatively arranged in each period of ACAD
structure, which is similar to the binary periodic structure
constructed with materials A and C.

In fact, AC structure can also be deemed as the quaternary
layered periodic structure, with the lattice constant of 2𝑎 and
the materials arranged in ACAC sequence in each period.
Therefore, the structures (a) and (b) shown in Figure 6 are
essentially the same. The algorithm mentioned above can be
employed to calculate the energy band curves of these three
structures and necessary material parameters are as shown in
Table 1.

According to the energy band curves of these three struc-
tures, it can be found in Figure 7 that the band gaps occur
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Figure 6: Three types of layered periodic structure.
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Figure 7: Energy band of three types of layered periodic structure.

at similar frequency range in spite of the changes of the
energy band curves. The change of lattice constant causes
the alternation of the first Brillouin zone as well as the value
range of wave vector, thus giving rise to the changes of energy
band curves. In ACAC structure and ACAD structure, the
first Brillouin zones are the same because of the same lattice
constant, but the energy band curves have altered and the
new band gaps have come into being since the material in the
fourth layer is changed.

The effects of density, elasticmodulus, damping ratio, and
thickness variation of materials on the first band gap of the
quaternary layered periodic structure constructed with three
materials, namely ACAD structure, are discussed below.

3.1. Effect of Density on Band Gap. According to the algo-
rithm presented above, the damping force is ignored and the
material parameters are as shown in Table 1 when the effect
of material density on the first band gap is studied.
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Figure 8: Effects of the density on the first band gap in ACAD structure.

Figures 8(a), 8(b), and 8(c) show the relation between
density of each type ofmaterial and the first band gap, respec-
tively, in ACAD structure.

It can be seen from Figure 8(a) that the lower edge and
the higher edge of the first band gap both fall and the band
gap narrows when the density of material A increases from
1000 kg⋅m−3 to 5000 kg⋅m−3.

It can be observed from Figure 8(b) that the higher edge
of the first band gap decreases but the lower edge of the first
band gap remains unchanged, and band gap width decreases
when the density of material C increases from 2000 kg⋅m−3
to 19000 kg⋅m−3. On the contrary, when density of material
C increases from 19000 kg⋅m−3 to 20000 kg⋅m−3, the higher
edge of the first band gap stays the same but the lower edge
of the first band gap begins to decrease, and band gap width
increases.

From Figure 8(c), we can see that the higher edge of
the first band gap falls but the lower edge of the first band
gap remains the same, and band gap width decreases when
the density of material D increases from 2000 kg⋅m−3 to
8000 kg⋅m−3. However, the higher edge of the first band gap
is fixed but the lower edge of the first band gap decreases,
and band gap becomes wider when the density of material
D increases from 8000 kg⋅m−3 to 20000 kg⋅m−3.

In comparison of Figures 8(b) and 8(c), it can be found
that the band gaps decrease and evendisappearwhen the den-
sity of two materials is closer.

3.2. Effect of Elastic Modulus on Band Gap. Figure 9 presents
the relation between elastic modulus of three types of mate-
rials in Figures 9(a), 9(b), and 9(c), respectively. The effect of
damping force is ignored and other material parameters are
as shown in Table 1.

From Figure 9(a), we can observe that the lower edge and
the higher edge of the first band gap both rise and band gap
width increases when elasticmodulus ofmaterial A increases.

It can be seen from Figure 9(b) that the lower edge and
the higher edge of the first band gap both rise but begin to
converge gradually, and band gap width decreases slightly
when elastic modulus of material C increases.

It can be observed from Figure 9(c) that the lower edge
and the higher edge of the first band gap both increase but
begin to converge gradually, and band gap becomes wider
with the growth of elastic modulus of material D.

The elastic modulus of different materials has different
effects on the first band gap. For material A, with the increase
of the difference of elastic modulus between materials A and
adjacent materials C and D, the first band gap occurs at high
frequency range. For materials C and D, when their elastic
modulus reaches a certain extent and elastic modulus of
material A is absolutely low compared with those of materials
C and D, the further increase of elastic modulus of material
C and D does not bring about any effect on the first band gap.

3.3. Effect of Damping Ratio on Band Gap. Figure 10 displays
the effect of damping ratio of material A on the first band
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Figure 9: Effects of elastic modulus on the first band gap in ACAD structure.
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Figure 10: Effect of damping coefficient of material A on the first
band gap in ACAD structure.

gap in ACAD structure and necessary material parameters
are as shown in Table 1.The lower edge and the higher edge of
the first band gap both remain unchanged when the damping
ratio of material A increases from 0 to 0.5. This indicates that
band gap won’t be affected if viscoelasticity of materials is
simply represented by damping ratio.

3.4. Effect of Material Thickness on Band Gap. In ACAD str-
ucture, on the premise of unchanged lattice constant 𝑎,

the thickness of one layer in a period is increased from
0.1𝑎 to 0.7𝑎 and the thickness of the other three layers is
reduced from 0.3𝑎 to 0.1𝑎 so as to observe the alternation of
thickness of one layer on the first band gap. Since the first
and third layers are both of material A, the effect of thickness
alternation of the first, second, and fourth layers on band gap
will be discussed.

Figures 11(a), 11(b), and 11(c) show the relation curve
between material thickness proportion of the first, second,
and fourth layers and the first band gap in a period in ACAD
structure, respectively.

It can be seen from Figure 11(a) that the lower edge of the
first band gap fluctuates in a very small range with the growth
of thickness of the first layer. When the thickness proportion
of the first layer increases from 10% to 25%, both the higher
edge of the first band gap and band gap width decrease; when
the thickness proportion of the first layer increases from 25%
to 70%, the higher edge of the first band gap and the band
gap width both show the opposite trend. This shows that the
smallest band gap appears when the proportion of material
A is similar to that of other materials and the growing width
of the first band gap is witnessed whether the proportion of
material A is further increased or decreased.

It can be observed from Figure 11(b) that the lower edge
of the first band gap increases but the higher edge of the first
band gap decreases, and band gap becomes narrower when
the thickness proportion of the second layer increases from
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Figure 11: Effects of thickness proportion of materials on the first band gap in ACAD structure.

10% to 45%. However, the lower edge of the first band gap still
goes up gradually and the higher edge of the first band gap
increases, and the band gap becomes wider when thickness
proportion of the second layer increases from 45% to 70%.
It must be pointed out that the mass of materials C and D
are equal when their thickness account for 45% and 18.3%,
respectively. At this time, ACAD structure resembles ACAC
structure, so the band gaps decrease.

From Figure 11(c), we can see that the lower edge of
the first band gap decreases gradually when the thickness
proportion of the fourth layer increases from 10% to 50%
but begins to go up when the thickness proportion of the
fourth layer increases from 50% to 70%; the lower edge of
the first band gap decreases when the thickness proportion
of the fourth layer increases from 10% to 15% but increases
gradually when the thickness proportion of the fourth layer
increases from 15% to 70%.Theband gapwidth increaseswith
the growth of thickness proportion of the fourth layer.

Hence, effects on the first band gap will be different as the
thickness proportion of each layer of material is changed.

4. Conclusions

In this paper, the binary layered periodic structure con-
structed withmaterials A and C ismodified to the quaternary
layered periodic structure constructed with materials A, C,
and D (i.e., ACAD Structure), thus, the energy band curve

alters and the band gaps occur at lower frequency range.
The effects of density, elastic modulus, damping ratio, and
thickness proportion of materials on band gaps are studied.
The research findings are as follows.

(1) As for the material properties, the density is the most
influential factor, followed by the elasticmodulus.The
viscoelasticity of materials is deemed as the damping
and has little effect on the first band gap.

(2) For low-density material A, the lower edge and the
higher edge of the first band gap both fall and
the band gap width decreases with the growth of
density. For high density materials C and D, when
their density contrast decreases, the higher edge of
the first band gap falls but the lower edge remains
unchanged; namely, the band gapwidth decreases.On
the contrary, when their density contrast increases,
the higher edge of the first band gap stays the same but
the lower edge falls. The increase of density contrast
results in the growing width of the first band gap.

(3) For low hardness material A, the lower edge and the
higher edge of the first band gap increase at the same
time with the growth of elastic modulus; namely, the
width of the first band gap expands. So it is with high-
hardness materials C and D.



Shock and Vibration 9

(4) When the proportion of materials is changed, the
effects on the first band gap change as well.The small-
est first band gap appears when the proportion of
low-hardness and low-density materials is similar
to that of high-hardness and high-density materials.
Whether the proportion of low-hardness and low-
density materials is increased or not, the first band
gap becomes wider. However, when the thickness of
material C is changed and the mass of material C is
equal to that of material D in each period, the first
band gap becomes narrower and even disappears.The
expanding mass difference of two materials leads to
the wider first band gap.
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